Limit cycles in planar piecewise linear systems of
saddle-saddle type with a nonregular separation line

Zhouchao Wei®"¢, ! Xiuyuan Cheng?, Jicheng Duan®, Irene Moroz?, Liyun Zhang®,

“School of Mathematics and Physics, China University of Geosciences, Wuhan, 430074, China
bInstitute for Advanced Marine Research, China University of Geosciences, Guangzhou 511462, China
¢Shenzhen Research Institute, China University of Geosciences, Shenzhen, 518000, China
dMathematical Institute, University of Oxford, Oxford OX2 6GG, England
®Basic Science Department, Wuchang Shouyi University, Wuhan, 430064, China

Abstract

The maximum number of crossing limit cycles in planar piecewise linear systems with a non-
regular separating line is considered. We give the canonical form topological transformation by
considering specific assumptions in the planar piecewise linear systems of saddle-saddle type
with a nonregular separation line. Based on the classification of the section maps, we analyse
the expressions and analytic properties of the composite maps. In particular, some parameter
conditions are found that make the systems yield at least five bounded crossing limit cycles.
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nonregular separation line; section maps.

1. Introduction

Piecewise smooth systems have been paid more and more attention [1, 9, 13]. Switching
boundaries can not only bring more types of invariant sets, e.g. tangent point, crossing limit
cycle and sliding limit cycle [20, 27], but also generate chaos in piecewise linear systems [35,
42, 43]. Even low two-dimensional piecewise systems can produce complex behaviors, such
as boundary equilibrium bifurcation [18, 22, 38], sliding bifurcation [28, 29], critical crossing
cycle bifurcation [15, 44], and pseudo-Hopf bifurcation [5].

Recently, limit cycles have also been an important research topic in planar piecewise linear
systems (hereafter PWLSs) [5, 6, 9]. In the last few decades, PWLS have received increasing
interest in the modelling of real-world, e.g. biological processes [12], electronic and mechani-
cal devices [4, 39], and control theory [19]. In addition, PWLSs have significant advantages in
the design of certain chaotic systems or engineering control systems [30]. The common mani-
festation of distinct mechanisms for Hopf-like bifurcations is that a stationary solution changes
stability or form and small amplitude oscillations are created [40]. Pseudo-Hopf bifurcation,
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also known as the special Hopf-like bifurcations of type I [11], has received some rising atten-
tion after the work of [21, 37].

Based on Hilbert’s problem in the 16th century and the study of limit cycles in the 19th cen-
tury with Poincaré, more and more researchers focus on the maximum number of limit cycles
in PWLSs. Lum and Chua [36] conjectured that there is at most one limit cycle for a type of
continuous PWLS that has only a straight separation line and the vector field is continuous on
the separation line, which has been proved in 1998 [14]. However, when sliding bifurcations
occur, the dynamic properties of discontinuous PWLS will become more complicated. A gen-
eral discontinuous piecewise linear systems with two zones was considered that includes all the
possible configurations in planar linear systems, and shown the existence of a focus in one zone
is sufficient to get three nested limit cycles [16]. The existence of two limit cycles in a class of
general planar piecewise linear systems constituted by two linear subsystems with node-node
dynamics was proved by the Liénard-like canonical form [24]. A lower bound for the maximum
number of nonsliding limit cycles of planar discontinuous piecewise linear differential systems
with two zones separated by a straight line was provided, which explanined that the existence
of two or three limit cycles in six kinds of planar discontinuous piecewise linear differential
systems: F-F, F-N, F-S, N-N, N-S, S-S (we denote focus, saddle, node, center as F, S, N, C,
respectively) [7, 17, 23, 32, 33].

When the separation line is no longer straight, PWLSs may generate more limit cycles
[8, 34]. In particular, PWLSs are called linear lateral systems [45] when the separation line
is formed by two rays and the angle between them is not 0 and 7. The linear lateral systems
of the C-C type have at most two limit cycles that can be achieved [45]. A class of linear
lateral systems of S-C type has been proved to have at most 3 limit cycles [46, 47]. The upper
bound of the maximum number of limit cycles for a class of systems with a linear centre is
also proved to be sharp [13]. An F-F type linear lateral system can have 5 limit cycles, but this
was proved numerically [25]. Refs. [46, 47] proved analytically that a linear lateral system of
the F-F type can have at least 5 limit cycles. Liu et al. considered the coexistence of crossing
limit cycles and sliding limit cycles by establishing poincaré maps for two subsystems that
have same Jacobi matrix [31]. Chen et al. considered the exestence of a unique nonsymmetric
limit cycle for a family of three-dimensional PWLSs with three zones separated by two parallel
planes [10]. Sun and Du investigated the existence and number of crossing limit cycles in a
class of PWLSs with N-N type critical points defined in two zones separated by a nonregular
line formed by two rays emanated from the origin, and obtain this class of systems can have
two, three or four two-point crossing limit cycles [41]. Based on the first integrals, Baymout et
al. considered the maximum number of limit cycles of the discontinuous PWLSs separated by
a nonregular line and formed by a linear center and one of the four classes of quadratic centers
[3]. By employing the approach of Poincaré maps, Huang and Wang obtained the existence,
exact number, and asymptotical stability of periodic solutions are investigated thoroughly in a
piecewise smooth system incorporating a new control strategy [26]. Generally, we prefer to find
an analytical method that can prove how many limit cycles the system is capable of generating
over what range of parameters. As we know, constructing Poincaré maps for the system has
always been a commonly used method. However, it is often difficult to determine how many
limit cycles the system can generate under a given range of parameters because the maps have



no explicit expressions and have complex convexities. We will consider a kind of linear lateral
systems with S-S type, and analytically prove the number of limit cycles under some parameter
conditions in this article.

The structure of our article is as follows. Section 2 gives the S-S type linear lateral system
we will consider. In sections 3 and 4 we define two Poincaré maps and discuss their properties.
In section 5 the results about limit cycles in the PWLSs are obtained. In section 6 we give
proofs of the results about the Poincaré maps in section 3 and section 4. A summary is given in
section 7.

2. Preliminary

Without loss of generality, we assume that one of the rays of the separation line in a linear
lateral system is the positive z-axis, and that the angle between the two rays is a. Denoting

L Jlan ez 0y =0 Uiy v = (ma)ry 20, ae© UG,

{(z,y) 2 >0,y =0} U{(,y) :

The linear lateral system we consider is

At(x — x1), e vt
A_(X_Xe_)7 XEE;7
where A* = (aj;),i,j = 1,2 are invertible matrices, xX = (zZ,y*)” are the equilibrium

points. 3 3 are the two sector areas of angles o and 27 — « separated by X,. Huan and
Yang proved that the system (1) is topologically equivalent to a certain lateral system with
a = 7 [25]. Under the condition o = 7, we will study the following system

. At(x—x}), x € X% (right system)
% = : )

A (x—x.), xE€ E% (left system).

