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Abstract

The presence of uncertainty in model predictive control (MPC) has been
accounted for using two types of approaches: robust MPC (RMPC) and
stochastic MPC (SMPC). Ideal RMPC and SMPC formulations consider
closed-loop optimal control problems whose exact solution, via dynamic
programming, is intractable for most systems. Much effort then has been
devoted to find good compromises between the degree of optimality and
computational tractability. This thesis expands on this effort and presents
robust and stochastic MPC strategies with reduced online computational
requirements where the conservativeness incurred is made as small as con-

veniently possible.

Two RMPC strategies are proposed for linear systems under additive un-
certainty. They are based on a recently proposed approach which uses
a triangular prediction structure and a non-linear control policy. One
strategy considers a transference of part of the computation of the control
policy to an offline stage. The other strategy considers a modification of
the prediction structure so that it has a striped structure and the distur-
bance compensation extends throughout an infinite horizon. An RMPC
strategy for linear systems with additive and multiplicative uncertainty
is also presented. It considers polytopic dynamics that are designed so
as to maximize the volume of an invariant ellipsoid, and are used in a
dual-mode prediction scheme where constraint satisfaction is ensured by

an approach based on a variation of Farkas’ Lemma.

Finally, two SMPC strategies for linear systems with additive uncertainty
are presented, which use an affine-in-the-disturbances control policy with
a striped structure. One strategy considers an offline sequential design
of the gains of the control policy, while these are variables in the online

optimization in the other.

Control theoretic properties, such as recursive feasibility and stability, are
studied for all the proposed strategies. Numerical comparisons show that
the proposed algorithms can provide a convenient compromise in terms of

computational demands and control authority.
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Chapter 1

Introduction

1.1 Motivation and objectives

Model predictive control (MPC) is a family of control strategies that consist of finding
the solution, at each sample time, of an optimal control problem where the current
state of the plant is the initial state. This yields an optimal control input sequence,
but only the first control input of the sequence is actually applied to the plant. Given
that the optimization is performed at each sample time and the horizon of the optimal
control problem is receding one step at each sample time, MPC is also known as
receding horizon control (RHC). MPC has enjoyed wide success because of its ability
to handle constraints in the optimal control formulation, which allows processes to
operate close to the constraint boundaries, thereby providing the potential for more
effective control.

The idea of using linear programming for the control of linear systems was first
proposed in 1963 by [71]. Then, MPC was first advocated in the following decade by
[79], [80], and then a plethora of works followed, passing through the success in the
process industry in the 1980s until the present (for a review see [62], [46], [17], [78]).
The field can be considered mature in respect of developments of stability results [62].

Initial developments considered deterministic prediction models, where no uncer-



Chapter 1. Introduction

tainty was considered. However, for most applications, the mathematical models can
only provide an approximate description of the system dynamics, and/or the effect
of the uncertainties is too significant to be neglected. Hence the use of MPC can
result in poor performances or even infeasibility of the online optimization. For this
reason, robust MPC (RMPC) emerged as a family of MPC strategies that preserve
stability and performance for all possible realizations of bounded uncertainties, which
have been usually modelled as model uncertainties (of the system parameters) and/or
additive disturbances.

Early formulations of RMPC considered open-loop optimal control problems [95],
[64], just like in the case of deterministic models, where only a single sequence of
control inputs is determined for all possible realizations of the uncertainties or distur-
bances. This, however, is conservative [9] because it does not acknowledge the fact
that the future information of the states (and therefore of the uncertainties) will be
known and ready to use by the controller. Furthermore, not including these in the
formulation could even lead to infeasibility [86]. This information can be effectively
used in closed-loop optimal control problems; the optimization now is performed over
a control policy, which is a sequence of control laws (which are functions of the state),
instead of a single control sequence, and therefore each predicted control input will
depend on the uncertainty. The exact solution of such closed-loop optimal control
problems can be obtained via dynamic programming [9] or feedback optimization [86].
However, the size of the problem (number of constraints and variables) grows expo-
nentially with the prediction horizon of the optimal control problem, and is therefore
intractable for most problems. For this reason most developments have consisted of
simplifications of the control policies (e.g. see [45], [51], [61], [63], [58], [38], [73]) so
as to decrease the size of the problems so that they can be applied online. However,
some of these strategies can sometimes prove to be too conservative [45], [51], [61],

[63]. Others are less conservative [58], [38], [73] but the number of variables and
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constraints grows quadratically with the prediction horizon, which may still require
significant computational effort and restrict application to systems with low-order
models and short predictions horizons. Based on this, one objective of this thesis is
to develop RMPC strategies with reduced computational complexity (namely, linear
growth of the number of constraints and variables with the prediction horizon) while
having as much control authority as conveniently possible.

RMPC only takes into account the bounds of the uncertainties, but not their prob-
abilistic distribution. This is a problem when probabilistic constraints are present.
Additionally, the min-max optimization often adopted in RMPC, which consists of
minimizing the performance of the worst cases of the uncertainties, can be extremely
conservative because the uncertainties near the bounds can be extremely unlikely.
For this reason, stochastic MPC (SMPC) has emerged as a family of techniques that
incorporate the stochastic descriptions of the uncertainties for handling the proba-
bilistic constraints and using more realistic probabilistic measures of the performance.
Early works in this area [57], [88], [89] considered these aspects, but the exploration
of issues such as the stability and feasibility of the closed-loop implementation was
explored later, e.g. [23], [49], [21]. These strategies, however, only consider quasi
closed-loop optimal control formulations (although there is feedback in the predic-
tions in the form of a static feedback term Kz in the predicted inputs, no special
treatment is considered for the unknown future uncertainties), which can be conser-
vative. Therefore the second objective of this thesis is to design SMPC strategies that
use control policies with the aim of having increased control authority, but that at the
same time impose reduced computational requirements; to be understood again as
having a linear growth of the number of constraints and variables with the prediction

horizon.
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1.2 Contributions and outline

Based on the discussion above, this thesis presents robust and stochastic MPC strate-
gies that require reduced online computational effort, i.e. such that they have a linear
growth of the number of constraints and variables with the prediction horizon. This
will be achieved by transferring part of the computations to an offline stage and/or
modifying the structure of the control policies. These strategies will be developed
with the intention that the reduction in the computational burden is such that the
degree of conservativeness incurred is made as small as conveniently possible. Further-
more, a reduction in computational burden implies that with an adequate selection
of parameters it might be possible that the proposed methods have larger domains of
attractions whilst being faster than the established methods in the literature.

Chapter 2 provides a background of the most relevant concepts and earlier works
that are needed for the strategies presented in this thesis. The background is divided
into classical MPC, RMPC and SMPC.

Chapter 3 presents an RMPC strategy for linear systems under additive uncer-
tainty based on the strategy of [73], called parameterized tube MPC (PTMPC), such
that part of the computation of the predicted control policy is transferred to the of-
fline stage, hence this strategy will be called offline PTMPC (OPTMPC). This yields
a time varying online optimization where the number of variables and constraints
grows linearly with the prediction horizon as opposed to quadratically as in [73], and
therefore is comparatively much faster than PTMPC as N increases. Thus in a con-
siderable number of cases, one might use larger values of N in order to obtain larger
domains of attraction than with PTMPC while still having to solve, online, problems
with less computational burden.

Chapter 4 presents an RMPC strategy that modifies the prediction structure of
[73] and will be called striped PTMPC (SPTMPC). This modification results in a
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striped control policy such that the disturbance compensation extends throughout
the infinite prediction horizon, rather than being limited to a finite horizon. On
account of this, SPTMPC has the potential to outperform PTMPC. Additionally,
in SPTMPC the online optimization has a number of variables and constraints that
grows linearly with the prediction horizon, and as with the strategy of Chapter 3,
this means that one can use larger values of N in order to obtain larger domains of
attraction than with PTMPC while still requiring less computational burden.

Chapter 5 presents an RMPC strategy for linear systems under multiplicative and
additive uncertainty. In common with [34], it extends the strategy of [19], which is
for systems subject only to multiplicative uncertainty, and considers a formulation
based on optimized polytopic dynamics. Necessary and sufficient conditions for the
invariance of polytopic dynamics are provided, whereas only sufficient conditions are
provided in [34]. Additionally, the optimized polytopic dynamics are effectively used
in a dual-mode prediction based MPC strategy, whereas the strategy of [34] only
presents a dual-mode prediction based MPC strategy under the assumption that the
multiplicative uncertainty is known in the near future.

Chapter 6 presents two SMPC strategies based on the strategy of [49], that ef-
fectively use a striped affine-in-the-disturbances control policy to obtain improved
control authority. As in SPTMPC, the compensation extends throughout an infinite
horizon and yields an online optimization problem with a number of variables and
constraints that increases linearly with the prediction horizon N. As in [49], the
satisfaction of the probabilistic constraints is ensured with conditions on the nominal
state and input predictions through the introduction of slack variables that account
for the effect of the uncertainty. In one of the strategies, the disturbance feedback
gains are computed offline, whereas in the other these are optimized online.

Finally, Chapter 7 provides a summary of the results presented and of the con-

cluding remarks presented at the end of chapters 3, 4 5 and 6, and suggests possible
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future research directions.

1.3 Publications

The work presented in this thesis is largely based on published or submitted material.

Chapter 3 is based on

S.V. Rakovic, D. Munoz-Carpintero, M. Cannon and B. Kouvaritakis. Offline
tube design for efficient implementation of parameterized tube model predictive
control. In Decision and Control (CDC), 51st IEEE Conference on, Maui,
Hawaii, pages 5176-5181, Dec. 2012. [76]

Chapter 4 contains material to appear in

D. Munoz-Carpintero, B. Kouvaritakis and M. Cannon. Striped Parameterized
Tube Model Predictive Control. In 19th IFAC World Congress, Cape Town,
SA, Aug. 2014. [67]

Chapter 5 is based on

D. Munoz-Carpintero, M. Cannon and B. Kouvaritakis. Recursively feasible
robust MPC for linear systems with additive and multiplicative uncertainty
using optimized polytopic dynamics. In Decision and Control (CDC), 52nd
IEEE Conference on, Florence, Italy, pages 1101-1106, Dec. 2013. [65]

Chapter 6 is based on

B. Kouvaritakis, M. Cannon and D. Munoz-Carpintero. Efficient prediction
strategies for disturbance compensation in stochastic MPC. Int. Journal of

Systems Science, 44(7):1344-1353, 2013. [48]

D. Munoz-Carpintero, B. Kouvaritakis and M. Cannon. On prediction strategies
in stochastic MPC. In Control and Automation (ICCA), 9th IEEFE International
Conference on, Santiago, Chile, pages 249-254, Dec. 2011. [66]
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1.4 Notation and basic definitions

Frequently used notation and basic definitions are given next.

e 1, u; and wy denote the state, control input and disturbance acting at time ¢.

® ()4 denotes the prediction of the variable at time ¢ + k made at time ¢, so

that x4 is the predicted state at time ¢ + & made at time ¢.
e ( denotes a real matrix of appropriate dimensions with all elements zero.
e 1 denotes the vector [1,1,...,1]T of appropriate dimension.

e A > 0 denotes that the matrix A is positive definite, and A > 0 denotes that A

is semi-positive definite.

e A > 0 denotes that all the elements of A are greater than zero, and A > 0

denotes that all the elements of A are greater or equal to zero.

e For a,b € R" the inequality a > b denotes that a; > b;, fori =1,...,n, where a;

denotes the ith component of a (i.e. the inequality a > b applies elementwise).
e tr(A) is the trace of A.

e N is the set of natural numbers (non-negative integers) and N, is the set of
positive natural numbers. R is the set of real numbers and R, is the set of

non-negative real numbers.

e Given two sets X,Y C R", the Minkowski set addition is defined by X @Y :=
{r+y : € X, ye Y} Given a vector x € R, z @ X denotes {z} @ X.

Given a sequence of sets { X }ien, @?:a X, denotes X, @ ... D X,.

e conv (X) denotes the convex hull of X.
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e Given a convex compact set L C R™ that contains the origin in its interior, the
function G (L, x) = min,{p : x € pL, pn € Ry} for x € R™ is the gauge function
of L.

e Given a symmetric convex compact set L C R" that contains the origin in its

interior, the gauge function of L induces the vector norm |z|, = G (L, z).

e Given a symmetric convex compact set L C R" that contains the origin in its
interior, and a non-empty closed set X C R”, dist(L,y, X) := inf, {|z — y|. :

x € X} for y € R" is called the distance function associated with the set X.

e A polyhedron is the intersection of a finite number of open and/or closed half-

spaces and a polytope is a closed and bounded polyhedron.
e For x € X and y € Y, (z,y) denotes an element in the product space X x Y.

e Given a convex set X C R™ and two matrices A, B € R™*" (A, B)X denotes
the set conv ({(Az, Bz) : x € X}). Given twosets X = conv({zy,...,x,}), Y =

conv({y1,...,yn}), then (X,Y) denotes the set conv({(x1,21), ..., (Tn, yn)}).

e A continuous function ¢ : Ry — R, is said to be a I-function if it is continuous,
strictly increasing and ¢(0) = 0, and it is a K-function if it is a -function

and ¢(s) — 0o as s — oo.

e A continuous function ¢ : R, x R, — R, is a LL-function if for all ¢t € R,
¢(-,t) is a K-function and for all s € Ry, ¢(s,-) is decreasing with ¢(s,t) — 0

as t — oQ.
e Pr{E} denotes the probability of the event E.

e Given a stochastic process Xy, k=0,1,..., E{X;} and E,{ X} denote the ex-
pected value of X}, and the expected value of X}, conditional on the information

available at time ¢, respectively.
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As far as possible use of the above notation will be made throughout the thesis.
However this will not always be possible, mainly in the case of the symbols, due to

the different mathematical tools used in the different chapters.

1.5 Acronyms

BMI Bilinear matrix inequality
CFD Current future disturbances
DP Dynamic programming
KFD Known future disturbances
LMI Linear matrix inequality
LP Linear program

MPC Model predictive control

PTMPC Parameterized tube model predictive control
PWA Piecewise Affine

PWQ Piecewise quadratic

QP Quadratic program

RMPC  Robust model predictive control

SMPC Stochastic model predictive control

SDP Semidefinite program



Chapter 2

Background on Classical, Robust
and Stochastic Model Predictive

Control

This chapter contains a review of the relevant concepts and developments for the
study of robust and stochastic MPC. Firstly, the fundamental concepts and ideas
behind classical MPC (that uses linear deterministic systems), which are the basis
for robust and stochastic MPC, are presented. This is followed with a review of
robust MPC (RMPC). The differences with classical MPC in terms of feasibility, in-
variance and stability, and the differences between open-loop and feedback prediction
strategies are highlighted. This review also describes the main concepts and the most
important strategies for handling different types of uncertainty: additive uncertainty
(or disturbances) and multiplicative uncertainty (also known as polytopic uncertainty
or difference inclusions). The section concludes by presenting the main concepts and
a review of the most relevant contributions in stochastic MPC (SMPC) for systems
with additive disturbances.

The presentation of the section on classical MPC is the most detailed among the

10
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three sections in this chapter. This is because it introduces concepts and ideas that
are used again (or extended) for the robust and stochastic cases. This higher level of
detail is reflected mainly in the proofs; these are presented only in the classical MPC
section. This is convenient for two reasons: (i) the ideas and concepts used in the
proofs for the deterministic case are simpler than in the robust and stochastic cases
(yet it is noted that the concepts and ideas are very similar for the classical, robust
and stochastic cases) ; and (ii) similar proofs for the robust and stochastic cases are

performed in the latter chapters.

2.1 Classical MPC

2.1.1 Formulation

Classical MPC refers to MPC strategies that consider linear time-invariant systems
that are not subject to any type of uncertainties.

A plethora of different formulations have been proposed since the introduction of
MPC in the 1960s, going through the success in the process industry in the 1980s,
until the present, and it is now considered a mature technique. Thus focus will be
given next to what is currently considered the most typical formulation for linear
systems [62], [78], [25], [94].

Consider a linear, time-invariant, discrete-time system

Tir1 = Al’t + But, (21)

where A € R™*" B € R"™"™ and x; and u; are the state and the control input. The

system is subject to state and input constraints.

Ty € X, U € [U, (22)

11
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where X is a convex, closed subset of R™ and U is a convex, compact subset of R™.

X and U contain the origin in their interiors and are described by linear inequalities

X={z:Fzx <1}, U={u:Gu<1}, (2.3)

where F' € R"e=*" G € RMew”Mu,

Assumption 2.1. (i) The pair (A, B) is stabilizable. (ii) The state is directly mea-
surable. (i) x; is known at the moment of choosing u;, and therefore control laws

that are functions of the current state are considered.

The regulation problem is considered, where the control objective is to steer the
state to the origin, or to an equilibrium state Z, for which there exists a control input
u that satisfies T = AT + Bu. A suitable change of coordinates reduces the second
case to the first, so without loss of generality only steering the state to the origin is
considered in this thesis.

The main idea in MPC is to optimize the predicted performance of the system,
such that the system constraints are satisfied, over a given prediction horizon N by
finding an optimal sequence of control inputs, and then only the first of these inputs is
actually applied to the system. This procedure is repeated at each sample time, and
the prediction horizon slides along with time ¢ such that the predictions go until time
t+ N in what is called a receding horizon strategy, which lends MPC the alternative
name of receding horizon control.

Early formulations considered finite horizon formulations that could not guarantee
stability, or that in order to do so require the use of very restrictive constraints (such
as setting the terminal state to be zero), whereas schemes based on infinite horizons
can guarantee stability [59]. Dual prediction mode MPC [62] provides practical means
to handle infinite horizons, and is described next.

Dual prediction mode MPC is a type of infinite horizon formulations of MPC

12
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where the infinite prediction horizon is divided into (i) the first N prediction instants,
known as the near horizon or Mode 1; (ii) and the remaining prediction instants,
known as the far horizon or Mode 2. The N inputs in Mode 1 {us, ..., upn—1}
are free (optimization variables), while the remaining inputs of Mode 2 are given by
a fixed terminal control law. This terminal control law is usually (and during the
remainder of this chapter, unless mentioned otherwise) given by a stabilizing linear
state feedback law u = Kx. The idea is that the optimization of a predicted cost is
performed by using explicitly only the variables of Mode 1. The length of Mode 1,
N, is regarded as the prediction horizon.

The state dynamics and system constraints to be satisfied by the predictions are

Tyt = T, (2 4)
Tepktrt = AZpyrp + Bugrre, k£=0,...,N —1

and

xt+k‘t€X, k':O,...,N—l,
(2.5)
ut+k|t€U, kIO,...,N—l,

where z; is the current state at time ¢ and the sub-index (-) denotes the prediction

t+klt
of the variable at time ¢t + k£ made at time t.
The predicted cost of the system at time ¢ depends on the predicted sequences of

states X, = {Zy¢, Teg1)t, - - - Ternje ) and control inputs wy = {wge, Ues1jes - - - Uy N1}t ),

such that only the variables of Mode 1 and a terminal cost are considered:

i

J(x,0y) = €($t+k|ta Ut+k\t) + F(xt+N|t)a (2.6)
0

e
Il

where {(z,u) = 27Qx + uT Ru is the stage cost, F(x) = 7 Pz is the terminal cost
that accounts for the performance in Mode 2, @, P € R™*" R € R™*™ Q,P = 0,

R >~ 0, and the pair (A, Q%) is detectable.

13
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The following terminal constraint is also used:
TN € Xy ={z: Hax < 1}, (2.7)

where H € R™*™ and X; C X is such that (2.7) guarantees that the constraints are
satisfied throughout all of Mode 2.

More details about the terminal cost and the terminal constraints are provided
in Section 2.1.2 when the stability, feasibility and invariance of the MPC strategy is
analysed.

At every sample time t, the MPC strategy requires the solution of the optimal

control problem P(x;):

J* () = ()Icriiuri) {J (x¢,wy) | (x4, 1) satisfy (2.4), (2.5), (2.7)}, .
(x} (), uf(x;)) = arg min {J (x4, w;) | (x4, uy) satisfy (2.4), (2.5), (2.7)}. .

(vaut)

Then, only the first control input u; = uflt(xt) in the optimal sequence is applied to

the system, which defines the implicit MPC law

K (1) = )y (1), (2.9)

which is time-invariant since the stage and terminal costs and the constraints are
time-invariant.

The optimization in P(z;) has linear constraints and a quadratic cost, therefore it

14
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is quadratic program (QP), as shown next.

minimize
Xt,Ut

subject to

P

T T T
(xt+k|tht+k’|t + Ut+k|tRut+k\t) + xt+N\tPIt+N|t
0

b
Il

Tyt = T,

Tyt = ATpqpe + By, k=0,...,N =1,
Fryg, <1, k=0,...,N—1,

Guypre <1, k=0,...,N—1,

Hxy oy < 1

(2.10)

The optimization problem presented above has a number of variables and con-

straints that grow linearly with the prediction horizon N, the state dimension n and

the input dimension n, (when each varies individually), and therefore is tractable.

The problem can be formulated to have x,,; as variables, as shown above, and in this

case the dynamic equations are included as constraints. Alternatively, the predicted

Ty can be written as functions of the inputs w4 and z;

Titklt = Afz,+ | AR Ak2B ... B ‘ )

Ug|t

Ut 1)t

Ut N—1|t

(2.11)

therefore reducing the number of variables and constraints since ;4 and the dy-

namic equations are not considered explicitly, and the constraints Fzy g, < 1,

15
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0,...,N — 1, are replaced by

Ut|k

Up1)t

IN
=

F| Az + |A1B AF2B ... B k=0,...,N—1. (2.12)

Ut N—1)t

The former structure however, offers a numerically more robust formulation by
usually being better conditioned [77].

Under the control law of (2.9), the dynamics of system (2.1) become

Ty = Axy + Br(xy), (2.13)

which are non-linear since k(z;) is in general non-linear. More precisely, x(x;) is a

piecewise affine (PWA) function of x; [5].

2.1.2 Invariance, feasibility and stability in classical MPC

An analysis of the feasibility, stability and convergence properties of the classical
MPC controller is performed here.
The concept of positively invariant sets is fundamental for the analysis of feasibility

of dual-mode prediction based MPC controllers.

Definition 2.1 (Positively invariant set). A set 2 C X is said to be positively invari-
ant for system (2.1) and constraints (2.2) under the control law u = k(x) if and only

if, for all x € Q, Az + Br(z) € Q and k(z) € U.

This means that, for a positively invariant set 2, for system (2.1) and constraints
(2.2) under the control law u = k(x): (i) if the state is in €2 then it will remain in
this set at the subsequent time instant, which recursively guarantees that the state

will remain in 2 for all future instants; and (ii) if z €  then z € X and k(z) € U.

16
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Combining (i) and (ii) it follows that if z € 2 then the constraints z € X and k(z) € U

will be satisfied for all future instants.

Definition 2.2 (Maximal positively invariant set). A set Q C X is said to be the
mazximal positively invariant for system (2.1) and constraints (2.2) under the control
law v = k(x) if and only if it is positively invariant and Q C Q for all positively

invariant sets ).
The following assumption is made about the terminal constraint and control law.

Assumption 2.2. X; is a positively invariant set for system (2.1) and constraints

(2.2) under the stabilizing control law u = Kx.

Remark 2.1. (i) Assumption 2.2 ensures that the terminal control law is stable and
that the satisfaction of the terminal constraint (2.7) guarantees the satisfaction of the
system constraints (2.2) in Mode 2.

(11) While Xy can be any positively invariant set under uw = Kz, it might be
convenient to use the mazximal positively invariant set under this control law in order
to reduce conservativeness. This set however might be defined by many inequalities, so
a compromise between the size of the set and the online computational burden might

be desirable.

Let X be the feasibility domain of P(z),

X = {x : P(x) is feasible}. (2.14)

The feasibility domain is also called the domain of attraction.
Given that the control law requires the solution of P(x), a basic requirement for

the stability is recursive feasibility of the optimization.

Definition 2.3 (Recursive feasibility). The optimal control problem P(z) is said to be

recursiwely feasible if and only if feasibility at the current time guarantees feasibility at

17
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the next instant (and recursively for all future instants), or equivalently, Ax+ Br(x) €

X forallx e X.

It is clear from this definition that if P(z) is recursively feasible, then X is a

positively invariant set under the control law of (2.9), x(x).

Theorem 2.2. The optimal control problem P(z;) of the control law of (2.9) is re-

cursively feasible.

Proof. 1t vy (x¢) = {uj, ..., ui;y_y,} is the optimal solution of P(xz;), then it de-
fines a feasible sequence of states in Mode 1, x}(z;) = { x4, RTPR x;rN't}, such
that x;(z;) and uj(x;) satisfy (2.5) and (2.7). Based on the receding horizon strat-
egy, candidate solutions at time ¢ + 1 are built from the optimal solutions at time
t by discarding the first element of the sequence, which has already been applied
to the system, and adding one more element at the end, as would be obtained by
the terminal control law. In this thesis this process is called receding operation,
and yields a receded solution given by Gy1 = {Uip1je41, - - - s Ut N—1jt41, U Njt41} =
{uiine - uyoe Kofond and Xy = AT, - Ternje, TN ) =
{z - Thnp (A + BE)xf, v}, which satisfy (2.5). Satisfaction of (2.5) for
k=0,...,N — 2 comes directly from the feasibility of Mode 1 at the previous in-
stant, and satisfaction for k = N — 1 follows because z}

t+N|t

that =7, v, € X and Kz, y, € U. Finally satisfaction of (2.7) follows from the

€ Xy, which guarantees

invariance of Xy, which implies that (A + BK)x}, N € Xy Ugqq is then a feasible
solution for the optimal control problem P(x) at time ¢ + 1, provided that the prob-
lem was feasible at time ¢. By a recursive argument, it remains feasible for all future

instants. O

The effect of N on the size of the domain of attraction is analysed next. To make
the effect of N explicit, the domain of attraction and the optimal problem when using

a Mode 1 horizon of length N are denoted by Xy and Py(x).

18
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Theorem 2.3.
(1) Xy C Xy for all N =0,1,2,.. ..
(ii) Xy C Xnyq for all N =0,1,2,....
(iii) If Xy = Xn1, then Xn = Xy for all k=0,1,2,....

Proof. (i) Since Xy is positively invariant under u = K= for system (2.1) and con-
straints (2.2), if 2, € Xy then w, = {Kwxy, Koy, ..., Koypn_1p )} s a feasible input
sequence for problem Py(z). Then x € Xy which yields X; C X.

(ii) If z; € Xy then there exists a w; = {uy, Wgt1pt, - - - Ursn—11t ) that is a fea-
sible solution of Py(z;). According to the dual-mode prediction paradigm, the first
implicit input of that sequence in Mode 2 is u;q .y = Kz n. Because X is pos-
itively invariant and satisfies X; C X and KXy C U, then xn € X, ugynpe € U
and 2, ny1e € Xy, which implies that the sequence w, = {wy, Uei1)ts - - - Uy N—1)t;
Koy} satisfies the constraints of Pyyi(z). Then 2, € Xy which yields the
desired result.

(iii) X1 is also the set of states = for which there exists an input u such that
r€X,u€eUand Az + Bu € Xy. If Xy = X, it follows that Xy o = X'nyq and

then applying this recursively yields Xy = Xyiio1 = ... = Xn. O]

This theorem implies that (i) the domain of attraction is at least as big as the
terminal set; (ii) if N is increased the domain of attraction of the MPC strategy
becomes larger, or at worst remains the same; and (iii) if /V is increased by 1 and the
domain of attraction remains the same, then further increasing N will not change the
domain of attraction.

Before analysing the stability and convergence of the system, the basic notions of
stability are introduced and a theorem that guarantees stability for a system is pre-
sented. These will be presented in general for non-linear systems since the controlled

dynamics are non-linear as shown in (2.13).
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Consider a system of the form

T = flxy), (2.15)

such that the origin is an equilibrium (i.e. f(0) =0).

Definition 2.4 (Uniform local stability [12]). System (2.15) is said to be Uniformly
Locally Stable if for all € > 0 there exists 0 such that ||xo|| < & implies ||z:|| < € for
allt=10,1,2,....

Let S be a neighbourhood of the origin. System (2.15) is said to be Uniformly
Locally Asymptotically Stable with domain of attraction S if it is Uniformly Locally

Stable and, for all zg € S, x; — 0 as t — oo.

Definition 2.5 (Exponential stability). System (2.15) is said to be Ezponentially
Stable with domain of attraction S if and only if there exists p > 0 and 0 < X < 1

such that ||z:|| < pX||xo|| for all zg € S.

Definition 2.6 (Lyapunov function inside a set). The continuous positive definite
function V' is said to be a Lyapunov function inside S for system (2.15) if there exists

v such that S C {xz: V(z) < v} and for all x € {x : V(x) < v} the inequality

V(f(x)) = V() < —o(l2[]) (2.16)

holds for some K-function ¢.

Theorem 2.4. Assume system (2.15) admits a Lyapunov function V in S. Then
system (2.15) is Uniformly Locally stable. If V is also upper and lower polynomially
bounded, then system (2.15) is Uniformly Locally Asymptotically (and exponentially)

stable with domain of attraction S.

The following assumptions made about the terminal cost and control law are

relevant for the stability of the MPC strategy.
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Assumption 2.3. The terminal cost given by F(x) = 2T Pz, with P = 0, satisfies

the Lyapunov condition
(A+BK)'P(A+ BK) - P < —(Q+ K'RK). (2.17)
The main results regarding stability and convergence of the MPC strategy are

presented next.

Theorem 2.5. For system (2.1) under the control law of (2.9):

(i) For all x; € X, J*(x¢) is monotonically decreasing such that

J*(Az, + Br(zy)) — J*(2) < — (2] Quy + k()" Ri(xy)). (2.18)

(ii) For all xy € X, the closed-loop performance satisfies the bound

(X Qry + k(z) " Re(z1)) < J*(20)- (2.19)

t
(iii) For all zy € X, (21 Qxy + k(x))T Ri(24)) — 0 as t — oo.

Proof. (i) From Theorem 2.2 the receded solutions are feasible and satisfy:

i

J (Teg1, Wyy1) = g(ft+1+k\t+1, fbt+1+k\t+1) + F(ft+N+1|t+1)
k

Il
o

g(x:+k|t7 u:Jrk\t) + F((A+ BK>x:+N|t>

Il
i-

P

g(‘r:—i-k\t? u;tk+k|t) - €<x;€k\t7 u:\t) + E(x:—i-Nlt? K$Z+N|t>

=
Il
o

+ F((A+ BEK)y, nyr)
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The Lyapunov condition of (2.17) then implies that

P

J (Ty1, 041) < E(-T;rk\w u;tk+k|t) - e(x;k\ta u:\t) + F($:+N|t)
0

= J(I’t, uZ) — g(xﬂt,uat).

=
Il

But since J* (x;) = J (x},u}) and an optimization is performed to yield the optimal
value of the cost, it follows that J* (z1) = J (X} 1, uf,,) < J (X441, 0y4,). Thus
J*(2e41) — I (@) < =L@y, uf),), which is equivalent to (2.18).

(ii)-(iii) Summing (2.18) for t = 0,1,2, ..., it is obtained that lim;_, Zg(foxt+
wTRu}) + J*(x7) < J*(xp). The desired property of (ii) follows directly since J*(-)
is non-negative. Also, since the optimization is feasible, J*(xy) must be finite, which

together with (ii) imply that (] Qx; + k(x;)” R(z)) — 0 as t — oo. O

Theorem 2.6. System (2.1) under the control law of (2.9):
(i) Satisfies limy_,o z; = 0 and limy_,oo uy = 0, if 29 € X.
(ii) Is asymptotically stable with domain of attraction X .

(1i) If Q > 0, then it is exponentially stable with domain of attraction X.

Proof. (i) From Theorem 2.5 k()T R(z;) — 0 as t — oo, and since R > 0, it follows
that x(z;) — 0 as t — 0. Also from Theorem 2.5, 7 Qz; — 0 as t — oo, and from
the detectability of (A, Q%) it follows that x; — 0 as t — oo.

(ii) From the facts that ¢(x,u) and F(x) are quadratic with @, P = 0 and Q > 0
and that the pair (A, Q)2 is detectable, it follows that the objective function of P(z;)
is strictly convex and positive definite. And since condition (2.12) is polyhedral,
it follows that the value function J*(z;) is a continuous, strictly convex, piecewise
quadratic function of x; [7]. It also satisfies (2.18) which implies that it is a Lyapunov
function, and therefore the origin is stable. Additionally, since z; — 0 as t — 0
whenever xy € X, it follows that the origin is asymptotically stable with domain of

attraction X.
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(iii) Since J*(z;) is a positive definite, piecewise quadratic function of x4, it can

be bounded from above and below, for all x; € X, by
allz[? < J*(z0) < Blla]® (2.20)

where «, 8 > 0 since J*(z;) is positive definite. If the smallest eigenvalue of @ is

AQ), it follows from (2.18) and (2.20) that, for all z5 € X,

A@)

1
e < 3 |1 - 22

B ‘]*<x0)7

which indicates an exponential decrease in the norm of x; as t increases, and therefore

the origin is exponentially stable with domain of attraction X. O

Remark 2.7. It is common that K is chosen to be the LQR optimal gain for the cost
given by Joo(x0) = Yooy ¥ Quy + uf Ruy, and that P satisfies the Lyapunov equation
P—(A+ BK)'P(A+ BK) = Q + KT"RK (so that J(z) = Jx(x)). In this case,
since Xy is positively invariant and guarantees feasibility for w = Kz, it is clear that
for xy € Xy the sequence of inputs given by u; = {K:z:t,th+1|t, cee K:ct+N_1|t} 18
feasible, and since u = Kz is optimal in absence of constraints, it will be the optimal
solution of (2.8) and therefore by (2.9) k(x;) = Kay.

Note that since the origin is asymptotically stable and that Xy contains the origin
in its interior there exists a time t such that x; € Xy for all t > t. This means
that there will always exist an instant when the control law becomes the unconstrained

optimal, namely v, = k(x;) = Kx; for all t > 1.
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2.1.3 Different types of cost

The analysis presented in the previous section considers a quadratic cost function. A

similar analysis can be performed for a cost function

=z

-1

J(x¢, 1) = 4 (13t+k:\t, Ut+k\t) + F (xt+N|t) )
0

i

where the stage cost, ¢(z,u), and the terminal cost, F'(-), are more generic. The
stage cost is convex and satisfies £(0,0) = 0 and ¢(z,u) > 0 if z # 0 or u # 0, and
the terminal cost is convex and satisfies F'(z) > 0 for all .

The feasibility analysis is the same, because only the cost changes, and then
Theorems 2.2 and 2.3 still hold. For the stability and convergence analysis, if the

terminal cost satisfies the decrease condition

F((A+ BK)z) — F (z) < —l(z,u), (2.21)

then the same results presented in Theorems 2.5 and 2.6 can be obtained.

The most typical choice is a cost with 1-norm or co-norm terms. In this case
l(z,u) = |Qx|, + |Rulp, F(z) = |Px|, where p = 1 or p = 00, @ € R™" and
R € R™>*™ are non-singular and P € R"™" has full column rank. The stage function
and the terminal cost can be reformulated as linear functions with the addition of
extra variables and linear constraints. Then the cost is linear and the constraints are

linear too, thus defining a linear program (LP) as shown next for the case of p = oo:
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minimize
Xt,Ut

subject to

N-1

a + B+ an
k=0
Tyt = Tt

Tophr1)e = Avppnye + By, K=0,...,N =1
F.Tt+k|t§1, kZO,...,N—l,

Gut+k|t§1, k}:O,...,N—l,

Hrp oy <1
Q
xt+k|t§laka k’:O,,N—l
—Q
R
xt+k|t§lﬁk7 k:O77N_]-
-R
P
TN < lay.
—-P

2.2 Robust Model Predictive Control

(2.22)

The classical MPC formulation described in Section 2.1 does not consider uncertain-

ties, and is also referred to as nominal MPC. Although the closed-loop application

of nominal MPC inherently provides some robustness, which has been analysed in

several works [93], [30], [60], not accounting explicitly for the presence of uncertainty

can severely affect the performance of the controlled system and the satisfaction of

constraints [86]. Consequently, robust MPC formulations (RMPC) have emerged to

guarantee performance, constraint satisfaction and stability of the systems in the pres-

ence of constraints and uncertainties. Early developments [18], [2], [95] considered

single-input, single-output (SISO) frequency impulse-response (FIR) plants, which for

certain choices of the objective function, yield online problems that can be reduced to
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linear programs. However, these approaches can only be applied to stable plants and,
in order to simplify to online computational complexity one must choose simplistic
and many times unrealistic models.

Thus typical modern formulations consider state-space linear systems with addi-

tive and multiplicative uncertainty defined by

Tir1 = At.I't -+ Btut —+ tht' (223)

Future realizations of the uncertainty (A¢yx, Bivk, Dk, Werx) are unknown at time ¢

(where £ =0,1,2,...), but they are known to satisfy

(Ay, By, Dy, wy) €0, t=0,1,2,... (2.24)

where © is the admissible uncertainty set. The disturbances w; are the additive
uncertainty, while the uncertain model parameters (A, B;, D;) are the multiplicative
uncertainty. This is a very general description of the uncertainty, and most strategies

consider a more precise description. Additionally, constraints defined by (2.2)

xtGX, UtGU,

are also considered.

2.2.1 Invariance and stability for Robust MPC

Feasibility of the predictions, invariance, the cost functions and stability are the most
relevant aspects which are treated in RMPC differently from classical MPC.

Under the presence of uncertainty there is more than just a single predicted se-
quence, so then feasibility of the constraints in Mode 1 and the terminal constraint

have to be guaranteed for all realizations of the uncertainty.
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Regarding invariance, Definition 2.1 is modified to include the presence of uncer-

tainty.

Definition 2.7 (Robust positively invariant set). A set Q C X is said to be robust
positively invariant for system (2.23) and constraints (2.2) under a control law given
by u = k(x), if and only if, Ax+ Br(x)+ Dw € Q and k(x) € X for all (A, B, D,w) €
© and for all x € (.

Then, for any realization of the additive and model uncertainty, if x € €, it
is guaranteed that x will remain in {2 for all future instants. Additionally, z € Q
guarantees the satisfaction of the system constraints, and then their satisfaction is
guaranteed for all future instants. The definition of the maximal robust positively
invariant set is analogous to the case of the maximal positively invariant set in Section
2.1.2.

Regarding stability, the definition of Local uniform stability and Theorem 2.4 are
unchanged except that the decrease property (2.16) has to hold for any realization of
the uncertainty. This gives rise to what is referred to as robust stability. However,
when additive disturbances are considered, it is not possible to drive the state to the
origin, and therefore the usual notions of stability with respect to the origin cannot
be used.

Alternative stability notions have then been considered in the literature. Some
of the most relevant are Input-to-State Stability (ISS) [41] and Lyapunov functions
that define stability with respect to a set rather than a point [12]. These notions will
be presented in general for non-linear systems since the dynamics of system (2.23)
under a control law given by r(z;) become 4,1 = Ayxy + Bik(x;) + Dywy, which is in
general non-linear since in general x(z;) is non-linear.

Consider a time-invariant non-linear system with dynamics given by

i1 = [z, 0p), (2.25)
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where ¢; is an uncertain parameter that lies in a compact set A, and f(-,-) is con-
tinuous such that the origin is an equilibrium in the absence of disturbances (i.e.
f(0,0) = 0). Note that this definition includes systems with both additive and mul-
tiplicative uncertainty; x;.1 = f(z;,0) corresponds to the nominal dynamics (for
wy = 0 and some nominal values of (A¢, By, Dy)), and 0; defines w; and the deviation

of (A, By, Dy) from the nominal values.

Definition 2.8 (Input-to-state stability). System (2.25) is Input-to-State Stable (ISS)
with domain of attraction S C R™, which contains the origin in its interior, if there
exist a ICL-function B(-,-) and a K-function (-) such that, for all o € S and all

admissible disturbances 6 € A, the evolution of (2.25) satisfies for allt =0,1,2,...

2| < B([[xoll, £) + v (sup{l[oxl] : k € Njo—}) (2.26)

Lemma 2.8. Let S C R" contain the origin in its interior and be a robust positively
invariant set for system (2.25). Furthermore, let there exist Koo-functions as(+), as(+)
and as(+) and a function V : § — Ry that is Lipschitz continuous on S such that for

all x € S,

ay([[z]]) < V(z) < as(l2l]) (2.27a)

V(f(x,0) = V(z) < —as([[z]]) (2.27b)

V(+) is a ISS-Lyapunov function and system (2.25) is 1SS with domain of attrac-
tion S if either (i) f(-,-) is Lipschitz continuous on S x A, or (1) f(x,0) := g(x)+4,

where g : S — R" is continuous on S.

Remark 2.9. 1SS imples that: (i) system x™ = f(x,0) is asymptotically stable with
domain of attraction S; (ii) all state trajectories of system (2.25) are bounded for

bounded 0;; and (iii) as t — oo all trajectories of system (2.25) go to the origin if
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0y — 0.

Definition 2.9 (Lyapunov function outside a set). The continuous function V(-),
V(z) >0, is a Lyapunov function outside S for system (2.25) if S = {x : V(z) = 0},

and for all x ¢ S the inequality

V(f(x,0)) = V() < —o([[]]),

holds for some k-function ¢(-) and for all w € W.

Definition 2.10 (Uniform robust stability with respect to a set). Let S be a neigh-
borhood of the origin and let d(x, X) be a distance function of x to the set X. System
(2.25) is said to be uniformly robustly stable w.r.t. S if for all € > 0 there exists p
such that d(xo, S) < p implies that d(z;,S) < € for allt =0,1,2,... and all functions

thW.

Definition 2.11 (Robust exponential stability). System (2.25) is said to be Robustly
Exponentially Stable w.r.t. S if and only if there exists p > 0 and 0 < X\ < 1 such
that dist(z, S) < pAtdist(zo,S) for all t > 0.

Theorem 2.10. Assume system (2.25) admits a Lyapunov function V(-) outside S.
Then it is uniformly robustly stable w.r.t. S. If V is also upper and lower bounded by
polynomial functions of the distance d(x,S), then system (2.25) is uniformly robustly

asymptotically (and exponentially stable) w.r.t. S.

As it has been mentioned earlier, uniform stability w.r.t. a set is particularly
relevant to MPC strategies for systems with additive uncertainty since due to its
presence the state cannot converge to zero. A particularly interesting set is the

minimal robust positively invariant set.

Definition 2.12 (Minimal positively invariant set). The set Q C X is said to be the

minimal positively invariant set for system (2.23) under the control law uw = k(x) if
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and only if it s positively invariant and £ C € for all robust positively invariant sets

Q.

For the case of additive uncertainty only, the minimal robust positively invariant

set under the linear control law u = Kz is given by [44]
=P+ BK)* (2.28)
k=0

In this case, the system is robustly exponentially stable with respect to Q. (W).
Since the presence of uncertainty implies that there is more than just a single
predicted sequence, the definition of a suitable cost function of the predicted sequences

is not as obvious as in the previous section. Some of the typical alternatives are:

e Worst-case costs (whose minimization forms min-max problems).
e Costs that are zero inside the terminal set and greater than zero outside.

e Nominal costs. Here the presence of the uncertainty is disregarded and a nom-
inal value for the model matrices is used. The costs can then take the form as

those used in the previous section.

Worst case costs are normally used for systems with multiplicative uncertainty,
and in these cases can yield asymptotic stability. For the additive uncertainty case,
typical choices are nominal costs (that provide ISS stability) and costs that are zero
in the terminal set and greater than zero outside (that yield stability with respect to
that set).

The aspects introduced here are handled in a different manner by different strate-
gies. More details are given in the review of the most relevant works in Section

2.2.3.
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2.2.2 Open-loop versus feedback Robust MPC

Early developments of RMPC consisted of formulations that relied on open-loop opti-
mal control problems [95], [64], where the decision variables are a sequence of control
inputs u; = {ut|t, . ,ut+N_1‘t} that guarantee the satisfaction of the constraints for
any possible uncertainty realization, and minimize an appropriate criterion (usually
worst case performance).

These strategies are conservative because they do not take into account the effect
of the future uncertainties on future states, that are currently unknown by the con-
troller, but which effect will be known when the future states are measured and that
information is available to compute the inputs to be applied to the system. Feed-
back RMPC formulations consider closed-loop optimal control problems, as opposed
to open-loop, and do take into account this information in the predictions by having
as a decision variable a control policy 7(z;), instead of a sequence of control inputs.
A control policy is a sequence of control laws {puo(2¢), p1 (Tegaje)s - - - N—1(Tepn—1)t) }
that are functions that depend on the state at the instant they would have to be
applied (which in turn depend on the uncertainties that have affected the system).

