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By considering Krylov subspace methods in nonstandard inner products, we develop

in this thesis new methods for solving large sparse linear systems and examine the ef-

fectiveness of existing preconditioners. We focus on saddle point systems and systems

with a nonsymmetric, diagonalizable coefficient matrix.

For symmetric saddle point systems, we present a preconditioner that renders the

preconditioned saddle point matrix nonsymmetric but self-adjoint with respect to an

inner product and for which scaling is not required to apply a short-term recurrence

method. The robustness and effectiveness of this preconditioner, when applied to

a number of test problems, is demonstrated. We additionally utilize combination

preconditioning (Stoll and Wathen. SIAM J. Matrix Anal. Appl. 2008; 30:582–608)

to develop three new combination preconditioners. One of these is formed from two

preconditioners for which only a MINRES-type method can be applied, and yet a

conjugate-gradient type method can be applied to the combination preconditioned

system. Numerical experiments show that application of these preconditioners can

result in faster convergence.

When the coefficient matrix is diagonalizable, but potentially nonsymmetric, we

present conditions under which the pseudospectra of a preconditioner and coeffi-

cient matrix are identical and characterize the pseudospectra when this condition is

not exactly fulfilled. We show that when the preconditioner and coefficient matrix

are self-adjoint with respect to nearby symmetric bilinear forms the convergence of

a particular minimum residual method is bounded by a term that depends on the

spectrum of the preconditioned coefficient matrix and a constant that is small when

the symmetric bilinear forms are close. An iteration-dependent bound for GMRES in

the Euclidean inner product is presented that shows precisely why a standard bound

can be pessimistic. We observe that for certain problems known, effective precondi-

tioners are either self-adjoint with respect to the same symmetric bilinear form as the

coefficient matrix or one that is nearby.
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Chapter 1

Introduction

Linear systems of the form

Bx = b, (1.1)

where B ∈ Rn×n and b ∈ Rn, are ubiquitous in scientific computing arising, for

example, in the solution of partial differential equations and in optimization. As

computer hardware and software have improved, linear systems have become larger

and applications more complex, with many problems requiring the solution of multiple

systems. Consequently, the development of efficient algorithms for solving linear

systems is an active area of research.

When the coefficient matrix is small, direct methods based on LU or Cholesky fac-

torizations are usually favoured. These generally obtain the solution vector x to high

accuracy and terminate in a finite number of operations. Furthermore, algorithms

that exploit sparsity or other structure can be very fast. However, the O(n3) complex-

ity for dense matrices and fill-in for sparse matrices make direct methods prohibitive

for large matrices in general.

Larger linear systems are often sparse or structured in which case they are usually

solved by iterative methods. In contrast to direct methods, these start from an ini-

tial approximation, x0, to x and compute successive approximations that hopefully

converge to the exact solution. Although some iterative methods have a finite ter-

mination property, the goal is to achieve a tolerably accurate solution in relatively

few iterations. Simple iterations, such as the Jacobi and Gauss-Seidel methods, are

easily implemented and analysed but often fail to converge. Conversely, more so-

phisticated methods are harder to analyse but converge for a much wider range of

problems. Of these sophisticated methods, Krylov subspace methods are extremely

1



CHAPTER 1. INTRODUCTION 2

popular, although others such as multigrid can be very effective for particular classes

of problems. We consider only Krylov subspace methods here.

Krylov subspace methods. Common to Krylov subspace methods is the approxi-

mation of the solution vector x from Krylov subspaces of B and the initial residual

r0 = b−Bx0, (1.2)

where the Krylov subspace of dimension k of B and r0 is given by

Kk(B, r0) = span{r0, Br0, . . . , B
k−1r0}. (1.3)

Distinguishing different Krylov subspace methods is the approximation itself. Some

methods enforce an optimality property, so that a quantity such as the error or

residual decreases in some norm, or require only short-term recurrences, thereby min-

imizing the amount of work and storage at each iteration. If B is symmetric, there

exist methods that have both an optimality condition and short-term recurrences.

In contrast, methods for general nonsymmetric matrices can possess at most one of

these properties. Krylov subspace methods are described in detail in, for example,

[62, 118]. The behaviour of Krylov methods in finite precision arithmetic can differ

from that in exact arithmetic. In particular, convergence of Krylov subspace methods

could be delayed (see, for example, [101, 130]), although loss of orthogonality of the

basis vectors with respect to an inner product may not cause significant difficulties for

certain methods [35, 128]. A comprehensive overview of the effects of finite precision

on Krylov subspace methods can be found in Zemke’s thesis [155]. Throughout this

thesis, we assume that exact arithmetic is used.

Preconditioning. When applied to (1.1), convergence of the chosen Krylov subspace

method is often unacceptably slow. To remedy this, preconditioning is typically

required, the aim of which is to replace the given linear system by one that is easier

to solve. If the preconditioner P ∈ Rn×n is applied to the left of (1.1), we solve the

left preconditioned problem

P−1Bx = P−1b.

Two alternative approaches are to solve the right preconditioned problem

BP−1y = b,

where y = Px, or the split preconditioned problem

P−1
1 BP−1

2 z = P−1
1 b,
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where z = P2x. We focus here on left preconditioning in general, although we mention

how certain results may be adapted for right preconditioning. When P = P1P2 the

three preconditioned coefficient matrices are similar. Insofar as convergence of the

Krylov subspace method depends on the eigenvalues of the preconditioned coefficient

matrix, the difference between left and right preconditioners is necessarily small.

Although eigenvalues seem to determine convergence for certain problems (see, for

example, [121]), in general convergence may depend on additional factors [15][118,

Section 9.3].

Symmetric matrices. Both MINRES and SYMMLQ [107] are applicable when

the coefficient matrix B is symmetric, although in this thesis we consider MINRES

only. When B is additionally positive definite, the less expensive conjugate gradient

method of Hestenes and Stiefel [71] is typically preferred. The popularity of the

conjugate gradient method and MINRES can be attributed in part to their optimality

properties and short-term recurrences. Another attraction is that the convergence of

these methods is well understood; it typically depends on the distribution of the

eigenvalues of B, although for certain right-hand side vectors convergence may be

faster than is predicted by the eigenvalues.

As we have mentioned, it is often necessary to apply a preconditioner. If B is symmet-

ric applying a conjugate gradient method or MINRES to the preconditioned linear

system might be preferable to using a standard nonsymmetric method. The use

of MINRES or the conjugate gradient method, however, restricts us to symmetric

positive definite preconditioners even when effective preconditioners are symmetric

indefinite or nonsymmetric.

Consider, for example, the symmetric saddle point problem

Ax = b, (1.4)

where

A =

[
A BT

B −C

]
,

x =
[
u, v

]T
and b =

[
f, g

]T
,

and A ∈ Rn×n is symmetric positive definite, C ∈ Rm×m is symmetric positive

semidefinite and B ∈ Rm×n has full rank. The matrix A is symmetric indefinite

and many effective preconditioners for this problem are block triangular (and, ac-

cordingly, nonsymmetric) [20, 34, 104, 127] or symmetric indefinite [9, 122, 157]. We

would like to apply symmetric indefinite or nonsymmetric preconditioners to saddle
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point problems (1.4) without losing the desirable properties of the conjugate gradient

method and MINRES. For certain preconditioners this can be achieved by considering

methods in nonstandard inner products, as we discuss below.

The Faber-Manteuffel Theorem and self-adjointness. In 1981 Gene Golub

famously asked for which matrices it was possible to construct a conjugate gradient

method, i.e., a method that has three-term recurrences and an optimality property.

The more general characterization of the matrices for which it is possible to construct

a method with an optimality property and recurrences of a fixed length was provided

by Faber and Manteuffel in 1984 [49]. This result is connected to certain others

pertaining to short-term recurrence methods [48, 90, 91]. A different proof of the

Faber-Manteuffel theorem was recently provided [47].

It was shown by Faber and Manteuffel that three-term recurrence conjugate gradient

methods exist for a matrix B if and only if its adjoint with respect to an inner

product, B?, is a linear polynomial in B1. The simplest case is that B? = B, so that

B is self-adjoint with respect to an inner product; much of this thesis concerns such

self-adjoint matrices. We remark that a different three-term recurrence method is

possible for matrices with at most four distinct eigenvalues, or whose eigenvalues are

concyclic [11, 12, 88].

Returning to our preconditioned saddle point matrix (1.4), we see that if the pre-

conditioned coefficient matrix is diagonalizable with real eigenvalues it is possible to

apply a method that has an optimality property (in a nonstandard norm) and short-

term recurrences. For a number of good preconditioners this inner product depends

only on the blocks of A and the preconditioner, making it practical to use. Recently,

it was shown that different preconditioners, for each of which the preconditioned sad-

dle point matrix is self-adjoint, can be combined using combination preconditioning

[135], which we describe in detail in Chapter 5. This increases further the number of

preconditioned linear systems to which nonstandard Krylov subspace methods can be

applied. In this thesis we aim to develop a greater understanding of when precondi-

tioned saddle point matrices are self-adjoint with respect to an inner product and to

propose new preconditioners such that the preconditioned coefficient matrix satisfies

this property. We pay particular attention to combination preconditioning, which

provides the tools to develop new, potentially better, preconditioners from existing

ones.

1These matrices are precisely the diagonalizable matrices whose eigenvalues lie on a line in the
complex plane.
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Other factors for symmetric matrices. When the symmetric saddle point matrix

involves discretizations of partial differential equations another motivation for non-

standard Krylov subspace methods is the notion of a “correct” norm with respect to

which convergence should be measured [94, 153, 158]. This norm can be obtained by

examining the partial differential equations themselves [94, 158] or by analysing the

resulting discretizations [153]. Under certain circumstances, norms defined by certain

block diagonal preconditioners, with blocks related to the blocks of A, are appropri-

ate. The idea of a correct norm is not explored further in this thesis, but a greater

understanding of practical Krylov subspace methods in different inner products could

prove useful in this context too.

Another reason for exploring Krylov subspace methods in nonstandard inner products

is the understanding one can gain about the convergence of standard methods. For

example, when the preconditioned biconjugate gradient algorithm, with a particular

indefinite constraint preconditioner, is applied to the Stokes problem, insight into

safeguarding strategies is gained by considering it as a conjugate gradient algorithm

in a symmetric bilinear form (that is not an inner product) [115].

Nonsymmetric matrices. The difference between symmetric and nonsymmetric

(or nonnormal2) matrices in the context of Krylov methods is striking. The first ob-

servation one can make regards the sheer number of existing methods. This makes it

difficult to choose a method for a particular problem. Moreover, problems have been

found for which each of CGN, GMRES [119], CGS [131], BiCG [51] and BiCGStab(`)

[129, 147] outperforms the others [83, 105]. Problems were also constructed for which

IDR(s) [132] performed well or failed completely [83]. For none of the popular meth-

ods is convergence well understood for general nonnormal matrices. This makes

choosing an effective preconditioner nontrivial.

Another difficulty is that methods for general nonsymmetric matrices do not have

both short-term recurrences and optimality with respect to a well-understood inner

product. Short-term recurrence methods like BiCG [51], IDR [132], and QMR [53]—

and their variants—may minimize the error with respect to an inner product, but this

inner product depends on the initial residual itself [10]. Unfortunately, whilst these

methods may perform very well their convergence is not well understood in general,

making it difficult to determine the properties a good preconditioner should possess.

2When referring to nonsymmetric matrices, we typically mean nonnormal nonsymmetric matrices,
although the results usually apply in the normal case.
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GMRES [119], on the other hand, minimizes the residual with respect to the Euclidean

inner product. Convergence results exist for GMRES but they are not always as

descriptive [44], or as easy to understand, as the convergence results for symmetric

matrices3. For this reason, even in this case the determination of mathematical criteria

for good preconditioners is difficult. Moreover, one must store and orthogonalize

each new basis vector of the Krylov subspace against all previously computed Krylov

subspace basis vectors, so that the work and storage required by GMRES grows at

each step. An attempt to overcome this involves restarting the GMRES algorithm,

taking the new initial guess to be the final iterate before the restart. However, if the

restart occurs before enough information about the linear system has been gleaned

by the Krylov subspaces, convergence may be very poor or complete stagnation may

occur [62, page 77][78, 151]. We focus on full (unrestarted) GMRES in this thesis,

since its convergence is better understood for general nonsymmetric matrices than

that of other Krylov methods.

GMRES convergence. Let us discuss in greater detail the convergence of GMRES,

since knowledge of the factors that affect its convergence would be helpful when

choosing a good preconditioner. We recall that when B is symmetric (or, more

generally, normal), convergence depends largely on its spectrum. Unfortunately, when

B is nonnormal, this is not the case. Any nonincreasing convergence curve is possible

for a coefficient matrix B, regardless of its eigenvalues [2, 64, 37]. Whether right-

hand side vectors for practical problems result in poor convergence is not typically

easy to ascertain, but bounds for GMRES must be able to account for this worst-

case behaviour. Such bounds typically depend on the eigenvalues and eigenvectors

[119], pseudospectra [143][145, Chapter 26] or the field of values [13, 38, 133][39,

Corollary 6.2] of the coefficient matrix [44]. However, for certain matrices, each bound

can be more descriptive than the others [44]. Other bounds certainly exist (see for

example, [39, Theorem 6.1][148, 41, 76, 78, 87]), but these apply to a restricted set

of matrices or are such that it can be hard to determine mathematical criteria for

effective preconditioners from them.

Convection-diffusion equation. Convection-diffusion equations arise in many

fields and their numerical solution has received much attention [103, 114, 152]. Al-

though constant coefficient convection-diffusion operators on infinite domains are nor-

mal, the introduction of finite domains or variable coefficients introduce nonnormal-

ity [145, Chapter 12] that is inherited by the coefficient matrices of discretizations

3The exception is when B is normal for which, typically, convergence essentially depends on
eigenvalues.
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of them. Although we examine other test problems for nonsymmetric matrices, dis-

cretizations of the convection-diffusion equation

−ε∇2u+ w · ∇u = f in Ω

in one or two dimensions with suitable boundary conditions, wind w, viscosity ε and

forcing term f appear throughout this thesis.

1.1 Aims and contributions

The primary goal of this thesis is to provide greater understanding of different ways in

which nonstandard inner products are helpful in developing efficient preconditioned

Krylov subspace solution methods. To this end we have:

• Introduced in Corollary 3.21 on page 61 an iteration dependent convergence

bound for GMRES that can outperform the standard eigenvalue bound (3.27)

on page 50. Figure 3.1 on page 65 shows that, significantly, it can capture

superlinear behaviour of GMRES.

• In Section 4.3 derived the “Schöberl-Zulehner+” (SZ+) preconditioner for sad-

dle point problems which was independently proposed by Krzyżanowski [85].

For this preconditioner it is possible to apply a MINRES method in a non-

standard inner product without the potentially costly exercise of scaling the

preconditioner (see Theorem 4.15 on page 89). This is in contrast to estab-

lished preconditioners of this sort, such as the Bramble-Pasciak (BP) [20] and

Schöberl-Zulehner (SZ) [122, 157] preconditioners, for which scaling is typically

required. This robustness sets the SZ+ preconditioner apart from other similar

preconditioners, as can be seen from Tables 4.4 and 4.6 and the discussion on

scaling the SZ preconditioner on page 99. Table 4.4 additionally shows that

the SZ+ preconditioner can be more efficient than the Bramble-Pasciak+ (BP+)

[135] preconditioner, particularly for difficult problems.

• In Section 5.1 identified a new combination preconditioner for symmetric saddle

point problems, the Bramble-Pasciak+-Block diagonal (BP+-BDW) combina-

tion preconditioner, for which the BP+-BDW-preconditioned MINRES method

outperforms the better of the BP+ and block diagonal (BDW) preconditioners

by up to 34%, and by 19.8% on average, across a range of test problems (see

Table 5.2 on page 112). Table 5.3 on page 114 also shows that the BP+-BDW
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combination conjugate gradient method also outperforms the BP+-MINRES

and BDW-MINRES methods by up to 31% and by 20.3% on average.

The BP+ and BDW preconditioned saddle point matrices are each self-adjoint

but indefinite with respect to a nonstandard inner product and the precon-

ditioned system cannot, therefore, be reliably solved by a conjugate gradient

method. However, our combination can be made positive definite with respect

to a nonstandard inner product (see Theorem 5.5) so that a conjugate gradient

method can be used. The lower computational cost of the conjugate gradient

method makes this advantageous.

• In Section 5.2 derived the Bramble-Pasciak-Block diagonal (BP-BDW) combi-

nation preconditioner for symmetric saddle point problems, which outperforms

the BP and block diagonal (BDW) preconditioners by up to 11% and by 4.3%

on average, across a range of test problems (see Table 5.4 on page 118).

• In Section 5.3 proposed a new formulation of a Bramble-Pasciak-Schöberl-

Zulehner (BP-SZ) combination preconditioner for symmetric saddle point prob-

lems. This outperforms the better of the BP and SZ preconditioners for a

nonstandard preconditioned conjugate gradient method by up to 33%, and by

20.2% on average across a range of test problems, as shown in Table 5.5 on page

126. Since the combination parameters appear in our symmetric bilinear form

(described by (5.32) on page 120), ensuring that this symmetric bilinear form

is an inner product depends less on the scaling of the matrix A0 (which may be

costly) and more on choosing α and β than does the configuration in [135].

• In Theorem 6.1 on 132 presented a condition for pseudospectra of a precondi-

tioner and coefficient matrix (or, more generally, two matrices) to be identical.

In Theorem 6.6 on page 135 we describe the pseudospectra of matrices for which

the condition is only approximately satisfied. The remarks proceeding Theorem

6.1 discusses some consequences for preconditioners.

• In Theorem 6.10 on page 152 quantified the dependence of the convergence of

a Krylov subspace method in a nonstandard inner product on the eigenvalues

of the preconditioned system.
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1.2 Dissertation outline

For completeness, an introduction to nonstandard symmetric bilinear forms, inner

products and norms is given in Chapter 2. Much of the chapter is devoted to the

self-adjointness of a matrix with respect to a symmetric bilinear form or inner product.

Chapter 3 generalizes the conjugate gradient method, MINRES and GMRES for use

with nonstandard inner products. We present algorithms for these methods, show how

preconditioners can be incorporated and provide convergence results. Relationships

between the convergence of minimum residual methods in different inner products

are derived. These lead to an iteration-dependent convergence bound for standard

GMRES that can be much sharper than the standard eigenvalue bound and can

capture superlinear behaviour. This bound is new, as are the relationships between

the convergence of different minimal residual methods. Lemma 3.18 is a generalization

of a result in [45].

Saddle point systems are the subject of Chapters 4 and 5. In the former, we character-

ize the symmetric bilinear forms with respect to which a fairly general preconditioned

saddle point system is self-adjoint and use these conditions to obtain symmetric bilin-

ear forms for certain preconditioners. The SZ+ preconditioner is introduced and its

properties investigated. Numerical results show that it is more robust than a number

of other preconditioners, particularly for difficult problems. The new contributions

are the description of the eigenvalues of a Krzyżanowski preconditioned saddle point

matrix, conditions on symmetric bilinear forms and the description of the properties

of the SZ+ preconditioner. The SZ+ preconditioner was derived independently by

Krzyżanowski [85].

Combination preconditioners for symmetric saddle point matrices are addressed in

Chapter 5. We present a new formulation of the BP-SZ combination preconditioner

introduced in [135], and propose two new preconditioners, one of which combines two

preconditioners for which a conjugate gradient method cannot be applied to create

one for which it can. Requirements for the symmetric bilinear forms associated with

each preconditioner to be an inner product, and for the preconditioned coefficient

matrix to be self-adjoint with respect to this inner product, are outlined and we

present numerical experiments that confirm their competitiveness. All the results in

this chapter are novel, with the exception of the original formulation of the BP-SZ

combination preconditioner that appeared in [135].
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In Chapter 6 we explore preconditioners for nonsymmetric matrices in light of non-

standard inner products. Relationships are found between the quality of the approx-

imation of the eigenvectors of the preconditioner and the closeness of the symmetric

bilinear forms with respect to which the preconditioner and coefficient matrix are

self-adjoint. The closeness of the pseudospectra of the preconditioner and coefficient

matrix is also discussed and a condition for these pseudospectra to be identical is

derived. We show that certain effective preconditioners are self-adjoint with respect

to the same symmetric bilinear forms as the coefficient matrix or one which is nearby.

These results, to our knowledge, are novel.



Chapter 2

Symmetric bilinear forms, inner
products and self-adjointness

In this chapter we examine symmetric bilinear forms and inner products, both of

which feature prominently in subsequent chapters. While this thesis focuses on real

matrices and vectors, for which symmetric bilinear forms are appropriate, the gen-

eralization of the results of this chapter to Hermitian sesquilinear forms and inner

products on Cn typically only requires minor modifications; these are outlined where

appropriate. We begin in Section 2.1 by defining a symmetric bilinear form and inner

product and by introducing some of the concepts and tools required in later sec-

tions and chapters. Section 2.2 concentrates on self-adjoint matrices. In particular,

the symmetric bilinear forms with respect to which a given matrix is self-adjoint are

characterized, the computation of the matrices that define these forms is discussed

and some of the properties of self-adjoint matrices, and of matrices that are posi-

tive definite with respect to an inner product, are presented. We find in Section 2.3

an inner product with respect to which a finite difference matrix for a convection-

diffusion equation is self-adjoint and show that it is related to the inner product with

respect to which the original differential operator is self-adjoint. This discretization,

and variations of it, appear in later chapters. A summary of the key findings of this

chapter is given in Section 2.4.

2.1 Properties of symmetric bilinear forms

Nonstandard symmetric bilinear forms, inner products and norms are generalizations

of the familiar Euclidean inner product and norm. Many properties and concepts as-

11
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sociated with the Euclidean inner product space transfer simply to these nonstandard

Hilbert spaces.

Definition 2.1. A nondegenerate symmetric bilinear form 〈·, ·〉W on Rn satisfies

〈x, y〉W = yTWx (2.1)

for all x, y ∈ Rn and an invertible symmetric matrix W ∈ Rn×n.

Definition 2.2. An inner product 〈·, ·〉W on Rn is a symmetric bilinear form for

which W ∈ Rn×n is symmetric positive definite.

In the case that (2.1) is an inner product we can associate with W a vector norm and

matrix norm.

Definition 2.3. If 〈·, ·〉W is an inner product the associated W -(vector) norm for

x ∈ Rn is

‖x‖W =
√
〈x, x〉W .

Definition 2.4. If 〈·, ·〉W is an inner product the associated W -matrix norm for

B ∈ Rn×n is

||B||W = max
x 6=0

‖Bx‖W
‖x‖W

.

The most familiar inner product is the Euclidean inner product, here denoted the

I-inner product for consistency, with its induced spectral norm ‖ ·‖I . Any W -matrix-

norm can be related to the I-norm since, for any factorization W = STS with S

invertible,

‖B‖W = ‖SBS−1‖I . (2.2)

The W -matrix norm can be used to define the W -condition number of a matrix.

Definition 2.5. The W -condition number of an invertible matrix B ∈ Rn×n is

κW (B) = ‖B‖W‖B−1‖W . (2.3)

Given a symmetric bilinear form 〈·, ·〉W , the W -adjoint of B is defined as follows.

Definition 2.6. The W -adjoint of B ∈ Rn×n is defined to be the unique matrix

B? ∈ Rn×n that satisfies

〈Bx, y〉W = 〈x,B?y〉W ∀x, y ∈ Rn.
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Definition 2.6 implies that yTWBx = (B?y)TWx = yT (B?)T Wx so that WB =

(B?)T W or

B? = W−1BTW. (2.4)

Since B? and BT are similar the eigenvalues of B? and B coincide. Furthermore, for

any two matrices B and C in Rn×n and scalar α in R it is straightforward to show

that

(B+C)? = B? +C?, (BC)? = C?B?, (B−1)? = (B?)−1 and (αB)? = αB. (2.5)

Generalizations of symmetric, skew-symmetric, normal and positive definite matrices

also exist.

Definition 2.7. A matrix B ∈ Rn×n is W -self-adjoint if and only if

B? = W−1BTW = B.

Definition 2.8. A matrix B ∈ Rn×n is W -skew-adjoint if and only if

B? = W−1BTW = −B.

Definition 2.9. A matrix B ∈ Rn×n is W -positive definite if and only if

〈Bx, x〉W > 0 for all x 6= 0.

Definition 2.10. A matrix B ∈ Rn×n is W -normal if and only if

BB? = B?B,

where B? = W−1BTW .

An important subset of W -normal matrices is the set of W -polynomially-normal

matrices, for which B? can be expressed as a polynomial in B and to which the W -

self-adjoint and W -skew-adjoint matrices evidently belong. The symmetric bilinear

forms with respect to which a matrix is polynomially-normal are characterized in [97].

The definition of orthogonal matrices can also be generalized. We utilize the following

definition and note that this differs from the definition in, for example, Gohberg,

Lancaster and Rodman [57].

Definition 2.11. A matrix Z ∈ Rn×n is W -orthogonal if and only if

ZTWZ = I. (2.6)
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It is well known that the eigenvector matrix U of an I-normal matrix can be chosen to

be unitary, so that U∗U = I. More generally, if B ∈ Rn×n is normal with respect to an

inner product 〈·, ·〉W , the eigenvector matrix of B can be chosen so that Z∗WZ = I,

i.e., so that Z is W -unitary. The proof is similar to that for polynomially-normal

matrices in [91, Theorem 3.1].

Lemma 2.12. Let B ∈ Rn×n be normal with respect to the inner product 〈·, ·〉W .

Then B is diagonalizable and its matrix of eigenvectors Z ∈ Cn×n can be chosen so

that Z∗WZ = I.

Proof. If B is W -normal, then BB? = B?B, where B? = W−1BTW . Substituting for

the W -adjoint gives that

BW−1BTW = W−1BTWB. (2.7)

Now, since W ∈ Rn×n defines an inner product it is symmetric positive definite and

can be factored as W = W
1
2W

1
2 . Premultiplying (2.7) by W

1
2 and postmultiplying

by W− 1
2 gives that

W
1
2BW−1BTW

1
2 = W− 1

2BTWBW− 1
2

or, equivalently, that CCT = CTC, where C = W
1
2BW− 1

2 . Thus, C is I-normal

and has a unitary diagonalization C = W
1
2BW− 1

2 = UΛU∗, where Λ, U ∈ Cn×n,

U∗U = I. It follows that B = W− 1
2UΛU∗W

1
2 , which proves that B is diagonalizable.

If Z = W− 1
2U , then Z∗WZ = U∗W− 1

2WW− 1
2U = U∗U = I.

With the concept of orthogonality it is possible to consider factorizations such as

the polar decomposition or singular value decomposition in nonstandard symmetric

bilinear forms. The W -polar decomposition is discussed in [74], where conditions

on existence and uniqueness are given and an algorithm for its computation is pre-

sented. The singular value decomposition (SVD) can also be generalized, although

we restrict our attention here, as in [149], to SVDs defined by inner products. This

decomposition requires a notion of generalized singular values1.

Definition 2.13. Let W ∈ Rn×n be symmetric positive definite. Then, the W -

singular values of a matrix B ∈ Rn×n are given by

σW (B) =

{
σ|σ ≥ 0, σ a stationary value of

‖Bx‖W
‖x‖W

}
. (2.8)

1Van Loan [149] considered more general {M,W}-singular values. These are beyond the scope
of this work but the results for these singular values are similarly obtained.
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These generalized singular values, analogously to standard singular values, can be

written in terms of eigenvalues.

Lemma 2.14. Let W ∈ Rn×n be symmetric positive definite. Then, the W -singular

values of B ∈ Rn×n are

σWi (B) =
√
λi(W−1BTWB) =

√
λi(B?B), i = 1, . . . , n. (2.9)

Furthermore, if B is W -self-adjoint, its W -singular values are

σWi (B) = |λi(B)|, i = 1, . . . , n,

where |λ1| ≥ |λ2| ≥ · · · ≥ |λn| ≥ 0.

Proof. From Definition 2.3 we deduce that any member of σW (B) must be a stationary

value of xTBTWBx, subject to xTWx = 1, with corresponding stationary point

x ∈ Rn. By employing Lagrange multipliers, we find that x must also be a stationary

point of

xTBTWBx− λ(xTWx− 1), (2.10)

the gradient of which is

∇x(x
TBTWBx− λ(xTWx− 1)) = 2BTWBx− 2λWx.

Clearly, this gradient is zero when

BTWBx = λWx.

Consequently, a stationary point of (2.10) is an eigenvector of W−1BTWB and the

corresponding W -singular value is
√
λ(W−1BTWB). Recall from Definition 2.6 that

B? = W−1BTW . Thus,

σW (B) =
√
λ(W−1BTWB) =

√
λ(B?B).

It follows that when B is W -self-adjoint, so that B = B? (see Definition 2.7), the

W -singular values of B are the absolute values of the eigenvalues of B.

Given this definition of singular values, the W -SVD [149] is the following decompo-

sition.
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Definition 2.15. Let W ∈ Rn×n be symmetric positive definite. The W -SVD of a

matrix B ∈ Rn×n is

B = SΣT−1, (2.11)

where S ∈ Rn×n and T ∈ Rn×n are W -orthogonal and Σ ∈ Rn×n is a diagonal matrix

that has as its diagonal entries the W -singular values σW1 ≥ σW2 ≥ . . . ≥ σWn ≥ 0,

with σWi ∈ σW (B), i = 1, . . . , n.

As in the case of a standard polar decomposition, a W -polar decomposition can be

constructed from a W -SVD.

The generalized singular values of a matrix B can be used to define its W -norm

and W -condition number, similarly to the standard Euclidean case, as the following

lemma shows.

Lemma 2.16. Let W ∈ Rn×n be symmetric positive definite. Additionally, let B be

nonsingular and have W -singular values σW1 ≥ . . . ≥ σWn > 0. Then

‖B‖W = σW1 and ‖B−1‖W =
1

σWn (B)
.

The W -condition number of B is given by

κW (B) =

√
λmax(B?B)

λmin(B?B)

which, when B is W -self-adjoint, becomes

κW (B) =
maxi=1,...,n |λi(B)|
mini=1,...,n |λi(B)|

. (2.12)

Proof. The first part follows from Definition 2.4, since

‖B‖W = max
x 6=0

‖Bx‖W
‖x‖W

= max
i=1,...,n

σWi (B) = σW1 (B).

Similarly,

‖B−1‖W = max
x 6=0

‖B−1x‖W
‖x‖W

= max
y=B−1x6=0

‖y‖W
‖By‖W

=
1

miny 6=0
‖By‖W
‖y‖W

=
1

σWn (B)
.

The W -condition number is, by definition, given by (2.3). It follows from (2.9) that

κW (B) = ‖B‖W‖B−1‖W =
σW1 (B)

σWn (B)
=

√
λmax(B?B)

λmin(B?B)
.

When B is W -self-adjoint, B = B?, which gives the simplification.
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Remark 2.17. More generally, (2.12) holds for any W -normal matrix B [5, Corollary

4.2].

In this section, attention was restricted to symmetric bilinear forms and inner prod-

ucts on Rn. Hermitian sesquilinear forms on Cn, in contrast, are related to an

invertible Hermitian matrix W ∈ Cn×n by

〈x, y〉W = y∗Wx,

for all x, y ∈ Cn, where y∗ represents the conjugate transpose. WhenW is additionally

positive definite, it induces an inner product on Cn. Most of the properties of this

section follow straightforwardly to the complex case. An exception is that in (2.5),

(αB)? = αB?,

where α represents the complex conjugate of α. The generalization of a W -orthogonal

matrix is a W -unitary matrix Z ∈ Cn×n for which

Z∗WZ = I.

A characterization of the Hermitian sesquilinear forms with respect to which matrices

are polynomially normal is given in [98].

2.2 Self-adjointness

The condition for self-adjointness with respect to 〈·, ·〉W in Definition 2.7 is that

B? = B. By (2.4) this is equivalent to

WB = BTW, (2.13)

so that WB is symmetric. It is clear from (2.13) that a matrix is self-adjoint with

respect to some symmetric bilinear form if and only if B and BT are similar. Since

every real matrix is similar to its transpose, every real matrix is self-adjoint with

respect to some symmetric bilinear form.

Self-adjointness is closely related to the factorization of a matrix as the product of

two symmetric matrices. In [138] Taussky states that every matrix B ∈ Rn×n can be

factored as

B = MT,
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where M,T ∈ Rn×n are symmetric. Provided B is nonsingular, M and T are nonsin-

gular. Upon rearrangement of this equation we find that

M−1B = T (2.14)

which, since T is symmetric, shows that B is M−1-self-adjoint. On the other hand,

the symmetry of M gives that

BT−1 = M = T−1BT (2.15)

which implies that BT is T−1-self-adjoint.

Equations (2.14) and (2.15) indicate that there is a connection between the symmetric

bilinear forms with respect to which B and BT are self-adjoint. This link is made

precise in the following lemma.

Lemma 2.18. B ∈ Rn×n is self-adjoint with respect to the nondegenerate symmetric

bilinear form 〈·, ·〉W if and only if BT is self-adjoint with respect to 〈·, ·〉W−1 and,

provided B is invertible, if and only if B−1 is self-adjoint with respect to 〈·, ·〉W .

Proof. Since 〈·, ·〉W is a nondegenerate symmetric bilinear form, W is invertible (see

Definition 2.1). To show that BT is W−1-self-adjoint, we multiply both sides of (2.13)

by W−1. This gives

W−1BT = BW−1.

Comparison with (2.13) shows that BT and W−1 satisfy the self-adjointness relation-

ship and so BT is self-adjoint with respect to 〈·, ·〉W−1 . Premultiplying (2.13) by B−T

and postmultiplying by B−1 gives that

B−TW = WB−1,

from which we conclude that B−1 is W -self-adjoint. In each case the reverse direction

is similar.

We remark that, given any matrix B and its W -adjoint B?, the matrix B?B is always

W -self-adjoint since WB?B = BTWB, which is symmetric. The generalization of

this result, and of Lemma 2.18, to Hermitian sesquilinear forms is straightforward.

However, in contrast to real matrices, not every complex matrix is self-adjoint with

respect to a Hermitian sesquilinear form as we shall see in the following section.
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2.2.1 Characterizing the symmetric bilinear forms with re-
spect to which a matrix is self-adjoint

We now focus on characterizing the symmetric bilinear forms with respect to which a

given matrix is self-adjoint; this will be crucial in the following chapters. Throughout

this section we will assume without loss of generality that the eigenvalues λ1, . . . , λn

of B are ordered so that λ1, . . . , λj are real and λj+1 = µj + iνj, λj+1 = µj+1 −
iνj+1, . . . , λk = µk + iνk, λk = µk − iνk are nonreal, with λj+1, . . . , λk in the upper

half-plane.

It is not difficult to show that the Jordan block of a real eigenvalue λ, J(λ) ∈ Rn×n,

J(λ) =


λ 1

. . .
. . .
. . . 1

λ

 ,
is self-adjoint with respect to indefinite symmetric bilinear forms induced by Hankel

matrices

W =


h1

. .
.
h2

. .
.
. .
. ...

h1 h2 . . . hn

 , (2.16)

where h1, . . . , hn ∈ R, h1 6= 0. More generally, any persymmetric matrix2 is self-

adjoint with respect to the Hankel matrix

W = α

 1

. .
.

1

 , (2.17)

where α ∈ R, α 6= 0. Possibly the most common persymmetric matrix is the Toeplitz

matrix

T =



a0 a−1 a−2 . . . . . . a−n+1

a1 a0 a−1

. . .
...

a2 a1

. . .
. . .

. . .
...

...
. . .

. . .
. . . a−1 a−2

...
. . . a1 a0 a−1

an−1 . . . . . . a2 a1 a0


. (2.18)

2A persymmetric matrix is symmetric about its north-east to south-west diagonal.
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When α = 1, W = Ŷ is known variously as the flip matrix, the reverse identity or

the standard involutory permutation (sip) matrix.

Definition 2.19. The reverse identity matrix of dimension n is

Ŷn =

 1

. .
.

1

 , (2.19)

where we drop the subscript n if the dimension is clear from the context.

The symmetric bilinear forms with respect to which Jordan blocks are self-adjoint

can be used to construct symmetric bilinear forms with respect to which more general

matrices are self-adjoint. We start with real diagonalizable matrices (possibly with

complex conjugate eigenvalues).

Theorem 2.20. (adapted from [57, Theorem 6.1.5]) Let B ∈ Rn×n be diagonalizable

with real Jordan form B = RJR−1, as defined in Appendix A.1. Then B is self-

adjoint with respect to symmetric bilinear forms 〈·, ·〉W , where

W = R−TY R−1, (2.20)

Y = diag
(
ε1, . . . , εj, Ŷ2, . . . , Ŷ2

)
(2.21)

with εi = ±1, i = 1, . . . , j and where Ŷ2 are 2× 2 reverse identity matrices (2.19).

Conversely, if for some set of signs {ε1, . . . , εj}, the pairs (B,W ) and (J, Y ) are

r-unitarily similar3, then B is W -self-adjoint.

The case that B has real eigenvalues only has been explored in more detail in, for

example, [135, Lemma 3.8]. We begin with a well known result

Corollary 2.21. A matrix B ∈ Rn×n is self-adjoint with respect to some inner prod-

uct 〈·, ·〉W if and only if B is diagonalizable with real eigenvalues.

Proof. See [139].

3Given the W1-self-adjoint matrix B1 and W2-self-adjoint matrix B2, where W1,W2, B1 and B2

are real n × n matrices, B1 and B2 are r-unitarily similar if B1 = S−1B2S and W1 = STW2S for
some real invertible matrix S [57, Section 6.1].
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Remark 2.22. When B is diagonalizable with real eigenvalues, the eigenvectors of

B can be taken to be real and the representation of W in (2.20) is related to that

given in [135, Lemma 3.8] in which W = Z−TΘZ−1 with Θ a real diagonal matrix.

To see this, first note that Θ = |Θ| 12Y |Θ| 12 , where Y = sign(Θ) and |Θ| has as its

entries the absolute values of the corresponding entries in Θ. Then, the representation

W = Z−TΘZ−1 is equivalent to W = (Z|Θ| 12 )−TY (Z|Θ| 12 )−1 and Θ serves only to

scale the columns of Z. Moreover, whenever B has diagonalization B = ZΛZ−1,

since diagonal matrices commute B = Z|Θ| 12 Λ(Z|Θ| 12 )−1 is a second diagonalization.

Without loss of generality we take Θ = I in the following.

Remark 2.23. If B is diagonalizable with real eigenvalues, the inner product 〈·, ·〉W ,

where W = Z−∗Z−1, is invariant under permutation of the columns of Z. To see this,

let P be a matrix that permutes these columns. Then W = Z−∗Z−1 = Z−∗PP TZ−1 =

(ZP )−∗(ZP )−1.

Remark 2.24. Whenever B has real eigenvalues there is some freedom to choose

the inertia of W by choosing the signs of εi, i = 1, . . . j. However, the inertia of each

Yi ∈ Rp×p associated with a complex conjugate pair of eigenvalues is fixed: it has

one eigenvalue at 1 and the other at -1. In the context of the preconditioned Krylov

subspace methods discussed in subsequent chapters it might be useful to exploit this

freedom. For simplicity, we tend to choose εi = 1, i = 1 . . . , j so that

Y = diag(1, . . . , 1, Ŷ2, . . . , Ŷ2), (2.22)

which renders W as near to positive definite as possible.

Theorem 2.20 characterizes all the symmetric bilinear forms with respect to which a

given real diagonalizable matrix is self-adjoint. The symmetric bilinear forms with

respect to which a nondiagonalizable matrix is self-adjoint are similarly defined.

Theorem 2.25. (adapted from [57, 6.1.5]) Let B,W ∈ Rn×n with W = W T , W

invertible and let B be W -self-adjoint. Then there is a real invertible R ∈ Rn×n such

that B = RJR−1 and W = R−TYε,JR
−1, where

J = diag(J(λ1), . . . , J(λj),J (µj+1 ± iνj+1), . . . ,J (µk ± iνk))

is a real Jordan normal form of B (defined in Appendix A.1) and

Yε,J = diag(ε1Ŷ
(1), . . . , εjŶ

(j), Ŷ (j+1), . . . , Ŷ (k)),
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where Ŷ (i), i = 1, . . . , k are reverse identity matrices (2.19) with the size of each equal

to that of the corresponding Jordan block in J and ε = {ε1, . . . , εj} is an ordered set

of signs ±1. The set ε is uniquely determined by (B,W ) up to permutation of signs

corresponding to equal Jordan blocks.

Conversely, if for some set of signs ε, the pairs (B,W ) and (J, Yε,J) are r-unitarily

similar, then B is W -self-adjoint.

This is a straightforward generalization of Theorem 2.20. In the extreme case that

B is a Jordan block, W has as many positive eigenvalues as negative eigenvalues

(or one more positive eigenvalue when the dimension is odd) and certainly does not

define an inner product. However, the matrices B with which we will primarily be

concerned will be diagonalizable and will, therefore, have symmetric bilinear forms

〈·, ·〉W defined by (2.16) whose inertia depends on the number of complex conjugate

pairs of eigenvalues of B; the greater this number, the further from definite the

symmetric bilinear form.

Finally, we discuss the most general case, that B ∈ Cn×n is self-adjoint with respect

to a Hermitian sesquilinear form. A detailed discussion of this topic can be found in

[57] but we summarize the key results here. The first result details properties of the

spectrum of a W -self-adjoint matrix B.

Proposition 2.26. [57, Proposition 4.2.3] The spectrum Λ(B) of a W -self-adjoint

matrix B is symmetric relative to the real axis, i.e., λ0 ∈ Λ(B) implies λ0 ∈ Λ(B).

Moreover, in the Jordan normal form of B, the sizes of the Jordan blocks with eigen-

value λ0 are equal to the sizes of Jordan blocks with eigenvalue λ0.

Proposition 2.26 implies that only those matrices that are similar to their conjugate

transposes are self-adjoint with respect to a Hermitian sesquilinear form.

As a consequence of Proposition 2.26, without loss of generality we can assume that

J = diag(J(λ1), . . . J(λj), J(λj+1), · · · , J(λk)),

where λ1, . . . , λj are the real eigenvalues of B, λj+1, . . . , λk are the nonreal eigenvalues

in the upper half-plane and J(λi), i = j+1, . . . , k is a direct sum of the Jordan blocks

corresponding to λi and λi.

The following theorem characterizes the Hermitian sesquilinear forms with respect to

which B is self-adjoint.
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Theorem 2.27. (adapted from [57, Theorem 5.1.1]) Let B, W ∈ Cn×n and let B be

W -self-adjoint. Then there is an invertible Z ∈ Cn×n such that B = ZJZ−1 and

W = Z−∗Yε,JZ
−1, (2.23)

where

J = diag(J(λ1), . . . J(λj), J(λj+1), · · · , J(λk))

is a Jordan normal form for B, and

Yε,J = diag(ε1Ŷ1, . . . , εjŶj, Ŷj+1, . . . , Ŷk),

where Ŷi, i = 1, . . . , k are reverse identity matrices (2.19) with the sizes of J(λi),

i = 1, . . . , k respectively, and ε = {ε1, . . . , εj} is an ordered set of signs ±1. The

set ε is uniquely determined by (B,W ) up to permutation of signs corresponding to

repeated Jordan blocks.

Conversely, if for some set of signs ε, the pairs (B,W ) and (J, Yε,J) are unitarily

similar4, then B is W -self-adjoint.

This general case is interesting in its own right, although it is beyond this thesis

to examine complex, nondiagonalizable matrices. Significantly, however, Theorem

2.27 can be used to show that the symmetric bilinear forms with respect to which a

real diagonalizable matrix B is self-adjoint can be written in terms of the (possibly

complex) diagonalization, as long as we are willing to use complex arithmetic during

an intermediate step.

Corollary 2.28. Let B ∈ Rn×n have diagonalization B = ZΛZ−1, Λ, Z ∈ Cn×n.

