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A Posteriori Error Analysis for Linear
Convection—Diffusion Problems Under Weak
Mesh Regularity Assumptions

Paul Houston Endre Siili

In this paper we consider the generalisation of standard a pos-
terior: error estimates, derived for unsteady problems, to arbitrary
space-time meshes. In particular, we derive an a posterior: error
bound for the discontinuity capturing Lagrange-Galerkin method ap-
plied to an unsteady (linear) convection—diffusion problem, assuming
only that the underlying mesh is non-degenerate. The proof of this
error estimate will be based on strong stability estimates of an asso-
ciated dual problem, together with the Galerkin orthogonality of the
finite element method.
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1 Introduction

The derivation of a posteriori error estimates for unsteady problems are gener-
ally based on assuming that the spatial mesh function h € C*(Q) and that the
gradient of h is uniformly bounded by a constant jp, where p is assumed to be
sufficiently small, cf. [10,11,15,16]. Clearly, these conditions do not preclude
the use of non-uniform meshes, however, the change in the size of the elements in
the mesh must be very smooth, i.e. so that the change in h is sufficiently small
to guarantee that |[Vh(x)| < p Vx € Q. For practical computations in two or
three space—dimensions, such a restriction on h may be unrealistic.

The objective of this paper is to derive an a posteriori error estimate for the
discontinuity capturing Lagrange—Galerkin method under weaker mesh regularity
assumptions. To achieve this, the key part of the proof of the error estimate
relies on the definition in space of the function ¢, introduced using the Galerkin
orthogonality of the finite element method. We note that, for a given choice of
¢n there are essentially two main requirements that must be satisfied: firstly,
that ¢y is stable in the L?(Q) norm, i.e. there exists a positive constant C,
independent, of h, such that

lonll < Cligll- (1.1)

Secondly, that the approximation error between the solution of the corresponding
dual problem, ¢, and ¢, (measured in some appropriate norm) can be bounded
locally on an element x (or on a patch of elements surrounding k), so that the
spatial mesh may be non-uniform.

In [10,11,15,16], ¢; is defined to be the space-time L?-projection of ¢.
Clearly, this choice automatically satisfies (1.1) with C' = 1. However, the spatial
projection error cannot be bounded locally due to the global nature of projecting
onto continuous piecewise polynomial functions. Hence, it is first necessary to
bound the weighted projection error (weighted with powers of h) by the weighted
interpolation error. Then, the latter can be locally estimated on each element
r in the mesh. Unfortunately, this process assumes that the weighting factor
inside the norm satisfies certain regularity assumptions, which in turn induce
the restrictions on mesh function A.

In this paper we propose to define ¢, to be the L2-projection of ¢ in time, but
in space we shall define ¢, to be a quasi-interpolant of ¢. This quasi-interpolation
operator will be constructed in such a way that (1.1) will hold, and we shall show
that optimal approximation results hold on local patches surrounding a particular
element domain. Moreover, based on this choice of ¢, a global a posteriori error
estimate will be established assuming only that the triangulation of the spatial
domain € is non-degenerate.

The outline of this paper is as follows: in Section 2 we summarise some of the
notational conventions that we shall use. In Section 3 we develop the necessary
quasi-interpolation theory needed for the proceeding a posteriori error analysis.



In Section 4 we state the model problem to be considered and formulate the
discontinuity capturing Lagrange—Galerkin method for this problem. In Section
5 we derive an a posteriori error estimate for our model problem, assuming only
that the underlying mesh is non-degenerate. Finally, in Section 6 we summarise
the work presented in this paper.

2 Notation and basic definitions

Let Z denote the set of integers, N the set of positive integers, N the set of
non-negative integers, R the set of real numbers and R* the set of positive real
numbers.

Let w be a bounded open subset of R? (d € N) with boundary dw. We
shall say that w is star—-shaped with respect to every point in a set of positive
measure B C w, if for every x € B, every y € w and every 6 € [0,1] we have
that x + 0(y — x) € w.

For 1 < p < oo, let LP(w) denote the usual Lebesgue space of real-valued
functions with norm || - || »(). For p =2 and for u,v € L*(w) we denote by (-, ).,
the L?(w) inner product defined as

(u,v)y, ::/wu(x)v(x)dx.

For w = €2, where Q will be specified later, we denote || - ||2(q) by ||+, and (-, -)a
Let o = (ay, ..., aq), with each o; € Ny, i =1,...,d; we write

d d
lal =Y a; and ol:=][[al
=1 =1

Further, given a vector x = (1,...,x4), we write

X =t gyt

Let D* := D" ...Dy* and D; = 9/0z; for 1 < j < d. For m € Ny, we
denote by C™(w) the set of all continuous real-valued functions defined on w
such that D%u is continuous on w for all |a| < m. C™(®) will denote the set of
all w in C™(w) such that D%u can be extended from w to a continuous function
on @ for all |a| < m. In particular, when m = 0 we simply write C'(w) instead
of C%(w). The subspace Cy*(w) will denote the set of functions in C™(w) which
have compact support in w.

For m € Ny, let W™P(w) denote the classical Sobolev space endowed with
the norm || - [|wmwr() and the semi-norm | - |ymr) (cf. Adams [1]). Further,



Wy"P(w) will denote the closure of C§°(w) in the norm of W™?(w). For p = 2 we
write H™(w) and Hy*(w) for W™2(w) and Wy"*(w), respectively. In addition,
the dual space of HJ*(w) will be denoted by H ™ (w).

Let X be any of the spaces just defined. Then X2 will denote the topological
product X x X.

3 Quasi-interpolation theory

Quasi-interpolation operators are generally constructed when the function un-
der consideration is not sufficiently smooth to guarantee the existence of the
interpolant; for example, if v € H'(Q), where  is a two-dimensional domain,
then pointwise values of v cannot be defined and consequently no interpolation
is possible, see Bernardi [4], Brenner & Scott [5], Clément [7] and Scott & Zhang
[19,20], for example. The construction of such generalised interpolation opera-
tors is usually based on some form of [ocal regularisation of the function. For
instance, Clément [7] proposed a quasi-interpolation operator based on locally
L2-projecting a function onto the patch of elements surrounding each node in the
mesh; then pointwise values are obtained by evaluating the projection at each
node.