When optimizing over control policies, future predicted inputs w;,; will depend
on the future predicted states x4, which in turn depend on the unknown current and
future uncertainties. This may seem to present difficulties since the future predicted
inputs w4, will depend on unknown information, and are thus unknown at time ¢.
This not a problem for two reasons. First, only u,; is actually applied to the system,
and wy¢ is known because it depends only on x; which is known at time ¢. And second,
instead of knowing the values of the future predicted wu, 4, in the feedback RMPC
formulation one seeks to know that there exist control laws that will be feasible at
time ¢ + k and use only information that will be available at the time they would
be applied (i.e., so that they are causal), but there is no need to actually find these

control laws. Clearly, ue gy = pr(Teqre) depends on x4y, which will be known at
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time ¢ + k, so the predicted control laws are causal.

The use in the predicted control policies of the information that is unavailable
at the current instant but will be available in the future offers various advantages,
such as improvements in the performance or feasibility in cases where open-loop for-
mulations would be infeasible. The most general solution of the closed-loop optimal
control problem, in terms of considering a general class of control policies, is ob-
tained via dynamic programming (DP) [9], which is computationally prohibitively
complex. Consequently, researchers have focused on simplifications of the structure
of the control policies to obtain simpler optimal control formulations in order to
strike an appropriate compromise between sub-optimality (relative to the exact DP

solution) and complexity of the online problems.

2.2.3 Review of Robust MPC with multiplicative
uncertainty

2.2.3.1 Optimized state linear feedback

In [45] a robust feedback MPC scheme is proposed for linear, discrete time systems,

with multiplicative uncertainty

Toy1 = Ayt + By, (2.29)

where (Ay, B;) € © = conv{(A;,B;) : i =1,... vy}, that are subject to state and
input constraints as in (2.2).

The strategy of [45] avoids the exponential complexity of DP by optimizing at
each instant ¢ a gain K; such that the predicted control policy is a feedback state
controller

Ukt = Ktxt+k\ta k=0,1,... (2-30)
The optimization of K; at each instant ¢ aims to minimize the worst case of the
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infinite horizon cost Jo.(x;) = ZZO:O mtTJrk‘thHk“ + utT+k\tRut+k|t- However, since the
optimization of the worst case would require consideration of all possible sequences
of extreme realizations of the uncertain matrices A; and By, this is performed by
minimizing over K; and V; an attainable upper bound V' (z;) = xtTPtxt of the cost
oo (1)

So that V() is an upper bound of J(x:), P; has to satisfy the decrease condition

V ((Atsr + Bipe K zeewy) = Vi(@ewe) < — (2] 4@ esnge + ufy g Ruggre),  (2.31)

for all (A1, Birx) € © and P, > 0. This condition is non-linear due to the products
P, K}, however it can be convexified by the change of variables K; = Y;Q; Vand Q, =
P! . Condition (2.31) implies that the ellipsoid defined by E, = {z : 27Q; 'z <1}
is robustly invariant. Thus, if one imposes that E; is such that for all x; € F;
then z; € X and K;x; € U, then the satisfaction of the system constraints will be
guaranteed for the current and all future prediction instants if z; € F;.

The conditions that FE; is such that for all x € E; then x € X and K,z € U,
x; € Fy and (2.31) and can be enforced through the use of a number of linear matrix
inequalities (LMIs), and hence need only be invoked at the vertices (A;, B;) of ©.
Then, the optimal control problem consisting in the minimization of V' (z;) subject to
all the previously mentioned conditions and can be cast as a semi-definite program
(SDP). The invariance of E; and the decrease property of (2.31) allow one to prove

recursive feasibility and asymptotic stability.
2.2.3.2 Augmented dynamics for efficient RMPC

Since the strategy presented in the previous section requires one to solve an SDP
with several LMIs, [51] proposes an augmented state formulation which allows one

to robustly stabilize a system by imposing only one LMI. The strategy considers the
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same type of uncertain systems as in (2.29)

T = Arxy + By,

and mixed state and input constraints of the type

(xr,u) €Y ={(z,y) : Fx + Gu < 1}, (2.32)

with F' € R™*"™ and G € R"*™, The formulation is enhanced with the closed-loop
paradigm [82], which consists of using additional terms ¢,z such that the predicted
inputs are given by

U4kt = K$t+k|t -+ Ct+k|t) k= O, . ,N — 1,

(2.33)
U4kt = K$t+k|t, k>N,

where ¢,k = 0,...,N — 1 are the degrees of freedom (dof) of the inputs. The
resulting system i 111t = PonTeyrpe + BeyrCoyrle, Where @y = Ay + By K and

ciyrt = 0, K > N, can also be described by the autonomous augmented state space

model
Ct|t
Ty Ctt1]t
Zttk+1lt = \Dt+kzt+k|ta k=0,1,..., where 2t = y G = )
Ct
Ct+N—1|t

(2.34)
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and

0 I 0
Dy, [Bt+k 0 --- O] o o0 . 0
g = . M= | , (2.35)
0 M : T
0 0 O

where [ € R™*™_ Agsuming that it is possible to find matrices @),, K such that
E, = {z : 27Q,x < 1} is robustly invariant for the system (2.29) and constraints
(2.32) under u = Kz, then it is also possible to find matrices @,, K such that E, =
{z: 27Q.2 < 1} is robustly invariant for the augmented closed-loop system defined
by (2.34) and for constraints (2.32).

Consideration is given the projection of F, onto the z-space, E,, which is the
ellipsoid that contains all z for which there exists at least one ¢ such that z =
[T, cT)T € E,. 1t is proved that E, C E,., and that E,, grows in size with the

prediction horizon N. The conditions for invariance and feasibility are given by

. QU7 Z [F+GK,GM
Q0 @ 0,i=1,...,Um, | ] =0, Z; <1,i=1,...,n,,

* Qs * Q-
(2.36)

where the symmetric matrix Z € R"<*" is a free variable with elements Z, ,, p,q =
1,...,n. and * denotes symmetric blocks. The goal is to maximize the volume of
E,.. This is achieved by solving maxlogdet(7TQ,T7) subject to (2.36), where T is
such that x = Tz. However, if X is the set of relevant initial conditions, it is also
desired that FE,, contains Xj.

Based on all these arguments the control algorithm consists of an offline and online
stage. In the offline stage, K is computed ignoring constraints so as to optimize robust

performance in some sense, which could be a worst case cost or nominal performance,
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or K could be taken to be an Hy/H., controller. Then for this K, @), is chosen so
as to maximize the volume of E,.. If Xq € E,. the MPC scheme can be applied
online. Otherwise, N is increased and the offline design is repeated. The online stage

is repeated at each sampling instant and consists of performing the optimization:

minimize ¢ We;
“ (2.37)
subject to thszt <1

where W > 0, and then only the first element i of the optimizing c; is implemented.
This optimization problem can be cast as an SDP since it involves a quadratic cost
Ji(c;) = cI'Wey and condition z/' .z, < 1 which can be cast as an LMI by using
Schur complement.

Recursive feasibility follows from the invariance for the augmented states. The
strategy is proved to be robustly stabilizing towards the origin in the sense that
c/We; — 0 and 2; — 0 as t — 0 since feasibility of the receded candidate solu-
tion €41 = [Cets - - -, Cipn—1pt, 0] implies the decrease property Jiy1(€i1) — Ji(cr) <
—cﬁt Wicy,. It is also proved that this optimization problem can be equivalently solved
by a single univariate algebraic problem, which is defined by the computation of the
shortest distance of an ellipsoid from the origin; this is much more more efficient than
the problem presented in [45] and other previous formulations of robust MPC.

However, the strategy is still conservative for two reasons. First, because it guar-
antees constraint satisfaction through the use of ellipsoidal, rather than polytopic
sets. Later works then use polytopic sets at the expense of increased computational
cost [40], [43]. The second reason is that the control policy is only quasi closed-loop
because the online optimization is open-loop for the degrees of freedom, and in spite
of the presence of a feedback controller, it is designed with no special feedback treat-
ment of future (unknown) uncertainties; it applies feedback from future states, but

only with a fixed law.
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2.2.3.3 Optimized dynamics RMPC

An augmented state formulation is also proposed in [19], but this time use is made of
a feedback that depends of the future (unknown) uncertainties in the control policy.
The strategy considers the same type of uncertain systems as in (2.29), and constraints

as in (2.32). The control policy is given by

Uikt = KTpypp + Loggp, k£ =0,1,... (2.38)

where v;; can be interpreted as a controller state, which satisfies the dynamics
Viykt1)t € conv{MZ-'UHMt, i=1,...,vm}. More precisely, it takes the value associated

with the realization of the uncertain model matrices, such that if

(A, Bi) = > Mi(Ai, By), (2.39)
i=1
for some set of scalars {Aq,..., A, }, then
Ut+k+1|t = Z AiMiUt—‘rk‘t' (240)

=1

The control policy depends on future realizations of the uncertainty which are
unknown. However, as pointed out in Section 2.2.2, only the first element wuy, is
actually implemented to the system, and wu;, only depends on z; and v;; which are
known at time ¢.

The system and controller dynamics can be described by the augmented dynamics

Tt
Zovkrte = YirnZion, k=0,1,..., where 2z = ) (2.41a)

Ut
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and

o, BL
\I/HRECODV{\IQ,izl,...,um}, \Ilz: s (I)l:AZ—FB,LK,Z:l,,Vm
0 M

(2.41D)
K is assumed to be optimal in some sense (e.g. LQR for the nominal system),
and then L and M; are designed to optimize the polytopic dynamics of (2.41).

Invariance and feasibility of an ellipsoid E, = {z : 2T Pz < 1} are equivalent to:
P—-9IPy, =0 (2.42a)

Z [F+GK GL]
=0, Z,, <1, p=1,...,n, (2.42b)

* P

where Z € R"*" is a free variable with elements Z,,, p,¢q =1,...,n.. To maximize
the volume of the projection, E,., of E, onto the x-subspace one needs to maximize
log det (TTP~'T) over P, L, M; subject to (2.42) and (2.42b), where T is the
transformation for which « = Tz for all z. This optimization is non-convex because
(2.42) is a bilinear matrix inequality (BMI) in P, M;, L, however, it is shown that
this problem can be convexified through the use of a transformation proposed in [83].
The maximum volume F,, can be achieved by taking the dimension of v to be n,,
and this maximum volume is as large as the volume of the largest invariant ellipsoid
obtained under any linear state feedback law. This strategy then is as general, in
terms of domain of attraction, as the strategy of [45] as described in 2.2.3.1. However,
the design of this robustly invariant set that guarantees feasibility of the system
constraints is performed offline. It is also more general than the strategy of [51] as
presented in Section 2.2.3.2, which is subsumed as a feasible solution of the optimized
dynamics.

The online optimization aims at minimizing a worst case cost (min-max problem)
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through minimizing an attainable quadratic upper bound of the minimax cost, given
by J(x,v) = al Woa, + vl W,vy, subject to 2z = [a:tT,vtT|t]T € E., which is clearly
less computationally involved than the strategy of [45] due to the reduced number of
LMIs. Since E, is robustly invariant under the control law of (2.38) and constraints
(2.32) the predictions are feasible and the algorithm is recursively feasible. Stability
follows from the fact that the cost satisfies a decrease condition which makes the cost
a Lyapunov function.

As in [51], the size of the domain of attraction can be improved by considering
a polytopic robustly invariant set for the online optimization instead of E,, which
however, comes at the cost of increased computational burden since in general the

polytope will be defined by a greater number of inequalities.

2.2.4 Review of Robust MPC with additive uncertainty

2.2.4.1 Feedback RMPC strategies

The feedback RMPC strategies of [86], [42] consider time-invariant linear systems

with bounded additive disturbances
Ty1 = Axy + Buy + wy, (2.43)
and state and input constraints as in (2.2)
u € U,y € X,

where X, U, W are polytopic sets that contain the origin in their interiors. A dual-
mode prediction based MPC strategy is considered, where the terminal set X; is
robust positively invariant for the system and constraints of (2.43) under u = K,
which is the terminal control law that operates in Mode 2. In Mode 1 a predicted

control policy is used to steer the state to X;.
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The feedback in the predicted control policy is introduced by considering a differ-
ent control sequence for every realization of the disturbances. This is implemented in
practice by computing a different control sequence for every extreme realization of the
disturbance, so the problem consists of finding the inputs ui+k‘t, k=0,....,N—1,l €
L, where L is the set that enumerates all extreme realizations of the disturbance and
ul +x¢ denotes the predicted input at time ¢ + & (made at time t) associated with the
[-th disturbance realization. A causality constraint is included, which enforces that
the control actions for different realizations of the disturbance if they result in the
same state at some prediction instant. The online stage of the strategy consists of
the minimization of worst case costs which can be cast as a linear program. How-
ever, it requires a number of constraints that grows exponentially with the prediction
horizon N, due to the need to enumerate all the realizations of the disturbance for
guaranteeing constraint satisfaction and the evaluation of the cost.

[58], [38] propose an approximate feedback strategy that tries to avoid the ex-
ponential increase in DP or the strategy of [86]. It considers linear time-invariant
systems with additive disturbances as in equation (2.43) and mixed state and input
constraints as in (2.32). A natural approach to reduce the complexity is to consider
a predicted control policy where each predicted control law in Mode 1 is an affine

function of the sequence of past states:

k
ut+k‘t = Tt+k|t + Z Mk,jxt+j|t; k= 0, e N —1. (244)

J=0

However the mapping from M, ; and ;4 to 2444 is non-convex, thus yielding a non-
convex optimization problem. Then [58], [38] propose an equivalent parameterization

of (2.44) that yields a convex problem. In this new parameterization each predicted
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control law in Mode 1 is an affine function of the sequence of past disturbances:

k—1
Ut = Uit Ukt = Vt4k|t + Z Lk,jwt+j7 k= I,... 7N -1, (245)

5=0
where My, j, viqr; are the degrees of freedom of the predicted control policy. It is also
assumed that a fixed state feedback u = Kz is deployed at Mode 2. [88] also propose
a predicted control policy of the form of (2.44) but in a Stochastic MPC context,
where the non-convexity is solved by using the Youla parameter, as will be shown in
Section 2.3. The control policy of (2.45) depends on future unknown disturbances,
but as noted earlier this is not problematic since these predicted inputs are never
executed; all that is needed is the knowledge that an admissible control sequence
that respects causality exists. Only the first input is actually implemented, but that
one does not depend on any unknown disturbances.

The approach of [58] considers two cost functions (worst case or quadratic cost,
both over a finite prediction horizon) that do not allow one to prove stability, whereas
the approach of [38] does allow one to prove a type of stability, and is therefore
examined next.

The online procedure consists of optimizing a performance criterion (a quadratic
function of the predicted nominal states and inputs plus a quadratic terminal cost)
such that the constraints (2.32) are satisfied for every possible realization of the
disturbances. The constraints are enforced explicitly in Mode 1, and in Mode 2 these
are enforced implicitly by requiring that the terminal state x|, is inside the terminal
set X which is robust positively invariant for system (2.43) and constraints (2.32)

under ©v = Kx. The constraints in Mode 1 can be expressed as

Fv,+ max (FL+ G)w; < c+ Huzy, (2.46)

Wi cWwi

where ), R, P are positive definite weighting matrices. F, G, c are matrices defined
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. . . . T T T
to conveniently express the constraints as a function of v; = [Ut\w e ,vt+N_1‘t] ,
— [T T T
wW; = [wt ,...,wHN_J , and
0 0
Ly 0 e 0
L=
Ly-1p -+ Ly-in—2 O

The max term in (2.46) can be eliminated by using duality as long as W is compact
and convex. For instance, if W is polytopic, one can write W» = {w : Sw < h}, and
then

max (FL+ G);w; = min hlz,;

WtEWN Zi (247)
subject to  S7z; = (FL+ G);, z; > 0,

where z; represents the dual variables associated with the i-th row of the maximization

in (2.46). With this, the online optimization of the RMPC strategy is given by

N-1
e _T _ T _T _
manilelze E xt+k|tht+k|t + Ut+k\tRUt+k\t + f"t+N|tP$t+N|t
b K k:(]

| . (2.48)
subject to Fvy+7Z"h <c+ Huxy,

(FL+G)=172"S,7Z >0,

where Ty, denotes the nominal predictions (i.e. in the absence of disturbances) of
the state. This optimization is tractable since the number of variables and constraints
of this problem grows quadratically with the prediction horizon. Alternatively, if W
is ellipsoidal, the problem can be solved as a second-order cone program.

Following from the structure of the predicted control policy the receded solution is

feasible, and thus the strategy is recursively feasible. With the nominal cost function
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of (2.48) and under appropriate conditions on @), P, one can obtain a decrease con-
dition in absence of disturbances, which allows one to guarantee ISS stability when
disturbances are present. Other types of cost, such as expected value costs [37] and
Hoo [34] have also been used. The former also yields ISS stability, while the latter
yields an [, performance bound. Further modifications of the cost along with an
equivalent re-parameterization of the control policy, allow one to obtain convergence
to the minimal invariance set Q.,(W) [90], convergence in finite time to the termi-
nal set, and, assuming that the disturbance is a stochastic process with a bounded
distribution, convergence to Q. (W) with probability one [91].

The structure of the predicted control policy of (2.44) and (2.45) used in this
strategy is more general than those of [45], [51], since these are subsumed as particular

cases of the former.
2.2.4.2 Tube MPC strategies

Another family of strategies that have been successful in dealing with the additive
uncertainty in RMPC is the so-called tube MPC (TMPC). The principle is that when
uncertainty is present, the states move through a set rather than a single trajectory,
and since the system under consideration is linear the predictions can be separated
in a nominal portion, which is not affected by the disturbances, and an uncertain
one. Predictions then include a nominal trajectory which defines the centre of the
tubes and the cross sections of the tubes that define the zones through which the
uncertain portion can move. The complexity of the strategies usually depends on the
descriptions of the tubes, as will be seen next.

Tubes have been used in MPC for some time now, although the earlier work ([36],
[84], [61], [56]) did not make explicit use of the term “tubes”. Among these, [61]

devised a strategy for systems described by (2.43),

Tir1 = Al’t + But + Wy,
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and constraints as in (2.2)

UtEU,l’t e X.

The strategy uses a re-parameterization of the predicted dynamics into a nominal
(without disturbances) and an uncertain portion, and considers a control policy for

Mode 1 given by the closed-loop paradigm [82], expressed as

ut+k|t = ﬂt+k|t ‘l— K(xt+k|t — 'ft+k|t)7 ]’C = 0, ey N — ]_, (249)

where Z; ), and ;) are associated to the nominal portions of the predictions. As
usual, it is assumed that a state feedback u = Kz will be used in Mode 2. If the
uncertain portion of the predicted state is denoted by e; i, the dynamics of the

uncertain and nominal portions in Mode 1 can be expressed by

€t+k+1|t = (A + BK) 6t+k‘t + wt+k, kf = 07 ey N — ]_, (250&)

Toyry1)e = AToype + Blgyrpr k=0,...,N—1, (2.50D)

respectively. From this decomposition it is clear that the uncertain portion evolves
according to inputs given by the static state feedback gain K, thus the predictions
of the uncertain part will always stay in the minimal invariant set under u = Kz,
Qo (W), provided that ey, € Qoo(W). Then, x4, p; and uzyr; are contained in sets
given by Zy ke ® Qoo (W) and gy gy ® K Qoo (W), with cross sections given by Qo (W)
and KQ. (W) and centred over Tk and Ugyp;. The tubes are then the sequence
of sets that contain the predictions. Subsequently, the uncertain portion is omitted
from the optimization, and instead its effect is accounted for by a tightening of the
constraints applied to the nominal states and inputs. The online optimization then

includes these tightened constraints and the typical objective function for the nominal
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predictions with horizon N and a terminal cost:

N-1
_ minimize In (g, 1) = l (:Et+k|t, ﬂt+k|t) + Vs (ft+k|t)
ut:{ut|t ----- ut+N71|t} k=0
subject to T €X, k=0,...,N—1, (2.51)

ﬁt+k|t€®a kf:O,...,N—l,

Terklt € Xf

where X = X—Q (W), U =U—-KQu (W), X = X; —Q (W), and £ (z, u) is convex.
The structure of the predictions guarantees satisfaction of the system constraints and
that if 7, is an optimization variable, rather than being fixed and equal to x;, then
the receded i, will be feasible and guarantee that the optimal cost is decreasing.
Thus the online application of the strategy is recursively feasible, and since optimal
cost is made zero when x; € o(W) it can be seen as a Lyapunov function outside
Qoo (W) which along with the decrease property of the optimal cost yields exponential
stability and convergence of the state to the set Q. (W) [63].

This strategy, since it considers tightened constraints and performs the online
optimization only over the nominal sequences, is quite convenient in the sense that
it requires only a minimal computational effort because it has the same complexity
as the open-loop deterministic formulations. It is however conservative because the
tubes have a fixed cross-section and hence they are usually larger than what could
be accomplished. Further improvements have been proposed [28], [81], [53] where the
tubes cross-sections are smaller and different for each prediction instant, thus making
the constraint tightening less conservative.

In order to obtain tighter tubes, other strategies that compute the tubes online
have been proposed [54], [74], [75]. For instance [54] suggest tubes X, iy, k =
0,..., N where the centre of the sequences 7,4 can be freely chosen (as opposed to

determined by the nominal evolution of the system), the cross sections are polytopes
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not necessarily invariant, with arbitrary fixed shapes given by Z = conv {vl, RN L }

The sequence «y, allows the sizes of the tubes to vary, such that
Xigklt = Tt ® o Z = conv {:c,lg, . ,xkp} , k=1,...,N, (2.52)

where the initial tube is the current state, X,; = x;. The control tubes are also poly-
topic, and there is a control u}, associated to each x} such that, Uik, = conv{ug, ...,
uf}, k=1,...,N —1 and Uy, = w;, and define a control policy m(z;) = {po(2s),
pa(Zisage), - - - iN—1(Zegn—1pe) }, where each control law py(z) defines the predicted

mput wgy g as

P
ut_t'_k‘t = /,Lk(l’t_;'_k‘t) = Z A£($t+k|t)up7 k = ]_, ey N — ]. (253)
p=1
where A\ (x) = {)\,16, DY } is the unique least-squares decomposition of 25:1 Noab =

x. The online optimization problem includes T4, s and U as variables thus
providing more freedom to choose the tubes.

A further improvement is proposed in [73]. It uses a new way of building the
tubes that stems from the linear separability of the effects of the disturbances acting
at different instants. The tubes are shown to be tighter and strong stability results
are obtained. The strategy considers linear, time-invariant, discrete time systems as
in (2.43) and constraints as in (2.2) where X, U and W are convex polytopic sets that

contain the origin in their interiors and are defined as

X={z:Fz <1}, U={u:Gu<1l}, W=conv{w;:i=1,...,q}, (2.54)

where F' € R"=*" (G € R"*"™_ A separable prediction scheme for Mode 1 is
assumed where the nominal dynamics and the contribution of each future disturbance

are separated into different sequences. X n) = {Z(0,0); .-, TN} and wgn-1) =

46



Chapter 2. Background

{w©,0),- -, uwo,n-1)} are the 0" partial state and control sequences, which account for

the nominal dynamics
T(0,k+1) = Ax(gvk) + BU(oyk), k=0,...,N —1, (2.55)

where 2(0,0) = x and X(j.n) = {2(), (g +1) - TEN b WGN-1) = {UGg), UG-
u(jn-1)} are the 5" partial state and control sequences describing the dynamical con-

)th

tribution of the disturbance acting at the (j — 1)"* prediction time, w(;_1). These

dynamics are given by

L(5,5) = W(G-1);

(2.56)
ey = Axgr + Bugry, k=j,...,N—1

For simplicity the notation of the type x, ) is not used for the k-step-ahead pre-
dictions made at time ¢, and instead x (o), uox) and x;r), U r) are the k-step-ahead
predictions made at each time ¢ associated with the 0'* partial sequences and the ;"
partial sequences, while x4, u() are the full k-step-ahead predictions made at each

time t. Accordingly, the full predictions for £ = 0,..., N are given by

k k
x(k)zzx(]}k)? kZO,...,N, U(k):ZU(M), kZO,...,N—l, (257)
j=0 Jj=0
with

¥ L(0,k) ifk=0
T(jk) € X(jk) =
conv{zgm:i=1,...,¢q} ifk=1,...,N
(2.58)
Uiy € Uik =
conv{ug,p:t=1,...,q} ifk=1...,N—-1
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thus defining a triangular prediction structure. From (2.58), the ji* partial state and
control sequences are defined by the j extreme partial state and control sequences,
X(ig.N) = A% 045) Tl Tgn b and Wi v 1) = {5 U g1y, - WigN-1) )
respectively, which describe the effect of the extreme disturbances acting at the pre-
diction instant j — 1. The dynamics of the j** partial extreme state and control
sequences are, for i =1,...,q,

(ij,4) = Wi, j=1...,N,

(2.59)
x(i,j,kJrl) = Ax(’i,j,k) + BU(Z'7]‘7]€), ] = ]_, ey N — 1, k’ = j, ey N — 1

The partial sequences as defined by (2.55) and (2.59) imply that the predicted states
and inputs will be contained in the tubes with cross-sections
k k
Xoy =P X, k=0,....N,  Uspy=Uyn, k=0,....N—1, (2.60)

=0 =0

where the partial tubes X¢; vy = { X5y, X(5j+1), - - XGgm} and Ugv-1) = {Uyj),

UGjs1)s - U(j7N_1)} contain the partial sequences x(; xy and u(; y—1), such that X g,
= $(07k), U(O,k) = U(O,k), X(j,k) = COHV{Q?(MJC) = 1, . ,q}, and U(j,k) = COHV{U(i,jJﬂ) .
i=1,...,q}

The separable prediction scheme induces a separable non-linear predicted control

policy my—1 = {mo(-), ..., 7n-1(+)} given by,

k k
Tz ) = Zﬂ(j,k)(x(j,k)% with x4 = Z (k)
7=0 =0
T(0,) (T(0,k)) = U(o,0) (2.61)
q
7r(j,k)@(j,k)) = A(i,j)(w(jq))u(i,j,k), j=1,....N—-1, k=34,...,.N—1
=1

where A(; j)(w(;—1)) are convex interpolation parameters that satisfy A j)(w—1)) >0
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for i = 1,....q, 220 Aig)(wi-ny) = 1 and 3704 Ay (wi-)ds = wioyy. A well-
defined and unique selection of such convex multipliers {)\; ), ¢ = 1,...,¢} can be
obtained employing, for instance, a least squares procedure.

This control policy is non-linear and is proved to be more general than a linear
policy depending on the past states (or its equivalent formulation as a policy that
is affine-in-the-disturbances). The control policy of (2.61) is more general than that
of (2.33) (closed-loop paradigm [82], [84]) and (2.45) (affine-in-the-disturbances [38],

[58]), which are subsumed as special cases of PTMPC.

Remark 2.11. Since the disturbances can be expressed as w; = Zle AwW;, such that
At is contained in the simplex A = {X € RY\; > 0,i=1,...,¢,> i, N\ =1} CRY,

system (2.43) can be re-expressed as
Tir1 = Al’t + But + V)\, (262)

where V= [y, ..., W), A= [A1,...,\J" € A is a disturbance in the lifted space RY.
Thus the terms \; ;) (w(j—1)) that appear in the predicted policy of (2.61) are actually

the disturbances of system (2.62), so then (2.61) can be re-expressed as

k k
T(Tw) = Y TGr(EGR), with Try =Y TGk,
7=0

j=0
7To(SL’(O)) = U(0,0), (2.63)
k
To(Ew) = uem + Y Uasgimnig, k=1 N -1,
j=1
where Ajy = (A1), Agj))” 18 the disturbance in the lifted space associated with

Wei—1) A U(1sq k) = [U(15k), - - > Ugjk)]- This is clearly an affine-in-the-disturbances
policy as that of (2.45), where vy = k), K =0,...,N=1 and Ly j = ua—qj+1,k+1)

k=1,...,N—1,7=0,....k — 1, for the equivalent system of (2.62), where the
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disturbances \; € A are in the lifted space RY.

Remark 2.12. [t is said in Remark 2.11 that the disturbances A € A, A C RY, are
in a lifted space because for a bounded polytope W C R™ with non-empty interior, the
smallest number of vertices is ¢ = n+ 1, while it can be larger in general (e.g. 2" for

hypercubes). Thus A is in a higher dimensional space than W.

The conditions for constraint satisfaction are given by

XwCX, k=0,....,N—1,
UwCU, k=0,...,N—1, (2.64)

Xy € Xy,

where Xy = {Hx < 1}, H € R™*", is the maximal robust positively invariant
set under the terminal control law v = Kx. These conditions can be guaranteed
equivalently by constraints on the nominal sequences with slack variables that account

for the worst (extreme) realizations of the uncertainty.

ESE(O,O) S 17 [ = 17"'7nCIB7 Glu(O,O) S 17 [ = 17"'7ncu7

k
Fl£(0,k)+Zf(l,j,k) <1, l=1,...,00, k=1,...,N—1

Jj=1

k
GlU(O,k)+Zg(l7j7k) Sl, lzl,...,ncu,kzl,...,N—l

Jj=1

N
Hizonw + Y hagn <1, 1=1,....1ny,

j=1
le(i,j,k)gf(l,j,k), lZl,...,ncx,j:L...,N—l,k:j,...,N—l,i:1,...,q,
Glu(i,j,k)gg(l,j,k)a lzl,...,ncu,jzl,...,]\/—l,k:j,...,N—l,izl,...,q,

Hlx(i,j,N) S h(l,j,N); lI 1,...,nf,j: 1,...,N,i: 1,...,(],
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where Fj, G; and H; are the [ rows of F,G,and H, respectively.

In order to evaluate the cost, a re-parameterization of variables is performed such
that 2k = 2Gik) + Gk and ugry = via) + Pir), where egry = (A + BEK) e, )
and 1 r) = Ke(j ) are associated to the evolution of the system according with the
terminal control law u = Kx, and z(; ) and v(;x) are the required deviation, in order
to satisfy constraints, from e(;x) and ;). The cost function contains penalizations
of the terms z(; ») and vz, and is structured as the sum of the partial costs associated
to each partial sequence, which in turn is structured as the sum of the costs associated
with each extreme partial sequence, such that, if d 5 contains all the decision variables

of the formulation,

N
J(dy) =) Jow(dn), (2.66)
=0
where
N-1
Jom(dn) =Y Uz, vom) + Vi(zom),
k=0
q q
Jom(dn) = Jagm(dy), j=1,...,N =1, Jowvwm(dy) =) Vi(zivw),
=1 =1
N—-1
Jiim(dn) = D> Uz gmvagm) + Vilzagn), i=1,....¢.5=1,...,N—1
k=j

Uz,v) = |zl + |vIr, Vi(2) = |2|p,

Q,P, R are symmetric polytopic sets that contain the origin in their interiors and
Vi(-) satisfies the Lyapunov like condition V((A + BK)z) — Vi(z) < —{(z, Kz) for
all x € R".

On account of the penalizations of the terms z(;x) and v, the value function
J*(x) will be zero if the entire evolution can be satisfied by v = Kx and greater
than zero otherwise. It follows that J*(x) > 0 if z ¢ X; and that J*(z) = 0 if

x € Xy, in which case the control reduces to u = Kx. Since, additionally, the
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tubes structure guarantees recursive feasibility, and the decrease property J*(z;41) —
J(x;) < —(|x¢|o + |we|r) can be obtained from the online application where the input
is assigned to be u; = Ufp gy it follows that J*(z) is a Lyapunov function outside of
Xy, thus proving exponential convergence of the state to X;. Furthermore, since in
this set the control law reduces to u = Kx, the state converges exponentially to the
minimal robust positively invariant set Q. (W).

PTMPC is proved to be equivalent to DP whenever n = n,, = 1 for any prediction
horizon N, or for any n, n, when N = 1,2 [73], while the affine in the disturbances
strategy [58], [38] is only equivalent to DP in the first case [73], [10].

The optimization using the cost from (2.66) can be cast as a linear program, where
the triangular tubes structure means that the number of variables and constraints
grows quadratically with the prediction horizon N. However, in order to account
for the worst cases in the constraints and the cost one needs to consider sequences
associated with the ¢ vertices of W (more precisely, the size of the problem grows
linearly with the product ng). Since ¢ can grow exponentially with n (e.g. if W is
a hypercube) the size of the problem can also grow exponentially with n. On the
other hand, in the affine-in-the-disturbances strategies [38], [58] one can handle the
worst case scenarios with a dual problem as shown in (2.47), which uses a description
of disturbances of the type W = {w : Sw < h}. Then the size of the optimization
problem grows linearly with the product nng, where n, is the number of rows of S.
Generally ng grows more slowly than the number of vertices of W as n increases (e.q.
linearly if W is a hypercube), so then the affine-in-the-disturbances strategies are

better suited for large n.

2.3 Stochastic Model Predictive Control

RMPC techniques only take into account the hard bounds of the uncertainties, and

not their probabilistic distribution, which is problematic when soft probabilistic con-
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straints are present. Additionally, the optimization problems in RMPC, where the
costs and constraints are based on worst cases, can be extremely conservative because
the uncertainties near the bounds can be extremely unlikely.

For these reasons, stochastic MPC (SMPC) has emerged as a family of techniques
that incorporates the stochastic descriptions of the uncertainties for handling proba-
bilistic constraints and probabilistic measures of performance.

This section first introduces the main aspects of SMPC for systems with additive
uncertainty. This is followed by a review of the advances in SMPC that are most

relevant for the development of Chapter 6.

2.3.1 Main aspects of Stochastic MPC

In order to introduce the main aspects of SMPC consider linear, discrete-time systems

l’t+1 = Al’t + But + Dwt, (267)

where the additive uncertainty w; is an exogenous disturbance with unknown current
and future values (as in RMPC) but such that some type of description of its stochastic
nature is known, e.g. probabilistic distribution.

The main aspects to consider in SMPC are the stochastic characterization of the
uncertainty, probabilistic constraints, and cost functions (as well as typical aspects
such as recursive feasibility and stability).

Characterization of the uncertainty

The additive uncertainty has been characterized in several ways. The most com-
mon characterization (e.g. [4], [6], [87],[88], [23], [22], [20], [24]) considers w; as an
independent and identically distributed sequence (i.i.d., meaning that w; is indepen-
dent from wy, for all ¢ # k, and that they have the same distribution), where each w;
has a normal distribution with mean 0 and covariance matrix X.

This characterization has a big weakness: it does not allow one to obtain recur-
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sive feasibility of the online optimization problem while guaranteeing satisfaction of
constraints due to the possibility of infinite size disturbances. Additionally, when
recursive feasibility of the online optimization is not guaranteed, stability results do
not hold. In practice, however, disturbances are usually bounded. Using a bounded
characterization of the additive uncertainty, namely that of i.i.d. sequences where
w; has a bounded domain distribution, enables the possibility of obtaining recursive
feasibility of the control strategy [49], [21], [50], [32].

Constraints

The most common type of constraints used in SMPC is that of probabilistic con-
straints, in which the probability of the satisfaction of some condition has to be

greater than a predefined value. Examples of such constraints are:

e Individual probabilistic constraints

Pr(y, <1)>p;, t=0,1,2,... (2.68)

e Joint probabilistic constraints

Pr(y, <1,t=0,1,...,N) > p, (2.69)
where y; = g(xy, ug, w;) € R™ is an output function and p;, p € (0,1]. Outputs with
n, > 1 can be considered, in which case the probability of the satisfaction of all con-
straints has to be greater than p. Alternatively, several constraints for several outputs
with n, = 1 can be considered such that the probability of the satisfaction of each
constraint on its own has to be greater than p. Appropriate choices of g(z, u, w) allow
one to set up state, input and mixed state-input constraints. Both cases, additionally,

cover the robust case by setting p = 1.

The individual probabilistic constraints [85], [92], [47], [49], [21] indicate that the
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condition for each prediction time has to be satisfied with a probability greater or
equal to the predefined value, while in the joint probabilistic constraints [87], [88],
[89], [68], [16] the joint condition on all the predictions has to be satisfied with a
probability greater or equal to the predefined value. If p = p;, for all t =0,..., N,
then the joint probability constraints are clearly more stringent.

These constraints can be handled in different manners, as will be seen in the next
section. Most strategies attempt to use the distributions of the uncertainty explicitly
to find appropriate tightening parameters to be used in equivalent constraints for the
nominal sequences [88], [89], [23], [21], [49]. A more recent trend however, consists of
using a set of samples of realizations of the uncertainty on which to apply the original
constraints, where among other conditions, the size of the sample is the main factor
to ensure satisfaction of the probabilistic constraints [1], [14], [8], [16], [15] with a
given confidence.

Although probabilistic constraints have been the most commonly used type, con-
straints based on expected values of relevant variables (or a function of them) have
also been considered in SMPC [69], [70].

Recursive feasibility in SMPC is a bit harder to deal with than in RMPC. As
it has been mentioned before, formulations that consider unbounded disturbances
allow for the presence of infinite size states, and then feasibility of the probabilistic
constraints for the predicted sequences at every sample time cannot be guaranteed.
Even for the case of bounded uncertainty, satisfaction of the probabilistic constraints
for the predicted sequences does not guarantee in general that at the next sample
time these constraints will be satisfied, as usually happens with RMPC formulations.
Therefore the constraints have to be tightened in a robustification process so as to
guarantee recursive feasibility [49], [21]. This will be shown in more detail in the

following section.
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Cost function and stability

In order to account for the stochastic nature of the system, the control problem

is to minimize, at each time k, the expected quadratic cost [4]

J(ze,0y) = ZEt (2f 1 Qe + ufy gy Rutgnye) (2.70)
k=0

where (Q = 0, R > 0, and [, is the expected value conditional on the known value of
xy, or E(|zy).

A common stability notion used in SMPC (when multiplicative uncertainty, but
no additive uncertainty, is considered) [22], [29], [22] is that of mean-square stability
[52] (A system is said to be mean-square stable if lim; ,o E(||z¢]|?) = 0). A direct
consequence when a system is mean-square stable is that the performance of (2.70)
is upper bounded, and then it can be concluded that z; — 0 with probability 1.

Under the presence of additive uncertainty however, the stage cost (2.70) does
not converge to zero, and then the cost is infinite, thus precluding the possibility of
using the notion of mean-square stability. This problem has been effectively fixed by

modifying the stage cost such that the new overall cost is finite [23]

J(x,0y) = Z Et(fftT+k\tQ$t+k|t + UtT+k|tRUt+k|t —lss),
k=0 (2.71)

. T T
lss = kli)m E(xt+k|tht+k‘t + ut—&—k\tRutJrHt)'
0

Note that under stable prediction dynamics [, is a constant that does not depend on
t. This modification allows one to obtain an analogous quadratic stability condition.
The repeated solution of the online optimization problems using the cost of (2.71)

and implementing the input v, = ujl ;> gives the decrease condition

J(ze1,a)y) — J(z,u)) < —E; (2] Qo + uf Ruy — L) (2.72)

56



Chapter 2. Background

which, summing for ¢t =0,..., 00 gives

n—1

1 1
lim —(J(zo,uj) — J(zp,0))) > lim — ZEo(a:tTth +ul Ruy) — L.
=0

n—oo N n—o0 1

This, used in conjunction with the fact that J(z,u) is lower bounded [23], yields the

quadratic stability condition

n—1

S Eo(el Qo+ uf Ru) < L. (2.73)
=0

o1
lim —
n—oo M

which proves that limy ., Eo(2f Qz; + ul Ruy) = I

2.3.2 Review of Stochastic MPC

2.3.2.1 Probabilistic constraints via ellipsoidal bounding

A relevant early formulation for SMPC is presented in [88], [89]. The plant model is

described in terms of the predicted relevant variables over a prediction horizon:

Xt = Gmmxt + quut + Gmwwt7
Y. = Gymxt + Gyuut + Gywwta (274)

Zy = szl‘t + quut + szwt7

where the bold characters x;, uy, y¢, z; are the vectors with the stacked predictions
over a prediction horizon of length N of the state, input, measured outputs and
performance outputs, and the matrices G, denote the system transfer matrices from
b to a. The disturbance is an i.i.d. sequence, where each w; has a normal distribution
with zero mean and variance equal to 1.

The online problem seeks to find reference (or nominal) inputs uj, that along with

a know reference initial state z] generate reference state and outputs xj, y;, z;, which
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satisfy (2.74) with w; =0

X, = Gy + Gpuuy, 'y, = Gy + Gy, z; = Gy + GLuuy. (2.75)

The control policy is a sequence of feedback functions where the reference inputs are

corrected based on the difference of the actual and the reference outputs such that:

u =uy + Ty — y7) (2.76)

where T is a matrix with appropriate dimensions and a lower-triangular structure
that ensures causality; it is noted that if y, = x; this control policy is the same as
in (2.44). However, the non-linear term T'(I — G, T)~! appears when expressing this
control policy and the predictions of (2.74) as a function of the degrees of freedom
of the formulation, u” and 7', and the known actual and reference initial states x;
and zj. This causes the optimization problem to be non-linear and non-convex.
However, this non-linearity can be removed through the use of the Youla parameter,
Q=T — G,T)"" which converts the control policy and the predictions of (2.74)

into a linear function of uj and ). The control policy now can be expressed as

u; = Qny (Z’t — x:) + u: + QGwat. (277)

It can be proved that ()G, is also lower-triangular, thus ensuring causality. It follows
that, as shown in Section 2.2.4, this control policy is affine-in-the-disturbances, and
is equal to that of (2.45) when y; = z; with vy, = QG (¢ — 2}) +uj and QGy,, = L.

The system constraints are defined as joint probabilistic constraints (over a pre-
diction horizon) for the performance outputs z,, which have to be contained in the

polytope P = {z : Fz < h}, F € R"*" with a probability larger than some

58



Chapter 2. Background

user-chosen level a:

P{z, € P} > a. (2.78)

In order to ensure this constraint, the following ellipsoid is defined
& ={z: 2" Z7'2 <r?} (2.79)

where Z is the covariance matrix of z;, and the scaling r is chosen to be the smallest
value such that the satisfaction of 2z, + & C P, where 2, = E(z;), guarantees the
satisfaction of P{z € P} > «. The condition z;+ &, C P defines a tube that contains
the entire vector z;, where the cross-section associated with each prediction instant
is given by the projection of z; + &, C P to the relevant coordinates. The condition

Z: + ¢, C P can be imposed by:

Fzy =Rz +r\|RZF <g, 1=1,...,n (2.80)

where F; denotes the [-th row of F', and the covariance matrix Z can be expressed
as a function of the Youla parameter @, such that Z = S(Q)S(Q)” where S(Q) is a
linear expression of (). Additionally, the expected value of the predictions are related

with the predicted references by
Xt = Gua®y + |Gz + GpuQGy| (e — x7) + Guuy, 0 = uy + QG (3 — x7), (2.81)

where 2,,z] are given values. In the absence of historical data, these are simply
related by #; = x}, and then x; = x} and 0; = uj.

Finally, the optimization problem consists of the minimization over ), u; of a
function of z", f(z"), subject to the reference dynamics of (2.75), to conditions (2.80),
(2.81) and Z = S(Q)S(Q)”. Under appropriate conditions the optimization problem

can be expressed as a second-order cone program that can be solved efficiently.
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The formulation discussed here is introduced by [88], while [89] extends this work
to include bounded disturbances in addition to the stochastic disturbances. These
works have merit in that they propose a strategy for the handling of stochastic con-
straints based on the tightening of the constraints. However, the handling of the
constraints is conservative because the entire tube is given by a single ellipsoid (as
defined by matrix Z) which does not give enough freedom to each cross-section.
Additionally, it is only a finite horizon formulation and therefore cannot guarantee

recursive feasibility and stability of the closed-loop application.