Denote the vector field (Fi*(x), F3f(x))T = A*(x — x¥), x7 = (27,957, and x; =

(x7,y-)T. To distinguish our study from the PWLSs with a straight separation line, we require

that the system (2) with S-S type has the possibility to generate limit cycles that cross the
positive z-axis and the positive y-axis simultaneously. Therefore we have to assume:

(A.0) There exists a trajectory connecting positive x-axis and positive y-axis in left system.
Lemma 2.1. If (A.0) holds, we have
r, <0,y; <O. 3)

Furthermore, there exists in the left system a trajectory from positive y-axis to positive x-axis as
time increases for a,; > 0 and aj, < 0; there exists in the left system a trajectory from positive
x-axis to positive y-axis as time increases for a,; < 0 and a;, > 0.



Proof. We only prove the former because the latter can be obtained similarly. There are two
basic properties of trajectories in saddle-type linear systems:

(1) any tangent of any trajectory (except the stable and the unstable manifold) divides the plane
into two areas. The equilibrium point x_ and the trajectory will be in different regions;

(2) the angle between any two tangents of any trajectory (except the stable and the unstable
manifold) is less than 7. F| (0,y) = apy — (a2, + apy. ), Fy (2,0) = a2 — (agz, +
agYe )-

If there exists a trajectory from positive y-axis to the positive z-axis as time increasesin the
left system, £} (0,y) will be a decreasing linear function about y (i.e. a;, < 0) and F; (z,0)
will be an increasing linear function about z (i.e. a;; > 0). Morover, we can also obtain that
a1 € (0,%), a2 € (0, 1) and x; must be in area I (x is in the third quadrant, see Figure 1). B

Figure 1: A trajectory connects positive x-axis and positive y-axis in (2). [; and /5 are the tangents of trajectory at
p1 and pa.

Although we cannot currently rule out the possibility that stable and unstable manifolds of
the right system are parallel to the y-axis, we assume

at, 40, @)

Based on (A.0) and (4), by denoting the eigenvalues of left system and rlght system as A;, (
AL <0 < A7) and AT, (AT < 0 < A}), respectively. Remarking o, = a*, af, = b,

a§t1 = —(a* )\i)( )\i)/bi ag, = X+ \F — a*, we can rewrite AT as
a:l: b:t
Ai = _(ai—Ai)(ai—)\i) (5)

D Vi e i
Then we can obtain stable manifolds of = (SM™ and SM ™)
SM*: (A —a®)(z —a7) =0 (y —y2) =0,z # a7,
and unstable manifolds (UM ™ and UM ™)

UM*:(\y —a*)(z —a7) = b5 (y —yz) = 0,2 # a7



We denote the intersections (if exist) of SM* and x-axis as (zF,0), of SM¥* and y-axis as
(0,yE), of UM* and x-axis as (z,0), of UM=* and y-axis as (0, yF), where

bye (a2 — M)z
mf:ai_)\i‘Fl’i ysi: bil +yeia
1
bryE (a* = Ny)af
.',Ci:: ai )\:I: —f—l‘;t? yi:: biz —f—yj:
2

Note that (A.0) guarantees the existence of x_, vy, ,x, , v, , and (4) guarantees the existence of
v+, y. Based on the conditions (A.0) and (4), the system (2) can take many different forms
due to the variety of parameters. Here we will only consider some cases so that system (2) can
generate more limit cycles. Now we assume that

(A.T) In the left system there is a positive time trajectory from the positive y-axis to the origin
and then enters the first quadrant;
(A.2) In the right system there is a positive time trajectory that starts from the origin, enters the
first quadrant and then arrives at the positive y-axis.
Lemma 2.2. (A.1) guarantees (A.0) and is equivalent to the following conditions

x, <0, y, <0, =z, >0, y;, >0, F;(0,0)>0. (6)

u

(A.2) guarantees (4) and is equivalent to the following conditions
rF >0, bt <0, y'>0 yl<0, F(0,0)>0, (7)

where (0, y;") is the point of tangency between the right system’s trajectory and the y axis.

Proof. We only give the proof of (7) because (6) is easier to get in a similar way. If (A.2)
holds, F;"(0,0) > 0, F;"(p2) < 0, and F; (0,0) > 0 (see Figure 2). We also can know that
o €1[0,%), 22 € (—aq, 5), and x will be in the area II. From F}"(0,y) = bTy— (a+b"k1)z}
and F;F(0,vy;") = 0, we have b™ < 0 and y;” > 0. In addition, (A.2) means that SM™ cannot
intersect the positive y-axis and can only intersect the negative y-axis (i.e. y7 < 0).

In the following, we can first reduce the parameters of the system by topology transforma-
tion. Notice that b* < 0 and a= > \; > 0 (implied by z;, > 0 in (6)), by transforming

a—bt _
- pIps e
{5 b XS sorx=|73 Ox
a’t, X€E Xz, 0
we obtain the topologically equivalent form of the system (2)
. At(x—xF), xext,
X=9 5 LW (8)
A (x —x), 3z,
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Figure 2: The trajectory R of the right system, which starts from the origin and can arrive at the positive y-axis in
(2). I1 and [ are the tangents of R at O and p, respectively.

where

- i -1 -
e } A =
(@=A)@-x3) Al +A3 —al’

1 —1
5 5 < X 9
{(1—)\1‘)(1—)\5) O ] R
S\f and 5\21 are eigenvalues of A%, The algebraic relationship of the parameters in (5) and (9) is
given:
- b
abt AT =

a =

~ b~ ~ ~

a~ bt a~ bt a~ a~

The relationship between the equilibrium points in (5) and (9) is also given:

xt=Tx", x, =Tx..

€ e

Theorem 2.3. Under the assumption (A./) and (A.2), the system (2) of type S-S is topologically
equivalent to the system (8).

To better consider the system (8), we seta~ = 1,b~ = —1,b" = —1 in (5) (without losing
generality). Denoting
k= Ve
zx’

and the point of tangency between the trajectories of left system and y-axis as (0,y, ). Com-
bined with the Lemma 2.2, we can easily obtain

v = —(a—kaf, y7=—-(1 -k )z, (10)
Based on (2), (5), (6) and (7), we will study the following system

Bf(x—xF), xeXt,
X = 2 (11)

B (x—x_), xE€2X;,
2



where
a —1 1 -1

|5 |
(a— X )(a—=A) A+ —al’ (1=A))(1=XA)) AL +A; —1]”°

and corresponding ranges of the nine parameters for system (11) should satisfy

AL Ay _
— +1, <0
L—=A] — A\ Te

a<kt<a-—X, ifa>\
zr >0,

AT .
a<kt< L2 tq ifa< )]
a—A A5

0<1—=XA <k <
(12)

Now we will give definitions of section maps in the right and left systems of (11) and then
discuss their properties. All discussions will be based on conditions (12).

