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31 IntroductionThe derivation of a posteriori error estimates for unsteady problems are gener-ally based on assuming that the spatial mesh function h 2 C1(�
) and that thegradient of h is uniformly bounded by a constant �, where � is assumed to besu�ciently small, cf. [10, 11, 15, 16]. Clearly, these conditions do not precludethe use of non-uniform meshes, however, the change in the size of the elements inthe mesh must be very smooth, i.e. so that the change in h is su�ciently smallto guarantee that jrh(x)j � � 8x 2 �
. For practical computations in two orthree space{dimensions, such a restriction on h may be unrealistic.The objective of this paper is to derive an a posteriori error estimate for thediscontinuity capturing Lagrange{Galerkin method under weaker mesh regularityassumptions. To achieve this, the key part of the proof of the error estimaterelies on the de�nition in space of the function �h introduced using the Galerkinorthogonality of the �nite element method. We note that, for a given choice of�h there are essentially two main requirements that must be satis�ed: �rstly,that �h is stable in the L2(
) norm, i.e. there exists a positive constant C,independent of h, such that k�hk � Ck�k: (1.1)Secondly, that the approximation error between the solution of the correspondingdual problem, �, and �h (measured in some appropriate norm) can be boundedlocally on an element � (or on a patch of elements surrounding �), so that thespatial mesh may be non-uniform.In [10, 11, 15, 16], �h is de�ned to be the space{time L2-projection of �.Clearly, this choice automatically satis�es (1.1) with C = 1. However, the spatialprojection error cannot be bounded locally due to the global nature of projectingonto continuous piecewise polynomial functions. Hence, it is �rst necessary tobound the weighted projection error (weighted with powers of h) by the weightedinterpolation error. Then, the latter can be locally estimated on each element� in the mesh. Unfortunately, this process assumes that the weighting factorinside the norm satis�es certain regularity assumptions, which in turn inducethe restrictions on mesh function h.In this paper we propose to de�ne �h to be the L2-projection of � in time, butin space we shall de�ne �h to be a quasi-interpolant of �. This quasi-interpolationoperator will be constructed in such a way that (1.1) will hold, and we shall showthat optimal approximation results hold on local patches surrounding a particularelement domain. Moreover, based on this choice of �h a global a posteriori errorestimate will be established assuming only that the triangulation of the spatialdomain 
 is non-degenerate.The outline of this paper is as follows: in Section 2 we summarise some of thenotational conventions that we shall use. In Section 3 we develop the necessaryquasi-interpolation theory needed for the proceeding a posteriori error analysis.



4In Section 4 we state the model problem to be considered and formulate thediscontinuity capturing Lagrange{Galerkin method for this problem. In Section5 we derive an a posteriori error estimate for our model problem, assuming onlythat the underlying mesh is non-degenerate. Finally, in Section 6 we summarisethe work presented in this paper.2 Notation and basic de�nitionsLet Z denote the set of integers, N the set of positive integers, N0 the set ofnon-negative integers, R the set of real numbers and R+ the set of positive realnumbers.Let ! be a bounded open subset of Rd (d 2 N) with boundary @!. Weshall say that ! is star{shaped with respect to every point in a set of positivemeasure B � !, if for every x 2 B, every y 2 ! and every � 2 [0; 1] we havethat x + �(y � x) 2 !.For 1 � p � 1, let Lp(!) denote the usual Lebesgue space of real-valuedfunctions with norm k �kLp(!). For p = 2 and for u; v 2 L2(!) we denote by (�; �)!the L2(!) inner product de�ned as(u; v)! := Z! u(x)v(x)dx:For ! = 
, where 
 will be speci�ed later, we denote k � kL2(
) by k � k, and (�; �)
by (�; �).Let � = (�1; : : : ; �d), with each �i 2 N0; i = 1; : : : ; d; we writej�j := dXi=1 �i and �! := dYi=1�i!:Further, given a vector x = (x1; : : : ; xd), we writex� = x�11 � x�22 � � �x�dd :Let D� := D�11 : : : D�dd and Dj = @=@xj for 1 � j � d. For m 2 N0, wedenote by Cm(!) the set of all continuous real-valued functions de�ned on !such that D�u is continuous on ! for all j�j � m. Cm(�!) will denote the set ofall u in Cm(!) such that D�u can be extended from ! to a continuous functionon �! for all j�j � m. In particular, when m = 0 we simply write C(�!) insteadof C0(�!). The subspace Cm0 (�!) will denote the set of functions in Cm(�!) whichhave compact support in !.For m 2 N0, let Wm;p(!) denote the classical Sobolev space endowed withthe norm k � kWm;p(!) and the semi-norm j � jWm;p(!) (cf. Adams [1]). Further,



5Wm;p0 (!) will denote the closure of C10 (!) in the norm of Wm;p(!). For p = 2 wewrite Hm(!) and Hm0 (!) for Wm;2(!) and Wm;20 (!), respectively. In addition,the dual space of Hm0 (!) will be denoted by H�m(!).Let X be any of the spaces just de�ned. Then X2 will denote the topologicalproduct X �X.3 Quasi-interpolation theoryQuasi-interpolation operators are generally constructed when the function un-der consideration is not su�ciently smooth to guarantee the existence of theinterpolant; for example, if v 2 H1(
), where 
 is a two{dimensional domain,then pointwise values of v cannot be de�ned and consequently no interpolationis possible, see Bernardi [4], Brenner & Scott [5], Cl�ement [7] and Scott & Zhang[19, 20], for example. The construction of such generalised interpolation opera-tors is usually based on some form of local regularisation of the function. Forinstance, Cl�ement [7] proposed a quasi-interpolation operator based on locallyL2-projecting a function onto the patch of elements surrounding each node in themesh; then pointwise values are obtained by evaluating the projection at eachnode.In this section we shall construct a quasi-interpolation operator ~I based ona modi�cation of the generalised interpolation operators developed by Scott &Zhang [19] and Brenner & Scott [5], Section 4.8. The nodal values will be de�nedby locally averaging the function over an element �; however, as in [7] thesenodal values will be modi�ed in order to �t homogeneous boundary conditions.To establish optimal approximation results for ~I, we shall also need to constructa further quasi-interpolation operator ~I 0. This latter operator will be de�ned ina similar manner as the operator ~I; except that for nodes lying on the boundary@
 of the domain, the nodal values will be obtained by averaging along an edge� such that � � @
.3.1 PreliminariesLet 
 be a connected, open, bounded polygonal domain in R2 with boundary@
. Let T = f�g be an admissible subdivision of 
 into closed triangles �, withcorresponding mesh function h satisfyingc1h2� � meas(�) 8� 2 T ; (3.1a)c2h� � h(x) � h� 8x 2 � 8� 2 T ; (3.1b)where h� = diam(�) and c1 and c2 are positive constants independent of h.
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(a) (b)Figure 1: Examples of the set S� for: (a) � an internal element; (b) � a boundaryelement.Further, we de�ne E = f�g to consist of the set of line segments in R2 whichappear as an edge of some � 2 T .To each � 2 T , we associate the set S�, which we de�ne byS� = interior �[f~� 2 T : ~� \ � 6= ;g� ;see Figure 1, for example. Moreover, for each S�, � 2 T , we assume that S� isstar{shaped with respect to a ball BS� � S�, and that the following conditionshold: c3h~� � h� � c4h~� 8~� 2 S� 8S�; (3.2a)c5h� � radius(BS�) 8S�; (3.2b)diam(S�) � c6h� 8S�; (3.2c)where c3, c4, c5 and c6 are positive constants independent of h. In addition, wede�ne c7 = sup~�2T fcard f� 2 T : ~� 2 S�gg <1: (3.3)We note that each of the constants c3, c4, c5, c6 and c7 will depend on c1,since the mesh conditions (3.2) and (3.3) follow from the fact that T is a non-degenerate triangulation of 
, i.e. that (3.1a) holds.Remark 3.1 Here, we note that the assumption that S� is star{shaped withrespect to a ball BS� is necessary to apply the form of the Bramble{Hilbert lemmastated in Lemma 3.9. However, non-constructive versions of this result, i.e.where a generic constant is given, may be proved without such a condition on thedomain S�, cf. Ciarlet [6], Theorem 3.1.1, for example.