2.3.2.2 Tight constraints based on explicit use of probabilistic distribu-

tions

The unnecessary conservativeness of the strategy of [88], [89] is overcome by [49],
wherein the explicit distributions of the disturbances and their effect on the state
evolution are used to build tightening parameters that are as small as possible (given
the control policy and description of uncertainty) to guarantee the satisfaction of
the probabilistic constraints and recursive feasibility. Consideration is given to linear

systems with stochastic additive disturbances as in (2.67)

Tyl = Aﬂft + But + Dwt,

which are subject to individual probabilistic constraints, so for each instant t the
state is subject to

P{fz, <h} >p, (2.82)

where p € (0,1], f € R™". Condition (2.82) is presented as a single state constraint
for simplicity, but the following analysis can be easily generalized for multiple con-
straints. The disturbance w; is an i.i.d. sequence, the components of w;, w;;, have
zero mean, are independent, and have arbitrary but known distributions over a finite

support.
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The predicted control policy is given by the closed-loop paradigm [82], so that the

state and input predictions are given by:

Titklt = Zt+klt T Cttklts (2.83a)
Upyift = KTepppe + Copnfes (2.83b)
Zeykpift = g + Bl (2.83¢)
Coriift = Pl + Dwips, (2.83d)

where ® = (A + BK) is strictly stable. Here Titklt, Ueskles Zi+klt, Cok)e are the
predicted state, input, nominal state and uncertainty of the state, with e;; = 0 and
2yt = Ty = T4 AlSO ¢iqp, K =0,..., N —1 are the degrees of freedom in the inputs
and in the online optimization, and ¢, = 0, k > N, for some Mode 1 horizon N.
It is proved in [49] that for a vector of degrees of freedom ¢, = [cf;, ..., ¢/, y 1],

the predictions of system (2.67) made at time ¢ satisfy the probabilistic constraints

(2.82) if and only if:
g Hyc, + g7 @z, + v < h, k=1,2,... (2.84)

is satisfied, where Hy, = [®*'B,..., B,0,...,0] and g Hyc; + g" ®"x;, = g7 244 are
the nominal components. ~; are the constraint tightening parameters associated with
the stochastic components in the constraint term, gTet+k|t = g' (®*'Dw; + ...

+Dwy 1), and are defined as the minimum value that satisfies:
P{g" (2" 'Dwi+ ...+ Dwpyp1) <wp=p, k=1,2,3,... (2.85)

This result only guarantees the feasibility of the probabilistic constraints for the
predicted sequence, but does not ensure that these probabilistic constraints will be

satisfied in the future. Thus it fails to guarantee recursive feasibility. In order to guar-
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antee the recursive feasibility of a probabilistic constraint for the prediction instant
t + k computed at time ¢, i.e. for the prediction instant ¢ + k¢, it must be ensured
that the predictions (-)eprjer1s (*)etrftt2s- - ()evrjirr—1, B = 2,3,..., also satisfy the
probabilistic constraint. Since the predictions computed at times t +1,....t +k — 1
depend on the states at those instants and in turn these depend on the future
disturbances wy, ..., w12, one must account for the worst cases associated with
these future disturbances in order to check feasibility for the predictions (-)iixje+1,
(*)etkft+2se - - ()ethle+r—1, K =2,3,.... This means that in the constraints for predic-
tions at ¢ + kl|t, the effects of wy, ..., wyx_2 must be robustified, while the effect of
wyyp—1 1s still accounted for in a probabilistic manner.

Along these lines, in order to satisfy the probabilistic constraints and the recursive

feasibility, (2.85) must be replaced by:

g Hee, + g7 @ 2+ < h— (B +m), k=1,2,... (2.86)

where [y accounts for the worst case of the effect of wy, ..., w0, while v still
accounts for the probabilistic portion of the constraints and is associated with w; 1.
Under these considerations, noting that the stochastic components in the constraint
term at time ¢ + k are given by fei gy = f( ®*'Dwy + ... +Dwsip_1) and that

the worst case of f®*Dwy; is ai, = |gT ®*D|«, By is given by

ﬁlzo, ﬁk:a1+...+ak,1, ]{:2,3, (287)

These bounds, to provide a real recursive effect, should be applied for every k =
0,1,..., but in practice this cannot be done because it would require an infinite
number of constraints. Using the arguments of [35] it can be proved that there exists
a N > 0 such that (2.86) needs to be invoked only for k¥ = N,...,N + N — 1.

This defines a polytopic set Zy, that allows one to replace the infinite number of
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constraints in (2.86) by 2.y € Zg-

The usual objective function used in MPC as in (2.70) is unbounded due to the
presence of the additive uncertainty, which causes the limit of the stage cost to be
non-zero. Then, as proposed in [23], the modified cost of (2.71) is used. It is proved

that this objective function can be expressed as a quadratic expression of the initial

state and the degrees of freedom c¢; = [cﬁt, o ,cgt]T'
) T
J(21,¢0) = [xtT cl 11 Q [mtT c’ 1] : (2.88)

The stochastic MPC strategy then consists of minimizing the same objective func-

tion as in [21] given by (2.88), subject to constraints (2.86) and 2, yjs € Zo, and then

*

it Under appropriate

implementing the first predicted input given by u; = Kx; + ¢
assumptions, it can be guaranteed that the closed-loop application of this strategy
yields the Lyapunov inequality of (2.72), which consequently implies the quadratic
stability criterion of (2.73).

The proposed strategy, in spite of using tightening parameters that are as small as
possible, can still be improved, for instance by changing the predicted control policy.
The strategy is only quasi closed-loop because, in spite of the fact that there is
feedback in the control policy of the closed-loop paradigm, the online optimal control
problem is open-loop in the degrees of freedom c; and there is no special feedback
treatment of future (unknown) uncertainties.

It is suggested in [50] that more general control policies can effectively be used to

find smaller tightening parameters, which provides increased control authority. The

authors consider a control policy given by

ut+k|t = th—&-k\t + Ct—i—k\t + Ut+k|t7 k= O, 1, 2, e (289)

where vy, are chosen to eliminate the effect of the future disturbances that are
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known at the prediction instant ¢ + k|t in the constraints. For this purpose, note that

the predictions for the state constraint terms fx;,4; are given by

faeap = f(Pxy + Bey + Dwy)
foipop = f (q)Qiﬂt + ®Bcyy + Beypy + Bugay + @Dwy + Dwt+1) (2.90)

Since vy is being applied at the same time that w; is being applied, nothing can
be done to eliminate the effect of w;, . However, the effect of wy, wyiq, ..., weip—1 18

already known, so their effect can be eliminated by choosing vy, ¢ such that:

fB 0 0 tee Ut+1|t f@ 0 0 v D'LUt
f®B fB 0o .- Vet n f(I>2 fe o0 .- Dw iy _ 0
fe’B foB fB --- Ut+3t fo* fo* fo .. Dwy o

(2.91)

which can be achieved by setting vk, for some sequence {Lg, L1, Ls, ...}, to be

given by
o | o o0 o ] Du |
V1)t Loy 0 0 --- Dwyiq
Vipop | = | Ly Lo O - Dwy s | - (2.92)
Vgpalt Ly Ly Lo --- Dwy 3
~- ’

This implies that (2.89) can be re-written as

Uikt = KTpppye + Coanpe + Vigrpe, E=0,1,..., (2.93)
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where
k—1

Ut\t = 0, vt+k|t = Z LjDU)tJrk,j,l, k= 1, 2, cey (294)
j=0

which is affine-in-the-disturbances like the policy of (2.45) [58], [38], but with two
differences: the compensation given by v, goes into Mode 2 for all prediction
horizons, and the matrix L has a striped structure.

The elimination of the effect in the constraints of the future disturbances that are
known at the prediction instant ¢ + k|t means that 5, = 0, and then ~; will be the
only tightening in the constraints of (2.86).

This exact elimination can only be performed when there is only one constraint
present. If there are more, the above suggests that the gains L, can be chosen
sequentially to achieve the minimization of some norm of the effect of the disturbances
in the constraint terms. This work has proved that the tightening parameters [
can be improved, but no further analysis regarding the stability or feasibility of the
receding horizon implementation has been carried out. The development of an SMPC
strategy with improved tightening parameters with recursive feasibility and stability

guarantees is presented in Chapter 6.
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Chapter 3

Offline tube design for efficient

implementation of Parameterized

Tube Model Predictive Control

Recently introduced parameterized tube model predictive control (PTMPC) [73] is
a control technique for linear time-invariant systems subject to additive uncertainty.
It supersedes, in terms of feasibility, the RMPC technique that uses an affine-in-the-
disturbances control policy. In common with the affine-in-the-disturbances technique,
PTMPC online implementation reduces to a standard convex optimization for which
the number of variables and constraints grow quadratically with respect to the pre-
diction horizon N. This chapter considers the reduction of the rate of growth of the
optimization size to linear in N by allowing part of the computation to be performed
offline. It is shown that the suggested offline simplifications preserve the desirable
control theoretic properties of PTMPC, and it is illustrated that the reduction in
computation can be gained at a modest cost in terms of size of the domain of attrac-
tion. Furthermore, the reduction of the online computation burden is such that the

prediction horizon of the proposed strategy can be increased in order to get larger
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domains of attraction than PTMPC while still having online problems with less (or

equal) computational effort.

3.1 Introduction

As discussed in Section 2.2, RMPC is an area of considerable practical importance
which also presents significant challenges. Ideal RMPC uses DP [9] or feedback op-
timization [86] which are impracticable on account of computational complexity, and
thus it has been necessary to seek a good compromise between sub-optimality and
complexity of the online optimization problems. Some of the approaches developed
consider quasi closed-loop policies that are computationally efficient, with a number
of variables and constraints of the online optimization that grow linearly with N, but
can be conservative (i.e., rigid tube MPC [36], [61], [28], [63], [81], [53]). The degree
of optimality can be improved by using the affine-in-the-disturbances control policy
[58], [38], but the number of decision variables and constraints of the online optimiza-
tion grow quadratically with N. These RMPC methods were recently superseded
in terms of feasibility by PTMPC [73], which is shown to be equivalent to DP in a
broader range of cases than the strategies with the affine-in-the-disturbances policy
[10]. PTMPC uses a separable prediction structure and a separable non-linear control
policy. The key is the use of 1+ ¢/N (where ¢ is the number of vertices of the admis-
sible disturbance set) suitably defined partial control sequences in order to generate
controlled and dynamically consistent uncertain state and control predictions. This
approach results in a triangular separable prediction structure that induces N + 1
partial state and control tubes. The 0** (or nominal) partial tube pair accounts for
the dynamical contribution of the initial prediction system state while each of the
partial tubes captures the dynamical contribution associated to a future disturbance
acting on the system during the Mode 1. However, the triangular structure results

in a number of variables and constraints of the online optimization that also grow
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quadratically with N.

The aim of the work presented in this chapter is to reduce the computational
complexity of PTMPC synthesis yet degrading (sub-)optimality as little as possible
while preserving the desirable system theoretic properties (namely recursive feasibility
and exponential convergence to some minimal robust invariant set). To this end,
attention is restricted to offline design of the partial tube pairs that account for future
disturbances by considering the ¢/N partial extreme sequences that generate from the
1** until the N*" partial tube pairs, while the nominal control sequences inducing
the Oth partial tube pair (which are in fact sequences of points, i.e., singleton sets)
are left to be optimized online. This simplification yields an online optimization
problem on the nominal sequences with tightened constraints (as in [36], [61], [28],
[63], [81], [53]), and reduces the online computational complexity from quadratic to
linear. Yet, due to the non-linearity of the underlying control policy (parts of which
are computed offline), the overall approach preserves a number of desirable system
theoretic properties associated with PTMPC. Clearly there is a cost to pay in terms of
a reduction in the size of the domain of attraction, but as will be shown by simulations,
this reduction can be small. Furthermore, the reduction of the online computation
burden is such that the prediction horizon of the proposed strategy can be increased
in order to get larger domains of attraction than PTMPC while still having online
problems with less (or equal) computational effort.

In the interest of generality, the simplified PTMPC approach is presented con-
sidering mixed state and control constraints; it is noted that the presentation in [73]
considers separated state and control constraints.

Section 3.2 provides the setting and re-visits the PTMPC background. The sim-
plifications of the PTMPC synthesis based on offline computations are discussed in

Section 3.3. Finally, Sections 3.4 and 3.5 present simulation results and conclusions.
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3.2 System description and PTMPC background

Consider a linear, time-invariant, discrete time system with additive disturbances
l’t+1 = A.Tt + But + Wy, (31)

where z; € R, w, € W C R", and u; € R™ are the state, disturbance and control

input. w; is unknown at time ¢ but is known to belong to a polytopic set given by
W = conv{w; : i=1,...,q}. (3.2)
The system is subject to mixed state and input constraints
(z,u) €Y, (3.3)
where Y is a polytopic set that contains the origin in its interior and is given by
Y = {(z,u) : Fx+ Gu <1}, (3.4)

where F' € R™"*™ gnd G € R™eX"u,

Assumption 3.1.

(i) (A,B) is stabilizable.

(ii) The matriz K is such that ® = A + BK s strictly Hurwitz and the minimal
robust positively invariant set for system (3.1) under v = Kz, Q. (W), satisfies
(I, K)Quo (W) C interior(Y).

(i1i) The terminal constraint set Xy is the mazimal robust positively invariant set

for system (3.1) under uw = Kz subject to constraints (3.3), and is a polytopic set that
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contains the origin in its interior and is given by

Xy={z: Hx <1}, (3.5)

where H € R" <™,

Recall from Section 2.2.4.2 that a separable prediction scheme is assumed for Mode
1, where the nominal dynamics and the contribution of each future disturbance are
separated into different sequences. The 0™ partial state and control sequences are
denoted x(o,ny = {Z(0,0), - - -» (0,0 } and wo -1y = {00 - - - U0,n-1)}, and account

for the nominal dynamics

T(0,0) = Tt,
(3.6)
T(0,k+1) = Ax(oﬁk) + BU(O,k), k=0,...,N —1,
and X(;n) = {T(): TGg41) - TGN UGN-1) = {UG5) UG jt1)s-- -5 UGN-1)}, are

the j*" partial state and control sequences describing the dynamical contribution of
the disturbance w;_1) which acts on the system at the (j — 1) prediction instant.
These dynamics are given by

L(5,5) = W(G-1);

(3.7)
T(jks1) = A:C(j’k) + Bu(j,k), k=g7g,...,N—1.

Recall that for simplicity the notation of the type x4 is not used for the k-step-
ahead predictions made at time ¢, and instead (z(o ), u(ox)) and (z(jr), k) are the
k-step-ahead predictions made at each time ¢ associated with the 0** partial sequences

and the j* partial sequences, while (@ k), u) are the full k-step-ahead predictions
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made at each time t. Accordingly, the full predictions for £ = 0,..., N are given by

xk)zzx(j7k)71{}20,...’N7 U(k)zzu(j7k);kzou--'7N_17 (38>
with

ZL‘(oyk) ifk=0
k) € Xy =
conv{zg,p:t=1,...,q} ifk=1... N

U(0,k) ifk=0
UGy € Uiy =

conv{ug r :t=1,...,q} ifk=1,...,N—-1

Eq.(3.8) defines a triangular prediction scheme for Mode 1 as shown in Figure 3.1

and implies that
k)EX @X(Jk k=0,...,N,

Uk):@U(j,k), k=0,...,N—1,
j=1

(3.10)

where X () and U, are the state and control cross-sections of the state tube Xy =
{X(0), -, X} and control tube Uy_; = {U),...,Uw-1)}, respectively, and can
be obtained as the column-wise (Minkowski) sums in Figure 3.1. From (3.9), the j
partial state and control sequences are defined in terms of the j* extreme partial
state and control sequences, X(; j Ny = {;p(iym-), T(ijj+1)s - - - ,x(i,j,N)} and ug jn_1) =
{w6gg)s Ui jje1ys - - -5 UG jn—1) ), respectively, which describe the effect of the extreme

disturbances acting at the prediction instant j — 1. The dynamics of the j** partial
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State tubes

Zw,00 ZT,1) L(0,2) - Z(,N-1) T(0,N)
Xany Xaz - X1,n-1) X(1,n)
X22) - X@,N=1) X@,n)
Xv-1,nv-1) X(n-1,N)
X(vn)
Z(0) T(1) T(2) T T(N-1) T(N)

Control tubes

U,0) U(0,1) U(0,2) UO,N-1)
Uiy Uap - Uan-1
U2z -+ Ug,n-1)
Un-1,n-1)
(o) U(1) U(2) T U(N-1)

Figure 3.1: Triangular prediction scheme of PTMPC

extreme state and control sequences are given by

T(i,5,5) = Wi, j=1,...,N,i=1,....q

T(ijk+1) = Al’(i’m) —i—BUJ(Z"j’k), j=1... N=-1,k=j45... N—-1,1=1,...,q.
(3.11)

The partial sequences as defined by (3.6) and (3.11) imply that the predicted

(2 k), uk)) will be contained in the overall parameterized mixed state and control

tubes (overall PMSCT)
k
}/'(k):@}/'(j7k)’ k:O,...,N—l, (312)

where the partial parameterized mixed state and control tubes (partial PMSCT)
Y- = {Yi) Yij+1)s---» Yjn-1)} contain the predicted (z(x),usr)), where
Yoy = (@), wok), Yok = conv{(zjm, Uujk) : ¢ = 1,...,q}. The partial se-
quences as defined by (3.6) and (3.11) also imply that the terminal state will be

contained in the overall parameterized terminal state tube (overall PTST) cross sec-
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tion
N

Xy = @Xw)a (3.13)

=0
where the terminal partial state cross sections X; n) are given by X n) = z(o,n) and
Xiny =conv{zg;n i =1,...,q}.

While the separable prediction scheme is used for the analysis of the predictions
in Mode 1, a terminal control law is assumed in Mode 2 of the form upy) = Kz,

k > N. Under these considerations, the conditions for constraint satisfaction are

(3.14)

Xvy € Xy
In the online problem these conditions can be guaranteed equivalently by linear
constraints on the 0% partial state and control sequences by using slack variables
that account for the worst (extreme) realizations of the extreme ;' partial state and

control sequences.

Fiz,0) + Grug) < 1, [=1,...,n
k
Faon + Guuowy + > fugm <1, 1=1,...ne, k=1,...,N—1
j=1
N
Hizon) + Zh(z,j,zv) <1, I=1,...,ny, (3.15)
j=1

and for i=1,...,¢q, k=j,...,N —1,
Ex(i,j,k) +Glu(i,j,k) < f(l,j,k); [ = ]‘7"'7?7/67 .7 = 17"'7N_ 17

Hlx(i,j,N) Sh(l,j,N)7 lzl,...,nf, jzl,...,N,

where Fj, G; and H; are the [ rows of F,G and H, respectively.

The separable prediction scheme induces a separable non-linear predicted control
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policy 7x-1 = {po(), -, un-1()} given by,

k(T () Z 1) ( , With z) = Z%,k)

10,6) (T(0,k)) = U(o,k) (3.16)

q

M(]k ]k‘) Z (,9) w(] 1 (i,j,k)7 ]:177N_17k:]77N_]—

where A(; j)(w(j—1)) are convex interpolation parameters that satisfy A;j; > 0 for
i=1,...,¢ > Aajy(wi—ny) = 1and Y7, A j)(wi—1)w; = wi—1). A well-defined

and unique selection of such convex multipliers {)\( i=1,...,q} can be obtained

i.4)>
employing, for instance, a least squares procedure.

Although the current and future disturbances w;_1), j = 1,2,..., are unknown
at the current instant, they will become known at prediction time j. The predicted
control policy accounts for this fact in that the predicted inputs vy = pr(z 1)) depend
on the interpolation parameters A;j), j = 1,...,k that are associated with all the
disturbances w(;_;) that are currently unknown, but would be known at prediction
time k. For the application of the MPC strategy however, it is only needed to know
that the predicted control laws for & = 1,..., N — 1 exist in order to guarantee
feasibility of the predictions; it is not necessary to find them since only the first one,
u(0) = Ho(Z(0)), is actually used and applied to the system. The existence is ensured by
finding the predictions associated with the extreme realizations of the disturbances,
and as a result, it is not necessary to find the interpolation parameters A j).

An equivalent re-parameterization, which will be useful for the definition of the

objective function and the stability analysis, is considered such that the 0" partial

sequences are re-written as,

T(0,k) = 20,k +C1)k<1?t—2070>, k=0,...,N,
(0,k) (0,k) (0,0) (3'17)

U(o,k) = V(o,k) T K@k(l’t - Z(o,o)), k=0,...,N—1,
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where Z(O,N) = {Z(O,O), Z(le), Ce 7Z(O,N)} and V(O,N—l) = {’0(070), ’U(071), c. aU(O,N—l)} sat-
isfy

2(0,k+1) = AZ(O,k) + BU(O’k), k=0,...,N—1, (3.18)

Hi(xy — z00) <1, 1=1,...,ny. (3.19)

zo,n) and v(o ny—_1) Tepresent the deviation of x( ) and ugp y—1) from an evolution
generated by the state feedback u = Kz (which would be feasible if the state is inside
Xy) where ury = Kror and zox = @kx((m). Likewise, the j* partial extreme

sequences follow the re-parameterization given by

x(z’,j,k) :Z(@j’k)—i-q)kij’lzji, jzl,...,N, ]{IIj,...,N, ’izl,...,q,

UG jg) = Vagr + KO 7wy, j=1,....N—1, k=j,...,N—1,i=1,...,q,
(3.20)

where z ;) = { 2(4)s 264j+1)s 5 2658 3 and Viino1) = { V(g Vgget)s -

V(i,j,N—1)} satisfy

2i4.5) = 0, j=1,...,N,i=1,...,q,

2(i,5 k+1) = Az(i,j,k) —i—BU(iJ,k), j = l, . ,N — 1,]€ :j,...,N —1,1= 1,...,(].
(3.21)

Likewise, z(; j vy and v j n—1) represent the deviation of x(; ; vy and u( jn—1) from

the evolution generated by u = Kz, i.e. ug x = Kz p and xg 0 = O, ).
The cost function penalizes the terms z(o k), V(o,k), 2(i,jk) and v jr), and is struc-

tured as the sum of the costs associated to each partial extreme sequence, such that,

if dy contains all the decision variables of the formulation,

Va(dn) = Y Vi (dw), (3.22)

§=0
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where

N-1

Viom(dn) = > Uzor),v0m) + Vi(20n),
k=0
q

Vi (dy) =D Vigm(dy), j=1,...,N =1, Viywm(dy) = va 26,8.3))
=1
N-1

‘/(’LujuN)(dN) = g(’z(i,j,kﬁv(i,j,k)) +Vf(z(’b,j,N)>7 1= 17"'7q7 .7 = 17"'7N_ 17

i

J

E(Z,U) = |Z|Q + |U|R7 Vf(Z) = |Z|737

Q,P, R are symmetric polytopic sets that contain the origin in their interiors and
V(+) satisfies the Lyapunov condition Vi (®z) — Vi(x) < —l(z, Kz) for all x € R".

The online optimal control problem seeks to minimize Vi(dy). Since the cost
penalizes the terms z(ox), Vo), 2(i,k), and vy k), it clearly attempts to penalize the
deviations from the predicted state and input sequences generated by u = Kz. As a
result, if the constraints become inactive, which will happen when x; € X, the evolu-
tion of the system generated by u = K is feasible, in which case 2z ) = 0, vx) = 0,
2k = 0 and v(; j ) = 0 are a feasible solution. Therefore the value function V()
will be zero, and one will recover the state feedback u = Kz from the optimal control
problem. On the other hand, if x ¢ X then zox = 0, vor = 0, 2ujk = 0 and
v(ijk) = 0 is not feasible and then Vy(z) > 0. Since the tube structure guarantees
recursive feasibility and the decrease condition Vi (zyy1) — Vi (z) < — (|20 + |ue|r)
can be obtained from the online application, it follows that V3 (z) is a Lyapunov
function outside of X, which leads to the exponential convergence of the state to X;.
Furthermore, since in this set the control law becomes u = Kz, the state converges
exponentially to the associated minimal robust invariant set 2. (W).

The minimization of (3.22), which is a sum of gauge functions of polytopic sets,
can be performed equivalently (which as pointed out in [73] is customary in convex

analysis) by minimizing the sum of a collection of slack decision variables that, via

76



Chapter 3. Offline tube design for efficient PTMPC

additional linear constraints, upper bound tightly the optimal value of the under-
lying gauge functions. Thus the online optimal control problem can be solved by
minimization of a linear objective subject to linear constraints, which is an LP.

The most important advantage of PTMPC [73] is that, since the predicted control
laws fix(2k)) depend on the interpolation parameters A;;(-), ¢ = 1,...,q, that
are non-linear functions of w¢;_yy (for instance, when obtained by a least-squares
procedure, they are piecewise affine functions of w;_1)), the associated control policy
is formed from separable non-linear control laws of the past disturbances. Thus the
control policy of (3.14) is more general than others such as the closed-loop paradigm
[82], [84] and the affine-in-the-disturbances approach [38], [58], which are subsumed
as special cases of PTMPC.

As already indicated, the main objective here is to reduce the quadratic growth
with N of the number of decision variables and constraints required for the online
implementation of PTMPC. For this reason, the focus is on an intuitive idea based
on an offline optimization of the j** partial extreme state and control sequences satis-
fying (3.11) and an online optimization of the 0" partial state and control sequences

satisfying (3.6).

3.3 PTMPC: An offline Simplification

The simplified PTMPC strategy, which is based on the offline computation of the j*
partial extreme state and control partial sequences that satisfy (3.11), and the online
optimization of the 0 state and control sequences, is described in this section.

As will be seen below, once the j*" partial extreme state and control sequences are
computed offline, they are available to be used of the online optimization for the first
instant ¢ = 0, but need to be updated for the future instants t = 1,..., N. This update
can be carried out according to offline computations. The online optimization, due to

these updates, will be time varying, and then it is necessary to make a temporal index
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A A

explicit.  Let Xm0 = {20 Tiatnn s Bagnn b and Qv =
{0 s U(gs1) s---» UaN—1)0 ) be the j™ partial extreme state and control
sequences to be used at time t. Assume in this section that the offline computations
of the j* partial extreme state and control partial sequences to be used at time ¢ = 0,

X((i,,N),0) and U j n—1),0), has already been performed and are ready to be used by

the controller.
Assumption 3.2. N > 2.

Remark 3.1. It will be assumed that N > 2 for the developments of Section 3.3
until the end of Section 3.3.1. The reason behind this is that if N = 1, then there are
no disturbance compensation terms that can be designed offline, since only the first
input ugy) s free. From Section 3.3.2 onwards one can also choose N = 1 under
the assumption that the offline design has been skipped (in this case only the slacks

A~

h(uj Ny are needed, and can be found as will be shown in (3.31)).

Assumption 3.3. In common with (3.11), X jn) and G jn-1)) satisfy for i =

1,...,q,t=0,1,...

L((ijg)t) = Wi j=1,...,N,
" (3.23)

TGkt = AT(Ggkn + Blirny, j=1...,N=-1,k=j,...,N—1.

The overall PMSCT ff(k), fork=1,...,N —1, and the overall PTST cross-section

X(N) satisfy fort =0
k N
Yoy = D Yigwn €Y, and Xvy = P X € X, (3.24)
j=1 j=1

where the corresponding partial cross-sections are given by Y((]-’k)’t) = conv{(Z((ij,k)6)s

ﬂ((i,j,k),t)) 1= 17 C ,q} and X((j,N),t) = COnV{fj((i’ij)’t) Ty = 17 . ,Q}
The role of (3.24) in this assumption is to guarantee that the domain of attraction
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is not empty. Under the expressed conditions at least the origin, i.e. x; = 0, is feasible

when solving the online optimization problem.

Optimal solution at time ¢

U,0) Ue0,1) U(0,2) UO,N-1)
Uayy Upgp - Ua,n-1)
Uz -+ Ui ,n-1)
Un-1,n-1)
U(0) U(1) U(2) T U(N-1)

Receded solution

@9@@(0,1) U2 - U(o,N—1) TK$<0,ND+

U, U2 U(1,N-1) :K‘T(I,N
Ug2 Ugn-1 [ KXen
. : I .
Un-1,v-1) [ KX(n-1,3)
:KX(NJV)
|
o) U@y o G-z U -1)
Candidate solution at time ¢ + 1
Uo,0) o, U(0,N—2) U(o,N-1)
ﬁ(Ll) :. ’ ﬁ(17N72) U(lval)
U(N—2,N—2) I-?(N—2,N—1)
Un-1,N-1)
Uy U@y U(N —2) U(N 1)

Figure 3.2: Receded candidate solutions that yield recursive feasibility and stability
in PTMPC

The invariance and stability analyses reported in [73] are based on the definition
of a candidate solution for the online optimization problem of time ¢ + 1, which is
defined using the optimal solution for the online optimization problem of time t. The
construction of such a candidate solution is based on the receding horizon strategy, in
what will be called a receding operation, and gives a receded solution. This procedure
is illustrated in Figure 3.2 for the inputs and is described next. Since the new problem
deals with predictions starting from time ¢ + 1, the predictions associated with k = 0

have to be discarded from the solution at time ¢, and each new input @) of time
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t+1 is associated with the input w41y of time . uy is not defined by the separable
prediction scheme, but it is known that in Mode 2 the control law is given by u = Kz,
so then t(y_1 is defined according to that state feedback. Finally, the effect of the
disturbance w; will be available in x;,; which implies that the 0" sequences at time
t + 1 have to account for the effect of w;. Such effect is contained in the 1% partial
tubes Yy y_1) of time ¢; since at time ¢ + 1 the effect of w; is known, the sequence
of sets Y (1, n—1) collapses to a sequence of elements which is determined by the value
of wy. Then the candidate 0" sequences of time ¢ + 1 will be composed by the 0"
sequences plus a sequence of elements that are contained in the 1%¢ partial tubes of
time t.

With these considerations, the precise construction of the candidate solution of

time ¢ + 1, identified by (-), from the optimal solutions at time ¢, denoted by (-)°(z;),

is given by

q
T(ok) = x(()o,k+1)(5’3t) + Z A?i,l)(wt)i'«“(()i,1,k+1)($t)7 k=0,...,N—1,

=1

Zo,n) = PT,N-1),

q (3.25)
U(o,k) = u(()o,k+1)(xt) + Z X(ki,l)(wt)u(()i,l,k-',-l)(xt)’ k=0,...,N =2,
i=1
to,N-1) = KT n-1),
Eigk) = Pjmprn(@), J=1,...,N=1 k=j...,N=1,i=1,...,q
Eign) = P2 (@), j=1,...,N=1,i=1,...,4q,
T(i,N,N) = Wi, i=1,...,q (3.26)

Uigk) = U joprn(@e), J=1,...,N=2 k=1,....N=2,i=1,...,q,
ﬂ(i,j,N—l) = Ki‘(i,ij_l), j = 1, .. .,N — 1, Z = 1, .o q,

where Aj; ;) (w;) are the least squares (or any other convenient selection criterion)
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convex interpolation parameters that satisfy w, = > "7 ; )\fi’l)(wt)u?i.

The online update of j* partial extreme state and control sequences is defined so
as to replicate the receding operation that is used in the construction of the candidate
solutions of time ¢ + 1 based on the solutions of time ¢, as shown in (3.25) and (3.26).
This is done in order to enable invariance and stability analyses. Thus the j** partial
extreme state and control sequences to be used at instant ¢, X((; j n),r) and U j,n-1),1),

are updated offline by

j:((ivjvk)vt—‘rl) = ‘%((i,j—ﬁ-l,k—l—l),t)’ j = 1, ey N — 1, k= j, e N — 1, 1= 1, o5 q,

‘%((i,j,N),t-i-l) - (I)i‘((i,j-i-l,N),t)? ] - 17 ) N — ]-7 1= 17 - 4,

T((i,N,N) t+1) = Wi, 1=1,...,q,
(3.27)
and
(i, ) e+1) = U((i1,k+1),0); j=1,.. . N=2 k=j,... N=2 i=1,....q.
ﬁ((i7j7N71)7t+1) - Ki‘((i,j«kl,N),t)) j - 1, e 7]\[ — 2’ Z = 1, . 7q’
Ui,N-1,N-1)t+1) = KZ(annyy, 1=1,...,¢
(3.28)

The update equations (3.27) and (3.28) define a tube update scheme by which
YiGman) = Y for j =1,...,N=2,k = j,..., N =2, such that Uy; )41y =
(A]((jﬂﬁkﬂ)’t), forj=1,... N=2,k=y4,...,N—2, and X((j’k),tﬂ) = X((jﬂ,kﬂ),t) for
j=1....N—1,k=y7,...,N — 1, where X((j,k),t) = conv{Z(ujmy ¢ =1,...,q}
and U((j,k),t) = conv{l(ijmus : @ = 1,...,q}. The update scheme is illustrated in
Figure 3.3 for the inputs.

Provided that the j** partial extreme state and control sequences are known at

each instant ¢, the constraints of (3.14) become time-varying conditions on the 0"

partial state and control sequences X n) = {%(0,0), Z(0,1): - - - » T(o,n)} and U n-1) =
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Control partial tubes at time ¢
Uany  Uaoy Ua.N-1).1)
Uz U2,n—1),1)
0((N—1,N—1),t)

Receded partial control tubes

Gitiay” il = WinA) [ Kin)
U2y U@n-1y 1+ KX@n)
S, . | .
. ) | -
U(N=1,N-1),) | KX(n-1,n)1)
| KW
Control partial tubes at time ¢ + 1
U@ay.eny Ua,N—2),t+1) U, N—1),t41)

U((NfZ,NfQ),tJrl) Q((N72,N71),t+1)
UN=1,N=1),t41)

Figure 3.3: Tubes update in the simplified PTMPC

{u©,0); u0,1), - -, u@,n-1)} to be found at instant ¢
Y0 C Y,
k
Y cY, k=1,...,.N—-1
@ ] k) t ? Y bl (3'29)

k
Xom @ Xy € Xy
=1

where Yo 1) = (2(0k), wox), F=0,...,N —1 and X n) = z,n). (3.29) can be cast

as linear constraints on X n) and u y—1)

Fixo,0) + Grup) < 1, l=1,...,n.,
k
Ia G o<1, l=1,... nu,k=1,... N—-1,
1Z(0,k) T Giu(ok) + ; f((z,],k),t) <1, , , N (3‘30)
Hizon + Y haimy <1, l=1,...,ny,
7j=1
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where the associated slack variables f((l,qu),t) and iL((MN)’t) can be evaluated offline

for t = 0,1, ... according to

~

fwimn =,

1an Ejf((i,j,k),t) + Gl@((z‘,j,k),t), l=1,...,n., j=1,...,N —1,

k=3,...,N—1,

A~

h((l,j,N),t) max Hl"‘:i“((i,j,N),t)? [ = 1,...,7’Lf, ] = 1,...,N.

- i=1,...,q
(3.31)

Remark 3.2. The update equations (3.27) and (3.28) are such that the updated
X((ij,N)t) ond Qg jn-1) satisfy (3.23) fort = 0,1,2,.... It can also be seen that

fOT t Z N, X((i,j,N),t) and ﬁ((i,j,N—l),t) satisfy

Timy =0,  di=1,...,¢,j=1,....,N, k=1,...,N
(3.32)
Uigmyy = KO 9w, i=1,...,¢q,j=1,....N—=1, k=j,...,N— 1.

which do not depend on t. This implies that the slack variables f((z,j,k),t) and il((z,j,N),t)
do not depend on t, fort > N. So, while constraints (3.29) and (3.30) are time-

varying fort =0,..., N — 1, these become time-invariant fort > N.

Remark 3.3. The fact that the optimization problems are time-varying implies that
there is an increased memory requirement when compared with usual constraint tight-
ening approaches that are time-invariant [28], [81], [53]. More precisely, it requires
N +1 sets n.(N — 1) +ny of tightening parameters which map into N + 1 sets of the
ne(N—1)+ny tightened inequality constraints of (3.30). If the overall decision variable
is d € R"™ the inequalities of (3.30) that involve tightening parameters can be ex-
pressed as Ed < 1y, where E € ROeW=D+n)xna qnq oply r, € RWN-D+7s s gffected
by the different tightening parameters. Thus one only needs to store N + 1 different
RHS wectors, ry € ReW=D+ns fort = 0,..., N, while only 1 RHS vector is needed

for the time-invariant constraints tightening approaches. Note that there is no need
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to store each f((l,j,k),t) and iAL((lJ’Nm since what one actually uses is 1 — Z?Zl f((z,j;k),t)

~

and 1 — 2;\;1 PNy, which are contained in ry.

Remark 3.4. The update of the slack variables implies that at every time step there
will be more terms that are associated with the control law w = Kz in the control
policy. Thus the feasibility regions of the optimizations tend to decrease until t =
N when this region, as well as the optimization problem, becomes time-invariant.
This means that this controller is less robust than others with constant regions of
feasibility (which nevertheless, are not fully protected) against unmodelled disturbances
that might render the problem infeasible. If this were to happen, one might try to
solve the problem again re-setting the optimization problem to t = 0 so as to have
an increased feasibility region, thus improving the robustness of the method. But of

course, this would come at the cost of increased computational burden.

3.3.1 Offline design of initial partial tube cross sections

Here the offline design of the j* partial extreme state and control sequences, X((i,4,N),0)

A

= A2(13.0).0: L((@g+0,0) -+ (g N0 b A N-1),0) = 1((0,5.9),0)s U(igg+1,0)5 - -
U(ij,N—1),0) |, that satisfy (3.23) and (3.24) from Assumption 3.3, is described.

It is clear from (3.30) that the slack variables effect a constraint tightening on the
nominal dynamics that allow one to guarantee constraint satisfaction in the presence
of uncertainty. Less tight constraints imply larger domains of attraction, and thus
one should seek the minimization of the slacks. A sensible procedure for selecting
the slacks is to design these sequentially: starting from the first prediction instant
given by k = 1, proceeding into the second, given by k£ = 2, and so on; this is both
computationally convenient and is consistent with the expectation that constraints
are more stringent during the immediate transients and less so towards the steady
state of predictions.

One more requirement is imposed in addition to constraints (3.23) and (3.24):
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that suitable sums of the optimized scalars Z§:1 f((l,j,kz),O) and Z;\le iL((lJ”k),Q) are not
greater than those that would have been obtained by using the state linear feedback
u = Kz (i.e., obtained by setting each 4 jr),0) to be equal to KZ((; jr)0)) and (3.31).

This is a safeguard against the possibility that the sequential slacks design, though
convenient, may result in excessively large slacks far in the horizon at the expense of
getting small slacks at the beginning of the horizon. This additional constraint can

be expressed as

k k
Zf((l,j,k),O)SZf l=1,...,n., k=1,...,N —1,
. = (3.33)
Zh((l,]N Zl_l 1,7,N)>» = ,...,nf,
f((l,j,k),o) > Flj?((i,j,k),o) -+ Glﬁ((i7j7k),0), l=1,...,n., j=1,..., N —1,
k=yj,...,N—1, (3.34)

~

hujny 0 = Fidagn 0 + Gz e, [ =1,...,np,5=1,...,N,

where the constants f((z,j,k),o) and B((l,j,N),O) are obtained by evaluating (3.23) and
(3.31) with @ ;)00 = KZ((i,jk),0)- Note that if f((mk and h ((1,j,N),0) are defined by
(3.31), condition (3.33) would not be linear. So in order to solve an LP in the offline
design, (3.31) is not used to define f((l’j,k)’g) and iL((l,j,N),O) and instead the conditions
of (3.34) are considered.

Note that satisfaction of conditions (3.33) and (3.34) imply satisfaction of (3.24)
since Assumption 3.1 implies that the dynamics under the state feedback v = Ku

satisfy constraints (3.3), from which
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and therefore there is no need for (3.24) in the offline optimization.

Let X(n,0) and G y_1,) denote the collections of the associated 4% partial extreme
state and control sequences, X((; jn)0) and U jn—1),0). Let also f'(N,LO) and }Al(Nyo)
denote the collections of the slack variables f((i,j,k),[)) and iz((i,ijm). Finally, let 7,
denote the collection of X(y,0), W(n—1,0) f(N—l,O) and fl(N,O)-

Based on the considerations expressed above, the corresponding sequential opti-

mization of the values of f((l7j7k),0) and il((l,j,k),o) is presented in Algorithm 3.5.

Algorithm 3.5.

1. First, solve the LP problem

minimize vy
(770 77)

subject to f((l,1,1),o) <7, I=1,...,n, (3.35)

(3.23), (3.33) and (3.34)
Set f(l(l7171)70) = f(*(ml),o) forl=1,...,n., where the super-script * represents the
optimal solution of the optimization.

2. Fors=2,...,N —1, solve the LP problems

minimize 7y
(770 7’7)

subject to Z f((z,j,s),o) <7, I=1,...,n,,
j=1

E

-1

k—1

A A
Z f((l,j,kfl),o) = f((l,jl,kfl),oy [ = 1, ey Ny k= 2, e, S
j=1

=1

<
Il

(3.23), (3.33) and (3.34)
(3.36)

S@t fF(l,],s),O) - f(*(l’]’s)70) fO?” l - 1, e 7nc, J - 1, ey S.
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3. Solve the LP problem

minimize -y
(770 77)
N

subject to Zﬁ((l,j,N),O) <7v, l=1,...,ny,
j—l

k—1
Zf(l’]kl Zf ((1,5,k—1),0)? I=1,...;n, k=2,...,N
7=1

(3.23), (3.33) and (3.34)
(3.37)
Finally, the desired collections of the optimized j*" partial extreme state and con-
trol sequences X(n) and Uy_1,0) are obtained from the solution of (3.37), and the

associated scalar variables f(N—l,O) and fl(Mo), are obtained from (3.31).

A graphical representation of Algorithm 3.5 is depicted in Figure 3.4, which shows
how the values of the worst case of Z f ((1.j,s),0) are sequentially optimized for s = 1,
s =2 and so on. As imposed by (3.33), the values of Z?Zl f((l,j,k),o) are never greater

than those associated with the state feedback u = Kz, Zle JF(l,j,k)-

Remark 3.6. A relevant aspect of having a sequential procedure is that once the
slacks associated to a certain prediction instant are optimized, these should not be
made worse in the future. This situation would clearly render the sequential proce-
dure useless. An example is depicted in Figure 3.5. Here the slacks for prediction
instants k = 1,2 have already been optimized at steps s = 1,2, but these are made
larger when optimizing the slacks associated to prediction instant k = 3 at step s = 3.
This situation is avoided by the constraints Zf;ll Faik-10 = Z ( ’J’k 1).0)°
l=1,...,n., k= 2,...,s, which guarantee that once Z;:l f((l,j,s),o) 1S optimized,

it remains the same for future iterations.

Remark 3.7. Although the associated scalar variables f(N,O) and fl(N,o) could in prac-

tice also be obtained from the solution of (3.37), it is actually preferred to obtain these
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k k
sy X feano ety X feann

y Jj=1 j=1

u=Kzx
1 2 3 1 5k 1 2 3 4 5 k&
(a) Worst admissible values of slacks (b) Algorithm 3.5 - Step 1
ko ko

1E{1,0. o1 }Zl ((13.6).0) e u}zl ((1,5,k),0)

1 2 3 4 5 k 1 2 3 4 5 k
(c) Algorithm 3.5 - Step 2, s = 2 (d) Algorithm 3.5 - Step 2, s =3
ko ko
le{lnonc} ; fawimo et ; fwsno

(e) Algorithm 3.5 - Step 2, s =4 (f) Algorithm 3.5 - Step 2, s =5

Figure 3.4: Graphical representation of Algorithm 3.5
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k: A~
fe,j,),0)

k A~
> fwin o
j=1

Jj=1

—u=Kzx —u=Kzx
s=2 s=3

1 2 3 4 5 k 1 2 3 4 5 k

(a) Algorithm 3.5 - Step 2, s =2 (b) Algorithm 3.5 - Step 2, s =3

Figure 3.5: Undesirable situation in Algorithm 3.5 avoided by the use of the constraint
E—1 } k=1 pk—
Zj:l Jwir—1.0 = Zj:l f((z,;,k—n,o)v I=1,.ne, k=2,...,s

by evaluating (3.31) with the solutions Xy and Gy of (3.37). The reason is as
Jollows. X(n ), U0, f'(N@) and fl(Mo) are obtained from solving LPs that attempt to
minimize the worst case over | = 1,... n. of the sum of the slacks for s-step ahead
predictions, which means that only the worst case for | will be guaranteed to satisfy
(3.31); the optimal solutions of LPs are not necessarily unique, and it follows from
(3.34) that the slacks fA((Lj’k)’o) and ]tb((l7j7N)70) that are not associated to this worst case
can take values in between this worst case and what would be obtained by (3.31). As
a result, the values of f(N—l,O) and fl(N,O) are not necessarily as small as they could be,
and then better (smaller) values of f(Nq,o) and lAl(N,O) can be obtained by evaluating

(3.31) with the solutions f(N_l,o) and fl(N,g) of (3.37).

3.3.2 Simplified PTMPC: Online implementation and rele-
vant properties

The preceding analysis allows for the online optimization of the 0'* partial state and

control sequences satisfying (3.6), which is described next.

Assumption 3.4. N > 1.
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Remark 3.8. As stated in Remark 3.1, the offline design is only used for N > 2.
From here on N = 1 can also be chosen, but under the assumption that the offline
design has been skipped. In this case only the slacks iz((lyj,N%t) are needed, and can be
found as in (3.31). Using N = 1 however, is clearly of little interest since only the

input at time t, u(o,0)), 1S optimized in the online problem.