In this section we shall construct a quasi-interpolation operator Z based on
a modification of the generalised interpolation operators developed by Scott &
Zhang [19] and Brenner & Scott [5], Section 4.8. The nodal values will be defined
by locally averaging the function over an element x; however, as in [7] these
nodal values will be modified in order to fit homogeneous boundary conditions.
To establish optimal approximation results for Z, we shall also need to construct
a further quasi-interpolation operator Z'. This latter operator will be defined in
a similar manner as the operator Z; except that for nodes lying on the boundary
d%) of the domain, the nodal values will be obtained by averaging along an edge
7 such that 7 C 9.

3.1 Preliminaries

Let Q be a connected, open, bounded polygonal domain in R? with boundary
0Q. Let T = {k} be an admissible subdivision of € into closed triangles , with
corresponding mesh function A satisfying

cih? < meas(k) Ve e T, (3.1a)
cohe < h(x) < hy Vxer VReT, (3.1b)

where h,, = diam(x) and ¢; and ¢, are positive constants independent of h.



Figure 1: Examples of the set S, for: (a)  an internal element; (b) x a boundary
element.

Further, we define £ = {7} to consist of the set of line segments in R? which
appear as an edge of some x € T.
To each k € T, we associate the set S,, which we define by

S, = interior (U{Fc €T kNkKk# @}) ,

see Figure 1, for example. Moreover, for each S., k € T, we assume that S is
star—shaped with respect to a ball Bg, C S, and that the following conditions
hold:

eshi < he < cahs Vi € S, VS, (3.2a)
cshy, < radius(Bg,) VS, (3.2b)
diam(S,) < cghy VS, (3.2¢)

where c¢3, ¢4, ¢5 and ¢g are positive constants independent of h. In addition, we
define

cr =sup{card{x € T : K € S, }} < o0. (3.3)
RET
We note that each of the constants c3, ¢4, 5, ¢g and ¢; will depend on ¢y,
since the mesh conditions (3.2) and (3.3) follow from the fact that 7 is a non-
degenerate triangulation of , i.e. that (3.1a) holds.

Remark 3.1 Here, we note that the assumption that S, 1s star-shaped with
respect to a ball Bg, is necessary to apply the form of the Bramble—Hilbert lemma
stated in Lemma 3.9. However, non-constructive versions of this result, i.e.
where a generic constant is given, may be proved without such a condition on the
domain S, cf. Ciarlet [6], Theorem 3.1.1, for example.



For » € N, we shall consider the following finite element spaces

Vi = {veC(Q):v|. €P.(k) Ve €T},
Vi = {veCy(Q):v]. €P.(k) Vu € T},

where P,.(k) denotes the set of polynomials of degree at most r over .

Let N, = {a;}£ | denote the set of interpolation nodes of 7 and Ni* C N,
the set consisting of all interior nodes. Further, we let {¢;}%, denote the set of
nodal basis functions of V.

We note that by (3.1a), we have a family of Lagrange finite elements (x, P, ),
where P = P.(k) and X consists of point evaluations at appropriate points
(‘nodes’). We denote by (#, P, %) the reference/canonical element in x = (&, &)
plane with vertices (0,0), (1,0) and (0,1). Given any finite element (k, P, ),
where k € T, there exists a unique invertible affine mapping

F(x) = Bx + %o, (3.4)

i.e. where B is an invertible 2 x 2 matrix and x¢ is a vector in R?, such that
(k,P,X) and (&, P,X) are affine—equivalent finite elements, cf. Ciarlet [6]. The
effects of this change of variable are described in the following lemma.

Lemma 3.1 Let k and & be two affine-equivalent (closed) simplices in R*. If
v e W™P(k) for some m € Ny and some p € [1,00], then 0 = v o F belongs to
W™P(g), and in addition, there exists a constant C™* = C™(m, p) such that

Yo € W™ (K), [ilwmeg < C™|B|™|det(B)| P [vlwmey,  (3.5)

where B is the matriz occurring in the mapping F defined in (3.4) and |B]
denotes the matrix two-norm of B.
Analogously, we have

Vo € W™P(&), |v|wmo(ey < C™P|B7H™|det(B) Y7 |0]wmo(s)- (3.6)

Proof The proof of this lemma may be found in Ciarlet [6], Theorem 3.1.2. We note
that a constructive proof of this lemma, i.e. where the size of the constant C'™?P is
known, is presented in [14], Lemma 2.1; there, it was shown that if |B| and |B~!| are
replaced by |B|s and |B 1|, respectively, where | - |o, denotes the matrix co-norm,
then

= 5]6' 2 1+1/p

C™P(m,p) = 2 sup H max —- p card {a eENG: o = m} .
Bl=m | poy lel=5 !

O

In the following, it will be desirable to evaluate the norm of B! in terms of
local geometric quantities. To this end, we give the following bound

|B™!| < h,/meas(x), (3.7)



cf. [15]. In addition, we observe that

meas(k)

| det(B)| = = 2meas(k). (3.8)

meas(k)
Finally, we end this section with the following trace inequality.

Lemma 3.2 Let k € T, where T satisfies conditions (3.1). If v € Wh(k), then
there exists a positive constant C* such that

/ lv]ds < C* </ |Vouldx + h;l/ |U|dX> , TCOkVKeT,

where C* = 4y/2 /c,.

Proof See [15], Lemma A.1. O

3.2 Construction of the quasi-interpolation operator 7

For each node a; € N}, we choose an element domain ~ such that a; € x, and we
let 0; = k. We note that there may be many such element domains, but we pick
just one. Let us denote by n; the dimension of P,(c;). Further, let a,; = a; and
{ai;}7%, be the set of nodal points in o;. For the nodal basis {¢;;}7~, for oy, we
have the corresponding L*(o;)-dual basis {¢;;}7L, defined by

/ wi,j(x)gbi,k(x)dx = (Sjk, for j, k= 1, 2, cee, Ny, (39)
where 9, is the Kronecker delta. To simplify notation, we let
Vi =i Va; € N

Hence, it follows that for any nodal basis function ¢; of V", we have
@Di(X)qu(X)dX = 6ija for Z,j = ]_, 2, cey L. (310)

We now define the quasi-interpolation operator Z : L'(Q) — VI by

L

Tv(x) = ;iv(ai)@(x), (3.11)
where
To(a) = xalar) [ wi(y)v(y)dy. (3.12)

and ygq is the characteristic function for €2, i.e. if a; € 002 then fv(a,») =0.



