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In this paper some effective properties of anisotropic four-phase periodic checker-
boards are studied in two-dimensional electrostatics. An explicit low-contrast second-
order expansion for the determinant of the effective conductivity is given. In the case
of a two-phase checkerboard with commuting conductivities the expansion reduces
to an explicit formula for the effective determinant (valid for any contrast) as soon
as the second-order term vanishes. Such an explicit formula cannot be extended to
four-phase checkerboards. A counter-example with high-contrast conductivities is
provided. The construction of the counter-example is based on a factorisation prin-
ciple, due to Astala & Nesi, which allows us to pass from an anisotropic four-phase
square checkerboard to an isotropic one with the same effective determinant.
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1. Introduction

This paper deals with the effective properties of composites with varying conduc-
tivity in two-dimensional electrostatics, in the special case where the conductivity
is periodic and where the pattern reproduced periodically is a square. Consider the
following conduction problem in a bounded domain Ω of R2:

− div (Aε∇uε) = f in Ω, uε = 0 on ∂Ω.

The solution uε is the voltage potential and f is the density of electric charges. The
conductivity Aε(·) is a highly oscillating sequence of the form A(·/ε) where A is
a (0, 1)2-periodic matrix-valued function. Then, the effective (constant) matrix A∗

is the conductivity of the asymptotic problem satisfied by the limit potential as ε
tends to zero (see formula (2.2) and Definition 3.1). We specialise to the case where
each square cell is composed of four anisotropic phases:

A1 A2

A4 A3

The conductivity A is constant in each phase of value Ai. Since A may be
anisotropic, each Ai is a two by two symmetric positive definite matrix. From a
mathematical point of view, the effective properties are deduced from the ε-rescaled

Article submitted to Royal Society TEX Paper



2 Marc Briane & Yves Capdeboscq

periodic microstructure as the period ε tends to zero through a homogenisation pro-
cess (see e.g. Bensoussan et al. 1978 for an introduction of the homogenisation the-
ory). Our aim is to obtain explicit formulae involving the effective or homogenised
matrix. In fact, we restrict ourselves to one coefficient: the determinant of the effec-
tive matrix (simply called the effective or homogenised determinant in the sequel).

The effective properties of periodic composites have been widely studied, espe-
cially in the case of two-dimensional two-phase composites. After the seminal works
of Rayleigh (1892) and Maxwell (1904), Keller (1964) introduced a duality method
in order to characterise the effective properties of such composites. His work was
extended by Dykhne (1970), Mendelson (1975), and more recently by Golden &
Milton (1990). Moreover, explicit solutions were obtained by Berdichevski (1985)
and Obnosov (1999) for checkerboard structures, and by Mityushev (1995) for cylin-
drical inclusions. As an alternative to the derivation of explicit formulae, there is a
considerable amount of works on the bounds for, or the approximation of effective
coefficients; we refer to Milton (2002) (and the references therein) for a quite com-
plete review on the bounds theory. On the other hand, numerical results for the
effective conductivity of checkerboards were also obtained by Torquato et al. (1999)
and by Michel et al. (1999). One of the motivations for deriving explicit effective
coefficients is for the validation of the numerical approaches.

There are very few explicit formulae for effective coefficients for periodic com-
posites. In particular, there is one result for four-phase structures, that explicitly
yields the effective coefficients of an isotropic four-phase square checkerboard. In
this isotropic setting, each conductivity Ai is equal to ai I2 where ai > 0 and I2
is the identity matrix of R2×2. The formula was conjectured by Mortola & Steffé
(1985), and was proved fifteen years later by Craster & Obnosov (2001) for a rectan-
gular checkerboard and independently by Milton (2001) for a square checkerboard.
In the case of a four-phase rectangular checkerboard:

a1 a2

a4 a3

the formula of the effective matrix A∗ is rather complicated, but its determinant is
given by the following formula

detA∗ =
a2a3a4 + a1a3a4 + a1a2a4 + a1a2a3

a1 + a2 + a3 + a4
. (1.1)

The simplicity of this formula illustrates that, amongst two-dimensional effective
constants, the determinant presents particular properties. There are other results
that specifically involve the effective determinant. For example, it is known (see
e.g. Francfort & Murat 1987) that the conductivity matrix of any two-dimensional
microstructure (possibly non-periodic) with a constant determinant, induces by
homogenisation an effective conductivity matrix with the same determinant.

Taking into account the previous results and remarks, we tried to extend the
determinant formula (1.1) to an anisotropic four-phase square checkerboard. We
did not find a general explicit formula of the effective determinant for such an
anisotropic composite. However, assuming that the four phases Ai of the checker-
board admit a second-order expansion around a given matrix A0, we obtain an
explicit second-order expansion for the effective determinant only in terms of Ai
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and A0:
detA∗ = D∗ − F (A0)E∗ + o(δ2), (1.2)

where A∗ is the effective matrix of the checkerboard, D∗ and E∗ are explicit func-
tions of the four phases, and F (A0) > 0 is an explicit function of the reference
matrix A0.

In the case of an anisotropic two-phase checkerboard with commuting conductiv-
ity matrices (A3 = A1 and A4 = A2 with A1A2 = A2A1), we prove that the expan-
sion (1.2) gives the exact effective determinant, i.e., detA∗ = D∗, if the second-order
term E∗ is zero. This leads to the explicit formula detA∗ =

√
det (A1A2).

The situation is much more delicate in the case of an anisotropic four-phase
checkerboard. We then restrict ourselves to diagonal conductivity matrices. In sec-
tion 3 we introduce a stability property which connects the effective determinant of
the checkerboard with phases Ai to the one with phases BAiB, for any positive def-
inite diagonal matrix B. Using the Craster-Obnosov formula (Craster & Obnosov
2001) we check that any isotropic four-phase checkerboard satisfies the stability
property. Assuming this property for an anisotropic four-phase checkerboard leads
to the expansion (1.2). But in contrast to the case of two-phase checkerboards, the
condition E∗ = 0 does not imply that the correct effective determinant is obtained,
i.e., in general det A∗ 6= D∗.

To prove this negative result, we build an anisotropic four-phase square checker-
board with high-contrast conductivities, which both satisfies E∗ = 0 and det A∗ 6=
D∗. The counter-example is based on a nice factorisation principle due to Astala &
Nesi (see Section 5). This principle allows us to deduce an anisotropic four-phase
square checkerboard from an irregular but isotropic one with the same determinant.