As in [73], x(o,~) and u( y_1) are re-parameterized via

k
Tog = 20k + (Tt — 20,0)), k=0,...,N,
(3.38)

U(o,k) = V(o,k) T Kq)k(ﬁft - Z(Qo)), k=0,...,N—1,

where Z(,N) = {2(070), Z(0,1)5 -+ s 2(07]\[)} and V(,N-1) = {U(QQ), V(0,1)5 - - - ,U(07N_1)} Ccom-
prise the collection of decision variables d(y; of the predicted control policy, and

satisfy the dynamics
2(0,k+1) = AZ(OJC) + BU(O’;{), k=0,...,N—1. (339)

z(o,n) and v y—1) must be such that (3.29) is satified, which, and as in (3.30), can

be cast as linear constraints on z( x) and v y_1), for £t =0,1,...

Fi(20,0) + (2 — 2(0,0))) + Gi(v0,0) + K(21 — 200))) < 1, 1=1,...,n, (3.40a)

Fi(zor) + (2 — 2(00)))+

Gi(vor + KOz, — 200)) + S0, fagwn <L, 1=1,...n,k=1,... N—1
(3.40D)

Hy(z0,n) + PV (2t — 2(0,0)))+

N (3.40c)
Gi(vo.n) + KON (2 — 200))) + 250 haann <1, I=1,...,ny,
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Additionally, in order to guarantee stability it is required that,

Hl(xt — Z(O,O)) S 1. (341)

This constraint ensures that z n) and v y_1) are the necessary deviations of x x)
and u( y—1) from the dynamics generated by the state feedback v = Kx for an initial
state x; — 2(0,0) that is inside Xy, that is necessary in order to satisfy (3.29).

The predicted cost to be optimized online, unlike that of [73], only considers the
0™ partial sequences (since the j partial sequences are fixed, as a function of ¢, from

the offline computations), and is defined as

i

VN(d(N,t)> = f(Z(oyk), U(O,k)) + Vf(Z(o,N)), (3.42)
0

B
Il

where dy ) is the vector of all the decision variables in the online optimization, z )

and V(O,N—l)-

Assumption 3.5. The stage and terminal cost functions ((-,-) and Vy(-) are defined

for all z € R™ and v € R™ by

U(z,v) = |z|o + |v|r, and V; = |z|p (3.43)

where @, R and P are symmetric polytopic sets that contain the origin in their

interiors, and are defined by

Q = {Z : QZ S l}?
R ={v: Rv <1}, (3.44)

P={z: Pz<1},
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where () € R R € R%2*™ agnd P € R%*" satisfy for all z € P
[z2[p — [2]p < —(|z]o + [Kz|r) (3.45)

For purposes of analysis only however, consideration is given to a cost function
like that of (3.22) so that the partial costs associated with the j* partial extreme

state and control sequences, albeit fixed (as a function of time t), are included.

N
Vv (dv) = Viown(dav) + D Vigmn (), (3.46)

j=1

where

N-1
Vio.ny(d(w,)) Zﬁ 2(0,k), Vo,k)) + Vi(Z0,3))
—0

q

k=
‘/(ij)(If’t) = Z‘/(i,j,N)(ﬁt>7 j = 17 cee 7N - 17
=1
q

Viv,n (1) = Z Vi(2(n,ny) — Wi) = 0,
=1
Vg () = 05 0@y — O 0s, G gy ) — KO 10) +
vf<i’((l7N7N)7t) - ®N7]w2)7 Z - ]" R 7q7 j - ]'7 R ’N - 1

~

where 7), is the collection of X jny.), WjN—1)0), f(@jn-1), and fl((i7j7N)7t). Ob-
viously, the only difference between the costs of (3.42) and (3.46) lies in the fixed
(as a function of time ¢) terms Ejvzl Vi) (1,). Thus the optimization of (3.42)
is equivalent to that of (3.46) since the optimal arguments obtained with both cost
functions are the same.

The set Dy () of admissible decision variables d(y is given by

Dny(x) = {d(ny : conditions (3.39), (3.40) and (3.41) hold}. (3.47)
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The feasibility domain at instant ¢, Xy, is given by

X(N,t) = {JZ . D(N,t) (I‘) 7& @} (348)

Xy = X(n) is the domain of attraction of the simplified PTMPC strategy.
With the above constructions in mind, the online procedure of the simplified
PTMPC reduces to solving the time varying optimal control problem Py ;) (z¢)
Vi (@) = min {Vin o (dv) : dvy € Dowv (20)},

A,

(3.49)
d>(kN,t) = arg min{‘/(]\[ﬂg)(d(]\[’t)) : d(N,t) c D(N,t) (xt)}

A

Note that, as will be seen below, P(z¢)(n,) is an LP, the solution of which may not
be unique, and in general dfy ) (x4) is a set-valued function of z;.
The simplified PTMPC law is a time-varying function H?N,t)(xt>7 which for t =

0,1,... and x; € X is given by

/f(()zv,t) (z:) = U?(O,O),t)(xt) + K(z — Z?(O,O),t) (1)), (3.50)

where U?(O,O),t) (x;) and Z?(O,O),t) (2¢) denote a continuous selection from v{ o ,(2+) and
Z?(O,O),t)<xt) since the latter two are not necessarily singled valued (as they are part of
diy (x;)). Note that from this point on, the dependence on ¢ will be made explicit for
the optimal solutions (and their selections) in the form of (-) ) (and (')(()(o,k),t)>7 in
order to highlight that they are solutions of a time-varying optimal control problem.
The control input at time ¢ is then given by u; := ri(()M p(@t).

As shown in [73], Py (2:) can be re-cast as an LP. Since the minimization
of Vy(d(ny) (which is equivalent to the minimization of Viy(d(ny)) is a sum
of gauge functions of polytopic sets, it can be performed equivalently by minimiz-

ing the sum of the slack variables cvony = {a(0,0), @0,1),--->x0,N) } Bon-1) =
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{B0,0), B0y, - - - Bo,n—1)}, with the additional linear inequalities,

Ql 2(0,k) <Oé(0k) k’:O,...,N—l,l:L...,Sl,
'RIT’U(O’k) < Boky, k=0,...,N—=1,1=1,..., s, (3.51)

PfZ(O7N) <aon), =1,...,53.

The equivalent LP form of Py ) (x¢) is then given by

N—
minimize Z QoK) T 5(0,/@ + Q(o,n)
k=0

do,1)
subject to Q?Z(M) < Qo) k=0,....N—=1,1=1,...,s1,
Rivor < B k=0,...,N—1,1=1,... 8,
PZTZ(QN) < a(o,n), l=1,...,ss,

2(0,041) = Azop) + Bvogr, k=0,...,N—1,
Fi(z0,0) + (2t — 20,0))) + Gi(v(0,0) + K(z: — 200,0))) < 1, (3.52)
l=1,...,n,.
Fi(zox) + PF(x — 2(0,0))) + Gi(vor + KO (z — z00))+
S fwime <1 I=1,...,n, k=0,...,N—1,
Hi(z0,n) + N (z — 2 ©0,0))) + Gi(vo,ny + Kok (x — 2(0,0)))+
S by < 1, l=1,...,n

Hi(zy — z0,0)) <1, [=0,...,ny.

where the overall decision variable d (o) comprises zo n), V(o,nv—1), Q(o,n) and ,3(07]\,_1).
It can be seen now that this is an LP with Ny, = N(n + n, + 2) + n variables and
Neons = N(s1 + Nsy + n. + n) + s3 + 2ny constraints (of which Nn are equality

constraints and the rest are inequality constraints).

Remark 3.9. In view of the observations of Remark 3.2 and the construction of
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this section, the sequence of time varying optimal control problems Py, t =0,1,...
converges in at most N time steps to the time-invariant optimal control problem

Pv,ny. More precisely, the construction guarantees that, fort =0,1,...

Xven) = XNy,
(3.53)

Vo € X(nirny, ‘/((J)V,t+N) (z) = V((]]V,N) (z) and d?N,t+N)<x> = d?N,N) ()

As a result, the time-varying simplified PTMPC' law converges to a time-invariant

simplified PTMPC' law K(()N’N)(-).

Some system theoretic properties of the simplified PTMPC strategy are analysed

next.

Theorem 3.10. The online application of K?th)(a:t) to system (3.1) is recursively

feasible and guarantees the satisfaction of (3.3) if v+ € Xny).

Proof. For all z; € Xy, d?N7t)(xt) is an optimal solution of Py (x;). Thus (3.30)

is satisfied, where

x?(o,k),t) (z:) = Z?(O,k),t) (1) + ©* (2 — Z?(O,O),t) (1)),

u?(o,k),t) (z:) = U?(o,k),t) (1) + K" (2, — 'Z?(O,O),t) (1))

We want to prove that the optimization is feasible at the next instant, i.e., that
Tip1 € X(wvy). To this end let the candidate 0! partial state and control sequences at
time t + 1, Z(o,n),041) (Te1) = {Z0.0).041) (Te11)5 Z0,1),041) (Teg1)s -+ -5 Z0n),6401) (Teg1)
and {’((O,N—l),t+1)($t+1) = {ﬁ((O,O),t-&-l)(xtJrl)’6((0,1),t+1)<xt+1>7 e 777((0,N),t+1)<37t+1)}7 be
given by the receded 0™ partial state and control sequences obtained at time ¢ and
of the 1% partial state and control tubes obtained at time ¢ which, since at time

t + 1 the effect of w; is known, have collapsed to a sequence of singletons. Then, for
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k=0,... N—1
q
z (Te41) = 20, () + Y Ny (we) (@ — dFapy) (3.54a)
((0,k)t+1) ( Le41 ((0,k+1),6) (Tt 1) W) (T ((3,1,k+1),8) i)s .
=1
Z(0,3),041) (Te11) = 20,8 -1),041) (Te41), (3.54D)

and, for k=0,...,N —2

q

D01 (Tea1) = V0 rnyn (@) + D Ny (we) (G oy — KOFa;),  (3.55a)

i=1

U((0,N-1),t+1) (Te1) = KZ(0,n-1)41) (Te41), (3.55b)

where Af; ;) (w;) are the least squares (or any other convenient selection criterion)
convex interpolation parameters that satisfy w, = > i | Af; ;) (w¢)w;. These define the

candidate 0" partial state and control sequences at time ¢ + 1

Fom ) (@ee1) = Zomy ) (@ie1) + (21 — Z00) ey (Te41)),  k=0,...,N

Tk t1) (Ter1) = Gop) 1) (Ter1) + KO (@1 — Z00)e400) (Tes1)), k=0,...,N —1,

(3.56b)

thus defining the candidate 0 mixed state and control partial cross sections f/((g,k),tﬂ)
= (Z(0k).t41)(Tes1), U0,)041)(Te41)), & = 0,..., N — 1, and the candidate terminal
partial cross sections X((O,N),Hl) = T((0,N),t4+1) (Te41)-

Feasibility of (3.30) at time ¢ (and the equivalence of (3.30) and (3.29)), the defi-
nition of the slacks in (3.31), the update dynamics of (3.27) and (3.28), the invariance

of Xy under u = Kz (which is the terminal control law), and (3.54), (3.55) and (3.56),
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imply that
Y/((o 0,t+1) €Y,

e

(0 k),t+1) @ ((4,k),t+1) k= Oa s 7N -1 (357)

Jj=

N
(ON ),t+1) @X(JN)t—"-l CXf
j=1

This implies that the candidate decision variable &( N,t+1)(T¢+1), that contains the se-
quences Z((o,n),t+1) (Te+1) and V(o n—1),¢4+1)(T¢+1), is a feasible solution of Py 41)(2¢41).
Thus x4 € X N.t++1, which proves the desired result.

Satisfaction of (3.3) follows from use of (3.40) for k£ = 0. O

Proposition 3.11. For the optimal control problem Py 4 (x):

i ere ezists a piecewise affine and continuous function ) Xy —

) Th st ecews d conti tion diy XN
RN such that for all x € XNy, d( (@) € diy () (d(()N’t)(.CE) being a selection of
din (z)).

(it) For all v € Xy, t > N, diy(2) is singleton given by z(, ) () = 0 and
U0k (2) = 0.

(111) For all v € Xy, t > N, R?th)(x) = K.

The value function V((J)V,t) (x), has the following properties:

(iv) V((]]V’t)(-) is a convex, continuous and piecewise affine function.

(v) Viuy () >0, for all x € Xy \ Xy, fort =0,1,....

(vi) Viy () =0, for allz € Xy, t > N.

Proof. (i) The optimal control problem Py (-) is a linear parametric program in
X(ny). Then by standard results in parametric optimization problems [5] the stated
property holds.

(ii) For ¢ > N the j™ partial extreme state and control sequences X(: ;v

~

X((i,j,N—1),r) and the associated slacks f((i,j,N—l),t), h(i o~ are obtained by setting

~

gy = K& jp0. Thusif x € Xy, the solution for the 0™ partial state and control
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sequences given by the evolution with the linear controller, such that u ) = Kz (),
. . . * — * - 0 J—
is feasible and optimal so that 2{( ) »(2) =0, V{4 »(z) =0 (and Vi, (z) = 0).

(iii) This follows trivially from (ii).

(iv) The function ‘/(?V,t) (x) is the value function of a parametric linear program so
that it is a convex, piecewise affine and continuous function in z (by standard results
in parametric optimization problems [5]).

(v) £ — 2(0,0) € Xy is a constraint in the optimization problem. Then, if z ¢ X, it
is necessary that ZEk(O,O),t) # 0 in order to satisfy that constraint, hence V(?W)(x) > 0.

(vi) For ¢ > N the j' partial extreme state and control sequences X(( ;v

~ ~
~

X((i;,N—1)) (and the associated slacks £ j n—1).), D n)e) are given by g jr) ¢ =
. N-1

K ((i .0 s0 that V(?v,t)(x) = V((])V,N)(I) = k=0 |Z?(o,k),t)(37)|9+ |U?(o,k)(x)|7%Jr

200,50 (@), but from (i), 24 (@) = 0 and v(g,, ,(x) = 0, which yields the

desired result. O

Proposition 3.12. For all zo in XNy and for t = 0,1,... the value function

V(‘}V’t) (x¢) satisfies

Ve @) < Vs @) — (1200.0).0 (@0)le + [070.0).0 () ) (3.58)

Proof. Consider the optimal solution of Py (z¢), d(()N,t) (x¢), that contains the op-
timal sequences z{, vy v (2:) and Vi y ) »(7:), and the candidate decision variable
&(N,tﬂ)(a:tﬂ) containing the sequences Zo ny,i4+1)(Zi41) and Zo,n),+1)(T441) defined
in (3.54) and (3.55).

From (3.23) and the Lyapunov condition of (3.45), the following inequality holds
for Viig.m.n();

Vi) (Mes1) < Vidgi,nn (M), (3.59)
which implies
ViGzea 1) (1) < Vigen.n (1,)- (3.60)
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In a similar way, using also the convexity and sub-additivity of the associated gauge
functions and the Lyapunov condition of (3.45), &( Noi+1)(Te41) and d(()N,t) () it follows

that

Vit (A (1) <Vianyo (1) + Vi (diy g (z:)) (3.61)

— 00,0y, (1) V{(0,0),0) (1))

(3.60) and (3.61), in conjunction with the fact that Vi(n nys11)(7,11) = 0, yield

Ve @) < Vs @) — (1200.0).0 (@0)le + [070.0).0 (€0 )
which is the desired result. O

Theorem 3.13. Consider system (3.1) under the control law /Q(()Ni) (x¢). There exist
an € [0,1) and by € (0,00) such that the value function Vi ,\(x,) satisfies:
(i) Vi (@) < aig Vi py(an), t > N,

(i3) dist(Q, z;, X;) < byaly Vdist(Q, vy, Xf), t > N.

Proof. (i) By construction it is clear that [2{ ) »(#t)lo + 0000 (Tl < VR (2:). In
addition, V(?V’t) (¢) = 0 and |z?(070)7t) (xt)|Q—|—|v?(070)7t) (2)|r =0foray € Xy, t =N, N+
1,..pand Vi (2) > 0 and |20 ) o (7)o + [v0 ). ()l > 0 for 2 € Xny \ Xy
Then, based on the continuity of Vi y(-) and |20 ) x)()lo + [v{0.0).x) () Iz, the fact
that Vi () = Viy .y (-) and diy () = d{y ny(+) for £ > N, and that X; and Xy are
compact, there exists a scalar ¢; € [1,00) such that V((])V n (@) < Cl(’Z?(O,O),t) ()]0 +
|v?(0’0)’t) (x4)|r), for all x € Xy. Combining this with (3.58) it follows that for t > N,
Vv @) < anViy (@), with ay = (e — 1)/er < 1, which yields the desired
property.

(i) Similarly to (i), it is possible to obtain |z?(070)7t) (z)|r < ¢ ((c1—1) /)N
|z?070) (xn)|r,t > N. Also, dist(Q, x, Xy) = dist(Q, z—2+2, X[), and hence, since z;,—

2001 (Te) € Xy, it holds that for all x € Xy, dist(Q, ¢, Xy) = dist(Q, 2{g gy »(74) +
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(2 — Z?(O,O),t) (7)), Xy) < dist(Q, z?(070)7t) (z4),Xp) < |Z?(070)7t)<l’t>|g. This, in addition

with continuity of 20 ) )(2¢) and dist(Q, x4, Xy), the fact that dfy , (-) = diy (")

for t > N, and compactness of X; and Xy, imply that there exists ¢; € (0,1) such

that ca|2{g ) (7)o < dist(Q, 74, Xs) < |2{00) (@)@, t > N. Combining this with

200,00 (@e)]o < ez ((ca — 1)/co)' N |200.0).0 (T )] s it can be obtained for ¢ > N that

dist(Q, x4, Xr) < ¢1/co((c1 —1)/¢q =N dist Q,xn,X), which is the desired result
f f

with bN = Cl/CQ. ]

Remark 3.14. Under the control law of u = Kz, system (3.1) is robustly exponen-
tially stable with respect to the minimal robust positively invariant set Qoo(W), with
the domain of attraction being the mazximal robust positively invariant set [3], [44].
Then, combining arguments presented in [73], Proposition 3.11(iii), Theorem 3.13
and classical results [3], [44] imply directly that system (3.1) under the control law of
u = k°(z) is robustly exponentially stable with respect to Qo (W) where the domain

of attraction is Xy .

3.4 Simulation Results

The benefits of the proposed strategy are illustrated with statistics for 50 randomly
generated systems controlled by PTMPC, and the proposed strategy, OPTMPC,
using different prediction horizons V.

The systems are such that n = 2, n, = 1, with A, B being random matrices where
each component is selected from an independent uniform distribution between -1.25
and 1.25, but only systems where the spectral radius of A is greater than 0.95 are used.
F, G are chosen to represent the constraints —1 < Fa, <1, F € R?*2 and —1 < u; <
1, so that F = [FT —FT [0,0]",[0,0]7]" and G = [0,0,0,0,—1,1]7, with F being
a random matrix where each component is selected from an independent uniform
distribution between -0.1 and 0.1. K is chosen to be the L(Q optimal gain for the

cost matrices @ = Ixy and R = 0.1. W = conv({[0.1,0.1}7,[0.1,—0.1]",[-0.1,0.1]7,
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(0.1, —-0.1]T}).

The matrices in the costs to be used in the proposed strategy and PTMPC are
given by Q@ = {z : (1,0)z < 1,(0,1)z < 1,(-1,0)z < 1,(0,—1)z < 1}, R = {u :
u < 1,—u <1} and P = [P — P[], where P € R¥*" s = 2 is computed as
in [55] in order to satisfy the Lyapunov condition of (3.45). The simulations have
been performed on Matlab 7.11.0 (R2010b) with the Gurobi solver on a machine with
Windows 7 and an Intel Core 2 Duo E8400 processor at 3GHz.

The domains of attraction using OPTMPC and PTMPC are computed for each
of these systems. The areas that would be obtained with DP, which are the max-
imum that can be obtained for any control policies, are also included. Table 3.1
shows the mean values (over all the random systems) of the areas of the domains
of attraction obtained with different prediction horizons. In order to make the
values comparable, these areas are reported relative to the area of Xy, such that
Ay = Area(Xy)/Area(Xy). The table also reports information relevant to the com-
putational implementation, such as the mean values for the number of variables,
equalities and inequalities in the online optimization and average computational times
for OPTMPC and PTMPC. More precisely, the reported values correspond to the av-
erage time it takes the solver to perform the online optimization for a given prediction
horizon, where the average is computed over a set initial conditions evenly distributed
at the edge of the domain of attraction of OPTMPC and over all random systems.

First note from Table 3.1 that the areas obtained by PTMPC and DP are the same
for the considered examples. This is consistent with the conjecture that PTMPC is
equivalent to DP in terms of domain of attraction, as introduced in [73].

It can be deduced from Table 3.1 that for small prediction horizons the deteri-
oration in the domain of attraction of OPTMPC is small, but it increases with the
prediction horizon. This is expected since there are more variables fixed for greater

N. For N =1, OPTMPC and PTMPC are equivalent, and therefore the areas of the
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Table 3.1: Domain of Attraction and computational aspects

N 1 2 3 4 5 6 7 8 9 10
Ay OPTMPC 1482 3.049 4.499 5356 6.004 6.688 7.456 8.312 9.348 10.548
PTMPC 1482 3.139 4.718 5.710 6.558 7.458 8.530 9.742 11.203 12.953
DP 1482 3.139 4.718 5.710 6.558 7.458 8.530 9.742 11.203 12.953

vars OPTMPC 8 13 18 23 28 33 38 43 48 93

PTMPC 249 727 146.6 2464 3723 5241 702.0 9059 1136 1392

ineqgs OPTMPC 25.7 37.7 49.7 61.7 737 8.7 977 109.7 121.7 133.7
PTMPC 63.6 1614 307.3 501.1 743.0 1033 1371 1757 2190 2672

eqgs OPTMPC 2 4 6 8 10 12 14 16 18 20
PTMPC 10 28 54 88 130 180 238 304 378 460

time OPTMPC 170 189 214 236 245 255 266 2.78 2.90 297
[ms] PTMPC 1.70  2.60 394 6.55 12.17 20.46 36.28 56.69 100.0 1474

domains of attraction are the same. For N =5, OPTMPC the areas of the domains
of attraction are in average 93.65% the size of those obtained with PTMPC, and for
N = 10 this number goes down to 85.50%.

This loss in domain of attraction is compensated by the fact that the reduction
in computational times is increasing with the prediction horizon, which is driven by
the fact that the number of constraints and variables grows quadratically with N for
PTMPC, but only linearly for OPTMPC. For the case N = 1, the computational
times are about the same for both methods. For N =5, OPTMPC is on average 5.0
times faster than PTMPC, and for N = 10 OPTMPC is on average 49.5 times faster
than PTMPC. This fosters the possibility of using considerably longer prediction
horizons in OPTMPC. For instance, one might choose to use N = 10 OPTMPC,
which will give a domain of attraction larger than would be obtained with PTMPC
with N = 8 but with an online optimization 19 times faster on average.

All the above implies that for many systems, as illustrated by the average case, one
can use OPTMPC with large horizons in order to obtain larger domains of attractions
at a reduced computational cost (when compared with PTMPC).

This is obviously useful only as long as the obtained domains of attraction are
within an acceptable size, or include the desired regions of the state space. For

instance, one can find systems for which the offline design will impose such conserva-
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tiveness that even for very large N, the domain of attraction of OPTMPC will never
be as large as what can be obtained by PTMPC for even a short N. Such an example

is provided next for a system that is defined by

T
1.19 0.95 0.66 0.083 0.114 —-0.083 —-0.114 0 0O

9 )

—0.89 0.96 0.74 —0.035 —0.070 0.035 0.070 0 O

G=[0 0 0 0 144 —1.44)7 and W = conv({[0.1,0.1],[0.1, —0.1]T, [~0.1,0.1]7,
[—0.1, —0.1]7}). The domains of attraction of this system controlled by PTMPC and

OPTMPC are presented in Table 3.2.

Table 3.2: Domain of Attraction and computational aspects

N 1 2 3 4 ) 6 7 8 9 10
Ay OPTMPC 1.302 1.446 1.626 1.830 1.880 1.935 1.958 1.977 1.990 2.002
PTMPC  1.302 1.747 2174 2,508 2.707 2.850 2975 3.073 3.137 3.178
DP 1.302 1.747 2.174 2508 2.707 2.850 2975 3.073 3.137 3.178

Clearly in such cases the benefit of OPTMPC is limited due to the small domains
of attraction that one can obtain with it.

The examples considered in this section have n = 2. As n increases, the advan-
tages of OPTMPC over PTMPC in terms of online computational efficiency will also
increase. As it is discussed in Section 2.2.4.2, the size of the online optimization in
PTMPC increases linearly with the product ng, where the number of vertices of W, ¢,
is at least n + 1, but can even grow exponentially with n, so the size of the optimiza-
tion problem grows at least quadratically or even exponentially with n. On the other
hand, since the extreme partial sequences are computed offline the size of the online
optimization problem in OPTMPC only grows linearly with n. And although the
offline computations of OPTMPC have a comparable size to that of PTMPC (only
the nominal sequences and the slacks associated with the cost are absent), the fact
that these are offline computations without the stringent time constraints that can

be present in real applications, makes them much easier to be handled as n increases.
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For these reasons, OPTMPC is better suited than PTMPC for larger n.

3.5 Conclusions

The suggested offline simplifications reduce online computational complexity, particu-
larly the growth of the number of variables and constraints of the online computations,
from quadratic to linear. This comes at the cost of degrading to a reasonable extent
the size of the domain of attraction as compared with PTMPC and DP, when both
methods use the same N as OPTMPC.

This degradation is reasonably small in the sense that, for some systems, the
prediction horizon of OPTMPC can be increased in order to get larger domains of
attraction than PTMPC (which uses a smaller prediction horizon), while incurring a
computational demand smaller than that required by PTMPC.

Since the extreme partial sequences are computed offline, the size of the online
optimization problem in OPTMPC only grows linearly with n, while it can be expo-
nential, and in the best case quadratic, for PTMPC. Thus OPTMPC is better suited
than PTMPC for larger n.

However, the conservativeness imposed by the offline design in some cases can be
large enough so that, no matter how large N is chosen, OPTMPC cannot have a
domain of attraction as large as PTMPC even for short N. The use of OPTMPC for
these systems does not confer any benefit other than the reduction in computational
demand. This means that in the sense of both domain of attraction and speed of
computation, neither method is better. For some systems, and a given range of
acceptable domains of attraction, OPTMPC will be able to give better domains of
attraction with faster computations than PTMPC. But for other systems, or when
larger domains of attraction are desired, OPTMPC will not be able to accomplish
that.

The nature of the offline design means that the online optimization problems need
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to be time varying in order to guarantee recursive feasibility, but at execution time N
the problem will become time-invariant. The update of the slack variables implies that
at every time step there will be more terms that are associated with the control law
u = Kz in the control policy. Thus the feasibility domains of the optimizations tend
to decrease until the Nth instant when the feasibility domain, like the optimization
problem, becomes time-invariant.

The time-varying property of the online optimizations means that there is an
increased memory requirement and the approach is less robust against unmodelled
disturbances, both when compared with other approaches with time-invariant con-
straint tightening. With the control policy considered here (part of which is computed
offline), the use of of the tightening parameters without the update might result in
infeasibility. Thus, a potential line of research is the investigation of conditions on the
tightening parameters so as to obtain guarantees of recursive feasibility and stability.
This extra conditions, however, might impose extra conservativeness thus reducing

the domains of attraction, but will solve the problems stated above.
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Chapter 4

Striped Parameterized Tube Model

Predictive Control

As was discussed in the previous chapter, the recently introduced parameterized tube
model predictive control (PTMPC) [73] uses a triangular separable prediction strategy
that induces a nominal sequence associated with the dynamics of the current initial
state and N partial tube pairs, where each partial tube is associated with the effect of
a particular future disturbance acting during Mode 1. In Mode 2, the terminal control
law can be taken to be a static state feedback. PTMPC online implementation reduces
to a standard convex optimization, and has a structure that causes the number of
decision variables and constraints to rise quadratically with N. In common with the
strategy of Chapter 3, this chapter proposes a modification of PTMPC with the aim
of reducing the online computational complexity. The modification consists in letting
all the partial tubes associated with different disturbances acting on the system to be
given by the same partial sequences and allowing their compensatory effect to extend
beyond the horizon N into Mode 2. With this modification, the prediction structure
is of a triangular striped nature and extends over an infinite horizon. As illustrated

by simulation examples, the resulting scheme can outperform PTMPC in terms of the
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size of the region of attraction and affords a reduction in computation which allows

one to use a longer horizon (for the same or reduced computational demand).

4.1 Introduction

As discussed in Sections 2.2 and 3.2, ideal RMPC uses DP [9] or feedback optimiza-
tion [86] which are computationally intractable, and thus researchers have looked for
sensible compromises between sub-optimality and complexity of the online problems.
Attempts based on quasi closed-loop policies are computationally efficient, with a
number of variables and constraints of the online optimization that grow linearly
with N, but can be conservative (i.e. rigid tube MPC [63], [61]). RMPC strategies
with the affine-in-the-disturbances control policy [58], [38] have an improved degree
of sub-optimality, but this was later superseded by PTMPC [73]. PTMPC is based on
a separable prediction strategy and a separable non-linear control policy that results
in a triangular prediction structure of N + 1 partial tubes. The 0™ (or nominal)
partial state and control tube accounts for the dynamical contribution of the current
initial state while the remainder, the j'* partial tube pairs, capture the dynamical
contribution due to disturbances. However, the number of variables and constraints
of the online optimization in RMPC with the affine-in-the-disturbances control policy
and PTMPC grow quadratically with N.

The simplified PTMPC strategy presented in Chapter 3, OPTMPC, is based on
performing offline rather than online some of the computations of the predicted con-
trol policy. OPTMPC manages to reduce the computational complexity of PTMPC
synthesis with little degradation on average of the degree of sub-optimality, in terms of
size of the domain of attraction, while preserving its desirable system theoretic prop-
erties. Based on this, for some systems it will be possible to increase the prediction
horizon N for the OPTMPC strategy which may allow one to obtain greater domains

of attractions at lower computational efforts than PTMPC. This however, will not
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happen every time. In some cases, the conservativeness imposed by the offline design
will be such that regardless how big the prediction horizon is chosen, OPTMPC will
not have a domain of attraction as large as PTMPC using even a short N. This will
clearly be a problem when large domains of attraction are needed.

An alternative approach to reduce the computational complexity of PTMPC is
presented in this chapter.

Unlike earlier work, this chapter presents an RMPC formulation where the degrees
of freedom of the predicted control policy that provide disturbance compensation
affect (directly) the inputs over an infinite prediction horizon, thus resulting in a
terminal control law more general than the conventional static state feedback. This
is achieved by a modification of the PTMPC structure, such that each j** partial
tube pair is defined by the same partial extreme sequences rather than having specific
partial extreme sequences for each partial tube pair. This gives rise to a triangular
striped prediction structure where the disturbance compensation terms are allowed
to extend over an infinite prediction horizon. On account of this the constraints are
less tight in the infinite horizon while the number of variables and constraints grows
linearly with N, rather than quadratically as for PTMPC. Simulations demonstrate
that this strategy can, for a comparable number of decision variables and constraints,
lead to larger domains of attraction.

The chapter is structured as follows. In Section 4.2 the system description is
given and the modification of the separable prediction scheme of [73], which consists
on the imposition of a striped structure, is introduced. The control strategy of this
chapter together with the approach for constraint satisfaction are presented in Section
4.3. Section 4.4 presents the online implementation and theoretical properties of two
variations of the proposed strategy: one that gives increased control freedom and
provides ISS stability; and another with a reduced control freedom but a stronger

stability result. Section 4.5 illustrates the benefits of the proposed strategy with
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simulation examples, and final conclusions are drawn in Section 4.6.

4.2 System description and separable prediction

scheme

Consider a linear, time-invariant, discrete-time system with additive disturbances
Ty1 = Axy + Buy + wy, (4.1)

where z; € R”, wy € W C R”, and u; € R" are the state, disturbance and control
input. The admissible disturbance set is a polytopic set that contains the origin and
is given by

W =conv{w; : i=1,...,q}. (4.2)

The system is subject to mixed state and input constraints
(z,u) €Y, (4.3)
where Y is a polytopic set that contains the origin in its interior and is given by
Y = {(z,u) : Fx+ Gu <1}, (4.4)

where F' € R™"*"™ gnd G € R"eX"u,

Assumption 4.1.

(i) (A,B) is stabilizable.

(i) The matriz K is such that ® = A+ BK is strictly Hurwitz and the minimal
robust positively invariant set for system (4.1) under u = Kz, Q (W), satisfies

(1, K)o (W) C interior(Y).
Assume a separable prediction scheme such as that of [73], where the nominal
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dynamics and the contribution of each future disturbance are separated into different
sequences. This though is done in a different way to that of [73] in the sense that
the sequences cover an infinite prediction horizon instead of only Mode 1. X(g ) =
{200y, 201), -} and W) = {¥0,0), %0,1), - - -} are the 0" partial state and control

sequences, which account for the nominal dynamics

L(0,00 = T,
(4.5)
Tok+1) = Az + Buogr), k=0,1,...,
and X(j.oo) = {T(jj) L(j+1) - - -1 Uoo) = LUGj)> U(jt1)s - - -}, for j =1,2,..., are the

5" partial state and control sequences describing the dynamical contribution of the
disturbance w;_1y which acts on the system at the (j — 1) prediction instant. These
dynamics are given by

L(j,5) = W(-1);

(4.6)
T(jks1) = A$(j,k) + Bugry, k=j,7+1,....

Recall that for simplicity the notation of the type x4 is not used for the k-step
ahead predictions made at time ¢, and instead (), u(07k)) and (x(j,k), Ujk)) are the
k-step-ahead predictions made at each time ¢ associated to the 0% partial sequences
and the j** partial sequences, while (% (k), uk) are the full k-step- ahead predictions

made at each time ¢t. Accordingly, the full predictions are given by

k k
x(k) = Z ZL‘(]-,;C)7 U(k) = Z U(Lk), k= 0, 1, ceey (47)
j=0

=0
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with

)
./E(O,k;) ]{7 = 0
Tk € Xk =
conv{zg p it =1,...,q} k=12,

~ ’ (4.8)

U(O,kz) k = 0
UGy € Uiy =

conv{ug,p:t=1,...,q} k=1,2....

\

Eq.(4.7) defines a triangular prediction scheme, as in the Mode 1 section of Figure

3.1 but in this case throughout the entire prediction horizon, according to which

k
Z(k) EX(k):@X(j7k), k=0,1,...,
(49)

k
umy € Uny = @U(j’k), k=0,1,...,
=0

where X () and U, are the state and control-cross sections of the state tube X =
{X(0),Xq),...} and control tube Uy = {U),Up),. ..}, respectively. From (4.8),
the j* partial state and control sequences are defined by the ;' extreme partial
state and control sequences, X(; joo) = {T(ijj) T(ijj+1)s - - - L(ijioo) t AN U(joc) =
{ua gy, Ugjje1),-- - UG oot Tespectively, which describe the effect of the extreme

disturbances acting at the prediction instant j — 1. The dynamics of the j** partial

extreme state and control sequences for 1 = 1,...,q are given by
SL’(Z"]‘J‘) :ﬁ)i, j: 1,2,...,
(4.10)
L(i,j,k+1) = Ax(z’,j,k) + BU(i,j,k)a J=L2,..., k=3

In (73], x(ujm, for j = 1,...,N, k = j,...,N and ug;n) for j = 1,...,N — 1,
k=7,...,N —1 are chosen freely for different j, while those associated with Mode 2
are determined by the evolution dictated by the state feedback u = Kz, thus inducing

the triangular prediction scheme as in Figure 3.1. Instead, here a striped structure is
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invoked such that w ;) is set to satisfy

UG k) = U h—j41), =1,...,¢, 7 =12,..., k2>j, (4.11)
which implies that
TGk = T(igh—j+1), =1,...,q, j=1,2,..., k=>j, (4.12)
and therefore
Xowy = Xap—j+1s Ugry =Unp—jr1), i=1,...,¢, 7=12,..., k>j (4.13)

As a result all the j™* partial extreme state and control sequences are fully defined in
terms of the 1% partial extreme state and control sequences X(i,1,00) and U 1 o0). This

implies that (4.9) can be re-written as

4
Z(0,0) k=20
Ty € Xy =
k
| T Ok) & @j:l Xay k=1,2,...

;

(4.14)

U(Qp) k’ = O
uy € Uy =

w0 © @i Uny k=12,

thus inducing a striped triangular prediction scheme as shown in Figure 4.1, where
the predictions of x () and ) are contained in the cross-sections Xy and Uy, that
are given by the Minkowski sum of the elements in the k-th column. Due to this
striped structure, the strategies based on this prediction scheme are referred to as

Striped PTMPC or SPTMPC.
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Mode 1 | Mode 2

Z(0,0) L(0,1) L(0,2) s T(o,N-1) Zo,N) Z(0,N+1) T(0,N+2)
Xay Xao - Xan-1) X, Xan+)  X1,N42)

Xay o Xan-2  Xan-n | Xan Xa,Nt1)

X1, X(1,2) X(1,3) X(1,0)
X1, X(1,2) X(1,3)
X, X(1,2)

X

Xo  Xo KXo o - Xv-1y X Xivey  Xaveo)
Mode 1 Mode

U(0,0) U(0,1) U(0,2) T U,N-1) U(o,N) UO,N+1) U(0,N+2)

Uiy Upg - Uan-1 | U Uin+y)  Upnt2

Uiy o Unn-2 | Uon-y  Unnty Ui

Uiy Uz Uns) Utis)

Ua,n Uaz) U3

Ua,n U2

Uan

Vo Uny Upy - Uwn-y | U Un+y  Uwsz)

Figure 4.1: Striped triangular prediction scheme of SPTMPC

The striped separable prediction scheme, as reflected by (4.13), and (4.14) induces

a separable non-linear predicted control policy my_1 = {po(+), 1(+), ...} given by

k
,uk(ac(k)) :Zu(jk)( (]k)) /{3:0,1,..., with
j=1
k
x(k)=$(o7k)+zxuk, Z/\” DTG k—j41)s J = 1,2,
j=1 (4.15)

ik (ZGr) = Y Aap)(We—) U k—+ny, J=1,2,...k=7,7+1,...

where A(; j)(w(;—1y) are convex interpolation parameters that satisfy A¢ ;)(w¢—1)) > 0,
Yol A (wi—n) = 1 and w1y = >0, A j(wi—1)). A well-defined and unique

selection of such convex multipliers {\;;), i = 1,..., ¢} can be obtained by employ-
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ing, for instance, a least squares procedure. Note how the expressions of ;) and
L) (@) in (4.15) imply that @ k) € X x—j+1) and u(jr) € U k—j+1) as previously
indicated by (4.14).

It can be seen from (4.15) and Figure 4.1 that all the predicted inputs ug) =
(@), k = 0,1,..., depend on the on the 1¥ partial extreme sequence U1 oo);
more precisely, the predicted u) is defined by the elements w15, 7 =1,..., k. Of
these the elements u(; ;1 j), j = 1,..., N —1, as will be seen next are degrees of freedom
of the control policy, which implies that these provide disturbance compensation over
the infinite horizon. This structure is different than just reducing the number of
variables by forcing a striped structure in the parameterization of [73], since in such
a parameterization the control policy would have degrees of freedom only in Mode 1,

ie. fork=0,..., N —1.

4.3 Striped PTMPC: Predictions and constraints

This section introduces the strategies for guaranteeing constraint satisfaction under

the striped prediction scheme presented in Section 4.2.

Remark 4.1. The presentation of the chapter from this point will assume that N > 2.
The reason for this assumption is that if N = 1, then the 7" partial sequences are
not optimization variables, so adopting a striped structure makes no difference with
respect to the predictions of PTMPC. Furthermore, the case of N = 1 clearly is of
little interest since only the first predicted input, uy, is optimized in the online
problem. However, the results can be easily extended to the case of N =1 as will be

indicated in Remark 4.5.

4.3.1 Prediction strategy

It is usual practice in MPC to use a fixed stabilizing terminal control law in Mode

2. However in the strategy proposed in this chapter no fixed terminal control law
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is assumed. Instead, the following structure with is used for limiting the number of
decision variables: (i) the first N inputs of the 0** partial control sequence are degrees
of freedom and afterwards they are defined by a stabilizing linear gain (v = Kx); and
(ii) the first N — 1 inputs of the 1% partial extreme control sequences are degrees
of freedom, and the following inputs are defined by a stabilizing linear gain (u =
Kz). Thus, the dynamic equations for 0% partial sequences and 1%¢ partial extreme

sequences are given by

L0,0) = T, (416&)
T(0,k+1) = Ax((],k) —+ BU(O’k), k=0,...,N —1, (4.16b)
T(0k41) = @x(o,k), k> N, (4.160)
and
T(i,1,1) = Wi, (4.17a)
x(i,l,k—&-l) = Ax(i,l,k) + BU(Z'71’]€), k= 1, e N — 1, (417b)
(i1 kt1) = q)x(iva), k> N. (4.17C)

From (4.16) and (4.17), the striped separable prediction scheme of Figure 4.1 can
be more precisely represented by Figure 4.2.

In order to deal with the mixed state and control constraints of (4.3), attention
is turned to mixed tubes. The separable prediction scheme of equations (4.16),(4.17)
implies that the predictions of (2, u)) will be contained in the overall mixed state

and control tube Yo, = {Y(0), Yn1),...,Y(s)}, Where
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Yi0) = Y(0,0),
(4.18)
Yy =Yor @Yo ®...0Yar, k=12,...,
where the partial mixed state and control tubes Y ;) = {Y(;5), Yii+1)> - -» Yi0) }»

J = 0,1, contain the partial sequences X(; ) and u(j ), such that 0" and the 1%

mixed state and control cross-sections are given by Yo ) = (Z(0x), U(ok)) and Y1 p) =

conv{ (@ (;1,k), Ui, 1,k)) }» Tespectively.

Mode 1 Mode 2
T0) To,1)  T(02) T,N-1) T(O,N) dron)  PzowN)
Xan Xag Xan-1) Xan PXany P X
X Xan-2) Xan-p | X DX, Ny
X X(1,2) X(13) X1,
X X(12) X3
X1 X2
X
Xoy X Xe Xwv-1 X X+ X+
Mode 1 Mode 2
U@,0)  Uo,1)  U(0:2) uon-1) | Krony KPzon) K2z
Uiy  Upp Uan-1y | KXany K®Xan KX
Ua Unn-2 | Uon-y  KXan K®Xanw
U,y Ua2) Uags U3
Ua,n Ua2) U3
Uy Utr,2)
Ua
Uoy Uy  Upg Un-1 | Uy Un+y Uz

Figure 4.2: Striped triangular prediction scheme of SPTMPC

In the online optimization the decision variables are X on), X(1,n5), Wo,N=1);
u;1,nv—1) (along with the constraint and cost tightening parameters, which will be
introduced below). It would then be convenient to re-write (4.18) as a function of
parameters that are decision variables of the online optimization only. Using (4.16)

and (4.17), Y(ox) and Y(q x) can be re-expressed as
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Yior = (l‘(o,k), U(O,k))v k=0,...
YV(O,k’) = (¢k_Nm(O,N)7 Kq)k_N'T(O,N))a k > N7
= (IvK)Cbk_Nx(O,N)a k > N,

and

Y(l,k) = COHV{(@"(@',LI@), U(i,l,k)) =1, ,q},

Yo = conv{((I)k_Nx(i,LN), K@k_Nx(m,N)) ci=1,...,q},

= (Ia K>(I)k_NX(1,N)>
Then (4.18) can be rewritten as

Y0) = Y(0,0);

k
Yy = Yiom @@Y(l,j)v k=1,...,N—1,
j=1

N-1 k

(4.20a)
k>N, (4.20b)
k> N, (4.20¢)

(4.21a)

(4.21D)

Yy = (LK) Moo & P Yoy o P LK) ¥ ¥ Xawy, k>N, (421c)

=1 j=N
which only depend on x(,ny, X(i,1,5), Wo,N—1)> Ui, 1,N=1)-

4.3.2 Constraints

The condition for constraint satisfaction is that
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Satisfaction of (4.22) cannot be ensured explicitly for all £ = 0,1, ... because it would
require an infinite number of constraints. Additionally, the usual strategy consisting
on using a terminal set that is invariant and ensures feasibility of constraints for a
fixed terminal control law is not possible here. On account of having disturbance com-
pensation throughout the infinite prediction horizon, the terminal control law is not
fixed. Thus, an alternative approach is considered here. A secondary horizon Ny > 0
is used such that constraint satisfaction is enforced explicitly for k =0,..., N+ Ny—1,
whereas satisfaction of (4.22) for k > N + N, is guaranteed by a set of terminal con-
straints: one that verifies that a set that contains the predicted Y(y) for & > N + Ny
is inside Y, and two other constraints on the 0" and the 1% partial sequences at the

(N + Ny)™ prediction instant.

