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E,(A) to denote the number of solutions to the system

N S
D6 = P(xie)) = X% = Xi) = 0,
i=1 i=1
where x; € Aforeach 1 < i < 2s. Our main result shows
that

2s5—3
E(A) <5 |AIP73s,

where 7; = 1/2, and 7, = (1/4 — 1/7246) - 275** when
s > 4. The only other previously known result of this
flavour is due to Bourgain and Demeter, who showed
that when ¢(x) = x? and s = 3, we have

E;,(A) < |A]PH/2E,

for each € > 0. Thus, our main result improves upon the
above estimate, while also generalising it for larger val-
ues of s and more wide-ranging choices of 1(x). The
novelty of our estimates is that they only depend on d,
s and |A|, and are independent of the diameter of A.
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Thus, when A is a sparse set, our results are stronger
than the corresponding bounds that are provided by
methods such as decoupling and efficient congruenc-
ing. Consequently, our strategy differs from these two
lines of approach, and we employ techniques from inci-
dence geometry, arithmetic combinatorics and analytic
number theory. Amongst other applications, our esti-
mates lead to stronger discrete restriction estimates for

Sparse sequences.

MSC 2020
11B30, 11107, 11D45, 42B05 (primary)

1 | INTRODUCTION

Let s > 3 be a natural number, let ¢(x) be a polynomial with real coefficients and degree d > 2,
and let A be a finite, non-empty subset of real numbers. In this paper, we study the number of
solutions to the system of equations

D @) = Plxip)) = X (% — Xp5) = 0, (8))
i=1 i=1

such that x; € A foreach 1 < i < 2s. In particular, we define E ,(A) to be the number of 2s-tuples
(X1, . » Xo5) € A% such that xi, ..., X, satisfy (1.1). Our main result presents upper bounds for
E;,(A) in terms of s, d and the cardinality of A.

Theorem 1.1. Let s be a natural number, let 1p(x) be a polynomial with real coefficients and degree
d > 2, let A be a finite, non-empty subset of real numbers. When s > 3, we have

E5(A) <y AP35,
wheren; = 1/2, and g = (1/4 —1/7246) - 275 for s > 4.

We now present a straightforward application of our theorem. We begin by setting {(x) = x?
in (1.1) to obtain the quadratic Vinogradov system

-y =Y g-y)=0. (12)
i=1 i=1

This system and its generalisations have been widely studied, and in particular, finding suitable
upper bounds for the number of solutions to these type of systems has been a major topic of work.
Given a finite, non-empty set A of real numbers, we use J; ,(A) to denote the number of solutions
to (1.2) with x;,y; € A for each 1 < i < 5. Theorem 1.1 implies the following corollary.
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Corollary 1.2. Let s > 3 be a natural number and let A be a finite subset of real numbers. Then we
have

Js2(A) < |A|Z73H7s,
wheren; = 1/2, and n, = (1/4 — 1/7246) - 275" for s > 4.

To put this in context, the only other previously known result of this flavour is due to Bourgain
and Demeter [2, Proposition 2.15] who showed that

JS,Z(A) <. |A|3+1/2+€,

for each € > 0. Thus, Theorem 1.1 provides improvement on their result, while also generalising
it for larger values of s and more wide-ranging choices of {(x). Moreover, when s > 3, there exist
arbitrarily large sets A of integers such that

Tso(A) > |A|# 73,

Hence, for large values of s, Corollary 1.2 provides estimates that come arbitrarily close to the
conjectured upper bounds for J; ,(A).

Furthermore, one may contrast Corollary 1.2 with estimates arising from decoupling (see [2],
[3]) and efficient congruencing (see [17]). In order to present a quick comparison, we focus on the
case when A is a set of integers, whereupon, a result of Bourgain and Demeter [2] implies that

Ja(A) < X5 1A127 13)

for each ¢ > 0, with X, = sup A — inf A denoting the diameter of A. Thus, when X, is small in
terms of |A], say, X, < |A|™ for some fixed positive constant m, these estimates are almost sharp.
Butin the case when X 4 is large, say, when X , > 221 , these bounds perform worse than the trivial
estimates. Since our results are independent of the diameter X , of A, we note that whenever A is
a sparse set, Theorem 1.1 provides better estimates than inequalities of the form (1.3). We describe
these comparisons in more detail later in this section.

We further mention that when s > 4, we have ), < 275+2_ An estimate analogous to Theorem 1.1
with 7, replaced by 2752 can be deduced using purely incidence geometric methods (see Theo-
rem 2.1). Moreover, obtaining a power saving over the exponent 275+2 requires utilising multiple
techniques from incidence geometry, arithmetic combinatorics and analytic number theory. Thus,
Theorem 1.1 can be interpreted as a threshold breaking result. This is explained in further detail,
along with some additional applications of our methods, in Section 2.

The quantity E ,(A) can be interpreted as the s-fold additive energy of sets of finite points lying
on the curve y = 1(x), that is, E; ,(A) counts the number of solutions to the equation

xl + -+ xs = xS+1 + -+ x2S’
such that the variables x, ..., X, lie in the set o/, where

o ={(a,9(a)) | a € A}.
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Thus, we introduce the related notion of a sumset. For each s, t € N, we define
so/ ={a;+ - +a,|a,..,a, € I},
and
s —ted ={a; + - +a;—ag——ag,|a,..,a., €I}

These particular types of sumsets were studied in [7], and from the point of view of additive
combinatorics, estimates on cardinalities of such sets are closely related to bounds for E ,(A4). In
this paper, we record some further threshold-breaking lower bounds for cardinalities of sumsets
of the above form.

Theorem 1.3. Let A be a finite, non-empty subset of real numbers. Then we have
1207 — 247 | >, |AIP~¥ 1 (log |A|)~18/1L, (1.4)

Moreover, let s > 3 be a natural number. Then we have

s+3

s/ — 57| 345 JAP54" (log |AD ¢4, L5)
where d = (1 —4c)/23 and c = 1/7246 and C = 36/23.

As before, we remark that bounds of the shape |27 — 2.47| >, |A|>~1/* are attainable using
purely incidence geometric methods, and it is surpassing this bound that requires additional ideas.

We note that one could also use Theorem 1.1 to furnish lower bounds for these type of sum-
sets. In order to see this, we define, for each n = (n,, n,) in R?, the quantity r (n) that counts the
number of solutions to the system of equations

n = Z Xp=ny = Z P(x;) =0, (1.6)
i=1

i=1

where x; € A for each 1 < i < s. Using double counting, we observe that

Z ry(n) = |A|® and Z r{(n)? = 5.2(A).

nesgo/ neso/

Thus, a straightforward application of Cauchy-Schwarz inequality implies that
E,,(A)ls| > |A[%, L7
whenever s € N. Similarly, we have

Egyi(A)lse —td| > | A2
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whenever s, t € N. Hence, we could deduce lower bounds of the form
|sef —saf| > |A|> s

directly from Theorem 1.1, whenever s > 2, but in all such cases, Theorem 1.3 provides stronger
quantitative estimates. Moreover, as in the case of Theorem 1.1, inequality (1.5) in Theorem 1.3
misses the conjectured estimate (1.14) by a factor of |A|5'4_S+3.

We further remark that while Theorems 1.1 and 1.3 are our main results, their proofs require
many auxiliary results which are of independent interest. More specifically, throughout this paper,
we derive multiple estimates for various moments of the function r,, for some fixed set A. This
includes the third moment

E5(A) = ) i), (1.8)

nesa/

that is, the s-fold third energy of the set A (see Theorems 2.2 and 9.4). We also provide non-trivial
upper bounds for r((n) which just depend on s, d and |A|, and in particular, are uniform in n (see
Theorem 2.4). We present these results in a more detailed manner in Section 2.

We now describe some of the ideas that we use to establish our results. We begin by converting
the problem of finding upper bounds for E; ,(A) to estimating incidences between translates of the
curve y = 1(x) and sets of points of the form s.o#. Thus, we use weighted variants of Szemerédi-
Trotter theorem. Our next aim is to consider the s-fold third energy E; ;(A) of A. Here, we combine
ideas from incidence geometry with techniques from analytic number theory, and in particular,
the theory of averaging over slim exceptional sets. The latter was first explored in [15], and further
applied in [14] and [16]. Using these methods, we are able to obtain our first set of non-trivial upper
bounds for E; 5(A) whenever s > 3. These bounds form a crucial ingredient for applying our next
set of tools, that is, the higher energy machinery. These techniques were originally proposed by
Schoen and Shkredov in [11], and were further developed and applied in various other works, for
instance, see [9, 10, 12, 13]. In particular, we generalise ideas from [9] and combine them with some
more incidence geometric estimates to furnish stronger lower bounds for |s</ — 5.47| in terms
of various third energy estimates. We use these bounds along with inverse results from additive
combinatorics to obtain strengthened estimates for the second s-fold energy E; ,(A) whenever
s > 4, and consequently, the third s-fold energy Eg; (A) whenever s > 5. Iterations of these results
play a key role in leading up to our main estimates for E; ,(A) and |s.&/ — s.27].

An advantage that our method provides us is that we do not require (1.1) to be translation-
dilation invariant, as can be seen by the hypothesis that i) can be any generic polynomial with real
coefficients and fixed degree d > 2. This contrasts with techniques such as efficient congruencing
and decoupling, both of which require some form of translation-dilation invariance, or as it is
otherwise known, parabolic rescaling. In fact, our methods allow us to find estimates for systems
of equations of the form (1.1) where ¥ is a more general function. Thus, let I be an interval on
the real line, let ) : I — R be a continuous function and let C > 0 be some parameter such that
the following two conditions hold. First, for every pair §;, §, of real numbers such that §; # 0, we
have

[{e.y) €7 | x =y = 6 and (x) — p(¥) = &}| < L. 1.9)
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Moreover, for every pair n;, n, of real numbers, we have
[{(x,») €I | x +y = ny and $(x) + () = ny}l <¢ 1. (1.10)

In such a case, we can apply our methods, as in the case of ¢ being a polynomial of degree d,
to provide appropriate estimates for E,(A) whenever s > 3. We describe this in more detail in
Section 2.

We return our focus to the quadratic Vinogradov system. As we noted before, Bourgain and
Demeter showed that for all finite, non-empty subsets A of real numbers, and for each € > 0, we
have

T35(A) <, |A]PFL/2e, (1.11)
Moreover using Young’s convolution inequality, we can deduce that
T52(A) < TAIT5,5(A), (112)
whenever s > 4. Upon combining this with (1.11), we obtain
Js,z(A) <. |A|2s_3+1/2+€.