The paper is organised as follows. In Section 2 we prove an explicit expan-
sion of the effective determinant for an anisotropic two-phase square checkerboard.
Section 3 is devoted to a stability property in the general framework of periodic
composites. In Section 4 we study the case of an anisotropic four-phase square
checkerboard. Section 5 is devoted to the counter-example.

2. Anisotropic two-phase checkerboards

This Section is devoted to anisotropic two-phase square checkerboards. Under a
low-contrast assumption between the two phases, the Tartar (1990) small-amplitude
homogenisation formula allows us to write a second-order expansion of the effective
coefficients. This expansion does not provide simple information on the whole ho-
mogenised matrix. Indeed, all the coefficients (that is 18 independent coefficients)
of the expansions of the two phases appear in the final expansion of the effective
matrix.

However, assuming that the conductivity matrices of the two phases commute,
the expansion restricted to the effective determinant reduces to an explicit for-
mula in the two phases. Moreover, it is remarkable that the zero-order term of this
expansion gives the right effective determinant when the second-order term is zero.

(a) Statement of the result

• Y := (−1
2 ,

1
2 )2 is the unit square of R2;
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• L2
#(Y ) (resp. H1

#(Y )) is the set of the functions ϕ in L2
loc(R2) (resp. H1

loc(R2))
and Y -periodic, i.e., ϕ(y1 + 1, y2) = ϕ(y1, y2 + 1) = ϕ(y) a.e. y ∈ R2;

• for α, β > 0, M#Y (α, β) is the set of the Y -periodic and symmetric matrix-
valued functions A such that, for all ξ ∈ R2,

A(y)ξ · ξ ≥ α |ξ|2 and A(y)−1ξ · ξ ≥ β−1 |ξ|2 for a.e. y ∈ Y. (2.1)

• for each A ∈ M#Y (α, β), the homogenised matrix associated with the ma-
trix A is denoted by A∗ and is defined by the following formula (see e.g. Bensoussan
et al. 1978), for all λ ∈ R2,

A∗λ · λ = min
{∫

Y

A(y) (λ+∇ϕ(y)) · (λ+∇ϕ(y)) dy : ϕ ∈ H1
#(Y )

}
. (2.2)

In this section we are interested by an anisotropic two-phase checkerboard structure.
Let A1, A2 be two symmetric positive definite matrices of R2×2 and let A be the
Y -periodic matrix-valued function defined by

A := (1− χ)A1 + χA2, where χ := 1(0, 12 )2 + 1(− 1
2 ,0)

2 . (2.3)

In view of computing the determinant of the homogenised matrix of the two-phase
checkerboard (2.3), we have the following result:

Theorem 2.1.
(i) Let A0 be a symmetric positive definite matrix of R2×2. Let A1, A2 be two sym-
metric positive definite matrices of R2×2 such that A1A2 = A2A1 and which admit
the expansion Aj = A0 + δ Bj + δ2 Cj + o(δ2), j = 1, 2, around A0. Then, the
homogenised matrix A∗ of the checkerboard (2.3) satisfies, if A0 6= a0 I2,

detA∗ −
√

det(A1A2) = −F2(A0) (detA1 − detA2)
[
(trA1)2

detA1
− (trA2)2

detA2

]
+ o(δ2).

(2.4)
If A0 = a0 I2, detA∗ −

√
det(A1A2) = o(δ2). For any positive definite matrix

A 6= a I2,

F2(A) :=
2
π4

1
(a− b)2 + 4c2

∑

n∈I2

1
(An · n)(A−1n · n)

[
(a− b)2 + c2

(n2
1 − n2

2)
2

n2
1n

2
2

]
,

(2.5)
where n = (n1, n2) ∈ I2 and where I is the set of all odd integers.
(ii) The expansion (2.4) characterises exactly how the homogenised determinant
differs from the simple formula

√
det (A1A2). From this perspective, it is optimal

because for any symmetric positive definite matrices A1, A2 such that A1A2 = A2A1,
we have

(detA1 − detA2)
[
(trA1)2

detA1
− (trA2)2

detA2

]
= 0 =⇒ detA∗ =

√
det(A1A2). (2.6)

Remark 2.2. Note that the term in factor of F2(A0) in (2.4) is a second-order
term with respect to δ. Part (ii) provides an explicit formula of the effective de-
terminant, which is apparently unrelated to the expansion introduced in part (i).
However, the positivity of F2(A0) shows the converse implication of (2.6) holds true
in expansion (2.4) up to higher order terms.
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(b) Proof of Theorem 2.1.

Proof of (i). The proof is based on a small-amplitude homogenisation formula due
to Tartar (1990). More precisely, Theorem 1.1, Example 2.1 and Theorem 4.2 in
Tartar (1990) imply the following result:

Theorem 2.3 (Tartar). Let A ∈ M#Y (α, β;Y ) be a Y -periodic matrix-valued
function which admits the following second-order expansion around the symmetric
positive definite matrix A0:

A = A0 + δ B + δ2 C + o(δ2), where B,C are Y -periodic. (2.7)

Then, the homogenised matrix A∗ defined by (2.2) satisfies

A∗ = A0+δ B0+δ2 (C0−M)+o(δ2), where B0 :=
∫

Y

B, C0 :=
∫

Y

C, (2.8)

and the correction matrix M is defined by

Mij :=
2∑

k,l

∑

n∈Z2\{0}
Bnik B

n
jl

nknl
A0n · n with Bn :=

∫

Y

B(y) e−2iπn·ydy. (2.9)

In the present case, the matrix-valued functions A,B,C of (2.7) have the two-
phase checkerboard structure (2.3) and the corresponding two-phases satisfy the
second-order expansion A = A0 + δ Bj + δ2 Cj + o(δ2) for j = 1, 2. The Fourier
coefficients of B (with the two-phases B1, B2) are given by

Bn =
2

π2 n1n2
(B1 −B2) if n1, n2 ∈ I (odd integers) and Bn = 0 otherwise.