Remark 3.2 As an example, we let o; be the canonical element & and {gﬁi,j}?zl
be the set of linear basis functions on k given by

bi=1-6—8&, Sia=6&, biz=8;
then, the corresponding L*()-dual basis is defined as follows:
Uig = =246 — 246+ 18, ip = 246 — 6, iz = 24& — 6.

We shall now proceed to prove the following results for the quasi-interpolation
operator 7.

Lemma 3.3 The quasi-interpolation operator T defined in (3.11) is a projection
from LY(Q) to Vi

Proof Suppose that v € V{, then using the definition of Z and (3.10) gives, for each
x € (Q,

L
— ZXQ(&)@(X) { i wi(y)v(y)dy]

:ZXQ (a;)¢i(x {Z y)o;(y)d }

J=1

= ZXQ a;)v(a;)¢i(x)

U(X),

by assumption. O
Lemma 3.4 Let a; € Ny, then
10l (o) < Cihy 2,
where Cy = ||’(Z}i||Loo(,g)/(201>.
Proof By definition, we have
/ Vi(x)p;(x)dx = 055, fori,j=1,...,L,
o;
cf. (3.10). Further, using the affine mapping (3.4), it follows that

/ i (Bx + X[))(bj(B)A( + xg)det(B)dx = dij, fore,j=1,... L.

Since ¢;(x) = ¢;(BX +xy), it follows that the corresponding L?(#)-dual basis is given
by

(%) = det(B)y;(Bx +xg), fori=1,...,L.



10

Using (3.8) and (3.1a), we have that

1 -
[%ill Lo (o) < m”%“m(%)

IA

(261)_1h;i2

Vill oo (2)
as required. O

Lemma 3.5 Let v € LP(Q), p € [1,00], and let k € T, where T satisfies condi-
tions (3.1). Then,

[Zolwmage < Coh™ 727 0]l (s, ),
where T is defined in (3.11),

~ — (Ymap 2—1/p —(m+1) 2/p D cof A g maq( s
€ = O™ (L/22 e Py amae w16

q € [1,00] and m € Ny.
Proof Without loss of generality, we assume that the set {a; : 1 < i < n;} comprise

the nodal points for the element k. Using the triangle inequality, Lemma 3.1, (3.7),
(3.8) and (3.1a), we have

ni

> 1Zv(@)||gilwma(n)

=1

IN

I Z0| vy )

nyi
map ,—m 7. —m+2 T )
< OB Vo 1D (a0
1=
for ¢ € [1,00] and m € Ny. Further, using (3.12), Holder’s inequality and Lemma 3.4
gives

ni

olimat < 0™ (o 10 3 [vata) [ vy
o 2 z
ni
< gmEpe™ | ax |1y o ™ ; il oo (o) 101 21 (o)
ni
< OO s il Al (319

where C = maxi<i<n, [[¥ill 1 (2)/(2c1)-
By Holder’s inequality, we have

1ollr (o) < (1/2)' PR P 10l o o (3.14)
for any v € LP(Q2), p € [1,00]. Using (3.14) and (3.2a), (3.13) becomes
ny
7 map 1-1 —m 7. —m+2 -2
Tolwrag < CTPCH/2) ™ max [Bilwmag b0 3 e ell oo

< O Gy (1/2) e . max (dilwnaay T o] s,
Sisng

as required. 0O
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Corollary 3.6 Let v € LP(Q), p € [1,00], and suppose that T satisfies condi-
tions (3.1). Then,

1 Zvllzri) < Cillvllzro),
where C1 = Cyc'? .

Proof Let us suppose that p € [1,00), since the proof is greatly simplified in the case
p = 00. Then, using Lemma 3.5 with m = 0 and ¢ = p, we have

IZoll o) < Collvllpo(s,) VrET. (3.15)
Therefore, raising (3.15) to the power p and summing over x € T gives

||fv||§p(g) < (62)p Z ||U||I£p(5,€)
KET

= (G Y Y ol

K,ET RGS,&

< GoPer 3 ol
KET

where ¢7 is defined by (3.3), as required. O

3.3 Construction of the quasi-interpolation operator 7

In this section we shall construct a further quasi-interpolation operator Z’, in
order that optimal approximation results may be established for the operator
7 defined in the previous section. This operator Z' will not be defined for as
broad a class of functions as Z, since it will be necessary to assume the existence
of a well defined trace of the function under consideration. A consequence of
this assumption is that Z' is not stable in the L?*(Q) norm, and hence is not
a suitable choice of operator for the definition of ¢, in the a posteriori error
analysis presented in Section 5. It is worth noting that the operator 7' is a special
case of the quasi-interpolant introduced by Scott & Zhang [19]; moreover, the
approximation results proved in [19] are equally applicable to 7.

We construct the operator Z' as follows: for internal nodes, i.e. for a; € N,
we define Z' in precisely the same manner as Z, ¢f. (3.11) and (3.12). However,
boundary nodes will be treated in a more natural way; let us first recall that F
denotes the set of line segments in R? which appear as an edge of some x € 7.
If a; € 092, then we choose an edge 7 € F such that

aiETCOQ,

and we let o/ = 7. Let us denote by ny the dimension of P,.(o!). Further, let
a;1 = a; and {a;;}72, be the set of nodal points in oj. The set {¢;;};2, will
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denote the nodal basis for o;; we note that these nodal basis functions will be
the restrictions to ¢! of the corresponding basis functions defined on an element
k, where o/ C Ok.

For the nodal basis {¢;;};2, for o}, we have the corresponding L*(o})-dual
basis {1} ;}72, defined by

/g, 1/1£7j(x)¢ivk(x)ds =0k, forj,k=1,... no.

