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Abstract

In this thesis we consider the chemo-mechanical response of a multi-
material lithium-ion battery anode nano-particle at equilibrium. The
stresses are induced by lithium being intercalated into the nano-particle,
causing the anode materials to expand. The presence of several anode ma-
terials expanding to different extents induces stress even at equilibrium.
The model we primarily study is a linear elasticity model derived under the
assumption that the stress-free expansion of each anode material is small.
We couple the mechanical model to a diffusion-based model governing the
transport of lithium in each material through stress-assisted diffusion. At
equilibrium, the chemical potential of the lithium, which depends both on
the lithium concentration and the hydrostatic stress, is uniform through-
out the nano-particle, governing the distribution of lithium between the

materials.

Silicon is a promising anode material with a high capacity for lithium, but
it expands to around 380% its original size when fully lithiated, leading
to several issues during battery usage. We apply our equilibrium model
to a nano-particle consisting of a silicon core and a surrounding graphite
shell. The aim of using both materials is to mitigate the expansion of
silicon without sacrificing too much capacity. We analyse the lithium
concentration, displacement and stresses within each material, and use
the results to optimise the volume of the silicon core based on several
measures of success. Void spaces and porous silicon are introduced into
the nano-particle design, using the method of multiple scales, to improve
on the simple core—shell design, to moderate success. We extend the model
to a geometrically nonlinear elastic model, and analyse this after finding
that solutions cease to exist above a certain state of charge. Finally, we
incorporate yielding and fracture of both materials into the linear model,

based on perfect plasticity.
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Chapter 1

Introduction

1.1 Lithium-ion Batteries

Lithium-ion batteries (LIBs) are one of the leading technologies for energy storage [59]
due to the benefits of using lithium ions (LiT) as the charge carrier. Lithium has the
lowest reduction potential of any element, is the third lightest element and its positive
ion, Li*, has one of the smallest radii of any singly charged ion. All these properties
make lithium ideal as a charge-carrying ion in a battery and mean that LIBs have
an extremely high capacity. The capacity of a battery is a measure of how much
energy it can deliver from a single charge, which is directly related to the amount of
lithium which can be stored. Typically, this is measured per unit volume (volumetric
capacity) or per unit mass (gravimetric capacity). A high volumetric capacity and
gravimetric capacity make LIBs ideal for use in portable electronic devices such as
laptops, mobile phones and electric vehicles. A growing use of LIBs is for renewable
energy storage: the temperamental nature of many of the sources of renewable energy
means that energy storage is essential to meet the energy demand at all times.

LIBs comprise one or more cells joined in series with each other to increase the
voltage the battery produces. Each cell induces an electrical current by the following
mechanism. When the cell is fully charged and at rest, lithium atoms are stored in
the anode at a higher chemical potential than if they were stored in the cathode. The
lithium is stored by intercalation within the crystal structure of the anode material.
When an electrical circuit is connected between the cathode and the anode, the
lithium atoms in the anode are oxidised at the anode-electrolyte surface to form Li™
ions and electrons. The Li™ ions pass through the electrolyte towards the cathode,
whereas the electrons must travel through the anode towards the current collector
attached to the anode. The electrons are then conducted through the current collector

and around an external circuit which causes the electrical current. The electrons arrive
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Figure 1.1: Schematic of the movement of Li* ions and electrons in a lithium-ion
battery during operation. The anode is on the left and the cathode is on the right.
Taken from [79].

at the opposite current collector, travel into the cathode and reform with Lit ions at
the cathode-electrolyte surface to form lithium atoms, which are intercalated into the
cathode. When the battery is recharged, the induced potential difference causes the
lithium atoms to split again at the cathode surface and the opposite process occurs
until the lithium atoms are intercalated back into the anode. The process of Li* and
electron movement when a circuit is attached is shown in Figure 1.1.

A desirable property of LIBs, aside from having high capacity, is their ability to
deliver high power. Power is determined by how quickly the LIB is able to deliver
the stored energy to the circuit, which is related to how quickly the lithium can be
deintercalated from the anode and intercalated into the cathode. This determines
how quickly electrons move through the external circuit and increasing these rates,
increases the current, and thus the power. As the lithium is only intercalated or
deintercalated at the surfaces of the electrodes, power therefore increases with surface
area of the electrodes. In addition, typically the diffusion of lithium is considerably
faster through the electrolyte than through the electrodes and so minimising the
distance a lithium atom needs to move through the electrode will also increase the
power. Therefore, instead of two large electrodes with electrolyte between the two as
shown schematically in Figure 1.1, batteries are manufactured with porous electrodes

as depicted in Figure 1.2. This gives the electrodes large surface areas and small
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Figure 1.2: Schematic of the movement of Li* ions and electrons in LIBs with porous
electrodes. Current collectors are at each end, and the separator is in the centre.
The blue line shows the movement of Li* from the anode to the cathode and the
yellow dashed lines show the movement of the electrons, which would move solely
through the electrode particles, binder or conductive additives, in three dimensions.
The circles at the bottom show the surface reactions occurring in each electrode.

distances from within particles to the reaction surface. The two electrodes now must
be separated by a separator to ensure they do not touch which would result in a
short-circuit. Additionally, a binder is added to keep the electrode particles in place,
along with a conductive additive to ensure the electrons can flow towards the current
collector easily. The movement of the Li* and electrons in this case is shown in

Figure 1.2.

1.2 Silicon Anodes

Nexeon Ltd seeks to include silicon into the anode materials they produce. The
reason for this is the extremely large capacity for lithium (both volumetric and gravi-
metric) that silicon has compared to other common anode materials. When fully
lithiated, silicon can accommodate 3.75 lithium atoms per silicon atom, forming the
alloy Liz75Si at room temperature [45]. This is a very large improvement over the
commonly-used graphite which can accommodate one lithium atom per six carbon

atoms (0.167 lithium atoms per carbon atom) when it forms the alloy LiCg [13]. The



Si CG Li4Ti5012 Sn SH02 Ge
Grav. Cap. (mAhg™!) | 3500141 | 372162 | 17501300 | 99411301 | 790l68] | 963190]
Volume Change (%) | 2800661 | 1010 11130] 2600130 | 240001 | 270[123]

Table 1.1: Gravimetric capacities and volume changes of anode materials.

gravimetric capacities for silicon, graphite and other common anode materials are
given in Table 1.1.

However, silicon has a significant limitation to its use as an anode material. When
fully lithiated, silicon expands to up to 400% its original volume due to the changes
in the crystal structure that occur to accommodate the lithium atoms [66]. This can
cause mechanical stresses because of geometrical constraints within the anode and
the rest of the battery, but also because of concentration gradients of lithium within
the anode particles causing non-uniform expansion. The expansion of the anode
material can result in loss of connection within the cell due to the displacement of
other components of the battery, and the high stresses within the anode material
may cause it to crack [5, 107]. This loss of connection can lead to parts of the anode
being electrically disconnected, which reduces the capacity of the battery after several
charge/discharge cycles, commonly known as capacity fade. High levels of expansion
also occur in other high-capacity anode materials, especially alloy anodes [130], and
we include them in the table of anode material properties in Table 1.1.

Experimental efforts to make silicon a viable anode material have involved using
nano-structures within the anode design. These small structures decrease the dif-
fusion length of the lithium into the anode, decreasing the gradients in the lithium
concentration and thus decreasing the internal stresses caused by the non-uniform
expansion. Some examples of nanoscale designs are nano-particles [55, 66, 72], nano-
wires [14, 47, 126] and nano-tubes [103, 112]. Additionally, there are many nano-
structure designs which attempt to constrain the expansion of the silicon, for exam-
ple in a core—shell structure [102, 121, 124], yolk—shell structure [64, 113], or using
self-healing polymers [110].

A further limitation of using silicon as an anode material is the growth of a solid—
electrolyte interphase (SEI) layer. An SEI layer forms on the surface of an anode
during cycling when an anode is in contact with the electrolyte. This can decrease
the capacity of the battery over time due to the loss of lithium to this layer [84, 101]
and can reduce the power of the battery due to the increased diffusion length for the

lithium to reach the reaction surface. Silicon is particularly susceptible to SEI growth,
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Figure 1.3: Schematics and SEM images of experimentally made nano-structured an-
ode designs. Top left: Silicon nano-tubes [103], top right: Yolk—shell design [64], bot-
tom left: Self-healing polymer cages [110], bottom right: Pomegranate structure [63].
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so minimising the surface area of silicon which is in contact with the electrolyte is
also important. Therefore, the constraining structures described above are also used
to protect the silicon from coming into contact with the electrolyte.

Nano-structures and constraining mechanisms are often used in conjunction with
each other. For example, Wang et al. showed that for a silicon oxide shell which is
thick enough, inwards growth can be induced in silicon nanotubes [112]. Schematics
of some of these structures are shown in Figure 1.3.

In this thesis, we focus on the use of silicon in conjunction with graphite to
form a multi-material anode. The simultaneous use of both silicon and graphite in
anodes has been investigated experimentally in an attempt to increase the capacity of
graphite anodes but not cause them to expand to an unreasonable extent. Doélle [30]
reviews several methods of producing silicon—graphite anodes, presents experimental
results for their performance, and formulates a basic mathematical model to describe
and explain the behaviour of the anode. The two materials are often used in two
ways; 1) covering the silicon with graphite to constrain the silicon’s expansion and
protect it from the electrolyte, or ii) including small particles of silicon within the
graphite to increase the capacity. The geometries used to constrain the silicon include
wrapping a graphite nanotube around silicon nano-particles [119] and by wrapping
silicon nanowires in a sheet of graphite [23]. Both these anode geometries retained
their capacity over several cycles more than using just silicon, suggesting the stresses
are reduced by the graphite coverage, making cracking less likely. Slightly increasing
the capacity of graphitic anodes has been attempted in experiments by adding silicon

coatings on the outside of carbon nanotubes [49] and attaching small nano-particles



of silicon to graphitic frames [69]. These designs are shown to have a large capacity
increase compared to using solely graphite with a minimal change to the expansion
upon lithiation. As silicon’s expansion is so large, in almost all practical applications
it is not viable to use for the entire anode, hence the use of multi-material anodes
seems one of the few viable ways to utilise the high capacity of silicon. A full review
of the developments in silicon-based anode design from 1990 to 2016 is given in [140],

describing the new void-based designs emerging recently.

1.3 Modelling of Lithium-ion Batteries

Mathematical modelling of LIBs is a powerful tool in developing both new battery
designs and improving battery operation. Models can be formulated on a wide range
of different spatial scales. At the microscale, models focus on the intercalation of indi-
vidual lithium atoms into the crystal structure of the electrodes. These models often
utilise density functional theory (DFT) to derive different properties of the electrode
materials ab initio [81, 129]. At the mesoscale, models usually focus on a single cell
consisting of an anode, cathode, separator, electrolyte, and two current collectors.
These models usually approximate the position of the lithium atoms and ions as a
continuum, calculating the concentration of lithium and the electrical potential as
a function of space and time throughout each electrode and the electrolyte [40, 94].
Finally, at the macroscale, full batteries of several cells in series are often modelled
using equivalent circuit models, modelling the loads on a circuit as resistances in series
and analysing how these loads change the idealised voltage from the battery [76, 139].
All these models have advantages and disadvantages, depending on the importance
of understanding the physical basis of the behaviour, the need for accuracy, and the
computational costs due to complexity. A review of models at different scales can be
found in [100]. Within this thesis, we focus on the mesoscale models.

Mesoscale models typically aim to predict the concentration of lithium within the
cell. A common model for the movement of lithium atoms in the electrode is by Fick-
ian diffusion, for example in [9, 13, 25, 40, 131]. However, in recent years experimental
evidence suggests that electrode materials undergo phase separation between a fully
lithiated phase and an unlithiated or poorly-lithiated phase [65, 66, 72, 73, 111]. This
phase-separation is better described by the Cahn-Hilliard equation [12, 17, 128] but
can also be modelled by prescribing the position of the phase boundary [15, 51, 118].
The movement of lithium-ions within the electrolyte is governed by both Fickian

diffusion and forces caused by gradients in the electric potential. The movement of



electrons in the anode is modelled as a current density satisfying Ohm’s law [77].
Finally, the rate of the reaction at the surface of each electrode is usually modelled
using Butler—Volmer kinetics [77]. This uses an Arrhenius-type law depending on the
difference in electrical potential between the electrode and electrolyte to model the
rate of intercalation.

There are many flaws to this modelling framework, especially the Butler—Volmer
kinetics [87], but due to the multiple scales which this model spans, it is already
sufficiently complicated that several reductions need to be made before it can be
solved in an adequately small time. The most famous of these simplifications, and
most commonly used, is the pseudo-2D (P2D) model derived by Doyle, Fuller and
Newman [40]. This models each electrode as an agglomeration of spherical particles
each with an ‘effective radius’ and treats the processes occurring at the particle level
and those at the cell level separately. The diffusion problem in the electrode particles
is solved at every spatial point in the cell, and the particle and cell problems are
coupled by Butler—Volmer kinetics determining the rate of (de)intercalation of lithium
into (and out of) each particle at the particle boundary.

Since this seminal paper, there have been many other reductions of the full model,
attempting to capture the processes occurring at all scales using formal homogenisa-
tion methods. The first homogenised models for nonhomogeneous LIB anodes were
by Ciucci and Lai using volume averaging [57] and the method of multiple scales [22].
Ciucci and Lai homogenise the Poisson-Nernst-Planck (PNP) equations to describe
the movement of ions in the electrolyte and use Butler—Volmer dynamics to describe
the movement of lithium ions between the electrodes and the electrolyte. The result-
ing homogenised equations for the diffusion of the ionic species are very similar to
those in the P2D model [40]. A very similar model was formulated by Richardson et
al., however, they then proceed to analyse ways to solve the resulting model using
asymptotic methods [89]. In some applications, the computational cost of solving the
P2D model is still too high to be useful. Therefore, a further simplification is taken
to assume that each particle can be modelled in the same way, yielding the single-
particle model (SPM) [2, 7, 80]. This was shown to be reasonably accurate for slow
charge/discharge rates, but breaks down at higher rates. Most recently, systematic
asymptotic reductions to the P2D model have recovered the SPM for small charging
rates [71], and for large changes in overpotential during charging [90]. Both these
studies include a higher-order correction term capturing the effects of variations in

the electrolyte, providing much better accuracy of this model at higher charging rates.



In addition to these multiscale model reductions, recent research has also fo-
cussed on including more physical phenomena into the battery models. One such
phenomenon is the temperature variation that occurs within the cell during opera-
tion, mainly due to Joule heating by the resistances within the cell and the entropic
changes when intercalating and deintercalating [3]. Models that include these tem-
perature effects have been developed [56, 82] and asymptotically reduced, for example
in [46]. Secondly, the SEI layer formation on the surface has been a focus of recent
modelling efforts due to its large contribution to battery degradation [108]. Finally,
mechanical stresses caused by the expansion of electrodes have also been considered.
It is this last effect which will be our main focus in this thesis.

A comprehensive review of the electro-chemo-mechanical modelling of lithium-ion
batteries can be found in [135]; we highlight some areas of the research field relevant to
the work in this thesis here. The most common approach to modelling the mechanical
behaviour of an anode is to model it as an elastic solid which isotropically expands
in proportion to the concentration of lithium. This is similar to a conventional ther-
moelastic model with lithium concentration playing the role of temperature. The
first model to incorporate stress into the standard cell model was by Christensen and
Newman [21] in which a graphite sphere was considered. Due to the small expansion
of graphite, linear elasticity theory was used, which is a common approximation as it
greatly simplifies the equations involved [15, 92, 131]. However, for electrode mate-
rials with larger expansions, such as silicon, the assumption of small strains used in
linear elasticity theory is no longer valid for all states of charge. Thus finite strain
models using geometrically nonlinear elasticity have been used when considering these
materials [9, 13, 17, 25, 42]. The solving of these models is often simplified by assum-
ing some symmetry of the anode nano-structure, typically using spherical [25, 136]
or cylindrical [13, 136] geometries. However, the finite strain models are sufficiently
complicated that they often must be solved numerically, even with these geometrical
simplifications.

Most anode materials are not elastic for very large elastic strains: eventually at
large enough deviatoric stresses, the anode material yields in some way. Sethuraman
et al. showed experimentally that silicon exhibits plastic flow at sufficiently large
deviatoric stress [98]. This has been included into the mathematical modelling of
anodes, especially silicon, by being incorporated into linear elastic models [118], into
the finite strain models [9, 13, 25, 17], and by neglecting the elasticity of the silicon
altogether and modelling the material as solely plastic [53, 132, 133]. Many anode

materials do not plasticise at high deviatoric stress but instead crack once their yield



stresses have been reached. Analysing the appearance and propagation of these cracks
has also been a large area of research within the anode modelling field [15, 32, 42, 95,
118, 120].

The coupling between the lithium distribution and the stress is a two-way phe-
nomenon, since in addition to lithiation causing expansion, lithium transport also
depends on the internal stress within the anode through a phenomenon known as
stress-assisted diffusion. Stress-assisted diffusion is typically included into lithium
transport models by considering the chemical potential of the lithium in the anode to
be a sum of a stress-independent chemical potential and a stress-dependent chemical
potential. If a part of the anode is under compressive stress, the chemical potential
of the lithium in that region will increase making it more difficult for the anode to
intercalate the lithium. Conversely, if a part of the anode is under tensile stress, the
chemical potential of lithium in that region will decrease, enhancing its ability to
intercalate lithium.

With the high stress that occurs in silicon-based anodes, stress-assisted diffusion
is very important, and should be included in any model. The first model of this
phenomenon was formulated by Larche and Cahn with applications outside the con-
text of LIBs, instead modelling the movement of chemical species in a solid under
stress [58]. This work introduced a stress-dependent chemical potential proportional
to the hydrostatic stress (the trace of the Cauchy stress tensor) and this approach
has been utilised in many works in the context of LIB electrodes [15, 27, 41, 92]. In
more recent years, Wu showed that for finite-strain models, the Eshelby tensor should
be used in place of the Cauchy stress tensor [117]. Then, Cui et al. incorporated a
concentration-dependent stiffness into the chemical potential, resulting in a more gen-
eral framework for stress-assisted diffusion [25]. Cui’s form of the stress-dependent
chemical potential reduces to those proposed by Wu, Larche and Cahn under appro-
priate conditions. This general stress-assisted diffusion framework has more recently
been applied to finite strain models, for example in [13, 26].

The modelling focus of this thesis is the mechanical effects of lithiation within the
anode. We would like to gain insight into the stresses generated across the whole
porous anode, using a multiscale model similar to the P2D model. However, to
make analytical progress, we focus on the displacement and stresses generated in a
single anode nano-particle, approximated to be spherical. The stresses generated by
lithium inhomogeneities in a single nano-particle of a single material is well studied
[21, 131]. We consider a core-shell geometry for the nano-particle, consisting of

multiple materials. Models for this nano-particle design have also been studied [44,



53, 106], but these often model the shell as a hard boundary, generating stress in the
expanding core, or by assuming the shell material does not chemically interact with
the core. Chemo-mechanically modelling the core—shell design in which both materials
are electrochemically active has recently been studied by Wu and Lu [115]. In this
work, Wu and Lu model the materials as linearly elastic and compute the stresses,
lithium concentrations and chemical potentials in each material as lithium diffuses
through each material in the nano-particle. In this thesis, we also model the stresses
generated by the presence of multiple active anode materials in a nano-particle, but
at chemical equilibrium. We focus on the coupling between stress and lithiation
through stress-assisted diffusion and the effect the equilibrium stresses have on lithium
distribution between the multiple materials, using several models. Although many
of the ideas apply to general anode materials, we consider the core to be silicon and
the shell to be graphite throughout the thesis to demonstrate the type of behaviour
that occurs in these core—shell designs. The overall aim of the models we derive in
this thesis is to improve the design of the nano-particles according to the expansion,

stress and capacity at equilibrium.

1.4 Thesis Overview

We begin in Chapter 2 by deriving the quasi-static chemo-mechanical model that will
be the basis of all the work in this thesis before applying this model to a spherical
core—shell geometry. We solve the model in a spherical anode nano-particle consisting
of a silicon core and graphite shell and analyse the displacement, stresses and lithium
concentrations within each material. By including stress-assisted diffusion into the
model, we show the role that stress has in the distribution of lithium between the
silicon and graphite at equilibrium. Using the equilibrium chemical potential of each
material, we produce an effective open-circuit voltage for the multi-material anode.
We then seek to find an optimal initial volume of the silicon core using this equilibrium
model by considering several different relevant performance measures.

In Chapter 3, we explore the inclusion of porous materials and voids into the
nano-particle and in particular, porous silicon. We first consider a particle with a
central void and find incorporating a small void can reduce the expansion compared
to a nano-particle without a void, while maintaining the same capacity. We then
derive a multiple-scales formulation of the chemo-mechanical model from Chapter 2

to calculate effective mechanical parameters for porous silicon and how these vary
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with porosity. As the resulting multiple-scales problem needed to derive these effec-
tive parameters is nonlinear, we consider the limits of small and large stress-assisted
diffusion, finding the problem only becomes linear if other features of the model are
removed. We calculate the mechanical parameters of fully lithiated porous silicon
using the multiple-scales formulation, as the resulting cell problems are linear in this
case. We calculate the expansion and capacity of nano-particles containing various
layers of porous silicon and find that using a porous silicon core and including a
porous silicon layer between the silicon core and the graphite shell can reduce the
expansion of the nano-particle at a given capacity. We find that in the porous layer
case, these improvements predicted by the linear elasticity model only occur when
there is unphysical behaviour, which we discuss.

The unphysical results motivate us to extend the model and so we consider a
geometrically nonlinear elastic model for the spherical particle in Chapter 4. This
model is found to have no solutions for a range of lithium concentrations. We therefore
further extend the model by using a nonlinear constitutive law as well as geometric
nonlinearity and this permits solutions to exist for all concentrations. We use two
particular nonlinear constitutive laws to solve the porous silicon layer problem from
Chapter 3, which yield physically viable solutions.

In Chapter 5, we extend the linear elasticity model in a different direction by
considering possible yielding mechanisms for the materials. Firstly we incorporate
fracturing of the graphite shell into the model of the spherical nano-particle geometry
with a silicon core. We calculate the growth of the fractured graphite region as a
function of the state of charge for a range of volumes of silicon core and calculate the
critical volume of silicon core which will cause the entire graphite shell to fracture
when the nano-particle is fully lithiated. We then consider a silicon core with a central
void which can yield plastically. We calculate how the yielding behaviour of each
material depends on the yield stress of each material and the geometry of the nano-
particle. This allows us to determine whether a central void can increase the lithium
that the nano-particle can accommodate before the graphite fully fractures. Finally,
in Chapter 6, we summarise the results found in the thesis, make some comments on

the modelling techniques used, and conclude.
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Chapter 2

Silicon—Graphite Nano-Particle

In this chapter, we present the chemo-mechanical model for a multi-material anode
particle which we will use throughout this thesis and proceed to show how this can
be linearised for small stress-free expansions. The quasi-static diffusion model for
the lithium concentration is presented and we explain how we can obtain the stress-
independent chemical potential of the lithium within an anode material from its
open-circuit voltage (OCV). We then apply this quasi-static linear chemo-mechanical
model to a spherical, radially-symmetric anode nano-particle consisting of a silicon
core surrounded by a graphite shell.

The chemo-mechanical model for a radially-symmetric core—shell nano-particle we
present is very similar to that used by Wu and Lu [115]. In Wu’s work, the diffusion
of lithium is considered and the lithium concentration is coupled to the stress through
stress-assisted diffusion. The stresses, lithium concentrations and displacements are
calculated in both materials during lithiation and delithiation. The resulting stresses
are then used to quantify the likelihood of shell fracture and core—shell debonding
using energy release rates. The effects of changing the shell thickness, core size and
applied current density on the stress and energy release rates are then studied, finding
a feasible parameter space for the geometrical parameters based on a critical energy
release rate.

In our work, we consider the quasi-steady state valid for very slow charging rates,
so the nano-particle is in chemical equilibrium and thus the chemical potential is
uniform throughout the anode. We show that the lithium concentration is also uni-
form in each material for spherically symmetric geometries at equilibrium and this
result allows us to write an algebraic equation for the concentration in each mate-
rial, decoupled from the stress. In contrast, the time-dependent problem in [115]
results in integral equations for the concentration in each material, which are sig-

nificantly more difficult to solve. We focus on the effect of stress-assisted diffusion
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in the chemical model by demonstrating the large difference this makes to both the
lithium distribution between the core and the shell and the chemical potential of
the nano-particle. The calculated chemical potential is then shown to act as an ef-
fective open-circuit potential for the hybrid anode nano-particle, taking the stresses
at equilibrium into account. We plot the displacements and stresses throughout the
spherical nano-particles and analyse how this varies with state of charge (SOC) and
the initial volume of the silicon core, showing qualitatively similar results to the
time-independent case in [115].

Using this model, we make design recommendations for the nano-particle, based
on the volume of the silicon core. In the time-dependent case in [115], the solution to
the model is dependent on the length-scale of the entire nano-particle as the diffusion
through the nano-particle depends on the diffusion length. In the equilibrium case
studied in this chapter, the length-scale of the entire nano-particle is factored out,
and we have only two independent variables: the SOC and the relative volume of the
silicon core compared to that of the entire nano-particle. We find the optimal initial
volume of the silicon core at various states of charge according to several performance
measures which are based on volumetric capacity and maximising the capacity subject
to expansion and stress constraints. We note here though, that our optimal solutions
in the case of silicon take the deformation outside the regime in which the linear

model is valid.

2.1 Mechanical Model

We derive the mechanical model from fully nonlinear elasticity theory, but then im-
mediately linearise this model by assuming a parameter, which we will define below,
is small. We do this to show the origin of the equations we use, but also to show
the parameter regimes in which our model is valid. We will also return to this fully

nonlinear model in Chapter 4.

2.1.1 Geometry

We begin by introducing notation for the domains and boundaries within the general
multi-material anode particle we consider. We denote the domain of the entire anode
particle as €2 and the domain occupied by each anode material as 2, witha =1,...,n,
where n is the number of different materials in the multi-material anode. We assume
the anode particle is surrounded by electrolyte, ignoring the binder in this geometry,

so we denote the boundary between the anode and the electrolyte by I'.. Lastly,
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we denote the boundaries between different anode materials as I'y, where a # b and
a,be {l,...,n}.

2.1.2 Nonlinear Mechanical Model

When a solid body becomes mechanically deformed, each point of the initial, unde-
formed configuration at position X™, is displaced to a point *(X™). Thus, we may

write the displacement, w*, as
u(X") =z"(X") - X", (2.1)

We then define the deformation gradient, F, by

ox* ou*
F=—=1+—
ox - Tox

(2.2)
where 1 is the identity matrix.

The deformation of an anode occurs due to lithiation during the charging process.
We assume the deformation is firstly due to the expansion associated with lithiation,
and secondly due to the elastic response to this expansion due to the stiffness of
the material. To account for the two different effects leading to deformation, we
multiplicatively decompose F, as was first proposed by Stojanovi¢ et al. [104]. The
decomposition allows us to write F' as the product of a stress-free deformation gradient
caused by the volumetric expansion, FF, and an elastic deformation gradient, F,
such that F = FF. We assume the stress-free expansion is isotropic; thus we may

write it as

FS = (J9)1/31 in Q, (2.3)

where J¢ is the Jacobian of the stress-free deformation gradient F®" in material a, due
to the intercalated lithium. This Jacobian is a measure of the volume change due to
the stress-free expansion. A simple model is to assume this expansion is proportional
to the amount of lithium intercalated into the material at each point, so that we
write

Jo=1+43n,V"c,. (2.4)

Here, ¢ is the concentration of lithium measured in mol m~3, V™ is the molar volume
of the material with zero lithium absorbed, measured in m?® mol~!, and 7, is the
coefficient of compositional expansion (CCE) which is a measure of the volumetric

expansion due to lithiation [105].

TSo z, = ¢ V™ is the stoichiometric value of Li in the lithiated anode material alloy Li,, A.
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The mechanical strain, E, is related to the deformation gradient, F, by

1
E = 3 (FTF — 1). (2.5)
We also define the elastic strain as

E° = ((Fe)TFe - 1>. (2.6)

N —

From the multiplicative decomposition of F, we can write F¢ = (J¢)~'/3F, and hence
(2.6) becomes

B — - [(J§)2/3FTF — 1] :

2
*\ T * x«\ T *
(1+3na%mc2>2/3{1+<8“ > L ou +(8“ ) Ou }—1

2 ox*) Tox* " \oxT) ox n S

(2.7)

Lastly, the Cauchy stress tensor, o*, is related to the elastic strain by some constitu-

tive law, which shall remain general for now.

2.1.3 Linear Elastic Stress Derivation

We shall now nondimensionalise the lithium concentration, the spatial coordinate in

the reference configuration, X ™, and the displacement, u*, using
=™, X"=LX, u* = Ly V" " u, (2.8)

where L is a characteristic length scale of the anode particle. The lithium concentra-
tion in each material is nondimensionalised relative to the maximum concentration
able to be intercalated in that material. The lithium concentration variables in each
material are therefore distinct. The displacement, u, is nondimensionalised by the
variables n, V™ and ¢™** of one of the materials, which we have denoted using a = 1.
Substituting (2.8) into the elastic strain (2.7) yields

e 1 m _max —2/3 m max ou T ou
E° =3 (14 3naV, " ca) 1+mW"d x,) Toax

T
¥ <mv1mc;naX)2( a’“’) Ou } “1| ma,

X ) 0X

(2.9)
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Now, we consider the case in which 7,V,"c2** is small for all materials a, corre-
sponding to small volumetric expansion. This encourages a scaling of the strain with
m V"', Thus we define

E® = n V"™ E". (2.10)

We can now approximate (1 + 31, V"¢ ¢,)"2/% ~ 1 — 21,V ¢, and neglect the

quadratic deformation gradient term, simplifying (2.9) to

1 ou\" 0o
nl‘/imcrlnaXE — _nl‘/lmcllnax l( u) u:| _ na%mcmaxcal

2 ox) Tox a (2.11)
+O0((nV,"ez™)?) in Qo
. 1[/ou\"  Ou . max ,
— E = 5 |:(6—X> + a—X:| — ’Yaca]- + O(naVa C, ) m Qa, (212)
where v
nV e
L= e a 2.13
T e 21
Due to the choice of nondimensionalisation of the displacement, small 7,V "ci**

implies the displacements are small compared to the characteristic length scale. This
is known as geometric linearity and a key implication of this is that there is no need
to distinguish between the variables X™* and «* (known as the Langrangian and the

Eulerian frames, respectively). Thus, we have

ou* ou*
F=1+ —/—~1+— 14
Toxt T da (2.14)

which we will now write as F = 1 4+ V*u* = 1 + n V"V u. Therefore, we can

write the linearised elastic strain (2.12) as
—e 1 .
E° = 3 [(VU)T + Vu] — YaCal in Q,. (2.15)

We relate the stress at a point in a material a to its strain by Hooke’s law, where
the constant of proportionality is a rank-4 elastic stiffness tensor, C’. In general, C!
depends on the lithium concentration within the material, ¢,. We relate the Cauchy

stress o* to the elastic strain (2.15) by
" =C: E in Q,, (2.16)

where : represents the double dot product and we have scaled the Cauchy stress tensor
max

by o* = m V"™ 6* to ensure balancing of terms. We assume the anode materials

are isotropic, giving the stiffness tensor the form
C, C?j;;l = M\0ij01 + G L0301 + G040k, (2.17)

a —
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using suffix notation. Here, A\ and G are the Lamé parameters of material a, mea-
sured in GPa, which are in general dependent on ¢,. This isotropy assumption allows

us to simplify the constitutive relation (2.16) to
7 =C;: (Vu—7,.0,1) inQ,. (2.18)
Finally, we nondimensionalise the stress o* using
o' =G 0)mV"*¥ e = o =Gi(0)o, (2.19)

where G7(0) is the dimensional shear modulus of material 1 when unlithiated. This

gives the nondimensional stress o as

o=0C,: (Vu — fyacal) in Q,, (2.20)
where
Co = Xa0ij0r + Gadirdji + Godidji, (2.21)
and " o
A= ==, and G,=—"~. (2.22)
G1(0) G1(0)
Using (2.21), the stress (2.20) is given in suffix notation by
ouy, ou;  Ou; .
ij = )\aéi'_ a . L) — aCa >\a 2 a 52 Qa‘ 2.2
0ij i G(E)mj+0xi) YaCa(3Aa +2G,)d;;  in (2.23)

2.1.4 Equilibrium Equations and Boundary Conditions

We assume the anode is in mechanical and chemical equilibrium and thus the forces
on the anode are balanced. Neglecting gravity, inertial effects and body forces, the

conservation of momentum equation then states that
V.o=0 in Q. (2.24)

Neglecting surface tractions, the boundary condition between the anode and the

electrolyte is given by
oc-n.=0 on I, (2.25)

where n, is the unit normal vector to I'.. This assumes that the electrolyte is easily
compressible and does not apply any force to the anode material. This assumption
is also reasonable in the presence of binder as the bulk modulus of binders tend

to be much lower than that of anode materials [39]. We assume that there is no
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delamination and so the displacement is continuous at the boundaries between anode
materials. Additionally, as the anode is in mechanical equilibrium, the normal stresses

between materials are also continuous. These conditions are given by
[ult* =[o -nyl" =0 onT,Va#be](ln], (2.26)

respectively, where ng;, is the unit normal vector between anode materials a and b.

2.2 Chemical Model

We now derive the equations which govern the lithium transport in each of the ma-
terials for a multi-material anode. We begin with a diffusion-based model and then
introduce the limiting case we consider in this thesis. We state the stress-dependent
chemical potential of the anode materials under constitutively and geometrically lin-
ear elasticity. The details of the derivation of this chemical potential from the internal

energy and the simplification from nonlinear elasticity are presented in appendix A.

2.2.1 Diffusion

The transport of lithium through an anode material a is governed by the diffusion
equation, given by

gij YV =0 in Q, (2.27)

where j! is the dimensional flux of the lithium, given by

D
IS VAN 2.9
RchaV [y (2.28)

Jo =

In (2.28), D, is the diffusion coefficient of lithium in anode material a, R, is the
gas constant = 8.314 J mol~! K=, T is the temperature which we assume to be at
a constant 298 K, and p is the chemical potential of the lithium atoms in anode
material a, which we define in Section 2.2.2.

The flux of lithium from the electrolyte into the anode through I’ is dictated by

the rate of the reaction occurring at the anode surface. This reaction is given by
Lis Lij +e, (2.29)

where Lif] represents the lithium ions in the electrolyte, e~ the electrons in the anode,

and Li the lithium atoms intercalated into the anode. The rate of this reaction is often
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modelled using Butler—Volmer kinetics [77] which is dependent on the difference be-
tween the electrochemical potential of the anode and the equilibrium potential. This
difference is known as the overpotential. Lastly, the chemical potential is continuous

across boundaries between anode materials, given by
o = 14 on Iy (2.30)

Now, to simplify these equations, we focus on a time-scale much slower than any
dynamics in the system and thus we consider steady state solutions to the diffusion
equation (2.27), given by

V =0 in €2,. (2.31)

Additionally, we suppose that there is no net flux of lithium between the anode and
the electrolyte, giving
jh-n=0 onI'.Va € [l,n]. (2.32)

As ji can be written as a gradient using (2.28), combining (2.31) and (2.32) implies
that j; = 0 Va € [1,n]. Using (2.28), we have

Vi =0 inQ,. (2.33)

Therefore, either the lithium concentration is zero throughout each anode material
or the chemical potential is uniform throughout each anode material. Finally, from
(2.30), we have that the chemical potential is uniform across the entire anode in

equilibrium, and we denote this chemical potential by u*.

2.2.2 Chemical Potential

In the linear elastic model we consider in this thesis, the chemical potential of the

lithium intercalated into anode material a is given by

= () — n V(o) in Q. (2.34)

This is the sum of the stress-free chemical potential, 5 *(c!) and the stress-dependent

chemical potential under linear elasticity assumptions, —n,V."tr(o*).

The stress-dependent term in (2.34) is from the inclusion of stress-assisted dif-
fusion into the model, coupling the chemical model to the mechanical model. This
phenomenon causes the chemical potential of the lithium intercalated into the anode
to increase if the anode is under compression and to decrease if the anode is under

tension. The trace of the Cauchy stress tensor is negative when the anode is under
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compression and positive when the anode is under tension and thus subtracting this
term provides these effects. In Appendix A, we derive the stress-dependent chem-
ical potential of lithium in a mechanically-deformed solid from the internal energy
and show how the second term in (2.34) is obtained under the assumptions made in
Section 2.1.3.

For the remainder of this section, we explain how the stress-free chemical potential,
[5F*(c*), can be obtained from the open-circuit voltage of an anode material using
a similar approach to Bazant [4]. The open-circuit voltage of an anode material is a
measurement of the difference between the electrochemical potential of the electrons
in the anode compared to that in the cathode. This is often a function of the lithium
concentrations in each electrode and is measured by recording the open-circuit voltage
while charging the anode extremely slowly. This is to ensure that the battery remains
approximately in equilibrium. Because the chemical reaction at the surface (2.29) is

in equilibrium during this charging, we can equate the electrochemical potentials of

the reactants on each side. This electrochemical potential balance gives

~SF %/ x * * * * * *
luLi,a (CLi,a) = ML1+761(CL1+761) + ze¢el + H’e—,a(ce—,a) - Zegba? (235&)

Vv VvV
Electrochem. pot. of Lit in electrolyte  Electrochem. pot. of e~ in anode

rso (chie) = pipalche o) +2edh  + pi(c ) — zedl, (2.35b)

-~ ~~

Electrochem. pot. of Lit in electrolyte  Electrochem. pot. of e~ in cathode

for the reactions occurring at the surface of the anode and cathode, respectively. In
(2.35), ¢* is the electrical potential where the subscript denotes the phase, a denoting
anode, ¢ denoting cathode and el denoting electrolyte. The chemical potential is
denoted by p* where the first subscript denotes the chemical species and the second
subscript denotes the phase which the species is in. Lastly, the charge number of Li™
is z = 1 and e is the fundamental charge, 1.60217x10~C.

We make the distinction between the chemical potential of a single lithium atom
in the anode, given by ﬂii&*(cﬁ@) in (2.35), and the chemical potential of lithium per
mole, given by 5" (¢*) in (2.34). Secondly, we neglect the stress-dependent chemical
potential of the lithium in the anode in (2.35) as the charging is occurring slowly
such that any stresses caused by non-uniform concentrations are negligible and we
are only considering the charging of one anode material so there are no stresses in
this equilibrium state.

EOCV

The measurement that the OCV produces, , in volts, is equivalent to the

difference between the electrochemical potential of the electrons in the anode and
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that in the cathode, divided by the charge on the electron —e [77]. We write this as

EOC = + 2¢; +

* (c*
_:ue,a( e,a) . Z¢z; (236)
(&

fieo(C2e)
e
and rearrange (2.35) to obtain an expression for the chemical potential of the lithium

in the anode in terms of the OCV, given by

~SF %/ « SF,* /%
MLiF,a (CTia) = —eE° + MLiF,c (CTie)- (2.37)

We then convert ﬂii’:‘, measured in J, to g5F*, measured in J mol™!, by multiplying

by Avagadro’s number, 6.02214086 x 1023 mol~!.

The chemical potential for the lithium in the cathode, uiif(cii’c), in (2.37) does
not concern the work in this thesis for two reasons. Firstly, the cathode material
used to measure the OCV of the anode material is often lithium metal. In this case,
the reaction (2.29) at the surface of the cathode simply plates lithium and this does
not affect the chemical potential of the lithium already in the cathode. Thus, in this
case, ,uii’c* is not dependent on ¢f; . and is an additive constant, shifting the reference
potential for ﬂii&*. Secondly, we are only concerned with comparing the potentials of
different anode materials or of anode materials at different states of charge. Therefore,
as long as the cathode used when calculating the OCV of the different materials is

the same, this additive constant will cancel when comparing them.

2.2.3 Nondimensionalisation

We nondimensionalise the total chemical potential p* and the stress-free chemical

potential 75 (ck) in (2.34) using

pr=RyTu, oy (e;) = RyTuy" (ca), (2.38)

respectively. Lastly, we nondimensionalise the Cauchy stress by (2.19). This gives
the expression for the nondimensional chemical potential for the lithium in material
a as
p= 1" (cq) — S%r(a) in Q, (2.39)
where .
o VG (0)
“ R,T '

This parameter can be interpreted as the ratio of the elastic energy of the solid to

(2.40)

thermal noise.
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2.2.4 State of Charge Condition

We close the system of equations for the lithium concentration by prescribing the total
amount of intercalated lithium within the anode. We describe this as a proportion
of the maximum amount of intercalated lithium possible using the SOC parameter
co € [0,1], where ¢g = 0 denotes there is no intercalated lithium and ¢y = 1 denotes

a fully lithiated anode. Therefore, we impose

n

£ (Lmw)-$ (L)

a=1
- Z (cgm/ Ca dV). (2.41)
a=1 Qa

We conclude this section with a summary of the model. The full mechanical model
is given by the governing equation (2.24), the Cauchy stress (2.20) and the boundary
conditions (2.25)-(2.26). The full chemical model is given by the chemical potential
(2.39) being uniform across the anode, and the SOC condition (2.41). Given a value
of ¢g € [0, 1], we seek to calculate the concentration profile in each material, ¢,, and

displacement profile, u, from the model.

