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A B S T R A C T 

The high angular resolution monolithic optical and near-infrared Integral field spectrograph is the first light visible and 

near-infrared integral field spectrograph for the Extremely Large Telescope . To reach the diffraction limit of the telescope 
( ≈ 10 mas) and maintain an optimal image quality o v er long e xposures, an accurate measurement of geometrical distortions in 

the instrument’s guide star field is needed. Geometrical distortions affecting the guide stars map directly to pointing errors of 
the science field. The systematic contribution to the pointing error can be calibrated and remo v ed by a corrective model. In this 
work, we propose a formulation of the corrective model that aims to calibrate the geometrical field distortions down to a given 

target residual, as well as reducing the time spent in calibrations. We also propose a calibration procedure that accounts for the 
uncertainties of the measurement process. We developed a tool named harmoni-pm to simulate the expected pointing error 
caused by geometrical distortions and validate the ef fecti veness of the proposed corrective model. We also relied on pseudo 

Zernike polynomials to formulate the model, and the Bayesian theoretical framework to study the propagation of uncertainties 
along the calibration process. Compared with the classical calibration algorithm, the Bayesian calibration algorithm was able to 

reduce the number of calibration points required to reach the same model residual. Additionally, we were able to optimize the 
hardware of the Geometrical Calibration Unit and reduce the time required to achieve the calibration goal. 

Key words: Instrumentation – Algorithms – Bayesian Analysis – Integral Field Spectrography. 
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.  I N T RO D U C T I O N  

he Extremely Large Telescope ( ELT ) is a visible to near-infrared
NIR) segmented telescope, currently under construction as part of
he European Southern Observatory. At the time of its completion
expected near 2028), its 39-m primary mirror will allow access
o a previously unexplored resolution regime of 10 mas near the
iffraction limit. 
High angular resolution monolithic optical and near-infrared

ntegral field spectrograph (HARMONI) will be one of the first
eneration instruments of ELT , providing integral field spectroscopy
ith a variety of adaptive optics modes that enable diffraction-limited
bserv ations. HARMONI is concei ved as a workhorse instrument
nd, as such, it must enable a wide range of science cases, ranging
rom the high-redshift universe to Solar system bodies (Thatte et al.
021 ). 
The performance of the instrument in the different science cases

as validated by means of HARMONI’s pipeline simulator HSIM
Zieleniewski et al. 2015 ; Pereira-Santaella et al. 2023 ). Simulations
ncluded the detection and classification of high-redshift Type Ia
upernovae (Bounissou et al. 2018 ), observability studies of Pop-
lation III stars (Grisdale et al. 2021 ), gas kinematic studies of
 E-mail: gcarracedo@cab.inta-csic.es 
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igh-redshift galaxies (Richardson et al. 2020 ), multiwavelength
bservations of the circumgalactic medium emission (Augustin et al.
019 ), supermassive black hole mass measurements (Nguyen et al.
023 ), and determination of morpho-kinematics and star-formation
ates of cosmic noon active galactic nuclei (Garc ́ıa-Lorenzo et al.
022 ) and other high-redshift galaxies (K endre w et al. 2016 ; Grisdale
t al. 2022 ). 

While adaptive optics is necessary to achieve the diffraction
imit, an equally accurate pointing is also critical. This represents a
echnical challenge not only from the opto-mechanical perspective,
ut also from the calibration process itself: an instrumental, quasi-
ystematic pointing error is expected, and must be remo v ed up to
 residual comparable to the diffraction limit. This is achieved by
eans of a corrective model, which predicts the quasi-systematic

ointing error in all points of the instrument’s focal plane. 
In this paper, we contribute to the development of the corrective
odel of HARMONI in three ways. First, we introduce the formula-

ion of a general corrective model as a linear combination of complex
asis functions on the focal plane, along with a classical calibration
trategy (Section 4.2 ). Next, we provide a conjugate Bayesian
alibration algorithm that, in addition to being incremental and
ot requiring Monte-Carlo sampling, has the potential of reducing
he number of measurements needed to reach the calibration goal
Section 4.3 ). We continue by exploring its practical application
o HARMONI field distortions using pseudo Zernike polynomials
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PZPs) as basis functions on the unit disc, and propose a geometrical
alibration unit (GCU) mask pattern that reduces the impact of 
easurement noise in calibrations (Section 6 ). Finally, we discuss its

otential application to the pointing model of a telescope, expressed 
s a multipole expansion of the pointing error (Section 8 ). 

.  H A R M O N I  

ARMONI is a slicer-based integral field spectrograph designed to 
perate in the 0.46- to 2.45- μm range (3500 < R < 17 000) in a
road variety of scientific programs (Thatte et al. 2022 ). Its different
pectral set-ups will enable observations in the NIR bands, including 
 (1.05–1.32 μm), H (1.44–1.82 μm), K (1.95–2.47 μm), and 
ortions thereof. It will enable both adaptive optics (AO) [including 
aser-tomography adaptive optics (LTAO), single-conjugate adaptive 
ptics (SCAO), and high-contrast adaptive optics (HCAO)] and non- 
O observations, with fields of view (FoV) of 9 arcsec × 6 arcsec, 4
rcsec × 3 arcsec, 2 arcsec × 1.5 arcsec, and 0.8 arcsec × 0.6 arcsec.
n its highest resolution configuration, it will be able to resolve 
bjects around 10 mas, with a sampling of 4 mas per spaxel over a
.8 arcsec × 0.6 arcsec FoV. 
One of the design features of HARMONI is that guiding does 

ot take place on the science target, in any AO mode other than
CAO (Thatte et al. 2022 ). Instead, the pointing of the science field

n HARMONI is controlled by a guide probe measuring the position 
f a natural guide star (NGS). The basic control loop sends feedback
o the telescope to ensure that the guide star is al w ays centred on the
uide probe. Any unknown term in the apparent distance between 
he NGS and the science target will therefore appear as a pointing
rror on the science target. If the error changes on the time-scale of
n observ ation (ef fecti vely up to 1 h), it will also impact the image
uality. This error would manifest as a dragging of the science object
uring the observation. 
Of particular concern in HARMONI is optical distortion in- 

roduced by the Focal Plane Relay Subsystem (FPRS), as the 
undamental architecture of the instrument means that the distortion 
attern is seen to rotate as the instrument tracks the field rotation
f the telescope. The instrument performance budgets—internal to 
he project—identify this is a major source of error if not properly
haracterized by modelling. 

Different guide probes are used for different AO modes of 
ARMONI; a single probe on-axis for HCAO, a single probe within 
5 arcsec of the science target for SCAO, a single guide probe
ithin 60 arcsec for non-AO, and two guide probes within 60 arcsec

or LTAO (Dohlen et al. 2022 ). The latter is the most challenging
onfiguration for the geometric distortion, as it is the most demanding 
ombination of spatial resolution and physical patrol field. 

Ensuring that the field distortion contribution does not affect the 
TAO image quality ( ≈10 mas) means understanding the model at 
he level of ≈2 mas over 60 000 mas; i.e. 1 part in 30 000. 

If we understand the guide probes as measurement devices of 
he positions of stars, we should expect them to be affected by
andom and quasi-systematic error contributions. While the former 
all under the category of measurement noise and are—in internal 
roject budgets—much smaller than the pointing accuracy, the latter 
re caused by slowly varying ( �exposure time) opto-mechanical 
ffects (e.g. optical distortions, mechanical non-linearities, etc.) and 
re much larger than the measurement noise. The o v erall instrument
ontrol concept therefore relies on a corrective pointing model to 
ompensate for long-term quasi-systematic effects. 

The calibration of the corrective model relies on HARMONI’s 
CU. The GCU consists of a deployable mask that can be inserted
n the focal plane of the telescope, and provides a pattern of sources
hose locations are known beforehand. The difference between the 
ominal and measured locations is then used as training data for the
orrective model. 

.  M E T H O D O L O G Y  

n order to validate the proposals made in this paper, two simulation
odes were used: harmoni-pm and bayescal . 
hamoni-pm (Carracedo-Carballal 2022 ) is a pointing error sim- 

lator written in Python 3 for HARMONI. It was used to characterize
he error distribution of the measurements of the guide probes, 
dentify the main drivers of the instrumental error, validate corrective 

odels, and e v aluate calibration patterns. harmoni-pm relies on 
n e xhaustiv e, e xtensible instrument model in which contributions to
he instrumental pointing error are described as composed R 

2 → R 

2 

ransforms. These transforms are applied to the coordinates of the 
oints contained in the instrument focal plane, and each transform 

ncodes the effect of a particular type of opto-mechanical distortion 
e.g. relay optics, positioning errors of the GCU mask, etc.). 

The transforms are parametrized by random variables, classified 
y the time at which they are sampled: 

(i) Manufacturing time. Used to represent manufacturing toler- 
nces (e.g. the size of a particular mechanical element). 

(ii) Calibration. Used to model the repeatability of quantities that 
ay change between two consecutive calibrations of the instrument. 
(iii) Positioning. Used to model quantities that change every time 

 measurement is performed. 

bayescal (Carracedo-Carballal 2023 ) is a calibration process 
imulator written after the results of this characterization (Carracedo- 
arballal et al. 2022 ). bayescal runs large batches of simulated
alibrations, and it was used to produce the results of Section 7 . It
as designed to be small and to output easily reproducible results. It

eatures a simplified instrumental model that captures the main traits 
f the instrumental pointing error as simulated by harmoni-pm . 
This simplified instrumental model comprises the contribution 

f HARMONI’s relay optics, positioning errors of the GCU mask, 
ositioning accuracy of the guide probe, and angular errors of the
nstrument rotator. High-order distortions of the relay optics were 
ncluded as a fully toleranced model of the FPRS mirrors. On
he other hand, this instrumental model does not take into account
ystematic, mechanical effects of the guide probes. 