Denote A0 :=
(
a0 c0
c0 b0

)
and Bj :=

(
αj γj
γj βj

)
for j = 1, 2. Then, putting

the value of Bn in formula (2.9) yields the coefficients M11,M22 and M12 of the
correction matrix M :





M11 = S1 (α1 − α2)2 + S2 (γ1 − γ2)2 + T (α1 − α2)(γ1 − γ2)
M22 = S1 (γ1 − γ2)2 + S2 (β1 − β2)2 + T (β1 − β2)(γ1 − γ2)
M12 = S1 (α1 − α2)(γ1 − γ2) + S2 (β1 − β2)(γ1 − γ2)

+T
2 [(α1 − α2)(β1 − β2) + (γ1 − γ2)2],

(2.10)

where S1, S2, T are the series




S1 :=
4
π4

∑

n∈I2

1
n2

2

1
A0n · n, S2 :=

4
π4

∑

n∈I2

1
n2

1

1
A0n · n,

T :=
8
π4

∑

n∈I2

1
n2

1n
2
2

1
A0n · n.

(2.11)

Taking into account the equalities A1A2 = A2A1 and a0 S1 + b0 S2 + c0 T = 1/4,
we can compute by means of Maple the second-order expansion of detA∗ from
formulae (2.8) and (2.10) which reads as detA∗ =

√
det(A1A2) + δ2X + o(δ2),
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where X is given by a very long formula depending on the coefficients of A0, Bj , Cj
for j = 1, 2. Alternatively, we also have

(detA1 − detA2)
[
(trA1)2

detA1
− (trA2)2

detA2

]
= δ2Y + o(δ2).

Factorising the terms X and Y with Maple yields X = −F2(A0)Y if A0 6= a0 I2 and
X = 0 otherwise. A lengthy but straightforward computation shows that F2 can be
written in a simple form, formula (2.5). This concludes the proof of expansion (2.4).
Proof of (ii). The proof is based upon a duality argument introduced by Keller
(1964). Let Ã := (1 − χ)A2 + χA1 be the checkerboard structure obtained by
exchanging the phases A1 and A2. The matrix Ã corresponds to the same struc-
ture as that of A up to a translation of vector (0, 1/2), and thus yields the same
homogenised matrix A∗. We will now find the best constant k > 0 such that
Ã ≥ k A

detA a.e. in Y . Let λj and µj be the eigenvalues of Aj for j = 1, 2, with
respect to the same basis of eigenvectors. We may then write

A1 ≥ k
A2

det A2
⇔ λ1 ≥ k

λ2

λ2µ2
and µ1 ≥ k

µ2

λ2µ2
⇔ k ≤ min (λ1µ2, λ2µ1)

by symmetry ⇔ A2 ≥ k
A1

det A1

The best choice is thus k := min (λ1µ2, λ2µ1), which in turns implies Ã ≥ k A
detA

a.e. in Y . Thanks to a result due to Mendelson 1975 (see also Nevard & Keller 1985
and Francfort & Murat 1987), we have

(
A

detA

)∗
=

A∗

detA∗
. (2.12)

Moreover, definition (2.2) implies that B ≤ C ⇒ B∗ ≤ C∗. We thus deduce

Ã∗ = A∗ ≥ k

(
A

detA

)∗
= k

A∗

detA∗
,

which implies detA∗ ≥ k, i.e., detA∗ ≥ min (λ1µ2, λ2µ1) . Replacing A by A
detA

also yields

det
(

A∗

detA∗

)
=

1
detA∗

≥ min
(

1
µ1

1
λ2
,

1
µ2

1
λ1

)
=

1
max (λ1µ2, λ2µ1)

.

Therefore, we obtain

min (λ1µ2, λ2µ1) ≤ detA∗ ≤ max (λ1µ2, λ2µ1) . (2.13)

On the other hand, we have

(trA1)2

detA1
=

(trA2)2

detA2
⇔ λ1

µ1
+
µ1

λ1
=
λ2

µ2
+
µ2

λ2
⇔ λ1µ2 = λ2µ1 or λ1λ2 = µ1µ2.

Let us conclude:
• If λ1µ2 = λ2µ1 then (2.13) implies that detA∗ = λ1µ2 =

√
det(A1A2).

• If λ1λ2 = µ1µ2 then A1A2 = λ1λ2 I2. Whence by a result of Dykhne (1970),
A∗ =

√
λ1λ2 I2 and we still obtain detA∗ =

√
det(A1A2).

• If detA1 = detA2 then again by Dykhne, detA∗ = detA1 =
√

det(A1A2).
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3. Computation of the homogenised determinant of some
microstructures

In this section we introduce a stability principle in order to compute the effective
determinant for some periodic composites. To this end, we study the effects of axial
distortions (with respect to the x1 and x2 axes) on the effective properties of a
given composite. The stability property then means that the effective determinant
of the modified composite (under an axial distortion) reads as the product of the
distortion by the effective determinant of the initial composite, without any other
interaction.

For example, laminated composites (whose conductivity depends on one direc-
tion) and isotropic four-phase rectangular checkerboards (studied in Craster & Ob-
nosov 2001) satisfy the stability property. More generally, for any periodic composite
satisfying the stability property we obtain an explicit formula for the effective deter-
minant. In fact, two formulae are derived corresponding to the two axial distortions.
This approach by stability will also allow us to construct an explicit second-order
expansion for anisotropic four-phase square checkerboards in Section 4.

(a) A stability under axial deformation property

In the sequel, Ω is a bounded open subset of Rd, d ≥ 1, and MΩ(α, β), for
α, β > 0, is the set of the symmetric invertible matrix-valued functions A which
satisfy (2.1) on Ω. We shall make use of the theoretical approach to homogenisation
introduced by Murat & Tartar (1978, 1997), the H-convergence.

Definition 3.1 (Murat-Tartar). A sequence Aε of MΩ(α, β) is said to H-converge
to a matrix-valued A∗ if for any f in H−1(Ω), the solution uε in H1

0 (Ω) of div (Aε∇uε) =
f in D′(Ω), satisfies the weak convergences

uε ⇀ u∗ in H1
0 (Ω) and Aε∇uε ⇀ A∗∇u∗ in L2(Ω)d,

where u∗ is the solution of div (A∗∇u∗) = f in D′(Ω).

The matrix-valued A∗ in 3.1 is called the H-limit of A∗ and also belongs to
the set MΩ(α, β). We shall always assume that Aε is a sequence of MΩ(α, β). We
shall also use the following notation convention: the H-limit of a positive definite
sequence of matrices Aε is noted A∗, and A∗B corresponds to the H-limit of the
sequence BAεB.

Definition 3.2. Let Aε be a sequence of positive definite matrix-valued functions,
which H-converges to A∗. The limit microstructure corresponding to A∗ is said to be
stable under deformation if for any constant symmetric positive definite matrix B,
we have

detA∗B = (detB)2 detA∗. (3.1)

It is said to be stable under axial deformation if the property holds for any constant
diagonal positive definite matrix B.