Proposition 4.2. Let Xy be a positively invariant set for the nominal dynamics of

(4.16¢) and let Xy be an arbitrary polytopic set that contains the origin. Satisfaction
of

L(0,N+N>) S Xo, (423&)

X(l,N-i-Nz) c Xl, (4.23b)

implies that for all k > N + Ny Yy, satisfies

Yir) € Y(OO)u (4.24)
where
N—-1 N+No—1
Yoo = (L)X @PYuye @ (LK) VXqn® ([ K)Qu(X)), (4.25)
j=1 j=N

and Qoo (X1) = @2, P/Xy ids the minimal robust invariant set for the system with

dynamics zt = &z +w, with w € X|.
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Proof. From (4.21c), the predicted Y{y) for &k > N + N, can be expressed as

N-1 N+N2—1
Yoy =(1, K)oz v vy @ P Yy @ D (LK) Xawm
) j=1 g=N (4.26)
P 1K) P VX,
j=N+Nsy

Since Xy is invariant for the dynamics z* = ®z, satisfaction of (4.23a) implies that
the first term of the RHS of (4.26) satisfies ®*~VHN2)g v n v € Xo. Additionally,

satisfaction of (4.23b) implies that

k k k—(N+Nz)
D ¥ "Xom= D YN S PP CQX),
j=N+N> J=N+N2 7=0

and therefore the last term of the RHS (4.26) can be bounded as
k
@ (Ia K)(I)jiNX(l,N) - <[7K)QOO(X1)7 k> N+N27

j=N+N2

which yields that Yy for k > N + N, is bounded as

N-1 N+Nz—1
Y SLE)Xeo @PYuye® P (LK) VXqn o (I, K)Qu(Xy),
j=1 j=N
thus proving the desired result. O

The bounding above can be visualized in Figure 4.3, where the columns associated
with the predictions for kK = N + Ny — 1,..., N + Ny + 2 are displayed. The terms
from Y(1 1y to Y{1,n-1), from (I, K) X Ny to (1, K)®Y>"1 X ny and (I, K)X, appear
in all the columns and thus the bound, }7(00), contains them (as the second, third
and first terms in the RHS of (4.25)). x(o,n,) is required to be in Xy, and due to its
invariance the nominal state will remain there. The remaining terms, highlighted in

red in Figure 4.3, due to the constraint that X y4n,) € Xy, will be contained in Xj,
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X; @ ¢Xy, X; @ OX, 92X, ..., and each term is bounded by Q. (X;).

(1K)l (1, K)X (I, K)X, (I, K)X,
(1K) "Xy |(1LK)X, (I, K)PX, (I, K)9°X,
: (1K) X |(1LK)X, (I, K)PX,
(L, K)®X1,n) : (I, K)oM"1X ny ([, K)X,
(I, K)X(l,N) (I, K)(DX(LN) (I, K)(I)NQ 1X(1,N)
Yo (I, K)X ) (I, K)®X 1) :
: Yan- (I, K)X () (1, )X (1)
Yo : Yia,n-1) (1, K)X(1,n
Yo : Ya,n-1)
Y :
Y
Yinin,-1) YN YNt Nt YNt Not2)

Figure 4.3: Predicted Y4 after the secondary horizon

The construction of a set that contains the state and input predictions for all
k > N + N,, enables the use of a finite number of constraints to ensure constraints

satisfaction:

Corollary 4.3. Satisfaction of (4.22) is guaranteed if the 0" and 1°* partial sequences
satisfy (4.23) and
Yoy €Y, k=0,...,N+ Ny —1, (4.27)

Y(OO) cY. (4'28)

Condition (4.27) can be written equivalently as linear constraints on the 0% par-
tial state and control sequences by using slack variables that account for the worst
case realizations associated with the 1% partial extreme state and control sequences.

Condition (4.27) is then equivalent to
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El‘(o’o) + Glu(O,O) S 1, l= 1, vy Ny (429&)
k
le(o,k;) —f-GZU(Qk) +Zf(l’1’j) <1, k=1,.... N—1,1=1,...,n, (429b)
j=1
f(l,l,j) Z F}Jj(i,l,j) + Gl“(i,l,j)v ] = 17 cee 7N - 1a 1= 17 <oy q, l= 17 ceey Ny
(4.29¢)

k
(Fi+ GEK)® Naom + Y foay <1 k=N,...,N+No—1,1=1,...,n,
j=1

(4.204)
fary) = (B +GEK)® Nag, n, J=N,....N+N,—1,i=1,...,q,

l=1,...,n., (4.29¢)

where F; and G are the [ rows of F' and G, respectively.

Using the same ideas, satisfaction of (4.28) can also be imposed equivalently by

N+No—1
fa,000) + Z furg) + foiee) <1, 1=1,...,n, (4.30)
=1
where
= F K = F K 4.31
f1,0,00) 5&@ 1+ GK)z, fa,1,00) xeglj&l)( 1+ GIK)x (4.31)

Since 4 (X;) may be defined by an infinite number of constraints, practical applica-
tion indicates that it should be replaced by an outer approximation with an arbitrary
precision (which can be computed by the technique of [72]) in the definition of f( 1 o).
In this case, (4.30) is only a sufficient condition for (4.28).

Assuming that Xg = {x : Hx < 1} and X; = {2 : Lx < 1}, where H € R"/0*"

and L € R"1*™ then condition (4.23) can be expressed as
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Hlx(O,N-&-Ng) <1 [ = 1. » IV f0, (432&)

le(i,17N+N2) < 1, l = ]_,...,TLfl, 1= ]_,...7(], (432b)

where H; and L; are the I*" rows of H and L, respectively.

Assumption 4.2. X, is defined by

X, = NNy, (4.33)

and Xy is a robust positively invariant set for zt = &z +w, w € ¢X;.

Remark 4.4. The assumption above is convenient in terms of Proposition 4.2 and
the results related with recursive feasibility, Theorem 4.8 and Theorem 4.18, since
recursive feasibility requires that Xo is a robust positively invariant set for 2+ = &z +
w, w € ®X;. At time t + 1 the nominal predictions will consider the effect of the
disturbance acting on the system at time t, wy, since its effect will be already present at
Zyr1. Then, the candidate solution at time t+ 1 for the N 4+ Ny-step-ahead prediction
of the nominal state T n+n,) will also have to consider the effect of the disturbance
that has just acted on the system, effect which is contained in ®X; due to (4.23b).
Thus robust invariance for a system with the disturbance in ®X; will guarantee that
To,N+N:) = PxonyN—2) + P nNy) € Xo provided that at time t NN, € Xo
and T NN, € X

Additionally, it is worth noting that Xo should be chosen to be small in order to
relaz (4.24), but not too small since in that case a large Ny would be required so that

the terminal condition o N4+nN,) € Xo @5 met.

Remark 4.5. The presentation in this section assumes that N > 2 as introduced in

Remark 4.1. The results shown here, and those that will be presented below, can easily
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_ No )
be extended to N =1 by noting that in this case Yooy = (I, K)Xo® @ (I, K)P7 "W
j=1

(Iv K)QOO(XI)

4.4 Striped PTMPC: Online implementation and

properties - Two cases

The cost used in [73] and in Chapter 3 is not useful for the SPTMPC prediction
scheme; stability cannot be proved by using that cost in the online optimal control
problem. The reason that such a cost is useful for PTMPC and OPTMPC is that u =
Kz is used in Mode 2, thus the candidate solutions at time ¢+ 1 can be obtained from
the optimal solution at time ¢, according to the receding procedure as explained in
Section 3.3, by discarding the 0-step-ahead predictions made at time ¢ and completing
the N — 1-step-ahead predicted input with an extension given by u = Kz (recall that
the offline update of the slacks in Chapter 3 replicates this process). This allows
one to obtain a decreasing cost, where the cost acts as a measure of distance to the
set where the control law v = Kz is feasible. In the SPTMPC setting, however,
since the degrees of freedom of the control policy extend over Mode 2, replacing the
N-step-ahead predicted input by v = Kx is not possible unless all the degrees of
freedom of the policy are modified. Then this cost will not necessarily be decreasing
and stability cannot be proved.

Two variations of the SPTMPC strategy are considered next that provide different
stability results. The first considers an additional terminal constraint by which the
predictions beyond N + N, must be inside a robustly invariant set under the static
feedback ©w = Kz, and a cost function that is based on the distance of the predictions
to this terminal set. The strategy can be proved to be robustly exponentially stable
with respect to the terminal set, and once inside the maximal invariant set under the

static feedback u = Kux, the control law is chosen to be u = Kz which makes the
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system converge to the minimal invariant set under v = Kx. This extra constraint,
however, can incur some conservativeness. The second alternative uses a nominal cost
and does not consider this terminal constraint with the aim to enhance the freedom of
the predicted control policy, but this comes at the cost of obtaining a weaker notion

of stability, namely ISS. A detailed description of both alternatives is presented next.

4.4.1 Cost based on state distance to an invariant set - strong
stability

Let Xy = {z: H/z <1}, H' € R™*" be a positively robust invariant set for system
(4.1) subject to (4.3) with the control law given by v = K.
Consider the additional constraint that the predicted states for k > N + N, are

inside X;. This can be expressed as

N+Ny—1
Proj, (Yoo XO@®X1] & EB O NN B Ve(X1) C Xy (4.34)

Similarly to (4.27), this condition can be written equivalently as linear constraints by
using slack variables that account for the worst case realizations associated with the

1% partial extreme state sequences. Condition (4.34) is then equivalent to

N+N;—1
h(l,O,oo) + Z h(1717j) + h(l,lpo) <1, [=1,...,ny, (4.35a)
j=1

hay) > H 261, i=1,....,q,j=1,...,N, l=1,...,ny,
(4.35Db)

hag) > HI 7 Nagin, i=1,...,¢, j=N+1,...,N+ N, — 1,
[=1,....n, (4.35¢)

where

h,0,00) = maxH T, hiie) = max H T. (4.36)

XQ ZBGQOO(XI)
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Let d be the vector of all the decision variables in the formulation. It is composed

of X(o0,N), X(:,1,N); U,N-1), U(,1,N-1), f(z,1,N+N2—1) = {f(z,1,1)7 cee f(z,1,N+N2—1)} and
hoinine-1) = {h@11), -+ P, NeN,—1) }- The set of admissible decision variables d
is given by

D(z) = {d : (4.16a),(4.16b),(4.17a),(4.17b),(4.29),(4.30),(4.32), (4.35) hold},
(4.37)

and the domain of attraction is
X ={x:D(z) # 0} (4.38)

Assumption 4.3. N, Ny, X and X; are such that X # () and X contains the origin

mn its interior.

Remark 4.6. This assumption can always be satisfied provided that Assumption 4.1 is
satisfied. Set all the predicted inputs to be given by u = Kz, then 57(00) = (I, K)Xy ®
BTN K)PITIW @ (Qu0(X1), KQuo(X1)) = (I, K)Xo & @2 (I, K)P'W, and
Yioy = (I, K)Quo(W) if Xo = {0}. But (I, K)Qe(W) € interior(Y), which implies
that there exists a robustly invariant set Q0 for system (4.1) subject to (4.3) with
the control law given by uw = Kx, such that Q. (W) C interior(2). Therefore there
exists an N such that for all N + Ny > N, X; = ®NTNe=1W s small enough so
that Xo can be chosen to be small enough, according to Assumption 4.2, such that
(I, K)Xo @I, K)®T'W @ (I, K)Qu(X1) € (I,K)Q C Y. This guarantees
that for any x € Xo, N, Ny such that N + Ny > N and X; = €, a solution given
by xo,n) = {@, ..., PN}, uon-1) = {Kz,..., K®Nx}, X(i,1,N) = {Wi, - -, N},
ugaN-1) = { K, ..., K®N=20;} will be feasible, which guarantees that Xo C X. X,
contains the origin in its interior since it is an invariant set for a contractive system,

which implies that X contains the origin in its interior, and then Assumption 4.3 is
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satisfied.

Consider a polytopic set defined by Z = {2z : Fz < 1}, £ € R"#*". The distance
function of x to Z is defined by distz(z) = max({Ex —1: [ =1,...,ng} U{0}),
where Ej is the [—th row of . The maximum distance function of X to Z is defined
by maxdisty (X) = max,ey(distz(z)) = max({Ejx—1:2 € X, I =1,...,ng}U{0}).

Consider the cost function

N+No—1
V@)=Y maxdisty, (X). (4.39)

k=0

Here, the stage cost maxdistx, (X)) measures the maximum distance to X; among
the elements in X). Note that maxdistx, (X)) = 0 for all k > N + N, due to
constraint (4.34). Components of the type maxdistxsx,(Ugy) can also be considered
in order to include weighing of the control sequences. In this case constraint (4.34)
should be modified so that V() C (I, K)X; is required in order to satisfy the same
properties as are stated below. However, the presentation here does not include such
modifications for simplicity.

The optimal control problem P(z;) to be solved at each instant ¢ is defined by

VO(x,) = mdin V(d),s.t. d &€ D(xy). (4.40a)

d*(z;) = argmdin V(d),s.t. d € D(xy). (4.40Db)

By using new variables d; that tightly upper bound maxdistx (X)), the minimization

of the cost J(d) of (4.39) can be reformulated by minimizing

Vd) = > o (4.41)
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with the additional constraints

8p > 0, k=0,...,N+Ny—1

k (4.42)
5k2—1+H{$(07k)+2h(1717]~), lzl,...,nf, k=0,...,N+ Ny, —1.

J=1

Clearly the optimal d; are equal to distx, (X)) so the minimization of (4.39) and of

(4.41) are equivalent. The equivalent LP form of P(z;) is then given by

N+Na—1

minimize 0
s.t. T(0,0) = Tt, T(1,1) = Wi, 1=1,...,q,
L(0,k+1) :Ax((],k) +Bx(0,k)7 k= 07"'7N_ 17
T(3,1,k+1) = Ax(i,l,k) + Bu(i,l,k); L= 17 -4, k= 07 R N — 17
EI‘(O’()) + Glu(O,O) S 1, [l = 1, vy Ny
k
Ex(o,k) + Glu(O,k) + Zf(l,l,j) < 17 [ = 17 <oy Mgy k= 17 SRR N — 17
j=1
k
(Fi + GIK)®* N n + Z foapn <1, 1=1,... n
j=1
k=N... . N+Ny—1,
N+Nay—1
f(l,O,oo) + Z f(l,l,j) + fl,l,oo S 17 l - 1, vy Ny
j=1
N+Na—1
h(l,(],oo) + Z h(l,l,j) =+ h(l,l,oo) < 1, = 1, sy Ny,
j=1
Hizonin,) <1, l=1,...,n4,
IZZIZ(Z'717N+N2) S 1, i=1,...,q, lzl,...,nfl,

f(l,l,j) Z Ex(i,l,j) +Glu(i,l,j)7 [ = 1a"'7ncv 1= 1a"'7Q7 .] = 17"'7N_ ]-7

f(l,l,j) Z (E + GlK)(Dj_Nx(i,l,N) + Glu(i,l,j)v l= ]-7 vy Ny 1= ]-7 -4,
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j=N,...,N+ Ny —1,
haig) > Hgfx(i,l,j), l=1,...,np,1=1,...,q,
j=1,....N,
haa) = Hzfq)j_NfE(i,l,N), l=1,....n5,1=1,...,q,
j=N+1,...,.N+ N, —1,

5, > 0, k=0, . N+Ny—1,
5k2—l—I—Hlffli(()’k)—l—Zh(l’l’j), lzl,...,nf, k=0,...,N+ Ny —1,
(4.43)

where the overal decision variable dp comprises d and the additional variables § =
{00, ...,0n+N,—1}. This is a linear program with Ny, = N(n + (1 + q) + n,(1 +
q) +ne+ns+1)+ Na(ne+ngp+ 1) +n— (g, + ne + ny + 1) variables and Nepps =
N((n+nc+np)(1+q)+1)+ No((ne+np)(1+q)+1)+n+n.+np+npg+ng(l—q)
constraints (of which Nn(1+ ¢)+n are equality constraints and N ((n.+ns)(14q)+

1)+ No((ne+np)(1+q)+1)+n.+np+npqg+ns(l—q) are inequality constraints).

Remark 4.7. Setting X; = Q, where Q is the mazimal invariant set for system (4.1)
under the control law of u = Kz s.t. (4.3), is convenient for relazing (4.34). On the
other hand, invariant sets defined by few inequalities are computationally convenient
in view of (4.34), (4.42). Thus a suitable compromise between the size of Xy and ny

should be chosen.

The SPTMPC control law is given by
KO () = u?0,0) (1), (4.44)

where “(()o,o) (z;) is part of d°(z;), which is a selection of d*(x;); since P(z;) is an LP,

it does not necessarily have a unique solution, and then d*(z;) might be a set instead
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of a singleton. The control input at time ¢ is then given by wu; := x°(zy).

Theorem 4.8. For system (4.1), the closed-loop application of the control law of
(4.44) guarantees feasibility of (4.3), that the optimal control problem of (4.40) is

recursively feasible and that X is invariant.

Proof. The candidate solution at time ¢ + 1, &, is built from the optimal solution at
time ¢, d°(x;) as follows. The candidate 0" partial sequences are composed by the
optimal 0% partial sequences of d°(z;) plus a sequence of elements in the 1%¢ partial
sequences of d°(z;) according to the receding procedure as presented in Section 3.3.

Then, the candidate 0" partial sequences are defined as

T(ok) = 37(()0,k+1)(37t) + 2 )\>(ki,1)(wt)x(()i,l,k-i-l)(xt)? k=0,...,N—1,

(4.45a)
T(o,n) = PT(oN-1),
U(o,) = U ey 1) (Te) + 200 Ny (Wl g gy (@), b =0,...,N =2, (4.45h)

fb(o,N—1) = Kj:(O,N—l) ($t+1) )

where Aj; ;) (w;) are the least squares (or any other convenient selection criterion)
convex interpolation parameters that satisfy w, = Y &, X("i 1)(wt)u?,-. The candidate
1%¢ partial extreme sequences are, because of the striped structure, chosen to be the

same as in the optimal solution at time ¢

T(iag) = :c?m,c) (), k=1,...,N,i=1,...,q (4.46a)
Uiag) = Ugap(ze), k=1,...,N—=1,i=1,...,q, (4.46b)

This construction is such that (4.16a),(4.16b),(4.17a),(4.17b) are satisfied, and

that the overall cross sections associated with the candidate sequences 17(k) = 57(0,;6)@

@;C:l Y/(l,j), where 5}(07k) = (j(O,k:)aﬂ(O,k:)) and }7(173') = CODV{([i(iJ,k),ﬂ(i’l,k)) Do =

L,...,q} = Y] jy(w), satisfy Yy C Y, ) (x), k=0,1,.... But d°(z;) is such that

YO

(k+1)(xt)§Y, k:O,l,...,whichimpliesthatf/(k)QY, k=0,1,..., N+ No—1
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and then d satisfies (4.29). Also, because 37(1@ = Y5 () it follows that 1:/(00) =
}7(?)0) (x¢) (where }:/(OO) and }7(20) (z;) are given by (4.25) but using the variables of d
and d°(z;), respectively), and since d°(z;) is such that Y2 (z;) C Y it follows that
):/(OO) C Y and then d satisfies (4.30).

Satisfaction of the terminal condition (4.23b) follows directly from the fact that

17(1,]-) = Y(?’j)(a:t), from which X(LNJFNQ) = X(OLNJFM) C Xi, where X?LNJFM) =

conv{@NZx(()“,N) : 4 = 1,...,q}. The satisfaction of the terminal condition of
(4.23a) follows from the fact that T nin,) = PaYy nyn, (T) + Po NN,y With
T(1,N+Ny) € X?l,N+N2) C ®X; and that Xy is invariant for ™ = ®z + w, where

w € ©X;. Finally, since 37(17]) =Y (z), and Projx(Y(go) (x1)) € Xy, it follows that

(1.9)
Projx(}zf(oo)) C Xy, and then (4.35) is satisfied. Note that constraint (4.42) is always
satisfied since it is instrumental in the evaluation of the cost of (4.39).
It follows that if P(z;) is feasible, it will be feasible at the next instant, and by

a recursive argument it will remain feasible for all future instants. Invariance of X

follows directly. Satisfaction of (4.3) follows from the fact that Y(%) () C Y. O

Remark 4.9. The treatment of recursive feasibility, as shown above, is more involved
than in usual RMPC' formulations, where a terminal set for xy that is robustly in-
variant for the fized terminal control law is enough. This is because allowing the
disturbance compensation to extend over an infinite horizon implies that the terminal
control law is not fized. In this different setting two separate terminal sets for the
nominal and the partial extreme predictions are used, Xy and Xy, and as shown in
the proof of Theorem 4.8 it is required that Xq is robustly invariant for zt = &z + w,

with w € ®Xy | thus justifying Assumption 4.2.
Proposition 4.10. (i) D(z) is a closed polyhedral set. (ii) X is a polytopic set.

Proof. (i) D(z) ={d : Mad + M,z < M}, for some matrices Mq, M,., M of appropri-

ate dimensions, is an alternative way of expressing D(z), from which it follows that
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D(x) is closed a polyhedron. (ii) Let Z = {(z,d) : Mgd + M,x < M}. Z is clearly
a closed polyhedron, and since X is a projection of Z onto a suitable subspace, X is
also a closed polyhedron. If z € X then there exists o) such that (z( ), u©,0) € Y,
with zo = z. If & were not bounded then there would exist at least one x # 0
such that puxr € X, for all u € R, but this contradicts the boundedness of Y. Thus X

is bounded. O

Proposition 4.11. For the optimal control problem P(x):

(i) There exists a piecewise affine and continuous function d°(-) : X — RN4 such
that for all x € X, d°(x) € d*(z) (d°(z) being a selection of d*(x)).

The value function V°(z), has the following properties:

(ii) VO(-) is a convex, continuous and piecewise affine function.

(i) VO(x) > 0, for allx € X\ Xy, fort =0,1,....

(iv) VO(x) =0, for all x € X;.

Proof. (i) The optimal control problem P(-) is a linear parametric program in X,
then by standard results in parametric optimization problems [5] the stated property
holds.

(ii) The function V(-) is the value function of a parametric linear program in the
bounded set X. Then it is a convex, piecewise affine and continuous function in z
(by standard results in parametric optimization problems [5]).

(iii) If z ¢ Xy, then disty, (x(()o,o) (z)) > 0, hence V°(z) > 0.

(iv) If z € Xy, then the solution given by X n) = {z, ®z,..., Nz}, upy_1) =
{Ko, K®x,..., KON 1x}, X(1,N) = {Wi, Py, .. ., SN =1p;}, and ugi N1 = {Ky,
K®w;, ..., K&V 1w, } will be feasible, and since X; is invariant for Kz, X(xy will be

in Xy forall k =0,1,.... O]

Theorem 4.12. The value function VO(z;) satisfies

VO (@41) — VO(zy) < —disty, (zy), t=0,1,... (4.47)
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Proof. Provided that P(z,) is feasible at time ¢, the candidate solution d(z,1) defined
by (4.45) and (4.46) is feasible for P(z;,1) at time ¢t + 1, as shown in Theorem (4.18).
This candidate solution satisfies that X (k) (Te41) C X(kJrl (x¢), for Kk =0,1,..., which
implies that disty, (X (1)) < disty, (X(k+1)( x;)), and then
~ N+Ny—1 ~
V(d(wi) = Y distx, (X (2141))
=0

N+N»

< Z distse, (X () = VO (@) — distx, (X{p (1))

Finally, the result follows from the fact that optimization ensures that &)(z;) =

distx, (z,) and VO(z41) < V(d(2e41))- O

Corollary 4.13. (i) The value function V°(z;) — 0 as t — oo. Furthermore,
VO(z) < a'VO(xg), with a € (0,1). (i) The distance function distg,(x¢) — 0 as

t — oo. Furthermore, distx, (z;) < b'distx, (o), with b € (0,1).

Proof. (i) By construction it is clear that distx, (2{)q) ()) < V°(z). In addition,
VO(x) = 0 and distyx (27, ) () = 0 for # € Xy, and V°(z) > 0 and distx, (x7, 4 (2)) >
0 for z € X \ X;. Then, based on the continuity of V() and distxf( (@),
and that Xy and X" are compact, there exists a scalar ¢; € [1,00) such that Vo(x) <
cidistx, (2 ) (v)) for all 2 € X'. Combining this with (4.47) it follows that V°(z,41) <

anV9(zy), with ay = (¢; — 1)/e; < 1, which yields the desired property.

IA

(ii) Similarly to (i), it is possible to obtain that distx,(z;) = distx f(x(OO,O) (x¢))

ci((ecr — 1) /1)t dlStXf<l‘(0 0)(®0)) = ((c1 — 1)/cy) distx, (o).

Corollary 4.13 shows the state converges exponentially fast to X; C 2. Once the
state reaches €, the control law can be chosen to revert to uw = Kz, which will remain
feasible given the nature of €2, and this will steer the state asymptotically to the

minimal robustly invariant set Q.,(W). The SPTMPC control law is then modified
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to be given by

ul o\ (), iz, & Q
Kz =4 Y (4.48)

Kuxy, if z, € Q,

Finally, the dependence of the domain of attraction X on the horizons N and N,
is studied; this dependence is now made explicit by denoting the domain of attraction
as Xnn,. X; also depends on NV and Ny, so the dependence is also made explicit by
writing X (N, Ny). The desired properties are Xy n, € Xy np+1 and Xy v, € Xni1n,-
The following theorem presents an alternative way to construct X, such that the

desired nestedness properties are satisfied.

Theorem 4.14. Let X, be a robust positively invariant set for system zt = Pz +
w, with w € W, where W is any outer approzimation of conv(®NsW U ¢Ns+HW U
PNsT2W .. ), N3 > 0. Then the domain of attraction of system (4.1) under the control
law of (4.44) satisfies the following properties for all N, Ny such that N + Ny > Nj
(1) Xn.ny € XNt1,N,-15
(11) Xn Ny € XN Nyt15

(i4i) Xn Ny, © XN y1,n,-

Proof. (i) The optimal control problem P(z) when using N and N, is the same one
as when using N =N+1and Ny = N, — 1, except for the fact that in the former
case u(,n)y and ug,n) are fixed to be upny = Kzon) and v ny = Kz ny, but
in the latter case these are degrees of freedom. In the latter case u ) and w1 n)
can be chosen to be given by w n) = KNy and ug1n) = Kz n), so that the
problem for N and Nj is feasible when it is feasible for N and Nj.

(ii) If € Xy n,, the optimal d that includes x(on), Uo,N-1), X(,1,N), UE,1,N-1)5
fu1nen,—1) and ho 1 nin,—1), 1S such that (4.16a), (4.16b), (4.17a), (4.17b), (4.29),
(4.30), (4.32), (4.35) are satisfied. Then d that is composed of the variables in d with

the addition of f 1 n4+n,) = max{(F} + G K)®™zg 180 i=1,...,q},1=1,...,n,,
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and h 1NN, = maXiGN[l,q]{(Hf(I)NQx(m,N) 1 =1,...,q}, l = 1,...,ny, satisfies
(4.16a), (4.16b), (4.17a), (4.17b) for N and Ny, = N, + 1 directly since none of
these constraints depend on Nj. The definition of X; implies that X; (NN, Ny + 1) =
®X; (N, N,). Then, since @1 y) C Xi(N,Ns) (from the fact that (4.32a) is
satisfied for N, Ny) it follows ">z 1 xy € X4 (N, No+ 1) and so (4.32b) is satisfied
for N, No. The definition of X, implies that it is the same for different values of
N and/or Ny and it satisfies ®Xy C X,. Then, since (4.32b) is satisfied for N, Ny
if follows that z nin,) € Xo which implies that zo nin+1) = ProN+N,) € Xo,
and thus (4.32a) is satisfied for N, N,. Satisfaction of (4.29) and (4.30) for N, N,
implies that ) C Y, k =0,...,N + Ny — 1, and that Y{)(N, N2) € Y (where the
dependence of }7(00) on N, N, has been made explicit), which implies that Yy C Y, k =
0,...,N + Ny, thus ensuring satisfaction of (4.29) for N, Ny. Eq. (4.33) implies that
Qoo (X1 (N, Ny)) = Qoo (X4 (N, Ny + 1)) & <I>N2X(1,N), which implies that Yoo\ (N, Na +
1) = (I, K)Xo(N, Ny) @ 15 Y, @ Néé: LK) N Xy @ (1, K)Quo (X1 (N, Na +
1)) = Yo (N, No) C Y,]_and theref;;e (4.30) is satisfied for N, N, provided it is
satisfied for N, N,. In the same way, satisfaction of (4.35) for N, N, implies that
Proj,(Yieo)(N, N2)) = Proj,(Yeo)(N, N2 4+ 1)) C Xy, thus ensuring satisfaction of
(4.35) for N, N,. All this implies that = € X, 'N.No+1, which proves the desired result.

(iii) This follows directly from combining (i) and (ii). O

Remark 4.15. In Theorem 4.14, W is defined as any outer approximation of (instead
of being equal to) conv(®NWU SN HWUSNT2W .. ) in order to reduce the number

of vertices or facets needed to define VW, and hence X,.

Remark 4.16. The condition that Xq is invariant for z* = &z +w, with w € W, W
being any outer approzimation of conv({ @M WU SN HWUSNs+t2W .. 1), in addition
to ensuring that Xy s the same for different values of N, Ny, guarantees that X,
satisfies Assumption 4.2 for all N, Ny such that N + Ny > N3, which is key for

ensuring recursive feasibility. Then recursive feasibility is guaranteed by Theorem 4.8
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whenever N + Ny > Ns. Thus, N3 should be chosen small enough as dictated by

practical values of N, No, but large enough to maintain Xy small.

4.4.2 Nominal cost and input-to-state stability

This section presents an alternative to the strategy of Section 4.4.1. This strategy
uses a nominal type of cost and does not use the terminal condition of (4.34). On
account of this, this variation of the strategy has more freedom, thus allows for greater
domains of attraction and has a reduced number of variables and constraints.

The vector of all the decision variables in the formulation, d, is redefined to be
composed of Xy, X(i,1,8), Wo,N—1), Ugi,1,N—1), and £ 1 nv1n,—1). The new admissible

set of decision variables d is given by

D(z) = {d : (4.16a),(4.16b),(4.17a),(4.17b),(4.29),(4.30),(4.32) hold},  (4.49)

and the domain of attraction is described by X = {x : D(z) # 0}.

Assumption 4.4. N, Ny, X, are such that X # () and X contains the origin in its

nterior.

Remark 4.17. By the same analysis of Remark 4.6, this assumption can always be

satisfied provided that Assumption 4.1 is satisfied.

The predicted cost to be optimized online, V' (d), only considers the nominal state

and input sequences:
N-1
V(d) = Z ZL‘%E)’,C)Q:L‘(O’;C) + U%’é’k)RU(Qk) + $?E)’N)P:L‘(O,N) (450)
k=0
where Q, R, P = 0, satisfy the Lyapunov condition ¥ P® — P < —(Q + KTRK).

'Pd - P < —(Q + K'RK). (4.51)
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The optimal control problem P(z;) to be solved at each instant ¢ is given by

VO(x,) = mdin V(d),s.t. d &€ D(xy). (4.52a)

d’(z;) = argmdin V(d),s.t. d e D(xy). (4.52Db)

The optimization of (4.52) is a QP with Ny, = N(n(1 + q) + nu(1 4+ q) + n.) +
Non. +n — (gn, + n.) variables and Neons = N(n(1+¢q) +ne(1 4 q)) + Nane(1+q) +
n+ ne + ngpo + nyiq constraints (of which Nn(1+ ¢) + n are equality constraints and
(N + Ny)n.(1+ q) + ne+ ngpo + nsiq are inequality constraints).

The SPTMPC control law is then given by

R (a) = U(()o,o) (@), (4.53)

where u(()o,o)<xt) is part of the optimal solution given by d°(z;).

Theorem 4.18. For system (4.1), the closed-loop application of the control law of
(4.53) guarantees feasibility of (4.3), that the optimal control problem of (4.52) is

recursively feasible and that X is robustly invariant.

Proof. The results here are inherited directly from Theorem 4.8. Note that the ab-
sence of (4.35) does not affect the results since its feasibility at time ¢ is not associated

with the feasibility of any other constraints at time ¢ + 1. m

Theorem 4.19. Let X be a robust positively invariant set for system z+ = &z +
w, with w € W, where W is any outer approzimation of conv(®NsW U ¢Ns+HW U
ONsT2W .. ), N3 € N,. Then the domain of attraction of system (4.1) under the
control law of (4.53) satisfies the following properties for all N, Ny such that N+ Ny >
N3

(1) Xn.ny © XNi1,No-1,

(1) Xn Ny € XN Not1,
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(111) Xn Ny € XNt1N,-

Proof. The proof goes along the same lines as in Theorem 4.14. Note that the absence
of (4.35) does not affect the results since its feasibility is not associated with the

feasibility of any other constraints. O

As pointed out at the beginning of this section, u = Kz is not the terminal
control law in SPTMPC, and hence the stability notions of [73] do not apply. Neither
does the analysis of Section 4.4.1, since it requires use of the cost function of (4.39)
and condition (4.34). Instead Input-to-state stability (ISS) [41] is considered. Recall
from Section 2.2.1 that ISS implies that: (i) the system is asymptotically stable in
the absence of disturbances; (ii) that state trajectories are bounded for bounded
disturbances; and (iii) as ¢ — oo all trajectories go to the origin if w; — 0. Also recall

Lemma 2.8, which provides conditions for a system to be ISS.

Lemma 4.20. Let S C R" contain the origin in its interior and be a robust positively
invariant set for system xt = f(x,w). Furthermore, let there exist Ky -functions
ai(+), as(+) and as(-) and a function V : & — Ry that is Lipschitz continuous on S

such that for allxz € S,

(2.27)

Then V (+) is an ISS-Lyapunov function and system x* = f(x,w) is ISS with domain
of attraction S if either: (i) f(-,-) is Lipschitz continuous on S xW, or (i) f(x,w) =

g(x) +w, where g : S — R™ is continuous on S.

The following analysis parallels that of [38] in order to prove that the closed-loop

application of the control law of (4.53) provides input-to-state stability.

Proposition 4.21. (i) D(z) is a closed polyhedral set. (ii) X is a polytopic set.
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Proof. The proof is the same as that of Proposition 4.10. O

Proposition 4.22. x°(x) is a unique Lipschitz continuous function for all x € X.

Furthermore, the value function VO(z) is strictly convex and Lipschitz continuous for

allz e X.

Proof. The sequence of predicted nominal states x ) can be interpreted as a func-
tion of the predicted nominal inputs u y—1) and the current state ;. Hence V(d),
which does not depend on the uncertain extreme sequences X 1, n), U(,1,N-1), can be
interpreted as a function of ugy_1) and x4, i.e. J(d) = V(2 upny). The set of
admissible inputs is defined as U(z) = {(uon-1)) : d = (XN UoN-1),---) € D(x)}

and then the optimal control problem can be written equivalently as

VO(z)= min J(x,upn-1),st. deED(z) (4.54a)

Uo,N-1)

(uoxn-1)°(z) = arg min J(z,ugn-_1)),
FHo,N-1 (4.54b)

st. (z,...,upn-1),...) € D(x).

D(x) is polyhedral, and since U(x) is a projection of D(z), it also is polyhedral. Then,
given that R, P > 0 and that x is a constant in the optimization, J(z,upn-1)) is a
strictly convex function of un_1) and (4.54) is a strictly convex QP. Thus by known
results (e.g. [7]), u?07 v—1)(2) and hence kY(z) are continuous, piecewise affine functions
on X, and VO(-) is a strictly convex, piecewise quadratic function on X. Lipschitz
continuity follows from the fact that x°(z) and V°(z) have bounded derivative in X

and that X is compact. O

Lemma 4.23. The optimal control problem P(z) is such that V°(0) = 0 and £°(0) =

0.

P’I"OOf. If x = 0, then UonN-1) = {0, “es ,O}, X(,N) = {0, . ,0} (along with X(i,1,N) =

{w;, ..., o 2w}, ugano1) = {Kw;, ..., KOV} ) are feasible solutions due to
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Assumption 4.3. In this case V(d) = 0, and because V%(z) > 0, V%(z) = 0. Also,
because the optimal control problem is strictly convex on ug y—1), the optimal so-

lution for the 0** partial control sequence is given by u(()O’ No1) = {0,...,0} and then

K0(0) = 0. 0

Theorem 4.24. System (4.1) under the control law of (4.44) is ISS with domain of

attraction X .

Proof. Let system (4.1) be expressed as f(z,w) = Az + Bx®(z) + w. From Lemma
4.23, f(0,0) = 0 and from Proposition 4.22, f(-,-) is continuous. From Assumption
4.4, X contains the origin in its interior and from Theorem 4.8 it is robust positively
invariant for system f(z,w) = Ar + Bx%(z) + w under constraints (4.3). Clearly
V9(x) > 0 and from proposition 4.22, V°(x) is Lipschitz continuous on X. By con-
struction VO(z) > 27 Qz and then VO(z) > Apnin(Q)z" 2, so taking a;(s) = Auin(Q)s?
gives the LHS inequality of (2.27a). From Lemma 4.23, V°(0) = 0 and V%(z) >
2TQx > 0, for all x # 0,z € X, but 27 Qx is a continuous function in X, which is a
polytopic set that contains the origin in its interior. Thus there exist a scalar ¢ such
that for all z € X, VO(2) < caTQz, and then as(s) = cAmax(Q)s? satisfies the RHS
inequality of (2.27a). From (4.51) and by taking the candidate solutions as defined in
(4.45) and (4.46), it follows that V(d(f(z,0)) — V(z) < —(2TQz + °(2)TRK°(z)),
which implies VO (f(z,0)) — VO(z) < — (27Qxz + x°(z)"Rx%(z)), and then (2.27b)
follows directly with as(s) = Anin(Q)s®. Finally (i) follows directly from Lipschitz

continuity of k°(x) stated in Proposition 4.22. O

Remark 4.25. If X satisfies
Xo ® Qoo(W) C Q, (4.55)

then the solution given by generating the 0" and 1°¢ partial state and control sequences

with v = Kz (i.e. XonN) = {z,...,®Nx}, U N_1) = {Kz,..., K®VNz}, X(i,1,N) =
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{w,;,..., 2" w;}, ugino1) = {Kw;,..., KON 2w;}) is feasible for © € Q since

N—1 N+N2—1 ,
LK) e @ Yuye @ (LK) VX1no Q). KOx(X)) = (LK)
j=1 j=N

BT K) DT W (Q00(X1), KQuo(X1)) = (I, K)Xo® (1, K)Quo (W) C (I, K)Q.
Also, if K is the LQR optimal gain associated with the cost of (4.50), then it will be
the optimal solution of P(x). Therefore, if during the closed-loop execution the state
enters into Q, the control law k°(x) will revert to uw = Kx. Based on the analysis of

Remark 4.6, there will always exist N, Ny large enough so that Xy is small enough

such that (4.55) is met.

4.4.3 On the selection of X

In Assumption 4.2 it is required that X is an invariant set for 2™ = ®z+w, w € ®X;,
in order to guarantee recursive feasibility, whereas in Theorem 4.14 and Theorem 4.19
it is required that X, is an invariant set for 2™ = ®z + w, w € W, where W is any
outer approximation of conv(®MW U @MW U Vs +2W .. ) in order to guarantee
nestedness of the domains of attraction.
Let Xq be given by
Xo = afy @ Qo (W), (4.56)

where 0 < a < 1 is a scalar, () is the maximal invariant set for 2+ = &z s.t. (4.3)
under « = Kz, and Q. (W) is an invariant approximation of the minimal robust
invariant set [72] for z* = &z + w, w € W, where W is either ®X; or W (so that
any of the two previous conditions on X, can be satisfied). Xq is clearly robustly
invariant for z* = ®z + w, w € W. The motivation for this construction is as
follows. In the absence of disturbances X, would have to be chosen to be Q so as
to relax (4.23a). However, since (4.23a) is applied at & = N + Ny, X, might be
too large thereby causing (4.28) to be too tight. To avoid this the scaling factor
« is introduced, whose size should be commensurate with the contraction provided

by ®"2. In the presence of disturbances however, recursive feasibility, as introduced
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in Remark 4.4, requires that X, accounts for these disturbances which justifies the
inclusion of the second term in the RHS of (4.56). This term has to be made to
be as small as possible in order to relax (4.28), hence it is taken to be the minimal
robust invariant set. Since the minimal robust invariant set however may not have a
finite description it has been replaced in (4.56) by a robustly invariant approximation
Qoo(i)Xl). Similarly, to reduce computational complexity Qo can be replaced by an
invariant approximation.

This construction of Xy has provided good results in terms of the resulting domains

of attraction as will be shown in Section 4.5.

4.5 Simulation results

The benefits of SPTMPC are illustrated with statistics for 50 randomly generated
systems controlled by the proposed SPTMPC strategies and PTMPC, using different
prediction horizons N. The SPTMPC strategy of Section 4.4.1 will be referred to
as SPTMPC1, and the SPTMPC strategy of Section 4.4.2 will be referred to as
SPTMPC2.

The same systems as in Chapter 3 are considered, which have been generated
with n = 2, n, = 1, A, B being random matrices where each component is selected
from an independent uniform distribution between -1.25 and 1.25, but only systems
where the spectral radius of A is greater than 0.95 are used. F,G are chosen to
represent the constraints —1 < Fmt <1, F e R?*2 and —1 < uw; < 1, so that F =
[ET, —ET . [0,0]7,[0,0]T]" and G = [0,0,0,0,—1,1]7, with F being a random matrix
where each component is selected from an independent uniform distribution between
-0.1 and 0.1. K is chosen to be the LQ optimal gain for the cost matrices () = I5x»
and R = 0.1. W = conv({[0.1,0.1]7,[0.1, —0.1]", [-0.1,0.1]T, [-0.1, —0.1]T}).

The sets in the cost of PTMPC are given by @ = {z : (1,0)x < 1,(0,1)z <
L(=1,00x < 1,(0,-1)z <1}, R={u:u < 1,—u < 1} and P = [P — P,

141



Chapter 4. Striped PTMPC

where PI' € R**" s = 2 is computed as in [55]. Qp is chosen to be the maximal
invariant set for the nominal system under v = Kz and subject to (4.3) and Xy is
chosen to be the maximal invariant set for system (4.1) under u = Kz and subject
to (4.3). Ny is chosen to be the maximum between 5 and the minimum value such
that (I, K)X, @jy:zl([,K)CDj_IWGB (I, K)Qx(Xy) C (I, K)Q2 C Y is feasible. The
latter condition, on account of Remark 4.6, guarantees that the domain of attraction
is not-empty. However, experimentation suggest that it is convenient to take Ny to
be at least 5 so as to relax the terminal constraints for the 0** predicted state. W is
taken to be W, Nj is chosen to be equal to N5 + 1 and « is chosen to be maximum
of the components of ®¥21. The simulations have been performed on Matlab 7.11.0
(R2010b) with the Gurobi solver on a machine with Windows 7 and an Intel Core 2
Duo E8400 processor at 3GHz.

The domains of attraction using SPTMP1, SPTMP2 and PTMPC are computed
for each of these systems. Table 4.1 shows the mean values (over all the random
systems) of areas of the domains of attraction obtained with different prediction
horizons. In order to make the values comparable, these are reported relative to the
area of Xy, such that Ay = Area(Xn n,)/Area(Xy) (since Ny is fixed for each system
in these simulations, it is omitted from the notation for Ay). The table also reports
information relevant to the computational implementation, such as the mean values
for the number of variables, equalities and inequalities in the online optimization
and average computational times. More precisely, the reported values correspond to
the average time it takes the solver to perform the online optimization for a given
prediction horizon, where the average is computed over a set of initial conditions
evenly distributed around the edge of the domain of attraction of OPTMPC and over
all random systems.

For the same N SPTMPCI1,2 yield larger domains of attraction in average than

PTMPC, when N > 4. This is mainly due to the fact that disturbance compensation
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Table 4.1: Domain of Attraction and computational aspects.

