On the Accuracy and Robustness of
Randomised Methods for Matrix
Computations

DO
NV
1L

S

MI | MINA
S TIO

LV | MEA
—

Taejun Park

Worcester College

University of Oxford

A thesis submitted for

Doctor of Philosophy

Trinity 2025



Acknowledgements

First and foremost, I would like to express my deepest gratitude to my supervisor, Yuji
Nakatsukasa, for his unwavering support and guidance. His passion for research, boundless
enthusiasm, and never-ending ideas have been a constant source of inspiration and motivation
throughout my DPhil. I truly owe the researcher I am today to his mentorship.

I am grateful to my examiners, Hussam Al Daas and Stefano Massei, for kindly agree-
ing to examine my thesis.

I would also like to express my sincere thanks to the professors who have inspired and
supported me along the way: Nick Trefethen, Per-Gunnar Martinsson, Coralia Cartis, Jared
Tanner, Andy Wathen, Patrick Farrell, Kathryn Gillow, Endre Siili, and Laura Grigori. Their
insights and encouragement have played an essential role in shaping my academic journey.

[ am thankful to the Heilbronn Institute for Mathematical Research for sponsoring
my DPhil and supporting my research.

To my friends in Oxford and those I have met at conferences—India, Aaron, Umberto,
Pablo, Kars, Mingdong, Irina, Ryan, Alan, Malena, Nicolas, Alice, Astrid, Ethan, Alberto,
and Diana—thank you for your companionship and the many memorable moments we shared.
Each of you has contributed to making this journey truly unforgettable. I am especially
grateful to Maike, Charlie, Boris, Karl, Lorenzo, Nathaniel, and Jung Eun—your friendship
and support have been invaluable. I know that my journey would not have been the
same without each and every one of you.

Finally, and most importantly, I want to thank my family—my mum Kyung Mi, my dad Han
Young, my brother Yongjun, and my grandparents—for their love, support, and encouragement
over the years. Their boundless belief in me has been a constant source of strength, and I am

truly grateful for everything they have done. I would not be who I am today without them.



Abstract

Randomised numerical linear algebra provides scalable and robust tools for tackling
large-scale problems in the computational sciences. This thesis investigates the accuracy,
stability, and robustness of various randomised algorithms, with a particular focus on low-
rank matrix approximations.

We begin with a sketch-and-solve approach for approximating trailing right singular vectors
of a tall matrix. Using multiplicative perturbation theory, we show that accuracy depends
on the relative spectral gap. To improve efficiency, we introduce a sketch update technique
that handles matrix modifications without recomputing the full sketch.

Next, we explore the Nystrom method for symmetric indefinite matrices. We identify
a key source of instability in the standard approach, caused by inaccurate singular value
estimation in the core matrix. To address this, we propose a robust variant that truncates
the core matrix based on the target rank-representing, to our knowledge, the first stable
Nystrom method designed for symmetric indefinite matrices.

The rest of the thesis focuses on the CUR decomposition, where a matrix is approximated
using a subset of its rows and columns. We analyse both its accuracy and numerical
stability, emphasising the role of dependent index selection and the benefits of oversampling.
Our theoretical results lead to a numerically stable CUR implementation, highlighting how
oversampling mitigates the effects of poorly chosen indices.

Finally, we introduce two efficient, rank-adaptive algorithms-AdaCUR and Fast AdaCUR-
for low-rank approximation of parameter-dependent matrices via CUR decomposition. These
methods aim to reuse previously selected indices across parameter values, thereby greatly
reducing computational cost. While AdaCUR offers adaptive rank selection and error control,

FastAdaCUR achieves faster runtimes at the expense of robustness.



Notations

We use MATLAB style notation for matrices and vectors. For example, for the i¢th to jth
columns of a matrix A, we write A( : ,7: j). All matrices and vectors in this thesis are

boldfaced. Below is a list of commonly used notations.

Notation Description

k target rank or number of singular vectors approximated
[A], best rank-k approximation to A

U left singular vectors

by diagonal matrix of singular values

\4 right singular vectors

oi(A) ith largest singular value of A

Ai(A) ith largest eigenvalue of A in magnitude
AT Moore-Penrose pseudoinverse of matrix A
I, n X n identity matrix

QW orthonormal matrix

nnz(A) number of nonzero elements in matrix A

u unit roundoff, u ~ 10716 in double-precision
RIS spectral norm

IR Frobenius norm

Il 11, nuclear/trace norm

Il unitarily invariant norm




Notation

Description

5 sketch size
S subspace embedding
Sa Gaussian embedding
Sr subsampled randomized trigonometric transform (SRTT)
Ss sparse map
X row sketch of A, X =STA
Y column sketch of A, Y = AS
P projection matrix, P? = P
Py orthogonal projector, Py =YY
Py c oblique projector, Py ¢ = Y (G'Y)IG"
C column subset of a matrix
R row subset of a matrix,
or upper triangular factor in the QR decomposition
M middle matrix, intersection of the columns C' and rows R
I row index set
J column index set
1] cardinality of the index set [
11, I1, =1,(:,J) for index set J
Ary Ary=A(:, )AL J)A(L, +) = ATL,(I1; AIL;)'TI; A
[n] n] ={1,2,...,n}
Ty cost of matrix-vector product with A or A"
Ts(,fltch cost of sketching with sketch size s




Abbreviations

Abbreviation  Expansion

NLA Numerical Linear Algebra

RandNLA Randomised Numerical Linear Algebra

SRTT Subsampled Randomised Trigonometric Transforms
SVD Singular Value Decomposition, USV "

TSVD Truncated Singular Value Decomposition, U kEng
SPSD Symmetric Positive Semi-Definite

CSSP Column Subset Selection Problem

CPQR Column-Pivoted QR

LUPP LU with Partial Pivoting

CUR-BA CUR with Best Approximation, CCTAR'R
CUR-CA CUR with Cross Approximation, CM'R
SCUR-CA Stabilised CUR with Cross Approximation, C M IR
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Introduction

Numerical linear algebra (NLA) is at the core of computational sciences. In many computing
platforms, we can now routinely solve small- to medium-scale linear algebra problems (typically
involving up to 10° unknowns) reliably and robustly [Dem97, [ABBT99, [GVLI3].

In modern computational sciences, the volume of available data is growing at a re-
markable rate. Despite advancements in computational resources, many classical NLA
algorithms struggle to keep up with the sheer volume of data, rendering them increasingly
prohibitive. Given these computational challenges, there is an increasing demand for
algorithms capable of addressing large-scale problems. One promising framework is to
introduce randomisation to algorithms, giving rise to the field of randomised numerical
linear algebra [WLRTO0S8, [HMTI11, Wool4l, IMT20].

Randomised numerical linear algebra (RandNLA) is a rapidly emerging field that uses
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probabilistic techniques to reduce the computational complexity of many NLA algorithms,
making them more efficient than classical NLA algorithms. The central idea in RandNLA is to
embed vectors or matrices onto a lower-dimensional space, where the problem can be tackled
more efficiently. For instance, if a matrix exhibits underlying low-dimensional properties such
as sparsity or low-rank, we can compress it while retaining its essential information. This
technique of embedding a high-dimensional vector onto a lower dimension is called sketching.
The aim of sketching is to retain as much information as possible from the original matrix,
thereby creating a smaller representation that serves as a good surrogate for a given problem.
Sketching has proven to be a powerful tool in various fundamental linear algebraic tasks such
as low-rank approximation [WS00, [HMTTI], least-squares problems [Sar06, [RT08§], linear
systems [ARS21], BG22| [F'TU23|, NT24], and eigenvalue problems [BG22), IN'T24].
RandNLA algorithms offer various advantages that allow us to effectively leverage
computational resources [MDM™23]. For example, randomised algorithms scale well in parallel
and distributed environments [YMM16], exploit cloud-computing architectures [MSM14], and
account for computational constraints, such as when data are streamed [CW09, TYUCI9].
However, such efficiency gains come with trade-offs, often at the cost of some loss of accuracy.
Nevertheless, for very large matrices, sacrificing accuracy for speed is often acceptable.

Therefore, it is crucial to balance the two when tackling problems using RandNLA algorithms.

1.1 Outline

This thesis aims to analyse and design RandNLA algorithms, focusing on their accuracy, robust-
ness, and stability. We concern ourselves with two topics in numerical linear algebra: singular
value and singular vector estimation, and low-rank approximation, with an emphasis on low-
rank approximation. All experiments were performed in MATLAB version 2021a using double

precision arithmetic on a workstation with Intel® Xeon® Silver 4314 CPU @ 2.40GHz (16
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cores) and 512GB memory. Below we briefly outline each chapter and its main contributions.

In Chapter [2| we introduce the foundational concepts in classical NLA and RandNLA
that are integral to the thesis. This chapter provides essential background material to aid in
understanding the key ideas explored later. Specifically, we discuss subspace embeddings, low-
rank approximation, and column subset selection problem. These topics form the theoretical
framework necessary for the subsequent developments in the thesis.

In Chapter 3], we examine a fast algorithm for computing an approximate null space of a
tall-skinny matrix A € R™*™ (m > n), specifically aiming to approximate the trailing right
singular subspace of A. Using the sketch-and-solve paradigm, we obtain an approximate
null space, and its accuracy is analysed using multiplicative perturbation theory, extending
the work in [GPW12] to subspaces. The effectiveness and accuracy of this algorithm are
demonstrated through numerical experiments using the total least squares problem, and the
AAA algorithm for rational approximation. In addition, we propose a method for efficiently
updating the sketch when a column or row update/downdate is made to the original matrix,
which is particularly useful for problems like the AAA algorithm where the matrix undergoes

such updates or downdates. This chapter is based on the paper [PN23]:

o A fast randomized algorithm for computing an approximate null space, Taejun

Park and Yuji Nakatsukasa, BIT Numerical Mathematics, 2023

Chapter (4| examines the Nystrom method, a widely used algorithm for computing a
low-rank approximation of a symmetric positive semidefinite matrix, and explores how
it can be adapted for symmetric indefinite matrices. The Nystrom method can become
unstable and may fail when applied to symmetric indefinite matrices, potentially leading to
unbounded errors. We begin by identifying the key challenges in finding a stable Nystrom
approximation for symmetric indefinite matrices, and prove the existence of a variant that

overcomes the instability. In particular, we establish a relative-error nuclear norm bound
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that holds when the singular values decay rapidly. This analysis naturally leads to the
development of a practical algorithm, whose robustness is demonstrated through experiments.

This chapter is based on the paper [NP23]:

« Randomized Low-Rank Approximation for Symmetric Indefinite Matrices,
Taejun Park and Yuji Nakatsukasa, SIAM Journal on Matriz Analysis and Applications,
2023

In Chapters [5] and [6] we investigate the accuracy and numerical stability of CUR
decompositions with oversampling. The CUR decomposition approximates a matrix by
selecting a subset of its columns and rows. However, because the low-rank representation
involves a matrix inverse, careful implementation is necessary to preserve accuracy, and
prevent potential numerical instability. In Chapter [} we show that the CUR decomposition
can be implemented in a numerically stable manner by proving a numerical stability result.
Furthermore, in Chapter [6] we show that oversampling, which increases the number of
either columns or rows in the CUR decomposition can be employed to improve both
the accuracy and stability of the decomposition. This analysis leads to an oversampling
algorithm, whose competitiveness is illustrated through experiments. Chapters [5] and [f

are based on the paper [PN25al:

e Accuracy and Stability of CUR decompositions with Oversampling, Tacjun

Park and Yuji Nakatsukasa, SIAM Journal on Matrix Analysis and Applications, 2025

In Chapter [7], we present efficient randomised algorithms for low-rank approximations of
parameter-dependent matrices A(t) using the CUR decomposition. The key idea is that for
nearby parameter values, the same row and column indices can often be reused. Our algorithms
retain or minimally update these indices as the parameter changes, recomputing them only
when the approximation error exceeds a predefined error tolerance. The resulting algorithm is

rank-adaptive and incorporates error control, allowing it to meet the specified error tolerance.
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[ts complexity is competitive with existing methods. We also introduce a faster alternative
that forgoes error control in favour of speed—still rank-adaptive, but with a complexity at

most linear in the number of rows and columns. This chapter is based on the paper [PN25b]:

o Low-rank approximation of parameter-dependent matrices via CUR decom-

position, Taejun Park and Yuji Nakatsukasa, SIAM Journal on Scientific Computing,
2025

Finally, we conclude the thesis in Chapter [§] with a summary and a discussion.

14



Preliminaries

In this section, we review key ideas and results in numerical linear algebra (NLA) and
randomised numerical linear algebra (RandNLA) that complement this thesis. We focus
on four main concepts: (i) the singular value decomposition (SVD), a fundamental matrix
decomposition in NLA; (ii) subspace embeddings, which are the building blocks of many
RandNLA algorithms that allow us to preserve geometric structure when embedding data into
lower dimensions; (iii) low-rank approximations, which aim to efficiently represent a matrix
using matrices of lower rank; and (iv) the column subset selection problem, which identifies

representative columns of a matrix to form a near-optimal low-rank approximation.
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2.1 Singular value decomposition

The singular value decomposition (SVD) of a matrix A € R™ " with m > n is a matrix

factorisation of the form

A=USV' =3 oi(A)uw,

70
=1

where U € R™*" is an orthonormal matrix of left singular vectors, 3 € R™*" is a diagonal
matrix containing the singular values o1(A) > -+ > 0,(A) > 0, and V € R™" is an
orthogonal matrix of right singular vectors. Here, u;’s and v;’s are the ith columns of left
and right singular vectors, respectively. This form is often called the thin SVD.

Alternatively, by completing the orthonormal basis of U, the SVD can be expressed as
Xl T
A=[U,U,] V',
0

where [U,U ] € R™™ is an orthogonal matrix. This version is commonly referred to as
the full SVD of A. In this thesis, we focus on the thin SVD.
When A has rank-r where < n, the singular values satisfy o1(A) > -+ > 0,(A) > 0=

or11(A) = -+ = 0,(A) and the thin SVD can be written compactly as,

A= UTETV: = ZO’Z(A) ’U;Z"U;r,

i=1
where U, = [uy,...,u,] € R ¥, = diag(c1(A),...,0.,(A)), and V, = [vy,...,v,] € R™".
This compact form is particularly useful for data compression [EY36l (GVIL.13] and will be

revisited in the discussion of low-rank approximation in Section [2.3]

The Moore-Penrose pseudoinverse (or simply the pseudoinverse) of a rank-r matrix
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A € R™"_ denoted by AT € R™™_ can be formulated in terms of the thin SVD as
Al =v 3 Ul
Moreover, the pseudoinverse satisfies A" = (AT A)T AT which can be verified using the SVD:

(ATA)AT = (v, 22v)iv,Z U =V, 2*VV,. .U =V, 2 U = A"

2.2 Subspace embeddings

A central idea in RandNLA is to embed a high-dimensional problem into a space of lower
dimension, while approximately preserving the geometry of the original space. Our hope
is that by projecting onto a lower dimensional space, we are able to well-approximate the
solution to the original problem using fewer computational resources. A subspace embedding
is a linear map that achieves this by preserving the 2-norm of every vector in a given subspace.
The definition below follows [Wool4, [MT20], and originates from the work of Sarlds [Sar06],

which uses the Johnson—Lindenstrauss transform.
Definition 2.2.1 (Subspace embedding). Let A € R™*™ be a matriz of rank r < min{m, n}.
Then S € R™** (r < s) is a subspace embedding for A with distortion 0 <n <1 if

(1—n) | Az|, < |STA=|, < (1+n)||A=], (2.1)

for all € € R™ where ||-||, is the 2-norm.

Subspace embeddings are the building blocks of many RandNLA algorithms and we
typically have r < s < min{m,n}. Sketching is a technique where we multiply A by its

subspace embedding S, i.e. STA or AS, to preserve certain quantities of A in a lower
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dimensional subspace, for example, the column space of A or the norm of A. In Chapter [3]
we analyse how the row sketch S'TA approximately preserves the singular values and the
right singular subspace of a tall matrix A.

Many subspace embeddings are constructed using randomness. We refer to these as
random embeddings, which are embeddings drawn at random that, with high probability,
satisfy Equation for any matrix A. Random embeddings are oblivious (data-independent)
as they are designed to work for an arbitrary matrix A with high probability without seeing
A. There are also subspace embeddings that are data-dependent such as leverage score
sampling [MD09, DMIMW12]. In many settings, we do not know the column/row space of A
in advance, making it difficult to predict how S would interact with the column/row space of
A. Therefore it is much easier to use randomness to construct an embedding that satisfies
(2.1) with high probability for any subspace. Random embeddings are closely related to
various concepts like the restricted isometry property [CT06] and the Johnson-Lindenstrauss

lemma [JL.84]. Below, we discuss a few important examples of random embeddings.

2.2.1 Gaussian embeddings

A Gaussian embedding is a random matrix Sg € R™** with independent and identically
distributed (i.i.d.) standard normal entries [S¢]i; ~ N(0,1/s). Note that the variance is
equal to 1/s, where s is the number of columns. This scaling ensures that E HSI;tz = |||l
for each fixed & € R™. A key property of Gaussian embeddings is their rotational invariance
[Mec19). Specifically, if U € R™*" is a matrix with orthonormal columns, i.e. U U = I,, with
m > s > n, then S gU € R**™ is also a Gaussian embedding. The following theoretical result

demonstrates that Gaussian embeddings form subspace embeddings with high probability.

Theorem 2.2.1 (Marcénko & Pastur 1967; [MP67], Davidson & Szarek 2001; [DS01]).

Consider an m x s Gaussian embedding S¢q, and an m x n orthonormal matriz U with s > n.

18



Then

S

1— \/f <E[0,(SLU)| <E[o1(SGU)] <1+ \/;

Furthermore, for any t > 0,

P (1 - \/ﬁ— t <o, (SLU) <o (SGU) <1+ \/%th) >1— /2,
S S

Theorem implies that rectangular Gaussian embeddings with aspect ratio s/n > 1
are well-conditioned with singular values that lie in the interval [1 — \/g —t, 1+ \/g + t}
with failure probability that decreases exponentially with 2. Notice that to obtain a distortion

factor of 1, we require s &~ Ln as setting s = +n in Theorem [2.2.1] gives
’ n n

1= <E[0,(SGU)] <E[o1(SGU)] <1+,

Therefore to achieve a moderate distortion, say n = \%, the cost is not too high while
if we require a small distortion, say n = 0.01, then s needs to be substantially larger
than n. In summary, random embeddings should only be used in scenarios where a large
distortion factor is acceptable.

Theorem can be used to prove that the singular values of A and the sketch S/ A is
similar in magnitude. Before proving this statement, we first prove a lemma that extends

[EI95, Thm. 3.1] for rectangular matrices, which is also a generalisation of [Ost59].

Lemma 2.2.1. Let A € R™*" (m > n) be a rank-r matriz with factorisation, A = A1A2A3T
where A; € R™F Ay, € Rk and Ay € R™F with k > r. Suppose D; € R™ ' qnd
D, € R™52 qre matrices with s1, Sy > k such that DlTAl e R*"*k and D;Ag e R2*F hqupe

full column rank. Then

O'k(DIAl)O'k<D;—A3)O'l(A2) S O'Z(DIADQ) S Ul(DIA1)0'1<D;—A3)O'i(A2)

19



for alli € [k].

Proof. Let D{ A; = Q,R;, and D, A3 = Q, R, be the thin QR factorisation of D A;, and

D, A, respectively. By unitary invariance of the spectral norm, we have
Ui(DlTAD2) = Ui(Q1R1A2R;Q2T) = Ui<R1A2R;—)'

Now by assumption, R;, Ry € R¥** are both nonsingular matrices. Therefore by [EI95],
Thm. 3.1],
ok(R1)o1(R2)0i(As) < 0;(R1AR; ) < 01(R1)01(R2)0i(As),

for all i € [k]. The result follows by noting o,;(D{ A;) = 0;(R;), and 0;(Dy A3) = 0;(Ry)
for all j € [k]. O

We now prove a proposition, which shows that the singular values of A and the sketch

S(T;A is similar for a moderately large s.

Proposition 2.2.1. Let A € R™" be a matriz and Sg € R™*" be a Gaussian embedding
with m > 4n then

0.40;(A) < 0; (SLA) < 1.60;(A)
—n/50.

for all i € [n] with probability at least 1 — e

Proof. Let A=UXV " be a thin SVD of A where U € R™" and 2,V € R**". Then by
Lemma [2.2.1] we have

0, (SGU) 0, (EVT) <0, (SLUEVT) < 01 (SLU) 0 (ZV)
for all ¢ since S Z;U has full column rank with probability 1. Therefore by Theorem m,

05—t <o, (SLU) <oy (SLU) < 1.5+t

20



with probability at least 1 — e 2" Now setting t = 0.1, we get the desired result. O]

Proposition shows us that sketching with a Gaussian embedding approximately
preserves the singular values of the original matrix with high probability. Notice that for
n = 200, the singular values of A are approximately preserved with probability at least 98%.

Gaussian embeddings are the most widely used random embedding for theoretical analysis
as they are known to have elegant results and often has optimal guarantees [HMTT1]. Other
random embeddings such as those discussed later in this section often lack strong theoretical
guarantees, however they behave similarly to a Gaussian embedding in practice [MT20]. As
a result, the theory for Gaussian embeddings are often used to provide a rule of thumb
for the general behaviour of other random embeddings.

For a Gaussian embedding, the sketch size needs to be s = O(n) for theoretical guarantees,
but in practice s = n + O(1) often suffices [HMTT11], [MT20]. Despite its attractive sketch
size and elegant analysis, Gaussian embeddings are often impractical as we spend O(mns)
operations to apply it on a dense m X n matrix, which is prohibitively expensive for large m
and n. In addition, the cost of generating and storing ms Gaussian entries is also unattractive.

As a result more structured random embeddings are often used in practice.

2.2.2 Randomised trigonometric transforms

A subsampled randomised trigonometric transform (SRTT) [AC09] is an m x s matrix

with m > s that takes the form

Sy =/ “IIDF*R,
S

where IT € R™*™ is a random permutation, D € R™*™ is a random diagonal matrix whose
entries are i.i.d. Rademacher random variables, i.e. D;; = 41 with equal probability,

F € C™ is an unitary trigonometric transform, and R € R™** is a random restriction
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that selects s out of m columns uniformly at random. In the complex case, F' is the
unitary discrete Fourier transform (DFT) and in the real case, F' is commonly the discrete
cosine transform (DCT) or the Hadamard transform. For SRTT matrices, we have the

following theoretical result.

Theorem 2.2.2 (Tropp 2011; [Troll]). Let U be an m x n orthonormal matriz with m > n

and St be an m x s SRTT where the sketch size s satisfies

s>4 [\/ﬁ—ir \/810g(mn)}210gn.

Then
04 <0, (S;U) <0y (S;U) <148

with probability at least 1 — %

Theorem implies that SRTTs are subspace embeddings with distortion factor n = 0.6
and failure probability 3n~!. The theorem also implies that the sketch size of SRT'Ts needs to
be s = O(nlogn) for theoretical guarantees which is larger than Gaussian embeddings by a
factor of logn. Unfortunately, the logn factor cannot be removed in general [Troll] as there
exists counterexample matrices with high coherence where the logn factor is necessary. The
coherence of a rank-r matrix is the largest row norm squared of the dominant r left singular
vectors of the matrix [DMIMWT12], i.e., u(A) := max;jcp |[U(J,:)||5 where U € R™ " are
the dominant r left singular vectors. Note that © <y < 1 [DMIMW12] and the matrix is

considered to have high coherence if (A) ~ 1 and low coherence if 1(A) ~ . Nonetheless,

the sketch size s = O(n) works well in practice [HMTT11, NT24].
The cost of applying an SRTT to an m x n matrix is O(mnlog s) operations [BG13| using

a fast subsampled trigonometric transform algorithm [WLRTO0S|. However, it is easier to get

O(mnlogm) operations in practical implementations. This is still cheaper than Gaussian
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embeddings as long as m is only polynomially larger than n. Therefore SRTTs are preferred
for practical reasons. SRTTs also have an advantage that only s+ 2m parameters are required
to represent it. The random restriction R requires s parameters while m parameters each

are required for the random diagonal D and the random permutation matrix II.

Other variants of randomised trigonometric transforms.

There are other variants of SRTTs. One can replace the random restriction R by a random
1-hashing matrix to obtain Hashed Randomised Trigonometric Transform (HRTT) [CES21].
A random 1-hashing matrix has exactly one nonzero entry equal to +1 with equal probability
placed in uniformly random coordinates in each row, whereas a random restriction has this
property in each column. As long as the coherence of an orthonormal matrix U € R™*" is
O(n~'), this modification enables us to eliminate the logn factor in the sketch size, achieving
the optimal sketch size of O(n). Another variant called the scrambled SRTT (SSRTT) applies
the trigonometric transform, a random diagonal matrix, and a random permutation matrix

(independent from the first) once more to obtain /711, D, F T, Dy F* R [TYUCI7al MT20].

2.2.3 Sparse sign embeddings
A sparse sign embedding is a sparse matrix with nonzero entries that are random signs

[INN13, [KN14, [Wool4]. They are particularly useful for sparse data and take the form:

S1

6 RTTLXS

e
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where the rows of Sg, s;’s, are i.i.d. sparse rows with ¢ independent Rademacher random
variables placed in uniformly random Coordinates[] Here, £ is the sparsity parameter. The
special case when £ = 1 is also referred to as the CountSketch matrix [NN13|, [(CW17].

For sparse sign embeddings to be a subspace embedding for an m x n matrix A, we
require the sketch size to be s = O(nlogn) and the sparsity parameter to be & = O(logn) for
theoretical guarantees; see Theorem 4.2 in [Cohl6]. Here, the failure probability is a constant.
In practice, however, s = O(n) and { = min{s, 8} is recommended [TYUCI9).

The cost of applying a sparse sign embedding to a matrix A € R™*" is O({ - nnz(A))
if sparse data structures and arithmetic are available where nnz(A) denotes the number of
nonzero entries of A. We obtain the cost of O(¢ - nnz(A)) by noting that S{ A = f)l s; a;
where s;’s and a;’s are the rows of Sg and A, respectively, and computing siTa_i costs
O(¢-nnz(a;)). With a good sparse matrix library, sparse sign embeddings are often the fastest
random embedding to apply especially when ¢ < s. An empirical study has been conducted in
[DM23] where the authors show that sparse sign embeddings outperform Gaussian embeddings

and SRTTs in terms of speed, while performing similarly in the quality of the output.

2.3 Low-rank Approximation

Low-rank approximation serves as a powerful tool for reducing the complexity of large
matrices while preserving their most important features. Let A € R™*"™ be a matrix
with m > n and £ < n be the target rank. Then we seek a rank-k matrix that best
approximates A under a chosen norm, such as the spectral or Frobenius norm. The
advantages of low-rank approximation include data compression [CGMRO5, HMT11) [GVL13],
and noise reduction [Han87, [CLMWTI].

The best rank-k approximation to A in the Frobenius norm is a rank-k matrix [A], € R™*"

IThe sparse sign embedding S is also referred to as ¢é-hashing matrices.
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that solves the following minimization problem:

min || A = Agllp,

rank(Ag)<k

where ||| is the Frobenius norm. The truncated SVD (TSVD) [EY36] achieves this optimal

approximation, as stated in the following theorem.
Theorem 2.3.1 (Eckart & Young 1936; [EY36]). Let A € R™*™ be a matriz with the SVD,

A =UXV", and denote the best rank-k approzimation to A in Frobenius norm by

[A], = argmin ||A — Aylp.

rank(Ag)<k

Then [A],, is given by the truncated SVD namely,
[Al, = UsZiVy,

where Uy, = U ( :,1: k) contains the first k left singular vectors, ¥y = 3(1:k,1:k) contains
the largest k singular values on its diagonal, and Vi, = V (:,1:k) contains the first k right

singular vectors, and satisfies,

lA-u=vi| =, znj oi(A)2.
j=k+1

This theorem generalises to any unitarily invariant norm [Mir60], where

[A], = UpSy V= argmin [[A — Al

rank(Ag)<k

for any unitarily invariant norm ||-||. For the rest of the thesis, the best rank-k approximation

of a matrix A is denoted by [A], and is given by the truncated SVD, i.e., [A], = UrZ, V] .
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Note that the best low-rank approximation [A], may not be unique when oj(A) = o441 (A),
since in this case, the kth singular value has multiplicity greater than one, and any orthonormal

basis of the corresponding singular subspace can be used to construct the approximation.

2.3.1 Projections

To form a good low-rank approximation of a matrix A € R™*", we require a subspace that
well-approximates the column space of A. Once this subspace has been found, we can project
A onto this space using a projection matrix P € R™*™. A projection matrix is defined as a
matrix P that satisfies P? = P. Projection matrices have the property that I,, — P is also a
projection matrix, and moreover, if P # 0, I,,, then ||P|, = ||I,, — P||, [Szy06].

Let Y € R™** be a rank-k matrix (full column rank) that approximates the dominant
column space of A. Then we can project A orthogonally onto the column space of Y by

solving the following optimisation problem:

argmin ||[A - Y F||;. (2.2)

FcRkxn

The solution to this optimisation problem is given by F = YA, which approximates A
by a matrix A = YY'A of rank at most k. We denote the orthogonal projector onto the
column space of Y by Py = Y'Y indeed Py is a projector since P23 = YY'YYT =
YY'" = Py. Note that by taking the thin QR decomposition of Y = Qy Ry where
Qy € R™* and Ry € R*** we have YY' = QYQ;. Therefore, any orthogonal projector
is symmetric and satisfy ||[Py|, = 1.

In many settings, applying orthogonal projectors to a matrix can become prohibitive for
large m as we require the thin QR decomposition of Y. An alternative efficient approach is to
use oblique projectors. Oblique projectors approximate orthogonal projectors by approximating

the pseudoinverse YT and we do this through modifying the optimisation problem given in
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Equation ({2.2) by projecting A and Y onto a lower dimension:

G'(A-YF)|

arg min
FcRkxn

where G € R™*° with s > k. Here, s is usually a modest constant multiple of £ and
G is chosen to capture most of the information contained in A and Y'; see, for example,
generalised Nystrom method in Section where we take G to be a subspace embedding.
Note that when G = I,,, we obtain Equation . The solution to this problem is given
by F = (G'Y)'GT A, which approximates A by a matrix A = Y(G'Y)'G' A of rank
at most k. By taking the pseudoinverse of G'Y € R**! instead of the larger matrix
Y, A is cheaper to compute than A. We denote the oblique projector (using the matrix
G) onto the column space of Y by Pye = Y(G'Y)'G'. Here, Py ¢ is a projector
since Py ¢ = Y(G'Y)'G'Y(G'Y)'G' = Y(G'Y)'G" = Pye. Note that Pyy =
Y (YTY)T Y' = YY' = Py. Unlike orthogonal projectors, oblique projectors are not

symmetric and in general their spectral norm is larger than 1, i.e. [Py gll, > 1, [Szy06].

2.3.2 Randomised low-rank approximations

The computation of a low-rank approximation to a matrix is omnipresent in the computational
sciences [UT19]. However, in large-scale problems, computing the best rank-k matrix using
the truncated SVD becomes prohibitive. We therefore seek methods that are accurate, robust
and scale well. Over the past two decades, a popular and provably efficient approach has
been randomised methods. They are simple and fast, yet powerful methods that come
with elegant theoretical guarantees.

One of the most popular randomised algorithm for low-rank approximation is the ran-
domised SVD [HMTTI]. The idea is simple. We take a random embedding S, e.g. a

Gaussian embedding, form a sketch AS, and then project A orthogonally onto AS to get
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PasA = AS(AS)'A. While Simpl, this is a powerful idea that gives strong guarantees
on the quality of low-rank approximation. Due to the nature of the approximation, the

accuracy bounds are probabilistic. The theoretical results that are shown below are from

Theorem 10.5 and Theorem 10.7 in [HMTTI].

Theorem 2.3.2 (Halko, Martinsson & Tropp 2011; [HMT11]). Let A € R™*™ be a matriz, k
be a target rank and s be a sketch size with k+2 < s < min{m,n}. Draw a Gaussian embedding
Sq € R and construct a sketch’Y = ASqg € R™*%. Then the expected approximation error

is bounded by
k
ElA-Pyali < (1+ ) A AL

Assume further that s > k + 4. Then for all u,t > 1,

12k ey/s
|A - Py Al < (1 +t4 S_k) 1A = [ALlle + ut — 7 ok (A)

with failure probability at most 5t~ 4 2e4*/2,

Theorem [2.3.2] gives an expectation bound as well as a tail bound in the Frobenius
norm for the accuracy of randomised SVD. The spectral norm bounds are also available
in [HMTT11]. When s is a constant multiple of the target rank, e.g. s = [1.2k], the
randomised SVD, Py A is, in expectation, only a modest constant worse than the best
rank-k approximation in the Frobenius norm.