Figure 3: Phase portrait sketch of left system in (11).

3. The left section map S-

The phase portrait of left system has the characteristics that x_ is in the third quadrant,
UM~ intersects the positive x-axis and SM ™~ intersects the positive y-axis. The boundary of
the corresponding trajectory of S~ is marked by UM~ and SM ~, see Figure 3. The solution
® (¢, P) of left system (see Figure 3) that starts from point P(x,y) in (11) will be the following

form:
®(t,P)=(¢1.97)
1 (1 - )\1_) et — (1 — )\2_) et Mt — ehat
T A L= AD) (1A (=Nt (1= AT) et = (1 - Ay et

' [ yur—_k;ffc; ] * [ kf;g }
(13)



Denoting
F={(z,y):2=0,y >0}, x={(z,y):2>0,y =0},

we can define the left section map gl_ .
Definition 3.1. Let the map 5‘1’ : P — P, if for a point P, € T, there exists at > 0 and a
point P € ¥= such that S (t,P) = P.

Remark 3.1. The ¢ in the Definition 3.1 is unique if it exists, because trajectories of a saddle-
type system can pass through a straight line at most twice, so our definition is well defined.
We divide S| into two parts

L 0,90) = (0,90), wr
52_( 'Y 0)'_>($1_70)7 $1_

and take S| @y, — y; and S5 :y, — x; for the convenience of discussions.
Theorem 3.1. Denoting y; = ¢5 (—t;,(0,0)) (see Figure 3). The value of ¢, can be obtained
from the only positive zero point of the following function

hi(t) = (1= A —k7)e™ — (1 = Ay — k7 )e™™ — (A; — A7).

We have S| : (v, ,ui] = [0, ),y, — y; » Which satisfies

(t) T [k_ 1 — AgeA;t (/\5 B )‘;)]
. A - 7 te(0,t], (14
B Ay e — (Ay = A])er At o
y, (t) =a [k =1 : e)\;t ei t : ’

and S5 : (yi,y;) — (0,2,),y, — x1, which satisfies

<1—A><1—A><“ ) — (A — Ak~

- (1= dg)et = (1= A )e

(GA;t _ eAlit)kf _ ()\— _ )\1) 1At
(1= Ay)eht — (1= M)t

I,
t e (t,+00). (15)

In addition, we have following results about S :
@) lim yo (1) = limyy (£) =y, o () = yrand yy () = 0;
(bl) y, (t) monotonically increases and y; (¢) decreases as ¢ increases. y, monotonically de-
creases as y; increases;
dy, (t dy,

(eiytim o)y G

=0 dy; (1) yy = dyy
positive, A] + A, <0,
0, A +X; =0,
negative, A + A, > 0.

Ay,
902 is

(d1)
dyy




We have following results about S5 :

(@2) lim yo (¢) =y, lim 27 (¢) =0, lim o (t) =y, and lim 27(t) =ay;

t—-+o0 u’
(b2) y, (t) and z7 (t) both monotonically increase as ¢ increases. 3, monotonically increases as
2, increases;
0, A\ +A; >0,

@ tim S0y By =0
+oo, A +A; <O0.

Ay 4 i S dyo (t) 1i dyo

Moreover, if ki~ = 2 = lim
’ A% T ey (8) e day

d
(d2-A)IEAT + Ay <0, —22 > 0;

(d2-B) If A\; + A\, > 0, there exists a decreasing inflection function

(AL 25)mu(t) + /O + 25 PmE(0) + 405 — AL = A (L= A )eli P

Kl(t) - = 7t€ (tl,—FOO),
200 = A1)

(16)

where my(t) = (1 — A, )ee (1 — A\ )eM L. Moreover, for t € (t;,+00), 0 < K;(t) < K;(t;).

Denote A;(k7) £ K;(t;(k )) then one of the following assertions (d2-B1) and (d2-B2)

must hold:

. d*yo
(@-BHIFA(E) <0, then % <0
Ty

32 _(t) positive, <t <tg,
(d2-B2) If A (k™) > 0, there existsat, = K; ' (k™) such that Y is<0, t=t,,

negative, t >,

where ¢;(k™) is the inverse function determined by

Age Mt — ATe 2t — (A\; —A])

-\t Ayt ’

kw=1-

(17)
e —e”

(d2-C)IfA\] + Ay >0,then  lim Ay(k7) < 0,and Ay(k7)| \

k=—1-X5 k==

Here we do not prove Theorem 3.1 but give the proof in section 6



4. The right section map S+

If we denote the solution of the right-hand system starting at point P(x,y) as @ (¢, P), we
similarly obtain

F(t, P) = (o1, 45)

1 (a—Af) et — (a—Af) eMt Mt At
A=A (=4 ( a—)\+ <A+t ) (a— M) Mt — (a—\f) et
Ly — kTt + ktar

(18)

Next we give the definition of the right section map S,
Definition 4.1. Let the map St Qy— Q,, iffora point ()1 € Xz, there existsa t > 0 and a
point Q5 € T such that T (¢, Q1) = Q.
Remark 4.1. In a similar way to the remark 3.1, we know that this definition is also well
defined.

We will present our results according to the corresponding types of phase portraits of the
right system, since the situation of the right section map is more complicated than the left one.
Before doing so, we will divide St into two parts

and take S| : y — yd, S : &7 — y for the convenience of discussion. Then by denoting
= ¢ (t,(0,0)), where t, is the unique positive zero point of function

he(t) = (a — Af = k)Nt — (a = Af — k)N — (A — ),

which will be given in section 6.

Now we will classify and discuss the position of the equilibrium point x;". The boundary of
the corresponding trajectory of ST is marked by SM ™ and UM ™. If x" is in the first quadrant,
kT > 0 and the slope of the line represented by SM ™ is positive (see Figure 4). If x is on the
positive z-axis, then k = 0 and SM ™ has a positive slope, see Figure 5.

Theorem 4.1. For arbitrary k™, we have S} : [0,4,") — (v, y.],¥; = vy, which satisfies

1t )t
Ae Mt — Ne 2t — (A — \))
+ ],
e M1t _ o—ASt
)\2+e—>\2+t _ )\;re_A;rt _ ()\+ )\+) AT+t

€ (0,t,]. (19)

+ + )
oMt _ o=t

In addition,we have following results about S5 :
(D) limyg (t) = limyy"(t) = ", vy (t,) =y, and y{ (t,) = 0;
t—0 t—0

10
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Figure 4: Phase pOI‘tI‘?lit sketch of right  Fjgure 5: Phase portrait sketch of right
system when k™ > 0in (11). system when k+ = 0in (11).

