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A multiscale computational framework combining the first-principles calculations and the CALPHAD approach
with the phase-field method is presented to simulate the microstructure evolution in multicomponent steel al-
loys. We demonstrate the potential of the framework by predicting the microstructural evolution in elastically
periodic arrays of the Mo-V binary sub-system. The framework utilizes the first-principles calculations using
special quasi-random structures. Hitherto unavailable thermodynamic and material properties of the alloy are
obtained by employing the first-principles calculations and the CALPHAD approach and fed into the phase-field
model to predict the microstructure evolution at different temperatures within the miscibility gap region. In
addition to the temperature and cooling rates, the model incorporates the role of mechanical fields in decom-
position kinetics in the Mo-V binary alloy system. Regimes for temperatures and cooling rates at which spinodal
decomposition occurs are identified. Applying external loading leads to directional phase separation in the Mo-V
binary system. The elastic inhomogeneity in terms of material properties between the two phases initiates the
directional alignment while eigenstrains and applied external loading control the degree of alignment. The

framework developed is general and extendable to higher multicomponent sub-systems in steel alloys.

1. Introduction

Molybdenum (Mo) and Vanadium (V) are irreplaceable alloying
agents in tailoring material properties and micromechanical behavior of
multicomponent steel alloys, such as dual-phase steels [1], high entropy
alloys [2], and ultrahigh-strength steels [3]. These alloys are widely
used in numerous industries, extending from metallurgy, petroleum, oil
and gas, mining, and automotive industries to manufacturing various
engineering and aerospace components capable of withstanding large
temperature ranges and highly corrosive environments [4,5]. The for-
mation of new phases due to the segregation of alloying elements alters
the underlying microstructure and considerably influences the perfor-
mance of these alloys [6]. In this context, characterizing the Mo-V bi-
nary sub-system can enable a more comprehensive understanding of
their roles in the microstructure evolution and the structure-property-
processing interplay in multicomponent steel alloys. Delivering new
scientific insights on the Mo-V binary sub-system is indispensable for
tailoring enhanced steel alloys for technologically practical applications.

* Corresponding authors.

To this end, we use a multiscale computational framework to study the
microstructure evolution in the Mo-V binary system under various
processing and service conditions.

Although the thermodynamic characteristics of the Mo-V binary
system, such as the solidus and liquidus boundaries [7], partial molar
Gibbs energy and binary interaction parameters [8-10], have been
determined, the presence of the miscibility gap for temperatures below
1124.15 K has been recently experimentally confirmed [11]. In experi-
ments [11], Mo-V alloy samples were isothermally heated to a hold
temperature of 873.15 K and 1023.15 K and held at those temperatures
for seventy days. After the isothermal treatment process, the experi-
ments have shown that the Mo-V solid solution phase has separated into
two BCC phases, Mo-rich and V-rich phases (hereafter « and $ phases),
Fig. 1. The spinodal decomposition and nucleation-growth have been
identified as two possible phase decomposition mechanisms [11].

During manufacturing and service life, multicomponent steel alloys
are exposed to different temperatures, temperature fluctuations during
cooling or heating, and mechanical loading. In addition to these
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environmental conditions, additional mechanical fields arise due to the
lattice mismatch between coexisting phases and the difference in ma-
terial properties due to inhomogeneous composition. Studies have
shown that the temperature in terms of cooling rates (CRs) [12] and the
presence of stress fields [13] have a significant effect on the temporal
evolution and resulting microstructure morphology in solid-state phase
transformations. They can entirely suppress or alter the onset of phase
separation. Furthermore, the elastic properties and the elastic in-
homogeneity of the material play an important role in the microstruc-
ture evolution during spinodal decomposition [14,15]. Indeed, the
seminal work of Larche-Cahn has laid the foundation for describing the
thermodynamics of stressed solids [16]. While CRs can suppress or shift
the temperature range for phase transformation [12], mechanical fields
can alter the equilibrium composition and equilibrium shape of coherent
particles, change the coarsening process, and preferentially align
composition in a direction parallel or perpendicular to an applied stress
[17].

While experiments for the Mo-V binary system [11] have indicated a
temperature range for spinodal decomposition, the impact of CRs,
elastic inhomogeneity in terms of lattice parameter mismatch and
inhomogeneous material properties, and externally applied stresses on
the phase decomposition mechanisms has remained unrevealed. The
natural next step is the use of computational modeling to go beyond the
experimental considerations to understand the role of these effects on
the kinetics of spinodal decomposition in the binary Mo-V alloy system.
To the best of our knowledge, a detailed parametric study quantifying
the effects of CRs, elastic inhomogeneity, and externally applied stresses
on the spinodal decomposition of the Mo-V binary system has not been
reported.

The phase-field method has been widely used for quantitative
modeling of microstructure evolution and spinodal decomposition [18].
Arbitrary thermodynamic properties and kinetic parameters are
frequently employed in phase-field formulations. To overcome this, the
phase-field model has been either combined with the first-principles
calculations to exclude arbitrariness in the material properties [19,20]
or the CALPHAD (CALculation of PHAse Diagram [21]) approach to
assess the thermodynamic properties of the system [22]. In this work, we
formulate a multiscale framework by combining both the first-principles
calculations and the CALPHAD approach with the phase-field method to
simulate spinodal decomposition in the Mo-V binary system. The CAL-
PHAD approach is used to obtain the Gibbs free energy density of the
system as a function of composition and temperature. The interfacial
energy, an important ingredient for microstructure evolution [23], and
the elastic properties of the @ and $ phases are determined using the first-
principles calculations. Special quasi-random structures (SQSs) are
employed in the first-principles calculation to represent a random Mo-V
alloy. This data is then fed into the phase-field model to simulate the
microstructure evolution of the system within the miscibility gap region
[11]. In addition to the two temperatures used in the experiment
(873.15 K and 1023.15 K), a lower temperature of 700 K is also
considered in this work. In addition to determining hitherto unavailable
thermodynamic and material properties of the alloy, we study the role of

Mo-0.3V
(a-phase)

Mo-0.7V
(f3-phase)
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temperature, cooling rates, and mechanical fields in microstructure
evolution and morphology in elastically periodic arrays of the Mo-V
binary system.