2.2.5 Summary of Model in General Geometry

A summary of the governing equations and boundary conditions for the general lin-

earised model derived so far in this chapter is given by

V.-o=0 in{, (2.42a)
Ouy, ou;  Ou,
ij — )\aéz"_ a - L) — ata >\a 2 a 51 i Qaa 2.42b
0ij i 9 G(@xj+axi) YaCa(3Aa +2G,)d;;  in ( )
=1 (c,) — S%r(o) in Q, (2.42¢)
oc-n.=0 onl,, (2.42d)
[ult = [0 ng,|" = on 'y Va # b e [1,n],
(2.42¢)
Y. ( /Q cmax dv) => (cgm /Q Ca dv). (2.42f)
a=1 a a=1 a

This system is solved for a given SOC, cy.
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2.3 Radial Symmetry

In the previous section, we derived a quasi-static chemo-mechanical model for multi-
material anode lithiation for a general geometry of anode. We now simplify this
model by applying it to a spherical, radially-symmetric geometry inspired by anode
nano-particles. This simplifies the PDEs in the general case of Section 2.1 to ODEs,
allowing us to use analytical methods to solve the resulting equations.

Due to the radial symmetry, we can assume that the displacement is in the radial
direction and only varies with the radial coordinate, r. Similarly, the symmetry

implies the lithium concentration, c,, only varies in the radial direction so that
u = u(r)e,, Ca 1= Ca(T), (2.43)

where e, is the radial basis vector. We now wish to solve the mechanical problem
for the scalar displacement, u, as a function of the radius, r. In spherical coordinates

and with radial symmetry, the Cauchy stress tensor (2.20) can be simplified to [48]

i—ﬁ — YaCa 0 0
o=0C,: 0 % — Y4Cq 0 in Q,, (2.44)
0 0 % — YaCa

which, using (2.21), gives

o =diag | Aa( 5 +2) +2G07 —%(Bra +2G)ca | in Q. (2.45)
Ao P4 2) +2G0% — 7a(3Ma + 2Ga)cq

T

We denote these diagonal entries of o as o,,, gg9 and o044, respectively, and in this
radially-symmetric case, we have ggg = 044, as seen in (2.45).

We now derive the equilbrium equation (2.24) in spherical coordinates. The di-
vergence of the Cauchy stress o in spherical coordinates with only the o,., 049 and
044 terms being non-zero and each only depending on r is given by

1d(r?o.) 0o+ 04
o= | — — . 2.4
V.o (T2 dr , €, ( 6)

As we have ogg = 044, we can write the mechanical equilibrium equation (2.24) as

darr + 2<Urr — 000)

=0 in 2.47
1r r 1 ) ( )
and we can write (239) as

1= 1 (ca) — S0 + 204) in Q,. (2.48)
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Substituting (2.45) into (2.47) yields

d/14d,, .
()\a + QGa)E <ﬁ5(7’ U)) + K1 ar =0 m Q(u (249)

where

o % 2u\ d\, +2d_udGa B d(3\, + 2G,)
e de, dr de, Ta de,

— 0 — Va3, + 2G,). 2.50
dr+r Ca — Yal +2G,) ( )

Differentiating (2.48) with respect to r yields

dc d/1d
K,—2 — 54 2G,)— | =— (@) | = in 2.51
2, SS(3A + Ga)dr (r2 dr(r u)) in Q,, (2.51)
where dpSF d), [ d dudG dG
Ky = W gafgQha(du 2u)y o dudG,  dGou
de, de, \ dr r dr de, de, T (2.52)
d(3\, + 2G, '
— 3%%% — 37a(3Aa + ZGQ)} ,

and we have used the fact that the total chemical potential, p, is uniform in each
material. Substituting (2.49) into (2.51) yields

de, S4(3N, + 2G,)
— | Ko
dr Ao +2G,

Kll —0  inQ,. (2.53)

Therefore, either the concentration in each material is independent of r or the
terms in the bracket are zero. We take the case that the concentration in each
material is uniform and discuss other solutions in Appendix B. This is similar to
the results in [115] in which the lithium concentrations are approximately uniform in
each material for the time-dependent case. This uniform concentration result allows
us to remove the final term of the left-hand side of (2.49) as we have shown that ¢,
is independent of 7. Our mechanical equilibrium equation (2.49) is now given by

% (%%(ﬁu)) =0 inQ, (2.54)
which can be integrated twice to yield

B, .
u= A+ — infl, (2.55)
r

where A, and B, are integration constants. Using (2.45), we can now write the stress

components for each material as

4G, B, .

Oprp = (3)\(1 + 2Ga)(Aa - Vaca) — 3 mn Qa, (256&)
2G.,B, .

000 = 0p = (3Aa + 2G4)(As — VaCa) + 3 in Q,. (2.56b)
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These expressions are substituted into (2.39) to yield the chemical potential of the

lithium in anode material a in terms of ¢, as
=1 (ca) — 3S4(3Ny + 2G0)(Ay — Yaca)  in Q. (2.57)
The boundary conditions (2.25) and (2.26) in spherical coordinates are given by

o =0 onl,, (2.58a)
[u]* =[o,,]T =0 on Ty Va#bell,n], (2.58Db)

where the boundaries I'. and I'y, are spherical surfaces with radii depending on the

exact geometry of the spherical anode. The SOC condition (2.41) is now given by

Co Z (camax/ 7 dr) = Z (camaxca/ r? dr). (2.59)
a=1 Qa Qa

a=1
2.3.1 Summary of Spherically-Symmetric Model

The displacement and stresses in a spherically symmetric geometry are given in terms

of the integration constants A, and B,, and the lithium concentrations c,, by

B

u= A+ — in Q,, (2.60a)
r
4G, B, .
Oprr = (3)\a + 2Ga)(Aa - 'Yaca) - 7"—3 11 Qa, (260b)
2 [lBll
o9 = Opp = (3Aa + 2Go)(As — VaCa) + G n Q,. (2.60c)

r3

The integration constants A, and B, for a € [1,n] are calculated in terms of ¢, for

a € [1,n] using the mechanical boundary conditions given by

onr=0 onl,, (2.61a)
[u]t =Jo,..]T =0 onT,Va#be[l,n]. (2.61D)

Finally, the lithium concentrations are calculated for a given SOC, ¢, using the

uniform chemical potential condition and the SOC condition, given by

po= 1" (ca) — 3543Ng 4+ 2G o) (Ay — Yaca)  in Q, (2.62)
and
Co Z (camax/ r? dr) = Z (camaxca/ 7 dr), (2.63)
a=1 Qa a=1 Qa
respectively.
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2.4 Silicon Core, Graphite Shell Problem

We now apply the spherically symmetric results of Section 2.3 to a specific geometry
of anode nano-particle consisting of a silicon core surrounded by a graphite shell.
This model can be used for any core and shell materials, however, we use silicon and
graphite here as an example of a core with a large expansion constrained by a shell

with a small expansion.

2.4.1 Domains and Boundaries

We denote the dimensional outer radius of the spherical anode nano-particle as R¢,
and the dimensional outer radius of the silicon core before expansion as Rg;. Both the
core and the entire nano-particle are spheres centered at the origin. Our characteristic
length scale in this geometry is the radius of the whole nano-particle, R¢, and thus
we substitute L = R into the nondimensionalisation of the displacement (2.8). Our
nondimensional spatial variable is therefore r = r*/R{, and we define Rg; = R/ R¢
where we are interested in the cases where 0 < Rg; < 1. The domains for the entire

nano-particle, the silicon core and the graphite shell are therefore denoted by

Q={r:0<r <1}, (2.64a)
QSi = {T 0<r< RSi}a (264b)
Qc={r:Rs <r <1}, (2.64c¢)

respectively.

Note here that we have a = {Si, C} rather than @ = 1,...,n as in the general
derivation in Section 2.3. The boundary between the anode and the electrolyte, ', is
now r = 1 and we denote the boundary between the silicon core and the graphite shell

as I'sic at 7 = Rg;. A two-dimensional slice of this geometry is shown in Figure 2.1.

2.4.2 Displacement, Stresses and Chemical Potentials

The displacement in each material of the anode is of the form of (2.55), therefore the

expressions for the displacement in the silicon and graphite are

in Qg (2.65a)

u=Acr+ — in Qc, (2.65b)
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Figure 2.1: Schematic of a two-dimensional slice through a spherical nano-particle
with a spherical central silicon core denoted by {2g; and a graphite shell denoted by
Q¢. The outer radii of the two regions are labelled as Rg; and 1, respectively, and the
direction of the spatial variable r is labelled.

respectively. The stress components in each material are given in the same form as
(2.56) by

4G Bs;i

o = (3Asi + 2Gs;) (Asi — Ysicsi) — 3 in Qg;, (2.66a)
orr = (3he + 2G0) (Ao — oce) — 4G7?3BC in Qo (2.66b)
009 = 04 = (3Asi + 2Gsi)(Asi — Ysicsi) + QG:;BSi in Qg;, (2.66¢)
0o = 095 = (3Ac + 2G¢)(Ac — yoce) + QGf3BC in Qc, (2.66d)

where Agi, A¢, Gsi and G¢ are all dependent on the lithium concentration. The

potential in each material (2.57) is given by

n= NgiF(CSi) — 35&(3)\31 + ZGSi)(ASi — 'YSiCSi) n QSi7 (2.67&)
n= M%F(Cc) — 35%(3)\0 + 2Gc)(Ac — ’yccc) in Qc. (267b)

Lastly, the SOC condition (2.59) is given by

o crsniangi + clém(l — Rgi) = cg}“RgiCSi + ™ (1 — R%i)cc. (2.68)
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2.4.3 Boundary Conditions

To find the integration constants Ag;, Bs;, Ac and Bg, we must solve the boundary
conditions to the mechanical problem (2.58). Additionally to these, we prescribe the
displacement to be zero at r = 0 as we do not account for cavitation. The full system

of boundary conditions is given by

u=0atr=0, (2.69a)
[u]t =0 at r = Ry, (2.69b)
l0,+]F =0 at r = Ry, (2.69¢)
o =0atr=1. (2.69d)
Using (2.65) and (2.66), we can write these as
B = 0, (2.70a)
B
AgRs = AcRg + R—f, (2.70D)
Si
4GB
(3)\51 + QGSi)(ASi — ’YSiCSi) = (3)\@ + 2GC)(AC — ’}/CCC) — ;;3 C, (270C)
Si
(3)\(} + QGc)(AC — ’}/Ccc) = 4G B¢, (270d)

where (2.70a) has been used to simplify (2.70b) and (2.70c).

2.4.4 Solutions

The system of linear equations (2.70) can be solved to give the integration constants
in terms of the concentrations cs; and ¢ and the Lamé parameters A, and GG,. These

are given by

1
ASi = z |:<3)\Si + 2G31> ((3)\0 + QGc) + 4GCR§j)fYSiCSi

(2.71a)
+4Go(3Ae +2Go)(1 - RY)ecol.
1
Ac = — [(3)\0 +2G0) (4Go(1 = Rg) + (3Asi + 2Gsi))veco
o (2.71b)
+4Gc(3Ngi + QGSi)Rgi’YSiCSi] )
1
Be = - [(3)@1 + 2Gsi)(3Ac + 2Gc) (ysicsi — 'YCCC)Rgi]) (2.71c)
where
w = 3)\ 1—|—2G1 3)\ +2G
(3Asi + 2Gsi) (3Ac + 2Gc) (2.72)

+4Gc((3Ac + 2Ge) (1 — RY) + (3As + 2Gsi) RY,).
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To solve the chemical problem, (2.71a) and (2.71b) are substituted into (2.67) and

these are equated to find an algebraic equation relating cg; and c¢ given by

par (csi) — 39%(3Xsi + 2Gsi) (Asi — Ysicsi)

, ) (2.73)
= pe (cc) — 356 (3Ac + 2Gc)(Ac — yece).
We rearrange the SOC condition (2.68) to read
csi = Co + Cglax (1 — Rs_f)(cc — ), (2.74)

Csi
and we substitute this into (2.73) to obtain a single algebraic equation in c¢ for a
given SOC, ¢y. When solving this equation numerically it is important to note that
csi and ¢o must be between zero and one and we can use (2.74) to place bounds on
cc to find that

(1 — co)cB™R3, i CoCB RS,
0, i S <co< 1o — —0%1 Ttsi L 2.75
m{ N (RE 1) Of TS IR G Rg ) 27

The first and second elements of the maximum and minimum functions in (2.75)
ensure that cc € [0, 1] and cg; € [0, 1], respectively.

After c¢ is found, we use (2.74) to calculate cg;, then calculate the Lamé pa-
rameters for each material at cg; and cc and substitute these into (2.71) to find the
integration constants. Lastly, we substitute the integration constants into (2.65) and

(2.66) to yield the displacement and stresses, fully solving the problem.

2.5 Mechanical and Chemical Results

In this section, we plot the lithium concentration, chemical potential, displacement
and stresses within the nano-particle consisting of a silicon core and a graphite shell,
as shown in Figure 2.1. We present results for different initial volumes of the silicon

core and for different states of charge.

2.5.1 Parameter Derivation

In Table 2.1, we present all the parameters we will be using in the remainder of this

thesis. The relative expanded volume, J¢, maximum stoichiometric ratio of lithium

max

L,

and molar volume V" are all taken from the literature based on experimental
max

results. We can then calculate the theoretical maximum lithium concentrations cg}

and cg™ by

8

e = % for a = Si, C, (2.76)
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Parameter Description Silicon Graphite
J¢ Expanded volume at ¢, = 1 3.8166] 1.11%6]
pmax Max. stoichiometric ratio of Li 3.7514 0.167013]
v Molar volume (m®mol~!) 1.205 x 107519 | 8.69 x 10~612]
cmax Maximum Li conc. (mol m™3) 3.11 x 10° 1.92 x 10*
N CCE 0.2489 0.2

v, Poisson’s ratio 0.29!86] 0.32(86]
E? Young’s modulus at ¢, = 0 (GPa) 96156l 32[80]
E! Young’s modulus at ¢, = 1 (GPa) 411561 1091801
nE Variation of E with Li conc. -0.1528 14.4375
Ya Eq. 2.13 1.0 0.0357
Sd Eq. 2.40 42.046 24.362

Table 2.1: Material parameters of silicon and graphite.

giving the values seen in Table 2.1. The coefficients of compositional expansion

(CCE), 1,4, can be calculated by rearranging (2.4) to yield

Je—1  Je—1
gVmemax — 3gmax

for a = Si, C.

Na = (277)

It is well known that the Young’s moduli of some anode materials vary with the
SOC [86]. For silicon and graphite specifically, the Young’s moduli vary linearly with
lithium concentration [99, 85]. The Poisson’s ratios of each material, vs; and v¢, have
been shown to only have a small lithium concentration dependence and thus we take
these as constant [25, 86]. Therefore, we define the dimensional Lamé parameters of
each material as

v Bl ngag™cave o,

_ EY(1 + nZap™c,)
“ (T4 (1 —2u,) a

¢ _
2+ ) or a = Si, C,

(2.78)

where E? is the Young’s modulus at zero lithiation, nZ is the linear variation of the
Young’s modulus with concentration and v, is the Poisson’s ratio. These parameters
are then nondimensionalised to A\, and G, using (2.22). We take the values for E?
from the zero lithiation values calculated by Qi et al. using DFT calculations [86] as
shown in Table 2.1. We then derive the 5% values by using the Young’s moduli of fully
lithiated silicon and graphite, E!, again calculated by Qi et al. [86], by rearranging

the expression for the Young’s modulus to give

1 E!
E a
— Za
T Toax (Eg )’

(2.79)

giving the values in Table 2.1.
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2.5.1.1 Extracting pS¥ from data

Despite the complexity of the majority of mathematical models for lithium-ion battery

anodes which almost unanimously require numerical methods to solve, the stress-free
SF

a )

chemical potential, u>*, is very often approximated using a fitted function instead
of interpolating experimental data [13, 25, 97]. These approximations fail to capture
the large steps in chemical potential that occur at transitions in the structure of the
intercalated anode, particularly apparent in the OCV of graphite [6]. In this thesis,
we do not use a simple fitted function for x5F but instead use an interpolated function
of the OCV data points. Here we explain exactly how the experimentally obtained
OCV data are converted to the p5¥(c,) function used in the model.

We take data for silicon from Figure 4c of [60] which measures the potential
of the silicon anode during the second lithiation of the anode (this is called the
second discharge in [60]). The silicon is believed to be crystalline before lithiation
and becomes amorphous during the first charge—discharge cycle as shown in [60]. We
have assumed isotropy in both the silicon and graphite, which is a good assumption
for amorphous silicon but not crystalline silicon, and thus we take data from the
second lithiation. We take data for the OCV of graphite from Figure 1 of [88] taking
the charging data, as opposed to the discharging data because we are interested in
the stresses caused when charging instead of discharging’. Both of these plots are
not exact OCVs as this is impossible to achieve in practice but are measured at very
low charging rates. The charging rates are measured using C-rates, defined by the
current through the battery compared to the theoretical current under which the
battery would deliver its capacity in one hour. Therefore, a battery charged to full
capacity in 2 hours is being charged at a C-rate of C'/2. The data for silicon in [60]
is measured at a C-rate of C'/100 and the data for graphite in [88] at C'/50, because
of this they are technically pseudo-OCVs. Both of the pseudo-OCVs for the anodes
are measured against a lithium metal cathode, which is standard for these types of
measurements, allowing us to ignore the last term in (2.37) when comparing them.

We extract the (z,y) coordinates from the figures in [60] and [88] using the soft-
ware grabit [29] and normalise the z-coordinate values such that the SOC varies
between zero (not lithiated) to one (fully lithiated). This has a large implication for
the silicon data as in [60], the voltage is plotted against specific capacity and after

the first cycle, the anode cannot be fully delithiated again but remains at a capacity

tAs we only consider elasticity in this chapter, the charging and discharging behaviours are
identical. However, when we study yielding mechanisms in Chapter 5, this becomes an important
distinction.
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of around 1117 mAhg~!. The reasoning for the normalisation in this case is because
the minimum capacity stays reasonably close to this value for the subsequent cycles,
meaning this is the practical range of lithiation states after the first cycle. Therefore,
after this normalisation, a capacity of 1117 mAhg~! corresponds to zero SOC. We then
multiply the y-coordinate values by —e and Avagadro’s constant using (2.37), nondi-
mensionalise using (2.38) and linearly interpolate between the data points. We plot
the linearly interpolated nondimensional chemical potentials as functions of lithium
concentration for silicon and graphite in Figure 2.2.

As the materials have a minimum and maximum lithium concentration they can
tolerate, if the chemical potential that is induced in the anode material is less than
the minimum chemical potential recorded in the OCV data (=~ —57 kJ mol™! for
silicon, ~ —28 kJ mol™! for graphite), we take ¢, = 0. Similarly, if the induced
potential is greater than the maximum chemical potential recorded (=~ 0 kJ mol~*
for both silicon and graphite), we prescribe ¢, = 1. When functions of lithium
concentration, ¢, are fitted to analytic functions instead, this behaviour is usually
accounted for using logarithmic terms which are singular at ¢ = 0 and ¢ = 1. This is
more physically accurate as anodes can never be completely lithiated in practice. The
procedure outlined here is one of the disadvantages to using interpolated functions

for the stress-free chemical potential as opposed to fitting functions.

o

-10 +

/ kJ mol~!

SF,*
a

— Silicon
Graphite

50 + i

1

_60 1 1 1
0 0.2 0.4 0.6 0.8 1
Lithium concentration, ¢,

Stress-free chemical potential, y
A
o

SF,*

Figure 2.2: Stress-free chemical potential p as a function of nondimensional con-

centration for each material, cg; and cc.
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2.5.2 Chemical Results

In Figure 2.3 we plot c¢s; and c¢ against ¢y for different initial volumes of the silicon
core, Vi = RY;, using the method described in Section 2.4.4. It can be seen that
the graphite is saturated (cc = 1) at fairly low ¢q values, especially for large silicon
cores, whereas the lithium concentration in the silicon, cg;, remains relatively low
until the graphite is saturated. As ¢y increases past the value at which the graphite
is saturated, all the lithium being intercalated must be intercalated into the silicon
and thus cg; is linear in ¢y in this region of Figure 2.3.

The saturation of the graphite and the low cg; values at low SOC are due to the
hydrostatic stresses induced in the silicon core and graphite shell. The trace of the
Cauchy stress in each material, given by 3(3\, + 2G,)(As — YaCa), which is uniform
in r, is plotted against ¢q in Figure 2.4 for different initial volumes of silicon core, Vs;.
As vsi > 7o, the expansion of the silicon is much greater than that of the graphite.
Therefore, when lithiated, the expanding silicon is being constrained by the graphite
shell, inducing a compressive stress in the silicon, causing tr(e) to be negative in Qg;.
Conversely, the graphite is being stretched by the large expansion of silicon, inducing
a tensile stress, causing tr(o) to be positive in Q.

From (2.39), the tensile stress in the graphite lowers the chemical potential of the

1 L A 7\ £ e .|
S )/
< ’
08| K :
= /
.z I /
‘qcé / /
206 | ;o ]
< Lo
% / /
o / ’ Single Material
E 04 Vsi = 0.05 (CSi) 7
= - — = Vg =0.05 (co)
_4% ‘/Si = 01 (CSi)
© - = =V5=0.1 (cc)
=02t Ve = 0.25 (cs;) | -
g Vg = 0.25 (co)
g Vi = 0.5 (cs;)
@) Vei = 0.5 (cc)

0 f 1 1 1 1

0 0.2 04 0.6 0.8 1

State of charge, ¢

Figure 2.3: Nondimensional concentrations in each material, cg; and c¢, against SOC,
co, for different initial volumes of the silicon core, V&;.
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Figure 2.4: Trace of the Cauchy stress tensor, o, 4+ 203,, against SOC, ¢y, for silicon
(solid lines) and graphite (dashed lines) for different initial volumes of the silicon core,

Vsi.

lithium whereas the compressive stress in the silicon increases the chemical potential
of the lithium. For the chemical potential of the lithium to be equal in each ma-
terial, u& (cs;) must therefore decrease and p2f (cc) must increase. As pd (csi) and
,u%F (cc) are monotonically increasing functions of cg; and cc, respectively, cs; must
decrease and cc must increase. Returning to Figure 2.3, the lithium concentration
in the graphite saturates at larger ¢y values as the initial volume of the silicon core
decreases. This is because the graphite shell gets thicker as the initial silicon core
volume decreases and the smaller silicon cores induce less stress, as seen in Figure 2.4.

In Figure 2.5 we plot the chemical potential, i, of the lithium in the nano-particle
against ¢y for different initial volumes of the silicon core, Vs;. Given the condition
(2.73), this is the same in each material and thus we denote this as the multi-material
anode potential. It can be seen from the left plot of Figure 2.5, that for ¢y values
for which the graphite is saturated, the chemical potential is much greater than that
of the individual materials. This is because if the graphite is saturated at a certain
SOC and more lithium is then intercalated, the lithium concentration in the silicon
must increase. This increases pS (csi), but also decreases tr(o) as seen in Figure 2.4,
causing the chemical potential to increase rapidly with increasing SOC. In practice,

the battery would not be charged at a low enough voltage to achieve these high
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Figure 2.5: Chemical potential, u*, of the multi-material nano-particle against SOC,
co, for different initial volumes of the silicon core, Vg;. The right plot is identical to
the left plot with a smaller range of p*.

lithium concentrations and either the lithium will not intercalate into the silicon, or
other mechanisms will occur, such as cracking of the graphite to allow the silicon to
continue to be lithiated. However, even for states of charge at which the graphite is
not saturated, the multi-material chemical potential deviates significantly from the
stress-free chemical potentials of the individual materials as seen in the right plot of
Figure 2.5.

In Figures 2.6 and 2.7 we replicate Figures 2.3 and 2.5, respectively, without stress-
assisted diffusion by setting S? = 0 for a = Si, C. This is to highlight the differences
caused by including stress-assisted diffusion into the chemical model. It can be seen
in Figure 2.6 that cg; > cc for ¢ < 0.85 when S? = 0, which is very different to the
result found in Figure 2.3 in which c¢g; < c¢ for ¢g £ 0.05. The behaviour of cg; and
cc in Figure 2.6 is solely due to ugf (cs;) being less than pgf (cc) for ¢, < 0.85, as seen
in Figure 2.2.

In Figure 2.7, the chemical potential of the lithium in the multi-material nano-
particle, p, is bounded by pSF (csi) and pff (cc). This is because the high compressive
stresses in the silicon causing the chemical potential to increase for high SOC are not
present in the chemical potential for S = 0. At each SOC, the lithium is shared
between the two materials. Therefore, one material has concentration ¢, < ¢y and
the other has ¢, > ¢y, or cs; = cc = ¢g. As the stress-free potential is monotonically
increasing, the multi-material effective chemical potential in this case must therefore

be bounded between the two single-material chemical potentials.
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Figure 2.6: Nondimensional concentrations in each material, cg; and c¢, against SOC,
Co, for different initial volumes of the silicon core, Vs;, without stress-assisted diffusion

(S¢=0).
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Figure 2.7: Chemical potential, u*, of the nano-particle against SOC, ¢y, for different
initial volumes of the silicon core, Vg;, without stress-assisted diffusion (S¢ = 0).
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2.5.3 Mechanical Results

In Figure 2.8, we plot the dimensional displacement relative to the outer radius,
u*/ R, as a function of the radius, r = 7*/ Ry, for different states of charge, ¢y, and
for different initial volumes of silicon core, Vg;. As expected from the solution (2.65)
and the boundary condition (2.70a), the displacement in the silicon is linear in r but

not in the graphite because Bc # 0. In Figures 2.9 and 2.10, we plot the dimensional

*
rr

radial stress, o7, and hoop stress, oj,, against the radius, r, for different states of
charge, cg, and for different initial volumes of silicon core, Vg;. The stress in the
silicon is uniform in r because Bs; = 0 removes the radial dependence in the second
term of (2.66a) and (2.66¢). The displacement and stress profiles are qualitatively
very similar to those in the time-dependent case in Figure 2d-f in [115].

Intuitively, the maximum displacement inside the nano-particle increases with the
initial volume of the silicon core, Vs;. However, the maximum stresses in the silicon
decrease with Vg;. This also agrees with the results in Figure 4a of [115]. This is due to
the graphite shell being thinner when the silicon core is larger, causing the expansion
of the silicon to be less restricted, decreasing the magnitude of the compressive stress
in the silicon. The maximum hoop stress in the graphite increases with increasing Vy;
due to the graphite shell being stretched in the azimuthal direction more by a larger
silicon core.

For small Vg;, the displacement and stresses in the silicon are very similar for
all ¢ 5 0.5, whereas for larger silicon cores, the displacement and stress profiles
increase approximately linearly with ¢y across the entire domain, 2. This is due
to cg; remaining approximately constant until the graphite is saturated, as shown
in Figure 2.3, and this saturation of the graphite occurs at lower states of charge
for larger values of V5. For constant cg; the expansion of the silicon also remains
constant, whereas the expansion of the graphite is increasing as ¢ increases. As the
graphite has a relatively low expansion, this does not induce a large stress in the

silicon, meaning the stresses also remain approximately constant.

37



jo1dqns yoes Ul SIX® [BII1IDA JO 93URYD oY) 90N "0 ‘98IBYD JO S9JR)S JUSIDPIP I0] pUe ‘'S ‘9100 UOII[IS 9} JO SOWN[OA
[eIYIUT JUOIOPIP I0J ‘D37 /.4 = .4 ‘snipel jsureSe ‘a7/,.n ‘oprred-ouru o) Jo SNIPRI o) 0} OAIJR[oI JUaMIR[dSI(] :R'¢ IMSII]

4 ‘snipey 4 ‘snipey
- 80 90 ¥'0 co 0 - 80 90 ¥'0 co 0
T o T T o
10 o S0°0 o
g 9
& U
203 8
g =
@ G102
€0 = £
g PR
< A
70" &
[ S — Geco
60 ="00----
P R o y— P S0 €0
170 = 0memem G0="A
90="0
¢o=" 4 ‘supey
vo="0 b 80 90 ¥'0 co0 0
¢0 =0 T T T T 0
zo="
T0="%
4 600 m m
= =
o o
aQ aQ
g g
110 m m
n* n*
~ ~
16103 ¥
[

38



“jo1dqns yoes UI SIXe [BII1IDA JO 28URYD 9} 9j0N "9 ‘08Ierd Jo soje)s

JUOIOPIP 10] PUR ‘IS4 ‘9100 WODI[IS O} JO SOWIN[OA [RTIIUL JUSIIPIP 10] ‘7 /.4 = .4 ‘snipel jsurede ‘.o ‘SsoI)s [RIPRY :6'g oINS

4 ‘snipey 4 ‘snipey
I 80 90 0 c0 0 I 80 90 0 c0 0
T T T T 0p- T T T T 0G-
0oy~
% 4 0€-
w w
= =
g g
402 & 1oz 2
Q Q
3 3*
~ 4 0 —
o 2 )
& P
0T =0~ 0
60 = [ ——
B0 i p— 0 ot
i c0="A p—
L0= [ J—
90="
go="% 4 ‘snipeyy 4 ‘snipeyy
¥0="0 3 80 90 0 c0 0 3 80 90 0 c0 0
0= 0o T T T T O@. T T T T O@.
zo="%
7 0G- r 7 0G-
o= z 2
2 2.
1ov- § - 40v- §
@ @
108 2 i 10e 8
@ »
1028, r 1028,
S S
~ ~
4 0} ) r 4 0l )
) )
10 & "0 o
ol ! ! ol

T0=" 600 ="A

39



jordqns yoes Ul SIX® [ROILIOA JO 9SURYD oY) 910N 00 ‘0FI1eypd JO sojr)s
JUOIOPIP 10] PUR ‘'S4 ‘0100 WODI[IS A JO SOWINJOA [RIIIUI JUSIDHIP 10] ‘7 /.4 = 4 ‘snipel jsurede ‘%90 ‘ssorys dooy :07°g oInSIq

4 ‘snipey 4 ‘snipey
3 80 90 ¥'0 [ 0 3 80 90 ¥'0 [ 0
T T T T ot T T T T 0S-
i 10 =
9] 9]
] ]
0 ke ke
L = %) 192]
Z ]
% %
102 - = 40 ¢
s S
40y >~ ~
@ @
S i
0T = 00— -4 09
60=0--—-— S
0 = 00 =-mmm 08 0S
w.o ¢0="A GT0 ="
L0= [ J—
90="
go="% 4 ‘snipeyy 4 ‘snipeyy
¥o="0% 3 80 90 ¥'0 20 0 3 80 90 ¥'0 20 0
0= 0o T T T T O@. T T T T O@.
z0="%
ro="% - J o & - 2 0v- &
3 3
w0 w0
L - Oe- m r 1 0e m
Q Q
90 S* 90
~ ~
2 2
102 & 102 &
oy ' ' oy

40



2.6 Silicon Core Volume Optimisation

In this section, we aim to find the optimal initial volume of the silicon core in the
nano-particle in Figure 2.1, based on the results of the model presented in this chap-
ter. We introduce three performance measures: the relative amount of lithium, the
expanded volume and the maximum induced stress. We then investigate the optimal
initial core volume according to three criteria based on these performance measures:
volumetric capacity, and maximising the amount of lithium subject to constraints on

the expanded volume and the induced stress.

2.6.1 Performance Measures

To define the objective functions we will use in the optimisation of the initial silicon
core volume, it is helpful to define three performance measures. The measures we use
are the relative amount of lithium, the relative expanded volume of the nano-particle

and the maximum induced stress inside the nano-particle.

2.6.1.1 Relative Amount of Lithium

The capacity of a lithium-ion battery is closely related to the amount of lithium that
the anode can accommodate and thus this is a very important performance measure
of a lithium-ion battery anode. For a general anode with domain €2 and different
anode materials i = 1,...,n, each with domain €2;, we measure the total amount of
intercalated lithium relative to a fully lithiated anode of material 1 and domain €.
The relative amount of lithium is therefore given by
> ) o, G dV

Jocradv

For the nano-particle comprising a silicon core and a graphite shell which we consider

Q=

(2.80)

in this section, (2.80) is given by

max

Q = csi RS + coS_(1— RY). (2.81)

Csi
2.6.1.2 Expanded Volume

We now consider the expansion of the anode by calculating the volume of the expanded
nano-particle compared to its original volume and denote this as V. For a nano-
particle with a silicon core and graphite shell, V' can be calculated as

4 R* —|—U* R* 3
V = 3( C4_7TR*3< C)) _ (1+n81
3 C

3
vg?c&“um) | (2.82)
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where u* = ng;Vgl'cgi®™ R¢u is the dimensional displacement. In the linearised model
we use in this chapter, we assume that ng;Vdl'cg™ < 1. Using this assumption, we

approximate (2.82) by
V a1+ 3ns Vgl eg™u(1). (2.83)

We plot the linearised V' (2.83) against Vg; for different states of charge in Fig-
ure 2.11. It can be seen that V increases with Vg and this trend becomes more
prominent for larger Vg. Additionally, a greater SOC causes a greater V for all
values of V;.

In Figure 2.12, we plot the exact V' (2.82), and the linearised V' (2.83), against
Vs for different states of charge. We can see that for small Vg and for small cy,
the linearised and exact V are similar. However, for large silicon cores and high
states of charge, the exact V' exceeds J§ = 3.8, which is counter-intuitive as this
is the expanded volume of unconstrained silicon. This is because we required that
Naxa™ <K 1 for a = Si, C, to make the approximation that the anode behaves accord-
ing to linear elasticity. However, ngzgi™ = 0.933, so the linearisation of the model
assuming that 7g;Vgl'cgi®™ < 1 breaks down for high states of charge and large silicon
cores. This causes much larger displacements than physically expected at high states

of charge and so the nonlinear elasticity formulation should be retained to produce

w
o

w

Relative expanded volume, V'
N
N (@) ]

—_
(&)

Silicon core volume, Vs;

Figure 2.11: Linearised relative expanded volume, V', given by (2.83), against the
initial volume of the silicon core, Vg;, and for different states of charge, c¢y.
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Figure 2.12: Exact relative expanded volume using (2.82) (solid lines) and the lin-
earised relative expanded volume using (2.83) (dashed lines), against the initial vol-
ume of the silicon core, Vg;, and for different states of charge, c.

quantitatively accurate results for silicon at high concentrations. We take the lin-
earised volume expansion (2.83) in the subsequent optimisation problems in order to

be consistent with the linear model in this chapter.

2.6.1.3 Maximum Induced Stress

Capacity fade exhibited by expanding anode materials after cycling is often attributed
to cracks in the anode material [75]. These cracks are caused by high stresses and
thus the final performance measure we define is the maximum induced stress within
the nano-particle. We use the von Mises stress [48] as a scalar effective stress measure.

For a general anode geometry, this is given by

1
. (UE _‘732)2"‘(‘7;2 _‘7§3)2+(U§3_UT1)2+6(UI3+U§§+U§%> 2
Oup = 5 . (2.84)

In radial symmetry, the von Mises stress (2.84) can be written as
Oep = |07 — 0ggl- (2.85)

From (2.19) and (2.56), we can write this effective stress as

. _ 6G5(0)nsi V' 5™ G| Bal

Oeft =

for a = Si, C. (2.86)

r3
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As we have Bg; = 0, the effective stress is only non-zero in Q. The r—2 dependence
shows that this effective stress is greatest at the minimum value of r in ¢, which is

r = Rg;. Therefore, the maximum induced stress is given by

_ OnsiVei'eg™Go| Be

ou(Rsi) = 3 (2.87)
Si

In Figure 2.13, we plot o73(Rg;) against Vg; for different states of charge, ¢y. For all
states of charge, o/s(Rs;) decreases as Vg approaches zero. A single-material anode
nano-particle will not induce any stress in equilibrium and thus a nano-particle made

solely from either material will have o’4(Rg;) = 0.

2.6.2 Optimisation

We now use the performance measures defined in the last section to optimise the

initial volume of the silicon core according to three different criteria.

2.6.2.1 Amount of Lithium per Expanded Volume

The performance of anode materials are often measured by their volumetric or gravi-
metric capacity. The first objective function we use to optimise the initial silicon

core volume is the amount of lithium per expanded volume which is closely related

T T T T
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Figure 2.13: Maximum induced stress, o0/¢(Rsi), given by (2.87), against the initial
volume of the silicon core, Vg; for different states of charge, c.
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to the volumetric capacity. We calculate the amount of lithium per expanded volume
by dividing the relative amount of lithium, @, in (2.81), by the linearised relative
expanded volume, V', in (2.83), giving
3. 1 — R3.
Q B CSlel + Cc Crsniax (1 RS])

= = ) 2.88
1% 1 + 3ngi Vi ed™u(1) ( )

As we assume 7g;Vgl'cgi®™ < 1, we should Taylor expand the denominator for small
nsiVal'egi®™. However, as the parameters for silicon are not in the appropriate regime,
we calculate @Q/V using (2.88) instead to keep the results physically meaningful.

We plot Q/V for different initial volumes of silicon core and different states of
charge in Figure 2.14. We can see from this plot that Q/V is maximised by a fully
lithiated nano-particle (co = 1) with a silicon core of Vg ~ 0.75. However, for small
co values, @/V has a more linear relationship with Vg;, and thus if the nano-particle
is only lithiated a small amount, a fully silicon nano-particle is the optimal design
according to the )/V measure.

The reason that @)/V is not optimised by a nano-particle of solely silicon at full
lithiation is that the amount of lithium, @, is linear in Vg (= RZ), whereas the
expanded volume, V| increases more rapidly with Vg; at large values of Vg;, than

for smaller values. Therefore, as Vg becomes larger, the extra lithium that can be

0.35 I I I x
CO_Ol Co:0.4 ————— 00:07 00:10
00—02 00:0.5 ————— 00:08
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+ -
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g O
5 %
S g 015
E
O ®
>
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0 1 1 1 1
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Silicon core volume, Vg;

Figure 2.14: Relative amount of lithium per expanded volume @)/V against the initial
volume of the silicon core, Vg;, and for different states of charge cy.
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intercalated is out-weighed by the increased expansion and (/V begins to decrease
with Vg;.
This can also be seen from substituting u(1) = Ac + Be, ¢si = ¢cc = 1, (2.71b)
and (2.71c) into (2.88). This yields an expression for Q/V of
Q  piVE+ pVesi+ ps
Vo paVsi + ps
where p;, j = 1,...5 depends on \,, G, 7, for a = Si,C and ngVgl'egi™. The

, (2.89)

denominator, p,Vg; + ps5 is positive and p; is given by

p1 = 4Gc((3)\51 + 2G5i) - (3/\0 + QGC)) (1 _ > (290)

max

Si
At full lithiation, A\¢ > Ag; and G¢ > Gg; due to the graphite parameters increas-
ing with c¢¢ and the silicon parameters decreasing with cg;. Therefore, p; < 0 and
Q/V is a negative quadratic, causing the maximum at Vg & 0.75. If the lithiation-
dependency of the mechanical parameters is ignored, a solely silicon nano-particle

would be optimal for the ()/V measure.

2.6.2.2 Maximum Amount of Lithium Under Expansion Constraint

We now consider maximising the amount of lithium intercalated into the nano-particle
subject to constraints on the expanded volume and the maximum effective stress. We
begin with the expanded volume constraint. Thus, we want to maximise (), given by
(2.81), subject to V' < Viyax, for some prescribed V. > 1.

For a given Vg;, @) is maximised by maximising the SOC, ¢y, because from Fig-
ure 2.11, we see that the expansion V' is monotonically increasing with ¢y for each
value of Vg;. Thus, for a given Vg;, the maximum viable ¢y value, which we denote as
Co, occurs when V' = V.., unless the fully lithiated volume is less than the constraint,
in which case ¢y = 1 and V' < Vj,.x. Therefore, for each Vg € [0, 1], we must find ¢g
such that

Vegio = min [Vio=1, Vinax) - (2.91)
We then maximise the corresponding Quax = Q(¢) over Vg; to find the optimal value
of Vg;.

We denote the value of Vg; at which V., —z, changes from V, _; to Viax in (2.91) by
V&. This is the initial volume of silicon core such that a fully lithiated nano-particle
yields an expansion of V' = V... We can calculate this by substituting (2.65b) into
(2.83) for ¢; = ¢y = r =1 and equating to the prescribed Vj,.y, giving

1+ 35 Vel e@™ (Ac|ep=1 + Bcleg=1) = Vinax, (2.92)
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where Acle=1 and Bgle=1 are given by (2.71b) and (2.71c), respectively, with cg; =
cc = 1. Substituting A¢ and B¢ from (2.71b) and (2.71c) into (2.92) yields

Ac(4Gc(1 = V) + Asi)ye + 4GcVE Asivsi + AsiAc (s — ve) VY
Asihc + 4Go (Ao(1 — VE) + A VY, ’
(2.93)
where Agi = 3)Agi + 2Gg;, Ac = 3¢ + 2G¢, si = N Val'ed™, and we have substituted
RE, from (2.71b) and (2.71c) with VY. This can be rearranged to give

Vmax =1 + 3ﬁSi

(AsiAc +4GcAc) (Vinax — 1) — 3ijsiAcye(Asi + 4Ge)

37si [AsiAc (s — 7o) + 4Gc(Asivsi — Acve)] — 4Gc(Asi — Ac) (Vinax — 1)
(2.94)

For Vg < ng, we can simply calculate Q. by substituting Vg; and cg; = ¢c = 1 into

vV _
Vi =

(2.81). For Vg > V¥, we must numerically solve
1+ 37781VSTC§?X (AC + BC) = Vmax; (295)

to find ¢y before finding the corresponding cs; and c¢ values for ¢y = ¢y, and substi-
tuting these concentrations into (2.81) to find Quax-

In Figure 2.15 we plot Quax against Vg; for four different values of V... The V;
values for which Vg < V¥ can be seen by the straight line on the left side of the plot.

