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By considering Krylov subspace methods in nonstandard inner products, we develop
in this thesis new methods for solving large sparse linear systems and examine the ef-
fectiveness of existing preconditioners. We focus on saddle point systems and systems

with a nonsymmetric, diagonalizable coefficient matrix.

For symmetric saddle point systems, we present a preconditioner that renders the
preconditioned saddle point matrix nonsymmetric but self-adjoint with respect to an
inner product and for which scaling is not required to apply a short-term recurrence
method. The robustness and effectiveness of this preconditioner, when applied to
a number of test problems, is demonstrated. We additionally utilize combination
preconditioning (Stoll and Wathen. SIAM J. Matriz Anal. Appl. 2008; 30:582—608)
to develop three new combination preconditioners. One of these is formed from two
preconditioners for which only a MINRES-type method can be applied, and yet a
conjugate-gradient type method can be applied to the combination preconditioned
system. Numerical experiments show that application of these preconditioners can

result in faster convergence.

When the coefficient matrix is diagonalizable, but potentially nonsymmetric, we
present conditions under which the pseudospectra of a preconditioner and coeffi-
cient matrix are identical and characterize the pseudospectra when this condition is
not exactly fulfilled. We show that when the preconditioner and coefficient matrix
are self-adjoint with respect to nearby symmetric bilinear forms the convergence of
a particular minimum residual method is bounded by a term that depends on the
spectrum of the preconditioned coefficient matrix and a constant that is small when
the symmetric bilinear forms are close. An iteration-dependent bound for GMRES in
the Euclidean inner product is presented that shows precisely why a standard bound
can be pessimistic. We observe that for certain problems known, effective precondi-
tioners are either self-adjoint with respect to the same symmetric bilinear form as the

coefficient matrix or one that is nearby.
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1X

Bt

BT

J

J(N)
nnz(B)

The Moore-Penrose pseudoinverse of the matrix B
The transpose of the matrix B

A Jordan matrix in a Jordan canonical form

A Jordan block of the eigenvalue A

The number of nonzero entries in the matrix B

Saddle Point Preconditioners

BDI

BDW
BP
BP*
SZ
SZ+

The block diagonal preconditioner used with preconditioned MIN-
RES in the Euclidean inner product

The block diagonal preconditioner used with W-PMINRES

The Bramble-Pasciak with Schur complement preconditioner
The Bramble-Pasciak® preconditioner

The Schoberl-Zulehner preconditioner

The Schoberl-Zulehner™ preconditioner

Symmetric Bilinear Forms
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The eigenvalues of a symmetric matrix A are labelled \j(A) > Ay (A) > ... > A\, (A),
except where otherwise stated. Additionally, if A € R™*™ and H € R™™" are sym-
metric matrices, we use the Lowner partial ordering, so that A > H if and only if
A — H is symmetric positive definite and A > H if and only if A — H is symmetric
positive semidefinite.



Chapter 1

Introduction

Linear systems of the form
Bx =1, (1.1)

where B € R™™ and b € R", are ubiquitous in scientific computing arising, for
example, in the solution of partial differential equations and in optimization. As
computer hardware and software have improved, linear systems have become larger
and applications more complex, with many problems requiring the solution of multiple
systems. Consequently, the development of efficient algorithms for solving linear

systems is an active area of research.

When the coefficient matrix is small, direct methods based on LU or Cholesky fac-
torizations are usually favoured. These generally obtain the solution vector = to high
accuracy and terminate in a finite number of operations. Furthermore, algorithms
that exploit sparsity or other structure can be very fast. However, the O(n?) complex-
ity for dense matrices and fill-in for sparse matrices make direct methods prohibitive

for large matrices in general.

Larger linear systems are often sparse or structured in which case they are usually
solved by iterative methods. In contrast to direct methods, these start from an ini-
tial approximation, xg, to x and compute successive approximations that hopefully
converge to the exact solution. Although some iterative methods have a finite ter-
mination property, the goal is to achieve a tolerably accurate solution in relatively
few iterations. Simple iterations, such as the Jacobi and Gauss-Seidel methods, are
easily implemented and analysed but often fail to converge. Conversely, more so-
phisticated methods are harder to analyse but converge for a much wider range of

problems. Of these sophisticated methods, Krylov subspace methods are extremely
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popular, although others such as multigrid can be very effective for particular classes

of problems. We consider only Krylov subspace methods here.

Krylov subspace methods. Common to Krylov subspace methods is the approxi-

mation of the solution vector x from Krylov subspaces of B and the initial residual
ro = b — By, (1.2)
where the Krylov subspace of dimension k£ of B and r is given by
Ky(B,ry) = span{rg, Bro, . . ., Bk_lro}. (1.3)

Distinguishing different Krylov subspace methods is the approximation itself. Some
methods enforce an optimality property, so that a quantity such as the error or
residual decreases in some norm, or require only short-term recurrences, thereby min-
imizing the amount of work and storage at each iteration. If B is symmetric, there
exist methods that have both an optimality condition and short-term recurrences.
In contrast, methods for general nonsymmetric matrices can possess at most one of
these properties. Krylov subspace methods are described in detail in, for example,
[62, 118]. The behaviour of Krylov methods in finite precision arithmetic can differ
from that in exact arithmetic. In particular, convergence of Krylov subspace methods
could be delayed (see, for example, [101, 130]), although loss of orthogonality of the
basis vectors with respect to an inner product may not cause significant difficulties for
certain methods [35, 128]. A comprehensive overview of the effects of finite precision
on Krylov subspace methods can be found in Zemke’s thesis [155]. Throughout this

thesis, we assume that exact arithmetic is used.

Preconditioning. When applied to (1.1), convergence of the chosen Krylov subspace
method is often unacceptably slow. To remedy this, preconditioning is typically
required, the aim of which is to replace the given linear system by one that is easier
to solve. If the preconditioner P € R"*" is applied to the left of (1.1), we solve the

left preconditioned problem
P 'Bx =P 'b.
Two alternative approaches are to solve the right preconditioned problem
BP 'y =,
where y = Pz, or the split preconditioned problem

P'BPy 'z = P,
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where z = P,x. We focus here on left preconditioning in general, although we mention
how certain results may be adapted for right preconditioning. When P = P, P, the
three preconditioned coefficient matrices are similar. Insofar as convergence of the
Krylov subspace method depends on the eigenvalues of the preconditioned coefficient
matrix, the difference between left and right preconditioners is necessarily small.
Although eigenvalues seem to determine convergence for certain problems (see, for
example, [121]), in general convergence may depend on additional factors [15][118,
Section 9.3].

Symmetric matrices. Both MINRES and SYMMLQ [107] are applicable when
the coefficient matrix B is symmetric, although in this thesis we consider MINRES
only. When B is additionally positive definite, the less expensive conjugate gradient
method of Hestenes and Stiefel [71] is typically preferred. The popularity of the
conjugate gradient method and MINRES can be attributed in part to their optimality
properties and short-term recurrences. Another attraction is that the convergence of
these methods is well understood; it typically depends on the distribution of the
eigenvalues of B, although for certain right-hand side vectors convergence may be

faster than is predicted by the eigenvalues.

As we have mentioned, it is often necessary to apply a preconditioner. If B is symmet-
ric applying a conjugate gradient method or MINRES to the preconditioned linear
system might be preferable to using a standard nonsymmetric method. The use
of MINRES or the conjugate gradient method, however, restricts us to symmetric
positive definite preconditioners even when effective preconditioners are symmetric

indefinite or nonsymmetric.

Consider, for example, the symmetric saddle point problem
Az = b, (1.4)

where

A BT
=[5 %)

x:[u, U]T and b:[f, g}T,

and A € R™" is symmetric positive definite, C' € R™*™ is symmetric positive
semidefinite and B € R™*™ has full rank. The matrix A is symmetric indefinite
and many effective preconditioners for this problem are block triangular (and, ac-
cordingly, nonsymmetric) [20, 34, 104, 127] or symmetric indefinite [9, 122, 157]. We

would like to apply symmetric indefinite or nonsymmetric preconditioners to saddle
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point problems (1.4) without losing the desirable properties of the conjugate gradient
method and MINRES. For certain preconditioners this can be achieved by considering

methods in nonstandard inner products, as we discuss below.

The Faber-Manteuffel Theorem and self-adjointness. In 1981 Gene Golub
famously asked for which matrices it was possible to construct a conjugate gradient
method, i.e., a method that has three-term recurrences and an optimality property.
The more general characterization of the matrices for which it is possible to construct
a method with an optimality property and recurrences of a fixed length was provided
by Faber and Manteuffel in 1984 [49]. This result is connected to certain others
pertaining to short-term recurrence methods [48, 90, 91]. A different proof of the
Faber-Manteuffel theorem was recently provided [47].

It was shown by Faber and Manteuffel that three-term recurrence conjugate gradient
methods exist for a matrix B if and only if its adjoint with respect to an inner
product, B*, is a linear polynomial in B'. The simplest case is that B* = B, so that
B is self-adjoint with respect to an inner product; much of this thesis concerns such
self-adjoint matrices. We remark that a different three-term recurrence method is
possible for matrices with at most four distinct eigenvalues, or whose eigenvalues are
concyclic [11, 12, 88].

Returning to our preconditioned saddle point matrix (1.4), we see that if the pre-
conditioned coefficient matrix is diagonalizable with real eigenvalues it is possible to
apply a method that has an optimality property (in a nonstandard norm) and short-
term recurrences. For a number of good preconditioners this inner product depends
only on the blocks of A and the preconditioner, making it practical to use. Recently,
it was shown that different preconditioners, for each of which the preconditioned sad-
dle point matrix is self-adjoint, can be combined using combination preconditioning
[135], which we describe in detail in Chapter 5. This increases further the number of
preconditioned linear systems to which nonstandard Krylov subspace methods can be
applied. In this thesis we aim to develop a greater understanding of when precondi-
tioned saddle point matrices are self-adjoint with respect to an inner product and to
propose new preconditioners such that the preconditioned coefficient matrix satisfies
this property. We pay particular attention to combination preconditioning, which
provides the tools to develop new, potentially better, preconditioners from existing

ones.

!These matrices are precisely the diagonalizable matrices whose eigenvalues lie on a line in the
complex plane.
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Other factors for symmetric matrices. When the symmetric saddle point matrix
involves discretizations of partial differential equations another motivation for non-
standard Krylov subspace methods is the notion of a “correct” norm with respect to
which convergence should be measured [94, 153, 158]. This norm can be obtained by
examining the partial differential equations themselves [94, 158] or by analysing the
resulting discretizations [153]. Under certain circumstances, norms defined by certain
block diagonal preconditioners, with blocks related to the blocks of A, are appropri-
ate. The idea of a correct norm is not explored further in this thesis, but a greater
understanding of practical Krylov subspace methods in different inner products could

prove useful in this context too.

Another reason for exploring Krylov subspace methods in nonstandard inner products
is the understanding one can gain about the convergence of standard methods. For
example, when the preconditioned biconjugate gradient algorithm, with a particular
indefinite constraint preconditioner, is applied to the Stokes problem, insight into
safeguarding strategies is gained by considering it as a conjugate gradient algorithm

in a symmetric bilinear form (that is not an inner product) [115].

Nonsymmetric matrices. The difference between symmetric and nonsymmetric
(or nonnormal?) matrices in the context of Krylov methods is striking. The first ob-
servation one can make regards the sheer number of existing methods. This makes it
difficult to choose a method for a particular problem. Moreover, problems have been
found for which each of CGN, GMRES [119], CGS [131], BiCG [51] and BiCGStab(¥)
[129, 147] outperforms the others [83, 105]. Problems were also constructed for which
IDR(s) [132] performed well or failed completely [83]. For none of the popular meth-
ods is convergence well understood for general nonnormal matrices. This makes

choosing an effective preconditioner nontrivial.

Another difficulty is that methods for general nonsymmetric matrices do not have
both short-term recurrences and optimality with respect to a well-understood inner
product. Short-term recurrence methods like BiCG [51], IDR [132], and QMR [53]—
and their variants—may minimize the error with respect to an inner product, but this
inner product depends on the initial residual itself [10]. Unfortunately, whilst these
methods may perform very well their convergence is not well understood in general,

making it difficult to determine the properties a good preconditioner should possess.

2When referring to nonsymmetric matrices, we typically mean nonnormal nonsymmetric matrices,
although the results usually apply in the normal case.
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GMRES [119], on the other hand, minimizes the residual with respect to the Euclidean
inner product. Convergence results exist for GMRES but they are not always as
descriptive [44], or as easy to understand, as the convergence results for symmetric
matrices®. For this reason, even in this case the determination of mathematical criteria
for good preconditioners is difficult. Moreover, one must store and orthogonalize
each new basis vector of the Krylov subspace against all previously computed Krylov
subspace basis vectors, so that the work and storage required by GMRES grows at
each step. An attempt to overcome this involves restarting the GMRES algorithm,
taking the new initial guess to be the final iterate before the restart. However, if the
restart occurs before enough information about the linear system has been gleaned
by the Krylov subspaces, convergence may be very poor or complete stagnation may
occur [62, page 77][78, 151]. We focus on full (unrestarted) GMRES in this thesis,
since its convergence is better understood for general nonsymmetric matrices than
that of other Krylov methods.

GMRES convergence. Let us discuss in greater detail the convergence of GMRES,
since knowledge of the factors that affect its convergence would be helpful when
choosing a good preconditioner. We recall that when B is symmetric (or, more
generally, normal), convergence depends largely on its spectrum. Unfortunately, when
B is nonnormal, this is not the case. Any nonincreasing convergence curve is possible
for a coefficient matrix B, regardless of its eigenvalues [2, 64, 37]. Whether right-
hand side vectors for practical problems result in poor convergence is not typically
easy to ascertain, but bounds for GMRES must be able to account for this worst-
case behaviour. Such bounds typically depend on the eigenvalues and eigenvectors
[119], pseudospectra [143][145, Chapter 26] or the field of values [13, 38, 133][39,
Corollary 6.2] of the coefficient matrix [44]. However, for certain matrices, each bound
can be more descriptive than the others [44]. Other bounds certainly exist (see for
example, [39, Theorem 6.1][148, 41, 76, 78, 87]), but these apply to a restricted set
of matrices or are such that it can be hard to determine mathematical criteria for

effective preconditioners from them.

Convection-diffusion equation. Convection-diffusion equations arise in many
fields and their numerical solution has received much attention [103, 114, 152]. Al-
though constant coefficient convection-diffusion operators on infinite domains are nor-
mal, the introduction of finite domains or variable coefficients introduce nonnormal-

ity [145, Chapter 12] that is inherited by the coefficient matrices of discretizations

3The exception is when B is normal for which, typically, convergence essentially depends on
eigenvalues.
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of them. Although we examine other test problems for nonsymmetric matrices, dis-

cretizations of the convection-diffusion equation
—eV2u4w-Vu= fin Q

in one or two dimensions with suitable boundary conditions, wind w, viscosity € and

forcing term f appear throughout this thesis.

1.1 Aims and contributions

The primary goal of this thesis is to provide greater understanding of different ways in
which nonstandard inner products are helpful in developing efficient preconditioned

Krylov subspace solution methods. To this end we have:

e Introduced in Corollary 3.21 on page 61 an iteration dependent convergence
bound for GMRES that can outperform the standard eigenvalue bound (3.27)
on page 50. Figure 3.1 on page 65 shows that, significantly, it can capture
superlinear behaviour of GMRES.

e In Section 4.3 derived the “Schéberl-Zulehner™” (SZ*) preconditioner for sad-
dle point problems which was independently proposed by Krzyzanowski [85].
For this preconditioner it is possible to apply a MINRES method in a non-
standard inner product without the potentially costly exercise of scaling the
preconditioner (see Theorem 4.15 on page 89). This is in contrast to estab-
lished preconditioners of this sort, such as the Bramble-Pasciak (BP) [20] and
Schéberl-Zulehner (SZ) [122, 157] preconditioners, for which scaling is typically
required. This robustness sets the SZ* preconditioner apart from other similar
preconditioners, as can be seen from Tables 4.4 and 4.6 and the discussion on
scaling the SZ preconditioner on page 99. Table 4.4 additionally shows that
the SZT preconditioner can be more efficient than the Bramble-Pasciak™ (BPT)

[135] preconditioner, particularly for difficult problems.

e In Section 5.1 identified a new combination preconditioner for symmetric saddle
point problems, the Bramble-Pasciakt-Block diagonal (BPT-BDW) combina-
tion preconditioner, for which the BPT-BDW-preconditioned MINRES method
outperforms the better of the BP™ and block diagonal (BDW) preconditioners
by up to 34%, and by 19.8% on average, across a range of test problems (see
Table 5.2 on page 112). Table 5.3 on page 114 also shows that the BPT-BDW
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combination conjugate gradient method also outperforms the BPT-MINRES
and BDW-MINRES methods by up to 31% and by 20.3% on average.

The BP* and BDW preconditioned saddle point matrices are each self-adjoint
but indefinite with respect to a nonstandard inner product and the precon-
ditioned system cannot, therefore, be reliably solved by a conjugate gradient
method. However, our combination can be made positive definite with respect
to a nonstandard inner product (see Theorem 5.5) so that a conjugate gradient
method can be used. The lower computational cost of the conjugate gradient

method makes this advantageous.

e In Section 5.2 derived the Bramble-Pasciak-Block diagonal (BP-BDW) combi-
nation preconditioner for symmetric saddle point problems, which outperforms
the BP and block diagonal (BDW) preconditioners by up to 11% and by 4.3%

on average, across a range of test problems (see Table 5.4 on page 118).

e In Section 5.3 proposed a new formulation of a Bramble-Pasciak-Schoberl-
Zulehner (BP-SZ) combination preconditioner for symmetric saddle point prob-
lems. This outperforms the better of the BP and SZ preconditioners for a
nonstandard preconditioned conjugate gradient method by up to 33%, and by
20.2% on average across a range of test problems, as shown in Table 5.5 on page
126. Since the combination parameters appear in our symmetric bilinear form
(described by (5.32) on page 120), ensuring that this symmetric bilinear form
is an inner product depends less on the scaling of the matrix Ay (which may be

costly) and more on choosing o and f than does the configuration in [135].

e In Theorem 6.1 on 132 presented a condition for pseudospectra of a precondi-
tioner and coefficient matrix (or, more generally, two matrices) to be identical.
In Theorem 6.6 on page 135 we describe the pseudospectra of matrices for which
the condition is only approximately satisfied. The remarks proceeding Theorem

6.1 discusses some consequences for preconditioners.

e In Theorem 6.10 on page 152 quantified the dependence of the convergence of
a Krylov subspace method in a nonstandard inner product on the eigenvalues

of the preconditioned system.
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1.2 Dissertation outline

For completeness, an introduction to nonstandard symmetric bilinear forms, inner
products and norms is given in Chapter 2. Much of the chapter is devoted to the

self-adjointness of a matrix with respect to a symmetric bilinear form or inner product.

Chapter 3 generalizes the conjugate gradient method, MINRES and GMRES for use
with nonstandard inner products. We present algorithms for these methods, show how
preconditioners can be incorporated and provide convergence results. Relationships
between the convergence of minimum residual methods in different inner products
are derived. These lead to an iteration-dependent convergence bound for standard
GMRES that can be much sharper than the standard eigenvalue bound and can
capture superlinear behaviour. This bound is new, as are the relationships between
the convergence of different minimal residual methods. Lemma 3.18 is a generalization

of a result in [45].

Saddle point systems are the subject of Chapters 4 and 5. In the former, we character-
ize the symmetric bilinear forms with respect to which a fairly general preconditioned
saddle point system is self-adjoint and use these conditions to obtain symmetric bilin-
ear forms for certain preconditioners. The SZ™ preconditioner is introduced and its
properties investigated. Numerical results show that it is more robust than a number
of other preconditioners, particularly for difficult problems. The new contributions
are the description of the eigenvalues of a Krzyzanowski preconditioned saddle point
matrix, conditions on symmetric bilinear forms and the description of the properties
of the SZ™ preconditioner. The SZ" preconditioner was derived independently by
Krzyzanowski [85].

Combination preconditioners for symmetric saddle point matrices are addressed in
Chapter 5. We present a new formulation of the BP-SZ combination preconditioner
introduced in [135], and propose two new preconditioners, one of which combines two
preconditioners for which a conjugate gradient method cannot be applied to create
one for which it can. Requirements for the symmetric bilinear forms associated with
each preconditioner to be an inner product, and for the preconditioned coefficient
matrix to be self-adjoint with respect to this inner product, are outlined and we
present numerical experiments that confirm their competitiveness. All the results in
this chapter are novel, with the exception of the original formulation of the BP-SZ

combination preconditioner that appeared in [135].
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In Chapter 6 we explore preconditioners for nonsymmetric matrices in light of non-
standard inner products. Relationships are found between the quality of the approx-
imation of the eigenvectors of the preconditioner and the closeness of the symmetric
bilinear forms with respect to which the preconditioner and coefficient matrix are
self-adjoint. The closeness of the pseudospectra of the preconditioner and coefficient
matrix is also discussed and a condition for these pseudospectra to be identical is
derived. We show that certain effective preconditioners are self-adjoint with respect
to the same symmetric bilinear forms as the coefficient matrix or one which is nearby.

These results, to our knowledge, are novel.



Chapter 2

Symmetric bilinear forms, inner
products and self-adjointness

In this chapter we examine symmetric bilinear forms and inner products, both of
which feature prominently in subsequent chapters. While this thesis focuses on real
matrices and vectors, for which symmetric bilinear forms are appropriate, the gen-
eralization of the results of this chapter to Hermitian sesquilinear forms and inner
products on C” typically only requires minor modifications; these are outlined where
appropriate. We begin in Section 2.1 by defining a symmetric bilinear form and inner
product and by introducing some of the concepts and tools required in later sec-
tions and chapters. Section 2.2 concentrates on self-adjoint matrices. In particular,
the symmetric bilinear forms with respect to which a given matrix is self-adjoint are
characterized, the computation of the matrices that define these forms is discussed
and some of the properties of self-adjoint matrices, and of matrices that are posi-
tive definite with respect to an inner product, are presented. We find in Section 2.3
an inner product with respect to which a finite difference matrix for a convection-
diffusion equation is self-adjoint and show that it is related to the inner product with
respect to which the original differential operator is self-adjoint. This discretization,
and variations of it, appear in later chapters. A summary of the key findings of this

chapter is given in Section 2.4.

2.1 Properties of symmetric bilinear forms

Nonstandard symmetric bilinear forms, inner products and norms are generalizations

of the familiar Euclidean inner product and norm. Many properties and concepts as-

11
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sociated with the Euclidean inner product space transfer simply to these nonstandard

Hilbert spaces.

Definition 2.1. A nondegenerate symmetric bilinear form (-, )y on R" satisfies
(x,y)w =y Wax (2.1)
for all z,y € R™ and an invertible symmetric matrix W € R™*".

Definition 2.2. An inner product (-,-)y on R" is a symmetric bilinear form for

which W € R™"™ is symmetric positive definite.

In the case that (2.1) is an inner product we can associate with W a vector norm and

matrix norm.

Definition 2.3. If (-, )y is an inner product the associated W-(vector) norm for

z € R" is
zllw = v/ {z, z)w.

Definition 2.4. If (-, )y is an inner product the associated W-matrix norm for
B e R™™ is

The most familiar inner product is the Euclidean inner product, here denoted the
I-inner product for consistency, with its induced spectral norm || -||;. Any W-matrix-
norm can be related to the I-norm since, for any factorization W = STS with S
invertible,

1Bllw = I1SBS™ 1. (2.2)

The W-matrix norm can be used to define the W-condition number of a matrix.

Definition 2.5. The W-condition number of an invertible matrix B € R™"*" is
rw (B) = | BlwlB~w. (2.3)

Given a symmetric bilinear form (-, -)yw, the W-adjoint of B is defined as follows.

Definition 2.6. The W-adjoint of B € R"*" is defined to be the unique matrix
B* € R™™ that satisfies

(Bz,y)w = (z, B'y)w Vx,y € R"
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Definition 2.6 implies that y”WBz = (B*y)"Wz = 47 (B*)" Wz so that WB =
(B" W or
B*=W'B'W. (2.4)

Since B* and BT are similar the eigenvalues of B* and B coincide. Furthermore, for
any two matrices B and C' in R™*" and scalar « in R it is straightforward to show
that

(B4+CO)*=B*+C*, (BC)=C*B*, (B™)*= (B! and (aB)*=aB. (2.5)

Generalizations of symmetric, skew-symmetric, normal and positive definite matrices

also exist.

Definition 2.7. A matrix B € R™" is W-self-adjoint if and only if
B* =W 'B"W = B.
Definition 2.8. A matrix B € R"*" is W-skew-adjoint if and only if
B*=W'B"W = -B.
Definition 2.9. A matrix B € R™" is W-positive definite if and only if
(Bx,z)y >0 forall x #0.
Definition 2.10. A matrix B € R™*" is W-normal if and only if
BB* = B*B,
where B* = W1BTW.

An important subset of W-normal matrices is the set of W-polynomially-normal
matrices, for which B* can be expressed as a polynomial in B and to which the W-
self-adjoint and W-skew-adjoint matrices evidently belong. The symmetric bilinear

forms with respect to which a matrix is polynomially-normal are characterized in [97].

The definition of orthogonal matrices can also be generalized. We utilize the following
definition and note that this differs from the definition in, for example, Gohberg,

Lancaster and Rodman [57].

Definition 2.11. A matrix Z € R"*" is W-orthogonal if and only if

Z7"WZ =1. (2.6)
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It is well known that the eigenvector matrix U of an /-normal matrix can be chosen to
be unitary, so that U*U = I. More generally, if B € R"*" is normal with respect to an
inner product (-, )y, the eigenvector matrix of B can be chosen so that Z*WZ = I,
i.e., so that Z is W-unitary. The proof is similar to that for polynomially-normal

matrices in [91, Theorem 3.1].

Lemma 2.12. Let B € R™™ be normal with respect to the inner product (-, )w.
Then B is diagonalizable and its matrixz of eigenvectors Z € C™™™ can be chosen so
that Z*W Z = 1.

Proof. If B is W-normal, then BB* = B*B, where B* = W~!BTW . Substituting for
the W-adjoint gives that

BW'BT™W =W 'BT"WB. (2.7)

Now, since W € R™*™ defines an inner product it is symmetric positive definite and
can be factored as W = W2W32. Premultiplying (2.7) by Wz and postmultiplying
by W3 gives that

WiBW 'BTW: = W-:BTWBW 3

or, equivalently, that CCT = CTC, where C = W2BW 2. Thus, C is I-normal
and has a unitary diagonalization C' = W2BW™2 = UAU*, where A,U € C™*",
U*U = 1. It follows that B = W_%UAU*W%, which proves that B is diagonalizable.
If Z=W2U, then Z2WZ = U*W 2 WW2U = U*U = I. O

With the concept of orthogonality it is possible to consider factorizations such as
the polar decomposition or singular value decomposition in nonstandard symmetric
bilinear forms. The W-polar decomposition is discussed in [74], where conditions
on existence and uniqueness are given and an algorithm for its computation is pre-
sented. The singular value decomposition (SVD) can also be generalized, although
we restrict our attention here, as in [149], to SVDs defined by inner products. This

decomposition requires a notion of generalized singular values®.

Definition 2.13. Let W € R™™"™ be symmetric positive definite. Then, the W-

singular values of a matrix B € R™*" are given by

B
o (B) = {J]a > 0,0 a stationary value of HH T‘HW} . (2.8)
Tllw

Van Loan [149] considered more general {M, W }-singular values. These are beyond the scope
of this work but the results for these singular values are similarly obtained.
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These generalized singular values, analogously to standard singular values, can be

written in terms of eigenvalues.

Lemma 2.14. Let W € R™" be symmetric positive definite. Then, the W -singular

values of B € R™™ are

oV (B) = VM (W-LBTWB) = \/\(B*B), i =1,...,n. (2.9)

Furthermore, if B is W -self-adjoint, its W -singular values are

where || > [Ag| > -+ > |\, > 0.

Proof. From Definition 2.3 we deduce that any member of ¢" (B) must be a stationary
value of T BTW Bz, subject to 27Wax = 1, with corresponding stationary point
x € R™. By employing Lagrange multipliers, we find that x must also be a stationary
point of

2" BTW Bz — Mz Wz — 1), (2.10)

the gradient of which is
Velo' BTW Bz — Na"Wax — 1)) = 2B"W Bx — 2AWz.
Clearly, this gradient is zero when
BTW Bz = \Wz.

Consequently, a stationary point of (2.10) is an eigenvector of W~1BTW B and the
corresponding W-singular value is \/A\(W~-1BTW B). Recall from Definition 2.6 that
B* = W='BTW. Thus,

o (B) = VAW-1BTWB) = \/\(B*B).

It follows that when B is W-self-adjoint, so that B = B* (see Definition 2.7), the

W-singular values of B are the absolute values of the eigenvalues of B. m

Given this definition of singular values, the W-SVD [149] is the following decompo-

sition.
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Definition 2.15. Let W € R™"™ be symmetric positive definite. The W-SVD of a
matrix B € R™" is
B=SYT, (2.11)

where S € R™*" and T' € R™*" are W-orthogonal and > € R™*" is a diagonal matrix

that has as its diagonal entries the W-singular values o}" > o}/ > ... > oV > 0,

with o}V € oW(B), i =1,...,n.
As in the case of a standard polar decomposition, a W-polar decomposition can be
constructed from a W-SVD.

The generalized singular values of a matrix B can be used to define its W-norm
and W-condition number, similarly to the standard Euclidean case, as the following

lemma shows.

Lemma 2.16. Let W € R™ "™ be symmetric positive definite. Additionally, let B be

nonsingular and have W -singular values oV > ... > oV > 0. Then
1
_ W -1 _
IBlw =t and |57 = s
The W -condition number of B is given by
Amaz(B*B)
B)= | ————=
(B =[5 (B B)
which, when B is W -self-adjoint, becomes
max;=1,..n p‘z(B”
B) = - 2.12
B = i () (2:12)
Proof. The first part follows from Definition 2.4, since
| Bz||w w w
Bl|lw = m o; (B) =0, (B
|| ||W 20 HI,H i1 ( ) 1 ( )
Similarly,
B~ 'z|w [y lw 1 1
B! = max ”— = = = .
|| ||W x#£0 ||LU||W y=B~12#0 ||By||W min £0 | Byllw O',ZV(B)
Y70 lyllw

The W-condition number is, by definition, given by (2.3). It follows from (2.9) that

rw(B) = || Bllw| B~ lw = le—gg; = %'

When B is W-self-adjoint, B = B*, which gives the simplification. ]
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Remark 2.17. More generally, (2.12) holds for any W-normal matrix B [5, Corollary
4.2].

In this section, attention was restricted to symmetric bilinear forms and inner prod-
ucts on R". Hermitian sesquilinear forms on C”, in contrast, are related to an

invertible Hermitian matrix W € C"*" by
<IE, y>W = y*Wxa

for all z, y € C", where y* represents the conjugate transpose. When W is additionally
positive definite, it induces an inner product on C". Most of the properties of this

section follow straightforwardly to the complex case. An exception is that in (2.5),
(aB)* =aB*,

where @ represents the complex conjugate of a. The generalization of a W-orthogonal

matrix is a W-unitary matrix Z € C"*" for which

TWZ =1.

A characterization of the Hermitian sesquilinear forms with respect to which matrices

are polynomially normal is given in [98].

2.2 Self-adjointness

The condition for self-adjointness with respect to (-,-)w in Definition 2.7 is that
B* = B. By (2.4) this is equivalent to

WB = B"W, (2.13)

so that W B is symmetric. It is clear from (2.13) that a matrix is self-adjoint with
respect to some symmetric bilinear form if and only if B and B” are similar. Since
every real matrix is similar to its transpose, every real matrix is self-adjoint with

respect to some symmetric bilinear form.

Self-adjointness is closely related to the factorization of a matrix as the product of
two symmetric matrices. In [138] Taussky states that every matrix B € R™*™ can be
factored as

B=MT,
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where M, T € R™"™ are symmetric. Provided B is nonsingular, M and 1" are nonsin-

gular. Upon rearrangement of this equation we find that
M'B=T (2.14)

which, since T' is symmetric, shows that B is M ~!-self-adjoint. On the other hand,
the symmetry of M gives that

BT '=M=1T"'B" (2.15)

which implies that BT is T~!-self-adjoint.

Equations (2.14) and (2.15) indicate that there is a connection between the symmetric
bilinear forms with respect to which B and BT are self-adjoint. This link is made

precise in the following lemma.

Lemma 2.18. B € R™*" is self-adjoint with respect to the nondegenerate symmetric
bilinear form (-, -Yw if and only if BT is self-adjoint with respect to (-, )w-1 and,

provided B is invertible, if and only if B~ is self-adjoint with respect to (-, ).

Proof. Since (-, )y is a nondegenerate symmetric bilinear form, W is invertible (see
Definition 2.1). To show that BT is W ~1-self-adjoint, we multiply both sides of (2.13)
by W1, This gives

w'BT = BW

Comparison with (2.13) shows that BT and W~! satisfy the self-adjointness relation-
ship and so BT is self-adjoint with respect to {-,-)y—1. Premultiplying (2.13) by B~7
and postmultiplying by B~ gives that

B TW =wWB™,

from which we conclude that B~! is W-self-adjoint. In each case the reverse direction

is similar. O

We remark that, given any matrix B and its W-adjoint B*, the matrix B*B is always
W-self-adjoint since WB*B = BTW B, which is symmetric. The generalization of
this result, and of Lemma 2.18, to Hermitian sesquilinear forms is straightforward.
However, in contrast to real matrices, not every complex matrix is self-adjoint with

respect to a Hermitian sesquilinear form as we shall see in the following section.
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2.2.1 Characterizing the symmetric bilinear forms with re-
spect to which a matrix is self-adjoint

We now focus on characterizing the symmetric bilinear forms with respect to which a

given matrix is self-adjoint; this will be crucial in the following chapters. Throughout

this section we will assume without loss of generality that the eigenvalues A1, ..., A,
of B are ordered so that Ai,...,\; are real and A\j 1 = p; + iyj,XjH = i1 —
Wil ooy A = i + z'yk,xk = pyp — v are nonreal, with A;11,..., Ay in the upper
half-plane.

It is not difficult to show that the Jordan block of a real eigenvalue A, J(\) € R™"

Al
J(A) _ ‘ . ‘ . ’
o
A
is self-adjoint with respect to indefinite symmetric bilinear forms induced by Hankel
matrices
hy
W = : h? : (2.16)
hy hy ... hy,
where hy,...,h, € R, hy # 0. More generally, any persymmetric matrix? is self-
adjoint with respect to the Hankel matrix
1
W=« , (2.17)

1

where a € R, av # 0. Possibly the most common persymmetric matrix is the Toeplitz

matrix

ap a1 QG2 ... ... (_pt1

aq Qo a_1q

az ai
T = (2.18)
a_q a_o
aq Qo a_q
Ap—-1 .- 5] ap ap

2A persymmetric matrix is symmetric about its north-east to south-west diagonal.
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When a = 1, W = Y is known variously as the flip matrix, the reverse identity or

the standard involutory permutation (sip) matrix.

Definition 2.19. The reverse identity matrix of dimension n is

1
Vo= . |, (2.19)
1

where we drop the subscript n if the dimension is clear from the context.

The symmetric bilinear forms with respect to which Jordan blocks are self-adjoint
can be used to construct symmetric bilinear forms with respect to which more general
matrices are self-adjoint. We start with real diagonalizable matrices (possibly with

complex conjugate eigenvalues).

Theorem 2.20. (adapted from [57, Theorem 6.1.5]) Let B € R"*" be diagonalizable
with real Jordan form B = RJR™', as defined in Appendiz A.1. Then B is self-

adjoint with respect to symmetric bilinear forms (-, -)w, where

W=RTYR™, (2.20)
Y = diag <616]Y2Y2> (2.21)
with ¢, = +1,i=1,...,5 and where Yy are 2 X 2 reverse identity matrices (2.19).

Conversely, if for some set of signs {e1,...,€;}, the pairs (B,W) and (J,Y) are
r-unitarily similar®, then B is W -self-adjoint.

The case that B has real eigenvalues only has been explored in more detail in, for

example, [135, Lemma 3.8]. We begin with a well known result

Corollary 2.21. A matriz B € R™" is self-adjoint with respect to some inner prod-

uct (-, Yw if and only if B is diagonalizable with real eigenvalues.

Proof. See [139]. O

3Given the Wi-self-adjoint matrix By and Wa-self-adjoint matrix Be, where Wi, W, B; and By
are real n x n matrices, B; and By are r-unitarily similar if By = S71B,S and W, = STW,S for
some real invertible matrix S [57, Section 6.1].
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Remark 2.22. When B is diagonalizable with real eigenvalues, the eigenvectors of
B can be taken to be real and the representation of W in (2.20) is related to that
given in [135, Lemma 3.8] in which W = Z=7©Z~! with © a real diagonal matrix.
To see this, first note that © = |O|2Y|0|z, where Y = sign(©) and |©)| has as its
entries the absolute values of the corresponding entries in ©. Then, the representation
W = Z7TOZ! is equivalent to W = (Z|0|2)"TY(Z|0|2)~* and © serves only to
scale the columns of Z. Moreover, whenever B has diagonalization B = ZAZ 1,
since diagonal matrices commute B = Z|©|2A(Z|0|2)~! is a second diagonalization.

Without loss of generality we take © = [ in the following.

Remark 2.23. If B is diagonalizable with real eigenvalues, the inner product (-, )y,
where W = Z=*Z~!, is invariant under permutation of the columns of Z. To see this,
let P be a matrix that permutes these columns. Then W = Z—*Z~! = Z—*PPT 771 =
(ZzP)™*(ZP)™.

Remark 2.24. Whenever B has real eigenvalues there is some freedom to choose
the inertia of W by choosing the signs of ¢;, ¢ = 1,...j. However, the inertia of each
Y, € RP*P associated with a complex conjugate pair of eigenvalues is fixed: it has
one eigenvalue at 1 and the other at -1. In the context of the preconditioned Krylov

subspace methods discussed in subsequent chapters it might be useful to exploit this

freedom. For simplicity, we tend to choose ¢, = 1,7 =1...,j so that
Y =diag(1,...,1,Ys,...,Y), (2.22)

which renders W as near to positive definite as possible.

Theorem 2.20 characterizes all the symmetric bilinear forms with respect to which a
given real diagonalizable matrix is self-adjoint. The symmetric bilinear forms with

respect to which a nondiagonalizable matrix is self-adjoint are similarly defined.

Theorem 2.25. (adapted from [57, 6.1.5]) Let B,W € R™" with W = WT, W
wnvertible and let B be W -self-adjoint. Then there is a real invertible R € R™™ such
that B= RJR™" and W = R™TY_;R™', where

J = dlag(J<>\1)v SRR J(A])7 j(uj—i—l + Z.Vj—i-l)a R j(:uk + '“/k))
is a real Jordan normal form of B (defined in Appendiz A.1) and

Y., — diag(e, VD), e, 70 YU gy
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where YW i =1,... k are reverse identity matrices (2.19) with the size of each equal
to that of the corresponding Jordan block in J and € = {e1,...,€;} is an ordered set
of signs £1. The set € is uniquely determined by (B, W) up to permutation of signs

corresponding to equal Jordan blocks.

Conversely, if for some set of signs €, the pairs (B,W) and (J,Y, ;) are r-unitarily

similar, then B is W -self-adjoint.

This is a straightforward generalization of Theorem 2.20. In the extreme case that
B is a Jordan block, W has as many positive eigenvalues as negative eigenvalues
(or one more positive eigenvalue when the dimension is odd) and certainly does not
define an inner product. However, the matrices B with which we will primarily be
concerned will be diagonalizable and will, therefore, have symmetric bilinear forms
(-, )w defined by (2.16) whose inertia depends on the number of complex conjugate
pairs of eigenvalues of B; the greater this number, the further from definite the

symmetric bilinear form.

