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Abstract

Stochastic modelling of gene regulatory networks provides an indispensable tool for
understanding how random events at the molecular level influence cellular func-
tions. A common challenge of stochastic models is to calibrate a large number of
model parameters against the experimental data. Another difficulty is to study
how the behaviour of a stochastic model depends on its parameters, i.e. whether
a change in model parameters can lead to a significant qualitative change in model
behaviour (bifurcation). This thesis addresses such computational challenges by a
tensor-structured computational framework.

After a background introduction in Chapter 1, Chapter 2 derives the order of con-
vergence in volume size between the stationary distributions of the exact chemical
master equation (CME) and its continuous Fokker-Planck approximation (CFPE).
It also proposes the multi-scale approaches to address the failure of the CFPE in
capturing the noise-induced multi-stability of the CME distribution. Chapter 3 stud-
ies the numerical solution of the high-dimensional CFPE using the tensor train and
the quantized-TT data formats. In Chapter 4, the tensor solutions are applied to
study the parameter estimation, robustness, sensitivity and bifurcation structures of
stochastic reaction networks.

A Matlab implementation of the proposed methods/algorithms is available at http:

//www.stobifan.org.
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“For it is simply a fact of observation that the guiding
principle in every cell is embodied in a single atomic as-
sociation existing only in one (or sometimes two) copy
— and a fact of observation that it results in producing
events which are a paragon of orderliness [...] the sit-
uation is unprecedented, it is unknown anywhere else

except in living matter.”

What is Life? by Schrodinger (1944)

Introduction

1.1 Stochasticity in biological systems

1.1.1 Origin of stochasticity

Randomness is ubiquitous throughout biological processes. Intracellular biochemi-
cal processes ultimately boil down to enzyme-catalysed reactions as a result of in-
termolecular collisions with the right directions (orientation) and sufficient energy
(Bowsher & Swain, 2012). These collisions are effectively unpredictable because the
irregular diffusive moment of individual molecules are stochastic. It follows that
the randomness or fluctuations in a system, from a fundamental result of theoreti-
cal statistical physics, is inversely proportional to the square root of the number of
particles (Schrodinger, 1944). Thus, processes involving low copy numbers, such as

transcription and translation, inherit high fluctuation. This noise at the molecular



level may propagate up to and influence functioning cells, tissues and organisms.
This has been proved, with the help of numerous advances in experimental tech-
niques, by observations of unavoidable randomness following gene expression, which
reveals cell-to-cell heterogeneity in even isogenic populations (Raj & van Oudenaar-
den, 2008). Such heterogeneity due to the stochastic nature of molecular interactions
is known as intrinsic noise (Raser & O’Shea, 2005).

Another source of heterogeneity can be loosely labelled environmental, or extrinsic
(Volfson et al., 2006; Shahrezaei et al., 2008). It is less specific and usually refers to
fluctuations in the amounts or states of other cellular components leading indirectly
to variation in the expression of a particular gene. Examples of extrinsic source of
noise include the number of RNA polymerase or ribosome, the stage in the cell cycle,
the quantity of the protein, mRNA degradation machinery, and the cell environment.
In general, fluctuations in upstream cellular components transmit as extrinsic noise
in the expression of downstream genes.

The functional roles of noise are critical in biological processes. A direct function
is that the biological noise drives the divergence of cell fates and enables cells to
randomly transit between different states (Balazsi et al., 2011), like forming bacte-
rial persistence (Balaban et al., 2004). Other examples of noise phenomena include
stochastic resonance, where biological signal is periodically boosted by resonating
with added noise (Douglass et al., 1993), and stochastic focusing, where cells utilize
the noise to enhance sensitivities in a gradual response mechanism (Paulsson et al.,
2000). Of course, noise also generates errors in DNA replications and thus allowing
mutation and evolution to occur (Pennington & Rosenberg, 2007).

Yet cellular functions and processes are ordered and precisely regulated. So how
do we explain the use, filtration and robustness to noise that is found in biological
systems in the presence of random interactions among cellular components? The

answers, based on a close examination of sources and consequences of noise, are



being sought through the use of stochastic models.

1.1.2 Stochastic modelling of biological systems

Stochastic modelling and simulation of biological systems have received increasing
interest in the last decade, which broadly divide into two categories: spatial-temporal
reaction-diffusion models and non-spatial (well-mixed) models. The spatial-temporal
models emphasize on the systems involving spatial transport and biochemical re-
actions, which often span multiple time and length scales (Murray, 2001). Exam-
ples include the molecular diffusion within cellular micro-domains (Truskey et al.,
2004), transportation of signalling molecules from cell membrane to nucleus (Simons
& Toomre, 2000; Takahashi et al., 2010), and cellular migration in tumour invasion
(Jiang et al., 2005). The microscopic molecular-based approaches seek to track indi-
vidual positions and and trajectories of the molecules on a continuous domain (Erban
& Chapman, 2009). The mesoscopic compartment-based approaches discretise the
spatial domain into sub-volumes, or compartments, assuming spatial homogeneity
within each compartment, and diffusion is modelled as reaction events between ad-
jacent compartments (Fange et al., 2010). There are also spatially hybrid models that
couple the molecular-based and the compartment-based models (Flegg et al., 2011).
The non-spatial stochastic models, the main interest of this thesis, rely on the
“dilute” and “well-mixed” hypothesis (Gillespie et al., 2013). The well-mixed assump-
tion requires the diffusive processes to be much faster than reactive ones, meaning
that an overwhelming amount of elastic molecular collisions have taken place before
any transitions of substances into products (Gillespie, 1976). The dilute assumption
means that the reactant molecules are well separated with average distance suffi-
ciently large compared to their diameters. To such extent, the position of molecules
become uniformly randomized in the cell, and hence we can safely ignore the spatial

organisation and concern ourselves only with the molecular populations (Gillespie,



2007).

One starting point of the non-spatial models, primarily through the work of Mc-
Quarrie (1967), is the Markov jump process formulated in the chemical master equa-
tion (CME). The CME consists of a system of coupled differential equations, and cap-
tures the variation of the probabilities that the system occupies each possible state.
The all-encompassing nature of the equation does not lend itself easily to numerical
solutions. A breakthrough was made by Gillespie (1976) for his Stochastic Simula-
tion Algorithm (SSA), a Monte Carlo formulation that generates statistically exact
trajectories identical to the original Markov process. The SSA simulates stochas-
tic realisations through recursively generating the next reaction time and the next
reaction, while the efficiency does not scale well with the complexity of the system.
Variants of the SSA have been developed to improve the computational speed, includ-
ing the next reaction method (Gibson & Bruck, 2000) and tau-leap method (Gillespie,
2001).

In the limit of large numbers of molecules, an approximated stochastic differen-
tial equation of the Langevin type can be derived from the SSA using the central
limit theorem (Gillespie, 2000). The chemical Langevin equation (CLE) is much
less formidable than the CME, because numerical solution of the CLE allows it to
step over many reaction events in the SSA. The probabilistic feature of the CLE is
characterised by the chemical Fokker-Planck equation (CFPE), that is obtained from
the truncated Kramers-Moyal expansion at the second derivative term (Kramers,
1940; Moyal, 1949b). The CFPEs are generally more analytically tractable than the
CME (Risken, 1984), and have been applied to analyse the bifurcation features of the
stochastic models (Erban et al., 2009). Another widely-used mesoscopic description
is the linear noise approximation (LNA) of the CME using the system-size expan-
sion developed by van Kampen (Van Kampen, 1992). Although its accuracy positions

midway between the CLE/CFPE and the deterministic models (Grima et al., 2011),



the LNA allows all statistical moments to be computed in close form and is suitable
to study parameter dependence in the stochastic models (Komorowski et al., 2011).
There are also many different multiscale methods tailored to simulate specific real
applications (Pahle, 2009; Crudu et al., 2009; Liu et al., 2012).

Along with improving robustness and efficiency of the SSAs, a number of avail-
able self-contained simulation packages have been developed, including, StochKit
(Sanft et al., 2011), INA (Thomas et al., 2012), COPASI (Hoops et al., 2006), STOCKS
(Kierzek, 2002) and BioNetS (Adalsteinsson et al., 2004). However, the entire atten-
tion of these existing packages has centred on the Monte Carlo formalism of the
non-spatial stochastic models, generating statistics from large ensembles of realisa-
tions. As such, features of the full probability distribution, as well as its parameter

dependence, are not fully explored.

1.1.3 Parametric analysis of stochastic models

Stochastic models usually involve a large number of model parameters that need to
be calibrated against the experimental data. This requires recursively evaluating the
parameter dependence of the model behaviours, and comparing the model predictions
with the experimental data. In the deterministic settings, predictions of a stochastic
model are mainly incorporated within its probability distribution, and therefore, ef-
ficient simulations for the probability distributions over ranges of parameter values
are favourable in many applications.

Large parameter sweeps of the full probability distribution, however, have been re-
garded as computational impractical, because both state space and parameter space
are high-dimensional. In a model of stochastic networks, the dimension of the state
space, (), is equal to the number of reacting molecular species, denoted by N. When
an algorithm, previously working with deterministic steady states, is extended to

stochastic setting, its computational complexity is typically taken to the power N.



Moreover, the exploration of the parameter space, (g, introduces another multiplica-
tive exponential complexity. Given a system that involves K uncertain parameters,
the ‘amount’ of parameter combinations to be characterized scales equally with the
volume of (g, i.e. it is taken to the power K (Hey & Nielsen, 2007).

Such exponentially scaled complexity in dimensions largely constrains the analy-
sis of the stochastic models, especially when the deterministic framework is routinely
applied in the stochastic context. Parametric analysis, such as sensitivity analy-
sis, parameter inference and bifurcation analysis, is usually, if not all, performed
by analysing the mean behaviours through repeating intensive Monte Carlo simu-
lations (Komorowski et al., 2011). Another consequence is that, since the master
equation was set up for chemical systems (Delbriick, 1940; McQuarrie, 1963), much
of the following research has been focused on reducing its all-encompassing nature
rather than incorporating more realistic features (Shahrezaei et al., 2008).

Herein, this thesis propose a tensor framework that avoids the exponential scaling
of complexity in dimensions when analysing the features of the full probability dis-
tributions of stochastic models. The tensor framework has a complexity which grows
linearly with respect to the total number of dimensions. With such framework, pa-
rameter sweeps can be treated as auxiliary parametric dimensions and performed in

a single tensor computation.

1.2 Tensor-based computations

The exponential scaling in dimensions, together with multiple phenomena discussed
above, is known as the curse of dimensionality (Bellman, 1961). It refers many things
including a universal feature of classic matrix-vector-based data format that the
memory requirements and computational cost of basic arithmetic grow exponentially

with the volume of the space (Oseledets & Tyrtyshnikov, 2009). Thus, if matrices and



vectors constitute the underlying infrastructure for solving and analysing the prob-
ability distributions of stochastic models, the problem of the curse of dimensionality
is naturally inherited. To tackle this, our work discards the traditional matrix-vector
representation, and applies the low-parametric, separable tensor representation in
analysing stochastic models.

The terminology, tensor, is commonly employed by the numerical analysis commu-
nity to specify a multidimensional array, upon which algebraic operations general-
izing matrix operations can be performed. Although sharing the same name, this
notation should not be confused with stress tensors in physics (Narasimhan, 1993)
or tensor fields in mathematics (Sharafutdinov, 1994). An Nth-order tensor is an el-
ement of a tensor product of N vector spaces, i.e., the order of a tensor is the number
of dimensions. In this representation, the entries in a Nth-order tensor are identified

by a N-tuple of indices, e.g., x;, ;, ..iy- A zero-th order tensor is a scalar, a first-order

tensor is a vector, a second-order tensor is a matrix.

Tensors are not new in stochastic analysis. When a probability distribution func-
tion f, say in dimension N = 3, is discretised on a grid, it naturally yields an third-
order tensor f, and the entry f;, i, i, houses the value of function f at nodal point
(x;,,%;5,%;3). Traditionally, this full tensor has been usually stacked, or reshaped,
into a long vector for storage and calculation purposes, but this approach has been
dubbed the curse of dimensionality. While in tensor-based algorithms, the full tensor
needs to be decomposed into and saved as single-dimensional components (factors),
and operations on the original tensor are performed through manipulating the one-
dimensional components (Kolda & Bader, 2009). In this way, the high cost of working

in high dimensions is avoided, and the efficiency would vary with different tensor de-

compositions.



1.2.1 Tensor decompositions

The idea of tensor decompositions is built upon the concept of separation of vari-
ables (Bellman, 1961), and the idea has been successfully applied to solve multi-
dimensional stationary and time-dependent partial differential equations (PDEs),
see reviews in Khoromskij (2015); Khoromskaia & Khoromskij (2015). If a PDE in a
function f(x1,x9,...,x2n) has the separable coefficients and the separable right-hand
side, the technique of the separation of variables allows one to make a substitution

of the form

flx1,%2,...,2n8) = f1(x1) falx2) -+ fn(xn), (1.1)

breaking the original PDE into N weakly coupled ordinary differential equations for
functions {f; (xi)}f:\i 1- But not all classes of functions can be represented efficiently as
a direct product. When the above form is not applicable, one may consider a natural

extension via a combination of direct products as

R
flr1,22,...,x8) = Y £ fS (2) £ (). (1.2)
r=1

The above formulation is usually referred as the separated representation, and the
number of summands, R, controls the accuracy of the decomposition (1.2). By in-
creasing R, the separated expansion could theoretically achieve arbitrary accuracy.
Such separable form allows one to manipulate with the approximation of f with lin-
ear complexity with respect to the dimension.

The discrete counterpart of the separated representation (1.2) is known as canon-
ical polyadic (CP) decomposition or CANDECOMP/PARAFAC (Hitchcock, 1927; Car-
roll & Chang, 1970). Given a full tensor, the CP decomposition is constructed via

a method that generalises the matrix singular value decomposition in a way that



higher-order tensors are represented as sums of rank-one tensors. For low separa-
tion ranks, the CP representation is very attractive for its linear scaling of complexity
in dimensions. On the downside, each linear algebra operation results in the same
object in the CP representation but with larger separation rank, and computational
cost grows. Minimizing the separation rank after each operation is essential to avoid
the rank growing uncontrollable and the representation becoming untenable. How-
ever, the existing techniques for the rank truncation of the CP representation are not
stable, and in fact, computing the CP rank is NP-hard (Hastad, 1990; Hillar & Lim,
2013) and the problem of finding the best rank-R approximation can be ill-posed
(De Silva & Lim, 2008). Thus, although conceptually easy, the CP representation
could be problematic in practice.

The Tucker format (Tucker, 1966) is an alternative for the canonical decomposi-
tion. It decomposes a tensor into a core tensor multiplied by a factor matrix in each
dimension. Truncating the separation ranks in the Tucker format is based on the
higher-order singular value decomposition (HOSVD) (De Lathauwer et al., 2000a)
developed in statistics, and thus the format is more stable. One extension of the
algorithm, the so-called reduced HOSVD (RHOSVD), introduced by Khoromskij &
Khoromskaia (2009), also provides the stable rank truncation algorithm for the class
of canonical tensors. Both numerical and analytical approximations of multivariate
functions and operators using low-rank Tucker format were discovered based on the
polynomial interpolation, see Khoromskij (2006). Such functional insight has mo-
tivated the application of the Tucker decomposition in various computational tech-
niques, for example the multi-grid scheme (Khoromskij & Khoromskaia, 2009) and
numerical solution of the large scale PDEs (Khoromskij, 2009b; Khoromskij et al.,
2011). Despite the smaller size compared to the original tensor, the resulting core
tensor in the Tucker decomposition still has a hyper-cube of parameters, and thus

suffers from the curse of dimensionality. So the format is more suitable for small or



moderate dimensions.

An alternative approach is to recursively split out the dimensions of a tensor
resulting in single-dimensional components. If the construction is progressed lin-
early, it results in the matrix product states (MPS) (Fannes et al., 1992a; Kliimper
et al., 1993; Perez-Garcia et al., 2007) and the density matrix renormalisation group
(DMRG) (White, 1992, 1993; Schollwock, 2011b) in large scale quantum chemistry
and theoretical physics computations. The procedure can also be conducted in accor-
dance with a binary tree, yielding the so-called hierarchical Tucker (HT) decomposi-
tion (Oseledets & Tyrtyshnikov, 2009; Hackbusch & Kiihn, 2009; Grasedyck, 2010),
and more generally, a tensor tree network can be constructed (Fannes et al., 1992b,a;
Hiibener et al., 2010).

The linear structure of tensor decompositions was also discovered separately in
the numerical analysis community, known as the tensor train (TT) decomposition
(Oseledets, 2011). In terms of efficiency and stability, the TT format may be posi-
tioned between the CP decomposition and the Tucker decomposition, i.e., achieving
linear scaling in dimensions while the problem of searching for minimal separation
rank is still well defined (Khoromskij, 2012). Its applications in the physical commu-
nity have motivated many computational algorithms to perform data approximations
and other operations in the TT/MPS format. First, a full tensor can be represented in
the TT format via the singular value decompositions with prescribed accuracy. Also,
the concept of the alternating direction methods developed in quantum physics can
be applied to the approximation, linear, or eigenvalue problems, where the standard
methods may be applied to the components of the format (Holtz et al., 2012). The TT
format is the workhorse tensor format being used in the current work, and will be
discussed in details in Chapter 3.

Although the tensor decompositions were originally designed to separate the “phys-

ical” dimensions, the same framework may achieve a further cost reduction in ev-
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ery single dimensions. A one dimensional tensor (vector) can be unfolded, or quan-
tized, into a few virtual dimensions. Here, quantization suggests the entry index
is described using binary variables rather than a single variable, reshaping a one-
dimensional object into an nth-order tensor. Here, n equals the logarithm of total
number of entries to base 2, and is usually referred as virtual dimensions. When
these virtual dimensions are decomposed via TT framework, the storage requirement
of the resulting representation scales logarithmically with the original size. Such
representation is known as the Quantized TT (QTT) format (Khoromskij, 2009a,
2011; Oseledets, 2010, 2009). It is important that the rank bounds for many func-
tional vectors in the QTT format has been estimated rigorously (Khoromskij, 2009a;
Oseledets, 2013), and such theoretical justifications guarantee the logarithmic growth
of the storage requirement with respect to the data volume. The QTT decomposition
is also applicable to the compression of the matrices (Oseledets, 2010), which is use-
ful in the discretisation of multi-dimensional PDEs over a find grid. It is thus a
stable and efficient prototype for our implementations. We refer the readers to two
recent survey papers, Khoromskaia & Khoromskij (2014a) and Khoromskij & Repin
(2015), on various applications of the QTT format. Recently, the QTT has been ap-
plied to decompose the factor matrices in the Tucker decomposition, which results in

the two-level QTT-Tucker format (Dolgov & Khoromskij, 2013b).

1.2.2 Tensor-based computational biology

The first step toward tensor business in computational biology was kicked off by a
proliferation of high-throughput data. Tensor modelling of large-scale molecular bio-
logical data has been used to statistically infer the connectivity structure of the bio-
logical networks (Omberg et al., 2007; Alter & Golub, 2005; Acar et al., 2007). Other
examples include predicting causal coordination between eukaryotic DNA replication

origin activity and mRNA expression (Alter & Golub, 2004), as well as predicting the
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cancer’s formation and growth (Lee et al., 2012; Sankaranarayanan et al., 2015).

However, the development of tensor-based methodologies to tackle the curse of di-
mensionality in mechanistic stochastic models is lagging far behind its development
in statistical models. Only until very recently, several attempts were made to ap-
ply tensor-based algorithms to simulate the chemical master equations. Hegland &
Garcke (2011) and Ammar et al. (2012) attempted to represent the CME as a sum
of rank one tensors, and the solution is sought in the form of a CP decomposition.
The approach required recomputing a lower rank CP representation at each step of
the algorithm, but there is lack of robust algorithms for such a purpose. To avoid
the problem of approximation in the CP format, Jahnke & Huisinga (2008) proposed
to use the Dirac-Frenkel principle and project the density function onto a manifold
composed of suitably chosen basis functions with predetermined maximal CP rank.
But a priori estimating the tensor rank of the CME solution is not possible. More
recently, two separate trails (Kazeev et al., 2014; Dolgov & Khoromskij, 2015) at-
tempted to apply the TT/QTT format to direct solution of the CME. Still, applying
the tensor-based computational methods for analysing stochastic models is in its in-
fancy compared to its applications in statistical analysis.

One reason for less advancement in applying tensor-based method to stochastic
modelling is that the decompositions need to be sought “implicitly”. In statisti-
cal modelling, a data cube is usually provided explicitly and tensor decompositions
may be directly applied, while in stochastic modelling, we never handle a high-
dimensional data cube, but construct approximate equation solvers in a separated
representation and compute the tensor decomposition as the solution of the equa-
tion. This means the separability of the solution, like probability distribution func-
tions, is “implicitly” embedded in the separability of the model equations. Thus, if
the system is destined to be high-dimensional, it is important to model the system in

a tensor-friendly manner.
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It also requires many algorithms and operations involved in the model simula-
tion to be translated into the tensor framework. Elementary linear algebra oper-
ations, such as addition and matrix-vector multiplication, are straightforward and
have been well studied (Kolda & Bader, 2009), but tensorising other procedures are
not as simple, such as discretisation methods, time integration methods, solving lin-
ear systems, and eigenvalue solvers. Although there has been increasing interest in
these topics in recent years (Kazeev & Khoromskij, 2012; Kazeev et al., 2012; Holtz
et al., 2012; Dolgov et al., 2014), the methods are still far from being robust com-
paring to the traditional matrix-based algorithms. Especially, lack of a robust tensor
linear solver may have a detrimental effect on the computation of the time-dependent
and stationary solutions, since iteratively solving linear systems is usually required
(Liao et al., 2015). This issue is investigated in details in Chapter 3.

Beside developing tensor-based numerical simulation algorithms, this disserta-
tion also follows a tensor-based computational thinking in stochastic modelling. The
tensor-based computational thinking requires i) an ability to reason at the block ma-
trix level to expose tensor product-like operations, and ii) an ability to reason at the
multi-index level about the evaluation of the functional evaluation and the order of
its operations. With hindsight it may seem very natural, but this tensor perspec-
tive is difficult to achieve, and it helps to addresses critical questions in tensor-based
analysis of stochastic modelling. The questions include: what class of stochastic
models can be represented efficiently in the separated tensor format? which types
of extra features can be added to an existing model while keeping its separability?
does the solution admit a tensor approximation with a low separation rank? how can
parametric analysis of the stochastic models be performed in the tensor framework?
what information can be efficiently derived from the tensor formatted solutions? We

explore these topics in chapters 4 and 5.
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1.3 Organization of the thesis

The thesis has three content chapters: i) analysis of the modelling error of the CFPE;
1) numerical solution of the CFPE in the tensor format; and iii) application of the
tensor method to parametric analysis of the stochastic models. The contents in each
chapter are relatively distinct and can be read in isolation. A continuous thread
runs through the thesis from modelling analysis to simulation algorithm and then to
biological applications.

In Chapter 2, we first give a brief review of the existing non-spatial models of
the stochastic reaction networks. Then, we study the convergence of the stationary
distributions of the CFPE and the CME in the limit of large volume. Given a system
of N chemical species, we show that the accuracy of the CFPE is of order @ (V -V +12)
for general mass-action reaction systems, and is of order © (V_(N +2)/2) for systems
satisfying the detailed balance. We will also study of the failure of the CFPE in
capturing the noise-induced multi-stability, and address it by using the multi-scale
methods, including the quasi-stationary approximation and the hybrid CME-CFPE
methods.

Chapter 3 studies the numerical solution of the high-dimensional CFPE in the
tensor formats. For numerical discretisation, we first apply the theorem of gener-
alised principle eigenvalues to study the effect of artificial domain truncation. Given
a truncated domain, we propose a second-order monotone finite difference scheme.
Under certain conditions, the assembled stiffness matrix preserves the non-positivity
of the CFPE operator. Particularly, the matrix can be constructed exactly in a low-
parametric, separated tensor matrix representation, i.e., the sum of rank-one ten-
sor matrices, which can be subsequently converted into the QTT format. We will
also show the conditions when the principle eigenvector admits a low-rank struc-

ture. Under those conditions, we present the (adaptive) inverse power scheme and
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the multi-grid acceleration to solve the principle eigenvalue problem in the tensor
structure. Finally, we show how to combine the parameter space with the state space
in the tensor formulation such that the steady state distributions of the CFPE with
ranges of parameter values can be solved in a single computation.

Chapter 4 exemplifies the tensor framework to perform parametric analysis of the
stochastic networks, including parameter estimation, stochastic bifurcation analysis,
and robustness analysis. We adopt the classic methodologies for parametric analysis,
while the underlying algebraic operations are all performed in the QTT format. In
this way, parametric analysis of the stochastic models could benefit from the efficient
high-dimensional tensor operations.

Chapter 5 summarises the author’s key contributions, and discusses some possible

directions for future research.
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“Mathematics is biology’s next microscope, only
better; biology is mathematics’ next physics, only

better.”

Cohen (2004)

Stochastic modelling of biological

processes

This chapter aims at analysing the modelling error of the Fokker-Planck approxima-
tion of the chemical master equation. Starting out from the background introduction
of the modelling of mass-action reaction systems, we studies the convergence of the
CFPE distribution towards the CME distribution in the large volume limit. We also
propose the quasi-stationary approximation (QSA) and the hybrid CME-CFPE equa-

tion to address the failure of the CFPE in capturing the noise-induced multi-stability.

2.1 Modelling the chemical reaction network

A well-mixed chemical reaction system, confined to a constant volume V', consists of

N =1 chemical species {S1,...,Sy} that undergoes a finite number, M, of chemical
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reactions. For the j-th reaction, we denote the vectors VJ_.,V;Y e NY by the amounts of
molecules of each chemical species (substance) that are consumed and created in one
instance of the reaction, respectively. We write the short form of the j-th reaction as

v, = v}’, or in an elementary form as
Vi S14-+v; S ko S+ +vT S (2.1)
J1P1 JNPN V101 JNPN -

where k; denotes the j-th reaction rates. The net effect, v; = VJ+. —v5, in (2.1) is
termed as the j-th state changing vectors, and matrix v = (vq,...,v)) is referred as

the stoichiometry matrix.

Definition 2.1. Let %5 ={S i}]i\i p H=1v j}jﬂi Land g = v — v;}j”: | denotes the sets
of the species, stoichiometric vectors, and reactions, respectively. The triple {Fs, %y, SR}

is called a chemical reaction network.

The notion of a reaction network is independent of the model descriptions, and
a choice between the stochastic and deterministic models is made based upon the
features of the problem at hand. The stochastic model is used when the molecular
number is low on average, while the deterministic model is used when the system is
close to the thermodynamic limit.

Since we are interested in the chemical species whose populations are changed
by one or more reactions in (2.1), we always make the following assumption on the

stoichiometric coefficients throughout the rest of the thesis.

Assumption 2.2. The sets of stoichiometric vectors, %, of a chemical reaction net-

work satisfies Zjle |vj,i| >0fori=1,...,N.

In what follows we will present the stochastic formulations of the chemical reaction

network.
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2.1.1 The chemical master equation

A fundamental premise of stochastic chemical kinetics is the so-called propensity
function, that specifies the probabilistic feature of the chemical reactions (Gillespie,
1977). For the j-th reaction, we write the propensity function as a;(x), where x € NN
is a state vector representing the number of molecules of each species. Suppose that
the j-th reaction is of mass-action form like in (2.1), the propensity function takes
the form

N AT
a;(x) =k, leV““f’i+1’l_1'[1(xi ~(-1). (2.2)

The above formula is derived out of molecular physics (Gillespie, 1977), and the
underlying physical rationale can be briefly summarised as: a randomly chosen com-
bination of {S i}fi , will react according to reaction (VJ_- — v}r) in (2.1) with probability
a(t)d¢ in the next infinitesimal time interval [¢,¢ +d¢t). If (VJ_. — v;.’) occurs, the state

vector is modified by the j-th stoichiometric vector as
x(t+dt) =x(t)+v;.

More generally, let r;(¢) denote the number of firings of the j-th reaction occurs
within [0,%), given the initial molecular population x(0), the evolution of the state
vector is given by

M
x(t) =x(0) + Z ri(t)v;.
j=1

The process r;(t) is a Poisson counting process with a; being the intensity, i.e.,
t
rj(t) = ng (j(; aj(x(s))ds) ,

where 27;(-) are independent, unit-rate Poisson processes. Hence, the state vector
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x(t) follows a continuous-time, discrete-space Markov chain given by
M t
x(t) = x(0) + Z v;P; (f aj(x(s))ds) . (2.3)
j=1 0

The process (2.3) may be simulated by the Gillespie stochastic simulation algorithm
(SSA) (Gillespie, 1976), as well as its equivalent formulations (Gibson & Bruck, 2000;
Gillespie, 2001), and we refer the reader to a recent review (Gillespie, 2007) for de-
tails.

The chemical master equation exactly describes the evolution of probability for
such a Markov chain process. Let Py (n,t|n(,0), or in short Py(n,t), be the prob-
ability that the system, initiated from the initial state x(0) = nry, reaches the state
x(t) =n at time ¢t. The CME can be written as

Fund) = LnPm(n,t), xeNN, >0,

(2.4)
Pu(n,t)=0, ¥, owPun,t)=1,

with initial condition P, (x,0), where £, is the CME operator defined as

M
LnPm(@,t) =) {6 [a; (%) P (x,8)] — aj (%) Py (x,8)} .

Jj=1

The step operator &/, when applied to any function f(n), modifies the argument by
—v; and yields f(n —v)).

The CME (2.4) was derived from the probability laws for independent and mutu-
ally exclusive events (Gillespie, 1992). The meaning of the equation can be inter-
preted as: the instantaneous rate of change of the probability of the system being
in a particular state is the difference between the inflow and outflow probabilities

induced by each chemical reactions. After evolving sufficiently long time, the proba-
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bility density can be approximated by the stationary CME, written as

Lotm(m)=0, nelNV
(2.5)

nm(n) = 0, ZnENN ﬂm(n) = 1,

where 7w, (x) = lim;_. oo Pm(x, 2).

The CME (2.4) treats each possible state of the system as a separate variable, thus
it is an infinite-size ODE system. Although the analytical solution can be obtained
under certain scenarios (Jahnke & Huisinga, 2007), solving the CME exactly is in-
tractable in general. But, for numerical approximations, it is possible to truncate
the positive orthant by imposing a sufficiently large maximum copy number of each

chemical species based on the reachability of states (Munsky & Khammash, 2006).

2.1.2 The reaction rate equation

It can be shown that an appropriate volume scaling of the Markov process (2.3) in
the thermodynamic limit would yield an continuous evolution process for molecular

concentrations (Kurtz, 1972)

M t
P = PO+ v; fo £i((s)ds, 2.6)
j=1

where ¢ = (¢p1,¢2,...,¢n)T is a state vector of molecular concentrations, and the

macroscopic rate function f; for a mass-action reaction system (2.1) is defined by

N v .
fip)=k; 1o, @.7)
=1
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Then, the deterministic reaction rate (RE) equation can be obtained by taking the

time derivative to both sides of (2.6), which gives a system of ODE

do; M
(P Zvj,ifj(¢), (2.8)

fori=1,2,...,N.

2.1.3 The Fokker-Planck approximation of the CME

In reality, many biological processes happen in an intermediate regime between the
CME description and the deterministic description. In this regime, the intrinsic noise
is still playing a crucial role, while the discreteness is less important in the noise
contributions. Therefore, a continuous model would be more effective in the noise
analysis of the stochastic networks, and we introduce a continuous Fokker-Planck
approximation of the CME (2.4), as well as its equivalent formulation the chemical

Langevin equation.

2.1.3.1 The Chemical Fokker-Planck Equation

The original derivation of the chemical Fokker-Planck equation (CFPE) was proposed

by Kramers (1940) and Moyal (1949b,a) through a Taylor series expansion of the

CME (2.4) as
dem(x DR s 1 5
=1 c1,c2,...,cy=0 01!02!"'61\]! axilaxgzax%\’
c1+co+-+eny=i (2.9)
{ Z(VJ 1 ]2 'ij}’\,)aj(x) Pkm(x;t)},

where Pin(x,t), x € RN, can be regarded as a smooth reconstruction of the discrete
CME solution Ppy(n,t), n € NV, in the positive orthant but with an extension to cover

the negative orthant. Equation (2.9) is the so-called Kramers-Moyal equation, and a
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truncation after its second order derivative terms gives the CFPE (2.10).

Formally, we write the CFPE as

XD — LPi(w,t), x€Qp t>0

(2.10)
Px,1)20, fo Pilx,t)dw =1,

with initial condition Ps(x,0), where £ is the Fokker-Planck operator defined as
ZPrlx,t) =V - [V(D(x)Pg(x,t)) — p(x)Pex, )],

where the diffusion matrix D = (D; ;) y and the drift vector p = (ul,uz,...,uN)T

are defined by

1 M M o
D; j(x)= 3 Z veivejae(x) and pi(x)=) vearx), i,j=12,....N. (2.11)
r=1 r=1

We assume that within the domain of definition Qf c RY the following ellipticity

condition is satisfied,

N
Y D, j(x)¢&;20, VxeQy, and &=(&q,...,é0)7 #0, (2.12)
i,j=1

that is the diffusion matrix D is positive semi-definite.

The CFPE (2.10) describes how likely the system will be in a certain portion of the
state space, rather than a particular integer state in the CME (2.4). So a major and
important difference between the CME and the CFPE is that x; is a non-negative
integer for the CME and a real number for the CFPE. Often the stationary probabil-

ity distribution is of particular interests, it can be obtained by solving the stationary

22



CFPE as

ffﬂf(x) =0, x¢€ Qf,
(2.13)

me(x) = 0, fonf(x)dx =1,
where 7m¢(x) = lim;_ o Pr(x, ).

It is worth mentioning that the perfunctory truncation of the Taylor expansion
(2.9) does not lend us any information about the domain of definition of the CFPE,
Q¢, as well as the associated boundary conditions. It is usually assumed that the
system lies in the thermodynamic limit for the validity of the CFPE, and in such
case the effect of the boundary conditions at zero are negligible. And for numerical
approximation, we will apply the Dirichlet boundary conditions to any computational

domain (Grima et al., 2011).

2.1.3.2 The chemical Langevin equation

The chemical Langevin equation describes the underlying Markov process whose
time evolution of probability distribution satisfies the CFPE (2.10). It can be written

in the form of a system of N It6 stochastic differential equations (SDEs)

dx(t) = p(x(t))dt + o (x(t))dw, t>0
(2.14)

x(0) = xo,

where x € RV is the state vector of molecular populations, g € RY is the drift vector
defined in (2.11), o € RY*Mde ig g diffusion matrix, and w is an M.-dimensional

Wiener process. The matrix o should satisfy (Wilkinson, 2011)

g(x)a’(x)=D, (2.15)

where D is the diffusion matrix defined in (2.11).
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2.2 How accurate is the Fokker-Planck approximation of
the chemical master equation?

In this section, we investigate the order of convergence of the CFPE to the CME in
the limit of large volumes. Specifically, our main interest here is to derive the leading

order error in the difference of the distribution,

sup |mm(nr) —ndn)l, (2.16)

neNN

where 1y, is the stationary solution of the CME (2.5) and 7n¢ is the stationary solution
of the CFPE (2.13).

Some related references have attempted to approach the problem (2.16) from dif-
ference angles. For example, Kurtz (1978) proved that the difference between the
jump and continuous Markov processes is of order log(V)/V. Grima et al. (2011) used
system-size expansion to prove that the CFPE predictions of the mean and the vari-
ance are accurate to order V2. However, the error between the steady state distri-
butions of the two equations remains not clear. Since our analysis of the stochastic
reaction networks later on will be mainly based on the probability distribution, ap-
proximated by solving the underlying CFPE, understanding the behaviours of the
error in (2.16) is more relevant and important.

Our approach is motivated by the reference, Thomas & Grima (2015). The paper
proposed a perturbative analysis of the CME of the reaction networks with single
chemical species, i.e., N = 1, and the CME distribution is sought in a series expansion
in the inverse powers of the square root of volume V. We generalise the approach
to the reaction networks with multiple dimensional cases, in which case additional
technicalities are involved.

It is worth mentioning that, although the CFPE was originally derived from the
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Kramers-Moyal expansion (2.9), the error analysis is heavily based on the system
size expansion. We discuss in Section §2.2.1 that why the Kramers-Moyal expan-
sion does not lend us necessary information about the convergence between the two
equations.

The derivation of the leading order errors in (2.16) is divided into three steps. The
first step will be presented in Appendix A, where we solve a perturbative solution
of the stationary CME. This is based on the system size expansion of the CME and
transform the distribution of molecular populations into the distribution of the fluc-
tuations around the deterministic mean. We perform an asymptotic analysis to the
distribution of fluctuations, and the expanded coefficients are analytically solved us-
ing the Hermite expansions and the eigenfunction expansion. In the second step
in Appendix B, we apply the same perturbation analysis to the CFPE, and obtain
a perturbative solution of the stationary CFPE. Then, given the perturbative solu-
tions of the both stationary CME and the stationary CFPE, the last step in Section
§ 2.2.2 derives the leading order error by comparing the expanded coefficients in both

equations.

2.2.1 The problem with the Kramers-Moyal expansion

As mentioned in Section §2.1.3.1, the CFPE approximation is obtained by a second-
order truncation of the Taylor expansion of the CME. Thus, a natural approach to
show the convergence of the CFPE distribution to the CME distribution is to intro-
duce the volume scaling in the expansion in the Kramers-Moyal equation (2.9), and
prove the validity of the second-order truncation in the large volume limit.
Following Gillespie (2000), a “concentration” form of the Kramers-Moyal expansion

can be obtained via inserting the molecular concentrations ¢ = n/V into (2.9), and the
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result is

c

o M i-1 i v c
aPkm(¢ t) _3 Z( 1 ( ) y _J( (jp) £/(®)Prm(; 1), (2.17)

i=1j=1 €1,C2,..-y cN:0
c1+co-+CeN=1L

where f; is the deterministic rate function of the j-th reaction defined in (2.7), and

for notational simplicity we have employed the abbreviation
cel=cil---ey! and (0/0¢)° = (8/0¢p1)°* ---(8/0pN )N .

Due to the change of variables, the distribution Py, of the continuous molecular
concentrations ¢ in (2.17) is related to the distribution Py, of the discrete molecular
population n in (2.4) by

Pim(¢p,t) = VN Pr(n,t).

Since the right-hand-side of (2.17) is an expansion in the inverse powers of sys-
tem volume V, Gillespie (2000) argued that the factors of V1 tends to kill off the
higher order terms in the thermodynamic limit, and leaves only the order V° terms
which constitutes a variational description of the deterministic reaction rate equa-
tion. Then, he argued that the CFPE corresponds to a less drastic truncation after

order V7! terms, i.e.,

anp((,b t) N 92
ik b S A —injz v;, lﬁ(/h Fi()Psy(b; t)+ ;ljz Vi TS ———Fi(P)Pgy(h;),

(2.18)

where Pg,(¢p, 1) = VN Pe(x, 2).
One conclusion may be inferred by comparing (2.18) with (2.17) which appears that
the leading order term of the time derivatives of the difference Py, —pr is the order

V=2 term. However, a fundamental issue with truncation on (2.17) is that the higher
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order derivatives on Py, also grows as volume V goes to infinity. To see this, let us

consider the order V° terms in (2.17), written as

af’?p@;t) N M P "
Y —;;Vj,ia—(mfj(fpﬂ)fp((l’,t),

and it can be shown that the equation in fact corresponds to the deterministic reac-
tion rate equation. Assuming the expansion in (2.17) is valid, the distribution Py,
converges to the order V° solution P?p, i.e., a Dirac delta distribution centred at the
mean concentration value. Since the derivatives of the delta distribution blows up
to infinity at the mean concentration value, and this fact invalidates the assumption
of the expansion (2.17) that the coefficients in the higher order terms are bounded.
Such problem is bypassed if instead using the system size expansion of both the CME

and the CFPE and comparing the expanded solutions on different orders.