Note that A∗B is defined a priori up to the extraction of a subsequence. In that
way, A∗B could correspond to subsequence dependent H-limits. In such a case, the
definition of stability under deformation is that (3.1) stands for all subsequences.
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The choice of the word deformation in this definition is explained by the follow-
ing proposition:

Proposition 3.3. For any sequence of positive definite matrix-valued functions Aε

converging to an H-limit A∗ and any constant positive definite matrix B, we have
B [Aε (B·)]∗B = A∗B (B·) a.e. in B−1Ω, where [Aε (B·)]∗ is the H-limit of the
sequence x 7→ Aε (Bx). So, a limit microstructure with constant H-limit is stable
under deformation if and only if

det [Aε (B·)]∗ = detA∗. (3.2)

Proof. Let us note A1 the H-limit [Aε (B·)]∗. Consider the Dirichlet problem

−div (Aε(Bx)∇uε) = f in B−1Ω, uε = 0 on ∂
(
B−1Ω

)
,

for some f ∈ H−1(B−1Ω). After an integration by parts against a test function φ
we obtain ∫

B−1Ω

Aε(Bx)∇uε · ∇φdx =
∫

B−1Ω

fφ dx, (3.3)

which is also, after the change of variable y = Bx, and the notations ψ(y) := φ(x),
vε(y) := uε(x),

∫

Ω

BAε(y)B∇vε · ∇ψ detB−1 dy =
∫

Ω

gψ detB−1 dy (3.4)

Passing to the limit as ε tends to 0 in (3.3) we obtain
∫

B−1Ω

A1(x)∇u∗ · ∇φdx =
∫

B−1Ω

fφ dy,

where u∗ is the weak limit of uε in H1
0 (B−1Ω). Alternatively, passing to the limit

in (3.4) we obtain
∫

Ω

A∗B(y)∇vε · ∇ψ detB−1 dy =
∫

Ω

gψ detB−1 dy

∫

B−1Ω

B−1A∗B(Bx)B−1∇u∗ · ∇φdx =
∫

B−1Ω

fφ dx.

By the uniqueness of the limit problem, we have A1 = B−1A∗B(B·)B−1.

This result is known in the general case where B = ∇ϕ with ϕ a diffeomorphism
(see e.g. Tartar 2000). The following proposition gives examples of microstructures
which are stable under (axial) deformation:

Proposition 3.4.
(a) Any isotropic laminated microstructure is stable under deformation, in any
dimension.
(b) More generally, multipliable microstructures (in the sense of Fabre & Mossino
1998) are stable under deformation.
(c) In two dimension any isotropic four-phase checkerboard is stable under axial
deformation.
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Homogenised determinant of anisotropic checkerboards 9

In the sequel, unless otherwise specified, we will simply write that a matrix or
its corresponding microstructure is stable to indicate that it is stable under axial
deformation.

Proof. (a) For x ∈ Rn, let Aε(x) = Aε (ξ · x) be a symmetric matrix, with |ξ| = 1.
It is well known (the original proof being from Murat & Tartar 1978, 1997) that
up to the extraction of a subsequence, the homogenised matrix A∗ is given by

A∗ξ · ξ =
(

lim
1

Aεξ · ξ
)−1

, A∗ξ = A∗ξ · ξ lim
(

Aεξ

Aεξ · ξ
)

in L∞(Ω) weak-∗,

and, for all λ such that λ · ξ = 0,
(
A∗ − A∗ξ ⊗A∗ξ

A∗ξ · ξ
)
λ = lim

(
Aε − Aεξ ⊗Aεξ

Aεξ · ξ
)
λ in L∞(Ω) weak- ∗ .

If Aε is an isotropic matrix, Aε = aε(ξ ·x)In, with aε ∈ L∞(R), and B be a positive
definite symmetric matrix, the above formulae simplifies into A∗Bξ · ξ = a |η|2,
A∗Bξ = aBη, and

A∗Bλ− a
Bη ⊗Bη

η · η λ = a

(
B2 − Bη ⊗Bη

η · η
)
λ,

which implies A∗B = B

(
aIn − (a− a)

η ⊗ η

η · η
)
B,

with η := Bξ, and where a (resp. a) is the harmonic (resp. arithmetic) average
of aε. We thus obtain detA∗B = (detB)2 (a)n−1a, which proves the stability by
deformation.
(b) For a multipliable microstructure Aε, that is, for which there exists Mε and P ε

such that:
• MεAε = P ε with (Mε, P ε) 6= (0, 0), Mε =

[
mε
ij(xj)

]
ij

, P ε =
[
pεij(x

′
j)

]
ij

where x ∈ Ω is denoted by x = (xj , x′j), xj ∈ R,
• Mε and P ε converge respectively to M and P in L∞(Ω) weak-∗,
• M is invertible.

Fabre and Mossino then showed that A∗ = M−1P . Note that, for a constant positive
definite matrix B, the microstructure AεB is also multipliable since the matrices
Mε
B := MεB−1 and P εB := P εB satisfy the requirements. Clearly, Mε

B converges to
MB := MB−1 and P εB converges to PB := PB. Invoking again the Fabre-Mossino
result, A∗B = M−1

B PB = BA∗B, and in particular, A is stable under deformation.
(c) Let us now turn to the case of an isotropic two-dimensional four-phase periodic
checkerboard, that is, with A defined by

A(x) :=
{
a I2 for x ∈ (− 1

2 , 0
)× (

0, 1
2

)
b I2 for x ∈ (

0, 1
2

)× (
0, 1

2

)
c I2 for x ∈ (

0, 1
2

)× (− 1
2 , 0

)
d I2 for x ∈ (− 1

2 , 0
)× (− 1

2 , 0
)
,

and repeated periodically. Note that, since it is a periodic structure, the H-limit
is constant, and by (3.2) the invariance by axial deformation amounts to detA∗ =
det [A(B·)]∗. For any positive definite diagonal matrix B = diag (b1, b2), the mi-
crostructure corresponding to A(B·) corresponds to a four-phase (of equal area)
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10 Marc Briane & Yves Capdeboscq

rectangular b−1
1 × b−1

2 checkerboard. In both cases, the homogenised matrices A∗

and [A(B·)]∗ have been obtained by Craster & Obnosov (2001, p. 8), and their
common determinant is

detA∗ = det [A(B·)]∗ =
bcd+ acd+ abd+ abc

a+ b+ c+ d
.

