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Abstract

In this paper we analyze a simple two-sided adverse selection model with one principal
and one agent. They are both risk neutral and have private information about their type.
We also assume that the private information of the principal is correlated with the one of
the agent. The main result of the paper is that the principal can extract a larger share of
the surplus from the agent than in the case where her information is public. The principal
can design such a contract because she exploits the fact that her type is an informative
signal on the agent’s one. We fully characterize the equilibrium of the principal agent game
in which different types of principal offer the same menu of contracts that leave the agent
uninformed about the principal’s type. This gives more freedom to the principal when
setting the transfers because the agent’s constraints need to hold only at an interim stage.
The principal gains from a peculiarity of the correlated environment: different types of agent
have different beliefs about the probability distribution over the states of the world.

Keywords: informed principal, private values, correlation.

JEL Classification: D82, D20, L21.

1 Introduction.

Most of the mechanism design theory is built around the hypothesis that there is an uninformed
party (the principal) that contracts with an informed party (the agent). The principal offers
a contract that the agent accepts or rejects, therefore the main problem for the principal is
to find the optimal contractual way to elicit the agent’s private information. Although this

paradigm has been applied to many different contexts and has proved itself to be quite powerful
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in explaining many economic interactions the assumption of one-sided private information is
sometimes restrictive.

Often both principal and agent are endowed with private information which is important
for the efficiency of the economic trnsaction between them. One example is the provision of a
public good, where usually the lack of information rests with the government (principal) regard-
ing citizens’ (agents’) private evaluations. However, it is likely that the government possesses
superior information about the cost of supplying the good. Also in a regulated market the
authority (principal) may have private information about the market demand for the regulated
good even if it does not know the costs incurred by the firms (agents). Finally, a discriminating
monopolist may have private information about the quality of the good it provides. In all these
situations we face what is known in the literature as an “informed-principal” problem.

Once we assume double sided private information the problem that an informed principal
has to solve is considerably more complicated. When designing a contract, a principal needs to
worry about rent extraction and what to do with her information. She has to decide whether to
make it public, and, if so, she has to do it in a credible way. Interestingly, a principal might be
worse off by having this private information; in fact in some circumstances she may not be able
to use it to her benefit. The main problem in this respect comes from the signalling content
that any action taken by the principal may have for the agent.

In this work we analyze a simple two sided adverse selection model with one principal and one
agent. They both have private information about their types and a type-dependent quasilinear
utility function. We also assume that the private information of the principal is correlated with
the one of the agent. In other words, after observing her private information the principal
updates non-trivially her beliefs on the agent characteristics. The same is true for the agent.

The main result of the paper is that the principal can extract a larger share of the surplus
from the agent than in the case where her information is public. Intuitively, the principal can
design such a contract because she exploits the fact that her type is an informative signal of
the agent’s one.

The existing literature, in particular Maskin and Tirole (1990), has explored this problem in
details focusing on the risk sharing benefits to the principal of hiding her private information.
They propose the interpretation of this principal-agent game as a fictitious exchange economy
where the different types of principal are consumers that trade the slackness on the agent’s
constraints. They show that there exists a Walrasian equilibrium of this economy and the main
reason driving this exchange is risk sharing.

Different types of principal have different attitudes with respect to the risk of facing a “bad”
type agent, therefore some arbitrage is mutually beneficial. Hence when the principal is risk
averse there exists a strict gain from trade among the different types of principal. If the principal
reveals her type when offering the contract, then the incentive compatibility and individual
rationality constraints have to be satisfied for each type and hence no trade is possible and no

risk sharing possibility arises. If, instead, a risk averse principal hides her private information



then she can capture the gains of sharing risk with other types of principal. Clearly, if the
principal is risk neutral those gains are not present and hence there is no advantage from hiding
her type. It is for this reason that, in their framework, when the utility functions of both parties
are assumed to be quasilinear there is no possibility of obtaining a higher payoff: if the different
types of principal are risk neutral, they do not benefit from any risk-sharing activity.

In this paper we depart from this analysis by assuming that the principal is risk neutral and
that her private information is correlated with the one of the agent. Obviously, in this case,
there exist no gains from risk sharing. However, we show the principal can still gain from hiding
her private information.

If the contract offer does not reveal any information then the agent remains uninformed
about the principal’s type and his constraints will have to hold only in expectation. This gives
more freedom to the principal who can profit by relaxing these constraints in some states of the
world. The peculiarity of this correlated environment is that even if the principal is risk neutral
the relative costs of satisfying the agent’s constraints is different across types of principal. The
presence of correlation, even when principals of every type are risk neutral, allows the marginal
rate of substitution between different states of the world to be different across types, so there
exists a relative price that makes the exchange beneficial. Obviously the principals do not trade
to share risk, they trade because one values relatively more the slack on a constraint than the
other does. In other words there exist market prices such that the principals buy something
on the market that is cheaper than their private evaluation and sell something that they value
relatively less than the market. In this way they can save on the transfers given to the agent.

This can be best seen in the characterization of the equilibrium of the principal agent game
when we show that if both types of principal make the same contract offer, they achieve a
higher payoff since they manage to reduce the transfers, while the physical allocation remains
the same. As a consequence the informational rent of the agent is reduced in favor of an increase
in the expected payoff of the principal, who is able to extract more surplus.

We are certainly not the first to suggest that a principal that exploits the informativeness
of a private information of individuals, other that the agent, can reduce the rent transferred
to the agent (Crémer and McLean (1985,1988), McAfee and Reny (1992)). In particular these
papers show that an uninformed principal facing many privately informed agents, whose types
are correlated, can design a mechanism that extracts all the surplus from the agents. The
principal can then achieve the first best because there is no more need to trade off rents with
efficiency. The mechanism uses a sort of yardstick competition among the agents created by
constructing lotteries that consist of payments conditional of the announcements of the other
agents. The key difference between these papers and ours is that the signal that the principal
wishes to exploit is her private information and this implies that any feasible contract must
involve incentives for the principal to reveal truthfully. Satisfying these incentive compatibility
constraints for the contract designer introduces an extra degree of complexity in our analysis and

prevents the principal form extracting all the surplus form the agent as in the above mentioned



works.

Another related paper is Riordan and Sappington (1988) where the authors show that a
principal can achieve the first best outcome if she can condition a contract on a signal correlated
to the type of the agent and that will be made public ex-post. In our case the type of the principal
(which is also her signal) remains private information.

The structure of the paper is as follows. In Section 2 we present the setup, we discuss the
structure of the game and we study the benchmark of full information. In Section 3 we show
that in our fictitious exchange economy there exists a set of equilibria that Pareto dominates the
full-information outcome. In Section 4 we characterize the equilibrium of the principal-agent
game. In Section 5 concludes. The Appendix contains some proofs and a simple example where

it is possible to appreciate the main results in a concise and transparent way.

2 The model.

We are going to compare our analysis to the results of Maskin and Tirole (1990) and also point
to some of their results, therefore the set-up and the notation will be kept as close as possible

to the ones in their contribution.

