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Abstract

The presence of uncertainty in model predictive control (MPC) has been

accounted for using two types of approaches: robust MPC (RMPC) and

stochastic MPC (SMPC). Ideal RMPC and SMPC formulations consider

closed-loop optimal control problems whose exact solution, via dynamic

programming, is intractable for most systems. Much effort then has been

devoted to find good compromises between the degree of optimality and

computational tractability. This thesis expands on this effort and presents

robust and stochastic MPC strategies with reduced online computational

requirements where the conservativeness incurred is made as small as con-

veniently possible.

Two RMPC strategies are proposed for linear systems under additive un-

certainty. They are based on a recently proposed approach which uses

a triangular prediction structure and a non-linear control policy. One

strategy considers a transference of part of the computation of the control

policy to an offline stage. The other strategy considers a modification of

the prediction structure so that it has a striped structure and the distur-

bance compensation extends throughout an infinite horizon. An RMPC

strategy for linear systems with additive and multiplicative uncertainty

is also presented. It considers polytopic dynamics that are designed so

as to maximize the volume of an invariant ellipsoid, and are used in a

dual-mode prediction scheme where constraint satisfaction is ensured by

an approach based on a variation of Farkas’ Lemma.

Finally, two SMPC strategies for linear systems with additive uncertainty

are presented, which use an affine-in-the-disturbances control policy with

a striped structure. One strategy considers an offline sequential design

of the gains of the control policy, while these are variables in the online

optimization in the other.

Control theoretic properties, such as recursive feasibility and stability, are

studied for all the proposed strategies. Numerical comparisons show that

the proposed algorithms can provide a convenient compromise in terms of

computational demands and control authority.
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Chapter 1

Introduction

1.1 Motivation and objectives

Model predictive control (MPC) is a family of control strategies that consist of finding

the solution, at each sample time, of an optimal control problem where the current

state of the plant is the initial state. This yields an optimal control input sequence,

but only the first control input of the sequence is actually applied to the plant. Given

that the optimization is performed at each sample time and the horizon of the optimal

control problem is receding one step at each sample time, MPC is also known as

receding horizon control (RHC). MPC has enjoyed wide success because of its ability

to handle constraints in the optimal control formulation, which allows processes to

operate close to the constraint boundaries, thereby providing the potential for more

effective control.

The idea of using linear programming for the control of linear systems was first

proposed in 1963 by [71]. Then, MPC was first advocated in the following decade by

[79], [80], and then a plethora of works followed, passing through the success in the

process industry in the 1980s until the present (for a review see [62], [46], [17], [78]).

The field can be considered mature in respect of developments of stability results [62].

Initial developments considered deterministic prediction models, where no uncer-
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Chapter 1. Introduction

tainty was considered. However, for most applications, the mathematical models can

only provide an approximate description of the system dynamics, and/or the effect

of the uncertainties is too significant to be neglected. Hence the use of MPC can

result in poor performances or even infeasibility of the online optimization. For this

reason, robust MPC (RMPC) emerged as a family of MPC strategies that preserve

stability and performance for all possible realizations of bounded uncertainties, which

have been usually modelled as model uncertainties (of the system parameters) and/or

additive disturbances.

Early formulations of RMPC considered open-loop optimal control problems [95],

[64], just like in the case of deterministic models, where only a single sequence of

control inputs is determined for all possible realizations of the uncertainties or distur-

bances. This, however, is conservative [9] because it does not acknowledge the fact

that the future information of the states (and therefore of the uncertainties) will be

known and ready to use by the controller. Furthermore, not including these in the

formulation could even lead to infeasibility [86]. This information can be effectively

used in closed-loop optimal control problems; the optimization now is performed over

a control policy, which is a sequence of control laws (which are functions of the state),

instead of a single control sequence, and therefore each predicted control input will

depend on the uncertainty. The exact solution of such closed-loop optimal control

problems can be obtained via dynamic programming [9] or feedback optimization [86].

However, the size of the problem (number of constraints and variables) grows expo-

nentially with the prediction horizon of the optimal control problem, and is therefore

intractable for most problems. For this reason most developments have consisted of

simplifications of the control policies (e.g. see [45], [51], [61], [63], [58], [38], [73]) so

as to decrease the size of the problems so that they can be applied online. However,

some of these strategies can sometimes prove to be too conservative [45], [51], [61],

[63]. Others are less conservative [58], [38], [73] but the number of variables and

2



Chapter 1. Introduction

constraints grows quadratically with the prediction horizon, which may still require

significant computational effort and restrict application to systems with low-order

models and short predictions horizons. Based on this, one objective of this thesis is

to develop RMPC strategies with reduced computational complexity (namely, linear

growth of the number of constraints and variables with the prediction horizon) while

having as much control authority as conveniently possible.

RMPC only takes into account the bounds of the uncertainties, but not their prob-

abilistic distribution. This is a problem when probabilistic constraints are present.

Additionally, the min-max optimization often adopted in RMPC, which consists of

minimizing the performance of the worst cases of the uncertainties, can be extremely

conservative because the uncertainties near the bounds can be extremely unlikely.

For this reason, stochastic MPC (SMPC) has emerged as a family of techniques that

incorporate the stochastic descriptions of the uncertainties for handling the proba-

bilistic constraints and using more realistic probabilistic measures of the performance.

Early works in this area [57], [88], [89] considered these aspects, but the exploration

of issues such as the stability and feasibility of the closed-loop implementation was

explored later, e.g. [23], [49], [21]. These strategies, however, only consider quasi

closed-loop optimal control formulations (although there is feedback in the predic-

tions in the form of a static feedback term Kx in the predicted inputs, no special

treatment is considered for the unknown future uncertainties), which can be conser-

vative. Therefore the second objective of this thesis is to design SMPC strategies that

use control policies with the aim of having increased control authority, but that at the

same time impose reduced computational requirements; to be understood again as

having a linear growth of the number of constraints and variables with the prediction

horizon.

3



Chapter 1. Introduction

1.2 Contributions and outline

Based on the discussion above, this thesis presents robust and stochastic MPC strate-

gies that require reduced online computational effort, i.e. such that they have a linear

growth of the number of constraints and variables with the prediction horizon. This

will be achieved by transferring part of the computations to an offline stage and/or

modifying the structure of the control policies. These strategies will be developed

with the intention that the reduction in the computational burden is such that the

degree of conservativeness incurred is made as small as conveniently possible. Further-

more, a reduction in computational burden implies that with an adequate selection

of parameters it might be possible that the proposed methods have larger domains of

attractions whilst being faster than the established methods in the literature.

Chapter 2 provides a background of the most relevant concepts and earlier works

that are needed for the strategies presented in this thesis. The background is divided

into classical MPC, RMPC and SMPC.

Chapter 3 presents an RMPC strategy for linear systems under additive uncer-

tainty based on the strategy of [73], called parameterized tube MPC (PTMPC), such

that part of the computation of the predicted control policy is transferred to the of-

fline stage, hence this strategy will be called offline PTMPC (OPTMPC). This yields

a time varying online optimization where the number of variables and constraints

grows linearly with the prediction horizon as opposed to quadratically as in [73], and

therefore is comparatively much faster than PTMPC as N increases. Thus in a con-

siderable number of cases, one might use larger values of N in order to obtain larger

domains of attraction than with PTMPC while still having to solve, online, problems

with less computational burden.

Chapter 4 presents an RMPC strategy that modifies the prediction structure of

[73] and will be called striped PTMPC (SPTMPC). This modification results in a
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striped control policy such that the disturbance compensation extends throughout

the infinite prediction horizon, rather than being limited to a finite horizon. On

account of this, SPTMPC has the potential to outperform PTMPC. Additionally,

in SPTMPC the online optimization has a number of variables and constraints that

grows linearly with the prediction horizon, and as with the strategy of Chapter 3,

this means that one can use larger values of N in order to obtain larger domains of

attraction than with PTMPC while still requiring less computational burden.

Chapter 5 presents an RMPC strategy for linear systems under multiplicative and

additive uncertainty. In common with [34], it extends the strategy of [19], which is

for systems subject only to multiplicative uncertainty, and considers a formulation

based on optimized polytopic dynamics. Necessary and sufficient conditions for the

invariance of polytopic dynamics are provided, whereas only sufficient conditions are

provided in [34]. Additionally, the optimized polytopic dynamics are effectively used

in a dual-mode prediction based MPC strategy, whereas the strategy of [34] only

presents a dual-mode prediction based MPC strategy under the assumption that the

multiplicative uncertainty is known in the near future.

Chapter 6 presents two SMPC strategies based on the strategy of [49], that ef-

fectively use a striped affine-in-the-disturbances control policy to obtain improved

control authority. As in SPTMPC, the compensation extends throughout an infinite

horizon and yields an online optimization problem with a number of variables and

constraints that increases linearly with the prediction horizon N . As in [49], the

satisfaction of the probabilistic constraints is ensured with conditions on the nominal

state and input predictions through the introduction of slack variables that account

for the effect of the uncertainty. In one of the strategies, the disturbance feedback

gains are computed offline, whereas in the other these are optimized online.

Finally, Chapter 7 provides a summary of the results presented and of the con-

cluding remarks presented at the end of chapters 3, 4 5 and 6, and suggests possible

5
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future research directions.

1.3 Publications

The work presented in this thesis is largely based on published or submitted material.

Chapter 3 is based on

S.V. Rakovic, D. Muñoz-Carpintero, M. Cannon and B. Kouvaritakis. Offline

tube design for efficient implementation of parameterized tube model predictive

control. In Decision and Control (CDC), 51st IEEE Conference on, Maui,

Hawaii, pages 5176-5181, Dec. 2012. [76]

Chapter 4 contains material to appear in

D. Muñoz-Carpintero, B. Kouvaritakis and M. Cannon. Striped Parameterized

Tube Model Predictive Control. In 19th IFAC World Congress, Cape Town,

SA, Aug. 2014. [67]

Chapter 5 is based on

D. Muñoz-Carpintero, M. Cannon and B. Kouvaritakis. Recursively feasible

robust MPC for linear systems with additive and multiplicative uncertainty

using optimized polytopic dynamics. In Decision and Control (CDC), 52nd

IEEE Conference on, Florence, Italy, pages 1101-1106, Dec. 2013. [65]

Chapter 6 is based on

B. Kouvaritakis, M. Cannon and D. Muñoz-Carpintero. Efficient prediction

strategies for disturbance compensation in stochastic MPC. Int. Journal of

Systems Science, 44(7):1344-1353, 2013. [48]

D. Muñoz-Carpintero, B. Kouvaritakis and M. Cannon. On prediction strategies

in stochastic MPC. In Control and Automation (ICCA), 9th IEEE International

Conference on, Santiago, Chile, pages 249-254, Dec. 2011. [66]
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Chapter 1. Introduction

1.4 Notation and basic definitions

Frequently used notation and basic definitions are given next.

• xt, ut and wt denote the state, control input and disturbance acting at time t.

• (·)t+k|t denotes the prediction of the variable at time t + k made at time t, so

that xt+k|t is the predicted state at time t+ k made at time t.

• 0 denotes a real matrix of appropriate dimensions with all elements zero.

• 1 denotes the vector [1, 1, . . . , 1]T of appropriate dimension.

• A � 0 denotes that the matrix A is positive definite, and A � 0 denotes that A

is semi-positive definite.

• A > 0 denotes that all the elements of A are greater than zero, and A ≥ 0

denotes that all the elements of A are greater or equal to zero.

• For a, b ∈ Rn the inequality a ≥ b denotes that ai ≥ bi, for i = 1, . . . , n, where ai

denotes the ith component of a (i.e. the inequality a ≥ b applies elementwise).

• tr(A) is the trace of A.

• N is the set of natural numbers (non-negative integers) and N+ is the set of

positive natural numbers. R is the set of real numbers and R+ is the set of

non-negative real numbers.

• Given two sets X, Y ⊂ Rn, the Minkowski set addition is defined by X ⊕ Y :=

{x + y : x ∈ X, y ∈ Y }. Given a vector x ∈ Rn, x ⊕ X denotes {x} ⊕ X.

Given a sequence of sets {Xi}i∈N,
⊕b

i=aXi denotes Xa ⊕ . . .⊕Xb.

• conv (X) denotes the convex hull of X.

7
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• Given a convex compact set L ⊂ Rn that contains the origin in its interior, the

function G (L, x) = minµ{µ : x ∈ µL, µ ∈ R+} for x ∈ Rn is the gauge function

of L.

• Given a symmetric convex compact set L ⊂ Rn that contains the origin in its

interior, the gauge function of L induces the vector norm |x|L = G (L, x).

• Given a symmetric convex compact set L ⊂ Rn that contains the origin in its

interior, and a non-empty closed set X ⊂ Rn, dist(L, y,X) := infx{|x − y|L :

x ∈ X} for y ∈ Rn is called the distance function associated with the set X.

• A polyhedron is the intersection of a finite number of open and/or closed half-

spaces and a polytope is a closed and bounded polyhedron.

• For x ∈ X and y ∈ Y, (x, y) denotes an element in the product space X× Y.

• Given a convex set X ⊂ Rn and two matrices A,B ∈ Rm×n, (A,B)X denotes

the set conv ({(Ax,Bx) : x ∈ X}). Given two setsX = conv({x1, . . . , xn}), Y =

conv({y1, . . . , yn}), then (X, Y ) denotes the set conv({(x1, y1), . . . , (xn, yn)}).

• A continuous function φ : R+ → R+ is said to be a K-function if it is continuous,

strictly increasing and φ(0) = 0, and it is a K∞-function if it is a K-function

and φ(s)→∞ as s→∞.

• A continuous function φ : R+ × R+ → R+ is a KL-function if for all t ∈ R+,

φ(·, t) is a K-function and for all s ∈ R+, φ(s, ·) is decreasing with φ(s, t) → 0

as t→∞.

• Pr{E} denotes the probability of the event E.

• Given a stochastic process Xk, k = 0, 1, . . ., E{Xk} and Et{Xk} denote the ex-

pected value of Xk and the expected value of Xk conditional on the information

available at time t, respectively.

8



Chapter 1. Introduction

As far as possible use of the above notation will be made throughout the thesis.

However this will not always be possible, mainly in the case of the symbols, due to

the different mathematical tools used in the different chapters.

1.5 Acronyms

BMI Bilinear matrix inequality

CFD Current future disturbances

DP Dynamic programming

KFD Known future disturbances

LMI Linear matrix inequality

LP Linear program

MPC Model predictive control

PTMPC Parameterized tube model predictive control

PWA Piecewise Affine

PWQ Piecewise quadratic

QP Quadratic program

RMPC Robust model predictive control

SMPC Stochastic model predictive control

SDP Semidefinite program

9



Chapter 2

Background on Classical, Robust

and Stochastic Model Predictive

Control

This chapter contains a review of the relevant concepts and developments for the

study of robust and stochastic MPC. Firstly, the fundamental concepts and ideas

behind classical MPC (that uses linear deterministic systems), which are the basis

for robust and stochastic MPC, are presented. This is followed with a review of

robust MPC (RMPC). The differences with classical MPC in terms of feasibility, in-

variance and stability, and the differences between open-loop and feedback prediction

strategies are highlighted. This review also describes the main concepts and the most

important strategies for handling different types of uncertainty: additive uncertainty

(or disturbances) and multiplicative uncertainty (also known as polytopic uncertainty

or difference inclusions). The section concludes by presenting the main concepts and

a review of the most relevant contributions in stochastic MPC (SMPC) for systems

with additive disturbances.

The presentation of the section on classical MPC is the most detailed among the

10



Chapter 2. Background

three sections in this chapter. This is because it introduces concepts and ideas that

are used again (or extended) for the robust and stochastic cases. This higher level of

detail is reflected mainly in the proofs; these are presented only in the classical MPC

section. This is convenient for two reasons: (i) the ideas and concepts used in the

proofs for the deterministic case are simpler than in the robust and stochastic cases

(yet it is noted that the concepts and ideas are very similar for the classical, robust

and stochastic cases) ; and (ii) similar proofs for the robust and stochastic cases are

performed in the latter chapters.

2.1 Classical MPC

2.1.1 Formulation

Classical MPC refers to MPC strategies that consider linear time-invariant systems

that are not subject to any type of uncertainties.

A plethora of different formulations have been proposed since the introduction of

MPC in the 1960s, going through the success in the process industry in the 1980s,

until the present, and it is now considered a mature technique. Thus focus will be

given next to what is currently considered the most typical formulation for linear

systems [62], [78], [25], [94].

Consider a linear, time-invariant, discrete-time system

xt+1 = Axt +But, (2.1)

where A ∈ Rn×n, B ∈ Rn×nu , and xt and ut are the state and the control input. The

system is subject to state and input constraints.

xt ∈ X, ut ∈ U, (2.2)

11
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where X is a convex, closed subset of Rn and U is a convex, compact subset of Rnu .

X and U contain the origin in their interiors and are described by linear inequalities

X = {x : Fx ≤ 1}, U = {u : Gu ≤ 1}, (2.3)

where F ∈ Rncx×n, G ∈ Rncu×nu .

Assumption 2.1. (i) The pair (A,B) is stabilizable. (ii) The state is directly mea-

surable. (iii) xt is known at the moment of choosing ut, and therefore control laws

that are functions of the current state are considered.

The regulation problem is considered, where the control objective is to steer the

state to the origin, or to an equilibrium state x̄, for which there exists a control input

ū that satisfies x̄ = Ax̄ + Bū. A suitable change of coordinates reduces the second

case to the first, so without loss of generality only steering the state to the origin is

considered in this thesis.

The main idea in MPC is to optimize the predicted performance of the system,

such that the system constraints are satisfied, over a given prediction horizon N by

finding an optimal sequence of control inputs, and then only the first of these inputs is

actually applied to the system. This procedure is repeated at each sample time, and

the prediction horizon slides along with time t such that the predictions go until time

t+N in what is called a receding horizon strategy, which lends MPC the alternative

name of receding horizon control.

Early formulations considered finite horizon formulations that could not guarantee

stability, or that in order to do so require the use of very restrictive constraints (such

as setting the terminal state to be zero), whereas schemes based on infinite horizons

can guarantee stability [59]. Dual prediction mode MPC [62] provides practical means

to handle infinite horizons, and is described next.

Dual prediction mode MPC is a type of infinite horizon formulations of MPC
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where the infinite prediction horizon is divided into (i) the first N prediction instants,

known as the near horizon or Mode 1; (ii) and the remaining prediction instants,

known as the far horizon or Mode 2. The N inputs in Mode 1 {ut, . . . , ut+N−1}

are free (optimization variables), while the remaining inputs of Mode 2 are given by

a fixed terminal control law. This terminal control law is usually (and during the

remainder of this chapter, unless mentioned otherwise) given by a stabilizing linear

state feedback law u = Kx. The idea is that the optimization of a predicted cost is

performed by using explicitly only the variables of Mode 1. The length of Mode 1,

N , is regarded as the prediction horizon.

The state dynamics and system constraints to be satisfied by the predictions are

xt|t = xt,

xt+k+1|t = Axt+k|t +But+k|t, k = 0, . . . , N − 1

(2.4)

and

xt+k|t ∈ X, k = 0, . . . , N − 1,

ut+k|t ∈ U, k = 0, . . . , N − 1,

(2.5)

where xt is the current state at time t and the sub-index (·)t+k|t denotes the prediction

of the variable at time t+ k made at time t.

The predicted cost of the system at time t depends on the predicted sequences of

states xt = {xt|t, xt+1|t, . . . , xt+N |t} and control inputs ut = {ut|t, ut+1|t, . . . , ut+N−1|t},

such that only the variables of Mode 1 and a terminal cost are considered:

J(xt,ut) =
N−1∑
k=0

`(xt+k|t, ut+k|t) + F (xt+N |t), (2.6)

where `(x, u) = xTQx + uTRu is the stage cost, F (x) = xTPx is the terminal cost

that accounts for the performance in Mode 2, Q,P ∈ Rn×n, R ∈ Rnu×nu , Q,P � 0,

R � 0, and the pair (A,Q
1
2 ) is detectable.

13
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The following terminal constraint is also used:

xt+N |t ∈ Xf = {x : Hx ≤ 1}, (2.7)

where H ∈ Rnf×n and Xf ⊆ X is such that (2.7) guarantees that the constraints are

satisfied throughout all of Mode 2.

More details about the terminal cost and the terminal constraints are provided

in Section 2.1.2 when the stability, feasibility and invariance of the MPC strategy is

analysed.

At every sample time t, the MPC strategy requires the solution of the optimal

control problem P(xt):

J∗ (xt) = min
(xt,ut)

{J (xt,ut) | (xt,ut) satisfy (2.4), (2.5), (2.7)} ,

(x∗t (xt),u
∗
t (xt)) = arg min

(xt,ut)
{J (xt,ut) | (xt,ut) satisfy (2.4), (2.5), (2.7)} .

(2.8)

Then, only the first control input ut = u∗t|t(xt) in the optimal sequence is applied to

the system, which defines the implicit MPC law

κ (xt) = u∗t|t(xt), (2.9)

which is time-invariant since the stage and terminal costs and the constraints are

time-invariant.

The optimization in P(xt) has linear constraints and a quadratic cost, therefore it
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is quadratic program (QP), as shown next.

minimize
xt,ut

N−1∑
k=0

(
xTt+k|tQxt+k|t + uTt+k|tRut+k|t

)
+ xTt+N |tPxt+N |t

subject to xt|t = xt,

xt+k+1|t = Axt+k|t +But+k|t, k = 0, . . . , N − 1,

Fxt+k|t ≤ 1, k = 0, . . . , N − 1,

Gut+k|t ≤ 1, k = 0, . . . , N − 1,

Hxt+N |t ≤ 1.

(2.10)

The optimization problem presented above has a number of variables and con-

straints that grow linearly with the prediction horizon N , the state dimension n and

the input dimension nu (when each varies individually), and therefore is tractable.

The problem can be formulated to have xt+k|t as variables, as shown above, and in this

case the dynamic equations are included as constraints. Alternatively, the predicted

xt+k|t can be written as functions of the inputs ut+k|t and xt

xt+k|t = Akxt +

[
Ak−1B Ak−2B . . . B

]


ut|t

ut+1|t

...

ut+N−1|t


, (2.11)

therefore reducing the number of variables and constraints since xt+k|t and the dy-

namic equations are not considered explicitly, and the constraints Fxt+k|t ≤ 1, k =
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0, . . . , N − 1, are replaced by

F


Akxt +

[
Ak−1B Ak−2B . . . B

]


ut|k

ut+1|t

...

ut+N−1|t




≤ 1, k = 0, . . . , N − 1. (2.12)

The former structure however, offers a numerically more robust formulation by

usually being better conditioned [77].

Under the control law of (2.9), the dynamics of system (2.1) become

xt+1 = Axt +Bκ(xt), (2.13)

which are non-linear since κ(xt) is in general non-linear. More precisely, κ(xt) is a

piecewise affine (PWA) function of xt [5].

2.1.2 Invariance, feasibility and stability in classical MPC

An analysis of the feasibility, stability and convergence properties of the classical

MPC controller is performed here.

The concept of positively invariant sets is fundamental for the analysis of feasibility

of dual-mode prediction based MPC controllers.

Definition 2.1 (Positively invariant set). A set Ω ⊆ X is said to be positively invari-

ant for system (2.1) and constraints (2.2) under the control law u = κ(x) if and only

if, for all x ∈ Ω, Ax+Bκ(x) ∈ Ω and κ(x) ∈ U.

This means that, for a positively invariant set Ω, for system (2.1) and constraints

(2.2) under the control law u = κ(x): (i) if the state is in Ω then it will remain in

this set at the subsequent time instant, which recursively guarantees that the state

will remain in Ω for all future instants; and (ii) if x ∈ Ω then x ∈ X and κ(x) ∈ U.
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Combining (i) and (ii) it follows that if x ∈ Ω then the constraints x ∈ X and κ(x) ∈ U

will be satisfied for all future instants.

Definition 2.2 (Maximal positively invariant set). A set Ω̄ ⊆ X is said to be the

maximal positively invariant for system (2.1) and constraints (2.2) under the control

law u = κ(x) if and only if it is positively invariant and Ω ⊆ Ω̄ for all positively

invariant sets Ω.

The following assumption is made about the terminal constraint and control law.

Assumption 2.2. Xf is a positively invariant set for system (2.1) and constraints

(2.2) under the stabilizing control law u = Kx.

Remark 2.1. (i) Assumption 2.2 ensures that the terminal control law is stable and

that the satisfaction of the terminal constraint (2.7) guarantees the satisfaction of the

system constraints (2.2) in Mode 2.

(ii) While Xf can be any positively invariant set under u = Kx, it might be

convenient to use the maximal positively invariant set under this control law in order

to reduce conservativeness. This set however might be defined by many inequalities, so

a compromise between the size of the set and the online computational burden might

be desirable.

Let X be the feasibility domain of P(x),

X = {x : P(x) is feasible}. (2.14)

The feasibility domain is also called the domain of attraction.

Given that the control law requires the solution of P(x), a basic requirement for

the stability is recursive feasibility of the optimization.

Definition 2.3 (Recursive feasibility). The optimal control problem P(x) is said to be

recursively feasible if and only if feasibility at the current time guarantees feasibility at
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the next instant (and recursively for all future instants), or equivalently, Ax+Bκ(x) ∈

X for all x ∈ X .

It is clear from this definition that if P(x) is recursively feasible, then X is a

positively invariant set under the control law of (2.9), κ(x).

Theorem 2.2. The optimal control problem P(xt) of the control law of (2.9) is re-

cursively feasible.

Proof. If u∗t (xt) = {u∗t|t, . . . , u∗t+N−1|t} is the optimal solution of P(xt), then it de-

fines a feasible sequence of states in Mode 1, x∗t (xt) = {xt, x∗t+1|t, . . . , x
∗
t+N |t}, such

that x∗t (xt) and u∗t (xt) satisfy (2.5) and (2.7). Based on the receding horizon strat-

egy, candidate solutions at time t + 1 are built from the optimal solutions at time

t by discarding the first element of the sequence, which has already been applied

to the system, and adding one more element at the end, as would be obtained by

the terminal control law. In this thesis this process is called receding operation,

and yields a receded solution given by ũt+1 = {ũt+1|t+1, . . . , ũt+N−1|t+1, ũt+N |t+1} =

{u∗t+1|t, . . . , u
∗
t+N−1|t, Kx

∗
t+N |t} and x̃t+1 = {x̃t+1|t+1, . . . , x̃t+N |t+1, x̃t+N+1|t+1} =

{x∗t+1|t, . . . , x
∗
t+N |t, (A + BK)x∗t+N |t}, which satisfy (2.5). Satisfaction of (2.5) for

k = 0, . . . , N − 2 comes directly from the feasibility of Mode 1 at the previous in-

stant, and satisfaction for k = N − 1 follows because x∗t+N |t ∈ Xf , which guarantees

that x∗t+N |t ∈ X and Kx∗t+N |t ∈ U. Finally satisfaction of (2.7) follows from the

invariance of Xf , which implies that (A + BK)x∗t+N |t ∈ Xf . ũt+1 is then a feasible

solution for the optimal control problem P(x) at time t + 1, provided that the prob-

lem was feasible at time t. By a recursive argument, it remains feasible for all future

instants.

The effect of N on the size of the domain of attraction is analysed next. To make

the effect of N explicit, the domain of attraction and the optimal problem when using

a Mode 1 horizon of length N are denoted by XN and PN(x).
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Theorem 2.3.

(i) Xf ⊆ XN for all N = 0, 1, 2, . . ..

(ii) XN ⊆ XN+1 for all N = 0, 1, 2, . . ..

(iii) If XN = XN+1, then XN = XN+k for all k = 0, 1, 2, . . ..

Proof. (i) Since Xf is positively invariant under u = Kx for system (2.1) and con-

straints (2.2), if xt ∈ Xf then ut = {Kxt, Kxt+1|t, . . . , Kxt+N−1|t} is a feasible input

sequence for problem PN(x). Then x ∈ XN which yields Xf ⊆ XN .

(ii) If xt ∈ XN then there exists a ut = {ut|t, ut+1|t, . . . , ut+N−1|t} that is a fea-

sible solution of PN(xt). According to the dual-mode prediction paradigm, the first

implicit input of that sequence in Mode 2 is ut+N |t = Kxt+N |t. Because Xf is pos-

itively invariant and satisfies Xf ⊆ X and KXf ⊆ U, then xt+N |t ∈ X, ut+N |t ∈ U

and xt+N+1|t ∈ Xf , which implies that the sequence ut = {ut|t, ut+1|t, . . . , ut+N−1|t,

Kxt+N |t} satisfies the constraints of PN+1(x). Then xt ∈ XN+1 which yields the

desired result.

(iii) XN+1 is also the set of states x for which there exists an input u such that

x ∈ X, u ∈ U and Ax + Bu ∈ XN . If XN+1 = XN , it follows that XN+2 = XN+1 and

then applying this recursively yields XN+t = XN+t−1 = . . . = XN .

This theorem implies that (i) the domain of attraction is at least as big as the

terminal set; (ii) if N is increased the domain of attraction of the MPC strategy

becomes larger, or at worst remains the same; and (iii) if N is increased by 1 and the

domain of attraction remains the same, then further increasing N will not change the

domain of attraction.

Before analysing the stability and convergence of the system, the basic notions of

stability are introduced and a theorem that guarantees stability for a system is pre-

sented. These will be presented in general for non-linear systems since the controlled

dynamics are non-linear as shown in (2.13).
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Consider a system of the form

xt+1 = f(xt), (2.15)

such that the origin is an equilibrium (i.e. f(0) = 0).

Definition 2.4 (Uniform local stability [12]). System (2.15) is said to be Uniformly

Locally Stable if for all ε ≥ 0 there exists δ such that ||x0|| ≤ δ implies ||xt|| ≤ ε for

all t = 0, 1, 2, . . ..

Let S be a neighbourhood of the origin. System (2.15) is said to be Uniformly

Locally Asymptotically Stable with domain of attraction S if it is Uniformly Locally

Stable and, for all x0 ∈ S, xt → 0 as t→∞.

Definition 2.5 (Exponential stability). System (2.15) is said to be Exponentially

Stable with domain of attraction S if and only if there exists µ > 0 and 0 < λ < 1

such that ||xt|| ≤ µλt||x0|| for all x0 ∈ S.

Definition 2.6 (Lyapunov function inside a set). The continuous positive definite

function V is said to be a Lyapunov function inside S for system (2.15) if there exists

ν such that S ⊆ {x : V (x) ≤ ν} and for all x ∈ {x : V (x) ≤ ν} the inequality

V (f(x))− V (x) ≤ −φ(||x||) (2.16)

holds for some K-function φ.

Theorem 2.4. Assume system (2.15) admits a Lyapunov function V in S. Then

system (2.15) is Uniformly Locally stable. If V is also upper and lower polynomially

bounded, then system (2.15) is Uniformly Locally Asymptotically (and exponentially)

stable with domain of attraction S.

The following assumptions made about the terminal cost and control law are

relevant for the stability of the MPC strategy.
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Assumption 2.3. The terminal cost given by F (x) = xTPx, with P � 0, satisfies

the Lyapunov condition

(A+BK)TP (A+BK)− P ≤ −(Q+KTRK). (2.17)

The main results regarding stability and convergence of the MPC strategy are

presented next.

Theorem 2.5. For system (2.1) under the control law of (2.9):

(i) For all xt ∈ X , J∗(xt) is monotonically decreasing such that

J∗(Axt +Bκ(xt))− J∗(xt) ≤ −(xTt Qxt + κ(xt)
TRκ(xt)). (2.18)

(ii) For all x0 ∈ X , the closed-loop performance satisfies the bound

∞∑
t=0

(xTt Qxt + κ(xt)
TRκ(xt)) ≤ J∗(x0). (2.19)

(iii) For all x0 ∈ X , (xTt Qxt + κ(xt)
TRκ(xt))→ 0 as t→∞.

Proof. (i) From Theorem 2.2 the receded solutions are feasible and satisfy:

J (xt+1, ũt+1) =
N−1∑
k=0

`(x̃t+1+k|t+1, ũt+1+k|t+1) + F (x̃t+N+1|t+1)

=
N∑
k=1

`(x∗t+k|t, u
∗
t+k|t) + F ((A+BK)x∗t+N |t)

=
N−1∑
k=0

`(x∗t+k|t, u
∗
t+k|t)− `(x∗t|t, u∗t|t) + `(x∗t+N |t, Kx

∗
t+N |t)

+ F ((A+BK)x∗t+N |t)
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The Lyapunov condition of (2.17) then implies that

J (xt+1, ũt+1) ≤
N−1∑
k=0

`(x∗t+k|t, u
∗
t+k|t)− `(x∗t|t, u∗t|t) + F (x∗t+N |t)

= J (xt,u
∗
t )− `(xt|t, u∗t|t).

But since J∗ (xt) = J (x∗t ,u
∗
t ) and an optimization is performed to yield the optimal

value of the cost, it follows that J∗ (xt+1) = J
(
x∗t+1,u

∗
t+1

)
≤ J

(
x̃t+1, ũt+1

)
. Thus

J∗(xt+1)− J(xt) ≤ −`(xt|t, u∗t|t), which is equivalent to (2.18).

(ii)-(iii) Summing (2.18) for t = 0, 1, 2, . . ., it is obtained that limt̄→∞
∑t̄

0(xTt Qxt+

u∗Tt Ru
∗
t ) + J∗(xt̄) ≤ J∗(x0). The desired property of (ii) follows directly since J∗(·)

is non-negative. Also, since the optimization is feasible, J∗(x0) must be finite, which

together with (ii) imply that (xTt Qxt + κ(xt)
TRκ(xt))→ 0 as t→∞.

Theorem 2.6. System (2.1) under the control law of (2.9):

(i) Satisfies limt→∞ xt = 0 and limt→∞ ut = 0, if x0 ∈ X .

(ii) Is asymptotically stable with domain of attraction X .

(iii) If Q � 0, then it is exponentially stable with domain of attraction X .

Proof. (i) From Theorem 2.5 κ(xt)
TRκ(xt)→ 0 as t→∞, and since R � 0, it follows

that κ(xt) → 0 as t → 0. Also from Theorem 2.5, xTt Qxt → 0 as t → ∞, and from

the detectability of (A,Q
1
2 ) it follows that xt → 0 as t→∞.

(ii) From the facts that `(x, u) and F (x) are quadratic with Q,P � 0 and Q � 0

and that the pair (A,Q)
1
2 is detectable, it follows that the objective function of P(xt)

is strictly convex and positive definite. And since condition (2.12) is polyhedral,

it follows that the value function J∗(xt) is a continuous, strictly convex, piecewise

quadratic function of xt [7]. It also satisfies (2.18) which implies that it is a Lyapunov

function, and therefore the origin is stable. Additionally, since xt → 0 as t → 0

whenever x0 ∈ X , it follows that the origin is asymptotically stable with domain of

attraction X .
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(iii) Since J∗(xt) is a positive definite, piecewise quadratic function of xt, it can

be bounded from above and below, for all xt ∈ X , by

α||xt||2 ≤ J∗(xt) ≤ β||xt||2 (2.20)

where α, β > 0 since J∗(xt) is positive definite. If the smallest eigenvalue of Q is

λ(Q), it follows from (2.18) and (2.20) that, for all x0 ∈ X ,

||xt||2 ≤
1

α

∣∣∣∣1− λ(Q)

β

∣∣∣∣t J∗(x0),

which indicates an exponential decrease in the norm of xt as t increases, and therefore

the origin is exponentially stable with domain of attraction X .

Remark 2.7. It is common that K is chosen to be the LQR optimal gain for the cost

given by J∞(x0) =
∑∞

t=0 x
T
t Qxt + uTt Rut, and that P satisfies the Lyapunov equation

P − (A + BK)TP (A + BK) = Q + KTRK (so that J(x) = J∞(x)). In this case,

since Xf is positively invariant and guarantees feasibility for u = Kx, it is clear that

for xt ∈ Xf the sequence of inputs given by ut = {Kxt, Kxt+1|t, . . . , Kxt+N−1|t} is

feasible, and since u = Kx is optimal in absence of constraints, it will be the optimal

solution of (2.8) and therefore by (2.9) κ(xt) = Kxt.

Note that since the origin is asymptotically stable and that Xf contains the origin

in its interior there exists a time t̄ such that xt ∈ Xf for all t ≥ t̄. This means

that there will always exist an instant when the control law becomes the unconstrained

optimal, namely ut = κ(xt) = Kxt for all t ≥ t̄.
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2.1.3 Different types of cost

The analysis presented in the previous section considers a quadratic cost function. A

similar analysis can be performed for a cost function

J(xt,ut) =
N−1∑
k=0

`
(
xt+k|t, ut+k|t

)
+ F

(
xt+N |t

)
,

where the stage cost, `(x, u), and the terminal cost, F ( · ), are more generic. The

stage cost is convex and satisfies `(0, 0) = 0 and `(x, u) > 0 if x 6= 0 or u 6= 0, and

the terminal cost is convex and satisfies F (x) ≥ 0 for all x.

The feasibility analysis is the same, because only the cost changes, and then

Theorems 2.2 and 2.3 still hold. For the stability and convergence analysis, if the

terminal cost satisfies the decrease condition

F ((A+BK)x)− F (x) ≤ −`(x, u), (2.21)

then the same results presented in Theorems 2.5 and 2.6 can be obtained.

The most typical choice is a cost with 1-norm or ∞-norm terms. In this case

`(x, u) = |Qx|p + |Ru|p, F (x) = |Px|p where p = 1 or p = ∞, Q ∈ Rn×n and

R ∈ Rnu×nu are non-singular and P ∈ Rr×n has full column rank. The stage function

and the terminal cost can be reformulated as linear functions with the addition of

extra variables and linear constraints. Then the cost is linear and the constraints are

linear too, thus defining a linear program (LP) as shown next for the case of p =∞:
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minimize
xt,ut

N−1∑
k=0

αk + βk + αN

subject to xt|t = xt

xt+k+1|t = Axt+k|t +But+k|t, k = 0, . . . , N − 1

Fxt+k|t ≤ 1, k = 0, . . . , N − 1,

Gut+k|t ≤ 1, k = 0, . . . , N − 1,

Hxt+k|t ≤ 1 Q

−Q

xt+k|t ≤ 1αk, k = 0, . . . , N − 1

 R

−R

xt+k|t ≤ 1βk, k = 0, . . . , N − 1

 P

−P

xt+N |t ≤ 1αN .

(2.22)

2.2 Robust Model Predictive Control

The classical MPC formulation described in Section 2.1 does not consider uncertain-

ties, and is also referred to as nominal MPC. Although the closed-loop application

of nominal MPC inherently provides some robustness, which has been analysed in

several works [93], [30], [60], not accounting explicitly for the presence of uncertainty

can severely affect the performance of the controlled system and the satisfaction of

constraints [86]. Consequently, robust MPC formulations (RMPC) have emerged to

guarantee performance, constraint satisfaction and stability of the systems in the pres-

ence of constraints and uncertainties. Early developments [18], [2], [95] considered

single-input, single-output (SISO) frequency impulse-response (FIR) plants, which for

certain choices of the objective function, yield online problems that can be reduced to
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linear programs. However, these approaches can only be applied to stable plants and,

in order to simplify to online computational complexity one must choose simplistic

and many times unrealistic models.

Thus typical modern formulations consider state-space linear systems with addi-

tive and multiplicative uncertainty defined by

xt+1 = Atxt +Btut +Dtwt. (2.23)

Future realizations of the uncertainty (At+k, Bt+k, Dt+k, wt+k) are unknown at time t

(where k = 0, 1, 2, . . .), but they are known to satisfy

(At, Bt, Dt, wt) ∈ Θ, t = 0, 1, 2, . . . (2.24)

where Θ is the admissible uncertainty set. The disturbances wt are the additive

uncertainty, while the uncertain model parameters (At, Bt, Dt) are the multiplicative

uncertainty. This is a very general description of the uncertainty, and most strategies

consider a more precise description. Additionally, constraints defined by (2.2)

xt ∈ X, ut ∈ U,

are also considered.

2.2.1 Invariance and stability for Robust MPC

Feasibility of the predictions, invariance, the cost functions and stability are the most

relevant aspects which are treated in RMPC differently from classical MPC.

Under the presence of uncertainty there is more than just a single predicted se-

quence, so then feasibility of the constraints in Mode 1 and the terminal constraint

have to be guaranteed for all realizations of the uncertainty.
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Regarding invariance, Definition 2.1 is modified to include the presence of uncer-

tainty.

Definition 2.7 (Robust positively invariant set). A set Ω ⊆ X is said to be robust

positively invariant for system (2.23) and constraints (2.2) under a control law given

by u = κ(x), if and only if, Ax+Bκ(x)+Dw ∈ Ω and κ(x) ∈ X for all (A,B,D,w) ∈

Θ and for all x ∈ Ω.

Then, for any realization of the additive and model uncertainty, if x ∈ Ω, it

is guaranteed that x will remain in Ω for all future instants. Additionally, x ∈ Ω

guarantees the satisfaction of the system constraints, and then their satisfaction is

guaranteed for all future instants. The definition of the maximal robust positively

invariant set is analogous to the case of the maximal positively invariant set in Section

2.1.2.

Regarding stability, the definition of Local uniform stability and Theorem 2.4 are

unchanged except that the decrease property (2.16) has to hold for any realization of

the uncertainty. This gives rise to what is referred to as robust stability. However,

when additive disturbances are considered, it is not possible to drive the state to the

origin, and therefore the usual notions of stability with respect to the origin cannot

be used.

Alternative stability notions have then been considered in the literature. Some

of the most relevant are Input-to-State Stability (ISS) [41] and Lyapunov functions

that define stability with respect to a set rather than a point [12]. These notions will

be presented in general for non-linear systems since the dynamics of system (2.23)

under a control law given by κ(xt) become xt+1 = Atxt +Btκ(xt) +Dtwt, which is in

general non-linear since in general κ(xt) is non-linear.

Consider a time-invariant non-linear system with dynamics given by

xt+1 = f(xt, δt), (2.25)
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where δt is an uncertain parameter that lies in a compact set ∆, and f(·, ·) is con-

tinuous such that the origin is an equilibrium in the absence of disturbances (i.e.

f(0, 0) = 0). Note that this definition includes systems with both additive and mul-

tiplicative uncertainty; xt+1 = f(xt, 0) corresponds to the nominal dynamics (for

wt = 0 and some nominal values of (At, Bt, Dt)), and δt defines wt and the deviation

of (At, Bt, Dt) from the nominal values.

Definition 2.8 (Input-to-state stability). System (2.25) is Input-to-State Stable (ISS)

with domain of attraction S ⊆ Rn, which contains the origin in its interior, if there

exist a KL-function β(·, ·) and a K-function γ(·) such that, for all x0 ∈ S and all

admissible disturbances δ ∈ ∆, the evolution of (2.25) satisfies for all t = 0, 1, 2, . . .

|xt| ≤ β(||x0||, t) + γ(sup{||δk|| : k ∈ N[0,t−1]}) (2.26)

Lemma 2.8. Let S ⊆ Rn contain the origin in its interior and be a robust positively

invariant set for system (2.25). Furthermore, let there exist K∞-functions α1(·), α2(·)

and α3(·) and a function V : S → R+ that is Lipschitz continuous on S such that for

all x ∈ S,

α1(||x||) ≤ V (x) ≤ α2(||x||) (2.27a)

V (f(x, 0))− V (x) ≤ −α3(||x||) (2.27b)

V (·) is a ISS-Lyapunov function and system (2.25) is ISS with domain of attrac-

tion S if either (i) f(·, ·) is Lipschitz continuous on S×∆, or (ii) f(x, δ) := g(x)+δ,

where g : S → Rn is continuous on S.

Remark 2.9. ISS imples that: (i) system x+ = f(x, 0) is asymptotically stable with

domain of attraction S; (ii) all state trajectories of system (2.25) are bounded for

bounded δt; and (iii) as t → ∞ all trajectories of system (2.25) go to the origin if
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δt → 0.

Definition 2.9 (Lyapunov function outside a set). The continuous function V (·),

V (x) ≥ 0, is a Lyapunov function outside S for system (2.25) if S = {x : V (x) = 0},

and for all x /∈ S the inequality

V (f(x, δ))− V (x) ≤ −φ(||x||),

holds for some κ-function φ(·) and for all w ∈W.

Definition 2.10 (Uniform robust stability with respect to a set). Let S be a neigh-

borhood of the origin and let d(x,X) be a distance function of x to the set X. System

(2.25) is said to be uniformly robustly stable w.r.t. S if for all ε > 0 there exists µ

such that d(x0,S) ≤ µ implies that d(xt,S) ≤ ε for all t = 0, 1, 2, . . . and all functions

wt ∈W.

Definition 2.11 (Robust exponential stability). System (2.25) is said to be Robustly

Exponentially Stable w.r.t. S if and only if there exists µ > 0 and 0 < λ < 1 such

that dist(xt,S) ≤ µλtdist(x0,S) for all t > 0.

Theorem 2.10. Assume system (2.25) admits a Lyapunov function V (·) outside S.

Then it is uniformly robustly stable w.r.t. S. If V is also upper and lower bounded by

polynomial functions of the distance d(x,S), then system (2.25) is uniformly robustly

asymptotically (and exponentially stable) w.r.t. S.

As it has been mentioned earlier, uniform stability w.r.t. a set is particularly

relevant to MPC strategies for systems with additive uncertainty since due to its

presence the state cannot converge to zero. A particularly interesting set is the

minimal robust positively invariant set.

Definition 2.12 (Minimal positively invariant set). The set Ω ⊆ X is said to be the

minimal positively invariant set for system (2.23) under the control law u = κ(x) if
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and only if it is positively invariant and Ω ⊆ Ω for all robust positively invariant sets

Ω.

For the case of additive uncertainty only, the minimal robust positively invariant

set under the linear control law u = Kx is given by [44]

Ω∞(W) =
∞⊕
k=0

(A+BK)kW. (2.28)

In this case, the system is robustly exponentially stable with respect to Ω∞(W).

Since the presence of uncertainty implies that there is more than just a single

predicted sequence, the definition of a suitable cost function of the predicted sequences

is not as obvious as in the previous section. Some of the typical alternatives are:

• Worst-case costs (whose minimization forms min-max problems).

• Costs that are zero inside the terminal set and greater than zero outside.

• Nominal costs. Here the presence of the uncertainty is disregarded and a nom-

inal value for the model matrices is used. The costs can then take the form as

those used in the previous section.

Worst case costs are normally used for systems with multiplicative uncertainty,

and in these cases can yield asymptotic stability. For the additive uncertainty case,

typical choices are nominal costs (that provide ISS stability) and costs that are zero

in the terminal set and greater than zero outside (that yield stability with respect to

that set).

The aspects introduced here are handled in a different manner by different strate-

gies. More details are given in the review of the most relevant works in Section

2.2.3.
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2.2.2 Open-loop versus feedback Robust MPC

Early developments of RMPC consisted of formulations that relied on open-loop opti-

mal control problems [95], [64], where the decision variables are a sequence of control

inputs ut =
{
ut|t, . . . , ut+N−1|t

}
that guarantee the satisfaction of the constraints for

any possible uncertainty realization, and minimize an appropriate criterion (usually

worst case performance).

These strategies are conservative because they do not take into account the effect

of the future uncertainties on future states, that are currently unknown by the con-

troller, but which effect will be known when the future states are measured and that

information is available to compute the inputs to be applied to the system. Feed-

back RMPC formulations consider closed-loop optimal control problems, as opposed

to open-loop, and do take into account this information in the predictions by having

as a decision variable a control policy π(xt), instead of a sequence of control inputs.

A control policy is a sequence of control laws {µ0(xt), µ1(xt+1|t), . . . , µN−1(xt+N−1|t)}

that are functions that depend on the state at the instant they would have to be

applied (which in turn depend on the uncertainties that have affected the system).

When optimizing over control policies, future predicted inputs ut+k|t will depend

on the future predicted states xt+k|t, which in turn depend on the unknown current and

future uncertainties. This may seem to present difficulties since the future predicted

inputs ut+k|t will depend on unknown information, and are thus unknown at time t.

This not a problem for two reasons. First, only ut|t is actually applied to the system,

and ut|t is known because it depends only on xt which is known at time t. And second,

instead of knowing the values of the future predicted ut+k|t, in the feedback RMPC

formulation one seeks to know that there exist control laws that will be feasible at

time t + k and use only information that will be available at the time they would

be applied (i.e., so that they are causal), but there is no need to actually find these

control laws. Clearly, ut+k|t = µk(xt+k|t) depends on xt+k|t, which will be known at
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time t+ k, so the predicted control laws are causal.

The use in the predicted control policies of the information that is unavailable

at the current instant but will be available in the future offers various advantages,

such as improvements in the performance or feasibility in cases where open-loop for-

mulations would be infeasible. The most general solution of the closed-loop optimal

control problem, in terms of considering a general class of control policies, is ob-

tained via dynamic programming (DP) [9], which is computationally prohibitively

complex. Consequently, researchers have focused on simplifications of the structure

of the control policies to obtain simpler optimal control formulations in order to

strike an appropriate compromise between sub-optimality (relative to the exact DP

solution) and complexity of the online problems.

2.2.3 Review of Robust MPC with multiplicative

uncertainty

2.2.3.1 Optimized state linear feedback

In [45] a robust feedback MPC scheme is proposed for linear, discrete time systems,

with multiplicative uncertainty

xt+1 = Atxt +Btut, (2.29)

where (At, Bt) ∈ Θ = conv {(Ai, Bi) : i = 1, . . . , νm}, that are subject to state and

input constraints as in (2.2).

The strategy of [45] avoids the exponential complexity of DP by optimizing at

each instant t a gain Kt such that the predicted control policy is a feedback state

controller

ut+k|t = Ktxt+k|t, k = 0, 1, . . . (2.30)

The optimization of Kt at each instant t aims to minimize the worst case of the
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infinite horizon cost J∞(xt) =
∑∞

k=0 x
T
t+k|tQxt+k|t + uTt+k|tRut+k|t. However, since the

optimization of the worst case would require consideration of all possible sequences

of extreme realizations of the uncertain matrices At and Bt, this is performed by

minimizing over Kt and Vt an attainable upper bound V (xt) = xTt Ptxt of the cost

J∞(xt).