0.45 w w T r
— Vo =12
504 ¢ —— Vi = 14|
. —— Viax = 1.6
%ﬁ 0.35 + Vmax = 1.8] -
E
= 03¢ J
15
= 025 | ; :
]
e}
g o2t 1
g
g 015/ A
éé 01 />~ 1
/ —
005 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Silicon core volume, V5;

Figure 2.15: Maximum amount of lithium able to be intercalated, QQax, under the
constraint V' < V... against the initial volume of the silicon core, Vg;, for several
values of the expanded volume constraint, V..
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This is because for ¢; = ¢o = 1, (2.81) is a linear function of Vg;. Immediately to the
right of this region, Qmay decreases for Vg; > V& because the additional capacity due
to the increase in the initial silicon core volume does not outweigh the decrease in
the amount of lithium caused by reducing cs; to ensure that V' < V... Additionally,
if more silicon is incorporated into the nano-particle, the shell is thinner, leading to
the silicon being less compressed so it could accommodate more lithium, instead of
the lithium being intrecalated into the graphite. This would cause V' to increase a
lot as cs; has increased, so to meet the expansion constraint, less lithium overall can
be intercalated into the nano-particle.

Therefore, the Vg; value which yields the largest Quax is Vs = Vé/i . However, for
this solution to be feasible, we require 0 < V& < 1. We can substitute (2.94) into this
inequality and rearrange to obtain a condition on Vi, such that 0 < V¥ < 1 given

by
3nsiAcyc(Asi + 4Ge)
AsiAc +4GcAc

We note that other core and shell materials and other V., values, Vg; = Vé/i may not

4+ 1 < Vinax < 14 37si7si. (296)

be the optimal solution and numerical optimisation may have to be utilised.

2.6.2.3 Maximum Amount of Lithium Under Maximum Stress Constraint

We now wish to maximise the amount of intercalated lithium such that the maximum
induced stress, defined in (2.87), is less than some prescribed constraint op.c. As
with the expanded volume constraint in Section 2.6.2.2, for each Vg;, we must find
the maximum ¢y, denoted by ¢y, such that the maximum induced stress o'z(Rs;) is
less than oy, Then we calculate Quax = Q(¢o) using (2.81) and maximise (Qax
over Vg. In Figure 2.16, we plot o/;(Rs;) against ¢q for different values of Vg;. It can
be seen that o)z(Rs;) is a monotonically increasing function of ¢y for each Vg; value.
Therefore, the maximal ¢y value for a given Vg; under the constraint ¢;(Rsi) < 0max
will be such that o’;(Rsi) = omax-

In Figure 2.17, we plot Quax against Vg; for several different values of o, It can
be seen that Vg; = 1 gives the greatest Qnax value for each value of o,,.,. However, for
Omax = 4.0 and 5.0 GPa, Q. is not monotonic in Vg;, thus there are local maxima
of Qmax- These non-monotonicities are caused by the steps in the stress-free chemical
potential of graphite, as shown by the labelled c¢¢ values in Figure 2.17. The sharp
decreases in Qua.x with Vg stem from c¢ decreasing rapidly for a small change to
the chemical potential. The smaller cc value reduces the amount of expansion in the

graphite, causing more stress in the graphite as the stress-free expansion caused by
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Figure 2.16: Maximum induced stress, oz(Rsi), against SOC, ¢y, for different initial
silicon core volumes, V. The inset plot is focussed on 0 < o}z(Rs;) < 20.0 GPa to
show more clearly that it is monotonically increasing in c¢q for these values.

lithiation of the graphite is no longer mitigating the stress caused by the expanding
silicon core. Therefore, the amount of lithium that can be intercalated drops rapidly at
these values of Vg;. This non-monotonicity is useful for design purposes in the presence
of other constraints. For example, if the maximum stress permitted is oy = 4.0
GPa, but we must also restrict Vs; to be less than 0.25 due to expansion constraints,
Vsi = 0.05 would allow a larger amount of lithium to be intercalated than Vg = 0.2.

Similarly to the maximum expansion constraint in Section 2.6.2.2; for sufficiently
large opax, there are Vg; values for which a fully lithiated nano-particle (¢ = 1) does
not produce stresses as large as o,,.¢. Therefore, the linear relationship for small Vg; in
Figure 2.15 is also seen for large values of 0,,.,. However, the o,,., values illustrated
in Figure 2.17 are too small to see this behaviour; all of the plots have ¢y < 1. We
denote the initial silicon core volume at which the maximum induced stress at ¢cg = 1
is equal to opay as V. We can find the value of Vg by substituting Be from (2.71c)
into (2.87) with cg; = c¢c = 1 to give

67si Vi g™ G AsiAe|vsi — el

o : (2.97)
Asiho +4Go(Ac(l — V3) + AsiVg)
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Figure 2.17: Maximum amount of lithium able to be intercalated, Q.x, against the
initial volume of the silicon core, Vg;, for different values of the maximum permitted
effective stress, omax. The lithium concentration in the graphite shell at the points
where there are sudden changes are marked.

which can be rearranged to find

A iA 6 i‘/m i G i — Umax) ™ 4GcA max
4GC (ASi - AC)Umax

The bounds on o,,c such that the linear relationship for small Vg; is observed are

given by substituting (2.98) into 0 < Vg < 1 to yield

61 VIl e2*GE Ag A i —
MsiVgi Cgi ci\s C|’YS ’VC| < o (2.99?})
AsiAc +4GcAc
615 V' @ GEAsiAe|vsi — ol — 4Ge(As — Ac)
AgiAc + 4G cAc

and Opax <

. (2.99D)

The 0. values plotted for in Figure 2.17 are much greater than the tensile
strength of graphite, ag’*, typically given in the literature to be between 8 and 12
MPa [70]. If the tensile strength of graphite is exceeded, it will crack, which can
be extremely detrimental to the integrity of the nano-particle. The results for the
constraint o, = o are qualitatively similar to that of o, = 0.5 GPa in Figure 2.17
such that .« is monotonically increasing with a maximum as Vg; — 1. Therefore,
to avoid the yielding or cracking of the graphite at the interface, the optimal design

is as large a silicon core as possible. For Vg; = 0.99, the silicon can only be lithiated

20



to around cg; = 2.2 x 107* for o74(Rs;) to remain under the tensile strength, ag’*,

while the graphite remains unlithiated. This achieves a Q. value also of around
2.2 x 107* (as ¢¢ = 0 in this case). As the graphite is not lithiated in this optimal
design, this suggests there are other materials better suited for the shell material
because the desirable property that the graphite is an active material is not being
utilised. A stronger material, or a material with the same strength as graphite but
a lower stress-free potential than silicon, so that it is lithiated first at low states of

charge, would be more beneficial.

2.7 Conclusions

In this chapter, we have derived the linear chemo-mechanical model for the lithiation
of a lithium-ion battery anode that we base most of the work of this thesis on. We have
shown how this model is simplified when applied to a radially-symmetric spherical
geometry, allowing us to decouple the chemical and mechanical models. We have fully
solved the model for a nano-particle consisting of a silicon core and a graphite shell,
analysing the lithium concentration profiles, chemical potential, displacement and
stresses within the nano-particle. We then were able to produce an effective OCV for
the multi-material anode particle taking into account stresses at equilibrium. Lastly,
we have used the linear model to find the optimal size of the silicon core compared
to the graphite shell based on maximising the capacity.

We have linearised a geometrically nonlinear elasticity model by assuming that the

max

max s small. Physically, this corresponds to assuming that the expanded

quantity n,x
volume is approximately equal to the original volume such that J$ ~ 1. Although
this is not the case for silicon, we have used this assumption to gain insight into the
behaviour of core-shell anode nano-particles used to constrain the expansion of the
core material. Due to the simplifications that arise from the linearisation, the model
can be solved almost entirely analytically. This allows the chemical, mechanical and
optimisation results in Section 2.6 to be much better understood. Furthermore, we
are able to solve the linear model quickly, allowing for many numerical experiments
to be carried out at a reasonable computational cost.

The significant results of this chapter arise from the inclusion of multiple mate-
rials into the nano-particle, taking into account the intercalation of lithium in both
materials. The derivation of the effective OCV of the multi-material anode, taking
into account the stresses induced in each of the materials in equilibrium, is a novel

contribution to the field and the fundamental idea could be applied to more accurate
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models for silicon. The optimisation of the size of the silicon core based on the ca-
pacity of the resulting nano-particle is another useful application of this model, and
the simple geometry allows us to plot the objective function due to the initial volume
of the silicon core being the only geometrical variable to optimise over. This concept
of maximising capacity subject to certain constraints can also be applied to nonlin-
ear models given sufficient computational power to solve them. Both the effective
OCV and geometry optimisation results in this chapter can be useful in practice for
industrialists aiming to perfect anode designs.

We found the optimal geometry depends on the performance measure chosen. The
volumetric capacity measure we use, ()/V, is maximised by a fully lithiated nano-
particle with a silicon core of Vg; = 0.75. To maximise the capacity, (), subject to a
maximum volumetric expansion, V..., we have shown that the optimal initial volume
of silicon core is that which has a volume expansion of V;,,, at full lithiation. However,
if any silicon within the nano-particle causes the expansion to be greater than the
maximum permitted, a solely graphitic nano-particle is optimal. To maximise the
capacity subject to a maximum stress the optimal nano-particle design is one with a
very large silicon core with a low lithiation. We note though that for large silicon cores,
and high states of charge, the deformation and stress is no longer in the linear regime
we have assumed, so these optimal solutions may not be quantitatively accurate.
Furthermore, the model is assumed to be static and there are several physical effects
missing from the model. Therefore, these optimal designs may not be accurate for
use in battery function with high charging rates causing lithium inhomogeneities,
cracking and other mechanisms.

In the next chapter, we introduce several changes to the core—shell nano-particle
geometry in this chapter, including void spaces and porous silicon. We then attempt
to find designs using these voids and pores to improve on the optimal designs found

in Section 2.6.
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Chapter 3

Porosity

In this chapter, we incorporate a central void and porosity into the spherical nano-
particle design consisting of a silicon core and a graphite shell, used in Chapter 2. Void
spaces within lithium-ion anode nano-particles have been explored experimentally
using yolk—shell designs [28, 64] and central voids [19, 35, 127], and modelled using
spherically-symmetric models [53, 67, 137]. The purpose of including voids within the
anode is so that the anode will hopefully expand into the voids instead of outwards.
We begin this chapter by investigating the effect of including a void in the centre of
the silicon core using the linear model derived in the last chapter, seeking a void size
which reduces the expansion of the nano-particle while retaining the high capacity.
We find that the inclusion of a small void can reduce the expanded volume under the
linear elastic approximation, but have the same high capacity as the solid core case.

We also try to limit the expansion of the silicon core without sacrificing too much
capacity by incorporating pores into the silicon itself with the intention of allowing the
graphite to restrain the weakened porous silicon more easily. We consider a porous
silicon design consisting of a periodic lattice of interconnected cubic pores, which
allows us to use of the method of multiple scales to determine effective material
parameters for the porous silicon. This method is well established for calculating
effective mechanical parameters of periodic media [11, 48]. It has been applied to
porous anodes in several ways, mostly to calculate effective diffusion properties of the
electrolyte and electrodes [22, 89]. However, it has rarely been used to incorporate
anode expansion. One study utilised the method to model the degradation of the
binder surrounding the anode particles [38, 39]. Lastly, a linear chemo-mechanical
model similar to that presented here has been applied to an array of single-material
nano-particles [116].

We determine the assumptions under which the method of multiple scales can be

applied to the quasi-static model of Chapter 2 to find effective mechanical parameters
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for this porous silicon. In contrast to previous works we include the effect of stress-
assisted diffusion, which makes the resulting cell problems nonlinear. We consider
separately the limits in which the stress-assisted diffusion effect is large or small.

To study the effect of including the porous silicon into the nano-particle, we derive
the effective parameters for fully lithiated porous silicon, removing several complica-
tions in the multiple-scales formulation. We then study how incorporating porous
silicon affects the expansion at full lithiation and the maximum capacity of two new
designs of nano-particle. We find that using porous silicon in place of the non-porous
silicon core does reduce expansion when we take the silicon to be highly porous. We
also find that including a layer of porous silicon between a non-porous core and the
graphite shell is very successful in reducing the expansion. However, when we exam-
ine these predictions in detail we find that this is caused by an unphysical overlap of
materials due to the linear elasticity assumption, motivating the nonlinear model in
Chapter 4.

3.1 Voids

We now study the effect of including a central void into the nano-particle studied in
Chapter 2. We denote the radius of the void as Rj, and nondimensionalise using the
outer radius of the nano-particle, R{, so that the non-dimensional radius is Ry =
R}, /RE. As in Figure 2.1, the outer radii of the silicon and graphite domains are
given by Rg; and 1, respectively. A schematic of a slice through the centre of the
nano-particle with a central void is shown in Figure 3.1.

The linear elasticity model applied to this nano-particle design is solved using the
method outlined in Section 2.3. We assume that the void does not impose any stress
on the anode material and so have a zero traction boundary condition at r = Ry,
along with the continuity of displacement and radial stress at » = Rg; and zero
traction at r = 1. Using the general solution in each material (2.55), these boundary

conditions give the system of linear equations

4G4 Bg;
(3Asi + 2G'si) (Asi — Ysicsi) = %, (3.1a)
Vv
Bs; Bc
AgiRgi + = AcRsi + =5, (3.1b)
R%i R%l
4G g Bg; 4GB
(3>\Si + QGSi)(ASi - VSiCSi) - % = (3)\0 + 2GC)(AC - 'VCCC> - }53 C7 (3-1 )
Si Si
(3)\(} + 2Gc)(AC - ’)/Cc(j) = 4Gch. (31d)
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i,

Figure 3.1: Diagram of a slice through a spherical nano-particle with a central void,
silicon layer (€g;) and graphite shell (Q¢) with the nondimensional radii of each
component labelled as Ry, Rg; and 1, respectively.

We solve (3.1) to find Ag;, Bsi, Ac and B, given by
1
—{4GSIG0AC Rgi)Rgi”YCCC
Wy (3.2a)
+[GeAsiAcRY (1 — R + Gsihsi (RS — RY)(AGoRE, + Ac)] q/SiCSi},
1
_{4GSiGCASiR%i(Rgi — R} )vsicsi
wv (3.2b)
+ [GSiASiAC(Rgi — R%/) + GcAc(l — R%l)(llelel + ASIR%/)} ’YCCC}7
1
BSi = E{GCA&ACR;R?/(l — Rgi)(’)/ccc - /YSiCSi)}a (32(3)
1
Bc = E{GSiASiACRgi(Rgi — R} (7sicsi — Yece) b (3.2d)
where
Wy = ASiAC [GSi(Rgi — R?/)—FGcR%/(l — Rgl)] ( )
3.2e

+ 4GsiGe RE [Asi(RS; — RY) + Ac(1 — Rgi)]7

and A, = 3\, + 2G, for a = Si, C.

We now calculate the capacity and expansion for this nano-particle design at full
lithiation (¢o = 1) to determine whether the inclusion of the central void decreases the
expanded volume without decreasing the theoretical maximum capacity of the nano-
particle. We denote the maximum capacity as )7 which is defined as the amount of

lithium intercalated at ¢y = 1, relative to a fully lithiated silicon nano-particle with
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unit initial volume, without a central void. As ¢y = 1, we have c5; = ¢ = 1. For a
spherical geometry with a central void, we have

max

c
Q1 =R — Ry + Cgm(l — R%). (3.3)

Si

The expanded volume at full lithiation, denoted by Vj, is calculated using the lin-
earised expression for V', given by (2.83), with c¢g; = ¢ = 1. In (2.83), u(1) = Ac+Bc,
and in this geometry, Ac and B are given by (3.2b) and (3.2d), respectively.

As the void affects both the capacity and the expansion for a given value of Rg;,
directly comparing nano-particle designs with equal capacities provides more insight
than comparing designs with equal values of Rg;, as in Section 2.6. In Figure 3.2 we
plot the relative expanded volume at full lithiation, V7, against the maximum capacity,
Q1, for several initial volumes of the central void, Viy = R,. For each value of Vi, Q;
is increased by increasing Rg;. We can see that for a given maximum capacity, @1,
nano-particles with large voids have a greater expanded volume than those without.
This is because the graphite shell must be thinner in nano-particles with void spaces

to achieve the same capacity, because Rg; must be greater. This thinner shell does not

w
(&)
T

w
T

N
T

Fully lithiated expanded volume, V;
o o

1 : ‘ ‘ |
0 0.2 0.4 0.6 0.8 1
Maximum capacity, Q1

Figure 3.2: Fully lithiated expanded volume, V;, against maximum capacity, ()1, the
nano-particle geometry in Figure 3.1, for different initial void volumes, V4, = R}.
The inset plot shows a range of capacities for which a central void with V4, = 0.05
and Vi, = 0.1 can reduce the expansion of the nano-particle.
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restrain the silicon as effectively and thus the nano-particle expands outwards more.
For smaller voids, for example Vj, = 0.05 and V3, = 0.1, there are geometries in which
the expansion of the nano-particles with central voids is less than those without voids
having the same capacity. This is due to the silicon being able to expand into the
central void, decreasing the outward expansion, while not sacrificing much capacity
because the void is small. At full lithiation, the Young’s modulus of graphite is much
greater than that of silicon or unlithiated graphite. Therefore, at full lithiation, a
sufficiently thick graphite shell is strong enough to encourage the silicon to expand
into the void. However, at lower states of charge, or for weaker materials, this is not
necessarily the case.

These results show that a small central void can reduce the expansion of the nano-
particle without decreasing the maximum capacity. In this model we are assuming
the materials deform according to linear elasticity without deform plastically or frac-
turing. We revisit this geometry with a model incorporating plastic yielding of the

silicon and pulverisation of the graphite in Chapter 5.

3.2 Porous Silicon

We now wish to investigate whether the inclusion of porous silicon can improve on the
designs explored so far, since the graphite will be able to constrain the weaker silicon
more easily. We do this by considering the porous silicon material to consist of silicon
with a very fine periodic array of interconnected cubic pores, shown in Figure 3.3.
Solving the linear elasticity model on this domain would require using computational
methods with high cost due to the complicated domain. Instead, we approximate
effective mechanical parameters and expansion parameters of the porous silicon using
the method of multiple scales. This allows us to model the porous silicon as a single
homogeneous material which we may use in the radially-symmetric ODEs derived in
Section 2.3.

We begin by applying this method to the linearised chemo-mechanical model de-
rived in Sections 2.1 and 2.2, including a lithiation-dependent general stiffness tensor,
Cs;, and stress-assisted diffusion. We find the coupling of the stress to the concentra-
tion through stress-assisted diffusion causes the multiple-scales problem to be non-
linear. We consider the limits of small and large stress-assisted diffusion parameter
for the silicon, S&, to try to simplify the problem. In Section 3.2.5, we then consider
the macroscale problem in which the nano-particle is fully lithiated, which allows us

to ignore the stress-assisted diffusion coupling and the concentration-dependence of
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the mechanical parameters, greatly simplifying the multiple-scales formulation. We
also reintroduce the isotropic stiffness tensor (2.17) and using several symmetry ar-
guments, we derive effective Lamé parameters for the fully lithiated silicon to use in

the radially-symmetric macroscale problem.

3.2.1 Method of Multiple Scales Formulation

The method of multiple scales [52] assumes that the macroscale domain, in this case
the domain occupied by the porous silicon, consists of a periodic lattice of a repeating
structure, known as a unit cell. For the porous silicon in Figure 3.3, these unit cells are
a cage structure, an example of which is shown in Figure 3.4. We denote the volume
of each unit cell as L3 and the porosity of the silicon is determined by the thickness of
the ‘pillars’ of the cage, [. We shall use the position vectors denoted by x = (z,y, 2)
for the macroscale porous silicon and recall from (2.42) that the governing equations
for the linear quasi-static chemo-mechanical problem in the silicon domain are given

by

g = CSi<CSi) . (VU, — ’YSiCSil) n QSi> (34&)
V.o=0 in Qg (3.4b)
pst (csi) — Satr(o) = u in Qg;, (3.4¢)

where 1 is the constant chemical potential across the entire anode nano-particle. We

write the stiffness of the silicon, Cg;, as a function of the lithium concentration, cg;.

N
[\
=~
[\

Figure 3.3: Domain of the porous silicon. Figure 3.4: Unit cell of porous silicon.
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As we assume that the pores and the electrolyte do not induce stress in the silicon,

we have the boundary condition
oc-n.=0 on [, (3.4d)

where I', is the boundary between the silicon and the pores or between the silicon
and the electrolyte if the porous silicon is in contact with the electrolyte surrounding
the anode-particle.

We assume the porous silicon consists of many unit cells in each spatial dimension
of the macroscale porous silicon, implying L < L, where L is the lengthscale of the
porous silicon domain in the macroscale. For example, in the case of a porous silicon
core of radius Ry, we have L = Ry,. We exploit the difference in the length scales of
the porous silicon domain and the unit cell to define the small parameter ¢ = [2/ L.
Using the difference in these length scales, we introduce a microscale spatial variable
X, where

X

x=2 (3.5)

€
and treat the two space variables x and X as independent. We prescribe that the

displacement, u, the concentration, cs;, and the stress, o, are periodic with period 1
in the microscale variable x. This periodicity condition eliminates the extra degree
of freedom introduced by this new independent variable.

We expand each variable asymptotically in €, giving

u = X, X)+euw (X, X)+eu (X + ... .ba
O (x, %) + euV (x, %) + Sul? (x,%) : (3.6a)
Csi = CS?) (x,x) + ecéli)(x, X) + eQC(SQi) (x,X) + ..., (3.6b)
o=09x%)+ecW(x,%x)+ @ (x,%x)+.... (3.6¢)

The differential operator V is now split into a macroscale gradient V and a microscale

gradient @, so we make the substitution
1.
V-+V+-V. (3.7)
€

Now, V denotes a spatial derivative with respect to x and V denotes a spatial

derivative with respect to x. We Taylor expand Cg; about cg? to give

Csi(csi) ~ (CSi(cgi))) + EC/Si(C(S(i)))C(Sli) +..., (3.8)
where 4C
/ o)\ Si
Si(csi ) B dCSi Csi=cé9)7 (3.9)

29



which we assume to be o(1/e).

Substituting (3.6) into (3.4) yields the leading-order system of equations

V.e®=0, inQg, (3.10a)

Csi(c)) : (Vu®) =0,  inQg, (3.10b)
,Usl i (c (0)) Ssltr( ) =W in Qg;, (3.10c¢)
oc®.n=0, on I',, (3.10d)

Equation (3.10b) restricts the leading-order displacement, u®), to rigid-body dis-
placements. The periodicity we have assumed w has with respect to X then means
that «(®) must be independent of the microscale variable, X.

The system of equations at next order are given by

V.o 1+v.a®=0 in Qg,  (3.11a)
=Cy C(S?) {Vu(l) + Vaul® — Vslcsl 1} in Qgi,  (3.11b)
e Opsi = Sdtr(a™) in Qg; (3.11
Si — MSi Si, . C)
acSl CSi:Cg?)
o .n=0 onT,, (3.11d)

where (3.11c) is the result of a Taylor expansion of u3f about C(S?) and the ( ’Si(cé?)) :
@u(o)) term that should appear in (3.11b) is zero due to the independence of u(®
in x. Substituting the leading-order stress (3.11b) into the leading-order equilib-
rium equation (3.10a) and the leading-order boundary condition (3.10d) yields the

relationship between u(® and u™®

V- (Cgi(ed)) : Vul) = V- (Cgi(e)) - 5i¢1) in Qg, (3.12a)
((Csl( ) Vu(l))n (Csl(csl ) (V’u, — VSicé?)1)>n on T, (3.12b)

where u®) does not appear in the PDE (3.12a) as it is independent of x. The leading-

order lithium concentration, cé?), is given by rearranging (3.10c) to give

C(S?) = Hgp (ﬂ + Sgtr(o )))

— #gFl( + Sdtr [(Cs1 cSl {Vu +Vu® — '}/Sicé?)]-}])7 (3.13)

where g is the inverse of the stress-free chemical potential function for silicon, g,
derived in Section 2.2.2. As the only material we consider in the multiple-scales

problem is silicon, we drop the subscript Si notation for this inverse function.
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To find the effective parameters of the homogenised anode, we integrate the gov-
erning equilibrium equation at first order (3.11a) over the unit cell. We denote Qg; as
the domain occupied by silicon in the unit cell and write the homogenised equation

as

V- o®4+v.o® av =o. (3.14)

Qs

The boundary of Qg is split into the boundary between the silicon and the pore,
given by I., and the boundary between the silicon in one unit cell and the silicon
in an adjacent unit cell, which we denote as L. Physically, s is the union of the
planes half way through the ‘pillars’ within the cage structure in Figure 3.3. Using
Green’s theorem in (3.14) and splitting the surface integral into the integral over I,

and ['g; gives

v o© dv+/ n-o  ds+ / n-otds =0, (3.15)
Qi e _ o fsi
=0 by (3.11d)

~
=0 by periodicity of (1) in %

where we can rearrange the divergence and integration of o® because we assume
x and X are independent. In the last integral, n is the normal vector pointing out
of the unit cell being considered. The periodicity in X requires continuity between
boundaries of adjacent unit cells. Therefore the final integral in (3.15) is zero as the
normal vectors are of opposite sign on opposite sides of the unit cell. Therefore, we

find that the homogenised equation (3.14) is simply

v @ av=o, (3.16)
Qi
and substituting (3.11b) yields
V- / Ca(e) : {vau) + Vu® — 1gcP1} av| =o0. (3.17)
Qsi

We wish to find u® as a function of w©® and ¢\ by solving (3.12) and (3.13).
The solution u™®, u(® and cé?) are then substituted into (3.11b) which is integrated
over (g to find the effective stress in the porous silicon. The coupling between
the stress and the concentration due to the stress-assisted diffusion, given in (3.13),
causes the relationship between u(® and uM to be nonlinear. Therefore, in general
the microscale displacement, u("), needs to be calculated by solving (3.12) at every

macroscale point due to Vu(® and c(S?) being functions of x. Depending on the
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discretisation of the macroscale problem, this can reduce the computational cost of
solving the governing equations on the complicated porous silicon domain. However,
if the cell problems are linear in Vu(® and C(S?), we are able to remove these macroscale
variables from the cell problems. This would allow us to solve the cell problem only
once for a given geometry of unit cell, greatly reducing the computational cost.

In an attempt to linearise the cell problems by simplifying the coupling between
the stress and the concentration, we investigate two different asymptotic limits of this
formulation, taking the stress-assisted diffusion parameter, S&, to be small and to be
large. This parameter, S, is the ratio of the elastic energy to the thermal noise,
defined in (2.40). We find that this can be achieved in the small S case if Cg; is
independent of cgi)). However, in the large S case we arrive at a different nonlinear

cell problem.

3.2.2 Small S¢. Limit

For the small S¢, case, it is useful to write the microscale displacement, u!), as the

solution to a problem F given by (3.12) and (3.13), parametrised by Sg,
ut = F(ul?, cé?), S4). (3.18)
We Taylor expand in S&, giving
ul) & Fy(u, ) + S§F1 (u®, ), (3.19)

where [y is the S& = 0 case and F} is the first-order correction.

We must now derive the Fy and F; problems. Expanding ") and C(O) in S¢ gives
u® = u®0 4 S 4 (Sd)2ulD 4 (3.20a)
C(S?) - CSI 0 + SSl (381)2081 2 +. (320b)

Equating each term in (3.20b) to the Taylor expansion of C(s?) in (3.13), yields

0,0 -
cs” = se (1), (3.21a)
a —1
C(S?J) a,usp tr(Csl C(s?o {VulO)JrVU —’Yslcsl 1}) (3.21b)
Hsi |ugF=p

For the lithiation-dependent stiffness case, we find that the F problem is still
nonlinear in C(S?’O) and the F| problem is still nonlinear in both cé?’o) and Vul®. As we
ignore the lithiation-dependence of the stiffness tensor when solving the linear model
with porous silicon, as explained in Section 3.2.5, we make this simplification now

and leave the derivation with a lithiation-dependent stiffness tensor to Appendix C.
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3.2.2.1 Fj Problem

The Fy problem is equivalent to neglecting stress-assisted diffusion. Substituting
(3.20) into (3.12) yields

ﬁ . (CSi : @’U/(LO)) = V (C& : ’)/SICS1 0)1) in QSi; (322&)
((CSi : @u(l’o))n = —<(CSi : (Vu ’yslcél )1)) on I, (3.22b)

at leading order. Substituting the expansion (3.20b) into (3.10c) yields

ul () = . (3.23)

at leading order in S%, showing that c(S?’O) is independent of the microscale. This

results in the right-hand side of (3.22a) being zero.

Now the macroscale displacement gradient Vu(©® and Vu®? appear linearly in
(3.22). We also note that we can add a term that is independent of % to u* and still
satisfy (3.22). Therefore, u"? is only unique up to an additive constant, independent
of X. We write the microscale displacement (1% as a general linear function of Vau(®)
given by

ul = A0 vy @ 4 fyslc(o e 4 710, (3.24a)

0)

where A is a rank-3 tensor, v{?) is a vector of length three and @>? is a vector of

length three which is independent of X. In suffix notation,

0
(10) _ 4%

u! g sicoVeO (10, (3.24D)

)

We require the microscale displacement, u(Y, to be periodic in the microscale variable
% and so A® and & © must also be periodic in %. This periodicity is already satisfied
by @19 as it is uniform in x.

Substituting (3.24a) into (3.22) yields

V. (CSi : {@(A@) Va4 g 20¢ )}) - in Qs (3.25)
((CSi : {@(.A(O) : Vaul® 4 g lc(s? 0O ))}>n

[ (T )] O

We then need to solve (3.25) for A©® and ¢ to find the leading-order microscale
displacement, u(1? in terms of the macroscale displacement u(®). Since the system

(3.25) must be valid for any u(?) and is linear in u”), we can separate (3.25) into the
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parts which depend on (¥ and those which do not. The w(®-dependent terms form

a problem for A©® given by
V- (Csi: VAD) =0 in Qg (3.26a)
(Csn : @A(O))n =—-Cg-n on fe. (3.26Db)

This problem for A© is also only solveable up to an arbitrary additional constant

10) we allow

rank-3 tensor. Although there is non-uniqueness to the problem for u!
all arbitrary functions of x in u"% to be a part of ﬂgl’o), and thus the integral of A4
across the unit cell must be zero. This is helpful in numerically solving for A© as it is
now unique. We impose this integral condition along with the periodicity constraints
to give
AQ v =, (3.26¢)
Qs
A is periodic in %, (3.26d)

respectively. For ease of understanding, we write (3.26a)-(3.26b) in suffix notation as

0 & 0AY

krs e
— Dl ks Qg;, 3.27
a:ﬁj Czykl 8-@l m 3:ig ( a)
. DAL, i .
n; (cl-sjkl aikl ) = —njczsjm on I'.. (3.27Db)

Now we consider the parts of the system (3.25) that do not depend on u® and

these form a problem for the vector £€® given by
v (ccsi : 65@) —0, in O, (3.284)
(CSi : @5(0))n = ((CSi : 1)n, on I,. (3.28b)

For the same reasons as for A, we impose integral and periodicity constraints for
5(0) so that

9 av =o, (3.28¢)
Qsi
£ is periodic in x. (3.28d)

The problem for £ can be written in suffix notation as

0 & 0¢)

=S =0 in Qg 3.29
8Zij C'ijl a:%l m 3esi, ( a)
i ag(o) : A
n; (cl-sjkl &Ile = njcisjklékl on I'.. (3.29b)
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As we have (3.26c) and (3.28¢), we now know the integral of u*% is equal to the

(1.9 gver the unit cell.

integral of u

The systems of equations, (3.26) and (3.28), are called the cell problems for A®
and E(O), respectively. These are solved numerically over the unit cell shown in Fig-
ure 3.4 to find A© and €, typically by the finite element method. These solutions

are then substituted into (3.24a) to find the leading-order microscale displacement,
(1,0)
(TSN

3.2.2.2 F; Problem

Assuming a lithiation-independent stiffness tensor, the first-order system in Sg from
substituting (3.20) into (3.12), is given by

V- (CSi : @u(l’l)) =V- (CS1 : ’Yleél )1) in Qg;, (3.30a)
[Csi : {@u(l’l) — s lcél )1}] =0 on I',. (3.30b)
Substituting (3.21b) for c Y yields
V- [(CSi : {@u(l’l) — iSitr<(CSi : {@u(l’o)})l}] =0 in Qg (3.31a)
|:CSi . {6'&(1’1) — ﬁSitr<CSi . {@u(l’o) + VU '781651 1}) }:| n =0 on fea
(3.31b)
where, using the inverse function theorem,
- Opigp i
Vsi = w—”ﬁ? == 15 : (3.32)
8,U/Si /,LSF: 8“81
Si Jcsi CSi=c(S?’0)

We assume s; = 0(1/5%). However, for chemical potentials with plateaus, for exam-
ple graphite, this quantity may be very large or even singular if 7, is not small, and

070)

SO this term must be treated with care in practice. Note, the u(®) and cg  terms

from Cs ) do not appear in the PDE (3.31a) as they are independent of x.
As (3.31) is linear in Vu®, we make a similar ansatz for the relationship to

between u!) and w(®), similar to (3.24a), given by
) = 36 A0 Vu® 4 453600 W 4 ), (3.33)

where @1 is independent of X. When substituting (3.33) into (3.31), it useful to

note that for a rank-2 tensor, Z, we have
tI‘((CSi : Z) == (51']'01'8;“2“ = CZ-SZ-iklel == TI‘((CSi) . Z, (334&)
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where

Tr(Cg) = Z i (3.34D)

This changes (3.31) to

6 . [CSi . {VU(I N '781Tr CS {Vu(l 0)}1}:| 0 in QSia
[(CSi : {Vu (LD _ 3 Tr(Cg;) : {Vu L) 4 W — ’yslcsl )1} Hn =0 onl,.

Substituting (3.24a) and (3.33) into (3.35) yields

\ (CSi:{VA u® 4 5O ve®

— Tr((CSi) : {6%1(0) : Vu(o)}l — 'ySicé?’O)Tr(CSi) : {@5(0)}1}] =0 in QSi,

(3.36a)
Cs; : {6,4(1) : V' 4 y5cdVVED — Tr(Cq) : {VAQ : vu©® 1
— 'ySicgi)’O)Tr(CSi) : {@5(0)}1 — Tr((CSi) : {Vu(o)}l (3.36b)

— ”ySic(S?’O) (Tr (C31) : 1) 1}

n=7_0 on I,.

Taking the terms proportional to Vu(?, we form a problem for A1), given by
A [CSi : {@Am}] -V l(CSi : {Tr(CSi) : {@A(o)}l}] in Qg (3.37a)

{cSi ; {wm}} n— {cSi {[re(Ca) - {94} +Tr(Cy)] 1}} non [,

(3.37D)

The remaining terms form a problem for £, given by
a2 {Csﬁ ; {ﬁgm}} -v. {CSi A|m(Cs) ; {65@}]1}] in Qg,  (3.3%)

{CSi : {w(l)}]n
- [CSi : {[Tr(CSi) {VED} — Tr(Cs) - 1} 1}}“ in I,

(3.38D)
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We also have the usual periodicity and integral conditions on A™® and & M,

The cell problems for A©, £¢© AM and £V given by (3.26), (3.28), (3.37) and
(3.38), respectively, do not depend on any macroscale variables. Therefore, they
only need to be solved once for a given unit cell geometry, saving a huge amount of

computational cost.

3.2.2.3 Homogenised Equation

We have now derived problems for A©®, AW £O) and ¢, To find the effective
parameters for the porous silicon, we now substitute (3.24a) and (3.33) into (3.17) to

give

V -

/ Cs;i : {6 (u“ﬁ) + Sdauth 4 (9((5&)%) + vul — VSicé?)l} av
Qg;

—-V.

/ (CSi : {6 |:./4(0) : V’U,(O) + ,Ysic(s?,())g(o)
Qs;i
© S 4 )
~ S8 Tr(C) {ﬁ[A(O) : Vu® 4 7510:(5?’0)5(0)} + Vu® — VSicgi)’O)l}l

+Vu® — VSngi)ml} +0((5§)%) av| =o0.

(3.39)

We write this mechanical equilibrium equation for the porous silicon as V - o4 = 0,

where
o4 = (Cg)) + Séli%i@fﬁ) - Vul® — ’YSiC(S?’O) (‘I’g)) 4 Sgﬁsﬂllf;)). (3.40)

The tensors (C((bo) and \I;g]) are the leading-order effective stiffness and effective expan-

sion coefficient, respectively, given by

1 .
cy == Csi: VAO 1+ Cg av, (3.41a)
Q| Jag
1 .
v = Cg:41—VeEDL qy, (3.41b)
Y0l e { }

where we normalise by the volume of the unit cell, \Q|, including the pore and the

silicon scaffold. The first-order corrections to the effective stiffness and expansion
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coefficient, given by (C((;) and \Iff;), are given by

c = ’é’ - Cgi: {@A(l) - [Tr((CSi) : {@A(o>}+Tr(<CSi)}1} dv,  (3.41c)
Qs;i

w_ 1 . N e _ e
vl — ’Q’éSicsl.{[Tr(@sl).{vgo 111 V.gl} av. (3.41d)

We have now derived approximate effective parameters, C4; and ¥,, for porous
silicon consisting of a periodic lattice of pores for materials with a small stress-assisted

diffusion parameter, S%. These are given by

Cy = CY + S¢7sCYY, (3.42a)
O, = s () + SEAs ). (3.42b)

As A© €0 AM and ¢ need only be solved for once for a given unit cell geome-
try, these effective parameters can be calculated much more efficiently than the full

nonlinear problem (3.12).

3.2.3 Large S% Limit

We now consider the limit of large S¢ in the multiple-scales formulation (3.12)-(3.13).

The leading order equation for the lithium concentration is given by (3.10c), reading
0
S (C(Si)) - Sgitr(a(o)) = K- (3.43)

We assume p = O(1) throughout this section. From nondimensionalising the stress-
free chemical potentials shown in Figure 2.2, we have that ugiF(cé?)) ~ O(1) for
0 < C(S?) < 1. Therefore, for 0 < C(S(i)) < 1, in the limit of large S&, (3.43) becomes
tr(ol®) = 0 at leading order. In this case, substituting (3.11b) into tr(c®) = 0,

yields
Tr(Cy) : {@u(l) + Vul® — 'YSiC(S?)l} = 0. (3.44)

Writing this expression in suffix notation and rearranging, yields

) au(l) 8u(0) ) _
isilkl( 831;1 + 3;1 ) = VSiCéoi)CiSilklékl = ’YSiC(s?)CiSilkm (3.45)
Si (1) (0)
0 Gl (auk duy, )
— Ci = . ~ —I— . 346
S YsiCohm \ O Ox; (3.46)
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As cﬁ;mn is a scalar combination of the components of Cg;, the prefactor to the u(®

and u® terms can be written as a modified stiffness tensor, Cs;, which is rank-2.

This gives the expression for the leading-order concentration as
) = | C (Vu® + vu®)|. (3.47)

Therefore, if 0 < cé?) < 1, the leading-order concentration, cé?), has periodic variations

within each unit cell due to the dependence on u(!, and aperiodic variation across

the macroscale geometry due to the dependence on u(?).

However, if C(s?) =0 or cé?) = 1, we must address (3.43) more carefully. As

explained in Section 2.5.1.1, as cé?) — 0, psF (cgi))) — —oo and as C(S?) — 1, pSF (céoi)) —

oo. Therefore, for C(S(i)) =0 or 1, the S& term may balance with uSF', giving
0
MSF (Céi)) = Sgitr(a'(o)), (3.48)

at leading order. The sign of tr(cr(o)) will change to satisfy (3.48), depending on

whether cé?) =0or cgi)) = 1.

Therefore there are three cases for terms to balance in (3.43), given by

tr (0(0)) <0 for c(s?) =0, (3.49a)
tr(a(o)) =0 for 0< C(S?) <1, (3.49b)
tr(o@) >0 for C(S?) = 1. (3.49¢)

This can be written as a nonlinear complementarity problem (NCP), given by

cé?) (1- cgf))tr(a'(o)) =0, (3.50a)
>0, 1= >0, (3.50b)
if c(S?) = O,tr(a(o)) < 0, and if cgi]) = 1,tr(0'(0)) > 0. (3.50¢)

NCPs are often solved by constructing a complementarity function ® such that
®(a,b) =0<=0a>0,b>0, ab=0, (3.51)

for example, in [10, 122]. Two examples of complementarity functions are the max-

plus function [16] and the Fischer-Burmeister function [36], given by

®(a,b) = a — max(0,a — b), (3.52a)
®(a,b) = Va®+b*—a—b, (3.52Db)
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respectively. The complementarity problem in (3.50) has two conditions but can be

written as
o (cb (tr(a<0>), 1— cg?) , Cgp) —0. (3.53)

From (3.11b), we have
tr(o) =Tr <(C5i (C(S?))> : {ﬁu(l) + Vu® — 7Sicé?)1}. (3.54)

Substituting (3.54) into (3.53) yields a nonlinear equation in céoi) and Vu(® for either
of the complementarity functions in (3.52). Therefore, to find how the microscale
displacement, u("), relates to the macroscale displacement, u(?), would require solving
the NCP along with the PDE system (3.12) at every macroscale point, as the NCP

is nonlinear in Vu(® and ).

Unlike the nonlinear terms that arise in the small
S case, the nonlinearities in the large S& case cannot be removed by assuming a

lithiation-independent stiffness tensor.