.  PROBLEM  F O R M U L AT I O N  

et F ⊆ R 

2 be the set of point coordinates contained in an idealized
ocal plane of the instrument. The points in this idealized focal plane
re related to true sky coordinates by a simple transform involving
he plate scale of the telescope. Let F 

′ ⊆F the set of point coordinates
hat can be actually observed by the instrument’s detector, including 
he effects of the field distortion introduced by the different opto-
echanical elements in the light path. The instrumental distortion 

auses the observed locations x x x ′ ∈ F 

′ to be displaced with respect to
heir theoretical locations x x x ∈ F as: 

 

 

 

′ = x x x + ε ε ε ( x x x ) . (1) 

The instrumental pointing error ε ε ε ∈ R 

2 can be seen as a function
f x x x , with ‖ ε ε ε ( x x x ) ‖ 2 a quantity much smaller than the focal plane
imensions. Requirements of the instrument impose smoothness 
onditions on ε ε ε ( x x x ) and therefore ε ε ε ( x x x ) ≈ ε ε ε ( x x x ′ ) up to an error that
s below the instrument’s pointing accuracy. 
RASTAI 3, 108–124 (2024) 
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The goal of the corrective model is, given certain maximum
ointing error residual E > 0, to provide certain function ̃  ε ε ε : F → R 

2 

uch that ‖ ̃ ε ε ε ( x x x ) − ε ε ε ( x x x ) ‖ 2 < E, ∀ x x x ∈ F . 
While the aforementioned maximum residual requirement applies

or all points in F , the model still needs to be calibrated from a finite
and hopefully small) number of calibration points. These calibration
oints are provided by the GCU. During an instrument’s calibration,
he GCU deploys a mask with a pattern of illuminated points in the
LT ’s focal plane. The position of these calibration points is assumed

o be known with given accuracy. 
The measurement devices for this task are the guide probes,

hat consist of two mirrors that can be placed anywhere in their
orresponding half of the relayed focal plane, and image objects
herein. The instrumental pointing error is simply the difference
etween the expected location of the reference object (in this case, the
CU’s calibration points) and the location that is actually observed
y the guide probe. 

.1 The correcti v e model 

e start by representing all two-dimensional (2D) vectors v v v =
 x , y ) ∈ R 

2 as complex quantities ˆ v ∈ C by means of the bijection: 

ˆ  = x + iy (2) 

where i is the imaginary unit. We therefore refer to the true
nstrumental pointing error in complex form as ˆ ε ( x x x ). If ˆ ε ( x x x ) allows
n asymptotic expansion of certain basis functions ˆ G j : F → C of
he form: 

ˆ  ( x x x ) = 

∞ ∑ 

j= 0 

ˆ G j ( x x x ) ̂  α
j (3) 

we can formulate the corrective model as a truncated asymptotic
xpansion of order J that is fully parametrized by its complex
oefficients ˆ αj ∈ C . A prediction of the pointing error ˆ ε ( x x x ) at the
oint x x x ∈ F is obtained by e v aluating 

ˆ  ( x x x ) ≈
J−1 ∑ 

j= 0 

ˆ G j ( x x x ) ̂  α
j . (4) 

.2 The classical calibration problem 

he classical calibration problem exploits the linearity of equation
 3 ) and ignores the effects of the measurement noise. Assuming
hat the distortion is well described by an expansion of the first J
unctions, the problem is posed as follows: 

Let x x x i = ( x , y ) � ∈ F , 0 ≤ i < J ≤ K a set of K calibration points
nd ˆ ε i = ˆ ε ( x x x i ) ∈ C a set of K measurements of the pointing error in
he calibration points in complex form. Find ̂  αj ∈ C , 0 ≤ j < J such
hat the residual sum of squares 

SS = 

K−1 ∑ 

i= 0 

∣∣∣∣∣∣ˆ ε ( x x x 
i ) −

J−1 ∑ 

j= 0 

ˆ G j ( x x x 
i ) ̂  αj 

∣∣∣∣∣∣
2 

(5) 

s minimal. 
If we write ˆ ααα = ( ̂  α0 , ̂  α1 , . . . , ̂  αJ−1 ) 

� ∈ C 

J , ˆ ε ε ε =
 ̂ ε 0 , ̂  ε 1 , ..., ̂  ε K−1 ) 

� ∈ C 

K , and ˆ G 

G G ∈ C 

K×J as a matrix such that
ts i th row and j th column is ˆ G 

i 
j = 

ˆ G j ( x x x i ), equation ( 5 ) can be
ritten in matrix form as 

SS = 

∥∥∥ˆ ε ε ε − ˆ G 

G G ̂

 ααα

∥∥∥2 
. (6) 
ASTAI 3, 108–124 (2024) 
Matrix ˆ G 

G G is also called collocation matrix, by similarity with other
nterpolation problems. If J = K and det ˆ G 

G G 
= 0, ˆ G 

G G is invertible, a
olution with null residual can be found: 

ˆ = 

ˆ G 

G G 

−1 
ˆ ε ε ε . (7) 

How well this solution extends to the rest of points in F depends
n the choice of ˆ G j , the measurement noise, and how uniformly the
alibration points x x x i are distributed in F . In general, uneven distri-
utions of calibration points translate to ill-conditioned collocation
atrices, which amplify measurement noise. In the extreme case in
hich two calibration points are the same, equation ( 5 ) refers to

n underdetermined system of equations and the collocation matrix
ecomes singular. A good calibration pattern is therefore not only
etermined by the number of calibration points, but also by their
mpact on the condition number of the collocation matrix. 

While this approach does not take measurement noise into account,
ts effect can be arbitrarily reduced by providing more calibration
oints ( K > J ) and ensuring that the rank of ˆ G 

G G is at least J . In this
ase, the system of equations becomes o v erdetermined and ordinary
east squares can be used to minimize equation ( 6 ). 

.3 The Bayesian calibration problem 

et us now assume a certain abstract model M that makes predictions
˜ 
 = ( ̃  x 0 , ̃  x 1 , . . . ) 

� 

of certain observable from a given set of model
arameters ϑ 

ϑ ϑ = ( ϑ 

0 , ϑ 

1 , . . . ) 
� 

. We also assume that these parame-
ers were fitted from previous observations D = ( x 0 , x 1 , . . . ) 

� 

. 
In the context of Bayesian inference, model parameters are treated

s joint distributions p( ϑ 

ϑ ϑ ) that encode the degree of belief we have
n them. If the probability of observing certain D is known when
he parameters are known to be exactly ϑ 

ϑ ϑ , the Bayes theorem can be
sed to find the degree of belief o v er the coefficients after providing
dditional evidence D: 

 ( ϑ 

ϑ ϑ | D) = 

p ( D| ϑ 

ϑ ϑ ) p ( ϑ 

ϑ ϑ ) 

p ( D ) 
. (8) 

The probability distribution p( ϑ 

ϑ ϑ ) is called prior probability dis-
ribution of the parameters, and p( ϑ 

ϑ ϑ | D) the posterior probability
istribution of the parameters. Note that p( ϑ 

ϑ ϑ | D) is a function
 v aluated in ϑ 

ϑ ϑ , leaving D fixed. While p( D| ϑ 

ϑ ϑ ) has the form of
he probability distribution of measuring certain observation vector

, it is e v aluated on ϑ 

ϑ ϑ and therefore it is not a proper probability
istribution. We call this function the likelihood function, and we
ake this distinction explicit by the notation 

 ( ϑ 

ϑ ϑ | D) = p( D| ϑ 

ϑ ϑ ) . (9) 

Finally, p( D) is the probability distribution of observing D for
ll possible choices of ϑ 

ϑ ϑ and it is generally difficult to calculate.
ince p( D) does not depend on ϑ 

ϑ ϑ , we can treat it as a normalization
onstant and write equation ( 8 ) as 

( ϑ 

ϑ ϑ | D) ∝ L ( ϑ 

ϑ ϑ | D) p( ϑ 

ϑ ϑ ) . (10) 

Posterior probability distributions can also be used as prior
istributions for subsequent Bayesian updating steps, which enables
terative refining of the parameter knowledge as additional evidence
s provided. 

Identifying ϑ 

ϑ ϑ with the complex model coefficients ˆ ααα ∈ C 

J 

nd D with both the calibration points in complex form 

ˆ p 

p p =
 ̂  x 0 , . . . , ̂  x K−1 ) 

� 

and its corresponding observations of the pointing
rror ̂  ε ε ε ∈ C 

K , we can formulate the Bayesian calibration problem as
ollows: 
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1 Proof in Appendix B2 . 
Given a set of observations of the pointing error ( ̂ ε ε ε , ˆ p 

p p ) and
rior knowledge of the model coefficients p( ̂  ααα), find the posterior
robability distribution of the parameters p( ̂  ααα| ̂ ε ε ε , ˆ p 

p p ) as 

 ( ̂  ααα| ̂ ε ε ε , ˆ p 

p p ) = 

p ( ̂ ε ε ε , ˆ p 

p p | ̂  ααα) p ( ̂  ααα) 

p ( ̂ ε ε ε , ˆ p 

p p ) 
. (11) 

As an additional simplifying assumption, we will consider the 
alibration points ˆ p 

p p to be known up to arbitrary precision. This is a
ustifiable assumption, as the physical location of points is planned 
o be measured by means of microscopy, before the commissioning 
hase. Since the GCU mask is our ultimate source of truth, errors in
his characterization will propagate directly as errors of the corrective 
odel. 
If we write all probabilities of the form p( ̂ ε ε ε , ˆ p 

p p | ̂  ααα) as p ( ̂ ε ε ε | ̂  p 

p p , ̂  ααα) p ( ̂  p 

p p ),
e formalise this assumption by modelling p( ̂  p 

p p ) as a Dirac delta
istribution centred in the nominal calibration points. This enables 
s to marginalize equation ( 11 ) on ˆ p 

p p , from which we conclude
hat p( ̂ ε ε ε | ̂  ααα) = p( ̂ ε ε ε | ̂  p 

p p , ̂  ααα). Since this dependency on ˆ p 

p p appears in all
robabilities involving ˆ ε ε ε , we will make it explicit only when further
larification is needed. Equation ( 11 ) can therefore be simplified as 

 ( ̂  ααα| ̂ ε ε ε ) = 

p ( ̂ ε ε ε | ̂  ααα) p ( ̂  ααα) 

p ( ̂ ε ε ε ) 
. (12) 

.4 Likelihood function 

he most fundamental ingredient of Bayesian inference is an accurate 
escription of the likelihood function. This method assumes a Gaus- 
ian likelihood (which is rather common for measurement devices 
ith multiple contributions to the measurement error). One must 
ote, ho we ver, that this is not true in all scenarios. The applicability
f this method is tied to a proof of the Gaussianity of the measurement
rror. 