So that V (xt) is an upper bound of J∞(xt), Pt has to satisfy the decrease condition

V
(
(At+k +Bt+kKt)xt+k|t

)
− V (xt+k|t) ≤ −(xTt+k|tQxt+k|t + uTt+k|tRut+k|t), (2.31)

for all (At+k, Bt+k) ∈ Θ and Pt ≥ 0. This condition is non-linear due to the products

PtKt, however it can be convexified by the change of variables Kt = YtQ
−1
t and Qt =

P−1
t . Condition (2.31) implies that the ellipsoid defined by Et = {x : xTQ−1

t x ≤ 1}

is robustly invariant. Thus, if one imposes that Et is such that for all xt ∈ Et

then xt ∈ X and Ktxt ∈ U, then the satisfaction of the system constraints will be

guaranteed for the current and all future prediction instants if xt ∈ Et.

The conditions that Et is such that for all x ∈ Et then x ∈ X and Ktx ∈ U,

xt ∈ Et and (2.31) and can be enforced through the use of a number of linear matrix

inequalities (LMIs), and hence need only be invoked at the vertices (Ai, Bi) of Θ.

Then, the optimal control problem consisting in the minimization of V (xt) subject to

all the previously mentioned conditions and can be cast as a semi-definite program

(SDP). The invariance of Et and the decrease property of (2.31) allow one to prove

recursive feasibility and asymptotic stability.

2.2.3.2 Augmented dynamics for efficient RMPC

Since the strategy presented in the previous section requires one to solve an SDP

with several LMIs, [51] proposes an augmented state formulation which allows one

to robustly stabilize a system by imposing only one LMI. The strategy considers the
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same type of uncertain systems as in (2.29)

xt+1 = Atxt +Btut,

and mixed state and input constraints of the type

(xt, ut) ∈ Y = {(x, y) : Fx+Gu ≤ 1}, (2.32)

with F ∈ Rnc×n and G ∈ Rnc×nu . The formulation is enhanced with the closed-loop

paradigm [82], which consists of using additional terms ct+k|t such that the predicted

inputs are given by

ut+k|t = Kxt+k|t + ct+k|t, k = 0, . . . , N − 1,

ut+k|t = Kxt+k|t, k ≥ N,

(2.33)

where ct+k|t, k = 0, . . . , N − 1 are the degrees of freedom (dof) of the inputs. The

resulting system xt+k+1|t = Φt+kxt+k|t + Bt+kct+k|t, where Φt+k = At+k + Bt+kK and

ct+k|t = 0, k ≥ N , can also be described by the autonomous augmented state space

model

zt+k+1|t = Ψt+kzt+k|t, k = 0, 1, . . . , where zt|t =

xt
ct

 , ct =



ct|t

ct+1|t

...

ct+N−1|t


,

(2.34)
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and

Ψt+k =

Φt+k

[
Bt+k 0 · · · 0

]
0 M

 , M =



0 I 0 . . .

0 0
. . . 0

...
. . . I

0 · · · 0 0


, (2.35)

where I ∈ Rnu×nu . Assuming that it is possible to find matrices Qx, K such that

Ex = {x : xTQxx ≤ 1} is robustly invariant for the system (2.29) and constraints

(2.32) under u = Kx, then it is also possible to find matrices Qz, K such that Ez =

{z : zTQzz ≤ 1} is robustly invariant for the augmented closed-loop system defined

by (2.34) and for constraints (2.32).

Consideration is given the projection of Ez onto the x-space, Exz which is the

ellipsoid that contains all x for which there exists at least one c such that z =

[xT , cT ]T ∈ Ez. It is proved that Ex ⊆ Exz, and that Exz grows in size with the

prediction horizon N . The conditions for invariance and feasibility are given by

Qz QzΨ
T
i

∗ Qz

 � 0, i = 1, . . . , νm,

Z [F +GK,GM ]

∗ Qz

 � 0, Zii ≤ 1, i = 1, . . . , nc,

(2.36)

where the symmetric matrix Z ∈ Rnc×nc is a free variable with elements Zp,q, p, q =

1, . . . , nc and ∗ denotes symmetric blocks. The goal is to maximize the volume of

Exz. This is achieved by solving max logdet(TQzT
T ) subject to (2.36), where T is

such that x = Tz. However, if X0 is the set of relevant initial conditions, it is also

desired that Exz contains X0.

Based on all these arguments the control algorithm consists of an offline and online

stage. In the offline stage, K is computed ignoring constraints so as to optimize robust

performance in some sense, which could be a worst case cost or nominal performance,
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or K could be taken to be an H2/H∞ controller. Then for this K, Qz is chosen so

as to maximize the volume of Exz. If X0 ∈ Exz the MPC scheme can be applied

online. Otherwise, N is increased and the offline design is repeated. The online stage

is repeated at each sampling instant and consists of performing the optimization:

minimize
ct

cTt Wct

subject to zTt Qzzt ≤ 1

(2.37)

where W � 0, and then only the first element c∗t|t of the optimizing c∗t is implemented.

This optimization problem can be cast as an SDP since it involves a quadratic cost

Jt(ct) = cTt Wct and condition zTt Qzzt ≤ 1 which can be cast as an LMI by using

Schur complement.

Recursive feasibility follows from the invariance for the augmented states. The

strategy is proved to be robustly stabilizing towards the origin in the sense that

cTt Wct → 0 and xt → 0 as t → 0 since feasibility of the receded candidate solu-

tion c̃t+1 = [ct+1|t, . . . , ct+N−1|t, 0] implies the decrease property Jt+1(c̃t+1)− Jt(ct) ≤

−cTt|tW1ct|t. It is also proved that this optimization problem can be equivalently solved

by a single univariate algebraic problem, which is defined by the computation of the

shortest distance of an ellipsoid from the origin; this is much more more efficient than

the problem presented in [45] and other previous formulations of robust MPC.

However, the strategy is still conservative for two reasons. First, because it guar-

antees constraint satisfaction through the use of ellipsoidal, rather than polytopic

sets. Later works then use polytopic sets at the expense of increased computational

cost [40], [43]. The second reason is that the control policy is only quasi closed-loop

because the online optimization is open-loop for the degrees of freedom, and in spite

of the presence of a feedback controller, it is designed with no special feedback treat-

ment of future (unknown) uncertainties; it applies feedback from future states, but

only with a fixed law.
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2.2.3.3 Optimized dynamics RMPC

An augmented state formulation is also proposed in [19], but this time use is made of

a feedback that depends of the future (unknown) uncertainties in the control policy.

The strategy considers the same type of uncertain systems as in (2.29), and constraints

as in (2.32). The control policy is given by

ut+k|t = Kxt+k|t + Lvt+k|t, k = 0, 1, . . . (2.38)

where vt+k|t can be interpreted as a controller state, which satisfies the dynamics

vt+k+1|t ∈ conv{Mivt+k|t, i = 1, . . . , νm}. More precisely, it takes the value associated

with the realization of the uncertain model matrices, such that if

(At, Bt) =
νm∑
i=1

λi(Ai, Bi), (2.39)

for some set of scalars {λ1, . . . , λνm}, then

vt+k+1|t =
νm∑
i=1

λiMivt+k|t. (2.40)

The control policy depends on future realizations of the uncertainty which are

unknown. However, as pointed out in Section 2.2.2, only the first element ut|t is

actually implemented to the system, and ut|t only depends on xt and vt|t which are

known at time t.

The system and controller dynamics can be described by the augmented dynamics

zt+k+1|t = Ψt+kzt+k|t, k = 0, 1, . . . , where zt|t =

 xt
vt|t

 , (2.41a)
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and

Ψt+k ∈ conv{Ψi, i = 1, . . . , νm}, Ψi =

Φi BL

0 Mi

 , Φi = Ai +BiK, i = 1, . . . , νm.

(2.41b)

K is assumed to be optimal in some sense (e.g. LQR for the nominal system),

and then L and Mi are designed to optimize the polytopic dynamics of (2.41).

Invariance and feasibility of an ellipsoid Ez = {z : zTPz ≤ 1} are equivalent to:

P −ΨT
i PΨi � 0 (2.42a)

Z
[
F +GK GL

]
∗ P

 � 0, Zp,p ≤ 1, p = 1, . . . , nc (2.42b)

where Z ∈ Rnc×nc is a free variable with elements Zp,q, p, q = 1, . . . , nc. To maximize

the volume of the projection, Exz, of Ez onto the x-subspace one needs to maximize

log det (T TP−1T ) over P, L, Mi subject to (2.42) and (2.42b), where T is the

transformation for which x = Tz for all z. This optimization is non-convex because

(2.42) is a bilinear matrix inequality (BMI) in P,Mi, L, however, it is shown that

this problem can be convexified through the use of a transformation proposed in [83].

The maximum volume Exz can be achieved by taking the dimension of v to be nx,

and this maximum volume is as large as the volume of the largest invariant ellipsoid

obtained under any linear state feedback law. This strategy then is as general, in

terms of domain of attraction, as the strategy of [45] as described in 2.2.3.1. However,

the design of this robustly invariant set that guarantees feasibility of the system

constraints is performed offline. It is also more general than the strategy of [51] as

presented in Section 2.2.3.2, which is subsumed as a feasible solution of the optimized

dynamics.

The online optimization aims at minimizing a worst case cost (min-max problem)
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through minimizing an attainable quadratic upper bound of the minimax cost, given

by J(xt, vt) = xTt Wxxt + vTt Wvvt, subject to zt = [xTt , v
T
t|t]

T ∈ Ez, which is clearly

less computationally involved than the strategy of [45] due to the reduced number of

LMIs. Since Ez is robustly invariant under the control law of (2.38) and constraints

(2.32) the predictions are feasible and the algorithm is recursively feasible. Stability

follows from the fact that the cost satisfies a decrease condition which makes the cost

a Lyapunov function.

As in [51], the size of the domain of attraction can be improved by considering

a polytopic robustly invariant set for the online optimization instead of Ez, which

however, comes at the cost of increased computational burden since in general the

polytope will be defined by a greater number of inequalities.

2.2.4 Review of Robust MPC with additive uncertainty

2.2.4.1 Feedback RMPC strategies

The feedback RMPC strategies of [86], [42] consider time-invariant linear systems

with bounded additive disturbances

xt+1 = Axt +But + wt, (2.43)

and state and input constraints as in (2.2)

ut ∈ U, xt ∈ X,

where X,U,W are polytopic sets that contain the origin in their interiors. A dual-

mode prediction based MPC strategy is considered, where the terminal set Xf is

robust positively invariant for the system and constraints of (2.43) under u = Kx,

which is the terminal control law that operates in Mode 2. In Mode 1 a predicted

control policy is used to steer the state to Xf .
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The feedback in the predicted control policy is introduced by considering a differ-

ent control sequence for every realization of the disturbances. This is implemented in

practice by computing a different control sequence for every extreme realization of the

disturbance, so the problem consists of finding the inputs ult+k|t, k = 0, . . . , N−1, l ∈

L, where L is the set that enumerates all extreme realizations of the disturbance and

ult+k|t denotes the predicted input at time t+ k (made at time t) associated with the

l-th disturbance realization. A causality constraint is included, which enforces that

the control actions for different realizations of the disturbance if they result in the

same state at some prediction instant. The online stage of the strategy consists of

the minimization of worst case costs which can be cast as a linear program. How-

ever, it requires a number of constraints that grows exponentially with the prediction

horizon N , due to the need to enumerate all the realizations of the disturbance for

guaranteeing constraint satisfaction and the evaluation of the cost.

[58], [38] propose an approximate feedback strategy that tries to avoid the ex-

ponential increase in DP or the strategy of [86]. It considers linear time-invariant

systems with additive disturbances as in equation (2.43) and mixed state and input

constraints as in (2.32). A natural approach to reduce the complexity is to consider

a predicted control policy where each predicted control law in Mode 1 is an affine

function of the sequence of past states:

ut+k|t = rt+k|t +
k∑
j=0

Mk,jxt+j|t, k = 0, . . . , N − 1. (2.44)

However the mapping from Mk,j and rt+k|t to xt+k|t is non-convex, thus yielding a non-

convex optimization problem. Then [58], [38] propose an equivalent parameterization

of (2.44) that yields a convex problem. In this new parameterization each predicted
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control law in Mode 1 is an affine function of the sequence of past disturbances:

ut|t = vt|t, ut+k|t = vt+k|t +
k−1∑
j=0

Lk,jwt+j, k = 1, . . . , N − 1, (2.45)

where Mk,j, vt+k|t are the degrees of freedom of the predicted control policy. It is also

assumed that a fixed state feedback u = Kx is deployed at Mode 2. [88] also propose

a predicted control policy of the form of (2.44) but in a Stochastic MPC context,

where the non-convexity is solved by using the Youla parameter, as will be shown in

Section 2.3. The control policy of (2.45) depends on future unknown disturbances,

but as noted earlier this is not problematic since these predicted inputs are never

executed; all that is needed is the knowledge that an admissible control sequence

that respects causality exists. Only the first input is actually implemented, but that

one does not depend on any unknown disturbances.

The approach of [58] considers two cost functions (worst case or quadratic cost,

both over a finite prediction horizon) that do not allow one to prove stability, whereas

the approach of [38] does allow one to prove a type of stability, and is therefore

examined next.

The online procedure consists of optimizing a performance criterion (a quadratic

function of the predicted nominal states and inputs plus a quadratic terminal cost)

such that the constraints (2.32) are satisfied for every possible realization of the

disturbances. The constraints are enforced explicitly in Mode 1, and in Mode 2 these

are enforced implicitly by requiring that the terminal state xt+k|t is inside the terminal

set Xf which is robust positively invariant for system (2.43) and constraints (2.32)

under u = Kx. The constraints in Mode 1 can be expressed as

Fvt + max
wt∈WN

(FL +G)wt ≤ c+Hxt, (2.46)

where Q,R, P are positive definite weighting matrices. F,G, c are matrices defined
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to conveniently express the constraints as a function of vt = [vTt|t, . . . , v
T
t+N−1|t]

T ,

wt =
[
wTt , . . . , w

T
t+N−1

]T
, and

L =



0 · · · · · · 0

L1,0 0 · · · 0

...
. . . . . .

...

LN−1,0 · · · LN−1,N−2 0


.

The max term in (2.46) can be eliminated by using duality as long as W is compact

and convex. For instance, if W is polytopic, one can write WN = {w : Sw ≤ h}, and

then

max
wt∈WN

(FL +G)iwt = min
zi

hT zi

subject to ST zi = (FL +G)i, zi ≥ 0,

(2.47)

where zi represents the dual variables associated with the i-th row of the maximization

in (2.46). With this, the online optimization of the RMPC strategy is given by

minimize
L,vk,Z

N−1∑
k=0

x̄Tt+k|tQx̄t+k|t + vTt+k|tRvt+k|t + x̄Tt+N |tPx̄t+N |t

subject to Fvt + ZTh ≤ c+Hxt,

(FL +G) = ZTS,Z ≥ 0,

(2.48)

where x̄t+k|t denotes the nominal predictions (i.e. in the absence of disturbances) of

the state. This optimization is tractable since the number of variables and constraints

of this problem grows quadratically with the prediction horizon. Alternatively, if W

is ellipsoidal, the problem can be solved as a second-order cone program.

Following from the structure of the predicted control policy the receded solution is

feasible, and thus the strategy is recursively feasible. With the nominal cost function
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of (2.48) and under appropriate conditions on Q,P , one can obtain a decrease con-

dition in absence of disturbances, which allows one to guarantee ISS stability when

disturbances are present. Other types of cost, such as expected value costs [37] and

H∞ [34] have also been used. The former also yields ISS stability, while the latter

yields an l2 performance bound. Further modifications of the cost along with an

equivalent re-parameterization of the control policy, allow one to obtain convergence

to the minimal invariance set Ω∞(W) [90], convergence in finite time to the termi-

nal set, and, assuming that the disturbance is a stochastic process with a bounded

distribution, convergence to Ω∞(W) with probability one [91].

The structure of the predicted control policy of (2.44) and (2.45) used in this

strategy is more general than those of [45], [51], since these are subsumed as particular

cases of the former.

2.2.4.2 Tube MPC strategies

Another family of strategies that have been successful in dealing with the additive

uncertainty in RMPC is the so-called tube MPC (TMPC). The principle is that when

uncertainty is present, the states move through a set rather than a single trajectory,

and since the system under consideration is linear the predictions can be separated

in a nominal portion, which is not affected by the disturbances, and an uncertain

one. Predictions then include a nominal trajectory which defines the centre of the

tubes and the cross sections of the tubes that define the zones through which the

uncertain portion can move. The complexity of the strategies usually depends on the

descriptions of the tubes, as will be seen next.

Tubes have been used in MPC for some time now, although the earlier work ([36],

[84], [61], [56]) did not make explicit use of the term “tubes”. Among these, [61]

devised a strategy for systems described by (2.43),

xt+1 = Axt +But + wt,
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and constraints as in (2.2)

ut ∈ U, xt ∈ X.

The strategy uses a re-parameterization of the predicted dynamics into a nominal

(without disturbances) and an uncertain portion, and considers a control policy for

Mode 1 given by the closed-loop paradigm [82], expressed as

ut+k|t = ūt+k|t +K(xt+k|t − x̄t+k|t), k = 0, . . . , N − 1, (2.49)

where x̄t+k|k and ūt+k|t are associated to the nominal portions of the predictions. As

usual, it is assumed that a state feedback u = Kx will be used in Mode 2. If the

uncertain portion of the predicted state is denoted by et+k|t, the dynamics of the

uncertain and nominal portions in Mode 1 can be expressed by

et+k+1|t = (A+BK) et+k|t + wt+k, k = 0, . . . , N − 1, (2.50a)

x̄t+k+1|t = Ax̄t+k|t +Būt+k|t, k = 0, . . . , N − 1, (2.50b)

respectively. From this decomposition it is clear that the uncertain portion evolves

according to inputs given by the static state feedback gain K, thus the predictions

of the uncertain part will always stay in the minimal invariant set under u = Kx,

Ω∞(W), provided that et|t ∈ Ω∞(W). Then, xt+k|t and ut+k|t are contained in sets

given by x̄t+k|t⊕Ω∞(W) and ūt+k|t⊕KΩ∞(W), with cross sections given by Ω∞(W)

and KΩ∞(W) and centred over x̄t+k|t and ūt+k|t. The tubes are then the sequence

of sets that contain the predictions. Subsequently, the uncertain portion is omitted

from the optimization, and instead its effect is accounted for by a tightening of the

constraints applied to the nominal states and inputs. The online optimization then

includes these tightened constraints and the typical objective function for the nominal
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predictions with horizon N and a terminal cost:

minimize
ūt={ūt|t,...,ūt+N−1|t}

J̄N (x̄t, ūt) =
N−1∑
k=0

`
(
x̄t+k|t, ūt+k|t

)
+ Vf

(
x̄t+k|t

)
subject to x̄t+k|t ∈ X̄, k = 0, . . . , N − 1,

ūt+k|t ∈ Ū, k = 0, . . . , N − 1,

x̄t+k|t ∈ X̄f

(2.51)

where X̄ = X−Ω∞(W), Ū = U−KΩ∞(W), X̄f = Xf−Ω∞(W), and ` (x, u) is convex.

The structure of the predictions guarantees satisfaction of the system constraints and

that if x̄t|t is an optimization variable, rather than being fixed and equal to xt, then

the receded ūt+k|t will be feasible and guarantee that the optimal cost is decreasing.

Thus the online application of the strategy is recursively feasible, and since optimal

cost is made zero when xt ∈ Ω∞(W) it can be seen as a Lyapunov function outside

Ω∞(W) which along with the decrease property of the optimal cost yields exponential

stability and convergence of the state to the set Ω∞(W) [63].

This strategy, since it considers tightened constraints and performs the online

optimization only over the nominal sequences, is quite convenient in the sense that

it requires only a minimal computational effort because it has the same complexity

as the open-loop deterministic formulations. It is however conservative because the

tubes have a fixed cross-section and hence they are usually larger than what could

be accomplished. Further improvements have been proposed [28], [81], [53] where the

tubes cross-sections are smaller and different for each prediction instant, thus making

the constraint tightening less conservative.

In order to obtain tighter tubes, other strategies that compute the tubes online

have been proposed [54], [74], [75]. For instance [54] suggest tubes Xt+k|t, k =

0, . . . , N where the centre of the sequences x̄t+k|t can be freely chosen (as opposed to

determined by the nominal evolution of the system), the cross sections are polytopes
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not necessarily invariant, with arbitrary fixed shapes given by Z = conv
{
v1, . . . , vP

}
.

The sequence αk allows the sizes of the tubes to vary, such that

Xt+k|t = x̄t+k|t ⊕ αkZ = conv
{
x1
k, . . . , x

P
k

}
, k = 1, . . . , N, (2.52)

where the initial tube is the current state, Xt|t = xt. The control tubes are also poly-

topic, and there is a control upk associated to each xpk such that, Ut+k|t = conv{u1
k, . . . ,

uPk }, k = 1, . . . , N − 1 and Ut|t = ut, and define a control policy π(xt) = {µ0(xt|t),

µ1(xt+1|t), . . . , µN−1(xt+N−1|t)}, where each control law µk(x) defines the predicted

input ut+k|t as

ut+k|t = µk(xt+k|t) =
P∑
p=1

λpk(xt+k|t)u
p, k = 1, . . . , N − 1 (2.53)

where λk(x) =
{
λ1
k, . . . , λ

P
k

}
is the unique least-squares decomposition of

∑P
p=1 λ

p
kx

p
k =

x. The online optimization problem includes x̄t+k|t, αk and Ut+k|t as variables thus

providing more freedom to choose the tubes.

A further improvement is proposed in [73]. It uses a new way of building the

tubes that stems from the linear separability of the effects of the disturbances acting

at different instants. The tubes are shown to be tighter and strong stability results

are obtained. The strategy considers linear, time-invariant, discrete time systems as

in (2.43) and constraints as in (2.2) where X, U and W are convex polytopic sets that

contain the origin in their interiors and are defined as

X = {x : Fx ≤ 1}, U = {u : Gu ≤ 1}, W = conv{w̃i : i = 1, . . . , q}, (2.54)

where F ∈ Rncx×n, G ∈ Rncu×nu . A separable prediction scheme for Mode 1 is

assumed where the nominal dynamics and the contribution of each future disturbance

are separated into different sequences. x(0,N) = {x(0,0), . . . , x(0,N)} and u(0,N−1) =
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{u(0,0), . . . , u(0,N−1)} are the 0th partial state and control sequences, which account for

the nominal dynamics

x(0,k+1) = Ax(0,k) +Bu(0,k), k = 0, . . . , N − 1, (2.55)

where x(0,0) = xt and x(j,N) = {x(j,j), x(j,j+1), . . . , x(j,N)}, u(j,N−1) = {u(j,j), u(j,j+1), . . . ,

u(j,N−1)} are the jth partial state and control sequences describing the dynamical con-

tribution of the disturbance acting at the (j − 1)th prediction time, w(j−1). These

dynamics are given by

x(j,j) = w(j−1),

x(j,k+1) = Ax(j,k) +Bu(j,k), k = j, . . . , N − 1.

(2.56)

For simplicity the notation of the type xt+k|t is not used for the k-step-ahead pre-

dictions made at time t, and instead x(0,k), u(0,k) and x(j,k), u(j,k) are the k-step-ahead

predictions made at each time t associated with the 0th partial sequences and the jth

partial sequences, while x(k), u(k) are the full k-step-ahead predictions made at each

time t. Accordingly, the full predictions for k = 0, . . . , N are given by

x(k) =
k∑
j=0

x(j,k), k = 0, . . . , N, u(k) =
k∑
j=0

u(j,k), k = 0, . . . , N − 1, (2.57)

with

x(j,k) ∈ X(j,k) =


x(0,k) if k = 0

conv{x(i,j,k) : i = 1, . . . , q} if k = 1, . . . , N

u(j,k) ∈ U(j,k) =


u(0,k) if k = 0

conv{u(i,j,k) : i = 1, . . . , q} if k = 1, . . . , N − 1.

(2.58)

47



Chapter 2. Background

thus defining a triangular prediction structure. From (2.58), the jth partial state and

control sequences are defined by the jth extreme partial state and control sequences,

x(i,j,N) = {x(i,j,j), x(i,j,j+1), . . . , x(i,j,N)} and u(i,j,N−1) = {u(i,j,j), u(i,j,j+1), . . . , u(i,j,N−1)},

respectively, which describe the effect of the extreme disturbances acting at the pre-

diction instant j − 1. The dynamics of the jth partial extreme state and control

sequences are, for i = 1, . . . , q,

x(i,j,j) = w̃i, j = 1, . . . , N,

x(i,j,k+1) = Ax(i,j,k) +Bu(i,j,k), j = 1, . . . , N − 1, k = j, . . . , N − 1.

(2.59)

The partial sequences as defined by (2.55) and (2.59) imply that the predicted states

and inputs will be contained in the tubes with cross-sections

X(k) =
k⊕
j=0

X(j,k), k = 0, . . . , N, U(k) =
k⊕
j=0

U(j,k), k = 0, . . . , N − 1, (2.60)

where the partial tubes X(j,N) = {X(j,j), X(j,j+1), . . . , X(j,N)} and U(j,N−1) = {U(j,j),

U(j,j+1), . . . , U(j,N−1)} contain the partial sequences x(j,N) and u(j,N−1), such that X(0,k)

= x(0,k), U(0,k) = u(0,k), X(j,k) = conv{x(i,j,k) : i = 1, . . . , q}, and U(j,k) = conv{u(i,j,k) :

i = 1, . . . , q}.

The separable prediction scheme induces a separable non-linear predicted control

policy πN−1 = {π0(·), . . . , πN−1(·)} given by,

πk(x(k)) =
k∑
j=0

π(j,k)(x(j,k)), with x(k) =
k∑
j=0

x(j,k)

π(0,k)(x(0,k)) = u(0,k),

π(j,k)(x(j,k)) =

q∑
i=1

λ(i,j)(w(j−1))u(i,j,k), j = 1, . . . , N − 1, k = j, . . . , N − 1

(2.61)

where λ(i,j)(w(j−1)) are convex interpolation parameters that satisfy λ(i,j)(w(j−1)) ≥ 0
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for i = 1, . . . , q,
∑q

i=1 λ(i,j)(w(j−1)) = 1 and
∑q

i=1 λ(i,j)(w(j−1))w̃i = w(j−1). A well-

defined and unique selection of such convex multipliers {λ(i,j), i = 1, . . . , q} can be

obtained employing, for instance, a least squares procedure.

This control policy is non-linear and is proved to be more general than a linear

policy depending on the past states (or its equivalent formulation as a policy that

is affine-in-the-disturbances). The control policy of (2.61) is more general than that

of (2.33) (closed-loop paradigm [82], [84]) and (2.45) (affine-in-the-disturbances [38],

[58]), which are subsumed as special cases of PTMPC.

Remark 2.11. Since the disturbances can be expressed as wt =
∑q

i=1 λtw̃i, such that

λt is contained in the simplex Λ = {λ ∈ Rq|λi ≥ 0, i = 1, . . . , q,
∑q

i=1 λi = 1} ⊂ Rq,

system (2.43) can be re-expressed as

xt+1 = Axt +But + V λ, (2.62)

where V = [w̃1, . . . , w̃q], λ = [λ1, . . . , λq]
T ∈ Λ is a disturbance in the lifted space Rq.

Thus the terms λ(i,j)(w(j−1)) that appear in the predicted policy of (2.61) are actually

the disturbances of system (2.62), so then (2.61) can be re-expressed as

πk(x(k)) =
k∑
j=0

π(j,k)(x(j,k)), with x(k) =
k∑
j=0

x(j,k),

π0(x(0)) = u(0,0),

πk(x(k)) = u(0,k) +
k∑
j=1

u(1→q,j,k)λ(j), k = 1, . . . , N − 1,

(2.63)

where λ(j) = [λ(1,j), . . . , λ(q,j)]
T is the disturbance in the lifted space associated with

w(j−1) and u(1→q,j,k) = [u(1,j,k), . . . , u(q,j,k)]. This is clearly an affine-in-the-disturbances

policy as that of (2.45), where vt+k|t = u(0,k), k = 0, . . . , N−1 and Lk,j = u(1→q,j+1,k+1),

k = 1, . . . , N − 1, j = 0, . . . , k − 1, for the equivalent system of (2.62), where the
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disturbances λt ∈ Λ are in the lifted space Rq.

Remark 2.12. It is said in Remark 2.11 that the disturbances λ ∈ Λ, Λ ⊂ Rq, are

in a lifted space because for a bounded polytope W ⊂ Rn with non-empty interior, the

smallest number of vertices is q = n+ 1, while it can be larger in general (e.g. 2n for

hypercubes). Thus Λ is in a higher dimensional space than W.

The conditions for constraint satisfaction are given by

X(k) ⊆ X, k = 0, . . . , N − 1,

U(k) ⊆ U, k = 0, . . . , N − 1,

X(N) ⊆ Xf ,

(2.64)

where Xf = {Hx ≤ 1}, H ∈ Rnf×n, is the maximal robust positively invariant

set under the terminal control law u = Kx. These conditions can be guaranteed

equivalently by constraints on the nominal sequences with slack variables that account

for the worst (extreme) realizations of the uncertainty.

Flx(0,0) ≤ 1, l = 1, . . . , ncx, Glu(0,0) ≤ 1, l = 1, . . . , ncu,

Flx(0,k) +
k∑
j=1

f(l,j,k) ≤ 1, l = 1, . . . , ncx, k = 1, . . . , N − 1

Glu(0,k) +
k∑
j=1

g(l,j,k) ≤ 1, l = 1, . . . , ncu, k = 1, . . . , N − 1

Hlx(0,N) +
N∑
j=1

h(l,j,N) ≤ 1, l = 1, . . . , nf ,

Flx(i,j,k) ≤ f(l,j,k), l = 1, . . . , ncx, j = 1, . . . , N − 1, k = j, . . . , N − 1, i = 1, . . . , q,

Glu(i,j,k) ≤ g(l,j,k), l = 1, . . . , ncu, j = 1, . . . , N − 1, k = j, . . . , N − 1, i = 1, . . . , q,

Hlx(i,j,N) ≤ h(l,j,N), l = 1, . . . , nf , j = 1, . . . , N, i = 1, . . . , q,

(2.65)
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where Fl, Gl and Hl are the lth rows of F,G,and H, respectively.

In order to evaluate the cost, a re-parameterization of variables is performed such

that x(j,k) = z(j,k) + e(j,k) and u(j,k) = v(j,k) + ψ(j,k), where e(j,k) = (A + BK)k−je(j,j)

and ψ(j,k) = Ke(j,k) are associated to the evolution of the system according with the

terminal control law u = Kx, and z(j,k) and v(j,k) are the required deviation, in order

to satisfy constraints, from e(j,k) and ψ(j,k). The cost function contains penalizations

of the terms z(j,k) and v(j,k), and is structured as the sum of the partial costs associated

to each partial sequence, which in turn is structured as the sum of the costs associated

with each extreme partial sequence, such that, if dN contains all the decision variables

of the formulation,

J(dN) =
N∑
j=0

J(j,N)(dN), (2.66)

where

J(0,N)(dN) =
N−1∑
k=0

`(z(0,k), v(0,k)) + Vf (z(0,N)),

J(j,N)(dN) =

q∑
i=1

J(i,j,N)(dN), j = 1, . . . , N − 1, J(N,N)(dN) =

q∑
i=1

Vf (zi,N,N),

J(i,j,N)(dN) =
N−1∑
k=j

`(z(i,j,k), v(i,j,k)) + Vf (z(i,j,N)), i = 1, . . . , q, j = 1, . . . , N − 1

`(z, v) = |z|Q + |v|R, Vf (z) = |z|P ,

Q,P ,R are symmetric polytopic sets that contain the origin in their interiors and

Vf (·) satisfies the Lyapunov like condition Vf ((A + BK)z) − Vf (x) ≤ −`(z,Kz) for

all x ∈ Rn.

On account of the penalizations of the terms z(j,k) and v(j,k), the value function

J∗(x) will be zero if the entire evolution can be satisfied by u = Kx and greater

than zero otherwise. It follows that J∗(x) > 0 if x /∈ Xf and that J∗(x) = 0 if

x ∈ Xf , in which case the control reduces to u = Kx. Since, additionally, the
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tubes structure guarantees recursive feasibility, and the decrease property J∗(xt+1)−

J(xt) ≤ −(|xt|Q+ |ut|R) can be obtained from the online application where the input

is assigned to be ut = u∗(0,0), it follows that J∗(x) is a Lyapunov function outside of

Xf , thus proving exponential convergence of the state to Xf . Furthermore, since in

this set the control law reduces to u = Kx, the state converges exponentially to the

minimal robust positively invariant set Ω∞(W).

PTMPC is proved to be equivalent to DP whenever n = nu = 1 for any prediction

horizon N , or for any n, nu when N = 1, 2 [73], while the affine in the disturbances

strategy [58], [38] is only equivalent to DP in the first case [73], [10].

The optimization using the cost from (2.66) can be cast as a linear program, where

the triangular tubes structure means that the number of variables and constraints

grows quadratically with the prediction horizon N . However, in order to account

for the worst cases in the constraints and the cost one needs to consider sequences

associated with the q vertices of W (more precisely, the size of the problem grows

linearly with the product nq). Since q can grow exponentially with n (e.g. if W is

a hypercube) the size of the problem can also grow exponentially with n. On the

other hand, in the affine-in-the-disturbances strategies [38], [58] one can handle the

worst case scenarios with a dual problem as shown in (2.47), which uses a description

of disturbances of the type W = {w : Sw ≤ h}. Then the size of the optimization

problem grows linearly with the product nns, where ns is the number of rows of S.

Generally ns grows more slowly than the number of vertices of W as n increases (e.q.

linearly if W is a hypercube), so then the affine-in-the-disturbances strategies are

better suited for large n.

2.3 Stochastic Model Predictive Control

RMPC techniques only take into account the hard bounds of the uncertainties, and

not their probabilistic distribution, which is problematic when soft probabilistic con-
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straints are present. Additionally, the optimization problems in RMPC, where the

costs and constraints are based on worst cases, can be extremely conservative because

the uncertainties near the bounds can be extremely unlikely.

For these reasons, stochastic MPC (SMPC) has emerged as a family of techniques

that incorporates the stochastic descriptions of the uncertainties for handling proba-

bilistic constraints and probabilistic measures of performance.

This section first introduces the main aspects of SMPC for systems with additive

uncertainty. This is followed by a review of the advances in SMPC that are most

relevant for the development of Chapter 6.

2.3.1 Main aspects of Stochastic MPC

In order to introduce the main aspects of SMPC consider linear, discrete-time systems

xt+1 = Axt +But +Dwt, (2.67)

where the additive uncertainty wt is an exogenous disturbance with unknown current

and future values (as in RMPC) but such that some type of description of its stochastic

nature is known, e.g. probabilistic distribution.

The main aspects to consider in SMPC are the stochastic characterization of the

uncertainty, probabilistic constraints, and cost functions (as well as typical aspects

such as recursive feasibility and stability).

Characterization of the uncertainty

The additive uncertainty has been characterized in several ways. The most com-

mon characterization (e.g. [4], [6], [87],[88], [23], [22], [20], [24]) considers wt as an

independent and identically distributed sequence (i.i.d., meaning that wt is indepen-

dent from wk for all t 6= k, and that they have the same distribution), where each wt

has a normal distribution with mean 0 and covariance matrix Σ.

This characterization has a big weakness: it does not allow one to obtain recur-
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sive feasibility of the online optimization problem while guaranteeing satisfaction of

constraints due to the possibility of infinite size disturbances. Additionally, when

recursive feasibility of the online optimization is not guaranteed, stability results do

not hold. In practice, however, disturbances are usually bounded. Using a bounded

characterization of the additive uncertainty, namely that of i.i.d. sequences where

wt has a bounded domain distribution, enables the possibility of obtaining recursive

feasibility of the control strategy [49], [21], [50], [32].

Constraints

The most common type of constraints used in SMPC is that of probabilistic con-

straints, in which the probability of the satisfaction of some condition has to be

greater than a predefined value. Examples of such constraints are:

• Individual probabilistic constraints

Pr(yt ≤ 1) ≥ pt, t = 0, 1, 2, . . . (2.68)

• Joint probabilistic constraints

Pr(yt ≤ 1, t = 0, 1, . . . , N) ≥ p, (2.69)

where yt = g(xt, ut, wt) ∈ Rny is an output function and pt, p ∈ (0, 1]. Outputs with

ny > 1 can be considered, in which case the probability of the satisfaction of all con-

straints has to be greater than p. Alternatively, several constraints for several outputs

with ny = 1 can be considered such that the probability of the satisfaction of each

constraint on its own has to be greater than p. Appropriate choices of g(x, u, w) allow

one to set up state, input and mixed state-input constraints. Both cases, additionally,

cover the robust case by setting p = 1.

The individual probabilistic constraints [85], [92], [47], [49], [21] indicate that the
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condition for each prediction time has to be satisfied with a probability greater or

equal to the predefined value, while in the joint probabilistic constraints [87], [88],

[89], [68], [16] the joint condition on all the predictions has to be satisfied with a

probability greater or equal to the predefined value. If p = pt, for all t = 0, . . . , N ,

then the joint probability constraints are clearly more stringent.

These constraints can be handled in different manners, as will be seen in the next

section. Most strategies attempt to use the distributions of the uncertainty explicitly

to find appropriate tightening parameters to be used in equivalent constraints for the

nominal sequences [88], [89], [23], [21], [49]. A more recent trend however, consists of

using a set of samples of realizations of the uncertainty on which to apply the original

constraints, where among other conditions, the size of the sample is the main factor

to ensure satisfaction of the probabilistic constraints [1], [14], [8], [16], [15] with a

given confidence.

Although probabilistic constraints have been the most commonly used type, con-

straints based on expected values of relevant variables (or a function of them) have

also been considered in SMPC [69], [70].

Recursive feasibility in SMPC is a bit harder to deal with than in RMPC. As

it has been mentioned before, formulations that consider unbounded disturbances

allow for the presence of infinite size states, and then feasibility of the probabilistic

constraints for the predicted sequences at every sample time cannot be guaranteed.

Even for the case of bounded uncertainty, satisfaction of the probabilistic constraints

for the predicted sequences does not guarantee in general that at the next sample

time these constraints will be satisfied, as usually happens with RMPC formulations.

Therefore the constraints have to be tightened in a robustification process so as to

guarantee recursive feasibility [49], [21]. This will be shown in more detail in the

following section.
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Cost function and stability

In order to account for the stochastic nature of the system, the control problem

is to minimize, at each time k, the expected quadratic cost [4]

J(xt,ut) =
∞∑
k=0

Et
(
xTt+k|tQxt+k|t + uTt+k|tRut+k|t

)
, (2.70)

where Q � 0, R � 0, and Et is the expected value conditional on the known value of

xt, or E(·|xt).

A common stability notion used in SMPC (when multiplicative uncertainty, but

no additive uncertainty, is considered) [22], [29], [22] is that of mean-square stability

[52] (A system is said to be mean-square stable if limt→∞ E(||xt||2) = 0). A direct

consequence when a system is mean-square stable is that the performance of (2.70)

is upper bounded, and then it can be concluded that xt → 0 with probability 1.

Under the presence of additive uncertainty however, the stage cost (2.70) does

not converge to zero, and then the cost is infinite, thus precluding the possibility of

using the notion of mean-square stability. This problem has been effectively fixed by

modifying the stage cost such that the new overall cost is finite [23]

J(xt,ut) =
∞∑
k=0

Et(xTt+k|tQxt+k|t + uTt+k|tRut+k|t − lss),

lss = lim
k→∞

E(x
T
t+k|tQxt+k|t + uTt+k|tRut+k|t).

(2.71)

Note that under stable prediction dynamics lss is a constant that does not depend on

t. This modification allows one to obtain an analogous quadratic stability condition.

The repeated solution of the online optimization problems using the cost of (2.71)

and implementing the input ut = u∗t|t, gives the decrease condition

J(xt+1,u
∗
t+1)− J(xt,u

∗
t ) ≤ −Et

(
xTt Qxt + uTt Rut − lss

)
, (2.72)
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which, summing for t = 0, . . . ,∞ gives

lim
n→∞

1

n
(J(x0,u

∗
0)− J(xn,u

∗
n)) ≥ lim

n→∞

1

n

n−1∑
t=0

E0(xTt Qxt + uTt Rut)− lss.

This, used in conjunction with the fact that J(x,u) is lower bounded [23], yields the

quadratic stability condition

lim
n→∞

1

n

n−1∑
t=0

E0(xTt Qxt + uTt Rut) ≤ lss, (2.73)

which proves that limt→∞ E0(xTt Qxt + uTt Rut) = lss.

2.3.2 Review of Stochastic MPC

2.3.2.1 Probabilistic constraints via ellipsoidal bounding

A relevant early formulation for SMPC is presented in [88], [89]. The plant model is

described in terms of the predicted relevant variables over a prediction horizon:

xt = Gxxxt +Gxuut +Gxwwt,

yt = Gyxxt +Gyuut +Gywwt,

zt = Gzxxt +Gzuut +Gzwwt,

(2.74)

where the bold characters xt, ut, yt, zt are the vectors with the stacked predictions

over a prediction horizon of length N of the state, input, measured outputs and

performance outputs, and the matrices Gab denote the system transfer matrices from

b to a. The disturbance is an i.i.d. sequence, where each wt has a normal distribution

with zero mean and variance equal to 1.

The online problem seeks to find reference (or nominal) inputs urt , that along with

a know reference initial state xrt generate reference state and outputs xrt , yrt , zrt , which
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satisfy (2.74) with wt = 0

xrt = Gxxx
r
t +Gxuu

r
t , yrt = Gyxx

r
t +Gyuu

r
t , zrt = Gzxx

r
t +Gzuu

r
t . (2.75)

The control policy is a sequence of feedback functions where the reference inputs are

corrected based on the difference of the actual and the reference outputs such that:

ut = urt + T (yt − yrt ) (2.76)

where T is a matrix with appropriate dimensions and a lower-triangular structure

that ensures causality; it is noted that if yt = xt this control policy is the same as

in (2.44). However, the non-linear term T (I −GyuT )−1 appears when expressing this

control policy and the predictions of (2.74) as a function of the degrees of freedom

of the formulation, ur and T , and the known actual and reference initial states xt

and xrt . This causes the optimization problem to be non-linear and non-convex.

However, this non-linearity can be removed through the use of the Youla parameter,

Q = T (I − GyuT )−1 which converts the control policy and the predictions of (2.74)

into a linear function of urt and Q. The control policy now can be expressed as

ut = QGyx(xt − xrt ) + urt +QGywwt. (2.77)

It can be proved that QGyw is also lower-triangular, thus ensuring causality. It follows

that, as shown in Section 2.2.4, this control policy is affine-in-the-disturbances, and

is equal to that of (2.45) when yt = xt with vk = QGyx(xt− xrt ) + urt and QGyw = L.

The system constraints are defined as joint probabilistic constraints (over a pre-

diction horizon) for the performance outputs zk, which have to be contained in the

polytope P = {z : Fz ≤ h}, F ∈ Rnc×nz , with a probability larger than some
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user-chosen level α:

P {zt ∈ P} ≥ α. (2.78)

In order to ensure this constraint, the following ellipsoid is defined

Er =
{

z : zTZ−1z ≤ r2
}

(2.79)

where Z is the covariance matrix of zt, and the scaling r is chosen to be the smallest

value such that the satisfaction of ẑt + Er ⊆ P , where ẑt = E(zt), guarantees the

satisfaction of P {z ∈ P} ≥ α. The condition ẑt+Er ⊆ P defines a tube that contains

the entire vector zt, where the cross-section associated with each prediction instant

is given by the projection of ẑt + Er ⊆ P to the relevant coordinates. The condition

ẑt + εr ⊆ P can be imposed by:

Flzt = Flẑt + r
√
FlZF T

l ≤ gl, l = 1, . . . , nc, (2.80)

where Fl denotes the l-th row of F , and the covariance matrix Z can be expressed

as a function of the Youla parameter Q, such that Z = S(Q)S(Q)T where S(Q) is a

linear expression of Q. Additionally, the expected value of the predictions are related

with the predicted references by

x̂t = Gxxx
r
t + [Gxx +GyuQGyx](x̂t−xrt ) +Gxuu

r
t , ût = urt +QGyx(x̂t−xrt ), (2.81)

where x̂t, x
r
t are given values. In the absence of historical data, these are simply

related by x̂t = xrt , and then x̂t = xrt and ût = urt .

Finally, the optimization problem consists of the minimization over Q,urt of a

function of zr, f(zr), subject to the reference dynamics of (2.75), to conditions (2.80),

(2.81) and Z = S(Q)S(Q)T . Under appropriate conditions the optimization problem

can be expressed as a second-order cone program that can be solved efficiently.
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The formulation discussed here is introduced by [88], while [89] extends this work

to include bounded disturbances in addition to the stochastic disturbances. These

works have merit in that they propose a strategy for the handling of stochastic con-

straints based on the tightening of the constraints. However, the handling of the

constraints is conservative because the entire tube is given by a single ellipsoid (as

defined by matrix Z) which does not give enough freedom to each cross-section.

Additionally, it is only a finite horizon formulation and therefore cannot guarantee

recursive feasibility and stability of the closed-loop application.

2.3.2.2 Tight constraints based on explicit use of probabilistic distribu-

tions

The unnecessary conservativeness of the strategy of [88], [89] is overcome by [49],

wherein the explicit distributions of the disturbances and their effect on the state

evolution are used to build tightening parameters that are as small as possible (given

the control policy and description of uncertainty) to guarantee the satisfaction of

the probabilistic constraints and recursive feasibility. Consideration is given to linear

systems with stochastic additive disturbances as in (2.67)

xt+1 = Axt +But +Dwt,

which are subject to individual probabilistic constraints, so for each instant t the

state is subject to

P {fxt ≤ h} ≥ p, (2.82)

where p ∈ (0, 1], f ∈ R1×n. Condition (2.82) is presented as a single state constraint

for simplicity, but the following analysis can be easily generalized for multiple con-

straints. The disturbance wt is an i.i.d. sequence, the components of wt, wt,i, have

zero mean, are independent, and have arbitrary but known distributions over a finite

support.
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The predicted control policy is given by the closed-loop paradigm [82], so that the

state and input predictions are given by:

xt+k|t = zt+k|t + et+k|t, (2.83a)

ut+k|t = Kxt+k|t + ct+k|t, (2.83b)

zt+k+1|t = Φzt+k|t +Bct+k|t, (2.83c)

et+k+1|t = Φet+k|t +Dwt+k, (2.83d)

where Φ = (A + BK) is strictly stable. Here xt+k|t, ut+k|t, zt+k|t, et+k|t are the

predicted state, input, nominal state and uncertainty of the state, with et|t = 0 and

zt|t = xt|t = xt. Also ct+k|t, k = 0, . . . , N − 1 are the degrees of freedom in the inputs

and in the online optimization, and ct+k|t = 0, k ≥ N , for some Mode 1 horizon N .

It is proved in [49] that for a vector of degrees of freedom ct = [cTt|t, . . . , c
T
t+N−1|t]

T ,

the predictions of system (2.67) made at time t satisfy the probabilistic constraints

(2.82) if and only if:

gTHkct + gTΦkxt + γk ≤ h, k = 1, 2, . . . (2.84)

is satisfied, where Hk = [Φk−1B, . . . , B, 0, . . . , 0] and gTHkct + gTΦkxt = gT zt+k|t are

the nominal components. γk are the constraint tightening parameters associated with

the stochastic components in the constraint term, gT et+k|t = gT ( Φk−1Dwt + . . .

+Dwt+k−1), and are defined as the minimum value that satisfies:

P{gT
(
Φk−1Dwt + . . .+Dwt+k−1

)
≤ γk} = p, k = 1, 2, 3, . . . (2.85)

This result only guarantees the feasibility of the probabilistic constraints for the

predicted sequence, but does not ensure that these probabilistic constraints will be

satisfied in the future. Thus it fails to guarantee recursive feasibility. In order to guar-
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antee the recursive feasibility of a probabilistic constraint for the prediction instant

t + k computed at time t, i.e. for the prediction instant t+ k|t, it must be ensured

that the predictions (·)t+k|t+1, (·)t+k|t+2,. . .,(·)t+k|t+k−1, k = 2, 3, . . ., also satisfy the

probabilistic constraint. Since the predictions computed at times t + 1,. . .,t + k − 1

depend on the states at those instants and in turn these depend on the future

disturbances wt, . . . , wt+k−2, one must account for the worst cases associated with

these future disturbances in order to check feasibility for the predictions (·)t+k|t+1,

(·)t+k|t+2,. . .,(·)t+k|t+k−1, k = 2, 3, . . .. This means that in the constraints for predic-

tions at t+ k|t, the effects of wt, . . . , wt+k−2 must be robustified, while the effect of

wt+k−1 is still accounted for in a probabilistic manner.

Along these lines, in order to satisfy the probabilistic constraints and the recursive

feasibility, (2.85) must be replaced by:

gTHkct + gTΦkxt+ ≤ h− (βk + γ1), k = 1, 2, . . . (2.86)

where βk accounts for the worst case of the effect of wt, . . . , wt+k−2, while γ still

accounts for the probabilistic portion of the constraints and is associated with wt+k−1.

Under these considerations, noting that the stochastic components in the constraint

term at time t + k are given by fet+k|t = f ( Φk−1Dwt + . . . +Dwt+k−1) and that

the worst case of fΦkDwt is ak = |gTΦkD|α, βk is given by

β1 = 0, βk = a1 + . . .+ ak−1, k = 2, 3, . . . (2.87)

These bounds, to provide a real recursive effect, should be applied for every k =

0, 1, . . ., but in practice this cannot be done because it would require an infinite

number of constraints. Using the arguments of [35] it can be proved that there exists

a N̂ ≥ 0 such that (2.86) needs to be invoked only for k = N, . . . , N + N̂ − 1.

