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Abstract— We propose a method to generate robust and
optimal trajectories for the transition of a tiltwing Vertical
Take-Off and Landing (VTOL) aircraft leveraging concepts
from convex optimisation, tube-based nonlinear Model
Predictive Control (MPC) and Difference of Convex (DC)
functions decomposition. The approach relies on computing DC
decompositions of dynamic models in order to exploit convexity
properties and develop a tractable robust optimisation that
solves a sequence of convex programs converging to a local
optimum of the trajectory generation problem. The algorithm
developed is applied to an Urban Air Mobility case study.
The resulting solutions are robust to approximation errors in
dynamic models and provide safe trajectories for aggressive
transition manoeuvres at constant altitude.

Keywords: Convex Optimisation, Tiltwing VTOL Aircraft,
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I. INTRODUCTION

This paper presents a robust MPC methodology for the
trajectory optimisation of VTOL aircraft. Although we con-
sider here the problem of tilt-wing aircraft transition, the
method described is equally applicable to tilt-rotors and
other forms of VTOL aircraft. One of the main challenges
associated with VTOL aircraft is stability and control during
transition between powered lift and wing-borne flight. This
can be problematic as the aircraft experiences large changes
in the effective angle of attack during such manoeuvres.
Achieving successful transitions requires robust flight control
laws along feasible trajectories. The computation of the flight
transition trajectory is a difficult NonLinear Program (NLP)
as it involves nonlinear flight dynamics.

Several approaches have been proposed for addressing this
problem In [1], trajectory optimisation for take-off is formu-
lated as a constrained optimisation problem and solved using
NASA’s OpenMDAO framework and the SNOPT gradient-
based optimiser. The problem of determining minimum en-
ergy speed profiles for the forward transition manoeuvre of
the Airbus A3 Vahana was addressed in [2], considering
various phases of flight (cruise, transition, descent). Forward
and backward optimal transition manoeuvres at constant al-
titude are computed in [3] for a tiltwing aircraft, considering
leading-edge fluid injection active flow control and the use of
a high-drag device. The main drawback of these approaches
is the computational burden associated with solving a NLP,
which makes them unsuitable for real-time implementation.

Another strategy to compute the transition relies on lineari-
sation and convex optimisation resulting in approximate but
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computationally tractable algorithms. In [4], the transition
for a tiltwing VTOL aircraft was computed using convex
optimisation by introducing a small angle approximation.
This provides a computationally efficient optimisation that
could potentially be leveraged online, e.g. for collision
avoidance or MPC. The obvious limitation of the approach
is the assumption of small angles of attack, which restricts
considerably the type of achievable manoeuvres.

While the method of [4] introduces a linearisation of
the dynamics, there is no consideration for the effect of
linearisation error on the dynamics. In this work, we propose
a solution based on a DC decomposition of the nonlin-
ear dynamics. This allows us to obtain tight bounds on
the linearisation error, which we treat as a disturbance in
a robust optimisation framework, exploiting an idea from
tube MPC [5]. The main idea is to successively linearise
the dynamics around predicted trajectories, considering the
linearisation error as a bounded disturbance. Due to the DC
form of the dynamics, the linearisation errors are convex and
can be bounded tightly since they take their maximum at the
boundary of the domain. Thus the trajectories of model states
can be bounded by a set of convex inequalities (or tubes
[6]). These inequalities form the basis of a computationally-
tractable convex tube-based optimisation for the trajectory
generation of VTOL aircraft.

The contribution of this research is twofold: i) we solve
an open problem in trajectory optimisation of VTOL aircraft
by allowing aggressive transitions at high angle of attack
while guaranteeing safety and computational tractability of
the scheme; ii) we make a connection between DC decom-
position and robust tube based optimisation and demonstrate
the applicability and generalisability of the procedure in [5].

This paper is organised as follows. We start by developing
a mathematical model of a tiltwing VTOL aircraft in Section
II. In Section III, we formulate the trajectory optimisation
problem and discuss a series of simplifications to obtain a
convex program, leveraging ideas from DC decomposition
and robust tube MPC. Section IV discusses simulation results
obtained for a case study based on the Airbus A3 Vahana.
Section V presents conclusions.