Again, to simplify notation, let
vi=1iy Yai € N\

Hence, it follows that

/, Vi(x)p;(x)ds = 8y, for j=1,...,L, fori e {k:a, € N,\N}"}.(3.16)

We now define the quasi-interpolation operator 7 WhHH Q) — V" by

To(x) = ZL:i'v(ai)@(x), (3.17)
i=1
where
Jo, Vi(y)o(y)dy, if a; € Nj™,
T'v(a;) = . (3.18)
Jor Vi(y)v(y)ds, if a; € N\

Remark 3.3 Following on from Remark 5.2, if we let ol be the canonical edge
7 =1(0,1) and {¢;;}3_, denote the set of linear basis functions on T given by

Qgi,1|% =1-¢&, Qgi,2|f = &5

then, the corresponding L*(7)-dual basis is defined by

~

Vi = —68 +4, 122,2 =66 — 2.

We shall now proceed to prove the following results for the quasi-interpolation
operator Z'.

Lemma 3.7 The quasi-interpolation operator I' defined in (5.17) is a projection
from WHY(Q) to Vi, with the property that Wy (Q), p > 1, is mapped to V!
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Proof Let v € V"; then using (3.10) and (3.16) gives, for each x € Q,

L
To) = 3 Fo(ai)éi(x)
=1

= Z v(a;)oi(x) + Z v(a;)pi(x)
a;eNint aeNy \Nint

= v(x).

Hence, 7' is a projection from W1(Q) to V".
Ifve Wol’p(Q), p > 1, then v|pg = 0 in L1(99), i.e. vl L1 (an) = 0. By choosing
ol C 9Q when a; € dQ in the definition of Z', we deduce that

veWyP(Q) = T'v(a;) =0 Va; € N\ Vi, (3.19)
O
Lemma 3.8 Let a; € N},\ N, then
195l (or) < Cshy

where Cy = ||@Z§||Loo(;)/(201), k € T is an element such that o} C Ok and T is the
canonical edge (0,1).

Proof This proof is omitted, since it is essentially the same as the proof presented
above for Lemma 3.4. O

3.4 Approximation theory

In this section we shall derive optimal order approximation results for the quasi-
interpolation operator Z. However, before we proceed we first need the following
results.

Lemma 3.9 Let w C R? be an open bounded set, which is star-shaped with
respect to every point in a set of positive measure B C w. Let p € (1,00) and
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0<m<k. Ifve WFkr(w), then there is a constant C®* = C®%(k, m,p,d) such
that

[V — Qrv|wmr(w) < CBH(diam(w))k’m|v|wk,p(w),

where

B 1 —x)*

Quuly) = [ 5 DX

meas(B) JB ok al

" (diam(@)" (k=m)p 1), AN
o = (ol ol =) o By Gy Y (wzkmw ’ )

dx,

for 0 < m < k and C®™ =1 for m = k, wy denotes the measure of the unit
sphere in R and q is the exponent conjugate to p, i.e. 1/p+1/q=1.

Proof This is a slight modification of the result proved by Duran [9]; here, we have
adopted a different definition for the W™P(w) semi-norm. O

Remark 3.4 We note that in the following, we shall apply Lemma 3.9 over the
domain S, C R?, in which case B = Bg,. Moreover, using (3.2b) and (3.2¢c) we
may define the constant C*" for 0 < m < k, as follows

02/p _m 1/q
Co = (cartfa : o] = mp) 5 k=D wl/p( ) <m>q> |

(me3)Ve (p—1)2Vr 2\, 57,

Lemma 3.10 Let v € W'P(Q), p € [1,00] and let k € T, where T satisfies
conditions (3.1). Then,

|jlv — iU|WM,p(N) < 64 [hi_mh} — w|W1,p(5N) + C4h;m||v — UJHLP(SN)] (3.20)

Yw € Wy (Q) and m € Ny; where

Cy = Crnapct(l/2>1—1/1oclf(m+1)6403—2(171/1,))&][laLX
X 12%2 [Will e 7) ISIZ_HS%EM D3l wmar i),

Pmax = sup {card{a; € k : a; € 00} },
KET

and Ot = 4v/2 /c;.

Proof This is based on a proof presented by Clément [7]. As in the proof of Lemma
3.5, we assume that the set {a; : 1 < i < n;} comprises the nodal points for the
element k. Further, we assume that a; € 9 for + = 1,2,...,3 and for 8 < i < nq,
a; ¢ J€). Here, we assume that 5 > 0, since otherwise fv|,i = f’v|n.
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Using the definitions of Z and Z’ (see (3.11) and (3.17), respectively), the triangle
inequality and Lemma 3.1, we have

B
|IIU _I'U|Wm,p(n) — Zzlv(al)gbl
=1

Wm™sP(k)

IN

B
> 1T'v(@)||ilwmr(e)
i=1

B
< omapem max |ilwrma ) b ™S | T0(ay)]. (3.21)
- =1

Using (3.18), Holder’s inequality and Lemma 3.8, we have

IZ'0(a)| =

/ H)ly)ds

IN

195l oo oy 0l 21 (o

IN

C~’3h;g1||UHL1(J£)7

where & is an element such that ¢! C 0&; in the following, we label this element ;.
Let w € Wy?(£2), then

lwllLiory = 0= [vllLiony = lv — wllLi(or).-
Hence, using Lemma 3.2 and Holder’s inequality, we have
IZ'0(a)| < CahyHlv = wll (o)

< CN'g,C’th,;.1 [/ V(v — w)|dx + A} / v — w|dx]

IN

2C3C (1/2)" VPR 2P [|U — Wl + g v = w“LP(ni)} (3.22)

Yw € Wol’p(Q). Hence, substituting (3.22) into (3.21) and using (3.2a) gives

-1 T map v/ it 1-1 — 7. —m-+2
0 — Zvlyyma(e) < 20™*PC4C(1/2) /Pclmlrg%|¢z|wm,p(@hn /p

B
X thi—Z/P [|v — w|W1,p(K/i) + h;}”v — wHLp(Ki)]
i=1

2Cmapc~véct(1/2)1—1/Pcl—mc4cg2(1—1/19)ﬁ lrga%(g |$i|Wm,P(,%) hk—m

IN

X [|U — wlwie(s,) + cah Mo - w||Lp(5N)} )

where C} = max)<;<p, ||1&1I:||Loo(,f-)/(261), as required. O

We now give the following approximation theorem for the quasi-interpolation
operator Z.