Finally, we discuss the most general case, that B € C"*" is self-adjoint with respect
to a Hermitian sesquilinear form. A detailed discussion of this topic can be found in
[57] but we summarize the key results here. The first result details properties of the

spectrum of a W-self-adjoint matrix B.

Proposition 2.26. [57, Proposition 4.2.3] The spectrum A(B) of a W -self-adjoint
matriz B is symmetric relative to the real azis, i.c., \g € A(B) implies \g € A(B).
Moreover, in the Jordan normal form of B, the sizes of the Jordan blocks with eigen-

value Ny are equal to the sizes of Jordan blocks with eigenvalue Ag.

Proposition 2.26 implies that only those matrices that are similar to their conjugate

transposes are self-adjoint with respect to a Hermitian sesquilinear form.

As a consequence of Proposition 2.26, without loss of generality we can assume that
J = dlag(J()\l), R J()\]), J(}\j+1)’ e, J()\k)),

where Ay, ..., \; are the real eigenvalues of B, \j11, ..., \; are the nonreal eigenvalues
in the upper half-plane and J(\;), ¢ = j+1, ..., k is a direct sum of the Jordan blocks

corresponding to \; and A

The following theorem characterizes the Hermitian sesquilinear forms with respect to
which B is self-adjoint.
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Theorem 2.27. (adapted from [57, Theorem 5.1.1]) Let B, W € C™*"™ and let B be
W -self-adjoint. Then there is an invertible Z € C™" such that B = ZJZ~' and

W =2"Y. 27", (2.23)

where
J = diag(J(A1), .. JO), JAj41), -+ J(Ak))

is a Jordan normal form for B, and
Y;J = diag(elffl, e ijfj, }A/jJrl, RN ,Yk),

where Y;, i = 1,...,k are reverse identity matrices (2.19) with the sizes of J(\;),
i = 1,...,k respectively, and € = {e1,...,€;} is an ordered set of signs £1. The
set € is uniquely determined by (B, W) up to permutation of signs corresponding to

repeated Jordan blocks.

Conversely, if for some set of signs €, the pairs (B,W) and (J,Y. ;) are unitarily
similar®, then B is W -self-adjoint.

This general case is interesting in its own right, although it is beyond this thesis
to examine complex, nondiagonalizable matrices. Significantly, however, Theorem
2.27 can be used to show that the symmetric bilinear forms with respect to which a
real diagonalizable matrix B is self-adjoint can be written in terms of the (possibly
complex) diagonalization, as long as we are willing to use complex arithmetic during

an intermediate step.

Corollary 2.28. Let B € R™" have diagonalization B = ZAZ71, A, Z € C™".
Then B is self-adjoint with respect to {-,-)w, where W = Z=*Y Z~1 is real and Y is
of the form (2.22). Additionally, M = Z=*Z~" is real.

Proof. Let B have j real eigenvalues Aj,...,\; and 2(k — j) nonreal eigenvalues

AJly Ajty ooy Ak Ai. We assume without loss of generality that
A= diag()\l, )\2, e ,)\j, Aj+1, e ,Ak>,

where

A = [A”O] i=i+1,.. k

4If B, is Wy-self-adjoint and Bj is Ws-self-adjoint then we say that B; and B, are unitarily
similar if By = T 'ByT with Wy = T*W,T [57, Section 4.5].
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contains a pair of complex conjugate eigenvalues. Then, the corresponding matrix of

eigenvectors can be written as
Z = [217 ceey Ry Zj-‘rl)zj-‘rl? s 7Z/€7§/€j| .

Now, from Theorem 2.27, W = Z*Y Z~! defines a Hermitian sesquilinear form with
respect to which B is self-adjoint. We now show that, in fact, W is real and symmetric

and, therefore, defines a symmetric bilinear form. To begin, note that
ZY = [Zl, Ce ,Zj,§j+1, Zj+1, Ce ,Ek, Zk] N

so that the effect of Y is to swap the order of the two eigenvectors corresponding to a
complex conjugate pair of eigenvalues and to leave unchanged the order of eigenvectors

corresponding to real eigenvalues.

By (2.23), W = Z7*Y Z~'. Since Y is involutory,

-1 —1 7% * - — Zii1
w =Y LI =Y/ = [21,...,Zj,Zj+1,Zj+1,...,Zk,Zk} ]T+

J k

T > 5T T

= E z;iz; + E (zlzZ +zizi)
i=1

i=j+1

j k

T ST T

= E Ziz; + E <zzle+zlzl>
i=1

i=j+1
J k
= Zziz;[#—Q Z R (z:2])
i=1 i=j+1

which is real. Thus, W is also real.
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Similarly, since M = Z~*Z~1,

N
<1
T
i
M'=z7" = z 7 |Fit
- - [Zly"‘szazj+17zj+17"‘7Zkuzk:] ZT
j+1
B
| 2
j k
T =T | = T
= E z;iz; + E (zlz, + Z;2; )
i=1 i=j+1
j k
T =T | =
= E 2z, + E (z,zZ + zlle>
i=1 i=j+1
J k
T T
= E 2iz; +2 E R (zz]) .
i=1 i=j+1
This shows that M~ is real. Thus, M is real. O

Corollary 2.28 shows that it is not necessary to use the real Jordan form to describe
the symmetric bilinear forms with respect to which a real diagonalizable matrix is
self-adjoint. We tend to employ the complex diagonalization in the following chapters,

except where using real arithmetic simplifies the exposition.

2.2.2 Computing symmetric bilinear forms

The above characterizations of symmetric bilinear forms all depend on the eigenvec-
tors or generalized eigenvectors R of B. These may be extremely ill-conditioned for
a nonsymmetric matrix. A more computationally stable method of computing the
symmetric bilinear forms with respect to which a matrix is self-adjoint becomes ap-
parent when one observes that (2.13) is a Sylvester equation [59, page 367] in disguise,
since WB — BTW = 0. Its solution cannot be unique since B and BT have common
eigenvalues. This is to be expected since Theorem 2.27 implies that simply scaling or
reordering the eigenvectors of B leads to a different matrix that still satisfies (2.13).
Consequently, solving this Lyapunov equation is nontrivial. If B has small dimension,
one approach to finding W is to transform the Lyapunov equation into the matrix
equation
(I® BT — BT ®I)vec(W) =0
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via Kronecker products and vectorization. Both operators are described in Appendix
A.2, together with pertinent properties of Kronecker products. The appropriate solu-
tions vec(T) lie in the nullspace of (I ® BT — BT ® I) and can be reshaped to recover
w.

Computations of W by this nullspace method can be simplified by employing the real
Schur form. Specifically, if B has Schur form B = UTU”, where U is orthogonal and
T is block upper triangular, then

(UTTUT) @I — (UTTU") ® I) vec(W)
(UT"U") @ (UUT) — (UTUT) @ (UUT)) vec(W)
UUNTT @I -12TH) (U @ U")vec(W)

0
0
0,

where the last line follows from the mixed-product property. Now, U ® U is nonsin-
gular since rank(U ® U) = rank(U)?. Thus,

(TT 21— 1eTHUT @ U")vec(W) = 0.

The inverse of U? @ UT is (U ® U) and so if y is any vector in the nullspace of
TT @I —-T®TT, then vec(W) = (U ® U)y, from which it is possible to recover W.
(Clearly this Kronecker product approach is infeasible for larger problems unless more
sophisticated techniques are employed. We note that this method is similar to that

used by Carrette [24] to compute commuting matrices.

2.2.3 Properties of self-adjoint matrices

We conclude this section by examining properties of self-adjoint matrices. We stated
previously that every real matrix was self-adjoint with respect to a symmetric bilinear
form. If this matrix is diagonalizable, it is also normal with respect to an inner

product.

Lemma 2.29. Let B € R™" be diagonalizable with diagonalization B = ZAZ™!,
A, Z € CY". Then B is M-normal, where M = Z=*Z71.

Proof. If B is M-normal then BB* = B*B by Definition 2.10, where the adjoint is
taken with respect to the M inner product. Substituting for M and B gives that

BB* -~ B*B= (ZANZ Y ZZ*Z*NZ*Z 2" — (ZZ*Z N Z* 221 ZAZ ™)
= ZNANZ7' — ZANZ 71
=0
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since diagonal matrices commute. It follows that B is M-normal. O

However, B may be normal with respect to an inner product (-, ), where M is not
of the form M = Z—*Z~%.

Remark 2.30. From Corollary 2.28; it is clear that M is real. Thus, any real diago-
nalizable matrix is self-adjoint with respect to a symmetric bilinear form on R"™ (also

by Corollary 2.28) and is normal with respect to an inner product on R™.

Lemma 2.29 will be helpful in Chapter 3, where it will be shown that the convergence
of Krylov subspace methods in (-,-)y; are bounded by a term involving only the

eigenvalues of B.

When (-,-)w is an inner product it is often important to know whether a W-self-
adjoint matrix is W-positive definite, i.e., whether (Bx,z)y > 0 for all nonzero

vectors x. The following lemma is useful for this purpose.

Lemma 2.31. Let B € R™*" be self-adjoint with respect to an inner product (-, )y .
Then, B is positive definite with respect to (-, -)w if and only if W B is positive definite

with respect to the Fuclidean inner product.

Proof. Since B is W-self-adjoint, W B = T for some symmetric matrix 7' = T7. Let
x # 0. Then if (Bz,z)y > 0 it follows that

2T’ BTWax> 0
=2TWBz >0

=2 Tx > 0.

On the other hand, if 7Tz > 0,

TWBx >0
= (Bx)" Wz> 0

=(Bzx,z)y > 0.

O

Additionally, when B is self-adjoint and positive definite with respect to an inner

product, all its eigenvalues are real and positive as the next lemma shows.
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Lemma 2.32. Let B € R™" be self-adjoint with respect to an inner product (-, )y .
Then, B is positive definite with respect to (-,-)w if and only if every eigenvalue of

B is real and positive.

Proof. It B is self-adjoint with respect to the inner product (-, )y, then B is diago-
nalizable with real eigenvalues (see Corollary 2.21). Consequently, by Theorem 2.27,
B has diagonalization B = ZAZ~!, where A € RV, Z € C™™ and W = Z*Z~L.
Note that by Sylvester’s law of inertia (Theorem A.14), Y = I in Theorem 2.27.

From Lemma 2.31 we know that B is W-positive definite if and only if W B is positive
definite in the Euclidean inner product, i.e., if for all z € R™*", x # 0, 27W Bz > 0.
However, WB = Z *AZ~! is congruent to A, so Sylvester’s law of inertia implies
that W B is positive definite if and only if A is positive definite. m

We additionally find that matrices that are self-adjoint with respect to an inner
product (-, -)y possess many of the properties of symmetric matrices. For example,

it is possible to show that the stationary points of the W-Rayleigh quotient

(Bx, z)w

are the eigenvectors of B and that the value of py at an eigenvector is the corre-
sponding eigenvalue. Additionally, a generalization of the Courant-Fischer theorem

(in Appendix A.4) holds, a consequence of which is that

' (Bx,z)w
Amin(B) < —<w, T

< s (B). (2.24)
We note that all of the properties described in this section apply to Hermitian
sesquilinear forms. The Kronecker product approach can also be used to compute

these sesquilinear forms.

2.3 A convection-diffusion example

Many of the applications in the following chapters are discretizations of partial differ-
ential equations. Accordingly, we are interested in the symmetric bilinear forms with
respect to which such discretized matrices are self-adjoint since knowledge of these
symmetric bilinear forms may aid the design of efficient Krylov subspace methods

for the discretizations. Intuitively, we might expect that these symmetric bilinear
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forms are related in some way to those with respect to which the original differential
operator is self-adjoint. If this is true, one approach to preconditioning could be to
precondition the coefficient matrix resulting from one discretization with the matrix
formed from a lower-order discretization. An example of this form of precondition-
ing in practice is the use of low-order finite difference discretizations to precondition
higher-order discretizations from, say, spectral methods [144, Chapter 40| or a coarse
grid approximation of the same operator. Both of these are explored in Chapter 6.
Here we obtain an inner product with respect to which an upwind finite difference
discretization of a one-dimensional convection-diffusion operator is self-adjoint. We
also show that this inner product is related to that with respect to which the original

convection-diffusion operator is self-adjoint.

Specifically, the convection-diffusion equation we consider is
—eu” +u' = f(x), ula)=ub)=0, €>0.

Letting h = (b —a)/(n + 1); x; = a + jh; u; be the approximation of u at the point
zj and f; = f(z;), j = 0,...,n+ 1; the upwind finite difference equations for this

differential equation are of the form

€ 1 2¢ 1 € .
— ﬁ—i_ﬁ Uj—1 + ﬁ‘i‘ﬁ uj_ﬁujJrl:fja Jj=1...,n

with ug = u(a) = 0 and wu,; = u(b) = 0.

The equivalent matrix formulation is Bx = b, where

Biio f ]
—GE+i) i @
B - - - , (2.25)
—Ge+7) pEti .
i —Ga+3) @+l
U:[Ul, Ugy, .., un}T
and
T
f:[fla f27 SRR fn] :

As shown at the start of Section 2.2.1, since B is a Toeplitz matrix it is self-adjoint
with respect to (-, )¢, where Y is the reverse identity matrix (2.19). However, since
B is diagonalizable with real eigenvalues it is also self-adjoint with respect to an inner

product.



CHAPTER 2. SYMMETRIC BILINEAR FORMS, INNER PRODUCTS AND SELF-ADJOINTNESS 30

Theorem 2.33. Let B € R™" be defined by (2.25). Then B is self-adjoint with

respect to (-, -)w, where

W = ( . . (2.26)

(=7)"

Proof. Since B is a tridiagonal Toeplitz matrix, its eigenvalues and eigenvectors are

known [18, Theorem 2.4]. The eigenvalues are the real numbers

2¢e+h 2 .
A= T+F\/e(e+h)cosn+l, j=1,...,n,
while the corresponding eigenvectors are
1 . . . T
o= () sin () sin 2 L (22) sin 2]

Thus, B has diagonalization B = ZAZ~!, where A = diag(\,...,\,) and

_1
Z =038, (2.27)
with
€ € 2 € "
© = diag .
e+h) \e+h) = \e+h
and )
: s : s c.onmw
Sin @ Sin @ cee SIN F
. T . i . nmw
Sin P Sin el S1n P
S = : ) )
: nmw t 2nm s oniw
Sin P Sin et S1n il

The matrix S is the discrete sine transform (DST-I) matrix (see [150, Section 4.4])

and its inverse is simply

1 2
n+1
It follows that
T__% gig
n+1
and so 5 5
W=zTz1=-_"°2 _0:95'02 =
n+1 n+1
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Remark 2.34. The condition number of W is simply the ratio of the largest diagonal
entry to the smallest. Thus,

k(W) = (1 + %) " (2.28)

and the conditioning of the inner product (and the eigenvectors of B) worsens with

decreasing e.

Remark 2.35. The symmetric bilinear form defined by the reverse identity matrix Y
can also be obtained from the eigenvectors Z in (2.27). Specifically, Y =2TDz,

where

n+1 € 2
D= diag (1,—1,1,—1,...,(=1)" 2, (=1)*1).
(o) i (L1111 1)
Let us consider the inner product in Theorem 2.33 and its relationship to the inner
product with respect to which the original convection-diffusion operator is self-adjoint.
Ifu=[wu..uw]" and w=][w w . wi]" whereu; = u(z;) and similarly for w;,
then

2 & e\
(u,w)yw = ] Z (e n h) UW;. (2.29)

=1

Consider, on the other hand, the inner product

b
(u,w):/ e~ cuwdz, (2.30)

for any u, w € Cfa, b]. If the convection-diffusion operator is denoted by £ = —eu” +u’

then, with u =w =0at x =a and x = b,

b b
x x 1 x
(Lu,w) = / e (—eu” +u)wdx = —6/ (e_eu" - —e‘eu') wdz

€

b
_ 4 (et
——e/a dx( e )wd:t:

b
_z b _z
= —ce eu'w’$a+€/ e cu'w'dr
a

b
_Z
:e/ e <u'w'der.
a
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Meanwhile,
b x
(u,£w>:/ e cu(—ew” +w')dx (e cw” ——e eU))da:
b
:—/ di(we e)dx

b
_z
= —ce euw"x_a%—e/ e eu'w'dx
a

b
_z
:e/ e cuw'dr
a

= (Lu,w)

and so L is a self-adjoint operator with respect to the inner product (2.30).

We now wish to show that in the limit as h — 0, or n — oo, the inner product
with respect to which the finite difference matrix B is self-adjoint becomes the inner
product with respect to which the differential operator is self-adjoint. For simplicity
we let a = 0 and b = 1, so that u(0) = w(0) = u(1) = w(l) = 0. Recall from (2.29)
that the inner product with respect to which the finite difference discretization is

self-adjoint is given by

1 1 «— e\ i i
§<u’w>_n+1;(e—|—h)u(n—i—l)w(n—l—l)
1 < 1 - i i
— 14— -
n—i-l;( +6(n+1)) u(n+1)w<n+1>
1 e(n+1) 7e(ni+1> i i
1+ —— U w
en+1) n+1 n+1

- 1 e(n+1) _e(ni+1) i i
e(n+1) “\nrt)\as1)

1 e(n+1) 7e(++1) iz
1+ - [(1 + x)%} .
e(n+1)
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Also, as  — 0 (so that n — oco) we find that

1 1 1 1 1 1
log ((1 n :1:)’) — (- 2?2 1 O@EY) =1 — 2z + ~2? + O(z?)

x 2 3 2 3
and that
(1+2)% = el 3o+5e"+06"),
Therefore,
|- 5+0(s 1 1 7
[(1 + :1:)5] — iatyie?—gict+ = —' (—za: + —2:1: - gzw + O (z*)
Thus,
1 1 - i 1 i i
lim = — L o 40—
5,50 ni“élom;[@ i ((n+1>2>]“(n+1)w<n+1>

- i i i
— i TntD :
7£&n+1§:e u<n+1>w(n+1>

1=0

The Euler-Maclaurin summation formula can be written as

50 - [ gy A0

By, _ _ _
) ATV = AR ) + 0 (7).

K
=2

k

where A € CK[0, 1] and By is the kth Bernoulli number. Assume that u, w € C?[0, 1]
and let
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Then, applying the Euler-Maclaurin formula to our problem gives that

tngglovw) = i [ [ sty HO I
20 - 700 +0 (o )|

= lim [/01 e~ u(y)w(y)dy + O (ﬁ)}
_ / e ulyuly)dy,

which is precisely the form of the inner product of the differential operator (2.30).

Thus the finite difference approximation B is self-adjoint with respect to an inner
product that becomes the inner product with respect to which the original differential
operator is self-adjoint in the limit as n — oo, i.e., as the approximation becomes more
accurate. At least for this example, there is a link between the differential operator
and its discretization. One might conjecture that a different discretization of this
convection-diffusion operator might be self-adjoint with respect to a different inner
product that also approaches that with respect to which the operator is self-adjoint.
If so, this idea could potentially be exploited for preconditioning. Moreover, this link
between the inner products with respect to which the operator and its discretization
are self-adjoint might be more generally true, making this preconditioning strategy

more widely applicable.

2.4 Conclusions

In this chapter we have given an overview of the properties of symmetric bilinear
forms and inner products that are required in later chapters. Symmetric bilinear
forms allow us to generalize the idea of a symmetric matrix, since every real matrix
is self-adjoint with respect to some symmetric bilinear form. The symmetric bilinear
forms with respect to which a given matrix is self-adjoint have been characterized and
some of the properties possessed by self-adjoint matrices have been discussed. We
will draw on these characterizations and properties throughout this thesis. Finally,
we have shown that a finite difference matrix for a PDE is self-adjoint with respect to
a symmetric bilinear form that is related to that with respect to which the differential
operator is self-adjoint. We will return to this example in Chapter 4 and to a related

two-dimensional example in Chapter 6.



Chapter 3

Iterative methods

In the introduction we suggested several reasons why one might consider Krylov sub-
space methods in nonstandard inner products. For a symmetric saddle point matrix,
for example, an effective preconditioner may cause the preconditioned coefficient ma-
trix to be nonsymmetric but self-adjoint with respect to a nonstandard inner product.
If it is practical to compute with this inner product, solving the linear system by a
short-term recurrence method in a nonstandard inner product may be preferable to
solving it by a standard method for nonsymmetric matrices. Preconditioners of this
type are presented in Chapters 4 and 5. Another reason, discussed more in Chapter
6, is that examining the effect of preconditioners for nonsymmetric matrices on the
convergence of Krylov subspace methods in nonstandard inner products may provide

some insight into good preconditioners for standard Krylov subspace methods.

In this chapter, we introduce the three Krylov subspace methods that will be used
in the remainder of the thesis: the W-conjugate gradient method, W-MINRES and
W-GMRES. These are standard in the literature but are typically presented with
either the Euclidean inner product (-,-); (for MINRES and GMRES) or the energy
inner product (-,-)p (for the conjugate gradient method). We require these methods
in nonstandard inner products and so they are presented here in greater generality.
Section 3.1 covers the class of orthogonal error methods, in which lies the conjugate
gradient method [71] described in Section 3.1.1. Minimum residual methods, which
are the subject of Section 3.2, include the MINRES algorithm [107] discussed in Sec-
tion 3.2.1 and its generalization to nonsymmetric matrices, GMRES [119], presented
in Section 3.2.2. For each of the three methods we adapt the original algorithm for
use with a nonstandard inner product and provide convergence results. In Chapter

6 it will be necessary to relate convergence bounds for minimal residual methods in

35
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nonstandard inner products, derived in Section 3.2.3, to bounds for GMRES and
MINRES convergence in the Euclidean inner product and in Section 3.2.4 we derive
relationships for this purpose. Conclusions are drawn in Section 3.3. All of the results
in this chapter hold for complex matrices and vectors but, for ease of exposition, we

discuss only the real case here.

We remark that other well known Krylov subspace methods such as BiCG [51] and
QMR [53] can also be generalized in a fairly straightforward manner. Since we do not
require these methods in later chapters, no details are given here. We additionally note
that QMR in (-,-); simplifies when the coefficient matrix is self-adjoint with respect
to a symmetric bilinear form. Specifically, if B is self-adjoint with respect to (-, -)w,
where (-,-)y is a symmetric bilinear form, SQMR [52, 54] replaces multiplications
with BT, required in the standard formulation of QMR, by multiplications with .

3.1 Orthogonal error methods

Orthogonal error (OE) methods select iterates zj, from shifted Krylov subspaces,

where ICi (B, 19) is the Krylov subspace
Ki(B,ro) = span{rg, Brg, ..., B" 'ry}

of dimension k£ of B and the initial residual rg = b — Bxy. The error e, = v — x, is
orthogonal, with respect to an inner product, to a subspace. This inner product may
be independent of the initial guess xy, in which case it is a fixed metric, following
Barth and Manteuffel [10]; it is otherwise a variable metric. Specifically, orthogonal

error methods are defined as follows.

Definition 3.1. Iterates of an orthogonal error (OE) method satisfy

T € To + ]Ck(B, 7“0), (31)
€L J_W ’Ck(B,’f’(]), (32)

where y Ly Kr(B,19) means that (y, z)w = 0 Vz € Kr(B,rg).
Equivalent to the orthogonality condition (3.2) is the minimization property [66]

e = min T — . 3.3
ledw = _ min i =ylw (33)

The Faber-Manteuffel result [49] discussed in the introduction describes the matrices

to which a conjugate gradient algorithm that satisfies (3.1) and (3.2) with a fixed
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inner product can be applied. These comprise a small set [47, 49], although it is
one to which certain preconditioned saddle point matrices belong. Other short-term
recurrence methods, such as those introduced by Barth and Manteuffel [11, 12], are
beyond the scope of this chapter but these apply to a similarly limited set of matrices.
Below we examine this conjugate gradient algorithm, which will be used in Chapters

4 and 5 to solve preconditioned saddle point systems.

3.1.1 The W-conjugate gradient method

The I-conjugate gradient (I-CG) method of Hestenes and Stiefel [71] requires only
three-term recurrences and—provided B is symmetric positive definite, so that (-, -)g
defines an inner product—minimizes the B-norm of the error over the Krylov sub-
space, i.e.,

Tk = argminyeoco-i-le(Bﬂ”o) ||:L’ - yHB'

Equivalently, I-CG satisfies the orthogonality condition
(% _LB ICk(B,T()).

This I-conjugate gradient method can be generalized to one in which a different
inner product (-,-)y is used [5, 6, 22, 66, 67, 89, 135]. Indeed, certain standard
Krylov methods such as the conjugate residual method [71] can be cast as conjugate
gradient methods in nonstandard inner products [5, 6, 22, 66]. The W-conjugate
gradient (W-CG) method selects iterates xy € xg + Kx(B,19) such that

(A3 J—WB ICk(B, 7"0>. (34)

The equivalent minimization condition (3.3), when B is self-adjoint and positive def-
inite with respect to the inner product (-, )y or, equivalently, when W and W B are
symmetric positive definite, is

e = min T — )
lexllws yExO%k(B,rO)H yllws

Similarly to I-CG, the W-CG method can be derived from the W-Lanczos procedure
with an orthogonality (or equivalent minimization) condition, where the W-Lanczos
method for a W-self-adjoint matrix B is given in Algorithm 3.1. The W-Lanczos
vectors vy, ..., v, generate a W-orthogonal basis of the kth Krylov subspace of B and

r, Kp(B,r) and if the W-Lanczos vectors form the columns of the matrix

Vi=1[o1 va ... vy (3.5)
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then the Lanczos recurrences can be represented by

BV, = Viii Ty, (3.6)
where
ar B
T, = { T’“T] with 7, = [P (3.7)
5k€k . .. 6
. k—1
Br—1 o

and ey is the kth unit vector. Moreover, the W-Lanczos vectors are W-orthonormal

and so
VIWV, = I, and V' WBV,, = T, (3.8)

Algorithm 3.1 W-Lanczos algorithm
Choose 7. Set v; = 7/||r|lw. Set By = 0 and vy = 0.
for k=1,2,... do
R = <ka,1}k>w
U1 = Bug — apvp — Br—10k1
B = llvesallw

V41 = Uk+1/5k
end for

We now examine how these W-Lanczos relationships can be used to construct iterates
satisfying (3.1) and (3.4). If the W-Lanczos method in Algorithm 3.1 is applied to
ro = b — Bxg, then the W-Lanczos vectors form a basis of (B, rq). Any W-CG
iterate xy € xg + Kx(B,19) is of the form

T = o + Viyr, where y, € Rk,

and the corresponding residual is r, = Be, = ro — BViyr. This means that the

orthogonality condition for W-CG can be enforced by choosing x; so that
0=VIWBe,=VIWr, =VIW(re— BViys). (3.9)

By utilizing (3.8) and by observing that the initial residual rq is equal to SVjyieq,
where = ||ro|lw, we find that (3.9) simplifies to

Tywyr = Bex,

from which it is possible to find ¥, and hence the iterate xy.
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By using a procedure similar to that for I-CG in, for example, [62, Section 2.5] and
[118, Section 6.7] it is possible to compute z;, without storing Vj and Tj. The result
is the W-CG algorithm in Algorithm 3.2 that requires only three-term (or coupled
two-term) recurrences. The W-CG algorithm differs from the standard /-CG method
only in the computation of o, and [, where nonstandard inner products are used. We
note that the W-conjugate gradient method can also be expressed as a preconditioned
conjugate gradient method in the I-norm [34] but we prefer to separate the roles of
the preconditioner and the inner product. One reason for this is that this separation
allows us to develop preconditioners for saddle point matrices that may be used either
with W-CG or with W-MINRES (described in the next section).

Algorithm 3.2 W-conjugate gradient method
Choose xq, compute rg = b — Bz, set pg = rg
for k=1,2,... do

<7’k, r lc)W

<Bpk,pk>w
Tk4+1 = Tk + QgPk
Thyl = Tk — Qp Bpy,
<Test for convergence>

_ (Thi1, Thy1)w
B = """
<rk7 r k>W
Pl = Tkttt Brbr
end for

. —

The W-CG residuals and direction vectors satisfy the standard conjugacy properties

[6, 89] with respect to the W-inner product, i.e.,
(res pi)w = (resrj)w = 0, j <k,
(Bpr,pj)w =0, j <k, (3.10)
span {ro, 71, ..., k1) = span{po, p1, - - -, Prer1} = Ki(B, o).

Significantly, convergence results for W-CG can be obtained similarly to the standard
conjugate gradient method. These are helpful when determining whether convergence
of W-CG will be rapid and when choosing preconditioners. To bound the W-CG error
as in [89] we utilize the connection between Krylov subspaces and matrix polynomials

in the following theorem.

Theorem 3.2. Let B € R™™" be self-adjoint and positive definite with respect to the
inner product (-, )y . Then the error, ey, = x—xy, of the kth W-CG iterate is bounded
by

lexllw < min max |p(A)]. (3.11)
lleollws ~ pellip(0)=1 AeA(B)
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Proof. Since zy € xo+ Ki(B,19), we have that x; = xo + qx_1(B)ro, where gx_1(z) is
a polynomial of degree at most k — 1. It follows that

er=x—zr =2 — (xo+ qr_1(B)ro) = (I — Bqx_1(B)) eqg = pr(B)ey, (3.12)

where pr(2) =1 — zq—1(2).

The matrix B is self-adjoint with respect to an inner product and is, therefore, di-
agonalizable (c.f. Corollary 2.21 in Section 2.2). Accordingly, the eigenvectors of B,
which we denote ug, K = 1,...,n, form a basis of R”. The initial error ¢y can be

expressed in this basis as
n
€o = E Vit
=1

for some scalars «;, 7 = 1,...,n. From the minimization property and the polynomial

representation of the error (3.12) we have that

- i B _ . .
lexllws penr,ﬂ{}]):l\lp( Jeollw e peni%(%)ﬂ Z:%p( .
WB

PEHI,S;%):l Zlf)/]p( J)u]
WB

Z Vil

= onin max |p(A )IH@oIIWBa

< min  max |p(A
pETTL,p(0)=1 AEA(B)

wWB

where Il is the set of polynomials of degree at most k. m

Furthermore, since r, = b — Bxy = B(x — z3) = Bey, we have that
lewllZys = et WBe, =1 BT TWBB 1, = v BT Wry.
By Lemma 2.18, B! is also W-self-adjoint and so B~TW = WB~!. Thus,
lexlliys = re WB™ i = [lrellfy - and  leollws = llrollws-

which, when combined with (3.11) in Theorem 3.2 shows that the kth residual satisfies

7kl wB— < min max [p(A)].
ITollwp-1 ~ pemip(0)=1 AA(B)

Theorem 3.2 indicates that, as in the case of I-CG, eigenvalues influence the rate of

convergence of this method. It is our experience that eigenvalues generally dictate
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convergence of the W-conjugate gradient method. However, in obtaining the upper
bound (3.11) we have separated the right-hand side from the matrix polynomial. The
consequence is that the bound (3.11) may predict slower convergence than is observed
in practice. Nevertheless, since a sufficient condition for fast convergence is that the
eigenvalues of B are nicely distributed, a criterion for choosing preconditioners for
use with a conjugate gradient method in a nonstandard inner product is that the

preconditioned coefficient matrix has nicely distributed eigenvalues.

Since W-self-adjoint, W-positive definite matrices have real, positive eigenvalues (see
Lemma 2.32), the polynomial term in (3.11) may be bounded by the W-condition
number of B by using Chebyshev polynomials.

Corollary 3.3. Let B € R™™" be self-adjoint and positive definite with respect to the
inner product (-, )w. Then the kth error of the W-conjugate gradient method, ey, is

bounded by
k
leollw s VE+1
where
o /\max<B>

1s the W-norm condition number of B in Definition 2.5.

Proof. The proof is the same as for I-CG in, for example, [62, Theorem 3.1.1], where
we have used that the W-norm condition number of a WW-self-adjoint matrix is related
to its eigenvalues (see Lemma 2.16) and that the eigenvalues of a W-self-adjoint, W-

positive definite matrix are real and positive (see Lemma 2.32). O

Remark 3.4. From Corollary 3.3, we might expect that when the eigenvalues of B
are clustered, the W-conjugate gradient algorithm will perform well in exact arith-

metic.

As previously discussed, preconditioning is often required for acceptably rapid con-
vergence of Krylov subspace methods. A preconditioner may be straightforwardly
introduced into the conjugate gradient algorithm in Algorithm 3.2 if the precondi-
tioned coefficient matrix P~'B is self-adjoint and positive definite with respect to
some inner product (-, -y, so that WP~ B is symmetric positive definite. When this
condition is satisfied, the W-PCG method given in Algorithm 3.3 can be applied.
In Chapters 4 and 5 we examine specific combinations of W, P and B for which
W-PCG is applicable.
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Algorithm 3.3 W-PCG method
Choose g, compute 7y = P~1(b — Buxy), set py = T
for k=1,2,... do
<7“k,7’k>w

<P_1Bpk‘apk>W

Tpy1 = Tk + QgPk

Thi1 = Tx — ax P~ ' Bpy

<Test for convergence>
. (Tk+1,7”k+1>w

Bk - T =< <.\ _

(Ths Th)w

~

DPk+1 = Th1 + BeDr
end for

ap =

Algorithm 3.3 differs from the standard I-PCG method in, for example, [62, page
121]. In I-PCG both the preconditioner and the coefficient matrix are symmetric
positive definite (with respect to the I-inner product). The preconditioner is factor-
ized! as P = LLT and applied as a split preconditioner, so that the preconditioned
coefficient matrix L' BL~" remains symmetric positive definite. Modifications to the
algorithm can then be made so that, in practice, only left or right preconditioning is
required. Our motivation in Chapters 4 and 5 is different since the original saddle
point matrix has positive and negative eigenvalues and so is never positive definite
with respect to an inner product (see Lemma 2.32). We require a method for which
only the preconditioned coefficient matrix need be self-adjoint and positive definite

with respect to an inner product.

The quantity that is minimized by the W-PCG method is ||eg||wp-15. The cor-
responding error bound, which is based on Theorem 3.2, is given in the following

corollary.

Corollary 3.5. Let P~1B € R™" be self-adjoint and positive definite with respect to
the inner product (-,-)w . Then the error, ey, of the kth W-PCG iterate is given by

Hek“WP*lBS min max  [p(\)].
leollwp-1B — pemip(0)=1 AeA(P-1B)

(3.14)

Remark 3.6. The standard convergence bound for the /-PCG method mentioned
above is [43, page 79|

HekHBS min max  [p(A)].
lleollz ~ petlip(0)=1 AcA(P—1B)

!The positive definiteness of P guarantees that a factorization of this sort exists.
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The preconditioner does not appear in the norm on the left-hand side of this con-
vergence bound unlike in (3.14) in Corollary 3.5. This disparity is caused by the
difference between the way our algorithm is formulated and the way the standard
I-PCG method is derived, as discussed above. We note, however, that given a W-
self-adjoint and positive definite preconditioner for a W-self-adjoint and positive def-
inite coefficient matrix it is possible to devise a conjugate gradient method for the
preconditioned system for which the error is minimized with respect to || - |[wp. We

do not elucidate on this here.

From Corollary 3.5 we discern that the eigenvalues of the preconditioned matrix play
an important part in determining the convergence of this Krylov subspace method.
In particular, convergence will be rapid if a preconditioned coefficient matrix has
eigenvalues for which polynomials, satisfying p(0) = 1, can be found that are small at
each eigenvalue. This is the motivation behind choosing preconditioners that achieve

a good eigenvalue distribution, similarly to I-PCG.

Let us recap the properties of the W-PCG method. It is applicable to nonsymmetric
preconditioned matrices that are self-adjoint and positive definite with respect to an
inner product. Such preconditioned matrices are diagonalizable with real, positive
eigenvalues (see Corollary 2.21 and Lemma 2.32) but may be nonsymmetric. The
W-PCG method minimizes the error with respect to some norm, with convergence
typically determined by the eigenvalues of the preconditioned coefficient matrix. It
additionally requires only three-term recurrences. In contrast, standard methods for
nonsymmetric matrices either require more work as iterations progress, like GMRES,

or have poorly understood convergence in general, such as BiCG [51] or QMR [53].

The properties of W-PCG provide an impetus for seeking an inner product with
respect to which a preconditioned matrix is self-adjoint and positive definite since,
provided the inner product is not too costly to apply, the overall time required to solve
the preconditioned system by W-PCG may be less than that required by standard
methods. Finding such preconditioners and inner products is the subject of Chapters
4 and 5.
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3.2 Minimal residual methods

In contrast to orthogonal error methods, iterates of minimal residual (MR) methods

are chosen so that the corresponding residual vector
T = b— Bl’k € rg+ BICk(B,T(])
is minimized with respect to some norm. This leads to the following definition.

Definition 3.7. Iterates of a minimal residual (MR) method satisfy

x € xo + Kp(B, 1), (3.15)
Irallw = min_[lb= Byl (3.16)
The MINRES method of Paige and Saunders [107] is one of the best known mini-
mal residual methods. W-MINRES can be applied when B is self-adjoint (although
not necessarily positive definite) with respect to an inner product, and will be used
in Chapters 4 and 5 to solve preconditioned saddle point problems. An extension
of MINRES for non-self-adjoint matrices is GMRES, which was proposed by Saad
and Schultz [119]. Below we outline W-GMRES, which will be employed in Chap-
ter 6. Collectively, these are W-MR methods. We additionally describe below the
convergence of minimum residual methods and formulate expressions that relate the
convergence of W-MR to that of I-MR methods. These will also be required in
Chapter 6.

3.2.1 W-MINRES

Analogously to the original I-MINRES algorithm of Paige and Saunders [107] that
minimizes the /-norm of the residual, the W-MINRES method in [135] minimizes

T = min b— B . 3.17
Il = minlb=Bylw (317

Its reliable application requires that B is self-adjoint with respect to the inner product
<.’ >W

W-MINRES can be implemented with WW-orthogonal vectors generated by the W-
Lanczos method in Algorithm 3.1 applied to B and r¢, the result of which is that

only three-term (or coupled two-term) recurrences are required. If these basis vectors
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form columns of the matrix Vj as in (3.5) then, since W-MINRES iterates lie in the
affine space defined by (3.15),

zy = xo + Vi,
for some g, € R¥. The corresponding residual vectors are given by
riY =ro — BViyi € 1o + BKy(B, 1)
and it follows from the Lanczos relationship (3.6) that the W-norm of r}” satisfies

= |lro — BkakHW

= [VesaUirolly e = )|

w
175" [l

7oy v1 — Vk+1Tk?JkHW

where e; € R¥*! is the first canonical basis vector . Squaring the right-hand side

gives

N 2 . .
Hvk—i-l (||7"0Hw er — Tkyk) HW = ([Irolly €1 = Tew) " Vilea W Visr (llrollyy €1 — Tiyw)-

Since Viy1 is W-orthogonal, VL, ;W V41 = I and so

2
7oy €1 — TkkaI

2 o~ ~
e [l = Ulrolly e = Trye) " (llrollyy €1 — Thyw) = ‘

or
HTZVHW = HHTOHW €1 — TkkaI- (3.18)

Consequently, minimizing the residual vector in |||, is equivalent to solving an I-
norm least squares problem regardless of the original inner product (-,-)y,. The
implementation of a minimum residual method in a nonstandard inner product is
straightforward, since the machinery of I-norm least squares problems can be used;
weighted least-squares problems are never solved. We stress, however, that the actual

entries of T\k vary with the inner product.

As for W-CG, it would be advantageous to compute r;” without forming the matrices
Vi and T}, defined by (3.5) and (3.7). This is achieved at the expense of storing a

small number of auxiliary scalars and vectors, as we now describe.
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The tridiagonal matrix 7, can be factored into the I-orthogonal (k+1) x (k+1)
matrix @, and the (k+ 1) x k upper triangular matrix Ry by k Givens rotations.

