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Abstract

For decades research has pursued the ambitious goal of designing computer models
that learn to solve problems as effectively as humans can. Artificial neural networks –
generic, optimizable models that were originally inspired by biological neurons in the
brain – appear to provide a promising answer. However, a significant limitation of
current models is that they tend to only be reliably proficient at tasks and datasets
that they were explicitly trained on. If more than one task or dataset is being
trained on, samples need to be appropriately mixed and balanced so that training
on successive batches does not induce forgetting of knowledge learned in previous
batches, which is an impediment to continual learning. Furthermore, associations
need to be made explicit via paired input-target samples for the trained network to
achieve its best performance on desired tasks; when the network is trained in an
unsupervised manner without explicit targets, in an effort to reduce the cost of data
collection, knowledge learned by the network transfers to desired tasks significantly
worse compared to supervised training with explicit associations.

Each of these problems relates to the fundamental issue of generalization, which is
the ability to perform well despite novelty. In chapter 2, we discuss conditions under
which good generalization can be expected to arise, including small model size and
similarity between training and test data in supervised, unsupervised and continual
learning contexts. Chapter 3 proposes a method for predicting when a model does not
generalize to a test sample, deriving generalization bounds that quantify predictive
reliability using both model size and similarity with training data. Chapter 4
presents a clustering method that learns how to approximately separate data
between semantic concepts with an unsupervised objective that does not use manual
labels. Chapter 5 contains a method for performing the task of object localization
without specialized training data, by repurposing saliency maps. Chapter 6 contains
a continual learning method where the model is forced to reconsider previously
held knowledge concurrent with new knowledge, and chapter 7 uses a dynamic
architecture to suppress interference from new learning episodes on old knowledge.

Without solutions to these generalization problems, neural networks cannot
learn effectively in real time from naturally sequential and un-annotated real world
data, which limits their deployment options. Generalization is therefore a problem
with immense practical implications, as well as being interesting theoretically and
from the perspective of biologically-inspired learning.
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The promise of the field of AI, spelled out explicitly at
its inception in the 1950s and repeated countless times
since, is to develop machines that possess intelligence
comparable to that of humans. But AI has since
been falling short of its ideal: although we are able
to engineer systems that perform extremely well
on specific tasks, they have still stark limitations,
being brittle, data-hungry, unable to make sense of
situations that deviate slightly from their training
data or the assumptions of their creators...

— François Chollet, 2019 1
Introduction

How does one teach a computer to perform useful tasks? This is the motivation

behind neural networks, arguably one of the most fascinating developments in

computer science. Modern neural networks originate from the biologically inspired

perceptron model (Rosenblatt, 1958), and despite much effort on testing, improving

and explaining their performance in the interim, the high-level fundamentals have

not changed much.

We begin with a brief overview. This is intended to refresh the memory of

the reader rather than as a first instruction; for the latter, see Bishop, 2006. A

neural network is a kind of inference function: a function f that takes inputs

x ∈ X and maps them to outputs y ∈ Y given parameters θ ∈ Θ which are the

variable components of the function1. Thus f : X ,Θ → Y. More specifically,

neural networks are a class of such functions where the computation is structured

as a compositional sequence of distributed operations. A standard structure is a

chain of layers where each layer involves a linear matrix-vector product followed

by a non-linear activation function, which is also called a multi-layer perceptron

or MLP (Pal and Mitra, 1992). Notable variations include convolutional layers

(Krizhevsky, Sutskever, and Hinton, 2012; Simonyan and Zisserman, 2014; LeCun
1Typically values of weights and biases, though these could also contain discrete architectural

parameters, activation function hyperparameters, and so on.

1
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et al., 1998), recurrent layers (Hochreiter and Schmidhuber, 1997), residual layers

(He et al., 2016) and multiplicative attention layers (Devlin et al., 2018). Note

that since MLPs are universal function approximators (Hornik, Stinchcombe, and

White, 1989), the recent popularity of such variants has arguably not been due to

fundamental improvements in expressivity, but likely compatibility with current

learning procedures; for example, as beneficial constraints on local minima found

(Swirszcz, Czarnecki, and Pascanu, 2016).

In the most general terms, a learning procedure h is a function that takes an

instance of model parameters θ and returns a new version with changed behaviour,

so h : Θ→ Θ. The ideal behaviour of inference function f(·; θ) is typically specified

by a cost or objective function L which is parameterized by data, so L : Θ,Ω→ R,

where data Ω = ⋃
K∈N+(X ,Y)K consists of lists of input-target pairs of any length.

Crucially, known training data S ∈ Ω is incomplete; typically, it is a finite sample

from a data distribution. The full extent of eventual test samples, say S̃ ∈ Ω, is

assumed to be inaccessible, otherwise there would be no point in training a model.

Thus the key question is, given known data S and a constraint limiting the deviation

of test data2 S̃ from S, we would like to obtain the instance of θ that minimizes

objective L(θ; S̃). If S and S̃ are sufficiently similar, for instance drawn from the

same distribution, then one can simply design h to output θ that minimizes L(θ;S)

instead, by letting it inspect S and L. This is known as empirical risk minimization.

Neural networks arguably offer the most compelling direction in the search for

models capable of being substituted for human inference. Their appeal is threefold:

• Adaptability. Neural networks are generic and capable of modelling solutions to

many diverse problems. They are highly expressive; bounds on the number of

distinct linear regions in input space increase exponentially with depth (Raghu

et al., 2017). In fact, modern deep architectures tend to be overparameterized,

meaning they have more parameters than necessary for perfect fitting on the

training set (Belkin et al., 2019).
2There is no free lunch (Wolpert and Macready, 1997); one cannot optimize for test data if it

is entirely unconstrained.
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• Optimizability. There is a good chance of attaining said solutions via

automated optimization, given limited resources: computational power, time,

memory and data. Empirically speaking, this seems to be the case despite

non-convexity. That is, local minima found by popular optimizers such as

stochastic gradient descent appear to be good minima nonetheless.

• Biological relevance. The iterative loop of exposure to a few samples, learning

from them by adapting connectivity weights, and changing behaviour as a

result, bears a strong high-level resemblance to how the brain operates. Thus

there is much potential for cross-disciplinary links with neuroscience and

psychology. The brain offers both the target cognitive standard and a wealth

of inspiration for how we might achieve it, and vice versa, artificial neural

networks could help us understand our own cognitive processes.

Given a number of well-publicised successes in the past decade – on image

recognition, playing video games and text generation for example (Krizhevsky,

Sutskever, and Hinton, 2012; Mnih et al., 2013; Devlin et al., 2018) – it may

seem contradictory to suggest that neural networks are clearly still in the early

stages of their development. However, as Chollet notes in the opening quote, the

field is nowhere near to its ideal. In other words, one could argue that these

achievements were landmark demonstrations of the general versatility of computer

algorithms, but fall short of being landmarks in the development of human-level

artificial intelligence, for several reasons.

First, human-level intelligence is defined more by decent performance on a

wide range of diverse tasks than optimal performance on narrow tasks. That is,

performance generalizes across diverse changes in inputs, or equivalently is robust to

these changes. Humans also tend to be aware of when they are unlikely to generalize,

naturally defaulting to inaction above a threshold of uncertainty. Second, learning

is on real-world data that is highly temporally correlated, rather than independently

sampled and identically distributed (“i.i.d.”), and also highly imbalanced, where

sample count is largely immaterial for retention; one can remember a single glimpse
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of a stranger’s face for decades, whilst being oblivious to environmental details

encountered on a daily basis. Third, learning is unsupervised: the signal indicating

which associations to learn is not provided by an external human oracle, but

self-generated most of the time, which is obvious from introspection.

Neural networks, on the other hand, are still mostly trained and tested on

narrow tasks, which has likely been exacerbated by the field’s preoccupation with

benchmarking (Chollet, 2019). For the best performance, data samples need to be

densely annotated – i.e. the desired associations made explicit – and additionally,

this is expensive when annotations are manual. For training on multiple tasks, effort

has to be made to mix samples so that no task is missing in any small training

window, otherwise catastrophic forgetting (McCloskey and Cohen, 1989) of that task

occurs. Datasets also need to be balanced to counteract dataset bias (Kotsiantis,

Kanellopoulos, and Pintelas, 2006). Even then, in a balanced i.i.d. setting, one

cannot expect robust generalization to in-distribution data – networks make wildly

erroneous yet confident predictions when presented with pixel corruptions that

should be immaterial to image class (Nguyen, Yosinski, and Clune, 2015) – let alone

generalization to material novelty, which means data that is novel at an abstract

level. Note the latter is a hallmark of human cognition; abstract generalization has

long been used as a metric for human intelligence (Chollet, 2019; Binet and Simon,

1904). According to this standard, then, modern neural networks are unintelligent,

because they tend to only be proficient at what they were specifically trained for.

The aim of this work is to explore these weaknesses: reliance on supervision,

reliance on i.i.d. sampled data, and poor generalization in general. We begin with

generalization in section 2.1 because it subsumes the others; one can formulate

unsupervised learning and continual learning as generalization problems. We discuss

the idea that the solution to good generalization is “smaller” models, given various

definitions of model size, and high similarity between training and test data. We

examine quantifying generalization ability with error bounds, and in chapter 3

we present a method of error bounding that involves splitting the network into

co-dependent linear functions, allowing the predictive uncertainty for test samples
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to be quantified, exposing information within the network about what it does not

know. The bound happens to capture precisely the same two aforementioned factors

for generalization: model size and similarity with training data.

Section 2.2 focuses on unsupervised learning, which is the problem of learning

representations without manual annotation that generalize to downstream tasks. We

begin with the initial inspirations from biological neurons and Hebbian learning, and

discuss the extent to which modern literature on unsupervised learning has deviated

from its original motivations. The paper presented in chapter 4 is a clustering

method that supported the recent surge in interest in contrastive learning; amongst

the method’s strengths is network outputs are directly semantically interpretable

without supervised fine-tuning. In chapter 5, we investigate methods for solving

the pointing game using saliency maps, a task for which supervisory training

signal is not provided.

In section 2.3 we discuss continual learning, which is the problem of generalizing

across different tasks given sequential exposure. We begin with the double-edged

sword of distributed representations – greater expressivity, beneficial transfer being

enabled, but negative transfer or catastrophic forgetting also being enabled (French,

1991). We examine natural anti-forgetting and fast-learning mechanisms that

neural networks employ during training, which although appear to be insufficient as

stand-alone solutions, are nonetheless inadequately acknowledged in the literature.

Both presented papers in this area investigate biologically-inspired strategies for

mitigating catastrophic forgetting. The first paper in chapter 6 uses learning on

internally generated replay data, which plays a major role in human cognition,

and the second in chapter 7 reduces representational distributedness by increasing

capacity online, where the biological equivalent is neurogenesis.

We conclude with an overview of the arguments presented and an outlook

on directions for future work.
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This is an integrated thesis based on the following papers, in order of inclusion:

• Predicting Unreliable Predictions by Shattering a Neural Network.
[First author.]
Xu Ji, Razvan Pascanu, Devon Hjelm, Andrea Vedaldi, Balaji Lakshmi-
narayanan, Yoshua Bengio. Pre-publication.

• Invariant Information Clustering for Unsupervised Image Classification and
Segmentation.
[First author.]
Xu Ji, Joao Henriques, Andrea Vedaldi. In ICCV 2019.

• There and Back Again: Revisiting Backpropagation Saliency Methods.
[Joint first author.]
Sylvestre Rebuffi*, Ruth Fong*, Xu Ji*, Andrea Vedaldi. In CVPR 2020.
* denotes equal contribution.

• Automatic Recall Machines: Internal Replay, Continual Learning and the
Brain.
[First author.]
Xu Ji, Joao Henriques, Tinne Tuytelaars, Andrea Vedaldi. In NeurIPS
Workshop on Baby Mind 2020.

• On the Role of Neurogenesis in Overcoming Catastrophic Forgetting.
[Second author.]
German Parisi, Xu Ji, Stefan Wermter. In NeurIPS Workshop on Continual
Learning 2018.
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Presumably the child brain is something like a note-
book as one buys it from the stationers. Rather little
mechanism, and lots of blank sheets. Our hope is that
there is so little mechanism in the child brain that
something like it can be easily programmed.

— Alan Turing, 1950

2.1 Generalization

Why begin with a work on unsupervised learning and continual learning with gen-

eralization? Because these are both specialised generalisation problems. Moreover,

generalization is arguably the central problem of machine learning, as well as the

key difference between the abilities of human brains and current artificial neural

networks. Thus it is a problem of immense theoretical and practical concern.

Generalization can be defined as the ability of a model to perform well on data

samples that were unseen in their exact form during training. Different levels of

difficulty exist; typically works distinguish between settings where training and test

data are considered to be drawn from the same distribution (“in-distribution”),

settings where the distributions are materially different (“out-of-distribution”),

and various hybrids where the model is exposed to dissimilar and similar training

distributions before inference on test samples. This includes a wide range of

subdomains including transfer learning (generalizing to test samples from a new

distribution given training on that distribution, e.g. finetuning representations

learned in an unsupervised manner), few-shot learning (generalizing to a new

distribution given a minimal number of training samples from that distribution; Snell,

Swersky, and Zemel, 2017), and continual learning (generalizing across different

distributions given sequentially ordered exposure; Lopez-Paz and Ranzato, 2017).

A data distribution is a function p(x) that returns a probability density for data

x being observed. In general, many different empirically observed datasets can be

drawn from the same data distribution. Thus the idea of samples being drawn from

different data distributions, which is widely used in work on out-of-distribution

generalization, is not a straightforward concept; one can generally consider any

two datasets to be draws from the same data distribution – merely unlucky draws,
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if they appear dissimilar. In real world scenarios one does not have access to

the ground truth data distribution(s) that generate data. Thus although much

classical work on generalization (including our work in chapter 3) views datasets

through a statistical lens, it can be simpler to take the empirical view and disregard

distributions altogether (for example measuring dataset similarity by correlation

in their induced gradients, section 2.1.1).

Generalization is not a magic phenomenon; when models generalize well to new

samples, prior helpful information (e.g. a good data representation) may not have

been intentionally or explicitly specialized to the new data samples, but it happened

to be, all the same. Note there is no test of meaningful generalization unless test

data is not part of training data, otherwise memorization would suffice – hence

the specification of unseen test samples – but there is no reasonable expectation of

performing well on test data unless it overlaps on some level with training data or

priors, which together fully determine the final state of the model after training.

The priors, or a-priori assumptions, constitute all of the variables considered in

the previous chapter that are fixed prior to training: model f (typically, network

architecture), initialization of its parameters θ, and learning procedure h and any

objective function(s) L that it uses1. Training and test data is excluded from

priors because it is assumed to be outside the engineer’s control (but use of the

training data, as specified by h, is not). Thus the question of generalization can

be summarized as: given a search space over priors, which priors are optimal for

maximising guarantees on test performance, given some distribution over training

environment initializations and constraints on the deviation of test data from the

latter? The term environment initialization is used because although we want to

control for the environment in order to attribute changes in test performance purely

to changes in priors, in general one can only fix the initial state of the environment

since different priors can induce different training data; for instance, in reinforcement

learning, the outputs of models change subsequent training data, and the continual

learning method in chapter 6 involves training the model on self-generated data.
1For stateful learning procedures, i.e. with time-varying parameters, these parameters can be

included in θ.
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In this light, much of the recent work in machine learning can be viewed as

a manual or heuristic meta-optimization for the best priors. When certain priors

are shown to perform well across diverse instances of generalization problems –

for example, SGD optimization or He initialization (He et al., 2015) – researchers

typically take their proficiency for granted, fix them, and iterate on other facets

such as structure of learning procedure h and objective L (fig. 2.1).

Figure 2.1: Generic computational graph for supervised learning on batched data St
where t denotes timestep and h has single objective function L. A typical learning
procedure h performs stochastic gradient descent on the objective function to update θ.

2.1.1 Incidental Gradient Following

During training we assume that we do not have access to test data S̃, but what if

we could fast forward to test time, when performance on S̃ is measured? Under

what conditions would a model f(·; θ) be optimal for an objective L(θ; S̃)? In

the previous section we suggested that test performance should be correlated to

“overlap” of test data with training data and priors; now we provide a framework

for describing more formally what this overlap means. In order to do so, we make

use of the Taylor expansion, which is a generic method for function approximation

with local gradients. The Taylor expansion often appears in the neural network
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literature in the context of continual learning (Lopez-Paz and Ranzato, 2017;

Chaudhry et al., 2018; Yin et al., 2020).

Let us consider the popular case where all training data is fixed (that is, not

the general case where the model’s outputs are allowed to change its training

data). Call the training data S ∈ (X ,Y)N and test data S̃ ∈ (X ,Y)M , where

each has N and M samples respectively. Let the inputs and targets be called

X and Y , (Xj, Y j) = Sj for 1 ≤ j ≤ N , and likewise for test data S̃. Let the

objective function (or “loss”) L take both dataset-sized and sample-sized inputs,

i.e. L : Θ,Ω → R with Ω = ⋃
K∈N+(X ,Y)K .

First note that using the Taylor expansion, we can write inference of the network’s

output on a test input X̃ i as a form of nearest neighbours. Let O denote an upper

bound, ∀z : O(f(z)) ≤ c f(z) for some constant c.

∀i ∈ [1,M ], j ∈ [1, N ] : f(X̃ i; θ) = f(Xj; θ) +O(‖X̃ i −Xj‖), (2.1)

as well as for the objective function at the level of sampled test pairs S̃i:

∀i ∈ [1,M ], j ∈ [1, N ] : L(θ; S̃i) = L(θ;Sj) +O(‖S̃i − Sj‖), (2.2)

and the objective function at the level of the dataset, if M = N :

L(θ; S̃) = L(θ;S) +O(‖S̃ − S‖), (2.3)

because in each case, the error in appropriating a result from training data scales

with distance to that data, hence maximally accurate inference using neighbours

would mean picking the nearest neighbour. This assumes that L is differentiable

and has bounded first order gradients; similar assumptions apply to all Taylor

expansions. The first order expansion of eq. (2.3) is:

L(θ; S̃) = L(θ;S) + (S̃ − S)ᵀ∇SL(θ;S) +O(‖S̃ − S‖2). (2.4)

This suggests that the further test data S̃ is from training data S, the more

important the representation given by θ is for determining generalization, because

as ‖S̃ − S‖ tends to zero, identical behaviour becomes a given, and vice versa, the

larger ‖S̃ − S‖ is, the wider the possible range of (S̃ − S)ᵀ∇SL(θ;S), given any

bounded range for ‖∇SL(θ;S)‖ over possible values for θ.
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Incidental gradient following. Consider the training algorithm h : Θ → Θ,

where h is a map between instances of f ’s parameters. Let h have access to training

data S and objective L, and let it take the form of one step of stochastic gradient

descent with learning rate η and data batch St ⊂ S on any instance of parameters θt:

θt+1 = h(θt) = θt − η∇θtL(θt;St). (2.5)

Expanding the loss L on test data S̃ around the parameters, we obtain:

L(θt+1; S̃) = L(θt; S̃) + (θt+1 − θt)ᵀ∇θtL(θt; S̃) +O(‖θt+1 − θt‖2), (2.6)

= L(θt; S̃)− η∇θtL(θt;St)∇θtL(θt; S̃) +O(‖η∇θtL(θt;St)‖2), (2.7)

which means that training on batch St descends the loss on test data S̃ according

to how correlated their gradients are. All else equal, namely assuming the same

training step magnitude of ‖η∇θtL(θt;St)‖, this incidental descent on test loss is

uniquely maximised when the direction of the gradients ∇θtL(θt;St) and ∇θtL(θt; S̃)

are identical. A special instance of this best case is when the data itself is identical

(but in general, the same gradient can be induced by different samples).

Now let us zoom out of this single timestep and allow h to be applied for multiple

timesteps before being evaluated. Let t in θt correspond to training step index and

fix initial parameters θ0. Then after T steps, the final parameters are given by:

θT =
T applications︷ ︸︸ ︷
h(. . . h(θ0)), (2.8)

which incur test loss:

L(θT ; S̃) = L(θ0; S̃) + (θT − θ0)ᵀ∇θ0L(θ0; S̃) +O(‖θT − θ0‖2), (2.9)

which is minimized when:

θT − θ0 = −
T−1∑
t=0

η∇θtL(θt;St) = −∇θ0L(θ0; S̃), (2.10)

all else equal, i.e. for any fixed ‖θT − θ0‖. This indicates that the h that yields

optimally general θ (using a definition of optimal generalization as minimal L(θ; S̃))

given T repeated applications, is one that eventually and incidentally follows the
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same direction of change in parameters as training on S̃, despite not having access

to the latter. Hence we refer to this ideal behaviour as incidental gradient following.

Note one can also expand around the parameters at each timestep, rather

than just at θ0:

L(θT ; S̃) (2.11)

= L(θ0; S̃) +
T−1∑
t=0

L(θt+1; S̃)− L(θt; S̃), (2.12)

= L(θ0; S̃) +
T−1∑
t=0

(θt+1 − θt)ᵀ∇θtL(θt; S̃) +O(‖θt+1 − θt‖2), (2.13)

= L(θ0; S̃) +
T−1∑
t=0
−η∇θtL(θt;St)∇θtL(θt; S̃) +O(‖η∇θtL(θt;St)‖2), (2.14)

which is minimized when the training gradient ∇θtL(θt;St) follows the true gradient

∇θtL(θt; S̃) at every timestep, given any fixed ‖η∇θtL(θt;St)‖. Note that this

finer grained approximation actually has a larger approximation error compared to

eq. (2.9) if all else equal is assumed, due to the triangle inequality:

∀k ≥ 0 :
T−1∑
t=0

k‖θt+1 − θt‖2 ≥ k‖θT − θ0‖2, (2.15)

but in practice we would expect all else equal to not hold, i.e. the constants in

the upper bound denoted by O to be lower for eq. (2.14) than eq. (2.9), because

the step sizes in the former are generally smaller.

2.1.2 Unsupervised Learning as a Generalization Problem

Collection cost. In unsupervised learning, the goal is to learn a good data

representation for a downstream generalization problem using unsupervised data.

The distinction between unsupervised and supervised data is often not strict in the

literature (Goodfellow, Bengio, and Courville, 2016), but in this work we characterize

it as a difference of collection cost. Pixels of an image are naturally collected together,

as are the different visual frames in a video, the audio track with visual track in

a video, or the text accompanying an image on a webpage. Unsupervised data

is cheap to obtain from a collection cost perspective – specifically, extra bits are

obtainable without needing to expend extra effort – whereas supervised data is not.
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Figure 2.2: Generic computational graph for unsupervised learning on batched data
Zt ∈ Ω, where h has single objective function L : Θ,Ω→ R and Ω =

⋃
K∈N+ XK , i.e. L

is defined on parameters and the input space only. Parameters θ are optimized in the
left box before being reused for the downstream task in the right box. h and q typically
perform stochastic gradient descent on their objective function values L and L̃ with
respect to parameters θ and φ, for T and C timesteps.

We will expand on this idea in section 2.2, but note for now that low collection

cost typically implies informational redundancy; due to the causal nature of the

world, data that is spatio-temporally clustered is generally influenced by shared

factors and thus co-dependent across dimensions. Informational redundancy does

not imply low collection cost, however, because the latter is contextualised by the

experimental resources of the engineer; images and labels are highly informationally

redundant, but not low collection cost when the labels are obtained at additional

material cost to the images.

Given unsupervised data Z, the goal is to use it to devise some h (or commonly,

simply the objective function L used by h) such that h produces θT which is inci-

dentally optimal for a downstream supervised objective L̃ on test set S̃, L̃(θT , φT ; S̃)

(fig. 2.2). This description includes a large number of possible settings; Z could

be data with any number of modalities, including latent codes, and f could be

a generative task or discriminative task for example (section 2.2). Z could even
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contain prediction targets, which are copied to the output of f using an identity

function; we merely collect all dimensions into one variable Z for simplicity. The

point is that Z incurs low collection cost, but the parameters learned from it

should transfer well to a downstream objective that does not, in general, incur

low collection cost, so that the benefits of low collection cost (chiefly, large sample

volume at low cost) can also benefit the latter.

The downstream objective L̃ does not need to have its own trainable parameters;

φ could be empty, which is the case when the output of f is directly evaluated

after unsupervised training (for example, in the clustering algorithm presented in

chapter 4). But in the more general case, if φ is non-empty, it is trained using

training set S instead of test set S̃, since S̃ is not accessible for training. Thus

fig. 2.2 contains two generalization problems: generalization of θ and φ to S̃.

Let h be applied for T timesteps to yield θT , as in eq. (2.8). Then assume θT
is fixed while learning procedure q iterates on φ0 to yield φC after C timesteps.

Call the difference between performance on training and test data δ, which is

often referred to as the generalization gap (Goodfellow, Bengio, and Courville

(2016, fig 5.3; chapter 5)):

δ , L̃(θT , φC ; S̃)− L̃(θT , φC ;S). (2.16)

Then the final loss on downstream test data can be expanded as:

L̃(θT , φC ; S̃)

=L̃(θT , φC ;S) + δ

=L̃(θ0, φ0;S) + [θT − θ0, φT − φ0]ᵀ∇θ0,φ0L̃(θ0, φ0;S)

+O(‖[θT − θ0, φT − φ0]‖2) + δ

=L̃(θ0, φ0;S) + (θT − θ0)ᵀ∇θ0L̃(θ0, φ0;S) + (φT − φ0)ᵀ∇φ0L̃(θ0, φ0;S)

+O(‖[θT − θ0, φT − φ0]‖2) + δ, (2.17)

which is minimized by h when 1) θT − θ0 = −∇θ0L̃(θ0, φ0;S), and 2) generalization

gap δ is minimized, all else equal (i.e. for any fixed ‖θT − θ0‖). Thus to a first

approximation, changes in θ0 produced by an ideal unsupervised learning procedure
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h should incidentally follow what they would be if g ◦ f were trained directly

on downstream training data S, ideally whilst also producing smaller or simpler

representations to minimize the generalization gap (this is known as Occam’s Razor

and will be discussed further in section 2.1.4). Therefore one can think of the

ideal unsupervised learner h as a surrogate for downstream learning objective L̃: it

changes θ in similar ways even though θ is wrapped in a different objective. This

is a useful intuition to keep in mind when designing h, and in section 2.2 we will

consider several unsupervised learning methods that exemplify this idea.

2.1.3 Continual Learning as a Generalization Problem

Figure 2.3: Generic computational graph for continual learning on batched data St,
where h has single objective function L. Unlike in figs. 2.1 and 2.2, h should not perform
stochastic gradient descent on L(θt;St) because this does not incidentally optimize
L(θT ; S̃), due to the training batches St being materially different to test data S̃.

In continual learning, the goal is the same as the supervised and unsupervised

learning problems previously introduced: to obtain parameters that generalize

to some held-out test set. Continual learning specifically refers to a subset of

these problems where the training data is ordered. More precisely, the material

characteristics of the training batch – such as the distribution from which they can

be considered to be drawn – vary with the training timestep. Figure 2.3 specifies
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the weakest condition that satisfies this, namely ¬∀t′ 6=tDt′ = Dt, but in general the

difference in distributions across timesteps is not only materially present, but can be

high. Material difference in two distributions can be defined as training on samples

from one distribution compromising performance on samples drawn from the other.

In supervised classification for example, ordering training batches such that classes

are trained on sequentially, rather than each batch being formed of uniform samples

from across classes, is enough to severely compromise performance on a test set

containing all the classes. This is known as catastrophic forgetting or interference

(McCloskey and Cohen, 1989) and will be discussed more thoroughly in section 2.3.

In this section we begin our discussion of the topic by noting that catastrophic

forgetting – which being characterized by test loss increasing with training time

rather than decreasing, exhibits the exact opposite of improving generalization –

can be directly expressed in our incidental gradient following paradigm. Specifically,

it is when the implemented gradients do not follow the ideal gradients:

L(θt+1; S̃) = L(θt; S̃) + (θt+1 − θt)ᵀ∇θtL(θt; S̃) +O(‖θt+1 − θt‖2), (2.18)

L(θt+1; S̃) > L(θt; S̃) ⇐⇒ (θt+1 − θt)ᵀ∇θtL(θt; S̃) +O(‖θt+1 − θt‖2) > 0. (2.19)

If h simply uses SGD to train on training batch St, then we can replace the

parameter update with the gradient from St:

(θt+1 − θt)ᵀ∇θtL(θt; S̃) > 0

⇐⇒ − η∇θtL(θt;St)∇θtL(θt; S̃) > 0

⇐⇒ ∇θtL(θt;St)∇θtL(θt; S̃) < 0, (2.20)

which refers to the case when the training gradient is decorrelated from the ideal

gradient, or geometrically the angle between them is greater than 90◦. Hence

decorrelated gradients (eq. (2.20)) implies the test loss increases (eq. (2.19), ignoring

approximation error), and moreover decorrelated gradients are expected in continual

learning since training batches St are drawn from different data distributions and test

data S̃ is typically sampled from across all training distributions, meaning it is guar-

anteed to contain samples from distributions not in St, given sufficient sample size.
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Thus all continual learning methods replace h with a procedure that is not

standard SGD on batch St. A simple method, known as replay, is to let h accumulate

samples from training batches into a memory, and sample from that memory for

synthetic batches to replace St. Since each synthetic batch is sampled from all seen

data distributions, this increases the correlation of its gradient with ∇θtL(θt; S̃)

such that it becomes positive in eq. (2.20) and the test loss decreases. Other

methods such as Chaudhry et al., 2018 and Lopez-Paz and Ranzato, 2017 are

derived explicitly from the Taylor expansion and involve projecting ∇θtL(θt;St)

onto the closest vector such that it is correlated with gradients from samples in

accumulated memory, before applying it to θ. A theme should now be apparent. In

all cases the goal is to avoid eq. (2.19): to manufacture an update θt+1 − θt that

is incidentally correlated with the gradient from test data, so that the test loss

decreases with training, and thus generalization improves.

2.1.4 Does Model Size Determine Generalization Ability?

The idea that smaller or simpler theories are superior, all else equal, has a long

history. It is commonly referred to as Occam’s Razor, or “plurality should not be

posited without necessity”, and is attributed to William of Ockham, a religious

philosopher born in 1285 in the village of Ockham, England who was also a student at

Oxford (Spade, 1999). “Razor” refers to the shaving away of extraneous assumptions.

Ockham’s own usage of the notion included justifying the attribution of divine

miracles to God; the principle by itself is not an irrefutable logical argument.

However, the idea that a model’s performance on training data should be offset

by model size, when selection is performed on trained models, is a recurring theme

in machine learning. Importantly, in certain cases it is no longer heuristic, as

one can prove that smaller models induce lower probabilistic upper bounds on

generalization error. Recall that a model’s final state at evaluation, including details

such as size, is fully determined by priors and training data, and training data (or

more generally in the case of active models, environment initialization) is typically
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fixed. So this principle amounts to a criterion on priors: model architecture,

initialization and training procedure.

Classical paradigm. Why should we penalize model size at all? Why do we need

an evaluation metric other than training error? In general, many model instances

can attain the same training error but different test errors, and since generalization

ability is defined by test error, it is the latter that we actually want to optimize for.

The incidental gradient following approximation introduced previously is useful for

motivation and intuition, but not for predicting generalization in practice, because

it is post-hoc: it assumes access to realized test data S̃, which we do not have.

Obviously if the test data is available, quantifying generalization is trivial; one can

simply compute the test error. Thus a useful metric for generalization ability, as a

function of a prior – for instance, architecture – does not depend on realized test

data but its constraint relative to training data. Recall that due to the no free

lunch theorem (Wolpert and Macready, 1997), this is the best we can do: exact

test data is unknown but needs to be constrained, and the constraints should be

loose enough that they have a good chance of reflecting test data with fidelity,

otherwise the metric is irrelevant in the eventual test setting.

The Akaike information criterion (AIC, Akaike, 1974) is one metric for predicting

the generalization ability of models. It specifies that models should be selected

by minimizing:

AIC(θ, S) = 2|θ|+ log(L(θ;S)), (2.21)

where L(θ;S) = −p(θ;S), i.e. the negative likelihood of the model given training

data. This captures training performance offset by model size |θ| as the number of

parameters, which is a general theme in classical quantifiers for generalization ability.

Another example of this is error bounds that use Vapnik-Chervonenkis (VC)

dimension (Vapnik, 1968). VC dimension is defined on a hypothesis set or model

class and is the size of the largest dataset that can be arbitrarily labelled if one is

allowed to pick any model in the class. It is a measure of model size that is not
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exactly the number of parameters, but scales with it, since the larger the number

of parameters, the more expressive the class of all models with that architecture.

In short, it proxies complexity of a model as the adaptability of the space within

which it was searched. One can write the following probabilistic upper bound on

test error using VC dimension (see Mohri, Rostamizadeh, and Talwalkar, 2018 for

a review). Let R̂S(f) denote empirical error of f , i.e. error on training dataset S

with N samples, and let R(f) denote true error of f , i.e. expected error over test

datasets, also of size N , where samples are drawn i.i.d. from the same distribution

as those in S. Then with probability > 1 − δ, for all models f in class F :

R(f) ≤ R̂S(f) +

√√√√2 VCDim(F) log eN
VCDim(F)

N
+
√

log 1
δ

2N , (2.22)

= R̂S(f) +O

√√√√ log(N/VCDim(F))

N/VCDim(F)

+
√

log 1
δ

2N , (2.23)

and
√

log(x)/x is monotonically decreasing for x > e. This suggests that minimizing

the upper bound on true error corresponds to maximizing the training dataset

size and minimizing model size, all else equal.

The idea that large model size is bad for generalization, all else equal, is backed by

experimental evidence. It has long been accepted that test error empirically follows

a “U” shaped curve with respect to model size, with the initial descent occurring due

to insufficient expressivity being remedied, followed by an ascent in test error due to

the model overfitting or overspecializing to training data (fig. 2.4 and Goodfellow,

Bengio, and Courville, 2016). Under this paradigm, the optimal model size is at the

base of the curve, which is approximately where the smallest model size for which

training data can be perfectly fitted is (recall that test data cannot be used for

model selection or optimization). This was the standard view until at least 2019,

when the double descent phenomenon, which we will discuss next, was documented.