2. The phase-field model

The free energy functional F for a heterogeneous system occupying
the domain V, with contributions from the chemical free energy density
GY, interfacial free energy density I between the Mo-rich and V-rich
phases, and elastic strain energy density € can be represented as

F = / [G*(cv,T) + T (Vey)+ € (Vu,cy) |dV (€))
14

where cy is the vanadium composition (mole fraction) scalar field, T is
the absolute temperature, and u is the displacement vector field.

2.1. Chemical free energy density

The chemical free energy density of the system GY(cy, T) is deter-
mined as a function of vanadium composition and temperature using the
CALPHAD approach [21]. To address the deviation from ideal mixing
and the dependence of excess free energy on temperature, we use the
sub-regular solution model of the CALPHAD methodology to simulate
the BCC solid solution phase of the Mo-V binary alloy system. The local
Gibbs free energy density of the Mo-V system can be expressed as

1
G (cy,T) = —(G"™ + G + G™) 2
where GM, G°| and G*¥ are the Gibbs free energies in J/mol due to
mechanical mixing, ideal term, and excess free energy, and v, and is the
molar volume. Each term is further decomposed as

G"™ = (1-¢y)GYy, +cvGY 3)

G = RT[(1 — ¢y)In(1 — ¢y) +cylney | @

G™ = (1=cv)ev Y Ly, (1= 2¢v)" (5)
n=0

where R is the universal gas constant and LY, , is the n interaction term
between Mo and V in J/mol. In Eq. (3), GY, and G, are the Gibbs free
energies for pure Mo and pure V in the BCC phase obtained using
experimental data in the Scientific Group Thermodata Europe (SGTE)
database [24] (Supplementary Section 1).

The excess Gibbs free energy GEX is modeled by a Redlich-Kister
polynomial [25] such that n takes values from 0 to 2. Each interaction
term is expressed as a function of temperature

Lyy =bo+b,T 6)
where by and b; are the coefficients taken from recent experiments [11]

o/f interface

Mo-0.3V | Mo-0.7V
(a-phase)

(f-phase)

Fig. 1. An SQS supercell configuration of Mo-0.3V (a-phase), Mo-0.7V (#-phase) alloy, and a supercell configuration of the a/f interface.



A. Kumar Thakur et al.

as they have recently established the low-temperature miscibility gap
boundary for the Mo-V binary alloy system. Expressions for G}, and GJ
in Eq. (3) and each L, interaction term in Eq. (6) are given in Sup-
plementary Section 1.

Combining Egs. (2-6) renders the final expression for the chemical
free energy of the system G (cy, T) as a function of composition and
temperature (Supplementary Section 1). A graphical representation of
the chemical free energy with respect to the vanadium composition is
given in Fig. 2(a) for the three temperatures considered (700 K, 873.15
K, and 1023.15 K). As these temperatures are within the miscibility gap
range, as shown experimentally in Ref. [11], each plot in Fig. 2(a) ex-
hibits a double-well potential curve. The equilibrium compositions of
each phase are determined by constructing a common tangent to the
Gibbs free energy curves. Fig. 2(b) show a magnified view of the Gibbs
free energy at 700 K temperature and the corresponding common
tangent. The common tangents to the Gibbs free energy at 873.15 K and
1023.15 K temperatures are presented in the Supplementary Fig. 1. The
common tangent to the Gibbs free energy curves at 700 K and 873.15 K
show the equilibrium compositions of the two stable phases are close to
cy =0.30 and cy = 0.70. Thus, the equilibrium alloys can empirically be
written as Mo;.,Vy (0.0 < x < 0.30) and Mo, V3., (0.0 < y < 0.30) for the
Mo-rich and V-rich phases, respectively. The equilibrium compositions
of the two stable phases at 873.15 K and 1023.15 K are in agreement
with the experimentally reported equilibrium compositions [11].

2.2. Interfacial energy density

The first-principles calculations are conducted to obtain the inter-
facial energy between the two phases I'y/; and correlate it to the phase-
field parameters. In that regard, we establish correlation functions,
generate random SQSs, perform the first-principles calculations, and
compute the interfacial energy. Once it is determined, the interfacial
energy and the interface thickness are connected to the phase-field pa-
rameters [26].

2.2.1. Correlation functions and SQS

An interface is assumed between the « and $ phases formed due to
spinodal decomposition in the Mo-V alloy, as shown in Fig. 1. We use an
SQS approach to generate Mo-V alloys with different vanadium com-
positions to mimic randomness in the system.

Considering a binary A-B system, the occupation of lattice sites can

be expressed by the site occupation operator defined by p’l as

i | 1, if site iis occupied by A
P =fx) = { 0, if site i is occupied by B @

Similarly, we assign a spin, i.e., —1 or + 1, to each lattice site using a site
operator o; as
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Correlation functions of any cluster can be expressed as the average
product of site operators of different sites in the cluster. Mathematically,
it can be written as

(_7/( = <(710'2()'3...> (9)

where k =1, 2, ... are different clusters, i.e., first-neighbor pair, second-
neighbor pair, triangle, etc., which are expressed as a function of
neighboring distances between clusters (d). 6 provides an elegant way
to characterize a structure based on its atomic configurations on
different lattice sites. For an infinite random system, we expect complete
randomness, i.e., there is no preference for the atomic occupation of any
type of atom on any lattice site in the system. The correlation functions
of an infinitely random system (R) can be expressed as

(Gra)p = (2x = 1)* (10)

It should be noted that the above correlation function becomes 0 when
x = 0.5 (for a binary alloy system) except for k = 0, which indicates an
empty cluster.