2.1 Objective functions and information.

There are two players, a principal and an agent. The principal has a quasi-linear utility function
Vi=¢ (y) —t, where y is an observable and verifiable action, ¢ is a monetary transfer from the
principal to the agent, and ¢ is a parameter that represents the principal private information or
type. @' (+) is continuous, increasing and concave in y.

The agent has a quasi-linear utility function U; =t —1); (y), where j represents the agent’s
type. It is worth noting that U does not depend from j, the principal’s private information,
this assumption is important and places our model in the private values framework. v, (+) is

increasing and convex in y. Moreover we assume that U; decreases with j, this means that:

Yy (y) < Pq (y) for all y.

We further make the assumption that %y(y) < %y(y) for all y.

The agent’s reservation utility is normalized to zero.

This abstract set-up fits well the following real world situation: a buyer (the principal), with
private information about her preferences for a good, offers a contract to a seller (the agent),
that produces the good and has private information about his production costs. In that case y
will be the quantity sold and ¢ the price paid by the buyer.

In what follows we may use Mé' to indicate the pair (y,t) selected by the mechanism when

the principal is of type ¢ and the agent of type j.



To guarantee the existence of equilibrium, we assume that the feasible actions and transfers
lie in compact and convex sets!.

The parameters i and j are drawn from a joint discrete distribution which is common
knowledge. We suppose that each parameter can assume only two values, therefore there are
only four possible states of the world. The Principal’s prior beliefs about the joint distribution

of types are:

pn = Pr
pi2 = Pr
pa1 = Pr
p22 = Pr

The agent’s prior beliefs are identical to those of the principal, posterior beliefs are denoted
by pij.

We then define p = p11p2s —p12p21 # 0 as the correlation coefficient between the two player’s
information, when it is positive it means that it is relatively more likely that they are of the
same type, when negative “mixed” pairs are more likely.

We are therefore assuming that each player’s type is an informative signal of the other’s
type. As a consequence conditional distribution of the agent’s type are different for the two
types of principal, the same is true for the agent.

As in Maskin and Tirole the limitation on the possible types for the players is not essential

but simplifies the analysis and favors the intuition of the results.

2.2 The principal-agent game.

The timing of the principal-agent game is as follows:

1. The principal proposes a mechanism in the feasible set M to the agent. A mechanism
m in M will specify i) a set of possible messages for each party and ii) for each pair of
messages chosen simultaneously an allocation (y,t). Note that the set M includes the set
of direct revelation mechanisms in which parties simultaneously announce their types, by
invoking the revelation principle for Bayesian game we can restrict the attention to direct

truthful mechanisms.?

2. The agent updates his prior (if he has learned something from the offer), accepts or refuses

the contract offered. If he refuses both players get zero utility and the game ends. If the

!This assumption can be seen partly as a sort of limited liability for the agent, the differenc eis that the
transfers not only have a lower bound but also an upper bound. This is needed to ensure the compactness of the
budget set in the fictitious Walrasian economy in the next section.

’In this framework (as in Maskin and Tirole (1990)) the principle states that for any mechanism and for
given beliefs any equilibrium of the mechanism is equivalent to an equilibrium of a direct revelation mechanism
in which types are truthfully announced.



agent accepts, the principal updates her beliefs, and the parties move to the last stage of

the game.

3. Both parties announce their types and the proposed mechanism is implemented.

We will study the perfect Bayesian equilibria of the overall game.

2.3 The case of full information.

As a benchmark we study the equilibrium when the principal’s information is common knowl-
edge. Maskin and Tirole call it the full information case (even if the principal does not know
the agent’s type) and it is nothing more than the standard screening model.

We know from the revelation principle that every equilibrium allocation of this game can
be obtained as an equilibrium of a direct truthful mechanism. The outcome Mé' that will be
implemented in equilibrium will have to satisfy two types of constraints individual rationality
and incentive compatibility.

For every ¢ the participation constraints are: U; (,uﬁ) > 0 for j = 1,2. While the truthtelling
constraints are: U; (ué) > Uj (u}c) for all j,k.

Standard arguments apply, and in this context only two constraints are binding, the partic-
ipation constraint of type 2 and the incentive compatibility of type 1.

Therefore in the case of full information a principal of type i proposes a contract { i ,u’Q}

that solves the following program:

max Y p;;V* <u3> such that

(piy ] I
IR : U (,ﬁ?) 20 (0"
IC*: Uy (4}) = Un (u) ()

where p’ and 4 are the Lagrange multipliers for the IR and IC constraints.?

Given the specific functional forms chosen for the utility functions of the two players we can
actually find the precise solution to this problem.

A principal of type ¢ will offer the following decreasing schedule of output and the respective

transfers, (y;1, yio, ti1, ti2):

¢" (yi) = ¥4 (ya) and ti = ¢q (yia) + (V2 (yi2) — ¥1 (yi2))
A i
¢" (yi2) = Y5 (yi2) + p% (V5 (yi2) — ¥1 (yi2)) and tio = s (yi2) -
(2
As one could expect, the solution preserves standard characteristics like the “no distortion

at the top” property and no informational rent for the “bad” agent.

3 A more detailed solution of the full-information problem can be found in the Appendix.



For future reference denote by (ﬁ?,ﬁi,ii) the solution to the full information program (FZ)
and let 7° = > i iji (ﬂ;) be the type i principal’s payoff.

Moreover at the full-information allocation the ratios of the Lagrange multipliers of the two

. inci i 1 _pu 4P __pa
types of principal are different (p1 iy 7 55 = patpas

fulfilling the individual rationality and incentive compatibility constraint is not the same across

) meaning that the relative cost of

principals. This fact is going to be extremely important to prove the results in what follows.*
A feature, common to all the private values models, is that, regardless of the agent’s informa-

tion about the principal’s type, 7 provides a lower bound to the type 4 principal’s equilibrium

payoff. This means that the full information contract is incentive compatible® for each type of

principal. We are going to show that it is possible to find equilibria that improve on this payoff.

3 The fictitious exchange economy and the Walrasian equilib-

ria.

The problem we are studying changes considerably if the type of the principal is private in-
formation. From the previous section we know that offering the full information contract is a
possibility since it is incentive compatible. Another possibility for the principal is to hide her
type until the implementation stage, in this way when the agent accepts the contract he would
not know with certainty the state of the world. He would know his type and have a belief
on the type of the principal which coincides with the prior probabilities if he has not learned
anything from the contract offer. We are going to show that for the different types of principal
it is possible to design a mechanism that Pareto dominates the full information allocation. It
is going to achieve this by “pooling” the agent’s IR and IC constraints over the different types
of principal, i.e. by having the constraints hold only in expectation rather than for each single
type.

This methodology leads to the study of the Walrasian equilibria of the fictitious pure ex-
change economy where the traders are the two types of principal that exchange the slack vari-
ables of the agent binding constraints. When we are in the full information framework trade is
not possible because the constraints have to be satisfied ex-post in every state of the world and
slackness on them is not allowed (as if markets were totally absent). As soon as the agent does
not know the type of the principal then his constraints need to be satisfied only in expectation,
offering the principals (the different types) the possibility of exchanging slackness (as if markets
were now open and complete).

