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Abstract

Global invertible symmetries act unitarily on local observables or states of a quantum system. In
this note, we aim to generalise this statement to non-invertible symmetries by considering unitary
actions of higher fusion category symmetries C on twisted sector local operators. We propose that
the latter transform in *-representations of the tube algebra associated to C, which we introduce
and classify using the notion of higher S-matrices of higher braided fusion categories.

1. Introduction

According to Wigner’s theorem [1], invertible global symmetries act unitarily (or anti-unitarily) on local
observables or states of a quantum system. It is natural to ask how this generalises to the action of non-
invertible symmetries described by (higher) fusion categories C [2—6]. In this note, we try to answer this
question in two steps:

1. We consider the tube algebra Tube(C) [7-9] associated to C and show that it canonically possesses the
structure of a C*-algebra, provided that the symmetry category C is unitary in an appropriate sense.

2. We propose that twisted sector local operators transform in *-representations of Tube(C), which we
construct and classify using the Symmetry TFT [10-12] and its associated higher S-matrices [13—-15].

While the above is well known in spacetime dimension D =2 [16—18], we provide a general con-
struction for arbitrary D > 2 including several examples in D = 2, 3.

1.1. Background
In Euclidean (Wick-rotated) quantum field theory, unitarity manifests itself in the principle of reflection
positivity [19-22]. Concretely, upon fixing an affine hyperplane II in D-dimensional spacetime (D > 2),
reflection states that reflecting the operator content of a correlation function about II is equivalent to
complex conjugating the correlation function,
ot
(el )

(o)

Here, O denotes the operator that is obtained by reflecting an operator O about II. Positivity states
that

for all operators O, with equality if and only if O =0.

© 2026 The Author(s). Published by IOP Publishing Ltd
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Now suppose that a given quantum field theory T admits finite generalised symmetries described a
fusion (D — 1)-category C (also called the symmetry category of ¥ in what follows). Objects A, B of the
latter correspond to comdimension-one topological defects, morphisms ¢, to codimension-two topo-
logical interfaces between defects, 2-morphisms O to codimension-three topological junctions between
interfaces, and so on and so forth:

Given a twisted sector local operator O that is attached to a genuine topological line defect i €
OP~2(C) (where Q(C) := End¢(1) denotes the endomorphism space of the monoidal unit 1 € C and
0"(C) := Q(Q"1(C)) is defined inductively for n=1,...,D — 1), symmetry defects A € C can act on O
via linking,

A
L L0y (4)

mapping O to a local operator in a potentially different twisted sector v € QP~2(C). Configurations
of the above type then generate the tube algebra’ Tube(C) of C, which is a finite-dimensional complex
associative algebra whose elements we denote by

<”—@—“> € Tube(C) (5)

i

in what follows (see [18] for a discussion of the tube algebra and its physical applications in two
dimensions and [9] for generalisations to higher D). Using this, the unit of Tube(C) can be written as’

1
D SN ®
[u] € mp—2(C)

where 1 € C denotes the monoidal unit in C. Twisted sector local operators O then transform in linear
representations of the tube algebra, which can be constructed using a operator-state map* as follows: By
computing the half-space correlation function

0) =

+.*O> 7 (7)

12

we obtain a state |O) € H,, in the p-twisted Hilbert space of the theory, which is acted upon by ele-
ments of the tube algebra via

A

R((E8)[0) = | = «O> . (8)

v i

2 In the language of [9], the above is the S°~! —tube algebra associated to the linking of local operators with codimension-one sym-
metry defects placed on a (D — 1)-sphere. For the purposes of this note, we will simply call it the tube algebra in what follows.

3 Here, we denote by 7y (13) the set of connected components of a (higher) fusion category C, i.e. the set of simple objects in C modulo
the existence of a non-zero morphism between them. Furthermore, we set 7, (C) := mo(£2"(C)). We often call 71 (C) the fundamental
hypergroup of C.

4 For generic ¥, this map will be non-surjective. By abuse of notation, we will henceforth use H,, to denote the subsector of the -
twisted Hilbert space that is given by the image of the operator-state map. Furthermore, since we are interested in the action of finite
symmetries on these spaces, we will without loss of generality assume the , to be finite-dimensional.
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This induces linear maps R <<V_EI_M>) Py H”, which assemble into a linear representation
R: Tube(C) — End(H) 9)

of Tube(C) on the total Hilbert space H = (P, H,.. In order for this representation to be compatible
with reflection positivity, we require that

©@IR(efm) 07 = (O T %)
A

(4 - (e va0>

- (OIR((=£9) 10

for all © and O, where we used that reflection about IT maps the codimension-one symmetry A defect
to its orientation reversal AY. As a result, we see that

R((E) L R((FA)), (11)

where the prescription

A\/

LR = ERY (12)

defines an antilinear involution * : Tube(C) — Tube(C) on the tube algebra (i.e. ** = id). Since for a
simple p € QP~2(C), the assignment

A

F((“[H) = da1 -0, @ (13)

induces a faithful positive functional F: Tube(C) — C (where we used that ® € (D—1)-End¢(p) =

C can be identified with a scalar since  is simple), this shows that Tube(C) is a C*-algebra [17].
Condition (11) then means R is a *-representation of Tube(C), which forms a natural generalisation of
the notion of a unitary representation of a finite group. The aim of this note is to classify all irreducible
x-representations of the tube algebra for a given symmetry category C.