This defines a polytopic set ZN̂ , that allows one to replace the infinite number of
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constraints in (2.86) by zt+N |t ∈ ZN̂ .

The usual objective function used in MPC as in (2.70) is unbounded due to the

presence of the additive uncertainty, which causes the limit of the stage cost to be

non-zero. Then, as proposed in [23], the modified cost of (2.71) is used. It is proved

that this objective function can be expressed as a quadratic expression of the initial

state and the degrees of freedom ct = [cTt|t, . . . , c
T
t|t]

T :

J̃(xt, ct) =

[
xTt cTt 1

]
Ω

[
xTt cTt 1

]T
. (2.88)

The stochastic MPC strategy then consists of minimizing the same objective func-

tion as in [21] given by (2.88), subject to constraints (2.86) and zt+N |t ∈ Z∞, and then

implementing the first predicted input given by ut = Kxt + c∗t|t. Under appropriate

assumptions, it can be guaranteed that the closed-loop application of this strategy

yields the Lyapunov inequality of (2.72), which consequently implies the quadratic

stability criterion of (2.73).

The proposed strategy, in spite of using tightening parameters that are as small as

possible, can still be improved, for instance by changing the predicted control policy.

The strategy is only quasi closed-loop because, in spite of the fact that there is

feedback in the control policy of the closed-loop paradigm, the online optimal control

problem is open-loop in the degrees of freedom ct and there is no special feedback

treatment of future (unknown) uncertainties.

It is suggested in [50] that more general control policies can effectively be used to

find smaller tightening parameters, which provides increased control authority. The

authors consider a control policy given by

ut+k|t = Kxt+k|t + ct+k|t + vt+k|t, k = 0, 1, 2, . . . . (2.89)

where vt+k|t are chosen to eliminate the effect of the future disturbances that are
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known at the prediction instant t+k|t in the constraints. For this purpose, note that

the predictions for the state constraint terms fxt+k|t are given by

fxt+1|t = f (Φxt +Bct +Dwt)

fxt+2|t = f
(
Φ2xt + ΦBct|t +Bct+1|t +Bvt+1|t + ΦDwt +Dwt+1

)
...

(2.90)

Since vt+k|t is being applied at the same time that wt+k is being applied, nothing can

be done to eliminate the effect of wt+k. However, the effect of wt, wt+1, . . . , wt+k−1 is

already known, so their effect can be eliminated by choosing vt+k|t such that:



fB 0 0 · · ·

fΦB fB 0 · · ·

fΦ2B fΦB fB · · ·
...

...
...

. . .





vt+1|t

vt+2|t

vt+3|t

...


+



fΦ 0 0 · · ·

fΦ2 fΦ 0 · · ·

fΦ3 fΦ2 fΦ · · ·
...

...
...

. . .





Dwt

Dwt+1

Dwt+2

...


= 0

(2.91)

which can be achieved by setting vt+k|t, for some sequence {L0, L1, L2, . . .}, to be

given by 

vt|t

vt+1|t

vt+2|t

vt+3|t

...


=



0 0 0 · · ·

L0 0 0 · · ·

L1 L0 0 · · ·

L2 L1 L0 · · ·
...

...
...

. . .


︸ ︷︷ ︸

L



Dwt

Dwt+1

Dwt+2

Dwt+3

...


. (2.92)

This implies that (2.89) can be re-written as

ut+k|t = Kxt+k|t + ct+k|t + vt+k|t, k = 0, 1, . . . , (2.93)
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where

vt|t = 0, vt+k|t =
k−1∑
j=0

LjDwt+k−j−1, k = 1, 2, . . . , (2.94)

which is affine-in-the-disturbances like the policy of (2.45) [58], [38], but with two

differences: the compensation given by vt+k|t goes into Mode 2 for all prediction

horizons, and the matrix L has a striped structure.

The elimination of the effect in the constraints of the future disturbances that are

known at the prediction instant t + k|t means that βk = 0, and then γ1 will be the

only tightening in the constraints of (2.86).

This exact elimination can only be performed when there is only one constraint

present. If there are more, the above suggests that the gains Lk can be chosen

sequentially to achieve the minimization of some norm of the effect of the disturbances

in the constraint terms. This work has proved that the tightening parameters βk

can be improved, but no further analysis regarding the stability or feasibility of the

receding horizon implementation has been carried out. The development of an SMPC

strategy with improved tightening parameters with recursive feasibility and stability

guarantees is presented in Chapter 6.
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Offline tube design for efficient

implementation of Parameterized

Tube Model Predictive Control

Recently introduced parameterized tube model predictive control (PTMPC) [73] is

a control technique for linear time-invariant systems subject to additive uncertainty.

It supersedes, in terms of feasibility, the RMPC technique that uses an affine-in-the-

disturbances control policy. In common with the affine-in-the-disturbances technique,

PTMPC online implementation reduces to a standard convex optimization for which

the number of variables and constraints grow quadratically with respect to the pre-

diction horizon N . This chapter considers the reduction of the rate of growth of the

optimization size to linear in N by allowing part of the computation to be performed

offline. It is shown that the suggested offline simplifications preserve the desirable

control theoretic properties of PTMPC, and it is illustrated that the reduction in

computation can be gained at a modest cost in terms of size of the domain of attrac-

tion. Furthermore, the reduction of the online computation burden is such that the

prediction horizon of the proposed strategy can be increased in order to get larger
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domains of attraction than PTMPC while still having online problems with less (or

equal) computational effort.

3.1 Introduction

As discussed in Section 2.2, RMPC is an area of considerable practical importance

which also presents significant challenges. Ideal RMPC uses DP [9] or feedback op-

timization [86] which are impracticable on account of computational complexity, and

thus it has been necessary to seek a good compromise between sub-optimality and

complexity of the online optimization problems. Some of the approaches developed

consider quasi closed-loop policies that are computationally efficient, with a number

of variables and constraints of the online optimization that grow linearly with N , but

can be conservative (i.e., rigid tube MPC [36], [61], [28], [63], [81], [53]). The degree

of optimality can be improved by using the affine-in-the-disturbances control policy

[58], [38], but the number of decision variables and constraints of the online optimiza-

tion grow quadratically with N . These RMPC methods were recently superseded

in terms of feasibility by PTMPC [73], which is shown to be equivalent to DP in a

broader range of cases than the strategies with the affine-in-the-disturbances policy

[10]. PTMPC uses a separable prediction structure and a separable non-linear control

policy. The key is the use of 1 + qN (where q is the number of vertices of the admis-

sible disturbance set) suitably defined partial control sequences in order to generate

controlled and dynamically consistent uncertain state and control predictions. This

approach results in a triangular separable prediction structure that induces N + 1

partial state and control tubes. The 0th (or nominal) partial tube pair accounts for

the dynamical contribution of the initial prediction system state while each of the

partial tubes captures the dynamical contribution associated to a future disturbance

acting on the system during the Mode 1. However, the triangular structure results

in a number of variables and constraints of the online optimization that also grow
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quadratically with N .

The aim of the work presented in this chapter is to reduce the computational

complexity of PTMPC synthesis yet degrading (sub-)optimality as little as possible

while preserving the desirable system theoretic properties (namely recursive feasibility

and exponential convergence to some minimal robust invariant set). To this end,

attention is restricted to offline design of the partial tube pairs that account for future

disturbances by considering the qN partial extreme sequences that generate from the

1st until the N th partial tube pairs, while the nominal control sequences inducing

the 0th partial tube pair (which are in fact sequences of points, i.e., singleton sets)

are left to be optimized online. This simplification yields an online optimization

problem on the nominal sequences with tightened constraints (as in [36], [61], [28],

[63], [81], [53]), and reduces the online computational complexity from quadratic to

linear. Yet, due to the non-linearity of the underlying control policy (parts of which

are computed offline), the overall approach preserves a number of desirable system

theoretic properties associated with PTMPC. Clearly there is a cost to pay in terms of

a reduction in the size of the domain of attraction, but as will be shown by simulations,

this reduction can be small. Furthermore, the reduction of the online computation

burden is such that the prediction horizon of the proposed strategy can be increased

in order to get larger domains of attraction than PTMPC while still having online

problems with less (or equal) computational effort.

In the interest of generality, the simplified PTMPC approach is presented con-

sidering mixed state and control constraints; it is noted that the presentation in [73]

considers separated state and control constraints.

Section 3.2 provides the setting and re-visits the PTMPC background. The sim-

plifications of the PTMPC synthesis based on offline computations are discussed in

Section 3.3. Finally, Sections 3.4 and 3.5 present simulation results and conclusions.
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3.2 System description and PTMPC background

Consider a linear, time-invariant, discrete time system with additive disturbances

xt+1 = Axt +But + wt, (3.1)

where xt ∈ Rn, wt ∈ W ⊆ Rn, and ut ∈ Rnu are the state, disturbance and control

input. wt is unknown at time t but is known to belong to a polytopic set given by

W = conv{w̃i : i = 1, . . . , q}. (3.2)

The system is subject to mixed state and input constraints

(xt, ut) ∈ Y, (3.3)

where Y is a polytopic set that contains the origin in its interior and is given by

Y = {(x, u) : Fx+Gu ≤ 1}, (3.4)

where F ∈ Rnc×n and G ∈ Rnc×nu .

Assumption 3.1.

(i) (A,B) is stabilizable.

(ii) The matrix K is such that Φ = A + BK is strictly Hurwitz and the minimal

robust positively invariant set for system (3.1) under u = Kx, Ω∞(W), satisfies

(I,K)Ω∞(W) ⊆ interior(Y).

(iii) The terminal constraint set Xf is the maximal robust positively invariant set

for system (3.1) under u = Kx subject to constraints (3.3), and is a polytopic set that
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contains the origin in its interior and is given by

Xf = {x : Hx ≤ 1}, (3.5)

where H ∈ Rnf×n.

Recall from Section 2.2.4.2 that a separable prediction scheme is assumed for Mode

1, where the nominal dynamics and the contribution of each future disturbance are

separated into different sequences. The 0th partial state and control sequences are

denoted x(0,N) = {x(0,0), . . . , x(0,N)} and u(0,N−1) = {u(0,0), . . . , u(0,N−1)}, and account

for the nominal dynamics

x(0,0) = xt,

x(0,k+1) = Ax(0,k) +Bu(0,k), k = 0, . . . , N − 1,

(3.6)

and x(j,N) = {x(j,j), x(j,j+1), . . . , x(j,N)}, u(j,N−1) = {u(j,j), u(j,j+1), . . . , u(j,N−1)}, are

the jth partial state and control sequences describing the dynamical contribution of

the disturbance w(j−1) which acts on the system at the (j − 1)th prediction instant.

These dynamics are given by

x(j,j) = w(j−1),

x(j,k+1) = Ax(j,k) +Bu(j,k), k = j, . . . , N − 1.

(3.7)

Recall that for simplicity the notation of the type xt+k|t is not used for the k-step-

ahead predictions made at time t, and instead (x(0,k), u(0,k)) and (x(j,k), u(j,k)) are the

k-step-ahead predictions made at each time t associated with the 0th partial sequences

and the jth partial sequences, while (x(k), u(k)) are the full k-step-ahead predictions
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made at each time t. Accordingly, the full predictions for k = 0, . . . , N are given by

x(k) =
k∑
j=0

x(j,k), k = 0, . . . , N, u(k) =
k∑
j=0

u(j,k), k = 0, . . . , N − 1, (3.8)

with

x(j,k) ∈ X(j,k) =


x(0,k) if k = 0

conv{x(i,j,k) : i = 1, . . . , q} if k = 1, . . . , N

u(j,k) ∈ U(j,k) =


u(0,k) if k = 0

conv{u(i,j,k) : i = 1, . . . , q} if k = 1, . . . , N − 1.

(3.9)

Eq.(3.8) defines a triangular prediction scheme for Mode 1 as shown in Figure 3.1

and implies that

x(k) ∈ X(k) =
k⊕
j=1

X(j,k), k = 0, . . . , N,

u(k) ∈ U(k) =
k⊕
j=1

U(j,k), k = 0, . . . , N − 1,

(3.10)

where X(k) and U(k) are the state and control cross-sections of the state tube XN =

{X(0), . . . , X(N)} and control tube UN−1 = {U(0), . . . , U(N−1)}, respectively, and can

be obtained as the column-wise (Minkowski) sums in Figure 3.1. From (3.9), the jth

partial state and control sequences are defined in terms of the jth extreme partial

state and control sequences, x(i,j,N) =
{
x(i,j,j), x(i,j,j+1), . . . , x(i,j,N)

}
and u(i,j,N−1) =

{u(i,j,j), u(i,j,j+1), . . . , u(i,j,N−1)}, respectively, which describe the effect of the extreme

disturbances acting at the prediction instant j − 1. The dynamics of the jth partial
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State tubes
x(0,0) x(0,1) x(0,2) · · · x(0,N−1) x(0,N)

X(1,1) X(1,2) · · · X(1,N−1) X(1,N)

X(2,2) · · · X(2,N−1) X(2,N). . . . . .
X(N−1,N−1) X(N−1,N)

X(N,N)

x(0) x(1) x(2) · · · x(N−1) x(N)

Control tubes
u(0,0) u(0,1) u(0,2) · · · u(0,N−1)

U(1,1) U(1,2) · · · U(1,N−1)
U(2,2) · · · U(2,N−1). . .

...
U(N−1,N−1)

u(0) u(1) u(2) · · · u(N−1)

Figure 3.1: Triangular prediction scheme of PTMPC

extreme state and control sequences are given by

x(i,j,j) = w̃i, j = 1, . . . , N, i = 1, . . . , q

x(i,j,k+1) = Ax(i,j,k) +Bu(i,j,k), j = 1, . . . , N − 1, k = j, . . . , N − 1, i = 1, . . . , q.

(3.11)

The partial sequences as defined by (3.6) and (3.11) imply that the predicted

(x(k), u(k)) will be contained in the overall parameterized mixed state and control

tubes (overall PMSCT)

Y(k) =
k⊕
j=0

Y(j,k), k = 0, . . . , N − 1, (3.12)

where the partial parameterized mixed state and control tubes (partial PMSCT)

Y(j,N−1) = {Y(j,j), Y(j,j+1), . . . , Y(j,N−1)} contain the predicted (x(j,k), u(j,k)), where

Y(0,k) = (x(0,k), u(0,k)), Y(j,k) = conv{(x(i,j,k), u(i,j,k)) : i = 1, . . . , q}. The partial se-

quences as defined by (3.6) and (3.11) also imply that the terminal state will be

contained in the overall parameterized terminal state tube (overall PTST) cross sec-
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tion

X(N) =
N⊕
j=0

X(j,N), (3.13)

where the terminal partial state cross sections X(j,N) are given by X(0,N) = x(0,N) and

X(j,N) = conv{x(i,j,N) : i = 1, . . . , q}.

While the separable prediction scheme is used for the analysis of the predictions

in Mode 1, a terminal control law is assumed in Mode 2 of the form u(k) = Kx(k),

k ≥ N . Under these considerations, the conditions for constraint satisfaction are

Y(k) ⊆ Y, k = 0, . . . , N − 1,

X(N) ⊆ Xf .

(3.14)

In the online problem these conditions can be guaranteed equivalently by linear

constraints on the 0th partial state and control sequences by using slack variables

that account for the worst (extreme) realizations of the extreme jth partial state and

control sequences.

Flx(0,0) +Glu(0,0) ≤ 1, l = 1, . . . , nc,

Flx(0,k) +Glu(0,k) +
k∑
j=1

f(l,j,k) ≤ 1, l = 1, . . . , nc, k = 1, . . . , N − 1

Hlx(0,N) +
N∑
j=1

h(l,j,N) ≤ 1, l = 1, . . . , nf ,

and for i = 1, . . . , q, k = j, . . . , N − 1,

Flx(i,j,k) +Glu(i,j,k) ≤ f(l,j,k), l = 1, . . . , nc, j = 1, . . . , N − 1,

Hlx(i,j,N) ≤ h(l,j,N), l = 1, . . . , nf , j = 1, . . . , N,

(3.15)

where Fl, Gl and Hl are the lth rows of F,G and H, respectively.

The separable prediction scheme induces a separable non-linear predicted control
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policy πN−1 = {µ0(·), . . . , µN−1(·)} given by,

µk(x(k)) =
k∑
j=0

µ(j,k)(x(j,k)), with x(k) =
k∑
j=0

x(j,k)

µ(0,k)(x(0,k)) = u(0,k),

µ(j,k)(x(j,k)) =

q∑
i=1

λ(i,j)(w(j−1))u(i,j,k), j = 1, . . . , N − 1, k = j, . . . , N − 1

(3.16)

where λ(i,j)(w(j−1)) are convex interpolation parameters that satisfy λ(i,j) ≥ 0 for

i = 1, . . . , q,
∑q

i=1 λ(i,j)(w(j−1)) = 1 and
∑q

i=1 λ(i,j)(w(j−1))w̃i = w(j−1). A well-defined

and unique selection of such convex multipliers {λ(i,j), i = 1, . . . , q} can be obtained

employing, for instance, a least squares procedure.

Although the current and future disturbances w(j−1), j = 1, 2, . . ., are unknown

at the current instant, they will become known at prediction time j. The predicted

control policy accounts for this fact in that the predicted inputs u(k) = µk(x(k)) depend

on the interpolation parameters λ(i,j), j = 1, . . . , k that are associated with all the

disturbances w(j−1) that are currently unknown, but would be known at prediction

time k. For the application of the MPC strategy however, it is only needed to know

that the predicted control laws for k = 1, . . . , N − 1 exist in order to guarantee

feasibility of the predictions; it is not necessary to find them since only the first one,

u(0) = µ0(x(0)), is actually used and applied to the system. The existence is ensured by

finding the predictions associated with the extreme realizations of the disturbances,

and as a result, it is not necessary to find the interpolation parameters λ(i,j).

An equivalent re-parameterization, which will be useful for the definition of the

objective function and the stability analysis, is considered such that the 0th partial

sequences are re-written as,

x(0,k) = z(0,k) + Φk(xt − z(0,0)), k = 0, . . . , N,

u(0,k) = v(0,k) +KΦk(xt − z(0,0)), k = 0, . . . , N − 1,

(3.17)
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where z(0,N) = {z(0,0), z(0,1), . . . , z(0,N)} and v(0,N−1) = {v(0,0), v(0,1), . . . , v(0,N−1)} sat-

isfy

z(0,k+1) = Az(0,k) +Bv(0,k), k = 0, . . . , N − 1, (3.18)

Hl(xt − z(0,0)) ≤ 1, l = 1, . . . , nf . (3.19)

z(0,N) and v(0,N−1) represent the deviation of x(0,N) and u(0,N−1) from an evolution

generated by the state feedback u = Kx (which would be feasible if the state is inside

Xf ) where u(0,k) = Kx(0,k) and x(0,k) = Φkx(0,0). Likewise, the jth partial extreme

sequences follow the re-parameterization given by

x(i,j,k) = z(i,j,k) + Φk−jw̃i, j = 1, . . . , N, k = j, . . . , N, i = 1, . . . , q,

u(i,j,k) = v(i,j,k) +KΦk−jw̃i, j = 1, . . . , N − 1, k = j, . . . , N − 1, i = 1, . . . , q,

(3.20)

where z(i,j,N) = { z(i,j,j), z(i,j,j+1), . . . , z(i,j,N) } and v(i,j,N−1) = { v(i,j,j), v(i,j,j+1), . . . ,

v(i,j,N−1)} satisfy

z(i,j,j) = 0, j = 1, . . . , N, i = 1, . . . , q,

z(i,j,k+1) = Az(i,j,k) +Bv(i,j,k), j = 1, . . . , N − 1, k = j, . . . , N − 1, i = 1, . . . , q.

(3.21)

Likewise, z(i,j,N) and v(i,j,N−1) represent the deviation of x(i,j,N) and u(i,j,N−1) from

the evolution generated by u = Kx, i.e. u(i,j,k) = Kx(i,j,k) and x(i,j,k) = Φk−jx(i,j,j).

The cost function penalizes the terms z(0,k), v(0,k), z(i,j,k) and v(i,j,k), and is struc-

tured as the sum of the costs associated to each partial extreme sequence, such that,

if dN contains all the decision variables of the formulation,

VN(dN) =
N∑
j=0

V(j,N)(dN), (3.22)
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where

V(0,N)(dN) =
N−1∑
k=0

`(z(0,k), v(0,k)) + Vf (z(0,N)),

V(j,N)(dN) =

q∑
i=1

V(i,j,N)(dN), j = 1, . . . , N − 1, V(N,N)(dN) =

q∑
i=1

Vf (z(i,N,N)),

V(i,j,N)(dN) =
N−1∑
k=j

`(z(i,j,k), v(i,j,k)) + Vf (z(i,j,N)), i = 1, . . . , q, j = 1, . . . , N − 1,

`(z, v) = |z|Q + |v|R, Vf (z) = |z|P ,

Q,P ,R are symmetric polytopic sets that contain the origin in their interiors and

Vf (·) satisfies the Lyapunov condition Vf (Φz)− Vf (x) ≤ −`(z,Kz) for all x ∈ Rn.

The online optimal control problem seeks to minimize VN(dN). Since the cost

penalizes the terms z(0,k), v(0,k), z(i,,k), and v(i,j,k), it clearly attempts to penalize the

deviations from the predicted state and input sequences generated by u = Kx. As a

result, if the constraints become inactive, which will happen when xt ∈ Xf , the evolu-

tion of the system generated by u = Kx is feasible, in which case z(0,k) = 0, v(0,k) = 0,

z(i,j,k) = 0 and v(i,j,k) = 0 are a feasible solution. Therefore the value function V 0
N(x)

will be zero, and one will recover the state feedback u = Kx from the optimal control

problem. On the other hand, if x /∈ Xf then z(0,k) = 0, v(0,k) = 0, z(i,j,k) = 0 and

v(i,j,k) = 0 is not feasible and then V 0
N(x) > 0. Since the tube structure guarantees

recursive feasibility and the decrease condition V 0
N(xt+1)− V 0

N(xt) ≤ −(|xt|Q + |ut|R)

can be obtained from the online application, it follows that V 0
N(x) is a Lyapunov

function outside of Xf , which leads to the exponential convergence of the state to Xf .

Furthermore, since in this set the control law becomes u = Kx, the state converges

exponentially to the associated minimal robust invariant set Ω∞(W).

The minimization of (3.22), which is a sum of gauge functions of polytopic sets,

can be performed equivalently (which as pointed out in [73] is customary in convex

analysis) by minimizing the sum of a collection of slack decision variables that, via
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additional linear constraints, upper bound tightly the optimal value of the under-

lying gauge functions. Thus the online optimal control problem can be solved by

minimization of a linear objective subject to linear constraints, which is an LP.

The most important advantage of PTMPC [73] is that, since the predicted control

laws µk(x(k)) depend on the interpolation parameters λ(i,j)(·), i = 1, . . . , q, that

are non-linear functions of w(j−1) (for instance, when obtained by a least-squares

procedure, they are piecewise affine functions of w(j−1)), the associated control policy

is formed from separable non-linear control laws of the past disturbances. Thus the

control policy of (3.14) is more general than others such as the closed-loop paradigm

[82], [84] and the affine-in-the-disturbances approach [38], [58], which are subsumed

as special cases of PTMPC.

As already indicated, the main objective here is to reduce the quadratic growth

with N of the number of decision variables and constraints required for the online

implementation of PTMPC. For this reason, the focus is on an intuitive idea based

on an offline optimization of the jth partial extreme state and control sequences satis-

fying (3.11) and an online optimization of the 0th partial state and control sequences

satisfying (3.6).

3.3 PTMPC: An offline Simplification

The simplified PTMPC strategy, which is based on the offline computation of the jth

partial extreme state and control partial sequences that satisfy (3.11), and the online

optimization of the 0th state and control sequences, is described in this section.

As will be seen below, once the jth partial extreme state and control sequences are

computed offline, they are available to be used of the online optimization for the first

instant t = 0, but need to be updated for the future instants t = 1, . . . , N . This update

can be carried out according to offline computations. The online optimization, due to

these updates, will be time varying, and then it is necessary to make a temporal index
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explicit. Let x̂((i,j,N),t) = { x̂((i,j,j),t) , x̂((i,j,j+1),t) , . . . , x̂((i,j,N),t) } and û((i,j,N−1),t) =

{ û((i,j,j),t) , û((i,j,j+1),t) , . . . , û((i,j,N−1),t)}, be the jth partial extreme state and control

sequences to be used at time t. Assume in this section that the offline computations

of the jth partial extreme state and control partial sequences to be used at time t = 0,

x̂((i,j,N),0) and û((i,j,N−1),0), has already been performed and are ready to be used by

the controller.

Assumption 3.2. N ≥ 2.

Remark 3.1. It will be assumed that N ≥ 2 for the developments of Section 3.3

until the end of Section 3.3.1. The reason behind this is that if N = 1, then there are

no disturbance compensation terms that can be designed offline, since only the first

input u(0,0) is free. From Section 3.3.2 onwards one can also choose N = 1 under

the assumption that the offline design has been skipped (in this case only the slacks

ĥ((l,j,N),t) are needed, and can be found as will be shown in (3.31)).

Assumption 3.3. In common with (3.11), x̂((i,j,N),t) and û((i,j,N−1),t) satisfy for i =

1, . . . , q, t = 0, 1, . . .

x̂((i,j,j),t) = w̃i, j = 1, . . . , N,

x̂((i,j,k+1),t) = Ax̂((i,j,k),t) +Bû((i,j,k),t), j = 1, . . . , N − 1, k = j, . . . , N − 1.

(3.23)

The overall PMSCT Ŷ(k), for k = 1, . . . , N − 1, and the overall PTST cross-section

X̂(N) satisfy for t = 0

Ŷ(k) =
k⊕
j=1

Ŷ((j,k),t) ⊆ Y, and X̂(N) =
N⊕
j=1

X̂((j,N),t) ⊆ Xf , (3.24)

where the corresponding partial cross-sections are given by Ŷ((j,k),t) = conv{(x̂((i,j,k),t),

û((i,j,k),t)) : i = 1, . . . , q} and X̂((j,N),t) = conv{x̂((i,j,N),t) : i = 1, . . . , q}.

The role of (3.24) in this assumption is to guarantee that the domain of attraction
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is not empty. Under the expressed conditions at least the origin, i.e. xt = 0, is feasible

when solving the online optimization problem.

Optimal solution at time t
u(0,0) u(0,1) u(0,2) · · · u(0,N−1)

U(1,1) U(1,2) · · · U(1,N−1)
U(2,2) · · · U(2,N−1). . .

...
U(N−1,N−1)

u(0) u(1) u(2) · · · u(N−1)

Receded solution
u(0,0) u(0,1) u(0,2) · · · u(0,N−1) Kx(0,N)

u(1,1) u(1,2) · · · u(1,N−1) Kx(1,N)

U(2,2) · · · U(2,N−1) KX(2,N). . .
...

...
U(N−1,N−1) KX(N−1,N)

KX(N,N)

ũ(0) ũ(1) · · · ũ(N−2) ũ(N−1)

�
�

�
�+

�
 �	�� ��

Candidate solution at time t+ 1
ũ(0,0) ũ(0,1) · · · ũ(0,N−2) ũ(0,N−1)

Ũ(1,1) · · · Ũ(1,N−2) Ũ(1,N−1). . .
...

...
Ũ(N−2,N−2) Ũ(N−2,N−1)

Ũ(N−1,N−1)

ũ(0) ũ(1) · · · ũ(N−2) ũ(N−1)

Figure 3.2: Receded candidate solutions that yield recursive feasibility and stability
in PTMPC

The invariance and stability analyses reported in [73] are based on the definition

of a candidate solution for the online optimization problem of time t + 1, which is

defined using the optimal solution for the online optimization problem of time t. The

construction of such a candidate solution is based on the receding horizon strategy, in

what will be called a receding operation, and gives a receded solution. This procedure

is illustrated in Figure 3.2 for the inputs and is described next. Since the new problem

deals with predictions starting from time t+ 1, the predictions associated with k = 0

have to be discarded from the solution at time t, and each new input ũ(k) of time
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t+ 1 is associated with the input u(k+1) of time t. uN is not defined by the separable

prediction scheme, but it is known that in Mode 2 the control law is given by u = Kx,

so then ũ(N−1) is defined according to that state feedback. Finally, the effect of the

disturbance wt will be available in xt+1 which implies that the 0th sequences at time

t + 1 have to account for the effect of wt. Such effect is contained in the 1st partial

tubes Y(1,N−1) of time t; since at time t + 1 the effect of wt is known, the sequence

of sets Y(1,N−1) collapses to a sequence of elements which is determined by the value

of wt. Then the candidate 0th sequences of time t + 1 will be composed by the 0th

sequences plus a sequence of elements that are contained in the 1st partial tubes of

time t.

With these considerations, the precise construction of the candidate solution of

time t+ 1, identified by (̃·), from the optimal solutions at time t, denoted by (·)0(xt),

is given by

x̃(0,k) = x0
(0,k+1)(xt) +

q∑
i=1

λ∗(i,1)(wt)x
0
(i,1,k+1)(xt), k = 0, . . . , N − 1,

x̃(0,N) = Φx̃(0,N−1),

ũ(0,k) = u0
(0,k+1)(xt) +

q∑
i=1

λ∗(i,1)(wt)u
0
(i,1,k+1)(xt), k = 0, . . . , N − 2,

ũ(0,N−1) = Kx̃(0,N−1),

(3.25)

x̃(i,j,k) = x0
(i,j+1,k+1)(xt), j = 1, . . . , N − 1, k = j, . . . , N − 1, i = 1, . . . , q

x̃(i,j,N) = Φx0
(i,j+1,N)(xt), j = 1, . . . , N − 1, i = 1, . . . , q,

x̃(i,N,N) = w̃i, i = 1, . . . , q,

ũ(i,j,k) = u0
(i,j+1,k+1)(xt), j = 1, . . . , N − 2, k = 1, . . . , N − 2, i = 1, . . . , q,

ũ(i,j,N−1) = Kx̃(i,j,N−1), j = 1, . . . , N − 1, i = 1, . . . , q,

(3.26)

where λ∗(i,1)(wt) are the least squares (or any other convenient selection criterion)
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convex interpolation parameters that satisfy wt =
∑q

i=1 λ
∗
(i,1)(wt)w̃i.

The online update of jth partial extreme state and control sequences is defined so

as to replicate the receding operation that is used in the construction of the candidate

solutions of time t+ 1 based on the solutions of time t, as shown in (3.25) and (3.26).

This is done in order to enable invariance and stability analyses. Thus the jth partial

extreme state and control sequences to be used at instant t, x̂((i,j,N),t) and û((i,j,N−1),t),

are updated offline by

x̂((i,j,k),t+1) = x̂((i,j+1,k+1),t), j = 1, . . . , N − 1, k = j, . . . , N − 1, i = 1, . . . , q,

x̂((i,j,N),t+1) = Φx̂((i,j+1,N),t), j = 1, . . . , N − 1, i = 1, . . . , q,

x̂((i,N,N),t+1) = w̃i, i = 1, . . . , q,

(3.27)

and

û((i,j,k),t+1) = û((i,j+1,k+1),t), j = 1, . . . , N − 2, k = j, . . . , N − 2, i = 1, . . . , q,

û((i,j,N−1),t+1) = Kx̂((i,j+1,N),t), j = 1, . . . , N − 2, i = 1, . . . , q,

û((i,N−1,N−1),t+1) = Kx̂((i,N,N),t), i = 1, . . . , q.

(3.28)

The update equations (3.27) and (3.28) define a tube update scheme by which

Ŷ((j,k),t+1) = Ŷ((j+1,k+1),t), for j = 1, . . . , N−2, k = j, . . . , N−2, such that Û((j,k),t+1) =

Û((j+1,k+1),t), for j = 1, . . . , N − 2, k = j, . . . , N − 2, and X̂((j,k),t+1) = X̂((j+1,k+1),t) for

j = 1, . . . , N − 1, k = j, . . . , N − 1, where X̂((j,k),t) = conv{x̂((i,j,k),t) : i = 1, . . . , q}

and Û((j,k),t) = conv{û((i,j,k),t) : i = 1, . . . , q}. The update scheme is illustrated in

Figure 3.3 for the inputs.

Provided that the jth partial extreme state and control sequences are known at

each instant t, the constraints of (3.14) become time-varying conditions on the 0th

partial state and control sequences x(0,N) = {x(0,0), x(0,1), . . . , x(0,N)} and u(0,N−1) =
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Control partial tubes at time t

Û((1,1),t) Û((1,2),t) · · · Û((1,N−1),t)
Û((2,2),t) · · · Û((2,N−1),t). . .

...

Û((N−1,N−1),t)

Receded partial control tubes

û(1,1) û(1,2) · · · û(1,N−1) Kx̂(1,N)

Û((2,2),t) · · · Û((2,N−1),t) KX̂((2,N),t). . .
...

...

Û((N−1,N−1),t) KX̂((N−1,N),t)

KW

�
 �	�� �� �� �� �� �� �� �� �� �� �� �� �� ��

Control partial tubes at time t+ 1

Û((1,1),t+1) · · · Û((1,N−2),t+1) Û((1,N−1),t+1). . .
...

...

Û((N−2,N−2),t+1) Û((N−2,N−1),t+1)

Û((N−1,N−1),t+1)

Figure 3.3: Tubes update in the simplified PTMPC

{u(0,0), u(0,1), . . . , u(0,N−1)} to be found at instant t

Y(0,0) ⊆ Y,

Y(0,k)

k⊕
j=1

Ŷ((j,k),t) ⊆ Y, k = 1, . . . , N − 1,

X(0,N)

k⊕
j=1

X̂((j,N),t) ⊆ Xf .

(3.29)

where Y(0,k) = (x(0,k), u(0,k)), k = 0, . . . , N − 1 and X(0,N) = x(0,N). (3.29) can be cast

as linear constraints on x(0,N) and u(0,N−1)

Flx(0,0) +Glu(0,0) ≤ 1, l = 1, . . . , nc,

Flx(0,k) +Glu(0,k) +
k∑
j=1

f̂((l,j,k),t) ≤ 1, l = 1, . . . , nc, k = 1, . . . , N − 1,

Hlx(0,N) +
N∑
j=1

ĥ((l,j,N),t) ≤ 1, l = 1, . . . , nf ,

(3.30)
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where the associated slack variables f̂((l,j,k),t) and ĥ((l,j,N),t) can be evaluated offline

for t = 0, 1, . . . according to

f̂((l,j,k),t) = max
i=1,...,q

Flx̂((i,j,k),t) +Glû((i,j,k),t), l = 1, . . . , nc, j = 1, . . . , N − 1,

k = j, . . . , N − 1,

ĥ((l,j,N),t) = max
i=1,...,q

Hl + x̂((i,j,N),t), l = 1, . . . , nf , j = 1, . . . , N.

(3.31)

Remark 3.2. The update equations (3.27) and (3.28) are such that the updated

x̂((i,j,N),t) and û((i,j,N−1),t) satisfy (3.23) for t = 0, 1, 2, . . .. It can also be seen that

for t ≥ N , x̂((i,j,N),t) and û((i,j,N−1),t) satisfy

x̂((i,j,k),t) = Φk−jw̃i, i = 1, . . . , q, j = 1, . . . , N, k = 1, . . . , N

û((i,j,k),t) = KΦk−jw̃i, i = 1, . . . , q, j = 1, . . . , N − 1, k = j, . . . , N − 1.

(3.32)

which do not depend on t. This implies that the slack variables f̂((l,j,k),t) and ĥ((l,j,N),t)

do not depend on t, for t ≥ N . So, while constraints (3.29) and (3.30) are time-

varying for t = 0, . . . , N − 1, these become time-invariant for t ≥ N .

Remark 3.3. The fact that the optimization problems are time-varying implies that

there is an increased memory requirement when compared with usual constraint tight-

ening approaches that are time-invariant [28], [81], [53]. More precisely, it requires

N + 1 sets nc(N − 1) + nf of tightening parameters which map into N + 1 sets of the

nc(N−1)+nf tightened inequality constraints of (3.30). If the overall decision variable

is d ∈ Rnd, the inequalities of (3.30) that involve tightening parameters can be ex-

pressed as Ed ≤ rt, where E ∈ R(nc(N−1)+nf )×nd and only rt ∈ Rnc(N−1)+nf is affected

by the different tightening parameters. Thus one only needs to store N + 1 different

RHS vectors, rt ∈ Rnc(N−1)+nf for t = 0, . . . , N , while only 1 RHS vector is needed

for the time-invariant constraints tightening approaches. Note that there is no need
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to store each f̂((l,j,k),t) and ĥ((l,j,N),t) since what one actually uses is 1−
∑k

j=1 f̂((l,j,k),t)

and 1−
∑N

j=1 ĥ((l,j,N),t), which are contained in rt.

Remark 3.4. The update of the slack variables implies that at every time step there

will be more terms that are associated with the control law u = Kx in the control

policy. Thus the feasibility regions of the optimizations tend to decrease until t =

N when this region, as well as the optimization problem, becomes time-invariant.

This means that this controller is less robust than others with constant regions of

feasibility (which nevertheless, are not fully protected) against unmodelled disturbances

that might render the problem infeasible. If this were to happen, one might try to

solve the problem again re-setting the optimization problem to t = 0 so as to have

an increased feasibility region, thus improving the robustness of the method. But of

course, this would come at the cost of increased computational burden.

3.3.1 Offline design of initial partial tube cross sections

Here the offline design of the jth partial extreme state and control sequences, x̂((i,j,N),0)

= {x̂((i,j,j),0), x̂((i,j,j+1),0), . . . , x̂((i,j,N),0)} and û((i,j,N−1),0) = {û((i,j,j),0), û((i,j,j+1),0), . . . ,

û((i,j,N−1),0) }, that satisfy (3.23) and (3.24) from Assumption 3.3, is described.

It is clear from (3.30) that the slack variables effect a constraint tightening on the

nominal dynamics that allow one to guarantee constraint satisfaction in the presence

of uncertainty. Less tight constraints imply larger domains of attraction, and thus

one should seek the minimization of the slacks. A sensible procedure for selecting

the slacks is to design these sequentially: starting from the first prediction instant

given by k = 1, proceeding into the second, given by k = 2, and so on; this is both

computationally convenient and is consistent with the expectation that constraints

are more stringent during the immediate transients and less so towards the steady

state of predictions.

One more requirement is imposed in addition to constraints (3.23) and (3.24):
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that suitable sums of the optimized scalars
∑k

j=1 f̂((l,j,k),0) and
∑N

j=1 ĥ((l,j,k),0) are not

greater than those that would have been obtained by using the state linear feedback

u = Kx (i.e., obtained by setting each û((i,j,k),0) to be equal to Kx̂((i,j,k),0)) and (3.31).

This is a safeguard against the possibility that the sequential slacks design, though

convenient, may result in excessively large slacks far in the horizon at the expense of

getting small slacks at the beginning of the horizon. This additional constraint can

be expressed as

k∑
j=1

f̂((l,j,k),0) ≤
k∑
j=1

f̄(l,j,k), l = 1, . . . , nc, k = 1, . . . , N − 1,

N∑
j=1

ĥ((l,j,N),0) ≤
k∑
j=1

h̄(l,j,N), l = 1, . . . , nf ,

(3.33)

f̂((l,j,k),0) ≥ Flx̂((i,j,k),0) +Glû((i,j,k),0), l = 1, . . . , nc, j = 1, ..., N − 1,

k = j, . . . , N − 1,

ĥ((l,j,N),0) ≥ Flx̂((i,j,N),0) +Glû((i,j,N),0), l = 1, . . . , nf , j = 1, ..., N,

(3.34)

where the constants f̄((l,j,k),0) and h̄((l,j,N),0) are obtained by evaluating (3.23) and

(3.31) with û((i,j,k),0) = Kx̂((i,j,k),0). Note that if f̂((l,j,k),0) and ĥ((l,j,N),0) are defined by

(3.31), condition (3.33) would not be linear. So in order to solve an LP in the offline

design, (3.31) is not used to define f̂((l,j,k),0) and ĥ((l,j,N),0) and instead the conditions

of (3.34) are considered.

Note that satisfaction of conditions (3.33) and (3.34) imply satisfaction of (3.24)

since Assumption 3.1 implies that the dynamics under the state feedback u = Kx

satisfy constraints (3.3), from which

k∑
j=1

f̄(l,j,k) ≤ 1, l = 1, . . . , nc, k = 1, . . . , N − 1,

k∑
j=1

h̄(l,j,N) ≤ 1, l = 1, . . . , nc.

85



Chapter 3. Offline tube design for efficient PTMPC

and therefore there is no need for (3.24) in the offline optimization.

Let x̂(N,0) and û(N−1,0) denote the collections of the associated jth partial extreme

state and control sequences, x̂((i,j,N),0) and û((i,j,N−1),0). Let also f̂(N−1,0) and ĥ(N,0)

denote the collections of the slack variables f̂((i,j,k),0) and ĥ((i,j,N),0). Finally, let η̂0

denote the collection of x̂(N,0), û(N−1,0), f̂(N−1,0) and ĥ(N,0).

Based on the considerations expressed above, the corresponding sequential opti-

mization of the values of f̂((l,j,k),0) and ĥ((l,j,k),0) is presented in Algorithm 3.5.

Algorithm 3.5.

1. First, solve the LP problem

minimize
(η̂0,γ)

γ

subject to f̂((l,1,1),0) ≤ γ, l = 1, . . . , nc,

(3.23), (3.33) and (3.34)

(3.35)

Set f̂ 1
((l,1,1),0) = f̂ ∗((l,1,1),0) for l = 1, . . . , nc, where the super-script ∗ represents the

optimal solution of the optimization.

2. For s = 2, . . . , N − 1, solve the LP problems

minimize
(η̂0,γ)

γ

subject to
s∑
j=1

f̂((l,j,s),0) ≤ γ, l = 1, . . . , nc,

k−1∑
j=1

f̂((l,j,k−1),0) =
k−1∑
j=1

f̂k−1
((l,j,k−1),0), l = 1, . . . , nc, k = 2, . . . , s

(3.23), (3.33) and (3.34)

(3.36)

Set f̂ s((l,j,s),0) = f̂ ∗((l,j,s),0) for l = 1, . . . , nc, j = 1, . . . , s.
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3. Solve the LP problem

minimize
(η̂0,γ)

γ

subject to
N∑
j=1

ĥ((l,j,N),0) ≤ γ, l = 1, . . . , nf ,

k−1∑
j=1

f̂((l,j,k−1),0) =
k−1∑
j=1

f̂k−1
((l,j,k−1),0), l = 1, . . . , nc, k = 2, . . . , N

(3.23), (3.33) and (3.34)

(3.37)

Finally, the desired collections of the optimized jth partial extreme state and con-

trol sequences x̂(N,0) and û(N−1,0) are obtained from the solution of (3.37), and the

associated scalar variables f̂(N−1,0) and ĥ(N,0), are obtained from (3.31).

A graphical representation of Algorithm 3.5 is depicted in Figure 3.4, which shows

how the values of the worst case of
∑s

j=1 f̂((l,j,s),0) are sequentially optimized for s = 1,

s = 2 and so on. As imposed by (3.33), the values of
∑k

j=1 f̂((l,j,k),0) are never greater

than those associated with the state feedback u = Kx,
∑k

j=1 f̄(l,j,k).

Remark 3.6. A relevant aspect of having a sequential procedure is that once the

slacks associated to a certain prediction instant are optimized, these should not be

made worse in the future. This situation would clearly render the sequential proce-

dure useless. An example is depicted in Figure 3.5. Here the slacks for prediction

instants k = 1, 2 have already been optimized at steps s = 1, 2, but these are made

larger when optimizing the slacks associated to prediction instant k = 3 at step s = 3.

This situation is avoided by the constraints
∑k−1

j=1 f̂((l,j,k−1),0) =
∑k−1

j=1 f̂
k−1
((l,j,k−1),0),

l = 1, . . . , nc, k = 2, . . . , s, which guarantee that once
∑s

j=1 f̂((l,j,s),0) is optimized,

it remains the same for future iterations.

Remark 3.7. Although the associated scalar variables f̂(N,0) and ĥ(N,0) could in prac-

tice also be obtained from the solution of (3.37), it is actually preferred to obtain these
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6

-
k

max
l∈{1,...,nc}

k∑
j=1

f̂((l,j,k),0)

1 2 3 4 5

u = Kx
s = 1
s = 2

"
"
""
��

��
��

��
���

�

�
�
�
�
��

��
��

��
���

�

��
��
�
�
�
�
��

��
���

�

(c) Algorithm 3.5 - Step 2, s = 2
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(d) Algorithm 3.5 - Step 2, s = 3
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(e) Algorithm 3.5 - Step 2, s = 4
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(f) Algorithm 3.5 - Step 2, s = 5

Figure 3.4: Graphical representation of Algorithm 3.5
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(a) Algorithm 3.5 - Step 2, s = 2
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(b) Algorithm 3.5 - Step 2, s = 3

Figure 3.5: Undesirable situation in Algorithm 3.5 avoided by the use of the constraint∑k−1
j=1 f̂((l,j,k−1),0) =

∑k−1
j=1 f̂

k−1
((l,j,k−1),0), l = 1, . . . , nc, k = 2, . . . , s

by evaluating (3.31) with the solutions x̂(N,0) and û(N,0) of (3.37). The reason is as

follows. x̂(N,0), û(N,0), f̂(N,0) and ĥ(N,0) are obtained from solving LPs that attempt to

minimize the worst case over l = 1, . . . , nc of the sum of the slacks for s-step ahead

predictions, which means that only the worst case for l will be guaranteed to satisfy

(3.31); the optimal solutions of LPs are not necessarily unique, and it follows from

(3.34) that the slacks f̂((l,j,k),0) and ĥ((l,j,N),0) that are not associated to this worst case

can take values in between this worst case and what would be obtained by (3.31). As

a result, the values of f̂(N−1,0) and ĥ(N,0) are not necessarily as small as they could be,

and then better (smaller) values of f̂(N−1,0) and ĥ(N,0) can be obtained by evaluating

(3.31) with the solutions f̂(N−1,0) and ĥ(N,0) of (3.37).

3.3.2 Simplified PTMPC: Online implementation and rele-

vant properties

The preceding analysis allows for the online optimization of the 0th partial state and

control sequences satisfying (3.6), which is described next.

Assumption 3.4. N ≥ 1.
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Remark 3.8. As stated in Remark 3.1, the offline design is only used for N ≥ 2.

From here on N = 1 can also be chosen, but under the assumption that the offline

design has been skipped. In this case only the slacks ĥ((l,j,N),t) are needed, and can be

found as in (3.31). Using N = 1 however, is clearly of little interest since only the

input at time t, u((0,0),t), is optimized in the online problem.

As in [73], x(0,N) and u(0,N−1) are re-parameterized via

x(0,k) = z(0,k) + Φk(xt − z(0,0)), k = 0, . . . , N,

u(0,k) = v(0,k) +KΦk(xt − z(0,0)), k = 0, . . . , N − 1,

(3.38)

where z(0,N) = {z(0,0), z(0,1), . . . , z(0,N)} and v(0,N−1) = {v(0,0), v(0,1), . . . , v(0,N−1)} com-

prise the collection of decision variables d(N,t) of the predicted control policy, and

satisfy the dynamics

z(0,k+1) = Az(0,k) +Bv(0,k), k = 0, . . . , N − 1. (3.39)

z(0,N) and v(0,N−1) must be such that (3.29) is satified, which, and as in (3.30), can

be cast as linear constraints on z(0,N) and v(0,N−1), for t = 0, 1, . . .

Fl(z(0,0) + (xt − z(0,0))) +Gl(v(0,0) +K(xt − z(0,0))) ≤ 1, l = 1, . . . , nc, (3.40a)

Fl(z(0,k) + Φk(xt − z(0,0)))+

Gl(v(0,k) +KΦk(xt − z(0,0))) +
∑k

j=1 f̂((l,j,k),t) ≤ 1, l = 1, . . . , nc, k = 1, . . . , N − 1

(3.40b)

Hl(z(0,N) + ΦN(xt − z(0,0)))+

Gl(v(0,N) +KΦN(xt − z(0,0))) +
∑N

j=1 ĥ((l,j,N),t) ≤ 1, l = 1, . . . , nf ,
(3.40c)
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Additionally, in order to guarantee stability it is required that,

Hl(xt − z(0,0)) ≤ 1. (3.41)

This constraint ensures that z(0,N) and v(0,N−1) are the necessary deviations of x(0,N)

and u(0,N−1) from the dynamics generated by the state feedback u = Kx for an initial

state xt − z(0,0) that is inside Xf , that is necessary in order to satisfy (3.29).

The predicted cost to be optimized online, unlike that of [73], only considers the

0th partial sequences (since the jth partial sequences are fixed, as a function of t, from

the offline computations), and is defined as

VN(d(N,t)) =
N−1∑
k=0

`(z(0,k), v(0,k)) + Vf (z(0,N)), (3.42)

where d(N,t) is the vector of all the decision variables in the online optimization, z(0,N)

and v(0,N−1).

Assumption 3.5. The stage and terminal cost functions `(·, ·) and Vf (·) are defined

for all z ∈ Rn and v ∈ Rnu by

`(z, v) = |z|Q + |v|R, and Vf = |z|P (3.43)

where Q, R and P are symmetric polytopic sets that contain the origin in their

interiors, and are defined by

Q = {z : Qz ≤ 1},

R = {v : Rv ≤ 1},

P = {z : Pz ≤ 1},

(3.44)
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where Q ∈ Rs1×n, R ∈ Rs2×nu and P ∈ Rs3×n satisfy for all z ∈ P

|Φz|P − |z|P ≤ −(|z|Q + |Kz|R) (3.45)

For purposes of analysis only however, consideration is given to a cost function

like that of (3.22) so that the partial costs associated with the jth partial extreme

state and control sequences, albeit fixed (as a function of time t), are included.