Despite its simplicity and elegant analysis, a downside of randomised SVD is that it is
adaptive, which means that we need to access the matrix at at least two separate occasions
with one dependent on the other. Typically, in the randomised SVD, we take the QR
factorisation of the sketch AS = Qy Ry and then project A onto Qy by Qy(Qy A),

making the randomised SVD an adaptive algorithm, which requires two passes. In addition,

2The randomised low-rank approximations discussed in this section can be improved using power iteration
[HMT11], or by constructing a Krylov subspace using the power iterates [TW23].
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forming Qy A involves an expensive cost of O(mns) for a dense matrix A. Note Qy is
unstructured. To overcome this downside, we project obliquely onto the sketch to obtain

the generalised Nystréom method [Nak20, TYUCI7hH]:
Pas, s, A= AS, (S; AS)) ST A.

Instead of a single sketch, the generalised Nystrom method constructs two independent
sketches, AS; and A" S,, to approximate the column space and the row space, respectively.
Unlike randomised SVD, generalised Nystrom is non-adaptive (or one-pass), since the necessary
matrix-vector products can be computed all at once at the start, rather than separately
over multiple occasions. This, however, comes at a slight loss in accuracy, as we see below.
In general, opting for an oblique projection—as done in generalised Nystrom-trades some
accuracy for improved efficiency compared to orthogonal projection. Theoretical guarantees

for this method are provided in [Nak20, TYUCI7h].

Theorem 2.3.3 (Tropp, Yurtsever, Udell & Cevher 2017; [TYUCI7h]). Let A € R™*™
be a matriz, k be a target rank, and s, So be sketch sizes satisfying k + 2 < s1 and
s1 + 2 < sy < min{m,n}. Draw two independent Gaussian embeddings S, € R™™** and
Sy € R™52 qnd construct sketches Y, = AS; € R qnd Yo = AT Sy € R™52. Then the

expected approximation error is bounded by

2 S k
Bla-vi(sTy) v < (10 o2 ) (14 5 ) A - Tane.
-

82—81—1

Theorem demonstrates that the expected error bound for the generalised Nystrom

method is worse than that of randomised SVD by a factor of (1 + 52_5511_1>. This difference

essentially stems from the distinction between orthogonal and oblique projectors. Specifically,

randomised SVD uses an orthogonal projector that satisfies ||Pyl|, = 1, whereas the
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generalised Nystrom method uses an oblique projector, which generally satisfies ||P as, s,| > 1,
contributing to the increased error. For accuracy, we require s, to be proportionally larger
than s;. The difference (s — s1) is often referred to as oversampling, which we discuss in
the context of column sampling matrices in Chapter [0]

In the special case when A is a symmetric positive semi-definite matrix (SPSD) we can

symmetrise the generalised Nystrom approximation to:
PassA= APs a5 = AS (STAS)' STA.

This is the Nystrom method [Nys30, WS00, (GM16]. It takes advantage of the symmetry
and uses only a single sketch AS to form a low-rank approximation. The expected error

result is given by the following theorem from [GM16].

Theorem 2.3.4 (Gittens & Mahoney 2016; [GM16]). Let A € R™" be a SPSD matriz, k be
a target rank and s be a sketch size with k+2 < s < n. Draw a Gaussian embeddings Sq and
construct a sketch’Y = ASqg € R"**. Then the expected approximation error of the Nystrém

method is bounded by

k

T
IEHA—Y Ehshd = (1 + S_k_l) A = [AL, -

The proof of Theorem uses the Gram correspondence [Epp, [Git11l, [GM16] and
Theorem [2.3.2] The Gram correspondence links the nuclear norm of the error matrix with

the Frobenius norm squared of the square root of the error matrix as shown below:

|A-as(sas) 54| — |42 (1, - A5 (s7AS)' ST AV?) A2

* *

= || A2 (1, = P g125 4125) A2

*

= (@~ P aing) AV
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Theorem is used on the last expression to obtain Theorem [2.3.4]

The expression for the Nystrom method, AS (STAS)T STA, can be applied to any
symmetric matrix. However, the Nystrom method may fail and become unstable when applied
to symmetric indefinite matrices, that is, matrices with both positive and negative eigenvalues.
In such cases, the standard theoretical guarantees no longer hold, as the Gram correspondence
can not be used; indefinite matrices do not have a (real) matrix square root. In Chapter [4 we
examine the application of Nystrom methods to symmetric indefinite matrices by identifying

potential issues and exploring strategies to overcome these challenges.

2.4 Column Subset Selection Problem and CUR

In applications such as recommendation systems [DKRO02, WS17] and imaging [CHHN21],
it is often preferable to approximate a matrix using a subset of its columns or rows, rather
than a sketch obtained via random embeddings. Selecting actual columns or rows has the
advantage of preserving structural properties of the original matrix A, such as sparsity
and non-negativity [DMMO08, MD09]. Moreover, this approach aids interpretability by
highlighting important rows and columns.

The Column Subset Selection Problem (CSSP) addresses this by identifying the optimal

set of columns that best approximate the matrix. We formally define the problem below.

Problem 2.4.1 (Column Subset Selection Problem (CSSP)). Given a matriz A € R™*",

find a set J C [n] of k column indices that minimises
|A—AC DA DA| = A=Pacna] -

The resulting approximation, P 4. ) A, serves as a low-rank approximation of A. A

theoretical bound for this approximation is provided in several works, such as Lemma 4.1
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of [SE16], and Theorem 1 of [DM23], which is given below.

Theorem 2.4.1 (Sorensen & Embree 2016; [SE16], Dong & Martinsson 2023; [DM23]). Let
X € R¥™ be a full-rank row space approximator of A € R™ " and J C [n] be a set of

column indices such that X (:,J) admits full row rank. Then,
A~ Paca] < Qx4 - Ax'x]

for any unitarily invariant norm ||-| where X' = QxRx is the thin QR factorisation of

X',

The prefactor in the upper bound of Theorem [2.4.1] is analogous to /1 + s—Z—l in

Theorem for the randomised SVD. Furthermore, if the subspace embedding is chosen
to be the column sampling matrix corresponding to the indices .J, then the randomised
SVD reduces to the approximation P 4. nA.

The CSSP is widely studied [GE03, BMD09, BRNI10, DKM20], and is known to be
computationally challenging. In fact, it is NP-hard [Shi21]. Additionally, randomised low-rank
approximations based on column selection often suffer from high variance [FTU23, [MT20],
which can make them less reliable. Nonetheless, several practical strategies have been
developed that yield high-quality column subsets.

Qx(J.:)f

mation P 4. s)A, most methods aim to select the index set J so as to minimise its influence.

Since the prefactor,

. typically governs the accuracy of the low-rank approxi-

Broadly, these methods can be split: (i) pivoting-based methods, which apply pivoting schemes
to use the pivots as row or column indices, or (ii) sampling-based methods, which sample row
or column indices from a probability distribution informed by properties of the matrix.

In pivoting-based methods, we apply pivoting schemes to A or its proxy such as a row
sketch STA or the dominant singular vectors of A to obtain the pivots, which then get

used as row or column indices. Examples of such schemes include column-pivoted QR
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(CPQR) |[GVL13], LU with partial or complete pivoting [TB97], and strong rank-revealing
factorisations [HP92, [GE96, Pan00]. The Discrete Empirical Interpolation Method (DEIM)
[CS10, [DG16l [SE16] is a notable example that uses LU with partial pivoting (LUPP) on the
dominant left singular vectors of A to select column indices. Directly applying these schemes on
A can be computationally expensive for large matrices. To address this, randomised algorithms
that apply pivoting to a sketch such as ST A have been proposed [VMI7, DG20, DM23].
A comparative study of such methods appears in [DM23].

In sampling-based methods, column or row indices are drawn from a distribution based
on certain properties of the matrix A. One widely used technique is leverage score sampling,
which samples indices in proportional to the row norms of the dominant singular vectors of
A [DMMOSg, MDQ9]. Other strategies include uniform sampling [CD13|, volume sampling
[DRVWO6, DR10, [CK20, Mas22], determinantal point process (DPP) sampling [DM21], BSS
sampling [BSS12, BDMI14], and k-means++ sampling [OG17]. Since sampling can also
be expensive for large matrices, proxy-based methods using a sketch have been proposed
[DMIMWT12]. There are also a deterministic variant for leverage scores [PKB14] and hybrid
methods such as L-DEIM [GH22].

Notably, there exists a set of column indices for which the CSSP satisfies the following

tight near-optimal guarantee [ZO18|:
|A=PacnA|, < VI+E|A-[A],.

This bound shows that a low-rank approximation based on actual columns of A can be nearly as
good as the best possible rank-k approximation, provided the indices J are chosen appropriately.
Polynomial-time algorithms for computing such set of indices are given in [CK20), [Osi23], and
a randomised version that achieve this bound in expectation appears in [CK24].

The CSSP can also be formulated for rows. A particularly important case involves
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selecting both rows and columns. Specifically, we seek row and column indices, denoted

by I and J, respectively that minimise
|A—CC'AR'R|| = ||A—PcAPy |,

where C = A(:,J) and R = A(I,:). Notice that CTAR' corresponds to the solution
of the optimisation problem ming ||A — CZR)||;, which gives a low-rank approximation
AxC (CTART) R. We refer to the choice Z = CTAR' as CUR-BA (CUR with Best
Approximation). A theoretical bound is given in Lemma 4.2 of [SE16], which we discuss
further in Section [6.4, While robust, this choice requires access to the full matrix A, which
can be computationally expensive even if C' and R are known in advance.

To address this, a more efficient variant uses Z = A(I, J)T, yielding the approximation
A~ CM'R where M = A(I,J ) This choice is often referred to as the cross approxi-
mation [Beb00, I(GOST10, [HPS12, [CK20], and we denote it as CUR-CA (CUR with Cross
Approximation) in this thesis. CUR-CA is more efficient than CUR-BA, as it requires only the
submatrix M = A(I,J). Moreover, computing the pseudoinverse of the smaller matrix M is
generally much less expensive than computing the pseudoinverses of C' and R, or computing
C'AR'. However, a known drawback of CUR-CA is that A(I,.J) can be (nearly) singular,
which may lead to poor approximation quality. This concern has been raised in several works
[SET6, MT20, [DM23], and we examine it further in Chapters [f] and [l In the context of
CUR-BA, there exist a numerically stable implementation called StableCUR, introduced in
[ADM™15]. While stable, StableCUR has the drawback that the resulting approximation is
no longer expressed explicitly as a product of C' and R, which can be undesirable in settings

where interpretability or explicit factorisation is important.

3The notation M = A(I,J) is a non-standard choice. In this thesis, this notation is adopted to avoid
conflict with the conventional use of U to denote the left singular vectors of a matrix. The symbol M is
chosen to represent the middle matrix in the CUR decomposition (and the Nystrom method) and will often
be referred to as the core matrix throughout this thesis.
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Analogous to the relationship between CC'A and randomised SVD, CUR-CA is related
to the generalised Nystrom method. When the subspace embedding is chosen as a column
sampling matrix, the generalised Nystréom method coincides with CUR-CA. Both methods
rely on oblique projections and tend to prioritise computational efficiency over accuracy. Note

that CUR-CA involves oblique projection, similarly to the generalised Nystrom method as
CM'R=C (TI]C)' TI] A = Po, A,

where IT; = I,,,(:,1) is a column sampling matrix that selects indices corresponding to the
index set I, i.e., II; A = A([,:). Nonetheless, with carefully chosen indices I and J, we
empirically observe that CUR-CA achieves accuracy comparable to that of CUR-BA. This
is further discussed in Chapter The theoretical guarantees for CUR-CA are analysed

in Chapter [5] Similar to the generalised Nystrom method—which involves two prefactors,

(1 + 871> and (1 + #), in the bound of Theorem |2.3.3—the error bound for CUR-

So—s1—1

CA also contains two prefactors, as will be shown in Corollary Like the generalised
Nystrom method, these prefactors can be improved by oversampling, which increases the set
of either row or column indices, but not both. We discuss this further in Chapter [6] The
theoretical work for CUR-CA presented in Chapters [ and [6] motivates the use of similar
(or the same) set of indices for matrices that are closely related, which we apply in the

context of parameter-dependent matrices in Chapter [7]

35



Fast approximate null space computation

Many algorithms in RandNLA such as the randomised SVD and the vast literature on
randomised low-rank approximations (see Section focus on approximating the top few
singular values and their corresponding singular vectors. On the other hand, relatively little
attention has been paid to the smallest singular values and their corresponding singular
vectors. These are often required in problems such as total least squares [GVLS0, VHV9I],
and rational approximation via the AAA algorithm [NST18], among others. In particular,
the right singular vector(s) corresponding to the zero singular value span the null space.
In this chapter, we focus on approximating the singular vector(s) corresponding to the
smallest singular value(s) of a tall matrix A.

Let us begin by formally defining the problem.

Problem 3.0.1 (Approximate Null Space Problem). Let A € R™ ™ where m > n and
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k€ Z*. Find W € R™* that solves the following optimisation problem

min [|[AV||p.

viv=r,

This problem statement does not find the null space of A exactly; indeed the null space
of A is usually the trivial 0, but to consider a broader class of problems we will call this
problem the approximate null space problem. The solution, W, in the problem statement, to
the null space problem is the trailing k right singular vectors, that is, the k right singular
vectors corresponding to the smallest £ singular values. When the £ smallest singular values
are distinct from the other (n — k) singular values, the orthonormal matrix W is unique
up to right multiplication by an orthogonal matrix, that is, W@Q is also a solution to
Problem for any orthogonal matrix Q € RF**.

The standard method for computing the null space or the trailing right singular vectors
of a matrix is to use the SVD or rank-revealing factorisations [Cha87), [HP92, [GE96], which
costs O(mn?) flops for an m x n matrix with m > n. Other methods such as the TSQR
[DGHLI2] and Cholesky QR [Ste98, Ch. 4] have the same complexity O(mn?), but can be
improved with parallelization. Unfortunately, Cholesky QR suffers from squaring of the
condition number as it uses the Gram matrix [SW02].

For m > n, the standard O(mn?) methods can become prohibitive, so we use sketching
to get a near-optimal solution at a lower complexity. In this chapter, we study the sketch-
and-solve method from [GPW12|] by analysing its accuracy using multiplicative perturbation
theory developed by Li [Li98b]. The sketch-and-solve method gives us the complexity of

O(mnlogn + n?), which scales better than the standard O(mn?) methods.
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3.1 Sketch-and-solve method

Now we approach Problem using the sketch-and-solve method. The sketch-and-solve
method [Sar06, DMMS11] transforms a highly overdetermined least squares problem into
a problem of lower dimension using sketching, i.e.,

min [|[AV|, +— min
viv=l, viv=r,

STAVHF

where A € R™*" and § € R™*® is a subspace embedding with m > s > n. Typically,
we have m > s = cn where ¢ > 1 is a modest constant, say ¢ = 2 or ¢ = 4. To solve
Problem approximately, we work with the sketch STA € R**" by taking its SVD, and
finding its trailing right singular vectors. By working with a smaller-sized sketch STA, we
can overcome certain constraints, such as when A is too large to fit in memory or when A
is streamed. In Section we demonstrate how the sketch can be efficiently updated or
downdated in a streaming setting, and this idea is leveraged in the AAA algorithm described
in Section [3.5] These techniques improve computational efficiency in terms of both speed

and storage. The overall algorithm is given in Algorithm [I]

Algorithm 1 Solving the approximate null space problem using sketch-and-solve

Input: A € R™" with m > n, s ( > n) the sketch size (recommended s = 2n), k the
number of right singular vectors desired
Output: W € R™* the trailing k right singular vectors

function W = Rand_Nullspace(A, s, k)
: Draw a random embedding S € R™*® with sketch size s,
. Sketch X = STA € R¥*™,
U, %, V] =svd(X),
: W=V (,n—k+1:n), the trailing k right singular vectors

I R

There is also a version of Algorithm [I] with e tolerance rather than taking k as input.
This version finds all the singular values that are less than ¢ and set W to be their

corresponding right singular vectors. If we set ¢ = O(u) where u is the unit roundoff,

38



then we get the numerical null space.

For the sketch size s = cn for a constant ¢ > 1, the complexity of Algorithm [] is
O(mnlogn) for performing the sketch (line 2) using an SRTT and O(n?) for calculating
the trailing right singular vectors of §'A using the SVD (line 3). This gives us an overall
complexity of O(mnlogn + n?), which is faster than the traditional methods, O(mn?). In
line 2, sparse sign embeddings can be used to give an overall complexity of O(¢ - nnz(A) + n?)
for Algorithm [1] where £ is the sparsity parameter; see Section [2.2.3]

For Algorithm [I the quality of the solution needs to be assessed. Since subspace
embeddings preserve norms of the original space (Equation (2.1))), it is straightforward
to see that the residual norm of the output of Algorithm [I] will be on a similar order
as the residual norm of the true solution of Problem [3.0.1] This is made precise for

SRTTs in the following theorem.

Theorem 3.1.1. Let A € R™*" be a matriz and St € R™*® be an SRTT with the sketch
size s satisfying

4 [\/ﬁ+ \/810g(mn)}2logn <s<m.

Then
AW | < ajaW |,

with failure probability at most O(n=1) where W s the output from Algom'thm and W is

the exact solution to the approzimate null space problem (Problem m)

Proof. Let A = UAEJAVI1 be a thin SVD of A such that U4 € R™*™ and X4,V 4 € R™*",
Then by Lemma [2.2.1], we have

O'n<S;UA)U7;<EA) < g (S;A) < Jl(S;UA>O'Z'(2A)
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fori=1,2,...,n, and

i STUL AW, < |5V,
Therefore, by Theorem , with failure probability at most O(n™!) we have

~ 1 ~
[4W], < s 1574% .

1 k T 2
S » A
O'min<S;UA) ]; On—j+1 (ST )

Umax(S;EUA) u
< /- =7 On_it1(A)?
— O-min(S;UA) ; ]+1( )

1.48
< o 1AWl <4lAW];

Remark 3.1.1.

1. Theorem suggests that the sketch size needs to be O(nlogn), but a constant multiple

of n, say s = 2n, works well in practice; see discussion in Section[2.2.9

2. A similar result can be obtained for other random embeddings. In general, if the random

embedding S satisfies
(1 —m0i(A) < 0i(STA) < (1+1)0i(A)
for some 0 < n < 1 with high probability then
= 1+n
Jaw], < 1
with high probability where W is the output of Algom'thm when using S as the random
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embedding.

Theorem tells us that the residual norm of Algorithm [1| will be a modest constant
larger than the residual norm of the exact solution of Problem [3.0.1} However, this does not
immediately imply that the the two solution vectors are close to each other. We will therefore
assess the quality of the sketch-and solve solution by deriving bounds for the sine of the angle
between the sketched solution and the original solution; see Section [3.2] Specifically, we will
quantify this bound using multiplicative perturbation theory from [Li98b]. The perturbation
is multiplicative because the original matrix gets multiplied by a subspace embedding rather
than undergoing an additive perturbation. This is different from the classical perturbation
theory in [DKT70, Sec. 2] and [Wed72, Sec. 3|, which is additive. The classical result scales
poorly for small singular values when the perturbation is close to a unitary matrix, whereas
the multiplicative perturbation theory can overcome this issue.

Algorithm [1]is not new and to our knowledge first appeared in [GPW12]. In [GPW12],
Gilbert, Parkﬂ and Wakin analyse the accuracy of the singular values and the right singular
vectors obtained using Algorithm [I] They use the spectral norm error to quantify the accuracy
of the right singular vectors obtained this way, whereas we use the canonical angles which
is arguably more natural in this setting. Furthermore, we extend the analysis to comparing
subspaces of either the same or different dimensions (Section . This is particularly useful
if we are extracting a subspace from the sketch S A rather than a single vector, for example,
when we are solving total least squares problems with multiple right-hand sides (Section .
It is also important to note that the condition number of computing a singular vector is
inversely proportional to the gap [DK70, Wed72], so if we want to extract the right singular
subspace of dimension larger than one corresponding to a singular value (for example, singular
values corresponding to zero in the case of computing the null space of a matrix) then

the bound used to quantify the accuracy of a single right singular vector is useless as the

!This is not me, unfortunately.
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gap is zero. The gap refers to the distance between the approximated singular values and

the singular values of the original matrix that is not being approximated. In our context,

gap = 112nin i |oi(A) — 0;(ST A)|. However, when we compare the subspace as a whole,
i=1,2,....,n—
j=n—k+1,...n

we can get meaningful bound as we shall see in Section [3.2] Moreover, when the gap between
the target singular value and the rest is small, the corresponding target singular vector is
ill-conditioned. In such cases it is often difficult to obtain nontrivial bounds for the accuracy;
however, we show that useful bounds can be obtained by examining the angle between the
target vector(s) and a computed (approximate) subspace of larger dimension.

Now we look at the quality of the solution. We will examine how much the sketched

solution (output of Algorithm (1)) deviates from the original solution (SVD of A).

3.2 Accuracy of the right singular subspace

The standard way of quantifying the distance between two subspaces is to use the canonical

angles between subspaces.

Definition 3.2.1 (Canonical angles [SS90, Ch. 1.5]). Let U,V € R™* with n > k be two
matrices with orthonormal columns. Then the canonical angles between the subspaces spanned
by U and V are {0;}%_, where 0; = arccos (O‘i(UTV)), that is, the arccosine of the singular
values of U'V. We let ©(U,V) = diag(fy, ...,0;) and sin® (U, V) and cos®(U, V) be

defined element-wise for the diagonal entries only.

Remark 3.2.1.

lz "yl
izl llylly -

1. When k = 1, we get the standard definition where cosf(x,y) =
2. ©O(U,V)=0(V,U) since U'V and VU have the same singular values.

3. By the cosine-sine decomposition (Ch. I, [SS90]), the elements on the diagonal of

sin®(U, V) are the singular values of UIV or UV | where U, € R % qand
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V. € R™O ) have columns that give orthonormal bases to the orthogonal com-
plements of range(U) and range(V'), respectively. This implies that sin® (U, V') and

sin®@(U 1,V ) have the same number of nonzero entries on their diagonal.

Now we look at the perturbation of right singular vectors using canonical angles. There
are two different types of perturbations, namely additive and multiplicative perturbations.
The results for additive perturbation was first proved in 1970 by Davis and Kahan [DK70] for
eigenvectors of symmetric matrices, and two years later Wedin [Wed72| derived analogous
results for singular vectors. We focus on multiplicative perturbation bounds [Li98b], as
they arise naturally in our context, and give superior bounds in our setting. This type
of bound for Algorithm (1] has been studied in [GPWI12] for vectors, however there is no

known study for subspaces of dimension larger than 1.

3.2.1 Computing subspaces of the same dimension

Let A € R™" and A € R**" be matrices with m > s > n and suppose that they

have SVDs of the form

A=USV' = [U,, U, V1, Vo], (3.1)

A=USV' =[0,,0,] V1, Vs, (3.2)

where U € R™" U € R**" V V € R and the matrices with subscript 1 have (n — k)

columns and subscript 2 have k columns with k& < n and

3, =diag(oy, ..., 0n), 2o = diag(dn_gr1, - n), (3.3)
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¥, = diag(6y, ..., Gpp), 2o = diag(Fn_pi1s ..o, On), (3.4)

where the singular values are ordered in non-increasing order.

Next we define the relative distance y. Let a,b € R and define

B la —b|

X(a7 b) - \/w

with the convention 0/0 = 0 and 1/0 = co. Note that y is not a metric on R [Li98al as it

violates the triangle inequality. We also recall a useful matrix norm inequality from [Mir60],

which states that for any matrices A, B and C such that the product ABC is defined, we have
[ABC|| < [[All, | B[ [[C]],

for any unitarily invariant norm ||-||. Lastly, we review a key lemma from Li [Li98b].

Lemma 3.2.1 (Lemma 2.5; [Li98b]). Let A € R¥** and B € R™" be two positive semi-definite

Hermitian matrices and let E € R¥*t. Suppose that there exists a > 0 and § > 0 such that
-1
|All, < a and HB%H2 >a+0

or

IBll, <o and 47" >0+

Then the Sylvester equation AX — X B = AYV2EBY? has a unique solution X € R**t, and

moreover || X || < ||E|| /x(a, a4 ) for any unitarily invariant norm.

Now we prove a theorem that assesses the quality of the right singular subspace obtained
using the sketch-and-solve method. This is a modification of Theorem 4.2 in [Li98b]. The
modification allows multiplicative perturbation of an m x n matrix A by a s x m rectangular

matrix S with m > s > n such that S ' U has full column rank, whereas Li only considers non-

44



singular square matrices. Our bound also tightens Li’s bound by removing extra simplifications
made in the proof. In our context, A € R™*" corresponds to the original matrix and

STA e R¥" corresponds to the sketch where S is a subspace embedding.

Theorem 3.2.1. Let A € R™" gnd A = STA € R¥*» (m > s > n) with SVDs as in
FEquations to where S € R™* 4s a matriz such that STU has full column rank.
Let the thin QR decomposition of S'U be QR. Suppose that there exists & > 0 and § > 0
such that

Opk > a+0 and On—kt1 < Q,

or

Op_k > +0 and On_pr1 < @
Then for any unitarily invariant norm we have

|r- 77|
(o, (+6)?)

[sin®(V, V,)|| < " (3.5)

where Vo and Vo are as in Equations |) and 1D

Proof. We define two matrices B := XV " and B := RXV . Notice that A and B have
the same singular values and the right singular vectors, and since A = STA=QRXV', A

and B also have the same singular values and the right singular vectors. Therefore to prove

Equation it suffices to work with B and B. We have
B'B-B'B=BRB-B R 'B=B (R-R "B,
since R is invertible as ST U has full column rank. This is equivalent to
VEV vV —VE(Q0) (R-R )=V,
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since B=Q"A = QTUEVT. Left-multiplying V' and right-multiplying V' gives
£V'v-vve-8(Q'0) (R-R ).

Now define K := R— R~ for shorthand then the above matrix equation can be represented

as a 2 X 2 block matrix as
VvV vis? SV v, -V, v,x2

SV, V-V, V52 SV, V, -V, V,52

. B (00 yr | |

.0, QK Y osolok |

| Ok (n—k) | | X ]

. s ] L [ Oy |

$,0, QK ! $S,0,QK | T
i | Ok (n—k) | | X |

Taking the (2, 1)-entry of the block matrix we get
~2 - T - T 5 & T I,
Ok (n—k)

This is in the form of the Sylvester equation in Lemma [3.2.1] Thus, using Lemma we

get for any unitarily invariant norm

- I,
U, QK ‘
- Ok x (n—k)
T
V.,V <
H 2V = x (02, (a+0)?)
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Therefore,

- I, _
U, QK g
Ok x (n—k)
x(a?, (o +6)?)

fsin@(va, Vo) = [V, v <

oz i |

2 Ok x (n—k)
X(oﬂ, (a+ 5)2)

|[R-R"|

~ x(a? (a+6)?)

<

for any unitarily invariant norm. O]

Corollary 3.2.1. In the setting of Theorem |3.2.1], we have

_ 2.1
27 x(e?, (a+0)%)

[sin®(V5, V)| (3.6)

with failure probability at most O(n™Y) for an SRTT matriz with sketch size s satisfying

4[y/n + /8log(mn))?logn < s < m. For a Gaussian embedding, Equation (3.6)) is satisfied

with failure probability at most exp(—n/50) with sketch size s = 4n.

Proof. The proof follows by noting that if the SVD of R = UrX gV j, where R is defined as
in Theorem |3.2.1] then
|IR-R"| = |UrSrVE—UrSp' V|, < max |o—o'|=21

0€[0.4,1.6]

where 0;(R) € [0.4,1.6] follows from the discussion on random embeddings in Section[2.2 [
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A priori bound

In certain cases, we might be interested in a priori bounds. We can obtain them by substituting
the singular values in place of o and ¢ in Corollary [3.2.1, There are two a priori bounds,

which are given below. If o, > 1.6 0,41 then

2.1- On—k 5'77,7]64’1 3.36 - On—k On—k+1

in@(V,y, Vy)| < : 3.7
Hsm v 2)H2 T Onk— Onkp1 | Onp— 25600 37)
and if 0.4 o, > 0, g+1 then
- 2.1 Gp_i Op_ 3.36 - 0y Op
HSin@(Vg,VQ)H2 < a o k<27 k+1 < Z kO 2k+1 7 (3.8)
On—k — On_k+1 0.16 - On—k — On—k+1

since in the setting of Corollary |3.2.1, we have

for all 3.

The upper bounds, Equations (3.7)) and (3.8)) are informative (< 1) if 0, > 0y_g1+1. In

this case, the upper bounds are ~ C’g‘if:l, which make them both much less than 1. In particular,
ifo,>090>--->0, 4 >0, k41 =+ = 0, = 0 then the multiplicative perturbation by

ST preserves the null space exactly as the upper bound becomes zero. In the presence of
rounding errors, a backward stable solution would correspond to ¢,,_r+1 = O(u) where u is
the unit roundoff. Assuming o,,_;, is sufficiently larger than wu, the last & right singular vectors
of the sketch give an excellent approximation for the null space of the original matrix.

To illustrate the theoretical result, Figure |3.1| shows the accuracy of the bound in
Corollary for the case when £ = 1. We generated a random 1000 x 100 matrix

with Haar-distributed right singular vectors. Haar-distributed vectors are vectors sampled
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uniformed from n-sphere [Mec19, Chp. 1.2]. They can be generated in MATLAB using
[Q,R] = qr(randn(m,n),0); U= Q*sign(diag(R)), where m > n and U € R™*" is a Haar-
distributed subspace of dimension n. The left singular vectors in the top left plot are also
Haar-distributed while the other 3 plots were generated with the left singular vectors equal to
[T100,0]" € RI00X10 which is a difficult (coherent) example for SRTTs [Trolll BG13]. We set
the singular values as (01,09, ...,0n,_1,0,) = (1,1,...,1,1071, 0,,) where o,,_1 /0, € [10,10'].
We then sketch the matrix with a Gaussian matrix and an SRTT matrix. In Figure [3.1]
we observe that except in the bottom left plot, the bounds in Corollary give us the
correct decay rate with a factor that is not too large. As seen in the bottom left plot, the
SRTT sketch can fail, that is, the SRTT sketch fails to be a subspace embedding if we set the
sketch size equal to cn for a small constant ¢, say ¢ = 1.5, for a difficult example (coherent)
[HMTT1) Mroll]. However, we can overcome this issue if we make the SRTT sketch size
O(nlogn) as shown in the bottom right plot of Figure This shows us that when o,,_1 > o,
we expect the sketched solution to give a very good approximation to the exact solution.
Up until now, we have examined the canonical angles between two subspaces with the same
dimension. We next extend Theorem to subspaces of different dimensions. The extension
will be useful when the bound in Theorem is not informative, O(1), and we want to search

for a bigger subspace that can be shown to contain the exact subspace that we are looking for.

3.2.2 Computing subspaces of different dimensions
Let A € R™™ and A € R**" be matrices with m > s > n and suppose that they

have SVDs of the form

3
A=USV' =[U,,U,, U, 3, V1, Va2 V3]’ (3.9)

Y3
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10° ; ,
-~ SRTT Bound
| sin OV, V)
10
100 ¢
108
D
10-10 L 4
-12 L | 1 L
10 102 10* 108 108 100
Un,fl/o"n,
(a) SRTT (s = [1.5n]): Incoherent
10° ‘ ‘ !
R, —-SRTT Bound

| sin ©(Va, V%) |2

10 o
108
S,
e
10'10 L b
-12 L L 1 L

10

102 10* 10° 108 100

O—n—l/o—n

(c) SRTT (s = [1.5n]): Coherent

—o—-Gaussian Bound
[ sin ©(V2, V2) |2

102 10* 108 108 101
Op—1 /071

(b) Gaussian (s = [1.5n]): Coherent

1010

—--SRTT Bound
[| sin ©(Va, V3) ||

10712

102 10* 108 108 100
0—71—1/0—71,

(d) SRTT (s = |1.5nlogn]|): Coherent

Figure 3.1: Loglog plot of the bound Corollary against the actual sine values for m = 1000,
n =100 and k = 1. The matrix was generated with singular values diag(1,1,...,1,107!,0,,) where

On_1/0n € [10,10'°]. The bottom left plot shows a difficult example (coherent) for the SRTT sketch
which can fail if the sketch size is not large enough. However, as seen on the bottom right plot it
can be fixed by enlarging the sketch size to O(nlogn).
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=[0:,0..03 2 V.V V) (3.10)

X3

where U € R™" U € R**" V.,V € R"”" and the matrices with subscript 1 have (n — k)
columns, those with subscript 2 have (k — ¢) columns and subscript 3 have ¢ columns

with 1 < ¢ < k < n, and
21 = diag(al, ceey O'n_k), 22 = diag(an_kH, ceey Un_g), 23 = diag(an_@rl, ceey O'n), (311)

¥, = diag(6y, ..., Gp_p), Xo = diag(Fp_ps1, -or One), X3 = diag(Fp_ps1, ..., 5,),  (3.12)
where the singular values are arranged in non-increasing order.

