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Abstract

In this thesis, we present a collection of newly obtained results concern-
ing the existence of vanishing viscosity solutions to the one-dimensional
compressible Euler equations of gas dynamics, with and without geomet-
ric structure. We demonstrate the existence of such vanishing viscosity
solutions, which we show to be entropy solutions, to the transonic nozzle
problem and spherically symmetric Euler equations in Chapter 4, in both

cases under the simple and natural assumption of relative finite-energy.

In Chapter 5, we show that the viscous solutions of the one-dimensional
compressible Navier-Stokes equations converge, as the viscosity tends to
zero, to an entropy solution of the Euler equations, again under the as-
sumption of relative finite-energy. In so doing, we develop a compactness
framework for the solutions and approximate solutions to the Euler equa-

tions under the assumption of a physical pressure law.

Finally, in Chapter 6, we consider the Euler equations in special relativity,
and show the existence of bounded entropy solutions to these equations. In
the process, we also construct fundamental solutions to the entropy equa-
tions and develop a compactness framework for the solutions and approxi-

mate solutions to the relativistic Euler equations.
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Chapter 1

Introduction

1.1 The Euler equations

The Euler equations of compressible fluid dynamics, a system of partial differential
equations, have been a source of mathematical and physical interest since the formula-
tion of the conservation of mass equation by Euler in the 1750s. The equations are the
conservation of mass, momentum and energy for the motion of a compressible fluid,

and form an archetypal system for the theory of (hyperbolic) conservation laws.

This thesis is concerned with the existence of solutions to these equations in both
classical Newtonian space-time and the Minkowski space-time of special relativity, in
both cases under the assumption that the flow is isentropic (i.e. that the entropy remains
constant - hence the system is reduced to the conservation of mass and momentum only)
and admits certain symmetries, allowing for the reduction of the equations to a system

in one spatial dimension, with or without source terms.

The isentropic Euler equations for a compressible fluid in R™ are a system of n + 1

conservation laws,

Op + divy, m = 0,
Oym + div, (BER) + Vyp = 0,
where p : R; X R™ — R is the density of the fluid (and hence p > 0), m : Ry x R” — R”
is its momentum, and the scalar function p : R4 X R™ — R is the pressure. We write

R4+ = (0, 00) throughout.
We consider the Cauchy problem for the Euler equations by imposing initial data:

(p, m)|t=0 = (po, mo).



To close the system, the pressure is assumed to be determined by an equation of state.
In this thesis, we make the usual assumption of a barotropic gas, so that the pressure
is determined directly from the density, i.e. p = p(p). A frequently used pressure law
(equation of state) for a barotropic fluid is that of a gamma-law gas, or polytropic gas,
given by the relation

p(p) = Kp’,

for constants v > 1 and k > 0. In the case v = 1, the fluid is said to be isothermal.
We note that, by scaling the equations, the constant x > 0 may be freely chosen. This
pressure is often considered to be a good model for the pressure law for physical gases
when the density is small (and hence in the context of bounded solutions). Indeed, one
expects physically that v should be in the range (1, 3], with 4 = 5/3 for a monatomic
gas. However, at high densities, one expects that the pressure will grow linearly with the
density. We will be able to handle such physical pressures (approximately a ~-law for
small density and of linear growth for high density) in certain contexts, and throughout

this thesis will make precise the assumptions on the pressure in each section.

Under certain symmetries of the solution, the system may be reduced to a system in

one spatial dimension. Such symmetries include:

e Planar symmetry, where the solution depends only on the time ¢ and a single

Cartesian spatial coordinate x;

e Spherical symmetry, where the solution depends only on ¢ and the radial distance

r = |x| to a fixed origin;

e Transonic nozzle flow, where we suppose that the fluid is constrained to a pipe of

varying cross-sectional area A(x), where the solution depends only on ¢ and x.

Most of the current literature concerning one-dimensional Euler equations concerns the
simplest case, i.e. planar symmetry. Inspired by this work, in this thesis, we consider
first the more general situations of transonic nozzle flows and spherical symmetry and
give a new result of existence of solutions to these systems in Chapter 4. We then
return to the planar symmetric case in Chapter 5 to analyse the vanishing viscosity
limit from the Navier-Stokes equations, a problem which falls outside the scope of the
usual methods for the planar symmetric case. We prove that, under the assumption of
a physical pressure law, as described above, the solutions of the Navier-Stokes equa-

tions can be shown to converge to the corresponding solutions of the Euler equations



under reasonable assumptions on the initial data. Such convergence was previously
known only in the case of a gamma-law gas and so this result represents a new exten-
sion. Finally, in Chapter 6, we provide a new existence result for the relativistic Euler
equations, the counterpart of the planar symmetric equations in the setting of special
relativity, and show that the obtained solutions converge to solutions of the classical
Euler equations in the so-called Newtonian limit, i.e. as the speed of light converges to
infinity. A summary of these results and their statements is given in §1.1.1-§1.1.3, but
before we give these details, we first provide an introduction to the existing literature

for the planar symmetric case.

In the case of planar symmetry, the isentropic compressible Euler equations become

Bup + Bym = 0
{Wr zth = (1.1.1)

am + 0, (" + p(p)) = 0.

We introduce initial data in order to consider the Cauchy problem for system (1.1.1):

<p7 m)(07 l‘) = (P[L mo)(az)

For details on the analysis and history of this system, we refer the reader to [4, 8, 12,
16, 18, 24, 26, 52, 53, 61, 67, 72] and Chapter 2 of this thesis. In the rest of this section,

we provide a preliminary discussion based on these references.

By writing u for the velocity, so that m = pu, the Euler equations read

{athr&p(pU) =0, (1.1.2)

A (pu) + 0z (pu® + p(p)) = 0.

As the Euler equations form a non-linear system of conservation laws (which is strictly
hyperbolic when p/(p) > 0), we expect that solutions will form discontinuities in finite
time even for smooth initial data. We therefore look not just for weak (distributional)

solutions, but for entropy solutions, defined in the following.
We first write the Fuler equations as a system of conservation laws,
U+ FU), =0,

where U = (p,m)", F(U) = (m, ’%2 +p(p))T. This system is strictly hyperbolic when
P'(p) > 0 and the characteristic fields are genuinely non-linear when pp” (p)+2p/(p) > 0.
Throughout this thesis, we will always assume p’(p) > 0 for p > 0.



A pair of functions (n,q) : R2 — R? is called an entropy/entropy-flux pair (or entropy

pair for short) for a system of hyperbolic conservation laws of this form if
Vq(U) =VnU)VF(U).

For the Euler equations, an entropy pair (7, q) is called a weak entropy pair if n(p, m)
vanishes on the set {p = 0}. An entropy solution of the Euler equations is then a

distributional solution of system (1.1.1) satisfying

n(p,m)e + q(p,m)e <0
in the sense of distributions for all weak entropy pairs (7, ¢) such that n(p, m) is convex.

The first result concerning the existence of entropy solutions to the Cauchy problem
for the one-dimensional system of isentropic Euler equations (1.1.1) for a y-law gas was

given in 1983 by DiPerna [24] via the introduction of the compensated compactness
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in Chen [3] and Ding, Chen and Luo [20] through the introduction of sophisticated esti-

method. The existence of entropy solutions for the interval v € (1, 3] was established
mates, enabling the application of the compensated compactness method with entropy
analysis techniques, involving fractional derivatives and the Hilbert transform. With a
new key insight that the entropy/entropy-flux pairs in the reduction of Young measures
governed by the Tartar commutation relation can be replaced by the entropy/entropy-
flux kernels, a reduction technique was developed to establish the existence of entropy
solutions by Lions, Perthame and Tadmor [52] for the case v > 3, and by Lions,
Perthame and Souganidis [53] for the case v € (3,3).

Convergence of various approximation schemes to entropy solutions of the isentropic
Fuler equations with general L initial data have been shown. Chen and Ding, Chen
and Luo showed convergence of the Lax-Friedrichs scheme [3, 4, 20] and the Godunov
scheme [21]; DiPerna [24] and Lions, Perthame and Souganidis [53] showed convergence

of the vanishing viscosity method.

In Chen and LeFloch [8], the existence of entropy solutions to the Euler equations for
a general class of pressure laws was demonstrated for bounded initial data, requiring
the pressure to be such that the system is strictly hyperbolic with genuinely non-linear

characteristic fields, as well as the assumption

plp) = rp" (1 + P(p)), (11.3)

where P(p) — 0 as p — 0 quantifiably, so that the pressure is approximately a ~y-law.



The broad approach taken was to construct a sequence of approximate solutions (via,
for example, the introduction of artificial viscosity), and then to apply the theory of
compensated compactness to pass to a strong limit of the approximate solutions. This
application of compensated compactness relied heavily on the existence of an invariant
region for the equations, giving uniform bounds on the approximate solutions in the
space L. In the settings under consideration in this thesis, these uniform bounds will
no longer hold. Rather, we will look at solutions of relative finite-energy, which we now

define.

The mechanical energy of the system is defined by

1m?2

n*(p,m) = 2, + pe(p),

where the internal energy e(p) is related to the pressure via the relation

The total energy of the system is then the spatial integral of the mechanical energy.
Clearly, any solution satisfying the end-state conditions limy_, 4+ (p, u) = (p+,u+) can-
not satisfy the condition of finite energy unless the end-states are trivial. We therefore
work instead with the related concept of relative finite-energy. In order to define the
energy relative to the end-states (p+,m+) = (p+,p+u+), we follow [12] in defining

smooth, monotone functions (p(z), @(z)) such that, for some Ly > 1,

_ _ (p—i-:u—i-)a for x > Lo,

(), 5(x)) = (1.14)

(p—,u_), for x < —Lyg.
We define the relative mechanical energy with respect to (p(x), m(x)) = (p(x), p(z)u(x))

as T x * * *
W*(Pvm):U(Pvm)_n@,m)_vn (ﬁ,m)(p—ﬁ,m—m)
1 9w (1.1.5)

= gplu—al” +e*(p,p) 2 0,

where e*(p, p) = pe(p) — pe(p) — (pe'(p) + e(p))(p — p) > 0. Now the relative total
mechanical energy for (1.1.1) with respect to the end-states (p+, my) through (p,m) is

o0

Emwwk/ﬁmwmmmwwmzu

—0o
We say that a pair of functions (p,m) : R2 — R? with p > 0 is of relative finite-energy

with respect to the end-states (p+, my) if E[p,m](t) < oo for almost every ¢t > 0. This

concept is a central one in the first original result of this thesis, to which we now turn.



1.1.1 Euler equations with geometric effects

The first principal result of this thesis establishes the existence of entropy solutions
to the Euler equations with geometric structure given by the symmetry considerations
above. In particular, we consider the Euler equations for transonic nozzle flows with
general cross-sectional areas and related compressible flows of geometric structure in-
cluding spherically symmetric flows. These flows arise when one considers a compress-
ible fluid contained in a long nozzle or tube such that the density p and velocity u of the
fluid only depend on a single spatial coordinate, such as the distance along the nozzle
or a radial coordinate, which we call z. We write A(z) > 0 for the cross-sectional area
of the nozzle at point x. Under these symmetry assumptions, the equations become
the one-dimensional FEuler equations with geometric source terms:

me+ (7 4+ p(p), + G =0,

(1.1.6)

for (t,z) € R%. Further details on the derivation of the equations can be found in
[16]. We make precise assumptions on the cross-sectional area of the nozzle below in
Theorem 1.1.1, but for now A = A(x) is simply a given C?-function A : R — Ry. We
wish to consider a broad class of such functions, allowing for nozzles that open up at
one end with unbounded area, and nozzles that pinch off at an end with area tending
to zero (A(x) — 0 as x — +00) as well as the case of spherical symmetry. In the
spherically symmetric case, we have A(z) = w,z™ and x > 0, where w,, is the surface

area of the unit sphere in R™.

We focus on the Cauchy problem for system (1.1.6):

(p, m)|i=0 = (po, m0), (1.1.7)

where the initial data (pg, mo)(x) have end-point states (p+, my) as x — +oo, for con-
stants p+ > 0 and my € R. The end-states are allowed to be different, i.e. (py,my) #
(p—,m_) in general. This corresponds to allowing fluid to flow into or out of the nozzle
at the ends at different rates and with different densities. As the equations are no
longer in conservation form, they do not admit the uniform L bounds employed in
the resolution of the Cauchy problem for (1.1.1), preventing us from simply adapting
the methods for that system. We therefore move to the finite energy method.

The first main result of this thesis is to provide a robust framework that gives the
existence of entropy solutions to system (1.1.6) under general assumptions on the func-

tion A(z). This framework relies in turn on the compensated compactness framework



of Chen and Perepelitsa [12] for polytropic gases, i.e. p(p) = kp? with v > 1. We

therefore assume throughout this section that we have such a pressure.

Theorem 1.1.1 (Entropy Solutions in a Transonic Nozzle). Suppose that p(p) = kp?

with v € (1,00) and Kk = % and let the cross-sectional area function A(z) > 0 be a
C?—function satisfying
A , A ,
15 ey + 141 o) < 00 07 [Tl ooy T 14 23000 < 000 (118)

Assume that (pg, mg) € (L} (R))? with po(x) > 0 is of relative finite-energy with respect

loc
to the end-states (p+,m+). Then there ezists a global-in-time relative finite-energy

entropy solution (p,m)(t,x) of the transonic nozzle problem (1.1.6)—(1.1.7) such that

(pym) € L}, (R) x L, (R%)  forp € [L,y+1) and q € [1,2250). (1.1.9)

Remark 1.1.2. Condition (1.1.8) allows for the nozzles to open up at one end (with
an unbounded cross-sectional area), and to shrink at both ends with rate |z|~® for any
a > 0 (closed ends). In particular, a positive lower or upper bound of the cross-sectional

area function is not required.

We obtain the entropy solutions presented in the above theorem as a vanishing viscosity
limit of appropriately designed approximate solutions. We therefore develop a viscosity
method to construct such approximate solutions and derive uniform estimates for the
approximate solutions so that they satisfy the requirements of the compensated com-
pactness framework for polytropic gases in [12]. Applying this framework then yields
the strong convergence of the approximate solutions to a limit, which we show to be
an entropy solution of (1.1.6), as desired. Moreover, as a consequence of the approach
and techniques developed throughout Chapter 4, we prove the following result for the

spherically symmetric Euler equations, including the previously unsolved case, v > 3.

Theorem 1.1.3 (Entropy Solutions in Spherical Symmetry). Let p(p) = kp?, v > 1,

and let (po,mg) be initial data with (po, mo) € (L .(R+))? such that po(z) > 0 and

loc
o0

E.[po, mo] := / n*(po,mo)l‘n_l dxr < oo.
0

Then, for the whole range v € (1,00), there exists a global entropy solution (p,m)(t,x)
of the spherically symmetric Euler equations with A(x) = wp,a™ !, x > 0, where wy, is
the surface area of the unit sphere in R™, such that (p,m) € LV ((Ry)?) x LL ((R4)?)

loc
forpe[l,y+1) and q € [1, ng;)), and

E[p,m](t) := /000 n*(p,m)x" " tdx < E[po, mo] < oo. (1.1.10)

7



1.1.2 Vanishing physical viscosity limit

An alternative proposed admissibility criterion to the entropy condition for identifying
“physical” solutions to the Euler equations is the vanishing viscosity limit from the
Navier-Stokes equations. Especially in higher dimensions, where it is now known that
the entropy solutions of the Euler equations need not be unique, this criterion has been
widely suggested as a possible alternative. According to this condition, a weak solution
of the Euler equations, system (1.1.1), is admissible if and only if it can be obtained as

a vanishing viscosity limit of solutions to the Navier-Stokes equations:

{pt + (pu)z =0,

(pw)i + (pu? + p(p))e = SUag. (1.1.11)

The main result of the second part of this thesis demonstrates the existence of such
admissible solutions under the assumption of a physical pressure law, that is, a pres-
sure that grows linearly with respect to the density as the density grows large, but is
asymptotically a gamma-law gas as the density approaches the vacuum state. As with
the transonic nozzle problem, the solutions to the Navier-Stokes equations do not admit
uniform L bounds, and so we work again in the relative finite-energy setting. In [12],
Chen and Perepelitsa worked in this finite-energy setting to prove that for polytropic
gases, where p(p) = kp?, the solutions of the Navier-Stokes equations converge to en-
tropy solutions of the Euler equations as desired. We extend this result in Chapter 5

to cover the more general case of physically relevant pressure laws just described.
To make explicit the assumptions on the pressure described above, we require that

there exists a constant p, > 0 such that the pressure satisfies the following conditions:

(i) For 0 < p < py, the pressure is an approximate ~-law for v € (1, 3),

p(p) = rp" (1 + P(p)), (1.1.12)
where [P (p)| < CpY~1=" for n = 1,2, 3, where C' > 0 may depend on p,;
(ii) For p > ps, we have that p(p) = c.p for a constant ¢, > 0;

(iii) For all p > 0, the conditions of strict hyperbolicity and genuine non-linearity
hold:

pp) >0,  pp"(p)+ 20 (p) > 0.

Under these assumptions, the main theorem is:



Theorem 1.1.4 (Vanishing Physical Viscosity Limit). Let (po,ug) be initial data of rel-
ative finite-energy, po(x) > 0 almost everywhere. Then there exists smooth approrimate
initial data (pg,uy) for all e > 0 such that the solutions (p°,u®) to (1.1.11) with initial
data (p, ug) converge, up to a subsequence, ase — 0, (p°, pu®) — (p, pu), where (p, pu)
is a relative finite-energy entropy solution of the Euler equations (1.1.1) with initial data
(po, pouo). The convergence is taken almost everywhere and in LY (R%) x LT (R%) for
pel,2) and g € [1,3/2).

Although the general strategy for showing the strong convergence of the solutions is, as
in the previous section, to employ the theory of compensated compactness, the fact that
we are no longer working with an exact gamma-law gas forces us to adapt and extend
the reduction argument of [12] significantly, as this argument was heavily reliant on the
precise structure of the entropy kernel for the polytropic gas. We therefore give a new
result providing a representation formula for the entropy kernel under the assumption
of linear pressure. This theorem provides a general representation formula for the
entropies of the Euler equations of isothermal gases, p(p) = p. A rough statement of

this theorem, which will be made precise in Chapter 5, Theorem 5.2.2, is the following.

Theorem 1.1.5 (Isothermal Entropy Kernels). Any weak entropy function n(p, m) of
the isothermal Euler equations may be generated by convolution with two fundamental

solutions of the isothermal entropy equation:
n(p; pu) = /Rnp(L )XH(p,u — ) + (1, 9)X’ (p, u — 5) ds.

Here x*(p,u) and x’(p,u) are the solutions of

X%P - p%XgLu = 07 X?)p - p%XZu = 07
Xp=1 =0, X lo=1 = bu=0, (1.1.13)

X%|p=1 = 6u=07 XZ‘FZl =0.

Moreover, the functions x* and x° are explicitly determined.

This new representation formula for the entropies allows us to gain the uniform higher
integrability estimates on the approximate solutions that we require. It is also essential
for the passage to the limit, as the representation formula gives sufficient control over

the entropies for us to derive a new convergence framework in this more general setting.



1.1.3 Relativistic Euler equations

In the final part of this thesis, we take the first step towards understanding the rel-
ativistic version of the Euler equations. The isentropic relativistic Euler equations of
the conservation of baryon number and momentum form a natural generalisation of the
Euler equations for classical fluid flow (i.e. system (1.1.1)) to the setting of special rela-
tivity. These equations describe the motion of inviscid fluids when the effects predicted
by the theory of special relativity are taken into account and, under the assumption of

planar symmetry, are given by

__n_ __nu_ ) —
é)’5(\/1—112/&) * a”3(\/1—u2/c2) 0 (1.1.14)
2 2y,,2 b
() + 0. (G ) =0
where p, p and u represent the mass-energy density, pressure, and the particle speed,

respectively, n is the proper number density of baryons, and ¢ is the speed of light. The

baryon number is determined from the density by
fﬂ ds
n = n(p) — e70 s+ep(s) |

These equations were derived in [68], which also provides a derivation of the Rankine-
Hugoniot jump conditions across a shock and a discussion of possible models for the
pressure. As for the classical Euler equations, to close the system, we impose an

equation of state of a barotropic gas, p = p(p).

This system can be considered to be a simple model problem for the full problem of com-
pressible fluids in general relativity. Indeed, the Minkowski space of special relativity
is the simplest solution to the vacuum Einstein equations. In general, for the Einstein-
Euler equations, one would expect black holes and other non-trivial background spaces
to influence the evolution of the fluid. These problems are, of course, significantly more

challenging, but the problem described here is a natural starting point.

The condition of strict hyperbolicity is again met if p’(p) > 0 and the characteristic

fields are both genuinely non-linear if

1
pp'(p) + 20 (p) + 5 (p(p)p" (p) = 20/(p)*) > 0. (1.1.15)
Typically, these two criteria will be met only for p > 0 and so, as for the classical Euler

equations, we may not simply apply the theory of hyperbolic conservation laws directly.

The final contribution of this thesis is to solve the Cauchy problem for the system
(1.1.14) when the speed of light is large by demonstrating the existence of a bounded

entropy solution given bounded initial data.

10



Theorem 1.1.6 (Entropy Solutions in Special Relativity). Let (po,uo) be measurable

and bounded initial data satisfying
0 < po(x) < My, |up(z)| < My < ¢ for almost every x € R,

where Mo > 0, and suppose that the pressure p(p) satisfies p'(p) > 0 for p >0, (1.1.3)
and (1.1.15). Then there exists co > 0 such that, if ¢ > co, there exists an entropy
solution (p,u) of (1.1.14) so that, for some M > 0,

2
0<p(t,x) <M, |u(t,z)] <M <c for almost every (t,z) € RY.

To prove this theorem, we develop a compactness framework for approximate solutions,
derived as a consequence of a careful analysis of the approximate solutions via the
entropy functions of the system. In order to do this, we characterise the weak entropies.
For this, it is convenient to use the alternative coordinates

PV = Elog(1+U/c>_

k(p)_ 2 87 _2 17U/C

~Jo s+p(s)/c

Working in these coordinates, we prove the existence of a fundamental solution of the

entropy equation, generating all of the weak entropy functions by convolution with this

kernel.

Theorem 1.1.7 (Relativistic Weak Entropy Kernel). All weak entropies n(p,v) of
the relativistic FEuler equations may be written as the convolution of an entropy kernel

X(p,v) with a test function 1(s),

n(p,v) = /R b()x(p,v — 5) ds. (1.1.16)

The entropy kernel admits the expansion

X(p:v) = ar(p)[k(p)* — 0?13 + az(p)[k(p)® — v* 13" + g(p, v), (1.1.17)

where X\ > 0, the coefficients a1(p) and az(p) are explicitly determined, and the remain-

der function g(p,v) is of strictly higher Hélder reqularity than the other terms.

Formally, in the Newtonian limit (i.e. ¢ — 00), system (1.1.14) reduces to the classical
isentropic Euler equations for compressible fluids (1.1.2). We therefore prove also that
the entropy solutions to the relativistic Euler equations (1.1.14) converge to an entropy
solution of the classical Euler equations in a suitable topology as ¢ — oco. Our analysis
of the entropy kernel is sufficient to control the convergence of a sequence of solutions

to the relativistic equations as ¢ — oo, resulting in the following theorem.
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Theorem 1.1.8 (Newtonian Limit). Suppose that (po,uo) € (L*°(R))? with po(x) > 0,
eo > 0, and that, for e € (0,e0], (p%,u®) is an entropy solution to (1.1.14) with light
speed ¢ = % and initial data (p§,u5) € (L°°(R))? with p§ > 0 such that

P (p§(x)), lug(z)| < ¢ for e € (0,e0] and almost every x € R.
Suppose that there exists M > 0, independent of €, such that
0<p(t,x) <M, [v°(u(t,x))| <M for almost every (t,z) € R3,

where v¢(uf) = %ﬁlog (iéﬁi), and that (pg,v*(ug)) — (po,vo) as € = 0 in the

sense of distributions.

Then, up to a subsequence, (p°,v°) — (p,v) ase — 0 almost everywhere and in L} (R%)
for all r € [1,00), where (p,v) is an entropy solution of the classical Euler equations

(1.1.2) with initial data (po,vo) and such that

2
0<p(t,z) <M, |v(tx)]<M foralmost every (t,z) € Ry.

1.2 Outline of the thesis

The structure of the thesis is as follows. In Chapter 2, we give an introduction to
the theory of hyperbolic conservation laws, setting out and motivating much of the
terminology and tool-kit for the detailed study of the Fuler equations to follow. In the
final sections of the chapter, we provide further introductory and background material
concerning each of the three main problems solved in the sequel. This chapter is
followed by a chapter of analytic preliminaries, setting out the main tools that we use
from the theory of compensated compactness as well as material concerning the theory

of Young measures that we make frequent recourse to.

Following these preliminaries, we turn to the first chapter of original material, Chapter
4. In this chapter, we give the proof of the first of our main theorems, Theorem 1.1.1, by
constructing the artificial viscosity solutions to the transonic nozzle problem (1.1.6) and
demonstrating the uniform estimates necessary to apply the compensated compactness
framework. We also apply our framework in this chapter to prove the second theorem,

Theorem 1.1.3, concerning the solutions of the spherically symmetric problem.

Chapter 5 is then concerned with the vanishing physical viscosity limit of the Navier-

Stokes equations. We provide a more detailed version and proof of Theorem 1.1.5 for
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the entropies for pressure laws with linear growth as well as uniform estimates on the
solutions of the one-dimensional Navier-Stokes equations. We then show how these
estimates and the structure of the entropy functions can be used to construct a com-
pensated compactness framework and deduce the strong convergence of the solutions to
the Navier-Stokes equations to an entropy solution of the Euler equations, concluding

the proof of Theorem 1.1.4.

In Chapter 6, we prove the existence of the bounded entropy solutions to the relativistic
Euler equations (1.1.14) with large speed of light, as stated in Theorem 1.1.6. This again
follows from a construction of approximate solutions, and we use the derived asymptotic
expansions of the entropy kernels given in Theorem 1.1.7 to deduce a compactness
framework for such approximate solutions, allowing us to pass to a strong limit and
obtain the desired entropy solution. Finally, we employ the analysis of the entropy
kernels again to show the strong convergence of the entropy solutions of the relativistic
Euler equations to a solution of the classical Euler equations in the Newtonian limit,

proving the final theorem, Theorem 1.1.8.
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Chapter 2

The Euler Equations

The study of hyperbolic conservation laws dates back to the formulation of the Euler
equations by Euler in 1757, [26], with later significant contributions by Stokes [67] and
Riemann [61]. From the 20th century onwards, this theory began to be systematised,
especially following the work of Lax, [44], and a rigorous framework for the analysis of
solutions to these systems was developed. In this chapter, we outline some of the main
obstacles to the analyst, and explain many of the essential concepts and techniques for
the formulation and solution of the Euler equations and hyperbolic conservation laws
more generally. Useful references for the theory of hyperbolic conservation laws are

[18, 27, 46].

2.1 The one-dimensional isentropic Euler equations

We recall that the isentropic compressible Euler equations are given by

{8tp+8xm:07 (t,l’) € Ra-a

2 2.1.1
oym + 8;,;(’”7 +p(p)) =0, (t,z) € R%. ( )

A general system of conservation laws (in one space dimension), on the other hand, is

a system of equations of the form

{Ut +FU), =0, (t,z)€R2,

(2.1.2)
U(O,ZL‘) = Uo(ZE), r €R,
where U : Ri — R™ and F': R® — R™. We consider the Cauchy problem for the system.

Definition 2.1.1. The system (2.1.2) is said to be strictly hyperbolic if and only if for
all U € R™, the matrix VF(U) has n real and distinct eigenvalues

M(U) < - < A(0).
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We henceforth write r; and [; for the normalised right and left eigenvectors associated

to the eigenvalues A; for j =1,...,n.

The Euler equations, (2.1.1), may now be formulated as a system of conservation laws
by setting U = (p,m)", F(U) = (m, mTQ +p(p))T. Then

B 0 1
VRO =) )

This has eigenvalues

and eigenvectors

1 1
ry = , o = ,
' (’,’} — p’(p)) ? <Z‘ + \/p’(p)>
and so the Euler equations are strictly hyperbolic provided p'(p) > 0.

In addition to the assumption of strict hyperbolicity, we wish for the characteristic

fields to satisfy the condition of genuine non-linearity, introduced by Lax in [44].

Definition 2.1.2. Consider the system of conservation laws (2.1.2). For each k =

1,...,n, the k-th field is said to be genuinely non-linear provided, for all U € R",

VAR(U) - (U) # 0.

In the case of the Euler equations, we find that the system is genuinely non-linear

provided
pp" (p) + 20 (p) > 0.

As it is well known that, in general, classical solutions of systems of conservation laws
form discontinuities in finite time (see [18, 27, 46] for simple examples), we look first for
measurable solutions in the sense of distributions, i.e. such that for all test functions
¢ € C°(R3L;R™),

/ / Ut 2) - du(t,2) + FU(L 7)) - du(t, 3) da dt +/ Us(x) - 6(0,2) dz = 0. (2.1.3)
o JR R
Such solutions are said to be generalised or weak solutions.

Unfortunately, such weak solutions cannot be expected to be unique. To isolate the
“correct” solution of (2.1.2), we therefore impose an admissibility condition. Through-

out this thesis, the admissibility condition of choice is the entropy condition.
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Definition 2.1.3. An entropy/entropy-flux pair (or entropy pair for short) is a pair of
C?-functions (1, q) : R® — R? such that, for all U € R",

Vq(U) =Vn(U)VF(U). (2.1.4)
An entropy solution of (2.1.2) is a generalised solution satisfying the entropy inequality:
n(U) +q(U), <0in D'(RY) (2.1.5)

for all entropy pairs with n convex, i.e. for all such entropy pairs (7, q),

/ / U)oy + q(U)py dxdt > 0 for all ¢ € C’SO(R%F) such that ¢ > 0.

For the Euler equations, a weak entropy is an entropy 7(p, m) such that n = 0 when
p = 0. An entropy solution of the Euler equations is then defined to be a weak solution

satisfying the entropy inequality for all convex weak entropy pairs.

In the case of a polytropic gas, p(p) = kp?, the weak entropy pairs (7, q) of the Euler
equations may be generated from test functions 1) € C?(R) by

/ U(— +P Ps)[1 — }2“ T gs, (2.1.6)
q"(p, )—p/_ (p +0p° s)@b(p +p%s)[1 - ]ﬁ ds, (2.1.7)

where 6 = VT and v : R — R is said to generate the entropy pair (7%, ¢%) (cf. [24, 52]).

In the case that we have a system of two conservation laws, which is the case in
particular for the isentropic Euler equations, we may take advantage of a construction

of Riemann, derived in [61].

Definition 2.1.4. A function w’ : R? — R is a j-th Riemann invariant for j € {1,2}
if, for all U € R?,
V! (U) -r;(U) = 0.

We find Riemann invariants for the Euler equations (1.1.1) given by

w(p,m) = % +k(p),  z(pym)= % — k(p),

where
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2.2 A theorem of Tartar for scalar conservation laws

In the case of a one-dimensional scalar conservation law, the existence of entropy so-
lutions via the method of compensated compactness was shown by Tartar in [70]. We
give here a version of the statement due to Chen [4]. Tartar’s proof is instructive as it
gives us our first insight into how the theory of compensated compactness (described
in more detail in §3.4) may be applied to demonstrate the convergence of viscosity

solutions to entropy solutions of hyperbolic conservation laws.

We consider the Cauchy problem for a scalar conservation law for a function u : R — R,

=0, (t,z)€R%,
up + f(u) (t,2) (2.2.1)
ul=0 = uo(z), = €R.
Theorem 2.2.1. Suppose the initial data uy € WH°(R) and f € C*(R). Then the
Cauchy problem above has a weak solution u € LOO(R%F). If, moreover, the flux satisfies

f"(N) # 0 for almost every X € [—||ugl| Lo, ||uo||z=], then u is an entropy solution.

The strategy of the proof is as follows. One first constructs approximate solutions to
the scalar conservation law by adding artificial viscosity and mollifying the initial data:
ug + f(uf)e = cug,,
uli=o = uj(z) = [gn° (2 = y)uo(y) dy,

where 7)° is a standard mollifier. This yields, by standard parabolic theory, a sequence

(2.2.2)

of uniformly bounded smooth functions as ¢ — 0. Passing to a weak limit, u = u in
Lm(Ri), one may extract a Young measure vy, generated by this sequence (see §3.1

for the theory of Young measures).

One then shows, for certain entropy pairs (7, q), that the entropy dissipation measure
n(u®); + q(uf), is (pre-)compact in H; ! (RY).

From this compactness of the entropy dissipation measures, one then applies the div-
curl lemma, Lemma 3.4.1, to deduce the so-called Tartar commutation relation for the

Young measure. This relation, for entropy pairs (71, 41) and (72, g2), takes the form

(Vs ma2 — m2q1) = (Veas M) (Vra, @2) — (Ve 12) (Ve 1)

The commutation relation is then sufficient to show that the Young measure is always

concentrated at a point, 14, = 0, 4) for almost every (t,z) € R%, and hence conclude

T

r(R%), 1 <r < oo, and almost everywhere.

that the sequence u* — wu strongly in L
This strong convergence allows us to pass to the limit in the approximate equations

and obtain an entropy solution.
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2.3 Existence of entropy solutions to the Euler equations

Motivated by the pioneering papers of DiPerna, [23, 24], a sequence of authors showed
the existence of entropy solutions to the Cauchy problem for the Euler equations for a
range of pressure laws p = p(p). In [24], DiPerna proved an existence result for entropy
solutions in the case of the y-law gas, p(p) = kp”, for certain special exponents, namely
v=1+4+2/N, N > 5, odd. Chen, [3], and Ding, Chen and Luo, [20], completed the
argument of [24] and extended the result to the range v € (1,5/3]. Lions, Perthame
and Tadmor, [52], dealt with the case v > 3 through the introduction of the kinetic
formulation, before Lions, Perthame and Souganidis, [53], simplified the proof for the
whole interval in extending the result to cover all v € (1, 3). Finally, Chen and LeFloch,
[8, 9], considered the case of a more general pressure law, under the principal assump-
tions of strict hyperbolicity and genuine non-linearity away from the vacuum. Precise
formulations of their assumptions can be found in the two afore-mentioned papers. It
should be noted that one expects both strict hyperbolicity and genuine non-linearity
to fail at the vacuum, i.e. when the density p = 0, the eigenvalues of the flux function

associated to system (1.1.1) coincide.

The scheme of the proof initially set out by DiPerna, [23, 24], can be summarised as
follows. The proof follows the broad outline set out in the proof of Tartar for the scalar
conservation law discussed in the previous section. First, one constructs a sequence of
approximate solutions (p®, u®) to the Euler equations by an approximation method, for
example by using a finite difference scheme such as the Lax-Friedrichs scheme or the
introduction of artificial viscosity. Once this is done and uniform bounds have been
obtained in L*° by establishing an invariant region for the approximate solutions, one

may extract a subsequence £ — 0 such that

(P, u) = (p, u),

weak-star in L>°, generating a Young measure vy, (see §3.1 for the theory of Young
measures). The result then follows if one can show that this Young measure reduces to
a Dirac mass at a point or has support contained in the vacuum region. If this is the
case, we have that in the (p,m) coordinates, v, reduces to a point mass for almost
every (t,z), and the weak-star convergence can be improved to almost everywhere
convergence as well as strong convergence in Lfoc(Ri) for r € [1,00). With this strong

convergence, one may pass to the limit in the weak formulations of both the equation

and the entropy condition.
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Further to the result discussed in §2.2, Tartar conjectured, [70], that the commutation
relation for the Young measure could still be derived for a system of conservation laws
by exploiting the method of compensated compactness (in particular, by applying the
div-curl lemma). Tartar moreover conjectured that this relation could again be seen to
represent an imbalance of regularity that could be resolved only if the Young measure

were concentrated at a point, as was the case for the scalar conservation law.

DiPerna observed that the commutation relation could be obtained for the Euler equa-

tions by establishing the compactness of the entropy dissipation measures in H l;cl7

as in
§2.2, for certain pairs of entropy functions, exploiting a compact embedding observed
by Murat, [58]. However, this compactness holds only for entropies that vanish at
the vacuum, the weak entropies, and so one may use only these weak entropies in the

reduction argument. The commutation relation available was therefore

(Viz,maz — m2q1) = (Vez, M) (Vra, @2) — Ve, 12) (Ve 41)

for any two weak entropy pairs (n1,q1) and (n2,¢2). That the compactness can only
be shown to hold for the weak entropies provides the motivation for restricting the
admissible entropy functions to the weak entropies in the definition of entropy solution

to the Euler equations.

Using the Lax progressing entropy waves [45], DiPerna gave an analysis of the Young
measure that provided the reduction. In [53], it was observed that in the commutation
relation, the fundamental kernels used in (2.1.6) for the weak entropy functions could
be substituted in place of explicit weak entropy functions. The authors observed that
certain cancellations arose from the explicit form of the kernels that implied an imbal-
ance of regularity in the commutation relation that could only be resolved if the Young
measure were supported at a point. They then made use of fractional order derivative

operators to make this imbalance clear and so derive the reduction.

Chen and LeFloch, [8, 9], extended this method further by showing that in the case
of a more general pressure law, an expansion could be obtained for the fundamental
solution of the entropy equation that provided sufficient information on the asymptotic
behaviour of the kernels near to the vacuum to follow through the reduction argument
using the fractional order derivative operators. In particular, they showed that even
without the explicit form of the kernel available in the y-law case, the same cancellation
of singularities occurs in the expressions arising in the commutation relation, allowing

for the imbalance of regularity to be shown.
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2.4 Euler equations with geometric effects

In this section, we consider the Euler equations under the symmetry assumptions dis-
cussed in the Introduction. We recall that these symmetry assumptions allow us to
reduce the Euler equations to a one-dimensional system of equations, this time of
conservation laws with geometric source terms. In particular, we consider the Eu-
ler equations for transonic nozzle flows with general cross-sectional areas and related
compressible flows of geometric structure including spherically symmetric flows. The
system we obtain is the system of one-dimensional Euler equations with geometric

source terms:

pr+me + 5

m =0,
@) (2.4.1)

me+ (" 4+ p(p), + G =0,

for (t,z) € R%. These flows form an important class of flows within fluid dynamics,
having been a source of study for many decades. A derivation of the equations may be

found in [16], and a discussion of the system can be found there also.

Although we will make precise conditions on the cross-sectional area of the nozzle later,
for now we simply consider A = A(x) to be a given C2-function A : R — Ry. We wish
to consider a broad class of such functions, allowing for nozzles that open up at one
end with unbounded area, and nozzles that pinch off at an end with area going to 0

(A(z) — 0 as x — +00).

The derivation of the spherically symmetric flows is very similar, and can also be found
in [16]. In this case, one obtains A(r) = w,z" !, where w, is the area of the unit

sphere.

The crucial difference between system (2.4.1) and the usual one-dimensional Euler
equations for the analyst is that the geometric source terms mean that the equations
are no longer in conservation form. The effect of this should not be understated. As we
have seen above in §2.3, with the one-dimensional equations in conservation form, the
equations (and approximations to them via artificial viscosity or numerical methods)
admit an invariant region, giving uniform bounds in L*° on approximate solutions, and
making this a suitable class in which to search for entropy solutions. The principle fails,
however, for these geometrically influenced equations. Instead of the usual invariant
region approach, we are forced to consider a wider class of functions, those with finite

energy, as described in the Introduction.
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As in the case of the usual one-dimensional Euler equations, the strategy for con-
structing entropy solutions to the system (2.4.1) will be to construct a sequence of
approximate solutions and pass to a Young measure limit before performing a reduc-
tion argument on the support of the Young measure to deduce strong convergence of
the approximate solutions. With only energy bounds (and some improved, uniform
higher integrability), we must also allow for the possibility that the Young measure so
derived could have unbounded support in phase space. To handle these additional dif-
ficulties, we employ the Young measure framework and reduction argument of [12, 48],

described in detail in §3.3 and §3.5.

This framework relies heavily on the assumption that the pressure law for the gas is
exactly that of a polytropic gas (a gamma-law). For this reason, we assume that the
equation of state is:

p(p) =rp?, v >1,

’ by scaling (without loss of generality).

_ (=1
where Kk = -

We recall that we are focusing on the Cauchy problem for system (2.4.1):

(p,m)]t=0 = (po,mo), (2.4.2)

where the initial data (pg, mo)(z) have end-point states (p1, my) at x = +oo, for con-
stants p+ > 0 and my € R. The end-states are allowed to be different, i.e. (p4,m4) #
(p—,m_) in general. This corresponds to allowing fluid to flow in or out of the nozzle at
the ends at different rates and with different densities. However, if these end-states are
non-trivial, the total energy of the system will not remain bounded. We will therefore
work with the relative energy of the system, that is, the energy calculated with respect

to a fixed background state, as defined in the Introduction.

The Cauchy problem (2.4.1)—(2.4.2) modelling transonic nozzle flow through a variable-
area duct has been studied in detail by numerous authors, see for example [16, 25, 32, 34,
54, 55, 56, 72]. The existence of global solutions of this problem was first obtained in [54]
by means of a Glimm scheme (that is, a random choice method, cf. [33]) incorporating
steady-state building blocks, provided that the initial data have small total variation
and are bounded away from both sonic and vacuum states. Some numerical methods
were introduced to compute transient gas flows in a de Laval nozzle in [32, 34]. A
mathematical analysis of the qualitative behavior of non-linear waves for nozzle flow
was given in [56]. On the other hand, the general transonic nozzle problem, such that

the initial data are allowed to be arbitrarily large with different end-states and only
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relative finite-energy and that the cross-sectional areas are allowed to tend to either
zero (closed ends) or infinity (unbounded ends) as * — =00, is poorly understood
in the literature. Indeed, the existence theory for all v € (1,00) was previously still
open, since the solution may blow up at the closed ends. This problem of existence of

solutions is resolved in Chapter 4 for the first time, under the assumption that
Al , A /
HZHLC’O(R) + HA ”Ll(—oo,()) < o0 Oor HZHLO"(R) + ||A HLl(O,oo) < Q. (243)

As we have seen, the case that A : Ry — R, with A(z) = w,2" ! w, >0, for z € Ry
corresponds to the equations for the isentropic Euler equations with spherical symmetry,
which does not satisfy condition (2.4.3). The study of spherically symmetric solutions
dates back to the 1950s, and is motivated by many important physical problems such
as flow in a jet engine inlet manifold and stellar dynamics including gaseous stars and
supernovae formation (cf. [16, 35, 50, 62, 65, 72]). A central feature is the strengthening
of waves as they move radially inward, especially near the origin. Substantial evidence
indicates that spherically symmetric solutions of the compressible Euler equations may
blow up near the origin in finite time in some situations. A long-standing, open, fun-
damental problem is whether a concentration could form at the origin, that is, whether
the density could become a delta measure at the origin, especially when a focusing
spherical shock moves inward towards the origin (c¢f. [16, 62, 72]). The first existence
result for global entropy solutions including the origin was established in Chen [5] for
a class of L* Cauchy data of arbitrarily large amplitude, which model outgoing blast
waves and large-time asymptotic solutions; some further extensions of such Cauchy
initial data for global entropy solutions in L* can be found in Huang-Li-Yuan [41] and
the references therein. Also see Slemrod [65] for the resolution of the spherical piston
problem for isentropic gas dynamics via a self-similar viscous limit. In Chen-Perepelitsa
[13], under the assumption that v € (1, 3], the existence of globally defined spherically

symmetric entropy solutions was established via the vanishing viscosity approximation.

In Chapter 4, after demonstrating the existence of the entropy solutions to the tran-
sonic nozzle problem, (2.4.1), we will make a direct application of the approach and
techniques developed in this chapter for the general transonic nozzle problem to the
spherical symmetry problem, successfully removing the restriction that v € (1, 3] and
establishing the existence of globally defined finite-energy entropy solutions for the
general case of large initial data for the full range v > 1, including the unsolved case
~ > 3. This implies that there exist globally defined spherically symmetric solutions
with large initial data of finite-energy for the whole range v € (1,00), which do not

form concentrations at the origin.
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2.5 Vanishing viscosity limit of Navier-Stokes equations

The compressible, isentropic Navier-Stokes equations may be written as follows:

{pt + (pu)a =0,

(pu) + (pu? + p(p))e = s, (2.5.1)

where, as usual, p > 0 is the density of the fluid, u is its velocity and p = p(p) is the
pressure. The positive constant € > 0 is the viscosity of the fluid. We complement this

system of equations with initial data

(psu)li=0 = (po, uo), (2.5.2)

where, as in the previous section, the initial data should be of relative finite-energy

with (possibly non-trivial) end-states (p+,ut) as  — +oo.