Our aim has been to improve upon the above estimate for large values of s. In this endeavour, we
provide a series of successive improvements, beginning with Theorem 2.1 which implies that

S+2

Js,Z(A) <<s |A|28—3+27
for each s > 3, and culminating in Theorem 1.1 and Corollary 1.2.
In terms of lower bounds, if we consider the set Ay, = {1, 2, ..., N}, then using (1.7) and the fact
that |s</y| <, N3, where &y = {(n,n?) | n € Ay}, we can infer that
T 2(AN) > NP73 = Ay [»72,
Conjecturally, it is believed that for any fixed s > 3 and € > 0, the above example is sharp up to

a factor of |Ay|¢. In particular, Bourgain and Demeter [2, Question 2.13] conjectured that for all
finite, non-empty sets A of real numbers and for all € > 0, we have

T35(A) < |A]PF. (1.13)

Combining this with (1.12), we see that (1.13) is equivalent to the following conjecture (see also [7,
Conjecture 1.5]).

Conjecture 1.4. Let s > 3 be a natural number, let A be a finite, non-empty set of real numbers and
let € > 0 be a real number. Then we have

T, (A) <, AP

85US0| 7 SUOWIWIOD aA1Ee.D) |qeal|dde ay) Aq peusenob afe Sao1e YO 8sn JO S3|NJ 10} ARid1T 8UIUO /8|1 UO (SUONIPUOD-pUR-SWS)W0Y" A8 | IM"AReIq |BU1[UO//:SANY) SUOIIPUOD pUe SWie 1 8U1 89S *[#Z0zZ/2T/T] uo Akiqiauljuo A8|IMm ‘891 Aq 6872T SWid/ZTTT 0T/I0p/A00" A8 1M AleJq 1 BU 1 UO"0SURWPUO|//:Sdny Wwouy pepeojumoq ‘T ‘€202 ‘XirZ09rT



82 | MUDGAL

Thus, both Corollary 1.2 and Theorem 2.1 come arbitrarily close to the conjectured upper bound
as s grows, with the former converging at a slightly faster rate. Furthermore, the above conjectured
estimate may be combined with (1.7) to deliver the corresponding conjectured lower bound for
sumsets on the parabola, that is,

3_
|5/ | >, |AP*

for every € > 0 and for every finite, non-empty set A of real numbers, whenever s > 3. Similarly,
a conjectured lower bound of the shape

s/ —s.a/| >, |AI>~¢ (1.14)

for every s > 2 and € > 0 and finite set A C R may be deduced from Conjecture 1.4.

As previously mentioned, Conjecture 1.4 holds true for a particular class of sets. More specif-
ically, for a fixed m > 1, we write a set A to be m-dense if its diameter X , satisfies X, < |A|™.
Moreover, we call a finite subset A of real numbers to be well-spaced if

[AN(j,j+1]| <1lforallj € [infA—1,supA]lnZ.

We observe that the quadratic Vinogradov system of equations is translation and dilation invari-
ant. Hence, we can dilate any finite set A appropriately to ensure that it is well-spaced without
varying J;,(A), but at the cost of its diameter X , becoming large.

With these definitions in hand, we note that for any fixed m > 1, if a set A is well-spaced and
m-dense, then (1.3) implies that

Js,Z(A) <<s,e XZ|A|ZS—3 <<s,e |A|2$_3+m€,

whence, we obtain the desired conclusion by rescaling ¢ appropriately. We refer the reader to [7]
for a more detailed introduction to the discussion surrounding Conjecture 1.4 and estimates of
the above form.

We now give another application of Theorem 1.1. It was shown in [4] that proving non-trivial
upper bounds for E,(A), for generic sets A of integers, can yield discrete restriction estimates.
Thus, let s be a natural number, and let ¢ : N — 7?2 satisfy ¢(n) = (n,1(n)), where ¥ is a polyno-
mial of degree d > 2 with real coefficients. We note that the conclusion of Theorem 1.1 combines
naturally with the hypothesis of [4, Theorem 1.1] to deliver the following result.

Corollary 1.5. Let N be a large natural number, and let {a; };."Zl be a sequence of complex numbers.
Then, whenever s > 3, we have

N 28 N qs
[ | @) dog Gogm o 3 ja e )
[0,1)?* |i=1 j=1
where q; = 7/2, and q, = 2s — 3 + (1/4 — 1/7246) - 275+* whenever s > 4.

Again, in the setting when ¢(j) = (j, j?), we compare this with a result of Bourgain [1, Propo-
sition 2.36] which states that there exists some C > 0 such that for each large enough natural
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number N and each sequence {a; }Jj\]:1 of complex numbers, we have

3
|aj|2> ) (1.15)

Since Bourgain’s result [1], many techniques have been developed to work on various types of
discrete restriction estimates. This includes the method of decoupling and efficient congruencing.
Despite these new tools, (1.15) has not been improved upon for the situation when one requires
an > norm on the right hand side (see the remark below Theorem 1.1 in [5]).

We note that Corollary 1.5 provides a much better dependence on N than (1.15), but at the cost
of moving to an 1'%/7 norm. To see this, we record the following example. Let A > 1 be a fixed
constant, let N be some large natural number and let {a; }ﬁil be a sequence of complex numbers.
We write

N 6 N
ClogN
/ Z aje(joy + j?a,)| da < efogloeN <Z
[0 '

1?2 521 j=1

S={1<j<NJa;#0}, and M =sup|a;|, and m = inf |a;|.
jes JjeSs

Suppose that 1, N € S, and |S| =logN, and M < Am. In this case, we can use Corollary 1.5 to
deduce that

N 6

/[ . Z aje(ja; + j*a,)| der < (log N)*/?|S|"/>M® < (log N)°M°®. (1.16)
0,1 j=1

Furthermore, we see that the right hand side of (1.15) is at least

ClogN ClogN
eloglogN |S|3m6 > eloglogN (lOgN)3A,_6M6,

which is much bigger than the right hand side of (1.16) whenever N is sufficiently large. Thus, we
note that whenever {a j}]jV=1 is a sparse sequence with controlled magnitude, Corollary 1.5 provides
stronger estimates than (1.15).

Aswe previously mentioned, Theorems 1.1 and 1.3 are the culmination of a series of quantitative
refinements that we prove throughout this paper. We discuss these results in Section 2. We use
Section 3 to record some preliminary definitions and results which we will frequently use. In
Section 4, we prove our first wave of non-trivial estimates for E;,(A) when s > 3, which builds
the base for proofs of Theorems 1.1 and 1.3. This will be recorded as Theorem 2.1, which we will
also often describe as the threshold bound. We employ Section 5 to derive non-trivial estimates
for the E; 3(A). In Section 6, we will record a second wave of incidence preliminaries which will
set the scene for utilising higher energy techniques. We will derive our first set of estimates for
|s.e/ — sof | which beat the threshold bounds, in Section 7. In Section 8, these will then be applied
to obtain threshold-breaking bounds for E; ,(A) when s > 4. We use Section 9 to iterate these
results for larger values of s, and improve our sumset bounds once again. In Section 10, we prove
a uniform upper bound for the function r,. We combine the preceding estimates in Section 11 to
prove Theorems 1.1 and 1.3. We use Section 12 to consider more general systems of the form

D) = fipe) = Do(90x) — 9(xi4s) = 0,

i=1 i=1
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where f and g are polynomials of differing degrees. We conclude with an appendix where we
record the proof of weighted Szemerédi-Trotter theorem.

2 | FURTHER RESULTS

In this section, we present some of the other results that we prove as we proceed through the paper.
From this point till the end of Section 10, we will fix I to be an interval on the real line, 3 : I — R
to be some continuous function and C > 0 to be some parameter such that I, ¢ and C satisfy (1.9)
and (1.10). Moreover, let s be some natural number, and let A be some large, finite, non-empty
subset of I. Our aim is to first prove estimates for E; ,(A) and |s.</ — s./| whenever 1,1 and C are
as assumed. We will then use Section 11 to deduce Theorems 1.1 and 1.3 from these results.

Moreover, it is straightforward to see that for even natural numbers d > 2, the function ¢(x) =
x4 and the interval I = R satisfy (1.9) and (1.10) with C <, 1. Similarly, when d > 2 is an odd
number, the function 1(x) = x¢ and the interval I = (0, oo0) satisfy (1.9) and (1.10) with C <4 1.In
Section 11, we prove Proposition 11.1, which provides further instances of intervals I and functions
¥ that satisfy (1.9) and (1.10) with C <« 1.

Thus, fixing parameters 1,3 and C, and letting A C I be some finite, non-empty set and s be
some natural number, for each n € R?, we write r,(n) to be the number of solutions to (1.6) with
x; € Afor each 1 < i < s. Similarly, we define

o ={(a,9(@) | a € A}and Eg,(A) = Y r,m)*.

nesa/

Thus, we begin with Theorem 2.1 which provides the first wave of non-trivial upper bounds for
ES,Z(A)-
Theorem 2.1. Let s > 3. Then we have

s+2

E;o(A) <¢ [APPTH

As mentioned in the previous section, this result is sharp up to a factor of |A|27H2. Moreover,
using Cauchy-Schwarz inequality, we see that

|se? — tof|Eqg, 5(A) > |A]PCHD)

for each s,t € N, and so, we can use Theorem 2.1 to deduce that

Q—s—1+2

|so/ —ta| >c |AI> , 21

whenever s + t > 3.
‘We can also use Theorem 2.1 to infer non-trivial estimates for other moments of the function
r. Thus, we recall definition (1.8) of E 5(A)

Eg;(A)= ) rm).

neso/
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As with the second moment, we see that E ;(A) counts the number of solutions to the following
system of equations

PRIEAED N ICINEDITCHES)
i=1 i=1 i=1

S N S

in = me = in+233
i=1 i=1 i=1

where x; € A for each 1 < i < 3s. Our main result in this case is Theorem 5.1, which bounds
E;(A)interms of E5_; ,(A). This, when combined with Theorem 2.1, already provides non-trivial
estimates for E 5(A).

Theorem 2.2. Let s > 3 be a natural number. Then we have
E,3(A) < |AP2 1og |A].