Then B is self-adjoint with respect to 〈·, ·〉W , where W = Z−∗Y Z−1 is real and Y is

of the form (2.22). Additionally, M = Z−∗Z−1 is real.

Proof. Let B have j real eigenvalues λ1, . . . , λj and 2(k − j) nonreal eigenvalues

λj+1, λj+1, . . . , λk, λk. We assume without loss of generality that

Λ = diag(λ1, λ2, . . . , λj,Λj+1, . . . ,Λk),

where

Λi =
[
λi 0

0 λi

]
, i = j + 1, . . . , k,

4If B1 is W1-self-adjoint and B2 is W2-self-adjoint then we say that B1 and B2 are unitarily
similar if B1 = T−1B2T with W1 = T ∗W2T [57, Section 4.5].
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contains a pair of complex conjugate eigenvalues. Then, the corresponding matrix of

eigenvectors can be written as

Z =
[
z1, . . . , zj, zj+1, zj+1, . . . , zk, zk

]
.

Now, from Theorem 2.27, W = Z∗Y Z−1 defines a Hermitian sesquilinear form with

respect to which B is self-adjoint. We now show that, in fact, W is real and symmetric

and, therefore, defines a symmetric bilinear form. To begin, note that

ZY =
[
z1, . . . , zj, zj+1, zj+1, . . . , zk, zk

]
,

so that the effect of Y is to swap the order of the two eigenvectors corresponding to a

complex conjugate pair of eigenvalues and to leave unchanged the order of eigenvectors

corresponding to real eigenvalues.

By (2.23), W = Z−∗Y Z−1. Since Y is involutory,

W−1 = ZY −1Z∗ = ZY Z∗ =
[
z1, . . . , zj, zj+1, zj+1, . . . , zk, zk

]



zT1
...
zTj
zTj+1

zTj+1
...
zTk
zTk


=

j∑
i=1

ziz
T
i +

k∑
i=j+1

(
ziz

T
i + ziz

T
i

)
=

j∑
i=1

ziz
T
i +

k∑
i=j+1

(
zizTi + ziz

T
i

)
=

j∑
i=1

ziz
T
i + 2

k∑
i=j+1

<
(
ziz

T
i

)
which is real. Thus, W is also real.
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Similarly, since M = Z−∗Z−1,

M−1 = ZZ∗ =
[
z1, . . . , zj, zj+1, zj+1, . . . , zk, zk

]



zT1
...
zTj
zTj+1

zTj+1
...
zTk
zTk


=

j∑
i=1

ziz
T
i +

k∑
i=j+1

(
ziz

T
i + ziz

T
i

)
=

j∑
i=1

ziz
T
i +

k∑
i=j+1

(
ziz

T
i + ziz

T
i

)
=

j∑
i=1

ziz
T
i + 2

k∑
i=j+1

<
(
ziz

T
i

)
.

This shows that M−1 is real. Thus, M is real.

Corollary 2.28 shows that it is not necessary to use the real Jordan form to describe

the symmetric bilinear forms with respect to which a real diagonalizable matrix is

self-adjoint. We tend to employ the complex diagonalization in the following chapters,

except where using real arithmetic simplifies the exposition.

2.2.2 Computing symmetric bilinear forms

The above characterizations of symmetric bilinear forms all depend on the eigenvec-

tors or generalized eigenvectors R of B. These may be extremely ill-conditioned for

a nonsymmetric matrix. A more computationally stable method of computing the

symmetric bilinear forms with respect to which a matrix is self-adjoint becomes ap-

parent when one observes that (2.13) is a Sylvester equation [59, page 367] in disguise,

since WB −BTW = 0. Its solution cannot be unique since B and BT have common

eigenvalues. This is to be expected since Theorem 2.27 implies that simply scaling or

reordering the eigenvectors of B leads to a different matrix that still satisfies (2.13).

Consequently, solving this Lyapunov equation is nontrivial. If B has small dimension,

one approach to finding W is to transform the Lyapunov equation into the matrix

equation

(I ⊗BT −BT ⊗ I) vec(W ) = 0
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via Kronecker products and vectorization. Both operators are described in Appendix

A.2, together with pertinent properties of Kronecker products. The appropriate solu-

tions vec(W ) lie in the nullspace of (I⊗BT −BT ⊗ I) and can be reshaped to recover

W .

Computations of W by this nullspace method can be simplified by employing the real

Schur form. Specifically, if B has Schur form B = UTUT , where U is orthogonal and

T is block upper triangular, then(
(UT TUT )⊗ I − (UT TUT )⊗ I

)
vec(W ) = 0(

(UT TUT )⊗ (UUT )− (UTUT )⊗ (UUT )
)

vec(W ) = 0

(U ⊗ U)(T T ⊗ I − I ⊗ T T )(UT ⊗ UT ) vec(W ) = 0,

where the last line follows from the mixed-product property. Now, U ⊗ U is nonsin-

gular since rank(U ⊗ U) = rank(U)2. Thus,

(T T ⊗ I − I ⊗ T T )(UT ⊗ UT ) vec(W ) = 0.

The inverse of UT ⊗ UT is (U ⊗ U) and so if y is any vector in the nullspace of

T T ⊗ I − I ⊗ T T , then vec(W ) = (U ⊗ U)y, from which it is possible to recover W .

Clearly this Kronecker product approach is infeasible for larger problems unless more

sophisticated techniques are employed. We note that this method is similar to that

used by Carrette [24] to compute commuting matrices.

2.2.3 Properties of self-adjoint matrices

We conclude this section by examining properties of self-adjoint matrices. We stated

previously that every real matrix was self-adjoint with respect to a symmetric bilinear

form. If this matrix is diagonalizable, it is also normal with respect to an inner

product.

Lemma 2.29. Let B ∈ Rn×n be diagonalizable with diagonalization B = ZΛZ−1,

Λ, Z ∈ Cn×n. Then B is M-normal, where M = Z−∗Z−1.

Proof. If B is M -normal then BB? = B?B by Definition 2.10, where the adjoint is

taken with respect to the M inner product. Substituting for M and B gives that

BB? −B?B = (ZΛZ−1)(ZZ∗Z−∗Λ∗Z∗Z−∗Z−1)− (ZZ∗Z−∗Λ∗Z∗Z−∗Z−1)(ZΛZ−1)

= ZΛ∗ΛZ−1 − ZΛΛ∗Z−1

= 0
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since diagonal matrices commute. It follows that B is M -normal.

However, B may be normal with respect to an inner product 〈·, ·〉M , where M is not

of the form M = Z−∗Z−1.

Remark 2.30. From Corollary 2.28, it is clear that M is real. Thus, any real diago-

nalizable matrix is self-adjoint with respect to a symmetric bilinear form on Rn (also

by Corollary 2.28) and is normal with respect to an inner product on Rn.

Lemma 2.29 will be helpful in Chapter 3, where it will be shown that the convergence

of Krylov subspace methods in 〈·, ·〉M are bounded by a term involving only the

eigenvalues of B.

When 〈·, ·〉W is an inner product it is often important to know whether a W -self-

adjoint matrix is W -positive definite, i.e., whether 〈Bx, x〉W > 0 for all nonzero

vectors x. The following lemma is useful for this purpose.

Lemma 2.31. Let B ∈ Rn×n be self-adjoint with respect to an inner product 〈·, ·〉W .

Then, B is positive definite with respect to 〈·, ·〉W if and only if WB is positive definite

with respect to the Euclidean inner product.

Proof. Since B is W -self-adjoint, WB = T for some symmetric matrix T = T T . Let

x 6= 0. Then if 〈Bx, x〉W > 0 it follows that

xTBTWx> 0

⇒xTWBx > 0

⇒xTTx > 0.

On the other hand, if xTTx > 0,

xTWBx > 0

⇒ (Bx)T Wx> 0

⇒〈Bx, x〉W > 0.

Additionally, when B is self-adjoint and positive definite with respect to an inner

product, all its eigenvalues are real and positive as the next lemma shows.
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Lemma 2.32. Let B ∈ Rn×n be self-adjoint with respect to an inner product 〈·, ·〉W .

Then, B is positive definite with respect to 〈·, ·〉W if and only if every eigenvalue of

B is real and positive.

Proof. If B is self-adjoint with respect to the inner product 〈·, ·〉W , then B is diago-

nalizable with real eigenvalues (see Corollary 2.21). Consequently, by Theorem 2.27,

B has diagonalization B = ZΛZ−1, where Λ ∈ Rn×n, Z ∈ Cn×n and W = Z−∗Z−1.

Note that by Sylvester’s law of inertia (Theorem A.14), Y = I in Theorem 2.27.

From Lemma 2.31 we know that B is W -positive definite if and only if WB is positive

definite in the Euclidean inner product, i.e., if for all x ∈ Rn×n, x 6= 0, xTWBx > 0.

However, WB = Z−∗ΛZ−1 is congruent to Λ, so Sylvester’s law of inertia implies

that WB is positive definite if and only if Λ is positive definite.

We additionally find that matrices that are self-adjoint with respect to an inner

product 〈·, ·〉W possess many of the properties of symmetric matrices. For example,

it is possible to show that the stationary points of the W -Rayleigh quotient

ρW (x) =
〈Bx, x〉W
〈x, x〉W

are the eigenvectors of B and that the value of ρW at an eigenvector is the corre-

sponding eigenvalue. Additionally, a generalization of the Courant-Fischer theorem

(in Appendix A.4) holds, a consequence of which is that

λmin(B) ≤ 〈Bx, x〉W
〈x, x〉W

≤ λmax(B). (2.24)

We note that all of the properties described in this section apply to Hermitian

sesquilinear forms. The Kronecker product approach can also be used to compute

these sesquilinear forms.

2.3 A convection-diffusion example

Many of the applications in the following chapters are discretizations of partial differ-

ential equations. Accordingly, we are interested in the symmetric bilinear forms with

respect to which such discretized matrices are self-adjoint since knowledge of these

symmetric bilinear forms may aid the design of efficient Krylov subspace methods

for the discretizations. Intuitively, we might expect that these symmetric bilinear
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forms are related in some way to those with respect to which the original differential

operator is self-adjoint. If this is true, one approach to preconditioning could be to

precondition the coefficient matrix resulting from one discretization with the matrix

formed from a lower-order discretization. An example of this form of precondition-

ing in practice is the use of low-order finite difference discretizations to precondition

higher-order discretizations from, say, spectral methods [144, Chapter 40] or a coarse

grid approximation of the same operator. Both of these are explored in Chapter 6.

Here we obtain an inner product with respect to which an upwind finite difference

discretization of a one-dimensional convection-diffusion operator is self-adjoint. We

also show that this inner product is related to that with respect to which the original

convection-diffusion operator is self-adjoint.

Specifically, the convection-diffusion equation we consider is

−εu′′ + u′ = f(x), u(a) = u(b) = 0, ε > 0.

Letting h = (b− a)/(n + 1); xj = a + jh; uj be the approximation of u at the point

xj and fj = f(xj), j = 0, . . . , n + 1; the upwind finite difference equations for this

differential equation are of the form

−
(
ε

h2
+

1

h

)
uj−1 +

(
2ε

h2
+

1

h

)
uj −

ε

h2
uj+1 = fj, j = 1, . . . , n

with u0 = u(a) = 0 and un+1 = u(b) = 0.

The equivalent matrix formulation is Bx = b, where

B =



2ε
h2 + 1

h
− ε
h2

−
(
ε
h2 + 1

h

)
2ε
h2 + 1

h
− ε
h2

. . .
. . .

. . .
. . .

. . .
. . .

−
(
ε
h2 + 1

h

)
2ε
h2 + 1

h
− ε
h2

−
(
ε
h2 + 1

h

)
2ε
h2 + 1

h


, (2.25)

u =
[
u1, u2, . . . , un

]T
and

f =
[
f1, f2, . . . , fn

]T
.

As shown at the start of Section 2.2.1, since B is a Toeplitz matrix it is self-adjoint

with respect to 〈·, ·〉Ŷ , where Ŷ is the reverse identity matrix (2.19). However, since

B is diagonalizable with real eigenvalues it is also self-adjoint with respect to an inner

product.
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Theorem 2.33. Let B ∈ Rn×n be defined by (2.25). Then B is self-adjoint with

respect to 〈·, ·〉W , where

W =
2

n+ 1


ε

ε+h

( ε
ε+h

)2

. . .

( ε
ε+h

)n

 . (2.26)

Proof. Since B is a tridiagonal Toeplitz matrix, its eigenvalues and eigenvectors are

known [18, Theorem 2.4]. The eigenvalues are the real numbers

λj =
2ε+ h

h2
+

2

h2

√
ε(ε+ h) cos

jπ

n+ 1
, j = 1, . . . , n,

while the corresponding eigenvectors are

vj =
[(

ε+h
ε

) 1
2 sin jπ

n+1

(
ε+h
ε

)
sin 2jπ

n+1
. . .

(
ε+h
ε

)n
2 sin njπ

n+1

]T
.

Thus, B has diagonalization B = ZΛZ−1, where Λ = diag(λ1, . . . , λn) and

Z = Θ−
1
2S, (2.27)

with

Θ = diag

((
ε

ε+ h

)
,

(
ε

ε+ h

)2

, . . . ,

(
ε

ε+ h

)n)
and

S =


sin π

n+1
sin 2π

n+1
· · · sin nπ

n+1

sin 2π
n+1

sin 4π
n+1

· · · sin 2nπ
n+1

...
...

. . .
...

sin nπ
n+1

sin 2nπ
n+1

· · · sin n2π
n+1

 .
The matrix S is the discrete sine transform (DST-I) matrix (see [150, Section 4.4])

and its inverse is simply

S−1 =
2

n+ 1
S.

It follows that

Z−T =
2

n+ 1
Θ

1
2S

and so

W = Z−TZ−1 =
2

n+ 1
Θ

1
2SS−1Θ

1
2 =

2

n+ 1
Θ.
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Remark 2.34. The condition number of W is simply the ratio of the largest diagonal

entry to the smallest. Thus,

κI(W ) =

(
1 +

h

ε

)n−1

(2.28)

and the conditioning of the inner product (and the eigenvectors of B) worsens with

decreasing ε.

Remark 2.35. The symmetric bilinear form defined by the reverse identity matrix Ŷ

can also be obtained from the eigenvectors Z in (2.27). Specifically, Ŷ = Z−TDZ−1,

where

D =
n+ 1

2

(
ε

ε+ h

)n
2

diag
(
1,−1, 1,−1, . . . , (−1)n−2, (−1)n−1

)
.

Let us consider the inner product in Theorem 2.33 and its relationship to the inner

product with respect to which the original convection-diffusion operator is self-adjoint.

If u = [ u1 u2 ... un ]T and w = [ w1 w2 ... wn ]T , where ui = u(xi) and similarly for wi,

then

〈u,w〉W =
2

n+ 1

n∑
i=1

(
ε

ε+ h

)i
uiwi. (2.29)

Consider, on the other hand, the inner product

〈u,w〉 =

∫ b

a

e−
x
ε uwdx, (2.30)

for any u,w ∈ C[a, b]. If the convection-diffusion operator is denoted by L = −εu′′+u′

then, with u = w = 0 at x = a and x = b,

〈Lu,w〉 =

∫ b

a

e−
x
ε (−εu′′ + u′)wdx = −ε

∫ b

a

(
e−

x
ε u′′ − 1

ε
e−

x
ε u′
)
wdx

= −ε
∫ b

a

d

dx

(
u′e−

x
ε

)
wdx

= −εe−
x
ε u′w

∣∣b
x=a

+ ε

∫ b

a

e−
x
ε u′w′dx

= ε

∫ b

a

e−
x
ε u′w′dx.
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Meanwhile,

〈u,Lw〉 =

∫ b

a

e−
x
ε u (−εw′′ + w′) dx = −ε

∫ b

a

u

(
e−

x
εw′′ − 1

ε
e−

x
εw′
)
dx

= −ε
∫ b

a

u
d

dx

(
w′e−

x
ε

)
dx

= −εe−
x
ε uw′

∣∣b
x=a

+ ε

∫ b

a

e−
x
ε u′w′dx

= ε

∫ b

a

e−
x
ε u′w′dx

= 〈Lu,w〉

and so L is a self-adjoint operator with respect to the inner product (2.30).

We now wish to show that in the limit as h → 0, or n → ∞, the inner product

with respect to which the finite difference matrix B is self-adjoint becomes the inner

product with respect to which the differential operator is self-adjoint. For simplicity

we let a = 0 and b = 1, so that u(0) = w(0) = u(1) = w(1) = 0. Recall from (2.29)

that the inner product with respect to which the finite difference discretization is

self-adjoint is given by

1

2
〈u,w〉 =

1

n+ 1

n∑
i=1

(
ε

ε+ h

)i
u

(
i

n+ 1

)
w

(
i

n+ 1

)
=

1

n+ 1

n∑
i=0

(
1 +

1

ε(n+ 1)

)−i
u

(
i

n+ 1

)
w

(
i

n+ 1

)

=
1

n+ 1

n∑
i=0

[(
1 +

1

ε(n+ 1)

)ε(n+1)
]− i

ε(n+1)

u

(
i

n+ 1

)
w

(
i

n+ 1

)

since u(0) = w(0) = 0. Thus,

lim
n→∞

1

2
〈u,w〉 = lim

n→∞

1

n+ 1

n∑
i=0

[(
1 +

1

ε(n+ 1)

)ε(n+1)
]− i

ε(n+1)

u

(
i

n+ 1

)
w

(
i

n+ 1

)
.

Now, if x = 1
ε(n+1)

then

[(
1 +

1

ε(n+ 1)

)ε(n+1)
]− i

ε(n+1)

=
[
(1 + x)

1
x

]−ix
.
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Also, as x→ 0 (so that n→∞) we find that

log
(

(1 + x)
1
x

)
=

1

x
(x− 1

2
x2 +

1

3
x3 +O(x4)) = 1− 1

2
x+

1

3
x2 +O(x3)

and that

(1 + x)
1
x = e1− 1

2
x+ 1

3
x2+O(x3).

Therefore,[
(1 + x)

1
x

]−ix
= e−ix+ 1

2
ix2− 1

3
ix3+O(x4) =

∞∑
j=0

1

j!

(
−ix+

1

2
ix2 − 1

3
ix3 +O

(
x4
))j

= e−ix +O
(
x2
)
.

Thus,

lim
n→∞

1

2
〈u,w〉 = lim

n→∞

1

n+ 1

n∑
i=0

[
e−

i
ε(n+1) +O

(
1

(n+ 1)2

)]
u

(
i

n+ 1

)
w

(
i

n+ 1

)
= lim

n→∞

1

n+ 1

n∑
i=0

e−
i

ε(n+1) u

(
i

n+ 1

)
w

(
i

n+ 1

)
+ lim

n→∞

1

n+ 1

n∑
i=0

O

(
1

(n+ 1)2

)
= lim

n→∞

1

n+ 1

n∑
i=0

e−
i

ε(n+1)u

(
i

n+ 1

)
w

(
i

n+ 1

)
.

The Euler-Maclaurin summation formula can be written as

n∑
j=0

A
(
jn−1

)
= n

∫ 1

0

A(y)dy +
A(0) + A(1)

2

+
K∑
k=2

Bk

n(k−1)k!
(A(k−1)(1)− A(k−1)(0)) +O

(
n−K

)
,

where A ∈ CK [0, 1] and Bk is the kth Bernoulli number. Assume that u,w ∈ C2[0, 1]

and let

f(x) = e−
x
ε u(x)w(x).
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Then, applying the Euler-Maclaurin formula to our problem gives that

lim
n→∞

1

2
〈u,w〉 = lim

n→∞

[∫ 1

0

f(y)dy +
f(0) + f(1)

2

+
B2

2n
(f ′(1)− f ′(0)) +O

(
1

(n+ 1)2

)]
= lim

n→∞

[∫ 1

0

e−
y
ε u(y)w(y)dy +O

(
1

(n+ 1)2

)]
=

∫ 1

0

e−
y
ε u(y)w(y)dy,

which is precisely the form of the inner product of the differential operator (2.30).

Thus the finite difference approximation B is self-adjoint with respect to an inner

product that becomes the inner product with respect to which the original differential

operator is self-adjoint in the limit as n→∞, i.e., as the approximation becomes more

accurate. At least for this example, there is a link between the differential operator

and its discretization. One might conjecture that a different discretization of this

convection-diffusion operator might be self-adjoint with respect to a different inner

product that also approaches that with respect to which the operator is self-adjoint.

If so, this idea could potentially be exploited for preconditioning. Moreover, this link

between the inner products with respect to which the operator and its discretization

are self-adjoint might be more generally true, making this preconditioning strategy

more widely applicable.

2.4 Conclusions

In this chapter we have given an overview of the properties of symmetric bilinear

forms and inner products that are required in later chapters. Symmetric bilinear

forms allow us to generalize the idea of a symmetric matrix, since every real matrix

is self-adjoint with respect to some symmetric bilinear form. The symmetric bilinear

forms with respect to which a given matrix is self-adjoint have been characterized and

some of the properties possessed by self-adjoint matrices have been discussed. We

will draw on these characterizations and properties throughout this thesis. Finally,

we have shown that a finite difference matrix for a PDE is self-adjoint with respect to

a symmetric bilinear form that is related to that with respect to which the differential

operator is self-adjoint. We will return to this example in Chapter 4 and to a related

two-dimensional example in Chapter 6.



Chapter 3

Iterative methods

In the introduction we suggested several reasons why one might consider Krylov sub-

space methods in nonstandard inner products. For a symmetric saddle point matrix,

for example, an effective preconditioner may cause the preconditioned coefficient ma-

trix to be nonsymmetric but self-adjoint with respect to a nonstandard inner product.

If it is practical to compute with this inner product, solving the linear system by a

short-term recurrence method in a nonstandard inner product may be preferable to

solving it by a standard method for nonsymmetric matrices. Preconditioners of this

type are presented in Chapters 4 and 5. Another reason, discussed more in Chapter

6, is that examining the effect of preconditioners for nonsymmetric matrices on the

convergence of Krylov subspace methods in nonstandard inner products may provide

some insight into good preconditioners for standard Krylov subspace methods.

In this chapter, we introduce the three Krylov subspace methods that will be used

in the remainder of the thesis: the W -conjugate gradient method, W -MINRES and

W -GMRES. These are standard in the literature but are typically presented with

either the Euclidean inner product 〈·, ·〉I (for MINRES and GMRES) or the energy

inner product 〈·, ·〉B (for the conjugate gradient method). We require these methods

in nonstandard inner products and so they are presented here in greater generality.

Section 3.1 covers the class of orthogonal error methods, in which lies the conjugate

gradient method [71] described in Section 3.1.1. Minimum residual methods, which

are the subject of Section 3.2, include the MINRES algorithm [107] discussed in Sec-

tion 3.2.1 and its generalization to nonsymmetric matrices, GMRES [119], presented

in Section 3.2.2. For each of the three methods we adapt the original algorithm for

use with a nonstandard inner product and provide convergence results. In Chapter

6 it will be necessary to relate convergence bounds for minimal residual methods in

35
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nonstandard inner products, derived in Section 3.2.3, to bounds for GMRES and

MINRES convergence in the Euclidean inner product and in Section 3.2.4 we derive

relationships for this purpose. Conclusions are drawn in Section 3.3. All of the results

in this chapter hold for complex matrices and vectors but, for ease of exposition, we

discuss only the real case here.

We remark that other well known Krylov subspace methods such as BiCG [51] and

QMR [53] can also be generalized in a fairly straightforward manner. Since we do not

require these methods in later chapters, no details are given here. We additionally note

that QMR in 〈·, ·〉I simplifies when the coefficient matrix is self-adjoint with respect

to a symmetric bilinear form. Specifically, if B is self-adjoint with respect to 〈·, ·〉W ,

where 〈·, ·〉W is a symmetric bilinear form, SQMR [52, 54] replaces multiplications

with BT , required in the standard formulation of QMR, by multiplications with W .

3.1 Orthogonal error methods

Orthogonal error (OE) methods select iterates xk from shifted Krylov subspaces,

where Kk(B, r0) is the Krylov subspace

Kk(B, r0) = span{r0, Br0, . . . , B
k−1r0}

of dimension k of B and the initial residual r0 = b − Bx0. The error ek = x − xk is

orthogonal, with respect to an inner product, to a subspace. This inner product may

be independent of the initial guess x0, in which case it is a fixed metric, following

Barth and Manteuffel [10]; it is otherwise a variable metric. Specifically, orthogonal

error methods are defined as follows.

Definition 3.1. Iterates of an orthogonal error (OE) method satisfy

xk ∈ x0 +Kk(B, r0), (3.1)

ek ⊥W Kk(B, r0), (3.2)

where y ⊥W Kk(B, r0) means that 〈y, z〉W = 0 ∀z ∈ Kk(B, r0).

Equivalent to the orthogonality condition (3.2) is the minimization property [66]

‖ek‖W = min
y∈x0+Kk(B,r0)

‖x− y‖W . (3.3)

The Faber-Manteuffel result [49] discussed in the introduction describes the matrices

to which a conjugate gradient algorithm that satisfies (3.1) and (3.2) with a fixed



CHAPTER 3. ITERATIVE METHODS 37

inner product can be applied. These comprise a small set [47, 49], although it is

one to which certain preconditioned saddle point matrices belong. Other short-term

recurrence methods, such as those introduced by Barth and Manteuffel [11, 12], are

beyond the scope of this chapter but these apply to a similarly limited set of matrices.

Below we examine this conjugate gradient algorithm, which will be used in Chapters

4 and 5 to solve preconditioned saddle point systems.

3.1.1 The W -conjugate gradient method

The I-conjugate gradient (I-CG) method of Hestenes and Stiefel [71] requires only

three-term recurrences and—provided B is symmetric positive definite, so that 〈·, ·〉B
defines an inner product—minimizes the B-norm of the error over the Krylov sub-

space, i.e.,

xk = argminy∈x0+Kk(B,r0) ‖x− y‖B.

Equivalently, I-CG satisfies the orthogonality condition

ek ⊥B Kk(B, r0).

This I-conjugate gradient method can be generalized to one in which a different

inner product 〈·, ·〉W is used [5, 6, 22, 66, 67, 89, 135]. Indeed, certain standard

Krylov methods such as the conjugate residual method [71] can be cast as conjugate

gradient methods in nonstandard inner products [5, 6, 22, 66]. The W -conjugate

gradient (W -CG) method selects iterates xk ∈ x0 +Kk(B, r0) such that

ek ⊥WB Kk(B, r0). (3.4)

The equivalent minimization condition (3.3), when B is self-adjoint and positive def-

inite with respect to the inner product 〈·, ·〉W or, equivalently, when W and WB are

symmetric positive definite, is

‖ek‖WB = min
y∈x0+Kk(B,r0)

‖x− y‖WB.

Similarly to I-CG, the W -CG method can be derived from the W -Lanczos procedure

with an orthogonality (or equivalent minimization) condition, where the W -Lanczos

method for a W -self-adjoint matrix B is given in Algorithm 3.1. The W -Lanczos

vectors v1, . . . , vk generate a W -orthogonal basis of the kth Krylov subspace of B and

r, Kk(B, r) and if the W -Lanczos vectors form the columns of the matrix

Vk =
[
v1 v2 . . . vk

]
(3.5)
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then the Lanczos recurrences can be represented by

BVk = Vk+1T̂k, (3.6)

where

T̂k =

[
Tk
βke

T
k

]
with Tk =


α1 β1

β1

. . .
. . .

. . .
. . . βk−1

βk−1 αk

 (3.7)

and ek is the kth unit vector. Moreover, the W -Lanczos vectors are W -orthonormal

and so

V T
k WVk = Ik and V T

k WBVk = Tk. (3.8)

Algorithm 3.1 W -Lanczos algorithm

Choose r. Set v1 = r/‖r‖W . Set β0 = 0 and v0 = 0.
for k = 1, 2, . . . do
αk = 〈Bvk, vk〉W
ṽk+1 = Bvk − αkvk − βk−1vk−1

βk = ‖vk+1‖W
vk+1 = vk+1/βk

end for

We now examine how these W -Lanczos relationships can be used to construct iterates

satisfying (3.1) and (3.4). If the W -Lanczos method in Algorithm 3.1 is applied to

r0 = b − Bx0, then the W -Lanczos vectors form a basis of Kk(B, r0). Any W -CG

iterate xk ∈ x0 +Kk(B, r0) is of the form

xk = x0 + Vkyk, where yk ∈ Rk,

and the corresponding residual is rk = Bek = r0 − BVkyk. This means that the

orthogonality condition for W -CG can be enforced by choosing xk so that

0 = V T
k WBek = V T

k Wrk = V T
k W (r0 −BVkyk). (3.9)

By utilizing (3.8) and by observing that the initial residual r0 is equal to βVk+1e1,

where β = ‖r0‖W , we find that (3.9) simplifies to

Tkyk = βe1,

from which it is possible to find yk and hence the iterate xk.
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By using a procedure similar to that for I-CG in, for example, [62, Section 2.5] and

[118, Section 6.7] it is possible to compute xk without storing Vk and Tk. The result

is the W -CG algorithm in Algorithm 3.2 that requires only three-term (or coupled

two-term) recurrences. The W -CG algorithm differs from the standard I-CG method

only in the computation of αk and βk, where nonstandard inner products are used. We

note that the W -conjugate gradient method can also be expressed as a preconditioned

conjugate gradient method in the I-norm [34] but we prefer to separate the roles of

the preconditioner and the inner product. One reason for this is that this separation

allows us to develop preconditioners for saddle point matrices that may be used either

with W -CG or with W -MINRES (described in the next section).

Algorithm 3.2 W -conjugate gradient method

Choose x0, compute r0 = b−Bx0, set p0 = r0

for k = 1, 2, . . . do

αk =
〈rk, rk〉W
〈Bpk, pk〉W

xk+1 = xk + αkpk
rk+1 = rk − αkBpk
<Test for convergence>

βk =
〈rk+1, rk+1〉W
〈rk, rk〉W

pk+1 = rk+1 + βkpk
end for

The W -CG residuals and direction vectors satisfy the standard conjugacy properties

[6, 89] with respect to the W -inner product, i.e.,

〈rk, pj〉W = 〈rk, rj〉W = 0, j < k,

〈Bpk, pj〉W = 0, j < k,

span {r0, r1, . . . , rk+1} = span {p0, p1, . . . , pk+1} = Kk(B, r0).

(3.10)

Significantly, convergence results for W -CG can be obtained similarly to the standard

conjugate gradient method. These are helpful when determining whether convergence

of W -CG will be rapid and when choosing preconditioners. To bound the W -CG error

as in [89] we utilize the connection between Krylov subspaces and matrix polynomials

in the following theorem.

Theorem 3.2. Let B ∈ Rn×n be self-adjoint and positive definite with respect to the

inner product 〈·, ·〉W . Then the error, ek = x−xk, of the kth W -CG iterate is bounded

by
‖ek‖WB

‖e0‖WB

≤ min
p∈Πk,p(0)=1

max
λ∈Λ(B)

|p(λ)|. (3.11)
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Proof. Since xk ∈ x0 +Kk(B, r0), we have that xk = x0 + qk−1(B)r0, where qk−1(z) is

a polynomial of degree at most k − 1. It follows that

ek = x− xk = x− (x0 + qk−1(B)r0) = (I −Bqk−1(B)) e0 = pk(B)e0, (3.12)

where pk(z) = 1− zqk−1(z).

The matrix B is self-adjoint with respect to an inner product and is, therefore, di-

agonalizable (c.f. Corollary 2.21 in Section 2.2). Accordingly, the eigenvectors of B,

which we denote uk, k = 1, . . . , n, form a basis of Rn. The initial error e0 can be

expressed in this basis as

e0 =
n∑
j=1

γjuj,

for some scalars γj, j = 1, . . . , n. From the minimization property and the polynomial

representation of the error (3.12) we have that

‖ek‖WB = min
p∈Πk,p(0)=1

‖p(B)e0‖WB = min
p∈Πk,p(0)=1

∥∥∥∥∥
n∑
j=1

γjp(B)uj

∥∥∥∥∥
WB

= min
p∈Πk,p(0)=1

∥∥∥∥∥
n∑
j=1

γjp(λj)uj

∥∥∥∥∥
WB

≤ min
p∈Πk,p(0)=1

max
λ∈Λ(B)

|p(λ)|

∥∥∥∥∥
n∑
j=1

γjuj

∥∥∥∥∥
WB

= min
p∈Πk,p(0)=1

max
λ∈Λ(B)

|p(λ)|‖e0‖WB,

where Πk is the set of polynomials of degree at most k.

Furthermore, since rk = b−Bxk = B(x− xk) = Bek, we have that

‖ek‖2
WB = eTkWBek = rTkB

−TWBB−1rk = rTkB
−TWrk.

By Lemma 2.18, B−1 is also W -self-adjoint and so B−TW = WB−1. Thus,

‖ek‖2
WB = rTkWB−1rk = ‖rk‖2

WB−1 and ‖e0‖WB = ‖r0‖WB−1

which, when combined with (3.11) in Theorem 3.2 shows that the kth residual satisfies

‖rk‖WB−1

‖r0‖WB−1

≤ min
p∈Πk,p(0)=1

max
λ∈Λ(B)

|p(λ)|.

Theorem 3.2 indicates that, as in the case of I-CG, eigenvalues influence the rate of

convergence of this method. It is our experience that eigenvalues generally dictate
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convergence of the W -conjugate gradient method. However, in obtaining the upper

bound (3.11) we have separated the right-hand side from the matrix polynomial. The

consequence is that the bound (3.11) may predict slower convergence than is observed

in practice. Nevertheless, since a sufficient condition for fast convergence is that the

eigenvalues of B are nicely distributed, a criterion for choosing preconditioners for

use with a conjugate gradient method in a nonstandard inner product is that the

preconditioned coefficient matrix has nicely distributed eigenvalues.

Since W -self-adjoint, W -positive definite matrices have real, positive eigenvalues (see

Lemma 2.32), the polynomial term in (3.11) may be bounded by the W -condition

number of B by using Chebyshev polynomials.

Corollary 3.3. Let B ∈ Rn×n be self-adjoint and positive definite with respect to the

inner product 〈·, ·〉W . Then the kth error of the W -conjugate gradient method, ek, is

bounded by

‖ek‖WB

‖e0‖WB

≤ 2

(√
κ− 1√
κ+ 1

)k
(3.13)

where

κ =
λmax(B)

λmin(B)

is the W -norm condition number of B in Definition 2.5.

Proof. The proof is the same as for I-CG in, for example, [62, Theorem 3.1.1], where

we have used that the W -norm condition number of a W -self-adjoint matrix is related

to its eigenvalues (see Lemma 2.16) and that the eigenvalues of a W -self-adjoint, W -

positive definite matrix are real and positive (see Lemma 2.32).

Remark 3.4. From Corollary 3.3, we might expect that when the eigenvalues of B

are clustered, the W -conjugate gradient algorithm will perform well in exact arith-

metic.

As previously discussed, preconditioning is often required for acceptably rapid con-

vergence of Krylov subspace methods. A preconditioner may be straightforwardly

introduced into the conjugate gradient algorithm in Algorithm 3.2 if the precondi-

tioned coefficient matrix P−1B is self-adjoint and positive definite with respect to

some inner product 〈·, ·〉W , so that WP−1B is symmetric positive definite. When this

condition is satisfied, the W -PCG method given in Algorithm 3.3 can be applied.

In Chapters 4 and 5 we examine specific combinations of W , P and B for which

W -PCG is applicable.
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Algorithm 3.3 W -PCG method

Choose x0, compute r̂0 = P−1(b−Bx0), set p0 = r̂0

for k = 1, 2, . . . do

αk =
〈r̂k, r̂k〉W

〈P−1Bpk, pk〉W
xk+1 = xk + αkpk
r̂k+1 = r̂k − αkP−1Bpk
<Test for convergence>

βk =
〈r̂k+1, r̂k+1〉W
〈r̂k, r̂k〉W

pk+1 = r̂k+1 + βkpk
end for

Algorithm 3.3 differs from the standard I-PCG method in, for example, [62, page

121]. In I-PCG both the preconditioner and the coefficient matrix are symmetric

positive definite (with respect to the I-inner product). The preconditioner is factor-

ized1 as P = LLT and applied as a split preconditioner, so that the preconditioned

coefficient matrix L−1BL−T remains symmetric positive definite. Modifications to the

algorithm can then be made so that, in practice, only left or right preconditioning is

required. Our motivation in Chapters 4 and 5 is different since the original saddle

point matrix has positive and negative eigenvalues and so is never positive definite

with respect to an inner product (see Lemma 2.32). We require a method for which

only the preconditioned coefficient matrix need be self-adjoint and positive definite

with respect to an inner product.

The quantity that is minimized by the W -PCG method is ‖ek‖WP−1B. The cor-

responding error bound, which is based on Theorem 3.2, is given in the following

corollary.

Corollary 3.5. Let P−1B ∈ Rn×n be self-adjoint and positive definite with respect to

the inner product 〈·, ·〉W . Then the error, ek, of the kth W -PCG iterate is given by

‖ek‖WP−1B

‖e0‖WP−1B

≤ min
p∈Πk,p(0)=1

max
λ∈Λ(P−1B)

|p(λ)|. (3.14)

Remark 3.6. The standard convergence bound for the I-PCG method mentioned

above is [43, page 79]

‖ek‖B
‖e0‖B

≤ min
p∈Πk,p(0)=1

max
λ∈Λ(P−1B)

|p(λ)|.

1The positive definiteness of P guarantees that a factorization of this sort exists.
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The preconditioner does not appear in the norm on the left-hand side of this con-

vergence bound unlike in (3.14) in Corollary 3.5. This disparity is caused by the

difference between the way our algorithm is formulated and the way the standard

I-PCG method is derived, as discussed above. We note, however, that given a W -

self-adjoint and positive definite preconditioner for a W -self-adjoint and positive def-

inite coefficient matrix it is possible to devise a conjugate gradient method for the

preconditioned system for which the error is minimized with respect to ‖ · ‖WB. We

do not elucidate on this here.

From Corollary 3.5 we discern that the eigenvalues of the preconditioned matrix play

an important part in determining the convergence of this Krylov subspace method.

In particular, convergence will be rapid if a preconditioned coefficient matrix has

eigenvalues for which polynomials, satisfying p(0) = 1, can be found that are small at

each eigenvalue. This is the motivation behind choosing preconditioners that achieve

a good eigenvalue distribution, similarly to I-PCG.

Let us recap the properties of the W -PCG method. It is applicable to nonsymmetric

preconditioned matrices that are self-adjoint and positive definite with respect to an

inner product. Such preconditioned matrices are diagonalizable with real, positive

eigenvalues (see Corollary 2.21 and Lemma 2.32) but may be nonsymmetric. The

W -PCG method minimizes the error with respect to some norm, with convergence

typically determined by the eigenvalues of the preconditioned coefficient matrix. It

additionally requires only three-term recurrences. In contrast, standard methods for

nonsymmetric matrices either require more work as iterations progress, like GMRES,

or have poorly understood convergence in general, such as BiCG [51] or QMR [53].

The properties of W -PCG provide an impetus for seeking an inner product with

respect to which a preconditioned matrix is self-adjoint and positive definite since,

provided the inner product is not too costly to apply, the overall time required to solve

the preconditioned system by W -PCG may be less than that required by standard

methods. Finding such preconditioners and inner products is the subject of Chapters

4 and 5.
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3.2 Minimal residual methods

In contrast to orthogonal error methods, iterates of minimal residual (MR) methods

are chosen so that the corresponding residual vector

rk = b−Bxk ∈ r0 +BKk(B, r0)

is minimized with respect to some norm. This leads to the following definition.

Definition 3.7. Iterates of a minimal residual (MR) method satisfy

xk ∈ x0 +Kk(B, r0), (3.15)

‖rk‖W = min
y∈x0+Kk(B,r0)

‖b−By‖W . (3.16)

The MINRES method of Paige and Saunders [107] is one of the best known mini-

mal residual methods. W -MINRES can be applied when B is self-adjoint (although

not necessarily positive definite) with respect to an inner product, and will be used

in Chapters 4 and 5 to solve preconditioned saddle point problems. An extension

of MINRES for non-self-adjoint matrices is GMRES, which was proposed by Saad

and Schultz [119]. Below we outline W -GMRES, which will be employed in Chap-

ter 6. Collectively, these are W -MR methods. We additionally describe below the

convergence of minimum residual methods and formulate expressions that relate the

convergence of W -MR to that of I-MR methods. These will also be required in

Chapter 6.

3.2.1 W -MINRES

Analogously to the original I-MINRES algorithm of Paige and Saunders [107] that

minimizes the I-norm of the residual, the W -MINRES method in [135] minimizes

‖rk‖W = min
y∈x0+Kk(B,r0)

‖b−By‖W . (3.17)

Its reliable application requires that B is self-adjoint with respect to the inner product

〈·, ·〉W .

W -MINRES can be implemented with W -orthogonal vectors generated by the W -

Lanczos method in Algorithm 3.1 applied to B and r0, the result of which is that

only three-term (or coupled two-term) recurrences are required. If these basis vectors
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form columns of the matrix Vk as in (3.5) then, since W -MINRES iterates lie in the

affine space defined by (3.15),

xWk = x0 + Vkyk,

for some yk ∈ Rk. The corresponding residual vectors are given by

rWk = r0 −BVkyk ∈ r0 +BKk(B, r0)

and it follows from the Lanczos relationship (3.6) that the W -norm of rWk satisfies∥∥rWk ∥∥W = ‖r0 −BVkyk‖W
=
∥∥∥‖r0‖W v1 − Vk+1T̂kyk

∥∥∥
W

=
∥∥∥Vk+1(‖r0‖W e1 − T̂kyk)

∥∥∥
W
,

where e1 ∈ Rk+1 is the first canonical basis vector . Squaring the right-hand side

gives∥∥∥Vk+1

(
‖r0‖W e1 − T̂kyk

)∥∥∥2

W
= (‖r0‖W e1 − T̂kyk)TV T

k+1WVk+1(‖r0‖W e1 − T̂kyk).

Since Vk+1 is W -orthogonal, V T
k+1WVk+1 = I and so

∥∥rWk ∥∥2

W
= (‖r0‖W e1 − T̂kyk)T (‖r0‖W e1 − T̂kyk) =

∥∥∥‖r0‖W e1 − T̂kyk
∥∥∥2

I

or ∥∥rWk ∥∥W =
∥∥∥‖r0‖W e1 − T̂kyk

∥∥∥
I
. (3.18)

Consequently, minimizing the residual vector in ‖·‖W is equivalent to solving an I-

norm least squares problem regardless of the original inner product 〈·, ·〉W . The

implementation of a minimum residual method in a nonstandard inner product is

straightforward, since the machinery of I-norm least squares problems can be used;

weighted least-squares problems are never solved. We stress, however, that the actual

entries of T̂k vary with the inner product.

As for W -CG, it would be advantageous to compute rWk without forming the matrices

Vk and T̂k, defined by (3.5) and (3.7). This is achieved at the expense of storing a

small number of auxiliary scalars and vectors, as we now describe.
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The tridiagonal matrix T̂k can be factored into the I-orthogonal (k + 1) × (k + 1)

matrix QT
k+1 and the (k+ 1)× k upper triangular matrix Rk+1 by k Givens rotations.

As a result, yk can be expressed as

yk = argminy∈Rk
∥∥∥T̂ky − βe1

∥∥∥
I

= argminy∈Rk
∥∥QT

k+1Rk+1y − βe1

∥∥
I

= argminy∈Rk
∥∥QT

k+1(Rk+1y − βQk+1e1)
∥∥
I

so that, since Qk+1 is orthogonal,

yk = argminy∈Rk ‖Rk+1y − βQk+1e1‖I . (3.19)

Let

Rk+1 =

[
Rk×k
0T

]
, where Rk×k =



δ1 ε1 ζ1

. . .
. . .

. . .
. . .