Double descent paradigm. Recently, Belkin et al., 2019 and Nakkiran et al.,

2019 empirically observed that for deep neural networks, when the horizontal axis

in fig. 2.4 is extended into millions of parameters, the increasing trend in test
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Figure 2.4: Classical relationship between model size and training and test errors.

Figure 2.5: In deep neural networks, beyond a threshold in capacity, test error decreases
with number of parameters, rather than increasing as the classical paradigm predicts.

error is reversed, and test error starts to decrease with model size again. This is

known as double descent (fig. 2.5). A consensus for its explanation has not yet

been reached, but one idea is that the number of parameters is not a good metric

for model capacity in the context of generalization, that it does not necessarily

scale monotonically with realized model expressivity – which is certainly true, since

expressivity in neural networks can be reduced by setting weight and bias values

to 0 – and thus bounds that increase with number of parameters are excessively

loose and conceal the decrease observed in the right side of fig. 2.5.

Subfunction error bounds (chapter 3) suggest using an alternative measure of

size for neural networks: the number of activation regions in input space, which

is the same as the number of unique feasible activation patterns. A novel error

bound is derived using subfunctions which scales directly with the number of
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activation regions. Other notable works on network activation regions include

Hanin and Rolnick, 2019, which argued that the number of realized activation

regions in deep networks is far smaller than theoretical upper bounds based on

the number of parameters, and Gamba et al., 2020, which described the regularity

of hyperplane arrangements in convolutional neural networks. Meanwhile Belkin

himself suggests the salient measure of capacity as the norm of network weights

(Belkin et al., 2019). Both measures resolve a key weakness of using the number

of parameters: it is independent of realized weight configuration, i.e. the data

and training procedure, whereas activation patterns and weight norms are not. In

addition, a mutually supportive relationship appears to exist between number of

activation regions and weight norms, at least at one extreme: as weight norms tend

to 0, all hyperplanes in the network collapse to the same decision for all inputs

and thus expressivity collapses. L2 penalization of weight norms is an established

regularization method (Bishop, 2006), which empirically supports the notion of

smaller weight norms being conducive for generalization. Further, note that dropout

(Srivastava et al., 2014), another established regularization method, encourages

redundancy across nodes in each layer (Goodfellow et al., 2013), which one would

also expect to suppress expressivity. Whereas L2 regularization and dropout are

simple to introduce as priors (and in fact Goodfellow et al., 2013 employs dropout

for continual learning, where non-stationarity in the training data means stronger

generalization priors are called for compared to i.i.d. training), minimizing the

number of activation regions explicitly is not as obvious. However, one strategy is

to maximize sparsity of activations. This reduces the cardinality of the co-domain

of the map between inputs and binarized activation patterns, which also reduces

the number of activation regions. Sparsity has in fact been suggested as a prior

for good generalization (Goyal and Bengio, 2020).

On human-level generalization. The human brain has approximately 86 billion

neurons (Azevedo et al., 2009), and additionally the number of stimuli that can

be represented increases exponentially with the number of the neurons (Rolls,
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Treves, and Tovee, 1997), which is remnscient of how the upper bound on the

number of activation patterns in ReLU networks also increases exponentially

with number of nodes, given the same network width (specifically the bound

is O(widthdepth × input dims), Raghu et al., 2017). From this, we conjecture that any

“small solutions” embodied by the brain are likely not obtained due to restrictions

in the number of parameters. Likewise in artificial networks, double descent has

shown that generalization can actually improve with number of parameters, all else

equal. However, other size metrics we have considered are not entirely satisfactory

quantifiers of generalization ability either, or we would be much closer to human-

level generalization than we are. Considering model complexity alone, no matter

by which metric, seems to missing something.

We highlight another aspect that requires explicit consideration if we are to

progress towards human-level generalization: how well a model generalizes to test

data should be quantified by the difficulty of the test data – size or complexity,

and difference from training data – as well as its performance. If one defines

generalization ability as merely test error, then one cannot differentiate between the

abilities of models that do well on a narrowly defined test task that is semantically

identical to the training data, and models that do equally well on a diverse test

task that is semantically different to the training task, because realized test error

is the same, and error bounds merely attempt to approximate the latter. In other

words, the nature of the data itself is material for quantifying generalization ability,

because some train-test combinations should be considered harder than others.

The extent to which gradients from training on one correlate with gradients from

training on the other (section 2.1.1) is one possible definition of easiness. Note

that one interpretation of Occam’s Razor is that smaller models generalize better

to more test tasks, but this is not the common interpretation of error bounds,

which purport that smaller models generalize better given the same test task, or

more specifically the same test data distribution.

Thus metrics for generalization ability should measure sample efficiency. Models

that generalize well should be characterized by learning from a relatively small
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Figure 2.6: Given a training dataset of size N , priors A,B,C perform equally in the
limit of training data volume, but according to the arguments presented, A produces
models that generalize best.

number of samples – for instance, a single exposure – and becoming spontaneously

proficient at a large number of different samples. To borrow the checkerboard

analogy from Goodfellow, Bengio, and Courville, 2016, good generalization is the

difference between an agent that can only accurately fill neighbouring pixels, given

the specification of a few labelled pixels, versus one that can complete the full

checkerboard image. Thus one can think of good generalization as the efficient

discovery of meaningful structure from redundant samples. This is not captured

by classical error bounds in statistical machine learning, where the only explicitly

stated relationship between generalization ability and volume of training data

is the former scaling with the latter, and hence the emphasis is on maximising

training data to maximise generalization ability, whereas we would like to consider

maximising the ratio of test data to training data.

Obviously, even a sample efficient learner benefits from more training samples

in general, but can be differentiated from an inefficient learner by measuring test

performance when training samples are restricted. In other words, reducing the

number of training samples is one way of increasing the relative difficulty of the

test set. The example in fig. 2.6 illustrates how the relative goodness of different

priors can be exposed in this manner. In the limit of volume of training data, test
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data from the same distribution is guaranteed to be subsumed under training data,

hence typically it becomes trivial to fit test data perfectly and all priors converge

to the same perfect performance, as they do on the right side of fig. 2.6. A sample

efficient learner can only be distinguished from a sample inefficient learner given a

test set that is sufficiently difficult relative to the training set. Thus the pursuit

of models that generalize well should not only involve seeking priors that produce

the best test set performance, but also seeking relatively difficult test sets.
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If the inputs to a system cause the same pattern
of activity to occur repeatedly, the set of active ele-
ments constituting that pattern will become increasingly
strongly interassociated. That is, each element will
tend to turn on every other element and (with negative
weights) to turn off the elements that do not form part
of the pattern. To put it another way, the pattern as
a whole will become “auto-associated”. We may call a
learned (auto-associated) pattern an engram.

— D. Alan Allport, 1985

2.2 Unsupervised Learning

Unsupervised learning is not a strictly defined term in machine learning (Goodfellow,

Bengio, and Courville, 2016)2. It is commonly considered to be the acquisition of

meaningful information from data without explicit sample-level human supervision

(obviously, human supervision is still present in the priors of the model). We

maintain that the fundamental difference between unsupervised and supervised

learning lies in the level of collection cost of data (section 2.1.2), which could

be measured by economic cost, for example. Collecting images by crawling the

internet is a cheap way of gathering data. Labelling the collected images manually

substantially increases cost, and above some threshold it is no longer considered

unsupervised. There is no strict definition for this threshold in monetary terms,

thus methods naturally sit on a spectrum of supervision rather than in binary

categories, but it is common practice to consider any sample-level human effort

as raising the cost above the threshold for “unsupervised”.

The notion of collection cost is important, however, because the spirit of

unsupervised learning relates to the general effort of data collection as a whole. One

could argue that the level of participation of humans is only material in so far as it

increases the cost of the training procedure, because the fundamental motivation of

unsupervised learning, for both artificial and biological neural networks, is arguably

to minimize the cost of learning, which corresponds to maximising data volume for

any given cost budget and quality of data3. At one extreme, if the cost of learning
2Some authors prefer the term self-supervised learning; there is no widely accepted difference.
3Data quality, for example with respect to a learning objective, must be fixed because volume

can be trivially maximised by reducing quality.
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is too high, it would kill the biological agent or stop the machine experiment. But

the benefit of cheaply acquired data is also evident before this extreme is reached:

exposure to more data is beneficial for generalization in both humans and machines.

In humans, for example, test error decreases with the amount of practice. Gladwell,

2008 suggested that 10,000 hours is enough to make someone an expert at any

skill4. For artificial neural networks, generalization bounds show that upper bounds

on true error shrink with increasing training sample size (Vapnik, 1998; Mohri,

Rostamizadeh, and Talwalkar, 2018), which holds empirically in general despite

its invalidation under certain conditions (Belkin et al., 2019). According to such

bounds, being limited to supervised datasets is a significant restriction on training

data size and thus imposes a limit on generalization ability. The biological parallel

is that humans would learn very little if learning strictly required the direction

of a teacher. Thus, acquiring larger volumes of data to improve generalization

is a fundamental motivation for unsupervised learning. Whilst in the previous

chapter we argued that devising learning procedures for good generalization is about

maximising the efficiency of learning from a finite sample of data, unsupervised

learning is about maximising the sample of data from which one learns.

The origins of unsupervised learning with artificial neural networks coincide

with the origins of artificial neural networks themselves, which is unsurprising

since unsupervised learning is motivated by what the brain can do, and so are

artificial neural networks. Concurrent with the development of the perceptron

was the development of Hebbian learning theory, which centres on a biologically-

inspired unsupervised learning rule that can be summarized as “neurons that fire

together, wire together”, attributed to Canadian psychologist Donald Hebb (Hebb,

1949). Hebbian learning involves adjusting weights to better reflect an optimal

relationship between nodes, and in this sense, many learning methods can be

considered Hebbian in nature. Perhaps the most important connection to modern

neural network training regimes is the observation that backpropagation is equivalent
4Generalization in this case would be measured on a test distribution focused on the skill.

Generalization ability is not necessarily measured on general tasks, though we argued in section 2.1.4
that it should be, for the purpose of advancing machines towards human-level intelligence.
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to contrastive Hebbian learning (where contrast or error is propagated from the

output layer and fed to a Hebbian update rule) under the assumption that the

architecture is feedforward (Xie and Seung, 2003). The connection is easy to see,

given that backpropagation weight updates in ReLU networks have the form:

4wi,j = −η ai δj (2.24)

where wi,j is the weight from node i to node j, η is the learning rate, ai is the

activation of node i in the forward pass, and δj = ∇xjL(·) where L is the objective

function and xj is the pre-activation value of node j. Since δj is also computed

by activation propagation in neural networks, it can be framed as node activation,

making eq. (2.24) a Hebbian update rule: neurons that fire strongly in the forward

pass, and neurons that fire strongly in the backwards pass, wire together.

Evidently, it is not the update rule that makes a learning procedure unsupervised,

since supervised learning in neural networks overwhelmingly uses backpropagation.

It is the data: Hebb’s rule was devised with the notion of self-organizing in mind, or

the idea that the model learns from uncurated (i.e. low collection cost) datasets in a

manner the engineer neither explicitly controls nor predicts. It is the assumed lack

of data collection cost that allows Hebbian learning to be considered as unsupervised.

As we shall see in the next section, this quality of not quite knowing what behaviour

the trained model will acquire, which can be a downside of minimal curation and

generic, application-agnostic objective functions when one intends to use the model

for a specific purpose, is a recurring theme for unsupervised learning methods.

Common learning objectives. In this section we will focus on computer vision,

i.e. learning algorithms that operate on visual data, and images in particular.

Computer vision is arguably the domain that has seen the greatest growth with the

advent of deep learning, and has a relatively established literature on unsupervised

learning with neural networks.

The literature is often split into two groups based on one facet: whether the

method includes density estimation or sampling (data generation), or not. However,
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these two groups are not as different as they superficially seem. All learning

objectives, including unsupervised ones, revolve around the extraction of meaningful

structure from data, which is to say the discovery of its latent, low-dimensional

factors. For example a 256× 256 pixel image of a dog on a lawn can be described

for most intents and purposes by a single sentence with a few words. Seen in a

unifying high-level light, learned data generation can be viewed as the discovery

and assignment of structure to latent codes, learned density estimation as the

discovery of structure and the discrimination of likelihood based on said structure,

and other objectives – contrastive learning, in-painting, clustering – are, similarly,

discriminative problems based on discovered structure in the data. Again, we

assert that the “unsupervised” qualifier depends on the cost of data, not the

structure of the algorithm: modelling density of the data distribution is sometimes

considered the canonical unsupervised learning problem (Goodfellow, Bengio, and

Courville, 2016), but is not unsupervised if one is modelling p(x, y) and y has

been obtained from manual labels. It just so happens that cheap data, typically

less structured compared to curated data, elicits learning algorithms that often

share similar high-level structure.

2.2.1 Generative Methods

In this section we provide a summary of several well-known methods that model

or sample from the distribution of training data.

Many of these methods are motivated by learning a maximum likelihood estimate

of the true data distribution, p∗(x). It is assumed that this is not directly accessible,

but one has access to a dataset containing N samples from it. Let p̂(x) be the

probability of x being obtained by sampling this dataset (e.g. 1
N

for its elements).

We use single variable x ∈ X for generality, but it could contain any number of

modalities. The goal of maximum likelihood estimation is to search a space of

distributions P for the best p ∈ P according to:

min
p∈P

D(p̂(x) ‖ p(x)) = min
p∈P

E
x∼p̂(x)

[
log p̂(x)

p(x)

]
= max

p∈P
E

x∼p̂(x)
[log p(x)], (2.25)
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where log refers to the natural logarithm and D denotes the Kullback-Leibler

divergence, with abuse of notation for x. From eq. (2.25) we see that p obtained

in this way maximises the log likelihood of empirically observed data, hence the

name maximum likelihood estimation.

Since this is a work on neural networks, in this section we discuss generative

methods that are based on neural networks, i.e. model data density using learned

neural network features, rather than methods that use fixed data features such as

k-means and Gaussian mixture models (GMMs), which also optimize for a generative

model that maximizes the likelihood of observed data. Note that k-means and

GMMs are also generalization problems, despite not typically being framed as such;

each has a loss function on samples based on distance from cluster mean, and the

ideal model induces the lowest loss on both training and test data.

One method for obtaining p(x) from eq. (2.25) with a neural network is

normalizing flows (Rezende and Mohamed, 2015). The idea is to model p(x)

using learnable data transform fθ(x):

pθ(x) = p(fθ(x))| det∇xfθ(x)| (2.26)

log pθ(x) = log p(fθ(x)) + log | det∇xfθ(x)|, (2.27)

where fθ is an invertible bijector and crucially, unlike pθ(x), the distribution for

p(fθ(x)) is fixed to a known, evaluatable distribution such as the standard normal

N (·; 0, I), hence it is written with no intrinsic parameters. This technique is known

as a change of variables. The term
∣∣∣ det∇xfθ(x)

∣∣∣ is to account for the change in

support by applying f , i.e. the difference in ranges between x and f(x), so that

total probability mass of 1 is preserved. f can be composed of a stream of M

bijectors fθ = fMθ ◦ · · · ◦ f 1
θ (hence the name “flow”), increasing its expressivity. Let

the intermediate outputs be zj = f jθ (zj−1) for j > 1 and z1 = f 1
θ (x). Then:

log pθ(x) = log p(z1) +
M∑
j=2

log | det∇zj−1zj|. (2.28)

Learning the data density consists of optimizing θ for the objective in eq. (2.25) given

this definition for log pθ(x). Sampling from the learned distribution pθ(x) can be
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performed by first sampling z = fθ(x) according to its fixed distribution, typically the

standard normal as mentioned, and generating x by applying the inverse of fθ to z.

The invertible function fθ can take many forms, including neural network

layers. Recently, Behrmann et al., 2019 used residual convolutional neural network

layers of the form f jθ (zj−1) = zj−1 + gjθ(zj−1) where gjθ is a convolution, enforcing

invertibility by constraining the Lipschitz constant for all gjθ to be < 1, using spectral

normalization (Miyato et al., 2018). However, inverting each f jθ required the sum

of an infinite series, which the authors truncated as an approximation, introducing

bias; Chen et al., 2019 improved on this by suggesting an unbiased approximator.

The appeal of using residual neural network layers is that in theory one could reuse

a single network to perform, for example, accurate image classification, density

estimation and data generation simultaneously. As an added bonus, probability

density of a sample could be used to detect outliers at test time, for example

to identify new classes for the open set problem (Zhang et al., 2020). Residual

flows density was tested as an unreliability metric in chapter 3, but was found

to underperform subfunctions.

Autoregressive methods, such as Oord et al., 2016a; Oord et al., 2016b, are

similar to normalizing flows in that they also transform simple distributions such

as the standard normal N (·; 0, I) into complex distributions that can be both

estimated for observed samples and sampled from for data generation. In this case,

the complex density p(x) of N sequential variables x = (xi)1≤i≤N is modelled as the

product of simple conditional densities, where the parameters of the latter are a

learned function of the value of all variables seen so far in the sequence. For example,

assuming the conditional probability distributions are normal distributions:

pθ(x) =
∏

1≤i≤N
pθ(xi;x1:i−1), (2.29)

where pθ(xi;x1:i−1) = N (xi;µi, ρi) (2.30)

and µi = aiθ(x1:i−1) and ρi = (ebiθ(x1:i−1))2, (2.31)

where aiθ and biθ are neural networks. Learning involves optimizing θ via maximum

likelihood estimation (eq. (2.25)) as before, and data generation involves successively
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sampling xi according to the dynamically computed mean and variance variables

conditioned on all x1:i−1. Somewhat surprisingly, enforcing the unnatural assumption

that pixels should be dependent only on predecessors, which is clearly not true in

general, does not seem to prevent autoregressive models from generating realistic

natural images (Salimans et al., 2017).

Finally, there are a number of important data generation methods where sample

density is not directly estimatable, chief among them generative adversarial networks

(GANs, Goodfellow et al., 2014) and variational autoencoders (VAEs, Kingma and

Welling, 2013). In VAEs, one maximises a lower bound on the log likelihood of

the data, rather than the log likelihood of the data itself. Continuing with the

theme of transforming simple distributions into complex ones, auxiliary variable

z with (simple) conditional probability distribution q(z;x) is introduced, yielding

the following lower bound:

log p(x) = log
∫ q(z;x)
q(z;x)p(x, z)dz ≥ E

z∼q

[
log p(z)p(x; z)

q(z;x)

]
. (2.32)

Turning function inference into an optimization problem such as maximising its

lower bound is known as the variational principle. Assuming that pθ(x; z) and

qφ(z;x) are multivariate normal distributions with vector of means µ and vector of

variances ρ computed by neural network inference using parameters θ and φ, then

the lower bound in eq. (2.32) can be maximized using the following gradient:

∇θ,φ E
z∼qφ

[
log p(z)pθ(x; z)

qφ(z;x)

]
= ∇θ,φ E

ε∼N (·;0,I)

[
log p(α)pθ(x;α)

qφ(α;x)

]
, (2.33)

where α = µφ(x) + ε · ρφ(x), (2.34)

which is known as the reparameterization trick. The problem this solves is that

the gradient operator in the first term of eq. (2.33) cannot be pushed through the

expectation, as the expectation depends on its variables; by changing the sampling

to be over ε, this is resolved. For an intuitive interpretation of the objective, note

that the bound can be rewritten as:

E
z∼qφ

[
log p(z)pθ(x; z)

qφ(z;x)

]
= E

z∼qφ
[log pθ(x; z)]−D(qφ(z;x) ‖ p(z)), (2.35)
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with abuse of notation for inputs of Kullback-Leibler divergenceD. Thus maximising

it involves simultaneously maximising the conditional likelihood of data, whilst

minimizing the difference between the conditional likelihood of codes and the fixed

prior on codes. These objectives are not complimentary with respect to expressivity

of the codes; the former is a data reconstruction objective that motivates increasing

expressivity whilst the latter constitutes regularization that decreases expressivity.

This means training with the VAE objective naturally entails a balance between

fitting and not overfitting training data, which is conducive to generalization

(section 2.1). Further, note that qφ is a distribution that maps input x to latent

codes z, and pθ is a distribution that maps latent codes z to inputs x, and thus

conceptually they can be stacked into a mapping going from the input space to

latent code back to the input space, which explains the term “autoencoder”. In the

next section we will encounter another type of autoencoder that does not attempt

to model a bound on the data density distribution.

GANs (Goodfellow et al., 2014) are generative models that also do not directly

model the density of data samples, and thus like VAEs one cannot easily use them

to compute density. However, they have demonstrated remarkable success in data

generation, despite the common perception that they are difficult to train. Again,

the high level idea is to learn a transformation from a simple distribution to the

complex true data distribution. Specifically, one trains a generator Gθ : Z → X

that maps the space of latent codes Z (which follow a simple fixed distribution,

such as uniform) to input data space X , and discriminator Zφ : X → [0, 1] that

maps input data space X to the likelihood that the input data is real as opposed

to generated. Let the distribution of codes be pz and the distribution of real data

samples be px. Then the training objective is to find Gθ and Dφ that satisfy:

min
Gθ

max
Dφ

E
x∼px

[logDφ(x)] + E
z∼pz

[log(1−Dφ(Gθ(z)))]. (2.36)

This is an example of the minimax strategy, used in game theory (Cho and Kreps,

1987) as well as in other domains of artificial intelligence (notably in playing chess,

Shannon, 1993), where competing agents assume that the other agent always opposes
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their interest. However, one could argue that in the case of GANs, training is more

of a collaboration than a true competition between Gθ and Dφ; improvements in

the discriminator’s ability induce improvements in the generator’s ability, and vice

versa. For instance, if the discriminator happens to be very suboptimal and outputs

Dφ(Gθ(z))) = 1 for all codes z, then a global optimum for the generator has been

achieved and there is no motivation for its parameters to change, even if its outputs

do not resemble samples from the true data distribution. Likewise, if the generator

is very suboptimal and only produces images that the discriminator easily identifies

as fake, i.e. Dφ(Gθ(z)) = 0 for all codes z, a global optimum for the second half of

eq. (2.36) has been achieved and the learning signal from eq. (2.36) is weaker for the

discriminator (in terms of maximal gradient magnitude, for example), all else equal.

GANs have been extended extensively and have been used for style transfer

(Karras, Laine, and Aila, 2019), with cycle consistency constraints (Zhu et al., 2017),

image editing (Zhu et al., 2016), and also representation learning (Radford, Metz,

and Chintala, 2015), which is the focus of the next section. They have also been

studied in the context of network saliency (Bau et al., 2018), which can be considered

one unsupervised optimization problem stacked on top of another: the network is

first trained unsupervised, then one infers the salient features for any given inference

also without supervision. In chapter 5 we conduct a study of saliency methods and

use saliency maps as an unsupervised method for solving the pointing game problem.

There are a large number of variations of the methods in this section, for which

we do not go into detail because this not is not a work specifically about distribution

matching. However, we would like to draw the reader’s attention again to the

importance of generalization, which is particularly obvious in the context of data

generation. In all methods, one only has access to a finite number of samples from

the true data distribution: the gaps in input space between empirically observed

inputs are not explicitly accounted for, so the behaviour of the model in these

empty areas is entirely dictated by priors. The link between implicit constraints

from priors and the behaviour of the trained model is still not well understood
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and in practice priors are usually selected for empirically, with a trial-and-error

approach. This is true across much of deep learning, but is especially important in

the generation of high-dimensional data such as images, where the space of possible

optima is typically extremely large if one were merely to consider the empirical

dataset. This is because the objectives of such models require them to preserve

expressivity, which one can think of as granularity (measured in neural networks

for example by the number of activation patterns or regions, chapter 3). Unlike

objectives where the expressivity of the output space is much lower than the input

space, such as classification or clustering, a model that generates natural images

is severely under-constrained by the training data, because the space of natural

images is so large that training data necessarily occupies only a small fraction of the

space one is interested in mapping to. Thus there exists numerous global optima

for model parameters that appear equally as good if one were just to consider

the training data, but these optima actually vary widely in quality when assessed

according to other samples, due to high expressivity of the model. This relates to the

fundamental principle of generalization discussed in section 2.1 that smaller or less

expressive models generalize better, all else equal. In short, a likely reason for the

difficulty of training image generation models that generalize well is that training

data constrains a relatively small proportion of the network’s behaviour because the

latter is highly expressive, increasing the importance of choosing the right priors.

2.2.2 Discriminative Methods

First we discuss the difference between generative methods and discriminative

methods. Assume that there are two variables of interest, x and y. Whereas

generative methods would learn a model for p(x, y) (whether the probability can

be explicitly evaluated or not), discriminative methods learn a model for p(y;x)

(Ng and Jordan, 2002). Thus discriminative methods solve conditional prediction

problems. When the model is not stochastic, for example if one uses a deterministic

neural network, there is only one possible output y per input x and thus training

the network becomes the problem of learning a one-to-one mapping.
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Generative modelling is always an option for any dataset, because associating

an instance of y with each x is not essential as one can always simply model p(x),

whereas discriminative modelling requires the separation of variables. For this reason

it is traditionally associated with supervised learning, because obtaining a dataset

consisting of paired samples, for example, often entails a human constructing

the pairing on a per-sample basis. However, this is not necessarily the case; y

does not need to be a manually annotated label. It could be for example a code

representing the input (He et al., 2020; Chen et al., 2020; Caron et al., 2020), a

cluster identity, which is just a form of sparse discrete code (Asano, Rupprecht,

and Vedaldi, 2019; Caron et al., 2018 and our work in chapter 4), the nature of the

relationship with a transformed or spatio-temporally proximal sample (Doersch,

Gupta, and Efros, 2015; Isola et al., 2015), or a transformation of the input (such

as denoising autoencoders (Vincent et al., 2008), or colourisation (Zhang, Isola,

and Efros, 2016)). These are all examples of unsupervised learning as the data

incurs low collection cost (section 2.1.2).

For the task of predicting codes, the objective cannot be maximum likelihood

estimation with D(p̂(y;x) ‖ pθ(y;x)) for example, since y is not a fixed absolute

target. Instead, the engineer typically specifies an abstract constraint on pθ(y;x)

and optimizes θ such that this constraint is achieved. The constraint is abstract by

necessity, since in unsupervised learning we assume no effort per sample is taken.

A typical consequence of this abstractness is that multiple global optima for θ

exist, and thus priors (including said contraints) should be selected in order to

steer the optimization towards optima that generalize well. For example, some

methods both constrain expressivity using an output bottleneck (recall that smaller

models aid generalization), whilst supporting expressivity to prevent it collapsing

(Hadsell, Chopra, and LeCun, 2006 and chapter 4).

Many modern unsupervised discriminative methods focus on representation

learning (Bengio, Courville, and Vincent, 2013), which is the optimization of

data features that generalize well to later (or “downstream”) tasks5. This is
5Obviously, we would expect any network successfully optimized for an objective (including

the generative objectives in section 2.2.1) to have learned meaningful features for that objective.
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directly connected to the idea of incidental gradient following we discussed in

section 2.1.1; a sign of a method that produces representations that generalize

to other tasks is incidentally following the gradients that would be obtained by

directly training on those tasks. Learned representations often require further

learning, for example linear probing (learning a new linear function on top of the

representation function), when being adapted to downstream tasks, but if the

output space of the representation is shared with downstream tasks, appending

new parameters or even undertaking further training is not necessarily essential.

This is an important bonus that motivates training models that output text or

cluster assignments, which are both human-interpretable co-domains, that does

not apply to models that learn to map to continuous codes.

However, the community has recently devoted a large amount of effort to

investigating representation learning via predicting codes. An important class of

such methods is contrastive learning. Let f : X → RC be a deterministic neural

network. Contrastive learning imposes the constraint that that dissimilarity in f(x)

and f(x′) for inputs x, x′ should shrink as x tends to x′ according to some distance

metric, and grow as distance between x and x′ grows, which is implemented by

optimizing an objective that pulls predictions for similar inputs together whilst

pushing predictions for dissimilar inputs apart (Hadsell, Chopra, and LeCun, 2006).

A popular technique for contrastive learning is generating similar pairs using image

transformations that preserve their semantic content (chapter 4 and He et al.,

2020; Chen et al., 2020; Caron et al., 2020; Zbontar et al., 2021), which is an

idea that dates back to Becker and Hinton, 1992. Our work in chapter 4 achieves

the simultaneous pulling and pushing using the conditional entropy and entropy

components of mutual information.

Thus for non-triviality, representation learning often refers specifically to methods that produce
representations intended for downstream tasks for which they were not explicitly trained, for
example a different dataset or objective.
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Should one use unsupervised pre-training? If representation learning yields

an optimal representation for a downstream task, then using it to initialize the

downstream network decreases distance to the downstream network’s optimum

parameters compared to random initialization (by definition of Euclidian norm on

parameters), allowing in theory for the optimum downstream network to be reached

in fewer training steps than from random initialization, all else equal. However this

is only an advantage if directly training on the downstream task would not find

the same optimum in fewer total steps (where the total includes any pre-training),

and the incidental gradient following paradigm (section 2.1.1) suggests that this

is unlikely as one would expect task mismatch to decrease gradient correlation.

Furthermore, no specialization is generally better than poor specialization, because

for any parameter initialization and optimum in parameter space, staying at the

initialization is preferable to moving in the opposite direction, with respect to

distance from the optimum. This issue of mismatch was anticipated by Vapnik,

1998, who believed that “one should solve the [classification] problem directly and

never solve a more general problem as an intermediate step”. As argued from

the beginning of this chapter, the main argument for unsupervised learning is

primarily that it enables access to larger amounts of training data, which benefits

generalization; if the downstream task does not suffer from lack of training data,

then this advantage is suppressed.

The issue of mismatch with downstream tasks means it is unsurprising that

for a long time unsupervised pre-training for supervised classification tasks – i.e.

pre-training on a task that is not supervised classification – underperformed the

standard practice of supervised pre-training, which is typically with ImageNet (Deng

et al., 2009). Recently, some unsupervised learning methods claim to have broken

this ceiling in certain settings (He et al., 2020), but the degree of engineering that

goes into modern training pipelines makes performance gains difficult to attribute.

According to a recent study on unsupervised contrastive learning methods (Cole

et al., 2021), the best dataset for contrastive pre-training is the downstream dataset,

followed by the most semantically similar dataset, which corroborates our intuition
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on incidental gradient matching. Further, it found that performance with contrastive

pre-training lags far behind purely supervised training when the downstream task

is fine-grained, which is also not particularly surprising: methods that predict codes

employ information loss that is not explicitly optimized for the evaluated task

(unlike supervised classification) but depends on priors from the engineer, making

models vulnerable to low expressivity. Within contrastive pre-training methods,

no single method appears to be universally superior (Kotar et al., 2021). Different

methods perform better in different settings, which when combined with the large

amount of investigative effort expended, suggests that performance gains from using

contrastive learning itself have been saturated, with residual gains coming from

changes in other priors such as choice of image transformations used.

Note on unsupervised learning in humans. While using unsupervised learn-

ing to improve performance on specific downstream tasks is an inherently useful

and important problem, the original inspiration for the domain was to find learning

algorithms that could cope with the same standard of learning environment as the

human brain. The current focus on representation learning, and even the strict

separation of “unsupervised” and “supervised” regimes, has arguably somewhat

lost sight of this. Humans do learn in environments devoid of explicit manual

direction from other humans (notably in infancy, Smith and Yu, 2008) but far

from exclusively. On the contrary, adult intelligence generally depends on explicit

supervision in education systems. Just as important as the ability to learn in a

supervised or unsupervised fashion is being able to do both seamlessly; the brain

switches from unsupervised and supervised learning without fundamental changes

in learning procedure or objective, and furthermore this is not even necessarily

a conundrum for artificial learning algorithms, because as argued earlier in this

chapter, the level of supervision is an economic concern that specifically refers to

the cost of training data, rather than some fundamental difference in the nature of

training data, learning procedure or training objective. The brain does not learn in a

pre-training vacuum before training for “material” outputs; all outputs of the brain
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at all times are material, because all have real consequences. Moreover, a significant

proportion of unsupervised learning in the brain occurs on data that is self-generated

or recalled whilst data presented by the environment is ignored (chapter 6), an

aspect which is disregarded by the literature. In short, we are still a long way from

human-style unsupervised learning, and ironically the current focus on specifically

unsupervised training procedures is arguably not conducive to achieving it.
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If after its original training is finished a network is
exposed to the learning of new information, then the
originally learned information will typically be greatly
disrupted or lost.

— Anthony Robins, 1995

2.3 Continual Learning

Continual learning is the problem of learning from a sequence of non-stationary

distributions whilst generalizing to all seen distributions. This sequentiality breaks

the i.i.d. (“independently sampled and identically distributed”) assumption on

training samples that is adopted by many popular experimental settings and

theoretical works in machine learning, and this is a problem for two reasons.

The first is that neural network learning methods that work reasonably well in

i.i.d. settings – in particular, stochastic gradient descent on the current training batch

– tend to fail in non-stationary settings. The severity of failure is so pronounced that

it is literally referred to as “catastrophic forgetting” or “catastrophic interference”6

(French, 1991; Goodfellow et al., 2013). Empirically, this is observed as very low

performance on test sets containing a mix of samples from all training distributions.

Specifically, the network overfits to its current training distribution relative to

other seen training distributions, so performance on test samples from the current

distribution increases whilst those from other distributions decrease, imposing a

low ceiling on total test performance since the model is only proficient at one

distribution at any time. In chapter 6, for example, we see that accuracy on

previously seen classes drops to 0 when classes are presented sequentially during

training for image classification.

The second is that non-stationarity is the natural condition of real world data.

Climate changes, landscape is developed or destroyed, objects move, and internet

content is created. Thus the data distribution changes with time; samples within

each distribution are co-dependent, and the sequential distributions themselves

are also co-dependent. Changes in distribution are not generally sharp either, but

phase in and out in a continuous manner, making them difficult to characterise
6There is no widely accepted difference: catastrophic interference is catastrophic forgetting.
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precisely. Furthermore, compounding this objective non-stationarity are subjective

sources of non-stationarity local to the sensor or agent: the agent moves, and the

agent’s representation changes, both of which materially change learning conditions

even if the environment can be considered stationary from an objective viewpoint

(though representation change also occurs during stationary training with SGD,

which arguably makes this a less important consideration). Finally, it is often

unacknowledged that the agent has constrained resources and typically only makes

small observations that capture a fraction of all data available, and smaller size

means batches of samples are more biased, effectively increasing non-stationarity of

observed data even if the environment is stationary from an objective viewpoint7.