2.2.2 Comparison of the distributions of the CFPE and the CME

We have first performed the perturbation analysis of the CME and the CFPE, respec-
tively, in Appendices A and B. We now use these results to derive the modelling error
between the stationary distribution of the CME, 7., and the stationary distribution
of the CFPE, 7.

The starting point of the comparison is applying the transformation of variables in

(A.1), and we have
Tm(n) — men) = VN2 [, (e) - Te)], (2.19)

and it transforms the error between the probability distributions of the population
n € NV to the error between the probability distributions of the fluctuations € € RY.

Then, we substitute the perturbation expansion of I, in (A.20) and the expansion of
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[T¢ in (B.5) into (2.19), which yields

) —mn) =V N2 Y Al j(e)V—f“] : (2.20)
j=0
where
ATLj(€) = Iy j(€) — T j(6), j=0,1,2,..., (2.21)

represents the difference between the expanded coefficients on the j-th order. Thus,
to show that the distributions 7, and nf agree to order V%2 for some k = 0, one
needs to prove that AIl; =0 for all j <& —-N.

Next, we substitute the Hermite expansions, (A.24) and (B.9), of the expanded
coefficients into (2.21), and obtain

3] s . .
A=) Y (-] Hite, DM, D), (2.22)
s=1 iy,ig,....iN=0

i1+ig+-+iN=s

where H;(e,X) represents the Hermite polynomial with respect to covariance X, and
I1y(€, X) represents the centred Gaussian distribution with covariance X. Note that,
in the above expansion, we have used the fact that the maximum summation in-
dices equal for both Hermite expansions in (A.24) and (B.9), and this is inferred from
Propositions A.8 and B.1.

Since the Hermite polynomials are orthogonal, (2.22) suggests that All;(e) = 0 if
and only if

W =W (2.23)

i fi’

for all |i| = N;. We have derived that the coefficients {c(ij )}I'I . can be obtain using
i|<3j

(A.57), and the coefficients {cgj l) satisfy (B.20). Thus, the condition (2.23) is

}|i|s3j
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fulfilled if and only if we have
by =by), (2.24)

for all |i| <3j. Summarising, we have the following lemma.

Lemma 2.3. The error All; in (2.21) is zero if and only if b(is) = b(fsi) for all |i| < 3s,

s<].

Lemma 2.3 suggests that the convergence order of m,,, — 7 can be investigated by
successive validating the equality (2.24) from j = 1 until the equality does not hold
any more. In what follows, we prove the order of convergence for systems with and

without detailed balance conditions.

2.2.2.1 Systems without the detailed balance condition

The leading order error term in (2.20) can be determined via comparing the coeffi-
cients of (A.52) and (B.17) on different orders. For mass-action reaction systems (2.1)
without detailed balance condition, the SSE of the CME follows exactly the expres-

sion given in (A.8), and the values of {b(ij )} __corresponds to (A.52). The result is

|Z]<3j

summarised in the following Theorem.

Theorem 2.4. Consider a general mass-action reaction system (2.1). Assume that the
deterministic reaction rate equation has a single asymptotic stable fixed point, and the
covariance matrix X in (A.19) is strictly positive definite. For sufficiently large volume
V, the error between the solution my, of the stationary CME (2.5) and the solution my¢

of the stationary CFPE (2.13) converges as

sup |7m(n) — ngn)| < CV N2 (2.25)

neNN

where N is the number of chemical species, and C is a constant independent of V.
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Proof. We have shown in (A.22) and (B.10) that both coefficients I, o and Il are
the steady state distribution of the LNA (A.15). Given the assumption that the co-
variance matrix X is strictly positive definite, coefficients I, o and Ilfo are finite
and well-defined. Then, according to the series expansion of the error in (2.20), the
convergence in (2.25) is obtained.

We next show that Il 1 = Ilf; is not satisfied without further assumptions. Ac-
cording to Lemma 2.3, it suffices to show that bg,l) # bi}’)l for some |n| < 3. Subtracting

(A.52) from (B.17) yields

3 3 3
1) _ (1 _ i,0 i,0 _ i,0 c,0
bn bf,n - Z Lg~3,0,0(gn,()’ - Z (gn,o Z C6093,0,0' (2.26)
11,,IN=0 i1,...,iy=0 C1,..,cN=0
i1+ +iy=3 i1+-+iny=3 c1+-+eny=3

In the first equality of (2.26) we have used the fact that EE)O) =1and 5(,9,) =0for |m|=1;
and in the second equality, the explicit expression for 9;:8’0 in (A.34) is inserted. It
is easy to see that (2.26) does not equal to 0 in general, and thus the leading error
term AIl; does not vanish, meaning that the convergence order in (2.25) should not

be improved. O

Remark 2.5. The error bound in (2.25) of Theorem 2.4 was derived in the large
volume limit, such that the higher order terms in (2.19) is bounded by a constant on
the leading order. That is the higher order errors all contribute to the constant C on

the right-hand side of (2.25), and one can expanded as
C=All;+0 (V2.
Then,

3 s
C=sup AV 2=V12Y 3 (V=Y Hyle, Do(e, 3),
ecRN s=1 i1,i9,..,in=0 ’
i1+ig++in=s
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can be used as an error indicator for the modelling error sup, .\ [7m (1) — me(n)|.

2.2.2.2 Reversible systems with the detailed balanced condition

Let us reconsider the formula given in (2.26). A sufficient condition for b(nl) - b(flpi =0
is 92; ’g o = 0 for all |e| = 3, which would subsequently lead to that the order y-12
terms AIl; in (2.20) also vanishes. We will show in this section that such condition is

fulfilled by all reversible reaction systems obeying the detailed balanced condition.

Definition 2.6. A chemical reaction network is called reversible, if for every reaction
of the form (2.1) with a positive reaction rate k., > 0, there exists a backward reaction

with a positive reaction rate k,._ > 0.

Definition 2.7. A reversible reaction network is detailed balanced, if for each pair of

reversible reactions, we have
Fral®) = Fr (@), 1=r=M/2, 2.27)
where f,+ are the deterministic rate functions in (A.6), ¢ >0 is a positive equilibrium

of the deterministic reaction rate equations, and M is the total number of reactions.

Theorem 2.8. Consider a reversible reaction system obeying the detailed balance
condition. Assume that the covariance matrix Z in (A.19) is strictly positive definite.

The error between the CME solution my, and the CFPE solution ms satisfies

sup |7m(n) — ngn)| < CV - N+272 (2.28)

neNN

where N is the number of chemical species, and C is a constant independent of volume

V.
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Proof. We first apply (A.10) and write the explicit formula of @3 0,0 8S

300

N
H Vi ().

mll—l
||M§

According to Definition 2.6 on reversible reaction systems, we can split the above
summation over all reactions into a summation over the forward reactions and a

summation over the backward reactions, which yields

1 M2 N 1 M2 N
300 Z l_[ ( Vit nfr+(¢)+vr nlr— (fl’)):gz (f7‘+(¢)_f7‘—(¢)) H r+ no
r 1n= r=1 n=1
where we have used the fact that ]_[n 1 r'i n= ]_[n 1 v, . for |t| = 3. Inserting (2.27)

of Definition 2.7 into the above formula, we obtain @3 0.0 = =0 for all |e| = 3. Then, we
derive from (2.26) that b(l) b(l) and applying Lemma 2.3 gives that the order V2
terms All; in (2.20) vanishes. Hence, the leading order term in the series expansion

(2.20) is Allg, and the argument in (2.28) follows. O

Remark 2.9. The error indicator for sup,,.nw [7Tm(n) — ni(n)| for the systems satisfy-
ing the detailed balance condition can be computed by evaluating the leading order

error term Ally, and we have

¢ =V~ sup |ATly(e)| = V! Z 3 (¢ - ) Hite, 2)To(e, ).
ecRN s=1 iy,ig,....iN=0
i1+ig++Iin=S

And the indicator C converges to the constant C in (2.28) with order V2.

2.2.3 A numerical experiment: The birth-death process
We here consider a simple birth-death process,

k1

o —S8S, (2.29)
ko
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Figure 2.1: The CME and CFPE predictions of the stationary distribution of the birth-death process
(2.29) against increasing volume sizes. The reaction constants are set to be k1 = ko = 1. For differ-

ent volume sizes noted in the colourbar, the stationary CME distribution (2.30) is plotted in (a) and
the stationary CFPE distribution (2.33) in (b). (¢) The difference between the CME solution and the
CFPE solution. The red circles refers to the exact error measured in ¢*°-norm, and the black curve
represent the right-hand side of (2.28) with the fitted values of the constant C = 0.07.

where a single chemical species, denoted by S, is produced by some substrates within

certain container of volume V at a constant rate k21, and degrades with rate constant

ks. The underlying propensity functions are given by

a1 = le and a9 = kgx.
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It can be shown that the stationary distribution of the death-birth process is Poisson

distributed, i.e.,

1 (k{V\? kiV
nm(n) = — k_ exp _k_2
1

' ) , neN. (2.30)
n:

The stationary CFPE (2.13) for system (2.29) is given by

d

dre(x)
dx

- i [v(x)me(x)] =0, x€Qy, (2.31)
dx

with positivity condition m¢(x) = 0 for x € Qf and normalisation condition fo we(x)dx =
1. The diffusion coefficient and effective drift coefficient are given by D(x) = (k1V +
kox)/2 and v(x) = 1V — kox — ko/2, respectively. It is easily seen that D loses its
positivity within the region (—oo,xp], where xp = —k1V/k9, and thus we choose Q¢ =
(xp,00).

For V >V,, we integrating (2.31) over x gives

dﬂf(x)_ v(x) « )_&
i D T Dk

where C1 is a constant. Multiplying by the integrating factor ¢(x) = exp [— I g((; )) dy]
we can write the above equation in the compact form d(¢p(x)Pg(x)) = C1¢(x)/D(x).

Then another integration yields

me(x) = ¢~ L(x) (01 ’ Mdy + Cg). (2.32)
D(y)

The constants, C; and Cq, are determined to guarantee the positivity constraints
7r(x) = 0 and the normalisation condition fo 7e(x)dx = 1. If this condition is satisfied,
then a stationary density exists, or otherwise not.

To have a non-trivial solution 7¢ in (2.33), at least one of constants C; and Coy

is non-zero. We note that ¢(x)/D(x) = 2exp[2x —(4k1V/kg)log(k1V + kox)] — +00 as
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x — xp or x — +oo. Thus we have

lim+f d(y)/D(y)dy = —oco and liIP f ¢(y)/D(y)dy = +o0,
x—x0 x—+00

meaning that to maintain m¢(x) positive throughout Qf, we must have C; = 0 and

solution can only take the form

k1V

me(x) = Cz(P_l(x) =Cyexp|—-2x+ (4k
2

, x€Qp. (2.33)

- 1) log(k1V +kox)

For V >V, we have lim,_. ;o ¢(x) = lim,_.,,+ ¢p(x) = +oo and the solution (2.33) is
bounded. In this case, Cs can be chosen to ensure that fo ne(x)dx = 1. Moreover, it
can be easily verified that the solution 7 in (2.33) naturally satisfies both the homo-
geneous Dirichlet boundary condition, lim,_.4q,7f(x) = 0, and the no-flux boundary
condition, limy .50, Jaux(x) = 0, where the flux is defined as Jqux(x) = D(x)dme(x)/dx —
v(x)me(x).

We evaluate the exact modelling error between the two solutions (visualised in Fig-
ures 2.1a and 2.1b), and plot the error measured in /°°-norm in Figure 2.1c against
increasing values of system volumes V. It is obvious that larger system volumes
leads to better CFPE approximations. As comparison, we use the black curve to refer
to our error estimate in (2.28) of Theorem 2.8. By fitting the constants C in (2.28) to
the exact errors (red circles), we obtain a good agreement between the exact errors

and the estimated ones.

2.3 Noise-induced multistability

The current section studies the qualitative difference between the CME and the
CFPE distributions. The majority of this section is composed of the published work

in my co-authored paper, Duncan et al. (2015). The paper introduced a simple chem-
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ical system exhibiting noise-induced multi-stability. For such system, the CME’s
marginal distribution becomes multi-modal as system size decreases below a criti-
cal value, while the the CFPE distribution is uni-modal for all system sizes. It also
showed that one can recover the multi-modality using the quasi-stationary approxi-
mation (QSA) of the CFPE. The author’s contribution includes discussing the idea of
the QSA, performing finite element and Monte-Carlo simulations of the model equa-
tions for the example systems, and editing the manuscript. For completeness, most
of the published content will be presented in Sections § 2.3.1 to §2.3.4.

In addition, I will also introduce a hybrid scheme which partially approximates
the CME by the CFPE in Section §2.3.5. A Monte Carlo scheme is developed here
to simulate the stochastic process modelled by the hybrid equation. Then, in Section
§2.3.6, we show that both the hybrid equation and the QSAs can recover the multi-

modality in the example systems.

2.3.1 Background

The CFPE’s ability to reproduce noise-induced oscillations predicted by the CME has
been studied by a number of authors (see for example Erban et al. (2009); Thomas
et al. (2013)). This section discuss whether the CFPE’ s marginal probability distri-
bution has generally the same number of maxima (modes) as the CME’s marginal
probability distribution.

It is clear by the CFPE’s derivation that for cases where the multi-modality ex-
ists at large system sizes (the volume for chemical systems), the CFPE and CME
predict the same number of modes of the marginal probability distribution. This is
termed deterministic multi-stability since each peak in the marginal probability dis-
tribution is associated with a stable solution of the deterministic rate equations. It
follows that, for these cases, the multi-modality in the CFPE solution stems from the

drift term rather than from the diffusion term of the CFPE. It is also known that
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the CFPE overestimates the transition rates between the deterministic stable states
corresponding to each mode (Hanggi et al., 1984) however in this section we are only
concerned with the ability of the CFPE to predict the correct number of maxima of
the CME’s probability distribution.

Besides deterministic multi-stability there is also a phenomenon referred to as
stochastic multi-stability, noise-induced multi-modality or noise-induced multi-stability.
This describes the case where the marginal probability distribution of the CME
switches from a uni-modal to a multi-modal distribution as the system-size is de-
creased below a critical value. The existence of such a phenomenon has been long
known (Horsthemke & Lefever, 1984) yet its practical relevance to biology and ecol-
ogy has only started to be appreciated in the past decade (Kepler & Elston, 2001;
Qian et al., 2009; Thomas et al., 2014; Biancalani et al., 2014). Given that noise-
induced multi-modality occurs at intermediate or small system sizes, its unclear
whether such a phenomenon is captured by the CFPE since the derivation of the lat-
ter does implicitly assume large system sizes. Curiously, recently it has been shown
that the CFPE can capture the onset of noise-induced bi-modality (Biancalani et al.,
2014) for a particular system of reactions which models a colony of foraging ants
collecting food from two sources. The remaining question is whether the CFPE can
generically capture this phenomenon. In this section we show, by means of examples,
that this is not the case. In particular our findings clarify that there are two distinct
types of noise-induced multi-modality and that only one of these types is captured by

the CFPE.
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2.3.2 A gene regulatory system with no feedback

We start by considering the following simple model of transcription regulation with-

out feedback (Kepler & Elston, 2001):

kon
S1 =81, Si F81+8s, Sy F287+S8y Sy .o (2.34)
off

A gene can be in one of two states S and S7; switching between these two states is
random and each state is associated with a different rate of protein (Sg) formation.
Once formed, the protein can also decay. This model is a simplification of more realis-
tic gene models where the mRNA is explicitly modelled (Shahrezaei & Swain, 2008).
We consider the case where there are Ngepne genes such that the total number of Sy
and S} equals Ngepe at all times; although genes typically exist in one or two copies
per cell, plasmids are nowadays commonly used to genetically engineer cells with a
large number of copies of a given gene (Alberts et al., 1997) and hence our model is
of biochemical relevance.

Denoting by ¢ the time and by 7 = ct the dimensionless time, the CME for the

reaction system (2.34) is given by:

d _
3 Pm(21,1237) = ko8, = DNgene = 21)Pm(n1, 2 1) + kon(8) = D1 Pra(na,ns,7)

+k1n1(8,, — DPr(n1,n9;7) + ka(Ngene — n1)(6,, — 1)Pm(n1,n2;7)

+(&,) = DngPr(ny,ng; 1),
(2.35)

where P,(n1,n9;7) is the probability that at time 7 there are n; genes in state S;
and ng protein molecules according to the CME, and &} and &, are step operators
such that when they act on a function f = f(n1,n3), their action is & f(n1,n2) =

f(n1+m,ng) and &} f(n1,n9) = f(n1,ng + m). The non-dimensional reaction rates
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are given by:

_ koff _ kon _ kl _ k2
qoff = » Gon = > q1=—, Qgq2=—.
Cc C C C

The CFPE for the reaction system (2.34) (with dimensionless time units, 7 = ct) is
given by:
d 0
EPf(xl,x%T) =- a_ (g0 Ngene — 21) — gonx1) Pelac1, %25 7))

((q1x1 + q2(Ngene — x1) — x2) Pr(x1,x2; 7))

6
1 92 (2.36)
Eﬁ ((gof(Ngene — x1) + gonx1) Pe(x1,22; 7))
1
1 92
Eﬁ ((Qle +q2(Ngene —x1) +x2)Pf(x1,x2;T)) ,
2

where Pg(x1,x92;7T) is the probability that at time 7 there are x; genes in state S; and

x9 protein molecules according to the CFPE.

2.3.3 The Quasi-stationary approximation

Next we solve the CME (2.35) under the condition that the timescales governing
the decay of small fluctuations about the steady-state mean number of molecules of
S1 and S2 are well separated, i.e, the quasi-stationary approximation (QSA) of the
CME. Since the system (2.34) consists of purely first-order reactions, the equations
for the means (n1) and (ng) as obtained from the CME (2.35) are precisely given by

the conventional rate equations:

d
a<n1> = _qon<n1> + qoff(Ngene - <n1>)

and

d
E<n2> =q1(n1)+q2 (Ngene - <n1>) —(ng).
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The two characteristic non-dimensional timescales are given by the absolute value of
the inverse of the eigenvalues of the Jacobian of the above system of rate equations
and are: 71 =(q,, + qoff)_l and 79 = 1, where the former governs the decay of small
fluctuations in S; and the latter the same but for So. Clearly gene switching between
the two states S and S7 is much slower than the rest of the processes in the system
whenever 71 > 1, i.e., the protein reaches steady-state in a time much shorter than
the time it takes for a gene to switch from one state to another.

Now we approximately solve the CME (2.35) in the quasi-stationary limit given by

€= TII <« 1. Rescaling time by 7 — €7 we obtain the following master equation:

d 1
d—Pm(nl,nz;T) == LP(n1,n9;7) + L1Pn(n1,n9;7), (2.37)
T £

where the two operators £° and £! are given by:

L0 = (qin1+ Q2(Ngene - nl))(E,_LQI -1+ (E;Z1 - Dno, (2.38)

2L = a(Ey} = Dni+ PE,; = DWNgene —n1), (2.39)

and a = q,n/(Qon +qo) and f=1-a. Note that £Y acts only on the protein numbers
ng while £ acts only on the gene numbers 7.
In order to solve Equation (2.37) in the limit of small &, we consider the perturba-

tion ansatz of the steady state solution 7, (n1,n9) =lim; oo Pn(n1,n9;7):
0 1 .
Tm(ni,ne) =m,(ni,ne)+en, (ni,ne)+...+e'n, (n1,n9)+...

Substituting the latter in Equation (2.37) and comparing coefficients of powers of ¢
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we obtain the following equations:

1
o(g) : P70 =0,

0
0): L7k + L% = —z0 =o0.

m aTm

Note that 8,72 =0 by the assumption of steady-state. We can write

0 0
np(ni,ng)=n(na|ni)amng),

(2.40)

(2.41)

where n?n(ngln 1) is the stationary density for Sy given the number of S; molecules

is n1, and my(n1) is the marginal stationary distribution for S;. Summing the O(1)

equation over n9, we obtain:

Y [£Lo0nh(n1,n)| + L1 | Y A (ngn)wm(ng) | =0.

no€eN no€eN

(2.42)

The first term on the left hand side is zero by the definition of #° in Equation (2.38).

The second term simplifies by the normalisation condition }_,,cn 70 (ng|n1)=1. Thus

Equation (2.42) reduces to:

L im(ng) =0,

which possesses a unique normalised solution given by:

N,
(i)

nm(n 1) = —(1 " A)Ngene

/lnl, nlE{O,...,Ngene}

where 1 = f/a =(1-a)a = q.4/q,,. From the O(e~1) equation we obtain:

Tm(n1) L0710 (nan1) = 0.
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This equation can be easily solved yielding the Poissonian:
1 _ _
Tm(nglny) = — (9171 + g2 (Ngene - ny))"* e (@1t azleenemn)), (2.44)
2.

Finally multiplying Equation (2.43) and Equation (2.44) and summing over ni, we
obtain by the law of total probability the stationary distribution of the protein num-

bers in the limit of small ¢:

(2.45)

N ene
) (Ngene) A" (@11 + gz N1 =) gy gaVyene—n)

Tm(ng) =
m mzzo n1 ) ng! (1+ A)Neene

In principle a similar quasi-stationary limit can be applied to the CFPE Equation
(2.36). In practice, however, the equation thus obtained cannot be reduced beyond
an integral which has no closed form solution; thus in what follows we obtain the
stationary distribution of the protein numbers of the CFPE numerically (see later for

details).

2.3.4 CME vs CFPE solutions

Let V be the volume of the compartment in which the chemical reaction network
(2.34) is confined. Furthermore let ¢p2 = n2/V be the protein concentration and ¢; =
Ngene/V be the (constant) total gene concentration. We now study the number of
modes of the quasi-stationary distribution of ¢ as a function of V; in this thought
experiment, the volume V is varied at constant ¢; such that an increase in volume,
necessarily translates into a proportionate increase in the total number of genes (this
also implies that the number of proteins increases with the volume). Now the CME
distribution of ¢9, is given by n(¢p2) = Vry(¢p2V). This probability distribution solu-
tion consists of a superposition of Ngene + 1 Poisson distributions; this is since there
are Ngene + 1 combinations of Ngene molecules which can be in one of two states. This

implies that 7(¢p2) is generally multi-modal, with at most Ngene + 1 modes. Since
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Figure 2.2: Comparison of the stationary distribution of protein concentration obtained from SSA
simulations with the QSA solution my(p2) obtained by Equation (2.45) and the numerical solu-

tion of the CFPE given by Equation (2.36) for different values of volume. The volumes used are

V =1,10,50,100 for (a) — (d) respectively; since the gene concentration ¢1 is fixed to 1, this implies
that the gene copy numbers N1 are the same as the volumes. Parameters (see text) are such that
timescale separation is enforced. The QSA and SSA predict multi-modality below a certain volume
whereas the CFPE predicts a uni-modal distribution for all volumes.

Ngene increases with V, we would expect the modality of 7(¢p2) to increase with the
volume, if the Poissonians are well separated. On the other hand, given that the
deterministic rate equations of the chemical system are monostable, we also know,
by the system-size expansion Van Kampen (2007), that in the thermodynamic limit
of large volumes, the probability distribution 7n(¢2) tends to a Gaussian and thus

uni-modal. Hence the overall picture is that the number of modes of 7(¢p2) should in-

crease with V for V less than some critical volume V* and decrease with increasing
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volume for V > V*. The smallest volume possible is that for which there is one gene
Ngene = 1; hence the maximum number of modes in the limit of small volumes is 2.

In Figure 2.2, we plot the QSA solution 7(¢2) for four different volumes with pa-
rameters ¢p1 =1, gopn = Qofr = 1073, g1 =50, g2 = 250; we compare this with the solution
from the CFPE (2.36). Note that for the chosen parameters, € =2 x 1073 « 1, which
implies timescale separation; this is reflected in the excellent agreement between the
analytical approximation (QSA) and the CME. As predicted above, the modality of
the probability distribution of the CME/QSA goes through a maximum as the volume
is progressively increased, with the number of modes for very low and large volumes
being 2 and 1, respectively. Thus the CME predicts noise-induced multi-modality as
the volume is decreased beyond some critical value; we call this “noise-induced” since
the particle numbers becomes smaller with the volume and the size of intrinsic noise
correspondingly increases.

The CFPE solution is obtained by discretising the PDE (2.36) using the continu-
ous Galerkin finite element method (Larsson & Thomée, 2008) over a triangulation of
the domain [0, N1]x[0, N, ] where N > 0 is some artificial maximum protein number
which is chosen sufficiently large such that its value makes no significant difference
to the solution; no-flux boundary conditions are imposed along the domain bound-
aries. Note that the CFPE, unlike the CME, does not predict noise-induced multi-
modality as the volume is decreased from 100 to 1 — rather it is uni-modal for all four
volumes in Figure 2.2. Note also that for some volumes below V =1, the CFPE does
predict two modes of the probability distribution (e.g. a mode at zero and one at a
non-zero concentration for V = 1/2), however for such volumes the total number of
genes is less than 1 (since ¢p; = 1); hence we can more precisely state that over the
whole range of physically meaningful volumes, the CFPE is uni-modal. Note that the
no-flux (reflective) boundary conditions on the CFPE are artificial in the sense that

unlike the CME, the CFPE does not naturally lead to a restriction of gene numbers
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Figure 2.3: Plot of the number of modes of m(s2) as a function of the volume V, for different values
of 6 = \/q2—/q1. The larger is the difference between the production rates q1,qs, the larger is the vol-
ume range over which the stationary distribution of the CME is multi-modal; in contrast, the solution
of the CFPE is unimodal for all volumes.
between 0 and Ngene — the imposition of such artificial reflective conditions can lead
to additional errors in the CFPE predictions (see for example Schnoerr et al. (2014)).

The behaviour elucidated in Figure 2.2 is not particular to the parameter set used;
in Figure 2.3 we show the number of modes of the QSA distribution of protein 7,(¢2)
as a function of the volume V for 8 different parameter sets (with fixed ¢; =1, 1 =1).
In all cases, the number of modes is 1 for large volumes, increases as the volume de-
creases and reaches a maximum at some critical volume; as the volume is decreased
further, the number of modes steadily decreases until it reaches a value of 2 at the
lowest volume of V =1 (below this volume the total number of genes is less than one
and hence unrealistic). The CFPE probability distribution solution is uni-modal for
all volumes.

A comparison of Figures 2.3a and 2.3b shows that the dimensionless parameter
0 = /92— /q1 (and not the individual values of ¢; and g2) appears to be the prin-
ciple factor determining the maximum number of modes of the probability distribu-
tion, as well as the critical volume at which this occurs. In particular the larger is

0, the larger is the volume (and the associated number of genes) above which the
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probability distribution of the CME becomes uni-modal and agrees with the CFPE.
A heuristic explanation of this is as follows. For the case of one gene (Ngene = 1),
the QSA solution (2.45) predicts two modes, a Poissonian with mean and variance
equal to g1 and a second Poissonian with mean and variance equal to q2. Now say
that q1 < q2; then the condition of well separated Poissonians can be formulated as
q1++/q1 < g2 —+/q2 which is equivalent to § = /g2 — /q1 > 1. The larger § is, the
more pronounced the bimodal character of the distribution at Ngene = 1; hence one
would expect a larger total number of genes is needed for the multi-modality to be

washed away — this is consistent with the role played by 6 in Figure 2.3.

2.3.5 Partial approximation of the CME by the CFPE

We have shown in the previous section, by means of a gene circuit (2.34), that the
CFPE does not always capture the noise-induced multi-modality predicted by the
CME. This implies that there are two different types of systems: those for which the
CFPE can capture the inherent noise-induced multi-modality such as the foraging
ant model studied in Biancalani et al. (2014) and those for which the CFPE fails to
predict the phenomenon. The main difference between these two classes of systems is
that in the former the switching between different states is described by the CFPE’s
diffusion term (see discussion in Biancalani et al. (2014)) whereas the multi-modality
studied in this article cannot be so described.

We note that the probability distribution of the CME Eq. (12) is a superposition
of Poissonians, each one associated with an element of the set {(0, Ngene), (1, Ngene —
1),...,(Ngene, 0)} which describes the possible combinations of genes in states S; and
S} —it is this direct association between the distribution and the inherent discrete-
ness of the system that leads to the CFPE’s inability to capture the multi-modality
of the CME. Hence in some sense the phenomenon described here maybe more aptly

described as discreteness-induced multi-modality.
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Thus we generally expect the CFPE to fail to reproduce noise-induced multi-modality
whenever the multi-modality can be explicitly related to the switching of a molecule
between a discrete number of conformational states; this is since the CFPE is a
continuum approximation and hence cannot capture discreteness. This is the case
of a broad class of gene regulatory networks under timescale separation conditions
(Thomas et al., 2014). Since enzymes also switch between a number of discrete con-
formational states (English et al., 2006) we also expect the CFPE to fail to reproduce
multi-modality in the enzyme product distributions under certain conditions.

In the current section, we introduce a hybrid model that couples the CME and
the CFPE, in a way that the microscopic species are described by the CME and the

macroscopic species are incorporated into the CFPE approximation.

2.3.5.1 A short derivation.

Now we assume that, among the N reacting species, there are N, of them which have
small molecular number and Ny, = N — N, of them have at least one magnitude more
molecules. We keep using & = (x1,%9,...,x5)] to denote the molecular population of
microscopic species, and use y = (y1,y2,..., yNy)T to denote the molecular concentra-
tion of the macroscopic species. Then the propensity functions of the hybrid system

is defined by

aj(x,y)=Fk;exp

N
(1 - ;VJ_L) logV

N

~ | X :
H(Vj,i)! [( _l )lisNx‘l‘ ( y_l ):ﬂ-i>Nx .
i=1 v Vii

L
Let Py (x,y;t) be the probability of the system being in a particular state X(¢) =

(x,y)T at time ¢ In order to apply the continuous Fokker-Planck approximation to
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the macroscopic species, we organise the CME (2.4) as below:

dPy(x,y;t) M
w = Z [aj(x_gj,y—nj)Pm(x—fj,y—nj;t)—aj(x—fj,y)Pm(x—fj,y;t)

M
+2 [ =&, 3)Pu(x—&;, 50— a;(x,5)Pu(x, ;0] (2.46)

where &; = v; 1.y, represents the a vector contains the first Ny entries of j-th row of
the stoichiometric matrix, and 7 i = VjNe+1:N refers to the last N, entries. The first
sum in the above equation could be viewed as the probability flux in the coordinates
of the macroscopic species, and the second sum is the flux in the coordinates of the
microscopic species. Thus, the original equation (2.4) is separately projected onto the
spaces of the macroscopic and microscopic variables.

We may need two additional assumptions before proceeding to the continuous ap-
proximations. First, we require that all the components of y are very large compared
to 1, and the macroscopic species are in the realm of “large number” approximation.
Second, the function w;(x,y;t) = a;(x,y)Pn(x,y;t) must be infinitely differentiable
in the real variable y at any time ¢. Given the two assumptions, we can safely use

Taylor’s theorem to expand the first sum in (2.46) around (x — &, ), which gives

m(x y;t) i 1y i 1 o
i=1 cl,cg,...,CNyZO Cl!cz!“.ch!ayilaygz'“ay;]]vy
c1tee+-ten, =i ?

{ Z(n] 1% .n;fjgy)a 7%, 3) | Pr(x, y;t)}
M
Z aj(x—&;,¥)Pm(x—§;,y;t) — aj(x, y)Pn(x,y; t)] . (2.47)

The above equation could be viewed as the coupling of the chemical Kramers-Moyal
equation (2.9) and the CME (2.4). It requires us to regard the molecular population
of the macroscopic species, y, as real numbers rather than the natural integers. A

hybrid equation that couples the CFPE and the CME can be obtained by truncating

48



the CKME part at the second order terms. We write it as (Sjoberg, 2007)

%:w@gg)mx,y;t), xeNV= yeQ? t>0,

(2.48)
Pex,3;t) 20, Y, cnma fgg Peglx,y;t)dy =1,

where the two operators £ and jffy are given by

M
LrPelx,y;t) =) [ajx—&;,3)Pes(x— &}, 3;8) — aj(x, y)Per(x, y;1)]
=1

N, p) M
fffy Plx,y;6)=—)_ (Z n;ia(x, y)Pcrlx,y; t))

i1 0y j=1
1 Yy g2 %

+3 Mj.iN i@ (%, Y)Per(2, y;1) |
2i,i’:16yiayi’ = JsUH U c

Then the domain Qg is chosen such that the diffusion coefficients of ffy is positive
definite.

Note that the truncation of the continuous part in (2.47) at the second order term
is the source of modelling error in the hybrid equation (2.48). Therefore, the conver-
gence of the modelling error in the limit of large volumes can be found in a similar

manner as in Section § 2.2.

2.3.5.2 Monte Carlo simulation method

We present a kinetic Monte Carlo strategy to generate statistical accurate trajecto-
ries satisfying the hybrid equation (2.48).

The hybrid model (2.48) has x as discrete stochastic variables and y as continuous
variables. The discrete variables x follows the Markov jump process of the CME,

while the continuous variables obeys a partial form of the canonical CLE (2.14):

M M
dyi(t)= ) mjiajx—&;,ndt+ ) nji\/ajx—&;,»dw;, i=1,...,Ny, (2.49)
j=1 j=1
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where w = (w1,ws,...,wy) is an M-dimensional Wiener process. The SDE (2.49)
may be numerically integrated using a variety of numerical methods, such as Euler-
Maruyama method, Milstein method and Runge-Kutta method. These stochastic
numerical integrators usually require partitioning a time interval [0, 7] into subin-
tervals with a time increment A¢. It is possible that, within A¢, the number of the
discrete variables x changes, and the parameters of (2.49) would be different. There-
fore, it is important to dynamically monitor the occurrence of any reaction associated
with discrete variables within the time increment A¢. If more than one reaction oc-
curs within A¢, we must rewind the state of the system to the previous one, decrease
At of the SDE integrator until only zero or one reaction occurs. When a single re-
action, assuming the j-th reaction, fires within A¢, the corresponding reaction time
7; must be computed, and the changes in the number of discrete species should be
updated accordingly, and then re-integrate the SDEs from ¢ to ¢ + 7, rather to ¢ + At.

We use the system of integral algebraic constraints, or jump equations (Salis &
Kaznessis, 2005), to monitor occurrence of the reactions in the system that alternate
the number of the discrete variables. The jump equation, governing the reaction time

of the j-th reaction, is given by

to+t
f a;(x,y,k)ds +In(URN;)=R;", (2.50)
t

0

where ¢o is the time which the reaction last occurred, URN; is the j-th uniform
random number within (0,1), and R;|*/ denotes the residue value. There is one jump
equation (2.50) for each reaction. One can determine whether the j-th reaction has

occurred by simply monitoring the sign of the residual, according to
Rj|t<0—>t<‘[j, Rj|t>0—>t>‘l'j, Rj|t=0—>t=‘l'j,

where ¢ is the current simulation time. This suggests that whether the j-th reac-
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tion has occurred is determined by a zero crossing of the residue R|*. Note that the
reaction propensities a;(x,y), j =1,2,...,N, are time-dependent, because the contin-
uous variables, y(¢), vary with time. To compute the j-th reaction time 7;, we use
a Riemann sum to evaluate the integral in (2.50) with time increment At from ¢,
to ¢, where ¢ is the time just prior to the j-th residue’s zero crossing. We should
have t — t¢g < At, or otherwise we keep numerical integration and let ¢ = ¢ + At until
it is satisfied. Since the time increment At is typically small, we use a first-order
approximation to the next reaction time, 7, as

—let

=— 4t
aj(x,y,k)

Tj
This expression is used to compute the reaction time after having monitored the
occurrence of the reactions that alternate the number of discrete variables. Once 7;
is computed, we re-integrate the SDEs numerically from ¢ +¢' to o+ 7, and assign a
new random number to URN;.

The whole procedure, as a variant of the Next Reaction method (Gibson & Bruck,
2000), is illustrated in Algorithm 1. The proposed Next Reaction Hybrid method
(NRHM) might be regarded as an extension of the hybrid algorithm previously pro-
posed in (Salis & Kaznessis, 2005). But the difference here is that we have utilised
the CLE (2.49) whose the populations of the microscopic species are shifted by a sto-
ichiometric vector, and this correction could be significant for low copy number of

microscopic species.
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Algorithm 1 Next reaction hybrid algorithm.

Require: x = x0, X1ast = X0, ¥ = ¥0> Mast = Yo, B = ko, Rlast = Ro, t = Lstart, tast = tstart, At = Ato,
R =In(URN), Rj.; = In(URN).
1: while ¢ < tepg do

2: Compute propensities, a;, j=1,...,M;

3:  Numerically integrate the CLE (2.14) from ¢ to ¢ + At;

4:  Update the residuals in (2.50) for all reactions that changes discrete variables by R;.‘ew =R;+

ajAt;

5: Count the number of zero crossing so the residuals, ZC = Count(R™®" = 0);

6: if ZC =0 then

7 y—y(t+At), kR —Ek({t+At), t —t+At;

8: elseif ZC =1, the u-th reaction has occurred, then

9: Compute 7, = —R /ay;

10: Numerically integrate the CLE (2.14) from ¢ to £ +7;

11: Save the state of the system for possible rewind: x5t — X, ¥jast — ¥, Rlast — B, tlast — £;
12: Update: x — x+£u, y—yit+1y), R —k(E+T1,), t —t+T,, At — Aty;

13: Reset the y-th residue: R, =In(URN);
14: Update the residue for the rest of the reactions R; = R + a;Ty, j # i;
15: else
16: Rewind the state of the system and decrease At: & — X1a5t, ¥ — Yast, B — Rlast, At = At/2;
17: end if

18: end while

2.3.6 Gene regulatory system with feedback

We now consider a variation of scheme (2.34) whereby the switching between the two

gene states is mediated by protein binding:

k:m ! ! !

S1+8; — 8I S1fL81+8; SIfsiis, Sy g (2.51)
k!
off

This system constitutes a genetic negative feedback loop if k’2 < k’1 and a positive
feedback loop if k&, > k). An exact solution of the CME for the case of one gene has
been reported in (Grima et al., 2012). We study this example numerically using the
CME, the CFPE and CCLE for a positive feedback system with Ngene genes and the
parameter set: ¢’ =1, k! =6.67x 1075, k;ff: 0.001, &} = 50, kg = 250, ¢n =1 for
3 different volumes V = 1,10,50. Note that as before the number of genes equals
Ngene = ¢1V and hence the three volumes chosen correspond to a system with 1, 10
and 50 gene copy numbers, respectively. Note also that the parameters quoted here

are the same as the rate constants that would appear in a rate equation formulation,
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Figure 2.4: Comparison of the stationary distribution of protein concentration obtained from SSA
simulations, the numerical solution of the CFPE for different values of volume, V, and simulations of
the hybrid model by NRHM for the genetic feedback loop (2.51). See text for parameter values. Note
that as for the gene feedback loop with no feedback (Figure 2.2), the CFPE does not capture the on-
set of multi-modality as the volume (and the number of gene molecules Ngene) is decreased below a
critical value.

and are chosen so that timescale separation conditions are met.