. . . ζk−2

. . . εk−1

δk


,

and let

ck+1 = βQk+1e1 =

[
ck×1

ak

]
, (3.20)

where ak is the (k+1)th entry of ck+1. Then the solution of the least-squares problem

(3.19) is

yk = R−1
k×kck×1. (3.21)

Furthermore, the QR factorization can be cheaply updated at each step. If the QR

decomposition of T̂k−1 is T̂k−1 = QkRk, then[
QT
k 0

0T 1

]
T̂k =

[
QT
k 0

0T 1

] [
T̂k dk
0T βk

]
=

[
Rk QT

k dk
0T βk

]
,

where dk = αkek + βk−1ek−1, and only one Givens rotation, to zero out βk, is needed

to form the QR decomposition of T̂k. The right-hand side vector ck+1 is obtained

from ck by altering only the last two elements.

Iterates xk can be computed by short-term recurrences by introducing an additional

set of vectors p0, . . . , pk−1, where Pk =
[
p0, . . . , pk−1

]
= VkR

−1
k×k. To see this, note

that

xk = x0 + Vkyk = x0 + Pkck×1,

where we have used (3.21). It is clear from (3.20) that this can be split as

xk = x0 + Pk−1ck−1×1 + akpk−1.
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Since Pk = VkR
−1
k×k and Rk×k has only three nonzero diagonals, the auxiliary vectors

satisfy the recurrence relationship

pk−1 =
1

δk
(vk − εk−1pk−2 − ζk−1pk−3),

which shows that it is not necessary to store T̂k or Vk. Algorithm 3.4 implements

W -MINRES with Givens rotations.

Algorithm 3.4 W -MINRES
v0 = 0, w0 = 0, w1 = 0
Choose x0, compute v1 = b−Bx0, set γ1 = ‖v1‖W
Set η = γ1, s0 = s1 = 0, c0 = c1 = 0
for k = 1, 2, . . . do
vk = vk/γk
δk = 〈Bvk, vk〉W
vk+1 = Bvk − δkvk − γkvk−1

γk+1 = ‖vk+1‖W
α0 = ckδk − ck−1skγk

α1 =
√
α2

0 + γ2
k+1

α2 = skδk + ck−1ckγk
α3 = sk−1γk
ck+1 = α0/α1, sk+1 = γk+1/α1

wk+1 = (vk − α3wk−1 − α2wk)/α1

xk = xk−1 + ck+1ηwk+1

η = −sk+1η
<Test for convergence>

end for

If preconditioning is employed and P−1B is self-adjoint with respect to 〈·, ·〉W , then

the W -PMINRES algorithm may be used. This method differs only slightly from

Algorithm 3.4: v1 is replaced by v1 = P−1(b − Bx0) and, at each iteration, δk =

〈P−1Bvk, vk〉W and

vk+1 = P−1Bvk − δkvk − γkvk−1.

In Section 3.2.3 below we will discuss the convergence of W -PMINRES and will show

that nicely distributed eigenvalues are sufficient for fast convergence.

Let us summarize the key properties ofW -PMINRES, a three-term recurrence method

that requires little change from the I-MINRES algorithm. Although W -PMINRES

demands slightly more computation at each iteration than W -PCG it can be applied

when P−1B is not W -positive definite, merely W -self-adjoint. Recall that these are

precisely the matrices that are diagonalizable with real eigenvalues (see Corollary
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2.21). Section 3.2.3 shows that its convergence depends largely on the eigenvalues of

the preconditioned coefficient matrix. As discussed for W -PCG at the end of the pre-

vious section, these properties mean that a preconditioner that allows W -PMINRES

to be applied with relatively cheap inner products can lead to efficient methods. Pre-

conditioners of this sort for saddle point matrices are discussed in Chapters 4 and

5.

3.2.2 W -GMRES

The previous sections of this chapter show that when B is self-adjoint with respect to

an inner product it is possible to devise an algorithm that satisfies an optimality con-

dition and performs a fixed amount of work per step. Otherwise, one must generally

choose between a method with an optimality property in a fixed inner product for

which the work required grows at each step and a method for which the work at each

iteration is constant but for which the optimality property is defined with respect to

a variable metric. W -GMRES [45, 121], which is based on the I-GMRES algorithm

of Saad and Schultz [119], falls into the first category. Like W -MINRES, it minimizes

the W -norm of the residual vector so that

xk ∈ x0 +Kk(B, r0), (3.22)

where

‖rk‖W = min
xk∈x0+Kk(B,r0)

‖b−Bxk‖W . (3.23)

The algorithm utilizes the W -orthogonal basis {vi}i=1,...k of Kk(B, r0) generated by

the W -Arnoldi method in Algorithm 3.5 for which we have the relationships

BVk = Vk+1Ĥk and V T
k WVk = I, (3.24)

where

Ĥk =


h11 h12 . . . h1k

h21 h22 . . . h2k

. . .
. . .

...
... hk,k−1 hkk
0 . . . 0 hk+1,k

 and Vk =
[
v1, v2, . . . , vk

]
. (3.25)
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Algorithm 3.5 W -Arnoldi method

Choose v1 ∈ Rn with ‖v1‖W = 1
for k = 1, 2, . . . do
w = Bvk
for j = 1, 2, . . . , k do
hjk = 〈vj, w〉W
w = w − hjkvj

end for
hk+1,k = ‖w‖W
vk+1 = w/hk+1,k

end for

Iterates satisfying (3.15), similarly to those of W -MINRES, are of the form xk =

x0 + Vkyk. As for W -MINRES, the kth W -GMRES residual satisfies∥∥rWk ∥∥W = min
y∈Rk
‖r0 −BVky‖W =

∥∥∥‖r0‖W v1 − Vk+1Ĥky
∥∥∥
W

=
∥∥∥Vk+1(‖r0‖W e1 − Ĥky)

∥∥∥
W
.

Since Vk+1 is W -orthonormal we again find that

‖rWk ‖W = min
y∈Rk

∥∥∥‖r0‖W e1 − Ĥky
∥∥∥
I
, (3.26)

from which xk = x0 + Vkyk can be found. As discussed for W -MINRES, it is ad-

vantageous that only I-norm least squares problems require solution because efficient

methods for these are known. For example, (3.26) can be updated efficiently at each

step by employing Givens rotations, similarly to W -MINRES. The W -GMRES algo-

rithm is outlined in Algorithm 3.6.

Algorithm 3.6 W -GMRES

Choose x0

Compute r0 = b−Bx0 and set v1 = r0/ ‖r0‖W
for k = 1, 2, . . . do

Do step k of the W -Arnoldi method
Update the QR factorization of ĤW

k in (3.25)

Solve y = arg min ‖ ‖r0‖W e1 − ĤW
k y‖I

Set xk = x0 + Vky
<Test for convergence>

end for

The application of a left preconditioner requires only minor modifications to W -

GMRES. In the W -PGMRES method the initial residual is replaced by the pre-

conditioned residual r0 = P−1(b − Bx0) and at each step of the W -Arnoldi method

(Algorithm 3.5) the vector w becomes w = P−1Bvk.
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In summary, both W -GMRES and I-GMRES can be applied to any matrix. More-

over, the algorithms are similar, with the only additional work required by the former

being theW -orthogonalization of the basis vectors. However, changing the inner prod-

uct affects the convergence behaviour and convergence bounds. Some bounds may

be more descriptive than others, a feature we exploit in Chapter 6 for W -PGMRES.

Unfortunately, the inner products of interest will typically be too costly to find or

compute with in practice. However, an understanding of the convergence of the

nonstandard minimum residual method and relationships between the convergence

of the nonstandard method and I-GMRES, will enable us to say something about

convergence and preconditioners for I-GMRES.

3.2.3 Convergence of minimum residual methods

We now investigate the convergence of W -minimal residual (W -MR) Krylov subspace

methods, which will prove useful when evaluating preconditioners. Only diagonaliz-

able matrices are considered, since only these will be considered in subsequent chap-

ters. The results are generalizations of convergence bounds for I-MR methods, which

we first state.

If B is diagonalizable with diagonalization B = ZΛZ−1 then the kth residual of an

I-MR method applied to B satisfies the eigenvalue bound [119]

‖rIk‖I
‖r0‖I

≤ κI(Z) min
p∈Πk,p(0)=1

max
λ∈Λ(B)

|p(λ)|. (3.27)

Since the eigenvectors of a normal matrix can be chosen to be orthogonal, (3.27) tells

us that convergence for normal matrices depends essentially on eigenvalues. However,

if B is highly nonnormal, so that κI(Z) is large, (3.27) may be pessimistic [62, page

56]. Furthermore, this bound is not applicable if B is not diagonalizable.

Pseudospectra, which are described in Appendix A.3, can be used to construct al-

ternative bounds for minimal residual methods that address the drawbacks of (3.27).

For any matrix B, we have the pseudospectral bound [143][145, Chapter 26]

‖rIk‖I
‖r0‖I

≤ Lε
2πε

min
p∈Πk,p(0)=1

max
z∈Γε
|p(z)|, (3.28)

where Γε is a contour or union of contours enclosing the ε-pseudospectrum of B and Lε

is the arc length of Γε. The advantage of (3.28) is that different bounds are obtained

with different values of ε. However, it can be difficult to know a priori which values

of ε give the most informative bounds.
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The eigenvalue bound (3.27) and pseudospectral bound (3.28) are related to the ideal

GMRES polynomial [65],

p∗(B) = arg min
p∈Πk,p(0)=1

‖p(B)‖I . (3.29)

The spectral norm of p∗(B) is an upper bound on the worst-case GMRES poly-

nomial which solves

max
‖r0‖I=1

min
p∈Πk,p(0)=1

‖p(B)r0‖I .

Although there are matrices for which this inequality is strict [46, 141], for many

matrices equality holds. These include normal matrices [63, 79], upper triangular

Toeplitz matrices with p∗(B) = 1 [46] and matrices for which the ideal polynomial p∗

has a simple maximal singular value [65]. Additionally, for arbitrary matrices equality

holds at the first step (k = 1) [63, 79].

The worst-case GMRES polynomial and, therefore, the ideal GMRES polynomial,

provide upper bounds on I-GMRES convergence since, for every r0 with ‖r0‖I = 1,

the kth I-GMRES residual, rIk, satisfies

‖rIk‖I = min
p∈Πk,p(0)=1

‖p(B)r0‖I ≤ max
‖r0‖I=1

min
p∈Πk,p(0)=1

‖p(B)r0‖I ≤ min
p∈Πk,p(0)=1

‖p(B)‖I .

The following generalizations of the pseudospectral and eigenvalue bounds for I-MR

are similarly linked to ideal GMRES polynomials in a nonstandard inner product

〈·, ·〉W , i.e.,

pW∗ (B) = arg min
p∈Πk,p(0)=1

‖p(B)‖W .

We now generalize the eigenvalue and pseudospectral I-MR bounds (3.27) and (3.28),

starting with the former.

Theorem 3.8. Let B ∈ Rn×n have diagonalization B = ZΛZ−1, where Λ, Z ∈ Cn×n

and let W = C∗C for some nonsingular matrix C ∈ Cn×n for which W is real. Then

rWk , the kth residual vector of W -MR applied to Bx = b, b ∈ Rn, satisfies

‖rWk ‖W
‖r0‖W

≤ κI(CZ) min
p∈Πk,p(0)=1

max
λ∈Λ(B)

|p(λ)|. (3.30)

Proof. By definition, the W -MR residual vector is given by rWk = pk(B)r0, where

pk(z) is the unique polynomial of degree less than or equal to k with p(0) = 1 that

minimizes ‖rWk ‖W . Using (2.2), it follows that

‖rWk ‖W = ‖pk(B)r0‖W ≤ ‖CZpk(Λ)Z−1C−1‖I‖r0‖W
≤ ‖CZ‖I‖(CZ)−1‖I min

p∈Πk,p(0)=1
max
λ∈Λ(B)

|p(λ)|‖r0‖W .
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Remark 3.9. Theorem 3.8 is a generalization of the standard I-MR bound (3.27),

since with W = C = I, (3.30) and (3.27) are identical.

Clearly κI(CZ) is smaller for some matrices C than for others. Consequently, the

bound (3.30) may be more descriptive for certain inner products 〈·, ·〉W . As stated

in the following corollary, the smallest bound is obtained when C = Z−1, so that

W = Z−∗Z−1. This matrix W defines an inner product with respect to which B

is normal (see Lemma 2.29), so that the result is a generalization of a well known

result for I-orthogonal matrices and I-MR methods; convergence for a normal matrix

depends largely on eigenvalues.

Corollary 3.10. Let B ∈ Rn×n have diagonalization B = ZΛZ−1, Λ, Z ∈ Cn×n,

so that B is normal with respect to 〈·, ·〉W , where W = Z−∗Z−1. Then rWk , the kth

residual vector of W -MR applied to Bx = b, b ∈ Rn, is bounded by

‖rWk ‖W
‖r0‖W

≤ min
p∈Πk, p(0)=1

max
λ∈Λ(B)

|p(λ)|. (3.31)

Remark 3.11. When B has real eigenvalues, B is not only W -normal but is also

W -self-adjoint (see Corollary 2.28). In this case, we can apply W -MINRES to the

linear system Bx = b, which requires only three-term recurrences.

We will use the idea behind Corollary 3.10 numerous times in subsequent chapters

and so we recapitulate the key result. When B = ZΛZ−1, W -MR convergence, when

measured in the W norm, depends primarily on the eigenvalues of B. We note that

the eigenvectors still influence convergence, as these define the W -norm.

If the coefficient matrix B is real, it may be desirable to avoid complex arithmetic

in Theorem 3.8 and Corollary 3.10. Both results can be alternatively derived using

real arithmetic by employing the real Jordan form outlined in Definition A.1. To give

some flavour of how this is done we provide an alternative result to Corollary 3.10,

which will be used in Section 6.3.1.

Corollary 3.12. Let λ1, . . . , λj be the real eigenvalues of B ∈ Rn×n and let λj+1 =

µj + iνj, λj+1 = µj+1 − iνj+1, . . . , λk = µk + iνk, λk = µk − iνk be the 2(k− j) nonreal

eigenvalues. Additionally, let B have real Jordan form B = RJR−1, R ∈ Rn×n,

where J ∈ Rn×n is of the form

J = diag(J1, . . . ,Jj,Jj+1, . . . ,Jk)
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with

J` =


λ` ` = 1, . . . , j[
µ` ν`

−ν` µ`

]
` = j + 1, . . . , k.

If W = R−TR−1, then the kth residual rWk of W -MR applied to Bx = b, b ∈ Rn,

satisfies

‖rWk ‖W = ‖pk(B)r0‖W ≤ ‖R−1Rpk(J )R−1R‖I‖r0‖W
= min

p∈Πk,p(0)=1
max
`=1,...,k

‖p(J`)‖‖r0‖W . (3.32)

We choose to use the (possibly complex) canonical Jordan form over the real Jordan

form except where it is easier to avoid complex arithmetic.

One advantage of (3.28) over (3.27) is that different ε lead to different bounds. The

same is true of pseudospectral bounds for W -MR methods.

Theorem 3.13. Let W = C∗C for some nonsingular matrix C for which W is real.

Then rWk , the kth residual vector of W -MR applied to Bx = b, b ∈ Rn, satisfies

‖rWk ‖W
‖r0‖W

≤ Lε
2πε

min
p∈Πk,p(0)=1

max
z∈Γε
|pk(z)|, (3.33)

where Γε is a contour or union of contours enclosing the ε-pseudospectra of CBC−1

and Lε is the arc length of Γε.

Proof. We know that

‖rWk ‖W = ‖pk(B)r0‖W ≤ ‖pk(B)‖W‖r0‖W ,

where pk is the unique polynomial of degree k with p(0) = 1 for which ‖pk(B)r0‖W
is minimized. The polynomial term ‖pk(B)‖W‖r0‖W can be represented by a Cauchy

integral to give that, for any contour Γ enclosing the spectrum of B,

‖pk(B)‖W =

∥∥∥∥ 1

2πi

∫
Γ

pk(z)(zI −B)−1dz

∥∥∥∥
W

≤ 1

2π

∫
Γ

|pk(z)|
∥∥(zI −B)−1

∥∥
W
|dz|

=
1

2π

∫
Γ

|pk(z)|
∥∥(zI − CBC−1)−1

∥∥
I
|dz|.

Comparing with (A.1) in Appendix A.3 we see the by choosing Γ = Γε we obtain

‖pk(B)‖W ≤
Lε
2πε

min
p∈Πk,p(0)=1

max
z∈Γε
|pk(z)|,

which is the result.



CHAPTER 3. ITERATIVE METHODS 54

As for the eigenvalue bound in Theorem 3.8, the pseudospectral bound (3.33) depends

on C. The choice C = Z−1, where Z is an eigenvector matrix of B gave the bound

in Corollary 3.10. The same choice of B here means that CBC−1 is diagonal. This

choice of C corresponds to W = Z−∗Z−1, which again defines an inner product with

respect to which B is normal. Accordingly, the ε-pseudospectrum of B with respect

to ‖ · ‖W consists of open ε-balls around the eigenvalues of B (see Lemma A.9).

Corollary 3.14. Let B ∈ Rn×n be diagonalizable with matrix of eigenvectors Z ∈
Cn×n and let W = Z−∗Z−1. Then, rWk , the kth residual vector of W -MR applied to

Bx = b, b ∈ Rn, is bounded by

‖rWk ‖W
‖r0‖W

≤ Lε
2πε

min
p∈Πk,p(0)=1

max
z∈Γε
|pk(z)|, (3.34)

where Γε is any curve or union of curves that encloses Λ(B)+4ε, where 4ε is defined

by (A.4) in Appendix A.3, and Lε is the arc length of Γε.

Proof. As in the proof of Theorem 3.13, with C = Z−1, where Z diagonalizes B, we

have that

‖pk(B)‖W ≤
1

2π

∫
Γ

|pk(z)|‖(zI −B)−1‖W |dz|.

By choosing Γ = Γε and using Lemma A.9 we obtain the result.

Corollary 3.14 again shows that, since B is W -normal, it is the eigenvalues of B that

largely determine the convergence of thisW -MR method, when measured with respect

to the W -norm. This idea is used throughout the remainder of this thesis. We stress

that when B is diagonalizable with real eigenvalues, B is W -self-adjoint (and, trivially

W -normal) and in this case a three-term recurrence method—W -MINRES—can be

used to solve the linear system.

The focus of subsequent chapters is on choosing good preconditioners for use with

Krylov subspace methods. To do so, it is helpful to understand the factors that

drive convergence of W -PMINRES and W -PGMRES. Let us, therefore, consider how

Corollaries 3.10 and 3.14 apply to left preconditioned linear systems.

Corollary 3.15. Let P and B be real n × n matrices and let P−1B = ZΛZ−1 be

diagonalizable, where Λ, Z ∈ Cn×n. If W = Z−∗Z−1, then the preconditioned W -MR

residuals P−1rWk = P−1(b−BxWk ) for the system P−1Bx = P−1b, b ∈ Rn, are bounded

by
‖P−1rWk ‖W
‖P−1r0‖W

≤ min
p∈Πk, p(0)=1

max
λ∈Λ(P−1B)

|p(λ)| (3.35)
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and by
‖P−1rk‖W
‖P−1r0‖W

≤ Lε
2πε

min
p∈Πk,p(0)=1

max
z∈Γε
|pk(z)|, (3.36)

where Γε is any curve or union of curves that encloses Λ(P−1B) +4ε, 4ε is defined

by (A.4) in Appendix A.3, and Lε is the arc length of Γε.

When P−1B = ZΛZ−1 is diagonalizable it is M -self-adjoint and W -normal. Thus,

convergence of W -PMINRES or W -PGMRES depends only on the eigenvalues of

P−1B. A sufficient condition for fast convergence is that polynomials can be found

that are small at all of the eigenvalues, which will occur when the eigenvalues are nicely

distributed. Corollary 3.15 provides some guidance for choosing preconditioners for

saddle point problems in Chapters 4 and 5 and aids in understanding preconditioners

for nonsymmetric matrices in Chapter 6. When P−1B is self-adjoint with respect to

an inner product rather than a symmetric bilinear form, i.e., when it is diagonalizable

with real eigenvalues, the preconditioned linear system can be solved by a three-term

recurrence MINRES method.

One can develop similar bounds for right preconditioned systems.

Corollary 3.16. Let P ∈ Rn×n and B ∈ Rn×n and let BP−1 = ZΛZ−1 be diagonal-

izable, where Λ, Z ∈ Cn×n. If W = Z−∗Z−1, then the W -MR residuals rWk = b−BxWk
for the system BP−1y = b, y = Px, b ∈ Rn, are bounded by

‖rWk ‖W
‖r0‖W

≤ min
p∈Πk, p(0)=1

max
λ∈Λ(BP−1)

|p(λ)| (3.37)

and by
‖rk‖W
‖r0‖W

≤ Lε
2πε

min
p∈Πk,p(0)=1

max
z∈Γε
|pk(z)|, (3.38)

where Γε is any curve or union of curves that encloses Λ(BP−1) +4ε, 4ε is defined

by (A.4) in Appendix A.3, and Lε is the arc length of Γε.

Whether it is useful to apply a preconditioned method in a nonstandard inner product

is determined by the availability of an appropriate inner product with which it is

cheap to compute. Even when the inner product W is not explicitly known, or when

computations with 〈·, ·〉W are impractical, the viewpoint provided by Krylov methods

in nonstandard inner products can give some insight into the convergence of, and good

preconditioners for, standard Krylov methods. This is discussed in Chapter 6.
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3.2.4 Relationships between the convergence of minimum
residual methods in different inner products

Recall that if B = ZΛZ−1 is diagonalizable then it is M -self-adjoint, where M =

Z−∗Y Z−1 and W -normal, where W = Z−∗Z−1. By Corollaries 3.10 and 3.14, the

convergence of a W -MR method applied to a linear system with B as its coefficient

matrix is bounded by a term that only involves the eigenvalues of B. These results are

generally descriptive in our experience and are useful when choosing preconditioners.

However, it can be infeasible to obtain and use the inner product 〈·, ·〉W . Fortunately,

the convergence of minimum residual methods in different inner products can be

related. One such link was proposed by Essai [45], who showed that the convergence

of GMRES and FOM in a nonstandard inner product—defined by a diagonal matrix

prescribed by the initial residual—could be related to the convergence of GMRES and

FOM in the Euclidean inner product. The key to Essai’s result is a QR decomposition

in a nonstandard inner product, which we employ below and which has also been

exploited by, for example, Sadok and Szyld [120] in their comparison of CMRH and

GMRES, by Philippe and Reichel to implement the Arnoldi process with Chebyshev

and Newton polynomial bases [110] and by Simoncini and Szyld [128, Theorem 3.6]

to relate W -MR convergence, in any inner product 〈·, ·〉W , to I-MR convergence.

Approaches that do not explicitly exploit a QR relationship can also be used to

connect W -MR and I-MR convergence as shown in [39, Section 4.3]. Similar results

for conjugate gradient methods are given in [5].

To describe how the convergence of a minimum residual method in a nonstandard

inner product 〈·, ·〉W and that of a minimum residual method in the Euclidean inner

product compare we extend the results of Essai. All of these results can be general-

ized to compare two methods in nonstandard inner products, say 〈·, ·〉W and 〈·, ·〉X ,

but for clarity we do not do this here. The analysis is restricted to MR methods

for which the basis vectors are orthogonal with respect to the associated inner prod-

uct in the sense of (2.6). However, the most popular implementations of minimum

residual methods—MINRES and GMRES—satisfy this requirement. Without loss of

generality, we assume in the following that the initial iterate is the zero vector2.

A W -MR method selects iterates xk ∈ Kk(B, r0) for which

xWk = arg min
x∈x0+Kk(B,r0)

‖b−Bx‖W .

2If x0 6= 0 we can always solve the shifted linear system B(x− x0) = b− Bx0 = r0, from which
x can be recovered.
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Similarly, iterates xk ∈ Kk(B, r0) of an I-MR method are chosen so that

xIk = arg min
x∈x0+Kk(B,r0)

‖b−Bx‖I .

The Arnoldi relations (3.24) for W -MR and I-MR are

BV W
k = V W

k+1Ĥ
W
k (3.39)

and

BV I
k = V I

k+1Ĥ
I
k , (3.40)

where the columns of V W
k and V I

k are the W -orthogonal basis vectors for W -MR and

the I-orthogonal basis vectors for I-MR, respectively, and ĤW
k and ĤI

k are (k+1)×k
upper Hessenberg matrices.

The norms of the W -MR and I-MR residuals can be expressed as

‖rWk ‖W = min
z∈Rk
‖‖r0‖W e1 − ĤW

k z‖I , (3.41)

and

‖rIk‖I = min
y∈Rk
‖‖r0‖Ie1 − ĤI

ky‖I (3.42)

by using (3.18) for MINRES or (3.26) for GMRES.

Although the basis vectors of W -MR and I-MR differ, W -MR and I-MR form bases

of the same nested Krylov subspaces. Thus, assuming that these methods do not

terminate at or before the kth step,

V I
k = V W

k Rk, (3.43)

where Rk ∈ Rk×k is upper triangular and nonsingular; this is a QR decomposition of

V I
k in the 〈·, ·〉W inner product. From this fundamental equation we can obtain useful

relationships between V W
k and V I

k , and between ĤW
k and ĤI

k .

Lemma 3.17. (Proposition 1 in [45]) Let 〈·, ·〉W be an inner product. Additionally,

let V W
k ∈ Rn×k and ĤW

k ∈ R(k+1)×k satisfy (3.39) and V I
k ∈ Rn×k and ĤI

k ∈ R(k+1)×k

satisfy (3.40), with V W
k having W -orthogonal columns and V I

k having I-orthogonal

columns. Then, if

V I
k = V W

k Rk

for some nonsingular matrix Rk ∈ Rk×k, it follows that

Rk = (V W
k )TWV I

k , R−1
k = (V I

k )TV W
k and ĤI

k = R−1
k+1Ĥ

W
k Rk. (3.44)
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Proof. Since V W
k is W -orthogonal, premultiplying both sides of (3.43) by (V W

k )TW

gives that

Rk = (V W
k )TWV I

k .

An equation for R−1
k is derived by instead premultiplying (3.43) by (V I

k )T to obtain

that I = (V I
k )TV W

k Rk or that

R−1
k = (V I

k )TV W
k . (3.45)

To relate ĤI
k and ĤW

k note that, by (3.43), BV W
k = BV I

k R
−1
k so that (3.39) can be

expressed as BV I
k = V W

k+1Ĥ
W
k Rk. Substituting this into (3.40) shows that V I

k+1Ĥ
I
k =

V W
k+1Ĥ

W
k Rk and after premultiplying both sides by (V I

k+1)T we obtain that

ĤI
k = (V I

k+1)TV W
k+1Ĥ

W
k Rk = R−1

k+1Ĥ
W
k Rk,

where we have used (3.45) to simplify the right-hand side.

By utilizing these relationships, it is possible to express I-MR residuals in terms of

quantities associated with W -MR as the following lemma, which generalizes a result

in [45, Section 4], demonstrates.

Lemma 3.18. Let rIk be the kth residual of I-MR. Then

‖rIk‖I = min
ȳ∈Rk
‖‖r0‖W e1 − ĤW

k ȳ‖R−Tk+1R
−1
k+1
, (3.46)

where ĤW
k is the upper Hessenberg matrix in (3.39) and Rk+1 is the upper triangular

matrix in (3.43).

Proof. The I-MR residual satisfies

‖rIk‖I = min
y∈Rk

∥∥∥‖r0‖Ie1 − ĤI
ky
∥∥∥
I

= min
ȳ∈Rk

∥∥∥‖r0‖Ie1 − ĤI
kR
−1
k ȳ
∥∥∥
I
.

Now,

r0 = ‖r0‖IV I
k+1e1 = ‖r0‖WV W

k+1e1

and so, since V I
k+1 is I-orthogonal,

‖r0‖Ie1 = (V I
k+1)T‖r0‖WV W

k+1e1 = ‖r0‖WR−1
k+1e1 (3.47)

by Lemma 3.17. We also have from Lemma 3.17 that

ĤI
k = R−1

k+1Ĥ
W
k Rk. (3.48)
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Substituting (3.47) and (3.48) into (3.47) gives that

‖rIk‖I = min
ȳ∈Rk

∥∥∥R−1
k+1(‖r0‖W e1 − ĤW

k ȳ)
∥∥∥
I

= min
ȳ∈Rk

∥∥∥‖r0‖W e1 − ĤW
k ȳ
∥∥∥
R−Tk+1R

−1
k+1

which is the stated result.

Comparison with the W -MR residual (3.41) shows that the quantities minimized

by I-MR and W -MR are the same but the norms with respect to which they are

minimized differ. This is the key relationship that allows us to link I-MR and W -MR

convergence in the following theorem.

Theorem 3.19. Let W be symmetric positive definite. Then, the kth I-MR residual

rIk and the kth W -MR residual rWk satisfy

σmin(R−1
k+1)‖rWk ‖W ≤ ‖rIk‖I ≤ σmax(R

−1
k+1)‖rWk ‖W , (3.49)

where Rk+1 is defined in (3.43).

Proof. Let

zk = arg min
z∈Rk

∥∥∥‖r0‖W e1 − ĤW
k z
∥∥∥
I
.

Then, from (3.46),

‖rIk‖I = min
ȳ∈Rk

∥∥∥‖r0‖W e1 − ĤW
k ȳ
∥∥∥
R−Tk+1R

−1
k+1

≤
∥∥∥‖r0‖W e1 − ĤW

k zk

∥∥∥
R−Tk+1R

−1
k+1

since ȳ achieves the minimum value. Accordingly,

‖rIk‖I ≤
∥∥∥‖r0‖W e1 − ĤW

k zk

∥∥∥
R−Tk+1R

−1
k+1

≤
√
λmax(R

−T
k+1R

−1
k+1)

∥∥∥‖r0‖W e1 − ĤW
k zk

∥∥∥
I
,

where the last step follows from application of the Courant-Fischer theorem (see

Appendix A.4) to R−Tk+1R
−1
k+1. Comparison with (3.41) shows that this is equivalent to

‖rIk‖I ≤
√
λmax(R

−T
k+1R

−1
k+1)‖rWk ‖W = σmax(R

−1
k+1)‖rWk ‖W .

To obtain the lower bound, we first let

yk = arg min
ȳ∈Rk

∥∥∥‖r0‖Ie1 − ĤI
k ȳ
∥∥∥
R−Tk+1R

−1
k+1

Then, from (3.41),

‖rWk ‖W = min
z∈Rk

∥∥∥‖r0‖W e1 − ĤW
k z
∥∥∥
I
≤
∥∥∥‖r0‖W e1 − ĤW

k yk

∥∥∥
I
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and by again employing the Courant-Fischer theorem we find that

‖rWk ‖W ≤
∥∥∥‖r0‖W e1 − ĤW

k yk

∥∥∥
I
≤ 1

σmin(R−1
k+1)

∥∥∥‖r0‖W e1 − ĤW
k yk

∥∥∥
R−Tk+1R

−1
k+1

.

Lemma 3.18 states that

‖rIk‖I =
∥∥∥‖r0‖W e1 − ĤW

k yk

∥∥∥
R−Tk+1R

−1
k+1

and so

σmin(R−1
k+1)‖rWk ‖W ≤ ‖rIk‖I ,

which is the lower bound.

However, Theorem 3.19 depends on the singular values of Rk+1, the computation

of which requires both W -MR and I-MR basis vectors. This motivates us to con-

sider alternative representations of (3.49). The first of these is given in the following

corollary.

Corollary 3.20. If W = C∗C, where C ∈ Cn×n and W ∈ Rn×n, the kth I-MR

residual rIk and the kth W -MR residual rWk satisfy

1

σmax(CV I
k+1)
‖rWk ‖W ≤ ‖rIk‖I ≤

1

σmin(CV I
k+1)
‖rWk ‖W , (3.50)

while the corresponding relative residuals satisfy

σmin(C)

σmax(CV I
k+1)

‖rWk ‖W
‖r0‖W

≤ ‖r
I
k‖I
‖r0‖I

≤ σmax(C)

σmin(CV I
k+1)

‖rWk ‖W
‖r0‖W

. (3.51)

Proof. From (3.43) and the W -orthogonality of V W
k+1,

(V I
k+1)TWV I

k+1 = RT
k+1(V W

k+1)TWV W
k+1Rk+1 = RT

k+1Rk+1.

Taking inverses establishes that[
(V I

k+1)TWV I
k+1

]−1
= R−1

k+1R
−T
k+1

from which it is clear that the eigenvalues of
[
(V I

k+1)TWV I
k+1

]−1
and the singular

values of R−1
k+1 are related by

λ
([

(V I
k+1)TWV I

k+1

]−1
)

= λ(R−1
k+1R

−T
k+1) = σ(R−1

k+1)2.
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We therefore look for an expression for the eigenvalues of
[
(V I

k+1)TWV I
k+1

]−1
in order

to re-write (3.49). Since W = C∗C we have that

RT
k+1Rk+1 = (V I

k+1)TWV I
k+1 = (V I

k+1)TC∗CV I
k+1 = (CV I

k+1)∗(CV I
k+1).

Thus,

σk(R
−1
k+1)2 = λk

(
[(V I

k+1)TWV I
k+1]−1

)
=

1

λn−k((V I
k+1)TWV I

k+1)
=

1

σ2
n−k(CV

I
k+1)

.

In particular,

σmin(R−1
k+1) =

1

σmax(CV I
k+1)

and σmax(R
−1
k+1) =

1

σmin(CV I
k+1)

so that (3.49) is equivalent to

1

σmax(CV I
k+1)
‖rWk ‖W ≤ ‖rIk‖I ≤

1

σmin(CV I
k+1)
‖rWk ‖W .

The relative residual bound is obtained from (3.50) by dividing by ‖r0‖I , which gives

that
1

σmax(CV I
k+1)

‖rWk ‖W
‖r0‖I

≤ ‖r
I
k‖I
‖r0‖I

≤ 1

σmin(CV I
k+1)

‖rWk ‖W
‖r0‖I

.

By the Courant-Fischer theorem (see Appendix A.4),

λmin(W )‖r0‖2
I ≤ ‖r0‖2

W ≤ λmax(W )‖r0‖2
I

or

σmin(C)
1

‖r0‖W
≤ 1

‖r0‖I
≤ σmax(C)

1

‖r0‖W
and so

σmin(C)

σmax(CV I
k+1)

‖rWk ‖W
‖r0‖W

≤ ‖r
I
k‖I
‖r0‖I

≤ σmax(C)

σmin(CV I
k+1)

‖rWk ‖W
‖r0‖W

.

Of particular interest in this thesis is the inner product W = Z−∗Z−1, where B has

diagonalization B = ZΛZ−1. With this choice, Corollary 3.20 leads to an iteration-

dependent bound for the relative residuals of I-MR that can be much more descriptive

than the standard eigenvalue bound (3.27).

Corollary 3.21. If B ∈ Rn×n has diagonalization B = ZΛZ−1, Λ, Z ∈ Cn×n, then

I-MR residuals rIk for the system Bx = b, b ∈ Rn, satisfy

‖rIk‖I
‖r0‖I

≤ σmax(Z
−1)

σmin(Z−1V I
k+1)

min
p∈Πk,p(0)=1

max
λ∈Λ(B)

|p(λ)|. (3.52)
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Proof. Applying (3.50) with W = Z−∗Z−1 gives that

‖rIk‖I ≤
1

σmin(Z−1V I
k+1)
‖rWk ‖W . (3.53)

This choice of W also allows us to bound the W -MR residuals using Corollary 3.10

and we find that

‖rIk‖I ≤
1

σmin(Z−1V I
k+1)

min
p∈Πk,p(0)=1

max
λ∈Λ(B)

|p(λ)|‖r0‖W (3.54)

≤ σmax(Z
−1)

σmin(Z−1V I
k+1)

min
p∈Πk,p(0)=1

max
λ∈Λ(B)

|p(λ)|‖r0‖I

since ‖r0‖2
W = rT0 Z

−∗Z−1r0 ≤ σ2
max(Z

−1)2‖r0‖2
I .

It is possible to obtain a tighter bound than (3.52) in Corollary 3.213 by starting

from (3.54) and applying the lower bound in (3.50) to ‖r0‖W , to obtain that ‖r0‖W ≤
σmax(Z

−1V I
1 )‖r0‖I . Doing so gives that

‖rIk‖I ≤
σmax(Z

−1V1)

σmin(Z−1Vk+1)
min

p∈Πk,p(0)=1
max
λ∈Λ(B)

|p(λ)|‖r0‖I . (3.55)

By Corollary A.12 in Appendix A a slightly weaker, but more elegant bound than

(3.55), is3

‖rIk‖I
‖r0‖I

≤ σmax(Z
−1Vk+1)

σmin(Z−1Vk+1)
min

p∈Πk,p(0)=1
max
λ∈Λ(B)

|p(λ)|

= κI(Z
−1Vk+1) min

p∈Πk,p(0)=1
max
λ∈Λ(B)

|p(λ)|. (3.56)

From Corollary A.12 in Appendix A it is clear that σmin(Z−1) ≤ σmin(Z−1V I
k+1) and

σmax(Z
−1V I

k+1) ≤ σmin(Z−1). Thus, comparing (3.52) in Corollary 3.21 and (3.56)

to (3.27), the standard eigenvalue bound for I-MR, we see that the former two are

tighter when σmin(Z−1) is smaller than σmin(Z−1V I
k+1) and can never be larger. If the

difference is pronounced, (3.52) may be a significantly better predictor of convergence.

We now present the second of our alternatives to Theorem 3.19, which will be useful

when the singular values of V W
k+1 can be obtained or estimated.

Corollary 3.22. Let W be symmetric positive definite. Then, the kth I-MR residual

rIk and the kth W -MR residual rWk satisfy

σmin(V W
k+1)‖rWk ‖W ≤ ‖rIk‖I ≤ σmax(V

W
k+1)‖rWk ‖W . (3.57)

3D. Titley-Peloquin, personal communication, June 2011.
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Proof. If R−1
k+1 has as its singular value decomposition R−1

k+1 = UΣV T then

V W
k+1 = V I

k+1R
−1
k+1 = (V I

k+1U)ΣV T .

Since V I
k+1 and U are each I-orthogonal, so is their product. Thus, (V I

k+1U)ΣV T is a

reduced SVD of V W
k+1 and the singular values of R−1

k+1 are equal to the singular values

of V W
k+1. It follows that (3.49) can be replaced by

σmin(V W
k+1)‖rWk ‖W ≤ ‖rIk‖I ≤ σmax(V

W
k+1)‖rWk ‖W .

The bounds (3.49), (3.50) and (3.57) depend on the iteration number, k. The following

is independent of k but—although there could be certain right-hand sides for which

it is tight—it may be pessimistic in general particularly when k is small. This topic

is discussed in [128].

Theorem 3.23. Let W be symmetric positive definite. Then, the residuals of I-MR

and W -MR satisfy

1√
λmax(W )

‖rWk ‖W ≤ ‖rIk‖I ≤
1√

λmin(W )
‖rWk ‖W , (3.58)

while the corresponding relative residuals satisfy

1√
κI(W )

‖rWk ‖W
‖r0‖W

≤ ‖r
I
k‖I
‖r0‖I

≤
√
κI(W )

‖rWk ‖W
‖r0‖W

, (3.59)

where λmin(W ) and λmax(W ) are the minimum and maximum eigenvalues of W and

κI(W ) is its I-norm condition number.

Proof. Let the positive square root of W = S2 be S. Then for any vector y ∈ Rn,

‖y‖2
I = yTy = yTSS−2Sy ≤ λmax(S

−2)‖Sy‖2
2

= λmax(W
−1)‖y‖2

W

=
1

λmin(W )
‖y‖2

W .

The lower bound is obtained analogously.

The relative residual bounds are obtained similarly to those in Corollary 3.20.
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Remark 3.24. When B = ZΛZ−1 and W = Z−∗Z−1, combining (3.59) with the

bound in Corollary 3.10 gives that

‖rIk‖I
‖r0‖I

≤
√
κI(W ) min

p∈Πk,p(0)=1
max
λ∈Λ(B)

|p(λ)| = κI(Z) min
p∈Πk,p(0)=1

max
λ∈Λ(B)

|p(λ)|,

the standard eigenvalue bound (3.27) for GMRES. This shows that (3.59) in Theorem

3.23 is a generalization of (3.27).

We illustrate by an example the difference between the standard bound (3.27) (that

can be obtained from (3.59) as discussed in the remark above) and the iteration-

dependent bound (3.52). We consider a finite difference discretization of a two-

dimensional convection-diffusion operator (the unpreconditioned linear system in Ex-

ample 6.2 in Section 6.2.2). Discretizations of this operator have been examined ex-

tensively in the literature, with a Fourier analysis given in [42] and studies of GMRES

convergence of an SUPG finite element discretization the subject of [36, 42, 50, 92].

We choose nx = 7, ny = 28 and ε = 0.0325. Applying GMRES to the linear system

gives the solid convergence curve in Figure 3.1.

The size of the matrix makes solving

min
p∈Πk,p(0)=1

max
λ∈Λ(B)

|p(λ)|

difficult but the eigenvalues are all real and lie in (17.8, 217.5). We therefore take the

approximation

min
p∈Πk,p(0)=1

max
λ∈Λ(B)

|p(λ)| ≤ min
p∈Πk,p(0)=1

max
z∈[λmin,λmax]

|p(z)| ≤ 2

(√
η − 1
√
η + 1

)k
, (3.60)

where λmin and λmax are the extreme eigenvalues of B and η = λmax
λmin

(see, for example,

[118, Section 6.11.3] for details).

Using (3.60) in the standard eigenvalue bound (3.27) for I-GMRES convergence gives

the green dashed line in Figure 3.1, which clearly overestimates the relative residuals.

The bound (3.52) is denoted by the red dot-dashed line and (3.55) is given by the

cyan line, where (3.60) has again been used to approximate the polynomial term.

Both are much tighter than the standard eigenvalue bound (3.27) and, significantly,

both capture the end of the stagnation phase. We note that (3.52) and (3.55) are

close, although this will not be the case if σmax(Z
−1) and σmax(Z

−1V1) differ greatly.

This example, and the examples we present in Chapter 6 highlight that (3.27) can be

misleading.
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Figure 3.1: Convergence bounds for a finite difference discretization of a convection-
diffusion problem. The dotted line is (3.27), the dashed line is our iteration-dependent
bound (3.52).

3.3 Conclusions

In this chapter we have shown that the conjugate gradient method, MINRES and

GMRES can be generalized for use with nonstandard inner products and that the re-

sulting algorithms require little modification of the standard methods. Bounds on the

relative error for W -PCG and the relative preconditioned residual for W -PMINRES

were obtained that depend only on the eigenvalues of the coefficient matrix. Similar

eigenvalue-dependent bounds exist for relative preconditioned W -PGMRES residuals

for a particular inner product with respect to which the coefficient matrix is normal.

Otherwise, the bounds we derived based on pseudospectra or eigenvalues can be ap-

plied. We related the convergence of a minimum residual method in a nonstandard

inner product to that of standard minimum residual methods in 〈·, ·〉I and derived a

new iteration-dependent bound for I-GMRES that can be more descriptive than the

standard eigenvalue bound (3.27). The convergence results presented here provide

a starting point for examining effective preconditioned Krylov subspace methods, a

topic to which subsequent chapters are devoted.



Chapter 4

Preconditioners for saddle point
systems

Generalized saddle point problems of the form

Ax = b or

[
A BT

D −C

] [
u
v

]
=

[
f
g

]
(4.1)

with A ∈ Rn×n, B,D ∈ Rm×n and C ∈ Rm×m, n ≥ m arise frequently in scientific

computing, with two major applications being mixed finite element methods and

interior point algorithms. (A comprehensive survey of the fields in which saddle point

problems arise can be found in [16].) When partitioned, any matrix satisfies (4.1).

However, we are interested generalized saddle point matrices with specific properties.

As in [16] we explicitly exclude the cases where A, B or D is zero and we assume that

the saddle point matrix satisfies at least one of the following properties.