(b1) y4 (t) monotonically increases and ¥ (¢) decreases as ¢ increases. y1 monotonically de-
creases as y; increases;

- -
(1) lim 00—y, G0
=0dyy (1) -t dyy

Py positive, A +A\J <0,
dh) —5is €0, A +A3 =0,
h negative, A + A\ > 0.
Here we need to emphasise that S, is more complex than S}, so we need to discuss the
results about Sy based on the ranges of the parameters £+ and ).
Theorem 4.2. If k* > 0 (see Figure 4), we have S5 : (0,zF) — (y,,y"), 2] — yg, which
satisfies

(a = A)(a = Ag) (e — e — (A - ADKY
(a = A )e™ — (a = AF e
(64;75 _ ef)th)k,Jr _ (/\;- _ )\il—)ef(Aj”r/\j)t

(a— X )e Mt — (a — A )e Nt

vo (1) = [k" +

]7

t € (t,,+00).

)

(20)
We have following results about S5 :
c (1) — S () — : + (1) — ot : (1) — ot
(a2) lim g () =y, lim 2y (1) = 0, lim yy (1) =y, and lm oy (t) =23

(b2) yg (t) and o} (t) monotonically increase as ¢ increases. y, monotonically increases as

increases;

dyg (¢ dyd
(c2) lim yoT(): lim 2 =
—toodry (t)  af et da

+oo, AT+ A >0,
Et, AN+ 25 =0,
0, A+ <0.
Theorem 4.3. If k* = 0 (see Figure 5), we have S5 : (0,zF) — (y,,y"), 2] — yg, which
satisfies the same parametric equations as (20).
In addition, about S5 we have following results:

11
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c () ~ +4) — : +4) — ot : +4) —

(@) lim yq () = yr, lim 27 () = 0, lim y5'(t) =y, and lim 27 (t) =2
(b) The same as (b2) in Theorem 4.2;

dy (¢ dyg

(c) lim y(jr< ) = lim L[jr

e

Theorem 4.4. If k™ < 0 and a > A\ (see Figure 6), by denoting from £, (z;",0) = 0

= 0.

Kt + M — a)]
(@a—=A)(a—A7)"

we have S5 : (0,27] = (y,, 03 (£) . (zF,0))], 27 +— yg . which satisfies the same parametric
equations as (20) but t € (t,,t] ], where t) is the only zero point of function

(1) = kK Do(a = AN = A (a = A — (0 — A (@ — AD)(a — A9).

In addition, about S;r we have following results:
@) yg (tr) =y 1 (t) = 0,55 (ty,) = 65 (ty,, (2,7, 0)) and 2 (tg ) = 27
(b) The same as (b2) in Theorem 4.2;

dyq (¢) dyg
C) — =0 = —| +_+=0.
© dz (t) =t dat ot =

The phase portrait of the right system in this case has the characteristics that x; is in the
fourth quadrant and SM™ has a positive slope. The corresponding trajectory tangent to the
z-axis at (x;, 0), see Figure 6.

y
Y.
Y,
N
Y, e
h >
. Ly
X F +
e

Figure 6: Phase portrait sketch of right
system when k™ < 0 and @ > \] in

(1.

Figure 7: Phase portrait sketch of right
system when a = A in (11).

Theorem 4.5. If @ = A\ (which implies k™ < 0, see Figure 7) , we have S5 : [0, +00) —

[y, +00),z{ + g, which satisfies the same parametric equations as (20). In addition, we

have the following results about S
() — () — : +ipy ' +(p) — )
(a) tlglg Yo (1) = yp, tlgg xy (t) =0, tLleroo Yo (t) = 400 and tkgéo x] (t) = +o0;

12



(b) The same as (b2) in Theorem 4.2;
dyg (¢ dyg
Yo ®) _ i i
t——+o0 de'l (t) m'f—%‘,—oo de'l
The phase portrait of the right system in this case has the characteristics that x is in the
fourth quadrant and the slope of SM™ is 0. The corresponding trajectories of St extend to infin-

ity, see Figure 7. Finally, the most important theorem will be the main basis for our conclusions
about limit cycles.

=0.

Figure 8: Phase portrait sketch of right system when a < A in (11).

Theorem 4.6. If a < \| (which implies k™ < 0, see Figure 8), we denote

O —a)

ATt
I N S 21
p(a) [(Ag_—a)kf—] 2 1’ ( )
(A3 — ) 5t
kyp = [();L_—GW] AL (22)
= -af A Af
by = [(Af —a) 2 — (A —a) 2 [\ —a) M — (A —a)2 . (23)

Meanwhile, we denote tgh as the unique zero point of function
3\, —ATt +\ ,—ASt
m.(t) = (a— A )e 1" — (a— Ay )e 2",

Then we will consider three cases according to the value of k™
Case 1: a < k™ < p(a)

We have S : (0, +00) — (Y, +00), z] — yg, which satisfies the same parametric equa-
tions as (20) but t € (¢,,t%, ). In addition, about S5 following results hold:

(al) th_}rg yi () = v, tlgg i (t) =0, li{%nlysr(t) = +oo and t££ xf (t) = +o0;
(b1) yq (t) and x7 (t) monotonically increase as ¢ increases. y; monotonically increases as
increases;

(s

13



(c1) The graph of map S has the asymptote y; = k,z7 + by,
d2 +
@I-A)YIEAS +Af >0, =2 <0,
da
1
(d1-B) If A + A\ < 0, there exists an increasing inflection function

(AF + 2 me(1) = VAT +25)2m2(0) + 404 = )2 = Af)(a = Af)e 7 D

0
K, (1) = 200 — A7) t € (t,t0).
(24)
Moreover, for t € (,,t9, ), K,.(t,) < K,(t) < p(a). Denote A,.(k*) £ K, (t,(k7)) — k™, then
one of the following assertions (d1-B1) and (d1-B2) must hold:
2, +
(d1-B1) If A,.(k™) > 0, then d y02 < 0
dz
o« . +
dear positive, ¢, <t <ty,

(d1-B2)If A, (k%) < 0, there existsaty = K (k™) such that

: _
e 150, t=tg,

! negative, t5 <t <td |
where the ¢,.(k™) is the inverse function determined by

+ ATt + M\t + +
Agetttt — Afer2tr — (A — AT)

T i
eMtr _ oA tr

kt =a+ . (25)

In particular, if \] + A\ < 0, then lim A,.(kT) > 0.

kt—p(a)
AL A
a— N —A\f
We have S5 : (0,4+00) = (y,, +00),x] — yg , which satisfies the same parametric equa-
tions as (20) but t € (t2, ,¢,). In addition, about S5 following results hold:
(a2) The same as (al) in Theorem 4.6;
(b2) yg (t) and =1 (t) monotonically decrease as t increases. 7 monotonically increases as
increases;
(c2) The same as (c1) in Theorem 4.6;
d*yo
2
Ty
(d2-B) If AT + A > 0, the inflection function K, (t) is still increasing but ¢ € (¢2, ,¢,). More-
over, for t € (2, ,t,), p(a) < K,(t) < K,(t,). Furthermore one of the following assertions
(d2-B1) and (d2-B2) must hold:

Case 2: p(a) < kT < +a

(d2-A)If AT + \f <0, > 0;

d2y+
(d2-BD) If A, (k%) <0, then —2% > 0;
dai?
1
fp 0 +
dear positive, t, <t <fig,

(d2-B2)If A,(k*) > 0, thereexistsaty = K, !(k™) such that

e is<0, t=tf,
x .
! negative, ti <t <t,,

14



In particular, if \] + Ay > 0,then lim A,(k") < 0and A,.(k")] At =0.

kt—p(a) kt= 2 ta

Case 3: k* = p(a)
We have S5 : (0, +00) = (y,, +00), z] + yg, which has the expression y4 = k,z] + b,,.
For every z1 € (0, 4+00), it holds that
D (1), (21,0)) = (0,45), ty, =tg =t

m

Besides, y, = b,. If A} + Af = 0, we have b, = 2y = —2zF(a + /a2 — A\}*) and k, =
Va2 =2’ .
The phase portrait of the right system in this case has the characteristics that x; is in the

fourth quadrant and SM ™ has a negative slope. The corresponding trajectories of ST extend to
infinity but take finite time from (z1,0) to (0, ys ), see Figure 8.

yg"‘l —————————————————— * @
S i @
! ®
® i
Y |
S !
_y' . 0 ‘%'-u! —@7; 0 ]
(@) f~ when k= = 1:\;_’\5)\_ +1and (b) f* when kT = p(a) and DA +
A4+ >0 Lo A < 0,0 +AS =0,0M]+AF >0

Figure 9: The graph sketchs of f~ and fT

5. Crossing limit cycles in the system (11)

First, we introduce a way to draw the two parts of each ST in a Cartesian coordinate
system. For S| (S;) we define f~(—y;) = vy (fT(—vy{) = yg). For Sy (S5) we define
[~ (z7) = yo (fT(z7) = yg)- The functions obtained in this way (see Figure 9) are denoted
f~ (orange) and f* (blue). Then, for convenience, we denote fi* = f*|,-o and f5* = f*|,>0.

In fact, we draw the graph of (S~)~! and S™ in a way that does not change the number
of their intersections but is more intuitive. With the exception of a double fold singularity at
x = —y, = —y;, it is not difficult to see that the number of intersections of f~ and f7 is
equal to the number of crossing limit cycles of the system (9). We know that f; is increasing
from (h2) in Theorem 3.1. In addition, if \] + A\, > 0and Ay(k™) £ K;(t)(k™)) — k= > 0,
function f; is first concave and then convex with the increase of x; from (d2-B2) in Theorem
3.1. Therefore, there exists y* < y; (see Figure 10) to make the straight line connecting the
points (0, y*) and (z,,, y, ) tangent to the graph of the function f, .

15



Figure 10: The sketch of y*.

AL Ay
L= — Ay
(21) for p(a)), and AT + A\ = 0. For every b, € (y*, min{y;,2y; }), there exists 6(b,) > 0

Theorem 5.1. Assume that \] + \; > 0, k™ = +1,a < A\, kT = p(a) (see

. —b, y; —b
such that for every k, € (ys b Ys —% 45 (b)), system (11) has 3 crossing limit cycles.
x

Proof. Our discussion is baseg on f~ aﬁd fr:

(I) We have the following results for f~. f;, f, are increasing by (b/) and (b2) in Theorem
3.1 respectively. If AT + A5 > 0, from (d/) in Theorem 3.1, f; is convex. If AT + A, > 0

and k= = —22— + 1. From (d2-C) in Theorem 3.1, Ay(k™) > 0. From (d2-B2) in Theorem

3.1, f5 is first concave and then convex. From (c2) in Therem 3.1, slope of f; is equal to 0 at
r=0andx = z,;

(IT) We have the following results for f*. If \| + \J = 0, so from (d/) in Theorem 4.2 and
Remark 4.2, the graph of f;" is a straight line of slope 1. If a < A", k™ = p(a), so from Case 3
in Theorem 4.6, the graph of f, is straight line of slope &, and y, = b,.

Noting that now if = is fixed, right system in system (11) can be determined by a and \J .
Moreover, through Case 3 in Theorem 4.6 when A\ + A\ = 0, we get following relations

_ bp + bp kpbp
a= _(E +kp)y A = \/(E)2 + o

Therefore, f* can be determined by &, and b, instead of a and A\ (a < —\J). We know f5, f5
have no intersections if b, > y_ because k, is positive. Here, we consider the case b, < y; .
Therefore, we classify and discuss different results according to the range of b,:

(1)if wesetb, € (y,y, ) and k, € (y;—ib”, yi—ib”—i—é(bp)), then f, , f;" have 2 intersections.
Specially, when £, = yi—ib”, the graph of f; passes through point (z;,, y; ); when k, = y;—ib” +
4(b,), the graph of f, is tangent to that O,f fos )

(2) if we setb, € (y*,y] and k, € (%—ib”, yx—ibp +6(by)), then f5, f5 have 3 intersections;

(3) if we set b, € (y,2y; ), then fi, f; have 1 intersection;
(4) if we constrain b, < y,, then f;, f; have no intersections.

16



S —b, y; —b
In conclusion, when b, € (y*, min{y;,2y, }) and k, € (ys E Yo — 0 4 5(by)), f~
Ty Ty

and fT have 3 intersections. ll
Now let’s consider other parameter conditions to get different results. Define follow equa-

tions about parameters a, A\{", \y , kT, 27

bp:UhZ/;r :(727kp:a37 (26)
and a function
o B8 g Moo
I(A) =M In(1 Te Te — In(1 - ——=— 27
( 2 ) 2 n( + A;— o o'la:}a'g ) + (A;- - o'lx}o'g CC;'_ ) n( 0_3 )7 ( )

where o1, 09, 03 are constants and o, > 05 > 0, 03 > 0.
Lemma 5.2. Equation

) =0 (28)
. + 01— 02 01— 02
has at least a solution for \J € ( P + 03).
01— 09 01 — O

+ . . .
Proof. [(A5 ) is continuous in ( P

2 .
e 3 +03). Moreover, we have lim, ez IA) =
I(AJ) = —o0, so Lemma 5.2 holds. B

e
+OO al’ld hm)\;%ﬂ;ﬁ& +0‘3

Lemma 5.3. Assume that a < A and kT = p(a)(see(21) about k* and p(a)). Solution of
equations (26) can be expressed as

(
Ay = s,
0301
A — 01— 02 zs
1 = +  ox _ 01—02”
Le st — T (29)
o1
03+
a=s"— - o
* g1—02 3
S =
\ Te

01— 09 01 — O
b 7 xf
Proof. Let k™ = p(a) and a:j be fixed, then the equations (26) are now with respect to a, )\f, )\5“.
From (21), (22) and (23) we can get b, = 27 (A + Ay — 2a — k, + p(a)). Then the equations

(26) can be expressed in the following form

where s* is the solution of equation (27) about \J in ( 2 4 03).