The results of simulations using the SSA, the Galerkin finite element method for
the CFPE and simulations of the NRHM are shown and contrasted in Figure 2.4. As
for the scheme (2.34) studied in the previous section, the CFPE does not reproduce
the noise-induced multi-modality predicted by the CME, and the resulting distribu-

tion remains uni-modal. To generate samples of the stationary distribution of the

hybrid model (2.48) we used an Euler-Maruyama discretisation with time-step size
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At = 1072 to generate a single realisation of T' = 10° time-units long. Samples of
the chain were obtained every 10?2 time-units, from which a histogram of ¢»(¢) was
generated. In Figure 2.4, we see very good agreement between the hybrid and corre-

sponding CME distributions for all volume sizes.
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“Simplification of modes of proof is not merely an
indication of advance in our knowledge of a sub-
ject, but is also the surest guarantee of readiness

for further progress.”

Kelvin & Tait (1873)

Tensor-based Computations

This chapter studies the numerical approximation of the steady state distribution of

the CFPE,

Znex)=0, x€y, and me(x)dx =1, (3.1)
Qf

using the tensor methods. Here, the CFPE operator % is defined in (2.10), and 77 is

its eigenfunction (kernel) corresponding to the zero eigenvalue.

3.1 Numerical approximations of the stationary CFPE

In the current section, we study two essential steps in the numerical considerations
of (3.1): the domain truncation in Section § 3.1.1 and the finite difference discretisa-

tion in Section § 3.1.2.

55



3.1.1 Artificial domain truncation

The (unbounded) domain of definition ()¢ needs to be truncated into some bounded
computational domain Q c Qf such that numerical discretisations can be imposed.
Usually, domain Q covers the region in which the vast majority of the probability

density sits, and the truncated version of (3.2) becomes

ZLiPq(x) = ML, Q)Pq(x) x€Q),
{Po@)=0 x€dQ, (3.2)

JoPax)dx =1,

where A%, Q2) and Pg represent the principal eigenvalue and eigenfunction of %;.
In this section, we study the convergence of Pq in (3.2) towards nrin (3.1) as Q — Q.
We start with a notion of a generalised principal eigenvalue (Berestycki et al.,

1994):
M%) :=sup{A: Poe WV (@), Pa>0, (Z-DPa<0inQ}.  (3.3)

For Q2 bounded and smooth, the above definition of A(%, 2) coincides with the classic
Dirichlet principle eigenvalue in (3.2) (Berestycki & Rossi, 2015). From the Krein-
Rutman theory (Krein & Rutman, 1948), there exists a unique real principal eigen-
value A(%,Q0), and it admits a positive eigenfunction P € W2P(Q) which is unique
up to a constant multiple.

For unbounded (2, it is possible that A(%£,2) does not admit any bounded principal
eigenfunction, or A(%,Q2) is not simple and the associated eigenfunction may not
be unique (Berestycki & Rossi, 2015). We assume the principal eigenfunction ¢ is

bounded and unique, and first present some previously known properties of A(%Z, Q).

Proposition 3.1. The principal eigenvalue A(%,Q) defined in (3.3) satisfies the fol-
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lowing properties:
@) If Q' c Q c Qg then ML, Q) < M &, Q), with strictly inequality if Q' is bounded
and |Q\Q’| > 0.

@) If (Qp)nen is a family of nonempty domains such that

QnCQIH—l} U Qn:Qa QCQf?

neN

then M( %, Q) 1 M &, Q) as n — co. Reversely, if a family of the domains (Q},)nen

satisfies Q) \Q' being bounded, and

%29, N2=0, Qo
ne

then M%;,Q0),) | M%, Q') as n — oco.

@11) If M(Z,QQ) < oo, then there exists a positive function Pg € Wli’cp, p < oo satisfying

LPo = M %, Q)P a.e. in Q. (3.4)

and if Q is bounded, then Pq is unique up to a multiplicative constant.

(iv) If the domain Q and a family of bounded domain {Q,},en as in (iii), then the
corresponding principal eigenfunctions Pq  of Zrin Q, by (3.4), normalised by
Pq,(x0) = 1 for a given x¢ € (), converge (up to subsequences) in ‘gﬁ)c((—l) to an

eigenfunction Pq with eigenvalue M %, ).

The arguments in Proposition 3.1 should all be understood on the fact that the
ellipticity condition (2.12) is satisfied. The proof of Proposition 3.1 can be found
in Berestycki & Rossi (2015), more specifically, the second part of property (ii) is
Theorem 1.10, property (iv) is given in the proof of Theorem 1.4, the uniqueness of
property (iii) is provided by Property A.1, and the other properties can be found in

Proposition 2.3.
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Based on the instruments given in Proposition 3.1, we can proceed to show the

convergence of P to 7¢ in the following theorem.

Theorem 3.2. Consider the Dirichlet eigenvalue problem (3.2) defined on a bounded
domain Q) < Q. If the stationary CFPE (2.13) admits an unique bounded solution up

to a constant multiplication with vanishing values along Q¢, then we have

M, Q) <0, and M, )10 as Q— Q.

Further, if both the eigenfunctions Pq and n¢ are normalised so that Po(x) = nfx) =1

for a given x € (), we have the convergence Pq — nrin Q as Q — Q.

Proof. By assuming the existence and uniqueness of the solution 7y in the station-
ary CFPE (2.13), we directly have the generalised principal eigenvalue A(%,2¢) =0,
and the existence and uniqueness of a bounded and positive eigenfunction Pq, = 7t
corresponding to A(%,Q¢) in (3.3). Then, Proposition 3.1(i7) implies a negative prin-
cipal eigenvalues, i.e., A(Z,Qs) < 0. From Proposition 3.1(ii), we have the eigenvalue
convergence (%, Q) 10 as Q — Qf. Using Proposition 3.1(iv), we obtain the eigen-

function convergence, and this completes the proof. O

Theorem 3.2 suggests that the principal eigenvalue should be shifted to some nega-
tive value if the original domain Q¢ is truncated with the artificial vanishing bound-
ary condition. This implies that there exists no non-trivial stationary distribution
for the time-dependent CFPE (2.10) in the truncated domain Q2. But the shape of the
stationary distribution ¢ in Q can still be approximated by the principal eigenfunc-
tion Pq. The accuracy of the approximation can be measured by the magnitude of
M, Q2), and from 3.1(i), increasing the domain size (2 would yield a more accurate

approximation.
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3.1.2 Numerical discretisation

Now we apply the finite difference method (FDM) to discretise the Dirichlet eigen-

value problem (3.2) into a matrix principal eigenvalue problem,

where (Ap, pp,) is the principal eigen-pair of the stiffness matrix Aj. For self-adjoint
operators, the convergence of the FDM has been extensively studied (Keller, 1965;
Gary, 1965; Kuttler, 1970). But for non-self-adjoint operators, it is not possible to
build a monotone and converging difference scheme using a narrow stencil (Carasso,
1969; Feng et al., 2013).

Recently, monotone difference schemes for elliptic operators with mixed deriva-
tives have been proposed (Samarskii et al., 2002; Rybak, 2004; Matus & Rybalk,
2004). These schemes can be directly applied to discretise the CFPEs in lower dimen-
sions. But the resulting stiffness matrix can not be constructed from the formatted
tensors, and thus can not be used in higher dimensions. In the current section, we
extend the existing scheme to a tensor-friendly version, and the resulting stiffness
matrix can be exactly constructed by the separated tensors. We also show the scheme
yields an irreducible M-matrix, and is second-order accurate.

Note that we will follow the traditional matrix-vector-based notation in the current
section that the nodal points are enumerated by one index and the corresponding
discretised functions are stacked into a “long” vector, but we will consider storage

compression by tensor representation in the later sections.
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Figure 3.1: 2D visual illustration of the seven-point stencil of the difference scheme (3.9), with (a) for
A" and (b) for A™.

3.1.2.1 A finite difference scheme
In an N-dimensional hypercube Q = % x --- x Iy, 3 =laq,b4l, d =1,2,...,N, we
consider the uniform grid wy:

wp = {xil,m,iN = (xl,ip---,xN,iN):xd,id =ag+ighg,ig=1,...,nq,d = 1,...,N}, (3.6)

with constant grid step hy = (bg —ag)(ng + 1). The set of boundary grid points is

given by

op = {xil,_“,iN = (xl,il,...,xN,iN) iig=0orng+1,d=1,...N}

We choose the computational domain Q c RY such that all the propensity functions,
aj,j=1,...,M,in (2.2) are non-negative.

Let us construct a difference scheme taking account of of the sign of the diffusion
coefficients. We will use the following notation conventions of difference operator.

For any function w : Q2 — R and any interior base-point (x1;,,...,Xn,;y) € Wp, We use
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w to denote the nodal value, w(xy,,...,%N,iy), and
+1d
w' ):w(xl,il,.--,xd,idihd""’xN’iN)’

is the value of w at the adjacent nodal point in the positive/negative direction of x.

One-sided differences, as a replacement of the first derivative ow/0x;, are denoted by

(-1d)

(+1d) _
d : 3.7)

w w—w

wxd:T, and wgz, = ha

for forward difference and backward difference schemes, respectively. We can approx-
imate the second order differential operators with mixed derivatives in the CFPE

(2.13),

02D 4, q,(x)w

L =
dl’dz(w) axdlade

, di1#dg, (3.8)

by the following difference operators

(D7, 4, Wxg gy + (D 4 W)zy )z,

Ay 0, (W) = 2 ’ (3.9)
_ ( )_ ((D(;Ldzw)xdl )J_Cdz +((D(;1,d2w)92d1 )xdz '
dy,dy W)= 2 ’

for d1 #dsg, d1,dos =1,...,N, where D§1 ds represent the partial sums of the positive

and negative terms in (2.11), respectively, i.e.,

1 M
+ _ - _ +
di,da — 5 Z VrdiVr,daQdyds ]]‘Vr,dlvr,dg >0> di,de — D, d; _Ddl,dg' (3.10)
r=1

The difference operators in (3.9) is defined on a seven-point stencil illustrated in
Figure 3.1. If w is a €* continuous function, it can be shown that the difference

operator A§1 s is a second order approximation of the differential operator £y, 4,,
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ie.,
NS W= ZLayag,w=0(h1?),  h=(h1,hg,...hN)".

In case of the second order derivative operator in a single variable, £, 4, defined

similarly as in (3.8), we replace it by the standard three-point scheme,
Ad,d(w):((Dd,dw)a‘cd)xda d= 17"'7N' (311)

The first order derivative operators in the drift terms of the CFPE (2.10) are approx-

imated by the central difference scheme

(HaW)xy + (HaW)zy
2 b

Ag(w) = d=1,...,N, (3.12)

which is known to be of second order accuracy.
Combining the above difference operators, we approximate the CFPE eigenvalue

problem (3.2) by the difference scheme

N N
Anpn= ). (Na(pa)+ Aaa(pa))+ 2 (AS,a, (PR)+ A7, 4, (PR)) = AnPs, (3.13)
=1 1,d2=1
d1#d2

where Aj, € R 2N)*(01-nN) denotes a large (multi-dimensional) matrix, and (A4, pp)
is the associate principal eigenpair. The stencils of difference schemes in (3.9), (3.11)
and (3.12), are compact, using only (3V — 1) surrounding nodes for their discretisa-
tions in N dimensions. Due to the homogeneous Dirichlet boundary condition in

(3.2), the boundary nodes @p, are not included in Ap,.
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3.1.2.2 Monotonicity

Next we show the stiffness matrix Aj possesses the similar properties of the original
operator %, such as the simplicity of the principal eigenvalue and the positivity of
the corresponding eigenvector. We first define the notion of the L-matrix and M-

matrix (Ostrowski, 1937).

Definition 3.3 (Layton & Morley (1987)). An n x n matrix A is called
(i) a monotone matrix if A™! exists and Ax < Ay implies x < y; equivalently, if
A1>0;
@) an L-matrix if A =(A; j)nxn with A;; =0and A; ; <0 for i # j;

(Zit) an M-matrix if A is both an L-matrix and a monotone matrix.

Here all matrix and vector inequalities should be interpreted element-wise. Next

we show the stiffness matrix is an irreducible L-matrix.

Lemma 3.4. For sufficiently small grid size hg, d =1,2,...,N, if the following condi-

tions are satisfied:

+ + _(p- -
Dd,d> N Dy y+Dg =Dy i +Dy )

hq d=1 2h g
d'#d

for all x € wy, (3.14)

then the negative stiffness matrix (—Ap) is an irreducible L-matrix.

Proof. Let ®( be the coefficient at the central node x € wy, ., be the coefficient at
the surface node (x1,;,,...,%¢n, th¢,..., %N ;). Let @iy, +p, be the coefficient at the

corner node (acl,il,...,xgl,n[1 + hgl,...,xgz,n,z +he,,...,%N,iy)- Then entries of Ay are
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given by

N 2Dd,d N D +Dj _(Dé1,d2+Dc_iz,d1)

Z di,dz dg,d1

2 b
i1 hy  aida=1 ha,ha,
di#dg
+ + _(D- -
® Dy N Dyu+Dy,~D,,+Dy, L e (3.15)
0= - * :
r: [T 2hohy 2h,’
040
+ + - -
® - _D€1,€2+D€2,€1 and @ Tl = D€1,€2+D€27[1
1,4l = — if Ty = ————————— =
L=t 2h[1h[2 ’ =T Zhglth

Here, ®( refers to the diagonal values of Ay, and the other coefficients corresponds
to the off-diagonals.

According to Definition 3.3, matrix (—Ap) is an L-matrix if ®g < 0 and @, ¢, D¢, 10,
D¢, 50, = 0. By the splitting (3.10), we have the corner nodes, @/, +¢, and @y, z¢,,
to be non-negative. Then, for sufficiently small grid size A4, d =1,...,N, where the
diffusion part dominates the drift part, the positivity of ®.,, as well as the negativity

of @, is directly satisfied by the condition (3.14). O

Remark 3.5. Let h{ =hg =... = hy = h in (3.14). If stoichiometric coefficients of
(2.1) satisfy the following the following two conditions: 1) for all i =1,2,...,N and

j=12,....M,
N
2V?,i =) vjivjil, (8.16)
i'=1
i'£i

and 2) there exists at least one combination of 7 € [1,N] and j € [1,M] that the above

inequality is strictly satisfied, i.e.,

N

2 ~n A

25> ,,Zl V;ivial (3.17)
1=

i'#1

then the condition (3.14) can always be satisfied by choosing a sufficiently small A.
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Proof. Remark 3.5 can be proved directly by first multiplying the propensity function

a; to the both sides of (3.16), summing over j, and applying (3.17), which yields

M 9 M N
QZvj’iaj> Z Z |Vj,iVj,i’|aj-
J=1 Jj=1i'=1

i'#L

Then, assuming the grid sizes h;, i = 1,2,...,N, are equal for all dimensions, the

above formula satisfies the condition (3.14). O

For N =1, the conditions are satisfied directly. For N > 1, Remark 3.5 suggests
the following combined necessary conditions for the negative stiffness matrix as an
irreducible L-matrix:

1) each chemical reaction leads to the population changes in at most two chemical

species,

2) if two chemical species changes population numbers, the absolute changes should

be equal,

3) at least one chemical reaction only changes a single species’ population.
Conditions 1) and 2) follow (3.16), and condition 3) follows (3.17). One basic example

is the isometrization chain system, which will be presented in (3.99).

Proposition 3.6 (Layton & Morley (1987)). Suppose that A is an irreducible L-
matrix. If A is diagonally semi-dominant with at least one row of A strictly dominant

— that is, for some i,

Ai,i - E |Ai,j| >0, (3.18)
1
?#i

then A is an M-matrix and A1 > 0.

Theorem 3.7. If the conditions in Lemma 3.4 are satisfied, then the negative stiff-

ness matrix (—Ap) in (3.13) is an irreducible M-matrix, and the underlying difference
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scheme is a monotone scheme. The principal eigen-pair (Ap, py,) of Ay has the follow-
ing properties:

(@) Ap is real and algebraically (and geometrically) simple;

@@1) Re(Ap)<0and Mi' > |Ap| for every eigenvalue /12 of Ap, ¢ =1,2,...,n1---npN;

(i) pp(x)>0 for all x € wp,

Proof. If (—Ayp) is an irreducible M-matrix, we have the monotonicity feature by
Definition 3.3, and the properties (i)—(iii) follow from Person’s theorem for positive
matrices (Horn & Johnson, 2012).

An intuitive way to prove (—Ap) to be an M-matrix is to show Ay is diagonally
dominant (3.18). But this is not obvious at all, because the row entries given in
(3.15) are all state-dependent, and coefficients on different base-points do not cancel
each other exactly. Instead, we here use the fact the transpose of an M-matrix is
also an M-matrix (Soto, 2001; Yip, 1996), and try to prove the transpose (—A;’:) is an
M-matrix.

It is important to note that the transposed matrix A;; is the stiffness matrix of the

finite difference approximations of the adjoint Fokker-Planck operator £ defined as
o’p Y op

N
LIP = D, i—+ ; ,
f i,JX::I n axiaxJ' i;”l Ox;

for function P € €2%(Q). The difference scheme of approximating % should be anal-

ogous to the scheme for %;. We write it as

A+ A+ Y
Ddl,dz(wxdl )xdz +Dd1,d2(wxd1)xd2

+ _
Adl,dz(w)_

b dl #d27 dl,dz = 1’2,""N,
2 3 _ (3.19)
“dwxd;”dw’”, d=1,...,N,

Aaaw)=Dgqwz))x,;, Aaw)=

where the diffusion and drift coefficients, 13:-;1 ds and fig, are defined similarly as in

(3.9), but these functions are all evaluated at the central base-point. We then write
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the stiffness matrix Az; as a sum of diffusion part and drift part, i.e.,
A} =B, +Cy,

where the diffusion and drift parts are respectively given by

N N N
Biw=) Agqw)+ Y (A] ;@ +Ay , W), and Crw= )Y Agw).
d=1 dida=1 d=1

di#dg

It is easily seen that matrix Bz

is of order h(}z, while matrix C£ is of order h;ll. Thus,
we only need to prove (—B,Tl) is an M-matrix, and then, for sufficiently small mesh
size hg,d =1,2,...,N, matrix (—A,Tl) is an M-matrix (Alfa et al., 2002).

We next study the entries of Bz. Similarly as in (3.15), we define @ to be the

coefficients at the central node, @, 4 coefficients at the edge nodes, and (i)idl,idz and

®.4, 74, to be the coefficients at the corner nodes. The entries of matrix B£ are given

by
~ N+ N+ ~ — ~N —
B % 2Dg 4 N i Dy astPaya, = Dayay tPaya)
0 h2 ha h ’
d=1 d di,ds=1 di'tds
di17£ds
& _ Dq, 4, _ N Dd1,d2 +Dd2,d1 (Ddl,dz +Dd2,d1) (3.20)
T T )3 2ha,h '
d1 do=1 ditds
do#dy
D*  +D? D~ . +D;
Doy sg, = d1,dy ds,dy and ®.y =g, =— d1,d2 da,d1
B 2hgha, sz 2h 4, hq,

Similarly as the proof of Lemma (3.4), under condition (3.14), matrix B,T; is an irre-
ducible L-matrix.

It remains to prove (—BZ) satisfies the condition in Proposition 3.6. Let the i-th
row of matrix B,Tl refer to the central base-point x € wj. We define .#(x) to be the
stencil of the difference scheme (3.19) around the nodal point x, and define .#'(x) =

S (x)\{x}. If #'(x) € wp, all the surrounding nodes are interior nodes. Let B; ; be the
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entry of matrix (—BZ), we have

B, ; =—o,
n N B B N B B _ B
Y IBijl==> (®a+®q)— Y (Prdyrds+Podyrdy+Pidy-do+Pody—dy)-
j=1 d=1 d1,da=1
J#i di1#ds

Using the formulas in (3.20), we can easily verify that the i-th row is diagonally

semi-dominant, i.e.,
n
!/
Bii—) IBijl=0, &'(x)cw.
J=1
J#i

In the case #'(x) Ny, # @ where some of the nodes of the stencil locate at the bound-

ary @p, (or beyond), the corresponding coefficients become zero. Then we have

n N N

Y IBijl<=Y (Pa+Pg)— Y (Prayds+Pdyrds+Pray-do+Pody-dy)>
Jj=1 d=1 di,da=1

J#i d1#ds

meaning that the i-th row becomes strictly diagonally dominant. This completes the

proof. O

Remark 3.8. According to Theorem 3.7, the proposed difference scheme is mono-
tonic only for sufficiently small mesh sizes, due to the use of the two-sided central
difference scheme (3.12) in approximating the first order derivatives. This condition
can be relaxed by using a one-sided difference scheme, and taking account of the sign

of the drift coefficients. More precisely, one may approximate d(uqw)/0xq by

Ag(w) = AJw)+ A (w), A;(w):(u;w)xd, A;(w):(y;w)xd,
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where u* are defined by

M
ﬂ;(x):ZVj’daj(x)']lvj’d>() l’t;::ud_,u:i_a iaj:1,27"'aN'
Jj=1

However, it has only the first order accuracy, while the previous proposed scheme is

of second order, as studied in the following section.

3.1.2.3 Discretisation error

The current section studies the discretisation error in the proposed difference scheme
(3.13). The eigen-pairs of matrix Ay are denoted by (Ai,ph), j=12,...,n1---npn.
The eigenvalues {Ml} are assumed to be in a decreasing order, 0> 1 > A2 > )Li >,
and they approximate the first (n x --- x n) eigenvalues of operator % in (3.2). The

eigenvectors are normalised by H pi ”1/ [I;h;=1.

Theorem 3.9. Let (Ap, py,) be principal eigenpairs of Ap, with normalisation || Pn ”1 =
1. Let Aq € R, Pq € €4(Q) be the principle eigenpairs of % in domain Q with homoge-
neous boundary conditions, and let pq be the vector obtained from Pq by grid point
evaluation in wy. Assume pq normalised so that psz =1, and that all the eigen-
vectors, p;;, J=1,2,...,n, are bounded. Let h = maxi<q<N hq satisfy the conditions of

Theorem 3.7, then the following inequalities hold,
Aa—Axl=C1h® and |pq-pal. = C2h® (3.21)

Here, constants C1 and Cg depend on the diffusion and drift coefficients, D; ; and w;,

i,j=1,...N, and the third- and the forth-order derivatives of py,, inf;+1|1q —Ai |, and

|(Ph---P3)

Proof. For sufficiently smooth Pq(x), the finite difference approximation (3.13) can
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be written as

AhpQ+Th ZAQPQ, (3.22)

where 73 is the truncation error of the difference scheme. One can show, by using

Taylor expansion in space (Samarskii et al., 2002), that
I7hllo < Coh?, (3.23)

where C is a constant depending on D i.j» Mi> 1,j =1,...N, and the thrid-order and
the forth order derivatives of py. Now we write p as a linear combination of the

eigenvectors of Ay, i.e.,
pa=Y c;p). (3.24)
J

Substituting into (3.22) yields

1h=(la—-Appg =Y c(la—})p). (3.25)
7

Let g4, be the normalised principal left eigenvector of Aj corresponding to Az, then
multiply qz: to both sides of the equation (3.25) and use the relation in (3.23), we

have
1o =An)I < |ah | < [@nlly ITalloo < C1h?, (3.26)

where C1 is a constant depending only on constant Cy in (3.23). For ¢; # 0, we divide
both sides of the inequality by |c1|. This gives the convergence rate of the principal

eigenvalue in (3.21).
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Now we derive the convergence of the eigenvector p; towards pg. Let

Q = (p}.p5,-...P}),

be a matrix whose columns are the right eigenvectors of A, then the matrix form of

(3.24) reads

pQ = Qc’

where ¢ = (c1,c9,...,c,)T denotes a column vector with entries ¢ j- Similarly, the

matrix form of (3.25) is given by
Th=Aa—Ap)Qc =QDye, (3.27)

where @y, is a diagonal matrix defined as

An—Aag 0O - 0
0 A2-1a
0

0 0 A-2g

nxn

From Theorem 3.7, Ap, is a simple eigenvalue of A, and p,, is linearly independent
with p{l, Jj=2,3,.... Thus we can define a transformation that makes pi, j=2,3,...,

orthogonal to pj. We define matrix Z = (Z; ;) xn as

_pwpy (PR
(Ph:Ph) (Ph:Ph)
0 1 0 0
Z= ,
0 0 . 0
0 0 1

nxn

where (py, pi) denotes the inner product of vectors p; and pi. Let @ = QZ, the

71



first column of @ is orthogonal to all other columns. Then, multiplying QT to both

sides of (3.27) gives
Q' 11=Q"'QZ Dye. (3.28)

From the definition of @, the structure of QTQ is of the form

Q= :
0 Q'Q

xXn

where @ is an sub-matrix of @ with the first column vector removed. It can also be

verified that

1 ~Zi2.

QQz'=|
0 Q'Q

nxn

where Z 9., refers to a vector formed by the first row of matrix Z except the first

element. Further, since @y, is diagonal matrix, we can reduce (3.28) to

where ®;, is a sub-matrix of ®; with the first row and the first column removed, and

¢ is a sub-vector of e with entries (cg,...,c,)T. Then, we have
_ = _ ~TA~ 14T = 5 —
12000 = |93 .| @ @71Q" | _17allco = Ca | 037]  % (3.29)

with constant Cy > 0, depending on the co-norm of matrices @ and Q_l, and constant

Co in (3.23). Here we have assumed that eigenvectors pi have bounded entries, i.e.,
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” pi H < oo. In above inequality, we notice that
[e.@]
|52, = max |1a-23) "
h llco Jj=2,...,n h

Since we have proved the convergence of the eigenvalue Aj; towards Aq, for suffi-

ciently small &, there exists a positive constant Csg, such that
inf|Aq — A} | = Cay > 0.
J#1
We can further bound | €|/ in (3.29) by
C
Il < =2h2 = Chh2,
Cs

where C’2 = C9/Cs is a positive constant. Since we have assumed the bounded eigen-

vectors, it then follows that

n

IPo—Phlleo = Zlcjp;, ~Prlloo = 18]l QI < Caht?,
]:

where constant Cy depends on C’2 and [|@| .. This completes the proof. O
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Figure 3.2: Numerical illustrations of the artificial boundary error and the discretisation error in
the CFPE of the birth-death process (2.29) with N = 1 chemical species. The reaction constants are

k1 =Fko =1 and system volume V = 500. (a) The domain size Q) dependence of the artificial boundary
error of (3.30) in approximating (2.31). Function Pq is approximated by a finite difference solution
with very small mesh size h = 0.1. (b) Discretisation error of the proposed monotone difference scheme
in solving (2.31). The exact error is plotted with red circles, and the dashed curve refers to the refer-
ence line Ch? with constant C =1.37 x 107,

3.1.3 Numerical illustrations of boundary truncation error and the

discretisation error

Let us consider the simple birth-death process (2.29). We can write the truncated

CFPE (3.2) for the process as

£Po() = & [DWZEY| - L @) Paw)] = 1oPal), x€Q,

Y Pa(x)=0, x€0Q, (3.30)

foPQ(x)dx =1,

where Aq is the principal eigenvalue and Q c Q¢. For Q) = Qf, we have derived the
exact solution 77 in (2.33).

We fix the centre of Q2 at x =500, and numerically solve (3.30) for different domain
sizes. The Q-dependence of the boundary truncation error is plotted in Figure 3.2a,

and the convergence agrees with Theorem 3.2.
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In Figure 3.2a, we also plot the maximum boundary flux against domain sizes. The

probability flux, or current, Ja.x(x) is defined as (Risken, 1989)

dPq(x)
dx

Jiux(x) = D(x) —v(x)Pq(x).

The quantity Jaux(x) is the probability flux, or current (Risken, 1989). A physical
explanation of Jgux(x) is the amount of the flow of particles through the point x.
From Figure 3.2a, the decay rate of the maximum flux is similar to the decay rate of
Aq, both equivalent to the decay rate of || Pq—7¢ll s~(q) With a constant multiplication.
They may be used as error indicators for the artificial boundary error, but we are not
able to provide theoretical proof for such argument at the moment.

The discretisation error is plotted in Figure 3.2b. The underlying matrix eigen-
value problem (3.5) is solved with the MATLAB eigs function. When computing the
exact error, vector pg as a grid evaluation of function Pg is approximated by a grid
evaluation of m¢. This is because the analytical formula for Pq in (3.30) is not known
for general domain Q. We choose sufficient large domain size Q2 = 400, such that
this approximation error, |Pq — 7¢ll ¢(q), is negligible compared to the presented dis-
cretisation error. In Figure 3.2b, we could observe that the difference scheme is of

second-order accuracy as predicted by Theorem 3.9.

3.2 Separation of dimensions

Solving the CFPE (3.5) using the classic matrix-vector-based approaches can be dif-
ficult, because the number of degrees of freedom grows exponentially in dimensions.
We will show the problem can be lifted using tensor approaches, and in the current
section, we introduce essential knowledge of tensor formats, particularly the tensor
train (TT) format and the quantized tensor train (QTT) format.

The class of the tensor methods that lead to linear complexity in the dimensions
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are distinctly based on the principle of separation of variables. The techniques, es-
pecially the classic canonical and tucker decompositions, have been used as a tool
for data processing in chemometrics, psychometrics and in signal processing, see the
bibliography in Kolda & Bader (2009). Its application in the numerical solution of
PDEs in scientific computing was originated by the use of the rank-structured tensor
calculations of multivariate functions and operators in the Hartree-Fock equation
(Khoromskij & Khoromskaia, 2009; Khoromskij et al., 2011; Khoromskaia, 2010;
Khoromskaia et al., 2013; Khoromskaia & Khoromskij, 2014b). Since then, signif-
icant progress has been made in approximating the multidimensional functions and
operators in the TT and QTT formats. The TT format is a particular form of the ma-
trix product states (MPS) techniques originally developed in the physics community
to address the similar problem (White, 1992; Verstraete et al., 2004; Vidal, 2003). Lit-
erature review on the most frequently used tensor formats can be found in (Khorom-
skij, 2012).

The numerical cost of basic multi-linear algebra operations on formatted tensor,
like the TT format, usually scales linearly in dimension N, but could be polynomial
in the volume size n. The introduction of the quantization in the TT approxima-
tion further enhanced the data compression with a log-volume complexity G (N log(n))
(Khoromskij, 2009a, 2011). It has been shown that the basic classes of function re-
lated tensors, such as exponential, trigonometric and polynomial, can be constructed
in the QTT format with constant ranks. The exponential convergence in the QTT
ranks has also been proven for a class of analytic function related tensors. And we
refer the readers to the details in (Khoromskij & Oseledets, 2010b; Oseledets, 2013;
Dolgov et al., 2012).

Here, the main ingredients in the tensor-structured solution of the CFPE include:
1) the FDM discretisation, 2) numerical multi-linear algebra of the low-parametric

tensor formats, 3) approximate the multivariate functions and operators in the low-
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parametric tensor formats, 4) the quantized tensor approximation, and 5) tensor-
structured method for solving the discrete systems of the PDE. Step 1) has been
studied in section 3.1, and the numerical details of the tensor representations, par-
ticularly the TT format, is introduced in the current section. Steps 4) and 5) will be

discussed in sections 3.3 and 3.4.

3.2.1 Notations and conventions

Definition 3.10 (Tensor). An N-dimensional, or Nth-order, tensor x € R*1* "N js an
N-way array with entries referenced with N indices denoted as xj, . jy or x(j1,...,JN)

for jre{l,2,...,np}and k=1,...,N.

A grid evaluation of a function naturally yields a tensor, and the order of the tensor
can include spatial, temporal, and parametric variables. A scalar is a zeroth-order
tensor, a vector is a first-order tensor, and a matrix is a second-order tensor.

A vectorisation of tensor x of N-th order is a process that stack the entries of x into

a long column vector y, denoted by y = vec(x), with entries given by*

yj1+zg:2(jk_1)nl;;in[:le,jz,...,jN7 .]kzly"-’n’ka k:17"‘7N'

The tensor vectorisation is implicitly used in the vector-based numerical methods for

solving PDEs, where the grid evaluation of any function needs to be vectorised to

* The transformation between multi-indexed and single-indexed representation has two difference
conventions:
1. The little-endian convention

(1,02,--»JN)=J1+(2—Dn1+(z—Dning+---+(n—Dny---ny-1.
2. The big-endian convention
1,725+ JN)=JN +(N-1—-Dnny+(n-2—-Dnnyny-1+---+(1—Dng---ny.

The big-endian notation correspond to the reverse lexicographic order adopted in C language, and the
little-endian notation is consistent with Fortran and MATLAB indexing. If not otherwise mentioned,
we will always use the little-endian notation in this thesis.
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form a linear system, such as Equation (3.5). Reversely, a vector y can be tensorised
into tensor x using the above index transformation.

The process of reordering the elements of a tensor into a matrix is usually referred
as unfolding or flattening. A mode-% unfolding of tensor x € R"1*™N yijelds a matrix
X(n) € R x(m1-nN) in which the kth index jj, of tensor x is arranged as the row index
of matrix x) and the remaining indices (i1,...,ix-1,1%+1,---,LN) as a whole serve
as the column index. Similarly, a mode-(1,...,%) unfolding of tensor x generate a
matrix, written as x(1, ), whose row and column indices are re-arrangements of
indices (j1,...,/%) and (jp+1,...,Jn) in the reverse lexicographical order, respectively.

Tensors can be multiplied by scalars, vectors, matrices and tensors. Multiplying
tensor x € R"1*"*"N by a scalar c is direct, where all entries of x are scaled by c. If
x is multiplied by a vector or a matrix, a mode index needs to be specified, and it is
known as mode-k product, denoted by x;. The mode-% product of tensor x by vector

y € R™ yield tensor z = x xj y € R"1* " *Mk-1*"k+1X "IN with entries

ne
2t sendhtibitdn = Do EitinVins
Jr=1

or equivalently, we can write it in the matrix form as z(;) = x(z)y, where z) and x,)
are the mode-% unfolding of tensors z and x, respectively. Tensor-matrix multiplica-
tion is defined in a similar manner. An N-mode tensor x € R"1*"*"*N multiplied by a
matrix A € R™**" yields another N-mode tensor y of size nq x---xnjp_1xXmpXnp.q X
---x ny, whose entries are given by

ng

Yitvettsibbstd = D KjtveninAinains
Jr=1

whose equivalent matrix formulation is given by y) = Ax).

The contraction between two tensors, x € R "N and y € R™*"*"M where n, =
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mp, is performed through the mode-(};) product, denoted by xl}, generating a tensor:

— k MIXXMp] XN 41 X XNNXMIXMp_] XM ppy] X XM
z=xx,y€eR ,

whose entries are defined by

ny

Zi1 sl 0=1,b 0415 EN T Lo B=ToJ bt Lo end M Z Xl el 15058 0415 s N Y T LoeerS = 1obs bt 1oeeesd M2
=1

and the common modes have the same size ny = mj. In the case £ = 1, we usually
neglect the super-index £ and simply write x]; as xy. When the tensor contraction is
applied for more than two tensors, the order of the product is backwards, for example,
x x];; y xlx z=x xl;fll (y le z).

The tensor product, denoted by ®, of x € R*1*"*"N and y € R™1*"*"™M ig the tensor

z=x®yofsizeny x---xnyxmix---my, and the entries of z is given by

In the context where x and y are first-order tensors, or vectors, the tensor product is
referred as outer product. And if x and y are second-order tensors, or matrices, the
tensor product is similar to the matrix Kronecker product with the same notion ®.
The difference is that, if A and B be the matrices of sizes m xn and p x q respectively,

the Kronecker product is defined as

a11B cee al,nB

C=A®B=

amB - ap,B

p

where the product C is a matrix of size mp x nq, whereas the tensor product yields

a four-dimensional tensor. A detailed account of properties of tensor product is given
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by Kolda & Bader (2009). Some elementary properties include

(x+y)®z=x02z+y®z,

(x®y)(zeow)=x2® yw,

which suggests the summation and the inner product are commutative. Here, the
inner (scalar) product is defined similarly for vectors, i.e., the inner product of tensors

x,y € RN yields a constant z = xy € R defined by

nyng NN
i1 ig iN

For brevity, we do not indicate explicitly the sizes of the tensors involved; we assume
throughout that the sizes of the involved tensors are compatible with the indicated
operations.

An N-dimensional tensor x € R*1*"*"N jg gaid to be a rank-1 tensor, if it can be
written as a tensor product N factor first-order tensors, x; € R*, i =1,...,N, of the

form
X=X19X98® - QXN, (3.31)

or equivalently, in a compact form as x = ®fi 1%i.
The previously introduced tensors can be regarded as a high-dimensional analogue
of vectors in the traditional numerical methods. To be consistent, we also introduce

a concept of tensor matrices as a multi-dimensional counterpart of matrices.

Definition 3.11. An N-dimensional, or N-th order, tensor matrix A € R71*>*nn)x(myx--xmy)
is a 2N -dimensional tensor, and the entries are referenced with N row indices (i1,...,iN)
and N column indices (j1,...,jn), denoted as A;, . in:.j1,..ix 07 AG1,...,iN;J1,.-,JN)

foripe{l,2,...,n}and jr€{1,2,...,mp}, k=1,2,...,N.

80



xnn)x(mix-xmy) into a matrix

The process of reshaping a tensor matrix A € R”1*"
(second-order tensor) B € R 2N)x(m1-mN) i5 referred as matricisation, denoted by

B =mat(A). The entries are ordered as

B =Ai iNieine (3.32)

i1+X N =D nes j1+ X0, Gr- DT my

The product of two tensor matrices are equivalent to the product of their matricisa-
tion. That is, given tensor matrices A € R1Xxnn)x(mix--xmy) gnq B ¢ RImix-xmn)x(kx-xkn)

the product is C = AB € RM1*xnn)x(kixxkN) and entries are specified as

mi my
Cityoiyijiin = 2 0 2 AdneinstrtyBen,.tyijssein-
=1 Iy=1

which we can also write in the matricised form as mat(C) = mat(A)mat(B). Also, a
tensor matrix A € R >nN)x(mix-xmn) can be multiplied by a tensor x € R™1*™N

which yields another tensor y € R"* "N with entries

mi mn
Yitsoin = 2" DAtV K LN
J1 JN

This is equivalent to the matrix-vector multiplication through vec(y) = mat(A)vec(x).
In a similar way to the rank-1 tensor, we can define the rank-1 tensor matrix A of

size (n1x---xny)x(mqx---xmpy) as a tensor product of N factor first-order tensor

matrices, A; e R"*™i =12 ...,N, of the form
A=A1®A2®---®AN,
or equivalently,

AQ1, .., IN3J1,-- s JN) = A1(1,71)A2(i2,72) - AN(N,TN)-
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Here, the tensor product works as the matrix Kronecker product. Also note that the
tensor matrices are equivalent to the tensors with permuted and grouped indices,
and thus, if a tensor decomposition technique applies to the tensors, it works on

tensor matrices with permuted indices as well.

3.2.2 Tensor decompositions

3.2.2.1 Low-rank approximation — a two-dimensional example

The key concept in the tensor decomposition is to separate the dimensions, and the
most straightforward approach is to separate using the tensor product as in (3.31).
The rank-one representation can be generalised to a summation of several rank-one
terms, and the representation can be derived out from the singular value decomposi-
tion (SVD).