Property 4.1. A matrix [
A BT

D −C

]
,

A ∈ Rn×n, B,D ∈ Rm×n and C ∈ Rm×m, n ≥ m will be called a saddle point matrix

if at least one of the following properties holds.

1. A = AT ;

2. the symmetric part of A, H ≡ 1
2
(A+ AT ), is positive semidefinite;

3. B = D;

4. C is symmetric positive semidefinite;

5. C = 0.

66
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Note that (5) is a special case of (4).

When A is large and sparse, (4.1) is commonly solved by preconditioned Krylov

subspace methods. Consequently, we are interested in choosing P so that

Â = P−1Ax = P−1b

can be rapidly solved by a Krylov method. If A is nonsymmetric then so is the pre-

conditioned coefficient matrix in general and either a nonsymmetric Krylov subspace

method or a method in a nonstandard inner product can be applied. For a large

class of saddle point systems, however, A is symmetric indefinite, with A symmetric

positive definite, C symmetric positive semidefinite, and D = B, i.e.,

A =

[
A BT

B −C

]
. (4.2)

Preconditioned MINRES in the Euclidean inner product can be used when P is

symmetric positive definite but a number of effective preconditioners are indefinite

or nonsymmetric. For these, nonstandard inner products may prove useful since,

whenever P is real, the preconditioned coefficient matrix is self-adjoint with respect

to a nonstandard symmetric bilinear form 〈·, ·〉W . For certain choices of P ,W depends

only on A, B and approximations to A and the (negative) Schur complement

S = DA−1BT + C; (4.3)

this may make computations with 〈·, ·〉W inexpensive. Moreover, under certain addi-

tional conditions W defines an inner product and W-PMINRES (see Section 3.2.1)

can be applied. The less computationally expensive W-PCG method in Algorithm

3.3 is usually preferred when the preconditioned coefficient matrix is symmetric and

positive definite with respect to this inner product.

In this chapter we examine the role of nonstandard inner products in the develop-

ment of effective preconditioned Krylov subspace methods for saddle point problems.

Much of this chapter is devoted to symmetric problems, which constitute a large

subset of saddle point systems. However, some of our results apply to nonsymmetric

matrices. Section 4.1 is a brief (and certainly not exhaustive) overview of exist-

ing preconditioners for saddle point problems. Many of these are examples of the

parameter-dependent Krzyżanowski preconditioner [85], that we also describe. To

select the optimal combination of preconditioner and symmetric bilinear form (or in-

ner product) it is helpful to have a thorough understanding of the symmetric bilinear

forms with respect to which a Krzyżanowski preconditioned saddle point matrix is
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self-adjoint. Moreover, one might wish to apply a Krzyżanowski-like preconditioner

to a nonsymmetric problem. For both these reasons we present in Section 4.2 a

characterization of the symmetric bilinear forms with respect to which a generalized

Krzyżanowski preconditioned coefficient matrix is self-adjoint. This characterization

is applied to two Murphy-Golub-Wathen [104] preconditioned saddle point matrices,

and another preconditioned nonsymmetric saddle point matrix. In Section 4.3 a mod-

ification of a well known preconditioner is proposed and its properties derived while

in Section 4.4 we present numerical experiments that appraise its effectiveness and

robustness. The main findings of this chapter are summarized in Section 4.5.

Throughout, our assumptions are that A is nonsingular and that B and D have full

rank. When A and C are symmetric we assume that they are positive definite and

positive semidefinite, respectively. ByA we denote the symmetric saddle point matrix

in (4.1) or (4.2), by P a left preconditioner and by W the matrix that defines the

symmetric bilinear form with respect to which P−1A is self-adjoint. An approximation

of A is represented by A0 and is symmetric positive definite if A is symmetric positive

definite. Similarly, S0 is an approximation to the Schur complement S in (4.3) that is

symmetric positive definite when S is symmetric positive definite. If the saddle point

matrix is nonsymmetric we assume that A and DA−1BT are nonsingular. Sufficient

conditions for nonsingularity of the Schur complement can be found in [16].

4.1 Examples

The first part of this section is concerned with the description of preconditioners for

symmetric matrices, each of which is an example of the Krzyżanowski preconditioner

[85]. In the remainder, preconditioners for nonsymmetric saddle point systems are

discussed.

One of the best known Krylov subspace methods in a nonstandard inner product

is the Bramble-Pasciak preconditioned conjugate gradient method [20] for

symmetric saddle point problems (4.2) with symmetric positive definite A and sym-

metric positive semidefinite C [1, 7, 8, 25, 40, 56, 80, 95, 109, 112, 113, 157]. Although

A is indefinite, the application of a block triangular preconditioner renders the (non-

symmetric) preconditioned system self-adjoint and positive definite with respect to

a nonstandard symmetric bilinear form. Under additional conditions this symmetric

bilinear form becomes an inner product 〈·, ·〉W and a W-PCG method can be used

reliably.
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Specifically,

A =

[
A BT

B −C

]
is left-preconditioned by

P =

[
A0 0
B −I

]
,

where A0 is a symmetric approximation to A. The preconditioned saddle point matrix

is self-adjoint with respect to 〈·, ·〉W , where

W =

[
A− A0 0

0 I

]
defines an inner product when A > A0, i.e., when A − A0 is symmetric positive

definite. We note that any symmetric positive definite matrix A0 can be scaled by a

positive scalar α so that A − αA0 > 0 or, equivalently, λmin( 1
α
A−1

0 A) > 0, although

determining an appropriate scaling factor can be expensive. However, when W is

positive definite, P−1A is positive definite with respect to 〈·, ·〉W [20] and a W-PCG

method, which can be efficiently implemented [112, 134], is robust. This coincidence

of desirable properties makes the Bramble-Pasciak approach popular.

The notion of combining a preconditioner with a nonstandard inner product has

been developed in several ways (some of which can be found in [33, 34, 89] and

the following examples). The Bramble-Pasciak with Schur complement (BP)

preconditioner

P =

[
A0 0
B −S0

]
(4.4)

for symmetric saddle point systems in [80, 102, 127] incorporates a symmetric positive

definite approximation S0 to the Schur complement (4.3) into the BP preconditioner

that may give a better approximation to A when S is far from the identity matrix1.

The preconditioned coefficient matrix Â = P−1A is self-adjoint with respect to the

symmetric bilinear form defined by

W =

[
A− A0 0

0 S0

]
, (4.5)

which defines an inner product when A − A0 > 0 and S0 is positive definite. When

〈·, ·〉W is an inner product it is one with respect to which Â is always positive definite

[80], similarly to the original Bramble-Pasciak preconditioner. Thus, a preconditioned

1Zulehner [157] considered a similar idea in the context of inexact Uzawa methods, which are
connected to conjugate gradient methods [17, 100].
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conjugate gradient method in 〈·, ·〉W can be reliably applied to this preconditioned

system when W > 0.

The major drawback of the above methods is that often A0 must be scaled for W
to define an inner product. This typically requires an approximation to the small-

est eigenvalue of A−1
0 A, the computation of which can be costly. To circumvent this

difficulty, Stoll and Wathen [135] proposed the Bramble-Pasciak+ (BP+) precon-

ditioner for symmetric saddle point systems

P =

[
A0 0
−B S0

]
(4.6)

that negates the second block-row of the BP preconditioner (4.4). The matrix P−1A
is self-adjoint with respect to 〈·, ·〉W , where

W =

[
A+ A0 0

0 S0

]
. (4.7)

When A, A0 and S0 are symmetric positive definite, W is symmetric positive definite

and defines an inner product.

However, positive definiteness ofW is achieved at the expense of positive definiteness

of P−1A with respect to 〈·, ·〉W . In contrast to the Bramble-Pasciak preconditioners

above, P−1A is indefinite with respect to 〈·, ·〉W [135] and a W-PCG method cannot

be reliably applied. However, it is always possible to use W-PMINRES. Bounds on

the eigenvalues of P−1A which do not depend on the norms of the eigenvectors of

P−1A are given in Appendix B. Since these bounds do not contain norms of the

eigenvectors of P−1A, which are typically costly to compute, they may be easier to

apply than the eigenvalue bounds in [134, Section 3.4].

Each of these Bramble-Pasciak-style preconditioners is block triangular. An alterna-

tive is a constraint preconditioner, such as the Schöberl-Zulehner (SZ) precon-

ditioner [122, 157]

P =

[
A0 BT

B BA−1
0 BT − S0

]
. (4.8)

It is suitable for symmetric saddle point matrices with zero (2, 2) block, particularly

those arising from optimal control problems [70, 108, 122]. The preconditioned saddle

point matrix is self-adjoint with respect to the symmetric bilinear form defined by

W =

[
A0 − A 0

0 BA−1
0 BT − S0

]
, (4.9)

which is positive definite when A0 > A and BA−1
0 BT > S0. Again, when 〈·, ·〉W is an

inner product, it is one with respect to which P−1A is positive definite [122].
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It is imperative that the SZ preconditioner can be applied cheaply. Schöberl and

Zulehner [122] outline its efficient application to a vector and we reproduce their

results here for completeness. Let y =
[
wT , qT

]T
. Then if y = P−1x we have that

Py = x or, in block form,[
A0 BT

B BA−1
0 BT − S0

] [
w
q

]
=

[
s
v

]
.

To determine y, one must solve

A0w +BT q = s and Bw +BA−1
0 BT q − S0q = v

for w and q. This can be accomplished in three stages.

I. With ŵ = w + A−1
0 BT q the first equation becomes

A0ŵ = s,

from which ŵ can be obtained.

II. The second equation can be rearranged to give that

S0q = B(w + A−1
0 BT q)− v = Bŵ − v,

which can be solved for q.

III. Then, w can be recovered from ŵ since

A0w = A0ŵ −BT q = s−BT q.

This shows that applying P to a vector requires two linear solves with A0 and one

with S0. Inner products with 〈·, ·〉W require matrix-vector products and one linear

solve with A0, although there is potential for computational savings, as described in

[85].

Perhaps the simplest preconditioner for a symmetric saddle point matrix, however, is

the block diagonal preconditioner (BDW) [58, 81, 126]

P =

[
A0 0
0 S0

]
(4.10)

for which P−1A is self-adjoint with respect to the symmetric bilinear form defined by

W =

[
A0 0
0 S0

]
. (4.11)
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Indeed, the self-adjointness requirement (2.13) that WP−1A is symmetric is trivially

satisfied since

WP−1A = A,

the original symmetric saddle point matrix. The indefiniteness of A, however, means

that P−1A is indefinite with respect to 〈·, ·〉W . When the approximation of A and

the Schur complement in (4.10) is exact, i.e., when A0 = A and S0 = S, the resulting

linear system can be solved by a Krylov subspace method in three steps [104] (since A

is nonsingular) as we discuss in greater detail for nonsymmetric saddle point problems

later in this section. In practice a cheaper approximation of A and S is used and rapid

convergence is often maintained.

Each of the preconditioners described so far in this section is a Krzyżanowski pre-

conditioner [85]

P =

[
I 0

cBA−1
0 I

] [
A0 0
0 S0

] [
I dA−1

0 BT

0 I

]
(4.12)

=

[
A0 0
cB S0

] [
I dA−1

0 BT

0 I

]
, (4.13)

with |c|, |d| ≤ 1. The preconditioned matrix P−1A is self-adjoint with respect to

〈·, ·〉W , where

W = δ

[
A0 − cA 0

0 S0 + cdBA−1
0 BT + dC

]
, (4.14)

and δ = ±1. Table 4.1 contains the parameter choices that lead to the formerly

mentioned preconditioners. The most general Krzyżanowski preconditioner, i.e., with

c, d 6= 0, can be applied with two solves with A0 and one with S0. This is most

clearly seen from (4.13) and the procedure is similar to that for the SZ preconditioner,

described earlier in this section. Specifically, if we wish to solve y = P−1x, where

y =
[
wT , qT

]T
then [

A0 BT

B BA−1
0 BT − S0

] [
w
q

]
=

[
s
v

]
.

To determine y, it is again necessary to solve

A0w + dBT q = s and cBw + cdBA−1
0 BT q + S0q = v

for w and q which can be performed in three steps

I. If ŵ = w + dA−1
0 BT q the first equation becomes

A0ŵ = s,

from which ŵ can be obtained.
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Preconditioner A0 approximation S0 approximation c d δ
Block diagonal A0 S0 0 0 1
Bramble-Pasciak A0 −I 1 0 −1
BP A0 −S0 1 0 −1
BP+ A0 S0 −1 0 1
SZ A0 −S0 1 1 1

Table 4.1: Krzyżanowski parameters for saddle point preconditioners.

II. Then q can be found from the second equation

S0q = v −Bŵ,

III. Finally, w can be recovered from ŵ since

A0w = A0ŵ − dBT q = s− dBT q.

Eigenvalues typically describe the convergence of aW-PCG orW-PMINRES method

applied to the Krzyżanowski preconditioned system (see Corollaries 3.5 and 3.15). We

prove below that the eigenvalues of the Krzyżanowski preconditioned saddle point

matrix depend on certain generalized Rayleigh quotients when C = 0.

Theorem 4.2. Let the symmetric saddle point matrix

A =

[
A BT

B 0

]
,

where A ∈ Rn×n is symmetric positive definite and B ∈ Rm×n has full rank be left

preconditioned by the Krzyżanowski preconditioner (4.12), with A0 ∈ Rn×n and S0 ∈
Rm×m symmetric positive definite. Additionally, let W in (4.14) be positive definite

and let λ be an eigenvalue of P−1A with associated eigenvector[
uT , vT

]T
.

Then λ is real, λ 6= 0 and, when c is nonzero, λ 6= 1/c. If Bu = 0 then

λ =
uTAu

uTA0u
. (4.15)

Otherwise,

λ =
1− (c+ d)ω ±

√
(1− (c+ d)ω)2 + 4(ψ − cdω)ω

2(ψ − cdω)
, (4.16)

where

ψ =
uTA0u

uTAu
(4.17)
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and

ω =
uTBT (cdBA−1

0 BT + S0)−1Bu

uTAu
. (4.18)

Proof. The eigenvalues of P−1A are those of the generalized eigenvalue problem[
A BT

B 0

] [
u
v

]
= λ

[
A0 dBT

cB cdBA−1
0 BT + S0

] [
u
v

]
which, in component form is

Au+BTv = λA0u+ λdBTv (4.19)

Bu = λcBu+ λ(cdBA−1
0 BT + S0)v. (4.20)

Since P−1A is self-adjoint with respect to an inner product its eigenvalues are real (see

Corollary 2.21 in Section 2.2). If λ = 0, (4.20) implies that Bu = 0. Premultiplying

(4.19) by uT gives that uTAu = 0 which, since A is positive definite, can only be true

if u = 0. However, then (4.19) reduces to BTv = 0. The matrix B has full rank and

it follows that v = 0. Thus, zero is not an eigenvalue of P−1A. More generally, u 6= 0

since the definiteness of S0 + cdBA−1
0 BT—guaranteed by the positive definiteness of

W—means that when u = 0 (4.20) can only be satisfied when v = 0.

If c 6= 0 and λ = 1
c

we again find from (4.20) that v = 0. It follows that (4.19) can be

simplified and rearranged to give that (A0− cA)u = 0. However, positive definiteness

of W ensures that A0 − cA is definite, which shows that u = 0. Thus, λ 6= 1
c
.

Let us now determine the eigenvalues of P−1A. When Bu = 0, (4.20) becomes

λ(cdBA−1
0 BT + S0)v = 0

which implies, since cdBA−1
0 BT + S0 is definite and λ 6= 0, that v = 0. Substituting

v = 0 into (4.19) yields that

Au = λA0u

which, because u 6= 0, shows that

λ =
uTAu

uTA0u
.

When Bu 6= 0, rearranging (4.20) gives that

v =

(
1

λ
− c
)
S̃−1Bu,
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where S̃ = cdBA−1
0 BT + S0. By substituting for v in (4.19) we obtain the equation

Au+ (1− λd)

(
1

λ
− c
)
BT S̃−1Bu = λA0u

for λ. Premultiplying by λuT and dividing by uTAu leads to the quadratic equation

(ψ − cdω)λ2 + ((c+ d)ω − 1)λ− ω = 0,

the roots of which are

λ =
1− (c+ d)ω ±

√
(1− (c+ d)ω)2 + 4(ψ − cdω)ω

2(ψ − cdω)
(4.21)

which completes the proof.

Remark 4.3. The equation (4.16) is complicated but simplifies in each of the cases

in Table 4.1 and so provides useful information in these specific instances, particularly

if c = 0 or d = 0. Knowledge of the extreme values of (4.17) and (4.18) allow the

eigenvalues of P−1A to be bounded and a priori information about the convergence

of a W-Krylov subspace method to be obtained. Appendix B provides such bounds

for the BP+ preconditioner.

Block diagonal, block triangular and constraint preconditioners have also been pro-

posed for nonsymmetric matrices. The resulting linear systems are typically solved

by a nonsymmetric Krylov subspace method in the Euclidean inner product [23, 32,

82, 93, 124, 156] which reflects the difficulty in obtaining a suitable nonstandard inner

product with respect to which P−1A is self-adjoint. An exception is Krzyżanowski’s

approach [84], which is to convert the problem into one that is self-adjoint with respect

to an inner product, similarly to the normal equations. To this new system W-PCG

or W-PMINRES can be applied. We assume in this chapter that A, DA−1BT and

C +DA−1BT are nonsingular.

The Murphy-Golub-Wathen block diagonal preconditioner [104] for nonsym-

metric saddle point problems with C = 0 takes the form

P =

[
A 0
0 DA−1BT

]
. (4.22)

The preconditioned matrix Â = P−1A satisfies

Â(Â − I)(Â2 − Â − I) = 0
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from which we discern that Â is diagonalizable and has at most four distinct eigenval-

ues, 0, 1, 1
2
±
√

5
2

(or three when A is invertible). Application of any Krylov subspace

method that minimizes the error or residual to the preconditioned system will, there-

fore, converge in three or four steps. Since P−1A is diagonalizable with real eigen-

values it is self-adjoint with respect to an inner product 〈·, ·〉W , which we describe in

Section 4.2.

Application of the Murphy-Golub-Wathen upper triangular preconditioner2

P =

[
A BT

0 DA−1BT

]
(4.23)

in [104] to a saddle point problem with zero (2,2) block gives a preconditioned coeffi-

cient matrix that has eigenvalues at ±1. The solution to the preconditioned system

is, therefore, obtained after two steps of a Krylov subspace method such as GMRES.

The symmetric bilinear forms with respect to which P−1A is self-adjoint are also

described in Section 4.2.

While the Murphy-Golub-Wathen preconditioners are optimal, they are often pro-

hibitively expensive to apply. However, if good approximations of A and the Schur

complement can be found, rapid convergence might still be expected. If A = E−F is

a matrix splitting with E and DE−1BT nonsingular one approximation to the block

diagonal preconditioner (4.22) is [32]

P =

[
E 0
0 DE−1BT

]
. (4.24)

In the case D = B we identify symmetric bilinear forms with respect to which the

resulting preconditioned matrix is self-adjoint in Section 4.2. The matrix-splitting

idea is extended for matrices with a nonzero (2,2) block in [124], where the Schur

complement approximation C +DE−1BT replaces the (2,2) block of (4.24), provided

C +DE−1BT is nonsingular.

The number of competing preconditioners for saddle point systems indicates that

there is at present no definitive way to precondition a saddle point problem. We feel

that it would be useful to better understand how preconditioners and inner prod-

ucts can be chosen to achieve efficient Krylov subspace methods. To this end, we

characterize in the next section the symmetric bilinear forms with respect to which a

preconditioned linear system is self-adjoint, where the preconditioner is a generaliza-

tion of the Krzyżanowski preconditioner.

2An alternative block triangular preconditioner, that we do not consider here, can be obtained
from (4.23) by negating the (2,2) block. The resulting preconditioned coefficient matrix has a sole
eigenvalue at one but is not diagonalizable.
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4.2 Characterization of symmetric bilinear forms

All of the preconditioners for symmetric saddle point problems in the last section are

examples of the Krzyżanowski [85] preconditioner (4.12), i.e., P is of the form

P =

[
I 0

cBA−1
0 I

] [
A0 0
0 S0

] [
I dA−1

0 BT

0 I

]
.

Although a symmetric bilinear form with respect to which P−1A is self adjoint is

given in [85], this is not the only choice. Additionally, we may want to consider

nonstandard inner products and preconditioners for nonsymmetric saddle point sys-

tems. Accordingly, we provide a complete description of the symmetric bilinear forms

with respect to which a nonsymmetric matrix of the form (4.1), preconditioned by a

nonsymmetric version of P , is self adjoint. The preconditioner we consider is

P =

[
I 0

cDA−1
0 I

] [
A0 0
0 S0

] [
I dA−1

0 BT

0 I

]
which we assume to be invertible. The application of P to the nonsymmetric saddle

point matrix

A =

[
A BT

D −C

]
,

gives

P−1A =

[
Â11 Â12

Â21 Â22

]
, (4.25)

where

Â11 = A−1
0 A+ cdA−1

0 BTS−1
0 DA−1

0 A− dA−1
0 BTS−1

0 D

Â12 = A−1
0 BT + dA−1

0 BTS−1
0 (cDA−1

0 BT + C)

Â21 = −cS−1
0 DA−1

0 A+ S−1
0 D

Â22 = −S−1
0 (cDA−1

0 BT + C).

(4.26)

The symmetric bilinear forms with respect to which the preconditioned coefficient

matrix is self-adjoint are given in the following lemma.

Lemma 4.4. Let the Krzyȧnowski-type left preconditioner

P =

[
I 0

cDA−1
0 I

] [
A0 0
0 S0

] [
I dA−1

0 BT

0 I

]
, (4.27)

be invertible and let

A =

[
A BT

D −C

]
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where A ∈ Rn×n is invertible, B,D ∈ Rm×n have full rank, C ∈ Rm×m and Property

4.1 holds. Then P−1A, given by (4.25) and (4.26) above, is self-adjoint with respect

to 〈·, ·〉W , where

W =

[
W11 W T

12

W12 W22

]
and W11, W12 and W22 satisfy the equations

X11 = XT
11, X12 = XT

21, and X22 = XT
22, (4.28)

where

X11 = W11Â11 +W12Â21, X12 = W11Â12 +W12Â22,

X21 = W21Â11 +W22Â21 and X22 = W21Â12 +W22Â22

(4.29)

and Â11, Â12, Â21 and Â22 are defined by (4.26).

Proof. The preconditioned coefficient matrix is

P−1A =

[
Â11 Â12

Â21 Â22

]
.

If P−1A is self-adjoint with respect to 〈·, ·〉W , then W , P−1 and A satisfy (2.13), i.e.,

W(P−1A) = (P−1A)TW , so that WP−1A is symmetric. Letting

X =WP−1A =

[
X11 XT

12

X12 X22

]
we find that

X11 = W11Â11 +W12Â21, X12 = W11Â12 +W12Â22,

X21 = W21Â11 +W22Â21, X22 = W21Â12 +W22Â22

and the symmetry condition X = X T gives the desired result.

When A, A0 and S0 are symmetric positive definite and C is positive semidefinite

the conditions in Lemma 4.4 are certainly satisfied by (4.14). However, Lemma 4.4

provides a framework for examining the symmetric bilinear forms with respect to

which other preconditioned saddle point matrices are self-adjoint.

We now use Lemma 4.4 to identify symmetric bilinear forms with respect to which

the Murphy-Golub-Wathen preconditioners (4.22) and (4.23) described in Section 4.1

are self-adjoint. Although these preconditioners require A and S, the approach used

here is instructive and can be applied to more practical preconditioners, as we show

at the end of this section. First, we present some technical results that will be needed

to describe these symmetric bilinear forms.
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Lemma 4.5. Assume n ≥ m and let B,D ∈ Rm×n have full rank. Additionally,

let A ∈ Rn×n and BA−TDT ∈ Rm×m be nonsingular. Then, the projector N =

DT (BA−TDT )−1BA−T has eigenvalues λ = 0, 1. The eigenspace of N associated

with λ = 1 has dimension m and is spanned by the columns of V = [ v1, ...,vm ] if

and only if V = DTRT , where R ∈ Rm×m is nonsingular. The n − m eigenvectors

vi, i = m + 1, . . . , n associated with λ = 0 lie in AT null(B), where null(B) is the

nullspace of B.

Proof. It is easily verified that N is a projector and so has eigenvalues λ = 0, 1.

Eigenvectors vi, i = 1, . . . ,m corresponding to λ = 1 lie in range(N), the range

of N , while eigenvectors vi, i = m + 1, . . . , n corresponding to λ = 0 lie in null(N).

Comparison of N = DT (BA−TDT )−1BA−T with (1.66) in [118] shows that N projects

on to range(DT ) orthogonal to A−1BT . It follows from [118, Section 1.12.1] that

range(N) = range(DT ), which has dimensionm sinceD has full rank. Since v1, . . . , vm

must be linearly independent and lie in range(DT ), V = [ v1, ...,vm ] must be of the form

V = DTRT , where R ∈ Rm×m is nonsingular.

Also from [118, Section 1.12.1], null(N) = range(A−1BT )⊥ = null(BA−T ), which

has dimension n − m, since B has full rank. Since A is nonsingular, any vector in

null(BA−T ) is of the form ATn, where n ∈ null(B).

Now we require some results regarding the solutions of Sylvester equations

EM = XF (4.30)

for the unknown real symmetric matrices M ∈ Rm×m and X ∈ Rn×n, where E,F ∈
Rn×m are known.

Definition 4.6. [77, Definition 3.1] A real m×m matrix M will be called admissible

if (F TE)M = M(F TE)T , MT = M and null(F ) ⊆ null(EM).

Lemma 4.7. [77, Theorem 4.2] If M is an admissible matrix and the rank condition

rankF TE = rankE

holds, the general real symmetric solution X of (4.30) is given by

X = EM(F TEM)#MET +X0, (4.31)

where (F TEM)# denotes any (1,2)-inverse of F TEM (see Appendix A.6), and X0 is

any real symmetric matrix for which X0F = 0.
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For positive definite solutions Y we require further restrictions.

Lemma 4.8. [77, Theorem 7.1] The equation (4.30) has a solution pair (M > 0,

X > 0) if and only if F TE is simple with all eigenvalues nonnegative, and

rankEF T = rankE = rankF = rankF TE.

These solutions X are characterized by the following lemma.

Lemma 4.9. (adapted from [77, Lemma 7.1 and Theorem 7.2]) Let the rank condi-

tions in Lemma 4.8 hold. Then for each positive definite admissible M , the matrix

X = EM(F TEM)†MET +X0,

where (F TEM)† is the Moore-Penrose pseudoinverse of F TEM and X0F = 0, de-

termines a solution pair (M > 0, X > 0) if and only if X0 is real and symmetric

positive definite.

We are now in a position to determine the symmetric bilinear forms with respect to

which the Murphy-Golub-Wathen block diagonal preconditioned saddle point matrix

is self-adjoint.

Theorem 4.10. Let the nonsymmetric saddle point matrix

A =

[
A BT

D 0

]
,

where n ≥ m, A ∈ Rn×n is nonsingular, B,D ∈ Rm×n have full rank and the Schur

complement DA−1BT is nonsingular, be left preconditioned by the Murphy-Golub-

Wathen block diagonal preconditioner

P =

[
A 0
0 DA−1BT

]
.

Moreover, let

N = DT (BA−TDT )−1BA−T (4.32)

have diagonalization N = ZΛZ−1 and R be any nonsingular matrix that satisfies

RDA−1BT = BA−TDTRT or the zero matrix. Then, all symmetric bilinear forms

〈·, ·〉W with respect to which P−1A is self-adjoint are defined by

W =

[
W11 W T

12

W12 W22

]
,

with W11 = ZZT , W12 = BTR and W22 = Ŵ22 − BA−TDTRT where, if (NW11)#

is a (1,2)-inverse of NW11, Ŵ22 = BA−TW11(NW11)#W11A
−1BT . This symmetric

bilinear form is an inner product when W22 > W12W11W
T
12.
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Proof. Conditions (4.28) in Lemma 4.4 for the block diagonal preconditioner are

W T
12(DA−1BT )−1D = DT (BA−TDT )−1W12 (4.33)

W12A
−1BT = BA−TW T

12 (4.34)

W11A
−1BT = W T

12 +DT (BA−TDT )−1W22. (4.35)

Postmultiplying (4.33) by A−1BT and using (4.34) gives that

W T
12 = DT (BA−TDT )−1W12A

−1BT = DT (BA−TDT )−1BA−TW T
12 (4.36)

or, using (4.32), that

NW T
12 = 1W T

12. (4.37)

Thus, either W12 = 0 or the columns of W T
12 are eigenvectors of N associated with

λ = 1. In the latter case, we infer from Lemma 4.5 that W T
12 = DTRT where R

is nonsingular. Accordingly, (4.37) is satisfied by W12 = RD, where R is either

nonsingular or the zero matrix.

Substituting W12 = RD into (4.34) and (4.35) shows that we additionally require

that

RDA−1BT = BA−TDTRT , (4.38)

i.e., that RDA−1BT is symmetric, and that

W11A
−1BT = (RD)T +DT (BA−TDT )−1W22

= DT (BA−TDT )−1(BA−TDTRT +W22)

= DT (BA−TDT )−1Ŵ22. (4.39)

Symmetry of W22 and BA−TDTRT (by (4.38)) ensures that Ŵ22 = BA−TDTRT +W22

is symmetric.

To solve (4.39) we postmultiply both sides by (DA−1BT )−1D to obtain that

W11N
T = DT (BA−TDT )−1Ŵ22(DA−1BT )−1D.

The right-hand side of this equation is symmetric with W11 symmetric, which is

exactly the condition (2.13) for self-adjointness of NT with respect to 〈·, ·〉W11 . By

Lemma 4.5, N = ZΛZ−1 andNT = Z−TΛZ−1 are diagonalizable with real eigenvalues

and it follows from Corollary 2.28 that W11 = ZZT defines a real inner product with

respect to which N is self-adjoint. Moreover, W11 is admissible (see Definition 4.6).
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It remains to find W22. Since

rank(BA−T ) = rank(N) = rank(NT ) = rank((DA−1BT )−1D) = m,

we can apply Lemma 4.7 to the transpose of (4.39), i.e., to

(BA−T )W11 = Ŵ22((DA−1BT )−1D)

to obtain that

Ŵ22 = BA−TW11(NW11)#W11A
−1BT , (4.40)

where X0 = 0 in (4.31) since rank((DA−1BT )−1D) = m. Indeed, if the (1,2)-inverse

is the Moore-Penrose pseudoinverse we can be sure that Ŵ22 is positive definite by

Lemma 4.9. The condition for positive definiteness of W22 follows from [75, Theorem

7.7.6].

Remark 4.11. When A is symmetric with A symmetric positive definite and B full

rank, Theorem 4.10 simplifies dramatically. Under these assumptions, P is symmetric

positive definite and the conditions of the theorem are satisfied by W = P . In other

words,

P−1A =

[
A 0
0 BA−1BT

]−1 [
A BT

B 0

]
is self-adjoint with respect to 〈·, ·〉W , where

W = P =

[
A 0
0 BA−1BT

]
.

The choice of eigenvector matrix Z of N in (4.32) that leads to this inner product is

Z = A
1
2U , where U is an orthogonal matrix of eigenvectors for the symmetric matrix

A−
1
2NA

1
2 .

Symmetric bilinear forms with respect to which Murphy-Golub-Wathen block trian-

gular preconditioned saddle point matrix is self-adjoint can be obtained in the same

way.

Theorem 4.12. Let A, N and Z be as described in Theorem 4.10, with n ≥ m,

A ∈ Rn×n and DA−1BT ∈ Rm×m nonsingular and B,D ∈ Rm×n full rank. Then, if

A is preconditioned by the Murphy-Golub-Wathen block triangular preconditioner

P =

[
A BT

0 DA−1BT

]
,
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any symmetric bilinear form 〈·, ·〉W with respect to which P−1A is self-adjoint that is

defined by the block diagonal matrix

W =

[
W11 0

0 W22

]
has blocks of the form W11 = ZZT and W22 = BA−TW11(NW11)#A−1BT . If we

choose the Moore-Penrose pseudoinverse then W is positive definite and defines an

inner product.

Proof. The conditions (4.28) in Lemma 4.4 for self-adjointness are that

W11A
−1BT (DA−1BT )−1D = W11N

T

is symmetric and that

W11A
−1BT = DT (BA−TDT )−1W22.

The latter is identical in form to (4.39) in Theorem 4.10 above and can be solved

similarly to the block diagonal case above. By so doing, we find that if N has

diagonalization N = ZΛZ−1 then W11 = ZZT and W22 = BA−TW11(NW11)#A−1BT .

Additionally, if the Moore-Penrose pseudoinverse is used, Lemma 4.9 guarantees that

W22 is positive. The first condition for self-adjointness is automatically satisfied by

this choice of W11.

Remark 4.13. When A is symmetric, A is symmetric positive definite and B has full

rank the Murphy-Golub-Wathen block diagonal preconditioner is symmetric positive

definite and defines an inner product with respect to which the block triangular

preconditioned matrix P−1A is self-adjoint. i.e.,

P−1A =

[
A BT

0 BA−1BT

]−1 [
A BT

B 0

]
is self-adjoint with respect to 〈·, ·〉W , where

W =

[
A 0
0 BA−1BT

]
.

It is interesting that the same inner product renders both the block diagonal and

block triangular preconditioned saddle point matrices self-adjoint in this case.
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These characterizations of symmetric bilinear forms, although for ideal precondition-

ers, show how one may find symmetric bilinear forms with respect to which a more

practical preconditioner is self-adjoint. In this spirit, we conclude this section with a

simple extension to Theorem 4.10, along with an example of its application to a PDE

problem.

Corollary 4.14. Let

A =

[
A BT

B 0

]
,

where A ∈ Rn×n, B ∈ Rm×n has full rank and n ≥ m, be left preconditioned by

P =

[
A0 0
0 S0

]
,

where A0 ∈ Rn×n and S0 ∈ Rm×m are invertible but may be nonsymmetric. If P−1A
is self-adjoint with respect to the symmetric bilinear form 〈·, ·〉W , where

W =

[
W11 0

0 W22

]
,

W11 ∈ Rn×n, W22 ∈ Rm×m are symmetric and invertible, then A−1
0 A is self-adjoint

with respect to 〈·, ·〉W11 and S−1
0 BA−1

0 BT is self-adjoint with respect to 〈·, ·〉W22.

Proof. Setting W12 = 0 in Lemma 4.4 shows that the self-adjointness conditions are

W11A
−1
0 A = ATA−T0 W11 (4.41)

W11A
−1
0 BT = BTS−T0 W22. (4.42)

Equation (4.41) is a self-adjointness relationship for A−1
0 A (see 2.13), i.e., we require

that A−1
0 A is self-adjoint with respect to 〈·, ·〉W11 . Premultiplying (4.42) by BA−T0 , as

in the proof of Theorem 4.10, gives that

BA−T0 W11A
−1
0 BT = BA−T0 BTS−T0 W22.

The left-hand side of this equation is symmetric so W22 must enforce symmetry of

BA−T0 BTS−T0 W22.

However, from (2.13) it is clear that this is equivalent to requiring that S−1
0 BA−1

0 BT

is W22-self-adjoint.
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Consider now the approximate block diagonal preconditioner (4.24) with D = B,

A = E − F with E and BE−1BT nonsingular, so that

P =

[
E 0
0 BE−1BT

]
.

If A0 = E, A−1
0 A in Corollary 4.14 is

A−1
0 A = E−1A = E−1(E − F ) = I − E−1F,

which implies that A−1
0 A is W11-self-adjoint if and only if E−1F is W11-self-adjoint.

Additionally, since S0 = BE−1BT ,

S−1
0 BA−1

0 BT = (BE−1BT )−1(BE−1BT ) = I.

From Corollary 4.14 we infer that any nonsingular symmetric matrix is a valid choice

for W22 and the only restriction on W is that W11 define a symmetric bilinear form

with respect to which E−1F is self-adjoint.

As an example of how this structure might be applied, we consider the Navier-Stokes

equations

−ν∇2u+ u · ∇u+∇p = f

∇ · u = 0

on a two-dimensional domain Ω = [0, 1] × [0, 1] with Dirichlet boundary conditions.

We first discretize the domain to obtain the discrete points xk = khx, k = 1, . . . , nx,

and yj = jhy, j = 1, . . . ny. We use Picard iteration to solve the Navier-Stokes

equations, so that at each iteration we must solve an Oseen problem of the form

−ν∇2u+ w · ∇u+∇p = f

∇ · u = 0,

where w is known. Assume that at the current step w is constant throughout the

domain, i.e., that w(x, y) = (wx, wy)
T for constants wx, wy. In this case, discretizing

the Oseen equations by centred finite differences leads to the nonsymmetric saddle

point system [
A BT

B 0

] [
∆u
∆p

]
=

[
f
g

]
,
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where A is a finite difference approximation of the convection-diffusion operator of

the sort in Example 6.2, i.e., A = Iny ⊗ Ax + Ay ⊗ Inx , where

Ai =


2βi αi − βi

−αi − βi
. . .

. . .
. . .

. . . αi − βi
−αi − βi 2βi

 ,
with

αi = wi
1

hi
, βi =

2ν

h2
i

, i = x, y.

We assume that the Peclet numbers wihi
ν

< 2. The matrix B is a central difference

approximation of the divergence operator.

We seek a matrix splitting A = E − F , E nonsingular, and an inner product 〈·, ·〉W11

such that E−1F is W11-self-adjoint. We begin by finding such splittings for each of Ax

and Ay. These are then combined, using Kronecker products, to obtain the desired

matrices E, F and W11.

Both Ax and Ay are tridiagonal Toeplitz matrices and so their eigenvalues are [18,

Theorem 2.4]

λ
(i)
j = 2βi + 2

√
β2
i − α2

i cos
πj

n+ 1
,

i = x, y. Now, λ
(i)
j is real if β2

i ≥ α2
i or 2ν > hi, i = x, y. However, since we

assume that the mesh Peclet numbers are less than 2, this condition is satisfied.

Consequently, Ax and Ay have real eigenvalues and are both self-adjoint with respect

to inner products. These inner products, which can be obtained similarly to that

for the one-dimensional finite difference approximation in Section 2.3 (see Theorem

2.33), are defined by

Wi =
2

n+ 1
Θi,

i = x, y, where

Θi = diag

((
βi − αi
βi + αi

)
,

(
βi − αi
βi + αi

)2

, . . . ,

(
βi − αi
βi + αi

)n)
.

We choose the matrix splittings Ai = Ei − Fi, i = x, y, where Ei = diag(Ai) = 2βiI.
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Since Ei and Wi are diagonal, they commute and it follows that

WiAi = ATi Wi

Wi(Ei − Fi) = (ET
i − F T

i )Wi

2βiWi −WiFi = 2βiWi − F T
i Wi

WiFi = F T
i Wi

(WiEi)E
−1
i Fi = (E−1

i Fi)
T (WiEi).

Consequently, E−1
i Fi is self-adjoint with respect to 〈·, ·〉WiEi and Fi is self-adjoint with

respect to 〈·, ·〉Wi
. Both (WiEi) and Wi are diagonal matrices with positive entries

and, therefore, define inner products.

Now let us see how Ei, Fi and Wi can be combined to give E, F and W11 using the

Kronecker product properties in Appendix A.2. We have that

A = Iny ⊗ Ax + Ay ⊗ Inx
= Iny ⊗ (Ex − Fx) + (Ey − Fy)⊗ Inx
=
(
Iny ⊗ Ex + Ey ⊗ Inx

)
−
(
Iny ⊗ Fx + Fy ⊗ Inx

)
= E − F,

where E = Iny ⊗Ex +Ey⊗ Inx and F = Iny ⊗Fx +Fy⊗ Inx . This gives us the matrix

splitting A = E − F . We choose W = Wy ⊗Wx, which is symmetric since Wx and

Wy are each symmetric. By substituting for W and E we find that

WE = (Wy ⊗Wx)
(
Iny ⊗ Ex + Ey ⊗ Inx

)
= Wy ⊗WxEx +WyEy ⊗Wx

= 2βxWy ⊗Wx + 2βyWy ⊗Wx.

Thus,

WE = [2(βx + βy)Wy]⊗Wx. (4.43)

By using Lemma A.2 and the transpose property in Appendix A.2 it can be shown

that WE is symmetric positive definite.

Additionally, since Fi is Wi-self-adjoint, i = x, y, we have that

WEE−1F = WF = (Wy ⊗Wx)
(
Iny ⊗ Fx + Fy ⊗ Inx

)
= Wy ⊗WxFx +WyFy ⊗Wx

= Wy ⊗ F T
x Wx + F T

y Wy ⊗Wx

=
(
Iny ⊗ F T

x + F T
y ⊗ Inx

)
(Wy ⊗Wx)

= F TW,
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where we have used the transpose property in Appendix A.2. Thus,

WEE−1F = F TW = F TE−TETW =
(
E−1F

)T
(WE) ,

since WE and W are symmetric. Finally, we find that one choice for the matrix W
is W = diag(WE, I), where WE is given by (4.43). Since W is a Kronecker sum of

diagonal matrices, inner products with 〈·, ·〉W are cheap to compute.

This example shows that even for nonsymmetric saddle point problems it may be

possible to obtain inner products with respect to which the preconditioned coeffi-

cient matrix is self-adjoint. The availability of an inner product means that for this

nonsymmetric problem it possible to apply W-PMINRES, with its short-term recur-

rences and minimization property, rather than a standard method for nonsymmetric

problems, provided W is not too ill-conditioned. Although the PDE considered here

is quite simple, and assumes constant flow, it shows that practical Krylov subspace

methods in nonstandard inner products are not necessarily restricted to symmetric

saddle point problems.

4.3 The SZ+ preconditioner

Let us return to symmetric saddle point problems. As mentioned in Section 4.1,

scaling A0 and S0 to ensure positive definiteness of 〈·, ·〉W can be expensive but

is often required for the SZ preconditioner (4.8). Similarly to the BP+ precondi-

tioner (4.6), however, the SZ preconditioner can be modified, to form what we call

the “Schöberl-Zulehner+” (SZ+) preconditioner for which W always defines an inner

product. It is always possible to apply a W-PMINRES algorithm to the resulting

SZ+-preconditioned system and it is this robustness that makes the preconditioner

particularly attractive. We have derived this preconditioner, by considering the self-

adjointness conditions in Lemma 4.4, independently of [85, Table 3]. Throughout this

section we assume C = 0.

Specifically, take

P =

[
A0 −BT

−B BA−1
0 BT + S0

]
=

[
I 0

−BA−1
0 I

] [
A0 0
0 S0

] [
I −A−1

0 BT

0 I

]
(4.44)

which is a Krzyżanowski preconditioner with c = d = −1. The preconditioned

coefficient matrix is self-adjoint with respect to 〈·, ·〉W , where

W =

[
A+ A0

BA−1
0 BT + S0

]
. (4.45)
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Whenever A+ A0 > 0 and BA−1
0 BT + S0 > 0, W defines an inner product so that a

sufficient condition for positive definiteness is that A0 and S0 are themselves positive

definite.

Although W always defines an inner product, P−1A is indefinite with respect to this

inner product, similarly to the BP+ preconditioner.

Theorem 4.15. Let

A =

[
A BT

B 0

]
,

where A ∈ Rn×n, A is symmetric positive definite, B ∈ Rm×n has full rank and

n ≥ m, be left preconditioned by the SZ+ preconditioner (4.44), where A0 ∈ Rn×n and

S0 ∈ Rm×m are symmetric positive definite. Then P−1A is indefinite with respect to

〈·, ·〉W , where W is given by (4.45).