As a result, y, can be expressed as

Y = argmin, cpx

fk?/ - 661”1 = argminyeRk’ HQ%HP%HQ - ﬂelHI

= argming i | Qf 1 (Res1y — BQrr1e1)][,

so that, since Q41 is orthogonal,

Yp = argmingepr | Rr1y — BQrt1€1]]1- (3.19)
Let ~ _
o a G
R
Ry = [ ggk} ,  where Ry = o Gea
€k—1
= 5k
and let
c
ce1 = BQrsrer = { Zf] | (3.20)

where ay, is the (k+1)th entry of ¢x,1. Then the solution of the least-squares problem
(3.19) is
Yk = R]:ikckxl- (3.21)

Furthermore, the QR factorization can be cheaply updated at each step. If the QR
decomposition of fk_l is fk_l = Qi Ry, then

Qf Of: Qg 0 T\k dp, _ Ry, Q{dk

of 1) "F T[0T 1] (0T g~ [07 Bk |7

where d, = ape, + Br_1€r—_1, and only one Givens rotation, to zero out i, is needed
to form the QR decomposition of fk The right-hand side vector ¢, is obtained

from ¢, by altering only the last two elements.

Iterates x; can be computed by short-term recurrences by introducing an additional
set of vectors pog,...,pr_1, where P, = [po, e ,pk_l] = VkR,;Xlk. To see this, note
that

Ty = xo + Viyr = 2o + PrcCrxi,

where we have used (3.21). It is clear from (3.20) that this can be split as

Ty = To + Pr_1Ck—1x1 + QrPr—1.
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Since P, = VkR,;XI r and Ry has only three nonzero diagonals, the auxiliary vectors

satisfy the recurrence relationship

1
Pe-1= 5_(Uk — €x—1Pk—2 — Ck-1Pk—3),
k
which shows that it is not necessary to store fk or Vi. Algorithm 3.4 implements

W-MINRES with Givens rotations.

Algorithm 3.4 W-MINRES
vg = 0,wg =0,w; =0
Choose xg, compute vy = b — Bz, set v = [Jvi]|yy,
Set n=",5=51=0,co=c1=0
for k=1,2,... do
U = Uk/’Yk
(Sk = <ka,vk>w
Vg1 = B, — 0pvp — ViUk—1
Ve+1 = ||Uk+1||w
Qo = Ok — Ch—15kVk
a1 =4/ o + 71%+1
Qg = 510k + Cl—1Ck Yk
a3 = Sk—17k
Ck+1 = 040/041, Sk+1 — '7k+1/a1
Wiy1 = (Vp — Q3Wg—1 — Quwy) /o
Tk = Tp—1 + Ch+1MWk+1
n = —Skg17n
<Test for convergence>
end for

If preconditioning is employed and P~!B is self-adjoint with respect to (-, )y, then
the W-PMINRES algorithm may be used. This method differs only slightly from
Algorithm 3.4: vy is replaced by v; = P~}(b — Bxzg) and, at each iteration, 6, =
(P~ Bug, vp)w and

Vg1 = P By — 8,05 — VUp—1.

In Section 3.2.3 below we will discuss the convergence of W-PMINRES and will show

that nicely distributed eigenvalues are sufficient for fast convergence.

Let us summarize the key properties of W-PMINRES, a three-term recurrence method
that requires little change from the I-MINRES algorithm. Although W-PMINRES
demands slightly more computation at each iteration than W-PCG it can be applied
when P~!B is not W-positive definite, merely W-self-adjoint. Recall that these are

precisely the matrices that are diagonalizable with real eigenvalues (see Corollary
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2.21). Section 3.2.3 shows that its convergence depends largely on the eigenvalues of
the preconditioned coefficient matrix. As discussed for W-PCG at the end of the pre-
vious section, these properties mean that a preconditioner that allows W-PMINRES
to be applied with relatively cheap inner products can lead to efficient methods. Pre-
conditioners of this sort for saddle point matrices are discussed in Chapters 4 and
5.

3.2.2 W-GMRES

The previous sections of this chapter show that when B is self-adjoint with respect to
an inner product it is possible to devise an algorithm that satisfies an optimality con-
dition and performs a fixed amount of work per step. Otherwise, one must generally
choose between a method with an optimality property in a fixed inner product for
which the work required grows at each step and a method for which the work at each
iteration is constant but for which the optimality property is defined with respect to
a variable metric. W-GMRES [45, 121], which is based on the I-GMRES algorithm
of Saad and Schultz [119], falls into the first category. Like W-MINRES, it minimizes

the W-norm of the residual vector so that
x € xo + Kp(B, 1), (3.22)

where

el = min |b— By - (3.23)

zp€xo+Ki(B,r0)

The algorithm utilizes the W-orthogonal basis {v;};—1_ 1 of Kr(B,ry) generated by
the W-Arnoldi method in Algorithm 3.5 for which we have the relationships

BV, = Vi H, and VWV, =1, (3.24)
where
[(hin hia ... hig |
hotr hoy ... ho,
o, = : and Vi = [v1, v, ..., . (3.25)

: k-1 hik
0o ... 0 Prg1 k|
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Algorithm 3.5 W-Arnoldi method
Choose vy € R™ with ||Jv],, =1
for k=1,2,... do

w = By,
for j=1,2,... k do
hir = (vj, w)w
w = w — hjpv;
end for

hryg = |lwlly,
Vg1 = w/hk+1,k
end for

Iterates satisfying (3.15), similarly to those of W-MINRES, are of the form z; =
o + Viyr. As for W-MINRES, the kth W-GMRES residual satisfies

Il = min liro = BVl = {[Irolly v = VieenFaa|

= |[Vesrs(lrolly e1 = By -

Since V41 is W-orthonormal we again find that

(3.26)

Il = min || Irolly €1 — Fiy]
yERK

I

from which zp = z¢y + Viyr can be found. As discussed for W-MINRES, it is ad-
vantageous that only I-norm least squares problems require solution because efficient
methods for these are known. For example, (3.26) can be updated efficiently at each
step by employing Givens rotations, similarly to W-MINRES. The W-GMRES algo-
rithm is outlined in Algorithm 3.6.

Algorithm 3.6 W-GMRES
Choose x
Compute rg = b — Bz and set v1 = ro/ |70l
for k=1,2,... do
Do step k of the W-Arnoldi method
Update the QR factorization of H}" in (3.25)
Solve y = argmin || ||rolly, e1 — HY ylls
Set xp = x9 + Viy
<Test for convergence>
end for

The application of a left preconditioner requires only minor modifications to W-
GMRES. In the W-PGMRES method the initial residual is replaced by the pre-
conditioned residual g = P~(b — Bxy) and at each step of the W-Arnoldi method
(Algorithm 3.5) the vector w becomes w = P! Buy.
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In summary, both W-GMRES and I-GMRES can be applied to any matrix. More-
over, the algorithms are similar, with the only additional work required by the former
being the W-orthogonalization of the basis vectors. However, changing the inner prod-
uct affects the convergence behaviour and convergence bounds. Some bounds may
be more descriptive than others, a feature we exploit in Chapter 6 for W-PGMRES.
Unfortunately, the inner products of interest will typically be too costly to find or
compute with in practice. However, an understanding of the convergence of the
nonstandard minimum residual method and relationships between the convergence
of the nonstandard method and I-GMRES, will enable us to say something about

convergence and preconditioners for I-GMRES.

3.2.3 Convergence of minimum residual methods

We now investigate the convergence of W-minimal residual (W-MR) Krylov subspace
methods, which will prove useful when evaluating preconditioners. Only diagonaliz-
able matrices are considered, since only these will be considered in subsequent chap-
ters. The results are generalizations of convergence bounds for I-MR methods, which

we first state.

If B is diagonalizable with diagonalization B = ZAZ~! then the kth residual of an
I-MR method applied to B satisfies the eigenvalue bound [119]

[EAlF: :
< ki(Z min max Al 3.27
Irollr — i )penk,pm):ueA(B) Pl (3.27)

Since the eigenvectors of a normal matrix can be chosen to be orthogonal, (3.27) tells
us that convergence for normal matrices depends essentially on eigenvalues. However,
if B is highly nonnormal, so that x;(Z) is large, (3.27) may be pessimistic [62, page
56]. Furthermore, this bound is not applicable if B is not diagonalizable.

Pseudospectra, which are described in Appendix A.3, can be used to construct al-

ternative bounds for minimal residual methods that address the drawbacks of (3.27).

For any matrix B, we have the pseudospectral bound [143][145, Chapter 26]

Irfllr _ Le
Irollr =

2me . 3.28
2me peﬂir};(r(l))zl Izr‘lg?{( ‘p(Z) ‘7 ( )

where I'. is a contour or union of contours enclosing the e-pseudospectrum of B and L,
is the arc length of I'.. The advantage of (3.28) is that different bounds are obtained
with different values of e. However, it can be difficult to know a priori which values

of € give the most informative bounds.
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The eigenvalue bound (3.27) and pseudospectral bound (3.28) are related to the ideal
GMRES polynomial [65],

p«(B) = arg _min _{[p(B)llr. (3.29)

pEll,p(0)=
The spectral norm of p,(B) is an upper bound on the worst-case GMRES poly-

nomial which solves

max mln .
l7o|l7=1 pell),p(0) Hp( ) OHI

Although there are matrices for which thls inequality is strict [46, 141], for many
matrices equality holds. These include normal matrices [63, 79], upper triangular
Toeplitz matrices with p,(B) = 1 [46] and matrices for which the ideal polynomial p,
has a simple maximal singular value [65]. Additionally, for arbitrary matrices equality
holds at the first step (k = 1) [63, 79].

The worst-case GMRES polynomial and, therefore, the ideal GMRES polynomial,
provide upper bounds on I-GMRES convergence since, for every ry with ||rol|; = 1,
the kth I-GMRES residual, i, satisfies

I
el = mln T max min T mln .
” kHI pEllp(0 ||p( ) 0“1 roll =1 peTTy p(0)= ||p< ) 0”1 iy, p(0)= ||p( )HI

The following generalizations of the pseudospectral and eigenvalue bounds for I-MR
are similarly linked to ideal GMRES polynomials in a nonstandard inner product
(-, Yw, i.e.,

p.t (B) = arg min _ (B lw
pell

k7p

We now generalize the eigenvalue and pseudospectral I-MR bounds (3.27) and (3.28),

starting with the former.

Theorem 3.8. Let B € R™" have diagonalization B = ZAZ~', where A, Z € C**"
and let W = C*C' for some nonsingular matriz C' € C"*™ for which W is real. Then
riV, the k™ residual vector of W-MR applied to Bx = b, b € R"™, satisfies

I llw k(CZ) min  max [p(\)]. (3.30)

HTUHW pEllL,p(0)=1 AeA(B)

Proof. By definition, the W-MR residual vector is given by r})’ = p(B)ro, where
pr(z) is the unique polynomial of degree less than or equal to & with p(0) = 1 that

minimizes ||7}" |lw. Using (2.2), it follows that

I llw = llpe(B)rollw < 1ICZpi(A)Z 7 C ] 1lIrollw

< |zl Icz)t .
<ICZICZ) i _min | max [pOV)] 7ol
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Remark 3.9. Theorem 3.8 is a generalization of the standard /-MR bound (3.27),
since with W = C = I, (3.30) and (3.27) are identical.

Clearly x;(CZ) is smaller for some matrices C' than for others. Consequently, the
bound (3.30) may be more descriptive for certain inner products (-,-)w. As stated
in the following corollary, the smallest bound is obtained when C' = Z~1, so that
W = Z=*Z~!. This matrix W defines an inner product with respect to which B
is normal (see Lemma 2.29), so that the result is a generalization of a well known
result for I-orthogonal matrices and /-MR methods; convergence for a normal matrix

depends largely on eigenvalues.

Corollary 3.10. Let B € R™" have diagonalization B = ZAZ7', A, Z € C™",
so that B is normal with respect to {(-,-yw, where W = Z=*Z=1. Then r}V, the k'
residual vector of W-MR applied to Bx = b, b € R", is bounded by

N

& llw .
min max |[p(A)]. 3.31

Irollw — peliy, p(0)=1 XeA(B) PV ( )
Remark 3.11. When B has real eigenvalues, B is not only W-normal but is also
W-self-adjoint (see Corollary 2.28). In this case, we can apply W-MINRES to the

linear system Bx = b, which requires only three-term recurrences.

We will use the idea behind Corollary 3.10 numerous times in subsequent chapters
and so we recapitulate the key result. When B = ZAZ~!, W-MR convergence, when
measured in the W norm, depends primarily on the eigenvalues of B. We note that

the eigenvectors still influence convergence, as these define the W-norm.

If the coefficient matrix B is real, it may be desirable to avoid complex arithmetic
in Theorem 3.8 and Corollary 3.10. Both results can be alternatively derived using
real arithmetic by employing the real Jordan form outlined in Definition A.1. To give
some flavour of how this is done we provide an alternative result to Corollary 3.10,
which will be used in Section 6.3.1.

Corollary 3.12. Let A\i,...,\; be the real eigenvalues of B € R™™ and let \j1; =
1 +iyj,xj+1 = fljt1 — Wit1, .., A\ = fp + iV, \e = i, — iy, be the 2(k — j) nonreal
eigenvalues. Additionally, let B have real Jordan form B = RJFR™', R € R™",

where J € R™™ is of the form

j = diag(jl,...7\7j,\7j+1,...,j]€)
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with

—Vp e
If W = RTTR™', then the kth residual v{" of W-MR applied to Bx = b, b € R",

satisfies

Je = [’” W] C=j+1,... k.

I llw = [lpe(B)rollw < HR”RPk(J)R*lRH Irollw
= _ min x [p(To)llIrollw- (3.32)

p€lly,p(0)=1 f .....
We choose to use the (possibly complex) canonical Jordan form over the real Jordan
form except where it is easier to avoid complex arithmetic.
One advantage of (3.28) over (3.27) is that different € lead to different bounds. The

same is true of pseudospectral bounds for W-MR methods.

Theorem 3.13. Let W = C*C for some nonsingular matriz C' for which W is real.
Then r}V, the k™ residual vector of W-MR applied to Bx = b, b € R", satisfies

¥ llw _ Le
k7 == 3.33
lrollw — 2me petiyp(0)= 11;%?“X| pi(2)l; ( )

where T is a contour or union of contours enclosing the e-pseudospectra of C BC~!
and L. is the arc length of T'..

Proof. We know that

I llw = llpw(B)rollw < Il (B) lw llrollw,
where py, is the unique polynomial of degree k with p(0) = 1 for which ||px(B)ro|lw
is minimized. The polynomial term ||px(B)|lw ||70||w can be represented by a Cauchy
integral to give that, for any contour I' enclosing the spectrum of B,

! /pk( )(zI — B)dz

27r2

(B = \ i

<o [ G GT = B) |y b
1 P
=5 [ G T = CBE) e
™
Comparing with (A.1) in Appendix A.3 we see the by choosing I' = I'. we obtain

L.
<_
Ipe(B)llw = 5 min  max|pi(2)]

which is the result. O



CHAPTER 3. ITERATIVE METHODS 54

As for the eigenvalue bound in Theorem 3.8, the pseudospectral bound (3.33) depends
on C. The choice C = Z~!, where Z is an eigenvector matrix of B gave the bound
in Corollary 3.10. The same choice of B here means that CBC~! is diagonal. This
choice of C corresponds to W = Z=*Z~! which again defines an inner product with
respect to which B is normal. Accordingly, the e-pseudospectrum of B with respect

to || - ||w consists of open e-balls around the eigenvalues of B (see Lemma A.9).

Corollary 3.14. Let B € R™" be diagonalizable with matriz of eigenvectors Z €

C™" and let W = Z7*Z~Y. Then, r}’, the k' residual vector of W-MR applied to

Bx =b, b € R", is bounded by
||Tl?/||W Le

= . 3.34
||T0||W — 27e peﬂlg};{%])zl Izléafi{ |pk(2)|7 ( )

where U'c is any curve or union of curves that encloses A(B)+ A, where A\, is defined

by (A.4) in Appendiz A.3, and L. is the arc length of T..

Proof. As in the proof of Theorem 3.13, with C' = Z~!, where Z diagonalizes B, we
have that

Bl < 5 [ eI = B) i,

By choosing I' = T'. and using Lemma A.9 we obtain the result. O]

Corollary 3.14 again shows that, since B is W-normal, it is the eigenvalues of B that
largely determine the convergence of this W-MR method, when measured with respect
to the W-norm. This idea is used throughout the remainder of this thesis. We stress
that when B is diagonalizable with real eigenvalues, B is W-self-adjoint (and, trivially
W-normal) and in this case a three-term recurrence method—W-MINRES—can be

used to solve the linear system.

The focus of subsequent chapters is on choosing good preconditioners for use with
Krylov subspace methods. To do so, it is helpful to understand the factors that
drive convergence of W-PMINRES and W-PGMRES. Let us, therefore, consider how
Corollaries 3.10 and 3.14 apply to left preconditioned linear systems.

Corollary 3.15. Let P and B be real n x n matrices and let P~'B = ZAZ~! be
diagonalizable, where A, Z € CV". If W = Z=*Z~1, then the preconditioned W -MR
residuals P~1r}V = P~Y(b— Bx}") for the system P~*Bx = P~'b, b € R", are bounded
by

W min max _ |p(A)] (3.35)
|P~Yro|lw — pelly, p(0)=1 AeA(P~1B)



CHAPTER 3. ITERATIVE METHODS 55

and by

HP_ITkHW L. )
< 3.36
[P~ trollw — 2me pGHI:};%)ﬂ Zete Pe(2)l (3.36)

where T is any curve or union of curves that encloses A(P™1B) + A\, A, is defined
by (A.4) in Appendiz A.3, and L. is the arc length of T..

When P~'B = ZAZ~! is diagonalizable it is M-self-adjoint and W-normal. Thus,
convergence of W-PMINRES or W-PGMRES depends only on the eigenvalues of
P~'B. A sufficient condition for fast convergence is that polynomials can be found
that are small at all of the eigenvalues, which will occur when the eigenvalues are nicely
distributed. Corollary 3.15 provides some guidance for choosing preconditioners for
saddle point problems in Chapters 4 and 5 and aids in understanding preconditioners
for nonsymmetric matrices in Chapter 6. When P~!B is self-adjoint with respect to
an inner product rather than a symmetric bilinear form, i.e., when it is diagonalizable

with real eigenvalues, the preconditioned linear system can be solved by a three-term
recurrence MINRES method.

One can develop similar bounds for right preconditioned systems.

Corollary 3.16. Let P € R™" and B € R™" and let BP~' = ZAZ~! be diagonal-
izable, where A, Z € C™". If W = Z=*Z~1, then the W -MR residuals v} = b— Bx}"
for the system BP 'y =b, y = Px, b € R", are bounded by

i L max - [p(}) (3.37)
ITollw — pelly, p(0)=1 xeA(BPY)

and by

175w L, )
rollw = 2ne 3.38
[rollw — 2me penil}p}%%])zl Thax pe(2)]; (3.38)

where T is any curve or union of curves that encloses A(BP™1) + A\, A, is defined
by (A.4) in Appendiz A.3, and L. is the arc length of T..

Whether it is useful to apply a preconditioned method in a nonstandard inner product
is determined by the availability of an appropriate inner product with which it is
cheap to compute. Even when the inner product W is not explicitly known, or when
computations with (-, )y are impractical, the viewpoint provided by Krylov methods
in nonstandard inner products can give some insight into the convergence of, and good

preconditioners for, standard Krylov methods. This is discussed in Chapter 6.
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3.2.4 Relationships between the convergence of minimum
residual methods in different inner products

Recall that if B = ZAZ™! is diagonalizable then it is M-self-adjoint, where M =
Z=*Y Z~' and W-normal, where W = Z=*Z~!. By Corollaries 3.10 and 3.14, the
convergence of a W-MR method applied to a linear system with B as its coefficient
matrix is bounded by a term that only involves the eigenvalues of B. These results are
generally descriptive in our experience and are useful when choosing preconditioners.
However, it can be infeasible to obtain and use the inner product (-, -)y,. Fortunately,
the convergence of minimum residual methods in different inner products can be
related. One such link was proposed by Essai [45], who showed that the convergence
of GMRES and FOM in a nonstandard inner product—defined by a diagonal matrix
prescribed by the initial residual-—could be related to the convergence of GMRES and
FOM in the Euclidean inner product. The key to Essai’s result is a QR decomposition
in a nonstandard inner product, which we employ below and which has also been
exploited by, for example, Sadok and Szyld [120] in their comparison of CMRH and
GMRES, by Philippe and Reichel to implement the Arnoldi process with Chebyshev
and Newton polynomial bases [110] and by Simoncini and Szyld [128, Theorem 3.6]
to relate W-MR convergence, in any inner product (-, )y, to I-MR convergence.
Approaches that do not explicitly exploit a QR relationship can also be used to
connect W-MR and I-MR convergence as shown in [39, Section 4.3]. Similar results

for conjugate gradient methods are given in [5].

To describe how the convergence of a minimum residual method in a nonstandard
inner product (-, )y and that of a minimum residual method in the Euclidean inner
product compare we extend the results of Essai. All of these results can be general-
ized to compare two methods in nonstandard inner products, say (-, )y and (-, ),
but for clarity we do not do this here. The analysis is restricted to MR methods
for which the basis vectors are orthogonal with respect to the associated inner prod-
uct in the sense of (2.6). However, the most popular implementations of minimum
residual methods—MINRES and GMRES—satisfy this requirement. Without loss of

generality, we assume in the following that the initial iterate is the zero vector?.

A W-MR method selects iterates xy € Ky (B, o) for which

w .
=a m b— B )
Ty, g, min | ||w

2If 29 # 0 we can always solve the shifted linear system B(x — x) = b — Bxg = 1o, from which
x can be recovered.
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Similarly, iterates x € Kr(B,ro) of an I-MR method are chosen so that

I .
T, = ar min b— Bxl|;.
k gm€w0+Kk(B,ro) || ||]

The Arnoldi relations (3.24) for W-MR and I-MR are

BV =v¥ HY (3.39)
and

BV =V}, Hj, (3.40)

where the columns of V¥ and V}! are the W-orthogonal basis vectors for W-MR and
the I-orthogonal basis vectors for I-MR, respectively, and H W and H Dare (k+1)x k

upper Hessenberg matrices.

The norms of the W-MR and I-MR residuals can be expressed as

I llw = min [[[lrollwer — HY 2|1, (3.41)
z€ERkK
and
Il r = min [[[|rollrer — Hiyllz (3.42)
yERF

by using (3.18) for MINRES or (3.26) for GMRES.
Although the basis vectors of W-MR and I-MR differ, W-MR and I-MR form bases

of the same nested Krylov subspaces. Thus, assuming that these methods do not

terminate at or before the k¥ step,
VI =VVRy, (3.43)

where R;, € RF¥** is upper triangular and nonsingular; this is a QR decomposition of
ViI'in the (-, )y inner product. From this fundamental equation we can obtain useful

relationships between V" and V!, and between HYY and Hi.

Lemma 3.17. (Proposition 1 in [45]) Let (-,-)w be an inner product. Additionally,
let VIV € RY* and HY € REDXE satisfy (3.39) and VI € R™* and HI € Rk+1xk
satisfy (3.40), with V,V' having W -orthogonal columns and V;' having I-orthogonal
columns. Then, if

VI =VVR,

for some nonsingular matriz Ry, € R¥** it follows that

Ry = (VYTWV!, Ri' = (VHTVY and H = R} HY Ry (3.44)
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Proof. Since VY is W-orthogonal, premultiplying both sides of (3.43) by (VV)TW
gives that
Ry, = (V")Y"WV].

An equation for R, is derived by instead premultiplying (3.43) by (V,/)T to obtain
that I = (V/)TVV Ry or that

R = (VHTvY. (3.45)

To relate H] and HY note that, by (3.43), BV,Y = BV/R;" so that (3.39) can be
expressed as BV,f = VW H}V R,.. Substituting this into (3.40) shows that V| H} =
Vkvflﬁ WV Ry, and after premultiplying both sides by (Vi ;) we obtain that

fl}i = (Vk1+1>TVij[L/1fIIZVRk - ngilﬁlngk’
where we have used (3.45) to simplify the right-hand side. O]

By utilizing these relationships, it is possible to express I-MR residuals in terms of
quantities associated with W-MR as the following lemma, which generalizes a result

in [45, Section 4], demonstrates.

Lemma 3.18. Let r} be the k' residual of I-MR. Then

Il = min lrallwes = A8l 7, (3.46)

where I/:},ZV is the upper Hessenberg matriz in (3.39) and Ryi1 is the upper triangular
matriz in (3.43).

Proof. The I-MR residual satisfies

Irollrer — HER, 'Y

HT0||]61—I:‘.\,]£QH = min‘ ‘ .
I I

I o .
Irfll; = min |

Now,

ro = IrolliViier = [Irollw Vitien

and so, since Vi, | is I-orthogonal,
Irollrer = (Vi) " llrollw Vitier = llrollw Ry rea (3.47)
by Lemma 3.17. We also have from Lemma 3.17 that

Hl = R, HYV Ry. (3.48)
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Substituting (3.47) and (3.48) into (3.47) gives that

I : -1 ITW — . W —
T = min || R T et — H H :mlnHr et — H ‘
73l s geRkH w1 (7ollwes ) I perk [7ol[wen kY TR
which is the stated result. O

Comparison with the W-MR residual (3.41) shows that the quantities minimized
by I-MR and W-MR are the same but the norms with respect to which they are
minimized differ. This is the key relationship that allows us to link I-MR and W-MR

convergence in the following theorem.

Theorem 3.19. Let W be symmetric positive definite. Then, the k' I-MR residual
ri and the k™ W-MR residual r}” satisfy

Tmin( Rt )l Iw < Mlrills < mae (R ) Iy lw, (3.49)
where Ry is defined in (3.43).

Proof. Let

T arggrel]g% ‘ lrollwer — ]TI,ZVZ ,

Then, from (3.46),

<]

Irklly = min [[Irollwes = Y
JERK

lIrollwer — I/-jwzk
BT R, S VT

since g achieves the minimum value. Accordingly,

Irollwer — Hy zi

Irklls < |[Irollwes — HY 2

e S (B R

k+1""k+1

)

I

where the last step follows from application of the Courant-Fischer theorem (see

Appendix A.4) to R, || R;},. Comparison with (3.41) shows that this is equivalent to

1l <\ Amae BRI v = Tuna (Rt ) [

To obtain the lower bound, we first let

— arg min || || e—ﬁl"
e = axg iy |[lrollves = g,

Then, from (3.41),

<]
I

Irollwer — H) = Irollwer — H,Z‘/kaI

w o .
i lw = min ‘
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and by again employing the Courant-Fischer theorem we find that

~ 1 ~
I by < rollwer = B, < e [rolwes = B,
Lemma 3.18 states that
I . _ W
Il = firollwes = ¥y

and so

min (o) I lw < [lrillz,
which is the lower bound. ]

However, Theorem 3.19 depends on the singular values of Ry,;, the computation
of which requires both W-MR and I-MR basis vectors. This motivates us to con-
sider alternative representations of (3.49). The first of these is given in the following

corollary.

Corollary 3.20. If W = C*C, where C € CY" and W € R™ ", the k' I-MR
residual ri and the k™ W-MR residual v})" satisfy

1

w I
— 7% W < |7l <
O'maic(OVkI—i-l)H 3 Il

1
—— I lw, (3.50)
JmiN(OVkI-i-l) g

while the corresponding relative residuals satisfy

Imin(C) i llw _ Irills _  Omae(C) e llw

< < . (3.51)
Tmaz(CVL) lIrollw — lIrollr = omin(CViEL) lI7ollw

Proof. From (3.43) and the W-orthogonality of V;}},
(Vi) "WV = R (Vi) "WV Rier = Ry B
Taking inverses establishes that
[(VkIH)TWVkIH]_l = RELR;Q

from which it is clear that the eigenvalues of [(V}/ H)TWVkIJrJ_l and the singular

values of R}, are related by

-1 _ _ _
A <[(W§I+1)TWVI§[+J > = A(Rkilefl) = U(Rkil)z'
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We therefore look for an expression for the eigenvalues of [(V//, )TW VL] “!in order
to re-write (3.49). Since W = C*C we have that

R£+1Rk+1 = (Vkl+1)TWVkI+1 = (Vk]—',-l)TC*CVk]—i-l = (CVkI+1)*(CVkI+1)~

Thus,

1 1
An*k((vk+1) va+1) TzL—k(CVkI-i-l) '

Uk(Rk+1) = M ([(‘/;CI-FI)TW‘/}CI-Fl]_l) =

In particular,

1 » 1

-1
min = At N d max T Y
g (Rk+1) O-ma:c(CV;QI+1) an o (Rk—l—l) O-mm(CVkIJrl)

so that (3.49) is equivalent to

1

——|Ir <||r
vy < ikl <

—— i llw-
min(CVkI+1) g
The relative residual bound is obtained from (3.50) by dividing by ||ro||;, which gives

that s
1 ¥ llw _ [l7ills 1 7 [lw

Omaz(CVE) Irollr — lIrollr = omin(CViEL) Irolls

By the Courant-Fischer theorem (see Appendix A.4),

Min W) Iroll7 < Mlrollfy < Amae (W) I70ll7

o 1 1 1
Umzn(c) ~ < Umax<c)—
Irollw — [lrolls [[rollw
and so ;
Tmin(C) “Tk HW “TkHI Omaz(C) Hrk ”W
Omax(CViL) Nrollw — lrollr = 0min(CViEL) lIrollw

]

Of particular interest in this thesis is the inner product W = Z=*Z~!, where B has
diagonalization B = ZAZ~'. With this choice, Corollary 3.20 leads to an iteration-
dependent bound for the relative residuals of /-MR that can be much more descriptive
than the standard eigenvalue bound (3.27).

Corollary 3.21. If B € R™" has diagonalization B = ZAZ~', A\, Z € C™", then
I-MR residuals v} for the system Bz = b, b € R", satisfy

max Z_l
HTk”I < o ( ) min max | ( )’ (3.52>
7ol = Omin(Z71V), ) pemip(0)=1 AeA(B)
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Proof. Applying (3.50) with W = Z=*Z~1 gives that

1
I
T < T
H kHI = O'min(Z_l‘rkI_;,_l)H k HW

(3.53)

This choice of W also allows us to bound the W-MR residuals using Corollary 3.10
and we find that

1

I < A 3.54
7l < - VkH)penI,fl;fé) A [p(M)][rollw (3.54)

Imasl(Z) i ()]l
min max r
N O-min(Z_lka_H) p€lly,p(0)=1 AeA(B) p oflf

Z=)?Iroll7. O

since ||r0||W =7} Tz=—>7"1r, < Umm(

It is possible to obtain a tighter bound than (3.52) in Corollary 3.21% by starting
from (3.54) and applying the lower bound in (3.50) to ||7o||w, to obtain that ||ro|lw <
Omaze(Z V) |Irolr - Doing so gives that

s Omaz(Z71V7)
r < min max roll7- 3.55
Irkll < 7 St i mas [p(3) ol (3.55)

By Corollary A.12 in Appendix A a slightly weaker, but more elegant bound than
(3.55), is®

I Z—l
||TkHI < O-mam( ‘/k+1> min max | ( )‘
HTOHI Umzn(Z VkJrl) pelly,p(0)=1 AeA(B)
= 7 .
ki V’f“)penr,f,l;fé) L Ip(A)]- (3.56)
From Corollary A.12 in Appendix A it is clear that 0,,,(Z71) < 0pin(Z7 1V +1) and
Omaz(Z7 V) < 0min(Z71). Thus, comparing (3.52) in Corollary 3.21 and (3.56)
o (3.27), the standard eigenvalue bound for I-MR, we see that the former two are
tighter when 0, (Z ") is smaller than ,,:,(Z 7'V}l ;) and can never be larger. If the

difference is pronounced, (3.52) may be a significantly better predictor of convergence.

We now present the second of our alternatives to Theorem 3.19, which will be useful

when the singular values of V}Y; can be obtained or estimated.

Corollary 3.22. Let W be symmetric positive definite. Then, the k" I-MR residual
ri and the k™ W-MR residual r}" satisfy

Umm(‘/kH)HT lw < HrkHI < Umax<vk+1>HT - (3.57)

3D. Titley-Peloquin, personal communication, June 2011.
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Proof. 1f R,;il has as its singular value decomposition R,;il = UXVT then
Vk‘i[k/l = VkIJrlRI;—fl—l = (VkIJrlU)EVT'

Since V., and U are each I-orthogonal, so is their product. Thus, (V;L,U)ZV7 is a
reduced SVD of V¥, and the singular values of R}, are equal to the singular values
of VY. It follows that (3.49) can be replaced by

Tmin (Vi )i llw < llrills < Omae (VD I7E [l

]

The bounds (3.49), (3.50) and (3.57) depend on the iteration number, k. The following
is independent of k but—although there could be certain right-hand sides for which
it is tight—it may be pessimistic in general particularly when £ is small. This topic
is discussed in [128].

Theorem 3.23. Let W be symmetric positive definite. Then, the residuals of I-MR
and W-MR satisfy

]_ w I ]_ w
— |7 |lw < |7 < —||"1 |l 3.58

while the corresponding relative residuals satisfy

N L T e e 1 550
) ol = Tirolls = frollw”

where Apin(W) and Apyar (W) are the minimum and maximum eigenvalues of W and

k(W) is its I-norm condition number.

Proof. Let the positive square root of W = S? be S. Then for any vector y € R",

Iyll7 = v"y = y"SS™Sy < Amae(S7)[1Sy3

= )‘mafc(W_l)HyH%/V
1 2
WHZJHW'

The lower bound is obtained analogously.

The relative residual bounds are obtained similarly to those in Corollary 3.20. O]
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Remark 3.24. When B = ZAZ ' and W = Z*Z~!, combining (3.59) with the
bound in Corollary 3.10 gives that

1
H%ng /ki(W)  min max)|p(/\)|:/{1(Z) min  max [p(A)],

||7"0 || I p€ll,p(0)=1 AeA(B p€Elly,p(0)=1 AeA(B)

the standard eigenvalue bound (3.27) for GMRES. This shows that (3.59) in Theorem
3.23 is a generalization of (3.27).

We illustrate by an example the difference between the standard bound (3.27) (that
can be obtained from (3.59) as discussed in the remark above) and the iteration-
dependent bound (3.52). We consider a finite difference discretization of a two-
dimensional convection-diffusion operator (the unpreconditioned linear system in Ex-
ample 6.2 in Section 6.2.2). Discretizations of this operator have been examined ex-
tensively in the literature, with a Fourier analysis given in [42] and studies of GMRES
convergence of an SUPG finite element discretization the subject of [36, 42, 50, 92].
We choose n, = 7, n, = 28 and € = 0.0325. Applying GMRES to the linear system

gives the solid convergence curve in Figure 3.1.

The size of the matrix makes solving

min ma A
pEITL,p(0)=1 AeA()f(;) PV

difficult but the eigenvalues are all real and lie in (17.8,217.5). We therefore take the

approximation

—1\*
min ~ max [p(A\)] < min max [p(z)| <2 <\/_—> . (3.60)
PpEllL,p(0)=1 AEA(B) PEL,p(0)=1 2E[Amin,Amaz] Vi +1

where \,,;, and A, are the extreme eigenvalues of B and n = ’/\\”M (see, for example,
[118, Section 6.11.3] for details).

Using (3.60) in the standard eigenvalue bound (3.27) for I-GMRES convergence gives
the green dashed line in Figure 3.1, which clearly overestimates the relative residuals.
The bound (3.52) is denoted by the red dot-dashed line and (3.55) is given by the
cyan line, where (3.60) has again been used to approximate the polynomial term.
Both are much tighter than the standard eigenvalue bound (3.27) and, significantly,
both capture the end of the stagnation phase. We note that (3.52) and (3.55) are
close, although this will not be the case if 0,,0.(Z 1) and o4 (Z71V) differ greatly.
This example, and the examples we present in Chapter 6 highlight that (3.27) can be

misleading.



CHAPTER 3. ITERATIVE METHODS 65

20

10

= True residual

= = = Eigenvec bound
S == Iter bound |

10°F Tve === |ter bound II

Relative residual

0 10 20 30 40 50 60
Iteration

Figure 3.1: Convergence bounds for a finite difference discretization of a convection-
diffusion problem. The dotted line is (3.27), the dashed line is our iteration-dependent
bound (3.52).

3.3 Conclusions

In this chapter we have shown that the conjugate gradient method, MINRES and
GMRES can be generalized for use with nonstandard inner products and that the re-
sulting algorithms require little modification of the standard methods. Bounds on the
relative error for W-PCG and the relative preconditioned residual for W-PMINRES
were obtained that depend only on the eigenvalues of the coefficient matrix. Similar
eigenvalue-dependent bounds exist for relative preconditioned W-PGMRES residuals
for a particular inner product with respect to which the coefficient matrix is normal.
Otherwise, the bounds we derived based on pseudospectra or eigenvalues can be ap-
plied. We related the convergence of a minimum residual method in a nonstandard
inner product to that of standard minimum residual methods in (-,-); and derived a
new iteration-dependent bound for I-GMRES that can be more descriptive than the
standard eigenvalue bound (3.27). The convergence results presented here provide
a starting point for examining effective preconditioned Krylov subspace methods, a

topic to which subsequent chapters are devoted.



Chapter 4

Preconditioners for saddle point
systems

Generalized saddle point problems of the form

Ar=1b or B fé] m _ m (4.1)

with A € R™", B, D € R™"™ and C' € R™*™ n > m arise frequently in scientific
computing, with two major applications being mixed finite element methods and
interior point algorithms. (A comprehensive survey of the fields in which saddle point
problems arise can be found in [16].) When partitioned, any matrix satisfies (4.1).
However, we are interested generalized saddle point matrices with specific properties.
As in [16] we explicitly exclude the cases where A, B or D is zero and we assume that

the saddle point matrix satisfies at least one of the following properties.

A BT
D —-C|’
AeR™ B, D eR"™" and C € R™"™ n > m will be called a saddle point matrix

if at least one of the following properties holds.

Property 4.1. A matrix

1. A= AT:

2. the symmetric part of A, H = %(A + AT), is positive semidefinite;
3. B=D;

4. C'is symmetric positive semidefinite;

5. C=0.

66
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Note that (5) is a special case of (4).

When A is large and sparse, (4.1) is commonly solved by preconditioned Krylov

subspace methods. Consequently, we are interested in choosing P so that
A=P Az =P

can be rapidly solved by a Krylov method. If A is nonsymmetric then so is the pre-
conditioned coefficient matrix in general and either a nonsymmetric Krylov subspace
method or a method in a nonstandard inner product can be applied. For a large
class of saddle point systems, however, A is symmetric indefinite, with A symmetric
positive definite, C' symmetric positive semidefinite, and D = B, i.e.,
A BT}

(4.2)

A= {B —C

Preconditioned MINRES in the Euclidean inner product can be used when P is
symmetric positive definite but a number of effective preconditioners are indefinite
or nonsymmetric. For these, nonstandard inner products may prove useful since,
whenever P is real, the preconditioned coefficient matrix is self-adjoint with respect
to a nonstandard symmetric bilinear form (-, -),y. For certain choices of P, W depends

only on A, B and approximations to A and the (negative) Schur complement
S=DA'BT +C; (4.3)

this may make computations with (-, -)y inexpensive. Moreover, under certain addi-
tional conditions W defines an inner product and W-PMINRES (see Section 3.2.1)
can be applied. The less computationally expensive W-PCG method in Algorithm
3.3 is usually preferred when the preconditioned coefficient matrix is symmetric and

positive definite with respect to this inner product.