For the sake of simplicity, we start by rewriting the complex 
rithmetic in equation ( 6 ) in terms of real-valued linear opera-
ions. This can be done by alternating real and imaginary parts
f comple x v ectors, and encoding the complex arithmetic in a
eal-valued collocation matrix as described in Appendix A . In this
orm, the components of p 

p p consist of alternating horizontal and 
ertical coordinates of the calibration points, and components of ε ε ε of 
lternating horizontal and vertical projections of the pointing error. 

Assuming Gaussianity, the probability of observing a pointing 
rror ε i in one of the two axes of certain measurement point is given
y 

 

i ∼ N 

⎛ 

⎝ 

2 J−1 ∑ 

j= 0 

G 

i 
j α

j , σ 2 
E 

⎞ 

⎠ (13) 

here G 

i 
j are the coefficients of the real-valued collocation matrix 

 

 

 ∈ R 

2 K×2 J , and are calculated as described in equations ( A13 )–
 A16 ). This implies that the coefficients G 

i 
j are indeed a function of

 

i . The likelihood function L ( ααα| ε i , p 

i , σ 2 
E ) is simply the probability

ensity p ( ε i | ααα, p 

i , σ 2 
E ) e v aluated in ααα. 

If we can guarantee the independence of measurements, we can 
ormulate the likelihood function with respect to the measurement 
ector ε ε ε as simply the product of the likelihoods of the individual 
easurements: 

 

(
ααα| ε ε ε , p 

p p , σ 2 
E 

) = 

2 N−1 ∏ 

i= 0 

L 

(
ααα| ε i , p 

i , σ 2 
E 

)
. (14) 

The likelihood function can therefore be expressed as multi v ariate 
aussian distribution of mean G 

G G ααα and covariance matrix σ 2 
E I , where 
 stands for the identity matrix. The probability density is therefore 
ritten as 

 

(
ααα| ε ε ε , p 

p p , σ 2 
E 

) = 

1 

σE 

√ 

2 π
exp 

[
− 1 

2 σ 2 
E 

( ε ε ε − G 

G G ααα) � ( ε ε ε − G 

G G ααα) 

]
. (15) 

.  A NA LY T I C  SOLUTI ON  

n many applications, posterior distributions can only be estimated 
y means of Monte-Carlo methods which are computationally 
 xpensiv e. None the less, there are particular instances in which
he posterior distribution admits a closed-form expression that is 
f the same form as that of the prior distribution. This occurs for
ertain combinations of prior distributions and likelihood functions 
hen they are of the exponential family (e.g. Gaussian, Gamma, 

xponential, etc.). We say in this case that the prior and posterior are
onjugate probability distributions, and the prior p( ϑ 

ϑ ϑ ) is said to be a
onjugate prior. 

Simulated classical calibrations (Carracedo-Carballal et al. 2022 ) 
howed that the distribution of model coefficients is also well 
escribed by a multi v ariate Gaussian distribution of the form 

∼ MN ( ̄ααα, � 

� � ) (16) 

here ᾱαα ∈ R 

2 J is the mean vector and � 

� � ∈ R 

2 J×2 J the covariance 
atrix of the distribution. If these parameters refer to those of a prior

r a posterior distribution, they are called hyperparameters. 
If we write the prior distribution p( ααα) at calibration the step n as 

( ααα) = MN ( ααα; αααn , � 

� � n ) (17) 

nd the corresponding posterior distribution after providing addi- 
ional observations of the pointing error ε ε ε as 

( ααα| ε ε ε ) = MN ( ααα; αααn + 1 , � 

� � n + 1 ) . (18) 

It can be pro v en (see Appendix B1 ) that the posterior hyperparam-
ters can be calculated as 

 

 

 n + 1 = 

(
G 

G G 

� σ−2 
E G 

G G + � 

� � 

−1 
n 

)−1 
(19) 

n + 1 = � 

� � n + 1 

(
G 

G G 

� σ−2 
E ε ε ε + � 

� � 

−1 
n αααn 

)
(20) 

which reduces to the classical calibration when K = J and the prior
yperparameters describe an infinitely uninformative distribution. 1 

In a realistic application of this calibration technique, we could 
btain a good representative of the model coefficients from the 
ean αααn + 1 and a measure of their uncertainty from their individual 

ariances (which equal to the diagonal elements of � 

� � n + 1 ). 

.1 Prediction of model residuals 

hile the degree of uncertainty of the ααα is contained in � 

� � n + 1 , it is
sually more rele v ant to understand how it translates to uncertainty
n the pointing error. This result can be obtained from the variance
f the posterior predictive distribution: 

( ̃ ε ε ε | ε ε ε ) = p( ̃ ε ε ε | ααα) p( ααα| ε ε ε ) (21) 

here ˜ ε ε ε denotes a prediction made by the corrective model, given 
hat previous evidence ε ε ε has been provided. Note that p( ̃ ε ε ε | ααα) has
he form of the likelihood function and p( ααα| ε ε ε ) is conjugate for this
unction. It can be pro v en (see Appendix B3 ) that p( ̃ ε ε ε | ε ε ε ) is another
ulti v ariate Gaussian of the form 

˜ 
 

 

 | ε ε ε ∼ MN 

(
˜ G 

G G αααn + 1 , σ
2 
E I + 

˜ G 

G G � 

� � n + 1 ̃
 G 

G G 

� 

)
(22) 
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here ˜ G 

G G is the collocation matrix e v aluated in the test points used for

he prediction. The covariance matrix σ 2 
E I + 

˜ G 

G G � 

� � n + 1 ̃
 G 

G G 

� 

is hereinafter
eferred to as the model uncertainty covariance matrix and will be
enoted by ˜ U 

U U n + 1 . 
The variance of the predicted pointing error is simply calculated

s 

2 [ ̃ ε ε ε | ε ε ε ] = diag 
(

˜ U 

U U n + 1 

)
. (23) 

We remark from this equation that the variance is lower bounded by
he measurement noise variance σ 2 

E . This is expected, as the only way
o access pointing error measurements is by means of a measurement
evice (the guide probe) with finite precision. 
This result can be used as part of a termination condition, in which

e w observ ations of the pointing error update the hyperparameters
teratively until the degree of certainty of the true pointing error
eaches a threshold value (e.g. ‖ σ 2 [ ̃ ε ε ε | ε ε ε ] ‖ ∞ 

< σ 2 
max , with σ 2 

max certain
aximum variance of the pointing error in the test points). 
We must take into account that the Bayesian updating step in equa-

ion ( 20 ) depends on the particular order in which new measurements
ave been presented to the model. This also implies that batched
pdatings (i.e. presenting K > 1 measurements in the measurement
ector ε ε ε at once) are not formally equi v alent to sequential updatings
i.e. performing K updating steps with one measurement each). 

This dependency on ordering is particularly pronounced in the
rst updatings with vague priors, as the first observations have a

arger relative impact on the posterior than subsequent ones. If the
rior is too vague, noisy measurements may introduce an undesired
hrinkage that bias future updatings towards erroneous values. 

In case uninformative priors are not available, this effect can be
itigated by reordering calibration points in a way that the first

nes maximize their distance with respect to the next. The rationale
f this strategy is to leverage the first steps to integrate distortion
nformation from the whole field as much as possible. Taking points
oo close together may give excessive weight to certain correlations,
hrinking future observations towards wrong directions. 

.1.1 Mean square error and root mean square error 

n many practical applications, ho we ver, the mean square error
MSE) and the root mean square error (RMS) are the preferred
etrics for model performance: 

MS = 

√ √ √ √ 

1 

K 

K−1 ∑ 

l= 0 

r 2 2 l + r 2 2 l+ 1 = 

√ 

MSE = 

√ 

RSS 

K 

(24) 

ith r i the per-axis real-valued residuals between the prediction
nd the measured pointing error. The uncertainties in the model
arameters and the measurement noise can be used to model the
esidual vector r r r = ( r 0 , r 1 , . . . , r 2 K−1 ) � as a zero-mean multi v ariate
aussian: 

 

 

 ∼ MN 

(
0 0 0 , ˜ U 

U U n + 1 

)
(25) 

hich can be used to provide upper bounds both on the mean and
ariance of the MSE and the RMS. If we consider the MSE a random
ariable calculated as 

SE = 

1 

K 

2 K−1 ∑ 

i= 0 

r 2 i (26) 

iven that the components of r r r come from a multi v ariate Gaussian,
he distribution of the MSE is that of a generalized central χ2 
ASTAI 3, 108–124 (2024) 
istribution, with no Gaussian contribution: 

SE ∼ χ ′ 2 
(

w i = 

λi 

K 

, m = 0 , s 2 = 0 

)
(27) 

here λi are the 2 K eigenvalues of ˜ U 

U U n + 1 . The expected value and
ariances of the MSE are given by 

E [ MSE ] = 

1 

K 

2 K−1 ∑ 

i= 0 

λi 

ar [ MSE ] = 

2 

K 

2 

2 K−1 ∑ 

i= 0 

λ2 
i . (28) 

If the uncertainty is sufficiently big (e.g. in the earliest steps of
he calibration), the expected value and variances of the RMS can be
pproximated by uncertainty propagation of the MSE as 

E [ RMS ] ≈
√ 

E [ MSE ] 

ar [ RMS ] ≈ 1 

4 

Var [ MSE ] 

E [ MSE ] 
. (29) 

e must remark, none the less, that this approach will introduce a
light amount of o v erestimation as it assumes that we are sampling
for every estimation and not taking its mean value αααn + 1 directly. 