As was discussed in the Introduction, the vanishing viscosity limit of the Navier-Stokes
equations forms an admissibility criterion for the compressible Euler equations. The
question of whether or not the solutions to the Navier-Stokes equations could be shown
to converge to a solution of the Euler equations, however, remained open for a long
time. The first significant result in this direction is that of Chen-Perepelitsa [12], who
showed that in the case of a y-law gas, this limit may be taken rigorously and that the

obtained solution of the Euler equations satisfies an entropy condition.

The existence of weak solutions (and smooth solutions) with positive density for the
Navier-Stokes equations (2.5.1) was proved by Hoff, [37, 38]. Earlier, Gilbarg [31]
analysed the vanishing viscosity limit from the Navier-Stokes equations to the Euler
equations, showing the convergence of a sequence of solutions of system (2.5.1) to a
simple shock wave solution of the Euler equations. An analysis of the inviscid limit to
such simple shock solutions was undertaken by Hoff and Liu [39], see also [36]. More
recently, the vanishing viscosity and capillarity limits of the Navier-Stokes-Korteweg

system have been studied by Germain and LeFloch [30] for certain v-law gases.

The Navier-Stokes equations satisfy a priori bounds on the velocity and density depend-
ing on the viscosity; indeed, for smooth initial data with the density bounded away from
zero, the solutions can be shown to be smooth also, due to a parabolic type regularising
effect. Unfortunately, as in the case of the transonic nozzle problem discussed in the
previous section, the bounds in spaces such as L° depend on the viscosity parameter,
that is, they are not uniform with respect to €. For this reason, the vanishing physical

viscosity problem must be handled in the framework of relative finite-energy solutions.
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Rather than consider the polytropic gases, that is, those with a ~-law pressure, we
consider in Chapter 5 a more physical class of pressure functions, as described in the
Introduction and recalled here. We assume that p’(p) > 0 and pp”(p) + 2p'(p) > 0 for
p > 0 and that, for some v € (1, 3),

p(p) = kp? (1+ P(p)), P™(p)= O(pP~ ') asp—0for 0<n<3, (2.5.3)

where k > 0. For the large density regime, we assume that there exists a constant

px > 0 such that
p(p) = cup for p > py. (2.5.4)

Without loss of generality, we may assume that ¢, = 1 and that p, = 1 also.

Our strategy for passing to the limit in the equations is then to employ the theory of
compensated compactness to find a Young measure solution of the Euler equations that
is constrained by the Tartar commutation relation. This requires uniform integrability
bounds on the solutions of the Navier-Stokes equations, independent of the viscosity
e > 0. In particular, we show that the relative energy of the system remains uniformly
bounded and that the density satisfies uniform integrability properties. In order to
deduce the entropy condition for the limit solution, we require higher integrability for
the velocity also. To gain such an estimate, we construct an entropy pair of precisely
controlled growth rate. To achieve this, in Chapter 5, we construct new entropy kernels
for the isothermal Euler equations, giving an accurate representation formula for the

entropies under a physical pressure law, which we use to obtain the desired integrability.

The main tool we make use of from the theory of compensated compactness is the
div-curl lemma. To employ the div-curl lemma in the context of the one-dimensional
compressible Euler equations, one would usually attempt to prove that the weak entropy
dissipation measures n(p®, m®); + q(p®, m®), associated to a sequence of approximate
solutions (pf, m?) is (pre)-compact in the space H l;i(Ri) Unfortunately, in the case

we are considering, the uniform estimate that we will obtain,

T
/ / pp(p) dzdt < M,
0 K

is sufficient only to obtain p uniformly bounded in LIZO c(R?‘_), and hence that the entropy
dissipation measures are uniformly bounded in H l;Cl(Ri), but not necessarily compact
in this space. We therefore show only the weaker condition of VVl;clq(R%r) compactness
of the entropy dissipation measures, relying later on additional properties of equi-
integrability for the product of an entropy with an entropy flux to apply the extension

of the div-curl lemma in [15].
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2.6 Euler equations in special relativity

The final model under consideration in this thesis is that of the compressible Euler
equations in special relativity. As stated in the Introduction, the isentropic relativistic

Euler equations of the conservation laws of baryon number and momentum are

__n_ __nu )
at(\/17u2/02) +8m(\/1*u2/02) 07 (261)
2 2y,,2 M
(L) + 0. (BZENE 1) =0
where p, p and u represent the mass-energy density, pressure, and the particle speed,

respectively, n is the proper number density of baryons, and c is the speed of light.

Henceforth, we will write ¢ = ciz for notational convenience.

The equations are derived from the Einstein equations of special relativity in [68], which
also provides a derivation of the Rankine-Hugoniot jump conditions across a shock and
a discussion of possible models for the pressure. As for the classical Euler equations
and as discussed in §2.3, to close the system, we impose an equation of state, relating
the pressure to the density. Having done so, as in the case of the classical equations, the
properties of strict hyperbolicity and genuine non-linearity for the system will depend
on the choice of pressure function. We therefore work with a pressure law p = p(p), a
C3—function such that p’(p) > 0 for p > 0. In addition to providing an a priori bound
on the velocity of a fluid (the speed of light in the space-time), the theory of special

relativity predicts certain additional non-linear behaviour.

As the problem of global existence of entropy solutions for the classical equations has
been resolved, at least in one spatial dimension, as described in §2.3, we here investigate
the analogous problem for the relativistic equations, with a view to better understand-
ing relativistic effects in fluid problems. In particular, in Chapter 6, we prove the
existence of solutions to the Cauchy problem for these equations with arbitrarily large

(but bounded) initial data under the assumption that the speed of light is large.

Before continuing, a few remarks concerning the baryon number are in order. The

proper number density of baryons is determined by the first law of thermodynamics:

d
ods =L L Py,
n n

where 6 is the temperature and S is the entropy per baryon. In particular, for an
isentropic fluid (i.e. S is constant, the situation under consideration here), we have
dn  dp
n  ptep’
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and so

P ds
n = n(p) = ngels T,

By rescaling the first equation in (2.6.1) if necessary, we may assume that no = 1. By
way of comparison with the classical Euler equations, we observe that in the Newtonian
limit, that is, as ¢ — 0, equivalently the speed of light ¢ — oo, n(p) converges locally

uniformly to p.

As mentioned above, our approach to the relativistic equations is motivated by the
successful strategies employed in resolving the Cauchy problem for the one-dimensional
isentropic Euler equations in the classical setting. To motivate this comparison, we
observe that, formally, in the Newtonian limit (¢ — 0), system (2.6.1) reduces to the

classical isentropic Euler equations for compressible fluids:

{atp + 0, (pu) =0,

Ai(pu) + dx(pu? + p(p)) = 0. (2.6.2)

This formal observation raises the question of whether or not the limit here can be
taken rigorously: do the entropy solutions to the relativistic Euler equations (2.6.1)
converge to an entropy solution of the classical Euler equations as ¢ — 07 One of the
main contributions of Chapter 6 is to give an affirmative answer to this question under

very general assumptions.

To place the relativistic Euler equations in the framework of hyperbolic conservation
laws, we introduce here some additional notation. We consider system (2.6.1) as being
a system of conservation laws by setting

U — n (p+ep)u)’
W1 —eu2’ 1 —eu? ’

2 T
F(U) = nu pu”+p
Vi—euw? 1—eu?) ’

so that system (2.6.1) takes on the form

(2.6.3)

In particular, the condition of strict hyperbolicity is met if p/(p) > 0 and the charac-

teristic fields are both genuinely nonlinear if

pp” (p) + 20 (p) + (p(p)p" (p) — 20 (p)?) > 0. (2.6.4)

Typically, these two criteria will be met only for p > 0 and so, as for the classical Euler

equations, we may not simply apply the theory of hyperbolic conservation laws directly.
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We remark that an alternative 2 x 2 system of conservation laws predicted by the
theory of special relativity, and also sometimes called relativistic Euler equations in the

literature (e.g. in [10]), is the following;:

{Ot(er M) +3£(M) — 0,

1—cu? 1—cu?

o, (L)) 4 g, (Let=pl® 4 )y = o,

1—cu?

(2.6.5)
T—eu

Many of the properties of the two systems translate from one to the other. Indeed,
the governing entropy equation for system (2.6.5) is the same as that for (2.6.1). We
therefore obtain results for the alternative system which are analogous to those for the

system (2.6.1).

The first global existence result for the relativistic system of Euler equations was ob-
tained by Smoller and Temple [66] in the case of an isothermal flow (p(p) = kp) under
the assumption of small total variation of initial data. In this setting, the authors were
able to use the Glimm scheme to create a convergent sequence of approximate solu-
tions by the random choice method. Subsequently, Ding and Li [22] again employed
the Glimm scheme to obtain, for initial data of small total variation, global existence of
entropy solutions to the relativistic piston problem for the isentropic Euler equations.
They were also able to show that in the Newtonian limit, the relativistic solutions that
they obtain converge to the entropy solution of the classical piston problem for the
Euler equations. Liang [51] studied the formation of shocks and structure of simple
waves, based on the work of Taub [68]. In [40], Hsu, Lin and Makino have obtained
existence of entropy solutions with large data for a special class of pressure laws un-
der the assumption of large speed of light (or, equivalently, small data), while other
large data results have been obtained by Chen and Li [11], showing the existence and
stability of entropy solutions to the Riemann problem for this system, and the same
properties have been shown by the same authors for system (2.6.5) in [10]. For the vari-
ant relativistic Fuler system of conservation of momentum and energy, Li, Feng and
Wang [49] were also able to employ the Glimm scheme to show the existence of entropy
solutions for a class of large initial data. All of these results make heavy restrictions on
the type of pressure law that can be considered as well as, for many of them, conditions
on smallness of total variation. We significantly weaken the requirements for existence
of entropy solutions in Chapter 6 as well as providing a robust framework for analysing

the Newtonian limit.
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Chapter 3

Analytic preliminaries

3.1 Young measures

In each of the chapters to follow, we will need to consider the limit of a sequence
of functions, designed as approximate solutions to a system of equations. Although
the functions will satisfy uniform bounds (and hence will admit a weak limit), as was
the case in §2.2, we will need to work rather harder to demonstrate that this limit is
strong in order to pass to the limit in the non-linear terms in our equations. As was
used in the proof of existence of solutions to a scalar conservation law, our primary
tool for analysing weak convergence is the Young measure, introduced first by L.C.
Young [73, 74]. The Young measure provides a family of probability measures that
characterise the limiting oscillations of a weakly converging sequence, and so give a

partial characterisation of the failure of weak convergence to be strong.

3.1.1 The fundamental theorem for Young measures

We state first a fairly classical version of the fundamental theorem for Young measures,
here in the form given by Ball in [2]. The proof given in [2] relies on a duality method,
exploiting the duality relation between the spaces Cp(R™) of continuous functions on
R™ that vanish at infinity, and the space M(R™) of bounded Radon measures on R™,

via the duality relation

w, f)=[ [flu)dv(u)

Rm™
for functions f € Cp(R™) and measures v € M(R™).
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Theorem 3.1.1 (Fundamental Theorem for Young Measures, [2]). Let  C R"™ be a
Lebesgue measurable set, let K C R™ be closed, and let u* : Q@ — R™ be a sequence of

measurable functions such that u* — K in measure.

Then there exists a subsequence (still labelled u*) and a family of measures {vy}zeq
depending measurably on x with v, € M(R™), the space of finite Radon measures, such

that

(1) llvelln = Jgm dva < 1 for almost every x € Q,
(ii) suppv, C K for almost every x € Q,

(il) f(ub) 2 (o, f) = [qm F(2) dz in L®(Q) for all f € Co(R™).

If, moreover,

lim sup |[{z € QN Bg : |uF(z)| > A =0
A—=00 L

for every R > 0, then ||vz||x = 1 for almost every x € ) and, given a measurable subset
ACQ,

F) = (e, f) in L'(A)
for every f € C(R™) such that the sequence f(u®) is sequentially weakly relatively
compact in L'(A).

Remark 3.1.2. (i) In the scenario described in this theorem, we say that u* gener-

ates the Young measure {1, },cq.

(ii) If the sequence u* is bounded uniformly in L>(£;R™), then f(u*) is uniformly
bounded for all f € C(R™), and hence the associated Young measure is such that,

up to a subsequence,

f(uk) 2 (v, f) in L®(Q) for all such f.

As mentioned in the introduction to this section, the Young measure offers us a tool
for measuring oscillations in a weak limit that prevent the limit from being strong. In
essence, the support of the Young measure v, represents the set over which the sequence
uF(x) is oscillating. This is quantified in the next proposition, which tells us when we

may use the Young measure to deduce that weak convergence is also strong.

Proposition 3.1.3. The (sub-)sequence u* generating the Young measure {vy}zeq
converges in measure to a function u: Q — K if and only if vy = 0y(y) for almost every

x € Q.
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3.1.2 Young measures for maps into compact metric spaces

In general, we will not have uniform L° bounds available for our sequences of ap-
proximate solutions, nor will we have available the equi-integrability that would allow
an application of the above theorem. Instead, we will work on a compactification of
our phase space, that is, we will consider our sequence of approximate solutions to
take values in a compact metric space (see the following section for results concerning
compactifications). This allows us to employ the Young meaure theory developed by

Alberti and Miiller in [1] for sequences of maps into compact metric spaces.

The setting is the following: let Q C R™ be an open set and (K, d) a compact metric
space. We identify the space of finite real Borel measures on K, M(K), with the dual
of the continuous functions, that is M(K) = (C(K ))* Then we may consider the
space L3 (Q; M(K)) of weak-star measurable maps v : @ — M(K) that are essentially
bounded (in fact, the space of equivalence classes of such maps that agree almost
everywhere). We recall that such a map v is weak-star measurable if the composition
map x — (V;, g) is a measurable map on  for every function g € C(K). The space
L (9 M(K)) is isometrically isomorphic to the dual of L'(Q; C(K)) via the duality
pairing

<V7 ¢>L°°,L1 = /Q(vaqu>j\/[,o dx.

We then say that a map v € L (€ M(K)) is a (K-valued) Young measure if the

measure v, is a probability measure for almost every x € €.

Theorem 3.1.4 ([1, Theorem 2.4]). Let u¥ : Q — K be a sequence of measurable maps.
Then there exists a subsequence (not relabelled) that generates a Young measure v such

that

(i) If f:Q x K — R is a measurable function that is continuous with respect to the
second variable and |f(x, z)| < h(z) for some h € L*(Q), then

/Qf(x,uk(ar))d:c—)A(ux,fx>dx.

(i) The maps uF converge in measure to a functionw : Q — K if and only if vy = Ou(a)

for almost every = € €.
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3.2 Compactifications

We collect here the necessary facts concerning compactifications of topological spaces
for future reference. All of the material in this section is taken from [63, Sections 1.1
and 1.5].

We recall that a completely regular topological space (U, 7) is a Hausdorff space such
that for any point u € U and neighbourhood N of u, there exists a continuous map
f:U — Rsuch that f(u) =0and f(U\N)=1.

Definition 3.2.1. Let (U, 7) be a completely regular topological space. A pair (U,¢) is
a compactification of U if the map ¢ : U — U is a dense embedding of U into U which

is a homeomorphism onto its image.

As we wish to construct compactifications for use with the Young measure theory
described above, we need to understand if and how the continuous functions over a

compactification relate to the continuous functions over the original space U.

A linear subspace R C C°(U) of the bounded, continuous functions (with the usual
supremum norm) is said to be a ring if fi, fo € R implies that the pointwise product
fif2 € R also. A ring R is called complete if it is closed as a subspace of C°(U) and if
for every closed subset A C U and point u € U \ A, there exists a function f € R such
that f =1 on A and f(u) = 0.

Theorem 3.2.2 ([63, Proposition 1.5.3]). Let R be a complete subring of CO(U) con-
taining the constant functions. Then there exists a compactification (U,¢) of U such

that the space of continuous functions on U, C(U), is isometrically isomorphic to R.

The topology of U is the weak-star topology induced by the continuous functions, that

is, uyp — uw in U if and only if

lim f(u,) — f(u) for all f € C(U).

n—00

Note that if the space U is separable under this (induced) topology, then U is also

separable.

This theorem allows us to construct a compactification of a given space (in practice,
this will be our phase space) such that we can characterise the continuous functions
completely. In particular, we will know, up to isometric isomorphism, what are the

admissible test functions for our Young measure, constructed as in Theorem 3.1.4.
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Remark 3.2.3. To apply the theory of Young measures to our compactification, we
must have that the space U is metrizable. We recall from [64, Section 3.8] that a
compact topological space is metrizable if there is a sequence of continuous functions
that separates points. As the ring R was assumed to be complete, it separates points in
U and so as R = C(U) and U is dense in the compact space U, C(U) separates points
in U. Moreover, the space of bounded, continuous functions on a compact space is
separable. As U is compact by construction, we therefore have that C(U) is separable,
and hence contains a sequence of functions that separates points in U. Thus U is

metrizable.

3.3 The Young measure construction for finite-energy gas
dynamics

We now explain how the above considerations may be used to construct a Young mea-
sure that is adapted for the analysis of a sequence of approximate solutions to the
Euler equations without uniform L°° bounds. The construction here follows that of

[48, Section 2.3].
To this end, we define some notation. First, we set
H={(p,u) €R*:p>0}

and consider on H the set of continuous functions
“(H) = ~| ®(p,u) is constant on {p = 0} and such that
CH) = {¢ € C(H) the function (p,u) +— lim, oo ¢(sp, su) € C(S* NH) (3.3.1)

where S! is the unit circle.

As C(H) is a complete sub-ring of the continuous functions on H containing the constant
functions, by Theorem 3.2.2, there exists a compactification I of H such that C(H) =
C(H), where = denotes isometric isomorphism. The topology of H is the weak-star
topology induced by C(H), i.e. a sequence v, € F converges to v € H if and only if
é(vn) — ¢(v) for all ¢ € C(H). Considering the induced topology on H, this topology
has the obvious advantage of not distinguishing points in the vacuum set. We write V'

for the weak-star closure of the set {p = 0} and set
H=HUV.
To see that the topology on { is metrizable, we appeal to Remark 3.2.3.
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With the compactification J, we apply the fundamental theorem of Young measures
for maps into compact metric spaces, Theorem 3.1.4. That is, given a sequence of

functions (p°, u®) : Ri — I, there exists a subsequence generating a Young measure

vt 5 in the sense that, for any ¢ € C(H),

o(6F u) > /H b(p, ) dvi in L¥(R2).

Moreover, moving to the (p, m) coordinates, where m = pu, we have that (p*, m®) con-
verges in measure (and hence almost everywhere up to subsequence) to some functions

(p(t,x), m(t,)) if and only if vy s = 8(p(t.2)m(t,)) for almost every (t,z) € R?.

3.4 Compensated compactness

The theory of compensated compactness stems from the seminal work of Murat and
Tartar in the late 1970s and early 1980s, [57, 58, 59, 69, 70, 71]. In very rough terms,
the theory attempts to find sufficient conditions on sequences of weakly convergent
functions that allows the passage of the weak limit through a non-linear combination of
the functions. Such conditions are usually assumptions on the compactness of combi-
nations of derivatives of the functions in a very weak function space, such as a Sobolev

space of negative order.

3.4.1 The Div-Curl lemma

The cornerstone of the compensated compactness theory is the div-curl lemma. Devel-

oped first by Murat in [57], a classical version of this lemma is the following.

Lemma 3.4.1 (Div-Curl Lemma). Let  C R™ be an open, bounded set, p,q € (1,00)

with 1% + % =1 and suppose that v and w® are sequences of vector fields such that
v — v an LP(Q;R™), w® — w in LY (Q;R™)  ase — 0.
Suppose also that
divv® is (pre-)compact in WEP(Q),  curlw® is (pre-)compact in W~19(Q; R™™).
Then the product v¢ - w® converges in distribution,

. !
v ewt —=v-win D'
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A simple proof of this lemma in the case p = ¢ = 2 can be found in [28, Section 5.B,

Theorem 4]. This proof easily extends to the case stated here.

An improvement of the div-curl lemma in the case when the available compactness is
weaker was given in [15]. In this situation, one has only the weaker compactness of
the sequences in the space W11 and so the additional assumption is made that the

product v€ - w® is equi-integrable. By W~11(Q), we refer to the dual of WOI’OO(Q).

Lemma 3.4.2 ([15, Theorem]). Let Q@ C R™ be open, bounded and Lipschitz, p,q €
(1, 00) with %+% =1, and suppose that v¢, w® are bounded sequences in LP(2;R™) and
L1(Q; R™) respectively and that

v — v in LP(Q;R™),

w® — w in LI(;R"),

and that, moreover,

divo® and curlw® are (pre)-compact in T/VIZCM(Q), WZZCI’I(Q; R™ ™) respectively.

£

If, in addition, the sequence v¢ - w® is equi-integrable, then

. /
v ewt —=v-win D

3.4.2 Compensated compactness interpolation and embedding theo-
rems

Another of the useful tools of compensated compactness is the so-called compensated

compactness interpolation theorem:

Theorem 3.4.3. Let Q C R™ be an open, bounded set with Lipschitz boundary. Suppose

that S C VVl;CI’p(Q) N VVl;Cl’q(Q) is a set such that S is compact in VVl;CI’q(Q) and S is

_17p
oc

uniformly bounded in W, (1) where 1 < q¢ < p < oco. Then, for any r such that

qg<r<p,S is compact in T/VIZC”(Q)

The proof may be found in, for example, [4]. We use also the following lemma of Murat.

Theorem 3.4.4 ([58]). Let Q C R™ be an open, bounded set, and suppose 1 < r < oo.
Suppose that a sequence u® in W17(Q) satisfies

sup [|u® [l -1.r () < +00
g

and
uf >0 in W (Q).

Then {u®}.sq is (pre-)compact in W=1P(Q) for all 1 < p < r.
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3.5 The reduction framework of Chen-Perepelitsa

In the case of a gamma-law gas, Chen and Perepelitsa have created a framework for
analysing the Young measure generated by a sequence of approximate solutions to
the Euler equations under fairly general integrability assumptions. In this section,
we outline the assumptions and give a general statement of the main result of this

framework. The proofs may be found, along with further discussion, in [12].

The set up for the problem is as follows: Let (p%, u®) : Ri — Ri, e > 0, be a sequence
of functions with p® > 0, satisfying the following bounds. Given a compact set K C R,
there exists a constant M > 0 depending on K but independent of £ such that

T T
/ / (p°)7+! dmdt—i—/ / (P[] + (p°)" ) dw dt < M, (3.5.1)
0 K 0 K

where vy € (1,00) and 6 = 77_1 Suppose moreover that the entropy dissipation measures
n? (p°, m®); + ¢¥ (p°, m), are compact in H, ! (R?) (3.5.2)

for all weak entropy pairs (%, ¢¥) of the isentropic Euler equations generated by a test
function v € C2(R) of compact support as in (2.1.6), where m® = pfu®.

Applying the construction of §3.3, we deduce the existence of a Young measure v,
defined on the compactification H of phase space with notation as in that section, so
that for all ¢ € C(H),

B(p°,uf) = /}((;5(,0, u)dv, in L°(R%) as e — 0.
The main result of the framework of [12] can now be summarised as follows.

Theorem 3.5.1. Suppose (p°,u) is a sequence of functions satisfying the assumptions
(3.5.1) and (3.5.2). Then the Young measure v, in phase coordinates (p,m) reduces
to a Dirac mass at almost every (t,x) € Ri, that is, there exist measurable functions

(p,m) : Ri — Ri such that for almost every (t,x) € Ri,

Vt"r = 6(p(t7x)7m(t7$))'
Moreover, the convergence may be taken to be in LY (R%) x L1 (R%) forp € [1,v+1)
3(y+1)

This theorem is the content of [12, Proposition 7.3] in the case v € (1,3) and [12,

Proposition 6.3] in the case v > 3. The range of exponents ¢ may be seen as |m|? =

3(y+1)
13

p%|u]qp2*3q < M (plul® + p7*1), precisely when ¢ =
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Chapter 4

Euler equations with geometric
effects

4.1 Introduction

This chapter is concerned with establishing the existence of entropy solutions to the
Fuler equations with geometric structure. We consider the Euler equations for tran-
sonic nozzle flows with general cross-sectional area and related compressible flows of
geometric structure including spherical symmetry. As discussed in §2.4, these equations
take the form of the one-dimensional Euler equations with geometric source terms:

A'(z)
A

pt +mg + (Z)mzo,
A’ (x) m?

(4.1.1)

for (t,x) € R%r. In this model, p > 0 is the density and the velocity is u = % :R—=>R.
We make precise assumptions on the cross-sectional area of the nozzle A(x) later, but
for now we consider A : R — Ry to be a given C%function. We consider a broad class
of such functions, allowing for nozzles that open up at one end with unbounded area,

and nozzles that pinch off at an end with area going to zero.

We consider the Cauchy problem for system (4.1.1):

(p, m)|i=0 = (po, m0), (4.1.2)

where the initial data (pg,mo)(z) have end-point states (py,my) at z = Foo, for
constants py > 0 and my € R. Throughout, we assume the equation of state of a
polytropic gas, that is,

(-1

p(p) = Kp?, where v > 1 and k = ™
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In this chapter, we develop a framework with which we demonstrate the existence of
relative finite-energy entropy solutions to (4.1.1)—(4.1.2) under general assumptions on
the area function A(x) and the end-states of the fluid. As a corollary of this method,
we also extend the existing results for the spherically symmetric equations. We recall
that the background to the problem and some relevant techniques were discussed in
§2.4.

The structure of the chapter is as follows: in §4.2, we recall the properties of weak
entropy functions of system (4.1.1), introduce the definition of entropy solutions, and

present the main theorems, Theorems 4.2.3—4.2.5.

In §4.3-§4.5, we develop the viscosity method to construct the afore-mentioned approx-
imate solutions and demonstrate their convergence to entropy solutions of the Cauchy
problem (4.1.1)—(4.1.2), first under the following assumptions on the cross-sectional

area function A(x):

0< Ay <A(z) <A < oo, (4.1.3)
[Allc2®y + 1A L1 (r) < A2 < oo (4.1.4)

For the general case, we make the assumption that the corresponding cross-sectional

area function A(z) > 0 is a C?—function satisfying either
Al ,
HZHLOO(R) + A HLl(—oo,O) < oo (4.1.5)

or

A/
HZHLOO(R) + HA/HLl(O,oo) < 0. (4.1.6)

In particular, this general class of nozzles includes the de Laval nozzles with closed
ends. In §4.6, we establish the existence of globally defined entropy solutions to the
Euler equations (4.1.1) for compressible fluid flows in transonic nozzles with general
cross-sectional areas satisfying (4.1.5) or (4.1.6). To achieve this, we develop a viscos-
ity method to construct globally defined approximate solutions and establish several
essential uniform estimates for the whole interval of adiabatic exponents v € (1, ), so
that the viscosity approximate solutions satisfy the general LP compensated compact-
ness framework established in Chen-Perepelitsa [12] as described in §3.5. This viscosity
method is carefully designed to incorporate artificial viscosity terms with the natural
Dirichlet boundary conditions to ensure the uniform estimates for all v € (1,00). Then
these uniform estimates lead to both the convergence of the approximate solutions and

the existence of globally defined entropy solutions of problem (4.1.1)—(4.1.2) for initial
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data of relative finite-energy for all v € (1,00), provided that the cross-sectional area

function A(x) satisfies (4.1.5) or (4.1.6).

The construction of the approximate solutions in §4.3 employs the standard theory of
quasilinear parabolic systems as detailed in [43]. In §4.4, we derive uniform estimates,
independent of the viscosity coefficient €, on the approximate solutions, so that they
satisfy the requirements of the general LP compensated compactness framework of §3.5
to pass to the limit as € — 0, and hence deduce, in §4.5, the existence of globally defined
entropy solutions of the Cauchy problem (4.1.1)—(4.1.2) with general large initial data

of different end-states and relative finite-energy in the sense of Theorem 4.2.3.

In §4.6, we describe how the additional assumptions on A(z) in (4.1.3)—(4.1.4) can be

removed to obtain the results in Theorem 4.2.3 for the general case (4.1.5) or (4.1.6).

Finally, in §4.7, we show how the approach and techniques developed in §4.3-§4.6
can be extended to the general setting of spherically symmetric solutions to the Euler
equations, leading to the second main theorem of this chapter, Theorem 4.2.5, for the

whole range of adiabatic exponents vy € (1,00), including the unsolved case: v > 3.

4.2 Entropy solutions and main theorems

In this section, we discuss the properties of weak entropy functions of system (4.1.1),
introduce the definition of entropy solutions, and present the main theorems of this

chapter, Theorems 4.2.3 and 4.2.5.

4.2.1 Entropy

We recall that an entropy-entropy flux pair (or entropy pair, for simplicity) is a pair of

functions (1, ¢) : R2 — R? such that

Vaq(p,m) = Vn(p,m)V (”,32 +p(p)> ; (4.2.1)

where V is the gradient with respect to the conservative variables (p, m). For example,
the mechanical energy and its flux form an entropy pair:

m2

N 1 K

n(p,m) = 2, + - 1073 (4.2.2)
* 1 m3 Ky y—1

q*(p,m) = 2 7 + - 7o (4.2.3)
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One of the important properties of this entropy pair for the purposes of our analysis is
that it provides a convex, positive entropy. Indeed, one may easily calculate and find

that, writing h(p) = pe(p) = 75 1, so that p(p) = p2e(p),

R (0)|p3] + pluzl? < (pzy ma) V20" (pryma) T (4.2.4)

compare [13, Proof of Proposition 2.1]. Thus, by integrating the additional conservation
law obtained from the pair, we gain a priori bounds on solutions. This observation is the
core idea of the first main energy estimate, Proposition 4.3.2 below, which demonstrates
that relative finite-energy initial data leads to relative finite-energy solutions without

employing invariant region theory.

We recall from (2.1.6) that any weak entropy pair for system (4.1.1) can be expressed

/ (— +P Ps)[1 - }2” T ds, (4.2.5)
q"(p, )—p/_ (p + 0% ) (" G f5)[1 — ]ﬁ ds, (4.2.6)

where 0 = VT and ¢ : R — R is said to generate the entropy pair (7%, ¢¥).

4.2.2 Entropy solutions

Now we introduce the definition of entropy solutions of the Cauchy problem (4.1.1)—
(4.1.2). As a result of our restriction to the LP framework, we do not require the
solution to satisfy the entropy inequality (4.2.8) for all weak entropies, but ask it only
for those weak entropies satisfying a sub-quadratic growth condition. The reason for
this is simple: we have only energy bounds for the solution, and so entropies of higher

order growth need not even be locally integrable.
Definition 4.2.1. An entropy solution of the Cauchy problem (4.1.1)—(4.1.2) is a pair

(p,m) : RL — R? such that

(i) For any ¢ € C°(R?),

/<p¢t+m¢x> <>dazdt+/ o(2)6(0, 2) A(x) di = 0,
R2

’ m2 !
Ly (e et o) 0+ TOVA) dadt+ [ mo()(0,2) A(w) do = 0
(4.2.7)
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(ii) For any convex v (s), with sub-quadratic growth at infinity, generating the entropy

pair (1%, ¢%),
m2
(0" A(x)), + (" A(x)) , + A'(x) (mn} + 777}% -q¢¥) <0 (4.2.8)

in the sense of distributions.

Recalling the definition of the relative mechanical energy from the Introduction, we

define smooth, monotone functions (p(z), @(z)) such that, for some Ly > 1,

(p(z), u(x)) = {(p+’u+)’ v=to (4.2.9)

(p—au—)v z < —Lo.

By the Galilean invariance of the system, without loss of generality, we may assume

either u_ = 0 or uy = 0. We then define the relative mechanical energy with respect
to (p(x),m(x)) = (p(x), p(z)u(x)):

F(p7 m) :n*(pvm) - 77*(/37 m) - VT/*(:@ m) ' (p - ﬁ?m - 77_’L)
1 - (4.2.10)
= Solu— P + Ao, 5) > 0,

where h(p, p) = h(p) — h(p) — I'(p)(p — p)-

Definition 4.2.2. The relative total mechanical energy for (4.1.1) with respect to the
end-states (p+,m4+) through (p,m) is
© JE—
Elp.ml(®):= [ i (plt.2).m(t, ) A(w) do > 0
—00
We say that a pair (p,m) is of relative finite-energy with respect to the end-states

(px,my) if E[p,m](t) < oo for almost every ¢t > 0.

4.2.3 Main theorems

We now present the two main theorems of this chapter.

Theorem 4.2.3 (Entropy Solutions of the Transonic Nozzle Problem). Let the cross-
sectional area function A(z) > 0 be a C?—function satisfying (4.1.5) or (4.1.6). Assume
that (po,mo) € L}, .(R; R?) with po(x) > 0 is of relative finite-energy with respect to the
prescribed end-states (p+, m+). Then there exists a global finite-energy entropy solution
(p,m)(t,z) of the transonic nozzle problem (4.1.1)—(4.1.2) in the sense of Definitions

4.2.1-4.2.2 such that

(p,m) € Lj,

loc

(RY) x Lf

loc

(Ri) forpe[l,y+1) and q € [1, 3(;’:31)). (4.2.11)

41



Remark 4.2.4. Condition (4.1.5) or (4.1.6) allows for the nozzles to open up at one
end (with an unbounded cross-sectional area), and to shrink at both ends with rate
|x|~* for any o > 0 (closed ends). In particular, a positive lower bound, or upper

bound, of the cross-sectional area function is not required.

The existence of entropy solutions presented in the above theorem is established as a
vanishing viscosity limit of appropriately designed approximate solutions. We there-
fore first develop the viscosity method to construct such approximate solutions and
then derive the uniform estimates of the approximate solutions so that they satisfy the
requirements of the LP compensated compactness framework in §3.5. Applying this
framework then yields the strong convergence of the approximate solutions to a limit,
which we show to be an entropy solution of (4.1.1), as desired. Moreover, as a con-
sequence of the approach and techniques developed throughout the following sections,
we are able to prove the following result for the spherically symmetric Euler equations,

including the previously unsolved case: v > 3.

Theorem 4.2.5 (Entropy Solutions of the Spherically Symmetric Problem). Suppose
that (po,mo) € (L}

loc

(R1))? are finite-energy initial data such that po(z) > 0 and

oo
E.[po, mo] := / n* (po, mo)z" dx < oco.
0

Then, for the whole range v € (1,00), there exists a global entropy solution (p,m)(t,x)
of the spherically symmetric Euler equations with A(x) = w,z™ ', 2 > 0, where w, is
the surface area of the unit sphere in R™, such that (p,m) € LY (R%) x LL (R%) for

loc
3(y+1
pe[l,y+1) and g € [1, (77:3)), and

E[p,m](t) := /000 n*(p,m)z" tdx < E.[po, mo] < 0. (4.2.12)

4.3 Viscosity approximate solutions

We now develop the viscosity method to construct the viscosity approximate solutions
of the Cauchy problem (4.1.1)—(4.1.2) and make some necessary estimates. Throughout
this section and §4.4-84.5, we first assume that there exist Ag, A1, A2 > 0 such that
conditions (4.1.3)—(4.1.4) hold for the cross-sectional area function A(x) for simplicity

of presentation.
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For fixed € > 0, we consider the following approximate equations for (¢,z) € Ry X (a, b):

i i+ G me = (0 + Ty 05). )
m; + ((TZ?Q +ps(0°)), + A/((;)) (W,L;)Q = e(mg + /X((;)) m°), a
where
ps(p) = kp? +p*, 6 =3d() > 0 with 5(¢) — 0 as € — 0. (4.3.2)
Here a = a(e) and b = b(e) are chosen such that
a(e) < —Lg, a(e) > —o0 ase — 0, (4.3.3)
b(e) > Lo, b(e) > 00 ase — 0 (4.3.4)

for Ly in (4.2.9), independent of e. We can take a(e) and b(e) to diverge at the same
rate as € — 0, but this rate is not arbitrary. However, we have the freedom to design

the approximating problems in a convenient manner so that this rate can be chosen
carefully in §4.4-84.5.

The choice of viscous terms is designed to allow both for the application of standard
parabolic theory and also to be compatible with the entropy structure of the equations.
The main problem for establishing the existence of the approximate solutions is the need
to gain a priori bounds on the approximate solutions that bound solutions away from
the singularities of the coefficients in the equations. In particular, we must demonstrate
both upper bounds for p and m, and also a lower bound for p. By restricting the domain
of the approximate problems, we allow for the imposition of boundary data and the
possibility of a weak maximum principle that gives these desired upper bounds. To
control the second issue, that of the lower bound for p, the additional term &p? is
introduced into the pressure function. This term prevents cavitation (the formation of

a vacuum state) in the approximate solutions when & > 0.
We pose approximate initial and Dirichlet boundary data:

(pvm)|t=0 = (p%,m%)(ﬂf), T e (CL, b)7
(pam)’l’:a = (pi7mi>7 t >0, (435)
(P,m)’x:b = (pi—ami—)a t > 07

where pg > 0, pi > 0, and (p5,m%) — (p+,m<+) as € — 0. The imposition that the
end-states for p are strictly positive is to prevent the possibility of cavitation. One of
the motivations for imposing the Dirichlet boundary data for the approximate solutions
is to allow for the use of the weak maximum principle for obtaining the L™ estimate

for the approximate solutions for the whole range v € (1, 00); see Lemma 4.3.4.
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With this carefully designed initial-boundary value problem (4.3.1)—(4.3.5), the next
goal of this section is now to establish the existence of globally defined approximate
solutions. Throughout this section, for 3 € (0,1), C**#([a,b]) and C’QJ“B’Hg(QT)
denote the usual Holder and parabolic Holder spaces on the interval [a,b] and the

parabolic cylinder Q7 := [0,T] X [a, b], respectively, as defined in [43].

Theorem 4.3.1 (Artifical Viscosity Solutions). Fore > 0, let (p§, m§) € (C*™7([a, b]))2

be a sequence of functions such that
(Z) infagng pg(.’B) > 0;

(i1) (p§, m§) satisfies (4.3.5) and the compatibility conditions at x = a(e) and b(e):

2

—~

mg)
I

), + A@)ps(ph)e = (A(z)mg) ,;

om

(iii) [° (L 4 ey A () d < oo

(iv) (6(¢),a(e),be)) satisfy (4.3.2)—(4.3.4).

Then there exists a unique global solution (p°,m®)(t,z) of problem (4.3.1)—(4.3.5) for
v € (1,00) such that (p*,m) € (02+B’1+§(QT))2 with infg,. p*(t,x) > 0 for all T > 0.

We assume from now on that a = a(¢) and b = b(e) are constants depending on £ > 0
such that ,
A

(1] () Dela = bl < M, (4.3.6)

where M > 0 is a constant, independent of €. For simplicity of presentation, we drop
the explicit e-dependence of all functions in this section, since the results hold for each
fixed € > 0. As we have modified the pressure function, we find that the associated

mechanical energy needs adjusting likewise. To this end, we write:

o) = pesto).esto) = [P as, (43.7)

52

taking the place of h(p) defined above and used in the mechanical energy.

By the standard theory of quasilinear parabolic systems detailed in [43], in order to
establish Theorem 4.3.1, it suffices to show that, for a generic C*!(Qr) solution of
(4.3.1), the following a priori bound holds:

I (p,

m
’;)HLOO(QT) < 09,

D=
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where the bound depends on ¢, T, and the initial-boundary data. Then any solution of
the equations with the prescribed regularity remains in a bounded region away from the
singularities of the coefficients of the quasilinear parabolic system (4.3.1). The results

in §5 and Theorem 7.1 in §7 of [43] then lead to the conclusion of Theorem 4.3.1.

The remainder of this section consists of the energy estimates necessary to deduce
these bounds. Our fundamental energy estimate concerns the control of the relative

mechanical energy for system (4.3.1). We define a modified entropy pair:

1 m? 1m

* __ 217 h *
s =5 P +hs(p), 4 2 2

and further modify these to obtain a modified relative entropy pair,
15 (psm) =nj5(p,m) — 15 (p, M) = V5 (p,m) - (p — p,m — )

1 PSR
= 5plu—al*+ hs(p, p) 2 0,

where hs(p, p) = hs(p) — hs(p) — h5(5)(p — ).

Then the total relative mechanical energy for (4.3.1) is

bi
Elp.ml(t)i= [ (ot m{t, ) A(w) do > 0.

Now we obtain our first main energy estimate.

Proposition 4.3.2. Let

bi
Ey = sup/ n;y (p5(x), mg(x))A(z) dx < co.

e>0

Then there exists M > 0, independent of €, such that, for all € > 0,

b
sup [ (ol al + Bolp,p) Alw) d
tel0.1] Ja / (4.3.8)
+ 5/T (hg’(p)pi + pul + ‘(i((j) )/pu(u - E)DA(QC) drdt < M(Ep+1).

~—

Moreover, for any t € [0,T], [{z : p(t,z) > 3p}| < c2Eo, where p = max{p_,p;} and
c2 > 0 may depend on T.

Before we prove Proposition 4.3.2, we note that there exists a constant ¢; > 0, inde-

pendent of e, depending only on p and ~ such that hs(p, p) > cip(p? — %)%
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Proof. Multiplying the first equation in (4.3.1) by (Fg)pA(x), the second equation by
(Fg)mA(x), and then adding them together, we have, after a short calculation,

1) = (= + ps(p)) (1) (5, 1)) A())

p
+(03)p(prm)) ;mA@) + ((15)m (5, )) (2 + ps(p)) A(@) + s (p) (0 )m (7, ) A' ()

xz

L5 )m- (4.3.9)
Observe that, at the end-points a and b,
G5 =m0 7o) = (" -+ () . 70) =~ i)
Then, by integrating (4.3.9) over (a,b),
% - %m(p)Aﬁ + / b (m (03)p(2. ), + ((05)m (7 7)) , (5 + 25 ()
N A(x) _ A(x)

() UBm (P mIps(o) = () m(0)m = () (1)) ) AGe) de

b

—8/ (pzy M) V20 (poy ) T A(x) doe
ab

+ 6/ (P ((15)p(P.10))5 + Mz (05)m (P, M) 2) Al) di.

Note that p+ps(p) < M (hs(p, p)+1), pu® < M(plu—ul*+p-+1), and [|A'[| 1~ o0, 1o) <

M and that (py,m,) are supported in (—Lg, Lg). Moreover, for x > Ly, as we have

used the Galilean invariance to impose that u, = 0 without loss of generality, m = 0
and (15)m(p,m) = 0 for > Lg. Therefore, we have

b o o o - - 2 Al(z)
| (mle)ato.m)), + (053, (25 4 s(0) +
< M(E+1).

Moreover, integrating by parts gives

b
: / (P2 ()05 7)) + (7 )on (7 7)) A()

b
- 5/ (p((nfs‘)p(ﬁ, m)) e +m((05)m (P, m))m)A(fE) dx

b
e / ()05 7)) + T () (5, 7)) A () it
<Me(E+ Lo+ | A1 (—1o,00))

where we have used again that p+ pu < M (plu — @|* + hs(p, p) + 1) and that p and m
are bounded with bounded and compactly supported derivatives. Finally, we have

/

b A , i} . o A
/ g‘(g) m((05)m — (%)m(p,m))‘A(:r) dv < eME +eM|b—al|(1+ ‘(Z) ).

46



Since (pg, my) V0% (pe,my) " dominates hf(p)|pz|? + plus|? as observed in (4.2.4), we

may combine all of these inequalities to obtain

dE b
o e [ 5+ ol + plusf?) Alz) do < M(E +1).