V(N,t)(d(N,t)) = V((0,N),t)(d(N,t)) +
N∑
j=1

V((j,N),t)(η̂t), (3.46)

where

V(0,N)(d(N,t)) =
N−1∑
k=0

`(z(0,k), v(0,k)) + Vf (z(0,N)),

V(j,N)(η̂t) =

q∑
i=1

V(i,j,N)(η̂t), j = 1, . . . , N − 1,

V(N,N)(η̂t) =

q∑
i=1

Vf (x̂((i,N,N),t) − w̃i) = 0,

V(i,j,N)(η̂t) =
∑N−1

k=j `(x̂((i,j,k),t) − Φk−jw̃i, û((i,j,k),t) −KΦk−jw̃i)+

Vf (x̂((i,N,N),t) − ΦN−jw̃i), i = 1, . . . , q, j = 1, . . . , N − 1

where η̂t is the collection of x̂((i,j,N),t), û((i,j,N−1),t), f̂((i,j,N−1),t) and ĥ((i,j,N),t). Ob-

viously, the only difference between the costs of (3.42) and (3.46) lies in the fixed

(as a function of time t) terms
∑N

j=1 V((j,N),t)(η̂t). Thus the optimization of (3.42)

is equivalent to that of (3.46) since the optimal arguments obtained with both cost

functions are the same.

The set D(N,t)(x) of admissible decision variables d(N,t) is given by

D(N,t)(x) = {d(N,t) : conditions (3.39), (3.40) and (3.41) hold}. (3.47)
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The feasibility domain at instant t, X(N,t), is given by

X(N,t) = {x : D(N,t)(x) 6= ∅}. (3.48)

XN = X(N,0) is the domain of attraction of the simplified PTMPC strategy.

With the above constructions in mind, the online procedure of the simplified

PTMPC reduces to solving the time varying optimal control problem P(N,t)(xt)

V 0
(N,t)(xt) = min

d(N,t)

{V(N,t)(d(N,t)) : d(N,t) ∈ D(N,t)(xt)},

d∗(N,t) = arg min
d(N,t)

{V(N,t)(d(N,t)) : d(N,t) ∈ D(N,t)(xt)}.
(3.49)

Note that, as will be seen below, P(xt)(N,t) is an LP, the solution of which may not

be unique, and in general d∗(N,t)(xt) is a set-valued function of xt.

The simplified PTMPC law is a time-varying function κ0
(N,t)(xt), which for t =

0, 1, . . . and xt ∈ X(N,t) is given by

κ0
(N,t)(xt) = v0

((0,0),t)(xt) +K(x− z0
((0,0),t)(xt)), (3.50)

where v0
((0,0),t)(xt) and z0

((0,0),t)(xt) denote a continuous selection from v∗((0,0),t)(xt) and

z∗((0,0),t)(xt) since the latter two are not necessarily singled valued (as they are part of

d∗(N,t)(xt)). Note that from this point on, the dependence on t will be made explicit for

the optimal solutions (and their selections) in the form of (·)∗((0,k),t) (and (·)0
((0,k),t)), in

order to highlight that they are solutions of a time-varying optimal control problem.

The control input at time t is then given by ut := κ0
(N,t)(xt).

As shown in [73], P(N,t)(xt) can be re-cast as an LP. Since the minimization

of VN(d(N,t)) (which is equivalent to the minimization of V(N,t)(d(N,t))) is a sum

of gauge functions of polytopic sets, it can be performed equivalently by minimiz-

ing the sum of the slack variables α(0,N) = {α(0,0), α(0,1), . . . , α(0,N)}, β(0,N−1) =
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{β(0,0), β(0,1), . . . , β(0,N−1)}, with the additional linear inequalities,

QTl z(0,k) ≤ α(0,k), k = 0, . . . , N − 1, l = 1, . . . , s1,

RT
l v(0,k) ≤ β(0,k), k = 0, . . . , N − 1, l = 1, . . . , s2,

PTl z(0,N) ≤ α(0,N), l = 1, . . . , s3.

(3.51)

The equivalent LP form of P(N,t)(xt) is then given by

minimize
d(O,t)

N−1∑
k=0

α(0,k) + β(0,k) + α(0,N)

subject to QTl z(0,k) ≤ α(0,k), k = 0, . . . , N − 1, l = 1, . . . , s1,

RT
l v(0,k) ≤ β(0,k), k = 0, . . . , N − 1, l = 1, . . . , s2,

PTl z(0,N) ≤ α(0,N), l = 1, . . . , s3,

z(0,k+1) = Az(0,k) +Bv(0,k), k = 0, . . . , N − 1,

Fl(z(0,0) + (xt − z(0,0))) +Gl(v(0,0) +K(xt − z(0,0))) ≤ 1,

l = 1, . . . , nc,

Fl(z(0,k) + Φk(x− z(0,0))) +Gl(v(0,k) +KΦk(x− z(0,0)))+∑k
j=1 f̂((l,j,k),t) ≤ 1, l = 1, . . . , nc, k = 0, . . . , N − 1,

Hl(z(0,N) + ΦN(x− z(0,0))) +Gl(v(0,N) +KΦk(x− z(0,0)))+∑N
j=1 ĥ((l,j,N),t) ≤ 1, l = 1, . . . , nf ,

Hl(xt − z(0,0)) ≤ 1, l = 0, . . . , nf .

(3.52)

where the overall decision variable d(O,t) comprises z(0,N), v(0,N−1), α(0,N) and β(0,N−1).

It can be seen now that this is an LP with Nvar = N(n + nu + 2) + n variables and

Ncons = N(s1 + Ns2 + nc + n) + s3 + 2nf constraints (of which Nn are equality

constraints and the rest are inequality constraints).

Remark 3.9. In view of the observations of Remark 3.2 and the construction of
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this section, the sequence of time varying optimal control problems P(N,t), t = 0, 1, . . .

converges in at most N time steps to the time-invariant optimal control problem

P(N,N). More precisely, the construction guarantees that, for t = 0, 1, . . .

X(N,t+N) = X(N,N),

∀x ∈ X(N,t+N), V
0

(N,t+N)(x) = V 0
(N,N)(x) and d0

(N,t+N)(x) = d0
(N,N)(x)

(3.53)

As a result, the time-varying simplified PTMPC law converges to a time-invariant

simplified PTMPC law κ0
(N,N)(·).

Some system theoretic properties of the simplified PTMPC strategy are analysed

next.

Theorem 3.10. The online application of κ0
(N,t)(xt) to system (3.1) is recursively

feasible and guarantees the satisfaction of (3.3) if xt ∈ X(N,t).

Proof. For all xt ∈ X(N,t), d0
(N,t)(xt) is an optimal solution of P(N,t)(xt). Thus (3.30)

is satisfied, where

x0
((0,k),t)(xt) = z0

((0,k),t)(xt) + Φk(xt − z0
((0,0),t)(xt)),

u0
((0,k),t)(xt) = v0

((0,k),t)(xt) +KΦk(xt − z0
((0,0),t)(xt)).

We want to prove that the optimization is feasible at the next instant, i.e., that

xt+1 ∈ X(N,t). To this end let the candidate 0th partial state and control sequences at

time t + 1, z̃((0,N),t+1)(xt+1) = {z̃((0,0),t+1)(xt+1), z̃((0,1),t+1)(xt+1), . . . , z̃((0,N),t+1)(xt+1)}

and ṽ((0,N−1),t+1)(xt+1) = {ṽ((0,0),t+1)(xt+1), ṽ((0,1),t+1)(xt+1), . . . , ṽ((0,N),t+1)(xt+1)}, be

given by the receded 0th partial state and control sequences obtained at time t and

of the 1st partial state and control tubes obtained at time t which, since at time

t + 1 the effect of wt is known, have collapsed to a sequence of singletons. Then, for
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k = 0, . . . , N − 1

z̃((0,k),t+1)(xt+1) = z0
((0,k+1),t)(xt) +

q∑
i=1

λ∗(i,1)(wt)(x̂((i,1,k+1),t) − Φkw̃i), (3.54a)

z̃((0,N),t+1)(xt+1) = Φz̃((0,N−1),t+1)(xt+1), (3.54b)

and, for k = 0, . . . , N − 2

ṽ((0,k),t+1)(xt+1) = v0
((0,k+1),t)(xt) +

q∑
i=1

λ∗(i,1)(wt)(û((i,1,k+1),t) −KΦkw̃i), (3.55a)

ṽ((0,N−1),t+1)(xt+1) = Kz̃((0,N−1),t+1)(xt+1), (3.55b)

where λ∗(i,1)(wt) are the least squares (or any other convenient selection criterion)

convex interpolation parameters that satisfy wt =
∑q

i=1 λ
∗
(i,1)(wt)w̃i. These define the

candidate 0th partial state and control sequences at time t+ 1

x̃((0,k),t+1)(xt+1) = z̃((0,k),t+1)(xt+1) + Φk(xt+1 − z̃((0,0),t+1)(xt+1)), k = 0, . . . , N

(3.56a)

ũ((0,k),t+1)(xt+1) = ũ((0,k),t+1)(xt+1) +KΦk(xt+1 − z̃((0,0),t+1)(xt+1)), k = 0, . . . , N − 1,

(3.56b)

thus defining the candidate 0th mixed state and control partial cross sections Ỹ((0,k),t+1)

= (x̃((0,k),t+1)(xt+1), ũ((0,k),t+1)(xt+1)), k = 0, . . . , N − 1, and the candidate terminal

partial cross sections X̃((0,N),t+1) = x̃((0,N),t+1)(xt+1).

Feasibility of (3.30) at time t (and the equivalence of (3.30) and (3.29)), the defi-

nition of the slacks in (3.31), the update dynamics of (3.27) and (3.28), the invariance

of Xf under u = Kx (which is the terminal control law), and (3.54), (3.55) and (3.56),
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imply that

Ỹ((0,0),t+1) ⊆ Y,

Ỹ((0,k),t+1)

k⊕
j=1

Ŷ((j,k),t+1) ⊆ Y, k = 0, . . . , N − 1

X̃((0,N),t+1)

N⊕
j=1

X̂((j,N),t+1) ⊆ Xf .

(3.57)

This implies that the candidate decision variable d̃(N,t+1)(xt+1), that contains the se-

quences z̃((0,N),t+1)(xt+1) and ṽ((0,N−1),t+1)(xt+1), is a feasible solution of P(N,t+1)(xt+1).

Thus xt+1 ∈ X̃N,t+1, which proves the desired result.

Satisfaction of (3.3) follows from use of (3.40) for k = 0.

Proposition 3.11. For the optimal control problem P(N,t)(x):

(i) There exists a piecewise affine and continuous function d0
(N,t)(·) : X(N,t) →

RNd such that for all x ∈ X(N,t), d0
(N,t)(x) ∈ d∗(N,t)(x) (d0

(N,t)(x) being a selection of

d∗(N,t)(x)).

(ii) For all x ∈ Xf , t ≥ N , d∗(N,t)(x) is singleton given by z∗((0,k),t)(x) = 0 and

v∗((0,k),t)(x) = 0.

(iii) For all x ∈ Xf , t ≥ N , κ0
(N,t)(x) = Kx.

The value function V 0
(N,t)(x), has the following properties:

(iv) V 0
(N,t)(·) is a convex, continuous and piecewise affine function.

(v) V 0
(N,t)(·) > 0, for all x ∈ X(N,t) \ Xf , for t = 0, 1, . . ..

(vi) V 0
(N,t)(·) = 0, for all x ∈ Xf , t ≥ N .

Proof. (i) The optimal control problem P(N,t)(·) is a linear parametric program in

X(N,t). Then by standard results in parametric optimization problems [5] the stated

property holds.

(ii) For t ≥ N the jth partial extreme state and control sequences x̂((i,j,N),t),

x̂((i,j,N−1),t) and the associated slacks f̂((i,j,N−1),t), ĥ((i,j,N),t) are obtained by setting

û((i,j,k),t) = Kx̂((i,j,k),t). Thus if x ∈ Xf , the solution for the 0th partial state and control
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sequences given by the evolution with the linear controller, such that u(0,k) = Kx(0,k),

is feasible and optimal so that z∗((0,k),t)(x) = 0, v∗((0,k),t)(x) = 0 (and V 0
(N,t)(x) = 0).

(iii) This follows trivially from (ii).

(iv) The function V 0
(N,t)(x) is the value function of a parametric linear program so

that it is a convex, piecewise affine and continuous function in x (by standard results

in parametric optimization problems [5]).

(v) x− z(0,0) ∈ Xf is a constraint in the optimization problem. Then, if x /∈ Xf , it

is necessary that z∗((0,0),t) 6= 0 in order to satisfy that constraint, hence V 0
(N,t)(x) > 0.

(vi) For t ≥ N the jth partial extreme state and control sequences x̂((i,j,N),t),

x̂((i,j,N−1),t) (and the associated slacks f̂((i,j,N−1),t), ĥ((i,j,N),t)) are given by û((i,j,k),t) =

Kx̂((i,j,k),t) so that V 0
(N,t)(x) = V 0

(N,N)(x) =
∑N−1

k=0 |z0
((0,k),t)(x)|Q+ |v0

((0,k)(x)|R +

|z0
((0,N),t)(x)|P , but from (ii), z∗((0,k),t)(xt) = 0 and v∗((0,k),t)(x) = 0, which yields the

desired result.

Proposition 3.12. For all x0 in X(N,0) and for t = 0, 1, . . . the value function

V 0
(N,t)(xt) satisfies

V 0
(N,t+1)(xt+1) ≤ V 0

(N,t)(xt)−
(
|z0

((0,0),t)(xt)|Q + |v0
((0,0),t)(xt)|R

)
(3.58)

Proof. Consider the optimal solution of P(N,t)(xt), d0
(N,t)(xt), that contains the op-

timal sequences z0
((0,N),t)(xt) and v0

((0,N−1),t)(xt), and the candidate decision variable

d̃(N,t+1)(xt+1) containing the sequences z̃((0,N),t+1)(xt+1) and z̃((0,N),t+1)(xt+1) defined

in (3.54) and (3.55).

From (3.23) and the Lyapunov condition of (3.45), the following inequality holds

for V((i,j,N),t)(·),

V((i,j,N),t+1)(η̂t+1) ≤ V((i,j+1,N),t)(η̂t), (3.59)

which implies

V((j,N),t+1)(η̂t+1) ≤ V((j+1,N),t)(η̂t). (3.60)
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In a similar way, using also the convexity and sub-additivity of the associated gauge

functions and the Lyapunov condition of (3.45), d̃(N,t+1)(xt+1) and d0
(N,t)(xt) it follows

that

V((0,N),t+1)(d̃(N,t+1)(xt+1)) ≤V((1,N),t)(η̂t) + V((0,N),t)(d
0
(N,t)(xt))

− `(z0
((0,0),t)(xt), v

0
((0,0),t)(xt)).

(3.61)

(3.60) and (3.61), in conjunction with the fact that V((N,N),t+1)(η̂t+1) = 0, yield

V 0
(N,t+1)(xt+1) ≤ V 0

(N,t)(xt)−
(
|z0

((0,0),t)(xt)|Q + |v0
((0,0),t)(xt)|R

)
which is the desired result.

Theorem 3.13. Consider system (3.1) under the control law κ0
(N,t)(xt). There exist

aN ∈ [0, 1) and bN ∈ (0,∞) such that the value function V 0
(N,t)(xt) satisfies:

(i) V 0
(N,t)(xt) ≤ at−NN V 0

(N,N)(xN), t ≥ N ,

(ii) dist(Q, xt,Xf ) ≤ bNa
t−N
N dist(Q, xN ,Xf ), t ≥ N.

Proof. (i) By construction it is clear that |z0
((0,0),t)(xt)|Q+ |v0

((0,0),t)(xt)|R < V 0
N(xt). In

addition, V 0
(N,t)(xt) = 0 and |z0

((0,0),t)(xt)|Q+|v0
((0,0),t)(xt)|R = 0 for xt ∈ Xf , t = N,N+

1, . . .; and V 0
(N,t)(xt) > 0 and |z0

((0,0),t)(xt)|Q + |v0
((0,0),t)(xt)|R > 0 for xt ∈ X(N,t) \ Xf .

Then, based on the continuity of V 0
(N,N)(·) and |z0

((0,0),N)(·)|Q+ |v0
((0,0),N)(·)|R, the fact

that V 0
(N,t)(·) = V 0

(N,N)(·) and d0
(N,t)(·) = d0

(N,N)(·) for t ≥ N , and that Xf and XN are

compact, there exists a scalar c1 ∈ [1,∞) such that V 0
(N,N)(xt) ≤ c1(|z0

((0,0),t)(xt)|Q +

|v0
((0,0),t)(xt)|R), for all x ∈ XN . Combining this with (3.58) it follows that for t ≥ N ,

V 0
(N,t+1)(xt+1) ≤ aNV

0
(N,t)(xt), with aN = (c1 − 1)/c1 < 1, which yields the desired

property.

(ii) Similarly to (i), it is possible to obtain |z0
((0,0),t)(xt)|R ≤ c1 ((c1 − 1)/c1)t−N

|z0
(0,0)(xN)|R, t ≥ N . Also, dist(Q, x,Xf ) = dist(Q, x−z+z,Xf ), and hence, since xt−

z0
((0,0),t)(xt) ∈ Xf , it holds that for all x ∈ XN , dist(Q, xt,Xf ) = dist(Q, z0

((0,0),t)(xt) +
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(xt − z0
((0,0),t)(xt)),Xf ) ≤ dist(Q, z0

((0,0),t)(xt),Xf ) ≤ |z0
((0,0),t)(xt)|Q. This, in addition

with continuity of z0
((0,0),N)(xt) and dist(Q, xt,Xf ), the fact that d0

(N,t)(·) = d0
(N,N)(·)

for t ≥ N , and compactness of Xf and XN , imply that there exists c2 ∈ (0, 1) such

that c2|z0
((0,0),t)(xt)|Q ≤ dist(Q, xt,Xf ) ≤ |z0

((0,0),t)(xt)|Q, t ≥ N . Combining this with

|z0
((0,0),t)(xt)|Q ≤ c2 ((c2 − 1)/c2)t−N |z0

((0,0),t)(xN)|Q, it can be obtained for t ≥ N that

dist(Q, xt,Xf ) ≤ c1/c2 ((c1 − 1)/c1)t−N dist(Q, xN ,Xf ), which is the desired result

with bN = c1/c2.

Remark 3.14. Under the control law of u = Kx, system (3.1) is robustly exponen-

tially stable with respect to the minimal robust positively invariant set Ω∞(W), with

the domain of attraction being the maximal robust positively invariant set [3], [44].

Then, combining arguments presented in [73], Proposition 3.11(iii), Theorem 3.13

and classical results [3], [44] imply directly that system (3.1) under the control law of

u = κ0(x) is robustly exponentially stable with respect to Ω∞(W) where the domain

of attraction is XN .

3.4 Simulation Results

The benefits of the proposed strategy are illustrated with statistics for 50 randomly

generated systems controlled by PTMPC, and the proposed strategy, OPTMPC,

using different prediction horizons N .

The systems are such that n = 2, nu = 1, with A,B being random matrices where

each component is selected from an independent uniform distribution between -1.25

and 1.25, but only systems where the spectral radius of A is greater than 0.95 are used.

F,G are chosen to represent the constraints −1 ≤ F̃ xt ≤ 1, F̃ ∈ R2×2, and −1 ≤ ut ≤

1, so that F = [F̃ T ,−F̃ T , [0, 0]T , [0, 0]T ]T and G = [0, 0, 0, 0,−1, 1]T , with F̃ being

a random matrix where each component is selected from an independent uniform

distribution between -0.1 and 0.1. K is chosen to be the LQ optimal gain for the

cost matrices Q = I2×2 and R = 0.1. W = conv({[0.1, 0.1]T , [0.1,−0.1]T , [−0.1, 0.1]T ,

100



Chapter 3. Offline tube design for efficient PTMPC

[−0.1,−0.1]T}).

The matrices in the costs to be used in the proposed strategy and PTMPC are

given by Q = {x : (1, 0)x ≤ 1, (0, 1)x ≤ 1, (−1, 0)x ≤ 1, (0,−1)x ≤ 1}, R = {u :

u ≤ 1,−u ≤ 1} and P = [PT1 − PT1 ], where PT1 ∈ Rs×n, s = 2 is computed as

in [55] in order to satisfy the Lyapunov condition of (3.45). The simulations have

been performed on Matlab 7.11.0 (R2010b) with the Gurobi solver on a machine with

Windows 7 and an Intel Core 2 Duo E8400 processor at 3GHz.

The domains of attraction using OPTMPC and PTMPC are computed for each

of these systems. The areas that would be obtained with DP, which are the max-

imum that can be obtained for any control policies, are also included. Table 3.1

shows the mean values (over all the random systems) of the areas of the domains

of attraction obtained with different prediction horizons. In order to make the

values comparable, these areas are reported relative to the area of Xf , such that

AN = Area(XN)/Area(Xf ). The table also reports information relevant to the com-

putational implementation, such as the mean values for the number of variables,

equalities and inequalities in the online optimization and average computational times

for OPTMPC and PTMPC. More precisely, the reported values correspond to the av-

erage time it takes the solver to perform the online optimization for a given prediction

horizon, where the average is computed over a set initial conditions evenly distributed

at the edge of the domain of attraction of OPTMPC and over all random systems.

First note from Table 3.1 that the areas obtained by PTMPC and DP are the same

for the considered examples. This is consistent with the conjecture that PTMPC is

equivalent to DP in terms of domain of attraction, as introduced in [73].

It can be deduced from Table 3.1 that for small prediction horizons the deteri-

oration in the domain of attraction of OPTMPC is small, but it increases with the

prediction horizon. This is expected since there are more variables fixed for greater

N . For N = 1, OPTMPC and PTMPC are equivalent, and therefore the areas of the
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Table 3.1: Domain of Attraction and computational aspects

N 1 2 3 4 5 6 7 8 9 10
AN OPTMPC 1.482 3.049 4.499 5.356 6.004 6.688 7.456 8.312 9.348 10.548

PTMPC 1.482 3.139 4.718 5.710 6.558 7.458 8.530 9.742 11.203 12.953
DP 1.482 3.139 4.718 5.710 6.558 7.458 8.530 9.742 11.203 12.953

vars OPTMPC 8 13 18 23 28 33 38 43 48 53
PTMPC 24.9 72.7 146.6 246.4 372.3 524.1 702.0 905.9 1136 1392

ineqs OPTMPC 25.7 37.7 49.7 61.7 73.7 85.7 97.7 109.7 121.7 133.7
PTMPC 63.6 161.4 307.3 501.1 743.0 1033 1371 1757 2190 2672

eqs OPTMPC 2 4 6 8 10 12 14 16 18 20
PTMPC 10 28 54 88 130 180 238 304 378 460

time OPTMPC 1.70 1.89 2.14 2.36 2.45 2.55 2.66 2.78 2.90 2.97
[ms] PTMPC 1.70 2.60 3.94 6.55 12.17 20.46 36.28 56.69 100.0 147.4

domains of attraction are the same. For N = 5, OPTMPC the areas of the domains

of attraction are in average 93.65% the size of those obtained with PTMPC, and for

N = 10 this number goes down to 85.50%.

This loss in domain of attraction is compensated by the fact that the reduction

in computational times is increasing with the prediction horizon, which is driven by

the fact that the number of constraints and variables grows quadratically with N for

PTMPC, but only linearly for OPTMPC. For the case N = 1, the computational

times are about the same for both methods. For N = 5, OPTMPC is on average 5.0

times faster than PTMPC, and for N = 10 OPTMPC is on average 49.5 times faster

than PTMPC. This fosters the possibility of using considerably longer prediction

horizons in OPTMPC. For instance, one might choose to use N = 10 OPTMPC,

which will give a domain of attraction larger than would be obtained with PTMPC

with N = 8 but with an online optimization 19 times faster on average.

All the above implies that for many systems, as illustrated by the average case, one

can use OPTMPC with large horizons in order to obtain larger domains of attractions

at a reduced computational cost (when compared with PTMPC).

This is obviously useful only as long as the obtained domains of attraction are

within an acceptable size, or include the desired regions of the state space. For

instance, one can find systems for which the offline design will impose such conserva-
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tiveness that even for very large N , the domain of attraction of OPTMPC will never

be as large as what can be obtained by PTMPC for even a short N . Such an example

is provided next for a system that is defined by

A =

 1.19 0.95

−0.89 0.96

 , B =

0.66

0.74

 , F =

 0.083 0.114 −0.083 −0.114 0 0

−0.035 −0.070 0.035 0.070 0 0


T

,

G = [0 0 0 0 1.44 −1.44]T and W = conv({[0.1, 0.1]T , [0.1,−0.1]T , [−0.1, 0.1]T ,

[−0.1,−0.1]T}). The domains of attraction of this system controlled by PTMPC and

OPTMPC are presented in Table 3.2.

Table 3.2: Domain of Attraction and computational aspects

N 1 2 3 4 5 6 7 8 9 10
AN OPTMPC 1.302 1.446 1.626 1.830 1.880 1.935 1.958 1.977 1.990 2.002

PTMPC 1.302 1.747 2.174 2.508 2.707 2.850 2.975 3.073 3.137 3.178
DP 1.302 1.747 2.174 2.508 2.707 2.850 2.975 3.073 3.137 3.178

Clearly in such cases the benefit of OPTMPC is limited due to the small domains

of attraction that one can obtain with it.

The examples considered in this section have n = 2. As n increases, the advan-

tages of OPTMPC over PTMPC in terms of online computational efficiency will also

increase. As it is discussed in Section 2.2.4.2, the size of the online optimization in

PTMPC increases linearly with the product nq, where the number of vertices of W, q,

is at least n+ 1, but can even grow exponentially with n, so the size of the optimiza-

tion problem grows at least quadratically or even exponentially with n. On the other

hand, since the extreme partial sequences are computed offline the size of the online

optimization problem in OPTMPC only grows linearly with n. And although the

offline computations of OPTMPC have a comparable size to that of PTMPC (only

the nominal sequences and the slacks associated with the cost are absent), the fact

that these are offline computations without the stringent time constraints that can

be present in real applications, makes them much easier to be handled as n increases.
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For these reasons, OPTMPC is better suited than PTMPC for larger n.

3.5 Conclusions

The suggested offline simplifications reduce online computational complexity, particu-

larly the growth of the number of variables and constraints of the online computations,

from quadratic to linear. This comes at the cost of degrading to a reasonable extent

the size of the domain of attraction as compared with PTMPC and DP, when both

methods use the same N as OPTMPC.

This degradation is reasonably small in the sense that, for some systems, the

prediction horizon of OPTMPC can be increased in order to get larger domains of

attraction than PTMPC (which uses a smaller prediction horizon), while incurring a

computational demand smaller than that required by PTMPC.

Since the extreme partial sequences are computed offline, the size of the online

optimization problem in OPTMPC only grows linearly with n, while it can be expo-

nential, and in the best case quadratic, for PTMPC. Thus OPTMPC is better suited

than PTMPC for larger n.

However, the conservativeness imposed by the offline design in some cases can be

large enough so that, no matter how large N is chosen, OPTMPC cannot have a

domain of attraction as large as PTMPC even for short N . The use of OPTMPC for

these systems does not confer any benefit other than the reduction in computational

demand. This means that in the sense of both domain of attraction and speed of

computation, neither method is better. For some systems, and a given range of

acceptable domains of attraction, OPTMPC will be able to give better domains of

attraction with faster computations than PTMPC. But for other systems, or when

larger domains of attraction are desired, OPTMPC will not be able to accomplish

that.

The nature of the offline design means that the online optimization problems need
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to be time varying in order to guarantee recursive feasibility, but at execution time N

the problem will become time-invariant. The update of the slack variables implies that

at every time step there will be more terms that are associated with the control law

u = Kx in the control policy. Thus the feasibility domains of the optimizations tend

to decrease until the Nth instant when the feasibility domain, like the optimization

problem, becomes time-invariant.

The time-varying property of the online optimizations means that there is an

increased memory requirement and the approach is less robust against unmodelled

disturbances, both when compared with other approaches with time-invariant con-

straint tightening. With the control policy considered here (part of which is computed

offline), the use of of the tightening parameters without the update might result in

infeasibility. Thus, a potential line of research is the investigation of conditions on the

tightening parameters so as to obtain guarantees of recursive feasibility and stability.

This extra conditions, however, might impose extra conservativeness thus reducing

the domains of attraction, but will solve the problems stated above.
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Striped Parameterized Tube Model

Predictive Control

As was discussed in the previous chapter, the recently introduced parameterized tube

model predictive control (PTMPC) [73] uses a triangular separable prediction strategy

that induces a nominal sequence associated with the dynamics of the current initial

state and N partial tube pairs, where each partial tube is associated with the effect of

a particular future disturbance acting during Mode 1. In Mode 2, the terminal control

law can be taken to be a static state feedback. PTMPC online implementation reduces

to a standard convex optimization, and has a structure that causes the number of

decision variables and constraints to rise quadratically with N . In common with the

strategy of Chapter 3, this chapter proposes a modification of PTMPC with the aim

of reducing the online computational complexity. The modification consists in letting

all the partial tubes associated with different disturbances acting on the system to be

given by the same partial sequences and allowing their compensatory effect to extend

beyond the horizon N into Mode 2. With this modification, the prediction structure

is of a triangular striped nature and extends over an infinite horizon. As illustrated

by simulation examples, the resulting scheme can outperform PTMPC in terms of the
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size of the region of attraction and affords a reduction in computation which allows

one to use a longer horizon (for the same or reduced computational demand).

4.1 Introduction

As discussed in Sections 2.2 and 3.2, ideal RMPC uses DP [9] or feedback optimiza-

tion [86] which are computationally intractable, and thus researchers have looked for

sensible compromises between sub-optimality and complexity of the online problems.

Attempts based on quasi closed-loop policies are computationally efficient, with a

number of variables and constraints of the online optimization that grow linearly

with N , but can be conservative (i.e. rigid tube MPC [63], [61]). RMPC strategies

with the affine-in-the-disturbances control policy [58], [38] have an improved degree

of sub-optimality, but this was later superseded by PTMPC [73]. PTMPC is based on

a separable prediction strategy and a separable non-linear control policy that results

in a triangular prediction structure of N + 1 partial tubes. The 0th (or nominal)

partial state and control tube accounts for the dynamical contribution of the current

initial state while the remainder, the jth partial tube pairs, capture the dynamical

contribution due to disturbances. However, the number of variables and constraints

of the online optimization in RMPC with the affine-in-the-disturbances control policy

and PTMPC grow quadratically with N .

The simplified PTMPC strategy presented in Chapter 3, OPTMPC, is based on

performing offline rather than online some of the computations of the predicted con-

trol policy. OPTMPC manages to reduce the computational complexity of PTMPC

synthesis with little degradation on average of the degree of sub-optimality, in terms of

size of the domain of attraction, while preserving its desirable system theoretic prop-

erties. Based on this, for some systems it will be possible to increase the prediction

horizon N for the OPTMPC strategy which may allow one to obtain greater domains

of attractions at lower computational efforts than PTMPC. This however, will not
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happen every time. In some cases, the conservativeness imposed by the offline design

will be such that regardless how big the prediction horizon is chosen, OPTMPC will

not have a domain of attraction as large as PTMPC using even a short N . This will

clearly be a problem when large domains of attraction are needed.

An alternative approach to reduce the computational complexity of PTMPC is

presented in this chapter.

Unlike earlier work, this chapter presents an RMPC formulation where the degrees

of freedom of the predicted control policy that provide disturbance compensation

affect (directly) the inputs over an infinite prediction horizon, thus resulting in a

terminal control law more general than the conventional static state feedback. This

is achieved by a modification of the PTMPC structure, such that each jth partial

tube pair is defined by the same partial extreme sequences rather than having specific

partial extreme sequences for each partial tube pair. This gives rise to a triangular

striped prediction structure where the disturbance compensation terms are allowed

to extend over an infinite prediction horizon. On account of this the constraints are

less tight in the infinite horizon while the number of variables and constraints grows

linearly with N , rather than quadratically as for PTMPC. Simulations demonstrate

that this strategy can, for a comparable number of decision variables and constraints,

lead to larger domains of attraction.

The chapter is structured as follows. In Section 4.2 the system description is

given and the modification of the separable prediction scheme of [73], which consists

on the imposition of a striped structure, is introduced. The control strategy of this

chapter together with the approach for constraint satisfaction are presented in Section

4.3. Section 4.4 presents the online implementation and theoretical properties of two

variations of the proposed strategy: one that gives increased control freedom and

provides ISS stability; and another with a reduced control freedom but a stronger

stability result. Section 4.5 illustrates the benefits of the proposed strategy with
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simulation examples, and final conclusions are drawn in Section 4.6.

4.2 System description and separable prediction

scheme

Consider a linear, time-invariant, discrete-time system with additive disturbances

xt+1 = Axt +But + wt, (4.1)

where xt ∈ Rn, wt ∈ W ⊆ Rn, and ut ∈ Rnu are the state, disturbance and control

input. The admissible disturbance set is a polytopic set that contains the origin and

is given by

W = conv{w̃i : i = 1, . . . , q}. (4.2)

The system is subject to mixed state and input constraints

(xt, ut) ∈ Y, (4.3)

where Y is a polytopic set that contains the origin in its interior and is given by

Y = {(x, u) : Fx+Gu ≤ 1}, (4.4)

where F ∈ Rnc×n and G ∈ Rnc×nu .

Assumption 4.1.

(i) (A,B) is stabilizable.

(ii) The matrix K is such that Φ = A + BK is strictly Hurwitz and the minimal

robust positively invariant set for system (4.1) under u = Kx, Ω∞(W), satisfies

(I,K)Ω∞(W) ⊆ interior(Y).

Assume a separable prediction scheme such as that of [73], where the nominal
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dynamics and the contribution of each future disturbance are separated into different

sequences. This though is done in a different way to that of [73] in the sense that

the sequences cover an infinite prediction horizon instead of only Mode 1. x(0,∞) =

{x(0,0), x(0,1), . . .} and u(0,∞) = {u(0,0), u(0,1), . . .} are the 0th partial state and control

sequences, which account for the nominal dynamics

x(0,0) = xt,

x(0,k+1) = Ax(0,k) +Bu(0,k), k = 0, 1, . . . ,

(4.5)

and x(j,∞) = {x(j,j), x(j,j+1), . . .}, u(j,∞) = {u(j,j), u(j,j+1), . . .}, for j = 1, 2, . . ., are the

jth partial state and control sequences describing the dynamical contribution of the

disturbance w(j−1) which acts on the system at the (j−1)th prediction instant. These

dynamics are given by

x(j,j) = w(j−1),

x(j,k+1) = Ax(j,k) +Bu(j,k), k = j, j + 1, . . . .

(4.6)

Recall that for simplicity the notation of the type xt+k|t is not used for the k-step

ahead predictions made at time t, and instead (x(0,k), u(0,k)) and (x(j,k), u(j,k)) are the

k-step-ahead predictions made at each time t associated to the 0th partial sequences

and the jth partial sequences, while (x(k), u(k)) are the full k-step- ahead predictions

made at each time t. Accordingly, the full predictions are given by

x(k) =
k∑
j=0

x(j,k), u(k) =
k∑
j=0

u(j,k), k = 0, 1, . . . , (4.7)
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with

x(j,k) ∈ X(j,k) =


x(0,k) k = 0

conv{x(i,j,k) : i = 1, . . . , q} k = 1, 2, . . .

u(j,k) ∈ U(j,k) =


u(0,k) k = 0

conv{u(i,j,k) : i = 1, . . . , q} k = 1, 2, . . . .

(4.8)

Eq.(4.7) defines a triangular prediction scheme, as in the Mode 1 section of Figure

3.1 but in this case throughout the entire prediction horizon, according to which

x(k) ∈ X(k) =
k⊕
j=0

X(j,k), k = 0, 1, . . . ,

u(k) ∈ U(k) =
k⊕
j=0

U(j,k), k = 0, 1, . . . ,

(4.9)

where X(k) and U(k) are the state and control-cross sections of the state tube X∞ =

{X(0), X(1), . . .} and control tube U∞ = {U(0), U(1), . . .}, respectively. From (4.8),

the jth partial state and control sequences are defined by the jth extreme partial

state and control sequences, x(i,j,∞) = {x(i,j,j), x(i,j,j+1), . . . , x(i,j,∞)} and u(i,j,∞) =

{u(i,j,j), u(i,j,j+1), . . . , u(i,j,∞)} respectively, which describe the effect of the extreme

disturbances acting at the prediction instant j − 1. The dynamics of the jth partial

extreme state and control sequences for i = 1, . . . , q are given by

x(i,j,j) = w̃i, j = 1, 2, . . . ,

x(i,j,k+1) = Ax(i,j,k) +Bu(i,j,k), j = 1, 2, . . . , k ≥ j.

(4.10)

In [73], x(i,j,k), for j = 1, . . . , N , k = j, . . . , N and u(i,j,N) for j = 1, . . . , N − 1,

k = j, . . . , N − 1 are chosen freely for different j, while those associated with Mode 2

are determined by the evolution dictated by the state feedback u = Kx, thus inducing

the triangular prediction scheme as in Figure 3.1. Instead, here a striped structure is
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invoked such that u(i,j,k) is set to satisfy

u(i,j,k) := u(i,1,k−j+1), i = 1, . . . , q, j = 1, 2, . . . , k ≥ j, (4.11)

which implies that

x(i,j,k) = x(i,1,k−j+1), i = 1, . . . , q, j = 1, 2, . . . , k ≥ j, (4.12)

and therefore

X(j,k) = X(1,k−j+1), U(j,k) = U(1,k−j+1), i = 1, . . . , q, j = 1, 2, . . . , k ≥ j. (4.13)

As a result all the jth partial extreme state and control sequences are fully defined in

terms of the 1st partial extreme state and control sequences x(i,1,∞) and u(i,1,∞). This

implies that (4.9) can be re-written as

x(k) ∈ X(k) =


x(0,0) k = 0

x(0,k) ⊕
⊕k

j=1X(1,j) k = 1, 2, . . .

u(k) ∈ U(k) =


u(0,0) k = 0

u(0,k) ⊕
⊕k

j=1 U(1,j) k = 1, 2, . . .

(4.14)

thus inducing a striped triangular prediction scheme as shown in Figure 4.1, where

the predictions of x(k) and u(k) are contained in the cross-sections X(k) and U(k) that

are given by the Minkowski sum of the elements in the k-th column. Due to this

striped structure, the strategies based on this prediction scheme are referred to as

Striped PTMPC or SPTMPC.
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x(0,0) x(0,1) x(0,2) · · · x(0,N−1) x(0,N) x(0,N+1) x(0,N+2) · · ·
X(1,1) X(1,2) · · · X(1,N−1) X(1,N) X(1,N+1) X(1,N+2) · · ·

X(1,1) · · · X(1,N−2) X(1,N−1) X(1,N) X(1,N+1) · · ·
. . . . . .

...
...

X(1,1) X(1,2) X(1,3) X(1,4) · · ·
X(1,1) X(1,2) X(1,3) · · ·

X(1,1) X(1,2) · · ·
X(1,1) · · ·

X(0) X(1) X(2) · · · X(N−1) X(N) X(N+1) X(N+2) · · ·

Mode 1 Mode 2

u(0,0) u(0,1) u(0,2) · · · u(0,N−1) u(0,N) u(0,N+1) u(0,N+2) · · ·
U(1,1) U(1,2) · · · U(1,N−1) U(1,N) U(1,N+1) U(1,N+2) · · ·

U(1,1) · · · U(1,N−2) U(1,N−1) U(1,N+1) U(1,N+2) · · ·
. . .

...
...

...
U(1,1) U(1,2) U(1,3) U(1,3) · · ·

U(1,1) U(1,2) U(1,3) · · ·
U(1,1) U(1,2) · · ·

U(1,1) · · ·
U(0) U(1) U(2) · · · U(N−1) U(N) U(N+1) U(N+2) · · ·

Mode 1 Mode 2

Figure 4.1: Striped triangular prediction scheme of SPTMPC

The striped separable prediction scheme, as reflected by (4.13), and (4.14) induces

a separable non-linear predicted control policy πN−1 = {µ0(·), µ1(·), . . .} given by

µk(x(k)) =
k∑
j=1

µ(j,k)(x(j,k)), k = 0, 1, . . . , with

x(k) = x(0,k) +
k∑
j=1

x(j,k), x(j,k) =

q∑
i=1

λ(i,j)(w(j−1))x(i,1,k−j+1), j = 1, 2, . . . ,

µ(0,k)(x(0,k)) = u(0,k), k = 0, 1, . . . ,

µ(j,k)(x(j,k)) =

q∑
i=1

λ(i,j)(w(j−1))u(i,1,k−j+1), j = 1, 2, . . . , k = j, j + 1, . . .

(4.15)

where λ(i,j)(w(j−1)) are convex interpolation parameters that satisfy λ(i,j)(w(j−1)) ≥ 0,∑q
i=1 λ(i,j)(w(j−1)) = 1 and w(j−1) =

∑q
i=1 λ(i,j)(w(j−1)). A well-defined and unique

selection of such convex multipliers {λ(i,j), i = 1, . . . , q} can be obtained by employ-
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ing, for instance, a least squares procedure. Note how the expressions of x(j,k) and

µ(j,k)(x(j,k)) in (4.15) imply that x(j,k) ∈ X(1,k−j+1) and u(j,k) ∈ U(1,k−j+1) as previously

indicated by (4.14).

It can be seen from (4.15) and Figure 4.1 that all the predicted inputs u(k) =

µk(x(k)), k = 0, 1, . . ., depend on the on the 1st partial extreme sequence u(i,1,∞);

more precisely, the predicted u(k) is defined by the elements u(i,1,j), j = 1, . . . , k. Of

these the elements u(i,1,j), j = 1, . . . , N−1, as will be seen next are degrees of freedom

of the control policy, which implies that these provide disturbance compensation over

the infinite horizon. This structure is different than just reducing the number of

variables by forcing a striped structure in the parameterization of [73], since in such

a parameterization the control policy would have degrees of freedom only in Mode 1,

i.e. for k = 0, . . . , N − 1.

4.3 Striped PTMPC: Predictions and constraints

This section introduces the strategies for guaranteeing constraint satisfaction under

the striped prediction scheme presented in Section 4.2.

Remark 4.1. The presentation of the chapter from this point will assume that N ≥ 2.

The reason for this assumption is that if N = 1, then the jth partial sequences are

not optimization variables, so adopting a striped structure makes no difference with

respect to the predictions of PTMPC. Furthermore, the case of N = 1 clearly is of

little interest since only the first predicted input, u(0,0), is optimized in the online

problem. However, the results can be easily extended to the case of N = 1 as will be

indicated in Remark 4.5.

4.3.1 Prediction strategy

It is usual practice in MPC to use a fixed stabilizing terminal control law in Mode

2. However in the strategy proposed in this chapter no fixed terminal control law
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is assumed. Instead, the following structure with is used for limiting the number of

decision variables: (i) the first N inputs of the 0th partial control sequence are degrees

of freedom and afterwards they are defined by a stabilizing linear gain (u = Kx); and

(ii) the first N − 1 inputs of the 1st partial extreme control sequences are degrees

of freedom, and the following inputs are defined by a stabilizing linear gain (u =

Kx). Thus, the dynamic equations for 0th partial sequences and 1st partial extreme

sequences are given by

x(0,0) = xt, (4.16a)

x(0,k+1) = Ax(0,k) +Bu(0,k), k = 0, . . . , N − 1, (4.16b)

x(0,k+1) = Φx(0,k), k ≥ N, (4.16c)

and

x(i,1,1) = w̃i, (4.17a)

x(i,1,k+1) = Ax(i,1,k) +Bu(i,1,k), k = 1, . . . , N − 1, (4.17b)

x(i,1,k+1) = Φx(i,1,k), k ≥ N. (4.17c)

From (4.16) and (4.17), the striped separable prediction scheme of Figure 4.1 can

be more precisely represented by Figure 4.2.

In order to deal with the mixed state and control constraints of (4.3), attention

is turned to mixed tubes. The separable prediction scheme of equations (4.16),(4.17)

implies that the predictions of (x(k), u(k)) will be contained in the overall mixed state

and control tube Y∞ = {Y(0), Y(1), . . . , Y(∞)}, where
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Y(0) = Y(0,0),

Y(k) = Y(0,k) ⊕ Y(1,1) ⊕ . . .⊕ Y(1,k), k = 1, 2, . . . ,

(4.18)

where the partial mixed state and control tubes Y(j,∞) = {Y(j,j), Y(j,j+1), . . . , Y(j,∞)},

j = 0, 1, contain the partial sequences x(j,∞) and u(j,∞), such that 0th and the 1st

mixed state and control cross-sections are given by Y(0,k) = (x(0,k), u(0,k)) and Y(1,k) =

conv{(x(i,1,k), u(i,1,k))}, respectively.

x(0,0) x(0,1) x(0,2) · · · x(0,N−1) x(0,N) Φx(0,N) Φ2x(0,N) · · ·
X(1,1) X(1,2) · · · X(1,N−1) X(1,N) ΦX(1,N) Φ2X(1,N) · · ·

X(1,1) · · · X(1,N−2) X(1,N−1) X(1,N) ΦX(1,N) · · ·
. . . . . .

...
...

X(1,1) X(1,2) X(1,3) X(1,4) · · ·
X(1,1) X(1,2) X(1,3) · · ·

X(1,1) X(1,2) · · ·
X(1,1) · · ·

X(0) X(1) X(2) · · · X(N−1) X(N) X(N+1) X(N+2) · · ·

Mode 1 Mode 2

u(0,0) u(0,1) u(0,2) · · · u(0,N−1) Kx(0,N) KΦx(0,N) KΦ2x(0,N) · · ·
U(1,1) U(1,2) · · · U(1,N−1) KX(1,N) KΦX(1,N) KΦ2X(1,N) · · ·

U(1,1) · · · U(1,N−2) U(1,N−1) KX(1,N) KΦX(1,N) · · ·. . .
...

...
...

U(1,1) U(1,2) U(1,3) U(1,3) · · ·
U(1,1) U(1,2) U(1,3) · · ·

U(1,1) U(1,2) · · ·
U(1,1) · · ·

U(0) U(1) U(2) · · · U(N−1) U(N) U(N+1) U(N+2) · · ·

Mode 1 Mode 2

Figure 4.2: Striped triangular prediction scheme of SPTMPC

In the online optimization the decision variables are x(0,N), x(i,1,N), u(0,N−1),

u(i,1,N−1) (along with the constraint and cost tightening parameters, which will be

introduced below). It would then be convenient to re-write (4.18) as a function of

parameters that are decision variables of the online optimization only. Using (4.16)

and (4.17), Y(0,k) and Y(1,k) can be re-expressed as
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Y(0,k) = (x(0,k), u(0,k)), k = 0, . . . , N − 1, (4.19a)

Y(0,k) = (Φk−Nx(0,N), KΦk−Nx(0,N)), k ≥ N, (4.19b)

= (I,K)Φk−Nx(0,N), k ≥ N, (4.19c)

and

Y(1,k) = conv{(x(i,1,k), u(i,1,k)) : i = 1, . . . , q}, k = 1, . . . , N − 1,

(4.20a)

Y(1,k) = conv{(Φk−Nx(i,1,N), KΦk−Nx(i,1,N)) : i = 1, . . . , q}, k ≥ N, (4.20b)

= (I,K)Φk−NX(1,N), k ≥ N, (4.20c)

Then (4.18) can be rewritten as

Y(0) = Y(0,0), (4.21a)

Y(k) = Y(0,k) ⊕
k⊕
j=1

Y(1,j), k = 1, . . . , N − 1, (4.21b)

Y(k) = (I,K) Φk−Nx(0,N) ⊕
N−1⊕
j=1

Y(1,j) ⊕
k⊕

j=N

(I,K) Φj−NX(1,N), k ≥ N, (4.21c)

which only depend on x(0,N), x(i,1,N), u(0,N−1), u(i,1,N−1).

4.3.2 Constraints

The condition for constraint satisfaction is that

Y(k) ⊆ Y, k = 0, 1, . . . . (4.22)
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Satisfaction of (4.22) cannot be ensured explicitly for all k = 0, 1, . . . because it would

require an infinite number of constraints. Additionally, the usual strategy consisting

on using a terminal set that is invariant and ensures feasibility of constraints for a

fixed terminal control law is not possible here. On account of having disturbance com-

pensation throughout the infinite prediction horizon, the terminal control law is not

fixed. Thus, an alternative approach is considered here. A secondary horizon N2 ≥ 0

is used such that constraint satisfaction is enforced explicitly for k = 0, . . . , N+N2−1,

whereas satisfaction of (4.22) for k ≥ N +N2 is guaranteed by a set of terminal con-

straints: one that verifies that a set that contains the predicted Y(k) for k ≥ N +N2

is inside Y, and two other constraints on the 0th and the 1st partial sequences at the

(N +N2)th prediction instant.