Non-stationarity is a complex issue and our understanding of the topic is still

immature. Some believe that the difficulty of characterising it with conventional

statistics suggests the latter is fundamentally lacking, which is one of the motivations

behind work on causality (Pearl, 2009). In any case, it is clear that the i.i.d.

assumption under which many popular machine learning methods have been

developed is highly unrepresentative of real world data when it is learned from

online. This introduces a disconnect that must be bridged with effort – most

commonly, storing observed samples and randomly resampling to mimic the i.i.d.

setting (Mnih et al., 2013) – which is unsatisfactory, likely suboptimal (due to

underoptimized selection), and not possible in all applications. The non-stationary

nature of real-world data means that continual learning is not just a theoretical

problem, but a highly practical and widely relevant one.

2.3.1 Assessing Forgetting

There are two metrics commonly used to assess the performance of continual learning

methods (Chaudhry et al., 2019). Let ai,j denote accuracy on the test set of task j
7There is currently no widely accepted quantitative metric for the level of non-stationarity, but

intuitively one can think of it as increasing with dissimilarity between consecutively presented
distributions and decreasing with distribution change speed. This is trivially minimized if there is
only a single data distribution. However one generally only has access to the drawn samples rather
than the true distribution, and biased samples from a single distribution appear to be drawn from
different distributions.
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after training on task i. The average accuracy after task T is:

AT = 1
T

T∑
j=1

aT,j. (2.37)

Average forgetting after task T is:

FT = 1
T − 1

T−1∑
j=1

fTj (2.38)

where f ij = max
l∈{1,··· ,i−1}

al,j − ai,j. (2.39)

Note that the objective of continual learning is not eliminating forgetting, for two

reasons. The first is that this has a trivial solution according to eq. (2.38): simply

set the learning rate to 0 and never change the network’s parameters. Thus the

objective is still to obtain the model with best test set performance. Forgetting

is an auxiliary metric that is subsumed by this, because high forgetting means

low performance on seen tasks, all else equal.

Secondly, if one is using human learning as the standard for continual learning,

then note the brain also suffers from forgetting. For example, the loss of one’s

native language due to prioritisation of another language is known as attrition and

is well-documented in humans who migrate (Schmid, 2004). From introspection, it

is clear that humans forget previously held knowledge on a regular basis. However,

forgetting in humans is generally not as catastrophic or severe as in neural networks.

In fact, learning in the biological brain appears to depend on non-stationarity to

a degree, which is unsurprising since it evolved in the context of a non-stationary

environment. Wood, 2016 showed with experiments on chicks that non-stationary

environments impair the development of object recognition abilities. Thus despite

modern artificial neural networks being inspired by biological neurons, it appears

that the latter are naturally suited to learning on non-stationarity data, whilst

the opposite is true for the former.

One notable theory for how the brain avoids catastrophic forgetting is that it

contains two memory systems: a slow learning, parametric and memory-efficient

system in the neocortex, which is trained via replaying memories from a fast learning,

non-parametric and memory-inefficient system in the hippocampus (Hassabis et al.,
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2017). The idea is that the latter does not catastrophically forget because non-

distributedness prevents interference (French, 1991), while the former does not

catastrophically forget because learning is slow and replay mixes previous memories.

Both of these ideas have been used by methods for alleviating catastrophic forgetting

in artificial neural networks.

2.3.2 Distributed and Non-Distributed Memory

Neural networks generally implement distributed representations (Hinton, 1986),

meaning inputs are projected onto overlapping patterns. This means the store of

knowledge (or memory) in the projection function is also distributed, i.e. implicated

parameters overlap across samples. In chapter 3 we saw one way of formalizing

this overlap, using subfunctions. Distributedness allows for high expressivity;

n bits can express up to 2n patterns if overlap is allowed and only n if not.

Overlap also means representations are shared between and thus optimized across

training distributions, minimising redundancy from duplication, compared to if an

independent representation was optimized per training data distribution. Inference

in distributed representations naturally generalises to patterns not present in training

using an implicitly learned distance metric, whereas inference in completely non-

distributed representations such as non-parameteric memory (e.g. lookup tables)

does not generalize to patterns not seen in training (French, 1991), unless an

explicit external distance metric is provided (an example of this is the kernel in

Gaussian Processes (Bishop, 2006)).

However, lack of feature sharing across samples, which inhibits interference,

has advantages. Attempting to increase the independence or modularity of node

representations to prevent forgetting is an idea that dates back to the node activation

sharpening algorithm of French, 1991. More recently, this idea has been seen in

dynamic architectures, for example Rusu et al., 2016 which appends network modules

with new tasks, decreasing distributedness of the neuronal representation. Obviously,

if the representations of two nodes do not share any updateable parameters, either

can be updated atomically without interference of the other. But as we have
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argued, this is a double edged sword, as non-distributedness sacrifices on memory

efficiency, transfer and generalisation (French, 1991; Bengio, Courville, and Vincent,

2013). Note that transfer being inhibited is particularly problematic; inhibiting any

interference with a subset of previously learned parameters means both positive

and negative interference is prevented. Furthermore, rather than allowing the

degree of distributedness to be naturally determined from optimization for an

objective, non-distributedness that is enforced a priori increases dependency on the

engineer’s skill. For these reasons, we maintain that enforcing non-distributedness

is not an ideal solution to inhibiting catastrophic forgetting, going against some

of the author’s early work in chapter 7.

2.3.3 Implicit Attention Mechanisms

Optimization refers to the part of the learning procedure that concerns how to

descend objective functions, rather than the definition of the objectives them-

selves. Within continual learning, some works have asserted the opinion that

the optimization algorithm should be adapted to inhibit catastrophic forgetting.

These methods generally explicitly estimate a parameter’s importance for seen

tasks and correspondingly anchor its value from changing (Zenke, Poole, and

Ganguli, 2017; Aljundi et al., 2018), for example by penalizing changes according

to Fisher information, i.e. the sensitivity of behaviour to parameter changes

(Kirkpatrick et al., 2017).

One could argue that SGD is inherently reckless, in that the only obvious

constraint for a training step to not forget previous knowledge is that it can only

move a small distance from the previous instance of parameters, which contain

the previous knowledge. This illustrates why the speed of distribution change

is important for characterizing level of non-stationarity, because the greater the

number of learning steps, the higher the upper bound on distance moved. However,

we argue that this is not the only in-built constraint. Backpropagation contains

attention mechanisms that already offer some protection against forgetting, and the



46 2.3. Continual Learning

degree of synergy with the aforementioned methods is not obvious partly because

this is not explicitly acknowledged by authors.

Implicit attention mechanisms. Contrary to what some might surmise from

reading popular recent work (Devlin et al., 2018; Graves, Wayne, and Danihelka,

2014; Pritzel et al., 2017), attention in neural networks is not a recently invented

phenomenon. In this section we list some of the simple implicit attention mechanisms

that exist in basic ReLU-activated MLPs. Some are rather obvious, but they

are important and rarely acknowledged, which undermines understanding the

contributions of additional explicit attention mechanisms.

Let xi be the vector of pre-activation values in layer i, ai be the corresponding

post-activation values (also simply called “activations”), wi−1 → i be the incoming

weights and bi−1 be the bias term. Inference in layer i consists of:

xi = wi−1 → i ai−1 + bi−1, (2.40)

ai = ReLU(xi). (2.41)

For simplicity we will ignore the bias term; note that it can be incorporated into the

weights by using unit input activation values. Thus we consider layers of the form:

xi = wi−1 → i ai−1, (2.42)

ai = ReLU(xi). (2.43)

First, note that negative weights serve a comparable purpose to inhibitory neurons

(Jonas and Buzsaki, 2007) in biological brains: they allow the activations of some

nodes to turn off the activations of other nodes, in the next layer (fig. 2.7).

Second, the activation of a node behaves as a pseudo-probability for the likelihood

of the current input pattern matching an importance weighted sum of the node’s

previously seen training patterns. This is because the weights themselves are an

importance weighted sum of previously seen training patterns. Let wi−1 → i,j be

the input weights of node j in layer i (fig. 2.8) and let w0
i−1 → i,j be its value at
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Figure 2.7: Nodes are labelled with activations. Negative weight values implement
activation inhibition.

initialization. Assume that the network is trained with SGD and each batch has

size 1, for notational simplicity. Weights after T updates are given by:

wTi−1 → i,j = w0
i−1 → i,j − η

T−1∑
t=1

ati−1∇xti,j
Lt, (2.44)

where ∇xti,j
Lt is the scalar first derivative of the pre-activation with respect to

objective function L in timestep t. Set a0
i−1 = 1. Then eq. (2.44) can be simplified as:

wTi−1 → i,j =
T−1∑
t=0

ct ati−1, (2.45)

for scalars ct. This means weight values are a weighted sum of seen training patterns,

where weight ct corresponds to importance of the node for each timestep’s error,

i.e. the degree to which the node’s activation contributed to the error, to a first

. . .

}

Figure 2.8: Single node activation ai,j as a function of input activation pattern ai−1.
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approximation. Furthermore note that in view of eq. (2.45), weight initialization

(which is typically drawn from a uniform distribution, He et al., 2015) can simply

be viewed as a noisy preliminary training pattern.

Equation (2.45) means that the instance of input pattern ai−1 that activates ai,j
the most, all else equal, is precisely this importance weighted sum of seen patterns.

Given any fixed norm k for vector aTi−1, then:

argmax
aTi−1

aTi,j s.t. ‖aTi−1‖ = k, (2.46)

= argmax
aTi−1

wTi−1 → i,j a
T
i−1 s.t. ‖aTi−1‖ = k, (2.47)

= k

‖∑T−1
t=0 c

t ati−1‖

T−1∑
t=0

ct ati−1, (2.48)

because the dot product of any two vectors with fixed Euclidian norm is maximised

when their directions are identical. More generally, activation correlates with input

pattern-training pattern correlation, even if the optimum in eq. (2.48) is not reached,

which follows trivially from the formula for the forward pass (eq. (2.42)):

aTi,j ∝
(
T−1∑
t=0

ct ati−1

)
aTi−1, assuming aTi,j > 0. (2.49)

In other words, activation patterns in a MLP can be interpreted as attention maps

that measure the goodness-of-fit between each node’s current input activation

pattern and its historical training samples, all else equal i.e. given equal input

pattern norms8. This variation in goodness-of-fit induces natural variations in

learning speed across timesteps: due to the weight update rule, the weights of a

node change more, all else equal, when its input nodes activate strongly.

Finally, note that non-linearities act as gates that restrict learning so that

relevant representations are refined and irrelevant representations remain untouched,

in any given timestep. A node’s local representation, which is its immediate

incoming weights, is protected from adaptation when it does not activate, which

according to the goodness-of-fit argument is when it is deemed irrelevant for

the current input (fig. 2.9).
8In practice, the regularization of pattern norms is commonly explicitly implemented by

measures such as input whitening or batch normalization.
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Figure 2.9: If a node does not activate, the update rule means that outgoing and
incoming weights are prevented from changing. The latter is due to the first order
derivative of the loss with respect to the node’s pre-activation value being 0. The weights
prevented from changing are shown in grey.

However, it is evident from empirical experiments that these implicit attention

mechanisms are insufficient to inhibit catastrophic forgetting to satisfactory levels, at

least in common experimental settings (chapter 6; Chaudhry et al., 2018; Chaudhry

et al., 2019; Aljundi et al., 2019). Assuming that these experimental settings are

not unreasonable or unrepresentative of practical continual learning applications,

then additional measures clearly need to be taken. In the next section, we discuss

the most common approach undertaken in the current literature.

2.3.4 Replay

Replay is the idea that training on the current real environment batch should be

supplemented by considering past samples. It is a simple idea with many possible

interpretations. The basic method is storing observed training samples in a buffer

and randomly sampling it to produce training batches that contain a mix of samples

from all seen data distributions (Chaudhry et al., 2019; Rolnick et al., 2019; Mnih

et al., 2013). The mixed batches can replace each real environmental batch entirely,

or be trained with in conjunction.

One can select samples from the buffer uniformly, or use more sophisticated

importance sampling strategies. Note there is a connection to sample efficiency,
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which we discussed in section 2.1.4 as being important for characterizing general-

ization. Since effective training samples can deviate from what the environment

provides, the model is able to prioritise areas in input space (for example, previously

observed samples) that may be more challenging than the current environmental

batch. Methods such as those in chapter 6 and Aljundi et al., 2019 implement this

idea by selecting replay samples based on high loss values.

A data generator can be trained to store seen samples (Shin et al., 2017; Kemker

and Kanan, 2017), thus using distributed neural network memory rather than a

non-distributed buffer, which in theory increases capacity, as discussed. Since a

generator that uses distributed memory is itself vulnerable to forgetting, it is trained

with a data distribution matching objective that combines newly observed samples

with samples from the generator’s previous distribution in a recursive manner.

Such approaches are more biologically plausible than using buffers; even though

hippocampal encodings are relatively independent (Hassabis et al., 2017; Kumaran,

Hassabis, and McClelland, 2016), they are still represented by distributed neurons,

and the brain is not known to contain strictly non-distributed representations such

as tables. Methods that share the parameters of the generative model with the

main inference model (chapter 6, Ven and Tolias, 2018) further increase biological

plausibility, since the brain also appears to share memory for inference and replay.

Namely the same neurons activated during experiences are re-activated during their

replay (Gelbard-Sagiv et al., 2008; Carr, Jadhav, and Frank, 2011).

Instead of storing previous samples, one can store instances of previous models,

which as discussed contain a compressed store of previous samples (eq. (2.45)). In

order to extract training samples from previous models, one can use old outputs as

alternative targets for inputs in the current batch, which is known as distillation

(Li and Hoiem, 2017; Hinton, Vinyals, and Dean, 2015), or use backpropagation to

generate input samples that maximise divergence between old and new models, to

determine and reinforce what the model has forgotten (chapter 6, Yin et al., 2019).

Fundamentally, continual learning concerns generalization: the goal is to learn

a model that generalizes across all data distributions when they are presented
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sequentially during training. Note that it is a special case of the imbalanced dataset

generalization problem: continual learning can be viewed as an extreme variant

of imbalanced sampling where environmental batches contain zero samples from

other data distributions. Furthermore, note that training a representation for one

task that generalizes well to other tasks, which was discussed in the context of

unsupervised learning (section 2.2), is also the goal of continual learning.

One well-known continual learning approach, GEM (Lopez-Paz and Ranzato,

2017; Chaudhry et al., 2018), connects directly to the incidental gradient matching

paradigm for generalization discussed in section 2.1.1. Assume the current envi-

ronment batch is St and one has access to a buffer of previous samples S̃. Let the

loss function on previous samples be L(θt; S̃) for parameters θt at the beginning

of timestep t. The loss function on previous samples at the beginning of timestep

t + 1 can be expressed using the Taylor expansion as:

L(θt+1; S̃) =L(θt; S̃) + (θt+1 − θt)ᵀ∇θtL(θt; S̃) +O(‖θt+1 − θt‖2), (2.50)

thus its increase as a result of training on St, or negative interference, is given by:

L(θt+1; S̃)− L(θt; S̃) (2.51)

= (θt+1 − θt)ᵀ∇θtL(θt; S̃) +O(‖θt+1 − θt‖2) (2.52)

=− η(∇θtL(θt;St))ᵀ∇θtL(θt; S̃) +O(‖η∇θtL(θt;St)‖2). (2.53)

In other words, the loss on buffered samples increases if its gradients are decorrelated

with the gradient from training on the current environment batch, and this is a special

case of incidental gradient following (section 2.1.1). To prevent this loss increase, one

can transform the training gradient g = ∇θtL(θt;St) into the closest alternative, g̃∗,

such that it is correlated with the gradient from buffered samples ĝ = ∇θtL(θt; S̃):

g̃∗ = argmin
g̃

1
2‖g − g̃‖

2 s.t. g̃ᵀĝ ≥ 0, (2.54)

which can be solved analytically to show:

g̃∗ = g − gᵀĝ

ĝᵀĝ
ĝ. (2.55)
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Training the model consists of applying g̃∗ instead of g, i.e. θt+1 = θt − ηg̃∗.

This constitutes replay as previously seen samples are used to constrain learning

on the current environmental batch, even though implementing the constraint

takes the form of gradient transformation rather than simply training on the seen

samples. Its conceptual complexity relative to the latter, and also the fact that

eq. (2.54) is a hard constraint that forbids loss increases on stored samples S̃ and

thus de-prioritises learning new samples, are two reasons why it has not been

adopted as widely as basic replay.
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Abstract

Piecewise linear neural networks can be split into subfunctions, each with its own
activation pattern, domain, and empirical error. Empirical error for the full network
can be written as an expectation over empirical error of subfunctions. Constructing
a generalization bound on subfunction empirical error indicates that the more
densely a subfunction is surrounded by training samples in representation space,
the more reliable its predictions are. Further, it suggests that models with fewer
activation regions generalize better, and models that abstract knowledge to a greater
degree generalize better, all else equal. We propose not only a theoretical framework
to reason about subfunction error bounds but also a pragmatic way of approximately
evaluating it, which we apply to predicting which samples the network will not
successfully generalize to. We test our method on detection of misclassification and
out-of-distribution samples, finding that it performs competitively in both cases. In
short, some network activation patterns are associated with higher reliability than
others, and these can be identified using subfunction error bounds.

1 Introduction

ReLU-based neural networks represent piecewise linear functions, a property previously exploited to
characterize the expressivity of these models (Montúfar et al., 2014; Raghu et al., 2017; Hanin and
Rolnick, 2019). In this work, however, we exploit it to characterize generalization, though as we will
see, the two properties are linked.

Specifically, ReLU networks provide a straightforward decomposition of the neural network into
linear subfunctions corresponding to different binary activation patterns or activation regions, which
are the non-overlapping polytopes in input space within which the same activation units are active or
positive-valued. These linear subfunctions rely on different subsets of network parameters, where
the overlap in parameters correlates with how related or tied the subfunctions are to each other.
Based on this, we derive an empirical error metric for subfunctions that captures dependencies
between subfunctions and yields an error bound that is non-trivial for subfunctions without training
samples, which is crucial since test samples overwhelmingly belong to such subfunctions in deep
networks. Intuitively, the bound scales inversely with how densely the subfunction’s activation region
is surrounded by training samples in subfunction kernel space, and directly with how poorly the
network performs on those samples. Thus the better the network’s performance on close samples
and the more there are of them, the more reliable the subfunction can be considered to be, as one
would expect. The idea that reliability should scale with density was proposed as early as Bishop
(1994). Our contribution is using generalization bounds that incorporate density to measure reliability,
where density is computed using subfunctions. In other words, we exploit the implicit modularity

Preprint. Under review.



and representation reuse present within neural networks to expose which behaviours are strongly or
weakly supported by training samples.

Predicting which test samples lead to network predictions that are unreliable and rejecting those above
a threshold is particularly important in mission-critical applications like healthcare, where deferring
to humans would be preferable to the model making a mistake (Kompa et al., 2021). Traditional
full-model empirical error, or error bounds, are unusable since they do not vary with samples. We
propose to construct bounds per subfunction and use the bound of the corresponding subfunction
for a given sample as its unreliability metric. Figure 1 depicts our approach, where Figure 1(c)
shows how a simple MLP shatters the input space into subfunctions, and Figure 1(d) and (e) show
unreliablity as predicted by our approach. We test a computationally tractable approximation of the
bound on misclassification detection (predicting on which in-distribution test inputs the model will
make mistakes) and out-of-distribution detection (predicting which test inputs come from a dataset
materially different to the training one).

The terms unreliability and uncertainty are sometimes used interchangeably. In this work we use
unreliability to mean a quantity that scales with predicted true error and uncertainty in that prediction.
Unreliability subsumes uncertainty but not vice versa; one can predict with certainty that a model
is always wrong, i.e. unreliable. Reliability corresponds to predicted generalization ability, since a
model generalizes to a sample perfectly when there is no true error. Note the unreliability predictor is
assumed not to have access to ground truth targets, otherwise true error is trivially known.

(a) (b) (c) (d) (e)

Figure 1: Shattering a neural network trained on the halfmoons dataset into co-dependent linear
subfunctions to obtain a heatmap of unreliability across the input space. The model is a MLP with
two hidden ReLU layers of 32 units each. (a) Training data. (b) Traditional full-model error bound:
shown here is the single model bound from Mohri et al. (2018, eq. 2.17). (c) Linear activation regions.
(d) Ours: subfunction error bound as unreliability. (e) Unreliability heatmap in 2D.

2 Subfunction error bounds

In this section, we introduce the required notation and main technical contribution of this work,
namely our approach of estimating unreliability using subfunction error bounds.

2.1 Subfunctions

Let f✓ : X ! Y be a piecewise linear neural network whose computational graph is comprised of
linear functions and ReLU activation functions. Let the set of non-linear nodes in f✓, corresponding to
ReLUs, be V = (vj)1jM , ordered according to any fixed ordering. Define subfunction(p; f✓, V )
to be a computational graph constructor that takes network f✓ and binary activation pattern p 2
{0, 1}M and returns f✓ with nodes vj where pj = 0 replaced with a constant zero activation function
(g(x) = 0), and nodes vj where pj = 1 replaced with the identity activation function (g(x) = x),
therefore transforming the non-linearities of V into linearities.

Fix f✓. Let P ⇢ {0, 1}M , P = (pi)1iC be the ordered set of all feasible activation patterns1,
meaning all possible patterns induced by traversing the input space X . The set of all subfunctions is:

H = (hi)1iC , where hi =� subfunction(pi; f✓, V ). (1)

1In general this is not equal to the full bit space {0, 1}M , and computing it exactly is an open problem
(Montúfar et al., 2014).
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Recall that activation regions are the non-overlapping polytopes in input space corresponding to
activation patterns. Assume an ordering where activation region ai corresponds to subfunction hi:

ai =� {x 2 X | 8j 2 [1, M ] : pj
i = vj(x)>0}, (2)

where vj(x) denotes the output of node vj when f✓(x) is computed. Note that subfunctions are
identified by the pattern and have a different domain, so subfunctions with different patterns are
considered distinct even if behaviorally identical. We overload the previous definition of H so the
subfunction induced for any input sample x 2 X is:

H(x) =� hi where x 2 ai. (3)

2.2 Error bounds

Fix a known training dataset S containing N sampled pairs, S 2 (X ⇥ Y)N , where samples are
drawn iid from distribution D. Define the empirical error or risk of the full network on this dataset:

bRS(f✓) =�
1

|S|

|S|X

n=1

r(Sn; f✓), (4)

where r is a bounded error function on samples: 0  r((x, y); f✓)  1 for all x, y 2 (X ⇥ Y) and
Sn is the n-th element of S. Note empirical error, e.g. proportion of incorrect classifications, is not
necessarily the objective function for training; it is fine for the latter to not have finite bounds.

Consider quantifying the empirical error for a subfunction hi using traditional empirical error (eq. (4)).
Let its activation region dataset be Si =� S \ ai with Ni =� |Si| samples drawn iid from its data
distribution Di, defined as PDi

(x, y) = PD(x, y|x 2 ai). Then:

bRSi(hi) =
1

Ni

NiX

n=1

r(Sn
i ; f✓), (5)

and for any � 2 (0, 1], with probability > 1� �: E
Si

[ bRSi
(hi)]  bRSi

(hi) +

s
log 2

�

2Ni
. (6)

Figure 2: Notation summary. Subfunction hi, pat-
tern pi, smooth density P(hi), activation region ai

and its dataset Si. If data falls on a boundary it is
considered to be on the “0” side (eq. (2)).

The bound comes from Hoeffding’s inequality2.
There are several issues with this formulation.
First, it treats the empirical error of different
subfunctions as independent when in general,
they are not. Since different activation regions
are bounded by shared hyperplanes, and hence
the subfunctions share parameters, there exists
useful evidence for a subfunction’s performance
outside its own activation region. Second, test
samples overwhelmingly induce unseen activa-
tion patterns in deep networks, and the bound in
eq. (6) is infinite if Ni = 0, making this quantity
uninformative for the purposes of comparing
subfunctions.

This motivates the following empirical risk met-
ric for subfunctions. Fix non-negative kernel or closeness distance function between subfunctions,
k : H ⇥H ! R�0. For any subfunction hi 2 H , define its probability mass:

P(hi) =�
P

j2[1,C] Nj k(hi, hj)P
l2[1,C]

P
j2[1,C] Nj k(hl, hj)

, so by construction
X

i2[1,C]

P(hi) = 1, (7)

which quantifies how densely hi is locally populated by training samples, local meaning in subfunction
kernel space, not Euclidean closeness in input space; though note these are related as Euclidean

2Note that whilst such bounds are loose in general, these subfunctions are linear functions. Under the
assumption of equivalent complexity, using bounds based on complexity, which might be tighter, would not
make a material difference as the quantity of interest is the relative difference between bounds.
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distance of 0 between samples implies the same induced subfunction. Rewrite the empirical error of
the network as an expectation over subfunction empirical error:

bRS(f✓) =
1

N

X

(x,y)2S

r((x, y); f✓) (8)

=
1

N

X

(x,y)2S

1P
j2[1,C] P(hj) k(H(x), hj)

X

i2[1,C]

P(hi) k(H(x), hi) r((x, y); f✓) (9)

=
1

N

X

i2[1,C]

P(hi)
X

(x,y)2S

k(H(x), hi) r((x, y); f✓)P
j2[1,C] P(hj) k(H(x), hj)

(10)

= E
hi


1

N

X

(x,y)2S

k(H(x), hi) r((x, y); f✓)P
j2[1,C] P(hj) k(H(x), hj)

�
(11)

= E
hi


1

N

X

l2[1,C]

k(hl, hi) Nl
bRSl

(hl)P
j2[1,C] P(hj) k(hl, hj)

�
=� E

hi

[ bR⇤
S(hi)]. (12)

Theorem 2.1 (Subfunction true error bound). Assume that D̃S is a distribution over size-N
datasets that have the same activation region data distributions and dataset sizes (Di and Ni,
8i 2 [1, C]) as S. Consider S as a dataset drawn iid from D̃S . Then 8i 2 [1, C], for any given
� 2 (0, 1], with probability > 1� �:

R⇤
D̃S

(hi) =� E
S
[ bR⇤

S(hi)]
| {z }

true error



subfunction true error bound (STEB)z }| {

bR⇤
S(hi)| {z }

empirical error

+
1

P(hi)

s
log 2

�

2N| {z }
generalization gap bound

. (13)

Proof in appendix A. Intuitively this implies that the more a subfunction is surrounded by samples for
which the model makes accurate predictions - both from its own domain and domains of other related
subfunctions, weighted by the kernel - the lower its empirical error and bound on generalization
gap, and thus the lower its bound on true error, given any fixed �. This improves upon eq. (6) by
being finite even for subfunctions without training samples, given positive-valued kernels. Although

1
P(hi)

can be very large in general, it is tempered by a factor of 1p
N

, and again note that the relative
difference in bounds is the quantity of interest when assessing subfunctions. Taking an expectation
over subfunctions yields:

E
hi

[R⇤
D̃S

(hi)]  E
hi

"
bR⇤

S(hi) +
1

P(hi)

s
log 2

�

2N

#
=

reconstructed true error bound (RTEB)z }| {

bRS(f✓) + C

s
log 2

�

2N
. (14)

Ideal subfunction kernel. Note that for now the derivation assumes the subfunction kernel is given,
which raises the question of what a meaningful subfunction kernel might be. Consider the case of a
network with two independent subfunctions that do not share any parameters. In this case, samples in
the activation region for one are entirely relevant for its own empirical error whilst entirely irrelevant
for the other. In contrast, if all parameters were shared between subfunctions, all samples would
be equally relevant. We propose to reason about the relationship between subfunctions via Taylor
expansions. Recall that S is the full dataset with |S| = N samples. Call the inputs and targets of
the dataset XS and YS respectively, 8n 2 [1, |S|] : (Xn

S , Y n
S ) =� Sn. Consider the scenario where

instead of being limited to Ni iid samples Si ⇠ Di, we had access to N iid samples S̃i ⇠ Di.
Assume the data distribution is well conditioned in that each target is in fact predictable from each
input. Then 9q, g s.t. 8(x, y) 2 S [ S̃i : r((x, y); f✓) = q(g(x)), and 8n:

r((Xn
S , Y n

S ); f✓) = q(g(Xn
S )) = q(g(Xn

S̃i
)) + O(kg(Xn

S )� g(Xn
S̃i

)k), (15)

using ideal samples S̃i as the anchor in the Taylor expansion and assuming bounded first order
derivatives for q as standard. Then the ideal kernel k for computing the error on given S̃i using
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samples from S is given by:

argmin
k

1

N

NX

n=1

kr((Xn
S̃i

, Y n
S̃i

); f✓)�r((Xn
S , Y n

S ); f✓) k(g(Xn
S̃i

), g(Xn
S ))k, (16)

which is satisfied when k(g(Xn
S̃i

), g(Xn
S )) =

r((Xn
S̃i

, Y n
S̃i

); f✓)

r((Xn
S , Y n

S ); f✓)
= 1�

O(kg(Xn
S )� g(Xn

S̃i
)k)

r((Xn
S , Y n

S ); f✓)
(17)

via eq. (15), which supports the intuition that the ideal kernel value should scale inversely with
representational distance, for non-zero r((Xn

S , Y n
S ); f✓).

Fewer activation regions improves reconstructed true error bound. Equation (14) indicates
models with a smaller number of patterns or activation regions C = |P | = |H| have lower RTEB.
We can think of the number of patterns as being correlated to abstraction strength, hence simpler or
more abstract models generalize better over the domain, a widely accepted view in the community
also known as Occam’s razor (Friedman et al., 2001). Specifically, for a neural network split at any
layer into two networks g and f , if one defines abstraction strength of f � g as the number of patterns
of g minus that of f , then any alternative f̃ providing stronger abstraction due to fewer patterns has a
lower RTEB than f , all else equal. This also emphasizes, similar to previous work (Montúfar et al.,
2014; Hanin and Rolnick, 2019), that number of activation regions might be a meaningful metric of
capacity, though by no means perfect or accurate. We conjecture that there is a potentially interesting
avenue to the recent double descent phenomenon (Belkin et al., 2019; Nakkiran et al., 2019) where it
was observed, counter to accepted wisdom, that generalization in deep networks can be improved by
increasing the number of parameters and damaged by increasing training data, in certain regimes.
The RTEB formula suggests that the number of activation regions is a more meaningful model size
metric for generalization than the number of parameters, and also that increasing dataset size N is
only beneficial as long as the square root of the rate of change in N is larger than the rate of change
in C, all else equal. We leave further investigation of this potential connection to future work.

Coarse partitioning case. Note that our technical derivation allows for an arbitrary partitioning
of the model. When the partitioning is coarser than linear activation functions, i.e. M is fewer than
the total number of activation nodes and subfunctions H are piecewise linear, eq. (13) becomes a
bound on piecewise linear subfunction error and still holds. Though eq. (14) also still holds, using
it to compare different models (as opposed to using eq. (13) to compare subfunctions, as we do
in the experiments) is ill-founded if the granularity of partitioning is allowed to vary, since model
and granularity constitute two factors of variation. For example, one could choose the vacuous
partitioning where V is the empty set, so P = {[]} contains the zero length bit pattern, C = |P | = 1
and the subfunction is the full model, which is a minimization of the generalization gap bound in
RTEB over partitionings. This recovers the original model error bound (Mohri et al. (2018, eq. 2.17))
and amounts to not using our method. Thus for model comparison, the granularity of partitioning
should be constant and non-vacuous, for example by utilizing the maximum RTEB generalization gap
bound over partitionings, which implies all models under consideration are partitioned into linear
subfunctions. Furthermore, linear subfunctions provides the maximum resolution at which one can
measure reliability using STEB, and is the regime where assuming equal subfunction complexity is
most valid (since piecewise linear subfunctions constructed by considering a subset of nodes will
each subsume a different number of linear subfunctions, in general), which is relevant because STEB
does not consider variations in subfunction complexity.

Limitations. There are a few limitations and assumptions made within our work. First and foremost,
reliability is measured by relating probabilistic upper error bounds of different functions. However,
superiority of a probabilistic upper bound of a quantity does not imply the superiority of the quantity
itself. This is a drawback of all probabilistic generalization bounds of this form, including the
classical results for model selection (Mohri et al., 2018). Thus in assuming that changes in bound
value are representative of changes in true error, we are making a leap of faith, supported by empirical
evidence via experiments. Further, in the interest of making assumptions explicit, note the bound
assumes subfunction activation region dataset sizes are constant, just as the traditional full model
bound (Mohri et al. (2018, eq. 2.17)) assumes constant dataset size. Finally, our derivation relies on
a decomposition of the neural network into subfunctions and defining a subfunction kernel, which
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incurs a choice. The correctness of kernel choice depends on its ultimate objective, which in eq. (16)
we assumed to be augmenting the samples of each subfunction. The ideal kernel in this case is
intractable, hence in practice we use an approximation motivated by eq. (17), detailed in due course.

3 Related work
Subfunction error brings together three areas of machine learning research that are not typically
combined. The first is work on activation regions and linear regions, motivated by characterising
neural network expressivity or capacity (Montúfar et al., 2014; Raghu et al., 2017; Hanin and
Rolnick, 2019). The second is characterizing model-level generalization with generalization bounds,
intended for model selection (Mohri et al., 2018; Friedman et al., 2001). The third is sample-level
generalization with unreliability metrics intended for out-of-distribution or unreliable in-distribution
sample selection (Ovadia et al., 2019).