The following proposition introduces the idea of existing gains from the trade of slackness

in our “economy”.

4The ratio of the Lagrange multipliers would be the same for the two types of principal if types were inde-
pendently distributed.

SEach type of principal maximises his expected payoff over the same set of constraints, therefore they cannot
do better by claiming to be of another type and implement this other type’s contract.



Proposition 1 When utility functions are quasilinear and there exists correlation between the
information of the principal and the one of the agent, there exists an allocation that satisfies
interim IR and IC constraints for the agent and that Pareto dominates the full-information

allocation T (for all the different types of principal).

Proof. Consider the solution (ﬁ?,ﬁi,i?) to (F i), we have shown already that ;li #* ;lj.
For an allocation ,u?, define now r? (qu) and ¢ (,u’) as the negatives of the slack variables

associated with the TR? and IC? constraints:

r(pd) = Uz (1)
(i) = Ur(ps) = U ().

In particular, 7’ (ﬁ’) =0 and ¢ (ﬁl) = 0; in fact in the full information problem the
constraints have to be satisfied state by state therefore the slack variables in each of them have
to be necessarily equal to zero. In case the offer of the contract is not fully revealing then, as
we said before, then the constraints would have to be satisfied only in expectation. In terms of

slack variables as we just have defined them the IR and IC constraints can be expressed as:

IR: Zpijri (,uz) <0and IC : Zpijci (;ﬂ) <0.
i ij

Which says that the negatives of the slack variables need only be non-positive on average,
and not for each type of principal. More precisely, in the case of only two principal’s types, the
above conditions are equivalent to:

r? = —@rl and ¢? = —Ecl.
P22 P12

Consider now the following perturbed version of the full information program:

2 . .
ma)}c > iV <u§) such that
1

. {,u; i=
E? ‘ .
F9Y 03 () =

U1 (1) > U () —
It is evident that the only difference from the full-information program is that now there is
some slack allowed on each constraint.
Let v¢ be the maximized value of the maximand, by definition of the shadow prices 7* and
7 it approximately equals T 4 p'r? 4+ 7ic! for small values of r* and ¢!. Let ul be a solution to
F.
Choose negative slack variables (rl, cl) for the type 1 principal; then the slack variables for

type 2 are defined according to the above conditions. Therefore we can now write:



vi—ﬁl o~ ﬁlrl—i-’y &

v -7 ~ PP <—Z£7“1> + 72 <—@cl>
P22 P12

The left hand sides of the above equalities are both positive if:

1

=1
L~ ¢
=1 P
{ o " when 1 >0,
LP12P21
7“1 ’y DP11P22
and: o )
f_1 < ;fl 1
17 when r* < 0,
_ o Bbuapa
7“1 '7 D11P22
. . . _1 _2
We know, from the solution to the full information case, that 1 = —2L— and L, = 2L
P p12+p11 P p21+p22

if we substitute these values in the above conditions and the compute the beliefs using Bayes’

rule® we get that both systems are satisfied if:
p>0 (forr* >0)and p <0

which hold by assumption.

We have therefore shown that ul solution to (Fi) Pareto dominates the full information
allocation Ti* from the perspective of both types of principal, when the correlation is non zero.
[

The intuition of Proposition 1 is relatively simple. In the full information case the agent’s
constraints have to be satisfied for each type ¢ of principal; if we introduce a small amount of
slack —r® and —¢c’ on these constraints then the principal can obtain the payoff: o + pir +7c'.

As long as Zipijri (;ﬁ) < 0 and Zij Pijc’ (/ﬂ) < 0, then the agent’s constraints hold in
expectation. We can choose (rl,cl,r2,02) in such a way that v’ — ¥ is strictly positive for
1 = 1,2. The allocation p., corresponding to this choice then Pareto dominates ..

A useful and fruitful interpretation is thinking of u., as being generated by the different types
of principal “trading” slack variables. In that case the full information allocation corresponds
to autarchy.

The idea is that if different types of principal have different shadow values for the constraints
that means that they value differently the relative slackness on the constraints and they can
gain from trading it. This means that the two types of principal have different marginal rates

of substitution between different state of the world, because given their type they attach dif-

°To compute beliefs we have to consider all the possible types of contract offer by the different types of
principal. The contract acts as a signal. Note that %ﬁ%fz- % in case of pooling or semi-separating offer by
the principal. We therefore obtain that our conditions cannot be satisfied if the offer is separating, i.e. the full

information allocation.



ferent probability to each state of the world. They are allowed to trade slackness only if the
constraints for the agent have to hold in expectation which can happen when the principal does
not reveal her type at the contract offer stage. This amounts to having different marginal rates
of substitution between two states of the world and not disclosing information allows to exploit
advantageous trading opportunity, which would be unavailable otherwise.”

This Pareto improvement is available to the types of principal also when their utility function
is quasilinear and it is due to the correlation between the private information of the principal
and the one of the agent.

In the quasilinear case when types are independently distributed, as in Maskin and Tirole
(1990), the ratio of the shadow values of the full information case is the same for both types
of principal therefore no gain from trade exists in that exchange economy. But the equality
of these ratio is not due only to the specific functional form of the utility function but also to
the independence hypothesis. These ratios represent the probability of the agent being of type
1 given the type of the principal, because of correlation these ratios have to be different for
different types of principal.

Therefore correlation allows principals of different types with a quasilinear utility function
to benefit from the trade of slackness across different states of the world.

In the work of Maskin and Tirole (1990) the quasilinear case represented a subset of the more
general framework (with generic utility functions) in which the possibility for the principal of
gaining from concealing her private information did not hold. As mentioned in the introduction,
they trade for risk sharing reasons, so when the principal is risk neutral there are no gains to be
made from risk sharing. Adding correlated types to the picture puts the quasilinear case back
in line with their main results, even if the motivation for trading is different. The principals
trade because they have a higher valuation then the market for the slackness they buy, and
lower for the one they sell.

Let now VIZ (ri, ci) be the principals’ indirect utility when there is slack —r* and —¢’ in the
agent’s participation and incentive compatibility constraints, respectively. Thus VIZ (ri, ci) is
the value function of the perturbed full information problem (Fﬁ) we introduced in the Proof

of Proposition 1 and that we can rewrite with our specific functional form as:

2 .
max_ Y pi; (¢" (yij) — tij) such that
{wijotig} j=1
tiz — Yo (Yi2) = —r
tin — tia — (Y1 (vi) — ¥1 (vi2)) = —¢'

"In the literature this fact is also known as “Hirshleifer” effect (see Hirshleifer (1971)).