In this chapter we examine the role of nonstandard inner products in the develop-
ment of effective preconditioned Krylov subspace methods for saddle point problems.
Much of this chapter is devoted to symmetric problems, which constitute a large
subset of saddle point systems. However, some of our results apply to nonsymmetric
matrices. Section 4.1 is a brief (and certainly not exhaustive) overview of exist-
ing preconditioners for saddle point problems. Many of these are examples of the
parameter-dependent Krzyzanowski preconditioner [85], that we also describe. To
select the optimal combination of preconditioner and symmetric bilinear form (or in-
ner product) it is helpful to have a thorough understanding of the symmetric bilinear

forms with respect to which a Krzyzanowski preconditioned saddle point matrix is
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self-adjoint. Moreover, one might wish to apply a Krzyzanowski-like preconditioner
to a nonsymmetric problem. For both these reasons we present in Section 4.2 a
characterization of the symmetric bilinear forms with respect to which a generalized
Krzyzanowski preconditioned coefficient matrix is self-adjoint. This characterization
is applied to two Murphy-Golub-Wathen [104] preconditioned saddle point matrices,
and another preconditioned nonsymmetric saddle point matrix. In Section 4.3 a mod-
ification of a well known preconditioner is proposed and its properties derived while
in Section 4.4 we present numerical experiments that appraise its effectiveness and

robustness. The main findings of this chapter are summarized in Section 4.5.

Throughout, our assumptions are that A is nonsingular and that B and D have full
rank. When A and C are symmetric we assume that they are positive definite and
positive semidefinite, respectively. By A we denote the symmetric saddle point matrix
in (4.1) or (4.2), by P a left preconditioner and by W the matrix that defines the
symmetric bilinear form with respect to which P~! A is self-adjoint. An approximation
of A is represented by Ay and is symmetric positive definite if A is symmetric positive
definite. Similarly, Sy is an approximation to the Schur complement S in (4.3) that is
symmetric positive definite when S is symmetric positive definite. If the saddle point
matrix is nonsymmetric we assume that A and DA~'BT are nonsingular. Sufficient

conditions for nonsingularity of the Schur complement can be found in [16].

4.1 Examples

The first part of this section is concerned with the description of preconditioners for
symmetric matrices, each of which is an example of the Krzyzanowski preconditioner
[85]. In the remainder, preconditioners for nonsymmetric saddle point systems are

discussed.

One of the best known Krylov subspace methods in a nonstandard inner product
is the Bramble-Pasciak preconditioned conjugate gradient method [20] for
symmetric saddle point problems (4.2) with symmetric positive definite A and sym-
metric positive semidefinite C' [1, 7, 8, 25, 40, 56, 80, 95, 109, 112, 113, 157]. Although
A is indefinite, the application of a block triangular preconditioner renders the (non-
symmetric) preconditioned system self-adjoint and positive definite with respect to
a nonstandard symmetric bilinear form. Under additional conditions this symmetric
bilinear form becomes an inner product (-,-),y and a W-PCG method can be used

reliably.
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Specifically,
A BT
4= 5 %]
is left-preconditioned by
|4 O
P-[5 )

where A is a symmetric approximation to A. The preconditioned saddle point matrix

is self-adjoint with respect to (-, )y, where

w5

0 1

defines an inner product when A > Ag, i.e., when A — Aq is symmetric positive
definite. We note that any symmetric positive definite matrix Ay can be scaled by a
positive scalar o so that A — aAy > 0 or, equivalently, )\mm(éAa 'A) > 0, although
determining an appropriate scaling factor can be expensive. However, when W is
positive definite, P71 A is positive definite with respect to (-, )y [20] and a W-PCG
method, which can be efficiently implemented [112, 134], is robust. This coincidence

of desirable properties makes the Bramble-Pasciak approach popular.

The notion of combining a preconditioner with a nonstandard inner product has
been developed in several ways (some of which can be found in [33, 34, 89] and

the following examples). The Bramble-Pasciak with Schur complement (BP)

P = [%0 _%0] (4.4)

preconditioner

for symmetric saddle point systems in [80, 102, 127] incorporates a symmetric positive
definite approximation Sy to the Schur complement (4.3) into the BP preconditioner

that may give a better approximation to A when S is far from the identity matrix.

The preconditioned coefficient matrix A=D1 Ais self-adjoint with respect to the

symmetric bilinear form defined by

(4.5)

W — [A—AO O}’

0 So

which defines an inner product when A — Ay > 0 and Sy is positive definite. When
(-, -)w 1is an inner product it is one with respect to which Ais always positive definite

[80], similarly to the original Bramble-Pasciak preconditioner. Thus, a preconditioned

1Zulehner [157] considered a similar idea in the context of inexact Uzawa methods, which are
connected to conjugate gradient methods [17, 100].
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conjugate gradient method in (-, -))y can be reliably applied to this preconditioned
system when W > 0.

The major drawback of the above methods is that often Ay must be scaled for W
to define an inner product. This typically requires an approximation to the small-
est eigenvalue of Ay'A, the computation of which can be costly. To circumvent this
difficulty, Stoll and Wathen [135] proposed the Bramble-Pasciak™ (BP1) precon-
ditioner for symmetric saddle point systems

p— { A SOO] (4.6)

that negates the second block-row of the BP preconditioner (4.4). The matrix P~*A
is self-adjoint with respect to (-, )y, where

A+ A 0}

- (4.7)

|

When A, Ay and Sy are symmetric positive definite, YW is symmetric positive definite

and defines an inner product.

However, positive definiteness of W is achieved at the expense of positive definiteness
of P7* A with respect to (-, ). In contrast to the Bramble-Pasciak preconditioners
above, P71 A is indefinite with respect to (-, )y [135] and a W-PCG method cannot
be reliably applied. However, it is always possible to use W-PMINRES. Bounds on
the eigenvalues of P~ A which do not depend on the norms of the eigenvectors of
P~1A are given in Appendix B. Since these bounds do not contain norms of the
eigenvectors of P~1 A, which are typically costly to compute, they may be easier to

apply than the eigenvalue bounds in [134, Section 3.4].

Each of these Bramble-Pasciak-style preconditioners is block triangular. An alterna-

tive is a constraint preconditioner, such as the Schéberl-Zulehner (SZ) precon-

ditioner [122, 157] ,

o[l i)
It is suitable for symmetric saddle point matrices with zero (2,2) block, particularly
those arising from optimal control problems [70, 108, 122]. The preconditioned saddle
point matrix is self-adjoint with respect to the symmetric bilinear form defined by
Ay — A 0 }

0 BA;'BT—5, (4.9)

|

which is positive definite when 4y > A and BA;' BT > S;. Again, when (-, )y is an

inner product, it is one with respect to which P~! A is positive definite [122].
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It is imperative that the SZ preconditioner can be applied cheaply. Schoéberl and
Zulehner [122] outline its efficient application to a vector and we reproduce their

results here for completeness. Let y = [w”, qT}T. Then if y = P!z we have that

Ay BT w| s
B BA;'BT —So| |q| — |v|°

To determine y, one must solve

Py = x or, in block form,

Aow +BT¢=s and Bw+ BA;'BTq— Syq=v
for w and ¢. This can be accomplished in three stages.

I. With @ = w + A;'BTq the first equation becomes
Agww = s,
from which @ can be obtained.
II. The second equation can be rearranged to give that
Soq = B(w+ A;'BYq) — v = B — v,
which can be solved for q.
III. Then, w can be recovered from @ since

Ayw = Ago — BTqg=s — BTq.

This shows that applying P to a vector requires two linear solves with Ay and one
with Sp. Inner products with (-, ),y require matrix-vector products and one linear
solve with Ay, although there is potential for computational savings, as described in

85).

Perhaps the simplest preconditioner for a symmetric saddle point matrix, however, is
the block diagonal preconditioner (BDW) [58, 81, 126]

P = ﬁl)o SOJ (4.10)

for which P~ A is self-adjoint with respect to the symmetric bilinear form defined by

Ao O] . (4.11)

W:{o So



CHAPTER 4. PRECONDITIONERS FOR SADDLE POINT SYSTEMS 72

Indeed, the self-adjointness requirement (2.13) that WP~ A is symmetric is trivially
satisfied since

WPA = A,

the original symmetric saddle point matrix. The indefiniteness of A, however, means
that P~ A is indefinite with respect to {(-,-)». When the approximation of A and
the Schur complement in (4.10) is exact, i.e., when Ay = A and Sy = S, the resulting
linear system can be solved by a Krylov subspace method in three steps [104] (since A
is nonsingular) as we discuss in greater detail for nonsymmetric saddle point problems
later in this section. In practice a cheaper approximation of A and S is used and rapid

convergence is often maintained.

Each of the preconditioners described so far in this section is a Krzyzanowski pre-

conditioner [85]

[ 1 0][A 0]][I dA;'BT

P_LBAOl 1} [o So} {o i (4.12)
[Ay 0] [ dA;'BY

15 sl 7 12

with |c|,|d| < 1. The preconditioned matrix P~ A is self-adjoint with respect to

(-, )w, where

(4.14)

W:5|:A0—CA 0 :|

0 So + cdBA;* BT + dC
and 6 = +1. Table 4.1 contains the parameter choices that lead to the formerly
mentioned preconditioners. The most general Krzyzanowski preconditioner, i.e., with
¢,d # 0, can be applied with two solves with Ay and one with Sy. This is most
clearly seen from (4.13) and the procedure is similar to that for the SZ preconditioner,

described earlier in this section. Specifically, if we wish to solve y = P~'z, where

Y= [wT, qT]T then
A BT w| s
B BAJ'BT —So| |q| — |v|°

To determine vy, it is again necessary to solve
Aow+dBTq=s and cBw+cdBAG'BYq+ Soq =v
for w and ¢ which can be performed in three steps
I. If W =w+ dA; ' BTq the first equation becomes
Ago = s,

from which w0 can be obtained.
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Preconditioner A approximation | Sy approximation cld o
Block diagonal Ay So 0]0 1
Bramble-Pasciak Ag —1I 110] -1
BP Ag ) 110 -1
BP* Ag So| =110 1
SZ Ao —Sp 1]1 1

Table 4.1: Krzyzanowski parameters for saddle point preconditioners.

II. Then ¢ can be found from the second equation

Soq = v — Bw,

III. Finally, w can be recovered from w since

Aogw = Ayo — dBTq = s — dB'q.

Eigenvalues typically describe the convergence of a W-PCG or W-PMINRES method
applied to the Krzyzanowski preconditioned system (see Corollaries 3.5 and 3.15). We
prove below that the eigenvalues of the Krzyzanowski preconditioned saddle point

matrix depend on certain generalized Rayleigh quotients when C' = 0.

Theorem 4.2. Let the symmetric saddle point matriz

A BT
=[5 %]

where A € R™ "™ is symmetric positive definite and B € R™ "™ has full rank be left
preconditioned by the KrzyZanowski preconditioner (4.12), with Ay € R™™ and Sy €
R™ ™ symmetric positive definite. Additionally, let W in (4.14) be positive definite

and let X be an eigenvalue of P~ A with associated eigenvector
[u”, UT}T.

Then X is real, X # 0 and, when ¢ is nonzero, X\ # 1/c. If Bu =0 then

ul Au
A= T (4.15)
Otherwise,
5 — 1—(c+d)wj:\/(1—(c+d)w)2+4(¢—cdw)w’ (4.16)
2(¢) — cdw)
where A
g = L2 (4.17)

uT Au
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and
u" BT (cdBA;* BT + Sy) ' Bu
ul Au ’

(4.18)

w =

Proof. The eigenvalues of P~ A are those of the generalized eigenvalue problem

A BT [u _ A dBT U
B 0| |v| 7 |eB cdBA;'BT + Sy| |v

which, in component form is

Au+ BTv = MAgu + \dB™v (4.19)
Bu = AeBu + McdBAy ' BT + Sp)v. (4.20)

Since P~ A is self-adjoint with respect to an inner product its eigenvalues are real (see
Corollary 2.21 in Section 2.2). If A = 0, (4.20) implies that Bu = 0. Premultiplying
(4.19) by u® gives that u” Au = 0 which, since A is positive definite, can only be true
if u = 0. However, then (4.19) reduces to BYv = 0. The matrix B has full rank and
it follows that v = 0. Thus, zero is not an eigenvalue of P~1A. More generally, u # 0
since the definiteness of Sy + cdBA; ' BT—guaranteed by the positive definiteness of
W-—means that when u = 0 (4.20) can only be satisfied when v = 0.

If ¢ # 0 and A = £ we again find from (4.20) that v = 0. It follows that (4.19) can be
simplified and rearranged to give that (Ag — cA)u = 0. However, positive definiteness
of W ensures that Ay — cA is definite, which shows that © = 0. Thus, \ # %

Let us now determine the eigenvalues of P~ A. When Bu = 0, (4.20) becomes
McdBAG' BT + Sp)v =0

which implies, since cdBA;' BT + S, is definite and A # 0, that v = 0. Substituting
v =0 into (4.19) yields that

Au = )\Aou

which, because u # 0, shows that
N\ = M
uT Agu

When Bu # 0, rearranging (4.20) gives that

1 _
v = (X — c) S™!'Bu,
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where S = cdBAy' BT + Sy. By substituting for v in (4.19) we obtain the equation
Au+u—A@<§—c)B%§%mzAAw
for X. Premultiplying by Au’ and dividing by u” Au leads to the quadratic equation
(¥ — cdw)N* + ((c + d)w — 1) A —w = 0,

the roots of which are

_ 1—(c+d)wE+/(1—(c+ dw)? + 4t — cdw)w

A 2(¢) — cdw)

(4.21)

which completes the proof. O

Remark 4.3. The equation (4.16) is complicated but simplifies in each of the cases
in Table 4.1 and so provides useful information in these specific instances, particularly
if c =0 or d = 0. Knowledge of the extreme values of (4.17) and (4.18) allow the
eigenvalues of P71 A to be bounded and a priori information about the convergence
of a W-Krylov subspace method to be obtained. Appendix B provides such bounds

for the BPT preconditioner.

Block diagonal, block triangular and constraint preconditioners have also been pro-
posed for nonsymmetric matrices. The resulting linear systems are typically solved
by a nonsymmetric Krylov subspace method in the Euclidean inner product [23, 32,
82, 93, 124, 156] which reflects the difficulty in obtaining a suitable nonstandard inner
product with respect to which P~ A is self-adjoint. An exception is Krzyzanowski’s
approach [84], which is to convert the problem into one that is self-adjoint with respect
to an inner product, similarly to the normal equations. To this new system W-PCG
or W-PMINRES can be applied. We assume in this chapter that A, DA=!BT and
C + DA~ BT are nonsingular.

The Murphy-Golub-Wathen block diagonal preconditioner [104] for nonsym-
metric saddle point problems with C' = 0 takes the form

A0
p:{o DAAB%_ (4.22)

The preconditioned matrix A = P~1A satisfies

AA-T)(A—A-1)=0
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from which we discern that A is diagonalizable and has at most four distinct eigenval-
ues, 0,1, % + \/75 (or three when A is invertible). Application of any Krylov subspace
method that minimizes the error or residual to the preconditioned system will, there-
fore, converge in three or four steps. Since P~!'A is diagonalizable with real eigen-
values it is self-adjoint with respect to an inner product (-, )y, which we describe in
Section 4.2.

Application of the Murphy-Golub-Wathen upper triangular preconditioner?
A BT

P= {O DA_IBT} (423)

in [104] to a saddle point problem with zero (2,2) block gives a preconditioned coeffi-

cient matrix that has eigenvalues at £1. The solution to the preconditioned system

is, therefore, obtained after two steps of a Krylov subspace method such as GMRES.

The symmetric bilinear forms with respect to which P~ A is self-adjoint are also

described in Section 4.2.

While the Murphy-Golub-Wathen preconditioners are optimal, they are often pro-
hibitively expensive to apply. However, if good approximations of A and the Schur
complement can be found, rapid convergence might still be expected. If A = F— F'is
a matrix splitting with £ and DE~!B7T nonsingular one approximation to the block
diagonal preconditioner (4.22) is [32]

P— ﬁ s BT] | (4.24)
In the case D = B we identify symmetric bilinear forms with respect to which the
resulting preconditioned matrix is self-adjoint in Section 4.2. The matrix-splitting
idea is extended for matrices with a nonzero (2,2) block in [124], where the Schur
complement approximation C' + DE~1 BT replaces the (2,2) block of (4.24), provided
C + DE~'B? is nonsingular.

The number of competing preconditioners for saddle point systems indicates that
there is at present no definitive way to precondition a saddle point problem. We feel
that it would be useful to better understand how preconditioners and inner prod-
ucts can be chosen to achieve efficient Krylov subspace methods. To this end, we
characterize in the next section the symmetric bilinear forms with respect to which a
preconditioned linear system is self-adjoint, where the preconditioner is a generaliza-

tion of the Krzyzanowski preconditioner.

2An alternative block triangular preconditioner, that we do not consider here, can be obtained
from (4.23) by negating the (2,2) block. The resulting preconditioned coefficient matrix has a sole
eigenvalue at one but is not diagonalizable.
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4.2 Characterization of symmetric bilinear forms

All of the preconditioners for symmetric saddle point problems in the last section are
examples of the Krzyzanowski [85] preconditioner (4.12), i.e., P is of the form

p_| I 04 0 I dA;'BT
" |eBAGY 1)1 0 So| |0 I '

Although a symmetric bilinear form with respect to which P~1A is self adjoint is
given in [85], this is not the only choice. Additionally, we may want to consider
nonstandard inner products and preconditioners for nonsymmetric saddle point sys-
tems. Accordingly, we provide a complete description of the symmetric bilinear forms
with respect to which a nonsymmetric matrix of the form (4.1), preconditioned by a
nonsymmetric version of P, is self adjoint. The preconditioner we consider is

p_| I 0][A O I dA;'BT
" [eDAGY I[ |0 Sp| |0 I

which we assume to be invertible. The application of P to the nonsymmetric saddle

point matrix

T
A= {g _BC} ,
gives R R
_ A, A
PRAS R | (425)
where
Ay = A7YA+ cdAS'BTS; ' DAY A — dA; BT S, D
A= A'BT + dA; BT S, (DA BT + ©) (4.26)

Ay = —cS;'DAS A+ S;'D
A\QQ == —S(;l(CDAalBT + C)

The symmetric bilinear forms with respect to which the preconditioned coefficient

matrix is self-adjoint are given in the following lemma.

Lemma 4.4. Let the Krzyanowski-type left preconditioner

[ I 0][A O0][I dA;'BT
P= [CDAgl I] {0 So} 0 I | (4.27)

be invertible and let )
A BT
D —C_

o
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where A € R™" is invertible, B, D € R™*™ have full rank, C' € R™*™ and Property
4.1 holds. Then P~'A, given by (4.25) and (4.26) above, is self-adjoint with respect

to (-, ), where

- s W

Wiz Wa
and Wiy, Wio and Wy satisfy the equations
X =X{1, X=Xy, and Xa =X, (4.28)
where
X1 —AWIIA\H tWIQA\ﬂ; X2 = W11AA\12 + W12A:22, (4.29)
Xoy = War Ay + WapAor and  Xog = Wor Ajg + Wy Agg

and An, Ay, Aoy and Ay are defined by (4.26).

Proof. The preconditioned coefficient matrix is

All A12

PlA=
A21 A22

If P~1 A is self-adjoint with respect to (-, )y, then W, P~! and A satisfy (2.13), i.e.,
W(PLA) = (P7LA)TW, so that WP~! A is symmetric. Letting

X, XL
X=Wp A= P
[Xm Xao
we find that
X1 = anz[n + W12121\21, Xig = W11121\12 + W12g227
Xo1 = W21A\11 + W22g21, Xog = W21A\12 + W22121\22
and the symmetry condition X = X7 gives the desired result. O]

When A, Ay and Sy are symmetric positive definite and C' is positive semidefinite
the conditions in Lemma 4.4 are certainly satisfied by (4.14). However, Lemma 4.4
provides a framework for examining the symmetric bilinear forms with respect to

which other preconditioned saddle point matrices are self-adjoint.

We now use Lemma 4.4 to identify symmetric bilinear forms with respect to which
the Murphy-Golub-Wathen preconditioners (4.22) and (4.23) described in Section 4.1
are self-adjoint. Although these preconditioners require A and S, the approach used
here is instructive and can be applied to more practical preconditioners, as we show
at the end of this section. First, we present some technical results that will be needed

to describe these symmetric bilinear forms.
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Lemma 4.5. Assume n > m and let B,D € R™"™ have full rank. Additionally,
let A € R™™ and BA"TDT € R™™ be nonsingular. Then, the projector N =
DT(BATTDT)"'BA™T has eigenvalues A\ = 0,1. The eigenspace of N associated
with A\ = 1 has dimension m and is spanned by the columns of V. = [vi, —vm] if
and only if V. = DTRT, where R € R™™ is nonsingular. The n — m eigenvectors
vi, 1t = m+1,...,n associated with A\ = 0 lie in AT null(B), where null(B) is the
nullspace of B.

Proof. 1t is easily verified that N is a projector and so has eigenvalues A = 0, 1.
Eigenvectors v;, ¢ = 1,...,m corresponding to A\ = 1 lie in range(/N), the range
of N, while eigenvectors v;, i = m + 1,...,n corresponding to A = 0 lie in null(V).
Comparison of N = DT(BA™"DT)"'BA~" with (1.66) in [118] shows that N projects
on to range(DT) orthogonal to A=!BT. Tt follows from [118, Section 1.12.1] that
range(N) = range(D”), which has dimension m since D has full rank. Since vy, ..., v,
must be linearly independent and lie in range(DT), V' = [v1, -.vm | must be of the form

V = DTRT, where R € R™ ™ is nonsingular.

Also from [118, Section 1.12.1], null(N) = range(A~!BT)* = null(BA~T), which
has dimension n — m, since B has full rank. Since A is nonsingular, any vector in
null(BA~T) is of the form ATn, where n € null(B).

O
Now we require some results regarding the solutions of Sylvester equations
EM=XF (4.30)

for the unknown real symmetric matrices M € R™*™ and X € R™*" where FE, F €

R™ ™ gre known.

Definition 4.6. [77, Definition 3.1] A real m x m matrix M will be called admissible
it (FTE)M = M(FTE)”, M” = M and null(F) C null(EM).

Lemma 4.7. [77, Theorem 4.2] If M is an admissible matriz and the rank condition
rank FTE = rank E
holds, the general real symmetric solution X of (4.30) is given by
X =EM(FTEM)*MET + X,, (4.31)

where (FTEM)# denotes any (1,2)-inverse of FTEM (see Appendiz A.6), and Xy is

any real symmetric matriz for which XoF = 0.
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For positive definite solutions Y we require further restrictions.

Lemma 4.8. [77, Theorem 7.1] The equation (4.30) has a solution pair (M > 0,
X >0) if and only if FTE is simple with all eigenvalues nonnegative, and

rank EFT = rank E = rank F = rank FTE.

These solutions X are characterized by the following lemma.

Lemma 4.9. (adapted from [77, Lemma 7.1 and Theorem 7.2]) Let the rank condi-

tions in Lemma 4.8 hold. Then for each positive definite admissible M, the matrix
X =EM(FTEM)'ME"™ + X,,

where (FTEM)T is the Moore-Penrose pseudoinverse of FTEM and XoF = 0, de-
termines a solution pair (M > 0, X > 0) if and only if X, is real and symmetric
positive definite.

We are now in a position to determine the symmetric bilinear forms with respect to
which the Murphy-Golub-Wathen block diagonal preconditioned saddle point matrix
is self-adjoint.
Theorem 4.10. Let the nonsymmetric saddle point matrix

A BT}
D 0}’

where n > m, A € R™" is nonsingular, B, D € R"™*™ have full rank and the Schur
complement DA'BT is nonsingular, be left preconditioned by the Murphy-Golub-

|

Wathen block diagonal preconditioner
A 0
P= {0 DA—lBT} '

Moreover, let

N =D"(BATD")'BAT (4.32)
have diagonalization N = ZAZ™' and R be any nonsingular matriz that satisfies
RDA'BT = BATDTRT or the zero matriz. Then, all symmetric bilinear forms
(-, Y with respect to which P~ A is self-adjoint are defined by
Wi WlTQ}

W =
{Wm Wa

with Wiy = ZZT, Wiy = BTR and Way = Way — BATDTRT where, if (NWy,)#
is a (1,2)-inverse of NWiy, Wy = BA W (NWL)# Wi A—YBT. This symmetric

bilinear form is an inner product when Woy > WiaWi WL,
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Proof. Conditions (4.28) in Lemma 4.4 for the block diagonal preconditioner are

WL(DAT'BTY™'D = D" (BA™TD")"'W, (4.33)
Wi A™'BT = BATTWL (4.34)
WA BT = Wi, + DT(BA™T D)1 Wyy. (4.35)

Postmultiplying (4.33) by A= BT and using (4.34) gives that
W1T2 = DT(BAfTDT)flwmAleT — DT<BA7TDT)7IBA—TW£ (436)

or, using (4.32), that
NWL = 1w, (4.37)

Thus, either W15 = 0 or the columns of W}, are eigenvectors of N associated with
A = 1. In the latter case, we infer from Lemma 4.5 that W[, = DTRT where R
is nonsingular. Accordingly, (4.37) is satisfied by Wis = RD, where R is either

nonsingular or the zero matrix.

Substituting Wiy, = RD into (4.34) and (4.35) shows that we additionally require
that
RDA'BT = BATTDTRT, (4.38)

i.e., that RDA™'B” is symmetric, and that

Wi A™'BT = (RD)" + DT (BA T DT)"'Wy,
= DT(BATTDT)"YBATTDTRT + Wy,)
= DT(BA™TDT) Wy, (4.39)

Symmetry of Way and BA~T DT RT (by (4.38)) ensures that /I/I?gg = BATTDTRT + W,

is symmetric.

To solve (4.39) we postmultiply both sides by (DA™ BT)~1D to obtain that

WuNT = DT(BA " D) "Wy (DA 'BT)~'D.

The right-hand side of this equation is symmetric with Wj; symmetric, which is
exactly the condition (2.13) for self-adjointness of N7 with respect to (-, -)y,,. By
Lemma 4.5, N = ZAZ ' and NT = Z=TAZ~! are diagonalizable with real eigenvalues
and it follows from Corollary 2.28 that Wi, = ZZ7T defines a real inner product with

respect to which N is self-adjoint. Moreover, Wi, is admissible (see Definition 4.6).
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It remains to find Wsyy. Since
rank(BA™") = rank(N) = rank(N") = rank((DA'B")"'D) = m,
we can apply Lemma 4.7 to the transpose of (4.39), i.e., to
(BA™YWy; = Wau((DA™'BT) "1 D)
to obtain that

Way = BA™T Wiy (NWy)# W, A7 BT, (4.40)
where X = 0 in (4.31) since rank((DA™'B?)™'D) = m. Indeed, if the (1,2)-inverse

is the Moore-Penrose pseudoinverse we can be sure that Wy is positive definite by

Lemma 4.9. The condition for positive definiteness of Way follows from [75, Theorem

7.7.6]. O

Remark 4.11. When A is symmetric with A symmetric positive definite and B full
rank, Theorem 4.10 simplifies dramatically. Under these assumptions, P is symmetric

positive definite and the conditions of the theorem are satisfied by W = P. In other

words,
A 0 17'[A BT
1 o
Pra= 0 pal| 5 0]
is self-adjoint with respect to (-, -)yy, where
A 0
W=r= {0 BA‘lBT] '

The choice of eigenvector matrix Z of N in (4.32) that leads to this inner product is

Z = AxU , where U is an orthogonal matrix of eigenvectors for the symmetric matrix

A"INA3.

Symmetric bilinear forms with respect to which Murphy-Golub-Wathen block trian-
gular preconditioned saddle point matrix is self-adjoint can be obtained in the same

way.

Theorem 4.12. Let A, N and Z be as described in Theorem 4.10, with n > m,
A € R gnd DA7'BT € R™™ nonsingular and B, D € R™" full rank. Then, if
A is preconditioned by the Murphy-Golub-Wathen block triangular preconditioner

A BT
P= {0 DA‘lBT} !
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any symmetric bilinear form (-, )y with respect to which P~ A is self-adjoint that is

defined by the block diagonal matriz

[y

0 Wa

has blocks of the form Wy = ZZT and Wy = BATTW (NW)#ABT. If we
choose the Moore-Penrose pseudoinverse then W is positive definite and defines an

imner product.

Proof. The conditions (4.28) in Lemma 4.4 for self-adjointness are that
WA BY(DA'BY)"'D = W;; N*

is symmetric and that
WA BT = DT(BA™T D)1 Wyy,.

The latter is identical in form to (4.39) in Theorem 4.10 above and can be solved
similarly to the block diagonal case above. By so doing, we find that if N has
diagonalization N = ZAZ ! then Wy, = ZZT and Wy = BATW 1 (NW1,)# A1 BT,
Additionally, if the Moore-Penrose pseudoinverse is used, Lemma 4.9 guarantees that
Was is positive. The first condition for self-adjointness is automatically satisfied by
this choice of Wi;. O

Remark 4.13. When A is symmetric, A is symmetric positive definite and B has full
rank the Murphy-Golub-Wathen block diagonal preconditioner is symmetric positive
definite and defines an inner product with respect to which the block triangular
preconditioned matrix P~ A is self-adjoint. i.e.,

0 BA'BT B 0

roac (b a2

is self-adjoint with respect to (-, -)yy, where

PR

0 BA™'BT|~
It is interesting that the same inner product renders both the block diagonal and

block triangular preconditioned saddle point matrices self-adjoint in this case.
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These characterizations of symmetric bilinear forms, although for ideal precondition-
ers, show how one may find symmetric bilinear forms with respect to which a more
practical preconditioner is self-adjoint. In this spirit, we conclude this section with a
simple extension to Theorem 4.10, along with an example of its application to a PDE

problem.

Corollary 4.14. Let

A BT
s o)
where A € R™" B € R™" has full rank and n > m, be left preconditioned by
|4y O
P= [o So] ’

where Ay € R™™ and Sy € R™™ are invertible but may be nonsymmetric. If P71 A

is self-adjoint with respect to the symmetric bilinear form (-, )y, where

vl )

0 Wy

Wi € R™", Wy € R™™ are symmetric and invertible, then Ag'A is self-adjoint
with respect to (-, Vw,, and Sy BAG BT is self-adjoint with respect to (-, )iy,

Proof. Setting Wi = 0 in Lemma 4.4 shows that the self-adjointness conditions are

WllAalA - ATAaTwll (441)
Wi Ayt BT = BYSy T Wa,. (4.42)

Equation (4.41) is a self-adjointness relationship for A;'A (see 2.13), i.e., we require
that A;' A is self-adjoint with respect to (-, -)w,,. Premultiplying (4.42) by BA,”, as
in the proof of Theorem 4.10, gives that

BA"W1 Ay BT = BA;T BT Sy T Wa,.
The left-hand side of this equation is symmetric so Wss must enforce symmetry of
BA;T BT Sy T Wy,

However, from (2.13) it is clear that this is equivalent to requiring that Sy 'BAy' BT
is Who-self-adjoint. O
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Consider now the approximate block diagonal preconditioner (4.24) with D = B,
A =F — F with F and BE~!B” nonsingular, so that

E 0
P= [0 BE‘lBT] '

If Ay = E, A;'A in Corollary 4.14 is
A A=E'"A=FEYE—-F)=1—-FE'F,

which implies that A; YA is Whi-self-adjoint if and only if E~'F is Wy;-self-adjoint.
Additionally, since Sy = BE~!BT,

S;'BA,'BT = (BE'BT)"YBE'BT) =1.

From Corollary 4.14 we infer that any nonsingular symmetric matrix is a valid choice
for Wss and the only restriction on W is that Wi, define a symmetric bilinear form

with respect to which E~!F is self-adjoint.

As an example of how this structure might be applied, we consider the Navier-Stokes

equations

—vNV?’u4+u-Vu+Vp=f
V-u=0

on a two-dimensional domain Q = [0, 1] x [0, 1] with Dirichlet boundary conditions.
We first discretize the domain to obtain the discrete points xp = kh,, k= 1,...,n,,
and y; = jhy, 7 = 1,...n,. We use Picard iteration to solve the Navier-Stokes

equations, so that at each iteration we must solve an Oseen problem of the form

V4w -Vu+Vp=f
V-u=0,

where w is known. Assume that at the current step w is constant throughout the
domain, i.e., that w(z,y) = (w,, w,)" for constants w,, w,. In this case, discretizing

the Oseen equations by centred finite differences leads to the nonsymmetric saddle

5 05

point system
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where A is a finite difference approximation of the convection-diffusion operator of
the sort in Example 6.2, ie., A=1, ® A, + Ay ® I,,,, where

2@' Q; —ﬁi
Ai — —Qy; — Bl 7
T a; — [
—o; — B 20
with
1 v .
Q; = wih_i7 57, = h/_127 1=2x,v.

We assume that the Peclet numbers % < 2. The matrix B is a central difference

approximation of the divergence operator.

We seek a matrix splitting A = F — F', E nonsingular, and an inner product (-, -)w,,
such that E~F is W;;-self-adjoint. We begin by finding such splittings for each of A,
and A,. These are then combined, using Kronecker products, to obtain the desired
matrices F, F' and Wy;.

Both A, and A, are tridiagonal Toeplitz matrices and so their eigenvalues are [18,

Theorem 2.4] .
)\gi) = 20; + 24/ 8?2 — aZ cos n?—]l’

i = x,y. Now, )\gl) is real if 2 > a? or 2v > h;, i = z,y. However, since we

assume that the mesh Peclet numbers are less than 2, this condition is satisfied.
Consequently, A, and A, have real eigenvalues and are both self-adjoint with respect
to inner products. These inner products, which can be obtained similarly to that
for the one-dimensional finite difference approximation in Section 2.3 (see Theorem

2.33), are defined by

1 =x,y, where

_ Bi — «; B —a;\’ Bi—ai\"
@i—dlag<(ﬁi+ai>7(ﬁi+ai) 7Hw<ﬁi+ai> )

We choose the matrix splittings A; = E; — F;, i = z,y, where E; = diag(A;) = 205;1.
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Since E; and W; are diagonal, they commute and it follows that
WiA; = AT W
Wi(E; — F)) = (E] — F")W;
28,W; — Wi F; = 2B:W; — FTW,
WiF, = F'W,
(WiE)E'F = (BT F)T (WiE).
Consequently, E; ' F} is self-adjoint with respect to (-, -)w, g, and F; is self-adjoint with

respect to (-, -)w,. Both (W;E;) and W; are diagonal matrices with positive entries

and, therefore, define inner products.
Now let us see how Fj;, F; and W; can be combined to give E, F' and Wy, using the
Kronecker product properties in Appendix A.2. We have that
A=1, @A, +A,®I,
=1, ® (B, — F,) + (B, — F) ® I,
= (I, ® B, + B, ®I,,) — (I, ® Fu + F, ® I,,)
=FE—-F,
where ' =1, Q B, +E,®1I,, and F' = I, ® F,+ F,®I,, . This gives us the matrix
splitting A = F — F. We choose W = W, ® W, which is symmetric since W, and
W, are each symmetric. By substituting for W and E we find that
WE = (W, @ W,) (I, ® E, + E, ® I,,)
=W, @ W, E, + W, E, @ W,
=268, W, @ W, +26,W, @ W,.
Thus,
WE = [2(8; + 8,)W,] @ W,. (4.43)
By using Lemma A.2 and the transpose property in Appendix A.2 it can be shown
that W E is symmetric positive definite.
Additionally, since F; is W;-self-adjoint, ¢ = x,y, we have that

WEE'F=WF = (W, @W,) (I, ® F; + F, ® I,,))
=W, @ W, F, + W, F, @ W,
=W, @ F[ W, + FJW, @ W,
= (I, ® F + F] ® I,,) (W, @ W,)
= FTw,
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where we have used the transpose property in Appendix A.2. Thus,
WEE™'F = FTW = FTETETW = (E"'F)" (WE),

since W E and W are symmetric. Finally, we find that one choice for the matrix W
is W = diag(WE, I), where WE is given by (4.43). Since W is a Kronecker sum of

diagonal matrices, inner products with (-, )y, are cheap to compute.

This example shows that even for nonsymmetric saddle point problems it may be
possible to obtain inner products with respect to which the preconditioned coeffi-
cient matrix is self-adjoint. The availability of an inner product means that for this
nonsymmetric problem it possible to apply W-PMINRES, with its short-term recur-
rences and minimization property, rather than a standard method for nonsymmetric
problems, provided W is not too ill-conditioned. Although the PDE considered here
is quite simple, and assumes constant flow, it shows that practical Krylov subspace
methods in nonstandard inner products are not necessarily restricted to symmetric

saddle point problems.

4.3 The SZ' preconditioner

Let us return to symmetric saddle point problems. As mentioned in Section 4.1,
scaling Ag and Sy to ensure positive definiteness of (-,-))y can be expensive but
is often required for the SZ preconditioner (4.8). Similarly to the BP* precondi-
tioner (4.6), however, the SZ preconditioner can be modified, to form what we call
the “Schoberl-Zulehner™ (SZ*) preconditioner for which W always defines an inner
product. It is always possible to apply a W-PMINRES algorithm to the resulting
SZ*-preconditioned system and it is this robustness that makes the preconditioner
particularly attractive. We have derived this preconditioner, by considering the self-
adjointness conditions in Lemma 4.4, independently of [85, Table 3]. Throughout this

section we assume C' = 0.

Specifically, take

[ Ao —BT B I 0] [Ag O] [I —A;'BT
P=\-B BAolBT+So} = [—BAol I} [o Sg] {o I (444)

which is a Krzyzanowski preconditioner with ¢ = d = —1. The preconditioned

coefficient matrix is self-adjoint with respect to (-, )y, where

[A+ A4
W = { BABT 4 501 : (4.45)
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Whenever A + Ay > 0 and BA;'BT + S5 > 0, W defines an inner product so that a
sufficient condition for positive definiteness is that Ay and Sy are themselves positive
definite.

Although W always defines an inner product, P! A is indefinite with respect to this

inner product, similarly to the BP* preconditioner.

Theorem 4.15. Let

a=l5 5

B 0

where A € R™"™ A is symmetric positive definite, B € R™™ has full rank and
n > m, be left preconditioned by the SZ* preconditioner (4.44), where Ag € R™™ and
So € R™™ are symmetric positive definite. Then P~'A is indefinite with respect to

(-, Yw, where W is given by (4.45).

Proof. Positive definiteness of P~1 A with respect to (-, )y is equivalent to positive
definiteness of WP~1A with respect to the Euclidean inner product (see Lemma
2.31). To ascertain whether P~ A is W-positive definite, we first factor WP 1A as

_ [A+ A Ayt AIBTS! I A BT
14 __ 0 0 0 0
WP A= I BA;'BT + SO} { Syt BAY I |B 0
T M (A+ Ag)VBT
~ |BV(A+ A) BV BT
I I M I M7YA+ Ay)VBT (4.46)
C|BV(A+Ag)Mt T T I ’ '
where
M= A+ AAJ'A + (A4 Ag) A BY S BAGH (A + Ay), (4.47)
T=BV(V'—(A+ A)M ' (A+ Ay))VBT (4.48)
and
V =Agt + At BT S BAS (4.49)

The congruence transform (4.46) shows that P! A is positive definite with respect
to (-, )y whenever M > 0 and 7" > 0. Now, Ay and Sj are positive definite and B
has full rank so M and V, given by (4.47) and (4.49), are each the sum of a positive
definite matrix and a positive semidefinite matrix and are themselves positive defi-
nite. However, the matrix 7" in (4.48) is negative definite as we now show. Negative

definiteness of T is equivalent to

V< (A+ Ag)M YA+ Ay)
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or, equivalently, since M and V' are positive definite (see Corollary A.16), that
V> (A+ Ag) TM(A+ Ap) L.
Substituting for V' and M gives that
At + AGTBTSIBAG > ATA(A+ Ag) T+ Ayt BT S BAG!

or that
0> AgTA(A + Ag) ™' — A (4.50)

Now,

1

AGTA(A+ Ag) T = AJT [A(A+ Ag) T Ao Agt = At (ATH + A T A

and so the inequality (4.50) can be expressed as
0> A (A7 + A ™ — Ag) Ayt

This holds if and only if
AO > (A_l + Aal)_l

or

Agt < At 4+ AL

Since A~! is positive definite this is satisfied and T is negative definite. Considering
(4.46) we see that, since M is positive definite and T is negative definite, WP 1A
is indefinite by Sylvester’s law of inertia (see Theorem A.14 in Appendix A.4). It
follows from Lemma 2.31 that P! A is indefinite with respect to (-, ). ]

The indefiniteness of P~1 A with respect to W means that a W-PCG method can-
not be reliably applied to this problem. However, it is always possible to apply
W-PMINRES, the convergence of which, as Corollary 3.15 indicates, is determined
essentially by the eigenvalues of P~1A. Although it is of course possible to apply
I-MINRES to the original saddle point problem (4.2), the SZ™ preconditioner aims

to achieve a nicer eigenvalue distribution, that should accelerate convergence.