To illustrate the basic idea, let us consider a second-order tensor, x € R®*™, n < m.
We wish to express tensor x as a sum of rank-one product terms plus an approxima-

tion error, i.e.,

R R
x= Zcrur®vr+e: Zcruer+e, (3.33)
r=1 r=1

where ¢, r =1,...,R, are constant coefficients, u, € R* and v, e R™, r=1,2,...,N,
are factor vectors, and tensor e € R**™ represents the approximation residue. It is
easy to see that the original full tensor x contains nm entries, while the storage cost
of the factor tensors, u; and v;, reduces to (m +n)R. We say that (3.33) is the optimal
decomposition if it has the minimal e-rank R that keeps the error |e|2 < €, for some

e>0.
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Proposition 3.12. Consider the SVD of matrix x e R**™, n <m as

n n
x=UAVT = Z O,U,QU, = Z arurvf, (3.34)
r=1 r=1

for left singular matrix U = (u1,...,u,) € R"*", right singular matrix V = (v1,...,0,) €
R™ ™ and diagonal matrix A = diag(c;) € R**". The order of the singular values

follows 01 =09 =---=0,. The truncated SVD after R < n terms,
R R r
y= Z OrUyr®U, = Z oru,v;,
r=1 r=1

yields an optimal e-rank R approximation with error tolerance € = || x — y||o.

The above result is usually referred to as the Eckart-Young-Mirsky theorem (Eckart
& Young, 1936). One higher-dimensional generalisation of the theorem is the higher
order singular value decomposition (HOSVD) (De Lathauwer et al., 2000a), which
computes singular value decompositions independently for each coordinate. This
gives reliability and a quasi-optimal accuracy/rank ratio. Khoromskij & Khorom-
skaia (2009) extended this technique to the so-called Reduced HOSVD (RHOSVD),
which finds the best (non-linear) Tucker approximation from large-rank canonical
inputs via solving a dual maximization problem. The RHOSVD was justified with
error estimate, and yields linear complexity in the grid size and the input rank.

Another generalisation of Proposition 3.12 is the MPS or TT-style tensor format,
brought by a sequence of the (truncated) SVD. It was first invented by White (1992,
1993), and has been further developed for more than 20 years in quantum chemistry
and in quantum information theory. The alternating direction concept for the linear
structure of MPS/TT is essentially more powerful than the alternating least square
for the canonical and Tucker format. Out of the alternating direction concept, the
DMRG method has been extensively used to simulate the statics and dynamics of

one-dimensional strongly correlated quantum lattice systems (Schollwock, 2011a,b),
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Figure 3.3: A graphic illustration of the canonical tensor decomposition.

which was later adopted in the numerical community as well (Holtz et al., 2012). It
has many impressive modifications and improvements, such as the time evolution of
MPS deveoped by Vidal (2003).

In what follows, we discuss the basic algebraic operations of the canonical, Tucker

and TT formats.

3.2.2.2 The Canonical Polyadic and Tucker decomposition

An obvious generalisation of the matrix decomposition (3.33) is the so-called canoni-

cal Polyadic decomposition first introduced by Hitchcock (1927, 1928).
Definition 3.13. An N-th order tensor x € R "N is said to be represented in the
canonical format if it is expressed (or approximated) as a sum of rank-one tensors, i.e.,

R
v=) aVex e 0a), xTeR™, i=12,...,N, r=12..,R.  (3.35)
r=1

The number of summands, R, is called the canonical rank, and x(ir) are canonical fac-
tors. Similarly, an N-th order tensor matrix, A € R X xnn)x(myx-xmy) g represented

in the canonical format if it holds

R
A:ZIAgr>®Ag>®...®Agy, APV errmi =12, N, r=12,...,R. (3.36)
r=

An illustration of the canonical representation of a three-dimensional tensor is
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given in Figure 3.3. The above representation admits linear complexities in high-
dimensional algebraic operations. It is possible to prove the existence of low-rank
approximations for certain classes of tensors, especially if the tensors arise from the
grid evaluation of some special types of functions, such as the product of Gaussians.
And for tensor matrices, low-rank representations may be analytical derived for the
discretisations of some differential operators, as we will derive for the Fokker-Planck
operator in Section § 3.3. Given the canonical decomposition, we show next how ba-
sic arithmetic operations can be performed in such a representation, and for further
details about the tensor arithmetic, we refer the readers to the discussion in Khorom-

skaia (2010).

Proposition 3.14. Let tensors x,y € R "N admit canonical representations (3.35)
of ranks Ry and R, respectively. Let tensor matrix A € RUm1x-xmy)x(nix-xnN) qdmit
canonical representation (3.36) of rank Ra. Define n=n;,m;, i =1,2,...,N, the fol-
lowing arguments hold:

(i) Storage Cost: the number of entries of full tensor x for storage is G(n™N), and is
reduced to O(nNR,) in the canonical format, the number of entries of full tensor
matrix A for storage is 0(n?N), and is reduced to G(n>?NR ) in the canonical
format.

(it) Vector addition: the sum of tensors x and y in the canonical form is performed
through merging and reordering the rank-one terms; there is no appreciable
computational cost, but the canonical rank of the sum equals the sum of the
ranks of the summands, i.e., Ry, y =Ry +R,.

(iit) Multiplied by a scalar: multiplying a scalar s € R to tensor x in the canonical
format is performed by multiplying s to the factor vectors, xgr), r=12,...,R,
Vie{l,2,...,N}; the computational cost is O(nR).

(iv) Vector inner product: the inner product of tensors x and y in the canonical
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format is performed by computing the inner products of the factor tensors as

x

Ry
(x,y) = Z Z H<x(r1) (r2)>

ri=1lre=1i=

which requires O(nNRyR ) operations.

(v) Matrix-vector product: multiplying A by x from the right is performed via

y=Ax= If Zy ®A(r1) (r2)

ri=1lri=1i=

The computational cost is O(n? NRsR,), and the canonical rank of the tensor y
is Ry=RARjy.
(v) Mode-k product: the mode-k product of x by a matrix B € R"**™k s performed

via multiplying B to the k-th canonical factor, i.e.,

Ry

r r T,r r r

y=xx,B= Zx1®---®xk_1®(B xk)®xk+1®---®xN,
r=1

which requires G(n’R.) operations.

In Proposition 3.14, we see a common pattern that the tensor decomposition allows
us to combine one-dimensional operations to achieve higher-dimensional operations.
The result is another canonical tensor with a substantial larger separation rank.
Thus, at each operation, it is essential to have some data compression procedure to
reduce rank to avoid its untenable growth.

However, there is lack of stable algorithms to reduce the separation rank of the
canonical tensors. Although the canonical decomposition of a tensor itself is usually
unique (Sidiropoulos & Bro, 2000), the problem of determining the optimal rank has
been proven to be NP-hard (Hastad, 1990). The existing techniques for truncating
the canonical rank are mainly based on the Greedy-type optimisation algorithms

(Espig & Hackbusch, 2012; Beylkin & Mohlenkamp, 2005), but they may converge
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Figure 3.4: A graphic illustration of the Tucker decomposition.

slowly or get stuck into the local minimums.

Therefore, a desirable generalisation of the two-dimensional decomposition in Propo-
sition 3.12 is to use SVD-based algorithms to reduce the separation rank. The first
tensor formats of this type is the so-called Tucker tensor decomposition (Tucker,

1966).

Definition 3.15. An N-th order tensor x € RN is said to be represented in the

Tucker format if it is expressed as
x=cx1B1x3Byx3---xNyBn, (3.37)

Rix-xRy ; @) (@) T _ pnixR; ,
where ¢ € R*1* %N igs the core tensor, and B; = (bl ;b ,...,bN) € R**%i gre mode-i

factor matrices, i =1,2,...,N. The N-tuple (R1,...,RpN) is called the Tucker rank of x.

A graphic illustration of the Tucker format is given in Figure 3.4. If the core tensor
c is a diagonal tensor, where c;, ;, . iy # 0 only along the main diagonal, the Tucker
decomposition (3.37) is reduced to the canonical tensor (3.35). To see how the matrix

SVD can play a role in the Tucker format, we write (3.37) in the matricised form as
%) =Bic)(B1®--@B;_18B;;18--eBy)T,

where the subscript, (;), denotes the mode—i tensor unfolding introduced in Section

§ 3.2.1. The above formula is of similar form as the matrix SVD in (3.34), thus we may

87



use this techniques to compute and compress the Tucker tensors. The procedure is
formally called the higher-order singular value decomposition (HOSVD), whose main
building blocks are (De Lathauwer et al., 2000a):

1. Input a full N-th order tensor x € R"1*"*"~N and its mode-k unfoldings, x),
k=1,2,...,N.

2. Foreach k2 =1,2,...,N, compute the matrix SVD of the mode-% unfolding, x) =
U, >, VT asin (3.34). A truncation after R}, < nj terms may be performed, and
then store the truncated left singular matrix as By, = (ul, us,...,u Rk)'

3. Compute the core tensor as ¢ =x xlB{ szg Xgeee xNB]:G.

The resulting factor matrices as well as the core tensor are all orthogonal. If the
Tucker decomposition is exact, the procedure eliminates the redundancies in the
principle components in the factor matrices, according to the corresponding singular
value. If further approximation is made by truncating less significant components
with small singular values, the above HOSVD gives a quasi-optimal approximation

as given in the following proposition.

Proposition 3.16. Consider tensor x € R"1**"N and its approximation y € R"1* "N
in the Tucker format (3.37) as a result of the truncated HOSVD, with the Tucker rank-

(R1,...,RN). Then y is a quasi-optimal Tucker approximation of x, with
lx—yllp < \/sz, for e=minl|x—-z|F,
2

where z is another Tucker tensor of the same rank, and | - || denote the Frobenius

norm defined as | x| g = |[vec(x)||o.

See De Lathauwer et al. (2000a,b) for the proof. Note Tucker decompositions are
not unique, and the previously described HOSVD algorithm, although widely known,
yet yields one of many structure types of the Tucker format, and the computational

is still @(n™N*1). Alternative algorithms have been proposed, and we refer the reader
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to the review Kolda & Bader (2009) for details.

Because of the “connectivity” constraint, the exponential scaling in dimensions is
not fully eliminated in the Tucker format. Here, the “connectivity” constraint refers
to the fact that the Tucker format is build upon a core tensor which connects the fac-
tor matrices in each dimension, and thus there is no way to reduce the dimensionality
of the core tensor. Despite the fact that the size of the core tensor may be significantly
smaller compared to the original full tensor, such separated representation can still

become strained as the number of dimensions becomes larger.

3.2.2.3 Tensor train decomposition

A sequential recurrent application of the Tucker decomposition would result in a hi-
erarchical tensor representation in a tree structure (Hackbusch & Kiihn, 2009). The
resulting representation still achieves linear scaling in dimensions as the canonical
format, while admits SVD-based rank truncation procedure like the Tucker format.
The tensor train (TT) format, first proposed by Oseledets & Tyrtyshnikov (2009);

Oseledets (2011), is one of the simplest form of the this type.

Definition 3.17. A tensor x € R"1* "N jg said to be represented in the tensor train

(TT) format, or matrix product states (MPS), if it is expressed as

Ry Ry-1

x(i1,..,in)= Y - Y x1(i1,r)x2(r1,i2,r2) - aN(rN-1,iN), (3.38)
ri=1 rN-1

where x; € REi-1*7i%Ri g0 cqlled TT cores (or blocks), the (N-1)-tuple indices (R1,...,Rn-1)

are called TT rank, and Ry =Ry = 1.

The name as matrix product states has been widely known in quantum physics 20
years before it was discovered in the numerical linear algebra (Affleck et al., 1987,

Fannes et al., 1992a). If Ry =--- =Rn-1 =1, the TT representation (3.38) coincides
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with the canonical representation (3.35) as a rank-one tensor (3.31). In fact, the
rank-one tensor is invariant under all tensor representations.
Tensor matrices acting on tensors can also be represented as a tensor train, which

is usually referred as TT matrices defined as below.

Definition 3.18. A tensor matrix A € R <xnn)xmix-xmn) js sqid to be represented

in the TT matrix format, or matrix product operator (MPO), if it is expressed as

R Ry-1
A(ll’}lNh]l”.]N): Z Z Al(il’jl’rl)A2(rl’izy.jz,rz)'" (339)

ri=1 ry-1=1

AN_1(rN-2,iN-1,JN-1,’TN-DAN('N-1,IN,JN),

where A; € RE-1ni*mixRi qro cqlled TT matrix cores (or blocks), and the (N —1)-tuple

indices (R1,...,Rn_1) are called TT rank, and Ry =Ry = 1.

In (3.39), each core matrix A, is in fact a four-dimensional array, and its entry,
written as Ay(rg-1,i4,Jk,7d), is specified by two rank indices ry_1 and ry ranging
from 1 to R;_1 and from 1 to R; and two mode indices ranging from 1 to m4 and
from 1 to n4. One can reshape A  into a two-level matrix form, and represent A, by

the block matrices Afi“’ﬁ) eRM*Md 1<a<Rgz_1and 1l=<p<Rgy,through the form

[ @D (LRy)
Al Al

Ag= : : ,

(Rg-1,1) (Rq-1,Rq)
. AY e AY

and element-wise we have A (rg_1,i4,jd,7q) = AT4-17"I(i4, j;). Then, in the TT for-
mat, the adjacent TT cores can be regarded as being connected by the strong Kro-
necker product (or the rank core product), ><, defined as below (Kazeev & Khorom-

skij, 2012).
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Definition 3.19 (rank product of cores (Kazeev et al., 2013)). Consider the TT matrix

Agd—l,rd) and A("d,rd+1)’ 1<ry<Ryd-1</(<

cores Ag and A 4.1 composed of blocks dil

d+1, 1=<d=<N-1 The rank product Ag ><Aq.1 yields another TT core Ag 4.1
composed of block matrices
AVd-1ra+) U Ara-1ra) A(rd,rd+1)
= Z g ® ,

d,d+1 d+1
rq=1

with mode size mgmgi1 X BgNg+1.

The rank product >< works in a similar way as the standard matrix product, and
the multiplications between the entries (block matrices) are by means of the Kro-
necker products. From Definition 3.19, we can recast the TT matrix representation

in (3.39) as
A=A{><Ay>«---DIAY.

Also, it is easy to see that the rank product >< applies to link the core tensor in the
TT tensor (vectors) by letting my =1, 1 <d < N in Definition 3.19, and the TT vector

representation in (3.38) can be written in the similar form as
X =x1D><xo D> D>LXN.

Next we introduce the mode product of cores (Kazeev et al., 2013), which gives

convenience in defining the algebraic operations in TT format as we shall see later.

Definition 3.20 (mode product of cores (Kazeev et al., 2013)). Consider the TT ma-

. A A B B .
trix cores Ag € REa-1ma*sa*By qnd B, e REa-1*8a*ma* Ry composed of block matrices

Aldwid) o plidd)

d d , 1< i‘; < Ré, 1< j‘; < Rg, 1 <d < N, respectively. Then the

(RdA_le_l] Xmgxng x (RdARg),

mode product, denoted by e, of A and B, yields Cg = Ag*Bg € R
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Figure 3.5: A graphic illustration of the tensor train decomposition. The network representation of
muti-dimensional data is used, where the node represents the tensor data and the number of edges
linked to it refers to the number of dimensions. The size of each dimension is marked by the variable
next to it.

composed of block matrices

with 1<i4<R%, 1<j4<RB 1<d<N.

The TT representation may be computed via sequential applications of matrix
SVD/QR decomposition to unfolded matrices. A typical procedure of this type is called
TT-SVD (Oseledets, 2011), and can be described as below:

1. Input a full N-th order tensor x € R***"*"N and define a temporary tensor
y=x.

2. Fork=1,....N—-1do

2a. Compute the SVD of the mode-1 unfolding matrix y) = UkaVZ and
truncate it after R terms;
2b. Store the £-th TT core as x, = Q;

2c. Let y= ZkV,:: and reshape y to size (Rpnp 1) X npio X - X np.
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3. Store the N-th TT core as xy = Zny_1Rn_1.
Each truncated SVD splits one core tensors, and can be either accurate or approxi-
mate. A graphic representation of the TT decomposition is given in Figure 3.5. Simi-
lar to the Tucker decomposition, in the approximate case, the error generated by the

TT-SVD algorithm is given in the following proposition.

Proposition 3.21. Consider tensor x € R "N _qnd its approximation y € R"1**"N
in the TT format (3.38) as a result of the TT-SVD algorithm, with the TT-rank-
(R1,...,Rn_1). Let €p, k=1,2,...,N — 1, be the Frobenius norm of the residue in the

k-th truncated SVD. Then we have

lx—ylr <

See Oseledets & Tyrtyshnikov (2010) for a proof. The practical implication of
Proposition 3.21 is that, if the unfolded matrices are truncated with absolute error ¢,
then the error in the TT approximation will be VN — 1e. Reversely, in order to achieve
an prescribed overall accuracy €, the threshold for the truncated SVD in the TT-SVD
algorithm can be set to e/v/N — 1. There also exist other approaches to decompose a
tensor into TT format that based on optimisation of some suitable cost function, in-
cluding the alternating least squares (ALS) type of algorithms (Holtz et al., 2012; Ro-
hwedder & Uschmajew, 2013) and the DMRG type of algorithms (Schollwick, 2011b;

Huckle et al., 2013).

3.2.2.4 Principle operations in the TT format

In this section, we collects the essential operations in the TT representation which

we shall use in the later sections.

Definition 3.22. Consider tensor matrices A = A1><---D<IAy and B=B{><---><

x x y y .
By, where Ay € REa-1*ma*na By gnd B, e RERa-1*na*na*Ry 1 < d < N. The direct sum,
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®, of the TT cores are defined as

Ay
AdEBBd: fOI” d=2,....N-1,
B,

and

AN
and AnoBy=

AieB= [Al B,
By
For a series of tensor matrices, Ap =Ap1><---><As N, 1= ¢ <L, the direct sum, &,

is defined as

L
Ag’d :Al,d D--- EBAL,d.
/=1

Hence, the sum of the TT cores works in a similar way as the usual direct sum of
matrices, except that the boundary TT cores (the first or the last TT core) are treated

in a special way.

Proposition 3.23. Consider tensors x = x1><---D><Ixy and y = y; ><--- > yy,
where xq € REa-1*"*Bq qnd y, € RE3-1*ma*By 1 < d < N. Consider tensor matrices
A=Ai><---D<AN and B=B1><---><By, where Aj € REZ 1*naxnaxRy on g B, €
IR{Rg—lxndxndeg, 1<d <N. Then the following arguments hold:
(i) Storage cost: the number of entries of x for storage in TT format is G(nNR?);
the storage cost of A in TT matrix format is G(n? NR?).
(it) Matrix addition: the sum of tensor matrices A and B yields another TT ten-

sorC=A+B=C{><--->p<aCyq ofrank-(R‘l“+R?,...,Rf\‘, +R§). The TT core
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(i11)

(iv)

(v)

(v)

matrices are computed as

CdZAdEBBd, ].SdSN,

where & is defined in Definition 3.22. There is no appreciable computational
cost.
Multiplied by a scalar: multiplying a scalar s € R to the TT matrix A is per-

formed by multiplying s to the entries of one of the TT cores, i.e.,

sx =x1D><--D><(sx;) > DXy,

Vie(l,2,...,N}; the computational cost is O(nR?).

Vector inner product: the inner product of TT tensors x and y is computed by

(x,y)=c1><---><cy,

where ¢4 € RBG ARG D*BGRY) hos entries cq(i,j) = <x§’j),y2’j)>. This requires
G(nNR*) operations.
Matrix-by-vector product: multiplying A by x from the right yields another TT

tensor y = Ax, with TT cores

Ya=Aq*xq€ R(Rg‘le*l)xndx[RdARg), 1<d<N.

The complexity of the product is G(n> NR*?).
Matrix-by-matrix product: the product of TT matrices A and B yields another

TT matrix C = AB =C1><---><Cy, with TT matrix cores given by

Ci=Ay4*B;¢ R[RdA*le‘l)xndxndx(RdARz] 1<d<N.

>
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The complexity of the product is G(n>NR*).
(vi) Mode-d product: the mode-d product of x by a matrix C € R**™d is yields
y=xxg3C=x1><"-->]dy,; ><--->Axy, where the TT core y, is composed of

the block matrices

.. . n\T
yZ,J):(xfil,J)) C,

for1<si <R} | and 1<j<RJ. Its computational cost is O(n’R).
(vii) Tensor product: the tensor product of A and B yields another TT matrix C of
the form

C=A9B=A1p><---D<AND><IB| D>« --><By,

and the TT ranks are (R‘l“,...,RZ“\‘,_l, l,R?,...,Rg).

(viii) Diagonalisation: let A be a square diagonal matrix whose diagonal entries are
x, e, A =diagx). If x =x1><---D><xp, then the same TT ranks applies to
A =A1><---Ap, and the TT matrix cores Ay are composed of the diagonal

block matrices

Ag’j) =diag (xg’j)),
for1=i<Rj) jand1<j<RJ.

We refer the readers to Oseledets (2011) for detailed considerations of the TT op-

erations.

Tensor rank truncation. Algebraic operations (such as additions and matrix mul-
tiplications) may significantly increase the TT ranks, and subsequently increase the
complexity as in Proposition 3.23. Hence re-compressing, or rank-truncating, the TT
tensors is necessary after each algebraic operation. The main building block is as
below (Oseledets, 2011):

1. Input a N-th order TT tensor x = x1 ><---><xy € R"1* "N with the TT format

with rank-(R1,...,BRny_1).
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2. Fork=1,2,...,N—1do
2a. Unfold the k£-th T'T core x, € REz-1*m:* Bk into matrix (xr)a,2) € R(R;eflnk)XRk;
2b. Compute the truncated SVD (x3)1,2) = U ZkVIY; by € after R;e < Rj terms;
2c. Store the £-th TT core as x}, := U}, and reshape x;, to size R;_l xnpR!;
2d. Recompute the (2+1)-th TT core as X341 := X1 X1 (Zng) € RE) k41 Rii1,
One left-to-right sweep would yield a tensor of smaller TT ranks, and the TT cores are
left-orthogonal, i.e., the mode-(1,2) unfolding of x;, i =1,2,...,N — 1, are orthogonal.
A full rank truncation procedure contains also a right-to-left sweep which is similar
to the steps described above but the loop starts from the last core back to the first.
The procedure requires computing 2(N — 1) matrix SVDs of size bounded by (nR) xR,
thus the complexity of the TT truncation is G(nNR?2). Note that the TT matrices
(3.39) can be truncated using the same procedure by grouping the row and column

indices.

Canonical-to-TT transformation. Usually, the function-related tensors may al-
low explicit canonical decompositions. One may want to convert the canonical tensor
into a TT tensor. This conversion is based on the discovery of the canonical-Tucker
conversion and the canonical-Tucker-canonical conversion by Khoromskij & Khorom-
skaia (2009), which allows the resulting TT ranks from the canonical-TT conversion
to be estimated. Since a rank-one tensor is a rank-(1,...,1) TT tensor, a canonical
tensor can be written as a sum of rank-one tensors. Then from Proposition 3.23, the
conversion has no appreciable computational cost, and the following result can be

derived.

Proposition 3.24 (Oseledets (2011)). If a tensor A admits a canonical decomposition
(3.35) of rank R and accuracy &, then there exists a TT decomposition (3.38) of rank-

(R1,...,RNn_1) with accuracy VN —1¢, where R, <R, i=1,2,...,N-1.
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3.2.2.5 Quantised tensor train decomposition

As opposed to tensorisation which introduce physical dimensions with indices from
lower dimensional data, quantisation further splits the indices corresponding to the
physical dimensions into many sub-indices referring to the “virtual” dimensions.
Then, the virtual dimensions may be decomposed to achieve further storage com-
pression.

If the size ng of d-th mode of tensor x can be expressed as ng = ¢'d for some
q,lg €N, then the index i4 € {1,2,...,n4} can be quantised into an /;-tuple indices
(iq,1,id,2,---,id,1,)- The mapping may be defined as iy = Zl[d:l(id,g —1)¢’. Usually, we
wish to create as many virtual dimensions as possible, and a fine quantisation with
small value of g is desirable.

The concept of quantisation was first introduced into tensor computations by Khorom-
skij (2009a, 2011); Oseledets (2010). When the TT decomposition is applied to a
quantised tensor, the resulting separated representation is referred as the quantised

tensor train (QTT).

Definition 3.25. A tensor x € R"*"*"N p, = qld, qgeN, d=12,...,N, is said to
be represented in the quantised tensor train (QTT) format, if it is represented in the
TT format (3.38) of rank-(R1,Ro,...,RNx_1), and each core of the TT tensor is further

decomposed into
Xg=%41><xg2><---><Ixgq;,, d=1,2,...,N, (3.40)

where the quantised core tensors x4 ¢ are of size Rg p_1xq*xRg o with Rgo=R4-1 and

Rg;,=Rgq,d=1,2,...,N. The QTT ranks of x is

(R11,-.-»R14,-1),R1,(R21,-.-,R215-1) , R2,...,RN-1,(RN 1,-- - »RN.Iy ) - (3.41)
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Similarly, a tensor matrix A € R xnnx(ixxnN) js sqid to be represented in the
QTT matrix format, if the core tensors in its TT matrix decomposition (3.39) is further

decomposed via
AdZAd,ll><1Ad,zl><l---l><1Ad,ld, d=12,...,N, (3.42)

where the quantised core tensors Aq ¢ are of size Rgo_1xqxqxRge, € =1,2,...,1l4,

d=1,2,...,N.

It can be easily verified that the storage requirement of a QTT tensor vector, in
addition to the linear scaling in dimensions, scales logarithmically with the volume
size, i.e., O (NRzlogq n) The complexity in the algebraic operations (such as vector
inner product and matrix-vector multiplication) is reduced accordingly.

Since the QTT tensors refer to a special form of TT tensors, thus the QTT decom-
position, as well as the rank truncation, are performed in the same way as the TT
decomposition, see Oseledets (2010). More often, one tends to introduce as many vir-
tual dimensions as possible, i.e., set ¢ = 2 in Definition 3.25, and the sub-indices in
the QTT representation is binary.

It is not always beneficial to use the quantised representation over the original TT
format, because the QTT ranks can be higher. Fortunately, many function-related
data arrays and operator-related matrices have low-rank QTT structure, see for ex-
ample Kazeev & Khoromskij (2012); Khoromskaia et al. (2011); Khoromskij & Os-
eledets (2010a); Kazeev et al. (2013); Oseledets (2013); Khoromskaia & Khoromskij
(2014a). These techniques have been applied to solve the parametric chemical master
equation, see Dolgov & Khoromskij (2013a, 2015). Below we introduce the low-rank
QTT structures of certain elementary matrices (vectors) that will be used later in
construct the QTT representation of the CFPE operator. As the simplest case, we

start with the identity matrix and some elementary functions.
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Proposition 3.26 ((Khoromskij, 2011)). The identity matrix I € R**", n =2!, has the

rank-1 QTT structure, I =¥V ><1 W ><--- >V, where Y1 =[], 1=sd <. The

equidistant sampling of the exponential function and trigonometric function allows

the QTT representation of rank 1 and 2, respectively. Further, the QTT rank of the

vector from the equidistant sampling of a polynomial function does not exceed m + 1,

where m is the polynomial degree.

Next, we introduce the low-rank QTT representation of the tridiagonal Toeplitz

matrix.

Proposition 3.27 (Lemma 3.1 in Kazeev & Khoromskij (2012)). Assume that | = 2

and a, b, ¢c are numbers. Then the matrix

of size 2! x 2! has the following QTT representation of ranks-(3,...,3):

JA

1><(1-2)

¥, ‘I’:] ¥,
A:[\P] \P:] A Sl VY,
\I/I
where
10
Y= , ¥Yr=
01

1

a¥y+ b\PJ +C‘I’:]

C\PJ
by,

(3.43)

Finally, we give the QTT structure of the data array of polynomial functions.
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Proposition 3.28 (Proposition 2.8 in Khoromskij (2011) and Theorem 6 in Oseledets

(2013)). Consider vector f € R, n = 2¢, obtained by the equidistant sampling of a p-th

order polynomial f(x)= ?:o cex’, and f; = fa+ih), 1 <i<n. The QTT decomposi-

tion of f isof rank-(p +1,...,p + 1), given by

(1,1)
2
— | p(1,1) (1,p+1) : ..
f= fi SO P > : . ><
(p+1,1) (p+1,p+1)
[ /2 2
(LD 1 [ can ]
fi2: fi
(p+1,1) (p+1,p+1) (p+1,1)
fl—l fz-1 fz
where
r—j+1
. D ) 1 0 . ) . 0
ff[l"]) = Z Cfcé_l a +h ’ f?’l) = 2(d_1)(L_1)hl_1 ’ l’.] = 1,
l=j-1 1 1 1

f(i’j)—Ci_j(Qd_lh)i_j 0 <1< 1 1<7< 1
W =ci , J<isp+l, 1<js<p+1,
1

with binomial coefficient C} = £Y(j1(¢ — j))).

3.3 Low-rank QTT structure of the CFPE operator

3.3.1 Explicit QTT representation of the CFPE operator

,0+1,

In the current section, we construct the explicit QTT representation of the matrix

from the difference approximation of the CFPE operator described in Section § 3.1.2.1.
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3.3.1.1 Difference operators

Let Q,;,Q; € R(r1x-xny)x(n1x-xnN) he the tensor matrices corresponding to the up-
wind difference and the downwind difference operators defined in (3.7) for approxi-
mating first-order derivatives, 0/0x4, in the d-th coordinate. It is readily verified that

they are rank-one separable of the form,

1
Qd:Il®-~~®1d_1®h—Ed®Id+1®~--®IN,
d

1 (3.44)
Q&:Il®-~~®1d_1®h—E&®Id+1®~-®IN,
d
where I; e R*i*"i [ =1,2,...,N, denote identity matrices and
-1 1 1
-1 . -1 1
E;= and E;= . (3.45)
-1 1 o1
-1 -1 1

Applying Proposition 3.21, matrices @, and @ ; can be converted to the TT format
with rank-(1,...,1), and the QTT structure can be directly inferred from Propositions

3.26 and 3.27.

Lemma 3.29. The upwind and downwind difference operators, Q ; and Q ; in (3.44),

of size(ny1---ny)x(n1---ny), ng = 2la 1<d <N, have the following QT'T representa-
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tion

Q =(Yr><-- >V

r 1><g-2)
v ¥, ¥y —%\Pﬁ%%
>< [“P[ \I’Z] L F e v >< > -
1
v, E‘P:]
>A(Vr><---><V¥y),
and
Qa:(\PIMM\PI)M
r 1><q-2) 1
1 1
\PI \P:f \PJ E\P[—E\P:’
>< [\P] \P:] A Sl VY, >< —%“PJ ><---
>A(ViD><---><aV¥y),
and the QTT ranks are given by
(1,...,1,1,...,1,(3,...,3),1,...,1,(1,...,1). (3.46)

Similarly, the central difference operator @ ;. ; = % (Qq + Q) € Rl mw)x(n1-n) fop
approximating the first-order derivative, 0/0x;4, of the drift part in (3.12) has the

rank-one structure
1
Q. =le-0lj 18 —E; ;0I;,19 oIy, (3.47)

2hg

where E ;. ; =Eg+E ;. The QTT structure of @ ;, ; can be derived in a similar man-
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ner as in Lemma 3.29.

Lemma 3.30. The central difference operator Q ;. ;in (3.47) of size (n1---ny)x(ny---ny),
ng=2',1<d <N, have the following QTT representation with the same QTT ranks

as in (3.46):

Qd+3 =(¥;p<g--->a¥y)p>g---

[ 1><(lg-2)
! 1 1 I
Yr ¥, ¥, m\PJ—W\PJ
>< [\yl v P, > v >< _ﬁ\yc] >
1 1
\PJ 2hd\PJ

>A(Wr><---><¥y).

Also, we define tensor matrix @ d1.ds for approximating the second-order mixed
derivatives, 62/6xd16xd2, where the di-th direction applies the upwind difference
scheme and the ds-th direction applies the downwind scheme, di # do. It can be

shown that it has the following rank-one form

1
Q= QuQy, =188, —Eg @8, —E;0-ely,  (348)

d1
where matrices E; and E; are defined in (3.45).

Lemma 3.31. The QTT-structured representation of tensor matrix @ du.ds in (3.48) is
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given by

le’a2:(\111><]...|><]\111)|><...

— ) ) Lo
!
\PI \PJ \IJJ _E“PI-FETJ
>< [“P[ \P:] Y|P Yy >< > -
/ 1 /
v W
*l><(ld2—2) L L
v, 9oy, R I
>< [\I][ \P:I \IJJ > \PJ > _i\PJ > .-
/
‘I’J‘

>A(Wr><---><aW¥y),

and the QTT ranks are given by

(1,...,1,1,...,1,(3,...,3),1,...,1,(3,...,3),1,...,1,(1,...,1).

Note that the results in Lemma 3.31 can be analogously to tensor matrices @ dr.ds’
Qi ,q,2and Q d1.dy? d1 #ds. In case di = do, we consider the N-dimensional Laplacian

operator of the form (Kazeev & Khoromskij, 2012)

Qii=I1®®1; 19A;81;,1®---01N, (3.49)

where A; denotes the Laplacian matrix of size ng x ng, and its QTT representation

is giving in the following lemma.
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Lemma 3.32. The tensor matrix @ ;4 in (3.49) has the following QTT representation:

Qd,d:(\PIM"'M\Pl)M"'

[ 172 2 7} 1 7} 1 v/ ]
v v, ¥ —Z itz tytoy
r =g *J hi hig hg ~J
1
>< [‘I”] \P:] VP Yy > E“PJ >
/ 1 \y/
¥ _ A

>A(VrD><---><aV¥y),

and the QTT ranks are the same as in (3.46).

3.3.1.2 Propensity functions

The evaluation of the j-th propensity functions, a; defined in (2.2) over the tensor
grid wp, in (3.6) naturally yields an N-th order tensor vector, denoted by «;, with

entries

;= (0(01,i1, 2,050 XN in)) 1220y 12d <N

where x4 ; , refers to the iz-th node value in the d-th direction. The canonical repre-
sentations for various classes of function related tensors, with rank estimates, have
been discovered by Khoromskij (2006). Based on the author’s results, one can show
that, due to the product structure of a;’s the propensity function a;, tensor a; has

the rank-one separable form, and we write it as

aj:kjexp Xj198@; 2@ --dQ; N,

N
i=1

where the single-dimensional factor vectors a; ;4 have entries

a;q(l,0)= (v;,i)!(ic/i_’é), 1<?¢<ngy.

g5t
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That is each factor vector a; 4 is a equidistant sampling of a (v;i)-th order polyno-
mial and the QTT structure can be inferred from Proposition 3.28. We summarise

the result in the following lemma.

Lemma 3.33. Consider a; € R-nNn)x(innN) g o 2li. 1<d <N, as the grid evalu-

ation of a; over grid wy. Its QTT-structured representation is of the form

a; = (aj,1,11><1---l><1aj,1,ll)l><1(aj,2,11><1---l><1aj72712)l><1-~-><1(aj,N,11><1-~-l><1aj,N,lN),

(3.50)
where
0—jg+1
. P vi.| . 1 0 . . . |0
= Y [ ”]Céd Haaa| | +ha iy =@ vt |,
b b _ g J7 b d
l=jq—-1 1 1 1
g od |0
Cruj' @ hgy eI |, iazja,
Ggq,ja) = 1
Jdvg
0
ld <Jd,
0

forig,jqg= 1,...,v;d+1, 1<d <N, 1<j<M. The corresponding QTT ranks are
(V;’1+1,...,VJ_-71+1),1,(VJ_~’2+1,...,VJ_~72+1),1,...,1,(VJ_»,N+1,...,VJ_~’N+1).

Remark 3.34. From Lemma 3.33, we see that the QT'T-structure of propensity ten-

sor, &, has the maximum QTT rank bounded by maxi<;<n Vi

To make the propensity function as a multiplication operator, one usually converts
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a; into a diagonal tensor matrix H € R(1-nN)*(n1-nN) with diagonal entries
H;(i1,...,in511,..,in) = aj(i1,...,iN). (3.51)

Then applying property (viii) of Propensity 3.23 to Lemma 3.33, we obtain the QTT

representation of H ;.

Lemma 3.35. Consider tensor matrix Hj, defined element-wise in (3.51). The QTT

representation is of the same form as (3.50), i.e.,

H;= (Hj,l,l > "-l><lHj71711) > (Hj,z,l > l><lHj,2,12) P ERRI> 2N (Hj,N,l g MHj,N,lN) 5

where the QTT matrix cores H ; 4, , are composed of diagonal block matrices

Hy = diog (@) € R i ja = 1.2 1

3.3.1.3 The CFPE operator

Now let us apply the QTT representation of the elementary operators, as described
in the previous section, to derive a low-rank QTT representation of the matrix from
the finite difference approximation of the CFPE operator.

We start with rewriting the difference operators introduced in Section §3.1.2.1 in

the tensor matrix form, as

A= Qaale (3.52)
Nia=Qi4Gad,
ford=1,2,...,N, and
1 G
didz ~ 9 (thdz +Q&1,&z) di.dy’ (3.53)

_ 1 _
Ad1,d2 = 5 (Qd1ﬂ2 + Q31,d2) Gd1,d2’
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fordi,do =1,2,...,N. The tensor matrices, G§1 ds € R(n1xxnn)x(n1xxnN) pefer to the
positive and negative summation of diffusion coefficients, D:irl ds and Dc_i1 dy? in (3.10)

of the form

M
+ _
(;dbdg__2:(VﬁdlvndQIIrﬂVndﬂGd2>0’
r=1

M
G(;l,dg = ZlVr’dlvr:dQHrl]'vr,dlvr,dz<0'
r:

The tensor matrix Fy € R21xxnn)x(n1x-xnn) corresponds to the drift coefficients, Ud,

in (2.11) as

M
Fd = Z Vj,dH B
J=1

where H;, j =1,2,...,M are given in (3.51).
Combining the above operators in the same form as in (3.13), we have the construct
the QTT representation of the matrix from the finite difference approximation of the

CFPE operator, written as

N N
Api=) Mg+Ag)+ ) (AL 4 +Ag ) (3.54)
d=1 di,do=1
di#ds

Here Ap; is an exact permuted reformulation of Ay in (3.13) represented in the
QTT format. And we arrive at the tensor-formatted version of the matrix principle

eigenvalue problem (3.13) as

ApiPpi=AntPhy (3.55)

where pj, ; is the QTT representation of the “long” vector py,.
An immediate result of the formulation in (3.54) is the canonical rank of Ap,

given in the following proposition.

109



Proposition 3.36. Consider tensor matrix Ap; € R-nnx(ixnn) p o =9l 1 <d <
N, defined in (3.54). It admits the canonical matrix representation with the canonical

rank bound

RAm <2MN +2N?2,

where M and N are the numbers of reactions and species, respectively, as defined in

(2.1).

Proof. We have already shown in Sections § 3.3.1.1 and § 3.3.1.2 that the elementary
operators involved in the CFPE are of rank-one form, thus the rank bound can be

directly derived from the explicit structure of A ; in (3.54). O

Then, applying Proposition 3.24 to the canonical rank bound in Proposition 3.36,

we obtain the TT rank bound of Ay ; given in the following proposition.