.2 Repeatability priors 

uring the calibration procedure, posterior distributions obtained
rom the previous measurements are reinterpreted as prior distribu-
ions of the next. After the termination condition has been met, we
an choose the mean ̂  αααn + 1 ∈ C 

J as a good representative of the model
oefficients. None the less, we still have to define the hyperparameters
f the initial prior p( ααα) = p( ααα| ααα0 , � 

� � 0 ), used before performing the
rst measurement. 
A reasonable choice is to obtain them from the repeatability of

lassically calibrated model coefficients as observed after certain
umber M of calibration sessions: 

0 = ᾱαα (30) 

 

 

 0 = Q 

Q Q (31) 

here ᾱαα is the sample mean of the coefficients and Q 

Q Q is the
ample covariance matrix, both estimated from a sample of M model
oefficient vectors. 

This choice is moti v ated by the fact that, in some scenarios, an
ppropriate choice of basis functions in the asymptotic expansions
an be used to distinguish between contributions of different origin
nd repeatability. This is particularly true for HARMONI, in which
ptical distortions (which are described by the higher order terms of
he PZP e xpansion) hav e much smaller variability than mechanical
istortions (which mostly affect the lowest order terms). 
On the other hand, this choice implicitly assumes that the first M

alibrations are good representatives of future calibrations, which is
ot necessarily true. We can o v ercome this limitation by reinterpret-
ng ααα0 , � 

� � 0 as random variables conditioned by observed calibrated
oefficients ααα, providing us with a Bayesianly justifiable method
Rubin 1984 ) to update our knowledge of the repeatability of the
istortion. From Bayes’ theorem, it follows that 

 ( ααα0 , � 

� � 0 | ααα) = 

p ( ααα| ααα0 , � 

� � 0 ) p ( ααα0 , � 

� � 0 ) 

p( ααα) 
(32) 
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here the likelihood function p( ααα| ααα0 , � 

� � 0 ) = L ( ααα0 , � 

� � 0 | ααα) is simply
he prior distribution of the coefficients: 

L ( ααα0 , � 

� � 0 | ααα) = 

1 √ 

(2 π ) 2 J det � 

� � 0 

exp 

[
−1 

2 
( ααα − ααα0 ) 

� � 

� � 

−1 
0 ( ααα − ααα0 ) 

]
. (33) 

We call the distribution p( ααα0 , � 

� � 0 ) a repeatability prior , as it
eflects the repeatability of measurements between two consecutive 
alibration sessions. 

We have, in principle, certain freedom to choose the form of the
rior p( ααα0 , � 

� � 0 ). If we wish to leverage the algebraic properties of
onjugate prior distributions, we can model the joint probability of 
0 , � 

� � 0 as a Gaussian–In verse–W ishart distribution: 

0 , � 

� � 0 ∼ GIW ( μμμm 

, λm 

, � 

� � m 

, νm 

) (34) 

hich is a conjugate prior for the likelihood described in equation 
 33 ). μμμm 

∈ R 

2 J is the mean vector of ααα0 , and � 

� � m 

∈ R 

2 J×2 J is the
nverse scale matrix (which is positive definite). λm > 0 and νm > 

 J − 1 are pseudo-counter parameters that weight the effect of new
bservations of ααα in the calculation of the posterior distribution. 
The least informative prior has λ0 = 1 and ν0 = 2 J + 1, and could

e initialized from a zero mean and diagonal � 

� � 0 . Unfortunately, 
his choice exhibits slow convergence to the true covariance matrix, 
epriving the algorithm of quickly leveraging the prior information 
rom previous calibrations. 

A faster, albeit more frequentist approach, is to rely on Parametric 
mpirical Bayes (PEB) for prior generation. Under PEB, prior 
yperparameters μμμ0 and � 

� � 0 are derived directly from maximum- 
ikelihood estimators (MLEs) of previous observations (equations 
0 –31 ) as 

0 = M (35) 

0 = 2 J + M (36) 

0 = ᾱαα (37) 

 

 

 0 = ( ν0 − 2 J − 1) Q 

Q Q (38) 

n which we identified Q 

Q Q with the mean variance. We also leveraged 
0 and λ0 to account for the strength of the evidence used as prior
 M observations). 

The analytic formula for the Bayesian update step has been 
escribed by Gelman et al. ( 2021 ). If ααα0 , . . . , αααn −1 are the calibrated
oefficients obtained from n calibrations, the hyperparameters in 
quation ( 34 ) are updated as 

m + 1 = 

λm 

λm 

+ n 
μμμm 

+ 

n 

λm 

+ n 
ᾱαα (39) 

m + 1 = λm 

+ n (40) 

m + 1 = νννm 

+ n (41) 

 

 

 m + 1 = � 

� � m 

+ S + 

λm 

n 

λm 

+ n 
( ̄ααα − μμμm 

) ( ̄ααα − μμμm 

) � (42) 

here S is the sum of squares matrix about the sample mean: 

 = 

n −1 ∑ 

i= 0 

( αααi − ᾱαα) ( αααi − ᾱαα) 
� 

. (43) 

Note that for the case of sequential updating ( n = 1), ᾱαα = ααα and
 is zero. While choosing sequential o v er batched updating should
ot affect the resulting priors, it can be desirable to benefit from the
ost up-to-date repeatability prior before each calibration. In the 
ext calibration, the hyperparameters ααα0 , � 

� � 0 of the calibration priors 
ould be drawn from the updated the Gaussian–In verse–W ishart. 
he sampling procedure is documented by Gelman et al. ( 2021 ) and is
erformed in two steps: first, draw � 

� � 0 | ααα ∼ In v-W ishart ( � 

� � m + 1 , νm + 1 ) 
nd then draw ααα0 | � 

� � 0 , ααα ∼ MN ( μμμm + 1 , � 

� � 0 /λm + 1 ). 

.3 Calibration algorithm 

e are now ready to formulate the full calibration algorithm. 
he algorithm assumes that the repeatability prior hyperparameters 
 μμμm 

, � 

� � m 

, λm 

, νm 

) can be saved and restored from permanent storage
hrough certain routines named load and save . The algorithm 

lso assumes that at least M previous classical calibrations were 
erformed, from which ᾱαα and Q 

Q Q were obtained. 

lgorithm 1 Bayesian calibration algorithm 

equire: ᾱ and Q obtained from the first M classical calibrations. 
equire: σ 2 

E > 0 
equire: σ 2 

max > 0 
equire: N > 0 
equire: { p 0 , . . . , p N−1 } ⊂ F 

if first run then 

m ← 0 
μ0 ← ᾱ

� 0 ← Q 

λ0 ← M 

ν0 ← 2 J + M 

else 
load ( m, μm 

, � m 

, λm 

, νm 

) 
end if 
n ← 0 
draw ( α0 , � 0 ) from GIW ( μm 

, � m 

, λm 

, νm 

) 
while ‖ σ 2 [ ̃ ε | ε] ‖ ∞ 

≥ σ 2 
max do 

if n = N then � Calibration failed 
terminate with error condition 

end if 
measure ε n in p n 

� n + 1 ← 

(
Gσ−2 

E G + � 

−1 
n 

)−1 

αn + 1 ← � n + 1 

(
Gσ−2 

E ε n + � 

−1 
n αn 

)
n ← n + 1 

end while 
accept αn as model coefficients � Calibration successful 
draw α from MN ( αn , � n ) 
μm + 1 ← 

λm μm + α

λm + 1 
λm + 1 ← λm 

+ 1 
νm + 1 ← νm 

+ 1 
� m + 1 ← � m 

+ 

λm 

λm + 1 ( α − μm 

) ( α − μm 

) 
m ← m + 1 
save ( m, μm 

, � m 

, λm 

, νm 

) 

.  APPLI CATI ON  TO  H A R M O N I ’ S  FIELD  

I STORTI ON  

efore applying this method, one must provide evidence for the 
aussianity of the likelihood function. Simulations performed by 

he pointing simulator harmoni-pm (Carracedo-Carballal et al. 
022 ) showed that the measurement process is well described by a
aussian with certain measurement noise variance σ 2 

E for both axes 
Appendix C ), which also moti v ates a Gaussian likelihood. 
RASTAI 3, 108–124 (2024) 
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Figure 1. OCS pattern with 10 calibration points. The sub-indices represent 
the order in which the calibration points are traversed. 
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Next, one must choose basis functions ˆ G j of the asymptotic
xpansion of the error and a good calibration pattern. While the
atter is not as critical as the former, it has an impact on the number
f points that are eventually required to calibrate the instrument up
o the desired accuracy. 

.1 Basis functions 

ue to the circular geometry of HARMONI’s focal plane, we propose
 corrective model consisting of a truncated expansion of PZP of the
ointing error. PZPs are enumerated by two indices: the radial order
 and the azimuthal order m . Biesheuvel et al. ( 2018 ) formulate these
olynomials in polar coordinates as 

ˆ 
 

m 

n ( ρ, θ ) = R 

| m | 
n ( ρ) e imθ , ∀ ρ ∈ [0 , 1] , θ ∈ [ −π, π ) (44) 

here ρ = | ̂  v | = ( x 2 + y 2 ) 
1 
2 and θ = arg ( ̂  v ) = arctan y 

x 
. The radial

olynomial R 

| m | 
n is a real function of ρ that can be written in terms

f the Jacobi polynomials P 

( α,β) 
n ( x) as 

 

| m | 
n ( ρ) = P 

(0 , | m | ) 
n −| m | 

2 
(2 ρ2 − 1) ρ | m | . (45) 

Our method requires the basis functions to be enumerated by a
ingle index 0 ≤ j < J . While multiple indexations are possible, in
his article we will refer to the so-called OSA/ANSI indices (Thibos
t al. 2002 ), which relate m , n , and j by 

 = 

n ( n + 2) + m 

2 
. (46) 

This choice has the advantage of sorting PZPs in increasing radial
rder. This ensures that, as long as J is a triangular number, all
zimuthal orders up to certain radial order are contained in the
xpansion. In particular, first order distortions are encoded by the
rst three PZPs: ˆ Z 0 describes a displacement in the focal plane, ˆ Z 1 a
hange in the aspect ratio, and ˆ Z 2 any combination of a rotation and
 rescaling of the focal plane. 