The generation of random configurations of a system for electronic
structure calculations is important as the physical properties of the
structure closely depend on its atomic arrangements [27]. Earlier the-
ories based on random alloy configurations, such as virtual crystal
approximation and site-coherent potential approximation, consider
either the average occupation of different atoms on lattice sites or each
atom is embedded equivalently in a uniform space [28]. SQSs are an
attempt to create structures that best approximate the infinite version of
its random alloy. Since SQSs are periodic structures, they cannot
reproduce the correlation functions of their corresponding random
system. Thus, the extent of randomness of SQSs is expressed as the de-
parture of the correlation functions (Gk4)sos to that from the corre-
sponding infinitely random structure as

€ra = (Ora)g — (Ora) sps an

We should expect that departure (g 4) or error should be as low as
possible. An improved methodology for SQS generation by minimizing
error has been proposed in Ref. [29]. The method is based on a Monte
Carlo simulated annealing loop in which an objective function (Q),
primarily based on Eq. (11), is minimized iteratively

Q: _(I)L“I’Z!ek‘d! (12)

keC

where C is a user-specified set of clusters, L is the largest length in cluster
C such that ¢ 4 is 0, and w is a user-specified weight (generally taken as

| |
[ %)
=1 &

Gibbs free energy density (kJ/mol)
|

(®)

Fig. 2. (a) Gibbs free energy as a function of vanadium composition (cy) at three different temperatures for the Mo-V binary alloy system [11] and (b) the common

tangent at 700 K.
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1). This methodology has been implemented in the Alloy Theoretic
Automated Toolkit (ATAT) package [30] using the mcsgs module, which
is used in the present paper to generate SQSs. During an SQS search, the
cell dimensions are also allowed to change to mimic the random system.
However, under certain conditions, one needs the cell dimensions not to
change. The crystal structure of the generated SQS is restricted to the
BCC system. This algorithm can also handle this constraint, and SQS can
be generated iteratively without altering any cell dimension.

SQSs consisting of 40 atoms are generated at different vanadium
compositions usinga 5 x 2 x 2 Mo-V alloy supercell. Since the generated
SQSs are finite, their correlation functions cannot match perfectly with
that of their corresponding random structures. Thus, there is an inherent
difference between the correlation functions of SQSs and its corre-
sponding random structures. Values of the objective function for each
alloy and their corresponding errors in the first and second nearest
neighbor correlation functions are listed in Supplementary Table 1. They
are generated using the Monte-Carlo iterative scheme for SQS search by
minimizing the objective function given in Eq. (12). It should be noted
that the errors in the correlation functions of SQSs for Mo-0.5V are close
to 0, and thus they adequately mimic random structures.

2.2.2. First-principles calculations

The first-principles total energy calculations are carried out for pure
Mo, pure V, and each of the 5 x 2 x 2 SQS supercell structures generated
using all electron projector augmented wave method [31] implemented
in the Vienna Ab-initio Simulation Package (VASP) [32]. The general-
ized gradient approximation [33] is used to model the exchange corre-
lation in the system. After establishing the energy convergence, a plane-
wave cut-off energy of 300 eV is used and a 4 x 6 x 6 k-point mesh for
Brillouin zone integration is constructed using the Monkhorst-Pack
scheme [34]. The structures are relaxed using the conjugate-gradient
method until the magnitude of forces acting on each atom and the
external pressure from the stress tensor becomes lower than 0.005 eV/A
and 2 kB, respectively.

Fig. 1 shows the a and g SQS alloys close to the equilibrium alloys
represented by the spinodal decomposition. To obtain the interfacial
energy I';/5, a (001) interface between the a and $ phase is constructed
(Fig. 1), using a SQS supercell with 40 atoms in each phase. The lattice
parameter of each system is approximated to the average lattice
parameter obtained for the a and f phases from the first-principles
calculation. Refer to Supplementary Fig. 2 for the variation of the lat-
tice parameter with vanadium composition. For the interfacial energy
calculation, a plane-wave cut-off energy of 300 eV is used with 4 x 6 x 1
k-point mesh for Brillouin zone sampling.

2.2.3. Interfacial energy
The interfacial energy between the o and § phases (I'y ) is calculated
using the following equation

Coyp = Eqyp — [Ea + E/;] - {Eﬁ + Ej] 13)

In the above equation, E,/; is the ground state total energy of the
combined « and f phase configuration with the interface (Fig. 1), E, and
Ej are the formation energies of the a and $ bulk phases shown in Fig. 1,
and ES and Eﬁ are the surface energies of the a and f phases (Supple-
mentary Fig. 3). Using the above equations, we compute the interfacial
energy Iy for (001) surface to be 0.104 Jm 2. The details regarding
the first-principles calculations for determining the surface energies of
the a and g phases are given in Supplementary Section 2. More accurate
calculations of the planar fault energies employing different supercell
sizes especially a larger supercell with clearly isolated images of the
interface and free surfaces can yield more precise chemical and strain
associated energies [35]. Further, the finite temperature contributions
to the interfacial energy that arises due to possible atomic disorder (i.e.,
diffuse boundaries) and excess entropy (i.e., vibrational, thermo-
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electronic, etc.) also need to be considered. However, the present
emphasis is on the microstructural evolution pertaining to spinodal
decomposition and a comprehensive investigation of the interfacial
energy is not within the scope of the study.

2.2.4. Phase-field parameters
The interfacial free energy density I in the total free energy func-
tional (Eq. (1)) is expressed by the gradient of vanadium composition as

1
[(Vey) = EK\ch\z 14)

where « is the isotropic gradient energy coefficient expressed as [26]

T,
=2 (15)
4 (Acy)

where T4 is the interfacial energy calculated using Eq. (13), § is the
selected nominal interface thickness, and Acy is the difference in the
equilibrium compositions in the Gibbs free energy density.

2.3. Elastic strain energy density

The elastic strain energy density is a quadratic form of the elastic
strain e, which is obtained by subtracting the stress-free strain
(eigenstrain) &, from the total strain . The eigenstrain tensor &g in-
cludes compositional strains resulting from the difference in composi-
tion. Using cyp as a reference composition for the stress-free state at
equally mixed phases (cyy = 0.5), the eigenstrain tensor reads [36]

a(cy) — ao(cvo)

16
ao(Cvo) (16)

eeg(cv) = nley —evo)ln =

where 7 is the composition expansion/subtraction coefficient of the
lattice parameter and I is the identity tensor. The 5 coefficient is
expressed as the difference in stress-free (relaxed) lattice parameter
a(cy) for a specific composition relative to the stress-free (relaxed) lat-
tice parameter of the initial composition ag(cyo). The relaxed lattice
parameter is obtained using the first principles calculations and given
below in the text. We report that for the system considered and using the
first principles results for the lattice parameter a, the coefficient 5 in Eq.
(16) is y = —1.12 %. It is assumed that eigenstrain varies linearly with
vanadium composition (Vegard’s law), which is confirmed by employ-
ing the first principles calculations, and that compositional variations
induce a pure dilation of the crystal lattice. The total strain tensor ¢ is the
symmetric part of the displacement gradient