3.2.4 Reductions in Spherical Symmetry

Here, we briefly discuss the reductions to the computational cost of solving both the
fully nonlinear multiple-scales problem and the large S¢ problem by interpolating
between different solutions and exploiting the spherical symmetry in the macroscale
problem. Firstly, as the macroscale lithium concentration, C(S?), is bounded by zero
and one, the cell problems can be solved for a sample of cgi)) € [0,1]. We can then
approximate the dependence of u™") on cgi)’o) by interpolating between these solutions.
These solutions can then be used to find the cgi])—dependence of the effective param-
eters, C; and Wy, also. Thus, when solving the macroscale problem, the effective
parameters can be quickly calculated from this interpolation function. This causes a
large initial computational cost to create the interpolation function, but keeping the
additional cost to solve the macroscale problem lower. Reducing the computational
cost this way applies to any anode particle geometry.

For a general anode particle geometry, calculating u™ for each Vu(® value is par-
ticularly computationally expensive because Vu(®) has six independent components.
However, if the macroscale problem is simplified such that the number of indepen-
dent components of Vu(® is reduced, solving for each value of Vu(?) becomes more
computationally achievable. For example, the radial symmetry in the nano-particle

geometry allows us to write

(3.55)

T (dum) o) u<0>>
u = dlag )

dr > r 7 r
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yielding the general solution (2.55), with two integration constants, Ag; and Bg;. This
reduces the number of independent components of Vu(® to two. Furthermore, if the
porous silicon is in the centre of the nano-particle, without a central void, Bg; = 0 due
to the zero displacement condition at r = 0, giving dul® /dr = u(0)/r = Ag;. In this
case, the number of independent components of Vu(® is reduced to just one. Similar
to the interpolation function for solutions at different macroscale concentrations, this
can now be achieved fairly cheaply for the nonlinearities in Vau(®) as well. Therefore,
for simplified macroscale problems such as the spherical nano-particle, the large S
case, or even the full nonlinear multiple-scales problem can be solved with a large
reduction in computational cost compared to solving the macroscale equations on the
full porous domain. We do not, however, explore the nonlinear multiple-scales for-
mulation any further and instead simplify the multiple-scales problem by considering

the porous silicon to be fully lithiated.

3.2.5 Fully Lithiated Case

We now consider the case in which the anode is at its maximum theoretical lithiation

)

state. In this case, ¢, = 1 in each material, thus we prescribe cgi) = 1. The governing

equation for c(s(i)), (3.10c), is now dominated by the uSF

cé?) = 1. This removes the the coupling between the stress and the concentration,

greatly simplifying our multiple-scales analysis. Additionally, prescribing C(s?) =1

term because pSf — oo at

removes the lithiation-dependence of the stiffness tensor as we have Cg; = Cg;cg=1-

The microscale displacement is therefore given by

and the cell problems are given by

V- (Cs:VA) =0 in Qg;, (3.57a)
(Csi: VA)n=—-Cs-n  onl,, (3.57b)
and
2 (@Si : 65) —0, in O, (3.58a)
((CSi : ﬁg)n - (CSi : 1)n, on I, (3.58b)

along with the periodicity and integral conditions on A and . We assume the silicon

is amorphous as in Chapter 2 allowing us to write Cg; as (2.17). Therefore, we can
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write the cell problems as

a%- [Asi&j%A—;;S + G (854;;5 + 8:94;;5)] = 0;, (3.59a)

[Asidﬁa@“‘t—;’:s + Gs; (8545;5 + 8§§ZS>] n; = —Agidps1; — Gsi(d51, 4 050,.), (3.59b)
and

% [>\315z‘jg—§z + Gsi (gj] + gi)] =0;, (3.60a)

[ASiaijg—Z + Gy (gi + giﬂ )] n; = (3\g; + 2Gg;)n;, (3.60b)

where \g; and Gg; are the Lamé parameters of silicon, evaluated at cg; = 1.
The effective stress in the fully lithiated case is given by oy = Cy : Vu® — ;¥ 4,

written in suffix notation as

(0)
o _ o O

ij ijrsa—xs — 751 W55 (3.61)

The stiffness tensor and effective expansion coefficient are given by

1 A

C¢ = —= / CSi . V.A + Cgi dV, (362&)
€] Jas;
1 .

U,=— [ Cg:91-VEy dV, (3.62b)
9] Jos { }

respectively. We substitute the isotropic stiffness tensor (2.17) for silicon to find, in

suffix notation,
1 0A 0A; 0A;
o Aeaig ks o PAirs irs
o= g 00+ oo (G
+ Xsi0ij6rs + Gsi(0ir0js + is0r) dV] ;

1 08k 08 0§
\If¢ = — i 2 i)0ii — i057i —— il =— J d . .63b
ij |Q| |:/@Si(3)\s + 2G5 )5] ()\s 5383:% + Gs <8§3] + &%Z)) V] (3 63 )

3.2.5.1 Reductions Due to Symmetry

(3.63a)

To solve for all components of C, and ¥, we would need to solve the cell problem for
each subvector of A, A;.s = (Airs, Aors, Asrs), and the cell problem for &, totalling

ten 3-dimensional finite element solves of vector functions. Additionally, there are 81
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components of C4 and nine components of ¥, and thus 90 integrals would need to be
calculated. We now discuss the symmetries of this problem and how we can reduce
the number of finite element solutions we require and how many integrals we need to
calculate.

Using similar symmetry arguments to those in [18], we can find which derivatives
of the components A and & are even and odd with respect to which microscale coor-
dinates, ;. This method uses the boundary conditions (3.57b) and (3.60b), noting
that each component of the normal vector n; is odd in #; and even in Z; where j # .
Those derivatives which are odd will not contribute to the integrals in each compo-

nent of C4 and W4, whereas those which are even will. Following this method, it can
o

be shown that non-zero elements of Cy = ¢;,; only occur if

i=j=r=s, i=jandr=s, i=randj=s, ori=sandj=r (3.64)

This does not reduce the number of subvectors of A that need to be calculated but
reduces the number of non-zero components of C, to 21. Additionally, if ¢ # j, the
only terms in (3.63b) are 0¢;/0%; and 0&;/0z; which, from the boundary condition
(3.60b), are odd when i # j. Therefore, the off-diagonal entries of ¥, are zero,
reducing the number of non-zero components of ¥, to three. There is r,s and 1, j
symmetry in (3.59b) and (3.63a), reducing the number of unique components of C,
to 12 and reducing the number of subvectors of A which need to be solved for to six.
All these symmetry arguments are independent of the unit cell geometry and occur
due to the isotropy of the stiffness tensor.

The unit cell geometry we use here has symmetry in the different components
of x, such that the solution remains the same for z; <+ z; for ¢ # j. Therefore,
we have C(flll = 03222 = 02333 and 0?122 = 0%33 = 03)211 = C§233 = C:?zn = C§322 for
the components of Cy and W3 = Wey = W33, Lastly, by calculating the non-zero
contributions to the integrals, one finds by inspection that ¢, = c(f122 + 2c‘f212.

Due to the symmetries outlined here, the stiffness and expansion of the porous

silicon are also isotropic, meaning we can write the components of C, and ¥ as
it = As0iiOt + Gobindj + Godudy  and WY = 1yd;, (3.65)

where A\, and G, are the effective Lamé parameters and 14 is the scalar effective
expansion parameter. Therefore, we can calculate just 2 integrals of C, involving A,

and G4 to calculate these constants: ), (=g +2Gy) and ¢y, (= Ag), for example,
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which only require us to solve for the subvector A;1;. We also only need to calculate

one integral to obtain 14, for example W?,. Substituting (3.65) into (3.61) yields

oul” oul” ul?
¢ — Lk L J — Y5i140;5 3.66
JU )‘¢5U al’k + G¢( 835]- + 8332 ) 75177% K ( )

and comparing this with (2.23), we define v4 = (78i¢s)/(3As + 2G,). This allows us

to write o4 in the form of the stress used in (2.20)
Oy = Cd’ : [V’U,(O) - ’}/d)]_] . (367)

In summary, to find the Lamé parameters, A\, and G, and expansion coefficient, vy,
of the porous silicon, the cell problems that need to be solved numerically are given
by (3.59) with r = s = 1 and (3.60). Using these solutions we then calculate (3.63a)
withi=j=r=s=1, (3.63a) withi =j =2, =s=1and (3.63b) with i = j = 1.
Then, we have Ay = chy1y, G = (111 — Chpy)/2 and 9y = WS,

3.2.5.2 Numerical Solution to Cell Problems

We now briefly outline the details of solving the cell problems (3.57) and (3.58)
numerically. The PDE systems for A;;; and & are solved using the FEniCS finite
element package [1]. This requires writing the cell problems in weak form. Using the

isotropic stiffness tensor (2.17), we rewrite (3.57) as
v {ASi(ﬁ Ai)1+ G (VA + (@Am)T)} ~0, (3.682)

|:)\Si(6 : Az-n) 1+ Gs; (6-/4@‘11 + (6Ai11)T>] n

—Asi —2Gs; 0 0 (3.68b)
= 0 _)\Si 0 n.
0 0 s
Similarly for & we have
v {)\Si(ﬁ €)1+ Gy (VE+ (6§)T>} —0, (3.69)
{ASi(ﬁ €)1+ Gy (vg + (65)T)} n = (3\g + 2Gs;)n. (3.69b)
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By multiplying (3.68a) and (3.69a) by a test function, w, and integrating by parts

over the silicon domain in the unit cell, we obtain

A @W : |:/\S1(¢ . Az’ll)]- + GSi(ﬁAiu -+ (@Azu)T>:| dVv
fsi (3.70a)
= / |:)\Si(¢ - Ain)1+ GSi<6Ai11 + (6Az‘11)T>} n-wds,

e

 Vw: {ASiW €)1+ G (VE+ (¢§)T>] v
s, (3.70b)
- / [)\Si(@ €)1+ Gy (65 + (65)T)} n-wds.

Substituting the boundary conditions (3.68b) and (3.69b) into (3.70a) and (3.70b),
and noting Vw : 1 = V - w, yields the weak forms

[ )\Si(ﬁ . Aill) (6 . W) —FGSi@W : (6./41'11 + (6./41'11)T> dV
Qg

0

0

_>\Si — QGSi 0 (371&)
= / 0 —Asi n-wds,
r 0 0 —Ag
ﬁ Aai (V&) (V- w)+Gs Vw : (@5 - (ﬁg)T) dv
fsi (3.71b)

= (3)\si + 2Gs;) / n-wds.

e

The domain of the unit cell is given by —0.5 < z; < 0.5 for 2 = 1,2, 3. The mesh of
the silicon domain inside the unit cell is constructed using gmsh [43] for a given volume
fraction of silicon. The solutions for 4;1; and & are not unique for the same reasons
as discussed in (3.24a) so we choose to make the solution unique by requiring that
the integral of A;1; is zero. The periodic boundary conditions on fSi are enforced by
having nodes at corresponding positions on opposite sides of the mesh and enforcing
that the solution on the z; = 0.5 side is equal to that at the corresponding position on
the Z; = —0.5 side. The finite element solver uses the Flexible Generalized Minimal
Residual (FGMRES) method [93] along with an algebraic multigrid preconditioner
developed by hypre [33].

3.2.6 Varying Porosity

We now wish to see how the scalar effective parameters A\;, G4 and 14 depend on
the porosity of the porous silicon at full lithiation. We define the volume fraction

of silicon as ¢ = |Qg|/|Q| where |Qg;| is the volume of silicon in the unit cell. The
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porosity is then defined as 1 — ¢. We vary the volume fraction by varying the width
of the pillars that make up the silicon in the unit cell, denoted by [, and calculate the
volume fraction ¢ for a given [ by
AL+ 8(L—1)(L)* (3L —20)i2
5o BLE8(L-D)(E)’ _ (GL—2DP 5r2)
(L)3 I3

We calculate the effective parameters for a range of ¢ values and plot the mechanical

parameters, Ay and Gy, and the expansion parameter 14 against the volume fraction
¢ in Figures 3.5 and 3.6, respectively. It can be seen in Figure 3.6 that the value of
14 for each ¢ value is equal to 3\ + 2G,. This is because the anode material in the
unit cell is a single anode material with a uniform lithium concentration. Therefore,
we expect the porous silicon to expand the same amount as the non-porous material
if unstressed, giving 7, = s and thus 1, = 3\, + 2G4. Therefore, as our effective
stress is given by (3.66), we only need to calculate Ay and G.

Instead of solving the cell problem for A;1; every time we use the porous silicon in
the macroscale problem, we wish to be able to calculate A, and G4 quickly. Therefore,
we find the effective parameters for a discrete set of ¢ values, shown by the points
in Figures 3.5 and 3.6 and fit a polynomial function to these points, shown by the
solid lines in Figures 3.5 and 3.6. The polynomials for Ay and G calculated from the

least-squares minimisation of the data points are

Mg = 1.3215¢° — 1.8471¢* + 1.2315¢* — 0.1562¢% + 0.0429¢ — 0.0009,  (3.73a)
Gy = 0.0784¢° — 0.0673¢* + 0.1021¢" + 0.1083¢ + 0.2058¢ — 0.0003.  (3.73D)

0.6 3 T
* ’l/)¢
05 | 25 by fit 4
o 3\ +2G, ?
047 2 3\ + 2G, fit g

03 r

-
o
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n
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0

Effective Lamé Parameters, Ay & G,
Effective Expansion Parameter, 1)

-0.1

0 0.‘2 0.‘4 0.‘6 0.‘8 1 ’ 0 0.‘2 0.‘4 0.‘6 0.‘8 1
Volume Fraction of Silicon. & Volume Fraction of Silicon. &

Figure 3.5: Effective Lamé parameters Ay Figure 3.6: Effective expansion parameter

and Gy for fully lithiated porous silicon %)y for fully lithiated porous silicon against

against the volume fraction of silicon in the volume fraction of silicon in the unit

the unit cell ¢, alongside the polynomial cell ¢ alongside the polynomial fit. The

fits for each parameter. quantity 3\, 4+ 2G is also plotted.
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We use (3.73) to calculate the effective material parameters of the porous silicon in

the following macroscale problems.

3.3 Numerical Experiments

In this section we apply the linear elasticity model presented in Chapter 2 to nano-
particle designs which incorporate the porous silicon introduced in the last section.
The first design is identical to the core—shell geometry in Figure 2.1 with the non-
porous silicon core replaced by a porous one. The second design incorporates a porous
silicon layer between the non-porous silicon core and the graphite shell. We investigate
how the porosity of the silicon and the geometry of these designs affect the expanded

volume at full lithiation and the maximum capacity.

3.3.1 Porous Silicon Core

For the case in which we replace the silicon core with a porous silicon core, we
label the outer radius of the porous silicon core as Rj, nondimensionalised by Ry =
Ry /RE,. The radially-symmetric solution for this geometry is identical to that given
in Section 2.4 with Agi, Gi, 7si and Rg; replaced with Ay, Gy, 1 and Ry, respectively.
Additionally, as we are considering the fully lithiated case, we have cg; = cc = 1.
The relative expanded volume of the nano-particle at full lithiation, V7, is calculated

using (2.83). The maximum capacity for this case is given by

max

Qi = oR + zc—(1 — RY), (3.74)

max

Si
where we have taken the porosity ¢ into account as only the silicon within each unit
cell of the porous silicon can accommodate lithium.

Similar to the central void geometry, we compare the nano-particle designs which
have the same capacity and investigate whether the use of porous silicon reduces the
expansion. We calculate the fully lithiated expanded volume, V;, and the maximum
capacity, )1, for different volume fractions of silicon in the porous silicon core and
for different sizes of core, Rz. In Figure 3.7, we plot V] against (); for different
values of ¢. The maximum capacities of nano-particles with very porous silicon
cores is much lower than that of the non-porous silicon case, but with a comparable
expanded volumes, shown by the maximum values for each value of ¢. Therefore, a
large porous silicon core has a much higher expansion than a nano-particle with a

medium-sized non-porous core with the same capacity. However, for nano-particles
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with lower capacities around (0; = 0.15-0.35, nano-particles with a porous silicon core
have a smaller expanded volume than a nano-particle with a non-porous silicon core
with the same capacity. This is seen more clearly in Figure 3.8 where it can clearly
be seen that in this range of ()1, the nano-particles with ¢ < 1 have a lower expanded
volume. These results can also be used to approximate the porosity of silicon core
which maximises the capacity, ()1, for a given fully lithiated expanded volume, V.
For example, for V; = 1.3, a nano-particle with a core of volume fraction ¢ ~ 0.6 will

have the greatest capacity of around @)1 =~ 0.225, as seen in Figure 3.8.
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Figure 3.7: Expanded volume at full lithiation, V;, against the maximum capacity,
(1, for different volume fractions of silicon in the porous core, ¢.
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3.3.2 Porous Silicon Layer

We now analyse a nano-particle comprising a non-porous silicon core, surrounded by
a porous silicon layer, surrounded by a graphite shell, as shown in Figure 3.9. This
design is of particular interest as it tends to the yolk—shell nano-particle design as
¢ — 0. As this geometry still has radial symmetry, the displacement and radial stress
in the porous silicon layer are given by (2.55) and (2.56a), respectively. We label the
integration constants in the porous silicon layer as Ay and By, i.e. a = ¢. Prescribing
continuity of displacement and radial stress between the porous silicon layer and the

adjacent materials, the boundary conditions for this geometry are given by

Bsi =0, (3.75a)
B
AsiRs; = AyRs; + R—g, (3.75b)
4G 4B
(3Asi + 2Gsi) (Asi — sicsi) = (BAg + 2G4)(Ap — Ypc0) — };53 2. (3.75¢)
Si
By B
AyRy + — = AcRy + —5, (3.75d)
Iz Iz
4G 4B 4G Bo
(3 + 2G4) (A — 7oCs) — ]% ® = (3A\¢ + 2Gc)(Ac — yece) — R (3.75¢)
(3Ac +2G¢)(Ac — voee) = 4GB, (3.75f)

Figure 3.9: Schematic of a slice through the spherical nano-particle design with a
spherical core of non-porous silicon (2g;), a porous silicon layer (€24) and a graphite
shell (2¢). The outer radii of each region are labelled as Rg;, Ry and 1, respectively.
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where Ry = R} / R is the outer radius of the porous silicon layer, nondimensionalised
by the outer radius of the graphite shell.

To find whether this design of nano-particle improves on the previous designs
we have analysed, we again calculate V; and @, for different initial volumes of each
region and for different volume fractions of silicon in the porous silicon layer, ¢. We
calculate the expanded volume of the nano-particle at maximum lithiation using the
linearised equation (2.83). The introduction of a porous silicon layer means that the
maximum capacity, ()1, is now given by

Qi = Ry + (RS — BY) + (1 - RY). (3.76)

max

Si

In Figure 3.10, we plot the fully lithiated expansion, V;, against maximum ca-
pacity, )1, for several different geometries of the nano-particle with a porous silicon
layer. In each subfigure, we keep the ratio between the outer radii of the non-porous
silicon core, Rgi, and the porous silicon layer, R, fixed. We vary Rz from 0.01 to
0.99 in each subfigure, which also increases R = Vs and the maximum capacity,
(1. The different plots within each subfigure are for different volume fractions of the
porous silicon, ¢, within the porous silicon layer. The case of ¢ = 1.0 is therefore the
same in each subfigure because the porous and non-porous silicon are indistinct thus
the non-porous silicon core has initial volume RZ’). As in the porous core design, the
maximum capacities decrease for a more porous silicon in the porous layer, but the
maximum expansions remain similar.

We can see that for low capacity designs, the nano-particles containing a porous
layer have a lower expanded volume in all four subfigures. For those designs with
¢ < 1.0, at some capacity the expanded volume begins to increase rapidly with
(1. These designs become worse than for the solely non-porous core design at some
capacity due to this rapid increase in expansion. This rapid increase occurs at lower
capacities for silicon layers with a lower value of ¢. The () value at which the designs
with a porous silicon layer have a larger expansion than the non-porous core design
increases as the ratio between Rg; and Ry increases. For example, for RE;, = 0.75R3,
a porous silicon layer with ¢ = 0.1 can cause a reduction in the expanded volume up
to Q1 ~ 0.7, whereas for RS, = 0.1R3, the designs with porous layers only achieve a
lower expansion for ()1 < 0.55. The size of the reduction also increases as the Rg; : Ry
ratio increases. This implies the inclusion of a very porous and thin silicon layer can
greatly reduce the expansion of the nano-particle without sacrificing too much lithium

capacity, and this effect increases with porosity and size of non-porous core.
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If we analyse the displacement within one of the nano-particle designs for which
there is a large reduction in V; in detail, we can see that there is a problem. In
Figure 3.11, we plot u + r against r for Rg) =0.5, R}, =0.375 = 0.75R25 and ¢ = 0.1.
We plot u+r against r because each point starting at r in the unstressed configuration
has a final position u + r after being displaced. It can be seen that the derivative of
u + 7 is negative in the porous silicon layer. This implies that points in the anode
with different initial unstressed positions have the same final position, thus this model
predicts overlap of the materials within the nano-particle after expanding, which is
clearly unphysical. This is the origin of the greatly reduced expanded volume in these
cases. The overlap is a consequence of using linear elasticity in which the Eulerian
and Lagrangian coordinate systems are assumed to be the same.

This behaviour does not occur in all the cases in which a porous layer decreases
the expansion of the nano-particle, however. In Figure 3.12, we plot v + r against r
for Rz =0.01, R, = 0.001 and ¢ = 0.7. In this case, the capacity of the nano-particle
is 0.0687, given by substituting Rs; and R, into (3.76). We can find the geometry

of the nano-particle without a porous layer that has the same maximum capacity by

—
—_ N
T T

o
fed
T

Final position, u + r
o
~

o
o
T

o
()]
T

0 1 1 1
0 0.2 0.4 0.6 0.8 1
Radius, r

Figure 3.11: Final position after displacement, u + r, against initial position, r. The
different regions are separated with dashed red lines with RE;, = 0.375, Ri = 0.5 and
¢ =0.1.
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Non-porous core with porous layer
Non-porous core only

Final position, u + r
o o o
S (o] (0]

o
N
T

1

0.4 0.6 0.8 1
Radius, r

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
2

0 0

Figure 3.12: Final position after displacement, u 4 r, against initial position, r for a
nano-particle with a porous silicon layer and for one without with the same capacity.
The former design has a core of initial volume Vg; = R3, = 0.001, and a porous layer
with outer radius such that Rz = 0.01, shown by red dashed lines at » = v/0.001 and

r = v/0.01. The non-porous core has initial volume RE = R3; , = 0.1924, calculated
from (3.79), shown by the cyan dashed line at r = v/0.1924.

equating (3.76) and

max

c
Q= Bep+ T (- By, (3.77)
Si
giving
Cmax Cmax
RYp+ %(1 — Rp) = Ré + ¢(Rz — RE) + %(1 - Rz), (3.78)
Si Si

where Rn.p is the outer radius of the non-porous silicon core in the nano-particle

without a porous layer. We can solve (3.78) to find

1
(RS + O(RS - RY)) — cp=rg ]

max

Csi

Rnop =

(3.79)

max ’

yielding Rn.p for the parameters listed above. We also plot u+ 7 for the nano-particle
with the non-porous core of initial volume Rg; = Rn.p in Figure 3.12. We can see
that there is no overlap of materials in either u + r profile but the expanded volume
of the nano-particle with Rg; = Rn.p is 1.1190 whereas for that with the porous layer,
Vi = 1.1155. Both nano-particles have the same capacity. Therefore, there are still

some geometries for which this linear model suggests that including a porous layer is
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beneficial for anode nano-particle design in this case, without predicting unphysical
overlap of materials. However, as the linear elasticity assumption is only valid for
|u/r] < 1 and |du/dr| < 1, this must be considered when assessing the validity of
these results as well. For example, the displacement gradient in €)g; for the nano-

particle with a porous silicon layer in Figure 3.12 is du/dr = 0.5.

3.4 Conclusions

In this chapter, we have focussed on two aspects of including voids into nano-particles.
We analysed the multiple-scales formulation of the chemo-mechanical model presented
in Chapter 2 and compared the expansions of nano-particle designs utilising central
voids and porous silicon.

Applying the method of multiple scales to the linear model from Chapter 2 yielded
a nonlinear relationship between the microscale displacement and the macroscale dis-
placement. This is due to the stress and lithium concentration being coupled through
stress-assisted diffusion. We considered the limits of large and small stress-assisted
diffusion based on the parameter, S&. For the small S& limit, we found that if
the lithiation-dependent stiffness is used, the resulting cell problems are nonlinear in
both the macroscale concentration and the macroscale displacement gradient, Va(©).
Removing the lithiation-dependence of the stiffness in the small Sg limit removes
the nonlinearity and the resulting leading order cell problems and the first-order
corrections only need to be solved once for a given unit cell geometry. However,
this is not true for the large S& case and this is nonlinear in both the macroscale
lithium concentration and the macroscale displacement gradient with or without
lithiation-dependence in the stiffness tensor. We have briefly demonstrated how sim-
ple macroscale problems could be exploited to simplify the mechanical modelling of
the porous silicon using the method of multiple scales in this case.

We have analysed the effectiveness of including void spaces and porosity into the
nano-particle by comparing structures of equal capacity and calculating the expanded
volume at full lithiation. This measure was used here as the initial volume of silicon,
Vsi, is no longer the only independent variable in the nano-particle geometries in this
chapter. Additionally, restricting the lithiation of anodes is difficult in practice and
so analysing nano-particle designs at full lithiation is of particular interest. However,
as we have seen in Chapter 2, the linearised model breaks down at large silicon cores

and high lithiation states.
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We have found that all three structures studied in this chapter can achieve lower
expansion than their analogous designs with a non-porous silicon core. These mainly
occur for low-capacity designs but these capacities are still greater than solely graphite
nano-particles. One consideration that should be taken into account when incorporat-
ing porosity that is not discussed here is the power reduction that would occur. This
is due to the diffusion through the anode material being slowed because the lithium
must travel around the pores when moving towards the anode—electrolyte interface,
increasing the diffusion time, decreasing the power. We do not consider this in our
model as we have analysed the equilibrium case but it is an important consideration
in practice. Extensions to this work would be to investigate the cases in which the
nano-particles are not fully lithiated. This would require more computational cost
for the designs containing porous silicon, but would be simple for the central void
design. The model used in this chapter will be quantitatively more accurate for an-
ode materials with lower expansions than silicon, but the conclusions drawn from the
numerical experiments may differ for such materials.

Finally, we have seen that the linear model predicts overlap of materials for the
nano-particles with a very porous silicon layer between the non-porous core and the
graphite shell. This is a consequence of the linear elasticity assumption that the
Bulerian and Lagrangian coordinate systems are indistinguishable. Even in cases
where this overlap is not observed, the displacement gradient is large enough due
to the expansion of silicon that the linear elasticity assumption may not be valid.
Motivated by these results, in the next chapter we derive a geometrically nonlinear
mechanical model for a spherical anode particle. This model keeps the Eulerian
and Lagrangian coordinate systems distinct throughout and hopefully will produce

physically viable results for the porous silicon layer geometry.
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Chapter 4

Nonlinear Elastic Model

In this chapter, we present a geometrically nonlinear mechanical model of the lithi-
ation of a spherical nano-particle, consisting of a silicon core and a graphite shell,
as shown in Figure 2.1. The motivation for considering this nonlinear model is the
prediction from the linear model of the overlap of materials when applied to a nano-
particle with a non-porous silicon core and a porous silicon layer, seen in Figure 3.11.
This geometrically nonlinear model differentiates between the Lagrangian (reference)
and Eulerian (current) coordinate systems, meaning the overlap should be avoided.
Moreover, the nonlinear model does not make the assumption that the value n,V,"c;**
is small for a = 1,...,n. Therefore, the model in this chapter should provide more
physically accurate displacement results than the linear model in Chapter 2 for silicon
at high states of charge.

We derive the geometrically nonlinear model following the same approach as Cui
et al. [25] but make some simplifications in order to make the analysis of the model
easier. These include neglecting plastic flow and stress-assisted diffusion, and consid-
ering quasi-static lithium diffusion. We derive a nonlinear ODE for the displacement
u in terms of the radius r describing mechanical equilibrium. We solve the boundary
value problem for u numerically for the core-shell geometry in Chapter 2 and show
that solutions appear to cease to exist above a certain state of charge (SOC). We
analyse the nonlinear ODE further, searching for a bifurcation at the critical SOC at
which the solution suddenly changes, but find that solutions cease to exist altogether.
We linearise the nonlinear ODE about this bifurcation point to confirm this finding.
Suspecting that solutions do not exist due to the high compression in the graphite
at the surface between the silicon core and graphite shell, we adapt Cui’s model [25]
by using compressive nonlinear constitutive laws to describe the silicon and graphite.
We are able to solve the model using these constitutive laws for all states of charge.

Finally, we apply this geometrically and constitutively nonlinear model to the porous
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silicon layer example in Section 3.3.2 and this permits solutions without overlap of
materials.

Thus we find the geometrically nonlinear model removes the overlap of materials
seen when extremely weak materials are used with silicon, but only when using non-
linear constitutive laws. We conclude the chapter by showing that in fact plasticity
or other yielding mechanisms will take effect before the strains become large enough

for the nonlinearities to become significant.

4.1 Geometrically Nonlinear Elastic Model

We begin this chapter by deriving the geometrically nonlinear elasticity model from

[25], highlighting the differences we make here.

4.1.1 General Geometry

We derive the governing equations for this model for a general multi-material an-
ode geometry, given formally in Section 2.1.1. As we are now using geometrically
nonlinear elasticity, we differentiate between the coordinate frame of the stress-free
configuration, X ™, and the coordinate frame of the current, deformed configuration,
x*. We define the displacement gradient, F, as in (2.2), and also have the displace-

ment gradient in terms of the current configuration

o 0X™ B ou*

=a=l-— (4.1)

We therefore have f = F~! and as the strains are no longer assumed small, the
approximation (2.14) is no longer accurate. As in [25], we multiplicatively decompose
the deformation gradient, F, into F = FF5F neglecting plastic displacement, where
F¢ and F5F are both defined in Section 2.1.2. We use the same form of F°F as in

(2.3) and therefore, we have the same elastic strain given by

P Py ou\"  ou* dur\ " Ou* B
E_2[<‘]“) {H(ax* Toxs Tloxt ) axiy

As we differentiate between X™ and x*, we now must define different stress mea-

in Q,. (4.2

sures depending on the coordinate frame being used. The Cauchy stress tensor, o*,
used in the previous chapter is the force per area in the current configuration. The
first Piola-Kirchhoff (P-K) stress, %, is defined as the force in the current configu-

ration per area in the reference frame. Finally, the second P-K stress, ", is defined
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as the force that would have acted on an area in the reference configuration given a
force in the current frame, per area in the current frame. These are related to the
Cauchy stress by

o = Jo*t', &* = Jfo*f", (4.3)

where J = det(F) is the Jacobian of the deformation gradient, F.
We relate the stress and the elastic strain by describing the anode materials as
hyperelastic, thus we write the 1st P-K stress as

oW

in (4.4)

where W is the elastic strain energy per unit volume in the reference configuration.
Using the chain rule and the decomposition of the displacement gradient F = F¢F5,

we write

ow
SF _0% __
F; O = aFZ

in Q. (4.5)

1

In our analysis we will take the materials to have the special properties of being

isotropic and constitutively linear. Thus the elastic strain energy density is given by

where 1, is the Poisson ratio of the anode material a, J¢ = det(F®") is the Jacobian
of the stress-free deformation gradient in material a defined in (2.4), E® = Ef; is the
elastic strain defined in (4.2) and E* is the dimensional lithiation-dependent Young’s
modulus as a function of ¢,, the relative lithium concentration in material a. We use
the same linear lithiation-dependence of the Young’s modulus of each anode material
as in Chapter 2 and write the Young’s modulus as Ef(c,) = E%(1 + nFamaxc,).

Here, £% is the dimensional Young’s modulus of the unlithiated material, nZ is the

max

variation of the Young’s modulus with respect to the lithium concentration and 2%

is the maximum stoichiometric ratio of material a to lithium at the fully lithiated
state (3.8 for silicon and 1/6 for graphite). As in Chapter 2, we assume the Poisson’s
ratio is independent of lithiation.

We model the anode material to be in mechanical equilibrium. This can be ex-

pressed in terms of both the 1st P-K stress and the Cauchy stress by

9% 0 im0, ad -0 w0 47
ax: in 2, an ot in €, (4.7)

respectively, where Q is the current domain of the anode particle.
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4.1.2 Radially-Symmetric Case

The geometrically nonlinear model derived in the previous section is now applied
to the radially-symmetric spherical geometry in Figure 2.1. The displacement and

concentration can be written as (2.43) and the displacement gradient F is written as
F = diag[l + du”/dr*, 1 + " /r*, 1 + u*/77], (4.8)

where r* is the dimensional radial variable in the reference frame. From the multi-

plicative decomposition, we can write

F¢ = diag|[F},., Fgy, Fi5y]
= (JO)V3diag[l + du*/dr*, 1 +u*/r*, 1 +u*/r*]  in Q,. (4.9)
and from (2.6), we have
1 23 du\” ,
c =—|(JS 1+— — 4.1
E¢. 5 [(Ja) ( + e 1 in Q, (4.10a)
e e 1 c\—2/3 u* ? .

We substitute these elastic strains into the elastic strain energy density (4.6),
giving
Ja L,

WE.0) = 5 (- v (B2 + (B3 + (5,

(4.11)
+ 2u, | ES, Egy + ESES, + E§9E2¢}> in Q,.

Note that we retain the distinction between Eg, and Ef, to make the derivation of

the P-K stresses clear. We calculate the three non-zero elements of the 1st P-K stress

0%

Oprs

ogs and o3 using (4.5), giving

o 1 oW OE:,
(o) =

= (o) OEy, OFY,

Vel "Be  To e, + ava(Egy + E5,)|
= — 1, v,
2<1+Va)(]-_27/a) rr 06 o2 rr
JOE; 1 28 +1
_ oo 1= ) B + 2By | —r L i, (412
(U +va) (1 — 20) {( o B 2l | T (4.12)

where we have applied Eg, = Ej; in the final equality. Similarly,

JCE* 12E¢, +1

0% 0% aa e e 60 .

_ 0 ES, 4 v Ee | 220, 4.13
P00 = 940 (14 v)(1 —2u,) [ o0 TV T 1n ( )
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*
rr?

We can then derive the non-zero elements of the Cauchy stress o,, o5, and o7,

using (4.3), giving

1
Opp = jFrTUS:
1 JEE 2E° +1
= = 1 —1,)ES +2u,E5 | —————
(14w /r*)2 (1 + v,)(1 — 2u,) {( Va) By & 20 99} 1+ du*/dr+
L [0 s 50 du g
- — Vg Vg
(14 v,)(1 — 2v,) " 91 (1 + du*/dr) (1 + u* /)2
Ex 2E¢ + 1
_ a 1=y )EC. + 2w, ES, | V22 T2 Q. 4.14
(1+ va) (1 — 20,) {( Vo) By 420 99} 0B, +1 (4.14)
and
=0 Ea E° + ES ! in O (4.15)
= = U, ——  in Q. .
Opp Ogg (1 4 Va)(l _ 2Va) rr 00 /—1 T 2Efr

The equilibrium condition in terms of the lst P-K stress, (4.7), is written in

spherical coordinates as

0% 0% 0%
darr + 20rr — Oyg
dr*

Hence (4.10), (4.12) and (4.13) allow us to write (4.16) in terms of u* and r*, giving

=0  inQ. (4.16)

,r*

du*
dr*

3
r*? {—(1 — )2 (1 +

2

du* 3 du* 2
— (7 ) — (1= v (1 + d:f*) — v (r* + ") (1 + d:f ) (4.17)

o

+ (Vg + 1) ()32 (r* du u*) in Q.

This is the ODE that we solve to find the deformation in each material, a, inside
the nano-particle. Lastly, it is useful to write the radial Cauchy stress o7, given in

(4.14), in terms of u* and r* as

o UDTPEL JO-w) (), dun )’
= 1 1+ =
Frr (14 v,)(1 —21,) 2 N dr* Tt r*
B 1+Va(JC)2/3 1+ du*/dr -
2 “ (1 4+ u*/r)? “

To complete the mechanical model, we need to prescribe boundary conditions.

Here, we assume i) zero displacement at the centre of the nano-particle, ii) continuity
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of displacement between materials, iii) continuity of radial stress between materials,
and iv) zero traction at the outer radius of the nano-particle.

To determine the lithium concentration at each radial point, Cui et al. [25] use a
time-dependent diffusion model and couple the lithium flux to the mechanical model
through stress-assisted diffusion using the Eshelby tensor [31]. We simplify the model
by again taking the quasi-static case, resulting in the chemical potential being uniform
across the nano-particle as derived in Section 2.2. We also neglect stress-assisted
diffusion in this nonlinear model to keep the mechanical model uncoupled from the

lithium transport model. The lithium concentrations are found by solving
155 (e,) = in §,, (4.19)

implying ¢, is uniform in each material a. After ¢, are determined for a given SOC, ¢y,
using the SOC condition (2.59), we calculate J$ and E for each material. These are
then substituted into (4.17) and the corresponding boundary conditions to obtain a
boundary value problem for the displacement which must then be solved numerically.

We now apply this radially-symmetric model to the nano-particle with a silicon
core of radius R§, and a graphite shell of outer radius Rg. As we no longer use
the assumption that 7,V,"c;'®™* < 1, we do not need to scale the displacement and
stresses using this quantity. Instead, we nondimensionalise the displacement and
radius using the outer radius of the nano-particle, R¢, giving r* = Rir, u* = Riu as
in Section 2.4. The nondimensional radius of the silicon core is given by Rs; = R§;/R¢.
and the nano-particle has a nondimensional outer radius of one, as in Figure 2.1. We
nondimensionalise the Young’s moduli of each material, the 1st P-K stress and the
Cauchy stress using the dimensional shear modulus of silicon as in Chapter 2, giving
Ef = G§(0)E,, % = G§(0)0” and o* = G%,(0)o, respectively. Substituting these
expressions into the ODE (4.17) and the Cauchy stress (4.18) means we simply remove
the asterisks from these variables. We nondimensionalise the stress free chemical
potentials of the silicon and graphite according to (2.38). The concentrations, cg; and

cc, are therefore determined by 1! (cs;) = pgf (cc), along with the SOC condition
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(2.68). The full boundary value problem to be solved is given by

3 du\’ Vo + 1 d’u
2021 _ 2(q . Q¥ 2 Va1l sei0/3 2/dU
R (15 ot = 2 P ]
du\® du\?
=(r+u)’—(1—urp,)r? (1 + 5) — v (r 4 u) <1 + 5) (4.20a)
+ (vg + 1)(J9)*/ 32 (ri—u — u) in Q,,
r
u=0 at r =0, (4.20b)
[u]Z=0 at 7 = Rg;, (4.20c)
[Urr]_ 0 at r = RSia (4 20d)
o =0 at r =1, (4.20¢)
where

G +(i>)}1/3252y) { $ _2%) (H%)Q Y, (1 n %)2

(4.21)
1+ Va(JC)z/g} 1+ du/dr n Q.

A (T

and E, and J{ are functions of the lithium concentration in material a, ¢,, but are

independent of r because the lithium concentration is uniform in each material.

4.2 Numerical Solution

In this section, we describe the numerical method used to solve the system (4.20)
and present the displacements and radial stresses that are obtained for low states of

charge.

4.2.1 Double Shooting Method

We first describe the numerical method we use to solve (4.20). We use a multi-point
shooting method [74] by integrating the ODE (4.20a) for a = Si forwards from r = 0
to r = Rg; and backwards from » = 1 to r = Rg; for a = C. We use guesses for the
displacement gradient, v/, at r = 0 and r = 1, and calculate u(0) and u(1) from these
guesses. The «/(0) and u/(1) values are then explored to find solutions which satisfy
the continuity conditions at Rg;: (4.20c) and (4.20d).
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As the ODE (4.20a) is singular at r = 0, we solve the ODE in {)g; on the interval
€, Rsi] with 0 < € < 1 to avoid numerical complications at this singularity. We use

a Taylor series to replace (4.20b) by the approximation

du
—€e— =0 4.22
O (4.22)

€

and use this as the condition for u/(¢), which we write as u(e) = eu/(¢). To accurately
derive the boundary condition at » = 0, we should look at the asymptotic behaviour
of (4.20a) as r — 0. However, we use this approximation for simplicity, and will
assume that the profile in Qg; is linear in Section 4.3, making (4.22) exact.

To find the displacement in the graphite region, we rearrange the zero traction
conditions at r = 1 given by substituting » = 1 and o,,, = 0 into (4.21). This obtains

the three roots

_ L+ ve c2/3_1_yC / 2 _
u(1) = :I:\/ 7 (JE) 50 (1+w(1) -1, (4.23a)

u'(1) = —1. (4.23b)

The negative square root solution causes the displacement at » = 1 to be negative
and we must have v’ > —1 to avoid a singularity in the 1st P-K stress (4.12). We
therefore disregard the negative square root and /(1) = —1 solutions as these are

both unphysical. We therefore have

u(1) = \/1;;50 (J&)2/3 — 12_1/;’0 (1+w(1)* -1, (4.24)

as the condition for u(1) in terms of u/(1).

Starting from an initial guesses for u'(€), we now numerically integrate the ODE
(4.20a) from r = € to r = Rg;, using (4.22) to find u(e). Similarly, we start from an
initial guess for u/(1) and numerically integrate (4.20a) from r = 1 to r = Rg; using
(4.24) to find u(1). We then vary u/(e) and u/(1) to find the pair (v'(€), (1)) which

minimises the objective function

The initial guess for (u/(€), /(1)) must be sufficiently close to the solution to converge
quickly. We initially solve for a low SOC, ¢o, with an initial guess of u'(€) = /(1) = 0,
as we know that, for ¢ = 0, u = v/’ = 0 Vr € [¢,1]. We then solve for increasing
co values, using the solution for the previous ¢y value as the initial guess for the

subsequent value.
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4.2.2 Results

We use the parameter values given in Table 2.1 to produce the following results. In
Figure 4.1, we plot the numerical solutions to the BVP (4.20) for Rg; = 0.5 and
co € [0.025,0.15]. We can see that the displacement and radial stress profiles for this
model are qualitatively the same as for the linear case in Figures 2.8 and 2.9. We can
also see that u”(r), at the right-hand side of the interface, r = Ryg;, is very large for
c¢o = 0.15. The numerical solver does not find a solution for ¢y = 0.175 or greater,
including for much smaller intervals between ¢y values so that the initial guesses at
each cg are closer to the solution.