Proposition 4.2. Let X0 be a positively invariant set for the nominal dynamics of

(4.16c) and let X1 be an arbitrary polytopic set that contains the origin. Satisfaction

of

x(0,N+N2) ∈ X0, (4.23a)

X(1,N+N2) ∈ X1, (4.23b)

implies that for all k ≥ N +N2 Y(k) satisfies

Y(k) ⊆ Ȳ(∞), (4.24)

where

Ȳ(∞) = (I,K)X0 ⊕
N−1⊕
j=1

Y(1,j) ⊕
N+N2−1⊕
j=N

(I,K)Φj−NX(1,N) ⊕ (I,K)Ω∞(X1), (4.25)

and Ω∞(X1) =
⊕∞

j=0 ΦjX1 is the minimal robust invariant set for the system with

dynamics z+ = Φz + w, with w ∈ X1.
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Proof. From (4.21c), the predicted Y(k) for k ≥ N +N2 can be expressed as

Y(k) =(I,K)Φk−(N+N2)x(0,N+N2) ⊕
N−1⊕
j=1

Y(1,j) ⊕
N+N2−1⊕
j=N

(I,K) Φj−NX(1,N)⊕

k⊕
j=N+N2

(I,K) Φj−NX(1,N),

(4.26)

Since X0 is invariant for the dynamics z+ = Φz, satisfaction of (4.23a) implies that

the first term of the RHS of (4.26) satisfies Φk−(N+N2)x(0,N+N2) ∈ X0. Additionally,

satisfaction of (4.23b) implies that

k⊕
j=N+N2

Φj−NX(1,N) =
k⊕

j=N+N2

Φj−(N+N2)X(1,N+N2) ⊆
k−(N+N2)⊕

j=0

ΦjX1 ⊆ Ω∞(X1),

and therefore the last term of the RHS (4.26) can be bounded as

k⊕
j=N+N2

(I,K)Φj−NX(1,N) ⊆ (I,K)Ω∞(X1), k ≥ N +N2,

which yields that Y(k) for k ≥ N +N2 is bounded as

Y(k) ⊆ (I,K)X0 ⊕
N−1⊕
j=1

Y(1,j) ⊕
N+N2−1⊕
j=N

(I,K)Φj−NX(1,N) ⊕ (I,K)Ω∞(X1),

thus proving the desired result.

The bounding above can be visualized in Figure 4.3, where the columns associated

with the predictions for k = N + N2 − 1, . . . , N + N2 + 2 are displayed. The terms

from Y(1,1) to Y(1,N−1), from (I,K)X(1,N) to (I,K)ΦN2−1X(1,N) and (I,K)X0 appear

in all the columns and thus the bound, Ȳ(∞), contains them (as the second, third

and first terms in the RHS of (4.25)). x(0,N2) is required to be in X0, and due to its

invariance the nominal state will remain there. The remaining terms, highlighted in

red in Figure 4.3, due to the constraint that X(1,N+N2) ∈ X1, will be contained in X1,
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X1 ⊕ ΦX1, X1 ⊕ ΦX1Φ2X1, . . ., and each term is bounded by Ω∞(X1).

(I,K)ΦN2−1x(0,N)

(I,K)ΦN2−1X(1,N)
...

(I,K)ΦX(1,N)

(I,K)X(1,N)

Y(1,N−1)
...

Y(1,1)

Y(N+N2−1)

(I,K)X0

(I,K)X1

(I,K)ΦN2−1X(1,N)
...

(I,K)ΦX(1,N)

(I,K)X(1,N)

Y(1,N−1)
...

Y(1,1)

Y(N+N2)

(I,K)X0

(I,K)ΦX1

(I,K)X1

(I,K)ΦN2−1X(1,N)
...

(I,K)ΦX(1,N)

(I,K)X(1,N)

Y(1,N−1)
...

Y(1,1)

Y(N+N2+1)

(I,K)X0

(I,K)Φ2X1

(I,K)ΦX1

(I,K)X1

(I,K)ΦN2−1X(1,N)
...

(I,K)ΦX(1,N)

(I,K)X(1,N)

Y(1,N−1)
...

Y(1,1)

Y(N+N2+2)

Figure 4.3: Predicted Y(k) after the secondary horizon

The construction of a set that contains the state and input predictions for all

k ≥ N + N2, enables the use of a finite number of constraints to ensure constraints

satisfaction:

Corollary 4.3. Satisfaction of (4.22) is guaranteed if the 0th and 1st partial sequences

satisfy (4.23) and

Y(k) ⊆ Y, k = 0, . . . , N +N2 − 1, (4.27)

Ȳ(∞) ⊆ Y. (4.28)

Condition (4.27) can be written equivalently as linear constraints on the 0th par-

tial state and control sequences by using slack variables that account for the worst

case realizations associated with the 1st partial extreme state and control sequences.

Condition (4.27) is then equivalent to
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Flx(0,0) +Glu(0,0) ≤ 1, l = 1, . . . , nc, (4.29a)

Flx(0,k) +Glu(0,k) +
k∑
j=1

f(l,1,j) ≤ 1, k = 1, . . . , N − 1, l = 1, . . . , nc, (4.29b)

f(l,1,j) ≥ Flx(i,1,j) +Glu(i,1,j), j = 1, . . . , N − 1, i = 1, . . . , q, l = 1, . . . , nc,

(4.29c)

(Fl +GlK)Φj−Nx(0,N) +
k∑
j=1

f(l,1,j) ≤ 1, k = N, . . . , N +N2 − 1, l = 1, . . . , nc,

(4.29d)

f(l,1,j) ≥ (Fl +GlK)Φj−Nx(i,1,N), j = N, . . . , N +N2 − 1, i = 1, . . . , q,

l = 1, . . . , nc, (4.29e)

where Fl and Gl are the lth rows of F and G, respectively.

Using the same ideas, satisfaction of (4.28) can also be imposed equivalently by

f(l,0,∞) +

N+N2−1∑
j=1

f(l,1,j) + f(l,1,∞) ≤ 1, l = 1, . . . , nc, (4.30)

where

f(l,0,∞) = max
x∈X0

(Fl +GlK)x, f(l,1,∞) = max
x∈Ω∞(X1)

(Fl +GlK)x (4.31)

Since Ω∞(X1) may be defined by an infinite number of constraints, practical applica-

tion indicates that it should be replaced by an outer approximation with an arbitrary

precision (which can be computed by the technique of [72]) in the definition of f(l,1,∞).

In this case, (4.30) is only a sufficient condition for (4.28).

Assuming that X0 = {x : Hx ≤ 1} and X1 = {x : Lx ≤ 1}, where H ∈ Rnf0×n

and L ∈ Rnf1×n, then condition (4.23) can be expressed as
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Hlx(0,N+N2) ≤ 1, l = 1, . . . , nf0, (4.32a)

Llx(i,1,N+N2) ≤ 1, l = 1, . . . , nf1, i = 1, . . . , q, (4.32b)

where Hl and Ll are the lth rows of H and L, respectively.

Assumption 4.2. X1 is defined by

X1 = ΦN+N2−1W, (4.33)

and X0 is a robust positively invariant set for z+ = Φz + w, w ∈ ΦX1.

Remark 4.4. The assumption above is convenient in terms of Proposition 4.2 and

the results related with recursive feasibility, Theorem 4.8 and Theorem 4.18, since

recursive feasibility requires that X0 is a robust positively invariant set for z+ = Φz+

w, w ∈ ΦX1. At time t + 1 the nominal predictions will consider the effect of the

disturbance acting on the system at time t, wt, since its effect will be already present at

xt+1. Then, the candidate solution at time t+ 1 for the N +N2-step-ahead prediction

of the nominal state x̃(0,N+N2) will also have to consider the effect of the disturbance

that has just acted on the system, effect which is contained in ΦX1 due to (4.23b).

Thus robust invariance for a system with the disturbance in ΦX1 will guarantee that

x̃(0,N+N2) = Φx(0,N+N−2) + Φx(1,N+N2) ∈ X0 provided that at time t x(0,N+N2) ∈ X0

and x(1,N+N2) ∈ X1.

Additionally, it is worth noting that X0 should be chosen to be small in order to

relax (4.24), but not too small since in that case a large N2 would be required so that

the terminal condition x(0,N+N2) ∈ X0 is met.

Remark 4.5. The presentation in this section assumes that N ≥ 2 as introduced in

Remark 4.1. The results shown here, and those that will be presented below, can easily
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be extended to N = 1 by noting that in this case Ȳ(∞) = (I,K)X0⊕
N2⊕
j=1

(I,K)Φj−1W⊕

(I,K)Ω∞(X1).

4.4 Striped PTMPC: Online implementation and

properties - Two cases

The cost used in [73] and in Chapter 3 is not useful for the SPTMPC prediction

scheme; stability cannot be proved by using that cost in the online optimal control

problem. The reason that such a cost is useful for PTMPC and OPTMPC is that u =

Kx is used in Mode 2, thus the candidate solutions at time t+1 can be obtained from

the optimal solution at time t, according to the receding procedure as explained in

Section 3.3, by discarding the 0-step-ahead predictions made at time t and completing

the N −1-step-ahead predicted input with an extension given by u = Kx (recall that

the offline update of the slacks in Chapter 3 replicates this process). This allows

one to obtain a decreasing cost, where the cost acts as a measure of distance to the

set where the control law u = Kx is feasible. In the SPTMPC setting, however,

since the degrees of freedom of the control policy extend over Mode 2, replacing the

N -step-ahead predicted input by u = Kx is not possible unless all the degrees of

freedom of the policy are modified. Then this cost will not necessarily be decreasing

and stability cannot be proved.

Two variations of the SPTMPC strategy are considered next that provide different

stability results. The first considers an additional terminal constraint by which the

predictions beyond N + N2 must be inside a robustly invariant set under the static

feedback u = Kx, and a cost function that is based on the distance of the predictions

to this terminal set. The strategy can be proved to be robustly exponentially stable

with respect to the terminal set, and once inside the maximal invariant set under the

static feedback u = Kx, the control law is chosen to be u = Kx which makes the
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system converge to the minimal invariant set under u = Kx. This extra constraint,

however, can incur some conservativeness. The second alternative uses a nominal cost

and does not consider this terminal constraint with the aim to enhance the freedom of

the predicted control policy, but this comes at the cost of obtaining a weaker notion

of stability, namely ISS. A detailed description of both alternatives is presented next.

4.4.1 Cost based on state distance to an invariant set - strong

stability

Let Xf = {x : Hfx ≤ 1}, Hf ∈ Rnf×n, be a positively robust invariant set for system

(4.1) subject to (4.3) with the control law given by u = Kx.

Consider the additional constraint that the predicted states for k ≥ N + N2 are

inside Xf . This can be expressed as

Projx(Ȳ(∞)) = X0 ⊕
N−1⊕
j=1

X(1,j) ⊕
N+N2−1⊕
j=N

Φj−NX(1,N) ⊕ Ω∞(X1) ⊆ Xf . (4.34)

Similarly to (4.27), this condition can be written equivalently as linear constraints by

using slack variables that account for the worst case realizations associated with the

1st partial extreme state sequences. Condition (4.34) is then equivalent to

h(l,0,∞) +

N+N2−1∑
j=1

h(l,1,j) + h(l,1,∞) ≤ 1, l = 1, . . . , nf , (4.35a)

h(l,1,j) ≥ Hf
l x(i,1,j), i = 1, . . . , q, j = 1, . . . , N, l = 1, . . . , nf ,

(4.35b)

h(l,1,j) ≥ Hf
l Φj−Nx(i,1,N), i = 1, . . . , q, j = N + 1, . . . , N +N2 − 1,

l = 1, . . . , nf , (4.35c)

where

h(l,0,∞) = max
x∈X0

Hf
l x, h(l,1,∞) = max

x∈Ω∞(X1)
Hf
l x. (4.36)
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Let d be the vector of all the decision variables in the formulation. It is composed

of x(0,N), x(i,1,N), u(0,N−1), u(i,1,N−1), f(l,1,N+N2−1) = {f(l,1,1), . . . , f(l,1,N+N2−1)} and

h(l,1,N+N2−1) = {h(l,1,1), . . . , h(l,1,N+N2−1)}. The set of admissible decision variables d

is given by

D(x) = {d : (4.16a),(4.16b),(4.17a),(4.17b),(4.29),(4.30),(4.32), (4.35) hold} ,

(4.37)

and the domain of attraction is

X = {x : D(x) 6= ∅} (4.38)

Assumption 4.3. N , N2, X0 and Xf are such that X 6= ∅ and X contains the origin

in its interior.

Remark 4.6. This assumption can always be satisfied provided that Assumption 4.1 is

satisfied. Set all the predicted inputs to be given by u = Kx, then Ȳ(∞) = (I,K)X0 ⊕⊕N+N2−1
j=1 (I,K)Φj−1W ⊕ (Ω∞(X1), KΩ∞(X1)) = (I,K)X0 ⊕

⊕∞
j=0(I,K)ΦjW, and

Ȳ(∞) = (I,K)Ω∞(W) if X0 = {0}. But (I,K)Ω∞(W) ∈ interior(Y), which implies

that there exists a robustly invariant set Ω for system (4.1) subject to (4.3) with

the control law given by u = Kx, such that Ω∞(W) ⊆ interior(Ω). Therefore there

exists an N̄ such that for all N + N2 ≥ N̄ , X1 = ΦN+N2−1W is small enough so

that X0 can be chosen to be small enough, according to Assumption 4.2, such that

(I,K)X0

⊕N+N2−1
j=1 (I,K)Φj−1W ⊕ (I,K)Ω∞(X1) ⊆ (I,K)Ω ⊆ Y. This guarantees

that for any x ∈ X0, N,N2 such that N + N2 ≥ N̄ and Xf = Ω, a solution given

by x(0,N) = {x, . . . ,ΦNx}, u(0,N−1) = {Kx, . . . ,KΦNx}, x(i,1,N) = {w̃i, . . . ,ΦN−1w̃i},

u(i,1,N−1) = {Kw̃i, . . . , KΦN−2w̃i} will be feasible, which guarantees that X0 ⊆ X . X0

contains the origin in its interior since it is an invariant set for a contractive system,

which implies that X contains the origin in its interior, and then Assumption 4.3 is
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satisfied.

Consider a polytopic set defined by Z = {z : Ez ≤ 1}, E ∈ RnE×n. The distance

function of x to Z is defined by distZ(x) = max({Elx − 1 : l = 1, . . . , nE} ∪ {0}),

where El is the l−th row of E. The maximum distance function of X to Z is defined

by maxdistY (X) = maxx∈X(distZ(x)) = max({Elx−1 : x ∈ X, l = 1, . . . , nE}∪{0}).

Consider the cost function

V (d) =
∑N+N2−1

k=0
maxdistXf

(X(k)). (4.39)

Here, the stage cost maxdistXf
(X(k)) measures the maximum distance to Xf among

the elements in X(k). Note that maxdistXf
(X(k)) = 0 for all k ≥ N + N2 due to

constraint (4.34). Components of the type maxdistKXf
(U(k)) can also be considered

in order to include weighing of the control sequences. In this case constraint (4.34)

should be modified so that Ȳ(∞) ⊆ (I,K)Xf is required in order to satisfy the same

properties as are stated below. However, the presentation here does not include such

modifications for simplicity.

The optimal control problem P(xt) to be solved at each instant t is defined by

V 0(xt) = min
d
V (d), s.t. d ∈ D(xt). (4.40a)

d∗(xt) = arg min
d
V (d), s.t. d ∈ D(xt). (4.40b)

By using new variables δk that tightly upper bound maxdistXf
(X(k)), the minimization

of the cost J(d) of (4.39) can be reformulated by minimizing

V (d) =

N+N2−1∑
k=0

δk, (4.41)
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with the additional constraints

δk ≥ 0, k = 0, . . . , N +N2 − 1

δk ≥ −1 +Hf
l x(0,k) +

k∑
j=1

h(l,1,j), l = 1, . . . , nf , k = 0, . . . , N +N2 − 1.
(4.42)

Clearly the optimal δk are equal to distXf
(X(k)) so the minimization of (4.39) and of

(4.41) are equivalent. The equivalent LP form of P(xt) is then given by

minimize
dO

N+N2−1∑
k=0

δk

s.t. x(0,0) = xt, x(i,1,1) = w̃i, i = 1, . . . , q,

x(0,k+1) = Ax(0,k) +Bx(0,k), k = 0, . . . , N − 1,

x(i,1,k+1) = Ax(i,1,k) +Bu(i,1,k), i = 1, . . . , q, k = 0, . . . , N − 1,

Flx(0,0) +Glu(0,0) ≤ 1, l = 1, . . . , nc,

Flx(0,k) +Glu(0,k) +
k∑
j=1

f(l,1,j) ≤ 1, l = 1, . . . , nc, k = 1, . . . , N − 1,

(Fl +GlK)Φk−Nx(0,N) +
k∑
j=1

f(l,1,j) ≤ 1, l = 1, . . . , nc,

k = N, . . . , N +N2 − 1,

f(l,0,∞) +

N+N2−1∑
j=1

f(l,1,j) + fl,1,∞ ≤ 1, l = 1, . . . , nc,

h(l,0,∞) +

N+N2−1∑
j=1

h(l,1,j) + h(l,1,∞) ≤ 1, l = 1, . . . , nf ,

Hlx(0,N+N2) ≤ 1, l = 1, . . . , nf0,

Ilx(i,1,N+N2) ≤ 1, i = 1, . . . , q, l = 1, . . . , nf1,

f(l,1,j) ≥ Flx(i,1,j) +Glu(i,1,j), l = 1, . . . , nc, i = 1, . . . , q, j = 1, . . . , N − 1,

f(l,1,j) ≥ (Fl +GlK)Φj−Nx(i,1,N) +Glu(i,1,j), l = 1, . . . , nc, i = 1, . . . , q,
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j = N, . . . , N +N2 − 1,

h(l,1,j) ≥ Hf
l x(i,1,j), l = 1, . . . , nf , i = 1, . . . , q,

j = 1, . . . , N,

h(l,1,j) ≥ Hf
l Φj−Nx(i,1,N), l = 1, . . . , nf , i = 1, . . . , q,

j = N + 1, . . . , N +N2 − 1,

δk ≥ 0, k = 0, . . . , N +N2 − 1,

δk ≥ −1 +Hf
l x(0,k) +

k∑
j=1

h(l,1,j), l = 1, . . . , nf , k = 0, . . . , N +N2 − 1,

(4.43)

where the overal decision variable dO comprises d and the additional variables δ =

{δ0, . . . , δN+N2−1}. This is a linear program with Nvar = N(n + (1 + q) + nu(1 +

q) + nc + nf + 1) +N2(nc + nf + 1) + n− (qnu + nc + nf + 1) variables and Ncons =

N((n+nc+nf )(1 + q) + 1) +N2((nc+nf )(1 + q) + 1) +n+nc+nf0 +nf1q+nf (1− q)

constraints (of which Nn(1 + q) +n are equality constraints and N((nc+nf )(1 + q) +

1) +N2((nc +nf )(1 + q) + 1) +nc +nf0 +nf1q+nf (1− q) are inequality constraints).

Remark 4.7. Setting Xf = Ω̄, where Ω̄ is the maximal invariant set for system (4.1)

under the control law of u = Kx s.t. (4.3), is convenient for relaxing (4.34). On the

other hand, invariant sets defined by few inequalities are computationally convenient

in view of (4.34), (4.42). Thus a suitable compromise between the size of Xf and nf

should be chosen.

The SPTMPC control law is given by

κ0(xt) = u0
(0,0)(xt), (4.44)

where u0
(0,0)(xt) is part of d0(xt), which is a selection of d∗(xt); since P(xt) is an LP,

it does not necessarily have a unique solution, and then d∗(xt) might be a set instead
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of a singleton. The control input at time t is then given by ut := κ0(xt).

Theorem 4.8. For system (4.1), the closed-loop application of the control law of

(4.44) guarantees feasibility of (4.3), that the optimal control problem of (4.40) is

recursively feasible and that X is invariant.

Proof. The candidate solution at time t+ 1, d̃, is built from the optimal solution at

time t, d0(xt) as follows. The candidate 0th partial sequences are composed by the

optimal 0th partial sequences of d0(xt) plus a sequence of elements in the 1st partial

sequences of d0(xt) according to the receding procedure as presented in Section 3.3.

Then, the candidate 0th partial sequences are defined as

x̃(0,k) = x0
(0,k+1)(xt) +

∑q
i=1 λ

∗
(i,1)(wt)x

0
(i,1,k+1)(xt), k = 0, . . . , N − 1,

x̃(0,N) = Φx̃(0,N−1),
(4.45a)

ũ(0,k) = u0
(0,k+1)(xt) +

∑q
i=1 λ

∗
(i,1)(wt)u

0
(i,1,k+1)(xt), k = 0, . . . , N − 2,

ũ(0,N−1) = Kx̃(0,N−1)(xt+1),
(4.45b)

where λ∗(i,1)(wt) are the least squares (or any other convenient selection criterion)

convex interpolation parameters that satisfy wt =
∑q

i=1 λ
∗
(i,1)(wt)w̃i. The candidate

1st partial extreme sequences are, because of the striped structure, chosen to be the

same as in the optimal solution at time t

x̃(i,1,k) = x0
(i,1,k)(xt), k = 1, . . . , N, i = 1, . . . , q (4.46a)

ũ(i,1,k) = u0
(i,1,k)(xt), k = 1, . . . , N − 1, i = 1, . . . , q, (4.46b)

This construction is such that (4.16a),(4.16b),(4.17a),(4.17b) are satisfied, and

that the overall cross sections associated with the candidate sequences Ỹ(k) = Ỹ(0,k)⊕⊕k
j=1 Ỹ(1,j), where Ỹ(0,k) = (x̃(0,k), ũ(0,k)) and Ỹ(1,j) = conv{(x̃(i,1,k), ũ(i,1,k)) : i =

1, . . . , q} = Y 0
(1,j)(xt), satisfy Ỹ(k) ⊆ Y 0

(k+1)(xt), k = 0, 1, . . .. But d0(xt) is such that

Y 0
(k+1)(xt) ⊆ Y, k = 0, 1, . . ., which implies that Ỹ(k) ⊆ Y, k = 0, 1, . . . , N+N2−1
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and then d̃ satisfies (4.29). Also, because Ỹ(1,j) = Y(1,j)(xt) it follows that ˜̄Y(∞) =

Ȳ 0
(∞)(xt) (where ˜̄Y(∞) and Ȳ 0

(∞)(xt) are given by (4.25) but using the variables of d̃

and d0(xt), respectively), and since d0(xt) is such that Ȳ 0
(∞)(xt) ⊆ Y it follows that

˜̄Y(∞) ⊆ Y and then d̃ satisfies (4.30).

Satisfaction of the terminal condition (4.23b) follows directly from the fact that

Ỹ(1,j) = Y 0
(1,j)(xt), from which X̃(1,N+N2) = X0

(1,N+N2) ⊆ X1, where X0
(1,N+N2) =

conv{ΦN2x0
(i,1,N) : i = 1, . . . , q}. The satisfaction of the terminal condition of

(4.23a) follows from the fact that x̃(0,N+N2) = Φx0
(0,N+N2)(xt) + Φx(1,N+N2) with

x(1,N+N2) ∈ X0
(1,N+N2) ⊆ ΦX1 and that X0 is invariant for z+ = Φz + w, where

w ∈ ΦX1. Finally, since Ỹ(1,j) = Y 0
(1,j)(xt), and Projx(Ȳ

0
(∞)(xt)) ⊆ Xf , it follows that

Projx(
˜̄Y(∞)) ⊆ Xf , and then (4.35) is satisfied. Note that constraint (4.42) is always

satisfied since it is instrumental in the evaluation of the cost of (4.39).

It follows that if P(xt) is feasible, it will be feasible at the next instant, and by

a recursive argument it will remain feasible for all future instants. Invariance of X

follows directly. Satisfaction of (4.3) follows from the fact that Y 0
(0)(xt) ⊆ Y.

Remark 4.9. The treatment of recursive feasibility, as shown above, is more involved

than in usual RMPC formulations, where a terminal set for xN that is robustly in-

variant for the fixed terminal control law is enough. This is because allowing the

disturbance compensation to extend over an infinite horizon implies that the terminal

control law is not fixed. In this different setting two separate terminal sets for the

nominal and the partial extreme predictions are used, X0 and X1, and as shown in

the proof of Theorem 4.8 it is required that X0 is robustly invariant for z+ = Φz +w,

with w ∈ ΦX1 , thus justifying Assumption 4.2.

Proposition 4.10. (i) D(x) is a closed polyhedral set. (ii) X is a polytopic set.

Proof. (i) D(x) = {d : Mdd +Mxx ≤M}, for some matrices Md,Mx,M of appropri-

ate dimensions, is an alternative way of expressing D(x), from which it follows that
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D(x) is closed a polyhedron. (ii) Let Z = {(x,d) : Mdd + Mxx ≤ M}. Z is clearly

a closed polyhedron, and since X is a projection of Z onto a suitable subspace, X is

also a closed polyhedron. If x ∈ X then there exists u(0,0) such that (x(0,0), u(0,0)) ∈ Y,

with x(0,0) = x. If X were not bounded then there would exist at least one x 6= 0

such that µx ∈ X , for all µ ∈ R, but this contradicts the boundedness of Y. Thus X

is bounded.

Proposition 4.11. For the optimal control problem P(x):

(i) There exists a piecewise affine and continuous function d0(·) : X → RNd such

that for all x ∈ X , d0(x) ∈ d∗(x) (d0(x) being a selection of d∗(x)).

The value function V 0(x), has the following properties:

(ii) V 0(·) is a convex, continuous and piecewise affine function.

(iii) V 0(x) > 0, for all x ∈ X \ Xf , for t = 0, 1, . . ..

(iv) V 0(x) = 0, for all x ∈ Xf .

Proof. (i) The optimal control problem P(·) is a linear parametric program in X ,

then by standard results in parametric optimization problems [5] the stated property

holds.

(ii) The function V 0(·) is the value function of a parametric linear program in the

bounded set X . Then it is a convex, piecewise affine and continuous function in x

(by standard results in parametric optimization problems [5]).

(iii) If x /∈ Xf , then distXf
(x0

(0,0)(x)) > 0, hence V 0(x) > 0.

(iv) If x ∈ Xf , then the solution given by x(0,N) = {x,Φx, . . . ,ΦN−1x},u(0,N−1) =

{Kx,KΦx, . . . ,KΦN−1x}, x(i,1,N) = {w̃i,Φw̃i, . . . ,ΦN−1w̃i}, and u(i,1,N−1) = {Kw̃i,

KΦw̃i, . . . , KΦN−1w̃i} will be feasible, and since Xf is invariant for Kx, X(k) will be

in Xf for all k = 0, 1, . . ..

Theorem 4.12. The value function V 0(xt) satisfies

V 0(xt+1)− V 0(xt) ≤ −distXf
(xt), t = 0, 1, . . . (4.47)
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Proof. Provided that P(xt) is feasible at time t, the candidate solution d̃(xt+1) defined

by (4.45) and (4.46) is feasible for P(xt+1) at time t+ 1, as shown in Theorem (4.18).

This candidate solution satisfies that X̃(k)(xt+1) ⊆ X0
(k+1)(xt), for k = 0, 1, . . ., which

implies that distXf
(X̃(k)(xt+1)) ≤ distXf

(X0
(k+1)(xt)), and then

V (d̃(xt+1)) =

N+N2−1∑
k=0

distXf
(X̃(k)(xt+1))

≤
N+N2∑
k=1

distXf
(X0

(k)(xt)) = V 0(xt)− distXf
(X0

(0)(xt)).

Finally, the result follows from the fact that optimization ensures that δ0
0(xt) =

distXf
(xt) and V 0(xt+1) ≤ V (d̃(xt+1)).

Corollary 4.13. (i) The value function V 0(xt) → 0 as t → ∞. Furthermore,

V 0(xt) ≤ atV 0(x0), with a ∈ (0, 1). (ii) The distance function distXf
(xt) → 0 as

t→∞. Furthermore, distXf
(xt) ≤ btdistXf

(x0), with b ∈ (0, 1).

Proof. (i) By construction it is clear that distXf
(x0

(0,0)(x)) ≤ V 0(x). In addition,

V 0(x) = 0 and distXf
(x0

(0,0)(x)) = 0 for x ∈ Xf , and V 0(x) > 0 and distXf
(x0

(0,0)(x)) >

0 for x ∈ X \ Xf . Then, based on the continuity of V 0(·) and distXf
(x0

(0,0)(x)),

and that Xf and X are compact, there exists a scalar c1 ∈ [1,∞) such that V 0(x) ≤

c1distXf
(x0

(0,0)(x)) for all x ∈ X . Combining this with (4.47) it follows that V 0(xt+1) ≤

aNV
0(xt), with aN = (c1 − 1)/c1 < 1, which yields the desired property.

(ii) Similarly to (i), it is possible to obtain that distXf
(xt) = distXf

(x0
(0,0)(xt)) ≤

c1((c1 − 1)/c1)tdistXf
(x0

(0,0)(x0)) = ((c1 − 1)/c1)tdistXf
(x0).

Corollary 4.13 shows the state converges exponentially fast to Xf ⊆ Ω̄. Once the

state reaches Ω̄, the control law can be chosen to revert to u = Kx, which will remain

feasible given the nature of Ω̄, and this will steer the state asymptotically to the

minimal robustly invariant set Ω∞(W). The SPTMPC control law is then modified
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to be given by

κ0(xt) =


u0

(0,0)(xt), if xt /∈ Ω̄

Kxt, if xt ∈ Ω̄,

(4.48)

Finally, the dependence of the domain of attraction X on the horizons N and N2,

is studied; this dependence is now made explicit by denoting the domain of attraction

as XN,N2 . X1 also depends on N and N2, so the dependence is also made explicit by

writing X1(N,N2). The desired properties are XN,N2 ⊆ XN,N2+1 and XN,N2 ⊆ XN+1,N2 .

The following theorem presents an alternative way to construct X0 such that the

desired nestedness properties are satisfied.

Theorem 4.14. Let X0 be a robust positively invariant set for system z+ = Φz +

w, with w ∈ W, where W is any outer approximation of conv(ΦN3W ∪ ΦN3+1W ∪

ΦN3+2W . . .), N3 > 0. Then the domain of attraction of system (4.1) under the control

law of (4.44) satisfies the following properties for all N,N2 such that N +N2 ≥ N3

(i) XN,N2 ⊆ XN+1,N2−1,

(ii) XN,N2 ⊆ XN,N2+1,

(iii) XN,N2 ⊆ XN+1,N2.

Proof. (i) The optimal control problem P(x) when using N and N2 is the same one

as when using Ñ = N + 1 and Ñ2 = N2 − 1, except for the fact that in the former

case u(0,N) and u(i,1,N) are fixed to be u(0,N) = Kx(0,N) and u(i,1,N) = Kx(i,1,N), but

in the latter case these are degrees of freedom. In the latter case u(0,N) and u(i,1,N)

can be chosen to be given by u(0,N) = Kx(0,N) and u(i,1,N) = Kx(i,1,N), so that the

problem for Ñ and Ñ2 is feasible when it is feasible for N and N2.

(ii) If x ∈ XN,N2 , the optimal d that includes x(0,N), u(0,N−1), x(i,1,N), u(i,1,N−1),

f(l,1,N+N2−1) and h(l,1,N+N2−1), is such that (4.16a), (4.16b), (4.17a), (4.17b), (4.29),

(4.30), (4.32), (4.35) are satisfied. Then d̃ that is composed of the variables in d with

the addition of f(l,1,N+N2) = max{(Fl +GlK)ΦN2x(i,1,N) : i = 1, . . . , q}, l = 1, . . . , nc,
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and h(l,1,N+N2) = maxi∈N[1,q]
{(Hf

l ΦN2x(i,1,N) : i = 1, . . . , q}, l = 1, . . . , nf , satisfies

(4.16a), (4.16b), (4.17a), (4.17b) for N and Ñ2 = N2 + 1 directly since none of

these constraints depend on N2. The definition of X1 implies that X1(N,N2 + 1) =

ΦX1(N,N2). Then, since ΦN2x(i,1,N) ⊆ X1(N,N2) (from the fact that (4.32a) is

satisfied for N,N2) it follows ΦN2+1x(i,1,N) ⊆ X1(N,N2 + 1) and so (4.32b) is satisfied

for N, Ñ2. The definition of X0 implies that it is the same for different values of

N and/or N2 and it satisfies ΦX0 ⊆ X0. Then, since (4.32b) is satisfied for N,N2

if follows that x(0,N+N2) ∈ X0 which implies that x(0,N+N2+1) = Φx(0,N+N2) ∈ X0,

and thus (4.32a) is satisfied for N, Ñ2. Satisfaction of (4.29) and (4.30) for N,N2

implies that Y(k) ⊆ Y, k = 0, . . . , N + N2 − 1, and that Ȳ(∞)(N,N2) ∈ Y (where the

dependence of Ȳ(∞) onN,N2 has been made explicit), which implies that Y(k) ⊆ Y, k =

0, . . . , N +N2, thus ensuring satisfaction of (4.29) for N, Ñ2. Eq. (4.33) implies that

Ω∞(X1(N,N2)) = Ω∞(X1(N,N2 + 1))⊕ ΦN2X(1,N), which implies that Y(∞)(N,N2 +

1) = (I,K)X0(N,N2) ⊕
N−1⊕
j=1

Y(1,j) ⊕
N+N2⊕
j=N

(I,K)Φj−NX(1,N) ⊕ (I,K)Ω∞(X1(N,N2 +

1)) = Ȳ(∞)(N,N2) ⊆ Y, and therefore (4.30) is satisfied for N, Ñ2 provided it is

satisfied for N,N2. In the same way, satisfaction of (4.35) for N,N2 implies that

Projx(Ȳ(∞)(N,N2)) = Projx(Ȳ(∞)(N,N2 + 1)) ⊆ Xf , thus ensuring satisfaction of

(4.35) for N, Ñ2. All this implies that x ∈ XN,N2+1, which proves the desired result.

(iii) This follows directly from combining (i) and (ii).

Remark 4.15. In Theorem 4.14,W is defined as any outer approximation of (instead

of being equal to) conv(ΦN3W∪ΦN3+1W∪ΦN3+2W . . .), in order to reduce the number

of vertices or facets needed to define W, and hence X0.

Remark 4.16. The condition that X0 is invariant for z+ = Φz+w, with w ∈ W, W

being any outer approximation of conv({ΦN3W∪ΦN3+1W∪ΦN3+2W . . .}), in addition

to ensuring that X0 is the same for different values of N,N2, guarantees that X0

satisfies Assumption 4.2 for all N , N2 such that N + N2 ≥ N3, which is key for

ensuring recursive feasibility. Then recursive feasibility is guaranteed by Theorem 4.8
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whenever N + N2 ≥ N3. Thus, N3 should be chosen small enough as dictated by

practical values of N,N2, but large enough to maintain X0 small.

4.4.2 Nominal cost and input-to-state stability

This section presents an alternative to the strategy of Section 4.4.1. This strategy

uses a nominal type of cost and does not use the terminal condition of (4.34). On

account of this, this variation of the strategy has more freedom, thus allows for greater

domains of attraction and has a reduced number of variables and constraints.

The vector of all the decision variables in the formulation, d, is redefined to be

composed of x(0,N), x(i,1,N), u(0,N−1), u(i,1,N−1), and f(l,1,N+N2−1). The new admissible

set of decision variables d is given by

D(x) = {d : (4.16a),(4.16b),(4.17a),(4.17b),(4.29),(4.30),(4.32) hold} , (4.49)

and the domain of attraction is described by X = {x : D(x) 6= ∅}.

Assumption 4.4. N , N2, X0 are such that X 6= ∅ and X contains the origin in its

interior.

Remark 4.17. By the same analysis of Remark 4.6, this assumption can always be

satisfied provided that Assumption 4.1 is satisfied.

The predicted cost to be optimized online, V (d), only considers the nominal state

and input sequences:

V (d) =
N−1∑
k=0

xT(0,k)Qx(0,k) + uT(0,k)Ru(0,k) + xT(0,N)Px(0,N) (4.50)

where Q,R, P � 0, satisfy the Lyapunov condition ΦTPΦ− P ≤ −(Q+KTRK).

ΦTPΦ− P ≤ −(Q+KTRK). (4.51)

135



Chapter 4. Striped PTMPC

The optimal control problem P(xt) to be solved at each instant t is given by

V 0(xt) = min
d
V (d), s.t. d ∈ D(xt). (4.52a)

d0(xt) = arg min
d
V (d), s.t. d ∈ D(xt). (4.52b)

The optimization of (4.52) is a QP with Nvar = N(n(1 + q) + nu(1 + q) + nc) +

N2nc + n− (qnu + nc) variables and Ncons = N(n(1 + q) + nc(1 + q)) +N2nc(1 + q) +

n+ nc + nf0 + nf1q constraints (of which Nn(1 + q) + n are equality constraints and

(N +N2)nc(1 + q) + nc + nf0 + nf1q are inequality constraints).

The SPTMPC control law is then given by

κ0(xt) = u0
(0,0)(xt), (4.53)

where u0
(0,0)(xt) is part of the optimal solution given by d0(xt).

Theorem 4.18. For system (4.1), the closed-loop application of the control law of

(4.53) guarantees feasibility of (4.3), that the optimal control problem of (4.52) is

recursively feasible and that X is robustly invariant.

Proof. The results here are inherited directly from Theorem 4.8. Note that the ab-

sence of (4.35) does not affect the results since its feasibility at time t is not associated

with the feasibility of any other constraints at time t+ 1.

Theorem 4.19. Let X0 be a robust positively invariant set for system z+ = Φz +

w, with w ∈ W, where W is any outer approximation of conv(ΦN3W ∪ ΦN3+1W ∪

ΦN3+2W . . .), N3 ∈ N+. Then the domain of attraction of system (4.1) under the

control law of (4.53) satisfies the following properties for all N,N2 such that N+N2 ≥

N3

(i) XN,N2 ⊆ XN+1,N2−1,

(ii) XN,N2 ⊆ XN,N2+1,
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(iii) XN,N2 ⊆ XN+1,N2.

Proof. The proof goes along the same lines as in Theorem 4.14. Note that the absence

of (4.35) does not affect the results since its feasibility is not associated with the

feasibility of any other constraints.

As pointed out at the beginning of this section, u = Kx is not the terminal

control law in SPTMPC, and hence the stability notions of [73] do not apply. Neither

does the analysis of Section 4.4.1, since it requires use of the cost function of (4.39)

and condition (4.34). Instead Input-to-state stability (ISS) [41] is considered. Recall

from Section 2.2.1 that ISS implies that: (i) the system is asymptotically stable in

the absence of disturbances; (ii) that state trajectories are bounded for bounded

disturbances; and (iii) as t→∞ all trajectories go to the origin if wt → 0. Also recall

Lemma 2.8, which provides conditions for a system to be ISS.

Lemma 4.20. Let S ⊆ Rn contain the origin in its interior and be a robust positively

invariant set for system x+ = f(x,w). Furthermore, let there exist K∞-functions

α1(·), α2(·) and α3(·) and a function V : S → R+ that is Lipschitz continuous on S

such that for all x ∈ S,

α1(||x||) ≤ V (x) ≤ α2(||x||),

V (f(x, 0))− V (x) ≤ −α3(||x||).
(2.27)

Then V (·) is an ISS-Lyapunov function and system x+ = f(x,w) is ISS with domain

of attraction S if either: (i) f(·, ·) is Lipschitz continuous on S×W, or (ii) f(x,w) :=

g(x) + w, where g : S → Rn is continuous on S.

The following analysis parallels that of [38] in order to prove that the closed-loop

application of the control law of (4.53) provides input-to-state stability.

Proposition 4.21. (i) D(x) is a closed polyhedral set. (ii) X is a polytopic set.
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Proof. The proof is the same as that of Proposition 4.10.

Proposition 4.22. κ0(x) is a unique Lipschitz continuous function for all x ∈ X .

Furthermore, the value function V 0(x) is strictly convex and Lipschitz continuous for

all x ∈ X .

Proof. The sequence of predicted nominal states x(0,N) can be interpreted as a func-

tion of the predicted nominal inputs u(0,N−1) and the current state xt. Hence V (d),

which does not depend on the uncertain extreme sequences x(i,1,N), u(i,1,N−1), can be

interpreted as a function of u(0,N−1) and xt, i.e. J(d) = V (xt,u(0,N)). The set of

admissible inputs is defined as U(x) = {(u(0,N−1)) : d = (x(0,N), u(0,N−1), . . .) ∈ D(x)}

and then the optimal control problem can be written equivalently as

V 0(x) = min
u(0,N−1)

J(xt,u(0,N−1)), s.t. d ∈ D(x) (4.54a)

(u(0,N−1))
0(x) = arg min

x,u0,N−1

J(x,u(0,N−1)),

s.t. (x, . . . ,u(0,N−1), . . .) ∈ D(x).

(4.54b)

D(x) is polyhedral, and since U(x) is a projection of D(x), it also is polyhedral. Then,

given that R,P � 0 and that x is a constant in the optimization, J(x,u(0,N−1)) is a

strictly convex function of u(0,N−1) and (4.54) is a strictly convex QP. Thus by known

results (e.g. [7]), u0
(0,N−1)(x) and hence κ0(x) are continuous, piecewise affine functions

on X , and V 0(·) is a strictly convex, piecewise quadratic function on X . Lipschitz

continuity follows from the fact that κ0(x) and V 0(x) have bounded derivative in X

and that X is compact.

Lemma 4.23. The optimal control problem P(x) is such that V 0(0) = 0 and κ0(0) =

0.

Proof. If x = 0, then u(0,N−1) = {0, . . . , 0}, x(0,N) = {0, . . . , 0} (along with x(i,1,N) =

{w̃i, . . . ,ΦN−2w̃i}, u(i,1,N−1) = {Kw̃i, . . . , KΦN−1w̃i} ) are feasible solutions due to
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Assumption 4.3. In this case V (d) = 0, and because V 0(x) ≥ 0, V 0(x) = 0. Also,

because the optimal control problem is strictly convex on u(0,N−1), the optimal so-

lution for the 0th partial control sequence is given by u0
(0,N−1) = {0, . . . , 0} and then

κ0(0) = 0.

Theorem 4.24. System (4.1) under the control law of (4.44) is ISS with domain of

attraction X .

Proof. Let system (4.1) be expressed as f(x,w) = Ax + Bκ0(x) + w. From Lemma

4.23, f(0, 0) = 0 and from Proposition 4.22, f(·, ·) is continuous. From Assumption

4.4, X contains the origin in its interior and from Theorem 4.8 it is robust positively

invariant for system f(x,w) = Ax + Bκ0(x) + w under constraints (4.3). Clearly

V 0(x) ≥ 0 and from proposition 4.22, V 0(x) is Lipschitz continuous on X . By con-

struction V 0(x) ≥ xTQx and then V 0(x) ≥ λmin(Q)xTx, so taking α1(s) = λmin(Q)s2

gives the LHS inequality of (2.27a). From Lemma 4.23, V 0(0) = 0 and V 0(x) ≥

xTQx > 0, for all x 6= 0, x ∈ X , but xTQx is a continuous function in X , which is a

polytopic set that contains the origin in its interior. Thus there exist a scalar c such

that for all x ∈ X , V 0(x) ≤ cxTQx, and then α2(s) = cλmax(Q)s2 satisfies the RHS

inequality of (2.27a). From (4.51) and by taking the candidate solutions as defined in

(4.45) and (4.46), it follows that V (d̃(f(x, 0)) − V 0(x) ≤ −(xTQx + κ0(x)TRκ0(x)),

which implies V 0 (f(x, 0)) − V 0(x) ≤ −
(
xTQx+ κ0(x)TRκ0(x)

)
, and then (2.27b)

follows directly with α3(s) = λmin(Q)s2. Finally (i) follows directly from Lipschitz

continuity of κ0(x) stated in Proposition 4.22.

Remark 4.25. If X0 satisfies

X0 ⊕ Ω∞(W) ⊆ Ω̄, (4.55)

then the solution given by generating the 0th and 1st partial state and control sequences

with u = Kx (i.e. x(0,N) = {x, . . . ,ΦNx}, u(0,N−1) = {Kx, . . . ,KΦNx}, x(i,1,N) =
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{w̃i, . . . ,ΦN−1w̃i}, u(i,1,N−1) = {Kw̃i, . . . , KΦN−2w̃i}) is feasible for x ∈ Ω̄ since

(I,K)X0 ⊕
N−1⊕
j=1

Y(1,j) ⊕
N+N2−1⊕
j=N

(I,K)Φj−NX(1,N) ⊕ (Ω∞(X1), KΩ∞(X1)) = (I,K)X0⊕N+N2−1
j=1 (I,K)Φj−1W⊕(Ω∞(X1), KΩ∞(X1)) = (I,K)X0⊕(I,K)Ω∞(W) ⊂ (I,K)Ω̄.

Also, if K is the LQR optimal gain associated with the cost of (4.50), then it will be

the optimal solution of P(x). Therefore, if during the closed-loop execution the state

enters into Ω̄, the control law κ0(x) will revert to u = Kx. Based on the analysis of

Remark 4.6, there will always exist N,N2 large enough so that X0 is small enough

such that (4.55) is met.

4.4.3 On the selection of X0

In Assumption 4.2 it is required that X0 is an invariant set for z+ = Φz+w, w ∈ ΦX1,

in order to guarantee recursive feasibility, whereas in Theorem 4.14 and Theorem 4.19

it is required that X0 is an invariant set for z+ = Φz + w, w ∈ W , where W is any

outer approximation of conv(ΦN3W ∪ ΦN3+1W ∪ ΦN3+2W . . .) in order to guarantee

nestedness of the domains of attraction.

Let X0 be given by

X0 = αΩ̄0 ⊕ Ω̃∞(W ), (4.56)

where 0 < α ≤ 1 is a scalar, Ω̄0 is the maximal invariant set for x+ = Φx s.t. (4.3)

under u = Kx, and Ω̃∞(W ) is an invariant approximation of the minimal robust

invariant set [72] for z+ = Φz + w, w ∈ W , where W is either ΦX1 or W (so that

any of the two previous conditions on X0 can be satisfied). X0 is clearly robustly

invariant for z+ = Φz + w, w ∈ W . The motivation for this construction is as

follows. In the absence of disturbances X0 would have to be chosen to be Ω̄0 so as

to relax (4.23a). However, since (4.23a) is applied at k = N + N2, X0 might be

too large thereby causing (4.28) to be too tight. To avoid this the scaling factor

α is introduced, whose size should be commensurate with the contraction provided

by ΦN2 . In the presence of disturbances however, recursive feasibility, as introduced
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in Remark 4.4, requires that X0 accounts for these disturbances which justifies the

inclusion of the second term in the RHS of (4.56). This term has to be made to

be as small as possible in order to relax (4.28), hence it is taken to be the minimal

robust invariant set. Since the minimal robust invariant set however may not have a

finite description it has been replaced in (4.56) by a robustly invariant approximation

Ω̃∞(ΦX1). Similarly, to reduce computational complexity Ω̄0 can be replaced by an

invariant approximation.

This construction of X0 has provided good results in terms of the resulting domains

of attraction as will be shown in Section 4.5.

4.5 Simulation results

The benefits of SPTMPC are illustrated with statistics for 50 randomly generated

systems controlled by the proposed SPTMPC strategies and PTMPC, using different

prediction horizons N . The SPTMPC strategy of Section 4.4.1 will be referred to

as SPTMPC1, and the SPTMPC strategy of Section 4.4.2 will be referred to as

SPTMPC2.

The same systems as in Chapter 3 are considered, which have been generated

with n = 2, nu = 1, A,B being random matrices where each component is selected

from an independent uniform distribution between -1.25 and 1.25, but only systems

where the spectral radius of A is greater than 0.95 are used. F,G are chosen to

represent the constraints −1 ≤ F̃ xt ≤ 1, F̃ ∈ R2×2, and −1 ≤ ut ≤ 1, so that F =

[F̃ T ,−F̃ T , [0, 0]T , [0, 0]T ]T and G = [0, 0, 0, 0,−1, 1]T , with F̃ being a random matrix

where each component is selected from an independent uniform distribution between

-0.1 and 0.1. K is chosen to be the LQ optimal gain for the cost matrices Q = I2×2

and R = 0.1. W = conv({[0.1, 0.1]T , [0.1,−0.1]T , [−0.1, 0.1]T , [−0.1,−0.1]T}).

The sets in the cost of PTMPC are given by Q = {x : (1, 0)x ≤ 1, (0, 1)x ≤

1, (−1, 0)x ≤ 1, (0,−1)x ≤ 1}, R = {u : u ≤ 1,−u ≤ 1} and P = [PT1 − PT1 ],
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where PT1 ∈ Rs×n, s = 2 is computed as in [55]. Ω̄0 is chosen to be the maximal

invariant set for the nominal system under u = Kx and subject to (4.3) and Xf is

chosen to be the maximal invariant set for system (4.1) under u = Kx and subject

to (4.3). N2 is chosen to be the maximum between 5 and the minimum value such

that (I,K)X0

⊕N2

j=1(I,K)Φj−1W ⊕ (I,K)Ω∞(X1) ⊆ (I,K)Ω ⊆ Y is feasible. The

latter condition, on account of Remark 4.6, guarantees that the domain of attraction

is not-empty. However, experimentation suggest that it is convenient to take N2 to

be at least 5 so as to relax the terminal constraints for the 0th predicted state. W is

taken to be W , N3 is chosen to be equal to N2 + 1 and α is chosen to be maximum

of the components of ΦN21. The simulations have been performed on Matlab 7.11.0

(R2010b) with the Gurobi solver on a machine with Windows 7 and an Intel Core 2

Duo E8400 processor at 3GHz.

The domains of attraction using SPTMP1, SPTMP2 and PTMPC are computed

for each of these systems. Table 4.1 shows the mean values (over all the random

systems) of areas of the domains of attraction obtained with different prediction

horizons. In order to make the values comparable, these are reported relative to the

area of Xf , such that AN = Area(XN,N2)/Area(Xf ) (since N2 is fixed for each system

in these simulations, it is omitted from the notation for AN). The table also reports

information relevant to the computational implementation, such as the mean values

for the number of variables, equalities and inequalities in the online optimization

and average computational times. More precisely, the reported values correspond to

the average time it takes the solver to perform the online optimization for a given

prediction horizon, where the average is computed over a set of initial conditions

evenly distributed around the edge of the domain of attraction of OPTMPC and over

all random systems.

For the same N SPTMPC1,2 yield larger domains of attraction in average than

PTMPC, when N ≥ 4. This is mainly due to the fact that disturbance compensation
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Table 4.1: Domain of Attraction and computational aspects.