Bounds on the eigenvalues of the preconditioned coefficient matrix allow the speed
of convergence of W-PMINRES to be ascertained a priori. In order to obtain such

bounds, suppose we can find §, A and ¢ such that

-
AL A (4.51)

l<osv=imp =
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and

tT'BT S Bt
0<w=o22 2 4.52
= A (4.52)

for all nonzero t € R, where A = A+ A and S = BAngT +Sy. When A = Ay and
S =Sy, i.e., when the approximations are exact, § and A in (4.51) are equal to two
and @ in (4.52) is equal to 3. Bounds on the eigenvalues of the SZT preconditioned
saddle point matrix that utilize (4.51) and (4.52) can be combined with Corollary
3.15 in Chapter 3 to provide a priori information about W-PMINRES convergence.

A BT
=[5 %]

where A € R™"™ A is symmetric positive definite, B € R™*™ has full rank and
n > m, be left preconditioned by the SZ* preconditioner (4.44), where Ay € R™ ™ and

So € R™™ are symmetric positive definite. Then the eigenvalues X of P~ A are real

Lemma 4.16. Let

and, letting

satisfy either

< 0 4.53
55 <p< (4.53)
or
1 14+ V1446
— <y — 4.54
ASHS 55 : (4.54)
where §, A and ® are given by (4.51) and (4.52).
Proof. The SZ* preconditioner is a Krzyzanowski preconditioner with ¢ = —1. From

Theorem 4.2 we know that X is real and that A # 0, —1. To progress further we
re-write the SZ* generalized eigenvalue problem Ax = APz using the approach in

[122]. Expressly, we have that

Az = \Px
(1+MNAz = XP+ Az
Ax = pWe,
where
A+ Ay 0

W=A+P=1" " Ba BT +5,

defines the SZ™ inner product (see 4.45) and
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Since A # 0, —1, it follows that p # 0, co.

The matrix W has the structure of a Krzyzanowski preconditioner with ¢ = d = 0.
This allows us to use Theorem 4.2 provided we replace Ay and Sy by A + Ay and
So + BA;' BT, respectively.

From Theorem 4.2, when Bu =0

Ao A
ul Au
and so ) T 4 .
u' Au
0< —<pu= — < - < 1. 4.55
A=H uTAu — 0 ( )
If Bu # 0, Theorem 4.2 gives that
1++1+4
- \/21; Wy (4.56)

where w and 1) are the generalized Rayleigh quotients (4.51) and (4.52). The eigen-
values A are real since 4w > 0, with the larger positive and the smaller negative.

We now bound these eigenvalues using (4.51) and (4.52).

Let us consider the larger root first. Now,

= 1+ 1+ 4wy - 1+ /1 +40y - 1++1+4065
N ) - 21 - 26

Meanwhile, the lower bounds 0 < w and 1/A < 1) show that

1+ VI Tdwd 11
n= > = > —
2 N
so that if y satisfies (4.56) then
1 1++v1+4+496
ASHS T

Since 4wd > 0, (4.55) is subsumed by this bound.
The negative root of (4.56) and the lower bound in (4.52) imply that

=1+ 4wy < 1—+v1+0 <0
- 2y - T
Since u # 0, this simply states that p is negative.

Substituting the upper bound in (4.52) into the negative root in (4.56) gives that

- VIFLY 1 VT A5 (457
r= 2 = 2 ‘
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the minimum of which, with respect to ¢, can be found by differentiating. We find

that
1d 1 1420y — 1+ 4w
[ = syt = .
2dy 2¢%/1 4 40y
The numerator and denominator of the right-hand side of (4.58) are positive since
V(L +20¢)2 = /1 + 4Py + 4922 > /T + 4P¢. Thus,
1d

20 [(1 1+ 4@¢)%)w*1} >0 (4.59)

(4.58)

and
| — VIF 0%
2¢
is a monotonically increasing function of ¢. The choice ¥ = § minimizes (4.57) and
e e Y e
r= 2 = 2
Combining (4.59) and (4.60) shows us that if 4 is negative it must be bounded by

1—V1+49)
2¢

. (4.60)

< pu<0.

O

We illustrate the bounds in Lemma 4.16 for a Stokes flow example (Example 4.2
below with h = 27%). We take Ay to be the incomplete Cholesky factorization with
zero-fill computed by the Matlab function ichol and Sy to be the pressure mass
matrix computed by Ifiss [125].

The eigenvalues of P! A lie in (—0.26, —0.09)U(0.34, 5.6) and so u € (—0.36, —0.10)U
(0.25,0.85). Additionally,
TBTS-1By

2T Ax Y
2 d
2T Ax <6 an yT Ay

Therefore, Lemma 4.16 gives the bounds

1.8 < < 0.77.

—043<pu<0 or 0.16 <p<0.98.

These clearly bound p and are shown, along with the exact values of u, in Figure
4.1. We note however, that the smallest negative eigenvalue is bounded away from
the origin, which is not highlighted by the bound.

The lack of a useful upper bound on negative eigenvalues is unfortunate, and stems
from (4.52). However, for certain classes of problems it may be possible to improve
this bound on negative eigenvalues; i.e., to bound eigenvalues away from the origin

as in [126] for block diagonal preconditioners of Stokes problems.
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0.2

0.15[

0.1r

0.05[

Figure 4.1: Bounds on p for the SZ* preconditioned saddle point matrix for the
channel flow example (Example 4.2) with h = 274

4.4 Numerical experiments

In this section we compare our SZ' preconditioner to more established precondi-
tioners for symmetric saddle point problems: the block diagonal, BP, BPT and SZ
preconditioners described in Section 4.1. Both I-PMINRES and W-PMINRES are
applied to the block diagonal preconditioned system, W-PCG and W-PMINRES
to the BP and SZ preconditioned systems and W-PMINRES to the BP* and SZ*
preconditioned systems (see Table 4.2 for a summary). In all cases, the stopping
criterion is a reduction in the relative preconditioned residual, measured in the I-
norm, of 107% and the maximum number of iterations is 200. If convergence is not
achieved by this maximum we say that the method has failed, which we denote by
‘-7 in the following tables. For clarity, quantities associated with each preconditioner
are differentiated by abbreviations. Thus BDI and BDW distinguish between block
diagonal preconditioned I-MINRES and W-MINRES while BP-CG and BP-MR, and
SZ-CG and SZ-MR discriminate between W-PCG and W-PMINRES for the BP and

SZ preconditioners.

4.4.1 Optimization problems

Example 4.1. Our first test problems are matrices from the CUTEr test set [60]
and SIT100 from the GHS Indef test set in the University of Florida Sparse Matrix
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Method \ Preconditioner \ Inner Product \ Krylov subspace method ‘
BDI Block diagonal (4.10) | T Preconditioned MINRES ([62, p122])
BDW Block diagonal (4.10) | Wepw (4.11) | W-PMINRES (Section 3.2.1)

BP-MR | BP (4.4) Wgp (4.5) W-PMINRES (Section 3.2.1)

BP-CG | BP (4.4) Wpgp (4.5) W-PCG (Algorithm 3.3)

BPT BP* (4.6) Wpgp+ (4.7) W-PMINRES (Section 3.2.1)

SZ-MR | SZ (4.8) Wsz (4.9) W-PMINRES (Section 3.2.1)

SZ-CG | SZ (4.8) Wsz (4.9) W-PCG (Algorithm 3.3)

SZ+ SZT (4.44) Wsz+ (4.45) W-PMINRES (Section 3.2.1)

Table 4.2: A summary of the preconditioners, inner products and methods used in
the saddle point numerical experiments.

’ Problem \ n \ m \ nnz(A) \ nnz(B) \ y ‘
BLOCKQP1 2010 | 1001 2010 14010 1.1
HUES-MOD | 10000 2 10000 20000
HUESTIS 10000 2 10000 20000
MOSARQP1 | 2500 700 2590 3422
MOSARQP2 | 2500 700 2590 3422 0
PRIMAL4 1489 75 1488 16031 0.0012
QGROWI15 645 300 962 5620 0.8
QGROW22 946 440 1639 8252 0.8
SIT100 7142 | 3120 32478 14284 0

o O O

Table 4.3: Problem data for the optimization problems.

Collection [31]. We tested all preconditioners on a larger number of CUTEr problems
but present only a representative set here. The SI'T100 matrix has a constraint matrix
B with rank m — 1. Consequently, our theory does not apply although we observe

that the SZ™ preconditioner still performs well for this problem.

For some of the CUTEr matrices A in (4.2) is indefinite. This is remedied by replacing
A by Ay = A+~I, where vy is a positive parameter that ensures that A,,, is positive
definite. These values of v are tabulated in Table 4.3. The right-hand side vectors were
randomly generated, excepting that for SIT100 for which we set g = 0 to ensure that
the system was consistent. The problem data for each system, including the number
of nonzeros, nnz, is given in Table 4.3. The matrix Ay is obtained by applying a
symmetric approximate minimum degree reordering to A, obtained with the Matlab
command symamd, before performing an incomplete Cholesky factorization with zero-

fill with the Matlab function ichol. The Schur complement approximation is

So = BA;'B”. (4.61)

Table 4.4 highlights the robustness of the SZ* method since only it and the BP*

method converge for every problem. Rather alarmingly, the choice (4.61) for Sy
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[ Problem | BDI | BDW [ BP-MR [ BP-CG | BPT | SZ-MR [ SZ-CG | SZ* |
BLOCKQP1 | 3 3 2 5 3 - B 3
HUES-MOD | - 3 2 - 3 - 1 3
HUESTIS 3 3 2 - 3 - - 3
MOSARQP1 | - 3 2 2 3 - 1 3
MOSARQP2 | - 3 - 2 3 - 1 3
PRIMAL4 3 2 - 3 - - 3
QGROW15 | - 3 2 2 3 - 1 3
QGROW22 | - 5 - 4 6 - 3 4
SIT100 16 - - 28 - - 13

Table 4.4: Iteration counts for the saddle point preconditioners for optimization prob-
lems.

makes the (2,2) block of Wsy, defined by (4.9), the zero matrix. Although there
are some problems for which SZ-CG is fastest, there are others for which it does not
converge while SZ-PMINRES is crippled by the absence of an inner product, failing
for every problem. The unreliability of the BP-MINRES and BP-CG methods is likely
due to indefiniteness of A — Ay, although we note that BP-CG occasionally converges
even when Wgp is indefinite. In contrast, the BDW, SZ* and BP* preconditioners
are reliable. This is a particularly appealing feature when little is known about
the eigenvalues of A, Ag, S and Sy, i.e., when one of the other methods may fail.
Moreover, the SZ™ preconditioner is either more effective than, or as effective as,
the BP™ and BDW preconditioners. We observe that both BP* and SZ* solve the
SIT100 saddle point problem, and that application of the SZ* preconditioner leads to
particularly fast convergence, but we cannot offer an explanation. GMRES could be
applied instead in this case. However, the preconditioner may not be as effective for
GMRES, the convergence of which can depend on factors other than the eigenvalues

of the preconditioned system.

4.4.2 Stokes problems

Our remaining examples are finite element approximations of four different Stokes

problems. Each comes from [43] and satisfies the coupled partial differential equations

—V?u+Vp =0 (4.62)
V-ou=0 (4.63)
on Q, where u = [us uy]T is the velocity and p the scalar pressure. However, the

domains and boundary conditions differ, as we now describe.
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Example 4.2. (Channel flow) On the domain Q@ = (—1,1) x (—1,1) a Stokes

solution is

u; =1 -9 u, =0, p=—2x + constant. (4.64)

This velocity solution defines a Dirichlet condition on the inflow boundary x = —1
while at y = +1, the characteristic boundary, u, = u, = 0. The stress-free Neumann
condition 5 5
u U
*—p=0 and —Z
or 7 Ox

is imposed at the outflow boundary (z = 1,—1 < y < 1), which has the effect of

=0

uniquely specifying p.

Example 4.3. (Backward step) The domain €2 is L-shaped and its boundary is
defined by —1 < z < 5 with 0 < y < 1 when z < 0 and —1 < y < 1 when
x > 0. A Poiseuille flow profile (similar to (4.64)) is specified on the inflow boundary
(x = —=1,0 <y < 1) and a no-flow condition imposed on the walls. The mean outflow

pressure is zero because of the stress-free Neumann condition

ou, B Ou,
e p=0 and o

which is applied at the outflow boundary (x =5,—-1 <y <1).

=0

Example 4.4. (Regularized cavity) The third problem is defined on the square
domain Q = (—1,1) x (=1,1). It is a regularized cavity flow problem with a lid that
moves from left to right with velocity u, =1 —a2*ony =1, —1 < 2 < 1. No-flow

conditions are imposed at the walls.

Example 4.5. (Colliding flow) The final problem is an example of a colliding flow
on the domain Q = (—1,1) x (—1,1), for which

Uy = 200217, Uy = 524 — 5y*, p = 60x%y — 20y + constant
with compatible Dirichlet boundary conditions.

To arrive at the finite element approximation, each is cast as a variational problem and
discretized using stable Taylor-Hood (Q2-Q21) finite elements by the Matlab package
IFISS [125]. The resulting symmetric saddle point problem is

5 510

where A € R™"™ and B € R™*". The matrix dimensions for each example and

different mesh sizes are given in Table 4.5. The approximation A, is an incomplete
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’ Problem

>

n \ m \ nnz(A) \ nnz(B) ‘
162 25 1338 552
578 | 81 6698 2444
2178 | 289 | 29546 10768
418 61 3834 1603
1538 | 209 18842 7140
5890 | 769 | 82582 30483
162 25 1122 494
578 81 6178 2318
2178 | 289 28418 10460
162 25 1122 494
578 81 6178 2318
2178 | 289 28418 10460

Channel flow

Backward step

Regularized cavity

Colliding flow

l\?l\)l\)[\')[\)l\?l\')[\?l\?l\?[\')[\)
(S B N N S =" B AN NG G S SNL |

Table 4.5: Problem data for the Stokes flow problems.

| Problem | h [ BDI | BDW | BP-MR | BP-CG | BPT [ SZ-MR | SZ-CG | SZ* |
273 [ 38 38 — 22 41 — 19 40
Channel flow 2-4 55 57 — 36 59 - 28 63
275 91 95 - 69 95 - 51 109
273 [ 54 55 — 32 57 — 26 67
Backward step 274 | 83 83 - 59 88 - 47 98
275 | 147 | 149 - 121 147 - 88 169
273 [ 28 32 - 19 34 — 17 37
Regularized cavity | 274 | 43 48 - 35 52 - 25 60
275 | 68 81 - 66 88 - 47 99
273 | 26 28 - 19 28 - 15 33
Colliding flow 2=4 | 36 41 - 32 46 - 25 50
275 | 65 71 - 61 72 - 43 81

Table 4.6: Iteration counts for the saddle point preconditioners for the Stokes prob-
lems.

Cholesky factorization of A with zero-fill, computed by the Matlab function ichol
and Sy is the pressure mass matrix provided by Ifiss. It would be interesting to
investigate the effect of replacing Ay by a spectrally equivalent approximation of A,
for which mesh-independent convergence could be observed. We note that Examples
4.4 and 4.5 are rank deficient since rank(B) = m — 1 but the systems are consistent
and pose no difficulty for the solvers. However, as for SIT100 in the previous example,

our theory does not apply in this case.

Table 4.6 shows the iteration counts for the different preconditioners. The BP- and
SZ-CG methods are the most efficient despite A — Ay being indefinite. This was
previously noted in [34, 135] for the BP method applied to Stokes problems. We
stress, however, that the unpredictability of these methods, exemplified by the results
for Example 4.1, make them less attractive for general problems. FEven for these

Stokes problems scaling Ag by o, with ¢ < 0.3, is enough to cause stagnation of



CHAPTER 4. PRECONDITIONERS FOR SADDLE POINT SYSTEMS 99

the SZ-CG method for all problems except Examples 4.2, 4.4 and 4.5 with h = 273,
i.e., on the smallest grid. The block diagonal preconditioner performs well for these
problems, probably because Ay and Sj are sufficiently good approximations of A and
S for Stokes flow problems (see [43, Chapters 5 and 6]), although the block diagonal

preconditioner may be less effective on other problems such as those in Example 4.1.

4.5 Conclusions

In this chapter we found explicit expressions for the eigenvalues of the Krzyzanowski
preconditioned saddle point matrix. We additionally characterized the symmetric
bilinear forms with respect to which a nonsymmetric saddle point problem, pre-
conditioned by a Krzyzanowski-type preconditioner, is self-adjoint. This was then
used to determine the symmetric bilinear forms with respect to which two Murphy-
Golub-Wathen preconditioned saddle point matrices, and a second block diagonal
preconditioned matrix, are self-adjoint. We derived eigenvalue bounds for the SZ*
preconditioner and showed that Wgsz+ always defines an inner product, although it is
one with respect to which PS_ZI+A is indefinite. The importance of this inner product
cannot be understated; it means that a W-PMINRES method can be reliably ap-
plied to SZT preconditioned problems without the additional computations required
to scale the preconditioner or the possibility of failure. Numerical results confirm
the robustness of the the SZ™ preconditioner for a range of different test problems for
which the block diagonal, BP and SZ preconditioners can fail. Furthermore, we found
that for the optimization problems considered the SZ™ preconditioner is more effective
than, or as effective as, the BP* and BDW preconditioners. Additional theory that
explains the good convergence of the SZ* preconditioner for the SIT100 matrix in
Example 4.1, for which the constraint matrix B is rank deficient, would be welcome.
In the next chapter we shall see how combining some of the preconditioners described

in this chapter, including the SZ™ preconditioner, leads to superior methods.



Chapter 5

Combination preconditioning for
saddle point systems

In the previous chapter we introduced a number of preconditioners for symmetric

saddle point matrices

ofp %

B -C

for which the preconditioned saddle point matrix is self-adjoint with respect to an
inner product. Two such preconditioners can be combined by a technique Stoll and
Wathen [135] call combination preconditioning to form a new preconditioner such
that the preconditioned saddle point matrix is self-adjoint with respect to a symmetric
bilinear form or inner product. The combination is controlled by two parameters, for
certain choices of which the combination preconditioner is more effective than either
of the original preconditioners. Furthermore, its use requires the same number of
solves with Ay and Sy as the more expensive of the two. The process of combination

preconditioning is described in the following lemma.

Lemma 5.1. [135, Lemma 3.5] If Py and Py are left preconditioners for the symmet-
ric matriz A for which symmetric matrices Wy and W, exist with Py ' A self-adjoint
in (-, Yw, and Py A self-adjoint in (-, )y, and if

aPr W+ BPTW, = Py Wy (5.1)

for some matriz Py and some symmetric matriv Ws, then Py ' A is self-adjoint in
<'7 >W3

Remark 5.2. An alternative proof to that in [135] results from premultiplying (5.1)
by A. Since P; A is Wi-self-adjoint, i = 1,2, AP, TW); is symmetric (see (2.13)).

100
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Provided P3 and Wj can be factored as in (5.1), with W5 symmetric (and nonsingu-
lar), AP; T W; is symmetric and, using (2.13) again, we find that P; ' A is self-adjoint

with respect to the symmetric bilinear form (-, -)yy,.

Lemma 5.1 shows precisely how two preconditioners may be combined. To construct
combinations of the preconditioners in the previous chapter, we first apply Lemma

5.1 to two different Krzyzanowski preconditioners (4.12) with bilinear forms (4.14),

namely
[ 1 0][4A O][I di4;'BT
Pi= [clBAol 1} [ 0 SJ {o I (5:2)
with its bilinear form defined by
_ Ay —clA 0
M=o { 0 So+adBAT'BT + dl(J} (5:3)
and I 0] [Ag 0] [I dyA;'BT
_ 0 2430
P = [CQBAgl 1} { 0 501 {0 I } (5.4)
with A y 0
. 0— C2
We =20 { 0 So+cadyBATBT + dQC] ' (5:5)
Lemma 5.1 gives that
Ps Wy = aPr Wi+ P "Wy (5.6)
G(l) G(l) G(Q) G(Q)
— 0651 11 12 + B52 11 12 (57)
Gy Gy G5 G5
where, for 1 = 1,2,
Gl = (A" + ¢;di Ay ' BT Sy ' BAG ) (Ag — ¢ A),
GY) = —c;: Ay ' BTS; (S0 + cid; BAy ' BT + d;C), 5.9

GY) = —d;S; BAG Y (Ag — ¢ A),
GY) = S51(So + c;d; BA; BT + d,C).

It appears difficult, in general, to extract from the additive combination (5.6) the
preconditioner P3; and symmetric bilinear form (-, -)yy,. However, for certain choices
of ¢1, ¢o, di and dy this can be achieved. The resulting combination preconditioner

also retains the structure of a Krzyzanowski preconditioner.
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Theorem 5.3. Let Py, Wy, P2 and Ws be defined by (5.2), (5.3), (5.4) and (5.5),
respectively, where A, Ay € R™™ and Sy € R™™ are symmetric positive definite,
C € R"™™ js symmetric positive semidefinite, B € R™™ has full rank and n > m.
Then, if c1 = cy = ¢, Py " Ws in (5.6) is given by

P — I 0 mzél(] 0 I (0651d1+5(52d2)AalBT
P eBAGY T 0 So| |0 I

and

Wa — (Ao - CA) 0
5 0 (O&(Sl + 5(52)50 + (a51d1 + ﬁégdg)(CBAalBT + C) .

Alternatively, if di = dy = 0, we obtain that

P I 0 [Ao 0
8= (0[5101 + ﬁ5202)BA51 I 0 a51i552 SO

and

We = |:(CY51 + 552)140 - (a5101 + 5(5302)14 0:|
3 =

0 Sol| "

Proof. When ¢ = ¢y = ¢, it is straightforward to show that (5.7) becomes

(5.9)

PS_TW _ |:P11W11 P12W22:| 7

P21W11 P22W22

where

P11 = (()é51 =+ 5(52)1461 + (a51d1 + ﬁ(SQdQ)CAalBTsalBAal,
P12 = —CAEIBTSO_I,
Pgl = —(a51d1 + /8(52d2>SO_1BA517
Py = Sy,
W11 = Ao —cA and W22 = (a51 + ﬁég)So + (a61d1 + ﬁégdg)(CBAalBT + C)

Thus, a natural choice is

Pl Py
o I —(a51d1 + 552d2)AalBT (04(51 + 5(52)1461 0 I 0
|0 I 0 Sotl |—eBAY I

so that

e

0 Wy
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and Pjs is as stated in the theorem.

Similarly, when d; = dy = 0 we find from (5.7) and (5.8) that

733—TW3 _ [Aol((a51 + 552)140 - (045101 + 55202)14) _(045101 + 55202)AOIBT]

0 (0651 +/852)I

and so we can take

7)—1_ Aal 0 1 0
50 (ad+B6y)Sy | | R e BAST T

and

W = [(0451+552)A0—(045161+B5362)A 01
3 — .

0 So
[l

Remark 5.4. The combination preconditioners in Theorem 5.3 look somewhat un-
wieldy. However, similarly to Theorem 4.2, simplifications can be made for specific

choices of P; and P, as we shall see in the remainder of this chapter.

Theorem 5.3 provides several options for creating new preconditioners. Stoll and Wa-
then [135] proposed a BP-BPT combination and a BP-SZ combination. In Section
5.1 we construct the BPT-BDW combination preconditioner and in Section 5.2 the
BP-BDW combination preconditioner. The combination preconditioner we propose
in Section 5.3 is a different BP-SZ combination preconditioner than that in [135]. We
feel that it is advantageous that the symmetric bilinear form for our BP-SZ combina-
tion preconditioner involves v and (3, since tuning these to ensure positive definiteness
of the symmetric bilinear form can be easier than scaling Ay and Sy. Additionally, the
two constituent preconditioners are more easily discerned from the new combination.
Both W-PMINRES and W-PCG require only three-term recurrences and possess an
optimality property. Furthermore, their convergence is reasonably well understood,
i.e., it depends primarily on the eigenvalues of P71 A (see Corollaries 3.5 and 3.15).
These are desirable properties and they make a characterization of the conditions un-
der which W-PMINRES and W-PCG can be applied valuable. Thus, for each of the
combination preconditioners we derive conditions for the associated symmetric bilin-
ear form to be an inner product and for positive definiteness of the preconditioned
coefficient matrix with respect to this inner product. We also compare the effective-
ness of the combination preconditioner to that of certain saddle point preconditioners

in Chapter 4. A summary of our findings is provided in Section 5.4.
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One of the attractive properties of the BP preconditioner defined in Section 4.1 is
that it transforms the original indefinite saddle point matrix A into a matrix that
is positive definite with respect to an inner product. Unfortunately, the BP* and
BDW preconditioners are each equipped with an inner product with respect to which
the preconditioned linear system is indefinite. Surprisingly, by combining the BP*
and BDW preconditioners as we propose in Section 5.1 the preconditioned coefficient
matrix can be made positive definite with respect to an inner product. This enables
the solution of the preconditioned linear system by a less expensive conjugate gradi-
ent method. The positive definiteness of the BPT-BDW preconditioned matrix also
highlights the power of combination preconditioning, that makes it possible to achieve

definiteness even when the constituent preconditioners do not.

A BP*-SZ* combination preconditioner can also be formed using Theorem 5.3. How-
ever, although the BP*-SZ" combination preconditioner can outperform each of the
BP* and SZ" preconditioners it is not as effective as the other preconditioners pre-
sented here. Additionally, the BPT-SZ* is never positive definite with respect to an
inner product. For these reasons we reserve analysis of the BPT-SZ™ preconditioner

for Appendix C.

Throughout this chapter we assume that A > 0, C > 0, Ag > 0 and Sy > 0 and
that B has full rank. As in Chapter 4, we denote by A the symmetric saddle point
matrix in (4.2), by P a left preconditioner and by W the symmetric bilinear form
with respect to which P~!'A is self-adjoint. When we need to distinguish between
different preconditioners, we will again use subscripts: BP, BP*, SZ and SZ* are
associated with the BP, BP', SZ and SZ" preconditioners so that, for example, the
BP preconditioner will be denoted by Pgp. We differentiate between the block diag-
onal preconditioner with W-MINRES and preconditioned MINRES in the Euclidean
inner product by BDW and BDI, respectively; and comb represents the relevant

combination preconditioner.

In numerical experiments, the termination criteria for W-PMINRES and W-PCG are
that the preconditioned residual is reduced by a factor of 107¢ or that 200 iterations is
exceeded. Failure is denote by ‘~’. For all problems the approximation Ay is a no-fill
incomplete Cholesky factorization, which may be scaled by ¢ € R, 0 > 0 to ensure
positive definiteness of A — Ay. These scaling factors are given in Table 5.1. The
Schur complement approximation is the pressure mass matrix computed by Ifiss. We
perform W-PMINRES or W-PCG for values of a and 8 between -2 and 2 in steps of
0.1, neglecting those that cause P to be singular. The (o, §) € [—2,2] x [—2, 2] pairs



CHAPTER 5. COMBINATION PRECONDITIONING FOR SADDLE POINT SYSTEMS 105

’ Problem ‘ h ‘ o H Problem ‘ h ‘ o ‘
2731 0.53 273 10.59
Channel flow | 27| 0.19 | Regularized cavity | 274 | 0.25
27° 1 0.047 27°10.072
273 10.43 273 10.59
Backward step | 27% | 0.15 || Colliding flow 27410.25
275 10.038 2751 0.072

Table 5.1: Scaling factors for Ag

shown in tables in this chapter are those that give the lowest number of iterations,
possibly subject to W,y defining and inner product and, when a conjugate gradient

method is applied, to P}

comy

»A being positive definite with respect to (-, -)w

comb*

5.1 The BPT-BDW combination preconditioner

We ask here whether combination preconditioning can be employed to obtain a W-
positive definite preconditioned saddle point matrix from two indefinite configura-
tions. One of the advantages of positive definiteness is that YW-PCG may be reliably
applied instead of W-PMINRES. Even for W-PMINRES, the eigenvalues of a W-
positive definite preconditioned saddle point matrix lie on the positive real line and,
if clustered, might lead to faster convergence than can be achieved for an indefinite

system.

The preconditioners we consider are the BP' preconditioner (4.6) and the BDW
preconditioner (4.10), both of which are described in Section 4.1. From Theorem 5.3,

since ¢; = —1, ¢ =0, dy = dy = 0 and §; = d, = 1, we have that

A
po| b0 } (5.10)
__aJrB m 0

and
(5.11)

-CY<A —+ Ao) -+ 6140 0
0 Sol| "

As we shall see, for this choice of P and W there do exist o and 8 for which P~1 A

is positive definite with respect to an inner product.

Theorem 5.5. Let

asfa

B -C
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where A € R™ " is symmetric positive definite, B € R™*™ has full rank, C € R"™*™
is symmetric positive semidefinite and n > m. Let A be left preconditioned by the
BP"-BDW combination preconditioner (5.10), where Ay € R™ ™ and Sy € R™*™ are

symmetric positive definite, so that P~ A is self-adjoint with respect to (-, )y, where
W is defined by (5.11).

When

I. a>0anda+pB <0, W defines an inner product, with respect to which P~ A
1s positive definite, if and only if

«

A, < —
0= a+p

A;
II. a>0anda+ B >0, W defines an inner product with respect to which P~1A
1s indefinite;
III. a<0and a+ B >0, W defines an inner product if and only if

A0>— A

a+f

but P~1 A is indefinite with respect to this inner product;

IV. a<0and a+ B <0, W does not define an inner product.

Proof. Recall from Lemma 2.31 that P~!'A is W-positive definite if and only if
WP~1A > 0, where

_ [a(A+ A Ay 0 At 0 A BT
WPA = I (+ (;))+ﬁ ’ SO} [045'0_1%31451 (v B)S_l] [B —C’}
[ AAG (A + Ag) + BA aAA;'BT + (a + B)
(aBAG (A+ Ao) + BB aBA;'BT — (a+ B)C
M MAlBTl

~|BAT'M T

0] M 0 I A7'BT (5.12)

~|BA I |0 T—-BAT'MAT'BT| 0 I |° '
with

M = aAAG'A + (a+ B)A = A(aA;t + (a+ B)AHA (5.13)
and

T = aBA;'B" — (a + B)C.
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IT

Figure 5.1: Regions (distinguished by different colours) that are considered in Theo-
rem 5.5. The horizontal lines show where P~1 A can be made positive definite with
respect to (-, )y by choosing o and 8 appropriately or by scaling Ay and Sp.

From (5.12) and Sylvester’s law of inertia (see Theorem A.14 in Appendix A.4) it
follows that P~1.A is W-positive definite when M > 0 and T'> BA-'MA~'BT. The

latter condition is equivalent to requiring that
aBA;'BT — (a+ B)C > aBA;' BT + (a + B)BA™' BT
or that
—(a+B)C > (a+ B)BA'BT. (5.14)
The conditions for positive definiteness of P~ A with respect to (-, -),y are, therefore,
that M > 0 and (5.14) is satisfied. To ascertain whether these conditions are fulfilled
we consider separately each case in Figure 5.1.

I. If a+ (8 <0 and a > 0, W is positive definite if and only if

_a+5
a

A> Ao.

Corollary A.16 shows that this is also the condition for positive definiteness of M
in (5.13). Now, (5.14) is equivalent to C > —BA™'BT. Since the left-hand side of
this inequality is symmetric positive semidefinite and the right-hand side is negative
definite, it is always satisfied. We have, therefore, that when o+ 3 < 0, a > 0 and
W defines an inner product, P~ A is W-positive definite.

II. When o > 0 and o+ 3 > 0, W and M are positive definite. However, since C' is

positive semidefinite, A is positive definite and B has full rank, (5.14) cannot hold.
Indeed, T'— BAT'M A7 BT < 0 and P~' A is indefinite with respect to (-, ).
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III. When a < 0 with aw + 8 > 0, W defines an inner product if and only if
1
a+p
Furthermore, M in (5.13) is positive definite if and only if ad;" + (o + B)A™! > 0
which, since Ay and A are positive definite, is equivalent to
1 1
a+p A< _EAO

by Corollary A.16. It follows that M > 0 whenever W > 0. However, as in Case II,
(5.14) is not satisfied and T'— BAT*MA™'BT < 0. Thus, when a + 8 > 0 and W

defines an inner product it is one with respect to which P~'A is indefinite.

1
A< ——Ao.
(0]

IV. If a < 0 and a + B < 0, W is always indefinite and does not define an inner
product. We find by calculations similar to those above that M in (5.13) is negative
definite. The left-hand side of (5.14) is positive semi-definite while the right-hand
side is negative definite. Thus, T'— BA M A~ BT is positive definite. O

The pivotal result of Theorem 5.5 is that when a+ 8 < 0 with a > 0 it is possible to
obtain from the BP™ and BDW preconditioners—for each of which the preconditioned
saddle point matrix is indefinite with respect to an inner product—a combination
preconditioner for which P~1A is self-adjoint and positive definite with respect to a
nonstandard inner product. As previously mentioned, a conjugate gradient method
can be used to solve the preconditioned linear system in this circumstance. We shall
see below that for these parameters convergence of the combination preconditioner is

rapid.

Regardless of whether W-PMINRES or W-PCG is applicable, convergence for the
BP*-BDW preconditioned system depends heavily on the eigenvalues of P~1A. These

can be bounded when C' = 0, as the following theorem shows.

Theorem 5.6. Let

io[s %

B —-C

where A € R™ " is symmetric positive definite, B € R™*™ has full rank, C" € R™*™
is symmetric positive semidefinite and n > m. Let A be left preconditioned by the
BPT-BDW combination preconditioner (5.10), where Ay € R™*™ and Sy € R™*™ are
symmetric positive definite and let W in (5.11) be positive definite, so that P~ A is
self-adjoint with respect to an inner product. Additionally, let

u? Agu

0<o<v= ul Au

<A (5.15)
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and T RT g1
u' B* Sy Bu
0<w=—"9""<0. 5.16
= ulAu  — (5.16)
Let [T, vT]T be an eigenvector of P~YA. Then, if Bu = 0, the corresponding eigen-
value of P~1A, AT is positive and satisfies

1

S )
A_A < (5.17)

ST

Otherwise, when

I. a>0 but a+ B <0 the remaining eigenvalues \*, which are all positive, satisfy

% <o < (1+a®)++/(1 +2<;<I>)2+45<I>(a+ﬁ) (5.18)
O<)\+§(1+a®)—\/(1—|-04(I))2—|—46<I>(a+ﬁ). (5.19)

20 ’
IT and III. o+ 3 > 0, the remaining positive eigenvalues \* of P~ A satisfy

1oy e (1+a®)+ /(1 +ad)? +460(a + 3)
AT T 20

while negative eigenvalues X\~ are bounded by

(1+a®) — /(14 a®)? +46P(a + )

<\ <. 2
5 <A <0 (5.20)

Proof. The eigenvalues of P~ A are those of the generalized eigenvalue problem

L S e

S atBT atp

The BPT-BDW combination preconditioner is a Krzyzanowski preconditioner with

c= d =0, Sy replaced by a—}rﬁSo and, consequently, w replaced by (a + 5)w

-2,
in Theorem 4.2. Thus, by Theorem 4.2, \ # 0, —O‘TJ“B and u # 0. Additionally, when
Bu =0,

)= ul Au ’
uT Agu
and (5.15) then implies that
Loncd
AN

If Bu # 0 then , by Theorem 4.2,

\ (1+ozw):i:\/(1+aw)2+4ww(a+ﬁ). (5.22)

29
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These roots must be real since P~1 A is self-adjoint with respect to an inner product
(see Theorem 5.5 and Lemma 2.32). However, it is possible to verify this using the
condition that a(A + Ag) + SAy > 0. Cases I-1II in Figure 5.1 require separate
examination to determine bounds on the eigenvalues. We present the proof of one

case here because the proofs for the remaining two are similar.

I. Let a > 0 and a+ 3 < 0. Both roots in (5.22) are positive, since a+ f is negative,

1 is positive and w is nonnegative. The larger root is given by

(14 aw) + /(1 + aw)? + dgw(a + )
2¢)

which we see, by considering (5.15) and (5.16), is minimized when w =0 and ¢ = A

A= (5.23)

and so A > . Conversely, (5.23) is maximized when w = ® and ¢ = § which gives
that

1. (1+ ad) + \/(1+a¢>)2+45¢>(a+5)_
AT T 20
The smaller root of (5.22) is
5 — (1+aw) — /(1 + aw)? + Ww(a + B) (5.24)

21) ’
which is maximized when w = 0 and ¢ = A. This implies that A > 0. However, we

concluded previously that A # 0 and we must have that A > 0. Additionally, (5.24)

is minimized by choosing 1) = § and w = ® which gives that

> (1+a®)—+/(1 —1—2?(1))2 +46P(a + ﬁ).

]

Remark 5.7. As for the SZT preconditioner in Section 4.3, neither (5.19) nor (5.20)
bound the eigenvalues of P! A away from the origin. The difficulty is caused by

(5.16). However, it may be possible to obtain tighter bounds for certain applications.

Remark 5.8. Theorem 5.6 accords with Lemma 2.32 since the eigenvalues of P~1 A
are real and positive only when P~ A is self-adjoint and positive definite with respect
to the inner product defined by WW. When W defines an inner product with respect
to which P~' A is indefinite, the eigenvalues of P~! A are real but lie on both sides of

the imaginary axis.
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Remark 5.9. When Ay = A, (5.17) shows that P~'A has eigenvalues at 1. Since
the dimension of null(B) is n — m, there are n — m such eigenvalues. The remaining
eigenvalues can be bounded by (5.18) and (5.19). Alternatively, by expressing (5.21)

in component form it can be shown that

AN —1)

—————_Au=B"S;'B
ot Bt an u Sy Bu

from which it is clear that the eigenvalues of P~ A depend nonlinearly on the eigen-
values of A7'BTS; !B. These, in turn, depend on how well Sy approximates the Schur
complement S = BA™'BT.

If it is possible to obtain bounds of the form (5.15) and (5.16) without too great an
expense we can ascertain a priori the eigenvalue distribution of P~1A. This largely
determines the convergence of both W-PMINRES and W-PCG. Moreover, it may be
possible to use these bounds to choose a and f (and scale Ay and Sy if necessary) to

obtain good eigenvalues.

Table 4.6 in Chapter 4 shows that the BPt and BDW preconditioners are effective
when applied to the four Stokes problems 4.2-4.5. We now see how much is gained

by instead using the combination preconditioner. Since P, }nbA can be made positive

definite with respect to an inner product, we apply both W-PMINRES and W-PCG
to the combination preconditioned system, while W-PMINRES is used to solve the
BP* and BDW preconditioned systems. Recall that we perform W-PMINRES and

W-PCG for values of o and 8 between -2 and 2, with a step size of 0.1.

We have tabulated in Tables 5.2 and 5.3 the lowest iteration count for the combina-
tion preconditioner for which W,,,,;, defines an inner product and, for the conjugate
gradient method, for which P~ A4 is positive definite with respect to this inner prod-
uct. For most problems this count is obtained by multiple choices of a and 3. More
generally, provided W, defines an inner product the number of iterations is only

mildly sensitive to changes in o and /.