For the latter, a well known method is simply using the maximum response of the final softmax
prediction layer as a proxy for sample reliability (Hendrycks and Gimpel, 2017; Geifman and El-
Yaniv, 2017; Cordella et al., 1995; Chow, 1957). Related metrics include prediction entropy (Shannon,
1948), and margin (Scheffer et al., 2001). ODIN (Liang et al., 2017) combines max response with
temperature scaling and input perturbations. Lee et al. (2018) trains a logistic regressor on layer-wise
distances of a sample’s features to its nearest class, with the idea that distance to features of the
nearest class should scale with unreliability. This also uses input perturbations and was shown to
outperform ODIN. Jiang et al. (2018) combines the idea of the margin method (where reliability is
likelihood of top class relative to second class) with class distance. Non-parametric kernel based
methods such as Gaussian processes provide measures of uncertainty that scale with distance from
samples (an idea that is similar at a high level to ours) and can be appended to a neural network
base (Liu et al., 2020). Zhang et al. (2020) assume density in latent space is correlated to reliability,
using residual flows (Chen et al., 2019) for the density model. If multiple models trained on the
same dataset are available (which we do not assume), one could use ensemble model metrics such
as variance, max response or entropy (Lakshminarayanan et al., 2016); an ensemble can also be
simulated in a single model with dropout (Geifman and El-Yaniv, 2017; Gal and Ghahramani, 2016).

To set this work in context, we cast generalization bounds as a sample-level unreliability metric, by
dividing the network into activation regions whose functions are co-dependent according to a kernel.
Note that we do not deal with training neural networks to minimize uncertainty, but analyze trained
models. Further, by uncertainty we mean epistemic uncertainty (reducible by increasing sample size)
as opposed to aleatoric (e.g. measurement error).

4 Practical considerations
We would like to compute subfunction true error bound for real neural networks, which faces several
challenges. First, the intractability of computing the set of all feasible activation patterns given
inputs, which remains an open problem, so in experiments we use the set of all conceivable patterns,
P = {0, 1}M . This means the error bound is computed in an altered subfunction space where some
infeasible subfunctions are assigned a non-zero density. Second, the sums in the normalization
constants of eqs. (7) and (12) are thus exponential in pattern length: C = |H| = |P | = 2M . We
resolve this with computationally tractable exact solutions for kernels that use the Hamming distance,
i.e. k(hi, hj) = d(Hamming(pi, pj)) for any d : N ! R�0. For normalization in eq. (7), we reduce
computational complexity from exponential O(N2M ) to linear O(M) (derivations in appendix B):

X

l2[1,C]

X

j2[1,C]
s.t. Nj>0

Nj k(hl, hj) = N
MX

b=0

d(b)

✓
M

b

◆
=� u, (18)

and for normalization in eq. (12), from exponential O(N22M ) to polynomial O(N2 + M3):

8 l2[1,C]
s.t. Nl>0

:
X

j2[1,C]

P(hj) k(hl, hj) =
1

u

X

i2[1,C]
s.t. Ni>0

Ni z(Hamming(pl, pi)), (19)

where 8a 2 [0, M ] : z(a) =�
MX

b=0

d(b)
bX

c=0

✓
a

c

◆✓
M � a

b� c

◆
d(a + (b� c)� c). (20)
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For tractability on deep networks, we also use a coarse partitioning by taking activations from the
last ReLU layer, so subfunctions are piecewise linear; as discussed in section 2.2, eq. (13) still
holds. Finally, instead of using the ideal kernel (which we define in section 2.2 but do not solve
for, specifically because r((Xn

S̃i
, Y n

S̃i
); f✓) is unknown), we use validation data to empirically fit a

Gaussian kernel d(b) =� exp(� b2

2⇢2 ) with variance parameter ⇢, motivated by the upper bound in
eq. (17).

5 Experiments

We took pre-trained classification networks for CIFAR100 and CIFAR10 (Krizhevsky, 2009) and
tested how well several single-model unreliability metrics predicted which test samples were
incorrectly classified by the classification network (in-distribution setting), or came from CI-
FAR10/CIFAR100 or SVHN instead of CIFAR100/CIFAR10 (out-of-distribution or OOD setting).
Both are cast as binary classification and the definitions for positive/negative were: predictor output:
accept/reject, in-distribution ground truth: classified correct/incorrect, out-of-distribution ground
truth: old distribution/new distribution. Evaluation metrics were area under the graphs of coverage vs.
effective accuracy (AUCEA) and false positive rate vs. true positive rate (AUROC), with the latter as
standard for OOD experiments.

coverage =
TP + FP

TP + FP + TN + FN
effective accuracy = precision =

TP

TP + FP
(21)

false positive rate =
FP

FP + TN
true positive rate =

TP

TP + FN
. (22)

All methods operate by producing a metric per sample that is assumed to scale with unreliability,
so 1K thresholds for discretizing into accept/reject decisions were uniformly sampled across the
maximum test set range. Model architectures are standard, except the addition of a linear layer to
ResNet50 to enable collection of penultimate ReLU features. The in-distribution validation set was
used to select all hyperparameters, including for OOD, i.e. we assume that OOD data is truly unseen
for all parameters. The two hyperparameters of our method are � and ⇢, and log was taken to suppress
large magnitudes of the bound. Pseudocode is given in Algorithm 1.

Algorithm 1: Tractable subfunction error bounds for prediction unreliability
1 Require: pre-trained model f✓ and training/validation/test datasets.

2 Get activation patterns (⇠subfunctions) for training and validation data from last ReLU layer;
3 for hyperparameter values �, ⇢ do
4 Compute global normalization constant using ⇢ (eq. (18));
5 For training data subfunctions, compute normalization constants using ⇢ (eq. (19));
6 For validation data subfunctions, compute log STEB using �, ⇢ and normalization constants (eq. (13));
7 Compute validation metric AUCEA using log STEB of sample’s subfunction as unreliability;
8 if highest AUCEA then
9 Store �, ⇢ as best with normalization constants;

10 Get activation patterns for test data from last ReLU layer;
11 For test data subfunctions, compute log STEB using best �, ⇢ and normalization constants (eq. (13));
12 Compute test metrics using log STEB of sample’s subfunction as unreliability.

Table 1: Model trained on CIFAR100. Out-of-distribution detection (AUROC) vs CIFAR10/SVHN.
! CIFAR10 ! SVHN

VGG16 ResNet50 VGG16 ResNet50

Residual flows density (Chen et al., 2019) 0.495 ± 2E-04 0.495 ± 2E-04 0.090 ± 2E-04 0.090 ± 2E-04
GP (Liu et al. (2020) w/ fixed features) 0.708 ± 6E-03 0.404 ± 3E-02 0.830 ± 3E-02 0.396 ± 8E-02
Class distance (Lee et al., 2018) 0.627 ± 4E-02 0.513 ± 4E-02 0.833 ± 3E-02 0.579 ± 1E-01
Margin (Scheffer et al., 2001) 0.716 ± 2E-03 0.736 ± 3E-03 0.771 ± 5E-03 0.790 ± 3E-02
Entropy (Shannon, 1948) 0.725 ± 3E-03 0.745 ± 3E-03 0.786 ± 6E-03 0.814 ± 4E-02
Max response (Cordella et al., 1995) 0.719 ± 3E-03 0.740 ± 3E-03 0.776 ± 6E-03 0.799 ± 3E-02
Subfunctions (ours) 0.738 ± 2E-03 0.750 ± 7E-03 0.797 ± 8E-03 0.807 ± 3E-02
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Table 2: Model trained on CIFAR10. Out-of-distribution detection (AUROC) vs CIFAR100/SVHN.
! CIFAR100 ! SVHN

VGG16 ResNet50 VGG16 ResNet50

Residual flows density 0.513 ± 2E-04 0.513 ± 1E-04 0.084 ± 1E-04 0.084 ± 1E-04
GP 0.810 ± 1E-02 0.575 ± 2E-02 0.844 ± 2E-02 0.473 ± 9E-02
Class distance 0.673 ± 7E-02 0.468 ± 3E-02 0.806 ± 6E-02 0.462 ± 1E-01
Margin 0.829 ± 2E-03 0.825 ± 5E-03 0.854 ± 4E-02 0.856 ± 2E-02
Entropy 0.853 ± 2E-03 0.822 ± 6E-03 0.869 ± 3E-02 0.858 ± 3E-02
Max response 0.829 ± 3E-03 0.827 ± 5E-03 0.850 ± 4E-02 0.858 ± 2E-02
Subfunctions (ours) 0.858 ± 4E-03 0.862 ± 2E-03 0.886 ± 2E-02 0.915 ± 2E-02

Figure 3: ROC curves with standard deviation for OOD experiments on CIFAR10.

Table 3: Model trained on CIFAR100. Predicting mis-classification on in-distribution test.
VGG16 ResNet50

AUCEA AUROC AUCEA AUROC

Residual flows density 0.293 ± 1E-02 0.622 ± 1E-02 0.293 ± 2E-02 0.630 ± 1E-02
GP 0.882 ± 1E-03 0.803 ± 2E-03 0.670 ± 2E-02 0.384 ± 2E-02
Class distance 0.838 ± 3E-02 0.739 ± 6E-02 0.627 ± 7E-02 0.476 ± 3E-02
Margin 0.899 ± 2E-03 0.852 ± 4E-03 0.870 ± 6E-03 0.855 ± 4E-03
Entropy 0.895 ± 2E-03 0.856 ± 5E-03 0.916 ± 4E-03 0.859 ± 4E-03
Max response 0.899 ± 2E-03 0.853 ± 4E-03 0.864 ± 7E-03 0.857 ± 4E-03
Subfunctions (ours) 0.904 ± 1E-03 0.864 ± 3E-03 0.902 ± 4E-03 0.827 ± 4E-03

Table 4: Model trained on CIFAR10. Predicting mis-classification on in-distribution test.
VGG16 ResNet50

AUCEA AUROC AUCEA AUROC

Residual flows density 0.442 ± 5E-02 0.520 ± 1E-02 0.492 ± 3E-02 0.577 ± 1E-02
GP 0.983 ± 1E-03 0.865 ± 8E-03 0.943 ± 5E-03 0.625 ± 2E-02
Class distance 0.948 ± 2E-02 0.669 ± 8E-02 0.900 ± 3E-02 0.471 ± 6E-02
Margin 0.982 ± 2E-03 0.900 ± 4E-03 0.848 ± 1E-02 0.894 ± 4E-03
Entropy 0.989 ± 1E-04 0.914 ± 3E-03 0.984 ± 1E-03 0.890 ± 5E-03
Max response 0.980 ± 3E-03 0.898 ± 4E-03 0.832 ± 1E-02 0.895 ± 5E-03
Subfunctions (ours) 0.988 ± 3E-04 0.907 ± 3E-03 0.983 ± 2E-03 0.889 ± 6E-03

Table 5: Test accuracy of original models.

Dataset Model Accuracy

CIFAR100 VGG16 0.704 ± 1E-03
CIFAR100 ResNet50 0.729 ± 8E-03
CIFAR10 VGG16 0.920 ± 2E-03
CIFAR10 ResNet50 0.908 ± 5E-03

The use of subfunctions was the best method on hard
OOD settings (from CIFAR10 to CIFAR100 and vice
versa, tables 1 and 2 and fig. 3). For the SVHN ex-
periments, it was either best or second best. For the
in-distribution setting, where margins were smaller, the
top two performers in most experiments were found to
be entropy and subfunctions (tables 3 and 4). Note these
also dominated the best OOD performances (tables 1
and 2), though here subfunctions had the clear advan-
tage. We conclude that these methods were good predictors of unreliability for both in-distribution and
out-of-distribution scenarios. The AUCEA results for the in-distribution setting mean that using either
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subfunctions or entropy would have raised effective model accuracy (i.e. accuracy of the accepted
samples) to 90 ⇠ 92% from 70 ⇠ 73% for the original CIFAR100 models, and to 98 ⇠ 99% from
91 ⇠ 92% for the original CIFAR10 models (tables 3 to 5), on average over accept/reject thresholds.

Figure 4: Sample confusion matrix, OOD for CI-
FAR10! CIFAR100 on ResNet50.

Empirically, we observed for subfunctions that
reliable in-distribution images tended to be pro-
totypical images for their class, whilst OOD
images (erroneously) characterized as reliable
tended to resemble the in-distribution classes,
as one would expect (fig. 4). This figure con-
tains random samples from the 20% most re-
liable/unreliable samples of in-distribution and
OOD test sets, corresponding to the accept/reject
columns. To test this hypothesis more thor-
oughly, we took a CIFAR10 model and plot-
ted the rankings of samples from each CI-
FAR100 class in fig. 5, where each box de-
notes the median and first and third quartiles,
whiskers have length 1.5 * interquartile range,
and circles denote outliers outside of whisker
range. The classes are ordered by median. We
identified the superclasses in CIFAR100 with
the highest semantic overlap with CIFAR10
classes (which are mostly vehicles and mam-
mals), whose classes are coloured in green. It

is clear from the correlation between green and lower unreliability ranking that subfunction error
bounds rate OOD classes semantically closer to the training classes as more reliable. Note that even
the exceptions towards the right hand side are justified, because the inclusion of e.g. bicycles, lawn
mowers and rockets in “vehicles” is questionable; certainly these objects do not correspond visually
to the vehicle classes in CIFAR10. In addition, we ran the same plot for the other methods and found
that in every case the correlation between unreliability and semantic novelty was less strong than for
subfunctions (appendix D).

Figure 5: OOD for CIFAR10! CIFAR100 on ResNet50. 10k CIFAR100 test samples were ranked
by unreliability (log STEB). Boxplots summarize rankings per class (lower = less unreliable). Green
denotes superclasses similar to CIFAR10: carnivores, omnivores, herbivores, mammals and vehicles.

6 Conclusions
Subfunction error is a form of empirical error that shares training samples across activation patterns
according to their degree of representational overlap, defined by a kernel. We showed empirically
that its bound, which combines empirical error with density in kernel space, is a meaningful mea-
sure of unreliability: subfunctions densely supported by training samples tend to be more reliable.
Subfunction error encourages a novel way of thinking about generalization; specifically, that one has
access to rich information contextualizing the risk of any given input sample that is wasted by treating
the network as a black box. If it were computationally tractable to use the full activation pattern,
compute the feasible regions or ideal kernel, we might expect a further performance advantage. In
the meantime, the proposed approach presents a competitive alternative to the simpler entropy and
max response methods, with higher computational cost justified to an extent by a strong advantage on
out-of-distribution detection.

Social impact. Given that this work proposes a theoretical approach for improving the reliability of
neural networks, the authors do not foresee any specific negative social impacts.
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Predicting Unreliable Predictions by Shattering a Neural
Network: Supplementary Material

A Proof for Theorem 2.1

This follows the general Chernoff/Hoeffding bounding technique. Fix model f✓, patterns P and thus
subfunctions set H . Let the true data distribution for each activation region ai be Di. Assume that
D̃S is a distribution over size-N datasets that have the same activation region data distributions and
dataset sizes (Di and Ni, 8i 2 [1, C]) as S. Consider S as a dataset drawn iid from D̃S . Without
loss of generality, since dataset order is immaterial for the error metrics, assume the index n of
sample Sn determines its activation region and distribution from which it is drawn independently
of other samples. That is, 8n 2 [1, N ] : Sn ⇠ DJn iid for some fixed J 2 [1, C]N . Recall
that Di is constructed as PDi

(x, y) = PD(x, y|x 2 ai). Call the inputs and targets XS and YS ,
8n 2 [1, N ] : (Xn

S , Y n
S ) =� Sn. Recall that empirical error function for samples is bounded:

8x, y 2 (X ⇥ Y) : 0  r((x, y); f✓)  1 and kernel k is non-negative valued.

Choose any subfunction hi 2 H , i 2 [1, C]. Then 8✏ > 0, t > 0, S̃ ⇠ D̃S iid:

P
S
( bR⇤

S(hi)�R⇤
D̃S

(hi) � ✏) = P
S
( bR⇤

S(hi)� Ẽ
S
[ bR⇤

S̃
(hi)] � ✏) (23)

= P
S
(et( bR⇤

S(hi)�ES̃ [ bR⇤
S̃
(hi)]) � et✏) (24)

 e�t✏ E
S
[et( bR⇤

S(hi)�ES̃ [ bR⇤
S̃
(hi)])] (25)

= e�t✏ E
S
[e

t
PN

n=1

�
k(H(Xn

S ),hi) r(Sn;f✓)

N
P

j2[1,C] P(hj) k(H(Xn
S

),hj)
�ES̃n

⇥ k(H(Xn
S̃

),hi) r(S̃n;f✓)

N
P

j2[1,C] P(hj) k(H(Xn
S̃

),hj)

⇤�
] (26)

= e�t✏
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E
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[e
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�

k(H(Xn
S ),hi) r(Sn;f✓)
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j2[1,C] P(hj) k(H(Xn
S

),hj)
�ES̃n

⇥ k(H(Xn
S̃

),hi) r(S̃n;f✓)

N
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j2[1,C] P(hj) k(H(Xn
S̃

),hj)

⇤�
] (27)

 e�t✏
NY

n=1

e
t2
�

1
N P(hi)

�0

�2
8 (28)

= e
t2

8N P(hi)
2 �t✏

, (29)

by making use of the following:

1. eq. (24)! eq. (25) : Markov’s inequality. For random variable Z � 0 and constant a > 0,
P(Z � a)  E[Z]

a .

2. eq. (25)! eq. (26) : definition of bR⇤
S(hi) and linearity of expectation.

3. eq. (26)! eq. (27) : bR⇤
S(hi) is a sum over independently drawn samples. 8hj 2 H : P(hj)

is constant because activation region dataset sizes are constant.
4. eq. (27)! eq. (28) : first bound the length of the range of the exponent. 8i 2 [1, C], n 2

[1, N ] : 0  k(H(Xn
S ),hi) r(Sn;f✓)

N
P

j2[1,C] P(hj) k(H(Xn
S ),hj)

 k(H(Xn
S ),hi)

N P(hi) k(H(Xn
S ),hi)

= 1
N P(hi)

. Subtracting
a constant does not change the length of the range of a random variable. Then apply
Hoeffding’s lemma: for random variable Z where a  Z  b and E[Z] = 0, then

8t > 0 : E[etZ ]  e
t2(b�a)2

8 holds.

Find the optimal t as the one that yields the tightest bound:

rte
t2

8N P(hi)
2 �t✏

= 0, t = 4N✏P(hi)
2, (30)

which is a minimum because the second derivative is positive. Substitute into eq. (29) :

P
S
( bR⇤

S(hi)�R⇤
D̃S

(hi) � ✏)  e�2N✏2 P(hi)
2

. (31)
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The symmetric case can be proved in the same way:

P
S
( bR⇤

S(hi)�R⇤
D̃S

(hi)  �✏) = P
S
(R⇤

D̃S
(hi)� bR⇤

S(hi) � ✏)  e�2N✏2 P(hi)
2

, (32)

specifically because swapping the order of the subtraction in eq. (27) does not change the value of the
squared range used in eq. (28). Combining eq. (31) and eq. (32):

P
S
(| bR⇤

S(hi)�R⇤
D̃S

(hi)| � ✏)  2e�2N✏2 P(hi)
2

. (33)

Setting the right hand side to � and solving for ✏ completes the derivation. Namely for any � > 0, the
following hold with probability  �:

| bR⇤
S(hi)�R⇤

D̃S
(hi)| �

1

P(hi)

s
log 2

�

2N
(34)

R⇤
D̃S

(hi)� bR⇤
S(hi) �

1

P(hi)

s
log 2

�

2N
. (35)

Hence the following hold with probability > 1� �:

R⇤
D̃S

(hi) < bR⇤
S(hi) +

1

P(hi)

s
log 2

�

2N
(36)

R⇤
D̃S

(hi)  bR⇤
S(hi) +

1

P(hi)

s
log 2

�

2N
. (37)

⇤.

B Derivations for Section 4

Normalization term in eq. (7). Computed once for the network.

X

l2[1,C]

X

j2[1,C]
s.t. Nj>0

Nj k(hl, hj) =
X

j2[1,C]
s.t. Nj>0

Nj

X

l2[1,C]

k(hl, hj) = N

MX

b=0

d(b)

✓
M

b

◆
=� u, (38)

where the trick is that
P

l2[1,C] k(hl, hj) =
P

l2[1,C] d(Hamming(pl, pj)) is the same for all hj

due to completeness of the bit space P , and the specific value can be found by looping through all
possible Hamming distances b. This reduces the computational complexity from O(N2M ) to O(M),
because the number of populated activation regions, i.e. length of loop over j, is upper bounded by
the number of samples N , and

�
M
b

�
can be iteratively updated in O(1) in the loop over b:

✓
M

b

◆
=

✓
M

b� 1

◆
M � (b� 1)

b
. (39)

Normalization term in eq. (12). Computed 8l 2 [1, C] s.t. Nl > 0:
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X

j2[1,C]

P(hj) k(hl, hj) (40)

=
1

u

X

j2[1,C]

X

i2[1,C]
s.t. Ni>0

k(hl, hj) k(hj , hi) Ni (41)

=
1

u

X

i2[1,C]
s.t. Ni>0

Ni

X

j2[1,C]

k(hl, hj) k(hj , hi) (42)

=
1

u

X

i2[1,C]
s.t. Ni>0

Ni

=z(Hamming(pl,pi)) (eq. (20))z }| {
MX

b=0

from k(hl,hj)z}|{
d(b)

bX

c=0

✓
Hamming(pl, pi)

c

◆✓
M �Hamming(pl, pi)

b� c

◆
·

from k(hj ,hi)z }| {
d(Hamming(pl, pi) + (b� c)� c) . (43)

Note the loops over i and l only need to range over populated activation regions due to the inclusion
of their sample counts (Ni and Nl) as multiplicative factors in their loop contents, which means the
iterations are bounded by O(N). The problematic loop is over j, i.e. all subfunctions/activation
regions whether populated by samples or not, which is O(2M ) when P is the full bit space {0, 1}M

(section 4). However, similar to eq. (38) above, it is also this fullness that we exploit.

Figure 6: Sphere of pj that are b bits
away from pl. For illustration only.

Now we explain eq. (43) in detail. The value
z(Hamming(pl, pi)) corresponds to the sum over j in
eq. (42): loop over every bit pattern pj in P , multiply its
closeness to pl with its closeness to pi (both fixed outside
this loop), and sum. Now group pj by bit distance to pl, b.
Consider one instance of b (fig. 6). Within this group for b,
the closeness of every pj to pl is constant, namely equal to
d(b). But they have different distances to pi. However we
know the number of bits that are different between pl and
pi: this is Hamming(pl, pi). Consider a specific instance
of pj . Visualize pl turning into pj by flipping bit one at a
time; each will either bring the pattern closer to or further
away from pi. There is a budget of b different bits to flip to
reach pj . Say c of those flips brought it closer (i.e. turned
the bit value at that position into the same as pi’s). Then
we know b � c brought it further. So the number of different bits between pj and pi is exactly
Hamming(pl, pi) + (b� c)� c. And the number of pj that fit this description is the number of ways
of choosing c from the different bits between pl and pi multiplied by the number of ways of choosing
b� c from the shared bits between pl and pi:

�
Hamming(pl,pi)

c

��
M�Hamming(pl,pi)

b�c

�
.

Conveniently,
�

q
g

�
= 0 for g > q, so there is no need to add special cases to exclude the cases where

the number we seek to choose is greater than the number available.

Equation (43) enables computational complexity reduction of eq. (41), including the outer loop
over l, from exponential to polynomial time: O(N22M ) to O(N2 + M3) (excluding computation
of u). The M3 comes from constructing lookup table z, with the cubed power coming from
looping over all possible values for Hamming(pl, pi), b and c. This subsumes M2 to compute
8q 2 [0, M ], 8g 2 [0, M ] :

�
q
g

�
in the same iterative manner as eq. (39).

C Experimental details

Experiments were averaged over 5 random seeds. The classification models were trained with SGD
optimization with learning rate 0.1, momentum 0.9, weight decay 5e-4 and standard schedules:
100 epochs with learning rate ⇤0.1 every 30 epochs (CIFAR10) and 200 epochs with learning rate
⇤0.2 every 60 epochs (CIFAR100). For each unreliability metric, each threshold yielded one set
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of accept/reject decisions for the test set which yielded one point in each evaluation graph, and
area under graph was computed using the trapezoidal rule. For the in-distribution setting, AUCEA
corresponds to effective model accuracy (i.e. of accepted samples) averaged over different thresholds,
and thus can be compared against original model accuracy.

All code and experimental commands are provided.

C.1 Subfunction error bound hyperparameters

The searched values for likelihood parameter � were [0.001, 0.01, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8,
0.9] and for kernel width parameter ⇢ were [32, 48, 64, 98, 128, 192, 256, 384, 512] (VGG16) and [4,
6, 8, 12, 16, 24, 32, 48, 64] (ResNet50). Validation set AUCEA was used for selection (algorithm 1).
The selected values are in table 6.

Dataset Model ⇢ �

CIFAR100 VGG16 128.0 (#: 5) 0.001 (#: 5)
CIFAR100 ResNet50 16.0 (#: 5) 0.001 (#: 4), 0.1 (#: 1)
CIFAR10 VGG16 48.0 (#: 3), 98.0 (#: 1), 64.0 (#: 1) 0.001 (#: 4), 0.9 (#: 1)
CIFAR10 ResNet50 16.0 (#: 3), 24.0 (#: 2) 0.001 (#: 4), 0.3 (#: 1)

Table 6: Hyperparameters used for subfunction error. Brackets denote number of seeds.

C.2 Dataset statistics

All results infer unreliability of the test sets. The datasets are publicly available.

Dataset Train Validation Test

CIFAR10 (Krizhevsky, 2009) 42500 7500 10000
CIFAR100 (Krizhevsky, 2009) 42500 7500 10000

SVHN (Netzer et al., 2011) 62269 10988 26032

C.3 Computational resources

Experiments were run given a shared cluster of machines with approximately 140 GPUs. Jobs required
less than 24GB GPU memory. For subfunction error, normalization constants (section 4) were
computed first in a pre-computation phase. This took up most of the runtime and was parallelized by
splitting jobs by architecture, dataset, seed and ⇢; each job took approximately 20 minutes. Subsequent
inference on the test sets (i.e. computing unreliability of unseen samples) took approximately 2 - 10
minutes per combination of architecture, dataset and seed.

D Additional results: Boxplots for other methods

Settings apart from the method are the same as fig. 5.

Figure 7: Entropy.

16



Figure 8: Max response.

Figure 9: Margin.

Figure 10: Class distance.

Figure 11: GP.

Figure 12: Residual flows density.
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Abstract

We present a novel clustering objective that learns a neu-
ral network classifier from scratch, given only unlabelled
data samples. The model discovers clusters that accurately
match semantic classes, achieving state-of-the-art results
in eight unsupervised clustering benchmarks spanning im-
age classification and segmentation. These include STL10,
an unsupervised variant of ImageNet, and CIFAR10, where
we significantly beat the accuracy of our closest competi-
tors by 6.6 and 9.5 absolute percentage points respectively.
The method is not specialised to computer vision and op-
erates on any paired dataset samples; in our experiments
we use random transforms to obtain a pair from each im-
age. The trained network directly outputs semantic labels,
rather than high dimensional representations that need ex-
ternal processing to be usable for semantic clustering. The
objective is simply to maximise mutual information between
the class assignments of each pair. It is easy to implement
and rigorously grounded in information theory, meaning we
effortlessly avoid degenerate solutions that other clustering
methods are susceptible to. In addition to the fully unsu-
pervised mode, we also test two semi-supervised settings.
The first achieves 88.8% accuracy on STL10 classification,
setting a new global state-of-the-art over all existing meth-
ods (whether supervised, semi-supervised or unsupervised).
The second shows robustness to 90% reductions in label
coverage, of relevance to applications that wish to make use
of small amounts of labels. github.com/xu-ji/IIC

1. Introduction

Most supervised deep learning methods require large
quantities of manually labelled data, limiting their applica-
bility in many scenarios. This is true for large-scale im-
age classification and even more for segmentation (pixel-
wise classification) where the annotation cost per image
is very high [38, 21]. Unsupervised clustering, on the
other hand, aims to group data points into classes entirely

Figure 1: Models trained with IIC on entirely unlabelled data learn to
cluster images (top, STL10) and patches (bottom, Potsdam-3). The raw
clusters found directly correspond to semantic classes (dogs, cats, trucks,
roads, vegetation etc.) with state-of-the-art accuracy. Training is end-to-
end and randomly initialised, with no heuristics used at any stage.

without labels [25]. Many authors have sought to com-
bine mature clustering algorithms with deep learning, for
example by bootstrapping network training with k-means
style objectives [51, 24, 7]. However, trivially combin-
ing clustering and representation learning methods often
leads to degenerate solutions [7, 51]. It is precisely to
prevent such degeneracy that cumbersome pipelines — in-
volving pre-training, feature post-processing (whitening or
PCA), clustering mechanisms external to the network —
have evolved [7, 17, 18, 51].

In this paper, we introduce Invariant Information Clus-
tering (IIC), a method that addresses this issue in a more
principled manner. IIC is a generic clustering algorithm that
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directly trains a randomly initialised neural network into a
classification function, end-to-end and without any labels.
It involves a simple objective function, which is the mutual
information between the function’s classifications for paired
data samples. The input data can be of any modality and,
since the clustering space is discrete, mutual information
can be computed exactly.

Despite its simplicity, IIC is intrinsically robust to two
issues that affect other methods. The first is clustering de-
generacy, which is the tendency for a single cluster to dom-
inate the predictions or for clusters to disappear (which can
be observed with k-means, especially when combined with
representation learning [7]). Due to the entropy maximisa-
tion component within mutual information, the loss is not
minimised if all images are assigned to the same class. At
the same time, it is optimal for the model to predict for each
image a single class with certainty (i.e. one-hot) due to the
conditional entropy minimisation (fig. 3). The second issue
is noisy data with unknown or distractor classes (present in
STL10 [10] for example). IIC addresses this issue by em-
ploying an auxiliary output layer that is parallel to the main
output layer, trained to produce an overclustering (i.e. same
loss function but greater number of clusters than the ground
truth) that is ignored at test time. Auxiliary overclustering
is a general technique that could be useful for other algo-
rithms. These two features of IIC contribute to making it
the only method amongst our unsupervised baselines that is
robust enough to make use of the noisy unlabelled subset of
STL10, a version of ImageNet [14] specifically designed as
a benchmark for unsupervised clustering.

In the rest of the paper, we begin by explaining the differ-
ence between semantic clustering and intermediate repre-
sentation learning (section 2), which separates our method
from the majority of work in unsupervised deep learning.
We then describe the theoretical foundations of IIC in sta-
tistical learning (section 3), demonstrating that maximising
mutual information between pairs of samples under a bottle-
neck is a principled clustering objective which is equivalent
to distilling their shared abstract content (co-clustering). We
propose that for static images, an easy way to generate pairs
with shared abstract content from unlabelled data is to take
each image and its random transformation, or each patch
and a neighbour. We show that maximising MI automat-
ically avoids degenerate solutions and can be written as a
convolution in the case of segmentation, allowing for effi-
cient implementation with any deep learning library.

We perform experiments on a large number of
datasets (section 4) including STL, CIFAR, MNIST,
COCO-Stuff and Potsdam, setting a new state-of-the-art on
unsupervised clustering and segmentation in all cases, with
results of 59.6%, 61.7% and 72.3% on STL10, CIFAR10
and COCO-Stuff-3 beating the closest competitors (53.0%,
52.2%, 54.0%) with significant margins. Note that train-

𝐼(𝑧, 𝑧′)
CNN

CNN

𝑥

𝑥′ = 𝑔𝑥
𝑃(𝑧, 𝑧′) Objective

Cluster

probabilities𝑃(𝑧|𝑥)𝜎FC

𝜎FC 𝑃(𝑧′|𝑥′)
FC

FC

𝜎
𝜎 𝑃(𝑦, 𝑦′)

𝐼(𝑦, 𝑦′)
Optional overclustering

𝑔

Figure 2: IIC for image clustering. Dashed line denotes shared parameters,
g is a random transformation, and I denotes mutual information (eq. (3)).

ing deep neural networks to perform large scale, real-world
segmentations from scratch, without labels or heuristics, is a
highly challenging task with negligible precedent. We also
perform an ablation study and additionally test two semi-
supervised modes, setting a new global state-of-the-art of
88.8% on STL10 over all supervised, semi-supervised and
unsupervised methods, and demonstrating the robustness in
semi-supervised accuracy when 90% of labels are removed.

2. Related work

Co-clustering and mutual information. The use of in-
formation as a criterion to learn representations is not new.
One of the earliest works to do so is by Becker and Hin-
ton [3]. More generally, learning from paired data has been
explored in co-clustering [25, 16] and in other works [50]
that build on the information bottleneck principle [20].

Several recent papers have used information as a tool
to train deep networks in particular. IMSAT [28] max-
imises mutual information between data and its representa-
tion and DeepINFOMAX [27] maximizes information be-
tween spatially-preserved features and compact features.
However, IMSAT and DeepINFOMAX combine informa-
tion with other criteria, whereas in our method information
is the only criterion used. Furthermore, both IMSAT and
DeepINFOMAX compute mutual information over contin-
uous random variables, which requires complex estima-
tors [4], whereas IIC does so for discrete variables with
simple and exact computations. Finally, DeepINFOMAX
considers the information I(x, f(x)) between the features
x and a deterministic function f(x) of it, which is in prin-
ciple the same as the entropy H(x); in contrast, in IIC in-
formation does not trivially reduce to entropy.

Semantic clustering versus intermediate representation
learning. In semantic clustering, the learned function
directly outputs discrete assignments for high level (i.e.
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Figure 3: Training with IIC on unlabelled MNIST in successive epochs from random initialisation (left). The network directly outputs cluster assignment
probabilities for input images, and each is rendered as a coordinate by convex combination of 10 cluster vertices. There is no cherry-picking as the entire
dataset is shown in every snapshot. Ground truth labelling (unseen by model) is given by colour. At each cluster the average image of its assignees is shown.
With neither labels nor heuristics, the clusters discovered by IIC correspond perfectly to unique digits, with one-hot certain prediction (right).

semantic) clusters. Intermediate representation learners,
on the other hand, produce continuous, distributed, high-
dimensional representations that must be post-processed,
for example by k-means, to obtain the discrete low-
cardinality assignments required for unsupervised semantic
clustering. The latter includes objectives such as genera-
tive autoencoder image reconstruction [48], triplets [46] and
spatial-temporal order or context prediction [37, 12, 17],
for example predicting patch proximity [30], solving jig-
saw puzzles [41] and inpainting [43]. Note it also in-
cludes a number of clustering methods (DeepCluster [7],
exemplars [18]) where the clustering is only auxiliary;
a clustering-style objective is used but does not produce
groups with semantic correspondence. For example, Deep-
Cluster [7] is a state-of-the-art method for learning highly-
transferable intermediate features using overclustering as
a proxy task, but does not automatically find semantically
meaningful clusters. As these methods use auxiliary objec-
tives divorced from the semantic clustering objective, it is
unsurprising that they perform worse than IIC (section 4),
which directly optimises for it, training the network end-to-
end with the final clusterer implicitly wrapped inside.