N 1 2 3 4 5 6 7 8 9 10
AN SPTMPC1 1.482 2.937 4.468 6.541 7.845 9.054 10.33 11.91 13.73 16.07

SPTMPC2 1.482 2.937 4.59 7.440 8.723 10.42 12.52 14.81 17.47 20.63
PTMPC 1.482 3.139 4.718 5.710 6.558 7.458 8.530 9.742 11.203 12.953

vars SPTMPC1 70.6 96.9 123.3 149.6 175.9 202.2 228.5 254.9 281.2 307.5
SPTMPC2 43 64 85 106 127 148 169 190 211 232
PTMPC 24.3 71.6 145.0 244.3 369.6 520.9 698.3 901.6 1130 1386

ineqs SPTMPC1 305.1 357.7 410.3 462.9 515.5 568.2 602.8 673.4 726.0 778.6
SPTMPC2 268.8 316.1 363.4 410.7 458.0 505.3 552.6 599.9 647.2 694.5
PTMPC 63.6 161.4 307.3 501.1 743.0 1033 1371 1757 2190 2672

eqs SPTMPC1 12 22 32 42 52 62 72 82 92 102
SPTMPC2 12 22 32 42 52 62 72 82 92 102
PTMPC 10 28 54 88 130 180 238 304 378 460

time SPTMPC1 2.5 5.9 26.5 30.2 40.1 45.0 49.5 50.0 53.5 54.2
[ms] SPTMPC2 2.6 5.1 19.1 19.5 20.5 24.2 26.2 27.3 29.6 30.3

PTMPC 1.70 2.60 3.94 6.55 12.17 20.46 36.28 56.69 100.0 147.4

is not restricted to the horizon N , but instead enters into Mode 2, thereby relaxing

the terminal constraints.

PTMPC has a ”full” triangular structure, with more parameters than the striped

structure. Therefore, in general, it has the potential outperform SPTMPC. However,

the price of the ”full” triangular structure is that it implies a number of variables

and constraints in the online optimization that grows quadratically with N , whereas

in the online optimization of SPTMPC that number only grows only linearly with

N . Thus with SPTMPC one can use longer horizons, thereby enlarging the size of

the domain of attraction, at a computational cost which may still be less than that

required by PTMPC. For example, while for N ≤ 4 PTMPC leads to larger domains

of attraction and faster online computations, SPTMPC1 for N ≥ 8 and SPTMPC2

for N ≥ 7 lead to larger domains of attraction while requiring less demanding online

computations. Thus, due to the quadratic increase (in number of variables and con-

straints) in PTMPC versus the linear increase in SPTMPC1,2, larger values of N can

be used in SPTMPC1,2, thus obtaining even larger domains of attractions and still

using fewer variables and constraints (as is the case for instance for SPTMPC1 with

N = 10 versus PTMPC with N = 8, or the case of SPMPTC2 with N = 10 versus
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PTMPC with N = 7).

The strategy of Chapter 3, OPTMPC, is faster than SPTMPC, and in the average

case larger horizons could be used for OPTMPC which could give better domains of

attraction while requiring the solution of less demanding optimizations problems.

However, the offline designs in OPTMPC might impose too much conservativeness

for some systems. For instance, the example introduced in Section 3.4 defined by

A =

 1.19 0.95

−0.89 0.96

 , B =

0.66

0.74

 , F =

 0.083 0.114 −0.083 −0.114 0 0

−0.035 −0.070 0.035 0.070 0 0


T

,

G = [0 0 0 0 1.44 −1.44]T and W = conv({[0.1, 0.1]T , [0.1,−0.1]T , [−0.1, 0.1]T ,

[−0.1,−0.1]T}), shows this situation. The results reported in Table 3.2 are comple-

mented by the areas of the domains of attraction obtained with SPTMPC1 and

SPTMPC2.

Table 4.2: Domain of Attraction and Computational Aspects

N 1 2 3 4 5 6 7 8 9 10
AN OPTMPC 1.302 1.446 1.626 1.830 1.880 1.935 1.958 1.977 1.990 2.002

SPTMPC1 1.302 1.446 1.496 2.617 2.860 2.954 3.005 3.042 3.067 3.089
SPTMPC2 1.302 1.446 1.496 2.747 3.071 3.194 3.236 3.253 3.294 3.294
PTMPC 1.302 1.747 2.174 2.508 2.707 2.850 2.975 3.073 3.137 3.178

In this case, increasing the value of N will not bring considerable benefits for

OPTMPC, so that increasing N for OPTMPC will not allow one to obtain domains

of attraction as good as one could obtain with PTMPC or SPTMPC.

Finally, note that SPTMPC2 does not constrain the predicted state to lie inside

Xf at any instant and hence it achieves larger domains of attraction with fewer

variables than SPTMPC1. However, SPTMPC1 enjoys stronger stability properties

which guarantee convergence to Xf . While, on average, the difference seems to be

considerable for large values of N , it can be very small in some cases, as shown in

Table 4.2.
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4.6 Conclusions

The proposed RMPC strategy has a number of variables and constraints that grows

only linearly with the prediction horizon. This is achieved by considering a predicted

control policy with a striped structure. The predicted control policy deployed allows

the disturbance compensation terms in the inputs to extend over the entire prediction

horizon. This provides extra relaxation to the terminal constraints and, on account

of this, the proposed SPTMPC strategy can lead to domains of attraction which

are larger than those possible through the use of PTMPC with the same prediction

horizon. However, given the full structure of PTMPC, the converse is also possible

and PTMPC can outperform SPTMPC.

In any case, since the growth of the size of the problem in SPTMPC is only linear,

compared with the quadratic growth in PTMPC, one can increase N in SPTMPC in

order to obtain larger domains of attraction than PTMPC.

Unlike the case of OPTMPC, the online optimization problem in SPTMPC does

consider the 1st partial extreme sequences as variables in the online optimization, and

as such q has an influence in the number of variables and constraints. More precisely

the dimensions of the problem of SPTMPC and PTMPC scale with the same order

as a function of n, since both have terms qn. However, the rate with which they do it

will depend on mainly on N . As shown by simulation results, for small N SPTMPC

has a larger problem size, and will grow faster than PTMPC as n increases. On the

other hand, for larger N , the N2 terms in PTMPC start to dominate, and then the

problem sizes of PTMPC will grow faster than in SPTMPC as n increases.

The results show that, in general, OPTMPC can be faster than SPTMPC, so

then larger prediction horizons can be used for OPTMPC which may allow one to

obtain larger domains of attraction than what could be obtained with SPTMPC.

However, the conservativeness imposed by the offline design in OPTMPC means that
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the domains of attraction may be too small, in which case SPTMPC may be more

convenient.

The presented examples show that there is no a priori way to indicate preference

for OPTMPC, SPTMPC or PTMPC in terms of both domain of attraction and speed

of the online optimization: none of these methods will consistently provide larger

domains of attraction with faster online optimizations.

Two variations of the strategy have been proposed. SPTMPC1 is guaranteed to

converge to the minimal invariant set under u = Kx, but does so at the expense

of additional constraints and variables, thus reducing the domain of attraction and

making the online optimization slower. On the other hand, SPTMPC2 does not use

the terminal constraint of (4.34), has a different cost and has fewer variables. Then

it allows one to obtain larger domains of attraction and faster online optimizations,

but it comes at the cost of a weaker notion of stability, namely ISS.

The use of (4.34) is rather artificial, because it considers a terminal set which is

invariant for a fixed control law that is not the terminal control law of the predicted

policy, which is not fixed. On account of this, convergence to the control law asso-

ciated to that terminal set is proven. The possibility of obtaining strong notions of

stability (i.e. convergence to a set) without imposing that extra constraint, or in a

way that is more directly related to the structure of the control policy, is yet to be

explored and forms the subject of future research.

Finally, the fact that the terminal control law is not fixed and that it can provide

extra relaxation for the constraints throughout the infinite horizon, suggests that the

strategy could be applied to systems where there the state feedback u = Kx is not

necessarily feasible. This, also, forms a subject for future research.
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Dual-Mode Robust MPC with

optimized polytopic dynamics

Polytopic dynamics have been introduced into MPC predictions and have been op-

timized so as to maximise invariant ellipsoids for systems subject to multiplicative

uncertainty [19]. This work was recently extended to the case of mixed additive and

multiplicative uncertainty and provides a sufficient condition for the invariance of

the ellipsoids [34]. Additionally, under the assumption that the uncertainty is known

during a prediction horizon N , this extension was used as the terminal control law of

an overall robust MPC strategy that deployed an affine-in-the-disturbances control

policy in Mode 1. This assumption (of known uncertainty during the Mode 1 pre-

diction horizon) is needed to enable the handling of constraints in the overall MPC

strategy of [34]. The aim of this chapter is to remove this assumption by deploying

polytopic tubes to describe the evolution of the predicted trajectories and to estab-

lish the necessity and sufficiency of the relevant invariance conditions of the polytopic

dynamics.

The benefits of the strategy are illustrated by numerical simulations.
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5.1 Introduction

Robustness to uncertainty, in the form of additive disturbances or multiplicative un-

certainty due to imprecise knowledge of the system dynamics, is an important topic in

RMPC. Early contributions considering multiplicative uncertainty include [80] (which

considers gain mismatches) and [2] (which assumes a weighting sequence system de-

scription). The case of additive bounded disturbances was dealt through the use of

constraint tightening [36], affine-in-the-disturbances policies [58], [38] and tube MPC

[63], [75]. Recently [19] considered robustness to multiplicative polytopic uncertainty

and introduced polytopic prediction dynamics. The precise evolution of the predicted

dynamics was unknown but was generated by the interpolation of vertex dynamics,

each vertex corresponding to a vertex of the polytopic uncertainty. The introduced

dynamics were chosen so as to maximize the volume of an ellipsoid which is robustly

invariant under a given control law. Such ellipsoids can be used as terminal sets

and the maximization of their volume relaxes the relevant terminal constraint and

hence results in larger domains of attraction for the overall MPC strategy. However,

maximal invariant sets of linear systems subject to linear state and input constraints

can only be approximated conservatively by ellipsoids, whereas they can be described

with an arbitrary degree of accuracy by polytopes. The difficulty in ensuring con-

straint satisfaction is that, due to the uncertainty, the predicted states and control

inputs cannot be known exactly and defining exact regions for them leads to an ex-

ponential growth in computation. To avoid this [32] proposed the use of a variation

of Farkas’ Lemma [31], [39] in the construction of tubes whose cross-sections were

so defined as to contain the predicted states and control moves. The approach used

the dual-mode prediction paradigm where the predicted control moves in Mode 1

are given by optimizing the degrees of freedom of a predicted control policy given

by the closed-loop paradigm, whereas the control moves in Mode 2 are given by a
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predetermined terminal control law.

The aim here is to extend [19] to the case of both polytopic multiplicative and ad-

ditive uncertainty. Such an extension has already been undertaken in [34], under the

assumption that the disturbance lies in a unitary infinity-norm ball, which uses the

approach of [19] in conjunction with a disturbance feedback term in the control policy.

As in [19], the MPC strategy can be based directly on the control law resulting from

the optimized polytopic dynamics. Alternatively, [34] (Section IV) deploys this strat-

egy as a terminal control law in Mode 2 of an MPC strategy based on the dual-mode

prediction paradigm, with Mode 1 deploying an affine-in-the-disturbances control

policy [38]. This setting allows for multiplicative uncertainty in Mode 2, however to

handle constraints in Mode 1, [34] assumes that the multiplicative “uncertainty” is

known over Mode 1. Furthermore, on account of the use of the S-procedure and an

outer bounding of the disturbance set, the results (in terms of the definition of the

optimized polytopic dynamics and the definition of an upper bound on a minimax

cost) are claimed to be sufficient only.

The contributions of the strategy proposed in this chapter are that: (i) it shows

that the invariance conditions of [34], for the case when the disturbance lies in a uni-

tary infinity-norm ball, are both sufficient and necessary; (ii) it proposes necessary

and sufficient conditions for invariance for the case of a general polytopic disturbance

set; (iii) it develops an overall prediction dual-mode prediction based MPC strat-

egy for which the multiplicative uncertainty is not required to be known over the

prediction horizon.

The chapter is structured as follows. Section 5.2 gives the system description and

provides a background on the optimized polytopic dynamics for system with multi-

plicative uncertainty [19] and systems with additive and multiplicative uncertainty

[34]. The necessity and sufficiency of the conditions for invariance of the optimized

polytopic dynamics are provided in Section 5.3. Section 5.4 presents the overall MPC

149



Chapter 5. Robust MPC with optimized polytopic dynamics

strategy, with focus on constraint satisfaction, the cost function and the online imple-

mentation. Finally, Sections 5.5 and 5.6 present simulation results and conclusions.

5.2 System description and background on opti-

mized polytopic dynamics

Consider a linear, discrete-time system subject to multiplicative and additive uncer-

tainty

xt+1 = Atxt +Btut +Dtwt, (5.1)

where xt ∈ Rn, wt ⊆ Rnw , and ut ∈ Rnu are the state, disturbance and control

input at time t. The system matrices At ∈ Rn×n, Bt ∈ Rn×nu , Dt ∈ Rn×nw , and the

disturbances wt are unknown for all t, but are known to be contained in polytopic

sets such that

(At, Bt, Dt) ∈ Ξ = conv{(Ai, Bi, Di) : i = 1, . . . , νm}, (5.2a)

wt ∈W = conv{w̃j : j = 1, . . . , νa}, (5.2b)

where the νm vertices of the multiplicative uncertainty, (Ai, Bi, Di), and the νa vertices

of the additive uncertainty vertices, w̃j, are known. Throughout, the indices i and

j will identify the νm and νa vertices of the multiplicative and additive uncertainty,

respectively. The description of (5.2) implies that the uncertain matrices and the

disturbances satisfy

(At, Bt, Dt) =
νm∑
i=1

λi(Ai, Bi, Di),

wt =
νa∑
j=1

µjw̃j,

(5.3)

where the interpolation parameters λi, µj are unknown scalar interpolation parame-

ters that satisfy λi, µj ≥ 0,
∑νm

i=1 λi = 1,
∑νa

j=1 µj = 1.
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System (5.1) is subject to mixed state and input constraints

(xt, ut) ∈ Y, (5.4)

where Y is a polytopic set that contains the origin in its interior and is given by

Y = {(x, u) : Fx+Gu ≤ 1}, (5.5)

where F ∈ Rnc×n and G ∈ Rnc×nu .

Recall from Section 2.2.3.3 the case where w = 0, for which [19] maximizes the

volume of ellipsoidal invariant sets through the use of a polytopic control policy that

uses a controller state v ∈ Rnv , such that the predicted inputs and the dynamics of v

are given by

ut+k|t = Kxt+k|t + Lvt+k|t, k = 0, 1, 2, . . . (5.6a)

vt+k+1|t =
νm∑
i=1

λiMivt+k|t, k = 0, 1, 2, . . . (5.6b)

where the λi are the same as in (5.3). It is noted knowledge of the λi is not needed.

As will be seen later, only the knowledge of the evolution associated with the vertices

is needed to guarantee feasibility of the predictions (via invariant sets). Also, only

the first predicted input is applied to the system, and this does not depend on the

interpolation parameters.

By a process of lifting in which the system and controller states form an augmented

state z ∈ Rnz , nz = n+ nv, the prediction dynamics can be written as follows

zt|t =

 xt
vt|t

 ,
zt+k+1|t = Ψt+kzt+k|t, k = 0, 1, 2, . . . ,

(5.7)
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where Ψt+k ∈ conv{Ψi : i = 1, . . . , νm}, and

Ψi =

Φi BL

0 Mi

 , and Φi = Ai +BiK, i = 1, . . . , νm. (5.8)

According to (5.7) the predicted inputs of (5.6a) are given by

ut+k|t = [K L]zt+k|t, k = 0, 1, 2, . . . . (5.9)

K is assumed to be optimal in some sense (e.g. LQR for the nominal system),

and then L and Mi are designed to optimize the polytopic dynamics of (5.7).

Robust invariance of an ellipsoid Ez = {z : zTPz ≤ 1} where P ∈ Rnz×nz , for

the dynamics of (5.7) is equivalent to

P −ΨT
i PΨi � 0, i = 1, . . . , νm, (5.10)

while feasibility of the states inside the ellipsoid for the constraints of (5.4) is equiv-

alent to Z
[
F +GK GL

]
∗ P

 � 0, Zp,p ≤ 1, p = 1, . . . , nc, (5.11)

where the symmetric matrix Z ∈ Rnc×nc is a free variable with elements Zp,q, p, q =

1, . . . , nc, and * denotes symmetric blocks.

To maximize the volume of the projection, Ex, of Ez onto the x-subspace one

needs to maximize log det (TP−1T T ) over P, L, Mi subject to (5.10) and (5.11),

where T is the transformation for which x = Tz for all z. This optimization is non-

convex because (5.10) is a BMI in P,Mi, L, however, as shown in [19] the problem

can be convexified through the use of a transformation proposed in [83].

It is shown in [19] that the maximum volume Ex can be achieved by taking any
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value of nv such that nv ≥ n, and it has the same volume as the largest invariant

ellipsoid that can be obtained under any linear state feedback.

The online optimization aims at minimizing the worst case cost (min-max prob-

lem) of J =
∑∞

i=0 x
T
t+k|tQxt+k|t + uTt+k|tRut+k|t. Since the exact evaluation of that

cost would require one to evaluate a number of trajectories that grows exponentially

with N (all the trajectories associated with the vertices of Ξ), this is actually per-

formed by minimizing over vt|t a quadratic upper bound of the minimax cost, given

by J(xt, vt|t) = xTt Wxxt + vTt|tWvvt|t, subject to an LMI that is equivalent to zt|t ∈ Ez.

Then only the first predicted input, ut|t = Kxt +Lvt|t is actually applied to the plant

according to the receding horizon strategy. The use of zt|t ∈ Ez guarantees recur-

sive feasibility of the optimization problem and satisfaction of the system constraints,

while the cost possesses a decrease property that allows one to prove asymptotic

stability of the controlled system.

The extension of this approach to the case of both additive and multiplicative

uncertainty (i.e. when wt 6= 0) is straightforward. Thus [34], for the special case of

W = {w : ||w||∞ ≤ 1}, employs (5.6) endowed with disturbance feedback so that the

predicted inputs and dynamics of the controller state are given by

ut+k|t = Kxt+k|t + Lvt+k|t, k = 0, 1, 2, . . . (5.12a)

vt+k+1|t =
νm∑
i=1

λi(Mivt+k|t + Siwt+k), k = 0, 1, 2, . . . (5.12b)

according to which the dynamics of the augmented state z become

zt|t =

 xt
vt|t


zt+k+1|t = Ψt+kzt+k|t + D̃t+kwt+k, k = 0, 1, 2, . . .

(5.13)

where (Ψt+k, D̃t+k) = conv{(Ψi, D̃i) : i = 1, . . . , νm} with D̃i =
[
DT
i S

T
i

]T
, and
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wt+k ∈W. From (5.13) the predicted inputs of (5.12a) are also given by (5.9).

In this case L, Mi and Si are designed to optimize the polytopic dynamics of (5.7).

Additive uncertainty precludes the use of invariance conditions (5.10). Instead,

in order to find conditions for invariance and feasibility of the ellipsoid Ez = {z :

zTP−1z ≤ 1}, [34] defines the set W̄ = {w : wTRiw ≤ tr(Ri), i = 1, . . . , νm}

that overbounds the admissible disturbance set of W, where Ri is a diagonal matrix

with non-negative elements, and uses the S-procedure to ensure that the conditions

zt+k|tP
−1zt+k|t ≤ 1 and wTt+kRiwt+k ≤ tr(Ri) imply that zt+k+1|tP

−1zt+k+1|t ≤ 1. This

leads to the sufficient condition
P ΨiP D̃i

∗ αiP 0

∗ ∗ Ri

 � 0, tr{Ri} ≤ 1− αi, i = 1, . . . , νm, (5.14)

while feasibility of the states inside the ellipsoid Ez = {z : zTP−1z ≤ 1} is guaranteed

by Z
[
F +GK GL

]
P

∗ P

 � 0, Zp,p ≤ 1, p = 1, . . . , nc (5.15)

where the symmetric matrix Z ∈ Rnc×nc is a free variable with elements Zp,q, p, q =

1, . . . , nc, and * denotes symmetric blocks.

From here on, the procedure of [34] parallels that of [19] in that the same convex-

ification technique of [83] is applied to maximize the volume of the invariant ellipsoid

Ex under the dynamics of (5.12) and (5.13) by maximizing log det (TPT T ) over

P,Mi, L subject to (5.14) and (5.15). The result of the convexification procedure,

however, is still bilinear due to the presence of αi. It is then proposed to replace the

αi by a single α which, at the cost of some conservativeness, provides BMIs that are

much simpler than those of (5.14) and (5.15) and yields a bilinear problem that can

be solved either with available BMI solvers, or an ad-hoc iterative approach that uses
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the special structure of the problem and solves a sequence of LMIs.

The online problem must consider a cost function different to that of [19] because

the additive uncertainty makes it infinite. Two alternatives are then considered:

an H∞ type of predicted cost or a nominal cost. For relaxing the constraints and

avoiding the use of LMIs in the online optimization, a polytope Pz that is robustly

invariant for the dynamics of (5.13) and constraints (5.4) is considered instead of the

ellipsoid Ez. A first alternative for the online algorithm is similar to that in [19],

where the predicted cost function is minimized over vt|t subject to zt|t ∈ Pz. A second

alternative, which can be used when the future uncertainty during Mode 1 is known,

consists of using the dual-mode prediction paradigm such that the predicted control

law of (5.12) is used as a terminal control law, while an affine-in-the-disturbances

policy is used in Mode 1. In both alternatives, the type of stability obtained depends

on the cost used. When using an H∞ type of predicted cost, the stability result is

presented in the form of an `2-bound of the closed-loop performance of the controlled

system. When using a nominal cost, on the other hand, the stability will be of the

ISS type.

5.3 Necessity and sufficiency conditions for the op-

timized polytopic dynamics

On account of the use of the S-procedure and the bounding of W via wTRiw ≤ tr(Ri),

i = 1, . . . , νm, condition (5.14) is stated as being sufficient only. In addition, the

bilinear dependence of (5.14) on P and αi, leads to intractable computation and [34],

at some extra conservatism, replaces the αi by a single α which can be optimized by

a simpler bilinear problem. This section introduces a necessary a sufficient condition

for the robust invariance of an ellipsoidal set. This condition has a single α and is

valid for the more general description of the disturbances of (5.2b). It is then shown

that for the special case of W = {w : ||w||∞ ≤ 1} of [34] the conditions of [34] are
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both necessary and sufficient.

Theorem 5.1. The ellipsoid Ez = {z : zTP−1z ≤ 1}, with P � 0, is robustly

positively invariant for the dynamics of (5.12) and (5.13) if, and only if there exists

a non-negative scalar α such that:


P ΨiP D̃iw̃j

∗ αP 0

∗ ∗ 1− α

 � 0,
i = 1, . . . , νm,

j = 1, . . . , νa.
(5.16)

Proof. It is first proved that, according to the S-procedure, Ez is invariant for the

dynamics of (5.12) and (5.13) if and only if there exists α > 0 such that

1− [zTΨT
i + w̃Tj D̃

T
i ]P−1[Ψiz + D̃iw̃j] ≥ α(1− zTP−1z), i = 1, . . . , νm, j = 1, . . . , νa.

(5.17)

This condition implies invariance since if 1−zTP−1z ≥ 0, i.e. z ∈ Ez, then 1−[zTΨT
i +

w̃Tj D̃
T
i ]P−1[Ψiz + D̃iw̃j] ≥ 0 for i = 1, . . . , νm, j = 1, . . . , νa, which implies that

1− [zTΨT +wT D̃T ]P−1[Ψz + D̃w] ≥ 0, i.e. z+ ∈ Ez, for all (Ψ, D̃) = conv{(Ψi, D̃i) :

i = 1, . . . , νm} and w ∈W.

Invariance of Ez implies that if z ∈ Ez, then z+ ∈ Ez for all possible realizations of

the uncertainty, and particularly for all the extreme realizations. Thus if 1−zTP−1z ≥

0, then 1 − [zTΨT
i + w̃Tj D̃

T
i ]P−1[Ψiz + D̃iw̃j] ≥ 0, for i = 1, . . . , νm, j = 1, . . . , νa.

Then, for each combination of (i, j), 1− zTP−1z ≥ 0 implies a single inequality, and

according to the S-procedure applied to only two inequalities

1− [zTΨT
i + w̃Tj D̃

T
i ]P−1[Ψiz + D̃iw̃j] ≥ αi,j(1− zTP−1z) (5.18)

is a necessary condition for each i = 1, . . . , νm, j = 1, . . . , νa. Replacing αi,j by their

minimum value, α, yields that (5.17) is a necessary condition for the invariance of
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Ez.

It will be proved now that (5.17) is equivalent to (5.16), and thus (5.16) is equiv-

alent to the invariance of Ez. Condition (5.17) can be re-written as

z
1


T αP−1 −ΨT

i P
−1Ψi −ΨT

i P
−1D̃iw̃j

∗ 1− α− w̃Tj D̃T
i P
−1D̃iw̃j


z

1

 ≥ 0,
i = 1, . . . , νm,

j = 1, . . . , νa,

(5.19)

which implies that

αP−1 −ΨT
i P
−1Ψi −ΨT

i P
−1D̃iw̃j

∗ 1− α− w̃Tj D̃T
i P
−1D̃iw̃j

 � 0,
i = 1, . . . , νm,

j = 1, . . . , νa.
(5.20)

In turn, (5.20) can be re-written as

αP−1 0

0 1− α

−
 ΨT

i

w̃Tj D̃
T
i

P−1

[
Ψi D̃iw̃j

]
� 0,

i = 1, . . . , νm,

j = 1, . . . , νa,
(5.21)

which by Schur complementation, provided that P−1 � 0, is equivalent to


P Ψi D̃iw̃j

∗ αP−1 0

∗ ∗ 1− α

 � 0,
i = 1, . . . , νm,

j = 1, . . . , νa.
(5.22)

Finally, (5.16) is obtained by left and right multiplying (5.22) by a block diagonal

symmetric matrix whose diagonal blocks are I, P and 1, thus proving the desired

result.

Theorem 5.1 exploits the polytopic nature of w and avoids the bounding via

wTRiw ≤ tr(Ri), i = 1, . . . , νm, of [34] which introduces an extra inequality for

each i, thereby leading to sufficient only conditions. Below it is proved that for
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W = {w : ||w||∞ ≤ 1} the condition of [34], (5.14), with a single α parameter, is

necessary and sufficient for invariance.

Corollary 5.2. For W = {w : ‖w‖∞ ≤ 1}, the ellipsoid Ez = {z : zTP−1z ≤ 1},

with P � 0, is robustly positively invariant under (5.12) and (5.13) if, and only

if there exist diagonal matrices Ri, i = 1, . . . , νm with non-negative elements and a

non-negative scalar α such that


P ΨiP D̃i

∗ αP 0

∗ ∗ Ri

 � 0, tr(Ri) ≤ 1− α, i = 1, . . . , νm (5.23)

Proof. From the proof of Theorem 5.1 it follows that the invariance of Ez, if αP−1−

ΨT
i P
−1Ψi � 0, is equivalent to

αP−1 −ΨT
i P
−1Ψi −ΨT

i P
−1D̃iw̃j

∗ 1− α− w̃Tj D̃i
T
P−1D̃iw̃j

 � 0, i = 1, . . . , νm, j = 1, . . . , νa

(5.24)

which, by Schur complements, is equivalent to

w̃Tj R̃iw̃j ≤ 1− α, i = 1, . . . , νm, j = 1, . . . , νa (5.25)

R̃i = D̃T (P−1 + P−1Ψi[αP
−1 −ΨT

i P
−1Ψi]

−1ΨT
i P
−1)D̃, i = 1, . . . , νm (5.26)

The treatment when αP−1−ΨT
i P
−1Ψi � 0 is similar but deploys a Schur complemeta-

tion (e.g. see [13]) that is based on the generalized Moore-Penrose inverse.

Since the elements of w̃j are ±1 it follows that the sum of the absolute values of

the elements of R̃i is less than 1−α and so there exist non-negative diagonal matrices
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Ri such that

[Ri]p,p ≥
nw∑
q=1

∣∣∣[R̃i]p,q

∣∣∣ , i = 1, . . . , νm, p = 1, . . . , nw (5.27)

w̃Tj Riw̃j ≤ 1− α, i = 1, . . . , νm, j = 1, . . . , νa, (5.28)

where [(·)]p,q denotes the element of (·). By (5.27) Ri − R̃i is diagonally dominant so

then its eigenvalues are non-negative, thus Ri � R̃i. This, with αP−1−ΨT
i P
−1Ψi � 0,

implies that

Ri −D̃i
T
P−1Ψi

∗ αP−1 −ΨT
i P
−1Ψi

 � 0, i = 1, . . . , νm, j = 1, . . . , νa (5.29)

However (5.28) implies that tr(Ri) ≤ 1− α and (5.29) can be shown (by appropriate

Schur complements) to be equivalent to the LMI in (5.23), so that the invariance of

Ez implies (5.23).

The converse is also true because (5.23) implies Ri � R̃i and w ∈ {w : wTRiw ≤

1 − α, i = 1, . . . , νa}. However, because tr(Ri) ≤ 1 − α, {w : wTRiw ≤ 1, i =

1, . . . , νm} is a set that contains the polytope {w : ‖w‖∞ ≤ 1}. It therefore follows

that (5.25) will be satisfied, which is equivalent to (5.24) (for αP−1−ΨT
i P
−1Ψi � 0),

which by Theorem 5.1 is equivalent to invariance of Ez .

P,L,Mi, Si, are chosen to maximize log det (T TPT ) subject to (5.15) and either

of (5.16) or (5.23). When using (5.16) instead of (5.23) one does not need the degrees

of freedom contained in Ri, but (5.16) implies νa BMIs for each i, i = 1, . . . , νm. It

is noted that (5.16) allows the consideration of the polytopic class for w of (5.2b)

whereas (5.23) addresses the special case of W = {w : ‖w‖∞ ≤ 1}.

As in Section 5.2, this optimization is non-convex because (5.16) and (5.23) are

BMIs in P,L,Mi, Si for a fixed α. However, it was shown in [19] that the problem can
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be convexified through the use of a transformation based on that proposed in [83]. The

details of such transformation for (5.15) and (5.16) and the resulting optimization that

is used for finding the parameters of the optimized polytopic dynamics are provided

in the appendix to this chapter (Appendix A).

5.4 The online robust MPC strategy

The MPC strategy of [34] has two possible settings. The first uses the optimized

dynamics of [19] extended with static disturbance feedback and optimizes online a

predicted cost over vt|t such that zt|t ∈ Pz. The second uses the dual-mode prediction

paradigm where the optimized dynamics are deployed in Mode 2 and an affine-in-

the-disturbances control policy [38] is used in Mode 1. To handle constraints in

Mode 1, [34] assumes that the multiplicative uncertainty is known as a function of

time over Mode 1. The MPC scheme proposed in this chapter is also based on the

dual-mode prediction paradigm but does not require knowledge of the multiplicative

uncertainty over Mode 1. It uses the optimized polytopic dynamics throughout the

infinite prediction horizon, and adds degrees of freedom in the form of perturbations

on the control moves in Mode 1. Constraints are handled for the case when both the

multiplicative and additive uncertainty are unknown through the use of a variation of

Farkas’ Lemma [31], [39] which enables the definition of tubes for the predictions. An

H∞ type of cost is also considered, and the conditions invoked for the definition of

an upper bound on the predicted cost are shown to be both necessary and sufficient.

5.4.1 The control policy and constraints

The MPC strategy developed here considers a control policy with predicted inputs

as in (5.12a), with nv = n, but additional degrees of freedom are included in Mode 1

in the form of perturbations ct+k|t, k = 0, . . . , N − 1. The predicted inputs are then
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given by

ut+k|t = Kxt+k|t + Lvt+k|t + ct+k|t, k = 0, . . . N − 1, (5.30a)

ut+k|t = Kxt+k|t + Lvt+k|t, k ≥ N, (5.30b)

where the controller state vt+k|t evolves as in (5.12b).

Although the design described in the previous section yields invariant ellipsoids

with maximum volume, in which case the additional ct+k|t do not bring benefits in

terms of domain of attraction, here consideration is given to polyhedral constraints,

in which case the additional ct+k|t do bring benefits.

To account for constraints without introducing conservativeness, one must deter-

mine the regions where the predicted states and inputs will lie. Finding the exact

regions however would lead to an exponential growth in computation. A strategy for

the satisfaction of constraints while avoiding this problem was considered in [32] for

systems with multiplicative uncertainty only. An extension of the technique of [32] is

deployed here for the case of multiplicative and additive uncertainty in the presence

of optimized polytopic controller dynamics.

An alternative (equivalent) description of the multiplicative uncertainty is con-

sidered. Let Ψ(0), B̃(0), D̃(0) be the nominal values of Ψt+k, B̃t+k, D̃t+k, where

B̃t+k = [BT
t+k, 0]T , and let ∆Ψ

i = Ψi − Ψ(0), ∆B̃
i = B̃i − B̃(0), ∆D̃

i = D̃i − D̃(0). Then

the uncertain system matrices Ψt+k, B̃t+k, D̃t+k of the dynamics of (5.13) satisfy:

Ψt+k = Ψ(0) + ∆Ψ
t+k, B̃t+k = B̃(0) + ∆B̃

t+k, D̃t+k = D̃(0) + ∆D̃
t+k,

(∆Ψ
t+k,∆

B̃
t+k,∆

D̃
t+k) ∈ conv{(∆Ψ

i ,∆
B̃
i ,∆

D̃
i ) : i = 1, . . . , νm}.

(5.31)

The dynamics of (5.13) are suitably modified to include the perturbations ct+k|t,

and are split into “certain” and “uncertain” dynamics as:
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χt|t + et|t =

 xt
vt|t

 , (5.32a)

χt+k+1|t = Ψ(0)χt+k|t + B̃(0)ct+k|t, k = 0, . . . , N − 1,

(5.32b)

χt+k+1|t = Ψ(0)χt+k|t, k ≥ N, (5.32c)

et+k+1|t = Ψt+ket+k|t + ∆Ψ
t+kχt+k|t + ∆B̃

t+kct+k|t + D̃t+kwt+k, k = 0, . . . , N − 1,

(5.32d)

et+k+1|t = Ψt+ket+k|t + ∆Ψ
t+kχt+k|t + D̃t+kwt+k, k ≥ N, (5.32e)

where χt+k|t and et+k|t are the certain and uncertain components of the predictions,

respectively. Thus the predicted state and controller state are χt+k|t + et+k|t =

[xTt+k|t, v
T
t+k|t]

T , and the predicted inputs of (5.30) are given by

ut+k|t = [K L](χt+k|t + et+k|t) + ct+k|t, k = 0, . . . , N − 1, (5.33a)

ut+k|t = [K L](χt+k|t + et+k|t), k ≥ N. (5.33b)

Using 1-step-ahead calculations it is possible to find a tube for the augmented state

of (5.32) that makes the predictions for the “uncertain” et+k|t all lie inside polytopic

cross-sections of the type

Π(βt+k|t) = {e : V e ≤ βt+k|t}, (5.34)

where V ∈ RnV ×2n, provided that the initial uncertain state satisfies et|t ∈ Π(βt|t).

This constraint can be expressed as

V et|t ≤ βt|t. (5.35)

162



Chapter 5. Robust MPC with optimized polytopic dynamics

Then, only the initial uncertain state et|t, and the sequences of χt+k|t, βt+k|t and

ct+k|t are variables in the online optimization problem.

The following variation of Farkas’ Lemma [31], [39] is key for the analysis to be

presented.

Lemma 5.3. Given two polytopic sets P1 = {x : F 1x ≤ g1} and P2 = {x : F 2x ≤

g2}, the inclusion P1 ⊆ P2 holds if, and only if there exists a nonnegative matrix H

such that

HF 1 = F 2,

Hg1 ≤ g2.

(5.36)

Theorem 5.4. If et+k|t ∈ Π(βt+k|t), then et+k+1|t ∈ Π(βt+k+1|t), k = 0, . . . , N − 1, if

there exist non-negative matrices Hi,j, i = 1, . . . , νm, j = 1, . . . , νa such that

Hi,jV = V (Ψ(0) + ∆Ψ
i ), i = 1, . . . , νm, j = 1, . . . , νa, (5.37)

Hi,jβt+k|t ≤ βt+k+1|t − V
(

∆Ψ
i χt+k|t + ∆B̃

i ct+k|t

)
− V D̃iw̃j, k = 0, . . . , N − 1,

i = 1, . . . , νm, j = 1, . . . , νa.

(5.38)

Proof. This follows directly from applying Lemma 5.3 to the polytopes Π(βt+k|t) =

{e : V e ≤ βt+k|t} and {e : V (Ψie + B̃ict+k|t + D̃iw̃j) ≤ βt+k+1|t}, for i = 1, . . . , νm,

j = 1, . . . , νa.

Using Theorem 5.4 it is possible to constrain the initial condition, vt|t, and the

degrees of freedom ct+k|t so that the cross-sections Π(βt+k|t) are such that Fxt+k|t +

Gut+k|t ≤ 1 for k = 0, . . . , N − 1.

Corollary 5.5. If et+k|t ∈ Π(βt+k|t)for k = 0, . . . , N − 1, the predictions of (5.32)

satisfy constraints (5.4) if there exists a non-negative matrix H such that

HV = [F +GK GL], (5.39)
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Hβt+k|t ≤ 1− [F +GK GL]χt+k|t −Gct+k|t, k = 0, . . . , N − 1. (5.40)

Proof. This corollary follows from a direct application of Lemma 5.3 for the polytopes

Π(βt+k|t) = {e : V e ≤ βt+k|t} and {e : F (χt+k|t+e)+G([K L]χt+k|t+e+ct+k|t) ≤ 1},

where F (χt+k|t + et+k|t) +G([K L]χt+k|t + et+k|t + ct+k|t) ≤ 1 is the condition that is

required for the satisfaction of constraints (5.4).

As usual in MPC, consideration is given to the dual-mode prediction paradigm

whereby a terminal set is used in order to guarantee satisfaction of the constraints in

Mode 2. Instead of the invariant ellipsoid Ez, the polytopic set

Πf = {z : Vfz ≤ 1}, (5.41)

is considered, where Πf is the maximal robust positively invariant set [12] of the

dynamics of (5.13) subject to constraint (5.4). This guarantees that the predictions

satisfy constraints in Mode 2.

Using Theorem 5.4, as in Corollary 5.5, it is possible to constrain the initial

condition, vt|t, and the degrees of freedom ct+k|t so that the cross-section Π(βt+N |t) is

such that χt+N |t ⊕ Π(βt+N |t) ⊆ Πf .

Corollary 5.6. For et+N |t ∈ Π(βt+N |t) the predictions of (5.32) satisfy constraints

χt+k|t + et+k|t ∈ Πf if there exists a non-negative matrix Hf such that

HfV = Vf , (5.42)

Hfβt+k|t ≤ 1− Vfχt+N |t. (5.43)

Remark 5.7. The conditions of Theorem 5.4, Corollary 5.5 and Corollary 5.6 would

be necessary as well as sufficient if H,Hi,j, Hf were computed online and were per-

mitted to be different for each prediction instant (since, in order to be necessary
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conditions, they would have to depend on χt+k|t and ct+k|t). However, for reasons of

practical implementation V,H,Hf , Hi,j are computed offline. In the interest of re-

laxing the constraints on the degrees of freedom (i.e. (5.38), (5.40) and (5.43)) a

sensible way to choose H,Hf , Hi,j is to minimize their induced l∞ norm subject to

(5.37), (5.39) and (5.42), respectively. In this selection Hi,j does not depend on w̃j

and thus, in the sequel Hi,j will be replaced by Hi. Then, for all practical purposes,

(5.38) can be replaced by

Hiβt+k|t ≤ βt+k+1|t − V
(

∆Ψ
i χt+k|t + ∆B̃

i ct+k|t

)
− di, k = 0, . . . , N − 1,

i = 1, . . . , νm.

(5.44)

Here di = [di,1, . . . , di,nV
]T , where di,p = maxj=1,...,νa VpD̃iw̃j ∈ RnV for i = 1, . . . , νm

and p = 1, . . . , nV .

The offline computation of Hi, H, Hf , and V matrices does not take explicit

account of the initial condition xt and therefore will result in a certain degree of

conservativeness. This implies that the terminal condition (5.43) is only sufficient

but not necessary for zt+N |t ∈ Πf . Thus, although the satisfaction of (5.43) ensures

zt+N |t ∈ Πf which in turn implies zt+N+1|t ∈ Πf , it does not necessarily ensure

Hfβt+N+1|t ≤ 1−Vfχt+N+1|t. As a result condition (5.43) is not necessarily invariant,

and therefore an MPC strategy using only that constraint as a terminal condition

would not necessarily be recursively feasible.

Some approaches have been proposed to overcome this problem [27], [33]. Here,

consideration will be given to the one presented in [33]. This approach was presented

for systems with multiplicative uncertainty only, and here it is extended to systems

with additive uncertainty as well. Following the ideas of [35], instead of a terminal

invariant set for both χt+k|t and βt+k|t, the constraints are enforced explicitly in Mode

2 with (5.38) and (5.40) for k = N, . . . , N + N2 − 1, where ct+k|t = 0 and N2 is such
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that, with some additional terminal conditions, (5.4) is guaranteed to be satisfied from

the prediction instant N +N2 onwards. This is summarized in the next theorem.

Theorem 5.8. The predictions of (5.32) satisfy constraints (5.4) for k ≥ N if

Hiβt+k|t ≤ βt+k+1|t − V∆Ψ
i (Ψ(0))k−Nχt+N |t − di, i = 1, . . . , νm,

k = N, . . . , N +N2 − 1,

(5.45)

Hβt+k|t ≤ 1− [F +GK,GK](Ψ(0))k−Nχt+N |t, k = N, . . . , N +N2 − 1, (5.46)

χt+N |t ∈ Πf , (5.47)

||βt+N+N2|t − β∞||∞ ≤ δ, (5.48)

where β∞ = limk→∞ βk such that βk satisfies the dynamics

βk+1 = max
i=1,...,νm

{Hiβk + di}, (5.49)

and N2 ≥ 0 is large enough such that δ > 0 satisfies

δ ≥ a

1− h
, (5.50)

δ ≤ 1− ||b||∞
||H||∞

, (5.51)

where a = ||maxi=1,...,νm,χ∈(Ψ(0))N2Πf
{(Hi−I)β∞+V∆Ψ

i χ+di}||∞, h = maxi ||Hi||∞ <

1 and b = maxχ∈(Ψ(0))N2Πf
{Hβ∞ + [F +GK,GL]χ} 1.

Proof. The satisfaction of (5.4) for k = N, . . . , N +N2− 1 follows from (5.45), (5.46)

and the same analysis as in Corollary 5.5.

Condition (5.47) implies directly that χt+N+N2|t = (Ψ(0))N2χt+N |t ∈ (Ψ(0))N2Πf

and due to the invariance of Πf it implies that χt+N+N2+k|t = (Ψ(0))N2+kχt+N |t ∈
1max is applied row-wise everywhere in Theorem 5.8
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(Ψ(0))N2Πf for all k = 0, 1, . . .. Condition (5.48) on the other hand is not inherently

invariant, but (5.50) and the invariance of χt+N+N2+k|t ∈ (Ψ(0))N2Πf make it invariant,

as will be shown next. Note that (5.38) induces the following dynamics for βt+k|t

for k ≥ N : βt+k+1|t = maxi(Hiβt+k|t + V∆Ψ
i χt+k|t + di), from which βt+k+1|t − β∞ =

maxi((Hi−I)β∞+Hi(βt+k|t−β∞)+V∆Ψ
i χt+k|t+di). Considering the infinity norm and

applying the triangular inequality, this yields yields for k = 0, 1, . . . ||βt+N+N2+k+1|t−

β∞||∞ ≤ ||maxi((Hi− I)β∞+V∆Ψ
i χt+N+N2+k|t + di||+ ||Hi(βt+N+N2+k|t− β∞)||, and

since χt+N+N2+k|t = (Ψ(0))N2+kχt+N |t ∈ (Ψ(0))N2Πf for k = 0, 1, . . . it follows that

||βt+N+N2+k+1|t − β∞||∞ ≤ a + hδ, which by condition (5.50) gives ||βt+N+N2+k+1|t −

β∞||∞ ≤ a+hδ ≤ δ. This proves that if ||βt+N+N2|t−β∞||∞ ≤ δ then ||βt+N+N2+k|t−

β∞||∞ ≤ δ for all k = 0, 1, . . ..

Satisfaction of (5.51) and (5.48), by using its invariance, imply that for k =

0, 1, . . ., 1 ≥ ||H||∞δ+||b||∞ ≥ ||H||∞||βt+N+N2+k|t−β∞||∞+||b||∞ ≥ ||Hβt+N+N2+k|t−

Hβ∞||∞ + ||b||∞, which in conjunction with (5.47), and its invariance, imply 1 ≥

||Hβt+N+N2+k|t−Hβ∞||∞+ ||Hβ∞+[F +GK,GL]χi+N+N2+k|t||∞ ≥ ||Hβt+N+N2+k|t+

[F +GK,GL]χt+N+N2+k|t||∞. Thus Hβt+N+N2+k + [F +GK,GL]χt+N+N2+k|t ≤ 1 for

k = 0, 1, . . ., which as in Corollary 5.5 guarantees the satisfaction of (5.4) beyond

N +N2.

For computational convenience, N2 will be chosen as the minimal value such that

there exists δ so that (5.50) and (5.51) are satisfied. Then, for this value of N2, δ

is chosen to be the maximum value such that (5.50) and (5.51) are satisfied. Note

that these conditions do not depend on N , and as a result the design of N2 does not

depend on N .

5.4.1.1 On the design of H, Hi and V

As pointed out in Remark 5.7, H, Hi and V are to be designed offline (note that

Hf is not included here because constraints in Mode 2 will be ensured in a different
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way). In the case of H and Hi, they are designed to have a minimal induced l∞

norm subject to (5.37) and (5.39), respectively. For a fixed V , this can be achieved

by solving a sequence of LPs as shown next.

Algorithm 5.9. Design of H.

1. For l = 1, . . . , nc, solve the LP problem

minimize
hl

nV∑
m=1

hl,m

subject to hlV = F̃l, l = 1, . . . , nc,

hl,m ≥ 0, l = 1, . . . , nc, m = 1, . . . , nV ,

(5.52)

where hl = [hl,1, . . . , hl,nV
] ∈ R1×nV and F̃l denotes the l-th row of F̃ = [F +

GK,GL].

2. H is given by

H =


h1

...

hnc

 . (5.53)

Algorithm 5.10. Design of Hi.

1. For l = 1, . . . , nV , solve the LP problem

minimize
hl

nV∑
m=1

hl,m

subject to hlV = VlΨi, l = 1, . . . , nV ,

hl,m ≥ 0, l = 1, . . . , nV , m = 1, . . . , nV ,

(5.54)
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where hl = [hl,1, . . . , hl,nV
] ∈ R1×nV and Vl denotes the l-th row of V .

2. Hi is given by

Hi =


h1

...

hnV

 . (5.55)

In order to get some insight for the design of V note the following. A necessary

condition for the stability of the β dynamics is that all the eigenvalues of all Hi

are inside the unit circle. Furthermore, the smaller the eigenvalues, the tighter the

bounding of the uncertainty e, as per (5.34), will be. Additionally, from condition

(5.50) it is necessary that the induced l∞ norm of all Hi is less than 1, and, the

smaller this norm is, the more relaxed (5.50) will be. However, V and Hi are related

as shown next.

Theorem 5.11. If Hi is designed as in Algorithm 5.10, then it satisfies

||Hi||∞ = λ, (5.56a)

ρ(Hi) ≤ λ, (5.56b)

where ρ(·) denotes the spectral radius and λ is the minimum value such that V = {z :

V z ≤ 1} is a λ-contractive set for the system z+ = Ψz.

Proof. From [12] (Proposition 7.23) V is a λ-contractive set for system z+ = Ψz if

and only if there exists a matrix Mi ≥ 0 such that MiV = VΨi and Mi1 ≤ λ1. The

last condition is equivalent to ||Mi||∞ ≤ λ. But the design of Hi in Algorithm 5.10

gives a minimum infinity norm Hi such that the Hi ≥ 0 and HiV = VΨi. Then

clearly ||Hi||∞ = λ where λ is the minimum value such that V is λ-contractive.

(5.56b) follows from the fact that ρ(X) ≤ ||X||∞ for any square and real matrix

X.
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Remark 5.12. Based on Theorem 5.11 and on testing for different systems, it is

convenient to choose V as the matrix such that V is the maximal invariant set for

system z+ = (1/λ̄)Ψz, σ(Ψ) < λ̄ < 1 where σ denotes the joint spectral radius, under

the box constraints −1 ≤ z ≤ 1. This guarantees that the set {z : V z ≤ 1} is

λ-contractive for system z+ = Ψz, with λ ≤ λ̄ and then ||Hi||∞ = λ and ρ(Hi) ≤ λ.

Smaller values of λ make (5.34) tighter and (5.50) more relaxed, but the number of

facets in V (and therefore the number of variables in βk+l|k) will increase. λ̄ is then

chosen as a sensible compromise between the tightness of (5.34) and relaxation of

(5.50), and limiting the number of rows in V .

5.4.2 Cost function

Consideration is given to the worst-case H∞ type of cost

J(ξt|t) = max
(A,B,D,w)t+k

∞∑
k=0

(
xTt+k|tQxt+k|t + uTt+k|tRut+k|t − γ2wTt+kwt+k

)
, (5.57)

where Q,R � 0 and γ > 0.