1.2. Overview
In a unitary quantum field theory with finite internal symmetry group G, local operators transform in
unitary representations of G, which are group homomorphisms

R: G— U(H) (14)

from G into the unitary group of a Hilbert space H. Equivalently, by linear continuation, we may view R
as a x-representation of the group algebra C[G] of G,

R: C[G] — End(H), (15)

where the involution * on C[G] is the antilinear continuation of the inversion map g+ g~
As motivated in the previous subsection, upon replacing the finite group G with a generalised
(higher) fusion category symmetry C, the natural generalisation of (15) is a *-representation of the tube

3
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algebra of C on the Hilbert space H of (genuine and twisted sector) local operators, where the involu-
tion * on Tube(C) is as in (12). In particular, this requires the symmetry category C to be equipped with
the following:

1. Duals: For each symmetry defect A € C there exists a dual defect AV € C that corresponds to the ori-
entation reversal of A obtained by ‘bending’ the topological defect A around,

*ﬁAV . (16)

2. Daggers: For each local junction © in C, there exists its dagger © which corresponds to the reflection

of © about a fixed hyperplane®,
S B
EEE R s (1)
ALY ¥ Y WA

Furthermore, we require the above structures to be compatible with one another in an appropriate
sense in order for the involution * on Tube(C) to be well-defined.

A convenient tool to characterise and classify irreducible *-representations of the tube algebra is the
so-called sandwich construction [10-12]. In this picture, a D-dimensional theory ¥ with generalised sym-
metry C is viewed as an interval compactification of a (D + 1)-dimensional topological theory (called the
Symmetry TFT) with canonical topological boundary condition B¢ on the left and a physical (typically
non-topological) boundary condition B¢ on the right. Twisted sector local operators O in ¥ then cor-
respond to junctions between a left boundary line ;v and a bulk line p stretched between the two bound-
aries of the (D + 1)-dimensional bulk:

-~
=
\,
.

S —

\,

WA -

Now suppose that we link a twisted sector local operator O with a symmetry defect U € C that can be
pulled into the (D + 1)-dimensional bulk:

\,

\,
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Ne)
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5

Since the latter hosts a Turaev-Viro TFT [24-27] based on the symmetry category C (or higher-
dimensional analogues thereof [28]), this necessitates U to form part of a D-tuple® z= (U, 7,...) € Z(C)
in the Drinfeld centre of C. In particular, the datum 7 corresponds to a half-braiding for U, which
allows us to commute U past any other topological defect in C. For brevity, we denote the corresponding

> In general, for an (0o, 1)-category with all adjoints, different {-structures are parametrised by different choices of subgroup
6 C Aut(Adeat( oo’“)) 2 PL(n) [23]. In our case, we choose & = Z, implementing involutory reflections only at the top level of

morphisms. In this way, we inductively view a -n-category as an n-category enriched in t-(n — 1)-categories.
6 Here, the .. refers to higher coherence data associated to the object U and the half-braiding 7 (see e.g. [29] for D = 3).
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tube algebra element by

= = 09 (20)

in what follows. This has the property that

R o () = G 0 (LR (21)

A
for all (“L5) € Tube(C) with involution given by’
08" = &0 (22)

z
I

From (19), it is then clear that the action of “[J*) on O is completely determined by the linking of the
topological defects z and p in the (D + 1)-dimensional bulk, i.e.

R<<iliﬁ>> ‘O> = dz . Sz,p : |O> 5 (23)

where we abbreviated d, := dim(z) and defined the multiplicative factor®

z p
1
= . € 24
Sz dz-dy . 24

indexed by z€ Z(C) and p € QP~2(Z(C)). The collection of these factors then descends to a well-
defined pairing [13, 14]

S: m(Z(C) x T2 (Z(C)) — C, (25)

which we call the S-matrix of Z(C) in what follows’. This matrix has the following properties:

@ 1t is invertible, so in particular we have that
1m0 (Z(C))| = [mp—2(Z2(C))]. (27)

@ 1t satisfies S,v, , = (S.,,)* for all z and p.

® Tt satisfies the Verlinde formula

Sep Spp = DN, -S, (28)

for some unique coefficients N3, € C.

7 Here, we implicitly assume that z = (U, 7, ...) lies in the unitary Drinfeld centre Z¥(C), meaning that the top components associated
to the half-braiding 7 are unitary: (1v,,)T = (7u,,,) =" for all u € QP=2(C). While ZT(C) = Z(C) in D = 2 [30], we expect this to
hold also in D > 2.

8 Note that this picture schematically represents the linking of an S’~! and an S' in a (D + 1)-dimensional ambient space.

9 For a general braided fusion n-category 13, there exists a whole collection of (generalised) S-matrices [13, 14]

S 7 (B) X mu_1_x(B) = C, (26)

where k =0, ...,n— 1. For n = 1, this reduces to the ordinary S-matrix for braided fusion categories [31]. In this note, we consider the
case n =D — 1 and k = 0 with B = Z(C) the Drinfeld centre of the symmetry (D — 1)-category C.
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From a physical perspective, the (generically non-integer) coefficients Ny, capture the tube algebra
products

<LD£> o <LDﬂ> — -d.z Nz, - <iDﬂ>. (29)

From a mathematical perspective, they define a hypergroup structure on the set mo(Z(C)) of connected
components of the Drinfeld centre of C [14]:

Definition ([14, 32-34]). A C-hypergroup is a finite set X with an involution V : X — X, a distinguished
element e € X and a collection {Nj, € C},, . ¢ x such that

L. setting x -y := > Ny, - z defines an associative algebra structure on C[X],
2. the distinguished element e € X acts as a unit for the above algebra,

3. the continuation of V to C[X] defines an algebra anti-isomorphism,

4. forallx,y € X, wehave N, #0 & y=x",

5. forall x,y € X, we have 3 Ni, = 1.

For the purposes of this note, the utility of the S-matrix stems from the fact that it captures diagonal
actions of the tube algebra on twisted sector local operators as in (23). In fact, the latter are sufficient to
determine the action of the entire tube algebra (for D = 2, this was shown by the authors of [18], and
the following discussion is a straight-up generalisation of their arguments to D > 2): Given a simple left
boundary line 2 € QP~2(C) and a simple line p € QP~2(Z(C)) in the Symmetry TFT, we can define an
associated tube algebra element

= Y ;—Zws*)p,f@ﬁﬂ% (30)

[z] € mo

where we used the invertibility @ of the S-matrix. Using the Verlinde formula ® and the composition
rule (29), one can then check that the above elements satisfy

Hoo oV —
ehoe, =0

A g el (31)

Furthermore, using (22) and @ one finds (eh)* = el As a result, using (21) we see that

e = » b (32)

[u] € mp—2

defines a self-adjoint central idempotent (projector) in Tube(C) for every simple p € QP~%(Z(C)), which
is minimal in the sense that e, # e; + e, for two non-zero central idempotents e; and e,. Since the set of
minimal projectors is in 1:1-correspondence with the irreducible *-representations of the tube algebra,
this establishes an equivalence (see [35-37] for D =2)

Rep' (Tube (C)) = QP2 (27(C)), (33)

where the right hand side denotes the category of *-representations of Tube(C) and intertwiners between
them.