Hence, by the Gronwall inequality, we have

E(T)+ 5/ ((26 + k') pe|? + p|ux|2)A(a:) de < M(T)(Eo+1). (4.3.10)

T

In particular, we obtain

b
sup / (p(u—1)* + hs(p, p)) A(x) dx < M(Ep + 1). (4.3.11)
te0,T] Ja

Since A(x) > Ap > 0, and hs(p, p) > 0 is quadratic in (p — p) for p near p and grows as

max{7,

0 2} for large p, we conclude

3.
{p(t,-) > 5/)}! < c2Ey,

where p = max{p_, p+}. O

The following lemma is a simple consequence of the fundamental theorem of calculus

and the main energy estimate, Proposition 4.3.2; compare [13, Lemma 2.1].

Lemma 4.3.3. There ezists C = C(e,T, Ey) > 0 such that

T
/0 lott, 2R at <

Proof. If [{p(t,
point of (a, b) closest to @ such that p(t, o) = 3p. Clearly |z — 2| < C(Ep,c2). Then

= 0, then we are done. If not, then for = € (a,b), let g be the

17 (t,x) — p7(t,z0)| <

/ Pt y)py(t,y) dy’
zo

2

b
<C / P 2t y)lpy (t y) PAly) dy

1
2

/m P’ (t,y)A(y) dy

o

b
< (C(Ep) + Cle — o)) / 521 y) oy (6 9) PA) dy

T
| e <
0

Repeating this argument with p? instead of p7, we conclude. O

Hence, by (4.3.10),
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From now on, the constants labelled C' may depend on €, whereas the constants labelled

M are independent of €.

The next aim is to demonstrate upper bounds for the density and velocity. Our strategy
for doing this is to exploit the parabolic structure of the problem to obtain a maximum
principle. We make use of the fact that the Riemann invariants for the system satisfy
heat equations of their own with a much better structure. The following maximum
principle result for the Riemann invariants then gives a priori control on ||(p, u)| e in

terms of the Dirichlet boundary data and initial data.

Lemma 4.3.4. There ezists C = C(e,T, Ey) such that, for any t € [0,T],

(s Wl o= (@p) < C(Iluo + R(po)ll oo o) + o = Rpo)ll oo ap)) + Clpx, us),

where

[P /p5(s) .
>—/03 a

Proof. We recall that the eigenvalues of the Euler equations with pressure function

ps(p) are
ALi=u—/p5(p), A= w4 4/ps(p),

and the corresponding Riemann invariants are
w:=u+ R(p), z:=u— R(p).
We first note that these Riemann invariants are quasiconvex:
ViuVie(Viw)T >0, —vizvZz(viz)T >o.

Following [13, Lemma 2.2], we multiply the first equation in (4.3.1) by w,, multiply the
second by w,, and then add them together to obtain, after a short calculation,

A /
we ()\2 B SZ)wx — EWgx = *5(vamx)v2w(vamx [A +5 Z
(4.3.12)

We exploit the quasi-convexity property of the Riemann invariants to derive a parabolic

inequality for w allowing the application of a maximum principle by decomposing
(pesmz) = aVw + V4w

where
Wy

= Wl

PrxWm — MxWp

P =" P
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With this notation, we re-write (4.3.12) above as
2oL, o2 L NT [ A Ay
Wi + AWy — Wy = —B*V-wV*w(Viw)' —u péz + E(Z) U

where ) ) ( )_l_
A VuwVew(Vw
A=Ay — EZ + ex VP

Then, using the quasiconvexity property of w, we find that

V4AwV2w(Vw) T
|[Vw|?

+ 2e8

Wt + AWy — €Wgy <0

for w defined by

it z) = w(t, z) /H o = e () gy

The maximum principle for parabolic equations gives us

max @ < max{wp, max w}.
Q¢ [0,t]x {a,b}

Now we have

max w < max wg

[0,¢]x{a,b} (a,b)
1 max{1,y—1}

t
Ll R TG el [P PR

’

% , |(%/)/|} Thus, we obtain

where C' depends on sup, ) {
max w < max wg + max w(p4, ut)
Qt (a,b) +
L max{1,y—1}

0 [ I S e

Similarly,

I%atbx( 2) < r(n )( 20) + max 2(pt,us)

t %max{l,v—l}
+C ; (1+ | p(r, M Zoo(ap) (T, )| oo (a,p) dr-

Noting that wq satisfies the corresponding boundary condition to (4.3.5) and that p > 0,

we see that

max{1 1
maxu] < max o] + max|zo] +C / T e A S TTC (e
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Since max{1l,y — 1} < 2, we obtain that, by the Holder inequality and Lemma 4.3.3,

2 2
max |u|® < C( max |wg| + max |z
Qt ful” < ( (a,b) [wol (a,b) | 0’)

t t
max{l,v—l} 12
co( [ astoz=tty ) ([ e g ar)
t
< C( max |wy| + max |z 2+C’/ u(T, - 2°°a dr.
(o] + ma zo)+ € [ () ey

We then conclude the estimate for [|ul|z(q,) by using the Gronwall inequality.

The estimate for p is now a direct consequence of the estimates of the Riemann invari-

ants and the estimate of u above. In particular, we have

IrbaxR( p) = ;né?ax( w—2z) < C+C/ (1+|lp(r, - )||g::ixil’7 1}) dr < C.
t

O]

This maximum principle argument gives us the first bounds that we require to apply
the standard parabolic theory and deduce the existence of the approximate solutions.
In order to obtain the remaining bound, that is the lower bound on p, we first prove

higher order energy estimates.

Lemma 4.3.5. There exists C = C(g,||(po,vo)llL<(ap): [|(P0s m0)| a1 (ap). T,7) > 0
such that

b
sup / (|Px|2+’mg;|2)daz+/ (|sz|2+|mm\2) dzdt < C.
te[0,7) v a Or

Proof. We make frequent use of the upper bounds on (p,u) from Lemma 4.3.4.
Multiplying the first equation in (4.3.1) by p.. and the second by m,,, we obtain

1
(ptpz)e — 5(’Px’2)t + (meme)e — 5 (Imal?), = e(|peal® + [Maal?)
= —MgPrx — (PU +p6)xmxx - zmp:cx - Z(PU Myy — 5pxpxx) + 5(zm)mmx:€

Integrating over @1 and recalling that p and m are constant on z = a and b, we have

1 b
2/ (‘Pm‘Q + ‘mx|2) ‘onx + 8/@ (|pm“|2 + |mzx|2) dr dt
a

T

A/
:/ (mxpm + Zmpm) dx dt + / (pu2 + Ps)x My dx dt
T

T
/

/
+ T‘j(pu Mo = epapas) dodt = [ (Som) s d

T
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Thus, using the upper bounds for p and w in L* from the maximum principle, we have

b
/(\pI(T,x)|2+|mx(T,x)]2)daz+€/ (1psal? + [mas?) da dt

Qr

b
3
<5 [ osal 4 Imaa) dode 4 [ (1pna(e)? + o)) do

Qr

+C | (|pa]? + |mal?) dzdt + C.
Qr

Absorbing the first term into the left, we conclude the expected estimate. ]

It now remains only to demonstrate an a priori upper bound for p~'. To this end, we

define )
1_ 1, p=p ~
dpy =40 0t F PED
0, p> P,
for some p > 0. Note that
1 1 2
¢ (p) = (- 2 + ﬁ)]l{p<ﬁ}7 ¢"(p) = E]l{p<ﬁ}‘

Lemma 4.3.6. There ezists C > 0 depending on ||¢(po)||11(ap) and the other parame-
ters of the problem such that

’ \px\Q
sup / o(p(t, '))dx—i—/ dx dt < C.
te[0,7] Ja . P

Proof. Multiplying the first equation of (4.3.1) by ¢'(p), we have

2
¢t + (u¢) — E(Z)J:x + 25 ]l{p<p}
1 1 A’ 1 1 A1 1
=2() = S)ualipeny + (5 = )y +egre(53 = 5 Lipesy

Integrating in (¢, z) and using the boundary conditions with 5 < minge(, ) po(x) chosen,

we obtain

’ |
/qﬁ(p)dx—i—a/ 5 dxdt
QTﬂ{P<ﬁ} p

1
<| 2(= - = uxd:cdt‘+ ]/ pu( )dwdt‘
/Tm{p<p} p P Qrfp<it A P

A1
—I—‘/ e—pel= — =) dadt
Qrfp<py A 7 PQ) ‘
€ |px|2
5/ dedt+C(1+ [ ¢(p)dxdt
2 JQrntp<py P ( Qr )

and conclude the estimate by the Gronwall inequality, where we have integrated by parts

and applied the Young inequality in the first term after the first inequality above. [
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For = € (a,b), we take zp to be the closest point to x such that p(t,z9) = p, where

p = Milge(qp) po(z); otherwise, we already have an upper bound on p~!. By writing

p(t, )7 < ’/x: Zgg

z; dy| + |(5)*

?

we obtain
|2

o gt <1 ([, ) ((f, anarat 1))
§C<1 * (/Q |p;3|2 dl’dt)é) (4.3.13)

Finally, we use the previous lemmas to show the lower bound on p.

Lemma 4.3.7. There exists C > 0, depending on €, T, and the other parameters of
the problem, such that

T
C_l § p(t,fL‘) g 07 A H(%’ &7u33) (t7)HLoo( , )dt S O

Proof. By the Sobolev embedding and (4.3.13),

T mx(t7 )
I

T
< /0 ) ey ) ey

<C OT(/ab|mm\2dx)5(1+ (/b |’ng|2 dx)§</ab¢(p)dx);> dt

<C.

The estimate for %I is obtained in the same way.

For u,, note first that u, = % - % and argue similarly to the above. Finally, let

v= %. Then, by (4.3.1), we calculate

A u,  2ep2  Alu Al
vg + (u—sz)vx — EVgg = % - pé’x + v < (uz + ZU)U'

By the maximum principle,
T
%axv S Cmax{HvOHLoo,pZI’ pll}efo H(uzvu)("_v')”Lw(a,b)dT S C”’UOHLOO(CL,I))'
T
[

This completes the proof of Theorem 4.3.1, establishing the existence of the approxi-

mate solutions.
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4.4 Uniform estimates for the approximate solutions

As mentioned earlier, the purpose of this section and §4.5-84.6 is to establish the
proof of Theorem 4.2.3 by making uniform estimates on the approximate solutions,
independent of €. These uniform estimates allow us to pass to a Young measure limit
and apply the compensated compactness and reduction framework of §3.5 to deduce
strong convergence of the approximate solutions to a limit solving system (4.1.1). The
crucial higher integrability bound of Lemma 4.4.5 is sufficient to pass to the limit in the
entropy equation for all entropies generated by test functions of sub-quadratic growth.
Throughout this section, the universal constant M > 0 is independent of ¢, and we

assume that the area function A(z) € C? satisfies (4.1.3) and (4.1.4).

The first uniform estimate concerns the local higher integrability of the density.

Lemma 4.4.1. Let K C R be a compact set such that K C (a,b). Then, for T > 0,
there exists a constant M = M (K, T), independent of €, such that

T
/ / (Pt +6p°) dwdt < M. (4.4.1)
0 JK
The proof of this lemma is similar to [13, Lemma 3.3], compare also [12, Lemma 3.3].

Proof. Let w(z) > 0 be a smooth, compactly supported function on (a,b). Multiplying

the approximate momentum equation in (4.3.1) by w(x), we observe

A A
(pucw)s + ((pu® + ps)w)s + Zpuzw —e(w(me +—m)),
A/
— (,ou2 + ps — 5(mw + Zm))o.)th

Hence,

b b Al ) I )

(/x puwdy)t —i—/x TP wdy +Ew(mx + Zm) = (pu” + ps)w + f1,

where

b Al
fi = / (pu® + ps — e (my + Zm))wy dy.
x
Multiplying by p and using the approximate continuity equation in (4.3.1), we obtain
b A / b
(p/ puw dy) + ((pw)x + = pu — (pax + = px)) / puw dy
© t A A "
b A Al
+ p/x Zmﬂw dy + epw(my + Zm)
= (p*u* + psp)w + pfi,
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so we have that

b !

(p/:puwdy>t+ (pu/m puwdy)ac—i-E(— (pm + %pz) /:puwdy>

/

+ epw(mz + Zm) = ppsw + fa,

where we set ) ) .
A A
fo=pf— Apu/ puw dy — p/ —putwdy.
We note that

A/ /

b
—(paa + me) /m puw dy + pw(mg + Zm)
!

b A b
- _ <px/$ PUW dy)x — Prpuw — (AP/QE PUW dy)x

!/ !/ !/

A b A
— = pPuw + ()/p/ puw dy + pPugw + pup.w + pru—w
€T

A A 4
=— (p /xb puw dy)m — (pPuw), — (ill/p /: puw dy)z
A/

b
+ (A)/p/ puwdy—}-pzuxw.

Thus we obtain

(p /: PUW dy)t + (pu /: PUW dy)z — a(p /xb PUW dy)m — e(p*uw),

/

b
- 6(p/ puw dy) + epUaw = pspw + f3,
A", .

where
A/ , b
fs=rfa—e(7) p/ puw dy.

Multiplying again by w(z), we obtain

(pw /b puw dy)t + (puw/

b
+ 5(pw9; / puw dy) — e(p?uw?), + eptuww,
x xX

b b

puw dy)iE — £<w(p/ puw dy)x>x

x

!/

b
- 6(*/%0 / puw dy) + ep uaw® = pspw’ + fu,
AP ,

where

b b

! b
fa=wfs+ puwx/ puw dy — prx/ puw dy + Ewmp/ puw dy.
x €T

xT
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Integrating over Qr, we now find

/ (5p3 + /ipVH)WQ dz dt

T

b b T
= 5/ pPuww, + pPugw? dr dt + / (pw / puUw dy) ‘ dz — / fadxdt
Qr a z 0 Qr

<;/ p3w2dxdt+sM/ (plug*w? + pu?|w,|?) dz dt
T T

b b T
+ / <pw / puw dy) ‘ dx — fadz dt.
a z 0 Qr

Now we may bound

b
‘/ puwdy( S/ (p+ pu?) A(z) da
T supp w

< M(Suppw> EO):

by Proposition 4.3.2, and so

‘/ab (pw/jpuwdy)‘jdzx‘ < M.

Similarly,
b
)/ puwx/ puwdy‘ < M (suppw,T).
T T

Also, we make the following estimates using Proposition 4.3.2:
Al , b
‘/ E(Z) pw/ puw dy dz dt| < M (suppw),
T x
A b
‘/ puw/ puw dy dz dt| < M (suppw),
A x

bA/
)/ ,ow/ — putwdy dx dt| < M,
T z A

b Al b
’ / pw/ (pu2 +ps — 5(my + —m))wy dydzdt| <M —i—/ pw’ / EMyWy dy’dxdt,
T x A Qr x
and
b
/ pw‘ / EMyWwy dy‘ dx dt < M + 5/ P2 lu|w|w,| do dt < Ma + Ae/ pPw? du dt
Qr x Qr Qr
by integrating by parts, where A > 0 is to be chosen small.

Thus, combining the above estimates, we find

/ ((5/)3 + /<;p7+1)(,u2 dr dt < As/ pPw? dxdt + M. (4.4.2)

T T
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Claim. There exists M = M (suppw, T, Ey) such that

£ / pPw?drdt < M+ Me / o' w? da dt.
T

T
If v > 2, the claim is obvious. Let v < 8 < 3. Then

5/ pﬁw2 dx dt
T

T
Ss/ sup (p’B_WwQ)’ (/ 7 dx) dt
0 suppw t supp w
T
<ert [ [ (P, P k] d
0 supp w

=eM (pﬁ_”’_%‘(p%)x‘wg —|—p6_7w|wx|) dx dt
QrNsuppw

SsM(/ ‘(pg)mfwgdxdt—i—/ p25_37w2dxdt>
Qr Q

T

+eM PPV w|w,| da dt
Qr

< EM(/ 0772 pelPw? dx dt + / 27302 da dt
Qr

T

+ / 28302 da dt + / P da:dt).
Qr Qr

Thus
5/ PPw?dedt < M(l —1—5/ p?B=374,2 d:xdt).
T

T

If 28 — 3y < v+ 1, we are done. If not, we iterate the above argument (noting that
283 — 3y < ) to obtain

a/ PPu? de dt < Mn(l +a/ 292 da dt),
T

T

where £, = 2"3 — 3v(2" ! — 1) < v+ 1 for some n € N. This proves the claim.
So, from the claim and (4.4.2),

/ (/<cpwrl + 6p2)w2 drdt <M +eAM P w? da dt.
T Qr

Taking A > 0 sufficiently small, we conclude

/ (,%p“hLl + 5p2)w2 dx dt < M(suppw, T, Ep).

T
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The other key estimate concerns a local higher integrability property for the velocity:

T
/ / (plul® + p?*?) dadt < M.
0o JK

The proof of this estimate relies on the observation that a careful choice of the gener-
ating function ¥ = (s) yields an entropy flux function of strictly higher growth rate
than its associated weak entropy function. This observation was first made in [52] and

is contained in the next result, which has been taken and adapted from [12, 13].

Lemma 4.4.2. Let (n7,q") be the entropy pair generated by vy (s) =

Then,

,q), can be

Lsls].
for(s) = (s —u_), the entropy pair generated by ¥, which we denote (7]

written, for some constant o, as

m)
d(p,m) = q* (p,m — pu_) +u_n™ (p,m — pu_),
m)

[r2(p, p(u — u-))| < Mplu —u_|?.

it

ﬁ(pv n pam_pu*)a

ap’Hu —u_) + rap, p(u —u_)),

7(p,

Moreover, with the notation:

i(p,m) :=1j(p,m) = Vij(p—,m—) - (p = p-,m —m_),
q(p,m) := 4(p,m) = Vij(p—,m_) - (m, nj +p),
the following inequalities and identities hold:
7i(p, m)| < M (plu—u_|* + p(p” = (p-)")?),
q(p,m) > %(p!u —u PP+ ") = M(p+ plu—u_|* +p"),
q(p—,m-) <0,
m2
| —q+mﬁp+7ﬁm\ < MG+ M,
i = (e’ — (p-)%) + (w—u_)r(p,u),  where |r(p,u)| < M,
|| < M (p(u —u-)*+ p(p” = (p-)°)* + p),
|(Tm)ol < M"Y, |(im)ul < M,

[iim| < M (Ju —u| +]p” = (p-)°]).

The proof of this lemma is entirely standard, simply by computing from the represen-

tation formula (4.2.5)—(4.2.6) for the entropy and entropy flux.

Before proving the higher integrability estimate, we need the following technical lemma.

o7



Lemma 4.4.3. For any compact set K C (a,b), there exists B > 2 such that

/ / (t,y)A(y) dy dt < M|a|® foranyz € K, (4.4.3)

where M = M(K) is independent of € > 0.

Proof. The proof is divided into three cases.

1. When v € (1,2),

/ / 3Adydt<M5|a|/ sup p>~7 dt
(a,z)
< Meéldl 1+/ / (p?) |dydt)
T prx
< Melal 1+/ / pG_?WA_ldydt—&—/ /pv_leyPAdydt)

< Ms\a| / / 6=37 4277 A7~ 3dydt>

< Me|a| / / ol + DM +1) + M|a|0 ) AT 1) dydt)

where we have used Young’s inequality. Then

e T rzx
2/ / P dy dt < Mela|?O)
0 a

2. Now we consider the case y € [2,3]. Note that [ pAdy < M(Ey) + M|a| < M|al.

Then
T prx T T
/ /pSAdydtg/ supr(t,-)(/ pAdy) dt
0 Ja 0 (a,x) a
T rx
< Mlal 1+/ /ppy\dydt)

(1+// 2p”T_2\pyydydt>
(1+ // prTTAT dydt)
(1+

where (v) = f1(7) +1

where we have written A~! A CAT 5 and applied Young’s inequality with exponents

ol
4yauad%4
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3. Finally, for v > 3, the estimate follows directly from the main energy estimate,

Proposition 4.3.2. ]

Lemma 4.4.4. Let (n¥,q%) be an entropy pair such that the generating function
satisfies

sup [ (s)] < oc.
S

Then, for any (p,m) € R2, ¢ € R?,
€TV (p,m)E| < M€V (p, m)E,

where My, depends only on v and 7.

The proof is direct; see [13]. Also recall that the mechanical energy n*(p, m) is convex.

The next lemma concerns the desired higher integrability property for the velocity and,
as mentioned, is the other crucial estimate for applying the compensated compactness

framework of §3.5.

Lemma 4.4.5. Let K C (a,b) be compact. Then there exist a constant M = M (K,T)
and an exponent B > 2, both independent of €, such that

/ / p|u|3+p7+9)dxdt<M(1+| al” 5+€| \)

Proof. We prove the property for the nozzles satisfying condition (4.1.5), since the other

case (4.1.6) can be handled by corresponding similar arguments.

We multiply the continuity equation in (4.3.1) by 7,A and the momentum equation by

NmA to obtain, after a short calculation, that

2
- ~ . . m= .
(1A) + (GA)z + A'( = G+ maj, + vy Tim) + At (p—, m—)p(p)

!/

A A _ .
&(paz + pr)npA +e(mg + Zm)wnmA — (6p)2TimA. (4.4.4)
Integrating both sides of (4.4.4), we find
T T
[ a@iwa= [ awa w—/&wTw (0, ) A(y) dy
/ / A'(=q+mij, + p M) dy dt (4.4.5)

/

A A
+z—:/ / A(pyy + Apy)np + A(my + Am)ynm dy dt

—5// ynmdydt—/ / Al (p—, m-)p(p) dy dt.
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Now we employ the crucial observation that the first term, which is poorly controlled
in absolute value, is actually negative by Lemma 4.4.2, and so may be neglected. Con-

sidering the fourth integral on the right hand side, we integrate by parts to see
T prx l /
A . A -
5/ / [(Pyy + Zpy)np + (myy + Zm)ynm]Ady dt
_5/ A(y) (7(t, =) dt—s/ / A(Y) (py(Tlp)y + my(iim)y) dy dt

+ 6/0 /a (i/)ymﬁmA(y) dy dt, (4.4.6)

as 7, = flm = 0 at * = a by construction. Likewise, integrating by parts in the fifth

integral,
T x
5 i /a(p2)yﬁmz4(y)dydt
T x
=—0 i /a (% (im) oy + (Tim)utiy) A(y) + p*Tim A’ (y)) dy dt (4.4.7)
T
- /0 P2 imA(z) dt.

Combining (4.4.4)—(4.4.7) and applying the bound for —¢ + m), + %277m from Lemma
4.4.2, we obtain

/0 q(x)A(x)dt <I(x +M/ / | A (y)|(G(t,y) + 1) dy dt
+s/0 (A(z)i(t, z)), dt—é/ PP iimA(x) dt, (4.4.8)

where
T T Al
M/ x)|[7(T,y) (O,y)\dydt+5/0 /a ‘A(Z)ymﬁm‘dydt
T T
+&?/0 / \Apy(ﬁp)y+Amy(ﬁm)yydydt+5/ / i dy
T ax 0 Ta z
+5/0 /a \Ap2((ﬁm)ppy+(ﬁm)uuy)]dydt+/0 /a Wi (o) dy

T
e / At )] dt
0
=L +---+I7.

Note that [ is increasing in x and \%/\ < M. By the Gronwall inequality,

T T T
/ AG(z) de < I(z)ela W1 4 ¢ / (An(t,@))_dt — / 50 Tim A dt
0 0 0 (4.4.9)

T T
+/ (5(/ An(t,y) dt / 8% Adt>|A'|e y [A1ds g,
a 0
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We take a smooth cut-off function w(x) with compact support in K such that w(z) < 1.
Observe first that by the bound |7(p,u)| < M(plu —u_|> + p(p® — (p_)?)?), we obtain,
from Proposition 4.3.2,

/ n(t,y)A(y) dydt < M(Ep+ 1) for any x € suppw. (4.4.10)

Thus, we integrate (4.4.9) against w(x) and estimate the terms on the right as follows:

T T z 4
‘/w/ e / Aﬁ(t,y)dt \A’|efy ‘Aldeyda:‘ (4.4.11)

< M (|| A 11, A 1ov) / / / A(y)ii(t. ) dy dt di + M < eM]al,

, B
}/ /5p2ﬁmAdt)|A’\effA|dsdy‘SM/ / sppAdydr < M0 (14.12)

’ / / (An(t, z) dtdm ’ / wy An(t, z) dx dt‘ < M, (4.4.13)

where we have used Lemma 4.4.3.

Therefore, the lower bound ¢ > = (plu — u—[> + p7*%) — M(p+ plu — u_|? + p?) yields

that, after multiplying by w and integrating in x, we have
T
/ / wA(plu — u_|® + p”"'e) dt dx
KJo

T
S/ w(z)I(z)els IA,Mde—i—M/ w/ (plu—u_*+p" + p) dtdx
K Kk Jo

jal?

(9 .

For the term involving I(x), we have seen [, |I1|dx < M by (4.4.10). Now we can use

the inequality for |mm,,| from Lemma 4.4.2 to obtain

T rx A’
/w|12dx§M‘/ ws/ / ‘A(Z)ymﬁm‘dydtdm}
K K 0 a

T T !
<vf e[ f \A(i) (p+ ol —u")? + pl” = (p))?)| dy dt da

<M/w5/ / \A ), (L +m5)| dy dt dx

< €MHA( ) HL‘X’(ax |CL| = €M|CL|,

where we have used that x € K and M depends on K.
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Moreover, by Proposition 4.3.2 and Lemma 4.4.4, we have

T T
|13] :E/o / ‘Apy(ﬁp)y + Amy(ﬁm)y‘ dy dt
r v 2 T
—c /0 / Al(py ) V2i1(py, my) T | dy

T rx
< M¢€/0 / A(py, my)V20* (py, my) " dydt

SMEOa

From Lemma 4.4.2,

T T
<8 [ [ a1l = (o) M=) dy
<<5M// )(0* + p(p” = (p-)°)* + plu — u_|?) dy dt

s
§5<M+M/ / Ap3dydt) < (M+M|“| ).
0 a
Next, also by Lemmas 4.4.2 — 4.4.3, we obtain

T x
’[5‘:5/0 / |Ap® ((7im) ppy + (i )utty) | dy dt
T T
§5/ / ApQ(Mpaflfpy‘+’“y|)dydt
1
<W//@m@//wwwww
1
+5M / /Ap dydt //ApluyIQdydfy

/ / Ap3dydt :
0 a

lal’d
—
A,| is uniformly bounded, we get the bounds

Since |5
T T T T o
Is) = /0 / (A (0 m_)p(p) | dy < M /O / (ATis(p, ) + A dy

<MT(Eo + | A"l 11 (— oo, sup(K)))»

<M

and

/]I7|dac_/ / A’|\n\dtdm<M/ / V)it 2)| dz dt < M.
supp w

These estimates for I, j =1,...,7, show that

/ w(m)[(x)ef; (ATl ds gz < M,
K
and hence we conclude the proof.
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Once we have shown the above estimates to be uniform, we can apply the compensated
compactness techniques from §3.5. However, as we modified the initial data for the
approximate problems (both to give us smooth data and to avoid the problem of cav-
itation), we need to make certain assumptions on the convergence of the approximate
initial data as well as on the quantities appearing in the bounds for Lemmas 4.4.1 and

4.4.5. We therefore require our approximate data to satisfy the following:

(i) (p§, m§) — (po, mo) for almost every = € R as ¢ — 0, where we take (p§, m§) to

be the zero extension of (p{, m§) outside (a, b);
. b—~ — )
(ii) fa ni(p§(x), m§(x))A(x) de — [3n*(po(x), mo(x))A(z) dx as € — 0;
(i) 2® < ar;
(iv) €|b—a| < M;
where M < oo is independent of € € (0, 1].

With these properties of the approximate data, the bounds in the above lemmas become

uniform in €.

In order to apply the reduction technique of §3.5, we need to deduce the compactness of
the entropy dissipation measures, n(p®, m®); + q(p*, m®),, in the space H l_ocl(Ri) This

is the content of the following Proposition.

Proposition 4.4.6. Let (1,q) be the entropy pair generated by 1 € C%(R). Then the

entropy dissipation measures:

T](p67 ms)t + q(pav me)mv

lie in a compact subset of Hl_ocl

Proof. We divide the proof into six steps.

1. We first recall the following fact from Lemma 2.1 in [12]: For a C? function ¢ : R — R

of compact support, the associated entropy pair (7, q) satisfies
In(p,m)| < Myp
lg(p,m)| < Myp for y € (1,3],  |q(p,m)| < Mypmax{1,p’} for~ >3,
1 (0 )|+ [ p1hmm (s m)| < My,
115 (0, m) + unn (p,m)| < My (1 4 p°),

|0utim (05 pu)| + [9* 0 0pmim (p, pu)| < My,
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2. We write n® = n(p®, m®) and ¢ = q(pf, m®) with m® = p°u®. Then
A A A’
n; +dz = — <" (i + wt) + e (Spoanp + (S7m) )
—e(pe(np)e +mG(15,)2) + enfe — (8(0°)%) 15
=L+ L (4.4.14)

We prove that this is a sum of terms bounded uniformly in L(0,7; L}, (R)) and terms
that are compact in I/Vl;cl ’q(Ri) for some ¢ > 1. Then the compact Sobolev embedding
of L' into W14 (locally in R%) gives the compactness of the entropy dissipation

3 —Lq1 2
measures in some W, % (R7).

3. To this end, first observe that
A 0 A 9
E (6] < M=o (1+ (o)) [uf] < M= [ (o + o7 + (o7)")
is uniformly bounded in L'(0,T; L}, (R)).

Now we see

A’ A’ A’ A’
I3 :5(Z77§ +(

= Iga + I;b

) m) = (), (mmg, = 0°) + (),

One can easily check that [n° — m®n,| < M (p° + p|uf|?). Thus, I5, — 0 in L, .(R%)
as € — 0. Next, for w € C(R%),

A/

3 I5yw(t, ) do dt| = €| 1w, dz dt|

supp w supp w A

< €M(Supp w) Hpg HL’Y+1(suppw) HwHHl(Ri)

Hence, I5, — 0 in H,'(R2) as e — 0.

loc

Moreover,

151 = el(V2n(p%, m™) (p5, m5), (05 o) < Mye(V20™ (0%, m%) (o5, m5), (05, m5),

which is uniformly bounded in L'(0,T; L}, (R)) by the main energy estimate, Proposi-
tion 4.3.2.

4. The next step is to show that I7 — 0 in VVl;Cl’q for some ¢ > 1.

Claim. Let K C R be compact, 0 < A < 1. Then

62

T
/ / 6%|p§|2dazdt§M(T,suppw)(A—i—e—i—sA‘l_”’—l—A).
0o JK
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Hence T
/ /eg|p§|2dxdt—>0,
0 K

en, — 0 in L9(0,T; L}

loc

and

(R)) for some q € (1,2).

We now drop the superscript € and prove the claim. Define

2

; p <A,
¢(p):{§2
T+A(p_A)a PZA,

so that ¢ (p) = Iy,<a}, and

s o= T PN
pd'(p) — d(p) = IKENSON

From the approximate continuity equation in (4.3.1),

(¢w2)t + (gbuwg)z — 2¢uww
=& (p)piw” + ¢ (p) pauw® + P(p)uaw?
=—¢ ( )pauw® — ¢ (p) puaw® + ¢’ (p) pruw? + ¢(p)ugw®

Al
~ Zd(p)pu& + £ (0) (pre + o) w?
A 1
= puw 2min{p, A} — o Uat (p Lipcny +A ]1{p>A})
/

. A
+ (@ ) — 0 pal L ey — 26 mindp, Afwapytw + & minp, Ayt

Thus, by integrating, we have

T
/0 /5w2|px|2]l{p<A} dx dt
T T
—/(ﬁwQ’O dm+2/ /(buwzwdxdt
0

1 T
2 /0 /<p21{P<A} + Ao ny)wu, dudt

T A/
—I-/ /5min{p,A}pxw2 dx dt
0 A
= Jl + e + JG'
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The first four terms, Ji,...,Js, are bounded by using the uniform energy estimates,

giving a bound of M %. We therefore focus on the last two terms, Js and Jg.
T T
o <2VE [ [ VEptipeaylalilpaldudi+2VE [ [ VEAL (ool do
0 0
e [T T
<4/ /|px|21{p<A|}w2d:L‘dt+Me/ /A2|wx|2dxdt
0 0
T y-2 2-4
+M\@/ /\/§]p$|p > psnyp 2 Alwglwdzdt
0
e [T
§4/ /|pz|2]l{p<A|}w2dxdt+€A2M
0
T T
+M\ﬁ/ /5p7_2|px|2w2 d:cdtJrM\/E/ /]l{p>A}p2_7A2w§ dx dt
0 0
T
gi/ /|px|21{p<A}w2dwdt+5A2M—|—\@M
0
T
+M\@/ /A]I{A<p}p3_7wgdxdt
0

T
SZ/ /|pz|2]l{p<A}w2 dwdt"’_ﬁM-i-\ﬁA‘l*VM’
0

where we have used that p>~7 < p?*! and Lemma 4.4.1 when v € (1,3], and p>~7 <
A377 on {A < p} when v > 3.

Next, using a similar argument to that of J; and Proposition 4.3.2, we have

T Al ) T A )
|J6| Ss/ /|A‘w ,0]1{,,<A}\pxdxdt—|—s/ /‘A}w Al g, ny|pel| dadt
0 0
e [T 2 2 o Al
§4/0 /|px| Wl eny dadt + MeA HZHLOO(Sprwﬂsuppw x [0, T
T A —2 2y )
+M\/E/O /\/E‘AHPQ:’P 2 1{A<p}p 2 Aw? dx dt

T

Thus,

T
/ /5w2|0x|211{p<A} drdt < M(Ve(l+A*7) + A)
0 \/g

Moreover, we have

T
/0 /5w2|pz|2]l{p>A} dx dt

T T
< M\@/O /5p7_2|pm|2w21{A<p} dxdt—l—M\/E/o /51{A<p}p2_7w2dajdt

E%M
A

T
< VeM + \@M/ /51{A<p}w2(1 +p" ™Y drdt < eM +
0
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Therefore, we conclude

82

T
/ /egypx|2w2d:pdt§M(A+€+5A4_7+A),
0

so that
T 3
/ /62\pa,\2w2 dxdt — 0ase— 0.
0

For the second part of the claim, note that

02l < M(|p2|mp + unim| + pluanm|) < M(|pe|(1+ %) + plus]).

Let ¢ € (1,2) be such that 3%, =+ 1. Then

T T T
0 JK 0o JK 0o JK
M T
<A—|—/ / 2| pe|? dx dt
Ay Jk
T q y—2 q
—|—M/ /aqp2(‘p T |t 4 |Vpug|?) do dt
0o JK
M r T 0
<A+ \@/ /Eg!pxIdedt—i-quM/ /Equq dx dt
A Jo Jk 0o JK
T
b [ 0 plua ) do
0o JK

M T
§A—|—A\ﬁ/ / E%’px|2d:€dt+5q_1M.
0o JK

Thus, I§ = ent, — 0 in W, 7.

5. Consider finally If = (5(p€)2)$n,‘§1. In the case that v < 3,

T T
/ / |I§]d:cdt§]\/[¢/ / dplps| dx dt
0 JK 0 JK

T 52
M/ / (e0"2lpal® + —p*7) da dt
0 JK €
T 2 2
M(/ / ‘ip3d:cdt+5—+1)
0 K € I3
)

sM(T+2+1)

IN

IN

which is uniformly bounded in €.

If v > 3, consider the above on the domains: {p < 1} and {p > 1}. On the latter

domain, we argue as above to obtain

T
/L/ IE| < M,
0 JEKN{p>1}
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so that

T T
/ / |I5| dx dt §M+Mw/ / oplps| dx dt
0 JK 0 JKNn{p<1}

T 1
gM+M(T\Ky)%(/ / 52p2p§dg:dt)2
0 JKn{p<1}

T 1
§M+M(/ /56pidxdt)2.
0 K

Thus, I£ is uniformly bounded in L!(0,T; L}, .(R)) by Proposition 4.3.2.

loc

6. In Steps 1-5 above, we have shown that 1(p®, m®); + q(p°, m®), can be written as
n(p%m%)e +q(p",m%)e = [+ g7,

where f€ is uniformly bounded in L'(0,7; L} (R)), and ¢°¢ — 0 in VVl;Cl’q(Ra_) for some

loc

€ (1,2). Thus, there exists ¢; € (1,2) such that
n(p®,m®)e + q(p°,m°)s is pre-compact in I/Vlgcl’ql(Ri).

We also know from Lemmas 4.4.1 and 4.4.5 that n(p®, m®) and ¢(p®, m®) are uniformly

bounded in L%

loc

(R2), where go = v+ 1 > 2 when v € (1,3] and ¢» = % > 2 when

~ > 3. Then, by the compensated compactness interpolation theorem, Theorem 3.4.3,

n(p®,m®)e + q(p°,m°)s is pre-compact in VVl;clz(Ri)

4.5 Convergence of the approximate solutions to an en-
tropy solution

Proposition 4.4.6, combined with the uniform estimates above, implies that the se-
quence of approximate solutions satisfies the compensated compactness framework laid

out in §3.5. With this framework, specifically Theorem 3.5.1, we conclude that
2
(p°,m®) — (p,m) for almost every (t,z) € RY,

(R?) for p € [1,7+ 1) and g € [1, 304D))  This restriction

7+3
2
may be seen as |m|? = p3|ulip3 < plul® + p7*! precisely when ¢ = 3&7;,)”.

and also in LP (R%) x LI

The uniform estimates also give us the convergence of the mechanical energy as ¢ — 0:
7 (p%,m°) = n*(pym) in Ljpe(R%).
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Moreover, from (4.3.11), we have

/ 2 / 0 (o m)(t, ) Ax) d dt < M(ts — 1) / 0" (p0, o) (2) A(z) daz + M,
t1 R R

so that, for almost every ¢t > 0,

[ om)(t.0)A) do < M [ 0 (oo, mo) @) Aw) o + M.
R R
This implies that no concentration of the density p is formed at any point in finite time.

We also see that, for any convex 1 (s) with sub-quadratic growth, the uniform energy
estimates of Lemmas 4.4.1 and 4.4.5 and the main energy estimate, Proposition 4.3.2,

give that the sequences
n”(p°,m%), q%(p°,m%), m 9pn¥(p°, m?)

are equi-integrable. Thus, given such a function v, we multiply (4.4.14) by A(z) and
integrate against a smooth, compactly supported test function in R%, and then pass to

the limit to obtain the entropy inequality (4.2.8).

It remains only to check the limit in the equations in the sense of distributions. This
is straightforward by multiplying the equations of (4.3.1) by a test function and inte-
grating by parts before passing to the limit and using the uniform bounds above. Note
that in the momentum equation, the term §p? vanishes in the limit as § = §(¢) — 0 as
¢ — 0. This completes the proof of the main theorem of this chapter, Theorem 4.2.3,

under the stronger assumptions (4.1.3)-(4.1.4).

4.6 Transonic nozzles with general cross-sectional area

As stated in Theorem 4.2.3, the approach laid out above applies to much more general
situations, for example an infinitely narrowing nozzle with closed ends or an expanding
nozzle with unbounded ends. In this section, we remove the additional assumptions
placed on A(z) in §4.3-84.5 to conclude the proof of Theorem 4.2.3 for transonic nozzles

with general cross-sectional area function A(x) satisfying (4.1.5) or (4.1.6).

More precisely, we now relax the lower bound on A to A(z) > 0 and allow A’ to be only
in L'(—o00,0) or L(0,00), allowing in particular that the cross-sectional area function
may converge to 0 as x — £oo and to co as x — —oo or co. For ease of reference, we

restate the main theorem, Theorem 4.2.3, as follows:

69



Theorem 4.6.1 (Transonic Nozzle with General Cross-Sectional Area). Assume that
(po, mo) € (L}, (R))? with py > 0 is of relative finite-energy and that the cross-sectional
area function A € C? satisfies (4.1.5) or (4.1.6). Then there exists a sequence of
approzimate solutions (p°, m)(t, x) solving (4.3.1)—(4.3.5) for some initial data (pG, mg)
such that (p§, m§) — (po,mo) for almost every x € R as € — 0, with (p§, my) taken to
be the zero extension of (pg, mg) outside (a,b), and (p°,m*) — (p, m) for almost every
(t,z) € R% and in LY (R3) x LL (RA) forp € [1,y+1) and g € [1, 3&7;”) as e — 0,

such that (p,m)(t,z) is a global finite-energy entropy solution of the transonic nozzle

problem (4.1.1)—(4.1.2) for end-states (p+,m4).

First we recall that, without loss of generality, we assume u4 = 0 by Galilean invariance

of the equations.

As we continue to impose the Dirichlet boundary conditions for the approximate prob-
lems (4.3.1), the existence of the approximate solutions is obtained as before (as once
we restrict to the interval (a, b), we recover 0 < Ap(e) < A(x) < Ai(e) < 00). However,
we need to demonstrate more carefully the uniform energy estimates of Proposition
4.3.2 and of §4.4 that enable us to employ the framework in §3.5 to pass to the vanish-
ing viscosity limit and obtain an entropy solution of the transonic nozzle problem. In
order to make these estimates uniform with respect to €, we choose d(¢), a(e), and b(¢)

such that the following hold for a constant M independent of e:

e clb—a| <M,

N/
o el (5) e (ap) | All L (ap)|b — al < M,
o cl|A"||po(ap) < M,

L_B
o e | Al oo () lalPD]| AT <M

HLOO(a,b) — ’

o de Al o (aplal < M,

<M.

__4
o S|l All Lo (aplal(| A7 oo oy <

Such choices of the parameters can be achieved as long as the cross-sectional area

function A € C? satisfies (4.1.5) or (4.1.6).
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4.6.1 Uniform estimates

As mentioned, to establish Theorem 4.6.1 for more general nozzles, the first step is to

obtain the uniform energy estimate, which is the subject of the following proposition.

Proposition 4.6.2. Let

b
o i=sup [ 75(s5(a), m () Als) do < oc.
> a

Then there exists M > 0, independent of € > 0, such that, for all e > 0,

b —_
o [ (ol = al? + Bl ) Ale) (16.1)
te[0,T] Ja
+ 6/QT (h§(p)p2 + puZ + ‘(ig)))’puw —u)|)A(x) d dt
< M(Eo +1). (4.6.2)

Proof. We prove estimate (4.6.2) for the nozzles satisfying condition (4.1.5), as the case

(4.1.6) can be handled analogously. Exactly as in the proof of Proposition 4.3.2,

b m2
- ;pa(p)A\Z + / (m(15)0(5.7)) ,Al2) + (05)m( M), (= + ps(p) Alx)

(5 @) + (5 ) 115 = 1)) )

b
= 5/ (s Mz ) V205 (py M) T A() da

b
te / (P (1)o7 + (7)o (5 7)) A(z) i

Note that uy = 0 and that A(a) < M as |[|A'||f1(—0) < M. We observe now that
b
= [ (ol ) + e () ))2) Als)

Lo
<= [ (@) + 0 . )) A 0)

7L0

Lo
- 5/_L (p((03) (P M) 2w + m((15 )i (Ps M) 2z) A() da

+e(p(15)p(p, 1)) + m((05)m (. 1))2) Al2) =4

<eM(p,m)(E + | A" | 11 (—L£o,10) + |1 All Lo (= Lo, L) L0)
< M(E+1),

since (p, m) are constant outside (—Lg, Lo) and |a(e)| > Lo and |b(¢)| > Lo, so that the
boundary term vanishes.
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Similarly, we have

b
[ (), (6 Ale) dr < MY Al -1 20) Lol B + 1),

b m2
/ ((35),,7), (" + ) A(w) d < MY Al (- 1,10) Lol + 1)

Using the uniform bound \%/\ < M, and (9)m(p,m) = 0 for x > Lg, we obtain

b Lo o
/ ps(0) (0 )m (5 ) A'(2) dv < M / (A@)ha(p, p) + |A'()]) d
<M (E + | A 1 (—c0,10)) -

Finally, we make the estimate:

b "(z)<,
/a 8‘(1;11((@)) m((03)m — (15)m (P, m)) | dz

Al b
<M latay [ (o= 0P + pr?) Als) do
a

Al
<eM| (Z)/HL"O(a,b) (B + | Al Lo (a5 b — al)
<M(E+1).