1
e=5(Vu+t (Vu)"). a”
Using Egs. (16) and (17), the strain energy density is given as
1
€(Vu,cy) = Esel 1 Cley) s €5 e =& — e,(cy) (18)

where C is the rank-four elastic stiffness tensor assumed to depend on
the vanadium composition and vary between the Mo-rich and V-rich
phases. For simplicity, we assume cubic symmetry and define the elastic
stiffness tensor as

Ciju = Cia2(cv)8i6u + Cas(cv) (5ik5jl + 5i15jk) + (Cii(ev) — Cialey)
— 2C44(Cv) )5ijkl (19)

To complete the mathematical formulation, the lattice parameter a(cy)
and the elastic constants C;1, C12, and C44 as a function of vanadium
composition are computed employing the first-principles calculations as
described above. The lattice parameter variation, calculated from the
relaxed structures as a function of cy, as shown in Supplementary Fig. 2,
varies closely with cy according to Vegard’s law. The obtained lattice
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parameter dependence on composition is used to introduce the coeffi-
cient n and eigenstrains in Eq. (16). We emphasize that the results ob-
tained for the lattice parameter are in agreement with Refs. [37,38].

The first-principles calculations are further utilized to determine
hitherto unavailable elastic constants C11, C12, and C44 for the Mo-rich
and V-rich phases. It is assumed in Eq. (19) that the elastic constants
vary linearly with vanadium composition between the Mo-rich and V-
rich phases. In addition to these elastic constants, material properties
such as bulk modulus B, Young’s modulus E, and shear modulus G that
are not readily available in the literature for pure Mo, pure V, Mo-rich,
and V-rich phases are computed. The determined material properties for
the pure Mo and V phases agree well with the documented data in Refs.
[39-42]. The obtained material properties are summarized in Table 1,
while the details regarding the first-principles calculations for deter-
mining the material properties are given in Supplementary Section 3 and
Supplementary Figs. 4-9.

2.4. Governing equations

Using the balance of power and the principle of virtual power [43]
render the following time-dependent governing equations for the inde-
pendent fields cy(x,t) and u(x,t)

dcy OF aG"* ) 0e(Vu, cy)
had A MV (—) = MV (—— — =
o =V eMVG) =V eMVEG s Ve £ =50 U (a0
Veos=0
where, o is the Cauchy stress tensor defined as
o5 = 0e(Vu, cy) /e (21)

while F is the total free energy functional of the system given in Eq. (1)
and M is the kinetic coefficient that characterizes the vanadium
composition mobility. The phase decomposition kinetics depend on the
mobility parameter M which is given as
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addition, rigid body motion is prevented for the mechanical equilibrium
equation. A structured mesh is generated using quadratic quadrilateral
finite elements with a characteristic element size of 5 nm. The material
properties and parameters common to all phase-field simulations are
listed in Table 2.

The Cahn Hilliard equation (Eq. (20)) in its split form is used to solve
for the microstructural evolution. The discretized form of equations is
numerically solved through the Preconditioned Jacobian-Free Newton
Krylov (PJFNK) method. Adaptive time stepping is used to adjust the
timestep depending on the rate of solver convergence.

3. Results and discussion

All simulations are conducted for seventy days and at three tem-
peratures within the miscibility gap region: 700 K, 873.15 K, and
1023.15 K. The role of temperature, cooling rates, compositional strain,
and externally applied loading on the decomposition kinetics and the
microstructure morphology in the binary Mo-V system is examined.

3.1. Isothermal treatment

We start the simulations using a Mo-0.5V alloy with an initial
compositional fluctuation of + 2% to mimic randomly occurring
compositional variations in real systems. Fig. 3 depicts the phase-field
predictions of microstructure evolution at different time intervals for
the three temperatures considered, without any elastic energy contri-
bution. The coarsening effect can be noticed for the three temperatures
as the microstructure evolves with time. We observe a coarser micro-
structure when the alloy is treated isothermally for a longer time
compared to a microstructure formed at a comparatively shorter time.
Fig. 3 also reveals that increased temperature leads to coarser

Table 2
Parameters common to all phase-field simulations.

¢ Quantity Value Unit  Remarks
M =—[(1—-cv)D,+ cvDy, |
RT (22) Self-diffusion coefficient of Mo Dy, 8.837 x 1032 m?/s [45]
loc
¢ = m aZG Self-diffusion coefficient of V Dy 5.781 x 1022 m?/s
RT o [44]
Interfacial energy I, a/p Eq. (13) 0.104 J/ This work
2
where ¢ i hermodynamic factor th nds on temperature an m
ere 4) .S the the Ody amic factor that depends on tempe at%l N a d Gradient energy coefficient x Eq. (15) 9.75 x 10710 J/m This work
composition, D, and Dy, the temperature-dependent self-diffusion Composition expansion coefficient —1.12 % _ _
constants for V and Mo determined using experimental data in Refs. Eq. (16)
[44,45]. For simplicity, it is assumed in the present paper that the Phase-field mobility parameter M Eq. (22) m%s -
thermodynamic factor ¢ and the mobility M are a function of compo- Absolute temperature T %gg’ fgf'l‘r” K -
51t10r.1 only by ﬁ?(l.ng the temperatt.lre at 873..15 K. The varlatlon. of ¢ and Domain size 500 500 m?
M with composition at 873.15 K is shown in Supplementary Fig. 10. Number of finite elements 100 % 100 _ _
Composition fluctuation +2% - -
i . X Elastic constant C{; in Mo-rich phase 348.48 GPa This work
2.5. Numerical implementation Elastic constant C%, in Mo-rich phase ~ 203.42 GPa  This work
Elastic constant C§, in Mo-rich phase ~ 85.88 GPa This work
The resulting set of partial differential equations (Eq. (20)) is Elastic constant C}, in V-rich phase 203.81 GPa  This work
implemented in the multi-physics finite element software package Elastic constant C}, in V-rich phase 108.94 GPa  This work
MOOSE [46]. The computational domain is a periodic cell [0, 500] x [O, Elastic constant C, in V-rich phase 37.94 GPa  This work
500] nm. Periodic boundary conditions are enforced on all edges. In
Table 1
Material properties of pure Mo, pure V, Mo-0.3V, and Mo-0.7V phases determined using the first-principles calculations.
System B(GPa) C11(GPa) C12(GPa) C44(GPa) E(GPa) G(GPa)
Pure Mo 276.7 433.87 198.11 128.56 324.29 124.29
(2367, 275") (407.87, 4509 (1507, 176%) (135.57, 1259 (335.3) (132.7%
Pure V 195.5 276.42 155.03 43.04 138.48 50.1
(159.7°%, 194" (2617, 232°) (1309 (45.57, 46°) (154°, 127.6%) (57.6", 46.7%)
Mo-0.3V 251.77 348.48 203.41 85.88 218.34 80.54
Mo-0.7V 210.85 203.81 108.94 37.94 117.46 41.74