It is clear that the combination preconditioner offers superior performance to either
the BP* preconditioner or the BDW preconditioner. The relative reduction in the
number of iterations required by the combination preconditioner, in comparison to
the better performing of the BDW and BP™ preconditioners, is 19.8% on average for
W-PMINRES and 20.3% on average for W-PCG. When compared with the best of
the robust methods, BDI preconditioned I-MINRES, the combination preconditioner
is 14.2% better on average when W-PMINRES is applied and 14.9% better when
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| Problem |h | BDI [ BPf | BDW [ Comb (o,f8) | % BPT/BDW | % BDI |
273 38 41 38 27 (1.3,-2) 29 29
Channel flow 274 55 59 57 43 (1.7,-2) 25 22
275%1 91 (93) 95 (94) 95 (92) | 86 (0.7,-0.6) 9 5
273 54 57 55 41 (1.4,-2) 25 24
Backward step 24 83 88 83 69 (1.4,-1.6) 17 17
2751|147 (148) | 147 (145) | 148 (155) 140 (1.2,-1) 5 5
273 28 34 32 21 (1.1,-1.8) 34 25
Regularized cavity | 274 43 52 48 40 (1.2,-1.5) 17 7
275 68 88 81 73 (1.9,-2) 10 -7
273 26 28 28 20 (1.1,-1.8) 29 23
Colliding flow 274 36 46 41 34 (0.8,-1) 17 6
275 65 72 71 56 (1.4,-1.5) 21 14

* For positive definiteness of P~1.A with respect to (-,-)yy it was necessary to scale Ag by 0.9. Thus, the
iteration counts for BDI, BPT and BDW in parentheses are obtained with Ag = 0.9LL”, where L is
the incomplete Cholesky factor computed by ichol in Matlab.

t For positive definiteness of P~ A with respect to (-, -)yy it was necessary to scale Ay by 0.7. Thus, the
iteration counts for BDI, BPT and BDW in parentheses are obtained with Ay = 0.7LL”, where L is
the incomplete Cholesky factor computed by ichol in Matlab.

Table 5.2: Iteration counts for the BPT preconditioner, the BDW preconditioner, the
BDI preconditioner and the best possible BPT-BDW combination preconditioner for W-
PMINRES, as well as the relative reduction in the number of iterations required by BP*-
BDW combination-MINRES when compared with the better performing of BP*- and
BDW-MINRES and compared with block diagonal preconditioned MINRES in the Eu-
clidean inner product. The («, 8) € [—2,2] x [—2,2] pairs shown are those that give the
lowest number of iterations and for which W,,,,, defines an inner product.



CHAPTER 5. COMBINATION PRECONDITIONING FOR SADDLE POINT SYSTEMS 113

10 10
e BDI " T BDI
[ ---BP+ < ?“‘, X --BP
3 BDW T 10 AL  BDW
2 Comb-MR 2 A L Comb-MR
o - - - Comb-CG e RS - - - Comb-CG
o ° 10'2
(5] 15
c c
i) k=] -
2 R w
3 3 %
s g AN
S a 10 '
= =
© 8 10° iy
Q [} XY
4 - o4 v
Vi
10’5 L L L L= - 10'5 L L L n
0 10 20 30 40 50 60 0 20 40 60 80 100
Iteration Iteration
(a) backward step (b) regularized cavity

Figure 5.2: Convergence plots for the BPT-BDW combination preconditioner with V-
PMINRES and W-PCG for (a) the backward step flow (Example 4.3) with a = 1.4
and § = —1.6 and (b) for regularized cavity flow (Example 4.4) with a = 1.2 and
B =—15.

W-PCQG is used. We remark that in many cases the optimal choices of o and 5 for W-
PMINRES and W-PCG coincide, suggesting that W-PMINRES performs best when
Additionally,
the number of iterations for each method is close, and so it appears that for these
problems the cheaper W-PCG method is preferable to W-PMINRES. Convergence
plots for the values of @ and 3 listed in Tables 5.2 and 5.3 are shown in Figure 5.2.
We observe that the W-PCG and W-PMINRES curves are very similar and decrease
more rapidly than those of BPT and BDW preconditioned W-MINRES.

P! Ais positive definite with respect to the inner product (-, )y

comb comb *

Although optimal W,,,,,,-PMINRES convergence occurs when W,,,,,;, defines an inner
product, faster convergence can be observed for the conjugate gradient method when
Weoms 1S not positive definite, as can be seen from Table 5.3 and Figure 5.2. The
average relative reduction when compared with the better of BDW- or BPT-MINRES
is 34.8% while the relative reduction when compared with the BDI preconditioner

method is 29.9%. However, robustness is not guaranteed when (-, )y, , is not an

mb
inner product and we caution that the BPT-BDW combination-CG method may fail
for other approximations of Ay or Sy or for different saddle point problems. Note also

that the convergence is far from monotone.

We additionally examined the effect of scaling the BPT™ and BDW preconditioners
separately, by setting § or a to zero and varying the other parameter. Both pre-
conditioners were sensitive to scaling, although the optimal scaling appeared to be

problem dependent.
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l Wcomb >0 | Wcom,b 75 0 l
[ Problem h | Comb (a,8) [ % BPT/BDW | % BDI |[ Comb (a,8) | % BPT/BDW | % BDI |
2-3 27 (1.3,-2) 29 29 21 (1,-1.9) 45 45
Channel flow 24 43 (1.6,-1.9) 25 22 34 (1.3,-2) 40 38
275%| 80 (1.9,-2) 13 14 58 (1.7,-2) 39 36
23 41 (1.4,-2) 25 24 31 (0.8,-1.7) 44 43
Backward step 2-4 70 (1.4,-1.6) 16 16 56 (1.2,-1.9) 33 33
275t | 118 (1.7,-1.8) 19 20 99 (1.7,-1.9) 33 33
2-3 22 (1.3,-2) 31 21 19 (1,-2) 41 32
Regularized cavity | 274 40 (1.2,-1.5) 17 7 33 (1,-1.9) 31 23
275 73 (1.4,-1.5) 10 -7 59 (1.3,-1.9) 27 13
23 21 (1.3,-1.9) 25 19 19 (1,-2) 32 27
Colliding flow 2-4 35 (1.2,-1.5) 15 3 31 (1.2,-2) 24 14
2-5 58 (1.5,-1.6) 18 11 51 (1.3,-1.9) 28 22

* For positive definiteness of P~1A with respect to (-, -)yy it was necessary to scale Ag by 0.9. Thus, the iteration
count with W > 0 is obtained with Ag = O.9LLT, where L is the incomplete Cholesky factor computed by ichol in
Matlab. The iteration count with W ¥ 0 is obtained with Ag = L.

T For positive definiteness of P~1A with respect to (-, -)yy it was necessary to scale Ag by 0.7. Thus, the iteration
count with W > 0 is obtained with Ag = 0.7LLT7 where L is the incomplete Cholesky factor computed by ichol in
Matlab. The iteration count with W % 0 is obtained with Ag = LLT.

Table 5.3: Iteration counts for the best possible BPT-BDW combination
preconditioner for which W > 0 and for which W # 0, as well as the relative
reduction in the number of iterations required by BPT-BDW combination-
MINRES when compared with the better performing of BPT- and BDW-
MINRES and compared with block diagonal preconditioned MINRES in the
Euclidean inner product. Iteration counts for BP*- and BDW-MINRES and
for block diagonal preconditioned MINRES in the Euclidean inner product
are given in Table 5.2. The (a, 8) € [—2,2] X [—2,2] pairs shown are those
that give the lowest number of iterations. For the left half of the table, we
restrict (a, §) pairs to those for which W,y defines an inner product with
respect to which P! A is positive definite.

comb

© BDW
Comb-CG||

© BDW
Comb-CGl]|

Relative preconditioned residual
Relative preconditioned residual

0 10 20 30 40 50 60

Iteration Iteration . %
(a) backward step (b) regularized cavity

Figure 5.3: W-PCG Convergence plots for (a) the backward step flow (Example 4.3)
with @« = 1.2 and f = —1.9 and (b) the regularized cavity flow (Example 4.4) with

a=1and g =—1.9. W is not positive definite for these parameter choices.
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In summary, the BPT-BDW combination preconditioner is very effective when used
with either a conjugate gradient method or a MINRES algorithm. For BPT-BDW
combination-MINRES, the preconditioner is most effective when W,,,,, defines an

inner product with respect to which P!

omp A 18 positive definite. Positive definiteness

of both W_omp and of the preconditioned saddle point matrix with respect to (-, )y
is characterized by Theorem 5.5. Combination preconditioned W-CG performs very
well when P;}nb.A is self-adjoint and positive definite with respect to a nonstandard
inner product as the theory supports and good convergence is observed, but remains

unexplained, when W is indefinite.

5.2 The BP-BDW combination preconditioner

We saw in the previous section that it was possible to combine the BP™ and BDW
preconditioners. A natural extension is to construct a BP-BDW combination precon-
ditioner. However, the approximation to the Schur complement in the BP precondi-
tioner differs from that in the BDW preconditioner and so Lemma 5.1, rather than

Theorem 5.3, is used to obtain a combination.

For the BP preconditioner (4.4), with its symmetric bilinear form defined by (4.5),
and the BDW preconditioner (4.10), with its symmetric bilinear form defined by
(4.11), Lemma 5.1 gives that

P=TY. — Ayt aA'BTSy Y [aA+ (B—a)4y 0
37T 0 (B—a)Syt 0 So|
Accordingly, we take
Ao 0
P = { a 1 ] (5.25)
aspB 5=

and

(5.26)

W {aAju(B—a)Ao 0]

0 So
Recall that W-PMINRES can be applied to the BPT-BDW combination precondi-
tioned system when W in (4.9) is positive definite and that the application of a
W-PCG method additionally requires that P~A be positive definite with respect to
(-, )w. The next theorem shows that W defines an inner product for many choices
of o and 3 and that for certain of these P~1A is positive definite with respect to this

inner product.
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Theorem 5.10. Let

B -C

where A € R™ " is symmetric positive definite, B € R™*™ has full rank, C € R"™*™
is symmetric positive semidefinite and n > m. Let A be left preconditioned by the
BP-BDW combination preconditioner (5.25), where Ay € R™™ and Sy € R™*™ are

symmetric positive definite, so that P~ A is self-adjoint with respect to {-, )y, where
W is defined by (5.26).

When

e[s 5%

I. o> 0 and o> B, W defines an inner product with respect to which P~ A is
positive definite when aA > (o — [5)Ao;

II. B> a >0, W defines an inner product with respect to which P~ A is indefi-
nite;
III. « <0 and B > «a, W defines an inner product when (8 — a)Ag > —aA but
P~ A is indefinite with respect to (-, -Yy;

IV. g <a<0,W does not define an inner product.

Proof. The proof differs only slightly from that for Theorem 5.5 and so we only
briefly sketch the details here. Again, W-positive definiteness of P~*A depends on

the positive definiteness of

WP‘lA:[ ! 0} [M 0 ] [1 A—lBTy

BA™' I||0 T—-BA'MA'B"||0 I
where
M= A(eA;' + (B—a)A™HA (5.27)
and
T = aBA;'B" + (a — B)C. (5.28)

By Sylvester’s law of inertia in Appendix A.4, WP~'A is positive definite when
M > 0and T > BA"'MA-'BT. Substituting for M and T shows that the second

condition is satisfied if and only if
(a —B)C > (B—a)BA'BT, (5.29)

Each case in Figure 5.4 is considered separately to determine whether M > 0 and
(5.29) holds.
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Figure 5.4: Regions (distinguished by different colours) that are considered in Theo-
rem 5.10. The horizontal lines show where P~ A can be made positive definite with
respect to (-, )y by choosing o and 8 appropriately or by scaling Ay and Sp.

I. If @ > g and a > 0 the condition for self-adjointness of W is immediately evident
and it is easily shown that when it is satisfied M > 0. Additionally, since (o« — 3)C
is positive semidefinite and (8 — a)BA™!BT is negative definite, (5.29) is satisfied.
Thus, when o > 3, a > 0 and VW defines an inner product, it is one with respect to
which P~ A is positive definite.

II. With 8 > a > 0, W and M are positive definite. However, the left-hand side
of (5.29) is negative semidefinite while the right-hand side is positive definite. Thus,
P! A is indefinite with respect to (-, ).

II1. Case III corresponds to @ < 0 and 8 > «a. The condition for positive definiteness
of W is readily verified and simple algebra shows that M > 0 when W > 0. However,
as in Case II the left-hand side of (5.29) is negative semidefinite and the right-hand
side is definite. It follows that P~'A is indefinite with respect to (-, -)yy.

IV. When 8 < a < 0, W is indefinite. We find that M < 0 but that (5.29) is
satisfied. 0

From Theorem 5.10 we conclude that W-PMINRES is applicable for a wide range of
a and S and that, furthermore, for certain values of a > 0 with o > 3, a W-PCG
method can be applied.

We report now on the performance of the BP-BDW combination-CG method, com-
paring it to BP-CG and BDW-MINRES. The convergence of BP-BDW combination-
MINRES was also investigated but this method was found to be less effective and
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Weomb > 0 i Weomb % 0

Problem [ h [ BP-CG | BDW | Comb (a,8) | % BP/BDW |[ Comb (a,3) [ % BP/BDW |
2-3 28 36 27 (1.3,0) 4 20 (1.7,-2) 29
Channel flow 24 43 56 43 (1,0) 0 35 (0.8,-2) 19
25 77 91 73 (1.1,-0.1) 5 59 (0.3,-2) 23
23 43 52 41 (1.3,0) 5 30 (1.1,-1.4) 30
Backward step 2—4 71 90 65 (1.9,0) 8 56 (0.7,-1.5) 21
25 125 164 116 (1.4,0) 7 98 (0.7,-1.7) 22
2-3 22 30 21 (1.4,-0.1) 5 18 (2,-1.2) 18
Regularized cavity g4 41 44 40 (0.9,0) 2 33 (1,-2) 20
25 74 70 70 (1.2,0) 0 62 (0.3,-2) 11
2-3 21 28 20 (1.4,-0.1) 5 18 (2,-1.5) 14
Colliding flow 2-4 34 43 34 (0.9,0) 0 29 (1.8,-2) 15
25 61 66 54 (1.5,-0.1) 11 52 (1.6,-1.1) 15

Table 5.4: Iteration counts for BP-CG, BDW-MINRES and the best possible BP-
BDW combination-CG, as well as the relative reduction in the number of iterations
required by BP-BDW combination-CG when compared with the better performing
of BP-CG and BDW-MINRES. The (o, 8) € [—2,2] x [-2, 2] pairs shown are those
that give the lowest number of iterations. For the left half of the table, we restrict
(c, B) pairs to those for which W,y defines an inner product with respect to which
P Ais positive definite.

so the results are omitted. To ensure that A — A is positive definite, so that Wgp
defines an inner product, Ay is a no-fill incomplete Cholesky factorization of A, scaled
by o as in Table 5.1.

Table 5.4 shows that the combination preconditioner can be more effective than either
the BP or BDW preconditioners. When Wy, > 0 and P_

O,lnbA is positive definite

with respect to (-, )y the BP-BDW combination preconditioner gives a percent-

comb’
age decrease in the number of iterations required of, on average, 4.3% and a maximum
reduction of 11%, when compared with the better of the BP and BDW precondition-
ers. For some problems the best option is to scale the better performing of the BP or
BDW preconditioners—which highlights that the BP and BDW preconditioners are
sensitive to scaling—but the greatest improvement occurs when a good combination

involving both preconditioners can be found.

Faster convergence is again observed when W,,,,;, is not positive definite, with the
average reduction in the number of iterations required jumping to 19.9% and the
maximum reduction increasing to 30%. However, as mentioned for the BPT-BDW
combination preconditioner our theory cannot guarantee the convergence of BP-BDW

combination-CG when W is indefinite.

We plot the relative preconditioned residuals for the flow over a backward step (Ex-
ample 4.3) and the regularized cavity flow (Example 4.4) with h = 27* in Figure 5.5,
showing convergence plots when We,mp > 0 and Weomp # 0. These highlight that,

particularly for Example 4.3, convergence is more rapid when the BP-BDW combina-
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Figure 5.5: Convergence plots for the BP-BDW combination preconditioner with W-
PCG for (a) the backward step flow (Example 4.3) with o = 1.9 and 5 = 0 (Comb I)
and a = 0.7 and § = —1.5 (Comb II) and (b) the regularized cavity flow (Example
4.4) with « = 1.1 and § =0 (Comb I) and a = 1 and § = —2 (Comb II).

tion preconditioner is used. We also see that convergence is more erratic when W, .

does not define an inner product.

5.3 The BP-SZ combination preconditioner

Section 4.4 showed that both the BP and SZ preconditioners in Section 4.1 can be
effective. Stoll and Wathen [135] demonstrated that faster convergence than either of
these methods attains can be achieved by combining them. Here a different BP-SZ
combination preconditioner is analysed. We assume in this section that the condition,

required by the SZ preconditioner, that C' = 0 is met.

It is shown by Stoll and Wathen [135] that for the BP preconditioner (4.4), with its
bilinear form defined by (4.5), and the SZ preconditioner (4.8), with its bilinear form
defined by (4.9), Lemma 5.1 gives that

Py TWs = aP7TW, + BP; W,
B [I —AngT] { (a—B)A," 0} [A — Ay 0}

0 I —BSy'BA;Y T 0 S
where T = (8 — a)S; ' — 8BSy 'BA; ' BTS;*. They take the combination
Pt [I —AngT] { (a —_?)Ag_ll 0 ]
0 I —BSy*BASY (B—a)Syt — BSy ' BA; BT S,
and
Wy = {A _OAO 5901 : (5.30)
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However, the second term in P; 7 can be factored as

(a—B)A;" 0
_Bso—lBAal (ﬁ—a)SO_l—BSo_lBAngTSO_l

[ A 0 1 [(a—p)1I 0

TS BAY 5! 0 (a—B)+BBABTS;!

and so another option is

pr_ ! —A;'BT Ayt 0
570 I %SngAgl -S|
so that
I 0] [A iBT} Ay L BT
P =P, = B B—a p-a 5.31
’ [BAO ! 1} { 0 -5 B 2 BA;'BT -5, (5.31)
and
B (a—pB)I 0 A—Ay 0
W=Ws [ 0 (a—B)I+BBA7'BTS| o S
_ [(a=B)(A = Ag) 0
= { 0 (a — B)So + BBAS'BT| - (5-32)

By comparing (5.32) with (5.30) we see that the former can be scaled by adjusting «
and [, which may make it easier to ensure that W is positive definite. Accordingly,
in this thesis only the BP-SZ combination preconditioner (5.31) is considered. Addi-
tionally, from our combination preconditioner the BP and SZ preconditioners can be
clearly identified: the BP preconditioner is recovered when o« = 1 and 8 = 0 while the
SZ preconditioner is retrieved by setting o = 0 and § = 1. From preliminary tests
we observed that both the combination preconditioner proposed by Stoll and Wa-
then and (5.31) converged similarly. It would be interesting to carry out a thorough

comparison of the performance of the two combination preconditioners.

We remark that the BP-SZ combination preconditioner (5.31) can alternatively be
derived from Theorem 5.3, since, as is clear from Table 4.1, ¢; = ¢ = 1. If this
approach is used the Schur complement approximation Sy in Theorem 5.3 should be
replaced by —Sp. To obtain (5.31) and (5.32) from the preconditioner and symmetric

bilinear form in Theorem 5.3 scaling by § — « is required.

As previously discussed, knowledge of the conditions for positive definiteness of W,
and of Pt A with respect to (-,-)yy, is helpful when deciding which Krylov subspace
method is most appropriate. To ascertain these conditions we begin with a technical

lemma.
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Lemma 5.11. Let A0 € R™"™ and Sy € R™ ™ be symmetric positive definite, B €
R™™ have full rank and n > m. If

2TBA;'BTx
)\min + < Amax
- T Syx -
for all nonzero x € R™ then
TBTS,'B
0 S W S )\ma:v (533>

for all y € R™.
Proof. Any eigenvalue X of Sy ' BA;' BT satisfies the eigenvalue problem

So'BAS BTy = \x
= Ay'BTS;'B(A;'BTz) = M(Ay ' BT x)
& BTS; By = Ag\y,

where y = A;'BTr and y = 0 & 2 = 0. Thus, any eigenvalue of S;'BA;'BT €
R™ ™ is an eigenvalue of Ay'BTS;'B € R™". To determine the remaining n — m
eigenvalues of Ay'BTS;' B, note that this matrix is similar to Aal/QBTSo’lBAal/2
which, in turn, is congruent to the rank m matrix BY.S;'B € R™". Thus, Sylvester’s
law of inertia (see Appendix A.4) indicates that A;*BTS; !B, like BTS; ' B, has n—m

zero eigenvalues.

If Apin and Apq, are the minimum and maximum eigenvalues of S IBAO_ BT they

bound the generalized Rayleigh quotient

M < T BAVBTE
T Syx
and it follows that T oF a1
0< M < Amaz-
yT Aoy

]

We now state the requirements for positive definiteness of YW and of P~!A with

respect to (-, )y for the BP-SZ combination preconditioner.

Theorem 5.12. Let

A BT
=[5 %)
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where A € R™"™ 4s symmetric positive definite B € R™*™ has full rank and n > m.
Let A be left preconditioned by the BP-SZ combination preconditioner (5.31), where
Ay € R™™ and Sy € R™™ are symmetric positive definite, so that P~*A is self-
adgjoint with respect to (-, )y, where W is defined by (5.32).

When

I. a> B3>0, W defines an inner product with respect to which P~ A is self-
adjoint if and only if A > Ay,

II. a< B and B >0, W defines an inner product if and only if
s

—

BA;'BT

A< Ay and SO<5

and P~ A is positive definite with respect to this inner product if and only if
T=BV (V= (A-A)M ' (A— Ay))VB" >0, (5.34)

where
M = (a—B)(A— A Ay A+ B(A — A))A;' BT Sy ' BAS (A — 4,)  (5.35)

and
V= (a—B)A;' + A BT S ' BA (5.36)

III. a < B8 <0, W does not define an inner product;

IV. B<0 and o > B, W defines an inner product with respect to which P~1A is
self-adjoint and positive definite if and only if

s

BA;'BT.
—

A>Ay and SO>ﬁ

Proof. Since P~1 A is W-positive definite if and only if WP~ A > 0 let us investigate
the positive definiteness of WP~ A. Now,

WPA= gyt ay e |
B [BV(A —IAO)M—l ﬂ []\04 %] {é e }AO)VBT . (537)

where 7', M and V' are given by (5.34), (5.35) and (5.36), respectively. Since (5.37)

is a congruence transform, by Sylvester’s law of inertia (see Appendix A.4), P~ A is
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Figure 5.6: Regions (distinguished by different colours) that are considered in The-
orem 5.12. The horizontal lines depict the region in which P! A is positive definite
with respect to (-, )y, while the vertical lines show the region in which positive defi-
niteness depends on 7', given by (5.34).

positive definite with respect to (-, ),y if and only if M > 0 and T" > 0. The positive
definiteness of M and T depends on a and 3, with four distinct cases requiring

consideration. These are depicted in Figure 5.6.

I. When a > 8 > 0, W is positive definite if and only if A > Ay. By observation,
V >0and M > 0. Now T > 0 if and only if

Vs (A= Ag) M YA — Ay)

or, equivalently,
V< (A—A))'M(A— At

since M and V are positive definite. By substituting for M and V we find that this

requirement is equivalent to
Ag < (At —AH L (5.38)

We must have, since A > Ay, that A;" > A~! (see Corollary A.16) or A;' —A~1 >0
and so (5.38) holds if and only if

Agl > Agt— AT

which is always true. Thus, when o > 3 > 0, W defines an inner product with respect
to which P~!A is positive definite if and only if A > A,.
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I1. Next we consider Case 11, for which g > a with # > 0. By observation, VW defines

an inner product if and only if

s

A< Ay and Sy <
b —«

BA;'BY.

It M >0,

b BTS;'B > (At —A™H™!

8-«
which, since (A;' —A™1)~' < 0if and only if A < Ay, is satisfied if and only if W > 0.

ItV >0,

LBTSO—HB > Ay.

0 —«

B prea
2 _B"S;'B
f—a %

is positive semidefinite while Ay is positive definite and this inequality cannot be

However,

satisfied. It follows that V' is never positive definite and that it is not possible to
significantly simplify the condition for positive definiteness of T'; one can only state
that M > 0 and that when T' > 0, P~' A is W-positive definite.

III. Case III in Figure 5.6 corresponds to 0 > 3 > «. However, if Ag > 0 and Sy > 0
then (a«—p3)So+BBA, BT < 0 and W is not positive definite. Similar calculations to
those above show that M < 0 and V' < 0 and that positive definiteness of T" depends

on the positive definiteness of A — Aj.

IV. The range a > f and 8 < 0 corresponds to case IV in Figure 5.6. For W to be
positive definite we require that A > Ay and

B

—

Sp > BA;'BT.

To determine whether V' is positive definite we note that if

So > 5€QBA513T >0
then B—a 2T BA; BTz
G > e 2 T e 2 Amin > 0
From (5.33) in Lemma 5.11 we have that
B0 e 2 LB S0 BY
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or that
V= (a—B)A;" + BA'BTS; ' BA; ! > 0.

Thus, V' > 0 when W > 0.

For M to be positive definite a similar argument to that used for Case I shows that

we require

—

(At —AH > BTS;'B

which, since Ag < (Ag' — A™')~! is satisfied whenever V > 0.

If T"> 0 then, as in Case I,
Ayt > Agt—ATH

which is always true. Thus P~'A is positive definite with respect to (-, )y when
a > [ with 8 < 0 if and only if A > Ay and Sy > %BAEIBT. O]

Regardless of whether A > Ay or Ay > A, Theorem 5.12 indicates that for many
choices of a and 3, W defines an inner product and W-PMINRES may be reliably
used to solve the symmetric saddle point system (4.2). Under additional assumptions
described in Theorem 5.12, W-PCG is robust.

We now demonstrate the effectiveness of the BP-SZ combination preconditioner for
Examples 4.2-4.5 in Section 4.4. To all preconditioned systems we apply W-PCG
and scale the incomplete Cholesky factorization of A by ¢ to ensure that A — Ay is
positive definite; this requires a lower bound on the smallest eigenvalue of A;'A. As
noted in Chapter 4, this approximation may be costly to compute. The values of o

are given in Table 5.1.

Table 5.5 shows that when W,,,, > 0 the convergence of combination preconditioned
W-PCG can be significantly faster than BP- or SZ-CG. Moreover, although only one
parameter choice for the combination preconditioner is listed, multiple choices gave
the same iteration count for most problems. The relative reduction in the number of
iterations, compared with the better preforming of the BP and SZ preconditioners,

was up to 33% and was 20.2% on average.

Even faster convergence was achieved for these problems when W,,,, was indefinite
(and did not define an inner product). In this case the percentage decrease was up
to 33% and was 26.7% on average. We note that the values of « and ( that lead to

this rapid convergence are near values for which (-, )y

, s an inner product (see
com

Table 5.5). However, we have no theory to explain the effectiveness of the BP-SZ

combination-CG method when (-, )y, , is not an inner product.

mb
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Weomb > 0 I Weomb # 0 |
Problem [ A [ BP-CG [ SZ-CG | Comb (o,B8) [ % BP/SZ || Comb (a,8) [ % BP/SZ |

2-3 28 33 21 (1.7,-1) 25 20 (1.8,-2) 29
Channel flow 24 43 - 35 (1.4,-0.2) 19 31 (2,-0.4) 28
25 77 - 77 (1,0) 0 63 (2,-0.1) 18
2=3 43 69 36 (1.9,-0.8) 16 31 (1.7,-1.3) 28
Backward step 24 71 - 59 (1.8,-0.2) 17 54 (1.7,-0.3) 24
2-5 125 - 125 (1,0) 0 111 (1.9,-0.1) 11
2-3 22 25 16 (2,-2) 27 16 (1.5,-2) 27
Regularized cavity | 274 41 - 30 (1.9,-0.5) 27 29 (2,-0.7) 29
275 74 - 54 (1.6,-0.1) 27 51 (1.3,-0.1) 31
2-3 21 23 14 (2,-2) 33 14 (1.6,-2) 33
Colliding flow 2—4 34 - 25 (1.9,-0.5) 26 23 (2,-0.6) 32
25 61 - 46 (1.6,-0.1) 25 43 (1.3,-0.1) 30

Table 5.5: Iteration counts for the BP preconditioner, the SZ preconditioner and the
best possible BP-SZ combination preconditioner for W-PCG, as well as the relative
reduction in the number of iterations required by BP-SZ combination-CG when com-
pared with the better performing of BP- and SZ-CG. The («, ) € [-2,2] x [-2,2]
pairs shown are those that give the lowest number of iterations. For the left half of
the table, we restrict («, 3) pairs to those for which W,,,, defines an inner product
with respect to which P! A is positive definite.

Convergence plots for the flow over a backward step and the regularized cavity, both
with h = 27%, are shown in Figure 5.7. The values of o and 3 used are given in
Table 5.5. Both curves for the combination preconditioner decrease similarly, and
rapidly, indicating that convergence is almost as rapid when (-,-)y_ . defines an

inner product. Additionally, we are guaranteed convergence when W, > 0.

We also tested the combination preconditioner on the same Stokes examples with
W-PMINRES. Scaling of Ay and Sy was found to be critical, as for the BP and SZ
preconditioners (see Table 4.6) and W-PCG tended to outperform W-PMINRES.
However, when scaled so that W, defined an inner product, BP-SZ combination-
MINRES could outperform BP-MINRES, SZ-MINRES and either of the block di-
agonal preconditioned MINRES methods (BDW and BDI). The BP-SZ combination
preconditioner was observed to be most effective for these examples, unsurprisingly,
when P!

com

problems, Corollary 3.15 appears to be descriptive.

»A had nicely distributed eigenvalues. This implies that, for these Stokes

In summary, we have shown that the BP-SZ combination preconditioner improves
on the good performance of its constituent preconditioners for Examples 4.2 to 4.5.

For a wide range of a and 3 values, (-, )y, . is an inner product and for a subset of

these P_L

com

gradient method can be reliably applied.

comb

»A is positive definite with respect to this inner product so that a conjugate
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Figure 5.7: Comparison of the BP-SZ combination preconditioner for (a) the flow over
a backward step (Example 4.3) with o = 1.8 and § = —0.2 (Comb I) and o = 1.7 and
B = —0.3 (Comb II) and (b) the regularized cavity flow (Example 4.4) with o = 1.9
and = —0.5 (Comb I) and a = 2 and = —0.7 (Comb II).

5.4 Conclusions

This chapter examined a new formulation of the BP-SZ combination preconditioner
and the novel BPT-BDW and BP-BDW combination preconditioners. For each, we
derived conditions for W,,,, to define an inner product and found that these are
satisfied for many choices of a and f3, i.e. for many specific combinations. Particularly
for PMINRES, we observed from numerical experimentation that the absence of an
inner product led to poor convergence, making conditions for positive definiteness

important.

Requirements for positive definiteness of the BP-BDW combination preconditioned
saddle point matrix and of the BP-SZ combination preconditioned matrix were given.
Significantly, we also showed that the BPT-BDW combination preconditioned saddle
point matrix can be made positive definite with respect to an inner product, despite
neither the BPT preconditioned saddle point matrix nor the BDW preconditioned
matrix being positive definite with respect to its inner product. This allows a W-
conjugate gradient method to be reliably used to solve the BPT-BDW combination
preconditioned system and, perhaps more importantly, it shows the potential for using
combination preconditioning to change the inertia of a saddle point matrix. There
may certainly be other combinations of preconditioners for which this is true and we
feel that for this reason the development of indefinite preconditioners for saddle point
problems, such as the SZ* preconditioner in Section 4.3, can be fruitful even when

one seeks a preconditioner for which P~!A is self-adjoint and positive definite with
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respect to an inner product. However, the difficulty lies, in general, in obtaining the

preconditioner and inner product from Lemma 5.1 or Theorem 5.3.

Problem [ » ] BDLMR | BP-CG*| BP-SZ*| BPT-BDW-CG | BPT-BDW-MR | BP-BDW*
23 38 28 21 27 27 27
Channel flow 24 55 43 35 43 43 43
2=57| 91 (93) 77 77 80 86 73
2=3 54 43 36 41 55 41
Backward step 2—4 83 71 59 70 69 65
2-5%| 147 (148) 125 125 118 116
23 28 22 16 22 21 21
Regularized cavity | 274 43 41 30 40 40 40
25 68 74 54 73 73 70
2=3 26 21 14 21 20 20
Colliding flow 24 36 34 25 35 34 34
25 65 61 46 58 56 54

* Ag is scaled for positive definiteness of A — Ay with scaling factors given in Table 5.1.

T For positive definiteness of the BPT-BDW combination preconditioned saddle point matrix with respect to its
inner product it was necessary to scale Ag by 0.9. Thus, the iteration count for BDI in parentheses, and the
iteration count for BP+—BDW—CG, are obtained with Ag = O.QLLT, where L is the incomplete Cholesky factor
computed by ichol in Matlab.

 For positive definiteness of the BP1T-BDW combination preconditioned saddle point matrix with respect to its
inner product it was necessary to scale Ag by 0.7. Thus, iteration count for BDI in parentheses, and the iteration

count for BP+7BDW7CG, are obtained with Ag = O.7LLT7 where L is the incomplete Cholesky factor computed
by ichol in Matlab.

Table 5.6: Comparison of combination preconditioners for the Stokes
problems.

Our computational results confirm that for the Stokes problems examined each com-
bination preconditioner can be more effective than either of the constituent precondi-
tioners, often significantly so. Overall, Table 5.6 shows that the BP-SZ combination
preconditioner performs best. However, both the BP-SZ and BP-BDW combination
preconditioners require that A — Ay be scaled (as do the individual BP and SZ pre-
conditioners) which we found to be costly for the Stokes problems with fine grids.
We observed from our numerical experiments that for the BPT-BDW preconditioner
scaling of Ay was not required for the reliable application of W-PMINRES, and in
many cases for W-PCG. Additionally, both BPT-BDW combination-MINRES and
BPT-BDW combination-MINRES outperformed, by a considerable margin, the best
method for the Stokes problems for which scaling is not required: block diagonal
preconditioned MINRES in the Euclidean inner product. This indicates that when
scaling A — Ay is costly, the BPT-BDW combination preconditioner provides an at-

tractive alternative.

The faster performance of W-PCG observed for each combination preconditioner
when W,,ms Was not positive definite remains unexplained. The same behaviour has
been previously observed [34, 135] and analysed [115], although the analysis appears

difficult to generalize to our preconditioners.



Chapter 6

Preconditioners for nonsymmetric
matrices

As discussed in the introduction, a lack of understanding of the factors that deter-
mine GMRES convergence for general nonsymmetric (nonnormal) matrices makes it
difficult to deduce mathematical criteria for effective preconditioners. If the precon-
ditioned coefficient matrix is close to normal and has nicely distributed eigenvalues,
either the standard eigenvalue bound (3.27) or standard pseudospectral bound (3.28)
imply that convergence will be rapid [62]. However, it is difficult to know exactly
which characteristics of a preconditioner improve the normality of the preconditioned
coefficient matrix. In the absence of mathematical criteria, preconditioners are gen-

erally chosen heuristically.

Broadly speaking, these preconditioners are either designed to be widely applicable
or are constructed for a particular type of problem!. General purpose precondition-
ers typically approximate either the coefficient matrix or its inverse, one of the most
common types being incomplete factorization preconditioners, introduced in [99]. An-
other is the set of sparse approximate inverse preconditioners. The original sparse

approximate inverse preconditioners [14] solve or approximate
in ||/ — BP
min | I

where L is a set of sparse matrices and || - || is the Frobenius norm, although factored
sparse approximate inverse preconditioners have since been proposed. For a survey

of these general purpose preconditioners see [15].

!There is, inevitably, some overlap. For example, it may be possible to optimize a general purpose
preconditioner by considering a characteristic particular to the coefficient matrix of interest [15].

129
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Applicable to partial differential equations are a number of additional preconditioners.
Algebraic [21, 116, 117] and geometric multigrid methods (see [68] for an early refer-
ence) and domain decomposition methods (see [142] for an overview) were originally
developed as stand-alone techniques for solving linear systems. However, they can
be powerful preconditioners. More specialized preconditioners also exist, such as the
diffusion synthetic acceleration preconditioner for the transport equation [4, 86, 96]
and the least-squares commutator and pressure convection-diffusion preconditioners
for Newton or Picard iteration for the Navier-Stokes equations [43, Chapter 8]. A
preconditioner for the Euler equations that takes into account the eigenvectors of the
coefficient matrix and thus the symmetric bilinear form with respect to which B is self-
adjoint, is given by Darmofal [30]. For Toeplitz matrices (2.18) (that are not necessar-

ily related to PDESs) circulant preconditioners have proved popular [29, 136, 140, 143].

Often these heuristically chosen preconditioners are effective. However, it can be dif-
ficult to determine reasons for this and the characteristics common to good precondi-
tioners. This chapter appraises some known preconditioners in view of self-adjointness
and normality with respect to nonstandard symmetric bilinear forms. In Section 6.1
we examine the relationship between the eigenvectors of the preconditioner P and
those of the coefficient matrix B and discuss how this relates to the symmetric bilin-
ear forms with respect to which P and B are self-adjoint. Although eigenvectors are
a useful analytical tool, their accurate computation can be extremely difficult. Pseu-
dospectra, in contrast, are far less sensitive to perturbations [145, Theorem 52.4].
Accordingly, in Section 6.1 we also relate the nearness of eigenvectors to similarities
between the pseudospectra of P and B. Section 6.2 investigates preconditioners that
are self-adjoint with respect to the same symmetric bilinear form as the coefficient
matrix. The case that the preconditioner is self-adjoint with respect to a symmetric
bilinear form that is nearby to a symmetric bilinear form with respect to which B is
self-adjoint is addressed in Section 6.3. A summary of the chapter can be found in
Section 6.4.

Unless stated otherwise, matrices are assumed to be diagonalizable. Throughout, a
diagonalizable matrix B will have a matrix of eigenvectors Z while a matrix of eigen-
vectors of a diagonalizable preconditioner P will be denoted by Z. All pseudospectral
plots are computed by Tom Wright’s EigTool package [154] for Matlab. I-MR resid-
uals are measured in the I-norm, while for any nonstandard inner product (-, -),s the

residuals of the corresponding M-MR method are measured in the M-norm.
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6.1 Nearby eigenvectors

In this section preconditioners with eigenvectors that are close to those of the coeffi-
cient matrix are considered. Relationships between the nearness of these eigenvectors
and the nearness of the symmetric bilinear forms with respect to which B and P are
self-adjoint—the focus of Sections 6.2 and 6.3—are discussed. We also see that the

nearness of the eigenvectors of B and P is reflected in their pseudospectra.

Let us begin by examining the effect of nearby eigenvectors on P™'B. If P = ZApZ~!
and B = ZAgZ~! then
Z'BZ=Ap+C, (6.1)

where we would expect C' to be small when Z is close to an eigenvector matrix of B.
It follows that

Z'PT'BZ = (Z7'PZ)(27'BZ) = AR (A + O) (6.2)

so that
P'B=ZA ) AgZ " + ZACZ 7 (6.3)

If C' were a small perturbation we would expect the first term to dominate. Under
the additional assumption that Ap is a good approximation of Az, Ax'Ap is close to
the identity, as is P~'B. Moreover, the preconditioned coefficient matrix is nearly

normal.

We now study the symmetric bilinear forms with respect to which the preconditioner
and coefficient matrix are self-adjoint. If B and P have the same eigenvectors, the
former is self-adjoint with respect to the symmetric bilinear form defined by W =
Z7*YZ~! and the latter with respect to the symmetric bilinear form defined by
W = Z7*YZ~1. These symmetric bilinear forms are equal when Y = ), i.e., when

the number of real eigenvalues of P matches that of B.