(F2)

7

10



The solution to this problem entails the same quantities as the full information case® but

different transfers which depend on 7’ and ¢!, namely:

tin = ¥y (W) + Wy (vi2) — ¥y (yi2)) — ' — ¢
tio = o (yi2) — 1"

By implementing a contract with the quantities and different transfers the principal does
not reduce the productive inefficiency of the full-information allocation (which is nothing but
the “usual” second best solution), she just manages to improve her expected payoff by reducing
the transfers given to the agent. By trading slackness they succeed in extracting more surplus
from the agent.

The indirect utility function VI’ (ri, ci) already incorporates a maximization over quantities
and transfers, we can obtain its specific form by substituting the argmax of problem (Fj) Since
we are interested only in the effect of the slack variables we can consider as constant everything

in the value function which does not depend on r* and ¢’. We can therefore write:

Vi (r', ') = pin (K + 7" +¢) + pia (Kig + 1)

Suppose now that the type i principal can “buy” and “sell” slack in the agent’s constraints at
prices p and ~ subject to the “budget” constraint that the value of the negative slack purchased
be non-positive.” The principal would then take her trading decision through the solution of

the following problem:

‘ max pj1 (Kﬂ +7ri 4+ ci) + pi2 (Kig + ri) subject to
(DY) =q e
prt +ct <0
We now have to check whether the conditions for the existence of a solution to this “con-
sumer” problem are satisfied. The utility functions are linear, therefore also concave. Let
Bi(p,vy) = {ri,ci s.t. pri4yc < O} be the budget set of principal i, the following Lemma

proves its compactness.
Lemma 2 B' is a compact set.

Proof. By assumption feasible actions and transfers lie in a compact set. The function

that maps action and transfers, y;; and ¢;;, into the space of “feasible” slack variables is linear.

®In fact the quantities are inplicitely defined by:

o ¢ (yin) =¥ (yin)
o ¢ (yi2) = ¥ (yi2) + B (¥ (yi2) — ¥} (yi2))

9This means that the value of the final slack “consumption” bundle should not exceed the value of her
endowment, which for both types is zero since they start from the full information allocation.

11



Therefore it is continuous and has a continuous inverse therefore also the space of r* and ¢’ is
compact. Then also B (p,v) is compact. m

Therefore each principal maximizes a linear (and concave) function over a compact set, then
the solution to the program (DZ) is a correspondence D' (p,v) which we can interpret as the
Walrasian demand of slackness of principal 7.

It can be shown (the Proof is in the Appendix) that a Walrasian Equilibrium of this economy
exists and it is a pair of positive prices (p,~y) and a choice of negative slack variables (ri, ci) for

each type i such that:

Zpijri (N) = 0and Zpijci (,ul) =0
(r',¢) € D'(p)

The first set of conditions are “market clearing” requirements, which ensure that the average
amount of slack demanded is equal to the average supply, i.e. zero.!?

In Figure 1 we represent our exchange economy in a Edgeworth-like diagram. First note
that the economy is not represented by a box, this is because there are no fixed endowments
of slackness. In principle, as long as the market clearing conditions are satisfied we can have a
very large amount of slackness (e.g. if ¢! is very big and positive then ¢? will be very big and
negative). The indifference curves of the two types of principal are straight lines with different
slopes, they would have the same slope if the types were independently distributed.!!

The origin of the axis is the endowment point, in fact the types of principal start trading
having zero slackness on the constraints. The area in the bottom right between the two thick
indifference curves that go through the origin represents the possible gains from trade. In this
area both types of principal would be on a higher indifference curve.

From the picture it is clear that we will have infinitely many possible equilibria, all in the
bottom right region.'?> To put it simply, we have two degrees of freedom, by choosing a value
for 1 and ¢; (in that region) then we univocally define the values for 73 and ¢y while the terms
of the trade are going to be given by the slope of the line that goes through the equilibrium
and the endowment'?.

It can be proven that these Walrasian equilibria possess a whole set of properties which carry

10This exactly amounts to satisfying the agent’s constraints in expectation.
"'The indifference curves of type 1, in the !, ¢! space are of the following type:

=— (l—i—E)rl,
P11

01:—(1+&—L)r1.
P11 p1ip22

while those of type 2 are:

If p = 0 then they would exactly coincide.
2Since r and ¢ belong to a compact set, the equilibria will be on the boundary of this set.

13The equilbirum prices will be 2 € | —21— 211
P p21+p22’ pr1+pi2

12
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Figure 1: Gains from trade in the fictitious exchange ecnomy.

the flavor of the First and Second welfare theorems, but for all these results refer to Maskin
and Tirole (1990).

4 The equilibrium in the principal-agent game.

In the previous section we have shown that there exists many possible equilibria that secure
to both types of principal a higher payoff when she is able to satisfy the agent’s constraints in
expectation. At this stage it is worth discussing the relationship between Walrasian equilibria of
the fictitious exchange economy and the Bayesian equilibria of the principal-agent game. This

is the goal of the following proposition.

Proposition 3 For any Walrasian allocation of the fictitious exchange economy there exists a
perfect Bayesian equilibrium where both types of principal propose the same contract and where

the equilibrium outcome s this Walrasian allocation.

Proof. Consider a Walrasian equilibrium {(ﬁ, ), (W,?)izl 2} and let 7. be the corre-
sponding allocation. The equilibrium path is going to be the follov(ring: both principals propose
the direct revelation mechanism 1., the agent does not learn anything from this offer about the
principal’s type so his belief do not change. All types of agent accept the contract and both
parties announce their types truthfully at the third stage.

To show that this is an equilibrium we proceed backward. At the third stage the agent will
reveal his type truthfully because is interim IC constraints are satisfied by the Walrasian allo-
cation. Because of the property of “no-envy” of the Walrasian allocation also the IC constraint

of both types of principal are satisfied.
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At the second stage the agent will accept the contract because at the third stage he will
obtain at least his reservation utility.

It remains to show that at the first stage the principal does not want to offer a contract
other than g.. This can be done by choosing the appropriate off-equilibrium path strategies
and beliefs. These are arbitrary, as cannot be derived with Bayes rule. These belief need to be
chosen in such a way that if the principal proposes another mechanism all types of principal are
no better off than with .. Suppose, as argued in Maskin and Tirole (1990) that a mechanism m
is offered, and suppose that the agent has out of equilibrium beliefs such that (p1; = 1,p2; = 0),
then a type 1 principal will receive at most the full information payoff »'. Similarly if beliefs

2. From continuity and because 7i. is

are (p1; = 1,p2; = 0) then type 2 will at most obtain T
strongly pareto optimal for the prior beliefs, then there exist intermediate beliefs for which both
types do not prefer of deviate and offer m. m

In synthesis, on the equilibrium path the principal proposes a Walrasian allocation as a direct
revelation mechanism, the proposal is accepted and at the final stage both parties announce
their types truthfully.

In this section our goal is to characterize such equilibria in the more standard principal-agent
framework. More precisely we are going to study the contract offer that is going to lead to one
of those equilibria.