@ Reference [40]. b Reference [39]. © Reference [42]. d Reference [41].
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5 days 20 days 70 days

Fig. 3. Time evolution of phase-field generated microstructures of spinodal decomposition in the Mo-V binary alloy isothermally treated at different temperatures.

microstructures. For instance, at the end of the seventy-day simulation
period, the microstructure at 1023.15 K is relatively coarser than the
corresponding microstructures at 700 K or 873.15 K. SEM images of Mo-
V alloy treated isothermally at 873.15 K and 1023.15 K from Ref. [11]
are shown in Fig. 4 for the sake of comparison. Bec(Mo, V)1 and Bee(Mo,
V)2 represent Mo-rich and V-rich phases formed after spinodal decom-
position in the system.

In addition to the coarsening effect, the temperature alters the
equilibrium composition of the @ and $ phases at the end of the simu-
lation period. As illustrated in Fig. 3, the equilibrium compositions of the
two phases at 700 K at the end of the seventy-day simulation period are
cy = 0.30 and cy = 0.70. Spinodal decomposition starts after approxi-
mately one day at the same temperature. In the case of 873.15 K, the
phase equilibrium compositions are slightly altered and closer to cy =
0.35 and cy = 0.65, and spinodal decomposition is suppressed for up to
2.4 days. In comparison, the equilibrium composition of the « and g
phases at 873.15 K, as shown in Fig. 4, are cy = 0.38 and cy = 0.62,
which is close to the simulation results. A similar trend is observed for
the system at 1023.15 K, in which spinodal decomposition starts after
17.7 days with equilibrium compositions cy = 0.40 and cy = 0.60, as
indicated in Fig. 3. Correspondingly, when compared with Fig. 4 for

Phase-field Experiment

873.15 K

1023.15 K

Fig. 4. Evolved microstructures of the Mo-V alloy isothermally treated for 70
days at 873.15 K and 1023.15 K. The SEM images are taken from Ref. [11]. Bcc
(Mo, V)1 and Bce(Mo,V)2 stand for Mo-rich and V-rich phases.

1023.15 K, the equilibrium compositions are cy = 0.44 and cy = 0.56 for
the a and g phases.

The free energy density of the system at the three temperatures
considered rapidly decreases with time, indicating spinodal decompo-
sition as a thermodynamically favorable mechanism for phase trans-
formation. The Gibbs free energy density variation with time for seventy
days at 700 K is given in Supplementary Fig. 11(a). A similar S-shaped
curve can be obtained for the system at 873.15 K and 1023.15 K. Sup-
plementary Fig. 11(b) shows the amount of the  phase formed at the
three temperatures. In the case of 700 K and 873.15 K, the amount of the
p phase formed initially increases rapidly, followed by a decline in phase
formation, and finally, it reaches a plateau for longer simulation times.
At the end of the seventy-day simulation period, the fraction of § phase is
0.45 and 0.42 at 700 K and 873.15 K. As could be observed in Supple-
mentary Fig. 11, a negligible increase in the g phase and the chemical
free energy density G' (Supplementary Table 2) is obtained after a
thirty-day simulation period at 700 K and 873.15 K temperatures. Thus,
the most significant amount of the f phase is formed within the first
thirty-day simulation period. On the other hand, different spinodal
decomposition kinetics is returned at 1023.15 K. As depicted in Fig. 3
and Supplementary Fig. 11(b), phase decomposition is entirely sup-
pressed with no g phase present at this temperature for approximately
twenty days. After that point, the formation of the $ phase slowly in-
creases to forty days and slows down afterward to reach a plateau at
sixty days. Further increase in simulation time returns no significant
increase in the $ phase. At the end of the seventy-day simulation period,
the fraction of § phase is 0.35 at 1023.15 K.

3.2. Effect of cooling

We study the effect of cooling on the microstructure evolution in the
Mo-0.5V binary alloy cooled from a high initial temperature of 1500 K to
700 K using different cooling rates, i.e., 0.1 K/hr, 0.25 K/hr, 0.5 K/hr,
and 1.0 K/hr. For each case, the microstructure is reported at 1023.15 K,
873.15 K, 750 K, and 700 K to show the effect of CRs on the spinodal
decomposition kinetics. It is worth noting that the nucleation-and-
growth mechanism can be triggered when the alloy composition falls
outside the spinodal region but within the common tangent region.
However, in this study, only spinodal decomposition is relevant to all the
considered starting compositions. Therefore, the nucleation-and-growth
mechanism is not the focus of this work.