N 1 2 3 4 ) 6 7 8 9 10

Ay SPTMPC1 1.482 2937 4468 6.541 7.845 9.054 10.33 11.91 13.73  16.07
SPTMPC2 1482 2937 459 7.440 8.723 10.42 12,52 14.81 17.47  20.63
PTMPC 1.482 3.139 4.718 5.710 6.558 7.458 8.530 9.742 11.203 12.953

vars SPTMPC1 706 96.9 123.3 149.6 1759 202.2 2285 2549 2812 307.5
SPTMPC2 43 64 85 106 127 148 169 190 211 232
PTMPC 243 716 145.0 2443 369.6 520.9 698.3 901.6 1130 1386

ineqs SPTMPC1 305.1 357.7 410.3 462.9 5155 568.2 602.8 673.4 726.0 778.6
SPTMPC2 268.8 316.1 363.4 410.7 458.0 505.3 5526 599.9 6472 694.5
PTMPC 63.6 1614 3073 501.1 743.0 1033 1371 1757 2190 2672

eqs SPTMPC1 12 22 32 42 52 62 72 82 92 102
SPTMPC2 12 22 32 42 52 62 72 82 92 102
PTMPC 10 28 54 88 130 180 238 304 378 460

time SPTMPC1 2.5 5.9 26.5 30.2  40.1 45.0 49.5  50.0 53.5 54.2
[ms] SPTMPC2 2.6 5.1 19.1 195 205 242 262 273 29.6 30.3
PTMPC 1.70 2,60 394 6.55 1217 2046 36.28 56.69 100.0 147.4

is not restricted to the horizon N, but instead enters into Mode 2, thereby relaxing
the terminal constraints.

PTMPC has a "full” triangular structure, with more parameters than the striped
structure. Therefore, in general, it has the potential outperform SPTMPC. However,
the price of the 7full” triangular structure is that it implies a number of variables
and constraints in the online optimization that grows quadratically with N, whereas
in the online optimization of SPTMPC that number only grows only linearly with
N. Thus with SPTMPC one can use longer horizons, thereby enlarging the size of
the domain of attraction, at a computational cost which may still be less than that
required by PTMPC. For example, while for N < 4 PTMPC leads to larger domains
of attraction and faster online computations, SPTMPCI1 for N > 8 and SPTMPC2
for N > 7 lead to larger domains of attraction while requiring less demanding online
computations. Thus, due to the quadratic increase (in number of variables and con-
straints) in PTMPC versus the linear increase in SPTMPC1,2, larger values of N can
be used in SPTMPC1,2, thus obtaining even larger domains of attractions and still
using fewer variables and constraints (as is the case for instance for SPTMPC1 with

N = 10 versus PTMPC with N = 8, or the case of SPMPTC2 with N = 10 versus
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PTMPC with N = 7).

The strategy of Chapter 3, OPTMPC, is faster than SPTMPC, and in the average
case larger horizons could be used for OPTMPC which could give better domains of
attraction while requiring the solution of less demanding optimizations problems.
However, the offline designs in OPTMPC might impose too much conservativeness

for some systems. For instance, the example introduced in Section 3.4 defined by

T
1.19 0.95 0.66 0.083 0.114 —-0.083 —-0.114 0 O

I )

—0.89 0.96 0.74 —0.035 —0.070 0.035 0.070 0 0O

G=1[0 0 0 0 144 —1.44" and W = conv({[0.1,0.1]7,[0.1, ~0.1]", [~0.1,0.1],
[—0.1,—0.1]7}), shows this situation. The results reported in Table 3.2 are comple-
mented by the areas of the domains of attraction obtained with SPTMPC1 and
SPTMPC2.

Table 4.2: Domain of Attraction and Computational Aspects

N 1 2 3 4 ) 6 7 8 9 10
Ay OPTMPC 1.302 1.446 1.626 1.830 1.880 1.935 1.958 1.977 1.990 2.002
SPTMPC1 1.302 1.446 1.496 2.617 2.860 2.954 3.005 3.042 3.067 3.089
SPTMPC2 1.302 1446 1.496 2.747 3.071 3.194 3.236 3.253 3.294 3.294
PTMPC 1.302 1.747 2.174 2508 2.707 2850 2975 3.073 3.137 3.178

In this case, increasing the value of N will not bring considerable benefits for
OPTMPC, so that increasing N for OPTMPC will not allow one to obtain domains
of attraction as good as one could obtain with PTMPC or SPTMPC.

Finally, note that SPTMPC2 does not constrain the predicted state to lie inside
Xy at any instant and hence it achieves larger domains of attraction with fewer
variables than SPTMPC1. However, SPTMPCI1 enjoys stronger stability properties
which guarantee convergence to X;. While, on average, the difference seems to be

considerable for large values of N, it can be very small in some cases, as shown in

Table 4.2.
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4.6 Conclusions

The proposed RMPC strategy has a number of variables and constraints that grows
only linearly with the prediction horizon. This is achieved by considering a predicted
control policy with a striped structure. The predicted control policy deployed allows
the disturbance compensation terms in the inputs to extend over the entire prediction
horizon. This provides extra relaxation to the terminal constraints and, on account
of this, the proposed SPTMPC strategy can lead to domains of attraction which
are larger than those possible through the use of PTMPC with the same prediction
horizon. However, given the full structure of PTMPC, the converse is also possible
and PTMPC can outperform SPTMPC.

In any case, since the growth of the size of the problem in SPTMPC is only linear,
compared with the quadratic growth in PTMPC, one can increase N in SPTMPC in
order to obtain larger domains of attraction than PTMPC.

Unlike the case of OPTMPC, the online optimization problem in SPTMPC does
consider the 1! partial extreme sequences as variables in the online optimization, and
as such ¢ has an influence in the number of variables and constraints. More precisely
the dimensions of the problem of SPTMPC and PTMPC scale with the same order
as a function of n, since both have terms gn. However, the rate with which they do it
will depend on mainly on N. As shown by simulation results, for small N SPTMPC
has a larger problem size, and will grow faster than PTMPC as n increases. On the
other hand, for larger N, the N? terms in PTMPC start to dominate, and then the
problem sizes of PTMPC will grow faster than in SPTMPC as n increases.

The results show that, in general, OPTMPC can be faster than SPTMPC, so
then larger prediction horizons can be used for OPTMPC which may allow one to
obtain larger domains of attraction than what could be obtained with SPTMPC.

However, the conservativeness imposed by the offline design in OPTMPC means that
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the domains of attraction may be too small, in which case SPTMPC may be more
convenient.

The presented examples show that there is no a priori way to indicate preference
for OPTMPC, SPTMPC or PTMPC in terms of both domain of attraction and speed
of the online optimization: none of these methods will consistently provide larger
domains of attraction with faster online optimizations.

Two variations of the strategy have been proposed. SPTMPC1 is guaranteed to
converge to the minimal invariant set under v = Kz, but does so at the expense
of additional constraints and variables, thus reducing the domain of attraction and
making the online optimization slower. On the other hand, SPTMPC2 does not use
the terminal constraint of (4.34), has a different cost and has fewer variables. Then
it allows one to obtain larger domains of attraction and faster online optimizations,
but it comes at the cost of a weaker notion of stability, namely ISS.

The use of (4.34) is rather artificial, because it considers a terminal set which is
invariant for a fixed control law that is not the terminal control law of the predicted
policy, which is not fixed. On account of this, convergence to the control law asso-
ciated to that terminal set is proven. The possibility of obtaining strong notions of
stability (i.e. convergence to a set) without imposing that extra constraint, or in a
way that is more directly related to the structure of the control policy, is yet to be
explored and forms the subject of future research.

Finally, the fact that the terminal control law is not fixed and that it can provide
extra relaxation for the constraints throughout the infinite horizon, suggests that the
strategy could be applied to systems where there the state feedback u = Kz is not

necessarily feasible. This, also, forms a subject for future research.
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Dual-Mode Robust MPC with

optimized polytopic dynamics

Polytopic dynamics have been introduced into MPC predictions and have been op-
timized so as to maximise invariant ellipsoids for systems subject to multiplicative
uncertainty [19]. This work was recently extended to the case of mixed additive and
multiplicative uncertainty and provides a sufficient condition for the invariance of
the ellipsoids [34]. Additionally, under the assumption that the uncertainty is known
during a prediction horizon N, this extension was used as the terminal control law of
an overall robust MPC strategy that deployed an affine-in-the-disturbances control
policy in Mode 1. This assumption (of known uncertainty during the Mode 1 pre-
diction horizon) is needed to enable the handling of constraints in the overall MPC
strategy of [34]. The aim of this chapter is to remove this assumption by deploying
polytopic tubes to describe the evolution of the predicted trajectories and to estab-
lish the necessity and sufficiency of the relevant invariance conditions of the polytopic
dynamics.

The benefits of the strategy are illustrated by numerical simulations.
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5.1 Introduction

Robustness to uncertainty, in the form of additive disturbances or multiplicative un-
certainty due to imprecise knowledge of the system dynamics, is an important topic in
RMPC. Early contributions considering multiplicative uncertainty include [80] (which
considers gain mismatches) and [2] (which assumes a weighting sequence system de-
scription). The case of additive bounded disturbances was dealt through the use of
constraint tightening [36], affine-in-the-disturbances policies [58], [38] and tube MPC
[63], [75]. Recently [19] considered robustness to multiplicative polytopic uncertainty
and introduced polytopic prediction dynamics. The precise evolution of the predicted
dynamics was unknown but was generated by the interpolation of vertex dynamics,
each vertex corresponding to a vertex of the polytopic uncertainty. The introduced
dynamics were chosen so as to maximize the volume of an ellipsoid which is robustly
invariant under a given control law. Such ellipsoids can be used as terminal sets
and the maximization of their volume relaxes the relevant terminal constraint and
hence results in larger domains of attraction for the overall MPC strategy. However,
maximal invariant sets of linear systems subject to linear state and input constraints
can only be approximated conservatively by ellipsoids, whereas they can be described
with an arbitrary degree of accuracy by polytopes. The difficulty in ensuring con-
straint satisfaction is that, due to the uncertainty, the predicted states and control
inputs cannot be known exactly and defining exact regions for them leads to an ex-
ponential growth in computation. To avoid this [32] proposed the use of a variation
of Farkas” Lemma [31], [39] in the construction of tubes whose cross-sections were
so defined as to contain the predicted states and control moves. The approach used
the dual-mode prediction paradigm where the predicted control moves in Mode 1
are given by optimizing the degrees of freedom of a predicted control policy given

by the closed-loop paradigm, whereas the control moves in Mode 2 are given by a
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predetermined terminal control law.

The aim here is to extend [19] to the case of both polytopic multiplicative and ad-
ditive uncertainty. Such an extension has already been undertaken in [34], under the
assumption that the disturbance lies in a unitary infinity-norm ball, which uses the
approach of [19] in conjunction with a disturbance feedback term in the control policy.
As in [19], the MPC strategy can be based directly on the control law resulting from
the optimized polytopic dynamics. Alternatively, [34] (Section IV) deploys this strat-
egy as a terminal control law in Mode 2 of an MPC strategy based on the dual-mode
prediction paradigm, with Mode 1 deploying an affine-in-the-disturbances control
policy [38]. This setting allows for multiplicative uncertainty in Mode 2, however to
handle constraints in Mode 1, [34] assumes that the multiplicative “uncertainty” is
known over Mode 1. Furthermore, on account of the use of the S-procedure and an
outer bounding of the disturbance set, the results (in terms of the definition of the
optimized polytopic dynamics and the definition of an upper bound on a minimax
cost) are claimed to be sufficient only.

The contributions of the strategy proposed in this chapter are that: (i) it shows
that the invariance conditions of [34], for the case when the disturbance lies in a uni-
tary infinity-norm ball, are both sufficient and necessary; (ii) it proposes necessary
and sufficient conditions for invariance for the case of a general polytopic disturbance
set; (iii) it develops an overall prediction dual-mode prediction based MPC strat-
egy for which the multiplicative uncertainty is not required to be known over the
prediction horizon.

The chapter is structured as follows. Section 5.2 gives the system description and
provides a background on the optimized polytopic dynamics for system with multi-
plicative uncertainty [19] and systems with additive and multiplicative uncertainty
[34]. The necessity and sufficiency of the conditions for invariance of the optimized

polytopic dynamics are provided in Section 5.3. Section 5.4 presents the overall MPC
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strategy, with focus on constraint satisfaction, the cost function and the online imple-

mentation. Finally, Sections 5.5 and 5.6 present simulation results and conclusions.

5.2 System description and background on opti-

mized polytopic dynamics

Consider a linear, discrete-time system subject to multiplicative and additive uncer-
tainty

Tir1 = Atxt + Btut + tht7 (51)

where z; € R", wy € R™, and u; € R™ are the state, disturbance and control
input at time t. The system matrices A, € R"*", B, € R™*™ D, € R"™ and the
disturbances w; are unknown for all ¢, but are known to be contained in polytopic

sets such that

(A, By, Dy) € 2 =conv{(A;,B;,D;): i =1,...,vun}, (5.2a)

wy € W=conv{w; : j=1,...,1,}, (5.2b)

where the v, vertices of the multiplicative uncertainty, (A;, B;, D;), and the v, vertices
of the additive uncertainty vertices, w;, are known. Throughout, the indices 7 and
j will identify the v, and v, vertices of the multiplicative and additive uncertainty,
respectively. The description of (5.2) implies that the uncertain matrices and the

disturbances satisfy

(Ata Bt7 Dt) - Z )\Z(AH Bi7 Dl);

i=1
Vg

Wy = E MWy,
i=1

where the interpolation parameters \;, ;1; are unknown scalar interpolation parame-

(5.3)

ters that satisfy Aj, p; >0, Y™ N =1, Y07y =
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System (5.1) is subject to mixed state and input constraints

(z4,ur) €Y, (5.4)

where Y is a polytopic set that contains the origin in its interior and is given by

Y = {(z,u) : Fx+ Gu < 1}, (5.5)

where F' € R"*" and G € R,

Recall from Section 2.2.3.3 the case where w = 0, for which [19] maximizes the
volume of ellipsoidal invariant sets through the use of a polytopic control policy that
uses a controller state v € R™, such that the predicted inputs and the dynamics of v

are given by

U4kt = th_t,_k‘t + LUt_;'_k‘t, k= O, 1, 2, NP (56&)
/Ut-l—k;-‘r1|t = Z )\Z'Mivt+k|t, k= 0, ].7 2, e (56b)
1=1

where the \; are the same as in (5.3). It is noted knowledge of the A; is not needed.
As will be seen later, only the knowledge of the evolution associated with the vertices
is needed to guarantee feasibility of the predictions (via invariant sets). Also, only
the first predicted input is applied to the system, and this does not depend on the
interpolation parameters.

By a process of lifting in which the system and controller states form an augmented
state z € R™ | n, = n + n,, the prediction dynamics can be written as follows

Ty
2t = )

Ut|t (5.7)

Rttk+1t = \Ijt-‘rkzt-i-k\h k= 07 17 27 SRR
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where W,y € conv{¥,;: i=1,...,v,}, and
o, BL
\Iji: s and (I)Z:AZ+BZK, izlj...,Vm. (58)
0 M,

According to (5.7) the predicted inputs of (5.6a) are given by
ut+k|t = [K L]zt+k|t7 k = O, 1, 2, e (59)

K is assumed to be optimal in some sense (e.g. LQR for the nominal system),
and then L and M; are designed to optimize the polytopic dynamics of (5.7).
Robust invariance of an ellipsoid E, = {z : 2TPz < 1} where P € R"*"= _ for

the dynamics of (5.7) is equivalent to
P—VUIPU, =0, i=1,... up, (5.10)

while feasibility of the states inside the ellipsoid for the constraints of (5.4) is equiv-

alent to

Z {F +GK GL}

=0, Zyp<1l p=1,... n (5.11)

* P

where the symmetric matrix Z € R"*"¢ is a free variable with elements Z, ,, p,q =
1,...,n., and * denotes symmetric blocks.

To maximize the volume of the projection, E,, of E, onto the x-subspace one
needs to maximize log det (TP~ TT) over P, L, M; subject to (5.10) and (5.11),
where T is the transformation for which x = Tz for all z. This optimization is non-
convex because (5.10) is a BMI in P, M;, L, however, as shown in [19] the problem
can be convexified through the use of a transformation proposed in [83].

It is shown in [19] that the maximum volume E, can be achieved by taking any
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value of n, such that n, > n, and it has the same volume as the largest invariant
ellipsoid that can be obtained under any linear state feedback.

The online optimization aims at minimizing the worst case cost (min-max prob-
lem) of J = Y7, xtT+k\tht+klt + uak“Rqu‘t. Since the exact evaluation of that
cost would require one to evaluate a number of trajectories that grows exponentially
with N (all the trajectories associated with the vertices of =), this is actually per-
formed by minimizing over vy, a quadratic upper bound of the minimax cost, given
by J(z¢, vye) = i Woae + Ut:TthUtlh subject to an LMI that is equivalent to 2z € ..
Then only the first predicted input, w,, = Kx; + Lvy, is actually applied to the plant
according to the receding horizon strategy. The use of z € E. guarantees recur-
sive feasibility of the optimization problem and satisfaction of the system constraints,
while the cost possesses a decrease property that allows one to prove asymptotic
stability of the controlled system.

The extension of this approach to the case of both additive and multiplicative
uncertainty (i.e. when w; # 0) is straightforward. Thus [34], for the special case of
W ={w: ||w||e < 1}, employs (5.6) endowed with disturbance feedback so that the

predicted inputs and dynamics of the controller state are given by

U4kt = K$t+k|t + LUt—i—k\t; k= 0, 1, 2, R (5.12&)
Vestrtfe = O ANi(Miveerge + Sitveen), =0,1,2,... (5.12b)

=1

according to which the dynamics of the augmented state z become

Ty
2|t =

V)t (5.13)
Zitha1t = VirkZesr) + Dt+kwt+ka k=0,1,2,...

where (\Ift+k,l~)t+k) = conv{(V;,D;) : i =1,...,v,} with D; = [DZT SiT}T, and
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wiyr € W. From (5.13) the predicted inputs of (5.12a) are also given by (5.9).

In this case L, M; and S, are designed to optimize the polytopic dynamics of (5.7).

Additive uncertainty precludes the use of invariance conditions (5.10). Instead,
in order to find conditions for invariance and feasibility of the ellipsoid E, = {z :
2TP~1z < 1}, [34] defines the set W = {w : wTRw < tr(Ry), i = 1,...,Un}
that overbounds the admissible disturbance set of W, where R; is a diagonal matrix
with non-negative elements, and uses the S-procedure to ensure that the conditions
Zeekp P 2y < 1 and w]ly Riwgyy, < tr(R;) imply that ze 10 P~ 2pip41e < 1. This

leads to the sufficient condition

P W,P D,
* OZZ‘P 0 i 07 tr{Rz} S 1- Q;, i = 17 <o Vm, (514)

while feasibility of the states inside the ellipsoid £, = {z : 2T P71z < 1} is guaranteed
by

Z [F+GK GL]P

=0, Zypy<1 p=1,....n, (5.15)

* P

where the symmetric matrix Z € R"*"¢ is a free variable with elements Z, ,, p,q =
1,...,n., and * denotes symmetric blocks.

From here on, the procedure of [34] parallels that of [19] in that the same convex-
ification technique of [83] is applied to maximize the volume of the invariant ellipsoid
E, under the dynamics of (5.12) and (5.13) by maximizing log det (TPTT) over
P, M;, L subject to (5.14) and (5.15). The result of the convexification procedure,
however, is still bilinear due to the presence of «;. It is then proposed to replace the
a; by a single a which, at the cost of some conservativeness, provides BMIs that are
much simpler than those of (5.14) and (5.15) and yields a bilinear problem that can

be solved either with available BMI solvers, or an ad-hoc iterative approach that uses
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the special structure of the problem and solves a sequence of LMIs.

The online problem must consider a cost function different to that of [19] because
the additive uncertainty makes it infinite. Two alternatives are then considered:
an H., type of predicted cost or a nominal cost. For relaxing the constraints and
avoiding the use of LMIs in the online optimization, a polytope P, that is robustly
invariant for the dynamics of (5.13) and constraints (5.4) is considered instead of the
ellipsoid E,. A first alternative for the online algorithm is similar to that in [19],
where the predicted cost function is minimized over v, subject to 2z, € P,. A second
alternative, which can be used when the future uncertainty during Mode 1 is known,
consists of using the dual-mode prediction paradigm such that the predicted control
law of (5.12) is used as a terminal control law, while an affine-in-the-disturbances
policy is used in Mode 1. In both alternatives, the type of stability obtained depends
on the cost used. When using an H., type of predicted cost, the stability result is
presented in the form of an />-bound of the closed-loop performance of the controlled
system. When using a nominal cost, on the other hand, the stability will be of the

ISS type.

5.3 Necessity and sufficiency conditions for the op-

timized polytopic dynamics

On account of the use of the S-procedure and the bounding of W via w? Ryw < tr(R;),
i = 1,...,Vm, condition (5.14) is stated as being sufficient only. In addition, the
bilinear dependence of (5.14) on P and «;, leads to intractable computation and [34],
at some extra conservatism, replaces the a; by a single a which can be optimized by
a simpler bilinear problem. This section introduces a necessary a sufficient condition
for the robust invariance of an ellipsoidal set. This condition has a single « and is
valid for the more general description of the disturbances of (5.2b). It is then shown

that for the special case of W = {w : ||w|| < 1} of [34] the conditions of [34] are

155



Chapter 5. Robust MPC with optimized polytopic dynamics

both necessary and sufficient.

Theorem 5.1. The ellipsoid E, = {z : 21 P71z < 1}, with P = 0, is robustly
positively invariant for the dynamics of (5.12) and (5.13) if, and only if there exists

a non-negative scalar o such that:

P U,P D,
« aP 0 | =0, B (5.16)

Proof. 1t is first proved that, according to the S-procedure, E, is invariant for the

dynamics of (5.12) and (5.13) if and only if there exists o > 0 such that

1— [P0 + @ DI|P7 Wz + Dij] > a(1 — 2"P712), i=1,....0m, j=1,...,V,

(5.17)
This condition implies invariance since if 1 —27 P~z > 0,i.e. z € E,, then 1—[2T0T +
QZJJT[)ZT]PA[\I’ZZ + Dﬂbj] >0fori=1,...,0m, j =1,...,1,, which implies that
1 — [Z7UT 4 wT DT P~ Wz + Dw] > 0, i.e. 2 € E,, for all (¥, D) = conv{(¥;, D;) :
i=1,...,vpn}tand w € W.

Invariance of E, implies that if 2 € E,, then 2™ € E, for all possible realizations of
the uncertainty, and particularly for all the extreme realizations. Thusif 1—z7P~1z >
0, then 1 — [z7UT + @T DT\ P~ [W;2 + Dyi;] > 0, for i =1,...,0m, j=1,...,0,.
Then, for each combination of (i,75), 1 — 27 P~'2 > 0 implies a single inequality, and

according to the S-procedure applied to only two inequalities
1-— [ZT\IflT + IT);TDZT]Pil[\DzZ + Dl’lf)j] > Oé@j(l — ZTpil,Z) (518)

is a necessary condition for each i =1,...,v,,, j =1,...,1, Replacing o;; by their

minimum value, «, yields that (5.17) is a necessary condition for the invariance of
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E,.
It will be proved now that (5.17) is equivalent to (5.16), and thus (5.16) is equiv-

alent to the invariance of F,. Condition (5.17) can be re-written as

T
2| |aP™' = 9T Py, — U7 P~ Dy - i=1,...,Upn,
> 0,
1 % 1—a—afDIP'Dap; | |1 j=1,...,v,,
(5.19)
which implies that
aPt — U Py, —UT P~ Dy i=1,. Unm,
=0, (5.20)
* 1l—a-— 11~J;*~FDT]3_1D,7JJJ j=1,...,1,
In turn, (5.20) can be re-written as
aP™t 0 vl ) 3 i=1,...,Un,
- | P {\If Diw]l =0, (5.21)
0 1 -« @DJTDIT J=1.. v,
which by Schur complementation, provided that P~! = 0, is equivalent to
P U, D
1=1,...,Un,
x aP! 0 = 0, (5.22)
J=1... v

* * 1—«

Finally, (5.16) is obtained by left and right multiplying (5.22) by a block diagonal
symmetric matrix whose diagonal blocks are I, P and 1, thus proving the desired

result. ]

Theorem 5.1 exploits the polytopic nature of w and avoids the bounding via
wlRw < tr(Ry), i = 1,...,Vp, of [34] which introduces an extra inequality for

each 7, thereby leading to sufficient only conditions. Below it is proved that for
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W = {w: ||w||lw < 1} the condition of [34], (5.14), with a single o parameter, is

necessary and sufficient for invariance.

Corollary 5.2. For W = {w : |wl|| < 1}, the ellipsoid E, = {z : TP~z <1},
with P > 0, is robustly positively invariant under (5.12) and (5.13) if, and only
if there exist diagonal matrices R;, 1 = 1,..., v, with non-negative elements and a

non-negative scalar o such that

P U,P D
x aP 0|20, tr(R)<1l—q,i=1,...,uy (5.23)

Proof. From the proof of Theorem 5.1 it follows that the invariance of E,, if P! —

UIP~10; = 0, is equivalent to

aP~t — ¢ Py, — U7 P! Dy
o B =0, i1=1,....vp, 7=1,...,1,
* 1—a— ’LDjTDZ P_lDﬂI)j
(5.24)
which, by Schur complements, is equivalent to
VTR <1—a, i=1,...,0m, j=1,...,1, (5.25)

R, =DY(P 4+ P U [aP — 0P WP YD, i=1,.. v,  (5.26)

The treatment when aP~!—W? P~1¥; = ( is similar but deploys a Schur complemeta-
tion (e.g. see [13]) that is based on the generalized Moore-Penrose inverse.
Since the elements of w; are £1 it follows that the sum of the absolute values of

the elements of R; is less than 1 —« and so there exist non-negative diagonal matrices
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R; such that

Nw

[Rilpp = > |[Rilpa|» i=1.. v, p=1,....ny (5.27)
q=1
W Ry <1—a, i=1,...vm j=1,... v, (5.28)

where [(-)],.4 denotes the element of (-). By (5.27) R; — R; is diagonally dominant so
then its eigenvalues are non-negative, thus R; > R;. This, with aP~' = W7 P10, » 0,
implies that

R. D, P'v,

=0, i=1,..vm j=1,... v (5.29)

x aP™l—0TpP-ly,
However (5.28) implies that tr(R;) < 1 — « and (5.29) can be shown (by appropriate
Schur complements) to be equivalent to the LMI in (5.23), so that the invariance of
E. implies (5.23).

The converse is also true because (5.23) implies R; = R; and w € {w: w'Rw <
1—a, i=1,...,v,}. However, because tr(R;) < 1—«a, {w: w'Rw <1, i =
1,...,vn} is a set that contains the polytope {w : ||w||s < 1}. It therefore follows
that (5.25) will be satisfied, which is equivalent to (5.24) (for P~ — U7 P~1¥; = 0),

which by Theorem 5.1 is equivalent to invariance of E, . O]

P, L, M;, S;, are chosen to maximize log det (T7 PT) subject to (5.15) and either
of (5.16) or (5.23). When using (5.16) instead of (5.23) one does not need the degrees
of freedom contained in R;, but (5.16) implies v, BMIs for each i, i = 1,... v,,. It
is noted that (5.16) allows the consideration of the polytopic class for w of (5.2b)
whereas (5.23) addresses the special case of W = {w : ||w]|s < 1}.

As in Section 5.2, this optimization is non-convex because (5.16) and (5.23) are

BMIs in P, L, M;, S; for a fixed a. However, it was shown in [19] that the problem can
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be convexified through the use of a transformation based on that proposed in [83]. The
details of such transformation for (5.15) and (5.16) and the resulting optimization that
is used for finding the parameters of the optimized polytopic dynamics are provided

in the appendix to this chapter (Appendix A).

5.4 The online robust MPC strategy

The MPC strategy of [34] has two possible settings. The first uses the optimized
dynamics of [19] extended with static disturbance feedback and optimizes online a
predicted cost over vy, such that z;; € P.. The second uses the dual-mode prediction
paradigm where the optimized dynamics are deployed in Mode 2 and an affine-in-
the-disturbances control policy [38] is used in Mode 1. To handle constraints in
Mode 1, [34] assumes that the multiplicative uncertainty is known as a function of
time over Mode 1. The MPC scheme proposed in this chapter is also based on the
dual-mode prediction paradigm but does not require knowledge of the multiplicative
uncertainty over Mode 1. It uses the optimized polytopic dynamics throughout the
infinite prediction horizon, and adds degrees of freedom in the form of perturbations
on the control moves in Mode 1. Constraints are handled for the case when both the
multiplicative and additive uncertainty are unknown through the use of a variation of
Farkas’ Lemma [31], [39] which enables the definition of tubes for the predictions. An
Hoo type of cost is also considered, and the conditions invoked for the definition of

an upper bound on the predicted cost are shown to be both necessary and sufficient.

5.4.1 The control policy and constraints

The MPC strategy developed here considers a control policy with predicted inputs
as in (5.12a), with n, = n, but additional degrees of freedom are included in Mode 1

in the form of perturbations ci ik, & = 0,..., N — 1. The predicted inputs are then
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given by

ut+k|t = K:L‘t-‘rk:‘t + Lvt_;'_k‘t + Ct—‘rk‘t; k= 0, ...N — 1, (530&)

Upyklt = KTk + Logp, k> N, (5.30Db)

where the controller state vy evolves as in (5.12b).

Although the design described in the previous section yields invariant ellipsoids
with maximum volume, in which case the additional ¢,y do not bring benefits in
terms of domain of attraction, here consideration is given to polyhedral constraints,
in which case the additional ¢4 do bring benefits.

To account for constraints without introducing conservativeness, one must deter-
mine the regions where the predicted states and inputs will lie. Finding the exact
regions however would lead to an exponential growth in computation. A strategy for
the satisfaction of constraints while avoiding this problem was considered in [32] for
systems with multiplicative uncertainty only. An extension of the technique of [32] is
deployed here for the case of multiplicative and additive uncertainty in the presence
of optimized polytopic controller dynamics.

An alternative (equivalent) description of the multiplicative uncertainty is con-
sidered. Let W), B(O), DO be the nominal values of Uik, Bt+k, Dt+k7 where
Bix = [BL,, 017, and let AY = ¥, — 0O AP = B, — BO AP = D, — D©. Then

the uncertain system matrices Wy.y, Byyr, Dips of the dynamics of (5.13) satisfy:

\I/t—&-k: - \IJ(O) + A;Ij-&-k’ Bt—l—k = B(O) + Aik? Dt-i-k = D(O) + AtD-i—k’ (5 31)
(Ag—k?Agk?Ag—k) € CODV{(A;P>A§7A?) D= 17 . '7Vm}'

The dynamics of (5.13) are suitably modified to include the perturbations c p,

and are split into “certain” and “uncertain” dynamics as:
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Ty
Xtt + €t = ) (5.32a)
Vgt
Xttk+1]t = \I’(O)Xt+k|t + B(O)Ct+k|t, k=0,...,N—1,
(5.32b)
Xesr1it = U OXernes k>N, (5.32¢)
eriatie = Verneorne + AlpeXernlt + AfopCorntt + Desrwrsr, k=0,...,N—1,
(5.32d)
Cirhtlt = VigrCoyr)e + A;Il+kXt+k|t + Dt+kwt+ka k>N, (5.32e)

where X4k, and e,y are the certain and uncertain components of the predictions,

respectively. Thus the predicted state and controller state are xuix¢ + €rprr =

[:cak‘t, U)ZFW]T, and the predicted inputs of (5.30) are given by

Ukt = [K L] (Xt+k\t + €t+k|t) + Criklt k=0,...,N—1, (5333)

Ueikle = [ L) (Xenie + €rvne); k> N. (5.33b)

Using 1-step-ahead calculations it is possible to find a tube for the augmented state
of (5.32) that makes the predictions for the “uncertain” e, all lie inside polytopic

cross-sections of the type

(i) = {e: Ve < B, (5.34)

where V' € R™*2" provided that the initial uncertain state satisfies eye € TL(Bypr).

This constraint can be expressed as

Ve < By (5.35)
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Then, only the initial uncertain state e;;, and the sequences of xyx¢, Bi4x)e and
Ce4k|¢ are variables in the online optimization problem.
The following variation of Farkas’ Lemma [31], [39] is key for the analysis to be

presented.

Lemma 5.3. Given two polytopic sets Py = {zx : Fla < ¢g'} and Py = {z: F?z <
g%}, the inclusion Py C Py holds if, and only if there exists a nonnegative matriz H

such that
HF!' = F?
(5.36)
Hgl < g2.

Theorem 5.4. If ;4 € H(ﬁt+k|t); then e g1 € H(5t+k+1|t)7 k=0,....N =1, 4

there exist non-negative matrices H; ;, i =1,... vy, j =1,...,1v, such that
Hi,;V =V(@O Al i=1, . U, j=1,... 1, (5.37)

H; iBeirt < Bryrrre —V (A?prkht + Afct+k|t) - VDw;, k=0,...,N—1,

t=1,.... 0, J=1,...,1,.

(5.38)

Proof. This follows directly from applying Lemma 5.3 to the polytopes II(Bi ) =
{e: Ve < Byt and {e: V(U'e + B’icﬁk‘t + D@-u?j) < Bigksp}, for i = 1,0, v,

i=1,... v, 0

Using Theorem 5.4 it is possible to constrain the initial condition, vy, and the
degrees of freedom ¢,y so that the cross-sections II(f; k) are such that Fa, g +

Guyppy <1for k=0,...,N —1.

Corollary 5.5. If exipp € H(Bryrp)for k = 0,...,N — 1, the predictions of (5.32)

satisfy constraints (5.4) if there exists a non-negative matrix H such that

HV =[F+GK GIL), (5.39)
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HBiiwy <1—[F+GK GLIXtwhit — Gerpp, k=0,...,N—1 (5.40)

Proof. This corollary follows from a direct application of Lemma 5.3 for the polytopes
H(Brsrp) = {e: Ve < Bt and {e 1 F(Xearpte) +G([K L]xeqrpetetcore) < 1},
where F'(Xutk)e + €tije) + G L)Xtk + €rqrje + Ceyre) < 1is the condition that is

required for the satisfaction of constraints (5.4). O

As usual in MPC, consideration is given to the dual-mode prediction paradigm
whereby a terminal set is used in order to guarantee satisfaction of the constraints in

Mode 2. Instead of the invariant ellipsoid F., the polytopic set

Hf = {Z : VfZ < l}, (5.41)

is considered, where II; is the maximal robust positively invariant set [12] of the
dynamics of (5.13) subject to constraint (5.4). This guarantees that the predictions
satisfy constraints in Mode 2.

Using Theorem 5.4, as in Corollary 5.5, it is possible to constrain the initial
condition, vy, and the degrees of freedom c¢;;; so that the cross-section (B v NJt) 18

such that X e @ H(Byne) € Iy

Corollary 5.6. For ey ni € H(Biyny) the predictions of (5.32) satisfy constraints

Xe+kle + €k € Iy if there exists a non-negative matriz Hy such that

HV =V, (5.42)

HeByvrye < 1 — Vixeenye- (5.43)

Remark 5.7. The conditions of Theorem 5.4, Corollary 5.5 and Corollary 5.6 would
be necessary as well as sufficient of H, H; ;, Hy were computed online and were per-

mitted to be different for each prediction instant (since, in order to be necessary
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conditions, they would have to depend on Xiirp and ciypy). However, for reasons of
practical implementation V, H, Hy, H; ; are computed offline. In the interest of re-
laxing the constraints on the degrees of freedom (i.e. (5.38), (5.40) and (5.43)) a
sensible way to choose H,Hy¢, H; ; is to minimize their induced l norm subject to
(5.37), (5.39) and (5.42), respectively. In this selection H;; does not depend on 1,
and thus, in the sequel H; ; will be replaced by H;. Then, for all practical purposes,
(5.38) can be replaced by

HiBiyrie < Brorrae —V (A:'I}Xt—l—k\t + AzBCt—i-Ht) —d;, k=0,...,N—1,

_ T _ M. C_
Here d; = [d;q,...,d;n,]", where d;), = max;—y,__,, V,Djw; € R™Y fori=1,... vy

andp=1,...,ny.

The offline computation of H;, H, H;, and V matrices does not take explicit
account of the initial condition z; and therefore will result in a certain degree of
conservativeness. This implies that the terminal condition (5.43) is only sufficient
but not necessary for z,, |, € II;. Thus, although the satisfaction of (5.43) ensures
zien)e € 1y which in turn implies 2, y41 € IIy, it does not necessarily ensure
HiBrini1e < 1= Vixerns1pe- As aresult condition (5.43) is not necessarily invariant,
and therefore an MPC strategy using only that constraint as a terminal condition
would not necessarily be recursively feasible.

Some approaches have been proposed to overcome this problem [27], [33]. Here,
consideration will be given to the one presented in [33]. This approach was presented
for systems with multiplicative uncertainty only, and here it is extended to systems
with additive uncertainty as well. Following the ideas of [35], instead of a terminal
invariant set for both X1 and 344, the constraints are enforced explicitly in Mode

2 with (5.38) and (5.40) for k = N,..., N + N, — 1, where ¢y = 0 and N, is such
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that, with some additional terminal conditions, (5.4) is guaranteed to be satisfied from

the prediction instant N + Ny onwards. This is summarized in the next theorem.

Theorem 5.8. The predictions of (5.32) satisfy constraints (5.4) for k > N if

HiBtJrk\t < ﬁt+k+1\t - VA;II(‘I’(O))]%NXHNH —di, =1, vy, (5 45)

k=N, ..,N+N,—1,
HBype <L —[F+GK,GKJ(W O Ny v, k=N,... . N+Ny—1, (5.46)
Xt+N|t c Hf, (547)

||Bt+N+N2‘t - ﬂoo”oo S 67 (548)

where PBoo = limy_,o Br such that By satisfies the dynamics

/Bk-+1 =  max {Hzﬂk + dz}, (549)

=1,..., Vm

and Ny > 0 s large enough such that § > 0 satisfies

a
5> 5.50
ST (5.50)
5 < L=l (5.51)
= Hlls

.....

1 and b = maxxe(q,<0))w2nf{Hﬂoo -+ [F -+ GK, GL]X} L

Proof. The satisfaction of (5.4) for k = N,..., N+ Ny — 1 follows from (5.45), (5.46)
and the same analysis as in Corollary 5.5.
Condition (5.47) implies directly that xeininye = (V) V2xy i ne € (UO)N2]T,

and due to the invariance of Ily it implies that xipninytre = (\IJ(O))NZJ“’“XHNH €

!max is applied row-wise everywhere in Theorem 5.8
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(WO)NTT, for all k = 0,1,.... Condition (5.48) on the other hand is not inherently
invariant, but (5.50) and the invariance of x;nyn, 44 € (P(?)N2I1; make it invariant,
as will be shown next. Note that (5.38) induces the following dynamics for B,
for k > N: Brypirp = maxy(H; B + VAL Xk + di), from which B py1je — Boo =
maxi((Hi—I)BOO+Hi(ﬁt+k|t—ﬂoo)—l—VAl‘-I’XHk‘t—l—di). Considering the infinity norm and
applying the triangular inequality, this yields yields for & = 0,1, ... || Bt N4 Notkt1)t —
Boolloo < Ilmaxi((H; — I)Boo + VA Xer N4 No-tie + dil | + 1 Hi(Bea v+ Ny k1 — Boo) ||, and
since Xepningrke = (PO oy, vy € (PO)MTT; for k = 0,1,... it follows that
B4 NNy k111t — Boolloo < @+ hd, which by condition (5.50) gives ||Bys NN rt1) —
Boolloe < a+hd < 6. This proves that if || B vyt — Boolloe < 6 then || By g nytre —
Boolloo < 0 forall k =0,1,....

Satisfaction of (5.51) and (5.48), by using its invariance, imply that for k =
0,1, 1> H oo+ 18 oe > 11 F el 1B = Boel oo Bl > 1 B skt
HpBoo|loo + |b]|o0, Which in conjunction with (5.47), and its invariance, imply 1 >
[ H B N4 Nkt — H Bool oo + || H Boo + [F + GK, GLIXi4 N4 Ny ke oo = [ H Bro Ny Ny rfe +
[F'+ GK, GLIXt4 NNyt kil oo Thus H By Ny Nyrk + [F + GK, GLIX 4 Ny Ny ae < 1 for
k = 0,1,..., which as in Corollary 5.5 guarantees the satisfaction of (5.4) beyond
N + Ns. O

For computational convenience, N, will be chosen as the minimal value such that
there exists 0 so that (5.50) and (5.51) are satisfied. Then, for this value of Ny, §
is chosen to be the maximum value such that (5.50) and (5.51) are satisfied. Note
that these conditions do not depend on N, and as a result the design of Ny does not

depend on N.
5.4.1.1 On the design of H, H; and V'
As pointed out in Remark 5.7, H, H; and V are to be designed offline (note that

Hy is not included here because constraints in Mode 2 will be ensured in a different
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way). In the case of H and H;, they are designed to have a minimal induced [,

norm subject to (5.37) and (5.39), respectively. For a fixed V, this can be achieved

by solving a sequence of LPs as shown next.

Algorithm 5.9. Design of H.
1. Forl=1,...,n., solve the LP problem

ny
mz’n}z;mize E him
l

m=1

subject to hV = E, 1=1,...,n.,

him >0, 1l=1...,n,m=1,...

» v,

(5.52)

where by = [hya, ..., o] € R and F, denotes the 1-th row of F = [F +

GK,GL)].

2. H 1s given by

Algorithm 5.10. Design of H;.

1. Forl=1,... ny, solve the LP problem

MANIMize E him

hy

subject to bV =V¥,;, I=1,..., ny,

him >0, l=1,...,ny, m=1,...
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where hy = [hi1, ..., hyp, | € RY™™ and V; denotes the l-th row of V.

2. H; is given by
h
H=1":1. (5.55)

In order to get some insight for the design of V' note the following. A necessary
condition for the stability of the § dynamics is that all the eigenvalues of all H;
are inside the unit circle. Furthermore, the smaller the eigenvalues, the tighter the
bounding of the uncertainty e, as per (5.34), will be. Additionally, from condition
(5.50) it is necessary that the induced [, norm of all H; is less than 1, and, the
smaller this norm is, the more relaxed (5.50) will be. However, V' and H; are related

as shown next.

Theorem 5.11. If H; is designed as in Algorithm 5.10, then it satisfies

| Hillso = A, (5.56a)

p(H,) < A, (5.56b)

where p(-) denotes the spectral radius and X\ is the minimum value such thatV = {z :

Vz < 1} is a A-contractive set for the system zt = Wz,

Proof. From [12] (Proposition 7.23) V is a A-contractive set for system z* = Wz if
and only if there exists a matrix M; > 0 such that M;V = VW, and M;1 < A\1. The
last condition is equivalent to ||M;||.c < A. But the design of H; in Algorithm 5.10
gives a minimum infinity norm H; such that the H; > 0 and H;V = VW,. Then
clearly ||H;||co = A where A is the minimum value such that V is A-contractive.
(5.56b) follows from the fact that p(X) < || X|| for any square and real matrix

X. [l
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Remark 5.12. Based on Theorem 5.11 and on testing for different systems, it is
convenient to choose V' as the matrix such that V is the mazimal invariant set for
system 2+ = (1/\) Wz, o(¥) < XA < 1 where o denotes the joint spectral radius, under
the box constraints —1 < z < 1. This guarantees that the set {z : Vz < 1} is
A-contractive for system 2+t = Wz, with A < X and then ||Hi||o = X and p(H;) < \.
Smaller values of X make (5.34) tighter and (5.50) more relazed, but the number of
facets in V' (and therefore the number of variables in By i) will increase. \ is then
chosen as a sensible compromise between the tightness of (5.34) and relazation of

(5.50), and limiting the number of rows in V.

5.4.2 Cost function

Consideration is given to the worst-case Ho, type of cost

J(&pr) =~ max Z(xtT+k\tQ$t+k|t + UtT+k|tRUt+k|t - 72th+kwt+k), (5.57)
(A,B,Dw)r o £~

where @, R > 0 and v > 0.

For this strategy, the prediction dynamics are generated more compactly as

Tt
£t|t = Vgt | >
(5.58)
C
Sttt = OrpnSoarle + DtJrkthrka k=0,1,2,...,
where
Ci|t ®, B,L B,E ~
Oy € conv{O;}, . D,
Ci = ) R R @Z = 0 Ml 0 ; D’L = )
Dy, € conv{D,}, 0
Ct+N—1]t 0 0 M
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and B € Rw>*Nnu N[ ¢ RNmuxNnu are given by

0 I 0
0 0 0
EZ[]O. o}, M=
I
0 0 0

where [ € R™"=*"w,
As in [19] and [34], since the exact evaluation of the cost (5.57) requires computa-
tion that grows exponentially with N, the online optimization is actually performed

by minimizing a quadratic upper bound.

Theorem 5.13. For a given v > 0, the quadratic cost

V(&) = fgtwfﬂt (5.59)

is an upper bound of the predicted cost of (5.57) such that

J (&) < LWy, (5.60)

where W = WT = 0, if, for all admissible (A, B, D)y and weyr of (5.2), the

quadratic bound satisfies for k =0,1,2,...