For this strategy, the prediction dynamics are generated more compactly as

ξt|t =


xt

vt|t

ct

 ,
ξt+k+1|t = Θt+kξt+k|t + D̂t+kwt+k, k = 0, 1, 2, . . . ,

(5.58)

where

ct =


ct|t
...

ct+N−1|t

 , Θt+k ∈ conv{Θi},

D̂t+k ∈ conv{D̂i},
Θi =


Φi BiL BiE

0 Mi 0

0 0 M

 , D̂i =

D̃i

0

 ,
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and E ∈ Rnu×Nnu , M ∈ RNnu×Nnu are given by

E =

[
I 0 . . . 0

]
, M =



0 I 0 . . .

0 0
. . . 0

...
. . . I

0 · · · 0 0


where I ∈ Rnu×nu .

As in [19] and [34], since the exact evaluation of the cost (5.57) requires computa-

tion that grows exponentially with N , the online optimization is actually performed

by minimizing a quadratic upper bound.

Theorem 5.13. For a given γ > 0, the quadratic cost

V (ξt|t) = ξTt|tWξt|t (5.59)

is an upper bound of the predicted cost of (5.57) such that

J(ξt|t) ≤ ξTt|tWξt|t, (5.60)

where W = W T � 0, if, for all admissible (A,B,D)t+k and wt+k of (5.2), the

quadratic bound satisfies for k = 0, 1, 2, . . .

ξTt+k|tWξt+k|t− ξTt+k+1|tWξt+k+1|t ≥ xTt+k|tQxt+k|t +uTt+k|tRut+k|t− γ2wTt+kwt+k, (5.61)

Furthermore, under the assumption that 0 ∈ conv{w̃j, j = 1, . . . , νa}, (5.61) holds

if, and only if W satisfies

W 0

0 0

−
ΘT

i 0

D̂T
i I


W 0

0 0


Θi D̂i

0 I

 �
Q̃ 0

0 −γ2I

 , i = 1, . . . , νm (5.62)
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where I is the identity matrix in Rnw×nw and

Q̃ =


Q+KTRK KTRL KTRE

∗ LTRL LTRE

∗ ∗ ETRE


Proof. The cost bound of (5.60) follows from summing (5.61) for each prediction time

from current time to infinity.

Condition (5.61) can be rewritten as

ξTt+k|tWξt+k|t − (Ψt+kξt+k|t + D̂t+kwt+k)
TW (Ψt+kξt+k|t + D̂t+kwt+k) ≥

ξTt+k|tQ̃ξt+k|t − γ2wTt+kwt+k,

which is equivalent to

[
ξTt+k|t wTt+k

]W −ΘT
t+kWΘt+k − Q̃ −ΘT

t+kWD̂t+k

∗ γ2I − D̂T
t+kWD̂t+k


ξt+k|t
wt+k

 ≥ 0 (5.63)

for all admissible (At+k, Bt+k, Dt+k) and wt+k. Since 0 ∈ conv{w̃j : j = 1, . . . , νa}

this implies that the matrix in (5.63) is positive semi-definite, and by re-arranging

terms this is equivalent to

W 0

0 0

−
ΘT

t+k 0

D̂T
t+k I


W 0

0 0


Θt+k D̂t+k

0 I

 �
Q̃ 0

0 −γ2I

 ,
which, by convexity, is equivalent to (5.62) which invokes the above inequality at the

vertices of the admissible (A,B,D).

Remark 5.14. Condition (5.62) in Theorem 5.13 is necessary and sufficient for

(5.61), unlike the LMI of [34] which is reported to be only sufficient for (5.61). It

should be noted however that condition (5.62) is equivalent to the LMI in [34] (which
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can be proved by a procedure based on Schur complementation), and therefore the

condition in [34] is in fact both necessary and sufficient.

Remark 5.15. γ has the interpretation of a bound on the induced l2 norm from the

disturbance to an output given by y = [xTQ
1
2 uTR

1
2 ]T when (5.61) is satisfied, and

should be made as small as possible, e.g. by minimizing γ subject to (5.62). On the

other hand, in the interest of reducing the upper bound on the minimax cost in (5.60),

a convenient procedure is to minimize tr(W ) subject to (5.62). One could also attempt

to reduce this bound on the cost subject to γ being smaller than some upper bound.

A compromise then is needed here between the disturbance rejection parameter γ and

the tightness of the upper bound on the cost in (5.60). Note also that the minimum

attainable value of γ depends on the matrices of the optimized polytopic dynamics

Mi, Si, L and on the state feedback K. Therefore, in the case that the minimum value

of γ is not satisfactory, one could use the method of [34] which determines Mi, Si, L

along with γ, while constraining γ to be smaller than a given satisfactory upper bound.

Remark 5.16. W is positive definite because the top left block of (5.62) yields W −

ΘT
i WΘi � Q̃, where Q̃ is positive definite and Θ (and Θi) is stable. Since the cost of

(5.57) is always equal or greater than zero and the uppper bound is zero when initial

augmented state is ξ = 0, it is clear that the bound is tight at least for this case.

5.4.3 Overall MPC algorithm and properties

The offline designs in this RMPC strategy as described in Section 5.4.1 are summa-

rized in the next Algorithm.

Algorithm 5.17 (Offline). (i) Design the state feedback gain K to be optimal in

some sense (e.g. LQR for the nominal system description). (ii) Design L,Mi, Si, i =

1, . . . , νm by maximization of logdet(T TPT ) s.t. (5.15) and (5.16) via the reformu-

lated problem of (A5) as presented in Appendix A. (iii) Choose λ̄ and then set V to

be the maximal invariant set for system z+ = (1/λ̄)Ψz, σ(Ψ) < λ̄ < 1, under the
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box constraints −1 ≤ z ≤ 1. (iv) Compute H and Hi, i = 1, . . . , νm, according to

Algorithms 5.9 and 5.10, respectively. (v) Select the minimum N2 for which there

exists δ such that (5.50) and (5.51) are satisfied. Then, for that value of N2, select

the maximum value of δ such that (5.50) and (5.51) are satisfied. (vi) Compute W

as per Remark 5.15. (vii) Choose N .

The online stage of the RMPC strategy is analysed next.

The vector of decision variables in the online optimization, d, consists of et|t, the

sequences (in vectorized form) χt = {χt|t, . . . , χt+N |t} and βt = {βt|t, . . . , βt+N+N2|t},

and the vector ct. The set of admissible variables D(x) is given by

D(x) = {d : (5.32b),(5.35),(5.40),(5.44),(5.45),(5.46),(5.47),(5.48) hold}, (5.64)

and the domain of attraction is given by

X = {x : D(x) 6= ∅}. (5.65)

The online procedure consists of solving the optimal control problem P(xt) that

is defined by

V 0(xt) = min
d
V ([χTt|t, c

T
t ]T ), s.t. d ∈ D(xt), (5.66a)

d0(xt) = arg min
d
V ([χTt|t, c

T
t ]T ), s.t. d ∈ D(xt). (5.66b)

Then, the RMPC control law is given by

κ0(xt) = Kxt + Lv0
t|t(xt) + c0

t|t(xt), (5.67)

where v0
t|t(xt) = [0 I](e0

t|t(xt) + χ0
t|t(xt)) according to (5.32a), and e0

t|t(xt), χ
0
t|t(xt)

and c0
t|t(xt) are part of the optimal d0(xt). The control input at time t is then given
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by ut := κ0(xt).

The optimal control problem P(xt) can be formulated as the QP:

minimize
d

V ([xTt , v
T
t|t, c

T
t ]T )

subject to χt+k+1|t = Ψ(0)χt+k|t + B̃(0)ct+k|t, k = 0, . . . , N − 1,

V et|t ≤ βt|t,

ξt|t + et|t = [xTt , v
T
t|t]

T ,

Hiβt+k|t ≤ βt+k+1|t − V
(

∆Ψ
i χt+k|t + ∆B̃

i ct+k|t

)
− V D̃iwj,

k = 0, . . . , N − 1, i = 1, . . . , νm,

Hiβt+k|t ≤ βt+k+1|t − V∆Ψ
i (Ψ(0))k−Nχt+N |t − di,

k = N, . . . , N +N2 − 1, i = 1, . . . , νm,

Hβt+k|t ≤ 1− [F +GK,GL]χt+k|t −Gct+k|t, k = 0, . . . , N − 1,

Hβt+k|t ≤ 1− [F +GK,GL](Ψ(0))k−Nχt+N |t, k = N, . . . , N +N2 − 1,

Vfχt+N |t ≤ 1,

βt+N+N2|t − β∞ ≤ δ1,

β∞ − βt+N+N2|t ≤ δ1,

(5.68)

This is a QP with nvar = N(4n+nV +nu) +N2nV + 2n+nV variables subject to

nineq = N(2n+ νmnv + nc) +N2(νmnV + nc) + nf + 4nV inequalities, and neq = 2nN

equalities with nV and nf being the number of rows in V and Vf , respectively. Clearly

nvar and ncons = nineq + neq grow linearly with N .

Theorem 5.18. For system (5.1), the closed-loop application of the control law of

(5.67) guarantees feasibility of (5.4), that the optimal control problem of (5.66) is

recursively feasible and that X is invariant.

Proof. The candidate solution at time t+ 1, d̃, is built from the optimal solution at
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time t, d0(xt) according to the receding horizon strategy such that

ẽt+1|t+1 = Ψtet|t(xt) + ∆Ψ
t χ

0
t|t(xt) + D̃twt, (5.69a)

χ̃t+1+k|t+1 = χ0
t+k+1|t(xt), k = 0, . . . , N − 1, (5.69b)

χ̃t+1+N |t+1 = Ψ(0)χt+N |t(xt), (5.69c)

c̃t+1+k|t+1 = c0
t+k+1|t(xt), k = 0, . . . , N − 2, (5.69d)

c̃t+1+N |t+1 = 0, (5.69e)

β̃t+1+k|t+1 = β0
t+k+1|t(xt), k = 0, . . . , N +N2 − 1, (5.69f)

β̃t+1+N+N2|t+1 = max
i=1,...,νm

Hiβ
0
t+N+N2|t(xt) + V∆Ψ

i (Ψ(0))N2−1χk+Ñ |t + di. (5.69g)

This construction is such that d̃ satisfies (5.32b), (5.44) and (5.45). Additionally

from Theorem 5.4, the fact that d0(xt) satisfies (5.44) for k = 0 implies that et+1|t ∈

Π(β0
t+1|t(xt)), and by construction ẽt+1|t+1 ∈ Π(β0

t+1|t(xt)) so that d̃ satisfies (5.35).

As indicated in Theorem 5.8, conditions (5.47) and (5.48) are invariant provided

that (5.50) holds, and then if d0(xt) satisfies them it follows that χ̃t+1+N |t+1 =

Ψ(0)χ0
t+N |t(xt) ∈ Πf and ||βt+N+N2+1|t − β∞|| ≤ δ where βt+N+N2+1|t = β̃t+1+N+N2|t+1.

Thus d̃ satisfies (5.47) and (5.48).

By inspection d̃ satisfies (5.40) and (5.46) for k = N+1, . . . , N+N2−2. However,

since d0(xt) satisfies (5.47) and (5.48) it follows that d0(xt) satisfies (5.46) for k =

N +N2, and then d̃ satisfies (5.46) for k = N +N2 − 1.

Finally, d̃ is a feasible vector of decision variables for the optimal problem P(xt+1)

provided that P(xt) was feasible. Then, by a recursive argument, it can be established

that the problem of 5.66 will remain feasible for all future instants. Invariance of X

follows directly. Satisfaction of (4.3) follows from the satisfaction of (5.40) at each

instant and Corollary 5.5.

Theorem 5.19. For system (5.1), the closed-loop application of the control law of

(5.67) guarantees the upper bound for the closed-loop behaviour of system (5.1) given
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by
∞∑
t=0

(
xTt Qxt + uTt Rut − γ2wTt wt

)
≤ ξ0

0|0(x0)TWξ0
0|0(x0). (5.70)

Proof. The candidate solution at time t+1, d̃, that is built from the optimal solution

at time t, d0(xt) according to (5.69) is guaranteed to be feasible as shown in Theorem

5.18. Additionally, the predicted cost satisfies by construction

ξ0
t|t(xt)

TWξ0
t|t(xt)− ξ0

t+1|t+1(xt)
TWξ0

t+1|t+1(xt) ≥

(xTt Qxt + κ0(xt)
TRκ0(xt)− γ2wTt wt)

which, when summed from 0 to ∞, yields the desired result of (5.70).

The dependence of the domain of attraction X on the horizon N is studied next;

as in Chapter 4 this dependence is now made explicit by denoting the domain of

attraction as XN . Note that as stated in Section 5.4.1 Algorithm 5.17 the choice of

N2 depends directly on the system and the selections of V,H,Hi. Because of this, the

dependence on N2 is not studied.

Theorem 5.20. For fixed δ and N2 such that (5.50) and (5.51) are satisfied, the

domain of attraction of system (5.1) under the control law of (5.67) satisfies

XN ⊆ XN+1, N = 0, 1, . . . . (5.71)

Proof. If xt ∈ XN then there exist vt|t, et|t, χt, βt and ct such that (5.32b), (5.35),

(5.40), (5.44), (5.45), (5.46), (5.47) and (5.48) are satisfied. The satisfaction of these

constraints is now analysed for the case Ñ = N+1, where the sequences are extended

with χk+Ñ |t = Ψ(0)χt+N |t, βt+Ñ+N2|t = max
i=1,...,νm

Hiβt+N+N2|t + V∆Ψ
i (Ψ(0))N2χt+N |t + di

and ct+Ñ−1|t = 0.

Conditions (5.32b) and (5.35) are trivially satisfied. Satisfaction of (5.44) and

(5.45) when using N guarantees the satisfaction of (5.44) and of (5.45) for k =
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Ñ , . . . , Ñ+N2−1. However, as indicated in Theorem 5.8, conditions (5.47) and (5.48)

are invariant provided that (5.50) holds, so then they are satisfied for Ñ with χk+Ñ |t =

Ψ(0)χk+N |t and βt+Ñ+N2|t = maxi=1,...,νm Hiβt+Ñ2−1|t+V∆Ψ
i (Ψ(0))N2−1χk+Ñ |t+di, which

is such that (5.45) is satisfied for k = N +N2 = Ñ +N2 − 1.

Likewise, satisfaction of (5.40) and (5.46) when using N directly guarantees the

satisfaction, when using Ñ , of (5.40) and of (5.46) for k = Ñ , . . . , Ñ + N2 − 2.

However, satisfaction of (5.47) and (5.48) when using N , provided that (5.51) holds,

implies that (5.46) is satisfied for k = N +N2 = Ñ +N2− 1. As a result, the optimal

control problem P(x) is feasible when using Ñ = N+1, which yields XN ⊆ XN+1.

5.5 Simulation results

Consider the system defined by

A1 =

−1.751 −0.624

−1.432 0.474

 , A2 =

−1.549 −0.624

−1.432 0.474

 , B1 =

1.558

1.317

 , B2 =

1.790

1.593

 ,
with D1 = D2 = 0.1I2×2, and subject to the input constraint |ut| ≤ 1.

The following selections are made for performing the offline design of Algorithm

5.17. The state feedback gain K is chosen to be the LQ optimal for the nominal

system, given by the average of (A1, B1) and (A2, B2) and wt = 0 for all t, where

Q = I2×2 and R = 0.01 are used for this LQ design and the cost of (5.57). According

to Remark 5.15, γ is fixed at its minimum value for which (5.62) has a solution for W ,

and for this value of γ, then W is chosen to have minimum trace, subject to (5.62).

λ̄ = 0.89, and as a result V is such that V ∈ R26×4.

The domain of attraction of the proposed strategy is computed for different values

of N , and their areas A(XN) are displayed in Table 5.1.

It can be seen from Table 5.1 that larger domains of attraction can be obtained as

N increases and this comes at the cost of a linear increase in the number of variables
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N 0 1 2 3 4 5 6
Area 144.8 161.0 174.3 183.6 188.4 190.3 191.7
Vars 134 169 204 239 274 309 344
Ineqs 340 398 456 514 572 630 688
Eqs 0 4 8 12 16 20 24

Table 5.1: Domain of Attraction and computational aspects

and constraints in the online optimization problem.

It is worth noting that the projection on the x-space of Πf is the area of the

domain of attraction of the strategy where only the optimized polytopic dynamics

are used, with no additional degrees of freedom, and the constraints are guaranteed

by imposing that the augmented state is inside Πf (as in Section III of [34]). This

area is A(Projx(Πf )) = 161.5. Clearly A(X0) < A(Projx(Πf )), which is a consequence

of the fact that the strategy to guarantee the feasibility of the predictions is based on

Lemma 5.3 which introduces a degree of conservativeness. However, the introduction

of the degrees of freedom in ct improves the domain of attraction so as to make it

bigger than Projx(Πf ).

For N = 4, Figure 5.1a presents state space trajectories for 50 different realizations

of the uncertainty and Figure 5.1b presents the level of satisfaction of the constraints.

These show how the domain of attraction is an invariant set guaranteeing constraint

satisfaction despite the presence of multiplicative and additive uncertainty.

For comparison purposes, consider a strategy where the predicted control policy

is given by ut+k|t = Kxt+k|k + ct+k|t, for k = 0, . . . , N − 1 and ut+k|t = Kxt+k|k for

k ≥ N , and the constraints are satisfied by imposing that zt = [xTt , c
T
t ]T is inside the

maximal invariant set for the augmented dynamics of zt. The areas of the domains

of attraction obtained with this strategy, the number of variables and the number

of inequalities of this strategy (which has no equality constraints) are presented in

Table 5.2. It can be seen that the size of the domain of the domain of attraction

for any N ≤ 12 is less than what can be obtained with the optimized dynamics for

any N ≤ 6. Although N could be potentially increased over 12, with which one
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Figure 5.1: Closed-loop trajectories of (a) xt, (b) max(|Fxt + Gut|), for 50 random
realizations of the uncertainty

might obtain larger domains of attraction than with the optimized dynamics, the

exponential growth of the number of constraints makes this impractical.

N 0 2 4 6 8 10 12
Area 4.881 11.632 20.755 33.607 51.547 76.028 108.589
Vars 0 2 4 6 8 10 12
Ineqs 6 30 126 508 2020 7948 31260

Table 5.2: Domain of attraction and computational aspects for closed-loop paradigm

5.6 Conclusions

The approach of [19] for the optimization of prediction dynamics with the view to

maximizing the volume of invariant ellipsoids has been extended to the case of mixed

multiplicative and additive uncertainty. Like the approach presented in [34], this

extension deploys disturbance feedback but is shown to depend on conditions which

are both necessary and sufficient.

The optimized dynamics together with perturbations on the control laws over
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the first N prediction steps are used to propose an effective prediction dual-mode

prediction based RMPC algorithm which does not rely on the restrictive assumption

that the future model uncertainty is known when predictions are made. The size of

the resulting online optimization problem grows linearly with the prediction horizon,

and it thus is suitable for large prediction horizons.

The optimized polytopic dynamics yield the largest ellipsoidal invariant set and

the addition of new degrees of freedom could not therefore increase the size of the el-

lipsoidal invariant set. However, the optimized polytopic dynamics are not necessarily

optimal in terms of polytopic invariant sets. Hence the use of polytopic constraints

gives space for the introduction of extra degrees of freedom in the control policy which

are used to improve the domain of attraction.

The strategy for constraint satisfaction uses the matrix V which, as mentioned in

Remark 5.12, is selected to be the maximal invariant set for system z+ = (1/λ̄)Ψz,

σ(Ψ) < λ̄ < 1, under the box constraints −1 ≤ z ≤ 1. As discussed in that remark,

smaller λ̄makes the bounding of the uncertainty e, as per (5.34), tighter. Additionally,

smaller λ̄ make (5.50) more relaxed. The effect of smaller λ̄, however, is that V will

tend to have a greater number of rows and thus imply a greater number of constraints.

This is because the closer the eigenvalues of (1/λ̄)Ψ are to 1, the maximal invariant

set above will have more inequalities. Then, for systems where σ(Ψ) is relatively large

(i.e. close to 1) the eigenvalues of (1/λ̄)Ψ will be close to 1, and thus V will involve

many rows and thereby rendering the RMPC strategy computationally expensive. In

this sense, the complexity of the strategy does not only depend on the prediction

horizons N and N2, but also on the eigenvalues of the optimized polytopic dynamics.

This suggests two possible future research topics: that of finding alternatives for a

more convenient selection of V ; or one that reduces the number of inequalities in, or

finds alternative ways to impose, conditions (5.44), (5.40), (5.45) and (5.46) so that

the computational demand of the implementation of the RMPC strategy is not so
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sensitive on the size of V .

Appendix A

To convexify the problem of selecting the P that maximizes the volume of the invariant

ellipsoid, Ex, use is made of the parameterization

P =

 W U

UT Q

 , P−1 =

 Y V

VT S

 , Π =

 I Y

0 VT

 . (A1)

(5.16) is post- and pre-multiplied by a block diagonal matrix and its transpose,

whose diagonal blocks are Π,Π, 1, and (5.15) is post- and pre-multiplied by a block di-

agonal matrix and its traspose, whose diagonal blocks are I,Π. Such multiplications,

using thatWY+UVT = I and UTY+QVT = 0, which follow from PP−1 = P−1P = I,

yield the equivalent LMIs, for fixed α, in terms of new free variables



W I ΦiW +BiL̃ Φi Diw̃j

∗ Y Γi YΦi (YDi + S̃i)w̃j

∗ ∗ αW αI 0

∗ ∗ ∗ αY 0

∗ ∗ ∗ ∗ 1− α


� 0, (A2)


Z (F +GK)W +GL̃ F +GK

∗ W I

∗ ∗ Y

 � 0, (A3)

where the new free variables are defined by

L̃ = LUT , Γi = YΦiW + YBiLUT + VMiUT , S̃i = VSi (A4)

from which it is clear that the parameters S and Q play no direct role.
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Note that TPT T = W . Then, in order to find the maximum volume invariant

ellipsoid, one must solve the optimization problem

minimize
Y,W,Z,S̃,L̃,Γ,α

logdetW

subject to (A2) and (A3).

(A5)

Since α is a variable in the design of the polytopic dynamics the resulting conditions

are BMIs due to the bilinear terms αW and αY . One could solve the bilinear problem.

Instead, a different method is proposed here. A univariate search on α is performed,

where, on each iteration, an SDP is solved (which considers a fixed α), and stops

when no more progress is made (with respect to a given tolerance).

Once the problem is solved, one must find Mi, Si and L. Note that (A1) implies

W = (Y − VS−1VT )−1, U = −Y−1V(S − VTY−1V)−1,

Q = (S − VTY−1V)−1
(A6)

and of these the first equation implies

VS−1VT = Y −W−1 = RΛ2RT (A7)

withR,Λ defining the eigenvector/eigenvalue matrices of Y−W−1. The above implies

that

V = RΛS1/2, U = −Y−1RΛ(I − ΛRTY−1RΛ)−1S−1/2,

Q = S−1/2(I − ΛRTY−1RΛ)−1S1/2
(A8)

Since S � 0 can be chosen freely, it is convenient to set S = rI with r being chosen

so as to improve the conditioning of P . A sensible choice is the maximum singular

value of Y ; this would avoid disparities in the volume of the projections of Ez onto

x-space and v-space. Once S is chosen, V and U are given by (A8), and then Mi, Si

and L can be obtained from (A4).
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Chapter 6

Striped affine-in-the-disturbances

compensation in Stochastic MPC

Stochastic MPC (SMPC) is a family of techniques that incorporates the stochas-

tic descriptions of the uncertainties for handling probabilistic constraints and using

more realistic probabilistic measures of performance. Recent SMPC developments,

however, only consider quasi closed-loop optimal control formulations, which can be

conservative. A closed-loop optimal control scheme in an SMPC context is adopted

in this chapter. Use is made of an affine-in-the-disturbances control policy, which like

in Chapter 4, has a striped structure such that it is applied over the entire prediction

horizon (extending over to infinity) thereby leading to a significant constraint relax-

ation. Two variations of the SMPC strategy are proposed: one where the relevant

gains of the control policy are optimized offline using a sequential procedure, and an-

other where the parameters of the control policy are optimized online. The benefits

of both variations are illustrated with simulation examples.
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6.1 Introduction

Robust MPC (RMPC) is a family of MPC strategies that preserve stability and

performance, while guaranteeing constraint satisfaction, for all possible realizations

of bounded uncertainties. However, RMPC only takes into account the bounds of the

uncertainties, and not their probabilistic distribution. Thus the optimizations can be

extremely conservative because the uncertainties near the bounds can be extremely

unlikely. Additionally, probabilistic constraints cannot be handled effectively if no

use is made of the probabilistic distribution of the uncertainty. For this reason,

stochastic MPC (SMPC) has emerged as a family of techniques that incorporates the

stochastic descriptions of the uncertainties for handling probabilistic constraints and

using more realistic probabilistic measures of the performance. Early works in this

area [57], [88], [89] considered these aspects, but the exploration of issues such as the

stability and feasibility of the closed-loop implementation was conducted later, e.g.

[23], [49], [21]. These works however, only consider quasi closed-loop optimal control

formulations since no explicit disturbance compensation is performed. As it has been

largely discussed in this thesis, this can be conservative.

This chapter considers the application of disturbance compensation in a setting

of stochastic MPC (SMPC). It is shown that for a particular case the effect of the

disturbances, in what concerns to constraint satisfaction, can be eliminated. This is

achieved by an affine-in-the-disturbances control policy with a striped structure and

an infinite number of gains. Practical implementation motivates the use of a striped

affine-in-the-disturbances policy with a finite number of gains, such that the distur-

bance compensation extends through the infinite prediction horizon. This makes the

constraints in the far horizon be more relaxed, thus improving the domain of attrac-

tion. The number of degrees of freedom of this control policy grows linearly with the

prediction horizon, which is a slower rate than for other control policies [58][38][73],
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thus reducing the computational burden for larger values of N .

Two strategies are proposed in this chapter. In the first the gains of the predicted

control policy are optimized offline via a sequential procedure so as to improve the

constraint tightening. On account of the offline design, this strategy has the same

computational complexity as the strategy of [49], where the number of variables and

constraints grows linearly with the prediction horizon. Additionally, the same ideas

can be used to guarantee constraint satisfaction and recursive feasibility. In the second

strategy all the parameters of the policy are found in the online optimization. It is

shown that the striped affine-in-the-disturbances policy used here is a particular case

of the control policy used in Chapter 4, and thus the ideas of Chapter 4 are used for

guaranteeing constraint satisfaction. However, the implementation of these ideas is

suitably modified for improved computational efficiency by exploiting the fact that

the predicted policy is an affine function of the disturbances.

It is shown by means of numerical simulation that both strategies have improved

control authority with respect to the strategy with a quasi closed-loop policy of [49],

which is reflected in greater domains of attraction. Additionally, although one might

expect the second strategy to have greater control authority on account of the online

optimization of the gains, the ideas of Chapter 4 for ensuring constraint satisfaction

use certain conditions that impose conservativeness. This implies that depending on

the system any of the strategies could provide a better domain of attraction for a

given prediction horizon.

The basic SMPC problem is defined in Section 6.2. Section 6.3 presents a par-

ticular system setting where the effect of the disturbances with respect to constraint

satisfaction can be eliminated, and this is used as a motivation to introduce the

striped affine-in-the-disturbances policy. The first proposed strategy is developed in

Section 6.4 and the second proposed strategy is developed in Section 6.5. Section 6.7

concludes the chapter after the description of an illustrative example in Section 6.6.
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6.2 System description and background

Consider a linear, time-invariant, discrete time system with additive disturbances

xt+1 = Axt +But + wt, (6.1)

where xt ∈ Rn, wt ∈ W ⊆ Rnw , and ut ∈ Rnu are the state, disturbance and control

input at time t. The additive disturbance sequence {w0, w1, . . .} is assumed to be

independent and identically distributed (i.i.d.), the elements of wt are independent

and wt has a known distribution with zero mean, variance Σ and symmetric finite

support:

W = {w : −w̄ ≤ wt ≤ w̄}, (6.2)

where w̄ ∈ Rn and w̄ ≥ 0. This symmetric description is only assumed for simplicity

of exposition as the approach of this chapter can be used with any polytopic W (with

an adequate re-definition of the operation point, if necessary, so that the disturbance

has zero mean). In most practical situations finite supports are more realistic than the

usual Gaussian assumption which permits the uncertainty to become arbitrarily large

(albeit with small probability). System (6.1) is subject to probabilistic constraints of

the type

Pr{Fjxt+1 +Gjut ≤ 1} ≥ pj, j = 1, . . . , nc, t = 0, 1, . . . , (6.3)

where Fj, Gj denote the jth rows of F ∈ Rnc×n, G ∈ Rnc×nu . This formulation covers

the case of state only, input only and mixed state/input constraints which can be

probabilistic or deterministic (hard) since pj = 1 can be chosen for some or all j.

Assumption 6.1. (i) (A,B) is stabilizable.

(ii) The state xt is directly measurable and known at time t, but the disturbance

wt, and all its future values, are unknown at time t.
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Remark 6.1. Note that the probabilistic constraints Pr{Fjxt+1 + Gjut ≤ 1} ≥ pj

consider the input at time t and the state at time t + 1, i.e. ut and xt+1. Although

a choice of probabilistic constraints given by Pr{Fjxt + Gjut ≤ 1} ≥ pj would have

been more intuitive and standard, it cannot be handled by the current formulation and

standing assumptions. The sequence of terms Fjxt+k|t +Gjut+k|t for k = 1, 2, . . . is a

stochastic process and there is no problem for handling the probabilistic constraints,

however, it is not be the same for k = 0. The term Fxt|t + Gut|t = Fxt + Gut is

not a random variable given the information that is known at time t: xt is known at

time t and ut = Kxt+ ct|t, where ct|t is an optimization variable, as will be seen later.

Then at time t, the constraint Fjxt|t + Gjut|t will be satisfied with probability p = 0

(it is not satisfied) or probability p = 1 (it is satisfied). Alternatively one might not

explicitely invoke this constraint for k = 0, but then there would be no guarantees that

the probabilistic constraints are satisfied.

This problem has already been tackled by [49], which proposes an SMPC strategy

based on the dual-mode prediction paradigm. The prediction horizon is split into

the near future (Mode 1) over which the degrees of freedom of the predicted control

inputs are optimized, and the far future (Mode 2) where they are given by a fixed

state feedback law, u = Kx. Recall from Section 2.3.2.2 the strategy of [49] where

the Mode 1 control policy is given by

ut+k|t = Kxt+k|t + ct+k|t, k = 0, . . . , N − 1. (6.4)

Then the predicted states are given by

xt|t = xt, (6.5a)

xt+k+1|t = Φxt+k|t +Bct+k|t + wt+k, k = 0, . . . , N − 1, (6.5b)

xt+k+1|t = Φxt+k|t + wt+k, k ≥ N, (6.5c)
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and constraints (6.3) can be expressed as

Pr{F̃jxt+k|t + G̃jct+k|t + Fjwt+k ≤ 1} ≥ pj, k = 0, . . . , N − 1, j = 1, . . . , nc,

Pr{F̃jxt+k|t + Fjwt+k ≤ 1} ≥ pj, k ≥ N, j = 1, . . . , nc

(6.6)

where Φ = A + BK, and F̃j and G̃j denote the jth rows of F̃ = (FΦ + GK) and

G̃ = FB +G, respectively.

The aim of the SMPC strategy is to minimize online, over ct = [cTt|t, . . . , c
T
t+N−1|t]

T ,

a predicted cost given by

Jt =
∞∑
k=0

Et
(
xTt+k|tQxt+k|t + uTt+k|tRut+k|t

)
, (6.7)

where Q � 0, R � 0. However, the limit lss = limk→∞ Et(xTt+k|tQxt+k|t+uTt+k|tRut+k|t)

is non-zero due to the presence of the additive disturbance, and then Jt will be infinite.

To solve this problem, the limit lss is substracted from the stage cost so that Jt is

finite:

Jt =
∞∑
k=0

Et
(
xTt+k|tQxt+k|t + uTt+k|tRut+k|t − lss

)
. (6.8)

It can be proved that lss = tr(SΣ), where S satisfies the Lyapunov equation S −

ΦTSΦ = Q+KTRK. K is chosen to be the LQR optimal gain which, since the state

is measurable, coincides with the selection that minimizes lss.

By an analysis analogous to that of [23] it can be shown that the predicted tra-

jectories of (6.5) can be generated by the augmented system

zt|t =


xt

ct

1

 , (6.9a)

zt+k+1|t = Ψ̂t+kzt+k|t, k = 0, 1, . . . (6.9b)
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where

Ψ̂t+k =


Ψ

wt+k
0

[
0 0

]
1

 , in which Ψ =

Φ BE

0 M

 , M =



0 I 0 · · · 0

0 0 I · · · 0

...
...

. . . . . .
...

0 · · · · · · 0 I

0 0 · · · · · · 0


,

such that M ∈ RNnu×Nnu is the matrix that shifts the elements in ct according to

Mct = [cTt+1|t · · · cTt+N−1|t 0]T , E = [I 0 · · · 0] ∈ Rnu×Nnu is the matrix that

selects the first block component of ct, and I is the identity matrix in Rnu×nu . Then,

it can be shown that the predicted cost can be expressed as the quadratic function

[23]

Jt =

[
xTt c T

t 1

]
P̂

[
xTt c T

t 1

]T
, (6.10)

where

P̂ − E(Ψ̂T
t+kP̂ Ψ̂t+k) = Q̂ and Q̂ =


Q 0 0

0 0 0

0 0 −lss

+


KT

ET

0

R
[
K E 0

]
. (6.11)

The predicted states are reparameterized by xt+k|t = zt+k|t+et+k|t, with et|t = 0, where

z is associated with the nominal dynamics and e is associated with the uncertain

dynamics. It follows that

zt+k|t = Φkxt +Hkct, and et+k|t = Φk−1wt + · · ·+ wt+k−1, (6.12)

where Hk = [Φk−1B · · · B 0 · · · 0] ∈ Rn×Nnu for k = 0, . . . , N − 1 and Hk =

[Φk−1B · · ·Φk−NB] ∈ Rn×Nnu for k ≥ N . Thus feasibility with respect to the con-
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straints (6.6) is ensured, using the arguments of [49], by

F̃Φkxt + (F̃Hk + G̃Êk)ct ≤ 1− γk, k = 0, . . . , N − 1, (6.13a)

F̃Φkxt + F̃Hkct ≤ 1− γk, k ≥ N, (6.13b)

where Êk = [0 0 . . . 0 I 0 . . . 0] ∈ Rnu×nuN is a matrix of zeros except the (k +

1)th block component, which is given by the identity matrix in Rnu×nu such that

Êkct = ct+k|t; and γk ∈ Rnc depends on the known distribution of w, such that for

j = 1, . . . , nc the j-th component, γk,j, of the vector γk is defined to be the minimum

value such that

Pr{F̃jΦk−1wt + · · ·+ F̃jwt+k−1 + Fjwt+k ≤ γk,j} = pj. (6.14)

The online use of (6.13), however, cannot guarantee recursive feasibility since it only

ensures that future constraints will be satisfied with a given probability and does

not account for worst cases. In particular, it is not longer the case that a candidate

solution at time t+ 1 given by the receded ct will satisfy the probabilistic constraints

for all possible realizations of the disturbances. In order to have recursive feasibility,

satisfaction of constraints at time t must guarantee that there will be a feasible

solution at time t + k for all k ≥ 0 for any realization of the disturbances. Then,

one must handle the values of wt, . . . , wt+k−1, by their worst case scenarios. Thus

recursive feasibility and feasibility with respect to the constraints (6.6) are ensured

by

F̃Φkxt + (F̃Hk + G̃Êk)ct ≤ 1− (γ0 + βk), k = 0, . . . , N − 1, (6.15a)

F̃Φkxt + F̃Hkct ≤ 1− (γ0 + βk), k ≥ N, (6.15b)
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where βk is given by

β0 = 0, (6.16a)

βk,j = |F̃j|w̄ + · · ·+ |F̃jΦk−1|w̄, k = 0, 1, . . . , (6.16b)

such that βk,j is the jth component of βk and | ∗ | applies elementwise. Note that for

all k in (6.15) the effect of wt+k continues to be handled probabilistically by γ0. A

condition for the feasibility of (6.15) is given by β∞+ γ ≤ 1, where β∞ = limk→∞ βk.

If this condition is satisfied, the optimization problem will be at least feasible when

xt = 0 by setting ct+k|t = 0, k = 0, . . . , N − 1. But if it is not satisfied then there is

no guarantee that the domain of attraction will not be empty.

Although (6.15) must be applied over an infinite horizon, since the sequence of βk

converges to a known limit, it is possible (see [49], [26]) to use techniques similar to

those of [35] to define a terminal constraint set that ensures satisfaction of (6.15) in

Mode 2.

Thus the online stage of the SMPC strategy consists of the repeated minimization

at each time t, over ct, of the cost (6.10), subject to (6.15) over Mode 1, and to the

appropriate terminal constraints at the beginning of Mode 2. The actual input to be

implemented at time t is given by ut = Kxt + ct, where ct is the first element of the

optimal ct. Since the cost of (6.10) is quadratic in the degrees of freedom and the

constraints of (6.15) are linear, the online optimization in SMPC can be implemented

as a QP.

The closed-loop application of the strategy guarantees satisfaction of constraints

(6.3) and causes the mean expected value of the stage cost to be bounded from above

by lss [49][26]. In addition, since K is the LQ-optimal feedback gain, the sequence

{ct, ct+1, . . .} converges to zero and the control law tends asymptotically to ut = Kxt,

which steers the state to the minimal robust invariant set, Ω∞(W) [11], [72].
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6.3 Closed-loop prediction strategies to compen-

sate for the effects of disturbances

Feedback allows information available at current time to be used to improve control.

Feedback can also be incorporated in the predicted control laws so as to take into

account the effect of the future uncertainties on future states, that are currently

unknown but whose effect will be known by the controller when the future states are

measured to compute the inputs to be applied to the system. The predicted policy of

(6.4), however, does not take full advantage of the feedback in the predictions. The

online optimization is open-loop for the degrees of freedom in ct, and in spite of the

presence of a feedback controller, the policy considers no special feedback treatment

of future (unknown) disturbances, and can be considered to be only quasi closed-loop.

This idea was effectively exploited in [88], [58] and [38], which proposed an affine-

in-the-disturbances control policy of (2.45), that is composed of a feed-forward term

together with a linear mix of “known” future disturbances, KFD, where this “knowl-

edge” will be available to the controller at any given future prediction time. Thus,

whereas conventional MPC uses Nnu degrees of freedom (in the feed-forward terms),

affine-in-the-disturbances MPC deploys the extra freedom contained in a set of feed-

back gains Lk,j which leads to a total number of variables and constraints in the online

optimization that grows quadratically with the prediction horizon. This can cause

a significant increase in computation, which may be prohibitive for fast sampling

applications and systems with large dimensions or prediction horizons. In addition,

no consideration was given to information on the probabilistic distribution of uncer-

tainty. A preliminary discussion of these two issues was given in [50], and it is the

aim here to present two SMPC strategies that use a type of affine-in-the-disturbances

policy such that the feedback compensation for the KFD extends over Mode 2, and

that the number of variables and constraints in the online optimization only grows
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linearly with the prediction horizon.

[50] proposed the idea of adding an extra term to the control policy of (6.4), in

order to “reduce” the effect of the KFD in constraints (6.15). Consider a control

policy given by

ut+k|t = Kxt+k|t + ct+k|t + vt+k|t, k = 0, . . . , N − 1, (6.17a)

ut+k|t = Kxt+k|t + vt+k|t, k ≥ N, (6.17b)

and the decomposition of the predicted states

et|t = 0, zt|t = xt, (6.18a)

zt+k|t = Φzt+k|t +Bct+k|t, (6.18b)

et+k|t = Φet+k|t +Bvt+k|t + wt+k (6.18c)

xt+k|t = zt+k|t + et+k|t, (6.18d)

where c is used to control the nominal (disturbance-free) dynamics described by z,

and v compensates for the dynamic effects of the disturbance w described by e. In

particular, vt+k|t is to depend on the KFD sequence wt+j, for j = 0, . . . , k − 1, and is

used to reduce the constraint tightening factors βk of (6.15). To this effect consider

next the predictions of variable ψt = Fxt+1 +Gut under (6.18).

Let C1, C2 denote the block lower triangular Toeplitz convolution matrices formed

from the elements of the impulse responses of the state space models (Φ, B, F̃ , G̃) and

(Φ, I, F̃ , 0):

C1 =



G̃ 0 0 · · ·

F̃B G̃ 0 · · ·

F̃ΦB F̃B G̃ · · ·
...

. . .


, C2 =



0 0 0 · · ·

F̃ 0 0 · · ·

F̃Φ F̃ 0 · · ·
...

. . .


, (6.19)
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Also let C1,N denote the matrix containing the first N block columns of C1 and let

D = [G̃T (G̃Φ)T (G̃Φ2)T · · · ]T . Then by (6.3) and (6.18) it follows that ψt+k|t =

(F̃ zt+k|t + G̃ct+k|t) + (F̃ et+k|t + G̃vt+k|t) + Fwt+k|t and

~ψt = ~ζt + ~εt + ~ηt, ~ζt = Dxt +C1,Nct, ~εt = C1~vt +C2 ~wt, ~ηt = diag{F}~wt, (6.20)

where ~( · )t denotes the vector formed by the predictions of ( · )t+k|t over an infinite

horizon [( · )t|tT ( · )t+1|t
T · · · ]T . Thus predictions have been separated into: (i) ~ζt,

the nominal (disturbance-free) part of ~ψt, to be controlled by c; (ii) ~εt, the stochastic

part of ~ψk containing the KFD to be controlled by v; (iii) ~ηt, the stochastic part of ~ψt

about which nothing can be done since it comprises the effect of future disturbances

which are as yet unknown to the controller; these will be referred to as “current”

future disturbances, CFD, in contrast to KFD.

First, a special case is studied, in which it is possible to choose v so as to make

the tightening parameters β = 0, thus providing increased control authority to the

degrees of freedom in ct allowing one to obtain increased domains of attraction. This

special case is then used as motivation for a control policy that will be used in two

strategies to be presented in Section 6.4 and Section 6.5.

Theorem 6.2. Let C†1 denote a right inverse of C1 and let C⊥1 denote a matrix

whose columns form a basis for the kernel of C1. Then, for nc ≤ nu, G̃ full-rank, and

(Φ, B, F̃ , G̃) minimum-phase, the control policy of ut+k|t = Kxt+k|t + ct+k|t + vt+k|t,

with

~vt = −C†1C2 ~wt + C⊥1 θ (6.21)

(where θ is an arbitrary vector of appropriate dimensions) makes ψt+k|t independent

of the KFD sequence {wt|t, . . . , wt+k−1} at each prediction time k = 1, 2, . . ..

Proof. For nc ≤ nu, the minimum-phase assumption of the theorem implies that the

inverse of the dynamic map represented by (Φ, B, F̃ , G̃) is stable, and therefore that
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C1 is right invertible (with the elements of the right inverse, C†1, tending to zero with

prediction time). The expression for ~vt in (6.21) achieves the cancellation of the KFD

by setting ~εk = 0.

The block lower triangular structure of C1 implies that the right inverse C†1 is also

block lower triangular, and since C2 has a strict block lower triangular structure, ~vt

depends only on the KFD and vt|t = 0. Since ~εk = 0, the probabilistic constraints

take the form of (6.15) but with all βk values set to zero:

Dxt + C1,Nct ≤ 1− γ, Pr{G̃jw ≤ γj} = pj, j = 1, . . . , nc, (6.22)

where γ = [γ1, . . . , γnc ]
T := γ0.

The fact that the tightening parameters βk = 0 means that the degrees of freedom

available in ct will have a greater control authority in (6.22) than in (6.15), which

enables one to obtain enlarged domains of attraction.

Note that when nc = nu, (6.21) becomes

~vt = −C−1
1 C2 ~wt = L~wt, (6.23)

where L is block lower triangular Toeplitz matrix, and hence vt+k|t depend linearly

on the KFD:

vt+k|t = Lkwt + Lk−1wt+1 + . . .+ L1wt+k−1|k, vt|t = 0, (6.24)

thus resulting in an affine-in-the-disturbances policy, but unlike the policy of (2.45)

proposed in [58], [38], the matrix L has a striped lower triangular structure and the

disturbance compensation extends into Mode 2. The minimum-phase assumption of

Theorem 6.2 implies that the sequences formed by the elements of every column of C†1

converge to zero, and therefore the values of Lk converge to zero. Hence the number
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of gains Lk can be truncated so as to lead to an implementable receding horizon MPC

strategy.

All this motivates the use of an affine-in-the-disturbances policy with a striped

structure, and for practical reasons, use will be made only of the first N−1 parameters

Lk. According to this, use will be made of the control policy given by

ut+k|t = Kxt+k|t + ct+k|t + Lkwt + Lk−1wt+1 + . . .+ L1wt+k−1, k = 0, . . . , N − 1,

(6.25a)

ut+k|t = Kxt+k|t + LN−1wt+k−(N−1) + . . .+ L1wt+k−1, k ≥ N, (6.25b)

Note that this policy is a particular case of the policy of (4.15). For further details

please see Section 6.3.1.

In the case without disturbance compensation (i.e. Lk = 0) the predictions of

(6.20) satisfy constraints (6.6) if (6.15) holds [49], which can be re-written as

ÊkDxt + ÊkC1,Nct ≤ 1− (γ + βk), k = 0, 1, . . . . (6.26)

where Êk is the operator that selects the (k + 1)th block row of D and C1,N , so

that Êk~ζt = ζt+k|t. In (6.26) γ accounts for the CFD probabilistically, whereas βk

accounts for the KFD (wt, . . . , wt+k−1) and renders the constraint tightening robust

by considering the worst-case effect of each of the KFD to ÊkC2 ~wt.

This treatment of constraints clearly also applies to the case when Lk 6= 0. Since

the tightening coefficients account for the KFD in ~εt, β̃k must be such that

~̃β = max
~wt

~εk = max
~wt

(C1L+ C2)~wk, (6.27)
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L =



0 · · ·

L1 0 · · ·

L2 L1 0 · · ·
...

...
. . . . . .

LN−1 LN−2 · · · L1 0 · · ·

0 LN−1 LN−2 · · · L1 0 · · ·
...

...
. . . · · · . . . . . . · · ·



, ~̃β =



0

β̃1

β̃2

β̃3

...


, (6.28)

where the maximization is performed element-wise, and accordingly, satisfaction of

constraints (6.15) is guaranteed by

ÊkDxt + ÊkC1,Nct ≤ 1− (γ + β̃k). k = 0, 1, . . . . (6.29)

Two strategies will be considered next. In the first, L = {L1, . . . , LN−1} and β̃k

will be taken to be time invariant and will be designed offline so as bring about a

relaxation to the online constraints of (6.29). In the second strategy, L and β̃k are

variables in the online optimization.

It is useful to note that from the structures of C1, C2 and L it follows that εt+k|t

can be rewritten as

εt+k|t = (F̃Φk−1 + ĈkL)wt + . . .+ (F̃ + Ĉ1L)wt+k−1, k = 0, 1, . . . (6.30)

where L = [0 LT1 · · ·LTN−1]T and

Ĉk =


ÊkG̃ k = 1

ÊkG̃+ F̃ [Φk−2B · · · B 0 · · · ], k = 2, . . . , N − 1

F̃ [Φk−2B · · ·B Φk−NB], k ≥ N,

(6.31)
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and then β̃k will be given by

β̃k = max
w∈W

(F̃Φk−1 + ĈkL)w + . . .+ max
w∈W

(F̃ + Ĉ1L)w, k = 1, 2, . . . . (6.32a)

From this, the β̃k satisfy the recursion

β̃0 = 0, (6.33a)

β̃k+1 = β̃k + max
w∈W

(F̃Φk + Ĉk+1L)w, k = 0, 1, . . . , (6.33b)

where maxw∈W(F̃Φk−1 + ĈkL)w = |F̃Φk−1 + ĈkL|w̄, where | · | applies element-wise.

6.3.1 Connection with the control policy of Chapter 4

In the notation of Chapter 4, by setting

u(0,k) = Kx(0,k) + ct+k|t, k = 0, . . . , N − 1, (6.34a)

u(0,k) = Kx(0,k), k ≥ N, (6.34b)

u(i,1,k) = Kx(i,1,k) + Lkw̃i, k = 1, . . . , N − 1, (6.34c)

u(i,1,k) = Kx(i,1,k), k ≥ N, (6.34d)

where w̃i, i = 1, . . . , q are the vertices of W, the control policy of (4.15) becomes

µ0(x(0)) = Kx(0,0) + ct|t, (6.35a)

µk(x(k)) = Kx(0,k) + ct+k|t +
k∑
j=1

q∑
i=1

λ(i,j,j)(w(j−1))(Kx(i,1,k−j+1) + L(i,1,k−j+1)w̃i),

= Kx(0,k) +
k∑
j=1

Kx(1,k−j+1) + ct+k|t +
k∑
j=1

L(i,1,k−j+1)w(j−1),

= Kx(k) + ct+k|t + Lkw(0) + · · ·+ L1w(k−1), k = 1, . . . , N − 1, (6.35b)

and
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µk(xk) = Kx(0,k) +
k−N+1∑
j=1

q∑
i=1

λ(i,j,j)(w(j−1))Kx(i,1,k−j+1)

+
k∑

j=k−N+2

q∑
i=1

λ(i,j,j)(w(j−1))(Kx(i,1,k−j+1) + L(i,1,k−j+1)w̃i),

= Kx(0,k) +
k∑
j=1

Kx(1,k−j+1) + ct+k|t +
k∑

j=k−N+2

L(i,1,k−j+1)w(j−1),

= Kx(k) + LN−1w(0) + · · ·+ L1w(k−1), k ≥ N, (6.35c)

which is the same policy as that of (6.25). This proves that the control policy of

(6.25) is a particular case of the policy of Chapter 4 given by (4.15).

6.4 SMPC with offline design of the disturbance

compensation gains

The first SMPC strategy proposed in this chapter assumes L and β̃k to be time

invariant such that their elements are designed offline, with a sequential procedure,

so as to bring about a relaxation to the online constraints of (6.29).