First of all we need to ensure that the agent does not learn the type of the principal after
she has offered the contract. That is why we are going to look for a “pooling offer” by the two
types of principal. Pooling offer does not mean that in equilibrium different types of principal
will implement the same allocation it just means the different types of principal will offer the
same menu of contracts, knowing already that some of them (the ones contingent on types other
that their true one) will never be implemented. In our particular setup each principal is going
to offer four pairs, an action and a transfer, one for each possible state of the world knowing
already that two of them will not be implemented. Offering a whole menu of contracts turns
out to be a useful device for keeping the agent uninformed.

Secondarily we are going to make sure that the contract will be accepted by both types of
agents and that it is incentive compatible. It has to be true in fact that, at the third stage when
the players announce simultaneously their type, the agent reveals it truthfully.

Third, we are going to require that the contract is incentive compatible for the principal.
That is, the contract offer has to be such that each principal prefers her possible allocations to
the one of the other type. This will ensure a truthful announcement by the principal at the
third stage.

Finally we want the different types of principal to profit from this game with respect to the
full information case, that, in a private values framework, constitutes the lower bound to each
principal’s payoff.

Then, in a pooling offer equilibrium the contract proposed by the principal, regardless of

her type, will be (y’ij7tij)ij:1 o such that it is a solution, for i,k = 1,2 (i # k), of:
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( 2 )
max > pij (¢l (yij) — tij) such that
{yij,tij}jzl

2
IRy : Y pia (tio — o (¥i2)) > 0
i=1

2
ICy : Zlﬁz‘l (tin — tio — (¥1 (yi1) — ¥ (yi2))) >0

T , 2 .
ICP': 3. pi (¢ (i) — tig) > > Pi (¢ (yrj) — tr))
i= i=

\
A solution to this problem is then incentive compatible for the principal and the agent
and will be accepted by both types of agent.' In addition it can be shown that the incentive
compatibility constraint of an agent of type 2 is not binding at the optimum (a proof can be
found in the Appendix).
After having found a solution to the above problem we will have to check that the expected
payoff for each type of principal is higher with this allocation than at the full information

equilibrium, that is the following conditions must hold:

2 2
T pi V' () > 2 iV (7))
j=1 j=1
2 2 (~2 2 2 (=2
Tt 1p2jV (15) > lezjv (7).
j= j=

where ﬁ; is solution to P! while ﬁ; is the equilibrium allocation of the full information case.
We are now ready to state the following result, which characterizes the equilibrium of the

principal-agent game.

Proposition 4 The following strategies form a perfect Bayesian equilibrium of the principal

agent game:

e At date 1 both types of principal offer the same contract m = (yij7tij)ij:1 o that satisfies

the following conditions for i =1,2:

= ¢ (ya) = 91 (yin)
= &" (yi2) = ¥ (yi2) + BL (¢ (yi2) — ¥ (vi2))

- épﬂ (tiz — 9 (¥i2)) =0
- épﬂ (tir — tiz — (41 (wi1) — ¥1 (yi2))) =0

o At date 2 the posterior beliefs of the agent are unchanged and equal to the priors, and all

types of agent accept the proposed mechanism m.

Y Standard considerations ensure the satisfaction of the participation constraint of a type 1 agent.
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o At date 3 both parties announce their type truthfully and implement the mechanism.

o The equilibriumj Pareto dominates the Full Information allocation.

Proof. First note that any contract m which is a solution to problem (PZ) is incentive
compatible for the principal and agent and is individually rational for the agent. We need
therefore to show that m is indeed a solution to (Pz)

To begin with, note that m is a solution to the less constrained problem (Pﬁ) which is
defined as:

( 9 .
max > pjj (¢z (yiz) — ti_j) such that
{wij-tis} j=1
, 2
(Pe) 1R:: Zlﬁz? (tia — ¥y (yi2)) >0 (p;)
2

ICy = 37 pin (tin — tia — (W1 (yi) — 1 (4i2))) 20 (%)

\ =1

Program (Pj) is the same as (P’) except that the incentive compatibility constraints for
the two types of principal have been omitted.

The first order conditions for this problem are:

oL i L
S pin®” (yir) + pin¥iby (yir) =0

Yi1

oL i s s~
T pie®” (yi2) — PirYb1 (Yi2) + Pi¥ipi¥a (yi2) =0

7

o
atil - pll ’szzl -
8t1-2 = —Pi2 YiPi1 pPiPi2 =

oL 2

— = Do (tio — i2)) =0

5, ;pz( 2 — Vg (yi2))

oL 2

7 = leil (ti1 — tia — (V1 (yi1) — 1 (yi2))) =0

From <%) and (%) we obtain the first condition which implicitly defines y;1, while

from (%) and (%) we get the definition of y;5. Then (%) and <g—§_> give the last two

conditions on the transfer. So m satisfies the first order conditions of problem (Pj;)

Now m is also a solution to (PZ) if it is incentive compatible for both types of principal.
To show this first note that each principal maximizes her expected utility over the same set of
constraints. Therefore the value at the optimum of the utility function cannot be higher if the
principal then lies and chooses the optimal allocation chosen by the other type. More precisely,

call h (yij,ti;) = 0 the set of constraints of problem (P!) and let (ﬂlj,tAlj) be the allocations
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2 o~
that maximize ) pi; ((bl (yij) — tij) over h (yij,tij) = 0 and (ng, tgj) the equivalent for a type
j=1
2 principal. It is evident that the following holds:

2 2
]lelj (6" (1y) —ty) > ];plj (¢" (Gj) — t2y) »

that is: each principal prefers her optimal allocations to the ones of the other type. If they
were preferred, they would have been chosen in the first place because the set of constraints is
the same.

So m is incentive compatible for both types of principal and is therefore a solution to (Pz)

Going back to the Walrasian analysis, the principals have the same endowment, they ex-
change slackness, the equilibrium will have the property of being “envy-free”.

Now we need to check that conditions w1 and 7y are satisfied by the new allocation, and
that indeed the pooling offer guarantees a higher expected payoff for the two types of principal.
Both ﬁ; and ﬁ; prescribe the same actions, therefore the satisfaction of the above conditions
will depend exclusively on the transfers chosen. The transfers of the full information case are:
tin = ¥y (yi1) + (Vg (yi2) — 1 (yi2)) and tio = 15 (yi2). While the ones of the pooling offer have

to satisfy the following conditions:
2
> Pia (tiz — g (yi2)) =0
i=1
2
lez'l (tin — tiz — (Y1 (yi1) — ¥1 (i2))) = 0.
1=
Let ;1 and ;2 be the transfers in the pooling offer m, the conditions 71 and 79 then become

respectively:

puitin +piatiz > puitin + prati
poitar + pastas > paitar + paoton.