The aim of this note is to use the equivalence (33) to classify unitary actions of (higher) fusion cat-
egory symmetries on twisted sector local operators in two and three spacetime dimensions. We provide
an explicit construction of the tube algebra and its canonical *-structure as well as a variety of examples
in sections 2 (D =2) and 3 (D = 3), respectively.

6
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As a by-product, we find that the S-matrix associated to the Drinfeld centre of a finite 2-group
symmetry [38, 39] G = A[1] x G in three dimensions is given by

Skorbionl = i1 " 2 N (©).0) - Ty (59 x (@) (34)

gEG:
% €G,

where the index labels of the matrix are given by

1. pairs (x,x) consisting of a representative of a conjugacy class [x] € CI(G) and a character x € (A,)"
on the subgroup A, C A of x-invariant 1-form defects,

2. pairs (a,p) consisting of a representative of a G-orbit [a] € A/G in A and an irreducible representation

p of the stabiliser subgroup G, C G of a,

and 7()) denotes the transgression of a mixed 't Hooft anomaly'’ [A\] € H*(G,A") between G and A.

2. Two dimensions

In this section, we review the construction of the tube algebra Tube(C) associated to a fusion category
C based on [16-18]. We describe its canonical *-structure and classify irreducible *-representations in
several examples of invertible and non-invertible symmetries.

2.1. Preliminaries

In two dimensions, the finite (bosonic) generalised symmetries of a quantum field theory are described
by a fusion category C, whose objects A, B € C correspond to topological line defects and whose morph-
isms ¢ : A — B correspond to topological junctions between lines:

B
¥ (35)
A.
The monoidal structure ® : C x C — C captures the fusion of topological lines and their junctions:
B . D AB®D
¥ (& = PP (36)
A C ARC.

Moreover, we assume C to be equipped with the following additional structures:

1. Dual structure: A dual structure on C allows us to bend topological line defects around in the sense
that for each A € C there exists a dual object AY € C together with evaluation and coevaluation
morphisms

WA -

AY A coevy

satisfying suitable zig—zag relations [40]. The assignment A — A" then extends to an op-monoidal
functor'! V : C — C°P. A pivotal structure on C is a natural isomorphism ¢ : V2 = id¢. The latter is
called spherical if the associated left and right traces of endomorphisms ¢ € End¢(A) agree, i.e.

try(p) = QGA = AO@ = trr(p) . (38)

10 Here, we denote by AY := Hom(A, U(1)) the Pontryagin dual group of the finite abelian group A.
1 Here, C is the category with the same objects as C and morphisms given by Homca) (x, ) = Home (y,x) for all x,y € C.

7
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In this case, we define the dimension of an object A € C by dim(A) := tr /g(ida) € C.

2. Dagger structure: A t-structure on C allows us to reflect topological junctions in the sense that there
exists a functor T:C — C° that acts as the identity on objects and anti-linearly on morphisms via

B i A
2 2 (39)

A B

such that 1* = idc and Endc(A) is a C*-algebra for all A € C. We assume this f-structure to be com-
patible with the monoidal structure on C in the sense that ® : C x C — C is a {-functor (i.e. fo® =
® o 1) with unitary coherence data'’. In this case, we call C a unitary fusion category [41].

We assume the above structures to be compatible with one another in the sense that V:C — C? is a
t-functor with unitary coherence data. In this case,

A
€4 =
(AY)Y (4¥)Y

defines a canonical pivotal structure on C. A dual structure of this type is called a unitary dual structure.
There exists a unique unitary dual structure V on C such that (40) is spherical [42]. In the following, we
assume C to be a unitary fusion category equipped with the unique unitary dual structure such that the
associated canonical pivotal structure (40) is spherical.

2.2. Tube algebra

Given the symmetry category C, we can associate to it its tube algebra Tube(C), which captures the link-
ing action of topological line defects on twisted sector local operators in two dimensions. As a vector
space, the tube algebra decomposes into a direct sum [16, 43]

Tube(C) = € Tube(C)yy . (41)

[X], [Y] € m(C)

where the summand associated to simple lines X,Y € C is given by the quotient space

Tube (C)yy = @Homc (ARX,YRA) / ~ (42)
AecC

of local intersection morphisms

12 'We collectively refer to any natural coherence isomorphisms as coherence data in what follows. In the above case, the coherence data
associated to the product © is given by the associator and left and right unitor isomorphisms.

8
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We denote the equivalence class of morphisms (43) by

A
(*4X) € Tube(C)x.y - (45)

As a vector space, Tube(C)y,y is isomorphic to

Tube(C)yy = €P Home(AQX,Y®A), (46)
Al €m(0)

which shows that the tube algebra is finite-dimensional. The algebra multiplication is induced by

which we denote by

ERYy o (24X Gy (220 (48)

on the generators of Tube(C). The tube algebra further admits an antilinear involution * : Tube(C) —
Tube(C), which is induced by [17]

Y . X
@ > £ (49)
ASTX Al Y

and which we denote by

on the generators of the tube algebra.

2.3. Examples

We conclude this section with examples of unitary fusion category symmetries and *-representations of
their associated tube algebras. We discuss anomalous invertible group-like symmetries as well as non-
invertible symmetries of Tambara—Yamagami and Fibonacci type.