T T T T o T
St W &ttt — o)W ikttt 2> TopppQ@Tuskge + Upy g Rkt — 7 Wi g Wi, (5.61)

Furthermore, under the assumption that 0 € conv{w;,j =1,...,v,}, (5.61) holds

if, and only if W satisfies

W 0 er o| |w o| |e; D, Q 0 _
-1 - , i=1,...,vy, (5.62)
0 0 DT 1| |o oo I 0 —2I
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where I 1s the identity matriz in R™*™ and

Q+ KT'RK KTRL KTRE

O
I

* LTRL. LTRE
* * ETRE

Proof. The cost bound of (5.60) follows from summing (5.61) for each prediction time
from current time to infinity.

Condition (5.61) can be rewritten as

&L W Eintt — (Wepnernpe + Dy swer i) "W (W koage + Dispwers) >

T A 2. T
ft+k|tht+k|t = Y Wiy Witk

which is equivalent to

W—0~L We,,—0Q —-6r WD ¢
{&Tm wtﬂk} e e TS0 (5.63)
* ’)/2] — DZ}-kW‘Dt-i-k Witk
for all admissible (Ayix, Bitk, Ditk) and wyyy. Since 0 € conv{w; : j = 1,...,1,}

this implies that the matrix in (5.63) is positive semi-definite, and by re-arranging

terms this is equivalent to

W 0 oL, 0| |W 0| |6uk D 1@ o

0 ol DL, 1l|o ol o 1| |0 —2

which, by convexity, is equivalent to (5.62) which invokes the above inequality at the

vertices of the admissible (A, B, D). O

Remark 5.14. Condition (5.62) in Theorem 5.13 is necessary and sufficient for
(5.61), unlike the LMI of [34] which is reported to be only sufficient for (5.61). It

should be noted however that condition (5.62) is equivalent to the LMI in [34] (which
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can be proved by a procedure based on Schur complementation), and therefore the

condition in [34] is in fact both necessary and sufficient.

Remark 5.15. v has the interpretation of a bound on the induced ly norm from the
disturbance to an output given by y = [¢7Q2 uTRz2]T when (5.61) is satisfied, and
should be made as small as possible, e.g. by minimizing v subject to (5.62). On the
other hand, in the interest of reducing the upper bound on the minimaz cost in (5.60),
a convenient procedure is to minimize tr(W) subject to (5.62). One could also attempt
to reduce this bound on the cost subject to v being smaller than some upper bound.
A compromise then is needed here between the disturbance rejection parameter v and
the tightness of the upper bound on the cost in (5.60). Note also that the minimum
attainable value of v depends on the matrices of the optimized polytopic dynamics
M;, S;, L and on the state feedback K. Therefore, in the case that the minimum value
of v is not satisfactory, one could use the method of [34] which determines M;,S;, L

along with v, while constraining v to be smaller than a given satisfactory upper bound.

Remark 5.16. W is positive definite because the top left block of (5.62) yields W —
eof'we, = Q, where Q is positive definite and © (and ©;) is stable. Since the cost of
(5.57) is always equal or greater than zero and the uppper bound is zero when initial

augmented state is £ = 0, it is clear that the bound is tight at least for this case.

5.4.3 Overall MPC algorithm and properties

The offline designs in this RMPC strategy as described in Section 5.4.1 are summa-

rized in the next Algorithm.

Algorithm 5.17 (Offline). (i) Design the state feedback gain K to be optimal in
some sense (e.g. LQR for the nominal system description). (ii) Design L, M;, S;, i =
1,...,vm by mazimization of logdet(TT PT) s.t. (5.15) and (5.16) via the reformu-
lated problem of (Ab) as presented in Appendiz A. (iii) Choose A and then set V to

be the mazimal invariant set for system z* = (1/A\)Vz, o(¥) < X < 1, under the
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boz constraints —1 < z < 1. (iv) Compute H and H;, i = 1,..., vy, according to

Algorithms 5.9 and 5.10, respectively. (v) Select the minimum Ny for which there
exists § such that (5.50) and (5.51) are satisfied. Then, for that value of N, select
the mazimum value of 0 such that (5.50) and (5.51) are satisfied. (vi) Compute W

as per Remark 5.15. (vii) Choose N.

The online stage of the RMPC strategy is analysed next.

The vector of decision variables in the online optimization, d, consists of e, the

sequences (in vectorized form) x, = {xst,- -, Xexnpe} and By, = {Bjes - - -5 BN+ Naft )

and the vector ¢;. The set of admissible variables D(x) is given by
D(x) ={d : (5.32b),(5.35),(5.40),(5.44),(5.45),(5.46),(5.47),(5.48) hold}, (5.64)
and the domain of attraction is given by
X ={x: D(z) #0}. (5.65)

The online procedure consists of solving the optimal control problem P(x;) that

is defined by

VO(x,) = mdin V([Xat, c1h),st. d € D(xy), (5.66a)

d’(z;) = argmdin V([X£t7 c/1h),st. de€D(x). (5.66b)
Then, the RMPC control law is given by
K (2,) = Ky + Lv,?‘t(:vt) + c(t)‘t(xt), (5.67)

where vy, (z;) = [0 I](efj,(z¢) + xjj,(24)) according to (5.32a), and e, (), xj, ()

and ¢ (z;) are part of the optimal d°(z;). The control input at time ¢ is then given

it
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by us == k% (xy).

The optimal control problem P(x;) can be formulated as the QP:

minimize
d

V([z), vy e/ ")

subject to Xt+k+1t = ‘D(O)Xt+k|t + B(O)Ct+k|t7 k=0,...,N—1,

Vet\t < Bt|ta

it + € = =], Uﬁt]T>

HiBrike < Bearrre —V (A?Xtﬂc\t + Afécuk\t) — V Dwj,
k=0, . N=1,i=1,... v,

HiBrine < Brrrsre — VAT (WO Ny v — i,

k=N,....N4+No—1,i=1,... 0,

Hpyne <1~ [F + GK, GLXsnpt — Gernpn k=0, . N—1,

HBiigy < 1—[F+GK,GL(T)" Ny np, k=N, ...,N + Ny — 1,

Vixeenie < 1,

6t+N+N2|t - Boo < 517

Boo = Bign+nlt < 01,
(5.68)

This is a QP with n,q. = N(4n +ny +n,) + Nany + 2n + ny variables subject to

Nineq = N (21 + Vpyny + 1) + No(vimny +ne) + ny + 4ny inequalities, and n., = 2nN

equalities with ny and ny being the number of rows in V' and V7, respectively. Clearly

Nyar AN Neops = Nineg + Neq grow linearly with V.

Theorem 5.18. For system (5.1), the closed-loop application of the control law of

(5.67) guarantees feasibility of (5.4), that the optimal control problem of (5.66) is

recursively feasible and that X is invariant.

Proof. The candidate solution at time ¢ + 1, d, is built from the optimal solution at
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time ¢, d°(z;) according to the receding horizon strategy such that

Crapr = Wieq () + AN (1) + Dywy, (5.69a)
Ntttk = Xoprra (), k=0,...,N—1, (5.69Db)
Xerrenerr = % vie(), (5.69¢)
Cortiklirr = Cpppre(Te), k=0,...,N =2, (5.69d)
N1 = 0, (5.69¢)
Brstintrr = Bhrip(@),  k=0,... N+ No—1, (5.69f)

Bt+1+N+N2|t+1 = hax Hiﬁ?—f—N—f—Ngﬁ(xt) + VA;'IJ(‘I’(O))erX;HN\t + d;. (5.69g)

i=1,..., Vm

This construction is such that d satisfies (5.32b), (5.44) and (5.45). Additionally
from Theorem 5.4, the fact that d°(z;) satisfies (5.44) for k = 0 implies that e, 1, €
H(6?+1It(xt)), and by construction €.,1j141 € H(ﬁfﬂ‘t(xt)) so that d satisfies (5.35).

As indicated in Theorem 5.8, conditions (5.47) and (5.48) are invariant provided
that (5.50) holds, and then if d°(z;) satisfies them it follows that X;i1+np41 =
‘I’(O)X?+N|t(37t) € s and ||Brynynyr1je — Bool| < 6 where Biy Nyt = gt+1+N+N2\t+1-
Thus d satisfies (5.47) and (5.48).

By inspection d satisfies (5.40) and (5.46) for k = N+1,..., N+ N,—2. However,
since d°(z;) satisfies (5.47) and (5.48) it follows that d°(x;) satisfies (5.46) for k =
N + Ny, and then d satisfies (5.46) for k = N + N, — 1.

Finally, d is a feasible vector of decision variables for the optimal problem P(x44q)
provided that P(x;) was feasible. Then, by a recursive argument, it can be established
that the problem of 5.66 will remain feasible for all future instants. Invariance of X
follows directly. Satisfaction of (4.3) follows from the satisfaction of (5.40) at each

instant and Corollary 5.5. O

Theorem 5.19. For system (5.1), the closed-loop application of the control law of

(5.67) guarantees the upper bound for the closed-loop behaviour of system (5.1) given
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by
> (2] Qi + uf Ruy — v wiwy) < & (w0) " WE (o). (5.70)

=0
Proof. The candidate solution at time ¢+ 1, El, that is built from the optimal solution
at time ¢, d°(x;) according to (5.69) is guaranteed to be feasible as shown in Theorem

5.18. Additionally, the predicted cost satisfies by construction

ggt(mt)TW€i)|t(xt) - €?+1|t+1(It)TW§?+1|t+1(xt) >

(2] Qry + KO ()T R () — v*w]wy)
which, when summed from 0 to oo, yields the desired result of (5.70). [

The dependence of the domain of attraction X on the horizon NNV is studied next;
as in Chapter 4 this dependence is now made explicit by denoting the domain of
attraction as Xy. Note that as stated in Section 5.4.1 Algorithm 5.17 the choice of
N5 depends directly on the system and the selections of V, H, H;. Because of this, the

dependence on N, is not studied.

Theorem 5.20. For fized § and Ny such that (5.50) and (5.51) are satisfied, the

domain of attraction of system (5.1) under the control law of (5.67) satisfies
Xy C Xnes, N=01,.... (5.71)

Proof. If x; € Xy then there exist vy, ey, Xy, B, and c; such that (5.32b), (5.35),
(5.40), (5.44), (5.45), (5.46), (5.47) and (5.48) are satisfied. The satisfaction of these

constraints is now analysed for the case N = N+1, where the sequences are extended

with Xk:-i—N\t = \I](O)Xt+N|t7 6,5+]\7+N2|t = Z:rlna)f/ Hiﬁt+N+N2|t + VA?(@(O))NZXtJFN“ + dz
and CreN_ip = 0.
Conditions (5.32b) and (5.35) are trivially satisfied. Satisfaction of (5.44) and

(5.45) when using N guarantees the satisfaction of (5.44) and of (5.45) for k =
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N,..., N4+ N,—1. However, as indicated in Theorem 5.8, conditions (5.47) and (5.48)
are invariant provided that (5.50) holds, so then they are satisfied for N with y, A=
is such that (5.45) is satisfied for k = N + Ny = N + Ny — 1.

Likewise, satisfaction of (5.40) and (5.46) when using N directly guarantees the
satisfaction, when using N, of (5.40) and of (5.46) for k = N,...,N + N, — 2.
However, satisfaction of (5.47) and (5.48) when using N, provided that (5.51) holds,
implies that (5.46) is satisfied for k = N 4+ Ny = N+ N, —1. As a result, the optimal

control problem P(x) is feasible when using N = N+1, which yields Xy C X Ni1. O

5.5 Simulation results

Consider the system defined by

—1.751 —0.624 —1.549 —0.624 1.558 1.790
1= , Ay = , B = , By =
—1.432  0.474 —1.432 0.474 1.317 1.593
with Dy = Dy = 0.11549, and subject to the input constraint |u,| < 1.

The following selections are made for performing the offline design of Algorithm
5.17. The state feedback gain K is chosen to be the LQ optimal for the nominal
system, given by the average of (A;, B1) and (Ag, By) and w;, = 0 for all ¢, where
Q = Ioxo and R = 0.01 are used for this LQ design and the cost of (5.57). According
to Remark 5.15, v is fixed at its minimum value for which (5.62) has a solution for W,
and for this value of v, then W is chosen to have minimum trace, subject to (5.62).
A = 0.89, and as a result V is such that VV € R?6x4,

The domain of attraction of the proposed strategy is computed for different values
of N, and their areas A(Xy) are displayed in Table 5.1.

It can be seen from Table 5.1 that larger domains of attraction can be obtained as

N increases and this comes at the cost of a linear increase in the number of variables
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N 0 1 2 3 4 5) 6
Area 144.8 161.0 1743 183.6 1884 190.3 191.7
Vars 134 169 204 239 274 309 344
Ineqs 340 398 456 514 572 630 688

Eqgs 0 4 8 12 16 20 24

Table 5.1: Domain of Attraction and computational aspects

and constraints in the online optimization problem.

It is worth noting that the projection on the z-space of Il is the area of the
domain of attraction of the strategy where only the optimized polytopic dynamics
are used, with no additional degrees of freedom, and the constraints are guaranteed
by imposing that the augmented state is inside II; (as in Section III of [34]). This
area is A(Proj,(Ily)) = 161.5. Clearly A(X,) < A(Proj,(Ilf)), which is a consequence
of the fact that the strategy to guarantee the feasibility of the predictions is based on
Lemma 5.3 which introduces a degree of conservativeness. However, the introduction
of the degrees of freedom in c¢; improves the domain of attraction so as to make it
bigger than Proj, (IIy).

For N = 4, Figure 5.1a presents state space trajectories for 50 different realizations
of the uncertainty and Figure 5.1b presents the level of satisfaction of the constraints.
These show how the domain of attraction is an invariant set guaranteeing constraint
satisfaction despite the presence of multiplicative and additive uncertainty:.

For comparison purposes, consider a strategy where the predicted control policy
is given by wry = KTy + Coqrpe, for B =0,..., N — 1 and wyp)y = Kxppp for
k > N, and the constraints are satisfied by imposing that z, = [z], ¢ ]" is inside the
maximal invariant set for the augmented dynamics of z;. The areas of the domains
of attraction obtained with this strategy, the number of variables and the number
of inequalities of this strategy (which has no equality constraints) are presented in
Table 5.2. It can be seen that the size of the domain of the domain of attraction
for any N < 12 is less than what can be obtained with the optimized dynamics for

any N < 6. Although N could be potentially increased over 12, with which one
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0.8
0.6
0.4

max(lka+Guk|)

0.2

-0.2
0

Figure 5.1: Closed-loop trajectories of (a) x;, (b) max(|Fz; + Guyl), for 50 random
realizations of the uncertainty

might obtain larger domains of attraction than with the optimized dynamics, the

exponential growth of the number of constraints makes this impractical.

N 0 2 4 6 8 10 12
Area 4.881 11.632 20.755 33.607 51.547 76.028 108.589
Vars 0 2 4 6 8 10 12
Inegs 6 30 126 508 2020 7948 31260

Table 5.2: Domain of attraction and computational aspects for closed-loop paradigm

5.6 Conclusions

The approach of [19] for the optimization of prediction dynamics with the view to
maximizing the volume of invariant ellipsoids has been extended to the case of mixed
multiplicative and additive uncertainty. Like the approach presented in [34], this
extension deploys disturbance feedback but is shown to depend on conditions which
are both necessary and sufficient.

The optimized dynamics together with perturbations on the control laws over
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the first NV prediction steps are used to propose an effective prediction dual-mode
prediction based RMPC algorithm which does not rely on the restrictive assumption
that the future model uncertainty is known when predictions are made. The size of
the resulting online optimization problem grows linearly with the prediction horizon,
and it thus is suitable for large prediction horizons.

The optimized polytopic dynamics yield the largest ellipsoidal invariant set and
the addition of new degrees of freedom could not therefore increase the size of the el-
lipsoidal invariant set. However, the optimized polytopic dynamics are not necessarily
optimal in terms of polytopic invariant sets. Hence the use of polytopic constraints
gives space for the introduction of extra degrees of freedom in the control policy which
are used to improve the domain of attraction.

The strategy for constraint satisfaction uses the matrix V' which, as mentioned in
Remark 5.12, is selected to be the maximal invariant set for system 2+ = (1/\)¥z,
o(¥) < A < 1, under the box constraints —1 < z < 1. As discussed in that remark,
smaller A makes the bounding of the uncertainty e, as per (5.34), tighter. Additionally,
smaller A\ make (5.50) more relaxed. The effect of smaller \, however, is that V will
tend to have a greater number of rows and thus imply a greater number of constraints.
This is because the closer the eigenvalues of (1/A\)¥ are to 1, the maximal invariant
set above will have more inequalities. Then, for systems where o (V) is relatively large
(i.e. close to 1) the eigenvalues of (1/A)¥ will be close to 1, and thus V will involve
many rows and thereby rendering the RMPC strategy computationally expensive. In
this sense, the complexity of the strategy does not only depend on the prediction
horizons N and Ny, but also on the eigenvalues of the optimized polytopic dynamics.
This suggests two possible future research topics: that of finding alternatives for a
more convenient selection of V; or one that reduces the number of inequalities in, or
finds alternative ways to impose, conditions (5.44), (5.40), (5.45) and (5.46) so that

the computational demand of the implementation of the RMPC strategy is not so
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sensitive on the size of V.

Appendix A

To convexify the problem of selecting the P that maximizes the volume of the invariant

ellipsoid, E,, use is made of the parameterization

w U y v Iy
j = pl= Il = : (A1)

ur 9 Vv § 0o vt
(5.16) is post- and pre-multiplied by a block diagonal matrix and its transpose,
whose diagonal blocks are I, II, 1, and (5.15) is post- and pre-multiplied by a block di-
agonal matrix and its traspose, whose diagonal blocks are I, II. Such multiplications,

using that WY+UVT = I and UTY+QVT = 0, which follow from PP~! = P71P =1,

yield the equivalent LMIs, for fixed «, in terms of new free variables

W I aW4+BL o Dy, |
x Y I; Y&, (YD;+ S
* ok aw al 0 = 0, (A2)
* % * o 0

| x * * * 1l—« |

* 12% I = 0, (A3)

* * Yy

where the new free variables are defined by

L=1LU" T;=Y0,W+YBLU" +VMU’, S;=V5, (A4)

from which it is clear that the parameters S and Q play no direct role.
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Note that TPTT = W. Then, in order to find the maximum volume invariant

ellipsoid, one must solve the optimization problem

minimize logdetWV
YW, Z,S,LT o (A5)

subject to  (A2) and (A3).
Since « is a variable in the design of the polytopic dynamics the resulting conditions
are BMIs due to the bilinear terms a)V and o). One could solve the bilinear problem.
Instead, a different method is proposed here. A univariate search on « is performed,
where, on each iteration, an SDP is solved (which considers a fixed «), and stops
when no more progress is made (with respect to a given tolerance).

Once the problem is solved, one must find M;, S; and L. Note that (A1) implies

W= -VS W) U=-Y VS - VY V)L,

(AG)
Q= (S§-viy-ty!
and of these the first equation implies
VS W =y - W = RA*RT (AT)

with R, A defining the eigenvector/eigenvalue matrices of Y —W~!. The above implies

that
V=RASYV?, U=-Y'RAI — ARTYRA)TIS7/2, (A8)
Q=821 - ARTY'RA)"'S'?
Since § > 0 can be chosen freely, it is convenient to set & = rI with r being chosen
so as to improve the conditioning of P. A sensible choice is the maximum singular
value of ); this would avoid disparities in the volume of the projections of E, onto

x-space and v-space. Once S is chosen, V and U are given by (A8), and then M;, S;

and L can be obtained from (A4).
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Chapter 6

Striped affine-in-the-disturbances

compensation in Stochastic MPC

Stochastic MPC (SMPC) is a family of techniques that incorporates the stochas-
tic descriptions of the uncertainties for handling probabilistic constraints and using
more realistic probabilistic measures of performance. Recent SMPC developments,
however, only consider quasi closed-loop optimal control formulations, which can be
conservative. A closed-loop optimal control scheme in an SMPC context is adopted
in this chapter. Use is made of an affine-in-the-disturbances control policy, which like
in Chapter 4, has a striped structure such that it is applied over the entire prediction
horizon (extending over to infinity) thereby leading to a significant constraint relax-
ation. Two variations of the SMPC strategy are proposed: one where the relevant
gains of the control policy are optimized offline using a sequential procedure, and an-
other where the parameters of the control policy are optimized online. The benefits

of both variations are illustrated with simulation examples.
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6.1 Introduction

Robust MPC (RMPC) is a family of MPC strategies that preserve stability and
performance, while guaranteeing constraint satisfaction, for all possible realizations
of bounded uncertainties. However, RMPC only takes into account the bounds of the
uncertainties, and not their probabilistic distribution. Thus the optimizations can be
extremely conservative because the uncertainties near the bounds can be extremely
unlikely. Additionally, probabilistic constraints cannot be handled effectively if no
use is made of the probabilistic distribution of the uncertainty. For this reason,
stochastic MPC (SMPC) has emerged as a family of techniques that incorporates the
stochastic descriptions of the uncertainties for handling probabilistic constraints and
using more realistic probabilistic measures of the performance. Early works in this
area [57], [88], [89] considered these aspects, but the exploration of issues such as the
stability and feasibility of the closed-loop implementation was conducted later, e.g.
23], [49], [21]. These works however, only consider quasi closed-loop optimal control
formulations since no explicit disturbance compensation is performed. As it has been
largely discussed in this thesis, this can be conservative.

This chapter considers the application of disturbance compensation in a setting
of stochastic MPC (SMPC). It is shown that for a particular case the effect of the
disturbances, in what concerns to constraint satisfaction, can be eliminated. This is
achieved by an affine-in-the-disturbances control policy with a striped structure and
an infinite number of gains. Practical implementation motivates the use of a striped
affine-in-the-disturbances policy with a finite number of gains, such that the distur-
bance compensation extends through the infinite prediction horizon. This makes the
constraints in the far horizon be more relaxed, thus improving the domain of attrac-
tion. The number of degrees of freedom of this control policy grows linearly with the

prediction horizon, which is a slower rate than for other control policies [58][38][73],
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thus reducing the computational burden for larger values of N.

Two strategies are proposed in this chapter. In the first the gains of the predicted
control policy are optimized offline via a sequential procedure so as to improve the
constraint tightening. On account of the offline design, this strategy has the same
computational complexity as the strategy of [49], where the number of variables and
constraints grows linearly with the prediction horizon. Additionally, the same ideas
can be used to guarantee constraint satisfaction and recursive feasibility. In the second
strategy all the parameters of the policy are found in the online optimization. It is
shown that the striped affine-in-the-disturbances policy used here is a particular case
of the control policy used in Chapter 4, and thus the ideas of Chapter 4 are used for
guaranteeing constraint satisfaction. However, the implementation of these ideas is
suitably modified for improved computational efficiency by exploiting the fact that
the predicted policy is an affine function of the disturbances.

It is shown by means of numerical simulation that both strategies have improved
control authority with respect to the strategy with a quasi closed-loop policy of [49],
which is reflected in greater domains of attraction. Additionally, although one might
expect the second strategy to have greater control authority on account of the online
optimization of the gains, the ideas of Chapter 4 for ensuring constraint satisfaction
use certain conditions that impose conservativeness. This implies that depending on
the system any of the strategies could provide a better domain of attraction for a
given prediction horizon.

The basic SMPC problem is defined in Section 6.2. Section 6.3 presents a par-
ticular system setting where the effect of the disturbances with respect to constraint
satisfaction can be eliminated, and this is used as a motivation to introduce the
striped affine-in-the-disturbances policy. The first proposed strategy is developed in
Section 6.4 and the second proposed strategy is developed in Section 6.5. Section 6.7

concludes the chapter after the description of an illustrative example in Section 6.6.
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6.2 System description and background

Consider a linear, time-invariant, discrete time system with additive disturbances
xt-{-l = A.Tt + But + Wy, (6].)

where z; € R", wy € W C R™, and u; € R™ are the state, disturbance and control
input at time ¢. The additive disturbance sequence {wg,ws, ...} is assumed to be
independent and identically distributed (i.i.d.), the elements of w; are independent
and w; has a known distribution with zero mean, variance ¥ and symmetric finite
support:

W={w: —w <w <w}, (6.2)

where w € R™ and w > 0. This symmetric description is only assumed for simplicity
of exposition as the approach of this chapter can be used with any polytopic W (with
an adequate re-definition of the operation point, if necessary, so that the disturbance
has zero mean). In most practical situations finite supports are more realistic than the
usual Gaussian assumption which permits the uncertainty to become arbitrarily large
(albeit with small probability). System (6.1) is subject to probabilistic constraints of
the type

Pr{Fjzi1 +Gu <1} >pj, j=1,...,n, t=0,1,..., (6.3)

where I}, G; denote the jth rows of F' € R"*" G € R"*"«. This formulation covers
the case of state only, input only and mixed state/input constraints which can be

probabilistic or deterministic (hard) since p; = 1 can be chosen for some or all j.

Assumption 6.1. (i) (A,B) is stabilizable.
(i) The state x; is directly measurable and known at time t, but the disturbance

wy, and all its future values, are unknown at time t.
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Remark 6.1. Note that the probabilistic constraints Pr{F;r,1 + Gju; < 1} > p;
consider the input at time t and the state at time t + 1, i.e. u; and xyy1. Although
a choice of probabilistic constraints given by Pr{F;x, + Gju; < 1} > p; would have
been more intuitive and standard, it cannot be handled by the current formulation and
standing assumptions. The sequence of terms Fjx, p + Gjupppy for k=1,2,... is a
stochastic process and there is mo problem for handling the probabilistic constraints,
however, it is not be the same for k = 0. The term Fxy, + Guyy = Fa, + Guy is
not a random variable given the information that is known at time t: x; is known at
time t and u; = Kxy+ cye, where ¢y is an optimization variable, as will be seen later.
Then at time t, the constraint Fyxy, + Gjuy, will be satisfied with probability p = 0
(it is not satisfied) or probability p = 1 (it is satisfied). Alternatively one might not
explicitely invoke this constraint for k = 0, but then there would be no guarantees that

the probabilistic constraints are satisfied.

This problem has already been tackled by [49], which proposes an SMPC strategy
based on the dual-mode prediction paradigm. The prediction horizon is split into
the near future (Mode 1) over which the degrees of freedom of the predicted control
inputs are optimized, and the far future (Mode 2) where they are given by a fixed
state feedback law, u = Kxz. Recall from Section 2.3.2.2 the strategy of [49] where

the Mode 1 control policy is given by

U4kt = Kl’t+k|t + Cyk|ts k=0,...,N -1 (6-4)

Then the predicted states are given by

Tyt = Ty, (6.5a)
Tirprit = Pk + BCript + Wik, k=0,...,N—1, (6.5b)
Tipkrtpe = PTpype + Wegks k>N, (6.5¢)
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and constraints (6.3) can be expressed as

Pr{ﬁ}'xt—kkﬁ +éjct+k|t _'_Fjwt—i-k < ]-} ija k= 07 s 7N - ]-7 ] - 17' -y N,y

Pr{ﬁ}xt—i-kﬁ_'—Fjwt—i-kS]-}ija kZNa jzla"‘7nc

where ® = A 4+ BK, and F; and G; denote the jth rows of F' = (F® + GK) and

G = FB + G, respectively.

The aim of the SMPC strategy is to minimize online, over ¢; = [cﬁt, e cglel‘t]T,
a predicted cost given by
Jr = ZEt (xtT+k\tht+klt + “tT+k|tRUt+k|t) ; (6.7)

k=0

where Q = 0, R > 0. However, the limit [,, = limj_ Et(xtTJrk‘thHW+uf+k|tRut+k|t)
is non-zero due to the presence of the additive disturbance, and then J; will be infinite.
To solve this problem, the limit [, is substracted from the stage cost so that J; is

finite:

Jt = ZEt (xz:&—k[tht-l'Mt + u?—i—k\tRuH'Ht — lss) . (68)
k=0

It can be proved that ;s = tr(SY), where S satisfies the Lyapunov equation S —
TSP = Q+ KT'RK. K is chosen to be the LQR optimal gain which, since the state
is measurable, coincides with the selection that minimizes [,.

By an analysis analogous to that of [23] it can be shown that the predicted tra-

jectories of (6.5) can be generated by the augmented system

Ty

Ztlt = ¢y | > (6.9a)
1

Zt+k+l|t = \i/t_t'_kzt_i_k‘h kf = O7 17 e (69b)
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where
_ _ 0 I 0 0
Wtk 0O 0 I .. 0
) v d BE
Wipr = 0 , in which ¥ = M= ]
0 M
{0 0] 1 0O --- -~ 0 I
- - _0 0 O_

such that M € RY¥"«*Nnu ig the matrix that shifts the elements in ¢, according to
Me, = [efyy, + cfyoyy O, E=[1 0 - 0] € R*¥™ s the matrix that
selects the first block component of ¢;, and [ is the identity matrix in R™**"« Then,

it can be shown that the predicted cost can be expressed as the quadratic function

23]
A T
Jr = [xtT c,” 1}P{xtT c,t 1] ; (6.10)
where
Q@ 0 0 KT
P—EWL, PV, )=Qand Q= |0 0 0 |+ |ET RlK E 0}. (6.11)
0 0 —lg 0

The predicted states are reparameterized by Ty ks = Ziyu)e+€i4rpe, With e, = 0, where
z is associated with the nominal dynamics and e is associated with the uncertain

dynamics. It follows that

-1

ikt = @kxt + HkCt, and Ct+kit = (I)k We + -+ + Wepg—1, (612)

where H, = [®*'B --- B 0 --- 0] € R™N™ for k = 0,...,N — 1 and Hy =

[ 1B ... ®*NB] € R™Nmu for k > N. Thus feasibility with respect to the con-
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straints (6.6) is ensured, using the arguments of [49], by

FdFz, + (FHy + GEp)e, < 1 — g, k=0,...,N—1, (6.13a)

Foz, + FHyc, <1 — v, k> N, (6.13D)

where B, = [00 ...0 10 ... 0] € R™*™N is a matrix of zeros except the (k +
1)th block component, which is given by the identity matrix in R™*™ such that
Ekct = Ciqi)t; and 7y, € R depends on the known distribution of w, such that for
Jj=1,...,n. the j-th component, ~; ;, of the vector 7 is defined to be the minimum

value such that
Pr{ﬁj@k’lwt +--+ ﬁvjthrkfl + F}'wt+k < ’Yk,j} =Pj- (614)

The online use of (6.13), however, cannot guarantee recursive feasibility since it only
ensures that future constraints will be satisfied with a given probability and does
not account for worst cases. In particular, it is not longer the case that a candidate
solution at time ¢t 4+ 1 given by the receded c; will satisfy the probabilistic constraints
for all possible realizations of the disturbances. In order to have recursive feasibility,
satisfaction of constraints at time ¢ must guarantee that there will be a feasible
solution at time t + k for all £ > 0 for any realization of the disturbances. Then,
one must handle the values of wy, ..., w1, by their worst case scenarios. Thus

recursive feasibility and feasibility with respect to the constraints (6.6) are ensured

by

Fq)kxt+(FHk+éEk)CtSl_(ﬁm—i_ﬁk)? k:()a?N_la (6153)

Fd*z, + FHyc, <1 — (v + Br), k> N, (6.15b)
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where [}, is given by

Bo =0, (6.16a)

Brj = |Ejlo+ -+ |E;@* Yo, k=0,1,..., (6.16b)

such that fj ; is the jth component of 5y and | * | applies elementwise. Note that for
all k£ in (6.15) the effect of w;y) continues to be handled probabilistically by ~vo. A
condition for the feasibility of (6.15) is given by S, + 7 < 1, where S = limg_o0 k-
If this condition is satisfied, the optimization problem will be at least feasible when
x, = 0 by setting ¢y = 0, £ = 0,..., N — 1. But if it is not satisfied then there is
no guarantee that the domain of attraction will not be empty.

Although (6.15) must be applied over an infinite horizon, since the sequence of Sy
converges to a known limit, it is possible (see [49], [26]) to use techniques similar to
those of [35] to define a terminal constraint set that ensures satisfaction of (6.15) in
Mode 2.

Thus the online stage of the SMPC strategy consists of the repeated minimization
at each time ¢, over ¢, of the cost (6.10), subject to (6.15) over Mode 1, and to the
appropriate terminal constraints at the beginning of Mode 2. The actual input to be
implemented at time ¢ is given by u; = Kx; 4 ¢;, where ¢; is the first element of the
optimal ¢;. Since the cost of (6.10) is quadratic in the degrees of freedom and the
constraints of (6.15) are linear, the online optimization in SMPC can be implemented
as a QP.

The closed-loop application of the strategy guarantees satisfaction of constraints
(6.3) and causes the mean expected value of the stage cost to be bounded from above
by lss [49][26]. In addition, since K is the LQ-optimal feedback gain, the sequence
{¢t, 141, .. .} converges to zero and the control law tends asymptotically to u; = Kay,

which steers the state to the minimal robust invariant set, Q. (W) [11], [72].
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6.3 Closed-loop prediction strategies to compen-

sate for the effects of disturbances

Feedback allows information available at current time to be used to improve control.
Feedback can also be incorporated in the predicted control laws so as to take into
account the effect of the future uncertainties on future states, that are currently
unknown but whose effect will be known by the controller when the future states are
measured to compute the inputs to be applied to the system. The predicted policy of
(6.4), however, does not take full advantage of the feedback in the predictions. The
online optimization is open-loop for the degrees of freedom in c;, and in spite of the
presence of a feedback controller, the policy considers no special feedback treatment
of future (unknown) disturbances, and can be considered to be only quasi closed-loop.

This idea was effectively exploited in [88], [58] and [38], which proposed an affine-
in-the-disturbances control policy of (2.45), that is composed of a feed-forward term
together with a linear mix of “known” future disturbances, KFD, where this “knowl-
edge” will be available to the controller at any given future prediction time. Thus,
whereas conventional MPC uses Nn, degrees of freedom (in the feed-forward terms),
affine-in-the-disturbances MPC deploys the extra freedom contained in a set of feed-
back gains Ly, ; which leads to a total number of variables and constraints in the online
optimization that grows quadratically with the prediction horizon. This can cause
a significant increase in computation, which may be prohibitive for fast sampling
applications and systems with large dimensions or prediction horizons. In addition,
no consideration was given to information on the probabilistic distribution of uncer-
tainty. A preliminary discussion of these two issues was given in [50], and it is the
aim here to present two SMPC strategies that use a type of affine-in-the-disturbances
policy such that the feedback compensation for the KFD extends over Mode 2, and

that the number of variables and constraints in the online optimization only grows
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linearly with the prediction horizon.
[50] proposed the idea of adding an extra term to the control policy of (6.4), in
order to “reduce” the effect of the KFD in constraints (6.15). Consider a control

policy given by

Utrklt = KTy pe + Corrpe + Vtinges k=0,...,N—1, (6.17a)

Ukt = KTpypie + Vi, k>N, (6.17b)

and the decomposition of the predicted states

e =0, 2y = 24, (6.18a)
Zekt = Papqne + Beignes (6.18Db)
Crikft = Perpr + BUpk) + Wigk (6.18¢)
Tigklt = Zetkft + Cotklts (6.18d)

where ¢ is used to control the nominal (disturbance-free) dynamics described by z,
and v compensates for the dynamic effects of the disturbance w described by e. In
particular, vyyg); is to depend on the KFD sequence w;j, for j =0,...,k—1, and is
used to reduce the constraint tightening factors [y of (6.15). To this effect consider
next the predictions of variable ¢, = Fx;,1 + Gu, under (6.18).

Let (', Cy denote the block lower triangular Toeplitz convolution matrices formed

from the elements of the impulse responses of the state space models (®, B, F, é) and

(®,1,F,0):
G 0O 0 .- 0 0 0
FB G 0 --- F 00 -
01: B _ B 5 02: _ _ 5 (619)
F®B FB G --- Fd F 0 ---
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Also let (' y denote the matrix containing the first NV block columns of C; and let
D = [GT (G®)T (G®*)T ---]". Then by (6.3) and (6.18) it follows that 1,4 =

(th+k|t + éct+k|t) + (F6t+k|t + évt+k|t) + Fwiyr; and

Ui =Gt &+, Go= D+ Ciye, & =Cit+Coliy, i, = diag{F 1, (6.20)

-

where (-), denotes the vector formed by the predictions of (- )4k over an infinite
horizon [(-)i, " (-)ipap” ---]7. Thus predictions have been separated into: (i) ¢,
the nominal (disturbance-free) part of Uy, to be controlled by ¢; (ii) &, the stochastic
part of Jk containing the KFD to be controlled by v; (iii) 7, the stochastic part of @;t
about which nothing can be done since it comprises the effect of future disturbances
which are as yet unknown to the controller; these will be referred to as “current”
future disturbances, CFD, in contrast to KFD.

First, a special case is studied, in which it is possible to choose v so as to make
the tightening parameters § = 0, thus providing increased control authority to the
degrees of freedom in c; allowing one to obtain increased domains of attraction. This
special case is then used as motivation for a control policy that will be used in two

strategies to be presented in Section 6.4 and Section 6.5.

Theorem 6.2. Let C] denote a right inverse of Cy and let C- denote a matriz
whose columns form a basis for the kernel of Cy. Then, for ne < ny, G full-rank, and
(9, B, F,é) minimum-phase, the control policy of wyiry = KTeypppe + Coorje + Verlts
with

¥ = —ClCy, + C1-0 (6.21)
(where 8 is an arbitrary vector of appropriate dimensions) makes Yy independent
of the KFD sequence {wyy, ..., wiik—1} at each prediction time k =1,2,.. ..

Proof. For n. < n,, the minimum-phase assumption of the theorem implies that the

inverse of the dynamic map represented by (&, B, F, é) is stable, and therefore that
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(' is right invertible (with the elements of the right inverse, C’lT, tending to zero with
prediction time). The expression for ¢ in (6.21) achieves the cancellation of the KFD

by setting £, = 0. O

The block lower triangular structure of C'y implies that the right inverse ClT is also
block lower triangular, and since Cs has a strict block lower triangular structure, 7,
depends only on the KFD and vy, = 0. Since &, = 0, the probabilistic constraints

take the form of (6.15) but with all fj values set to zero:

Dmt + Cl,th S l_ e Pr{é]w S %} = Djs .] = 1a <oy N,y (622)

where v = [v1,. .., 7.)" == Y.

The fact that the tightening parameters 5, = 0 means that the degrees of freedom
available in ¢, will have a greater control authority in (6.22) than in (6.15), which
enables one to obtain enlarged domains of attraction.

Note that when n, = n,, (6.21) becomes

171} == —C’fngu_)} = Lll_jt, (623)

where L is block lower triangular Toeplitz matrix, and hence v, depend linearly

on the KFD:

Uikt = Lpwy + L qwigyr + oo+ Liwggp—ap,  vge = 0, (6.24)

thus resulting in an affine-in-the-disturbances policy, but unlike the policy of (2.45)
proposed in [58], [38], the matrix L has a striped lower triangular structure and the
disturbance compensation extends into Mode 2. The minimum-phase assumption of
Theorem 6.2 implies that the sequences formed by the elements of every column of C’I

converge to zero, and therefore the values of L, converge to zero. Hence the number
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of gains Ly, can be truncated so as to lead to an implementable receding horizon MPC
strategy.

All this motivates the use of an affine-in-the-disturbances policy with a striped
structure, and for practical reasons, use will be made only of the first N —1 parameters

Ly. According to this, use will be made of the control policy given by

Ukt = KXpqpe + Copnpe + Lowe + L qwepr + .o+ Lywgy 1, k=0,...,N -1,
(6.25a)

Uikt = Kxpppy + LnqyWigp—(v—1) + - - + Liwigp—1, k>N, (6.25b)

Note that this policy is a particular case of the policy of (4.15). For further details
please see Section 6.3.1.
In the case without disturbance compensation (i.e. Ly = 0) the predictions of

(6.20) satisfy constraints (6.6) if (6.15) holds [49], which can be re-written as
EyDa;+ ECyye, <1 — (4 6), k=0,1,.... (6.26)

where Ej, is the operator that selects the (k + 1)th block row of D and C y, so
that Ek@ = Gke- In (6.26) ~ accounts for the CFD probabilistically, whereas [
accounts for the KFD (wy, ..., w1 x—1) and renders the constraint tightening robust
by considering the worst-case effect of each of the KFD to E.Cotb,.

This treatment of constraints clearly also applies to the case when L # 0. Since
the tightening coefficients account for the KFD in &, 8, must be such that

B = Inax é}g = m_@X(ClL + Cg)’ll_jk, (627)

Wt Wt
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» _
L, 0 [0 ]
Le Li 0 B

I 8= 5. (6.28)
Ly-1 Ly Ly 0 Bs
0 Ly Ly -~ Li 0

where the maximization is performed element-wise, and accordingly, satisfaction of

constraints (6.15) is guaranteed by
EyDa;+ EyCine, <1— (4 5r). k=0,1,.... (6.29)

Two strategies will be considered next. In the first, L = {L;,...,Ly_1} and B
will be taken to be time invariant and will be designed offline so as bring about a
relaxation to the online constraints of (6.29). In the second strategy, L and By, are
variables in the online optimization.

It is useful to note that from the structures of C, Cs and L it follows that g, 4,

can be rewritten as
coprp = (FOF T £ Crlyw, + .o+ (F+ O L)wigpy, k=0,1,... (6.30)

where £ =10 LT .- L% _|]" and

(

E.G k=1
Crh =S EyG+ FIO*2B .- B 0---], k=2,...,N—1 (6.31)
F[®*2B ...B &*Np], k> N,

\
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and then 8, will be given by
By = ma&(ﬁcpk—l +ChlL)w + ..+ ma@c(ﬁ +CLw, k=1,2,....  (6.32a)
we we
From this, the B satisfy the recursion

By =0, (6.33a)
Brer = B+ max(FO* + CppLyw, k=0,1,..., (6.33b)
we
where max, ey (F®" ! + CpL)w = |FO* ! + CrL]w, where | - | applies element-wise.

6.3.1 Connection with the control policy of Chapter 4

In the notation of Chapter 4, by setting

U0,k) = Kl'(()Jg) + Citk|ts k= 0, ey N — 1, (634&)
ok = Kz, k> N, (6.34b)
ugik) = Kxgak + Liw;, k=1,...,N —1, (6.34c¢)
Uik = KTgm, k>N, (6.34d)
where w;, i = 1,...,q are the vertices of W, the control policy of (4.15) becomes
to(x0)) = Kx0,0) + cye, (6.35a)

q
() = Kxop) + coome + Y Y Ay (W61 (K26 k1) + L gy @),

=1 i=1

k k
= Kz + Z Kz g—ji1) + Coonpe + Z L k—jrnwi-1),
j=1 j=1

= K(ﬂ(k) + Ctikft + Lkw(o) + -+ Llw(k_l), k=1,...,N —1, (635b)

and
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k—N+1 ¢
we(ee) = Kzory + Y M (wG-1) Kag ki
j=1 =1

k q
+ )Y N W) Kz k1) + Lk W),
j=k—N+2 i=1

k k
= Kz + Z K@ p—jr1) + Copnpe + Z L k—jrnywi-1),
j=1 j=k—N+2

= KZL‘(k) + LN_lw(o) + -+ Llw(k,l), k> N, (6350)

which is the same policy as that of (6.25). This proves that the control policy of

(6.25) is a particular case of the policy of Chapter 4 given by (4.15).

6.4 SMPC with offline design of the disturbance

compensation gains

The first SMPC strategy proposed in this chapter assumes L and B, to be time
invariant such that their elements are designed offline, with a sequential procedure,

so as to bring about a relaxation to the online constraints of (6.29).

6.4.1 Offline design of the disturbance compensation gains

It can be seen from (6.29) that the f effect a constraint tightening on the nomi-
nal dynamics that allows one to guarantee constraint satisfaction in the presence of
uncertainty. Less tight constraints imply larger domains of attraction, and thus one
should seek to design L to relax the constraints.

The striped block lower triangular structure of L and the recursive property of
(6.33) of By imply that By depends only on Ly, By depends on L, and Lo, etc., which
motivates a sequential design (first i, then By etc.) analogous to that of Algorithm
3.5. This is computationally convenient, but it also makes sense in that it is consistent
with the observation that constraints are more likely to be active during the early

transients and less so as the predictions reach their steady state.
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As a design condition, /3, must satisfy

Bp<l—v, k=12.... (6.36)

Like (3.24) in Section 3.3, this ensures that the domain of attraction is not empty,
since under this condition (6.29) is guaranteed to be feasible at least for z; = 0 (and
without it there is no guarantee that the domain of attraction will not be empty).
Additionally, in order to ensure that the gains L, are effectively used to relax the
tightening of (6.29), it is desirable that the new tightening parameters are smaller

than those obtained without compensation,

Conditions (6.36) and (6.37) appear to imply an infinite number of constraints on Ly,
but as is the case for the coefficients Sy in (6.16), for the disturbance compensation
case considered here the sequence of [ is monotonically increasing and tends to a
limit fu (as stated in Lemma 6.5 below). Then, a supplementary horizon N; is used
such that (6.36) and (6.37) are imposed explicitly until N 4+ N; in the offline design.