Proposition 3.37. There exists a TT matrix representation (3.39) of Ay in (3.54)

Apy Apy

with TT ranks-(Ry™ Ry™,...,Ry") bounded by R4"™ < R4k, d = 1,2,...,N -1,

where RAht is the canonical rank in Proposition 3.36.
Finally, we give the QTT structure of Ay ; in the following theorem.
Theorem 3.38. Consider tensor matrix Ap; € R nnx(nixnn) o —9ld 1< d <N,

defined in (3.54). It admits the QTT-structured representation of the form

Apt=(Ant11P<Ap 12D D<Ap 17, ) < DUAp N1P<AR N2 D>< DAL NIy ) s

(3.56)
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where'

M
Aptdav, =P {

Jj=1

N
691 (Vj,i (‘I’ﬂli;ed + @y a, L‘:d)) ® (V?,i (Wrlizd +Pa,dv, L‘:d))]
i=

N o wviiviioly,. . ..
Jot1 7 J,l2 V_],llv_],l2>0
o| D 2 ((‘Dd,vd ®q’a,vd)ﬂi1:dvi2:d)
i1,i9=1
| 1712

N wviiviil,.. ..
Jst1 v J,t2 VJ,11VJ,12<0
o D 5 (@0, 0@y, ) Tir=a + (®a,, ® Pa, ) Lis=a)
i1,i9=1
| i17i2

r

N .. .
ViV 1 .
Ji1VjigLiiAdNig#Ad
® @ 5 WYreV¥y)

i1,i9=1
| 11712

. { '(ijI—Z?LV;,i — 1) ﬂdzN/\vd=lN + 1] Hj,d,vd},

(3.57)

t Here, we have used the indicator function, 1 : & — {0,1}, of a subset & of a set &, formally
defined as

0, x¢

1 = .
v {1, xew

For notational simplicity, we drop the argument and the bracket, and write the simplified version, for
example, write 1;.4 instead of Iyy\(q)(7). Also we use the shortened notation, 1;,+gn;,2d, to represent
the product 1;, 44 1;,24, and use 1;,xq4v;,24 to represent max(]lil#d, lli#d).
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forl<svg<ly—1,1<d <N, and

b

Dyig1=Pa1=Py 1 =Pga1= [‘I’I v, Yy

VoW, W,
(Dd.HAj,Ud :q)d,vd :(D&,Ud :q)d,d,vd = Vs » Ud :2a37*"ald_1a
¥y
1 1 1 1 / 1 1 /
_E\PI+E\PJ E\PI_E\PJ m\PJ—m\PJ
— O 1 - 1
Qg = o Pag, = Yy DPyian, = oy Yo ;
1\ 1
E\PJ m\PJ

[ o 1 1y |
—E\P[ + E\PJ + E“I”:]

Dy a1, = hiz‘I’J
d

Ly
2
n% = J

The summation operations of TT cores, ® and @, are defined in Definition 3.22. The

corresponding QTT ranks, denoted by

Apy Apy Ant (pAhs Apy Apy Apy Apy Ap
(Rl,l S oy ),Rl ,(Rm Ry ),R2 ,...,RN_I,(RN’l ,...,RN,ZZ),
are bounded by R;‘h’t <2MNIN +1),1<sd<N-1, and
A M _ N N
Ryt < (vig+1) | X (2liza+6%iza) + Y (2Lissanissa +61i=avir=a) | (3.58)
j=1 i=1 i1,ig=1
i1#12

Proof. Applying the properties of TT operations in the Proposition 3.23, one can di-
rectly derive the QTT-structured representation of Ay ; as we shown in (3.57), and
the corresponding QTT ranks in (3.58) can be derived in the similar manner. Note
that the inequality in (3.58) is used because certain terms in (3.54) are zero depend-

ing on the stoichiometric coefficients. l
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Remark 3.39. A slightly crude upper rank bound can be derived from Theorem 3.57.

Let vipax = max; ; Vii and we have

R5™ < (Vmax + DM(2N? + 8N - 4). (3.59)
Further, let R?:’)’; <R and assume [ =--- =Ix =, the bound (3.59) ensure the lead-

ing order estimate of the storage requirements and complexity of A ; in QTT format

to be:

O(M?N®]), (3.60)

instead of @(2M') for the full matrix representation.

3.3.2 Operator compression in the QTT format

Although the estimate (3.60) scales as the fifth power of the number of dimensions
(the number of chemical species), we find in practice the “optimal” QTT ranks can
be significant lower. To achieve a smaller rank, the TT rank procedure (see Section
§3.2.2.4) is applied to Ap; to seek for an e-approximation A, ; with the “optimal”

QTT ranks, satisfying

ARt —Ap il <€l Apell,

where ¢ is the required accuracy level. Here, ||p| denotes any vector norm for vec-
tor p, and ||A|| denotes the corresponding matrix norm. Under certain assump-
tions (Hackbusch et al., 2005), a suboptimal rank bound R can scale with ¢ in the
order of G(log?e™1).

The consequence of applying the TT rank truncation procedure is a modified prin-
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ciple eigenvalue problem, written as

AL iPhi=(Ant+6AR PR = AniPh i (3.61)

where (1, ;, pp, ;) stands for the principal eigen-pair of Ay ;, and 6Ap; = Ap ; — Ap
represents the perturbation caused by tensor truncation. It is of interest here to
obtain bounds for the differences |13, ;—Ap ¢l and | pp ;—Pp . Such error bounds can
be analogically obtained as the perturbation bounds for the principal eigenvalues and

eigenvectors of corresponding matrices (Deif, 1995). We state it as following theorem.

Theorem 3.40. Let (A}, ;,pp ;) and (Ap ¢, Py ¢) be the principal eigenpairs for the QTT-
formatted tensor matrices Ap; in (3.61) and Ah,f in (3.54), respectively. If [|6Ap |l <

e Apll, for sufficiently small €, then we have

Ani—Ani <Cie, and |pp;—Pp,ll < Coe, (3.62)

where C1, Cg are positive constants.

3.3.2.1 Numerical study of tensor truncation error

Recall in Section §3.1.3 that the CFPE (3.30) for the birth-death system (2.29) is
discretised using the proposed difference scheme. Here, we follow the previous sec-
tions, and establish the QTT matrix representation (3.42) of the assembled tensor
matrix Ay, ; in (3.54) for the birth-death system, and test how the tensor truncation
procedure of A ; would cause deflection in the principal eigenpair (Ap ¢, pp ) of the
eigenvalue problem (3.55) towards the principal eigenpair (1 ;, pp, ;) of the approxi-
mated problem (3.61). For different tolerances in tensor rank truncation, we always
first assemble the operator Ay ; in QTT format, apply TT-rounding algorithm (Os-
eledets, 2011) with the prescribed tolerance to truncate Ap; to form A, ;, unfold

tensor matrix representation of Ay ; into its standard matrix representation, and
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Figure 3.6: Numerical illustration of the tensor truncation error in solving the CFPE of the birth-
death process (2.29). The model parameters are the same as in Figure 3.2. Left y-axis: the princi-

pal eigenvalue A; and the tensor rounding error, ||pp; —Pp ;| where py ; is defined in (3.55), and

A isPh i are defined in (3.61). Right y-axis: maximum QTT ranks of the assembled tensor matrix
Ppi- The lower bound for x-axis is the machine epsilon 2.2204 x 10718, meaning that the tensor trun-
cation is effectively exact at that point. The computational domain Q is discretised by 210 equidistant
nodes.

then use the Matlab eigs function to compute the principal eigenpair (14 ;, pp, ;) In
this way, we could exactly measure the error, pj, , — p, ;, caused by tensor rounding
of the QTT matrix Ay, ;.

In Figure 3.6, we could see the trend that the error in /°°-norm increases for larger
tolerance values. We could also observe that, for ranges of tolerance values, the
tensor rounding error [|pj, ; — Pj, i o, together with A4, ;, remains at a constant level.
This is, however, not predicted by our Theorem 3.40. The reason is that the tensor
rounding algorithm is SVD-based (see Section § 3.2.2.3 or Oseledets (2011)), meaning
that the rank truncation is based on the magnitude of the singular values rather than
certain matrix norm. Thus different tolerance values in tensor truncation procedure
may generate the same result, especially when there exist large spectrum gaps. Also,
Figure 3.6 shows the maximum QTT ranks are bounded by 24, which is the same
as our prediction in Theorem 3.38. But even for very small tolerance values, the
maximum rank of A, ; is reduced to 4, by only causing an error of order 1078 in the

approximated principal eigenvector.
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Note that the analytical solution for simple birth-death process has been derived in
(2.30). The formula is a product of a exponential function, exp(—2x), and a polynomial
function, (k1 V +kox)*1V/#2=1 From Proposition 3.26 and the product rule of the QTT
ranks, the ranks of the exact QTT representation of the stationary distribution do not

exceed (k1V + kox)**1V/k2-1

3.4 Steady-state computation

In Section § 3.3, we have shown the stiffness matrix Ay in (3.13) can be formulated
with tensor matrix A ; in (3.54), which admits explicit QT'T decomposition. In the
current section, we discussion how to solve the QTT-formatted principal eigenvalue
problem. First of all, in Section § 3.4.1, we show there exist low-rank tensor approx-
imations to the principal eigenfunctions under feasible conditions. Then, in Section
§3.4.2, we present an inverse scheme in tensor formats that aims to search for such

low-rank approximations, and study the algebraic error of the proposed algorithm.

3.4.1 Existence of low-rank approximation

Before presenting any algorithm to solve the principle eigenvalue problem (3.61), we
are interested to understand whether there exists a low-rank QTT approximation of

the solution. We want to show there exists a QTT tensor py, ; in the form of (3.40)

that gives an e-approximation of the solution py, ;, i.e., |Pp ; —j)h,;” <e.
To achieve this, we first show the existence of e-approximation in the case where
the solution py, ; is (approximately) a grid evaluation of the Gaussian distribution.

Then, the obtained rank bound is extended to more general distributions.
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3.4.1.1 Gaussian distributions

We start with the cases where the solution is approximately a Gaussian distribution.

In single-dimensional cases, the rank bounds are subject to the following lemma.

Lemma 3.41 (Lemma 2.4 in Dolgov et al. (2012)). Suppose uniform grid points
—a=x0<x1<--<xp,=a, x;=—-a+hi, n=2. are given on an interval [—-a,a] and
the vector p is defined by its elements p; = exp(—x?/Zaz), 1=0,...,N. Suppose in ad-
dition that exp(—a?/202) < €. Then for all sufficiently small € > 0 there exists the QTT

approximation p with ranks bounded as

and the accuracy

lp-pl =<

C (1 o ) )
—1/log|— +1]e,
o cl+a

where C is a constant that does not depend on a, o, €, or n.

Since the multidimensional Gaussian function is a product of one-dimensional
counterparts, its canonical separation ranks are equal to 1. By the triangular in-
equality, an error bound of the QTT approximation in N dimensions can be derived.
Thus, we extend Lemma 3.41 to the multidimensional cases as stated in the following

lemma.

Lemma 3.42. Consider an N-dimensional hypercube Q) = %1 x --- x Iy with %5 =
lagq,bql discretised by uniform grid nodes (x1i,,...,%XN,iy), Where xq;, = aq +hqig,

ig=1,...,ng, n=24,d=1,...,N. Let tensor p is defined by its elements

N (xd iy — Hd)*
Piriv =11 exp(—”d—2 . (3.63)
d=1 20d
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Suppose in addition that

by _ 2
max (\/ﬁad—f exp(—M)dxd\J <e<?2.

1=d=N ag 20‘3

Then for sufficiently small € > 0, there exists the QTT approximation p with ranks

bounded as

Ld 1 Od )
R;=1 d Rj,=<C—r/log|—— 3.64
d an d.¢ 20’d\/0g(€ 1+Ld/2 ’ ( )
for ¢=1,2,...,l43,d=1,2,...,N, with the accuracy of the QTT approximation
C 1 Od
-pll < —1/log| ——————|+1|Ne, 3.65
Ip—pll mU?X(Ud\/og(e 1+Ld/2) € (3.65)

where Ly = (bg —aq)/2 and C is a constant that does not depend on Lg, 04, €, ng, or

N.

Proof. The result can be obtained directly from Definition 3.25 and Lemma 3.41. [

For fixed hg4’s, a more concentrated Gaussian distribution, with a larger ratio of
L, over o4, would give rise to smaller separation ranks in (3.64) and smaller approx-
imation error in (3.65). On the other hand, this could also be achieved by increasing

hg’s while fixing L;’s and o4’s.

Remark 3.43. Tolerance € implicitly impose restrictions on the choice of L; and o4.

By requiring
2 2
(bq — pa) (aq - pa)
exp|-——————|=exp|-————=—[=¢,

2ad 20d
we have

Lg= 2\/§Ud\/loge‘1,
such that

Ris~0(og(l/e)) and Ip-pl~CG(Ne).
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Then, an estimate for the approximation error with respect to the tensor ranks could
be
Ilp—pl ~G(N exp(-R)).

3.4.1.2 Non-Gaussian distributions

In the following, we generalize the QTT approximation of the Gaussian solutions to
the cases of more general classes of N-dimensional distributions. Let us consider
the class of p in (3.40) equivalent to certain analytical functions P(x) by grid point
evaluation. We assume that P(x) allows the efficient approximation in the set of
Gaussian distributions on Q2. Then we prove the following error bound for the QTT

approximation.

Proposition 3.44. Let Q= .91 x --- x %, with %5 =[aq,bql, d=1,...,N. Suppose that
for a given continuous function P : Q — R, and given € > 0, there is an approximation

by Gaussian sums such that

Z
P(x)— Z C(G (IJ((),O.(())
/=1

<e, (3.66)

max
xeQ)
where G (uw ) o )) is the N-dimensional Gaussian function defined by
© O _ T 0\2 1o (-(0))
G(u N ):dli[lexp —(xd—,ud ) /2(0d ) .
In addition, we assume that

bd 2 2
1I<Ilia<)J(V v2n0£f) —f exp (— (xd — uff)) /2 (aﬁf)) )dxd <e<2.
1=0=Z ad

Then, consider an N-dimensional tensor p defined by itsentries p;, iy =P(x1,1,...,%N,iy),

forig=1,...,nq,d=1,...,N, where xq,;,, =aq+hqiq, hq =(bg—aq)ng. It allows an
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QTT tensor p in the form of (3.40), with ranks bounded by

&)
ZL 1 max,o
Rq=Z and Rac<Ci———\|log[>———2 |, (3.67)
mlnlo'd € 1+Ld/2

for¢=1,...,143,d=1,...,N, and the accuracy
Ilp—pll <C2ZNe,

where C1 is a positive constant that does not depend on L, ag), €, ng, N, or Z, and

Cs is a positive constant that does not depend on N, Z, or €.

Proof. We define tensors g by grid evaluation of the N-dimensional Gaussian G(u'?, %),
for ¢ =1,...,Z, as in (3.63). From Lemma 3.42, there exists an QTT approximation

g/, with ranks R© bounded by (3.64) and accuracy given by (3.65). Hence, we define

P, as a QTT approximation of p, by p = Zleé. Using the addition rules of QTT
ranks in Proposition 3.23, the bounds in (3.67) can be justified.

To prove the accuracy, we use the triangular inequality

lp-pl =<

M

Z Z
p-) g+ |e—g
/=1 =1
where the first term is bounded by the assumption (3.66), and a bound from the

second term can be inferred from Remark 3.43. O

Note that the rank estimate in Proposition 3.44 specifically applies to Gaussian
sums, and the results for other classes of analytical functions are presented and
discussed in details in Khoromskij (2006, 2009a); Khoromskij & Khoromskaia (2009);
Khoromskij (2011).
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Remark 3.45. Similarly as in Remark 3.43, we can derive, from Proposition 3.44,
that

Ry, ~0(Zlog(1/e)) and |p—pll~OC(ZNe).

Now, if we define tolerance ¢ by requiring I|py, ; — p;ll ~ O(¢), where p, ; and p, are
defined in (3.61) and (3.40), respectively, then there exists a QTT representation p,

whose separation ranks scale as

R ~0(Z1og(ZN/e)), (3.68)

WheI‘eRZRd,Rd,g, ¢=1,...,15,d=1,...,N.

Back to our question at the beginning of this section about the existence of a low-
rank e-approximation to the solution of (3.61). Remark 3.45 imposes a key condition
that the eigenfunctions need to be well approximated by the sum of a minimum
number of Gaussian functions. And the peaks of these Gaussian functions have to be
significantly away from the boundary 0Q). Also, Khoromskaia & Khoromskij (2014a)
have proved that the QTT ranks for the large lattice sum of Gaussian-type functions
are bonded uniformly in the number of summands. Unfortunately, priori conditions

on the operator Ay ; are still unclear.

3.4.2 The higher-order inverse power iteration

Given the existence of the low-rank QTT e-approximation of p,, ; as in Proposition
3.44, we are now in the position to develop the QTT-formatted algorithms to compute
Pp ;- Wefirst introduce a higher order analogue of the inverse iterations as presented
in Algorithm 2.

If we assume the tensor linear systems in step 2 of Algorithm 2 are solved precisely,

and the classic result on the inverse iterations applies (Demmel, 1997). That is,
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Algorithm 2 Inverse power method in tensor format.

Require: Tensor matrix Ay, ; € R(r1xxnn)x(rix-xnN) n the QTT format, an positive shift ogpig > 0,
an accuracy level € > 0, and an initial guess py € R*1*"*"~ in the QTT format.
: for £=1,2,... till convergence do
(Api—Oshitd) P = Pr—1 + Tk, With residue |rzl <||pg|;
pr —pi/Ipel;
end for

Ll e

beginning with an initial tensor p, the series {p,},_,, satisfying

(Ah,t_ashiftl)pk =Pr-1 (3.69)

would converge to the eigenvector corresponding to the eigenvalue closest to the cho-
sen shift oghi. For sufficiently small perturbation 6Ap; in (3.61), Ay ; is an M-
matrix (see Definition 3.3). Then from Lemma 3.7, any non-negative ognify would
lead to the correct convergence direction towards (1, ;, Py ;)

However, the assumption of zero the residue tensor rj is not generally realistic.
First, the computational time would increase significantly for the QTT-formatted lin-
ear solvers to achieve very high accuracy, and it is usually not necessary (as we will
prove later). Second, the standard routine is to apply the tensor truncation after each
inverse iteration to avoid uncontrollable growth of the QTT ranks of the intermediate
solutions (Oseledets, 2011; Holtz et al., 2012). The rank truncation also contributes
to the residue. Therefore, it is of interest to analyse the effect of the residues r; on
the final convergence.

Note that, in the current section, our discussion on solving the tensor linear system
(3.69) would always be based on the assumption that the chosen tensor linear solver
converges for the prescribed ogphie value. But we will show in Section §3.4.3 this
is generally not the case, and additional efforts are need to choose a suitable ogpif

value.
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3.4.2.1 Algebraic error

The error analysis of Algorithm 2 is analogous to the analysis for the inexact inverse
power method (Golub & Ye, 2000). Let (/12 f,ui,vi) for i =1,2,...,n be a complete
set of eigen-triples of A, ; € R xnN)x(n1xxnN) gatisfying 0 > )L}ll ;> )Li ;= For

simplicity, let us define n =ny x--- x ny, it follows that

u; Ap ;= nitti Ah’gvizﬂt;ljvi and u; A, ;v;=06;j, for i,j=1,2,...,n,

where §; ; is the Kronecker symbol. We assume the solution after k£ inverse iterations

can be expanded as a linear combination of right eigenvectors:

n
P = Z cgk)vi, where ¢
i=1

(k)

i

=ul APy (3.70)
Then a measure of the approximation of p, to v; for c(lk) # 0 can be defined as

k k k
ty = ey, cg s, eI

The convergence of £, can be deduced from the corresponding matrix analysis, see
Lemma 2 and 3 in (Golub & Ye, 2000), and for Algorithm 2, we state the tensor

version as below.

Lemma 3.46. Let p = |(11 — 0ghirt)/ (A2 — Oshit)| < 1, and c(lk) # 0. Let columns of tensor

matrices U and V contain all left and right eigenvectors of Ay, ;, respectively. Then,
tr <ptp_1+eC, (3.71)

where constant C < |UTIIVT|I(1 + to)2.

Then we have the convergence of the algebraic error in the following theorem.
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Theorem 3.47. Consider ogpify > 0 in Algorithm 2, and the spectrum of Ay, ; is dis-
tributed in the negative half plane. Let (py, ;,pr) # 0 and let p;, is normalised such
that ( PniP ) = 1. Then, the convergence of p;, towards the principal eigenvector p hi
of Ap ; is given by

1—pk
1-p

|Phi—pi| = Cip" +eCs , (3.72)

where p is defined in Lemma 3.46, and C1 and Cgy are constants that do not depend

on parameters p and k.

Proof. 1t follows directly from (3.71) that, for V& =1,2,..., we have

1— k
tr <ptp_1+eC<--- Spkt0+pk_1£C+---+£C:pkt0+£C 1 £ .
-pP
By requesting (py, ;, pp) = 1, we have c(lk) =1. Then,
(k) " (k)
|Phi—prll =Y ciPvif| < Y ¢ lvill < ta,
i=2 i=2
where c(ik) and v; are defined in (3.70). O

Remark 3.48. Theorem 3.47 suggests that, for small p, Algorithm 2 converges with
algebraic error of O(¢). The inexactness of the tensor linear solvers and the tensor
truncation procedure will gradually dominate the algebraic error as approaching to

the final stage of computation.

3.4.2.2 Numerical simulations

The birth-death process. In Section §3.3.2.1, the principle eigenvalue problem
associated to the CFPE of the birth-death process was solved using the Matlab eigs

function, while here, we keep all objects in the QTT format and apply the higher
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Figure 3.7: Algebraic error analysis of the inverse power method in tensor format applied to the birth
death process. Simulation parameters: € = 10719 and oenire = 10. Other model parameters are the
same as in Figure 3.6. (a) Algebraic error in ¢*°-norm for the first 100 inverse iterations in Algorithm
6.6. The tensor linear systems are solved using the AMEN under the tolerance values given in the
legend. (b) Left y-axis: Algebraic error after 100 inverse iterations. The red circles mark the exact
error, and the dashed curve refer to y = C1x + Cy with C1=0.003 and C2 =2 x 10~". Right y-axis: The
maximum QTT ranks in the final solution p,,.

order inverse iteration presented in Algorithm 2. Setting the shift value ognis = 0.1,
we computed the algebraic error pj, — pj, ; for each of the 100 inverse iterations. The
convergences of the algebraic error in /°°-norm under difference stopping tolerances
for the tensor linear solver — AMEN (Dolgov & Savostyanov, 2013a,b) are shown in
Figure 3.7a. We see that all simulations initially converge with similar rates, and
the convergence comes to a halt after certain number of iterations. This matches our
prediction in Theorem 3.47, that for small number of iterations &, the term C; pk in
(3.72) dominates the algebraic error |le;|, while for large %, the dominance is taken

ok . ) .

over by the term 802% in (3.72) caused by the inexactness of the tensor linear
solver (Remark 3.48). In Fig. 3.7b, we only consider the algebraic error || after
k =100 inverse iterations, and plot it against different tolerance in solving the tensor
linear systems. The algebraic error agrees well with the reference line y = C1x + Cyq

in the blue dashed curve, which is the direct result from (3.72) in Theorem 3.47 for

fixed p and k. We could also observe the increase in the tensor rank as the tolerance
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Figure 3.8: The eigenvalues of the FDM operator associated to the CFPE of the birth-death process
plotted in log scale.

value decreases (solid curve in Fig. 3.7b), and the exponential scaling matches our
prediction in Remark 3.45.

Application of the inverse power method (Algorithm 2) relies on the assumption
that the principle eigenvalue 1 is well isolated from the rest of the spectrum, i.e.,
there exists only one stationary distribution to the CFPE. In Figure 3.8 we numeri-
cally validate the assumption via plotting the eigenvalues of the FDM matrix of the
CFPE operator of the death-birth process, which shows a gap of approximately 1

between the principle and the second eigenvalues.

A 50-dimensional example. In this section, the simple birth-death process in
(2.29) is extended to a 50-dimensional reaction chain, where molecules are allowed

to transform themselves into different isometric forms, i.e.,

k1 k3 ks kg7 kg k101
P — 81 —8Sg— -+ = S49 — S50 — 2, (3.73)
ko ky ke kg k100 k102

where S;, i =1,2,...,50, can be interpreted as the i-th isometric form of species S,

and k;, j = 1,2,...,102, are reaction constants. The corresponding stoichiometric
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Figure 3.9: Steady state simulation results of the 50-dimensional isomerization reaction chain
(3.99) in QTT format. Parameters: reaction rates kj = 1 for j € [1,102], volume V = 500, domain

Q =[246,7541°°, grid size h = 4, tensor rounding tolerance &; = 10710, shift value o = 40, and tolerance
for tensor linear solver €, = 1073, Storage requirement of tensor matrix A hji is 176144 with maximum

QTT rank Rmax = 13, and the final tensor solution py, is 61848 with Rmax = 14. (a) The computed
marginal distribution for S1 species versus the Poisson distribution ﬂrln in (3.74) as the exact solu-
tion of the CME. (b) Error in £°°-norm of the marginal distributions in all 50 dimensions. (¢) Error
convergence and maximum QTT rank against the number of inverse iterations. Error is measured in
0%°-norm between the marginal distribution of S1. (d) Error convergence and maximum QTT rank

against the computational time.

matrix v € 2102%50 i5 given by

Jj=2i-1 or j=2i+2,

Vi

’

i =

~1 j=2i or j=2i+1,

0 otherwise,
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Let x = [x1,%2,...,x50]7 be the state vector, then the propensity functions are of the

form

k;V Jj=1lor102,

aj(®) =9 kxjp jis even for j=1,...,102.

kjxj-1y2 otherwise,

Consider mm(n), n € N%°, be the solution of the stationary CME (2.5) for the isometriza-

tion reaction (3.99), it is a product Poisson distribution (Jahnke & Huisinga, 2007),

50 50 B
() = [[ () =[] e, (3.74)
i=1 i=1 !

where nfn, i=1,...,50, stand for univariate Poisson functions whose mean ¢; equal
to the stead state solution of a system of reaction rate equations.

In comparison, the analytical formula for the solution of the stationary CFPE
(2.13) for the isomerization reactions (3.99) is not obvious. Furthermore, because
of the very high dimensionality, we would not be able to identify individual sources
of errors separately as we did in Sections § 2.2.3, §3.1.3, §3.3.2.1, or the first part of
Section § 3.4.2.2. This is to say that we would only be able to compute the final ten-
sor approximation p,, whose accuracy depends on the accuracies of all intermediate
approximations. Whereas there will be no intermediate solutions available to guide
us to choose appropriate parameters in each step. To address this issue, we notice
that the isomerization reaction chain (3.99) could be viewed as an extension of the
birth death process (2.29), and thus our previous error analysis for the death-birth
process could potentially hint the choice of parameters for simulating the extended
reaction chain (3.99).

Let us start with a target that we wish the final tensor solution p; to be accurate

to order 10~* in approximating the exact Poisson distribution (3.74). This means that
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we should pick simulation parameters such that all sources of errors are kept below
1074, We choose the system volume V = 500 to be consistent with the simulations
of the 1D death-birth process. From Figure 2.1c, the modelling error at V = 500
would be far below 1074. The computational domain is chosen as Q = Hf’ngi =
[246,7541°°, and accordingly to Figure 3.2a, the domain size |Q;| = 508 keeps the
artificial boundary error below 107%. We choose the equidistant grid size h = 4 for
all 50 dimensions, to keep the discretization error below 10~ as suggested by Figure
3.2b. We choose the tolerance of tensor rounding procedure to be 1071 such that the
tensor rounding error in Figure 3.6 not significant. The tolerance for the tensor linear
solver, AMEN, in the inverse iterations is chosen to be 1072 to keep the algebraic
error in Figure 3.7 below 1074

The simulation results and performances are demonstrated in Figure 3.9. The
computed tensor data agrees well with the exact Poisson distribution (see Figure
3.9a), and the accuracy meets the pre-set target 107 in all 50 dimensions (see Figure
3.9b). The error convergence in Figure 3.9¢ matches the prediction of Theorem 3.47
that the error first decreases monotonically and then the convergence come to a halt
due to the inexactness in solving the tensor linear systems. But we also observe the
maximum QTT rank increases dramatically in the initial inverse iterations. Larger
tensor ranks give rise to quadratic complexity of basic arithmetic, and as a conse-
quence, the first few iterations with large QTT ranks cost almost half of the compu-
tational time, while their effect in error convergence is not obvious at all (see Figure
3.9d). This refers to a major problem in the low-rank tensor computations that, even
if the final solution admits low-rank approximations, the growth in the ranks of the
intermediate solutions might still kills the simulation. This still remains as an open
problem in this area.

Our 50-dimensional solution in QTT format has storage requirement to be 61848,

whereas this number would be 2.3 x 1019 if stored in a standard vector. This demon-
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strate the effectiveness of the tensor approach for analysing high-dimensional stochas-
tic models of GRNSs. It is also worth pointing out that the total computational time is
as long as 4 x 10° seconds using a personal laptop. Such heavy simulation highlights
the crucial role of the error analysis as we have presented in this thesis, because such
understanding not only has informed us about the accuracy of the method, but has
also guided us with feasible choices of simulations parameters such that unnecessary

repetitions could be avoided.

3.4.3 The adaptive inverse power iterations

Previously, we have assumed ogpir; is chosen such that the tensor linear solver con-
verges for system (3.69). In the current section we discuss the criteria for the conver-
gence the AMEn method, and then propose an adaptive scheme that automatically

choose suitable ogify value for convergence.

3.4.3.1 Criteria for the global convergence of the inverse iteration

The symmetric positive definite system. We start with reviewing the AMEn
method, which was originally derived for solving the QTT-structured symmetric pos-

itive definite (SPD) system:
Mx=0b, (3.75)

where M e R* 7" is symmetric positive definite and b € R™" . Alternative numerical
schemes for solving (3.75) tailored the (Q)TT format includes TT-GMRES (Dolgov,
2013), alternating least squares (ALS) (Holtz et al., 2012), modified alternating least
squares (MALS) (Holtz et al., 2012), density matrix normalisation group (DMRG)
(Oseledets & Dolgov, 2012), and alternating minimal energy (AMEn), and we refer

the reader to a review given by Khoromskij (2012).
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Algorithm 3 Alternating minimal energy (AMEn) method (Dolgov & Savostyanov, 2013b, Algorithm
1).

Require: Linear system Mx = b in the QT'T-format, and an initial guess #© = x; ><...><xy.
1: fork=1,2,...,N do
2:  Compute vj, = argming, J (y; ><...><y),_; DX DX 41 DL >N ).
3:  Approximate the residue z* = b5j, — M. u®, where u'® = v;, p<1xp,1 ><... D<xy, by 2% =
2, Dd...D2Z)y.
4:  Expand the basis y, =[v, z;], and 2.1 = [%51].
5:  Recover the TT-orthogonality of x**1 = YD, DAY, DX DL DAXN.
6: end for
7: return x

(N)

The solution of (3.75) can be sought by solving the optimisation problem

x =arg min Jenergy(y), (3.76)
yEIR"N

with the objective (energy) function /(y) defined by

Jenergy(y) =|x- y”M =(y,My)- 2(y,b) +const, (3.77)

where & = M_lb, and |x|ly = (x,Mx) denotes the M-norm of a vector x, and (-,-)
refers to the inner product. The minimisation problem (3.76) is not tractable if the
dimensionality is large. The multi-dimensional problem (3.76) is addressed in the
AMEn by performing a greedy-type approach, where the optimisation is taken over
one dimension at a time which the rest of the dimensions fixed.

The AMEn as described in Algorithm 3 proceeds as follows. Given an initial guess
20 = 7(x1,...,25) represented in the TT format, the algorithm recursively for & =

1,2,...,N considers solving the following sub-linear system:

M:px-p, = by, (3.78)
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where

T
bzk:(X(k)) b, X(f];:xik)@.lzk,

M., - (X(k))TMX(k) ®) )

<k <k’

(k)

’
AP =y > >ay, Dax > ><xy, and &) =y bl Dy, .

Note that M-, has the same TT-ranks as M, but the length is shorter by (£ —1)
TT cores, i.e., (3.78) is a (IN — k + 1)-dimensional problem. The algorithm optimises
Jenergy in (3.77) over the k-th TT core x, of x®) and obtain the minimiser v;. Defining
u® = v, ><x, 1 ><...><xy, the residue 2® = b), — M~,u® is approximated® by
2® = 2, < ... >< 2y, and the first core is updated as y; = [vz, 2%]. The procedure
continues to cycle over all TT-cores, and the entire sweep repeats until a convergence
criteria is satisfied. The convergence rate of one sweep is given by the following

proposition.

Proposition 3.49 (Theorem 2 in Dolgov & Savostyanov (2013b)). If M in (3.75) is

symmetric positive definite, the convergence rate of the AMEn method described in

Algorithm 3 is given by
M _%I2 N-1 r1 r
x x
”—AzM =Y w? (1 —w%) I1 ,uf = p3;, (3.79)
[#@-%[3 1 =1 j=1
where
"
. o (W)
o ()2 ) . d
5 xZ] u J ||M2J xz] xz‘] MEJ
= 5 and wj= ——. (3.80)
= 2 -u]
X>j xEJ- M. =J M- ;
=)

The global convergence can be achieved conditioned on ¢ < 1, and this is guaran-

teed by making 2 sufficiently close to 2*), see Remark 2 in Dolgov & Savostyanov

#The approximation could be performed by several different strategies, including the SVD-based
approximation, Cholesky-based approximation, and the ALS-based approximation. These methods
have been hard-coded in the TT-toolbox, and We refer the readers to Dolgov & Savostyanov (2013b)
for the details.
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(2013b).

The positive definite linear system. In the inverse iteration (Algorithm 2), how-

ever, the matrix M is given by
M=—(Ay;—oemiel), (3.81)

and M is not symmetric while still positive definite (PD). Consequently, the previous
analysis and the global convergence in Proposition 3.49 do not apply in the PD sys-
tem. Instead, the authors in Dolgov & Savostyanov (2013b) related the AMEn to the

full orthogonalization method and provided the following estimate.

Proposition 3.50. Consider M in (3.75) as a positive definite matrix. The conver-
gence of the AMEn method in Algorithm 3 in solving the tensor linear system (3.75) is
given by

”b Max®™ ” N-1 k-1  fm

Wr Uk
(0)
[ooano] ~ e 7= "

=¢n, (3.82)

and the coefficients are defined as

|6k — Mo u™)|
=
’ b>k M>kx

|2~ =07
=S Wy,

d = — <
O bk — Mo

where

Amin(VEIMs Vi +VIMI,V))
=1- = d Vi=y,01,, ..,.. 3.83
“Vi 2 M=,V o and Vi =9y @lnyny. (3.83)

The proof of Lemma 3.50 combines Lemmas 1 and 2 in Dolgov & Savostyanov
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(2013b). Given that

<1, and wp<l1l, k=12,.. ,N-1,

the previous described SPD case (Proposition 3.49) converges globally in any case,
whereas the convergence rate ¢y for the PD system in Proposition 3.50 can be
greater than 1 in certain situations. In what follows, we derive a sufficient condition
(a well-conditioned system) for the AMEn algorithm attain the global convergence

for the PD linear systems.

Lemma 3.51. Define @ €(0,1) to be

- /lmax(M) - Amin(M)
w:= A (M) , (3.84)

and define the threshold value & € (0,1) such that

fu®) =0, (3.85)

where

fol@) =2+ (N-1)%0*-(N-1)%2=0.

Then, a sufficient condition for the global convergence rate ¢y in (3.82) to be strictly

smaller than 1 is

0<V1-a2. (3.86)
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Proof. We first bound the convergence rate ¢y in terms of wy, as

N k-1 N -
<Y oy, || —=— Z ]‘[ (3.87)
k=1 m=1,/1- wvm k=1 m=1,/1— w%,m

where we have use the fact that the optimisation step provides the residual decrease,

i.e., ur < 1. It can be shown that if all x.;, are orthogonal, we have (Zhang, 2011)

1
5 min (VE M=V + VEML V) 2 Ainin (VE M4V ) 2 Aunind M=) 2 A (M),

1
IMsp Vil = Ariax(v,fM>kM>ka) AmaX(Mngzk)s)tmaX(Mzk)s/lmax(M).

Substituting the above inequalities into (3.83) yields

o <o= Amax(M) - /lmin(M) <1
Vi = Amax(M) '

and we can further bound (3.87) by

k-1 1 -
<(N-1)
=1 m=1V1—@®?2 (1-

@ (3.88)
@2)(N—1)/2' :
It is easy to verify that, let f(w) = 0?VN 2+ (N - 1)20w? — (N — 1)2, function f(-) is mono-
tonically increasing within the interval w € (0,1), and there exists one roots @ such
that f(®@) = 0. Then, substituting the condition (3.85) into above formula, one can

directly derive ¢y < 1. O

Remark 3.52. Condition (3.86) in Lemma 3.51 is equivalent to requiring the tensor
matrix M to be sufficiently well-conditioned. Let k(M) be the conditioning number of

M defined as

Amax(M)

2 _
) = D)
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and one can rewrite condition (3.86) as

k(M) < ——, (3.89)

where @ € (0,1) satisfies (3.85).

In our case, the PD matrix M is given in (3.81), and the corresponding extreme

eigenvalues are

Amin(M) = Oshift + Amin (_Ah,i) , and  Apax(M) = Oghift + Amax (_Ahj) > (3.90)

Hence, given a threshold value @, one can always make the underlying conditioning

number,

\/Ushift + Amax (_Ahj)

k(M) =
\/Ushift + Amin (_Ah,f)

) (3.91)

sufficiently small by choosing a sufficiently large ognirp value such that condition

(3.86) is met. We summarise this result in the following theorem.

Theorem 3.53. Consider solving the inverse iteration (3.69) using the AMEn method
(Algorithm 2). There exists a threshold value Ggnify < 00 such that Yo gt > Gshift We

have ([)sz < 1, where ¢y is defined in (3.82), i.e., the AMEn converges globally.

Proof. To show there exist a threshold value, we substitute (3.91) into 3.89 and ob-

tain
A Amax (_Ah,i) V1-V1-0%—Amin (Ah,f)
O shift > Oshift = )
1-V1-vV1-@p?2
Then, the argument directly follows Lemma 3.51. O
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Remark 3.54. We see from (3.88) that the convergence rate ¢ decreases monoton-
ically with decreasing value of @ defined in (3.84). Substituting (3.90) into (3.84)

yields

Amax (_Ah,f) = Amin (_Ah,f)
Amax (_Ah f) + Oghift

s

W=

which suggests the monotonic decrease of @ with respect to the increasing value of
Oshift- Hence one could expect better convergence rate of the AMEn algorithm by

increasing oghife value.

Remark 3.55. Another implication of (3.88) is that, if the number of dimensions N

increases, the AMEn algorithm converges slower for a fixed ogpis value.

3.4.3.2 An adaptive scheme

Comparing the results in Theorems 3.47 and 3.53, we find that there is a trade-off
between the efficiencies of the outer iterations and the inner iterations of the inverse
power method (Algorithm 2):

* the outer iterations converge faster for smaller o4 values, and may not con-
verge if oghis is too large;

* the inner iterations converge faster for larger ognire values, and may not con-
verge if ogpist is too small.

In Algorithm 2, ognift value needs to be predetermined and treated as a constant

throughout the execution, and as a result, the efficiency of the simulation can be

significantly decreased and uncontrollable, or even the algorithm does not converge.

It is possible to derive an upper bound for G4p;s in Theorem 3.53. Consider impos-

ing a constraint on the AMEn convergence rate ¢ < ¢ for a given threshold value

(f)N < 1. One could reversely work out an indicator g ¢pif of the threshold value gpift

137



Algorithm 4 Adaptive inverse power method in tensor format.

Require: initial guess p; shift value oghi; = 00; a stopping criterion &440p and a convergence thresh-
old eaMEn; maximum number of AMEN sweeps in each inverse iteration Np.x; thresholds to
increase (Nj,) and decrease (Ng.) the shift value, set &£ = 1.

1: while ||Ah iPr-1ll/lpp_1ll > €stop do

2: Solve the k-th tensor-structured inverse iteration (3.69) up to N ax sweeps.
3: Check the number of sweeps, N¢omp, for the AMEN solver to converge.