(b) Computation of the homogenised determinant for a stable two-dimensional
microstructure

In order to state this result, we introduce the following notation: for an integrable
and Y -periodic function f of one or two variables, we note mi(f) the arithmetic
average of f with respect to the ith variable:

m1(f)(·) :=
∫ 1

2

− 1
2

f(x1, ·) dx1 and m2(f)(·) :=
∫ 1

2

− 1
2

f(·, x2) dx2.

Theorem 3.5. Let Aε(x) := A(x/ε) be a stable εY -periodic microstructure. Then,
the corresponding effective determinant is given by the two following formulae

detA∗ =

m2


 m1

(
A11A22−A12A21

A11

)

m1

(
A12
A11

)
m1

(
A21
A11

)
+m1

(
1
A11

)
m1

(
A11A22−A12A21

A11

)



m2


 m1

(
1
A11

)

m1

(
A12
A11

)
m1

(
A21
A11

)
+m1

(
1
A11

)
m1

(
A11A22−A12A21

A11

)


, (3.5)

detA∗ =

m1


 m2

(
A11A22−A12A21

A22

)

m2

(
A12
A22

)
m2

(
A21
A22

)
+m2

(
1
A22

)
m2

(
A11A22−A12A21

A22

)



m1


 m2

(
1
A22

)

m2

(
A12
A22

)
m2

(
A21
A22

)
+m2

(
1
A22

)
m2

(
A11A22−A12A21

A22

)


. (3.6)

Remark 3.6. If A is diagonal, formulae (3.5) and (3.6) simplify into

detA∗ =
m2

([
m1(A−1

11 )
]−1

)

m2

(
[m1(A22)]

−1
) and detA∗ =

m1

([
m2(A−1

22 )
]−1

)

m1

(
[m2(A11)]

−1
) .

Proof of Theorem 3.5. By a rotation of angle π/2 of the periodic pattern, for-
mula (3.5) yields formula (3.6). We will thus prove (3.5). Let A(y) be a Y -periodic
microstructure. For p, q ∈ N2, let Ap,q be defined as Ap,q(y) := A(py1, qy2). Note
that Ap,q = A(B·) where B is the diagonal positive definite matrix with entries p
and q. By hypothesis A is stable, therefore detA∗ = detA∗p,q for all positive p, q.
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Homogenised determinant of anisotropic checkerboards 11

Passing to the limit in p and in q, we will obtain (3.5). We first assume that q
is fixed. Since A and in turn Ap,q are Y -periodic, the homogenised matrix A∗p,q is
given in terms of its correctors χ1

p, χ
2
p by

∀λ ∈ R2, A∗p,qλ =
∫

Y

Ap,q(y)
[
λ+∇χλp(y)

]
dy, (3.7)

with the notation χλp :=
∑2
k=1 χ

k
pλk and where χλp is the unique solution inH1

#(Y )/R
of the cell problem

div
(
Ap,q(y)

[
λ+∇χλp

])
= 0 in D′(R2). (3.8)

Note that the sequence χλp is bounded in H1
#(Y ) uniformly in p, and therefore up

to a subsequence, converges weakly to a limit χλ. Hence (see Allaire 1992) there
exists a function Xλ(y, z) in L2

#(Y,H1
#(Y )/R) such that, up to a subsequence, ∇χλp

two-scale converges to ∇χλ(y)+∇zXλ(y, z). Note that the matrices Ap,q converges
strongly in the sense of two-scale convergence towards A(z1, y2), that is

lim
p→+∞

∫

Y

(Ap,q(y))
2
dy =

∫

Y

∫

Y

(A(z1, y2))
2
dy dz.

So, for any φ ∈ C∞# (Y ) and φ1 ∈ C∞# (Y × Y ), A(py1, qy2) [∇φ(y) +∇zφ1(y, py)]
is an admissible test function, that converges strongly in the sense of two-scale
convergence to its two-scale limit. Multiplying (3.8) by φ(y) + p−1φ1(y, py) and
integrating by parts, we obtain

∫

Y

A(py1, qy2)
[
λ+∇χλp(y)

] · [∇φ(y) +∇zφ1(y, py) + p−1∇yφ1(y, py)
]
dy = 0.

Passing to the limit as p tends to +∞, we obtain
∫∫

Y 2
A(z1, qy2)

[
λ+∇χλ(y) +∇zXλ(y, z)

] · [∇φ(y) +∇zφ1(y, z)] dy dz = 0,

(3.9)
and by (3.7)

lim
p→+∞

A∗p,qλ =
∫

Y

∫

Y

A(z1, qy2)
[
λ+∇χλ(y) +∇zXλ(y, z)

]
dy dz. (3.10)

By density, equation (3.9) holds true for all (φ, φ1) ∈ H1
#(Y ) × L2

#(Y,H1
#(Y )/R).

Computing the corrector Xλ which is the classic corrector for laminates in the y1 di-
rection, we obtain that χλ is solution of div

(
A∞(qy2)

[
λ+∇χλ(y)]) = 0 in D′(R2)

and that (3.10) simplifies into

lim
p→+∞

A∗p,qλ =
∫

Y

A∞(qy2)
[
λ+∇χλ(y)] dy, (3.11)

where A∞ is the function of the second variable given by [A∞]11 = (m1 (1/A11))
−1,

[A∞]21 = [A∞]11m1 (A21/A11), [A∞]12 = [A∞]11m1 (A12/A11), and [A∞]22 =
[A∞]11m1 (A12/A11)m1 (A21/A11) +m1 ((A11A22 −A12A21)/A11) . Note that

detA∞ =
(
m1

(
1
A11

))−1

m1

(
A11A22 −A12A21

A11

)
. (3.12)

Article submitted to Royal Society



12 Marc Briane & Yves Capdeboscq

y1

A4A3

A1 A2

Y3

Y2Y1

Y4

y2

Figure 1. A four-phase checkerboard.

We now consider A∞(q·) as an oscillating sequence of period q−1. The same ar-
guments applies and we can again pass to the limit in q in formula (3.11). A new
homogenised matrix appears A∞,∞ which is constant. As a consequence,

lim
q→+∞

(
lim

p→+∞
A∗p,qλ

)
=

∫

Y

A∞,∞ dy = A∞,∞.