The first case study includes cooling the alloy from the initial tem-
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perature (1500 K) to the final temperature of 700 K at 0.1 K/hr CR. In
this case, spinodal decomposition is observed after 231 days and at 945
K, Fig. 5. At the end of the cooling period at 700 K, the fraction of 3 phase
formed in the system is 0.44. In the second case, a CR of 0.25 K/hr is
used to cool the system from the same initial temperature to the final
temperature. Starting from the single phase at 1500 K, the system is
cooled linearly and it takes 133.3 days for the cooling to complete.
During this cooling process, spinodal decomposition triggers after 102
days at 890 K and the system decomposes into two phases, Fig. 5. The
fraction of g phase formed in the system at the end of the cooling period
is 0.42. In the third case, CR is increased to 0.5 K/hr, which further
suppresses the temperature range for spinodal decomposition. It takes
approximately 67 days to cool the system while spinodal decomposition
triggers after 55 days at 845 K, Fig. 5. After cooling at 0.5 K/hr, the
fraction of # phase formed in the system is 0.41. Finally, in the fourth
case, a further increase in the CR to 1 K/hr suppresses the spinodal
decomposition temperature as well as time to 777 K and 30 days, in a
cooling period of 33.3 days, respectively. In this case, the amount of g
phase formed in the system at the end of the cooling period is 0.39.

Fig. 5 shows the microstructure evolution for the four cooling rates
considered. It should be noted that the amount of § phase formed at the
end of the cooling period decreases in the system with an increase in the
CR. For any CR considered, microstructure coarsening is observed at
lower temperatures as cooling progresses in the system. As shown in
Fig. 5, spinodal decomposition can be entirely suppressed by cooling a
Mo-0.5V alloy from 1500 K to 1023.15 K at all four cooling rates
considered. However, spinodal decomposition can be induced by further
cooling to the final temperature of 700 K.

The obtained results in Fig. 5 indicate that there is a critical cooling
rate at which spinodal decomposition is fully suppressed in the tem-
perature range considered. To achieve this, the CR is further increased in
the simulations until the single-phase alloy is reached. Fig. 6 depicts
different CRs and the onset of spinodal decomposition in the system for
each case considered. In the case of slow cooling at 0.1 K/hr, a single-
phase Mo-0.5V random alloy is exposed to longer cooling times and
its decomposition into the two phases is more feasible. In this case,
spinodal decomposition occurs when the temperature drops below the

1500 K 1023.15 K
CR = 0'1 K/hr . .
S . .
o . .
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miscibility gap limit. Increasing the cooling rates shortens the exposure
time within the miscibility gap. As a consequence, the temperature at
which spinodal decomposition occurs is reduced. In the case of fast
cooling, the single-phase alloy has insufficient time to decompose into
two phases. At a CR of 2.2 K/hr, it is observed that the single phase
misses the spinodal decomposition and retains a single phase at the end
of the cooling period. This CR is the critical CR of the system above
which spinodal decomposition does not take place, as shown in Fig. 6.
The grey-shaded region in Fig. 6 stands for the area in which the spi-
nodal decomposition of the system occurs, whereas the white region
indicates the single-phase alloy. The single and two-phase regions are
separated by a decomposition boundary.

3.3. Effect of elasticity

The effect of inhomogeneous elasticity due to the compositional in-
homogeneity and the application of external stresses are analyzed by
activating the coupling between the temporal evolution for cy and me-
chanical stresses. It is emphasized that the previous simulations (Section
3.1 and Section 3.2) do not account for the mechanical contribution.
Even though this is an idealized case, it serves to isolate the effect of
elasticity on microstructure evolution. It is further assumed that the
elastic effects do not affect the interfacial energy and thickness.

We assume cubic symmetry in the simulation and consider periodic
structures as in the previous case studies. The material properties of pure
Mo, pure V, a, and f phases are given in Table 1. Two case studies are
considered. First, we examine the role of compositionally-generated
elastic stresses on spinodal decomposition kinetics. The second case
study extends the previous one by applying uniaxial tensile strains in the
horizontal direction. In both case studies, the three representative
temperatures, i.e., 700 K, 873.15 K, and 1023.15 K, are considered and
the alloy is treated isothermally at these temperatures. We note that the
effect of the CR is not considered while examining the elastic effects.

3.3.1. Effect of compositional strain
Compositionally-generated elastic stresses directly affect the devel-
opment of spinodal decomposition and microstructure morphology in

873.15K

750 K 700 K

Fig. 5. Phase-field simulated microstructures on cooling a Mo-0.5V alloy from 1500 K at different cooling rates (CRs).
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Fig. 6. Continuous cooling transformation diagram for the Mo-V binary alloy system.

the Mo-V binary system, Fig. 7. In the case of low temperature (700 K),
the system is decomposed into the a and $ phases. Yet, the decomposi-
tion kinetics and amount of the $ phase formed are altered compared to
the case without compositional strains (Fig. 3). Moreover, the elastic
effects change the minimum composition of cy for the spinodal
decomposition. The equilibrium compositions of the @ and $ phases are
slightly changed and shifted to 0.32cy and 0.68cy; without the compo-
sitional effect, the equilibrium compositions are at 0.3cy and 0.7cy.
For the moderate and high temperatures (873.15 and 1023.15 K), the
effect of compositional elastic stresses on the decomposition kinetics and
the microstructure morphology is even more pronounced, Fig. 7. In the
case of 873.15 K, the system decomposes into the @ and f phases with the
equilibrium composition of 0.35cy and 0.64cy. However, in the case of
high temperature (1023.15 K), the elastic compositional effects further

873.15K

1023.15 K

suppress the decomposition kinetics and no spinodal decomposition
occurs for the simulation period considered.

The behavior of the phase-field model in the presence of composi-
tional stress can be understood in the context of the work of Cahn and
Larché on coherent equilibrium of two-phase solid solutions [47]. That
work predicts a reduction in the two-phase compositional field as elastic
energy resulting from composition-dependent interfacial coherence in-
creases. This behavior is consistent with our observations of a change in
equilibrium compositions of the a and $ phases, for instance, to 0.32cy
and 0.68cy at 700 K; compared to the equilibrium composition of 0.3cy
and 0.7cy without the compositional effect. Cahn and Larché’s model
also predicts the possibility of elastic energy eliminating the two-phase
equilibrium by favoring single-phase equilibrium. This later behavior is
also consistent with our observations in Fig. 7.