16

Theorem 3.11 Let v € WyP(Q) nW*?(Q), for p € (1,00) and 1 < k <r 41,
and let T satisfy conditions (3.1). Then,

1/p .
(Z hﬂ(m_k IU|me ) < C’|U|Wk,p(g), 0<m<k,

KET B B
where

C' = b (CPeg™ + CoCy™ + CuC3M eyt + CuChey) |
CPH = CP(k,m,p,2), C3" = CP"(k,0,p,2) and C3" = C*"(k, 1, p, 2).

Proof Let x € T, where T satisfies conditions (3.1), and let Qv € Pj_1(S,) be as
defined in Lemma 3.9, where 1 < k < r + 1. Then, using Lemma 3.7 and the triangle
inequality, we have for 0 < m < k,

|0 = Zofwmre) < |0 = Qrolwmae) + 1Z(Qrv = )| wmr(n) + [T Qo = ZQrvlwmp(x)
= [+ 11+ IIL (3.23)

Let us first consider term I: using Lemma 3.9 and (3.2¢) gives

I<|v— QkU|WmP (Sk)
< CPUeE ™" bl Mol sy, 0 <m <k (3.24)

Next, consider term II: using Lemma 3.5, Lemma 3.9 and (3.2c) gives

II < Coh™|Qkv = vl 1ags
CoCM g hl™ ™ [olyin(s,), 0 <m <k. (3.25)

N

Finally, consider term III: using Lemma 3.10, we have
I < Cahy ™ Qv — wlwiegs,) + Cacahy, ™| Qrv — wl| o (s, (3.26)

Yw € Wol’p(Q), 0 <m < k. Choosing w = v in (3.26) and applying Lemma 3.9 (along
with (3.2¢)) to each of the terms on the right—hand side yields

T < (CoCyef ™ + CaCBeact ) hE " olyrn(s, ), 0 <m <k, (3.27)

If we now substitute (3.24), (3.25) and (3.27) into (3.23), then proceeding as in the
proof of Corollary 3.6 gives the desired result. O

Corollary 3.12 Let v € WyP(Q) nWHP(Q), forpe (1,00) and 1 < k < r+1,
and let T satisfy conditions (3.1). Then,

|iU|WksP(Q) < C§|U|W’W(Q)

where C% =1+ C'.
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Proof This result follows by letting m = k in Theorem 3.11 and applying the triangle
inequality. O

Remark 3.5 We note that the above results can be extended to include both
domains 2 C R, d > 2, and finite element spaces of the form {v € V" : v|p = 0},
where I' C 09, provided that the triangulation (subdivision) of Q@ matches T
appropriately.

4 Model problem and discretisation

Given a final time 7" > 0, we shall consider the following unsteady convection—
diffusion problem: given that f € L*(0,7; H *(Q)) and ug € L*(Q), find u such
that:

u+a-Vu—eAu = f, x€Q, te (0,7, (4.1a)
u(-,t) = 0, x € 09, t €[0,T], (4.1b)
u(x,0) = wup(x), x€Q, (4.1¢)

where € is a bounded convex polygonal domain in R? with boundary 9. Fur-
ther, we assume that the diffusion coefficient € > 0, the velocity vector a lies in
the function space C([0,T]; C¢(2)?) and that a is incompressible, i.e.

V-a=0 VxeQ, te(0,7).

In this section we shall formulate the discontinuity capturing Lagrange—
Galerkin method for problem (4.1). However, we first need to introduce the
following notation.

Let 0 =% < t' < ... <t < tM*1 = T be a subdivision (not necessarily
uniform) of [0, 7], with corresponding time intervals I"™ = (t"~' ¢"] and time
steps k, = 1" — "L, For each n, 0 <n < M + 1, let 7" = {x} be an admissible
subdivision of € into closed triangles x, with corresponding mesh function A,
satisfying the conditions

C1 hi

CQh.‘i S hn (X>

meas(k) Ve e T", (4.2a)

<
< h, Vxer Ve T, (4.2b)
where h, = diam(k) and ¢; and ¢y are positive constants independent of h,,.
Further, h is assumed to be the global mesh function defined by h(x,t) = h,(x),
for (x,t) € Q x I" and we define the corresponding time step function k = k(t)
by k(t) = kn, t € I™.
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For some n € Ny, we associate with 7" the set E" = {7} consisting of those
line segments in R? which appear as an edge of some x € T". We also denote
by EP, those 7 in E™ which are interior to © (i.e. not part of 952).

Let S" = Qx I"; for r € N and s € Ny we define the following finite element
spaces

Shn = fv e Cy(Q) 1 v|x € Pu(k) Ve € T"},
Vi = {vo(x, t)|sn = > o, v; € SM

=0
Vit ={v:v(xt)|s €V n=1,....M+1}.

As in [15,16] we shall let s = 0; however, here it will not be necessary to restrict
the size of r. We note that if v € V", then v is continuous in space at any time,
but may be discontinuous in time at the discrete time levels ¢". To account for
this, we introduce the notation

vl = Slg[%v(t +s) and [v"]:=0} —0".
In addition, for each edge 7 € ET, let n, denote the unit normal to 7 in the
outward direction to , and define for v € S (for some n € Ny),

l 9v ] = lim (Vo(x+ sn,) — Vu(x —sn,)) -n,, XET,

aIIT s—0t

that is, [0v/0n;] is the jump across 7 in the normal component of Vu. Finally,
we introduce the discrete second derivatives

ov 1
Divl, = Y lan] o keT", (4.3a)
TEORNEY TAILee(r) 7K
° 0 1
Divl, = Y [a;’] = keT", (4.3b)
TEIRNE™ TAILee(r) 7K

and in (4.3b) we define Vu(x + sn,) =0 if 7 € 99.

To construct the Lagrange—Galerkin method, we first define the particle tra-
jectories (or characteristics) associated with problem (4.1): the path of a particle
located at position x € Q at time s € [0, T] is defined as the solution of the initial
value problem

d
&X(x,s;t) = a(X(x,s;t),t),

X(x,s;8) = x.

The Lagrange-Galerkin method makes use of the material derivative Dyu,
which is defined, for u smooth enough, as follows:

d
Dﬂt(X,t) = EU(X(Xvsat)vw |s:t
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0
= au(x,t) +a(x,t) - Vu(x,t) VxeQ, te(0,7).