Proof. Positive definiteness of P−1A with respect to 〈·, ·〉W is equivalent to positive

definiteness of WP−1A with respect to the Euclidean inner product (see Lemma

2.31). To ascertain whether P−1A is W-positive definite, we first factor WP−1A as

WP−1A =

[
A+ A0

BA−1
0 BT + S0

] [
A−1

0 A−1
0 BTS−1

0

S−1
0

] [
I

BA−1
0 I

] [
A BT

B 0

]
=

[
M (A+ A0)V BT

BV (A+ A0) BV BT

]
=

[
I

BV (A+ A0)M−1 I

] [
M

T

] [
I M−1(A+ A0)V BT

I

]
, (4.46)

where

M = A+ AA−1
0 A+ (A+ A0)A−1

0 BTS−1
0 BA−1

0 (A+ A0), (4.47)

T = BV (V −1 − (A+ A0)M−1(A+ A0))V BT (4.48)

and

V = A−1
0 + A−1

0 BTS−1
0 BA−1

0 . (4.49)

The congruence transform (4.46) shows that P−1A is positive definite with respect

to 〈·, ·〉W whenever M > 0 and T > 0. Now, A0 and S0 are positive definite and B

has full rank so M and V , given by (4.47) and (4.49), are each the sum of a positive

definite matrix and a positive semidefinite matrix and are themselves positive defi-

nite. However, the matrix T in (4.48) is negative definite as we now show. Negative

definiteness of T is equivalent to

V −1 < (A+ A0)M−1(A+ A0)
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or, equivalently, since M and V are positive definite (see Corollary A.16), that

V > (A+ A0)−1M(A+ A0)−1.

Substituting for V and M gives that

A−1
0 + A−1

0 BTS−1
0 BA−1

0 > A−1
0 A(A+ A0)−1 + A−1

0 BTS−1
0 BA−1

0

or that

0 > A−1
0 A(A+ A0)−1 − A−1

0 . (4.50)

Now,

A−1
0 A(A+ A0)−1 = A−1

0

[
A(A+ A0)−1A0

]
A−1

0 = A−1
0

(
A−1 + A−1

0

)−1
A−1

0

and so the inequality (4.50) can be expressed as

0 > A−1
0 ((A−1 + A−1

0 )−1 − A0)A−1
0 .

This holds if and only if

A0 > (A−1 + A−1
0 )−1

or

A−1
0 < A−1

0 + A−1.

Since A−1 is positive definite this is satisfied and T is negative definite. Considering

(4.46) we see that, since M is positive definite and T is negative definite, WP−1A
is indefinite by Sylvester’s law of inertia (see Theorem A.14 in Appendix A.4). It

follows from Lemma 2.31 that P−1A is indefinite with respect to 〈·, ·〉W .

The indefiniteness of P−1A with respect to W means that a W-PCG method can-

not be reliably applied to this problem. However, it is always possible to apply

W-PMINRES, the convergence of which, as Corollary 3.15 indicates, is determined

essentially by the eigenvalues of P−1A. Although it is of course possible to apply

I-MINRES to the original saddle point problem (4.2), the SZ+ preconditioner aims

to achieve a nicer eigenvalue distribution, that should accelerate convergence.

Bounds on the eigenvalues of the preconditioned coefficient matrix allow the speed

of convergence of W-PMINRES to be ascertained a priori. In order to obtain such

bounds, suppose we can find δ, ∆ and Φ such that

1 < δ ≤ ψ =
tT Ãt

tTAt
≤ ∆ (4.51)
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and

0 ≤ ω =
tTBT S̃−1Bt

tTAt
≤ Φ (4.52)

for all nonzero t ∈ Rn, where Ã = A+A0 and S̃ = BA−1
0 BT +S0. When A = A0 and

S = S0, i.e., when the approximations are exact, δ and ∆ in (4.51) are equal to two

and Φ in (4.52) is equal to 1
2
. Bounds on the eigenvalues of the SZ+ preconditioned

saddle point matrix that utilize (4.51) and (4.52) can be combined with Corollary

3.15 in Chapter 3 to provide a priori information about W-PMINRES convergence.

Lemma 4.16. Let

A =

[
A BT

B 0

]
where A ∈ Rn×n, A is symmetric positive definite, B ∈ Rm×n has full rank and

n ≥ m, be left preconditioned by the SZ+ preconditioner (4.44), where A0 ∈ Rn×n and

S0 ∈ Rm×m are symmetric positive definite. Then the eigenvalues λ of P−1A are real

and, letting

µ =
λ

1 + λ
,

satisfy either
1−
√

1 + 4Φδ

2δ
≤ µ < 0 (4.53)

or
1

∆
≤ µ ≤ 1 +

√
1 + 4Φδ

2δ
, (4.54)

where δ, ∆ and Φ are given by (4.51) and (4.52).

Proof. The SZ+ preconditioner is a Krzyżanowski preconditioner with c = −1. From

Theorem 4.2 we know that λ is real and that λ 6= 0,−1. To progress further we

re-write the SZ+ generalized eigenvalue problem Ax = λPx using the approach in

[122]. Expressly, we have that

Ax = λPx

(1 + λ)Ax = λ(P +A)x

Ax = µWx,

where

W = A+ P =

[
A+ A0 0

0 BA−1
0 BT + S0

]
defines the SZ+ inner product (see 4.45) and

µ =
λ

λ+ 1
.
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Since λ 6= 0,−1, it follows that µ 6= 0,∞.

The matrix W has the structure of a Krzyżanowski preconditioner with c = d = 0.

This allows us to use Theorem 4.2 provided we replace A0 and S0 by A + A0 and

S0 +BA−1
0 BT , respectively.

From Theorem 4.2, when Bu = 0

λ =
uTAu

uT Ãu

and so

0 <
1

∆
≤ µ =

uTAu

uT Ãu
≤ 1

δ
< 1. (4.55)

If Bu 6= 0, Theorem 4.2 gives that

µ =
1±
√

1 + 4ωψ

2ψ
, (4.56)

where ω and ψ are the generalized Rayleigh quotients (4.51) and (4.52). The eigen-

values λ are real since 4ωψ ≥ 0, with the larger positive and the smaller negative.

We now bound these eigenvalues using (4.51) and (4.52).

Let us consider the larger root first. Now,

µ =
1 +
√

1 + 4ωψ

2ψ
≤ 1 +

√
1 + 4Φψ

2ψ
≤ 1 +

√
1 + 4Φδ

2δ
.

Meanwhile, the lower bounds 0 ≤ ω and 1/∆ ≤ ψ show that

µ =
1 +
√

1 + 4ωψ

2ψ
≥ 1

ψ
≥ 1

∆

so that if µ satisfies (4.56) then

1

∆
≤ µ ≤ 1 +

√
1 + 4Φδ

2δ
.

Since 4ωδ ≥ 0, (4.55) is subsumed by this bound.

The negative root of (4.56) and the lower bound in (4.52) imply that

µ =
1−
√

1 + 4ωψ

2ψ
≤ 1−

√
1 + 0

2ψ
≤ 0.

Since µ 6= 0, this simply states that µ is negative.

Substituting the upper bound in (4.52) into the negative root in (4.56) gives that

µ =
1−
√

1 + 4ωψ

2ψ
≥ 1−

√
1 + 4Φψ

2ψ
(4.57)
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the minimum of which, with respect to ψ, can be found by differentiating. We find

that
1

2

d

dψ

[
(1− (1 + 4Φψ)

1
2 )ψ−1

]
=

1 + 2Φψ −
√

1 + 4Φω

2ψ2
√

1 + 4Φψ
. (4.58)

The numerator and denominator of the right-hand side of (4.58) are positive since√
(1 + 2Φψ)2 =

√
1 + 4Φψ + 4Φ2ψ2 >

√
1 + 4Φψ. Thus,

1

2

d

dψ

[
(1− (1 + 4Φψ)

1
2 )ψ−1

]
> 0 (4.59)

and
1−
√

1 + 4Φψ

2ψ

is a monotonically increasing function of ψ. The choice ψ = δ minimizes (4.57) and

µ =
1−
√

1 + 4ωψ

2ψ
≥ 1−

√
1 + 4Φδ

2δ
. (4.60)

Combining (4.59) and (4.60) shows us that if µ is negative it must be bounded by

1−
√

1 + 4Φδ

2ψ
≤ µ < 0.

We illustrate the bounds in Lemma 4.16 for a Stokes flow example (Example 4.2

below with h = 2−4). We take A0 to be the incomplete Cholesky factorization with

zero-fill computed by the Matlab function ichol and S0 to be the pressure mass

matrix computed by Ifiss [125].

The eigenvalues of P−1A lie in (−0.26,−0.09)∪(0.34, 5.6) and so µ ∈ (−0.36,−0.10)∪
(0.25, 0.85). Additionally,

1.8 <
xT Ãx

xTAx
< 6.2 and

yTBT S̃−1By

yTAy
< 0.77.

Therefore, Lemma 4.16 gives the bounds

−0.43 ≤ µ < 0 or 0.16 ≤ µ ≤ 0.98.

These clearly bound µ and are shown, along with the exact values of µ, in Figure

4.1. We note however, that the smallest negative eigenvalue is bounded away from

the origin, which is not highlighted by the bound.

The lack of a useful upper bound on negative eigenvalues is unfortunate, and stems

from (4.52). However, for certain classes of problems it may be possible to improve

this bound on negative eigenvalues; i.e., to bound eigenvalues away from the origin

as in [126] for block diagonal preconditioners of Stokes problems.
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Figure 4.1: Bounds on µ for the SZ+ preconditioned saddle point matrix for the
channel flow example (Example 4.2) with h = 2−4.

4.4 Numerical experiments

In this section we compare our SZ+ preconditioner to more established precondi-

tioners for symmetric saddle point problems: the block diagonal, BP, BP+ and SZ

preconditioners described in Section 4.1. Both I-PMINRES and W-PMINRES are

applied to the block diagonal preconditioned system, W-PCG and W-PMINRES

to the BP and SZ preconditioned systems and W-PMINRES to the BP+ and SZ+

preconditioned systems (see Table 4.2 for a summary). In all cases, the stopping

criterion is a reduction in the relative preconditioned residual, measured in the I-

norm, of 10−6 and the maximum number of iterations is 200. If convergence is not

achieved by this maximum we say that the method has failed, which we denote by

‘–’ in the following tables. For clarity, quantities associated with each preconditioner

are differentiated by abbreviations. Thus BDI and BDW distinguish between block

diagonal preconditioned I-MINRES andW-MINRES while BP-CG and BP-MR, and

SZ-CG and SZ-MR discriminate between W-PCG and W-PMINRES for the BP and

SZ preconditioners.

4.4.1 Optimization problems

Example 4.1. Our first test problems are matrices from the CUTEr test set [60]

and SIT100 from the GHS Indef test set in the University of Florida Sparse Matrix
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Method Preconditioner Inner Product Krylov subspace method

BDI Block diagonal (4.10) I Preconditioned MINRES ([62, p122])
BDW Block diagonal (4.10) WBDW (4.11) W-PMINRES (Section 3.2.1)
BP-MR BP (4.4) WBP (4.5) W-PMINRES (Section 3.2.1)
BP-CG BP (4.4) WBP (4.5) W-PCG (Algorithm 3.3)
BP+ BP+ (4.6) WBP+ (4.7) W-PMINRES (Section 3.2.1)
SZ-MR SZ (4.8) WSZ (4.9) W-PMINRES (Section 3.2.1)
SZ-CG SZ (4.8) WSZ (4.9) W-PCG (Algorithm 3.3)
SZ+ SZ+ (4.44) WSZ+ (4.45) W-PMINRES (Section 3.2.1)

Table 4.2: A summary of the preconditioners, inner products and methods used in
the saddle point numerical experiments.

Problem n m nnz(A) nnz(B) γ

BLOCKQP1 2010 1001 2010 14010 1.1
HUES-MOD 10000 2 10000 20000 0
HUESTIS 10000 2 10000 20000 0
MOSARQP1 2500 700 2590 3422 0
MOSARQP2 2500 700 2590 3422 0
PRIMAL4 1489 75 1488 16031 0.0012
QGROW15 645 300 962 5620 0.8
QGROW22 946 440 1639 8252 0.8
SIT100 7142 3120 32478 14284 0

Table 4.3: Problem data for the optimization problems.

Collection [31]. We tested all preconditioners on a larger number of CUTEr problems

but present only a representative set here. The SIT100 matrix has a constraint matrix

B with rank m − 1. Consequently, our theory does not apply although we observe

that the SZ+ preconditioner still performs well for this problem.

For some of the CUTEr matrices A in (4.2) is indefinite. This is remedied by replacing

A by Aaug = A+γI, where γ is a positive parameter that ensures that Aaug is positive

definite. These values of γ are tabulated in Table 4.3. The right-hand side vectors were

randomly generated, excepting that for SIT100 for which we set g = 0 to ensure that

the system was consistent. The problem data for each system, including the number

of nonzeros, nnz, is given in Table 4.3. The matrix A0 is obtained by applying a

symmetric approximate minimum degree reordering to A, obtained with the Matlab

command symamd, before performing an incomplete Cholesky factorization with zero-

fill with the Matlab function ichol. The Schur complement approximation is

S0 = BA−1
0 BT . (4.61)

Table 4.4 highlights the robustness of the SZ+ method since only it and the BP+

method converge for every problem. Rather alarmingly, the choice (4.61) for S0
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Problem BDI BDW BP-MR BP-CG BP+ SZ-MR SZ-CG SZ+

BLOCKQP1 3 3 2 5 3 – – 3
HUES-MOD – 3 2 – 3 – 1 3
HUESTIS 3 3 2 – 3 – – 3
MOSARQP1 – 3 2 2 3 – 1 3
MOSARQP2 – 3 – 2 3 – 1 3
PRIMAL4 3 3 2 – 3 – – 3
QGROW15 – 3 2 2 3 – 1 3
QGROW22 – 5 – 4 6 – 3 4
SIT100 16 – – – 28 – – 13

Table 4.4: Iteration counts for the saddle point preconditioners for optimization prob-
lems.

makes the (2,2) block of WSZ , defined by (4.9), the zero matrix. Although there

are some problems for which SZ-CG is fastest, there are others for which it does not

converge while SZ-PMINRES is crippled by the absence of an inner product, failing

for every problem. The unreliability of the BP-MINRES and BP-CG methods is likely

due to indefiniteness of A−A0, although we note that BP-CG occasionally converges

even when WBP is indefinite. In contrast, the BDW, SZ+ and BP+ preconditioners

are reliable. This is a particularly appealing feature when little is known about

the eigenvalues of A, A0, S and S0, i.e., when one of the other methods may fail.

Moreover, the SZ+ preconditioner is either more effective than, or as effective as,

the BP+ and BDW preconditioners. We observe that both BP+ and SZ+ solve the

SIT100 saddle point problem, and that application of the SZ+ preconditioner leads to

particularly fast convergence, but we cannot offer an explanation. GMRES could be

applied instead in this case. However, the preconditioner may not be as effective for

GMRES, the convergence of which can depend on factors other than the eigenvalues

of the preconditioned system.

4.4.2 Stokes problems

Our remaining examples are finite element approximations of four different Stokes

problems. Each comes from [43] and satisfies the coupled partial differential equations

−∇2u+∇p = 0 (4.62)

∇ · u = 0 (4.63)

on Ω, where u = [ ux, uy ]T is the velocity and p the scalar pressure. However, the

domains and boundary conditions differ, as we now describe.
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Example 4.2. (Channel flow) On the domain Ω = (−1, 1) × (−1, 1) a Stokes

solution is

ux = 1− y2, uy = 0, p = −2x+ constant. (4.64)

This velocity solution defines a Dirichlet condition on the inflow boundary x = −1

while at y = ±1, the characteristic boundary, ux = uy = 0. The stress-free Neumann

condition
∂ux
∂x
− p = 0 and

∂uy
∂x

= 0

is imposed at the outflow boundary (x = 1,−1 < y < 1), which has the effect of

uniquely specifying p.

Example 4.3. (Backward step) The domain Ω is L-shaped and its boundary is

defined by −1 < x < 5 with 0 < y < 1 when x < 0 and −1 < y < 1 when

x > 0. A Poiseuille flow profile (similar to (4.64)) is specified on the inflow boundary

(x = −1, 0 ≤ y ≤ 1) and a no-flow condition imposed on the walls. The mean outflow

pressure is zero because of the stress-free Neumann condition

∂ux
∂x
− p = 0 and

∂uy
∂x

= 0

which is applied at the outflow boundary (x = 5,−1 ≤ y ≤ 1).

Example 4.4. (Regularized cavity) The third problem is defined on the square

domain Ω = (−1, 1)× (−1, 1). It is a regularized cavity flow problem with a lid that

moves from left to right with velocity ux = 1 − x4 on y = 1, −1 ≤ x ≤ 1. No-flow

conditions are imposed at the walls.

Example 4.5. (Colliding flow) The final problem is an example of a colliding flow

on the domain Ω = (−1, 1)× (−1, 1), for which

ux = 200xy3, uy = 5x4 − 5y4, p = 60x2y − 20y3 + constant

with compatible Dirichlet boundary conditions.

To arrive at the finite element approximation, each is cast as a variational problem and

discretized using stable Taylor-Hood (Q2-Q1) finite elements by the Matlab package

IFISS [125]. The resulting symmetric saddle point problem is[
A BT

B 0

] [
u
p

]
=

[
f
g

]
,

where A ∈ Rn×n and B ∈ Rm×n. The matrix dimensions for each example and

different mesh sizes are given in Table 4.5. The approximation A0 is an incomplete
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Problem h n m nnz(A) nnz(B)

Channel flow
2−3 162 25 1338 552
2−4 578 81 6698 2444
2−5 2178 289 29546 10768

Backward step
2−3 418 61 3834 1603
2−4 1538 209 18842 7140
2−5 5890 769 82582 30483

Regularized cavity
2−3 162 25 1122 494
2−4 578 81 6178 2318
2−5 2178 289 28418 10460

Colliding flow
2−3 162 25 1122 494
2−4 578 81 6178 2318
2−5 2178 289 28418 10460

Table 4.5: Problem data for the Stokes flow problems.

Problem h BDI BDW BP-MR BP-CG BP+ SZ-MR SZ-CG SZ+

Channel flow
2−3 38 38 – 22 41 – 19 40
2−4 55 57 – 36 59 – 28 63
2−5 91 95 – 69 95 – 51 109

Backward step
2−3 54 55 – 32 57 – 26 67
2−4 83 83 – 59 88 – 47 98
2−5 147 149 – 121 147 – 88 169

Regularized cavity
2−3 28 32 – 19 34 – 17 37
2−4 43 48 – 35 52 – 25 60
2−5 68 81 – 66 88 – 47 99

Colliding flow
2−3 26 28 – 19 28 – 15 33
2−4 36 41 – 32 46 – 25 50
2−5 65 71 – 61 72 – 43 81

Table 4.6: Iteration counts for the saddle point preconditioners for the Stokes prob-
lems.

Cholesky factorization of A with zero-fill, computed by the Matlab function ichol

and S0 is the pressure mass matrix provided by Ifiss. It would be interesting to

investigate the effect of replacing A0 by a spectrally equivalent approximation of A,

for which mesh-independent convergence could be observed. We note that Examples

4.4 and 4.5 are rank deficient since rank(B) = m− 1 but the systems are consistent

and pose no difficulty for the solvers. However, as for SIT100 in the previous example,

our theory does not apply in this case.

Table 4.6 shows the iteration counts for the different preconditioners. The BP- and

SZ-CG methods are the most efficient despite A − A0 being indefinite. This was

previously noted in [34, 135] for the BP method applied to Stokes problems. We

stress, however, that the unpredictability of these methods, exemplified by the results

for Example 4.1, make them less attractive for general problems. Even for these

Stokes problems scaling A0 by σ, with σ < 0.3, is enough to cause stagnation of
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the SZ-CG method for all problems except Examples 4.2, 4.4 and 4.5 with h = 2−3,

i.e., on the smallest grid. The block diagonal preconditioner performs well for these

problems, probably because A0 and S0 are sufficiently good approximations of A and

S for Stokes flow problems (see [43, Chapters 5 and 6]), although the block diagonal

preconditioner may be less effective on other problems such as those in Example 4.1.

4.5 Conclusions

In this chapter we found explicit expressions for the eigenvalues of the Krzyżanowski

preconditioned saddle point matrix. We additionally characterized the symmetric

bilinear forms with respect to which a nonsymmetric saddle point problem, pre-

conditioned by a Krzyżanowski-type preconditioner, is self-adjoint. This was then

used to determine the symmetric bilinear forms with respect to which two Murphy-

Golub-Wathen preconditioned saddle point matrices, and a second block diagonal

preconditioned matrix, are self-adjoint. We derived eigenvalue bounds for the SZ+

preconditioner and showed thatWSZ+ always defines an inner product, although it is

one with respect to which P−1
SZ+A is indefinite. The importance of this inner product

cannot be understated; it means that a W-PMINRES method can be reliably ap-

plied to SZ+ preconditioned problems without the additional computations required

to scale the preconditioner or the possibility of failure. Numerical results confirm

the robustness of the the SZ+ preconditioner for a range of different test problems for

which the block diagonal, BP and SZ preconditioners can fail. Furthermore, we found

that for the optimization problems considered the SZ+ preconditioner is more effective

than, or as effective as, the BP+ and BDW preconditioners. Additional theory that

explains the good convergence of the SZ+ preconditioner for the SIT100 matrix in

Example 4.1, for which the constraint matrix B is rank deficient, would be welcome.

In the next chapter we shall see how combining some of the preconditioners described

in this chapter, including the SZ+ preconditioner, leads to superior methods.



Chapter 5

Combination preconditioning for
saddle point systems

In the previous chapter we introduced a number of preconditioners for symmetric

saddle point matrices

A =

[
A BT

B −C

]
for which the preconditioned saddle point matrix is self-adjoint with respect to an

inner product. Two such preconditioners can be combined by a technique Stoll and

Wathen [135] call combination preconditioning to form a new preconditioner such

that the preconditioned saddle point matrix is self-adjoint with respect to a symmetric

bilinear form or inner product. The combination is controlled by two parameters, for

certain choices of which the combination preconditioner is more effective than either

of the original preconditioners. Furthermore, its use requires the same number of

solves with A0 and S0 as the more expensive of the two. The process of combination

preconditioning is described in the following lemma.

Lemma 5.1. [135, Lemma 3.5] If P1 and P2 are left preconditioners for the symmet-

ric matrix A for which symmetric matrices W1 and W2 exist with P−1
1 A self-adjoint

in 〈·, ·〉W1 and P−1
2 A self-adjoint in 〈·, ·〉W2 and if

αP−T1 W1 + βP−T2 W2 = P−T3 W3 (5.1)

for some matrix P3 and some symmetric matrix W3, then P−1
3 A is self-adjoint in

〈·, ·〉W3.

Remark 5.2. An alternative proof to that in [135] results from premultiplying (5.1)

by A. Since P−1
i A is Wi-self-adjoint, i = 1, 2, AP−Ti Wi is symmetric (see (2.13)).

100
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Provided P3 and W3 can be factored as in (5.1), with W3 symmetric (and nonsingu-

lar), AP−T3 W3 is symmetric and, using (2.13) again, we find that P−1
3 A is self-adjoint

with respect to the symmetric bilinear form 〈·, ·〉W3 .

Lemma 5.1 shows precisely how two preconditioners may be combined. To construct

combinations of the preconditioners in the previous chapter, we first apply Lemma

5.1 to two different Krzyżanowski preconditioners (4.12) with bilinear forms (4.14),

namely

P1 =

[
I 0

c1BA
−1
0 I

] [
A0 0
0 S0

] [
I d1A

−1
0 BT

0 I

]
(5.2)

with its bilinear form defined by

W1 = δ1

[
A0 − c1A 0

0 S0 + c1d1BA
−1
0 BT + d1C

]
(5.3)

and

P2 =

[
I 0

c2BA
−1
0 I

] [
A0 0
0 S0

] [
I d2A

−1
0 BT

0 I

]
(5.4)

with

W2 = δ2

[
A0 − c2A 0

0 S0 + c2d2BA
−1
0 BT + d2C

]
. (5.5)

Lemma 5.1 gives that

P−T3 W3 = αP−T1 W1 + βP−T2 W2 (5.6)

= αδ1

[
G

(1)
11 G

(1)
12

G
(1)
21 G

(1)
22

]
+ βδ2

[
G

(2)
11 G

(2)
12

G
(2)
21 G

(2)
22

]
(5.7)

where, for i = 1, 2,

G
(i)
11 = (A−1

0 + cidiA
−1
0 BTS−1

0 BA−1
0 )(A0 − ciA),

G
(i)
12 = −ciA−1

0 BTS−1
0 (S0 + cidiBA

−1
0 BT + diC),

G
(i)
21 = −diS−1

0 BA−1
0 (A0 − ciA),

G
(i)
22 = S−1

0 (S0 + cidiBA
−1
0 BT + diC).

(5.8)

It appears difficult, in general, to extract from the additive combination (5.6) the

preconditioner P3 and symmetric bilinear form 〈·, ·〉W3 . However, for certain choices

of c1, c2, d1 and d2 this can be achieved. The resulting combination preconditioner

also retains the structure of a Krzyżanowski preconditioner.
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Theorem 5.3. Let P1, W1, P2 and W2 be defined by (5.2), (5.3), (5.4) and (5.5),

respectively, where A,A0 ∈ Rn×n and S0 ∈ Rm×m are symmetric positive definite,

C ∈ Rm×m is symmetric positive semidefinite, B ∈ Rm×n has full rank and n ≥ m.

Then, if c1 = c2 = c, P−T3 W3 in (5.6) is given by

P3 =

[
I 0

cBA−1
0 I

] [
1

αδ1+βδ2
A0 0

0 S0

] [
I (αδ1d1 + βδ2d2)A−1

0 BT

0 I

]
and

W3 =

[
(A0 − cA) 0

0 (αδ1 + βδ2)S0 + (αδ1d1 + βδ2d2)(cBA−1
0 BT + C)

]
.

Alternatively, if d1 = d2 = 0, we obtain that

P3 =

[
I 0

(αδ1c1 + βδ2c2)BA−1
0 I

] [
A0 0
0 1

αδ1+βδ2
S0

]
and

W3 =

[
(αδ1 + βδ2)A0 − (αδ1c1 + βδ3c2)A 0

0 S0

]
.

Proof. When c1 = c2 = c, it is straightforward to show that (5.7) becomes

P−T3 W =

[
P11W11 P12W22

P21W11 P22W22

]
, (5.9)

where

P11 = (αδ1 + βδ2)A−1
0 + (αδ1d1 + βδ2d2)cA−1

0 BTS−1
0 BA−1

0 ,

P12 = −cA−1
0 BTS−1

0 ,

P21 = −(αδ1d1 + βδ2d2)S−1
0 BA−1

0 ,

P22 = S−1
0 ,

W11 = A0 − cA and W22 = (αδ1 + βδ2)S0 + (αδ1d1 + βδ2d2)(cBA−1
0 BT + C).

Thus, a natural choice is

P−1
3 =

[
P T

11 P T
21

P T
12 P T

22

]
=

[
I −(αδ1d1 + βδ2d2)A−1

0 BT

0 I

] [
(αδ1 + βδ2)A−1

0 0
0 S−1

0

] [
I 0

−cBA−1
0 I

]
so that

W3 =

[
W11 0

0 W22

]
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and P3 is as stated in the theorem.

Similarly, when d1 = d2 = 0 we find from (5.7) and (5.8) that

P−T3 W3 =

[
A−1

0 ((αδ1 + βδ2)A0 − (αδ1c1 + βδ2c2)A) −(αδ1c1 + βδ2c2)A−1
0 BT

0 (αδ1 + βδ2)I

]
and so we can take

P−1
3 =

[
A−1

0 0
0 (αδ1 + βδ2)S−1

0

] [
I 0

−αδ1c1+βδ2c2
αδ1+βδ2

BA−1
0 I

]
and

W3 =

[
(αδ1 + βδ2)A0 − (αδ1c1 + βδ3c2)A 0

0 S0

]
.

Remark 5.4. The combination preconditioners in Theorem 5.3 look somewhat un-

wieldy. However, similarly to Theorem 4.2, simplifications can be made for specific

choices of P1 and P2 as we shall see in the remainder of this chapter.

Theorem 5.3 provides several options for creating new preconditioners. Stoll and Wa-

then [135] proposed a BP-BP+ combination and a BP-SZ combination. In Section

5.1 we construct the BP+-BDW combination preconditioner and in Section 5.2 the

BP-BDW combination preconditioner. The combination preconditioner we propose

in Section 5.3 is a different BP-SZ combination preconditioner than that in [135]. We

feel that it is advantageous that the symmetric bilinear form for our BP-SZ combina-

tion preconditioner involves α and β, since tuning these to ensure positive definiteness

of the symmetric bilinear form can be easier than scaling A0 and S0. Additionally, the

two constituent preconditioners are more easily discerned from the new combination.

Both W-PMINRES and W-PCG require only three-term recurrences and possess an

optimality property. Furthermore, their convergence is reasonably well understood,

i.e., it depends primarily on the eigenvalues of P−1A (see Corollaries 3.5 and 3.15).

These are desirable properties and they make a characterization of the conditions un-

der which W-PMINRES and W-PCG can be applied valuable. Thus, for each of the

combination preconditioners we derive conditions for the associated symmetric bilin-

ear form to be an inner product and for positive definiteness of the preconditioned

coefficient matrix with respect to this inner product. We also compare the effective-

ness of the combination preconditioner to that of certain saddle point preconditioners

in Chapter 4. A summary of our findings is provided in Section 5.4.
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One of the attractive properties of the BP preconditioner defined in Section 4.1 is

that it transforms the original indefinite saddle point matrix A into a matrix that

is positive definite with respect to an inner product. Unfortunately, the BP+ and

BDW preconditioners are each equipped with an inner product with respect to which

the preconditioned linear system is indefinite. Surprisingly, by combining the BP+

and BDW preconditioners as we propose in Section 5.1 the preconditioned coefficient

matrix can be made positive definite with respect to an inner product. This enables

the solution of the preconditioned linear system by a less expensive conjugate gradi-

ent method. The positive definiteness of the BP+-BDW preconditioned matrix also

highlights the power of combination preconditioning, that makes it possible to achieve

definiteness even when the constituent preconditioners do not.

A BP+-SZ+ combination preconditioner can also be formed using Theorem 5.3. How-

ever, although the BP+-SZ+ combination preconditioner can outperform each of the

BP+ and SZ+ preconditioners it is not as effective as the other preconditioners pre-

sented here. Additionally, the BP+-SZ+ is never positive definite with respect to an

inner product. For these reasons we reserve analysis of the BP+-SZ+ preconditioner

for Appendix C.

Throughout this chapter we assume that A > 0, C ≥ 0, A0 > 0 and S0 > 0 and

that B has full rank. As in Chapter 4, we denote by A the symmetric saddle point

matrix in (4.2), by P a left preconditioner and by W the symmetric bilinear form

with respect to which P−1A is self-adjoint. When we need to distinguish between

different preconditioners, we will again use subscripts: BP , BP+, SZ and SZ+ are

associated with the BP, BP+, SZ and SZ+ preconditioners so that, for example, the

BP preconditioner will be denoted by PBP . We differentiate between the block diag-

onal preconditioner with W-MINRES and preconditioned MINRES in the Euclidean

inner product by BDW and BDI, respectively; and comb represents the relevant

combination preconditioner.

In numerical experiments, the termination criteria forW-PMINRES andW-PCG are

that the preconditioned residual is reduced by a factor of 10−6 or that 200 iterations is

exceeded. Failure is denote by ‘–’. For all problems the approximation A0 is a no-fill

incomplete Cholesky factorization, which may be scaled by σ ∈ R, σ > 0 to ensure

positive definiteness of A − A0. These scaling factors are given in Table 5.1. The

Schur complement approximation is the pressure mass matrix computed by Ifiss. We

perform W-PMINRES or W-PCG for values of α and β between -2 and 2 in steps of

0.1, neglecting those that cause P to be singular. The (α, β) ∈ [−2, 2]× [−2, 2] pairs
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Problem h σ Problem h σ

Channel flow
2−3 0.53

Regularized cavity
2−3 0.59

2−4 0.19 2−4 0.25
2−5 0.047 2−5 0.072

Backward step
2−3 0.43

Colliding flow
2−3 0.59

2−4 0.15 2−4 0.25
2−5 0.038 2−5 0.072

Table 5.1: Scaling factors for A0

shown in tables in this chapter are those that give the lowest number of iterations,

possibly subject toWcomb defining and inner product and, when a conjugate gradient

method is applied, to P−1
combA being positive definite with respect to 〈·, ·〉Wcomb

.

5.1 The BP+-BDW combination preconditioner

We ask here whether combination preconditioning can be employed to obtain a W-

positive definite preconditioned saddle point matrix from two indefinite configura-

tions. One of the advantages of positive definiteness is that W-PCG may be reliably

applied instead of W-PMINRES. Even for W-PMINRES, the eigenvalues of a W-

positive definite preconditioned saddle point matrix lie on the positive real line and,

if clustered, might lead to faster convergence than can be achieved for an indefinite

system.

The preconditioners we consider are the BP+ preconditioner (4.6) and the BDW

preconditioner (4.10), both of which are described in Section 4.1. From Theorem 5.3,

since c1 = −1, c2 = 0, d1 = d2 = 0 and δ1 = δ2 = 1, we have that

P =

[
A0 0

− α
α+β

B 1
α+β

S0

]
(5.10)

and

W =W3 =

[
α(A+ A0) + βA0 0

0 S0

]
. (5.11)

As we shall see, for this choice of P and W there do exist α and β for which P−1A
is positive definite with respect to an inner product.

Theorem 5.5. Let

A =

[
A BT

B −C

]
,
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where A ∈ Rn×n is symmetric positive definite, B ∈ Rm×n has full rank, C ∈ Rm×m

is symmetric positive semidefinite and n ≥ m. Let A be left preconditioned by the

BP+-BDW combination preconditioner (5.10), where A0 ∈ Rn×n and S0 ∈ Rm×m are

symmetric positive definite, so that P−1A is self-adjoint with respect to 〈·, ·〉W , where

W is defined by (5.11).

When

I. α > 0 and α+β < 0, W defines an inner product, with respect to which P−1A
is positive definite, if and only if

A0 < −
α

α + β
A;

II. α > 0 and α+ β > 0, W defines an inner product with respect to which P−1A
is indefinite;

III. α < 0 and α + β > 0, W defines an inner product if and only if

A0 > −
α

α + β
A

but P−1A is indefinite with respect to this inner product;

IV. α < 0 and α + β < 0, W does not define an inner product.

Proof. Recall from Lemma 2.31 that P−1A is W-positive definite if and only if

WP−1A > 0, where

WP−1A =

[
α(A+ A0) + βA0 0

0 S0

] [
A−1

0 0
αS−1

0 BA−1
0 (α + β)S−1

0

] [
A BT

B −C

]
=

[
αAA−1

0 (A+ A0) + βA αAA−1
0 BT + (α + β)BT

αBA−1
0 (A+ A0) + βB αBA−1

0 BT − (α + β)C

]
=

[
M MA−1BT

BA−1M T

]
=

[
I 0

BA−1 I

] [
M 0
0 T −BA−1MA−1BT

] [
I A−1BT

0 I

]
, (5.12)

with

M = αAA−1
0 A+ (α + β)A = A(αA−1

0 + (α + β)A−1)A (5.13)

and

T = αBA−1
0 BT − (α + β)C.
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IIIII

IIV

β

α

Figure 5.1: Regions (distinguished by different colours) that are considered in Theo-
rem 5.5. The horizontal lines show where P−1A can be made positive definite with
respect to 〈·, ·〉W by choosing α and β appropriately or by scaling A0 and S0.

From (5.12) and Sylvester’s law of inertia (see Theorem A.14 in Appendix A.4) it

follows that P−1A is W-positive definite when M > 0 and T > BA−1MA−1BT . The

latter condition is equivalent to requiring that

αBA−1
0 BT − (α + β)C > αBA−1

0 BT + (α + β)BA−1BT

or that

− (α + β)C > (α + β)BA−1BT . (5.14)

The conditions for positive definiteness of P−1A with respect to 〈·, ·〉W are, therefore,

that M > 0 and (5.14) is satisfied. To ascertain whether these conditions are fulfilled

we consider separately each case in Figure 5.1.

I. If α + β < 0 and α > 0, W is positive definite if and only if

A > −α + β

α
A0.

Corollary A.16 shows that this is also the condition for positive definiteness of M

in (5.13). Now, (5.14) is equivalent to C > −BA−1BT . Since the left-hand side of

this inequality is symmetric positive semidefinite and the right-hand side is negative

definite, it is always satisfied. We have, therefore, that when α + β < 0, α > 0 and

W defines an inner product, P−1A is W-positive definite.

II. When α > 0 and α+ β > 0, W and M are positive definite. However, since C is

positive semidefinite, A is positive definite and B has full rank, (5.14) cannot hold.

Indeed, T −BA−1MA−1BT < 0 and P−1A is indefinite with respect to 〈·, ·〉W .
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III. When α < 0 with α + β > 0, W defines an inner product if and only if

1

α + β
A < − 1

α
A0.

Furthermore, M in (5.13) is positive definite if and only if αA−1
0 + (α + β)A−1 > 0

which, since A0 and A are positive definite, is equivalent to

1

α + β
A < − 1

α
A0

by Corollary A.16. It follows that M > 0 whenever W > 0. However, as in Case II,

(5.14) is not satisfied and T − BA−1MA−1BT < 0. Thus, when α + β > 0 and W
defines an inner product it is one with respect to which P−1A is indefinite.

IV. If α < 0 and α + β < 0, W is always indefinite and does not define an inner

product. We find by calculations similar to those above that M in (5.13) is negative

definite. The left-hand side of (5.14) is positive semi-definite while the right-hand

side is negative definite. Thus, T −BA−1MA−1BT is positive definite.

The pivotal result of Theorem 5.5 is that when α+β < 0 with α > 0 it is possible to

obtain from the BP+ and BDW preconditioners—for each of which the preconditioned

saddle point matrix is indefinite with respect to an inner product—a combination

preconditioner for which P−1A is self-adjoint and positive definite with respect to a

nonstandard inner product. As previously mentioned, a conjugate gradient method

can be used to solve the preconditioned linear system in this circumstance. We shall

see below that for these parameters convergence of the combination preconditioner is

rapid.

Regardless of whether W-PMINRES or W-PCG is applicable, convergence for the

BP+-BDW preconditioned system depends heavily on the eigenvalues of P−1A. These

can be bounded when C = 0, as the following theorem shows.

Theorem 5.6. Let

A =

[
A BT

B −C

]
,

where A ∈ Rn×n is symmetric positive definite, B ∈ Rm×n has full rank, C ∈ Rm×m

is symmetric positive semidefinite and n ≥ m. Let A be left preconditioned by the

BP+-BDW combination preconditioner (5.10), where A0 ∈ Rn×n and S0 ∈ Rm×m are

symmetric positive definite and let W in (5.11) be positive definite, so that P−1A is

self-adjoint with respect to an inner product. Additionally, let

0 < δ ≤ ψ =
uTA0u

uTAu
≤ ∆ (5.15)
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and

0 ≤ ω =
uTBTS−1

0 Bu

uTAu
≤ Φ. (5.16)

Let [ uT , vT ]T be an eigenvector of P−1A. Then, if Bu = 0, the corresponding eigen-

value of P−1A, λ+ is positive and satisfies

1

∆
≤ λ+ ≤ 1

δ
. (5.17)

Otherwise, when

I. α > 0 but α + β < 0 the remaining eigenvalues λ+, which are all positive, satisfy

1

∆
≤ λ+ ≤

(1 + αΦ) +
√

(1 + αΦ)2 + 4δΦ(α + β)

2δ
(5.18)

or

0 < λ+ ≤
(1 + αΦ)−

√
(1 + αΦ)2 + 4δΦ(α + β)

2δ
; (5.19)

II and III. α + β > 0, the remaining positive eigenvalues λ+ of P−1A satisfy

1

∆
≤ λ+ ≤

(1 + αΦ) +
√

(1 + αΦ)2 + 4δΦ(α + β)

2δ

while negative eigenvalues λ− are bounded by

(1 + αΦ)−
√

(1 + αΦ)2 + 4δΦ(α + β)

2δ
≤ λ− < 0. (5.20)

Proof. The eigenvalues of P−1A are those of the generalized eigenvalue problem[
A BT

B 0

] [
u
v

]
= λ

[
A0 0

− α
α+β

B 1
α+β

S0

] [
u
v

]
. (5.21)

The BP+-BDW combination preconditioner is a Krzyżanowski preconditioner with

c = − α
α+β

, d = 0, S0 replaced by 1
α+β

S0 and, consequently, ω replaced by (α + β)ω

in Theorem 4.2. Thus, by Theorem 4.2, λ 6= 0,−α+β
α

and u 6= 0. Additionally, when

Bu = 0,

λ =
uTAu

uTA0u
,

and (5.15) then implies that
1

∆
≤ λ ≤ 1

δ
.

If Bu 6= 0 then , by Theorem 4.2,

λ =
(1 + αω)±

√
(1 + αω)2 + 4ψω(α + β)

2ψ
. (5.22)
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These roots must be real since P−1A is self-adjoint with respect to an inner product

(see Theorem 5.5 and Lemma 2.32). However, it is possible to verify this using the

condition that α(A + A0) + βA0 > 0. Cases I–III in Figure 5.1 require separate

examination to determine bounds on the eigenvalues. We present the proof of one

case here because the proofs for the remaining two are similar.

I. Let α > 0 and α+β < 0. Both roots in (5.22) are positive, since α+β is negative,

ψ is positive and ω is nonnegative. The larger root is given by

λ =
(1 + αω) +

√
(1 + αω)2 + 4ψω(α + β)

2ψ
(5.23)

which we see, by considering (5.15) and (5.16), is minimized when ω = 0 and ψ = ∆

and so λ ≥ 1
∆
. Conversely, (5.23) is maximized when ω = Φ and ψ = δ which gives

that
1

∆
≤ λ ≤

(1 + αΦ) +
√

(1 + αΦ)2 + 4δΦ(α + β)

2δ
.

The smaller root of (5.22) is

λ =
(1 + αω)−

√
(1 + αω)2 + 4ψω(α + β)

2ψ
, (5.24)

which is maximized when ω = 0 and ψ = ∆. This implies that λ ≥ 0. However, we

concluded previously that λ 6= 0 and we must have that λ > 0. Additionally, (5.24)

is minimized by choosing ψ = δ and ω = Φ which gives that

λ ≥
(1 + αΦ)−

√
(1 + αΦ)2 + 4δΦ(α + β)

2δ
.

Remark 5.7. As for the SZ+ preconditioner in Section 4.3, neither (5.19) nor (5.20)

bound the eigenvalues of P−1A away from the origin. The difficulty is caused by

(5.16). However, it may be possible to obtain tighter bounds for certain applications.

Remark 5.8. Theorem 5.6 accords with Lemma 2.32 since the eigenvalues of P−1A
are real and positive only when P−1A is self-adjoint and positive definite with respect

to the inner product defined by W . When W defines an inner product with respect

to which P−1A is indefinite, the eigenvalues of P−1A are real but lie on both sides of

the imaginary axis.
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Remark 5.9. When A0 = A, (5.17) shows that P−1A has eigenvalues at 1. Since

the dimension of null(B) is n−m, there are n−m such eigenvalues. The remaining

eigenvalues can be bounded by (5.18) and (5.19). Alternatively, by expressing (5.21)

in component form it can be shown that

λ(λ− 1)

α + β + αλ
Au = BTS−1

0 Bu

from which it is clear that the eigenvalues of P−1A depend nonlinearly on the eigen-

values of A−1BTS−1
0 B. These, in turn, depend on how well S0 approximates the Schur

complement S = BA−1BT .

If it is possible to obtain bounds of the form (5.15) and (5.16) without too great an

expense we can ascertain a priori the eigenvalue distribution of P−1A. This largely

determines the convergence of bothW-PMINRES andW-PCG. Moreover, it may be

possible to use these bounds to choose α and β (and scale A0 and S0 if necessary) to

obtain good eigenvalues.