II. MODELING

Consider a longitudinal point-mass model of a tiltwing
VTOL aircraft equipped with propellers as shown in Figure 1
and subject to a wind gust disturbance. The Equations Of
Motion (EOM) are given in polar form by [4]

mV̇ = T cosα−D −mg sin γ, V (t0) = V0, (1)
mV γ̇ = T sinα+ L−mg cos γ, γ(t0) = γ0, (2)



Jw ïw = M, iw(t0) = i0, i̇w(t0) = Ω0, (3)

ẋ = V cos γ, ż = −V sin γ, (4)

where the control inputs are the thrust magnitude T and the
total torque M delivered by the tilting actuators, and the
model states are the aircraft velocity magnitude V , the flight
path angle γ (defined as the angle of the velocity vector
from horizontal), the tiltwing angle iw and its derivative i̇w,
and the position (x, z) with respect to inertial frame OXZ .
Additional variables are the lift force L, drag force D and
the angle of attack α.

Fig. 1. Force and velocity definitions for a VTOL aircraft

The following input and state constraints apply [4]

iw + θ = α+ γ, M ≤M ≤M, (5)

0 ≤ T ≤ T , 0 ≤ V ≤ V , (6)
V (t0) = V0 and V (tf ) = Vf , (7)

a ≤ V̇ ≤ a. (8)

Here θ is the pitch angle, defined as the angle of the fuselage
axis from horizontal. For passenger comfort, θ is regulated
via the elevator to track a constant reference θ∗ = 0.

In order to account for the effect of the propeller wake on
the wing, the flow velocity downstream is augmented by the
induced velocity of the propeller. This allows us to define the
effective velocity Ve and effective angle of attack αe seen
by the wing as [4]

αe = arcsin

(
V

Ve
sinα

)
, (9)

Ve =

√
V 2 +

2T

ρAn
. (10)

Assuming that the wing is fully immersed in the wake,
and that αe ≪ 1 to avoid operating the wing in dangerous
near-stall regimes (this will be verified a posteriori from sim-
ulation results), the lift and drag are modeled as follows [4]

D = 1
2ρS(a2α

2
e + a1αe + a0)V

2
e ≈ 1

2ρS(a1αe + a0)V
2
e ,
(11)

L = 1
2ρS(b1αe + b0)V

2
e , (12)

where S is the wing area, ρ is the air density, a0, a1, a2 and
b0, b1 are constant parameters.

III. CONVEX OPTIMISATION

This paper considers how to robustly generate minimum
power trajectories for the transition between powered lift and
cruise flight modes, suggesting the following objective

J =

∫ tf

t0

P/P dt, (13)

where P = TV cosα is the drive power and P = TV .
The optimisation problem consists of minimising (13) while
satisfying dynamical constraints, input and state constraints
(1)-(12). As such, this problem is a NLP and we thus
consider below how to reformulate the problem as a sequence
of convex programs. We introduce 4 key manipulations to do
so: i) assuming that a path is known a priori, we introduce a
change of differential operator to integrate the EOM over
space, thus simplifying the structure of the problem; ii)
to reduce the couplings between the optimisation variables,
we combine both EOM to separate the optimisation of the
velocity and torque from the other variables, allowing us
to solve 2 smaller optimisation problems sequentially and
accelerate computation; iii) we discretise the problem; iv)
we approximate the nonlinear dynamics by a difference of
convex functions and exploit the fact that convex functions
can be bounded tightly by convex and linear bounds.

A. Change of differential operator

Assuming that a path (x(s), z(s)) parameterised by the
curvilinear abscissa s is known a priori (which is usually the
case in a UAM context where flight corridors are prescribed)
and applying the change of differential operator [7] d

dt =
V d

ds ,∀V ̸= 0, the dynamics in (1)-(3) becomes

1
2mE′ = T cosα− 1

2ρS (a1αe + a0)
(
E + 2T

ρAn

)
−mg sin γ∗,

(14)

mEγ∗′ = T sinα+ 1
2ρS (b1αe + b0)

(
E + 2T

ρAn

)
−mg cos γ∗,

(15)

Jw(
1
2E

′i′w+Ei′′w) = M, iw(s0) = i0, i
′
w(s0)

√
E(s0) = Ω0

(16)

where d ·
ds = ·′ and E = V 2. The flight path angle γ∗ =

arctan (−dz/dx) is known a priori from the path.