Hence, using the material derivative, equation (4.1a) may be rewritten in the
following (weak) form: find u(t) € V, such that

(Dyu(-,t),v) + (eVu(-,t),Vv) = (f(-,t),v) YveV,
(u(-,O),v) = (UO('>7U) VUEV,

where V' = H{(Q2) and, for the sake of simplicity, we shall assume that f €
C([0,T); L*(2)). The Lagrange-Galerkin time-discretisation involves approxi-
mating the material derivative by a divided difference operator. The simplest
appropriate discretisation is the backward Euler method, giving forn =0,..., M:

(U(wt”“) — u(X(, " "), ") v)
I{In+1 ’

+H(eVu(, "), Vo) =~ (f(-,t"th),v) Ve €V, (4.6a)

(u(-,0),v) = (uo(-),v) Vv € V. (4.6b)

If we now define u} to be the Galerkin finite element approximation to u(-, ")
at time ¢"; then applying the finite element method to (4.6) yields the Lagrange—
Galerkin discretisation of (4.1) as follows: find uj™' € Sh=+1 for 0 < n < M such
that

(1 e
. ’
+(eVup ™ Vo) = (") Yee St (4.7a)

(u),v) = (uo,v) Vv € Sho, (4.7b)

where f"t1(-) := f(-,#"*!). This is the same approach as that used by Bercovier
et al. [2,3,13], Douglas & Russell [8], Lesaint [17], Pironneau [18] and Siili [21,
29).

Further, integrating (4.7) with respect to ¢ over I"*! and adding an artificial
diffusion term, we obtain the discontinuity capturing Lagrange—-Galerkin method:
find uy, such that, for n =0,1,..., M, up|gn+1 € V+1 and satisfies

(DM, v)ngr + (€ + ) Vup, V)i = (f,0)ns1 Yo € Vi (4.8a)
(u)_,v) = (ug,v) Yo € S, (4.8b)

where

DlMup|gnir i= (wp_ (X (3, "m0 47—y (X (x, T ), 7)) B,
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Flgn+1 := f(-, 1Y), and for v,w € L2(I"*1; L?(€2)), we have used the notation

tn+l

(U, W)pg1 = (v, w)dt.
tn

Furthermore, ¢ = F},(uy, h) and, in the case r = 1, Fy|. for k € T is defined
as follows:

Fi(un, h)|. = max(Cth® Dy — e, CSh® D2ufl — ¢,0),

where ' = u,(X(x, "t 1"),t") and C¢, C§ are positive constants, cf. [16];
for » > 1 we have not studied the choice of a suitable artificial diffusion model
Fh(uha h)

5 A posteriori error analysis

In this section we shall derive an a posteriori estimate for the error e = u —
up, in the L?(0,T; L*(Q)) norm, where u and wu;, are the solutions of (4.1) and
(4.8), respectively. However, before we proceed, we first introduce the following
notation: for v, w € L*(0,T; L*(Q)) we define

(v,w)g = z_:o/t:H (v, w)dt,
lolle = ((v,0)0)""%,

where @ :=Q x (0, 7).

5.1 Error representation

The (backward) dual problem takes the form: find ¢ such that
—pp—V-(ap) —eA¢p = e=u—uy, x€Q, te[0,7), (5.1a)
o(,t) = 0, x €09, te€[0,T], (5.1b)
o(x,T) = 0, x € (. (5.1¢)

We shall now proceed to prove the following error representation: multiplying
(5.1a) by e and integrating by parts in both space and time, we get

tn+l

M
el = X [ (e—60— V- (ag) — eAo)dt
n=0
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M tn+l

:Z/tn

M

- Z([UZL o(t")) + (uo — up_, $(0))

_ Z/t
- ZO([UZ], O(t")) + (ug — up_, ¢(0)),

tn+l

(e, +a-Ve ¢dt+2/ (cVe, Vo)dt

tn+1 tn+1

—a- Vuy,, ¢)dt — Z/ (eVuy, Vo)dt

where we have used (4.1a). If we now let ¢, € V", then using (4.8) we have

tn+1

lell = 2 ], ([64) s + 2 Vs = e = 6~ 0) i

nET”Jrl

+Z/tn“(

tn+1

+Z [ Db = @) b+ e ). 0

eAuh, (bh — (ﬁ)ﬁ + (eVuh, V(gbh — gb))) dt

keTn+l

tn+l tn+l

+ Z/ ({65} o, & = (")t + Z/ (f = F, du)it
tntl
+(U0 - uh s —|— Z / GVuh, V¢h)dt
= I+II+HI+IV+V+VI+VH Yo, € VM (5.2)

Remark 5.1 We note that for r € N, we must include the term eAuy, in terms
I and II of the error representation formula (5.2), since if r > 1 then Auyl|,. may
not be zero.

5.2 Interpolation/projection estimates for the dual prob-
lem

We shall now choose ¢, € V" in (5.2) to be the quasi-interpolant of ¢ in space
and the L?-projection of ¢ in time, i.e. we first define the operators

Tn: LHQ) — Shn,

T L2(I™) — Po(1™),
in space and in time, by (3.11) and

/tn (madh — G)udt =0 Vo € Po(I™),

n—1
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respectively. Then, we define (locally) ¢|s» € V" by letting
¢h|5” = jn’/rn¢ - 71—njjngb € thv

where ¢ = ¢|gn. Further, we introduce 7 and 7 by

(Z9)|sn = Zu(@]s), (5.3
(7¢)|sn = a(@sn); (5.3b)

then we let ¢, € V" be
on=TIrp=nlopecVh (5.4)

Based on this definition of ¢, we give the following result.

Lemma 5.1 Suppose that T" satisfies conditions (4.2) forn=0,1,..., M + 1.
If ¢y, is defined by (5.4), then

I#nllo < Cillélo- (5.50)
IVénllo < CilIVolle. (5.5b)

Proof The estimate (5.5a) follows from Corollary 3.6 and the properties of the pro-
jection operator 7. Similarly, estimate (5.5b) follows from Corollary 3.12. O

We now give the following error estimates for the operators 7 and 7 in order
to estimate ¢ — ¢, = ¢ — Im¢. However, we first require the following result.