The determinant of A∞,∞ can be obtained from (3.12), exchanging the roles of the
first and second indexes, and substituting A∞ for A. This gives

detA∞,∞ = (m2 (1/ [A∞]22))
−1
m2 (([A∞]11 [A∞]22 − [A∞]12 [A∞]21)/ [A∞]22) ,

which is (3.5).

Remark 3.7. For a diagonal periodic matrix A, taking the test function ϕ depending
of the first (or second) variable only in the homogenised formula (2.2) yields,

A∗11 ≤
(
m1

(
[m2 (A11)]

−1
))−1

and A∗22 ≤
(
m2

(
[m1 (A22)]

−1
))−1

.

Using (as in the proof of Theorem 2.1) the identity (2.12) we also obtain

(detA∗)/A∗11 ≥ m1

( [
m2(A−1

22 )
]−1

)
and (detA∗)/A∗22 ≥ m2

( [
m1(A−1

11 )
]−1

)
.

Formulae (3.6) are the products of these upper and lower bounds. In the special case
when the microstructure A is diagonal with separable variables, i.e., Ajj(x1, x2) =
ajj(x1) bjj(x2), j = 1, 2, the four inequalities above are equalities (in such a case,
the structure is multipliable, as it is explained in Proposition 3.4).

4. Checkerboard with four anisotropic phases

In the previous Section, we noticed that any isotropic four-phase checkerboard is
stable in the sense of 3.2. It is then natural to ask if anisotropic checkerboards
are stable. We restrict ourselves to a checkerboard with four diagonal phases Aj =
diag (aj , bj), j = 1, . . . , 4 (see Figure 1 on page 12), whose periodic matrix is defined
in the unit square Y by

A := 1Y1 A1 + 1Y2 A2 + 1Y3 A3 + 1Y4 A4, (4.1)

where Y1 := (−1/2, 0)× (0, 1/2), Y2 := (0, 1/2)× (0, 1/2), Y3 := (0, 1/2)× (−1/2, 0)
and Y4 := (−1/2, 0) × (−1/2, 0). We still denote by A∗ its homogenised matrix.
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Homogenised determinant of anisotropic checkerboards 13

Omitting to verify that the microstructure A is stable under axial deformation, we
can compute the values of the homogenised determinants D∗ and D̃∗ given by (3.6).
We obtain

D∗ =
a2a3a4 + a1a3a4 + a1a2a4 + a1a2a3

(a1 + a2) (a3 + a4)
× (b1 + b2) (b3 + b4)

b1 + b2 + b3 + b4
, (4.2)

and D̃∗ =
b2b3b4 + b1b3b4 + b1b2b4 + b1b2b3

(b1 + b4) (b2 + b3)
× (a1 + a4) (a2 + a3)

a1 + a2 + a3 + a4
.

Both formulae are equal if E(a) = E(b) with a := (a1, . . . , a4), b := (b1, . . . , b4) and

E(a) :=
(a2a3a4 + a1a3a4 + a1a2a4 + a1a2a3) (a1 + a2 + a3 + a4)

(a1 + a2) (a2 + a3) (a3 + a4) (a4 + a1)
. (4.3)

It is natural to wonder whether formula (4.2) provides an approximation of the
determinant in the general case. We have the following asymptotic result:

Theorem 4.1. Let A0 = diag (a0, b0) be a positive diagonal matrix of R2×2. Let
Aj = diag (aj , bj), j = 1, . . . , 4, be four positive diagonal matrices of R2×2, which
admit around A0 the expansion Aj = A0 + δ Bj + δ2 Cj + o(δ2), j = 1, . . . , 4. Then,
the homogenised matrix A∗ of the four-phase checkerboard (4.1) A is given by

detA∗ = D∗ + F4 (A0) (E (a)− E (b)) + o(δ2), (4.4)

where D∗ is the determinant given by (4.2), E is given by (4.3) and F4 reads as

F4(A) :=
16
π4

∑

n∈I2

1
n2

1

ab2

an2
1 + b n2

2

,

where n = (n1, n2) and where the sum is taken over all odd numbers.

Remark 4.2. The difference E(a) − E(b) corresponds to the distance between the
two determinants D∗ and D̃∗ obtained as limits by deformation. It is remarkable
that, once corrected of this difference scaled by the constant factor F4(A0), the
candidate homogenised determinant D∗ is valid up to the second order.

There are several examples for which the asymptotic stability condition E(a) =
E(b) gives the correct determinant:

• As already mentioned, in the case of an isotropic checkerboard, E(a) = E(b)
and detA∗ = D∗.

• In the case of laminates of diagonal matrices, that is, when

det
(
a1 a2

a4 a3

)
= det

(
b1 b2
b4 b3

)
= 0,

which implies E(a) = E(b) = 1, the microstructure A is multipliable (see Proposi-
tion 3.4) and thus detA∗ = D∗.

• In the case of a two-phase anisotropic checkerboard structure, the asymptotic
stability condition is optimal. Indeed, if E(a) = E(b) then an easy computation
yields

(detA1 − detA2)
[
(trA1)2

detA1
− (trA2)2

detA2

]
= 0 and D∗ =

√
det (A1A2),
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14 Marc Briane & Yves Capdeboscq

whence detA∗ = D∗ by Theorem 2.1.
The following Theorem (which will proved in the last Section) shows that it is

not the case in general for four-phase anisotropic checkerboards:

Theorem 4.3. There exists a four-phase anisotropic checkerboard with E(a) =
E(b) and detA∗ 6= D∗.

Remark 4.4. Therefore, contrary to what was obtained for two-phase checkerboards,
the second order term F4(A0)(E(a)−E(b)) of expansion (4.4) cannot be used as an
indicator of the simplicity or complexity of the formula of the effective determinant.
In that sense and in contrast to expansion (2.4), expansion (4.4) is not optimal.