B. Problem separation
We next reduce the couplings between the states and

inputs in the EOM (14)-(16) by eliminating the angle of
attack from the formulation and separating the optimisation
into two subproblems as follows. Let λ = a1/b1, then the
combination (14) + λ(15) yields

1

2
mE′ + (λmγ∗′ +

1

2
ρS(a0 − λb0))︸ ︷︷ ︸

c(γ∗′)

E +mg(sin γ∗ + λ cos γ∗)︸ ︷︷ ︸
d(γ∗)

= T cosα+ λT sinα− S⋆(a0 − λb0)T︸ ︷︷ ︸
τ

, (17)

where S⋆ = S
An and τ is a virtual input defined by

τ = T cosα+ λT sinα− S⋆(a0 − λb0)T. (18)



The state and input constraints in (6)-(8) can be rewritten as

0 ≤ E ≤ V
2
, a ≤ E′/2 ≤ a, 0 ≤ τ ≤ T , (19)

E(s0) = V 2
0 and E(sf ) = V 2

f . (20)

In the thrust constraint in (19), τ was chosen as a proxy for T
since λ≪ 1, and S⋆(a0−λb0)≪ 1, implying τ ≈ T cosα.
This results in the constraint τ ≤ T being a relaxed version
of the original (we note that the original thrust constraint is
inactive in practice – see Section 5). Likewise, the minimum
power criterion in (13) can be approximated by a convex
objective function under these conditions. By the change of
differential operator we obtain

J =

∫ sf

s0

τ/P ds. (21)

Since γ and γ′ are prescribed by the path, (17) is a linear
equality constraint and the following convex optimisation
problem can be constructed to minimise (21) subject to (17),
(19) and (20) as follows

P1 : min
τ, E, a

∫ sf

s0

τ/P ds,

s.t.
1

2
mE′ + c(γ∗′)E + d(γ∗) = τ,

0 ≤ τ ≤ T , a ≤ 1

2
E′ ≤ a,

0 ≤ E ≤ V
2
, E(s0) = V 2

0 , E(sf ) = V 2
f .

Solving P1 yields the optimal velocity profile along the
path and provides a proxy for the optimal thrust. However, a
tiltwing angle profile that meets the dynamical constraints
and follows the desired path with γ ≈ γ∗ must also be
computed. To achieve this we use the solution of P1 to
define a new optimisation problem with variables γ, α, iw,
and M satisfying the constraints (5), (16) and, using (18) to
eliminate the thrust in (15),

mEγ′ = τ sinα−mg cos γ

+
1

2
ρS

[
b1 arcsin

( √
E sinα√
E + 2τ

ρAn

)
+b0

](
E+

2τ

ρAn

)
,

= f(α,E, τ)−mg cos γ, (22)

in which the objective is to minimise the cost function

Jγ =

∫ sf

s0

(γ − γ∗)2√
E

ds. (23)

Note that only the two EOM (15) and (16) are needed to
construct this new problem since the linear combination
(14) + λ (15) is enforced with τ and E prescribed from

problem P1. We thus state the following optimisation

P2 : min
α, γ, iw,M

∫ sf

s0

(γ − γ∗)2√
E

ds

s.t. mEγ′ = f(α,E, τ)−mg cos γ,

Jw(
1
2E

′i′w + i′′wE) = M, iw(s0) = i0,

i′w(s0)
√
E(s0) = Ω0,

iw = α+ γ,

M ≤M ≤M, α ≤ α ≤ α

γ ≤ γ ≤ γ, iw ≤ iw ≤ iw,

and reconstruct the input T and state V a posteriori using
(18) and V =

√
E. Given the solution of both problems as

functions of the independent variable s, the final step is to
map the solution to time domain by reversing the change of
differential operator and integrating t(ξ) =

∫ ξ

s0
ds

V (s) .

C. Discretisation

To obtain computationally tractable problems, we consider
N+1 discretisation points {s0, s1, . . . , sN} of the path, with
spacing δk = sk+1 − sk, k = 0, . . . , N − 1.

Assuming a path sk → (xk, zk), the prescribed flight path
angle and rate are discretised as follows

γ∗
k = arctan

(
− zk+1 − zk
xk+1 − xk

)
, k ∈ {0, . . . , N − 1}, (24)

γ∗′
k =

{
(γ∗

k+1 − γ∗
k)/δk, k ∈ {0, . . . , N − 2},

γ∗′
N−2, k = N − 1.