7For r 2 N, we shall consider the following �nite element spacesVh = fv 2 C(
) : vj� 2 Pr(�) 8� 2 T g;Vh0 = fv 2 C0(
) : vj� 2 Pr(�) 8� 2 T g;where Pr(�) denotes the set of polynomials of degree at most r over �.Let Nh = faigLi=1 denote the set of interpolation nodes of T and N inth � Nhthe set consisting of all interior nodes. Further, we let f�igLi=1 denote the set ofnodal basis functions of Vh.We note that by (3.1a), we have a family of Lagrange �nite elements (�;P;�),where P = Pr(�) and � consists of point evaluations at appropriate points(`nodes'). We denote by (�̂; P̂; �̂) the reference/canonical element in x̂ = (�1; �2)plane with vertices (0,0), (1,0) and (0,1). Given any �nite element (�;P;�),where � 2 T , there exists a unique invertible a�ne mappingF (x̂) = Bx̂+ x0; (3.4)i.e. where B is an invertible 2 � 2 matrix and x0 is a vector in R2, such that(�;P;�) and (�̂; P̂; �̂) are a�ne{equivalent �nite elements, cf. Ciarlet [6]. Thee�ects of this change of variable are described in the following lemma.Lemma 3.1 Let � and �̂ be two a�ne{equivalent (closed) simplices in R2. Ifv 2 Wm;p(�) for some m 2 N0 and some p 2 [1;1], then v̂ = v � F belongs toWm;p(�̂), and in addition, there exists a constant Cmap = Cmap(m; p) such that8v 2 Wm;p(�); jv̂jWm;p(�̂) � CmapjBjmjdet(B)j�1=pjvjWm;p(�); (3.5)where B is the matrix occurring in the mapping F de�ned in (3.4) and jBjdenotes the matrix two-norm of B.Analogously, we have8v̂ 2 Wm;p(�̂); jvjWm;p(�) � CmapjB�1jmjdet(B)j1=pjv̂jWm;p(�̂): (3.6)Proof The proof of this lemma may be found in Ciarlet [6], Theorem 3.1.2. We notethat a constructive proof of this lemma, i.e. where the size of the constant Cmap isknown, is presented in [14], Lemma 2.1; there, it was shown that if jBj and jB�1j arereplaced by jBj1 and jB�1j1, respectively, where j � j1 denotes the matrix 1-norm,then Cmap(m; p) = 2 supj�j=m( 2Yk=1 maxj�j=�k �k!�! ) cardn� 2N20 : j�j = mo1+1=p :2 In the following, it will be desirable to evaluate the norm of B�1 in terms oflocal geometric quantities. To this end, we give the following boundjB�1j � h�=meas(�); (3.7)



8cf. [15]. In addition, we observe thatj det(B)j = meas(�)meas(�̂) = 2meas(�): (3.8)Finally, we end this section with the following trace inequality.Lemma 3.2 Let � 2 T , where T satis�es conditions (3.1). If v 2 W 1;1(�), thenthere exists a positive constant Ct such thatZ� jvjds � Ct �Z� jrvjdx+ h�1� Z� jvjdx� ; � � @� 8� 2 T ;where Ct = 4p2 =c1.Proof See [15], Lemma A.1. 23.2 Construction of the quasi-interpolation operator ~IFor each node ai 2 Nh we choose an element domain � such that ai 2 �, and welet �i = �. We note that there may be many such element domains, but we pickjust one. Let us denote by n1 the dimension of Pr(�i). Further, let ai;1 = ai andfai;jgn1j=1 be the set of nodal points in �i. For the nodal basis f�i;jgn1j=1 for �i, wehave the corresponding L2(�i)-dual basis f i;jgn1j=1 de�ned byZ�i  i;j(x)�i;k(x)dx = �jk; for j; k = 1; 2; : : : ; n1; (3.9)where �jk is the Kronecker delta. To simplify notation, we let i =  i;1 8ai 2 Nh:Hence, it follows that for any nodal basis function �j of Vh, we haveZ�i  i(x)�j(x)dx = �ij; for i; j = 1; 2; : : : ; L: (3.10)We now de�ne the quasi-interpolation operator ~I : L1(
)! Vh0 by~Iv(x) = LXi=1 ~Iv(ai)�i(x); (3.11)where ~Iv(ai) = �
(ai) Z�i  i(y)v(y)dy; (3.12)and �
 is the characteristic function for 
, i.e. if ai 2 @
 then ~Iv(ai) � 0.



9Remark 3.2 As an example, we let �i be the canonical element �̂ and f�̂i;jg3j=1be the set of linear basis functions on �̂ given by�̂i;1 = 1� �1 � �2; �̂i;2 = �1; �̂i;3 = �2;then, the corresponding L2(�̂)-dual basis is de�ned as follows: ̂i;1 = �24�1 � 24�2 + 18;  ̂i;2 = 24�1 � 6;  ̂i;3 = 24�2 � 6:We shall now proceed to prove the following results for the quasi-interpolationoperator ~I.Lemma 3.3 The quasi-interpolation operator ~I de�ned in (3.11) is a projectionfrom L1(
) to Vh0 .Proof Suppose that v 2 Vh0 , then using the de�nition of ~I and (3.10) gives, for eachx 2 �
, ~Iv(x) = LXi=1 �
(ai)�i(x) �Z�i  i(y)v(y)dy�= LXi=1 �
(ai)�i(x)24 LXj=1 v(aj) Z�i  i(y)�j(y)dy35= LXi=1 �
(ai)v(ai)�i(x)� v(x);by assumption. 2Lemma 3.4 Let ai 2 Nh, thenk ikL1(�i) � ~C1h�2�i ;where ~C1 = k ̂ikL1(�̂)=(2c1).Proof By de�nition, we haveZ�i  i(x)�j(x)dx = �ij ; for i; j = 1; : : : ; L;cf. (3.10). Further, using the a�ne mapping (3.4), it follows thatZ�̂  i(Bx̂+ x0)�j(Bx̂+ x0)det(B)dx̂ = �ij ; for i; j = 1; : : : ; L:Since �̂j(x̂) = �j(Bx̂+x0), it follows that the corresponding L2(�̂)-dual basis is givenby  ̂i(x̂) = det(B) i(Bx̂+ x0); for i = 1; : : : ; L:



10Using (3.8) and (3.1a), we have thatk ikL1(�i) � 1det(B)k ̂ikL1(�̂)� (2c1)�1h�2�i k ̂ikL1(�̂);as required. 2Lemma 3.5 Let v 2 Lp(
), p 2 [1;1], and let � 2 T , where T satis�es condi-tions (3.1). Then, j~IvjWm;q(�) � ~C2h�m+2=q�2=p� kvkLp(S�);where ~I is de�ned in (3.11),~C2 = Cmap(1=2)2�1=pc�(m+1)1 c2=p4 n1 max1�i�n1 k ̂ikL1(�̂) max1�i�n1 j�̂ijWm;q(�̂);q 2 [1;1] and m 2 N0.Proof Without loss of generality, we assume that the set fai : 1 � i � n1g comprisethe nodal points for the element �. Using the triangle inequality, Lemma 3.1, (3.7),(3.8) and (3.1a), we havej~IvjWm;q(�) � n1Xi=1 j~Iv(ai)jj�ijWm;q(�)� Cmapc�m1 max1�i�n1 j�̂ijWm;q(�̂) h�m+2=q� n1Xi=1 j~Iv(ai)j;for q 2 [1;1] and m 2 N0. Further, using (3.12), H�older's inequality and Lemma 3.4givesj~IvjWm;q(�) � Cmapc�m1 max1�i�n1 j�̂ijWm;q(�̂) h�m+2=q� n1Xi=1 �����
(ai) Z�i  i(y)v(y)dy����� Cmapc�m1 max1�i�n1 j�̂ijWm;q(�̂) h�m+2=q� n1Xi=1 k ikL1(�i)kvkL1(�i)� Cmap ~C 01c�m1 max1�i�n1 j�̂ijWm;q(�̂) h�m+2=q� n1Xi=1 h�2�i kvkL1(�i); (3.13)where ~C 01 = max1�i�n1 k ̂ikL1(�̂)=(2c1).By H�older's inequality, we havekvkL1(�i) � (1=2)1�1=ph2�2=p�i kvkLp(�i); (3.14)for any v 2 Lp(
), p 2 [1;1]. Using (3.14) and (3.2a), (3.13) becomesj~IvjWm;q(�) � Cmap ~C 01(1=2)1�1=pc�m1 max1�i�n1 j�̂ijWm;q(�̂) h�m+2=q� n1Xi=1 h�2=p�i kvkLp(�i)� Cmap ~C 01(1=2)1�1=pc�m1 c2=p4 n1 max1�i�n1 j�̂ijWm;q(�̂) h�m+2=q�2=p� kvkLp(S�);as required. 2



11Corollary 3.6 Let v 2 Lp(
), p 2 [1;1], and suppose that T satis�es condi-tions (3.1). Then, k~IvkLp(
) � C~i1kvkLp(
);where C~i1 = ~C2c1=p7 .Proof Let us suppose that p 2 [1;1), since the proof is greatly simpli�ed in the casep =1. Then, using Lemma 3.5 with m = 0 and q = p, we havek~IvkLp(�) � ~C2kvkLp(S�) 8� 2 T : (3.15)Therefore, raising (3.15) to the power p and summing over � 2 T givesk~IvkpLp(
) � ( ~C2)p X�2T kvkpLp(S�)= ( ~C2)p X�2T X~�2S� kvkpLp(~�)� ( ~C2)pc7 X�2T kvkpLp(�);where c7 is de�ned by (3.3), as required. 23.3 Construction of the quasi-interpolation operator ~I 0In this section we shall construct a further quasi-interpolation operator ~I 0, inorder that optimal approximation results may be established for the operator~I de�ned in the previous section. This operator ~I 0 will not be de�ned for asbroad a class of functions as ~I, since it will be necessary to assume the existenceof a well de�ned trace of the function under consideration. A consequence ofthis assumption is that ~I 0 is not stable in the L2(
) norm, and hence is nota suitable choice of operator for the de�nition of �h in the a posteriori erroranalysis presented in Section 5. It is worth noting that the operator ~I 0 is a specialcase of the quasi-interpolant introduced by Scott & Zhang [19]; moreover, theapproximation results proved in [19] are equally applicable to ~I 0.We construct the operator ~I 0 as follows: for internal nodes, i.e. for ai 2 N inth ,we de�ne ~I 0 in precisely the same manner as ~I, cf. (3.11) and (3.12). However,boundary nodes will be treated in a more natural way; let us �rst recall that Edenotes the set of line segments in R2 which appear as an edge of some � 2 T .If ai 2 @
, then we choose an edge � 2 E such thatai 2 � � @
;and we let �0i = � . Let us denote by n2 the dimension of Pr(�0i). Further, letai;1 = ai and fai;jgn2j=1 be the set of nodal points in � 0i. The set f�i;jgn2j=1 will



12denote the nodal basis for �0i; we note that these nodal basis functions will bethe restrictions to �0i of the corresponding basis functions de�ned on an element�, where �0i � @�.For the nodal basis f�i;jgn2j=1 for �0i, we have the corresponding L2(�0i)-dualbasis f 0i;jgn2j=1 de�ned byZ�0i  0i;j(x)�i;k(x)ds = �jk; for j; k = 1; : : : ; n2:Again, to simplify notation, let 0i =  0i;1 8ai 2 NhnN inth :Hence, it follows thatZ�0i  0i(x)�j(x)ds = �ij; for j = 1; : : : ; L; for i 2 fk : ak 2 NhnN inth g:(3.16)We now de�ne the quasi-interpolation operator ~I 0 : W 1;1(
)! Vh by~I 0v(x) = LXi=1 ~I 0v(ai)�i(x); (3.17)where ~I 0v(ai) = 8><>:R�i  i(y)v(y)dy; if ai 2 N inth ;R�0i  0i(y)v(y)ds; if ai 2 NhnN inth : (3.18)Remark 3.3 Following on from Remark 3.2, if we let �0i be the canonical edge�̂ = (0; 1) and f�̂i;jg2j=1 denote the set of linear basis functions on �̂ given by�̂i;1j�̂ = 1� �1; �̂i;2j�̂ = �1;then, the corresponding L2(�̂ )-dual basis is de�ned by ̂0i;1 = �6�1 + 4;  ̂0i;2 = 6�1 � 2:We shall now proceed to prove the following results for the quasi-interpolationoperator ~I 0.Lemma 3.7 The quasi-interpolation operator ~I 0 de�ned in (3.17) is a projectionfrom W 1;1(
) to Vh, with the property that W 1;p0 (
), p � 1, is mapped to Vh0 .