As PZPs are defined in the unit disc, our basis functions must be
 v aluated in normalized focal plane as 

ˆ 
 j ( x x x ) = 

ˆ Z j 

( x x x 

R 

)
. (47) 

.2 Calibration pattern 

he choice of the calibration pattern is not only given by the basis
unctions, but also by practical constraints imposed by the instrument
esign. The performance of several calibration patterns was e v aluated
n a previous work (Carracedo-Carballal et al. 2022 ): dense square
rid of points (of around 400 points) had the best performance, at
he cost of a long calibration time. Spiral-like patterns behave well
n the J = K case for low-order realizations of the model, but tend to
eave highly undersampled regions in higher orders. 

The best trade-off between performance and number of points
as given by the Optimal Concentric Sampling (OCS) pattern. This
attern, originally described by Ramos-L ̈opez et al. ( 2016 ), optimizes
he condition number of the collocation matrices of the Zernike
xpansion, and it is parametrized by the truncation order of the
 xpansion. F or a correctiv e model with J = 10 complex coefficients,
he corresponding pattern takes the form shown in Fig. 1 . 

.  RE SULTS  

he performance of the algorithm was e v aluated against simulated
istortions between the ELT ’s focal plane and the relayed focal plane,
sing bayescal . The goals of these simulations were: 
ASTAI 3, 108–124 (2024) 
(i) Validate the ability of the model to produce calibration coeffi-
ients meeting certain accuracy goal. 

(ii) Compare the predicted uncertainties of the model with the
odel residuals after calibration. 
(iii) Study the impact of the number of classical calibrations used

s prior evidence of the repeatability prior. 
(iv) Compare the performance of the Bayesian calibration algo-

ithm with respect to the classical calibration technique. 

bayescal models the total distortion as a composition of three
 

2 → R 

2 coordinate transforms, representing how 2D coordinates
re displaced between focal planes: 

 

 

 

′ = T φ ◦ T � x x x ◦ T fprs [ x x x ] . (48) 

These transforms can be split into a fixed part and a variable
art. The fixed part corresponds to T fprs and was modelled after
 Finite Element Method (FEM) analysis of FPRS distortions up
o the 3rd radial order (introducing pointing errors of order 100
m/30 mas). The variable part is used to represent the repeatability
f measurements between calibrations, and consists of a random 2D
isplacement T � x x x = x x x + � x x x composed with a random 2D rotation
 φ = R( φ) x x x . 
In order to highlight the ability of the model to distinguish between

xed and variable contributions to the pointing error, the effect of the
atter was artificially increased to surpass the former. In particular,
oordinates of the displacement � x x x = ( �x , �y ) � are drawn from
ero-mean Gaussian distributions, with σ� x = 1 mm and σ� y =
 mm. The angle of the rotation is also drawn from a zero-mean
aussian distribution, with σφ = 30 arcsec. 
The measurement noise refers to the uncertainty of the technique

sed to locate the guide star’s centre of the imaged star. It depends
n contributions like the detector’s resolution, fitting algorithm, or
ignal-to-noise ratio of the acquired image. We chose a realistic,
sotropic Gaussian measurement noise of σx = σy = σE = 0 . 2 μm,
esulting in a total measurement noise variance of σ 2 

n = σ 2 
x + σ 2 

y ≈
 × 10 −2 μm 

2 . The calibration goal was set to σmax = 6 μm, corre-

art/rzae007_f1.eps
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Figure 2. Original OCS pattern (larger dots) augmented with redundant 
points (smaller dots). This redundancy was achieved by multiplying the 
density of points in the azimuthal and radial directions by 3. 
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Figure 3. Histogram of the RMS of the residual after 10 4 simulated 
calibrations. All 10 calibration points, one measurement per calibration point, 
no prior information. The dashed line represents the mean expectation of the 
predicted RMS. The box represents the standard deviation of the uncertainty 
of the RMS prediction. 

Figure 4. Histogram of the RMS of the residual after 10 4 simulated 
calibrations. All 10 calibration points, two measurements per calibration 
point, no prior information. 
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ponding to the tracking accuracy requirement of the guide probes 
Estrada et al. 2022 ). 

Since calibrations assumed a model with J = 10, the same 10-point
CS calibration pattern shown in Fig. 1 was used. Additionally, in a

eal-world scenario, we should expect that some of the optical fibres
omposing the points of the GCU mask may be damaged during the
ife time of the instrument. As a consequence, the definitive GCU 

ask pattern must contain redundant points that can replace the 
ailing ones. 

Validations were performed against a redundant version of the 
ame pattern with K = 90 calibration points in total, distributed in
he azimuthal and radial directions (Fig. 2 ). Calibration points were 
rdered to maximize their distance with respect to the previous, 
mproving the quality of the sampling during the first steps of the
alibration. The resulting order is reflected by the sub-indices of the 
oints in Fig. 1 . 

.1 Accuracy testing 

 or accurac y testing, we forced a non-informativ e prior for ααα0 , � 

� � 0 

n all calibrations, with μμμ0 = 0 0 0 and � 

� � 0 = (100 μm ) 2 I . This resulted
n the algorithm requiring J measurements prior to having a good 
escription of the field distortion. 
A total of 10 4 calibrations were performed, with different realiza- 

ions of the distortion each. The performance was e v aluated as the
MS measured in all 90 calibration points, and compared against the 
MS predictions described in equation ( 29 ). 
The result of this test is reflected in Fig. 3 . We see not only that the

alibration meets the goal, but also that the predicted RMS ( ≈ 0 . 35 ±
 . 17 μm) o v erestimates the observ ed mean RMS ( ≈ 0 . 31 μm) by
mall amount. We connect this excess uncertainty to the vague priors
sed for testing: increasing the number of measurements per point, 
e observe a reduction in the uncertainties that pushes the prediction 

loser to the observed values (Fig. 4 ). 
.2 Uncertainty prediction 

 critical feature of this algorithm is its ability to make informed
redictions of its own uncertainty. For this analysis, we trained the
odel with the result of M = 100 classical calibrations, starting with
0 = 0 0 0 and � 

� � 0 = (100 μm ) 2 I and updating the repeatability priors as
sual, iterating the algorithm along 10 4 simulated calibrations. Let 
 x , ε y be the horizontal and vertical components of the measured
ointing error, and ˜ ε x , ̃  ε y the random variables predicted by the 
ointing model. Since the uncertainty decreases as the number of 
ccepted calibrations increases, we normalize the measured pointing 
rrors by 

 x ( p 

p p i ) = 

ε x ( p 

p p i ) − E [ ̃ ε x ( p 

p p i )] 

σ [ ̃ ε x ( p 

p p i )] 
(49) 

 y ( p 

p p i ) = 

ε y ( p 

p p i ) − E [ ̃ ε y ( p 

p p i )] 

σ [ ̃ ε y ( p 

p p i )] 
(50) 

hich, for a perfect calibration with a good approximation of its
ncertainty, should result in both r x and r y behaving as Gaussian
istributions of zero mean and unitary variance. 
In all cases, the calibration goal was achieved after taking mea-

urements at the two first calibration points ( p 

p p 0 , p 

p p 1 ) once. This is
ot surprising, as the variable part of the pointing error consists of a
isplacement and a rotation. 
RASTAI 3, 108–124 (2024) 
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R

Figure 5. Histogram of the normalized residuals with respect to the predicted 
residuals, one measurement per calibration point. While the pointing error 
at the two first calibration points p 

p p 0 , p 

p p 1 seems to be perfectly described by 
the model, we observ e e xtra uncertainty in the rest. We also observe small 
offsets in the non-visited points of the calibration patterns with respect to 
their predicted means, all of them smaller than 1 σ . 
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Figure 6. Histograms of the normalized residual, using prior information. 
10 4 calibrations, two calibration points, one measurement per calibration 

point. 

Figure 7. Histograms of the residual RMS, using prior information. 10 4 

calibrations, two calibration points, one measurement per calibration point. 
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The results for the first five calibration points are summarized
n Fig. 5 . We can see that, in all cases, the observed residuals are
onsistent with the predicted uncertainties. We can also see that
he histogram of observed residuals at p 

p p 0 , p 

p p 1 is well described by
he uncertainty predicted by the model. Unsurprisingly, the model
 v erestimates the uncertainty around p 

p p 2 −4 , as information of the
istortion in those points is obtained more indirectly from the prior
istribution. We observe a similar behaviour by o v erlaying the
ormalized residual histogram in both axes and all 90 calibration
ASTAI 3, 108–124 (2024) 
oints (Fig. 6 ). In terms of RMS, we observe similar performance as
roviding 10 points with a very uninformative prior (Fig. 7 ). 
By repeating the test duplicating the number of measurements,

he model still needs two different calibration points to achieve
he calibration goal. Apart from a lower uncertainty in the sampled
oints, the impact in the performance is negligible (Figs 9 , 8 , and
0 ). 

.3 Impact of the number of classical calibrations 

n the two previous tests, we made the choice of M = 100 calibrations
n some what v ague assumptions. In order to optimize this choice,
e repeated the simulations using prior information from M = 25,
0, 100, and 200 classical calibrations. 
Results of this tests are summarized in Fig. 11 . In all cases, the

alibration goal was met after measuring two calibration points. In
he M = 25 case, the tails of the RMS histogram were considerably
arger than those of the classical calibration. None the less, the
erformance of the algorithm can be made comparable with the
revious calibrations simply by taking one extra measurement in
ach point (Fig. 12 ). 

It should be noted that the smallest M is not necessarily the best
hoice in all cases. In particular, for M = 25, initial Bayesian calibra-
ions required two measurements per calibration point to surpass the
erformance of the classical calibration, but only one measurement
er calibration point in future calibrations. This evolution in the
umber of measurements many not be desirable in contexts in which
 repeatable behaviour of the uncertainty is desired. 
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Figure 8. Histogram of the normalized residuals with respect to the 
predicted residuals, two measurements per calibration point. 
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Figure 9. Histograms of the normalized residual, using prior information. 
10 4 calibrations, two calibration points, two measurements per calibration 

point. 