Table 4.6 in Chapter 4 shows that the BP+ and BDW preconditioners are effective

when applied to the four Stokes problems 4.2–4.5. We now see how much is gained

by instead using the combination preconditioner. Since P−1
combA can be made positive

definite with respect to an inner product, we apply both W-PMINRES and W-PCG

to the combination preconditioned system, while W-PMINRES is used to solve the

BP+ and BDW preconditioned systems. Recall that we perform W-PMINRES and

W-PCG for values of α and β between -2 and 2, with a step size of 0.1.

We have tabulated in Tables 5.2 and 5.3 the lowest iteration count for the combina-

tion preconditioner for which Wcomb defines an inner product and, for the conjugate

gradient method, for which P−1A is positive definite with respect to this inner prod-

uct. For most problems this count is obtained by multiple choices of α and β. More

generally, provided Wcomb defines an inner product the number of iterations is only

mildly sensitive to changes in α and β.

It is clear that the combination preconditioner offers superior performance to either

the BP+ preconditioner or the BDW preconditioner. The relative reduction in the

number of iterations required by the combination preconditioner, in comparison to

the better performing of the BDW and BP+ preconditioners, is 19.8% on average for

W-PMINRES and 20.3% on average for W-PCG. When compared with the best of

the robust methods, BDI preconditioned I-MINRES, the combination preconditioner

is 14.2% better on average when W-PMINRES is applied and 14.9% better when
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Problem h BDI BP+ BDW Comb (α, β) % BP+/BDW % BDI

Channel flow
2−3 38 41 38 27 (1.3,-2) 29 29
2−4 55 59 57 43 (1.7,-2) 25 22
2−5∗ 91 (93) 95 (94) 95 (92) 86 (0.7,-0.6) 9 5

Backward step
2−3 54 57 55 41 (1.4,-2) 25 24
2−4 83 88 83 69 (1.4,-1.6) 17 17
2−5† 147 (148) 147 (145) 148 (155) 140 (1.2,-1) 5 5

Regularized cavity
2−3 28 34 32 21 (1.1,-1.8) 34 25
2−4 43 52 48 40 (1.2,-1.5) 17 7
2−5 68 88 81 73 (1.9,-2) 10 -7

Colliding flow
2−3 26 28 28 20 (1.1,-1.8) 29 23
2−4 36 46 41 34 (0.8,-1) 17 6
2−5 65 72 71 56 (1.4,-1.5) 21 14

∗ For positive definiteness of P−1A with respect to 〈·, ·〉W it was necessary to scale A0 by 0.9. Thus, the
iteration counts for BDI, BP+ and BDW in parentheses are obtained with A0 = 0.9LLT , where L is
the incomplete Cholesky factor computed by ichol in Matlab.
† For positive definiteness of P−1A with respect to 〈·, ·〉W it was necessary to scale A0 by 0.7. Thus, the

iteration counts for BDI, BP+ and BDW in parentheses are obtained with A0 = 0.7LLT , where L is
the incomplete Cholesky factor computed by ichol in Matlab.

Table 5.2: Iteration counts for the BP+ preconditioner, the BDW preconditioner, the
BDI preconditioner and the best possible BP+-BDW combination preconditioner for W-
PMINRES, as well as the relative reduction in the number of iterations required by BP+-
BDW combination-MINRES when compared with the better performing of BP+- and
BDW-MINRES and compared with block diagonal preconditioned MINRES in the Eu-
clidean inner product. The (α, β) ∈ [−2, 2] × [−2, 2] pairs shown are those that give the
lowest number of iterations and for which Wcomb defines an inner product.
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Figure 5.2: Convergence plots for the BP+-BDW combination preconditioner withW-
PMINRES and W-PCG for (a) the backward step flow (Example 4.3) with α = 1.4
and β = −1.6 and (b) for regularized cavity flow (Example 4.4) with α = 1.2 and
β = −1.5.

W-PCG is used. We remark that in many cases the optimal choices of α and β forW-

PMINRES and W-PCG coincide, suggesting that W-PMINRES performs best when

P−1
combA is positive definite with respect to the inner product 〈·, ·〉Wcomb

. Additionally,

the number of iterations for each method is close, and so it appears that for these

problems the cheaper W-PCG method is preferable to W-PMINRES. Convergence

plots for the values of α and β listed in Tables 5.2 and 5.3 are shown in Figure 5.2.

We observe that the W-PCG andW-PMINRES curves are very similar and decrease

more rapidly than those of BP+ and BDW preconditioned W-MINRES.

Although optimalWcomb-PMINRES convergence occurs whenWcomb defines an inner

product, faster convergence can be observed for the conjugate gradient method when

Wcomb is not positive definite, as can be seen from Table 5.3 and Figure 5.2. The

average relative reduction when compared with the better of BDW- or BP+-MINRES

is 34.8% while the relative reduction when compared with the BDI preconditioner

method is 29.9%. However, robustness is not guaranteed when 〈·, ·〉Wcomb
is not an

inner product and we caution that the BP+-BDW combination-CG method may fail

for other approximations of A0 or S0 or for different saddle point problems. Note also

that the convergence is far from monotone.

We additionally examined the effect of scaling the BP+ and BDW preconditioners

separately, by setting β or α to zero and varying the other parameter. Both pre-

conditioners were sensitive to scaling, although the optimal scaling appeared to be

problem dependent.
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Wcomb > 0 Wcomb 6> 0

Problem h Comb (α, β) % BP+/BDW % BDI Comb (α, β) % BP+/BDW % BDI

Channel flow
2−3 27 (1.3,-2) 29 29 21 (1,-1.9) 45 45

2−4 43 (1.6,-1.9) 25 22 34 (1.3,-2) 40 38

2−5∗ 80 (1.9,-2) 13 14 58 (1.7,-2) 39 36

Backward step
2−3 41 (1.4,-2) 25 24 31 (0.8,-1.7) 44 43

2−4 70 (1.4,-1.6) 16 16 56 (1.2,-1.9) 33 33

2−5† 118 (1.7,-1.8) 19 20 99 (1.7,-1.9) 33 33

Regularized cavity
2−3 22 (1.3,-2) 31 21 19 (1,-2) 41 32

2−4 40 (1.2,-1.5) 17 7 33 (1,-1.9) 31 23

2−5 73 (1.4,-1.5) 10 -7 59 (1.3,-1.9) 27 13

Colliding flow
2−3 21 (1.3,-1.9) 25 19 19 (1,-2) 32 27

2−4 35 (1.2,-1.5) 15 3 31 (1.2,-2) 24 14

2−5 58 (1.5,-1.6) 18 11 51 (1.3,-1.9) 28 22
∗ For positive definiteness of P−1A with respect to 〈·, ·〉W it was necessary to scale A0 by 0.9. Thus, the iteration

count with W > 0 is obtained with A0 = 0.9LLT , where L is the incomplete Cholesky factor computed by ichol in

Matlab. The iteration count with W 6> 0 is obtained with A0 = LLT .
† For positive definiteness of P−1A with respect to 〈·, ·〉W it was necessary to scale A0 by 0.7. Thus, the iteration

count with W > 0 is obtained with A0 = 0.7LLT , where L is the incomplete Cholesky factor computed by ichol in

Matlab. The iteration count with W 6> 0 is obtained with A0 = LLT .

Table 5.3: Iteration counts for the best possible BP+-BDW combination
preconditioner for whichW > 0 and for whichW 6> 0, as well as the relative
reduction in the number of iterations required by BP+-BDW combination-
MINRES when compared with the better performing of BP+- and BDW-
MINRES and compared with block diagonal preconditioned MINRES in the
Euclidean inner product. Iteration counts for BP+- and BDW-MINRES and
for block diagonal preconditioned MINRES in the Euclidean inner product
are given in Table 5.2. The (α, β) ∈ [−2, 2] × [−2, 2] pairs shown are those
that give the lowest number of iterations. For the left half of the table, we
restrict (α, β) pairs to those for which Wcomb defines an inner product with
respect to which P−1

combA is positive definite.
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Figure 5.3: W-PCG Convergence plots for (a) the backward step flow (Example 4.3)
with α = 1.2 and β = −1.9 and (b) the regularized cavity flow (Example 4.4) with
α = 1 and β = −1.9. W is not positive definite for these parameter choices.
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In summary, the BP+-BDW combination preconditioner is very effective when used

with either a conjugate gradient method or a MINRES algorithm. For BP+-BDW

combination-MINRES, the preconditioner is most effective when Wcomb defines an

inner product with respect to which P−1
combA is positive definite. Positive definiteness

of both Wcomb and of the preconditioned saddle point matrix with respect to 〈·, ·〉W
is characterized by Theorem 5.5. Combination preconditioned W-CG performs very

well when P−1
combA is self-adjoint and positive definite with respect to a nonstandard

inner product as the theory supports and good convergence is observed, but remains

unexplained, when W is indefinite.

5.2 The BP-BDW combination preconditioner

We saw in the previous section that it was possible to combine the BP+ and BDW

preconditioners. A natural extension is to construct a BP-BDW combination precon-

ditioner. However, the approximation to the Schur complement in the BP precondi-

tioner differs from that in the BDW preconditioner and so Lemma 5.1, rather than

Theorem 5.3, is used to obtain a combination.

For the BP preconditioner (4.4), with its symmetric bilinear form defined by (4.5),

and the BDW preconditioner (4.10), with its symmetric bilinear form defined by

(4.11), Lemma 5.1 gives that

P−T3 W3 =

[
A−1

0 αA−1
0 BTS−1

0

0 (β − α)S−1
0

] [
αA+ (β − α)A0 0

0 S0

]
.

Accordingly, we take

P =

[
A0 0
α

α−βB
1

β−αS0

]
(5.25)

and

W =

[
αA+ (β − α)A0 0

0 S0

]
. (5.26)

Recall that W-PMINRES can be applied to the BP+-BDW combination precondi-

tioned system when W in (4.9) is positive definite and that the application of a

W-PCG method additionally requires that P−1A be positive definite with respect to

〈·, ·〉W . The next theorem shows that W defines an inner product for many choices

of α and β and that for certain of these P−1A is positive definite with respect to this

inner product.
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Theorem 5.10. Let

A =

[
A BT

B −C

]
,

where A ∈ Rn×n is symmetric positive definite, B ∈ Rm×n has full rank, C ∈ Rm×m

is symmetric positive semidefinite and n ≥ m. Let A be left preconditioned by the

BP-BDW combination preconditioner (5.25), where A0 ∈ Rn×n and S0 ∈ Rm×m are

symmetric positive definite, so that P−1A is self-adjoint with respect to 〈·, ·〉W , where

W is defined by (5.26).

When

I. α > 0 and α > β, W defines an inner product with respect to which P−1A is

positive definite when αA > (α− β)A0;

II. β > α > 0, W defines an inner product with respect to which P−1A is indefi-

nite;

III. α < 0 and β > α, W defines an inner product when (β − α)A0 > −αA but

P−1A is indefinite with respect to 〈·, ·〉W ;

IV. β < α < 0, W does not define an inner product.

Proof. The proof differs only slightly from that for Theorem 5.5 and so we only

briefly sketch the details here. Again, W-positive definiteness of P−1A depends on

the positive definiteness of

WP−1A =

[
I 0

BA−1 I

] [
M 0
0 T −BA−1MA−1BT

] [
I A−1BT

0 I

]
,

where

M = A(αA−1
0 + (β − α)A−1)A (5.27)

and

T = αBA−1
0 BT + (α− β)C. (5.28)

By Sylvester’s law of inertia in Appendix A.4, WP−1A is positive definite when

M > 0 and T > BA−1MA−1BT . Substituting for M and T shows that the second

condition is satisfied if and only if

(α− β)C > (β − α)BA−1BT . (5.29)

Each case in Figure 5.4 is considered separately to determine whether M > 0 and

(5.29) holds.
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Figure 5.4: Regions (distinguished by different colours) that are considered in Theo-
rem 5.10. The horizontal lines show where P−1A can be made positive definite with
respect to 〈·, ·〉W by choosing α and β appropriately or by scaling A0 and S0.

I. If α > β and α > 0 the condition for self-adjointness of W is immediately evident

and it is easily shown that when it is satisfied M > 0. Additionally, since (α − β)C

is positive semidefinite and (β − α)BA−1BT is negative definite, (5.29) is satisfied.

Thus, when α > β, α > 0 and W defines an inner product, it is one with respect to

which P−1A is positive definite.

II. With β > α > 0, W and M are positive definite. However, the left-hand side

of (5.29) is negative semidefinite while the right-hand side is positive definite. Thus,

P−1A is indefinite with respect to 〈·, ·〉W .

III. Case III corresponds to α < 0 and β > α. The condition for positive definiteness

ofW is readily verified and simple algebra shows that M > 0 whenW > 0. However,

as in Case II the left-hand side of (5.29) is negative semidefinite and the right-hand

side is definite. It follows that P−1A is indefinite with respect to 〈·, ·〉W .

IV. When β < α < 0, W is indefinite. We find that M < 0 but that (5.29) is

satisfied.

From Theorem 5.10 we conclude that W-PMINRES is applicable for a wide range of

α and β and that, furthermore, for certain values of α > 0 with α > β, a W-PCG

method can be applied.

We report now on the performance of the BP-BDW combination-CG method, com-

paring it to BP-CG and BDW-MINRES. The convergence of BP-BDW combination-

MINRES was also investigated but this method was found to be less effective and
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Wcomb > 0 Wcomb 6> 0
Problem h BP-CG BDW Comb (α, β) % BP/BDW Comb (α, β) % BP/BDW

Channel flow
2−3 28 36 27 (1.3,0) 4 20 (1.7,-2) 29

2−4 43 56 43 (1,0) 0 35 (0.8,-2) 19

2−5 77 91 73 (1.1,-0.1) 5 59 (0.3,-2) 23

Backward step
2−3 43 52 41 (1.3,0) 5 30 (1.1,-1.4) 30

2−4 71 90 65 (1.9,0) 8 56 (0.7,-1.5) 21

2−5 125 164 116 (1.4,0) 7 98 (0.7,-1.7) 22

Regularized cavity
2−3 22 30 21 (1.4,-0.1) 5 18 (2,-1.2) 18

2−4 41 44 40 (0.9,0) 2 33 (1,-2) 20

2−5 74 70 70 (1.2,0) 0 62 (0.3,-2) 11

Colliding flow
2−3 21 28 20 (1.4,-0.1) 5 18 (2,-1.5) 14

2−4 34 43 34 (0.9,0) 0 29 (1.8,-2) 15

2−5 61 66 54 (1.5,-0.1) 11 52 (1.6,-1.1) 15

Table 5.4: Iteration counts for BP-CG, BDW-MINRES and the best possible BP-
BDW combination-CG, as well as the relative reduction in the number of iterations
required by BP-BDW combination-CG when compared with the better performing
of BP-CG and BDW-MINRES. The (α, β) ∈ [−2, 2] × [−2, 2] pairs shown are those
that give the lowest number of iterations. For the left half of the table, we restrict
(α, β) pairs to those for which Wcomb defines an inner product with respect to which
P−1
combA is positive definite.

so the results are omitted. To ensure that A − A0 is positive definite, so that WBP

defines an inner product, A0 is a no-fill incomplete Cholesky factorization of A, scaled

by σ as in Table 5.1.

Table 5.4 shows that the combination preconditioner can be more effective than either

the BP or BDW preconditioners. When Wcomb > 0 and P−1
combA is positive definite

with respect to 〈·, ·〉Wcomb
, the BP-BDW combination preconditioner gives a percent-

age decrease in the number of iterations required of, on average, 4.3% and a maximum

reduction of 11%, when compared with the better of the BP and BDW precondition-

ers. For some problems the best option is to scale the better performing of the BP or

BDW preconditioners—which highlights that the BP and BDW preconditioners are

sensitive to scaling—but the greatest improvement occurs when a good combination

involving both preconditioners can be found.

Faster convergence is again observed when Wcomb is not positive definite, with the

average reduction in the number of iterations required jumping to 19.9% and the

maximum reduction increasing to 30%. However, as mentioned for the BP+-BDW

combination preconditioner our theory cannot guarantee the convergence of BP-BDW

combination-CG when W is indefinite.

We plot the relative preconditioned residuals for the flow over a backward step (Ex-

ample 4.3) and the regularized cavity flow (Example 4.4) with h = 2−4 in Figure 5.5,

showing convergence plots when Wcomb > 0 and Wcomb 6> 0. These highlight that,

particularly for Example 4.3, convergence is more rapid when the BP-BDW combina-
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Figure 5.5: Convergence plots for the BP-BDW combination preconditioner with W-
PCG for (a) the backward step flow (Example 4.3) with α = 1.9 and β = 0 (Comb I)
and α = 0.7 and β = −1.5 (Comb II) and (b) the regularized cavity flow (Example
4.4) with α = 1.1 and β = 0 (Comb I) and α = 1 and β = −2 (Comb II).

tion preconditioner is used. We also see that convergence is more erratic whenWcomb

does not define an inner product.

5.3 The BP-SZ combination preconditioner

Section 4.4 showed that both the BP and SZ preconditioners in Section 4.1 can be

effective. Stoll and Wathen [135] demonstrated that faster convergence than either of

these methods attains can be achieved by combining them. Here a different BP-SZ

combination preconditioner is analysed. We assume in this section that the condition,

required by the SZ preconditioner, that C = 0 is met.

It is shown by Stoll and Wathen [135] that for the BP preconditioner (4.4), with its

bilinear form defined by (4.5), and the SZ preconditioner (4.8), with its bilinear form

defined by (4.9), Lemma 5.1 gives that

P−T3 W3 = αP−T1 W1 + βP−T2 W2

=

[
I −A−1

0 BT

0 I

] [
(α− β)A−1

0 0
−βS−1

0 BA−1
0 T

] [
A− A0 0

0 S0

]
,

where T = (β − α)S−1
0 − βS−1

0 BA−1
0 BTS−1

0 . They take the combination

P−T3 =

[
I −A−1

0 BT

0 I

] [
(α− β)A−1

0 0
−βS−1

0 BA−1
0 (β − α)S−1

0 − βS−1
0 BA−1

0 BTS−1
0

]
and

W3 =

[
A− A0 0

0 S0

]
. (5.30)
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However, the second term in P−T3 can be factored as[
(α− β)A−1

0 0
−βS−1

0 BA−1
0 (β − α)S−1

0 − βS−1
0 BA−1

0 BTS−1
0

]
=

[
A−1

0 0
β

β−αS
−1
0 BA−1

0 −S−1
0

] [
(α− β)I 0

0 (α− β)I + βBA−1
0 BTS−1

0

]
and so another option is

P−T3 =

[
I −A−1

0 BT

0 I

] [
A−1

0 0
β

β−αS
−1
0 BA−1

0 −S−1
0

]
,

so that

P = P3 =

[
I 0

BA−1
0 I

] [
A0

β
β−αB

T

0 −S0

]
=

[
A0

β
β−αB

T

B β
β−αBA

−1
0 BT − S0

]
(5.31)

and

W =W3

[
(α− β)I 0

0 (α− β)I + βBA−1
0 BTS−1

0

] [
A− A0 0

0 S0

]
=

[
(α− β)(A− A0) 0

0 (α− β)S0 + βBA−1
0 BT

]
. (5.32)

By comparing (5.32) with (5.30) we see that the former can be scaled by adjusting α

and β, which may make it easier to ensure that W is positive definite. Accordingly,

in this thesis only the BP-SZ combination preconditioner (5.31) is considered. Addi-

tionally, from our combination preconditioner the BP and SZ preconditioners can be

clearly identified: the BP preconditioner is recovered when α = 1 and β = 0 while the

SZ preconditioner is retrieved by setting α = 0 and β = 1. From preliminary tests

we observed that both the combination preconditioner proposed by Stoll and Wa-

then and (5.31) converged similarly. It would be interesting to carry out a thorough

comparison of the performance of the two combination preconditioners.

We remark that the BP-SZ combination preconditioner (5.31) can alternatively be

derived from Theorem 5.3, since, as is clear from Table 4.1, c1 = c2 = 1. If this

approach is used the Schur complement approximation S0 in Theorem 5.3 should be

replaced by −S0. To obtain (5.31) and (5.32) from the preconditioner and symmetric

bilinear form in Theorem 5.3 scaling by β − α is required.

As previously discussed, knowledge of the conditions for positive definiteness of W ,

and of P−1A with respect to 〈·, ·〉W , is helpful when deciding which Krylov subspace

method is most appropriate. To ascertain these conditions we begin with a technical

lemma.
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Lemma 5.11. Let A0 ∈ Rn×n and S0 ∈ Rm×m be symmetric positive definite, B ∈
Rn×m have full rank and n ≥ m. If

λmin ≤
xTBA−1

0 BTx

xTS0x
≤ λmax

for all nonzero x ∈ Rm then

0 ≤ yTBTS−1
0 By

yTA0y
≤ λmax (5.33)

for all y ∈ Rn.

Proof. Any eigenvalue λ of S−1
0 BA−1

0 BT satisfies the eigenvalue problem

S−1
0 BA−1

0 BTx = λx

⇒ A−1
0 BTS−1

0 B(A−1
0 BTx) = λ(A−1

0 BTx)

⇔ BTS−1
0 By = A0λy,

where y = A−1
0 BTx and y = 0 ⇔ x = 0. Thus, any eigenvalue of S−1

0 BA−1
0 BT ∈

Rm×m is an eigenvalue of A−1
0 BTS−1

0 B ∈ Rn×n. To determine the remaining n −m
eigenvalues of A−1

0 BTS−1
0 B, note that this matrix is similar to A

−1/2
0 BTS−1

0 BA
−1/2
0

which, in turn, is congruent to the rank m matrix BTS−1
0 B ∈ Rn×n. Thus, Sylvester’s

law of inertia (see Appendix A.4) indicates that A−1
0 BTS−1

0 B, like BTS−1
0 B, has n−m

zero eigenvalues.

If λmin and λmax are the minimum and maximum eigenvalues of S−1
0 BA−1

0 BT they

bound the generalized Rayleigh quotient

λmin ≤
xTBA−1

0 BTx

xTS0x
≤ λmax

and it follows that

0 ≤ yTBTS−1
0 By

yTA0y
≤ λmax.

We now state the requirements for positive definiteness of W and of P−1A with

respect to 〈·, ·〉W for the BP-SZ combination preconditioner.

Theorem 5.12. Let

A =

[
A BT

B 0

]
,
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where A ∈ Rn×n is symmetric positive definite B ∈ Rm×n has full rank and n ≥ m.

Let A be left preconditioned by the BP-SZ combination preconditioner (5.31), where

A0 ∈ Rn×n and S0 ∈ Rm×m are symmetric positive definite, so that P−1A is self-

adjoint with respect to 〈·, ·〉W , where W is defined by (5.32).

When

I. α > β > 0, W defines an inner product with respect to which P−1A is self-

adjoint if and only if A > A0;

II. α < β and β > 0, W defines an inner product if and only if

A < A0 and S0 <
β

β − α
BA−1

0 BT

and P−1A is positive definite with respect to this inner product if and only if

T = BV
(
V −1 − (A− A0)M−1(A− A0)

)
V BT > 0, (5.34)

where

M = (α− β)(A− A0)A−1
0 A+ β(A− A0)A−1

0 BTS−1
0 BA−1

0 (A− A0) (5.35)

and

V = (α− β)A−1
0 + βA−1

0 BTS−1
0 BA−1

0 ; (5.36)

III. α < β < 0, W does not define an inner product;

IV. β < 0 and α > β, W defines an inner product with respect to which P−1A is

self-adjoint and positive definite if and only if

A > A0 and S0 >
β

β − α
BA−1

0 BT .

Proof. Since P−1A isW-positive definite if and only ifWP−1A > 0 let us investigate

the positive definiteness of WP−1A. Now,

WP−1A =

[
M (A− A0)V BT

BV (A− A0) BV BT

]
=

[
I 0

BV (A− A0)M−1 I

] [
M 0
0 T

] [
I M−1(A− A0)V BT

0 I

]
, (5.37)

where T , M and V are given by (5.34), (5.35) and (5.36), respectively. Since (5.37)

is a congruence transform, by Sylvester’s law of inertia (see Appendix A.4), P−1A is
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Figure 5.6: Regions (distinguished by different colours) that are considered in The-
orem 5.12. The horizontal lines depict the region in which P−1A is positive definite
with respect to 〈·, ·〉W while the vertical lines show the region in which positive defi-
niteness depends on T , given by (5.34).

positive definite with respect to 〈·, ·〉W if and only if M > 0 and T > 0. The positive

definiteness of M and T depends on α and β, with four distinct cases requiring

consideration. These are depicted in Figure 5.6.

I. When α > β > 0, W is positive definite if and only if A > A0. By observation,

V > 0 and M > 0. Now T > 0 if and only if

V −1 > (A− A0)M−1(A− A0)

or, equivalently,

V < (A− A0)−1M(A− A0)−1

since M and V are positive definite. By substituting for M and V we find that this

requirement is equivalent to

A0 < (A−1
0 − A−1)−1. (5.38)

We must have, since A > A0, that A−1
0 > A−1 (see Corollary A.16) or A−1

0 −A−1 > 0

and so (5.38) holds if and only if

A−1
0 > A−1

0 − A−1

which is always true. Thus, when α > β > 0,W defines an inner product with respect

to which P−1A is positive definite if and only if A > A0.
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II. Next we consider Case II, for which β > α with β > 0. By observation,W defines

an inner product if and only if

A < A0 and S0 <
β

β − α
BA−1

0 BT .

If M > 0,
β

β − α
BTS−1

0 B > (A−1
0 − A−1)−1

which, since (A−1
0 −A−1)−1 < 0 if and only if A < A0, is satisfied if and only ifW > 0.

If V > 0,
β

β − α
BTS−1

0 B > A0.

However,
β

β − α
BTS−1

0 B

is positive semidefinite while A0 is positive definite and this inequality cannot be

satisfied. It follows that V is never positive definite and that it is not possible to

significantly simplify the condition for positive definiteness of T ; one can only state

that M > 0 and that when T > 0, P−1A is W-positive definite.

III. Case III in Figure 5.6 corresponds to 0 > β > α. However, if A0 > 0 and S0 > 0

then (α−β)S0 +βBA−1
0 BT < 0 andW is not positive definite. Similar calculations to

those above show that M < 0 and V < 0 and that positive definiteness of T depends

on the positive definiteness of A− A0.

IV. The range α > β and β < 0 corresponds to case IV in Figure 5.6. For W to be

positive definite we require that A > A0 and

S0 >
β

β − α
BA−1

0 BT .

To determine whether V is positive definite we note that if

S0 >
β

β − α
BA−1

0 BT > 0

then
β − α
β

> λmax ≥
xTBA−1

0 BTx

xTS0x
≥ λmin > 0.

From (5.33) in Lemma 5.11 we have that

β − α
β

> λmax ≥
yTBTS−1

0 By

yTA0y
≥ 0
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or that

V = (α− β)A−1
0 + βA−1

0 BTS−1
0 BA−1

0 > 0.

Thus, V > 0 when W > 0.

For M to be positive definite a similar argument to that used for Case I shows that

we require

(A−1
0 − A−1)−1 >

β

β − α
BTS−1

0 B

which, since A0 < (A−1
0 − A−1)−1 is satisfied whenever V > 0.

If T > 0 then, as in Case I,

A−1
0 > A−1

0 − A−1,

which is always true. Thus P−1A is positive definite with respect to 〈·, ·〉W when

α > β with β < 0 if and only if A > A0 and S0 >
β

β−αBA
−1
0 BT .

Regardless of whether A > A0 or A0 > A, Theorem 5.12 indicates that for many

choices of α and β, W defines an inner product and W-PMINRES may be reliably

used to solve the symmetric saddle point system (4.2). Under additional assumptions

described in Theorem 5.12, W-PCG is robust.

We now demonstrate the effectiveness of the BP-SZ combination preconditioner for

Examples 4.2–4.5 in Section 4.4. To all preconditioned systems we apply W-PCG

and scale the incomplete Cholesky factorization of A by σ to ensure that A − A0 is

positive definite; this requires a lower bound on the smallest eigenvalue of A−1
0 A. As

noted in Chapter 4, this approximation may be costly to compute. The values of σ

are given in Table 5.1.

Table 5.5 shows that whenWcomb > 0 the convergence of combination preconditioned

W-PCG can be significantly faster than BP- or SZ-CG. Moreover, although only one

parameter choice for the combination preconditioner is listed, multiple choices gave

the same iteration count for most problems. The relative reduction in the number of

iterations, compared with the better preforming of the BP and SZ preconditioners,

was up to 33% and was 20.2% on average.

Even faster convergence was achieved for these problems when Wcomb was indefinite

(and did not define an inner product). In this case the percentage decrease was up

to 33% and was 26.7% on average. We note that the values of α and β that lead to

this rapid convergence are near values for which 〈·, ·〉Wcomb
is an inner product (see

Table 5.5). However, we have no theory to explain the effectiveness of the BP-SZ

combination-CG method when 〈·, ·〉Wcomb
is not an inner product.
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Wcomb > 0 Wcomb 6> 0
Problem h BP-CG SZ-CG Comb (α, β) % BP/SZ Comb (α, β) % BP/SZ

Channel flow
2−3 28 33 21 (1.7,-1) 25 20 (1.8,-2) 29

2−4 43 – 35 (1.4,-0.2) 19 31 (2,-0.4) 28

2−5 77 – 77 (1,0) 0 63 (2,-0.1) 18

Backward step
2−3 43 69 36 (1.9,-0.8) 16 31 (1.7,-1.3) 28

2−4 71 – 59 (1.8,-0.2) 17 54 (1.7,-0.3) 24

2−5 125 – 125 (1,0) 0 111 (1.9,-0.1) 11

Regularized cavity
2−3 22 25 16 (2,-2) 27 16 (1.5,-2) 27

2−4 41 – 30 (1.9,-0.5) 27 29 (2,-0.7) 29

2−5 74 – 54 (1.6,-0.1) 27 51 (1.3,-0.1) 31

Colliding flow
2−3 21 23 14 (2,-2) 33 14 (1.6,-2) 33

2−4 34 – 25 (1.9,-0.5) 26 23 (2,-0.6) 32

2−5 61 – 46 (1.6,-0.1) 25 43 (1.3,-0.1) 30

Table 5.5: Iteration counts for the BP preconditioner, the SZ preconditioner and the
best possible BP-SZ combination preconditioner for W-PCG, as well as the relative
reduction in the number of iterations required by BP-SZ combination-CG when com-
pared with the better performing of BP- and SZ-CG. The (α, β) ∈ [−2, 2] × [−2, 2]
pairs shown are those that give the lowest number of iterations. For the left half of
the table, we restrict (α, β) pairs to those for which Wcomb defines an inner product
with respect to which P−1

combA is positive definite.

Convergence plots for the flow over a backward step and the regularized cavity, both

with h = 2−4, are shown in Figure 5.7. The values of α and β used are given in

Table 5.5. Both curves for the combination preconditioner decrease similarly, and

rapidly, indicating that convergence is almost as rapid when 〈·, ·〉Wcomb
defines an

inner product. Additionally, we are guaranteed convergence when Wcomb > 0.

We also tested the combination preconditioner on the same Stokes examples with

W-PMINRES. Scaling of A0 and S0 was found to be critical, as for the BP and SZ

preconditioners (see Table 4.6) and W-PCG tended to outperform W-PMINRES.

However, when scaled so that Wcomb defined an inner product, BP-SZ combination-

MINRES could outperform BP-MINRES, SZ-MINRES and either of the block di-

agonal preconditioned MINRES methods (BDW and BDI). The BP-SZ combination

preconditioner was observed to be most effective for these examples, unsurprisingly,

when P−1
combA had nicely distributed eigenvalues. This implies that, for these Stokes

problems, Corollary 3.15 appears to be descriptive.

In summary, we have shown that the BP-SZ combination preconditioner improves

on the good performance of its constituent preconditioners for Examples 4.2 to 4.5.

For a wide range of α and β values, 〈·, ·〉Wcomb
is an inner product and for a subset of

these P−1
combA is positive definite with respect to this inner product so that a conjugate

gradient method can be reliably applied.
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Figure 5.7: Comparison of the BP-SZ combination preconditioner for (a) the flow over
a backward step (Example 4.3) with α = 1.8 and β = −0.2 (Comb I) and α = 1.7 and
β = −0.3 (Comb II) and (b) the regularized cavity flow (Example 4.4) with α = 1.9
and β = −0.5 (Comb I) and α = 2 and β = −0.7 (Comb II).

5.4 Conclusions

This chapter examined a new formulation of the BP-SZ combination preconditioner

and the novel BP+-BDW and BP-BDW combination preconditioners. For each, we

derived conditions for Wcomb to define an inner product and found that these are

satisfied for many choices of α and β, i.e. for many specific combinations. Particularly

for PMINRES, we observed from numerical experimentation that the absence of an

inner product led to poor convergence, making conditions for positive definiteness

important.

Requirements for positive definiteness of the BP-BDW combination preconditioned

saddle point matrix and of the BP-SZ combination preconditioned matrix were given.

Significantly, we also showed that the BP+-BDW combination preconditioned saddle

point matrix can be made positive definite with respect to an inner product, despite

neither the BP+ preconditioned saddle point matrix nor the BDW preconditioned

matrix being positive definite with respect to its inner product. This allows a W-

conjugate gradient method to be reliably used to solve the BP+-BDW combination

preconditioned system and, perhaps more importantly, it shows the potential for using

combination preconditioning to change the inertia of a saddle point matrix. There

may certainly be other combinations of preconditioners for which this is true and we

feel that for this reason the development of indefinite preconditioners for saddle point

problems, such as the SZ+ preconditioner in Section 4.3, can be fruitful even when

one seeks a preconditioner for which P−1A is self-adjoint and positive definite with
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respect to an inner product. However, the difficulty lies, in general, in obtaining the

preconditioner and inner product from Lemma 5.1 or Theorem 5.3.

Problem h BDI-MR BP-CG∗ BP-SZ∗ BP+-BDW-CG BP+-BDW-MR BP-BDW∗

Channel flow
2−3 38 28 21 27 27 27

2−4 55 43 35 43 43 43

2−5† 91 (93) 77 77 80 86 73

Backward step
2−3 54 43 36 41 55 41

2−4 83 71 59 70 69 65

2−5‡ 147 (148) 125 125 118 116

Regularized cavity
2−3 28 22 16 22 21 21

2−4 43 41 30 40 40 40

2−5 68 74 54 73 73 70

Colliding flow
2−3 26 21 14 21 20 20

2−4 36 34 25 35 34 34

2−5 65 61 46 58 56 54
∗ A0 is scaled for positive definiteness of A− A0 with scaling factors given in Table 5.1.
† For positive definiteness of the BP+-BDW combination preconditioned saddle point matrix with respect to its

inner product it was necessary to scale A0 by 0.9. Thus, the iteration count for BDI in parentheses, and the

iteration count for BP+-BDW-CG, are obtained with A0 = 0.9LLT , where L is the incomplete Cholesky factor
computed by ichol in Matlab.
‡ For positive definiteness of the BP+-BDW combination preconditioned saddle point matrix with respect to its

inner product it was necessary to scale A0 by 0.7. Thus, iteration count for BDI in parentheses, and the iteration

count for BP+-BDW-CG, are obtained with A0 = 0.7LLT , where L is the incomplete Cholesky factor computed
by ichol in Matlab.

Table 5.6: Comparison of combination preconditioners for the Stokes
problems.

Our computational results confirm that for the Stokes problems examined each com-

bination preconditioner can be more effective than either of the constituent precondi-

tioners, often significantly so. Overall, Table 5.6 shows that the BP-SZ combination

preconditioner performs best. However, both the BP-SZ and BP-BDW combination

preconditioners require that A − A0 be scaled (as do the individual BP and SZ pre-

conditioners) which we found to be costly for the Stokes problems with fine grids.

We observed from our numerical experiments that for the BP+-BDW preconditioner

scaling of A0 was not required for the reliable application of W-PMINRES, and in

many cases for W-PCG. Additionally, both BP+-BDW combination-MINRES and

BP+-BDW combination-MINRES outperformed, by a considerable margin, the best

method for the Stokes problems for which scaling is not required: block diagonal

preconditioned MINRES in the Euclidean inner product. This indicates that when

scaling A − A0 is costly, the BP+-BDW combination preconditioner provides an at-

tractive alternative.

The faster performance of W-PCG observed for each combination preconditioner

when Wcomb was not positive definite remains unexplained. The same behaviour has

been previously observed [34, 135] and analysed [115], although the analysis appears

difficult to generalize to our preconditioners.



Chapter 6

Preconditioners for nonsymmetric
matrices

As discussed in the introduction, a lack of understanding of the factors that deter-

mine GMRES convergence for general nonsymmetric (nonnormal) matrices makes it

difficult to deduce mathematical criteria for effective preconditioners. If the precon-

ditioned coefficient matrix is close to normal and has nicely distributed eigenvalues,

either the standard eigenvalue bound (3.27) or standard pseudospectral bound (3.28)

imply that convergence will be rapid [62]. However, it is difficult to know exactly

which characteristics of a preconditioner improve the normality of the preconditioned

coefficient matrix. In the absence of mathematical criteria, preconditioners are gen-

erally chosen heuristically.

Broadly speaking, these preconditioners are either designed to be widely applicable

or are constructed for a particular type of problem1. General purpose precondition-

ers typically approximate either the coefficient matrix or its inverse, one of the most

common types being incomplete factorization preconditioners, introduced in [99]. An-

other is the set of sparse approximate inverse preconditioners. The original sparse

approximate inverse preconditioners [14] solve or approximate

min
P∈L
‖I −BP‖F ,

where L is a set of sparse matrices and ‖·‖F is the Frobenius norm, although factored

sparse approximate inverse preconditioners have since been proposed. For a survey

of these general purpose preconditioners see [15].

1There is, inevitably, some overlap. For example, it may be possible to optimize a general purpose
preconditioner by considering a characteristic particular to the coefficient matrix of interest [15].

129
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Applicable to partial differential equations are a number of additional preconditioners.

Algebraic [21, 116, 117] and geometric multigrid methods (see [68] for an early refer-

ence) and domain decomposition methods (see [142] for an overview) were originally

developed as stand-alone techniques for solving linear systems. However, they can

be powerful preconditioners. More specialized preconditioners also exist, such as the

diffusion synthetic acceleration preconditioner for the transport equation [4, 86, 96]

and the least-squares commutator and pressure convection-diffusion preconditioners

for Newton or Picard iteration for the Navier-Stokes equations [43, Chapter 8]. A

preconditioner for the Euler equations that takes into account the eigenvectors of the

coefficient matrix and thus the symmetric bilinear form with respect to which B is self-

adjoint, is given by Darmofal [30]. For Toeplitz matrices (2.18) (that are not necessar-

ily related to PDEs) circulant preconditioners have proved popular [29, 136, 140, 143].

Often these heuristically chosen preconditioners are effective. However, it can be dif-

ficult to determine reasons for this and the characteristics common to good precondi-

tioners. This chapter appraises some known preconditioners in view of self-adjointness

and normality with respect to nonstandard symmetric bilinear forms. In Section 6.1

we examine the relationship between the eigenvectors of the preconditioner P and

those of the coefficient matrix B and discuss how this relates to the symmetric bilin-

ear forms with respect to which P and B are self-adjoint. Although eigenvectors are

a useful analytical tool, their accurate computation can be extremely difficult. Pseu-

dospectra, in contrast, are far less sensitive to perturbations [145, Theorem 52.4].

Accordingly, in Section 6.1 we also relate the nearness of eigenvectors to similarities

between the pseudospectra of P and B. Section 6.2 investigates preconditioners that

are self-adjoint with respect to the same symmetric bilinear form as the coefficient

matrix. The case that the preconditioner is self-adjoint with respect to a symmetric

bilinear form that is nearby to a symmetric bilinear form with respect to which B is

self-adjoint is addressed in Section 6.3. A summary of the chapter can be found in

Section 6.4.

Unless stated otherwise, matrices are assumed to be diagonalizable. Throughout, a

diagonalizable matrix B will have a matrix of eigenvectors Z while a matrix of eigen-

vectors of a diagonalizable preconditioner P will be denoted by Z. All pseudospectral

plots are computed by Tom Wright’s EigTool package [154] for Matlab. I-MR resid-

uals are measured in the I-norm, while for any nonstandard inner product 〈·, ·〉M the

residuals of the corresponding M -MR method are measured in the M -norm.
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6.1 Nearby eigenvectors

In this section preconditioners with eigenvectors that are close to those of the coeffi-

cient matrix are considered. Relationships between the nearness of these eigenvectors

and the nearness of the symmetric bilinear forms with respect to which B and P are

self-adjoint—the focus of Sections 6.2 and 6.3—are discussed. We also see that the

nearness of the eigenvectors of B and P is reflected in their pseudospectra.

Let us begin by examining the effect of nearby eigenvectors on P−1B. If P = ZΛPZ−1

and B = ZΛBZ
−1 then

Z−1BZ = ΛB + C, (6.1)

where we would expect C to be small when Z is close to an eigenvector matrix of B.

It follows that

Z−1P−1BZ = (Z−1PZ)(Z−1BZ) = Λ−1
P (ΛB + C) (6.2)

so that

P−1B = ZΛ−1
P ΛBZ−1 + ZΛ−1

P CZ−1. (6.3)

If C were a small perturbation we would expect the first term to dominate. Under

the additional assumption that ΛP is a good approximation of ΛB, Λ−1
P ΛB is close to

the identity, as is P−1B. Moreover, the preconditioned coefficient matrix is nearly

normal.

We now study the symmetric bilinear forms with respect to which the preconditioner

and coefficient matrix are self-adjoint. If B and P have the same eigenvectors, the

former is self-adjoint with respect to the symmetric bilinear form defined by W =

Z−∗Y Z−1 and the latter with respect to the symmetric bilinear form defined by

W = Z−∗YZ−1. These symmetric bilinear forms are equal when Y = Y , i.e., when

the number of real eigenvalues of P matches that of B.

If the difference in the cardinality of real eigenvalues of B and P is small and the

eigenvectors of P and B are close, then we might expect that P and B will be self-

adjoint with respect to nearby symmetric bilinear forms. In particular,

W −W = Z−∗Y Z−1 −Z−∗YZ−1 = Z−∗
(
Z∗Z−∗Y Z−1Z − Y

)
Z−1

so that, if Z−1Z = I + F , then

Z∗(W −W)Z = (I + F )∗Y (I + F )− Y . (6.4)
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If F is small we would expect (I + F )∗Y (I + F ) ≈ Y . The difference between Y

and Y is related to how well P captures the number of real and complex conjugate

eigenvalues of B. When this is well approximated by P , we would expect W −W to

be small. In other words, when P approximates the eigenvalues and eigenvectors of

B well, P and B are self-adjoint with respect to nearby symmetric bilinear forms. It

is more difficult to make concrete statements about F when W −W is small.

To summarize, when B and P have nearby eigenvectors the symmetric bilinear forms

with respect to which each is self-adjoint are nearby, in the sense that the difference

between the matrices defining these symmetric bilinear forms is small. When P and

B have nearby eigenvectors and P approximates well the eigenvalues of B, P−1B is

close to normal. The difficulty lies, in general, in computing the eigenvector matrix

of P that is closest to a given eigenvector matrix of B, since the number of possible

orderings of columns increases combinatorially with the dimension of B. Although

normalizing each eigenvector removes the possibility that eigenvectors may be scaled

differently, the sign of the eigenvector must also be chosen.

6.1.1 Pseudospectra of P and B

Often the coefficient matrix and preconditioner exhibit pseudospectra that are re-

markably similar. Some examples are given in Figures 6.5, 6.7, 6.10 and 6.13. We use

the notion of nearby eigenvectors and nonstandard norms to provide some explanation

of this phenomenon.

The following theorem describes a condition for the pseudospectra of P and B to be

identical.