(25)

The resulting discretised versions of P1 and P2 are

P†
1 : min

τ, E, a

N−1∑
k=0

τk/P δk,

s.t. Ek+1 = Ek +
2δk
m

(τk − c(γ∗′
k )Ek − d(γ∗

k)),

0 ≤ τk ≤ T , a ≤ Ek+1 − Ek

2δk
≤ a,

0 ≤ Ek ≤ V
2
, E0 = V 2

0 , EN = V 2
f ,

P†
2 : min

α, γ,
iw, ζ,M

N−1∑
k=0

(γk − γ∗
k)

2

√
Ek

δk

s.t. γk+1 = γk +
δk
mE

(fk(αk, Ek, τk)− fγk
(γk)),

iw,k = αk + γk,

iw,k+1 = iw,k + ζkδk, iw,0 = i0,

ζk+1 = ζk

(
1− Ek+1 − Ek

2Ek

)
+

Mkδk
JwEk

,

ζ0
√
E0 = Ω0,

M ≤Mk ≤M, α ≤ αk ≤ α,

γ ≤ γk ≤ γ, iw ≤ iw,k ≤ iw.

where fγk
= −mg cos γk. The input and state variables are

reconstructed using

Tk =
τk

cosαk + λ sinαk − S⋆(a0 − λb0)
, Vk =

√
Ek,

(26)



and the time tk associated with each discretisation point is
computed, allowing solutions to be expressed as time series

tk =

k−1∑
j=0

δj
Vj

. (27)

We now have a pair of finite dimensional problems P†
1

and P†
2 , but the latter is still nonconvex due to the nonlinear

functions fk and fγk
in the dynamics. On a restricted domain

γk ∈ [−π/2;π/2], fγk
is a convex function of γk, making it

possible to derive tight convex bounds on fγk
(as discussed

in Section III-E). However, this is not the case with fk and
we now introduce a method to alleviate this limitation.

D. DC decomposition

Motivated by the fact that convex functions can be
bounded tightly by convex and linear inequalities (as in [5]),
we seek a decomposition of f as a Difference of Convex
(DC) functions: fk = gk − hk, where gk, hk are convex. A
DC decomposition always exists if fk ∈ C2 [8].

Note that since (Ek, τk) are obtained from problem P†
1 ,

the function fk(αk, Ek, τk) is single-valued (in αk) which
considerably simplifies the task of finding a DC decompo-
sition, and motivates the above approach of separating the
initial problem in two subproblems with fewer couplings
between the variables. However, fk is also time varying
through its dependence on parameters (Ek, τk) generated
online. This requires us to find a DC split for every instance
of (Ek, τk), ∀k ∈ [0, 1, ..., N ] which can be intractable if the
horizon is large or the sampling interval is small.

Instead, we adopt the more pragmatic approach of i) pre-
computing offline the DC decompositions on a downsampled
grid of values (Ei, τj), ∀(i, j) ∈ [0, 1, ..., Ns]× [0, 1, ...,Ms]
where Ns,Ms ≪ N + 1 and ii) interpolating the obtained
decompositions online using a look-up table.

1) Precomputation of the DC decomposition: Inspired by
[9], we develop a computationally tractable method for the
DC decomposition of a function fk(α) based on approxi-
mating1 the function by a polynomial of degree 2n:

fk(α) ≈ pk,2nα
2n + ...+ pk,1α+ pk,0 = y⊤Pky, (28)

where y = [1 α ... αn]⊤ ∈ Rn+1 is a vector of
monomials of increasing order and Pk = P⊤

k ∈ Rn+1×n+1

is the Gram matrix of the polynomial defined by {Pk}ij =
pk,i+j+1/λ(i, j), ∀i, j ∈ [0, 1, ..., n] where λ(i, j) = i+j+1
if i+j ≤ n and λ(i, j) = 2n+1−(i+j). Given Ns samples
Fk,s ∀s ∈ [1, ..., Ns] of the function fk, the polynomial
approximation can be obtained by solving a least square
problem to find the coefficients that best fit the samples.