Figure 10. Histograms of the residual RMS, using prior information. 10 4 

calibrations, two calibration points, two measurements per calibration point. 

Figure 11. Quartiles of the RMS after 10 4 simulations, compared with the 
predicted uncertainty (two measurements needed in total). Horizontal lines 
represent the quartiles of the RMS of a classical calibration using all 10 
points. 
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In our case, M = 100 ensures both a reasonable number of previous
alibrations (if we assumed one geometrical calibration per day, this 
umber would be achieved in approximately 3 month) and a stable 
umber of required measurements. 

.4 Performance with respect to the classical calibration 

e finish by comparing the performance of the classical calibration 
ith respect to the Bayesian calibration. We do this by performing 
0 4 simulations of each, and calculating the RMS of the residuals
s measured in the 90 locations defined by the redundant OCS
attern. For the Bayesian calibration, we considered two cases: the 
nformative case (as described in algorithm 1) and the uninformative 
ase (forcing ααα0 = 0 0 0 and � 

� � 0 = (200 μm ) 2 I ). 
In the uninformative case, calibrations were carried out by per- 

orming one simulated measurement of the distortion in each of the
0 calibration points of the non-redundant OCS pattern. Then, we 
alculated the histograms of the residual RMS and o v erlaid them
n Fig. 13 . From these results, it is evident that the performance of
he uninformative Bayesian calibration is equivalent to that of the 
lassical calibration. This is an expected consequence of the removal 
f the shrinkage introduced by the prior distributions: in the limiting
RASTAI 3, 108–124 (2024) 
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R

Figure 12. RMS histogram with M = 25 and 10 4 simulations. Bayesian 
calibrations were performed with one measurement per point (top panel) 
and two measurements per point (bottom panel). Classical calibrations were 
performed with all 10 calibration points, one measurement per calibration 
point. 

Figure 13. Residual RMS histograms for the classical and Bayesian cali- 
bration, no prior information, 10 4 calibrations. Both Bayesian and classical 
calibrations were performed with all 10 calibration points, one measurement 
per calibration point. 
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Figure 14. Residual RMS histograms for the classical and Bayesian calibra- 
tion, using prior information, 10 4 calibrations. Bayesian calibrations used 
two calibration points, one measurement per calibration point. Classical 
calibrations were performed with all 10 calibration points, one measurement 
per calibration point. 

Figure 15. Residual RMS histograms for the classical and Bayesian cali- 
bration, using prior information, 10 4 calibrations. Bayesian calibrations used 
two calibration points, two measurements per calibration point. Classical 
calibrations were performed with all 10 calibration points, one measurement 
per calibration point. 
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ase in which the priors are absolutely flat, ααα1 tends to the MLE
or ααα. 

The informative case was performed by estimating ᾱαα and Q 

Q Q from
 = 100 previously simulated classical calibrations, and allowing

0 , � 

� � 0 to be drawn from the repeatability priors. In this case, the
alibration goal was achieved after measuring only two calibration
oints. The residual RMS histograms are shown in Fig. 14 . Even
hough the original estimate of the RMS remained at 0.38 μm, we
bserve that the Bayesian calibration now outperforms the classical
alibration. This illustrates the ability of the model to capture the
epeatability of the highest order distortion and shrink measurements
owards the mean. 

If we further increase the number of measurements per point to
e two, we observe an additional reduction of the RMS towards the
easurement noise (Fig. 15 ). This, once again, illustrates the ability
ASTAI 3, 108–124 (2024) 
f the model to acknowledge the increase of measurement precision
y repeating the same measurements twice. 

.  OTH ER  APPLI CATI ONS  

he freedom of choice of basis functions allows this method to
e applied beyond the calibration of geometrical distortions of an
nstrument like HARMONI. In particular, this method could be
pplied to the calibration of a pointing model of a ground-based
elescope. 

For instance, we can identify F with the set of azimuthal coor-
inates of calibration stars in the sky and F 

′ with the coordinates
o which the telescope must be commanded to observe these stars
n the centre of their science field. The fact that sky coordinates
re a particular case of spherical coordinates moti v ates a multipole
xpansion of the pointing error as 

ˆ  ( θ, φ) = 

∞ ∑ 

l= 0 

m =+ l ∑ 

m =−l 

Y 

m 

l ( θ, φ) ̂  αm 

l (51) 

ith Y 

m 

l ( θ, φ) being Laplace’s spherical harmonics, and also the
asis functions of this pointing model. This series can be truncated
t l = d , with d being the order of the resulting model. For a d th order
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pherical harmonic model, one must keep the first ( d + 1) 2 spherical
armonics with 0 ≤ l ≤ d . 
A similar argument used in the deri v ation of OCS can be made for

 calibration pattern with spherical harmonics. In this case, additional 
onstraints e xist re garding the availability of stars near the calibration
oints and the time required to complete the calibration. Dette et al.
 2005 ) discusses a family sampling patterns for spherical harmonic 
xpansions that satisfy different optimality criteria (Kiefer 1974 ). 
nlike OCS, these criteria minimize a property of the inverse of the

nformation matrix of a given sampling pattern, like its determinant, 
ts trace, or its greatest eigenvalue. 

The proposed patterns consist of the Cartesian products of two 
amplings in azimuth and ele v ation. While the azimuth sampling 
s uniform, the ele v ation sampling is calculated from the nodes of
uadrature formulas with uniform weights. 

.  C O N C L U S I O N S  A N D  F U T U R E  WO R K  

(i) We proposed a general corrective model that is able to de- 
cribe the quasi-static geometric distortion in the focal plane of an 
nstrument. 

(ii) The Bayesian formulation of the calibration problem enables 
ncremental calibration, informed updating of the uncertainties in the 

odel parameters, and informative predictions of the distortion. 
(iii) Given that proper priors are provided, the Bayesian calibration 

lgorithm is able to outperform the classical calibration algorithm 

ith fewer measurements. 
(iv) We applied this model to HARMONI’s field distortion under 

ertain simplifying assumptions like highly repeatable GCU mask 
istortion, no bias in guide probe positioning, and isotropic and 
omogeneous measurement noise. 
(v) The classical formulation of the calibration problem was used 

o reduce the number of points in the GCU mask while keeping a
ood immunity to measurement noise. As a result of this trade-off, 
he redundant OCS pattern was proposed. 

(vi) The current formulation of the corrective model can be easily 
ugmented to include anisotropic pointing error measurement, as 
ell as position-dependent measurement errors of the guide probes. 

For future work, we plan to extend the instrumental model to 
ncorporate the effect of the systematic positioning errors of the 
uide probe mechanisms. As these errors are of mechanical origin, 
e expect them to be one of the biggest contributions to the total

nstrumental error. 
We also intend to couple the corrective model to distortions of

he GCU mask itself, due to thermal expansion of the supporting 
tructure. Additionally, while the current estimates of the RMS can 
e used as sufficiently good termination conditions for calibration, 
he y still o v erestimate the distribution of observ ed RMS. The cause
f this o v erestimation can be tied to the crude approximation of
he RMS distribution (approximation of the MSE distribution as a 
aussian plus a first order expansion of the square root) and to the

hoice of the calibration coefficients (we are not sampling ααα but 
icking αααn + 1 , which is known with less uncertainty). In this regard, 
e plan to develop the estimation of the RMS further to produce
ore realistic predictions of the observed RMS. 
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PPENDIX  A :  REAL-VALUED  C O L L O C AT I O N  

AT RIX  

et ˆ p 

p p = ( ̂  p 

0 , ˆ p 

1 , . . . , ˆ p 

K−1 ) 
� ∈ C 

K be a complex vector of e v alua-
ion points in the relayed focal plane, ˆ ααα = ( ̂  α0 , ̂  α1 , . . . , ̂  αJ−1 ) 

� ∈ C 

J 

he comple x v ector of coef ficients of the correcti ve model, and
ˆ 
 

 

 = ( ̂ ε 0 , ̂  ε 1 , . . . , ε K−1 ) 
� ∈ C 

K the vector of pointing errors e v aluated
n ˆ p 

p p in complex form. Predictions of the pointing error can be made
y e v aluating 

ˆ 
 

 

 = 

ˆ G 

G G ̂

 ααα (A1) 

n which the coefficients ˆ G 

k 
j of the complex collocation matrix ˆ G 

G G

re obtained from e v aluations of the first J basis functions ˆ G j as
ˆ 
 

k 
j = 

ˆ G j ( ̂  p 

k ). 
In order to obtain a real-valued expression for the pointing error

n both axes, we need to decompose all complex quantities into their
eal and imaginary parts: 

ˆ  k = ε k x + iε k y (A2) 

ˆ j = αj + iαj 
y (A3) 

ˆ 
 

k 
j = X 

k 
j + iY 

k 
j . (A4) 

Now, equation ( A1 ) can be expanded to 

 

k 
x + iε k y = 

J−1 ∑ 

j= 0 

X 

k 
j α

j 
x + iX 

k 
j α

j 
y + iY 

k 
j α

j 
x − Y 

k 
j α

j 
y . (A5) 

By grouping real and imaginary quantities, we arrive to the
ollowing set of real-valued equations: 

 

k 
x = 

J−1 ∑ 

j= 0 

X 

k 
j α

j 
x − Y 

k 
j α

j 
y (A6) 

 

k 
y = 

J−1 ∑ 

j= 0 

X 

k 
j α

j 
y + Y 

k 
j α

j 
x . (A7) 

The quantities ε k d , d ∈ { x, y} are still enumerated by two indices.
ince single-inde x ed v ectors are more conv enient from the im-
lementation perspective, we can rely on the following interlaced
epresentation of complex vectors: 

 

k 
x = v 2 k (A8) 