Theorem 6.1. The matrices P ∈ Rn×n and B ∈ Rn×n have identical I-norm

pseudospectra if P and B have diagonalizations P = ZΘZ−1 and B = ZΘZ−1,

Θ, Z,Z ∈ Cn×n, where Z∗Z = Z∗Z. Under these conditions, P and B have the same

singular values.

Proof. From Definition A.4 in Appendix A.3 the I-norm ε-pseudospectra of B is

Λε(B) = {z|z ∈ Λ(B + E), ‖E‖I < ε},

where Λ(B + E) is the spectrum of B + E. Now,

Λ(B + E) = Λ(ZΘZ−1 + E) = Λ(Θ + Z−1EZ) = Λ(Θ +G),
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where E = ZGZ−1. It follows that ‖E‖I = ‖ZGZ−1‖I = ‖G‖T , where

Z∗Z = Z∗Z = T (6.5)

and we have used (2.2) to relate the I-norm to the T -norm.

Thus, Λε(B) = {z|z ∈ Λ(Θ +G), ‖G‖T < ε}.

The ε-pseudospectra of P is analogously defined as

Λε(P ) = {z|z ∈ Λ(P + E), ‖E‖I < ε}

which, by employing the same arguments as were used for B and (6.5), gives that

Λε(P ) = {z|z ∈ Λ(Θ +G), ‖G‖T < ε}.

Comparison with the pseudospectra of B confirms that Λε(B) = Λε(P ).

To show that P and B have identical singular values, we recall that the singular

values of B are the square roots of the eigenvalues of B∗B. Since

B∗B = Z−∗Θ∗Z∗ZΘZ−1 = Z−∗Θ∗TΘZ−1

which is similar to Z−1Z−∗Θ∗TΘ = T−1Θ∗TΘ, the singular values of B are the square

roots of the eigenvalues of T−1Θ∗TΘ. The same process applied to P shows that its

singular values are also the square roots of the eigenvalues of T−1Θ∗TΘ. Thus, the

singular values of P and B are the same.

Remark 6.2. More generally, the pseudospectra of P = ZΘZ−1 and B = ZΘZ−1,

with respect to the X-norm, are identical when Z∗XZ = Z∗XZ. The X-singular

values (see Definition 2.13) of P and B are the same in this case.

Remark 6.3. Under the conditions of Theorem 6.1, ‖pk(B)‖I = ‖pk(P )‖I for any

polynomial pk ∈ Πk. This is proved similarly to the equality of the pseudospectra:

‖pk(B)‖I = ‖Zpk(Θ)Z−1‖I = ‖pk(Θ)‖T = ‖Zpk(Θ)Z−1‖I = ‖pk(P )‖I .

In particular, P and B have the same ideal GMRES polynomials (see page 51).

Remark 6.4. The condition that Z∗Z = Z∗Z in Theorem 6.1 above is sufficient for

the pseudospectra of B and P to be identical but is not necessary. Merely scaling

the eigenvectors of B shows this. Specifically, if B = ZΘZ−1 and P = ZΘZ−1 with

Z = αZ for α ∈ R, α 6= 0, 1 then, since P = (αZ)Θ(αZ)−1 = B the pseudospectra

of P and B are the same. However, ZTZ = α2ZTZ 6= ZTZ. It would be interesting

to ascertain sufficient conditions for the pseudospectra of P and B to be identical.
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κI(B) κI(Pnearby) κI(Z) κI(Znearby) ‖T −ZT
cholZchol‖I ‖T −ZT

sqrtZsqrt‖I
9.2× 105 8.3× 105 303 267 6.1× 10−14 2.7× 10−12

Table 6.1: Problem data for the preconditioners with identical or nearby pseudospec-
tra.

Remark 6.5. A related result to Theorem 6.1 is given in Theorem 1 in [3] where it is

shown that under the more restrictive assumption that P and B have super-identical

pseudospectra2 they are similar.

Theorem 6.1 shows that if P exactly captures the eigenvalues of B and has eigen-

vectors that are not necessarily identical to P but for which Z∗Z = Z∗Z, the pseu-

dospectra will reflect this structure. This does not necessarily mean convergence of

GMRES for P−1B will be fast; it is entirely possible that the eigenvectors are nothing

like those of B in which case convergence might be poor. We illustrate this with a

small example.

We solve Bx = b, where B = ZΛZ−1 ∈ R100×100 and Z, b and the diagonal entries of Λ

have random normal entries. We denote by T the matrix Z−TZ−1. The spectrum and

pseudospectra of B are shown in Figure 6.1. The eigenvalues are represented by black

dots (on the real line), while the contours represent the boundaries of ε-pseudospectra

for different ε in [10−3.5, 10−1]. To this linear system we apply two preconditioners

that have the same spectra and pseudospectra as B: Pchol and Psqrt. The eigenvectors

of Pchol = ZcholΛZ−1
chol are given by the Cholesky decomposition T = ZTcholZchol, which

is computed by the standard Matlab function. The matrix square root computed in

the Matrix Function Toolbox [72], which is based on the real Schur form algorithm in

[73, Algorithm 6.7], is used to obtain the eigenvectors of Psqrt = ZsqrtΛZ−1
sqrt. Thus,

T = ZTZ = ZTcholZchol = ZTsqrtZsqrt (6.6)

and B, Pchol and Psqrt have identical pseudospectra by Theorem 6.1.

From Theorem 6.1 we know that Pchol, Psqrt and B have the same singular values

and, therefore, the same condition number. It is also clear from (6.6) that Z, Zsqrt
and Zchol have the same condition number. These are given in Table 6.1, as are the

backward errors for Zchol and Zsqrt. A third preconditioner, Pnearby = ZnearbyΛZ−1
nearby

is also constructed that has the same eigenvalues as B and eigenvectors that are

2The pseudospectra of P,B ∈ Cn×n are super-identical if the singular values of zI − P equal
those of zI − B for every z ∈ C [19]. This is a more restrictive condition than that the I-norm
pseudospectra of P and B are equal for which only equality, for all z ∈ C, of the smallest singular
value of zI −B and zI − P is required.
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nearby, but not identical, to those of B. Specifically, Znearby = Z+0.01randn(100),

where randn represents the Matlab function of the same name. The pseudospectra

of Pnearby are similar to those of B, as also shown in Figure 6.1. Again, the black

dots denote the eigenvalues of Pnearby (that are the same as those of B), while the

contours represent the boundaries of ε-pseudospectra for ε ∈ [10−3.5, 10−1]. However,

since the pseudospectral curves are slightly closer to the eigenvalues than those of

B, P is slightly closer to normal. (Lemma A.8 states that the ε-pseudospectrum of

an I-normal matrix consists of open ε-balls around the eigenvalues of the matrix).

The condition number Znearby, given in Table 6.1, reflects this, since it is smaller

than that of Z. The relative preconditioned residuals in Figure 6.1 show that neither

preconditioner with identical pseudospectra to that of B is effective but that the

preconditioner with nearby eigenvectors accelerates convergence significantly.

Remark 6.3 shows that B, Pchol and Psqrt have the same ideal GMRES polynomials.

From the discussion on page 51, the ideal GMRES polynomial provides an upper

bound on worst-case GMRES behaviour, which can be sharp. We might expect,

therefore, that convergence of GMRES applied to Bx = b, Pcholxc = b and Psqrtxs = b,

for the same b ∈ Rn, is similar. Figure 6.1 (d) shows that this is true, at least for the

random right-hand side vector used in Figure 6.1 (c). Convergence for Pnearbyxn = b is

also very similar to that for Bx = b. This example shows that preconditioners P that

satisfy the conditions of Theorem 6.1 have the same pseudospectra as B and often

exhibit similar GMRES convergence curves but may not be good preconditioners. The

preconditioner that approximates the eigenvectors of B in this example is effective,

although we note that for this example, although P and B are somewhat nonnormal

(since the boundaries of the ε-pseudospectra in Figure 6.1 are further than a distance

ε from the eigenvalues), both Z and Znearby are well-conditioned.

In practice, we might identify a preconditioner P that has eigenvectors that are alike

but not identical to those of B, such as Pnearby in the example above, and whose

eigenvalues approximate those of B. The next theorem shows that we can still expect

that the pseudospectra of B and P will be nearby if the eigenvalues and eigenvectors

are captured well enough.

Theorem 6.6. Let P ∈ Rn×n and B ∈ Rn×n have diagonalizations P = ZΘPZ−1

and B = ZΘBZ
−1, ΘP ,ΘB,Z, Z ∈ Cn×n. Additionally, let T = Z∗Z and T = Z∗Z.

Then the ε-pseudospectra of P and B are given by

Λε(B) = {z|z ∈ Λ(ΘB +G), ‖G‖T < ε} (6.7)
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Figure 6.1: The pseudospectra of (a) B (and Pchol and Psqrt) and (b) Pnearby as well
as (c) the relative preconditioned residuals for GMRES applied to the preconditioned
systems and (d) the relative residuals for GMRES (without preconditioning) applied
to each of B, Pchol, Psqrt and Pnearby. On each pseudospectral plot the black dots
represent the eigenvalues of the matrix, while each contour shows the boundary of an
ε-pseudospectrum for selected ε in [10−3.5, 10−1].
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and

Λε(P ) = {z|z ∈ Λ(ΘP +G), ‖G‖T < ε}, (6.8)

where
1

κI(ZZ−1)
‖G‖T ≤ ‖G‖T ≤ κI(ZZ−1)‖G‖T

and κI(·) is the I-norm condition number.

Proof. As in Theorem 6.1, the I-norm ε-pseudospectrum of B is given by

Λε(B) = {z|z ∈ Λ(ΘB +G), ‖G‖T < ε}.

Meanwhile, the ε-pseudospectra of P is the set

Λε(P ) = {z|z ∈ Λ(P + E), ‖E‖I < ε}.

The spectrum of P + E is

Λ(P + E) = Λ(ΘP +K),

where K = Z−1EZ. Taking norms gives that ‖E‖I = ‖ZKZ−1‖I = ‖K‖T and so

Λε(P ) = {z|z ∈ Λ(ΘP + F ), ‖G‖T < ε},

where we have written G instead of K to aid comparison of the pseudospectra of B

and P .

To relate ‖G‖T and ‖G‖T , we use (2.2) to show that

‖G‖T = ‖ZGZ−1‖I = ‖ZZ−1ZGZ−1ZZ−1‖I ≤ ‖ZZ−1‖I‖ZZ−1‖I‖G‖T ,

which is the upper bound. The lower bound follows from swapping the roles of Z
and Z (and, consequently, of T and T ).

Remark 6.7. If the eigenvectors of P and B are nearby, so that the condition number

of ZZ−1 is close to 1, then ‖G‖T ≈ ‖G‖T and there will be a large overlap in the set

of perturbation matrices in (6.7) and in (6.8). If, additionally, the eigenvalues of P

are good approximations of those of B we would expect the pseudospectra of P and

B to be nearby. Theorem 6.6 shows that the pseudospectra highlight more than the

spectrum alone.
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6.2 Preconditioners with the same symmetric bi-

linear form

Preconditioners P that are self-adjoint with respect to the same symmetric bilinear

form as the coefficient matrix B are the focus of this section. A sufficient condition

for this is that P and B have the same eigenvectors and the same eigenvalue structure

(so that Y = Y), as discussed in Section 6.1.

Since P is self-adjoint with respect to the same symmetric bilinear form (see Lemma

2.18), under the assumption that B and P are both W -self-adjoint, WP and P−1B

satisfy the self-adjointness relation (2.13), i.e.,

(WP )(P−1B) = WB = BTW = BTP−TP TW = (P−1B)T (WP ). (6.9)

This shows that P−1B is WP -self-adjoint. If P−1B is additionally diagonalizable,

there exists a diagonalization P−1B = SΛS−1 such that WP = S−∗Y S−1, WP ∈
Rn×n (see Corollary 2.28) and B is M -normal, where M = S−∗S−1, M ∈ Rn×n

(see Lemma 2.29 and Corollary 2.28). Note that it is possible to avoid complex

arithmetic by using the real Jordan form instead (see Theorem 2.20) but we find it

more convenient to use the complex diagonalization (which is easily computed by

Matlab) than the real Jordan form. By Corollary 3.15, the preconditioned M -MR

residuals, P−1rMk , satisfy that

‖P−1rMk ‖M
‖P−1r0‖M

≤ min
p∈Πk, p(0)=1

max
λ∈Λ(P−1B)

|p(λ)| (6.10)

and that
‖P−1rk‖M
‖P−1r0‖M

≤ Lε
2πε

min
p∈Πk,p(0)=1

max
z∈Γε
|pk(z)|,

where Γε encloses Λ(P−1B) +4ε, the set 4ε is described in Appendix A.3, and Lε

is the arc length of Γε. Thus, since P−1B is M -normal its eigenvalues largely dictate

the convergence of M -MR methods, at least when measured by the M -norm.

Applying M -MR involves inner products with M , which may be costly to compute

even if this matrix is known. However, the analysis of Section 3.2.4 allows us to relate

the convergence of any M -MR method to that of any I-MR method. In particular,

Corollary 3.20 gives that

‖P−1rIk‖I
‖P−1r0‖I

≤ σmax(S
−1)

σmin(S−1V I
k+1)

min
p∈Πk,p(0)=1

max
λ∈Λ(P−1B)

|p(λ)|
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and
‖P−1rIk‖I
‖P−1r0‖I

≤ σmax(S
−1)

σmin(S−1Vk+1)

Lε
2πε

min
p∈Πk,p(0)=1

max
z∈Γε
|pk(z)|,

where the columns of Vk form an I-orthonormal basis of Kk (P−1B,P−1r0).When

σmax(S
−1)

σmin(S−1Vk+1)

is small compared with κI(S), this may give a more accurate picture of convergence

than the standard eigenvalue bound (3.27).

If we instead apply a W -self-adjoint matrix P as a right preconditioner then, by

Lemma 2.18, B−1 and P−1 are also W -self-adjoint and

(WB−1)BP−1 = WP−1 = P−TW = P−TBTB−TW = (BP−1)T (WB−1)

so that BP−1 is WB−1-self-adjoint3. We find that P−1B = LΛL−1, where WB−1 =

L−∗Y L−1 for some Y of the form described in Theorem 2.27. Additionally, P−1B

is X-normal, where X = L−∗L−1 and so, similarly to the left preconditioned case,

Corollary 3.16 implies that relative residuals of any minimum residual method in

〈·, ·〉X satisfy that
‖rXk ‖X
‖r0‖X

≤ min
p∈Πk, p(0)=1

max
λ∈Λ(BP−1)

|p(λ)|

and
‖rXk ‖X
‖r0‖X

≤ Lε
2πε

min
p∈Πk,p(0)=1

max
z∈Γε
|pk(z)|,

where Γε encloses Λ(BP−1) +4ε = Λ(P−1B) +4ε and Lε is the arc length of Γε.

Again, as a result of the X-normality of P−1B, eigenvalues influence the convergence

of this X-MR method and a good preconditioner will improve the eigenvalues of B.

As for left preconditioning, convergence bounds for I-MR methods are obtained by

utilizing the relationships in Section 3.2.4.

A symmetric bilinear form with respect to which a persymmetric matrix (see page

19) is self-adjoint is defined by the reverse identity matrix (2.19). We now examine

three preconditioned linear systems for which P and B are both persymmetric, or

constructed from persymmetric matrices, and so are self-adjoint with respect to the

same symmetric bilinear forms.

3Clearly, one would not form WB−1 but these results could be related to I-MR through the
relationships in Section 3.2.4.
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6.2.1 Toeplitz matrices

As noted at the start of Section 2.2, a Toeplitz matrix

B =



b0 b−1 b−2 . . . . . . b−n+1

b1 b0 b−1

. . .
...

b2 b1

. . .
. . .

. . .
...

...
. . .

. . .
. . . b−1 b−2

...
. . . b1 b0 b−1

bn−1 . . . . . . b2 b1 b0


is self-adjoint with respect to the symmetric bilinear form 〈·, ·〉Ŷ defined by the reverse

identity matrix

Ŷ =

 1

. .
.

1

 .
A particular Toeplitz matrix is the circulant matrix

C =


c0 cn−1 . . . c2 c1

c1 c0 cn−1 c2

... c1 c0

. . .
...

cn−2

. . .
. . . cn−1

cn−1 cn−2 . . . c1 c0


which is (I-)normal, with unitary eigenvectors that are related to the Fourier matrix

F = (fjk) with fjk = e−
2(j−1)(k−1)πi

n , for j, k = 1, . . . , n.

Specifically, if U = 1√
n
F , a diagonalization of C is

C = U∗diag(Fc)U, (6.11)

where c is the first column of C.

Although Toeplitz matrices can be highly nonnormal [145, Chapter 7] they are often

effectively preconditioned by circulant matrices [26, 27, 28, 29, 106, 123, 136, 137, 140,

143]. Part of the appeal of circulants is that, because of their relation to the Fourier

matrix, linear systems with C can be solved in O(n log n) operations by utilizing

the fast Fourier transform [136, 29]. The original circulant preconditioner P for B,

proposed by Strang [136], has as its first column

[Pn]k,0 =

{
bk, 0 ≤ k ≤ bn

2
c,

bn−k, bn2 c < k < n.
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Different circulant preconditioners have since been suggested, some of which minimize

a function of the Frobenius norm over the set of circulant matrices [29, 140].

We now appraise the effectiveness of the Strang preconditioner for a highly nonnormal

Toeplitz matrix.

Example 6.1. The linear system we consider involves the Grcar matrix of dimension

100,

B =



1 1 1
−1 1 1 1

. . .
. . .

. . .
. . .

. . .
. . .

. . . 1
. . .

. . . 1
−1 1


,

and a random right-hand side. Although B, the Strang preconditioner P and P−1B

are well-conditioned, the eigenvector matrices of B and P−1B are not, as can be seen

from Table 6.2.

To the unpreconditioned linear system Bx = b, where B has diagonalization B =

ZΛZ−1, we sought to apply M -MR, where M = Z−∗Z−1. However, the matrix of

eigenvectors Z was too ill-conditioned for computations with M to be feasible. To

P−1Bx = P−1b we applied M -MR with M = S−∗S−1, as in (6.10), where the inner

product 〈·, ·〉M is related to the symmetric bilinear form 〈·, ·〉WP . To simplify the

computations, we chose S = Z to be the matrix of eigenvectors of P computed by

Matlab’s eig function. Thus,

WP = S−∗Y S−1 (6.12)

for some Y of the form prescribed in (2.21). (Some of the signs εi, i = 1, . . . , j may

be -1, since S is prescribed.) Since S and Y are known, a diagonalization of P that

would lead to this factorization can be determined if desired.

From Figure 6.2 it is clear that the unpreconditioned system converges slowly but that

the preconditioner is very effective. Both M -MR and I-MR for the preconditioned

system converge similarly, as might be expected from Theorem 3.23, given that M has

I-norm condition number 1.9. However, the convergence of I-MR is faster than that

predicted from the standard eigenvalue GMRES bound (3.27) since the eigenvectors

of P−1B are so poorly conditioned (see Table 6.2). We note that if we were to use

the Fourier matrix U (c.f. (6.11)) rather than the eigenvectors determined by Matlab



CHAPTER 6. PRECONDITIONERS FOR NONSYMMETRIC MATRICES 142

κI(B) κI(P ) κI(P−1B) κI(ZB) κI(ZP ) κI(ZP−1B)
Grcar 3.59 3.60 2.69 5.1× 1017 1.4 1.2× 108

Table 6.2: Condition numbers of B, P and P−1B, and of their eigenvectors, for the
Grcar matrix in Example 6.1.
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Figure 6.2: Relative preconditioned residuals for (a) I-MR and (b) M -MR conver-
gence of the preconditioned linear system for the Grcar matrix in Example 6.1.

to compute M we would have that M = U−∗U−1 = I, i.e. M -MR and I-MR would

be identical methods. In this case the bound (3.59) in Theorem 2.20 would be much

more descriptive of I-MR convergence than the standard eigenvalue bound (3.27)!

Much is known about the pseudospectra of Toeplitz and circulant matrices, both of

which are related to the symbol of the matrix (see [145, Chapter 7]). Pseudospectral

plots of B, P and P−1B are shown in Figure 6.3. Since each ε-pseudospectral curve

of B is much further than a distance ε away from its eigenvalues (see Figure 6.3),

this matrix is nonnormal. (Recall from Lemma A.8 that the ε-pseudospectrum of

a normal matrix comprises ε-balls around the eigenvalues.) Although P is normal

its eigenvalues, shown in Figure 6.3, follow the profile of the pseudospectra4 of B;

the circulant preconditioner captures information about B that is different from the

eigenvalues. Additionally, the preconditioned coefficient matrix appears to have few

distinct eigenvalues and is much closer to normal than B, since its ε-pseudospectra

in Figure 6.3 are almost open ε-balls around the eigenvalues. This normality and

clustering of eigenvalues explains the fast GMRES convergence for the preconditioned

system.

4The eigenvalues of P are completely described by Theorem 7.1 in [145].
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Figure 6.3: Pseudospectra of (a) B, (b) P and (c) P−1B for the Grcar matrix in
Example 6.1. On each pseudospectral plot the black dots represent the eigenvalues
of the matrix. Each contour shows the boundary of an ε-pseudospectrum for selected
ε in [10−17, 10−1] for P and B and for selected ε in [10−3, 10−1.5] for P−1B.
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6.2.2 Kronecker products of Toeplitz matrices

Certain finite difference approximations of, for example, convection-diffusion equa-

tions in two (or more) dimensions can be represented in terms of Kronecker products

of Toeplitz matrices. We consider an approximation of the form

B = Iny ⊗Bx +By ⊗ Inx ,

where Bx and By are Toeplitz matrices of dimensions nx and ny, respectively. The

matrix B can be effectively preconditioned by a semi-circulant preconditioner,

P = Iny ⊗ Cx +By ⊗ Inx ,

where Cx is a circulant approximation of Bx [69]. As in the previous example, the

fast Fourier transform makes P cheap to apply.

At the start of Section 2.2, and again in Section 6.2.1, we stated that Toeplitz (and

circulant) matrices are self-adjoint with respect to symmetric bilinear forms defined

by reverse identity matrices (2.19). Thus, Bx and Cx are Ŷnx-self-adjoint and By is

Ŷny -self-adjoint, where Ŷnx and Ŷny are reverse identity matrices of dimension nx and

ny, respectively. It is natural to ask whether B and P are each self-adjoint with

respect to 〈·, ·〉W , where

W = Ŷny ⊗ Ŷnx .

By using the Kronecker product properties in Appendix A.2, similarly to that for the

example on page 85, it is straightforward to show that WB = BTW which means

that B is self-adjoint with respect to 〈·, ·〉W (c.f. (2.13)). The preconditioner P has

the same structure as B and so is also 〈·, ·〉W -self-adjoint. Thus, P and B are self-

adjoint with respect to the same symmetric bilinear form. We now examine whether,

in addition, the preconditioner is effective.

Example 6.2. The equation we consider is a two-dimensional convection-diffusion

equation

− ε∇2u+ w · ∇u = f in Ω = (0, 1)× (0, 1), u = g on ∂Ω (6.13)

with w = (0, 1)T and boundary conditions

g(x, 0) = x, g(0, y) = −1, g(1, y) = 1, g(x, 1) = 0.

Following [69] we let nx and ny be the number of grid points used in the discretization

in the x and y directions, respectively, so that xk = khx, k = 1, . . . , nx and yj = jhy,

j = 1, . . . ny, where

hx =
1

nx + 1
and hy =

1

ny + 1
.
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The second-order centered finite difference5 approximation of (6.13) leads to equations

of the form

− ε
(
uk+1,j − 2uk,j + uk−1,j

h2
x

+
uk,j+1 − 2uk,j + uk,j−1

h2
y

)
+

uk,j+1 − uk,j−1

2hy
= g(xk, yj), (6.14)

where k = 1, . . . , nx, j = 1, . . . , ny. These are related to the one-dimensional finite

difference approximation in Section (2.3), where an upwind finite difference approxi-

mation was used to discretize a one-dimensional convection-diffusion equation. Let

u =
[
u1,1, u2,1, . . . , unx,1, u1,2, . . . , unx,ny

]T
,

αx = 0, αy =
1

hy
, βi =

2ε

h2
i

, i = x, y

and

Bi =


2βi αi − βi

−αi − βi
. . .

. . .
. . .

. . . αi − βi
−αi − βi 2βi

 ,
for i = x, y. Then u is the solution of Bx = b, where B = Iny ⊗Bx +By ⊗ Inx and

bk,j = 2g(xk, yj), k = 1, . . . , nx, j = 1, . . . , ny.

We choose nx = 7, ny = 28, and ε = 0.0325, for which the mesh Peclet number is
wyhy
ε

= 1.06.

The semi-circulant preconditioner proposed by Hemmingsson [69] is P = Iny ⊗ Cx +

By ⊗ Inx , where

Cx =


2β1 −β1 −β1

−β1

. . .
. . .

. . .
. . . −β1

−β1 −β1 2β1

 .
Both M -MR and I-MR were used to solve this problem. To the unpreconditioned

problem Bx = b, where B has diagonalization B = ZΛZ−1, we apply M -MR with

M = Z−∗Z−1 and Z computed by eig in Matlab. To the preconditioned system

P−1Bx = P−1b we apply M -MR with M = S−∗S−1 where, as discussed for Toeplitz

5A centered finite difference approximation may be safely used because the mesh Peclet number
is less than two (see [69]).
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Figure 6.4: Relative preconditioned residuals for the finite-difference discretization of
the convection-diffusion problem, preconditioned by a semi-circulant preconditioner
in Example 6.2 when convergence is measured in the (a) I-norm and (b) M -norm.

matrices in Section 6.2.1, S is the matrix of eigenvectors of P computed by Matlab’s

eig function.

The relative residuals are shown in Figure 6.4. Although there is some disparity

between M - and I-norm convergence for the original problems, the preconditioned

systems converge at a similar (and rapid) rate. The semi-circulant preconditioner is

clearly effective for this problem. However, the upper bound in Theorem 3.23, that

relates M -MR and I-MR convergence, is unduly pessimistic since, for the precondi-

tioned system κI(M) = 5.6 × 1015. The standard I-MR eigenvalue bound (3.27) is

also poor as a result of the ill-conditioning of the eigenvectors of P−1B (see Table

6.3).

The pseudospectra of P and B in Figure 6.5 show that both matrices are nonnormal.

However, their pseudospectra are very similar, perhaps indicating that the eigenvec-

tors and eigenvalues of P are nearby to those of B, as discussed in Theorem 6.6. The

pseudospectra of P−1B in Figure 6.5 indicates that the preconditioned coefficient ma-

trix is much closer to normal than the original and that the eigenvalues of P−1B are

very clustered. (Lemma A.8 states that, for any ε, the ε-pseudospectra of a normal

matrix is comprised of open ε-balls centred at the eigenvalues of the matrix). This is

in line with the fast convergence we observe from Figure 6.4.
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κI(B) κI(P ) κI(P−1B) κI(ZB) κI(ZP ) κI(ZP−1B)
62.0 70.2 2.6 9.0× 106 7.5× 107 1.5× 107

Table 6.3: Condition numbers of B, P and P−1B, and of their eigenvectors, for the
finite-difference discretization of the convection-diffusion problem preconditioned by
a semi-circulant preconditioner in Example 6.2.
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Figure 6.5: Pseudospectra of (a) B, (b) P and (c) P−1B for the finite-difference
discretization of the convection-diffusion problem, preconditioned by a semi-circulant
preconditioner in Example 6.2. On each pseudospectral plot the black dots rep-
resent the eigenvalues of the matrix. Each contour shows the boundary of an ε-
pseudospectrum for selected ε in [10−7, 10−1] for P and B and for selected ε in
[10−7, 10−2] for P−1B.
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κI(B) κI(P ) κI(P−1B) κI(ZB) κI(ZP ) κI(ZP−1B)
89.1 89.1 1.2 1.7× 108 1.6× 108 4.5× 1010

Table 6.4: Condition numbers of B, P and P−1B, and of the eigenvectors of P , B
and P−1B, for the SUPG matrix and finite difference preconditioner in Example 6.3.

6.2.3 A persymmetric finite element discretization

We examine in Example 6.3 below a streamline upwind Petrov-Galerkin (SUPG) finite

element discretization of another convection-diffusion operator that is persymmetric

but not Toeplitz. The geometric multigrid (GMG) preconditioner of Ramage [111]

has been shown to be effective for SUPG convection-diffusion problems for which the

viscosity is not too small. For the problem we consider in Example 6.3 below, the

preconditioner is also persymmetric, and so P and B are self-adjoint with respect to

the same symmetric bilinear form, defined by the reverse identity matrix (2.19).

Example 6.3. The test problem we consider is the third example in [43, Chapter 3].

The differential equation satisfies

− 1

200
∇2u+ w · ∇u = f in Ω = (−1, 1)× (−1, 1), u = g on ∂Ω

with a wind w = (− sin π
6
, cos π

6
)T at a 30◦ angle to the left of vertical and boundary

conditions

u(x,−1) = 1, 0 < x ≤ 1

u(1, y) = 1, −1 ≤ y < 1

u(x, y) = 0, elsewhere on ∂Ω.

The convection-diffusion equation is discretized using Ifiss 3.1 [125] with the default

settings of Q1 finite elements on a 16 × 16 grid, and SUPG with the default stabi-

lization parameter (defined in [43, Equation 3.44]). The one-dimensional mesh Peclet

numbers in the x- and y-directions, that were used in Section 6.2.2, are wxhx/ε = 12.5

and wyhy/ε = 21.7. The element mesh Peclet number6 [43, page 132] is 14.4. Before

boundary conditions are enforced—by a process described for the Poisson equation

in [43, Section 1.4.3]—the SUPG matrix is Toeplitz. Afterwards, it is merely per-

symmetric. The multigrid preconditioner is also computed by Ifiss with the default

settings of line Gauss-Seidel smoothing in 2 directions with 1 pre-smoothing step and

1 post-smoothing step.

6The element mesh Peclet number is ‖w‖h/(2ε) where, if θ = arctan(|wy/wx|) at the centroid,
h = min{hx/ cos θ, hy/ sin θ}.
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Figure 6.6: Relative preconditioned residuals for I-MR (left column) and M -MR
convergence for the SUPG matrix and multigrid preconditioner in Example 6.3.

As in the previous examples, we apply both M -MR and I-MR. If B has diagonal-

ization B = ZΛZ−1 we use M -MR, with M = Z−∗Z−1 and Z computed by eig in

Matlab, on the unpreconditioned problem Bx = b. To the preconditioned system

P−1Bx = P−1b we again use M -MR with M = S−∗S−1 where we choose S = Z to

be the matrix of eigenvectors of P computed by Matlab’s eig function, as discussed

in Section 6.2.1 for Toeplitz matrices.

The first observation we make is that preconditioning makes the condition number

of the eigenvectors worse, as is clear from Table 6.4. Although the preconditioner

is effective, as is evident from Figure 6.6, the standard eigenvalue I-GMRES bound

(3.27) is incapable of predicting the fast convergence. Theorem 3.23, which relates

I-MR and M -MR convergence is also poor since, for the preconditioned system,

κI(M) = 1.7× 106.

Figure 6.7 shows that P and B are similarly nonnormal and it is not surprising that

convergence for the unpreconditioned problem, shown in Figure 6.6, is slow. Since

these matrices have nearly identical pseudospectra, their eigenvectors may be close,

as in Theorem 6.6. The preconditioned coefficient matrix has pseudospectral curves

that are small balls around its clustered eigenvalues, indicating that P−1B is close to

normal. As a result, fast GMRES convergence for the preconditioned system is to be

expected.
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Figure 6.7: Pseudospectra of (a) and (b) B, (c) and (d) P and (e) P−1B for the
SUPG matrix and multigrid preconditioner in Example 6.3. On each pseudospectral
plot the black dots represent the eigenvalues of the matrix. Each contour shows the
boundary of an ε-pseudospectrum for selected ε in [10−7, 10−1.5] for P and B and for
selected ε in [10−6, 10−3] for P−1B.
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6.3 Preconditioners with a nearby symmetric bi-

linear form

In the last section we discussed preconditioners that were self-adjoint with respect

to the same symmetric bilinear form as B. Unfortunately, for many applications a

W -self-adjoint preconditioner is not known (except when W = I, so that B and P

are symmetric, or when W is the reverse identity matrix, so that B and P are per-

symmetric). However, if a preconditioner is self-adjoint with respect to a symmetric

bilinear form that is close to W , say W , we might expect that we can find a matrix

S such that WP = S−∗Y S−1 and P−1B = (S − E)Λ(S − E)−1 is a diagonalization

of P−1B , with E a small perturbation. In this case, ifM = S−∗S−1, P−1B is nearly

M-normal, in the sense that (P−1B)(P−1B)? − (P−1B)?(P−1B) is small.

Lemma 6.8. Let P,B ∈ Rn×n and let P−1B = (S − E)Λ(S − E)−1, M = S−∗S−1

and G = I − S−1E, where S,Λ, E ∈ Cn×n. Then, if (P−1B)? is the M-adjoint of

P−1B,

(P−1B)(P−1B)? − (P−1B)?(P−1B) = S
[
GΛG−1G−∗Λ∗G∗ −G−∗Λ∗G∗GΛG−1

]
S−1.

Proof.

(P−1B)(P−1B)? − (P−1B)?(P−1B)

=(S − E)Λ(S − E)−1SS∗(S − E)−∗Λ∗(S − E)∗S−∗S−1

− SS∗(S − E)−∗Λ∗(S − E)∗S−∗S−1(S − E)Λ(S − E)−1

from which the result follows.

Remark 6.9. Provided S−1E is small enough, G is close to the identity and the two

terms in brackets in Lemma 6.8 will be nearly identical. In this case P−1B is nearly

M-normal and P−1B has eigenvectors that are close toM-unitary. If the eigenvectors

were M-unitary then, similarly to the I-normal case, the relative preconditioned

residuals of M-MR applied to P−1Bx = P−1b, measured in the M-norm, could be

bounded by polynomials evaluated at the eigenvalues of P−1B (c.f., (6.10)). If P−1B

is nearlyM-normal then we might expect that these relative preconditioned residuals

would be bounded by polynomials evaluated at the eigenvalues of P−1B up to some

small constant (greater than 1).
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Furthermore, the convergence of M-MR is still governed chiefly by eigenvalues, as

the following theorem illustrates. As discussed in Section 6.2, the relationships in

Section 3.2.4, particularly Corollary 3.20 and Theorem 3.23, allow these results to be

translated to convergence bounds for I-MR.

Theorem 6.10. Let P,B ∈ Rn×n, and let

M = S−∗S−1, (6.15)

S ∈ Cn×n. Suppose P−1B has diagonalization

P−1B = (S − E)Λ(S − E)−1, (6.16)

where Λ, E ∈ Cn×n. Then the preconditioned residual P−1rMk of any minimum resid-

ual method in 〈·, ·〉M applied to P−1Bx = P−1b, b ∈ Rn, satisfies

‖P−1rMk ‖M
‖P−1r0‖M

≤ κI(I − S−1E) min
p∈Πk,p(0)=1

max
λ∈Λ(P−1B)

|p(λ)| (6.17)

and
‖P−1rk‖M
‖P−1r0‖M

≤ Lε
2πε

min
p∈Πk,p(0)=1

max
z∈Γε
|pk(z)|, (6.18)

where Γε is any curve or union of curves that encloses the ε-pseudospectrum of the

matrix S−1P−1BS and Lε is the arc length of Γε.

If, moreover, ‖S−1E‖I < 1 then

‖P−1rMk ‖M
‖P−1r0‖M

≤ 1 + ‖S−1E‖I
1− ‖S−1E‖I

min
p∈Πk, p(0)=1

max
λ∈Λ(P−1B)

|p(λ)|. (6.19)

Proof. We start from the polynomial representation of the residual,

P−1rMk = pk(P
−1B)P−1r0.

Upon taking M-norms we obtain

‖P−1rMk ‖M = ‖pk(P−1B)P−1r0‖M.

From (2.2) and (6.16) it follows that

‖P−1rMk ‖M ≤ ‖S−1(S − E)pk(Λ)(S − E)−1S‖I‖P−1r0‖M.

Thus,

‖P−1rMk ‖M ≤ ‖I − S−1E‖I‖(I − S−1E)−1‖I‖pk(Λ)‖I‖P−1r0‖M.
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Since M-MR minimizes the residual and Λ is diagonal, we have (6.17).

If ‖S−1E‖I < 1 then

‖(I − S−1E)−1‖I ≤
1

1− ‖S−1E‖I
(see, for example, [75, page 301]) and

‖P−1rMk ‖M
‖P−1r0‖M

≤ 1 + ‖S−1E‖I
1− ‖S−1E‖I

min
p∈Πk, p(0)=1

max
λ∈Λ(P−1B)

|p(λ)|.

which is (6.19). The pseudospectral bound (6.18) is obtained from Theorem 3.13 by

choosing M = S−∗S−1.

Remark 6.11. The pseudospectral bound depends on the normality of S−1P−1BS.

This matrix should be close to diagonal, in the sense that the off-diagonal entries are

small in magnitude, and therefore close to normal, when P and B are self-adjoint

with respect to nearby symmetric bilinear forms.

There appears to be a link between the nearness of symmetric bilinear forms discussed

in this section and the nearness of eigenvectors discussed in Section 6.1. It is difficult

to make firm connections, but we briefly comment on the similarity between the role

of E in Theorem 6.10 and of C in (6.1) and F in (6.4).

From (6.3) we have that

P−1B = ZΛ−1
P ΛBZ−1 + ZΛ−1

P CZ−1 (6.20)

while, since F in (6.4) is given by Z−1Z = I + F ,

P−1B = ZΛ−1
P (I + F )−1ΛB(I + F )Z−1

= ZΛ−1
P (I + F )−1ΛBZ−1 + ZΛ−1

P (I + F )−1ΛBFZ−1. (6.21)

On the other hand, (6.17) in Theorem 6.10 gives that

P−1B = (Z − E)ΛP−1B(Z − E)−1

= (Z − E)ΛP−1B(I −Z−1E)−1Z−1

= ZΛP−1B(I − (Z−1E))−1Z−1 −Z(Z−1E)ΛP−1B(I − (Z−1E))−1Z−1,

which is not dissimilar in form to (6.20) or (6.21).
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6.3.1 Capturing real and complex eigenvalues

We saw in Section 6.3 that when P and B are self-adjoint with respect to nearby

symmetric bilinear forms, convergence of a Krylov method in a nonstandard inner

product applied to the preconditioned system depends primarily on eigenvalues. We

analyse here the effect of differences between YP and YB, that appear in the symmetric

bilinear forms for P and B (see Theorem 2.20), on convergence for P−1B of a minimal

residual method in a nonstandard inner product. Accordingly, we assume that P

and B have the same eigenvectors. In this section it is convenient to work in real

arithmetic and so we use the real Jordan form in preference to the possibly complex

diagonalization.

We let B and P have as their real Jordan forms (see Appendix A.1)

B = ZJBZ−1 (6.22)

and

P = ZJPZ−1. (6.23)

From Theorem 2.20, B is self-adjoint with respect to 〈·, ·〉W and P is self-adjoint with

respect to 〈·, ·〉W , where W = ZYBZ
−1 andW = ZYPZ

−1, and any disparity between

W and W is due to YB and YP . Since P is given by (6.23), we choose M = Z−TZ−1

so that M is akin to that in Theorem 6.10 but depends on the real Jordan form of

P rather than the complex diagonalization. To determine the convergence ofM-MR

we consider three cases, namely, that B has fewer, an equal number of, or more real

eigenvalues than P .

When the number of real eigenvalues is the same P and B are self-adjoint with

respect to the same symmetric bilinear form and convergence of M-MR is described

in Section 6.2. This leaves us with the possibility that the number of real eigenvalues

of B differs from that of P . We consider in detail the effect on the convergence of

M-MR when B has the greater number of real eigenvalues by first expressing the

real Jordan form of P−1B in terms of Z and then applying the convergence result in

Corollary 3.12.

Let

JB = diag
(
ΛB

1 , . . . ,Λ
B
γB
,J B

γB+1, . . . ,J B
δ

)
,

with

ΛB
1 =


λ1, n odd,[
λ

(a)
1 0

0 λ
(b)
1

]
, n even,
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ΛB
i =

[
λ

(a)
i 0

0 λ
(b)
i

]
, i = 2, . . . , γB and J B

i =

[
αi βi
−βi αi

]
, i = γB + 1, . . . , δ.

Let JP be conformally partitioned so that

JP = diag
(
ΛP

1 , . . . ,Λ
P
γP
,J P

γP+1, . . . ,J P
δ

)
,

where

ΛP
1 =


φ1, n odd,[
φ

(a)
1 0

0 φ
(b)
1

]
, n even,

ΛP
i =

[
φ

(a)
i 0

0 φ
(b)
i

]
, i = 2, . . . , γP and JPi =

[
µi νi
−νi µi

]
, i = γP + 1, . . . , δ.

Then, from (6.22) and (6.23) we have that

P−1B = ZJ −1
P JBZ

−1 = ZJZ−1. (6.24)

where

J = diag (J1, . . . ,JγP , JγP+1, . . . , JγB ,JγB+1, . . .Jδ) (6.25)

with

J1 =


λ1

µ1
, n odd ,λ
(a)
1

µ
(a)
1

0

0
λ

(b)
1

µ
(b)
1

 , n even,

Ji =



λ
(a)
i

µ
(a)
1

0

0
λ

(b)
i

µ
(b)
1

 , i = 2, . . . , γP ,

1
µ2
i+ν

2
i

[
µiαi + νiβi µiβi − νiαi
−(µiβi − νiαi) µiα + νiβi

]
, i = γB + 1, . . . , δ

and

Ji =
1

µ2
i + ν2

i

[
µiλ

(a)
1 −νiλ(b)

i

νiλ
(a)
i µiλ

(b)
1

]
, i = γP + 1, . . . , γB.

It is clear that the blocks Ji, i = 1, . . . , γP , γB + 1, . . . , δ are already in real Jordan

form. Let us now find a real Jordan form for the remaining blocks, Ji, i = γP+1, . . . γB.

Each has as its diagonalization

Ji =
1

µ2
i + ν2

i

[
µiλ

(a)
1 −νiλ(b)

i

νiλ
(a)
i µiλ

(b)
1

]
= RiΘiR

−1
i ,
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where

Ri =
1

2τi

[
τi + µi(λ

(a)
i − λ

(b)
i ) τi − µi(λ(a)

i − λ
(b)
i )

2νiλ
(a)
i −2νiλ

(a)
i

]
(6.26)

and

Θi =
1

µ2
i + ν2

i

[
µi(λ

(a)
i + λ

(b)
i ) + τi 0

0 µi(λ
(a)
i + λ

(b)
i )−τi

]
, (6.27)

with τ 2
i = µ2

i (λ
(a)
i − λ

(b)
i )2 − 4ν2

i λ
(a)
i λ

(b)
i .

When τ 2
i ≥ 0, so that τi is real, this is a real diagonalization of Ji and we have found

the real Jordan form. Otherwise, we must convert the complex diagonalization of Ji

into the real Jordan form

Θi =
1

µ2
i + ν2

i

[
µi(λ

(a)
i + λ

(b)
i ) τii

−τii µi(λ
(a)
i + λ

(b)
i )

]
(6.28)

and

Ri =
1

2τ 2
i

[
τ 2
i τiµi(λ

(a)
i − λ

(b)
i )i

0 2νiλ
(a)
i τii

]
. (6.29)

By combining (6.24), (6.25), (6.26), (6.27), (6.28) and (6.29) we obtain that

P−1B = ZSJ S−1Z−1,

where

J = diag((ΛP
1 )−1ΛB

1 , . . . , (Λ
P
γP

)−1ΛB
γP
,ΘγP+1, . . . ,ΘγB , (J P

γB+1)−1J B
γB+1, . . . , (J P

δ )−1J B
δ )

= diag(J1, . . . ,JγP ,JγP+1, . . . ,JγB ,JγB+1, . . . ,Jδ)

and

S = diag(I, . . . , I, RγP+1, . . . , RγB , I, . . . , I)

with Θi, i = γP . . . , γB given by (6.27) or (6.28) and the blocks Ri, i = γP + 1, . . . , γB

given by (6.26) or (6.29), depending on whether τi is real.