Remembering that when m is offered the posterior beliefs of the agent are unchanged and

that the priors of principal and agent were identical, from the above equality constraints we can

solve for:
ing Pb12 P12+
tao = ¥y (Y22) + =15 (Y12) — —t12
b22 D22
and then using what we just found:
~ ~ 21~ 21
f11 = 1 (1) + iz — 1 (12) — 22801 + P22y (1)
P11 P11
P12 P12 P12+ P21
+ = (7112 (y22) + =15 (y12) — —7512> — =y (y21) -
P11 D22 D22 P11
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Substitute the values of full information transfers and those of f22 and 717 in the two in-

equalities, what we obtain are two linear inequalities in two unknowns:

tor —tiz > Yy (Y21) — Vg (Y12) + ¥y (Y22) — ¥y (y22)

porbor — Lfia > par (W1 (Y1) — o (y12) + o (y22) — U1 (y3)) — ~—105 (y12)
D22 D22

There exists infinite solutions to this system of inequalities, therefore it is possible to choose
four transfers such that the conditions w1 and 79 are satisfied. ®m

The last proposition has characterized the strategies which can constitute an equilibrium of
our principal-agent game. The contract offer is pooling, in the sense that both principals offer
the same menu of four allocations, this does not allow the agent to learn anything about the
type of the principal he is facing. The actions prescribed are the same as in the full information
case while the transfers are potentially different. We are in fact left with two degrees of freedom
in choosing the transfers (four unknowns and two equations), one possibility are the transfers
of the full information case.!> Our claim is though that both types of principal can do better
than in the full information case so we can exploit these degrees of freedom in the constraints
to make sure that the conditions for a higher equilibrium payoff are satisfied by the chosen
transfers.

This proposition proves that for both types of principal it is possible to do better than in
the full information case. They can achieve a higher payoff making a contract offer that does
not reveal anything about their type to the agent. Moreover there are infinitely many contracts
that allow a higher expected utility.'6

In the case of no correlation all these equilibria would bear a payoff equal to the full in-
formation one, therefore the principal would be completely indifferent between revealing her
information to the agent at the contract offer stage or keeping it secret until the third stage.

Correlation allows to break this indifference.

5 Concluding remarks.

In this work we have shown how an informed principal with a quasilinear utility function and
whose type is correlated with the one of the agent can improve his expected payoff with respect
to the one he would obtain if he had no private information. The increase in payoff comes from
pure redistribution of surplus that she manages to extract from the agent. It does not come,
as elsewhere in the literature, from the elimination of risk. In this sense the efficiency of the
economy as a whole is not improved, the principal, however, uses in a more efficient way the

tools in her hands: the possibility of designing the contract.

The fact that the full information contract is still a solution when the information is not public is a typical
feature of the private values case.

"Note that this is perfectly consistent with the result found in the previous section, also here we keep two
degress of freedom.
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Hence we have shown that the assumption of correlation between the information of the two
parties is of great consequence in a world of private values. We believe it would be interesting
to extend this analysis to the case of common values for which the literature offers less general
and clear cut results, since in the common values framework issues of rent extraction mix with

signaling problems.
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6 Appendix

6.1 The full information case.

In the full information framework each type of principal ¢ solves the following problem:

max pij (¢ (yij) — tij)
{yij,tij}jzl
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subject to:
tin — ¥y (yi1) = tiz — 1 (Yi2)
tiz =Yy (yi2) = 0

Each Lagrangian would then be:
. 2 .
L= "pij (6" (yig) — tij) — i (tar — 1 (win) — tiz + 1 (i) — pi (a2 — o (yi2))
j=1

and maximizing it with respect to y;;,%;;,7; and p; we obtain the following solution:

o ¢ (yi1) =¥} (yi1) and i = ¥y (yar) + (Vg (vi2) — ¥y (vi2))
o & (yi2) = U5 (yiz) + BL (4 (yi2) — ] (yi2)) and tip = 3 (yi2) -

It is important to stress that the ratio of the Lagrange multipliers (i.e. the shadow value of

the constraints) at the optimum is different across principals, more precisely:

Ji_ b1l Jo _ P21
P11 P12 +pu P2 P21+ P22

Had we been in a framework of independently distributed information these ratios would be

the same because of the quasilinearity of the utility functions.

6.2 Existence of Walrasian Equilibrium in the fictitious exchange economy.

Textbook microeconomics tells us that to prove with “standard” theorems the existence of a
Walrasian equilibrium in an exchange economy where the agents have strongly monotone utility
functions we need the aggregate excess demand correspondence z (p), defined for all price vectors

p > 0, to satisfy the following properties:

1. z(:) is upper hemi-continuous;

2. z(-) is homogeneous of degree zero;

3. pz(p) =0 for all p (Walras’ law);

4. There is an s > 0 such that z; (p) > —s for every commodity ! and all p;

5. lim inf .
i, inf | (p)]| — o0

One can easily check that the first four conditions are satisfied in our framework.
We have problems with the fifth property because of the assumption of compact choice sets

(r* and ¢’ belong to a compact set for 4 = 1,2). In our case excess demands for both goods do
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not tend to infinity when their price tends to the boundary of the simplex because the choice
set is bounded.
This inconvenience can be solved by removing the assumption of compact choice set for one

principal!”

. We have therefore obtained that the aggregate excess demand for a commodity will
go to infinity if the price of that commodity is zero. This allows to apply standard existence
theorems to our framework.

The removal of the assumption of compactness does not cause any further problem because
the market clearing conditions (which are the constraints of the agent in the principal agent
game) will hold and together with the compactness assumption for the other principal will

ensure that the equilibrium allocation will belong to a compact set.

6.3 IC2 is not binding at an optimum.

The argument of this proof is very similar to the one adopted in the proof of Lemma 1 in Maskin
and Tirole (1990).

We need to show that IC constraint for type 2 agent is not binding at the optimum of
program P!, in other words that a solution of such program satisfies 1C2.

If 41 is a solution to P! then:

Vi (ph) = V7 (ub) (*)

must hold because it if was violated then the pooling allocation 1, defined so that for every

iy = iy = p

that also satisfies the constraints of P! would generate higher values of the maximand.

If p violates IC2 (that is type 2 strictly prefers p to ), then define fi. so that oY = b = ;ﬂi
for all i. The allocation i, satisfies all the constraints of P! and, from (*), generates at least
as high a value of the maximand as p.. But, because the type 2 agent strictly prefers p; to pu;,
we can slightly reduce the transfer from the principal to the agent in i without violating the
constraints. But then 11, generates a higher values of the maximand than pu., a violation of u.’s

optimality.

6.4 A simple example.

In what follows we are going to apply our propositions in an extremely simplified framework
and we are going to find a numerical solution so that it is going to be more evident that an
informed principal can profit from having and concealing private information.

One principal wants to sell one unit of a good which he can produce at costs ¢y or co, with

c1 < ca. The cost of producing the good is private information.

"In general equilibrium theory with incomplete markets this procedure is known as the “Cass-trick”.
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One agent wants to buy one unit of the same good and he values that unit v; or vy, with
v1 < v2. The valuation for the good is private information.

We also assume that ¢; < v1 < ¢ < vg, therefore a type 1 principal has always gains from
trade while for type 2 gains from trade are conditional on the agent having a high valuation for
the good.

The utility for the principal is:

V=t—oc,

and the one of the agent is:
U=v-t,

where t is the price paid for the good (i.e. a transfer form the agent to the principal).