4
l()‘;_) =0,
o301
/\+ o 01 — 02 . wz'
= z+ )\;- _ o1=o3’ (30)
ze
01 — 02
a=\ +\ — T 03
\ e
But notice that a < A\ < 0, we get
01— 02 01— 02
— <Ay < ——— + o3
xe Ie

17



and then Lemma 5.2 holds. Therefore, Lemma 5.3 is proved. B
AL Ay
1- A -\,
(see (21) for p(a)). Based on Lemma 5.3, if oy € (max{y*,y; },u), 02 € (y; ,01), then there

exists d(oq) > 0 such that for every o3 € (ys — 01, Yo 01 d(01)), system (11) has at least
Ty Ty

Theorem 5.4. Assume that \| + \; > 0, k= = +1,a < A and kT = p(a)

4 crossing limit cycles.
Proof. Similar to proving Theorem 5.1, for f~ we have f; , f, are increasing, f; is convex,
and f, is first concave then convex. The slope of f, isequaltoOatx = 0O and z = z,,. In
addition, for f* we have f;" is increasing. The graph of f, is a straight line of slope &, and
Y, = b, (from Case 3 in Theorem 4.6).

We set oy € (maz{y*,y; },v), 02 € (y; ,01) and 03 € (y;;fl, y;;,"l + 0(0q)) (the ()
is the same as that in proof of Theorem 5.1). According to equuations 1(26) and Lemma 5.3,
then we have b, € (maz{y*,vy; },u) € (v*,y] and k, € (y;—ibp, y;—ib" + 0(by)). Therefore
f5, /3 have 3 intersections. In addition, we have b, € (mam{gj*, Yp }u, y) and v, € (y; ,bp).
So f{ (0) > f;7(0) and f; (—y; ) < fi (—y; ), then f; and f; have at least 1 intersection. In
conclusion f~, f* have at least 4 intersections.

AN

- N
-y,
t & L

_y-t_ (0] ',;u_ _gt+ '0 'x:u

Figure 11: The sketch of 4 intersections “*”  Figure 12: The sketch of 5 intersections “*”
of f~ (orange) and f* (blue). of £~ (orange) and f (gray).
I 12 -
Theorem 5.5. Assume that \| + A\, > 0, k= = T — o +1,a < A{ and k™ = p(a)
A TR

(see (21) for p(a)). We set 0y = y;, 00 = y, , then there exists 6(y;) > 0 such that for every

o3 € (yS _ U , Ys 045 (y1)), the conditions of Lemma 5.3 are met and system (//) has at
Ty Ty
least 3 limit cycles. Denoting 77 = 27 — e and x = (2, k2T, If

DYEEED D SRR Vi
AT Ay © A AT T

> 0,

then for any sufficiently small € > 0, the following system

, {BWX—TL x € ¥,
X = 2

B~ (x —x), XGZ%. (D



T T
201 X:14.37 "
Y- 19.02 o X:2402
191 e Y:19.98 |
181 e |
X:0 A
171 : N .
Y:17.58 —fT(x)
16~ .
=Y
15 .
14~ .
13- .
12~ .
111~ X:-9.989 n
VY:10.01
10t I I I I I I =
-10 -5 0 5 10 15 20

T

Figure 13: The graphs of f~ and f that possess 4 intersections.

has at least 5 limit cycles.

Proof. Similarly, we have f, , f; are increasing, f; is convex, and f, is first concave then
convex. The slope of f, is equal to 0 at z = 0 and x = . For f™ we have f;" is increasing.
The graph of f, is a straight line of slope &, and y,. = b,.

We set 07 = y;,00 = y; and 03 € (ys = ys —% 4 §(y;)) (the o(-) is the same as that
in proof of Theorem 5.1). According to equatlons (26) and Lemma 5.3, and then we have
b, = y,y;, =y, and k, € (%,% + 8(y;)). Consequently, f, f; have at least 1
intersections of abscissas y, and ;“2’ I “have 3 intersections with an abscissa being 0 (see

Figure 11). Since the intersection at z = —y, 1s not a limit cycle but a double fold singularity,
system (11) has at least 3 limit cycles.

Next, to make jy(l > dyo at —y, so that f;" ¢ f; in a small neighborhood of —y; , we take
Yo ( ) dyg (8) _
Taylor expansions for & Qe (0) and W) att = 0 and get
dyi(t) =—14= (/\i + At — —(Ai + A+ o(t?), (t—0). (32)
dyi (1) 3 9

From the expressions of yljE () and (19)), by the method of undetermined coefficients, we obtain
the Taylor expansions

yr(t) = y; — A Az (3t + 222242 1 o(t2)), (¢ — 0)
t

- AN, oo - - _ _
_ﬁ(% —y ) - %m(yl —y )P Follyr —w ), (i —w)

(33)
uf (1) = it = Xl (bt + 255502 4 0(12), (£ —0)

A ar
t:—m(yf—yﬁ 2w(91 =y ) ol —u)?), (W =)
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Then by substituting the ¢ in (33) into (32), we get

dyg AT+ A5
ﬁ =-1- %(y% —y) oy —w ) (U = w)
values greater than f; .
Noticing from (19) and (20) that the coordinates of the points on the graph of f* are all
proportional to =, we appropriately reduce = by a sufficiently small € (z} = = — ¢) and
keep other parameters unchanged, so that we get the system

then jz—g > jyi?t holds in a small neighborhood of 3; . Then f;~ will have
1 1

x =Bt (x—x), xeXf. (34)
2

We denote fr the function obtained in a similar way in Figure 9 of the system (34) and fif =

f+|m<07 f2+ - f+|z20- Then bp < bp =Y g;- < yf =Y where

+ + + +
- - Ag A2

by =T (A —a) 0 — (A =) (A —a) e = (A =) g = (o - k)T
but it still holds that f;" has values greater than f; . Therefore, f," has at least 2 intersections
with f;. f.F still has 3 intersections with f, for the continuity with respect to 2 (see Figure
12). System (31) has at least 5 limit cycles. B
Finally, we present a numerical example below obtained by Theorem 5.5. The parameters
of the system (11) are

A =—04, A\, =07, k- =06, z; =-25 z5=12

Then by setting 0y = y; = 17.5817, 05 = y; = —10, 03 = 0.0997, from (28) and k* = p(a),
we get

A = —8.7105, \J = 6.4171, a = —8.7130, k* = —0.3794.