2.3.1. Group symmetry

We first consider the symmetry category C = Hilb corresponding to a finite group G with 't Hooft
anomaly [w] € H’(G, U(1)). Simple objects in C are given by group elements g € G that fuse according
to the group law of G with associator

(g-h) -k 2D,

The duals and dimensions of simple objects are given by ¢" = ¢~ ! and dim(g) = 1, respectively. This
symmetry category is unitary for all G and w.

g (h-k) (51)

Tube algebra: As discussed in [8, 9], the tube algebra of C = Hilb; is the twisted Drinfeld double
[44—46]

Tube (Hilbg) = D¥(G) . (52)

9
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92 { x
The latter has generators § ) (where g,x € G and we denoted by 8x := gxg~! the conjugation action
of g on x), whose algebra multiplication is given by

Edoy o (Y = 6,y o) - (G (53)

Here, we defined the multiplicative phase

w(g,h,x) w (ghx,g, h)

7 (w) (g,h) = o (g ) (54)

known as the fransgression of the 't Hooft anomaly w. As a result of the cocycle condition for w, it
satisfies
T (B, k) - 7 (g, k)

(dT)x (ga h7k) = ™ (thC) T (g,]’l) =1, (55)

which ensures that the algebra multiplication (53) is associative. Using (49), the x-structure on D“(G)
can be computed to be

—1

EFDT = ) - (@) (56)

where we defined the multiplicative phase

pe(g) =77 (g78) - (57)
As a consequence of (55), it satisfies
pe(7') = neey ()  and  dp =7/7, (58)
where we defined the 2-cocycle
Te(gh) = iy (Wg") (59)

This ensures that the #-structure (56) is involutory and compatible with the algebra multiplication.

Tube representations: In order to classify irreducible x-representations R of D¥(G), we use the equival-
ence (33) as well as the fact that [36, 47]

Z(HibZ) = O Rep™“(Gy), (60)
[x] € CI(G)

which shows that we can label each such R by a pair (x,p) consisting of

1. a representative x of a conjugacy class [x] € Cl(G),

2. an irreducible representation p of the centraliser G, of x with projective 2-cocycle 7(w) €
Z*(Gy, U(1)).

The associated irreducible representation R = R, ,) of D“(G) can be constructed via induction [48]:
To this end, we fix for each y € [x] a representative r, € G such that ")y = x (with r, := e). Using these,
we can define

8y = Ty 'g'r;l € Gy (61)

for all g€ G and y € [x]. If we denote by V the Hilbert space underlying the (projective) representation p
of Gy, then R, , acts on the Hilbert space H with G-grading

M, = {v ify € [x] (62)

0 otherwise

10
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via the induced tube action

Rz.p) (<‘/—$—J>) = #y(9) - p(gy) ; (63)

where we defined the multiplicative phase

Ty (’(Sy) 73)

Ky (g) = : (64)
g Ty (gyv ry)
As a consequence of (55), it satisfies
ry (gh) T (80 hy)

which ensures that R(, ,) respects the algebra multiplication of D“(G). It is straightforward to check
that R, ) is a *-representation of D (G) if and only if p is a unitary projective representation of G,.
Since every finite-dimensional representation of a finite group is equivalent to a unitary one, this shows
that all irreducible representations of D“(G) are *-representations as expected.

2.3.2. Tambara—Yamagami symmetry

As a second example, let us consider a symmetry category C = TY)"” of Tambara—Yamagami type [49],
which is specified by the following pieces of data:

1. A finite abelian group A,

2. a non-deg. symmetric bicharacter y : A x A — U(1),

3. a square-root s of 1/|A|.

The simple objects of C consist of group elements a € A together with a non-invertible defect m,
which are subject to the fusion rules

aRb=a-b, a@m=mQa=m, m®m=@a. (66)
acA

The non-trivial components of the associator are

(a®m)®bMﬂ® m®b),
=m =m
(m®a)@m x(a,b) - id, m® (a®m)

_ b _
— My f@b,
beA beA

(m®m)@m s~@ , x* (a,b) - id,, Mm® (m@m)

= m ’ = @m . (67)

acA beA

The duals of simple objects are a” = a~! and m" = m. Their dimensions are dim(a) = 1 and dim(m) =
v/|A|. This symmetry category is unitary for all A, x and s.

Tube algebra: The tube algebra of C = TYX" has the following types of generators:
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where a,x,y € A. Using (47), their algebra multiplication can be determined to be

8
8

8
3 —¢-o
8
~—
O
Q —e-C

P

S S
§+@+

< 8
~ ~—

o O
N N N
< = 8

8 8 8
S~ S S

Il

=

—

8

8

~

~

<

‘k"

~

<F
<
=
o

(mfmy o (mym) — 3 (q,b) - (mYmy, (69)
(mfmy o (mfmy — (mmy o m{my

= X(aa ab) : <ﬂ%> )
(o (i = W x(a,b)
DIRUCILRC R

Using (49), the x-structure can be computed to be

a * a

8
1
8

*

‘{d
8
Il
=
8
s
—~
)
S +3
<
~

a

3
3+
3

m * n

e+
1)
() = X)) o
)

T

Associativity of the algebra multiplication as well as its compatibility with the *-structure then holds as
a consequence of the character identity

ﬁ > x(ab) = . (71)

acA

Tube representations: Using the equivalence (33), we can find the irreducible *-representations of
Tube(TYX") from the classification of simple objects in the Drinfeld centre of TYX” [50]. Concretely,
there are 1 |A|-(|A| +7) irreducible representations of Tube(TY} ), which can be grouped into the fol-
lowing three categories:

e There are 2-|A| one-dimensional representations R labelled by elements x € A, which act on the
non-trivial twisted sector H, = C via

() = oA,

where A, is a square-root of x*(x,x) € U(1).