4:  if Neomp > Nip then

5: O'shift — 20 shift-

6: else if Ngo < Neomp < Njp then

7 Oshift < Oshift/2, B — k + 1.

8: else

9: k—Fk+1.
10: end if

11: end while

using (3.84) and (3.88), and obtain

Amas (~A 1)~ Amin (—Ap 1=\ /1=
O shift o ( L t) e ( h’t) — Amax ( Ah,f) =~ ] Amax ( Ah 2) ,
1-w? 1-w?
N N

where w oy €(0,1)is the roof of the polynomial

fig, = @ng]‘v’ 24 (N+ 1)2w3w —(N-1)72

In practice, however, the right-hand side of (3.92) often requires additional compu-
tations to estimate the maximal eigenvalue of A, ;. Also, the indicator it may be
very different from the true threshold value &4if;, especially if Zfi _11 ;:1 ,u? < N-1.
Thus, instead of using a priori estimate, we make use of the posteriori results and dy-
namically update the ogif, value in each iteration based on the number of the AMEn
sweeps.

The adaptive inverse power method (Algorithm 4) proceeds as follows. Given an
initial guess p, and an initial shift value og,ifp = 09, the algorithm seeks to solve the
tensor linear system (3.69) using the maximum number Ny,,x of the AMEn sweeps

(Algorithm 3). If the AMEn does not achieve the prescribed tolerance eayven, Within
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Algorithm 5 The multigrid adaptive inverse power method in the (Q)TT format.

Require: initial grid size b = (h1,hs,...,Ax)T, an initial guess Po,1 and a stopping criterion £; on the
coarsest grid; the total number of grid levels L 4.
1: for ¢=1,2,...,L; 4 do
2: Construct the finite difference approximation Ay ;. of the CFPE operator on grid wp ¢ in the
QTT format, and apply rank truncation procedure to obtain a low-rank approximation Ay ; ,;
3:  Apply Algorithm 4 to solve the principle eigenvalue problem with the initial guess p( , and the
stopping criterion ¢/, and obtain the approximated solution p;, ,;

4: if ¢ <L, then

5: Interpolate p;, ; to the finer grid wp ¢+1 using (3.98), and obtain pg p,1;
6 Let ep11 =¢€//2;

7 end if

8: end for

9: return p; |

max

Nnax, the oghife is doubled and restart the AMEn solver. The whole process is re-
peated until the convergence criteria is met within Np,,x sweeps. If the tolerance
€AMER 1s achieved with less than a prescribed number Ny, of AMEn sweeps, the shift

value o ¢ 1s then halved.

3.4.4 The multi-grid accelerated inverse power iterations

Since the convergence rate tends to be slower as the number of dimensions in-
creases (Remark 3.55), (Q)TT-formatted acceleration techniques are necessary, and
here we introduce the multi-grid (MG) acceleration technique. The MG method is
often used as a pre-conditioner for solving the elliptic equations (Hackbusch, 2013),
and has been applied to solve the tensor-based problems (Khoromskij & Khorom-
skaia, 2009; Khoromskaia, 2010; Khoromskaia et al., 2011).

Here, the main idea is to construct a hierarchy of grids, and the system (3.61) is
first solved on a coarser grid, and the approximation is then interpolated to a finer

grid and used as an initial guess. Let

Wh,¢ =Why ¢ X Opy 0 X X Oy ¢ (3.93)

be a hierarchy of grids with grid sizes k = (h1,...,An)T, where wp, ¢ is a hierarchy of
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grid with grid size A; in the i-th direction. On each grid level, a finite difference ap-
proximation of the Fokker-Planck operator can be constructed following the method

introduced in Sections § 3.1.2 and § 3.3, which yields a hierarchy of discrete problems:

AptoPhio=AnttPhtos Ahte€ ROvxaN)x(nixexaN) o p—q Lo (3.94)

where matrix Ay, ; o has the same structure as A ; in (3.55) and the additional sub-
scription is used to refer the grid level, and A3 ; ¢ denotes the corresponding principle
eigenvalue. Once (3.94) is formulated in the QTT format, matrix Ay, can be ap-
proximated by A ; , with lower TT-ranks (see Section § 3.3.2). Then, starting from

the coarsest level ¢ =1, we solve the compressed problem
ApicPhic=AnicPhie Apge€ROVCTINOUEIN g 21 Limax,  (3.95)

using the adaptive inverse power method (Algorithm 4).

For the grid level £ > 1, the initial guess p , of the adaptive inverse power method
is an interpolation of the solution on the grid level ¢ — 1, and the interpolation is
performed through the so-called prolongation operator. Consider a one-dimensional
problem for example, a hierarchy of grids can be constructed in a way where, on grid
level /+1, extra mid-points are allocated between the nodes on grid level ¢. Thus, the

grid size is halved by going up a level. The prolongation operator for such purpose is
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given by the matrix P2" € R2"*" defined as

2
11
2
1 1
1)2”=1 . (3.96)
n 2 . 4
1
2
11

and the value on each new mid-points is the average of its surrounding nodal values,
while the values on the existing nodes remain the same. Let n = 2, the prolongation
matrix P?L”’ admits explicit QTT representation of rank-(2,...,2) given by (Kazeev &

Khoromskij, 2012)

1
><l—2
1 ‘PI v’ 2
v, 1
0

where the 2 x 2 matrices W7 and ¥ are defined in (3.43).
Extension of the one-dimensional prolongation matrix (3.96) to the multi-dimensional
case is straightforward. Due to the product structure of grid wy ¢ in (3.93), the pro-

longation matrix to N-dimensions has the rank-one form

P =piigpig...9 P.' ©---aPiY, (3.97)
——
d-th mode
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where n;, 1 <i <N, refers to the number of nodal points in the i-th direction on the

/-th grid level. Then, the interpolation is performed through
Por=P"pir1, =23, Limax (3.98)

The resulting tensor p , is of size (2n1 x -+ x 2ny) x (2n7 x --- x 2ny) with TT ranks
(see property (v) of Proposition 3.23):

Pt Pir Py 1 Pt Pir Pt
(2RY . 2R RY L RY (2R 2R,

p 1
where R/ be-

, 1<vg=<lyg,1=d <N, are QTT ranks of p,,_;. The complexity of
performing (3.97) in the QTT format is of order G(INR?), and we summarise the

multi-grid accelerated adaptive inverse power method in Algorithm 5.

3.4.4.1 Numerical experiment

We next simulate a reaction chain of 20 molecular species interacting through 42

reversible isomerization reactions:

k1 k3 ks k37 k39 ka1
@«—Sl<—82<—"' 819 X20<—® (399)
ko ky ke k3g k4o ka2

where S;, 1 =1,2,...,20, represent the i-th isometric form of species S, and reaction
constants k; =1, j = 1,2,...,42. The system volume is set to V = 120. The steady

state distribution of the CME for system (3.99) is a product Poisson distribution as

20(/)
nm(n)—Hn (n) =[] e

i=1 Tt

) (3.100)

where 72, denotes the i-th single-dimensional Poisson distribution whose mean value
¢; equals to its deterministic mean value.

Instead of solving the corresponding Fokker-Planck equation over the finest grid,
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we apply the multi-level acceleration (Algorithm 5) with adaptive shift values (Algo-
rithm 4). The grid level details are listed in Table 3.1 and the simulation results are
plotted in Figure 3.10. Comparing Figures 3.9d and 3.10c, the convergence rate at
the initial stage of the simulation is sufficiently improved by applying the coarse grid
approximation.

In general, the operators of both the CME and CFPE are non-symmetric and
ill-conditioned, and challenging to handle using the existing QTT-structured linear
solvers (see Remark 3.52). Although it can be improved by increase the shift value in
the inverse iterations (Remark 3.54), the CFPE has a distinctive advantage over the
CME for its flexibility in choosing the grid size, which enables to control the accuracy

and use of acceleration strategies, such as the presented multi-level approach.

3.5 Tensor decomposition of the parametric CFPE

In practical applications, simulating the stationary distributions of stochastic net-
works often needs to be performed over ranges of parameter values, especially in
parametric analysis (see Chapter 4). This requires solving the parametrised stochas-
tic model equations (CME/CFPE), and in this section we extend the previous intro-

duced tensor formalism to solve the parametric stationary CFPEs.

Table 3.1: Multi-level discretisation for the 20-dimensional reaction chain (3.99).

Level 1 2 3 4 5 6 7
No. of nodes n 8 16 32 64 128 256 512
Grid size h 20 10 5 25 125 0.625 0.3125

CPU time' (x10% sec) 2.82 7.02 2.84 23 225 0.08 0.10

T The computational time that the simulation spent on each grid level. The numbers correspond to
the segments of the time axis in Figure 3.10c separated by the dashed lines.
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Figure 3.10: Tensor-structured stochastic simulation of 20-dimensional reaction chain using the
adaptive inverse power method with multi-level acceleration. The CFPE is successively solved on
seven grid levels with an increasing number of nodal points. The logarithm of the marginal station-
ary distribution in the X190—X15 plane computed on (a) the initial coarsest level; and (b) the finest
grid level. (¢) The convergence of the total error versus the computational time. The error is obtained
by comparing the marginal distribution of the computed steady state distribution with the exact solu-
tion of the corresponding CME. The vertical dashed lines correspond to the grid levels. The grid size
details on each grid level are given in Table 3.1.

3.5.1 The parametric CFPE

We first formulate the parametric CFPE. We denote k = (k1,...,kx)T as K out of M
reaction rate constants of the stochastic networks (2.1). We will treat rate constants
k as auxiliary variables, and the remaining M — K rate constants are fixed. In prin-
ciple, we may also study the models where K > M, i.e., when we consider additional

parameters, such as system volume V. Here, the parametric problem involves con-
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sidering both N-dimensional state space x € Qr and K-dimensional parameter space
keQyp.

We write Px|k;t) be the probability distribution predicted by the CFPE that that
the system will reach the state x at time ¢ given the parameter values k. Then the
parametrised chemical Fokker-Planck equation can be written as

OPUSID) _ ok P(lkst), weQp kEQy, 0

(3.101)
Pix|k;t)=0, foPf(ka; Hdx=1, VkeQy,

with initial condition Pex|k;0). The parametric CFPE operator $fk has the similar
form as the CFPE operator % in (2.10) but with explicit representation of k, written

as

N 5 (M
.%kaf(xlk,t) =— Z 6_ (Z v],Lk]dJ(x)Pf(ka,t))
sV (3.102)

1 N 02 M
+ — .. ..,k."‘. P kt
2i,i’Z:1 axiaxi’ j;lv.],lv.],l Ja](x) f(x| ) ) s

where @; refers to the non-parametric part of the propensity function a; defined in
(2.2),ie., @;=ajlk;, j=1,2,...,M. If the system is observed for a sufficiently long
time, the system (3.101) reaches its stationary state, and the stationary version of

(3.101) is of the form

Llndxlk)=0, x€Qf keQp,
(3.103)

n(x|k) =0, fonf(ka)dx =1, VkeQ,

where ne(x|k) = lim;_ o Pr(x|k;t).
We can rearrange Equation (3.102) and express the operator fffk as a sum of sep-

arated sub-operators in terms of state and parametric variables. We write it as
k _ k1 ko ky
fff —klgf +sz£f +"'+kM$f , (3.104)
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where the non-parametric operators, ££ ', describes the normalised transition prop-

erties of the j-th reaction, and is defined by

2

.59 Tndx|k) = — Zvﬂ 9

o (aj(®)ne(x|k)) i1 Z ViivVii A A

2,2, %0 (a(x)ex|k)),

(3.105)

It appears that the splitting in (3.104) is restricted to the mass-action reaction sys-
tems, where the propensity functions (2.2) has a simple first-order product in the
reaction rate parameters. However, similar splitting can be obtained even for more
general definitions (Wu et al., 2011). If the propensity functions depend non-linearly
on the kinetic rates, as in (Barkai & Leibler, 2000) for example, the the splitting in
(3.104) can still be obtained provided a multiplicative splitting (3.104) of the para-
metric Fokker-Planck operator is possible. Such splitting is always possible if the
propensities can be written, or approximated by, as a product of two terms, where
the first term depends (non-linearly) on kinetic rates, and the second term on state

variables.

3.5.2 Tensor formalism

We now consider discretise the parametric operator Sffk over an (N + K)-dimensional
tensor grid, wz X wﬁ. The N-dimensional grid wz is an equidistant sampling of a
bounded subspace (hypercube) within the state space Q, and its formal definition is
given in (3.6). The M-dimensional grid “’Z is discretise a K-dimensional parameter
space, Qf = Jlk X een X JI’;, ﬂ(f = [a’;,b’;], d=1,2,...,K, and define the uniform grid

k.
Wy

k k. 1k
wh = {kil,...,iN :(kl,ip-",kN,iN):kd,id :ad+ldhd7ld = 1a'~'amd7d = 11"-’K},
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with constant grid step 2% = (6% —ak)/(mq +1).

Let Aﬁ’t € Rim-nymy-mg)x(ni-nymi-mK) he the (tensor) matrix from the finite dif-
ference approximation of operator 3{“. Based on the form of (3.104), one can show
that matrix p;:, , admits explicit rank-(K + 1) canonical representation of the form

(Khoromskij & Schwab, 2011; Dolgov & Khoromskij, 2012):

Azf:Ail®K1®Ig®---®IK+Aiz®11®K2®---®IK+---

M N (3.106)
+A’ZK®11®12®~--®KK+( Y ijh])®Il®Ig®"'®IK,
j=K+1

where I; € R™4*™d denotes an identity matrix, d = 1,2,...,K, and k; are prescribed
reaction rate constants j =K +1,...,M. Matrix K; € R™4*™d ig diagonal with diago-

nal entries corresponding to the grid nodes of the d-th parameter, i.e.,

kje 01="10q,
K;(l1,09) =

0 01 # 0,

for /1,02=1,2,...,m; and j=1,2,... K.
The (tensor) matrices A:j € R nn)x(ny-ny) j=1,2,...,K, correspond to the finite
difference discretisation of the sub-operator ka 7 in (3.105) on grid wy,. Similar to the

analysis in Section § 3.3.1, we construct A:j ; explicitly as

A=y (ay+ag,)+ X (A, 8y L), (3.107)
d=1 dj,(;lézdzl
1 2
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where

ki+ _ VjdiVjde
(le,dz +Q31,&2)Hj]1vj,dlvj,d2>0’

di,ds 2k

ki— _ VjdiVjde

di,d2 — 2k (le,dz +Qd1,d2)HJL’J}d1"j,d2<0’
ki _Vjd k; _Vjd

Aj = k; Q.. qH; and Nja= k; QiqH;.

Here, the QTT structures of the tensor matrices @ ;, 4, Q@ad.d> @4, 4, Qa,.dy> Qdi,ds>
Q d1.ds and H; are explicitly given in Section §3.3.1. A direct inspection of (3.106)

and (3.107) leads to the following canonical rank estimate.

Proposition 3.56. Consider (tensor) matrix Aﬁt € ROvinNmy-mp)x(ninymy-mg) jp
(3.106). It has explicit canonical matrix representation (Definition 3.13) with canoni-

cal rank bounded by
Ak 2
R™ht <2MN +2MN~*,

where M and N are the numbers of reactions and species, respectively.

The canonical representation of Ai . can be converted to the corresponding TT rep-
resentation with the same ranks (see Proposition 3.24). Further, since the matrices
involved in (3.107) admit explicit QTT-structured construction, we derive the QTT
representation of Ai , in the following theorem.

Theorem 3.57. Consider (tensor) matrix A;‘l ;€ R nNmy-mg)x(ny-nymy-mg) ng, =

kd2

, may, =242, 1=dy <N, 1=ds <M, defined in (3.106). It admits the QTT:

e
2'd1

structured representation of the form

k = X oo x e x LY x LY
Ah,t = (Ah,t,l,l >< MAh,t,l,l’{l) > >} (Ah,t,N,l >< MAh,t,N,leN) ><
><|Ak | pap<A® L IbaiopalAR L opapaad®
b h,it11]! B htK,1X
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where for Ll<d <N

|

i1,i9=1
| 11712

D=

i
y =

X
Ah,t,d,vd

N
) (Vj,i (‘Pﬂli;ﬁd + @y, L‘:d)) ® (V?,i (Wrliza +Pq,d,, L‘:d))]

J =1

N Vi Vi ]]‘Vj,il"j,iz >0
2

5

((q)d,vd & q)él,vd) ILilzdvigzal)

N wviivii oy . o,
Jot1 7V J,l2 Vj,lej,L2<O
((q)d,vd (&) q)&’vd) ]lilzd + (®3,vd @ q)d,vd) 1lide)
i1,i9=1
| i17i2

r

N .. v 1. .
Jri1 Vi LiiAdNig#Ad
o | D 2 (YreV¥r)

i1,i2=1
| 11712

[~ DL+ DV 5 1) Loyt + 1| H )

(3.108)
and for1<d<M
k _poU-1 e(N—j-1)
Ah,t,d,vd - \PI @q)k’d,vd @\PI 5 (3-109)
and ®p, 4 ,, i1s composed of the quantised block matrices:
2-ja
. . 10 00 ; . ig-1{0 O
Lja) _ja-1| k E (q,1) _ od-1ig-1) (3, k)"
e o P +nk L @Ya =g (hd) ,
01 01 T 01
Cld—Jd (9d-1pk td—Jd 00 Lo
ig—1 ( d) ’ ld =]d,
1
(iaa) _ | 0
J,d,vd
0 O . .
’ td <Jd,
00

forig,ja=1,2,v53=2,3,... ,lfld —1, 1=<d < N. The summation operations of TT cores,
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® and @, are defined in Definition 3.22. The corresponding QTT ranks,

Ak Ak Ak Ak Ak Ak Ak
ht ht h.t h.t ht h.t ht
(R1,1 ,...,R ),Rl R (R R ),RN ,

i S N W e e
(RA;:,t RAz,t ) RA;eL,t RA;eL,t (RA;cl,t RAz,t
N+11°""°> N+1,l’f1 PTYN+1 TP N+K-1° N+1,1°°°*> N+1,l];1 ’
Ak
are bounded by: Rdh’t <2MN +2MN? 1<d<N-1, and
Ak, M N N
,t -
R," <y (vj’d + 1) S (2Li2q +6Ti—g)+ Y (204, 2dniyrd +61i—aviy=d) | »
’ j=1 i=1 i1,i9=1
i1#12
(3.110)
forlSvdSlzd—l, 1<d <N, and
Ak
R, ™ <K+1,
,Ud

for15vdsl§d—1, 1<d<K.

Proof. The QTT structure of Ai, , in (3.108) that corresponds to the first N dimen-
sions (state variables) can be directly derived from (3.107) using the properties of
TT operations (Proposition 3.23). The QTT structure (3.108) is similar to the QTT
structure of A ; in (3.57) up to some difference in coefficient values, and thus the
QTT rank bound in (3.110) is the same as the bound in (3.58). For the last K dimen-
sions that corresponds to the parametric variables, the QTT structure is the result
of (3.106), which suggests the QTT cores in the (N + d)-th dimension is the direct
sum of the QTT core of K; and the QTT cores of I,, ¢ # d, which eventually yields
(3.109). O

Remark 3.58. From Theorem 3.57, the leading order estimate of the storage re-
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Table 3.2: Comparison of the matrix-based and tensor-structured methodologies.

Biochemical | Dimensionality ‘ Matrix-based’ Tensor-based™

system N K N+K Memcme Memcrpg Memy Mem,, Ta Tt
Schlsgl 1 4 5 2.68x101%  2.74x10' | 4.01x10® 2.07x105 1.2 30
Cell cycle 6 1 7 6.68x1017 7.04x10% | 2.96x10* 1.00x107 1.1 6433
F-N 2 4 6 6.38x10*  1.75x10'% | 7.65x10* 4.02x10° 0.7 37

T Estimated as the product of the number of discrete states and the number of parameter values.
* Memy and Men,, are the storage requirements for the QTT representation of the parametric CFPE

operator AZ , and the parametric solution pf’l »

quirements and complexity of Aﬁ . in QTT format is
6 (M*N°1+K31),

22(N+K)l)

in contrast to @ ( in the full matrix format.

Now, the stationary parametric CFPE (3.103) is transformed into a principle eigen-

value problem in a tensor form

E _kE _k _Fk
Ah,tph,t = A tPh o (3.111)

XRnxm1xeeXmK gre the corresponding principle eigenvalue

where Ai’t and pZ’t e R
and the principle (tensor) eigenvectors respectively. Since matrix Aﬁ, ; 1s explicitly
constructed in the QTT-structured representation as in Theorem 3.57, the system

(3.111) may be solved by the numerical methods proposed in Section § 3.4.

3.5.3 Numerical experiments

We simulate the parametric CFPE of four examples of stochastic networks: a bistable
switch in the 5-dimensional Schlogl model (Schlogl, 1972), oscillations in the 7-dimensional
cell cycle model (Tyson, 1991), and neurons excitability in the 6-dimensional FitzHugh-
Nagumo system (Tsai et al., 2008). More details of these models will be given in

Chapter 4.
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The simulation procedure starts with the QT T-structured finite difference discreti-
sation of the parametric CFPE operator (Section § 3.5.1), and then the corresponding
principal eigenvalue problem (3.57) is solved using the adaptive shift inverse power
method (Algorithm 4).

Such tensor-based simulation performances are presented in Table 3.2, which also
includes a comparison with the traditional matrix-based approach. Simulations are
performed on a 64-bit Linux desktop equipped with Quad-Core AMD Opteron™ Pro-
cessor 8356 x 16 and 63 GB RAM. The minimum memory requirements of solving the
CME and the CFPE using matrix-based methods, Memcyg and Memcrpg, are esti-
mated as products of numbers of discrete states times the total number of parameter
combinations. Although the CFPEs have less memory requirements via increasing
the grid sizes, the memory requirements for the parametric CMEs and the paramet-
ric CFPEs vary in ranges 103-1017 and 10'1-1013, respectively, which are beyond
the limits of the available hardware. In contrary, the tensor (QTT-based) approach
maintains affordable computational and memory requirements for all three problems
considered, as we show in Table 3.2. The major memory requirements are Memy4 and
Mem,, to store the QTT representations of the discretised parametric CFPE operator
and the parametric steady state distributions nfx|k), respectively. Similarly, T4 is
the computational time to assemble the operator and T is the total computational
time.

Table 3.2 shows that the tensor-based methods can outperform standard matrix-
based methods. It can also be less computationally intensive than stochastic simula-
tions in some cases. For example, the total computational time is around 30 minutes
for the tensor approach to simulate 64* different parameter combinations within the
4-dimensional parameter space of the Schlogl chemical system (see Table 3.2). If we
wanted to compute the same result using the Gillespie SSA, we would have to run

64* different stochastic simulations. If they had to be all performed on one proces-
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Figure 3.11: The first 100 eigenvalues with smallest magnitudes of the finite difference operator of
(a) the Schlogl model and (b) the F-N model.

sor in 30 minutes, then we would only have 1.07 x 10™* second per one stochastic
simulation and it would not be possible to estimate the results with the same level
of accuracy. In addition the tensor approach directly provides the steady state dis-
tribution n¢x|k), which would be computationally intensive to obtain by stochastic
simulations (with the same level of accuracy) for larger values of N + K.

The computational time of the adaptive inverse power method in tensor format (Al-
gorithm 4) mainly depends on three key factors: the dimensionality of the problem,
the spectrum gap between the principle and the second eigenvalues, and the ranks
of the (intermediate) solutions. The significant increase in the computational time of
the cell cycle model (row 2 in Table 3.2) is mainly caused by first its oscillatory nature
and its irregular shape of distribution. The oscillation time implies a long half-life
and a very small spectrum gap between the principle and the second eigenvalues,
and the irregular shape of distribution makes it more difficult to be approximated by
a small set of low-rank function-related tensors (such as the Gaussian in Proposition
3.44).

Application of the (adaptive) inverse power scheme requires the principle eigen-

value of the finite difference operator to be non-positive and simple. The sufficient
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Figure 3.12: Comparison of the numerical approximations of the stationary distribution of the F-N
model, with model parameters: V = 2000, k1 = 0.2005, k9 = 0.1123, k3 = 2.5059 and k4 = 0.1052.
(a) The CME distribution computed by using a long-time Gillespie simulation of T = 5 x 108. (b)
The principal eigenvector of the finite difference approximation of the corresponding CFPE computed
using MATLAB eigs function in the full matrix format. (¢) The CFPE distribution extracted from the
tensor solution of the parametric CFPE. The four parameter ranges of the parametric CFPE are given
in Table 4.4. The discretisation is equally spaced with 128 points. The plotted solution corresponds to
the 65-th points along all four parameter direction.
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conditions for the simplicity of the principle eigenvalue are given in Lemma 3.4,
Remark 3.5 and the subsequent discussions. The single-dimensional Schlégl model
naturally satisfies all conditions, and its spectrum is plotted in Figure 3.11a. The
spectrum distribution of the F-N model is also plotted in Figure 3.11a. Although the
system does not fulfil the simplicity conditions proposed in section 3.1.2.2, the nu-
merical data shows that the principle eigenvalue is simple with a spectrum gap of
around 1073,

Figure 3.12 gives a visual comparison of the stationary distributions of the F-N
model using different methods. The CFPE distribution (Figure 3.12b) gives a good
approximation of the CME distribution (Figure 3.12a) with the given parameter val-
ues. Also, the tensor solution (Figure 3.12¢) matches well with the solution obtained
using the traditional matrix format (Figure 3.12b), and the error between the two

solutions in #2-norm is 1.123 x 1076,

3.5.4 Computational implementation

The implementation of the proposed methods and tests is based on the MATLAB
package Stochastic Bifurcation Analyser (StoBifAn), available at http://www.stobifan.org.
The StoBifAn package includes the following functionalities:
* Assembling the (parametric) Fokker-Planck finite difference operator in the
QTT format from a given stoichiometric matrix;
* Constructing the chemical master operator in the QTT format from a given
stoichiometric matrix;
¢ The adaptive inverse power scheme (Algorithm 4 and 5) to solve the stationary
(parametric) Fokker-Planck and CME;
* Post-processing the resulting tensor data to perform the parameter estimation
using the moment-matching techniques.

The StoBifAn package relies on the MATLAB package TT-Toolbox to perform the ele-
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mentary algebraic operations on the QTT tensors and solve the large linear systems
in the QTT format. The TT-Toolbox is open access at http:/github.-com/oseledets/TT-
Toolbox.
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“The purpose of computing is insight, not num-

bers.”

Hamming (1962)

Tensor-structured parametric analysis

of stochastic reaction networks

In this chapter, we will exemplify the tensor approach to conduct the parametric
analysis of the stochastic networks, including parameter estimation, stochastic bi-
furcation analysis, and robustness analysis. The tensor-structured analysis frame-
work can be divided into two main steps: a tensor-structured computation and a
tensor-based analysis. First, the steady state distributions of stochastic models are
simultaneously computed for all possible parameter combinations within a param-
eter space and stored in a tensor format, with smaller computational and memory
requirements than in traditional approaches. The resulting tensor data are then
analysed using algebraic operations with computational complexity which scales lin-
early with dimension (i.e., linearly with N and K). Major results in the current

chapter have been published in the primarily authored paper, Liao et al. (2015). The
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discussions were previously announced in a reduced form (due to the journal page
limit), and are now further extended in this chapter. The numerical experiments are

presented with no changes.

4.1 Parameter estimation

Small uncertainties in the reaction rate values of stochastic reaction networks (2.1)
are common in applications. Some model parameters are difficult to measure directly,
and instead are estimated by fitting to time-course data. If the reaction networks
are modelled using deterministic ODEs, there is a wide variety of tools available
for parameter estimation. Many simple approaches are non-statistical (Moles et al.,
2003), and the procedure usually, although not necessarily (Jagaman & Danuser,
2006), follows the algorithm presented in Algorithm 6. This approach seeks the set
of those parameters that minimize the distance measure d(x,x*), while the rules to
generate candidate parameters B* in step (al) and the definition of distance func-
tion along with stopping criteria in step (a3) may vary in different methods. In
optimization-based methods, B* may follow the gradient on the surface of the dis-
tance function (Moles et al., 2003). In statistical methods, such distance measure is
provided in the concept of likelihood, L(k*|%x) = n(x|k*) (Pedersen, 1995). In Bayesian
methods, the candidate parameters B* are generated from some prior information re-
garding uncertain parameters, n(k), and form a posterior distribution rather than a
single point estimate (Toni et al., 2009).

To extend the algorithm in Algorithm 6 from deterministic ODEs to stochastic
models requires substantial modifications (Toni et al., 2009). One main obstacle is
the step (a2) which requires repeatedly generating the likelihood function L(k*|x), as
the outcome of stochastic models. In this case, a modeller must either apply statisti-

cal analysis to approximate the likelihood (Reinker et al., 2006), or use the Gillespie
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Algorithm 6 Parameter estimation for ODEs.

1: repeat

2:  generate a candidate parameter vector B* € Qp;

3:  compute model prediction x* using the parameter vector k*;

4:  compare the simulated data x* with the experimental evidence %, using distance function
d(x,x*) and tolerance ¢ (the tolerance £ > 0 is the desired level of agreement between X and
x*);

5 if d(x,x*) < e then

6: Accept B*;

7: else

8: Reject k*;

9 end if

10: until some stopping criteria is reached.

SSA to estimate it (Tian et al., 2007). Consequently, the algorithms are computa-
tionally intensive and do not scale well to problems of realistic size and complexity.
To avoid this problem, the TPA uses the tensor formalism to separate the simula-
tion part from the parameter inference. The parameter estimation is performed on
the tensor data obtained by simulation methods described in the previous chapter
(see Table 3.2 in Section § 3.5). The algorithm used for the tensor-based parameter
estimation is given in Algorithm 7. The distance function d(x,x*) in Algorithm 6 is
replaced with a distance between summary statistics, S and S*, which describe the
average behaviour and the characteristics of the system noise. The steps 2-11 in
Algorithm 7 are similar to steps 1-10 in Algorithm 6 under the ODE settings, and
a variety of existing methods can be extended directly to stochastic settings. The
newly introduced step 1 in Algorithm 7 is executed only once during the parameter
estimation. Steps 3-10 are then repeated until convergence. Step 4 only requires
manipulation of tensor data, of which the computational overhead is comparable to

solving an ODE.
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Algorithm 7 An algorithm for the tensor-structured parameter estimation.

1: compute the stationary distribution nm(x|k) for all considered combinations of x € Q and k € Qp;
and store 7m(x|k) in a tensor format.

2: repeat
3:  generate a candidate parameter vector B* € Qp;
4:  extract the stationary distribution m(x|k*) from the tensor-structured data n(x|k), and compute

the summary statistics S* = S*();

5:  compare the model prediction S* with the statistics S obtained from experimental data, using
distance function J($,S*) and tolerance . (the tolerance ¢ > 0 is the desired level of agreement
between S and S*);

6: ifJ(S,S*)<e then
7: accept B*;

8: else

9: reject k*;

10: end if

11: until some stopping criteria is reached.

4.1.1 Moment-based inference

We consider that the distance measure Jg;s(S,S*) in Algorithm 7 is defined using a

moment matching procedure (Lillacci & Khammash, 2010; Zechner et al., 2012):

L . o N
5. S* Qiv,.in] = Miv,....in1 (R
PR S T SR (et G L),

I1,.iN=1 ,u'[i1,...,iN]

, (4.1

where fIf;, . iy11is the (i1,...,ix)-th order empirical raw moment, uy;, . ;j(R™) is the
corresponding moment derived from n(x|k*) and L denotes the upper bound for the
moment order. The weights, §;, . iy, can be chosen by modellers to attribute different

relative importances to moments. Empirical moments are estimated from samples

%40,d=1,2,....N,¢=1,2,...,np, by

~ 1 & Al1 LN

Hliq,....in]1 = n—ﬁglxl’é XN (4.2)
where nj is the number of samples. Moments of the model output are computed as

Kliq.in] (k*):L x§1~-~x]i\];’n(x|k*)dx. (4.3)

X
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When the parametric distribution 7m(x|k*) is computed and stored in a tensor form,
the integral (4.3) can be simultaneously approximated for all parameter sets B* € Qp,

through successive application of the mode product (see Section § 3.2.1), i.e.,

Hiis,in) (B7) = iy iy = hTRG B (P;:,t X126 X X057 X3+ XNxE\I,V) : (4.4)
iq id iq id r x 5 i 1 ]
where x; = (xd 12X 9o %y nd) and hd is the grid size defined in (3.6). Note that

tensor x(iid refers to the equidistant samplings of a polynomial of order iy, and its
QTT ranks are bounded by iy + 1 (see Proposition 3.28). Thus, the computational
cost of performing (4.4) in the QTT format is of order & (logQ(n)NRz), where R is
the maximum QTT ranks of pi’ ;- One can execute (4.4) to obtain all required mo-
ments. Then the distance function Jdist(S' ,S¥) in (4.1) for all parameters within the

parameter space can be directly computed in the tensor format via

L 1 2
Jaist= Y, Pirein (€~ My iyl| » Jdist ERTVTTE, (4.5)

11,..iN=1 [i1,..,iN]

where e € R AN*m1x=xMK jg an (N + K)-dimensional tensor of all ones. The result-
ing data oJ4ist are stored in the tensor format which enables efficient manipulations

and post-processing.

4.1.2 An example of parameter estimation: the Schlogl reaction sys-

tem

We illustrate the tensor-structured parameter estimation using the Schlogl chemical
system (Schlogl, 1972), which is written for N = 1 molecular species and has M =4

reaction rate constants k;, i =1,2,3,4. A detailed description of this system is given
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Figure 4.1: Visualisation and parameter inference of the Schlogl reaction system. (a) A short seg-
ment of the time series data and the histogram for the Schlogl reaction system generated by a long-
time stochastic simulation. The dashed line corresponds to the threshold 230 which is used to sepa-
rate the two macroscopic states of this bistable system. (b) The triples of parameters [k1,k2,k3] for
which the splitting probability (4.9) is equal to S = 47.61% + 5% form a plane with a very thin thick-
ness (in blue) within the 3D parameter space. The value of k4 is fixed at its true value, and the true
value of [k1,ke,ks] is marked with the red dot.

by
k1 k3
k2 k4

where k; >0, j =1,2,3,4, are reaction constants. We prescribe true parameter values
as k1 =25x107%, ko =0.18, k3 = 2250 and k4 = 37.5, and use a long-time stochas-
tic simulation to generate a time series as pseudo-experimental data (for a short
segment, see Figure 4.1a). These pseudo-experimental data are then used for esti-
mating the first three empirical moments [1;, i = 1,2,3, using (4.2), and the values
are given in Table 4.2.

Let n be the molecular number, and the propensities are given by

a1(n)=k1V, as(n)=kon, ag(n)=ksn(n—-1)/V, and a4(n)=~ksnn-1)(n- 2)/V?2,
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We write the underlying stationary CME as
ﬁn—lﬂm(n_1)+Yn+17[m(n+]—)_(ﬁn +’}/n)ﬂm(n):0, n :O, 1,2,...,00, (4.7)

and the corresponding Fokker-Planck approximation is of the form

d2 d

2 (D(x)7e(x)) — = ((x)me(x)) =0, x€Qy, (4.8)

where x is a continuous variable in domain Qf = {x € R: D(x) > 0}, and the diffusion

and drift coefficients are respectively given by
1
D(x) = 2 (a1(x) + ag(x) + ag(x) + ag(x)), px) = a1(x) — ag(x) + ag(x) — aq(x).

Here, we consider all four parameters in (4.6) as axillary variables, and the pa-
rameter space (2 is chosen such that it is centred at the prescribed true parameter
values, as shown in Table 4.1. Then, the corresponding parametric CFPE is solved
with all sampling values of parameters within Q¢ using the method described in Sec-
tion §3.5.1, and the simulation performance is given in the first row of Table 3.2.
It then follows that the moments of the model output, p;, i =1,2,3, can be directly
derived by applying the formula (4.4) to the stored tensor data.

Moment matching (4.1) can be sensitive to the choice of weights (Zechner et al.,
2012). However, for the sake of simplicity we choose the weights §;, i =1,2,3, in a

way that the contributions of the different orders of moments are of similar magni-

Table 4.1: Properties of molecular and rate variables in the Schlégl model.

Type Notation Range No. of nodes
Species X [0,1000] 1024
Rate k1 [2.43 x 1074,2.58 x 107%] 128
Rate ko [0.17,0.19] 128
Rate k3 [2134,2266] 128
Rate k4 [36.08,38.63] 128
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tude within the parameter space (Table 4.2).

Having the moment order p;, i = 1,2,3, computed and stored in the QTT format,
we can then compute the distant function using (4.5), and efficiently iterate steps
(b1)—(b3) in Algorithm 7 to search for parameter values that produce adequate fit to
the samples using the measure given in equation (4.1). We consider € = 0.25% and
visualise in Figure 4.2 the admissible parameter values satisfying Jgist(S,S*) < €.

Note that all four values of parameters, k1, ko, k3 and k4, cannot be estimated
solely from the steady state distributions, because it does not inform us how fast
the system reaches the steady state. This can be also inferred from the splitting of
the parametric Fokker-Planck operator (3.104) as a perfect collinear relationship be-
tween the kinetic rate parameters. In the context of parameter estimation this means
that a single constraint (like mean and variance) restricts the original K-dimensional
parameter space to an (K — 1)-dimensional subspace of parameter values that comply
with the constraint. Therefore, if a direct comparison between a model and a sam-
ple is not possible, a necessary condition to statistically infer K < M parameters of
a stochastic system is to define at least K constraints. In particular, if {k;};-1 23 4 fit
the pseudo-experimental data, then {Ck;},—12 3 4 for any C > 0 fit these data as well.
Therefore, in Figures 4.1b and 4.2, we fix one of the parameters at its true value and
estimate values of the other three.

The summary statistics S are not restricted to moment orders. The TPA can effi-
ciently evaluate different choices of the summary statistics, because of the simplicity
and generality of the separable representation. For example, if one can experimen-

tally measure the probability that the system stays in each of the two states of the

Table 4.2: Moments estimated from stochastic simulation of the Schlogl model.

Moment order Value Weight
1 11 =261.32 B1=1
2 Q2 =2.03x10% By =100
3 Qi3 =-2.04x10° B3=0.001
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Figure 4.2: Circular representation (Von Dassow et al., 2000) of estimated parameter combi-

nations for the Schlogl model. Each spoke represents the corresponding parameter ranges: k1 €

[2.43 x 1074,2.58 x 1074, kg € [0.17,0.19], k3 € [2134,2266], and k4 € [36.08,38.63). The true pa-
rameter values are specified by the intersection points between the spokes and the dashed circle. Each
triangle (or polygon in general) of a fixed colour corresponds to one admissible parameter set with

€ =0.25%. Each panel (a)-(d) shows the situation with one parameter fixed at its true value, namely:
(@) k1 is fixed; (b) kg is fixed; (¢) k3 is fixed; (d) k4 is fixed.

bistable system, then distance measure Jdist(S' ,S*) can be based on the probability
of finding the system within a particular part of the state space .. Considering the
Schlogl model, we estimate the probability that the system stays in the state with

fewer molecules by

S(k) =P(x <230|k), (4.9)

where P denotes the probability and the threshold x = 230 separates the two macro-
scopic states of the Schlogl system, see the dashed line in Figure 4.1a. The splitting
probability (4.9) can be estimated using long time simulation of the Schlogl system
as the fraction of states which are less or equal than 230 and is equal to S = 47.61%

for our true parameter values. We can compute the model prediction of (4.9) using
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the computed parametric distribution m(x|k) via the integration
230
P(x <230|k) = f n(x|k)dx. (4.10)
0

The above integral can be also achieved by mode-1 product by a vector whose en-
tries equal to 1 if it corresponds to x < 230 or 0 otherwise. The operation has €0(n)
complexity.