13Proof Let v 2 Vh; then using (3.10) and (3.16) gives, for each x 2 �
,~I 0v(x) = LXi=1 ~I 0v(ai)�i(x)= Xai2N inth �i(x) Z�i  i(y)v(y)dy + Xai2NhnN inth �i(x) Z�0i  0i(y)v(y)ds= Xai2N inth �i(x)24 LXj=1 v(aj) Z�i  i(y)�j(y)dy35+ Xai2NhnN inth �i(x)24 LXj=1 v(aj) Z�0i  0i(y)�j(y)ds35= Xai2N inth v(ai)�i(x) + Xai2NhnN inth v(ai)�i(x)� v(x):Hence, ~I 0 is a projection from W 1;1(
) to Vh.If v 2 W 1;p0 (
), p � 1, then vj@
 = 0 in L1(@
), i.e. kvkL1(@
) = 0. By choosing�0i � @
 when ai 2 @
 in the de�nition of ~I 0, we deduce thatv 2W 1;p0 (
)) ~I 0v(ai) = 0 8ai 2 NhnN inth : (3.19)2Lemma 3.8 Let ai 2 NhnN inth , thenk 0ikL1(�0i) � ~C3h�1� ;where ~C3 = k ̂0ikL1(�̂)=(2c1), � 2 T is an element such that �0i � @� and �̂ is thecanonical edge (0,1).Proof This proof is omitted, since it is essentially the same as the proof presentedabove for Lemma 3.4. 23.4 Approximation theoryIn this section we shall derive optimal order approximation results for the quasi-interpolation operator ~I. However, before we proceed we �rst need the followingresults.Lemma 3.9 Let ! � Rd be an open bounded set, which is star{shaped withrespect to every point in a set of positive measure B � !. Let p 2 (1;1) and



140 � m � k. If v 2 W k;p(!), then there is a constant CBH = CBH(k;m; p; d) suchthat jv �QkvjWm;p(!) � CBH(diam(!))k�mjvjW k;p(!);whereQkv(y) = 1meas(B) ZB Xj�j<kD�v(x)(y � x)��! dx;CBH = (cardf� : j�j = mg) (diam(!))d=p(meas(B))1=p (k �m)p(p� 1)d1=p !1=pd 0@ Xj�j=k�m(�!)�q1A1=qfor 0 � m < k and CBH = 1 for m = k, !d denotes the measure of the unitsphere in Rd and q is the exponent conjugate to p, i.e. 1=p+ 1=q = 1.Proof This is a slight modi�cation of the result proved by Dur�an [9]; here, we haveadopted a di�erent de�nition for the Wm;p(!) semi-norm. 2Remark 3.4 We note that in the following, we shall apply Lemma 3.9 over thedomain S� � R2, in which case B = BS�. Moreover, using (3.2b) and (3.2c) wemay de�ne the constant CBH for 0 � m < k, as followsCBH = (cardf� : j�j = mg) c2=p6(�c25)1=p (k �m)p(p� 1)21=p !1=p2 0@ Xj�j=k�m(�!)�q1A1=q :Lemma 3.10 Let v 2 W 1;p(
), p 2 [1;1] and let � 2 T , where T satis�esconditions (3.1). Then,j~I 0v � ~IvjWm;p(�) � ~C4 hh1�m� jv � wjW 1;p(S�) + c4h�m� kv � wkLp(S�)i (3.20)8w 2 W 1;p0 (
) and m 2 N0; where~C4 = CmapCt(1=2)1�1=pc�(m+1)1 c4c�2(1�1=p)3 �max� max1�i�n2 k ̂0ikL1(�̂) max1�i��max j�̂ijWm;p(�̂);�max = sup�2T fcard fai 2 � : ai 2 @
gg ;and Ct = 4p2 =c1.Proof This is based on a proof presented by Cl�ement [7]. As in the proof of Lemma3.5, we assume that the set fai : 1 � i � n1g comprises the nodal points for theelement �. Further, we assume that ai 2 @
 for i = 1; 2; : : : ; � and for � < i � n1,ai 62 @
. Here, we assume that � > 0, since otherwise ~Ivj� � ~I 0vj�.



15Using the de�nitions of ~I and ~I 0 (see (3.11) and (3.17), respectively), the triangleinequality and Lemma 3.1, we havej~I 0v � ~IvjWm;p(�) = ������ �Xi=1 ~I 0v(ai)�i������Wm;p(�)� �Xi=1 j~I 0v(ai)jj�ijWm;p(�)� Cmapc�m1 max1�i�� j�̂ijWm;p(�̂) h�m+2=p� �Xi=1 j~I 0v(ai)j: (3.21)Using (3.18), H�older's inequality and Lemma 3.8, we havej~I 0v(ai)j = �����Z�0i  0i(y)v(y)ds������ k 0ikL1(�0i)kvkL1(�0i)� ~C3h�1~� kvkL1(�0i);where ~� is an element such that �0i � @~�; in the following, we label this element �i.Let w 2W 1;p0 (
), thenkwkL1(�0i) = 0) kvkL1(�0i) = kv � wkL1(�0i):Hence, using Lemma 3.2 and H�older's inequality, we havej~I 0v(ai)j � ~C3h�1�i kv � wkL1(�0i)� ~C3Cth�1�i �Z�i jr(v � w)jdx+ h�1�i Z�i jv � wjdx�� 2 ~C3Ct(1=2)1�1=ph1�2=p�i hjv � wjW 1;p(�i) + h�1�i kv � wkLp(�i)i (3.22)8w 2W 1;p0 (
). Hence, substituting (3.22) into (3.21) and using (3.2a) givesj~I 0v � ~IvjWm;p(�) � 2Cmap ~C 03Ct(1=2)1�1=pc�m1 max1�i�� j�̂ijWm;p(�̂) h�m+2=p�� �Xi=1 h1�2=p�i hjv � wjW 1;p(�i) + h�1�i kv � wkLp(�i)i� 2Cmap ~C 03Ct(1=2)1�1=pc�m1 c4c�2(1�1=p)3 � max1�i�� j�̂ijWm;p(�̂) h1�m�� hjv �wjW 1;p(S�) + c4h�1� kv � wkLp(S�)i ;where ~C 03 = max1�i�n2 k ̂0ikL1(�̂)=(2c1), as required. 2We now give the following approximation theorem for the quasi-interpolationoperator ~I.