With these estimates, we use the Gronwall inequality to obtain the result as before. [

We must now consider the key estimate of Lemma 4.4.5. Before that, we first consider
Lemma 4.4.3. In the first line of the proof, we make the initial estimate:
T T 5 T 3
<[] s Awdyar < clald| Al [ sup g
0 Ja 0 (a,x)

Continuing with the proof as before, we find that, by assumption,

Sh | M

T T =3
. /0 [ 6t < Mel Ao (PO AT sy + 1) < M5,

The other case, v € [2, 3], requires a similar modification, leading to

Tz 4 €
o[ ot Adyat < M ALl e+ 1+ elall AT mn) < M.

Finally, we examine the proof of Lemma 4.4.5. Turning attention to estimates (4.4.11)—
(4.4.13), we see that they remain uniform under the assumption that || A”|| oo (q,5) < M

and the uniform bound of Lemma 4.4.3.

We need to make the bounds on all of the terms I;, j = 1,...,7, uniform in € in order
to conclude the estimate. Note first that I; and I3 need no adjustment. We have seen

that
/

/ olbl dr < Melal||A(5 <M,
K

)/HLOO(a,b) -
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by assumption. The bounds for I, and Ig are seen to be uniform, due to the uniform

bound of Lemma 4.4.3 and \AX/| < M. Examining the estimate for I5 shows that

|I5] < / / (t,y)A(y) dy dt) <M uniformly in €.

Finally, we have

/\Iﬂdw-“AHLm/ / )it 2)|A(z) da dt < M,

and so we are done.

4.6.2 Compactness of the approximate solutions

With the uniform estimates discussed above, the only thing remaining to prove is
Proposition 4.4.6. Its proof is seen to follow as before by using the uniform bound
|AZ/‘ < M and by observing that, in each of terms Ji,j = 1,...,6, all the integrals are
taken over the support of the test function w, so that the factors of A, A~! etc. may

be introduced freely. This concludes the proof of Theorem 4.2.3.

4.7 Spherically symmetric solutions of the Euler equa-
tions

In this section, we explain how the approach and techniques developed in §4.3— §4.6
above can be generalized to construct global spherically symmetric solutions to the
multidimensional Euler equations for compressible fluid flows, as considered by Chen-
Perepelitsa in [13]. This situation corresponds to the case that A(z) = w,z™ ! : Ry —

R, where w,, is the surface area of the n-dimensional unit sphere.

In [13], the possibility of a blow-up of the density at the origin is allowed by imposing a
Neumann boundary condition at the left boundary for the approximate solutions. By
the Galilean invariance, the velocity can be taken to vanish at = oo, so the end-states
(p+,us+) = (p,0) at b(e) are imposed, where p — 0 as ¢ — 0. Then the solutions of this
approximate problem were constructed under the assumption that v € (1, 3], while the

convergence of the approximate solutions to the limit is shown for all v > 1 in [13].

The following theorem gives the extension of this result for all the physical interval

~v > 1, especially including the unsolved case v > 3, which leads to Theorem 4.2.5.
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Theorem 4.7.1. Let (po,mg) € (L}

loc

(R1))? be finite-energy initial data such that
po > 0. Then there exists a global finite-energy entropy solution of the spherically

symmetric Euler equations:

pt+my + %m =0, (t,ﬂf) € (R+)27
mi+ (2 +p(p), + B2 =0, (t,2) € (Ry)?,
(107 m)|t=0 = (,()(],’I?’L()), YIS R+7

where p(p) = kpY with v > 1. This global entropy solution is the vanishing viscosity

limit of the approzimate solutions of the following system:

pf +mi + Eme = exm (T (a1 (t, ) € Ry x (a(e),b(e)),
m + (T2 4 ps(p9), + 1 = e(mg + Ame) L (1,2) € Ry x (a(e), b(e)),
(07, m%) =0 = (g5, m5), z € (a(e), be)),

(4.7.1)

with appropriately chosen boundary conditions; that is, as € — 0,
(p°,m%) = (p,m) for almost every (t,z) € (Ry)?

((R)?) forp € [1,y +1) and q € [1, 225 Here ps(p) =

Kkp? +0p?, a(e) — 0 and b(e) — o0 as ¢ — 0, and (p§, m§) — (po, mo) for almost every

and in L} ((R4)?*) x L

loc

z € R as e = 0, where (py, m§) are taken to be the zero extension of (p§, mf) outside

(a(e), b(e))-

To overcome the obstacle encountered in [13] for the unsolved case v > 3, we develop
two approaches here, thereby providing two methods for re-solving the problem for the
spherically symmetric solutions for the whole range v € (1,00). In §4.7.1, instead of
taking the Neumann data for p at a(e) as in [13], we choose Dirichlet data at both
ends. One of the motivations is the fact that the boundary data are allowed not to be
preserved in the limit (as boundary layers) by choosing (p, u)|z=q = (p,0) for the same p
as at the other end-point in the construction of the approximate solutions. This allows
us to use the above construction from §4.3 (in particular the maximum principle for

the approximate equations) to demonstrate the existence of the approximate solutions.

In §4.7.2, we consider the same problem but with the Neumann boundary data initiated
in [13]. We are able to demonstrate how higher order a priori energy estimates may be
obtained for the approximate solutions even in this situation to conclude the existence
of the approximate solutions for all v > 1, especially including the unsolved case v > 3,

concluding the scheme set out in [13].
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4.7.1 Dirichlet boundary conditions for the density

We first demonstrate how the imposition of the Dirichlet boundary conditions for the
approximate system (4.7.1) may be used to obtain the existence of globally defined,
spherically symmetric entropy solutions of the compressible Euler equations. We there-

fore assign the Dirichlet boundary conditions to system (4.7.1):

(p¢ m)|$=a = (157 0)7 (p7 m)‘xzb = (ﬁv 0)7 (472)
where p = p(e) — 0 as € — 0.

Once again, the main point to check is that the key energy estimate holds for the
approximate solutions. Indeed, the imposition of the Dirichlet data (rather than the
Neumann data) enables us to apply the framework in §4.3 directly to construct the
approximate solutions. Moreover, by choosing the same boundary data at the two end-
points, we may take the monotone reference functions (p(z),w(z)) to be the constant

state (p,0). Then the relative mechanical entropy becomes

77?;(%% ’I?’L) = 77;(% m) - 77§(,57 0) - (ng)ﬁ’(ﬁ> O)(p - ﬁ)

Proposition 4.7.2. Let
bi
Eoi=sup [ 552 me)) A(e) do < o,
e>0Ja

Then there exists M > 0, independent of €, such that, for all € > 0, any solution
(p,m) € ((J’Z’I(QT))2 of (4.7.1) satisfies, for m = pu,

b J—
sUp / (300” + hs(p, p))a"~" da
te[0, 7] Ja ) (473)
—i—e/ (R (p)p2 + puZ + (n — 1)%)x”_1dxdt < ME,.
T

Proof. With the above choice of A(z) = w,2™"!, equation (4.3.9) is simplified as
(52" Ne + ((a5 — (13),(p,0)),, + e(n — Dym(n5)na" ™

= (2" )2 (1)) — (15)0(p, 0)) + (maz™ 1) o (05 )m-
Integrating this over the parabolic cylinder ()7 and then integrating by parts with the

new Dirichlet boundary conditions implies

—1m?
n 5 m—)xn_l dx dt = Ey,
D

b
/ T]Exn_l dr + 6/ ((px,mg;)VQHE(Pz,mz)T + z
a T

as desired. Then we conclude as in Proposition 4.3.2 by the convexity of 7. O
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With this estimate, we are now in the situation of §4.3 of this chapter. We can therefore
proceed with the maximum principle estimate of Lemma 4.3.4 to obtain a priori upper
bounds on the density and velocity of the fluid, and continue to deduce the existence
of solutions (p°, m®) of the initial-boundary value problem (4.7.1)—(4.7.2), exactly as in
Theorem 4.3.1:

Lemma 4.7.3. For e > 0, let (pj, m§) € (C’”ﬁ([a, b]))2 be a sequence of functions
such that

(Z) infagang p6($) > 0;
(11) (pG, m§) satisfies (4.7.2) and the compatibility conditions:

(x”_lmf))m| =0,

r=a

max’m:b — gp—(n=1) (:U7~b—1pa%)x|g€:b7
me 2 o _

(4 py(48)) [y = e OO ),y
Po T

b/ (mg)? K
(iii) [, (o + =

Ja"tdz < .
Then there ezists a unique global solution (p°,m®) of (4.7.1)~(4.7.2) for v € (1,00)
such that (p°,m) € (C2+B’1+g(QT))2 with infg, p*(t,x) > 0 for all T > 0.

To conclude the proof of Theorem 4.7.1, we note that, as remarked in [13], the ar-
guments to derive the uniform estimates and convergence of approximate solutions in
[13] do not depend on the choice of v € (1, 3], but rather work for all v € (1,00). In
addition, we now observe that, in obtaining these uniform estimates, the integrals were
considered only over compact regions K C R, or over intervals (x,b) with x € K for a
compact region K C R;. Therefore, our modification of the boundary condition at a(e)
in the above does not affect these estimates at all. In particular, we have the following

lemma:

Lemma 4.7.4. Suppose that (p§, m§) satisfy the assumptions of Lemma 4.7.3 and that

b £\2 £\Y
sup/ ((mog) + ~(5) ):Jc”_1 dr < oo.
e Ja N 205 v—1

Let 0(g),a(e),b(e), and p(e) satisfy the following relation:

P+ 2 < M,
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where M is a constant independent of €. Then, for any compact region K C Ry, there

exists M > 0 independent of € such that

T
/ / () +6(0°) + p P + (p°)777) dwdt < M.
0 K

In addition, if 1¥(s) is any smooth, compactly supported test function on R, then the
associated entropy pair (0¥, q%) satisfies

0% (o5, m%); + ¢% (o5, M%) are compact in H; !

The convergence of the approximate solutions to an entropy solution of the spherically
symmetric Euler equations now follows from the standard argument in [13], as in §3.5.

This completes the proof of Theorem 4.2.5.

4.7.2 Neumann boundary conditions for the density

Finally, we consider the approximate solutions of system (4.7.1) with the boundary
data given by

(pz; m)|o=a = (0,0),  (p,m)[e=p = (P, 0). (4.7.4)
This choice of Neumann data for the density at x = a has the advantage that it
allows the density of the approximate solutions to become very large near the origin, a

motivation for its choice in [13].

From [13, Proposition 2.1], we see that the mechanical energy is uniformly bounded:

Lemma 4.7.5. Suppose that (p,u) is a C*1(Qr) solution of problem (4.7.1) and
(4.7.4). Then, for each & > 0,
e 1
sup / (§pu +hs(p, p))a" " da
[0,T]Ja

2
U _
—i—a/ (RS o) osl? + sl + (n — 12 )0 dvdt < B,
Qr

Observe now that hs(p, p) grows, for p large, as p7. In order to close the estimates of
[13, Lemma 2.3] for all v > 1, we require an additional higher order integrability of the
density p. To this end, we take the test function ¢(s) = s* and consider the entropy

n¥ generated from it. We observe that, by a simple calculation, n¥ satisfies
put 4+ pP 7t < Mn¥(p,m) for all (p,m) € R, (4.7.5)

where the constant M depends only on v > 1.
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Lemma 4.7.6. Let b
Eo = / n% (p§, m)z" "t dr < oc.
Then solutions (p*,m®) of (4.7.1) and (4.7.4) satisfy that, for any T' > 0,
b
sup/ 0¥ (p°,m)z" dx < &. (4.7.6)
0,71 /a
In particular, there exists C' = C(g) such that
b
sup/ Pl de < C. (4.7.7)
0,T]Ja

The proof of this lemma follows from the same calculation as that of [13, Proposition

2.1], but with the new entropy n? in place of n*. Observe that ¥ is also convex.

We are now in a position to see that the existence of the approximate solutions for the
spherically symmetric Euler equations in [13, Theorem 2.1] (under the assumption of
the Neumann boundary data for density p) can be extended to the full range of v-law
gases. It suffices to show only Lemma 2.3 in [13], since the rest of the argument follows
as in the case v € (1, 3] considered already in [13]. We therefore show for the whole
range v € (1,00) that there exists C, depending on € > 0, such that the approximate
solutions (p°, m®) satisfy

b
g [+ me) de [ (Il + ) de e < .
[OvT] a QT

Proof. We proceed as in the proof of [13, Lemma 2.3] and Lemma 4.3.5. Throughout
this proof, A > 0 is a constant which will be taken small at the end of the argument.

Multiplying the first equation in (4.7.1) by p., and the second by m,,, we obtain
1 1
(pthz)z — 581‘/ (’px|2) + (mumg )z — iat (|mz|2) —€ (|pm’2 + ‘mm|2)
9 1 1 5 1 1
= — MyxPrx — (PU +p§)xmxx — —MpPgy — —PU Mgy + E—PgPrz +E| —M Mgy
x x x x ),

Integrating over ); and recalling that p, m are constant on z = a, b,

1 b
5 | Upsta) Pt o)) do e [ (lpaal? + maaf?) do dr

Q1

1

b

n—1

= 5 / (’pO,CC‘Q + ‘m01$‘2) dr + / (m$pz:v + Tmpm) dx dr
a t

1
+ / (pu® 4 ps)aMae dz dr + (n — 1) / (=pumyy, — prpm) dx dr
¢ xT e

¢
—(n—1) /Qt (%)Imm dx dr.
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We first give the estimate of the critical term (pu?),mae = u2peMar + 2pUtpM gy

Applying Young’s inequality, we obtain that, for A > 0 to be chosen later,

/|u2pzmmld:cd7§A/ \mwlzda:dr
t Q¢

ros [ (et [ W) o) P )

From the maximum principle lemma of [13], Lemma 2.2,

2max{1l 1
Ju(r = < C(1+ Il ),
which yields

/ (U Py | dodr < A M| de dr
t Qt

t b
+CA/0 ((1+ sup Hp( )HQmaX{l,’Y 1})/ hg(ﬂ)‘pq;(T,CE)Pda?) dr.

s€[0,7] a

Now we can use the improved estimate (4.7.7) and the argument of Lemma 4.3.3 to

show that
167 ey < O (1 / oy ).

We therefore obtain

t Q¢

IR / ((+ sup / pa(s,2)|2 do) / W(0) o7, de) dr

s€[0,7]

for the whole range «y € (1, 00), especially including v > 3. Moreover,

UUp Mgy | drdr <A M| dx dr
p
Qt Q1

t b
+CA/O (Iqu(T,-)IILw/ p(7, )| ug (1, 2)* dz) dr

SA/ || da dr
+CA/ 1+ sup / |pz(s, \2dx)/ (T,:c)|ux(7',x)]2da:>d7'.
s€[0,7]

Considering the pressure term,

‘/ (p(;)xmmdxdﬂ SA/ mm|2d:ch+CA/ (25p+/wp7_1)2|px|2d:zd7'
Q¢ Qt

t

t
<A mm|2dxd7—|—CA/ (1+ [|p(r, / |pe|? dx dr,
Q¢ 0
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where we have used that hj = kvp?~2 + 26, the maximum principle [13, Lemma 2.2],

and finally Lemma 4.3.2.
Combining these,

| ,OU +p5 zmxxdxdT‘ <A |mazac| dx dt
Q1

t
+CA/ )(1+ sup/\ﬂx8x|2dx)
0

s€[0,7]

where ®1(7) = ff (h§(p)|pz(T, 2)|* + p(7,2)|ua(7, z)|?) dz. For the other terms, we
observe that on the interval (a,b), z, 7! and their derivatives remain bounded. Thus

we see, for example,

1 b
‘/Q ;qummd:EdT’ <A |mm]2d:nd7'—|—CA/ (lpu? (T, )||Loo/ pu?(t,z) dx) dr
t

Q1

<A |mm]2dwd7'—|—CA/ (1+ sup / |pz(s,x) \de)
Q1 s€[0,7]

Remaining terms may be dealt with likewise. Thus, combining all of these estimates,

b

T€[0,t] Ja Qr

b
<A /Q (1pzol® + [maal?) da dr + / (1902 (@)? + [mo.o(2)?) da

+Ca /Ot (1+ (7)) (1+ sup } /ab (]px(s,x)lz + \mx(s,a:)|2> dx dr,

[s€[0,7

with ®(7) = ®&1(7) + ||(p(T, )H2max{2’7}. We may then take A small to absorb the first

term onto the left and conclude by a Gronwall argument. O
This result now allows us to conclude the argument of Theorem 2.1 in [13] as it is done

there. As remarked previously, this is sufficient to apply the results of §3 in [13] to

conclude Theorem 4.7.1, and hence Theorem 4.2.5.
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Chapter 5

Vanishing viscosity limit of the
Navier-Stokes equations

5.1 Introduction

In what we have considered so far, we have been concerned with the vanishing viscosity
limit of sequences of approximate solutions to the Euler equations generated by the
introduction of artificial viscosity to the equations. In this chapter, we move to the
more physically appropriate situation of the vanishing physical viscosity limit, that is,
the limit of the solutions to the one-dimensional compressible, isentropic Navier-Stokes
equations. We develop a framework that allows us to pass to the limit in these equations

under the assumption of a general, physically meaningful pressure law.

We recall that the compressible, isentropic Navier-Stokes equations may be written as:

{pt + (pu)a =0, (t,x) € R%,

(pw)e + (pu2 + p(p))s = gy, (t,7) € RZ, (5.1.1)

where p > 0 is the density of a fluid, w is its velocity and p is the pressure, determined
by an equation of state of the form p = p(p). The positive constant ¢ > 0 is the

viscosity of the fluid. We complement this system of equations with initial data

(p, u)lt=0 = (po, uo), (5.1.2)

where, as in the previous chapter, the initial data should be of relative finite-energy

with (possibly non-trivial) end-states (p+,u4+) at = +o0.

Rather than consider the polytropic gases, that is, those with a y-law pressure, we

consider instead a more physical class of pressure functions such that the pressure is
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asymptotically a ~v-law in the low density regime, but grows linearly with the density
p as p grows large. In particular, we assume the conditions of strict hyperbolicity and

genuine non-linearity of the characteristic fields for p > 0,
p'(p) >0 and pp”(p)+2p'(p) >0 for p>0, (5.1.3)

and that, for some v € (1, 3),
p(p) = kp? (1 + P(p)), PM™(p) = O(pze_") as p— 0 for 0 <n <3, (5.1.4)

where k > 0 and 0 = 77_1 For large densities, we assume there exists p, > 0 such that

p(p) = cup for p > py. (5.1.5)

Without loss of generality, we assume that ¢, = 1 and that p, = 1 also.

Formally, as ¢ — 0, solutions of (5.1.1) converge to solutions of the Euler equations,

{pt—i—mx:O, (t,z) GR%F,

my + (7”72 +p(p), =0, (t,z) eR3, (5.1.6)

where m = pu.

We recall again the notion of finite energy solutions, discussed in the Introduction and
analogous to that in Chapter 4. We begin by recalling the mechanical entropy pair,

2

. 1m
n*(p,m) = 2, + pe(p),

N 1m3 /
0 (pm) = 55 + me(p) + pme(p),
where the internal energy e(p) is related to the pressure via the relation
p(p) = p*¢(p).
We choose fixed, smooth, monotone functions (p(z), @(x)) such that, for some Loy > 1,

(P45 u+), x 2 Lo,
(p—,u_), x < —Ly.

(p(x), u(x)) = {
The relative mechanical energy with respect to (p(z), m(z)) = (p(z), p(x)u(z)) is then
F(pa m) :U*(Pam) - 77*(:5’ m) - VU*(@ m) ’ (:0 —p,m — m)
1
=plu—al*+¢"(p,p) 2 0,

where e*(p, p) = pe(p) — pe(p) — (pe'(p) + e(p))(p — p) = 0.
The total relative mechanical energy is now defined by

Elp,ul(t) = /R (s pu) (£, 2) d. (5.1.7)
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We recall that an entropy/entropy-flux pair (or entropy pair, for simplicity) is a pair

of functions (1, q) : R®Z — R? such that

Vq(p,m) = Vn(p,m)V <W;2 +p(p)> ,

where V is the gradient with respect to the conservative variables (p,m). Eliminating

q by matching derivatives, q,m = ¢mp, now leads to the entropy equation,

/
p\p
MNpp — /52 )nuu =0.

Moreover, recalling [4, 8, 52] for example, any weak entropy (an entropy 7 vanishing
at p = 0) may be generated by the convolution of a test function v (s) € C?(R) with a

fundamental solution x(p,u — s) of the entropy equation, that is,

Y(p.u) = s u—s)ds
n"(p,u) /Rw )x(p, ) ds,

with a corresponding entropy flux generated from an entropy flux kernel o(p, u, ),

qw(p,u):/Rw(s)a(p,u,s) ds.

Definition 5.1.1. Given initial data (pg, ug) of relative finite-energy, E[po,uo] < Ep,
we say that a pair of functions (p,u) : R2 — R? with p > 0 is a relative finite-energy

entropy solution of the Euler equations (5.1.6) if:

(i) There exists a constant M (Ey,t), monotone increasing and continuous with re-

spect to t, such that
Elp,u)(t) < M(Ep,t) for almost every ¢t > 0;

(ii) For any ¢ € Cfo(@),

[, oo+ mos)dede+ [ po(@)of0.2)dz =0,
Ri R
) (5.1.8)

m
[, Gt (4 plp)n) dudt+ [ mo(w)o(0,2) dz =0
R P R
(iii) There exists a bounded Radon measure u(t,z, s) on R% x R such that
w(lU xR) >0 for any open set U C Ri,
and the corresponding entropy kernel and its flux satisfy

oix(p(t, z),u(t, x),s) + 0.0 (p(t, x), u(t,z),s) = 02 u(t, z, s), (5.1.9)

in the sense of distributions on R%r x R.
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The main theorem of this chapter, working in the framework of relative finite-energy

solutions to the Euler equations, is the following.

Theorem 5.1.2 (Vanishing Viscosity Limit of the Navier-Stokes Equations). Suppose
that (po,uo) € L} (R;R?) with pg > 0 is initial data of relative finite-energy,

loc
Elpo,up] = /W(Poaﬂouo) dx < Ey < o0,
R

and suppose that the pressure function p(p) satisfies (5.1.3)—(5.1.5).

Then there exists a sequence of reqularised initial data (p§,u§) such that the unique,
smooth solutions (p°, pcu) to (5.1.1) with this initial data converge almost everywhere to
a relative finite-energy entropy solution (p, m) of the Euler equations (5.1.6) with initial
data (po, mo) = (po, pouo). The convergence may be taken also in LY (R%) x Ll (R%),
where p € [1,2) and q € [1,3/2).

In order to prove this theorem, we require three main ingredients. The first is uniform
estimates on solutions to the Navier-Stokes equations (5.1.1). Without such estimates,
we cannot hope to pass to the limit as the viscosity tends to zero. It is well-known that
system (5.1.1) does not admit an invariant region in the sense of Chueh-Conley-Smoller
[17], and so we work in the regime of finite-energy solutions, relying on the fact, which

we prove in §5.3, that the solutions to (5.1.1) admit uniform energy estimates.

In order to obtain the crucial estimate of higher integrability of the velocity, we require
a thorough understanding of the entropy pairs of the system with the general pressure
law p(p). We especially need a good understanding of the behaviour of the entropy
pairs for large densities and velocities, and so in §5.2, we prove the existence of a
new representation formula for such entropies. We use this new representation to
obtain estimates on entropy pairs generated by compactly supported functions as well
as constructing a special entropy pair in order to obtain a higher integrability estimate
for the velocity. In §5.2, we also provide a detailed analysis of the singularities of the

entropy and entropy flux kernels used for the representation formulae.

This understanding of the entropy kernels is crucial for the third and final ingredient in
the proof. We use the general framework of §3.3 to construct a Young measure generated
by the solutions in §5.4, and then apply the generalised div-curl lemma, Lemma 3.4.2,
to show that this measure is constrained by the Tartar commutation relation. Finally,
in §5.5, we show that this relation represents an imbalance of regularity, which we make
precise using the analysis of the entropy kernels developed in the earlier sections of the

chapter to conclude that the Young measure is always supported at a single point.
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5.2 Entropy and entropy flux kernels

The purpose of this section is to analyse the structure of weak entropies to the isentropic
Euler equations with pressure law as discussed above and to derive a fundamental
solution of the entropy equation to generate such entropies. We recall first of all that

the entropy kernel x = x(p, u, s) satisfies the following equation:

Xpp — k/(p)Zqu =0;
X’sz =05
Xp|p:0 = Oy=s;

where

ko) = [V

is as defined in §2.3. We note that this equation is invariant under Galilean transfor-
mations, and so x(p,u,s) = x(p,u —s,0) = x(p,0,s —u). We therefore write, in a
slight abuse of notation, x = x(p,u — s). It was shown in [8, 9] that for pressure laws

such as we are considering, this equation is well-posed, giving rise to a solution of the

form
X(p7 u— 8) = aﬁ(p)G)\(P7U - S) + ab(p)G)\+1(p7 U — 8) + gl(pa u— S)v (521)
where Gy(p,u — s) = [k(p)*> — (u — s)?]}, A = % > 0, and where the remainder

function ¢; and its fractional derivative 9)'g; are Hélder continuous and, for any fixed

Pmax > 0, satisfy
191(pu = 8)| < Clpma) [k(p)* — (u—$)’]37 for 0 < p < prmax

and some g € (0,1). Moreover, there exists a constant M, > 0 such that the coeffi-

cients ay(p) and ay,(p) satisfy, for 0 < p < pmax,

_ 1
as(p) = Mxk(p) K (p)~2 > 0;
az(p) + lap(p)| < C(pmax)-
The associated entropy flux kernel o(p, u, s) satisfies the equation

0 = uX)pp = K (0)2(0 = ux)uw = Ex0:

(
(0 —ux)|p=0 = 0;
(0 = ux)plp=0 = 0;

where we recall from [8] that the difference o —ux satisfies the same Galilean invariance

property as x. This function is given by the expansion
(c—ux)(p,u—s) = —(u—s) (bs(p)Gr(p, u—35)+b,(p)Grs1(p, u—s)) +g2(p, u—s). (5.2.2)
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The coefficients by(p) and b,(p) satisfy

~—

Pk (p
k(p)

bs(p) = Maph(p) ™k (p) 2 =

by(p) + 165 (p)] < C(Pmax)-

az(p) > 0;

Again, the remainder function go and its fractional derivative 9,%!gs are Holder con-

tinuous and satisfy, for 0 < p < pmax,

19209, 1 = )| < Clpmax) [K(p)? = (u— )20
for some ag € (0,1).

Proposition 5.2.1 ([8, Proposition 2.4]). The coefficients in the expansions of the

entropy kernels satisfy

D(p) = ay(p)bs(p) — k(p)*(as(p)bs(p) — as(p)bs(p)) > 0.

As we cannot rely on an invariant region to give a priori bounds in L* for the solutions
to the Navier-Stokes equations, we need to understand better the behaviour of the
entropies as p — oo. In order to obtain good control over the entropy kernels at high
density, we search for new expansions for the kernels in this region as convolutions
with fundamental solutions of the entropy equations for the isothermal gas dynamics
(i.e. p(p) = p). It was noted in [47] that such fundamental solutions should properly
be based not around the vacuum, but around the line {p = 1}. We therefore look for

solutions of

Xop = X =07 X, — EXl = 05

Xlp=1 = 0; X |p=1 = du=o;
me:l = du=0; X2|p=1 =0.

We then obtain from such kernels an expansion of the form

X(psw) = xp(1,0) % xH () + x(1, ) % X (p, w).
5.2.1 Entropy kernels for isothermal gas dynamics

We recall that for p > 1, the pressure is given by p(p) = p. It can easily be seen that
in the (p,u) coordinates, any weak entropy function for the Euler equations with this

isothermal pressure must satisfy the singular wave equation

Tlop — p%nuu =0,
77|p:0 =0.
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Changing coordinates to (R, u) coordinates, where R = log p, the wave equation is

L(n) := nrRr — Nuu — Mg = 0.

Following [47], we let f = f(m) be the function given by
S An n n
flm) = (5% (=1)"m",

nl
= n

where A% = %6, so that

mf”—i—f’—i—AQf:O,
£(0) =1, f/(0) = =A%, and

=Y <AZ§’”)2 =10 (%)

n=0

where I is the modified Bessel function of the first kind.

Theorem 5.2.2 (Isothermal Entropy Kernels). The function
1 R
(Ryu— ) 1= sen(R)e® [(ju— s — R (5.23)
and measure (considered for fired R as a measure in u — s)

1
Xb(R7 u—s)= §€R/2 (6ufs:R + 5ufs:fR)

. - / o (5.2.4)
- 5e / (5/((u=29)" = R*) +2Rf"((u = )" = B*))Ljusj<iny
satisfy
XﬁRR_ng_Xg%:O; X%R_XELU_X%:O;
limp 0 XF(R,) = 0; Timpyo X' (R, ) = du=s; (5.2.5)

limp 0 X5(R, ) = duzs;  limp_0 X5(R,-) = 0;
limp__ o Xﬂ(R, ) = 0; limp_s oo Xb(Ra ) = 0;

respectively in the sense of distributions. Moreover, the measure Xb(R, u—8) may also

be expressed as X’ (R,u — s) = X%(R, u—8) — xH(R,u— s).

Proof. 1t suffices by Galilean invariance to solve only in the case s = 0. We write, for
any function g = g(R,u), g = sgn(R)g(R, u)1y<|g- In particular,

f(u? = R?) = sgn(R) f(u® — R*)1}y<|R|-

Then we have

|

(Fan— Fuc= ).

L(x") =e .
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Let ¢ € D(R) be a test function. Then we calculate
(frR,6) =(], $rR) = // forndR du — // forR dR du
R>|u| R<—|u|

_// ((0rf)r + 2Rf 6r) deu—// ((¢6rf)r + 2Rf ¢r) dR du
R>|u R<—|ul
- /R (= FO)br(ul, w) — F(O)dr(~|ul,u)) du
! _ I Ap2gl u
+ //R (@RI O —o0f —ar?f") aRa
_//R<_ |((2Rf’¢)R—¢(2f’—4R2f”))deu
——/ (or(Jul,u) + ¢r(—|ul,w)) du—Qf'(O)/|UI(¢(!U|,U)—¢(—|U|,U)) du
R R
sen(R)(4R?* " — 21" dR du
+//|R>M¢>g< JAR2 " — 21
=(4R2f" = 2f",¢) + (J1, ¢),

where

o0

0
(1) = /_ (6r(—u,u) + brlu,u)) du — /0 (6w, u) + dr(—u,u)) du

0 0o
+2£7(0) </ u(¢(—u, u) — ¢(u, u)) du + /0 u( — é(u,u) + o(—u, u)) du)
_ /R (¢R(—u, u) + édr(u, u)) du + 2f'(0) / —u(d)(u, —u) + ¢(u, u)) du.

R
Also,

e
=/ / f¢>uududR—/ /;'fqﬁwdudR
// (Guf)u — 2uduf') dudR — / /u:' = 2u¢uf’) dudR

— [ 1O @GR B) - 6u(R.~R) aR
0
- [ SO @R ~R) = 6.(R.R) d
/ / P2f" + 4P f") — 2(uf'¢)y) dudR

|R\
/ / o2f + 4P f") — 2(uf'¢)y) dudR

|R|

=Q2f + 42 [, 6) + (2. ),
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where
(26) = [ (R F) = 0u(R. <)) dF
—2£(0) /OOO R((R.R) + RO(R, —R)) dR
+270) [ io (- RO(R,—R) - RO(R, R)) dR
= [ Gu(R.R) = 6,(R ) dF
—2f/(0) /R (R6(R. R) + R$(R, —R)) dR.
Now we observe that

d
TR @R R) = 6u(R, R) + ¢r(R, R),
d

5B, —R) = —6u(R, —R) + ér(R, ~R),

so that
(2:6) == [ (6n(R.R) + én(R.~R) dR
—25(0) /R (R$(R, R) + Ré(R, —R)) dR.

Then we have that

= | S

fRR— fuu—5=J1—J2=0

in terms of distributions.

Now we fix ¢ = ¢(u), 9 = (R) € D(R). Then we may calculate,

205k o0) == [ ow) [ sn(met f(u ~ R)undRdu
R |R|>|ul

:‘/¢(“)(/|u| ¢% f(u® ~ R*)yrdR ~ / pEy 2 Ry dR) du
/¢ — BP0y () /| W(R ea<i—2}zf)d3)du
+ [ot (e st - [ omet (§ - 2rp)ar) du
= [ ot w<—ru|>+e%<\u|>)du

+ / /|R|>|u| sen(R)o(upi(R)e (£ —2rf) dudn.
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We note that

/R¢<u>e' (~Jul) d / p(u)et(u du+/ b(u)e ¥ p(—u) du
- / oRetu(R) R+ / _o(=m)efu(n)an,

/d> W)du—/Ooo(qb(R)—kd)(—R))e};w(R) dR.

Hence, dropping v, we have obtained

and also

R
2

090 = [ Ssm(tnel (2R du

ul<|R| 2

+ 53 (B(R) + 6(- ),

which may alternatively be written as
1 g/ f(u? — R?
X (R u) = sen(R)e? ((2) —2Rf"(u® — Rz))]lluK\Rl
+ (Ou=R + Ou=—nr).

R
€2

l\DM—l

Now we observe that if we let x’(R,u — s) = X%(R,u —5) = X*(R,u — ), then \}, =
X?Lu = 0 on the line {R = 0}. Moreover, x’(0,u) = §,—¢ and, as L is a linear, constant

coefficient operator, x” still satisfies the PDE L(x”) = 0. O]

Remark 5.2.3. It is interesting to note that with these definitions, we now have two
independent weak entropy kernels for the isothermal gas dynamics, in that both x*
and x” vanish at the vacuum, {p = 0}. This is in stark contrast with the case of
the isentropic Euler equations, where we expect a weak entropy kernel and a strong
entropy kernel. Moreover, one may check from the expressions given for these kernels
that they produce singularities in their derivatives of a much higher order than those
corresponding to the y-law gas for v > 1. Indeed, the derivatives of the kernel behave

roughly as L worse than their polytropic counterparts near the vacuum.
py/|log p|

To generate the entropy flux associated to an entropy for the isothermal gas dynamics,
we associate an entropy flux kernel to each of the entropy kernels produced above. To
do this, we observe the following relations. Let (n,¢) be an entropy pair. Then the

function @@ = q — un satisfies

Qr="1u  Qu=1r—1. (5.2.6)
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Theorem 5.2.4 (Isothermal Entropy Flux Kernels). The entropy fluz kernels ot and

o” associated to x* and X respectively can be decomposed, for R > 0, as

o' (R,u — s) = ux*(R,u — s) + h*(R,u — s),
0" (R,u—s) =ux’(R,u—s)+h’(R,u—s),
where, with the notation a V b = max{a, b},
1 o [
W (R,u—s) = isgn(u —s)+ 6?u/0 X (ryu — s) dr

1 1 _
= §sgn(u —8) — §sgn(u — s)elu s|/2]l|u_5|<R

V|u—s|
—i—/R (u—s)e’"/2f'((u—s)2 —r2)dr,
|

u—s|
and
hb(Rvu - S) :XQﬁL(R7u - S) - hﬁ(R’u - S)

1
= 76R/2 (5u—s:—R - 5u—s:R) + eR/2(u - S)f,((u - 8)2 - RQ)]l|u—s|<R

2
1 1 |lu—s|/2
— Ssmn(u—5) + ssn(u— )l V21,
RV|u—s|
—/ (u—s)e2f'((u— s)* — r?) dr.
|u—s|

Proof. By relying on the Galilean invariance of the problem for ¢ — uy, we see that it

suffices to prove the identities in the case s = 0.

For the weak kernel, we see that

u

R
W = [ [ (0.2 - é0.2) s
o R
— 5 | e,
0

by using the initial data for x* on the line {R = 0}. Observing that the kernel need
only be defined up to addition of a constant, we normalise the second term to %sgn(u).

Considering now the first term,

R i p RV|u| 1 "2 b ) 2 g
|| Awar= [ e

RV|u| 1 1
—/ ue™? f'(u® — r?) dr — isgn(u)e”“/2 + §sgn(u)e‘“‘/2]l‘u|>3
|

ul

RV/|ul ) 9 9 1 2
:/ ue”/ f(w®—r?)dr — §sgn(u)e|“‘/ Lyuj<r-
|

ul
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For the other kernel, we argue likewise to see

R u
W (R, u) :/0 X, (7, w) dr —i—/ (x'};z(O,z) - Xb(O,z)) dz

—0o0

b R
50 | G =) dr =1
=% (R, u) — h*(R,u)

up to addition of a constant, again using the initial conditions for x” on {R =0}. We

now conclude by observing that
1
XL (R, u) = §€R/2 (Oue—r — Su=r) + e uf' (u? - R*)1 <.

O

By construction, the entropy flux kernels of(p,u,s) and o”(p,u, s) generate isother-
mal entropy flux functions in the region p > 1 associated to the isothermal entropies

generated from x*(p,u — s) and x’(p,u — s). In particular, the isothermal entropy

m—Aw@ﬂ@m—aw

has an associated entropy flux given by

/ P(s)o*(p, u, s)ds,
and likewise for the entropies and entropy fluxes generated by x” and o”.
Given two generating functions, 11, %92, we now introduce the notation

77%#/12 (p,u) /¢1 p,U—S)+1/12( )x b(p,u—s)ds

for the entropy generated from these kernels with “initial data” nwl’w( Lu) = ¥1(u)
and 7¥1%2(1,u) = ts(u). This entropy comes with a corresponding flux,

12 (p,u) = /¢1 (o, 1, 8) + ()0 (p, u, 8) ds.

Using this representation, we see that, for p > 1, the entropy and entropy flux kernels

for the physical pressure law can be written as

x(p,u) = peEIXW) (o) o(p,u,0) = @etIXD) (g ),

i.e.

X(psu) = /R (1 8)x (o, u = 8) + X(1,9)X (p,u — S)) ds
Jok(

(x
o(p,u,0) = /R (Xp(l,s o*(p,u,s) + X(l,s)ab(p,u, s)) ds.
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Remark 5.2.5. Arguing from the entropy equation, it is easy to show that
/R (pxp(pyu—s) = x(p,u—s))ds =0 (5.2.7)

for all (p,u). Indeed, mollifying y with a standard mollifier ¢, x° = y * ¢°, we check
that

B s s / 5 / N2
= - —s)ds = —s)ds= | pk —s)ds =
ap/R(pxp X°) (p,u — ) ds Rpxpp(p,u s) ds P (P)"Xuu(p,u — s)ds =0,

hence
/R (PX5(p,u— ) = X°(p,u— s)) ds = c5,
for some constant c¢s € R. Passing § — 0 and using the initial data for x(p,u — s), we

verify (5.2.7).

The previous theorem gives explicit formulae for the entropy flux kernels of and o”
for the isothermal gas dynamics. However, in practice, it will be convenient for us
to exploit a further property of these kernels: for isothermal entropy pairs (7, q), the
difference Q = g — un is also an entropy. Indeed, by (5.2.6), we see

QRR_Quu_QR =0,

and hence we may write

Q(R,u) = Qr(1,u) * X*(p,u) + Q(L,u) x X’ (p, u).

In particular, returning to the entropy and entropy flux kernels for the general pressure

law and the usual (p,u) coordinates, we obtain the following theorem.

Theorem 5.2.6 (Entropy Kernel Expansions). The entropy kernel and entropy flux

kernel may be written, for p > 1, as
X(psu =) =xp(1,u— ) % XH(p,u = 5) + x(1,u = 5) X" (p,u — s),
(0 —ux)(p,u—5) = (0 — ux),(1,u—s)* x*(p,u—s) (5.2.8)
+ (0 —ux)(Lu—s) %X (p,u - 3),

where \/( e 2
1 logp)s —|lu—s
Xﬂ(pa U= 3) = 5\/510( 9 >]1|ufs|<logp (529)
and
b 1
X (pv U — S) = 5\/5(5ufs:logp + 6ufs:710gp)
1 v/ (log p)? — [u — s[?
- Z\/EIO< 9 )]1|u—s|<logp (5210)
1 log p V(log p)? — Ju — s[?
t= I ( )11 S
1P g P e oP 2 o
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5.2.2 Singularities of the entropy kernels

We observe that the entropy kernels x(p,u — s) and o(p, u, s) are supported in the set
XK := {(u—s)? < k(p)?} and are smooth in the interior of X as well as Holder continuous
with exponent A up to the boundary of K. In what follows, we need a careful analysis

of the structure of the singularities of the fractional derivatives 92*1y and 9} *'o.

Recall that the a-th fractional derivative of a compactly supported function g¢(s) is
defined to be

029(s) = g(s) * T(~a)ls] 37,

where I' is the usual gamma function.

Define the function fy(s) = [1 —s?]}. Then we have from [48, Proposition 3.4] and [53,
Lemma 1.2] that
N fr(s) =AL(H(s+ 1)+ H(s — 1)) + A3(Ci(s + 1) — Ci(s — 1)) +7(s),
N h(s) =AT(6(s+1) +0(s — 1)) + A3 (PV(s + 1) — PV(s — 1))
+AY(H(s+1) — H(s — 1)) + A3(Ci(s + 1) + Ci(s — 1)) + q(s),
where ¢ is the Dirac mass, PV the principal value distribution, H the Heaviside function,

Ci is the Cosine integral, and the AJA- € C are constants. Then we get the following

expression for the fractional derivative of x(p,u — s):

0 x(p,u — 5) = ay(p)03 T GA(p,u = 5) + ay (D)0 Grsa (p,u — 5) + 2 g1 (pu — 9).
(5.2.11)
Now, we observe that G)(p,u — s) = k(p)”f(ﬁ) and recall that 6 and PV are both

homogeneous of degree —1. We use the chain rule to calculate
@Gmmu—@=M@%ANH@—u+k@»+H@—u—MmD
+ A} (Cils — u+ k() = Cils —u—k(p))))  (5.2.12)

+ k(p)AT(Sk(_p;L)

+ k(o) (A3 (H(s = u+ k() = H(s —u—k(p))  (5.2.13)

— A}logk(p)* + q(%))-



Moreover,

0,02 G(p,u— 5) =k(p) K (p) (A? (6(s —u+k(p)) — 8(s —u — k(p)))
+ AY(PV(s — u+ k(p)) + PV(s —u — k(p))))
+ k(o) (p) (A2 (H (s = w+ (p)) + H(s — u— k(p))
+ A)(Ci(s — u + k(p)) — Ci(s —u — k(p)))).
(5.2.14)
We will require also the expressions for the derivatives of the entropy flux kernel,
o(p,u,s). Using the expansion (5.2.2) and the identity 9)*!(sg) = s92 g+ (A +1)d2g
for a generic function g(s), we calculate
9 (o — ux)(p,u—5) = (s = w)A, T (by(p)Galp, u — 8) + by (p)Gasa (pyu — s))

+ A+ 13 (bs(0)Galpsw — 8) + by () Grgar(pyu— 5)) + 02 F galp,u — s).
(5.2.15)

Next, we consider, for p > 1,

X(p’ u) = Xﬁ(p7 ) * Xp(lv ) + Xb(p7 ) * X(L )

Thus, distributing derivatives across the convolution,

I (pyu — 5) = xh(p, ) % 2xp(1, ) + X (py ) % D2 Ix(L, ).

From (5.2.11)-(5.2.15), we obtain the structure of these expressions as sums of mea-
sures and distributions with coefficients depending on p. By considering these new
expressions for the region {p > 1}, however, we are able to demonstrate control on the

growth of these coefficients. This is the content of the following lemma.

Lemma 5.2.7. The expressions 02 x(p,u—s) and 0} o (p,u, s) admit the following

exTpansions:

O (=) =3 (A12(0)3(s — ut k(p) + Ao s (p) H(s — u K(p))

+
+ As2(p)PV(s = u £ k(p)) + Aut(p)Ci(s — u £ k(p)))
+ TX(ﬂ? U — 8)7
2o —ux)(pyu—s) =Y (s —u)(B1(p)d(s — uxk(p)) + Bor(p)H(s — u % k(p))
+

+ B3 +(p)PV(s —u=xk(p)) + Ba+(p)Ci(s —u £ k(p)))
+>  Byi(p)H(s —u =t k(p)) + Bas(p)Ci(s — u £ k(p))
+

+7ro(p,u, s). ( |
5.2.16

95



Moreover, the coefficients Aj+(p), Bj+(p), B +(p) all satisfy the following bound:
> (14201 +1Bi=(0)) + Y 1Bj+(p) < Cy/plogp, (5.2.17)
J=Lpd, =24,

where C' is independent of p,u,s. The remainders vy and ry are compactly supported,

Holder continuous functions such that

rx(p,w = 8)| + |ro(p,u — )] < Cp,

where C' is independent of p,u, s.