These third energy estimates appear to be stronger than the corresponding bounds for the
second energy given by Theorem 2.1. In particular, when s > 3, a straightforward application
of Cauchy-Schwarz inequality, combined with estimates provided by Theorem 2.2, recovers
Theorem 2.1 up to factors of log |A|. Thus, when s > 3, we have

S+2

Es,2(A) S ES’3(A)1/2|A|S/2 < |A|3S/2+S/2—3+27 (log |A|)1/2
— |A|2S—3+2_S+2(10g |A|)1/2

We devote Section 5 to prove these estimates.

Our next goal is to strengthen Theorems 2.1 and 2.2. In this endeavour, we aim to use higher
energy techniques, and so, we use Section 6 to prepare some preliminary results in order to use
these methods. In Section 7, we prove the first set of threshold breaking inequalities for the sumset,
that is, we show the following result.

Theorem 2.3. We have

1267 — 247 | > |AP7/ M (log |AD T/,
and

137 — 34| > |AI>"V/%(log|A|)730/2,

We call these threshold breaking inequalities, because they are stronger than the following
estimates

1247 — 27| > |AP"Y*and |3/ — 37| >, |A]P7V/1S,

that are provided by (2.1), which in turn is a straightforward corollary of Theorem 2.1. We
further use these sumset estimates to deduce a stronger bound for E ,(A). Hence in Section 8,
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we prove that

E4,(A) <¢ |A|5+1/4_C,

where ¢ = 1/7246. We devote Section 9 to iterate these bounds for larger values of s in order to
obtain estimates that beat Theorem 2.1 whenever s > 4. This is recorded as Theorem 9.1. These
improvements lead to further strengthening of Theorem 2.2, which is written in the form of
Theorem 9.4. In particular, we find that

ES,3(A) < |14|35»‘—6+(1/4—0)-2_“'S log |A|,

whenever s > 5and ¢ = 1/7246. We input these bounds in the machinery we develop in Section 8,
to improve Theorem 2.3.

Finally, we also consider uniform upper bounds for r () as n varies in s.<7. These can be inter-
preted as [ estimates for the function r, defined for fixed s, ¢ and A. Thus, given a natural number
s > 1, and a finite set A of real numbers, we define

ry(A) = sup r(n).

neso/

Using the estimates provided by Theorem 2.1 and Theorem 9.1 for E; ,(A), we show the following
upper bounds for r(A) in Section 10.

Theorem 2.4. Let A C I be a finite, non-empty set, let p be a natural number and let ¢ = 1/7246.
When p > 2, we have

2p—2
raps1(A) < [AIPP7340,

whereo, =2/3andoy =1/3,and g, = (1/4 —c) - 27P*> .37 when p > 4. Similarly, when p > 3,
we have

rap(A) ¢ [APPP734,
whereoy =1/2ando, =1/4—c/3,ando, =(1/4—-c¢)- 27P** when p > 5.

We note that when A is a set of integers and p > 3 is an odd number, Theorem 2.4 gives
stronger estimates for r,,,;(A), than what one could infer from a combination of Theorem 1.1
and a convexity estimate of the form

Faps1(A) < Epo(A)V2E, 5 (A2

For instance, the right-hand side above may be bounded by O(|A[2P~2+(1/4=)277*23) in the case
when p > 4 using Theorem 1.1, whereupon, one may verify that Theorem 2.4 provides a much
stronger conclusion.

We conclude this section by presenting some more instances of functions ¢, intervals I and
constants C that satisfy (1.9) and (1.10). Thus, let I = (0, o0). For this choice of I, we can use Propo-
sition 11.1 to see that the function ¢, (x) = log x, the function 1,(x) = x* for some fixed A € (1, o),
and the function 1,(x) = x~! satisfy (1.9) and (1.10). In all of these cases, we can choose C = O(1).
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In particular, setting ¥(x) = log x, and letting A be some finite, non-empty subset of (0, o0), we
note that E ,(A) studies solutions to systems of equations of the form

Xp+ -+ x, =y + -+ ysand X%, .. X, = V1Y Vs
where x;,y; € A for each 1 < i < s. Similarly, we have
[se/| = [{(a; + - + a5, a105 ... a5) | ay,...,a, € A}].

Thus, estimates for E ,(A) and |s./|, when 1(x) = log x, are closely related to the sum-product
phenomenon, where one simultaneously studies additive and multiplicative properties of an
arbitrary set of real numbers.

3 | PRELIMINARIESI

We begin by introducing some notation. In this paper, we use Vinogradov notation, that is, we
write X > Y, or equivalently Y <« X, to mean |X| > C|Y| where C is some positive constant.
The corresponding notation X >, Y is defined similarly, except in this case the constant C will
depend on the parameter z. Next, given a non-empty, finite set Z, we use |Z| to denote the car-
dinality of Z. Moreover, for every natural number k > 2, we will use boldface to denote vectors
X = (X1, X5, .., %) € R¥. We now introduce some definitions from additive combinatorics. Given
two finite, non-empty sets X, Y of an abelian group G, we define the additive energy

E(X,Y) = [{(x1,X5,y1,¥2) € X*xY? [ X1 +y1 =X+ ¥}l
We can also define the sumset X + Y and the difference set X — Y as
X+Y={x+y|(x,y)eEeXXxYlandX-Y ={x—-y|(x,y) eX XY}
As in Section 1, we can use Cauchy-Schwarz inequality to see that
EX,VIX +Y] > IXI*Y|? and EX, YVIX - Y| > [X°|Y]*.
Moreover for a natural number k > 2, we recall the definition of the k-fold sumset
kX ={x;+ - +x,|x; €Xforeach1 <i<k}

One of the primary tools that we will use throughout this paper is a weighted version of the
Szemerédi-Trotter theorem. In order to state this, we first record some notation. Let D > 0 be a
parameter. A finite, non-empty collection L of curves in R? is called D-valid if each pair of curves
intersect at no more than Op(1) points, and at most Op(1) number of curves pass through any
pair of points.

Furthermore, for a set L of curves, letw : L — Nbe a weight function on L. Given such a weight

function, we denote

ILll = sup [w(D|, and |IL]|} = ) |w(D|' for each i € {1,2}.
leL leL
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These are analogues of the I!, I? and [® norm defined for the sequence {w(1)};c; . Moreover, let
P be a finite, non-empty set of points in R?. We can also define a weight function w’ : P — N on
P, and as before, define the norms ||P||;, || P||, and || P|| .- Given a set of points P and a set of curves
L with their associated weight functions w and w’, we define the number of weighted incidences
Iy (P,L)as

Lyw®,L) = ) Y 1,qw (pw().

PEP leL

With this notation in hand, we now state the weighted Szemerédi-Trotter theorem.

Lemma 3.1. Let P be a set of points in R?, let L be a set of D-valid curves in R?> and let w,w’ be
weight functions on L and P respectively. Then we have

1/3

Ly (P, L) <p (IPILIPISILLILIE) " + (Ll 1Pl + 1Pl 1L

Lemma 3.1 follows from a dyadic decomposition argument combined with the unweighted ver-
sion of Szemerédi-Trotter theorem for points and D-valid curves in R? [8, Theorem 1.1]. We state
the proof of this result at the end of the paper.

In particular, we note a special case of the above, when the point set P is unweighted, that is,
when the weight function w’ satisfies

w'(p) =1forall p € P.

In this case, we write I w,w,(P, L)=1,(P,L), and so, Lemma 3.1 furnishes the following corollary.

Corollary 3.2. Let P be a set of points in R?, let L be a set of D-valid curves in R? and let w be a
weight function on L. Then we have

I,(P,L) <p IPIPAULILILIZY + |ILll o IP] + LI, -

For each t € N, we define P, C P as

Pt={pEP

In incidence theory, P, is known as the set of ¢-rich points. We note that for each ¢ € N, we have

Z 1pew(l) > t}.

leL

t|1P| < I,,(P,L).
Combining this with Corollary 3.2, we obtain
t1P | <p [P P2UILIL LI + Ll o Pl + IILII;- (3.1

Throughout this paper, we intend to apply the weighted Szemerédi-Trotter theorem to obtain
estimates on various moments of the function r, for a fixed set A. For our purposes, the set of
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curves L on which we apply the weighted Szemerédi-Trotter theorem will always be a collection
of translates of the curve y = (x). Thus, our next goal is to show that whenever an interval I, a
continuous function 3 : I — R and a constant C > 0 satisfy (1.9) and (1.10), then any finite col-
lection L of translates of the curves y = ¥(x) is a set of C-valid curves. This is recorded in the
following proposition.

Proposition 3.3. Let I be an interval on the real line, let 1 : I — R be a continuous function, and
let C > 0 be a constant such that I, 1 and C satisfy (1.9) and (1.10). Moreover, let X be some finite,
non-empty set of points in R? such that |X| > 2, and let A C I be a finite, non-empty set. Then, the
set of curves L, defined as

L={l,|xeX}wherel, ={(t, ()|t €I} +x,
is a set of C-valid curves. Furthermore, we have

sup r,(n) <. |AI*? and Eg,(A) <, |A|1%72, 3.2)
nesa/

for each natural number s > 2.

Proof. Let 1, and [, be two fixed, distinct curves in L. Let (n, n,) be a point lying on both [,, and
l,- Thus, there exist x,y € I such that

n=x+u =y+vandn, = P(x) +u, = PpQy) + v,.
Thus, we see that
x—=y—(;—up)=9x)—PpQy) — (v —u,) =0. (3.3)
Moreover we note that u; # v, since otherwise, we would have x = y, which would then imply
that u, = v,, thus contradicting our assumption that I, and [, are two distinct curves. Setting
8, =v; —u, and &, = v, — u,, we use (1.9) to deduce that there are at most O.(1) solutions to
(3.3). Thus, there are at most O.(1) possibilities for the choice of x. Each such x fixes (n,, n,),
whence, there are at most O(1) possible values of (n, n,). Consequently, we infer that for fixed
u and v, there are at most O(1) points of intersection between [,, and [,,.
Similarly, let (x, x,) and (y;,y,) be two fixed, distinct points in R?, and let [,, be a curve in L
passing through both the points. Thus, there exist m, n € I such that
X, =m+u, and x, = Pp(m) + u,,
and
y; =n+u; andy, = p(n) + u,.