Lemma 5.2 Suppose that Q is a bounded convex polygonal domain in R?; then
ol < IA0] Vo € HYQ) N HA(Q). (5.6)

Proof See Grisvard [12], Theorem 2.2.1 on p. 43; also, see [15], Lemma 4.2. O

Lemma 5.3 Suppose that n € Ng and T" satisfies conditions (4.2). If v €
H(Q) N H?(Q), then there exists positive constants Ci and C% such that

1/2 )
(Z hfnv—znvnim) < Ciloluxo,

KET™

1/2 .
( > bl _Invﬁil(m)) < Cilvlm ),

KET™

respectively.

Proof These bounds follow from Theorem 3.11. O
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Lemma 5.4 Suppose that R € L*(0,T; L*(Q)) and v € V" then

(R, Z¢ — ¢)o| < CY||W*R||ol|A¢ o, (5.7a)

tm

tntl N N

( 6A07In+1¢ - ¢>n + (EVU, V(In+l¢ - d)))) dt

keTntl
< Gy DivllolleAdllq,  (5.7b)
where C7 = Clcy?, CF = CH(Clicy' + C1)/(2¢2) and C' = 4y/2/ ¢, .
Proof First, we consider (5.7a): using the Cauchy—Schwarz inequality, we get
(R,Z¢ — ¢)ol < IN°Rllollh*(Ze - ¢)llo-

By definition, we have that

tn+1

1/2
1y 31 (Zns10 — ¢)||2dt> : (5.8)

h=>(Z6 - g = (Z/
Using (4.2b), Lemma 5.3 and Lemma 5.2, we have

1hfiZopid = OI> < Y ' h 1 Tnsid = Bll72s

kETNHL
< (3% 920
< (C3)%cy M [|Ag]1*. (5.9)

Substituting (5.9) into (5.8) gives the desired result.
Next, we consider (5.7b): first, let .A denote the left-hand side of (5.7b) inside the
modulus signs and let p = Z¢ — ¢. Then, by integrating by parts in space, we have

A= Z/tn“ (
_Z/ttn+l

Using Holder’s inequality and the trace inequality (cf. Lemma 3.2), we have
€
Al < Z ) X 3

ds | | at
[ M] / Iplds
ET"+1 redNET!

M tntl
<Y [ | X c'gDhe [ Vel 1ol ax
n=0 t reTn+1

(€Av,p)x + Z (

€T+l keTn+l N Ok 8n“

pds — (eAv, p)g )) dt

Z / Lmj pds dt.

KGT"'H TEGNOE’"'H

tn+1
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where we have used the above notation. Further, using (4.2b) and the Cauchy—Schwarz

inequality we have

1 _ _ _
Al < 5C% D2 Divlolle(h™" Vol + b2 |o])llg-

(5.10)

Let us now consider the second term on the right—hand side of (5.10): using the triangle

inequality, we have

le(h M Vol +h%|pl)llg < lleh " Vpllg + lleh?pllq
=I1+1I1

In the first part of this lemma, we have already proved that
I1 < Cf||eAd]lq-
Let us now consider term I: by definition, we have

M
leh=1Vpllg = ¢ (Z /
n=0

tn+1

n

1/2
||hni1wu2dt> .

Using (4.2b), Lemma 5.3 and Lemma 5.2, we have

Ity Vol < > &?h 2V (16 — 0172

keTntl
< (CD*e3 % 920
< (0171 Ag]”.
Substituting (5.13) into (5.12) and using (5.11) gives
e Vol + h2lobllg < (CF + Ciez?) leadla,
which proves the lemma. O
Lemma 5.5 Suppose that R € L*(0,T; L*(Q)) and v € V" then
(R, Z(r¢ — d))q| < CH|[kR]oll¢lo
> [ (re -t

(W0, VI(ré— ¢))g = 0,

M n+1 ~
Z ( Z (€AV, Ty 1 (Tn19 — ¢>>n) dt =0,
n=0

tn
kET+L

< GillkRlloll el

where CF = CiCL, Ci=1//2, Ci =1 and ¢" = $(x,t").

Proof This is a slight generalisation of Lemma 4.6 proved in [15]. O

(5.11)

(5.12)

(5.13)
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5.3 Strong stability of the dual problem

This section summarises the strong stability estimates for the solution ¢ of the
dual problem (5.1) in terms of the forcing function e (see [14,15] for details).

Lemma 5.6 Let ¢ be the solution of (5.1); then there is a constant C§ =
C3 (T, €) such that

16117 07220 + I3V 015 < CFlell, (5.15)
where C¢ = 2min{c2/e, e’} and ¢, = c.(Q).

Lemma 5.7 Let ¢ be the solution of (5.1); then there is a constant C§ =
C3(T,Q,a,€) such that

€29 6|17 07120 + leAd ]G < Cs el (5.16)

where C5 = dmin{exp (2[alfar s /€) » (1 + Cillallie =iy /e) | and
CY is as defined in Lemma 5.6.

Lemma 5.8 Let ¢ be the solution of (5.1); then there is a constant C§ =
C3(T,Q,a,€) such that

lo:lI, + Nl v o(0)[1* < C5llell3, (5.17)

where C§ = (2 + 2min {Cf||a||2Lm(0,T;Lm(Q))/e, C§||a||%2(07T;Loo(Q))/e}), and C{ and
C5 are as defined in Lemma 5.6 and Lemma 5.7, respectively.

In practice, the strong stability constants (factors) C%, C5 and C§ are com-
puted numerically. Hence, for efficiency it is desirable to bound only the terms
on the left-hand sides of (5.15)-(5.17) required in the error analysis by |le||q-
For this purpose, we shall redefine the strong stability factors to be the smallest
constants which satisfy the following bounds,

Terr2) < Crallelly, )
o]l

€2V ollg < C3llelld, )

leAdll5, < Csllell?, (5.18¢)

o5 < C3llell- (5.18d)
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5.4 Completion of the proof of the a posteriori error
estimate

We shall now proceed to estimate the terms I-VII on the right-hand side of (5.2).
For the first term I, we have

tn+1

= Z/ (U] kg1 + 2~ Vi, — eAup — f,dn — ) dlt
NET"“
(Rlv(bh - (b)
= (R1.Z¢ — ¢)o + (R1, Z(7¢ — ¢))q
=0 + 1o,

where Z and 7 are as defined by (5.3), and
Rile = [u}]/kns1 +a- Vu, —eAuy, — f, for k€ 7"
By Lemma 5.4 and (5.18¢), we have