Proof. We recall, for p > 1, that
X(ps = 8) = xp(1,u— ) % X*(p,u — ) + x(1,u — ) % X (p,u — 5).
Thus we may distribute derivatives across the convolution as follows:
P (p,u—s5) = X, (1,u—5) %X (pyu—8) + 00 X (1, u—s) X (p, u—s). (5.2.18)
From the expansion (5.2.11), we see
ag"Hx(l, u—s) = aﬁ(l)G;\HG)\(l, u—s)+ ab(l)(?;\HG)\H(L u—s)+ 8?+1g1(1, u—s),

which is clearly independent of p. The expressions 921G, 41 and 921G, are given in
(5.2.12) and (5.2.13).

One easily sees also that
FpGa(p,u — 5) = 2Xk(p)K (p)Gr-1(p, u — s),
hence
I xp(Liu—s) = 2)\16(1)!6'(1)%(1)8;\6’)\_1(1, u—3s)+ aé(l)BSAGA(l, u—5)
+ 2\ + Dk(DE (1)a,(1)02GA(1,u — 8) + af(1)02Gar1 (1, u — s)
+020,91(1,u — s).
Returning to consider (5.2.18), we recall the expressions from Theorem 5.2.6,
1
88Xﬁ(pu U= 3) = 5\/5(6ufs:10gp - 6ufs:flogp)
- \/ﬁ(u - S)fl((u - 8)2 - (log p)z)]l\ufsklogpa
1 1 1
Xb(pa U= 3) = iﬁ(éu—s:logp + 6u—s:—logp) - iﬁ(if((u - 5)2 - (log p)2)

+ 210g pf/((u - 5)2 - (log p)Q))]l|u—s|<logp'
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We observe that, up to the addition of a compactly supported Lipschitz function, these

are sums of Dirac masses and Heaviside functions. For example, as f(0) =1,

£ (1 ) — (108 p)*) Ljusjctogp = H(u — 5+ log p) — H(u — s —log p) + R(p.u— 5).

where R(p, u—s) is a Lipschitz continuous function such that supp R = {Ju—s| < log p}
and |R(p,u — s)| < Cp, for C independent of p,u, s.

Thus, in expanding (5.2.18), we obtain terms as convolutions of \/pd(u — s £ log p),
VPH(u—s=xlogp), \/plog pH (u—s=+log p) and terms of higher regularity and compact
support with distributions 1 such that

pe{d(u—s+tk(1)),H(u—s+k(1)),PV(u—s=£k(l)),Ci(u—s=Etk(1))}

From these considerations, we obtain the bounds of (5.2.17) on the coefficients of the

distributional terms.

Finally, we see that the terms of higher regularity are all at least Holder continuous

and bounded (up to a constant) by p. O

Remark 5.2.8. In a similar way to the above, we see that x(p,u — s) is a-Holder

continuous with respect to s with any exponent « € [0, A\]. Moreover, we may estimate,

CpA=a)f  for p <1,
Ix(psu = )llcam) < , (5.2.19)
C\/@, for p > 1.

5.3 Uniform estimates for the Navier-Stokes equations

Now that we have gained a better understanding of the entropies of the Euler equations,
we begin the analysis of the vanishing viscosity limit of the Navier-Stokes equations,
(5.1.1). We first recall the following theorem of Hoff [38].

Theorem 5.3.1 (Existence of Solutions for Navier-Stokes Equations, [38]). Suppose
that the initial data (p§, ugy) are smooth and satisfy
po € L(R), essRinf p5 >0,
o — b, 65— € TA(R).
Then the initial value problem (5.1.1) admits a unique, global, smooth solution (p¢,uF)
satisfying also the integrability uf(t,-) € HY(R) for all t > 0. Moreover, there exists a

constant cc(t) > 0 depending on €, t and the initial data, such that for all (t,z) € R%,
p(t,x) > c.(t) > 0. Finally, limg_100(p°(t, ), u(t, z)) = (px,ust) for all t > 0.
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Of crucial importance is the lower bound on the density. This guarantees that the
singularities of the viscous equations are avoided for all times, provided they are avoided
initially (though we do, of course, expect cavitation to occur in the vanishing viscosity

limit).
5.3.1 Initial estimates

We now proceed by making several uniform estimates, that is, estimates that are in-
dependent of € € (0,ep] for some fixed 9 > 0, on the physical viscosity solutions.
Throughout this section, we will denote constants independent of £ by M, while con-
stants depending on e will be called C. The pair (p,u) will always be the smooth
solution of (5.1.1) guaranteed by the theorem above (we drop the explicit dependence

of the functions on ¢ for notational simplicity).

The first of our uniform estimates is the now standard estimate on the relative mechan-

ical energy.

Lemma 5.3.2. Let E[pg,ug] < Ey < oo for some constant Ey > 0 independent of €
and suppose that (p,u) is the smooth solution of the Cauchy problem (5.1.1) with initial
data (po,uo). Then, for any T > 0, there exists a constant M > 0, independent of &
but depending on Fo, T, p,u such that

sup El[p,u] / /5]u$|2 dx dt < M. (5.3.1)
te[0,T]

Although the proof of this lemma is by now standard (see, for example, [12, Lemma

3.1]), we include it here for completeness.

Proof. We calculate directly that

dE d
’r dt/ “(pym d:c—/ (p,m d:c—/Vn psm) - (pt, mt) da.

As the reference functions p and m are independent of ¢, it is clear that the second term
on the right vanishes identically. On the other hand, multiplying the first equation in
(5.1.1) by 73 (p,m) and the second equation by ny,(p, m), we obtain

0 (p,m)e +q*(p, M)z = enpy,(p, M) Usa,

and hence, as 7, (p, m) = u,
d * * *(= -
GEl) =0 (pmm) = ' (proms) —2 [ s do = [ Vo pom) - (prm) d
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From the equation (5.1.1), we may re-write the final term here and bound it by

/Vn p,m) - (pe, me) d:L' —‘ /Vn psm) - (mx,(pu2+p(p))m—8um>dw‘
< [ 1V o)) i+ () = ) o

x:+00|

+ |V (p,m) - (m, pu® + p(p) — eug)|t_ >

<;/|ux2d$+M/p|u—ﬂ|2dac
Lo
+M(1+/ (p+p(p))dw),
—Lo

as the functions p and m are constant outside the interval [—Lg, Lo].

Finally, we recall that (p + p(p)) < Me*(p, p) to derive

d
o —Ep,u] /\ux|2 x < M(E+1),

and conclude by Gronwall’s inequality. O

The second uniform estimate for the viscous solutions concerns the spatial derivative of
the density. Again, the proof may be found in [12, Lemma 3.2|, based on an argument
of [42].

Lemma 5.3.3 ([12], Lemma 3.2). Let (po,uo) be initial data such that

’Po,m(fﬂ)’z
po(z)?

for a constant E1 > 0 independent of €. Then, for any T > 0, there exists a constant
M, depending on Ey, E1, p,u, T such that

[ e [ [

The proof is taken from [12, Lemma 3.2], adjusted only to allow for the more general

dr < Fp < o0,

| dx dt < M. (5.3.2)

pressure law.

Proof. Let v = %. The conservation of mass equation in (5.1.1) becomes

V¢ + UV = VU
Taking a derivative in z, we obtain
Vgt + (uvg)r = (Vg ),y
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which we multiply by 2v, to find
(|Ua:‘2)t + u(‘vx|2)x =+ 2ux‘vz|2 = 20, (VU)o
Multiplying this by p and applying again the conservation of mass equation,
(plvz®) + (pulve]?)e = 20pUss (5.3.3)

Now we apply the conservation of momentum equation and the equation above for v,
to deduce 5
20 Ugy = gvx(px + (pu)t + (ﬂUQ)x)

where J = —pu(vug ), + pu(uvy), + v.(pu?),. Integrating J by parts in space, we find
/de = /(vux(pu)x — uvz(pu)g + vg(u(pu)z + puuy) do
= /(vuz(pu)z + puvguy) de = / |ug|? de.

Moreover,

P (p)

VP = — 2 |p$|2

We integrate (5.3.3) in space-time and use the preceding considerations to find

W( 26”//

— 92 /px(t w)(p(t ) — 25/ )(log p)s(t, ) da

dz dr

t,x)
' 2 po.x(x)(uo(x) — u(x))
—1-25/0 /\ux] da;dr—l—QE/ (@) dx
)2
+2€/u(ar)(logpo)x(w) dx + €* |p20$(( )y dx.

We control the first and fourth terms on the right by observing

= 2
%/MMWMSE/
1) 4

For the second term, we note

3 x + plu — a| z <+ = x + 16E[p, ul.

5/u(logp)xdx: —5/ uxlogpdx—s/ g log pdr +e(utlogp™ —u~ logp ),
Ay A§

1

where
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and p = min{p_,p+}. As |logp| < Mp on A and u, is compactly supported, we

‘5/ @xlogpdaz‘ SM(l+/e*(p,p)dw>.
i

On A; (if the set is non-empty), then

obtain

‘ / uzlogpd:c <M€ sup |log p(t,z)| < Me sup
Aq

1
TEA, z€AL \/ p(t, l‘) )

Moreover, we estimate the measure of A; by
M
e*(p/2,p)
Now, for any (¢,x) € Ay, there exists z((t, ) such that |x — x| < d(t) and p(t, o) = g.

Thus,

1A < = d(t).

1 1 1 €
€ sup ————= <¢ sup —
ey \/p(t, )~ aed /p(t,x)  /p(t, xo) ‘ p/2
- /:Eo—l—d( ) ‘ < 1 ) c
€ —F—
xo d( ) V p(tu l’) p/2

IN

(5 ] ) v+

2 2
€ |pa|
1 / pe dxr + M.

-7

IN

Thus, we obtain

2 2
28‘/ﬂ(logp)wdx‘ < 84/ |/;f3| dz + M.

Combining this with the earlier estimates, we find

:ct 2 t ./
52/p(’x))‘ dx+€/ p/ff)\pﬁd:m
0

g2 Pa:(t )‘ ’pOw )‘2
<< 7d 9 dz + M,
= 2/ ooy TE / *

as desired. n

The final estimate of this section is again taken from [12], this time Lemma 3.3.

Lemma 5.3.4. Let Ey[po,up] < Eoy < oo with Ey independent of € and let K C R be
compact. Then, for any T > 0, there exists a constant M = M (Ey, K, p,u,T) > 0 such
that

/T/ pp(p) dx dt < M. (5.3.4)
o JK

The proof is as in [12], but compare also Lemma 4.4.1.
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Proof. We let w(xz) € C°(R) be a test function with 0 < w(z) < 1. Multiplying the

second equation in (5.1.1) by w(x) and integrating in space from —oo to x, we obtain

pu2w + pw = eugw — (/

—0o0

x T

PUW dy)t + / ((pu® + p)we — cugwy) dy.
— 0o
Multiplying this again with pw, we apply the first equation from (5.1.1) to get
T
ppw? = — p2ulw? + epugw? — (pw/ pUw dy)
t

— 00

— (pu)mw/ puw dy + pw/ ((pu® + p)we — cugwy) dy

—0o0 —00
T T

= epuzw? — (pw/ puw dy)t — <puw/ pUwW dy)

x x
+ puwx/ puw dy + pw/ ((pu® + p)wy — cugwy) dy.

—0o0 —00

Integrating this equation over the compact region (0,7") x suppw, we obtain

T T T
/ /ppw2 dydtze/ /pquZ dydt—/pw(/ puwdy)da:
0 0 —00

+/p0w</ PoUOW dy)dx—i—rl(T),

—00

r1(T) Z/()T/puwQC(/;puwdy)da:dt

+/0T/pw(/;((pu2 + Py — Eugwy) dy ) da d.

Applying Holder’s inequality, for any A > 0,

T 2 [T T
5/ /puxwzda;dtg/ /ux|2dxdt+A/ /p2w4da:dt
0 A Jo 0

T
§M+MA/ /pp(p)w2 dzx dt,
0

(5.3.5)

where

for e € (0,g9]. We now apply Holder’s inequality and Lemma 5.3.2 to deduce

x 1 1
‘/ puwdy‘ S/ |pu| dy < (/ pdy)2</ puzdy)2
—00 supp w supp w supp w

gM(/Suppw(He*(p,p))dyf(/ pu%zy)é < M.

supp w

We may therefore make the estimate

‘/pw(/_x puwdy)dm‘ <M,

again using that p < M (1 + e*(p, p)).
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Similarly, we have

‘/OT/puwx</_’3 puwdy>d$dt‘+‘/(]T/pw(/_r (pu2+p)wxdy>da:dt‘
+’/T/pw</x guwwwdy>dxdt’ < M.
0 —00

Combining all of these estimates for the terms on the right hand side of (5.3.5), we

conclude that

T T
/ /pp(p)ou2 dx dt < MA/ /pp(p)w2 dx dt + M, (5.3.6)
0 0

and so, by taking A > 0 sufficiently small, we conclude the proof. O

5.3.2 Higher integrability for the velocity

The final uniform estimate that we require is a higher integrability property for the
velocity. Indeed, to pass to the limit in the non-linear term pu? in the equations, we
wish to control the quantity p|u|3, at least locally in space-time. The basic technique
for obtaining this bound is as follows: we construct an entropy pair (nﬁ, qﬁ) (which we

generate by a test function of quadratic growth at infinity) satisfying the rough bounds
¢*(p,m) = M~ plul’, |0 (p,m)| < Mn*(p,m).

We then argue from the entropy equation for n¥ and ¢,

(0%, m%)e + (7, m%)e = eugyihy, (p°, m),

to relate ¢*(p,m) to [* n*(p,m) dz. Controlling the latter via the main energy estimate,
we may integrate again over a compact region of space-time and bound the integral of

¢*, and hence of p|u|®>. We begin with the construction of this entropy pair.

Lemma 5.3.5. Let 1*(s) = 3s|s|. Then the associated entropy pair (n*,q*) satisfies
the following bounds for all p > p«, where p, > 1 is fized:

¥ (p,m)| < Mu*(p,m), q*(p,m) > M~ plul* — M (plul* + p(log p)*),

n%, (p,m)| < M(Ju| + /log p), |0 (psm)| < M,
(5.3.7)
’

and, if we consider the function nm(p, m) as a function of p and u, the partial derivatives
may be bounded by

1
plogp’

0 (ps pu)| < M 0 (o, pu)| < M (5.3.8)

1
Viogp’
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Moreover, on the complement region p < p., we have

n*(p,m)| < Mn*(p,m), ¢ (p,m) > M~ (pluf® + p7) = M (plul* + p7),

i, (p,m)| < M(Jul + p7), | (pym)| < M,
(5.3.9)
:

and, if we consider the function nm(p, m) as a function of p and u, the partial derivatives

may be bounded by

D (po pw)| < M, [0k, (p, pu)| < M7 (5.3.10)

Proof. The bounds for the low density region are standard, following as in [12, 52].
Indeed, on this region, the expansions (5.2.1) and (5.2.2) tell us that the leading or-
der terms dominate the behaviour, allowing for arguments analogous to those for the

polytropic case considered in [12].

We therefore focus on the region p > p, > 1. Examining first the entropy 7*(p, m), we
have that

1
1 (p,m) —/x(p,u—S)zslé’!ds
R
1
Z/R(xp(l,u—S)*xﬁ(p,u—SHX(l,u—S)*xb(p,u—S))QSISIdS-

We recall the expansions for x? and x” of Theorem 5.2.6 and decompose the entropy

kernel into three terms as
X(pau —s) = Ki(p,u—s) + Ka(p,u—s) + Kz(p,u — ),

where

1|u—t\<10g po(]-’ t) dt,

f/ v/ (log p)? . (u—t)2>

() = Y2 (x(Lu ~ log ) + x(1,u + log ).

o og p)? — (u —t)?
_f/( logpl gp(u_t)2jl(\/(l g ) 2 (u—1) )
B [0<\/(logp)22— (u — t)2>>

Lju—t|<log pX(1, 1) dt.

For simplicity of presentation, we demonstrate the bound for the first term, noting that
the term K5 is much more straightforward and that the K3 term may be controlled

analogously to K7 using properties of modified Bessel functions.
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We therefore consider, in the contribution of K to |nf(p,m)|, the following identity:

logp)2 — (u—s—1t)2
/IO(\/( ) 2( ) >5|3|1|u—s—t\<logpd5
R

log p)2 — 22
:/IO((gp)>(Z+u—t)z+u—t|1|2|<1ogpd2’
R

2
/3

Supposing without loss of generality that u > 2k(1) (so that uw —¢ > 0 for all t €

1
Io< ng cos@) log pcosf(log psin® + u — t)|log psin @ + u — t| df.

Wl

supp x,(1,-)), we exploit the partial cancellation of odd and even terms in the region

u —t < log p to obtain that the contribution to n*(p,u) from K may be written as

/K1 X0 s|s]ds

— % /R xp(1,t) /R [0<\/(10gp)2 —2(u —5— t)2)3|8|1|u_8_t|<10gpds B

k(1) 3 1
= \{f/ Xp(l,t)/2 o Io< ngcosﬁ) log p cos B(log psin @ + u — t)* db dt
farcsm(fégp)
_ t)
arcsm( 1
\f Xp(1, t)/ﬁ e I[)( ngCOSQ) log pcos O(log psin @ +u — t)* df dt
—3
2 1
\[/ < /2 IO< ngcosﬁ) log p cos @ log psin O(u — t) df
arcsin (=t )
=

arcsin
/ log
— arcsin (U;
lo

t
&P

1
) Io( ng coS (9) logpcos@((log p)2sin2 0 + (u — t)2) dH) i@t

(5.3.11)
Observe that in the region v — ¢ > log p, this expression becomes much simpler due to

the complete cancellations of odd and even terms in the integral.

We now estimate this expression using integral properties of the modified Bessel func-

tion to calculate these integrals. For example,
2 2sinh(R/2
/02 IO<§ cos@) cosfdb = sm}gR/)

We may therefore bound a typical term as

k(1) arcsm( - ) 1
\[/ / e (ngcose) log pcos O(u — t)? df dt

k(l) —arcsm(l“g;) ‘ 2

[N

2] k(1) 2
< \/?’uog/)/ \oLt) [ 10(*5L cost) cost b e
4 —k(1) —2 2

2 _ k(1)
pulogp2 1
< VP I \/(glog;/ Xp(1,t) dt < Mpu®.
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We hence obtain the desired bound of
% (p,m)| < M(p|ul? + plog p) < Mn*(p,m).

The most important quantity to control is the entropy flux, qﬁ(p, m). We recall that

we may write, for p > 1,

¢ (p,m) = un(p,m) + h*(p,m),

where h¥(p,m) is also an entropy in this region. The function hf is thus generated from
the entropy kernel x(p,u —s). As the generating function is again of quadratic growth

at infinity the previous estimate easily extends to give a bound
h¥(p,m) > =M (plul® + plog p).

We therefore focus on the term unf(p,m). In analogy to the decomposition and calcu-
lation above in (5.3.11), we may write un® as a sum of terms carrying factors of |u|, u?

and |u|?. As the former two terms are easier to control, we focus on the last group.

Assuming again that u — 2k(1) > 0, so that u — ¢ > 0 always, we calculate, this time

including all of the terms from the entropy kernel, that the u3 contribution is

3] k(1) 3
([ - o) ([ (B coso) eosoan)
2 2 0 2

—k(1)

k(1) 1 x log p
_ /u (Xp(l,t) — §X(1’t)) </(er ﬂ) Io( 5 cos 0) cos@d@) dt

—logp resin ( Togp

1 [k 3 log p
- 1 1
+2/k(1)x( ,t)/o 1< 5 COSG) df dt

1/k(1) 3 log p
- = X(l,t)/ I cos d@dt),
2 Ju aresin (L ) - )

—log p rcsin
where the second and fourth lines of this expression vanish identically if |u| > logp +
k(1), allowing exact calculation of the integrals:

2 rlogp p—1
I 0) cosfdf = L~
/0 0( 5 Co8 )cos T

/’5 Il<longOS(9> df = Po2vptl
0 2 Vvplogp

Thus we obtain a lower bound of M ~1plul® (we recall from (5.2.7) that [ x(1,t)dt =
[ xp(1,t)dt). On the other hand, if |u| < logp + k(1), we see that still ¢*(p,m) > 0.

Moreover, on this region, it is sufficient to write
¢*(p,m) > plul® = plul* > plul* — p(log p)*.
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This concludes the proof of the lower bound for the entropy flux.

For the sake of concision, we omit the proofs of the derivative bounds, as the calculations
are lengthy and use no new techniques, relying simply on the decompositions and

estimates used already. O

As advertised at the beginning of this subsection, we use this construction to obtain
the higher integrability of the velocity. Before continuing, we observe that the lower
bound on ¢* includes the term — p(log p)3. We make no claim that this is an optimal
bound. However, as we seck only to bound ¢*(p,m) locally, the local integrability of

the quantity pp(p) is more than sufficient to control this extra term.

In order to make the uniform estimate, we modify the entropy pair (nf, ¢*) suitably to

allow for integration in space. We define

i(p,m) = n*(p,m — pu_),
ﬁ ﬁ (5.3.12)
q(p,m) = ¢*(p,m — pu—) +u_n"(p,m — pu_).

We may then expand 7j(p, m) as

i(p,m) =, (p,0)p(u — u_) + #(p,m),

where
[#(pym)| < Mplu—u_|*,

To see this, we first note that by evenness of x(p, —s) in s, we have that

1
n(p,0) = 2/SS\X(/J,—S) ds = 0.

Thus, taking a Taylor expansion in m around m = 0 for n*(p, m), we find
2

m
(o, m) = 0, (9, 0 + 1y (0. €)=

1

for some £ between 0 and m. By the bound ]ngnm\ < Mp~ of Lemma 5.3.5, we obtain

the desired expansion.

Lemma 5.3.6. Suppose in addition to the assumptions of Lemmas 5.53.2-5.8./ that

/Rpo(x)|u0(x) —u(x)|de < My < oo,

where My is independent of €. Then, for any compact subset K C R, there exists a

constant M > 0, depending on K but not on €, such that

T
/ / plul® dz dt < M. (5.3.13)
0 K
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Proof. Multiplying the first equation in (5.1.1) by 7), and the second equation by 7y,

and summing, we obtain
77(/)7 m)t + Q(pa m)a: = Euxzﬁm(p7 m)
Integrating this in space from —oo to x and integrating by parts, we find

/x i(p,m)e dy + ¢*(p, p(u — u)) + u_n*(p, p(u — u_)) — ¢*(p—,0)

— 00
T

—eUyTim (p,m) + / (eu2imu(p,m) + €prtiziimp(p,m)) dy = 0.

—00

We integrate this equation over the region (0,7') x K to obtain
T T
| ] dooptu— oyt =71K16p-0) < u- [ [ ot dzds
0 JK 0 JK
+/ / ﬁ(povmo)dydﬂf/ / 1(p,m) dy du
K J—x K J—x
T
+ &?/ / Uz Tl (p, m) dx dt
0 JK

T x
- / / / (5uiﬁmu + 5pa:ua:77mp) dy dx dt
0 K J—x

=L+ + I

Clearly, |I;| < M. Moreover, applying Lemma 5.3.2 and Lemma 5.3.3 with Holder’s
inequality and the bounds for |fm,| and |7, of Lemma 5.3.5, we also get |Ig| < M.

For I, we recall that |nf(p,m)| < n*(p,m) to obtain a bound of

|I2] SM/OT/K(/)|UU‘2+pe(p)) dxdt§M<1+/0TE[p,u](t)dt) < M.

We consider next I3 and Iy. We begin by bounding

| / " (o m) dy| <| / " o m) — (9, 0)pl — u_) dy|

)

+\/$ M (p: 0)p(u — u_) dy
§\/w f(pvm)dy\ﬂ/x (o, 0)p(u — u_) dy|
T o (5.3.14)
[ 0.0 = im0 plu = ) )
<M [ plu— Pyt fin(o-0)l| [ o) ay
+/_z Pl (0, 0) =k, (p—. 0)|* dy

from the bound |#(p,m)| < Mp|lu — u_|? and the Cauchy-Schwarz inequality.
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We next bound the last two terms on the right-hand side. To begin with, we ob-
serve that by integrating the momentum equation in time and space and applying the

conservation of mass equation, we have

T

| sttty —wydy = [ pmluo—aydy+ [ pota—u)ay

T T
- / (pu® + p(p) = p(p-) — puu_) dt + ¢ / ug dt,
0 0

which, after integrating over K, is easily bounded using the assumption on the initial

momentum and the main energy estimate, Lemma 5.3.2.

Moreover, it is not hard to show that

2 .
p|nk.(p,0) = nk,(p—,0)|" < Me*(p, p)

from the estimates of Lemma 5.3.5.

We thus conclude that I3 and I are bounded as

/‘/ ﬁ(p,m)dy‘deM.
K —00

It remains only to prove that I5 is well-controlled. First, from Lemma 5.3.5, we bound

T
<0 [ [ (sl + (5" + vioB pL o) ) d
0 K

T
SSM/ / (Jul® + |ug|® + log p + 1) da dt
0o JK

T
§M<1+5/ / |u|2dxdt>.
0o JK

To control the last term in this expression, we follow the argument of [12, Lemma 3.4].
We therefore begin by observing that there is a positive, non-decreasing function of

time M (t) such that
/ e*(plt, ), plw)) do < M(2)
{p(t,z)<p/2}
and thus
M{(t)

{z eR:p(t,z) <p/2}] < (5/2.7)

where p is defined as min{p_, p; }.

Without loss of generality, we suppose that K contains an interval [a,b] of length at
least 2M(t)/e*(g,,b). Thus there exists a measurable set A(t) C (a,b) such that p > g
on A where A has measure at least M(t)/e*(g, p). We then write

ua(t) == |11M/AU(t’x) dx.
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Then we observe that for any = € [a,b], at fixed ¢, we have

fu(t, 2)] < Jua(t)] + /K g .

It follows straightforwardly that

1 1 /2
lua(®)] < ,A/AIU(WU)!M < w\/;/A\/p(tvx)\U(t,x)!dx,

< \/E(Ap(t,x)!u(t, x)\de>1/2,

2¢*(5/2. )
)

M(Ey, K).

So, we have

T T T
8M/ / |u|? d dt < M<6/ /|ux|2d:vdt+/ / |uA(t)|2dxdt> < M.
0 K 0 R 0 K

Hence we have |I5| < M, and so

T
/ / qﬁ(p,m —pu_)dzdt < M,
0 K
from which the conclusion of the lemma is immediate. O

Remark 5.3.7. As we have made successive assumptions in the statements of the uni-

form estimates for the solutions, we collect these assumptions here for future reference.

e The initial data must be of finite-energy:

sup Epg, ug) < Eop < o0;
3
e The initial density must satisfy a weighted derivative bound

e (x 2
sup52/de < By < o0
€ p5(@)

e The relative initial momentum should be finite:

)

sup/pé(w)\ué(m) —u(x)| dr < My < 0.
All three of these conditions and the additional condition pj > cj may be guaranteed

by cutting the initial data of the problem by rnax{po,a%} and then mollifying at a

suitable scale.
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5.3.3 Entropies generated by compactly supported functions

In order to analyse the vanishing viscosity limit of the solutions of the Navier-Stokes
equations, (5.1.1), we need to employ a large class of entropies to gain information on
the Young measure solution obtained in the limit. As noted in [12], a suitable class is
given by those entropy pairs that are generated by test functions of compact support.

In this section, we therefore collect various properties of such entropy pairs.

Lemma 5.3.8. Let ¢ € C2(R) be a compactly supported test function such that the
support of ¢ is contained in an interval [z, w.]. Then the corresponding entropy pair

(0¥, q%) satisfies the following:

¥

suppn?, suppq? C {(p,u) : w(p,u) > 2, 2(p,u) < w.},

where w(p,u) and z(p,u) are the Riemann invariants defined in §2.3. Moreover, for

any px > 1,

(i)

Cyp, P < s

Cwi’lg?p’ P > Px, (5315)
¥ (p,m)| < Cyp;

¥ (p,m)] S{

(i)

Cy, P < P,
n% (0, m)| + [pmm (0, m)| < {C . o (5.3.16)
¥ Jlogp’ P = Px;
(i1i) Considering 77% as a function of p and u,
Cﬁ)? P S P
15 (0 pu)| < {C . .
Vloggr P (5.3.17)

Cyp?,  p<p,
|01 pu)| < {C )
VYlogp) P = Po

where, for example, n%u(p, pu) = 8u17%f,,(,0, pu). In particular,

P'(p)
1m0 (ps pu)| < Oy~

Proof. Working from the expansions (5.2.1)-(5.2.2), the desired bounds in the region

p < px all follow from the arguments in [12, Lemma 2.1]. For the high density region,

the estimates follow from the new expansions of Theorem 5.2.6. For the sake of brevity,

we omit the straightforward but tedious calculation. O
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5.3.4 Compactness of the entropy dissipation measures

We can now use the uniform estimates above to obtain a compactness property for the
entropy dissipation measures associated to weak entropies generated from compactly
supported functions and the solutions of the Navier-Stokes equations (5.1.1). This
compactness, obtained in the negative order Sobolev space I/Vlgcl 4 will be used later to

apply the theory of compensated compactness to our sequence of approximate solutions.

Proposition 5.3.9. Let ) € C?(R) generate the weak entropy pair (1%, q¥) and suppose
that (p°, u®) is a sequence of solutions to the Navier-Stokes equations (5.1.1) satisfying

the assumptions in Remark 5.53.7. Then the weak entropy dissipation measures
0% (0%, p°uf)e + q¥ (p°, p°us)s are (pre)-compact in I/Vl;}’q(Ri) (5.3.18)

for any q € (1,2).

Proof. We write m® = p®u® throughout this proof. Multiplying the first equation in
(5.1.1) by nlpp (p5,m) and the second equation by 1 (p°,m?) and summing, we obtain

1% (p%,m)e + ¢V (p°,m)e = (nin (p°, m)us) |
(5.3.19)

= e (p°, Oz |® — enp (0, m®) P,

where we use the notation from Lemma 5.3.8 for n%u and n},bw.
We recall from Lemma 5.3.8 that

p’(pe).

[ (05, M) < M g (0, mE)| < M e

Thus we may estimate, for any compact set K C R,
T T
| [ ettt i Pldede < edt [ [ jusf? e <
0 JK 0 JK
T
[ et meyocac o de < a7 m) sl

gMHEWW
P

£
- Pz

L2
<M,

where we have used the estimates of Lemma 5.3.2 and Lemma 5.3.3. Thus

—enb (05, mE) s> — enb (0, m) pius

1
loc

q € (1,2) by the standard Rellich-Kondrachov embedding.

is uniformly bounded in L} (R?) and hence is (pre)-compact in I/Vl;c1 “(R?) for any
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For the final term, g(n%(p57m€)u;)x’ we recall that ‘777%1(/)8, m)| < M, and hence
llen (p°, m®)ul 2 < My/e =0,

ie. (57]%(p8, ma)ui)m — 0 in W71’2(R3). Thus, considering the sum of this term with

loc

the terms previously considered, we obtain that
w( e . € Y e €\ _ ti W—Lq R2
n¥ (p%,m")e + q% (p°, m), is (pre)-compact in W, "*(R%)

as desired. O

5.4 Convergence to a Young measure solution

As the estimates available to us do not offer uniform control over the velocity in a suit-
able LP space, we may not directly apply the fundamental theorem of Young measures
as classically stated. Instead, we follow the construction outlined in §3.3 to construct

a measure-valued solution defined on a compactification of our phase space.

To this end, we recall some notation from §3.3. First, we set
H={(p,u) €R*:p >0}

and consider on H the set of continuous functions

i - | ®(p,u) is constant on {p = 0} and such that
C(H) = {¢ € C(H) the function (p,u) — lims o0 ¢(sp, su) € C(S' N H) (5-4.1)
where S! is the unit circle. We recall from [12, 48] that this space allows us to deal

with both the difficulty at the vacuum and the difficulty at large densities.

As C(H) is a complete sub-ring of the continuous functions on H containing the constant
functions, by Theorem 3.2.2; there exists a compactification H of H such that C(H) =
C(H), where = denotes isometric isomorphism. The topology of J{ is the weak-star
topology induced by C(H), i.e. a sequence v, € H converges to v € H if and only if
#(vyn) — ¢(v) for all ¢ € C(H). From §3.3, we know that this topology is both separable
and metrizable. Moreover, considering the induced topology on H, this topology has
the obvious advantage of not distinguishing points in the vacuum set. We write V for

the weak-star closure of the set {p = 0} and set

H=HUVWV.
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Now that we have the metrizable compactification H, we recall the fundamental theo-
rem of Young measures stated in Theorem 3.1.4 for maps into compact metric spaces.
This theorem gives the existence of a Young measure 1, satisfying the following.
Given a sequence of functions (p°, u®) : Ri — 3, there exists a subsequence generat-
ing a Young measure v;, € Prob(H) for almost every (t,x) in the sense that, for any

¢ € C(3),
o) = [ olpv) s in 1 (R2).

Moreover, moving to the (p, m) coordinates, we have that (p*, m®) — (p, m) in measure
(and hence almost everywhere up to subsequence) if and only if v4 5 = 0(,(t,0),m(t,2)) for

almost every (t,z) € R2.

In what follows, we will often suppress the subscript ¢,z for 14, where there is no risk

of confusion.

Lemma 5.4.1. Let vy, be a Young measure generated by a sequence of solutions to
(5.1.1) satisfying the assumptions of Remark 5.3.7. Then, for almost every (t,z) € R%,

the measure vy, € Prob(H).

Proof. We argue as in [48, Proposition 2.3]. For R > 0, we fix a radial function
¢r € C(H) with 0 < ¢ < 1 and such that ¢g = 1 in H\ Bag(0), ¢r = 0 in HN B(0).
We choose also a function ¢ € C.(S'NH), which we extend to all of H as a homogeneous
function of order 0. Then ®g = ppr € C(H) = C(H), and so for any compact subset
K CR,

T T
’/ / (/ @Rdyt,x) da:dt’—lim’/ /@R(pg,us)dxdt
o JK NJXH e=01Jo JK

Ssgp {(t,z) € (0,T) x K : p°(t,x) > c,R}|

1 T
§sup/ /pp,o drdt — 0 as R — oo.
(coR)? Jo Ji (v)

3

Thus v , must be supported in H. O

Proposition 5.4.2. (i) The Young measure generated by the sequence of solutions
to (5.1.1) satisfying the assumptions of Remark 5.5.7 satisfies the following addi-
tional integrability property:

/H (pp(p) + plul®) dvie € Lipo(RY).
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(ii) Moreover, the space of admissible test functions for the Young measure may be
extended as follows:
Let ¢ € C(H) be a function vanishing on the set OH. Suppose that there exists
a > 0 such that suppp C {w(p,u) > —a, z(p,u) < a}. If, in addition, ¢ satisfies

the growth bound
tim 1220 (5.4.2)
pP—00 p
uniformly in u, then ¢ is integrable with respect to vy 5 for almost all (t,z) € Ri

and

B0, u) — /H Gdvry in L (R2).

The proof follows the proof of [12, Proposition 5.1] with a small adjustment in part (i)

to allow for the different growth rate of the function ¢.

Proof. We begin by defining a cut-off function wy(p,u) > 0 such that wy equals 1 on
the set

(o) : k(o) € [3,h], Jul < B},

and vanishes outside the set

(o)« ko) €[y

Then the functions (p°p(p®) + pf|uf|3)wp(pf, uf) are in C(H), so that we may take the

,2h], Ju| < 2h}.

limit

lim (0°p(p%) + p° [ P)won (p°, w) de dit
=0 Jj0,T|x K

= [ ([ no) + ol (o) v
0,7]xK *JH

for any compact subset K C R. By the uniform estimates of Lemmas 5.3.4 and 5.3.6,
[ )+ o) ot < M
[0,T]xK
uniformly in € and h. Thus by the monotone convergence theorem,

lim H(pp(p)er\UIB’)wh(p,U) vy = /H (op(p) + plul®) dvi g,

h—00

where the limit is integrable locally in (¢, z) and hence finite for almost every (¢, z) € R?.

To prove the second part of the lemma, we note that for such functions ¢, the product
pwy, € C(H), where wy, is as before. Thus the product ¢ wy, is 14 ,-integrable for almost

every (t,z). Applying the dominated convergence theorem and part (i), we deduce

h—o00

lim / pwpdvy g = / ¢ dvy, for almost every (t,z) € R%r
H H
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and

lim / / G wp, dvy gz do dt = / / ¢ dvy o, dx dt.
h—o0 J{0,T]x K JH [0,T]xK JH

Now we apply the definition of the Young measure to see that

lim lim o(p°, u®) wi(p®,uf) de dt = / / ¢ dvy , dx dt. (5.4.3)
h—o00 e—0 [0,T]x K [0,T)xK JH
If we can interchange these limits, then we obtain
lim d(p°,u°) dxdt = lim lim d(p°, u)wp(p®,u’) de dt
e—0 [O,T] <K e—0 h—o0 [O,T} <K
= lim lim d(p°, u)wp(p%,u’) de dt = / / ¢ dvy, dx dt,
h—o00 e—0 [0,T]x K [0,T)xK JH

and so we are done. To show that we may interchange these limits, we prove that

/[Oﬂ K¢(p€,u€)wh(p€,u€) dz dt — o K¢(p5,u€) dx dt as h — oo (5.4.4)
PRI , T %

uniformly in ¢ for € € (0, g¢].
To prove (5.4.4), we take hy < hy and consider the difference
/ o(p°, u®) (wh, (p°, u®) — wh, (p°, u%)) da dt.
[0,T1x K
We first notice that

< k(o) < hi, ful < })’,

=~

supp (wh, — Wh,) C ({

and

sup lo(p,u)| < mp, — 0 as hy — oco.
{0<k(p)<1/h1}

Also, if (p,u) € supp ¢ N supp (wp, — wp, ), then for h; sufficiently large, k(p) > %hl or
k(p) < h% Moreover, by (5.4.2), for any A > 0, there exists Ma > 0 such that

|p(p,u)] < Ma + App(p).

Thus we estimate, for hy large,

[ ol ) o (5 ) )
[0,T)xK
<TIK|ma, + Mal{(t,2) € (0,T) x K : k(s (1,2)) > h1/2}

+A p°(t, 2)p(p° (¢, x)) dx dt.
[0,T)|xK

By Chebyshev’s inequality, we bound

{(t,z) € (0,T) x K : k(p*(t,x)) > hy/2}| < Me™™ /[OT]XKpa(t,x)p(pE(t, x)) dx dt.

116



Thus the uniform estimate of Lemma 5.3.4 gives
[ 000 ) e (5 ) = ) ] < TR, + Mae™ 4+ MA,
[0,TIxK

independent of . This proves the uniform convergence in (5.4.4). O

From henceforth, for an admissible function f(p,u), we write

f= /}(fdi/t,m

when there is no confusion over the point (¢,z) € R%.

To gain the strong compactness of the sequence of approximate solutions (p°, u®), we
need to show that the Young measure v; ,, is concentrated at a single point. As discussed
previously, this will be shown as a consequence of the Tartar commutation relation,

which we now prove.

Proposition 5.4.3. Let vt 5 be the Young measure generated by the sequence (p°,u®) of
solutions to (5.1.1) satisfying the assumptions of Remark 5.3.7. Then vy 4 is constrained

by the Tartar commutation relation,

x(s1)o(s2) — x(s2)a(s1) = x(s1) o(s2) — x(s2) o(s1) (5.4.5)

for all s1,s2 € R.

The main tool for proving this result is the div-curl lemma, Lemma 3.4.2, for sequences

. . . —1,1
with divergence and curl compact in W,

Proof of Proposition 5.4.3. We recall from Lemma 5.3.8 that if 1 € C%(R), then
_ _1
0" (p,m)| < Mp(p~"1pep. + (l0g p) "2 1p5p.),
4" (p,m)| < Mp,
and the supports of %, ¢¥ are contained in sets of the form {w(p,u) > z., z(p,u) < w,}
by Lemma 5.3.8. We choose two test functions, 1,19 € C?(R) and consider the
sequences of vector fields
oS = (% (0%, ), g7 (0%, 7)), w® = @V (07, o7, PR (7, o).
From Lemma 5.3.4 and the bound just stated, it is clear that both v* and w® are
uniformly bounded sequences in L2 .. Moreover, by Proposition 5.4.2(ii),
v* = (¥, %) in L,
w® — (q%? _W) in leoc'
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From Proposition 5.3.9, we obtain immediately that the entropy dissipation measures
1P (0%, p°u)s + 47 (07, o), = div e,
12 (0%, p°u)s + ¢¥* (0%, pu) s = curlw®,

are compact in I/Vl;cl “for all g € [1,2), in particular in I/Vlgc1 1 Finally, we see that the

product v*® - w® satisfies the bound

— _1
[0 W] < M(p*)* () Lpey<p. + (108() "2 (e ).

hence is equi-integrable as a result of the uniform bound of Lemma 5.3.4.

Thus, by the div-curl lemma, Lemma 3.4.2, we may pass to the limit in the product to
obtain

v° - wt = gl — gt in D
On the other hand, passing to the Young measure limit directly in the product (observe
that the previously described bounds on the entropies are sufficient to allow the product

as a test function for the Young measure by Proposition 5.4.2(ii)),

v Wt — 771/J1 q1/12 — nw2q¢1 n Llloc'

By uniqueness of limits, we therefore obtain

P gbr = yrgh = i g2 — ¥ g, (5.4.6)

Arguing by density of the test functions 1,12 € C?(R) as in [12, 52], we obtain the

equivalent relation for the entropy and entropy flux kernels, that is

X(s1)o(s2) — x(s2)a(s1) = x(s1) o (s2) — x(s2) o(s1), (5.4.7)

for s1, 82 € R as follows: we deduce from the commutation relation (5.4.6), that

[ ([ ortontoro = syas: [ un(oalotorv.se)dse
—/R%(SQ)X(P,U—Sz)dSz /R7/)1(81)0'(,0,0’81)d81>dl/t,x(p,v)

Z//R%(sﬂx(p,v—sl)d& dvt z(p, v) //sz(sQ)a(ﬁ,@,sQ)dSQdyt,x(ﬁ,{;)

—//RI/JQ(SQ)X(p,v—82)d32dut,m(p,v) //Rwl(sl)a(ﬁ,f),sl)dsl dve »(p, )

which, by Fubini’s theorem, implies

/R/RX(&)J(Q) —x(52)0(s1)t1 (s1)2(s2) ds dss
- /R/RX(81)0(52) — X(52) 0 (51)11 (s1)02(s2) dsy dso,

and we conclude via density of the test functions. O
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5.5 Reduction framework for the Young measure

In this section, we analyse the Young measure generated by the solutions of the Navier-
Stokes equations (5.1.1) and which we showed in the previous section was constrained
by the Tartar commutation relation. Our goal is to show that the support of the Young

measure is either contained in the vacuum region V' or at a single point in H.

Our strategy for analysing the Young measure goes back to the work of [52]. The basic
idea is that we may apply fractional derivative operators to the commutation relation
in order to demonstrate that the relation represents an imbalance of regularity. This

leads to the main theorem of this section.

Theorem 5.5.1. Let v € Prob(H) be a probability measure such that the function
(p,u) — p* € LY(H,v) and

X(s1)0(s2) = x(s2)a(s1) = x(s1) 0(s2) = x(s52) 0(s1) (5.5.1)

for all s1,s9 € R.

Then either v is supported in V' or the support of v is a single point in H.

To prove this, we will require the following auxiliary lemma, the proof of which is

postponed until after the proof of the theorem.

Lemma 5.5.2. (i) The function s — x(s) is a C*“(R) map for all o € [0, A].
(ii) The set

S:={seR:x(s) >0} (5.5.2)

is open and may be equivalently expressed as a union of intervals,

S= U (u—E(p),u+k(p)). (5.5.3)

(psu)Esuppy

We recall from §2.3 that w(p,u) = u+ k(p), z(p,u) = u—k(p) are Riemann invariants.