12
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e There are 2-|A| one-dimensional representations R?f labelled by antiderivatives'® p of y, which act on
the non-trivial twisted sector H,, = C via

BE((24m) = o',

. (73)
RE(E)) = 5 (,)  pla™),
where A, is a square-root of s- >~ _p*(c) € U(1).
e There are 1|A|-(JA| — 1) two-dimensional representations R, labelled by distinct elements x,y € A,
which act on the twisted sectors H, = H, = C via
X ¢ €T a7 0
Ra., (<+>) _ (X( ) Y) 0) 7
a 0 O
y ¢ u\N)
Ra.y (<+>) o ( 0 X(a,x)) ’
(74)
m 1 0 0
rofe52) = (10 1).
AT s \X"(z,y) 0
m 1 (01
LTI .
Rw>y(< >> - E'(o 0) '
It is easy to check that all of the above are *-representations as expected. In the case A =7, and s =
1/+/2, this reproduces the Ising symmetry category and its known action on twisted sector local operat-
ors in the two-dimensional critical Ising CFT [51, 52].
2.3.3. Fibonacci symmetry
As a last example, we consider a symmetry category C with only two simple objects, 1 and 7, whose
fusion rules are given by
TRT = 1HT. (75)
The pentagon equation then admits the following solution for the associator [53],
1d1 0
(TRT)®T 0 A- ldT TR(T®T)
=19 > i —1¢7r%, (76)

where the self-inverse (2 x2)-matrix A is given by

A= (‘“ 1/’\> . (77)

—a\  a

Here, a € R is one of the two solutions of the quadratic equation a’> = a+ 1 given by

ar = % (1i\/§) : (78)

where a; = —1/a_ = 1.62 is the golden ratio. Furthermore, A € C* is a gauge parameter that describes
a family of equivalent fusion categories for fixed a. Up to equivalence, there are hence only two distinct
fusion categories with fusion rules (75) — the Fibonacci and the Yang-Lee category—which we denote by
Fib* and Fib~ and which correspond to choosing @ = a_ and a = a.., respectively. The reason for this

13 An antiderivative of x is a map p : A — U(1) such that (dp)(a,b) := p(a) - p(b) - p* (ab) = x(a,b) for all a,b € A. Since x is sym-
metric, such a p always exists and the set of all antiderivatives forms a torsor over AV = Hom(A, U(1)). This shows that there are
|AV] = |A] antiderivatives of .

13
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(perhaps confusing) notation is that the dimension of the non-invertible self-dual object 7 in each case
is given by

1 >0 forFib™
dim(7) = — - = “ o 1 . (79)
a a_ <0 forFib
Since the matrix A is unitary if and only if
1
AP =—=, (80)
a

we see that only Fib™ can be made unitary, whereas Fib~ represents its non-unitary counterpart.

Tube algebra: The tube algebra associated to Fib™ is spanned by seven generators

) i (81)

= ) + o ),
=) o (5 = a4 + ()

*
Il
~
—-
—-3
—_
~—

Il
|
S

N N N N
=

3 \‘+
3

~ S~ S~ S~ S~
I
|
Q

*
I
7~
3
—-
=
N
~
+
S|
P I
+\‘
3
S
N
~

14 Although Fib™ is not unitary, (83) still defines an antilinear involution on Tube(Fib ™). However, this *-structure is no longer posit-
ive w.r.t. the canonical linear functional F as in (13).

14
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where again a = a_ for Fib" and a = a, for Fib™. Associativity of the algebra multiplication as well as
its compatibility with the *-structure can be checked to hold as a consequence of the identity a*> = a+ 1.

Tube representations: There is a total of four irreducible representations of Tube(Fib®), which can be
described as follows (here, a = a. for FibT):

e There is a one-dimensional representation R; acting on the twisted sector H; = C via

R () = —2. (84)

This is a *-representation for both Fib®.

e There are two one-dimensional representations R acting on the twisted sector ., = C via

RE(HD) = o=
RE() = o (7).

(85)

where x4 are the two solutions of x> +x+ a> =0,

1 / 3
— _ 4. e 86
X4 2:t1 a+4 (86)

which are related by x_ = (x;)* and x, - x_ = a®. These are *-representation for both Fib™.

o There is one two-dimensional representation R; » acting on the twisted sectors H; = H, = C via

()
() - (
Rir () = (O az)v (57)
(1) =
()

Il
> =
TN
o o
—
o |
~
S
~

Here, A € C* is a gauge parameter that describes equivalent representations of Tube(Fibi). One can
check that these are x-representations if and only if

1
‘/\‘2 = T (88)
a

which admits a solution only when a =a_ (in which case —1/a_ = ay > 0). Consequently, we
see that the non-unitary Yang-Lee category Fib™~ has a tube representation which is not a *-
representation.

3. Three dimensions

In this section, we review the construction of the tube algebra Tube(C) associated to a fusion 2-category
C as introduced in [9]. We describe its canonical *-structure and classify irreducible *-representations in
several examples related to higher group symmetries.

15
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3.1. Preliminaries

In three dimensions, the finite (bosonic) generalised symmetries of a quantum field theory are described
by a fusion 2-category C [28], whose objects A, B € C are topological surface defects, 1-morphisms ¢, :
A — B are topological line interfaces and 2-morphisms © : ¢ = 1 are topological junctions:

A|_+LB. (89)

The monoidal structure ® : C x C — C captures the fusion of topological surfaces, their interfaces and
junctions:

Cldy D: AeC| fe®u (90)

We further assume the following structures on C:

1. Dual structure: A dual structure on C allows us to bend both topological surfaces and lines around.
Concretely, it consists of the following pieces of data:
e A choice of dual object AV € C for every object A € C together with evaluation and coevaluation
1-morphisms

A

Av.{ R evy COG\'AA\/ (91)
A

-==[x

and cusp and casp 2-isomorphisms

COEVy

satisfying swallowtail relations [28]. The assignment A — A" then extends to a lop-monoidal 2-
functor V : C — C'°P. A pivotal structure on C is a natural isomorphism ¢ : V2 = idc.

e A choice of an adjoint 1-morphism o : B— A for every 1-morphism ¢ : A — B in C together with

unit and counit 2-morphisms
e @ (93)
AV B A

satisfying suitable snake or zig-zag relations. The assignment ¢ +— @ then extends to a monoidal
2-functor'® A : C — C*°P acting as the identity on objects. A 2-pivotal structure on C is a nat-
ural isomorphism = : A? = id¢ with trivial component 1-morphisms. Using this, the left and

15 We denote by C?° the 2-category with the same objects and 1-morphisms as C and 2-morphisms given by 2Hom gy (¢, 1) =
2Home (), ¢) for all 1-morphisms ¢ and ).