Optimising image-to-image distance. Many approaches
to deep clustering, whether semantic or auxiliary, utilise a
distance function between input images that approximates a
given grouping criterion. Agglomerative clustering [2] and
partially ordered sets [1] of HOG features [13] have been
used to group images, and exemplars [18] define a group
as a set of random transformations applied to a single im-
age. Note the latter does not scale easily, in particular to
image segmentation where a single 200× 200 image would
call for 40k classes. DAC [8], JULE [52], DeepCluster [7],
ADC [24] and DEC [51] rely on the inherent visual consis-
tency and disentangling properties [23] of CNNs to produce
cluster assignments, which are processed and reinforced in
each iteration. The latter three are based on k-means style
mechanisms to refine feature centroids, which is prone to
degenerate solutions [7] and thus needs explicit prevention
mechanisms such as pre-training, cluster-reassignment or
feature cleaning via PCA and whitening [51, 7].

Invariance as a training objective. Optimising for func-
tion outputs to be persistent through spatio-temporal or

non-material distortion is an idea shared by IIC with sev-
eral works, including exemplars [18], IMSAT [28], proxim-
ity prediction [30], the denoising objective of Tagger [22],
temporal slowness constraints [55], and optimising for fea-
tures to be invariant to local image transformations [47, 29].
More broadly, the problem of modelling data transforma-
tion has received significant attention in deep learning, one
example being the transforming autoencoder [26].

3. Method
First we introduce a generic objective, Invariant Infor-

mation Clustering, which can be used to cluster any kind of
unlabelled paired data by training a network to predict clus-
ter identities (section 3.1). We then apply it to image clus-
tering (section 3.2, fig. 2 and fig. 3) and segmentation (sec-
tion 3.3), by generating the required paired data using ran-
dom transformations and spatial proximity.

3.1. Invariant Information Clustering

Let x,x′ ∈ X be a paired data sample from a joint prob-
ability distribution P (x,x′). For example, x and x′ could
be different images containing the same object. The goal
of Invariant Information Clustering (IIC) is to learn a rep-
resentation Φ : X → Y that preserves what is in common
between x and x′ while discarding instance-specific details.
The former can be achieved by maximizing the mutual in-
formation between encoded variables:

max
Φ

I(Φ(x), Φ(x′)), (1)

which is equivalent to maximising the predictability of
Φ(x) from Φ(x′) and vice versa.

An effect of equation eq. (1), in general, is to make rep-
resentations of paired samples the same. However, it is not
the same as merely minimising representation distance, as
done for example in methods based on k-means [7, 24]: the
presence of entropy within I allows us to avoid degeneracy,
as discussed in detail below.

If Φ is a neural network with a small output capacity
(often called a “bottleneck”), eq. (1) also has the effect of
discarding instance-specific details from the data. Cluster-
ing imposes a natural bottleneck, since the representation
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space is Y = {1, . . . , C}, a finite set of class indices (as
opposed to an infinite vector space). Without a bottleneck,
i.e. assuming unbounded capacity, eq. (1) is trivially solved
by setting Φ to the identity function because of the data pro-
cessing inequality [11], i.e. I(x,x′) ≥ I(Φ(x), Φ(x′)).

Since our goal is to learn the representation with a deep
neural network, we consider soft rather than hard clustering,
meaning the neural network Φ is terminated by a (differen-
tiable) softmax layer. Then the output Φ(x) ∈ [0, 1]C can
be interpreted as the distribution of a discrete random vari-
able z over C classes, formally given by P (z = c|x) =
Φc(x). Making the output probabilistic amounts to allow-
ing for uncertainty in the cluster assigned to an input.

Consider now a pair of such cluster assignment vari-
ables z and z′ for two inputs x and x′ respectively. Their
conditional joint distribution is given by P (z = c, z′ =
c′|x,x′) = Φc(x) · Φc′(x′). This equation states that z and
z′ are independent when conditioned on specific inputs x
and x′; however, in general they are not independent af-
ter marginalization over a dataset of input pairs (xi,x

′
i),

i = 1, . . . , n. For example, for a trained classification net-
work Φ and a dataset of image pairs where each image con-
tains the same object of its pair but in a randomly different
position, the random variable constituted by the class of the
first of each pair, z, will have a strong statistical relation-
ship with the random variable for the class of the second of
each pair, z′; one is predictive of the other (in fact identi-
cal to it, in this case) so they are highly dependent. After
marginalization over the dataset (or batch, in practice), the
joint probability distribution is given by the C × C matrix
P, where each element at row c and column c′ constitutes
Pcc′ = P (z = c, z′ = c′):

P =
1

n

n∑

i=1

Φ(xi) · Φ(x′
i)

⊤. (2)

The marginals Pc = P (z = c) and Pc′ = P (z′ = c′)
can be obtained by summing over the rows and columns of
this matrix. As we generally consider symmetric problems,
where for each (xi,x

′
i) we also have (x′

i,xi), P is sym-
metrized using (P + P⊤)/2.

Now the objective function eq. (1) can be computed by
plugging the matrix P into the expression for mutual infor-
mation [36], which results in the formula:

I(z, z′) = I(P) =
C∑

c=1

C∑

c′=1

Pcc′ · ln Pcc′

Pc ·Pc′
. (3)

Why degenerate solutions are avoided. Mutual infor-
mation (3) expands to I(z, z′) = H(z) −H(z|z′). Hence,
maximizing this quantity trades-off minimizing the condi-
tional cluster assignment entropy H(z|z′) and maximising
individual cluster assignments entropy H(z). The small-
est value of H(z|z′) is 0, obtained when the cluster as-
signments are exactly predictable from each other. The

largest value of H(z) is ln C, obtained when all clusters
are equally likely to be picked. This occurs when the data
is assigned evenly between the clusters, equalizing their
mass. Therefore the loss is not minimised if all samples
are assigned to a single cluster (i.e. output class is identical
for all samples). Thus as maximising mutual information
naturally balances reinforcement of predictions with mass
equalization, it avoids the tendency for degenerate solutions
that algorithms which combine k-means with representation
learning are susceptible to [7]. For further discussion of en-
tropy maximisation, and optionally how to prioritise it with
an entropy coefficient, see supplementary material.

Meaning of mutual information. The reader may now
wonder what are the benefits of maximising mutual infor-
mation, as opposed to merely maximising entropy. Firstly,
due to the soft clustering, entropy alone could be maximised
trivially by setting all prediction vectors Φ(x) to uniform
distributions, resulting in no clustering. This is corrected by
the conditional entropy component, which encourages de-
terministic one-hot predictions. For example, even for the
degenerate case of identical pairs x = x′, the IIC objective
encourages a deterministic clustering function (i.e. Φ(x) is
a one-hot vector) as this results in null conditional entropy
H(z|z′) = 0. Secondly, the objective of IIC is to find what
is common between two data points that share redundancy,
such as different images of the same object, explicitly en-
couraging distillation of the common part while ignoring
the rest, i.e. instance details specific to one of the samples.
This would not be possible without pairing samples.

3.2. Image clustering

IIC requires a source of paired samples (x,x′), which
are often unavailable in unsupervised image clustering ap-
plications. In this case, we propose to use generated image
pairs, consisting of image x and its randomly perturbed ver-
sion x′ = gx. The objective eq. (1) can thus be written as:

max
Φ

I(Φ(x), Φ(gx)), (4)

where both image x and transformation g are random vari-
ables. Useful g could include scaling, skewing, rotation or
flipping (geometric), changing contrast and colour satura-
tion (photometric), or any other perturbation that is likely to
leave the content of the image intact. IIC can then be used
to recover the factor which is invariant to which of the pair
is picked. The effect is to learn a function that partitions the
data such that clusters are closed to the perturbations, with-
out dropping clusters. The objective is simple enough to be
written in six lines of PyTorch code (fig. 4).

Auxiliary overclustering. For certain datasets (e.g.
STL10), training data comes in two types: one known to
contain only relevant classes and the other known to con-
tain irrelevant or distractor classes. It is desirable to train a
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def IIC(z, zt, C=10):
P = (z.unsqueeze(2) * zt.unsqueeze(1)).sum(dim=0)
P = ((P + P.t()) / 2) / P.sum()
P[(P < EPS).data] = EPS
Pi = P.sum(dim=1).view(C, 1).expand(C, C)
Pj = P.sum(dim=0).view(1, C).expand(C, C)
return (P * (log(Pi) + log(Pj) - log(P))).sum()

Figure 4: IIC objective in PyTorch. Inputs z and zt are n× C matrices,
with C predicted cluster probabilities for n sampled pairs (i.e. CNN soft-
maxed predictions). For example, the prediction for each image in a dataset
and its transformed version (e.g. using standard data augmentation).

clusterer specialised for the relevant classes, that still bene-
fits from the context provided by the distractor classes, since
the latter is often much larger (for example 100K compared
to 13K for STL10). Our solution is to add an auxiliary over-
clustering head to the network (fig. 2) that is trained with the
full dataset, whilst the main output head is trained with the
subset containing only relevant classes. This allows us to
make use of the noisy unlabelled subset despite being an un-
supervised clustering method. Other methods are generally
not robust enough to do so and thus avoid the 100k-samples
unlabelled subset of STL10 when training for unsupervised
clustering ([8, 24, 51]). Since the auxiliary overclustering
head outputs predictions over a larger number of clusters
than the ground truth, whilst still maintaining a predictor
that is matched to ground truth number of clusters (the main
head), it can be useful in general for increasing expressiv-
ity in the learned feature representation, even for datasets
where there are no distractor classes [7].

3.3. Image segmentation

IIC can be applied to image segmentation identically
to image clustering, except for two modifications. Firstly,
since predictions are made for each pixel densely, cluster-
ing is applied to image patches (defined by the receptive
field of the neural network for each output pixel) rather than
whole images. Secondly, unlike with whole images, one has
access to the spatial relationships between patches. Thus,
we can add local spatial invariance to the list of geomet-
ric and photometric invariances in section 3.2, meaning we
form pairs of patches not only via synthetic perturbations,
but also by extracting pairs of adjacent patches in the image.

In detail, let the RGB image x ∈ R3×H×W be a tensor,
u ∈ Ω = {1, . . . , H} × {1, . . . , W} a pixel location, and
xu a patch centered at u. We can form a pair of patches
(xu,xu+t) by looking at location u and its neighbour u + t
at some small displacement t ∈ T ⊂ Z2. The cluster
probability vectors for all patches xu can be read off as the
column vectors Φ(xu) = Φu(x) ∈ [0, 1]C of the tensor
Φ(x) ∈ [0, 1]C×H×W , computed by a single application of
the convolutional network Φ. Then, to apply IIC, one sim-
ply substitutes pairs (Φu(x), Φu+t(x)) in the calculation of
the joint probability matrix (2).

The geometric and photometric perturbations used be-

fore for whole image clustering can be applied to individ-
ual patches too. Rather than transforming patches individ-
ually, however, it is much more efficient to transform all of
them in parallel by perturbing the entire image. Any num-
ber or combination of these invariances can be chained and
learned simultaneously; the only detail is to ensure indices
of the original image and transformed image class probabil-
ity tensors line up, meaning that predictions from patches
which are intended to be paired together do so.

Formally, if the image transformation g is a geometric
transformation, the vector of cluster probabilities Φu(x)
will not correspond to Φu(gx); rather, it will correspond
to Φg(u)(gx) because patch xu is sent to patch xg(u) by the
transformation. All vectors can be paired at once by apply-
ing the reverse transformation g−1 to the tensor Φ(gx), as
[g−1Φ(gx)]u = Φg(u)(gx). For example, flipping the input
image will require flipping the resulting probability tensor
back. In general, the perturbation g can incorporate geomet-
ric and photometric transformations, and g−1 only needs to
undo geometric ones. The segmentation objective is thus:

max
Φ

1

|T |
∑

t∈T

I(Pt), (5)

Pt =
1

n|G||Ω|
n∑

i=1

∑

g∈G

Convolution︷ ︸︸ ︷∑

u∈Ω

Φu(xi) · [g−1Φ(gxi)]
⊤
u+t.

Hence the goal is to maximize the information between each
patch label Φu(xi) and the patch label [g−1Φ(gxi)]u+t of
its transformed neighbour patch, in expectation over images
i = 1, . . . , n, patches u ∈ Ω within each image, and per-
turbations g ∈ G. Information is in turn averaged over all
neighbour displacements t ∈ T (which was found to per-
form slightly better than averaging over t before computing
information; see supplementary material).

Implementation. The joint distribution of eq. (5) for all
displacements t ∈ T can be computed in a simple and
highly efficient way. Given two network outputs for one
batch of image pairs y = Φ(x),y′ = Φ(gx) where y,y′ ∈
Rn×C×H×W , we first bring y′ back into the coordinate-
space of y by using a bilinear resampler1 [32], which inverts
any geometrical transforms in g, y′ ← g−1y′. Then, the in-
ner summation in eq. (5) reduces to the convolution of the
two tensors. Using any standard deep learning framework,
this can be achieved by swapping the first two dimensions
of each of y and y′, computing P = y ∗ y′ (a 2D convo-
lution with padding d in both dimensions), and normalising
the result to produce P ∈ [0, 1]C×C×(2d+1)×(2d+1).

4. Experiments
We apply IIC to fully unsupervised image clustering and

segmentation, as well as two semi-supervised settings. Ex-

1The core differentiable operator in spatial transformer networks [32].
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STL10 CIFAR10 CFR100-20 MNIST

Random network 13.5 13.1 5.93 26.1
K-means [53]† 19.2 22.9 13.0 57.2
Spectral clustering [49] 15.9 24.7 13.6 69.6
Triplets [46]‡ 24.4 20.5 9.94 52.5
AE [5]‡ 30.3 31.4 16.5 81.2
Sparse AE [40]‡ 32.0 29.7 15.7 82.7
Denoising AE [48]‡ 30.2 29.7 15.1 83.2
Variational Bayes AE [34]‡ 28.2 29.1 15.2 83.2
SWWAE 2015 [54]‡ 27.0 28.4 14.7 82.5
GAN 2015 [45]‡ 29.8 31.5 15.1 82.8
JULE 2016 [52] 27.7 27.2 13.7 96.4
DEC 2016 [51]† 35.9 30.1 18.5 84.3
DAC 2017 [8] 47.0 52.2 23.8 97.8
DeepCluster 2018 [7]† ‡ 33.4⋆ 37.4⋆ 18.9⋆ 65.6 ⋆
ADC 2018 [24] 53.0 32.5 16.0⋆ 99.2

IIC (lowest loss sub-head) 59.6 61.7 25.7 99.2
IIC (avg sub-head ± STD) 59.8 57.6 25.5 98.4

± 0.844 ± 5.01 ± 0.462 ± 0.652

Table 1: Unsupervised image clustering. Legend: †Method based on
k-means. ‡Method that does not directly learn a clustering function and
requires further application of k-means to be used for image clustering.
⋆Results obtained using our experiments with authors’ original code.

STL10

No auxiliary overclustering 43.8
Single sub-head (h = 1) 57.6
No sample repeats (r = 1) 47.0
Unlabelled data segment ignored 49.9

Full setting 59.6

Table 2: Ablations of IIC (unsupervised setting). Each row shows a
single change from the full setting. The full setting has auxiliary overclus-
tering, 5 initialisation heads, 5 sample repeats, and uses the unlabelled data
subset of STL10.

isting baselines are outperformed in all cases. We also con-
duct an analysis of our method via ablation studies. For
minor details see supplementary material.

4.1. Image clustering

Datasets. We test on STL10, which is ImageNet adapted
for unsupervised classification, as well as CIFAR10,
CIFAR100-20 and MNIST. The main setting is pure un-
supervised clustering (IIC) but we also test two semi-
supervised settings: finetuning and overclustering. For un-
supervised clustering, following previous work [8, 51, 52],
we train on the full dataset and test on the labelled part; for
the semi-supervised settings, train and test sets are separate.

As for DeepCluster [7], we found Sobel filtering to
be beneficial, as it discourages clustering based on trivial
cues such as colour and encourages using more meaning-
ful cues such as shape. Additionally, for data augmen-
tation, we repeat images within each batch r times; this
means that multiple image pairs within a batch contain the
same original image, each paired with a different transfor-
mation, which encourages greater distillation since there
are more examples of which visual details to ignore (sec-
tion 3.1). We set r ∈ [1, 5] for all experiments. Images are
rescaled and cropped for training (prior to applying trans-

forms g, consisting of random additive and multiplicative
colour transformations and horizontal flipping) and a single
center crop is used at test time for all experiments except
semi-supervised finetuning, where 10 crops are used.

Architecture. All networks are randomly initialised and
consist of a ResNet or VGG11-like base b (see sup. mat.),
followed by one or more heads (linear predictors). Let the
number of ground truth clusters be kgt and the output chan-
nels of a head be k. For IIC, there is a main output head
with k = kgt and an auxiliary overclustering head (fig. 2)
with k > kgt. For semi-supervised overclustering there is
one output head with k > kgt. For increased robustness,
each head is duplicated h = 5 times with a different random
initialisation, and we call these concrete instantiations sub-
heads. Each sub-head takes features from b and outputs a
probability distribution for each batch element over the rele-
vant number of clusters. For semi-supervised finetuning (ta-
ble 3), the base is copied from a semi-supervised overclus-
tering network and combined with a single randomly ini-
tialised linear layer where k = kgt.

Training. We use the Adam optimiser [33] with learn-
ing rate 10−4. For IIC, the main and auxiliary heads are
trained by maximising eq. (3) in alternate epochs. For
semi-supervised overclustering, the single head is trained
by maximising eq. (3). Semi-supervised finetuning uses a
standard logistic loss.

Evaluation. We evaluate based on accuracy (true posi-
tives divided by sample size). For IIC we follow the stan-
dard protocol of finding the best one-to-one permutation
mapping between learned and ground-truth clusters (from
the main output head; auxiliary overclustering head is ig-
nored) using linear assignment [35]. While this step uses
labels, it does not constitute learning as it merely makes
the metric invariant to the order of the clusters. For semi-
supervised overclustering, each ground-truth cluster may
correspond to the union of several predicted clusters. Eval-
uation thus requires a many-to-one discrete map from k to
kgt, since k > kgt. This extracts some information from
the labels and thus requires separated training and test set.
Note this mapping is found using the training set (accu-
racy is computed on the test set) and does not affect the
network parameters as it is used for evaluation only. For
semi-supervised finetuning, output channel order matches
ground truth so no mapping is required. Each sub-head
is assessed independently; we report average and best sub-
head (as chosen by lowest IIC loss) performance.

Unsupervised learning analysis. IIC is highly capable of
discovering clusters in unlabelled data that accurately corre-
spond to the underlying semantic classes, and outperforms
all competing baselines at this task (table 1), with significant
margins of 6.6% and 9.5% in the case of STL10 and CI-
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Cat Dog Bird Deer Monkey Car Plane Truck

Figure 5: Unsupervised image clustering (IIC) results on STL10. Predicted cluster probabilities from the best performing head are shown as bars.
Prediction corresponds to tallest, ground truth is green, incorrectly predicted classes are red, and all others are blue. The bottom row shows failure cases.

STL10

Dosovitskiy 2015 [18]† 74.2
SWWAE 2015 [54]† 74.3
Dundar 2015 [19] 74.1
Cutout* 2017 [15] 87.3
Oyallon* 2017 [42]† 76.0
Oyallon* 2017 [42] 87.6
DeepCluster 2018 [7] 73.4⋆
ADC 2018 [24] 56.7⋆
DeepINFOMAX 2018 [27] 77.0
IIC plus finetune† 79.2
IIC plus finetune 88.8

Table 3: Fully and semi-supervised clas-
sification. Legend: *Fully supervised
method. ⋆Our experiments with authors’
code. †Multi-fold evaluation.

Figure 6: Semi-supervised overclustering. Training with IIC loss to overcluster (k > kgt) and using
labels for evaluation mapping only. Performance is robust even with 90%-75% of labels discarded (left
and center). STL10-r denotes networks with output k = ⌈1.4r⌉. Overall accuracy improves with the
number of output clusters k (right). For further details see supplementary material.

FAR10. As mentioned in section 2, this underlines the ad-
vantages of end-to-end optimisation instead of using a fixed
external procedure like k-means as with many baselines.
The clusters found by IIC are highly discriminative (fig. 5),
although note some failure cases; as IIC distills purely vi-
sual correspondences within images, it can be confused by
instances that combine classes, such as a deer with the coat
pattern of a cat. Our ablations (table 2) illustrate the contri-
butions of various implementation details, and in particular
the accuracy gain from using auxiliary overclustering.

Semi-supervised learning analysis. For semi-supervised
learning, we establish a new state-of-the-art on STL10 out
of all reported methods by finetuning a network trained
in an entirely unsupervised fashion with the IIC objective
(recall labels in semi-supervised overclustering are used
for evaluation and do not influence the network parame-
ters). This explicitly validates the quality of our unsu-
pervised learning method, as we beat even the supervised
state-of-the-art (table 3). Given that the bulk of parame-
ters within semi-supervised overclustering are trained un-
supervised (i.e. all network parameters), it is unsurprising
that Figure 6 shows a 90% drop in the number of available
labels for STL10 (decreasing the amount of labelled data
available from 5000 to 500 over 10 classes) barely impacts
performance, costing just∼10% drop in accuracy. This set-
ting has lower label requirements than finetuning because
whereas the latter learns all network parameters, the former

only needs to learn a discrete map between k and kgt, mak-
ing it an important practical setting for applications with
small amounts of labelled data.

4.2. Segmentation

Datasets. Large scale segmentation on real-world data us-
ing deep neural networks is extremely difficult without la-
bels or heuristics, and has negligible precedent. We estab-
lish new baselines on scene and satellite images to high-
light performance on textural classes, where the assump-
tion of spatially proximal invariance (section 3.3) is most
valid. COCO-Stuff [6] is a challenging and diverse seg-
mentation dataset containing “stuff” classes ranging from
buildings to bodies of water. We use the 15 coarse labels
and 164k images variant, reduced to 52k by taking only
images with at least 75% stuff pixels. COCO-Stuff-3 is a
subset of COCO-Stuff with only sky, ground and plants la-
belled. For both COCO datasets, input images are shrunk
by two thirds and cropped to 128 × 128 pixels, Sobel pre-
processing is applied for data augmentation, and predictions
for non-stuff pixels are ignored. Potsdam [31] is divided
into 8550 RGBIR 200 × 200 px satellite images, of which
3150 are unlabelled. We test both the 6-label variant (roads
and cars, vegetation and trees, buildings and clutter) and a
3-label variant (Potsdam-3) formed by merging each of the
3 pairs. All segmentation training and testing sets have been
released with our code.
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Figure 7: Example segmentation results (un- and semi-supervised). Left: COCO-Stuff-3 (non-stuff pixels in black), right: Potsdam-3. Input images, IIC
(fully unsupervised segmentation) and IIC* (semi-supervised overclustering) results are shown, together with the ground truth segmentation (GT).

COCO-Stuff-3 COCO-Stuff Potsdam-3 Potsdam

Random CNN 37.3 19.4 38.2 28.3
K-means [44]† 52.2 14.1 45.7 35.3
SIFT [39]‡ 38.1 20.2 38.2 28.5
Doersch 2015 [17]‡ 47.5 23.1 49.6 37.2
Isola 2016 [30]‡ 54.0 24.3 63.9 44.9
DeepCluster 2018 [7]† ‡ 41.6 19.9 41.7 29.2

IIC 72.3 27.7 65.1 45.4

Table 4: Unsupervised segmentation. IIC experiments use a single sub-
head. Legend: †Method based on k-means. ‡Method that does not directly
learn a clustering function and requires further application of k-means to
be used for image clustering.

Architecture. All networks are randomly initialised and
consist of a base CNN b (see sup. mat.) followed by
head(s), which are 1× 1 convolution layers. Similar to sec-
tion 4.1, overclustering uses k 3-5 times higher than kgt.
Since segmentation is much more expensive than image
clustering (e.g. a single 200× 200 Potsdam image contains
40,000 predictions), all segmentation experiments were run
with h = 1 and r = 1 (sec. 4.1).

Training. The convolutional implementation of IIC
(eq. (5)) was used with d = 10. For Potsdam-3 and COCO-
Stuff-3, the optional entropy coefficient (section 3.1 and
sup. mat.) was used and set to 1.5. Using the coefficient
made slight improvements of 1.2%-3.2% on performance.
These two datasets are balanced in nature with very large
sample volume (e.g. 40, 000× 75 predictions per batch for
Potsdam-3) resulting in stable and balanced batches, justi-
fying prioritisation of equalisation. Other training details
are the same as section 4.1.

Evaluation. Evaluation uses accuracy as in section 4.1,
computed per-pixel. For the baselines, the original authors’
code was adapted from image clustering where available,
and the architectures are shared with IIC for fairness. For
baselines that required application of k-means to produce
per-pixel predictions (table 4), k-means was trained with
randomly sampled pixel features from the training set (10M

for Potsdam, Potsdam-3; 50M for COCO-Stuff, COCO-
Stuff-3) and tested on the full test set to obtain accuracy.

Analysis. Without labels or heuristics to learn from, and
given just the cluster cardinality (3), IIC automatically par-
titions COCO-Stuff-3 into clusters that are recognisable as
sky, vegetation and ground, and learns to classify vege-
tation, roads and buildings for Potsdam-3 (fig. 7). The
segmentations are notably intricate, capturing fine detail,
but are at the same time locally consistent and coherent
across all images. Since spatial smoothness is built into the
loss (section 3.3), all our results are able to use raw net-
work outputs without post-processing (avoiding e.g. CRF
smoothing [9]). Quantitatively, we outperform all base-
lines (table 4), notably by 18.3% in the case of COCO-
Stuff-3. The efficient convolutional formulation of the
loss (eq. (5)) allows us to optimise over all pixels in all batch
images in parallel, converging in fewer epochs (passes of
the dataset) without paying the price of reduced computa-
tional speed for dense sampling. This is in contrast to our
baselines which, being not natively adapted for segmenta-
tion, required sampling a subset of pixels within each batch,
resulting in increased loss volatility and training speeds that
were up to 3.3× slower than IIC.

5. Conclusions
We have shown that it is possible to train neural networks

into semantic clusterers without using labels or heuristics.
The novel objective presented relies on statistical learning,
by optimising mutual information between related pairs -
a relationship that can be generated by random transforms
- and naturally avoids degenerate solutions. The resulting
models classify and segment images with state-of-the-art
levels of semantic accuracy. Being not specific to vision,
the method opens up many interesting research directions,
including optimising information in datastreams over time.
Acknowledgments. We are grateful to ERC StG
IDIU-638009 and EPSRC AIMS CDT for support.
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1. Release

We implemented IIC in PyTorch [7]. The code,
datasets and trained models have been released.
github.com/xu-ji/IIC

2. Further experimental details

We used three generic CNN bases b across our experi-
ments: A (ResNet34 [5]), B (4 convolutional layers) and
C (6 convolutional layers). For details see table 1. See ta-
ble 2 for per-experiment details including b, batch size, in-
put channels, input size, and number of clusters used in
overclustering denoted by k. Recall the latter refers to the
sole output head for semi-supervised overclustering but to
the auxiliary head for unsupervised IIC, where the main
head produces output with dimensionality kgt. For seg-
mentation, bilinear resampling is used to resize the network
output back to input size for implementational simplicity.
Since there is one pooling layer in network C which halves
spatial size, this is by a factor of 2.

A B C

1×Conv@64 1× Conv@64 1× Conv@64
3×BasicBlock@64 1× MaxPool 1× Conv@128

4×BasicBlock@128 1× Conv@128 1× MaxPool
6×BasicBlock@256 1× MaxPool 2× Conv@256
3×BasicBlock@512 1× Conv@256 2× Conv@512

1×AvgPool 1× MaxPool
1× Conv@512

Table 1: Architecture bases b, showing layer type and output channels.
Pooling layers do not change channel size. Convolutional layers have filter
size 3 or 5 and stride 1 or 2. The models used are standard ResNet and
VGG-style networks. Implementations are given in the code.

3. Semi-supervised overclustering study

Paper fig. 6 contains accuracies normalised by dividing
by the maximum accuracy for each series. The absolute
accuracies are given in table 3 and table 4.

b n h r kin kgt k crop size(s) input size

IIC STL10 A 700 5 5 2 10 70 64 64
CIFAR10 A 660 5 3 2 10 70 20 32
CIFAR100-20 A 1000 5 5 2 20 140 20 32
MNIST B 700 5 5 1 10 50 16, 20, 24 24
COCO-Stuff-3 C 120 1 1 5 3 15 128 128
COCO-Stuff C 60 1 1 5 15 45 128 128
Potsdam-3 C 75 1 1 4 3 24 200 200
Potsdam C 60 1 1 4 6 36 200 200

IIC* STL10 A 1400 5 5 2 10 140 64 64
CIFAR10 A 1320 5 3 2 10 140 20 32
CIFAR100-20 B 2800 5 5 5 20 280 20 24
MNIST B 350 5 5 1 10 25 16, 20, 24 24
COCO-Stuff-3 C 180 1 1 5 3 15 128 128
COCO-Stuff C 90 1 1 5 15 45 128 128
Potsdam-3 C 75 1 1 4 3 9 200 200
Potsdam C 60 1 1 4 6 24 200 200

Table 2: IIC denotes unsupervised clustering, IIC* denotes semi-
supervised overclustering. n denotes batch size, h and r denote number
of sub-heads and sample repeats (see paper section 4.1), kin denotes input
channels (1 for greyscale, 2 for Sobel filtered, 4 for RGBIR, 5 for Sobel fil-
tered with RGB), kgt denotes number of ground truth clusters, k denotes
number of output channels for overclustering. COCO-Stuff and COCO-
Stuff-3 are scaled by 0.33 prior to cropping; cropped images are scaled to
final input size with bilinear resampling.

4. Rendering predictions

To generate the visualisation in paper fig. 3, the entire
MNIST dataset was run through each network snapshot.
The prediction for each image x, say z = Φ(x) ∈ [0, 1]C

forC classes (see paper section 3.1), was rendered as a point
with coordinate position p:

p =
[ C∑

c=1

zc · sin
(2πc

C

)
,
C∑

c=1

zc · cos
(2πc

C

)]
.

STL10 CIFAR10 CIFAR100-20 CIFAR100 MNIST
% of max k k ACC k ACC k ACC k ACC k ACC
100 140 63.1 140 65.0 280 34.7 1000 20.3 100 98.6
50 70 61.4 70 62.2 140 33.1 500 20.3 50 98.6
25 35 59.7 35 60.5 70 30.0 250 19.1 25 98.7
12.5 18 54.8 18 53.7 35 25.7 125 15.0 13 97.9

Table 3: Absolute accuracy for semi-supervised overclustering experiments
in paper fig. 6-right.
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STL10 1.0 0.5 0.25 0.1 0.01
% of max k na ACC na ACC na ACC na ACC na ACC
100 5000 63.1 2500 61.0 1250 58.6 500 52.4 50 25.5
50 5000 61.4 2500 59.8 1250 59.1 500 57.8 50 30.7
25 5000 59.7 2500 59.2 1250 58.5 500 57.6 50 44.1
12.5 5000 54.8 2500 54.8 1250 54.1 500 50.6 50 41.3

1.0 0.5 0.25 0.1 0.01
na ACC na ACC na ACC na ACC na ACC

STL10 5000 63.1 2500 61.0 1250 58.6 500 52.4 50 25.5
CIFAR10 50000 62.9 25000 62.7 12500 62.6 5000 62.0 500 53.9
CIFAR100-20 50000 34.5 25000 34.0 12500 33.6 5000 31.9 500 20.1
CIFAR100 50000 20.3 25000 19.2 12500 17.9 5000 15.1 500 7.43
MNIST-25 60000 98.9 30000 98.9 15000 98.9 6000 98.9 600 98.9

Table 4: Absolute accuracy for semi-supervised overclustering experiments in paper fig. 6-left (top) and fig. 6-center (bottom).
na denotes number of labels used to find mapping from output k to kgt for evaluation.

5. Optional entropy coefficient

Consider inserting a coefficient, λ ≥ 1, into the defini-
tion of mutual information (eq. 3, paper section 3.1):

Iλ(z, z′) =

C∑

c=1

C∑

c′=1

Pcc′ · ln
Pcc′

Pλc ·Pλc′
(1)

= I1(z, z′) + (λ− 1) · (H(z) +H(z′)). (2)

For λ = 1, this reduces to the standard mutual informa-
tion definition. However, inserting an exponent of λ > 1
into the denominator of (1) translates into prioritising the
maximisation of prediction entropy (2).

6. Expectation over all shifts t ∈ T

Recall that IIC for segmentation involves maximising
mutual information between a patch and all its neighbours
within local box given by T (paper section 3.3). An alterna-
tive formulation of paper eq. (5) would involve bringing the
expectation over T within the computation for information
as follows:

max
Φ

I(P),

P =
1

n|T ||G||Ω|
n∑

i=1

∑

t∈T

∑

g∈G

Convolution︷ ︸︸ ︷∑

u∈Ω

Φu(xi) · [g−1Φ(gxi)]
>
u+t.

We found paper eq. (5) to work marginally but consistently
better, for example by 0.1% for COCO-Stuff-3 and 0.02%
for Potsdam-3. This is likely because closer neighbours are
more informative than farther ones, and an external expec-
tation avoids entangling the signal between close and far
neighbours prior to computing mutual information.

7. Random transformations g

Horizontal flipping, random crops and random colour
changes in hue, saturation and brightness constitute the g
used in most of our experiments. We also tried random
affine transforms but found our models performed better

without them, as the presence of skew and scaling mate-
rially affected the network’s ability to distill visual corre-
spondences between pairs of images.