Theorem 3.2.2. Let A € R™" gnd A = STA € R (m > s > n) with SVDs as in
Equations to where 8 € R™*% is a matriz such that S"U has full column rank.
Let the thin QR decomposition of S'U be QR. Suppose that there exist o > 0 and § > 0
such that

Op_p > +0 and On_vy1 < Q.

Then for any unitarily invariant norm we have

o (Vo) <
X(a2, (v + 5)2)
Alternatively, if there exist o > 0 and d > 0 such that

On—k = 0+ 0 and On—t+1 < «,
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then for any unitarily invariant norm we have

|r- 27T
(02, (a+0)?)’

e (v [V V) < -

where V5, V3, Vo and V5 are as in Equations 1} and 1)

Proof. We follow the proof of Theorem [3.2.1. We consider the case
Op_t > a+90 and On_ri1 < Q.

The other case follows similarly. As in Theorem [3.2.1 we define two matrices B := V'
and B := REXV " that have the same singular values and the right singular vectors as A and

A respectively. Therefore, it suffices to work with B and B. We first note that

~T

B B-B'B=B'RB-B'R'B=B (R-R ")B.

This is equivalent to
VE'V vV - VE(QT0) (R-R )=V,
since B=Q"A = QTfff]VT Left-multiplying VT and right-multiplying V' gives
£V'v-vve-8(Q"0) (R-R ).

Now the above matrix equation can be represented as a 3 x 3 block matrix using Equations (3.9)
and ([3.10) in a similar manner to the proof of Theorem [3.2.1] Taking the (3, 1)-entry of the
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block matrix we get

I,

~2~T ~ T ~ ~T _ n—k

YV, V-V, V22 =3U,QR-R™ ") g
Ok x (n—k)

This is again in the form of the Sylvester equation in Lemma [3.2.1] Thus, using Lemma [3.2.1

we get that for any unitarily invariant norm

~ T _ In—k
U;QR-R)
- Ok (n—k)
T
V.V, <
H U= x(a?, (a+6)?)

Finally we get

olQr-RT)|
. ~ - Opx(n—rk)
fsin® (Ve Vil V)| = |73 v < XW%@%&V;

oQ| r-r|

_ 2 Ok x (n—k)

- X(oﬂ,(oz+6)2)

|r-&7]
~ x(a?, (a+6)?)
for any unitarily invariant norm. O]

Corollary 3.2.2. In the setting of Theorem[3.2.4, we have

2.1

S X @1 07) &1

Jsin® (v, [V, V2] )|
with failure probability at most O(n™) for an SRTT matriz with sketch size s satisfying
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4[\/n + /8log(mn)]?logn < s < m. For a Gaussian embedding, Equation (3.13) is satisfied
with failure probability at most exp(—n/50) with sketch size s = 4n.

Proof. The proof is identical to the proof of Corollary [3.2.1] O

A priori bound

Similarly as before, we may be interested in a priori bounds when the subspaces have
different sizes. We can obtain them by substituting the singular values in place of o and 4 in

Corollary[3.2.2] There are two a priori bounds, which are given below. If 0.4 0,,_j > 0,,—¢11 then

o 91 -Gy Oy 3.36 - 0y 0,y
[sin® (V. [V, 73] )| < Ty Tnh gttt < On—k On—t+1 (3.14)
2 G = On 41 0.16- 05 ) — 0 o4
and if o, > 1.6 0,411 then
. ~ 2.1 0pk Ontg1 3.36 - Op—k Opn_t41
O (V. Vs V5| < : , 3.15
Hsm <[ % Vsl 3)H2 T Onk—Onep1 | Onp— 25607 4y (3.15)

since in the setting of Corollary |3.2.2] we have

for all .
The upper bounds Equations and are informative (< 1) if 0, > 0 _41.
In this case, the upper bounds are ~ %, which are both much less than 1. In contrast to
Corollary [3.2.1], Corollary may still give meaningful bounds even when o,,_,~0,_i1.
Now we illustrate Corollary through numerical experiments. Figure |3.2] shows
the accuracy of the bound in Corollary using an SRTT in the case when ¢ = 1 and
k=2,..,n—1. We generated a random 1000 x 100 matrix by sampling the left and the right

singular vectors as before for the coherent example in Figure but the singular values now
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decay geometrically from 1 to 10719 for the left plot and the right plot has singular values
equal to 1 for the first 80 singular values and 10710 for the last 20 singular values. In both of
these cases, we have 0,,/0,_1 ~ 1, so the previous bound in Corollary is useless. However,
the bound in Corollary becomes meaningful as we increase the subspace dimension k.
In Figure 3.2 we see that the bounds in Corollary give us the correct decay rate with a
modest factor for the left plot. For the right plot, we see that after the subspace becomes large
enough (> 20) to contain the right singular subspace corresponding to the singular value 10719,
we get a good subspace which approximately contains the right singular vector corresponding
to the smallest singular value of the original matrix. This illustrates us that even when
on/on-1 =~ 1, as long as g,_ > o,, we can find a larger subspace of dimension k that is

expected to contain the right singular vector corresponding to the smallest singular value.

102 ! : 10? ! :
-o-SRTT Bound -o-SRTT Bound
10°; [[sin ©([V3, V5], V5) |2 100F—8-% [[sin ©([Va, V3], V5) |2
102 102
10 10
10° 106
108 108
10710 ¢ 1 1010 b ] ©
10-12 ! ! ! ! E 10-12 I I I I
0 20 40 60 80 100 0 20 40 60 80 100
k k
(a) SRTT (s = 2n): Coherent (b) SRTT (s = 2n): Coherent

Figure 3.2: Semilogy plot of the bound in Corollary against the actual sine values for
m = 1000, n = 100, £ = 1 and subspace size k = 2,...,n — 1. The matrix was generated with singular
values that decay geometrically from 1 to 107! for the left plot and the right plot has singular
values equal to 1 for the first 80 singular values and the last 20 singular values are equal to 1071Y.
The bound in Corollary [3.2.2] gives us a good indication as to how much the computed subspace
contains the trailing right singular vector.
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3.3 Application: Total Least Squares

Total least squares (TLS) [GVL80)] is a type of least squares problem where errors in both
independent and dependent variables are allowed. TLS is also known as errors-in-variables
models in statistics. This is different from the standard least-squares problem where errors
only occur in dependent variables. In a standard least-squares problem, we are interested
in solving the following optimization problem

min || Az — b||,
zeR”

where A € R™™ and b € R™ with m > n. The errors only occur in the dependent

variables b, so the problem can be restated as

min .
+recrange(A)

Now if we also allow errors in the independent variables, represented by A, we get the

optimization problem formulation for the TLS problem, which is

] E
por i B

where [|-] represents the augmented matrix of size m x (n + 1).

Now, if we allow multiple right-hand sides, say k, we get

' ElR 3.16
B+Re$g2(A+E)H[ | HlF ( )

where A, E € R™" and B, R € R™*. We will also impose m > n +k and n > k. If
[Eo|Ry] solves the optimization problem, Equation (3.16)), then any X € R™* satisfying

(A+ Eq)X = By + Ry is called the TLS solution.
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In 1980, Golub and Van Loan [GVLS(] gave a solution to the TLS problem. The algorithm

solves the approximate null space problem,

Vi = argmin |[|[A|B] V|

viv=I,
- Via k) xk k kxk -
with Vi, = € ROHRXE where Vi1 € R™* and V5, € R¥F and sets the solution to
Vi
X = —V;MV,;% € R™*_ Note that since we are inverting V1.2, the solution obtained with

this approach may not exist. There are known conditions for existence and uniqueness,
for example when 0,(A) > 0,41([A|B]). For more information see [GVL80, VHV9I].
Throughout this section, we assume o0,(A) > 0,41([A|B]) so that the solution for the
TLS problem exists. The cost of computing the TLS solution is O(m(n + k)?) flops for
computing the SVD of [A|B] € R™*(+k),

For the sketched version, we sketch the augmented matrix [A|B] using an SRTT sketch
in O(m(n + k)log(n + k)) flops and solve the TLS problem for a smaller-sized matrix using
O((n + k)3) flops. Overall, the sketched version costs O( m(n + k)log(n + k) + (n + k)3),
which becomes effective when m > (n + k).

To assess the accuracy of the sketched TLS solution, we consider the condition number

of the TLS problem, which depends on the gap between o,(A) and 0,.1([A|B]) [GVLS0].

X%
B

Specifically, we expect both the relative error , and Hsin 0(X, X ) H2 to be proportional

to the relative gap w. Here, X € R™* is the TLS solution and X € R™** is the
sketched TLS solution. In addition, we expect Hsin oV, Vk)H2 to be proportional to

: ont1([A|B]) e : W, (n+k)xk
the relative gap o ([ATB]) by our analysis in Section , where Vi, Vi € R are
the trailing right singular vectors of the original and sketched TLS problems, respectively.

Now, by Cauchy interlace theorem, we have o,([A|B]) > 0,,(A), and under the assumption
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on(A) > o0,41([A|B)), it follows that

o1 ([A|B]) _ oni1([A|B])

W(AB) = ou4) "

Therefore, when o,([A|B]) ~ 0,(A), the error quantities %,
2

sin @(X, X)

. and

sin ®(Vy, Vk) are expected to behave similarly. We empirically demonstrate the relation-
, y y

ont1([A|B])
on(A) :

Figure was generated using A € R™" and B € R™* with m = 10°, n = 103

ship between the error quantities by varying the relative gap

and k = 10 where A is as in the previous experiments with the singular values that decay
geometrically from 1 to 1073, and B is a sum of a matrix in the span of A with the
same norm as A and a Gaussian noise matrix of varying noise level between 1073 and
1072, In this experiment, the sketch size was s = 2020, which is 2 times the sum of

the number of columns of A and B.
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Figure 3.3: A plot demonstrating the similarity between three different error metrics: relative error
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and the angles Hsin G)(X,X)H2 and Hsin O(Vy, Vk)Hz As we increase the relative gap

2
‘3‘)3]), we observe that all three error metrics behave similarly and have similar magnitudes.

We observe in Figure that as we vary the noise level and consequently the relative

on+1([A|B] ||)|(|—;(f||2’
2

gap WIB]))’ the error metrics sin ®(X, X)

,» and Hsin O(Vy, Vk)Hz all behave
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similarly. All three error metrics are proportional to the relative gap and have similar
magnitudes. In view of the theory developed in Section , we use Hsin O(Vy, V’“)Hg as an
error metric for analysing the accuracy of the sketched TLS solution. From Section [3.2.1]
we have an a priori bound

oni1([A[B]) _ oni1([A|B])
on([AlB]) ~ on(A)

Hsin @(Vk, Vk)HZ ,§

where < is used to hide the constants in the bound. Now we demonstrate the speedup
obtained using Algorithm [T1| with an experiment. Table was generated using the same setup
as in Figure with A € R™*1900 and B € R™*!9 but with varying values of m = 24, 2%,
216 217 218 and a fixed Gaussian noise level of 1073 for the matrix B. In Table [3.1] as we
increase the value of m, we observe up to 16 x speedup, demonstrating the benefit of sketching.
We also notice that the relative error, and the sine of the angle between the trailing right
singular vectors of the original TLS problem and the sketched TLS problem are small and
similar in magnitude, which is consistent with Figure[3.3] The accuracy of the sketched solution
can be improved by enlarging the sketch size at the cost of increasing the overall complexity.
Lastly, we see that the sketched solution residual error is only a modest constant larger than the
original error; this is expected since sketching gives a near-optimal solution (Theorem .

Therefore, the sketched solution is a good approximation for the TLS problem.

3.4 Updating and downdating of the sketch

We now look at how row/column updates or downdates of the original matrix influence
the sketch. Let A € R™*™ with m > n. We have been sketching from the left to get
STA € R**™ where S € R™** is a subspace embedding with sketch size s. Sometimes, in

problems such as the AAA algorithm [NSTI8] which we discuss in Section 3.5 we want
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Table 3.1: Total least squares problem with A € R™*1000 and B € R™*10 (n = 1000, k = 10).
X € R1000x10 jg the sketched TLS solution with the TLS error H[E|R} HF and X € R1000x10 jg the
original TLS solution with the TLS error ||[E|R]||y. The orthonormal matrices V' and V, are

the £ trailing right singular vectors of the original TLS problem and the sketched TLS problem,
respectively.

mo Speedwp  (ER], L P [smovi. vy,
914 3.71x 2.16-1078 1.39 2.65-107 2.21-10°6
215 6.07 % 2.21-10°8 1.40 2.98 .10 2.46-1076
216 8.5 % 2.22.10°8 1.40 3.00-10°6 2.32-10°6
217 14.12x% 2.22.10°8 1.40 2.80-10°6 2.39-10°6
218 16.10x 2.22-1078 1.41 2.91-10°6 2.24-10°6

to update A, either by adding or removing a column and/or a row. The null space of
the updated matrix is then sought.

Here, we devise a strategy in a similar spirit to the ones used for data streaming [CW09,
TYUCI9)] to efficiently update the sketch S'TA rather than sketching A from scratch, so
that the solution for Problem can be updated efficiently. The strategies which will be
discussed below are feasible because, as long as the updates or downdates to the original
matrix are independent of the random embedding, the embedding will continue to be a
valid subspace embedding for the updated or downdated matrix with high probability. In
particular, if Gaussian embeddings are used, the probability of failure remains bounded by
a sum of exponentially small terms, by a union bound argument.

First, adding or removing a column is straightforward. If we add or remove a column
from the original matrix then we can do the same for the sketch.

By contrast, adding or removing a row is not so simple. For simplicity, we focus on
row updates and downdates using Gaussian embeddings Sg € R™*%. We first observe that

regardless of how many row updates and downdates are being done to the original matrix, the
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sketch S gA will always be an s X n matrix. One caution is that if too many row downdates

are done to A so that m ~ s then sketching becomes pointless.

3.4.1 Row updating

Let us consider a row update first. Without loss of generality, suppose that a row a € R*"

_ A
is added to the bottom of A and let A := € Rm+Dxn he the updated matrix. If we did
a

not have the sketch of A and if we had to sketch from scratch then we need to draw a new
Gaussian embedding Sg € R™1)*5 and left-multiply it to A. Now we find an equivalent

process by reusing the sketch Y := SEA € R**™. Since a row is appended to the end of

_ Sa
A, we add a row to the end of S¢ giving us Sg = € R"Dxs where g € R® is a
g

Gaussian row vector independent of S¢; and A with entries i.i.d. A'(0,1/s). Notice that S¢

and S¢ are equal in distribution. Therefore, the updated sketch for A becomes

-
T - S A
v=5.A=|° _STA+g a-Y +gacR™
g a
with the updated Gaussian embedding S¢ = ¢ . If a row is inserted into the middle of

g
the matrix, say at the jth position, then the formula for the sketch is the same as above with

the Gaussian row vector inserted at the jth position. Algorithm [2] shows this.

3.4.2 Row downdating

Row downdating is similar to a row update. Let A; € R™=1*" he the matrix with the jth

row removed from A. Using a similar idea as a row update, we let S, € RMm=1%s he the
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Algorithm 2 Sketch update: A row update on A

Input: S € R™*® subspace embedding with sketch size s, @ € R " the row being added, j
the index where a is being added, Y € R**" the sketch of A
Output: S € R(™+t)*s ypdated subspace embedding, Y € R**" updated sketch

function [S,Y] = Row_Update(S,Y,a, )
1: Draw g € R with i.i.d. A(0,1/s) independent of S,

~ S(l:5—-1, )

2: Set S = g € Rim+1)xs, > Updated subspace embedding
B S(j:s, )

333t Y =Y +g'a > Updated sketch

matrix with the jth row removed from S. Then the updated sketch for A; becomes

T

Sg(l:7-1,:) A(l:j—1,:) . .
Y] = SJA]: :Y—SG<j, Z)TA(], )
Sc(ij+1:m, ) A(j+1:m, )

where Y = S gA is the sketch for A. Thus, the updated sketching matrix becomes S, and

the updated sketch becomes Y; =Y — S;(j,:) " A(j,:). Algorithm [3| shows this.

Algorithm 3 Sketch update: A row downdate on A

Input: S € R™*® subspace embedding with sketch size s, j the index to be removed,
Y € R**" the sketch of A
Output: S; € R("~U*s downdated subspace embedding, Y'; € R**" downdated sketch

function [S;,Y ;] = Row Downdate(S,Y, )

. S5 -1, ) .
1: Set §; = S(i+1:m, :)) > Downdated subspace embedding
2:Set Y; =Y —S(j,:)TA(5,:) > Downdated sketch

3.4.3 Non-Gaussian sketch

We have considered Gaussian embeddings for row updates and downdates. For other random
embeddings such as SRTTs, the analysis is more difficult. However, in practice many random

embeddings behave similarly to the Gaussian embedding and often Gaussian analysis reflects
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the performance in practice [MT20]. For column updates and downdates, the strategy is the
same for all random embeddings, but not necessarily for rows. The strategy for row updates
and downdates can be the same for certain classes of random embeddings such as those with
i.i.d. rows, with sparse sign embeddings being an example. The strategy we suggest for other
sketching matrices for row updates and downdates is the following.

For a row update, we append a Gaussian row vector (or a row of a sparse sign embedding
for efficiency) to the subspace embedding at the index where the new row gets appended
to A, and set the result to be the updated subspace embedding. The updated sketch will
then be Y 4+ g"a where Y € R**" is the previous sketch, g € R'** is a Gaussian row vector
independent of S with entries i.i.d. A(0,1/s), and a € R'*" is the row appended to A.

For a row downdate, we would need to remove the row from the subspace embedding
corresponding to the row that will be removed from A. However, removing this row is
essentially the same as zeroing out its corresponding row in A and keeping the original subspace

embedding. More specifically, we have the following equivalence for removing the jth row of A,

T A(l:5-1,:)
S(l:5—-1,: A(l:7-1,:
(L:j ) (L:7 ) _gT 0

S(G+1:m, ) AG+1:m, )
A(j+1:m, 1)

=STA—-8(j,:)TA(j,)

—STA—STe;A(j,:),

where e; is the jth canonical basis vector. Following this observation, we propose the following
for row downdates. We first take the canonical basis vector corresponding to the index of
the row that will be removed from A, say e;, and sketch it using the original subspace
embedding S giving S"e; € R*. We then subtract (S'e;)A(j,:) € R**™ from the original

sketch to obtain the updated sketch, Y; = Y — (S'e;)A(j,:). This process removes the
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contribution from the removed row in the original sketch.

3.4.4 Complexity of updating the sketch

We discuss the complexity of reusing the sketch. We assume that the random embedding is an
SRTT with the sketch size s = 2n and we are sketching A € R™*™ (m > n). For a column
downdate, it is essentially free because we only need to remove a column from the sketch. For a
column update, we need to sketch a column which costs O(m log m) flops. For a row update we
need to do a column-row multiplication followed by an addition of two s x n matrices which cost
an overall O(sn) flops. For a row downdate, we need to sketch a canonical basis vector which
costs O(mlogm) flops, and perform a column-row multiplication followed by a subtraction of
two s X n matrices which cost O(sn) flops. Overall, a row downdate costs O(mlogm + sn)
flops. This is all better than resketching, which costs O(mnlogn) flops. Therefore, whenever
an update or a downdate is made to the original matrix, updating the sketch is about O(n)
times better than resketching the updated/downdated matrix from scratch.

We now use the ideas in this section to speed up the AAA algorithm for rational

approximation by reusing the sketch in the sketch-and-solve method.

3.5 Application: AAA algorithm

The goal of rational approximation is: given a (possibly complicated) function f : R — R,
find a rational function r : R — R that approximates £ ~ r, in a domain {2 C R. The AAA
algorithm [NST18] is a powerful algorithm for this task, requiring only a set of distinct sample
points, 21, 29, ..., zm € £, and their function values, fi, fa, ..., fm, that is, fi = £(z;). The
flexibility and empirical near-optimality of AAA have resulted in its use in a large number
of applications, including nonlinear eigenvalue problems [LMPV22], conformal maps [GT19],

model order reduction [GG20], and signal processing [DPP23]. Rational approximation can
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significantly outperform the more standard polynomial approximation when, for example,

2 is unbounded or when £ has singularities [Trel9].

3.5.1 A brief summary of the AAA algorithm

Let us outline the AAA algorithm, emphasizing how it results in the approximate null
space problem (Problem [3.0.1). The AAA algorithm has two key ingredients. The first
is to use the barycentric representation of rational functions, instead of the standard

quotient of polynomials:

where n is the degree/type of rational approximation, w = [wy, ws, ..., w,]" € R"™ are weights,
and 41,19, ..., 1, € {1,2,...,m} are distinct indices. Here, m is the number of sample points
and usually, we have m > n. The second key ingredient is the greedy selection of the so-called
support points z;;, which are chosen as the points where the current error |f(z;) —r(z;)| is
maximised. This greedy selection is done by finding the minimiser of the linearised least-
squares error |[fd —nl|,, where the norm is the ¢, norm on the sample points. This is

equivalent to forming a matrix called the Loewner matrix [NST18], whose (i, ;) entry is

£(2i)—£(25)

“—° and finding the minimiser of ||Awl||, = ||fd — n||, over unit-norm vectors w, i.e.,
i %)

an approximate null space problem with k£ = 1. More specifically, as the algorithm iterates,
a column is added (the degree of r is increased) while a row is removed (a support point
is added, hence removed from the least-squares equation) from the Loewner matrix from
the previous iteration, making the Loewner matrix A® an (m — ¢) x £ matrix at iteration
£. The iteration is terminated once the tolerance is met and the resulting rational function
interpolates (apart from removable singularities) f(z) at the support points. The precise

details are covered in the original paper [NST18].
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To summarize, the main computational task in AAA is that at each iteration, say ¢, we
solve for the weights w € R’ that solve the following approximate null space problem

min HA(Z)wH )

[[wll;=1 2

The original algorithm computes the SVD of an (m — ¢) x ¢ matrix at iteration ¢, giving
us the overall complexity of O(mn?®) for the AAA algorithm where n is the degree/type

of the rational approximant r.

3.5.2 Speeding up AAA by reusing the sketch

Given that the approximate null space problem is the main computational task in AAA, it is
natural to apply the algorithms in this paper to speed it up. The first straightforward idea is
as follows: At the /th iteration, when we solve for the right singular vector corresponding
to the smallest singular value of AY), we can sketch the matrix A and then take the
SVD of a smaller-sized matrix instead. This will reduce the complexity from O(mn?) to
O(mn?logn + n') when m > n. Note that by resketching the matrix at each iteration using
an SRTT, we achieve a theoretical flop count of O(mflogl + ¢3) at iteration ¢. This limits
the speedup we can obtain as n is usually not too large (< 200) in most applications [NST18].

Fortunately, we can improve the speed further by noting that at each iteration of the AAA
algorithm a column is added while a row is deleted from the Loewner matrix. Therefore we
can update the sketch using the strategies discussed in Section [3.4] For deleting a row, we
can use Algorithm [3] and for adding a column, we can sketch the new column and append

it to the sketch. The overall sketch then becomes

YO = [y — (STe)AUV()1), STA] e R
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at iteration ¢, where Y~V is the sketch of A“~Y | S is the original subspace embedding, j is
the index of the row of A“"Y being removed and Ay is the added column. After the sketch
is made, we take the SVD of the sketch Y® and extract its trailing singular vector. The
overall complexity is O(mnlogm + n*) using the SRTT with the sketch size s = 2n. Thus,
when m > n, and m is at most exponentially larger than n, we get a lower complexity than
both the original AAA algorithm with O(mn?) flops, and the version where we resketch the
entire Loewner matrix A®) at each iteration, requiring O(mn?logn + n*) flops.

Note that at each iteration, a column update and a row downdate to the Loewner matrix
is the result of choosing a support point. Since we choose our support points based on
trailing right singular vector of our sketch, there is weak dependency between our sketch
and the support point. However, since we begin with a random embedding independent
to the initial Loewner matrix, the failure probability for the column update and the row
downdate concerning any independently chosen support point is exponentially small using the
failure probability for the Gaussian embedding (Section . Therefore, regardless of the
dependency between our sketch and the chosen support point, the sketch would succeed, in
the worst case with all but a sum of exponentially small failure probabilities by union bound.
For n not too large, we expect the original random embedding to be a subspace embedding

for future Loewner matrices, which is observed in practice; see Figure (3.4

Other approaches for speeding up AAA

In [Hocl7], Hochman designs an algorithm to speed up the AAA algorithm based on Cholesky
update/downdate of the Gram matrix of A In the AAA algorithm, the Loewner matrix
AY can become extremely ill-conditioned so Cholesky update /downdate can be numerically
unstable [EP94]. Also, the complexity of Hochman’s algorithm is O(mn?) and our algorithm,

with complexity O(mnlogm + n?), is faster as long as m is larger than n?.
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3.5.3 AAA Experiments

In Table we conducted experiments with various functions using m = 10° points sampled
uniformly from the domain of each function. These functions were chosen so that the functions
give different values of n in the rational approximation. This will demonstrate how the sketched
version of the AAA algorithm performs in the high-dimensional case when compared with
the original AAA algorithm. By reusing the sketch we already see a great speedup even for
small values of n. The function f(z) = log(2 + 2*)/(1 — 162) is estimated by a rational
function with n = 32 and we achieved more than 10x speedup. For a larger value of n, in
the case f(z) = tan(2562) with n = 190, we get more than 30x speedup. This experiment

shows the efficiency of reusing the sketch for the sketch-and-solve methodf]

Table 3.2: AAA speedup for four functions that give different values of n with m = 10° points.
The points were sampled uniformly at random from the domain of each function.

f(2) n Speedup Domain
log(2 + 2*)/(1 — 162%) 32 10.49x {z:]z] =1}
Vi1 =2)\/(z—i)(1+i—=2) 60 14.00x {z=a+iy:z,y €[0,1]}
tan(1282) 105 19.40% {z:]2] < 1}
tan(256z) 190 32.69x {z:|z]| <1}

Figure [3.4] illustrates the qualitative similarity between the rational approximations of

f(z) = /z(1—2)\/(z —9)(1 +i— z) produced by the original AAA algorithm and the
version where we have reused the sketch. Both the standard AAA approximant r; and the
sketched AAA approximant ry provide good approximation to the original function f, with

r9 being computed approximately 14 times faster than r;.

2Tt is often excessive and unnecessary to take a million sample points in AAA. In many cases, say 103-10*
points would suffice. Nonetheless, when the function has singularities on or near the domain of interest, and
the precise location of the singularity is unknown, it is sensible to take as many sample points as possible to
ensure sufficiently many sample points are near the singularity.
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Figure 3.4: f(z) = \/2(1 —2)y/(z —4)(1 +i — 2) with 10° points randomly sampled from {z =
x4y : x,y € [0,1]}. r1 and rg are the rational approximation obtained using the original AAA
algorithm and the AAA algorithm with reused sketch respectively. The bottom two contour plots
show the logarithm (base 10) of the approximation error. We see that the two versions give
approximately the same quality of approximation. The top left plot shows the data points (blue)
and the poles (red) for ro and the top right plot shows the phase plot of 7.
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Nystrom method for indefinite matrices

The Nystrom method [Nys30, (WS00, (GM16] (Section has been a popular choice
for finding low-rank approximations to symmetric positive semi-definite (SPSD) matrices,
especially in the machine learning community for kernel-based methods. However, it can
fail when applied to symmetric indefinite matrices for which the approximation error can be
unboundedly large. Low-rank approximation of symmetric indefinite matrices arises in many
applications, such as learning in reproducing kernel Krein spaces [OG19], natural language
processing [PR14, [DCLT19|, and non-metric proximity transformations [GS15], which has
applications in bioinformatics and social networks.

Let A € R™™ be a SPSD matrix and k be the target rank. Then the Nystrom
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approximation is given by
AY =cMmicT
nys 9

where C = AS € R, and M = STAS € R*** with k < s < nand S € R" is a
subspace embedding with sketch size s. Traditionally, S is chosen to be a column sampling
matrix, which make C' a subset of s columns of A and M an s x s principal submatrix of
A; see Section and Chapter [5] While generally cheaper to compute, column sampling
matrices typically have higher variance result than random embeddings [MT20, [F'TU23|. As
a result, in view of obtaining a stable, robust Nystrom method for symmetric indefinite
matrices, we focus on random embeddings in this chapter.

The goal of this chapter is to demonstrate that a judiciously constructed rank-restricted
variant of the Nystrom approximation (Algorithm , when used with random embeddings,
remains robust even for symmetric indefinite matrices. This is demonstrated empirically
through numerical experiments in Section [£.5] Additionally, we show that there exists an
orthogonal projection matrix for the core matrix M such that the Nystrom approximation
gives a good low-rank approximation to any symmetric matrix, provided its singular values
decay sufficiently rapidly. While this analysis does not directly establish the accuracy of our
proposed algorithm, it does support a closely related variant of the Nystrom method.

It is important to note that the original matrix A need not be SPSD for one to form the
Nystrom approximation. However, existing theory does not translate directly to symmetric

indefinite matrices, as it relies on the assumption that A is SPSD [Git11l [GM16, MW17].
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4.1 Rank-restricted variants of the Nystrom method

There are several variants of the Nystrom method for SPSD matrices. There are two rank-

restricted versions that give a rank-k approximation to Agf;s where k < s. The first version,

which is more traditional, is defined by A&Y = C [[M]]L C'" [DMO05, LBKLI5, [GM16] where

nys

[M], denotes the best rank-k approximation to M. The second version is given by [{Aﬁf;sﬂ =
k

[CMm TC’T]]k [TYUCI7al, PABWIS, WGM19], which was suggested more recently. The

difference between the two methods is that A%’? performs rank-truncation in the core matrix,

M, which makes this method cheaper to compute, while [[AS;SH performs rank-truncation
k

in the entire Nystrom approximation Affy)s. We mostly focus on A%]g) in this chapter.

For an SPSD matrix, A, Agfy)s (Theorem [2.3.4) and [[A(S) ﬂ [WGM19] satisfy relative-
k

nys

error bounds in the nuclear norm. Contrarily, it is not known whether A%f) satisfies a
relative-error norm bound [WGM19]. In [PABWIS], an example of a 3 x 3 SPSD matrix
is given, showing the downside of using A®* for kernel approximations, which commonly

nys
uses a column sampling matrix. The authors propose [{A,(fy)sﬂ . as an alternative, for which
later Wang, Gittens and Mahoney derived a relative-error norm bound [WGM19]. For this
3 x 3 example, the problem persists even if we use random embeddings. However, this
is a small example that can yield high variance results, and random embeddings do give
a smaller expected relative-error in the nuclear norm and a smaller variance result than
column sampling. These types of phenomena have been discussed before, for example in
[MT20], where the authors point out that column sampling is less reliable than random
embeddings due to their relatively high variance results.

For symmetric indefinite matrices, not much has been shown. It is however known that

the problem is rather difficult. We can easily see that the plain Nystrom approximation, A

nys
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can behave poorly for symmetric indefinite matrices. For example, let 0 < ¢ < 1 and

01 €
10 V1 —¢€?

where A has eigenvalues +1. Then the plain rank-1 Nystrom approximation to A is

1 1—€ e/1—¢€

AY — AS(STAS)ISTA=
( ) 2ev/1 — €2 I — &2 2

nys

and therefore

1

261 — €2’

nys

a4

which can become arbitrarily large as ¢ — 0, whereas the best rank-1 nuclear norm error
of A is 1. This kind of issue does not arise for SPSD matrices. A similar phenomenon has
been observed in a different context involving CUR approximations of rectangular matrices
[CK20], which we discuss in greater detail in Chapter . Essentially, the issue arises from the
presence of an eigenvalue of M close to (or even equal to) 0, much smaller than o4 (A) or even
Omin(A)—a phenomenon that is absent when A is SPSD. This leads to a blow-up in the norm
of the pseudoinverse of the core matrix, M, causing instability. While this is admittedly a
contrived example, the difficulty can also be easily observed in experiments. In Figure the
two plots were generated using 100 x 100 symmetric indefinite matrices with Haar distributed
eigenvectors. In the left plot, the eigenvalues decay geometrically from 1 to 1078 with random
signs, and in the right plot, the first 20 eigenvalues are equal to £1 and the other 80 eigenvalues
are equal to 1071 where the signs were applied randomly with equal probability. We apply
the plain Nystrom approximation A% using the Gaussian embedding to A. The peaks of

nys

AR i Figure indicate that the plain Nystrom approximation can be unstable.

nys
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Figure 4.1: Plain Nystrom approximation Agz)s using the Gaussian embedding to 100 x 100
symmetric indefinite matrices. We can see that A;’g)s can be unstable.