We can see (from Figure 13) f~ and f* have 4 intersections. By letting ¢ = 0.002, 7 = 1.198.
We denote the graph of the system AT(x — xF), x € X¥ obtained by the way in Figure 9 as

fT. Then f~ has 5 intersections with f* (see Figure 14 and Figure 15). It is direct to verify that

A4 At . ) . . . .
= ;;, > 3 ,\t;+ > ( holds in this example. The ordinates of intersections are approximately
172 e 172 e

= 1234,y = 17.49,y5 = 17.58,y, = 18.91,y5 = 19.99. So there are 2 limit cycles
that only cross the positive y-axis and 3 limit cycles that cross both the positive y-axis and the
positive z-axis. Furthermore, in this example vy, y5 > y,7 = 17.67. This means that there are 2
limit cycles to the right of UM ™ in the first quadrant. Therefore, we give the numerical phase
portrait of the 5 limit cycles (see Figure 16).

20



X:24.47 71
Y:19.99
20 X:13.64 ]
Y: 18.91 _——
X:-0.1784 //,,,,,//——/"”“ 7
181 Y749 ! i (@) | |
X: 0.2879 —f(2)
Y:17.58
16 _
=Y
14 _
X: -7.49
Y:12.34
12 / 4
//
10 \,/ | 1 | | | | |
-10 -5 0 5 10 15 20 25

T

Figure 14: The graphs of f~ and f* that possess 5 intersections.

6. Proof of results about section maps S~ and S+

6.1. Proof of Theorem 3.1

Proof. We substitute ® (¢, (0,y,)) = (0,y; ) and (¢, (0,9, )) = (21, 0) into (13), then
expressions (14) and (15) can be obtained excluding the range of ¢. By substituting y;” > 0 into
(14), we obtain h;(t) < 0, which is equivalent to ¢ < ¢; (see Figure 15). Thus (14) is obtained.
From (15) we know that z; > 0 is equivalentto ~; > 0 (¢ > t;)if m; > Oandto h; < 0 (t < t;)
if my < 0 (recall that m(t) = (1 — Ay )eM2t — (1 — A\ )eM?). We will try to figure out the sign
of m; by figuring out the magnitude of ¢; and the ¢ in (15) later. (a/) and (a2) can be obtained
directly from hy(t;) = 0, (14) and (15).

To examine the monotonicity and convexity, we take the derivative of (14) and (15) then get
respectively

dyy (1) Age Mt — e 2t —(\; —\))

= . — A\ -
dt (€A;t — e)\ft)2 <)\2 )\1 >e ( Le )’ (35)
dyo (1) _  Age ™Mt —Ae?e! — (A — A)) 36)
dyy (t) Ayedt — Nerrt — (A — A7)
dys (t
w0 _ (43 = AD[eosh(O1) —cosh (A3 0] + (07 +23)[eosh(( =ADN 1]
dt et — et — (A = AD)P/(=2A7 A7) ’
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12.4 17.51 -
/ 17.586
ks o 1751 x..0.1784 -~ 17.584 ]
12.35 A 255 17.49f  Y:17.49 / EIETY E— )?62879 -
17.48 17.58] Y:17.58
12.3 17.47 17.578|
17.46 17.576
-7.55 =-7.5 -7.45 -7.4 -0.2 -0.16 -0.12 0.27 0.28 0.29 0.3
19 20.04
. - 20.02 X: 24.47 )
gzl 20 Y1099 _
18.9 // 19.98 T //
// 19.96 -~
18.85 1o o
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Figure 15: The details of the graphs.
and
dyy (1) at) (= o B
C(Ay =AM R (g 38
dt mlg (t) ( 2 1 ) ( e ) ( )
Ao (6) Ay (1= ANt — A (1= A )edt — (g — Ak
dy, (%) B
oo Dtk (AN )e Oy “0)
dt A (1= A0)eMt = AT (1= Ag)edt — (A = AD)k]?

where g,(t) = [A; (1 = A )e™ " = A1 = Ap)e™™ k™ = (A = AD)(1 = AD)(1 = Ay),
Dyt k) = (A = A0k 4+ (A7 + A mu)k™ — (Mg = A1 = AD)(1 = Ay e 22t

For (b1) and (b2), noticing through qualitative analysis that yO < 0and Z(i > 0, we only
need to determine the sign of (35) and (38) then the sign of & ( ) and dml ( ) can be determined.
It is direct to verify that (35) is positive. For (38), we denote the Zero pomt of g;(t) as tol By
substituting g;(t7 ) = 0in to hy(t) ), we can get

(A=A =) =k (= AT = M)A = A1)

_ a0 _
hl(tgl) = >\5(1 . )\f)k,_ (k e X2 tgl - (1 - )\2 ))
~EkTe Tt - (1-0g), ik # A__A_ +1,
_ e p— Mg
=0, ifk™ = T o +1,

to mean that they have the same sign. Then we denote F'(t) = k~e ?2t —

6‘ 2

where we use
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Figure 16: The phase portrait of 5 limit cycles.

A 7D

4

Figure 17: The graph sketch of h;(t).

(1 — \3), and the zero point of it as ¢%.. By substituting ¢% into g,(t) we get

Gt = A\ (1= M\)[ke™M % — (1 \)] ~ k™ — [m]ﬁ
F 2 2 1 1)
i - - AN (YRl Frawws
Using numerical methods, we can verify that —1=2— + 1 < | 1M (0 < A < 1),
1—>\1 —>\2 (1_>\2—))\1

which means g;(t%) < 0 and t3, < t) . Subsequently F(t) ) < 0 which means h;(t)) < 0 and

tgl < t;. Note that the ¢ in (15) can reach +oo, so g;(t) > 0 for all ¢ > ¢;. Consequently (38)

is positive, then dxé;t(t) is always positive when ¢ € (t;,+00). Therefore 7 > 0 is equivalent

tot > t;, and m; > 0 when ¢ > ¢;. In conclusion ¢ € (¢;, +00) in (15). (cI) and (c2) can be
deduced direcly from (36) and (39).
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As for (d1), we expand the molecule in (37) into the Taylor series

(A — A7) [cosh(ATt) — cosh(A; )] + (AT + Ag)[cosh((Ay — AT)t) — 1]
= (3 = ADOT+23) 3 3 [(Coun = DO (A

~ A+ A,

then by verifying the sign of (37), (d!) can ba obtained.
For (d2-A), we take the derivation of D;(¢; k™) in (40) and get

dD -
5 = AT A0 g (1),

When A\] + A; <0, % < 0. Noting that D;(0;k~) < 0, we have D; < 0. Thus because

Di(ts k) ~ =S, S g,
For (d2-B), when A] + A; > 0, through the root formula we write D(¢; k™) as

Dy(t; k™) = (k= Ki(8))(k — Ki(t))

where

—(F A M) — OF FA0)PmA() 40y = ADP(1 = A (1= Ay el
20 — A1) |

Ki(t) =

It is not difficult to see that &; > 0 and K] < 0, so in order to determine the sign of D;(¢; k™)
we only need to consider whether it is possible that K;(¢) = k~. Noting that % > (0, we have
Yty <y, 0= (Ki(ty) — Ki(t1))(Ku(ty) — K[(t)) < (Ku(ty) — Ki(t2))(Ki(t) — K{(t2)). So
K,(t) is decreasing and K;(t) € (0, K;(¢;)). Now we need to determine the sign of K;(t;) — k.
(17) can be obtained from h;(¢;) = 0. And by direct calculation we can get % < 0, so the
inverse function ¢;(k~) exists. Then (d2-B) can be obtained.