Remark 5.5.3. In the case that the Riemann invariants are convex, that is, that
k" (p) <0, equivalently 2p’(p) — pp” (p) > 0, we may deduce the stronger claim that the

set S is open and connected. Hence, in this case, we may write
S=(s_,s4) (5.5.4)

for some numbers s_ < s; in the extended real line R U {+o00} U {—00} (the case

s— = sy corresponds to the case that S = ().
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Proof of Theorem 5.5.1. We begin by taking s1, so, s3 € R. Multiplying the commuta-

tion relation for s1, s by x(s3), we obtain

X(83) x(s1)o(s2) — x(s2)0(s1) = x(s3) X(51) 0 (52) — X(83) X(52) 7 (51)-

Cyclically permuting the s;, and summing the obtained relations, we observe that the

right hand sides cancel, leaving us with
x(s1) x(s2)o(s3) — x(s3)o(s2) = x(s3) x(s2)o(s1) — x(s1)0(s2)
— x(s2) x(s3)a(s1) — x(s1)o(s3).
Before mollifying this expression, we first apply the fractional derivative operators

Py = 0" and P = 92! in the sense of distributions to obtain
X(s1) Pax(s2) P3o(s3) — Psx(s3)Pao(s2) = Psx(s3) Pax(s2)o(s1) — x(s1)Pao(s2)

— Pax(s2) Psx(s3)o(s1) — x(s1)Pso(s3),
(5.5.5)

where, for example, the distribution Prx(s2) is defined as acting on test functions
¥ € D(R) by

(Pox(s2), /352X s2)Y (s2) dsa.

We take two standard (but different) mollifying kernels, ¢, ¢35 € C°(—1,1) such that
Jr @i(s;)ds; =1 and ¢; > 0 for j = 2,3. For § > 0, we define qﬁg(sj) =0"1¢;(s;/d) in
the usual way. We choose ¢2, ¢3 such that the quantity

Y (62, 63) = / h /_ " pa(s2)ba(sa) — dalsa)da(sz) dss dsy > 0.

We now mollify and take so,s3 — s1, i.e. we integrate (5.5.5) against the function

qbg(sl — 52)¢§(51 — s3) with respect to sg and s3. This yields

x(51) Pax3 P30 — Psx3Pac =Psx Paxdo1 — x1P209 (5.5.6)

— Pox3 Psx3o1 — x1Ps03
with the obvious notation, where, for example,

— = TRy 51— 8
Porxd = P d4(s1) = [ Ohxlo2)d 265" %) dia.

We now claim the following two lemmas, to be proved later.

Lemma 5.5.4. For any test function ¢ € D(R),

hm/ S1 P2X2P303 ngngag(sl)i/)(sl)dsl

— Y (6, 63) /g{ Z(0) 3 (K*)x(u £ k(o)) = K(p)) dv(p, ),

+
where Z(p) = (A + 1) M, *k(p)**D(p) > 0 for p > 0, and D(p) is the coefficient defined

i Proposition 5.2.1.
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Lemma 5.5.5. For any test function ¢ € D(R),

lim / Pyx3 Poxbo1 — x1P03(s1) dsp = lim / Pyx3 Psx%o1 — x1P303(s1) dsi.
0—0 R 0—0 R

With these lemmas, we multiply (5.5.6) by ¥(s1) € D(R), integrate in s; and pass to

the limit to obtain

Y (g2, ¢3) /}f Z(p) Y (K*)*x(u£k(p))i(u % k(p)) dv(p,u) = 0. (5.5.7)
+

As the coefficient Z(p) > 0 for p > 0, Y(¢2, ¢3) # 0 by construction, x(s) > 0 for all
s € R and (s) is an arbitrary test function, this implies that

| 2o R dvo) =0, (5.5.8)

| 2R dvp) =0, (5.5.9)

Recalling now the set S from Lemma 5.5.2, we note that in the case that S = (), we

immediately have that x(s) = 0 for all s € R, and hence supprv C V.

On the other hand, if S # (), then, as it is a union of intervals, we may write
S= U(Zk, wk),
k

for (possibly countably many) numbers zj, wy, in the extended real line RU {—o0} U

{+00} such that z; < wy < 241 for all k. Thus we obtain that

suppr C | J{(p,u) €H © 2z < 2(p,u) < w(p,u) < wp}UV.
k

Observe that if 2z and wy are both finite, then as k(p) is a strictly monotone increasing

and unbounded function of p, the set {(p,u) : zx < z(p,u) < w(p,u) < wg} is bounded.
Now we deduce from (5.5.8) that

suppv N {(p,u) € H: w(p,u) € (zx, w)} =0 for all k.
Likewise, from (5.5.9),

suppr N{(p,u) € H: 2(p,u) € (2, wi)} = 0 for all k.

Thus the support of the measure v must be contained in the vacuum V' and an at most

countable union of points Py = (p(wg, 2¢), u(wg, 2)):

suppv C V U U (p(wg, 2k) u(w, 2x))-

k:
2, Wi €R
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Observe that, by construction, the points Pj are such that if P, € supp x(s), then
Py & supp x(s) for all k" # k. Indeed, recall supp x(s) = {w(p,u) > s, z(p,u) < s}, so
if P, € supp x(s), necessarily z; < s < wy. Hence if Py € supp x(s) also, we must have
2z < s < wy. But as the points Py, are ordered such that wy_1 < 2, < wi < zg41, this

is impossible for any Py with &' # k.

Thus we may analyse the measure v at each point Py individually via the commutation
relation (5.5.1) as follows. We write
V=vy + Zakdpk,
k

where all oy, € [0,1] and the measure vy is supported in the vacuum V.

Take s1, 52 € R such that Py € supp x(s1)x(s2). Then, from the commutation relation
(5.5.1), we obtain

(ag — Oéi)(X(Pk, 51)0 (P, s2) — x(Py, 52)0 (Pr, 31)) =0.

Taking s; and s9 such that the second factor in this expression is non-zero, we deduce

that ag € {0,1} for all k, and hence conclude the proof of the theorem. O

Proof of Lemma 5.5.2. We first demonstrate the Hélder continuity of the function x(s).
Indeed, from Remark 5.2.8, we may control the Holder semi-norm by
[x(s1) — x(s2)| < Cmax{p(2’\_a)9 P 1.
51#52 |31 - 52’(1 Ing

We may therefore bound

ap MOV, [ W) =20,
S17#£82 ‘51 - 82| s17£sz ‘31 - 52|

< C'/ max{p?=)?, L} dv
5 log p

§0/1+W@MV
H
<C.

For the second part of the lemma, we suppose (ps, us) € suppv and p. > 0 (if p,. = 0,
observe that the interval (u. — k(px), usx + k(ps)) is empty). For convenience, we work
in (w, z) coordinates, considering v to be a measure on the phase space {w > z} in the
obvious way. We write w, = w(px, ux), 2« = 2(px, usx). Then, for all radii r > 0 such
that By(ws, z+) C H,

x(s) > /B ( )X(p,u, s)dv(p,u) > 0 for all s such that x(s) > 0 on B, (wy, z4).
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As supp x(s) = {z < s < w}, we have that x(s) > 0 on B, (wx, z4) for s € (zx+7, wie—r).
Thus (z« + 7, we — 1) CS. As r > 0 was arbitrary, we deduce

(us — k(ps), us + k(ps)) C S for all (ps, us) € suppv.

On the other hand, if x(s) > 0, we must have

/Hx(s) dv > 0,

as x(s) = 0on V. Thus v({(p,u) € H: u—Fk(p) < s < u-+k(p)}) > 0, so there
exists (p,u) € suppv such that s € (u — k(p),u + k(p)). This concludes the proof of

the lemma. O

In order to conclude this section, we give the proofs of the two main technical lemmas,
Lemma 5.5.4 and Lemma 5.5.5. These lemmas exploit the properties of cancellation
of singularities shown in [8] and the fact that the limit of a regularised product of a
measure and a BV function depends on the choice of regularisation, cf. [19]. However,
as emphasised above, the arguments of [8] do not carry over to our setting as we
do not have uniform bounds on the density and velocity. We therefore exploit the
representation formulae for the entropy and entropy flux kernels obtained above in §5.2
for the high density region to gain uniform control on the products in order to pass to

the limit. We first recall the following estimates from [48].

Lemma 5.5.6 ([48, Lemmas 3.8-3.9]). Let R € C*(R) be a bounded, Hélder continuous
function, g € C&(R) be such that suppg C Br_2(0) for some L > 2.
(i) Consider any pair of distributions Ta, T3 € D'(R) from the following table:

(T27T3) = (5a Q3)7 (T27T3) = (PV, Q3)7 (T27T3) = (Q27Q3)>

where Q2,Q3 € {H,Ci, R}. Then there exists a constant C > 0 such that

sup | [ go0) Tz = Ko Ta(ss = (o) 6 6 o1) o
6€(0,1) ' J —c0

< Cligllea@ (L + IRllcags0)
(ii) Consider now any pair of distributions from
(T2, T3) = {9, 6}, (T, T3) = {PV, PV}, (T2, T3) = {Q2, Qs}
(T2, T3) = {6, PV}, (T3, T3) = {PV,Qs}, (T2, T3) = {6, Qs},
where Q2,Q3 € {H,Ci, R}. Then there exists C > 0 such that

sup ‘ /OO 9(31)((82 —83)To(s2 —u =+ k(p))T3(s3 —u =+ k(p))) * qbg % ¢g(51) dsy
5e(0,1) ' J—o0

2
< Cllglleewy (1 + IRl ce (B 0)) -
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Proof of Lemma 5.5.4. We begin by recalling from [8, Lemma 4.3] that the quantity

Pox$Psof — Pax3Paoh — Y (2, 63)Z(p) > (KF)205, _uiip)
T

weakly-star in measures in s; and locally uniformly in (p, u) (actually uniformly on sets

on which p is bounded), where

Y (¢2,¢3) = / / P2(s2)3(53) — P2(s3)P3(s2) dsz dsa

and
Z(p) = (A + 1) M 2k(p)* D(p).

In particular, we have the following uniform convergence on sets on which p is bounded:
o0

lim [ x(s1)(Pax P05 — Psx3P205)t(s1) dsi

0—0 ) _

— Y (¢2, 63)Z(p) S (KH)PX(u = R(p))(u = k(p))-

T
We therefore find that, for any p. > 0,
lim _Z X(51)(, (Pax3P308 — P3x§Pao3) 1<, )i(s1) ds
~limt, [ XG(PAGRoS ~ PidPaod) () dsid e, )
= (1, Y (¢2,93)Z(p) Zi:(Ki)Q)dW—Lk(P))i/)(u + k(p))1p<p.)
=Y (¢, 63) D (K*)* (v, Z(p)x(u % k(p) ¥ (u £ k(p))Lp<p. ).

+

Considering now the complement region {p > p.} and supposing that p, > 1, we
observe still that the pointwise limit of the regularised product is

o0

lim X(81)(Pax5 P30§ — P3x3Pyod)i(s1) ds

0—0 ) _

=Y ($2,63)Z(p) Y _(K*)*x(u+ k(p))v(u + k(p))
+

pointwise in (p,u) by the local uniform convergence just noted. It therefore suffices to

show that
’/ X(51) (Pax3 P03 — Pyx3Pacd)(s1) dsi1,sp,| < Cp? (5.5.10)

for some C' > 0 independent of p, u and §. Then if this is the case, we may apply the
dominated convergence theorem to pass to the pointwise limit in the Young measure
(as p? € LY(H,v)).
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We first observe that we may expand
Pyx3 P30l — Psx3Py08 = Pax3Ps(0f — ux3) — Psx3Pa(05 — ux3).
Applying now Lemma 5.2.7, we see that this product consists of a sum of terms
Ajx(p)Bj+(p)(s2 — s3)Ta(s2 —uE k(p))T5(s3 — u £ k(p)),
where Ty, T3 € {9, PV, H, Ci}, and terms of the form
Ajx(p)Bjx(p)Ta(s2 —u+ k(p))Ts(s3 — u =k k(p)),
where Ty € {0, H,PV,Ci,r,} and T3 € {H, Ci, r,} and likewise with sy and s3 reversed.

Applying the second bound of Lemma 5.5.6 yields

‘ /_OO X(51)¥(s1) ((s2 — s3)To(s2 — u £ k(p))Ts(s3 — u £ k(p))) * ¢ * ¢3(s1) ds1

< ClIxllcer
(5.5.11)

for any pair Ty, T3 € {9, PV, H, Ci}. Likewise, the first bound of Lemma 5.5.6 gives

[ Xt (Tass = it (o) Talss — (o) = 6 6(s0) ds

< ClIxtllcew (X + e (8r) + Irallos ()

(5.5.12)
for T» € {6, H,PV,Ci,ry} and T3 € {H,Ci,r,}. Here R > 0 is such that supp¢(s) C
Br—2(0) and the terms involving r, and r, occur only if one of T5,T3 € {ry,7,}.
Applying (5.5.11)-(5.5.12), we therefore find

) / X(81)(PaXS P30§ — Pyx3Poo)ib(s1) d81‘

<Cmax{|A;+Bj+
Jx

A2 Bt [Agelllrylloe 8y (1Bjel + 1Bjl) Irsllce (8}
<Cp?

by Lemma 5.2.7, proving the necessary claim, (5.5.10). O

Proof of Lemma 5.5.5. We begin by recalling from [8, Lemma 4.2] that there exists a

Hélder continuous function X (p, u, s1) such that
Xleag - ijgal — X(p,u,s1) for j =2,3,

uniformly on sets of the form {p < p,} for fixed p, > 0. In particular, the convergence

may be taken to be uniform in sy if p, u are fixed.
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We therefore observe that
/P2X3(X1P30’§ — Psxbo1)(s1) dsi
= [ ] P s Pacd = Paxdon) (o )i(sr) dis ()
= [ P, X (o)) ()

as 0 — 0, where the inner product (-, ) is, in a slight abuse of notation, the duality pair-
ing of measures and continuous functions (we recall that the principal value distribution
acts properly on Holder continuous functions as a measure). To pass to the limit, we
have used that Pjx3, j = 2,3, are measures in s; such that [|P;jx5(p, u,)|lat < Cp in

order to pass the limit inside the Young measure.

Claim. We may make the following bound, independent of §:

‘ / Pox3(x1P3os — Pyx01)(s1) dsi| < C(p* + 1). (5.5.13)
R

Assuming the bound of the claim, we may apply the dominated convergence theorem

again to pass to the limit inside the Young measure with respect to (p,u), i.e. we obtain

lim / Pax5(s1) (x1P308 — Psx3o1)(s1)¥(s1) dsi

6—0 JRr

—tim [ [ PodGn(aid - Padon) (o ws)i(s) dsdvipn)  (55.14)
HJIR

- / / (Prxa (5, ), X (p 1, Y () d (5, ) dv(p, ).
HJH

As the limit is independent of the choice of mollifying functions ¢o and ¢3, we may

interchange the roles of s and s3 and so conclude the proof of the lemma.

It remains only to prove the bound (5.5.13) of the Claim.

Proof of claim. We begin by observing that for j = 2,3, ijg(sl) is independent of p

and u, as is ¥(s1). We therefore examine the function
X1Pja;-s — ijgm = X1Pj(a§ — ux?-) — (o1 — qu)PjX?.

We recall from [8, Proof of Lemma 4.2] that this expression may be decomposed as a
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sum ET0 4 B0 RIS where
ZA ples(p,u—s1)((s1— 8;)0(s; — u L k(p))) * ¢} (s1)

+ 3 AR L (p)eby(p,u— s1)((s1 = 55)PV(s; — u k(p))) * ¢ (s1),
+
(5.5.15)
B —ZA” (p)es (psu = 51)((sj — w)d(s5 — u £ k(p))) * ¢(51)
+ Z APV +\P GPIV(P: U= 31)((5j —u)PV(s; —u+ k(ﬁ))) * ¢?(81),

EI]I 0

and where is obtained by the mollification of Holder continuous functions.

Considering now the expansions of Theorem 5.2.6 and Lemma 5.2.7, we find that the

coeflicients Ag’g, 4 may be bounded by

Z A5 (p)] + AR L ()] < C/plogp, (5.5.16)

and the functions eépv(p, u — s1) and eg,lpv(p, u — s1), which are respectively leading

order and higher order terms in the expansions for y and o, satisfy

‘Q{PV(P?U —51)| < Cp, (5.5.17)

ey (o, u = s1)| + 105, €5y (p,u — s1)| < Cp. (5.5.18)

The second of these bounds is seen by the following consideration. The expansions
(5.2.1) and (5.2.2) allow us to deduce, as in [8, Proof of Lemma 4.2], that the functions
egfpv are at least Lipschitz continuous (in fact they have Holder continuous derivatives).
The convolution representation formula of (5.2.8) allows us now to deduce the desired

bounds easily.

Moreover, an analogous argument gives that the Holder continuous remainder term,

FETT9 s uniformly bounded, for p > p,, by Cp?.

We first demonstrate the uniform bound on the function E79(p,u — s1). This contains
products of Dirac masses with Holder continuous functions and products of principal
value distributions with Holder continuous functions. Considering a typical term of the

first type, we use (5.5.16)-(5.5.17) to bound

|45+ (P)es(pyu— s1)(s1 — (u+ k)¢5 (s1 — (u+ k)|

_ s1—(u+k
< Cp*?logplsi — (u+ k)5 1¢j(1(5)) < Cp?,

where we have used that supp ¢; C (—1,1).
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A typical principal value term is bounded, using (5.5.16)-(5.5.17), by
|Aby 4 (p)es(pu— s1)(s; — 51)PV(s; — (u+k)) * ¢(s1)]
< Cp*log p(|(s1 = (u+ k)PV(s; — (u+k)) * ¢ (s1)]
+1(sj = (u+ E)PV(s; — (u+k)) * ¢5(s1)]).
Observe that the second term is the mollified distributional constant function 1, and

hence is bounded independent of § > 0. For the first term, we note that, by definition,
o0 ‘5 T — Oy — x)
[PV * ¢)(z) \—]/ % ) %y d‘

-z
=57 [T e (5 - ()
Now if |x| < 24, this is controlled by
5 e 1 L= 1
PV i) <07 [ o () — 0y () dy < Cajeum = O
On the other hand, if |z| > 2J, we obtain a bound of
w0 2|6 o 1
PV % ¢d(z)] <671 <C—,
g w|—s |z[—0 ||
independent of § > 0. Hence we obtain a bound of
1 |s1 — (u+ k)|
—(u+k)PV(sj — (u+k)*¢(s1)| < C(%-20+ ———4) <
51 = (w+ BPV (s = (b K) 5 9(s1)] < (520 4+ 1= = n) <€

independent of 6 > 0, giving

| Ay 4 (p)eb(pyu—s1)(s5 = s1)PV(sj — (u+ k) * ¢ (s1)]
< Cp*Plogp < Cp?.
To bound E'19 we see that evaluating the terms produced by Dirac masses gives terms

of the form

A5 (p)lle5l (pyu — 1) k(p)d o ( ) < Cp*?(log p)?||¢]|

as supp ¢ C (—1,1) and e , satisfies (5.5.18) and supp egﬂ_ C{lu—s1| <k(p)}.

s1— (u+k)

Moreover, for the final terms, we add and subtract k(p) to the factor s; — u to see
ARy 1 (p)eby 4 (pyu — 51)(s7 —u— k(p) + k(p))PV(sj — (u+ k) * 6} (s1))|
< Cp210g p + CpY/2k(p) log plebly 4 (o, u — s1) I[PV (s; — (u + k) * 62(s1)
< Cp'?logp(p+ Clogp - p)
< Cp?,
where we have bounded the principal value as before and used the Lipschitz bound

(5.5.18), concluding the proof of the claim.

This concludes the proof of the lemma. O
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5.6 Proof of the main result

With this reduction framework in hand, we have everything we need to demonstrate
the strong convergence of the solutions of the Navier-Stokes equations to an entropy
solution of the Euler equations in the sense of Definition 5.1.1, and therefore to prove

Theorem 5.1.2.

To prove the theorem, we begin by adjusting the initial datum pq if necessary to ensure
that it is strictly positive, that is, we take the cut-off maX{PO,E%}. Mollifying this
function and the initial velocity at a suitable scale, we obtain approximate initial data
satisfying the assumptions of Remark 5.3.7. By the main theorem of [38], as given
again in Theorem 5.3.1, we obtain a sequence of smooth solutions to the Navier-Stokes
equations (5.1.1) which satisfy the estimates of §5.3. In particular, we may apply the
construction of §5.4 to deduce the existence of a Young measure solution v, to the
Euler equations, constrained by the Tartar commutation relation, as in Proposition
5.4.3. Applying now the reduction of support theorem, Theorem 5.5.1, we deduce
that for almost every (t,z) € R%, the Young measure v, is either a point mass or
is supported in the vacuum set V. Moving now to the (p,m) coordinates, such a
measure is exactly a Dirac mass at a point (p(t, z), m(t,z)). Thus we conclude that the
approximate solutions converge (p°, p°u¢) — (p,m) for almost every (t,x) € R% and
also in L} (R%) x L{ (R%) for p € [1,2) and ¢ € [1, ).

This strong convergence is, in particular, enough to pass to the limit in the relative
energy,

¥ (p%,m®) = 0 (p,m) in Lie(R2).

Hence we deduce that, for any t; < ts,

/t / (p,m)(t,x)dedt < M(tz—tl)/n*(po,mo)(x) dz + M,

R

so that, for almost every ¢t > 0,

[ m)(t.)dz < [ o, mo) @) do -+ .
R R

To verify part (iii) of Definition 5.1.1, we note from (5.2.7) that there exists a function
X such that Xs(p,u — s) = (px, — x)(p,u — s) and observe from (5.3.19) that for any

/R (0, — )¢ + 0 (0%, 8)2)(5) ds = (i (6%, %))

(5.6.1)
e /R ;xw)w”(s)\uzﬁ +

1
X(p®,ut —s us, ds.
(pg)g (P > )1/} ( )px T
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Passing € — 0 by the uniform energy estimates Lemma 5.3.2 and Lemma 5.3.3, we ob-
tain (5.1.9) after noting that [5 X(p,u—s)ds = 0 as X is odd and compactly supported
in s for any fixed (p,u).

The limit functions (p, m) are easily seen to satisfy (5.1.8) from the strong convergence
of (p*,m®), and hence (p, m) satisfies all of the conditions of Definition 5.1.1, proving
Theorem 5.1.2. O

5.7 Recovering the physical entropy inequality

The class of entropies generated by test functions of sub-quadratic growth does not
include the physical entropy pair (n*, ¢*). Indeed, this pair is generated exactly by the
test function ¢(s) = %82. Although our main theorem, Theorem 5.1.2, does not include
this function, in the case that the initial data satisfies higher integrability estimates
than just finite energy, we may obtain the entropy inequality for the physical entropy

also. This is the purpose of this section.

One may check that the function

1 m? e(p)
n'(p,m) = 27 + TWQ + f(p),
where f(p) solves
7o) = 224 o) = p'0) =0,

is an entropy, with an associated entropy flux qT(p, m).
We define, as usual,
nt(p,m) =0 (p,m) — ' (p,m) — V' (p,m) - (p — p,m —m).
Proposition 5.7.1. Let
b__
&= sup/ nt(pG, mg) de < oo.
€ a

Then the solutions (p*,m®) of (5.1.1) satisfy that, for any T > 0,

o T
[s(,)u:,% /R nt(p®,m®) dx + 8/0 /R (|u5u§|2 + e(p)|u§.|2) dedt < MEy+ M. (5.7.1)

In particular, for any compact set K C R, there exists M = M (K) > 0 such that

sup /p’s(t,x)|u5(t,x)|4dx<M. (5.7.2)
te[0,7] J K
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Proof. We drop the explicit dependence of the functions on e for convenience during

the proof. We calculate directly that

dé d d
T _ T(7 7 _ (5 ™).
T dt/ (p,m) dx dt/n (p,m)dx /Vn (p,m) - (pe, my) de.

As the reference functions p and m are independent of ¢, it is clear that the second term
on the right vanishes identically. On the other hand, multiplying the first equation in
(5.1.1) by nZ(p, m) and the second equation by n;rn(p, m), we obtain

n'(p,m)e + q' (p,m)s = enl, (p, M) U,

and hence, as n,(p,m) = Tud + 2e(p)u,

%ﬂmu](t) =q'(p—,m_) — ¢'(p4.my) — /VnT(ﬁ, m) - (pr,my) dze
+ 5/ (éugum + 2e(p)uum) dx.

From (5.1.1), we may re-write the penultimate term here and bound it as in the proof

of Lemma 5.3.2 by

[Vt o) ooy do| <5 [ ol do + Ml o),

where we have used that p and m are constant outside the interval [—Lg, Ly| and are

bounded, as well as the main energy estimate, Lemma 5.3.2.

We integrate by parts to see

1
6/ (§u3um + 2e(p)utiyy) do = — s/ (uQui + 2e(p)u’ + 2¢/ (p)uppus) da.

To control the final term here, we note that, by the assumptions made on the pressure

p(p), we may always bound

p(p)? < Mp’(zp).

pt p
Hence we may bound, using the Cauchy-Young inequality,

E/Zel(p)upmum dx —6/11()[2))upmux dx

Ss/ da:+45/ p(p)’ \px\Qdm
2 p
g;/u2u2dx+5M/
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Integrating this inequality in time also, and applying Lemma 5.3.3,

Elp //u2u + 2e(p)u )d:c<8[,00,u0]+M+6M//

< M (€&[po, uo] + 1),

as required. ]

The local higher integrability of the quantity p|u|* allows us to argue as in Proposition
5.4.2 to extend the admissible range of test functions for the Young measure to include
those of sub-cubic growth, in particular allowing us to test with the physical entropy

pair. Thus, if the initial data satisfies
sup E[pg, ug] < B2 < 00
€

in addition to the other conditions of the main theorem, Theorem 5.1.2, we obtain that
the vanishing viscosity limit is an entropy solution of the Euler equations satisfying the

entropy inequality also for the physical entropy.
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Chapter 6

Relativistic Euler equations

6.1 Introduction

In this chapter, we demonstrate existence of entropy solutions to the relativistic Euler

equations, which we recall are given by

81%(\/772/02) + 89;(W) 0, (6_1.1)
at(w) +9, ( (p+p/c*)u® )

1—u?/c? 1—u?/c?

for (t,x) € Ri, where p, p and u represent the mass-energy density, pressure, and the
particle speed respectively, n is the proper number density of baryons, and c¢ is the

speed of light. Henceforth, we will write € = C% for notational convenience.

Throughout this chapter, we will use the notation defined in §2.6 for the conserved

- n (p+ep)u)’
S \WV1—eu? 1-—eu?

) T
F(U) = nu pu”+p
V1—eu? 1—cu?

variables, that is,

(6.1.2)

so that system (6.1.1) takes the form
U + 0, F(U) =0.
We recall that this system is strictly hyperbolic and genuinely non-linear provided

P'(p) >0 and  pp"(p) +2p'(p) + e(p(p)p" (p) — 20'(p)?) > 0. (6.1.3)

The main aim of our analysis of this system is to demonstrate the existence of entropy

solutions to the equations. The procedure that we undertake to establish existence of
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solutions to the relativistic equations (6.1.1) is similar to that outlined above for the
classical Euler equations in §2.3. In particular, we construct a sequence of approximate
solutions and apply the methods of compensated compactness to pass to the limit in
the approximation. To apply these techniques, we require a thorough understanding of
the entropy pairs for the system (6.1.1). We therefore begin by following the approach
of [8, 9] in establishing the existence of fundamental kernels generating the admissible
entropy pairs. In order to do this, we make an ansatz for the entropy kernel close to
the vacuum to leading order and take an asymptotic expansion around this leading
order term. This leaves us with an equation for the remainder that we solve via a
constructive fixed point argument. We establish estimates on both the leading terms

and the remainder to demonstrate their respective regularity properties.

As our strategy is to construct a sequence of approximate solutions to the equations
and pass to a limit, we first obtain a measure valued solution in the form of a Young
measure generated by the sequence of approximate solutions. As we cannot pass the
weak convergence of the approximate solutions through the non-linear term of the
equations or in the equations for the entropies, we improve the weak convergence to
strong convergence. As in previous chapters and [8, 24|, this is done by means of a
reduction argument, showing that for almost every (¢, x) € Ri, the Young measure v ,
is concentrated at a single point. Constructing a framework in which to do this is one

of the main results of this chapter.

Finally, with this framework in hand, we construct the approximate solutions by means
of a vanishing viscosity scheme and show that these approximate solutions satisfy the

assumptions of the framework. This then leads to the first main theorem of this chapter:

Theorem 6.1.1 (Existence of Entropy Solutions to Relativistic Euler Equations). Let

(po,up) be measurable and bounded initial data satisfying

1
0 < po(x) < My, |up(z)] < My < —= for almost every x € R,
€

Ve

for some My > 0 and suppose that the pressure p(p) satisfies (6.1.3) for p > 0 and
(6.1.10). Then there exists €9 > 0 such that, if € < e, there exists an entropy solution
(p,u) of (6.1.1) in the sense of Definition 6.1.6 such that

1
0<p(t,z) <M, u(tz)|<M< 7 for almost every (t,z) € R,
5

where M > 0 depends on the initial data.
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We remark that this theorem requires an assumption that the speed of light is large,
relative to the initial data. The reason for this may be seen in Proposition 6.4.6 and
the proof of Theorem 6.5.2, where we can only conclude the reduction argument under

this assumption.

Our analysis of the entropy functions for (6.1.1) and the associated compactness frame-

work will also extend freely to the alternative system, discussed in §2.6,
{at (p+ 2oty g, (telny

1—cu? 1—cu

at((p+6p)u) + &E((/ﬂrsp)u2 +p(p)) =0.

1—cu?

(6.1.4)
T—eu?

We therefore obtain the following additional result.

Theorem 6.1.2 (Entropy Solutions for the Alternative System). Let (po,uo) be mea-
surable and bounded initial data satisfying the assumptions of Theorem 6.1.1. Then
there exists g > 0 such that, if € < g¢, there exists an entropy solution (p,u) of (6.1.4)
satisfying

1
0<p(t,z) <M, lu(t,x)]<M < ——= for almost every (t,z) € R%r,
€

NG

and some M > 0 depending on the initial data.

Moreover, our analysis of the relativistic entropies is also sufficient to control the con-
vergence of a sequence of solutions to the relativistic equations as ¢ — 0. We recall

that formally, as e — 0, system (6.1.1) converges to the classical Euler equations,
Op + 0 (pv) =0,
Ay (pv) + 9u(pv* + p(p)) = 0.
Theorem 6.1.3 (Convergence of the Newtonian Limit). Let (po,uo) € (L>°(R))? with

(6.1.5)

po > 0 and suppose that for € € (0,1), (p°,u®) is an entropy solution to (6.1.1) with
light speed ¢ = ﬁ and initial data (p§,ug) € (L°°(R))? with p§ > 0 such that

P (p§()), lug(z)| < c for all e > 0 and almost every x € R.
Suppose that there exists M > 0, independent of €, such that

0<p°(t,x) <M, [v°(u(t,x))| < M for almost every (t,z) € R3,

where v¢(uf) := ﬁ log (itﬁ:ﬁi), and (pg, v°(ug)) — (po,vo) distributionally as e — 0.

Then, up to a subsequence, (p°,v%) — (p,v) almost everywhere and in L] (R2) for all
r € [1,00), where (p,v) is an entropy solution of the classical Euler equations (6.1.5)

with initial data (pg,vo) and such that

0<p(t,x) <M, |v(t,z)| <M for almost every (t,x) € R.
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6.1.1 Basic properties of the system

We consider some of the basic properties of system (6.1.1). Writing U(p, u) as in (6.1.2)

for the conserved variables, we calculate

e(u?—pu n(lfsuz)%
—1 —plu2e2 —p/u2e2
VuF({U) = d(p,u)F(U)(d(p,u)U) = (p/_uzi(pisp)e\/m (pgg?gé}_fuz)z ) , (6.1.6)
n(l—p'u?e?) 1—p/u2e?

d denoting differentiation in the (p, u) variables. This has eigenvalues

A = u=vpPpr) V' (p) Ay 1= utVvrp) VP (p)
1—euy/p(p) 1+ euy/p'(p)’

and eigenvectors

1 1
n= ((p+6p)(u\/z7)> » T2 = ((p+6p)(U+\/17)> .
nv1—eu? nv1—eu?

The sound speed in the fluid is given by 1/p/(p), and so we henceforth assume that
P(p) <ec.

We define pmax to be the smallest positive constant such that \/p/(pmax) = ¢ if such a
Pmax €Xists, or 0o else. Then, in the region 0 < p < pmax, |u| < ¢, we find Ag — A; > 0,

and hence the system is strictly hyperbolic.
We define Riemann invariants for the system,
w = v(u) +k(p), z:=v(u)—k(p),

where

1 1+ eu
v(u) == 2\ﬁlog <1 — \/Eu> (6.1.7)

= [T (6.1.8)

ko) = o s+ep(s)

and

Note that the mapping u — v(u) is a smooth, increasing bijection from (—ﬁ, ﬁ) to
R, and that p — k(p) is a smooth, increasing bijection from (0, pmax) onto its image.
For the inverse of v, we will write u, that is,

u(v) = \ktanh(\/gv). (6.1.9)

As mentioned previously, to close the system, we impose an equation of state, i.e. a

pressure law. We assume, in addition to the condition p’(p) > 0 for p > 0, that the
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pressure behaves like a gamma-law close to the vacuum, while allowing for more general

behaviour. To make this precise, we impose that, for some ~ € (1, 3),

plp) = kp" (14 P(p)), [P™(p)| < Cp* ™", for 0<n <3, (6.1.10)

—1)2 _
where k = (74 ) and&z”Tl.
¥

We compare the function k(p) to the equivalent function for the classical Euler equations
equipped with a gamma-law pressure (compare [8]), for which we would have k(p) = p°.
With the assumption (6.1.10) on the pressure, we observe the following behaviour of

the function k(p) near the vacuum. For ease of reference, we state this as a lemma.

Lemma 6.1.4. As p — 0, the function k(p) and its first derivative obey the following

asymptotics:
k(p) = p” + O(p*") as p = 0,
7 (6.1.11)
(p) = VP (p) =01+ O3 1) as p — 0.
(®) p+ep(p) =)

Moreover, the derivatives k:(”)(p), forn =2,3 can be expanded, as p — 0, as

E'(p) =000 —1)p° % + 0(p*72), k@ (p) =0(0 —1)(0 —2)p" + O(p*?).

We define another exponent for use in the next section, A = o= > 0, and note ) is

2(y—1)
related to 6 by the equation 2\0 =1 — 6.

An analysis of the alternative system (6.1.4) shows that it also has eigenvalues A; and

A2 as defined above, and Riemann invariants w = v(u) + k(p) and z = v(u) — k(p).

6.1.2 Entropy and entropy solutions

In order to analyse the limit of our approximate solutions to system (6.1.1) and show
strong convergence of the sequence, we need to understand the structure and behaviour
of the entropy pairs of the system. The purpose of this section is to provide the basis

and framework for this analysis.

Definition 6.1.5. An entropy/entropy-fluz pair (n,q) is a pair of C! functions satis-
fying the relation
Vq(U) = Vn(U)VE(U).

A weak entropy is an entropy that vanishes at the vacuum {p = 0}.
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We observe that an equivalent characterisation in Riemann invariant coordinates is
given by

Guw = A2 Nw» q,z:)\lnz-
In particular, as the eigenvalues and Riemann invariants of the two systems (6.1.1)

and (6.1.4) coincide, we deduce that the two systems share entropy and entropy flux

functions. We therefore restrict attention in the sequel to the system (6.1.1).

Definition 6.1.6. A pair (p,u) of bounded, measurable functions such that 0 < p <

Pmax, and |u] < ¢ = \% is an entropy solution of (6.1.1) in R? with initial data (po,uo)

if the following conditions hold. We write U = U(p, u) for the conserved variables of
(6.1.2).

i) For any ¢ € Col(@; R?),

J

ii) For any ¢ € C} (@) with ¢ > 0 and C! weak entropy pair (1, ¢) with n convex,

(U-0p+ F(U) - 059) dwdt—i—/oo Uo(z) - ¢(0,2) dz = 0;

2 —0

[, @136+ a(©)0,0) dodt+ [ n(Uo(w))o(0, ) do > 0.
R4 —00
An explicit entropy pair is given by
B B Ll ey _ (ptepu
n (U)_ 1*8“2 ) q (U)_ 1*5U2 :

Now we may calculate that

elptep)(p'+u?+2p'eu?)  —e(l+ep’lu
Vin*(U) = ao(p,w) ( e Vi—ed? ) :

75(1+ap’)u en
Vi—eu2 ptep
. 2\2
where ag(p,u) = % > 0. In particular, n*(U) is a convex entropy.

We begin our analysis of the entropy functions of (6.1.1) by constructing a fundamental
solution of the entropy equation. This fundamental solution gives us a mechanism for
generating weak entropies of the system via convolution with test functions, and so
enables us to construct and use entropies in the sequel. In this section, we analyse the
singularities of the entropy equation and give the definitions of the entropy and entropy

flux kernels, along with the main theorems concerning their existence and regularity.
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6.2 Entropy and entropy flux kernels

Let (n,q) be an entropy/entropy-flux pair. Then it follows from Definition 6.1.5 and
(6.1.6) that

u(l —ep') (1 —eu?)?p'
Qo = T ez 1 — e2a2) v
p'eu (p+ep)(1 - p'e*u?)
, (6.2.1)
_ ptep u(l —ep’)
=7 —p’€2u2np 1—pe2u2™
Eliminating ¢ and changing coordinates u — v as in (6.1.7) yields
Nop — k' (p)* 1w + €A(p,v)n, + eB(p,v)vn, = 0, (6.2.2)
where
_ 2 (1 _ p'(p)(p+ep)
_ yl(p) loew (1 2 (0) )
Alp,v) = / 2,2 )
p+ep(p) 1—p/(p)eu
/ () _ P (p)(ptep(p))
B(p,v) = 2up!(p) (1 = <9/ () — POEEH)
7 v(u)(p+ep(p))*(1 = p'(p)e*u?)
To simplify notation, we will write throughout
L :=0,, — k' (p)?0uy + eA(p,v)0, + £B(p, v)v0y. (6.2.3)

Definition 6.2.1. The entropy kernel, x = x(p, v, s), by definition, satisfies the equa-

tion:
LX = Xpp — K (p)*Xov + €A(p,v)x, + €B(p, v)vxy = 0,
Alpmo =0, (6.2.4)
Xp|p:0 = dyp=s,

where s € R.

We recall that (6.1.1) is invariant under Lorentz transformations ¢’ = \Zf%, =

Ao for e < 2

function v also transform as v =

. Under such a transformation, the velocity v and the associated

u—T
l—eTw’

v :=v(u) = v(u) — v(7). By invariance of
the equations under these transformations, the entropy equation is also invariant under
such Lorentz shifts. Thus, for s = v(7), x(p,v,s) = x(p,v—s,0) = x(p,0,s —v) and so
it suffices to solve in the case s = 0. We therefore write, in a slight abuse of notation,

x(p,v —s) = x(p,v,s) henceforth.

The kernel provides a representation formula for weak entropies of the relativistic FEuler
equations, namely any entropy function may be written by convolution with a test

function 9 (s),
1) = [ 9s)x(pro(u) = 5) ds.
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Before we continue, it is worth making an aside at this point to compare the situation
to the classical Euler equations, (6.1.5). For this system, the entropy equation is the
simpler equation
Xpo = K'(0)*x50 = 0. (6.2.5)
For the gamma-law gas, we have k'(p) = 6p’~!, and (6.2.5) has fundamental solution
X (p,v) = My[p? = v?13,

where A > 0 is defined as in §6.1.1 and M) > 0 is a constant depending only on A.

With this as a motivation and following [8, 9], we make an ansatz for the entropy kernel

in the form

X(p,v) = a1(p)[k(p)® = 1} + a2(p) [k(p)* — v* 13+ + g(p,v). (6.2.6)

By the principle of finite propagation speed, we expect the remainder function g(p,v)

to have the same support as the first two terms.

In anticipation of the next theorem, we recall the definition of fractional derivative: for

a function f = f(s) of compact support, the fractional derivative of order p > 0 is

OUf =T(—p)f *[s]" " (6.2.7)

Henceforth, we suppose that we have a fixed upper bound for the density, p < pas such
that pas < pmax- All constants C' > 0 will be independent of p, but may depend on

PM-

Theorem 6.2.2 (Relativistic Entropy Kernel). The entropy kernel admits the expan-
ston

X(p,v) = a1(p)[k(p)* = 12 + as(p)[k(p)” — v*137" + 9(p,v), (6.2.8)

where the coefficients aq1(p) and az(p) are such that for 0 < p < py,
a1(p) = coak(p) K (p) 2 > 0, (6.2.9)
for some constant c, x > 0, and
ai(p) + laz(p)| < C. (6.2.10)

Moreover, the remainder function g(p,v) and its derivatives 84 g(p,v) are Hélder con-

tinuous for 0 < p < A+ 2. The remainder satisfies, for 0 < g < u,
0 9(p.v)| < CpHHOHI R 1(p)? — 7.
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By definition, to each entropy function is associated a corresponding entropy flux.
These entropy flux functions are generated by another kernel, the entropy fluz kernel,

which we call o(p, v, s).

Definition 6.2.3. The entropy flux kernel is defined by

Lo = 0,, — K (p)?0u + cA(p,v)0, + eB(p,v)vo, = F(p,v),

lp=0 =0, (6.2.11)

— u(l—ep’)
Up|p:0 = 1pe2a2 dyp=s,

where F(p,v) is given explicitly later in (6.4.6).

The entropy function generated by the convolution of a test function v (s) with the

entropy kernel has a corresponding entropy flux given by

alp.0) = [ olpv.s)ils) ds

As we saw for the entropy equation, the PDE in this equation is invariant under Lorentz

transformations. However, it is also clear that the initial data is not. We therefore

. . . 1—ep’ oy ~ 1—ep’ .
consider, instead of o, the difference o — fﬁp,;”u% X. Writing u(p,v) = fﬁp,;pu%, this

difference satisfies the initial value problem

L(U - aX) = F(ﬂa”)?
—iix)|po = 0, (6.2.12)

with F(p,v) defined by
F(p,v) — L(ux).
This equation is Lorentzian invariant, i.e.
(U - ’l]X)(p,U, 8) = (G - ﬂX)(p,U - S 0) = (U - ’&X)(p?()? s = U)'
We therefore solve for the case s = 0.

Theorem 6.2.4 (Relativistic Entropy Flux Kernel). The entropy fluz kernel admits

the expansion

(o —ax)(p,v) = —v(ba(p)[k(p)* = v’} + ba(p) [k(p)? — v*13F") + hlp,v),  (6.2.13)

where the coefficients bi(p) and ba(p) are given explicitly and, for 0 < p < pur,
p) >0,

b (
(6.2.14)
b1(p) + [ba(p)] < C.

Moreover, the remainder function h(p,v) and its derivatives 94h(p,v) are Hélder con-

tinuous for 0 < pu < A+ 2. The remainder satisfies, for 0 < g < p,

6—2u0+30 -
105 h(p, v)| < Cpt IO [y p)2 — 127
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6.3 Existence and regularity of the entropy kernel

This section is devoted to proving Theorem 6.2.2, i.e. showing the existence of the

entropy kernel and examining its regularity properties.

As a preliminary observation, we note that by the principle of finite speed of propaga-
tion, the coefficients A and B may be redefined to be 0 outside the support of x(p,v—3s),
which is the set {(v—s)? < k(p)?}. Moreover, as A and B are functions of v?, a simple

Taylor expansion around v? = k(p)? gives:

Lemma 6.3.1. We may write, in the equation for the entropy kernel, (6.2.4),

A(p,v) = Ao(p)Ljui<k(p) + eA1(p)[k(p)* — |1 + €* Aa(p, v)[k(p)* — v*]3,
B(p,v) = Bo(p) 1<) + €B1(p)[k(p)* — v*] 4 + &2 Ba(p, v)[k(p)* — v*]3,

|Ao(p)] + |A1(p)| + |A2(p,v)| < CpT72,
|Bo(p)| + | Bi(p)] < Cp—3.