Proof of Theorem 4.1. The proof is similar to that of Theorem 2.1. By the defini-
tion of the four-phase checkerboard matrix-valued A defined by (4.1) the Fourier
coefficients of the first-order term B in (2.7) with its four phases Bj = diag (αj , βj),
j = 1, . . . , 4, are given by

Bn =





1
π2 n1n2

diag (α1 + α3 − α2 − α− 4, β1 + β3 − β2 − β − 4) n1, n2 ∈ I,
−1

2iπn1
diag (α1 + α4 − α2 − α− 3, β1 + β4 − β2 − β − 3) n1 ∈ I, n2 = 0,

−1
2iπn2

diag (α1 + α2 − α3 − α− 4, β1 + β2 − β3 − β − 4) n1 = 0, n2 ∈ I,

where I is the set of the odd integers. The correction matrix M defined by (2.9)
thus satisfies





M11 = S (α1 + α3 − α2 − α4)
2 +

1
16 a0

(α1 + α4 − α2 − α3)
2
, M12 = 0,

M22 = T (β1 + β3 − β2 − β4)
2 +

1
16 b0

(β1 + β2 − β3 − β4)
2
,

(4.5)
where S, T are the series





S :=
1
π4

∑

n∈I2

1
n2

2

1
a0 n2

1 + b0 n2
2

T :=
1
π4

∑

n∈I2

1
n2

1

1
a0 n2

1 + b0 n2
2

with a0 S + b0 T =
1
16
. (4.6)

Then, we expand up to second order the determinant of A∗ using Tartar’s for-
mula (2.8) with the correction matrix (4.5), and the expression D∗ defined by (4.2).
After simplifications of formulae by means of Maple we compare the second-order
terms of each expansion and we obtain the desired result (4.4).

5. A high-contrast counter-example

The following counter-example is based on a factorisation principle introduced by
Astala & Nesi in order to treat anisotropic periodic composites. The principle con-
sists in making a change of variable in which the new conductivity is still periodic
(with a new period) but isotropic. The gradient of the change of variable corre-
sponds to the electric field associated with the rescaled conductivity obtained by
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Homogenised determinant of anisotropic checkerboards 15

dividing the initial one by the square root of its determinant; so, the rescaled con-
ductivity is still anisotropic but its determinant is equal to 1. The new effective
conductivity (obtained from the new isotropic composite) is deduced from the old
one (obtained from the initial anisotropic composite) thanks to a factorisation for-
mula such that the new and old effective determinants are equal. Therefore, the
change of variable allows them to pass from an anisotropic periodic composite to
an isotropic one without change of the effective determinant.

In the case of a four-phase checkerboard with diagonal conductivity matrices, we
construct a change of variable which reduces to a piecewise linear function, linear in
each of the regions where the phase is constant. Combining the constraints satisfied
by the electric field, the potential and the current at the interfaces between phases
(respectively, periodicity, continuity and continuity of the normal derivative) we
obtain a linear system in the coefficients of the piecewise linear function. This system
has a non-trivial solution if the eight conductivity coefficients (for the four diagonal
phases) satisfy a particular condition. When this conditions holds, the change of
variable leads to a new periodic composite, with constant coefficients on an irregular
but isotropic four-phase checkerboard. We then propose a suitable choice of high-
contrast conductivities such that the new effective conductivity satisfies all the
constraints, but such that the explicit formula of Section 4 does not hold for the
effective determinant.

(a) A result from Astala and Nesi.

This section is devoted to the proof of Theorem 4.3. We will construct a family
of microstructures Aετ , 0 < τ < 1, satisfying the asymptotic stability condition
E(a) = E(b), with E is given by (4.3) and such detA∗τ 6= D∗ for τ close enough
to 1. We will rely on the following result of Alessandrini & Nesi (2001, 2002):

Theorem 5.1 (Alessandrini-Nesi). Let A be a Y -periodic matrix-valued function
in M#Y (α, β). Define Ã := A/

√
detA a.e. in Y . Let ϕ be a function in H1

loc(R2)
such that ∇ϕ is Y -periodic and which solves the equation div (Ã∇ϕ) = 0 in D′(R2).
Assume that the Y -averaged value of ∇ϕ is a non-zero vector. Then, there exists a
stream function ψ in H1

loc(R2) such that

J∇ψ = Ã∇ϕ a.e. in R2, with J :=
(

0 1
−1 0

)
,

which solves the conjugate equation div (Ã∇ψ) = 0 in D′(R2). Moreover, the matrix-
valued function Φ : y 7→ (ϕ(y), ψ(y)) is an homeomorphism from R2 onto R2 and
the Y -averaged value of ∇Φ is an invertible matrix.

We define A′(y′) :=
√

det(A(y)) I2, where y′ := (ϕ(y), ψ(y)). By the conditions
satisfied by ϕ and ψ the new variable y′ also reads as

y′ = Φ(y) = By + Φ#(y), (5.1)

where B is a constant invertible matrix and Φ# a Y -periodic vector-valued function
in H1

#(Y )2. In the new coordinate system, A′(y′) is periodic of period BY and is
isotropic. Then, the following factorisation result is due to Astala & Nesi:
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16 Marc Briane & Yves Capdeboscq

Theorem 5.2 (Astala-Nesi). Using the above notations, if A∗ is the H-limit of A(y)
and A′∗ the H-limit of A′(y′), then

detA′∗ = detA∗. (5.2)

For the reader convenience we just give the idea of the proof following Milton’s
approach as described in Sections 8.5 and 8.6 of Milton (2002):

Proof. On the one hand, using the definition of Φ in terms of ϕ and ψ yields

A′(y′) =
1

det(∇Φ(y))
∇Φ(y)A(y)∇ΦT (y), ∇Φ(y) :=

(
∂ϕ
∂y1

(y) ∂ϕ
∂y2

(y)
∂ψ
∂y1

(y) ∂ψ
∂y2

(y)

)
.

One the other hand, the curvilinear form (5.1) of the change of variable Φ leads to
A′∗ = 1

detB BA
∗BT , which in particular implies (5.2).

(b) Application to the four-phase anisotropic checkerboard.

In order to use the result of Astala & Nesi, we construct a piecewise linear change
of variable y′ = (ϕ(y), ψ(y)) satisfying the conditions given in Theorem 5.1, i.e., for
y = (y1, y2) ∈ Yi, i = 1, . . . , 4, ϕ(y) = αi y1 +βi y2 + ci and ψ(y) = γi y1 + δi y2 +di.
Functions ϕ and ψ are continuous and periodic, which yields 16 equations at the

y′
2

y′
1

d3

d1

d4

d2

Y ′

2

Y ′

3

1

a′
4

a′
1

a′
1
/a′

2

Y ′

1

Y ′

4

Figure 2. The new period cell Y ′, and the microstructure A′(y′). Here, a′i =
p

ai/bi and
di =

√
aibi for i = 1, . . . , 4.

interfaces between the quadrants of Y , repeated periodically. The flux condition
J∇ψ = Ã∇ϕ provides another 8 identities. It is convenient to write

Ã =
4∑

i=1

1Yi diag (a′i, 1/a
′
i) , where a′i :=

√
ai
bi
.