From these expressions, we see that

p(m)—9¢p(n) —(x, —y,) =0andm—n—(x; —y;) =0. (34)
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As before, we note that x; # y;, since otherwise, we would have m = n which would then imply
that x, = y,, consequently contradicting our assumption that (x;, x,) and (y;, ,) are two distinct
points. Thus, we can use (1.9) to infer that there are O-(1) values of m that satisfy (3.4). Since each
such value of m fixes (u;, u,), we deduce that there are at most O (1) curves in the collection L that
pass through both (x;, x,) and (y;, ¥,). This implies that our set of curves L is a C-valid collection.
‘We note that
ry(A) < |A7°ry(A)
for each natural number s > 2. Moreover, we see that (1.10) implies that

ry(A) = sup. {(x,y) € A% | x +y = ny and P(x) + Pp() = n}l <¢ 1,

whence,
r(A) < |APS2
Combining this with the fact that

E,(A) = Y rm)? <r(4) Y ryn) = |Al'r(A),

nesgo/ nesa/

we see that
E 5(A) < |AIP72

Thus, we conclude the proof of Proposition 3.3. O

4 | PROOF OF THEOREM 2.1
In this section, we proceed with the proof of Theorem 2.1. In particular, we will derive Theorem 2.1
asa consequence of stronger result that gives non-trivial estimates for E ,(A) in terms of E_; ,(A).
We record this result below.
Theorem 4.1. Let s > 3. Then for every finite, non-empty set A C I, we have

Eq5(A) < |AP7 +APT2E 5 (4) 2,
Proof of Theorem 4.1. For each u € (s — 1)/, we define the curve

L ={tp@®) |t eR}+u

and its associated weight

w(u) =ry_, (w).
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Further, our set of curves L will be
L={l,|lue(s—1)}

Similarly, for each v € s.«7, we define the point p, = v and the associated weight w’(v) = r (v).
Our set of points P will be

P={p, | vesd}

‘We note that

ORI MR ) D M O O

ay,...,a) € ac/ uesay ve(s—1)/

Moreover, we can write

Z Z Z F_1(Or1 gypmn < Z Z wOw' W1, o -

acs uess/ ve(s—1)o/ uese/ ve(s—1)o/
From the preceding expressions, we discern that
Eg,(A) <1, (P,L).

Furthermore, using Proposition 3.3, we see that L is a collection of C-valid curves, and so we can
use Lemma 3.1 to obtain

Iy (P, L) <¢ (PN IPIZILILILIZY? + LI IPIy + 1P ILII;.-
We note that

1Pl = Y ry@) =AF, and P2 = ) r,v)* = E,,(A).

vesy vess

Similarly, we have

ILIl, = |AIP™Y, and |IL]|5 = E;_; 5(A).
Last, we see that

IPlleo = sup ry(v) < |AIF7?, and ||Lll, = sup  ry_y(v) < |AI.
veso ve(s—1)o/

Combining these estimates together, we find that
E,(A) <¢ |AIVBE L (A)Y3E_ (A3 + A3,
Thus, we have either

Ego(A) < |A]*7
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or
E;,(A) < |AI7Y2E, ) ,(A) 2.
In either case, we see that Theorem 4.1 holds true. O

As previously mentioned, we can derive Theorem 2.1 as a straightforward consequence of The-
orem 4.1 and the fact that E, ,(A) < |A|*. In particular, when s = 3, we use Theorem 4.1 along
with the fact that E, ,(A) < |A|? to obtain

E;,(A) <¢ JA]3121A] = |A4)PH/2,

Henceforth, Theorem 2.1 holds when s = 3. Given s > 3, if we assume that our theorem holds for
s — 1, that is, if we assume that

S —s5+3
By 1,(A) <¢ |A[S—23+2
is true, then noting Theorem 4.1, we deduce that

E,(A) <, |A|s—1/2+s—1—3/2+2—s+2 _ |A|23—3+2_S+2_

Consequently, we finish the proof of Theorem 2.1 by induction.

5 | THIRD ENERGY ESTIMATES

We utilise this section to prove two third-energy estimates, the first of these being Theorem 2.2,
and the second concerning a variant of E, 5(A).

Let s > 3 be a natural number. Our aim is to first bound E 3(A) in terms of E;_; ,(A) and then
combine this estimate with Theorem 2.1 to deliver Theorem 2.2. Thus, we prove the following
theorem.

Theorem 5.1. Let s > 3. Then we have
E;3(A) <¢ |AITE,_ 5(A) log |A] + | A7,
Proof of Theorem 5.1. We begin by using (1.8) to dyadically decompose E; ;(A) as

J

E (A=) D rny,
j=0 nesz

where J is the largest natural number such that

2 < sup ry(n),
nesa/
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and for each 0 < j < J, we write
Py ={nesd |2 <ryn) <2/t
As in the previous section, for each u € (s — 1).«7, we define the curve
L={td@) | teR +u

and its associated weight

w(u) =r,_(w).

Moreover, we write L to be

L={l,|lue(s—1)}

As before, we can use Proposition 3.3 to see that L is a C-valid collection of curves. We note that

for each n € s.o7, we have

ry(n) < Z ﬂnelurs—l(u) = Z ]]neluw(lu)'

l,eL l,eL

(5.1

Thus, for each 0 < j < J and for each n € P,;, we deduce that ZlueL Tpey, w(ly) > 2/, and so, as

in (3.1), we can use Corollary 3.2 to obtain the bound

21P,;| < 1Py 1PPAISTVBE (A3 + 1 (AP, + AL

We define

U={0<j<J|2 <D'r_ (A},

and

V=1{0,1,..,J}\U ={0<j<J |2/ >Dr,_ (A}

where D' is a sufficiently large constant depending on C. We note that

O3 )’ <D (A2 Y Y rm)

JEU neb,; JEU nePb,;

25—6 3s—6
<A Y rm) = 1A,
ness/

where we have used (3.2) to deduce the last inequality. Thus, we have

E A=Y Y rm*+) > rm’

jEUnEPZJ' jEVnEPZj
<c AP+ )Y Y 2,
jEVnesz

and consequently, it suffices to consider the case when j € V.

(5.2)

(5.3)
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Since D' is a sufficiently large constant, we can use (5.2) to deduce that
2/1Py;| < [Py IPPIAISVPE (Y + 4P
whenever j € V. This implies that
IPoil < JAPT Egy p(A)27Y + A1, (5.4)

for all j € V. Thus, using (5.4), we discern the existence of some constant K; > 0, depending on
C, such that we have

|Py| < |APFTE;_y ,(A)27% (5.5)
whenever 2/ < K, E;_ ,(A)"/2, and
|P,| < AP 277 (5.6)
whenever 2/ > K, E_, ,(A)!/2.

‘We now prove another estimate for |P,| which improves upon (5.4) whenever 7 is exceptionally
large. In this endeavour, we will follow an idea from [15] and prove the following lemma.

Lemma 5.2. There exists some large constant K, > 0, depending on C, such that
|P;| <¢ Es—l,z(A)|A|T_2,

whenever T > K,E,_; ,(A)Y/2.

Proof of Lemma 5.2. We begin by noting that

TlP‘fl S z rs("’) = z ﬂn=a1+...+as-

ne”P; ay,....a;€

We can rewrite the above as

Z Hn=a1+---+as = Z Z ﬂn—a1=u Z Hu=a2+---+as'

ay,...a,€ef ucR? a|€/ ay,...ag€d
nep, ne’r;

We now apply Cauchy-Schwarz inequality to obtain the following upper bound for the expression
above:

2\1/2

DR z( zﬂu)

uer? | a, € ucR? \ay,..,ag
ne’P;

5\1/2
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We note that

2
2( Z “u=a2+~~~+as> =ES_1’2(A),
a

ucR? \ay,.., asEof
and
2
Z Z ]]n—a1=u =E(P‘r9%)’

ucR? | g, €4
ner,

where E(P,, <) counts the number of solutions to

a—-a,=n—-m, (5.7)

with a,,a, € o/ and n,m € P,. Combining the above inequalities, we find that
TlP.[l < E(PT’ »Q{)l/zEs—l,Z(A)l/z- (58)
We now record a fairly straightforward upper bound for E(P,, &/). Leta,,a, € &/ and n,m €
P_ satisty (5.7). If n = m, then a, = a,, thus contributing to |A||P,| solutions to (5.7). In the case
n # m, we have |P; |? choices for n, m, and for each such fixed choice, (1.9) implies that there are
O,(1) number of pairs a,, a, that satisfy (5.7). Consequently, we have
E(Pr, 'Q{) <<C |A||Pr| + |Pr|2'
Combining this with (5.8), we get
tIP;| <¢ By 1 o(A)'2(AI2 1P + P,
Thus there exists some large constant K, > 0, only depending on C, such that
P | <¢ Es—l,Z(A)lAlf_z,

whenever 7 > K,E,_; ,(A)'/2. This concludes the proof of our lemma. O

We now have enough tools to tackle the case when j € V. We begin by writing V' as a union of
sets

where

U, ={0<j <J|D'ry 1(A) <2/ <K B ,(A)Y3,

U, ={0 < j <J | K By ,(A)Y? < 2 < K,E_;,(A)Y?} and

35UBD 1T SUOWILLIOD aAIERID a(qedl|dde ay) Aq pausonoh are sajoite YO ‘asn Jo sajni 10} ARid 1T aUlUQ AB]1AA UO (SUO 1 PUOD-PUR-SWLB)/W0D" A3 | IM"Aeld 1)U JUO//SANY) SUOPUOD PUe SWS | 8L 89S *[1Z202/ZT/ST] Uo ARldiTauluQ AB[IM ‘19 L Aq 68121 SW|d/ZTTT OT/I0P/0d A |IM" Afeiq 1 U U D0SURLIPUO|//:SANY WOl papeoumod ‘T ‘€202 ‘X209t T



96 MUDGAL

Uy ={0 < j <J | K,E,_1 (A2 <27}

We remark that depending on the values of K; and K, the sets U; and U, could have a non-empty
intersection, and the set U, could be empty, but this does not affect our proof.
Noting (5.3) and (5.9), it suffices to prove that

D 1Py 12 < |APTE,_ 5(A) log Al (5.10)
Jjeu;

for each 1 < i < 3. We first consider the case when j € U, . For these values of j, we can use (5.5)
to infer that

|P,| <¢ |AIFTE;_; ,(A)273.
Thus, we have

D Py 12Y < JAPFTE, 1 5(A) D) 1< [APTE, 5(A) log |Al,
JeU; jeuy

in which case, we are done.
Our next goal is to show that

D 1Py 2% < JAPFTE, 5(A).
JeU,

If K, > K,, then U, is empty, in which case we are done. Thus, we can assume that K, > K|,
whereupon, we use (5.6) to deduce that

|P,i| < |AIP71277 and 2/ < K, E_; 5(A)V/2.
Combining the above inequalities along with the fact that |U,| « log(K,/K;) < 1, we have that

Y IPy12Y < |APT Y 2% < AT, 5(A).
jeU, JEU,

Thus, when j € U,, we are done.
We finally consider the case when j € U;. Noting Lemma 5.2, we see that

|P,| <¢ Ey_1,(A)|AJ27H
whenever j € Us. Thus, we have the desired bound

3 1Py12Y < By ,(AIAl Y, 27 < B ,(A)A1
JEU; JEU;
<¢ Eg_1,(A)A|r(A) <¢ ES—1,2(A)|A|S_1,

where the last inequality follows from (3.2). With this, we conclude our proof of (5.10), and
consequently, Theorem 5.1. [l
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‘We note that Theorem 2.2 follows as a straightforward application of Theorems 2.1 and 5.1. In
particular, the latter implies that

E,3(A) < |AP T E;_; ,(A)log |A| + |A]P7°,

which when combined with estimates from Theorem 2.1 for E_, ,(A), gives us

25+ 2—s+

E,5(A) < JAPTHAP52 7 log |A] + A6 < |A]P 027 log |A].