16
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right traces of a 2-endomorphism © € 2End¢ () of a 1-morphism ¢ : A — B are defined by'®

ug©) = |[{(B)e| .

(94)

s

trp(®) = p{A)

5

A dual structure on C is called spherical if it is equipped with pivotal structures such that
the associated front and back traces of 2-endomorphisms © € 2Endc(id4) agree [28], i.e.

Trp(0) = é;»A L A€> = Trp(®) . (95)

In this case, we define the dimension of an object A € C by dim(A) := Trp/5(Id;q, ). Similarly, we set
dim(¢) := Trp/p(try /r(Id,)) for any morphism ¢'’.

2. Dagger structure: A f-structure on C allows us to reflect topological junctions
about a fixed hyperplane. Concretely, there is a 2-functor 1 : C — C?°P that acts as
the identity on objects and 1-morphisms and anti-linearly on 2-morphisms via

(% ¥
AL_t¥ |B A| t¥ | (96)

such that 1* = id¢ and 2Endc () is a C*-algebra for all 1-morphisms ¢ in C. Furthermore, we
assume all higher coherence data'® associated to C as a 2-category to be unitary. This turns C into

a f-2-category in the sense of [54, 55]. We assume the {-structure to be compatible with the mon-
oidal structure on C in the sense that ® : C x C — C is a {-2-functor'’ with unitary higher coherence
data.

X
X
>

As before, we assume the above structures to be compatible with one another in the sense that both V :
C —C'"P and A : C — C?°P are 1-2-functors with unitary higher coherence data. In this case,

B A«

= (B NP f¢ (97)

B

X
€y ©

A

defines a canonical 2-pivotal structure on C. Furthermore, we assume the pivotal structure £ to have
unitary higher coherence data. We call a dual structure of this type a unitary dual structure. In what fol-
lows, we assume C to be a unitary fusion 2-category equipped with a spherical unitary dual structure.

3.2. Tube algebra

Given the symmetry 2-category C, we can associate to it its tube algebra Tube(C) [9], which captures the
linking action of topological surface defects on twisted sector local operators in three dimensions. As a
vector space, the tube algebra decomposes into a direct sum

Tube (C) = @ Tube (C)

[u],[v]€m(C)

(98)

v

16 Note that tr; (©) € 2End (ida) whereas trg(©) € 2Endc (idg).
17 Here, we use the fact that Trp(tr; () = Trr(trr (©)) for any 2-endomorphism © and similarly for the back trace [28].

18 We collectively refer to any natural coherence 2-isomorphisms as higher coherence data in what follows. In the above case, the higher
coherence data associated to C as a 2-category is given by the associator and unitors for the composition of 1-morphisms.

19 A 2-functor F: C — C between two 1-2-categories C and C” is called a t-2-functor if ' o F = F?°P o { and all associated higher
coherence data is unitary.

17
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where the summand associated to simple lines 1, € QC is given by the quotient space”’

Tube(C), , = @ZHomc A®u,v®A) / ~ (99)
AeC

of local intersection 2-morphisms

A / ! (100)

TV ~ B /\@T)V (101)

CASY

4 4
We denote the equivalence class of 2-morphisms (100) by
Tube(C),, = €D 2Home (A@u,v@A) /~, (103)
(Al € mo(C)
As a vector space, Tube(C),, ,, is isomorphic to
Tube(C),, , = @ 2Home (A®p,v®A) [ ~, (103)

[A] € m(C)

which shows that the tube algebra is finite-dimensional. The algebra multiplication is induced by

7 (104)
By
b
which we denote by
LA -y ,ABE
S e A e e T e e (105)

on the generators of Tube(C). The tube algebra further admits an antilinear involution * : Tube(C) —
Tube(C), which is induced by*’

v Ha_
A<T7 l AV% (106)
tu v¥

20 For brevity, we often denote the identity 1-morphism of an object A € C by the same letter A. Similarly for the identity 2-morphism
of a I-morphism ¢ in C.

21 Here, we implicitly make use of the adjoint structure on C.

22 Here, we implicitly make use of the dual structure on C.

18
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and which we denote by

" = EFD (107)

on the generators of the tube algebra.

3.3. Examples
We conclude this section with examples of unitary fusion 2-category symmetries and *-representations
of their associated tube algebras in the context of higher group symmetries in three dimensions.

3.3.1. Group symmetry

Let us first consider the fusion 2-category” C = 2Hilb(; corresponding to a finite group symmetry G

with 't Hooft anomaly [7] € H*(G, U(1)). In this case, the associated tube algebra is simply the group
algebra C[G] of G with x-structure given by inversion [9]. In particular, *-representations of the tube
algebra are unitary representations of G. We now aim to rederive this result using higher S-matrices.

Drinfeld centre: As shown in [29], the Drinfeld centre of C (as a linear 2-category) decomposes as

Z(2HibY) = P 2Rep™™(Gy) , (108)
[x] € CI(G)

so that the simple objects can be labelled by pairs (x,0) consisting of a representative x € G of a con-
jugacy class [x] € Cl(G) together with an irreducible 2-representation [57-59] o of the centraliser G, of x
with projective 3-cocycle 7() € Z*(G,, U(1)). Here, we defined the transgression of the 't Hooft anom-
aly 7 by

Q (g7 ha ka x) " (ga hkxvhvk)

. 109
(g, o, k) - (g, ) (109)

() (g b, k) =

The monoidal unit of Z(C) is given by 1 = (e, 1), where e € G is the identity element and 1 is the trivial
2-representation of G. In order to compute the connected components, we use the fact that

2Rep® (H) = Mod (Hilby) (110)

for any finite group H and 3-cocycle o € Z*(H, U(1)), which, since Mod(B) is connected for any B [15,
28], shows that the connected components of Z(C) are in 1:1-correspondence with the conjugacy classes
of G, i.e.