If a′1a
′
3 6= a′2a

′
4, these 24 equations imply αi = βi = 0 for i = 1, . . . , 4, violating the

assumption of Theorem 5.1., i.e.
∫
Y
∇ϕ 6= 0. We obtain on Y1 and Y2

y′ =

(
αi βi
βi

a′i
−a′iαi

)
y + cst for y ∈ Yi, i = 1, 2.

The columns of both matrices are orthogonal thus y 7→ y′ is an orthogonal change
of variable. Furthermore, the continuity along the interface yields β1 = β2 and
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a′1α1 = a′2α2. Therefore, Y ′1 and Y ′2 are two rectangles with a common side. The
quadrant Y ′1 has length

l′1 =

√
α2

1 +
(
β1

a′1

)2

and a′1l
′
1 =

√
β2

1 + (a′1α1)
2
,

whereas Y ′2 has length

l′2 =

√
α2

2 +
(
β2

a′2

)2

=
a′1
a′2
l′1 and a′2l

′
2 = a′1l

′
1.

Performing the same analysis on the other adjacent quadrants, we obtain that Y
maps onto Y ′ the rectangle represented on Figure 2 on page 16. Since l′1 is an
arbitrary parameter, we set l′1 = 1. The corresponding matrix

A′ =
4∑

i=1

√
aibi 1Y ′i for i = 1, . . . , 4,

is represented on Figure 2 on page 16. We can check that the Y -averaged valued
of ∇ϕ is also a non-zero vector. Therefore, according to Theorem 5.1 A′∗ and A∗

have the same determinant.
Remark 5.3. In the case when all four phases have equal area, i.e., |Y ′1 | = |Y ′2 | =
|Y ′3 | = |Y ′4 |, the matrix-valued function A′ is an isotropic four-phase checkerboard;
its homogenised matrix is given in Craster & Obnosov (2001). This happens when
a′1 = a′2 = a′3 = a′4, that is, when ai = α bi for all i = 1, . . . , 4 and for some
positive α. In this case, the simpler (linear) change of variable y′ = By, with B :=
diag (1,

√
α), leads directly to the isotropic checkerboard thanks to Proposition 3.3.

Using the Craster-Obnosov result we also obtain

detA′∗ = α

(
a2a3a4 + a1a3a4 + a1a2a4 + a1a2a3

a1 + a2 + a3 + a4

)
= D∗.

(c) Proof of Theorem 4.3.

Consider the four-phase checkerboard (4.1) given by

A1 = diag (a1, b1), A3 = diag (b1, a1), A2 = a2 I2 and A4 =
√
a1b1 I2.

Using the same notations as above,

a′1 =
√
a1

b1
, a′2 = 1, a′3 =

√
b1
a1

and a′4 = 1.

We do have a′1a
′
3 = 1 = a′2a

′
4. Therefore, detA∗ = detA′∗, where

A′ = d1

(
1Y ′1 + 1Y ′3 + 1Y ′4

)
+ a21Y ′2 , with d1 =

√
a1b1.

The domain Y ′ is a square of side 1 + a′1, and the quadrant Y ′2 is also a square of
side a′1 =

√
a1/b1. Since (b1, b2, b3, b4) = (a3, a2, a1, a4), we have E(a) = E(b). In

this case, formula (4.4) reads as

detA∗ = D∗ + o(δ2), D∗ = d2
1

(d1 + a2a
′
1)

(
d1a

′
1 + a2

(
1 + a′1 + a′21

))

(a2 + d1a′1) (d1 + a′1 (a2 + d1 + d1a′1))
. (5.3)
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We will prove that detA∗ cannot always be equal to D∗. First, note that we can
transform Y ′ to a square of side 1, by a homothetic transformation (which does not
change the value of the homogenised matrix). The new geometry is represented.

1 − τ

τ =
1

1 + a
′

1

On the one hand, by letting a2 tend to zero we obtain a structure where sub-
square Y ′2 is not conducting. Note that the homogenised matrix of the structure
obtained when a2 is set to zero is same as the one obtained passing to the limit
when a2 tends to zero. When the volume fraction is small, the formula for A∗ is
that of a “Virtual Mass”. Jikov et al. (1994, pp. 106-107) proved that

A∗ = d1I2 + d1(1− τ)2L+ o
(
(1− τ)2

)

where L is a symmetric positive definite matrix.
On the other hand, when a2 tends to zero the conjectured determinant D∗

defined by (5.3) satisfies

D∗ =
d2
1

1 + a′1 + a′21
= d2

1 τ + o(1− τ).

Therefore, detA∗ 6= D∗ for τ close to 1.

6. Conclusion

This contribution points out that the effective properties of an anisotropic four-
phase periodic checkerboard can be partially but explicitly attained through the
expansion of the effective determinant. Indeed, for a two-phase checkerboard a
second-order expansion formula provides an explicit approximation of the effective
determinant which is valid if the conductivity matrices commute and have a weak
contrast. A remarkable fact is that the exact value for the effective determinant is
obtained when the second-order term of the expansion vanishes. In that sense, this
expansion is somewhat optimal.

In the more general case of a four-phase checkerboard the stability property
introduced in Section 3 holds true for any isotropic four-phase rectangular checker-
board thanks to the Craster-Obnosov formula. This property allows us to derive an
explicit second-order expansion for a four-phase checkerboard with diagonal con-
ductivity matrices. Unfortunately, in contrast to the two-phase checkerboard case,
the cancellation of the second-order term of the expansion does not imply that the
exact value of the effective determinant is given by the expansion, as it is shown by
the counter-example of Section 5.

The counter-example is interesting in itself since it provides an application of a
nice factorisation principle for anisotropic periodic composites, due to Astala and
Nesi. In that example, an explicit construction of piecewise linear functions in each
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phase allows us to transform an anisotropic four-phase square checkerboard into an
irregular but isotropic one with the same effective determinant.

Amongst the initial motivations for this work was the desire to evaluate an au-
tomatic formula generation algorithm. Both positive and negative results presented
in this article can be exploited to this end. Moreover, it could be used to design
(analytical) benchmarks for anisotropic homogenisation numerical codes. Alterna-
tively, the approach based on the stability property is not restricted to four-phase
checkerboards. It could be exploited to obtain explicit expansion formulae of the
effective determinant for other periodic composites.

The authors wish to thank V. Nesi for a stimulating discussion and relevant comments
concerning the derivation of the counter-example. The authors were partly supported by
ACINIM 2003-45.
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