 

k 
y = v 2 k+ 1 (A9) 

hich assigns even indices to the real parts and odd indices to the
maginary parts. Under this representation, equation ( A6 ) can be
ritten as 

 

2 k = 

J−1 ∑ 

j= 0 

X 

k 
j α

2 j − Y 

k 
j α

2 j+ 1 (A10) 

 

2 k+ 1 = 

J−1 ∑ 

j= 0 

X 

k 
j α

2 j+ 1 + Y 

k 
j α

2 j (A11) 

r, in a more compact form 

 

 

 = G 

G G ααα (A12) 

here ε ε ε ∈ R 

2 K , ααα ∈ R 

2 J , and G 

G G ∈ R 

2 K×2 J . The coefficients of the
eal collocation matrix G 

q 
p can be expressed in terms of the real and

maginary parts of the coefficients of the complex collocation matrix
ˆ 
 

k 
j as 
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2 k 
2 j = + X 

k 
j = + Re [ ̂  G 

k 
j ] (A13) 

 

2 k 
2 j+ 1 = −Y 

k 
j = −Im [ ̂  G 

k 
j ] (A14) 

 

2 k+ 1 
2 j = + Y 

k 
j = + Im [ ̂  G 

k 
j ] (A15) 

 

2 k+ 1 
2 j+ 1 = + X 

k 
j = + Re [ ̂  G 

k 
j ] . (A16) 

PPENDI X  B:  POSTERI OR  DI STRI BU TI ONS  

his paper introduces Bayesian updating formulae for two distri-
utions: the calibration-time coefficient distribution and the model
epeatability distributions. These distributions have been chosen to be
onjugate with respect to their corresponding likelihood functions,
o that the posterior distribution is analytic and of the same form
s the prior distribution. This section describes how the Bayesian
pdating formulae have been obtained in each case. 

1 Model coefficient distribution 

et ααα = ( α0 , α1 , . . . , α2 J−1 ) � ∈ R 

2 J the real and imaginary parts of
he model coefficients and σ 2 

E the variance of the measurement noise,
 

 

 = ( ε 0 , ε 1 , . . . , ε 2 K−1 ) � ∈ R 

2 K the real vector constructed from
easurements of the pointing error in the horizontal and vertical axes

f certain K measurement points, and p 

p p = ( p 

0 , p 

1 , . . . , p 

2 K−1 ) 
� 

he real vector constructed from alternating horizontal and vertical
oordinates of the K measurement points. 

Let p( ααα) be the prior probability density of the coefficient vector,
hich encodes our knowledge on the model coefficients. According

o the Bayes theorem, the presence of a new observation ε ε ε updates
he probability density p( ααα) as 

 ( ααα| ε ε ε ) = 

p ( ε ε ε | ααα, p 

p p , σ 2 
E ) 

p ( ε ε ε ) 
p ( ααα) (B1) 

here p( ε ε ε | ααα, p 

p p , σ 2 
E ) is just the likelihood function introduced in

quation ( 15 ) and p( ε ε ε ) acts as a mere normalization constant.
quation ( B1 ) can therefore be written as 

( ααα| ε ε ε ) ∝ L ( ααα| ε ε ε , p 

p p , σ 2 
E ) p( ααα) . (B2) 

If p( ααα) is modelled after a multi v ariate Gaussian with a mean
ector αααn and a covariance matrix � 

� � n 

∼ MN ( αααn , � 

� � n ) (B3) 

he posterior p( ααα| ε ε ε ) will also be multi v ariate Gaussian, as it is
onjugate with respect to the likelihood function ( 15 ): 

| ε i ∼ MN ( αααn + 1 , � 

� � n + 1 ) (B4) 

here the sub-indices n and n + 1 have been conveniently chosen
o distinguish between prior hyperparameters and posterior hyperpa-
ameters. p( ααα) can be written as 

( ααα) = 

1 √ 

(2 π ) 2 J det � 

� � n 

exp 

[
−1 

2 
( ααα − αααn ) 

� � 

� � 

−1 
n ( ααα − αααn ) 

]
. (B5) 

Since all distributions in equation ( B2 ) are of the exponential
 amily, we can tak e the logarithms in both sides of the equation and
emo v e the common factors: 

 ααα − αααn + 1 ) 
� � 

� � 

−1 
n + 1 ( ααα − αααn + 1 ) = σ−2 

E ( ε ε ε − G 

G G ααα) � ( ε ε ε − G 

G G ααα) 

+ ( ααα − αααn ) 
� � 

� � 

−1 
n ( ααα − αααn ) + S (B6) 
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here S is a normalization term that does not depend on ααα. Both
ides of the identity ( B6 ) are therefore second-degree polynomials 
n ααα. 
We introduce now the precision matrix � 

� � n = � 

� � 

−1 
n . By definition, 

ll covariance matrices � 

� � n are symmetric and positive definite, hence 
he corresponding precision matrices � 

� � n exist and must also be 
ymmetric and positive definite. This implies that u 

u u 

� � 

� � n v v v = v v v � � 

� � n u 

u u 

or an y u 

u u , v v v ∈ R 

2 J . By e xploiting this property, we can further e xpand
 B6 ) into 

ααα� � 

� � n + 1 ααα + αααn + 1 
� � 

� � n + 1 αααn + 1 − 2 ααα� � 

� � n + 1 αααn + 1 − S = 

ε ε ε � σ−2 
E ε ε ε + ααα� G 

G G 

� σ−2 
E G 

G G ααα − 2 ααα� G 

G G 

� σ−2 
E ε ε ε 

+ ααα� � 

� � n ααα + αααn 
� � 

� � n αααn − 2 ααα� � 

� � n αααn . (B7) 

y grouping the quadratic terms on ααα, we see that ααα� � 

� � n + 1 ααα = 

� G 

G G 

� σ−2 
E G 

G G ααα + ααα� � 

� � n ααα = ααα� ( G 

G G 

� σ−2 
E G 

G G + � 

� � n ) ααα. This allows us to 
onclude that 

 

 

 n + 1 = G 

G G 

� σ−2 
E G 

G G + � 

� � n (B8) 

hich can be interpreted as the Bayesian updating formula for the 
nverse of the covariance matrix � 

� � n . 
By repeating the process on the linear terms in ααα and remov- 

ng common factors, we see that ααα� � 

� � n + 1 αααn + 1 = ααα� G 

G G 

� σ−2 
E ε ε ε + 

� � 

� � n αααn . Since ααα� is a common factor in this identity, we can rewrite
t as 

� ( � 

� � n + 1 αααn + 1 − G 

G G 

� σ−2 
E ε ε ε − � 

� � n αααn ) = 0 (B9) 

hich must hold for any ααα and therefore � 

� � n + 1 αααn + 1 = G 

G G 

� σ−2 
E ε ε ε + 

 

 

 n αααn . By solving now for αααn + 1 

n + 1 = � 

� � 

−1 
n + 1 ( G 

G G 

� σ−2 
E ε ε ε + � 

� � n αααn ) (B10) 

hich can be interpreted as the Bayesian updating formula for the 
ean vector αααn . The full Bayesian updating formula for the model 

oefficient distribution is therefore written as 

 

 

 n + 1 = 

(
G 

G G 

� σ−2 
E G 

G G + � 

� � 

−1 
n 

)−1 
(B11) 

n + 1 = � 

� � n + 1 

(
G 

G G 

� σ−2 
E ε ε ε + � 

� � 

−1 
n αααn 

)
. (B12) 

2 Connection to the classical calibration 

hen K = J , a classical solution to the calibration problem can be
btained by the formula 

= G 

G G 

−1 ε ε ε (B13) 

ith ααα, ε ε ε ∈ R 

2 J and G 

G G ∈ R 

2 J×2 J . This solution can be connected to a
imiting case of the Bayesian update when a batch of J measurements
as been used as evidence and the prior p( ααα) tends to an infinitely
ninformative distribution. From equations ( B11 )–( B12 ), we obtain 

 

 

 1 = 

(
G 

G G 

� σ−2 
E G 

G G + � 

� � 

−1 
0 

)−1 
(B14) 

1 = � 

� � 1 

(
G 

G G 

� σ−2 
E ε ε ε + � 

� � 

−1 
0 ααα0 

)
(B15) 

here G 

G G ∈ R 

2 J×2 J is now the classical real collocation matrix. 
If we introduce a prior for the covariance matrix of the form
 

 

 0 = σ 2 
0 I (i.e. same variance σ 2 

0 for all coefficients and no correlation 
etween them), we can analyse the limiting case of an infinitely 
ninformative prior distribution by taking the limits of � 

� � 1 and ααα1 

hen σ 2 
0 → ∞ : 

lim 

σ 2 
0 →∞ 

� 

� � 1 = 

(
G 

G G 

� σ−2 
E G 

G G 

)−1 = σ 2 
E G 

G G 

−1 G 

G G 

� 

−1 
(B16) 
lim 

σ 2 
0 →∞ 

ααα1 = � 

� � 1 G 

G G 

� σ−2 
E ε ε ε = G 

G G 

−1 ε ε ε (B17) 

rom which we see that ααα1 equals to the classical solution as written
n equation ( B13 ). 

We should remark that, as per equation ( B11 ), sequential and
atched updates have the same effect on the covariance matrix. This
s no longer true for the mean vector αααn , in which updatings from
re vious observ ations condition the probability of future observa- 
ions. 

On the other hand, since equation ( B16 ) still applies to sequential
pdatings, we should expect a significant decrease of the total 
ariance of � 

� � J with respect to � 

� � J−1 (as it now contains information 
f all distortion modes). 