4.2 Existing methods

There are several existing ideas for using the Nystrom method for symmetric indefinite
matrices. Cai, Nagy and Xi [CNX22] derive an error bound for the Nystrom method A%)S
for symmetric indefinite matrices that arise from a symmetric function. This bound depends
on how close the function values of the sampled points are, which is not an attractive
dependence and may not be very useful in more general or practical situations. They suggest
the plain Nystrom method Agz)s, which can be unstable as illustrated in Figure They also
suggest AS(STAS)IST A for the Nystrom approximation motivated by [Nak2(] with the
aim of improving the stability. This version truncates the core matrix M = ST AS so that
O min ((S TAS )E) > ¢ where € is on the order of the unit roundoff. However, this version can
give worse approximations than Aﬁfy)s as illustrated in their paper [CNX22] and does not always
improve the stability of the Nystrom approximation. In another work, Ray et al. [RMMM22]
suggest submatrix-shifted (SMS) Nystrom to provide an efficient algorithm that deals with
symmetric matrices that have only few negative eigenvalues. This method uses an eigenvalue

shift based on the minimum eigenvalue of a small principal submatrix before applying the

plain Nystrom method A%®) A major drawback of this approach is that the eigenvalue shift

nys*

74



can adversely affect the quality of the low-rank approximation by potentially destroying
the inherent decay structure of the singular values. Lastly, the authors in [GS15, (OGI19)
devise several strategies to form Nystrom approximations to symmetric indefinite matrices.
However, these methods use eigenvalue information of the original matrix, which is expensive
to compute. The three existing methods described above use column sampling matrices for

S, which is different from our approach which focuses on random embeddings.

Non-Nystrom approaches. In [HMT1I], a low-rank approximation for symmetric matrices
in the form of the randomised SVD is given. This approximation is given by QQ"AQQ "
where Q € R™** is the orthonormal matrix in the thin QR decomposition of AS and is
known to satisfy a relative-error norm bound. The dominant cost is O(n?s) flops for forming
Q'A (assuming A is dense), which becomes prohibitive when n, s are large. Wang, Luo and
Zhang derived in [WLZ14] a relative-error norm bound to any symmetric matrices (possibly
indefinite) for the prototype model. This model computes the low-rank approximation by first
forming the sketch C = AS and then approximating A by CC'A(C")TC". The dominant
costs are O(n’klogk) for computing C and O(nk) for computing CTA, which becomes
very costly with large n. Both of these methods are two-pass algorithms compared with the
Nystrom method which is a one-pass algorithm. Two-pass algorithms, generally require more

storage and computational complexity than one pass algorithms.

Non-symmetric approaches. Non-symmetric low-rank approximation can be used for
symmetric indefinite matrices. Examples include the randomised SVD [HMTI1I] and the
generalised Nystrom method [TYUCTITH, [Nak20]; see Section [2.3] For both methods, since
their representation is not symmetric, if we want to force symmetry in their representations
(e.g. by taking the symmetric part (AT + A) /2), we may risk doubling the rank in the

approximation and recompression is needed to truncate the symmetric part back to the target
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rank. In addition, as before, the randomised SVD has the cost of computing Q" A, which
becomes prohibitive when n, s are large. For generalised Nystrom, we approximately double
the number of matrix-vector multiplications needed as A needs to be multiplied by two
independent random embeddings and this, in turn doubles the storage requirement (in fact,
more than double because one of the sketch size is recommended to be proportionally larger
than the target rank [Nak20]). Therefore, we focus on symmetric low-rank approximations

as they are natural for symmetric matrices.

4.3 Proposed method

The Nystrom method may fail on symmetric indefinite matrices. The main concern is in the
core matrix M = S'AS, because the positive and negative eigenvalues of A can ‘cancel’
each other out when forming M, making the eigenvalues of M much smaller than o (A).
This causes inaccuracies and instabilities when computing the pseudoinverse of M. For the
sake of argument, suppose S is a column sampling matrix then M would be a principal
submatrix of A. By Cauchy’s interlacing theorem, the spectrum of M is contained in the
interval [Amin(A), Amax(A)], which contains both positive and negative values since A is
indefinite. Therefore the magnitude of the eigenvalues of M can be significantly smaller
from those of A, potentially resulting in the matrix M blowing up. In addition, the
computation of the pseudoinverse of M can be numerically unstable if oy, (M) < u where
u is the unit roundoff. Thus, the main challenge is to ensure that M does not ruin the
Nystrom approximation quality. One approach is to introduce a potentially large shift to
make A SPSD, but this can severely affect the approximation quality unless A is nearly
definite, that is, the negative eigenvalues of A are very small in magnitude, for example,
on the order of the unit roundoff. This idea is used for SPSD matrices where a small shift

is introduced to gain numerical stability, however the shift here needs to be small enough
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to ensure that accuracy is still high [LLST17, [TYUCI7a).

In light of these observations, we propose
(ck) _ T T aT
Aipger = AS [[S AS]]k S A

for symmetric indefinite matrices A € R™™ where § € R"*“* is a random embedding, ¢ > 1
is a modest constant, say ¢ = 1.5 or ¢ = 2, and k is the target rank. Here, we assume that

ck is an integer. When A is SPSD and the sketch size s is proportional to the target rank,

(ck,k)

nys - This rank-restricted version truncates the bottom (c — 1)k

ALk s is equivalent to A
singular values of M = ST AS € R¥*% which can potentially be harmful even if they are
sufficiently larger than the unit roundoff. This is different to the truncation used in [CNX22]
as they use truncation based on the magnitudes of the singular values of M, whereas for
our method, the number of smallest singular values we truncate is proportional to the target
rank. This intuition is justified by Andoni and Nguyén [AN13], who prove that the largest
eigenvalues (those proportional to the sketch size) of symmetric matrices with rapidly decaying
singular values are approximately preserved under conjugation by a Gaussian embedding,
ie. SgASg, with an appropriate normalisation factor.

To assess the preservation of singular values, we define a metric that quantifies how

accurately the core matrix M of the Nystréom method captures the singular values of A. For

a symmetric matrix A € R™ ", a target rank k and a sketch size s > k, define

max o;(SLASG)/0i(A)

k(A k,s) = L=ish = max 0i(SGASc) 0;(A)
o 112i2k 0;(85ASG) /0 (A)  15ii<k 0(SLASG) 0i(A)
<<

where S € R"** is a Gaussian embedding. This quantity measures the ratio between the
worst over-approximation and the worst under-approximation of the leading singular values

of A using the singular values in the core matrix M. The quantity (A, k, s) will help us
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see how much the singular values of M have deviated from the leading singular values of A,

which directly affects the Nystrom approximation quality as we illustrate in Figure [.2]

10°

10°

14— All.

I I I I I I I 0 | | | | | | |
50 100 150 200 250 300 350 400 10 50 100 150 200 250 300 350 400

Target rank k Target rank k

(a) (b)

nys’ nys
symmetric indefinite matrix A € R1900x1000  Figyre shows the Nystrom error in the nuclear
norm and Figure shows the accuracy of the singular values of M = SgAS’G when compared
with the singular values of A. We observe that the truncation in the core matrix M can significantly
increase the robustness and the accuracy of the Nystrom approximation.

Figure 4.2: Accuracy of the Nystrém approximations A%) = AKk+5.k) Al(.ifél;), and HA,%?’“)H i to a

In Figure 1.2 we show how important it is to ensure that the spectrum of M does

R1000x1000 j5 5 symmetric

not ruin the approximation quality. In this experiment, A €
indefinite matrix constructed as in the left plot of Figure [{.1 The smallest singular value in

the core matrix was larger than 10~7 throughout this experiment. For the truncated cases,

Ag,ll'di’fc) and Ag;f”k), the approximation is robust as seen in Figure 4.2a; This robustness

we see is illustrated in Figure where the singular values of M = SgASG behaves
well in the sense that there is no wild fluctuations in kpr(A, &k, k +5) and kpr(A, k, 1.5k).
However, when the sketch size is not proportional to the target rank (s = k + 5), the relative
approximation error for Aff;f’k) (when compared with the truncated SVD) and rpr(A, k, k+5)
grow as we increase the target rank. This issue can be further exacerbated when structured

random embeddings, such as the SRTT embedding, are used with the sketch size s = k + 5;

see Figure and Section When the sketch size is proportional to the target rank,
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k) are approximately a constant,

ka (A, k,1.5k) and the relative approximation error for Amde 7
which motivates us to choose the oversample size to be proportional to the target rank. On
the other hand, without the truncation in the core matrix we see that kps(A, k, k) behaves
wildly. This indicates that the singular values of M inaccurately approximates the leading

nys

singular values of A. As a result, the Nystrom approximations, Anys and HA (1. 5k)]] yield
k

unstable results. Empirically, this provides a reason to favour Al s over other variants

znde

of the Nystréom method for symmetric indefinite matrices.

4.3.1 Suggested algorithm

For a general symmetric matrix A € R"*" with the target rank k, we suggest
Al = AS [[STAS]k sTA=c[Mm]iCT, (4.1)

where S € R™* is a random embedding with the sketch size s = ck where ¢ > 1 is a

modest constant. The algorithm is given in Algorithm [4]

Algorithm 4 Judiciously truncated Nystrom approximation for indefinite matrices

Input: Symmetric matrix A € R"*", target rank k, ¢ > 1 (rec. ¢ = 1.5)
Output: C € R™* and A; € R*** such that Alflje)f —CAlCT

function [C, A;] = Indef Nystrom(A,k,c)

Draw a random embedding S € R™*¢

Sketch C' = AS,

M=S'C,

[V,A] =eig(M), > eigendecomposition of M
Ay = A(1:k, 1:k) € RE¥k,

C=CV(:,1:k)c RV

Algorithm [4] forms Equation (4.1) such that the eigenvectors of the truncated eigen-

decomposition of M is absorbed into the C factor. This is done to ensure numerical
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stability, as the matrix multiplication
C-(V(:,1:k)-AL:k1:k)"-V(:,1:k)7)-CT

can be numerically unstable. This type of numerical instability will be revisited in Chapter
where we examine a more general setting involving rectangular matrices. There, we show that
depending on the implementation, forming the pseudoinverse of the core matrix can similarly
lead to numerically unstable approximation. The recommended sketch size for Algorithm [4] is
s = 1.5k for efficiency, but if one wants a better approximation quality guarantee, then the
sketch size can be increased to, for example, s = 2k or s = 4k. Note that the truncation is
performed irrespectively of the singular values of M (unlike previous studies, e.g. [CNX22]);
our analysis in Section suggests that it is important that the number of singular values

to be truncated (s — k) = (¢ — 1)k is proportional to k.

Complexity. The cost of Algorithm 4| is O (T ek 4 /{:3), where T is the cost of

s

forming a sketch of size ck in line 2. For example, T, S(gfzch = O(n?logk) for SRTTs and

T(,:’;zch = O(¢ - nnz(A)) for sparse sign embeddings, where ¢ is the sparsity parameter. The

S

cost O(k?) is for computing the eigendecomposition of the core matrix M in line 4.

Eigendecomposition of A§;j§3 s+ Algorithm {las presented does not output the eigendecom-
position of AZ(-foe)f. To do this, we require an extra O(nk? + k?) flops. We need O(nk?) flops
to compute the thin QR decomposition of C = QsRc¢, O(k*) flops to form and compute
the eigendecomposition of R¢o [[M]]L R} = UXU" and O(nk?) flops to form U, = Q.U
giving us the eigendecomposition, Agflfe)f = U,XU/.

In Figure [4.3] we illustrate Algorithm [4 using an SRTT and a sparse sign embedding.
The experiment was conducted with synthetic 2000 x 2000 symmetric indefinite matrices.

The top two plots have eigenvalues that decay geometrically from 1 to 1072 each assigned
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Figure 4.3: Algorithm A difficult (coherent) example for the SRTT sketch. The approximation
can be unstable if the sketch size is too small for the SRTT sketch (left plots). This problem can be
fixed by enlarging the sketch size. The right plots show that sparse maps have no issue with this
example and the approximation is robust.

a random sign with equal probability and the eigenvectors are in a 2 x 2 block diagonal
form, diag(Is00, U) where g is the 200 x 200 identity matrix and U € R8%0*1800 jg 5 Haar
distributed orthogonal matrix. This eigenvector matrix is a more coherent example than our
previous examples and is known to be a difficult example for SRTTs [BG13]. The bottom
two plots were generated using the same eigenvector matrix, but with eigenvalues equal to

+1 for the first 100, £10~* for the next 100, £10~8 for the 100 eigenvalues after that, and

+10716 for the last 1700 eigenvalues each assigned a random sign with equal probability.
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In the two left plots, we see that the SRTT sketch can fail if the sketch size is not large
enough. This instability in the approximation can be fixed by enlarging the sketch size.
We see that s = k + 5 does not do well, but when s = 4k the approximation becomes
more accurate and robust. In the right plots, we see that the SRTT sketch with the sketch
size s = |klogk], which comes with theoretical guarantees, has excellent approximation
quality. Finally, we see that the sparse map with sparsity £ = 8 gives a robust approximation

throughout, which can be improved by enlarging the sketch size.

4.4 Analysis

For a general symmetric matrix A € R™*"  there is no known relative-error norm bounds
for the Nystrom method. Here, we show that for general symmetric matrices, the Nystrom
method with a Gaussian embedding achieves, in expectation, a relative-error bound in nuclear
norm after an orthogonal projection in the core matrix, provided the singular values decay
sufficiently fast. The analysis that follows establishes the accuracy not of Algorithm {4} but
of a closely related variant of the Nystrom method. The last paragraph of this section
discusses this in more detail.

Let A € R™™ be a symmetric matrix and let the eigendecomposition of A be

Ay
A=VAV' = [V, V,, V] A, \ZRZAZH (4.2)

A;

where V' € R™™"™ is the orthogonal eigenvector matrix of A and A € R"*" is a diagonal matrix
containing the eigenvalues of A. The matrices with subscript 1 have k£ columns, those with
subscript 2 have (¢; — 1)k columns and subscript 3 have (n — ¢;k) columns where k < c1k <n

and c¢; > 1 is a constant such that ¢k is a positive integer. The eigenvalues are ordered in
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non-increasing order with respect to their magnitude, so we have o;(A) = |\;(A)| for all i.
Now we state our main theorem, and discuss the three key facts that will accompany

our proof before getting to the proof immediately.

Theorem 4.4.1. Let A € R™ " be a symmetric matriz as in Equation and assume that
Me(A) # 0. Let ¢y and ¢y be constants with 1 < ¢; < ¢y < % — 1 such that cik and cok are
positive integers. Define S; := VZTSG fori=1,2,3 where S¢ € R™%F is a Gaussian matriz,
and set B = 85Q ,(S:Q ) € RO—akxk yhere Q, € ReF*(2—artDk s an orthogonal
complement of 8§ € ReF*(=Dk et (§,Q ) = QIA{ be the thin QR decomposition of
(81Q )" and set U := Q, Q € Rk Then the orthogonal projector P = UU" € R2kxek

satisfies

EE]. [2] < (1 +era) [|A = [A]. (4.3)

where

E:= A - AS;(PS,AS;P)'S}A

is the associated Nystrom error, Qg is an event defined as
2
QOp = {H|A3|1/QBHF < 0.5|/\k(A)|}

where |Az| is defined element-wise and

2 A A
€ha = 2b\/E <1 + \/;_'_ ’)\Clk'i'l( )‘> H 3”*

A(A)] ) [[Aall, + [[Asll,

k

wh@'f’e b = m

In the above theorem, ¢; and ¢y are oversampling factors which are of modest size, say
c1 = 1.5 and ¢y = 2. We need two factors because we need S1Q |, € REx(c2=c1+D)k 4 he

rectangular Gaussian matrices, which makes them well-conditioned with high probability
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(Theorem . We can view ¢y as ¢ in Algorithm [4| and ¢, to be the oversampling factor
introduced to make the analysis possible. By making ¢, ¢ and (ca — ¢1) larger, we can
improve the bound in the above theorem. The orthogonal projector P = UU ' truncates
the core matrix M = S, AS by removing the largest ‘unwanted’ eigenvalues of A, i.e. the
eigenvalues in Ay, using @, factor in U. This helps the core matrix to not be corrupted
by the interaction between the target and the large ‘unwanted’ singular values and singular

vectors of A, which can happen when forming the core matrix M. Lastly, the term € 4 plays

a similar role to the distortion factor S_Z_l in Theorem , and Qp is roughly the event

that the eigenvalues of A decay sufficiently quickly. If we assume that A has a low-rank
structure, for example, [Ag(A)| > | A kr1(A)|, then Qp would hold with high probability,
and €, 4 would be a moderately-sized constant, which tells us that the relative-error nuclear
norm bound in Equation is good.

We now introduce three key facts that will be useful for our proof. The first fact
follows closely the analysis in [Nak2(]. Let P := AV 'S¢(PSLAS¢P) S,V Then since

U € R®2**k is an orthonormal matrix, we have

P =AV'Sq(PSL,AScP)'SLV
= AV'S¢(UU'S,AS;UU")S,V

= AV'ScUU'SLAS;U)U'S,V
and P is an oblique projector, since

P =AV'S;UU'SLAS;U)U'S.VAVIS,UU'SLASU)U'S,V

= AV'ScUU'SLAS;U)U'SLV =P.
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As in [Nak20], we can rewrite the associated Nystrom error as
V'EV =(I, —P)A = (I, —P)AI, - V'SGUN)
for any N € R¥*". Let V, = [I;,0]" € R™* and set N = (V,IVTSGU)T Vg; we then find
V'EV =(I,-P)AI, -V, V) (I, - V'SUV, V'S;U)'V]). (4.4)

This modification of the associated Nystrom error will be important for our proof.
The second fact is the following. Let f(z) be convex in the interval [z, z5] with 1 < x.

Define g(x) on [z, xs] to be the linear function joining the endpoints of f on [z, 23], that

is, g(z) = f(xig):ﬁm)x + f(m)zz:ﬁ“)m. Then f(z) < g(x) on [z1,x5]. Let Y be a random

variable with Y € [z, 23] almost surely. Then f(Y') < ¢(Y') almost surely. Furthermore,

if Y € [z, x2] conditional on an event 2, then conditional on Q we get

f(Y) <g(Y). (4.5)

The final fact is based on expected norm bounds for Gaussian matrices from [HMTTI]

App. A]. We can deduce the following lemma.

Lemma 4.4.1. Let B be the matrix as in Theorem[{.4.1], and let G be a fized real matriz
such that GB is defined. Then
E|GBllr =0[Gl

where b = ( as in Theorem |4.4.1|.

_k
ca—c1)k—1

Proof. First note that @, only depends on S5. Now since conditional on S5, S5Q , and
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S1Q | are two independent Gaussian matrices, we have

Esia,s5 |GBI: = Es, |5, ||65,:0.5.0.)1[ [s..0.]
= |G| Es, o, [(5:Q)1]
- e I
using the tower property and the propositions in [HMT11, App. A]. ]

Now using these three key facts we are ready to prove Theorem [4.4.1]

Proof of Theorem[].4.1. We begin by noting that since §;Q, € RF*(c2=e1+Dk ig o fat rect-

angular Gaussian matrix, hence full rank with probability 1, we have $1Q, (S:Q )" = I}.

Therefore
$Q.Q=R"
and we get
S $.Q.0 R
ViSaU=18,|QQ=| o |=| o |
S; $:Q.Q| |BR

where B = §3Q ,(5:Q ) € Rn—ak)xk,

Now we use the first key fact (Equation (4.4))) and get
V'EV = (I, —P)A(I, - V,V]) (In ~-V'S;U (V;VTSGU)T V;) ,

where P = AV SeU (UTSLASGU) UTSLV and set Vi = [I,,0] € Rk,
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Therefore,

Rfl
0 .
VTEV = (I, - P)A 0.1, | Li—| o |(R") .0
Infk ~A—1
BR
0 0 O
=I.—=P)| 0 A, 0],
—AsB 0 Aj
and by conditioning on Qp,
! e A1 fr 177
AR R AR R
P=| o0 0 0 0
A—1 A—1 A—1 A —1
BR BR AsBR BR
_ - _ . T
AR R
| o |(BT+BABRY) | o
AsBR™ BR™

—| o | (A\+B"AsB)'[1,,0,B7],

AsB

A—1 A —T
where we took out a factor of R and R  from the pseudo-inverse. This is possible because

(A1 + B"A3B) is a non-singular k x k matrix if we condition on Qz. Now for shorthand, let
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Z := A, + B"A3B. Then,

I.—AZ' 0 -AZ'BT
I,-P= 0 I(c1—1)k: 0
~AsBZ' 0 I, ..—AsBZ'BT

Therefore

0 0 0
V'EV = (I, — P) 0 Ay, O

—A3sB 0 A;
AZ'BTA;B 0 —AZ'BTA,
= 0 A2 0

—A3B+A3sBZ'B"A;B 0 A;—A3sBZ'BTA;

AMZ'B"AsB 0 —ANZ'BTA,
= 0 A2 0 )
—AsBZ'A;, 0 A;—A;BZ'BTA;

since A;BZ'BTA3B = A3B (A + BTA3B) BTA3B = AsB—A3BZ!A,. We now bound

FE in the nuclear norm. For shorthand, define the following error matrices,

E,=A,Z'B"A;B,
E,=A,Z'B"A,,

E;=A; —AsBZ'BTAs.
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We then have

1B, < [[Axll, + [l + 2 [ B, + [ B,

Let us note
AZ' = Ay (A +BTAsB) = (I, + BTA;BATY)
and

2
F’

|57 A5, = 571840 (A 2B < 0B

where |A3| and sgn(Aj) are defined element-wise. Here, sgn(-) is the sign function.
We now bound E[||Ey||, |Q2F], E[|| B2, |2r] and E[||Es]|, |2r] using the second (Equa-
tion (4.5))) and the third (Lemma [4.4.1]) key fact. We start with E;. Conditional on Qp, we

have

1B ||, < VE|AZ2'BTA4B|,
< V| (T + BT_/ngAll)*H2 |BTAsB],
|B"4:B],
1-[[BTAsB], A,
Vi [iase s,
AT, 1= A 2Bl A

Vk
A

<Vk

IN

(2[1as2m i)

,

2
where the last inequality was obtained using the second fact with ¥ = H |As]Y/ 2BHF HA1_1 .

the event Qp, the interval [0,0.5], f(z) = % which is convex on [0, 0.5] and g(z) = 2z. Now

11—z
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taking conditional expectation and using the third fact (Lemma [4.4.1)) we get

E(|E:]. 126 < 2VAE [[||A5] B[]
= 2V 1Al [

— 2VEb || Asl, -
For E,, it is similar to E;. Conditional on Qr we have

| Boll, < V& |Ai(Ar+ BTAsB) BT A

< V|0 + B 0uBAT Y, 1B ],

_ VEVIAT, [18s1B], /A,
~ I, T lA B A,
o VIS <ﬁH|A3|1/gBHF ﬁHAlle)

A

2

where we used the second fact for the last inequality with Y = H|A3|1/2BHF \/ HA;I‘ , the
interval [0,v/0.5], f(z) = %5 and g(z) = v2z. Therefore we get

E[|E:|. 9] < V2RI LE [[| 1452 B]| |2 ]

< VIR IAILE (118512l o]
< VD 5],

using Lemma and Jensen’s inequality for the second inequality.

Finally for E3, we get
|Esll, < [[Aall, + V& |1Aal [ A3 2B [ (Ar + BTABYT|
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in a similar manner, and conditional on 2 we have

[1asl 2B, (A + BT AsB) |, < [|As2B| | [AT"], [As(As + BT As B,

Jias 2B ar ],
T - [llAs Bl A

<2las 28] A,
using the second fact with the same values as the E; case. Therefore,

E[|Es|, 2] < IAs], +2VE | A, | AT, E 1 4s] 2B |

< || Asl, + 2vED | Asll, || AT, I1As]l.
Finally, combining everything together we get

Ae A 2
E 1B, 196) < [As]. + [ As] + 26V (1 g Dol \/;) A

[Ak(A)]
Therefore
E[[[El, 12F] < (1+ ex.a) (|A2]l, + [[As]l,) = (1 +era) [[A = [A]LIl,

with

2 [Aearii(A)] | Al

€k,A:2b\/E<1+\/7+ ! * .
b A(A)] ) (A2l + [JAs],
O]

Remark 4.4.1.

1. The relative-error nuclear norm bound is informative if ex a s small. Now since
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ba (cg — 1)t = 0O(1), we have

S (I VE A, ) | (4.6)

|Asll, + [|Asll,

Therefore the relative-error nuclear norm bound is good if

c1k
VE S INA) = VEIAL S Al = 3 (A
j=ci1k+1 Jj=k+1

2. We can relazx the condition Qp to 2y = {H|A3|1/2BHz < O.5|)\k(A)|} at the cost of a
slightly worse bound in Equation (4.3). The bound in Equation (4.3) then changes to

E (|| BIl, 2] < (1+ Vker.a) [|A — [ALl, -

Probability of (2. The probability of the event {2z happening can be computed by following
the proof of Theorem 10.8 in [HMT11] using p = (c2 — ¢1)k, and Lemma [4.4.1, We get

P (IIast B, < VIR s VIRl - S5 )

2 1 — 2t—(02—01)k’ o e—u2/2

for u,t > 0. Now using (z + y)? < 2(2? + y?), we get

\/ Cl+1
( |A3\/ /Ig+1t+V|A"’|2 Dk +1 )

2. _
<2 A, L Ay, 2Tt DR )
(2 —c)k+1 ((ca — 1)k +1)
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Therefore
P () = P (|| 2B} <050(A)]) > 1 - 2l oo,

if

3k Dk
O.S\Ak(A)|22t2(HA3|| Cle-a+l) u2),

— + ||A
*(02—01>k+1 ” 3H2 (( Cy — C 1)k'+].)
i.e., Qp holds with high probability when the tail singular values of A decay rapidly. A similar

result can also be derived for €2, by following the same results in [HMTT11].

Mixed norm bounds We can obtain mixed norm bounds for Theorem {.4.1l The 2-

norm version of Theorem [.4.1] would give

Ef ], [92] < A = [ALll, + 6\];14 IA = [ALL. (4.7)

and the Frobenius norm version would give
ElE|g Q2] < [|A = [Al s + \/— = (| A - [ALLl, (4.8)

where €, 4 is as in Theorem This improves the constant in front of the best rank-k
nuclear norm error to e 4/vk = O(1) by the first remark in Remark (Equation )
The proof for the two mixed norm bounds above can be obtained by following the proof
of Theorem [4.4.1] More specifically, the proof for the mixed norm bounds stay the same
until we bound FE,, Ey; and E3. To get the mixed norm bound, we use the appropriate

norms to bound E;, Ey and Ej3. For example, to bound || E ||y, we start similarly as in
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the nuclear norm case by conditioning on 2z to obtain

1B [l < H(Ik + BTA;»,BA;I)TH2 |BTAsB|

HBTA?)BHF
< T -1
- [TacB], a7,
1 / 2 —
< oy, Gl Bl s,

We then get
E[IB, 104 < 28 || B| 0] = 25 1A,

The bound for | Es||g, | Esllw. | E1ll,, [|[E2|l, and || Ej||, follows similarly. The mixed norm
bounds Equations and along with the relative-error nuclear norm bound in
Theorem are fairly consistent with the SPSD versions in Table 1 of [GM16].
Theorem [£.4.1] and its proof cannot simply be translated into an algorithm because the
proof relies on the eigendecomposition of A, which is usually too expensive to compute.
However, the proof naturally suggests Algorithm [4] From the proof of Theorem [4.4.1], under
the assumption that the matrix has a low-rank structure, as discussed in this section, for
example in the paragraph following the statement of Theorem and in Remark [4.4.1]
a projection is desired in the core matrix. This projection eliminates the large ‘unwanted’
eigenvalues of A, specifically those in As. In the context of the Nystrom method, a natural
analogue is to truncate the smallest few singular values in the core matrix M = STAS to
achieve the target rank k, as done in Algorithm 4, The theorem also suggests that the sketch
size should be proportional to the target rank k, which we adopt in Algorithm [4 Despite
Algorithm [4] lacking complete theory (even for the SPSD case), we recommend it because

the algorithm does seem to work well empirically as we illustrate in Section [4.5]
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4.5 Numerical illustration

We begin by illustrating Theorem and Algorithm [4] In Figure [4.4] we present both the
a priori (upper bound in Equation (4.3)) and a posteriori (|| E||, in Equation (4.3)) errors
predicted by Theorem [.4.1], as well as the empirical performance of Algorithm [4] using
1000 x 1000 symmetric indefinite matrices. In the left plot, the matrix A has eigenvalues
that decay geometrically from 1 to 10712 each assigned a random sign with equal probability.
In the right plot, A has eigenvalues equal to %1 for the first 100 eigenvalues and +1071°
for the remaining 900 eigenvalues, again with random signs. This example is designed to
test performance in the presence of a sharp drop in the singular values. For both plots, the
eigenvectors are constructed in a 2 x 2 block diagonal form, diag(I199, U) where Iq is the
100 x 100 identity matrix and U € R%9%9%0 jg 5 Haar-distributed orthogonal matrix. Both
the algorithm and the theorem were constructed using the Gaussian sketch with the sketch
size 1.5k for the algorithm, and ¢; = 1.5 and ¢; = 2 for the theorem.

In Figure [4.4] we observe that 2 holds whenever there is a rapid decay of eigenvalues,
i.e., when |Ag| > |Ac k+1]- But more importantly, we see that the bound holds when the event
Qp occurs (circles) and often holds even if the event Qg did not occur (crosses). The theorem
does extremely well when Qp has occurred. The algorithm consistently provides a robust
low-rank approximation that is a modest factor worse than the best approximation given by
the truncated SVD. Although the theorem appears to do better than the algorithm when
Qr holds, it can produce unstable approximations when Qg fails to hold, as demonstrated

in the right figure. This illustrates that the algorithm works well in practice.

4.5.1 Synthetic examples

We now compare some of the existing algorithms against Algorithm [4] using various kernel

functions and synthetic datasets. We illustrate the following algorithms
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Figure 4.4: Two plots showing the empirical results for Theorem and Algorithm Algorithm
is robust with the approximation being a modest factor worse than the best approximation.
Theorem bound holds when Q2 has occurred (circles on Theorem and also frequently
holds even if Q2 has not occurred (crosses on Theorem [4.4.1]). Theorem does extremely well

when Qp has occurred.
o Algorithm [4] with the SRTT sketch and the sketch size s = 2k,
o Algorithm [4] with uniform column sampling and the sketch size s = 2k,
o Algorithm 4| with leverage score column sampling and the sketch size s = 2k,

+ Submatrix-Shifted (SMS) Nystrom [RMMM22] with uniform column sampling and

s1 =k, s =2k and o = 1.5,

o Submatrix-Shifted (SMS) Nystrom [RMMM22] with the Gaussian sketch and s; = k,
s9 = 2k and o = 1.5,

« Stabilised Nystrom [CNX22] with the SRTT sketch, s = k and € = 10714,

where k is the target rank and the parameters for SMS Nystrom and Stabilised Nystrom
are as recommended in their original papers. For stabilised Nystrom method, s = k£ was
chosen to ensure that all approximations in the experiment have rank at most k. For
SMS Nystrom method, the Gaussian sketch was not used in the original paper [RMMM22].

We use the following kernel functions
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1. Epanechnikov kernel: ky(z,y) = max{1 — ||z — y|*, 0}

2. Multiquadric kernel: ky(z,y) = /1 + |lz — y|?

3. Thin plate spline: ks(z,y) = ||z — y||*In (HZB — yHQ)

to generate the kernel matrices. The kernel matrices K, K® and K® corresponding
to the kernel functions ki, ko and k3 were generated by sampling 1000 random numbers
{z;}19% from the standard normal distribution, i.e., K l(f) = ke(z;,x;). All the kernel
matrices are symmetric indefinite.

In Figure [£.5], we illustrate the results. The eigenvalue histogram is shown in the left plots.
The right plots show the approximation. We see that SMS Nystréom performs poorly in all
3 examples except the Gaussian case for the multiquadric kernel. This is possibly due to
the presence of extreme eigenvalues with large magnitudes, where the resulting large shift
degrades the quality of the low-rank approximation. The stabilised Nystrom performs well
for the multiquadric kernel and the thin plate spline. However, the approximation is very
unstable for the Epanechnikov kernel. This instability may be attributed to the fact that, for
the Epanechnikov kernel, the number of positive and negative eigenvalues are approximately
equal and have similar magnitudes, which increases the likelihood of instability in the core
matrixH This also tells us that the truncation in the core matrix should not depend on the
magnitude of the singular values of M, but the truncation should always happen proportional
to the target rank. Algorithm [4] using uniform column sampling and leverage score column
sampling are both unstable for all 3 examples, which shows the unreliability of using column

sampling matrices. On the other hand, Algorithm [] with an SRTT works well in all cases.