16Theorem 3.11 Let v 2 W 1;p0 (
) \W k;p(
), for p 2 (1;1) and 1 � k � r + 1,and let T satisfy conditions (3.1). Then, X�2T hp(m�k)� jv � ~IvjpWm;p(�)!1=p � C~ijvjW k;p(
); 0 � m � k;where C~i = ck6c1=p7 �CBH1 c�m6 + ~C2CBH2 + ~C4CBH3 c�16 + ~C4CBH2 c4� ;CBH1 = CBH(k;m; p; 2), CBH2 = CBH(k; 0; p; 2) and CBH3 = CBH(k; 1; p; 2).Proof Let � 2 T , where T satis�es conditions (3.1), and let Qkv 2 Pk�1(S�) be asde�ned in Lemma 3.9, where 1 � k � r + 1. Then, using Lemma 3.7 and the triangleinequality, we have for 0 � m � k,jv � ~IvjWm;p(�) � jv �QkvjWm;p(�) + j~I(Qkv � v)jWm;p(�) + j~I 0Qkv � ~IQkvjWm;p(�)� I + II + III: (3.23)Let us �rst consider term I: using Lemma 3.9 and (3.2c) givesI � jv �QkvjWm;p(S�)� CBH1 ck�m6 hk�m� jvjW k;p(S�); 0 � m � k: (3.24)Next, consider term II: using Lemma 3.5, Lemma 3.9 and (3.2c) givesII � ~C2h�m� kQkv � vkLp(S�)� ~C2CBH2 ck6hk�m� jvjW k;p(S�); 0 � m � k: (3.25)Finally, consider term III: using Lemma 3.10, we haveIII � ~C4h1�m� jQkv � wjW 1;p(S�) + ~C4c4h�m� kQkv � wkLp(S�) (3.26)8w 2W 1;p0 (
), 0 � m � k. Choosing w = v in (3.26) and applying Lemma 3.9 (alongwith (3.2c)) to each of the terms on the right{hand side yieldsIII � � ~C4CBH3 ck�16 + ~C4CBH2 c4ck6�hk�m� jvjW k;p(S�); 0 � m � k: (3.27)If we now substitute (3.24), (3.25) and (3.27) into (3.23), then proceeding as in theproof of Corollary 3.6 gives the desired result. 2Corollary 3.12 Let v 2 W 1;p0 (
) \W k;p(
), for p 2 (1;1) and 1 � k � r + 1,and let T satisfy conditions (3.1). Then,j~IvjW k;p(
) � C~i2jvjW k;p(
);where C~i2 = 1 + C~i.



17Proof This result follows by letting m = k in Theorem 3.11 and applying the triangleinequality. 2Remark 3.5 We note that the above results can be extended to include bothdomains 
 � Rd, d � 2, and �nite element spaces of the form fv 2 Vh : vj� = 0g,where � � @
, provided that the triangulation (subdivision) of 
 matches �appropriately.
4 Model problem and discretisationGiven a �nal time T > 0, we shall consider the following unsteady convection{di�usion problem: given that f 2 L2(0; T ;H�1(
)) and u0 2 L2(
), �nd u suchthat: ut + a �ru� ��u = f; x 2 
; t 2 (0; T ]; (4.1a)u(�; t) = 0; x 2 @
; t 2 [0; T ]; (4.1b)u(x; 0) = u0(x); x 2 
; (4.1c)where 
 is a bounded convex polygonal domain in R2 with boundary @
. Fur-ther, we assume that the di�usion coe�cient � > 0, the velocity vector a lies inthe function space C([0; T ];C10(�
)2) and that a is incompressible, i.e.r � a = 0 8x 2 
; t 2 (0; T ):In this section we shall formulate the discontinuity capturing Lagrange{Galerkin method for problem (4.1). However, we �rst need to introduce thefollowing notation.Let 0 = t0 < t1 < : : : < tM < tM+1 = T be a subdivision (not necessarilyuniform) of [0; T ], with corresponding time intervals In = (tn�1; tn] and timesteps kn = tn� tn�1. For each n, 0 � n �M + 1, let T n = f�g be an admissiblesubdivision of 
 into closed triangles �, with corresponding mesh function hnsatisfying the conditions c1h2� � meas(�) 8� 2 T n; (4.2a)c2h� � hn(x) � h� 8x 2 � 8� 2 T n; (4.2b)where h� = diam(�) and c1 and c2 are positive constants independent of hn.Further, h is assumed to be the global mesh function de�ned by h(x; t) = hn(x),for (x; t) 2 
 � In and we de�ne the corresponding time step function k = k(t)by k(t) = kn; t 2 In.



18 For some n 2 N0, we associate with T n the set En = f�g consisting of thoseline segments in R2 which appear as an edge of some � 2 T n. We also denoteby Eni , those � in En which are interior to �
 (i.e. not part of @
).Let Sn = 
� In; for r 2 N and s 2 N0 we de�ne the following �nite elementspaces Shn = fv 2 C0(
) : vj� 2 Pr(�) 8� 2 T ng;V hn = fv : v(x; t)jSn = sXj=0 tjvj; vj 2 Shng;V h = fv : v(x; t)jSn 2 V hn; n = 1; : : : ;M + 1g:As in [15, 16] we shall let s = 0; however, here it will not be necessary to restrictthe size of r. We note that if v 2 V h, then v is continuous in space at any time,but may be discontinuous in time at the discrete time levels tn. To account forthis, we introduce the notationvn� := lims!0+ v(tn � s) and [vn] := vn+ � vn�:In addition, for each edge � 2 Eni , let n� denote the unit normal to � in theoutward direction to �, and de�ne for v 2 Shn (for some n 2 N0)," @v@n� # = lims!0+(rv(x+ sn� )�rv(x� sn� )) � n� ; x 2 �;that is, [@v=@n� ] is the jump across � in the normal component of rv. Finally,we introduce the discrete second derivativesD2hvj� = X�2@�\Eni 




" @v@n� #




L1(�) 1h� ; � 2 T n; (4.3a)�D2hvj� = X�2@�\En 




" @v@n� #




L1(�) 1h� ; � 2 T n; (4.3b)and in (4.3b) we de�ne rv(x+ sn� ) = 0 if � 2 @
.To construct the Lagrange{Galerkin method, we �rst de�ne the particle tra-jectories (or characteristics) associated with problem (4.1): the path of a particlelocated at position x 2 �
 at time s 2 [0; T ] is de�ned as the solution of the initialvalue problem ddtX(x; s; t) = a(X(x; s; t); t);X(x; s; s) = x:The Lagrange{Galerkin method makes use of the material derivative Dtu,which is de�ned, for u smooth enough, as follows:Dtu(x; t) := ddtu(X(x; s; t); t) js=t