We now seek the symmetric matrices Qk, Rk such that

y⊤Pky = y⊤Qky − y⊤Rky,

where gk ≈ y⊤Qky and hk ≈ y⊤Rky are convex polyno-
mials in α. Such conditions can be satisfied if the Hessians

1Note that any continuous function can be approximated arbitrarily
closely by a polynomial.
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Fig. 2. Example DC decomposition of polynomial approximation of fk(α).

d2gk/dα
2 = y⊤Hgky and d2hk/dα

2 = y⊤Hhk
y satisfy the

following Linear Matrix Inequalities,

Hgk ≡ D⊤2
Qk +QkD

2 + 2D⊤QkD ⪰ 0,

Hhk
≡ D⊤2

Rk +RkD
2 + 2D⊤RkD ⪰ 0,

where D is a matrix of coefficients such that dy/dα = Dy.
Finding the DC decomposition thus reduces to solving the
following Semi Definite Program (SDP)

SDP : min
Hgk

trHgk

s.t. Hgk ⪰ 0,

Hgk − (D⊤2
Pk + PkD

2 + 2D⊤PkD) ⪰ 0,

and computing Hhk
= Hgk −D⊤2

Pk + PkD
2 +D⊤PkD,

followed by the double integration d2gk/dα
2 = y⊤Hgky and

d2hk/dα
2 = y⊤Hhk

y to recover gk and hk. This operation is
repeated at each point (Ei, τj) of the grid to assemble a look-
up table of polynomial coefficients. Note that the objective
was chosen so as to regularise the solutions for gk, hk by
minimising a proxy for their average curvature.

A typical DC decomposition of the polynomial approxi-
mation for a given (Ei, τj) is shown in Figure 2.

2) Coefficient interpolation: A bilinear interpolation of
the coefficients is performed online to obtain the DC de-
composition for each (Ek, τk). This operation preserves
convexity since the interpolated polynomial coefficients are
a weighted sum of the coefficients in the lookup table.

E. Convex relaxation

Consider again the nonlinear dynamics in problem P†
2 ,

using the DC decomposition of fk computed in the previous
section and eliminating the angle of attack via αk = iw,k−γk
to reduce the number of states, we obtain

γk+1 = γk +
δk
mE

(gk(iw,k − γk, Ek, τk)

−hk(iw,k − γk, Ek, τk)−mg cos γk).
(29)

All nonlinearities in (29) involve convex and concave
functions of the states iw,k and γk, with dynamics

iw,k+1 = iw,k + ζkδk, (30)



ζk+1 = ζk

(
1− Ek+1 − Ek

2Ek

)
+

Mkδk
JwEk

. (31)

In what follows we will exploit the convexity properties
of the functions gk, hk, fγk

= −mg cos γk in (29) to approx-
imate the dynamics by a set of convex inequalities with tight
bounds on the state trajectories. To do so, we linearise the
dynamics successively around feasible guessed trajectories
and treat the linearisation error as a bounded disturbance [5].
We use the fact that the linearisation error of a convex (resp.
concave) function is also convex (resp. concave) and can
thus be bounded tightly since its maximum (resp. minimum)
occurs at the boundary of the set on which the function is
constrained. This allows us to construct a robust optimisation
using the tube-based MPC framework [6], and to obtain
solutions that are robust to the linearisation error.

We start by assuming the existence of a set of feasible
trajectories iw,k and γk for (29)-(31) and consider the
perturbed dynamics

γk+1 = γk +
δk
mE

(g◦k +∇g◦k(iw,k − γk − (i◦w,k − γ◦
k))

+w1 − h◦
k −∇h◦

k(iw,k − γk − (i◦w,k − γ◦
k))− w2

−mg cos γ◦
k +mg sin γ◦

k(γk − γ◦
k) + w3).

(32)

where g◦k = gk(i
◦
w,k−γ◦

k), h
◦
k = hk(i

◦
w,k−γ◦

k) are the func-
tions gk, hk evaluated along the guessed trajectory, ∇g◦k =
dgk/dαk(i