Due to the large second derivative of u at Rg;, we investigate the radial stress
continuity condition at the interface to investigate why the solver is unable to solve
for large ¢y values. Given a radial stress and displacement in the silicon at Rg;,

o.(Rg;) and u(Ryg;), respectively, the continuity condition is given by

oy (R5) =AJE)Eelco) {(1_”0)(1+u'(R;))2

(1+VC)(1_2VC) 2

U(Rs_'))2 L +wve 2/3 1+ (Rg)
+re14+ —=280) - (e v
ve ( R 9 (J¢) (1+ u(Rg)/Rs:)?

(4.26)

where u(Rg) and «/(Rd) are the displacement and displacement gradient in the
graphite at r = Rg;, respectively, and we have used u(R&,) = u(Rg;). Equation (4.26)
shows that o,,(Rg;) is a cubic function of u/(Rg) which we plot against u/(Rg;) for
co = 0.025,...,0.15 in Figure 4.2. We also plot o,,(Rg;) using dotted lines in Fig-
ure 4.2, calculated by solving the BVP (4.20) for these ¢q values. The values of u/( RE;)
that satisfy the continuity of stress condition are the points where the dotted lines
cross the cubic function. The solutions shown in Figure 4.1 have a u/(Rg;) value cor-
responding to the least negative solution to the continuity equation, represented by
the circles in Figure 4.2.

It can be seen that for ¢y = 0.15, the two right-most roots of (4.26) have almost
converged to a single root. If ¢y is increased further, it is reasonable to expect these
solutions to cease to exist, leaving only one real root of (4.26) which is much greater
in magnitude. We expect a bifurcation of the solution at ¢y = 0.15 such that u/(Rg)
decreases by a large amount. This would appear to explain why the numerical solver
is unable to solve the BVP for ¢y > 0.15, as the initial guess from the solution for

co = 0.15 will be significantly different to the solution for ¢y = 0.175.
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Figure 4.1: Left: Displacement, u (solid lines), and displacement gradient, u/(r)
(dashed lines), against radius, r. Right: Radial stress, o7, against radius, r. Results
obtained using the double shooting method described in Section 4.2.1 with Rg; = 0.5.
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Figure 4.2: Solid lines: Radial Cauchy stress at Rg; for graphite, o7.(R&), as a
function of «/(Rd;) using (4.26). Dotted lines: Radial Cauchy stress at Rg; for silicon,
of.(Rg;), from the numerical solution shown in Figure 4.1. The roots of the cubic
that produce the o7, profiles in ¢ in Figure 4.1 are circled.
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4.3 Bifurcation of Solution

In the previous section we found that the numerical scheme to solve the BVP system
(4.20) fails for ¢y > 0.15 due to a suspected bifurcation caused by the continuity of
stress condition (4.26). In this section, we analyse this bifurcation by assuming that
the displacement in ()g; is linear and numerically integrating the ODE (4.20a) from
r = Rg; to r = 1, using each of the three roots of (4.26) as the value for «'(Rd;). We
then check if any of these solutions satisfy the boundary condition (4.20e) for o,, at
r = 1. Throughout this section, we only consider the geometry Rg; = 0.5.

We define u = ar for € < r < Rg; and some constant «, as yet to be determined.
Using the boundary condition (4.20c), u(Rg) = u(Rd) = aRs;, and we also have
u/(Rg;) = a. We label «/(Rg;) = 3, for some constant 3, as yet to be determined and

substitute a and /3 into the stress continuity condition (4.26), giving

(14 vgi)(1 — 2uvg;) 1+a
__(J&)Ec(cc) {(1 — vc)

(J6) ™ B(cs) { Shute PN St ugi)?/?’}—l

Gt -20) 2 U +8)" +vo(l+a)’ (4.27)

1—|—VC c\2/ 14—5
_TUC)“}W‘

At a given SOC, ¢y, a given Rg;, and a given gradient of the linear displacement in {2g;,
«, there are one, two or three real solutions for 3, which we label as 3, f2 and 3, and
which can be calculated analytically. In Figure 4.3 we plot the bifurcation diagram
for the solutions, (3, of (4.27) against « for two particular values of ¢y: ¢y = 0.1 and
co = 0.2. We note here that for large values of ¢y (for Rg; = 0.5), there is only one root
of (4.27) for all e, and so this diagram qualitatively changes based on the parameters
in the problem.

For each of these solutions, i, B2, and S5, we numerically integrate (4.20a) from
r = Rg to r = 1 using u(Rs;) = aRs; and v'(Rs;) = B;, for i = 1,2,3. From the
resulting solutions, we calculate o,.,.(1) for each set of a and f; values and plot o,..(1)
against «, for ¢g = 0.1 and ¢y = 0.2, in Figure 4.4. The points where the plots in
Figure 4.4 cross o,,(1) = 0 correspond to « values which produce solutions to the
BVP (4.20). In the lower row of plots, we focus on the region around o,,(1) = 0 and
can see that for ¢y = 0.1, there is exactly one root at around o = 0.1, denoted by the
star. We expect that as ¢y is increased, the value of o which satisfies o,,.(1) = 0 to

vary continuously. However, we see that for ¢y = 0.2, there are no values of o which
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Figure 4.3: Bifurcation diagram of the roots, 3, of (4.27) against the ' in {g;, «, for
co = 0.1 (left) and ¢y = 0.2 (right). The inset plots have smaller intervals between «
values around the bifurcation points.

satisfy the zero traction condition (4.20e). This is because the red and black plots
in Figure 4.4 are discontinuous, so for ¢y = 0.2, o). = 0 is between both of these
plots. The inset plots in Figure 4.4 show that this is not due to the discretisation of
a. It is unusual for branches in bifurcation diagrams to be discontinuous, especially
considering the bifurcation diagram for the roots to (4.27), /3, is continuous, as shown
in the inset plots of Figure 4.3.

To investigate the discontinuities in Figure 4.4, we calculate the displacements, u,
and radial stresses, o,,, for the a value at the discontinuity between the red and black
branches for ¢y = 0.2, approximately o = 0.2. In Figure 4.5 we plot u, v’ and ¢, for
co = 0.2, a = 0.1926 and for both the red and black solutions for g: § = —0.55329
and 8 = —0.55441. Although the values for § are very similar, as shown by the du/dr
values at R, the two displacement and stress profiles are very different for 7 > Ryg;.

This is because the bracket multiplying the second derivative in (4.20a), which we
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label LHS, given by
Vo + 1

LHS = R? {3(1 — vo)R4(1 + B)? + vo(Rsi + aRg;)? — (Jé)Q/?’Réi}

= R, {3(1 —ve)(1+ B)* +ve(l +a)? — ”C; ! (Jc)ﬂ , (4.28)

is zero for some critical values of @ and § which we label & and B At LHS = 0,
u"(RE) is unbounded for a finite right-hand side of (4.20a).

We can show that LHS = 0 at the values of a and § where the red and black
branches in Figure 4.3 join. The a value at which this occurs is that at which (4.27)
has a repeated real root greater than the third root. We write (4.27) as

8%+ p28* + 1B+ po = 0, (4.29a)
where
p2 =3, (4.29D)
p1=3— i—”Z(Jg)Q/?’ - 12_%(1 +a)?, (4.29¢)
S 1+ v L Vo ey 2U¢ LGSR 20, (Rg) (1 + ve)(1 = 2vc) (1 + «)?

1-— Ve 1-— Ve B (1 — Vc)(Jé)_l/?’Ec(Cc) ’
(4.294)
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and

_ (J§) VP Esi(es) | (1+ vs) s l4vs, o0 1
(R3) = i 1 — 2 (JL)? . (4.29

There is a repeated root of the cubic equations (4.29a) when the discriminant, given
by

1

= 1 i - 23— 1) (4.30)

Ip1pa + 27po)? + BYe)

is equal to zero. The roots of (4.29a) when A = 0 are dependent on the sign of
2p3 — 9p1py + 27po. If 2p3 — 9pips + 27py > 0, the repeated root is greater than
the other root, which is the case for the @ and [ values at which the red and black
branches join. The roots §;, « = 1,2, 3 are then given by

2—3 2—3
\/ 9 L 1L, Br=ps= \/p—Q 9 P (4.31)

Substituting (4.29b) and (4.29¢) into (4.31) yields

P2 = B3 = 1\/?)(ILVC)(J@§ _ b (1+a)?—1. (4.32)

3 1_VC 1—1/(;

Substituting (4.32) into (4.28) yields

2
3 1 /3(1+ ve) 6vc
LH 1— ST (e — 1
5= i (= ve) By (3\/ L vt
1
+eR%(1+a)? — 22 ey Rz,

1 +1
= Ry (G0 v — voll + ) ve(1 + o) - e
= 0. (4.33)

Therefore, the values of o and [ at which the bifurcation in Figure 4.3 occurs are the
same as the critical values, & and B , at which LHS = 0.

Therefore, u”(Rg;) will be unbounded for a = & and 3 = B because LHS is exactly
zero and the right-hand side of the ODE (4.20a) is finite. Perturbing o away from &,
such that 3 is slightly less than 3 and fs is slightly greater than 3, causes u” (RE)
to be large and negative or large and positive. This has a large effect on the radial
stress at r = 1, due to the very different displacement profiles for r € [Rg;, 1] between
a positive perturbation and a negative perturbation. This is the reason the red and

black branches in Figure 4.4 are discontinuous.
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4.4 Linearisation Around Bifurcation

In this section, we seek to analytically confirm the behaviour of the displacement at
r = Rg; for the critical values & = & and 8 = 8 by linearising the ODE (4.20a)
around r = Rg;. We then analyse the effect of a small perturbation to a about & to
confirm that the red and black branches in o,..(1) in Figure 4.4 are two discontinuous

branches as opposed to a connected curve, which might have been expected.

4.4.1 Linearisation Around Rg;

To linearise the ODE (4.20a) about Rg;, we introduce a new spatial variable 7 by
defining
r = Rg; + 0T, (434)

where § < 1. We also assume that the displacement, u, near Rg; can be written as
u = &Rs; + B(r — Rs) + €t = GRg; + 657 + <, (4.35)

where we have introduced a new displacement, u, used (4.34) in the second equality,
and we will assume ¢ < 1. By differentiating (4.35) and using the chain rule, we can

write the first and second derivatives of u with respect to r as

du -~ edu

i - 4.

o Prsa (4.362)
du e d%a

- 4.36b
dr2  02d72 (4.36D)

The conditions for the displacement u at r = Rg; are u(Rg) = GRg; and u/(R&) = 3,

which corresponds to the following conditions on (7),

(7 =0) =0, (4.37a)
=0 =0. (4:37b)

The condition on @ (4.37a), suggests the solution @ has the form @ = 7 close to
7 = 0, for some constant, a. Under this assumption, (4.37b) suggests that a > 1. The
variations in u are therefore much smaller than the variations in r as 7 — 0, and from
(4.36a), we therefore have ¢ < ¢ so the da/dr term balances this small variation in

u with r.

102



We now substitute (4.34)-(4.36) into the ODE (4.20a), giving

(Bsi + 07" g(l — v0)(Rs; + 5%)2(1 + A+ _%>

o dr
N 1 d2~
+ I/C((l + &)Rsi + (1 + B)o1 + 8&)2 — C;— (JC)2/3(RSI + 57“) %d_f;
= (1 +&@Rsi + (1 + B)o7 + i)’ — (1 — vo)(Rs; + 07)° (1 4B+ %%) (4.38)
2 ~ A
— ve(Rsi + 67)*((1 + &) Rs; + (14 B)07 + i) (1 + B+ 55)
c\2/3 N2 5 A _edu N
+ (ve + 1)(JE)*3(Rg; + 07)? | Rsi (B — &) + (Rg; + 57:)35 _cal

For ease of understanding, we label the left-hand and right-hand sides of (4.38) as L
and R, respectively.
The leading-order terms of L (of size O(g/6?%)) are

L(O(/5%)) = By | 21— v) R4 (14 57 + o1 + &)Y

2y (439)

a2’

| Ae}

2

L(Je) R,

The terms in brackets of (4.39) are equal to LHS in (4.28) with a = @ and § = 3. We
showed in Section 4.3 that LHS = 0 for &« = & and 8 = § and so we must therefore
match the next-order terms of L to the O(1) terms of R.

The next-order terms of L are O(e2/6%) and O(g/d) terms. If we were to match
the O(e/d) terms to the O(1) terms in R, this would imply € ~ ¢ which violates the
relative orders found earlier from (4.36)-(4.37). Therefore, we must have 3/§% ~ 1

so we take £ = §%/2. Hence, (4.38) is given at leading order by

3Rsi(1 — v, )(1+B)%@ =(1+a)P—-(1-uwu )(1+B)3
> ¢ dF di? ¢ (4.40)
—vo(1+ @)1+ B2 + (v + D)(JE)Y(B - ).
The ODE (4.40) can easily be solved to yield the general solution
2
U= —C(Cr + A)2 + B, (4.41)

where

2[(1+ )" — (1= ve)(L+ B)* = vel(l + @)L+ B)? + (ve + D(Je)Y*(3 — )

C = ~
3RSi(1 — l/c)(l + 6)
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and A and B are integration constants. Applying the conditions (4.37), reveals A =
B =0, giving the solution
2
i = igx/ﬁf% (4.43)

In Figure 4.6 we plot the solution (4.43) for 7 € [0,10] for & = 0.1956 and
B = —0.5538 which are the & and B values for ¢ = 0.2 and Rg; = 0.5. It can be seen
that the two solutions of this equation diverge from 7 = 0 which is the behaviour
we observe in Figure 4.5. By considering the expression for the radial Cauchy stress
(4.21), we can see that the two o,, profiles calculated from the positive and negative
solutions in (4.43) also diverge from 7 = 0. This leads to the distinct values of o,,(1)
seen in Figure 4.4 for @ = & and 8 = 3. Additionally, from the solution (4.43) we see
that 4”(7 = 0) is unbounded, supporting our finding that the second derivative of u
is infinite at (&, f).

4.4.2 Linearisation Around &

We now wish to investigate how the solution close to r = Rg; varies when we perturb
the value of o away from &. We perturb a by some small amount, f(J), and write

the resulting small amount that g is perturbed as ¢(¢), giving
a=a+f0)aV+....  B=B+g06)Y +..., (4.44)

30 x w x :

U
N
o

—_
o

Positive solution
Negative solution

o

Linearised displacement,

_30 1 1 1 1
0 2 4 6 8 10

Linearised spatial variable, r

Figure 4.6: Solution (4.43) to the leading-order non-trivial ODE (4.38). Here, Rg; =
0.5, ¢ = 0.2, & = 0.1956 and B = —0.5538.
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where the size of f(d) and g(J) are to be found. Using the expressions (4.35) and

(4.36), along with £ ~ §%/2, found in the last section, we have

u= (& + f(6)aW)Rs; + 6(6 + g(0)8)F + 6°24, (4.45a)
du - du
g (1) 1/25%
3 = P9+, (4.45b)
2 2~
du_ spda (4.45¢)

dr? dr?’
Additionally, substituting (4.44) into the stress-continuity condition in terms of «

and (3, given by (4.27), yields the continuity of stress boundary condition at r = Rg;,

jSi{M(l i B - g } (1+a+ f()a)

5 2
- S a0 el s S0
1 +2Vc (J(%)z/s} (145 + g(0)8D).
where
(=t e
for a = Si, C.

The leading-order terms of (4.46a) recover (4.27). Matching the O(g(d)) and
O(f(9)) terms yields

1 ; 1 i 3
jSi{wu +ay - %(J;)m}“(” — w1+ @)1+ Bal)

(4.47)

— jc{@(l +B)2 +Vc(1 er)g . 1+2VC(J8)2/3}5(1)_

Comparing the right-hand side of (4.47) to LHS in (4.28), we see that the O(g(d))
terms are zero because LHS = 0 for o = & and 8 = . Therefore, the O(f(é)) terms

must balance with the O(g(6)?) terms instead, implying g(d) ~ (f(é))l/Q. This
matching yields
1 i N 1 i ~ A
j&{@(l +a&)? — +2VS (J§; )2/3}04(1) —2weJo(1+a)(1 + Ba
(4.48)

_ JC{M(HB)}(W)Q,
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which we rearrange to give

~

Tsi(L+vs)(3(1+ &) — (J§)*?) — e Te(1+ a) (1 + 5)04(1)
3Jc(1—ve)(1+ B)

As in Section 4.4.1, substituting (4.45) into the governing ODE (4.20a) recov-
ers (4.39) at leading order (O(67/2)), and thus we analyse the next-order terms.
From the scaling found above, we have that g(d) > f(d), and thus we match the
O(g(6)67"/%) and O(1) terms of L to the O(1) terms of R. This yields

[N

/3(1) -+

(4.49)

Rs;

31 —wve)(1+P) (ﬁ(l)g(5> + %(ﬁ)] 5,%(12&
= (148" = (1= ve) (14 ) —ve(1 +a)(1 + B)?
+ (e + 1)(JE) (6 — a).

Therefore, we must have g(§) = §'/2 and f(§) = §. By substituting g(6§) = §/2 into
(4.50), the ODE at leading order is given by

da\ d*a C
(6(” N _) ca-< (4.51)

(4.50)

dr 2’
where C' is given by (4.42) and 3 is given by (4.49).
The ODE (4.51) can be integrated to give

Qﬂ“)%ﬁt du 2—0f+A (4.52)
ar -~ \dr) ’ ‘
where A is an integration constant. Applying the condition (4.37b) yields A = 0.

Substituting A = 0 and rearranging gives

da\? di 3
BU L) = Cr+ (80) = T=x(Cr+ (BY)) - 80, (453)
dr dr
which is integrated again, giving
_ 2 . 2\ 2 _
=4+ 1) —_3Mm
i === (CF+ (89)")" = 8VF + B, (4.54)
Applying the condition (4.37b) again to (4.54) yields
1
B = i<(5<1>)2>2 — BN = £[pW)]. (4.55)

This implies that the boundary condition (4.37b) is only satisfied by the positive
solution in (4.54) if S > 0 and by the negative solution if 3"} < 0. Therefore, we
write the solution as

i = sgn(BY) % <Cf + (5(1))2>

3
2

— W7+ B. (4.56)
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Applying the initial condition (4.37a) to (4.56) yields

2 3 2
0= sgn(ﬁ(l))—«ﬁ(l))z) "+ B = B=—sgn(80) = |V, (4.57)
3C 3C
yielding the exact solution
; Y 2 [(cr 4 (80)2)? _ 130P] _ gz
U= sgn(ﬁ )% (CT + (6 ) ) - |B ’ — Y. (4.58)
For the parameters we use here (Rg; = 0.5,¢o = 0.2), the prefactor for a() in

(4.49) is positive. Therefore, the solution (4.58) to the linearised ODE (4.51) is only
real if o > 0 due to the quadratic relationship between S and a® in (4.49).
This can be seen in the bifurcation diagram for § in Figure 4.3. If « is increased
slightly from o = &, such that a(!) > 0, the roots represented by the black and red
branches come into existence, whereas if a(!) < 0, these solutions cease to exist. As
seen in Section 4.4.1, at the bifurcation point, @ = &, there are only two distinct
roots of (4.27), 1 and B For the f = B case, there are two solutions for the
linearised displacement, @, given by (4.43). As there are three roots, 3;, i = 1,2, 3,
for a = & + 6a, it could be expected that there are four solutions to @ for the
two greater 3 values: two for 8 = 8+ AW and two for 3 = 3 — ). However,
the condition (4.37b) results in the choice of solution in (4.54) being dependent on
sgn (6(1) ) Therefore, there is only one solution for positive 5(!) and one for negative
s,

Therefore, as « is increased, the number of roots, 3, of (4.3) increases from one, to
two at a = &, then to three, before reducing to two at the other bifurcation point and
eventually reducing to one for larger or. Conversely, the number of values of o,,(1)
that result from these roots, 3, increases from one, immediately to three at a = &,
and remains at three until the other bifurcation in « occurs, which we do not study
here. In terms of the solution to the BVP (4.20), the discontinuity in o,,(1) causes
the solution to not exist for ¢y and Rg; values in which o,..(1) = 0 is within this gap
caused by the discontinuity. This analysis is only valid for Rg; and ¢ values in which
the bifurcation in the roots of (4.3) occurs. As previously discussed, the bifurcation
does not occur for large values of ¢y, however we do not study the behaviour of the
solution in these cases here.

So far in this chapter, we have shown both numerically and analytically that the
nonlinear elasticity model derived in Section 4.1 does not permit solutions for states
of charge above a certain value. The reason that the solutions cease to exist is because

the strain energy density (4.6) does not penalise strongly enough the large values of
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u”, which are caused by the high compression of the graphite at r = Rg;. In the
next section we account for this by using a different constitutive law to describe the

mechanics of each material.

4.5 Compressible Constitutive Laws

In this section, we present a geometrically and constitutively nonlinear model for
the mechanical behaviour of both the silicon and the graphite, and solve the model
applied to the spherical core—shell geometry in Figure 2.1. We then apply the model
to the nano-particle with a porous silicon layer between the silicon core and graphite
shell, shown in Figure 3.9. We find that the fully nonlinear model no longer predicts
overlap of materials for this geometry. Lastly, we reproduce Figure 3.10 using this
nonlinear model to show that this nano-particle design can reduce the expansion of
the nano-particle but only by a small amount and for a small range of geometric

parameters.

4.5.1 Silicon Core and Graphite Shell

We extend the model in Section 4.1 by considering nonlinear constitutive laws which
penalise high compression. In particular, we consider strain energy densities which
include terms that tend to infinity as the determinant of the elastic deformation
gradient det(F¢) — 0. The two constitutive laws we consider are compressible neo-

Hookean (NH) and Blatz—Ko (BK) [8] whose strain energy densities are given by

WhE = J¢ [%(m J)? — Guln J¢ + %(11 - 3)} : (4.59a)
_ JiGa 1 b _ (o L
WBK — 5 {f(([1—3)+ﬁa(13 1)>+(1 f)([3 3+5a(13 1))},
(4.59D)

respectively, where A\, and G, are the Lamé parameters of material a and 5, =
Ao/ (2G,), and f € [0.0,1.0] is an additional parameter. Throughout the remainder
of this chapter, we take f = 0.5. The terms I, I, and I3 are known as the three
invariants of the Left Cauchy—Green tensor, F¢ (Fe)T, and J¢ is the Jacobian of the
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elastic deformation tensor, F¢. These are written as functions of F¢ as

J¢ = det(F°),
I = tr(FY(F)1),

)
)
I = %[(u(F@(F@)U)Q - tr((Fe(Fe)T)Qﬂ, (4.60¢)
I3 = det (F(F)"). (4.60d)

Therefore, it can be seen that in (4.59a), as J¢ — 0, In J¢ - —co = [\,/2(In J¢)?—
GoIn J¢] — oo. Similarly, in (4.59b), as I3 = det(F°)det ((F)") — 0, L7 —
and I5/I3 — oo. Thus, these strain energy densities provide the desired properties.
Following the same procedure as in Section 4.1.2, we can derive the 1st P-K
stresses, Cauchy stresses, ODE and boundary conditions that result from applying
(4.59) to the model in Section 4.1. These are presented in Appendix D for both
the NH and BK constitutive laws. Using the same double shooting method as in
Section 4.2.1, we solve the two boundary value problems that arise from using these
nonlinear constitutive laws for Rg; = 0.5 and ¢y = 0.1,0.2,...1.0. In Figures 4.7

and 4.8, we plot the displacements, u, the displacement gradients, u’, and the radial

*
T

Cauchy stresses, o, for the NH and BK constitutive laws, respectively.

We now obtain solutions for all ¢y values from 0 to 1. In both cases, while o,,
is monotonic with increasing ¢y in {)g;, v’ is not. For example, in Figure 4.7, du/dr
for cg = 0.7 is greater than that for ¢y = 0.8 in the silicon region. This is due to the
dependence of the Young’s modulus of graphite with c¢¢ in the model. In Figure 4.9,
we plot the Young’s modulus of the graphite and u' in Qg against ¢y, using the
solution from the NH constitutive law. We can see that for increases in ¢y in which
the Young’s modulus of the graphite increases rapidly, u’ in Q¢ either only increases
slightly or decreases, such as between ¢y ~ 0.7 and ¢y =~ 0.85. The opposite effect
is observed when E¢, increases slowly with cy. Referring to Figure 2.6 of cg; and c¢
against co, the large increases in I, occur at the same ¢j values as the large increases
in ¢c. This is expected given the linear variation of Ec with cc. At the ¢y values
that c¢c greatly increases, cgi, and thus «/, does not increase very much. However, if
stress-assisted diffusion is included into the model, as it is in the displacement profiles
in Figure 2.8, c¢ increases very rapidly at low ¢ values due to the tensile stress caused
by the expanding silicon. This masks the effects of the lithiation-dependent stiffness
of the graphite, meaning v’ in Qg; is monotonic if stress-assisted diffusion is included

in the model.
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4.5.2 Porous Silicon Layer

We have now discussed two geometrically nonlinear constitutive laws which yield
solutions to the silicon and graphite core—shell geometry for all ¢y values. We now
revisit the results that motivated this chapter, and in particular those in Figure 3.11.
We wish to find the displacement of the nano-particle with a non-porous silicon core,
a porous silicon layer and a graphite shell, as shown in Figure 3.9, when fully lithiated
(co = 1). We must solve the nonlinear mechanical equilibrium equation (4.16) in each

region, {1g;, {24, and (¢, and apply the boundary conditions

u=0atr=0, (4.61a)

[u(Rsi)|E = [0 (Rsi)] = = 0, (4.61D)
[u(Ry)|E = o7 (Ry)]T =0, (4.61c)
orr(1) =0, (4.61d)

where o,, can be derived from the constitutive laws (4.59), as shown in Appendix D,
and R, and Rg are shown in Figure 3.9. We note that the effective parameters
of the porous silicon were calculated using the linear elasticity model and we are

assuming here that silicon and graphite behave according to a nonlinear constitutive
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law. However, we assume that the Lamé parameters vary with the porosity in a
similar way to that using the linear model, shown in Figures 3.5 and 3.6, and thus
still use the fitted function (3.73) to calculate Ay and Giy.

We wish to compare the numerical solution to the nonlinear BVP in this chapter to
the solution to the linear BVP in Figure 3.11. We therefore take the same geometric
parameter values: RS, = 0.375, RZ; = 0.5 and ¢ = 0.1, and consider the fully lithiated
state, ¢ = 1. However, as we have nondimensionalised the displacement differently in
the linear and nonlinear models, we compare the dimensional final position, relative
to the outer radius of the nano-particle, given by (u* + r*)/R&. This is opposed to
nondimensional v + r plotted in Figure 3.11.

As we have two internal boundaries in this geometry, the double-shooting method
in Section 4.2.1 is no longer appropriate. Instead, we solve the BVP system for
the nonlinear constitutive laws using the MATLAB BVP solver bvp5c [54]. As the
nonlinear ODE arising from (4.16) has multiple solutions, we first solve the BVP
ignoring the porous silicon core, such that R, = 0.5, and incrementally increase the
porosity of the porous silicon layer until ¢ = 0.1. This ensures the solver converges
to the desired solution.

In Figure 4.10, we plot (u* 4 7*)/R¢ against r, using solutions obtained using the
three mechanical models: the linear elasticity model, the NH constitutive law and
the BK constitutive law. It can be seen that the results from the nonlinear model,
using either constitutive law, do not exhibit overlap of materials as (u* + r*)/R¢
is monotonically increasing in r. This means every initial radial point in the nano-
particle has a unique final position after the lithiation-induced displacement. This is
confirmed in the inset plots focussed on the porous silicon region r € [Rg;, Ry] which
show the nonlinear solutions have a positive gradient. We can see that the linear
solution gives a smaller displacement at » = 1, yielding a smaller expanded volume,
as expected due to the unphysical overlap.

We can now return to Figure 3.10, where we saw that including a porous silicon
layer into the nano-particle design could greatly reduce the expansion without de-
creasing the capacity. We reproduce Figure 3.10 using the nonlinear elasticity model
with the NH constitutive law in Figure 4.11, and with the BK constitutive law in
Figure 4.12. Analysing Figures 4.11-4.12 the same way as Figures 3.7-3.10, we see
that the nonlinear model predicts that there are still nano-particle geometries with
a porous silicon layer which cause a lower expanded volume than a nano-particle of

the same capacity but without a porous silicon layer. The geometric parameters for
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which this occurs are different for the two constitutive laws, showing that this result
depends on the law used to describe each material.

We now demonstrate a case in which the nano-particle with a porous layer reduces
the expansion according to the nonlinear model in Figure 4.13. We plot the displace-
ment of a nano-particle with a silicon core, a porous silicon layer and a graphite shell
alongside the displacement of a nano-particle with just a silicon core and graphite
shell. 'We choose the geometric parameters, Rg;, R, and the radius of the non-
porous core without a porous layer, Rn.p, such that both designs of nano-particles
have the same maximum capacity, (J;. This is achieved by rearranging (3.76) with

RE = Vsig RS and (3.78), yielding

Cmale _ Cgax
R = S : (4.62a)
P (Vaug(1 — @) + ¢) — e
RYp = —CSimf <, (4.62b)
Cgi ™ — C¢o

respectively, where Vg, is the ratio between RE; to Ri. In Figure 4.13, we choose
Q1 =0.2, 9 =0.1 and Vgi., = 0.5. We see that the displacement for the nano-particle
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Figure 4.13: Final position (u* 4 r*)/R¢ against initial position r, for the nonlinear
model using the NH and BK constitutive laws. Solid green and black lines show the
final position of each material point in the nano-particle with the porous layer and
red dashed lines separate the different regions at r = Rg; = qua and 7 = Ry.
The porous layer has ¢ = 0.1. Dashed green and black lines show the final position
of each material point in the nano-particle without the porous layer and the cyan
dashed line separates the silicon and graphite at » = Ryn.p. The upper-left inset plot
focusses around Rg;, Ry and Rn.p, and the lower-right inset plot focusses on r = 1.

with the porous layer at » = 1 is less than that for the nano-particle without for
the solution of both the NH and BK constitutive laws in the lower-right inset plot of
Figure 4.13. This is without overlap, as seen in the upper-left inset plot of Figure 4.13.
Therefore, this nonlinear elastic model predicts the nano-particles with a porous layer
can reduce the expansion of the nano-particle with the same capacity but no porous

layer.

4.6 Conclusions

This chapter has been motivated by the unphysical results obtained when using the
linear model from Chapter 2 to model a porous silicon layer within the nano-particle.
We presented a model using geometric nonlinear elasticity, a linear constitutive law

but neglecting stress-assisted diffusion, plasticity, cracking, and delamination. We
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then applied this model to the nano-particle of a silicon core and graphite shell,
showing that this model does not have solutions for lithiation states above a certain
value. This is due to the linear constitutive law not penalising the high compression
that occurs at the interface between the silicon and the graphite. We confirmed
this by using two nonlinear constitutive laws which included penalisation of high
compression due to the terms dependent on the determinant of the elastic deformation
gradient, F¢. We then produced solutions for all lithiation states using these nonlinear
constitutive laws and solved the model for a nano-particle geometry with a porous
silicon layer between the core and the shell. The results do not exhibit the unphysical
overlap observed in Figure 3.11 or the non-existence of solutions seen for the linear
constitutive law.

While this confirmed our concerns about the linear model in Chapter 2, it is not
clear that it is appropriate to model silicon and graphite using nonlinear constitutive
laws. There may be other physical processes that need to be considered in practice.
We conclude the chapter by showing that yielding mechanisms will come into effect
before the nonlinearity of the stress-strain relationship becomes significant, motivating
the next chapter. To do this, we critically consider the solution to the nonlinear
elasticity model for a silicon core of radius Rg; = 0.5, using the NH constitutive law
for ¢cg =0.1,0.2,..., 1.

The nonlinearity in the stress-strain relationship becomes non-negligible when
large elastic strains occur. In Figure 4.14, we plot the elastic strains in the radial
and hoop directions, E¢. and Egy, respectively, given by (4.10), against the radius, r,
for different amounts of lithium, ¢y. We can see that both elastic strains are uniform
in the silicon region, Qg;, and Ef, = E§, reach a magnitude of around 13%. The
elastic strain in the graphite region is caused by compression in the radial direction
and tension in the hoop direction. The elastic strains are greatest at r = Rg; for
the graphite region and decrease as r increases because the stretching caused by the
expanding silicon decreases away from the silicon core. However, as observed for
the maximum displacement at r = Rg; in section 4.5, the maximum elastic strain
is observed at ¢y = 0.7, not ¢y = 1.0, and reaches a strain of around 38%. These
strains are considered to be large and thus, if the materials did behave according to
a nonlinear constitutive law, at these lithium concentrations, it would be important
to include the nonlinearities in the model.

Other effects, known as yielding mechanisms, often take effect if materials are
put under sufficient elastic strain. These effects include cracking and plasticity. One

model of such yielding is to assume a material yields if an effective stress measure is
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Figure 4.14: Elastic strains in radial (left) and hoop (right) directions against radius
for different states of charge, ¢y. Calculated using the NH constitutive law. Inset
plots show the strains at high states of charge more clearly.

exceeded at a point in the material. At the points which the material has yielded,
it stops behaving elastically and other physical effects occur instead. The von Mises
yield function, which we denote by fVM(o), is an effective stress measure often used
to determine whether a material has yielded [48]. It is calculated for a material in

simple tension by

() = ((011 — 02) + (022 — 033)* + (;33 —ou)® + 6(cf, + 035 + 03)) %’
(4.63)
where o;; is the Cauchy stress. While fY™ (o) is less than some yield stress, which
is obtained from experiments, the material behaves elastically; if the Cauchy stress
is such that fYM(o) exceeds the yield stress, the material is said to have yielded at
that point. The von Mises function (4.63) can be written for the radially-symmetric

nano-particle as

fVM(O_rra 099) = ’07"7“ - 0_99" (464)

In Figure 4.15, we plot fY™(o,,,04), calculated using the Cauchy stress from

the nonlinear elastic model with the NH constitutive law, against the radial position
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is zero in the entire silicon region.

in the core-shell nano-particle with Rg; = 0.5. It can be seen that fYM is zero in
the silicon region, as o, = oggy. This can be explained by the linear displacement,
u = Ar, giving constant elastic deformation gradients F¢, according to (4.9). The
Fg, and

gradients of F)? and Fj,. Therefore, the stress in the silicon core is independent of 7.
fVM

components of the Cauchy stress, o,, and oy, are given as functions of F

In the graphite region, however, is non-zero, as u is nonlinear. The von Mises
yield function is greatest at the interface r = Rg; and decreases as r increases.
Lastly, we wish to see whether the elastic strains, Ef. and Ejpy, become large
enough such that nonlinearities cannot be neglected before the materials have me-
chanically yielded. In Figure 4.16, we plot the maximum radial and hoop elastic
strains for the silicon and the graphite against ¢y € [0.001,0.05] using the blue axes.
We plot the maximum of f¥™, which is in the graphite at » = Rg;, against ¢, along-
side elastic strains, using the red axes. As the von Mises yield function is zero for
all 7 € [0, Rg;], we focus on the graphite yielding, plotting fY™(o) in the graphite
region, o M(Rg;), as the solid red line. As graphite is a ceramic, it is not expected to
plastically deform when yielding but instead cracks when the effective stress exceeds
the tensile strength of the graphite. The tensile strength of graphite, o¢;, is on the
order of 10 MPa and is plotted in Figure 4.16 using a dashed red line at oy = 11.7
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MPa, the value of which is taken from [70]. It is clear that stresses in the graphite
at 7 = Rg; will exceed the yield function of graphite for any reasonable SOC. At
these low states of charge, the elastic strains are less than 0.5%, showing that the
nonlinearities in the stress-strain relationship will be negligible.

The observations suggest that graphite does not need to be modelled using a
nonlinear constitutive law as the stresses caused by the silicon will cause it to crack
before the nonlinearities become significant. Instead, cracking should be incorporated
into the model once the stresses become sufficiently high. Therefore, the geometrically
nonlinear but constitutively linear model is not necessarily an inaccurate way to model
the mechanics of the anode materials although solutions cease to exist at high states
of charge. We expect that before the solution ceases to exist, the graphite will most
likely have yielded at a lower ¢y value. A different model is needed to account for
yielding which will lead to changes in the stress distribution and displacement profile
from those predicted by the elastic model.

As seen in Figure 4.15, the von Mises function in the silicon is zero because
the radial and hoop stresses are equal due to the displacement being linear with
respect to the radius in this region. Therefore, for geometries with a silicon core,

such that there is no central void, the silicon never yields and can be solely modelled
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elastically. However, if central voids are incorporated into the nano-particle design,
deviatoric stresses will be induced into the silicon. If the deviatoric stresses cause the
yield function of the silicon to be exceeded, it will begin to act plastically. In the
next chapter, we incorporate both the yielding of silicon and graphite into the linear

elasticity model in Chapter 2.
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Chapter 5

Yielding Mechanisms

In Chapter 4, we found that the elastic models predict that the stress induced in the
graphite shell of a silicon and graphite core—shell nano-particle exceeds the tensile
strength even at low states of charge. The graphite shell will therefore yield at low
states of charge and crack. In this chapter, we incorporate the cracking behaviour
of the graphite shell into the quasi-static linear chemo-mechanical model from Chap-
ter 2. This model retains the assumptions from Chapter 2 that n,x** < 1, that the
Young’s modulus of each material is linearly dependent on their respective lithium
concentrations and that the nano-particle is at its equilibrium state. These assump-
tions allow us to make a lot of analytical progress with this yielding model and obtain
insight into how the geometry of the nano-particle affects the mechanical failure of
the materials.

Cracking of materials is often modelled using stress intensity factors (SIFs) which
characterise how likely it is that existing cracks will grow [48]. This model has been
applied to single-material cylindrical anode particles [32, 120] and spherical nano-
particles [15, 95, 118] based on a phase-field model for lithiation. Instead, here we
model the cracking of graphite by supposing it cracks at a point where a yield con-
dition, for example the von Mises condition in (4.63), exceeds some yield stress of
graphite, of,. After the graphite has cracked, we model it as ‘pulverised’ graphite
which can only withstand some maximum deviatoric stress, denoted by ¢™**. This

p

model is very similar to an elastic—perfect plastic model when o* = . However,

p

we present the model for a general ¢ and also briefly consider the special case,

p
0, = 0, when the pulverised graphite has no shear strength. For simplicity here, we
only consider the effect of the first lithiation of the nano-particle, and do not consider
the effects to the pulverised graphite during delithiation or subsequent cycles.

We first investigate, using the previous linear elastic model of the silicon and

graphite, how the state of charge (SOC) at which the graphite first cracks is related to
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the initial volume of the silicon core in the nano-particle design depicted in Figure 2.1.
We then model the nano-particle at higher SOC values using the maximum deviatoric
stress condition for the pulverised graphite while modelling the silicon and unyielded
graphite as linearly elastic. Using this model, we calculate the size of the pulverised
graphite region as a function of both the SOC and the initial silicon core volume. We
then make several analytic approximations to the model to find analytic expressions
which relate the size of the pulverised graphite region at full lithiation to the initial
volume of the silicon core. Of particular interest is the maximum initial volume of
the silicon core (and thus the maximum amount of lithium that can be intercalated)
such that the graphite is not fully pulverised when the nano-particle is fully lithiated.
If the pulverised graphite is contained within a layer of undamaged graphite, the
elastic graphite can give the nano-particle some structural support. However, if the
graphite at the surface of the nano-particle is pulverised, the nano-particle can begin
to disintegrate and electrolyte can flow into the nano-particle, causing the growth of
SEI layers. Therefore, we aim to find the geometries of the nano-particle which avoid
the graphite fully pulverising, and maximise the capacity subject to this constraint.
We then consider a nano-particle consisting of a spherical void in the centre with
a surrounding silicon layer, as in Figure 3.1. As the von Mises stress in the silicon
is now non-zero, we incorporate the possibility of the silicon yielding, and model the
yielded silicon as perfectly plastic. We also only model this for the initial lithiation
of the nano-particle, not considering the plastic flow during delithiation. We define
different regimes of the nano-particle according to which materials have yielded and
whether they have fully yielded or not. We then find how the thickness of the silicon
layer and the radius of the central void affects which regimes the nano-particle will
be in during a single charge. Lastly, we use this model to find whether including a
central void allows the fully-lithiated nano-particle to have a greater capacity before

the graphite fully pulverises.

5.1 Yield Condition

We begin by defining the criterion we use to determine where each material has
yielded. As in Section 4.6, we use the von Mises yield function, f¥M(o), defined in
(4.63). We describe the material as yielded at a point x if f¥™ (o (x)) > o, where
oY is the yield stress of material a.

All geometries in this chapter are radially symmetric and thus we can write the von

Mises function in radially-symmetric spherical coordinates, given by (4.64). Before
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the materials yield, we consider them to be linearly elastic, isotropic solids. We
have solved the linear elasticity problem for a general spherical radially-symmetric
geometry in Section 2.3 and the expressions for o, and ogy in each material are given

in (2.56a) and (2.56b). The radially-symmetric yield condition is therefore given by

6G| Ba|

fVM(Urra UGG) = 73

) (5.1)

where B, is the integration constant for the r~2 term in the displacement solution
(2.55) and G, is the shear modulus of the material a.