If the difference in the cardinality of real eigenvalues of B and P is small and the
eigenvectors of P and B are close, then we might expect that P and B will be self-

adjoint with respect to nearby symmetric bilinear forms. In particular,
W-W=27Yz -z yzl=2" (Z*Z**YZ*127 — y) z1
so that, if Z7'Z = I + F, then

ZW - W)Z=I+F)Y(I+F)-. (6.4)
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If F is small we would expect (I + F)*Y (I + F) ~ Y. The difference between Y
and ) is related to how well P captures the number of real and complex conjugate
eigenvalues of B. When this is well approximated by P, we would expect W — W to
be small. In other words, when P approximates the eigenvalues and eigenvectors of
B well, P and B are self-adjoint with respect to nearby symmetric bilinear forms. It

is more difficult to make concrete statements about /' when W — W is small.

To summarize, when B and P have nearby eigenvectors the symmetric bilinear forms
with respect to which each is self-adjoint are nearby, in the sense that the difference
between the matrices defining these symmetric bilinear forms is small. When P and
B have nearby eigenvectors and P approximates well the eigenvalues of B, P~'B is
close to normal. The difficulty lies, in general, in computing the eigenvector matrix
of P that is closest to a given eigenvector matrix of B, since the number of possible
orderings of columns increases combinatorially with the dimension of B. Although
normalizing each eigenvector removes the possibility that eigenvectors may be scaled

differently, the sign of the eigenvector must also be chosen.

6.1.1 Pseudospectra of P and B

Often the coefficient matrix and preconditioner exhibit pseudospectra that are re-
markably similar. Some examples are given in Figures 6.5, 6.7, 6.10 and 6.13. We use
the notion of nearby eigenvectors and nonstandard norms to provide some explanation

of this phenomenon.

The following theorem describes a condition for the pseudospectra of P and B to be

identical.

Theorem 6.1. The matrices P € R™™ and B € R™" have identical [-norm
pseudospectra if P and B have diagonalizations P = ZOZ™! and B = ZOZ71,
0,7, Z € C", where Z*7Z = Z*Z. Under these conditions, P and B have the same

singular values.

Proof. From Definition A.4 in Appendix A.3 the I-norm e-pseudospectra of B is
A(B)={z|z € A(B+ E), || E||; < €},

where A(B + E) is the spectrum of B + E. Now,

AB+E)=AZOZ'+E)=A0+Z'EZ) = A0+ G),
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where E = ZGZ~'. Tt follows that ||E|; = || ZGZ7|; = |G|z, where

77 =2Z"Z2=T (6.5)
and we have used (2.2) to relate the I-norm to the T-norm.
Thus, A(B) = {z|z € A(© + G), |G|l < €}.

The e-pseudospectra of P is analogously defined as
Ad(P) = {z[z € AP+ E), | Ell; < €}

which, by employing the same arguments as were used for B and (6.5), gives that
Ac(P) = {z[z € A(© + G), [|Gllr < €}.

Comparison with the pseudospectra of B confirms that A (B) = A(P).

To show that P and B have identical singular values, we recall that the singular

values of B are the square roots of the eigenvalues of B*B. Since
B*B=770'2"20Z""'=Z"0'TOZ!

which is similar to Z7!Z7*©*T© = T-'0*T'O, the singular values of B are the square
roots of the eigenvalues of T-1©*T'©. The same process applied to P shows that its
singular values are also the square roots of the eigenvalues of 7-1©*T'9. Thus, the

singular values of P and B are the same. O

Remark 6.2. More generally, the pseudospectra of P = Z0Z~ ! and B = Z071,
with respect to the X-norm, are identical when Z*XZ = Z*X 7. The X-singular

values (see Definition 2.13) of P and B are the same in this case.

Remark 6.3. Under the conditions of Theorem 6.1, ||px(B)|l; = ||px(P)||; for any
polynomial p; € II;. This is proved similarly to the equality of the pseudospectra:

lpe(B)lr = 1Zp1(©)Z7 |1 = llpe(©) I = | 2p:(©) 27 |1 = [lpw(P)|I1-
In particular, P and B have the same ideal GMRES polynomials (see page 51).

Remark 6.4. The condition that Z*Z = Z*Z in Theorem 6.1 above is sufficient for
the pseudospectra of B and P to be identical but is not necessary. Merely scaling
the eigenvectors of B shows this. Specifically, if B = Z0Z~! and P = ZOZ~! with
Z =aZ fora € R, a # 0,1 then, since P = (a«Z)O(aZ)™! = B the pseudospectra
of P and B are the same. However, ZTZ = o?ZT7Z # ZTZ. It would be interesting

to ascertain sufficient conditions for the pseudospectra of P and B to be identical.
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KI(B) ﬁI(Pnearby) KI(Z) KI(Znearby) ”T - Zg;lolzchol ||I HT - ZT qurt”]

sqrt

9.2 x 10° 8.3 x 10° 303 267 6.1 x 1014 2.7 x 10712

Table 6.1: Problem data for the preconditioners with identical or nearby pseudospec-
tra.

Remark 6.5. A related result to Theorem 6.1 is given in Theorem 1 in [3] where it is
shown that under the more restrictive assumption that P and B have super-identical

pseudospectra? they are similar.

Theorem 6.1 shows that if P exactly captures the eigenvalues of B and has eigen-
vectors that are not necessarily identical to P but for which Z2*Z = Z*Z, the pseu-
dospectra will reflect this structure. This does not necessarily mean convergence of
GMRES for P~ B will be fast; it is entirely possible that the eigenvectors are nothing
like those of B in which case convergence might be poor. We illustrate this with a

small example.

We solve Bz = b, where B = ZAZ~! € R1%9x190 and Z, b and the diagonal entries of A
have random normal entries. We denote by T the matrix Z~7Z~!. The spectrum and
pseudospectra of B are shown in Figure 6.1. The eigenvalues are represented by black
dots (on the real line), while the contours represent the boundaries of e-pseudospectra
for different ¢ in [1073° 107!]. To this linear system we apply two preconditioners
that have the same spectra and pseudospectra as B: P and Psg¢. The eigenvectors
of P = ZcholAZC_hil are given by the Cholesky decomposition T' = Z%,  Z ;,, which
is computed by the standard Matlab function. The matrix square root computed in
the Matrix Function Toolbox [72], which is based on the real Schur form algorithm in
[73, Algorithm 6.7], is used to obtain the eigenvectors of Pyy¢ = Z.qAZ, .. Thus,

sqrt*

T=2"2=Z% 1 Zenot = ZL . Zegrt (6.6)

sqrt

and B, P and Py have identical pseudospectra by Theorem 6.1.

From Theorem 6.1 we know that e, Psge and B have the same singular values
and, therefore, the same condition number. It is also clear from (6.6) that Z, Z,,.
and Z.,, have the same condition number. These are given in Table 6.1, as are the
backward errors for Z.;, and Zgg¢. A third preconditioner, Peqrby = ZneaTbyAZT;lwby

is also constructed that has the same eigenvalues as B and eigenvectors that are

2The pseudospectra of P,B € C™*" are super-identical if the singular values of zI — P equal
those of zI — B for every z € C [19]. This is a more restrictive condition than that the I-norm
pseudospectra of P and B are equal for which only equality, for all z € C, of the smallest singular
value of zI — B and zI — P is required.
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nearby, but not identical, to those of B. Specifically, Z,cqrty = Z+0.01randn(100),
where randn represents the Matlab function of the same name. The pseudospectra
of Pearby are similar to those of B, as also shown in Figure 6.1. Again, the black
dots denote the eigenvalues of Pcqrpy (that are the same as those of B), while the
contours represent the boundaries of e-pseudospectra for € € [1073°,1071]. However,
since the pseudospectral curves are slightly closer to the eigenvalues than those of
B, P is slightly closer to normal. (Lemma A.8 states that the e-pseudospectrum of
an I-normal matrix consists of open e-balls around the eigenvalues of the matrix).
The condition number Z,cq4y, given in Table 6.1, reflects this, since it is smaller
than that of Z. The relative preconditioned residuals in Figure 6.1 show that neither
preconditioner with identical pseudospectra to that of B is effective but that the

preconditioner with nearby eigenvectors accelerates convergence significantly.

Remark 6.3 shows that B, P, and P, have the same ideal GMRES polynomials.
From the discussion on page 51, the ideal GMRES polynomial provides an upper
bound on worst-case GMRES behaviour, which can be sharp. We might expect,
therefore, that convergence of GMRES applied to Bx = b, Pepoze = b and Psgrxs = b,
for the same b € R™, is similar. Figure 6.1 (d) shows that this is true, at least for the
random right-hand side vector used in Figure 6.1 (c). Convergence for Ppcqrpy®n = b is
also very similar to that for Bx = b. This example shows that preconditioners P that
satisfy the conditions of Theorem 6.1 have the same pseudospectra as B and often
exhibit similar GMRES convergence curves but may not be good preconditioners. The
preconditioner that approximates the eigenvectors of B in this example is effective,
although we note that for this example, although P and B are somewhat nonnormal
(since the boundaries of the e-pseudospectra in Figure 6.1 are further than a distance

e from the eigenvalues), both Z and Z,,cq, are well-conditioned.

In practice, we might identify a preconditioner P that has eigenvectors that are alike
but not identical to those of B, such as Py in the example above, and whose
eigenvalues approximate those of B. The next theorem shows that we can still expect
that the pseudospectra of B and P will be nearby if the eigenvalues and eigenvectors

are captured well enough.

Theorem 6.6. Let P € R™" and B € R™" have diagonalizations P = ZOpZ~!
and B = ZOpZ™1, Op,0p, Z,7Z € Cv". Additionally, let T = Z*Z and T = Z*Z.
Then the e-pseudospectra of P and B are given by

A(B) = {2z € A(Op + G), |G|+ < &} (6.7)
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Figure 6.1: The pseudospectra of (a) B (and P and Psg) and (b) Prearpy as well
as (c) the relative preconditioned residuals for GMRES applied to the preconditioned
systems and (d) the relative residuals for GMRES (without preconditioning) applied
to each of B, Pupor, Psgre and Peqrsy- On each pseudospectral plot the black dots
represent the eigenvalues of the matrix, while each contour shows the boundary of an
e-pseudospectrum for selected € in [10735,1071].
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and

A(P) = 2]z € A(Op + Q). ||G]lF < €, (6.8)

where
1

K,[(szl)

and kr(-) is the I-norm condition number.

1G]l < Gl < ke(ZZ7H)|Gllr

Proof. As in Theorem 6.1, the I-norm e-pseudospectrum of B is given by

AdB) = {2]z € A(O + G), |G|+ < €}

Meanwhile, the e-pseudospectra of P is the set
A(P)={z|z€e A(P+ E),||E||; <€}
The spectrum of P + FE is
AP+ E)=AOp+ K),
where K = Z7'EZ. Taking norms gives that ||E||; = | ZKZ7!|; = || K|+ and so
A(P) = {zlz € A©p + F), |Gy < e},

where we have written G instead of K to aid comparison of the pseudospectra of B
and P.

To relate |G||r and |G||7, we use (2.2) to show that
IGlr=112GZ7 1 =227 2G27 227 | < 1227122 11G 7

which is the upper bound. The lower bound follows from swapping the roles of Z
and Z (and, consequently, of 7 and T). H

Remark 6.7. If the eigenvectors of P and B are nearby, so that the condition number
of ZZ71 is close to 1, then ||G|7 ~ ||G||7 and there will be a large overlap in the set
of perturbation matrices in (6.7) and in (6.8). If, additionally, the eigenvalues of P
are good approximations of those of B we would expect the pseudospectra of P and
B to be nearby. Theorem 6.6 shows that the pseudospectra highlight more than the

spectrum alone.
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6.2 Preconditioners with the same symmetric bi-
linear form

Preconditioners P that are self-adjoint with respect to the same symmetric bilinear
form as the coefficient matrix B are the focus of this section. A sufficient condition
for this is that P and B have the same eigenvectors and the same eigenvalue structure
(so that Y =)), as discussed in Section 6.1.

Since P is self-adjoint with respect to the same symmetric bilinear form (see Lemma
2.18), under the assumption that B and P are both W-self-adjoint, WP and P~'B

satisfy the self-adjointness relation (2.13), i.e.,
(WP)(P'B)=WB=B"W =B"PTP"W = (P 'B)"(WP). (6.9)

This shows that P~!B is W P-self-adjoint. If P~'B is additionally diagonalizable,
there exists a diagonalization P~!B = SAS~! such that WP = S~*YS~!, WP ¢
R"" (see Corollary 2.28) and B is M-normal, where M = S™*S~! M € R™"
(see Lemma 2.29 and Corollary 2.28). Note that it is possible to avoid complex
arithmetic by using the real Jordan form instead (see Theorem 2.20) but we find it
more convenient to use the complex diagonalization (which is easily computed by
Matlab) than the real Jordan form. By Corollary 3.15, the preconditioned M-MR

residuals, P~1rM | satisfy that

IP7rd e o s e ()] (6.10)
|P=ro||p — pelly, p(0)=1 XeA(P~1B)

and that

1P~ 7l ar < Le min  max |p(2)]
[P~Trol[pr — 2me pelly p(0)=1 zeT © 0

where T'; encloses A(P71B) + A, the set /\, is described in Appendix A.3, and L.

is the arc length of I'.. Thus, since P~'B is M-normal its eigenvalues largely dictate

the convergence of M-MR methods, at least when measured by the M-norm.

Applying M-MR involves inner products with M, which may be costly to compute
even if this matrix is known. However, the analysis of Section 3.2.4 allows us to relate
the convergence of any M-MR method to that of any I-MR method. In particular,
Corollary 3.20 gives that

HPilTIgHI Omaut(Sil) .
min ma A
HP_lT’oH[ - O'min(s_lkaJrl) p€lly,p(0)=1 AEA(PEB) |p< )|
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and

1270l o omee(ST) Le (o)
P10/l = Omin(S™1Viq1) 2me peliyp(0)=1 z€L. 7

where the columns of V;, form an I-orthonormal basis of Ky (P~ B, P~'ry).When

Omax (Sil>
Umin(s_lvk+1)

is small compared with £;(.S), this may give a more accurate picture of convergence
than the standard eigenvalue bound (3.27).

If we instead apply a W-self-adjoint matrix P as a right preconditioner then, by
Lemma 2.18, B! and P~! are also W-self-adjoint and

(WBYBP™ = WP = pTW = PTBTBTW = (BP )T (WB™)

so that BP~! is W B~ !-self-adjoint®. We find that P~'B = LAL™!, where WB~! =
LY L™! for some Y of the form described in Theorem 2.27. Additionally, P~'B
is X-normal, where X = L™*L~! and so, similarly to the left preconditioned case,
Corollary 3.16 implies that relative residuals of any minimum residual method in
(-, -)x satisfy that

A

X
IF0 - i e )
7ol x p€lly, p(0)=1 AeA(BP~1)

and | XH .
T 11X . _
< min  max 2)|,
lrollx — 2me pelly,p(0)=1 €l Ipk(2)]
where T'. encloses A(BP™') + A, = A(P7'B) + /A, and L, is the arc length of T..

Again, as a result of the X-normality of P~!B, eigenvalues influence the convergence

of this X-MR method and a good preconditioner will improve the eigenvalues of B.
As for left preconditioning, convergence bounds for I-MR methods are obtained by

utilizing the relationships in Section 3.2.4.

A symmetric bilinear form with respect to which a persymmetric matrix (see page
19) is self-adjoint is defined by the reverse identity matrix (2.19). We now examine
three preconditioned linear systems for which P and B are both persymmetric, or
constructed from persymmetric matrices, and so are self-adjoint with respect to the

same symmetric bilinear forms.

3Clearly, one would not form WB~! but these results could be related to I-MR through the
relationships in Section 3.2.4.
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6.2.1 Toeplitz matrices

As noted at the start of Section 2.2, a Toeplitz matrix

bO b—l b—2 b—n—H-
by by b_;
B bo by
: by by
: by by b
_bn—l b2 bl bO _

is self-adjoint with respect to the symmetric bilinear form (-, -)- defined by the reverse

identity matrix

Y =

1

A particular Toeplitz matrix is the circulant matrix

Co Cp-1 Ca C1
C1 Co Cp-1 Ca
C = C1 Co
Cn—2 Cn—1
| Cn—1  Cn—2 C1 Co |

which is (/-)normal, with unitary eigenvectors that are related to the Fourier matrix

_2(j=1)(k=1)xi

F=(fu) with fr=e"» , for jk=1,...,n.

Specifically, if U = \/LEF , a diagonalization of C' is

C = U"diag(Fc)U, (6.11)

where ¢ is the first column of C.

Although Toeplitz matrices can be highly nonnormal [145, Chapter 7] they are often
effectively preconditioned by circulant matrices [26, 27, 28, 29, 106, 123, 136, 137, 140,
143]. Part of the appeal of circulants is that, because of their relation to the Fourier
matrix, linear systems with C' can be solved in O(nlogn) operations by utilizing
the fast Fourier transform [136, 29]. The original circulant preconditioner P for B,

proposed by Strang [136], has as its first column

Pl {bk, 0<k<[3).

bk, 5] <k<n.
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Different circulant preconditioners have since been suggested, some of which minimize

a function of the Frobenius norm over the set of circulant matrices [29, 140].

We now appraise the effectiveness of the Strang preconditioner for a highly nonnormal

Toeplitz matrix.

Example 6.1. The linear system we consider involves the Grear matrix of dimension
100,

1 1 1
-1 1 1 1
B = ,
1
-1 1

and a random right-hand side. Although B, the Strang preconditioner P and P~'B
are well-conditioned, the eigenvector matrices of B and P~ B are not, as can be seen
from Table 6.2.

To the unpreconditioned linear system Bz = b, where B has diagonalization B =
ZANZ71, we sought to apply M-MR, where M = Z~*Z~'. However, the matrix of
eigenvectors Z was too ill-conditioned for computations with M to be feasible. To
P~ 'Bx = P~'b we applied M-MR with M = S~*S~! as in (6.10), where the inner
product (-,-) is related to the symmetric bilinear form (-, )y p. To simplify the
computations, we chose S = Z to be the matrix of eigenvectors of P computed by

Matlab’s eig function. Thus,
WP=S8"*Yys! (6.12)

for some Y of the form prescribed in (2.21). (Some of the signs ¢;, i = 1,...,j may
be -1, since S is prescribed.) Since S and Y are known, a diagonalization of P that

would lead to this factorization can be determined if desired.

From Figure 6.2 it is clear that the unpreconditioned system converges slowly but that
the preconditioner is very effective. Both M-MR and I-MR for the preconditioned
system converge similarly, as might be expected from Theorem 3.23, given that M has
I-norm condition number 1.9. However, the convergence of I-MR is faster than that
predicted from the standard eigenvalue GMRES bound (3.27) since the eigenvectors
of P71B are so poorly conditioned (see Table 6.2). We note that if we were to use
the Fourier matrix U (c.f. (6.11)) rather than the eigenvectors determined by Matlab
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/{[(B) K,[(P) H[(PilB) K[(ZB) I{](Zp) H](prlB)
Grcar 3.59 3.60 2.69 5.1 x 1017 1.4 1.2 x 108

Table 6.2: Condition numbers of B, P and P~!B, and of their eigenvectors, for the
Grear matrix in Example 6.1.
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Figure 6.2: Relative preconditioned residuals for (a) /-MR and (b) M-MR conver-
gence of the preconditioned linear system for the Grecar matrix in Example 6.1.

to compute M we would have that M = U*U~! = I, i.e. M-MR and I-MR would
be identical methods. In this case the bound (3.59) in Theorem 2.20 would be much

more descriptive of I-MR convergence than the standard eigenvalue bound (3.27)!

Much is known about the pseudospectra of Toeplitz and circulant matrices, both of
which are related to the symbol of the matrix (see [145, Chapter 7]). Pseudospectral
plots of B, P and P~!'B are shown in Figure 6.3. Since each e-pseudospectral curve
of B is much further than a distance € away from its eigenvalues (see Figure 6.3),
this matrix is nonnormal. (Recall from Lemma A.8 that the e-pseudospectrum of
a normal matrix comprises e-balls around the eigenvalues.) Although P is normal
its eigenvalues, shown in Figure 6.3, follow the profile of the pseudospectra* of B:;
the circulant preconditioner captures information about B that is different from the
eigenvalues. Additionally, the preconditioned coefficient matrix appears to have few
distinct eigenvalues and is much closer to normal than B, since its e-pseudospectra
in Figure 6.3 are almost open e-balls around the eigenvalues. This normality and
clustering of eigenvalues explains the fast GMRES convergence for the preconditioned

system.

4The eigenvalues of P are completely described by Theorem 7.1 in [145].
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Figure 6.3: Pseudospectra of (a) B, (b) P and (¢) P7'B for the Grecar matrix in
Example 6.1. On each pseudospectral plot the black dots represent the eigenvalues
of the matrix. Each contour shows the boundary of an e-pseudospectrum for selected
€ in [1077,107!] for P and B and for selected € in [1073,1075] for P~'B.
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6.2.2 Kronecker products of Toeplitz matrices

Certain finite difference approximations of, for example, convection-diffusion equa-
tions in two (or more) dimensions can be represented in terms of Kronecker products

of Toeplitz matrices. We consider an approximation of the form
B=1,®B,+B,®I,,,

where B, and B, are Toeplitz matrices of dimensions n, and n,, respectively. The

matrix B can be effectively preconditioned by a semi-circulant preconditioner,
pP=1I,,®C,+B,®I,,

where C,, is a circulant approximation of B, [69]. As in the previous example, the

fast Fourier transform makes P cheap to apply.

At the start of Section 2.2, and again in Section 6.2.1, we stated that Toeplitz (and
circulant) matrices are self-adjoint with respect to symmetric bilinear forms defined
by reverse identity matrices (2.19). Thus, B, and C, are Ynx—self—adjoint and B, is
}A/'ny—self—adjoint, where Ynz and Yny are reverse identity matrices of dimension n, and
ny, respectively. It is natural to ask whether B and P are each self-adjoint with
respect to (-, )y, where
W =Y, &Y.

By using the Kronecker product properties in Appendix A.2, similarly to that for the
example on page 85, it is straightforward to show that W B = BTW which means
that B is self-adjoint with respect to (-,-)w (c.f. (2.13)). The preconditioner P has
the same structure as B and so is also (-, -)y-self-adjoint. Thus, P and B are self-
adjoint with respect to the same symmetric bilinear form. We now examine whether,

in addition, the preconditioner is effective.

Example 6.2. The equation we consider is a two-dimensional convection-diffusion
equation

—eVu+w-Vu=fin Q= (0,1) x (0,1), u=gon (6.13)

with w = (0,1)” and boundary conditions

g(ﬂ?,O):iL‘, g(O,y):—l, g(lvy)zlv g($,1>20

Following [69] we let n, and n, be the number of grid points used in the discretization
in the z and y directions, respectively, so that x, = kh,, K =1,...,n, and y; = jh,,

j=1,...n,, where
1

ny+1

1
h, = and h, =
ng + 1
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The second-order centered finite difference® approximation of (6.13) leads to equations

of the form

B e B e i W RTINS S L B L B
h? h?
T Y

UL — Uk j—
k,]+1 k‘,] 1 — g(l’k, y]), (614)
2h,

where k = 1,...,n,,7 = 1,...,n,. These are related to the one-dimensional finite
difference approximation in Section (2.3), where an upwind finite difference approxi-

mation was used to discretize a one-dimensional convection-diffusion equation. Let

T
u:[uu, UJ271, cey unz,l, U,l,g, ceey unz,ny] s
2¢ |
ax:O7 Ay = 7—, Bi:_zal:xay
hy hz
and
26; a; — B

BZ: (] ﬁl ,

- a; — B

—o; — f3; 23;

for i = z,y. Then u is the solution of Bx = b, where B = I,,, ® B, + B, ® I,,, and

brj = 29(xk,y;), k=1,....ng, j=1,...,ny.
We choose n, = 7, n, = 28, and € = 0.0325, for which the mesh Peclet number is
wyh
— = 1.06.

The semi-circulant preconditioner proposed by Hemmingsson [69] is P = I,,, ® C, +
B, ® I,,, where

200 =P —b

Cx — _ﬁl
: o —h
—b1 —B1 20

Both M-MR and I-MR were used to solve this problem. To the unpreconditioned
problem Bx = b, where B has diagonalization B = ZAZ~!, we apply M-MR with
M = Z7*Z7! and Z computed by eig in Matlab. To the preconditioned system
P~'Bx = P7'b we apply M-MR with M = S=*S~! where, as discussed for Toeplitz

5A centered finite difference approximation may be safely used because the mesh Peclet number
is less than two (see [69]).
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Figure 6.4: Relative preconditioned residuals for the finite-difference discretization of
the convection-diffusion problem, preconditioned by a semi-circulant preconditioner
in Example 6.2 when convergence is measured in the (a) I-norm and (b) M-norm.

matrices in Section 6.2.1, S is the matrix of eigenvectors of P computed by Matlab’s

eig function.

The relative residuals are shown in Figure 6.4. Although there is some disparity
between M- and [-norm convergence for the original problems, the preconditioned
systems converge at a similar (and rapid) rate. The semi-circulant preconditioner is
clearly effective for this problem. However, the upper bound in Theorem 3.23, that
relates M-MR and I-MR convergence, is unduly pessimistic since, for the precondi-
tioned system r7(M) = 5.6 x 10'°. The standard I-MR eigenvalue bound (3.27) is
also poor as a result of the ill-conditioning of the eigenvectors of P~'B (see Table
6.3).

The pseudospectra of P and B in Figure 6.5 show that both matrices are nonnormal.
However, their pseudospectra are very similar, perhaps indicating that the eigenvec-
tors and eigenvalues of P are nearby to those of B, as discussed in Theorem 6.6. The
pseudospectra of P~1B in Figure 6.5 indicates that the preconditioned coefficient ma-
trix is much closer to normal than the original and that the eigenvalues of P~!B are
very clustered. (Lemma A.8 states that, for any e, the e-pseudospectra of a normal
matrix is comprised of open e-balls centred at the eigenvalues of the matrix). This is

in line with the fast convergence we observe from Figure 6.4.
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k1(B)

k1 (P)

HI(P_IB)

k1(ZB)

k1(Zp)

k1(Zp-1p)

62.0

70.2

2.6

9.0 x 10°

7.5 x 107

1.5 x 107

Table 6.3: Condition numbers of B, P and P~1B, and of their eigenvectors, for the
finite-difference discretization of the convection-diffusion problem preconditioned by
a semi-circulant preconditioner in Example 6.2.
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Figure 6.5: Pseudospectra of (a) B, (b) P and (¢) P~!'B for the finite-difference
discretization of the convection-diffusion problem, preconditioned by a semi-circulant
preconditioner in Example 6.2. On each pseudospectral plot the black dots rep-
resent the eigenvalues of the matrix. Each contour shows the boundary of an e-
pseudospectrum for selected e in [1077,107!] for P and B and for selected ¢ in

[1077,107?] for P~'B.
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w1(B) | ki(P) [ xi(P~'B) [ s1(Zp) | ki1(Zp) | w1(Zp-1p)
89.1 89.1 1.2 1.7 x 10% | 1.6 x 108 | 4.5 x 1010

Table 6.4: Condition numbers of B, P and P~'B, and of the eigenvectors of P, B
and P~!B, for the SUPG matrix and finite difference preconditioner in Example 6.3.

6.2.3 A persymmetric finite element discretization

We examine in Example 6.3 below a streamline upwind Petrov-Galerkin (SUPG) finite
element discretization of another convection-diffusion operator that is persymmetric
but not Toeplitz. The geometric multigrid (GMG) preconditioner of Ramage [111]
has been shown to be effective for SUPG convection-diffusion problems for which the
viscosity is not too small. For the problem we consider in Example 6.3 below, the
preconditioner is also persymmetric, and so P and B are self-adjoint with respect to

the same symmetric bilinear form, defined by the reverse identity matrix (2.19).

Example 6.3. The test problem we consider is the third example in [43, Chapter 3].

The differential equation satisfies

1
——V*u+w-Vu=fin Q= (-1,1) x (—=1,1), u =g on O

200
with a wind w = (—sin %, cos %)T at a 30° angle to the left of vertical and boundary
conditions
u(z,—1) =1, 0<z<1
u(l,y) =1, -1<y<1
u(z,y) =0, elsewhere on 0f.

The convection-diffusion equation is discretized using Ifiss 3.1 [125] with the default
settings of Q1 finite elements on a 16 x 16 grid, and SUPG with the default stabi-
lization parameter (defined in [43, Equation 3.44]). The one-dimensional mesh Peclet
numbers in the z- and y-directions, that were used in Section 6.2.2, are w,h, /e = 12.5
and wyh, /e = 21.7. The element mesh Peclet number® [43, page 132] is 14.4. Before
boundary conditions are enforced—by a process described for the Poisson equation
in [43, Section 1.4.3]—the SUPG matrix is Toeplitz. Afterwards, it is merely per-
symmetric. The multigrid preconditioner is also computed by Ifiss with the default
settings of line Gauss-Seidel smoothing in 2 directions with 1 pre-smoothing step and

1 post-smoothing step.

6The element mesh Peclet number is ||w|/h/(2¢) where, if § = arctan(|w,/w,|) at the centroid,
h = min{h,/ cos @, h,/sinb}.
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Figure 6.6: Relative preconditioned residuals for I-MR (left column) and M-MR
convergence for the SUPG matrix and multigrid preconditioner in Example 6.3.

As in the previous examples, we apply both M-MR and I-MR. If B has diagonal-
ization B = ZAZ~! we use M-MR, with M = Z7*Z~! and Z computed by eig in
Matlab, on the unpreconditioned problem Bz = b. To the preconditioned system
P~'Bx = P~'b we again use M-MR with M = S~*S~! where we choose S = Z to
be the matrix of eigenvectors of P computed by Matlab’s eig function, as discussed

in Section 6.2.1 for Toeplitz matrices.

The first observation we make is that preconditioning makes the condition number
of the eigenvectors worse, as is clear from Table 6.4. Although the preconditioner
is effective, as is evident from Figure 6.6, the standard eigenvalue I-GMRES bound
(3.27) is incapable of predicting the fast convergence. Theorem 3.23, which relates
I-MR and M-MR convergence is also poor since, for the preconditioned system,
kr(M) = 1.7 x 10°.

Figure 6.7 shows that P and B are similarly nonnormal and it is not surprising that
convergence for the unpreconditioned problem, shown in Figure 6.6, is slow. Since
these matrices have nearly identical pseudospectra, their eigenvectors may be close,
as in Theorem 6.6. The preconditioned coefficient matrix has pseudospectral curves
that are small balls around its clustered eigenvalues, indicating that P~!B is close to
normal. As a result, fast GMRES convergence for the preconditioned system is to be

expected.
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Figure 6.7: Pseudospectra of (a) and (b) B, (c) and (d) P and (e) P~'B for the
SUPG matrix and multigrid preconditioner in Example 6.3. On each pseudospectral
plot the black dots represent the eigenvalues of the matrix. Each contour shows the

boundary of an e-pseudospectrum for selected € in [1077,1071%] for P and B and for
selected € in [1079,107%] for P~'B.
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6.3 Preconditioners with a nearby symmetric bi-
linear form

In the last section we discussed preconditioners that were self-adjoint with respect
to the same symmetric bilinear form as B. Unfortunately, for many applications a
W-self-adjoint preconditioner is not known (except when W = I, so that B and P
are symmetric, or when W is the reverse identity matrix, so that B and P are per-
symmetric). However, if a preconditioner is self-adjoint with respect to a symmetric
bilinear form that is close to W, say W, we might expect that we can find a matrix
S such that WP = §*YS™! and P7'B = (8§ — E)A(S — E)~! is a diagonalization
of P7'B | with E a small perturbation. In this case, if M = S*8~!, P71 B is nearly
M-normal, in the sense that (P~!B)(P~'B)* — (P~'B)*(P~'B) is small.

Lemma 6.8. Let P,B € R™" and let P7'B = (§ — E)A(S — E)™', M =87*8"!
and G = I — S7'E, where S,\,E € C™". Then, if (P~'B)* is the M-adjoint of
PB,

(P'B)(P7'B)* — (P7'B)*(P'B) = S [GAGT'GT*N*'G* — GT*A'G*GAG™']| 7.

Proof.
(P*B)(P™'B)" — (P"'B)*(P™'B)
=S - E)A(S - E) 'S8 (S — E) *A*(S — E)*S*S!
— 88 (S — E)"A*(S — E)*S‘*S‘l(S — E)A(S — E)_1
from which the result follows. O]

Remark 6.9. Provided S™'E is small enough, G is close to the identity and the two
terms in brackets in Lemma 6.8 will be nearly identical. In this case P~!B is nearly
M-normal and P~!B has eigenvectors that are close to M-unitary. If the eigenvectors
were M-unitary then, similarly to the I-normal case, the relative preconditioned
residuals of M-MR applied to P~'Bxz = P~'b, measured in the M-norm, could be
bounded by polynomials evaluated at the eigenvalues of P~'B (c.f., (6.10)). If P~'B
is nearly M-normal then we might expect that these relative preconditioned residuals
would be bounded by polynomials evaluated at the eigenvalues of P~!B up to some

small constant (greater than 1).
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Furthermore, the convergence of M-MR is still governed chiefly by eigenvalues, as
the following theorem illustrates. As discussed in Section 6.2, the relationships in
Section 3.2.4, particularly Corollary 3.20 and Theorem 3.23, allow these results to be

translated to convergence bounds for /-MR.

Theorem 6.10. Let P, B € R™™", and let
M=8"*8", (6.15)
S € C™". Suppose P~'B has diagonalization
P'B=(S—-E)AS—-E), (6.16)

where A, E € C™". Then the preconditioned residual P~ r of any minimum resid-
ual method in (-,-)p applied to P~'Bx = P~'b, b € R", satisfies
1P~ 73 - ,
P < k(I -8 F A 6.17
Pl = ettty aeAti S oy P! (047

and

[P 'rellm o Le .
< 6.18
[P~ rollm — 2me peHrkr,l;(%)ﬂ i IPe(2)l (6.18)

where T'¢ is any curve or union of curves that encloses the e-pseudospectrum of the
matric ST'P'BS and L, is the arc length of T..

If, moreover, ||ST'E||; < 1 then

P~rM 1+||S7'E
1Pl 14871 Es max b (619
| P~ trollm = 1 — ||STLE||; periy, p(0)=1 xeA(P-1B)

Proof. We start from the polynomial representation of the residual,
P~ = pu(P7'B) P try,.
Upon taking M-norms we obtain
1P~ 7| ae = [lpk (P~ B) P~ ro] | .
From (2.2) and (6.16) it follows that
1P~ < IS7HS = E)pr(M)(S — E) S|P~ rofl -
Thus,

1P~ e < 1T = STENNT = STE) llpr(A) 11 P~ ol -
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Since M-MR minimizes the residual and A is diagonal, we have (6.17).

If [S~'E|; < 1 then
1

I-S'E)y ;< —i—r
I ) < s,

(see, for example, [75, page 301]) and

|P e 14 ST B \
- < e min - max [p(A)].
|P~1ro]| p 1 — ||S7YE||; pemy, p(0)=1 xeA(P~1B)

which is (6.19). The pseudospectral bound (6.18) is obtained from Theorem 3.13 by
choosing M = S*S~ 1. ]

Remark 6.11. The pseudospectral bound depends on the normality of S~'P~!BS.
This matrix should be close to diagonal, in the sense that the off-diagonal entries are
small in magnitude, and therefore close to normal, when P and B are self-adjoint

with respect to nearby symmetric bilinear forms.

There appears to be a link between the nearness of symmetric bilinear forms discussed
in this section and the nearness of eigenvectors discussed in Section 6.1. It is difficult
to make firm connections, but we briefly comment on the similarity between the role
of E in Theorem 6.10 and of C'in (6.1) and F' in (6.4).

From (6.3) we have that
P'B=ZA'AgZ~ ' + ZA 027! (6.20)
while, since F' in (6.4) is given by Z71Z =T+ F,
P'B=ZA'(I+F) "Ap(I+ F)Z27!
= ZAGN I+ FY'AZ~ + ZAGN I + F) 'AgFZ7, (6.21)
On the other hand, (6.17) in Theorem 6.10 gives that

P'B=(Z—-E)Ap1p(Z—-E)"!
= (Z—E)App(I—-Z'E)127!
=ZApapg(I — (Z'E)) 127~ Z(Z'E)Apap(I — (Z7'E)) 1271,

which is not dissimilar in form to (6.20) or (6.21).
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6.3.1 Capturing real and complex eigenvalues

We saw in Section 6.3 that when P and B are self-adjoint with respect to nearby
symmetric bilinear forms, convergence of a Krylov method in a nonstandard inner
product applied to the preconditioned system depends primarily on eigenvalues. We
analyse here the effect of differences between Yp and Yp, that appear in the symmetric
bilinear forms for P and B (see Theorem 2.20), on convergence for P~! B of a minimal
residual method in a nonstandard inner product. Accordingly, we assume that P
and B have the same eigenvectors. In this section it is convenient to work in real
arithmetic and so we use the real Jordan form in preference to the possibly complex

diagonalization.

We let B and P have as their real Jordan forms (see Appendix A.1)
B=2JpZ27" (6.22)

and
P=7ZJpZ " (6.23)

From Theorem 2.20, B is self-adjoint with respect to (-, -)y- and P is self-adjoint with
respect to (-, -}y, where W = ZYgZ ' and W = ZYpZ~!, and any disparity between
W and W is due to Yz and Yp. Since P is given by (6.23), we choose M = Z=1 771
so that M is akin to that in Theorem 6.10 but depends on the real Jordan form of
P rather than the complex diagonalization. To determine the convergence of M-MR
we consider three cases, namely, that B has fewer, an equal number of, or more real

eigenvalues than P.

When the number of real eigenvalues is the same P and B are self-adjoint with
respect to the same symmetric bilinear form and convergence of M-MR is described
in Section 6.2. This leaves us with the possibility that the number of real eigenvalues
of B differs from that of P. We consider in detail the effect on the convergence of
M-MR when B has the greater number of real eigenvalues by first expressing the
real Jordan form of P~'B in terms of Z and then applying the convergence result in
Corollary 3.12.

Let
Jp =diag (AY,..., A2 T2 ... T7),
with
A1, n odd,
AP = [Ag@ 0

nl s neven,
0 Ap]



CHAPTER 6. PRECONDITIONERS FOR NONSYMMETRIC MATRICES

155

Ao | o G| .
AP = 6 NG i=2,...,yp and JP = 8, =7+ 1,...,0.
Let Jp be conformally partitioned so that
Jp = diag (Af,...,Afp,jViJrl,.._,jaP) 7
where
le, n Odd)
A =1 |a” 0
®) | - n even,
0 ¢
AP = ¢§a) 0 =2 and JP—[M Vl} 1=79p+1 )
7 O le(b) ) y ooy VP 7 —y; L ) P g ey U
Then, from (6.22) and (6.23) we have that
P'B=27'JgZ ' =2J7". (6.24)
where
J=diag (J1, .. Tvp Jypt1s- ooy Jygs Typtts - - Ts) (6.25)
with
A n odd ,
e
A
Jh = ﬁ 0
! w |, M even,
0 A
P
Hq N 2
NON t 1o Py
="
1 pic +viffi i — vy .
—— , i=yg+1,...,0
( M — (i — i) e+ vif3; w
and (a) (b)
1 Y AP
Ji=——— |7 Yl i=9p+1,...,9B.
u + v? mg@ ,ui)\gb) r B
It is clear that the blocks J;, ¢ =1,...,vp,78 + 1,...,0 are already in real Jordan

form. Let us now find a real Jordan form for the remaining blocks, J;, © = vp11,...7B.