As for (d2-C), we have to remind that when £~ — 1— )\, , ¢, — 400, which can be obtained
from hy(t;) = 0. In addition, from (16) we have lim; , ., K;(t) = 0. So when k= — 1 — A;,

A(k™) = Ki(t;)) — k= < 0. When k- = A g noting that dyp. = 0 and

1-A] =)y dzy 'z =0
_ )
lim,— - jxi? = 0, it is not hard to obtain that 3¢ € (0, z;) s.t. :T?le{:f = 0 by differential

mean value theorem and intermediate value theorem. B

6.2. Proof of Theorem 4.2-4.6

Because the proof method is basically the same as that in proving Theorem 3.1, we will
only give some of the more important details of S5~ and do not talk about S;.
Proof. We will first figure out the sign of m,.(t) and g,.(¢) which plays the key role in determining
S5 and in dividing it into five categories to discuss.
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It is not difficult to verify by direct calculation that m,.(0) = A\J — A\] > 0, g.(0) =
[(a =X — Akt —(a—A)(a—Ay)] > 0. When k* > 0 or &k —Oora—)\l,gr( ) > 0.
When a > A\ ,m,(t) > 0. From (20) we have

Y

dyg () _ 9:(8) 1+ 4 N
G oz e A oD

where t € (t,,+00) in Theorem 4.2, 4.3 and 4.5. However the sign of m,.(t) when a < \] and
the sign of g,(t) when k < 0,a > A\ or a < \{ are not apparent. So we denote the zero point
of g(t) as t) , and substitute it into h,.(t),

Ay =A@ = AN (@ = A3) = (a =AY = A )kT]

0 2gr— — (
he(t)) = [kt — (0= X)) KR

gr

—[k*e 29T_<a_)‘§r)]a if k # )\+ /\++a
=0, ifk= _’\)\+’\/\+—|—a

Then we denote G(t) = kTe* % — (a — A}) and the zero point of it as t%. By substituting ¢,
into g, (t) we get

>0, if k<0,a> M\,

(19) = AF(a — AT ETeMte _ (g — \TF
9:(1g) = M (0 = MYITN'S — (= ADIN T <

AMAL

22+ g when a < )\, where
a—A] =Xy

We can verify through numerical method that a < p(a) <

the equal sign is only taken when a = \]. So we have

tr>t, whenk < 0,a> A ora <A ,a<k<p(a);
AT
12

t, < tgr when a < )\f,p(a) <k< W
A BV

+ a;

AL As

— 212t
a— A=\

tr=1t, whena < A,k =p(a)ora <A k=

When k < 0,a > A\, g.(t,) > 0. z increases as ¢ increases from ¢, until ¢ reaches tST,
where we can find that it is the time corresponding to the trajectory tangent to the x-axis. So in
this case (Theorem 4.4) t € (¢, ].

When a < A, we denote the zero point of m,.(t) as ¢9, and substitute it into k().

(A = AD)[kred e —(a—AD)]
a— N\

hy (tgnr) = —G(t?nr).

Then we substitute £, into m,.(¢) and get
mr(t%) ~ gr(t%‘)v
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which means that

tr <t9, whena < A,a <k < p(a);
ATAS

t, >t whena < A\ ,pla) <k < —2172

+ a;

t, =10

m

_when a < AT,k = p(a).

So now it is not hard to obtain that ¢ € (¢,,t0, ) whena < A{,a < k < p(a), and t € (2, ,t,)

T my
I APAT
when a < A\[,pla) < k < aﬂ\}fg

t, — 2, when k* — p(a), so t is always equal to t), when k% = p(a). These form the three
cases in Theorem 4.6.
Next we prove some results in Case 1 of Theorem 4.6. (al), (bl), (d1-A), (d1-B) can be
deduced similar to proof of Theorem 3.1. .
To obtain (c/), remind that k, = lim y(l ®)
t—t9, x7 (%)
For (d1-C), similarly we get by seeking derivation that

+ a. In addition, from h,(t,) = 0 we can verify that

and b, = lim yg (t) — k2 (2).
=10,

dyg ()
o _ D, (1) - (£) (~Af A el A1
d A (a— MA)e Mt = M (a— A\ )e Mt — k(Af — A2
da:‘f(t) g (t) ot
— T . )\"" _ )\"" —(AT A+
dt m%(t) ( 2 1 )6 $e )

where D, (6 k) = (\f = At = (X 08 Jmy (0 = (6 = A ) (a= AT ) (a= X e O+
From these relations we can know that
APy

D,(t;kT) ~ )
(80 ~ =

Then we have from (25)

A\t T

dt, (e,\;tr _ e/\ftr)Q
and
dt, 1
_|k+: Q) = £ [ > O,
Al ga) = p@) (A + 2] — a)
AT .
where ¢(a) = w7 1 a. Now we make Taylor expansion
A=A —A2

ty = ty, +1(" —p(a)) + ok —p(a)), (k" — p(a))
e?lrtur) = 14 ol(k = p(a)) + o(k* = p(a)), (k" = p(a)).
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where o is an arbitrary constant, and get
Di(trik7) =2(A7 = A)p(a) (k" = p(a)) + o(k™ = p(a)), (k" — p(a)).
In addtion, by substituting ¢2, into D, (t; k") we have
Dy (ty,; k) = (A5 = AD) (K" + p(a)) (k" — p(a)),

from which we can obtain that D, (), ; k%) ~ D, (t,; k"), (k* — p(a)). So there cannot exist
a time t, such that D, (to; k™) is opposite to D,.(¢9, ; k") and D, (t,; k") when k™ — p(a), or
there will be two inflection points.

Case 2 and Case 3 of Theorem 4.6 can be deduced similarly. l

7. Summary

In our investigation, for a linear lateral system of S-S type, we simplified the system
(reduced 3 parameters) by topological transformation under certain conditions, discussed the
characteristics of the section maps, and obtained the conclusion that the system can have at
least 5 limit cycles. In fact, we found a procedure that can be used to make such systems
generate 3, 4 or 5 limit cycles in some cases. Some results about the number of limit cycles
were obtained in the linear lateral system of F-F type. However, it is worth noting that in PWLS
with a straight separation line, the F-F type systems can have more limit cycles than those of
the S-S type. In this sense, our results are significant because it means that there are more limit
cycles undiscovered in the F-F type lateral systems.
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