70 (2 (2HIbE)) = CI(G) . (111)

Moreover, using that gauging a G-symmetry in three dimensions leads to topological Wilson lines
[60—64],

Endorep(e) (1) = Rep(G) , (112)
we see that the fundamental hypergroup of Z(C) is
m (Z (2Hilbg)) = Irr (Rep (G)) . (113)

In particular, since the number of conjugacy classes equals the number of isomorphism classes of irredu-
cible representations, we see that |mo(Z(C))| = |m(Z(C))|.

S-matrix: The S-matrix of Z(C) is the square matrix

S: CI(G) x Irr (Rep (G)) — C (114)

23 Here, we denote by 2Hilb the 2-category of 2-Hilbert spaces in the sense of [56], viewed as a t-2-category in the sense of [54, 55].
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that computes the character table of G [14], i.e.

Tr(p(x))
SEL = “im (p) (115)
In order to simplify notation, we set
n := |Cl(G)| = |Irr(Rep) (G) | (116)

and fix for each i € {1,...,n} a representative x; € G of the corresponding conjugacy class [x;] € Cl(G)
as well as a representative p; € Rep(G) of the corresponding isomorphism class [p;] € Irr(Rep(G)) of
irreducible representations of G. Furthermore, we denote by G; := G,, the centraliser of x; and by

Xi := Tr(p;(.)) the character associated to the irreducible representation p; (whose dimension we denote
by d; := dim(p;)). Using this, the S-matrix is the (n x n)-matrix with entries

o _ X (xi)
S’] — S[M‘L[pj] = d] (117)
As a consequence of the properties of characters such as the character orthogonality relations
n 1 X
D e () X () = 6, (118)
=1 |Gl
|
Gl >k () () = 0, (119)
1ok=1
the S-matrix has the following properties:
@ It is invertible with inverse given by
(s7h). = LI (x;) - (120)
i G W
@ It satisfies Siv,; = (S;)*, where i € {1,...,n} is such hat [x;v)] = [(x) '] € CI(G).
® It satisfies the Verlinde formula
Siw-Sje = Y _N§- S, (121)
k=1
where the hypergroup coefficients ij € C are
N 1 1 .
b= > (8 X () X (8) - (122)
Gl 2 d,
Tube idempotents: As described in section 1.2, the S-matrix allows us to establish an equivalence
between the category of *-representations of the tube algebra and
Q(Z (2Hilbg)) = Rep(G) (123)

via minimal central idempotents. Concretely, using (32), the minimal central idempotent associated to
an irreducible representation p € Rep(G) is computed to be

g
e, = M'Zx}i(@-g, (124)
6l &=

which reproduces the well-known formula for minimal central idempotents in the group algebra
C[G] [65].
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3.3.2. 2-group symmetry

As a second example, let us consider C = 2Hilbg corresponding to a finite anomalous 2-group symmetry
(38, 39] G = A[l1] X4 G that is specified by the following data:

1. a finite 0-form symmetry group G,

2. a finite abelian 1-form symmetry group A,

3. a group action’® >: G — Aut(A),

4. a Postnikov class [a] € H2 (G, A),

5. a mixed 't Hooft anomaly [A\] € H2 (G,AY).

Tube algebra: As demonstrated in [9], the tube algebra associated to 2Hi1b23\ is the twisted groupoid

9a % a
algebra C=(M[A//G] with generators (H5%) WeGacd (g € G, a € A) that multiply according to

g

hy I oh h
B o (BEL) = bum - (g, h) - (L), (125)

where we defined the multiplicative phase

ea(N) (g.h) = (A(g,h),*"a). (126)
As a result of the cocycle condition for A, it obeys

€a (hv k) ‘Ea (g’ hk)
d ,h,k = =1, 127
( E)u (g ) €4 (gh, k) i 5(ka) (g7 h) ( )

which ensures that the algebra multiplication in (125) is associative. Using (106), the x-structure can be
computed to be

&gié—ay = pal(g) - <a—éﬁ>, (128)

where we defined the multiplicative phase

pa(g) = ce;(g7".8) - (129)
As a consequence of (127), it satisfies
fa(g™') = (@ and  du = E/e, (130)
where we defined the 2-cocycle
Ealgh) = lug (hg71) (131)

This ensures that the *-structure (128) is involutory and compatible with the algebra multiplication.
As in the case of an ordinary group, we now aim to construct #*-re-presentations of this algebra using
higher S-matrices.

Drinfeld centre: In order to determine the Drinfeld centre of C = 2Hilbé, we use the fact that we can

gauge the 1-form symmetry A to obtain a pure 0-form symmetry G given by the group extension [60—
64, 66]

G =AY %\ G, (132)

24 We will henceforth denote the action of a group element g € G on a € A by g>a =: %a. Furthermore, we set af := (g~ ') > a.
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which as a set is AY x G with multiplication defined by

(/J,,g)-(mh) = (/1,~gy~)\(g,h),g-h) . (133)

This symmetry then has an 't Hooft anomaly parametrised by the 4-cocycle (., ) € Z*(G,C*) defined
by

Using the gauge invariance of the Drinfeld centre,

2 (2Hibg ) = Z(2HibL ), (135)
we can then trace back the centre of the 2-group symmetry G to the computation of the centre of an
ordinary group symmetry as in (108). Concretely, the homotopy components of Z (2Hilbg) can be

described as follows:

e The connected components of Z (2Hilbé) are in one-to-one correspondence with the conjugacy
classes of G =AY x,G. To describe the latter, we note that

019 (x,2) = (5 (/) 7elg) %) (136)

for any (11,2), (x,x) € G, where we defined the transgression of the 't Hooft anomaly A by

A(gx)
x(A)(g) = : 137
RN = T (157)
As a consequence of the twisted 2-cocycle condition obeyed by A, it satisfies
81 (h)] - Ty (8) A(g,h)
ar) (g.h) = = 2 138
( T)x (g ) Tx (gh) (ghx))\ (g’ h) ( )
Upon defining the subgroup A, := {a € A|*a = a} and using the canonical identification
A\/
(A" (139)