Each has as its diagonalization

g 1 A —Al
i V')\(a) )\(b)
i\ HiAq

—1
WY ~ Ot
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where
po_ Lmt wO =AY 1= (A = AP (6.26)
‘ 27—i 21/1')\2(-(1) —21/1')\5(1)
and
o — L u A" + 7 0 697
= @ a6y (6.27)
My + v 0 Nz(i +i)7—z

with 77 = p2(A\Y — A")2 — 42 A

When 72 > 0, so that 7; is real, this is a real diagonalization of .J; and we have found
the real Jordan form. Otherwise, we must convert the complex diagonalization of J;

into the real Jordan form

o L mN A 7ii 6.95
CpE R i (A + A7) (6:28)
% [ 1 2% ) 7
and () _ ()
1 7'1'2 Ti,ui(/\ia - )\ib )i
Ri=50 [0 2w\ i (6.29)

By combining (6.24), (6.25), (6.26), (6.27), (6.28) and (6.29) we obtain that
P'B=27Sg5'77!,
where

J = diag((AD) AL, (AT TIAT O O (T ) T (T TN TS)
= diag(jh R j’Yp? j’7p+17 s 7:7’737 j’YB—‘rla SR \75)

and

S =diag(l,...,I, Rypy1,- .., R, I, 1)
with ©;, i = vp...,vp given by (6.27) or (6.28) and the blocks R;, i =vp+1,...,75
given by (6.26) or (6.29), depending on whether 7; is real.

Application of Corollary 3.12 to this real Jordan form of P~!B allows us to bound
the M-MR preconditioned residuals by

| P~ 7] g .
kM IS .
1P g = 10) it e [P (T0)]

When the number of real eigenvalues possessed by B and P is identical, x;(S) achieves
its minimum value of 1. If S has condition number greater than 1, M-MR convergence

may be worse than if P and B have an equal number of real eigenvalues. The condition
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number of S depends, in turn, on the conditioning of the individual blocks R; given
by (6.26) or (6.29) and the number of blocks in S that differ from the identity matrix
is dictated by the disparity between the number of real eigenvalues of P and B.

When P has more real eigenvalues than B, i.e., when vg < vp, P~'B can again be
expressed as P~'B = ZS757'Z using (6.22) and (6.23). Now, however,

J = diag((A7) AT, (AT) AT O0pi1s 05, (T i) T (T NI
= diag(jh ) j’YP)j’YP-‘rl? R 7\7’737\773-1—17 SRR \75)

where, if
mi=af(0l” = ¢”)" — 45107 9]” (6:30)
is nonnegative,
0, — 1 [ai(d)ga) + ¢§b)) + 7 0 ] .
C20"g" 0 i@ + ") -
Otherwise,
o _ 1 [%w@+¢% T |
C2p 0 | mi a4 4

The matrix S, which is again the key to determining M-MR convergence, is still

conformally partitioned with Jp and Jp but is of the form

S =diag(l,...,I,Ryps1,..., R, I, ... 1)

)y +lypy

where, if 7; in (6.30) is nonnegative

R = i Ti + ai(¢§a) - ¢§b)) Ty — Oéz'(@(*a) - <Z5z(’b)> (6.31)
"2 —25@5&) 25@5&)
while if 7; < 0,
! 27—1'2 0 —2ﬂ1¢§a)7ﬂ ' '

By again using Corollary 3.12 we find that M-MR has preconditioned relative resid-
uals that are are bounded above by
P~lr .
Lol < i) _min o 1o (50,
where k7(S) depends on the conditioning of R; given by (6.31) and (6.32). Again,
k1(S) takes its minimum value of 1 when when P and B have an equal number of
real eigenvalues and the bound in Corollary 3.12 for the M-MR method cannot be

smaller when there is a mismatched number of real eigenvalues.
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x1(B) w1(P) [ ri(P'B) [ w1(Zs) k1(Zp) | k1(Zp-1p)
SUPG h =273 29.8 29.8 1.0 1.75 x 1010 | 1.76 x 1010 7.9 x 10°
SUPG h =24 95.6 95.6 1.0 9.2 x 1017 7.3 x 1017 4.3 x 1011
olm100 1.5 x 10* | 3.1 x 10* | 6.0 x 10* 91.7 3.0 x 10° 8.3 x 1018
spectral 8.5x10% | 8.2x10* | 1.6 x 10° 1.2 x 104 2.6 x 10° 1.1 x 106

Table 6.5: Condition numbers of B, P and P~!B, and of their eigenvectors, for the
recirculating wind SUPG matrix in Example 6.4, olm100 in 6.5 and the exponential
equation in Example 6.6.

6.3.2 Examples

We now examine GMRES convergence for preconditioners that are self-adjoint with
respect to symmetric bilinear forms nearby to those with respect to which the coeffi-
cient matrices are self-adjoint. In each case, we apply minimum residual methods in
both the Euclidean inner product and nonstandard inner products. As in the exam-
ples in Section 6.2, to unpreconditioned systems Bx = b, where B has diagonalization
B = ZAZ™ ', we apply M-MR with M = Z=*Z~! and Z computed by eig in Matlab.
To preconditioned systems P~'Bz = P~'b we apply M-MR with M = S*87!, as
in (6.15), with & = Z the matrix of eigenvectors of P computed by Matlab’s eig

function.

Example 6.4. We saw in Example 6.3 that the Ramage multigrid method is effective
for SUPG finite element approximations of convection-diffusion problems. Here we
examine GMRES convergence and the symmetric bilinear forms with respect to which
B and P are self-adjoint for Example 2 in [43, Chapter 3]. The differential equation

is again of the form
—eV2u+w-Vu=fin Q= (-1,1) x (=1,1), u =g on 99
but now has a vertical wind
w= (0,14 (z+1)*/4)",

that increases in strength as = increases. The velocity u is zero on the inflow boundary.
It decreases quadratically to zero on the right wall and cubically to zero on the left
wall. A nonzero Neumann condition is enforced on the outflow boundary. These

conditions are shown in Figure 6.8.

We used the same discretization as in Example 6.3 and applied the Ramage multigrid
preconditioner with the same settings. Here, however, we use two different meshes and

viscosity parameters. When h = 273, we take € = 1/200 so that the element Peclet
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Figure 6.8: Boundary conditions for Example 6.4.

number (see Example 6.3) varies between 25.1 and 47.0, and we choose € = 1/500

when h = 274, so that the element Peclet number varies between 31.3 and 60.6.

Table 6.5 shows that the condition number of the eigenvectors of P~!B is very large.
Consequently, the standard eigenvalue GMRES bound (3.27) is incapable of predict-
ing the fast convergence for both /-MR and M-MR that is evident in Figure 6.9.
The convergence curves for M-MR and I-MR are very similar and, as we shall see
below, P and B are self-adjoint with respect to nearby symmetric bilinear forms. As
a result, Theorem 6.10 indicates that M-MR convergence is determined largely by
eigenvalues, while the similarity of the /-MR and M-MR convergence curves indicate
that I-MR convergence is also governed by the eigenvalues of P~'B. However, for
the preconditioned system, r;(M) = 3.1 X 10?® when i = 273 and 6.9 x 103 when
h = 27%, and consequently Theorem 3.23, that relates I-MR and M-MR conver-
gence, does not accurately relate the convergence of these methods for this example.
Unfortunately, the iteration-dependent bounds in Section 3.2.4, although smaller, do
not reflect the similarity in the M-MR and I-MR convergence curves either for this

matrix.

The pseudospectral plots in Figure 6.10 highlight the nonnormality of B and it is not
surprising that convergence for the unpreconditioned problem, shown in Figure 6.9, is
slow. However, P and B have similar pseudospectral plots, which indicates that these
matrices are alike in some way; perhaps their eigenvectors are close, as described in
Theorem 6.6. Application of the preconditioner, as for previous examples, results in
a matrix that has clustered eigenvalues and that, since its e-pseudospectra are more
like open e-balls about the eigenvalues, is also closer to normal. This is reflected in

the rapid convergence of GMRES for the preconditioned problem.

We saw from the pseudospectral plots of B and P that these matrices seem alike. We
can glean some information by examining the symmetric bilinear forms with respect

to which B and P are self-adjoint. For the coarser grid these can be computed by
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systems) for the SUPG matrix and multigrid preconditioner in Example 6.4.
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Figure 6.10: Pseudospectra of (a) B, (¢) P and (e) P~'B when h = 273 and (b) B,
(d) P and (f) P~'B when h = 27 for the SUPG matrix and multigrid preconditioner
in Example 6.4. On each pseudospectral plot the black dots represent the eigenvalues
of the matrix. Each contour shows the boundary of an e-pseudospectrum for selected

€ in [1071,1072] for P and B and for selected € in [1077,107!] for P7!B.
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Figure 6.11: Comparison of (a) W and (b) W for the recirculating wind SUPG matrix
and multigrid preconditioner in Example 6.4

the nullspace method in Section 2.2.2 and we find that |V —W||; = 0.0092 for the
symmetric bilinear forms in Figure 6.11. By ordering the eigenvectors of P obtained
by Matlab by hand, and then scaling them by 1 or —1 so that the resulting eigenvector
matrix of P most closely matched the eigenvector matrix of B obtained by Matlab, we
found that ||Z — Z||; = 0.1231. This indicates that the eigenvectors of P are indeed
good approximations to those of B. Figure 6.10 shows that the eigenvalues of P and
B are close and so, in light of Theorem 6.6, it is not surprising that the pseudospectra
of these matrices look so similar. It is possible that the difference between Z and Z

could be made smaller by better scaling or ordering.

Example 6.5. Incomplete LU (ILU) factorizations constitute one of the most com-
monly used classes of general purpose preconditioners. It is known that ILU precon-
ditioners tend to cluster eigenvalues but for nonnormal matrices clustered eigenvalues
do not necessarily lead to fast GMRES convergence. We examine ILU(0) precondi-
tioning [99], as implemented in Matlab, for the olm100 matrix from the University of
Florida Sparse Matrix Collection [31].

Table 6.5 shows that the conditioning of the eigenvectors of P~'B is worse than
the conditioning of the eigenvectors of B. Consequently, the standard eigenvalue
convergence bound (3.27) is unlikely to describe accurately the fast convergence of
the preconditioned system shown in Figure 6.12. The bounds relating M-MR and
I-MR convergence in Theorem 3.23 are also pessimistic, since r7(M) = 8.8 x 101 for

the preconditioned system.

The pseudospectral plots in Figure 6.13 confirm that P in particular is nonnormal
so that here, in contrast to Example 6.1, we apply a nonnormal preconditioner to

a fairly normal coefficient matrix. However, there are certainly similarities in the
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Figure 6.12: Relative preconditioned residuals for (left column) I-MR and (right
column) M-MR convergence (for unpreconditioned systems) and M-MR convergence
(for preconditioned systems) for olm100 and the ILU(0) preconditioner in Example
6.5.

pseudospectra of B and P, that might indicate that the eigenvectors of these matrices
are nearby (see Theorem 6.6). Although the eigenvalues of P~!B are quite clustered,
as is typical for ILU(0) preconditioning, the pseudospectra indicate that even this

preconditioned coefficient matrix is somewhat nonnormal.

The symmetric bilinear forms with respect to which B and P are self-adjoint can, as
in Example 6.4, be obtained by the nullspace method described in Section 2.2.2. We
find that ||W —W]||; = 0.012 for the symmetric bilinear forms defined by the matrices

whose entries are plotted in Figure 6.14.

Example 6.6. A third example comes from the spectral method applied to
w—u=0 for x€(0,3)

with
u(0) = 1.

The discretization is performed by Chebfun [146], which creates a spectral matrix
over n — 1 Chebyshev points of the first kind {&;};—1. ,—1. The boundary condition
is enforced by appending [1,0, .., 0] to the bottom of the spectral matrix (see Figure
6.15) and replacing the bottom row of the right-hand side vector by 1. The solution

vector u is an approximation of u at Chebyshev points of the second kind, {x;}i=1,_n.

The preconditioner is formed from the finite difference matrix F(! described by Fu-

naro [55], that approximates the derivative at n — 1 Chebyshev points of the first
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Figure 6.13: Pseudospectra of (a) B, (b) P and (c¢) P~'B for olm100 and the ILU(0)
preconditioner in Example 6.5. On each pseudospectral plot the black dots rep-
resent the eigenvalues of the matrix. Each contour shows the boundary of an e-

pseudospectrum for selected € in [107%% 10%4] for P and B and for selected € in
[10732°107] for P'B.

Figure 6.14: Comparison of (a) W and (b) W for olm100 and the ILU(0) precondi-
tioner of Example 6.5.
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Figure 6.15: Structure of the spectral collocation matrix in Example 6.6. Light blue
regions indicate where Chebyshev points of the first kind are used. Dark blue regions
show where Chebyshev points of the second kind are used.

kind, and a matrix F(®) with entries [61]

zi—&;

L 1=
0 _ ) e m, .
fig = i i+tl=]
0 otherwise

that approximates u at Chebyshev points of the first kind. Specifically, P = F© 4+ F®
and the preconditioner P is obtained from p by replacing the bottom row by the
boundary condition, as for the coefficient matrix B. The method is described in
detail in [61].

The finite difference preconditioner is very effective, as is clear from Figure 6.16.
However, as in previous examples the ill-conditioning of the eigenvectors of P~!B
and P, evident from Table 6.5 make the standard eigenvalue bound (3.27) and the
bound in Theorem 3.23 are poor predictors of convergence. Interestingly, none of
P, B or P7!B is particularly close to normal. Indeed, the nonnormality of P~!B
appears to manifest itself in the GMRES convergence for the preconditioned system,
which shows a slower second phase of convergence. Despite this, application of the

preconditioner clearly improves convergence dramatically.

The finite difference approximation, though low-order, appears to be an accurate
enough representation of the initial value problem to be an effective preconditioner
of the spectral discretization. We see from Figure 6.18 that P and B are also self-
adjoint with respect to nearby symmetric bilinear forms. These are computed by the
nullspace method in Section 2.2.2 and their difference is |W — W||; = 0.019.
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Figure 6.16: (a) I-MR and (b) M-MR convergence (for unpreconditioned systems)
and M-MR convergence (for preconditioned systems) for the exponential equation

spectral discretization preconditioned by a finite difference preconditioner in Example
6.6.

6.4 Conclusions

In this chapter we have found links between the nearness of the eigenvectors of P
to those of B, the nearness of the symmetric bilinear forms with respect to which
P and B are self-adjoint and the nearness of the pseudospectra of P and B. It was
shown that an effective preconditioner for a Toeplitz matrix, and powerful precon-
ditioners for two different two-dimensional discretizations of a convection-diffusion
equation are self-adjoint with respect to the same symmetric bilinear form as the
coefficient matrices. Other good preconditioners were shown to be self-adjoint with

respect to nearby symmetric bilinear forms, indicating that it may be enough for
these symmetric bilinear forms to be close.
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Figure 6.17: Pseudospectral plots of (a) and (¢) B, (b) and (d) P and (e) P~'B
for the exponential equation spectral discretization preconditioned with a finite dif-
ference preconditioner in Example 6.6. On each pseudospectral plot the black dots
represent the eigenvalues of the matrix. Each contour shows the boundary of an
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Figure 6.18: Comparison of (a) W and (b) W for the exponential equation spectral
discretization preconditioned with a finite difference preconditioner in Example 6.6.



Chapter 7

Conclusions

This thesis aimed to investigate ways in which nonstandard inner products can be
used to develop new and examine existing effective preconditioned Krylov subspace
methods. We focused on two subsets of real, nonsingular, diagonalizable matrices:

saddle point matrices and general nonsymmetric (nonnormal) matrices.

For symmetric saddle point matrices, preconditioned Krylov subspace methods in
nonstandard inner products are already used in practice, as discussed in Chapter 4.
However, some of the most effective preconditioners, such as the Bramble-Pasciak
and Schoberl-Zulehner preconditioners, require scaling before they may be robustly
applied as part of a W-PCG (or W-PMINRES) method. Depending on the saddle
point matrix of interest and the approximations Ay and Sy this scaling may be costly.
Block diagonal preconditioners are robust and can be very effective when the blocks
are good approximations of A and the (negative) Schur complement. However, we
observed that they may perform poorly otherwise. The recently introduced Bramble-
Pasciak®™ (BP™) preconditioner is also robust and can be more effective than block
diagonal preconditioners. Our contribution is to use our characterization of symmetric
bilinear forms to modify the Schoberl-Zulehner preconditioner similarly. The result
is the robust Schoberl-Zulehnert (SZ*) preconditioner. We derived bounds on the
eigenvalues of the SZ™ preconditioned saddle point matrix that can be used to gauge,
or improve, convergence of a Krylov subspace method in a nonstandard inner product.
Importantly, however, even in the absence of such information we can guarantee
convergence under the mild assumptions of positive definiteness of A, Ay and Sy and
semi-positive definiteness of C'. We observed that the SZ" preconditioner was as
effective as, or more effective than, the BP™ preconditioner on a set of problems from

optimization applications.

169



CHAPTER 7. CONCLUSIONS 170

When the saddle point matrix is nonsymmetric, common practice is to apply a precon-
ditioner and solve the resulting system by a nonsymmetric Krylov subspace method.
However, no method of this sort combines both short-term recurrences and optimality
(with respect to an inner product that is independent of the initial iterate). We de-
rived conditions for certain block-diagonal and block-triangular preconditioned saddle
point matrices to be self-adjoint with respect to a symmetric bilinear form! or inner
product. When this symmetric bilinear form is positive definite, a conjugate gradient
or MINRES algorithm can be applied that does posses an optimality property and
three-term recurrences. Whether this inner product is practical to use depends on
the application; we presented one, simple example for which the inner product was

block diagonal and, therefore, cheap to apply.

The focus of Chapter 5 was on combining preconditioners for symmetric saddle point
matrices that are effective in their own right to achieve superior methods. We proved
that certain Krzyzanowski preconditioners can be combined and used this result to
create specific preconditioners. These included a different formulation of the Bramble-
Pasciak-Schéberl-Zulehner (BP-SZ) combination preconditioner than [135], for which
convergence could be made significantly faster than that for the BP or SZ precon-
ditioners individually. Combination of the Bramble-Pasciak and block diagonal pre-
conditioners gave rise to the Bramble-Pasciak-block diagonal (BP-BDW) combination
preconditioner that was more effective than either the BP or BD preconditioners, al-

though it was less efficient than the BP-SZ combination preconditioner.

The preconditioner that we feel best highlights the power of combination precondi-
tioning, however, is the Bramble-Pasciak™-block diagonal (BP*-BDW) combination
preconditioner, which combines two preconditioners for which the preconditioned co-
efficient matrices are self-adjoint but indefinite with respect to an inner product.
The resulting combination preconditioner is positive definite and self-adjoint with re-
spect to an inner product, for certain parameter choices that we fully characterized.
We derived bounds on the eigenvalues of the BPT-BDW-preconditioned saddle point
matrix and observed fast convergence of W-PCG and W-PMINRES when this pre-
conditioned matrix was self-adjoint and positive definite with respect to the inner

product.

Nonstandard inner products and symmetric bilinear forms also proved informative
for nonsymmetric matrices. In Chapter 3 we used the framework of nonstandard

inner products to obtain an iteration-dependent convergence bound that can be a

n this case, one may apply SQMR to the preconditioned system (see page 36).
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much better predictor of convergence than the standard eigenvalue-based bound for
(I-)GMRES. We also observed that this bound was capable of detecting superlinear

convergence for a finite difference discretization of a convection-diffusion operator.

In Chapter 6 we first considered preconditioners P whose eigenvectors were nearby to
those of the coefficient matrix B. A condition for the pseudospectra of P and B to be
identical was discovered and the pseudospectra of these matrices when this condition
was not met exactly was characterized. We next showed that effective preconditioners
for persymmetric matrices, i.e., matrices that are self-adjoint with respect to the
symmetric bilinear form defined by the reverse identity matrix (-, -)¢, are also Y -self-
adjoint. A matrix formed from a Kronecker sum of persymmetric matrices and an
effective preconditioner were also found to be self-adjoint with respect to the same
symmetric bilinear form (that was defined by a Kronecker sum of reverse identity
matrices). Good preconditioners for certain other nonsymmetric matrices were found
to be self-adjoint with respect to symmetric bilinear forms that were nearby to those

with respect to which the coefficient matrix was self-adjoint.

This thesis shows that examining preconditioned Krylov subspace methods in non-
standard inner products can aid the development of effective preconditioned Krylov
subspace methods. Further discoveries using this approach may certainly be possible.
The use of nonstandard inner products for preconditioned nonsymmetric saddle point
matrices has received relatively little attention and this might make it a fruitful area
for research. Perhaps the characterization of Lemma 4.4 in Chapter 4 provides the
means of developing such preconditioned Krylov methods. In contrast to symmetric
saddle point matrices, however, where symmetry can be used to devise rather general
preconditioners and inner products, for nonsymmetric matrices this is a more difficult

task and a problem-dependent approach might be necessary.

New combination preconditioners, either for symmetric or nonsymmetric matrices,
could also be created. In particular it would be interesting to explore whether other
combination preconditioners, for which positive definiteness can be achieved, can be
constructed from preconditioners for which the preconditioned saddle point matrix is

indefinite with respect to an inner product.

One area on which we have not focused is the prediction of o and g values that
lead to fast convergence. It would be advantageous to develop methods or heuristics
for choosing these parameter values. Additionally, although it appears difficult, a
theoretical explanation of the performance of the combination preconditioned saddle

point systems when the associated symmetric bilinear form is indefinite would be
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valuable. It would also be interesting to apply the combination preconditioners, and
the SZ* preconditioner, to other saddle point problems, such as those from PDE-

constrained optimization—an area that has received much attention of late.

The work on nonsymmetric matrices could also be continued. It would be beneficial to
be able to find or approximate the singular values a priori in our iteration-dependent
I-GMRES bound. Additional links between the symmetric bilinear forms with respect
to which the preconditioner and coefficient matrix are self-adjoint and fast -GMRES
convergence would also be of use. In particular, it would be beneficial to develop
criteria, that can be cheaply checked, that indicate when a certain preconditioner will
work well. An extension in a different direction could use the framework developed
here to design new preconditioners for nonsymmetric matrices. This would require

some further development of our results but would certainly be constructive.



Appendix A

Linear algebra results

This appendix contains selected definitions and results from linear algebra.

A.1 The real Jordan form

Let the Jordan canonical form of a matrix B € R*" be B = ZJZ7 ', J Z € C™",
where

J = dlag(‘](/\l)> Tt J(/\])v ‘](/\j-i-l)a J(Xj-&-l)a ce ‘]()‘k’)v J(Xk:))a

and for any scalar A € C,

1
A

The corresponding real Jordan form is defined as follows.

Definition A.1. Real Jordan form [57, Appendix A.2] Let Ay,..., \; be the real
eigenvalues of B with eigenvectors z1,...,2; and let A\ji1 = p; + iyj,xjﬂ = [jt1 —
Wity Ae = Mg + ik, Ay = fix — iV be the 2(k — j) complex eigenvalues with
eigenvectors 2;41,%;41,- -, 2k 2k Then if B = ZJZ ™! is the Jordan canonical form
of B, where

Z = [21, s 2y Bl Bl e - ,zk,Ek}
and

the corresponding real Jordan form of B is given by B = RJR™! where R € R™*"
and J € R™", with

R = [Zl, ceey 2, §R(Zj+1), %<Zj+1)7 ceey %(Zk), %(Zk)}
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and
j = dlag(J()\l), ceey J()\]), j(ﬂj+1 + Y:I/j+1), ce ,j(ﬂk + ZVk))

where, if J(\;) and J();) each have dimension m, J (11 % ivj41) has dimension 2m

and _ -
w o v 1 0
v u 0 1

J(ptiv) =

w o v 1 0

v u 0 1

W

i V]

A.2 Kronecker products and vectorization

The (left) Kronecker product of A € R™*" and B € RP*? is

anB s alnB
A@B: ERmenQ_
amB o amnB

The Kronecker product satisfies that

AR (B+(C)=A®B+A®C
(A+B)@C=AC+BxC
(kA)® B=A® (kB) = k(A® B)
(A®B)@C=A® (B ()

(A B)Y = AT @ BT
rank(A ® B) = rank Arank B,

for any matrices A, B and C' and scalar k. Provided A and B are invertible,

(A By '=A"1'® B

Also, when the A and C' are conformable, and B and D are conformable, the mixed

product property states that

(A® B)(C ® D) = AC ® BD.
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The vectorization of a matrix B € R™*" is the vector vec(B) € R™" obtained by

stacking the columns of B, i.e.,

’U€C(B) = [bll,...,bml,blg,...,bmg,...,bln,...,bmn}T.

When A € R™™ and B € R™*™, the eigenvalues of A ® B depend on the eigenvalues
of A and B.

Lemma A.2. Let A € R™™™ have eigenvalues \;, i = 1,...,n and let B € R™*™

have eigenvalues p;, i =1...,m. Then A® B has eigenvalues

Vij=Npj,i=1...,n,5=1,...,m.

A.3 Pseudospectra

Pseudospectra are an alternative tool to eigenvalues for analyzing nonnormal ma-
trices. Pseudospectra in the I-norm can be computed using Eigtool [154], as can
pseudospectra in any other norm after some preprocessing [145, Chapter 39]. Three

equivalent definitions of the e-pseudospectrum of a matrix B, A.(B), are:

Definition A.3. [145, Chapter 2| The e-pseudospectrum of B is the set of z € C
such that
I(zI = B)™!|| > €. (A1)

Definition A.4. [145, Chapter 2] The e-pseudospectrum of B is the set of z € C
such that
2 e A(B+E) (A.2)

for some F € C™*" with ||E|| < ¢, where A(B + E) is the spectrum of B + E.

Definition A.5. [145, Chapter 2| The e-pseudospectrum of B is the set of z € C
such that
|(z — B)v|| <€ (A.3)

for some v € C™ with [jv]| = 1.

When the pseudospectra are defined with respect to the I-norm, a fourth definition
in [145, Chapter 2] is
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Definition A.6. For || - || = - ||, Ae(B) is the set of z € C such that
Omin(z — B) <€,
where 0,,;,(C) is the smallest singular value of C'.

More generally, using the W-singular values defined by Definition 2.13 and Lemma
2.16, we have that

Definition A.7. The e-pseudospectrum of B with respect to ||-||w is the set of z € C
such that
oV (2 — B) <,

min

w

where o, (C') is the smallest W-singular value of C.

Let the open e-ball be denoted
Ne={z€C: |z <€} (A.4)

The following lemma shows that when B is normal its pseudospectra are nicely char-

acterized by A..

Lemma A.8. (from Theorem 2.2 in [145]) If B € R™*" is [-normal and ||- || = || ||,
then
AN(B) = A(B) + A, Ve > 0. (A.5)

Corollary 2.28 shows that whenever a real matrix is self-adjoint it is normal with

respect to a related inner product. Lemma A.8 can be generalized to this case.

Lemma A.9. Let B be diagonalizable with diagonalization B = ZAZ™' and let
M = Z=*Z7'. Then the e-pseudospectrum of B with respect to || - ||, AM(B), is

AM(B) = A(B) + A, Ve > 0. (A.6)
Proof. By Definition A.3, AM(B) is the set of z € C for which
1(z = B)lar > e
Now, by (2.2),
I(z=B) "l =127z = B) " Zll: = ll(z = M)z

from which the result follows. ]
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A.4 Eigenvalues and singular values

The Courant-Fischer theorem for symmetric matrices shows that stationary points

of the Rayleigh quotient of a symmetric matrix are its eigenvalues.

Theorem A.10. [118, Theorem 1.11] If A € R™*" is symmetric then

T
. x' Ax

A(A) = min max —
dim(S)=n—k+1z€Sz#0 XTI

and

T
. xtAx

A(A) = max min ——.
dim(S)=k z€S,x#0 XX

A consequence is that
xl Ax
T

< Amaz(A). (A7)

T T

From the Courant-Fischer theorem it is possible to obtain Cauchy’s interlacing prop-
erty (see Theorem 4.3.15 in [75]), from which the Poincaré separation theorem

follows.

Corollary A.11. [75, Corollary 4.3.16] Let A € R™™ be Hermitian, let r be a given
integer with 1 < r < n, and let uq,...,u, € R™ be r given orthonormal vectors. Let
H, = UTAU,, where U, = [w1, .., uwr|. If the eigenvalues of A and H, are arranged in

increasing order, we have

)\k(A> < )\k(Hr) < )\k+n—r(A)7 k=1,2,...r

Since the singular values of a matrix B € R"*" are the square roots of its eigenvalues,
i.e., 0;(B) = \/\(BTB), a consequence of the Poincaré separation theorem is the
following.

Corollary A.12. Let B € R™" and let U, be as defined in Corollary A.11. Then

Uk(B) < Uk(BUT) < Uk+n—r(B)> k= 1727 s T

When considering positive definiteness of symmetric matrices, the inertia of a matrix

becomes important.
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Definition A.13. [75, Definition 4.5.6] Let B € R™™ be a symmetric matrix. The

inertia of B is the ordered triple

i(B) = (i+(B),i-(B),i0(B)),

where i, (B) is the number of positive eigenvalues of B, i_(B) is the number of
negative eigenvalues of B and io(B) is the number of zero eigenvalues of B, all counting

multiplicity.

Sylvester’s law of inertia is useful for determining the inertia of a symmetric

matrix from that of another.

Theorem A.14. [75, Theorem 4.5.8] Let A, B € R"*" be symmetric matrices. There
1s a nonsingular matrix S € R™™ such that A = SBS* if and only if A and B have

the same inertia.

A.5 The Lowner ordering

If A, H € R™" are symmetric matrices use the notation A > H to denote that A— H
is symmetric positive definite. Similarly, A > H means that A — H is symmetric

positive semidefinite.
Lemma A.15. [75, Observation 7.7.2] If A, H € R™™"™ are symmetric, then
A>H implies CTAC > CTHC
for all C' € R™™; if m < n, we also have that
AH implies CTAC >CTHT
whenever C' € R™™ has rand m.

Corollary A.16. [75, Corollary 7.7.4] If A, H € R"™*" are symmetric positive defi-

nite, then
o A>H ifand only if H=' > A™L;
e [f A> H, then detA > detH and trA > trH; and

e More generally, if A > H, then \(A) > MNe(H) for all k = 1,2,...,n if the
respective eigenvalues of A and H are arranged in the same (increasing or de-

creasing) order.
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A.6 Generalized inverses

Definition A.17. The Moore-Penrose pseudoinverse Bf of B € C"*" satisfies

1. BB'B = B;

2. B'BBT = Bf;

3. BB is symmetric;
4. BB' is symmetric.

Definition A.18. A (1)-inverse or generalized inverse satisfies condition (1) in
Definition A.17 above.

Definition A.19. A (1,2)-inverse or reflexive generalized inverse satisfies condi-
tions (1) and (2) in Definition A.17 above.
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Eigenvalue bounds for the BP™
preconditioner

The following corollary provides bounds on the eigenvalues of the BP* preconditioned

saddle point matrix.

Corollary B.1. Let

A BT
B 0
be left preconditioned by the BPT preconditioner
1A 0
P= {—B SO]
and let T4
0<d< L2 <A (B.1)
ul’Au
and 7 g
u' B*S, " Bu
0< ——2 —— <. B.2
- ul Au - (B.2)
for 6, A, ® € R.
Positive eigenvalues A\ of P~ A satisfy that
1 1
— <At <= B.
0< ASA =5 (B.3)
1 (1+®)+ /(14 D)2+ 459
— <At < B4
LN 2 (B-4)
while negative eigenvalues A\~ satisfy
14®)—/(1+P)2+409
1+ - VI+O)+400 ., (B.5)

20
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Proof. The Bramble-Pasciakt preconditioner is a Krzyzanowski preconditioner for
which ¢ = —1 and d = 0. It follows from Theorem 4.2 that A # 0, —1 and that u # 0.
Additionally, when Bu = 0 Theorem 4.2 states that

\ ul Au
uT Agu
by (4.15) and, using (B.1), we obtain that
1 1
— <A< =
A~ 790
Now assume that Bu # 0. If
ul Agu uT'BTS Bu
4 ul Au and v ul Au

then the roots (4.21) in Theorem 4.2 are
(1+w) £ /(1 +w)?+ 4w
21 ’

which has one real positive root and one real negative root. This is to be expected

A:

(B.6)

since P71 A is self-adjoint but indefinite with respect to an inner product.

The larger root is given by

14 w) + /(14 w)? + Ww

21 ’
which it is possible to bound using (B.1) and (B.2). Equation (B.7) is minimized
when w =0 and ¢ = A and so

o

(B.7)

1
A>—.
- A
Conversely, it is maximized when w = ® and ¢ = § which, in combination with the

lower bound gives that

2
1o e (1+®)++/(1+ @) + 400
AT T 20
On the other hand, the smaller root of (B.6) is
(1+w)— /(1 +w)?+ 4w
29 ’

which is also maximized when w = 0 and ¥ = A, so that A < 0. However, we

A= (B.8)

concluded previously that A # 0 and so A < 0 is the upper bound. Equation (B.8) is
minimized by choosing ¢ = § and w = ® which gives that
(1+®) — /(14 )%+ 496

20 '

)\:
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BP"-SZ" combination
preconditioner

A combination not considered in Chapter 5 is that of the BP* and SZ™ precondition-
ers. Since ¢; = ¢ = —1, Theorem 5.3 can be used to obtain a combination which
can outperform each of the BPT and SZ" preconditioners. However, the BP-SZ,
BPT-BDW and BP-BDW combination preconditioners in Chapter 5 perform better
again. Additionally, the combination preconditioned coefficient matrices in Chapter
5 can be made positive definite by choosing the combination preconditioner param-
eters a and [ judiciously and, if necessary, scaling Ay and Sy. This is not possible
for the BPT-SZ* combination preconditioner since P~*A is always WW-indefinite. For

completeness, we describe the preconditioner here.

The combination of the BP™ preconditioner (4.6) and SZ™ preconditioner (4.44) by
Theorem 5.3 is

1 -8 pT
—— Ay LB
P = a+pf 5 a+_ﬁl (Cl)
and A 0
_ |4t Ao
W= { 0 (a+ B)Sy + BBAolBT} ‘ (C2)

The following theorem shows that (-, ),y can be made an inner product but it is one

with respect to which P~!A is never positive definite.

Theorem C.1. Let

B 0

be left preconditioned by the BPT-SZT combination preconditioner (C.1) so that P~ A
is self-adjoint with respect to (-, -)w, where W is given by (C.2).

)
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When

I. a+38>0andp >0, W defines an inner product;

II. a+8<0 and B >0, W defines an inner product when

6 —1 pT
Sy < ——BA, " B";
0 < Oé"‘ﬁ 0 )

III. a+ 58 <0 and B <0 W does not define an inner product;

IV. a+58>0and B <0, W defines an inner product when

So > —LBAngT.

a+p

When (-, )y 1is an inner product, it is one with respect to which the preconditioned

saddle point matriz P~ A is not positive definite.

Proof. The preconditioned coefficient matrix is given by

(a+ B)A;' A+ BA;'BTSy; ' BAS (A + Ay) VBT

—1 o
PrA= So'BA; 4+ S;'B S;'BAS'BT |

where
V= (a+ B)A;" + BAy ' BTSy ' BA . (C.3)

By Lemma 2.31, the preconditioned saddle point matrix P~1A is W-positive definite
if and only if WP~ A > 0, where

-1 4 _ M (A+A0)VBT
WP A= {BV(AJrAO) BV BT
- i 01 [M 0] [I M~'(A+ A))VBT o
= \BV(A+4a)mt 1| |0 7|0 i : '

with
M = (a+ B)(A+ Ag)Ag A+ B(A + Ag) Ay  BYSy* BAG (A + Ay)
=(a+B)AA T+ AgHA+ B(A+ Ag)A;' BT Sy ' BAS (A + Ay) (C.5)

and
T=BV[V'—(A+ A)M 1 (A+ Ay) VB (C.6)

The congruence transform (C.4) and Sylvester’s law of inertia (in Appendix A.4) show
that the inertia of WP™1A is determined by the eigenvalues of M and T which, in
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II

Figure C.1: Regions (distinguished by different colours) that are considered in The-
orem C.1 for the BPT-SZ* combination preconditioner.

turn, depend on « and S. We consider separately each of the four cases in Figure
C.1.

I. Case I corresponds to taking o + 8 > 0 with g > 0. By observation, W, V and
M are positive definite. However, T in (C.6) is negative definite. To show this, we
first observe that 7' < 0 if and only if

V< (A+ Ag) M1 (A+ Ay)
or, since V and M are positive definite,
V> (A+ Ag) TM(A+ Ap)~

It follows from substituting for V' and M using (C.3) and (C.5), that T is negative
definite if and only if

(a+ B)At > (a+ B)ATTA(A + Ag) ™.

Premultiplying and postmultiplying both sides of this inequality by Ay and dividing

by the positive scalar a 4+ § gives the equivalent condition
Ag > A(A+ A 1A= (At +AH)7!

which implies that
Agt < Agt+ AL
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Since A > 0, this last inequality is true and 7' is negative definite. We conclude that
P~ A is indefinite with respect to (-,-)y, when o+ 3 > 0 and 8 > 0.

II. Consider now a+/8 < 0 and 8 > 0 and let v be the positive parameter v = ——2—.

a+f
For these values of a and f3, (a + 8)Sy + BBA; ' BT > 0 when yBA;' BT > ).

The matrix M given by (C.5) is positive definite if and only if
(a+ B)(A+ Ag) Ay A+ B(A+ Ag) Ay ' BT Sy ' BAGH (A + Ap) > 0

or, upon premultiplying by Ag(A 4+ Ap) and postmultiplying by its transpose, if and
only if
(Oé + ﬁ)A(A + Ao)ilAO + ﬁBTSOB >0

or, equivalently, (A~' — A;')™! < yBTS;'B. However, since B has a nontrivial
nullspace yBYS; ' B is positive semidefinite. In contrast, (A;* + A~1)~! is positive
definite. Consequently, M is not positive definite and P~1A is not positive definite
with respect to (-, ).

III. The third case we investigate is a + 8 < 0 and 8 < 0. For these choices of «
and 3, however, (a+ 3)Sy + BBA; BT < 0 and A+ Ay > 0. This implies that W is

indefinite. It is straightforward to show that, additionally, M and T, given by (C.5)
and (C.6) are negative definite.

IV. We consider now Case IV, for which a + 8 > 0 and $ < 0 and introduce the
quantity v = _c%ﬁ > (0. Now, W > 0 when

(a+ B)Sy + BBAG'BT >0
or, if A\ and Ap,q, are the smallest and largest eigenvalues of Sy 1BA(] 'BT respec-

tively, when

Tn A-1RT
l>)\maI>M>)\min>o'
vy - 2TSpx
By (5.33),
T RT o1
_>)\max2y BTSO ByZO
gl y" Aoy
and it follows that
Ayt >yBTS;'B (C.7)

is an equivalent condition for positive definiteness of W.

By examining (C.3) we find that V' > 0 if and only if

(a4 B)A;t > —BA'BTS; ' BA;!
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or, equivalently Ay > yBTS;'B, which is precisely the same as (C.7) and so is

satisfied when W defines an inner product.

M > 0 if and only if
(a4 B) (A4 Ag) Ay A+ B(A+ Ag) Ay ' BT Sy BAG (A + Ap) > 0.

Premultiplying by (A + Ag)Ay" and postmultiplying by A;* (A + Ag) gives the equiv-
alent condition
(a+ B)A(A+ Ag) ' Ay > —3BT S, ' B,

or (At + A7)t > yBTS;'B.

If this is positive definite then using the same arguments as for the Case I above
shows that T' < 0. Thus, when oo+ 8 > 0, 8 < 0, P~1A is not positive definite with
respect to (-, ). O

Theorem C.1 shows that it is not possible to apply a W-PCG method to a BPT-SZ™
combination preconditioned saddle point problem. This is perhaps unsurprising since
neither the BP* preconditioned system nor the SZ* preconditioned system is definite

with respect to its inner product.
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