Moreover, |B(p,v)| < Cp?~3 also.

6.3.1 Coefficients for the entropy kernel

Having made an ansatz for the entropy kernel, we determine the coefficients a1 (p) and
az(p). To do this, we substitute the ansatz (6.2.6) into the entropy equation (6.2.4) and
examine the most singular terms. By choosing the coefficients such that these terms

vanish, we are able to solve the equation for the higher order remainder.

We introduce some notation to simplify this process by defining, for v € R,

Gl/(ﬂ?”) = [k(p)2 - vz]lfk'
Then we have the following identites:

DpGy(p,v) = 2Xk(p)E (p)Gy-1(p,v), 0uGy(p,v) = —220G,_1(p,v).
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Substituting (6.2.6) into (6.2.4) and grouping terms yields:

Xpp — K (0)*Xow + €A, + eBuxy
= Gr_1(p,v) (4N a} + AN*K a1 + 20kk" a1 + 2Xe Aokk a1 — 2\e Bok*ay)
+G(p,v) (af + 4(XN + 1)kK ah + 4(X + 1)%K2az + 2(X + 1)kK" as
+ Ao + 2XeBoar + 2(\ + 1)eAgkk as — 2(\ + 1)e Bok2as
+ 202 A1kk a1 — 20e* Bk ay)
+Grs1(p,v) (a5 + 2(A + 1)eBoas + £(A — Ag)a) + 2Xe Askk a1 + e Agd)
+2(A + 1)e(A — Ag)kk'ag + 2(\ + 1)eBoas + 2Xe* Biay
— 2)e’Byv®ay — 2(A + 1)e(B — By)v’as)
+9pp — k' (p)2guw + €Ag, + eBug,.

Thus we see that in order to cancel the highest order singularities, that is, to make the

coefficient of G_1 vanish, a; must solve

a, Kk e ek
it A WAy PRI
a1 o % T30 T aw

hence
a1(p) = crak(p) K (p) 2™,

where the constant c, y > 0 is determined to satisfy the initial conditions and

3

p
a(p) = 2/0 (— Ao(s) + k,(S)Bo(s))ds.

By defining a1(p) := a1(p)k(p)***!, we obtain

o K" K e ek

——=——+(A+1)— - =-Ag+ - Bo. .3.

T G i S Pl (6:3.1)
Cancelling the next highest order singularities, we obtain the following equation for

az(p):

K" K e ek 1 -
: — 4+ A +1)—4+-Ay—-=By)) =——F+~——
a2 (g + A+ D)+ 5o = 55 Bo) = — e
where
W = d + eApdy + 2Xe%a1(kk' Ay — k?By) + 2Xe Boay. (6.3.2)
Defining a2 (p) = as(p)k(p)***3,
K" K e ek
ab + Ozz(ﬁ —(A+ Q)E + 5140 - 5@30)
A (6.3.3)
2 2 )
= —m [0/1/ + 514.00/1 — €BOO[1 + 2\e Oél(kk/Al —k Bl)] =: Q.
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We take the less singular solution to this singular ODE given by
- p
aa(p) = P k(p) 2K (p) 72 / =M k()2 (1) 2Q(r) .
0

From the observations made in Lemma 6.1.4, we see that k(T)*)‘*Qk’(T)%Q(T) =

O (7%3) as 7 — 0, hence is integrable.

Then we conclude that

az(p) = O k(p) 1K (p) 2 / e () (1) E ) dr
) 0 (6.3.4)

O ) [Tk W) () dr

is well defined, where W is defined in (6.3.2). Throughout, we will exploit the fact that
there exist C7 and Cy depending on pys such that 0 < C < P < 0y < .

6.3.2 Proof of existence and regularity of the entropy kernel

Having determined the the coefficients of the expansion (6.2.6), we now need to solve
for the remainder g(p,v). It is again instructive at this point to consider the entropy
equation in the classical situation, (6.2.5), studied in [8, 9]. In this situation, the
coefficients of the entropy equation depend only on p, and so the equation lends itself

to Fourier transform methods.

However, we observe that the coefficients of the first order terms in the relativistic
entropy equation, that is, the functions A and B, are functions also of v as well as p.
To avoid this obstacle, we therefore isolate the “principal part” of the operator (which
will have coefficients depending only on p) and derive an equation in terms of this

operator for the remainder g(p,v) in (6.2.6).

We therefore define an operator L by

]: = app - k/(p)gavv + EAO(p)ap - 5(0), (635)
where ") ()
oyl(p . o(p
and
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where the constant ¢; > 0 will be chosen later. We observe that ay satisfies the equation

o ' A+ DK e
B A A L L T
Qy 2K’ k 2

By the asymptotics for k(p) given in Lemma 6.1.4, we find B(p) is O(p?~3) as p — 0.

With the operator L, we work in Fourier space. We therefore determine an equation

for the expression F(Lg)(p, ), where F denotes the Fourier transform in the v variable.

To calculate the Fourier transform of the function [k(p)? — v?]%, we make use of the

following.

For ease of notation, we write fy(y) = [1 — 3|2, so that

[k(p)? — "]} = k(p)”fx(ﬁ)-

Recalling now from [29] that the Fourier transform of fy(y) is
= 1 a1
AA€) = VAL (A + 12221 72, 1(6),

where J, is the Bessel function of first type of order v, we see that

k(p)
§

We are therefore able to derive an equation for Lg in Fourier space.

F([k(p)? — v*2) = k() Ak(0)6) = (L) 20, (k(0)O).

Proposition 6.3.2. The remainder g(p,v) satisfies

F(Lg)(p, &) =F(S(9))(p,€)
= — F(e(A — Ao)gp) — F(eBugy) — B(p)G + Holp) a1 (k(p)€) + 2r(p, €),

where Ho(p) = O(p~%) as p — 0 and r(p,€) = O(p~ P (k(p)le))>"7*"%) as

|€| — oo, for some a > 0.
In particular, the remainder r(p, {) acts asymptotically like f)\+1+a(k‘(p)£ ) as & — oo.

Proof. We write X' = a1(p)[k(p)? — 0|2, X% = aa2(p)[k(p)? — v*]}™. From the con-
siderations above, we find F(X1!) = al(p)f,\(k(p)f), F(X?) = ag(p)f,\ﬂ(k‘(p)f). Now
rearranging the entropy equation, we obtain

F(Lg)(p, &) = — I — IT — *F(A[k* — v’]3 X)) — eF((A — 4g) X))
— F(3Ba[k? — v*30 X, +&(B — Bo)vX})
— F(e(A = Ao)gp) — F(eBugu) — B(p)9,
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where

I=F(X,) + K (p)*F(X") + F(e(Ao + e A1 [F* — 0] 1) X))

+ F(e(Bov + eBy1[k* — v*]1v) X))

v

and
I1:=F(X2)) + K (p)*CF(X?) + e AoF (X)) + eF(BovX}).

As fily) = —Z)‘TH]?A + %f)\,h we calculate

I = ﬁ(o/{ + 61400/1 + 2)\52A1k‘k"0z1 + 2 eByay — (2)\ + 1)530041 — 2)\52Blk2a1)
+ J?/\+1 (52A1a'1k2>‘+3 + 2A52Blk2a1).

Similarly,

II =— ]/”:\(0/1' + eAga) — eBooy + 222y (KK Ay — szl))

+ .]/(\.)\‘i’l (O/QI + EA()O/Q — EB()CYQ
220+ 3

+ m(a'{ + ool — eBoan + 20 (kK A1 — k*By))),

where we have used that the coefficients a; and ag satisfy (6.3.1) and (6.3.3). Then we

see that

I+ 11 = fr1( + e Aoy — eBoas + €241, k23 4 220B k2o
2\
+ ;3(0/{ +eApa — e(2A + 1)Boay + 22 (kK Ay — k2 By))).
2\ +1)
We treat F(—e?(Ag[k* — 0?3 X)) —e(A— Ag) X —&°Ba[k* —v*]7u X, +e(B— Bo)X7)

as a higher order term and we call this term £2r(p,¢). Thus we find

F(Lg)(p, &) = F(8(g))
= —F(e(A — Ao)g,) — F(eBuvgy) — B(p)G — Holp) Frsr (k(p)E) + €2 (p, €),

where

Ho(p) = (0/2/ + 61400/2 — EB()OQ + €2A1a'1k2’\+3 + 822)\Bll€2a1
22 +3

m(a’{ +eApay — (2 + 1) By + 20 an (kK Ay — k°By)))

as required. We note that Hy(p) = O(p~'72%) as p — 0 from the limiting forms of k(p)
given in Lemma 6.1.4. Moreover, one can check that the remainder r(p, ) acts as the
Fourier transform of the product of a smooth (even Schwartz) function with fy 144 for

some « > 0, and hence that

r(p,€) = O(p 2 (k(p)|) "1 772) as p = 0.
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We note that taking the Fourier transform turns the partial differential operator L in

p and v into an ordinary differential operator in p with parameter £. Indeed,

F(Lg)(p,€) = Gop(p, &) + K (0)?€%G(p, &) + cA0(p)Tp(p, €) — B(p)G(p, €).  (6.3.6)

We wish to solve this ODE, at least formally, by the method of variation of parameters.
In order to do this, we require the fundamental solutions of the operator F (I: -). These
fundamental solutions are, by definition, %, X°, satisfying:
Sr’(]:Xti) =0, St(fJXI’) =0,
X\ﬁ|p=0 =0, SC\bIPZO =1,
Rlo=o =1, lp=o =0.
We remark that inverting the Fourier transform gives
f;xﬁ =0, f;Xb =0,
Xlp=0=0,  X’lp=0 = Su=0,
X%‘p:O = 0y=0, X?)‘p:() =0.

Lemma 6.3.3. The fundamental solutions of the Fourier transformed equations are

X (p,€) = a(p) (Ek(p)) " T (€K (p)),

(0, €) = aglp) (’“f)) Y, (€k(p)).

where v = XA+ % and J,, Y, are the Bessel functions of order v of first and second type

(6.3.7)

respectively. The constant ¢y > 0 is chosen to satisfy the initial conditions.

Proof. This follows by an elementary calculation from the identities

CL(y) = Cpr(y) — gem),
CL(y) = —Coir(y) + gey@),

for C,(y) = Ju(y),Y,(y). Then we are able to calculate (suppressing the argument
k(p)¢ of the function fy),

Kb, + (K(0)6)2% = al Fr+ 2006k B+ awek” B+ ag (k)2 + (€)% as

~ ~7 ~7 20+ 1 ~
= fx + 204K [ + bk fr — ay(EK)? i i
~ o~ 2041
= Ozgf)\ + f)\/é.(20é;ik‘/ — Oéﬁ(k)(k/)Q + Oéﬁl{”)
~ -~/ N N
=af fr — ke Agé fr = —eAoXh + B(p)X,
as fa(y) + f(y) = —2EL £ ().
The calculation for ¥ is similar. O
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We solve F(Lg)(p,€) = F(S(g)) by the method of variation of parameters. First, we
calculate the Wronskian of the fundamental solutions. Note (for example, from [60])

that the Wronskian

w(s,6) i= Yi(h() Ty €h(5)) = T(ER(NYIERS)) = g,

and so

W (s,€) = (X*(Ek(3)0sX" (EK(s)) — X7 (Ek(5))0sX* (€ (5))) (5, €)

— Cge—s fos AO(T)dT.

The method of variation of parameters then gives that a particular solution to the ODE

is given by:

where
K(p,s:€§) =Y, (§k(p))Ju (K (s)) — Ju(Ek(p)) Yy (EK(s)).
We define a new integral kernel K (p,s;€) by

~ k 31k 3 _efp e s
K(p,5:€) = (k,({;))) (k,((‘?)) K(p,s;€)e 5 1§ ol dres [ domdr (.38

We therefore look for a fixed point of

P _
3(.€) = /O R(p.5,6)F(8(g)) ds.

We show via a fixed point argument that such a function g(p, &) exists in Theorem

6.3.5. In preparation for the proof of this theorem, we make a few observations. To

simplify notation and bounds later, we set

]yl for fyl <1,
e {rm% for [y] > 1.

1 for |y| <1,
R(y) = v
/|yl for [y[ > 1.

Then |J,(y)| < CQu(y), |Yo(y)| < CQ—-,(y) for y > 0. So we may bound

K (p, 5:€)] < CQu(Ek(p))Qu(Ek(s)) R(EK(s)) (6.3.9)

where C > 0 is independent of p, sand { for 0 < s < p < puy, £ €R.

The following lemma provides accurate estimates for various LP and weighted LP norms

of the functions K (p, s;£) and K(p, s;€). These are a simple consequence of (6.3.9).
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Lemma 6.3.4. For0 < s < p < ppy and & € R, the following identities and inequalities

hold: N
K(p,p;§) =0

K(p,0;¢) = 0.
Also,

Il <C(15) hio) %

o _0
1K (p, ;)| <Cp' 2.

Moreover, for 0 < u < %,

1K (p, 55 )|l < Cp, (6.3.10)
1€ (p, 5:€)l|2ge <Cp' ™7, (6.3.11)
. k(PN -k
1€ K (p, 56112 gc(m)) k(p) "3, (6.3.12)
P& (p, 5: €)1 2 < Cp*=71, (6.3.13)

Proof. These estimates are a consequence of (6.3.9). For example, we see the most

complicated estimate (6.3.12) by bounding

(p>

P s P g+ [ €M i) g

k(p)

1 . 2
SN K (et < [

/ EPHIK (p, 516 de

® kp v () y oy
<o [ () de [T R s g

ks
k(p)

[ k(s g2 g

1

E(s)
<C(R2) vkt 2+ (10) ko) 2 4 k(o) i)
<o) wor

This implies the desired bound. O

With these bounds in hand, we are now in a position to state and prove the main
theorem of this section. This theorem gives the existence of the remainder function

d(p, &), and therefore the existence of the entropy kernel itself.
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Theorem 6.3.5 (Existence of the Entropy Kernel). For all v € (1,3), there exists
g € L>(0, par; L2(R)) that is a fived point of

P _
ﬁmf%—AK@ﬁéﬁW&mX&Od& (6.3.14)
The remainder g(p, &) satisfies
10z + 1980(0: Mz < CottE e (6.3.15)

Proof. To establish the existence of the kernel, we argue with a constructive fixed point

scheme. Given the nth approximation §"(p, &), we construct g" ! (p, ¢) by setting

~n+1 o - .
7 p0) = [ Rlps3(8(9) ds
0
p
= [ (K5 (& Ruaa(k(98) + 21(5.)

~ F(e(A— Ao)g} —eBug} — B(s)g")) ) ds,

and begin the procedure with §%(p,&) = 0. To show that this scheme converges, we
estimate the increment g"*! — . Set Gntl = g+l — g, We then have, by linearity

of the Fourier transform,
G (p / K(p,s;€)(— F(e(A — Ag)G? — eBuGY — B(s)G™)) ds.
We first apply an integration by parts (recalling from Lemma 6.3.4 that K(p,0;¢) =

K(p,p;€) = 0) to see that
Gn—i—l P f)

/ K(p,s; f —e(A = Ap)G}(s,v)) — F(eB(s,v)vG}(s,v)) — ﬂ(s)a"(s,v)) ds

_ /O R (p, 5:€)(F(e(A ~ 40),G" — (eBuG")y + (eB0)uG" — B(5)G™(5,)) (5,))

+ Ky(p,5;6)F(e(A — Ag)G™) (s, &) ds
(6.3.16)
We recall that the Fourier transform of a product is the convolution of the Fourier

transforms. We therefore use the bounds of Lemma 6.3.4 and Young’s inequality for

convolutions to estimate, for a typical term,

H /Opr'(P,s;i)?(s(A — A)sG™) ds‘

L2

,o 3

< IR s M7 (A = 40)) TG s

< [T 1R Ml (A = 40).) (5, 221675, 2 s

P ~
g<752// P85 E |G (s, )2 ds,
0
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where we have estimated the L2 norm of F((A—Ap)s) by applying Plancherel’s Theorem

and estimating with the bounds of Lemma 6.3.1 and the compact support of the function
to see

le(A — Ao)|l2; < © / 12776 gy < Ot 6 — 02504,
k(s)

Treating the other terms of (6.3.16) similarly, we find
16" (0 e < € [ (15592 1A = A)a) 529 22167 o
+ [ Ks(py s, ) 2l F((A = Ao)) (s, )| 2 [1G™ (s, )l 2
+ €K (p, 5:6) | L= | F(eBuG™) (5, ) 2
+ 1K (p, s, )| o< | F (00 (B0)G™) (s, )| 2
v Hf<<p, ) =B 16" (5. 2 d
<c / Y 4 epl 05230 4 ps=2420) G (s, )| 1o ds.

In particular, we have obtained

—~ P ~
p MG (p, )12 < © / ST Gn (s, |2 ds, (6.3.17)
0

where C' > 0 is independent of p.

Before we consider G (p, &), we note that, for 0 < s < p,

Ju11(8k(s) ‘H
k(o)1 11

<o [ ()" ae [ oo e

|Qu(Ek(p))Qu (EK(5)) " R(E(s))

) (6.3.18)
00 1
4 [ k(s e )
k( 5)
< C’p 30573,

It follows from Proposition 6.3.2 that

1B (p, 5:€)e%r(5, )2 < 2ClIR (55 Ho(s) P (K()8) 2.

Hence we calculate, using the bound |Hy(p)| < Cp~'*+% from Proposition 6.3.2 and
(6.3.18),

G (6, )l 2 < cH (P2 [ k(9113 ol Tt

(v) () ekl
% 1 s S—%+29 Ju+1(Ek(s)) s
cllot [ QuiehionQuerie Rick(s) oAk

P
< Cp1_2/ §1420 g
0
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which implies

p UG (p, )2 < Cp%. (6.3.19)

Thus, combining (6.3.17) and (6.3.19), we may bound iteratively

P ~
p G (0, 6)l 2 </ TSGR (s, )2 s

<c/ / / D) 205 NG (s, ) || 2 dsy - - - dsy
_ 2 +2n9
=P H 39 + 2i0

<C (29)np3—29+2n0
N n!

Hence we obtain

~ (55)" 1. 30
30 L ong
G+, )z < CREphtF 4200,

In particular, g(p, &) = lim, 00 §"(p, &) = liMy—s00 Y pey @k(p, &) exists and satisfies
i c- (%)n 1438 1200 1430 o~
9(p, )l L2 SCZTP 2 =CpTzew.

n=0 ’

It remains to show that the function g obtained here is the desired fixed point. Although

this argument is standard, we include it for completeness.

We define an operator T} acting on functions f € L(0, par; L?(R)) by setting

F(Tp ) (p.6) = /0 " R(p. s:)F(S(1))(s,€) ds.

We want to show that F(T;g) = g. Note

ﬁpﬁ

—~ 1+
19(p, )2 < Cpyy > e,

hence g € L>(0, par; L2(R)).

Next, we observe

~

15— F (T L 0,pnr:22) < NG =T oo parizzy + 1F(Tx9™) = F (Tl Lo (0,par:22)

as gt

n — oo. By definition of Tz and the fact that

> e

k=n+1

= F(Tg") by construction. The first term converges to 0 by construction as
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we have
ng K9 ) ?( Kg)HLOO(O par;L2)
= H / K(p,s:€)F(e(A— Ag)(g" — g)p + Bu(g" — g)v + B(s)(g" — 9))ds

:H/O K (p, 57)(F(e(A — Ao)( Z G,

H Le°(0,pnr;L2)

k=n+1
oo
Nk A~k
—l—EBU( Z G )v) Z G dSHLOO 0,p0;L2)
k*n—f—l k=n+1
<o [T Y @ s 0 o
k=n+1

where we have used the argument from the first part of the proof. Thus g = F(Tzg)
as desired.

Finally, we remark that differentiating (6.3.14) with respect to p gives

P30 ) = /O " 0K (0, 5,)F(S(9)) (5. €) ds

which is of the same form as (6.3.14). An analogous argument therefore gives the second

part of (6.3.15). This concludes the proof of Theorem 6.3.5. O

Remark 6.3.6. A totally analogous argument yields {g¢ € Lg with

26

”595”[,2 < Cp +2 629 .

Remark 6.3.7. From the proof of Theorem 6.3.5 and [9, Theorem 2.2, we deduce
that, in (k,v) coordinates, we may bound |x(k,v) — x*(k, v)|, where x* is the classical

entropy kernel of [9, Theorem 2.2], by
IX(k,v) = x"(k,v)| < Cex*(k,v),
where C depends on pjs. Thus, for e sufficiently small,

x(k,v) > = x*(k,v) >0

l\.')\r—t

in the interior of its support, the set {|v|? < k?}. For details, we refer to Lemma 6.8.2.

Theorem 6.3.8 (Regularity of g(p,v)). The remainder g = g(p,v) is such that Oyg
is Holder continuous in (p,v) for p > 0 for all p with 0 < p < A+ 2. In addition, if
0 < B < u, we may bound, for all p with 0 < p < ppyr, v €R,

0—2u6+ 36 -8
105 g(p,v)| < Cp 0721050 [ (p)? — 7P
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Proof. Recalling the definition of fractional derivative, (6.2.7), we see that the fractional

derivative of order p of the remainder function g(p,v) may be bounded by
ool < C [ Ielatn. )l e

For 0 < pu < %, we apply the same method as in the proof of Theorem 6.3.5 with the
bounds of Lemma 6.3.4 to see that

/ €1(3(p. )

<c [1er [R50t TS| - T4 - Ao ~cBug, ~ 5(:)9) )
< [Tl & 530y (Vo) | TSP, i+ € = Ao el

182 + 2B, 0) e (13l 2 + el 2)) s
P ~
+C [T P Rl 5512014 = Aol il ds
<C/ gm0+ | 242 120+ | 1 g

< Cp1+9 MG.

Moreover, we observe that, for 0 < u < %,

/R (€14 1€5e (. )| de < CpH+0-10.

To extend these inequalities to p > %, we note the following. For all 0 < p < v + %,

u+1(§k H

14-260—p60
( ) V+1 :

<s
Ly —

([

Distributing powers of & appropriately within the integral, it is then straightforward to

estimate as above and obtain
0kg(p,v)| < CptTo—1o
for all 0 < p < A+ 2. Similarly, we obtain
pl8,0"g(p,v)| < CptHo—Ho

for p in the same region. Hence by the standard embedding of the weighted Sobolev

space WP Co’a, we have that 9 g(p,v) is Hélder continuous.
p P

To conclude the proof of Theorem 6.3.8, we observe that the function [1 — 22|/, for

z= (vp), is positive on the support of g(p,v). We have
1029(p,v)| = k(p)"|0f g(p,v)|.
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Moreover, by the Holder continuity just proved, we may bound
92g] < sup|a£g|[L — "),
We then calculate, for 0 < 8 < p,
1879(p,0)] = Ck(p)"102g(p,v)|
<Cp " sup [0g(p,v)|[1 — 227
< Cp_59+;9+1+9_“9[1 . 22];1%3
< OpPO—HOHIHO—O )2 UQ];JerB.

This concludes the proof of the theorem, and hence also of Theorem 6.2.2. ]

6.4 Existence and regularity of the entropy flux kernel

Having proven Theorem 6.2.2, thereby demonstrating the existence of the entropy ker-

nel, we now move onto the entropy flux kernel and Theorem 6.2.4.

To this end, we consider the expressions derived for general entropy-entropy flux pairs:

_u(l —ep) p'(1—eu?)?
T e T Uy (prep)
p+ep u(l —ep’)
Qu =

1—p/e2u? K pe2u2

o~/ ~ 2 .
Changing variables to (p,v) and setting @ := %, = %, this becomes

qp =unp + ﬁk'QTIm
Qv = P1p + Uny.
Lemma 6.4.1. The functions p(p,v) and u(p,v) may be expanded as

plp,v) = po(p) +ep1(p)(k(p)* — v*) + % pa(p, v) (k(p)* —v*)?, (6.4.1)
i(p,v) = v(uo(p) + cur(p)(k(p)?* — v) + e>uz(p, v) (k(p)* = v*)?), (6.4.2)

where

13 — E&Uu 2
w(k)(1 —ep/
wip) = i S (6.4.)
and
lp1(p)] + [p2(p;v)| < Clp+ep(p)),

(6.4.5)

lui(p)| + |uz(p,v)| < C,
where C' > 0 does not depend on € > 0.
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2

The proof of this lemma is by taking a Taylor expansion in v? around k(p)?, as in

Lemma 6.3.1.

We now need to derive an equation for the entropy flux kernel. We recall the operator

L = 0,y — k"?0yy + A8, + eBvd, and observe that, by definition, cA = %, eBv =

~ 12
4p=K"v e may therefore calculate

L(oc —ix) =0, — k20, + eAo, + eBvoy, — 2U,Xp — UXpp + 2k 0y X o
+ ki — eAtix, — eBuiix, — L(@)x
= — Xy + 2K K" xw + K2 Bpxo — K Puxp + KXo (6.46)
+ e AR pxy + eBupx, — L(ii)x
= 2K'K" pxw + 2K ppxo — 26" pux, — L(@)x
= F(p,v)

as claimed in (6.2.12). Setting F(p,v) = F(p,v) + L(), we derive (6.2.11).

6.4.1 Coefficients for entropy flux kernel

As we did with the entropy kernel in §6.3.1, we derive expressions for the coefficients

of the entropy flux kernel, b1(p) and ba(p), in the present section.

Beginning by expanding F(p,v) in coefficients of Gy(p,v) (recall from §6.3.1 that

Gi(p,v) = [k(p)? — v?]2), we see that the most singular term is
Gr-1(p,v)( — 4AMK'E" poar — ANvk™ (ply + 2ekk p1)ar + 8)\€Ukk'3p1a1)
= —4\k' (K po) a1Gr—1(p,v).

To calculate the next most singular term, we need an expression for (Lﬂ)x. Applying
L to @ and expanding in powers of (k(p)2 —v?) by Lemma 6.4.1 gives us that the lowest

order term of La is vw(p), where
w(p) = uy + 8ck?uy + 2ekk"uy + dekk'ul + e Aguf + 262 Agkk'uy + e Boug — 22 Bok*uy.

Hence, we calculate that the next most singular term in L(o — ) is

GA(p,v) (= 4N+ 1) ok'K" poaz — 4(\ + 1)vk™(p) + 2ekk’ p1)as — 4Xevk'K pras
— A\evk?play + 4evk®pra) + 8(\ + Vevkk®prag — vwal)
= —vG(p,v) (4N + 1)K (K po) az + ANek (K p1) a1 — dek®pra) + way).
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Thus we see that
L(o — ax)(p, v)
= — k' (K po) a1 Gr_1(p, )
—vG(p,v) (4N + 1)K (K'po) ag + 4Xek' (K p1) ar — 4k pra) + way)

+vf(p,v),

(6.4.7)

where f (p,v) is a more regular term satisfying the bound

1f(p.v)| < Cp*2Gry1.

We note, moreover, from the asymptotics for k(p) in Lemma 6.1.4 and the bounds for

a1(p) and az(p) in Theorem 6.2.2 that the coefficients of G_1(p,v) and G(p,v) also

satisfy bounds of the form Cp??—2.

We recall that we are looking for the entropy-flux kernel in the form

(0 —ax)(p,v) = —v(bi(p)Gr(p,v) + b2 (p)Grs1(p, v)) + h(p,v).
We write b;(p) = Wi(p)a;(p) for i = 1,2, in the following to emphasise the relation of
the coefficients b;(p) to a;(p). Applying the operator L to this ansatz, we obtain
L(o — uy)
= Gx_1(p, v)( — A oW arkk' — 4)\UW16L1]€/2)
+G(p,v) (—vW{'ay — 20Wia] — 4(X + 1)oWaagkk' — 4(X + 1oWaagk
+v(Wo — Wh)a| — eAgvWia — e BovWiay + e Agv(Wa — W1)a)
+2Xe Bov(Wo — W1)ay — 2Xe2vkk Ayay (W, — Wh)
+2Xe?v(Wy — Wa)Braik?)
+Gat1(p, v)( — oWy ay — 20Whahy — vWaaly — 2X\e3 AgvWia  kE'
+ 203 Bov3Wiay — (A — Ag)vWiay — e(A — Ag)vWid)
—2e(A — Ag) (A + 1)vWaaskk’ — 2\e(B — Bo)vWhay
+2(\ + De(B — By)v*Waay — e AvWhay — e AvWaal

(6.4.8)

—eBvWaag — 2(A + 1)€BOUW2a2)
+L(h).
Matching coefficients in the Gy_1(p,v) terms in (6.4.7) and (6.4.8), Wi (p) must solve
(kW1)'(p) = (K'po) (p)-

This has the solution

po(p). (6.4.9)



For the coefficient W5, comparing the next most singular terms yields
Q(p)
AA+ Dk(p)K (paz(p)’

) () )
WA 5o ) T T DR a2

where W (p) is defined as in (6.3.2) and € is given by

Q=— 1”0,1 — 2W{a’1 — W1W — 6A0W1'a1 — EB(]Wlal
(6.4.10)
+ 4N+ DK (K po) ag + 4Xek! (K p1) ay — 4ek” pra) + way.

From the expressions for Wi, @, p in (6.4.9) and Lemma 6.4.1, and applying once again
Lemma 6.1.4, we see that Q(p) = O (p*2).

From the expression for as(p), (6.3.4), we see that

B W (p) d
A+ Dk(p)K (p)az(p) — dp

Now we define an integrating factor

I(p) = exp </Op IZ:((S)) + %(log /s “UD () (1) T2 W (7) d7> ds)

=k(p) /0 ? ()M ()T (7) dir

(1og /0 ? GO (K (1) W () dT).

One may check I(p) = O(p%) as p — 0. Thus I(p) yrxrmraime = O 17) as

p — 0, and hence is integrable. We therefore solve to find

Walp) = 10)™" [ 106) g (9 (6.4.11)

and it is simple to verify that [Wa(p)| < C, where C' depends on pyy.

6.4.2 Proof of existence and regularity of the entropy flux kernel

As we did for the remainder in the expansion for the entropy kernel, we derive an

equation for the quantity Lh, where L is defined as in (6.3.5).

Proposition 6.4.2. The remainder h(p,v) satisfies

F(LR)(p,€) =F(T(g))(p, €)
i=— F(e(A — Ap)g,) — F(eBugy) — B(p)d
+ Hi(p)k(p)€ fraa(k(p)€) + £25(p, €),

where Hy(p) = O(p~'*%) as p — 0 and s(p,&) = O(p~" ¥ (k(p)€])1772) as

& — 00, for some a > 0.
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In particular, the remainder s(p,§) acts asymptotically like ﬁ+1+a(k(p)§) as £ — oo.

Proof. We first observe that
Lh = Lh — ¢(A — Ag)h, — eBvh, — B(p)h

by definition. From (6.4.7) and (6.4.8), we see

Lh =L(o — ax) — L( = v(b1(p)Gr(p,v) + b2(p)Grs1(p, v)))
= F(p,v) = L( = v(b1(p)Ga(p, 0) + b2(p)Grs1(p, 0)))
= U.)E(p) U)

+ 203 Bov3Wiay — e(A — Ag)vWiay — e(A — Ag)vWid]
—2e(A — Ag) (A + 1)vWaaskk' — 2)\e(B — Bo)vWhay
+2(A 4+ 1)e(B — By)v3Waay — e AvWihay — e AuWaal

— eBuvWaag — 2(A + 1)EB01)W2a2).

Before taking a Fourier transform, we note that %f\)\+1(y) = —y]?prg (y) by properties

of Bessel functions. Therefore

TG (p,0) (. 6) =K 25 (i (0/(0)

0 ~

= k(p)Q’\+3a*£f>\+1 (k(p)E)

= k(p) 1 (K(p)€)
= — k(p)? T (k(p)&) Fara(k(p)S).

This implies that after taking Fourier transform:

F(Lh) = Hy(p)k(p)E Frra(k(p)€) + %s(p, ),

where |Hi1(p)] < Cp~1%2 and s(p, &) = O(p~+20 (k(p)|¢])>1"*"2) for some a > 0,

analogously to 7(p, &) determined in Proposition 6.3.2. Therefore, we obtain

where we have defined

T(h) = Hi(p)k(p)€ frya(k(p)€) + %5(p, €) — F(e(A — Ao)h, + eBuhy, + B(p)h).
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Observing that

C it k(p)[¢| <1,
Clk(p)E| "2 if k(p)l¢] > 1,

ie. k(p)fﬁ\+2(k(p)£) satisfies the same bounds as £+1(k(p)£), we may prove the fol-

k(p)|€ Fria(k(p)E)| < {

lowing theorem analogously to Theorems 6.3.5 and 6.3.8.

Theorem 6.4.3 (Existence of the Entropy Flux Kernel). For v € (1,3), there exists
he L>=(0, par; L2(R)) that is a fived point of

hi(p.€) = /0 " R(p.5.F(T(h)) (5.€) ds. (6.4.12)

The remainder ﬁ(p, €) satisfies

~ ~ 20

1B(p, Mgz + NIk )2 < Cp'* % e'sm . (6.4.13)
The remainder h = h(p,v) is such that O'h is Hélder continuous in (p,v) for p > 0 for
all p with 0 < p < A+ 2. In addition, if 0 < 8 < u, we may bound

0—2u60+360 -
05 h(p, v)| < CpHI2OTB0 ()2 — 2P,

In what follows, in particular in §6.5, we require not only an expansion for ¢ — %y, but
also for ¢ — Ay x, where Ay are the eigenvalues of the system.

Corollary 6.4.4. The functions o — A1 x satisfy the following expansion:

/

(0 =Axx)(p,v,8) = (0 = Axx)(p,v —8,0) = (Fhk — (U—S))POEX(P,'U_ s)+ R(p,v—s),

where |R(p,v — s)| < Clk(p)* — (v = 5)*|x(p,v — s).

Proof. We begin by recalling that
At =+ pk'(p).

To show that o — A+ x remains invariant under Lorentzian transformation, it suffices to
check that the function and its p derivative at p = 0 remain invariant. But this follows
from the simple fact that (sk'(p)x(p,v — s))p — 0 in the sense of measures as p — 0.
Considering without loss of generality the case for s = 0, we use the expansions for

x(p,v) and (o — ux)(p,v), (6.2.6) and (6.2.13), to obtain
/
(O’ - AiX)(pv v, 0) = (:Fk - U)pﬁgal[k2 - Uz]f\l-
— (£pr1ark’ + po(k? — vH)ark! £ pagk’ + vby)[k? — 1;2]3‘1_Jrl

F Pk g(p,v) + h(p,v),

from which the desired conclusion follows easily. O
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In the reduction argument of the next section, we require an accurate analysis of the
singularities of the entropy and entropy flux kernels constructed above. To this end,
we here provide explicit formulae for the singularities in the fractional derivatives of

order A\ + 1.

Proposition 6.4.5 (Explicit Singularities of the Entropy Kernels). The distributions

My and 0o satisfy

(6.4.14)

where KT are some constants and e’ , e!! are Hélder continuous functions in the interior

of the support of the kernels such that

€/ (p, v)] < CR(p)* 2 [k(p)? — 0”7 (p, v), (6.4.15)
€ (p,0)] < CR(p)* 2 [k(p)? — 0?1 (p, v) (6.4.16)

for all o € (0,1].
Proof. Identities for the fractional derivatives 9,7'G, and 9,;G, may be found in [8,

Proof of Proposition 2.4]. The desired representations then follow from the expansions

(6.2.6) and (6.2.13), exactly as in that proof. O

Finally, we record a property of the coefficients that we will require in the sequel.

Proposition 6.4.6. We define a coefficient D = D(p) as

D(p) = ai(p)bi(p) — 2k(p)*(a1(p)ba(p) — az(p)bi(p))-

Then there exists a finite ppr € (0, pmax] such that, for 0 < p < ppr, we have that

D(p) > 0. Moreover, as e — 0, ppr — 0.

Proof. This follows from the formulae and bounds given for the coefficients above in
Theorem 6.2.2 and Theorem 6.2.4. In particular, as lim, o a1(p)bi(p) > 0 and |az(p)|+
|b2(p)| < C, we find lim,_,o D(p) > 0. By continuity, such a pys can therefore be found.

Moreover, one may check that D(p) can be written as

pp" (p) +20'(p) + e(p(p)p" (p) — 20" (p)?) +£0(p" ).
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6.5 A relativistic compactness framework

As described in the introduction to this chapter, we seek to construct entropy solutions
to system (6.1.1) by means of a sequence of approximate solutions. Thus the compact-
ness properties of such a sequence are crucial to understanding and analysing the limit
of the sequence. The principal aim of this section, therefore, is to show that a uni-
formly bounded sequence of functions satisfying a certain weak compactness property
with respect to the entropies of the system can be shown to converge not just weakly,
but strongly in LP spaces. This strong convergence will allow us then to pass to a limit

in the non-linear terms of the equation, and also in the associated entropy equations.

Theorem 6.5.1 (Compactness of Approximate Solutions). Let (p°,u’) € (L>°(R%))?

with p® > 0 be functions such that the entropy dissipation measure
O (p®,u’) + 0xq(p°,u®) is compact in H;,*(R%), (6.5.1)
for all weak entropy pairs (n,q), and that
0<p°(t,x) < pu, |ul(t,x)| < Co < e for almost every (t,z) € R,

for par defined as in Proposition 6.4.6 and Cy > 0 independent of 6 > 0. Then there

exist measurable functions (p,u) such that
0<p(t,z) <pr, |u(t,z)| < Co < e for almost every (t,x) € R,

where C' > 0 depends on £ and the initial data, but is independent of T', and there is a
subsequence (p°,u’) converging strongly to (p,u) in L7 (R%) for all r € [1,00).

loc

The proof of this theorem rests on two main ingredients: the div-curl lemma, Lemma
3.4.1, and the following reduction result for probability measures constrained by the

Tartar commutation relation, the proof of which we temporarily postpone.

Theorem 6.5.2 (Reduction of Support of the Young Measure). Suppose that v(p,v) is
a probability measure with bounded support contained in {0 < p < prr,v € R} satisfying

the commutation relation
Mmaq2 — MN2q1 =1M1q2 —N2q1 (6.5.2)

for any two weak entropy pairs (m1,q1), (M2, q2), where we write

f= /f(p,v) dv(p,v) for any continuous function f(p,v).

Then either v is supported in the vacuum line {p = 0}, or the support of v is a single

point.
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Proof of Theorem 6.5.1. For convenience, we work in (p,v) coordinates. As the se-
quence (p°,v%) is uniformly bounded in L>®(R%) (where v° = v(u?)), we may extract
a weakly-star convergent subsequence (not relabelled) (p?,v%) = (p,v) in L*(R%). By
the fundamental theorem of Young measures, Theorem 3.1.1, we may associate, for
each point (¢,z) € R%, a probability measure v, such that for any (¢,z), supp vy, C
{0<p<pum,lv]<C}, and

AP0 2 F = [ £(p0) dnalpyo) in 12(RE)

for any continuous function f : R2+ — R. We now use the div-curl lemma, Lemma
3.4.1, to deduce a constraint on the Young measure v. Take two weak entropy pairs,
(m,q1), (n2,q2). For simplicity of notation, we define n? = n;(p’(t,z),v°(t,z)), ¢ =
qi(p°(t,x),v°(t,z)) for i = 1,2. Then, by definition of the Young measure, we have
that

a5 — 154} = Mgz — meqr in LX(RY) as § — 0.

On the other hand, by the assumption (6.5.1), we may apply the div-curl lemma to the

sequences w{ = (19, ¢?), w$ = (¢35, —n3) to obtain
na e =@ - R

in the sense of distributions as § — 0 for almost every (¢, ). Thus, by uniqueness of

weak limits, for almost every (¢, ), we have the Tartar commutation relation
Mgz = 1M2q1 = N1 q2 — N2 q1
for any two weak entropy pairs (n1,q1), (72, q2)-

We conclude by applying Theorem 6.5.2 to show that for almost every (¢, z), we have
that v, is either constrained to a point, vz = 0(,(t,2)(t,z)) OF 1S contained in the
vacuum line supp v, C {p = 0}. Moving to the conserved variables, this implies that
the measure v; , is a point mass almost everywhere. Thus we may apply Proposition

3.1.3 to conclude the strong convergence claimed in the theorem. O

The rest of this section is devoted to the proof of Theorem 6.5.2. As a preliminary step,
we extend a result of DiPerna for the classical Euler equations, [24], to the relativistic
case. This lemma tells us that in the (w, z)-plane, the smallest triangle containing the
support of the Young measure v, (considered as a measure in (w,z)) must have its
vertex in the support of v;,. Note that the vacuum line {p = 0} corresponds to the

line {w = z}.

163



Lemma 6.5.3. Let v be a probability measure on the set {w > z} with non-trivial
support away from the vacuum line, i.e. suppv N{w > z} # () and suppose further that

v satisfies the commutation relation
maz — N2q1 =T q2 —N2q1 (6.5.3)
for all weak entropy pairs (n1,q1) and (02, q2), where again f = [ fdv. Let
{(w,2) : zZmin < 2 < W < Wpax }

be the smallest such triangle containing the support of v in the (w, z)-plane. Then its

verter (Wmax, Zmin) belongs to suppv.

Proof. Suppose that this is not the case. Then there exists a > 0 such that
supp v N ([wmax — Q, wmax] X [Zminv Zmin + Oé]) = 0.

We recall that weak entropy pairs are generated by convolution of test functions against
the weak entropy and entropy flux kernels. Thus, supposing (71, ¢1) and (72, ¢2) to be
generated from C? test functions 1); and v, respectively, we deduce from the commu-

tation relation (6.5.2), that
/(/le(ﬁ)x(p,v—snd& A¢2(82)0(P7v782)d82
~ [ aleixtpv = s2)dsa [ vn(sn)atp.vs0) dsn ) dv(pro)
= [ [ ortsontoo=sndsavip.o) [ [ a(sa)ot5s) dsaiv(p)
—//wz(SZ)X(P,U—82)d82dv(ﬂ7v) //%(81)0(/3777781)6181 dv(p, )
R R

which, by Fubini’s theorem, implies, with obvious notation,

/R/RX(Sl)O'(SQ) —x(52)0(s1)¢1 (51)Wa(s2) ds dss
— /R/RX(&)U(SQ) — X(52) o (s1)1 (s1) 2 (s2) dsy dso

and hence we deduce, after slight rearrangement,

X)) —x(sols) _ o) o) oo 654

x(s1) x(s2) x(s2)  x(s1)

Setting s— := Zmin, S+ ‘= Wmax, We consider $;, so such that 0 < s; — s9 < «a,

0 < s1 —s— < a. Now we know from the expansions for x(s) and o(s) given in
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Theorems 6.2.2 and 6.2.4 that we have supp x(s) = suppo(s) = {z < s < w}, so
necessarily we have that (w, z) € suppx(s1)o(s2) gives that (w, z) & supp v. Arguing in
the same way for the term x(s2)o(s1), we see that the left hand side of (6.5.4) vanishes.

Now we recall from Corollary 6.4.4 that we may write
k/

(0 =2ex)(p, v, 8) = (0 = Aex)(p, v = 5,0) = (Fk = (v=5))po-x(p v = 5) + Rlp,v = 5),

where |R(p,v — s)| < C|k(p)? — (v — 5)?|x(p,v — s). Thus

(0(s)) _ Qax(s) | ((Fk = (v = 9))pox(s) | (R(s))
GG T ) O) AR (6.5.5)

We define the trace measures pu4 and p— by

Jx(s2)
x(s2)

for all continuous j = j(w, z);

= (s J(Wmax, +)) = /j(wmax,z) diy(2) as sg — 4

Jx(s1)

x(s1)
That these measures are well defined is by now standard. A proof may be found in
[24]. We note that

= (u—, J (-, 2min)) = /j(w,zmin) dp—(w) as s; — s_.

k(v — K
( (v —s2))po % x(s2) <C max |w — s9| = 0 as sy — 54,
X(SQ) (w,z)esupp v N{w>s2}
k—(v— K
( (v —s1))poEx(51) <C max |z —s1] > 0as s; — s_.
X(Sl) (w,z)€suppr N{z<s1}
Moreover,
R(s)
i <O max [k —(v—s9)"]y <O max|w—ssl|z —s1| =0
X(S) (w,z)€ suppv supp v

as s tends to either sy or s;. Thus we deduce from (6.5.5) that

(ssAs) = (o A2) = 0. (6.5.6)

Now suppose that (wmax, 21), (W2, zmin) are points on the edges of the triangle with
z1 = v1 — k(p1), wa = va2 + k(p2). Observe that necessarily, v; > v9 with equality only
at the vertex of the triangle. Now we calculate that

At (Wmax, 21) — A= (W2, Zmin)

(u1 —ug) (1 + e/ (p1)\/P' (p2)) + (VP (p1) + /P (p2)) (1 — cuguz)

= >0,
(1 = eury/p'(p1))(1 = eug\/p'(p2))

as either u; > ug or u;3 = ug and p; = p2 > 0.