◦
w,k − γ◦

k), ∇h◦
k = dhk/dαk(i

◦
w,k − γ◦

k) are the
first order derivatives of gk, hk evaluated along the guessed
trajectory, and w1(iw− γ, i◦w,k− γ◦

k), w2(iw− γ, i◦w,k− γ◦
k),

w3(γ, γ
◦
k) are the convex linearisation errors of gk, hk, fγk

=
−mg cos γk respectively. Since these linearisation errors are
convex, they take their maximum on the boundary of the
set over which the functions are constrained. Moreover,
by definition, their minimum on this set is zero (Jacobian
linearisation). We thus infer the following relationships ∀i =
{1, 2} and noting f1 ≡ g, f2 ≡ h

min
γ∈[γ

k
,γk]

iw∈[iw,k,iw,k]

wi(iw − γ, i◦w − γ◦) = 0, (33)

max
γ∈[γ

k
,γk]

iw∈[iw,k,iw,k]

wi(iw − γ, i◦w − γ◦) =

max{fi,k − f◦
i,k −∇f◦

i,k(iw,k − γ
k
− (i◦w,k − γ◦

k));

fi,k − f◦
i,k −∇f◦

i,k(iw,k − γk − (i◦w,k − γ◦
k))},
(34)

min
γ∈[γ

k
,γk]

w3(γ, γ
◦) = 0 and max

γ∈[γ
k
,γk]

w3(γ, γ
◦) =

max{−mg cos γ
k
+mg cos γ◦

k −mg sin γ◦
k(γk

− γ◦
k);

−mg cos γk +mg cos γ◦
k −mg sin γ◦

k(γk − γ◦
k)}

(35)

where we assumed that the state trajectories γk and iw,k lie
within ”tubes” whose cross-sections are parameterised by
means of elementwise bounds γk ∈ [γ

k
, γk] and iw,k ∈

[iw,k, iw,k], ∀k, which are considered to be optimisation
variables. Given these bounds on the states at a given time

instant and by virtue of equations (33)-(35), the bounds on
the states at the next time instant satisfy the following convex
inequalities

γk+1 ≥ max
γ∈{γ

k
;γk}

iw∈{iw,k;iw,k}

{
γ+ δk

mE (gk(iw−γ)− hk(i
◦
w−γ◦)

−∇h◦
k(iw − γ − (i◦w,k − γ◦

k))−mg cos γ)
}
, (36)

γ
k+1
≤ min

γ∈{γ
k
,γk}

iw∈{iw,k,iw,k}

{
γ + δk

mE (gk(i
◦
w − γ◦)

+∇g◦k(iw − γ − (i◦w,k − γ◦
k))− hk(iw − γ)

−mg cos γ◦ +mg sin γ◦(iw − γ))
}
, (37)

iw,k+1 ≥ iw,k + ζkδk, iw,k+1 ≤ iw,k + ζkδk. (38)

These conditions involve only minimisations of linear
functions and maximisations of convex functions. Hence
each inequality reduces to 22 = 4 convex inequali-
ties (obtained by replacing γ with {γ

k
, γk} and iw with

{iw,k, iw,k}). Moreover, this number can be reduced, avoid-
ing the curse of dimensionality, since the coefficients of the
linear functions appearing in each maximisation and minimi-
sation are known. Finally, the required computation can be
further reduced by introducing a low-order approximation of
the polynomials in (36)-(38). This was obtained by comput-
ing, before including the constraints in the optimisation, a
series of quadratic polynomials to each gk, hk, ∀k that are
a best fit around i◦w,k − γ◦

k .
The tube defined by inequalities (36)-(38) can be used to

replace P†
2 by a sequence of convex programs. Given the

solution of P†
1 and given a set of feasible (suboptimal) tra-

jectories i◦w,k, γ◦
k satisfying (29)-(31), the following convex

problem is solved sequentially

P‡
2 : min

γ, γ, iw,

iw, ζ,M,θ

N−1∑
k=0

θ2k√
Ek

δk

s.t. θk ≥ |γk − γ∗
k |, θk ≥ |γ

k
− γ∗

k |,

γk+1 ≥ max
γ∈{γ

k
;γk}

iw∈{iw,k;iw,k}

{
γ +

δk
mE

(gk(iw − γ)

− hk(i
◦
w − γ◦)−∇h◦

k(iw − γ − (i◦w,k − γ◦
k))

−mg cos γ)
}
,

γ
k+1

≤ min
γ∈{γ

k
,γk}

iw∈{iw,k,iw,k}

{
γ +

δk
mE

(gk(i
◦
w − γ◦)

+∇g◦k(iw − γ − (i◦w,k − γ◦
k))− hk(iw − γ)

−mg cos γ◦ +mg sin γ◦(iw − γ))
}
,

iw,k+1 ≥ iw,k + ζkδk, iw,0 = i0,

iw,k+1 ≤ iw,k + ζkδk, iw,0 = i0,

ζk+1 = ζk
(
1− Ek+1 − Ek

2Ek

)
+

Mkδk
JwEk

,

ζ0
√
E0 = Ω0,

M ≤ Mk ≤ M, iw ≤ iw,k, iw,k ≤ iw,

α ≤ iw,k − γk, iw,k − γ
k
≤ α,



γ ≤ γ
k
, γk ≤ γ, γ0 = γ0, γ

0
= γ0.