3 Posterior predicti v e distribution 

he choice of conjugate priors also ensures the existence of a closed-
orm expression for the posterior predictive distribution. In order to 
nd this expression, we consider a collocation matrix e v aluated in N
istinct test points ˜ G 

G G ∈ R 

2 N×2 J , with N < J . We start by remarking
hat p( ̃ ε ε ε | ε ε ε ) can be obtained from the following marginalization: 

( ̃ ε ε ε | ε ε ε ) = 

∫ 
· · ·

∫ 
p( ̃ ε ε ε | ααα, σ 2 

E I ) p( ααα| ε ε ε ) d 2 J α. (B18) 

ince p( ααα| ε ε ε ) = p( ααα| αααn + 1 , � 

� � n + 1 ), it can also be written as 

( ̃ ε ε ε | ε ε ε ) = 

∫ 
· · ·

∫ 
p( ̃ ε ε ε | ααα, σ 2 

E I ) p( ααα| αααn + 1 , � 

� � n + 1 ) d 
2 J α. (B19) 

ince p( ̃ ε ε ε | ααα, σ 2 
E ) depends on ααα only to calculate the mean ˜ G 

G G ααα, we can
entatively introduce the change of variable m 

m m = 

˜ G 

G G ααα. Unfortunately, 
˜ 
 

 

 is a rectangular projection matrix, and any change of variable 
equires the transformation to be bijective. 

We can o v ercome this difficulty by remarking that ˜ G 

G G con-
ists on 2 N linearly independent vectors G 

G G i ∈ R 

2 J . Let G =
pan { G 

G G 0 , . . . , G 

G G 2 N−1 } the vector sub-space spanned by the rows of
˜ 
 

 

 . It is clear that G ⊂ R 

2 J as dim G = 2 N < 2 J . 
Let W ⊂ R 

2 J such that W ⊥ G and W ∪ G = R 

2 J . If w 

w w i ∈ W are a
et of 2( J − N ) basis vectors of W , we can complete the matrix ˜ G 

G G as
ollows: 

 

 

 = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

G 

G G 

� 

0 
. . . 

G 

G G 

� 

2 N−1 

w 

w w 

� 

0 
. . . 

w 

w w 

� 

2( J−N) −1 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

. (B20) 

ince by construction the matrix A 

A A ∈ R 

2 J×2 J is full rank and its rows
pan all R 

2 J , A 

A A 

−1 is guaranteed to exist. We can now introduce the
ollowing change of variable: 

 

 

 = A 

A A ααα ⇐⇒ ααα = A 

A A 

−1 m 

m m (B21) 

ith m 

m m = ( m 0 , . . . , m 2 J−1 ) 
� ∈ R 

2 J . This enables the rewrite of 
quation ( B19 ) as 

( ̃ ε ε ε | ε ε ε ) ∝ 

∫ 
· · ·

∫ 
p( ̃ ε ε ε | m 

m m , σ 2 
E I ) p( A 

A A 

−1 m 

m m | αααn + 1 , � 

� � n + 1 ) d 
2 J m. (B22) 

e further note that p( ̃ ε ε ε | m 

m m , σ 2 
E I ) does not depend on the extra

imensions we added to ˜ G 

G G . This allows us to marginalize only in
RASTAI 3, 108–124 (2024) 
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he first 2 N components of m 

m m : 

p( ̃ ε ε ε | ε ε ε ) = p( ̃ ε ε ε | ε ε ε , m 2 N , . . . , m 2 J−1 ) ∝ ∫ 
· · ·

∫ 
p ( ̃ ε ε ε | m 

m m , σ 2 
E I ) p ( A 

A A 

−1 m 

m m | αααn + 1 , � 

� � n + 1 ) d 
2 N m 

(B23) 

here we kept the dependency m 2 N , . . . , m 2 J − 1 as it is still
ecessary to compute A 

A A 

−1 m 

m m . Note that p( A 

A A 

−1 m 

m m | αααn + 1 , � 

� � n + 1 ) is also
 multi v ariate Gaussian probability distribution. The logarithmic
robability density takes the form 

ln p( A 

A A 

−1 m 

m m | αααn + 1 , � 

� � n + 1 ) = 

−1 

2 

(
A 

A A 

−1 m 

m m − αααn + 1 

)� 

� 

� � 

−1 
n + 1 

(
A 

A A 

−1 m 

m m − αααn + 1 

) + K. (B24) 

y writing � 

� � 

−1 
n + 1 = ( A 

A A 

−1 A 

A A ) 
� 

� 

� � 

−1 
n + 1 A 

A A 

−1 A 

A A , equation ( B24 ) becomes 

ln p( A 

A A 

−1 m 

m m | αααn + 1 , � 

� � n + 1 ) = 

− 1 

2 
( m 

m m − A 

A A αααn + 1 ) 
� A 

A A 

−1 � 

� 

� � 

−1 
n + 1 A 

A A 

−1 ( m 

m m − A 

A A αααn + 1 ) + K 

(B25) 

rom which we identify the exponent of a multi v ariate Gaussian with
ean A 

A A αααn + 1 and covariance matrix A 

A A 

� � 

� � A 

A A : 

p( ̃ ε ε ε | ε ε ε , m 2 N , . . . , m 2 J−1 ) ∝ ∫ 
· · ·

∫ 
p ( ̃ ε ε ε | m 

m m , σ 2 
E I ) p ( m 

m m | A 

A A αααn + 1 , A 

A A 

� � 

� � n + 1 A 

A A ) d 2 N m. 
(B26) 

he multi v ariate Gaussian density p( ̃ ε ε ε | m 

m m , σ 2 
E I ) can also be written as

( ̃ ε ε ε − m 

m m 

′ | 0 0 0 , σ 2 
E I ) with m 

m m 

′ = ( m 0 , . . . , m 2 N−1 ) 
� , as it does not depend

n the extra dimensions we added to construct A 

A A . We are now ready
o remo v e the dummy dependency on m 2 N , . . . , m 2 J − 1 along with
he corresponding rows and columns in the mean expression A 

A A αααn + 1 

which now reduces to ˜ G 

G G ααα) and the covariance matrix A 

A A 

� � 

� � n + 1 A 

A A

which now reduces to ˜ G 

G G 

� 

� 

� � n + 1 ̃
 G 

G G ): 

p( ̃ ε ε ε | ε ε ε ) ∝ ∫ 
· · ·

∫ 
p ( ̃ ε ε ε − m 

m m 

′ | 0 0 0 , σ 2 
E I ) p ( m 

m m 

′ | G 

G G αααn + 1 , ˜ G 

G G 

� 

� 

� � n + 1 ̃
 G 

G G ) d 2 N m. 
(B27) 
ASTAI 3, 108–124 (2024) 
e finish by remarking that equation ( B27 ) is actually the convolu-
ion integral of two multi v ariate Gaussians distributions: 

( ̃ ε ε ε | ε ε ε ) = p( x x x | 0 0 0 , σ 2 
E I ) ∗ p( x x x | ̃  G 

G G αααn + 1 , ˜ G 

G G 

� 

� 

� � n + 1 ̃
 G 

G G ) (B28) 

rom which it follows that ̃  ε ε ε | ε ε ε is also a multivariate Gaussian variable
f the form 

˜ 
 

 

 | ε ε ε ∼ MN ( ̃  G 

G G αααn + 1 , σ
2 
E I + 

˜ G 

G G 

� 

� 

� � n + 1 ̃
 G 

G G ) . (B29) 

PPENDI X  C :  SCATTER  PLOT  MATRI CES  

n order to understand the stochastic behaviour of the corrective
odel coefficients, we simulated a total of 20 000 classical cali-

rations. Simulations were performed by means of HARMONI’s
ointing simulator harmoni-pm , and assumed a corrective model
ith J = 10 complex coefficients. Each calibration was fed from 553

imulated measurements of the pointing error along a uniform grid
f points inside the surface of the technical field. Each simulated
easurement took into account contributions like manufacturing

olerances, optical distortions, and mechanical instabilities, and
roduced a C 

10 vector of calibrated coefficients. 
In order to represent distribution and correlation between coeffi-

ients, a representation in the form of two scatter plot matrices was
sed, one for the real part of the coefficients (Fig. C1 ) and another
or the imaginary part of the coefficients (Fig. C2 ). The plot in the i th
ow and j th column (with i 
= j ) is a 2D scatter plot of the pair formed
y the real (imaginary) parts of the coefficients ˆ αi and ˆ αj . On the
ther hand, the i th plot in the diagonal represents the histogram of
he real (imaginary) part of the coefficient ˆ αi . Since the purpose of
hese plots was to represent the shape of the underlying coefficient
istribution, the simulated real (imaginary) parts of the coefficients
here normalized by their respective sample means and standard
eviations. 
The obtained scatter plot matrices are compatible with a multi-

ariate Gaussian random variable, with slight correlations between
ertain coefficients. 
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Figure C1. Scatter plot matrix of the real part of the complex coefficient vector ˆ ααα. In this figure, αm 
n represents the real part of the complex coefficient 

multiplying the polynomial ˆ G 

m 
n . Rows and columns are sorted by increasing OSA/ASI index, as per equation ( 46 ). Plot axes are normalized by the sample mean 

and standard deviation of the real parts of the respective coefficients. 

art/rzae007_fc1.eps
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Figure C2. Scatter plot matrix of the imaginary part of the complex coefficient vector ˆ ααα. In this figure, αm 
n represents the imaginary part of the complex 

coefficient multiplying the polynomial ˆ G 

m 
n . Rows and columns are sorted by increasing OSA/ASI index, as per equation ( 46 ). Plot axes are normalized by the 

sample mean and standard deviation of the imaginary parts of the respective coefficients. 

This paper has been typeset from a T E 

X/L 

A T E 

X file prepared by the author. 

© 2024 The Author(s). Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open Access article distributed under the terms of the Creative Commons Attribution License 

( https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited. 

art/rzae007_fc2.eps
https://creativecommons.org/licenses/by/4.0/

	1 INTRODUCTION
	2 HARMONI
	3 METHODOLOGY
	4 PROBLEM FORMULATION
	5 ANALYTIC SOLUTION
	6 APPLICATION TO HARMONIS FIELD DISTORTION
	7 RESULTS
	8 OTHER APPLICATIONS
	9 CONCLUSIONS AND FUTURE WORK
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY
	REFERENCES
	APPENDIX A: REAL-VALUED COLLOCATION MATRIX
	APPENDIX B: POSTERIOR DISTRIBUTIONS
	APPENDIX C: SCATTER PLOT MATRICES