Application of Corollary 3.12 to this real Jordan form of P−1B allows us to bound

the M-MR preconditioned residuals by

‖P−1rk‖M
‖P−1r0‖M

≤ κI(S) min
p∈Πk,p(0)=1

max
`=1,...,δ

|p (J`)| .

When the number of real eigenvalues possessed by B and P is identical, κI(S) achieves

its minimum value of 1. If S has condition number greater than 1,M-MR convergence

may be worse than if P and B have an equal number of real eigenvalues. The condition
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number of S depends, in turn, on the conditioning of the individual blocks Ri given

by (6.26) or (6.29) and the number of blocks in S that differ from the identity matrix

is dictated by the disparity between the number of real eigenvalues of P and B.

When P has more real eigenvalues than B, i.e., when γB < γP , P−1B can again be

expressed as P−1B = ZSJ S−1Z using (6.22) and (6.23). Now, however,

J = diag((ΛP
1 )−1ΛB

1 , . . . , (Λ
P
γB

)−1ΛB
γB

),ΘγB+1, . . . ,ΘγB , (J P
γP+1)−1J B

γP+1, . . . , (J P
δ )−1J B

δ )

= diag(J1, . . . ,JγP ,JγP+1, . . . ,JγB ,JγB+1, . . . ,Jδ)

where, if

τi = α2
i (φ

(a)
i − φ

(b)
i )2 − 4βiφ

(a)
i φ

(b)
i (6.30)

is nonnegative,

Θi =
1

2φ
(a)
i φ

(b)
i

[
αi(φ

(a)
i + φ

(b)
i ) + τi 0

0 αi(φ
(a)
i + φ

(b)
i )− τi

]
.

Otherwise,

Θi =
1

2φ
(a)
i φ

(b)
i

[
αi(φ

(a)
i + φ

(b)
i ) τii

−τii αi(φ
(a)
i + φ

(b)
i )

]
.

The matrix S, which is again the key to determining M-MR convergence, is still

conformally partitioned with JB and JP but is of the form

S = diag(I, . . . , I, RγB+1, . . . , RγP , I, . . . , I)

where, if τi in (6.30) is nonnegative

Ri =
1

2τi

[
τi + αi(φ

(a)
i − φ

(b)
i ) τi − αi(φ(a)

i − φ
(b)
i )

−2βiφ
(a)
i 2βiφ

(a)
i

]
(6.31)

while if τi < 0,

Ri =
1

2τ 2
i

[
τ 2
i αi(φ

(a)
i − φ

(b)
i )τii

0 −2βiφ
(a)
i τii

]
. (6.32)

By again using Corollary 3.12 we find thatM-MR has preconditioned relative resid-

uals that are are bounded above by

‖P−1rk‖M
‖P−1r0‖M

≤ κI(S) min
p∈Πk,p(0)=1

max
`=1,...,δ

|p (J`)| ,

where κI(S) depends on the conditioning of Ri given by (6.31) and (6.32). Again,

κI(S) takes its minimum value of 1 when when P and B have an equal number of

real eigenvalues and the bound in Corollary 3.12 for the M-MR method cannot be

smaller when there is a mismatched number of real eigenvalues.
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κI(B) κI(P ) κI(P−1B) κI(ZB) κI(ZP ) κI(ZP−1B)
SUPG h = 2−3 29.8 29.8 1.0 1.75× 1010 1.76× 1010 7.9× 109

SUPG h = 2−4 95.6 95.6 1.0 9.2× 1017 7.3× 1017 4.3× 1011

olm100 1.5× 104 3.1× 104 6.0× 104 91.7 3.0× 105 8.3× 1018

spectral 8.5× 104 8.2× 104 1.6× 105 1.2× 104 2.6× 105 1.1× 106

Table 6.5: Condition numbers of B, P and P−1B, and of their eigenvectors, for the
recirculating wind SUPG matrix in Example 6.4, olm100 in 6.5 and the exponential
equation in Example 6.6.

6.3.2 Examples

We now examine GMRES convergence for preconditioners that are self-adjoint with

respect to symmetric bilinear forms nearby to those with respect to which the coeffi-

cient matrices are self-adjoint. In each case, we apply minimum residual methods in

both the Euclidean inner product and nonstandard inner products. As in the exam-

ples in Section 6.2, to unpreconditioned systems Bx = b, where B has diagonalization

B = ZΛZ−1, we apply M -MR with M = Z−∗Z−1 and Z computed by eig in Matlab.

To preconditioned systems P−1Bx = P−1b we apply M-MR with M = S−∗S−1, as

in (6.15), with S = Z the matrix of eigenvectors of P computed by Matlab’s eig

function.

Example 6.4. We saw in Example 6.3 that the Ramage multigrid method is effective

for SUPG finite element approximations of convection-diffusion problems. Here we

examine GMRES convergence and the symmetric bilinear forms with respect to which

B and P are self-adjoint for Example 2 in [43, Chapter 3]. The differential equation

is again of the form

−ε∇2u+ w · ∇u = f in Ω = (−1, 1)× (−1, 1), u = g on ∂Ω

but now has a vertical wind

w = (0, 1 + (x+ 1)2/4)T ,

that increases in strength as x increases. The velocity u is zero on the inflow boundary.

It decreases quadratically to zero on the right wall and cubically to zero on the left

wall. A nonzero Neumann condition is enforced on the outflow boundary. These

conditions are shown in Figure 6.8.

We used the same discretization as in Example 6.3 and applied the Ramage multigrid

preconditioner with the same settings. Here, however, we use two different meshes and

viscosity parameters. When h = 2−3, we take ε = 1/200 so that the element Peclet
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Figure 6.8: Boundary conditions for Example 6.4.

number (see Example 6.3) varies between 25.1 and 47.0, and we choose ε = 1/500

when h = 2−4, so that the element Peclet number varies between 31.3 and 60.6.

Table 6.5 shows that the condition number of the eigenvectors of P−1B is very large.

Consequently, the standard eigenvalue GMRES bound (3.27) is incapable of predict-

ing the fast convergence for both I-MR and M-MR that is evident in Figure 6.9.

The convergence curves for M-MR and I-MR are very similar and, as we shall see

below, P and B are self-adjoint with respect to nearby symmetric bilinear forms. As

a result, Theorem 6.10 indicates that M-MR convergence is determined largely by

eigenvalues, while the similarity of the I-MR andM-MR convergence curves indicate

that I-MR convergence is also governed by the eigenvalues of P−1B. However, for

the preconditioned system, κI(M) = 3.1 × 1020 when h = 2−3 and 6.9 × 1036 when

h = 2−4, and consequently Theorem 3.23, that relates I-MR and M-MR conver-

gence, does not accurately relate the convergence of these methods for this example.

Unfortunately, the iteration-dependent bounds in Section 3.2.4, although smaller, do

not reflect the similarity in the M-MR and I-MR convergence curves either for this

matrix.

The pseudospectral plots in Figure 6.10 highlight the nonnormality of B and it is not

surprising that convergence for the unpreconditioned problem, shown in Figure 6.9, is

slow. However, P and B have similar pseudospectral plots, which indicates that these

matrices are alike in some way; perhaps their eigenvectors are close, as described in

Theorem 6.6. Application of the preconditioner, as for previous examples, results in

a matrix that has clustered eigenvalues and that, since its ε-pseudospectra are more

like open ε-balls about the eigenvalues, is also closer to normal. This is reflected in

the rapid convergence of GMRES for the preconditioned problem.

We saw from the pseudospectral plots of B and P that these matrices seem alike. We

can glean some information by examining the symmetric bilinear forms with respect

to which B and P are self-adjoint. For the coarser grid these can be computed by
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(c) h = 2−4: I-MR
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Figure 6.9: Relative preconditioned residuals for I-MR (left column) and M -MR con-
vergence (for unpreconditioned systems) andM-MR convergence (for preconditioned
systems) for the SUPG matrix and multigrid preconditioner in Example 6.4.
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Figure 6.10: Pseudospectra of (a) B, (c) P and (e) P−1B when h = 2−3 and (b) B,
(d) P and (f) P−1B when h = 2−4 for the SUPG matrix and multigrid preconditioner
in Example 6.4. On each pseudospectral plot the black dots represent the eigenvalues
of the matrix. Each contour shows the boundary of an ε-pseudospectrum for selected
ε in [10−11, 10−2] for P and B and for selected ε in [10−7, 10−1] for P−1B.
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(a) (b)

Figure 6.11: Comparison of (a) W and (b)W for the recirculating wind SUPG matrix
and multigrid preconditioner in Example 6.4

the nullspace method in Section 2.2.2 and we find that ‖W −W‖I = 0.0092 for the

symmetric bilinear forms in Figure 6.11. By ordering the eigenvectors of P obtained

by Matlab by hand, and then scaling them by 1 or −1 so that the resulting eigenvector

matrix of P most closely matched the eigenvector matrix of B obtained by Matlab, we

found that ‖Z − Z‖I = 0.1231. This indicates that the eigenvectors of P are indeed

good approximations to those of B. Figure 6.10 shows that the eigenvalues of P and

B are close and so, in light of Theorem 6.6, it is not surprising that the pseudospectra

of these matrices look so similar. It is possible that the difference between Z and Z

could be made smaller by better scaling or ordering.

Example 6.5. Incomplete LU (ILU) factorizations constitute one of the most com-

monly used classes of general purpose preconditioners. It is known that ILU precon-

ditioners tend to cluster eigenvalues but for nonnormal matrices clustered eigenvalues

do not necessarily lead to fast GMRES convergence. We examine ILU(0) precondi-

tioning [99], as implemented in Matlab, for the olm100 matrix from the University of

Florida Sparse Matrix Collection [31].

Table 6.5 shows that the conditioning of the eigenvectors of P−1B is worse than

the conditioning of the eigenvectors of B. Consequently, the standard eigenvalue

convergence bound (3.27) is unlikely to describe accurately the fast convergence of

the preconditioned system shown in Figure 6.12. The bounds relating M-MR and

I-MR convergence in Theorem 3.23 are also pessimistic, since κI(M) = 8.8×1010 for

the preconditioned system.

The pseudospectral plots in Figure 6.13 confirm that P in particular is nonnormal

so that here, in contrast to Example 6.1, we apply a nonnormal preconditioner to

a fairly normal coefficient matrix. However, there are certainly similarities in the
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Figure 6.12: Relative preconditioned residuals for (left column) I-MR and (right
column) M -MR convergence (for unpreconditioned systems) andM-MR convergence
(for preconditioned systems) for olm100 and the ILU(0) preconditioner in Example
6.5.

pseudospectra of B and P , that might indicate that the eigenvectors of these matrices

are nearby (see Theorem 6.6). Although the eigenvalues of P−1B are quite clustered,

as is typical for ILU(0) preconditioning, the pseudospectra indicate that even this

preconditioned coefficient matrix is somewhat nonnormal.

The symmetric bilinear forms with respect to which B and P are self-adjoint can, as

in Example 6.4, be obtained by the nullspace method described in Section 2.2.2. We

find that ‖W −W‖I = 0.012 for the symmetric bilinear forms defined by the matrices

whose entries are plotted in Figure 6.14.

Example 6.6. A third example comes from the spectral method applied to

u′ − u = 0 for x ∈ (0, 3)

with

u(0) = 1.

The discretization is performed by Chebfun [146], which creates a spectral matrix

over n− 1 Chebyshev points of the first kind {ξi}i=1,...,n−1. The boundary condition

is enforced by appending [ 1, 0, ..., 0 ] to the bottom of the spectral matrix (see Figure

6.15) and replacing the bottom row of the right-hand side vector by 1. The solution

vector u is an approximation of u at Chebyshev points of the second kind, {xi}i=1,...,n.

The preconditioner is formed from the finite difference matrix F (1) described by Fu-

naro [55], that approximates the derivative at n − 1 Chebyshev points of the first
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Figure 6.13: Pseudospectra of (a) B, (b) P and (c) P−1B for olm100 and the ILU(0)
preconditioner in Example 6.5. On each pseudospectral plot the black dots rep-
resent the eigenvalues of the matrix. Each contour shows the boundary of an ε-
pseudospectrum for selected ε in [10−0.8, 100.4] for P and B and for selected ε in
[10−3.25, 10−1] for P−1B.
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Figure 6.14: Comparison of (a) W and (b) W for olm100 and the ILU(0) precondi-
tioner of Example 6.5.
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Figure 6.15: Structure of the spectral collocation matrix in Example 6.6. Light blue
regions indicate where Chebyshev points of the first kind are used. Dark blue regions
show where Chebyshev points of the second kind are used.

kind, and a matrix F (0), with entries [61]

f
(0)
i,j =


xi−ξi
xi−xi−1

i = j
ξi−xi−1

xi−xi−1
i+ 1 = j

0 otherwise

that approximates u at Chebyshev points of the first kind. Specifically, P̂ = F (0)+F (1)

and the preconditioner P is obtained from P̂ by replacing the bottom row by the

boundary condition, as for the coefficient matrix B. The method is described in

detail in [61].

The finite difference preconditioner is very effective, as is clear from Figure 6.16.

However, as in previous examples the ill-conditioning of the eigenvectors of P−1B

and P , evident from Table 6.5 make the standard eigenvalue bound (3.27) and the

bound in Theorem 3.23 are poor predictors of convergence. Interestingly, none of

P , B or P−1B is particularly close to normal. Indeed, the nonnormality of P−1B

appears to manifest itself in the GMRES convergence for the preconditioned system,

which shows a slower second phase of convergence. Despite this, application of the

preconditioner clearly improves convergence dramatically.

The finite difference approximation, though low-order, appears to be an accurate

enough representation of the initial value problem to be an effective preconditioner

of the spectral discretization. We see from Figure 6.18 that P and B are also self-

adjoint with respect to nearby symmetric bilinear forms. These are computed by the

nullspace method in Section 2.2.2 and their difference is ‖W −W‖I = 0.019.
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Figure 6.16: (a) I-MR and (b) M -MR convergence (for unpreconditioned systems)
and M-MR convergence (for preconditioned systems) for the exponential equation
spectral discretization preconditioned by a finite difference preconditioner in Example
6.6.

6.4 Conclusions

In this chapter we have found links between the nearness of the eigenvectors of P

to those of B, the nearness of the symmetric bilinear forms with respect to which

P and B are self-adjoint and the nearness of the pseudospectra of P and B. It was

shown that an effective preconditioner for a Toeplitz matrix, and powerful precon-

ditioners for two different two-dimensional discretizations of a convection-diffusion

equation are self-adjoint with respect to the same symmetric bilinear form as the

coefficient matrices. Other good preconditioners were shown to be self-adjoint with

respect to nearby symmetric bilinear forms, indicating that it may be enough for

these symmetric bilinear forms to be close.
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Figure 6.17: Pseudospectral plots of (a) and (c) B, (b) and (d) P and (e) P−1B
for the exponential equation spectral discretization preconditioned with a finite dif-
ference preconditioner in Example 6.6. On each pseudospectral plot the black dots
represent the eigenvalues of the matrix. Each contour shows the boundary of an
ε-pseudospectrum for selected ε in [10−1, 101.5] for P and B and for selected ε in
[10−7.5, 10−3] for P−1B.
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Figure 6.18: Comparison of (a) W and (b) W for the exponential equation spectral
discretization preconditioned with a finite difference preconditioner in Example 6.6.



Chapter 7

Conclusions

This thesis aimed to investigate ways in which nonstandard inner products can be

used to develop new and examine existing effective preconditioned Krylov subspace

methods. We focused on two subsets of real, nonsingular, diagonalizable matrices:

saddle point matrices and general nonsymmetric (nonnormal) matrices.

For symmetric saddle point matrices, preconditioned Krylov subspace methods in

nonstandard inner products are already used in practice, as discussed in Chapter 4.

However, some of the most effective preconditioners, such as the Bramble-Pasciak

and Schöberl-Zulehner preconditioners, require scaling before they may be robustly

applied as part of a W-PCG (or W-PMINRES) method. Depending on the saddle

point matrix of interest and the approximations A0 and S0 this scaling may be costly.

Block diagonal preconditioners are robust and can be very effective when the blocks

are good approximations of A and the (negative) Schur complement. However, we

observed that they may perform poorly otherwise. The recently introduced Bramble-

Pasciak+ (BP+) preconditioner is also robust and can be more effective than block

diagonal preconditioners. Our contribution is to use our characterization of symmetric

bilinear forms to modify the Schöberl-Zulehner preconditioner similarly. The result

is the robust Schöberl-Zulehner+ (SZ+) preconditioner. We derived bounds on the

eigenvalues of the SZ+ preconditioned saddle point matrix that can be used to gauge,

or improve, convergence of a Krylov subspace method in a nonstandard inner product.

Importantly, however, even in the absence of such information we can guarantee

convergence under the mild assumptions of positive definiteness of A, A0 and S0 and

semi-positive definiteness of C. We observed that the SZ+ preconditioner was as

effective as, or more effective than, the BP+ preconditioner on a set of problems from

optimization applications.

169
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When the saddle point matrix is nonsymmetric, common practice is to apply a precon-

ditioner and solve the resulting system by a nonsymmetric Krylov subspace method.

However, no method of this sort combines both short-term recurrences and optimality

(with respect to an inner product that is independent of the initial iterate). We de-

rived conditions for certain block-diagonal and block-triangular preconditioned saddle

point matrices to be self-adjoint with respect to a symmetric bilinear form1 or inner

product. When this symmetric bilinear form is positive definite, a conjugate gradient

or MINRES algorithm can be applied that does posses an optimality property and

three-term recurrences. Whether this inner product is practical to use depends on

the application; we presented one, simple example for which the inner product was

block diagonal and, therefore, cheap to apply.

The focus of Chapter 5 was on combining preconditioners for symmetric saddle point

matrices that are effective in their own right to achieve superior methods. We proved

that certain Krzyżanowski preconditioners can be combined and used this result to

create specific preconditioners. These included a different formulation of the Bramble-

Pasciak-Schöberl-Zulehner (BP-SZ) combination preconditioner than [135], for which

convergence could be made significantly faster than that for the BP or SZ precon-

ditioners individually. Combination of the Bramble-Pasciak and block diagonal pre-

conditioners gave rise to the Bramble-Pasciak-block diagonal (BP-BDW) combination

preconditioner that was more effective than either the BP or BD preconditioners, al-

though it was less efficient than the BP-SZ combination preconditioner.

The preconditioner that we feel best highlights the power of combination precondi-

tioning, however, is the Bramble-Pasciak+-block diagonal (BP+-BDW) combination

preconditioner, which combines two preconditioners for which the preconditioned co-

efficient matrices are self-adjoint but indefinite with respect to an inner product.

The resulting combination preconditioner is positive definite and self-adjoint with re-

spect to an inner product, for certain parameter choices that we fully characterized.

We derived bounds on the eigenvalues of the BP+-BDW-preconditioned saddle point

matrix and observed fast convergence of W-PCG and W-PMINRES when this pre-

conditioned matrix was self-adjoint and positive definite with respect to the inner

product.

Nonstandard inner products and symmetric bilinear forms also proved informative

for nonsymmetric matrices. In Chapter 3 we used the framework of nonstandard

inner products to obtain an iteration-dependent convergence bound that can be a

1In this case, one may apply SQMR to the preconditioned system (see page 36).
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much better predictor of convergence than the standard eigenvalue-based bound for

(I-)GMRES. We also observed that this bound was capable of detecting superlinear

convergence for a finite difference discretization of a convection-diffusion operator.

In Chapter 6 we first considered preconditioners P whose eigenvectors were nearby to

those of the coefficient matrix B. A condition for the pseudospectra of P and B to be

identical was discovered and the pseudospectra of these matrices when this condition

was not met exactly was characterized. We next showed that effective preconditioners

for persymmetric matrices, i.e., matrices that are self-adjoint with respect to the

symmetric bilinear form defined by the reverse identity matrix 〈·, ·〉Ŷ , are also Ŷ -self-

adjoint. A matrix formed from a Kronecker sum of persymmetric matrices and an

effective preconditioner were also found to be self-adjoint with respect to the same

symmetric bilinear form (that was defined by a Kronecker sum of reverse identity

matrices). Good preconditioners for certain other nonsymmetric matrices were found

to be self-adjoint with respect to symmetric bilinear forms that were nearby to those

with respect to which the coefficient matrix was self-adjoint.

This thesis shows that examining preconditioned Krylov subspace methods in non-

standard inner products can aid the development of effective preconditioned Krylov

subspace methods. Further discoveries using this approach may certainly be possible.

The use of nonstandard inner products for preconditioned nonsymmetric saddle point

matrices has received relatively little attention and this might make it a fruitful area

for research. Perhaps the characterization of Lemma 4.4 in Chapter 4 provides the

means of developing such preconditioned Krylov methods. In contrast to symmetric

saddle point matrices, however, where symmetry can be used to devise rather general

preconditioners and inner products, for nonsymmetric matrices this is a more difficult

task and a problem-dependent approach might be necessary.

New combination preconditioners, either for symmetric or nonsymmetric matrices,

could also be created. In particular it would be interesting to explore whether other

combination preconditioners, for which positive definiteness can be achieved, can be

constructed from preconditioners for which the preconditioned saddle point matrix is

indefinite with respect to an inner product.

One area on which we have not focused is the prediction of α and β values that

lead to fast convergence. It would be advantageous to develop methods or heuristics

for choosing these parameter values. Additionally, although it appears difficult, a

theoretical explanation of the performance of the combination preconditioned saddle

point systems when the associated symmetric bilinear form is indefinite would be
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valuable. It would also be interesting to apply the combination preconditioners, and

the SZ+ preconditioner, to other saddle point problems, such as those from PDE-

constrained optimization—an area that has received much attention of late.

The work on nonsymmetric matrices could also be continued. It would be beneficial to

be able to find or approximate the singular values a priori in our iteration-dependent

I-GMRES bound. Additional links between the symmetric bilinear forms with respect

to which the preconditioner and coefficient matrix are self-adjoint and fast I-GMRES

convergence would also be of use. In particular, it would be beneficial to develop

criteria, that can be cheaply checked, that indicate when a certain preconditioner will

work well. An extension in a different direction could use the framework developed

here to design new preconditioners for nonsymmetric matrices. This would require

some further development of our results but would certainly be constructive.



Appendix A

Linear algebra results

This appendix contains selected definitions and results from linear algebra.

A.1 The real Jordan form

Let the Jordan canonical form of a matrix B ∈ Rn×n be B = ZJZ−1, J, Z ∈ Cn×n,

where

J = diag(J(λ1), . . . , J(λj), J(λj+1), J(λj+1), . . . , J(λk), J(λk)),

and for any scalar λ ∈ C,

J(λ) =


λ 1

λ
. . .
. . . 1

λ

 .
The corresponding real Jordan form is defined as follows.

Definition A.1. Real Jordan form [57, Appendix A.2] Let λ1, . . . , λj be the real

eigenvalues of B with eigenvectors z1, . . . , zj and let λj+1 = µj + iνj, λj+1 = µj+1 −
iνj+1, . . . , λk = µk + iνk, λk = µk − iνk be the 2(k − j) complex eigenvalues with

eigenvectors zj+1, zj+1, . . . , zk, zk. Then if B = ZJZ−1 is the Jordan canonical form

of B, where

Z =
[
z1, . . . , zj, zj+1, zj+1, . . . , zk, zk

]
and

the corresponding real Jordan form of B is given by B = RJR−1 where R ∈ Rn×n

and J ∈ Rn×n, with

R =
[
z1, . . . , zj,<(zj+1),=(zj+1), . . . ,<(zk),=(zk)

]
173
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and

J = diag(J(λ1), . . . , J(λj),J (µj+1 ± iνj+1), . . . ,J (µk ± iνk)).

where, if J(λi) and J(λi) each have dimension m, J (µj+1± iνj+1) has dimension 2m

and

J (µ± iν) =



µ ν 1 0
−ν µ 0 1

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

µ ν 1 0
−ν µ 0 1

µ ν
−ν µ


.

A.2 Kronecker products and vectorization

The (left) Kronecker product of A ∈ Rm×n and B ∈ Rp×q is

A⊗B =

a11B · · · a1nB
...

. . .
...

am1B · · · amnB

 ∈ Rmp×nq.

The Kronecker product satisfies that

A⊗ (B + C) = A⊗B + A⊗ C

(A+B)⊗ C = A⊗ C +B ⊗ C

(kA)⊗B = A⊗ (kB) = k(A⊗B)

(A⊗B)⊗ C = A⊗ (B ⊗ C)

(A⊗B)T = AT ⊗BT

rank(A⊗B) = rankA rankB,

for any matrices A, B and C and scalar k. Provided A and B are invertible,

(A⊗B)−1 = A−1 ⊗B−1.

Also, when the A and C are conformable, and B and D are conformable, the mixed

product property states that

(A⊗B)(C ⊗D) = AC ⊗BD.
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The vectorization of a matrix B ∈ Rm×n is the vector vec(B) ∈ Rmn obtained by

stacking the columns of B, i.e.,

vec(B) =
[
b11, . . . , bm1, b12, . . . , bm2, . . . , b1n, . . . , bmn

]T
.

When A ∈ Rn×n and B ∈ Rm×m, the eigenvalues of A⊗B depend on the eigenvalues

of A and B.

Lemma A.2. Let A ∈ Rn×n have eigenvalues λi, i = 1, . . . , n and let B ∈ Rm×m

have eigenvalues µi, i = 1 . . . ,m. Then A⊗B has eigenvalues

νi,j = λiµj, i = 1 . . . , n, j = 1, . . . ,m.

A.3 Pseudospectra

Pseudospectra are an alternative tool to eigenvalues for analyzing nonnormal ma-

trices. Pseudospectra in the I-norm can be computed using Eigtool [154], as can

pseudospectra in any other norm after some preprocessing [145, Chapter 39]. Three

equivalent definitions of the ε-pseudospectrum of a matrix B, Λε(B), are:

Definition A.3. [145, Chapter 2] The ε-pseudospectrum of B is the set of z ∈ C
such that

‖(zI −B)−1‖ > ε−1. (A.1)

Definition A.4. [145, Chapter 2] The ε-pseudospectrum of B is the set of z ∈ C
such that

z ∈ Λ(B + E) (A.2)

for some E ∈ Cn×n with ‖E‖ < ε, where Λ(B + E) is the spectrum of B + E.

Definition A.5. [145, Chapter 2] The ε-pseudospectrum of B is the set of z ∈ C
such that

‖(z −B)v‖ < ε (A.3)

for some v ∈ Cn with ‖v‖ = 1.

When the pseudospectra are defined with respect to the I-norm, a fourth definition

in [145, Chapter 2] is
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Definition A.6. For ‖ · ‖ = ‖ · ‖I , Λε(B) is the set of z ∈ C such that

σmin(z −B) ≤ ε,

where σmin(C) is the smallest singular value of C.

More generally, using the W -singular values defined by Definition 2.13 and Lemma

2.16, we have that

Definition A.7. The ε-pseudospectrum of B with respect to ‖·‖W is the set of z ∈ C
such that

σWmin(z −B) ≤ ε,

where σWmin(C) is the smallest W -singular value of C.

Let the open ε-ball be denoted

4ε = {z ∈ C : |z| < ε}. (A.4)

The following lemma shows that when B is normal its pseudospectra are nicely char-

acterized by 4ε.

Lemma A.8. (from Theorem 2.2 in [145]) If B ∈ Rn×n is I-normal and ‖ ·‖ = ‖ ·‖I ,
then

ΛI
ε (B) = Λ(B) +4ε ∀ε > 0. (A.5)

Corollary 2.28 shows that whenever a real matrix is self-adjoint it is normal with

respect to a related inner product. Lemma A.8 can be generalized to this case.

Lemma A.9. Let B be diagonalizable with diagonalization B = ZΛZ−1 and let

M = Z−∗Z−1. Then the ε-pseudospectrum of B with respect to ‖ · ‖M , ΛM
ε (B), is

ΛM
ε (B) = Λ(B) +4ε ∀ε > 0. (A.6)

Proof. By Definition A.3, ΛM
ε (B) is the set of z ∈ C for which

‖(z −B)−1‖M > ε−1.

Now, by (2.2),

‖(z −B)−1‖M = ‖Z−1(z −B)−1Z‖I = ‖(z − Λ)−1‖I

from which the result follows.
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A.4 Eigenvalues and singular values

The Courant-Fischer theorem for symmetric matrices shows that stationary points

of the Rayleigh quotient of a symmetric matrix are its eigenvalues.

Theorem A.10. [118, Theorem 1.11] If A ∈ Rn×n is symmetric then

λk(A) = min
dim(S)=n−k+1

max
x∈S,x6=0

xTAx

xTx

and

λk(A) = max
dim(S)=k

min
x∈S,x6=0

xTAx

xTx
.

A consequence is that

λmin(A) ≤ xTAx

xTx
≤ λmax(A). (A.7)

From the Courant-Fischer theorem it is possible to obtain Cauchy’s interlacing prop-

erty (see Theorem 4.3.15 in [75]), from which the Poincarè separation theorem

follows.

Corollary A.11. [75, Corollary 4.3.16] Let A ∈ Rn×n be Hermitian, let r be a given

integer with 1 ≤ r ≤ n, and let u1, . . . , ur ∈ Rn be r given orthonormal vectors. Let

Hr = UT
r AUr, where Ur = [ u1, ..., ur ]. If the eigenvalues of A and Hr are arranged in

increasing order, we have

λk(A) ≤ λk(Hr) ≤ λk+n−r(A), k = 1, 2, . . . , r.

Since the singular values of a matrix B ∈ Rn×n are the square roots of its eigenvalues,

i.e., σi(B) =
√
λi(BTB), a consequence of the Poincaré separation theorem is the

following.

Corollary A.12. Let B ∈ Rn×n and let Ur be as defined in Corollary A.11. Then

σk(B) ≤ σk(BUr) ≤ σk+n−r(B), k = 1, 2, . . . , r.

When considering positive definiteness of symmetric matrices, the inertia of a matrix

becomes important.
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Definition A.13. [75, Definition 4.5.6] Let B ∈ Rn×n be a symmetric matrix. The

inertia of B is the ordered triple

i(B) = (i+(B), i−(B), i0(B)),

where i+(B) is the number of positive eigenvalues of B, i−(B) is the number of

negative eigenvalues ofB and i0(B) is the number of zero eigenvalues ofB, all counting

multiplicity.

Sylvester’s law of inertia is useful for determining the inertia of a symmetric

matrix from that of another.

Theorem A.14. [75, Theorem 4.5.8] Let A,B ∈ Rn×n be symmetric matrices. There

is a nonsingular matrix S ∈ Rn×n such that A = SBS∗ if and only if A and B have

the same inertia.

A.5 The Löwner ordering

If A,H ∈ Rn×n are symmetric matrices use the notation A > H to denote that A−H
is symmetric positive definite. Similarly, A ≥ H means that A − H is symmetric

positive semidefinite.

Lemma A.15. [75, Observation 7.7.2] If A,H ∈ Rn×n are symmetric, then

A ≥ H implies CTAC ≥ CTHC

for all C ∈ Rn×m; if m ≤ n, we also have that

AH implies CTAC > CTHT

whenever C ∈ Rn×m has rand m.

Corollary A.16. [75, Corollary 7.7.4] If A,H ∈ Rn×n are symmetric positive defi-

nite, then

• A ≥ H if and only if H−1 ≥ A−1;

• If A ≥ H, then detA ≥ detH and trA ≥ trH; and

• More generally, if A ≥ H, then λk(A) ≥ λk(H) for all k = 1, 2, . . . , n if the

respective eigenvalues of A and H are arranged in the same (increasing or de-

creasing) order.
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A.6 Generalized inverses

Definition A.17. The Moore-Penrose pseudoinverse B† of B ∈ Cn×n satisfies

1. BB†B = B;

2. B†BB† = B†;

3. B†B is symmetric;

4. BB† is symmetric.

Definition A.18. A (1)-inverse or generalized inverse satisfies condition (1) in

Definition A.17 above.

Definition A.19. A (1,2)-inverse or reflexive generalized inverse satisfies condi-

tions (1) and (2) in Definition A.17 above.
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Eigenvalue bounds for the BP+

preconditioner

The following corollary provides bounds on the eigenvalues of the BP+ preconditioned

saddle point matrix.

Corollary B.1. Let [
A BT

B 0

]
be left preconditioned by the BP+ preconditioner

P =

[
A0 0
−B S0

]
and let

0 < δ ≤ uTA0u

uTAu
≤ ∆ (B.1)

and

0 ≤ uTBTS−1
0 Bu

uTAu
≤ Φ. (B.2)

for δ,∆,Φ ∈ R.

Positive eigenvalues λ+ of P−1A satisfy that

0 <
1

∆
≤ λ+ ≤ 1

δ
, (B.3)

0 <
1

∆
≤ λ+ ≤

(1 + Φ) +
√

(1 + Φ)2 + 4δΦ

2δ
(B.4)

while negative eigenvalues λ− satisfy

(1 + Φ)−
√

(1 + Φ)2 + 4δΦ

2δ
≤ λ− < 0, (B.5)

180
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Proof. The Bramble-Pasciak+ preconditioner is a Krzyżanowski preconditioner for

which c = −1 and d = 0. It follows from Theorem 4.2 that λ 6= 0,−1 and that u 6= 0.

Additionally, when Bu = 0 Theorem 4.2 states that

λ =
uTAu

uTA0u

by (4.15) and, using (B.1), we obtain that

1

∆
≤ λ ≤ 1

δ
.

Now assume that Bu 6= 0. If

ψ =
uTA0u

uTAu
and ω =

uTBTS−1
0 Bu

uTAu
.

then the roots (4.21) in Theorem 4.2 are

λ =
(1 + ω)±

√
(1 + ω)2 + 4ψω

2ψ
, (B.6)

which has one real positive root and one real negative root. This is to be expected

since P−1A is self-adjoint but indefinite with respect to an inner product.

The larger root is given by

λ =
(1 + ω) +

√
(1 + ω)2 + 4ψω

2ψ
, (B.7)

which it is possible to bound using (B.1) and (B.2). Equation (B.7) is minimized

when ω = 0 and ψ = ∆ and so

λ ≥ 1

∆
.

Conversely, it is maximized when ω = Φ and ψ = δ which, in combination with the

lower bound gives that

1

∆
≤ λ ≤

(1 + Φ) +
√

(1 + Φ)2 + 4δΦ

2δ
.

On the other hand, the smaller root of (B.6) is

λ =
(1 + ω)−

√
(1 + ω)2 + 4ψω

2ψ
, (B.8)

which is also maximized when ω = 0 and ψ = ∆, so that λ ≤ 0. However, we

concluded previously that λ 6= 0 and so λ < 0 is the upper bound. Equation (B.8) is

minimized by choosing ψ = δ and ω = Φ which gives that

λ =
(1 + Φ)−

√
(1 + Φ)2 + 4Φδ

2δ
.
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BP+-SZ+ combination
preconditioner

A combination not considered in Chapter 5 is that of the BP+ and SZ+ precondition-

ers. Since c1 = c2 = −1, Theorem 5.3 can be used to obtain a combination which

can outperform each of the BP+ and SZ+ preconditioners. However, the BP-SZ,

BP+-BDW and BP-BDW combination preconditioners in Chapter 5 perform better

again. Additionally, the combination preconditioned coefficient matrices in Chapter

5 can be made positive definite by choosing the combination preconditioner param-

eters α and β judiciously and, if necessary, scaling A0 and S0. This is not possible

for the BP+-SZ+ combination preconditioner since P−1A is alwaysW-indefinite. For

completeness, we describe the preconditioner here.

The combination of the BP+ preconditioner (4.6) and SZ+ preconditioner (4.44) by

Theorem 5.3 is

P =

[
1

α+β
A0

−β
α+β

BT

− 1
α+β

B β
α+β

BA−1
0 BT + S0

]
(C.1)

and

W =

[
A+ A0 0

0 (α + β)S0 + βBA−1
0 BT

]
. (C.2)

The following theorem shows that 〈·, ·〉W can be made an inner product but it is one

with respect to which P−1A is never positive definite.

Theorem C.1. Let

A =

[
A BT

B 0

]
be left preconditioned by the BP+-SZ+ combination preconditioner (C.1) so that P−1A
is self-adjoint with respect to 〈·, ·〉W , where W is given by (C.2).

182
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When

I. α + β > 0 and β > 0, W defines an inner product;

II. α + β < 0 and β > 0, W defines an inner product when

S0 < −
β

α + β
BA−1

0 BT ;

III. α + β < 0 and β < 0 W does not define an inner product;

IV. α + β > 0 and β < 0, W defines an inner product when

S0 > −
β

α + β
BA−1

0 BT .

When 〈·, ·〉W is an inner product, it is one with respect to which the preconditioned

saddle point matrix P−1A is not positive definite.

Proof. The preconditioned coefficient matrix is given by

P−1A =

[
(α + β)A−1

0 A+ βA−1
0 BTS−1

0 BA−1
0 (A+ A0) V BT

S−1
0 BA−1

0 + S−1
0 B S−1

0 BA−1
0 BT

]
,

where

V = (α + β)A−1
0 + βA−1

0 BTS−1
0 BA−1

0 . (C.3)

By Lemma 2.31, the preconditioned saddle point matrix P−1A is W-positive definite

if and only if WP−1A > 0, where

WP−1A =

[
M (A+ A0)V BT

BV (A+ A0) BV BT

]
=

[
I 0

BV (A+ A0)M−1 I

] [
M 0
0 T

] [
I M−1(A+ A0)V BT

0 I

]
, (C.4)

with

M = (α + β)(A+ A0)A−1
0 A+ β(A+ A0)A−1

0 BTS−1
0 BA−1

0 (A+ A0)

= (α + β)A(A−1 + A−1
0 )A+ β(A+ A0)A−1

0 BTS−1
0 BA−1

0 (A+ A0) (C.5)

and

T = BV [V −1 − (A+ A0)M−1(A+ A0)]V BT . (C.6)

The congruence transform (C.4) and Sylvester’s law of inertia (in Appendix A.4) show

that the inertia of WP−1A is determined by the eigenvalues of M and T which, in
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I

IV

II

III

β

α

Figure C.1: Regions (distinguished by different colours) that are considered in The-
orem C.1 for the BP+-SZ+ combination preconditioner.

turn, depend on α and β. We consider separately each of the four cases in Figure

C.1.

I. Case I corresponds to taking α + β > 0 with β > 0. By observation, W , V and

M are positive definite. However, T in (C.6) is negative definite. To show this, we

first observe that T < 0 if and only if

V −1 < (A+ A0)M−1(A+ A0)

or, since V and M are positive definite,

V > (A+ A0)−1M(A+ A0)−1.

It follows from substituting for V and M using (C.3) and (C.5), that T is negative

definite if and only if

(α + β)A−1
0 > (α + β)A−1

0 A(A+ A0)−1.

Premultiplying and postmultiplying both sides of this inequality by A0 and dividing

by the positive scalar α + β gives the equivalent condition

A0 > A(A+ A−1
0 )−1A0 = (A−1

0 + A−1)−1

which implies that

A−1
0 < A−1

0 + A−1.
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Since A > 0, this last inequality is true and T is negative definite. We conclude that

P−1A is indefinite with respect to 〈·, ·〉W , when α + β > 0 and β > 0.

II. Consider now α+β < 0 and β > 0 and let γ be the positive parameter γ = − β
α+β

.

For these values of α and β, (α + β)S0 + βBA−1
0 BT > 0 when γBA−1

0 BT > S0.

The matrix M given by (C.5) is positive definite if and only if

(α + β)(A+ A0)A−1
0 A+ β(A+ A0)A−1

0 BTS−1
0 BA−1

0 (A+ A0) > 0

or, upon premultiplying by A0(A + A0) and postmultiplying by its transpose, if and

only if

(α + β)A(A+ A0)−1A0 + βBTS0B > 0

or, equivalently, (A−1 − A−1
0 )−1 < γBTS−1

0 B. However, since B has a nontrivial

nullspace γBTS−1
0 B is positive semidefinite. In contrast, (A−1

0 + A−1)−1 is positive

definite. Consequently, M is not positive definite and P−1A is not positive definite

with respect to 〈·, ·〉W .

III. The third case we investigate is α + β < 0 and β < 0. For these choices of α

and β, however, (α+ β)S0 + βBA−1
0 BT < 0 and A+A0 > 0. This implies that W is

indefinite. It is straightforward to show that, additionally, M and T , given by (C.5)

and (C.6) are negative definite.

IV. We consider now Case IV, for which α + β > 0 and β < 0 and introduce the

quantity γ = − β
α+β

> 0. Now, W > 0 when

(α + β)S0 + βBA−1
0 BT > 0

or, if λmin and λmax are the smallest and largest eigenvalues of S−1
0 BA−1

0 BT , respec-

tively, when
1

γ
≥ λmax ≥

xTBA−1
0 BTx

xTS0x
≥ λmin > 0.

By (5.33),
1

γ
> λmax ≥

yTBTS−1
0 By

yTA0y
≥ 0

and it follows that

A−1
0 > γBTS−1

0 B (C.7)

is an equivalent condition for positive definiteness of W .

By examining (C.3) we find that V > 0 if and only if

(α + β)A−1
0 > −βA−1

0 BTS−1
0 BA−1

0
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or, equivalently A−1
0 > γBTS−1

0 B, which is precisely the same as (C.7) and so is

satisfied when W defines an inner product.

M > 0 if and only if

(α + β)(A+ A0)A−1
0 A+ β(A+ A0)A−1

0 BTS−1
0 BA−1

0 (A+ A0) > 0.

Premultiplying by (A+A0)A−1
0 and postmultiplying by A−1

0 (A+A0) gives the equiv-

alent condition

(α + β)A(A+ A0)−1A0 > −βBTS−1
0 B,

or (A−1
0 + A−1)−1 > γBTS−1

0 B.

If this is positive definite then using the same arguments as for the Case I above

shows that T < 0. Thus, when α + β > 0, β < 0, P−1A is not positive definite with

respect to 〈·, ·〉W .

Theorem C.1 shows that it is not possible to apply a W-PCG method to a BP+-SZ+

combination preconditioned saddle point problem. This is perhaps unsurprising since

neither the BP+ preconditioned system nor the SZ+ preconditioned system is definite

with respect to its inner product.
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cations. Birkhäuser Verlag, Basel, 2005.

191



[58] G. H. Golub, C. Greif and J. M. Varah. An algebraic analysis of a block

diagonal preconditioner for saddle point systems. SIAM J. Matrix Anal. Appl.,

27:779–792, 2006.

[59] G. H. Golub and C. F. van Loan. Matrix Computations. The John Hopkins

University Press, Maryland, USA, third edition, 1996.

[60] N. I. M. Gould, D. Orban and P. Toint. CUTEr and SifDec: A constrained

and unconstrained testing environment, revisited. ACM Trans. Math. Softw.,

29:373–394, 2003.

[61] M. Green. Finite Difference Preconditioners for Spectral Operators in Chebfun.

Master’s thesis, University of Oxford, 2011.

[62] A. Greenbaum. Iterative Methods for Solving Linear Systems. SIAM, USA,

1997.

[63] A. Greenbaum and L. Gurvits. Max-min properties of matrix factor norms.

SIAM J. Sci. Comp., 15:348–358, 1994.

[64] A. Greenbaum, V. Pták and Z. Strakoš. Any nonincreasing convergence curve
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[115] M. Rozložǹık and V. Simoncini. Krylov subspace methods for saddle point

problems with indefinite preconditioning. SIAM J. Matrix Anal. Appl., 24:368–

391, 2002.

[116] J. W. Ruge. Algebraic multigrid (AMG) for geodetic survey problems. In

Prelimany Proc. Internat. Multigrid Conference. 1983.
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