19= @@tu(x; t) + a(x; t) �ru(x; t) 8x 2 
; t 2 (0; T ):Hence, using the material derivative, equation (4.1a) may be rewritten in thefollowing (weak) form: �nd u(t) 2 V , such that(Dtu(�; t); v) + (�ru(�; t);rv) = (f(�; t); v) 8v 2 V;(u(�; 0); v) = (u0(�); v) 8v 2 V;where V = H10 (
) and, for the sake of simplicity, we shall assume that f 2C([0; T ];L2(
)). The Lagrange{Galerkin time{discretisation involves approxi-mating the material derivative by a divided di�erence operator. The simplestappropriate discretisation is the backward Euler method, giving for n = 0; : : : ;M : u(�; tn+1)� u(X(�; tn+1; tn); tn)kn+1 ; v!+(�ru(�; tn+1);rv) � (f(�; tn+1); v) 8v 2 V; (4.6a)(u(�; 0); v) = (u0(�); v) 8v 2 V: (4.6b)If we now de�ne unh to be the Galerkin �nite element approximation to u(�; tn)at time tn; then applying the �nite element method to (4.6) yields the Lagrange{Galerkin discretisation of (4.1) as follows: �nd un+1h 2 Shn+1 for 0 � n � M suchthat  un+1h � unh(X(�; tn+1; tn))kn+1 ; v!+(�run+1h ;rv) = (fn+1; v) 8v 2 Shn+1; (4.7a)(u0h; v) = (u0; v) 8v 2 Sh0; (4.7b)where fn+1(�) := f(�; tn+1). This is the same approach as that used by Bercovieret al. [2, 3, 13], Douglas & Russell [8], Lesaint [17], Pironneau [18] and S�uli [21,22].Further, integrating (4.7) with respect to t over In+1 and adding an arti�cialdi�usion term, we obtain the discontinuity capturing Lagrange{Galerkin method:�nd uh such that, for n = 0; 1; : : : ;M , uhjSn+1 2 V hn+1 and satis�es(Dht uh; v)n+1 + ((� + �̂)ruh;rv)n+1 = ( �f; v)n+1 8v 2 V hn+1; (4.8a)(u0h�; v) = (u0; v) 8v 2 Sh0; (4.8b)whereDht uhjSn+1 := (uh�(X(x; tn+1; tn+1); tn+1)� uh�(X(x; tn+1; tn); tn))=kn+1;



20�f jSn+1 := f(�; tn+1), and for v; w 2 L2(In+1;L2(
)), we have used the notation(v; w)n+1 := Z tn+1tn (v; w)dt:Furthermore, �̂ = Fh(uh; h) and, in the case r = 1, Fhj� for � 2 T n+1 is de�nedas follows: Fh(uh; h)j� = max(C �̂1h3 �D2h�unh � �; C �̂2h3 �D2hunh � �; 0);where �unh = uh(X(x; tn+1; tn); tn) and C �̂1, C �̂2 are positive constants, cf. [16];for r > 1 we have not studied the choice of a suitable arti�cial di�usion modelFh(uh; h).5 A posteriori error analysisIn this section we shall derive an a posteriori estimate for the error e = u �uh, in the L2(0; T ;L2(
)) norm, where u and uh are the solutions of (4.1) and(4.8), respectively. However, before we proceed, we �rst introduce the followingnotation: for v; w 2 L2(0; T ;L2(
)) we de�ne(v; w)Q := MXn=0 Z tn+1tn (v; w)dt;kvkQ := ((v; v)Q)1=2 ;where Q := 
� (0; T ).5.1 Error representationThe (backward) dual problem takes the form: �nd � such that��t �r � (a�)� ��� = e � u� uh; x 2 
; t 2 [0; T ); (5.1a)�(�; t) = 0; x 2 @
; t 2 [0; T ]; (5.1b)�(x; T ) = 0; x 2 
: (5.1c)We shall now proceed to prove the following error representation: multiplying(5.1a) by e and integrating by parts in both space and time, we getkek2Q = MXn=0 Z tn+1tn (e;��t �r � (a�)� ���)dt



21= MXn=0 Z tn+1tn (et + a �re; �)dt+ MXn=0 Z tn+1tn (�re;r�)dt� MXn=0([unh]; �(tn)) + (u0 � u0h�; �(0))= MXn=0 Z tn+1tn (f � a �ruh; �)dt� MXn=0 Z tn+1tn (�ruh;r�)dt� MXn=0([unh]; �(tn)) + (u0 � u0h�; �(0));where we have used (4.1a). If we now let �h 2 V h, then using (4.8) we havekek2Q = MXn=0 Z tn+1tn X�2T n+1([unh]=kn+1 + a �ruh � ��uh � f; �h � �)� dt+ MXn=0 Z tn+1tn 0@ X�2T n+1(��uh; �h � �)� + (�ruh;r(�h � �))1Adt+ MXn=0 Z tn+1tn (Dht uh � ([unh]=kn+1 + a �ruh); �h)dt+ MXn=0 Z tn+1tn ([unh]=kn+1; �� �(tn))dt+ MXn=0 Z tn+1tn (f � �f; �h)dt+(u0 � u0h�; �(0)) + MXn=0 Z tn+1tn (�̂ruh;r�h)dt� I + II + III + IV + V + VI + VII 8�h 2 V h: (5.2)Remark 5.1 We note that for r 2 N, we must include the term ��uh in termsI and II of the error representation formula (5.2), since if r > 1 then �uhj� maynot be zero.5.2 Interpolation/projection estimates for the dual prob-lemWe shall now choose �h 2 V h in (5.2) to be the quasi-interpolant of � in spaceand the L2-projection of � in time, i.e. we �rst de�ne the operators~In : L1(
) ! Shn;�n : L2(In) ! P0(In);in space and in time, by (3.11) andZ tntn�1(�n�� �)vdt = 0 8v 2 P0(In);



22respectively. Then, we de�ne (locally) �hjSn 2 V hn by letting�hjSn = ~In�n� = �n~In� 2 V hn;where � = �jSn. Further, we introduce ~I and � by(~I�)jSn = ~In(�jSn); (5.3a)(��)jSn = �n(�jSn); (5.3b)then we let �h 2 V h be �h = ~I�� = �~I� 2 V h: (5.4)Based on this de�nition of �h, we give the following result.Lemma 5.1 Suppose that T n satis�es conditions (4.2) for n = 0; 1; : : : ;M + 1.If �h is de�ned by (5.4), then k�hkQ � C~i1k�kQ; (5.5a)kr�hkQ � C~i2kr�kQ: (5.5b)Proof The estimate (5.5a) follows from Corollary 3.6 and the properties of the pro-jection operator �. Similarly, estimate (5.5b) follows from Corollary 3.12. 2We now give the following error estimates for the operators ~I and � in orderto estimate �� �h = �� ~I��. However, we �rst require the following result.Lemma 5.2 Suppose that 
 is a bounded convex polygonal domain in R2; thenjvjH2(
) � k�vk 8v 2 H10 (
) \H2(
): (5.6)Proof See Grisvard [12], Theorem 2.2.1 on p. 43; also, see [15], Lemma 4.2. 2Lemma 5.3 Suppose that n 2 N0 and T n satis�es conditions (4.2). If v 2H10 (
) \H2(
), then there exists positive constants C~i3 and C~i4 such that X�2T n h�4� kv � ~Invk2L2(�)!1=2 � C~i3jvjH2(
); X�2T n h�2� jv � ~Invj2H1(�)!1=2 � C~i4jvjH2(
);respectively.Proof These bounds follow from Theorem 3.11. 2