8. Dataset sizes
For the sizes of the training and testing sets used in our

experiments, see table 5 and table 6.
STL10 CIFAR10 CIFAR100-20 MNIST

Train Test Train Test Train Test Train Test
IIC 113k 13k 60k 60k 60k 60k 70k 70k
Semi-supervised 105k 8k 50k 10k 50k 10k 60k 10k

Table 5: Datasets for image clustering.

COCO-Stuff-15 COCO-Stuff-3 Potsdam-6 Potsdam-3
Train Test Train Test Train Test Train Test

IIC 51804 51804 36660 36660 8550 5400 8550 5400
Semi-supervised 49629 2175 35228 1432 7695 855 7695 855

Table 6: Datasets for segmentation.

9. Baseline experiments
DeepCluster [1], also originally implemented in Py-

Torch, was adapted from the released image clustering code
for both purely unsupervised image clustering and segmen-
tation. Since this is not the intended task for the method,
DeepCluster was used as a feature learner, with k-means
performed on learned feature representations in order to ob-
tain cluster assignments for evaluation. Data augmentation
transforms are used as with IIC, the same b as IIC is used
for each model’s feature representation, and the number of
output clusters is set to 10 × kgt as suggested by the pa-
per. The feature descriptor lengths range from 4096 (image
clustering) to 512 (segmentation). For image clustering, the
k-means procedures at training and test time are both trained
and evaluated on the full training and test sets respectively.
For segmentation, since all descriptors for the training set
cannot fit in RAM (needed not only for the implementation
of k-means, but also for the PCA dimensionality reduction)
it was necessary to use sampling for k-means both during
computation of the pseudolabels for training, and evalua-
tion. This was done with 10M and 50M samples for Pots-
dam* and COCO-Stuff* datasets respectively. Once the k-
means centroids were obtained, training still occured over
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Figure 1: Additional unsupervised clustering (IIC) results on STL10. Predicted cluster probabilities shown as bars. Prediction corresponds to tallest, ground
truth is green, incorrectly predicted classes are red, and all others are blue. The bottom row shows failure cases.

Plane Bird Car Cat Deer Dog Horse Monkey Ship Truck

Figure 2: Semi-supervised overclustering results on STL10. Predicted cluster probabilities shown as bars. Prediction corresponds to tallest, ground truth is
green, incorrectly predicted classes are red, and all others are blue. The bottom row shows failure cases.

Figure 3: Additional unsupervised segmentation (IIC) results on COCO-Stuff-3 (non-stuff pixels in black). Left to right for each triplet: image, prediction,
ground truth.

Figure 4: Additional semi-supervised clustering for segmentation results on COCO-Stuff-3 (non-stuff pixels in black). Left to right for each triplet: image,
prediction, ground truth.

the entire training set with accuracy computed over the en-
tire test set. For the semi-supervised experiment, finetuning
of the learned representation was used, as with IIC.

ADC [4], originally implemented in TensorFlow, was
adapted from the released code for image clustering only.
For the fully unsupervised CIFAR100-20 experiment (pa-
per table 1), since ADC was already implemented for CI-
FAR100, we adopted the existing architecture and train-
ing settings for CIFAR100 when training CIFAR100-20.

Similarly, we adopted the existing architecture and settings
included for STL10 for the semi-supervised experiment,
training an SVM on top of fixed features as this is the semi-
supervised implementation provided in their code.

Triplets [8] was implemented as a representation learner
by setting the positive example for each image to be its ran-
dom transform, using the same transformations as the IIC
experiments for fairness. The negative example for each im-
age was set to a randomly selected image. K-means was run



Figure 5: Additional segmentation results for unsupervised IIC and semi-supervised overclustering on Potsdam-3. Left to right for each quadruplet: image,
IIC prediction, semi-supervised overclustering prediction, ground truth.

on the learned embeddings to obtain cluster assignments.
For segmentation baselines Isola [6] and Doersch [3],

which are unsupervised feature learning methods without
segmentation code, we use our own implementation. Since
both operate by predicting the spatial relationship between
pairs of patches (spatial proximity and exact relative posi-
tion respectively), we adapted them to segmentation by ran-
domly sampling pairs from the dense features produced by b
(which are either close or far for Isola, for example), using
additional linear layers to predict the spatial relationship,
minimising the distance between this prediction and known
ground truth, and backpropagating gradients end-to-end.

10. Further discussion of evaluation
For image clustering we use h = 5 sub-heads, which are

different randomly initialised instantiations of the same fi-
nal layer, for increased robustness (paper section 4.1). We
evaluate the accuracy of the model by identifying the sub-
head with the lowest training loss on the main output head
and reporting its test set accuracy. This evaluation proce-
dure makes no use of labels at all as the sub-head is selected
using the unsupervised loss. In table 7, we additionally
report the test set accuracy of the sub-head with the high-
est training set accuracy, which illustrates the maximum
achieved score by the sub-heads. For IIC, since the training
and test sets are the same (unlabelled data notwithstanding),
the latter is equivalent to running an identical training pro-
cedure h times, selecting a different sub-head each time,
and reporting best performance out of these runs.

STL10 CIFAR10 CFR100-20 MNIST

IIC (best sub-head) 61.0 61.7 25.7 99.3

Table 7: Image clustering accuracy of best sub-head.

11. Further discussion of avoiding degeneracy
Here we continue the discussion on how IIC avoids un-

desirable solutions (paper section 3.1). Recall that max-
imising mutual information entails maximising entropy and
minimising conditional entropy. Consider the malevolent

case of all images being assigned the ambivalent predic-
tion [ 1

C , . . . ,
1
C ] for C clusters. For example, for C = 2, if

for both datapoints in all pairs the model predicts [0.5, 0.5],
then P = [[0.25, 0.25], [0.25, 0.25]]T . Conditional entropy
H(z|z′) would not be minimised to 0 in this case, as the
predictions are not deterministic (one-hot) [2]. To achieve
H(z|z′) = 0, predictions would need to be [0, 1] or [1, 0].
Thus as IIC minimises H(z|z′), it avoids ambivalent solu-
tions.

On the other hand, if all images are assigned to the same
cluster i, the joint distribution would be all-zero except at
Pii = 1. Likewise, the marginals would be all-zero except
at Pi = 1. Entropy H(z) would not be maximised, and
indeed would be minimised to H(z) = 0 as:

H(z) = −
C∑

c=1

Pc · lnPc. (3)

Thus as IIC maximises H(z), it also avoids this degenerate
solution.

12. Additional examples
For more examples of image clustering and segmenta-

tion results for both unsupervised IIC and semi-supervised
overclustering, see fig. 1, fig. 2, fig. 3, fig. 4 and fig. 5.
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Abstract

Saliency methods seek to explain the predictions of a
model by producing an importance map across each in-
put sample. A popular class of such methods is based on
backpropagating a signal and analyzing the resulting gra-
dient. Despite much research on such methods, relatively
little work has been done to clarify the differences between
such methods as well as the desiderata of these techniques.
Thus, there is a need for rigorously understanding the re-
lationships between different methods as well as their fail-
ure modes. In this work, we conduct a thorough analysis
of backpropagation-based saliency methods and propose a
single framework under which several such methods can be
unified. As a result of our study, we make three additional
contributions. First, we use our framework to propose Nor-
mGrad, a novel saliency method based on the spatial con-
tribution of gradients of convolutional weights. Second, we
combine saliency maps at different layers to test the ability
of saliency methods to extract complementary information
at different network levels (e.g. trading off spatial resolu-
tion and distinctiveness) and we explain why some methods
fail at specific layers (e.g., Grad-CAM anywhere besides
the last convolutional layer). Third, we introduce a class-
sensitivity metric and a meta-learning inspired paradigm
applicable to any saliency method for improving sensitivity
to the output class being explained.

1. Introduction

The adoption of deep learning methods by high-risk ap-
plications, such as healthcare and automated driving, gives
rise to a need for tools that help machine learning prac-
titioners understand model behavior. Given the highly-
parameterized, opaque nature of deep neural networks, de-
veloping such methods is non-trivial, and there are many
possible approaches. In the basic case, even the predictions
of the model itself, either unaltered or after being distilled
into a simpler function [11, 3], can be used to shed light on

∗indicates equal contribution

its behaviour.
Saliency is the specific branch of interpretability con-

cerned with determining not what the behaviour of a model
is for whole input samples, but which parts of samples con-
tribute the most to that behaviour. Thus by definition, de-
termining saliency - or attribution - necessarily involves re-
versing the model’s inference process in some manner [20].
Propagating a signal from the output layer of a neural net-
work model back to the input layer is one way of explicitly
achieving this.

The number of diverse works based on using signal back-
propagation for interpretability in computer vision [37, 27,
4, 38] is testimony to the power of this simple principle.
Typically, these techniques produce a heatmap for any given
input image that ranks its pixels according to some metric of
importance for the model’s decision. Inspired by the work
of [1], we propose to delve deeper into such methods by
discussing some of the similarities, differences and poten-
tial improvements that can be illustrated.

We begin with presenting a framework that unifies sev-
eral backpropagation-based saliency methods by dividing
the process of generating a saliency map into two phases:
extraction of the contribution of the gradient of network
parameters at each spatial location in a particular network
layer, and aggregation of such spatial information into a 2D
heatmap. GradCAM [27], linear approximation [17] and
gradient [29] can all be cast as such processes. Noting that
no appropriate technique has yet been proposed for properly
aggregating contributions from convolutional layers, we in-
troduce NormGrad, which uses the Frobenius norm for ag-
gregation. We introduce identity layers to allow for the gen-
eration of saliency heatmaps at all spatially-grounded lay-
ers in the network (i.e. even after ReLU), since NormGrad
computes saliency given a parameterised network layer.

We conduct a thorough analysis of backpropagation-
based saliency methods in general, with evaluation based on
utilising saliency heatmaps for weak localisation. Notably,
we conduct an investigation into simple techniques for com-
bining saliency maps taken from different network layers
- in contrast to the popular practice of computing maps at
the input layer [29] - and find that using a weighted aver-
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age of maps from all layers consistently improves perfor-
mance for several saliency methods, compared to taking the
single best layer. However, not all layers are equally im-
portant, as we discover that models optimised on datasets
such as ImageNet [26] and PASCAL VOC [7] learn fea-
tures that become increasingly class insensitive closer to-
wards the input layer. This provides an explanation for why
Grad-CAM [27] produces unmeaningful saliency heatmaps
at certain layers earlier than the last convolutional layer, as
the sensitivity of the gradient to class across spatial loca-
tions is eliminated by Grad-CAM’s spatial gradient averag-
ing, meaning such layers are devoid of class sensitive sig-
nals from which to form saliency heatmaps.

Finally, building off [20, 1], we introduce a novel metric
for quantifying the class sensitivity of a saliency method,
and present a meta-learning inspired paradigm that in-
creases the class sensitivity of any method by adding an in-
ner SGD step into the computation of the saliency heatmap.

2. Related work
Saliency methods. Our work focuses on
backpropagation-based saliency methods; these tech-
niques are computationally efficient as they only require
one forward and backward pass through a network. One
of the earliest methods was [29] which visualised the
gradient at the input with respect to an output class being
explained. Several authors have since proposed adaptations
in order to improve the heatmap’s visual quality. These
include modifying the ReLU derivatives (Deconvnet [37],
guided backprop [32]) and averaging over randomly
perturbed inputs (SmoothGrad [31]) to produce masks with
reduced noise. Several works have explored visualizing
saliency at intermediate layers by combining information
from activations and gradients, notably CAM [39], Grad-
CAM [27], and linear approximation (a.k.a. gradient ×
input) [17]. Conservation-preserving methods (Excitation
Backprop [38], LRP [4], and DeepLIFT [28]) modify the
backward functions of network layers in order to “preserve”
an attribution signal such that it sums to one at any point
in the network. Reference-based methods average over
attributions from multiple interpolations [33] between the
input and a non-informative (e.g. black) reference input
or use a single reference input with which to compare a
backpropagated attribution signal [28].

Although we focus on backpropagation-based methods,
another class of methods studies the effects that perturba-
tions on the input induce on the output. [37] and [24] gen-
erate saliency maps by weighting input occlusion patterns
by the induced changes in model output. [10, 9, 15] learn
for saliency maps that maximally impact the model, and [5]
trains a model to predict effective maps. LIME [25] learns
linear weights that correspond to the effect of including or
excluding (via perturbation) different image patches in an

image. Perturbation-based approaches have also been used
to perform object localisation [30, 35, 34].

Assessing and unifying saliency methods. A few works
have studied if saliency methods have certain desired sen-
sitivities (e.g., to specific model weights [1] or the out-
put class being explained [20]) and if they are invariant
to unmeaningful factors (e.g., constant shift in input inten-
sity [16]). [20] showed that gradient [29], deconvnet [37],
and guided backprop [32] tend to produce class insensitive
heatmaps. [1] introduced sanity check metrics that measure
how sensitive a saliency method is to model weights by re-
porting the correlation between a saliency map on a trained
model vs. a partially randomized model.

Other works quantify the utility of saliency maps for
weak localization [38, 10] and for impacting model pre-
dictions. [38] introduced Pointing Game, which measures
the correlation between the maximal point extracted from
a saliency map with pixel-level semantic labels. [10] ex-
tracts bounding boxes from saliency maps and measures
their agreement with ground truth bounding boxes. [36]
evaluates attribution methods using relative feature impor-
tance. [22] proposes a dataset designed for measuring vi-
sual explanation accuracy. [4, 24, 15] present variants of a
perturbation-based evaluation metric that measures the im-
pact of perturbing (or unperturbing for [15]) image patches
in order of importance as given by a saliency map. How-
ever, these perturbed images are outside the training do-
main; [13] mitigates this by measuring the performance of
classifiers re-trained on perturbed images (i.e., with 20% of
pixels perturbed).

To our knowledge, the only work that has been done
to unify saliency methods focuses primarily on “invasive”
techniques that change backpropagation rules. The α-LRP
variant [4] and Excitation Backprop [38] share the back-
propagation rule, and DeepLIFT [28] is equivalent to LRP
when 0 is used as the reference activation throughout a net-
work. [19] unifies a few methods (e.g., LIME [25], LRP [4],
DeepLIFT [28]) under the framework of additive feature at-
tribution.

3. Method
Preliminaries. Consider a training set D of pairs (x,y)
where x ∈ R3×H×W are (color) images and y ∈
{1, . . . , C} their labels. Furthermore, let y = Φθ(x) be
the output of a neural network model whose parameters θ
are optimized using the cross-entropy loss ℓ to predict la-
bels from images.

3.1. Extract & Aggregate framework

In most methods, the saliency map is obtained as a func-
tion of the network activations, computed in a forward pass,
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and information propagated from the output of the net-
work back to its input using the backpropagation algorithm.
While some methods modify backpropagation in some way,
here we are interested in those, such as gradient, linear ap-
proximation, and all variants of our proposed NormGrad
saliency method, that do not.

In order to explain these “non-invasive” methods, we
suggest that their saliency maps can be interpreted as a mea-
sure of how much the corresponding pixels contribute to
changing the model parameters during a training step. We
then propose a principled two-phase framework capturing
this idea. In the extraction phase, a method isolates the con-
tribution to the gradient from each spatial location. We use
the fact that the gradient of spatially shared weights can be
written as the sum over spatial locations of a function of the
activation gradients and input features. In the aggregation
phase, each spatial summand is converted into a scalar using
an aggregation function, thus resulting in a saliency map.

Algorithm 1 Extract & Aggregate

1. Extract. Compute spatial contributions to the summation
of the gradient of the weights.

• Choose a layer whose parameters are shared spatially (lay-
ers from table 1).

• Alternatively, insert an identity layer (section 3.1.2) at the
targeted location.

2. Aggregate. Transform these spatial contributions into
saliency maps using an aggregation function.

• Norm: NormGrad (ours)

• Voting/Summing: linear approximation [17]

• Filtering: GradCAM [27], selective NormGrad (ours)

• Max: Gradient backprogation [29]

3.1.1 Phase 1: Extract

We first choose a target layer in the network at which we
plan to compute a saliency map. Assuming that the network
is a simple chain1, we can write L = ℓ ◦ Φ = h ◦ kw ◦ q,
where kw is the target layer parameterised by w, h is the
composition of all layers that follow it (including loss ℓ),
and q is the composition of layers that precede it. Then,
xin = q(x) ∈ RK×H×W denotes the input to the tar-
get layer, and its output is given by xout = kw(xin) ∈
RK′×H′×W ′

.
1Other topologies are treated in the same manner, but the notation is

more complex.

Layer Spatial contribution Size at each location
Bias gout

u vector: K ′

Scaling gout
u ⊙ xin

u vector: K ′

Conv N × N gout
u xin

u,N×N
⊤ matrix: K ′ × N2K

Table 1. Formulae and sizes of the spatial contributions to the gra-
dient of the weights for layers with spatially shared parameters. ⊙
denotes the elementwise product and xin

u,N×N is the N2K vector
obtained by unfolding the N ×N patch around the target location.

Convolutional layers with general filter shapes. For
convolutions with an N × N kernel size, we can re-write
the convolution using the matrix form:

Xout = WXin
N×N (1)

where Xout ∈ RK′×HW and W ∈ RK′×N2K are the out-
put and filter tensors reshaped as matrices and Xin

N×N ∈
RN2K×HW is a matrix whose column xin

u,N×N ∈ RN2K

contains the unfolded patches at location u of the input ten-
sor to which filters are applied.2 Then, the gradient w.r.t. the
filter weights W is given by

dL

dW
=

∑

u∈Ω

d

dW

〈
gout

u ,Wxin
u,N×N

〉
=

∑

u∈Ω

gout
u xin

u,N×N

⊤
,

(2)
where gout

u = dh/dxout
u is the gradient of the “head” of

the network. Thuis, for the convolutional layer case, the
spatial summand is an outer product of two vectors; thus,
the spatial contribution at each location to the gradient of
the weights is a matrix of size K ′ × N2K.

Other layer types. Besides convolutional layers, bias and
scaling layers also share their parameters spatially. In mod-
ern architectures, these are typically used in batch normal-
ization layers [14]. We denote b,α ∈ RK as the parameters
for the bias and scaling layers respectively. They are defined
respectively as follows:

xout
ku = xin

ku + bk, xout
ku = αkxin

ku.

Then, the gradients w.r.t. parameters are given by

dL

db
=

∑

u∈Ω

gout
u ,

dL

dα
=

∑

u∈Ω

gout
u ⊙ xin

u . (3)

where ⊙ is the elementwise product. For these two types of
layer, the spatial summand is a vector of size K, the number
of channels. Table 1 summarizes the spatial contributions to
the gradients for the different layers.

2This operation is called im2row in MATLAB or unfold in PyTorch.
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3.1.2 Virtual identity layer

So far, we have only extracted spatial gradient contribu-
tions for layers that share parameters spatially. We will now
extend our summand extraction technique to any location
within a CNN by allowing the insertion of a virtual iden-
tity layer at the target location. This layer is a conceptual
construction that we introduce to derive in a rigorous and
unified manner the equations employed by various methods
to compute saliency.

We are motivated by the following question: if we were
to add an identity operator at a target location, how should
this operator’s parameters be changed? A virtual identity
layer is a layer which shares its parameters spatially and
is set to the identity. Hence, it could be any of the layer
from table 1, like a bias or a scaling layer; then, bk = 0 or
ck = 1 respectively for k ∈ {1, . . . , K}. It could also be a
N ×N convolutional layer with filter bank W ∈ RK×N2K

such that wkk′ij = δk,k′δi,0δj,0, where δa,b is the Kronecker
delta function3, for (i, j) ∈ {−N−1

2 , . . . , N−1
2 }.

Because of the nature of the identity, this layer does not
change the information propagated in either the forward or
backward direction. Conceptually, it is attached to the part
of the model that one wishes to inspect as shown in fig. 1.
This layer is never “physically” added to the model (i.e., the
model is not modified); its “inclusion” or “exclusion” sim-
ply denotes whether we are using input or output activations
(xin or xout). Indeed the backpropagated gradient gout at
the output of the identity as shown in fig. 1 is the gradient
that would have been at the output of the layer preceding
the identity. This construction allows to examine activations
and gradients at the same location (e.g., xout and gout) as
most existing saliency methods do. We now can use the
formulae defined in section 3.1.1 when analyzing the gradi-
ent of the weights of this identity layer. For example, if we
consider an identity scaling layer, the spatial contribution
would be gout

u ⊙ xout
u . Or, for a N × N identity convolu-

tional layer, it would be gout
u xout

u,N×N
⊤.

IDxin xout gout

Network layer Virtual identity

Figure 1. Virtual identity. Here, we visualize inserting an iden-
tity after a specific layer in the network for saliency computation
purposes. The gradient coming from later stages of the network
that is the gradient at output of the network layer, is now also the
gradient at the output of the identity, gout.

3Kronecker delta function: δa,b = 1 if a = b; otherwise, δa,b = 0.

3.1.3 Phase 2: Aggregate

Following the extraction phase (section 3.1.1), we have the
local contribution at each spatial location to the gradients of
either an existing layer or a virtual identity layer. Each spa-
tial location is associated with a vector or matrix (table 1).
In this section, we describe different aggregation functions
to map these vectors or matrices to a single scalar per spatial
position. We drop the spatial location u in the notations.

Understanding existing saliency methods. One possible
aggregation function is the sum of the elements in a vector.
When combined with a virtual scaling identity layer (sec-
tion 3.1.2), we obtain the linear approximation method [17]:∑

k gout
k xout

k .The contributions from the scaling identity
encode the result of channels changing (after the gradient is
applied) at each location; thus, the sum aggregation func-
tion acts as a voting mechanism. The resulting saliency map
highlights the locations that would be most impacted if fol-
lowing through with the channel updates.

Aggregation functions can also be combined with
element-wise filtering functions (e.g., the absolute value
function). Another aggregation function takes the max-
imum absolute value of the vector: maxabs(x) =
maxk|xk|. If we combine a virtual bias identity layer in
phase 1, which gives gout as the spatial contribution, with
the maxabs function for aggregation, we obtain at each spa-
tial location the gradient [29] method: maxk|gout

k |.
As for CAM [39] and Grad-CAM [27], we cannot di-

rectly use the spatial contributions extracted at each loca-
tion because they spatially average gout.4 However, for
architectures that use global average pooling followed af-
ter their convolutional layers (e.g., ResNet architectures),
gout

u = ḡout. Then, CAM and Grad-CAM and CAM
can be viewed as combining a virtual scaling identity layer
from phase 1 with summing and positive filtering (i.e.,
filter+(x) = (x)+) functions for aggregation.

NormGrad. The sum and max functions have clear in-
terpretations when using bias or scaling identity layers;
however, they cannot be easily transported to convolutional
identity layers as interactions between input channels can
vary depending on the output channel and are represented
as a matrix, not as a vector as are the case for scaling and
bias layers. Thus, we would like to have an aggregation
function that could be used to aggregate any type of spatial
contribution, regardless of its shape.

Using the norm function satisfies this criterion, for ex-
ample the L2 norm when dealing with vectors and the
Frobenius norm for matrices. We note that the matrices ob-
tained at each location for convolutional layers are the outer

4Because CAM global average pooling + one fully connected layer,
gout is equal to the fully connected weights.
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Phase 1 Phase 2 Saliency map
Bias IDL Max maxk gout

k

Scaling IDL Sum
∑

k gout
k xout

k

Scaling IDL F + N ‖(gout ⊙ xout)+‖
Conv 1 × 1 IDL Norm ‖gout‖‖xout‖
Real Conv 3 × 3 Norm ‖gout‖‖xin

3×3‖

Table 2. Combining layers and aggregation functions for
saliency. gout

k and xout
k are tensor slices for channel k and contain

only spatial information. IDL denotes an identity layer. F + N is
positive filtering + norm. From top to bottom, the rows correspond
to the following saliency methods: 1., gradient, 2., linear approxi-
mation, 3., NormGrad selective, 4., NormGrad, and 5., NormGrad
without the virtual identity trick.

products of two vectors. For such matrices, the Frobenius
norm is equal to the product of the norms of the two vectors.
For example, for an existing 1 × 1 convolutional layer, we
consider the saliency map given by ‖gout‖‖xin‖. We call
this class of saliency methods derived by using norm as an
aggregation function, “NormGrad”.

Saliency maps from the NormGrad outlined above are
not as class selective as other methods because they high-
light the spatial locations that contribute the most to gra-
dient of the weights, both positively and negatively. One
way to introduce class selectivity is to use positive filtering
before applying the norm. If we apply norm and positive
filtering aggregation to a scaling identity layer, the resulting
saliency map is given by ‖(gout ⊙xout)+‖. Throughout the
rest of the paper, we call this variant “selective NormGrad”.

4. Experiments

In this section we quantitatively and qualitatively evalu-
ate the performance of a large number of backpropagation-
based saliency methods. Code for our framework is released
at http://github.com/srebuffi/revisiting_
saliency. Additional experiments such as image cap-
tioning visualizations are included in the appendix.

Experimental set-up. Unless otherwise stated, saliency
maps are generated on images from either the PASCAL
VOC [7] 2007 test set or the ImageNet [6] 2012 valida-
tion set for either VGG16 [29] or Resnet50 [12]. For
PASCAL VOC, we use a model pre-trained on ImageNet
with fine-tuned fully connected layers on PASCAL VOC.
We use [9]’s TorchRay interpretability package to generate
saliency methods for all other saliency methods besides our
NormGrad and meta-saliency methods as well as to evaluate
saliency maps on [38]’s Pointing Game (see [38] for more
details). For all correlation analysis, we compute the Spear-
man’s correlation coefficient [21] between saliency maps
that are upsampled to the input resolution: 224 × 224.

4.1. Justifying the virtual identity trick.

In order to justify our use of the virtual identity trick, we
compare NormGrad saliency maps generated at 1 × 1 and
3 × 3 convolutional layers both with and without the vir-
tual identity trick (4th and 5th rows respectively in table 2)
for VGG16 and ResNet50. We first computed the correla-
tions between saliency maps generating with and without
the virtual identity trick. We found that the mean corre-
lation across N = 50k ImageNet validation images was
over 95% across all layers we tested. We also evaluated
their performance on the Pointing Game [38] and found
that the mean absolute difference in pointing game accuracy
was 0.53% ± 0.62% across all layers we tested (see supp.
for more details and full results). This empirically demon-
strates that using the virtual identity trick closely approxi-
mates the behavior of calculating the spatial contributions
for the original convolutional layers.

4.2. Combining saliency maps across layers.

Training linear classifiers on top of intermediate rep-
resentations is a well-known method for evaluating the
learned features of a network at different layers [2]. This
suggests that saliency maps, too, may have varying levels
of meaningfulness at different layers.

We explore this question by imposing several weight-
ing methods for combining the layer-wise saliency maps of
ResNet50 and VGG16 and measuring the resulting perfor-
mance on PASCAL VOC Pointing Game on both the “diffi-
cult” and “all” image sets. To determine the weight γj for a
given layer j out of J layers in a network we use:

1. Feature spread. Given the set of feature activations
at layer j, xi for i ∈ M input images sampled
uniformly across classes, compute the spatial mean
x̄i =

∑
u∈Ω xi

u. γj = 1
M

∑M
i=1 |x̄i − x̄µ| where

x̄µ = 1
M

∑M
i=1 |x̄i|.

2. Classification accuracy. Given the set of feature ac-
tivations at layer j, xi for i ∈ M input images sam-
pled uniformly across classes, train a linear layer Ψ
using image labels yi. γj = 1

M

∑M
i=1 δΨ(xi),yi where

δΨ(xi),yi = 1 if Ψ(xi) = yi, 0 otherwise.

3. Linear interpolation. γj = j
J .

4. Uniform. γj = 1
J .

To obtain a combined saliency map M from maps mj from
each layer j, the weights are normalised and applied either
additively, M =

∑J
j=0 γj · mj , or with a product, M =∏J

j=0 m
γj

j (see fig. 2 for visualization).
Table 3 shows that weighted saliency maps produce the

best overall performance in all four key test cases, which
is surprising as there were only four weight schemes tested
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Figure 2. Saliency maps at different network depths and as a weighted combination. Linear approximation vs. selective NormGrad
saliency maps of VGG16 on VOC2007. The first 5 images of each row correspond to different depths whereas the last one is a weighted
product combination (using classification accuracy weights) of the first saliency maps. We observe that the weighted version produces
more fined grained maps for both methods.

All Difficult
Resnet50 VGG16 Resnet50 VGG16
b.s. b.w. b.s. b.w. b.s. b.w. b.s. b.w.

CEB 90.7 88.6 82.1 78.2 82.2 82.2 67.0 65.2
EB 84.5 83.1 77.5 75.7 71.5 71.3 57.8 56.1
GC 90.3 90.5 86.6 80.6 82.3 82.6 74.0 67.8
Gd 83.9 83.3 86.6 82.7 70.3 69.4 66.4 67.4
Gds 80.0 77.4 76.8 77.2 62.9 59.5 57.9 59.4
Gui 82.3 81.0 75.8 74.4 67.9 63.4 53.0 51.6
LA 90.2 91.2 86.4 86.9 81.9 83.8 74.5 77.4
NG 84.6 83.5 81.9 81.8 72.2 70.2 64.8 64.6
sNG 87.4 88.7 86.0 86.8 77.0 79.1 72.6 74.5

Table 3. Pointing game results on VOC07. b.s. and b.w. stand
for best single layer and best weighted combination. (C)EB: (Con-
trastive) Excitation Backprop, GC: GradCAM, Gd(s): Gradient
(sum), Gui: guided backprop, LA: linear approximation, (s)NG:
(selective) NormGrad.
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Figure 3. Select Pointing Game results. Results for ResNet50
on VOC07 at different network depths (A: all images; D: difficult
subset). Grad-CAM performs worse at every layer except the last
conv layer and lower than pointing at the center (all: 69.6%; diff:
42.4%) at most layers.

(in addition to best single layer), none of which were ex-
plicitly optimised for use with saliency maps. Our re-
sults strongly indicate that linear approximation in partic-
ular benefits from combining maps from different layers,
and linear approximation with layer combination consis-
tently produces the best performance overall and beats far
more complex methods at weak localisation using a single
forward-backward pass (see supp. for full results).

Note that the feature spread and classification accuracy
metrics can both be used as indicators of class sensitiv-
ity (section 4.3). This is because if feature activations are
uniform for images sampled across classes, it is not pos-
sible for them to be sensitive to - or predictive of - class,
and the classification accuracy metric is an explicit quanti-
sation of how easily features can be separated into classes.
We observe from the computed weights that both metrics
generally increase with layer depth (see supp.).

Gr
ad

-C
AM

conv2 conv3 conv4 conv5

Figure 4. Grad-CAM failure mode. Grad-CAM saliency maps
w.r.t. “tiger cat” at different depths of VGG16. Grad-CAM only
works at the last conv layer (rightmost col).

Explanation of Grad-CAM failure mode. Figure 4
showed qualitatively that Grad-CAM does not produce
meaningful saliency maps at any layer except the last convo-
lutional layer, which is confirmed by Grad-CAM’s Pointing
Game results at earlier layers. Class sensitivity - as mea-
sured by our weighting metrics - increasing with layer depth
offers an explanation for this drop in performance. Since
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Grad-CAM spatially averages the backpropagated gradi-
ent before taking a product with activations, each pixel lo-
cation in the heatmap receives the same gradient vector
(across channels) irrespective of the image content con-
tained within its receptive field. Thus, if the activation map
used in the ensuing product is also not class selective - fir-
ing on both dogs and cats for example, fig. 4 - the saliency
map cannot be. On the other hand, methods that do not
spatially average gradients such as NormGrad (fig. 3) can
rely on gradients that are free to vary across the heatmap
with underlying class, increasing the class sensitivity of the
resulting saliency map.

4.3. An explicit metric for class sensitivity
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Figure 5. Class sensitivity with and without meta-saliency. Min
class saliency maps that use meta-saliency (row 2 and 4, right col)
are less informative than those that don’t use meta-saliency (rows
1 and 3, right col). Class 1 is the ground truth class (fence), class 2
is the maximally predicted class (Cardigan Welsh corgi), min class
is the minimally predicted class (black widow spider).

[20] qualitatively shows that early backprop-based meth-
ods (e.g., gradient, deconvnet, and guided backprop) are not
sensitive to the output class being explained by showing that
saliency maps generated w.r.t. different output classes and
gradient signals appear visually indistinguishable. Thus,
similar to [1], we introduce a sanity check to measure a
saliency method’s output class sensitivity. We compute the
correlation between saliency maps w.r.t. to output class pre-
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Figure 6. Class sensitivity of saliency methods. This plot shows
the correlation between VGG16 saliency maps computed w.r.t. to
the maximally and minimally predicted class (closer to zero is bet-
ter).
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Figure 7. Meta-saliency improves class sensitivity for all
saliency methods. Using meta-saliency yields weaker correla-
tions between the saliency maps w.r.t. the maximally and mini-
mally predicted output class compared to not using meta-saliency
(lower is better).

dicted with highest confidence (max class) and that pre-
dicted with lowest confidence (max and min class respec-
tively) for N = 1000 ImageNet val. images (1 per class).

We would expect saliency maps w.r.t. the max class to
be visually salient while those w.r.t. to the min class to be
uninformative (because the min class is not in the image).
Thus, we desire the correlation scores to be close to zero.

Figure 6 shows results for various saliency methods. We
observe that excitation backprop and guided backprop yield
correlation scores close to 1 for all layers, while contrastive
excitation backprop yields scores closest to 0. Furthermore,
methods using sum aggregation (e.g., gradient [sum], lin-
ear approx, and Grad-CAM) have negative scores (i.e., their
max-min-class saliency maps are anti-correlated). This is
because sum aggregation acts as a voting mechanism; thus,
these methods reflect the fact that the network has learned
anti-correlated relationships between max and min classes.