Once (4.10) is evaluated for all parameter values in the tensor format, one can
search for the parameter combinations that satisfy certain tolerance. We show in
Figure 4.1b the set of admissible parameters within the parameter space ) whose
values provide desired agreement on the splitting probability (4.9) with tolerance
e=5%,i.e. we use

Jaist(S,8*) =18 - S*|

in Algorithm 7, where S* is computed using (4.10).

4.1.3 Identifiability

One challenge of mathematical modelling of reaction networks is whether unique
parameter values can be determined from available data. This is known as the prob-
lem of identifiability. Inappropriate choice of the distance measure may yield ranges
of parameter values with equally good fit, i.e. the parameters being not identifi-
able (Gutenkunst et al., 2007). Here, we illustrate the tensor-structured identifiabil-
ity analysis of the deterministic and stochastic models of the Schlogl chemical sys-
tem. We plot the distance function against two parameter pairs, rate constants k1-kg
and ko-k4, in Figure 4.3. From the colour map, we see that the distance function (4.1)
possesses a well distinguishable global minimum at the true values (k1 = 0.00025,
ko =0.18, k3 = 2250 and k4 = 37.5). This indicates that the stochastic model is iden-

tifiable in both cases. In the deterministic scenario, the Schlogl system loses its
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Figure 4.3: Parameter identifiability analysis of the Schliégl reaction system. (a) Estimation and
identifiability of parameters k1 and ks with ke and k4 fixed at their true values. The colour scale cor-
responds to values of the distance function (4.1) with L = 3, i.e., the first three moments are com-
pared. The green and blue contour lines indicate the distance functional (4.1) with the first moment
(mean value) only. Green corresponds to the stochastic model and blue to the deterministic model.

(b) Estimation and identifiability of parameters ko and k4 with k1 and ks fixed at their true values.
The same quantities as in panel (a) are plotted.

identifiability. When the distance function (4.1) only fits the mean concentration,
the minimal values are attained on a curve in the 2D parameter space (the distance
function is indicated by blue contour lines in Figure 4.3). Stochastic models are ad-
vantageous in model identifiability, because they can be parametrized using a wider
class of statistical properties (typically, K quantities are needed to estimate K reac-
tion rate constants for mass-action reaction systems). The TPA enables efficient and
direct evaluation of J ;g (S ,S *) all over the parameter space in a single computation
by (4.5).

Figure 4.3 also reveals the differences between the model responses to parameter
perturbations. The green contour lines show the landscape of Jgist(S,S*) for the
stochastic model using only the mean values, i.e., L =1 in (4.1). The minimum is
attained on a straight line, representing another non-identifiable situation. This line

(green) has a different direction than the line obtained for the deterministic model

(blue). In particular, this example illustrates that the parameter values estimated
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Figure 4.4: Schematic description of the cyclin-cdc2 interactions.

from deterministic models do not give good approximation of both average behaviour

and the noise level when they are used in stochastic models (Wilkinson, 2009).

4.2 Stochastic bifurcation

Bifurcation is defined as a qualitative transformation in the behaviour of the system
as a result of the continuous change in model parameters. Bifurcation analysis of
ODE systems has been used to understand the properties of deterministic models of
biological systems, including models of cell cycle (Tyson et al., 2002) and circadian
rhythms (olde Scheper et al., 1999). Software packages, implementing numerical
bifurcation methods for ODE systems, have also been presented in the literature
(Doedel et al., 1997), but computational methods for bifurcation analysis of corre-

sponding stochastic models are still in development (Erban et al., 2009).
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4.2.1 A stochastic model of the cell cycle progression

In the current section, we exemplify stochastic bifurcation analysis based on tensors
to a more complex genetic network: an early model of fission yeast cell cycle control
by Tyson (Tyson, 1991). The cell cycle model consists of six chemical species which

are subject to the following chemical reactions

p—cyclin—cdc2 LN cdc2+p—cyclin,
@ ka¥, cyclin,
cdc2—p+cyclin kslV p—cyclin—cdc2—p,
p—cyclin—cdc2-p k;+k4[p_ﬂin_0d02] p—cyclin—cdc2,
p—cyclin—cdc2 kﬁ’tp—cyclin—chZ—p, (4.11)
cyclin Fe, @,
p—cyclin LiN @,

cde2 " cdco -p,

cdc2-p Fo, cdc2.

The network structure of cyclin-cdc2 is also visualised in Figure 4.4. Free cyclin
molecules combine rapidly with phosphorylated cdc2, to form the dimer MPF (cdc2-
cyclin-p), which is immediately inactivated by phosphorylation process. The inactive
MPF (p-cdc2-cyclin-p) can be converted to active MPF by autocatalytic dephosphory-
lation. The active MPF in excess breaks down into cdc2 molecules and phosphory-
lated cyclin, which is later subject to proteolysis. Finally, cdc2 is phosphorylated to

repeat the cycle.
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Table 4.3: Properties of molecular and rate variables in the cell cycle model.

Type Name Notation Range No. of nodes
Species cdc2 C2 [2230,4990] N/A“
Species cdc2-P CP [10,70] 256
Species p-cyclin-cdc2-p pM [0,1500] 256
Species p-cyclin-cdc2 M [0,1200] 256
Species cyclin Y [20,70] 256
Species p-cyclin YP [0,700] 256

Rate degradation rate of active MPF k1 [0.25,0.4] 64

®Discretisation of cdc2 is not applicable here, since this variable is eliminated by the conservation law of cdc2 assumed by the

original author.

We adopt the parameter values from the original authors (Tyson, 1991) as

ko =0.015, k3=200, ks=180, k,=0.018, k5=0, kg=0,

k7=06, kg=1000, kg=1000 Piy;=0.001 V=1.

The parameter k1, indicating the breakdown of the active M-phase-promoting factor
(MPF), is chosen as the bifurcation parameter. The analysis of the corresponding
ODE model reveals that the system displays a stable steady state when &7 is at its
low values, which describes the metaphase arrest of unfertilised eggs (Hunt, 1989).
On the other hand, the ODE model is driven into rapid cell cycling exhibiting oscil-
lations when k1 increases (Tyson, 1991). The ODE cell cycle model has a bifurcation
point at k1 = 0.2694, where a limit cycle should appear (Tyson, 1991). The dynamical
behaviours of the ODE model for different k9 values are plotted in Figures 4.5a, 4.5c,
4.5e, and 4.5g.

For the stochastic model, we simulate the steady state distributions for a range
of k1 values using the tensor methods described in Section § 3.5.3. Specifically, the
distribution is sought as the stationary solution of the parametric CFPE (3.101), and
the ranges of the state and parametric variables, as well as their discretisations, are
shown in Table 4.3. If we using the traditional vector-based approaches, the size of

the problem would be of order 103, and it is far beyond the available computational
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resources. While using tensor approach and perform simulations in the QTT format,
we are capable to maintain the whole simulation within affordable computational
cost (see the second row of Table 3.2). The stored tensor data allows us to visualise
marginal distributions of the stochastic model as plotted in Figures 4.5b, 4.5d, 4.5f
and 4.5h.

4.2.2 Stochastic bifurcation structure revealed by tensor simulations

We study the behaviour of the stochastic model for the values of £; which are close
to the deterministic bifurcation point. We observe that the steady state distribution
changes from a uni-modal shape (Figure 4.5f) to a probability distribution with a
“doughnut-shaped" region of high probability (Figure 4.5h) at 21 = 0.3032. In partic-
ular, the stochastic bifurcation appears for higher values of k1 than the deterministic
bifurcation.

In Figure 4.6, we use the computed tensor-structured parametric probability dis-
tribution to visualise the stochastic bifurcation structure of the cell cycle model. As
the bifurcation parameter k1 increases, the expected oscillation tube is formed and
amplified in the marginalised YP-pM-M state space (see panels (a)—(d) of Figure 4.6).
In panels (e)—(h) of Figure 4.6, the marginal distribution in the Y-CP-pM subspace is
plotted. We see that it changes from a uni-modal (Figure 4.6e) to a bimodal distribu-
tion (Figure 4.6f). Cell cycle models have been studied in the deterministic context
either as oscillatory (Tyson, 1991) or bistable (Pomerening et al., 2003; Xiong & Fer-
rell, 2003) systems. In Figure 4.6, we see that the presented stochastic cell cycle
model can appear to have both oscillations and bi-modality, when different subsets

of observables are considered.
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Figure 4.5: Comparisons of deterministic and stochastic bifurcation of the cell cycle model. The first
column of figures demonstrate the deterministic trajectories of the inactive MPF (pM) and the ac-
tive MPF (M) with different value of kinetic rate k1, and figures on the right demonstrate the corre-
sponding steady state distributions computed using the tensor methods. The order of the four figure
pairs are organised as follows: (a,b) at k1 = 0.2645 right before the ODE bifurcation point; (c,d) at
k1 = 0.2694 after the ODE bifurcation point; (e,f) at k1 = 0.2984 before the stochastic bifurcation
point; and (g,h) at k1 = 0.3032 after the stochastic bifurcation point.
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Figure 4.6: Visualisation of the bifurcation structure of the stochastic cell cycle model. (a)-(d)
Marginal steady state distributions of the phosphorylated cyclin (YP), the inactive MPF (pM) and
the active MPF (M). (e)-(h) Marginal stationary distributions of the cyclin (Y), the phosphorylated
cdc2 (CP) and the inactive MPF (pM). Each column corresponds to the same value of the bifurcation
parameter k1, which from the top to the bottom are 0.25, 0.3, 0.35 and 0.4, respectively. All figures
show logy of the marginal steady state distribution for better visualisation.
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4.2.3 Sensitivity analysis

Related to bifurcation analysis, stochastic sensitivity analysis quantifies the depen-
dence of certain quantities of interest on continuous changes in model parameters.
The sensitivity indicator for an observable ©® and an underlying parameter % is gen-

erally defined as (Savageau, 1971)

_dek) k
5(0)= dt O(k)

The indicator is often computed as a finite difference

10k +AR)-OR) &

®)=
5©) Ak 10|’

(4.12)

where |- || represent a suitable norm, and A% is a change in the value of 2. The model
is sensitive to the parameter O if S(®) has a large value. For deterministic models,
the observable O is usually the steady-state mean concentration. In the stochastic
setting, we have more options.

For example, let us consider the cell cycle model described in Figure 4.4. We will
study the sensitivity with respect to the parameter % for the following three observ-
ables O: mean concentration of the MPF (0®,,), the oscillation amplitude (®,) and the
steady state distribution (0,). In the case of the oscillation amplitude, we quantify
O, as the probability that the molecular population of the active MPF exceeds 400.

In the TPA framework, ©,, and ©, are evaluated for all considered values of k1,
and the corresponding tensor operations are similar to (4.4), which admit linear com-
plexity with N. More importantly, the tensor-structured data enable direct compar-
ison of two steady state probabilities in the 6-dimensional state space. Namely, the
norm [|©,(k1+Ak1)—-0,(k1)l2, needed in (4.12) with ©,(k1) = n(x|k1), can be directly

computed. The results are plotted in Figure 4.7. We observe that, within the con-
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Figure 4.7: Sensitivity indicators S(O) calculated by (4.12) for 32 equidistant nodes within the range
[0.25,0.4] of parameter k1. Three observables are considered: stationary distribution ®, (blue),
oscillation amplitude O, (red) and average number ©,, of active MPF (orange). The dot-dashed

and dashed lines indicate parameter values for which Figures 4.5f and 4.5h were computed, i.e.

k1 =0.2694 (deterministic bifurcation point) and k1 =0.3032, respectively.

sidered range of k1 € [0.25,0.4], the sensitivity in the steady state distribution (blue
curve) dominates in magnitude over S(©,,) and S(®,). The steady state distribution

contains global information about the system and is more sensitive to parameter

changes than derived quantities, like ©,, and ©,.

4.3 Robustness analysis

Reaction networks are subject to extrinsic noise which is manifested by fluctuations
of parameter values (Paulsson, 2004). This extrinsic noise originates from interac-
tions of the modelled system with other stochastic processes in the cell or its sur-
rounding environment. In this section, we apply the tensor-structured framework
to facilitate the inclusion of extrinsic fluctuations into the robustness analysis of
stochastic networks.

For a reaction system as in (2.1), we consider the copy numbers x1,x9,...,Xx as in-
trinsic variables and reaction rates k1, k9, ..., kg as extrinsic variables. Total stochas-

ticity is quantified by the stationary distribution of the intrinsic variables, n(x|k),
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x € Qy, k€ Q. We assume that the invariant probability density of extrinsic vari-
ables, g(k), does not depend on the values of intrinsic variables x. Then the station-
ary probability distribution of intrinsic variables may be implied from the law of total
probability as
m(x) :fQ n(x|k)q(k)dE, (4.13)
k

where , is the parameter space and n(x|k) represents the invariant density of in-
trinsic variables conditioned on constant values of kinetic parameters.

If distributions g(k) of extrinsic variables can be determined from high quality
experimental data then the stationary density can be computed directly by (4.13).
If not, the TPA framework enables us to test the behaviour of GRNs for different
hypothesis about the distribution of the extrinsic variables.

In the TPA framework, the high-dimensional integration in (4.13) can be per-
formed efficiently using the tensor mode products (see Section §3.2.1). Let pfl, , €
RrELXANXMIXMK he the parametric steady state distribution stored in a tensor format
computed using the method described in Section § 3.5. The parametric distributions
are often determined independently (Scott et al., 2006), it is appropriate to assume
that the extrinsic distribution has a separated form, q(k) = q1(k1) - qrx(kg). In this

way, upon discretisation, the resulting tensor has the rank-one form

9q=9q19qy®---9qg,

where the K-dimensional tensor g € R™1*"*™K jg the nodal evaluation of function
q(k), and q; e R™/, j=1,2,...,K, are one-dimensional tensors (vectors) that discre-
tise functions q j(k;). Then, the integral (4.13) can be performed via successive tensor

mode products as
pi,t:pﬁ,t XN+191XN+292 XN+3" " XN+K 9K, (4.14)
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Figure 4.8: Illustration of the FitzHugh-Nagumo reaction system. (a) Schematic of the model. (b)
Gillespie simulation samples under a strict parameter set in the original reference (Tsai et al., 2008).
where the N-dimensional tensor pz’ ,ERM ¥ XN ig the tensorised version of function
n(x) defined in (4.13).

If the parametric distribution pﬁ, ; 1s given as a full (not decomposed) tensor, the
computational complexity of performing operations (4.14) is of order G(n’V K K), since
each mode product requires G(n’V+K) operations. But following the tensor approach
described in Section § 3.5, the parametric distribution pﬁy , is computed and stored in
the QTT format. Under such format, the complexity of performing each mode prod-
uct, from Proposition 4.14(v), is @(n?R), and the total computational cost of (4.14)
is G(n?RK). In what follows, we exemplify the above tensor robustness analysis

framework to a reaction network for neuron excitations.

4.3.1 Extrinsic noise in FitzHugh-Nagumo model

We consider the effect of extrinsic fluctuations on an activator-inhibitor oscillator
with simple negative feedback loop: the FitzHugh-Nagumo neuron model which is
presented in Figure 4.8a. Self-autocatalytic positive feedback loop activates the X

molecules, which are further triggered by the external signal. The species Xy is
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enhanced by the feedforward connection and it acts as an inhibitor that turns off the

signalling (Tsai et al., 2008). The elementary reactions are given by

| K-V -X)

X 2X1,

Xl +X2 —1> X2,

oY x,. (4.15)

ksk
Xy == g,

X1 ﬁ X1 +X2,

where &, j =1,2,3,4, are (extrinsic) reaction parameters. Let x; be the molecular

number of X;, i = 1,2, and the propensity functions are given by
a1 =x1(x1 —k1VIV —x1), ag=x1x2, agz=koV, as=ksksxs, a5==Fkax;.

We performed the tensor-structured simulations of steady state distributions that
vary all four parameters within a prescribed parameter space. The parameter ranges
are given in Table 4.4. The parametric distributions were approximated by the sta-
tionary solution of the parametric CFPE (3.101). The simulation method and perfor-
mance for solving the 6-dimensional equation are described in Section § 3.5.3 (sum-
marised on the last row of Table 3.2). The total number of the parameter samples
is 2.7 x 108 and the total simulation time is 37 minutes. Thus the CPU timer per
parameter is 8.3 x 107 second, why is far more efficient than the existing stochastic
simulation method for fixed parameter values.

Once the tensor-structured solution is computed and stored, we can perform nec-
essary tensor operations to perform robustness analysis. In our computational exam-

ples, we assume that n(k) = q1(k1)q2(k1) ... gu(kyr), i.e. the invariant distributions
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of rate constants k1, ko, ..., kj are independent. Then (4.13) reads as follows

m(x) :];2 n(xlk)q1(k1) --- qu(kp)dEk. (4.16)
k

Extrinsic variability in the FitzHugh-Nagumo system is studied in four prototypical
cases of ¢;, i =1,2,...,M: (i) Dirac delta, (ii) normal, (iii) uniform, and (iv) bimodal
distributions, as shown in Figure 4.9a. Since these distributions for perturbation
from the mean have zero mean, the extrinsic noise is not biased. We can then use this
information about extrinsic noise to simulate the stationary probability distribution
of intrinsic variables by (4.16).

When the extrinsic noise is omitted, the inhibited and excited states are linked by
a volcano-shaped oscillatory probability distribution (Figure 4.9b). At the inhibited
state, X1 molecules first get activated from the positive feedback loop, and then excite
X9 molecules by feedforward control. The delay between the excitability of the two
molecular species gives rise to the path (solid line) describing switching from the
inhibited state to the excited state (Figure 4.9b). If the normal or uniform noise are
introduced to the extrinsic variables, then the path becomes straighter (Figure 4.9¢
and Figure 4.9d). This suggests that, once X1 molecules get excited or inhibited, Xo
molecules require less time to respond.

Reaction networks with stronger negative feedback regulation gain higher poten-

tial to reduce the stochasticity. This argument has been both theoretically anal-

Table 4.4: Properties of molecular and rate variables in the FitzHugh-Nagumo model.

Type Notation Range No. of nodes
Species X1 [0,1800] 256
Species X [0,700] 256

Rate k1 [0.17,0.23] 128

Rate ko [0.0952,0.1288] 128

Rate ks [2.125,2.875] 128

Rate k4 [0.0892,0.1207] 128
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Figure 4.9: Robustness analysis of the FitzHugh-Nagumo reaction system. (a) Four types of distri-
butions of the extrinsic noise applied to model parameters. (b) — (e) Steady state behaviour of the
FitzHugh-Nagumo model with (b) constant reaction rates, (¢) normal, (d) uniform, and (e) bimodal
distribution of the model parameters. The distributions were computed following formula (4.16). The
directed black curves track the ridges of the stationary distribution, and depict the “most-likely” tran-
sition paths from the inhibited state to the excited state.

ysed (Thattai & Van Oudenaarden, 2001; Swain, 2004), and experimentally tested

for a plasmid-borne system (Becskei & Serrano, 2000). We have shown that the

extrinsic noise reduces the delay caused by the feedback loop (Figure 4.9c). If we
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Figure 4.10: Robustness analysis of the Schligl model. (a) Schematic of the model. (b) Gillespie
simulation samples under a strict parameter set in the original reference (Tsai et al., 2008).

further increase the variability of the extrinsic noise, then the delay caused by the
feedback loop is further reduced (Figure 4.9d). In the case of the bimodal distribu-
tion of extrinsic fluctuations, the most-likely path linking the inhibited and excited
states even shrinks into an almost straight line (Figure 4.9¢). This means that, for
the same level of the inhibitor Xg, the number of the activator X is lower, i.e. the
presented robustness analysis shows that the behaviour of stochastic GRNs with

negative feedback regulation can benefit from the extrinsic noise.

4.3.2 Constructive effect of extrinsic noise

The previous section showed one case where the extrinsic noise enhance the nega-
tive feedback regulation, and in the current section we present the case where the
extrinsic noise can have constructive effect in the stochastic models.

We will re-consider the Schlogl reaction system described in Section §4.1.2, and
use the parametric steady state distributions computed in the tensor format in Sec-
tion § 3.5.3. The extrinsic stochasticity is incorporated using Equation (4.16), and

we adopt the four prototypical types of parametric distributions in Figure 4.9a. The
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steady state distributions in presence of extrinsic noise are plotted in Figure 4.10a,
and in Figure 4.10b, we plot the distributions for different parameter (%21) values but
without the parametric variations.

We observe that the distribution of the intrinsic variable is sensitive to the change
of the fixed parameter values (Figure 4.10b), but the bistable distribution does not
get attenuated with increasing variation level of the mode parameters (Figure 4.10a).
This implies that, although the characteristics of intrinsic noise can be sensitive to
the parameter values, the extrinsic noise in parameters can be constructive.

The reality of extrinsic noise might be far more complex than what Figure 4.9a
shows, but our analysis suggests intrinsic stochasticity enhances the robustness of
the cellular function. Deterministic models in comparison would be less robust, as
they completely neglect the intrinsic variability that buffers the external noise. As a
result, parameter fluctuations always act destructively, and we are not able to specu-
late how regulation networks cope with, or exploit, the environmental uncertainties
with deterministic models. On the other hand, stochastic systems modelled with
constant kinetic rates may explain one possibility, but are not sufficient to prove
the characterized variability is intrinsically driven, because both the intrinsic and

extrinsic sources of noise may combine constructively (Figure 4.10a).
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“A theory has only the alternative of being right or
wrong. A model has a third possibility: it may be

right, but irrelevant.”

Eigen (1973)

Conclusion

5.1 Key contributions

In contrast to the CME, the CFPE admits more established analytical and numerical
manipulations for various types of the reaction networks. But the validity of the
CFPE-based analysis requires a concrete error analysis of the CFPE. Thus in Section
§2.2, we
C1. Derived the convergence rate between the CME distribution and the CFPE dis-
tribution in the thermodynamic limit for systems without and with the detailed
balance condition.
This was proved by a perturbation analysis of the system-size expansion and Hermite
polynomial expansion of the two equations.
For systems partially in the thermodynamic limit, we showed a type of noise-

induced multi-stability in Section § 2.3, where the CFPE distribution may not cap-
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ture the multi-modality of the CME distribution. We proposed two alternative ap-
proaches to address this:

C2. Proposed the quasi-stationary approximation (QSA) of the CFPE to recovery
the noise-induced multi-stability;

C3. Proposed a hybrid scheme which partially approximate the CME by the CFPE
to recover the noise-induced multi-stability, and developed its Monte Carlo sim-
ulation algorithm.

The results of C2 have been published in a co-authored paper, Duncan et al. (2015),
and my contribution includes creating the idea of the QSA, and performing Finite
element and Monte-Carlo simulation of the model equations for the example systems,
as well as editing the manuscript.

Numerical solution of the CFPE requires its domain of definition to be truncated
into a bounded domain, and thus we

C4. Applied the theories for the generalised principle eigenvalue problems to show
the convergence of the principle eigen-pair of the CFPE operator in a truncated
domain to the original domain.

After domain truncation, we

C5. Discretised the CFPE using a monotone difference scheme where the stiffness
matrix admits explicit tensor constructions, and proved the monotonicity of the
scheme.

Comparing to the classic monotone difference scheme, the proposed scheme is tensor-
friendly, i.e., the stiffness matrix can be constructed from the tensor-formatted com-
ponents. In our case, the QTT format is mainly used, and thus the work is followed
by

C6. Derived the explicit QTT representations of the CFPE operator and the para-
metric CFPE operator; and derived rank estimate of the CFPE operator to be

O(M?N®1) and its parametric operator to be G(M2?N5[ + K31).
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And in Section §3.4.1, we
C7. Proved the existence of low-rank QTT representation for a class of the sta-
tionary distributions that can be approximated by a small sum of Gaussian
functions centred away from the boundary.
As mentioned in Section §3.4.1.2, other authors have derived rank estimates for
various analytical functions, and can be used for a priori estimate of a wider class of
the stationary distributions.
The existence of low-rank approximations of the final solutions validates the use
of algorithm to search for QTT-formatted solutions. Our contribution involves
C8. Proposed an adaptive inverse power methods to solve the stationary (paramet-
ric) CFPEs in the tensor format.
In comparison, the classic inverse power method with constant shift may not con-
verge because the tensor linear solver is less robust, and global convergence has
been proved for SPD systems only. In Section § 3.4.3.1, we
C9. Proved the global convergence of the AMEn algorithm for positive definite sys-
tem with a sufficiently large shift.
This provides a justification to use the adaptive scheme, where the conditioning of
the tensor matrix (CFPE operator) is improved by the adaptively chosen shift values.
Another contribution is applying the tensor methods in the parametric analysis of
the GRNs, and this includes
C10. Applied the tensor framework to the parameter inference of the GRNs.
C11. Applied the tensor framework to analyse the stochastic bifurcation and param-
eter sensitivity of the GRNs.
C12. Applied the tensor framework to the sensitivity analysis of the GRNs.

The work has been published in a primarily-authored paper, Liao et al. (2015).
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5.2 Future directions

One key information revealed in deriving the error between the CME and the CFPE
distributions, but not yet fully explored, is that the number (or summation index)
of the Hermite polynomials required to express the coefficients on order V=27 is 3;.
This implies that it is possible to combine the Hermite polynomials, whose summa-
tion indices are bounded by 3/, to yield an order V27 approximation of the CME
distribution. Finding such an approximation boils down to determine the (time-
dependent) coefficients of these Hermite polynomials. That is the CME can be re-
duced to a problem of determining the values of (3j +32>] _1) coefficients, and the curse
of dimensionality is avoided naturally.

Also it is worth noting that the hybrid CME-CFPE equation proposed in section
2.4.5 is tensor-friendly, i.e., the operator of the equation can be constructed explicitly
using the tensor-formatted components. This can be used to simulate larger systems
in presence of multiple population scales.

On the application side, we have shown that the TPA framework has capacity to
analyse very different types of stochastic models of GRNs. The framework can also
be easily equipped with a wider range of parametric tools from deterministic models.

A future extension to a broader class of stochastic models, for example the spatial-

temporal stochastic models, would be of interest.
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A perturbative analysis of the CME

In this section, we perform an asymptotic analysis of the CME (2.4). We will start
with introducing the system size expansion transform the distribution of molecular
population into the distribution of the fluctuation around the mean concentration in
Section § A.1. Then, the distribution is expanded into a series expansion in the in-
verse square root of the system volume V in Section § A.2. To solve for the expanded
coefficients, we first perform the multivariate Hermite expansion to the coefficients
in Section § A.3, and then transform the coordinate in Section § A.4 such that the
covariance matrix is a scaled identity matrix. In Section § A.5, we introduce the
eigenfunction expansion and show the equivalence between the eigenfunction ex-
pansion and the transformed Hermite expansion. We show in Section § A.6 that the
two types of the expansions can be applied to obtain the equations for the expanded

coefficients, and the analytical derivation of the asymptotic solution is obtained.
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A.1 System size expansion of the CME

In this section, we present a system-size expansion (SSE) of the chemical master
equation (2.4) developed by van Kampen (1961). The validity of the expansion is
implicitly based on the assumption that the steady-state of the chemical system is
asymptotically stable.

The starting point of the SSE is performing the change of variables, or ansatz,
%ngiﬂ/x_fei, i=1,2,...,N, (A1)

where the instantaneous molecular population x/V is decomposed into a determin-
istic part ¢ = [¢1,¢2,...,¢N]T and a fluctuation part € = [e1,€9,...,ex]17. The evo-
lution of ¢ is full determined by the deterministic reaction rate equation, and the
probability distribution of molecular populations, Py, (n,t), is transformed into the
probabilistic distribution of the fluctuation, written as I, (€, ).

In the large volume limit, the distribution Il (€,?) is assumed to be continuous,

and the change of variables (A.1) implies
M€, t) = V2P (n, ). (A.2)

Here, as an analogue of the Riemann integral, the integral P,,(n,t) = f:ooﬂ/‘/vl'[

m(€, t)de,

where € = - ﬁ(b, is approximated by the product, LVHm(eo, t), for sufficiently

_1
Vv
large volume V. To derive the CME in the new variables, the step operator, upon the
change of variable, is expanded by the Taylor series as
N ) 1 % i V;.' o \¢

PO LI
I V) LLE e

Cl,CQ,...,CNZO. c
citcegtCeN=1

for j =1,2,...,M. In what follows, we rewrite the above expansion in a simplified
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form as

]‘[8 Vii 1= Z( D'V, (A.3)

Next, we substitute the ansatz (A.1) into propensity function, a;(n), and apply the

where

Taylor expansion, which yields

© (1 i i o0 \€
aj(V([)+\/V€):Z(V)2 3 e—'(a—) aj(Ve). (A.4)
1=0 €1,€2,...,cN=0 (p
c1+co+eN=1

We also expand the propensity function, a;(V ¢), in inverse powers of V via
aj(VP)=V Y V=2 (¢). (A.5)
s=0

For the mass-action kinetics, the propensity function a; has the general form (2.2),
and hence by collecting terms of different inverse orders of V, we have the leading

order term
FO@ =@ =k 1o}, (4.6

where f; is the macroscopic rate function of j-th reaction, and the higher order terms

are given by

Jst

Si

f;zS): lsi<v;i, 82172’37"'7

S1+82-"+SN=§

where notation || denotes the Stirling number of the first kind. Then substituting

212



(A.5) into (A.4) yields the series expansion of the microscopic propensity, written as
ain) =V [0 4 712500 L =120 4 1-1502) | y,-32,12) | 5 [V_Q)] (A7)
S =V 19; J j j J ’ '
where
(m,n) 1 (n)
b (), m=0,1,2,..., and n=0,2,4,....

N F) m
] DI el IR
ml\/ 33 0¢;

Note that we do not impose any restriction on the order of the biochemical reactions.

Substituting now expansions (A.3) and (A.7) into the CME (2.4), and rearranging

the equation in the inverse power of V'V, we have

Y dg; 0

N
125 (1)0,0) 0 @700 (1);(1,0)
V E_ a; bj My(e,t)+V 1221 (aj bJ. a; bJ. )Hm(E,t)

M
+V 12 Z (—ag?’)bi.o’o) + a(jz)b;l’o) - a;l)bE?’O) - a(jl)bgo’z)) (e, t)
+V- 1 Z ( (4)b(0 0 (-S)b(.l’O) + a(g)b(g,O) + a(?)b(p,Z) _ G/(-l)b(.l’2)) Hm(E,t)
j i 7 i 7 j "
+0 (V_3/ 2)

Equating the order V12 terms on both sides of the above equation gives

N N M
§-dgi oMlne) 3 ((P)anm(e b)
i1 dt Oe i=1j=1 O¢;

Using the fact that ¢ are subject to the macroscopic reaction rate equation, these

terms cancel regardless of distribution Il;,,. Then, we can write the following new
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form of the CME in variables € as

ol (€,1)
m _y0 Z( (2)b(0 0 _ (l)b(.l’O))Hm(e,t)
ot o] J
el 0,0 1,0 2,0 0,2
LyLe ) (—a(.?’)b(.’ ) 4 q@pL0) _ (D20 _ (DO, )) M, (€, )
ol 7 7o Jo

Ly (69600 - aPp10 1 P20 4 (DO (DD 11, e, )
+0(v2).
(A.8)
To simplify the notation, we define %, s =0,1,2,..., by the terms on order V=52 that

operate on I1,, in (A.11), i.e.,

M ([s/2]s—2(w-1) k (k) (s—k—2w-1),2w)
zs Z Z Z (-1%a bS w-— w

J=1\w=0 k=1

where [-] denotes the ceiling value. We will later use an equivalent explicit expres-

sion of %, written as

[s/2] s—2(w—1) k s—k—2w-1) i a\ .
Ls = Z Z . Z _ Z 9k’,s—k—2(w—1),w (&) e, (A.9)
k=1 11,...,iny=0 J15-JN=0

i1++in=k j1++jn=s—k—-2w-1)
and the constant coefficients are given by

M

. . 1 N-1 q- Z ll N-1 ][ N 0
gii -y L (=1 2i-) in (_) (w)
kg Z 1k!q Ul ( In n=1 Jn nl:[lvj’n a¢ e
(A.10)
Then (A.8) can be written in a simple form as
oIl ) X
% =Y V2 L (e, 1), (A.11)
s=0
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A.2 Perturbative expansion of the CME distribution

We now express the CME distribution Iy, in terms of a perturbation series in inverse

powers of square root of system volume as

o0

Mn(e,8)= Y Ty j(€,)V 772, (A.12)

J=0

We proceed by substituting (A.12) into (A.11) and rearranging the result to derive

the equations to order V72 with j =0 as

0 /-
(a_t - fo) M j(e,8) =) Lj_illm i(€, 1), (A.13)
i=0

where operators %, are defined in (A.9). We use the normalisation conditions
f IIno(e,t)de=1 and j [l j(€,t)de =0, j=1,2,.... (A.14)
RN RN

It implies that I1,, ; with j > 1 are negative in some region of the state space RN,
and this is in accordance with Pawula’s theorem (Pawula, 1967) that Il ; cannot be
a genuine probability density function if its evolution equation involves the higher
order derivatives (Grima et al., 2011).

Of particular interest is the order VO solution, which satisfies a linear Fokker-

Plank equation

aHm,0(€7 t)

and an explicit expression for operator £ is given by

1Y 0°Mmo(e,t) XN 0Ty o(€, )
Loll €,1)=— D; . () ——————— J; i(t)e;————— —trJ(t)- 11 , b)),
011Im,0(€, ) 2iJZ:1 i,j(t) de.0c, i,jZZ]. i,j (e 3, reJ (¢) -1y o(€, 1)
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where the Jacobian matrix J(¢) = [J;, J-(t)]?]j:1 and the diffusion matrix D(¢) = [D;, J-(t)]é\]j:1

are respectively defined by

J(t) =

M
dovr) and D@#)=B@®BT@#) =Y fipv;ev;, (A.16)
do |p-g) j=1

with f = (f1(p),...,f M(¢))T is a vector of the deterministic rate functions.
The above equation is also known as the linear noise approximation (LNA), and
it describes the time-evolution of the probability distribution of the following linear

stochastic differential equation:
de = J(t)ede + B(t)dw, eeRY, (A.17)

where w is a standard N-dimensional Wiener process. Under the normalisation con-
dition (A.14), the solution of the LNA (A.15) is known to be a multivariate Gaussian

distribution (Van Kampen, 1992), written as

1 1
M 0(€, ) = —————exp (——eTZ_l(t)e) , (A.18)
QN |Z(@)] 2
where the covariance matrix 2(¢) € RV*V satisfies the (Lyapunov) matrix equation

% = J(OZ(t) + Z@)JT () + D(2). (A.19)
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A.3 Hermite polynomial based expansion of the steady-

state distribution of the CME

A.3.1 The steady-state distribution

In what follows, we focus on the stationary case. We assume that trajectories of
the deterministic reaction rate equation would converge to an asymptotically stable
fixed point. Under this assumption, one can derive the system size expansions of the
stationary distribution by setting the time derivatives to zero.

We denote the stationary quantities by dropping its time dependence, i.e.,
[In(e) = lim [1,(e,¢2) and Il j(€) = lim I, j(e,2), j=1,2,....
t—o0 t—o0
Then, the stationary counterpart of the series expansion (A.12) is written as

My (€) = f My j(€)V 2. (A.20)
j=0

The coefficients Il ; can be obtained by solving the following set of the equations in

the increasing order:
ZLollmo(e) =0, with fN Imo(e)de =1, (A.21)
R

and

j-1
$0Hm,j(e) = Z xj_il'[m,i(e), with fN Hm,j((:‘)d(:‘ =0, j=1.2,3,...,
i=0 R

where operators Z; are defined in (A.9).

The coefficient Ty, o(€) on order VO is the steady state distribution of the LNA
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(A.15), given by

1
Imo(e) = exp (—§eTZ_1€) , (A.22)

1
VEmN|Z|

where the stationary covariance matrix X satisfies the Lyapunov equation
JX+3JT+D =0, (A.23)

where the Jacobian matrix o and the diffusion matrix D, defined in (A.16), are eval-

uated at the deterministic steady state.

A.3.2 The Hermite polynomial expansion

The higher order coefficients in (A.20) are solved via using the multivariate Hermite

expansion, written as

N; s . .
Muj@)=Y Y  VHie,DMoe2), NjeN, ceR, (A.24)
S

=0 _ il,.iz,...,iz\_]zo
11+ig++IN=S

where Ily(€, Z) = I1;, o(€) denotes the N-dimensional Gaussian distribution with mean
0 and covariance matrix X. The i-th (multivariate) Hermite polynomial function, H;,

with respect to X is defined as
H;(e,%) =Tyl (e, 2)(—0/0€) Ty (€, 2). (A.25)
It is known that the Hermite polynomials are orthogonal in the sense that

i ifi=j
f Hj(Z e, 2 HH;(e,D)y(€e)de = (A.26)
0 otherwise
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and they form an orthogonal basis for L2([RY). The Hermite polynomial function can

be explicitly written in terms of monomials as

i1+igt+iy
2 s

N [; ..
Hie,= Y (-1 Y% [E[ef)l‘[(;w)e;;v‘fw. (A.27)
w=1

s=0 J1,J25-J N=0
l1+ig+-+inN=2s

We refer the readers to Withers (2000) for detailed properties of the multivariate
Hermite polynomials.

Note that N; in (A.24) refers to the maximum summation index of Hermite polyno-
mials that are necessary to express the function Il 9, and is not bounded in general
case. But, later on, we will show that N; = 3j and elaborate how the coefficients

{c(.j )} ) may be evaluated.
i Jil<N;

A.4 Transform of coordinate

c(.j)

; }I e in (A.24) is difficult, thus in this section,
= j

Solving the expanded coefficients {
we introduce a transform of coordinate such that covariance matrix is a diagonal

matrix.