5.2 Core—Shell Geometry

We first consider the geometry in Figure 2.1 of a spherical nano-particle with a silicon
core and a graphite shell. We have solved the linear elasticity problem in this geometry
in Section 2.3, giving the integration constants (2.71) for the general solution (2.55).
For this geometry, Bs; = 0 as the displacement is zero at » = 0. Therefore, the von
Mises yield condition is zero for the silicon at all states of charge. The expression for

Bg in (2.71c) is given by

AsiAc (751031 - 'YCCC)Rgi

B - )
© 7 Asidc + 4G (Ac(l — RE) + AsiRE,)

(5.2)

where A, = 3\, + 2G, for a = Si,C. As the Lamé parameters are all greater than
zero and Rg; < 1, we can calculate the von Mises yield function (5.1) for the graphite

as
6GcAsiAc|ysicsi — Yoo | RE;

[AsiAc +4Gc(Ac(l — BE) + AsiRE) [r®

fVM<Urra 009) = (53)

5.2.1 The SOC at which Graphite Cracks

We first investigate the SOC at which the graphite cracks for this geometry, as a
function of the initial volume of the silicon core, Vs;. We start by finding the SOC,
co, for which fYM(o,,,0p9) = ok, where o, is the yield stress of graphite. We choose
the tensile strength as the yield stress of graphite because the graphite shell is in
tension, as seen by the positive tr(o) in Figure 2.4. We take the dimensional value
of the tensile stress, o*, from [70] giving of* = 1.17 x 1072 GPa. This is then

nondimensionalised by the same value as the Cauchy stress in (2.19), giving
o¢" = GHOm V"ot (54)
so that o = 3.369 x 10~*.
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It can be seen from (5.3) that fY™(o,,, 0ge) will be greatest in the graphite at the
smallest value of r, i.e. » = Rg;. Therefore, the graphite first cracks when the SOC
is such that

Isics — Aoce] = of [Asibc + 4G (Ac(l — BS) + AsiFR) |
YsiCsi — Yccc 6Gohg o )

(5.5)

which can be simplified to give

ob [ 1 4(1 — R) n 4RE,

Csi — ey . 5.6
[vsicsi — Yecc| 6 | Go + As; Ao (5.6)

We denote the SOC at which the graphite first cracks at r = Rg; as ¢§r*x.

We plot ¢k against the initial volume of the silicon core, Vg € [0.01,0.99], in
Figure 5.1. We can see that the ¢ is very low, around 1 x 10~%. This is due to
the tensile stress of graphite, 1.17 x 1072 GPa, being very small compared to the
magnitude of the stresses induced in the graphite by the silicon, around 30 GPa, as
seen in Figures 2.9 and 2.10. For small values of Vg;, c&% increases rapidly with Vg;
but plateaus for larger Vg; values. This increase of cgrack with Vg; is because fVM(RSi)
decreases with Vg; for small states of charge, as seen in Figure 5.2. This is in contrast

to higher states of charge shown in Figure 2.13 where the yield function increases
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Figure 5.1: SOC, ¢k and amount of intercalated lithium, Q2%  when the graphite
shell first cracks against the initial volume of the silicon core, Vg;.
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Figure 5.2: Yield function, f¥™, in the graphite shell, given by (5.3), at r = Rg,
against the initial volume of the silicon core, Vg;, for low states of charge. The non-
dimensional yield stress for graphite, o, is also plotted using a horizontal blue dashed
line.

with Vg for ¢ = 0.1,...,1.0. We also plot the relative amount of lithium that is
intercalated into the nano-particle at ¢y = c®*, denoted by Q“*. This is calculated
using the cg; and c¢ values at cgrack and substituting these into (2.81). The relationship
between Q** and Vg is close to linear.

At such low states of charge, all the lithium is lithiated into the silicon so that
cc = 0. We can write analytical expressions for cg; at co = ¢gF2%, which we denote as
cgak by substituting cc = 0 into (5.6), to see that ¢ is linear in Vg; = RE;, given

by

STl 41— V) 4V
ek = 7€ {— LA Ve) | 4 } . (5.7)
67si [ Go As; Ac
We can then substitute this relationship into (2.68) to find @ is given as
Lemaxyy 1 4(1—-Vgy) 4Vy
Cgrack — — 9¢Csi mas |:_ —+ ( S ) + 5 :| . (58)
6si (CSi *Vsi + Ca X(l - VSi)) Geo Ag; Ac

Finally, we can write an expression for Q** by substituting (5.7) and c¢¢ = 0 into
(2.81), yielding
Vsi. (5.9)

chack _ i{ 1 + 4(1 - VSi) + 4‘/SI:|

67si | Go Asg; Ac
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5.2.2 Post-cracking Model

We now model the expansion and lithium distribution after the graphite yields. We
assume that for all ¢y > ¢ there is a region of the graphite shell which is pul-
verised, where the yield condition, fYM(o,,,04), has reached the yield stress, o,
and cracked, changing its mechanical behaviour. We model the pulverised graphite
by supposing that it can only hold a maximum deviatoric stress, 0,"**. In this section,
we present the model for the nano-particle with a layer of pulverised graphite and
derive the equations that need to be solved to find the displacement, stresses and

lithium concentration in each region.

5.2.2.1 Geometry

Using the results of Section 5.2.1, the graphite initially cracks at r = Rg;. Therefore,
once the graphite has initially pulverised, we assume we have three distinct regions.
The silicon region is defined by Qg = {r : 0 < r < Rg;}, the pulverised graphite
region by Qf, = {r : Rsi < r < sc(co)} and the elastic graphite region by Qg =
{r : sc(co) < r <1}, where r is the radial position nondimensionalised by the outer
radius of the nano-particle and s¢ is the outer radius of the pulverised region, known
as the position of the pulverised front. We also denote the entire graphite region as
Qc = QL U QL. A schematic of a two-dimensional slice of this geometry is shown in
Figure 5.3. The position of the pulverised front, sc, is dependent on the SOC, ¢y,
because the stress in the elastic graphite will increase as the SOC increases, causing
more of the graphite to exceed the yield criterion, increasing the amount of pulverised

graphite.

5.2.2.2 Governing Mechanical Equations

The governing equation for the entire nano-particle is given by the mechanical equi-

librium equation
darr + Q(Urr - 009)

= in €. 1
I . 0 in (5.10)

The silicon behaves elastically for all SOC values in this geometry because it never
exceeds the yield criterion. The graphite that has not yielded will also behave elasti-
cally. For the elastic regions, this results in the general solution for the displacement
given by (2.65), and the stresses given by (2.66).

For the pulverised graphite, we prescribe the maximum deviatoric stress that the

material can accommodate. The deviatoric stress o’ is given by
1
Uz/'j =045 — g(sijO'kk in Q. (511)
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Figure 5.3: Schematic of a slice through a nano-particle consisting of a silicon core of
radius Rg; and a graphite shell with outer radius 1. The graphite has been pulverised
up to a radius, s¢, which depends on the SOC, ¢y. The elastic graphite region is
denoted by ., the region of pulverised graphite is denoted by Q7 and the silicon
region is denoted by {2g;.

In radially-symmetric spherical coordinates, we have o = diag(o,,, 0gg, 0gg) S0 o’ is

given by
o = %(W — op)ding[2,—1,—1] in Q. (5.12)
The magnitude of o’ is dictated by the magnitude of o, — gg9. We prescribe a
maximum deviatoric stress, 0,"**, that the pulverised graphite can accommodate,
giving
o — 0gg] < 0™ in Q. (5.13)

We only consider the first lithiation of the nano-particle, and we know that o, < 0
and ggy > 0 in the graphite during lithiation due to the large expansion of the silicon
core. In this case, we expect the graphite to experience stress such that o,,. — gy < 0.
Therefore, we choose to write

Opr — Opg > —0p™  in Q. (5.14)

During delithiation, we might expect o, — ggg > 0, in which we would change (5.14)

to be 0, — 0y < o,

of deviatoric stress in each direction. Furthermore, as we are considering the first

, assuming the graphite can accommodate the same magnitude

lithiation, and the graphite is elastic before being pulverised, we expect that the
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deviatoric stress in the pulverised graphite is equal to this maximum, ;"
as 0, < of. If o, > oy, it is unclear whether the resulting problem from this

, as long

model will be well-posed. In this thesis, we only consider cases such that ;" < oy

Therefore, we take the deviatoric stress in the pulverised graphite to be governed by

Opp — Ogp = —0, " in QF. (5.15)

From these assumptions, it is clear here how the model is similar to a perfectly plastic

model in the case of o™ = g}

p
Substituting (5.15) into the governing equation (5.10) yields
do,, 20,

e in QF, (5.16)

which can be integrated to give
orr = Co + 20" log(r)  in QF, (5.17)
where C¢ is an integration constant. This is substituted into (5.15) to give

og9 = Cc + 20, log(r) + o)™ in 97 (5.18)

5.2.2.3 Concentration in Each Region

The lithium concentration in each region, c,, is determined by the chemical poten-
tial, p, being uniform throughout the nano-particle. The nondimensional chemical

potential is given by

=1 (c,) — S%r(e) inQ, a=SiC, (5.19)
where N (0)
nansiV, Ve e Gg;
S = . 5.20

max
a Y

We assume that the molar volume, V", the maximum lithium concentration, c
the coefficient of compositional expansion, 7, and the stress-free chemical potential,
pS¥are the same in the pulverised graphite and the elastic graphite. Using (2.67)
and (5.17)-(5.18) the chemical potential is given by

n = ,ugiF(CSi) — 3S§liASi(ASi — 'VSiCSi) n QSb (5.21&)
p=pu (&(r)) — SE[3Ce + 607 log(r) 4+ 200 in QF, (5.21b)
n = ,M%F(Cc) — 3SgAc(AC — VCCC) in Q%, (5.21C)

where Ag; and A¢ are the integration constants that arise in the displacement in the
elastic regions (2.65). Here, ¢ is the lithium concentration in the pulverised graphite

which is a function of r due to the log(r) term in the trace of the stress.
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5.2.2.4 Yielding Criterion

The graphite first cracks when the yield condition at r = Rg; is equal to the yield

stress, 0% . This occurs when
(0 — 0p9)? = (05)2. (5.22)

As Jg > 0, we must determine the sign of 7, — ggy at the SOC at which the graphite
yields to determine which root of this quadratic to take. From (2.56a) and (2.56b)
we have that, for elastic graphite,

—6GcBc

3 n QF. (5.23)

Orr — 099 =

and we know from Section 5.2.1 that the yield condition is first met at r = Rg;. From
(5.2), we have that

_ 6GcAsiAc(vece — Tsicsi)
ASiAC + 4G (Ac(l — Rgl) + ASiRgi) )

Orr — 090 (5.24)
at r = Rg;. Fach term in (5.24) is greater than zero other than (ycce — vsicsi), whose
sign may depend on the SOC. Therefore, the sign of vsics; — 7ccc determines which

root of (5.22) we must take. Therefore,

Y

—0 siCsi > YcCc

Opr — Ogg = YC sicsi = yoce: at r = sc. (5.25)
0¢G YsiCsi < Yccc,

As we have that cc = 0 at cg; = &2k V Vg; € [0,1] in this geometry, as discussed in

Section 5.2.1, we can conclude that o,, — ggg = —ag when the graphite yields.

5.2.2.5 Displacement in the Pulverised Graphite

We assume that the displacement in Qf due to the mechanical response after ex-
pansion is incompressible, similar to plastic flow in perfect plasticity theory. A full
derivation for the displacement in a plastic material can be found in [48].

As we are assuming the incremental displacements are small, the displacement,
u, can be decomposed additively into a stress-free expansion, ugp, caused by lithi-
ation, and a mechanical response, u,, such that u = ugp + u,. In perfectly plastic
materials, u, would be the plastic displacement; here, u, is the mechanical response
of the pulverised graphite to the displacement due to lithiation. We assume u,, is

incompressible, such that
IV -u,)

5~ =0. (5.26)
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To find the total displacement, u, we substitute u, = u — ugr into (5.26) giving

AV -u) (V- us)
=5 S (5.27)

Using the definition of the stress-free deformation gradient, given by (2.3), and J¢,
given by (2.4), we have

F = (14 3V Y31 = 1 + Vul, in QF,,
— Vulpy = [(1+ 3ncVEeE)Y3 — 11 in O, (5.28)

max

where we have assumed that V', c¢8® and 7 are the same for the elastic and pul-

verised graphite. Taking the trace of either side of (5.28) yields
V* o ufp = 3((1+ 3ncVErdi)V® — 1) in Q.. (5.29)

Nondimensionalising using (2.8) and employing the assumption that 7,V is

small for all materials, a, yields

M V™ - e = 3oV, + (V")) in O,
— V usp =~ 3")/Ccpc in Q%, (530)

where ¢ is defined in (2.13).
Substituting (5.30) into (5.27) yields

AV -u) I (r, 1) _
— =3 — 0L, 5.31
ot T ot e (5:31)
We integrate (5.31) with respect to time to yield
V -u = 3ycci(r,t) + De(r)  in QF, (5.32)

where D¢ (r) is an integration function dependent on r but constant with respect to
time. Substituting the expression for V-u in radially-symmetric spherical coordinates

yields
1d

r2dr

We rearrange and integrate once to give the displacement in the pulverised graphite,

(r*u) = 3yach(r,t) + Do(r) in QF. (5.33)

given by
1 T

E
=/ (37cch(7,t) + Do(F)) 72 dF + T—f in QP (5.34)
Si

u =

where we choose the lower bound of the integration interval to be Rg; to simplify the

boundary conditions, and E¢ is an integration constant. Note that (5.32) is sufficient
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to find w in radially-symmetric coordinates, but in general coordinates, a flow rule
would be needed to determine w.

As in Chapter 2, we focus on a time-scale much slower than any of the dynamics
in the system, leading to the quasi-static case of the diffusion equation (2.27). Time
is now a parameter and we assume that the SOC of the anode is being increased
at a constant rate allowing us to replace the time parameter by ¢y and we drop the
t-dependence in ¢f;. We can calculate D(r) by considering the value of w and ¢f, at

sc for s¢ € [Rg;i, 1], writing it as
DC(T) = (V : u(r)) |Co(Sc=7") - 37001()](r)|00(80=1”)7 (535)

where w(r)|cy(se=r) and ¢t (7)|e(so=r) are the displacement and lithium concentration

at r, respectively, when c¢; is such that s¢ = r.

5.2.2.6 Boundary Conditions

We now outline the boundary conditions for the chemo-mechanical problem for the
geometry in this section, shown in Figure 5.3. We have u = 0 at r = 0 as we do not
account for cavitation. The displacement, u, and normal stress, o,,, are continuous
on boundaries between the three domains and we prescribe zero traction on the outer
radius of the nano-particle. Additionally, we have that the graphite will be at the
yield stress at the boundary between the elastic and pulverised graphite, such that
fY™M(0ij) = 00 — 099 = —0& at sc(c). Using (2.65), (2.66), (5.17), (5.18), (5.23),
(5.25) and (5.34), the boundary conditions are thus given mathematically by

Bgi =0, (5.36a)
E
AsiRsi = =5, (5.36b)
Rg;
ASi<ASi — fYSiCSi) =Cc+ 20,pmax log(RSi>7 (536C)
sc
/ (37 et (F) + Do(7))7* dF = Acsg, + Be — Ec, (5.36d)
Rs;i
4GB
CC + QO'IIJHaX IOg(Sc) = Ac<AC — ’yCcC) — S(;’ C, (5366)
C
6GcB
L=t (5.36f)
S¢
Ac(Ac — veee) = 4GB, (5.36g)

respectively, where (5.36a) has been already been used in (5.36b)-(5.36¢).
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5.2.2.7 Lithium Concentration Conditions

As we are assuming the nano-particle is in chemical equilibrium, the chemical poten-
tial in each region, given by (5.21), must be equal. As in Chapter 2, the relationship
between the lithium concentration and the chemical potential in Q2g; and ¢ is in-
dependent in 7 but this is not true for Qf, as tr(e) is a function of r in this region.
Therefore, the lithium concentration in Q% is also a function of r, but is uniform in

Qg; and Qg. We can write the uniform chemical potential condition as
p3 (csi) — 35§ Asi(Asi — ysicsi)
= udt (4(r)) — SE[3Cc + 607 log(r) + 205 (5.37)
= 1! (cc) = 3SEAC(Ac — yece) Ve Q.

Finally, we have the SOC condition given for a general geometry in (2.41). In the
case of the geometry in Figure 5.3, (2.41) is given by

max max

Cmax cmaX 3 Cmax
eo | RY + 2 (1= BE) | = et + —ocee(l = ) + g/ &, dv
Csi Csi TCi Ja

P
C
max

max SC
= g Rg; + CSI—aXCc(l — s¢) + 3%/ b (r)r® dr. (5.38)
Si Csi JRs;

In summary, for a given SOC, ¢q, and initial radius of the silicon core, Rg;, we
have Agi, Bsi, Ac, Bc, Ce, D, Ec, Sc, csi, ¢c, ¢ as unknowns in our problem and
we have conditions (5.35)-(5.38). Therefore, the system of equations can be solved to

find the displacement, stresses and lithium concentrations.

5.2.2.8 Numerical Solution

Instead of finding the position of the pulverised front, s¢, for a given SOC, ¢y, it is
more convenient to calculate ¢y for a given s¢. This is due to the calculation of D¢
given by (5.35) which requires V - u and ¢f, to be calculated at r = s¢ for each value
of ¢y. It is unclear how the values of ¢g should be chosen to ensure the discretisation
of QF provides good approximations to cg(r) and D¢(r). Therefore, instead we can
control this accuracy by discretising ()¢ initially and increasing sg through these
discrete points. For each value of s¢ € [Rg;, 1] at the specified discretisation points
in Qc, we solve (5.35)-(5.37) for the lithium concentrations and substitute these into
(5.38) to obtain c.
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We use (5.36b), (5.36¢), (5.36e), (5.36f) and (5.36g) to find Ag;, Ac, Be, Cc and

FE¢ in terms of s¢, given by

2 Y/ 3 max R%l
Ag; . oo(sg—1)+ o, log (g + VsiCsi, (5.39a)
20883
c = 3/(; € +'YCCC7 <539b)
Y .3
o= % (5.39¢)
2 max
Co = 3 [o& (s —1) — o log(s¢)] (5.39d)
Ec = ol (sy — 1) + 200 log | = | | + Ysicsi RS- (5.39%)
3Asi S¢

To find D¢(r), we consider that, for a given sc, the displacement at r = s¢ is
continuous and thus

B
u= Acsc + —2C at r = sc, (5.40)
S¢

where Ac and B¢ are the integration constants for the elastic graphite region which
depends on the SOC, ¢y. The divergence of the displacement at r = s¢ is therefore

given by
Co(T’ Sc) 7"2 d’l" C Co(T Sc) C Co(’r‘ Sc)

Substituting (5.41) into (5.35) for r = s¢ yields

DC<SC) = 3AC’co(r:sC) - 3’}/00%(50),

20 53
— ACC c + 3"}/0 (CC — C%(Sc)) (5.42)

We calculate D¢ as a function of r € [Rg;, 1], independent of the SOC. The value
of D¢ at a given r is calculated when s¢ = r using (5.42) and remains at this value
for larger values of s¢, due to D¢ not being a function of time, shown in (5.33).

Therefore, we can write D¢ as a function of r as

Y,.3
2041

B AC|sc:r

where Ac|se=r = 3Ac|semr + 2G¢|se=r, and A¢|se=r and Gglso—, are the Lamé pa-

DC(T) + 3¢ (CC|SC:7‘ - C%(SCNSC:T), (543)

rameters when s¢ = r. The Lamé parameters vary with lithium concentration in the
lithiation-dependent stiffness case and so these must be calculated at each value of r

using the cc value when s¢ = r.
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Substituting (5.39) and (5.43) into (5.36d) yields

sc ~ i 20.50/?:5 ~
/ e (c’é(r) + Colse=r — C%(Sc)|sc=f)r + — dr

Rs; AC’Sc=f
2R [ R} ol st
— i 1— 3 maxl Sl c°C 5.44
3hg |7 7 c) — %\ )| T 6ae (5.44)
20 58
+ =€ 4 qocosd — sicsi R

3Ac

We make substitutions from (5.39) into (5.37) to give

S¢ S
sq I
S ad
Si .S
sa0roc
(5.45a)

s
pes (cc) = ps (csi) + 20¢58(SE — &) + 25g0¢ + 6550, log (RZ) (5.45b)

(b)) = EF (es) + 208 (1 = 58)(S% = SE) + 2580 — 67 log

Y

We can now numerically solve (5.44) for cg; using (5.45). Within the function
evaluating (5.44), we have a guess for cs; and use this to find ¢¢ by numerically solving
(5.45b). Likewise, we find ¢f,(r) by numerically solving (5.45a) for each discrete value
of r between Rg; and sc¢. These equations (5.45) are solved using a similar scheme as
described in Section 2.4.4. At each s¢ value from Rg; to 1, we record cc and cg(sc)
such that we have the function D¢(r) for Rg; < r < s¢ at every value of sq. We
then numerically integrate the term on the left side of (5.44) and we can calculate
the residual of (5.44), solving for the cg; where the residual is zero.

Once cg; is found from solving (5.44), we calculate cc and c¢f,(r) by numerically
solving (5.45) again. We then can calculate ¢y from (5.38) to find how the size of the
pulverised graphite domain grows with SOC by inverting the calculated values of ¢j as
a function of the prescribed s¢ values. The concentrations are substituted into (5.36)
to find the remaining integration constants and therefore to find the displacements

and stresses within the nano-particle, fully solving the problem.

5.2.3 Core—Shell Results

We now study the results of the model presented in this section using two differ-

ax

ent values of . The case where the maximum deviatoric stress is equal to the
yield stress, o = og,, makes the model for the graphite very similar to an elastic—
perfectly plastic model. We analyse the results in this case in detail, and make several

analytic approximations to provide expressions for the relationship between s and
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Rg;. We also address the case such that the pulverised graphite cannot hold any
deviatoric stress, i.e. 0, = 0. We state how this affects the governing equations,
(5.44)-(5.45), and the implications this has on the results, but do not provide numer-

ical results or analytic approximations for this ¢*** value. Throughout this section

p
we use the parameters in Table 2.1 and o = 3.369 x 1074

5.2.3.1 The Case o™ = o

We first analyse the case in which the deviatoric stress that the pulverised graphite
can accommodate is equal to the yield stress, 0. The model for the behaviour in
Q7 is now perfectly plastic, with the stress in the pulverised plastic remaining on the
yield surface after pulverisation. This simplifies the expression for D¢ in (5.43) by
causing the lithium concentration to be continuous across the pulverised front, and
we derive this result here.

Firstly, from the continuity of stress condition at r = s¢ we have
o (8g) — o (sE) =0, (5.46)

where 0,,(sg) is the radial stress at s¢ in terms of the pulverised graphite and Ur'r(Sé)
is that in terms of the elastic graphite. From the maximum deviatoric stress condition
(5.15), and the yield condition (5.25), we have

Orr(8c) = =0, + 099(5¢), (5.47a)

0rr(s8) = =08 + 0es(sE), (5.47Db)
respectively. Substituting (5.47) into (5.46) yields

a00(sc) — 0oe(s&) = 0, — o, (5.48)

and in the case o™ = ¢k this implies the hoop stress is also continuous at r =

sc. As both the fadial and hoop stress are continuous at » = s¢, the trace of the
Cauchy stress tensor will be continuous also. Using (5.19), we can then see that
the stress-free chemical potential in Qc, pgf, will be continuous at r = sc. As the
pe is a one-to-one function, the lithium concentration must also be continuous at
r = sg, ie. cc = c(sc). However, if pE is not bijective due to the plateaus in
the OCV, the concentration may be multi-valued for a given chemical potential and

so this result will not hold. We have approximated these plateaus as having a small
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gradient, making uf bijective and thus take cc = f(sc). This simplifies (5.43) as

the cc|se=r — A(Sc)|se=r term is now zero for all r, giving

92 Y .3
DC(T)ZAUCT . (5.49)
C‘sczr
The equations to solve numerically for a given s¢ and Rg; are now
sc 9 Y =5 92 Y .6
/ 3yech (A2 + o dF = 2O
Rs; Ac|so=r 3Ac
E v (5.50a)
206 1, 1—s%—1lo Rg' + 76 5¢ + yoccs? icsi R
3ASI C g C 6G YcCoSo — VsiCsidigg-
SéR
& (ct(r) = 1§ (esi) + 208 (1 — s¢,)(S§ — SE) + 25¢ 6o log | S
c \Cclr w5 (csi ¢ si C Cog — 6o log st |
Sc
(5.50Db)

). (5.50c)

Sc
pes (cc) = ps (csi) +20¢58(SE — S§) + 25g0¢ + 65&0¢ log (RS'

The history of the nano-particle from the initial crack until the current position of s¢
must be calculated to obtain the function D¢ (r) due to the mechanical parameters, Ac
and G, being dependent on c¢ at each value of s¢ € [Rg;, 1]. However, if \¢ and G¢
are assumed independent of the lithium concentration, or c¢ remains approximately

constant for s¢ € [Rgi, 1], this term can be evaluated exactly to give

*e 2‘72)/7:5 ~ Ug 6 6
dr = —(sx — R2.). 5.51
/ T (o6 - RS (5.51)

We can then solve the system for a given Rg; and s¢ without calculating the history
of the nano-particle.

5.2.3.2 Numerical Solution for the o = o¥ Case

We now solve the system of equations for the case 0, = oy, given by (5.50), for
several different values of the initial volumes of the silicon core, Vs; = R3;, and for
both lithiation-dependent and lithiation-independent Lamé parameters. As explained
in Section 5.2.2.8, we increase s¢ from sg = Rg; to s¢ = 1, solving (5.50) using each
discrete s¢ value in (¢, to find the lithium concentration in each region. We then use
csi, ¢c and ¢y to calculate the resulting value of ¢ using (5.38). We plot s¢ against
¢o in Figures 5.4 and 5.5 for small values of Vg; and large values of Vg;, respectively.
In Figure 5.4, we see that the results using lithiation-independent and lithiation-

dependent Lamé parameters are very similar at low states of charge, but diverge at
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Figure 5.4: Position of pulverised front, s¢, against SOC, ¢y, for several small initial
volumes of the silicon core, V. The inset plot focusses on ¢ € [0.0,0.005]. Dashed
lines are results using the lithiation-dependent Lamé parameters. Solid lines are
results using constant Lamé parameters calculated at ¢, = 0. The discretisation of
Q¢ uses grid spacing of h = 1073,

higher states of charge. The value of s¢ is consistently greater for the results using
the lithiation-dependent Lamé parameters than the lithiation-independent results.
This is because the elastic graphite is stronger at high states of charge for lithiation-
dependent parameters, causing the integration constant B¢ to be less than that for
lithiation-independent parameters. From the expressions for the stresses in ¢ given
by (2.66b) and (2.66d), this causes o, to increase and ogg to decrease in the graphite.
Therefore, more of the graphite will have exceeded the yield stress, causing s¢ to be
greater. The results in Figure 5.4 appear to not be smooth for all values of ¢y. This
is due to the interpolation functions of the stress-free chemical potentials causing
difficulties when solving the system (5.50), causing there to be multiple, but very
similar, solutions for some sc values.

For very small initial volumes of the silicon core and for very small states of charge,
s¢ increases very rapidly with SOC as seen in the inset plot of Figure 5.4. This is
because the silicon lithiates at lower states of charge to the graphite, causing the
silicon to expand, causing stress in the graphite without the graphite being able to

expand itself to relieve the stress. At values of SOC at which the graphite is lithiated,
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Figure 5.5: Position of pulverised front, s¢, against SOC, ¢, for several initial vol-
umes of the silicon core, Vg;. Results using both lithiation-dependent and lithiation-
independent Lamé parameters are plotted but are approximately equal so that they
appear as one curve. The discretisation of Q¢ uses grid spacing of h =5 x 1073,

the increase in s¢ with ¢y becomes much less and the steps characteristic of ,u%F (seen
in Figure 2.2) are observed in Figure 5.4. For larger Vg; values, the graphite fully
pulverises without being lithiated, and in this case, s¢ grows smoothly with ¢, as
seen in Figure 5.5.

5.2.3.3 Analytical Approximations to the o = of Case

We now consider various limiting cases of the model presented in Section 5.2.2; find-
ing analytical approximations to provide useful results on how the position of the
pulverised front is affected by the SOC and the initial volume of the silicon core.
There are two cases we wish to consider: i) the initial volume of the silicon core
is large enough to fully pulverise the graphite shell before the nano-particle is fully
lithiated, and ii) the initial volume of the silicon core is small enough so that the
graphite shell is not fully pulverised at full lithiation. The Rg; value which separates
these two cases is the one where the pulverised front reaches sc = 1 at full lithiation,
co = 1, which we denote as R$®. To avoid the need to calculate the history of
the lithium concentrations for sg < 1, we approximate the Lamé parameters of the
materials to be constant and at the value for c¢g; = ¢ = 1, such that A\, = A\g|.,=1

and G, = Gg4l.,=1 for a = Si and C. This allows us to evaluate the integral in (5.50a)
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crit

explicitly, and setting cs; = cc = ¢, = s¢ = 1, we find the expression for R, given

by the solution of

1 Y Y 13 v 6
do [ 7 ar= 20 200 gy gy o LIS R
%/RSiT P SGe T A (08(Bs) + o 0 — sl

4 4 6 Y p3

6GC 3AC SASi Og( S) (’YS ryc) Si ( )

Solving (5.52) numerically for Rg; yields RE® = 0.0406 and VE® = (RE)3 = 6.6846 x
107°. We expect that for all initial silicon core volumes such that Vg > stirit, the
graphite shell fully pulverises with ¢y < 1 and for all initial silicon core volumes such
that Vg; < V&, the graphite shell does not fully pulverise when the nano-particle is
fully lithiated.

We now examine in more detail the two cases, Vg > Vscirit and Vg < VSCirit. In
the former case, the graphite shell will reach s¢ = 1 before the nano-particle is fully
lithiated. If the pulverised front does not reach sg = 1, there is a shell of elastic
graphite surrounding the pulverised graphite, which would retain the integrity of
the nano-particle by keeping the pulverised graphite in place. If the pulverised front
reaches s¢ = 1, the anode particles may begin to mechanically fail and the networks of
cracks in the pulverised graphite may allow electrolyte to come into contact with the
silicon, causing an SEI layer to grow. Therefore, analysing this case is very important
to avoid the degradation of the nano-particle. For small values of Vg;, as in Figure 5.4,
we find that cc, ¢y > 0 when s¢ = 1. This makes finding the SOC at which s¢ =1
difficult because the ¢f, term in the integral would need to be solved for. However, in
Figure 5.5, we see that for silicon cores with fairly large silicon cores (Vs > 0.005),
the graphite is not lithiated at all before the graphite fully pulverises. We can use
this to simplify (5.50a), and find how the SOC at which s¢ = 1 varies with Vg;. As
cc = 0, we have \¢ = A¢|ec—0, Gc = G¢leq—o for s¢ € [Rsi, 1] and cc = ¢, = 0

allowing us to calculate the integral term explicitly. Additionally, we have

max /1 _ Vi
csi = [1 - zgax (TS)} co- (5.53)
Si 1

Therefore, (5.50a) and (5.53) give

Uk +VE) | RS [ (V] obsh
)

3Ac 3ASi(CSi % 6GC

(5.54)

Cmax
= Ysi (VSi + 6517(1 - VSi))CO-
Si
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Before finding the behaviour of ¢ at which s¢ = 1, we verify that this approxima-
tion of c¢c = 0 is valid for Vg > 0.005. We solve (5.54) numerically for s¢ = [Rg, 1],
for the values of Vg; used in Figure 5.5. We plot the solutions to the approximation
(5.54) alongside the numerical results for the same Vg values in Figure 5.6. We can
see there is very good agreement between the approximate and numerical solutions,
showing that c¢ is zero for these values of Vg; and showing that the simplification in
(5.54) is accurate in this case.

To find the maximum SOC such that the graphite is not fully pulverised, which

we denote as 8", we set s¢ = 1 in (5.54), giving

Y 2 Y Y max
N log(Vsi) + g = si| Vs = (1 —=Vsi) | co. 5.55
3Ac 3A5i<CSj) Og( S ) + 6Go Vs si + cgax( s) Co ( )

This is solved numerically to find ¢y as a function of Vg; = R3,. Additionally, we
use (2.81) to find the relative amount of lithium able to be intercalated into the

nano-particle before the graphite fully pulverises, which we denote QP". As we have

& 09t
-
= 08 [
S
H
= 0.7
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Figure 5.6: Position of the pulverised front, s¢, against the SOC, ¢, for several initial
volumes of silicon core, V5. The solid lines are the ¢c = 0 approximation in (5.54)
and the asterisks are numerical results taken from the data used to plot Figure 5.5.
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cc = 0 for these plots, (2.81) reduces to

qulv = CSi‘/Si = |:‘/sl + ngx (1 — VSi):| Co, (5563)
Si
1 [ob(1+VE) 208 Vs ol
— Q™ =—|-=~ - log(Vei) + 5.56b
© 751[ 3Ac 3Asi(csi) o(Vs) + 6Gc |’ ( )

where (5.56b) comes from substituting (5.56a) into (5.55). We plot 2" against Vg
in Figure 5.7 for Vg € [0.005,1.0]. We see that the SOC at s¢ = 1 rapidly decreases
before reaching the SOC of approximately 2.5 x 107%, at which the graphite first
cracks for Vg; = 1. Conversely, QP increases nonlinearly as Vg; increases, dominated
by the Vg;log(Vs;) term for small Vg; and by the V@ term for Vg ~ 1.

We now consider the case Vg; < VE™ in which the graphite has not fully pulverised
at full lithiation. By prescribing ¢y = 1, we obtain a relationship between the position
of the plastic front, at full lithiation, denoted by sc 1, and the initial volume of the
silicon core, V5. We again make the approximation that A\, = Ay|.,=1 and G, =

Gale,=1 for a = Si, C so we can explicitly calculate the integral in (5.50a). Substituting

3 %10
3.5 210 x x x x 2.7
3 &
26 —
=
2o 25 I
O O
-~ @
i
| > 2.5 45
¢ -
15 =
= 2.4 @
U ]
o 1 3
. 23 &
0.5 §
O L L L L 22 <
0 0.2 0.4 0.6 0.8 1

Volume of silicon core, Vg;
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Figure 5.7: Left axis: SOC at which the graphite fully pulverises, ¢; . Right axis:
Relative amount of lithium intercalated at ¢, = 2", QP"v. Both plotted against the
initial volume of the silicon core, Vg;, for Vg € [0.005, 1.0].
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s = ¢¢, = 1 and the lithiation-dependent Lamé parameters into (5.50a) yields

i = Cc
Y (.6 2 Y .3 Y
s (SC + VSi) 0cSo 2UCVSi |:1 s

Vsi
&—log (= || = (s —7c)Vei (557
3Ac 6Go 3Ag; c 108 (53 )] (981 — 7c)Vs (5.57)

C

We solve (5.57) for s¢ numerically to find s¢; and plot both s¢; and s%yl against Vg;
in Figure 5.8. We can see that 5%71 is approximately linear in Vg;, showing that sc
is approximately linear in Rg;, because RZ; = V;.

Lastly, we consider the limit of small silicon cores. The motivation for this sim-
plification is to consider a regular array of silicon cores in a large matrix of graphite,
a schematic of which is depicted in Figure 5.9. As we have only considered single
silicon particles in the model, applying this pulverisation model to this geometry re-
quires us to ignore any interaction between the silicon particles in the matrix. We
also no longer consider the outer radius of the nano-particle, and this is equivalent to
taking the limit Rg; — 0. If the pulverised graphite regions caused by the expansion
of adjacent silicon particles interact, this may cause the whole graphite matrix to
fail. However, if some of the graphite is still elastic after fully lithiating, these elastic
regions would be able to provide structural support to the matrix. We aim to find
the minimum distance the silicon cores can be apart such that the pulverised regions

will not interact. We use an ansatz that the maximum outer radius of the pulverised
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Figure 5.8: Left axis: Position of pulverised front at full lithiation, sc;. Right axis:
5%71. Both quantities are plotted against the initial volume of the silicon core, Vg;, for
Vsi € [OO, VSCirit].

143



Figure 5.9: Left: Schematic of a periodic array of silicon inclusions (blue) in a graphite
matrix (black). Right: Schematic showing the minimum distance the silicon inclusions
can be for the pulverised graphite regions (light grey) to not be touching.

region is proportional to the radius of the silicon core and substitute s¢ = kRs; into
(5.57). We then take the limit Rg; — 0, yielding
oLkd 208

—C(1+1 3 .
6Ce + 3ASi( + log(k?)), (5.58)

Ysi — Yo =

giving us a transcendental equation for k. The minimum distance between adjacent
silicon cores in the graphite matrix such that the pulverised regions caused by their
expansion will just touch is therefore given by k Rg;, as shown in Figure 5.9. Therefore,
the maximum volume fraction of silicon that is able to be included in this graphite
matrix is proportional to 1/k® where the constant of proportionality depends on the
packing efficiency of the silicon inclusions. For the parameters used in this problem
and A\, = Ag|e,=1 and G, = Gyle,=1, We obtain k = 26.7016, yielding a maximum
volume fraction of 5.2528 x 107°. This estimated value shows that due to the low
yield stress of graphite and the high expansion of the silicon, only a tiny amount of

silicon can be doped into a graphite matrix in this example.

5.2.3.4 The Case ag‘ax =0

We now briefly address another special case for the maximum deviatoric stress:

o,** = 0, and outline some of the features of the model in this case. If g, = 0,

(5.15) simplifies to
Orr — 0pg = 0 in Qﬁlé, (559)
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and after solving the ODE (5.10), we have
Orr = 0Ogp — Cc, in Q]é (560)

Therefore, the stress in the pulverised graphite is now uniform in r. The integration

constants arising from the boundary conditions (5.36) are now given by

206(s6 — 1)

A i= iCSis . ]-
S s + YsiCs (5.61a)
2 Y
Co = %(s% —1), (5.61b)
20, RS
Eo = oc(s6 — VA5 | ~sicsi RE., (5.61c)
3ASI

and Ac and Bc, which are given in (5.39b) and (5.39¢), respectively.
Using (2.67), (5.19), (5.39b), (5.60) and (5.61), we write the chemical potential of

the lithium within each region as

=g (1) — 25500 (s& — 1) in Qg;, (5.62a)
p=pe (ct) —28¢ot(s¢ —1) i QF, (5.62b)
p= e (cc) — 28¢08 S8, in Q¢, (5.62¢)

Therefore, the lithium concentration in the pulverised graphite is uniform in r. As %,
is now independent of r, we can evaluate the integral of ¢f, in the governing equation
for the general case (5.44), yielding yocdq(sé, — RE;). As the hoop stresses in the elastic
and pulverised graphite regions are no longer equal, the concentrations, c¢ and g,
are not equal and thus the expression for D¢ is given in (5.43).

Substituting the integration constants in (5.61), (5.39b) and (5.39¢) into (5.36d)

and equating the chemical potentials of the lithium in each region yields the governing

equations
si et v o6 ' (5.63a)
+2§XZC +7ccess — Yoch (st — RE) — ysicsi Ry,
& (ct) = psi (csi) +20¢ (1 — s¢) (5§ — S2), (5.63b)
pe (co) = 1§ (csi) + 20¢ s(SE — S§) + 25§0¢ - (5.63c)

Solving (5.63) requires knowledge of the history of the concentrations cc and ¢, at all
values of s¢, even if the Lamé parameters are assumed independent of the lithiation
state. We do not solve this set of equations, and instead introduce a new geometry

of nano-particle to apply this yielding model to.
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5.3 Central Void and Silicon Layer

We now study the case where the silicon also yields but by plasticising. Sethuraman
et al. showed experimentally that silicon exhibits plastic flow at sufficiently large
deviatoric stress [98]. However, more recently the plastic behaviour of silicon has been
debated in the literature due to evidence that the plastic flow has been observed under
hydrostatic compressive stress [37]. This is due to the yielding occurring by a phase
transition from amorphous silicon to a denser structure of silicon, as opposed to more
traditional dislocation-based plastic deformation. However, standard elastic-plastic
models based on yielding according to the von Mises yield condition are frequently
used to describe silicon yielding and this is the approach we take here.

For the deviatoric stress to be non-zero in the silicon, we require a change in the
geometry of the nano-particle from that in Figure 5.3. We incorporate a central void
into the geometry as shown in Figure 3.1. The main aim of applying this model to
this geometry is to investigate whether allowing the silicon to plastically flow into the
central void can allow more lithium to be intercalated into the nano-particle without
the graphite fully pulverising. We focus on discussing the different regimes the nano-
particle will go through during lithiation, according to which materials have yielded
and whether they have fully yielded or not. Lastly, we calculate the maximum amount
of lithium that can be intercalated into the nano-particle when fully lithiated before
the graphite fully pulverises, and compare this to the case without a central void in
Section 5.2.3.3.