We are therefore in a world of bilateral asymmetric information and our informed principal
problem falls in the realm of the private values case because the agent does not care directly
about the cost of production of the good (i.e. the type of the principal).

Each player knows only the a priori distribution of the other player’s type. The two types
of the players are equally likely with Pr (v;) = Pr(¢;) = 1 with 4 = 1,2. However they are not
independently distributed with the conditional distributions being:

Pr (’UZ‘ | Ci) = Pr (Ci | ’Ui) =

Pr(vi | cj) = Pr(c|uv)=

B =W

with 4,5 = 1,2 and i # j.

We are assuming therefore that there is higher probability of the two player’s being of the
same type with one’s type acting like an informative signal on the other party’s type.

After learning his cost of production, the principal offers a contract to the agent that specifies
a price to be paid for the good in each state of the world. We are going to show that the principal
will gain from not revealing her type at the contract offer stage. This means that both types
of principal will offer the same menu of four prices (one for each state of the world). At that
stage the principal already knows her type and so knows that two of those prices will never be
implemented but by making this pooling contract-offer she does not allow the agent to learn
anything new about her type. The agent will therefore accept the contract on the basis of the
a priori distribution which he has not been able to update because no information has come
from the offer. This therefore means that the participation and incentive constraints will have
to hold only in expectation, leaving therefore more freedom to the principal when setting the
prices.

At the third stage both principal and agent make an announcement about their type, we
are going to show that the optimal contract which is also incentive compatible for the principal,
in the sense that the principal will report truthfully his type.

At the final stage the contract is implemented and the transaction takes place at the chosen
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price.

We will also show that the principal is better off when concealing her information than in
the case she reveals it from the very beginning. Finally we are going to show that correlation of
information plays a big role in all this by showing that when types are independently distributed

the principal cannot improve upon the full information payoff.

6.4.1 The full information case.

As we did before we are now going to study the contracts when the type of the principal is
common knowledge, we are going to use it as a benchmark for evaluating the gains for the
principal.

If the principal has cost of production c¢; then she offers a contract which consists of two
prices, one for an agent that has valuation v; and one for an agent that has valuation vs.

In order to have a lighter notation, simplify the analysis by making it more clear, we are

3

going to assign the following specific values to valuations and costs: vo = 3, v1 = 1, c2 = 3,

C1 — 0.18

The prices are determined through the following optimization problem:

3 1
E (V1) =t (v1, 1) + 7t (v,
t(v17613%}(§)2,01) ( 1) 4 (vl Cl)—|— 1 (’1)2 Cl)

subject to the following participation and incentive constraints:

IRy : 1—t(v1,c1)>0
IRy : 3—t(v2,c1)>0
IC; @ 1—t(vi,e1) > 1—t(ve,c1)
ICy; : 3—t(ve,c1) >3 —t(vy,c1)

It is clear that the only way to satisfy the incentive constraints is setting equal transfers for

both types of agent. If the principal sets transfers:
t(vi,c1) =t(ve,c1) =1,
then she will sell to both types of agent and his expect payoff will be:
E(W) =1,

which is higher than what she would obtain by setting the transfers equal to 3 because that

"8We chose these numbers in order that the assumed ranking was manatained, in fact it is still true that:
c1 < v < c2 < v2. Moreover we wanted: vy —c¢1 > i (v2 — ¢1) so that it is optimal for a type 1 principal to sell
to both types of agent in the full-information case. This assumption ensures also efficiency.
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would ensure her a payoff of %19

Therefore both types of agent consume the good, and the agent with high valuation enjoys
some rent (he pays a price which is well below his valuation and E (Us) = 1).

When the principal has high cost of production, then the two prices (always contingent on

the type of the agent) will solve the following problem:

3 3 1 3
max B (V)=—(t(vz,c2) =5 |+ 7 (t(v,e2) — 5
t(’U?’CZ)vt?EUl,Cz) ( ) 4 < ( 2 2) 2) 4 ( ( 1 2) 2)

subject to the following participation and incentive constraints:

IRy : 1—t(v1,c2) >0
IRy : 3—t(va,c2) >0
ICy @ 1—t(vi,c2) > 1—1t(va,c2)
ICy : 3—t(ve,c2) >3 —t(v1,c2)

Again both transfers have to be equal and since setting t (v, c2) = (v2,c2) = 1 would gain

the principal a negative expected payoff, then this time the transfers will be:

t (1)1, CQ) = t(’Ug, 62) = 3.

The principal will sell (and produce) the good only to a high valuation agent because the
price is to high for a low valuation agent that prefers to enjoy his reservation utility. In this

case the principal’s equilibrium payoff is going to be:

9
E(Va)=-.
(V2) = ¢
Now both type of agents receive the same equilibrium payoff, even if one agent consumes
and the other not.
Note also that, with the assumption that we made on the parameters, we obtain efficiency:
the principal sells the good all the times that the valuation of the good by the agent is higher

than her cost of production.

6.4.2 The pooling offer.

In this section we return to the case of privately informed principal and we show that the

optimal contract is a menu of prices to be offered by both types of principal such that:

e it satisfies individual rationality and incentive compatibility constraints for both types of

agent;

9Tn that case a type 1 agent would refuse the contract.

24



e it satisfies incentive compatibility for the principal;
e it secures a higher equilibrium expected payoff to both types of principal;

e it maintains efficiency (i.e. when the valuation is v; and the cost cs the good is not

exchanged or produced).

This menu will be offered by both types of principal so that the agent does not learn any
information from the contract offer so that his beliefs on the type of the principal coincides with
the priors. This also means that his constraints will have to hold only in expectations (at an
interim stage) leaving more freedom to the principal in setting the transfers.

At this stage we introduce four new variables ¢;; € {0,1} with 4,j = 1,2 which indicates
whether a principal of type j will sell or not the good when she is paired with an agent of type

i.
Then the expected utility for the different types of principal is going to be:

EW) = - (01’01)+it(v2,01)

3 1 3
E(Va) = 1 (t (v2,¢2) — §Q22> + 1 (t (v1,c2) — 56112> ,

W =W

The optimal contract will be the solution to the maximization of these objective function
with respect to ¢ (v;,¢;) and g;; provided that a set of constraints is satisfied. This set includes
participation constraints for the agent, incentive compatibility constraints for both agent and
principal. Finally we are going to show also that the expected payoff when both types of
principal offer this optimal contract will be higher than the one of the full-information case.

The individual rationality constraints that have to be satisfied are:

3 1
IRy : —(qu1—t(v1,¢1)) + = (q12 —t(vi,¢2)) >0

4 4
3 1
IRy : 2 (3gaz — t (ve,c2)) + 1 (3g21 — t (v2,¢1)) >0,

The incentive compatibility constraints for the agent are:

3 1 3 1
IC 1 (qu1 — t(v1,c1)) + 1 (q12 — t(v1,c2)) > 1 (q21 — t (v2,c1)) + 1 (q22 — t (v2,¢2))
3 1 3 1
ICy 1 (3ga2 — t (v2,c2)) + 1 (3g21 — t (v2,c1)) > 1 (3q12 — t (v1,¢2)) + 1 (3q11 — t (v1,c1)).