Note that since W can be expressed as the set {w: Sw < h}, S € R**" as shown

in [38]
max(FiCI)k_l + C’k,iﬁ)w = min hTrk,Z-
weW Tk

subject to STr,m» = (FZ-CI)k*l + CA’ME)T, ry; > 0,
(6.38)

where C’;“ denotes the ith row of C’k, and ry; € R" represents the dual variable

associated with the maximization of (F®* ' + C};L)w. Then conditions (6.36) and
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(6.37), for k=1,..., N + Ny, can be invoked as

RTh+...+RIA<1 -7, k=1,...,N+ Ny, (6.39a)
Rih+...+R{h < By, k=1,...,N+ Ny, (6.39b)
(FOF ' + G L) = RIS, k=1,...,N+Nj, (6.39¢)
R, > 0. (6.39d)

where Ry, € R™*" is such that RTh > max,ew(FOF + CpL)w.

As will be seen in Lemma 6.5, condition (6.39) guarantees satisfaction of (6.37)
for k =1,..., N+ Ny, and if that Ny is sufficiently large it also guarantees satisfaction
of (6.36).

Based on the considerations expressed above, the corresponding sequential opti-

mization of Lq,..., Ly_1 is presented in Algorithm 6.3.

Algorithm 6.3.

1. First, solve the LP problem

minimaize W
Ly,...Ln-1,R1,.... RNp Ny 1 (6.40)
subject to RTh < ul, and (6.39).

Set fi = RiTh, where the super-script * represents the optimal solution of the

optimization.
2. Fors=2,...,N —1, solve the LP problems
minimize

subject to RTh+---+RIh < pl, and (6.39), (6.41)

RIW< fr, k=1,...,5—1,
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Set f, = R*Th.

3. Finally, the desired f3, are obtained from the solution of (6.41) by B, = |F +
CLL¥ W+ - - + |FOF + C L7 |w.

Remark 6.4. The constraints RIh < f,, k=1,...,s—11in (6.41) guarantee that
once the value of Bk 15 optimized, it is not made worse in future iterations, which is a
condition needed to ensure that the sequential optimization makes sense (as discussed
in 3.6). The use of this constraint is preferred to fizing the value of Ly once it has
been optimized at iteration s = k, which would fulfil the same role. This is because
the optimization in (6.41) in an LP and then several values of Ly can achieve the
same minimum, so fixing the value of L would impose an unnecessary degree of

conservativeness.

Lemma 6.5. Under the assumption that v+ B < 1, there exist N, Ny such that the
minimizations of Algorithm 6.3 are feasible, and the resulting sequence of constraint

tightening parameters By increases monotonically to a finite upper bound, By, and

satisfies B < B for k=1,...,N + Ny and Bs < 1.

Proof. v 4+ B < 1 ensures the existence of valid constraint tightening parameters
for the case of no disturbance compensation. Therefore, L, = 0 defines a feasible
solution for Algorithm 6.3, which guarantees that By < Br, k=1,...,N+ Nj.

From (6.33) it follows that Byt = By + 0, where 6 = |F<I>k_1 + ékﬁlw. Finally,
for = = GEMN T = [@N¥2B ®V3B ... BJ, detailed algebra shows that for
k = Ny, Ny +1,... the sequence of & is {|=[" |w, |Z®T |w, |ZP?T |w...}. Hence
the infinite sum, Ay, n,, of the d; can be computed using the finite /; norm of the
impulse response of (®,T,Z) and . can be computed as Bo = Byin, + Anin,-
Clearly = and therefore Ay, can be made to be as small as desired by increasing

the value of Ny, and since v+ Byin, < 1 and BN+ N < Bniny, it follows that there
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exists a sufficiently large Ny such that Ay, y, is small enough for all N + Ny > N so

that Boo + §N+N1 + Y < l O

Remark 6.6. Since it is assumed that v + fo < 1, condition (6.37) is enough to
guarantee satisfaction of (6.36) provided that Ny is sufficiently large, and then there

is no need to use (6.39a) in the sequential optimization of Algorithm 6.3.

Remark 6.7. If the disturbances are sufficiently large such that v + Boo > 1 then
SMPC with no compensation becomes infeasible: there will not exist a valid set of
Br. However it is still possible that SMPC with disturbance compensation is feasible
and the relevant Bk parameters can be defined as per Algorithm 6.3 but without the
constraint B, < 5, imposed by (6.39b). Instead, in this case, one must use B4~ < 1,

which can be imposed by (6.39a).

6.4.2 Constraints

Although (6.29) must be applied over an infinite horizon, given that the sequence of
B, converges to B, it is possible to use techniques similar to those of [35] to define

a terminal constraint set for z nj; that ensures satisfaction of (6.29) in Mode 2 [49].

Assumption 6.2. (i) F is such that Fz < 1 guarantees that Fz remains bounded.
(ii) The pair (®, F) is observable.

(iii) 7 + o < 1

Remark 6.8. Some conditions that guarantee that Assumption 6.2(i) holds are that

F=[FI —FI7T or that the set {z: Fz < 1} is bounded.

To derive the terminal constraint, note that in Mode 2, (6.29) can be written as

FO 2 nppy <1 = (v+ Bxyr), k=0,1,..., (6.42)

!Note however that there would not then be an a priori guarantee that SMPC with disturbance
compensation will be feasible, and hence Algorithm 6.3 could become infeasible for large values of
N and Njp. Further research would be necessary to address the problem in depth.
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and so the maximal admissible set Z, is defined as Z., = {zt+N+k|t . (6.42) holds}.

Since Z., is defined by an infinite number of inequalities, consider instead
Zk:{z: F(I)lZSl_(fy—i_BNJrl)? 7::0,...,16'}, (643>

and let N be the minimal value that satisfies max.ez Fj@N“z <1- BNHJ‘ for
j =1,...,n. The existence of a finite N that satisfies this condition is guaranteed,

and ZN = Zoo.

Proposition 6.9. If Zy = Zg_ ,, then:
(i) If z € Zy, then ®z+ (PY + PV 'BL, +-- -+ PBLy_1)w € Zg, for allw € W,
and

(ii) Ly = Loy = - = Lo

Proof. (i) If z € Zy = Zg,, then FOFz < 1 — (v + Bygx) for k =0,...,N +1.
From (6.33) and (6.31), this is equivalent to F®"(®z + (N + dN-1BL; + - +
OBLy )w) <1—(v+ BN+k_1) for k =0,... ,N + 1 and all w € W, which in turn
is equivalent to FOF(dz + (BN + OV 'BL 4 --- + PBLy_1)w) < 1 — (y+ By4s) for
k=0,...,N and all w € W. Thus ®z + (& + ®N"'BL, + --- + ®BLy_)w € Zyg
for all w € W.

(if) From (i) it follows that if z € Zy = Zg,,, then FO* (D2 + (ON + ®¥N1BL, +
oo+ ®BLy_)w) < 1— (y+ B) for k=0,...,N +1. The case k = N + 1, using
(6.33), yields FON*2z 4 B+ (NTNH L NHNBL, 4. OV2BLy Jw < 1—7,
which implies that FoN+2,4 <1 — (v + BN+2)7 thus z € Zg_,. However it is clear
from (6.43) that Zy1 C Zy for all k > 0, thus Zg = Zg_, = Zg,,. The result follows

by applying the same reasoning inductively. O]

Theorem 6.10. There exists an N > n—1 such that if 2 € Ly, thenmax.ez FjCI)N“z

gl—BNH’jforj:l,...,nc. ZN:ZNH:~--:ZOOf0rthisN.
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Proof. Since the pair (P, F) is observable and F'®iz, i = 1,...,k is bounded for all
2z € Zy, Zy is bounded for all kK > n — 1. This and the fact that ® is strictly stable
imply that there exists an N > n — 1 such that FoN+l, <1 - (v + BNH) for all
z € Ly, thus max.cz E@N+1Z <1- BN+1,j for j = 1,...,n.. This also implies
that z € Zg,,. However it is clear from (6.43) that Zj1 C Z for all & > 0, thus

Ly =ZLg,, That Zy =Zg, | = -+ = L follows directly from Proposition 6.9. [
Corollary 6.11. If zy, it € Zy, then (6.29) is satisfied for all k > N.

Proof. If zy Nt € Zg, then 2,4 Ny € Zoo Which implies F(I)szNJth <1l—(y+ BNM)

for all £ > 0. ]

As a result, satisfaction of constraints over Mode 1 and Mode 2 can be ensured

by invoking (6.29) for k =0,..., N — 1 and the terminal constraint z,4n; € Zy
EAkDmt + Ekcl,NCt <1- (’Y + Bk) k=0,...,N—1, (6-443)

Vi(®Nx, + Hycy) < 1. 6.44b
!

where V; € R" *" is such that the terminal set can be expressed as Zyg = {2z : Vjz <

1}
6.4.3 Cost function

Since the disturbance compensation extends into Mode 2, the terminal control law is
not v = Kx. This implies that the steady state value of the expectation of the stage
cost, Ly, is not necessarily equal to Iy, and then the cost of (6.8) is unbounded under
the control policy considered here. Thus, instead of the predicted cost of (6.8), used

is made of the predicted cost

Jt = Z E(xf+k‘tQ$t+k|t + uf+k|tRut+k|t — Lss)- (645)
k=0
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This predicted cost can be expressed as a quadratic function of the initial state and

Ct.

Theorem 6.12. The predicted cost of (6.45) for system (6.1) under the control policy

of (6.25) is quadratic in x; and c; and has the form:

Jy = xtTPxxt + cchc:;F + P (6.46)

where P = diag(Py, P., 1) satisfies

P —E(VTPY) = Q, (6.47)
in which
¢ BE w Q+KT'TRK KTRE 0
U=1||0o M Lw||, Q=| ETRK ETRE 0 |. (6.48)
{0 0} 1 0 0 —L,,

Furthermore, the steady state expectation, Lgs, of the predicted stage cost [, =

xtT+,€|tht+k\t + utT+k‘tRut+k|k, is given by
Lgs = los +tr(LTP.LY). (6.49)

Proof. For this strategy, the prediction dynamics can be generated more compactly

by

Xtlt = ¢ | » (6 50)

Xekt1)t = VerkXesk|ts

207



Chapter 6. Striped affine-in-the-disturbances Stochastic MPC

where
® BE Witk

q/t_;'_k = 0 M £wt+k (651)

o

For Viyxe = XtTJrk‘tPXHk“, the above together with (6.47) imply that

Virrt = B (Visksaie) = livwie — Lss- (6.52)

Applying E, to (6.52) and summing over k = 0,1,... gives V; = limy_,o0 Ey(Viypy1pe) +

Ji. However the Lyapunov condition of (6.47) does not define P; (as can be seen from

(6.56) below), which therefore can be chosen so that limy_o Viqk = 0 and therefore
T

V; = J;. If the partition of P, conformal to the partition of the vector [x] ¢! 1],

is given as

Pac ch le
P=|pPr P, P.|, (6.53)
P, PLI P

then the expansion of (6.47) in terms of the partitions of P gives

P, —®"P,®=Q+ K'RK (6.54)
le o 0 Px ch w le
—E + =0 (6.55)
P, ETBT MT PZTC P, Lw P,
T 4T
w Px ch w P$1 w
P —E + 2 — P, =—L,,. (6.56)
Lw Pg; P, Lw P, Lw

Given that the expected value of w is zero and that the modulus of the eigenvalues
of ® and M are strictly less than 1, (6.55) implies that both P,; and P,; are zero. It

can also be shown (see [19]) that if K is chosen to be the LQR optimal, then P,. = 0.
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Thus J; = V; has the structure of (6.46).

Furthermore (6.56) is equivalent to
L = E(w” Pyw) 4+ E(w” £ P.Lw) = tr(P,X) + tr(LY P.LY), (6.57)

and since [y = tr(SY) where S — ®7S® = Q + KTRK, from (6.54) it follows that
E(w” Pyw) = tr(P,%) = I, thus L, can be written as in (6.49). O

6.4.4 SMPC implementation and properties

The online optimization will only have the elements of the vector of degrees of freedom

c; as optimization variables. The set of admissible degrees of freedom D(zx) is given
by
D(x) ={c: (6.44) holds}, (6.58)

and the domain of attraction is given by
X ={x: D(z) #0}. (6.59)

The online procedure consists of solving the optimal control problem P(x;) that

is defined by

VO(x,) = min Jy(z, ¢;),8.t. ¢ € D(xy), (6.60a)

c)(z;) = argmin Jy (74, ¢;),8.t. ¢ € D(xy). (6.60Db)
Then, the SMPC control law is given by
() = Kay + &), (), (6.61)

where ¢, (2¢) is the first block component of the optimal ¢f(z). The control input
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at time ¢ is then given by u; := £%(z).

The optimal control problem P(x;) can be formulated as the QP:

minimize  Jy(x, ¢;)
ct

subject to Ey(Dzy + Cyne) + P <1—7, k=0,...,N—1, (6.62)

Vi(®Na; + Hyey) < 1.

P(z;) is a QP with Ny, = Nn, variables subject to Nj,.q = Nn. + ns inequality

constraints.

Theorem 6.13. For system (6.1), the closed-loop application of the control law of
(6.61) guarantees feasibility of (6.3), that the optimal control problem of (6.60) is

recursively feasible and that X is invariant.

Proof. The candidate solution at time ¢ + 1, ¢;y1, is built according to the receding

procedure from the optimal solution at time ¢, c?(z),

Coprpkferr = Copppae(T) + Liprawn, k=0,...,N =2, (6.63a)

ét+1+N|t+1 - O, (663b)

which can alternatively be written as ¢;,1 = Mc¢; + Lw;,.

From (6.44) one gets
Ei1(Dxp4Chney) < 1—=y—Frpq = 1=y—Bp— | FO* +Ch 1 Llw, k=0,1,... (6.64)

Then, using the facts that E,.Ddx, = EkHD:L’t, Ek(DBCt|t + CinMc,) = Ciney

and E(D + Cy nL)wy = (F®* 4 Cyq)w, alongside (6.64), one gets that for zy, =
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bz, + Bep + wy the receded ¢,y satisfies

EkD(<I>:rt + Beye + wy)
+ EkCl,N(Mct + Lwy) =By DOy + Ek-i—lCl,NCt + Choprwy (6.65)
<1—7 = Bipr + [FO* + Cra Ll = 1 — v — By
and then z;y, and ¢4, satisfy (6.44).
It follows that if P(z;) is feasible, it will be feasible at the next instant, and by
a recursive argument it will remain feasible for all future instants. Invariance of X

follows directly. Satisfaction of (6.3) follows from the use of constraint (6.44) for
k= 0. [l

Theorem 6.14. For system (6.1), the closed-loop application of the control law of

(6.61) guarantees the closed-loop performance bound:
1
Jim — ; E(xf Qxy + ul Ruy) < L. (6.66)

Proof. From (6.52) for k = 0, considering that V°(z,41) < x{y,,V X¢+1) because of

the optimization involved, it follows that
VOx,) — Ey(VO(2041)) < 2] Quy + ul Ruy — L. (6.67)

Summing this for t = 0,1, ..., v yields that

1 ¢ 1
S Eolll) < Lt (BofVi) — Eo(Viww)) (6.65)
k=1
and the desired result follows from taking limit of (6.68) when v — oc. O]

Remark 6.15. In the case of no compensation, (6.66) applies with Lgs replaced by

lss. Since the expected value of the stage cost will also always be greater than or
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equal to lgs, it follows that this expected value may, in the best case, be equal to I,
something that can only happen if the control law at some point becomes u = Kx
thereby steering the state to the minimal robust invariant set Qo (W) for system (6.1)
under w = Kx. However if the disturbance is sufficiently large so that h < v + Bso,
it becomes necessary to use disturbance compensation and therefore l,, will not be
attainable.  When s is attainable, the reduction in the predicted cost implied by
(6.52) suggests that constraints will become less active with increasing time and that
beyond a time they may become inactive. Noting that, by Theorem 6.12, P has a block
diagonal structure, it follows from (6.46) that ¢, = 0 is the unconstrained optimal of
the predicted cost. This shows that if the constraints become inactive, the closed-loop
control law, as is the case for no disturbance compensation, will revert to u = Kz

and therefore the state will be steered to Qoo (W).

6.5 SMPC with online optimization of the distur-

bance compensation gains

The second proposed SMPC strategy considers L as variables in the online optimiza-

tion.

6.5.1 Constraints and cost function

Since L is found online, the 3, also have to be found online. This implies that the
terminal set, as described in Section 6.4.2, cannot be used because the ), are unknown
in the offline stage. For this reason, use will be made of the strategy of Chapter 4 for
the handling of constraints. This can be done because the control policy of (6.25) is a
particular case of that of (4.15) and (6.29) are a robustified version of the probabilistic
constraints (6.6).

According to this, a secondary horizon Nj is used such that the feasibility of (6.29)

for k = 0,...,N + N, is imposed explicitly. Since the §; are unknown, (6.29) can

212



Chapter 6. Striped affine-in-the-disturbances Stochastic MPC

be invoked equivalently for £k = 0,..., N + Ny by using the dual variables Ry that

satisfy RTh 4 ... + RTh > [

EoDwt + EA()CLNCt S l -, (669&)
k

Ekat—i_EkCl,th—{—ZR?hSl_ﬁ)/? kzla"'7N+N2_1> (669b)
j=1

such that the dual variables Ry, satisfy

(FOF! 4+ Gy L) = RIS, k=1,...,N+ Ny, (6.70a)

R, > 0. (6.70b)

The feasibility of (6.29) for k& > N + Ny, on the other hand, is imposed by the
conditions expressed in Proposition 4.2 and Corollary 4.3. Although these conditions
are for a different control policy and for robust constraints, they can still be applied
here. As shown in Section 6.3.1, the control policy of (6.25) is a particular case of
that used in Chapter 4, given by (4.15), and, as will be shown next, constraints (6.29)
are a robustified version of the probabilistic constraints (6.6).

In (6.29) Bk account for the worst cases of &;y4, which depend on the KFD,
and 7 accounts for the probabilistic nature of the CFD, whose effect in (6.29) is
given by Fw. Then, noting that by causality w4, depends only on the KFD, using
Zirkp = PPy + Hyep and &, = (C1L + C)w, and by arranging terms in (6.29), it

follows that (6.29) is equivalent to
FAzy e+ Gupgy < L—7, k=0,1,..., (6.71)

which in turn is the same as (25, Ueprpe) € Y for £ =0,1,..., where Y = {FAz +
Gu<1-7}.
Let X; = ®N*Nem1W = [ HWgp < 1} with H®M € R™*" and let Xy =
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{z : HOgz < 1} be a positively robust invariant set for system z+ = ®x 4 w where
w € ®X;. Then, the conditions to guarantee the feasibility of (6.29) for £ > N + N,

on account of Proposition 4.2 and Corollary 4.3 are presented next.

Corollary 6.16. If c; and L satisfy

HO(@N+Nog, 4+ Hy,n,cr) < 1, (6.72a)
PTh <1, (6.72b)
HWY@N2 (N1 N +N2=2p ... B = P!S, PT >0, (6.72c)

where P € R"*™1 then, the satisfaction of (6.29) for k > N + Ny is guaranteed by
(6.70) and

k
foo + > RIM+ fro <1, (6.73)

j=1
where f(o,00) = MaxX;ex, (FA+(FB+G)K)x, f1,00) = Maxzeq, (x,)(FA+H(FB+G)K)x
and R € R™*"e,

Proof. From (6.34) it follows that o n+n,) = V™22, + Hyin,¢ and Xy von, =
QN2 (PN 4 NFTN22 B[ ...+ BLy_1)W. Then, condition (6.72a) guarantees that
To,N+N,) € Xo and conditions (6.72b), (6.72c) guarantee that X; yyn, € X;. Then
by Proposition 4.2 (2 ikje, Urrk|t) € Y, for all k > N+ N,. Finally (6.73) implies that
Y.. € Y which implies that (T4ykje, erny) € Y for all k > N 4 N, thus guaranteeing

the satisfaction of (6.29) for k > N + Nj. O

Remark 6.17. Note that the satisfaction of constraints for the worst cases of w
is imposed by an approach using the dual variables (such as Ry and P) that use the
description of the uncertainty of W = {w : Sw < h} asin (6.38) [38], [37], [90], [91].
This is different to Chapters 3 and 4, where the slack variables overbound the effect of
the vertices w; of W. This is relevant because as the dimension of the state increases,

the size of S tends to grow linearly with n, whereas the number of vertices grows as
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2™ so the approach used here is better suited to higher dimensional systems. This
approach can be used here, and not in Chapters 3 and 4, due to the affine dependence

on the disturbances of the control policy.

The fact that L is unknown in the offline stage also has implications for the cost
function. In Section 6.4.3 the fixed values of L make the value of L, fixed, and
then the cost of (6.45) can be expressed as a quadratic function of z; and c; as in
(6.46). However, when L is a variable in the online optimization, the minimization of
(6.45) makes little physical sense; the selection of L that maximizes L is the same
one that minimizes the cost of (6.45). Clearly this goes against the original aim of
minimizing (6.8). Then, for practical reasons only, the proposed strategy will consider

minimization of

Ji(2s, ¢4, L) = 2] Pyay + ¢] Py + a tr(LT P.LY), (6.74)

for some constant o > 0. The cost (6.74), unlike that of (6.46), does not consider
the effect of L in the cost of (6.45). Instead, in addition to the effect of z; and ¢; on
(6.45), the last term of the RHS of (6.74) penalises the effect of L on Ly (as can be

seen in (6.49)), which is weighted by the factor a.

6.5.2 SMPC online implementation and properties

Let d be the vector of all the decision variables in the online optimization. It is
composed of ¢;, L, Ry and P. The set of admissible decision variables D(x) is given
by

D(xz)={d: (6.69), (6.70), (6.72), (6.73) hold}, (6.75)

and the domain of attraction is given by

X ={x: D(x) #0}. (6.76)
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The online procedure consists of solving the optimal control problem P(x;) that

is defined by

VO(x,) = mdin Ji(xy, ¢, L), s.t. d € D(xy), (6.77a)

d’(z,) = arg mdin Ji(xy, ¢, L), s.t. d e D(z). (6.77b)
Then, the SMPC control law is given by
K (2,) = Koy + c?|t(xt), (6.78)

where cg‘t(:r;t) is the first block component of ¢?(z;), which is part of the optimal
d’(z;). The control input at time ¢ is then given by wu; := x°(zy).

The optimal control problem P(x;) can be formulated as the QP:

minidmize fox:I;t + ctTPcct + a tr(LP.LY)

subject to EyDz, + EOCLNC,: <1l-7,

k
EDx,+ EyCinei+» RIh<1-7, k=1... N+N—1,

=1
HO@N Ny, + Hyin,e) < 1,
P'h <1,

N+No—1

fo,00) Z Rjrh + fae) <1,

j=1
(FO" '+ CL)=RES, k=1,.... N+ N,—1,
HWYoN[@N-1 oN+Ne=2p ... By 1L = P!S,

P'>0, R,>0, k=1,...,N+N,—1.
(6.79)

P(z;) is a QP with Nyqr = N(2nn.+n,(14+n))+2nn.No+n(2n s —n, —2n.) variables

subject t0 Nipeqg = (N 4+ No)ne(1+2n) +n.(1 —2n) + ng +np (1 +2n) +n.(l — 2n)
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inequality constraints and N, = n.(IN + Ny — 1) + nyy equality constraints.

Theorem 6.18. For system (6.1), the closed-loop application of the control law of
(6.78) guarantees feasibility of (6.3), that the optimal control problem of (6.77) is

recursively feasible and that X is invariant.

Proof. Recursive feasibility and invariance follow directly from Theorem 4.18, since
constraints (6.69), (6.70), (6.72), (6.73) are equivalent to those used in the strategy
of Section 4.4.2 such that Y = {FAz + Gu < 1 —v}. The feasibility of (6.3) is
guaranteed by the use of (6.69) for k = 0. O

Theorem 6.19. For system (6.1), if X is bounded, the closed-loop application of the

control law of (6.78) guarantees the closed-loop performance bound:

1y
Vlgrolo » ; E(z] Qx; + ul Ruy) < ¢ + lgs. (6.80)

where ¢ = max,ey tr(LO(2)TMTP.ML(2)X) and L(z) = [0 LY(z)T --- LY, (x)T]7,

where LY(x), k=1,...,N — 1 are part of the optimal d°(z).

Proof. As in Theorem 6.18 (where the following construction is used implicitly) and

consistently with Theorem 6.13, the candidate solution at time ¢ + 1 is given by

Coprkist = Cyppre(T) + L (20), k=0,...,N =2, (6.81a)

6t+1+N|t+1 == O, (6811:))

which can alternatively be written as €1 = Mc; + £°(x;)w;, and

Lyp=1L%z), 1=1,...,N—1. (6.82)
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Then, since P, satisfies (6.54) and, from (6.47), P, and P, satisfy

P, — (ETB"P,BE + M"P,M) = E"RE, (6.83)

®'P,BE = K'RE, (6.84)

it follows that

Jo(xt) — Et(jt+1<xt+17 ét, Z)) z(xtTth + U?R'U/t) — tr(ﬁo(xt)TMTPcMﬁo(wt)E)

— Ey(w Pywy).
(6.85)

Since ¢ = maxgey tr(L(2)T MTP.ML(x)X), then ¢ > tr(L%(xy)T MT P.M LY (24)Y)
for all z;. Using this result and Fy(w,P,w;) = tr(P,X) = lg, and applying Ey and

summing (6.85) for t =0, 1,...,v gives

J(z1) — Eo(J°(z,)) + vs + vigs > ZEO(xtTth + u! Ruy), (6.86)

t=1
which by multiplying by % and taking the limit of v — oo yields the desired result. [

Remark 6.20. The bound of (6.80) is the same type of bound as that of (6.66),
except that it accounts for the different L that may be used during the evolution of the

system, and for this reason it is likely to be a looser bound.

Remark 6.21. Analogously to Remark 6.15, if v+ Boo < 1, then for x sufficiently
close to the origin the solution given by c¢; =0 and Ly =0 fork=1,...,N —1 is
feasible and optimal. This is because ¢; =0 and Ly =0 fork=1,...,N — 1 are re-
spectively the values that minimize the terms ¢! P.c; and tr(LP.LY) of (6.74). Then,
if the constraints become inactive, the control law, as is the case for no disturbance
compensation, will reduce to u = Kz and therefore the state will be steered to Qoo (W).
On the other hand, if v+ Boo > 1, ¢, = 0 and Ly = 0 will never be feasible and extra

compensation (i.e. Ly # 0 for at least one k) will always be needed.
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Remark 6.22. Since the control policy of (6.25) is a particular case of the control
policy of (4.15), one could also use the strateqy of Section 4.4.1, which deploys a cost
that measures the distance to a terminal set and an additional terminal constraint, in

order to guarantee convergence to the mazimal invariance set.

6.6 Simulation results

This section presents two examples. The first illustrates the advantages of using
feedback policies in SMPC over conventional approaches based on quasi closed-loop
policies. This example also illustrates that in some cases the strategy with offline
design of the gain can provide the same or even improved benefits, in terms of domain
of attraction, as the one where the gains are optimized online. The second example,
shows that in other cases the second strategy can provide larger domains of attraction.

Let SMPCO denote the basic strategy without disturbance compensation of [49],
let SMPC1 denote the strategy of Section 6.4, and let SMPC2 denote the strategy
of Section 6.5. Nj is chosen as in Section 4.5 to be the maximum between 5 and the
minimum value such that (1, K)Xo @2, (I, K)®/'Wa (I, K)Q.(X1) € (I, K)Q C Y
is feasible. The latter, on account of Remark 4.6, guarantees that the domain of
attraction is not empty when N > 1. However, experimentation suggest that it is
convenient to take Ny to be at least 5 so as to relax the terminal constraints for the
0" predicted state. W is taken to be ®X;, and « is chosen to be maximum of the
components of ®V21.

In both examples described in this section the i.i.d. disturbances wy are sampled
from a truncated Gaussian distribution with bounds @ = [0.5 0.5]7 and variance
Y = diag,,»,{(1/12)?} and the probability p is chosen to be p = 0.8. The cost is

defined by Q = Iy, where Iy is the identity matrix in R?*?, and R = 1.
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Fzample A. Consider the system defined by:

i 0.5 —0.325- | 0.184 ]

0.926 —.0908 —0.175 0471 —-0.84 o 0.269

- —1.225 0.797 - 0.976 o —-0.5  0.325 7 —0.184
_—0.471 0.84 | _—0.269_

Firstly, Figure 6.1 shows the tightening parameters obtained with both SMPCO,
without compensation, and of SMPC1, where the gains of the disturbance compen-
sation are designed offline. It is clear that the sequential procedure of Algorithm 6.3
produces better (smaller) tightening parameters. Also, on account of the compensa-
tion that extends into Mode 2, the constraint relaxation goes into the infinite horizon.
These improvements in the tightening parameters are clearly reflected in Table 6.1,

which shows the enlargement of the domains of attraction.

- //‘ _________ T T T T
o 05] f o sMPCo| ]
/| =~ —swmpct| |

0 ;
5 10 15 20
Prediction instant
1t
N _ -— - - - - - - — = — — — 1
a 09/ SMPCO
ol : ) e — — — SMPCH1
0 5 10 15 20

Prediction instant

Figure 6.1: Constraint tightening with and without disturbance compensation.

Table 6.1 shows that for small values of N SMPC2 gives smaller domains than
SMPC1, which seems counter-intuitive since SMPC2 computes the gains online and
SMPC1 computes them offline. Furthermore, for N = 2, where there is one dis-

turbance compensation gain, L;, SMPC2 does not provide any improvements over
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SMPCO. The explanation of this is that the condition X ny4n,) € X is imposed in
order to guarantee the satisfaction of constraints in the online optimization. While
condition wn1n,) € Xo is also imposed, it is easy to realise that the condition
X(1,n+N,) © Xy is causing this conservativeness in this case because increasing the
value of N, does not change the results obtained; larger values of N, relax o y4n,) C
Xp but not X nyn,) € Xy, so if the conservativeness was due to x o n4n,) € Xo, in-
creasing Ny would improve the domain of attraction. However, as IV increases above
2, there is more freedom in the different L, to counteract this conservativeness, un-
til for N > 4 SMPC2 reaches the maximum domain of attraction. In practice,
amongst the examined results, for sufficiently large values of N the conservativeness
X(1,n+N,) € X has always been cancelled so that the domains of attraction obtained
with SMPC2 are never smaller than what can be obtained with SMPCI.

Note also that for N = 1 SMPC1 and SMPC2 do not have any gains to provide
disturbance compensation, so there is no point in using these strategies with N < 2.

Table 6.1 also reports information relevant to the computational implementation,
such as the number of variables, equalities and inequalities in the online optimization
and average computational times. More precisely, the reported values correspond
to the average time it takes the solver to solve the online optimization for a given
prediction horizon, where the average is computed over a set of initial conditions
evenly distributed at the edge of the domain of attraction of SMPCO0. It is clear that
SMPCO and SMPC1 are much more convenient computationally on account of their

reduced number of variables and constraints.
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Table 6.1: Domain of Attraction and computational aspects.

N
1 2 3 4 5 6
Ay SMPCO 147.5 197.4 208.1 210.7 210.9 210.9
SMPC1 147.5 252.5 2855 290.2 290.2 290.2
SMPC2 1475 197.4 269.8 290.2 290.2 290.2
vars SMPCO 1 2 3 4 ) 6
SMPC1 1 2 3 4 ) 6
SMPC2 39 43 47 51 55 59
ineqgs SMPCO0 14 22 30 38 46 52
SMPC1 14 22 30 38 46 52
SMPC2 154 174 194 214 234 254
eqs SMPCO 0 0 0 0 0 0
SMPC1 0 0 0 0 0 0
SMPC2 28 32 36 40 44 48
time SMPCO 1.3 1.5 1.7 1.8 1.5 1.6
[ms] SMPC1 1.3 1.5 1.8 1.8 1.7 1.8
SMPC2 2.2 11.2 12.2 15.6 17.7  20.46
Ezxample B. Consider the system defined by:
1.0 0.3165
—1.121 —1.182 1.218 0.2614 —0.1340
9 7
—1.140 —0.468 0.29 —-1.0 —0.3165
—0.2614 0.1340

0.47
0.03
—0.47

—0.03

Table 6.2 reports the areas of the domains of attraction for SMPC0, SMPC1 and

SMPC2. This example shows that in some cases the conservativeness imposed by

the condition X(; nyn,) € X is not so relevant, since SMPC2 provides improvements

over SMPCO even for N = 2, although for this value of N no improvements were

achieved in the previous example. Additionally, this example shows that sometimes

Algorithm 6.3 might fail to provide improvements of the tightening parameters, since

in this case B = Bk, for all k = 1,2,.... While, as mentioned in Example A, in the

performed simulations SMPC2 has always achieved domains of attraction as large as

those of SMPCI1 for a sufficiently large N, this example shows that SMPC1 does not

necessarily achieve domains of attraction as large as those of SMPC2.
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Table 6.2: Domain of Attraction and computational aspects.

N
2 3 4 5 6 7 8 9
Ax SMPCO 28.84 33.30 3880 43.59 49.30 55.16 59.70 59.70
SMPC1 28.84 33.30 38.80 43.59 49.30 55.16 59.70 59.70
SMPC2 29.78 43.04 5599 69.63 69.63 69.63 69.63 69.63

6.7 Concluding remarks

Two SMPC strategies, SMPC1 and SMPC2, have been proposed which make use of
an affine-in-the-disturbances policy with a striped structure. On account of the use of
explicit disturbance compensation, more control authority is available in comparison
with a strategy that only considers a quasi closed-loop policy [49], and this is reflected
in improved domains of attraction.

SMPC1 considers an offline design of the disturbance compensation gains so as
to improve the tightening parameters of the strategy of [49], whereas the gains are
optimized online in SMPC2. On account of this, both strategies have a number of
variables and constraints that grows linearly with the prediction horizon, but SMPC1
has fewer variables and constraints, and is as fast as the optimization in [49].

The constraint handling of SMPC1 is the same as in [49], except that the tight-
ening parameters are smaller. Since the conditions used for ensuring satisfaction of
the probabilistic constraints are equivalent to a robustification of the KFD, with an
extra tightening parameter that accounts probabilistically for the CFD, the handling
of constraints can be seen as a robust problem. Additionally, it has been noted that
the control policy used here is a particular case of the control policy of Chapter 4.
Therefore the approach of Chapter 4 is used for constraints satisfaction in SMPC2.

Although one might expect SMPC2 to have greater control authority than SMPC1
on account of the online optimization of the compensation gains, the use of the
approach of Chapter 4 for constraints satisfaction imposes some conservativeness due

to the extra conditions involved, so then, for small values of N, SMPC1 may have
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larger domains of attraction than SMPC2. This effect, however, disappears for larger
values of NV as there are more L;, available, so that the maximum domains of attraction
of SMPC2 are always as large or larger than those of SMPC1. These considerations,
plus the fact that SMPC1 is considerably faster than SMPC2, imply that the decision
between using one or another method is a compromise between control authority and
computational speed.

The stability conditions for both strategies are expressed in terms of a bound on
the closed-loop performance that depends on the disturbance compensation of the
control policy: for the case of fixed gains (that have been designed offline) the bound
is readily available and depends on those gains, while for SMPC2 the bound depends
on the worst case possible value that these gains can take during the online execution.
Clearly this does not yield a tight bound, thus it is desirable to pursue further research
to prove a stability or convergence criterion to a terminal set or to the terminal control
law v = Kz. Additionally, as stated in Remark 6.1, the current formulation cannot
handle mixed probabilistic constraints of the type Pr{F;z, + G;u; < 1} > p;, so then

it would be desirable to pursue further research so that this case can be covered.
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Concluding remarks and further

research

7.1 Concluding remarks: a summary

This thesis presents a variety of strategies in the context of RMPC and SMPC with
the aim of reducing online computational demand while retaining as much control
authority as is conveniently possible.

Chapter 3 presents a simplification of PTMPC [73], referred to as offline PTMPC,
or OPTMPC, and consists of transferring the computation of the part of the con-
trol policy associated with the uncertainty to the offline stage, so that the online
optimization only deals with nominal predictions and as a result has a computational
complexity comparable to that of deterministic linear MPC. Thus the control method
is better suited to large prediction horizons. The offline stage consists of a sequen-
tial optimization of the parameters of the control policy that seeks to minimize the
tightening parameters of the online optimization so as to relax the constraints of the
nominal predictions. In order to be able to guarantee recursive feasibility and stabil-
ity, the tightening parameters must be updated online based on offline calculations,

so that the online optimization is time-varying. Nevertheless, after /N instants the
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tightening parameters will remain the same and the online optimization will become
time-invariant. Although the offline computations introduce some conservativeness,
this can be small enough so that often one can increase the prediction horizon used
in OPTMPC so as to obtain larger domains of attraction than PTMPC (which uses a
smaller N') while solving online optimizations faster and maintaining the system theo-
retic properties. OPTMPC thus provides a convenient alternative when the required
domains of attraction are not too large: due to the offline design, in general, the
maximum domain of attraction of OPTMPC will be smaller than that of PTMPC.
Chapter 4 presents a modification of PTMPC [73] such that the separable predic-
tion scheme has a striped structure and the disturbance compensation terms extend
over Mode 2 into the infinite horizon. The resulting strategy is referred to as striped
PTMPC, or SPTMPC. The modification results in a reduction in the growth of the
size of the optimization problem from quadratic to linear with N, so that the pro-
posed strategy is better suited to large prediction horizons. Also, the extension of the
disturbance compensation terms over Mode 2 into the infinite horizon provides extra
relaxation in the terminal constraints, so that SPTMPC can potentially obtain better
domains of attraction than PTMPC. Neither of the prediction schemes of PTMPC
or SPTMPC is subsumed as a particular case of the other, so potentially any strat-
egy can obtain larger domains of attraction than the other. However, the fact that
the size of the online optimization only grows linearly in SPTMPC, as opposed to
quadratically in PTMPC, implies that very often, by using larger prediction horizons,
SPTMPC achieves better domains of attraction with faster online optimizations when
compared to PTMPC. Two variations of the strategy are proposed, one that guaran-
tees convergence of the state to the minimal invariant set under the state feedback,
and another that only guarantees ISS stability. The first strategy however uses a
terminal constraint that can impose some conservativeness, so the second strategy

has increased control authority. The aspects previously discussed in this paragraph,
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however, apply to both variations.

OPTMPC is faster than SPTMPC, and therefore larger prediction horizons could
be used for OPTMPC which may allow one to obtain larger domains of attraction.
However, the conservativeness imposed by the offline design in OPTMPC implies that
often the domains of attraction cannot be as large as those of SPTMPC.

Chapter 5 presents a strategy that extends the approach of [19] for systems with
multiplicative uncertainty, to the case of mixed multiplicative and additive uncer-
tainty. The approach consists of the optimization of prediction dynamics with the
aim of maximizing the volume of invariant ellipsoids. As in [34], this extension de-
ploys disturbance feedback but is shown to depend on conditions which are both
necessary and sufficient. The optimized dynamics together with perturbations on the
control laws over the first IV prediction steps is used to propose an effective prediction
dual-mode prediction based RMPC algorithm which does not rely on the restrictive
assumption of [34] that requires the future model uncertainty to be known over the
prediction horizon. Constraint satisfaction is handled with an approach based on a
variation of Farkas’ Lemma, so that the resulting online optimizations have a prob-
lem size that grows linearly with the prediction horizon, and it thus suitable for large
prediction horizons. The optimized polytopic dynamics yield the largest ellipsoidal
invariant set in the sense that the addition of new degrees of freedom would not im-
prove the ellipsoidal invariant set. However, the optimized polytopic dynamics are
not necessarily optimal in terms of polytopic invariant sets. Therefore the use of
polytopic constraints allows room for the introduction of extra degrees of freedom in
the control policy which are used to improve the domain of attraction.

Unlike previous works on SMPC, Chapter 6 presents an SMPC approach that
considers explicit feedback from the disturbances in the form of a striped affine-
in-the-disturbances policy. Two variations of the strategy are proposed. The first

variation, SMPC1, considers an offline design of the disturbance compensation gains
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which, as in Chapter 3, consists of a sequential optimization of the compensation gains
of the control policy that seeks to minimize the tightening parameters of the online
optimization so as to relax the constraints of the nominal predictions. This results in
a strategy with improved domain of attraction, while requiring online optimizations
with the same computational demand as the strategy of [49], where the size of the
online optimization grows linearly with the prediction horizon. The second variation,
SMPC2, considers the gains as degrees of freedom of the online optimization. It is
shown that the conditions for the satisfaction of the probabilistic constraints and for
guaranteeing recursive feasibility can be cast as modified robust constraints, and then
SMPC2 uses the approach of Chapter 4 for ensuring constraint satisfaction, but mod-
ified to account for the fact that the policy is affine in the disturbances. This allows
one to impose constraints in a different way that is not so sensitive on the dimension
of the additive disturbance. On account of the use of this approach for ensuring
constraint satisfaction, the computational demands are greater than in SMPC1, but
the size of the optimization problem still grows linearly with N. Additionally, the
use of artificial terminal constraints can impose some conservativeness which may
result in smaller domains of attraction than SMPC1. However, as larger prediction
horizons are used this conservativeness disappears and, due to the fact that the gains
are designed online, SMPC2 has greater control authority in general and yields better

domains of attraction.

7.2 Further research

The first strategy proposed in Chapter 4, SPTMPC1, uses the additional constraint
(4.34) to guarantee convergence to the minimal invariance set under v = Kuz. It
has been noted that use of this constraint is rather artificial because it considers a
terminal set which is invariant for a fixed control law that is not the terminal control

law of the predicted policy, which is not fixed. It would thus be interesting to study
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the possibility of obtaining strong notions of stability (i.e. convergence to a set)
without imposing that extra constraint, or in a way that is more directly related to
the structure of the control policy.

In a related way, the stability conditions for both strategies of Chapter 6, SMPC1
and SMPC2, are expressed in terms of a bound on the closed-loop performance that
depends on the disturbance compensation of the control policy. Thus it is desirable
to pursue further research to prove a stochastic/probabilistic stability or convergence
criterion to a terminal set or to the terminal control law u = Kx.

As it turns out, these two issues are related because both of them relate to the
structure of the control policies (the control policy of Chapter 6 is a particular case
of the control policy of Chapter 4), and its effect on the receded solutions that are
typically used to prove recursive feasibility and stability. In a typical RMPC and
SMPC formulation, the considered control policy and fixed terminal control law are
such that the terminal control law can be implemented though a particular choice of
the degrees of freedom in the control law at the (N — 1)st predicted time step. This
implies that the receding operation is valid for the entire predicted policy, thus proving
recursive feasibility and that after N receding operations the entire control policy is
given by the terminal control law. However, as explained at the beginning of Section
4.4, the striped structure of the control policy implies that the receding operation is
not valid for the entire predicted policy (it is valid for the nominal portion, but not for
the disturbance compensation terms). This was the reason behind the more involved
constraint satisfaction approach in Chapter 4 and the need of the artificial condition
(4.34) for proving convergence. This has to be borne in mind when pursuing the
research lines proposed above.

The terminal control law of SPTMPC (and by extension also that of SMPC2)
is not fixed and it can provide extra relaxation for the constraints throughout the

infinite horizon, which suggests that the strategy could be applied to systems where
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the state feedback u = Kz is not necessarily feasible. Actually, Remark 6.15 indicates
the conditions that the offline designed gains in SMPC1 need to satisfy so that the
strategy is applicable, and these can be satisfied even if the state feedback u = Kx
is not necessarily feasible. This is a start to this interesting research direction, and
further steps would involve finding conditions for the policies where its parameters
are found online and performing stability analyses in an RMPC and SMPC context.

It has been discussed in Chapter 5 that the number of constraints and variables of
the strategy depends on the number of rows of V', which in turn is associated with the
eigenvalues of W. V' tends to have more rows as the eigenvalues approach to unity in
absolute value, thus affecting the online computational demands. This suggests two
possible research directions. One consists of finding alternatives for a more convenient
selection of V. The other consists of finding alternative ways to impose the conditions
(5.44), (5.40), (5.45) and (5.46), so that the online computational demands of the

RMPC strategy are not so sensitive on the size of V.
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