. CcP\/C3
L] < CTIh*Ry |l Adllg < %thRlHQHdIQ-

Similarly, using Lemma 5.5 and (5.18d), we have

| < CE|[kRillolldillo < C5/Cs kR lqllelle-

Hence,

Ct\/C3 ;
1 < =" Rillellelle + C5/C3 kR [lellelle-

Analogously, we have

I = Z/tn“ (
_ Z/ttn“ (

+ Z /t" ( eAuh,fn+1(7Tn+1¢ - d)))ﬂ

keTn+l

keTFL

eAuh, (bh — (ﬁ)ﬁ + (GVuh, V(gbh — gb))) dt

eAuh,angb — &) + (eVuy, V(in+1¢ — (b))) dt

keTnFL

+(€Vuha an—l-l(ﬂ-n—l—lgb - ¢))) dt
= IIl + IIZ

By Lemma 5.4 and (5.18¢), we have

L] < C3lIh* DyunllolleAdllq < C51/C3 1h Diunllgllello-
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Also, by Lemma 5.5 we have
112 - 0
Thus, we have that

1] < C3/Cs |R* Diunllollelle-

Next, we consider term III: applying the Cauchy—Schwarz inequality, Lemma
5.1 and (5.18a), we have

] < [k Rslloliénlle < CillkRsllollolle
< VT ||kRs|lol| ]l (0,7:22(2)
< CL/OT [[ERs||ollell o,
where
Ry|snir = (Dfun — ([ug]/kng1 +a- Vup)) ko1,

Next, we consider term IV: using Lemma 5.5 and (5.18d), we have

V] < C5llkRylglléllo < C5y/Cs IkRallollelle,

where

Rylsoer = [up]/hnsr = (ui™ — up) /Fnsa.

Next, we consider term V: using the Cauchy—Schwarz inequality, Lemma 5.1
and (5.18a), we get

V| < ||Jf = fllellonlle < Cillf = flloldllo
< CIVT|If = fllolléllz=orir2@)

< CHYCIT|If = flallello-

Next, we consider term VI: using the Cauchy—Schwarz inequality and (5.18a),
we get

VI < luo = w1001 < lluo — w16l = (o.riz2()

< VGt lluo = ui_lllello-

Finally, we consider term VII: using the Cauchy—Schwarz inequality, Lemma
5.1 and (5.18b), we have

VI < [eVunllol Vonllo < ClleVunllaIVello

s [CTa
< Oy = [EVunllqllellq-

We have now proved the main result of this paper:
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Theorem 5.9 Let u and uy, be solutions of (4.1) and (4.8), respectively. If T",
0 <n < M+ 1, satisfies conditions (4.2); then

lellg = [lu — unllq < E(un, b, k, £), (5.19)
where

g‘(Uh, h7 kv f) - g(uhv h7 kv f) + gO(Uﬂau(})zfv h>7
E(un, by k, f) = CillB? Ryl + Co|kRi [l + Csl|h* Ralg
+CyllkRsl|q + Cs||kRallg + Cs||kRslq + Csl| Rell g,

g()(UU,U(,)l_, h) = C7||UU - Ug_”,
and
Rile = [u}]/kns1 +a- Vuy, — eAuy, — f, for v € T",
R2 = D,Zluh,
Rs|gntr = (Dfun — ([up]/knt1 +a- Vup))/knga,

Ry|gner = [ug]/kn1,

R5 = (f - f)/kv
Re = éVuy,
(. _ CIVG _ Civas
1 — - 9 )
€ (6514

Cy = Cg\/ci?f = C%Ci\/aﬁ,

Cy = C5\/C3 = C'/C3 (Ciey + O}/ (26),
Cy = C}\/Ct.T,

Cs = Ci\/C3,

Cy = Cy = C},/C1, T,

Cr = Cls,lv

< CS
Cy = Gy 2.

Remark 5.2 We note that by exploiting the properties of the quasi-interpolation
operator constructed in Section 3, the above a posteriori error estimate was proved
assuming only that the underlying mesh was non-degenerate. Moreover, the term
arising from the artificial diffusion model added to the Lagrange—Galerkin method
can be treated in a much simpler manner than in [16].

Further, we note that the exponents of h and k in the a posteriori error
estimate (5.19) are essentially determined by the strong stability properties of
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the dual problem (5.1), rather than the approximation properties of the finite
element space V": assuming, of course, that the space V" is adequately equipped
so that the order of the approximation error is at least equal to the order of
the highest derivatives of the dual solution that are boundable by the error e.
Here, the temporal discretisation of (4.1) involved a first-order time-stepping
procedure along the characteristics of the reduced (hyperbolic) problem, hence,
the error estimate (5.19) is optimal with respect to k. However, the a posteriori
error estimate (5.19) will only be optimal with respect to h, if the degree of
the approximating polynomial in the spatial variable (denoted by r) is equal
to one, i.e. when wu,(t) is a piecewise linear function. For r > 1 we expect
that the residual of the underlying partial differential equation will decrease
‘faster’ as r increases in order that the improved approximation properties of the
finite element space V" are correctly reflected by (5.19); this will be numerically
investigated in future work.

6 Closing remarks

In this paper we have constructed a quasi-interpolation operator Z based on a
modification of the generalised interpolation operators introduced by Scott &
Zhang [19] and Brenner & Scott [5]. Moreover, we have shown that this operator
is both stable with respect to the LP(2) norm and optimally accurate in the
W™P(Q) semi-norm.

Based on this quasi-interpolation operator we have derived an a posteri-
ori error estimate in the L?(0,T;L?(Q2)) norm for the discontinuity capturing
Lagrange-Galerkin method applied to a linear (unsteady) convection—diffusion
problem. Moreover, this error estimate was established assuming only that the
underlying mesh was non-degenerate. The theory developed in this paper can
equally be applied to problems which lack the regularity needed for an interpolant
to exist. In particular, we have derived a posteriori error estimates for the discon-
tinuity capturing Lagrange—Galerkin discretisation of multi-dimensional scalar
(first—order) hyperbolic equations, see [23].
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