4.4. Meta-saliency analysis

As a general method for improving the sensitivity of
saliency heatmaps to the output class used to generate the
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gradient, we propose to perform an inner SGD step before
computing the gradients with respect to the loss. This way
we can extend any saliency method to second order gradi-
ents. This is partly inspired by the inner step used in, for
example, few shot learning [8] and architecture search [18].
We want to minimize:

L(θ, x) = ℓ(θ − ǫ∇θℓ(θ, x), x). (4)

We take ǫ ≪ 1 to use a Taylor expansion of this loss at θ
and we now have the resulting approximated loss:

L(θ, x) ≈ ℓ(θ, x) − ǫ‖∇θℓ(θ, x)‖2. (5)

As done in the previous section, we can now take the gradi-
ent of the loss with respect to the parameters θ:

∇θL(θ, x) ≈ ∇θℓ(θ, x) − 2ǫ∇2
θℓ(θ, x)∇θℓ(θ, x). (6)

Using a finite difference scheme of step h as in [23], we can
approximate the hessian-vector product by:

∇2
θℓ(θ, x)∇θℓ(θ, x) =

∇θℓ(θ, x) − ∇θ−ℓ(θ−, x)

h
+ O(h).

where θ− = θ − h∇θℓ(θ, x). We chose on purpose a back-
ward finite difference such that two terms cancel each other
when taking h = 2ǫ and we get:

∇θL(θ, x) ≈ ∇θ′ℓ(θ′, x).

where θ′ = θ−2ǫ∇θℓ(θ, x) corresponds to one step of SGD
of learning rate 2ǫ. We notice that if we take ǫ → 0, this for-
mula boils back down to the original gradient of the weights
without meta step. We further note that this meta saliency
approach only requires one more forward-backward pass
compared to usual saliency backpropagation methods.

Conversely, if we would like to get an importance map
that highlights the degradation of the model’s performance,
we should add an inner step with gradient ascent within
the loss. Hence by minimizing the resulting loss −ℓ(θ +
ǫ∇θℓ(θ, x), x), we get the same formula for the gradients
of the weights but with θ′ = θ + 2ǫ∇θℓ(θ, x).

We hypothesize that applying meta-saliency to a saliency
method should decrease correlation strength because allow-
ing the network to update one SGD step in the direction of
the min class should “destroy” the informativeness of the
resulting saliency map. We use a learning rate ǫ = 0.001
for the class sensitivity quantitative analysis. Figure 5
shows qualitatively that this appears to be the case: with-
out meta-saliency, selective NormGrad and linear approx-
imation yield max (class 2) and min class heatmaps that
are highly positively and negatively correlated respectively.
However, when meta-saliency is applied, the min class
saliency map appears more random. Figure 7 shows results
comparing the max-min class correlation scores with and

without meta-saliency. These results demonstrate that meta-
saliency decreases max-min class correlation strength for
nearly all saliency methods and suggest that meta-saliency
can increase the class sensitivity for any saliency method.

4.5. Model weights sensitivity

[1] shows that some saliency methods (e.g., Guided
Backprop in particular) are not sensitive to model weights
as they are randomized in a cascading fashion from the end
to the beginning of the network. Figure 8 shows qualita-
tively that, by the late conv layers, saliency maps for lin-
ear approximation and selective NormGrad are effectively
scrambled (top two rows). It also highlights that, because
meta-saliency increases class selectivity and is allowed to
take one SGD in the direction of the target class, it takes
relatively longer (i.e., more network depth) to randomize a
meta-saliency heatmap (bottom row and see appendix).
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Figure 8. Model weights sensitivity. Sanity check by randomiz-
ing VGG16 model weights in a cascading fashion for the “Irish
terrier” image from [1]. Top row: selective NormGrad, middle
row: linear approximation, bottom row: linear approximation with
meta-saliency (lower correlation with orig heatmap [leftmost col]
is better). All methods look random after conv4 3. By compar-
ing the last two rows at conv5 3, we see the that meta-saliency
enforces more class sensitivity than the non-meta variant.

5. Conclusions

We introduced a principled framework based on the con-
tribution of each spatial location to the weights’ gradient.
This framework unifies several existing backpropagation-
based methods and allowed us to systematically explore the
space of possible saliency methods. We use it for example
to formulate NormGrad, a novel saliency method. We also
studied how to combine saliency maps from different layers,
discovering that it can consistently improve weak localiza-
tion performance and produce high resolution maps. Fi-
nally, we introduced a class-sensitivity metric and proposed
meta-saliency, a novel paradigm applicable to any existing
method to improve sensitivity to the target class.
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There and Back Again: Revisiting Backpropagation Saliency Methods
Supplementary Material

A. Pointing Game details

We use [6]’s Pointing Game for quantitative evalua-
tion of saliency methods. Saliency maps are computed
with respect to every object class present in each image.
If the maximally salient point for each class lands on the
ground truth annotation for that object (within a thresh-
old of 15 pixels), then a “hit” is recorded; otherwise, a
“miss” is recorded. Pointing game accuracy is computed as
the mean over per-class accuracies given by the following:

|hits|
|hits+misses| .

We evaluate VGG16 and ResNet50 networks that have
been trained on ImageNet and fine-tuned on PASCAL VOC
and COCO. We evaluate on the PASCAL VOC 2007 test
split (N = 4952 images) and COCO 2014 val split (N ≈
50k). We also show performance on the difficult subsets
of the data provided by [6]; these are images for which the
total area of the annotations (bounding boxes for PASCAL
VOC and segmentation masks for COCO) for the given ob-
ject class is less than 25% of the image size and for which
there is at least one other object class present. We use [2]’s
TorchRay library for evaluation; see [6] for more details.

B. Virtual identity trick correlations

We computed the correlation between saliency maps
generated both with and without the virtual identity trick
(paper section 4.1). The high correlation shown in Table 1,
as well as the minimal difference in pointing game perfor-
mance (0.53%±0.62%) demonstrates that the identity trick
closely approximates the behaviour of calculating the spa-
tial contributions for the original convolutional layers.

Architecture Layer Correlation
ResNet50 layer1.0.conv1 99.48 ± 0.55
ResNet50 layer2.0.conv1 99.32 ± 0.35
ResNet50 layer3.0.conv1 99.16 ± 0.42
ResNet50 layer4.0.conv1 98.35 ± 1.05
VGG16 features.2 97.77 ± 1.34
VGG16 features.7 99.15 ± 0.42
VGG16 features.14 98.99 ± 0.57
VGG16 features.21 97.79 ± 1.42
VGG16 features.28 94.33 ± 3.09

Table 1. Correlations between saliency maps generated with
and without the virtual identity trick. For both VGG16 and
ResNet50, the high values of correlation across the network (min
of 94.33) justify the use of the identity trick.

ResNet50 VGG16
All Difficult All Difficult

CEB layer3 layer4 feat.29 feat.29
EB layer4 layer4 feat.29 feat.29
GC layer4 layer4 feat.29 feat.29
Gd layer2 layer2 feat.29 feat.22
Gds layer2 layer2 feat.8 feat.8
Gui layer3 layer3 input input
LA layer4 layer4 feat.29 feat.29
NG layer3 layer3 feat.22 feat.22
sNG layer4 layer4 feat.29 feat.29

Table 2. Best individual layer for the Pointing game on VOC07.
(C)EB: (Contrastive) Excitation Backprop, GC: GradCAM, Gd(s):
Gradient (sum), Gui: guided backprop, LA: linear approximation,
(s)NG: (selective) NormGrad.

C. Performance of combining saliency maps
As noted in paper section 4.2, feature spread and classi-

fication accuracy are both interpretable as measures of fea-
ture sensitivity with respect to the class of the input image.
Figure 1 shows that both increase with network depth, with
the exception of feature spread for VGG16, which decreases
in the last two layers despite simultaneously increasing clas-
sification accuracy. We note that classification accuracy is a
more reliable metric than feature spread as it directly codes
for the separability of features with respect to class, whereas
feature spread is susceptible to non-material differences in
the absolute scale of activation values across layers. In the
case of VGG16, this means the features in the last two lay-
ers differ less across images (and hence, classes) in absolute
terms, but are nonetheless highly discriminative of class.

The performance gains of our weighting schemes over
using the best individual layer are given in table 3. The best
individual layers for computing maps are given in table 2,
which is notable as in no case does the practice of com-
puting saliency at the earliest layer produce the best perfor-
mance.

D. Meta-saliency analysis
We hypothesized that meta vs. non-meta saliency maps

should be less correlated for validation images than for
training images. This is because the inner gradient step of
meta-saliency should not be as impactful for a seen training
image as for an unseen validation image.

For both NormGrad and selective NormGrad, we evalu-
ated over time the average correlation between the impor-
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Figure 1. Weights for the different weighting methods. VGG16
on top and ResNet50 on the second row.

tance maps with and without meta-saliency on the training
and testing sets respectively. Figure 2 demonstrates that the
correlation scores are indeed decreased for validation im-
ages.

E. Model weights sensitivity
In fig. 5, we show the effects of cascading randomization

on linear approximation and selective NormGrad methods
by using the same images as [1] (“junco”, “corn” and “Irish
terrier”) to illustrate the model weights sensitivity.

Qualitatively, both methods - with and without meta-
saliency - demonstrate the desired sensitivity to model
weights as the saliency maps progressively lose focus from
the object target as layer depth decreases. We also observe
that using meta-saliency on top of the chosen base saliency
method (shown on every other line of fig. 5) delays the
degradation in saliency maps to earlier layers.

F. Image captioning
We show in this section a few examples of our pro-

posed selective NormGrad method applied to the image
captioning setting. We use a variant [4] of the original
neuraltalk2 [3] with a ResNet101 as backbone network fol-
lowed by the LSTM caption model. As in [5] we do a back-

ResNet50 VGG16
All Difficult All Difficult

LA + accuracy 0.57 1.47 0.22 2.09
LA + spread 0.81 1.66 -3.01 -7.18
LA + linear 0.68 0.74 0.36 2.22
LA + uniform 0.58 1.29 -0.61 -0.20
LA × accuracy 0.87 1.84 0.42 2.91
LA × spread 1.01 1.78 -2.92 -6.80
LA × linear 0.52 0.72 0.49 2.87
LA × uniform 0.32 0.83 -0.25 0.52
sNG + accuracy 1.08 1.37 0.48 0.85
sNG + spread 0.94 1.40 -3.66 -6.43
sNG + linear 0.94 1.67 0.62 0.85
sNG + uniform 0.25 0.54 -0.93 -2.55
sNG × accuracy 1.26 1.65 0.83 1.88
sNG × spread 1.12 2.09 -3.13 -6.18
sNG × linear 0.63 0.95 0.72 0.62
sNG × uniform 0.89 1.79 -0.27 -1.76

Table 3. Score gains compared to best individual layer per-
formance for weighting methods with Linear Approximation
(LA) and selective NormGrad (sNG) on the Pointing game on
VOC07. Paper showed that LA and sNG benefit from weighting
methods. Here we can observe that using the weights as exponents
in a product (lines with ×) is the most effective solution for both
LA and sNG on ResNet50 and VGG16. Both the weightings us-
ing the features spread and the layer accuracy perform the best on
ResNet50 but only the layer accuracy perform consistently across
datasets and saliency methods.

ward pass using the log probability of the generated caption
as objective function. We apply selective NormGrad be-
fore the final global average pooling and at the ReLU layers
just after the downsampling shortcuts of the third and fourth
macro blocks. We also compare these saliency maps with
the product combination map of these layers using a linear
weighting scheme (see section 4.2 in the paper). We no-
tice in fig. 6 that using a combination of layers produces a
sharper saliency map than for individual layers.
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Figure 2. Correlation between meta and non-meta saliency
maps over time for train and val splits. For both NormGrad
(top) and selective NormGrad (bottom), the correlation is lower
on the validation split.
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Figure 5. Model weights sensitivity on VGG16. Linear Approximation and selective NormGrad with and without meta-saliency.



Figure 6. Image captioning explanations. Selective NormGrad is applied at different layers or combination of layers (last column) of a
ResNet101. We observe that saliency maps at individual layers highlight a big part of the images. Using a combination of layers allows a
clearer focus on the important parts of the images.
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Figure 7. Visualizations for some methods of the Extract & Aggregate framework at different layers of VGG16. The gradient
backprogation method (first row) works well at all stages except at the end of the network. Selective NormGrad (last row), NormGrad
(third row) and Linear Approximation (second row) perform well across the network. Finally we can observe that selective NormGrad and
Linear Approximation are more class selective than NormGrad as the non targeted ”tiger cat” appears more in the third row.
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Abstract

Replay in neural networks involves training on sequential data with memorized sam-
ples, which counteracts forgetting of previous behavior caused by non-stationarity.
We present a method where these auxiliary samples are generated on the fly, given
only the model that is being trained for the assessed objective, without extraneous
buffers or generator networks. Instead the implicit memory of learned samples
within the assessed model itself is exploited. Furthermore, whereas existing work
focuses on reinforcing the full seen data distribution, we show that optimizing
for not forgetting calls for the generation of samples that are specialized to each
real training batch, which is more efficient and scalable. We consider high-level
parallels with the brain, notably the use of a single model for inference and recall,
the dependency of recalled samples on the current environment batch, top-down
modulation of activations and learning, abstract recall, and the dependency between
the degree to which a task is learned and the degree to which it is recalled. These
characteristics emerge naturally from the method without being controlled for.

1 Introduction

The ability to learn effectively from sequential or non-stationary data remains a fundamental difference
between human brains and artificial neural networks. The development of biological brains is impaired
when the environment changes too fast [Wood, 2016]. On the other hand, it has long been observed
that artificial neural networks catastrophically forget previously learned behavior when data is
presented in a sequential manner [McCloskey and Cohen, 1989]. In other words, while biological
learning favors datastreams that focus on one task at a time, the effectiveness of stochastic gradient
descent depends on the opposite quality of exposure to all tasks within a small temporal window.

The retention of learned behavior in neural networks can be increased with experience replay, enforced
non-distributedness, or parameter-level regularization. Of these, replay is perhaps the most promising
approach. Parameter-level regularization has been shown to underperform [Chaudhry et al., 2019,
van de Ven and Tolias, 2019], likely due to restricting change with excessive stringency [Ramapuram
et al., 2020]. Non-distributed representations limit parameter sharing a priori, preventing interference
but sacrificing on memory efficiency and transfer [French, 1991, Bengio et al., 2013].

Replay, where training is augmented with auxiliary batches intended to capture previously seen
data [Robins, 1995], avoids both these issues as it allows for constraints to be imposed at functional
level over a distributed representation. However, existing work generally uses buffers or generator
networks to memorize the seen data [Chaudhry et al., 2019, Shin et al., 2017]. Buffers are memory
inefficient, and generator networks have proved difficult to train for natural images given only
sequential data [Lesort et al., 2019a, Aljundi et al., 2019a]. In both cases it is also inconvenient to
require additional memory for data memorization, especially as the model being trained for directly
pertinent tasks already has an implicit memory of past training samples.

NeurIPS 2020 Workshop on BabyMind, Vancouver, Canada.



Figure 1: Automatic Recall Machines. In each stage, the model or recalled samples (green) are
optimized for objective (blue) and updated (red). Reinforcing the resulting maximally interfered B̂X
with old outputs from fθ optimally minimizes forgetting of fθ′ , because in theory if the maximal
divergence between old and new non-local behavior is 0, then all such divergences are 0. Thus
training on B updates local behavior while training on B̂ protects behavior in the rest of input space.

The goal of this work, Automatic Recall Machines (ARM), is to optimally exploit the implicit memory
in the tasks model for not forgetting, by using its parameters for both inference and generation (fig. 1).
Instead of attempting to reproduce the full seen data distribution, we generate specifically the optimal
samples conditioned on the current real batch, which is more efficient and scalable. Our derivation
shows that these samples are the points in input space whose outputs are maximally changed given
training on the real batch, providing an explanation for why training with the most dissonant related
sample is optimal for not forgetting, an intuition that was used in Aljundi et al. [2019a]. Memory
reconsolidation in humans also appears to favor conflicting experiences [Sinclair and Barense, 2018].

We use recall to refer to internally generated replay. Automatic refers to recall being a direct conse-
quence of learning on the environment. Without an initial learning step, there is no change in knowl-
edge held by the network to compensate for and thus no recall; vice-versa, environmental batches
that cause a significant change in network knowledge induce more learning from recall (eq. (6)). In
the brain, experiences associated with higher surprise and thus representational change also increase
the intensity of replay during and after the experience [Cheng and Frank, 2008, O’Neill et al., 2008].

2 Automatic Recall Machines

Given the space of outputs, Y = {1, . . . , C}, and space of inputs, for example images X =
[0, 1]3×H×W , define the knowledge of the categorical neural network fθ as its graph:

graph(fθ) = {(x, y) ∈ X × Y : fθ(x) = y}. (1)

When training on real batch B ⊂ D from non-stationary datastream D ⊂ X × Y to obtain updated
parameters θ′, we would like the difference between old θ and new θ′ to amount to a local change
in knowledge. θ could be the snapshot of parameters immediately preceding θ′ or, more generally,
preceding θ′ by T ≥ 1 timesteps, since we make no assumption that T = 1. Let BX and BY denote
the inputs and output targets of B. Define knowledge preservation or not forgetting as:

∀x̂ ∈ X . ¬ local(x̂;B, fθ, fθ′) : fθ(x̂) = fθ′(x̂) (2)
where local(x̂;B, fθ, fθ′) = fθ(x̂) ∈ BY ∨ fθ′(x̂) ∈ BY . (3)

This states that predictions for the input space should be the same for fθ and fθ′ , except inputs
mapped to the classes in B i.e. classes currently being trained. Equation (2) is satisfied iff:

max
x̂∈X

¬ local(x̂;B,fθ,fθ′ )
D(fθ′(x̂), fθ(x̂)) = 0, (4)

Figure 2: Real B and generated B̂ for MNIST. Images in the top row were initialized from the image
below before being optimized by recall (eq. (8)).
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where D indicates divergence; we use the symmetric Jensen-Shannon divergence. From eq. (4), we
see that in order to suppress the forgetting of non-local knowledge, the maximally violating input
should result in no violation. Hence the best knowledge preserving parameters in each training
iteration on original batch B can be given by:

θ∗ = argmin
θ′

[(
1

N

∑

(x,y)∈B
L(fθ′(x), y)

)
+ sup

x̂∈X
¬ local(x̂;B,fθ,fθ′ )

D(fθ′(x̂), fθ(x̂))

]
, (5)

where L denotes the original tasks loss, which is cross-entropy in our experiments. This can be
approximated by:

θ∗ = argmin
θ′

[(
1

N

∑

(x,y)∈B
L(fθ′(x), y)

)
+ λ0 L(fθ′(x̂

∗), fθ(x̂
∗))

]
(6)

where x̂∗ = argmax
x̂∈X

¬ local(x̂;B,fθ,fθ′ )

D(fθ′(x̂), fθ(x̂)), (7)

with x̂∗ being the maximally violating input. The key idea is replaying maximally violating inputs
with their old targets minimizes the maximal divergence between old model fθ and new model fθ′ ,
thus optimizing for not forgetting via eq. (4). Note no gradient exists for x̂∗ until θ′ 6= θ. This
is what is meant by automatic (section 1); the optimization signal during recall (eq. (7)) and from
recall (eq. (6)) scales with the change between θ and θ′. In practice, we fill a full replay batch of
M > 1 images, B̂X , by maximising:

recall(B̂X ;B, fθ, fθ′) =[
1

M

∑

x̂∈B̂X

(
D(fθ′(x̂), fθ(x̂)) +

λ1

C

∑

y∈set(BY )

L(fθ(x̂), y) +
λ2

C

∑

y∈set(BY )

L(fθ′(x̂), y)

)]
+ reg(B̂X ; fθ).

(8)

This is eq. (7) applied to each element of the batch with the constraint on local converted into
regularization terms. B̂Y = [fθ(x̂) : x̂ ∈ B̂X ], set(BY ) = {y : y ∈ BY } and C = | set(BY )|.
Regularization across the batch is provided by reg:

reg(B̂X ; fθ) = λ3H(B̂Y )−
(
λ4

M

∑

ŷ∈B̂Y

L(ŷ, argmax(ŷ))

)
− λ5L2(B̂X)− λ6TV (B̂X), (9)

comprising of entropy maximisation with sharpening to prevent duplication, and L2 norm and total
variation minimization to smooth inputs [Mahendran and Vedaldi, 2015, Yin et al., 2019]. H denotes
entropy. The full training procedure is given in algorithm 1 in Appendix.

3 Experiments

3.1 Quantitative results

We use standard “class-incremental” training and evaluation protocol on sequential CIFAR10-5,
MiniImageNet-20 and MNIST-5k-5 [Aljundi et al., 2019a], where suffix indicates number of tasks.
On CIFAR10 and MiniImageNet, replaying 100 recalled images with ARM outperforms experience
replay (ER) with 100 real stored images, regardless of whether MIR is used for the latter (tables 1
and 5). On MiniImageNet, replaying 100 recalled images with ARM achieves comparable perfor-
mance to ER with 500 stored real images, whilst more than halving the use of additional memory.

Unit lag is perhaps the most interesting variant of ARM from the perspective of biological plausibility,
as the old network is the current network at the start of each training iteration, hence additional memory
cost is 0. Performance drops, as using an extremely proximal version of parameters for distillation
allows for more drift. However, ARM still outperforms ADI and standard distillation (table 2).

3.2 Self-reinforcing loop between task performance and recall

ARM reduces forgetting, observable in table 1 and fig. 4 where accuracies remain elevated beyond the
training window of the task. In particular, we observed that the first task was simultaneously strongly
recalled (fig. 3) and performed (fig. 4) throughout training, far beyond its own training window.
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Method +Sample mem. +Model mem. M Accuracy Forgetting
#images MB #params MB

Naive SGD† 0 0 0 0 0 55.2± 5.0 -

ER 200 0.61 0 0 10 27.5± 1.2 50.5± 2.4
ER-MIR 200 0.61 0 0 10 29.8± 1.1 50.2± 2.0
iCarl (5 iter) 200 0.61 0 0 - 28.6± 1.2 49.0± 2.4
GEM 200 0.61 0 0 - 16.8± 1.1 73.5± 1.7
ER 100 0.31 0 0 10 22.4± 1.1 66.2± 6.2
ER-MIR 100 0.31 0 0 10 23.6± 0.9 61.4± 1.8

Naive SGD 0 0 0 0 0 15.0± 3.1 69.4± 4.7
GEN 0 0 8.63M 34.5 100 15.3± 0.5 61.3± 5.1
GEN-MIR 0 0 9.50M 38.0 40 15.3± 1.2 61.0± 1.2
Distill (LwF) 0 0 1.09M 4.38 100 19.2± 0.3 60.9± 3.9
ADI 0 0 1.09M 4.38 100 24.8± 0.9 12.0± 4.5
ARM 0 0 1.09M 4.38 100 26.4± 1.2 8.07± 5.2

Table 1: Sequential CIFAR10. † denotes station-
ary. Chance accuracy is 10.0.

Distill (LwF) ADI ARM

Baseline (CIFAR10) 19.2± 0.3 24.8± 0.9 26.9± 1.1

Unit lag (T = 1) 15.8± 2.6 14.4± 1.6 16.3± 1.8
No distill - 20.0± 0.8 24.4± 1.7

Table 2: Testing distillation based methods:
unit lag and removing standard distillation.

Figure 3: History of recalled classes during
training for different diversity λ3, CIFAR10.

(a) MNIST (b) CIFAR10 (c) MiniImageNet

Figure 4: Recall causes characteristic changes to learning behavior. Tasks are retained beyond their
training window and positive backwards transfer [Lopez-Paz and Ranzato, 2017] is observed.

The model tended to fixate on this strongly recalled task to the detriment of performance on other
tasks, which were also not as strongly recalled. The interplay between performance and recall is
expected as recall in ARM depends entirely on the implicit memory of the tasks model; if a class is
not retained by the tasks model, optimization cannot recover meaningful samples for that class from
the weights. This forms a parallel with the biological brain, where increased hippocampal replay
leads to increased task performance [Schuck and Niv, 2019] and vice versa [Mattar and Daw, 2018].

3.2.1 Abstract nature of recall

Images from real BX provide a favorable initialization in the optimization for maximally interfered
B̂X , since interference scales with the amount of feature overlap between them. For MNIST, the
recalled images are clearly reminiscent of the class of their associated target (fig. 2); for CIFAR10
and MiniImageNet, this is not the case, as the recalled images resemble their initialized images with
added noise. However, we found that training on recalled samples produced gradients that were
consistently more correlated with those produced from training on real images from the target class
than real images from the originator class, with strongest correlations in the highest layers (fig. 7).
Thus we found that it was not necessary for input samples to empirically resemble a particular class
for the representation of that class to be reinforced, and it was the upper or abstract layers of the
network where the most meaningful representational changes were induced by recall. In the brain,
mental imagery is thought not to propagate to the retina [Pearson et al., 2015], which has led to the
idea of replay from intermediate levels in neural networks [van de Ven et al., 2020]. However, this
requires fixing parameters unaffected by replay, due to lack of protection from forgetting. ARM
demonstrates that replaying samples at input-output level, and thus protecting the trained network
end-to-end, has effects that can nonetheless be characterized as abstract.

3.2.2 Natural avoidance of unseen classes

ARM does not include any constraints on avoiding unseen classes. Remarkably, we discover that
it naturally does so, across diversity weights (empty lower triangles, fig. 3). This is likely because
unseen classes have relatively undiscriminative representations, having thus far been trained not to
activate, and are therefore de-prioritized in the optimization for samples with diverging outputs.

4 Conclusion
Avoiding catastrophic forgetting in artificial neural networks naturally gives rise to recall mechanisms
reminiscent of human cognition. Internally generated, conditional replay is a promising approach
that reduces catastrophic forgetting, memory complexity, and outperforms other forms of generative
replay on natural images.
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Broader Impact
This work deals with artificial neural networks internally generating imagined data. Research at the
intersection of machine and biological intelligence has the potential to give back to neuroscience and
further the understanding of our own cognition, which is a deeply compelling objective. Removing
the need to explicitly store buffered data also helps algorithms overcome data protection requirements.
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A Appendix

A.1 Background

In this section we discuss four underlying principles of our method.

A.1.1 Distributed representations

ARM trains a single neural network for all tasks, avoiding tables and task-specific parameters, as these
factors introduce enforced non-distributedness. Neural networks generally implement distributed
representations, meaning inputs are represented by overlapping patterns. Distributedness allows for
high memory efficiency [Bengio et al., 2013]; for example, n bits stores 2n patterns if overlap is
allowed and n if not. Overlap also means representations are shared between and thus optimized
across tasks, minimising redundancy from duplication. Behaviour generalises to patterns not present
in training, which is not true of non-distributed representations such as lookup tables [French, 1991].

Tables and buffers [Graves et al., 2014, Mnih et al., 2013, Chaudhry et al., 2019] are examples
of non-distributed representations, having separated cells that allow for atomic updates without
interference, but sacrificing on memory efficiency, transfer and generalisation [French, 1991, Bengio
et al., 2013]. Rather than allowing the degree of distributedness to be naturally determined from
optimization for an objective, as seen in neural network training, non-distributedness is enforced a
priori. Dynamic architectures [Rusu et al., 2016] also exploit separation, as previous parameters can
be isolated as tasks change, resulting in high memory complexity with respect to the number of tasks.

Data representation in the brain is distributed, where the number of stimuli that can be represented
increases exponentially with the number of neurons [Rolls et al., 1997]. Distributedness varies,
with for example regions implicated in fast-learning episodic memory exhibiting greater pattern
separation [Kumaran et al., 2016], but on a continuous spectrum rather than with the hard difference
seen between neural network and tabular representations.

A.1.2 One model for inference and recall

In ARM the invertibility of the tasks model, with its implicit memory of past training samples, is
used to generate recalled samples. Buffers or models trained for sample generation are not used.

In contrast, replay methods typically require extra memory explicitly dedicated to the auxiliary
task of sample memorisation, either in the form of buffers [Chaudhry et al., 2019, Aljundi et al.,
2019a,b, Riemer et al., 2018, Rebuffi et al., 2017, Rolnick et al., 2019] or dedicated generators [Shin
et al., 2017, Kamra et al., 2017, Lavda et al., 2018, Lesort et al., 2019b, Atkinson et al., 2018,
Kemker and Kanan, 2017]. Some parameter-level constraints (i.e. non-replay) also make use of
buffers [Lopez-Paz and Ranzato, 2017, Chaudhry et al., 2018]. Buffers being non-distributed are
relatively memory inefficient. Generator networks have so far proved difficult to train given only
non-stationary data in class-incremental settings [Lesort et al., 2019a, Aljundi et al., 2019a]. Notable
exceptions with internal generation, with key differences to our method highlighted, include Adaptive
DeepInversion [Yin et al., 2019] (generates full seen data distribution, so classes are arbitrarily pre-
selected and representativeness of batch statistics is enforced), and Replay-through-Feedback [van de
Ven et al., 2020, van de Ven and Tolias, 2018] (tasks model is overlaid with encoder of VAE,
thus shares decoder parameters in symmetric case; again, sampling is intended to represent full
distribution).

The brain also appears to share memory for inference and recall; namely the same neurons activated
during experiences are re-activated during their recall [Gelbard-Sagiv et al., 2008, Carr et al., 2011].

A.1.3 Functional rather than parameter-level constraints

A neural network can have multiple instantiations with different parameter values that execute the
same overall behavior [Williamson and Helmke, 1995]. Thus explicit constraints aimed at preventing
changes in function should be specified at the functional level, i.e. input-output, rather than at
parameter level, as noted in Ramapuram et al. [2020]. Note the two are related as functional-level
constraints are implemented as parameter-level constraints in parametric models, and parameter-level
constraints also constrain function; the difference lies in that a functional-level constraint can be
implemented as multiple parameter-level constraints but not vice-versa. The stringency of parameter
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level regularization may explain its underperformance compared to replay [van de Ven and Tolias,
2019, Chaudhry et al., 2019]. ARM offers the benefit of being data-free, like some parameter level
regularizers, while being a replay method and therefore constraining at functional level.

Like ARM, LwF [Li and Hoiem, 2017] is an example of imposing functional constraints without
needing to explicitly store the seen data distribution. Unlike ARM, the replay samples are taken from
the current batch without optimization. Similarly, ARM is a form of distillation [Hinton et al., 2015].

Parameter-level methods include EWC [Kirkpatrick et al., 2017], SI [Zenke et al., 2017], GEM [Lopez-
Paz and Ranzato, 2017], A-GEM [Chaudhry et al., 2018], Meta Continual Learning [Vuorio et al.,
2018], IMM [Lee et al., 2017], Memory Aware Synapses [Aljundi et al., 2018]. These methods
generally explictly anchor either the values or gradients of parameters from excessively changing.

From an evolutionary perspective, it is overall behavior that is directly implicated for survival, as
opposed to the local behaviour of specific neurons. For example, a major influence on representations
in the brain is optimization for rewards from tasks [Miller and Cohen, 2001].

A.1.4 Conditionality of recall and top-down modulation

In ARM, recalled samples are optimized given model snapshots separated by training on the current
real batch, and are thus conditioned on the latter. Thus we avoid the replay-all-seen-tasks paradigm
that is inefficient and unsustainable for large numbers of tasks. Furthermore, by generating subsequent
training inputs by backpropagation - analogous to a forward pass in the opposing direction - ARM
exhibits literal top-down modulation of subsequent activations and learning within the tasks network.

Few generative replay methods (appendix A.1.2) consider conditionality on the temporally local
environment. Rather, most aim to reproduce the full seen data distribution, with the idea that training
a network with replay simulates stationary training when replay is representative [Shin et al., 2017].
Thus randomization is used to select from buffers or choose codes or classes for decoding samples. In
contrast, Aljundi et al. [2019a] is a replay method that selectively replays based on prediction change
caused by training on the current real batch. ARM provides a theoretical argument for why this is
reasonable, as well as using internal generation instead of external buffers or generators.

Human recall is also a response conditioned on the environment as opposed to uniformly sampled
across all knowledge. Memory retrieval is conditioned on current sensory input [Carr et al., 2011].
Top-down modulation is a form of conditionality where activations representing higher-level or
downstream concepts influence the activations of lower-level or upstream representations, reversing
the bottom-up processing direction [Miller and Cohen, 2001]. It is believed that many of the cognitive
capabilities associated with the prefrontal cortex, namely various forms of reasoning, depend on its
top-down attentional modulation of other areas, conditioned on the current goal [Miller and Cohen,
2001, Russin et al., 2020]. Note that the backpropagation algorithm itself can be seen as a form of
attentional modulation of lower-level representations based on higher-level activations. However,
unlike the brain, which is highly recurrent [Kumaran et al., 2016], this top-down modulation is
truncated in that it does not yield subsequent forward pass activations nor additional learning steps.
In ARM, this is corrected as an initial learning step produces recalled inputs, yielding subsequent
activations and an additional learning step for reinforcing these activations. This allows for a chain of
inference induced by training on the environment that is longer than 1 pass over memory.

Algorithm 1: Automatic Recall Machines with distillation
1 Require: randomly initialized fθ , data D, lag T , batch sizes N and M , steps S, rates η0,1 and λ0...6.
2 θ′ = θ
3 for t ∈ [0, |D|) do
4 B = Dt
5 θ′ = θ′ − η0∇θ′ 1

N

∑
(x,y)∈B L(fθ′ (x), y) . inference and learning on D

6 B̂X = BX [i0..M−1], i ∼ U(0, N − 1)
7 for s ∈ [0, S) do
8 B̂X = B̂X + η1∇B̂X recall(B̂X ;B, fθ, fθ′ ) . infer recalled samples

9 θ′ = θ′ − η0∇θ′ 1
M+N

∑
x̂∈B̂X

⋃BX λ0 L(fθ′ (x̂), fθ(x̂)) . learn on recalled samples
10 if (t+ 1) % T = 0 then
11 θ = θ′

9



A.2 Datasets

Dataset Tasks Classes Classes per task #Train #Test #Val Batch size |B|
CIFAR10 5 10 2 47.5K 10K 2.5K 10
MiniImageNet 20 100 5 45.6K 12K 2.4K 10
MNIST 5 10 2 5K 10K 3K 10

Table 3: Dataset statistics.

Datasets are summarized in table 3 and follow Aljundi et al. [2019a]. Pre-processing was not used
except resizing MiniImageNet images to 84x84 as standard.