This then gives the desired contradiction to (6.5.6). O
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To prove Theorem 6.5.2, we demonstrate the existence of an imbalance of reqularity in
the commutation relation (6.5.2), following the methods of Tartar, [71], and DiPerna,
[24], as developed in [52] and discussed in §2.2-2.3.

We write P; := (92;'1, J = 2,3, for the fractional derivative operator, and define, for
J=2,3, x; = x(p,v, sj) and similarly for other terms. Then the distribution Pyx(s2),
for example, is defined as acting on test functions ¥ € D(R) by

(Pax(s2), /352X s2)Y'(s2) dsa.
We choose mollifiers ¢; € C°(R), j = 2,3, so that ¢;(s;) > 0, [5d;(s;)ds; = 1,

supp ¢;(sj) C (—1,1) and set, for § > 0, qﬁ?(sj) =0"1¢;(s;/0).

The strategy of the proof is first to apply the operators P» and Ps to the commutation
relation and then to mollify. To make clear the claimed imbalance of regularity, we
make use of the fact that the limit of a mollified product of a measure with a BV
function depends on the choice of mollifiers used, compare §5.5. Mollifying the entropy

and entropy flux kernels, we obtain, for j = 2,3, expressions of the form
Do 9 N (o \S—2
Pix§ = Pixj * ¢5(s1) = /3ij(8;~)5 5 (

Once we have differentiated and mollified the commutation relation, (6.5.2), we pass

S1 — 85

) ds;. (6.5.7)

to the limit § — 0, relying on properties of cancellation of singularities of the entropy
and entropy flux kernels, as well as the previously mentioned dependence on the choice

@2, ¢3. These properties are stated in the following two lemmas.

Lemma 6.5.4 (Cancellation of singularities I). For j = 2,3, the functions Xlea? —
Jlexﬁ- are Hélder continuous in (p,v, s1), uniformly in 6. Also, there exists a contin-
uous function X1 = X (p,v, s1), independent of the choice of mollifying sequence, such

that when § — 0, lejO'? — JleX;S — X1 uniformly in (p,v,s1).

Lemma 6.5.5 (Cancellation of singularities IT). The functions Py} Pgag — ngg Pyo

are uniformly bounded measures such that, as 6 — 0,

Pax Pso§y — Psx Paoy = Y (2, 63) Z(p) Y (K*)*65,—orti(n);
+

weakly-star in measures in s1 and uniformly in (p,v), where

Y (62, 63) = / 1 / (03t — 5 — 1)balt) — dlt — s — 1)éa(t)) dt ds,

and

where M(p) = (A + 1)6*_3\k(p)2)‘ for p> 0 and D(p) is as in Proposition 6.4.6.
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The proofs of these results are analogous to those of [8, Lemma 4.2-4.3]. For the sake
of completeness, we include them here in the relativistic setting. They are based on

the structure of the fractional derivatives of the kernels given in Proposition 6.4.5.

Proof of Lemma 6.5.4. As we only require the fine properties of the leading order term

in each of the two expansions, we set here

g(p,v —s1) = az(p)Gry1(p,v — s1) + g(p, v — 51),

=

(p,v —s1) = — (v —351)b2(p)Grt1(p,v — 51) + h(p,v — s1).

With this notation, and recalling that b1 (p) = po(p) ];/((5 )) ai(p), we expand as follows:

=x1Pj(0) — @x}) — (o1 — @x1) Pyx

- K
= (@Gr1+31) (e 30 KE (35 = 0)dsymure) % 0 + €] 5 07
+
— ((s1 — v)b1Gry1 + 1) (k?'_%ea Z K6, i+ 80 + el ¢§)
+

In order to analyse this expression, we break it into a sum of the most singular terms
(that is, products of Holder continuous functions with measures) and a remainder as

follows. Defining
B ::alpokflk’%e&G)wl Z Ki((sj — 81)5sj:vik) * <Z5§'a
+
B9 .= pgk:_lk'%ea Z Kifh((sj — 81)0s,=vtk) * ¢§
+
— K72 KRGy o+ 0
+

pHLo ::(alG’)\,l + §1)eJU * ¢§ — ((81 — U)blG)\’l + Bl)e][ * ¢§,

we have
x1Pjo? — PjxSoy = B + B0 4 BT,

Using the bounds given by Lemma 6.1.4 for k(p), k'(p), we bound E9 by
1—
B (p,0,51)| SCp 7 [k — (v —=s)[{ [k + (v —s)]2 Y K [s1 — v F k|g(s1 — 0 F k)
+
$S1—VF k:)
o

<

<Cp 7 Y K*[s1 —vF kMg
+

1=0 o)
<Cpz46"—0

as 0 — 0, locally uniformly in (p, v, s1), where we have used that supp ¢; C (—1,1).
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Next, for E19 we make the bound
1-6
B (.0 — 51)| <Cp' T [ — (0 — 5121 S 6 (s1 — v F )
+

<CpP & 0.

Finally, we consider the remainder term, E//1:9(p, v —s1). Recalling the bounds (6.4.15)
and (6.4.16), we observe that

1-6
|51 - ’UHQJI»(,O, v = 81)‘ + |eff(p’ v = 81)| < CpT+2a0G*a(pa’U - 51)
for @ € (0,1). Clearly, this is not Holder continuous up to the boundary of its support.
However, in the region {|k? — (v — s1)?| < A} for A > 0, we may bound

|eIII,§(p?v — )| < CPIT_(9+2QGG)\_Q([),U — 1) < p3%+2a9A,\—a’

which may be made arbitrarily small by taking 0 < o < min{1, A\} and A small. On

the other hand, in the complement region, {|k? — (v — s1)?| > A}, we have that G},

I
J

continuous limit on this set, independent of the choice of mollifying sequence. O

e: and eJU are all uniformly Holder continuous, and hence E//19 converges to a Holder

The proof of Lemma 6.5.5 rests on the observation of [52] (and, in greater generality
of [19]) that the limit of a regularised product of a function of bounded variation with
a measure depends on the choice of regularisation. In particular, for the case of the

product of a Heaviside function and a Dirac mass, we have the following lemma.

Lemma 6.5.6. For any mo,m3 € R, we have that

<H32=m2 * ¢g) (553:m3 * gzbg) s (9293 (ma, m3)0s; =ms4

weak-star in measures, where

0, Zf mg > ms3,
Q995 (my, mg) = f—ll fsl p2(t —s—1)ps(t)dtds, if ma =ms,
1 if mo < mas.

Proof. Observe that for any test function ¥ = ¢(s1),
(Hosmma % 83) (Gsymms % 63) (¥)
— [ [ Heamals2)3(o1 — s2) dsa 61 — ma)(sr) d
RJR
:/R gbg(sl - 82)¢g(81 — m3)¢(81) dSQ d81.

ma
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The cases mao > m3 and mo < mgs are easy to verify. We therefore consider msy = ms.

Now we have that

(Hoamms = 03) (8summs *65) ()

m3+0 s1+6
L e (257 ()t
m3+ 25 mg+4 B
[ [ e (57 e (5 e anas
m3+26 B
/ L iy 15¢2< m36 S2> ¢3(t) (6t + mg) di dsg

/ / da(t — s — 1)ps()(5t + ms) dt ds,

which is easily seen to converge to

Y(ms) /_11 /51 Pa(t — s — 1)p3(t) dt ds

as required. O

Proof of Lemma 6.5.5. We use the expansions of Theorem 6.2.2 and 6.2.4 to see that

Pyx(p,v — s2)P3o(p,v,s3) — P3x(p,v — s3)Pac(p,v, s2)
= Pox2P3(03 — uxs) — PaxsPa(o2 — tix2)
= (a1 PaGr2 + a2PaGri12 + Pag2) ((s3 — v) (b1 PsGr3 + baPsGry1 3)
+ P3hs + (A + 1)b193, Gz + (A + 1)b202, Grv1,3)
— (a1 P3G\ 3 + aaP3Gri1 3 + Ps3g3) ((52 — v) (b1 PaG 2 + b2 PaGry1 )
+ Pohy + (A + 1)b195, G2 + (A + 1)b202 Grt12)
gl 4 gl 4 gl
where we have decomposed the expression as
BT :=(s3 — 82)a1bi PyG o P3G 3,
B = a1 PyGho((s3 — v)baPsGagrz + (A + 1)b192, G 3)
- (11P3G)\73((82 —0)baPoGri12 + (A + )b10 Gy 2)
+ aghy (P2Gry1,2(53 — v) P3Gr3 — P3Gry13(s2 — v)P2G2),

and E'! is the remainder.
We now take mollification using the mollifiers defined above. This yields
PyxX3Psoy — P3x3Paoh = (BT + BT BIT) 5 65 ¢,
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We recall that as we are evaluating our mollified expressions at s; (compare (6.5.7)), this
is now a function of (p, v, s1) only. From symmetry considerations, the limit as 6 — 0
of B9 is 0 as this term contains only products of measures with Holder continuous
functions and more regular products. This convergence may be taken uniformly in

(p,v) and weak-star in measures in s;.

We consider next the most singular terms, arising in E/%. From Proposition 6.4.5, we
see that this expression involves products of measures, products of measures with LP
functions, and products of LP functions. Again by symmetry considerations, the last
group of these terms vanishes in the limit § — 0, and so we concern ourselves only with

the first two. Observe first that a typical product of measures is of the form

a(p)

p 632:vik(p) K (ﬂ)

(s3— 32)a1b1k’(p)7%6 7%66(’))533:@1@(,0) x ¢ * ¢35

Observe that if both Dirac masses are based at the same point, s; = v £ k(p), then
the factor (s3 — s2) causes the expression to vanish. We hence need only consider the
case that they are based at different points. The action of this expression as a measure

acting on a continuous function ¥ (s1) may then be written as
anbi (o)1 [ (0= 26351~ w)o(s1 - 2)(0)da.
Hence we bound
V(o) [ (w231 = w)6s1 — 2)uls0) dos
< Clw =" [ g1 = w)efs1 — N0l o

— 1 —
<CP () [ da(sn)an (o1 + 5wl + Gs) dsy

< 0§ =0,

where we have used that supp ¢3 C (—1,1). Arguing similarly for the other terms, we
obtain

EY 5 0asd—0

weak-star in measures in s; and uniformly in (p,v).

We now come to the most significant term, E'/9. Replacing s5 and s3 with s; in this
expression gives a remainder equipped with good factors of the form s; — s1, which
may be shown to converge to 0 as above. Taking account of cancellations, we therefore

consider the expression
EI[’(S = ()\ + l)albl (P2GA726£\3GA73 — PgG)\736£\2G,\72) * ¢g * (Z)g
+ (51 — v)(a1bs — azb1) (PaGr2PsGiri13 — P3Gr3PaGii12) * 05 * 65
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Observe that
X G (pv — 5) = K2 = (v — )2+ 92 Galpy v — ) = 2(A+ 1)(s = 1) Calp, v — 9),

and that the contributions from the first of these terms may be seen to converge to 0,
we need only consider the contribution from
(A + Darby (P2Gr203,Grz — P3G 300, Grz) * 6 * 63
— 2\ + 1)(51 — v)(a1bs — aghy) (PaGr 202, Grg — P3G 39,Gr) % 05 )
=(A+ 1)(arby — 2k (ar1ba — azb1)) (P2Gr 202, Gz — P3G 302, Gr2) * 05 * ¢
+ Gorr

where Ge,r also converges to 0. Applying now the expansions for the explicit singular-

ities calculated in Proposition 6.4.5 and Lemma 6.5.6, we conclude. ]

With the above results, the proof of Theorem 6.5.2 follows exactly as in the proof of
Theorem 4.2 of [8], included here for completeness. The proof is very similar to the
proof of Theorem 5.5.1, though here because we have uniform bounds on p and v, the

passage to the limit in the mollified sequences is far simpler.

Proof of Theorem 6.5.2. We begin by applying the commutation relation (6.5.2) with
weak entropy pairs generated by test functions 1, 1o and use the density of test

functions to derive the commutation relation directly for the entropy kernels themselves:

x(s1)o(s2) — x(s2)a(s1) = x(s1) o(s2) — x(s2) o (s1)

for any sj,s9 € R, as in the proof of Lemma 6.5.3 where, for example, x(s1) =
[ x(p,v,s1)dv(p,v). We choose s1,s2,s3 € R and apply this identity to each of the
pairs (so,53), (s3,51) and (s1,s2). Multiplying these identities by x(s1), x(s2) and
@ respectively and summing, we see that the right hand side vanishes (by an obvi-

ous symmetry), leaving us with

x(s1) X(s2)0(s3) — x(s3)o(s2) + x(s2) x(s3)0(s1) — x(s1)0(s3)

+ x(83) x(s1)0(s2) — x(s2)a(s1) = 0.

Applying now the operators P, and P3 defined above, we obtain

x(s1) Pax(s2)Ps0(s3) — Psx(s3)Pao(s2) + Pax(s2) Psx(s3)o(s1) — x(s1)P3o(s3)
+ P3x(s3) x(s1)P20(s2) — Pax(s2)o(s1) =0

distributionally in s1, s9, s3.
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We mollify this expression with the mollifiers ¢o, ¢3 as described above to obtain

X1 PaXS P30l — Psx3Paod + PaxS Psx3o1 — x1 P03 (6.5.8)

+ P3x§ x1P208 — Pyx3o1 =0

with obvious notation. Passing now ¢ — 0, we recall that as P;x; is a bounded measure

in s; with coefficients uniformly bounded in p, v, we may pass
Pix} — Pixa

weak-star with respect to measures in s; and uniformly with respect to p,v. Thus also

)
Pij — Pix1
weak-star in measures in sj.

Considering now the latter two terms of (6.5.8), we may combine this convergence with

the uniform convergence of Lemma 6.5.4 to deduce that

Pyx$ Psxbo1 — x1P303 + Psx§ xa P20y — Paxo1 — Pixi X1 — Pixa X1 =0,

weak-star in measures in s1. On the other hand, we may apply Lemma 6.5.5 to deduce

that the first term of (6.5.8) converges weak-star in measures in s; to

X(s1) Y (o2, 83)Z(p) Z(Ki)Qéslzvik(p)a

+

and so for any test function v (s1),

Y (2,00) Y (K5 [ X@ERGDZ(0)il0 £ k(p) (o) =0,

+

By assumption, we take Y (¢, ¢3) # 0, so that
> [X@ERGZ(p) dvip.v) =0,
+
As Z(p) > 0 for p > 0 by Proposition 6.4.6 (recall that p < pps), we deduce that

suppv N{(p,u) : zmin < 2(p,u) < w(p,u) < Wpax} = 0.

as, for all s € (Zmin, Wmax), the function x(s) (considered in (w, z) coordinates) contains
the point (Wmax, Zmin) in the interior of its support and, by Lemma 6.5.3, the point

(Wmax, Zmin) € suppv. Hence, for all s € (Zmin, Wmax), we have x(s) > 0. Thus the

support of ¥ must be contained in the vacuum V' and the point (Wmax, Zmin). Writing
v =vy +wi

wmaX7Zmin) ’

172



where vy is supported in the vacuum V and w € [0, 1], we deduce from the commutation

relation that, for all s1,s2 € R,
(w - w2) (X(wmaxa Zmin Sl)a(wmam Zmin 32) - X(wmaX7 Zmin 32>U(wmaX7 Zmin 31)) =0.

Choosing s1, so appropriately, we deduce that either w =0 or w = 1. O

With this, we have completed the proof of Theorem 6.5.1. 0

6.6 Construction of the artificial viscosity solutions

Now that we are equipped with a compactness framework, we provide a method for the
construction of a sequence of approximate solutions satisfying the framework above.
In this section we address this problem via the introduction of artificial viscosity. We

therefore consider the system

at(V#W) * ax(\/#ﬁ) - &)M(\/#W)’ (6.6.1)

0 (19H21E0) 10, (BRI 1 p) = 50, (G2l -
where § > 0 is the viscosity parameter. The introduction of this artificial viscosity
makes the system uniformly parabolic, and therefore it admits global, regular solutions.
Moreover, we show that, as with the classical Euler equations, the artificial viscosity

system admits an invariant region, which is precisely one of the conditions we require

to apply our compactness framework.

Before we state the theorem giving existence of the solutions to this system, a few
remarks on end-point states are in order. As we wish to allow for the possibility that
the density and velocity do not vanish at infinity, we impose end-point states for the
approximate solutions, (p4,u4) such that pr > 0, |us| < ¢. We introduce smooth,
monotone functions (p(z),w(x)) such that (p(x),u(z)) = (p+,us) for |z| > £1 and
require that the approximate initial data satisfies pd — p, ud — @ € L?(R) N L°(R).

The existence and uniform bounds of solutions for this system are as follows.

Theorem 6.6.1. Let pg, ug be approximate initial data such that
(o — pou — @) € CG(R)? (6.6.2)
and, for some My > 0 independent of § > 0,

0 < pb < Mo, lu| < My < c. (6.6.3)
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Then there exist global solutions (p°,u®) to system (6.6.1) such that
(P(S(ta ) =P ué(t7 ) - a) € Cl N H17

and
0<p’ <M, |[<M<q

where M > 0 is independent of 6 > 0.

Such a theorem is a standard consequence of parabolic PDE theory. For the sake of
completeness, we include a proof here. To demonstrate the existence of the invariant
region for the regularised equations, we employ the Riemann invariants w and z. In
terms of the Riemann invariants, the equations partially decouple, leaving us with heat
equations for w and z that admit a maximum principle. This maximum principle and
the ensuing invariant region is the content of the following lemma. Throughout this
section, we drop the explicit dependence of functions on § > 0, which is assumed to be
fixed and we allow constants to depend now on d unless stated otherwise, as well as

the other parameters of the problem.

Lemma 6.6.2. Any C*! solution (p(t,z),u(t,z)) to the system (6.6.1) admits the

following uniform bounds, independent of § > 0.
1(E(p), v(u))ll oo r2 ) < M ([lwollLoe Ry + [|20ll Lo R))
where wo(z) = w(po, uo)(x) and zo(x) = z(po, up)(x). Thus we obtain that
1ol oo 2y < M([lwoll o (r) + [I20ll Lo r))
and
ey < Mol ey + oll o) < =
Proof. We calculate from the equations that
0w + Aowy — Swgy = U V2w U,

where Ay is the second eigenvalue of VF and U = U(p,u) is as in (6.1.2). We exploit
the quasi-convexity property of the Riemann invariants in order to derive a parabolic
inequality for w which allows the application of a maximum principle. Indeed, it is

easy to see that
V4iwvViw(Viw) " > 0.
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We therefore make the decomposition:
Uy = aVw + V+tw
where
Uy - Vw Uy - V+iw

T Vel T TVl

With this notation, we re-write the equation above as
Wi + Mg — OWgy = —552VLwV2w(VLw)T,

where

VuwV2w(Vw) " V4iwViw(Vw) "
[Vwl? [Vwl?
Then, using the quasi-convexity property of w, we find that

A= X9 + da + 208

Wi + Ay — 0wy < 0.

Likewise,

Oz + /N\zm — 02zz > 0,

where A = A\ + 5&% + 2683 %. Therefore, applying the invariant
region theory of Chueh, Conley and Smoller, [17], we obtain uniform bounds of the
form

w(t,x) < max wo(x), —z(t,x) < max —2zp(x).

Noting that k(p) = (p) is a strictly increasing function of p, this implies
a uniform bound on k and hence on p. Moreover, we observe that in the region where
v(u) > 0, we have that v(u) < w, and that in the region where v(u) < 0, we have
that |v(u)| < —z. Therefore, we deduce a uniform bound on |v(u)| also, and hence on

lul < M <ec. O

To demonstrate the local existence of the solutions to the approximate equations, we
argue via Banach’s fixed point theorem. Writing

2
v (= i)

for the heat kernel, a solution U = U(p, u) satisfies

Ut z) /Gtx— Yo(y dy+//3Gt_” YpWydydr.  (6.6.4)

The other a priori bound that we need is the a uniform lower bound on the approximate

G(t,x) =

solutions, avoiding the vacuum region. This follows as a consequence of a lemma of

DiPerna and Chen.
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Lemma 6.6.3 ([6, Corrected Lemma]). Let ¢ : R — R be a function such that ¢(t) > 0
and such that

D=

—¢(s) > —c1(t — s)

/ ¢ (s)ds < ca  for some a € [2,00),

forall 0<s<t<T < o0,

) >6>0,

where c1, ca, T and § are positive constants. Then there exists cs > 0 such that

@(t) > c3 >0 for all t € [0,T].

Now, given any solution of (6.6.1), we write N = \/% and N = N(p, ), and choose
a function h(NV), strictly convex, such that h(N) = h/(N) = 0, and such that

h(N) = N~ for N € (0, N/2).

Then _ _
h(N) < ¢(N — N)? for N near N,

1 _
N2p"(N) < CN for NN <M,

1 _
N2p"(N) < Ch(N) for 0 < N < =N,

N |

where M > 0. Hence if |u| < M, we have that A”(N)N2u? < C(Nu?+h). We multiply
the first equation in (6.6.1) by h'(N) to obtain

h(N); + (W (N)Nu)y — b (N)NyNu = 6h(N )y — 08" (N)N?

Integrating, we obtain

t T
/ h(t) — h(0)dx + & / / K'(N)NZ2dxdr = / / R (N)N,Nudz dr
R 0 JR 0 R
! M " 2.2 0 " AN
< (=h"(N)N*u® + —h"(N)N°N;) dz dr.
0o Jr' 0 M

Choosing h as above with o = 4, we obtain that

/N ta;da:+// da;d7-</N0 )dx < M.

Applying the Sobolev inequality, we deduce

t
/supN(T,x)_QdTgM(T),
0 =

i.e.

/Ot (min N (r, ) 2 dr < M(T).
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We observe that the derivative

Gt — 7,7)| < tc_l

and hence

M

/ |Gy(t — 1,2 —y)|dy < ot — 1) 2.

Thus, from the representation formula (6.6.4), we have

N(t,x) /Gtm— ) No(y dy—i—//aG —nrT )NudydT

ZcminNo—M/ /Gy(t—T,x—y)dydT
0o JR

>cmin Ny — Mtz
We therefore deduce that the assumptions of Lemma 6.6.3 are satisfied for the function
8(t) = min N(t,2)
and hence the a priori bound
N(t,z) > cs.

Lemma 6.6.4. Let the initial data Uy = U(po, po) satisfy assumptions (6.6.2) and
(6.6.3). Then, for any M > My, there exists To(M) > 0 and a unique weak solution
U(t,z) € C?! to the Cauchy problem (6.6.1) on Qr, = [0,Ty) x R satisfying

\U(t,z)| < M, (p(t,") — pyu(t,") —u) € C' N H.

Proof. We extend the pressure function p(p) to a C* function § defined on all of R such
that p(p)|,>0 = p(p) and argue via contractivity of the operator

P:C"(Qn) x €Y1 (Qn,) — C(Qn) x CM'(Qm),
U(t,x) — P(U),

defined by

YOGt —Tx -
= [Gto—ytiay+ [ [ I pw) ayar,
R 0 JR Y

as in the standard theory for the heat equation. O

With the uniform estimates of Lemma 6.6.2 and the existence of a local solution, it is

not hard to prove that the local solution may be extended globally.
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Lemma 6.6.5. The local solution of Lemma 6.6.4 may be extended to a global solution

of system (6.6.1).

Proof. We must show that on a time interval (0,7") for any 7' > 0, that we have a
uniform estimate of the form
U210 <M

for some M = M(T') > 0. With this, we may apply the local existence result again to
extend the locally defined solution on any set of the form [0, 7.

We observe that the derivative

2

(x—y)))

2t —r1

1
|G(t —7,2)| < t_TeXp(—

and hence

N

/\Gy(t—ﬂx—y)!dySCz(t—T)‘ |
R

Thus, from the representation formula (6.6.4), we may estimate the k-th derivatives of

U(t,z) by induction as
k k ok :
IVEU (¢, z)| < C|[ VU] - +C/ IVFU ()| Lo (8 = 7) "2 dr,

0
allowing us to employ Gronwall’s inequality to deduce the estimate

¢

IVFU(t, )| < C|[V*Us| Lo~ exp (/ (t—7)"3 dr) < C||VFU|| oo eV,
0
O

Now that we have established both the existence of the approximate solutions and the
existence of the invariant region, it remains only to establish the H. l;cl compactness of
the entropy dissipation measures 9;1(U?) + 0,q(U?). Before we can demonstrate this
fact, however, we will require estimates that are uniform in é on the derivatives pg and

ui. These estimates arise as a result of the entropy structure of the equations and the

relative entropy method.

We recall the definitions of the physical entropy and entropy flux pair from §6.1.2:

N B iy _ (P ep)u
W(U)— 1—5'&27 Q(U)_ 1-6“27
and
€(p+€p)(p’+u22+2p’su2) —e(1+epu
2, % n(l—eu —cu2
Venr(U) = ao(p, u) ( _s((lfsp’gu \/15718 >
Vi—eu? ptep

178



232
where ag(p,u) = n(l e )~ > 0. To allow for the non-trivial end-point states, we

n(1-p'e?u?)
define a modified entropy pair (designed using the relative entropy method) by

n*(U) =n"(U) =" (U) = Vo"(U) - (U - V),

where U = U(p,u). As n* is convex, we have that n*(U) > 0, and observe that
V2n*(U) = V2p*(U) > 0. The modified entropy function has a modified entropy flux,
given by

e (U)=q"(U) - q"(U) - Vn"(U) - (F(U) = F(U)).
Lemma 6.6.6. Suppose that
/W‘(Uo)(a:) dzx < 0.
R

Then there exists M > 0, independent of §, such that the solution U°(t,z) of (6.6.1)

satisfies
T
6/ /p”z\px\Q + plug|* dz dt < M.

0o JR

Proof. We multiply the equation
U+ F(U), = 60Uy,
by Vi*(U?) to obtain
(V) + ¢ (U)a = 6(1"(U)),, = 8(Us) ' V27" (U) U

Integrating this equation and recalling the positivity of 7*, we obtain

T — P
/ / 5(UL) TV (U)U, dr dt = / 7 (Uo(x)) d — / F(U(T,2)) de
0 R R R

(6.6.5)
< [F @) e < 01
R
We now observe from a calculation that
UV, = (gnpipl(l —p'e*u?)  2e2nup’ pyun(l — ple*u?)
(1— €u2)2 o+ ep -
2e2nulu?(p + ep)(1 — p'eu?)
2
Femalptep) ) (1 — eu?)?
etulnui (p + ep) (P (1 — ew?) +u?(1 — £p'))
+ )
(1 —eu?)?

By completing the square on the first, second and final terms in this expression (observe

that the other terms are positive already), we find that
UV U, > eco(p + ep)u’,
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and hence

T
6/ /p|ux|2dxdt§M.
o JR

Returning now to (6.6.5), we apply the Cauchy-Young inequality and the uniform
bounds on p and w to the second term to deduce that
1 ay  enp2p(1—peu?) 9
U, VU, > = z - M
z VT Ye 250~ eu2) p+ep Pl
> cop? " ?ps — Mpu?,

and hence by applying the previous estimate to the second term here, we deduce that

T
5/ /pWZ\px\dedtSM
o JR

also. This completes the proof of the lemma. O

In the case v < 2, this is sufficient to deduce the desired compactness of the entropy

dissipation measures. However, when ~ > 2, this bound is not enough. In fact, we

T
(5/ / |pe|? da dt
0 K

uniformly in § > 0 over compact sets K C R. We state this additional control as

must control the quantity

another lemma.

Lemma 6.6.7. On any compact subset K C R, the solution U = U(p,u) of (6.6.1)
satisfies, for any A >0,
T ) A? 4y
5/ / " |z d:vdt§MA+MT+MA2,
0 Kﬁ{\/?fﬁ<A}
for some M > 0 independent of § > 0.

Proof. We write N = \/%, so that the first equation in (6.6.1) becomes

N, + (Nu)y = 6 Nyg.

Now we set, for A > 0 to be determined later,

iNZ, N < A,

o) = {;N LAN-A), N>A.

Now ¢'(N) = Nlyca + Aly>a = min{N, A} and ¢""(N) = Ly<a. Multiplying the
first equation in (6.6.1) by ¢'(N)w?(x), where w € C2°(R) is a spatial test function,

(B(N)w?); + ¢ (N)(Nu)gw? = 6¢'(N) Nypw?.
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Thus, integrating by parts and writing K = supp w, we find

/K S(N)w? da|y — /0 ' /K ¢"(N)N,Nuw? dz dt — /0 ' /K 26/ (N)Nuw,w dz dt
=6 /0 ' /K ¢"(N)N2w? dx dt — 26 /0 ' /K ¢ (N)Npwpw de dt.

Rearranging this equation and recalling the expressions for ¢'(N) and ¢ (N) above, we
find

T
5/ / N2w? dx dt

0 Jrn{N<A}

T T
= / d(N)w? dz|, + / / Ny Nuw?® dz dt
KN{N<A}
+2/ / min{ N, A} Nuw,w dzx dt25/ / N Nywzw dx dt
Kn{N<A}

—25/ /AN wew dz dt.

We recall now that we have a uniform bound on N and u as well as on w and w,. We

therefore note that ¢(IN) < CA and apply Hélder’s inequality to obtain

T
) / / N2w? dx dt
0 JEN{N<A}

T 1 _
SMA+MA(/ / NZwdzdt)® + MVOA'T,
Kn{N<A}
where we have used that
T
) / / IN>AAZNZ2W? dodt < MAYY.
0 JK

Thus
T A2
(5/ / N2w2dazdt<MA+M—+MA7
0 JrN{N<A} 4

O]

As a final step before considering the entropy dissipation measures, we note that a
calculation based on the representation formula (6.2.6) shows that the Hessian of any
entropy function for the relativistic Euler equations can be dominated by the Hessian

of the physical entropy.

Lemma 6.6.8. For any entropy/entropy-flux pair (n,q), the ordering
V0| < MYy
holds, with matrices ordered in the usual way.
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We now show the final result of this section.

Proposition 6.6.9. Let U° = U°(p°,u®) be a sequence of solutions to (6.6.1) with

initial data Ug . Then, for any weak entropy pair (1, q), the entropy dissipation measures

W(Ué)t + q(U‘S)JU are compact in lecl(Ri)

Proof. Throughout the proof, we write n° = n(U?%) and ¢° = ¢(U?). Multiplying the
equation

U + F(U%), = 6U2,

by Vn(U?), we find
n+q) = on, — s(UD) VUL,

From Lemma 6.6.8, we may bound the last term in L}OC(Ri) by observing that for any

compact K CR,
T T
/ / |6(U2) TV U2 | dw dt g/ / 6(U) TV 0002 | dx dt < M,
0 K 0 K

independent of 6 > 0. Applying the compact embedding of L} into ngcl 1 with

loc

1 < g < 2, we find that this term is compact in I/Vl;CLq, q<2.
For the other term on the right hand side, 61, we recall that we may bound
2 (p, w)| < M(|pz|(1+ %) + plual).
Now if v < 2, Lemma 6.6.6 implies that
V61 is uniformly bounded in LQ(RE_),

and hence that

on’, is compact in Wﬁng(Ri)

In the case that v > 2, we apply the estimate of Lemma 6.6.7 to deduce that on a
compact set K CR,

T T
52/ / |nz|2dxdt§M52/ / \pe|? + plug|? dz dt
0 K 0 K

T
§M52/ /]Nx]2(lN<A+1N2A)+p\ux|2dmdt
0 K

< M(SA + A%+ 6A™Z" +5A%7 +6),

182



where A > 0 is to be chosen now. In fact, we see that choosing A = §* with « €

(0,1/(y — 2)) implies that this expression converges to 0 as 6 — 0. Hence we see that
. . ~1,2/p2
OMea is compact in W, "“(R%).
We have therefore seen that the entropy dissipation measure
n + ¢° is compact in lecl’q(Ri),

for some ¢ € (1,2). On the other hand, as the approximate solutions (p?,u’) are

uniformly bounded, we also have that
n? + ¢° is bounded uniformly in I/Vlgcl O(RD).
Applying now the compensated compactness interpolation theorem, Theorem 3.4.3,
n? + ¢S is compact in VVZZCM(R%F),

as desired. O

6.7 Proof of the main result

For clarity, we restate the main theorem of this chapter.

Theorem 6.7.1 (Existence of Entropy Solution). Let Uy = U(po,uo) be measurable

and bounded initial data satisfying

1
0 < po(x) <Co, |up(x)| < Cy < —= for almost every z € R
€

NG

for a constant Cy > 0 and suppose the pressure p(p) satisfies (6.1.3) for p > 0 and
(6.1.10).

Then there exists a sequence U° of artificial viscosity solutions to the approzimate
equations (6.6.1) and a constant 9 > 0 such that if ¢ < €g, then the sequence Ud
converges to an entropy solution U = U(p,u) of (6.1.1) in the sense of Definition 6.1.6
such that

1
0<p(t,x)<C, ultz)<C< NG for almost every (t,x) € R%,

NG

where C > 0 depends on the initial data. The convergence may be taken to be almost

everywhere and strong in LY (R2) for all p € [1,00).

loc
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To prove the theorem, we simply observe that, after adding a small constant to the
initial density, cutting off outside a compact set and then mollifying the initial data, we
obtain initial data (pg, ug) satisfying the assumptions of Theorem 6.6.1 and such that
(p3,ud) — (po,uo) for almost every z € R and also in L} (R) for all p € [1,00). The
existence of the approximate solutions is then given by Theorem 6.6.1, and the results
of §6.6 then imply that these approximate solutions are uniformly bounded and satisfy
the condition

n(U°); + q(U®), is compact in Hy (R2)
for all weak entropy pairs (7, q).

To find the constant €y, we take the constant Cy > 0, where C is the uniform bound
on the approximate sequence of densities p? given by Lemma 6.6.2. We then use
Proposition 6.4.6 to give g9 > 0 such that if £ < ¢, then the constant ppr = par(e) >0
is such that Cy < pjy.

This then implies that the sequence of approximate solutions (p‘s, u‘s) satisfies the as-
sumptions of the compactness framework of §6.5. Thus Theorem 6.5.1 gives the strong

convergence of the approximate solutions (p°, u®) — (p,u) in L (R%) for all p € [1, 00).

loc

To show that the limit functions provide an entropy solution of (6.1.1), we check from

the weak formulation of the approximate solutions that for any test function ¢ €
C°(R1;R?),

U5-¢t+F(U5)-¢$dxdt+/Ug.¢(o,x)dx=—5 U° -y daz dt.
R

R2 [0,T]xR

As the sequence U® is uniformly bounded and converges almost everywhere, we may

pass directly to the limit in this weak formulation and see that

J

as desired. To check the entropy condition, we take a convex, non-negative weak entropy

n, multiply both sides of (6.6.1) by Vn(U?) and obtain

U-qbt—l—F(U)-qﬁmdacdt—i-/Uo-d>(0,x)dac:O,
R

2
+

(U + q(U°)z = 69(U°)aw — 6(U2) T V2(U°)UY.
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Testing again with a non-negative function ¢ € C°(R%), we have

J:

+

(U8 ér + q(U?) 6 da dt + / n(U)$(0, ) d = & / (U9 TV U2 d dt
R R2

—6 | Uy dadt

RY
>—6 [ (U by dxdt.

2
Ry

By the strong convergence properties obtained, as § — 0, this inequality converges to

/2 (V)¢ + q(U) ¢y do dt+/R77(U0)q§(0,a:) dz > 0.

R-‘r
6.8 Convergence in the Newtonian limit

The final section of this chapter is devoted to proving the final theorem of this thesis,
Theorem 6.1.3, concerning the Newtonian limit. Indeed, the construction and analysis
of the relativistic entropy kernels set out above is sufficient to perform this limiting
process rigorously. We are therefore able to show that a sequence of entropy solutions
to the relativistic Euler equations converges strongly to an entropy solution of the

classical Euler equations (up to subsequence) as the speed of light converges to infinity.

We first introduce some notation to make explicit the dependence on ¢ of quantities in

this section. For € € (0,1), we rewrite (6.1.1) as

QU + 0, F=(UF) = 0, (6.8.1)
(> € € & T
where U¢(p®,uf) = ( \/1”_(5 (36)2, (p :55(55))2)“ , F¢ is the associated flux. We recall

the definition of the function v = v*(v®) from §6.1.1,

1 1+ eu®
—2\/glog(1_\/gu8).

Ve (uf)
We write the classical equations, (6.1.5), as
U+ 0, F(U) =0, (6.8.2)

where U = (p,m)", F(U) is the associated flux, F' = (m, ™ + p(p))".
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6.8.1 Proof of Theorem 6.1.3

By assumption, we have uniform bounds on (p®,v¢), and so we may extract a subse-

quence such that

(p°,0%) = (ps)
weakly-star in L>°. To this sequence, we may associate a Young measure v 4, (t,z) €
Ri. Our aim now is to show that we may apply a reduction argument analogous to

that of Theorem 6.5.2. However, we observe that Theorem 6.5.2 holds only for fixed

e > 0, not for a sequence. We therefore recall the following theorem from [8].

Theorem 6.8.1 ([8], Theorem 4.2). Let v(p,v) be a probability measure with bounded
support in {p > 0, v € R} such that

(v, X" (s1)0"(s2) = X" (s2)07(51)) = (v, X" (51)) (v, 07 (82)) — (¥, X" (52)) (v, 07 (1))

for any s1,s2 € R, where x*(p,v — s) and 0*(p,v,s) are the entropy and entropy fluzx
kernels of the classical FEuler equations. Then the support of v is either a single point

or a subset of the vacuum line, {p = 0}.

Defining m® := p*v®, if we can show that

n(p",m®)¢ + q(p°, m*), is compact in H;,!,

for any weak entropy pair of (7, ¢q) of system (6.8.2), then we may apply the div-curl
lemma to deduce the commutation relation and hence apply Theorem 6.8.1 to deduce

the strong convergence of the sequence (p°, v).

Now we rewrite the entropy dissipation measures as
n(p%, p°0%)e + q(p%, p°v%)a = (n(p°, p°0°) — 1" (p°, P°0%)),
T (a0, p07) — (0, p707), (6.8.3)
+ 07 (0% p70%)e + 47 (07, 0%y
where 7, ° are weak entropies generated by the same test function ¢ by convolution

with the weak entropy kernels associated to (6.8.2), (6.8.1), respectively, and similarly
for q, ¢°.

As, for each e, U® is an entropy solution of (6.8.1), we have that for convex, non-negative
entropies,

(U )e+a(U)e <0
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in H l;cl Hence, by Murat’s lemma, Theorem 3.4.4, these entropy dissipation measures

. -1
are compact in W;__  for any q < 2.
Likewise, for any concave, non-positive entropy, we have

n°(U®)s + ¢°(U®), is compact in I/Vlgcl’q for any ¢ < 2.
On the other hand, this expression is clearly bounded in VVl;c1<>O by the uniform bounds

on U¢. Thus the interpolation compactness theorem, Theorem 3.4.3, gives that
n°(U)t + ¢°(U®), is compact in I/Vlgcl2
for any convex and non-negative or concave and non-positive entropy.

Considering now
(n(U®) =n°(U%)), + (¢(U") = ¢°(U7)),,
we note the following lemma, the proof of which will be postponed temporarily.

Lemma 6.8.2. Let x° denote the relativistic weak entropy kernel derived above in
Theorem 6.2.2, x* the classical weak entropy kernel derived in [8, Theorem 2.2], and
similarly for o, o* as entropy flux kernels. Then, for (p,v) € {0 < p < pup, |v] € R},

IX“(p,v) — X" (p,v)| + |6°(p,v,0) — 0" (p,v,0)| < Me,

where M depends on ppr, but is independent of €.

Thus, for any (p,v),

mmw—f@wﬂ§[|%”W@mf@w—$—f@w—$%
v—s|<k(p

gMa/ p(s)| ds,
lo—s|<h(p)

and similarly for ¢(p,v).

Then, for any compact set K C Ri, ¢ € H&(K), we have that

((nU%) =0~ (U"))y + (a(U") = " (U"))y» O -1 13 (10
< (In(U®) = 0O g2y + 1a(U°) = ¢* (U 22(0)) 101 112 )

1
<eM|K[2[|ll () ¥ (s)[ds = 0,
ve—s|<k(p®)

as € — 0 for any appropriate test function v, as U* is uniformly bounded. Thus the

entropy dissipation measures (6.8.3) are compact in Hl_ocl We have therefore shown
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compactness of the entropy dissipation measures (6.8.3) for all entropy pairs of the
equations (6.8.2) such that the entropy is either convex and non-negative, or concave
and non-positive. Applying the div-curl Lemma in the standard way, as in the proof

of Theorem 6.5.1, we deduce the commutation relation

(v, ma2 —mqr) = (v,m) v, q2) — (v, m2) (v, q1)
for all such weak entropy pairs.

We recall now that a weak entropy for the classical Euler equations, (6.8.2), is convex
and non-negative (respectively concave and non-positive) if the generating test function
is also convex and non-negative (respectively concave and non-positive). As the linear
span of convex and non-positive functions and concave and non-negative functions is
dense in our space of test functions, we argue by density as before to conclude that the

commutation relation holds moreover for the kernels themselves, i.e.,

(v, X" (s1)0™(s2) — X" (s2)0™(s1)) = (v, X" (51)) (v, 0" (52)) — (v, X" (52)) (v, 0™ (51))
for any s, s2 € R.

We therefore apply Theorem 6.8.1 to deduce the strong convergence of the sequence

(p°,v°) almost everywhere and in L (R%) for all r € [1,00).

From this convergence, it is easy to see that (p,v) gives a distributional solution of
(6.8.2). It remains to check that this solution is an entropy solution. By (6.8.3), to
do this, we need only show that (n(U¢) —n*(U?)), + (¢(U*) — ¢°(U*?)), converges to 0
in distribution as ¢ — 0, as the entropy inequality for the relativistic solutions then
gives that the right hand side of (6.8.3) will, in the limit, be non-positive. But we
have already shown convergence to 0 in H l;i Moreover, the limit of the left hand side
of (6.8.3) is the desired entropy dissipation measure by continuity of 7, ¢ and strong

convergence of (p°,v°) in L] (R2).

Proof of Lemma 6.8.2. 1t is clear that as ¢ — 0,
P [ P/
kS (p) = VPLS) ds — k(p) := / VP(s) ds
0 S+ep(s) 0 s
locally uniformly in p, and also from the expressions given in §6.3.1-§6.4.1 that the

coefficients a;, b;, i = 1,2, converge uniformly to their classical counterparts, as stated

in [8, Theorem 2.2]. Thus we need only show that the remainders ¢°(p,v), h(p,v)
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determined in §6.3.2 and §6.4.2 converge to the remainder terms g, h of the classical

kernels.

We recall that ¢° is defined as the fixed point
P
T8 = [ R F (5 () (5. €) s

where K¢ is defined in (6.3.8), 8¢ is defined in (6.3.2), and g is defined as the fixed
point of

P
70.6) = [ K5 )7(8(0))(5.€) s,
where exact expressions for K and 8 can be found in [9].

We see then that the difference K¢ — K satisfies

Re(ps€) = Kl € < O () (1) QuIEkp)Qu (eh(s) " A(eh(s)
for 0 < s < p and ¢ € R, and similarly
F(5°(6°) — S(9))] < Cel P (EK() o™+ + 21 (p,€).

Using the following identity for the difference g%(p, &) — g(p, &),

P09~ 300.6) = [ K58 () (5.0 ds — [ Klp.5:T(5(9) (5,9 s

0 0
- /0 (K= - R)(p, 5:6)F(8°(6°)) (5,€) ds
+ [ K595 (5°(0) - 8(0)) (5. €) s,
0

we argue as in the proof of Theorem 6.3.8 to conclude. O
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