20 days 70 days

0.5

0.4

0.3

Fig. 7. Time evolution of phase-field generated microstructures of spinodal decomposition in the Mo-V binary alloy isothermally treated considering compositional

elastic effects at different temperatures.
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To shed light on the latter behavior, let us consider a simple model of
two solid binary solid solutions, @ and f in equilibrium with each other
(same chemical constituents, chemical species 1 and 2)) at constant
hydrostatic pressure. The Gibbs free energy of the composite system is
given in its molar form by

G(z.4.2) = 26°(4) + (1 - )P () 23)

where Z is the mole fraction of @ phase, and (1 — Z) the mole fraction of
phase. x¢ and ¥/ are the mole fractions of chemical component 1 in the
two phases. We simplify the model further by considering the Gibbs free
energies of two stable phases a and f are symmetrical about the

composition x = 0.5 and that G* (x{) = G* (x/fe> = Gy, where x{* and

xf’e are the equilibrium compositions for the two phases. This is not the
case for the Mo-V system but this does not impact the conclusion of this
argument. We also limit this problem to mixtures with overall compo-
sition x = 0.5. We now assume that the compositional elastic energy
adds an energy term to Eq. (23) of the form

E=AZ(1-2) (24)

where A is a positive constant. Assuming that x2¢ and X’ do not depend
on A. At x = 0.5, because of the symmetry of the molar free energies, at
equilibrium Z = 0.5 and the elastic energy becomes E(x = 0.5) = 4. At
x =05G = %G" + %Gﬁ = Go. A two-phase system with compositional
stress will therefore have free energy given by G+ E = Go + 4. The free
energy of pure phases at x = 0.5 are G%(x = 0.5) = G/(x =0.5) =G,
with G, > Gy. Since G, does not depend on A, there is a threshold, A =
4(Gp —Gp) below which the two-phase system is more stable than the
individual single phases but above which the single phases are more
stable than the phase-separated system. This behavior may therefore
explain the observation of the absence of separation (i.e., retaining a
single phase) in the phase-field model simulations in the presence of
compositional stress.

3.3.2. Effect of applied strain

Since the elastic compositional stresses entirely suppress phase
decomposition at 1023.15 K, we examine the role of applied loading at
700 K and 873.15 K. Fig. 8 depicts the phase-field predictions in terms of
microstructure evolution for three different applied tensile uniaxial
strains. Small external strains (0.1%) do not significantly affect spinodal
decomposition kinetics and microstructure morphology, and similar
results are returned as in the previous case with compositionally-
generated elastic stresses. The system returns the same equilibrium

Initial

Eont = 0.1%

Bl

£y =0.5%

& =1%
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compositions and the amount of the § phase as in the compositional
strain case at 700 K (Fig. 7). Both phases are continuous with no
directional alignment.

Imposing higher strains (e.g., 0.5% and 1%) affects the microstruc-
ture morphology, Fig. 8. Yet, similar equilibrium compositions are
returned as for the 0.1% external strain case or the system with only
compositional strains. The formed phases are elongated and aligned
parallel to the direction of the applied uniaxial strains, leading to
directional phase separation. This effect is particularly noticeable for
high external loads and can be observed by comparing the 0.1% and 1%
strain cases. The magnitude of the applied strains determines the degree
of alignment, Fig. 8. As the applied strain increases, the alignment shifts
toward the horizontal direction and returns even more parallel domains.
Similar observations for directional phase separation have been reported
elsewhere for similar systems [15,48].

In the case of higher temperatures (873.15 K), the spinodal decom-
position is delayed up to 20 days for all three external strains considered,
Fig. 9. Once the phases are formed, they follow the same behavior and
directional precipitation alignment with an increase in the applied strain
as in the previous case at 700 K. Comparing Figs. 7, 8, and 9 one can
observe that compositional stresses determine the time required for the
spinodal decomposition formation while externally applied strains alter
microstructure morphologies and produce directional precipitation
alignment. Moreover, externally applied strains do not affect the equi-
librium compositions of the a and f phases.

The following condition can be used to determine the direction of
precipitation alignment [49]

og,,(1 — &) <0, alignment parallel to the load direction (25)
0€,,(1 — &) > 0, alignment perpendicular to the load direction

As seen in Eq. (25), the elastic inhomogeneity & = % is the necessary
44

condition to initiate the directional alignment in a microstructure. If
both phases have the same elastic constants, the directional phase sep-
aration does not occur, regardless of the magnitude of the applied stress
or eigenstrain (). Using the values in Table 1 for ), and C%, one can
obtain that in the present case £ < 1. As the eigenstrain value g, < 0, Eq.
(16), the alignment parallel to the load direction is restored for the case
study considered. The applied stress (o) also controls the microstructure
morphology and determines the degree of alignment. The greater the
difference in the elastic properties and applied stress, the higher the
degree of alignment. It is emphasized that the material properties of V-
rich €/}, and Mo-rich phases C%,, which are essential for determining
directional phase separation in the Mo-V binary system, have not been

=
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Fig. 8. Time evolution of phase-field generated microstructures of spinodal decomposition in the Mo-V binary alloy isothermally treated for various external strains

at 700 K.
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Fig. 9. Time evolution of phase-field generated microstructures of spinodal decomposition in the Mo-V binary alloy isothermally treated for various external strains

at 873.15 K.

reported in the literature. These properties are computed in the present
work using the first principles calculations.

3.4. Summary and future work

A first-principles and CALPHAD informed phase-field model to
simulate the effect of temperature, cooling rates, and mechanical fields
on spinodal decomposition in elastically periodic arrays of the Mo-V
binary system is developed in this work. Phase-field simulations
regarding isothermal treatment predict coarse microstructures as time
progresses at each temperature considered. Higher temperatures delay
the spinodal decomposition in the system and affect the equilibrium
composition of the pure phases. The obtained results reveal that a crit-
ical cooling rate of 2.2 K/hr fully suppresses spinodal decomposition in
the system. A cooling rate smaller than the critical cooling rate triggers
spinodal decomposition. In addition, compositionally-generated elastic
stresses affect the development of spinodal decomposition and micro-
structure morphology. High temperatures, in combination with
compositional stresses, suppress the decomposition kinetics and no
spinodal decomposition occurs. Applying external loading in the Mo-V
binary system leads to directional precipitation alignment parallel to
the load direction. The elastic inhomogeneity in terms of material
properties between the two phases initiates the directional alignment,
while eigenstrains and applied external loading control the degree of
alignment.