'To our knowledge, the numerical behaviour of stabilised Nystrém method is an open problem; the stability
analysis in [Nak20] applies only to the generalised Nystrom method where A is sketched from both sides
using independent sketches of different dimensions.
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Figure 4.5: Comparison of different methods for symmetric indefinite matrices: SMS-Nystrom
[RMMM?22], stabilised Nystrém [CNX22] and Algorithm [d] The first two methods and Algorithm

using uniform column sampling and leverage score column sampling can fail on some kernels while
Algorithm [4] using the SRTT sketch (random embedding) works well for all the kernels in the
experiment.
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4.5.2 Dataset examples

We now compare three different kernels using two different high-dimensional datasets, the
Covertype and the Anuran Calls (MFCC) from the UC Irvine Machine Learning Repository

[DG17). We illustrate the following algorithms

Algorithm [ with an SRTT and the sketch size s = 2k,

Algorithm (4 with k-means++ samples and the sketch size s = 2k,

Algorithm [ with uniform column sampling and the sketch size s = 2k,

Stabilised Nystrom with k-means-++ samples, the sketch size s = k and € = 10714,
where k is the target rank. We use the following kernel functions
1. Thin plate spline kernel: ||z — y|” log (||$ - ?J||2)a

2. Sigmoid kernel: tanh <1 + ||z — y||2),

3. Multiquadric kernel: /1 + ||z — ||

Y

with the datasets
1. Covertype (n = 581012) with dimension d = 54,
2. Anuran Calls (MFCC) (n = 7195) with dimension d = 22.

For each dataset, we sample n = 4000 data uniformly at random and then centre the mean
and normalize all features to have variance 1.

The results are illustrated in Figure [£.6, We observe that the stabilised Nystrom method
can still yield unstable approximations, emphasizing that the instability is not necessarily
caused by very small singular values in the core matrix. Additionally, while Algorithm [4] using

k-means-++ sampling is generally more accurate than uniform sampling, neither approach
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consistently produces robust low-rank approximations. This highlights the difficulty of
designing a column sampling scheme that guarantees a stable Nystrom approximation for
symmetric indefinite matrices. In contrast, Algorithm {4 with an SRTT consistently delivers
robust approximations throughout the experiment.

To conclude, the Indef Nystrom algorithm (Algorithm |4 provides a robust Nystrom
approximation for symmetric indefinite matrices in practice. The algorithm relies on random
embeddings. To our knowledge, it remains an open question whether column sampling

matrices can also yield a similarly robust Nystrom approximation.
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Figure 4.6: Comparison of stabilised Nystrom method [CNX22] and Algorithm EI for symmetric
indefinite matrices using three different indefinite kernels and two different datasets. Stabilised
Nystrém method and Algorithm 4] using k-means++ samples and uniform column sampling can give
unstable low-rank approximation while Algorithm [f] with an SRTT sketch gives robust approximation

throughout the experiment.



Accuracy and stability of CUR decomposition

In preceding chapters, we have focused on algorithms based on random embeddings, as they
tend to be more robust than column sampling matrices. In this chapter, we turn our attention
to a more natural basis for low-rank approximation: the CUR decomposition, which selects a
subset of rows and columns from a matrix [GTZ97,IMDQ9, [SE16, BW17]. The aim is to address

the instability associated with the CUR with cross approximation (CUR-CA) formulation,
CM'R=A(:;,J)A(I, )T A(I,),

where I and J denote the selected row and column indices, respectively. Indeed, the
ill-conditioning of A(I,J) for CUR-CA becomes alarming when computing its matrix

(pseudo)inverse, a concern that has been raised in various papers [SE16, MT20, [DM23].
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We show that CUR-CA can be implemented in a numerically stable manner using the
e-pseudoinverse in the presence of roundoff errors. This approach involves truncating the
singular values of A(I,J) that are smaller than a given threshold €, before computing its
pseudoinverse. We denote the e-pseudoinverse of the core matrix by M I We refer to
this regularised version as the stabilised CUR-CA, abbreviated as SCUR-CA[Y] The use of
e-pseudoinverse is necessary in the analysis to ensure that the singular values of the core
matrix, M = A(I,J) are not too small, as such values can lead to numerical inaccuracies
which cause the bound to blow up; see discussion at the end of the proof of Theorem [5.1.3]

The numerical stability of the stabilized CUR-CA, A ~ C MR has not been studied
previously to our knowledge. However, there are some related works exploring the idea
of e-pseudoinverse in the core matrix. Firstly, Chiu and Demanet [CD13| study the e-
pseudoinverse in the context of the CUR-CA with uniform sampling and show that when
the matrix is incoherent, the algorithm is observed to be empirically numerically stable.
However, the paper does not include a stability analysis, and the incoherence condition
imposed can be quite stringent. The authors in [CNX22, INP23] explore the e-pseudoinverse in
the context of the symmetric Nystrom method, A ~ CM ZCT, applied to symmetric indefinite
matrices. However, the e-pseudoinverse can deteriorate the accuracy of the symmetric Nystrom
method when applied to symmetric indefinite matrices; see Chapter [4 Lastly, Nakatsukasa
[Nak20] studies the generalised Nystrom method with e-pseudoinverse and oversampling,
which provides a numerically stable way of computing the generalised Nystrom method and
proves its stability. The paper also demonstrates that oversampling is necessary for a stable
approximation in the generalised Nystrom method.

In a related work, Hamm and Huang study the perturbation bounds of CUR decompositions

in [HH21]. In [HH2I], they derive perturbation bounds for CUR decompositions under the

IThe stability analysis of the plain CUR-CA, CMTR is not covered in this thesis; we require the
e-pseudoinverse to carry out our analysis. However, we observe its numerical stability in practice; see

Section m
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influence of a noise matrix. They investigate several variants of the CUR decomposition
including the e-pseudoinverse variant, SCUR-CA, and provide perturbation bounds in terms
of the noise matrix. This work is related, but different from our work as they investigate
the accuracy of the CUR decomposition for the perturbed matrix A = A + E, while we
investigate the accuracy and stability for a numerical implementation of the CUR-CA in

the presence of rounding errors.

5.1 Accuracy and stability of the stabilized CUR-CA

In this section, we study two topics related to the CUR-CA. We begin by analysing the
accuracy of the CUR-CA,

Ar;=A(, J)AI, )TA(I,:) = ATI(TI] ATI;)'TI] A = CM'R,
and its e-pseudoinverse variant, the SCUR-CA,
Afy = A(:, J)A(I,J)IA(I,:) = AT, (IT] AIL,)TI] A = CMR,

and show that the e-truncation applied to the core matrix compromises the accuracy of
the CUR-CA only by a factor of € times its condition number; see Remark We
then turn to the numerical stability of SCUR-CA in the presence of roundoff errors, and
demonstrate that it satisfies a similar bound in finite precision, indicating that SCUR-CA
is numerically stable, provided the selected rows and columns approximate the dominant
row and column spaces of A well; see Section [5.1.2]

We begin by outlining several standard assumptions from the literature [SE16, [DM23],
which will be used in the theorems that follow.

Specifically, the assumptions are:
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Assumption 5.1.1.
1. |I| = |J| = k <rank(A) where k is the target rank,
2. A(I,J) € R** is a non-singular matrir,
3. X (:,J) € R** has full row rank, where X is (any) row space approxvimator of A

We also note that since CUR-CA is connected to oblique projectors through
Ay = AIL(II] ATL)'TI] A = Pan,m, A = APy, 470,

the properties of oblique projectors discussed in Section [2.3.1] are important. In particular,
the norm of oblique projectors can be simplified as follows.
Lemma 5.1.1. Let Pxy € R™" be a projector where X € R™* 'Y € R and Y'X e
R>* all have full column rank (so k < (). Then

IPxyl =¥ Qx)Y"| (5.1)
for any unitarily invariant norm ||| where Q x is an orthonormal matriz spanning the columns
of X.

Proof. Let X = Qx Rx be the thin QR decomposition of X. Then

IPxyll= XY X))V =|QxRx (Y QxRx)'Y'| = |(Y Qx)Y"

Y

since Y ' Qx € R* has full column rank and Rx € R¥** is nonsingular as Y ' X has full

column rank so we have the relation (YTQ XRX)T = Ry (YTQ X)Jr for the last equality. [

2The assumptions and the theorems in this section are stated in terms of row space approximators, but

similar assumptions and theorems for column space approximators can be obtained, for example, by considering
A" instead.
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Since A(I,J) is assumed to be non-singular, A(:,J) and A(/,:) have full column and

row rank, respectively. Under Assumption [5.1.1] by Lemma [5.1.1]

Y

oM = |caio)| = ||Qc(r,:)

|MIR| = |(RI1;) R| = |[Qg(7.2)

Y

|x x| = | (xm) x| = [Q@x (/)]

for any unitarily invariant norm ||-||, where Q, Qg and Q x are the orthonormal matrices
spanning the columns of C, R" and X ', respectively. We now prove the accuracy of the

CUR-CA and its e-pseudoinverse variant, the SCUR-CA.

5.1.1 Accuracy of CUR and its e-pseudoinverse variant

We prove the accuracy of the SCUR-CA, Aj; first. The accuracy for the CUR-CA, A;,
follows by setting ¢ = 0. The analysis presented in this section plays an essential role
for the stability analysis as we show that the SCUR-CA satisfies a similar bound under

roundoff errors, establishing its numerical stability.

Theorem 5.1.1. Let A € R™™ be a matriz, I and J be a set of row and column indices,
respectively, with |I| = |J| =k, € > 0 and X € R¥*™ be any row space approzimator of A.

Then under Assumption[5.1.1
|A =45, <|@cul ), |@x(1.)7, (|4 - AXiX| +|E])  (52)

for any unitarily invariant norm ||-|| where Iy is a set of extra row indices distinct from I
with |Iy| = p, and E € R*>**< js a matriz satisfying ||E|, < € where k. < k is the number of

singular values of A(I'U Iy, J) smaller than e.

Proof. For shorthand, let I, :== I U Iy. Let the thin SVD of A(I,,J) € RE)*k he USV'T =
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U, U, diag(21,35)[V1, Vo] where Xy contains the singular values of A(I,,J) smaller

than €. Then

AS 1, = AL, (T AIL))ITI] ATI; = AIL,V, 27U UV

= AIl,V V| = AIl, — AIl,V,V, .
Therefore, using the above equation, we obtain

A- Ay, = (I- AL, (TI] AIL,)'TI] ) A
— (I — ATI,(II] ATL,)ITI] )A(I — TL,(XT1,)' X) + AII,V,V (XTL,) X.
(5.3)

Note that Py, m, = AT1,;(IT; ATII;)ITI] is an oblique projector since
2
(P, m,.) = ALV \S{'UTUSV V50U T,

= AIL, V37U 11|

o €
- ’PAHLHI*

and similarly, Pyy, x7 = IL;(XIL;) X is an oblique projector. Now bounding the first term

of Equation (5.3)) gives

(I = Plart, 0, ) AU = Pry, x7)|| < [T = Pary [, AT = Pr, x7))|
= |Por . |, AT = XTX)NI =Py, o)

<[ Pom, . [, AT = XTX)|| [T = Pr, x|

= | Pan, ;. 2 ’PHJvXTH2 HA(I B XTX)H
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where in the first equality we used X Py x7 = XTIT;(XTII;)'X = X,as XII; = X(:,J) has
full row rank by Assumption [5.1.1] By letting AIl; = Q~R¢ be the thin QR decomposition

and noting that II; Qc has full column rank so (II; Q) (I} Qg) = I, the first term

H’PZHLHI* ) in the final expression can be bounded as

= |QcRe(IT; AIL)!

, = HRC(HZ ATL))!

€
|Péart, .,

2 2

= (HIT QC)THZQCRC(HZ AHJ)I

2

IN

(I1;.Qc)"|, || 117, AL, (11} ATL,)!

(I1.Q0)Y,-

2

IN

Here, the final inequality is an equality as long as (HIT*AH 7)I # 0. Therefore, using
Lemma on Py, x7, the first term in Equation (5.3) can be bounded as

|(T = Piar, 1, VAT = Py, x| < QL) [|@xc (1), AT - XTX)|.
The second term in Equation can be bounded using a similar argument as

| ALV VI(XT) X | = [QeReVVI(XTL) X | = [ReVo VI (XTH) X |
= | (. Qc) M} Qe RV, V3 (X)) X |

= (M. Qc) U=V (X1, X|

<|@Qe), [U.2.v; | | (x1)i x|,

= |Q@c (1), [ @x ()7, 11l -

Putting everything together and letting EE = 35, we get the desired result. O]

As a corollary, we can obtain a bound for the standard CUR-CA. The corollary is stated
below, which is simply a special case of Theorem when e = 0.
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Corollary 5.1.1. Under the same assumptions as in Theorem |5.1.1
1A~ Al < [Qetr 0], x| - ax'x]

for any unitarily invariant norm ||-||.
Proof. Set e =0 in Theorem [5.1.1 n
Remark 5.1.1.

1. The bound for the CUR-CA depends on the quantity

Cx 1ur,,0 = HQC(I U o, :)TH2 HQX(‘]’ :)_1}

Y

2

as indicated by Equation (5.2). Theorem tells us that the SCUR-CA, Af_; is worse
than the CUR-CA by at most CXJujO,J\/E€ in the Frobenius norm. Therefore, the bound
for SCUR-CA is similar to the bound for CUR-CA for small enough e.

2. The quantity defined in the first remark, Cx 101,57, depends on the choice of the row
space approximator, and the column and row indices. Therefore, for a given sets of
indices 1 U Iy and J, there are cases when the optimal choice of X, i.e., k-dominant
right singular vectors gives non-informative 00 bound, whereas a suboptimal choice of
X may give an informative bound. For example, take a matriz with [I1,0]" as the k
dominant right singular vectors with very slowly decaying singular values, X = [0, I}, 0]

with the identity matriz covering the (k4 1)st to (2k)th column, and J = {k+1,...,2k}.

3. The bound in Theorem and Corollary has two factors involving the (pseudo)inverse,
which is in contrast to the CUR with best approzimation (CUR-BA), C(C'AR"R
having only one factor; see the analysis Lemma 4.2 of [SE16] or in Section . This
makes the CUR-CA, Ar; usually worse than the CUR-BA, which is expected as the
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CUR-CA is cheaper to compute. However, the CUR-CA can still be very accurate; see
for example [ZO18, [CK20], which establishes the existence of a rank-k CUR-CA that has
error within a factor 1+ k of the best rank-k approximation via the truncated SVD. The
second multiplicative factor in Theorem and Corollary[5.1.1) comes from the fact
that Ay is associated with the oblique projector P am, 1, rather than the orthogonal
projectors CCT and R'R for the CUR-BA. Nonetheless, the CUR-CA and the CUR-BA
have comparable accuracy when employed with good row and column indices, with the

CUR-CA being much more computationally efficient.

4. The row space approzimator X € RF*™ can be chosen in various ways, for example, the
k-dominant right singular vectors of A or the row sketch of A, STA. The bounds in
Theorem [5.1.1 and Corollary [5.1.1] can both be computed a posteriori when X can be

computed easily. The k-dominant right singular vectors would make the right-most term,

HA — AXTXH in the bound of Theorem|5.1.1| and Corollary|5.1.1, optimal. However,

the singular vectors are often too expensive to compute.

Theorem [5.1.1 and Corollary [5.1.1] provide a bound for SCUR-CA and CUR-CA, respec-
tively. The additional set of row indices [y serves as oversampling indices, making the total
number of selected rows larger than the selected columns. With oversampling, the bound
involves the pseudoinverse HQC([ U Iy, :)TH2 rather than the matrix inverse ||Q(1,:) 7|, the
former being always smaller. The concept of oversampling will be revisited in more detail in
Chapter [6], where we demonstrate its advantages for both CUR-BA and CUR-CA.

Moreover, since HQC([ U 1o, :)TH2 = HA(:, )AL, J)T

‘2, and our aim is to minimise this
quantity, the row indices I and [y should ideally be chosen based on the already-chosen
columns of A. This strategy has been proposed and applied in various works, including
[VM17, [DM23|, Xia24l [CY25]; see Algorithm 5| for example. One key benefit of this approach

is that it typically results in a better-conditioned core matrix A(I,,J), thereby improving
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the accuracy of the CUR-CA. For example, consider the following 2 X 2 matrix,

where 0 < € < 1. For a rank-1 approximation of A, we need to choose a column and a
row for the CUR-CA. If we choose a column and a row separately in the best possible way,

we would choose the first row and the first column, giving us

€l e 1
A171 = € |:6 1:| — )
1 1 1/e
which is a poor approximation as ||A — A; ||z = 1/€ can be arbitrary largeﬂ as € — 0. On

the other hand, if we choose a column first and then a row, we choose the first column

[e,1]T and the second row as € < 1, giving us

€l -1
Ay = 1 [1 O] = )
1 1 0

which is a reasonable approximation as ||A — Ay ;|| = 1 = 02(A) (=1 —¢€/2).
The significance of controlling the [|Q(1,:) ||, term will also be highlighted when we

analyse the numerical stability of the CUR-CA in the subsequent section.

5.1.2 Numerical Stability of the CUR-CA

In the absence of rounding errors, the error for the CUR-CA can be bounded by Theorem [5.1.1]

and Corollary [5.1.1] In this section, we derive an error bound that accounts for rounding errors.

3The accuracy of CUR-BA, by contrast, is good as long as the chosen columns and rows are good
approximators for the range and co-range of A [DM23 Remark 1].
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We use the standard model of floating-point arithmetic as in [Hig02, Section 2.2]:

Fl(x op y) = (z op y)(1+ ), ] < u

where op € {+, —,*, /} is the basic arithmetic operations and u < 1, the unit roundoff, is
the precision at which the computations are performed. We use fI(-) and ~ to denote the
computed value of the expression. We define v := p(m, n, k)u where p(m,n, k) is a low-degree
polynomial in m,n and k, and use v to suppress any constant factors and terms related
to the size of the matrix and the target rank, e.g., \/m,/n and k, but not 0;(A) or 1/e.
While this may appear as an oversimplication, this approach is standard practice in stability
analysis; see e.g. [NH12, [Nak20]. We denote the ith row of a matrix B as [B]; and use
oversampling for the row indices I, = I U I as in Theorem [5.1.1} Lastly, we assume that
the truncation parameter e satisfies ||All, > € > 7| Al,.

We begin by stating two lemmas that will be used in the CUR-CA stability analysis.
Lemma m proves a perturbation bound for the projector C M ZH J when only C and M
get perturbed and in Lemma we prove that under small additive perturbation on C
and M, (C + AC)(M + AM)!RII; approximately projects C onto itself. The proofs

for the two lemmas can be found in Section [(.4]

Lemma 5.1.2. Under Assumption for any AC and AM ,

|(c+ac) M +am)i| <|lQc(L., ), (1 + i HAMH?) + 1 |AC], .

Lemma 5.1.3. Under Assumption for any AC and AM ,

(C+AC)(M +AM)!RII;=C +E,
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where

1 |AM
1B.1, < |(@c(r., ), (e +21amil, + L jam) + acy, (1+ 2M:)

We now begin with the stability analysis. Note that the stability depends on the
specific implementation used. In the forthcoming analysis, we assume the SCUR-CA,

A7 ; is computed as follows.
1. Compute the factors C' = fI(A(:,J)), M = fl(A(I,,J)) and R = fI(A(L,,:)).

2. Solve the (rank-deficient) underdetermined linear systems,
A~T\T [ A
PO ((MT> [C],T) € RE+

A

for all ¢ € [m|, where [CA'} _is the ith row of C.
. SIRTPNE) ' o) n
3. Compute matrix-vector multiply §;” = fI (R 8, ) e R™.
T
4. Let (.§§2)> be the ith row of the computed CUR decomposition fI (Af, ;).

Note that the stability crucially depends on the implementation. Other implementations are
possible, an obvious one being one that computes C(M'R) rather than (CM')R as done
here. This is seen to work well too, although we do not have a proof.

We now analyse each step. The first step is matrix-matrix multiplications with orthonormal
matrices, Il;, and II;. Using the forward error boundﬁ for matrix-matrix multiplication

[Hig02, Section 3.5], we obtain the following:
« C=C+ Ec where | Ecll, < 7| Al,.

o M[ =M + Ey; where ||Epll, < v [|A]],

4The error is termed the forward error as it indicates how close the computed version C is to the exact
version C' [Hig02| Section 1.5].
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« R=R+ Eg where | Egll, <7 Al

In many cases, these error matrices E¢, Epr, and Eg are the zero matrix as C, M, and
R are simply submatrices of the original matrix A.

In the second step, we solve the (rank-deficient) underdetermined linear systems row
by row. The error analysis for the (rank-deficient) underdetermined linear systems can be

summarized in the following theorem. The proof of Theorem [5.1.2] can be found in Section [5.5]

Theorem 5.1.2. Consider the (rank-deficient) underdetermined linear system,
min || Bz’ — b, (5.4)

where B, € R™" (m < n) is (possibly) rank-deficient (rank(B.) < m) with singular vales
larger than € and b € R™. Then assuming € > v ||B¢,, the minimum norm solution to
Equation (5.4) can be computed in a backward stable manner, i.e., the computed solution §
satisfies

8= (B.+E) (b+ E,)
where || Eyly < v | Belly and [|Esfl, < v [bll,.

Theorem tells us that the computed solution to a (rank-deficient) underdetermined
linear system is the exact solution to a slightly perturbed problem. Now, using Theorem [5.1.2

for each i € [m] we obtain
~ T /oA
g = <<MT> +E§M)) () + E9),

where "EEM)"z < 7]All, and HEZ(C)H2 < 7v|[|All,. It is worth emphasizing that the backward

errors B9 ¢ Rk EM) ¢ RF*(+9) depend on i. Now since € > v |All, by assumption

)

AT
and opin (M .+ E(M)) > e — v||A]|, by Weyl’s inequality, there exists a perturbation
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E; € RM®P) with | By, < e+ 7||A|| such that

N T A
sV = (0" +E) (1) + E9).
S~

A T
Let S be a matrix with its ith row equal to (§§1)) .

AT
In the third step, we compute a matrix-vector product [Hig02, Section 3.5] with R |

which gives us §§2) = fl (f%T.i(-l)) — R'5D + E,, with

%

AT
1B, <7 |R

A1
&
2 2

(©)
HEiHﬁHEMHQ) |EC, + 1 ECll,
e —7[|All, e—A],

A (6+7HA||2)+7||AH2> 7||A|\2+7||A|!2>
< 214, (actr. o1, (1-+ SR )« MR

<14l [ |@etr ], (1+

<74, |Qc(L. ', (5.5)

where Lemma was used for the second inequality with AM = Ep; + EZT and AC =
Ec —i—eiEgC) where e; € R™ is the ith canonical basis vector. In the last line of Equation ||
we used the fact that v suppresses any low-degree polynomial in m,n and k, and € > v || Al],.

The following shows the expression for §§2),

A A ~ T ~
=R & +E, =R (MT - E) lAj ([C]j + EEC)) +Es,
€E—7y 2
_ T T T ] T ()
= (R+Eg) (M"+Ey+E)_,, (C+Ec +E)+E,.

(2

Finally, in the fourth step, we combine §; ) € R into a matrix to form A5 ;= fl ( 7 J) €

A T AT AT
SEM = U1§]1V1r +Us3, V; is the SVD of M  where X5 contains the singular values of M  smaller
than e, then we can take E; = _U2EQV; + EM

%

for each 7.
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— T
R™*™ by setting the ith row of Af ; to be (§§2)) , giving us
fl(Ay ;) =8SR+E (5.6)

where E € R™*™ is a matrix with its ith row equal to E, and satisfies | E||, < v | A], HQC(I*, Sl

27

since 7y suppresses any low-degree polynomial in m.

We now state the main stability result for the CUR-CA with the e-pseudoinverse, Aj ;.

Theorem 5.1.3. Let 0 < € < 1 be a truncation parameter for the pseudoinverse such that

€ > || All,. Suppose that A5 ; = A(:, J)A(L., J)IA(L,:) is computed in the following order:
1. Compute C = A(:,J), M = A(1,,J) and R = A(l,,:),

2. Compute each row of C’MZ using a backward stable (rank-deficient) underdetermined

linear solver,
3. Compute CM times R. Let fl (A5, ;) denote the output.

Then under Assumption [5.1.1],

- 1143, < vt st (4 - X1, +2)

+ 71141, Qe (.. )1,

Theorem tells us that the bound for the computed version of the stabilized CUR-CA,

—

A5, is at most a factor O(y/m) worse than its exact arithmetic counterpart Aj; plus an

error of v || All, HQC(I*, :)THz. More specifically, we have

|A - ficas, )|, < 4vm (Bound B2)) +7 || Al [Qc(L..1)1] -

2

Roughly, this shows that the computed error is in the same order as the error in exact
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arithmetic, up to a factor O(y/m). The factor O(y/m) is likely an artifact of the proof given
below; in stability analysis it is common to see bounds with such overestimates, and also
standard practice to expect to observe much better performance in practice. Throughout
various parts of the proof, we loosely bound the 2-norm by the Frobenius norm, typically

because we only have information about the norms of rows or columns of a matrix. For

example in the proof of Theorem [5.1.3 we bound H'§H2 < HS’HF in Equation 1) which

is likely a pessimistic overestimate.

Proof of Theorem[5.1.3 From the above analysis, we have

fl(A5))=SR+E=SR+SEz+E, (.6)

where ||E||, <~ |A], HQC(I*, :)THQ. Let us apply Lemma [5.1.3/to each row of SR to obtain

T

_ ol 4 B
e—jal, B = [Cli+ B,

$.RTL, = (IC + Ecl;+ (E?) ) (M + En + E])

where HEEP)H2 < 8¢ HQC(I*, :)THz. Therefore, letting E) be a matrix with EZ(»P) as its ith
row, we get

SRII; =C + E",

where HE(P) HF < 8ey/m HQC(I*, :)THQ. Now proceeding similarly to the proof of Theorem|5.1.1

we obtain

A-S8R= (I - §HIT) A= (I - SHI) A(I - TL,(XTIL) X)) - E®/(XIL,) X
- (I - §Hf) A(I - XTX)(I - IL(XIL)TX) - EP(XIL)IX, (5.7
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where EP)(XTI,)T X satisfies

e ix], < 5, i x], < sevim|@ctro], st

The first term in Equation (5.7)) can be bound by

HI— SII,

A =X - 1n,(x) x|
< (1+[8],) |4 - xTx)]| [rsxmny ]

<4vm|Qe(l '], [@x (.o, 4 - XX
where in the final line we use Equation to deduce

Ry

e+7|Al,) +vI[A v All, +7]|A
O], < [Qetaoy], (1+ 7 1AR 7141 714l s 74,

e — [ All e =l All

€+7HA||2>
€E—7 ”A||2

< @ty (1+

<3|@Qc(L. )],

and observe that

>

S

<
g =

=[Sl < vl @etr. ],

Using Equation ([5.8]), we can also bound

|$Bx], < 8], 1=l < vIiAl, |@c(L. 1],
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Finally putting everything together, we obtain

|4 - ruai)|, = |4~ SR~ SE,— B,
< avm |Qe(L )], [Qux (7)1, (AU - X1+ 2)

+ 7114l Qe (.. ), -

]

It is natural to wonder what could go wrong without the e-pseudoinverse. Two problems
may arise without the e-pseudoinverse. First, the matrix M may not be numerically full
rank, so Theorem cannot be used as € > 7 ||A|, may no longer hold. In addition,
Lemmas and become meaningless as both require division by e. Without the
e-pseudoinverse, the error bound can become uncontrollably large, causing issues in several
places in the proof of Theorem [5.1.3] For example, the bound for the error | E,, |, in
Equation for computing the matrix-vector product and the bound for HEZ(P)H2 in the
proof of Theorem [5.1.3] may no longer hold as they can become arbitrarily large without the
e-pseudoinverse. Nevertheless, in practice we observe stability without the e-truncation, so
we recommend a careful implementation of the pseudoinverse (without the e-truncation) for
practical purposes. To be clear, implementing the e-truncation does not increase the complexity
and can be recommended for guaranteed stability. We have simply not observed instability
without the e-truncation. A similar observation, commenting on the role of the e-pseudoinverse,

has been mentioned in [Nak20l Section 4.2]. See Section for numerical experiments.

In Theorem |5.1.3, one might question how large HQC(I*, :)TH2 can be, given that it is

part of the added term, v || A||, HQC([*’ :)TH2 in Theorem [5.1.3] This could pose a problem if

HQC(I*, :)TH2 grows exponentially in m or n. However, Theorem [5.1.3|is enough to conclude

that A7, is numerically stable when the indices are chosen reasonably. This means that we

first choose the column indices .J, and sensibly select the row indices I, from the the selected
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columns A(:, J) such that HA(:, J)A(L,, J)TH2 = HQC(I*, :)TH2 is bounded by a low-degree
polynomial involving m,n and k; see Section [5.3.2] A similar approach is also employed
in other works such as [VMI17, [DM23], [Xia24, [CY25|]. For example, Gu-Eisenstat’s strong
rank-revealing QR factorization [GE96] can be used on the chosen columns A(:, J) to obtain
1Qc(1,:)7 Y, < v'mk, which can be reduced further with oversampling. We explore the

topic of oversampling in more detail in Chapter [0}

5.2 Numerical stability of CUR-BA

For the CUR-BA, C(CTAR'R), there exist a numerically stable implementation given by the
StableCUR algorithm in [ADM™15]. The algorithm computes the CUR-BA in MATLAB as fol-

lows:

[QCv N] = qr(A<:7 J)v O)a [QRv N] = qr(A<L :)/7 O),

ABY = Qg # (QL * A % Q) * Q.

While StableCUR is numerically stable, it has the drawback that the resulting approximation is
no longer expressed explicitly as a product of C and R. This can be undesirable in applications
where interpretability or explicit factorisation is important. In this thesis, we do not pursue
further investigation into expressing CUR-BA stably using the factors C' and R. The accuracy
bound of CUR-BA with oversampling will be analysed and discussed later in Section [6.4]

5.3 Numerical illustration

In this section, we illustrate the concepts discussed in the previous sections through numerical
experiments. We first discuss implementation details of (S)CUR-CA in MATLAB. Then

we show that, without loss of generality, after selecting the columns first, the rows should
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be chosen based on those columns, i.e., the rows and the columns for the CUR-CA should
not be chosen independently. In all the experiments, the best rank-k approximation error

using the truncated SVD (TSVD) is used as reference.

5.3.1 Implementation of (S)CUR-CA

The main concern in the computation of the CUR-CA is that (i) the representation of
the CUR-CA typically involves three (highly) ill-conditioned matrix, and (ii) we take the
pseudoinverse of a (highly) ill-conditioned matrix. When the original matrix A is low-rank
and we have a good low-rank approximation of A, then we expect C', M and R to be all

highly ill-conditioned. We test four possible implementations in MATLAB,

A = (A, 9)/A(T,3)) * A(L,2),

A? = A(:,J) % (V/S*U") % A(I,:) where [U,S,V] = svd(M, ‘econ’),

A = (a(, J) % V/S) * (U % A(I,:)) where [U,S,V] = svd(M, ‘econ’),

A = (A(:, ) * V(:, II)/S(IL, I1)) * (U(;, II) % A(L, :))

where [U, S, V] = svd(M, ‘econ’) and II = (diag(S) > €) with e = 1071°.

The third implementation, Ag) is the suggested implementation of the CUR-CA. For guaran-
teed stability, we suggest the fourth implementation, A§§) with the e-pseudoinverse. However we
have not observed instability without the e-pseudoinverse using the third implementation. We
use two test matrices: (1) 1000 x 1000 test matrix generated using the MATLAB command,
randn(1000, 30) * randn(30, 1000), and (2) 1374 x 1374 matrix named nnc1374 from the
SuiteSparse Matrix Collection [DHI11]. We choose the rows and columns by first choosing
the column indices J using column pivoted QR (CPQR) on A and then using CPQR on

the chosen columns A(:,J) to get the row indices I.

121



100F A—A— LA 100
-o-TSVD
1
Ay 102
, o
= 5 ® =
< 10 #A(U) = 10*
= AL =
E 5o
< <
| 10 | |
310 < 108
1010 |
. L & £l & e ac e Al
1019 I ‘(\b ”) 10712 . | | | %
0 20 40 60 80 100 0 200 400 600 800 1000 1200 1400
Target rank k Target rank k
(a) randn(1000, 30) * randn(30, 1000) (b) nnc1374

Figure 5.1: Tests for different implementations of the CUR-CA. The third and fourth implementa-
tion performs stably. We recommend the third implementation.