Thus, Theorem 2.2 holds true.
Using these techniques, we can also get upper bounds for a variant of E ;(A). We let s > 1. We
begin by defining a variant of r,,(n), that is, we write

V;S(n) = ‘{(al, ceey a25) S MZS n = Z(ai — ai+s)} . (511)
i=1

Using double counting, we observe that

Y @ =B = Y

nesa/ —sof ne2saf

Thus, the functions ,_and r,; have the same second moment. This is not true when we consider

the third moment. In particular, we define

E, (A= )Y rm (5.12)
neso/ —so

We see that E;S ,(A) counts the number of solutions to the system of equations
N N N
Z(ai - ai+s) = Z(ui - ui+s) = z(vi - vi+s)’
i=1 i=1

i=1

with a;,u;,v; € & for each 1 < i < s, which is a priori not the same as E, ;(A). Despite this, we
can prove the following variant of Theorem 5.1 for E;S 3(A).

Lemma 5.3. Lets > 2. Then we have

B} 1(A) <¢ |AP T By, ,(A) log | A| + A,
Proof. The proof of this lemma follows in a very similar manner to the proof of Theorem 5.1. Thus,
we just briefly sketch the setting of the proof and the main ideas therein. In particular, for each

u € (s — 1)« — s</, we consider the curve

L ={t. M) [t ER} +u,

35UBD 1T SUOWILLIOD aAIERID a(qedl|dde ay) Aq pausonoh are sajoite YO ‘asn Jo sajni 10} ARid 1T aUlUQ AB]1AA UO (SUO 1 PUOD-PUR-SWLB)/W0D" A3 | IM"Aeld 1)U JUO//SANY) SUOPUOD PUe SWS | 8L 89S *[1Z202/ZT/ST] Uo ARldiTauluQ AB[IM ‘19 L Aq 68121 SW|d/ZTTT OT/I0P/0d A |IM" Afeiq 1 U U D0SURLIPUO|//:SANY WOl papeoumod ‘T ‘€202 ‘X209t T



%8 | MUDGAL

with the associated weight function

-1 251
w(u) = {(al,...,azs_l) eF* N u= Sz:ai — Sz: ai}.
i=1 i=s
We write
L={,lue(s-1)a —sa}, andP. ={n € R* | T < r) () < 21}.
As before, using Corollary 3.2, we can see that

T|P!| < [PLPP1AIBVBE, (AP + AP + |A1P 3P (5.13)

This is the analogue of (5.2) for the quantity E;S 5(A).
Similarly, we can show that

TPl < Y = Y uaieca,

neP4 ay,...,ay €9
neP.
ueR? a,€o/ ay,...a3€
nepP,

We apply Cauchy-Schwarz inequality on the right-hand side above to get
T|PL| < E(PL, &) *Ey,_; 5(A)'?, (5.14)
which is the analogue of (5.8) in this case.
Thus, following the proof of Theorem 2.2, and using (5.13) and (5.14) in place of (5.2) and (5.8),
respectively, we can prove Lemma 5.3 mutatis mutandis. O
We note that Lemma 5.3, together with Theorem 2.1 implies that

_ —2s+3
Bl 5(A) < |A|%7F2 7 log Al (5.15)

whenever s > 2.

6 | PRELIMINARIESII

Our aim of this section is to prepare some preliminary results which will aid us in proving higher
energy estimates. In this endeavour, we will require upper bounds on the third energy

By x(A)= Y rixm)?,

ner?
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where
rox(m ={(a,..,a,x) € 7 XX |n=a; + - +a;+x}| (6.1)

with s being some natural number, and X being some finite, non-empty, large subset of R2. As
before, we see that E; ; x(A) also counts the numbers of solutions to the system of equations

N N N
X +Zai =X+ Zam =X3+ Zai+23’
i=1 i=1 i=1

with x;,x,,x; € X and a,, ..., a;; € /. Our methods to bound Ej; ; x(A) will be similar to the
ideas we used in Section 5, and thus, we will be considering the set

Pr,s,}(={nER2|T<VS,)((n)<2T}

where 7 > 1. With this notation in hand, we can see that
J
j=0

where J is the largest natural number such that

27 < sup rox(m).
neRr?

Thus we require upper bounds for |P,; ; x| for 0 < j < J, which in turn, will require upper bounds
for quantities of the form

E x(A) = z rox(m)?, and rg x(A) = sup ryx(n).

ner? ner?
For this purpose, we prove the following lemma.

Lemma 6.1. Let |A|?> < |X| < |A|*. Then we have

B, x(A) <¢ |A]"?|X P2, (6.2)

E, x(A) <. |A|"*|x|7/* (6.3)
and

rsx(A) < X173 |A1*5. (6.4)

Proof. Let X be a finite, non-empty subset of R?. We first note that

E x(A) = Z rix(n).

ner?
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We define the curve
L={ty@®)|teR}+x
for each x € X, and the set of curves
L={l |xeX}
Moreover, we define the point
by =1u

for each u € &/ + X, accompanied with the weight function w(p,,) = r; x(u). We finally define
our point set

P={p,|lueo+X}
We note that
E; x(A) < I,(P,L) < (|AIIXD)'*E; x(A)' 21X + |AlIX],
using Proposition 3.3, Lemma 3.1 and the fact that r; x(A) < |A|. This implies that
E; x(A) < [AI"2IX P + |AlIX].

Combining this with the hypothesis |X| > |A|?, we obtain (6.2).
We prove (6.3) using a similar method. In particular, we define the curve

L, ={t, %)) | t € R} + v,

for each v € &/ + X, accompanied with the weight function w(l,,) = r; x(v). Similarly, we define
the point

by =1,
for each u € 247 + X, accompanied with the weight function w’(p,,) = r, y(u). Writing
P={p,lue2a +X}andL ={l,|ve o + X},
we see that
E, x(A) < Iy (P, L) < (IAIXDE x (A)PAPIX By x (4)'
+min{|A|%, IX[}AIIX] + |A]”|X] min{| Al, X1},
using Proposition 3.3, Lemma 3.1 and the fact that
rax(A) < min{|A|%, |X|} and r; x(A) < min{| A, |X}.
Thus we have

B, x(A) <¢ |AP?|X|E; x(A)Y? + min{|A], X} AI|X| + |A]*|X| min{]A[, |X|}.
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Substituting (6.2) above, we see that

|AJ2|1X|? if | X| < |A]
E, x(A) < S |A"*X) 74 + |APIX| if|Al < 1X] < AP
|A|7/*1x|7/4 if [A? < |X].

Combining this with the hypothesis |X| > |A|?, we get (6.3).
Finally, in order to prove (6.4), it suffices to show that

rix(m) < IXI?|A[*7
for each n € R?. Thus, fixing some n € R?, we consider the point set
P={n—-x|x€eX}
and the set of curves
L={l,|ve2d}

where [, is the curve

L ={t9®) |t € R} +v,
with the weight function w(v) = r,(v) associated with it. Thus, we have

rax(n) < I,(P,L) < IXIP1APPRIAPPS + |AP + X,
using Proposition 3.3, Lemma 3.1 and the fact that sup,cg2 r,(v) < 1. Thus we have
rsx(m) < IXPPIAPYR + AP + X,

which when combined with the hypothesis |A|? < |X| < |A|* gives us

rax(m) <c [XIPP|A1*3,

which is the desired bound. O

We will now prove upper bounds for E;  x(A) when s = 2,3 and when |X]| is large. We record
these results as the following lemmata.