This time though we are going to require that the principal reveals truthfully her type at
the third stage, therefore it has to be that, for each given type, she prefers “her prices” to the
ones of other type. More precisely, incentive compatibility for the principal requires that the

following two constraints are satisfied:
ICPY : 3t (v, 1) + 5t (v2,c1) > 2t (v1,¢2) + 3t (v2, c2)
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ICP?: 3 (t(vg,02) — 3q22) +3 (t(v1,¢2) — 3q12) > 3 (t(va, 1) — 3go1) +5 (t(v1,c1) — 3qu1)
In addition, since we want to show that the principal benefit from concealing her type, then

we require that the solution satisfies also the following inequalities are satisfied:

3 1
% (vl,cl)—l-zt(vg,cl)Zl

3 1 3 9
— _Z z _2 > 2
T2 1 <t (v2, c2) 2Q22> + 1 (t (v1,¢2) 26]12) 23

In other words the expected payoff for each type of principal have to be greater than what

W =

she could achieved by revealing her information, namely the full information payoff we computed
in the previous section.

Arguments standard in this literature allow us to solve the programs with a binding partici-
pation constraint of a low valuation agent (IR;) and a binding incentive compatibility constraint
of a high valuation agent (IC3).

As a result of optimization we find that ¢11 = ¢21 = ¢o2 = 1 and ¢12 = 0, this means that
we are going to observe trade in all case but when the valuation of the agent is lower than the
cost of production for the principal.

Now that we know the optimal values for the ¢’s we can substitute them in the constraint

and from the binding IR; we can derive the following:

1
t(vi,c1)=1-— 3 t(v1,c2);

while from ICs, after having plugged in ¢ (v1, ¢1), we obtain:

10 1 8
t(vg, ) = 3= gt (v2,¢1) + §t (v1,c2).

We can now use these two expressions to simplify the remaining inequalities and obtain a sys-
tem of linear inequalities in only two variables, ¢ (v1, c2) and t (ve,c1). After the simplifications

the constraints become:

( IRy : t(vi,c2) < %
ICy : t(ve,c1) > % — %t(vl,@)
ICP! : t (v, 1) Z% % (v1,c2)
ICP? : t(vg,c1) < & +t(v1,02)
71 i t(ve,c1) > 14+t (vi, )

| T2 t(’Ug,Cl) <1+ 31t(’1)1,62)

We can graph the corresponding equations (Fig.2) and look for a solution.
We can see that the shaded area in the graph satisfies all inequalities, that means that there

exists infinite number of solutions, there are two degrees of freedom when choosing two of the
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Figure 2: Equilibria that ensure both types of principal a higher payoff than in the full-
information case.

prices, namely t (ve, c1) and ¢ (v1, c2). The set of the solutions is also a Pareto set from the point
of view of the types of principal, in fact the expected payoff of type 1 principal increase with
t (va,c1) and decrease with ¢ (v1, c2) while the reverse holds for the expected payoff of a type 2
principal.

We can now pick a pair of prices inside the shaded area and verify that all the constraints
are satisfied, for example: ¢ (v, c2) = 0.6 and ¢ (v2,¢1) = 2.7. From the binding constraints we
derive that ¢ (vi,c1) = 0.8 and ¢ (v2, c2) ~ 2.966.

Table 1 | FULL-INFO | POOLING

t(vy,c1) 1 0.8

t (v1,c2) 0 0.6

t(va,c1) 1 2.5

t (ve,c2) 3 2.96

rent A; 0 0

rent As 0.5 0.10
T 1 1.275
T2 2 1.249

We can then verify in table 1 that an agent who has low valuation obtains his reservation
utility as in the full information case, while a high type agent enjoys a smaller expected rent
of 0.100. We also get that ICs is binding while IC; is not. None of the incentive compatibility
constraints for the principal is binding and she also enjoys higher expected profits, with respect
to the full information case, whatever her type. In fact a type one principal gets 1.275 while

in the former case she would get only 1; while a type two principal receives an expected payoff
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of 1.249 while it was only 1.125 when her information was known to the agent. It is therefore
evident that by making the pooling offer the types of principal manages to extract some surplus
from the agent. Some Crémer-McLean flavor emerges from the fact that with the new mecha-
nism the principal raises the prices in the less likely states of the world therefore reducing the

informational rent of the agent in those states.

6.4.3 The case of independent types.

To stress the importance of correlation in getting our result we are going to analyze the case
in which the private information is independently distributed. We will show that even if the
principals make a pooling offer she is not able to improve upon the full information outcome.
We maintain the assumption previously made that both types are equally likely with Pr (v;) =
Pr(q) = % with ¢ = 1,2, but this time the conditionals distribution are going to be equal to

the marginal ones:

Pr(vi|c) = Pr(c|v)=

N =N =

Pr(vi|e;) = Pr(c|v)=

i

this means precisely that one’s type is non-informative signal of the other party’s type.
The full information optimal contracts are the following pairs of prices and trade possibili-
ties?0:

t(’Ug,Cj) = 3 with Q25 = 1
t(’Ul,Cj) = 0 with ¢1; =0,

with j = 1,2. This time both types of principal do not sell the good to a low valuation
agent, therefore also leaving some gains from trade unexploited. The expected payoff for these

contracts are respectively:

EMW) =

=W Nl W

E(V2) =

We now study the optimal contract when the different types of principal conceal their type
at the offer stage. Optimal trade possibilities remain unchanged, with the low valuation agent
not able to consume the good even when paired with a low cost principal.

At this stage the constraints have to be satisfied in expectation and if we let the individual

rationality constraint of a low valuation agent and incentive compatibility of a high type be

20These are the solution to the following problems, with i = 1,2 :
max 5 (¢ (v1,¢;) — qujc;) + 5 (¢ (v2,¢5) — gz5¢;)
subject to usual IC and IR constraints for the two types of agent.
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Figure 3: Equilibria of the pooling contract offer when types are independent.

binding we obtain:

t(vi,c1) = —t(vi,e2)

t(ve,c0) = 6—t(ve,c1).

If we then substitute this values inside the other constraints we obtain the other constraints

for the agent are always satisfied while those of the principal become:

cprt o t(va,c1) >3+t (v1,c2)
ICP? t(va,c1) <34+t (v1,c2)
m o t(vg,e1) >34t (vi,e2)
o t(ve,c1) <3+t (vy,c2)

This time the shaded area where the solution to the system of constraints where lying
collapses to a single straight line with all constraints strictly binding.

In Fig.3 we can see that there is a continuum of equilibria of the game with pooling offer.
All of them belong to the same line which is the locus of the transfers which leave the two types
of principal at the same expected payoff level of the full information payoff. We have therefore
shown that when types are independent the different types of principal are indifferent between

revealing and concealing their private information because they neither gain nor lose from it.
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