23Lemma 5.4 Suppose that R 2 L2(0; T ;L2(
)) and v 2 V h thenj(R; ~I�� �)Qj � C ~p1kh2RkQk��kQ; (5.7a)������ MXn=0 Z tn+1tn 0@ X�2T n+1(��v; ~In+1�� �)� + (�rv;r(~In+1�� �))1Adt������� C ~p2kh2D2hvkQk���kQ; (5.7b)where C ~p1 = C~i3c�22 , C ~p2 = Ct(C~i3c�12 + C~i4)=(2c22) and Ct = 4p2=c1.Proof First, we consider (5.7a): using the Cauchy{Schwarz inequality, we getj(R; ~I�� �)Qj � kh2RkQkh�2(~I�� �)kQ:By de�nition, we have thatkh�2(~I�� �)kQ =  MXn=0 Z tn+1tn kh�2n+1(~In+1�� �)k2dt!1=2 : (5.8)Using (4.2b), Lemma 5.3 and Lemma 5.2, we havekh�2n+1(~In+1�� �)k2 � X�2T n+1 c�42 h�4� k~In+1�� �k2L2(�)� (C~i3)2c�42 j�j2H2(
)� (C~i3)2c�42 k��k2: (5.9)Substituting (5.9) into (5.8) gives the desired result.Next, we consider (5.7b): �rst, let A denote the left{hand side of (5.7b) inside themodulus signs and let � = ~I�� �. Then, by integrating by parts in space, we haveA = MXn=0 Z tn+1tn 0@ X�2T n+1(��v; �)� + X�2T n+1 �Z@� � @v@n��ds� (��v; �)��1Adt= MXn=0 Z tn+1tn 0B@ X�2T n+10B@ X�2@�\En+1i �2 Z� � @v@n� � �ds1CA1CAdt:Using H�older's inequality and the trace inequality (cf. Lemma 3.2), we havejAj � MXn=0 Z tn+1tn 0B@ X�2T n+10B@ X�2@�\En+1i �2 



� @v@n� �



L1(�) Z� j�jds1CA1CAdt� MXn=0 Z tn+1tn 0@ X�2T n+1 Ct �2D2hv Z� (h�jr�j+ j�j) dx1Adt;



24where we have used the above notation. Further, using (4.2b) and the Cauchy{Schwarzinequality we havejAj � 12Ctc�12 kh2D2hvkQk�(h�1jr�j+ h�2j�j)kQ: (5.10)Let us now consider the second term on the right{hand side of (5.10): using the triangleinequality, we havek�(h�1jr�j+ h�2j�j)kQ � k�h�1r�kQ + k�h�2�kQ� I + II:In the �rst part of this lemma, we have already proved thatII � C ~p1k���kQ: (5.11)Let us now consider term I: by de�nition, we havek�h�1r�kQ = � MXn=0 Z tn+1tn kh�1n+1r�k2dt!1=2 : (5.12)Using (4.2b), Lemma 5.3 and Lemma 5.2, we havekh�1n+1r�k2 � X�2T n+1 c�22 h�2� kr(~In+1�� �)k2L2(�)� (C~i4)2c�22 j�j2H2(
)� (C~i4)2c�22 k��k2: (5.13)Substituting (5.13) into (5.12) and using (5.11) givesk�(h�1jr�j+ h�2j�j)kQ � �C ~p1 + C~i4c�12 � k���kQ;which proves the lemma. 2Lemma 5.5 Suppose that R 2 L2(0; T ;L2(
)) and v 2 V h thenj(R; ~I(��� �))Qj � C ~p3kkRkQk�tkQ;����� MXn=0 Z tn+1tn (R; �n � �)dt����� � Ci5kkRkQk�tkQ;(�rv;r~I(��� �))Q = 0;MXn=0 Z tn+1tn 0@ X�2T n+1(��v; ~In+1(�n+1�� �))�1Adt = 0;where C ~p3 = C~i1Ci4, Ci4 = 1=p2, Ci5 = 1 and �n = �(x; tn).Proof This is a slight generalisation of Lemma 4.6 proved in [15]. 2



255.3 Strong stability of the dual problemThis section summarises the strong stability estimates for the solution � of thedual problem (5.1) in terms of the forcing function e (see [14, 15] for details).Lemma 5.6 Let � be the solution of (5.1); then there is a constant Cs1 =Cs1(T;
; �) such thatk�k2L1(0;T ;L2(
)) + k�1=2r�k2Q � Cs1kek2Q; (5.15)where Cs1 = 2minfc2�=�; eTg and c� = c�(
).Lemma 5.7 Let � be the solution of (5.1); then there is a constant Cs2 =Cs2(T;
; a; �) such thatk�1=2r�k2L1(0;T ;L2(
)) + k���k2Q � Cs2kek2Q; (5.16)where Cs2 = 4minnexp �2kak2L2(0;T ;L1(
))=�� ; �1 + Cs1kak2L1(0;T ;L1(
))=��o andCs1 is as de�ned in Lemma 5.6.Lemma 5.8 Let � be the solution of (5.1); then there is a constant Cs3 =Cs3(T;
; a; �) such thatk�tk2Q + k�1=2r�(0)k2 � Cs3kek2Q; (5.17)where Cs3 = �2 + 2minnCs1kak2L1(0;T ;L1(
))=�; Cs2kak2L2(0;T ;L1(
))=�o�, and Cs1 andCs2 are as de�ned in Lemma 5.6 and Lemma 5.7, respectively.In practice, the strong stability constants (factors) Cs1 , Cs2 and Cs3 are com-puted numerically. Hence, for e�ciency it is desirable to bound only the termson the left{hand sides of (5.15)-(5.17) required in the error analysis by kekQ.For this purpose, we shall rede�ne the strong stability factors to be the smallestconstants which satisfy the following bounds,k�k2L1(0;T ;L2(
)) � Cs1;1kek2Q; (5.18a)k�1=2r�k2Q � Cs1;2kek2Q; (5.18b)k���k2Q � Cs2kek2Q; (5.18c)k�tk2Q � Cs3kek2Q: (5.18d)