Consider an orthogonal coordinate transformation given by
z="Te, (A.28)

and the transition matrix is defined as

T= gAmL*,

where matrices L and A correspond to the eigenvalue decomposition of the covari-

ance matrix, i.e.,

>=LALT =21*T.
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Using the above transformation, the steady state distribution (A.22) on order V°, as
the solution of (A.21), now reads

~ 1
[lp(z) = —— —2T2|, A.29
0(2) N exp( z z) ( )

with the stationary covariance matrix being X = %I . To see this, we multiply (A.23)
by T from the left and by T* from the right, and use the fact that LL* = I, which

yields
. . 1
JZ+2ZJ +D=0, and X= §I, (A.30)

where J = TJT ! and B = TB.
We also apply the transformation (A.28) to the higher order coefficients in the
series expansion (A.20) of the CME stationary distribution, and rewrite (A.20) in the

new variables as

Mm(2) = i T, j(2)V 72, (A.31)
j=0

The higher order coefficients Il j, j = 1,2,..., are the solutions of the following set of

the second-order partial differential equations

. =
,%Hm,j(z) = Z $j_iHm,i(z). j = 1,2,3, e (A.32)
1=0

We denote Z; by the operators %, in (A.9) but with transformed variables z, and the

expression for Z; is of the form

_ o [s2ls—2w-1) & s—k—2w-1) i o\ .
— : | 2
Ls = Z Z ' Z ] Z gk,s—k—Z(w—l),w(az) =7, (A.33)
w=0 k=1 i1,.,in=0 J15-JN=0

i1+'~-+iN=kj1+~'~+jN=S—k—2(w—1)
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The explicit expression for the coefficients 97,: ’g . 18 given by

., |i] 7]
t.J — c,d
T = X Y. €y, (A.34)
c1,...,cNy=0 di,....dny=0
c1+-+en=lil di+-+dn=ljl

?’]j:l = 0z/0¢€ is the Jacobian matrix, and

c1 c N N-1 _vhe N
6e = Z ZN (H H (chl Zr:lnhl,"))( H JZ[,%Z)'

where o = (¢J; ;)

kl’l,...,kNJ:O nl,N,...,nN,NZO h1=1h2=1 nhl,hQ l1,09=1
nyi+-+ny1=i1 niN+-+nNN=IN
n.i=c n.Ny=c

The above expression shows that the coefficients 9}: ’g , I (A.33) is a linear combina-

)

tion of a finite number of coefficients {@c’d given in (A.9).

k>q7w}|c|s|i|,|d|s|j|
Upon the change of coordinate, the Hermite expansions (A.24) in the new vari-

ables, z, can be written as

i i s ) 1\~ (1
My, j(2)=) Y éiJ H; (z, —I) I (z, —I), (A.35)
s=0 i1,ig,...,iN=0 2 2
l1+ig++iN=s
where the coefficients {é(ij )} . are related to {c(.j )} . via
li|<N; i Jlil<N;
. s ()N
o= ¥y &1l (A.36)

J1:J25meeniN=0
Jitj2+-tJN=S

. N NYi«NNj . .. . . . 1
Here, matrixT" 7/ € R is a transition matrix from the polynomial basis {H i(z,51 )}|i|< N
=Y

to the basis {H;(z,X)}); < N;» and the elements of T are given by

Ty =, (A.37)

Since both {H (2,11 )} and {H ,-(z,Z)}|i|5NJ. are orthogonal basis functions, the

transition matrix 7" is of full rank (invertible). This means, given the values of é(ij ),

li|<N;
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we can invert the operator TV to compute the values of c(ij ). In the following section,

we show how to derive the values of E(iJ ) using the eigenfunction expansions.

A.5 The eigenfunction expansion

Consider the following eigenfunction expansion

N*
J S .
Mmj=3 Y  pia), (A.38)
s=0 i1,i9,...,ixy=0
i1+i2+---+iN=S

with constant coefficients é(ij ), Here, we denote p; by the i-th eigenfunction corre-

sponding to the eigenvalue A; of operator %, i.e.,
Qopi(z) =A;pi(z) ze€ RY.

Next, we will derive the expression for p; and then show that the eigenfunctions are
linear combinations of a finite number of the Hermite polynomials. We will also show
the equivalence between the eigenvalue expansion (A.38) and the Hermite expansion
(A.35), and show that N; =Nj.

Let us define the summation index of an N-tuple of indices by the sum of its com-
ponents, i.e., the summation index of i = (iy,...,ix)7 is its absolute value |i|. Then,
one can show by the stars and bars argument that there are (N +§ _1) different com-
binations of the N-tuple of indices that correspond to a fixed summation index K.

For the case |i| = 0, we choose the eigenfunction pg to be the steady state distri-
bution Ty in (A.29), and it is easy to see that the corresponding eigenvalue is zero,

Ao = 0. For the case |i| = 1, there are N distinct combinations where one of the in-

dices is 1, and the rest are zeros. Suppose the j-th index equals to 1, 1<j <N, we
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determine the eigenfunction of the form

N

pi(z):nfzpo(z):( nj,szs)po(z), li|=1. (A.39)

s=1

where 7); represents the j-th eigenvector corresponding to the j-th eigenvalue p) j of

the transformed Jacobian matrix o defined in (A.30), i.e.,
Jn‘]:ﬁ,]n‘], j:1,2,...,N.

The following lemma shows that the eigenvalues 1 j of J are the eigenvalues A; of

%o with |i = 1|, with the eigenfunction given by (A.39).

Proposition A.1. The function (A.39) is an eigenfunction of operator £y with eigen-
value A; = A j if and only if n; is an eigenvector of the matrix J with the eigenvalue
Hj-

Proof. The proof for a similar argument is given by Lemma 5 in Liberzon & Brockett
(2000), and we present here for completeness. From the previous section, the covari-
ance matrix for the new variables is £ = %I . By rearranging the steady state vari-
ance equation (A.30), we have the relation J = A — D, where matrix A = % (J —d T)
is skew-symmetric. Then, using the fact that Zypo(z) =0, for |i| =1 and i, = 1, we

have
Lopi(2)= ). D; jhy j(—22))po(2)— Y_ J; jzjhwipo(2)
i,j=1 i,j=1

N N
=—-po(2) Y (Jji+2D;Dhy jzi =po(2) Y (Aij—D; Dhy jzi
1,j=1 i,j=1

N N
= Y Jijhwjzipo=Aw Y hizipo,
ij=1 i—1

where in the last step we have use the fact that k,, is the eigenvector of J corre-

sponding to the eigenvalue A,,. Thus, 1, is an eigenvalue of %, if and only if it is an
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eigenvalue of matrix o. O

For the more general cases |i| = 1, we find that the eigenvalue of Py is the sum of

the eigenvalues of o,
A=Y ijA, (A.40)

and the corresponding eigenfunction is of the form

7]
_ alld
pi(2)= o ) - Tifjuj(z), (A.41)
j1+.]"2“""'i"jN:|i|

RNSXNS

where T € is a transition matrix and the function u j has the form

N op Ve
uj(2) = po(2) [| (nwz) . (A.42)
w=1
Such form of the eigenfunctions of the linear Fokker-Planck operators was presented

in Liberzon & Brockett (2000), and we state it in the following proposition.

Proposition A.2. The sums of the eigenvalues of matrix J, as in (A.40), are the
eigenvalues of the Fokker-Planck operator %y. The corresponding eigenfunction Pi is

a finite linear combinations of functions uj with summation index |j| < |i|.

Proof. We first show that operator %, acting on the functions u; results in a linear
combinations of the functions of the same type. Let us denote the j-th unit vector in

RN by e;,j=1,2,...,N. Then, using Proposition A.1 and the fact that Qopo =0, one
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can derive that

~ N N . . ~ N T iw_]-wzsl_]]-w:sz
Loui(2)= ), Y. isis,Dijnsyinss i@ [] (ﬂwz) Ty~ Tmgg ~Lipmsy =0
w=1

1,j=1s1,52=1

N N ;
+( iwiw)po(z) H (ngz) N

w=1 w=1
1N N . N iw—2Ly=s
=- 5 _Zl 21 13 (Ji,j + j,i) Ns,iNs,j00(2) H1 (n,ﬁz) Li,—21,-520
1,j=1s= w=
N N iw
+ ( Z LwAw) po(2) H (ﬂwz)
w=1 w=1
N ) N
= ( Z iw/lw) ui(z)— Z iz/lsui—Zes(z)- (A.43)
w=1 s=1

The first equality above is adopted from the equation above Theorem 6 in Liberzon &
Brockett (2000), and in the second equality, we have used the fact that D = —%(;I +dJ T)
and n;ﬂ[r n,, = 1 if s1 = s2, or 0 otherwise. The recursive relation (A.43) implies
that the sums of eigenvalues of matrix J are the eigenvalues of operator %,. The
corresponding eigenfunction is a linear combination of the function u; as given in

(A.41). O

The values of Tlil can be recursively evaluated as follows: we first set p; = u;, and

Zopi contains extra terms Ui-2¢, as derived in (A.43). Then we add Tiili—ze Ui-2¢, tO
11

pi where the value of Ti,i—Ze

is chosen such that the coefficient in front of u;_g, in

Zopi is AiTﬂ—ze . For example, we have
E) S

N2
ui—ZeS) =Li (ui(z)— y — =

~ N2
Lolui(z)- Yy —==

Ui-2e
s=1 A’i _/li—2es °

o1 i —Ai-2e,

N i2 A As, (i —2e,)
17v817vs2 S$1/82
py Ai—Ai—2e, Hivtes, ey, (A4

s1,82=1

and this suggest that, in the case |j| = |i|, we have Tll’.ll =1if j=1i, or 0 otherwise;

in the case |j| = |i| -1, we have lellJ = 1; in the case |j| = |i| — 2, we have lellJ =
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iiis/m,- —Aj) for i — j = 2e,, or 0 otherwise; and in the case |j| = |i|, we have Tl’IJ =0.
We continue the procedure to compute Tll"J until | j| = 0 such that all the coefficients

||

in front of the lower order terms Zp; are A,-Tl -9

. Then the resulting function p;
will be the required eigenfunction satisfying (A.38).

Using the result of Proposition A.2, the following lemma can be proved.

Lemma A.3. Define a subspace %n+ of L2RYN) spanned by the eigenfunctions { pi}|i|s N
of the Fokker-Planck operator Ly. Then, functions {u;}j;j<n+ given by (A.42) are also

) ) ) . . Nt N*  N*
the basis functions of space % n+. And there exists a transition matrix 7N e gNY XN

from {pi}IiISN* to {ui}liISN*-

Proof. It is easy to see that functions {u;};<n+ are linearly independent (not not nec-
essarily orthogonal). Then using the form of the eigenfunction {pi}lils N+ constructed
as in (A.44), we see that the functions {p;}; - are also linearly independent. This
means the dimension of the space %+ spanned by {pi}|i|sN* equals to the space
%N+ spanned by {ti})j)<n+. Our construction (A.44) also implies that the eigenfunc-
tion p; is a linear combination of functions {u j} ji<|;. Thus, we have %y~ = Un+. The

existence of the transition matrix T naturally follows. O

Since the transition matrix T is invertible, we can transform the eigenfunction

expansion (A.38) into an expansion of {u;};<y+ given by
J

N*
J S .
M=) Y & ui), (A.45)
s=0 i1,i9,....in=0
I1+ig++iN=s

()

where the constant coefficients ¢;” can be computed via

.o — A J

&' =2 . Z ¢;'Tji
$=0 j1,j2,-,/N=0
Jitje+-tjN=$
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The following lemma will help us to connect the expansion (A.45) to the Hermite

polynomial expansion given by (A.35).

Lemma A.4. The Hermite polynomial functions, {H;(z, %I )p"(z)}msN*’ form a basis

for the space %N~ defined in Lemma A.3.

Proof. By definition, the Hermite polynomials are orthogonal, and thus linearly in-

dependent. Thus, it is sufficient to prove the argument by showing that there exists

a full-rank linear transition matrix 7" € RN *M"" from the functions {H iP0}|i| <N*

to the functions {u;}; <y, i.e.,

* s

N
. YN 1 ] .
u(iJ)(z) =) N Z Ti,J’.Hj(z,EI)po(z), li|<N". (A.46)
s=0  Jj1,j2,--,JN=0
Jitjet+-+jN=N;

To achieve this, we first introduce i-th order monomials, denoted by w;(2) = z‘f - z]l\J,"
Then, we can construct the transition matrix ™ as

TN*:TN*(T

. V' N*  ATN* .
where matrix T" € RM *N" transforms the basis from {wipohi<n+ to {uilji<n+,

and matrix TN e RNV *NY" transforms the basis from {wipoljij<n+ to {Hipo}jij<n+-

The elements of the transition matrix TN* can be implied from the form of func-
tions u; given in (A.42). Multiplying out the brackets, we see that functions u; is
are linear combinations of functions w;pe with |j| < |i|]. Then, using the fact that
monomials are linearly independent, we have that {w; po};j<n+ forms a basis of space
wuN" .

The elements of the transition matrix TN* are given by the explicit expression of
the Hermite function provided in (A.27). Then using the similar argument as above,

one can show that {H;po}j;j<n+ also form a basis of the space spanned by functions

{wipohjij<n-, i-e., UN". O
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Using the results of Lemmas A.3 and A.4, we can now state the equivalence be-

tween the Hermite expansion (A.35) and the eigenfunction expansion (A.38).

Proposition A.5. The expanded coefficient lzlm, (2) of (A.20) admits the Hermite ex-
pansion (A.35) with some finite value of N, if and only if it admits the eigenfunction

expansion (A.38) with N; =N,.

Proof. Combining Lemmas A.3 and A.4, we have that both { pi}lils N, and {H; po}l =N,
are basis functions of the same subspace %% of L2(RY). Thus, if ﬁm, j€ UNi it can

be written as a linear combinations of both types of the basis functions. O

Using the result of Proposition A.5, we can derive the transition matrix T™i €

NYixNNi . R . . . . .
R is the transition matrix from the Hermite polynomial basis {H;po} ; < N, to

the eigenfunction basis {p;} ;- N, i satisfying

N; s . 1
pi(z)=)_ Y T,-,;-Hi(Z,EI)Po(z),

$=0 Jj1,j2,.-,/N=0
Jitje++jN=N;

and its elements can be computed as
=TT, (A.47)

where matrix i is given in (A.41) and the transition matrix i is given in (A.46).
CA(.J')} ,
i J)i|<N;
6(:])}

l |i|<Nj

Subsequently, given the eigenfunction expansion (A.38) with coefficients {
we can obtain the corresponding Hermite expansion (A.35) with coefficients {
via

0 _ U 3 )N

~(7) _ A J
¢ = Z Z ¢; T.7. (A.48)

t L Joi
$=0 j1,j2,..,JN=0
Jitje+-+jN=N;
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A.6 The equations for the expansion coefficients

In this section, we derive the coefficients, [1y, j, of the Hermite expansion (A.35) using
the eigenfunction approach.
We first multiply % Jrnv dzH (2, 17) to both sides of (A.32), and obtain
-1

1 1. - - 17 -
—f Hy(z,-1) %ol j(2)dz = — Z H,(2)Z;_ 11y (2)dz. (A.49)
n! JpN 2 ’ n! i—0JRN ’

For the right-hand-side of (A.49), we insert the eigenfunction expansion (A.38) which

yields

1fH(11)$ﬁ<)d 3y A(j)/llfH(ll)()d

— z,— (2)dz = ¢l — z,—-Ip;(z)dz,

nl gy T 2T O §20 iyigin=0 L TR
i1+ig+-+inN=s

where we have used the fact that p; is the eigenfunction corresponding to eigenvalue
A; of the Fokker-Plank operator £y. Then, using the result from Proposition A.5, we
transform the eigenfunctions of the above formula into the Hermite polynomials, and

we have

[ Hate, 5D Zof 200 Yoy P [ Haz, SDHiG, SDpo(2)d

— z,— (2)dz = ¢l = z,—DH;(z,— z)dz,

! Jav n 9 04im,; P S il Joy n 9 i 9 Po
i1+ig+-+iN=Ss

c'(.j)

; }I N are linear combinations of the coefficients
L=IVj

where the constant coefficients {
{é(.j )} as
l |i|SNj

N_] S
~() _ AN RN
¢l = Z - Z /1ch TJ.’i. (A.50)
5=0 j1,j2,..,JN=0
Jitje++jN=Nj;

Then, inserting the orthogonality condition (A.26) of the Hermite polynomials into
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above formula yields

o &) ifnl<N;
— | Hn(2) LMy j(2)dz = (A.51)
n! Jgy ’

0 otherwise.

For the right-hand-side of (A.49), we insert the Hermite expansion (A.35) and ob-

tain
=11 L
> —,f Hp(2)ZLj-illy,i(2)dz
i=o
j-1N; s 0 [(—1)/2] j—i—-2w—-1) 2 j—i—k-2w-1)
=ZZ > Cm 22 > >
i=0s=0 mjy,mg,..,mn=0 w=0 k=1 [1,.,iN=0 J1,---JN=0
MmN =S ity =k jitetjy=j-i—k=2w-1)
ij i,j
ng‘] i—k—2w- 1)w(gn m> (A.52)
where
= H I al iH, (2,200 1I)d (A.53)

Note that for notation simplicity, we use b(nj) to represent the right-hand-side of
(A.52).

Combining (A.51) and (A.52), we have derived from (A.49) to obtain the values of

the coefficients { (lJ )}I'I N to be
= j

e =pV, (A.54)

for [n| < N;. Assuming for the moment that N; is a finite number, (A.54) yields a

finite set of equations. Then, inverting the transformation (A.50), we can derive the
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coefficients {é(lj )}I ; of the eigenfunction expansion (A.38) satisfy
< j

&) = (ANj)_l ((TNJ)T)_I b9, (A.55)

N;:_ N;
where we have used the AN e RV /N i5 a diagonal matrix with {4;}; < N, being its

diagonal elements. We can also substitute (A.48) into (A.55), and derive the coeffi-
~()

cient values of {cl }I e in the Hermite expansion (A.35) as
=IV;

&) = (TNJ‘)T (ANj)_l ((TNj)T)_lb(j). (A.56)

We can further substitute (A.36) into (A.56) and derive that the coefficients {c%j)h N
L=IVj

of the original Hermite expansion (A.24) satisfy

0= (1) (1) (w9) (1)) o0 57

It is important to note that the evaluations of the coefficient values in (A.55), (A.56)
and (A.57) are possible only if
i) N; are finite numbers for j=1,2,..., and
ii) the elements b(nj) can be evaluated.
We will prove these properties in the remaining part of the section.
We first derive an explicit expression for the integral (g,’,fn defined in (A.53). Ow-
ing to the separability of the Hermite function H,, (z, %I ), we can split the multiple

integral as a product of single integrals as

i _ 1 i
(gn’,m i H G s
n: -1
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and the single integral @,Ll]m is given by
Gl = f H, (2,1/2)(3/82) 2/ H,, (2,1/2)TIo(2, 1/2)dz, (A.58)
R

where I1o(z,1/2) denotes a centred Gaussian with variance 1/2, and H,,(z,1/2) denotes
the n-th univariate Hermite polynomial functions with respect to variance 1/2, also
known as the physicists’ Hermite polynomials. Using the properties of the Hermite

polynomials, the following lemma can be easily proved.
Lemma A.6. Consider ?,iJm defined in (A.58), its explicit expression is given by

R L R A AT s! —-m—-n+i
g = L [mrnol T __SL with p=fTmoRD
’ 27 m'(n —l)! s=max(0,—h) S S 28(h+s) 2

(A.59)

under the conditions that:
i) the quantity i + j —m —n is even,
i) 2min(m,n—i)=m+n—-1—j.

. ~i i
Otherwise, we have Cﬁn]m =0.

Proof. Applying integration by parts to (A.58), we have
Gl = f H,_;(2,1/2)2'H,, (z,1/2)Ty(z, 1/2)dz.
R

According to Silverman et al. (1972), we have the explicit formula given by (A.59),
with condition i). The condition ii) is then derived by requiring the upper bound of

the summation is greater or equal to the lower bound. O
Lemma A.7. The integral 453, is zero if In| > |m| +|i| +|jl.

Proof. The integral %:,m is non-zero only if all single integrals @rlzﬁjr;fw ,2w=1,2,...,N,
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are non-zero. Using condition ii) of Lemma A.6, we have
Ny <My+iy+Jjw.

Summing up the above equality for all 1 <w < N yields the condition for non-trivial

values of the integral %,i,’,{,,, and the argument immediately follows. O

Now, we can show that the number of in the expansions, (A.35) and (A.38), is finite,

and (A.54) yields a finite number of equations.

Proposition A.8. The expansion coefficient, I:Im, j» in (A.31) can be represented as a
sum of a finite number of Hermite functions of the form (A.35). Moreover, the summa-

tion index satisfies N; = 3.

Proof. To prove the number of the terms in the expansion is finite, it suffices to
prove that there exists a finite value of N; such that the coefficients é(ij )= 0 for all
li| > Nj. In fact, using Lemma A.7, one can easily derive that the right-hand-side
of (A.52) is zero if |[n| > N;_1 + 3. Subsequently, the coefficients c‘(ij ) are also zero for
all [n| > N;j_1 +3, which implies that N; = N;_1 + 3. Using the initial condition that

Ny =0, we immediately have N; = 3. O
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A perturbative analysis of the CFPE

Next, the same strategy is applied to solve an perturbative solution of the stationary
CFPE (2.10). As before, we first apply the system size expansion to the CFPE and
transform the distribution of populations into the distribution of the fluctuations
around the deterministic mean. The distribution of fluctuations is expanded in the
inverse powers of the square roots of volume V, and the expanded coefficients are

sought using the Hermite expansion and the eigenvalue expansion.

B.1 System size expansion of the CFPE

We perform the system size expansion to the CFPE (2.10). As before, we trans-
form model variables from the continuous molecular populations x to fluctuations
€ through x;/V = ¢; + VVe;, i = 1,2,...,N. Then, the CFPE distribution Pg(x,¢) is

transformed into a distribution of the fluctuations, written as Ilg(€, #), under the scal-
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ing relationship
M€, t) = VV2Py(x, 1).

To fully expand the CFPE, one needs to transform the involved differential operators
and propensity functions into the new variables. The operators involving derivatives
comes from the truncated Taylor expansion (A.3) of the step operators, thus we can

write the transformed operators as

S 0 12, o 0 1,@
i— =V , and ViiVi =V a?, B.1
; * Ox; 4 ii,zzl PO oy B-1)
for j=1,2,...,M. The propensity function is expanded in the same way as we did in

(A.7). Then, substituting (B.1) and (A.7) into (2.10) and rearranging the terms in the

inverse orders of vV, we obtain the SSE expansion in the new variables as

OIHE, D) 0% ( (2,00 (1),(1,0)
=V j}zjl (aj b —a Vb )Hf(e,t)
1/2 (2) (1,00 _ (1) (2,0) _ (1)4(0,2)
+V- }:( b0 — g PpZ0 — o MpS )Hf(e,t) (B.2)

M
-1 (2) 2, 0) (2)7,(0,2) _ (1)5(1,2) -3/2
+V~ Ez ( b +a; bJ. a; bj )Hf(e,t)+@(V ),

where the order V12 terms cancels due to the fact that ¢ are the solution of the

deterministic reaction rate equations. We can equivalently write (B.2) as

oll¢(e,t x
% =) V24, ge, ), (B.3)
s=0
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where operator Z;; corresponds to the collection of the terms acting on Il in (B.2)

that are proportional to V=2, i.e.,

M ([s/2] min(s—2(w—1),2)

gf,s = Z Z Z (_1)ka(jk)b§5—k—2(w—l),2w))

j:l w=0 k=1

[s/2] min(s—2(w—-1),2) k s—k—2w-1) ij a\t .
= Y 3 > @k’,s—k—2(w—1),w(&) e, B4
w=0 k=1 i1,e5i N =0 J15eJN=0

i1+ +Hiy=k j1++in=s—k-2w-1)

where @Iz’{; w is defined in (A.9).

The CFPE in the expanded form (B.3) suggests one may expand the probability

distribution Ilf in an inverse power series of square root of volume V , i.e.,

o0

e, )= ) Tg(e, )V /"2, (B.5)

J=0

which is the CFPE counterpart of the expansion in (A.12). The subscript, -f, is used
here to distinguish from the expanded coefficients for the CME. The evolution of the
expanded coefficients Il¢; can be derived by, first, substituting the expansion (B.5)
into (B.3), which yields

© Lol ie,t) X, d

Y VRIS ==Y VIR Y L uTlu(e, D),

j=0 j=0 w=0
Then, collecting the terms that correspond to the same inverse orders of vV gives

the equation for the expanded coefficients as

a e
(a_t - 530) g j(e, )= ) Lrj-illgi(e, ), (B.6)
i=0

which obeys the normalisation conditions

f IIfo(€,t)de =1 and f It ;(e,t)de =0, ;=1,2,3,....
RN RN
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B.2 Hermit expansion of the expanded coefficients

As before, we assume that the deterministic reaction rate equation only has one sta-
ble fixed point, which allows us to analysing the steady state distribution by setting

the time derivatives in previous equations to zero. Let us define
IIg(e) = lim II(e,#) and Ilg;(€) = lim Il (€, 2),
t—oo ’ t—oo
and rewrite (B.5) as

Tige) = Y Tz j(e)V 772, (B.7)
7=0

with normalisation conditions [pv Ifo(€)de =1 and fpn I1f j(€)de = 0 with j = 1.

The expanded coefficients, Il ;, in (B.7) solves the following elliptic equation

j-1
Lrollg (€)=Y Lj-iTlgi(e), (B.8)
1=0

where operators Z;; are given in (B.4). The system of partial differential equation

(B.8) is solved by considering the multivariate Hermite expansion of the expanded

coefficients:
e > %)
Meje)=Y Y U Hie, e, ), (B.9)
s=0 i1,ig,,in=0
i1t+ig++iy=s
where c(fj l) are constant coefficients, M; denotes its maximum summation index, and

H;(e,X) represents the i-th multivariate Hermite polynomial function with respect
to Z as defined in (A.25). In (B.9), we have Il =Ilto, where Il satisfies the station-
ary equation Zrollto(€) = 0, and operator £y = £ is also the linear Fokker-Planck

operator of the LNA. Thus, Il;( is a centred Gaussian distribution with covariance
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2, ie.,

g o(€) = Im0(€) = Xp (—%GTZ_IE) , (B.10)

1
—€
VEemN|Z|

where X satisfies the Lyapunov equation (A.23).

To evaluate the constant coefficients {c;j l) , we first perform the transforma-

}lilij
tion of coordinate as we did in Section § A.4. This is done by introducing the tran-
sition matrix T € RV*V and defining the new variables z = Te as in (A.28). Upon
coordinate transformation, the coefficient Il¢ in (B.10) is transformed into a centred

Gaussian distribution, denoted by l:[f’(), with covariance matrix being %I . And the

Hermite expansions for higher order coefficients are transformed to

5 i 1 1
j©=Y Y  &iHie Dl D), (B.11)
s=0 i1,i9,...,in=0
i1+ig++inN=s

and the coefficients {5? l) } . can be linearly combined to get values of {c(fj ) } .
) lil<M; ) il<M;
in (B.11) using
() el ()M
7 _ () M j
¢/ = > ;TS (B.12)

J15J25-JN=0
Jitjet+jN=M;

M NMj XNMj . .- . . . .

where T"/ e R is a transition matrix from the Hermite polynomial basis

{Hi(z, 11)}|i|<M- to the basis {Hi(e,Z)}|i|SMJ., and the elements of the transition ma-
=

trix is defined in (A.37).

The elliptic equation (B.8) in the new variables are given by

N -
Lrollgj(z) = Y Zi_illg(2), (B.13)
i=0
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where the explicit expression of operator Qf,s is given by

[s/2] min(s—2(w—-1),2) k s—k—2(w—1) .. o\ .
~ _ G“lhl - J
Lrs= ) > D> D> Jk,s—k—z(w—n,w(az) 2
w=0 k=1 i1,iN=0 J1sJN=0

i1+ +iy=k ji+-+jy=s—k-2(w-1)

and the coefficients & L.J

1 are same as in (A.33).
’q’w

As we discussed in Section § A.5, we need the eigenfunction expansion for solving

(B.8), and thus we write the eigenfunction expansion of ﬁf’ jas

M; s .
=Y Y o), (B.14)
$=0 i1,ig,...in=0

i1+i2+--~+iN=S

where p; is the i-th eigenfunction of the linear Fokker-Planck operator EZ’f,O, or equiv-
alently %, corresponding to the eigenvalue 1; = Ziv: 1isAs, and A is the s-th eigen-
value of the transformed Jacobian matrix o in (A.30). The form of eigenfunctions p;
is given in Proposition A.2. We have also shown, in Proposition A.5, that the eigen-
functions {Pi}ms M, in (B.14) form a basis for the same subspace Um;, of which the

Hermite polynomials {H;(z, %I )po(2)} in (B.11) are also its basis functions. In

lil<M;

(A.47), we derived the transition matrix TMj from the basis {H i(z, %I )/oo(z)}li|< . to
=

the basis {pi} ..., and we can transform the coefficients {é(j ) } to the coeffi-
li|=M; £iflii<m;
: () :
cients {Cf’i}lilij using
. _ AT .
& =(1") &, (B.15)

which is the CFPE counterpart of the formula (A.48).
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B.3 The equation for the expansion coefficients

Next, we apply the same procedure as we did solving the expansion coefficients of
the CME in Section § A.6 to solve its CFPE counterpart (B.13).

We insert the eigenfunction expansion (B.14) into the right-hand-side of (B.13), and
then transform the result into a linear combination of the Hermite polynomials. For
the left-hand-side of (B.14), we direct insert in the Hermite expansion (B.11). Then,
multiplying % Jrn dzH (2, 17) to both sides of the resulting equation, and using the
properties of the multivariate Hermite polynomials, we obtain, for |n| < M,

Y i 1 A(J)T —pV

J¢ fj= Jj.n fin’
5=0 j1,j2,...,Jin=0
Jitjo++jN=s

(B.16)

where b(fj,)l denotes the valuation of the right-hand-side of the equation, with explicit

expression given by

) s ( ) [(j=i)/2]1 min(j-i-2(w—-1),2) k Jj-i—k-2(w-1)
] ~(1
by Z Z 2 Cm X 2. 2 2
i=0s=0 miy,maq,....my=0 w=0 k=1 i1,...,iy=0 J1se-JN=0
mi+ma+t--tmy=s i1++iN=k j1++jN=j-1—-k-2(w-1)
x F, i.J G (B.17)

k,j-i—-k-2(w-1),w

with 9,7, is defined in (A.53).
For a finite value of M, we can invert (B.16) and obtain the values for coefficients

{é(j ) } ) in the eigenfunction expansion (B.14) as
£ifli<m;

= )

ERN JxN J

where AM is a diagonal matrix with {A;}j;<py, being its diagonal ele-

ments. The values of the coefficients {C(sz)}| <M, in the transformed Hermite expan-
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sion (B.11) can be obtained by substituting (B.15) into (B.18), which yields

1

~O) _ (aMAT (a7 (MNT) )

& = (1) (aM) ((T /) ) by (B.19)
)
f7i}|i|SM]‘
through substituting (B.12) into (B.19), which gives

Finally, we derive the coefficients {c in the original Hermite expansion (B.9)

v T (T ~1( T\ L
e’ = (™) (7' (™) ((TMJ) ) Y. (B.20)
Note that, the above equation for the expansion coefficients are based on the as-
sumption that the maximum summation M; is a finite value. This is proved in the

following proposition.

Proposition B.1. The expansion coefficients, l:[f’ j» can be represented as a sum of
finite number of Hermite function of the form (B.11). Moreover, the summation index

satisfies M ; = 3.

Proof. To show that there exists a finite number M ; such that the coefficients 5(fj l) =0
for all |i| > M ;, it is suffice to show that the right-hand-side, b(fj')t is zero for all |n| >
M ;. Applying Lemma A.7 to (B.17), we have Cﬁ,’,fn =0 for all [n| > M;_1 +3, and thus

we set M; = M;_1+3. Using the initial condition that M, =0, we have M;=3;. [
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L-matrix, 63

M-matrix, 63, 65

algebraic error, 123
algebraic simplicity, 66

artificial boundary error, 74

Bayesian method, 158
big-endian convention, 77
binary representation, 99
binomial coefficient, 101

birth-death process, 32

canonical factors, 84
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canonical format, 84

canonical Polyadic decomposition, 84
canonical rank, 84

cell cycle, 168

central difference scheme, 62

chemical Fokker-Planck equation, 4,

22
chemical Langevin equation, 4, 23
chemical master equation, 4, 19
chemical reaction network, 17
core tensor, 87

curse of dimensionality, 6



detailed balance condition, 31
detailed balanced condition, 31
direct sum, 94

discretisation error, 69

domain truncation, 55

downwind difference, 102

ellipticity condition, 22
empirical raw moment, 160

extrinsic noise, 2

factor matrices, 87
finite difference scheme, 59

flattening, 78

generalised principle eigenvalue, 56

greedy method, 131

Hermite expansion, 218
Hermite polynomial function, 218
higher-order singular value

decomposition, 88

identifiability, 166
indicator function, 111
inner product, 80
intrinsic noise, 2

inverse power iteration, 121

jump equation, 50

Kramers-Moyal equation, 21
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Kronecker product, 79

linear noise approximation, 4, 216
little-endian convention, 77
low-rank approximation, 116

Lyapunov matrix equation, 216

matricisation, 81

matrix product states, 89
matrix-product operator, 90
mode index, 90

mode product of cores, 91
mode-£ product, 78
moment-based inference, 160
monotone matrix, 63

multi-grid acceleration, 139

non-spatial stochastic models, 3

one-sided difference scheme, 68
optimal decomposition, 82
optimal rank-R approximation, 83

outer product, 79

parametric CFPE, 143

Person’s theorem, 66

polynomial functions, 101
principle eigenvalue problem, 59
prolongation matrix, 141

propensity function, 18



QTT matrix, 98

QTT vector, 98
quantisation, 98
quantised tensor train, 98

quasi-stationary approximation, 39

rank core product, 90

rank index, 90

rank-one tensor, 90

reaction rate equation, 21

reversible isomerization reactions, 142

robustness analysis, 175

sensitivity analysis, 174
separated representation, 8
seven-point stencil, 61

singular value decomposition, 82
state changing vectors, 17

state vector, 18

stiffness matrix, 63

stochastic bifurcation, 168
stochastic focusing, 2

stochastic resonance, 2
stochastic simulation algorithm, 4
stoichiometry matrix, 17

strong Kronecker product, 90
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system-size expansion, 211

tensor contraction, 79

tensor decomposition, 82

tensor matrix, 80

tensor product, 79

tensor train decomposition, 89

tensor train format, 10

tensor truncation error, 114

tensorisation, 78

The Stirling number of the first kind,
212

three-point scheme, 62

truncated SVD, 82, 93, 96

TT rank, 89

TT-matrix, 90

TT-rank truncation, 96

TT-SVD, 92

Tucker decomposition, 87

Tucker format, 87

Tucker rank, 87

unfolding, 78

upwind difference, 102

vectorisation, 77

virtual dimensions, 98



Nomenclature

Symbols

fi()  The j-th macroscopic rate function

a; The i-th propensity function

A Bold font letter in upper case refers to the tensor matrix

Agr) The canonical factors of tensor matrix A in the i-th direction in rank r
D(-) The diffusion matrix

D*  The partial sums of the positive terms in the diffusion matrix

D~  The partial sums of the negative terms in the diffusion matrix

ej The j-th unit vector

€ The fluctuations around the deterministic mean concentration (Chapter 2)
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J()

Jdist

The j-th eigenvector of the transformed Jacobian matrix

The diagonal tensor matrix corresponding to the nodal value of the j-th propen-

sity function

The d-th factor matrix of tensor matrix H ;
Identity (tensor) matrix

The Jacobian matrix

The nodal evaluation of the distance function

Jaux(-) The probability flux

p)

o()

The drift vector

The stoichiometry matrix

The vector of the amounts of molecules of each chemical species that are cre-

ated in on instance of the j-th reaction.

The vector of the amounts of molecules of each chemical species that are con-

sumed in on instance of the j-th reaction.

The j-th state changing vectors

The prolongation matrix

The vector of mean concentrations

The tensor matrix corresponding to the upwind difference scheme

The tensor matrix corresponding to the downwind difference scheme

The diffusion matrix of the chemical Langevin equation
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2()

v(-)

(r)

X (k)

N*

~¢

x()

The covariance matrix in the LNA

The transition matrix (from correlated variables to un-correlated variables

The effective drift (or flow) vector

Bold font letter in lower case refers to the tensor

The canonical factors of tensor x in the i-th direction in rank r

The mode £ unfolding of tensor x

The transition matrix from the Hermite functions to the eigenfunction basis

The blending function

Parameter space

State space

The e-neighbourhood of the singular boundary

The transition matrix between the polynomials and the eigenfunctions up to

the s-th coefficients

AIl;(-) The difference between the j-th expanded coefficients of the CME and the

CFPE distributions

The Kronecker symbol

Ellipticity domain of the CFPE

The domain of definition of the CFPE

Degenerate region of the CFPE

The transition matrix between the Hermite polynomial basis up to the j-th

expanded coefficients
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>
<.

The j-th eigenvalue of the j-th eivalue of the transformed Jacobian matrix
K The conditioning number

An Principle eigenvalue of Ap,

An: Principle eigenvalue of Ap, ;

Api Principle eigenvalue of A, ;

& The step operator

P4 The domain interval in the d-th direction

%,  The sub-operator that operates the expanded coefficients on the order V%2 of

the system size expansion

“%ts The sub-operator that operates the expanded coefficients on the order V=52 of

the system size expansion of the CFPE
() The unit-rate Poisson process
Fr  The set of the chemical reactions
%s  The set of the chemical species
%  The set of the stoichiometric vectors
Uy+ The subspace of LZ(RY) spanned by the N* eigenfunctions
mat(-) Matricisation
vec(x) The vectorisation of tensor x
diag(-) Diagonal matrix

% The CFPE operator
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fffk ¢ The d-th sub-non-parametric CFPE operator

Ajp  The finite difference approximation of the CFPE operator

Ap;: The finite difference approximation of the CFPE operator in tensor format
A, ; Compressed CFPE operator in the QTT format

%% The parametric CFPE operator

“%n The CME operator

® The direct sum

® Tensor product

P.(-) The solution of the hybrid CME-CFPE equation

P¢(-) The time-dependent solution of the chemical Fokker-Planck equation

Pq(-) The principle eigenfunction of the CFPE operator in a bounded domain with

homogeneous Dirichlet boundary condition
pr(-) The solution of the concentration form of the CFPE
Pn The finite difference solution of the CFPE
Py The finite difference solution of the CFPE in tensor format
Ppi The e-approximation of the solution py, ;
ne(-) The stationary solution of the chemical Fokker-Planck equation
Iy, j(-) The expanded coefficients of the transformed CME distribution
II¢ ;(-) The expanded coefficients of the transformed CFPE distribution

Pyn(-) The solution of the Kramers-Moyal equation
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P, () The time-dependent solution of the chemical master equation

Pym(-) The solution of the concentration form of the Kramers-Moyal expansion
mm(-) The stationary solution of the chemical master equation

I1,(-) The distribution of fluctuations around the deterministic concentration
pei(-) The i-th eigenfunction of the LNA operator

Oshift  The shift value in the inverse power method

z Singular boundary of the CFPE

C) Observable

@; The non-parametric part of the propensity function

xk  The mode-(];) product

X}, The mode-£ product

1'% System volume

d(-,-) The distance function

H;(-,-) The multivariate Hermite expansion

Jaist The distance (measure) function

Jenergy The objective (energy) function

K The number of uncertain parameters

k; The i-th reaction rate

L(-) The likelihood function

M The number of chemical reactions
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M;  The maximum summation index in the j-th expanded coefficients of the trans-

formed CFPE distribution
M. The number of Brownian drivers in the chemical Langevin equation
N The number of reacting molecular species
N,y  The number of species with small molecular numbers
N,  The number of species with large molecular numbers
Ngene The copy number of genes

N;  The maximum summation index in the j-th expanded coefficients of the trans-

formed CME distribution
S; The i-th chemical species
w The nodal value of a function on a grid

[] The Stirling number of the first kind

Abbreviation

ALS Alternating least squares

AMEN Alternating minimal energy method
CFPE The chemical Fokker-Planck equation
CLE The chemical Langevin equation
CME The chemical master equation

CP  Canonical polyadic decomposition

DMRG Density matrix renormalisation group
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GRN Gene regulation network

HOSVD The higher order singular value decomposition

HT  Hierarchical Tucker decomposition

LNA Linear noise approximation

MG  Multi-grid

MPO Matrix product operator

MPS Matrix product states

NRHM Next reaction hybrid method

ODE Ordinary differential equation

QSA Quasi-stationary approximation

QSSA Quasi-steady-state approximation

QTT Quantized tensor train decomposition

SDE Stochastic differential equation

SPD Symmetric positive definite

SSA Stochastic simulation algorithm

SSE System size expansion

SVD Singular value decomposition

TT Tensor train

URN Uniform random number

ZC  Zero crossing
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