A.3 Evaluation

Average accuracy and forgetting (average drop in accuracy) were measured on a held-out test set at
the end of training on all tasks, as defined in Chaudhry et al. [2019].

Average accuracy. Let ai,j denote performance on the test set of task j after training on task i. The
average accuracy after task T is:

AT =
1

T

T∑

j=1

aT,j . (10)

Forgetting. Average forgetting after task T is:

FT =
1

T − 1

T−1∑

j=1

fTj (11)

where f ij = max
l∈{1,··· ,i−1}

al,j − ai,j . (12)

A.4 Architectures and memory computations

Following Aljundi et al. [2019a], ResNet18 was used for CIFAR10 and MiniImageNet, and a multi-
layer perceptron with two hidden layers was used for MNIST. The number of parameters for each is
given in tables 1, 5 and 6. To compute auxiliary memory usage, we assumed 3 bytes (RGB) or 1 byte
(grayscale) per pixel for sample memory, and 4 bytes (single precision floating point) per parameter
for model memory.

A.5 Hyperparameters

Dataset η0 η1 λ0 : B̂X λ0: BX λ1 λ2 λ3 λ4 λ5 λ6 S

MNIST 0.05 25.0 1.0 1.0 1.0 0.1 16.0 0.1 1.0 1.0 10
CIFAR10 0.01 10.0 1.0 1.0 1.0 0.1 16.0 0.1 1.0 1.0 10
MiniImageNet 0.01 10.0 1.0 2.0 1.0 0.1 1.0 1.0 1.0 1.0 10

Table 4: Hyperparameters.

Hyperparameter values were selected based on performance on a held-out validation set. A grid search
was conducted on CIFAR10 for λ1...4 and other values were finalized by ablation. Hyperparameters
for ARM experiments in tables 1, 5 and 6 are given in table 4. Experiments in table 2 use the same
values except λ4 = 1.0 for no distill, and an additional weight of 8.0 on D (eq. (8)) for unit lag, as we
found it was beneficial to increase the emphasis on maximal divergence in this case. Hyperparameter
values for ADI and LwF were determined in the same manner. The implementation of Aljundi et al.
[2019a] was used for ER and GEN experiments.

A.6 Code

The implementation can be found at www.github.com/xu-ji/ARM.
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Figure 5: Optimal diversity weight (?) is negatively correlated with the number of classes.

A.7 Experiments

A.7.1 Protocol

Tasks are sequential and formed by partitioning training classes equally. Output classes are uncon-
strained throughout training and evaluation (single head, Farquhar and Gal [2018]). Batch size is
kept constant as it affects effective task training length. As in Aljundi et al. [2019a], replay begins
from the end of the 1st task. The update lag T is set as the number of training iterations per task
(equivalently, updating when a batch contains novel classes) [Aljundi et al., 2019a] but we also
test unit lag. Hyperparameters are selected using validation set, evaluation uses test set, and our
experiments are repeated 5 times. Hyperparameters and ablations are given in the Appendix.

Few generative methods target class-incremental learning on natural images, which is very difficult in
our online single-pass setting. Other works generally test online generation on digits (MIR [Aljundi
et al., 2019a], GEN [Shin et al., 2017]), pre-processed features [Kemker and Kanan, 2017], or avoid
class-incremental learning by viewing entire datasets as a single task (ADI [Yin et al., 2019]).

A.7.2 Tunable diversity of recall

We use almost identical hyperparameters across all three datasets, as in most cases the same values
work well. Varying diversity via λ3 biases recall towards sparse or dense (fig. 3). High λ3 = 16 is
optimal for MNIST and CIFAR10 while low λ3 = 1 is optimal for MiniImageNet (fig. 5), which
benefits more from selectivity as the space of possible choices is much larger. With a low diversity
weight on CIFAR10, we observed a natural prioritization of recent classes (fig. 3, left). This is likely
due to reduced but present forgetting causing a decrease in the discriminativeness of older class
representations relative to recent classes, resulting in the latter being highlighted in the optimization
for samples with diverging outputs. In the brain, replay is also most prevalent immediately following
an experience, and decays with time [Kudrimoti et al., 1999, Karlsson and Frank, 2009].

A.7.3 Benefits of optimized selection and distributed memory

We hypothesized that the performance boost from allowing classes to be selective (ARM, *-MIR) as
opposed to random (ADI, ER, GEN) would be most obvious with a large number of classes. The
benefit of distributed (ARM, ADI, GEN-*) over non-distributed (ER-*) data stores should also be
more obvious due to the lower memory complexity of distributed representations (appendix A.1.1).

Method +Sample mem. +Model mem. M Accuracy Forgetting
#images MB #params MB

Naive SGD† 0 0 0 0 0 25.2± 4.7 -

ER 500 10.6 0 0 10 5.60± 0.4 55.2± 1.2
ER-MIR 500 10.6 0 0 10 5.40± 0.4 55.8± 0.9
ER 100 2.12 0 0 10 4.20± 0.4 58.6± 0.9
ER-MIR 100 2.12 0 0 10 4.00± 0.0 59.2± 0.9

Naive SGD 0 0 0 0 0 3.80± 0.2 51.2± 2.0
GEN 0 0 27.1M 108 10 2.33± 0.3 34.3± 0.7
GEN-MIR 0 0 27.1M 108 20 2.00± 0.0 35.3± 0.5
Distill (LwF) 0 0 1.16M 4.63 100 4.89± 0.2 41.6± 1.6
ADI 0 0 1.16M 4.63 100 2.99± 0.6 8.11± 2.1
ARM 0 0 1.16M 4.63 100 5.53± 0.8 11.9± 2.7

Table 5: Sequential MiniImageNet. † denotes
stationary. 3 task iterations made, as with Aljundi
et al. [2019a]; stationary uses 3 epochs. Chance
accuracy is 1.0.

Method +Sample mem. +Model mem. M Accuracy Forgetting
#images MB #params MB

Naive SGD† 0 0 0 0 0 87.1± 0.6 -

ER 50 0.04 0 0 10 62.8± 3.1 42.0± 3.7
ER-MIR 50 0.04 0 0 10 63.8± 4.6 40.6± 5.9
ER 25 0.02 0 0 10 51.6± 2.7 57.0± 3.3
ER-MIR 25 0.02 0 0 10 51.6± 2.6 56.4± 3.3

Naive SGD 0 0 0 0 0 18.8± 0.5 95.6± 2.7
GEN 0 0 1.14M 4.58 40 79.3± 0.6 19.5± 0.8
GEN-MIR 0 0 1.08M 4.31 100 82.1± 0.3 17.0± 0.4
Distill (LwF) 0 0 478K 1.91 10 33.3± 2.5 58.0± 1.7
ADI 0 0 478K 1.91 10 55.4± 2.6 11.5± 5.0
ARM 0 0 478K 1.91 10 56.3± 2.6 21.8± 1.6

Table 6: Sequential MNIST. † denotes stationary.
Chance accuracy is 10.0.
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Unfortunately, datasets with more classes are also more difficult in general, with lower baseline or
chance performance. However, we were able to verify both these hypotheses on the 100 classes
of MiniImageNet (table 5). The 2.5% accuracy boost from ARM compared to ADI equates to the
learning of 2.5 additional classes or 50% of a task. In contrast, the boost on MNIST equates to only a
tenth of a class or 5% of a task (table 6). On MiniImageNet, storing the old model costs 4.6MB but
achieves comparable performance to storing 500 images at a cost of 10.6MB.

A.7.4 Lower memory complexity than external generative replay

External generative replay methods GEN and GEN-MIR perform worse than ARM on natural
images (tables 1 and 5), despite incurring greater memory costs. This is because 3 additional
networks must be stored: old and new versions of the generator network and an old version of the
tasks network, whereas ARM uses only the latter. In particular, GEN and GEN-MIR struggled on
MiniImageNet and underperformed the naive SGD baseline. These results support the hypothesis
that for online continual learning on datasets of moderate to high complexity, obtaining meaningful
samples from the existing tasks model is easier than training a separate generator.

A.7.5 Ablation

Accuracy Forgetting

Baseline (CIFAR10) 26.4± 1.2 8.07± 5.2

λ1 = 0, λ2 = 0 22.8± 1.8 29.1± 2.0
λ3 = 0 15.3± 1.3 4.17± 0.9
λ4 = 0 25.7± 2.0 6.69± 5.4
λ5 = 0 25.8± 1.2 6.95± 5.1
λ6 = 0 26.4± 1.7 6.36± 3.7

M = 150 (+50) 26.3± 0.9 16.5± 5.5
M = 50 (-50) 24.4± 1.2 5.71± 4.5
S = 20 (doubled) 25.1± 1.1 8.11± 7.2
S = 5 (halved) 24.6± 1.5 13.5± 8.4

Cross-entropy asD 24.6± 1.2 24.9± 5.2
Random noise init B̂X 16.0± 1.4 4.00± 1.1
Recall 2x per t 17.5± 0.6 0.57± 0.5
Recall 4x per t 17.4± 1.0 0.44± 0.9

Table 7: Ablation study on CIFAR10. Each
result makes a change from the baseline.

(a) (b)

Figure 6: CIFAR10 with 2 recalls per timestep t.
Contrast with fig. 3 right, and fig. 4b.

The contributions of different ARM implementation details were measued with ablation (table 7).
Among the least important was image regularization; L2 norm (λ5) and TV minimization (λ6) were
added mainly for fairness with ADI, which also uses them. ARM still outperformed ADI without
them. The most important factors were initializing recalled samples from the real batch instead of
random noise, and using entropy weight (λ3) to minimize duplication.

M is used to denote auxiliary replay batch size. Note the material “size” for replay is not M , but
additional persistent memory size. Deliberate subsampling of the buffer (M less than size of buffer)
is used in Aljundi et al. [2019a], which prevents identical replay batches across training iterations.
This does not apply to ARM as replay images are not sampled from a fixed buffer. On CIFAR10, we
found an increase in performance up to M = 100 and diminishing returns thereafter.

Our implementation does not provide a formal guarantee of not forgetting as we only recall once
per training iteration, taking a single learning step towards minimizing divergence (algorithm 1,
line 9). We tested increasing the number of training steps from recall, looping from line 9 to line 6
in algorithm 1. This was found to lead to very strong recall of the first task throughout the training
sequence, despite high λ3 (fig. 6), and decreased overall performance (table 7). ARM typically
demonstrates a warm-up phase with fixation on the first task gradually reducing to accommodate
other tasks (fig. 4), which was suppressed in this case (appendix A.7.5). This result underlines the
need to consider both forgetting and accuracy, as a near eradication of forgetting (< 1% average
drop in accuracy, table 7) is not necessarily indicative of optimal overall performance. In summary,
balanced training with one recall batch per real batch was found to perform best in our experiments.
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A.7.6 Gradients study

Layer Corr. class 1 Corr. class 2

Conv 1 0.034± 0.281 0.205± 0.254
Conv 2 0.036± 0.262 0.259± 0.214
Conv 3 0.048± 0.315 0.344± 0.234
Conv 4 0.036± 0.362 0.366± 0.277
Conv 5 0.012± 0.308 0.419± 0.210
FC 0.002± 0.365 0.687± 0.143

All 0.032± 0.278 0.355± 0.196

(a) Hard targets (one-hot) B̂Y

Layer Corr. class 1 Corr. class 2

Conv 1 0.016± 0.270 0.084± 0.275
Conv 2 0.001± 0.263 0.080± 0.261
Conv 3 -0.017± 0.312 0.060± 0.323
Conv 4 -0.046± 0.364 0.040± 0.388
Conv 5 -0.052± 0.313 0.096± 0.332
FC -0.096± 0.351 0.137± 0.395

All -0.030± 0.279 0.071± 0.298

(b) Soft targets B̂Y
Figure 7: Despite x̂ resembling class 1 at pixel level (a), training on x̂ produces gradients more
correlated with training on real images of class 2 than real images of class 1, with correlation being
strongest in the highest layers of the network. Hard targets (b) are considered as well as soft (c) for
fairness, as real samples use hard targets. Results shown on CIFAR10 using 1K random samples of x̂.

As discussed in section 3.2.1, training on recalled samples produced gradients that were consistently
more correlated with those produced from training on real images from the target class than real
images from the originator class, in particular in the highest layers (fig. 7), even when recalled samples
resembled the originator class at pixel level to the human eye. This was observed across all datasets
and architectures, including both convolutional ResNet and multilayer perceptrons. Gradients within
each layer were normalized for correlation, so this behavior is not attributable to varying magnitudes.
Rather, it indicates that similarities in output targets have greater influence than similarities in input
space in the computation of gradients, supporting the argument that recalled targets are material
and should be optimized rather than arbitrary (appendix A.1.4). In short, recalled samples can be
deceptive at pixel level and require an analysis of gradients to understand the relation to training on
real images.

Computing correlations for fig. 7 and tables 9 and 10 involved gradients computed from 1K real
samples and 1K recalled samples per dataset. The underlying models were taken from the end of
training and parameters were fixed. Gradients for each parameter block (i.e. weights and biases)
were linearized and normalized. 2 dot products were computed per parameter block and recalled
sample, between the gradients induced by recall and the gradients induced by training on each of 2
randomly selected real samples belonging to the recalled sample’s originator class (class 1) and target
class (class 2) respectively. Results were collected per layer and averaged over recalled samples and
parameter blocks.

Layer Corr. class 1 Corr. class 2

Conv 1 0.061± 0.316 0.246± 0.287
Conv 2 0.032± 0.274 0.282± 0.241
Conv 3 0.028± 0.326 0.414± 0.258
Conv 4 -0.031± 0.264 0.474± 0.198
Conv 5 -0.181± 0.195 0.556± 0.142
FC -0.014± 0.084 0.726± 0.084

All -0.036± 0.218 0.439± 0.177

(a) Hard targets (one-hot) B̂Y

Layer Corr. class 1 Corr. class 2

Conv 1 0.065± 0.319 0.212± 0.302
Conv 2 0.022± 0.273 0.262± 0.259
Conv 3 0.034± 0.315 0.381± 0.273
Conv 4 -0.040± 0.247 0.433± 0.216
Conv 5 -0.200± 0.190 0.505± 0.186
FC -0.019± 0.070 0.655± 0.156

All -0.043± 0.212 0.401± 0.197

(b) Soft targets B̂Y
Table 9: MiniImageNet.

Layer Corr. class 1 Corr. class 2

FC 1 0.022± 0.178 0.255± 0.176
FC 2 0.012± 0.168 0.325± 0.228
FC 3 0.002± 0.264 0.675± 0.160

All 0.012± 0.181 0.418± 0.181

(a) Hard targets (one-hot) B̂Y

Layer Corr. class 1 Corr. class 2

FC 1 0.013± 0.182 0.055± 0.196
FC 2 0.015± 0.207 0.072± 0.246
FC 3 0.004± 0.311 0.100± 0.293

All 0.011± 0.216 0.076± 0.233

(b) Soft targets B̂Y
Table 10: MNIST.
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Abstract

Lifelong learning capabilities are crucial for artificial autonomous agents operating
on real-world data, which is typically non-stationary and temporally correlated. In
this work, we demonstrate that dynamically grown networks outperform static net-
works in incremental learning scenarios, even when bounded by the same amount
of memory in both cases. Learning is unsupervised in our models, a condition that
additionally makes training more challenging whilst increasing the realism of the
study, since humans are able to learn without dense manual annotation. Our results
on artificial neural networks reinforce that structural plasticity constitutes effective
prevention against catastrophic forgetting in non-stationary environments, as well
as empirically supporting the importance of neurogenesis in the mammalian brain.

1 Introduction

Artificial agents and autonomous robots should be able to learn in a lifelong manner, continually
acquiring and fine-tuning knowledge through interaction with the environment [1]. Since real-world
data is naturally non-stationary - for example, video may focus on different scenes or objects in
adjacent temporal blocks - it is desirable for learning algorithms to operate on non-stationary input
distributions without suffering from catastrophic forgetting [2], i.e. forgetting modes of the function
that had previously been retained. For instance, if a trained object classification model is subsequently
shifted to a different set of objects, it would proceed to forget the original set due to a representation
shift, which is quantitatively observable via decreasing classification accuracy on previously learned
classes. In addition to catastrophic forgetting, the requirement for dense human annotations used by
standard regression techniques is also undesirable as such labels are typically not present in real-world
learning scenarios. Furthermore, since storing previously encountered data samples is expensive,
learning algorithms should be able to replay learned schema to consolidate internal representations,
allowing for continual learning in the absence of external sensory stimulation [3].

The mammalian brain remains the best model of unsupervised incremental learning, which makes
biologically-inspired learning algorithms a compelling approach. Proposed solutions for mitigating
catastrophic interference in this domain have focused on regulating intrinsic levels of plasticity to
protect acquired knowledge given a fixed number of neurons [5, 6, 13], dynamically allocating new
neurons to accommodate novel dissimilar knowledge [7, 8, 16], and sample replay to simulate a
stationary distribution in its absence [9, 15]. The general notion of structural plasticity is widely
used across machine learning literature, for example in fine-tuning learned networks by appending
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new layers [16], making it a promising solution to lifelong learning in its own right, even when
disregarding biological desiderata. In previous work [9], we introduced a self-organizing neural
architecture which combines the latter two ideas, updating synaptic connectivity patterns using an
unsupervised competitive Hebbian learning rule, augmenting input via memory replay, and growing
new neurons when activation levels fall short of an empirically defined neural activity threshold. The
growing self-organizing network is composed of a dynamic set of recurrent neurons for learning
the spatiotemporal structure of input sequences and has been successfully applied to incremental
object and action recognition from videos [8, 9]. However, the question arises whether the process of
neurogenesis functionally contributes to achieving better performance or if the same performance
could be achieved by the use of sufficiently large networks in similar experimental set-ups.

In this work, we disentangle the factor of neurogenesis in mitigating catastrophic forgetting. We
test GWR on both static and growing architectures, with the capacity of the latter bounded by the
size of the former for fairness, otherwise any improvements in performance could be attributed to a
greater memory capacity. Allowing neurogenesis results in an accuracy improvement on the CORe50
dataset [10] for incrementally learned object recognition, compared to a static network with memory
equal to the maximum bound, showing that neurogenesis functionally contributes to preventing
forgetting. The network trained with neurogenesis was also able to retain newly trained classes faster,
which is particularly interesting given that the stability-plasticity dilemma suggests lower retention
rates are required to mitigate forgetting [4], as fast retention contravenes representation stability.

2 Growing Self-Organizing Memory

Neurogenesis and synaptic rewiring via structural plasticity play a crucial role in the formation of
memory from episodic experience [11]. A biological function of structural plasticity is to increase
information storage efficiency in terms of space and energy demands. The definition of storage
capacity is the number of memory associations represented by activity patterns at different times,
so that memories are identified with patterns of neural activity that can be updated, stabilized, and
evoked by modified synaptic connectivity. From a modeling perspective, neural networks that grow
neurons and develop connectivity patterns over time have the advantage of mitigating the disruptive
interference of existing internal representations when learning from novel sensory observations.

Here, we focus on growing recurrent self-organizing networks that learn the spatiotemporal structure
of the input in an unsupervised fashion. The recurrent Grow-When-Required (GWR) network [8]
can dynamically grow or shrink in response to the input distribution. New neurons will be created to
better represent the input and connections between neurons will develop according to competitive
Hebbian learning, i.e. neurons that are activated simultaneously will be connected to each other. The
network is composed of a dynamic set of neurons, A, with each neuron consisting of a weight vector
wj and a number K of context descriptors cj,k (wj , cj,k ∈ Rn). Given the input x(t) ∈ Rn, the index
of the best-matching unit (BMU), b, is computed as:

b = arg min
j∈A

(dj), (1)

dj = α0‖x(t)− wj‖2 +
K∑

k=1

αk‖Ck(t)− cj,k‖2, (2)

Ck(t) = β · wt−1
b + (1− β) · ct−1b,k , (3)

where ‖ · ‖2 denotes the Euclidean distance, αi and β are constant values that modulate the influence
of the temporal context, wt−1

b is the weight vector of the BMU at t− 1, and Ck ∈ Rn is the global
context of the network with Ck(t0) = 0. If K = 0, then Eq.2 resembles the learning dynamics of
the standard GWR without temporal context [12]. For a given input x(t), the activity of the network,
a(t), is defined in relation to the distance between the input and its BMU (Eq. 1) as follows:

a(t) = exp(−db), (4)

thus yielding the highest activation value of 1 when the network can perfectly match the input
sequence (db = 0). Each neuron is equipped with a habituation counter hj ∈ [0, 1] expressing how
frequently it has fired based on a simplified model of how the efficacy of a habituating synapse
reduces over time. Newly created neurons start with hj = 1, with the habituation counter of the
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BMU, b, and its neighboring neurons, n, iteratively decreased towards 0. The habituation rule [12]
for habituating a neuron i is given by:

∆hi = τi · κ · (1− hi)− τi, (5)

with i ∈ {b, n} and where τi and κ are constants that control the monotonically decreasing behavior.
Typically, hb is habituated faster than hn by setting τb > τn. The network is initialized with two
neurons, which is the minimum required for the discriminative ability.

At each learning iteration, a new neuron is created whenever the activity of the network, a(t), in
response to the input x(t) is smaller than a given insertion threshold aT . Furthermore, hb must be
smaller than a habituation threshold hT in order for the insertion condition to hold, thereby fostering
the training of existing neurons before new ones are added. The new neuron is created halfway
between the BMU and the input. The training of the existing neurons is carried out by adapting the
BMU b and the neurons n to which the BMU is connected:

∆wi = εi · hi · (x(t)− wi), (6)

∆ci,k = εi · hi · (Ck(t)− ci,k), (7)
with i ∈ {b, n} and where εi is a constant learning rate (εn < εb). Furthermore, the habituation
counters of the BMU and the neighboring neurons are updated according to Eq. 5. Connections
between neurons are updated on the basis of neural co-activation, i.e. when two neurons fire together,
a connection between them is created if it does not yet exist.

Our previously reported experiments [9] show that growing self-organizing networks outperform a
variety of proposed supervised lifelong learning approaches [5,10,13,14] evaluated on the CORe50
dataset [10] (see Table 1 and 2 in Supplementary Material for a quantitative comparison with other
approaches). The performance improved partly due to the recurrent learning dynamics of the networks
that better capture the spatiotemporal structure of the input sequences and the replay of statistically
significant neural activity patterns to mitigate the catastrophic forgetting during incremental learning.
The latter mechanism relies on the periodic re-activation of previously learned neural patterns. This
allows the consolidation of internal representations in the absence of external sensory input. However,
an empirical assessment of the contribution of neurogenesis to the overall performance has not
been conducted. (For details on the generation of neural activation trajectories and input sequence
classification, see Sec. 5 in Supplementary Material.)

3 Experiments

We performed a series of experiments with two different models, a growing self-organizing network
and a static self-organizing network (see Fig. 2.A in Supplementary Material). There are no separate
training and test phases, i.e. the model learns and triggers behavior at the same time. For our
catastrophic forgetting experiments, sequential input becomes incrementally available over time and
direct access to previously encountered data samples is restricted as each data sample is seen only
once. The maximum number of neurons for both models is equal, i.e. the growing network starts
with two neurons and incrementally grows (as described in Sec. 2) with Nmax being the upper-bound
number of neurons, whereas the static network will be trained with a fixed numberNmax of randomly
initialized neurons.

We evaluated the performance of the models on the CORe50 dataset for continuous object recogni-
tion [10]. The CORe50 comprises 50 objects (instances) within 10 categories with image sequences
captured in 11 different sessions containing multiple views of the same objects, varying background,
object pose, and degree of occlusion (Fig. 2.B). We used 128× 128 RGB images at a frame rate of
5hz. For a direct comparison with previously reported experiments [9, 10], the feature extraction
module consists of a VGG model pre-trained on the ILSVRC-2012 dataset to which we applied
a convolutional operation with 256 1x1 kernels on the output of the fully-connected hidden layer,
reducing its dimensionality from 2048 to 256. Therefore, the self-organizing network receives a
256-dimensional feature vector per sequence frame. We conducted our experiments on the task of
instance-level object classification, using the samples from sessions #3, #7, #10 for testing and the
samples from the remaining 8 sessions for training.

For comparison, we first trained static and dynamic networks with standard iid-sampled batches,
increasing Nmax from 500 to 2500 in intervals of 100. In general, a greater number of neurons
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Figure 1: Incremental learning of object instances with a static and a growing model. Accuracy
averaged across 10 learning trials with randomly shuffled training sessions.

corresponded to a better overall accuracy. For details see Table 3 and Figure 3. These experiments
demonstrate that the static networks took longer to achieve competitive performance compared to
dynamic networks (33 epochs versus 16), because the latter are able to add new neurons initialized
between the input and BMUs, i.e. quickly interpolating the input data instead of needing to be itera-
tively adapted. Fast insertion does not lead to catastrophic interference with the learned representation
since at the point of insertion, the rest of the neural representation does not depend on the weights of
the novel neuron (see [9] for an extensive discussion).

In the incremental learning experiment, we trained the models with mini-batches containing 5
instances per category, with one training iteration per mini-batch (i.e. previously encountered mini-
batches are not shown again to the model). We trained the models with and without memory replay
and set Nmax = 2500 for a comparison with the batch learning strategy. Fig. 1 shows the average
number of neurons and overall accuracy across 10 trials of randomly shuffled acquisition sessions
for the incremental learning task. For both models, the overall accuracy decreases as the number of
encountered categories increases. However, the static model shows the worst performance since one
training epoch per mini-batch is not sufficient to consolidate the representations. While in the batch
learning strategy the static model required a larger number of epochs to achieve a similar performance
to the dynamic model, in the incremental case the former leads to significant disruptive interference
as the number of encountered categories increases. After having encountered 10 categories, the static
model shows an overall accuracy of 32.41% with respect to the 83.24% achieved by the dynamic
model (i.e. a difference of approx. 50%). The use of memory replay did not significantly improve the
performance of the static network. This is because memory replay relies on the retrieval of neural
activation trajectories which, in the case of the static network, do not represent the input well.

4 Open Issues and Future Work

We showed that self-organizing networks with additive neurogenesis show a better performance
than a static network with the same number of neurons, thereby providing insights into the design
of neural architectures in incremental learning scenarios when the total number of neurons is fixed.
However, there are additional research directions to complement this study. First, we have focused on
the process of neurogenesis whereas we have not investigated the dynamic development of synaptic
patterns. Neurophysiological studies evidence that network connectivity is a crucial parameter
because the ability of a network to retain memories scales in proportion to the number of synapses per
neuron [11]. Consequently, one could quantitatively assess the contribution of different degrees of
network connectivity and representational sparsity. Second, we have considered additive neurogenesis
without investigating the aging and removal of rarely activated neurons and connections. This aspect
is crucial for allowing to forget (not catastrophically) in networks of limited size. Finally, additional
theories suggest that one function of neurogenesis in the mammalian hippocampus is the encoding
of time for the formation of temporal associations in memory [17]. While it has been shown that
unsupervised multisensory binding is possible through the use of unisensory self-organizing networks,
e.g., from co-occurring audio-visual input [18], the use of neurogenesis for temporal memory binding
remains to be investigated.
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Supplementary Material

5 Recurrent GWR and Memory Replay

For the purpose of memory replay in the absence of external sensory input, we generate pseudo-patterns in
terms of temporally-ordered trajectories of neural activity [9]. We use asymmetric temporal links learned by
the network to recursively reactivate sequence-selective neural activity trajectories (RNATs). We implemented
temporal connections as synaptic links that are incremented between consecutively activated neurons [18]. When
the two neurons i and j are activated at time t − 1 and t respectively, their temporal synaptic link P(i,j) is
increased by ∆P(i,j) = 1. For each neuron i ∈ A, we can retrieve the next neuron v of a prototype trajectory

5



by selecting v = arg maxj∈A\i P(i,j). After each learning episode, i.e. a learning epoch over a mini-batch of
sensory observations, we generate a RNAT, Sj , of length λ = K + 1 for each neuron j as follows:

Sj =< ws(0),ws(1), ...,ws(λ) >, (8)

s(i) = arg max
n∈A\j

P(n,s(i−1)), i ∈ [1, λ], (9)

where P(i,j) is the matrix of temporal synapses and s(0) = j. The class labels of the pseudo-patterns in Sj can
be retrieved according to Eq. 10.

For the task of classification, an associative matrix H(j, l) stores the frequency-based distribution of sample
labels during the learning phase so that each neuron j stores the number of times that an input with label l had j
as its BMU. The predicted label ξj for a neuron j can be computed as:

ξj = arg max
l∈L

H(j, l), (10)

where l is an arbitrary label. Therefore, the unsupervised network can be used for classification without requiring
the number of label classes to be predefined.

Recurrent GWR

t

Pre-trained                  
Feature Extractor

A) B)

Figure 2: A) Neural architecture with a deep feature extractor and a recurrent GWR (static or
dynamic). B) Example frames from the CORe50 dataset showing the 10 categories (columns)
comprising 5 object instances each. Adapted from [10].

Table 1: Comparison of batch learning performance for instance-level classification. We show the
accuracy for the pre-trained VGG with fine-tuning (VGG+FT) and the Growing Self-Organizing
Memory for two different configurations: growing networks with temporal context (TC) and without
TC. Best results in bold. Adapted from [9].

Accuracy (%)
Approach (Instance level: 50 classes)

VGG + FT [10] 69.08
Growing Self-Organizing Memory (No TC) [9] 70.42
Growing Self-Organizing Memory [9] 79.43
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Figure 3: Batch learning of instance-level classification with a static and a growing model (Nmax =
2500) over 35 training epochs.

Table 2: Accuracy results with the CORe50 on 3 incremental learning scenarios. Approaches denoted
with * indicate that the results for that method are based on its re-implementation by [10].

Method Avg. Acc. (%) Std. Dev. (%)
New Instances (NI)

Growing Self-Organizing Memory (with replay) [9] 87.94 1.72
Growing Self-Organizing Memory [9] 74.87 2.54
Cumulative [19] 65.15 0.66
LwF* [13] 59.42 2.71
EWC* [5] 57.40 3.80
Naïve [10] 54.69 6.18

New Classes (NC)

Growing Self-Organizing Memory (with replay) [9] 86.14 2.03
Growing Self-Organizing Memory [9] 73.02 2.91
Cumulative 64.65 1.04
iCaRL* [14] 43.62 0.66
CWR [10] 42.32 1.09
LwF* 27.60 1.70
EWC* 26.22 1.18
Naïve 10.75 0.84

New Instances and Classes (NIC)

Growing Self-Organizing Memory (with replay) [9] 87.06 2.13
Growing Self-Organizing Memory [9] 72.57 2.96
Cumulative 64.13 0.88
CWR 29.56 0
LwF* 28.94 4.30
EWC* 28.31 4.30
Naïve 19.39 2.90

Table 3: Training hyperparameters for the static and dynamic recurrent GWR networks.

Hyperparameters Value
Insertion thresholds aT = 0.3
Habituation counters hT = 0.1, τb = 0.3, τn = 0.1, κ = 1.05
Temporal depth K = 2
Temporal context α = [0.67, 0.24, 0.09], β = 0.7
Learning rates εb = 0.5, εn = 0.005
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8
Conclusions

Unsupervised learning and continual learning are often framed as separate concerns

in the literature, but are deeply connected problems. We have reviewed a number

of specific ideas in each category, but at a high level, they revolve around the same

question of generalization: how to learn on empirically observed data such that

performance on some superset of data is maximised, without complete information

of the latter. The robustness and sample efficiency problems pointed out by Chollet

in the opening quote (chapter 1) are both subsumed by this question.

Occam’s Razor (section 2.1.4) directly targets this question, arguing that simpler

models are superior for maximising incidental generalization, however it is not

clear exactly what constitutes a “simpler” or smaller neural network. The double

descent paradigm has exposed that generalization can improve with increases in

parameter size, which either invalidates using number of parameters as a size metric

or invalidates Occam’s Razor. In chapter 3 we suggested the number of activation

regions as a more meaningful size metric, but this is a post-hoc measure that

is not directly optimizable with current methods. Furthermore, we discussed in

section 2.1.4 how the size or complexity of the test data is a material consideration

when assessing generalization. The smaller the test sets generalized to, the less

valuable the learning algorithm even if it attains perfect performance, because the

purpose of the trained model is to automate inference, and the smaller or simpler the
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test set the smaller the benefit of automation. Thus the problem of generalization is

not just about test set performance, but test set diversity and complexity: the extent

to which access to a relatively small number of training samples is leveraged for

good performance on a much larger number of samples. Awareness that measures of

generalization are more meaningful given diverse and difficult test sets, where difficult

means distance from the training data by some metric (e.g. gradient decorrelation

(section 2.1.1) or human-determined semantic distance (fig. 5, chapter 3)), should

encourage the field to move away from experimenting on narrow or relatively easy

test sets. This has proved challenging however, because the prevailing attitude is to

discount the value of work that does not improve on established benchmarks (Chollet,

2019), which are overwhelmingly non-diverse in content. A thorough evaluation of

generalization would involve assessing a single model on classification, captioning,

text generation, visual question answering and navigation tasks, for instance.

It appears that poor robustness and narrow generalization go hand in hand;

the average error of a network trained specifically for image classification on a

well-curated dataset appears respectable until its wildly erroneous behaviour on

images with minor pixel corruptions is discovered (Nguyen, Yosinski, and Clune,

2015). Meanwhile, human behaviour is suboptimal in many real-world settings,

but is not wildly erroneous in the presence of novelty; humans fail well. This

suggests that average error does not matter as much as low ceilings on error;

that human learning prioritizes the retention of highly generalizable, generic

behaviours that may not attain maximal rewards in every scenario but ensure

the avoidance of worst cases. Furthermore, this is attained with a neuronal model

using distributed memory, where the number of stimuli that can be represented

increases exponentially with the number of neurons, themselves numbering in

the billions (Rolls, Treves, and Tovee, 1997), which contravenes the idea that

such simple, generalizable behaviours should be obtained through parameter size

constraints, or that catastrophic forgetting is inevitable in distributed memory.

Thus, despite their roots in biological neuronal models, major differences remain

in the way that generalization, including in unsupervised learning and continual
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learning, is approached by current neural network training methods. How this

gap will be convincingly bridged remains to be seen.
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