The results are depicted in Figure [5.1] First, we notice that the third implementation,
Af}), which is the one we suggest, yields stable approximation throughout the experiment.
In particular, the third implementation performs similarly to the fourth implementation
with the e-pseudoinverse. On the other hand, the second implementation, Ag‘? suffers from
numerical errors as we lose accuracy when the singular values decay extremely rapidly. The
reason is because we explicitly form the pseudoinverse of the core matrix A(/,J), which is
highly ill-conditioned, an observation also noted in [Nak20]. Therefore, it is important to
not form the pseudoinverse of M = A(I, J) explicitly in the CUR-CA. Note also that the
order in which the factors are multiplied is essential for numerical stability, as the second and
third implementations only differ by the order in which the factors are computed. The first
implementation, A%) may lose 1 or 2 orders of magnitude in Figure once the target rank
becomes larger than the rank of the test matrix and appear to be less stable than the third
implementation. The slash commands (/,\) in MATLAB should be used with caution for
underdetermined problems, as its backslash command applied to numerically rank-deficient

underdetermined problems output a sparse solution based on a pivoting strategy [ABBT99,

§ 2.4], which can differ significantly from the minimum-norm solution and may not satisfy the
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assumptions in our analysis. Note that using the pinv command with tolerance parameter
0 for the CUR-CA in MATLAB, i.e., A(:,J) x pinv(A(I, J),0), *A(I,:), is equivalent to the
second implementation, which can be unstable. For the rest of the numerical experiments,

we use the third implementation

(A(:,J) xV/8) * (U' x A(I,:)) where [U,S,V] = svd(M, ‘econ’).

The fourth implementation computes the stabilized CUR-CA and is implemented in
such a way that the analysis in Section hold. A less expensive alternative is to use
a rank-revealing QR factorisation (or even column-pivoted QR factorisation) and truncate
the bottom-right corner of the upper triangular factor and the relevant columns of the
orthonormal factor corresponding to the diagonal elements less than e. In the rank-revealing
QR, the diagonal elements give a good approximation to the singular values; see for example
[Cha87, [GE96G]. A possible workaround without the e-pseudoinverse is also discussed in
[Nak20] where we perturb the core matrix A(/,.J) by a small noise matrix such that the

singular values of A(I,J) are all larger than the unit roundoff.

5.3.2 Importance of choosing rows and columns dependently

In this section, we demonstrate the importance of choosing the rows and columns that are
dependent on one another in the CUR-CA. If the rows and columns are chosen independently
of each other, the matrix M = A(/l,J) can be (nearly) singular. We use two test matrices:
(1) synthetic matrix generated using

~10
A 107" - randn(50,50) randn(50,950) € RIN0X1000 (5.9)

randn(950, 50) 0
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and (2) nnc1374 matrix from the SuiteSparse Matrix Collection used in the previous section.

We test the following two cases:

« Case 1: Choose columns and rows independently by applying CPQR on A and A"

respectively,

o Case 2: Choose columns and rows dependently by applying CPQR on A and then

applying CPQR on the chosen columns A(:, J) to obtain the rows,

where k is the target rank.

10'® T T T 1040 |
-o-TSVD -o-TSVD
1010 Case 1| 1 10%0 Case 1
—A—Case 2 —A—Case 2
£ 0% ] =
= < 10%f
= 100 =
= = 10
= 10 <
I I
= 10710 =
10-15 L
10—20 L L L 10-20 L I I L L
0 50 100 150 200 0 200 400 600 800 1000 1200
Target rank k Target rank k
(a) Block random matrix ({5.9)) (b) nnc1374

Figure 5.2: Relationship between the rows and columns in the CUR-CA. In Case 1, the rows and
columns are chosen independently from one another and in Case 2, we select the columns first and
then the rows were computed from the selected columns. When the rows and columns are chosen
independently (Case 1), the resulting approximation can be catastrophic.

In Figure we show the importance of choosing the columns and rows in the CUR-CA
dependently. When the columns and rows are chosen independently (Case 1), the resulting
CUR-CA can be catastrophically poor. In Figure [5.2a] poor approximation happens because
when we choose the columns and rows independently, we choose the first 50 rows and columns,
as they are the most important, implying that the core matrix is the small (1, 1)-block of A.

Since the chosen rows and columns are O(1) and their intersection is O(1071%), the CUR-CA
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becomes inaccurate. A similar issue also arises in Figure[5.2b| where the approximation becomes
noticeably unreliable throughout; see also the 2 x 2 example at the end of Section
This issue is not limited to deterministic selection: randomised methods that sample
rows and columns independently can suffer from the same failure mode. For instance, when
A= [(1) (1)] and the target rank is 1, the probability of sampling zero as the core matrix using
leverage scores or column norms is 0.5 when the rows and columns are sampled independently.
Independent sampling results in a poor CUR-CA 50% of the time. However, if we sample
them dependently, we choose 1 as the core matrix with probability 1, leading to a sensible
CUR-CA. Moreover, as demonstrated in Case 2, dependent selection of rows and columns
lead to stable approximations. These observations underscore the importance of selecting

rows and columns dependently in practice.

5.4 Proof of Lemmas 5.1.2 and 5.1.3

We give the proofs for the two lemmas, Lemmas [5.1.2] and [5.1.3] in this section.

Lemma 5.4.1 (Lemma [5.1.2)). Under Assumption for any AC and AM,

(0 + Aoy + aml], <ot 1], (1+ S1aMl,) + T jacy,.

Proof. Let C = Qo R¢ be the thin QR factorization of C. Then

(€ +Aac) M +AaM)| <|QcRc(M +AM)!

9 =

= |Rc(M + AM)!

L+ |ac(v + am);

2

L+ acor + am)

2

= (HZQC>TH£QCRC(M+AM)Z

2

+|ac(M + AM)]

2

< |mg.Qe)'|, [ + ana], + Liacy,
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where we use (HIT QC)THIT* Q¢ = I for the penultimate line. The result follows by noting
that | M (M + AM)]

) simplifies to

|M(M + AM)]

L= |[(M + AM)(M + AM)f — AM(M + AM)]

2

1
<1+-AM],.

Lemma 5.4.2 (Lemma . Under Assumption for any AC and AM ,
(C+AC)M +AM)'RII; = C + E,
where
8.1, < |(@c(r, ), (e + 20amil, + L jan) + acy, (1+ 2M)
Proof. We divide the expression into two pieces:

(C+AC)(M +AM)!RIl; = C(M + AM)!RII; + AC(M + AM)!RII,
(i) (i1

and treat them separately. Let the thin SVD of M + AM be

>
M+AM-USV = [U, U, | V1, VT

>

where 35 contains the singular values of M + AM smaller than €, and C = Q-R¢ be the

thin QR decomposition of C.
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We begin by examining the matrix (i):

C(M +AM)RIl; =C(M + AM)'M
=C(M+AM){(M+AM)—-C(M+ AM)'AM
=C(I,-V,V,)—C(M+ AM)AM

=C + E17
where E; = —CV,V, — C(M + AM)IAM satisfies

|E\|, < |evaV]||, +|cov + am)iam],

<|evavi|, + |@etr '], (1+ T1am) ) jamy,

by Lemma |5.1.2, We bound ‘C’VQV;r , 38 in the final part of the proof of Theorem [5.1.1

|evavi], = |Revavi], = |(L.Qo) I Qe Re V2V,

_ Qe Mvv]],

<@L, ||(M + AM)V, VS — AMV,VS |
<l Qe)|, (|U.2.v ]|, + llan],)
< | Q)'|, (e + [AaM],).

Therefore, (i) can be bounded as
C(M + AM)'RII; = C + E,

where || By}, < [|(Qc(L, )|, (e +2AM]|, + L |AM]3).
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Next, we bound the matrix (ii). Let By = AC(M + AM)!RII;, then

| Ell, = | AC(M + AM)IRIL
< |acl, (M + am)im|,

<|acy, (|[(M+aM)i(M + AM)| + (M + AM)AM| )

AM
<lacy, (1+ AM)

Putting everything together and setting E, = E, + E,, we get the desired result:
(C+AC)(M +AM)RII;=C+E,

where

1 |AM ||
1B.1, < |(@c(r., ), (e +20amil, + L jan) + acy, (1+ 2M)

5.5 Numerical stability of rank-deficient systems

In this section, we prove the stability result for solving rank-deficient underdetermined
linear systems (Theorem [5.1.2)). The result can also be extended to rank-deficient overde-
termined problems; see Section [5.5.1, Theorem was used to derive an expression

for the computed solution to
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for each row of €. The statement and the proof is shown below. The proof follows a

similar method outlined in [Nak20, Section 4.1].

Theorem 5.5.1 (Theorem [5.1.2). Consider the (rank-deficient) underdetermined linear
system,

min| B’ ~ b, E3)

where B, € R™" (m < n) is (possibly) rank-deficient (rank(B.) < m) with singular vales
larger than € and b € R™. Then assuming € > 7 ||Be,, the minimum norm solution to
Equation can be computed in a backward stable manner, i.e., the computed solution §
satisfies

8= (B.+E) (b+ E,)
where || Ei[ly < 5| Belly and [[Ezll, < v |[bll,.

Proof. First, if B, has full row-rank then the statement follows by the stability result in
[Hig02, Theorem 21.4]. If B, is rank-deficient, the stability result in [Hig02, Theorem 21.4]
cannot be invoked as it is only applicable for underdetermined full-rank linear systems. So
we project B, onto its column space @, to make the problem an underdetermined full-rank
linear system:

min||Q B2’ - Q/b| .
x

Let QE be the computed column space of B.. Then QE is the exact column space of
B. + AB where ||AB|, < v|B|,, Q:B6 is numerically full-rank with singular values
larger than e and Q,Q, B, = B, + E where | E||, < 7 ||B.||, [GVLI3, Ch. 5.4.1). Note the

following from matrix-matrix (or matrix-vector) multiplication [Hig02, Section 3.5],

f(a/B)-aB.+ BY
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where HE(UH2 < 7| B¢, and
11(Q/v) =@/ b+ E®

AT
where HE(2)H2 < v|bl|,. Since Q, B, € RakBIxn jg 4 fat rectangular matrix, we solve the

following underdetermined full-rank linear system,

Il'llIl

(Q. Bz’ - Q

(5.10)

Assuming vko(B.) < v || B, /e < 1 (where k2 denotes the 2-norm condition number), we

obtain the computed solution of Equation (5.10)), 8, satisfying [Hig02, Theorem 21.4],

s=s((a/B.) Q) =

where HE(?’)H2 < 7| B||, and we use (QA)'b = A'Q"d for a tall orthonormal matrix Q for
the third equality. Therefore, assuming that || Be||, < ¢, the computed solution of 5.4 8

satisfies

= fI(Bb) = (B. + E,) (b+ Ey),

where || B[, <7 [|Bell, and [[E,l; < v bl O
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5.5.1 Extension to rank-deficient overdetermined problems

Theorem can be extended to include rank-deficient overdetermined least-squares problems.

Consider the rank-deficient overdetermined least-squares problem,
min ||C.x’ — b,
wl

where C, € R™™ (m > n) is a rank-deficient (rank(C.) < n), tall matrix with singular
vales larger than € and b € R™. Then under the same assumption as Theorem [5.1.2] i.e.,
e > 7]|C¢|,, the solution to the overdetermined least-squares problem can be computed
in a backward stable manner.

The proof proceeds in the same way as Theorem [5.1.2] as once the tall matrix C. is projected
onto its column space , say W, WETCE € Rrark(Co)xn hecomes a fat full-rank matrix, and we

(WICQ '~ Wb

are now solving the underdetermined full-rank linear system: min
! 9

The remainder of the proof proceeds in the same manner as that of Theorem [5.1.2]
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Oversampling for CUR decomposition

The vast majority of CUR decompositions of A € R™*" comes with a theoretical guar-

antee that involves the term

1 1
w7, = W) (6.1)

where W € R™* is the k (approximate) dominant singular vectors of A and J C [n] with
|J| =k is a set of indices; see Theorems [2.4.1] and [6.4.1] Equation is usually the
deciding factor for the accuracy of the CUR decomposition and therefore, a majority of the
algorithms aim at choosing a set of indices J that would diminish the effect of Equation (6.1]).
A natural way of improving Equation is to oversample, that is, obtain extra indices

Jo € RP distinct from J so that W (J U Jy,:) € R*FP*F hecomes a rectangular matrix. By
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appending more rows to W (J,:), W (J U Jy, :) has a larger minimum singular value by the
Courant-Fischer min-max theorem, which improves the accuracy of the CUR decomposition.
The topic of oversampling is not new, in particular, it is shown in [ADM™15] that oversampling
improves the accuracy of CUR-BA when the singular values decay rapidly.

In the context of sampling based methods, oversampling has been suggested for theoretical
guarantees; see e.g. [MDO09 [CD13, BW17]. It is easy to oversample for sampling based
methods as we can simply sample more than k indices from the given probability distribution.
In contrast, it is often difficult to oversample for pivoting based methods. This is because we
typically perform pivoting schemes on a smaller-sized surrogate X € R™**_ for example, the
sketch of A, and the pivots beyond the first k£ indices carry little to no information. Therefore,
for pivoting based methods, usually a different strategy is used for oversampling. In the
context of DEIM, various ways of oversampling have been suggested [CFCA13| [ZW16, MO18,
PDG20l IGH22]. Specifically, Zimmermann and Willcox [ZW16] show that oversampling can
improve the condition number of oblique projections, and Donello et al. [DPN7T23] proves a
bound for DEIM projectors with oversampling, which extends the proof without oversampling
from [SE16). The DEIM projector is given by Pon, = Q(II; Q)'TI; where Q € R™*
is an orthonormal matrix approximating the range of the original matrix. A majority of
the aforementioned literature focuses on the DEIM projector or the CUR-BA. However,
oversampling can often be more effective for CUR with cross approximation (CUR-CA), as it
not only improves the bound involving eq. (see Theorem [5.1.1]), but also transforms the
core matrix A(/, J) into a rectangular matrix when either I or J (but not both) is oversampled.
This generally improves the condition number of A(/, J) making the CUR-CA more accurate
when computing its pseudoinverse. In contrast, the benefits of oversampling is less immediate
for CUR with best approximation (CUR-BA); we explore this further in Section Overall,
we advocate oversampling when possible over the standard choice |I| = |J].

In this chapter, we therefore investigate how to choose those extra indices. Concretely,
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given initial index sets I and J of size |I| = |J| = k where k is the target rank, we ask how best
to augment one of them by p additional indices where we recommend p to be in proportion
to the target rank; see also Section E] To answer this, we propose a deterministic way
of oversampling for which the rationale for our idea can be explained by the cosine-sine
(CS) decomposition, which identifies and appends those indices that most strengthen the
smallest singular directions of the chosen submatrix. The construction could be of use in
other contexts where (over)sampling from a subspace is desired; a common task that finds

use, for example, in model reduction [CS10] and active learning [SCMW24].

6.1 Existing methods.

We review two existing algorithms for oversampling. First, Gidisu and Hochstenbach [GH22]
oversample p extra indices by choosing the largest p leverage scores (row norms of (approximate)
dominant singular vectors) out of the unchosen indices. The complexity is O(nk) for computing
the leverage scores of an orthonormal matrix W € R™**_ If we are only given an approximator
that is not orthonormal then (approximate) orthonormalisation needs to be done, usually
at a cost of O(nk?). Second, Peherstorfer, Drmac¢ and Gugercin [PDG20], iteratively select
p extra indices for oversampling to maximize the minimum singular value of W (J,:) in a
greedy fashion. This approach, which is called the GappyPOD+E algorithm, uses perturbation
bounds on the eigenvalues given in [IN0Q9] to find the next index that maximizes the lower
bound for the minimum singular value of W (.J,:). This approach is also a special case of
[ZW16]. The algorithm runs with complexity O((k + p)?k? + nk?p) where p is the number of
indices we oversample by. Again, if W is not orthonormal to begin with, then (approximate)

orthonormalisation needs to be done usually at a cost of O(nk?). The topic of approximate

IThe recommendation that p is chosen to be proportion to the target rank is motivated by the generalised
Nystrom method. In the generalised Nystrom method, the sketch size of the second random embedding is
chosen to be proportionally larger than the first random embedding for stability [Nak20].
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orthonormalisation are discussed in [AMTI10, BG22|.

6.2 Oversampling for the CUR-CA

In Chapter , we proved theoretical results involving the CUR-CA (Corollary , the
stabilized CUR-CA (Theorem and the stabilized CUR-CA in the presence of rounding
errors (Theorem . All of the results involved an oversampling parameter p and an
extra set of row indices Iy, and bounding HQC(I U 1o, :)JTH2 was important for the accuracy
and stability of the CUR-CA. In this section, we discuss oversampling in the context of the
CUR-CA and devise an algorithm that naturally arises from the discussion.

We first describe the setting. Suppose we have obtained the row indices I and the column
indices J with |I| = |J| = k by applying some algorithm, for example, the ones discussed
in Section , on a row space approximator X € R¥*" of A ¢ RmX". To have a concrete
algorithm in mind for getting the set of indices I and J, we present pivoting on a random

sketch [VMI17, [DG20, [DM23] below in Algorithm [

Algorithm 5 Pivoting on a random sketch ([DM23], Algorithm 1])

Input: A € R™*" target rank k (typically & < min{m,n})
Output: Column indices J and row indices I with |I| = |J| =k

function [/, J] = Rand_Pivot(A,k)

Draw a random embedding S € R™*¥,

Set X = STA € RF", a row sketch of A

Apply CPQR on X. Let J be the k£ column pivots.
Apply CPQR on A(:,J)". Let I be the k row pivots.

Algorithm [5|is a version of Algorithm 1 from [DM23], which selects the column indices

first by applying column pivoted QR (CPQR) on the row sketch X = ST A and then selects

2A similar version for column space approximator Y can also be devised by considering A" instead. In
the case when X and Y are not available, for example, when the initial set of indices were obtained using
uniform sampling, R = A(I,:) and C = A(:,J) can be used as the row space approximator and the column
space approximator, respectively.
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the row indices by applying CPQR. on the chosen columns A(:,J)". LU with partial pivoting
is also effective in practice [DM23]. Algorithm |5| is an example where we obtain the row
indices from the already-chosen column indices, which was recommended in the previous
chapter for the accuracy and stability of CUR-CA. Here, the row space approximator is the
row sketch X = S' A and the column space approximator is the columns A(:,J). A bound

for the CUR-CA (see Corollary without oversampling is given by
14 = Auslle < Qe (7,7, |@x (47", |4 - axx]. (62)

where A;; = A(:,J)A(I,J)TA(I,:) is the CUR-CA, and Q, and Qx are orthonormal
matrices spanning the columns of C and X' respectively.

Many existing algorithms focus on minimizing the first two terms on the right-hand side
of Equation as they control the accuracy of the CUR-CA. In the CUR-CA and the
other CUR decompositions such as the CUR-BA, C(CTAR")R, we often take |I| = |J|,
however, without increasing the overall rank of the approximation, we can oversample either
I or J. Oversampling both the row indices / and the column indices J independently is not
recommended, which we discuss further in Section [6.3.2] Suppose we oversample the rows to

I, := 1UI, where |Iy| = p is an extra set of row indices for oversampling. Then the first term of

the bound changes from || Qs (,:)7|, to HQC(Lk7 :)TH2 (see Theorem [5.1.1)). By the Courant-

Fischer min-max theorem owin(Qc(1s,:)) 2 omin(Qc(1,:)), which improves the bound in
Equation as HQC(I*, :)TH2 < Q¢ (1,:) ||, Now, to maximize the effect of oversampling,
we ought to find unchosen indices that enrich the trailing singular subspace of Q(1,:), which
in turn increases the minimum singular value(s) of Q(7,:). It turns out that we can achieve
this by projecting Q([m] — I,:) onto the trailing singular subspace of Q(I,:) and use a
good row selection algorithm to choose p extra rows. Before stating the algorithm based on

this observation, we first motivate our rationale using the cosine-sine (CS) decomposition.
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Definition 6.2.1 (CS Decomposition; [PW94, [GVLI3]). Let Q € R™* be any orthonormal

matriz with partition

k
Q = Ql ny
Q,| no

where ny,ny > k with ny + ny = n. Then there exists orthonormal matrices U, € R™*k,

U, ¢ Rk V c R** such that
Q,=U,CoV" and Q, =U,SoV ", (6.3)

where Cg = diag(cy, ca, ..., c), Sq = diag(si, S2, ..., si) are diagonal matrices satisfying c;, s; >

0, and ¢ + s? =1 for alli.

In our context, we can view Qs(I,:) as Q,, and Q([m] — I,:) as Q,. Now assume,
without loss of generality, that the ¢;’s are in non-increasing order so the s;’s are in non-
decreasing order. Then in order to increase the minimum singular value of @Q,, we could
add the rows of @, that contribute the most to the trailing right singular subspace of Q;,
ie, V_,=V(:,k—p+1:k) € R, By Equation , V_, is also the dominant
right singular subspace of @, as ¢? + s? = 1. When we add the rows of @, that lie in the
subspace spanned by V_, to Q,, we can increase the minimum singular value(s) of @,
i.e., increase ¢, or the last few ¢;’s. Therefore we can apply any algorithm (such as those
discussed in Section that finds good row indices on Q,V _, € R">*? and append them
to @, to increase the minimum singular value of Q.

If the algorithm requires the dominant left singular vectors of @,V _, such as in DEIM

or leverage scores sampling, we can simply scale the columns of Q,V _, using the singular
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values of Q,, Cq = diag(cy, ..., c;) because

Q. V_,=U,_,diag(sk—pt1, ..., Sk) = U27_p\/1 — diag(cf 115 CF)

where Uy, = Us(:,k—p+1: k).

In light of the observation made above, we propose the following algorithm (Algorithm [6)
for oversampling indices. For simplicity, we use column pivoted QR (CPQR) on Q,V _,
to obtain a good set of oversampling indices. However, any algorithm that finds a good

set of rows can replace line 4 of Algorithm [6]

Algorithm 6 Oversampling indices

Input: A full column rank matrix B € R™** with n > k, an index set I with |I| = k and an
oversampling parameter p < k
Output: Extra indices Iy with |[[y| = p

function Iy = 0S(B,1,p)
: [Qp,~] = qr(B), > Skip this step if B is already orthonormal.
[Nv ~ V} = SVd(QB(]7 :))7
: Set V_, =V (:,k—p+1:k), the trailing p right singular vectors of Qg(,:).
. Apply CPQR on (Qg([m] —I,:)V_,)". Let I, be p oversampled indices.

el I S

Given a full column rank matrix B, an index set I, and an oversampling parameter
p(< k), Algorithm @ finds an extra set of indices for oversampling by projecting @ 5 onto the
unchosen indices [m] — I from the left and the trailing p right singular vectors of Qg(I,:)
from the right and performing CPQR to obtain the extra indices Iy with |Iy| = p. When
p > k, we can iterate Algorithm [6] to obtain at most k oversampling indices at each iteration.
We can also devise a version of Algorithm [6] with a tolerance parameter 0 < ¢ < 1 rather
than taking p as input; for example € = \/k‘/_n may be a reasonable choice (given that
singular values of a O(k) x k submatrix of an n x n Haar distributed orthogonal matrix are
of this order [Mecl19]). This version uses projection onto the trailing right singular subspace

of Qp(I,:) corresponding to the singular values that are less than e. While this version
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does not guarantee oy (Qp(I U Iy, :)) > €, it can be applied iteratively to achieve this. To
guarantee o, (Qg(I'U Iy, :)) > €, one can alternatively use the GappyPOD+E oversampling
algorithm [PDG20]. However, this approach comes with a higher computational cost. The
complexity of Algorithm @ is O(nk?) where the dominant cost comes from taking the QR
decomposition of B (line 1). If B were orthonormal to begin with, then the dominant cost
comes from forming Qg([m] — I,:)V _,, which costs O(nkp).

In the analysis for the CUR-CA from the previous chapter (Section , oversampling
played two key roles: (i) improving the accuracy of CUR-CA (see Theorem Corol-
lary , Theorem ; and (ii) enhancing the stability of CUR-CA in the presence of
roundoff errors. Note that the term ||Qq(I,:)7!|, also appears in front of the roundoff
parameter 7 in Theorem [5.1.3] Therefore, oversampling is crucial-particularly when the
initially selected index sets are suboptimal, as illustrated in Figure [6.1} For instance, if the
core matrix A(1,J) is (nearly) singular, oversampling helps mitigate the resulting instability.

Oversampling should be done in such a way that the term || Qs (7,:)7!||, is reduced
further by adding an extra set of indices Iy that lie in the trailing singular subspace of
Qc(I,:). Algorithm [6] achieves this by picking good unchosen indices from the trailing
singular subspace of Q.. We further highlight the significance of oversampling through

numerical illustrations in the next section, Section [5.3

6.3 Numerical illustrations

In this section, we illustrate the concepts discussed in the previous sections through numerical
experiments. We first show that oversampling can improve the quality when the indices
are poorly selected. In particular, we show that when oversampling is done, we can
improve the accuracy of CUR-CA in Figure [5.2| when the row and column indices are

suboptimal. Additionally, we also illustrate the effectiveness of the oversampling algorithm,
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Algorithm [6, for the CUR-CA and show its competitiveness against some existing methods.
In all the experiments, the best rank-k approximation error using the truncated SVD

(TSVD) is used as reference.

6.3.1 Oversampling for suboptimal indices

We first show that oversampling can improve the quality when the indices are poorly selected.
We run the same experiment as in Section[5.3.2|for Figure[5.2], but we now include oversampling.

In Figure [6.1, we repeat the experiment from Figure [5.2] this time also incorporating
row oversampling with p = k. We observe that the poor approximation quality in Case
1 (no oversampling) can be improved for both plots through sufficient oversampling, as
demonstrated in Case 1 (oversampling). This suggests that when a suboptimal set of indices
is selected—or simply as a safeguard—it is advisable to perform adequate oversampling in

the CUR-CA to ensure both accuracy and stability.

1015 T T T 1040
100 ~o-TSVD i ~-TSVD
Case 1 (No oversampling) 1030 Case 1 (No oversampling) ||
sl ~£-Case 2 (No oversampling) ] . ——Case 2 (No oversampling)
= 10 ——Case 1 (Oversampling) = 102 ——Case 1 (Oversampling)
= 0 A a4 Case 2 (Oversampling) = Case 2 (Oversampling)
] ~ N \ =
= = 100t
< 105 <
I I
= 40 \ < IR e N W WD A N
=10 — L e e e oo b a W
10715 1070F X’ﬁeﬁﬁ_\é}’\!‘)
1020 [ I I 1020 I . | | |
0 50 100 150 200 0 200 400 600 800 1000 1200
Target rank & Target rank k
(a) Block random matrix (5.9)) (b) nnc1374

Figure 6.1: Relationship between the rows and columns in the CUR-CA. In Case 1, the rows
and columns are chosen independently from one another and in Case 2, we select the columns first
and then the rows were computed from the selected columns. When the rows and columns are
chosen independently (Case 1), the resulting approximation can be catastrophic. With sufficient row
oversampling (p = k), the approximation quality is improved.
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6.3.2 Oversampling algorithm comparison

In this section, we illustrate advantages of oversampling through numerical experiments. In
all experiments, unless stated otherwise, we use pivoting on a random sketch (Algorithm
with column pivoted QR [VMI17, [DM23] and the Gaussian sketch to get the initial set of
k row and column indices, where k is the target rank. We then obtain the oversampling

indices using the following algorithms:
e 0S + P: Algorithm [6]

e 0S + L: Choose p extra indices corresponding to the largest p leverage scores out of the

unchosen indices as in [GH22|,
o 0S + E: GappyP0D + E algorithm in [PDG20].

We set the number of oversampling indices to be p = 0, p = 10 and p = 0.5k.

We consider three different classes of test matrices, which are summarized below:

1. CIFAR10: The CIFAR-10 training set [Kri09] consists of 60000 images of size 32 x 32 x 3.
We choose 10000 random images, each flattened to a vector, and treat it as a 10000 x 3072

data matrix.

2. YaleFace64x64: Yale face is a full-rank dense matrix of size 165 x 4096 consisting of
165 face images each of size 64 x 64. The flattened image vectors are centered and

normalized such that the mean is zero and the entries lie within [—1, 1].

3. SNN: Random sparse non-negative matrices are test matrices used in [SE16, [VM17] that
is given by,

T
SNN = > sj:cjy]T,
j=1
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where 51 > --- > 5, > 0 and x; € R™ y,; € R" are random sparse vectors with

non-negative entries. We take m = 100000, n = 300 with

50 300

DTy + D STy
j=1J j=51J

where the sparse vectors x;’s and y,’s are computed in MATLAB using the command

sprand(m, 1,0.025) and sprand(n, 1,0.025), respectively.

The results are depicted in Figure [6.2] We compare different oversampling algorithms for
the three test matrices. We use pivoting on a random sketch (Algorithm [5) to obtain the
initial set of indices except for Figure [6.2D] where we use uniform sampling; pivoting on a
random sketch usually results in a good set of indices, while uniform sampling can give a poor
set of indices. Then we oversample the row indices using the three oversampling algorithms,
0S+P, 0S+L and 0S+E. We also oversample column indices in Figure [6.2d For Figure
p = 0.5k for row oversampling and p = 10 for column oversampling.

We begin with the top two plots involving the CIFAR10 dataset, Figures [6.2a] and [6.2D]

We observe that as the oversampling parameter increases, the accuracy improves. The
different oversampling techniques yield a similar result with 0S+L being usually slightly
worse. In Figures and [6.2b] we observe that oversampling plays a big role for the
accuracy of the CUR-CA. In Figure [6.2a, p = 10 improves the accuracy slightly, but when
the oversampling parameter p becomes proportional to the target rank, we make further
progress and we approximately capture the singular value decay rate. In Figure [6.2b], when
the initial set of indices are worse, as it can be when we perform uniform sampling, we
observe that oversampling makes the approximation more robust even when the CUR-CA
without oversampling yields unstable results. Therefore, oversampling helps the CUR-CA
yield more accurate and stable results.

In Figure [6.2d, using the YaleFace64x64 dataset, we show what happens when we
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Figure 6.2: Comparison of different oversampling methods for various test matrices. We use
pivoting on a random sketch to obtain the initial set of indices except for Figure [6.25] where we use
uniform sampling. Then we oversample the row indices using the three oversampling algorithms,
0S+P, 0S+L and 0S+E. We also oversample column indices in Figure to demonstrate that
oversampling both row and column indices can be harmful.
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oversample both row and column indices. In this experiment, we oversample the row indices
by p = 0.5k and the column indices by p = 10. In Figure[6.2d the CUR-CA can get worse
with oversampling and the approximation may become unstable when both column and row
indices are oversampled. This is caused by the core matrix A(I U Iy, J U Jy) underestimating
the singular values of A as oversampling in only one of row or column indices improve the
condition number of the core matrix, but when we oversample both row and column indices,
condition number of the core matrix can become worse. This is similar to the phenomenon
happening in Section [5.3.2 where the CUR-CA can yield poor accuracy when we choose the
rows and columns independently. Therefore, we advocate oversampling in only one of row
or column indices for the CUR-CA. Note that if we do not oversample column indices in
Figure 6.2c, so that we only oversample rows for the YaleFace64x64 dataset, the relative
error decreases steadily, as observed in the other figures in Figure [6.2] In Figure [6.2d] we
use the SNN dataset. The effect of oversampling is less immediate in this example, but the
accuracy still improves and the decay rate is more in line with the spectral decay.

Lastly, in all the experiments in Figure [6.2] we observe that our algorithm for oversampling
0S + P (Algorithm @ is competitive with 0S + E with 0S + L usually being slightly worse.
Therefore, Algorithm @ which runs with complexity O(nk? + nkp) is competitive with 0S+E,

which run with complexity O(nk?*p + k*).

6.4 Oversampling analysis of CUR-BA

In this section, we analyse CUR-BA (CUR with Best Approximation, Section [2.4)),
AVY = A, T) (AG,D)TA A1) A1) = C(CTARNR,

with oversampling.
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We first prove a relative norm bound for the CUR-BA with oversampling. We make

the following standard assumptions, which is analogous to the CUR-CA counterpart in
Section (Assumption [5.1.1]).

Assumption 6.4.1.

1. |I| = |J| = k where k is the target rank. The oversampling indices are Iy with |Iy| = py
for the rows and Jo with |Jo| = pa for the columns and they satisfy k + max{py,ps} <
rank(A).

2. A(:,JUJy) has full column rank and A(I U Iy, :) has full row rank.

8. X (:, JUJy) € RF>*E+P2) has full row rank, where X € R¥*™ is a row space approzimator

of A.

4. Y(IT U Iy,:) € REPIXE has full column rank, where Y € R™* s a column space

approzimator of A.

The assumption that X (:, J) and A([,:) having a full row rank and Y (/,:) and A(:, J)
having a full column rank is generic, since most methods that pick good row and column
indices satisfy this assumption. If one of X or Y are not available then A(/,:) or A(:,J) can
be used instead after obtaining the row or column indices from Y or X, respectively.

We now prove the result for the CUR-BA with oversampling. The results shown below is
a simple extension of [SE16, Lemma 4.2] and [DM23, Theorem 1. Lemma considers
one-sided projection with oversampling where we project A onto the chosen columns of
A. In Theorem , we consider the CUR-BA, C(CTAR'")R where we project A onto

the chosen rows and columns of A.