After each iteration of this problem, the guessed trajectories
are updated by applying Mk to (30)-(31), and updating

Ek+1 = Ek +
2δk
m

(Tk cosαk −Dk −mg sin γk), (39)

γk+1 = γk +
δk
mE

(fk(αk, Ek, τk)− fγk
(γk)), (40)

where Dk = 1
2ρS(a2α

2
e + a1αe + a0)V

2
e and Tk is obtained

using equation (26). The process is repeated until |γk − γ
k
|

and |iw,k−iw,k| have converged. Once P†
1 and P‡

2 have been
solved, we check whether |γ∗

k − γk| ≤ ϵ ∀k ∈ {0, . . . , N},
where ϵ is a specified tolerance. If this condition is not met
(P‡

2 may admit solutions that allow γk to differ from the
assumed flight path angle γ∗

k), the problem is reinitialized
with the updated flight path angle and rate γ∗

k ← γk,
γ∗′
k ← γ′

k and P†
1 and P‡

2 are solved again. When the solution
tolerance is met (or the maximum number of iterations is
exceeded) the problem is considered solved and the input
and state variables are reconstructed using the equations in
(26) and the time tk associated with each discretisation point
is computed with (27), allowing solutions to be expressed as
time series. The procedure is summarised in Algorithm 1.

Remarks on P‡
2 : i) the angle of attack has been eliminated

from the formulation; ii) to ensure convexity, it is important
that γ ≤ π/2 and γ ≥ −π/2; iii) order reduction was
performed on polynomials gk, hk, i.e. quadratic polynomials
were fitted to gk, hk around i◦w,k− γ◦

k for all k by solving a
least squares problem before running the optimisation; iv) to
improve numerical stability, Mk can be replaced by Mk +
Ki,k(iw,k − i◦w,k) +Kζ,k(ζk − ζ◦k) with iw,k ∈ {iw,k; iw,k}
where Ki,k and Kζ,k are obtained, e.g. by solving a LQR
problem for the time varying linear system in (30)-(31).

IV. RESULTS

We consider a case study based on the Airbus A3 Vahana.
The aircraft parameters are reported in Table I. We run Al-
gorithm 1 using the convex programming software package
CVX [10] with the solver Mosek [11] to compute the optimal
trajectory for the transition manoeuvre with boundary condi-
tions given as follows: initial and final velocity {V0;Vf} =
{0.5; 40} m/s, tiltwing angle i0 = 75 deg, tiltwing angle
rate Ω0 = 0 deg/s, flight path angle γ0 = 0 deg. We limit
the number of iterations of problem P†

1 to 1 and of P‡
2 to

3. The average computation time per iteration of P†
1 and P‡

2

was respectively 1.4 s and 7.3 s. This is in stark contrast
to the complexity of generic NLP approaches (e.g. in [1],
computation times of the order of minutes are quoted to solve
a similar VTOL trajectory optimisation problem using the
OpenMDAO framework and SNOPT). Moreover, as shown
in [12], the time complexity for this type of problem can be
reduced significantly with first-order solvers.

The simulation results are illustrated in Figure 3. The
manoeuvre is a (near) constant altitude forward transition that
requires a zero flight path angle throughout. As the aircraft

Algorithm 1: Convex trajectory optimisation
Compute the DC decomposition of fk on grid of
points (Ei, τj): approximate fk by a polynomial
(28) and solve SDP at each point to obtain gk, hk

and build a look-up table of polynomial coefficients.
Compute γ∗, γ∗′ using (24), (25) and initialise:
γ ← γ∗, γ′ ← γ∗′, γ∗ ←∞, j ← 0

while max
k∈{0,...,N}

|γ∗
k − γk| > ϵ & j < MaxIters do

γ∗ ← γ, γ∗′ ← γ′

Solve problem P†
1 .