{u/ulpeAvy =

this shows that we can label the connected components of Z (2Hilbé) by equivalence classes of pairs
(x,X) consisting of a group element x € G and a character x € (A,)", where two such pairs (x, x)
and (x’,x’) are considered equivalent if there exists a ¢ € G such that

! !/

x' =&, x' =8 7(9) - (140)

We will denote the equivalence class of (x,x) by [x,x] in what follows.

e The fundamental hypergroup of Z (2Hilbg) is given by the set of isomorphism classes of irreducible
representations of G =AY 1, G. By induction, these can be labelled by pairs (a,p) consisting of

1. a group element a € A, viewed as a character on the Pontryagin dual group AY,

2. an irreducible representation p of the stabiliser G, := {g € G|%a = a} of a with projective 2-co-cycle
(\.a) € Z2(G,, U(1)).

The corresponding irreducible representation 7 of G is then given by

5= Indgu(a@)p) , (141)
where we defined G, := AY % G,. Two such pairs (a,p) and (a’,p’) are considered equivalent if
and p’ are equivalent as representations of G. More concretely, (a,p) and (a’,p’) are equivalent if

there exists a g € G such that

a' =%, p = (og,%a) @9, (142)
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where we defined the multiplicative factor

o, (\) (h) = A8 (143)

As a result of the 2-cocycle condition for ), it obeys

"og(k)] - o () _ A(hk)
o (hk) e\ (hg,ks)

(do) (h,k) := (144)

which ensures that (142) defines an equivalence relation. We will denote the equivalence class of (a, p)
by [a,p] in what follows.

S-matrix: Using the above, the S-matrix associated to Z (2Hilbé) is the square matrix that is indexed by
equivalence classes [x, x| and [a, p] with entries

Trp (%)
Stxllasl = gim (5)

(145)

where p = Ind¢ cla®p) e Rep(G) and g = (x,x) € G. Using the character formula for induced

representations,
1
Tr = T Tru (gx) y (146)
P Ga Z ®p
ge G:
3G,
as well as the character orthogonality relation
= dpc, 147
A Av| o b, (147)
nEAY
we can then compute that the S-matrix is given by
Sxxdfap] =
1
. (g),a) - Tr, (%) - x (af) . 148
geG:
% €G,

In particular, it satisfies properties @3, as is clear from its expression as a character table (145).

Tube representations: Using the above expression for the S-matrix and (32), we can compute the min-
imal central idempotents in C**)[A//G] to be

€(a.p)
dim(p) Tyt (9 . (oAt (149)
|G |2 ’ Z <Tw(g)va> : I‘p( I) ' Q_E_ )
@ z,9€G:
gxgeGa

where, as before, the label (a,p) consists of

1. a group element a € A,
2. an irreducible representation p of G, with projective 2-cocycle £,(\) € Z2(G,, U(1)).

In particular, since there is a one-to-one correspondence between minimal central idempotents and
irreducible representations of the tube algebra, we see that the latter are labelled by the same data (a, p).
Concretely, the irreducible representation R, ,) corresponding to (a,p) can be constructed via induc-
tion: To this end, we fix for each b € [a] in the G-orbit [a] C A a representative r, € G such that ()b =a
(with r, = e). Using these, we can define

& = 1) g1, € G, (150)
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for all g€ G and b € [a]. If we denote by V the Hilbert space underlying the (projective) representation p
of G, then R(, ) acts on the Hilbert space H with A-grading

"y — {v ifb € [a] (s

0 otherwise

via the induced tube action

Ra.p) (ﬁié—b» = wu(9) - p(gs) 5 (152)

where we defined the multiplicative phase

&b (), 8)
K = ———r (153)
b (&) € (87p
As a consequence of (127), it satisfies
ki (h) - Koy () _ & (g, h) (154)
Ky (gh) €a (gnyhn)

which ensures that R(, ) respects the algebra multiplication. As in the two-dimensional case, it is
straightforward to check that R, ,) is a x-representation if and only if p is a unitary projective repres-
entation of G,. Since every finite-dimensional representation of a finite group is equivalent to a unitary
one, this shows that all irreducible representations of the tube algebra are *-representations as expected.

4, Discussion

In this note, we generalised the notion of unitary actions of global symmetry groups on local operators
to the action of higher fusion category symmetries C on twisted sector operators in arbitrary spacetime
dimension. We motivated that the latter transform s*-representations of the tube algebra Tube(C) associ-
ated to C, which is expected to be a C*-algebra provided that the symmetry category C is unitary in an
appropriate sense. In particular, C needs to be equipped with a f-structure that implements reflections of
top level morphisms (local defects) in C. We then classified all irreducible *-representations of Tube(C)
using the Symmetry TFT and its associated higher S-matrices.

A natural question to ask is how the above generalises to the action of higher fusion category sym-
metries on extended observables. In the case of invertible symmetries, this was discussed in [67], where
line operators in D > 2 were shown to transform in unitary 2-representations of a global 2-group sym-
metry. This required the usage of higher f-structures that implement reflections of topological defects
beyond the top level of morphisms. In the general case, we hence expect the symmetry category C to be
equipped with a higher f-structure that is compatible with the higher duality and coherence data asso-
ciated to C [23]. As a result, the higher tube algebras of C [9] are expected to inherit the structure of
higher C*-algebras, whose higher *-representations capture the action of C on extended observables. We
leave the exploration of these structures to future work.

More generally, one can consider unitary actions of the higher fusion category symmetry C on
boundary operators sitting on topological boundary conditions for C. In two dimensions, this was stud-
ied in [68, 69] (see also [70] for a Symmetry TFT perspective and [71-73] for earlier work on related
aspects), where boundary changing local operators were shown to transform in *-representations of a
generalised tube (or strip) algebra associated to C. Generalising these constructions to higher dimensions
will be the subject of future of work.
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