265.4 Completion of the proof of the a posteriori errorestimateWe shall now proceed to estimate the terms I-VII on the right{hand side of (5.2).For the �rst term I, we haveI = MXn=0 Z tn+1tn X�2T n+1([unh]=kn+1 + a �ruh � ��uh � f; �h � �)� dt� (R1; �h � �)Q= (R1; ~I�� �)Q + (R1; ~I(��� �))Q� I1 + I2;where ~I and � are as de�ned by (5.3), andR1j� = [unh]=kn+1 + a �ruh � ��uh � f; for � 2 T n+1:By Lemma 5.4 and (5.18c), we havejI1j � C ~p1kh2R1kQk��kQ � C ~p1pCs2� kh2R1kQkekQ:Similarly, using Lemma 5.5 and (5.18d), we havejI2j � C ~p3kkR1kQk�tkQ � C ~p3qCs3 kkR1kQkekQ:Hence, jIj � C ~p1pCs2� kh2R1kQkekQ + C ~p3qCs3 kkR1kQkekQ:Analogously, we haveII = MXn=0 Z tn+1tn 0@ X�2T n+1(��uh; �h � �)� + (�ruh;r(�h � �))1Adt= MXn=0 Z tn+1tn 0@ X�2T n+1(��uh; ~In+1�� �)� + (�ruh;r(~In+1�� �))1Adt+ MXn=0 Z tn+1tn 0@ X�2T n+1(��uh; ~In+1(�n+1�� �))�+(�ruh;r~In+1(�n+1�� �))�dt� II1 + II2:By Lemma 5.4 and (5.18c), we havejII1j � C ~p2kh2D2huhkQk���kQ � C ~p2qCs2 kh2D2huhkQkekQ:



27Also, by Lemma 5.5 we have II2 = 0:Thus, we have that jIIj � C ~p2qCs2 kh2D2huhkQkekQ:Next, we consider term III: applying the Cauchy{Schwarz inequality, Lemma5.1 and (5.18a), we havejIIIj � kkR3kQk�hkQ � C~i1kkR3kQk�kQ� C~i1pT kkR3kQk�kL1(0;T ;L2(
))� C~i1qCs1;1T kkR3kQkekQ;where R3jSn+1 = (Dht uh � ([unh]=kn+1 + a �ruh))=kn+1:Next, we consider term IV: using Lemma 5.5 and (5.18d), we havejIVj � Ci5kkR4kQk�tkQ � Ci5qCs3 kkR4kQkekQ;where R4jSn+1 = [unh]=kn+1 = (un+1h � unh)=kn+1:Next, we consider term V: using the Cauchy{Schwarz inequality, Lemma 5.1and (5.18a), we getjVj � kf � �fkQk�hkQ � C~i1kf � �fkQk�kQ� C~i1pT kf � �fkQk�kL1(0;T ;L2(
))� C~i1qCs1;1T kf � �fkQkekQ:Next, we consider term VI: using the Cauchy{Schwarz inequality and (5.18a),we get jVIj � ku0 � u0h�kk�(0)k � ku0 � u0h�kk�kL1(0;T ;L2(
))� qCs1;1 ku0 � u0h�kkekQ:Finally, we consider term VII: using the Cauchy{Schwarz inequality, Lemma5.1 and (5.18b), we havejVIIj � k�̂ruhkQkr�hkQ � C~i2k�̂ruhkQkr�kQ� C~i2sCs1;2� k�̂ruhkQkekQ:We have now proved the main result of this paper:



28Theorem 5.9 Let u and uh be solutions of (4.1) and (4.8), respectively. If T n,0 � n �M + 1, satis�es conditions (4.2); thenkekQ = ku� uhkQ � �E(uh; h; k; f); (5.19)where �E(uh; h; k; f) = E(uh; h; k; f) + E0(u0; u0h�; h);E(uh; h; k; f) = C1kh2R1kQ + C2kkR1kQ + C3kh2R2kQ+C4kkR3kQ + C5kkR4kQ + C6kkR5kQ + C8kR6kQ;E0(u0; u0h�; h) = C7ku0 � u0h�k;and R1j� = [unh]=kn+1 + a �ruh � ��uh � f; for � 2 T n+1;R2 = D2huh;R3jSn+1 = (Dht uh � ([unh]=kn+1 + a �ruh))=kn+1;R4jSn+1 = [unh]=kn+1;R5 = (f � �f)=k;R6 = �̂ruh;C1 = C ~p1pCs2� = C~i3pCs2c22� ;C2 = C ~p3qCs3 = C~i1Ci4qCs3 ;C3 = C ~p2qCs2 = CtqCs2 (C~i3c�12 + C~i4)=(2c22);C4 = C~i1qCs1;1T ;C5 = Ci5qCs3;C6 = C4 = C~i1qCs1;1T ;C7 = qCs1;1;C8 = C~i2sCs1;2� :Remark 5.2 We note that by exploiting the properties of the quasi-interpolationoperator constructed in Section 3, the above a posteriori error estimate was provedassuming only that the underlying mesh was non-degenerate. Moreover, the termarising from the arti�cial di�usion model added to the Lagrange{Galerkin methodcan be treated in a much simpler manner than in [16].Further, we note that the exponents of h and k in the a posteriori errorestimate (5.19) are essentially determined by the strong stability properties of



29the dual problem (5.1), rather than the approximation properties of the �niteelement space V h; assuming, of course, that the space V h is adequately equippedso that the order of the approximation error is at least equal to the order ofthe highest derivatives of the dual solution that are boundable by the error e.Here, the temporal discretisation of (4.1) involved a �rst{order time{steppingprocedure along the characteristics of the reduced (hyperbolic) problem, hence,the error estimate (5.19) is optimal with respect to k. However, the a posteriorierror estimate (5.19) will only be optimal with respect to h, if the degree ofthe approximating polynomial in the spatial variable (denoted by r) is equalto one, i.e. when uh(t) is a piecewise linear function. For r > 1 we expectthat the residual of the underlying partial di�erential equation will decrease`faster' as r increases in order that the improved approximation properties of the�nite element space V h are correctly re
ected by (5.19); this will be numericallyinvestigated in future work.6 Closing remarksIn this paper we have constructed a quasi-interpolation operator ~I based on amodi�cation of the generalised interpolation operators introduced by Scott &Zhang [19] and Brenner & Scott [5]. Moreover, we have shown that this operatoris both stable with respect to the Lp(
) norm and optimally accurate in theWm;p(
) semi-norm.Based on this quasi-interpolation operator we have derived an a posteri-ori error estimate in the L2(0; T ;L2(
)) norm for the discontinuity capturingLagrange{Galerkin method applied to a linear (unsteady) convection{di�usionproblem. Moreover, this error estimate was established assuming only that theunderlying mesh was non-degenerate. The theory developed in this paper canequally be applied to problems which lack the regularity needed for an interpolantto exist. In particular, we have derived a posteriori error estimates for the discon-tinuity capturing Lagrange{Galerkin discretisation of multi-dimensional scalar(�rst{order) hyperbolic equations, see [23].
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