The present model is based on a thermodynamic free energy func-
tional that incorporates chemical, gradient, and mechanical contribu-
tions, as given in Eq. (1). Phase-field models typically contain some
arbitrariness in terms of thermodynamic data, material properties, and
model parameters, which can affect microstructure evolution. In the
current phase-field model, the chemical contribution is built upon
experimental thermodynamic data of the pure phases [24] and an
optimized phase diagram of the system using experiments in Ref. [11].
This enables us to define the spinodal boundary for a given temperature
and composition range based on experimental data. An arbitrary
chemical energy definition may exclude the presence of a miscibility gap
boundary in the Mo-V phase diagram and even lead to no phase sepa-
ration. The gradient energy, an energy penalty associated with gradients
in vanadium composition, is expressed as a function of phase-field
parameter k, Eq. (14). This model parameter is dependent on the
interfacial energy between the a and f phases (Eq. (15)), which to the
best of our knowledge, has not been reported in the literature. In this
investigation, the interfacial energy is determined using the first-
principles calculations. The elastic constants of the a and $ phases and
the eigenstrain coefficient constitute the mechanical contribution in the
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free energy functional, Eq. (18). Although the eigenstrain coefficient has
been reported in the literature [37,38], the present paper determines for
the first time the elastic constants of the two phases using the first-
principles calculations. As given in Eq. (25), the elastic
homogeneity, the ratio between the elastic properties of the two phases,
is the essential condition for directional phase separation. The results in
Fig. 8 and Fig. 9 demonstrate that the system considered exhibits
directional alignment parallel to the applied loading. Inaccurate esti-
mation or assuming the same elastic constant of the two phases would
result in opposite behavior or microstructures with no directional
alignment. In addition, the phase-field mobility parameter, which gov-
erns the kinetics of the interface, is associated with the self-diffusion
coefficients of Mo and V and the thermodynamic factor, which is
dependent on the chemical contribution, Eq. (22). Thus, these three
energy ingredients in Eq. (1) play a significant role in governing the
kinetics of microstructure evolution and determining microstructure
morphology. In the present model, they are formulated using experi-
mental thermodynamic data or the first-principles calculations to
accurately capture the behavior of the Mo-V system.

The multiscale computational framework developed can assist in
predicting the microstructure evolution of steel alloys subjected to
various manufacturing and service conditions. The model may serve as a
complementary tool for designing enhanced steel alloys with desired
material properties. Although the current work focuses on the Mo-V sub-
system, the framework developed is general and extendable to ternary
sub-systems in steel alloys.

The availability to foresee the microstructure morphology in alloys
under various cooling rates and external stresses is appealing for prac-
tical applications in the design of steel alloys. The present work can be
utilized in design principles of high entropy alloys containing Mo and V
and extended to model the microstructure evolution in multicomponent
systems by including the Gibbs energy description of higher-order sys-
tems frequently employed in industrial applications. The framework
developed can also assist in creating databases for surrogate neural
network [50], time series Long Short-Term Memory (LSTM) models
[51], and phase diagrams [52] that can aid in predicting microstructure
evolution utilizing lower computational cost and laying out the micro-
structure spectra at different processing and service conditions, which is
ultimately beneficial in the alloy design.

Future work should include non-periodic multigrain assemblies,
incorporating the role of grain boundary, dislocations, and plasticity on
phase separation in the Mo-V binary system. The incorporation of
ternary, quaternary, and other higher multicomponent sub-systems in
steel alloys should also be considered in future work.

in-
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4. Conclusions

A multiscale computational framework based on the CALPHAD, the
first-principles calculations, and the phase-field method is presented for
assessing the microstructure evolution in the Mo-V binary alloy. Built
upon recent experiments, three different temperatures within the
miscibility gap region (700 K, 873.15 K, and 1023.15 K) are selected to
determine the thermodynamic properties of the alloy. The first-
principles calculations and the CALPHAD approach are used to obtain
the material properties and free energies of the system that are fed into
the phase-field model to track microstructure evolution. The main
findings can be summarized as follows:

e Temperature affects the microstructure morphology and the equi-
librium compositions. Increasing temperature leads to more coarse
microstructures and a smaller difference between the equilibrium
composition of the @ and g phases formed.

Temperature directly influences the amount of the V-rich phase
formed. The lower the temperature, the more V-rich phase is formed.
For isothermal treatment at 700 K and 873.15 K, the fraction of the
phase formed is 0.45 and 0.42 respectively, at the end of seventy
days. In comparison, the fraction of the  phase is 0.35 at the end of
seventy days for isothermal treatment at 1023.15 K.

Temperature also influences the time for spinodal decomposition in
the system. For isothermal treatment at 700 K, it takes one day for
the system to start decomposing into a and f phases, while it takes
2.4 days for the same at 873.15 K. Further, it takes 17.7 days to
observe the spinodal decomposition in the system when the alloy is
isothermally treated at 1023.15 K.

e Cooling rates have a significant impact on spinodal decomposition.
Rapid cooling rates can entirely suppress the spinodal process and
alter the onset of phase separation. Slower cooling rates return more
coarse microstructures and more pronounced formation of the V-rich
phase.

There is a critical cooling rate associated with spinodal decomposi-
tion in the system. A cooling rate higher than a critical cooling rate of
2.2 K/hr will suppress the phase separation in the system entirely. On
the other hand, a cooling rate lower than the critical cooling rate will
result in the phase separation into Mo-rich and V-rich phases.

e We found that inhomogeneous elasticity induced by compositional
elastic stresses alters the decomposition kinetics and minimum
composition for spinodal decomposition. The compositionally-
generated elastic stresses at high temperatures fully suppress the
decomposition process.

Higher external uniaxial tensile strains (e.g., 0.5% and 1%) affect the
microstructure morphology. However, they do not influence the
equilibrium compositions and the amount of the § phase formed.
High uniaxially applied strains (e.g., 1%) produce directional mi-
crostructures. The elastic inhomogeneity, a ratio between the ma-
terial properties in the Mo-rich and V-rich phases, triggers the
directional alignment. The system exhibits directional phase sepa-
ration parallel to the direction of the applied uniaxial strain. The
magnitude of applied stresses and eigenstrains determines the degree
of alignment.
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