Lemma 6.4.1. Under Assumption|6.4.1

- ccta) < faxtr a4 - axix]
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where ||-|| is any unitarily invariant norm and Q x € R™¥* is an orthonormal matriz spanning

the columns of X .

Proof. For shorthand let J, = J U Jy and let IT;, = I,,(:,J,) € R™*+P) guch that C =

A(:, J.) = AII,,. We first define two oblique projectors
Px =M, (X, ) X, Pc:=II,C'AecR™,
Note that since C has full column rank, CTAII;, = C'C =1 ktp, and
PcPx =11, C'AIl; (XI1;)' X = Px.
Therefore we get
A—-CC'A=A(I,-P¢)=A(I,—Pc)I,— Px) = (I, — CC"A(I, — Px).
Since XTI, = X (:, J,) has full row rank,
XPx = XL, (XIL,) X = X

and we obtain

(I,-Px)=I,-X'X)I,-Px).
Now putting these together, we obtain
|A-ccla| =| 1, - cchAI, - X1 X)(I, - Px)|

<||r. - cct|, | A, - XTx)| 11, - Pxl,

= | L, — Px, AT, - XTX)

Y
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since HIm — C'C’TH2 = 1 as CC" is an orthogonal projector. Now since Px is an oblique

projector [Szy00], || I, — Px||, = [|Px]||, so the result follows by noting that

1P, = |(XTL)X|, = 1Qx (e, )l -

[l
Theorem 6.4.1. Under Assumption[0.4.1],
4= Ak < [@x (70 5. ], |4 - 4x"X]
+@y(rul, )Y, |a-YY'4| (6.4)
where ||-|| is any unitarily invariant norm and Qx € R™* and Qy € R™* are the

orthonormal matrices spanning the columns of X' and Y, respectively.

Proof. The proof follows by Lemma [6.4.1] and noting that

HA - CCTARTRH <la-cctA| +|ccta - CCTARTRH

<la-ccta| + CCTH2 HA - ARTRH

—la-ccta| + A - ARTRH

IA

Qx(JUJo )Y, A - AXIX| +|lQy U, )| |4A-YYi4|

where the inequality for the second term HA — ARTRH in the final line can be shown by
considering A" in Lemma [6.4.1] m

Remark 6.4.1.

1. The difference between Theorem and its counterpart without oversampling, e.g.

) where

[DM23, Theorem 1], are the terms HQX(JUJO,:)TH2 and HQY(IUIO,:)T
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instead of the matrix inverse, we have the pseudoinverse. This tightens the bound
in Equation (6.4) as

Y

[Qux(70 0.7, < @207

2

and

b

@vzu .7, < @y (.7

2

where Iy and Jy are the extra indices for oversampling.

. There are many possible choices for X and Y. For example, if we choose them to
be the dominant right and left singular vectors of A, then we get the bound similar
to the one in [SE16] involving the best rank-k approximation since HA = AXTXH =
HA - YYTAH = ||A — [A],|l| where [A], is the best rank-k approzimation to A. If
we choose X and Y to be the row sketch and the column sketch (see Algorithm [3)
then we involve the randomised SVD error [HMT11]. Choosing X and'Y to be the
dominant singular vectors in Theorem |6.4.1] can be the optimal choice, but when X and
Y are approximators, which can be computed easily, the bound can be computed a

posteriort.

. When k + min{p;, p2} > rank(A) and rank(C) = rank(R) = rank(A), we have A =
CC'AR'R [HH20).

Theorem [6.4.1| suggests that oversampling helps to improve the accuracy of the CUR

decomposition A(I?

A, However, the numerical simulations shown below illustrate that

the improvement is not too significant.

The numerical results are depicted in Figure [6.3] illustrating the effect of oversampling for

the CUR-BA. We use pivoting on a random sketch (Algorithm [5)) to obtain the initial set of

indices. Then we oversample the row indices using the three oversampling algorithms, 0S+P,

0S+L and 0S—+E as in Section [6.3.2, We also oversample column indices in Figure [6.3b]
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Figure 6.3: The effect of oversampling for the CUR-BA. We use pivoting on a random sketch
(Algorithm 5] to obtain the initial set of indices. Then we oversample the row indices using the three
oversampling algorithms, 0S+P, 0S+L and 0S+E. We also oversample column indices in Figure @

We start with the CIFAR10 dataset in Figure[6.3a] We first observe that as the oversampling
parameter increases, the accuracy improves and the different oversampling techniques yield a
similar result. However, there is no significant improvement when oversampling is used for
the CUR-BA. This shows that the CUR-BA gives a robust approximation and oversampling
only plays a slight role in its accuracy. In Figure [6.3D] we used the YaleFace64x64 dataset
to illustrate the effect of oversampling both rows and columns. We observe that when we
oversample both rows and columns, we obtain a higher accuracy for the CUR-BA. This is
expected as we are enlarging the subspace that we project onto A, which increases the accuracy
of the CUR-BA. This is contrary to the CUR-CA, as the CUR-CA can become more inaccurate
and unstable when we oversample both rows and columns; see Section [6.3.2l However,
simultaneously oversampling both rows and columns for CUR-BA increases the rank of the
resulting approximation, potentially reducing its effectiveness as a low-rank representation.

To conclude, while oversampling improves the accuracy of the CUR-BA, it has less

significant effect on its accuracy and stability.
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Low-rank Approximation of

Parameter-dependent Matrices via CUR

In this chapter, we apply the theory developed in Chapters [5] and [6] to study the low-rank
approximation of parameter-dependent matrices A(t) € R™*" via CUR with cross approxi-
mation (CUR-CA). We assume throughout that m > n and seek low-rank approximation for
a finite number of parameter values t € R in some compact domain D C R. This task has
appeared in several applications, for example, in compression of a series of images [NLOS],
dynamical systems [KLO7] and Gaussian random fields [KLMU20].

When A(t) = A is a constant, using the truncated SVD attains the best low-rank
approximation in any unitarily invariant norm. However, the cost of computing the truncated

SVD becomes infeasible for large matrices. The situation is exacerbated when A(t) varies
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with parameter ¢, requiring the evaluation of the truncated SVD at every parameter value ¢
of interest. Specifically, we need to find a low-rank approximation to A(t;) for i =1,2,.
Consequently, numerous alternative approaches have been explored in recent years such as
dynamical low-rank approximation [KLO7, NLOS|, randomised SVD and generalised Nystrém
method [KL24] and the CUR decomposition [DPNT23|. In this work, we use CUR-CA,
A~ CM'R, to find a low-rank approximation to a parameter-dependent matrix A(t).

The objective of this chapter is the following:

Objective 7.0.1. Let A(t) be a parameter-dependent matriz. Then given a set of parameter

values tq,ta, ..., t,, and a tolerance €, devise an algorithm that approzimately achieves

|A) = (A T)) (A T J)T) (A (1) < e A (7.1)

for each i, where I; and J; are the row and column indices corresponding to t;.

For parameter-dependent matrices A(t), we can naively recompute the row and the
column indices for each parameter value of interest. However, this approach can be inefficient
and wasteful, as the matrix may only undergo slight deviations when the parameter value
changes. Consequently, the indices computed for one parameter value are likely to retain
information relevant to nearby parameter values. The reason is because a matrix may only
undergo slight deviations when the parameter value changes. More concretely, let A(t) be a
parameter-dependent matrix and I and J be a set of row and column indices respectively.
Then by setting X = V(¢)" in Corollary with Iy = () where Vi (¢) contains the

k-dominant right singular vectors of A(t),

|A®) —cM@) R, <||Qcw ()Y, Qv (107", 1A®) — [A®)L ] (7.2)

where C(t)M (t)T R(t) is a rank-k CUR-CA for A(t). Now the rightmost term in Equation
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is optimal for any parameter value ¢, so we focus on comparing the first two terms. Suppose we

have two different parameter values, say ¢, and t,. If both HQC i H Hka(tl L) .
and HQC (1) (1 H HQVk(tZ )‘1H2 remain small with the same set of indices I and J, we
can use [ and J to approximate both A(t;) and A(ts).

In our setting, we allow [|A(t1) — A(t2)|, to be large, say O(1), and therefore the
perturbation bounds for the CUR decomposition in [HH21] is not enough to explain why
the same indices can be reused for nearby parameter values. Yet, in practice, we often
observe that for nearby parameter values, the identical set of indices I and J often capture
the important rows and columns of both A(t;) and A(ty) even if ||A(t;) — A(ts2)]], is large;
see Sections [7.4] and [7.5] This behaviour may be attributed to underlying regularity or
structure present in many applications.

This observation motivates us to reuse the indices for various parameter values, potentially
resulting in significant savings, often up to a factor £ in complexity where k is the target rank.
With this key idea in mind, the main goal of this chapter is to devise a rank-adaptive certified
algorithm that reuses the indices as much as possible until the error becomes too large, at
which point we recompute the indices. We use the term certified to denote approximation
methods that are designed to control the approximation error.

To achieve this goal efficiently and reliably, we rely on a variety of efficient tools, many of
which are borrowed from the randomised numerical linear algebra literature, which we discuss
in Section We assume throughout that for each parameter ¢, A(t) has decaying singular
values so that a low-rank approximation is possible. This is clearly a required assumption

for low-rank approximation techniques to be effective.
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7.1 Brief outline of AdaCUR and FastAdaCUR

Before introducing the two algorithms, AdaCUR and FastAdaCUR, in greater detail in
Section [7.4] we first provide a brief outline of their core ideas.

AdaCUR is aimed at efficiently computing an accurate low-rank approximation of parameter
dependent matrices. A high-level overview of AdaCUR is given in Figure with the precise
details outlined in Section AdaCUR begins by computing an initial set of indices for
A(ty). For subsequent parameter values t;, AdaCUR first computes the relative error for
A(t;) using the previous sets of indices. If the error is smaller than the tolerance ¢, the
algorithm retains the current sets of indices and proceeds to the next parameter value. If the
error exceeds the tolerance, minor modifications are made to the indices, and the algorithm
checks whether the tolerance is satisfied. If the modified indices meet the tolerance, they are
retained; otherwise, the indices are recomputed from scratch. The algorithm can also perform
multiple stages of minor modifications, which we discuss briefly at the end of Section [7.4.2]

FastAdaCUR is aimed at achieving even greater speed at the cost of possible reduction in
accuracy. Instead of computing the error which can be expensive, FastAdaCUR keeps a small
set of extra indices that helps with rank adaptivity. A high-level overview of FastAdaCUR is
given in Figure with the precise details outlined in Section [7.4.3] FastAdaCUR begins
by computing an initial sets of indices I, J and a small set of additional indices I, J, for
A(ty). For subsequent parameter values t;, FastAdaCUR calculates the e-rank of the core
matrix M (t;) = A(L U1, JUJ,) as an efficient proxy for A, using the previous sets of indices
to determine whether the e-rank exceeds the size of the index sets I and J. The e-rank of
a matrix B, denoted by rank.(B), is defined as the number of singular values larger than
€. If the e-rank has increased, indices are added to I and J from I, and .J,. Conversely,
if the e-rank has decreased, indices are removed from [ and J. After this adjustment, the

algorithm proceeds to the next parameter value. Importantly, for FastAdaCUR, the entire
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AdaCUR
Input: Parameter-dependent matrix A(t), parameters ti, ..., t,, error tol. e.
Output: CUR factors C(t;), M (t;), R(t;) such that A(t;) ~ C(t;) M (t;)TR(L;).
1. Compute initial set of indices for A(t).

& For j=2,3,..,q,

Compute relative Make minor Recompute
. . . Rel. Err. > ¢ e
error for A(t;) using modifications indices from
previous indices to the indices scratch

Rel. Err. > ¢

Rel. Err. <e Rel. Err. <e
@ @

Figure 7.1: An overview of AdaCUR

matrix is not accessed beyond the first parameter value, which makes the algorithm efficient
and suitable for settings where accessing every entry of future parameter values A(t;) is not
feasible. However, unlike AdaCUR, FastAdaCUR does not have error control mechanism,

making it vulnerable to adversarial examples; see Section [7.5.4]

7.2 Existing methods.

There have been several different approaches for finding a low-rank approximation to parameter-
dependent matrices A(t). We describe four different classes of methods. First, dynamical
low-rank approximation is a differential-equation-based approach where the low-rank factors
are obtained from projecting the time derivative of A(t), A(t), onto the tangent space of the
smooth manifold consisting of fixed-rank matrices; see [Lubl4]. A number of variations from

the original dynamical low-rank approximation [KL07]| have been proposed to deal with various
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FastAdaCUR

Input: Parameter-dependent matrix A(t), parameters ti, ..., t,, rank tol. €
Output: CUR factors C(t;), M (t;), R(t;) such that A(t;) ~ C(t;) M (t;)TR(L;).
1. Compute initial set of indices I, J for A(t;).

2. Compute a small set of extra indices I, J.

@ For j =23, ..,q,

. Add indices to I,J

Compute e-rank of e-rank incr.
A)(IU L, JUJ,) from I, J; and add
J s s more indices to Iy, J,
E_HM

Remove indices from I, .J

Figure 7.2: An overview of FastAdaCUR

issues such as the stiffness introduced by the curvature of the manifold [LO14, KLW16, [(CT.22]
and rank-adaptivity [CKL22, [HPR22, [HS23, [HNS23]. The complexity of this approach is
typically O(k;Ta,)) for the parameter ¢;, where k; is the target rank for A(t;) and T,
is the cost of matrix-vector product with A(t;) or A(t;)".

Secondly, Kressner and Lam [KL24] use randomised SVD [HMTT11] and generalised Nys-
trom [TYUCI7Dh, Nak2(], both based on random projections, to find low-rank approximations
of parameter-dependent matrices A(t). They focus on matrices that admit an affine linear
decomposition with respect to t. Notably, they use the same random embedding for all
parameter values rather than generating a new random embedding for each parameter value.
The complexity is also O(k;Ta,)) for the parameter value ¢;.

Next, Donello et al. [DPN723] use the CUR, decomposition to find a low-rank approxima-

tion to parameter-dependent matrices. At each iteration, a new set of column and row indices
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for the CUR decomposition are computed by applying the discrete empirical interpolation
method (DEIM) [CS10, [DG16l [SE16] to the singular vectors of the CUR decomposition from
the previous iteration. While this approach benefits from not viewing the entire matrix,
it may suffer from the same adversarial example as the fast algorithm, FastAdaCUR; see
Algorithm |11] and Section m They allow oversampling of column and/or row indices to
improve the accuracy of the CUR decomposition and propose rank-adaptivity where the
rank is either increased or decreased by 1 if the smallest singular value of the current iterate
is larger or smaller, respectively, than some threshold. Although their algorithm is based
on the CUR decomposition, the low-rank factors in their approach are represented in the
form of an SVD. This SVD is computed from the CUR decomposition at each iteration,
given that orthonormal factors are necessary in DEIM. The complexity for this algorithm
is O((m + n)k?) for the parameter value t;.

Lastly, in the special case when A(t) is symmetric positive definite, a parametric variant

of adaptive cross approximation has been used in [KLMU20).

7.3 Preliminaries

In this section, we discuss the tools needed for our proposed algorithms introduced in
Section . First, we use pivoting on a random sketch (Algorithm 7 introduced in the
previous chapter, to efficiently obtain the indices required for the CUR-CA. The cost of
Algorithm (7] is O(k - Ta + (m + n)k?), where k - T4 is the cost of forming the Gaussian
row sketch X in line 2 where T} is the cost of matrix-vector multiplication with A or A",
and O(nk?) and O(mk?) are the cost of applying column-pivoted QR (CPQR) on X (line
3) and A(:,J)" (line 4) respectively. In the next sections, we review a fast randomised
algorithm for computing the numerical rank of a matrix in Section and in Section [7.3.2

we discuss an efficient method for computing the Frobenius norm of a matrix, which is

156



used for error estimation for AdaCUR in Section [7.4]

7.3.1 Randomised rank estimation

Randomised rank estimation [AN13, MN24] is an efficient tool for finding the e-rank of a
matrix A € R™*". The e-rank of a matrix is the number of singular values larger than e.
As we often require the target rank as input, for example in Algorithm [5, we would like an
efficient method for computing the e-rank of a matrix. This method also relies on sketching
but, unlike pivoting on a random sketch, it involves sketching §; € R™*¢, §5 € R"*?¢ from

both sides of the matrix. The idea is to approximate the e-rank of A using

Fo = rank€(SlTA52) (7.3)

where S| AS, € R¥*? with s > rank.(A). Here, s > rank.(A) is achieved by gradually
increasing s by appending to the sketches until o, (S| AS5) < €; the details are in [MN24].
The overall cost of the algorithm is O(sT4 + nslogs + s*) where O(sTy) is the cost of
forming the Gaussian sketch, O(nslog s) is the cost of forming the SRTT sketch and O(s?)

is the cost of computing the singular values of S| AS,.

Combining pivoting on a random sketch and randomised rank estimation. Since
we require the target rank as input for pivoting on a random sketch (Algorithm , randomised
rank estimation and pivoting on a random sketch can be used together. Both algorithms need
to form the row sketch X = S A as part of their algorithm. Therefore, we can input the row
sketch X obtained from randomised rank estimation into pivoting on a random sketch. This
avoids the need to reform the row sketch making randomised rank estimation almost free
when used with pivoting on a random sketch. The overall algorithm is outlined in Algorithm

giving the overall complexity of O(7 T4 + (m + n)7?). By combining the two algorithms into
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one, the number of matrix-vector products with A is halved, which is often the dominant cost.

Algorithm 7 Pivoting on a random sketch using randomised rank estimation

Input: A € R™*" tolerance €

Output: Row indices I and Column indices J
function [/, J] = Rand_Pivot_RankEst(A,e)

1: [f., X] = Estimation of e-rank and row sketch X = S| A using Equation (7.3),
2: [, J] =Rand_Pivot(A, X,7) > Take the row sketch X as input in Algorithm

7.3.2 Randomised norm estimation

In order to monitor how well our algorithm performs, we need an efficient way to estimate the
norm of the error. Randomised norm estimation [GTP18, IMT20] is an efficient method for
finding an approximation to a norm of a matrix. In this work, we focus on the Frobenius norm
as it is a natural choice for low-rank approximation and easier to estimate. Let A € R™*"
be a matrix and A, € R™*" be a rank-k approximation to A. Then we would like to
estimate HA — AkHF As before, we can sketch to get an approximation to A — A, and
then compute its Frobenius norm. It turns out that the sketch size of O(1), say 5, suffices.

More specifically, we have the following theorem from |[GTPI1§].

Theorem 7.3.1 (Gratton & Titley-Peloquin 2018; [GTP18|). Let A € R™*" be a matriz,

Sc € R™ be a Gaussian embedding and set p := || A%/ | A|3. For any 7> 1 and s < m,

(10 < [spal, < 14le) 21 o (T - 1) e (Y TS) @

Setting ||A|lz = 5]|All,, 7 = 2 and s = 5, the above theorem tells us

<HAHF < |sial, <2 ”AHF) >1-233-107%, (7.5)
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i.e. with a small number of Gaussian vectors, we can well-approximate the Frobenius norm
of a matrix. We note that the parameter p, which appears in the concentration bounds,
plays only a minor role in practice. Since p depends solely on the spectral decay of A,
its effect is largely offset by the choice of s; even for moderate values of p, small values
of s typically suffice to ensure strong probabilities guarantees. The algorithm specialised

to CUR-CA is presented in Algorithm

Algorithm 8 Randomised norm estimation for CUR-CA

Input: A € R™*" [ row indices, J column indices, sample size s (rec. s = 5)
Output: E, an estimate for HA — A, )AL )AL H

function F = Norm_Est(A, I, J,s)

1: Draw a Gaussian embedding Sg € R™*%,

2: Set X = SLA € R¥*",

3 Set X = X(:,J)A(I, )T A(I,:) € R*™, > X(:,J) = SLA(:, J)
v B - x-%],

The complexity of Algorithm [§ is O(sTa + (m + n)ks) = O(Ta + (m + n)k), where
k = max{|I|,|J|}, since s = O(1). This method is particularly useful when A can only
be accessed through matrix-vector multiply.

Algorithm [8 can easily be used to estimate multiple low-rank approximations of A.
Suppose we are given two sets of indices I; and J;, and I and Js. Then once the row sketch
of A, X = S(T;A has been computed, we only need to compute the row sketches of the
low-rank approximations X1 = SLA;,, = X (¢, 1) AL, J)TA(IL,:) and Xy = SLAL, =
X (:, J2)A(ly, Jo)TA(I5,:) to approximate the error. Here, A;; = A(:,JJ)A(I,J)TA(I,:).
Since forming X is typically the dominant cost in Algorithm [§] this allows us to efficiently
test multiple low-rank approximations.

In addition to approximating the error using randomised norm estimation, we obtain, as
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a by-product, a small sketch of the low-rank residual matrix since
X -X=SLA-A( AU INAI,")). (7.6)

This small sketch can be used to obtain an additional set of row and column indices by using
pivoting on it, similarly to Algorithm [5] Specifically, we apply pivoting on the sketched
residual X — X to get an extra set of s column indices, denoted Js. Next, we can apply

pivoting on the chosen columns of the residual matrix,
A(:, ) — A DAL)AL, Jy)

to extract an extra set of s row indices I,. It is important to note that I and J, will not include
indices already chosen in I and J because the residual matrix A — A(:, J)A(I, J)TA(I,:) is
zero in the rows and columns corresponding to I and J if |I| = |J| [LAN24]. The procedure

for obtaining s additional indices from the sketched residual is outlined in Algorithm [9}

Algorithm 9 Pivoting on the residual matrix

Input: X ., € R gketch of the residual matrix, I row indices, J column indices
Output: I, and J;, extra sets of indices

function [/, Js] = Pivot_Residual(X ges, I, J)
1: Apply CPQR on X ges. Let Js be the s column pivots,
2: Set Cpres = A(:, J,) — A(:, J)A(L, )T A(I, J,) € R™*$
3: Apply CPQR on Cj,,. Let I, be the s row pivots.

The complexity of Algorithm [9]is O((m + n)s® + mks + k*) = O(n + mk + k?), since s is
set to be a constant. Here, k = max{|/|,|J|}. The dominant cost lies in the computation of
A(:,J)A(I,J) A(1, J,), which requires O(mk + k3) operations. By adding these additional
indices, we can improve the accuracy of the CUR-CA. Algorithm [9] will be applied later

in AdaCUR to refine the approximation.
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7.4 Proposed method

The goal of this chapter is to develop an efficient algorithm that maximally reuses the selected
indices in the CUR-CA as we iterate through the parameter values. To illustrate how the
same set of indices can be effective across varying parameters, we begin with a numerical

example. We use the synthetic example from [CL22] given by
A(t) = e De™2 t € [0, 1] (7.7)

where D € R™" is diagonal with entries D;; = 277 and W1, W5 € R™" are randomly
generated skew-symmetric matrices. Note that the matrix exponential of a skew-symmetric
matrix is unitary, making the singular values of A(t) 277 for j = 1,2, ...,n. We take n = 500
and take 101 equispaced points in the interval [0, 1] for ¢t. The matrix exponentials were

computed using the expm command in MATLAB.
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Figure 7.3: Relative error plot for the CUR-CA and the truncated SVD. We use the same set of
indices for every parameter value. The target rank is k = 33 in this experiment.

The results are presented in Figure [7.3] In this experiment, we begin with an initial set
of indices and reuse the same set of indices for all other parameter values. The target rank

is set to 33. Despite using the same set of indices, we achieve a relative error of about 10~7
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throughout, only losing about 1-2 digits of accuracy compared to the initial accuracy.
This observation motivates a natural strategy: instead of recomputing the indices at every
step, we first check whether the previously selected indices still yield a sufficiently accurate

approximation. To safeguard against potential large errors, we incorporate error and rank

estimation in our algorithms, which we discuss in detail in Sections [7.4.2| and [7.4.3]|

As discussed in Chapter [6] oversampling can improve the accuracy of the CUR-CA. Given
this, we adopt oversampling, and for definiteness choose to oversample rows in this work,
that is, |Io| = p > 0. The row oversampling is performed using Algorithm @ from Chapter @

which has computational complexity O(mk? + nkp).

7.4.1 Computing indices from scratch

In the next two sections, we discuss our algorithms, AdaCUR and FastAdaCUR. For both
algorithms, we need to start with an index set for the CUR-CA of A(t;). This can sometimes
be done offline, for example, if we are solving a Matrix PDE, we can compute the initial
set of indices for the CUR-CA from the initial condition matrix. In our algorithms, we use
Algorithm [7] to get a set of indices from scratch. The procedure is to first approximate the
(e/+/n)-rank of the initial matrix A(¢;) using randomised rank estimation and then apply
pivoting on a random sketch with the estimated (e¢/1/n)-rank to get the initial set of indices.
Here, we approximate the (¢/1/n)-rank to ensure a relative error of € for the CUR-CA in the
Frobenius norm. More specifically, the 1/4/n factor arises from the worst case scenario where
the trailing singular values of A(t) are all equal. In such cases, the (¢/4/n)-rank is required to
guarantee a relative accuracy of € in the Frobenius norm. If additional information about the
spectrum of A(t) is available—for instance, if A(t) exhibits rapid singular value decay—then
¢/+/n can be replaced by Ce, where C' < 1 is a constant. However, to guarantee accuracy, we
use (e/4/n)-rank throughout. The procedure for computing indices from scratch will be used

for getting an initial set of indices for AdaCUR and FastAdaCUR, but also in AdaCUR when
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the error becomes too large that we need to recompute the indices altogether from scratch.

7.4.2 AdaCUR algorithm

AdaCUR is an algorithm aimed at efficiently computing an accurate low-rank approximation
of a parameter-dependent matrix with a given error tolerance. An overview of AdaCUR goes
as follows. The algorithm starts by computing the initial set of indices for A(¢;) as discussed
in Section . For subsequent parameter values, i.e., A(t;) for j =2, ..., ¢, we first verify
whether the indices obtained from the previous parameter value are able to meet some given
error tolerance, using an estimate of || A —CMTR)||r. If so, we continue to the next parameter
value. Should the indices fail to meet the tolerance, we make low-cost minor modifications
to the indices and test whether the adjustments satisfy the error tolerance. If this is still
unsuccessful, we recompute the indices entirely from scratch and move on to the next parameter
value. Minor modifications include adding a small fixed number of indices, reordering them
based on their importance and removing some if necessary. The details are in the following
paragraph. The addition and removal of indices, as well as recomputation of indices using
rank estimation if necessary, make the algorithm rank-adaptive and computing the relative
error at each instance make the algorithm certifiable. AdaCUR  is presented in Algorithm

AdaCUR (Algorithm takes the parameter-dependent matrix A(t), evaluation points
t1,....,tg € D, error tolerance ¢, error sample size s, and oversampling parameter p as input.
The algorithm produces the low-rank factors C(t;), M (t;), R(t;) as output such that A(t;) ~
C(t;)M (t;)TR(t;). If the entries of the parameter-dependent matrix can be computed quickly
afterwards, the algorithm can be modified to output only row and column indices, saving

storage. AdaCUR is quite involved, so we break it down into two core parts:
« Initial error estimation: Error estimation using previous indices (lines 5-8),

« Low-cost minor modifications: Minor updates for efficient fixes (lines 10-19).
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The other lines involve computing the indices from scratch, which follow the same dis-

cussion as Section [.4.1]

Algorithm 10 AdaCUR with certified accuracy

Input: Parameter-dependent matrix A(t) € R™*" (m > n), evaluation points ¢, ..., t,, error
tolerance €, error sample size s (rec. s = 5), oversampling parameter p.

Output: Matrices C(t;), M (t;), R(t;) defining a subset of columns and rows of A(t;) and
their intersection for j =1, ..., q.

1: [I,J] =Rand_Pivot_RankEst(A(t1),e//n) > Algorithm
2: In =08(A(th), 1, J,p) > Algorithm [6]
3: Set C(tl) = A(t1>(I, J), R(tl) = A(tl)(j U ]0, Z) and M(t1> = A(tl)(f U ]07 J),

4: for j =2,...,q do

5: Draw a Gaussian embedding S € R™**

6:  Sketch X, = SLA(t;) € R™*"

7. Set E,=X,— SLA®L)(, ))A() (T U Ly, )TA(L) (T U I, :) > Residual Sketch
8: Approximate relative error £ = ||El|p / || Xs||p

9: if £ > e then
10: [I1,J;] = Pivot Residual(E,1,J) > Algorithm [J]
11: Append indices I < I U} and J < JU J;
12: [~, ~, I = sRRQR (A(t;) (I U I, J)") > strong Rank-Revealing QR [GE96]
13: [~, RY | Jo] = sRRQR (A(t;) (T U Iy, J))

14: k=4 ’ {Rl(f) ; |R§f)\ >e/\/n- \Rﬁ)]}‘ > Estimate relative (e/y/n)-rank
15: I+ (IUl) (I2(1:k)) > Select k important row indices
16: In<— (IUly) (Ia(k+1:k+p)) > Select the next p important row indices
17: J < J(J(1:k)) > Select k important column indices from J
18: Set B, = X, — SLA(t;)(:, J)A(t;) (I U Lo, JYTA(t;)(I U Iy, )

19: Recompute relative error £ = || Egl|p /|| Xsllp
20: if &/ > e then
21: [I,J] =Rand Pivot RankEst(A(t;),e/\/n)
22: Iy = 0S(A(t;), I, J,p) > Algorithm [6]

23 Set C(t;) = A(t;)(, J), R(t;) = A(t;)(I U Io, ) and U(t;) = A(t;)(I U Iy, J).

Initial error estimation

In the for loop, the first task is to quantify how well the previous set of indices perform
on the current parameter value. Error estimation is used for this task where we generate a

Gaussian embedding S in line 5, sketch the matrix corresponding to the current parameter
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value X, = SLA(t;) in line 6 and the residual error matrix for the CUR-CA in line 7, and
finally, estimating the relative error £ using the sketches in line 8. The sketch of the residual
error matrix E; is used for two tasks: approximating the relative error (lines 8,19), and
computing additional indices to reduce the relative error (line 10). If the relative error £
is less than the tolerance €, we use the previous set of indices and store the corresponding
columns, rows and their intersection in line 23, after which we continue to the next parameter
value ¢;. On the other hand, if the relative error exceeds the tolerance, we make low-cost

minor modifications in an attempt to reduce the relative error, as we describe next.

Low-cost minor modifications

The low-cost modifications involve trying to enlarge the index set using the sketched residual
error matrix E, (lines 10-11), reordering them by importance (lines 12-13), removing
unimportant indices (lines 14-17), and recomputing the relative error (lines 18-19). More
specifically, in line 10, randomised pivoting is used on the sketched residual matrix, FE, as
in Algorithm [J] to obtain an additional set of s row and column indices. We append the
extra set of s indices to the original sets of indices I and J in line 11, and order the indices
in terms of their importance in lines 12-13. Here, Gu-Eisenstat’s strong rank-revealing QR
factorization |[GE96] is used, but we can use other strong rank-revealing algorithms or more
expensive algorithms with strong theoretical guarantees such as [CK20, [Osi23], because we
are working with a small O(k) x k matrix A(¢;)({ U Iy, J). In line 14, we approximate the
(¢/+/n)-rank of A(t;)(I U Iy, J) by looking at the diagonal entries of the upper triangular
factor in SRRQR as they give an excellent approximation to the singular values of the original
matrix. Instead of approximating the (e/y/n)-rank of A(t;)(I U Iy, J), we can set the rank
tolerance slightly smaller, for example, 0.5¢/4/n, to account for the approximation error and
decrease the chance of recomputing the indices from scratch (lines 21-22) by keeping slightly

more indices than necessary. In lines 15-17, we truncate based on the rank computed in line
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14. The order of the indices is crucial to ensure that the important indices are preserved. We
recompute the relative error in lines 18719,[] and if the relative error F is smaller than the
tolerance, we store the new set of columns, rows of A(¢;) and their intersection in line 23
and continue to the next parameter value. If the relative error exceeds the tolerance, there
are two recourses. AdaCUR outlines the first option in lines 21-22 where we recompute the
indices altogether from scratch. In line 21, we perform both randomised rank estimation and
randomised pivoting for two reasons. First, randomised rank estimation is extremely cheap
when we have the row sketch already and second, when there is a sudden large change in
rank, we can use randomised rank estimation to adjust the rank efficiently; note that when

minor modifications did not help in lines 10-17, the matrix may have changed drastically.

An alternative to recomputing the indices. An alternative approach, not included
in AdaCUR, is to increase the error sample size s gradually by incrementing its value, say
2s,4s, and so on, and updating the sketch accordingly by appending to it. As s increases, the
number of additional important indices obtained from randomised pivoting in line 10 also

increases, which will eventually reduce the relative error to less than the tolerance e.