Lemma 6.2. Let |A|? < |X| < |A|* Then we have
E3,x(A) <¢ JAP1X 1 log |Al + AP IX].
Proof. We consider the set of curves
L={l,|lue s +Xj}
where

L, ={t, %) |t € R} +u,
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with the weight function w(u) = r; x(u) associated with it. Thus, we have
TIPox| < Iy(Prox, L) <¢ |Pr,2x|2/3(|A| |X|)1/3E1,X(A)1/3
+ [ANIX| + [P x|y x(A),

by the means of Proposition 3.3 and Lemma 3.1. Using this along with Lemma 6.1 and the trivial
upper bound r x(A) < |A[, we obtain

T|P x| <c 1P, xPPIAIY2IX P/ + A[IX] + [P, x| AL
Thus, there exists a constant K; > 0 depending on C, such that whenever v > K;|A|, we have
Peox| <c [APPIX)P073 + Al x|
We define
U={0<j<J|2 <K{Al}andV ={0,1,...,J}\ U,
where J is the largest natural number such that

2) < sup r,x(n).

ner?
‘We note that
J
E;,x(A) = Z Z rz,X(")3 < Z Z "2)((")3 + Z |P2j,2x|23j-
j=0mneP,;, JEUREP,;, jev

We can bound the first term on the right hand side above by

DY @< AR DY Y rxm) < [APIAPIX] = |A]*IX].

jeU neP JEU neP

22X 2 2x

This is stronger than the desired upper bound, and thus, it suffices to consider the case when
j € V. In this case, we have

D 1Py x12% < Y UAPPIXI2 + |A] X122
JjeV JEV

< |AP2IX1P/? log |A| + |Al1X|ry x(A)°
<c APIX P log |A] + |APIX],
where the last inequality follows from the trivial upper bound r, x(A4) < |A|2. Thus we see that
E3,x(A) <¢ JAPIX1 log |A| + |APIX],
which concludes our proof of Lemma 6.2. O
Lemma 6.3. Let |A|? < |X| < |A|*. Then we have

Ey5x(A) <¢ |AP4X | 4 1og |A] + |AI"/3 x|/,

35UBD 1T SUOWILLIOD aAIERID a(qedl|dde ay) Aq pausonoh are sajoite YO ‘asn Jo sajni 10} ARid 1T aUlUQ AB]1AA UO (SUO 1 PUOD-PUR-SWLB)/W0D" A3 | IM"Aeld 1)U JUO//SANY) SUOPUOD PUe SWS | 8L 89S *[1Z202/ZT/ST] Uo ARldiTauluQ AB[IM ‘19 L Aq 68121 SW|d/ZTTT OT/I0P/0d A |IM" Afeiq 1 U U D0SURLIPUO|//:SANY WOl papeoumod ‘T ‘€202 ‘X209t T



DIAMETER FREE ESTIMATES FOR QUADRATIC VINOGRADOV SYSTEMS | 103

Proof. While this proofis very similar to the proof of the previous lemma, we provide the necessary
details for the sake of completeness. As before, we consider the set of curves

L={l,|lue2d +X},
where
L ={t.y®) |t eR} +u,
with the weight function w(u) = r, x(u) associated with it. Thus we have
TP, 5 x| <1y (P s, L) < [Py x PP (IAPIX DB, x (4)!7
+APIX| + 1P 5 x Iy x (A),

by the medium of Proposition 3.3 and Lemma 3.1. Combining this with Lemma 6.1 and the fact
that r, x(A) < |A|?, we get

TIPeax| < [PeaxPPIAPAXIY 2 +1APIX] + 1P, 5 x AP
Thus, there exists a constant K; > 0 depending on C, such that whenever 7 > K; |A|?, we have
TIPeax| < [PosxPPIAPA XY +14PIX),
which consequently implies that
P s x| < [AI4X 14273 4 AP X o7 (6.5)
We write
U={0<j<J|2 <K |A]*}and V ={0,1,...,J}\ U.

Thus, we have

J
E;53x(A) = 2 Z rix(n)® < Z 2 ryx(m)® + Z Py 5x12%.
J=0nep,; ; JEUNEP,; 5 Jjev
We note that
> Y rxm < 1AMAPIX] = 4] |X].
jEU neszJ’X
Moreover,
J
3 Y < Y Pyl <0 Y (|A|15/4|X|“/4 + |A|2|X|22]>
JEV nesz,SX jev j=0

<c |AIPHX Y 4 Tog |A] + AP X |75 x (A)

< [AIPA1X 1M 4 Tog |A] + |AIM3 X773,
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with the last inequality following from (6.4). Thus, we have
Es 5 x(A) <¢ 1AI1X M oA + AP IXTS 4+ 1417 1X].
As
AIX| < A2 1x)77
whenever |X| > |A|”/4, using the hypothesis |A|?> < |X| < |A|*, we see that
E;5.x(A) < [AI®/4IX 1 4 log |A] + A" x|,

which is the desired bound. O

In the next section, we will prove stronger lower bounds for the set so/ — s/ when s =

2,3, using higher energy methods. A key ingredient in these proofs will be Lemma 6.2 and
Lemma 6.3, respectively.

7 | HIGHER ENERGY ESTIMATES FOR |s.o/ — s7/|

Let s > 2 be a natural number. In this section, we will consider lower bounds for the size of the set
s/ — sof, and so, we will prove Theorem 2.3. To do this, we will generalise an approach used in [9]
to s-fold energies and sumsets. For ease of notation, for each m € R*, we will write m = (m,,m,)
where m;, m, € R%.

At the core of the proof of Theorem 2.3 lies the following lemma.

Lemma 7.1. Let T,,(A) count the number of solutions to the following system of equations

N 2s N 28
Z(ai —w) = Z (a; —u;) and Z(ai —v) = Z (a; —vy), (7.1)
i=1 i=s+1 i=1 i=s+1

with a;, u;,v; € o, foreach 1 < i < 2s. Then we have
Esgsor s (W25 — s |/% > |AI"/T,(A) " (log | A .

Firstly, we note that we can rewrite T,,(A) as

Tzs(A) = 2 R2s(m)2

meR4

where R, (m) counts the number of solutions to the following system of equations

N S

m; = Z(ai —u;)and m, = Z(ai -v;)

i=1 i=1
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with a;,u;,v; € & for each 1<i<s. Moreover, upon rearrangement, we see that (7.1) is
equivalent to the system of equations

Z(ai —a) = Z(ui — ) = Z(Ui — Uiys)s
i=1 i=1

i=1

with a;, u;,v; € o for each 1 < i < 2s. This is a third energy type estimate, and in particular,

T,(A) = ) rh @) =E} ,(A),

ner?

where rés(n) and E;S 3(A) are defined as in (5.11) and (5.12), respectively.

Next, we observe that

PIROEIVRS

neso —sof

Using a dyadic pigeonhole principle, we can deduce that exists a real number A > 0 and a subset
P C s/ — s/ such that for each n € P, we have

A <1l (n) <24, (7.2)
and
AlP| > |AI®(log|AD ™"

This further implies that

A>> |AIPIP| Y log |ADTY > |A|1F|sef — s | t(log AL (7.3)
We define the hypergraph G C &7 as

5
G={(a,...a) € #* | ) (a;—a;,) € P}.
i=1
Thus we have
|G| > |P|A > |A|*(log |AD™".

For each m € R*, we use R;S(m) to denote the number of solutions to
N N
m, = Z(ai —u;)and m, = Z(“i -v)
i=1 i=1
with q; € o/ foreach 1 < i < s,and (uy, ..., U, U, ..., 0;) € G. Finally, we use U to denote the set

U={meR*|R, (m)>1}

We have finished our set up for the proof of Lemma 7.1.
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Proof of Lemma 7.1. We first note that

D' Ry (m) = |AF|G| > |A|*(log|A])".

meU

Applying Cauchy-Schwarz inequality, we obtain

Ul Y, Ry (m)* > |A|*(log |A]) . (7.4)

meU

It is evident that for each m € R*, we have
R;S(m) g R2s(m)5
whence,

Z R, (m)* < 2 R, (m)?* = T, (A).

meU meR*

Substituting this into (7.4), we find that
|U| > |A|%(log |A|) 2T, (A) L. (7.5)

Given m € U, we can write
S N
m; = Z(“i —u;)and m, = Z(“i -0y,
i=1 i=1
for some a; € o7 for each 1 < i < s, and for some (uy, ..., Uz, Uy, ..., Ug) € G. Thus,
N
m,—m; = Z(ui —vy).

i=1

Combining this with the definition of G, we see that m, — m; € P. Recalling (7.2), we see that
rh(my, —m) > A.
Summing this over all elements in U, we get

Z rh(my, —my) > AlU|,

meU

which together with (7.3) and (7.5) gives us

Y rhmy —my) > AT, (A) s/ — se/| 7 (log | Al) . (7.6)

meU

We note that for any choice of m € U, the elements m;, m, lie in s</ — s</. Moreover, we see
that any choice of m; and m, fixes m, and vice versa. Thus

Z ”gs(mz —-m,)

meU
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is bounded above by the number of solutions to the system of equations

N
m,—m; = Z(ai — @),
i=1

with m,,m, € s/ — s/ and ay, ..., a,, € o/ This can be written as

Z rs,sd—sd (n)zr

ner?

where rg ., ., (n) is defined as in (6.1). Using Cauchy-Schwarz inequality, we find that

1/2 1/2
Z rs,s;z%—sm(n)z < < Z rs,sd—s,af(n)3> ( Z rs,s%—sd("))

ner? neR? ner?
= Es s osor AV AP s — 57|V,
Combining this with the preceding inequalities, we see that

Z rh(my —my) < B (A)VPAPP s — st |2,

meU

Substituting (7.7) into (7.6), we get
Es g sorsor (V21597 — 50713 > |AI/2T,(A) L (log |AD 3,

which finishes the proof of Lemma 7.1.

(7.7)

d

One final ingredient that we require before proceeding with the proof of Theorem 2.3 is an

estimate for 7', (A). As before, we note that T, (A) = E;
that

S,3

T, (A) <, |A|% 52" Jog 4],
whenever s > 2. We now prove Theorem 2.3.
Proof of Theorem 2.3. Let s = 2. We note that Theorem 2.1 implies that

2/ — 2| > |AP7V4 > AP,
when |A]| is large enough. Moreover, we trivially have

2e7 — 27| < |A|*.
Thus we can use Lemma 6.2 to see that
E3pnu20 < |APP207 — 2071 log |A| + |AP 24/ — 24|,

Using (7.9), we can deduce that

124/ — 247 | > |AIPH/3,

(A) and thus, we can use (5.15) to deduce

(7.8)

(7.9)
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whenever A is large, which in turn implies that

|AP2 267 — 227 P12 > |AP |27 — 2.4,
Thus, we have

Esssyn <c |AP?12 — 2477/ log |Al.
We combine this with Lemma 7.1 and estimate (7.8) to obtain
|AP 4207 — 207 P/*|207 — 247132 (log |ADY? ¢ |AI°"/?(log |A]) 4.