6.4.1 Offline design of the disturbance compensation gains

It can be seen from (6.29) that the β̃k effect a constraint tightening on the nomi-

nal dynamics that allows one to guarantee constraint satisfaction in the presence of

uncertainty. Less tight constraints imply larger domains of attraction, and thus one

should seek to design L to relax the constraints.

The striped block lower triangular structure of L and the recursive property of

(6.33) of β̃k imply that β̃1 depends only on L1, β̃2 depends on L1 and L2, etc., which

motivates a sequential design (first β̃1, then β̃2 etc.) analogous to that of Algorithm

3.5. This is computationally convenient, but it also makes sense in that it is consistent

with the observation that constraints are more likely to be active during the early

transients and less so as the predictions reach their steady state.
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As a design condition, β̃k must satisfy

β̃k ≤ 1− γ, k = 1, 2, . . . . (6.36)

Like (3.24) in Section 3.3, this ensures that the domain of attraction is not empty,

since under this condition (6.29) is guaranteed to be feasible at least for xt = 0 (and

without it there is no guarantee that the domain of attraction will not be empty).

Additionally, in order to ensure that the gains Lk are effectively used to relax the

tightening of (6.29), it is desirable that the new tightening parameters are smaller

than those obtained without compensation,

β̃k ≤ βk, k = 1, 2, . . . . (6.37)

Conditions (6.36) and (6.37) appear to imply an infinite number of constraints on Lk,

but as is the case for the coefficients βk in (6.16), for the disturbance compensation

case considered here the sequence of β̃k is monotonically increasing and tends to a

limit β̃∞ (as stated in Lemma 6.5 below). Then, a supplementary horizon N1 is used

such that (6.36) and (6.37) are imposed explicitly until N +N1 in the offline design.

Note that since W can be expressed as the set {w : Sw ≤ h}, S ∈ Rns×n, as shown

in [38]

max
w∈W

(F̂iΦ
k−1 + Ĉk,iL)w = min

rk,i
hT rk,i

subject to ST rk,i = (F̂iΦ
k−1 + Ĉk,iL)T , rk,i ≥ 0,

(6.38)

where Ĉk,i denotes the ith row of Ĉk, and rk,i ∈ Rns represents the dual variable

associated with the maximization of (F̂Φk−1 + Ĉk,iL)w. Then conditions (6.36) and
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(6.37), for k = 1, . . . , N +N1, can be invoked as

RT
1 h+ . . .+ RT

k h ≤ 1− γ, k = 1, . . . , N +N1, (6.39a)

RT
1 h+ . . .+ RT

k h ≤ βk, k = 1, . . . , N +N1, (6.39b)

(F̃Φk−1 + ĈkL) = RT
k S, k = 1, . . . , N +N1, (6.39c)

Rk ≥ 0. (6.39d)

where Rk ∈ Rns×nc is such that RT
k h ≥ maxw∈W(F̃Φk−1 + ĈkL)w.

As will be seen in Lemma 6.5, condition (6.39) guarantees satisfaction of (6.37)

for k = 1, . . . , N+N1, and if that N1 is sufficiently large it also guarantees satisfaction

of (6.36).

Based on the considerations expressed above, the corresponding sequential opti-

mization of L1, . . . , LN−1 is presented in Algorithm 6.3.

Algorithm 6.3.

1. First, solve the LP problem

minimize
L1,...,LN−1,R1,...,RN+N1

,µ
µ

subject to RT
1 h ≤ µ1, and (6.39).

(6.40)

Set f1 = R∗T1 h, where the super-script ∗ represents the optimal solution of the

optimization.

2. For s = 2, . . . , N − 1, solve the LP problems

minimize
Ls,...,LN−1,R1,...,RN+N1

,µ
µ

subject to RT
1 h+ · · ·+ RT

k h ≤ µ1, and (6.39),

RT
k h ≤ fk, k = 1, . . . , s− 1,

(6.41)
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Set fs = R∗Ts h.

3. Finally, the desired β̃k are obtained from the solution of (6.41) by β̃k = |F̃ +

Ĉ1L∗|w̄ + · · ·+ |F̃Φk−1 + ĈkL∗|w̄.

Remark 6.4. The constraints RT
k h ≤ fk, k = 1, . . . , s− 1 in (6.41) guarantee that

once the value of β̃k is optimized, it is not made worse in future iterations, which is a

condition needed to ensure that the sequential optimization makes sense (as discussed

in 3.6). The use of this constraint is preferred to fixing the value of Lk once it has

been optimized at iteration s = k, which would fulfil the same role. This is because

the optimization in (6.41) in an LP and then several values of Lk can achieve the

same minimum, so fixing the value of Lk would impose an unnecessary degree of

conservativeness.

Lemma 6.5. Under the assumption that γ + β∞ < 1, there exist N,N1 such that the

minimizations of Algorithm 6.3 are feasible, and the resulting sequence of constraint

tightening parameters β̃k increases monotonically to a finite upper bound, β̃∞, and

satisfies β̃k ≤ βk for k = 1, . . . , N +N1 and β̃∞ ≤ 1.

Proof. γ + β∞ < 1 ensures the existence of valid constraint tightening parameters

for the case of no disturbance compensation. Therefore, Lk = 0 defines a feasible

solution for Algorithm 6.3, which guarantees that β̃k ≤ βk, k = 1, . . . , N +N1.

From (6.33) it follows that β̃k+1 = β̃k + δk where δk = |F̃Φk−1 + ĈkL|w̄. Finally,

for Ξ = GΦN1−N , Γ = [ΦN−2B ΦN−3B . . . B], detailed algebra shows that for

k = N1, N1 + 1, . . . the sequence of δk is {|ΞΓ |w̄, |ΞΦΓ |w̄, |ΞΦ2Γ |w̄ . . . }. Hence

the infinite sum, ∆N+N1 , of the δk can be computed using the finite l1 norm of the

impulse response of (Φ,Γ,Ξ) and β̃∞ can be computed as β̃∞ = β̃N+N1 + ∆N+N1 .

Clearly Ξ and therefore ∆N+N1 can be made to be as small as desired by increasing

the value of N1, and since γ + βN+N1 < 1 and β̃N+N1 ≤ βN+N1 , it follows that there
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exists a sufficiently large N1 such that ∆N+N1 is small enough for all N +N1 ≥ N̄ so

that β∞ + δN+N1 + γ ≤ 1.

Remark 6.6. Since it is assumed that γ + β∞ < 1, condition (6.37) is enough to

guarantee satisfaction of (6.36) provided that N1 is sufficiently large, and then there

is no need to use (6.39a) in the sequential optimization of Algorithm 6.3.

Remark 6.7. If the disturbances are sufficiently large such that γ + β∞ > 1 then

SMPC with no compensation becomes infeasible: there will not exist a valid set of

βk. However it is still possible that SMPC with disturbance compensation is feasible

and the relevant β̃k parameters can be defined as per Algorithm 6.3 but without the

constraint β̃k ≤ ~β, imposed by (6.39b). Instead, in this case, one must use β̃k+γ ≤ 1,

which can be imposed by (6.39a)1.

6.4.2 Constraints

Although (6.29) must be applied over an infinite horizon, given that the sequence of

β̃k converges to β̃∞, it is possible to use techniques similar to those of [35] to define

a terminal constraint set for zt+N |t that ensures satisfaction of (6.29) in Mode 2 [49].

Assumption 6.2. (i) F̃ is such that F̃ z ≤ 1 guarantees that F̃ z remains bounded.

(ii) The pair (Φ, F̃ ) is observable.

(iii) γ + β̃∞ < 1.

Remark 6.8. Some conditions that guarantee that Assumption 6.2(i) holds are that

F̃ = [F T
1 − F T

1 ]T or that the set {z : F̃ z ≤ 1} is bounded.

To derive the terminal constraint, note that in Mode 2, (6.29) can be written as

F̃Φkzt+N+k|t ≤ 1− (γ + β̃N+k), k = 0, 1, . . . , (6.42)

1Note however that there would not then be an a priori guarantee that SMPC with disturbance
compensation will be feasible, and hence Algorithm 6.3 could become infeasible for large values of
N and N1. Further research would be necessary to address the problem in depth.
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and so the maximal admissible set Z∞ is defined as Z∞ = {zt+N+k|t : (6.42) holds}.

Since Z∞ is defined by an infinite number of inequalities, consider instead

Zk = {z : F̃Φiz ≤ 1− (γ + β̃N+i), i = 0, . . . , k}, (6.43)

and let N̂ be the minimal value that satisfies maxz∈ZN̂
F̃jΦ

N̂+1z ≤ 1 − β̃N̂+1,j for

j = 1, . . . , nc. The existence of a finite N̂ that satisfies this condition is guaranteed,

and ZN̂ = Z∞.

Proposition 6.9. If ZN̂ = ZN̂+1, then:

(i) If z ∈ ZN̂ , then Φz+ (ΦN + ΦN−1BL1 + · · ·+ ΦBLN−1)w ∈ ZN̂ for all w ∈W,

and

(ii) ZN̂ = ZN̂+1 = · · · = Z∞.

Proof. (i) If z ∈ ZN̂ = ZN̂+1 then F̃Φkz ≤ 1 − (γ + β̃N+k) for k = 0, . . . , N̂ + 1.

From (6.33) and (6.31), this is equivalent to F̃Φk−1(Φz + (ΦN + ΦN−1BL1 + · · · +

ΦBLN−1)w) ≤ 1 − (γ + β̃N+k−1) for k = 0, . . . , N̂ + 1 and all w ∈ W, which in turn

is equivalent to F̃Φk(Φz+ (ΦN + ΦN−1BL1 + · · ·+ ΦBLN−1)w) ≤ 1− (γ + β̃N+k) for

k = 0, . . . , N̂ and all w ∈ W. Thus Φz + (ΦN + ΦN−1BL1 + · · · + ΦBLN−1)w ∈ ZN̂

for all w ∈W.

(ii) From (i) it follows that if z ∈ ZN̂ = ZN̂+1, then F̃Φk(Φz + (ΦN + ΦN−1BL1 +

· · · + ΦBLN−1)w) ≤ 1 − (γ + β̃k) for k = 0, . . . , N̂ + 1. The case k = N̂ + 1, using

(6.33), yields F̃ΦN̂+2z+ β̃N̂+1 +(ΦN+N̂+1 +ΦN+N̂BL1 + · · ·+ΦN̂+2BLN−1)w ≤ 1−γ,

which implies that F̃ΦN̂+2z+ ≤ 1 − (γ + β̃N̂+2), thus z ∈ ZN̂+2. However it is clear

from (6.43) that Zk+1 ⊆ Zk for all k ≥ 0, thus ZN̂ = ZN̂+1 = ZN̂+2. The result follows

by applying the same reasoning inductively.

Theorem 6.10. There exists an N̂ ≥ n−1 such that if z ∈ ZN̂ , then maxz∈ZN̂
F̃jΦ

N̂+1z

≤ 1− β̃N̂+1,j for j = 1, . . . , nc. ZN̂ = ZN̂+1 = · · · = Z∞ for this N̂ .
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Proof. Since the pair (Φ, F̃ ) is observable and F̃Φiz, i = 1, . . . , k is bounded for all

z ∈ Zk, Zk is bounded for all k ≥ n − 1. This and the fact that Φ is strictly stable

imply that there exists an N̂ ≥ n − 1 such that F̃ΦN̂+1z ≤ 1 − (γ + β̃N̂+1) for all

z ∈ ZN̂ , thus maxz∈ZN̂
F̃jΦ

N̂+1z ≤ 1 − β̃N̂+1,j for j = 1, . . . , nc. This also implies

that z ∈ ZN̂+1. However it is clear from (6.43) that Zk+1 ⊆ Zk for all k ≥ 0, thus

ZN̂ = ZN̂+1. That ZN̂ = ZN̂+1 = · · · = Z∞ follows directly from Proposition 6.9.

Corollary 6.11. If zt+N |t ∈ ZN̂ , then (6.29) is satisfied for all k ≥ N .

Proof. If zt+N |t ∈ ZN̂ , then zt+N |t ∈ Z∞ which implies F̃Φkzt+N+k|t ≤ 1− (γ + β̃N+k)

for all k ≥ 0.

As a result, satisfaction of constraints over Mode 1 and Mode 2 can be ensured

by invoking (6.29) for k = 0, . . . , N − 1 and the terminal constraint zt+N |t ∈ ZN̂

ÊkDxt + ÊkC1,Nct ≤ 1− (γ + β̃k). k = 0, . . . , N − 1, (6.44a)

Vf (Φ
Nxt +HNct) ≤ 1. (6.44b)

where Vf ∈ Rnf×nc is such that the terminal set can be expressed as ZN̂ = {z : Vfz ≤

1}.

6.4.3 Cost function

Since the disturbance compensation extends into Mode 2, the terminal control law is

not u = Kx. This implies that the steady state value of the expectation of the stage

cost, Lss, is not necessarily equal to lss, and then the cost of (6.8) is unbounded under

the control policy considered here. Thus, instead of the predicted cost of (6.8), used

is made of the predicted cost

Jt =
∞∑
k=0

E(xTt+k|tQxt+k|t + uTt+k|tRut+k|t − Lss). (6.45)
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This predicted cost can be expressed as a quadratic function of the initial state and

ct.

Theorem 6.12. The predicted cost of (6.45) for system (6.1) under the control policy

of (6.25) is quadratic in xt and ct and has the form:

Jt = xTt Pxxt + cTt Pcc
T
t + P1 (6.46)

where P = diag(Px, Pc, 1) satisfies

P − E(Ψ̃TP Ψ̃) = Q̃, (6.47)

in which

Ψ̃ =



Φ BE

0 M


 w

Lw

[
0 0

]
1

 , Q̃ =


Q+KTRK KTRE 0

ETRK ETRE 0

0 0 −Lss

 . (6.48)

Furthermore, the steady state expectation, Lss, of the predicted stage cost lt =

xTt+k|tQxt+k|t + uTt+k|tRut+k|k, is given by

Lss = lss + tr(LTPcLΣ). (6.49)

Proof. For this strategy, the prediction dynamics can be generated more compactly

by

χt|t =


xt

ct

1

 ,
χt+k+1|t = Ψ̃t+kχt+k|t,

(6.50)
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where

Ψ̃t+k =



Φ BE

0 M


 wt+k

Lwt+k

[
0 0

]
1

 (6.51)

For Vt+k|t = χTt+k|tPχt+k|t, the above together with (6.47) imply that

Vt+k|t − Et+k(Vt+k+1|t) = lt+k|t − Lss. (6.52)

Applying Et to (6.52) and summing over k = 0, 1, . . . gives Vt = limk→∞ Et(Vt+k+1|t)+

Jt. However the Lyapunov condition of (6.47) does not define P1 (as can be seen from

(6.56) below), which therefore can be chosen so that limk→∞ Vt+k|t = 0 and therefore

Vt = Jt. If the partition of P , conformal to the partition of the vector [xTt cTt 1],

is given as

P =


Px Pxc Px1

P T
xc Pc Pc1

P T
x1 P T

c1 P1

 , (6.53)

then the expansion of (6.47) in terms of the partitions of P gives

Px − ΦTPxΦ = Q+KTRK (6.54)Px1

Pc1

− E


 Φ 0

ETBT MT



Px Pxc

P T
xc Pc


 w

Lw

+

Px1

Pc1



 = 0 (6.55)

P1 − E


 w

Lw


T Px Pxc

P T
xc Pc


 w

Lw

+ 2

Px1

Pc1


T  w

Lw


− P1 = −Lss. (6.56)

Given that the expected value of w is zero and that the modulus of the eigenvalues

of Φ and M are strictly less than 1, (6.55) implies that both Px1 and Pc1 are zero. It

can also be shown (see [19]) that if K is chosen to be the LQR optimal, then Pxc = 0.
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Thus Jt = Vt has the structure of (6.46).

Furthermore (6.56) is equivalent to

Lss = E(wT P̃xw) + E(wTLT P̃cLw) = tr(P̃xΣ) + tr(LT P̃cLΣ), (6.57)

and since lss = tr(SΣ) where S − ΦTSΦ = Q + KTRK, from (6.54) it follows that

E(wTPxw) = tr(P̃xΣ) = lss, thus Lss can be written as in (6.49).

6.4.4 SMPC implementation and properties

The online optimization will only have the elements of the vector of degrees of freedom

ct as optimization variables. The set of admissible degrees of freedom D(x) is given

by

D(x) = {c : (6.44) holds}, (6.58)

and the domain of attraction is given by

X = {x : D(x) 6= ∅}. (6.59)

The online procedure consists of solving the optimal control problem P(xt) that

is defined by

V 0(xt) = min
ct

Jt(xt, ct), s.t. ct ∈ D(xt), (6.60a)

c0
t (xt) = arg min

ct
Jt(xt, ct), s.t. ct ∈ D(xt). (6.60b)

Then, the SMPC control law is given by

κ0(xt) = Kxt + c0
t|t(xt), (6.61)

where c0
t|t(xt) is the first block component of the optimal c0

t (xt). The control input
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at time t is then given by ut := κ0(xt).

The optimal control problem P(xt) can be formulated as the QP:

minimize
ct

Jt(xt, ct)

subject to Êk(Dxt + C1,Nct) + β̃k ≤ 1− γ, k = 0, . . . , N − 1,

Vf (Φ
Nxt +HNct) ≤ 1.

(6.62)

P(xt) is a QP with Nvar = Nnu variables subject to Nineq = Nnc + nf inequality

constraints.

Theorem 6.13. For system (6.1), the closed-loop application of the control law of

(6.61) guarantees feasibility of (6.3), that the optimal control problem of (6.60) is

recursively feasible and that X is invariant.

Proof. The candidate solution at time t + 1, c̃t+1, is built according to the receding

procedure from the optimal solution at time t, c0
t (xt),

c̃t+1+k|t+1 = c0
t+k+1|t(xt) + Lk+1wt, k = 0, . . . , N − 2, (6.63a)

c̃t+1+N |t+1 = 0, (6.63b)

which can alternatively be written as c̃t+1 = Mct + Lwt.

From (6.44) one gets

Êk+1(Dxk+C1,Nct) ≤ 1−γ−β̃k+1 = 1−γ−β̃k−|F̃Φk+Ĉk+1L|w̄, k = 0, 1, . . . (6.64)

Then, using the facts that ÊkDΦxt = Êk+1Dxt, Êk(DBct|t + C1,NMct) = C1,Nct

and Êk(D + C1,NL)wt = (F̃Φk + Ĉk+1)wt alongside (6.64), one gets that for xt+1 =
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Φxt +Bct + wt the receded c̃t+1 satisfies

ÊkD(Φxt +Bct|t + wt)

+ ÊkC1,N(Mct + Lwt) =Êk+1DΦxt + Êk+1C1,Nct + Ĉk+1wt

≤1− γ − β̃k+1 + |F̃Φk + Ĉk+1L|w̄ = 1− γ − β̃k.

(6.65)

and then xt+1 and c̃t+1 satisfy (6.44).

It follows that if P(xt) is feasible, it will be feasible at the next instant, and by

a recursive argument it will remain feasible for all future instants. Invariance of X

follows directly. Satisfaction of (6.3) follows from the use of constraint (6.44) for

k = 0.

Theorem 6.14. For system (6.1), the closed-loop application of the control law of

(6.61) guarantees the closed-loop performance bound:

lim
ν→∞

1

ν

ν∑
k=1

E(xTkQxk + uTkRuk) ≤ Lss. (6.66)

Proof. From (6.52) for k = 0, considering that V 0(xt+1) ≤ χTt+1|tV χt+1|t because of

the optimization involved, it follows that

V 0(xt)− Et(V 0(xt+1)) ≤ xTt Qxt + uTt Rut − Lss. (6.67)

Summing this for t = 0, 1, . . . , ν yields that

1

ν

ν∑
k=1

E0(lk) ≤ Lss +
1

ν
(E0(Vk)− E0(Vk+v)), (6.68)

and the desired result follows from taking limit of (6.68) when ν →∞.

Remark 6.15. In the case of no compensation, (6.66) applies with Lss replaced by

lss. Since the expected value of the stage cost will also always be greater than or
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equal to lss, it follows that this expected value may, in the best case, be equal to lss,

something that can only happen if the control law at some point becomes u = Kx

thereby steering the state to the minimal robust invariant set Ω∞(W) for system (6.1)

under u = Kx. However if the disturbance is sufficiently large so that h < γ + β∞,

it becomes necessary to use disturbance compensation and therefore lss will not be

attainable. When lss is attainable, the reduction in the predicted cost implied by

(6.52) suggests that constraints will become less active with increasing time and that

beyond a time they may become inactive. Noting that, by Theorem 6.12, P̃ has a block

diagonal structure, it follows from (6.46) that ct = 0 is the unconstrained optimal of

the predicted cost. This shows that if the constraints become inactive, the closed-loop

control law, as is the case for no disturbance compensation, will revert to u = Kx

and therefore the state will be steered to Ω∞(W).

6.5 SMPC with online optimization of the distur-

bance compensation gains

The second proposed SMPC strategy considers L as variables in the online optimiza-

tion.

6.5.1 Constraints and cost function

Since L is found online, the β̃k also have to be found online. This implies that the

terminal set, as described in Section 6.4.2, cannot be used because the β̃k are unknown

in the offline stage. For this reason, use will be made of the strategy of Chapter 4 for

the handling of constraints. This can be done because the control policy of (6.25) is a

particular case of that of (4.15) and (6.29) are a robustified version of the probabilistic

constraints (6.6).

According to this, a secondary horizon N2 is used such that the feasibility of (6.29)

for k = 0, . . . , N + N2 is imposed explicitly. Since the β̃k are unknown, (6.29) can
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be invoked equivalently for k = 0, . . . , N + N2 by using the dual variables Rk that

satisfy RT
1 h+ . . .+ RT

k h ≥ β̃k:

Ê0Dxt + Ê0C1,Nct ≤ 1− γ, (6.69a)

ÊkDxt + ÊkC1,Nct +
k∑
j=1

RT
j h ≤ 1− γ, k = 1, . . . , N +N2 − 1, (6.69b)

such that the dual variables Rk satisfy

(F̃Φk−1 + ĈkL) = RT
k S, k = 1, . . . , N +N2, (6.70a)

Rk ≥ 0. (6.70b)

The feasibility of (6.29) for k ≥ N + N2, on the other hand, is imposed by the

conditions expressed in Proposition 4.2 and Corollary 4.3. Although these conditions

are for a different control policy and for robust constraints, they can still be applied

here. As shown in Section 6.3.1, the control policy of (6.25) is a particular case of

that used in Chapter 4, given by (4.15), and, as will be shown next, constraints (6.29)

are a robustified version of the probabilistic constraints (6.6).

In (6.29) β̃k account for the worst cases of εt+k|t, which depend on the KFD,

and γ accounts for the probabilistic nature of the CFD, whose effect in (6.29) is

given by Fw. Then, noting that by causality ut+k|t depends only on the KFD, using

zt+k|t = Φkxt + Hkct and ~εt = (C1L + C2)~wt and by arranging terms in (6.29), it

follows that (6.29) is equivalent to

FAxt+k|t + G̃ut+k|t ≤ 1− γ, k = 0, 1, . . . , (6.71)

which in turn is the same as (xt+k|t, ut+k|t) ∈ Y for k = 0, 1, . . . , where Y = {FAx +

G̃u ≤ 1− γ}.

Let X1 = ΦN+N2−1W = {x : H(1)x ≤ 1} with H(1) ∈ Rnf1×n, and let X0 =
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{x : H(0)x ≤ 1} be a positively robust invariant set for system x+ = Φx + w where

w ∈ ΦX1. Then, the conditions to guarantee the feasibility of (6.29) for k ≥ N +N2

on account of Proposition 4.2 and Corollary 4.3 are presented next.

Corollary 6.16. If ct and L satisfy

H(0)(ΦN+N2xt +HN+N2ct) ≤ 1, (6.72a)

PTh ≤ 1, (6.72b)

H(1)ΦN2 [ΦN−1 ΦN+N2−2B · · ·B]L = PtS, PT ≥ 0, (6.72c)

where P ∈ Rns×nf1, then, the satisfaction of (6.29) for k ≥ N +N2 is guaranteed by

(6.70) and

f(0,∞) +
k∑
j=1

RT
j h+ f(1,∞) ≤ 1, (6.73)

where f(0,∞) = maxz∈X0(FA+(FB+G)K)x, f(1,∞) = maxx∈Ω∞(X1)(FA+(FB+G)K)x

and R ∈ Rns×nc.

Proof. From (6.34) it follows that x(0,N+N2) = ΦN+N2xt + HN+N2ct and X1,N+N2 =

ΦN2(ΦN−1 +ΦN+N2−2BL1 + · · ·+BLN−1)W. Then, condition (6.72a) guarantees that

x(0,N+N2) ∈ X0 and conditions (6.72b), (6.72c) guarantee that X1,N+N2 ⊆ X1. Then

by Proposition 4.2 (xt+k|t, ut+k|t) ∈ Ȳ∞ for all k ≥ N +N2. Finally (6.73) implies that

Ȳ∞ ⊆ Y which implies that (xt+k|t, ut+k|t) ∈ Y for all k ≥ N +N2, thus guaranteeing

the satisfaction of (6.29) for k ≥ N +N2.

Remark 6.17. Note that the satisfaction of constraints for the worst cases of w

is imposed by an approach using the dual variables (such as Rk and P) that use the

description of the uncertainty of W = {w : Sw ≤ h} as in (6.38) [38], [37], [90], [91].

This is different to Chapters 3 and 4, where the slack variables overbound the effect of

the vertices w̃i of W. This is relevant because as the dimension of the state increases,

the size of S tends to grow linearly with n, whereas the number of vertices grows as
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2n, so the approach used here is better suited to higher dimensional systems. This

approach can be used here, and not in Chapters 3 and 4, due to the affine dependence

on the disturbances of the control policy.

The fact that L is unknown in the offline stage also has implications for the cost

function. In Section 6.4.3 the fixed values of L make the value of Lss fixed, and

then the cost of (6.45) can be expressed as a quadratic function of xt and ct as in

(6.46). However, when L is a variable in the online optimization, the minimization of

(6.45) makes little physical sense; the selection of L that maximizes Lss is the same

one that minimizes the cost of (6.45). Clearly this goes against the original aim of

minimizing (6.8). Then, for practical reasons only, the proposed strategy will consider

minimization of

J̃t(xt, ct,L) = xTt Pxxt + cTt Pcct + α tr(LTPcLΣ), (6.74)

for some constant α ≥ 0. The cost (6.74), unlike that of (6.46), does not consider

the effect of L in the cost of (6.45). Instead, in addition to the effect of xt and ct on

(6.45), the last term of the RHS of (6.74) penalises the effect of L on Lss (as can be

seen in (6.49)), which is weighted by the factor α.

6.5.2 SMPC online implementation and properties

Let d be the vector of all the decision variables in the online optimization. It is

composed of ct, L, Rk and P. The set of admissible decision variables D(x) is given

by

D(x) = {d : (6.69), (6.70), (6.72), (6.73) hold}, (6.75)

and the domain of attraction is given by

X = {x : D(x) 6= ∅}. (6.76)
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The online procedure consists of solving the optimal control problem P(xt) that

is defined by

V 0(xt) = min
d
J̃t(xt, ct,L), s.t. d ∈ D(xt), (6.77a)

d0(xt) = arg min
d
J̃t(xt, ct,L), s.t. d ∈ D(xt). (6.77b)

Then, the SMPC control law is given by

κ0(xt) = Kxt + c0
t|t(xt), (6.78)

where c0
t|t(xt) is the first block component of c0

t (xt), which is part of the optimal

d0(xt). The control input at time t is then given by ut := κ0(xt).

The optimal control problem P(xt) can be formulated as the QP:

minimize
d

xTt Pxxt + cTt Pcct + α tr(LPcLΣ)

subject to Ê0Dxt + Ê0C1,Nct ≤ 1− γ,

ÊkDxt + ÊkC1,Nct +
k∑
j=1

RT
j h ≤ 1− γ, k = 1, . . . , N +N2 − 1,

H(0)(ΦN+N2xt +HN+N2ct) ≤ 1,

PTh ≤ 1,

f(0,∞) +

N+N2−1∑
j=1

RT
j h+ f(1,∞) ≤ 1,

(F̃Φk−1 + ĈkL) = RT
k S, k = 1, . . . , N +N2 − 1,

H(1)ΦN2 [ΦN−1 ΦN+N2−2B · · ·BLN−1]L = PtS,

PT ≥ 0, Rk ≥ 0, k = 1, . . . , N +N2 − 1.

(6.79)

P(xt) is a QP with Nvar = N(2nnc+nu(1+n))+2nncN2 +n(2nf1−nu−2nc) variables

subject to Nineq = (N +N2)nc(1 + 2n) + nc(1− 2n) + nf0 + nf1(1 + 2n) + nc(1− 2n)
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inequality constraints and Neq = nc(N +N2 − 1) + nf1 equality constraints.

Theorem 6.18. For system (6.1), the closed-loop application of the control law of

(6.78) guarantees feasibility of (6.3), that the optimal control problem of (6.77) is

recursively feasible and that X is invariant.

Proof. Recursive feasibility and invariance follow directly from Theorem 4.18, since

constraints (6.69), (6.70), (6.72), (6.73) are equivalent to those used in the strategy

of Section 4.4.2 such that Y = {FAx + G̃u ≤ 1 − γ}. The feasibility of (6.3) is

guaranteed by the use of (6.69) for k = 0.

Theorem 6.19. For system (6.1), if X is bounded, the closed-loop application of the

control law of (6.78) guarantees the closed-loop performance bound:

lim
ν→∞

1

ν

ν∑
t=1

E(xTt Qxt + uTt Rut) ≤ ς + lss. (6.80)

where ς = maxx∈X tr(L0(x)TMTPcML0(x)Σ) and L0(x) = [0 L0
1(x)T · · ·L0

N−1(x)T ]T ,

where L0
k(x), k = 1, . . . , N − 1 are part of the optimal d0(x).

Proof. As in Theorem 6.18 (where the following construction is used implicitly) and

consistently with Theorem 6.13, the candidate solution at time t+ 1 is given by

c̃t+1+k|t+1 = c0
t+k+1|t(xt) + L0

k+1(xt), k = 0, . . . , N − 2, (6.81a)

c̃t+1+N |t+1 = 0, (6.81b)

which can alternatively be written as c̃t+1 = Mct + L0(xt)wt, and

L̃k = L0
k(xt), l = 1, . . . , N − 1. (6.82)
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Then, since Px satisfies (6.54) and, from (6.47), Px and Pc satisfy

Pc − (ETBTPxBE +MTPcM) = ETRE, (6.83)

ΦTPxBE = KTRE, (6.84)

it follows that

J0(xt)− Et(J̃t+1(xt+1, c̃t, L̃)) ≥(xTt Qxt + uTt Rut)− tr(L0(xt)
TMTPcML0(xt)Σ)

− Et(wtPxwt).
(6.85)

Since ς = maxx∈X tr(L0(x)TMTPcML0(x)Σ), then ς ≥ tr(L0(xt)
TMTPcML0(xt)Σ)

for all xt. Using this result and Et(wtPxwt) = tr(PxΣ) = lss, and applying E0 and

summing (6.85) for t = 0, 1, . . . , ν gives

J0(xt)− E0(J0(xν)) + νς + νlss ≥
ν∑
t=1

E0(xTt Qxt + uTt Rut), (6.86)

which by multiplying by 1
ν

and taking the limit of ν →∞ yields the desired result.

Remark 6.20. The bound of (6.80) is the same type of bound as that of (6.66),

except that it accounts for the different L that may be used during the evolution of the

system, and for this reason it is likely to be a looser bound.

Remark 6.21. Analogously to Remark 6.15, if γ + β∞ < 1, then for x sufficiently

close to the origin the solution given by ct = 0 and Lk = 0 for k = 1, . . . , N − 1 is

feasible and optimal. This is because ct = 0 and Lk = 0 for k = 1, . . . , N − 1 are re-

spectively the values that minimize the terms cTt Pcct and tr(LPcLΣ) of (6.74). Then,

if the constraints become inactive, the control law, as is the case for no disturbance

compensation, will reduce to u = Kx and therefore the state will be steered to Ω∞(W).

On the other hand, if γ + β∞ > 1, ct = 0 and Lk = 0 will never be feasible and extra

compensation (i.e. Lk 6= 0 for at least one k) will always be needed.
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Remark 6.22. Since the control policy of (6.25) is a particular case of the control

policy of (4.15), one could also use the strategy of Section 4.4.1, which deploys a cost

that measures the distance to a terminal set and an additional terminal constraint, in

order to guarantee convergence to the maximal invariance set.

6.6 Simulation results

This section presents two examples. The first illustrates the advantages of using

feedback policies in SMPC over conventional approaches based on quasi closed-loop

policies. This example also illustrates that in some cases the strategy with offline

design of the gain can provide the same or even improved benefits, in terms of domain

of attraction, as the one where the gains are optimized online. The second example,

shows that in other cases the second strategy can provide larger domains of attraction.

Let SMPC0 denote the basic strategy without disturbance compensation of [49],

let SMPC1 denote the strategy of Section 6.4, and let SMPC2 denote the strategy

of Section 6.5. N2 is chosen as in Section 4.5 to be the maximum between 5 and the

minimum value such that (I,K)X0

⊕N2

j=1(I,K)Φj−1W⊕(I,K)Ω∞(X1) ⊆ (I,K)Ω ⊆ Y

is feasible. The latter, on account of Remark 4.6, guarantees that the domain of

attraction is not empty when N ≥ 1. However, experimentation suggest that it is

convenient to take N2 to be at least 5 so as to relax the terminal constraints for the

0th predicted state. W is taken to be ΦX1, and α is chosen to be maximum of the

components of ΦN21.

In both examples described in this section the i.i.d. disturbances wk are sampled

from a truncated Gaussian distribution with bounds w̄ = [0.5 0.5]T and variance

Σ = diag2×2{(1/12)2} and the probability p is chosen to be p = 0.8. The cost is

defined by Q = I2×2, where I2×2 is the identity matrix in R2×2, and R = 1.
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Example A. Consider the system defined by:

A =

 0.926 −.0908

−1.225 0.797

 , B =

−0.175

0.976

 , F =



0.5 −0.325

0.471 −0.84

−0.5 0.325

−0.471 0.84


, G =



0.184

0.269

−0.184

−0.269


,

Firstly, Figure 6.1 shows the tightening parameters obtained with both SMPC0,

without compensation, and of SMPC1, where the gains of the disturbance compen-

sation are designed offline. It is clear that the sequential procedure of Algorithm 6.3

produces better (smaller) tightening parameters. Also, on account of the compensa-

tion that extends into Mode 2, the constraint relaxation goes into the infinite horizon.

These improvements in the tightening parameters are clearly reflected in Table 6.1,

which shows the enlargement of the domains of attraction.
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Figure 6.1: Constraint tightening with and without disturbance compensation.

Table 6.1 shows that for small values of N SMPC2 gives smaller domains than

SMPC1, which seems counter-intuitive since SMPC2 computes the gains online and

SMPC1 computes them offline. Furthermore, for N = 2, where there is one dis-

turbance compensation gain, L1, SMPC2 does not provide any improvements over
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SMPC0. The explanation of this is that the condition X(1,N+N2) ⊆ X1 is imposed in

order to guarantee the satisfaction of constraints in the online optimization. While

condition x(0,N+N2) ⊆ X0 is also imposed, it is easy to realise that the condition

X(1,N+N2) ⊆ X1 is causing this conservativeness in this case because increasing the

value of N2 does not change the results obtained; larger values of N2 relax x(0,N+N2) ⊆

X0 but not X(1,N+N2) ⊆ X1, so if the conservativeness was due to x(0,N+N2) ⊆ X0, in-

creasing N2 would improve the domain of attraction. However, as N increases above

2, there is more freedom in the different Lk to counteract this conservativeness, un-

til for N ≥ 4 SMPC2 reaches the maximum domain of attraction. In practice,

amongst the examined results, for sufficiently large values of N the conservativeness

X(1,N+N2) ⊆ X1 has always been cancelled so that the domains of attraction obtained

with SMPC2 are never smaller than what can be obtained with SMPC1.

Note also that for N = 1 SMPC1 and SMPC2 do not have any gains to provide

disturbance compensation, so there is no point in using these strategies with N < 2.

Table 6.1 also reports information relevant to the computational implementation,

such as the number of variables, equalities and inequalities in the online optimization

and average computational times. More precisely, the reported values correspond

to the average time it takes the solver to solve the online optimization for a given

prediction horizon, where the average is computed over a set of initial conditions

evenly distributed at the edge of the domain of attraction of SMPC0. It is clear that

SMPC0 and SMPC1 are much more convenient computationally on account of their

reduced number of variables and constraints.
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Table 6.1: Domain of Attraction and computational aspects.

N
1 2 3 4 5 6

AN SMPC0 147.5 197.4 208.1 210.7 210.9 210.9
SMPC1 147.5 252.5 285.5 290.2 290.2 290.2
SMPC2 147.5 197.4 269.8 290.2 290.2 290.2

vars SMPC0 1 2 3 4 5 6
SMPC1 1 2 3 4 5 6
SMPC2 39 43 47 51 55 59

ineqs SMPC0 14 22 30 38 46 52
SMPC1 14 22 30 38 46 52
SMPC2 154 174 194 214 234 254

eqs SMPC0 0 0 0 0 0 0
SMPC1 0 0 0 0 0 0
SMPC2 28 32 36 40 44 48

time SMPC0 1.3 1.5 1.7 1.8 1.5 1.6
[ms] SMPC1 1.3 1.5 1.8 1.8 1.7 1.8

SMPC2 2.2 11.2 12.2 15.6 17.7 20.46

Example B. Consider the system defined by:

A =

−1.121 −1.182

−1.140 −0.468

 , B =

1.218

0.29

 , F =



1.0 0.3165

0.2614 −0.1340

−1.0 −0.3165

−0.2614 0.1340


, G =



0.47

0.03

−0.47

−0.03


.

Table 6.2 reports the areas of the domains of attraction for SMPC0, SMPC1 and

SMPC2. This example shows that in some cases the conservativeness imposed by

the condition X(1,N+N2) ⊆ X1 is not so relevant, since SMPC2 provides improvements

over SMPC0 even for N = 2, although for this value of N no improvements were

achieved in the previous example. Additionally, this example shows that sometimes

Algorithm 6.3 might fail to provide improvements of the tightening parameters, since

in this case β̃k = βk, for all k = 1, 2, . . .. While, as mentioned in Example A, in the

performed simulations SMPC2 has always achieved domains of attraction as large as

those of SMPC1 for a sufficiently large N , this example shows that SMPC1 does not

necessarily achieve domains of attraction as large as those of SMPC2.
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Table 6.2: Domain of Attraction and computational aspects.

N
2 3 4 5 6 7 8 9

AN SMPC0 28.84 33.30 38.80 43.59 49.30 55.16 59.70 59.70
SMPC1 28.84 33.30 38.80 43.59 49.30 55.16 59.70 59.70
SMPC2 29.78 43.04 55.99 69.63 69.63 69.63 69.63 69.63

6.7 Concluding remarks

Two SMPC strategies, SMPC1 and SMPC2, have been proposed which make use of

an affine-in-the-disturbances policy with a striped structure. On account of the use of

explicit disturbance compensation, more control authority is available in comparison

with a strategy that only considers a quasi closed-loop policy [49], and this is reflected

in improved domains of attraction.

SMPC1 considers an offline design of the disturbance compensation gains so as

to improve the tightening parameters of the strategy of [49], whereas the gains are

optimized online in SMPC2. On account of this, both strategies have a number of

variables and constraints that grows linearly with the prediction horizon, but SMPC1

has fewer variables and constraints, and is as fast as the optimization in [49].

The constraint handling of SMPC1 is the same as in [49], except that the tight-

ening parameters are smaller. Since the conditions used for ensuring satisfaction of

the probabilistic constraints are equivalent to a robustification of the KFD, with an

extra tightening parameter that accounts probabilistically for the CFD, the handling

of constraints can be seen as a robust problem. Additionally, it has been noted that

the control policy used here is a particular case of the control policy of Chapter 4.

Therefore the approach of Chapter 4 is used for constraints satisfaction in SMPC2.

Although one might expect SMPC2 to have greater control authority than SMPC1

on account of the online optimization of the compensation gains, the use of the

approach of Chapter 4 for constraints satisfaction imposes some conservativeness due

to the extra conditions involved, so then, for small values of N , SMPC1 may have
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larger domains of attraction than SMPC2. This effect, however, disappears for larger

values of N as there are more Lk available, so that the maximum domains of attraction

of SMPC2 are always as large or larger than those of SMPC1. These considerations,

plus the fact that SMPC1 is considerably faster than SMPC2, imply that the decision

between using one or another method is a compromise between control authority and

computational speed.

The stability conditions for both strategies are expressed in terms of a bound on

the closed-loop performance that depends on the disturbance compensation of the

control policy: for the case of fixed gains (that have been designed offline) the bound

is readily available and depends on those gains, while for SMPC2 the bound depends

on the worst case possible value that these gains can take during the online execution.

Clearly this does not yield a tight bound, thus it is desirable to pursue further research

to prove a stability or convergence criterion to a terminal set or to the terminal control

law u = Kx. Additionally, as stated in Remark 6.1, the current formulation cannot

handle mixed probabilistic constraints of the type Pr{Fjxt +Gjut ≤ 1} ≥ pj, so then

it would be desirable to pursue further research so that this case can be covered.
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Concluding remarks and further

research

7.1 Concluding remarks: a summary

This thesis presents a variety of strategies in the context of RMPC and SMPC with

the aim of reducing online computational demand while retaining as much control

authority as is conveniently possible.

Chapter 3 presents a simplification of PTMPC [73], referred to as offline PTMPC,

or OPTMPC, and consists of transferring the computation of the part of the con-

trol policy associated with the uncertainty to the offline stage, so that the online

optimization only deals with nominal predictions and as a result has a computational

complexity comparable to that of deterministic linear MPC. Thus the control method

is better suited to large prediction horizons. The offline stage consists of a sequen-

tial optimization of the parameters of the control policy that seeks to minimize the

tightening parameters of the online optimization so as to relax the constraints of the

nominal predictions. In order to be able to guarantee recursive feasibility and stabil-

ity, the tightening parameters must be updated online based on offline calculations,

so that the online optimization is time-varying. Nevertheless, after N instants the
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tightening parameters will remain the same and the online optimization will become

time-invariant. Although the offline computations introduce some conservativeness,

this can be small enough so that often one can increase the prediction horizon used

in OPTMPC so as to obtain larger domains of attraction than PTMPC (which uses a

smaller N) while solving online optimizations faster and maintaining the system theo-

retic properties. OPTMPC thus provides a convenient alternative when the required

domains of attraction are not too large: due to the offline design, in general, the

maximum domain of attraction of OPTMPC will be smaller than that of PTMPC.

Chapter 4 presents a modification of PTMPC [73] such that the separable predic-

tion scheme has a striped structure and the disturbance compensation terms extend

over Mode 2 into the infinite horizon. The resulting strategy is referred to as striped

PTMPC, or SPTMPC. The modification results in a reduction in the growth of the

size of the optimization problem from quadratic to linear with N , so that the pro-

posed strategy is better suited to large prediction horizons. Also, the extension of the

disturbance compensation terms over Mode 2 into the infinite horizon provides extra

relaxation in the terminal constraints, so that SPTMPC can potentially obtain better

domains of attraction than PTMPC. Neither of the prediction schemes of PTMPC

or SPTMPC is subsumed as a particular case of the other, so potentially any strat-

egy can obtain larger domains of attraction than the other. However, the fact that

the size of the online optimization only grows linearly in SPTMPC, as opposed to

quadratically in PTMPC, implies that very often, by using larger prediction horizons,

SPTMPC achieves better domains of attraction with faster online optimizations when

compared to PTMPC. Two variations of the strategy are proposed, one that guaran-

tees convergence of the state to the minimal invariant set under the state feedback,

and another that only guarantees ISS stability. The first strategy however uses a

terminal constraint that can impose some conservativeness, so the second strategy

has increased control authority. The aspects previously discussed in this paragraph,
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however, apply to both variations.

OPTMPC is faster than SPTMPC, and therefore larger prediction horizons could

be used for OPTMPC which may allow one to obtain larger domains of attraction.

However, the conservativeness imposed by the offline design in OPTMPC implies that

often the domains of attraction cannot be as large as those of SPTMPC.

Chapter 5 presents a strategy that extends the approach of [19] for systems with

multiplicative uncertainty, to the case of mixed multiplicative and additive uncer-

tainty. The approach consists of the optimization of prediction dynamics with the

aim of maximizing the volume of invariant ellipsoids. As in [34], this extension de-

ploys disturbance feedback but is shown to depend on conditions which are both

necessary and sufficient. The optimized dynamics together with perturbations on the

control laws over the first N prediction steps is used to propose an effective prediction

dual-mode prediction based RMPC algorithm which does not rely on the restrictive

assumption of [34] that requires the future model uncertainty to be known over the

prediction horizon. Constraint satisfaction is handled with an approach based on a

variation of Farkas’ Lemma, so that the resulting online optimizations have a prob-

lem size that grows linearly with the prediction horizon, and it thus suitable for large

prediction horizons. The optimized polytopic dynamics yield the largest ellipsoidal

invariant set in the sense that the addition of new degrees of freedom would not im-

prove the ellipsoidal invariant set. However, the optimized polytopic dynamics are

not necessarily optimal in terms of polytopic invariant sets. Therefore the use of

polytopic constraints allows room for the introduction of extra degrees of freedom in

the control policy which are used to improve the domain of attraction.

Unlike previous works on SMPC, Chapter 6 presents an SMPC approach that

considers explicit feedback from the disturbances in the form of a striped affine-

in-the-disturbances policy. Two variations of the strategy are proposed. The first

variation, SMPC1, considers an offline design of the disturbance compensation gains
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which, as in Chapter 3, consists of a sequential optimization of the compensation gains

of the control policy that seeks to minimize the tightening parameters of the online

optimization so as to relax the constraints of the nominal predictions. This results in

a strategy with improved domain of attraction, while requiring online optimizations

with the same computational demand as the strategy of [49], where the size of the

online optimization grows linearly with the prediction horizon. The second variation,

SMPC2, considers the gains as degrees of freedom of the online optimization. It is

shown that the conditions for the satisfaction of the probabilistic constraints and for

guaranteeing recursive feasibility can be cast as modified robust constraints, and then

SMPC2 uses the approach of Chapter 4 for ensuring constraint satisfaction, but mod-

ified to account for the fact that the policy is affine in the disturbances. This allows

one to impose constraints in a different way that is not so sensitive on the dimension

of the additive disturbance. On account of the use of this approach for ensuring

constraint satisfaction, the computational demands are greater than in SMPC1, but

the size of the optimization problem still grows linearly with N . Additionally, the

use of artificial terminal constraints can impose some conservativeness which may

result in smaller domains of attraction than SMPC1. However, as larger prediction

horizons are used this conservativeness disappears and, due to the fact that the gains

are designed online, SMPC2 has greater control authority in general and yields better

domains of attraction.

7.2 Further research

The first strategy proposed in Chapter 4, SPTMPC1, uses the additional constraint

(4.34) to guarantee convergence to the minimal invariance set under u = Kx. It

has been noted that use of this constraint is rather artificial because it considers a

terminal set which is invariant for a fixed control law that is not the terminal control

law of the predicted policy, which is not fixed. It would thus be interesting to study
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the possibility of obtaining strong notions of stability (i.e. convergence to a set)

without imposing that extra constraint, or in a way that is more directly related to

the structure of the control policy.

In a related way, the stability conditions for both strategies of Chapter 6, SMPC1

and SMPC2, are expressed in terms of a bound on the closed-loop performance that

depends on the disturbance compensation of the control policy. Thus it is desirable

to pursue further research to prove a stochastic/probabilistic stability or convergence

criterion to a terminal set or to the terminal control law u = Kx.

As it turns out, these two issues are related because both of them relate to the

structure of the control policies (the control policy of Chapter 6 is a particular case

of the control policy of Chapter 4), and its effect on the receded solutions that are

typically used to prove recursive feasibility and stability. In a typical RMPC and

SMPC formulation, the considered control policy and fixed terminal control law are

such that the terminal control law can be implemented though a particular choice of

the degrees of freedom in the control law at the (N − 1)st predicted time step. This

implies that the receding operation is valid for the entire predicted policy, thus proving

recursive feasibility and that after N receding operations the entire control policy is

given by the terminal control law. However, as explained at the beginning of Section

4.4, the striped structure of the control policy implies that the receding operation is

not valid for the entire predicted policy (it is valid for the nominal portion, but not for

the disturbance compensation terms). This was the reason behind the more involved

constraint satisfaction approach in Chapter 4 and the need of the artificial condition

(4.34) for proving convergence. This has to be borne in mind when pursuing the

research lines proposed above.

The terminal control law of SPTMPC (and by extension also that of SMPC2)

is not fixed and it can provide extra relaxation for the constraints throughout the

infinite horizon, which suggests that the strategy could be applied to systems where
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the state feedback u = Kx is not necessarily feasible. Actually, Remark 6.15 indicates

the conditions that the offline designed gains in SMPC1 need to satisfy so that the

strategy is applicable, and these can be satisfied even if the state feedback u = Kx

is not necessarily feasible. This is a start to this interesting research direction, and

further steps would involve finding conditions for the policies where its parameters

are found online and performing stability analyses in an RMPC and SMPC context.

It has been discussed in Chapter 5 that the number of constraints and variables of

the strategy depends on the number of rows of V , which in turn is associated with the

eigenvalues of Ψ. V tends to have more rows as the eigenvalues approach to unity in

absolute value, thus affecting the online computational demands. This suggests two

possible research directions. One consists of finding alternatives for a more convenient

selection of V . The other consists of finding alternative ways to impose the conditions

(5.44), (5.40), (5.45) and (5.46), so that the online computational demands of the

RMPC strategy are not so sensitive on the size of V .
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