5.3.1 SOC of First Yield

We begin by finding the SOC at which one of the materials first yields, either by the
graphite cracking or the silicon plasticising. The yield function for silicon is given by
(5.1) with @ = Si. The boundary conditions before any yielding occurs are different to
that in Section 5.2 due to the central void. In this geometry, the integration constants
Bg;i and B¢ are given by (3.2¢) and (3.2d), respectively. Therefore, from substituting
(3.2¢) and (3.2d) into (5.1), the von Mises yield functions for the silicon and graphite

are

VM _ 6GsiGeAsiAc R RY (1 — RE)|vysicsi — vecc|

i 5.64
Si wy T3 , ( a)
6GsiGeAsiAc RE (R3S, — RY)|ysicsi — Yocc|
VM __ SiacisidCcig  g; v )17VsiCsi — YoCc
c = oy , (5.64b)
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respectively, where Ry is the radius of the central void, Rg; is the outer radius of the
silicon layer and wy is defined in (3.2e). From (3.2), we can see that wy > 0 and it is
easily seen that the other terms other than vysics; — ycce in (5.64) are also positive.
Therefore, we only need to take the absolute value of vsics; — 7ccec when calculating
|Ba"

Now the nano-particle geometry is such that either of the materials can yield, we
need to calculate the geometrical parameters for which each material yields at a lower
SOC than the other. We can see from (5.64) that both materials’ yield functions are
maximised at the minimum radial point for that material: Ry for silicon and Rg; for
graphite. We need to find the SOC at which f¥™ = ¢ where o} is the yield stress
for material a. Therefore, we rearrange (5.64) to see that the silicon and graphite
yield when the SOC is such that

| | o5y (5.654)
iCsi — Yclc| = ) .b0a
TSICSE T e = GG Gohs Ao RS (1 — RE)
O'Y(U
sicsi — Yece| = Shaid (5.65b)

6GsiGoAsiAc(RE — RS’

respectively.
We assume that |ysicsi — vcce| is an increasing function of SOC for all Ry < Rg;.

Therefore, the silicon will yield at a lower SOC than the graphite if

Yy Y
Og;i g¢c

< ) (5.66)
Rg(1—R§) — R — Ry,
which can be rearranged to yield
5 _ 08 3 3 3
Ry > O__YRSi(l — Rg) + Ry (5.67)

Si
This provides a condition on the geometrical parameters of the nano-particle and the
yield stresses of each material to make the silicon yield before the graphite cracks.
The SOC at which the first material yields can be calculated by rearranging (5.65)
for each case. Thus, the SOC at which the nano-particle first yields is such that

|’YSiCSi - ’YCCC| =

Y 3 3 3 Y
oS [(1_ 4 4 \(EBs—Ry Ry 4 e 3 3 _ 9¢ p3 (1 _ p3
S (o + ) (BB ) + i+ 51| R > BY - RY(- RY),
Y 3 3 3 3 Y
o | ( Bv 4Rg; 1-Rg 1 4Rg; : 3 3 _ 9¢c p3 _ 3

(5.68)
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The expression for the SOC at which graphite yields can be seen to reduce to (5.6)
as Ry — 0.

Several studies have shown that the yield stress, od;, depends on the lithium
concentration of silicon [20, 24, 34, 134], exhibiting plastic softening where the yield
stress decreases as cg; increases. However, here we assume that oéfi is lithiation-
independent for simplicity. Even in studies which assume a constant yield stress, the
reported values of ol from atomistic simulations and experiments differ but are all on
the order of 1 GPa [20, 37, 134]. Therefore, for this section, we take o&* = 1.0 GPa,
nondimensionalised using (5.4) to give o, = 0.0288. This is significantly greater than
the observed tensile strength of graphite, o, = 3.369 x 10~*, meaning that for these
yield stress values, the annulus of silicon must be very thin to cause the silicon to
yield at a lower SOC than the graphite.

5.3.2 Post-Yield Silicon Model

We now present the perfect plasticity model we use for the plastic silicon after it
initially yields at a lower SOC than the graphite. This is very similar to the pulverised
graphite model but instead of prescribing a maximum deviatoric stress, we instead
prescribe that the yield function of the plastic silicon remains at the yield stress after
yielding. We denote the domain of the yielded silicon as Qf = {r: 0 < Ry <r < sg;}
and the elastic silicon as Qg = {r : ssi <r < R}, where sg; is the plastic front for
the silicon. We denote the whole silicon domain as Qg = QF, U Q. To start this
analysis simply, we assume the graphite has not yielded so that we have (¢ = Qg =
{r:Rs <r <1} and QF = 0.

The yield condition for the silicon in spherical coordinates is written as
<0rr - 000)2 - (O-é/;)27 (569)

and we determine which root of this quadratic to take based on the sign of o,, — ogg
when the silicon initially yields. From Section 5.3.1 we know elastic silicon will first
yield at » = Ry and we have

—6Gs; Bs;

(5.70)
R},

(Urr - 090)|T:RV -

As both materials are still completely elastic, Bg; is given by (3.2c) and we have

—6Ggi Bs; _ 6GsiGoAsiAc R (1 — RE) (ysicsi — vece)
R?"/ wy

. (5.71)
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As all the terms other than vsicsi — yoce are positive, the sign of (o, — 0gg)|r=g, 18
therefore the same as the sign of (ysics; — Yoco). As yo &~ 3 x 1072 and g = 1, it
is reasonable to assume that vysicsi — Yoce is positive. Therefore, the yield condition
for the silicon is o, — ggg = aéfi. Through a similar analysis, we find that the yield
condition for the graphite once the silicon has already yielded is o,, — g9y = —a’c/ for
this geometry as well.
We substitute o,, — ggp = 0d; into the mechanical equilibrium equation (5.10) and
integrate to find
0 = Cg; — 203 log(r) in QF.. (5.72)

: _ Y
Then, using o,, — 09y = 0g;, we have

op9 = Csi — 208 log(r) — o3 in QF,. (5.73)

1

The chemical potential of the lithium in Qf; is therefore given by
= s (c&i(r)) — S&(3Cs — 60 log(r) — 20%) in QF;. (5.74)

The derivation of the displacement of the plastic silicon is identical to the deriva-

tion in Section 5.2.2.5, giving

1" B
(37514 (F) + Dgi (7)) dif + =

U= in QF;, (5.75)

2 2
% Ry r

where we have used Ry as the lower integration limit to simplify the boundary con-

ditions. Similar to Section 5.2.2.8, we have

Dsi(1) = (V- w(r)) |eo(ssi=r) — 37515 (1) |eo(s1=r) - (5.76)

We must now use the traction free boundary condition at » = Ry, the yield con-
dition at r = sg; and the continuity of displacement and normal stress at r = Rg;
to solve for the integration constants. However, the continuity conditions, and thus
the integration constants, will depend on which materials have yielded and if they
have fully yielded. To describe each case, we introduce the different regimes of the

nano-particle.

5.3.3 Regimes

At a given SOC, the materials in the nano-particles will either be fully yielded, be
partially yielded or not have yielded at all. This will cause the different domains in the

nano-particle, QF, Qf;, Q% and QF to be empty or not. We refer to each combination
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of domains that can be present in the nano-particle as regimes and these are depicted
in Figure 5.10. We label each regime by the order of the domains from the centre
of the nano-particle to the outer radius, with an ‘e’ representing an elastic domain
and a ‘p’ representing a yielded domain, separated by a dot. For example, at zero
lithiation, the nano-particle is in the e.e regime, or if both materials have partially
yielded such that QF,, Qf;, QF and Q¢ are all non-empty, the nano-particle is in the
p-e.p.e regime.

In Figure 5.10, we also include arrows denoting the transitions between regimes
that can occur in the nano-particle. From the e.e regime, on the left of Figure 5.10
either the silicon layer yields first, resulting in the p.e.e regime, or the graphite yields
first, resulting in the e.p.e regime. For higher states of charge, either the silicon
or graphite fully yields before the other yields at all, resulting in the p.e and e.p
regimes, respectively, or the other material yields as well, resulting in the p.e.p.e
regime. Following the e.p or p.e regimes, if the other material yields, the nano-
particle is in the p.e.p or p.p.e regimes, respectively. However, if the nano-particle is
in the p.e.p.e regime, one of the materials may fully yield from this regime, resulting
in the nano-particle being in the p.e.p or p.p.e regime. Finally, if the nano-particle is
in the p.e.p or p.p.e regime, the other material may fully yield such that the entire
nano-particle is fully yielded, resulting in the p.p regime.

We have previously derived the general displacements, stresses and lithium chem-
ical potentials for each domain, and these are summarised in Table 5.1. The general
boundary conditions we have are that the displacement and radial stress are continu-
ous across domain boundaries, there is zero traction at » = Ry and r = 1, and if the
material has yielded, the yield condition is met at the yielded front, s,, for a = Si, C.
Depending on the regime the nano-particle is in, the equations for these boundary
conditions will be different and thus the integration constants depend on the regime
the nano-particle is in. We present the expressions for the integration constants and
chemical potentials in each regime, and how each system of equations can be solved

numerically, in Appendix E.

5.3.4 Regime Transitions

Of more interest than the displacements and concentrations in the nano-particle, is the
conditions under which the nano-particle transitions from each regime to the next. In
this section, we derive the geometrical conditions for each of the regime transitions in

Figure 5.10. The conditions all apply to the model with lithiation-dependent elastic
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Domain | Displacement | Radial Stress | Li Chemical Potential
QF (5.75) (5.72) (5.74)
¢ (2.65a) (2.66a) (2.67a)
QP (5.34) (5.17) (5.21b)
& (2.65D) (2.66b) (2.67b)

Table 5.1: Equations of the general displacements, radial stresses and lithium chemical
potentials for the different domains.

parameters, although we assume that the yield stresses of both materials and the

maximum deviatoric stress of the graphite are lithiation-independent.

5.3.4.1 e.e

In Section 5.3.1, we derived the condition determining whether the silicon or the
graphite yields at a lower SOC. This same condition determines whether the nano-
particle in the e.e regime transitions to the p.e.e regime or the e.p.e regime, thus this
transition condition is given by

Y

ee oy (5.77)
e.p.e if R} < RS, — U_g,Rgi(l — RY).
Si

5.3.4.2 p.e.e

We now derive the transition condition between the p.e.e regime to either the p.e
regime or the p.e.p.e regime. The nano-particle will transition to the p.e regime if sg;
reaches Rg; at a lower SOC than that at which the yield condition of the graphite is
met. The yield condition for the graphite is given by (5.22) and we need to calculate
o — 0gg to find which root of this quadratic to take. The maximum yield function
of the graphite is given by (5.23) at r = Rg;. From the integration constants derived
in Section E.2, we have that

vm _ —6GcBe _ —og {1 _ s& —log (R_%/)

¢ Rgi 1 Rgi Rgi Sgi

(5.78)

As Ry < sg; < Rg; and Jé/i > 0, we can conclude that o, — 099 < 0 for the elastic
graphite in the p.e.e regime. Therefore, the graphite yields in the p.e.e regime at

r = Rg; when o,, — 0gg = —Og.
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As the silicon fully yields, ss; — Rg;, and
Y 3
VM Osi Ry,
— 1 — . 5.79
o s () o7

Therefore, if the magnitude of (5.79) does not exceed that of the yield stress, o&, the

silicon layer will fully yield before the graphite will yield at all. We can summarise

this transition condition by rearranging (5.79) to give

p.e if R > R exp | — Z—§(1 —R%)),
p.e.p.e if R} < R exp( —2%(1—R%)).
Isi

5.3.4.3 e.p.e

If the graphite yields first, the nano-particle is in the e.p.e regime. Similar to the p.e.e
regime, the transition from the e.p.e regime to the e.p or p.e.p.e regimes is determined
by whether the pulverised front of the graphite, s¢, reaches r = 1 at a lower SOC
than that at which the yield function of the silicon at r = Ry exceeds o3;. From the

boundary conditions in the e.p.e regime in Section E.3, the yield function is given by

—6G5; Bg; R2. 52
VM Si2Si Si Y 3 max C
M _ = 1— 1 — . 5.81
P = S o sty o (55 ) (5.81)
As Rg; < s¢ <1, Rg; > Ry and ag, o, > 0, we have o, — g9 > 0 for the elastic

silicon in the e.p.e regime. Therefore, the silicon yields at » = Ry when o,,.—0gy = O’%/i.

As the graphite approaches fully pulverising, sc — 1 and

max PR3
VM ““p Si 3
My 2 SR, (5.82)
5 R% — R, i

Therefore, if this does not exceed the yield stress for silicon, o, the graphite will
fully yield before the silicon yields at all. This is summarised as
e.p if Ry, < 5 RY log(R%) + R,
e.p.e — ]

o 5.83
p.e.p.e if R} > “- R log(RY) + R;. (5.83)
Si

5.3.4.4 p.e and e.p

Using the expressions for B¢ and Bg; in Sections E.5 and E.6, the yield functions for

graphite at r = Rg; in the p.e regime and for silicon at » = Ry in the e.p regimes are

—6GcBC 30%/- RV
= 1 — 5.84
Ry 1-mg ®\Ry) o8
—6G iB : _30.maxR3i
SIS _—p 8 (5.84D)

[
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respectively. Under the current assumptions of the model, these yield functions are
both independent of the concentration. Therefore, if one material has fully yielded
without the other yielding at all, the unyielded material will not yield at higher states
of charge as the yield stress will never be exceeded. Therefore, the nano-particle will
not transition from the p.e or e.p regimes.

As discussed, several studies have found that the yield stress of lithiated silicon
is a function of lithiation state. If the lithiation-dependence of o is included in
the model, the yield function for the graphite (5.84a) is therefore a function of the
SOC and thus, the graphite could yield at a certain SOC, causing the nano-particle
to transition to the p.p.e regime. Likewise, if the maximum deviatoric stress of the

pulverised graphite, o2'** was also modelled as a function of the lithiation state, the

p
nano-particle could transition from the e.p regime to the p.e.p regime.

5.3.4.5 p.e.p.e

If both materials have partially yielded, the nano-particle is in the p.e.p.e regime and
will either transition to the p.e.p or p.p.e regime. This is determined by whether sg;
reaches Rg; at a lower SOC than s¢ reaches the outer radius of the nano-particle.
Using the boundary conditions in the p.e.p.e regime in Section E.4, sg; and s¢ are
related by

Y s& s& max s¢ Y 3
og; | log 73 +1-— 73| = log e + o6 (1 — sg). (5.85)
v Si

The left- and right-hand sides of (5.85) are increasing functions of sg; and sc,
respectively, and we expect both sg; and s¢ to increase with the SOC. Therefore, if
the left-hand side of (5.85) as sg; — Reg; is greater than the right-hand side as s¢ — 1,
the plastic front, sg;, will reach r = Rg; at a lower SOC than that at which s¢ reaches
r = 1. By setting sg; = Rg; and s¢ = 1, we have that if

Rs;
o3 log ( Ri) < —o™ log(Rs:), (5.86)

the nano-particle in the p.e.p.e regime will transition to the p.p.e regime and it will
transition to the p.e.p regime otherwise. Therefore, we rearrange (5.86) to write the

transition condition from the p.e.p.e regime as

(5.87)

pepe—s POP if B3 < (R3)1H5™/og)
p.p.e if R} > (RY)M5™/75),
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5.3.4.6 p.p.e and p.e.p

From the boundary conditions for the p.p.e and p.e.p regimes in Sections E.7 and

E.8, respectively, we find that sg; and s¢ are given by

3
max SSi Sg;
30 log(Rs;) 4 30¢; log <Rv> = oy ( ngi - 1), (5.88a)
RV Sc
302 1o ( ) + 3omax]g ( > =ol(sd —1), 5.88b
si 10g Rs; p g Rs; (8¢ ) ( )

respectively. As these are both algebraic equations and not functions of lithium
concentration, sg; and s¢ are both constant in the p.e.p and p.p.e regimes, respectively.
Therefore, the nano-particle cannot transition from the p.p.e and p.e.p regimes to the
p-p regime. Similarly to the transitions from the p.e and e.p regimes in Section 5.3.4.4,

if o or o are functions of lithiation state, the transition to the p.p regime is possible.

5.3.4.7 p.p

The boundary conditions from the p.p regime, other than the continuity of displace-

ment condition, given by

Csi = 208 log(Ry), (5.89a)
Csi — 208 1og(Rg;) = Cc + 205 log(Rs;), (5.89b)
Co = —20," log(1) =0, (5.89¢)
yield the condition
R}, = (R3)\Hen™/o%), (5.90)

This is the condition at which neither of (5.87) are satisfied and is a necessary con-
dition for the nano-particle to be in the p.p regime. Therefore, the p.p regime will
only occur from the p.e.p.e regime if both the silicon and the graphite fully yield at
the same SOC.

5.3.5 Regime Path Phase Diagram

The inequalities determining the regime transitions of the nano-particle in the pre-
vious section can be used to produce a phase diagram in (Rg;, RY,) space to identify
which regimes the nano-particle will go through during lithiation. We refer to the or-
der of the regimes that the nano-particle goes through during lithiation as the regime
path. We use o'

P
of /ol in Figure 5.11. We present the regime paths of the nano-particle in Figure 5.12

= 0§ and plot the phase diagram for several different values of
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ol /ok = 0.0117
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Figure 5.11: Phase diagrams in (R3;, R}) space of the regime paths for different values
of 0§ /ok.. The phases are labelled 1-6 according to the regime paths displayed in
Figure 5.12. The inset plots in the o /o = 0.0117 plot show the small regions for
the regime paths other than 6 in this case.

p.e
o
p-c.€ p.p.e |—1
o = 7 —2
e.e p.e.p.e —>i
~ o ~* —5
7 epe P-€P [ 6
ep

Figure 5.12: Regime paths, corresponding to the phases in Figure 5.11 and labelled
one through six.
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with the colours of the arrows between regimes corresponding colours of the areas in
Figure 5.11.

We see that for the values of of and o from the literature, giving oy /ol =
0.0117, almost all of the viable phase diagram is occupied by regime path 6. This is
due to the weak graphite shell yielding much more easily than the silicon, so even for
a thin silicon layer, the expansion is great enough to cause the graphite to yield fully
before the silicon yields at all, resulting in the nano-particle being in the e.p regime at
high states of charge. From the inequalities in Section 5.3.4, we can see that the small
value of o /ol causes the phase boundaries to be approximately given by R} = R3;,
giving the narrow range of viable nano-particle geometries for these regime paths.
This is especially apparent for regime paths 2 and 5 shown in the lower-right inset
plot of the o /od; = 0.0117 subplot of Figure 5.11.

The limit as 0§ /o; — 0 tends to the case in which the only regime path the nano-
particle can have is 6. The o)’ = 0 but o > 0 case considered in Section 5.2.3.4
removes any possibility of regime paths 2, 4 and 5. This is because the inequalities
(5.83) and (5.87) reduce to R}, < RE in this case which is always satisfied in this
geometry.

Comparing the diagrams for o /od; = 0.5 and 2.0, we can see that regime path 3 is
not permitted by any geometries for o, /od = 0.5 and regime path 4 is not permitted
for o Jodi = 2.0. We see from the o} /ol = 1.0 case that there is a bifurcation in
the phase diagram at this parameter value. For inner layers with higher yield stresses
than the shell (0 /od; < 1), regime path 3 is not possible and for shells with higher
yield stresses than the inner layer (0% /o3 > 1), regime path 4 is not possible. This
implies that if the geometry is such that the material with the greater yield stress
yields first, it must yield completely before the other material yields completely, as
seen in Figure 5.12.

Finally, in the o /o, = 1.0 case, neither regime paths 3 or 4 are possible for any
viable nano-particle geometry. This implies that the first material to yield, whether
the shell or the inner layer, will fully yield before the other material. This can be seen
analytically by both (5.77) and (5.87) reducing to the same inequality for o, = o¥..

This phase diagram can act as a guide to which geometries of nano-particle will
cause the desired yielding behaviour of the nano-particle. For example, from Fig-
ure 5.12, we can see that to ensure that the shell material does not fully yield, we
have a nano-particle which follows the regime paths 1, 2 or 4 assuming the nano-
particle transitions through the entire regime path. This is given by the p.e.p.e —

p.p-e condition in (5.87). However, to ensure that the shell material does not yield
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at all the p.e.e — p.e condition in (5.80) must be satisfied and the condition for the

inner layer yielding first in (5.77) will automatically be satisfied as well.

5.3.6 Maximum Capacity for s¢c < 1

We now investigate whether the model presented in this chapter predicts that the
inclusion of a central void into the nano-particle will increase the maximum capacity
of the nano-particle such that the pulverised front will not reach the outer radius of
the nano-particle at full lithiation. For this geometry, the maximum capacity of the
nano-particle is given by
max
Q"™ = R — R} + S—(1— RY). (5.91)

max
Csi

Therefore, for a given outer radius of the silicon layer, Rg;, this will be maximised
when we minimise the initial volume of the central void, R}. To find the value of
Ry at which the graphite will fully yield as the nano-particle fully lithiates, we take

a similar approach to Section 5.2.3.3. We set ¢gi = ¢c = ¢ = ¢ = s¢ = 1 in

the equation relating the concentrations to the position of the yielded fronts for each

max Y

regime, take the Lamé parameters at their fully lithiated values, and use 0™ = o,

We state these equations without derivations in this section, saving the derivations for
Appendix E. In this section, we aim to find the minimum Ry such that the graphite
does not fully pulverise at full lithiation, denoted by R as a function of Rs;.

For Rg; values less than RE™, as derived in Section 5.2.3.3, a nano-particle without
a core will be the optimal design as adding a central void will only decrease the

maximum capacity. We assume R will be a smooth function of Rg; and therefore,

as Rg; increases from R, the nano-particle with the optimal geometry will be on
regime path 6, as shown by the phase diagrams in Figure 5.11. However, the nano-
particle must still be in the e.p.e regime at full lithiation for the graphite to not have
fully yielded. The equation relating the lithium concentrations and s¢ for the e.p.e

regime is given by

- N2 1 Ug 6 6 ags% 3 3
37c (7)™ di = 3A. (s¢ + Rg;) + e + Yccese — Vsicsilis

Rs; C C
O'gRgi(ZlGSiRgi + ASIR?/) |:1 _ 830 n log ( S% )] .

6GsiAsi(RE, — RY) R3,

(5.92)

Setting cgi = cc = ¢ = s¢ = 1 gives
%

Y Y p3 3 3

e 6 ge s 00 RG(AGsiRG + Asi iy, 3
—C 1+ RS+ =+ (¢ — 75 RS, — log(R2) = 0. (5.93
3Ac< si) 6Gc (e = 751) B 6GsiAsi(RE — RY) og(Fs1) (5.93)
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We can see that this reduces to the expression we solve to find R$™® in (5.52) as

Ry — 0. Rearranging (5.93) gives

(Rg")* = Fepe (5.94a)
ge.p.e
where

Fope = 408 GsiGeAcRE log( R,

p cGsiGe (; 5 log(Rg;) 3 ) 6 ) (5.94b)
— GsiAsiRg; (6G'oAc(ve — 7si) g + 200 Go(1 + Rg;) + o¢Ac),

Gepe = 6GsiGoAsiAc(vsi — vo) R — 208 GsiGeAsi(1+ RS) (5.940)
. C

— UgGSiASiAC - UgGCASiACRgi IOg(Rgi)~

Therefore, (5.94) is the minimum value of R}, such that the graphite will not be fully
pulverised at full lithiation if the nano-particle is on regime path 6, the condition for
which is given by the bound (5.83).

As Ryg; increases and R{F* increases according to (5.94), the nano-particle geometry
required for s¢ < 1 will eventually move out of the feasible region for regime path 6

and into the region for regime path 5. This transition occurs at

Y
g,
R} = RE + U—ER; log(R3,). (5.95)

The Rg; value at which the transition occurs is calculated by numerically solving

Fepe 3 Ug 3 3
G = Rg; + —- Rg; log(Ry;), (5.96)
epe Og;

for Rg;.

For nano-particles on regime path 5, the silicon will yield at a lower SOC than
that at which the graphite fully yields. Therefore, as s¢ — 1, the nano-particle will be
in the p.e.p.e regime. The equation relating the yielded fronts and the concentration

in the p.e.p.e regime is given by

sc Y Y .3 9 Y D3 3
3’70/ C%(f)fQ dr = O-_C(S% + Rgl) + ocSc + UisS1 |:10g (SS1) X 1:|
(5.97a)

Rs: 3Ac 6G e 3Ag; R?/
Y .3
0giSsi 3 3
+ =+ CcS — iC iR i)
6Gs YoCcSg — VsiCsidtg

and the two yielded fronts are related by
Y[10g<sgi)+1 Sgi} Y[log(8%>+1 33] (5.97b)
o — =0 — - : :
i R} Ry ¢ R}, ¢
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Setting cgi = cc = ¢, = s¢ = 1 gives

Y Y Y p3 3 Y .3
¢ 6 o¢ 20g; Rg; S3ilso=1 05iS3ilso=1
9¢ (14 RS log ( 8ilse=1) 4 1| 4 T8i%Silsc=1
A LIS T 500 T T {0g< )T T T 6ay (5.984)

+ (70 - 'YSi)Rgi =0,

where sgi|s.—1 is the solution to

o [log < S% ) +1-— S% } + 0§ log(RE) = 0. (5.98b)
Ry, Rg;

Solving (5.98) for Ry at a given Rg; produces the value of R for nano-particles in

regime path 5.

For 0y < 0¥, as the value of Ry increases, it eventually moves out of the feasible
region for the nano-particle to be on regime path 5 and moves onto regime path 4.
This occurs when sgi|s.—1 = Rs; and also when Ry = Rglg foi+1
into (5.98a) yields

. Substituting these

ol 6 ol B 208 R
6Gc 3Asg;

Y p3 Y p3
o5 RS o5 R
6Gs; 3Ag

3.
S log(RE) + +(ve —7s:)RE = 0. (5.99)

For greater values of Rsg;, the nano-particle must be on regime path 4 to avoid fully
pulverising the graphite. For regime paths 1, 2 and 4, we have shown that the graphite
never fully yields as the silicon does so at a lower SOC. Therefore, the Rt for Rg;
values greater than the solution to (5.99) will be the lower bound of the Ry such that
the nano-particle is on regime path 4, given by Ry = Rglg / Ugi“.

In summary, R{F is given by

if RG" < Rg < sol® to (5.96),
(Re)? = { solt to (5.98) if sol* to (5.96) < Rs; < sol” to (5.99),  (5.100)
R/ if ol to (5.99) < Rg; < 1,

where we have used sol” as short-hand for ‘solution’. The solution (5.100) is valid
for all nano-particles, regardless of the relative yield stresses of the two materials.
However, if o, /ol becomes too large, the transition from the regime path 6 solution
to the regime path 5 solution, given by (5.96), is at a negative value of Ry . The
regime path 6 solution (5.94) will therefore not be valid because R?, < 0. Thus the
solution to (5.98) is valid from R3, = 0. If o /od; > 1, the nano-particle can also be
on regime path 3 in which the final regime is p.e.p. Therefore, (R{F*)? is given by the
solution to (5.98) for the nano-particle geometries on regime path 3 as well. Then, for

RE. and (R$Y)3 values such that the nano-particle is on regime path 2, the solution
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(RF®)3 follows the minimum R} for regime path 2. For ¢ /cd; > 1, the minimum
R} to be on regime path 2 is Ry = Rg:c/ /75*1 This shows that the solution still has
the form as (5.100) for o > o

In Figure 5.13, we plot (R1'")? against RE;, for the literature value of o, and as
multiples of the literature value of of;. These depend not only on the ratio between the
yield stresses but also on the yield stresses themselves because the SOC at which the
graphite shell yields differs with the yield stress of graphite, not just the ratio between
the yield stresses of the core and shell. We also plot (R*)3 for the cases in which the
nano-particle is not in the p.p.e regime at full lithiation for the literature value of o¢;.

3(0& /odi+1)
Si

We see that for almost all values of RS, the solution is given by (R$F)? = R
with the fully lithiated nano-particle being in the p.p.e regime. We see that the value
of R at which R = 0 agrees with VT, calculated in Section 5.2.3.3. The value of
(RX1%)3 rapidly increases with R, for geometries in which the nano-particle is in the
e.p.e regime, but this slows down as RJ; increases further. As o /o is very small
for the literature values for oy and o, ngi(gg/ EARIN RE,. So for nano-particles in
the p.p.e regime at full lithiation, (R{F*)® &~ Rg,. This is not the case for the other
values of o, and thus the solutions (R&)? clearly differ from (R$F*)? = R3, for these
ol Jol values.

In Figure 5.14, we plot the corresponding maximum capacity, Q™**, of the nano-
particle with Ry = Rt We see that for the literature value of og,, Q™ decreases
rapidly for geometries for which the nano-particle is in the e.p.e regime at full lithia-
tion but decreases more slowly as Rg; increases. For geometries for which the nano-
particle is in the p.p.e regime at full lithiation, Q™ still decreases with RE;. There-
fore, the maximum value for Q™" is given by Rg; = 0, showing that adding a void
space in the centre of the nano-particle does not improve the capacity of the nano-
particle such that the graphite will not fully pulverise. However, if the yield stress of
the graphite is able to be increased, for example by the doping of another material,
we can obtain a greater value of ™%, as shown by the plots in Figure 5.14 for greater
values of 0. Therefore, for strengthened graphite, there is an optimal initial volume
of the central void to maximise the capacity of the nano-particle while ensuring the

graphite does not fully pulverise.

5.4 Conclusions

In this chapter we introduced yielding mechanisms into the linear chemo-mechanical

model introduced in Chapter 2, applied to two different radially-symmetric geometries
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for the value of o, from the literature for the cases in which the nano-particle is in
the e.p.e, p.e.p.e and p.e.p regimes at full lithiation.
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Figure 5.14: Maximum capacity, Q™**, such that the graphite shell is not fully pul-

verised at full lithiation, against RZ;.

Left: Plotted for several values of the yield

stress of graphite, of, for RS, € [VE&i 1]. Right: Plotted for the value of o from
the literature for the cases in which the nano-particle is in the e.p.e, p.e.p.e and p.e.p
regimes at full lithiation.
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of nano-particle. To model the fracturing of graphite, we have introduced a model for
pulverised graphite based on a maximum deviatoric stress that the pulverised graphite
can accommodate. We have presented the general model for a given yield stress of
graphite, of,, and a maximum deviatoric stress, o, but concentrated mainly on
the case in which o, = o"*.

In this case, for the nano-particle consisting of a silicon core within a graphite shell,
we have seen that the small yield stress of graphite causes the entire graphite shell to
pulverise for relatively small silicon cores or at very low states of charge with larger
silicon cores. Using the equations relating the lithium concentrations in each material
to the position of the pulverised front, we were able to approximate the maximum
initial volume of the silicon core such that the graphite shell does not fully pulverise
as Vsﬂ’ulv = 6.6846 x 1075. We have approximated the SOC at which the graphite
fully pulverises for larger silicon cores finding that the design that yields the highest
capacity is a large silicon core at a low SOC. This is the same conclusion as for the
initial silicon core volume which gives the largest capacity subject to maximum stress
constraints in Section 2.6.2.3. We also estimate how the position of the pulverised
front at full lithiation relates to the initial volume of the silicon core for small silicon
cores, finding that s¢ grows linearly with Rg;. Finally, by analysing the behaviour
as Rs; — 0, we have estimated the scaling between the position of the pulverised
front at full lithiation and the radius of the silicon core in this limit. We have used
this analysis to find that in a large graphite matrix with small silicon inclusions, the
maximum volume fraction of silicon that can be used to avoid the graphite becoming
completely pulverised is approximately 5.2528x 1072, This is extremely low and much
less than have been used in past anodes based on silicon and graphite [140]. This
discrepancy may occur for several reasons: anode particle geometry, differences in
yield stress between different types of graphite, phenomena not considered in this
model, or the anode still functioning with pulverised graphite.

We have also analysed this yielding model applied to a spherical nano-particle with
a silicon layer and a central void. In this case, the silicon can also yield, and we model
the post-yielding behaviour of the silicon using perfect plasticity. We have found the
geometrical bounds on the outer radii of the central void and the silicon layer which
determine the order in which the materials will yield and which will fully yield first.
These bounds are only dependent on the ratio of the yield stresses of each material
and the geometrical parameters of the nano-particle. These bounds can therefore be
easily applied to nano-particles consisting of other materials. Finally, we found that

for a silicon core and a graphite shell, adding a central void to the silicon core will
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not increase the maximum capacity of the nano-particle while ensuring some of the
graphite is still elastic. However, if the graphite were to be strengthened such that
its yield stress is increased, adding a central void can cause there to be an optimal
initial volume of central core to increase this maximum capacity. This result can be
useful in exploring other materials, such as using amorphous carbon as opposed to
graphite. Note that if amorphous carbon were to be considered as the shell material,
the pulverisation model may then not be as appropriate and intercalation does not
occur so the chemical model will need to be modified slightly.

The complexity of the model in this chapter required the use of expensive com-
putations and thus the model was not extended further to be suitable for modelling
anodes in usual operation. We outline some of the limitations of the model here.
Firstly, we only consider the first lithiation of the nano-particle, implied by the fully
elastic graphite before any lithiation. In this case, the silicon would typically be crys-
talline before any lithiation as it has been shown to turn amorphous only after the
first charge—discharge cycle. This is in contrast with the other models in this thesis
in which we assume the silicon is amorphous. The OCV of crystalline and amorphous
silicon are different [60], and the isotropic stiffness tensor assumption is not applicable
for crystalline silicon. Therefore, there are some contradictions in the modelling of
the silicon here.

The model becomes very complicated when delithiation after the yielding has oc-
curred and subsequent charge—discharge cycles are considered. This is because the
history of the material, through the position of the yielded fronts and the residual
stresses between lithiating and delithiating would have to be tracked during the evo-
lution of the system. We chose to focus solely on the first lithiation to avoid these
complications and instead study how the initial volume of the silicon core affects this
initial yield. However, the residual stresses that manifest in plastically deforming
materials during repeated mechanical loading and unloading typically provide inter-
esting insights into the long-term fatigue of materials, and thus incorporating this
would be useful for studying degradation.

Lastly, in the nano-particle containing a central void, the silicon will plastically
flow into the central void after yielding. We do not solve the model for the displace-
ment and thus do not monitor this in our analysis. If the displacement at r = Ry
becomes less than — Ry, this implies the plastic silicon has closed the central void
and contact has occurred at » = 0. The linear model does not account for this and
so this effect may lead to unphysical behaviour. A simple way to account for this is

to ensure that the initial volume of the silicon layer is less than J§R}. Therefore,
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even in the unstressed case, the silicon will not expand so much that it should reach
r = 0. This is likely the case in the analysis in Section 5.3.6 for the literature value
for o as the silicon layers are very small in this case. However, it is not so for the
larger ol values. Despite these flaws in this simple model, it can provide insight into

the yielding behaviour of the materials in the nano-particle.
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Chapter 6

Conclusions

In this chapter, we summarise the main results from this thesis, address some of the

limitations to the modelling approach taken, and suggest some future directions.

6.1 Main Results

In Chapter 2, we analysed the stress, displacement and lithium distribution in a multi-
material nano-particle using a linear quasi-static chemo-mechanical model which in-
corporates coupling between the stress and the lithium concentration. We found that
the lithium concentration is uniform in each material at equilbrium if the geome-
try has specific symmetries, and derived an effective OCV of a multi-material anode
nano-particle that accounts for the stresses generated at equilibrium from the two ma-
terials. We also proposed several measures with which to optimise the initial volume
of the silicon core, based on the expanded volume of the silicon core, the maximum
stress generated, and the capacity of the nano-particle. The resulting optimal designs
based on these measures are summarised in Section 2.7.

In Chapter 3, we applied the method of multiple scales to the linear chemo-
mechanical model to calculate effective parameters for porous silicon. We found
that taking the limit of small S can linearise the resulting leading-order and first-
order cell problems, resulting in a large saving of computational cost compared to
solving the full nonlinear multiple-scales problem. Taking the large S¢ limit does
not achieve this linearisation, but symmetric macroscale problems can reduce the
computational cost of solving them by interpolating between solutions calculated
across the range of possible macroscale variables. We used the effective parameters
of the fully lithiated porous silicon to find nano-particle designs which decrease the

expansion of the nano-particle while maintaining the same capacity as the non-porous
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nano-particle. Similarly, we found that incorporating a central void can also reduce
the expansion due to the silicon displacing into the central void.

In Chapter 4, we analysed a geometrically nonlinear elasticity model applied to
the core—shell geometry. We found that solutions to this model cease to exist above
a certain SOC. The main conclusion from this analysis is that geometric nonlinearity
is not sufficient to account for the large stresses induced in the graphite for large
cores and high states of charge. Therefore, other mechanical behaviour must be
incorporated into the model in these cases, for example nonlinear constitutive laws,
plasticity, or cracking.

In Chapter 5, we incorporated the pulverisation of graphite and the plastic flow
of silicon into the geometrically linear chemo-mechanical model from Chapter 2. Two
key results from this chapter were the analytical approximations that can be made
to determine the conditions such that the graphite does not fully pulverise and the
effect of including a central void to the silicon in this model. We made several
simplifications to give an approximation to the maximum volume fraction of silicon
that can be introduced into a graphite matrix as nano-scale silicon inclusions. Such
a composite anode material design is of interest to the Li-ion battery industry so this
initial approximation should provide a useful input. We found that introducing a
central void into the silicon core will not increase the maximum capacity such that
the graphite has not fully pulverised when the nano-particle is fully lithiated, unless

the graphite is strengthened in some way to increase the yield stress.

6.2 Modelling Limitations

The modelling approach taken in this thesis was to simplify the governing equations
to enable as much analytical progress as possible. The linear elasticity assumption
introduced in Chapter 2 is fairly restrictive to the application of this thesis: silicon.
We addressed in which parameter regimes this linear model is still quantitatively
valid for silicon in the results in Section 2.6. Even outside this range, the qualitative
conclusions from Chapter 2 provide valuable insight into the mechanical behaviour of
multi-material anodes. We used this linear model as the basis of the yielding model in
Chapter 5 to allow us to make as much analytical progress as possible. As suggested
in Section 4.6, the geometrically nonlinear, but constitutively linear elastic model
with yielding mechanisms is likely the most quantitatively accurate model to pursue.

Further simplifications made to the chemical model throughout the thesis some-

what restrict the applicability of this model to anode nano-particles for practical use.
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The equilbrium model assumes that the charging of the battery is slow enough that
the inhomogeneities in the lithium distribution are smoothed sufficiently quickly by
the diffusion of the lithium. Many effects due to lithium dynamics, including lithium
inhomogeneities causing stresses within a single material, are not captured in this
equilibrium model. One recent challenge for the battery industry is faster charging
while avoiding damage to the anode [61], so inclusion of this feature would be key to
this challenge. However, this equilibrium assumption is valid for faster charging rates
when the diffusion occurs over a very small distance, and so can be valid in practice
for nano-particles which are small enough. Additionally, the single-phase model of
the lithium transport, governed by Fickian diffusion, is widely accepted to not be an
accurate representation of lithiation of silicon [65, 66, 72, 73, 111]. Two-phase mod-
els with a lithium-rich region and a lithium-poor region are more representative of
experimental observations so the single-phase model used in this work is most likely
inaccurate.

We also make some geometric simplifications, only solving the models for a spher-
ically symmetric nano-particle. While the nano-particles will not be perfect spheres,
this assumption allows us to make a lot of analytical progress and we expect results
for approximately spherical nano-particles to be qualitatively very similar. Secondly,
the equilibrium model removes all length-scales from the problem. One reason for
using nano-scale anode particles is the mitigation of the stress at this length-scale,
as observed in experiments [66, 83] and in models [15, 92, 118]. Materials also be-
have differently on the nano-scale compared to that in the bulk due to surface effects
(91, 138]. We have used parameter values and models suitable to bulk silicon and
graphite so these may not be appropriate for nano-particles.

Finally, we do not compare any of our results in this thesis to experimental results
as these are difficult and expensive to achieve in the equilibrium setting due to the
slow charging that would be required. Due to this, it is not clear how valid the models

presented here are, even in their respective valid parameter regimes.

6.3 Future Directions

In this final section we suggest some future directions that could be taken to build on
the work within this thesis, largely addressing the limitations in the previous section.

Applying the linearised model to materials in which the linear regime is still ap-
propriate at high states of charge could allow us to compare the effective OCVs shown

in Figure 2.5 to experimental results. This would help to confirm the accuracy of the
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model under the assumptions that are stated in Chapter 2. The linear model could
be extended to more complicated geometries than just spherical, searching for non-
uniform solutions of the lithium concentration at equilibrium with multiple materials.
Likewise, extending the model beyond the equilbrium state and investigating how the
lithium concentration evolves over time for a given charging rate would address the
limitation of not capturing the effects of inhomogeneous lithium concentrations. This
has been widely studied for single materials [21, 25, 114] and cores surrounded by
non-lithiating materials [44, 109], but investigating the effect of dynamics for nano-
particles with core—shell geometry and multiple active materials is a very recent field
of research [115].

The small and large S& limits in the multiple-scale analysis in Section 3.2 open up
several directions to extend this work. We have seen that both reductions require the
resulting cell problems to be solved for a range of macroscale variables, but this can
fairly easily be achieved for the simple macroscale problem we consider here. Solving
the cell problems for both small and large S& limits for one of the simple macroscale
problems, and comparing the results to the case without stress-assisted diffusion,
would allow us to see the effect that concentration variations on the microscale have
on the effective material parameters of the porous silicon. These solutions could be
used to analyse whether the inclusion of porous materials to the macroscale nano-
particle could improve the expansion at partially lithiated states and not just the fully
lithiated case we consider in Section 3.2.5. This multiple-scales analysis has been ap-
plied to modelling porous anodes in the past [57, 78, 89], but these works mostly
neglect the inclusion of solid mechanics. Applying the multiple-scales problem result-
ing from the linear chemo-mechanical model to a periodic lattice of nano-particles
can provide insight into how changes to the design of a single nano-particle can affect
the macroscale displacement and stresses within an entire porous anode. This has
been recently studied by Wu and Lu [116] but the coupling between the stress and
concentration is neglected.