This implies that

1207 — 2/ |"V/* > | AP 4(log |A) /2,
and hence, we have

|27 =27 > | APV (log|AD T/ = |AP2/ log | AT/,

which is the required bound.
Similarly, let s = 3. We can use Theorem 2.1 to see that

1347 — 34| > |A]P7/10, (7.10)
Moreover, we can assume that
137 — 37| < |Al%,

since otherwise, we will have a much stronger bound than we require. We can now use Lemma 6.3
to infer that

Es35030(A) <c [AI3e7 = 307"/ log |A| + A" 37 = 372,
It is evident from (7.10) that we have
3/ = 3/| > |APT?

whenever A is large enough, which in turn gives us

|AI"/413e/ — 3"/ * log |A| > |AI™/33e7 — 327|"/°.
Thus, we see that

E3330-30(A) < |A|Y/4|3.e7 — 3.27|'/*1og | Al
As in the case s = 2, we use this along with Lemma 7.1 and (7.8) to find that
A3 = 30/|"VE 1307 — 3.7/ (log |AD'/2 > |AIP2+71 B (log |AD ™,

and consequently, we get

137 — 3. |2/8 > |A|%/3(log |A)~/>.
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This delivers the bound
1367 = 37| > |AI®*/(log | A|) /% = |A]P7/Z(log |AD 7/,

and thus we conclude the proof of Theorem 2.3. O

8 | HIGHER ENERGY ESTIMATES FOR E,,(A)

We can now refine the estimates for E; ,(A) as provided by Theorem 2.1, whenever s > 4. In view
of Theorem 4.1, it is natural to start with the case s = 4. Thus, we record the following theorem,
proving which will be our main goal of this section.

Theorem 8.1. Let ¢ = 1/7246. Then for all finite, non-empty sets A C I that are large enough in
terms of C, we have

B, (A) < |APH/4,
Proof. Note that it suffices to prove that whenever
E,5(A) > |APT/4, (8.1)
we have that |A| < 1. We begin this endeavour by writing B = 2.2/, whenceforth, we note that
|AI> <¢ Bl < 1A (8.2)

For ease of notation, we will write X % Y, or equivalently Y § X, to mean |X| > C|Y|(log |A|)P
where C and D are constants, and C > 0. The corresponding notation X 2, Y is defined similarly,
except in this case the constants C and D will depend on the parameter z. Using (8.2), we infer
that

log |A| < log|B| < log|A]|,

and thus, in the definition of the 2~ notation, we can replace powers of log | A| by powers of log | B|.
We define E,(B) and E;(B) as

E,(B) ={(by,...,by) € B*| by + b, = by + b,},
and
E4(B) = {(b,...,bs) € B® | by + b, = by + b, = bs + b}.
It is trivial to see that
E,(B) < E;»(A) and E;5(B) < E45(A).
Moreover, we recall that for fixed (n,, n,) € R?, there are O.(1) choices of a,, a, € A such that

a, +a, = ny and P(ay) + ¥(a,) = n,.
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Thus we have
E42(A) <¢ Ey(B) and E 3(A) <¢ E5(B).
The preceding inequality along with (8.1) and (8.2) implies that
Ey(B) > |A|PHY/4¢ > . |B|3/2+1/8=¢/2, (8.3)
Furthermore, Theorem 2.2 furnishes the following bound
E3(B) < Ey5(A) <¢ |A**/?log |A] <. |BI**'/*1og|B|. (8.4)

We now use a result proved by Shkredov [13, Theorem 1.3] which relates the second energy, the
third energy and the sumset.

Lemma 8.2. Let G be an abelian group, and let B C G be a finite, non-empty set. Let K and M
satisfy

E,(B) = |B|*/K and E;(B) = M|B|*/K>.
Then there exists a set B’ C B such that
|B'| > M~'°(log M)~'°|B]|, (8.5)
holds, and for every n,m € N, we have
[nB' — mB'| < M>*"t™)(log M)3*+MK|B|. (8.6)
Defining K and M as in Lemma 8.2, we use (8.3) to see that
|B|5/2+1/8—C/2 < |B|3/K,
whence,
K < |B|1/2_1/8+C/2.
Moreover, (8.4) implies that
M|B|*/K* < |BI*'/*log|BI,
and consequently, we have
M < |B|7*/*K?log |B| <, |B|‘log |B].

We now use Lemma 8.2 to deduce that there exists a set B' C B such that B’ satisfies (8.5), and (8.6)
with n, m = 2. Thus, we have

|B| Z¢ |BI' 1%, (8.7)
and

|2BI_ZBI| éC |B|216C|B|1/2_1/8+6/2|B,|. (88)
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We observe that
B' C24/ C Uy (a+ ),
and thus, there exists some a € </ such that
IB'n(a+ )| > |B'||AI7".
Combining this with (8.7) and (8.2), we see that
B'n(a+ )| X IBI'CIAIT 2o 1A
We use A’ to denote the subset of A that satisfies
@' = n(B - a),
where o' = {(a,(a)) | a € A’}. The preceding inequality then implies that
1A"] Ze 1A, (8.9)
It is evident from (8.8) that we have
208 — @) — 2(B' — @)| = [2B' — 2B'| 5¢ |BI*'*[B|'/*71/5/2 B
S |A[B32| A4 412,
Consequently, we can deduce that
24" — 24| < |2(B' — @) = 2(B' — @) 5 |A|¥F AP/
Finally, Theorem 2.3, together with (8.9), implies that
12" — 207"| 2 |A/ PN g, AP/ 1160
Thus, we have
|A3-2/11-600 < | 4|433¢) 43-1/4,
from which we infer that
|A[/4-2/1 S A1,
Using the fact that (log |A|)%c() <« |A|¢, we get that
AP/ <, | A%

Since c = 1/7246, we have that 3 /44 > 494c, whence the conclusion |A| < 1 follows. This finishes
our proof of Theorem 8.1. O

In the next section, we will use Theorems 2.3 and 8.1 to improve various estimates on the sumset,
the second energy and the third energy.
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9 | HIGHER ENERGY ESTIMATES FOR LARGER VALUES OF s

Our first goal of this section is to bootstrap Theorem 8.1 and use it to break the threshold bound
for E ,(A) for all values of s > 5. To see this, we recall Theorem 4.1 which states that for all s > 3,
we have

Eoo(A) < |APT2E ()2 + 1417,
In Section 4, we used this estimate to get upper bounds for E ,(A) using the fact that E, ,(A4) <

|A|? as our base case. We can now strengthen upper bounds for E,(A) when s > 5, using
Theorem 8.1 as our base case instead.

Theorem 9.1. Lets > 4 and ¢ = 1/7246. Then we have
E ,(A) < |AP3+0 Ja=) 25t

Proof. We prove our result inductively. Our base case is when s = 4, which is implied by The-
orem 8.1. Thus, it suffices to prove the inductive step, and so we assume that s > 4. Then, by
Theorem 4.1, we have

E,(A) <¢ |APTY2E_ (A2 + 1A%,

As |A|*73 is asymptotically smaller than our required upper bound, it is sufficient to consider the
case when

E;,(A) <¢ |APFTY2E,_ (A2
By the inductive hypothesis, we have
E,_15(A) < [AP5H1/4-0270,
which when substituted into the preceding inequality, gives us
Es,z(A) < |A|s—1/2+S—5/2+(1/4—c)-2’”4 — |A|23—3+(1/4—c)~2’”4'

Thus, we have proven Theorem 9.1 by induction. O

Itis clear that when s > 4, Theorem 9.1 strengthens our upper bounds for E ,(A), and improves

upon Theorem 2.1 by a factor of |A|C'Ts+4. We can prove a similar result for lower bounds for
|s<? — s |. We first prove a preliminary lemma, which we will iterate to obtain our lower bound.

Lemma 9.2. Let S C R? be a finite, non-empty set. Then, we either have
| + S| > |AIP72|1S|Y? or |7 + S| > |S]]Al.
Proof. As before, we begin by defining our set P of points as

P=yu/+85,
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and our set L of curves
L={|s €S}
where
Iy ={tp@) |t €R}+s.

We can assume that |S| > 2, since otherwise the trivial bound |« + S| > |A| suffices. Hence, we
can now use Proposition 3.3 to see that L is a C-valid collection of curves. Since both our set of
points and set of curves are unweighted, we can set w(l) = 1foreach ! € L and w’(p) = 1 for each
p € P. Thus, we apply Lemma 3.1 to obtain

I(P,L) <¢ [PI*PILI*? + |P| + |L|.

Moreover, we see that for a fixed s € S, the curve [ contains the set of points .o/ + s which is a
subset of P, thus implying that

I(P,L) > ) | +s| = AllS| = |A]IL].
seS

Combining the two inequalities, we find that

ILIIA] < [PIPPILIP + |P| + |LI.
As |A| can be sufficiently large in terms of C, we get

ILIIAl < [PIPPILIP + |P|.

In particular, this implies that either

|/ + S| = |P| >¢ |L||A] = IS[|Al
or

|/ + S| = [P >¢ |APPILIY? = |AP/|s]2.

This finishes the proof of Lemma 9.2. O

We now present improved bounds for s.&Z — s.of.

Theorem 9.3. Let s > 3. Then we have

s+3

s — s | >c |AP4  (log A4,

where § =1/23 and C = 36/23.

Proof. Asin the case of Theorem 9.1, we proceed inductively. When s = 3, we see that Theorem 9.3
is implied by Theorem 2.3, and thus, it suffices to prove the inductive step. Let s > 4 and set S =
(s — 1)/ — (s — 1)«7. By the inductive hypothesis, we have

_§5.4—5t4 _(C.4—st4
IS| >¢ AP~ (log A4,
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Since |S| > |Al, we have |S|'/2|A|3/? < |S||A|, whence, Lemma 9.2 gives us

s+4 S+4 2—1

IS + 7| >¢ |AP2ISIY? >0 |AP47 2 (log 1A €

We apply Lemma 9.2 again to discern that

s+3

IS+ o/ — | = | —(S+ )| >¢ |AP2S + M2 >0 |APO4 log A4,

This finishes the inductive step, and so, Theorem 9.3 holds true. O

‘We remark that if we instead used s = 2 as our base case, we would have shown that
|sof — sct| Ze |APO4,
where § = 2/11. In particular, when s = 3, this would have implied that

347 =34 ¢ 1A/,

which is weaker than Theorem 2.3 where we directly applied higher energy methods to estimate
lower bounds for |3.<7 — 3.¢7|. In general for larger s, dealing directly with |s.e# — s./| using higher
energy methods would provide stronger estimates than using iterative results like Lemma 9.3
along with a base case such as Theorem 2.3.

We have previously mentioned that an application of Cauchy-Schwarz inequality with
Theorem 2.1 would give a bound of the shape

s+1

s/ — sl | >c |APT.

Theorem 9.3 beats the above estimate by a factor of [A|®4 " (log |A|)=C4"""" where 8’ = 7/23
and C = 36/23.