Role of the error sample size s. The value of s can be important for two reasons: error
estimation and minor modifications. If we set s to be large, we obtain higher accuracy in our
error estimation at the cost of more computation. However, we obtain a larger set of extra
indices for the minor modification. This can help the algorithm to avoid the if statement
in line 20, which recomputes the indices from scratch; see also Section We can also
create a version with increasing s if minor modifications fail to decrease the relative error

below the tolerance, as described in the final part of the previous paragraph.

'For theoretical guarantee, the Gaussian embedding S needs to be independent from the modified indices
[GTP18], however the extra set of indices is dependent on S¢ as we apply pivoting on the sketched residual
in line 10. Nonetheless, the dependency is rather weak so in practice, S can be reused without losing too
much accuracy.
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Complexity. Let k; be the size of the index set for parameter ¢;, i.e., the rank of the
CUR-CA for A(t;), Q1 the set of parameter values for which we recompute the indices from
scratch, i.e., invoked lines 1, 2,21,22, and () the set of parameter values for which we do
not need to recompute the indices from scratch. Note that t; € Q1, Q1 U Q2 = {t1, ..., t,}

and Q; N Q2 = (. Then the complexity of AdaCUR is

O( > (kjTawy + (m+n)ki +nk;(k; +p)) + > (sTaq,) + (m+n)k;s + nsp) > (7.8)

JEQ1 JEQ2

where T4,y is the cost of matrix-vector multiply with A(t;) or A(t;)". The dominant cost,
which can be quadratic with respect to m and n, comes from sketching, which cost O(k;Tx(;))
in lines 1,21 and O(sT4;)) in line 6. The dominant linear costs come from pivoting and
oversampling in lines 1, 2,21, 22, which cost O((m + n)k:]2 + nk;p) and computing the sketch
of the residual error matrix in lines 7,18, which is O(mk;s + ns(k; + p)). All the other costs
are smaller linear costs or sublinear with respect to m and n, for example, the SRTT cost
in randomised rank estimation in lines 1,21 is O(nk;logk;) and the cost of sSRRQR in lines

12,13 is O((k;j + p + s)(k; + s)?). When s,p = O(1) the complexity simplifies to
@, < > (kTag) + (m+n)kd) + > (Tag,) + (m+ n)kj)> . (7.9)
Jje@r JE€Q2

It turns out that in many applications, the cardinality of the set () is small when we choose

the oversampling parameter p and the error sample size s appropriately, making the algorithm

closer to O(Taq;)) for the jth parameter value; see Sections [7.5.2] and [7.5.3] This makes

AdaCUR usually faster than other existing methods such as dynamical low-rank approximation

[LO14], and randomised SVD and generalised Nystrom method [KL24]; see Section [7.5.5]
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7.4.3 FastAdaCUR algorithm

The bottleneck in AdaCUR is usually in the sketching, which is crucial for reliably computing
the set of row and column indices for the CUR-CA and for error estimation, ensuring the
algorithm’s robustness. Without sketching, our algorithm would have linear complexity
with respect to m and n; see Equation . In this section, we propose FastAdaCUR that
achieves linear complexity after the initial phase of computing the initial set of indices for
A(ty). FastAdaCUR offers the advantage that the number of rows and columns required
to be seen for each parameter value is approximately its target rank. Therefore, there is
no need to read the whole matrix, which is advantageous in settings where the entries are
expensive to compute. Unfortunately, the fast version does suffer from adversarial examples
as FastAdaCUR does not look at the entire matrix; see Section [7.5.4] Nevertheless, the
algorithm seems to perform well in practice for easier problems as illustrated in Section [7.5]

An overview of FastAdaCUR goes as follows. The algorithm starts by computing the initial
set of indices for A(#;) as discussed in Section [7.4.1] Then for each subsequent parameter
value, we first form the core matrix M; = A(t;)(/, J) where I and J include extra indices
from the buffer space and oversampling from the previous step j — 1. Here, the buffer space
is the extra indices kept to quickly detect a possible change in rank or the important indices
as we iterate through the parameter values. We then order the indices by importance and
compute the (e/4/n)-rank of the core matrix M ;. We compute the (¢/y/n)-rank of the core
matrix to aim for a relative low-rank approximation error of € in the Frobenius norm. As
in AdaCUR, we can set the rank tolerance slightly smaller, say 0.5¢/+/n to account for the
approximation error. The order of indices is important here as we explain in (ii) below. If the
rank increased from the previous iteration, we add extra indices from the buffer space and
replenish it by invoking the oversampling algorithm using 0S(A, I, J,8;) (Algorithm [6]) where

0y is the rank increase. Conversely, if the rank decreases, we simply remove some indices.
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Finally, we store the corresponding rows and columns of A(t¢;) and their intersection and

move to the next parameter value. FastAdaCUR is presented in Algorithm [11]

Algorithm 11 FastAdaCUR for speed

Input: Parameter-dependent matrix A(t) € R™*" (m > n), evaluation points ¢4, ..., t,, buffer
space b, oversampling parameter p, rank tolerance e.

Output: Matrices C(t;), M (t;), R(t;) defining a subset of columns and rows of A(t;) and
their intersection for j =1, ...,¢.

1: [I,J] =Rand_Pivot_ RankEst(A(t1),e/\/n) > Algorithm
2: Set k < |1

3: In=08(A(ty),1,J,p+b) > Algorithm |§]; includes buffer space and oversampling
4: Jo=0S(A(t))", J,1,b) > Algorithm [6} includes buffer space
5: Set [+ IUlyand J < JUJy

6: Set C(t1) = A(t1)(5, J(1: k), R(t1) = A(t1)(L{(1 : k+p),:),

M(t,) = A(t)(I(1: k+p), J(1: k))
for j=2,...,¢qdo
8 Set M = A(t;)(I,J) € RE+b+p)x(k+d)
9 [~y N = sRRQR(A4T)
100 [~,RY, J|] = sRRQR (M)

=

11: ko= # ’ {Rz(f) | RY| > e/ /n - |R§]1)|}‘ > Estimate relative (e/y/n)-rank
12: if ro < r then

13: Set I < I([;(1:ko+b+Dp)) > Reorder row indices and truncate
14: Set J < J (Ji(1: ko +b)) > Reorder column indices and truncate
15: else

16: I, = 0S(A(t;), I, J, ko — k) > Replenish row indices
17: Jo =0S(A(t))", J, I, ko — k) > Replenish column indices
18: Set I < I(I;) U1y and J < J(J1) U Jo > Reorder and add indices
19: Set k < kg > Update (e/y/n)-rank
20 Set Olty) = A(t))(, J(1: k), Rit;) = At)(I(1:k+p).2),

A(t))(,
M(t) = A(L)(I(L: k+p), J(1: K))

The main distinction between AdaCUR and FastAdaCUR lies in the existence of error
estimation. In AdaCUR, an error estimate is computed for each parameter value, which
ensures that the row and the column indices are guaranteed to be good with high probability.
This is absent in FastAdaCUR. Consequently, if there is a sudden change in rank or the
previous set of indices are unimportant for the current parameter value, FastAdaCUR may

deliver poor results. To mitigate this disadvantage, FastAdaCUR incorporates a buffer space
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of size b (i.e., additional indices in I, .J) as input to assist with detecting changes in rank.
Fast AdaCUR involves many heuristics, so we break it down to discuss and justify each part

of the algorithm. We divide FastAdaCUR into three parts:
 Rank estimation using the core matrix: lines 811,
o Rank decrease via truncation: lines 12-14,
« Rank increase via oversampling: lines 15-18.

The initial set of indices are constructed from scratch as in Section [7.4.1] with the indices for the

buffer space and oversampling obtained using the oversampling algorithm from Algorithm [0}

Rank estimation using the core matrix

Upon entering the for loop in line 7, we first compute the core matrix M(t;) = A(t;)(I,J) €
RE+0+P)x(k+8) (Jine 8) for the current parameter value, which includes extra indices from the
buffer space and oversampling. As FastAdaCUR prioritizes efficiency over accuracy, the core
matrix M (¢;) is a sensible surrogate to approximate the singular values of A(t;) without
looking at the entire matrix. The extra indices from the buffer space and oversampling will
assist with the approximation as the buffer space allows the core matrix to approximate
more singular values, helping to detect a potential (e¢/1/n)-rank change. The additional set
of row indices from oversampling improves the accuracy of the estimated singular values of
A(t;) (line 10) by the Courant-Fischer min-max theorem, which is used for approximating
the relative (¢/y/n)-rank in line 11. In addition, oversampling increases the singular values
of the core matrix, thereby allowing FastAdaCUR to increase the rank when appropriate
and reduce the error. However, we see in the experiments (Section that the role that
oversampling plays in FastAdaCUR is rather complicated. We use sSRRQR to order the

columns and rows of the core matrix by importance in lines 9 and 10, and subsequently
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estimate the (e¢/y/n)-rank of the core matrix M using the diagonal entries of the upper
triangular factor in SRRQR in line 11. We use the (¢//n)-rank to aim for a tolerance of
€ in the low-rank approximation. If the computed rank, ky is smaller than the previous
rank, k, then we decrease the index set via truncation. Otherwise, we increase the index

set via oversampling. The details are discussed below.

Rank decrease via truncation

After estimating the (e//n)-rank, ko, if ko has not increased from the previous iteration,
we adjust the number of indices (either decrease or stay the same) in lines 13 and 14 by
applying the order of importance computed using SRRQR in lines 9 and 10, and truncating,
if necessary. Specifically, we truncate the trailing k& — kg row and column indices. At the end

of this procedure, the algorithm ensures |I| = ko + b+ p and |J| = ko + b.

Rank increase via oversampling

If the rank has increased, i.e. ky > k, we refill the extra indices by the amount the rank
has increased by, i.e., kg — k. Unlike in AdaCUR, for which we have the sketched residual
matrix, we do not have a good proxy to obtain a good set of extra indices. Therefore, we use
the already-selected columns and rows to obtain an extra set of column and row indices/
We use the oversampling algorithm (Algorithm [6)) to achieve this as it only requires the
selected rows and columns as input. Adding extra indices using oversampling has been
suggested before in [DPNT23| to make small rank increases in the context of dynamical
low-rank approximation. We get the extra indices from oversampling in lines 16 and 17
and append to the original set of indices in line 18. At the end of this procedure, the

algorithm ensures |I| = ko + b+ p and |J| = ko + b.

2The only recourse to obtaining a reliable set of extra indices is to view the entire matrix; see [Mar19, Ch.
17.5] for a related discussion. However, this puts us in a similar setting as AdaCUR, which we recommend
when ensuring accuracy is the priority rather than speed.
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When will FastAdaCUR work well?

FastAdaCUR relies on heuristics to make sensible decisions for estimating the (¢/y/n)-rank,
selecting the important indices, and adding indices as we describe above. Despite FastAdaCUR
being susceptible to adversarial examples, as we see later in Section [7.5.4] it should work
on easier problems. For example, if the singular vectors of A(t) are incoherent [MT20, Ch.
9.6] or (approximately) Haar-distributed, FastAdaCUR will perform well because uniformly
sampled columns and rows approximate A(t) well [CD13]. In such cases, rank adaption is also
expected to work well, as the submatrix of A(¢) with oversampling behaves similarly to the
two-sided sketch used for randomised rank estimation [MN24] (Section [7.3.1). Additionally,
with the aid of buffer space, FastAdaCUR is expected to detect rank changes occurring
in the problem and efficiently adapt to the rank changes using oversampling or truncation.
Therefore, for problems where A(t) is incoherent for the parameter values of our interest,

FastAdaCUR is expected to perform effectively.

Role of the buffer space b. The main role of the buffer space b is to identify rank changes
while iterating through the parameter values. A larger value of b enhances the algorithm’s
ability to accurately detect rank changes at an expense of increased complexity. Furthermore,
a larger buffer space enables the algorithm to accommodate larger rank changes, as the
maximum possible rank change at any point in the algorithm is b; see Section for
numerical results. If prior knowledge about the rank change is available, we recommend
adaptively setting the buffer space to match (or slightly larger than) the expected rank change
between parameter values. If such information is not available, we suggest using either the

maximum possible rank change or a modest constant, such as b = 5 or b = 10.

Complexity. Let k; be the size of the index set for parameter ¢;, i.e., the rank of the CUR-CA

for A(t;). The dominant cost O (k1Ta(,)) in FastAdaCUR comes from line 1 for computing
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the initial set of indices for A(t;) excluding the buffer space and oversampling. Besides the
computation of initial indices, the complexity is at most linear in m and n. For j = 2, ..., ¢, the
complexity of FastAdaCUR for the jth parameter value is O((m+n)(k;+p-+b)?) if the rank has
increased from ¢;_; to ;. The cost involves the usage of oversampling to replenish extra indices.
If the rank has either decreased or stayed the same then the complexity is O((k;+p—+b)(k;+b)?)
for using sSRRQR. Hence, excluding the first line, FastAdaCUR runs at most linearly in m

and n for each parameter value, making it remarkably fast as demonstrated in Section

7.5 Numerical illustration

In this section, we illustrate AdaCUR and FastAdaCUR using numerical experiments. The
code for the strong rank-revealing QR algorithm [GE96] is taken from [Xin24].
In the following sections, we perform different numerical simulations with varying input

parameters to test AdaCUR and FastAdaCUR. These simulations allow us to test the following:

1. The accuracy of the approximation obtained from the two algorithms by varying the

tolerance e,
2. The role that the oversampling parameter p plays in our algorithms,

3. The role that the error sample size s plays in AdaCUR and the buffer size b in
FastAdaCUR,

4. How our algorithms perform on adversarial problems,
5. The speed of our algorithms against existing methods in [LO14, [KL.24].

It is worth pointing out that in the first three examples min; [|A(t;) — A(t;-1)|, > 0.03 for all
j, indicating that the performance of AdaCUR and FastAdaCUR is not explained by the fact

that the matrices are undergoing small perturbations as we iterate through the parameters.
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In the experiments, we measure how many times AdaCUR needs to enter some of the ‘if’
statements, as the heavier computations are usually done inside them. This happens when

the current set of indices do not meet the given tolerance in AdaCUR. We define the following

e hy is the number of times AdaCUR has invoked lines 10-18, but not lines 20-21.
This happens when only minor modifications were needed to meet the tolerance. The

complexity is O(Ta,) + (m + n)k?) for the jth parameter value.

o hsy is the number of times AdaCUR has invoked lines 20-21. This happens when minor
modifications were not enough to meet the tolerance and the row and the column indices
had to be recomputed from scratch. The complexity is O(k;Ta,) + (m + n)k3) for the

jth parameter value.

In the plots that depict the (e/y/n)-rank of the low-rank approximation, a large dot is used to
indicate the parameter value for which the indices were recomputed from scratch in AdaCUR.
The number of large dots is equal to ho. In FastAdaCUR, besides the computation of initial
sets of indices, the heaviest computation is done when the rank has increased; i.e. in lines
16 and 17 when oversampling is invoked. However, this is heavily dependent on the given
problem, so we do not track this. For reference, in FastAdaCUR, a large dot is used to

indicate the parameter value where oversampling was applied when the rank increased.

7.5.1 Varying the tolerance ¢

In this part of the section, we test the accuracy of our algorithms by varying the tolerance

parameter €. We use the same synthetic example [CL22] used for Figure , which is given by

A(t) = e™ie!De™2 t € [0,1]. (7.7)

This example tests robustness against small singular values.
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The results are depicted in Figure [7.4] and Table [7.1} In Figures [7.4a] and [7.4D] we run

AdaCUR with varying tolerance € on the synthetic problem (Equation ) We set the
oversampling parameter p to 5 and the error sample size s to 5 in this experiment. We first
observe in Figure that the relative error for AdaCUR meets the tolerance e within a small
constant factor. This is expected, given that the randomised methods in the algorithm typically
yield errors within a small constant factor of the optimal solution; therefore one can simply
take a smaller € to ensure the actual error is bounded by the desired accuracy. Furthermore, the
performance of AdaCUR is reflected in Figure [7.4b| where the algorithm attempts to efficiently
find the low-rank approximation of the parameter-dependent matrix by matching the (e/+/n)-
rank at each parameter value. Regarding the algorithm’s complexity, as shown in Table [7.1]
we observe that hy and hs generally increases as the tolerance € decreases. This increase is
anticipated since a higher accuracy requirement generally equates to heavier computations.

In Figures and [7.4d], we run FastAdaCUR with varying tolerance e on the synthetic
problem (Equation ) We set the oversampling parameter p to 5 and the buffer space b to
5. We notice in Figure that FastAdaCUR performs well by meeting the tolerance e within
a small constant factor. This performance is also reflected in Figure [7.4d] where the algorithm
tries to match the (e/y/n)-rank at each parameter value. However, as shown in the numerical
examples that follow, Fast AdaCUR must be used with caution because as the problem becomes

more difficult, the error may continue to grow as we iterate through the parameter values.

Table 7.1: The number of instances of heavier computations performed out of 100 parameter values
t by AdaCUR in the experiment corresponding to Figure @

Tolerance € 1076 [ 1078 | 10710 | 10712
Minor mod. only hy 8 8 10 14
Recomput. Indices ho 0 0 2 1
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Figure 7.4: Testing tolerance parameter € for AdaCUR and FastAdaCUR using the synthetic
problem (Equation (7.7))).

7.5.2 Varying the oversampling parameter p

In this part of the section, we test the role that the oversampling parameter p plays in our
algorithms. As shown in Chapters 5] and [0, oversampling can help with the accuracy and the
numerical stability of the CUR-CA. We use a problem based on a PDE [KT11) [CGV23] whose

aim is to solve a heat equation simultaneously with several heat coefficients. This problem is
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also known as the parametric cookie problem. In matrix form, the problem is given by

A(t) = —ByA(t) — BJA(1)C +b17, A(ty) = A, € RI580x101 (7.10)

where By, B; € R189x1580 ar6 the mass and stiffness matrices, respectively, b € R is the
discretized inhomogeneity and C = diag(0, 1, ...,100) is a diagonal matrix containing the
parameter samples on its diagonal. We follow [KL24] by setting ty = —0.01 and A, as the
zero matrix and compute the solution at ¢ = 0 exactly, after which we discretize the interval
[0,0.9] with 101 uniform points and obtain A(t) using the ode45 command in MATLAB with
tolerance parameters {‘RelTol’,1e — 12,°AbsTol’,1e — 12} on each subinterval.

The results are presented in Figure and Table [7.2l In Figures [7.5a] and [7.50]

AdaCUR was used with varying oversampling parameter p on the parametric cookie problem
(Equation (7.10)). We set the tolerance e to 107!? and the error sample size s to 1 in
this experiment. In Figure [7.5a] the algorithm meets the tolerance level up to a modest
constant factor while approximately matching the (e/y/n)-rank in Figure . The benefits
of oversampling is demonstrated in Table where the number of instances the algorithm
recomputes the indices (which forms the dominant cost), hg, decreases as the oversampling
parameter p increases. This demonstrates that oversampling assists AdaCUR, in improving
its complexity by reducing the frequency of heavier computations.

In Figures and we use FastAdaCUR. We vary the oversampling parameter p on
the parametric cookie problem with the tolerance € equal to 10712 and the buffer size b set to 5.
In Figure[7.5d, the algorithm fails to meet the tolerance e = 107'2 for certain parameter values,
but still meets the tolerance within 2 orders of magnitude. By oversampling we are increasing
the singular values of the core matrix M (t;) = A(t;)(I, J) € REF0+2)x(kt0): o0 Section [7.4.3]
This, in turn, should advocate a rank increase in FastAdaCUR, which the algorithm uses to

reduce the error. However, as the algorithm is based on heuristics to prioritize speed, the
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impact that the parameters have on the algorithm is rather complicated and inconclusive.
Running FastAdaCUR on the parametric cookie problem with the same parameter values
as in Figure [7.5¢ several times yield different results with varying performance between
different oversampling values, making the impact that oversampling has for the accuracy
inconclusive. Nevertheless, for the accuracy and stability of the CUR-CA, we recommend

at least a little bit of oversampling as in Chapters [f and [6]
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Figure 7.5: Testing the oversampling parameter p for AdaCUR and FastAdaCUR using the
parametric cookie problem (Equation (7.10])).
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Table 7.2: The number of instances of heavier computations performed out of 100 parameter values
t by AdaCUR in the experiment corresponding to Figure

Oversampling p 01| 5|10
Minor mod. only hy 3112117
Recomput. Indices ho || 15| 7| 4

7.5.3 Varying the error sample size s and the buffer size b

Here we test the role that the error sample size s plays in AdaCUR and the buffer size
b in FastAdaCUR. We use the discrete Schrodinger equation in imaginary time for this

experiment. The example is taken from [CL22] and is given by
. 1
A<t) = §(D A(t) + A(t) D) - Vcos A(t) VCOSa A(O) = Ao, (711)

where D = tridiag(—1,2,—1) is the discrete 1D Laplacian and V. is the diagonal matrix
with entries 1 —cos(2j7/n) for j = —n/2,...,n/2—1. We take n = 512 and the initial condition
Ay is a randomly generated matrix with singular values 10~ for i = 1,..., 512. We obtain A(t)
by discretizing the interval [0,0.1] with 101 uniform points and using the ode45 command in
MATLAB with tolerance parameters {‘RelTol’,1e — 12,'AbsTol’,1e — 12} on each subinterval.

The results are shown in Figure [7.6] and Table In Figures and [7.6b| we execute
AdaCUR with varying error sample size s on the Schrodinger equation (Equation ([7.11])).
The oversampling parameter was set to p = 10 and the tolerance ¢ = 1072, The algorithm
satisfies the tolerance € up to a modest constant factor as demonstrated in Figure while
approximately aligning with the (e/y/n)-rank, as depicted in Figure As described in the
role of the error sample size s in Section [7.4.2] it makes the minor modifications in AdaCUR
more effective. This is demonstrated in Table [7.3| where the number of times the algorithm
recomputed the indices, ho, decreases as the error sample size s increases. The experiment
demonstrates that with an increase in s, the algorithm becomes better at lowering the relative

error using the low-cost minor modifications only. Therefore, the error sample size s should
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be set sensibly to allow the algorithm to resolve the inaccuracy using minor modifications
only so that the algorithm does not recompute indices until it becomes necessary. Note that
higher s increases the complexity of AdaCUR, so s should not be too large.

In Figures and [7.6d, we execute FastAdaCUR. We vary the buffer size b on the
Schrédinger equation with the tolerance set to € = 1072 and the oversampling parameter set
to p = 10. In Figure [7.6d, the algorithm performs well by meeting the tolerance except for the
large spike happening in the first few parameter values. The cause of this spike is explained in
Figure where the problem experiences a substantial rank increase in the initial parameter
values. Since the algorithm is only able to make a maximum rank increase of b at each iteration,
the algorithm struggles to keep up with the large rank increase in the initial parameter values.
This observation is evident in Figure [7.6c, where the initial spike in the graph diminishes as b
increases. Therefore, if we expect a large rank increase in the parameter-dependent matrix,

the buffer size b should be set to a higher value for those parameter values.

Table 7.3: The number of instances of heavier computations performed out of 100 parameter values
t by AdaCUR in the experiment corresponding to Figure

Error sample size s 5 | 10 | 20
Minor mod. only hy 131 7] 6
Recomput. Indices ho 31 1] 0

7.5.4 Adversarial example for FastAdaCUR

In this section, we create an adversarial example for FastAdaCUR to show that the algorithm

can fail. We propose the following block diagonal matrix

A 0 0
A = | e R¥0X100 ¢ ¢ [0 1] (7.12)

0 0 C(t)tAQ
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Figure 7.6: Testing the error sample size s for AdaCUR and the buffer size b for FastAdaCUR
using the Schrodinger equation (Equation )
where A; = randn(100,20), A, = randn(200,10) and c(t) = 107°"1% using the randn
command in MATLAB. The parameter-dependent matrix A(t) starts with a large com-
ponent in the A; block, since ¢(t)tAy is the zero matrix at t = 0. As t increases, the
dominant block becomes c(t)tAs.

The results are presented in Figure [7.71 We execute FastAdaCUR in Figure
with tolerance ¢ = 10~* and various values of buffer size b and oversampling parameter

p. FastAdaCUR fails as the error continues to grow as we iterate through the parameter
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values. This can be explained by the nature of the algorithm. Since it only considers a
submatrix of the original matrix for each parameter value, the ¢(t)t. A block remains hidden as
t increases. Consequently, the algorithm is never able to capture the ¢(t)t Ay block, making the
approximation poor. This type of counterexample is present in essentially all algorithms that do
not view the entire matrix. For example, the algorithm in may suffer from the same
adversarial problem as it does not view the entire matrix at each parameter value. See [Mar19,
Ch. 17.5] for a related discussion. On the other hand, as illustrated in Figure , AdaCUR
remains successful for the adversarial problem. AdaCUR is able to satisfy the tolerance of 1074,
and when the c(t)t Ay block starts to become dominant, minor modifications or recomputation

of indices is employed to capture the ¢(t)tAs block, making the algorithm successful.
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108 “A-5=20,p=0 =
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Figure 7.7: Adversarial example for FastAdaCUR with tolerance ¢ = 10~4. The adversarial
example causes FastAdaCUR to fail, whereas AdaCUR remains successful.

7.5.5 Speed test

In this section, we compare the speed of our algorithms against other methods. Specifically,
we benchmark AdaCUR and FastAdaCUR against the randomised SVD and the generalised

Nystrom method from |[KL24], as well as an algorithm in the dynamical low-rank approximation
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literature proposed by Lubich and Oseledets [LO14]. Additionally, we test a variant of
FastAdaCUR that uses uniform sampling to select row and column indices, replacing the
pivoting-based steps in lines 1,3,4,16, and 17 of Algorithm [11] making the algorithm’s
complexity sublinear, O((k; + p + b)(k; + b)?).

When the target rank k becomes sufficiently large, we anticipate that our algorithms,
which run with O(Tsy) and O((m + n)k?) complexity, will outperform many existing
methods, which run with O(kTs()) complexity. We demonstrate this through experiments
using the following artificial problem. Let A be a low-rank matrix with rank(A) = 500
given by A = UV € RO0000x5000 whope {7 ¢ RE0000<500 apq V' ¢ ROO0OX500 a0 Haar-
distributed orthonormal matrices and ¥ € R390*5% jg 5 diagonal matrix with entries that

decay geometrically from 1 to 1078, The parameter-dependent matrix A(#) is then defined by

A7) =A+5§Xj (7.13)
j=1

where i € {1,2,...,101}, § = 1072 and X,’s are sparse random matrices generated using
sprandn (50000, 5000, 10~°) command in MATLAB. The parameter-dependent matrix A(t)
starts as a low-rank matrix at ¢ = 1, with sparse noise introduced at discrete time intervals.
The input parameters of AdaCUR, FastAdaCUR, and FastAdaCUR with uniform sampling
were € = 107° for tolerance, s,b = 10 for the error sample size and the buffer size, and
the oversampling parameter was set to p = 10. This problem was constructed such that
uniform sampling works well, which means that FastAdaCUR with uniform sampling should
be both fast and accurate. The target rank for the randomised SVD, generalised Nystrom
method and the algorithm by Lubich and Osedelets was set to the rank of A, which is 500.
The second sketch size of the generalised Nystrom was set to 750. See their respective

papers for details [LOT4, [KT.24].
The results are illustrated in Figure [7.§ For AdaCUR, FastAdaCUR, and FastAdaCUR
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with uniform sampling, we notice a slight rise at the beginning, stemming from the initial
computation of indices. However, the low-rank approximation of the subsequent parameter
values is computed very quickly, making the slope of the cumulative runtime graph relatively
flat as we iterate through the parameter values. The graph is notably flat for FastAdaCUR,
and even more so for FastAdaCUR with uniform sampling, as it runs at most linearly in m and
n at each iteration. On the other hand, the three existing methods display a steeper slope due
to the higher computational cost associated with each parameter value. This higher cost stems
from the increased number of matrix-vector products with A(t) or its transpose. AdaCUR
is approximately 4-7 times faster than the three existing algorithms, while FastAdaCUR,
achieves a speedup of roughly 9-15 times. When FastAdaCUR is used with uniform sampling,

it is even more efficient, outperforming other algorithms by a factor of approximately 17-31.

150

‘ ‘ ‘ ‘ ‘ .
~o-AdaCUR 10
N FastAdaCUR 1081 A A \ 4
S | #PastAdaCUR (Uniform) . RERERSSRR e b
=2 —A-Randomised SVD % 107
g 10011 & Generalised Nystrom A i
= Lubich+Oseledets = 1010
= =
I =
2 < 1o -o- AdaCUR
= 5ol ‘ FastAdaCUR
g \:? w02} —-FastAdaCUR. (Uniform)
6’ = —A—Randomised SVD
o o o-6-6-6-0 107134 —— Generalised Nystrom
N =i = : Lubich+Oseledets
PP P PP PP PP PP PP PP PP PD 4 10714 | . I I L :
20 40 60 80 100 20 40 60 80 100
Parameter ¢ Parameter ¢

Figure 7.8: Runtime test for AdaCUR and FastAdaCUR against the three existing algorithms:
randomised SVD, generalised Nystrom method and the algorithm by Lubich and Osedelets
[LO14].
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Conclusion

This thesis explored various topics in randomised numerical linear algebra with a focus on
low-rank approximation methods. The foundational tools and key themes in randomised
numerical linear algebra were introduced in Chapter [2]

In Chapter [3, we investigated a randomised algorithm based on the sketch-and-solve
method for approximating the trailing right singular vectors of a tall matrix. Using multi-
plicative perturbation theory, we analysed the accuracy of the resulting approximation and
demonstrated that it depends on the relative gap o, _y1/0,—x. When this ratio is small, our
method yields accurate approximations of the & trailing right singular vectors. We applied this
technique to the total least squares problem and the AAA algorithm for rational approximation.
For the latter, we also developed an efficient method to update the sketch when rows or

columns are added or removed from the original matrix, improving the performance of the
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sketch-and-solve strategy. This chapter provided theoretical and practical insight into when
the sketch-and-solve method can effectively approximate the trailing singular subspace.
Chapter [4 addressed the application of the Nystrom method to symmetric indefinite matri-
ces. We showed a key issue in the naive application of the Nystrom method: underestimation
of the singular values in the core matrix, which can lead to instability. We proposed an
algorithm based on this observation which truncates the core matrix proportional to the target
rank. Numerical experiments demonstrated the robustness of this approach, and we provided
theoretical analysis for a close variant. To the best of our knowledge, this algorithm is the
first Nystrom method designed specifically for stability in the symmetric indefinite setting.
The primary objective of Chapter [5] was to analyse the accuracy and stability of CUR-
CA, whose stability had been questioned in other works. We provided an accuracy and
numerical stability result for CUR-CA, and recommended an implementation that is observed

to be stable in practice:

Ary = (A(:,J) *xV/S) x (U x A(I,:)) where [U,S,V] = svd(M, ‘econ’)

or the analogous implementation using the QR factorisation. Based on the theory developed in
this section, we showed that the row and column indices should be selected dependently—one
set of indices should be selected based on the choice of the other—to achieve better accuracy.

In Chapter [ we studied the role of oversampling in improving the accuracy and stability
of CUR-CA. We demonstrated how oversampling should be done and showed that it mitigates
the effects of poorly chosen indices by increasing the smallest singular value of a square
submatrix within an orthonormal matrix. Oversampling also improves numerical stability
by making the core matrix rectangular, which is generally more well-conditioned than a
square matrix. Based on these findings, we recommend oversampling either the row or

the column indices—but not both—and suggest setting the oversampling parameter to be
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proportional to the target rank whenever feasible.

Finally, in Chapter [7} we devised two efficient, rank-adaptive algorithms for computing
low-rank approximations of parameter-dependent matrices using CUR-CA: AdaCUR and
FastAdaCUR. The key idea behind these algorithms is to try to reuse the row and the
column indices from the previous iterate as much as possible. AdaCUR offers many
favourable properties such as rank-adaptivity, error-control and a typical complexity of
O(Taw). In contrast, FastAdaCUR is faster—scaling linearly in m and n—but lacks
error control, making it vulnerable to adversarial inputs. Nonetheless, FastAdaCUR is
effective for simpler problems, such as those where the parameter-dependent matrices that
are coherent at each parameter value.

Randomised algorithms in numerical linear algebra are powerful tools, which are constantly
being developed and improved to enable scalable and robust solutions to problems that
are otherwise intractable. This thesis opens several directions for future research, and
we highlight two of them.

First, in Chapter [4 we introduced a variant of the Nystrom method for symmetric
indefinite matrices based on random embeddings. However, column sampling methods are
more commonly used in practice due to their scalability. While many Nystrom approaches
rely on column sampling for this reason, it remains, to the best of our knowledge, an open
question whether a column sampling scheme can be designed to provide robust approximation
guarantees for symmetric indefinite matrices.

Second, in Chapter[7], a challenge with FastAdaCUR is the absence of an efficient mechanism
for detecting large approximation errors without viewing the full matrix. Although, adversarial
examples always exist if we do not view the entire matrix, developing a probabilistic method
that allows error control with high probability would significantly enhance the reliability
and utility of FastAdaCUR.
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