In Chapter 4, we chose to use a simplified version of the geometrically nonlinear
elasticity model based on that from Cui et al. [25], neglecting the effects of stress-
assisted diffusion. Incorporating this back into the nonlinear model, and investigating
the effect this has on the SOC at which the solely elastic model breaks down, would
help further understand the behaviour of this nonlinear model. Furthermore, we only
analysed the problem for silicon and graphite and for Rg; = 0.5. Investigating how

the parameters affect the bifurcation in the solution to the model would assist in
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knowing when this solely elastic model can be used to obtain solutions and when it
will fail.

Comparing the pulverisation model in Chapter 5 to more traditional cracking
models using stress intensity factors would help validate the model used here. To
ensure there is no unphysical displacement past r = 0 for the nano-particle design
with the central void, comparing the results to a geometrically nonlinear model would
address whether this omission is a significant issue or not. Comparison of the results
in Figures 5.13 and 5.14 to those using a geometrically nonlinear model would help to
validate the conclusions drawn here. As discussed in Section 5.4, extending the model
to multiple charge—discharge cycles could help understand long-term degradation due
to continuous yielding. Finally, further modelling of the anode design with several
small silicon inclusions would be extremely interesting. The method of multiple scales
could be utilised in this case for periodic arrays of silicon inclusions in the graphite
matrix, and compared to the volume fraction of silicon result derived in Section 5.2.3.3

as Rg; — 0.
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Appendix A

Deriving the Electrochemical
Potential

In this appendix, we derive the chemical potential of the lithium intercalated in an

anode material a, based on the derivation in [25].

A.1 Derivation of Full Stress-Dependent Electro-
chemical Potential

We begin by defining the total internal energy density per unit volume of material a
as
IG(F, cq) = wu(c) + W (F, ), (A1)

where ¢*(c}) is the internal chemical energy per unit volume after the stress-free
expansion has occurred and W (F*, ¢!) is the strain energy after deformation per unit
volume. All of these densities are measured in terms of a unit volume of the reference
frame. We are able to split this internal energy in this way as we have multiplicatively
decomposed the total deformation gradient as F = FCFSF. The chemical potential of

lithium per mole of lithium is then given by

Ol (F, c) Vm Togk(c,) OW*(F, c,)
*F * — a — a a a A.
) - (Fgnel) S|P (SRe)) | (ay)

max
xCL

where the first term in the bracket is the stress-independent part of the chemical po-
tential and the second term in the bracket is the stress-dependent part of the chemical
potential. As explained in Section 2.2.2, we can obtain the stress-independent part
of the chemical potential from experimentally-obtained OCV data. We denote this
stress-free chemical potential as jiSF*(c*) and the stress-dependent chemical potential

as 7,(F, ¢).
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We now focus on deriving 7, for a material with concentration-dependent mechan-
ical parameters and with finite strains. As the strain energy density in material a,
W, depends on the deformation and the stiffness C, which is itself a function of the
concentration ¢,, we calculate OW}/0c, by differentiating with a fixed stiffness C;

first and then differentiating with a fixed deformation, F. Therefore, we have

v (0w (F, cq)] 8FEF ow*(F, c,)
F — a a a C a A‘
Ta( ) C) .Z'znax ( 8F3F aca o + ‘]a 8ca Fe,FSF ) ( 3)

where we have written W) as Jiw) and w] is the strain energy after deformation
per unit volume of the material after the stress-free expansion. This is similar to
the the expression given in Eq. (14) of [25], but using the notation we introduced in
Chapter 2.

We split the first derivative in (A.3) using the product rule to find

OLJew: (F, c.)] ( a.Je ) <8w*(F,ca))
a_a = a w*(F,co) +Jo( =2l ) (A4
8F5,F aFS‘F F,C: OF, SF F,Cx

and as J¢ = det(F5"), we can use the identity

Odet(A 1\ T

% = det(A) (A", (A.5)
for a general matrix A, to see
0J; ) SF

S =Jol5i s (A.6)

where 5 = (F5")~!. Using the chain rule, we can see
(8w;(F, ca)) B <8wZ(F, Ca) aFﬁm) (A7)

O Jpc OF,  OFS ) wc; '
_ <awZ(Fvca) 8(ka kS}j)) (AS)
aFﬁ”m 8‘FSF F,Cx
ow:(F,c,) ofx )
= “ Frop——2 , (A.9)
( aFﬁ’m aF’EF F,Cx

where we have used the decomposition F = FF5F to give F¢ = F(F*)~!. We can

use the identity

A N 1 -1
OA i (A1)u(A ), (A10)
DA, ’
to conclude
ow} (F, ca)> (3111*(1:‘, Ca)) SF (SF
a — a ka‘fz o (All)
( aFEF F.C: aFr?m F.C; K
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We substitute (A.6) and (A.11) into (A.4) to find

a[‘]ng(F7 CG)] — Jc SF'UJ* (F c ) - JC (awz(F7 CG«)) F k;f]EF SF (A 12)
alji Ya\t s ta m i .
F,Cx

OFF “\ OF, m
which we write as OLJews (F. co)]
2 Wa(F, cq
OFSF =Xk ,fiF, (A.13)
ij

where o (F. c,)

* c wa ) Ca
Ejk = 5jkWa (F, Ca) — Ja (8T) ka jsf (A14)

mn F.C;

This is known as the generalised Eshelby tensor in [25]. This can be reduced for

hyperelastic materials which have the property

ow:(F, c,) 1 .
ToFe = J—gFSkFUgmu (A.15)

where % is the first Piola-Kirchhoff stress tensor as defined in Section 4.1. This is
related to the Cauchy stress tensor o* by (4.3). Substituting (4.3) and (A.15) into
(A.14) reduces the general Eshelby tensor to the conventional Eshelby tensor [31, 117]
given by

Sie = 6 Wi(F,ca) — JES fipOimFrk [

jin
= Wy (F, ca) = JOkj frp0pm Fon
= jkW: (F, Ca) — ijpO';mka. <A16)

Finally, we substitute (A.13) into (A.3) to yield

OFF ow*(F, c,)
5 f5F (_” ) +J;(—a ) Ca ) . (A.17)
IRk 8Ca F,C: 8Ca Fe FSF

A.2 Reduction to Linear Stress-Dependent Elec-

Vm
7(F,c) = ——

trochemical Potential

We now apply the assumptions we have used in Section 2.1.2 to reduce this general
stress-dependent chemical potential (A.17) to the simple stress-dependent chemical
potential in (2.34). Firstly, we assume that the stress-free expansion is isotropic so
that F3F = (J¢)Y/36,;, where J§ = 1+ 3n,a®c,, giving

orsF
(F2) = marnr2s, (A1)
a F,Cx
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and
o= () o (A.19)

Substituting this into (A.17) yields

VI | naay ™ ow:(F,c,
7'<:F7 ) = e N e Ekk + Ja (a(—c)) SF] , (AQO)
a a a FeF

and we note that the trace of (A.16) is given by

Sk = 0uW5 (F, ca) = J frpOpm Fon
=3W)(F,c,) — Joj,. (A.21)

We now study each term in (A.21), beginning with the strain energy per unit
volume in the reference configuration W;. If we assume the material is linearly
elastic, as we have done in Chapter 2, we have

W = L e pe pe (A.22)

a 2 a zgkl i

where c?]?;';l is the stiffness tensor of material a and Ef; is the elastic strain tensor,

both in suffix notation. The product of the elastic strain tensors (2.7) is given by

1 ou*  Oul  Our Out
Ee Ee = Z c\—2/3 i J i j 5
"y [(J 2 {5” - X Tox: " 0X; aX;} ”]

(A.23)
" [(Ji)‘z/?’{ém N ouy N ou; N ouy, Ou; }—5kz]

0X; | OX; ' 0X;oX;

ou* ou* our ou*
c\—2/3 c\—2/3 i J i J
() =) ({ax; Tox; T ox; aX;} .

oup  Ouf  Ouj Ouf a2
! {9Xz* Tox; Taxsax; f%) ((J2) 7% = 1) 70150 (A.24)

our  our  Our Oul our  our  our our
c\—4/3 i J ) J k l k l
) {ax; Tox; Tax; aX;}{aX; T ox; Tax;ox; }] '

»J>I>—‘

Using the assumption in Section 2.1.2 that the quantity 7, V" cl®* = n,x** is small

for all materials a, we can approximate

(Jg)—2/3 — (1 + 3naxmaxca)—2/3 ~1_ 2,'7a A Cas (A25)
(Jo) ™%~ 1 = dneal™c,, (A.26)
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so that

Je —2/3 Je —-2/3 _ 1) ~ —2n,27%c, (1 — 2n,2™*¢c,) ~ —2 aZEmaXCaa A.27a
a a n NaZ, Nal,

a

((Jc)—2/3 o 1)2 ~ 4(77axamax)202 (A27b)

a a’

(JO) ™8 ~ 1. (A.27c)

If we nondimensionalise u* and X ™ as in (2.8), we can ignore the quadratic terms in

Ju/0X and we obtain

max . max aul auj auk 3ul
— 2Nz, Xy Ca({an + 8Xi}5kl + {3Xl + an}5”)

e € 1
ELE, ~ —

4
ou; ou; ouy, oy (A.28)
4 o max225i'5 max2 ? J
™) eyt + e G+ ok, (1ox, T ax,
+ O((nazs™)?).
The second term in (A.21) can be written as
and we can approximate using (A.25) to give
ou*
Fe = (J¢ -1/3 1
ou*
~ (1 -1, max 1 el
- {1+ o]
1 + max au max 1 max ,max au
= 2 —— = 0201 — el e g ==
ey 0X NaZyg Na™ Ty 1 0X
= 1+ O0(azy™), (A.30)
giving det(F¢) ~ 1. Substituting this approximation into (A.29) gives
Joy, = Jiog, (A.31)
and using the nondimensionalisation of o* in (2.19) gives
Jog = Gima™ (1 + 3n,zh ™ o) ok = O(naxy™), (A.32)

Therefore, the first term in (A.21) is O((n,2™*)?) and the second term is O(n,z™)
and thus we may approximate

Zkk = JgO']:k. (A33)
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The second term of (A.20) keeps the elastic and stress-free deformation gradients

fixed, and thus is calculated by

ow*(F, c,) 10y
Jo| —a—— = —J'—TESEf A.34
a( aCa )Fe,FSF 2 ¢ 8ca kD ( )
As shown in (A.28), the product Ej;Ej; = O((nazy®)?). Therefore, under the as-
sumptions in Section 2.1.3, this term is negligible compared to the leading-order term
in the first term, given by (A.33), provided that

30%721

e o((naz™) ™). (A.35)

For simplicity in this thesis, we are going to assume this is the case. Including the
term in (A.34) would cause nonlinear u terms in the chemical potential. However,
using the analysis in Section 2.3, these terms would only contribute to the term in
brackets in (2.53) and so the solution d¢,/dr = 0, leading to the displacement given in
(2.55), would still be valid. This may cause other solutions to (2.53) to be physically
relevant, however. Taking the dc,/dr = 0 solution, an additional consequence would
be that the evaluation of the lithium concentration in each material, from solving
(2.73) would have nonlinear terms, possibly introducing multiple values of ¢ and cg;
which solve the chemical problem.

Therefore, for the assumptions in Chapter 2, we approximate

Vm o max
(¢~ Lo (” “a ;ozk):v;mnatrw*), (A.36)

max c
xa Ja

as given in (2.34).
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Appendix B

Other Solution to Radially
Symmetric Linear Problem

In this appendix, we analyse the other possible solution to (2.53) with a radially-

dependent concentration. This solution is given by

3\, + 2G, [ (du 2_u> A, ydudG, (3N +2G)
T

Ao +2G, [\dr de, " dr de, Ja deg Ca = Ya(3Aa + 2Ga>]

1 dpSF  d(3N\, +2G,) [du  2u
e S 2G,) = 0.
54 de, €. T + . 3VaCa| + 37a(3Na +2G,) =0
(B.1)
Collecting the constant, du/dr, d),/dc, and dG,/dc, terms yields
LA 4uCa(3h +2G,) | ( dG. d)\a) du
d a - a5 |5
S4 de, A, + 2G, Ao + 2G, de, de, ) dr (B.2)

(12Gafyaca 8Gu ) dA, ( 8G 4 VuCa 4u> dG, 0

A+2G,  (Ma+2G)r)dea  \Ne+2G, 1 ) deg

Rearranging the du/dr terms and writing the two Lamé parameters in terms of the

Young’s modulus and the Poisson’s ratio, given by

E. v E

Ao = P Ga= o B.

(14 v)(1 —21,) ¢ 2(1 4+ v,) (B.3)
yields
4 dG, B dA, d_u B 4)\3 i % d_u (B 4a)
e + 2G, " de, “deg Jdr Ay +2G, deg \ N\, / dr '
AE, V2 d /1-2y,\du

= a — —. (B4

(1—v2)(1—2v,)%dc, ( 2v, ) dr (B-4b)

We can see that this term is only non-zero if the Poisson’s ratio of material a is

dependent on the lithium concentration. In this thesis, we take the Poisson’s ratio
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to be independent of the lithium concentration, and thus this term can be removed
from (B.2).

We can now write the solution u explicitly, given by

8G, d)\, 4dGa} w1 ddr

9 o ~ ad
Ao + 2G, de, deg | r S9 de, o dG (B.5)
Ya a a
— |4 2 12 — —.
Ly 2Ga[ Ga(3Aa + 2G,) + 12Gac, & + 8Gcq dca]

Using (B.3) and assuming the Poisson’s ratio is independent of ¢, simplifies (B.5) to

1+2v, dE, L dpSt 2y,
DL VKT S P

(14+v)(1—v,) de, 7 S? de, 1—-v,

= (B.6)

dEa]

This solution seems unphysical for two reasons. Firstly, at ¢, = 0 and ¢, = 1,
the solution, u, becomes extremely large due to the duSY/de, term. Secondly, this
solution does not exist if the mechanical parameters are independent of the lithiation

state, as (B.1) reduces to

dust N 48%,G (3N + 2G,)

= B.
de, A + 2G, 0 (B.7)

in this case. This would require duS' /dc, to be constant and negative, which is
not true for anode materials. If instead the Lamé parameters have a small depen-
dence on lithiation state, the solution u becomes very large. This is true for both
lithiation-independent and lithiation-dependent Poisson’s ratios, given by (B.6) and
(B.5), repectively, due to the terms multiplying the u/r term. It seems unphysical
that as the lithiation dependence decreases, the radially-dependent concentration so-
lution, u, becomes very large before it ceases to exist. Due to these reasons, we ignore

this solution in Section 2.3 and proceed with the solution

de,

=0 (B.8)
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Appendix C

Small S¢. Derivation with
Lithiation-Dependent Stiffness

In this appendix, we derive the Fy and Fj problems in (3.19) arising from taking the

small S¢ limit, with a lithiation-dependent stiffness tensor, Cg;(cs;).

C.1 Fy Problem

Using (3.20b) and (3.10c), we see that cé?’o) is independent of X in this case as well,

so we can write (3.22) as

\v@ (CSi(cé1 .V ) in Qg, (C.1a)
(CSi(Cél ): Vul? )n (CSI(CSI ) (Vu(o) — ’ySic(S?’O)l)>n on .. (C.1b)

The resulting cell problems will not simplify by using VSic(S?’O) in the decomposition

of u® as in (3.24a), as it does in Section 3.2.2.1. Therefore, we decompose u'!) by
w0 = A TuO® 4 Agv® 4 g0 (C.2)

instead, where v(?) is a vector of length three. Substituting (C.2) into (C.1) yields

' (CS,(CS? 0y, {v(A@) : Vu© 4 gv©) }) —0 in Qg (C.32)
Csi (8N AV (AD : V@ 4 4gv @) H)n .
( ; { ( 0())}) on I, (C.3b)
[CSI(C& )) (V’LL fYSlCél )1>i|
leading to the cell problems
V (CSI(CS? 0)) @A(O)) == in Qgi, (C4a)
(Csi(cy”) : VAO)n = Csl(cs? “n  onl,, (C.4b)
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and

A\ <(C5i (cé?’o)) ; ﬁv(0)> =0, in Qg (C.5a)
<Csi (C(S?’O)) : @v(o))n = cé?’o) (Csi (cé?’o)) : 1>n, on fe, (C.5b)

with the usual periodicity and integral constraints given, for example, in (3.26¢) and
(3.26d). These problems depend on the leading-order concentration, C(S?’O), through

the lithiation-dependent stiffness tensor, Cg;.

C.2 F{ Problem

The first-order system in S& from substituting (3.20) into (3.12) is given by

~

o ot ]
in Qg, (C.6a)
L) {0 4 a0 1] o

[@sxcé?"”) A vutY s
on ., (C.6b)
+ (C'Si(cé?’o)) : {@u(l’o) + Vau® — VSicé?’O)l}c(S?’l)] n=20
where cgi]’l) is given by (3.21b) and is dependent on both Vu(® and c(s?’o). From
(3.21b), we can see that the second terms in the left-hand sides of (C.6) are nonlinear
in Vu®, and we cannot make a similar linear ansatz to (C.2) for the F} problem
here. Similar to the nonlinear case in Section 3.2.1, the microscale displacement,
w1V would need to be calculated at each macroscale position.
Therefore, the small S& cell problems are dependent on cgi)’o) and Vu® in the
lithiation-dependent stiffness case. These would in principle need to be solved for
each macroscale position when the concentration is varying. However, as explained

in Section 3.2.4, we know cé?’o) is restricted to [0, 1], we can approximate the depen-

dence of u™ on céoi’o) by solving the cell problems for a sample of C(S?’O) € [0,1] and
interpolating between these solutions. Then, when solving the macroscale problem,
the effective parameters can be quickly calculated from this interpolation function.
We can also do the same with Vu(? using the spherical symmetry in the macroscale
problem. However, the multiple-scales problem in this appendix does not greatly re-
duce the cost of solving the multiple-scales problem from the fully nonlinear problem

with any size of S.
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Appendix D

Compressible Stresses, ODE and
Outer Boundary Condition

In this appendix, we derive the 1st P-K stresses, the governing ODEs for u in r,
and the boundary conditions at » = 1 for the nonlinear model in Chapter 4 for the

compressible neo-Hookean and Blatz—Ko [8] constitutive laws.

D.1 Compressible Neo-Hookean

We can write the strain energy density (4.59a) in terms of the three diagonal elements

of F* in spherical coordinates, Fy,, Fy, and Fy, using (4.60a) and (4.60b), giving

T

)\a e e e 2 e e e
WNH e [?<log (F F99F¢¢)) — G, log (F&F5,FS,)

G (D.1)

Ty <(Ffr)2 + (Fg)" + (quqs)z)} '

Using (4.5), we can write the radial first P-K stress as

0 c 2 a )‘G e e re 2 e e re
o0 = () [_(mg (F F99F¢¢)> — G, log (FC.Fg,F,)

rr a aFﬁT 2 T
Ga e e e
+ S () () + (7))

2 8 Ga e
— (J5)3 { Nolog (Ff, FiyFiy) = <log (FfTF;9F£¢)> — e+ GF}

Ao log (Fy, FgpFe,) G,

— (Ja) s{ 7o — e + GGFM}, (D.2)

rr

and the first P-K stress in the hoop direction as

2 (A log (E5 FypF G, .
oy = (J5) { ( Fi infés) _ ot GQF%}. (D.3)
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Taking the derivative of the radial 1st P-K stress (D.2) allows us to write the

mechanical equilibrium equation (4.16) as
A OFe OFs,

F€ Fe rr + F@ e
T2 e e | F00T 00 T oo
( Frer) Fg, F¢>¢> or or

OFy,

T olog (FE FigFS,) (F5)

2G 2GF° 2A
_ a a”rr a 1 Fe Fe Fe
rFe + r rFg, og( rr 69 d)d’) +

OF¢ 2 0F,
e Fe P Ga Fe€ rr
+ b Ly or + ( TT) or
) 8Frer X 2)\a log (FfrF;9F£¢) (D4)
or rEy,
26, 26,5,
rEg, r

+Ga

:07

which reduces to
Aa
(F)2(Fy)?

oF¢
(1) %5+ 2rs

OF§,
or

2 0FF,
or

} + G, (FL)
2
oFe. 2 o\ —20F¢ 2), log (Frer (Féee) ) (D.5)
+ Ga 87" - >\a log <FT‘7‘ (FGG) > (F'I"I‘) 87, + TFrer
L 2G, | 2G.FL 2N, e [ e )2 2G.  2G. Iy,
TF,?T + r TFQeQ IOg (Frr (FGG) ) + TFgeg r

=0,

when we apply the symmetry in 6 and ¢. Using (4.9), we can write

o Ldu oF, ()7 d
8;r (5 u 90 _ ( )2 (T_u —u), (D.6)

dr2’ or r

and substituting this into (D.5) yields the ODE for u in r, given as
e e \2 Ga e)2 d2u

2G,(JC)3 {

T Fe (Fe)3_M+F99(Fe)2} _ ﬂ(rﬁ_ﬁ (D.7)

T r Fgr2 \ | dr

2(J¢) log (F, (Fgy)? ( L1 )

+ — ).
r FGEG Frer

Using the identity (4.3), the radial 1st P-K stress (D.2) and the equations for F,
and Fj, (4.9), we can calculate the radial Cauchy stresses needed for the boundary

conditions as

du
I+ 5 I+ 5
(D.8)

which can be rearranged to give u(1) in terms of du/dr at r = 1, where o,,, = 0. This

Orp =

gives




D.2 Blatz—Ko

Similarly, we can write the strain energy density for the Blatz—Ko constitutive law
(4.59b) as

JEG,
WHE = ZC2[fW + (1= )W), (D.10)
where
€ € € 1 € e e _Ba
W= [(F5)" + (Bl + () = 3]+ o ()R (Fe)?) ™ 1), (D11a)
e \— e \— e \— 1 e e e Ba
W = [(F5) 72+ (Ffa) ™ o (F) ™ = 3]+ 5 [(F)*(Fi*(F5,)) ™ — 1], (D)
The radial first P-K stress is given by
o (JO)EiG, [0, oW,y
= — D.12
ob = VG [ T - T2, (D.12)
and
an e e \—2Ba— e \—208q e \—20q
Sp = 2|F = (B0 (F) ()™, (D.13a)
8W e - e e e \—
e = 2| (Fa) 2 () (e, — (P78, (D.13b)
The first P-K stress in the hoop direction is given by
o (JOIG,[.0W; oW,y
= 11— D.14
obo = R 1T+ (- DR | (D.11)
and
oW e\ — e \— — e \—
S = 2| Fiy — (F5) 2 () 7 ()™ (D.15a)
O0Fy,
aW e - e e \—
2 — 2| (F5) " (Fip e (P )™ — (Fy) ™) (D.15b)
0Fy,
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Using (D.6), and that 0Fg,/0r = OF,/0r, we take the derivatives
3(FfT)* . d2u du

O i) %a-l(F;e)-?ﬁa(F;@-%] -

or
! d*u
() SR ) ) 20, - D )
d d
— 28,r72 (rd_z — u) (F5) ' — 28,072 (rd—z - u) (F£¢)1},
(D.16b)
0
o [ BReP (Egg e (Fy )| =
! d?
(J5>‘3(Fﬁ)Qﬂa*(F;e)?ﬂ“(F;¢>2ﬁa{(2& — Do (F)7!
d d
+ 26,7 (rd—jf - u) (Fgp) ™ + 280r™ (rd—jf - u) <F£¢>1}-
(D.16¢)

We use these to write the mechanical equilibrium equation, (4.16), as

1 0% 1 d? d
p s + o @+ DS 2 (rE ) ()

28 () () [ () )
(1= (B 2o (B (P

# 2 = ) = 0= D - (F)
)2 () () 2 (S, — Fy)

(D.17)

- (= P (E e EL )~ Fi) | =0
We apply the symmetry in 6 and ¢ to yield the ODE for w in r as

{f (280 + D(F5) 7 [FE) 27 (Fgy) ™ 4+ (1= ) (F ) (Fg) |

dr?
= 20 (0= HIER) ™ — (R ™) — 1R~ F) (D-18)
L) — (B[ ()™ (g™ — (1= 1) (5 ()]}
S = ) [P (= D ),

91— F)(FE)R () 4 3(1 f)(Ffr)“}d—u
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Finally, we can calculate the radial Cauchy stresses using (4.3) to give

T = A ur) (fz/i)g {f {(Jé)‘§ (1+ j—jf) - ()™ (1+ %‘)25"1 (1+Y) %}

—(1—f) {Jg<1 + %) - (Jo) =5 (1 + 3_2)26(;1 (1 i %)45} }
(D.19)

The boundary condition at » = 1 is given by o,, = 0. We can rearrange (D.19) to
yield the following two roots of u(1) in terms of the displacement gradient, du/dr, at

r = 1. These are given by
1

d ~280-27 12
u(l) = [(Jé)SB%H (1 + d—:f ) } ] (D.20a)
r=1

1

—2Bc+2 TG
) } ~ 1. (D.20b)
r=1

However, J& > 0, du/dr > —1, and f/(1 — f) > 0, thus the term in the square

bracket in (D.20b) is negative. Therefore, this root will only be real for particular

d_u
dr

68c—2

u(1>:[—%(Jg) : (1+

values of 3, depending on the material in the shell. For a graphite shell, S = 0.889
and 1/45¢ = 0.28125 which does yield complex values for u(1) in (D.20b). Secondly,
if f =1, u(1) is undefined in (D.20b). Therefore, we take (D.20a) as the expression

for u(1) for the Blatz—Ko constitutive law.
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Appendix E

Regime Boundary Conditions

We present the boundary conditions and chemical potentials in each regime for the
nano-particle with a central void shown in Figure 5.10. We then solve these conditions
to find the integration constants in each regime and describe the method for solving
these equations to find the displacement and lithium concentrations. The model for
the yielding of the materials in this geometry is given in Sections 5.2.2 and 5.3, and
the resulting general displacement, stresses and chemical potentials in each region of
the nano-particle are referenced in Table 5.1. The general boundary conditions for
this model are the continuity of displacement and normal stress between regions, zero
traction on the boundary at » = Ry and r = 1, and the yield condition being satisfied
at sg; and sg. We use A, = 3\, + 2G,, for a = Si, C, throughout this appendix for

ease of notation.

E.1 e.e

The e.e regime is solved to find As;, Bs;, Ac and B¢ using the method in Chapter 2.
These integration constants are given in terms of the concentrations, cg; and cq, in

(3.2).
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E.2 p.e.e

The boundary conditions in the p.e.e regime are given by

208
Csi = TSI log (R}, (E.1a)
QO'Y; 4G iB i
Csi — =2 log(sd) = Asi(Asi — ysicsi) — 883 i (E.1b)
Si
—6Gs; Bs;
s (E.1c)
Ssi
SSi
/ (37sicky (7) + Dsi(7))7* dF = Agis + Bsi — B, (E.1d)
Ry
4(Gs; Bs; 4GB
Asi(Asi — Ysicsi) — ;3 % = Ac(Ac — yece) — }53 =5 (E.le)
Si Si
AsiRé + Bsi = AcRg; + B, (E.1f)
Ac(Ac — vecee) = 4G Be. (E.1g)
Solving (E.1) yields the integration constants
20 R3
Ag = —Sl1og [ =L ) —1 (s E.2
S 3A31{0g(8§’1) ]+'VSCSa (E.2a)
—oY g3
Bg = — 28 E.2b
20
Csi = TSI log(R?), (E.2¢)
208 R3
DSi(T) == As' S {105—’; (T_;/) - 1:| + 3/781 (CSi sgi=r Cgi(r) Ssi:T)7 (EQd)
i|ssi=r
4G 208 RS, R3 0¥ s,
A — Si Sll v -1 iiRg'_ Si°Si
¢~ UGoRE + AC{ 3hs | ° sk sisilts T G (E.20)
Ac '
T AGoRE, 1 Ag 0@
Ac 20Y R3, R} \
Bc = — |log | =~ | —1 iCsi — Ry
© 4GcRgi + AC { 3ASi ©8 Sgi " (,YS CS WCCC) > (E 2f)

Y 3
_ TsiSsi
6Gisi

where Dg;(r) is derived in a similar way to D¢ (r) in Section 5.2.2.8, and a relationship

between the lithium concentrations in 2§, and ¢, given by

1 U§(4GORg + AC) Sg- R%/
= o 1 1—250 g [ X
CS rysl { 6GcAC<1 — Rgl> R%l Og Sgi + VCCC

(E.3)
—2 11 -1 — e
+ 3ASi |: 08 (Sgi + 6GSiR%i
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The chemical potential of the lithium in each region is given by

3

p= G0 -2t o () <1 met, e

SF d Y R%/ : e
= pg (csi) — 25§0¢; | log R 1 in g, (E.4b)

Si
25%0) R3. 53 R3

SF CYSi+'Si Si \% . e

n= /,[,C (Cc) — 1_—%[ — Rgl — log <?§)1 mn QC' <E4C)

It can be seen from (E.4a) and (E.4b) that the lithium concentration at r = sg; is
continuous, simplifying (E.2d) to just the first term.

To solve this system, we substitute (E.3) into (E.4b) and equate this to (E.4c)
to yield a single equation for c¢ for a given Ry, Rs; and ss; which we can solve
numerically. With lithiation-dependent Lamé parameters, (E.3) would need to be
solved numerically for cg; within the solver for c¢c due to cs; appearing in the Ag; and
Gis; terms in the right-hand side. We then find cg; and c§;(r) for all the discrete values
of r € [Ry, ssi] using (E.4a)-(E.4b), substitute the lithium concentrations into (E.1d)

and solve for Fg;. This equation to solve is given by

20% 7 R}
3i&ﬁﬂ+—iL—h)C¥)—q&
/RV s Sl( ) ASi Sgi=T s 73

20383, R} Asi
= 21911 — ] —-1- iCS;i 3- —F i-
3Ag |2\, 4G, | T sicsissi T B

(E.5)

There are no bounds on FEg; as there are for cs; when solving the e.p.e regime, and
so solving this numerically is more difficult than solving for one of the concentration
variables. However, if we only wish to calculate the position of sg; as a function of ¢y,
we do not need to solve (E.5) at all as this can be obtained from the concentrations

alone.
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E.3 e.p.e

The boundary conditions in the e.p.e regime are given by

4G iB i
Asi(Asi — sicsi) = ;3 > )
v
AsiRE; + Bsi = Exq,
4(Gs; Bs; max
Asi(Asi — 7sicsi) — % = Cc + 20, log(Rs),
Si
sc
/ (3’7(}0%(7:) + Dc(f))f2 d’F = Acsgc + BC — Ec,
Rs;
4GB
Cc + 20" log(sc) = Ac(Ac — Yecc) — 8(;, =5
C
6GcB
S¢
Ac(Ac — yeee) = 4G Be.
Solving (E.6) yields the expressions
2R%1 Y/ .3 max Rgl
Ag = 3he (B2, — D) [O’C (s¢ — 1) + 0, log 5 + YsiCsi,
R3.R3 R
Bg; = Sit'v Y 3_1 max | Si
> 6Gsi(RE — 1Y) [UC (s¢ = 1)+ 0y log s& )1
208 53,
¢ = SAa + Yeca,
BC = 0%/8%?
6G¢
2 Y 20.max
Co = =2 (sh — 1) — —2— log(s?),
3 3
20873
Do = —%— + 3yc(cclsomr — (50)]so=r),
AC|SC:T'
R3.(4G R, + Agi RY) R
Er — Si 17 Si Y Y 3_1 max | ZVSi ; 1R3~.
O ToCAs(Rg — Rp) (700 T VT g )| oseafts

The chemical potential of the lithium in this regime are given by

254 R3. R2.

SF Si~vSi Y /.3 max Si :

— S () — =288 oy s g 1 Qsi,

= 8 es) — g ook =)+ alog (53] g
r3 ,

= pt (&(r)) — 288 [aé(s% — 1)+ 0, log (5—3) + J;Hax] in QF,
C

p= g (cc) — 28¢o¢ st in O,
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We substitute the integration constants (E.7) into (E.6d) to yield

sc ~ i 20575 B
/ e (C%(r) +cclso=r — c%(SC”Sc:r)T + — dr

Rg; AC‘SC:T
20’%8% Rg-(ﬁlGSiR%- + ASiR%/) v, 3 (RSi)}
= s L ob (s — 1) + 30 1o (E.9)
3AC 6GSiASi(Rgi — R“‘)’/) C< © ) P & SC
O.Y 3
+ 2% 4 Yocoss — VsicsiRY;.

6Gc

This equation can be solved numerically for cg; for a given s¢, Ry and Rg;, by solving
for the cc and ¢, for the guessed value of cg; using (E.8) and minimising the residual of
(E.9). We increase s¢ from s¢ = Rg; to s¢ = 1, solving for the lithium concentrations
and displacement at each discrete value of s¢, using a similar method to that described
in Section 5.2.2.8.

E.4 p.e.p.e

If both materials have only partially yielded, the nano-particle is in the p.e.p.e regime.
The boundary conditions for the p.e.p.e regime are given by (E.6b)-(E.6g) and (E.1a)-
(E.1d). Solving these boundary conditions gives Ac, Be, Dc, Asi, Bsi, Csi and Dg;
as (E.7¢)-(E.7d), (E.7f), (E.2a)-(E.2d), respectively, and

20Y RS 2omax 20y [ &3
Co="og [ X ) - =2 log(R> SifZ8L_q E.10
208 R3. R} ¥ 83
Fo="3"8 g (X ) — 1 e RE;, — S8 E.10b
c = 3/\51 [ 0g ( 3 ) } + VsiCs 6Gs; ( )

The boundary conditions for the p.e.p.e regime also yield a relationship between the

two yielded fronts, given by

Y s& s& max S¢ Y 3
og; | log R +1-— R =0, log . + o6 (1 —sg). (E.11)

Lastly, the chemical potential of the lithium in each region is given by (E.8c¢), (E.4a),
(E.4b) and

R3 7,3
= pe (ci(r)) —28¢ |og; log + 0, log | =3
5 it

Si
+ U%/l( Si 1) + O,max:|
RS !
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Therefore, for a given Ry, Rs; and s¢, we numerically solve (E.11) to find sg; and
substitute Aq, B, De, Ec and sg; into (E.6d) to yield

5¢ . o 20857
[ 31e() + colioms = lsc)luomr) P+ o
Rs; C|SC:T‘
_ 20888 olsd, B 208 RS, o R_i)’/ a1l ol s, (E.13)
3Ac 6Gc 3ASi Sgi 6GSi

+yocass — YsicsiRg;,
and solve for cg;. Within the function to evaluate the residual of (E.13), we calculate
cc and ¢ (r) for r € [Rgi, sc| by equating (E.4b) to (E.8¢) and (E.12), respectively.
To find the displacement in QF;, & (r) is calculated by equating (E.4b) to (E.4a) for
r € [Ry, ssi], and solving (E.5) for Eg;.

E.5 p.e
The boundary conditions in the p.e regime are given by (E.la), (E.1g) and
20 4GB
CSi — & log(R%i) = Ac(AC — 'YCCC) — C3 C, (E.14a)
3 Rg;
Rs;
/ (37sick () + Dsi(7))7* dF = AcRS; + Be — Es. (E.14b)
Ry

The expressions for Cs; and Ds; in this regime are given by (E.2¢) and (E.2d), respec-
tively. If the Lamé parameters are assumed lithiation-dependent, Dg;(r) will have to
be calculated using the values of cg; when the nano-particle is in the p.e.e regime for

ssi € [Ry, Rsi]. The integration constants Ac and Bg are given by

20Y R3. R}
Ao = gr i 1) o8 (R_;’/) ece; (E-152)
Si Si
ol R2. R3
Bo— 8l (_V) E.15b
© = Go(iE - 1) \ Ry (- 190)

Lastly, the lithium concentration in Q¥ and Qf is determined by
3 d Y p3 3

it (cgi(r)) — 28508 {bg (%) - 1] = pg' (cc) = % log (%) (E.16)

As sg; is fixed at sg; = Rg;, we instead increase ¢ from the value at which sg;
first reaches Rg;. We calculate ¢ (r) for r € [Ry, Rg;] using (E.16), and solve (E.14b)
for Eg;. If the graphite is fully lithiated before the plastic silicon, we fix ¢c = 1 and
increase c§;(Rg;) until c§;(Rsi) = 1 because g, is smallest at 7 = Rg;, as seen from
(E.16). Thus, we can calculate the displacement in the nano-particle in this regime

for all values of the SOC.
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E.6 e.p
The boundary conditions in the e.p regime are given by (E.6a)-(E.6¢) and
Cc + 20, 1log(1) = 0. (E.17)

We solve this system of equations to give

9 gmax 3

Agi = =2 "B jog(RE) + ysicsi £.18
S = 3hg(RL — B og(Rg;) + Vsicsi (E.18a)
omax 3 03
B = P VSt lo RS' ’ E.18b
S 6GSi(R%i _ R?/) g( Sl) ( )
Co =0, (E.18¢)
o R3 (4G R3. + Agi R}
Eo = -2 5i(4Gsi Ry sifty) log(R?s’i) + WSiCSiRgi. (E.184d)

6GsiAsi(R3, — RY)
The lithium concentrations are determined from

QS(Siia;nangi 3 SF d _max 3
R log(RS;) = pey (c(r)) — 25800 ™ (log(r?) +1).  (E.19)
Si v

13 (csi) —
If the Lamé parameters are assumed to be lithiation-dependent, D¢ (r) is calculated
from c¢ values in the e.p.e regime for s¢ € [Rg;, 1].

Similarly to the p.e regime, there is no yielded front position to increase in this
regime so we instead increase the value of cg; from the value at which s¢ = 1, using
(E.19) to find ¢,(r) for each cg; value. If the silicon is fully lithiated before the pul-
verised graphite, we instead increase ¢f,(Rs;) until ¢y(Rs;) = 1 because ¢ is smallest

at r = Ryg;, as seen from (E.19).

E.7 p.p.e
The boundary conditions for this regime are given by (E.la), (E.6d)-(E.6g) and
Csi — 205 log(RE) = Cc + Qgglax log(R3,), (E.20a)
/R - (37sik () + Dgi(7))7* dFf = Ec — Esg;, (E.20b)
v
/R b (37l (F + Do (7)) dif = Acsg + Be — Ec. (E.20¢)
i

We solve these boundary conditions for Ag, Bg, Csi and Cg, which are given by
(E.7c), (E.7d), (E.2¢) and

20k (RN 20m
CC = T IOg (R_g’l — g log(RSi)7 (E21)
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respectively, and Dg;(r) and D¢(r) are given by (E.2d) and (E.7f), respectively. The
chemical potential of the lithium in the different regions is given by (E.4a), (E.8¢)
and
SF Ry max re max | i P
p=pet(cc) — 2S¢ [Usl log (R3 > + 0, log (R_S) + 20, 1 in QF.. (E.22)
Si Si

We substitute Ac, Be and Cc into (E.6e) to obtain an algebraic equation for sc,

given by R y
ol log (R3 ) + 0, log (R_g) = oy (s —1). (E.23)

Si Si
Because this is an algebraic equation only depending on the initial geometry of the
nano-particle and the yield stresses of each material, the pulverised front s¢ must

remain constant under the current assumptions.

Similarly to the e.p and p.e regimes, we solve for the displacement and concen-
trations for a given c¢, increasing c¢ from the value at which the silicon fully yields
to cc = 1. We do this by substituting c¢ into (E.4a) and (E.22) and solving for
cg;(r) and @ (r), for r = [Ry, Rgi] and r = [Rg;, sc|, respectively. We substitute the

integration constants into (E.20c) to give

b 3 o 20857°
e (C%(T) t CC|SC:’" o cé(SCNsC:r)T + A dr
" Clso=r

(E.24)

Rsi 20 Y F R
— 3k (F)F2 + 208 [10 (—V) — 1] dr
/IV%V s Sl( ) A81 S5 g 703

and solve for Eg; to fully solve the system.

E.8 p.e.p

In this regime, the boundary conditions are given by (E.6b)-(E.6c), (E.la)-(E.1d)
and (E.17). We can solve for Ag;, Bsi, Cs;, Cc and Eg, given by (E.2a), (E.2b),
(E.2¢), (E.18c) and (E.10b), respectively. The functions Dg;i(r) and D¢(r) are given
by (E.2d) and (E.7f), respectively. The chemical potential in each regime is given by
(E.4a), (E.4b), and

o= i (ch(r)) — 2580m (log(r%) +1) i 9%, (E.25)
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Similarly to the p.p.e regime, we can substitute these integration constants into (E.6¢)

to find an algebraic expression for sg;, given by

s
o™ log(RE) + 03 log ( ) = 1( S 1> (E.26)
p Si Si R3 S R%]

Therefore, in the p.e.p regime, sg; is fixed. Because the position of the plastic front

is fixed, we solve for the displacement and concentrations for increasing values of cg;
by solving (E.5) for Eg;. Similarly to other regimes, if cg; reaches cg; = 1 before the
nano-particle is fully lithiated, we then increase ¢f,(Rsi) until ¢g(Rsi) = 1 as ¢i(r) is

smallest at r = Rg;.

E.9 p.p

Lastly, if both the materials fully yield, the boundary conditions in the p.p regime
are given by (E.1a), (E.17), (E.20a) and (E.20b). We can solve for Cg; and Cg, giving
(E.18¢) and (E.2c), respectively. We then substitute these into (E.20a) to yield

R3

o3 log <—g) = o log(R;). (E.27)
Rg;

This is an algebraic equation for the geometric and yield constants of the materials

and thus the p.p regime will only occur if (E.27) is satisfied. The equation relating
cg; and cfy in this regime is

WF (B (r >>—255p&[1og(3 )—1} — T (1) — 2580m [log(r%) + 1]. (E.28)

If (E.27) is satisfied, however, we cannot solve this system fully as there is only one

equation relating Fg; and E¢.
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