Compute the gains Kζ,k and Ki,k.
Compute feasible trajectories i◦w,k and γ◦

k .
i← 0
while max

k∈{0,...,N}
|γk − γ

k
| > ϵ &

max
k∈{0,...,N}

|iw,k − iw,k| > ϵ & i < MaxIters do

for k ← 0 to N do
Interpolate gk, hk from the look-up table.
Fit a quadratic model to the interpolated
gk, hk that is a best fit at i◦w,k − γ◦

k .
end
Solve problem P‡

2 .
Update guess trajectories with (30) - (31) and
(39) - (40).
i← i+ 1

end
j ← j + 1

end
for k ← 0 to N do

Tk ← τk
cosαk+λ sinαk−S⋆(a0−λb0)

Vk ←
√
Ek, tk ←

∑k−1
j=0

δj
Vj

end

transitions from powered lift to cruise, the velocity magni-
tude increases (a) and the thrust decreases (b), illustrating
the change in lift generation from propellers to wing. The
tiltwing angle drops quickly at the beginning (c), resulting in
an increase in the angle of attack (d). The slight discrepancy
in the flight path angle curves in (c) illustrates that problem
P‡
2 needs not necessarily generate a flight path angle profile

corresponding to the exact desired path if the latter is not
feasible. Note from graph (d) that the effective angle of attack
αe stays within reasonable bounds, indicating that the wing
is not stalled and that our assumption αe << 1 is valid. By
contrast to the solution presented in [4], the angle of attack
α is not constrained to small values and we can thus achieve
a more aggressive transition at an almost constant altitude.

Convergence of problem P‡
2 after 3 iterations is shown in

Figure 4. The tube bounds and objective converge quickly
toward infinitesimal values after just a few iterations.

V. CONCLUSIONS

This paper addresses the trajectory optimisation problem
for the transition of a tiltwing VTOL aircraft, leveraging
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Fig. 4. Convergence of tube bounds and objective for P‡
2 .

DC decomposition of the dynamics and robust tube pro-
gramming. The approach is based on successive linearisation
of the dynamics around feasible trajectories and treating
the linearisation error as a bounded disturbance. The DC
form of the dynamics allows to enforce tight bounds on
the disturbance via a set of convex inequalities that form
the basis of a computationally tractable robust optimisation.
The algorithm can compute safe trajectories that are robust
to model uncertainty for abrupt transitions at near constant
altitude, extending the results in [4]. Another contribution
of the present work is the extension of the robust tube
optimisation paradigm presented in [5] to dynamic systems
that are not convex, by means of a DC decomposition of
the nonlinear dynamics. Limitations of the present approach
are: i) to obtain a computationally tractable formulation,
quadratic approximations of the DC polynomials are re-
quired; ii) the computation time, although relatively low
compared to solving a NLP, is still too high to leverage the
optimisation in a MPC setting.

Future work will alleviate these problems by i) considering
other types of basis functions for the nonlinear dynamics
approximation, e.g. radial basis functions that have better
scalability than a monomial basis; ii) the use of first order

Parameter Symbol Value Units
Mass m 752.2 kg
Gravity acceleration g 9.81 m s−2

Wing area S 8.93 m2

Disk area A 2.83 m2

Wing inertia Jw 1100 kgm2

Density of air ρ 1.225 kgm−3

Lift coefficients b0, b1 0.43, 0.11 −, deg−1

Drag coefficients
a0 0.02 −
a1 0.004 deg−1

a2 5.6e−4 deg−2

Maximum thrust T 8855 N
Angle of attack range [α, α] [−90, 90] deg

Flight path angle range
[
γ, γ

]
[−90, 90] deg

Tiltwing angle range
[
iw, iw

]
[0, 100] deg

Acceleration range [a, a] [−0.3g, 0.3g] m s−2

Velocity range
[
V , V

]
[0, 40] m/s

Momentum range
[
M,M

]
[−50; 50] Nm

Number of propellers n 4 −
Discretisation points N 1000 −
Time step δ 0.5 s
Degree of polynomial f 2n 26 −

TABLE I
MODEL PARAMETERS DERIVED FROM A3 VAHANA

solvers such as ADMM to accelerate computations [12].
We will then investigate robust MPC for the transition of
tiltwing VTOL aircraft. Finally, noting that the paradigm
presented can be applied to any nonlinear system with twice-
differentiable dynamics, future work will involve general-
ising our approach to solve robust optimisation problems
arising in other areas of research.
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