‘We now focus our attention on applications of Theorem 9.1. We note that in Section 5, we proved
Theorem 5.1, which stated that for s > 3, we have

E,3(A) < |AIS'E,_  5(A)log |A] + |A]*7C.
Combining this with Theorem 9.1, we get that
Eq5(A) < [AITH AP A0 (og | 4] = |40+ 0/4027 Jog |4,
where ¢ = 1/7246 and s > 5. We record this as the following theorem.
Theorem 9.4. Lets > 5 and let ¢ = 1/7246. Then we have
E, 5(A) < |AP~0+ /4027 jog 4],
Moreover, we can combine Theorem 9.1 along with Lemma 5.3 to get
Ej (A) < |APTIE, 5(A)log |A] + |AS70 < 4|86+ A/4-025 1001 4],

whenever s > 3. This, in turn, implies that

T, (A) < |A|6s—6+(1/4—c)-2_25+5 log |Al,
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whenever s > 3. Recalling our setup from Section 7, we see that if we employ the above estimate
in place of (7.8) in the proof of Theorem 2.3 to obtain

|AIS/3137 — 3/ |33/ — 37|32 (log | A]) /2 > |A[PY/2-1/8%¢/2(1og | A]) .
Upon simplifying exponents, we get
135/ — 3.7 |3/8 > |A|Y/2+/2(log | A]) /2,
which delivers the bound
134/ — 37| > | AP~ 1/23+4¢/23(10g | A|)~36/23, (9.1)

where ¢ = 1/7246. This improves upon the bound provided by Theorem 2.3 by a factor of | A|*/23,
We can substitute (9.1) in place of Theorem 2.3 in the proof of Theorem 9.3 to get the following
result.

Theorem 9.5. Let s > 3 and let c = 1/7246. Then we have
|59/ — 56| ¢ A4 (log |A))7C4,
where § =1/23 — 4c¢/23, and C = 36/23.

In comparison to Theorem 9.3, the lower bound provided by Theorem 9.5 is stronger by a factor
of |A|C'4_S+423_1, when s > 3. Furthermore, since Theorems 9.3 and 9.5 only treat the cases when
s > 3, we see that the best known lower bound in the s = 2 case still follows from Theorem 2.3.

10 | PROOF OF THEOREM 2.4

We will dedicate this section to finding upper bounds for r(A) in terms of |A|, C and s. In par-
ticular, we will bound r((A) in terms of Ey(A) for some s’ < s. Thus, we prove the following
result.

Lemma 10.1. Let A be a finite subset of I, and let p > 2 be a natural number. Then we have
Fapi () K¢ |1AIPPRE, (A + |A1PP~2, (10.1)
and
rap() < Epo(A)PE, 1 o(A)PIA[CPT 4 427, (10.2)
Proof. We first prove (10.1). This is equivalent to showing that for everyn € (2p + 1).o7, we have
Fape1() <c |APPPRE, ,(A)Y3 + |APP72,

where the implicit constant does not depend on n. In this endeavour, we define for each u € p.o7,
the point

DPu=n—u, (10.3)
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and the curve
L ={¢ty@) |t e R} + u. (10.4)
Next, we define the set of points P as
P={p,|lue pdi
and the set of curves L as
L={l,|uepd}.

Using Proposition 3.3, we note that L is a set of C-valid curves.
Next, we observe that

P < Y 1, o rp(@r,(v).
u,vep

The right hand side above counts weighted incidences between P and L, with both the sets having
the same weight function rp- Thus, we can use Lemma 3.1 to obtain

2/3 2/3
Z 1,.e,p@r,(v) <<c( Z rp(u)> ( Z rp(u)2>

u,vep/ uepa uepad

+ry(4) Y ry.

uepo/
Combining the two preceding inequalities, we get
Fapia () < JAPPPE, ;(AY + AP AP,

which is the desired upper bound.
We use a similar idea to prove (10.2). Given n € 2p.e/, we use P to denote the set of points

P={p,luepdi
and L to denote the set of C-valid curves
L={,|ve (-}
where p, and [, are defined in (10.3) and (10.4), respectively. As before, we observe that

Ppm < D Tp,, @y (v)
ucp,
ve(p—-1)o/

and thus we can use Lemma 3.1 to deduce that
rop() <¢ E,5(A)PE, | ,(A)P1A|CP~D 4 412073,

Hence, we conclude the proof of Lemma 10.1. O
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We remark that when s > 6, we can combine Lemma 10.1 with (5.4) to bypass Lemma 5.2, and
use the subsequent estimates along with Theorem 2.1 to establish an alternative proof of Theo-
rem 2.2. In particular, upon combining (5.3) along with the incidence geometric inequality (5.4),
we can show that

E3(A) < (B 5(A) + r(AD)|A[ ™ log |A] + |A]*°.

In the case when s > 6, we see that the above inequality amalgamates with Lemma 10.1 and

Theorem 2.1 to deliver the bound
—5+3

E3(A) < AP logl Al

We now incorporate estimates from Theorems 2.1 and 9.1 along with Lemma 10.1 to prove
Theorem 2.4. As before, let c = 1/7246. When p = 2, we have

rs(A) <c 1AIYPE, (A + AP < |A]P3,
When p = 3, we use Theorem 2.1 to obtain
re(A) < |AI"OIAPPIAPE + AP < 1A,

and

r,(A) <¢ APIAPTYE 4141 < |AIHY,
We can utilise Theorem 9.1 to estimate rg(A). In particular, we see that

rg(A) <¢ B4 5(A)PE; ,(A) LA + |AP < [APHY/A3,
For p > 4, upon applying Theorem 9.1 along with Lemma 10.1, we get
Fapi1(A) K¢ [APPPE, J(AP? + |AIPP72 < |APP-2H1/4-027003
Similarly when p > 5, we find that
Fap(A) < Epp(A)PE, 1 (A FIAIPPDS 4 |42 < |APP3H 07027,

This concludes the proof of Theorem 2.4.

11 | PROOFS OF THEOREMS 1.1 and 1.3

We utilise this section to prove Theorems 1.1 and 1.3. We note that all the estimates that we have
proven till now have been for intervals I, continuous functions 3 : I — R and parameters C > 0
that satisfy (1.9) and (1.10). We will now use these estimates to deduce our main results.

‘We being by proving the following proposition which gives us a class of functions and intervals
that satisfy (1.9) and (1.10).

Proposition 11.1. Let I be an interval, and let 1 : I — R be a function such that 3 and ¥’ are
continuous and differentiable on 1, and "' (x) # 0 for any x € I. Then, I and 3 satisfy (1.9) and
(1.10) with some absolute constant C < 1.
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Proof. We note that in order to verify (1.9), it suffices to show that for every pair J;, d, of real
numbers such that §; # 0, the equation

P(x) —P(x—6,) -6, =0 (1L.1)

has O(1) number of solutions x € I’ = I n (I + {6,}). Let a;, a, € I’ be distinct elements such that
q; satisfies (11.1) for 1 < i < 2. Applying Rolle’s theorem on the function ¥(x) — Pp(x — §;), we
deduce that there exists b € I’ such that

P'(b) =¢'(b—6y).

Since §; # 0, a second application of Rolle’s theorem for the function ¢’ implies that there exists
¢ € I such that

P"(e) =0,

which contradicts our hypothesis that ¢/ (x) # 0 for all x € I. Thus, there exists at most one
solution to the system of equations

x=—y—=8 =9%x) -9y -8, =0.

Similarly, we see that verifying inequality (1.10) reduces to showing that for every pair n,, n, of
real numbers, the equation

Px) +P(ny —x)—ny, =0 (11.2)

has O(1) number of solutions x € I’ = I N (—I + {n,}). Note that if x satisfies (11.2), then so does
n, — x, whence, we can assume that x < ny /2. As before, let a,, a, € I’ be distinct elements sat-
isfying the above equation and the condition that a; < a, < n; /2. Using Rolle’s theorem, we see
that there exists b € I’ such that b € (a;, a,) and

P'(b) = ¢'(n; — b).

Since b < a, < n;/2, we see that b # n; — b. Thus, applying Rolle’s theorem once more, we
deduce the existence of some ¢ € I’ such that

P (c) =0,

which contradicts our hypothesis that 1/(x) # 0 for all x € I. Hence, there are at most O(1)
solutions to the system of equations

x+y—n =9x)+P(y)—n, =0,

whereupon, we conclude the proof of Proposition 11.1. O

Thus, we let ¢ be a polynomial with real coefficients and degree d > 2, and we let A be some
large, finite, non-empty subset of real numbers. Our strategy is to write A as a union of a small
number of sets A; such that for each i, either the set A; is contained in a suitable interval I; where
we can apply the estimates that we have proven in Sections 2-10, or the set A; is small. This is
recorded in the following lemma.
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Lemma 11.2. Let ¢ be a polynomial with real coefficients and degree d > 2, and let A be a finite,
non-empty subset of real numbers. Then, we can write

A :A()UAl "'AVUAV+1’

wherer = Oy4(1) and |A, ;| = O4(1), and foreach 0 < i < j < r + 1, the sets A; and A; are disjoint.
Moreover, for each 0 < i < v, the set A; is contained in an interval I; such that ¢ and I; satisfy (1.9)
and (1.10) with some absolute constant C < 1.

Proof. We define E to be the set of real zeroes of the function 3. Since 1 is a polynomial of
degree d > 2, the functions 3’ and 1"’ are polynomials of degree d — 1 and d — 2, respectively. In
particular, this implies that |E| = O4(1). First, we assume that E is non-empty, in which case, we
write

E ={e;,e,,...,e,}such thate; <e, < -+ <e,
where r = |E|. We let
I, =(e;,e; ) foreach1 <igr—1,

while we denote I, = (-0, e,), and I, = (e,, o). We finish our set-up by letting A, = AN I, for
eachO < i <r,andwesetA,,; = An E.If, on the other hand, E is empty, we simply set r = 0 and
Ay = A. In either case, we note that for each 0 < i < r, Proposition 11.1 implies that the interval I
and the function 1 satisfy (1.9) and (1.10) with some absolute constant C < 1. Consequently, we
conclude the proof of Lemma 11.2. O

We can already prove Theorem 1.3 by utilising Lemma 11.2 along with Theorems 2.3 and 9.5. In
particular, let ¢ be a polynomial with real coefficients and degree d > 2, and let A be some finite,
non-empty set of real numbers. Using Lemma 11.2 and the pigeonhole principle, we see that there
exists some natural number r = O4(1), and some 0 < i < r such that

Al = (A = 1A, D0+ D71 > Al

Moreover, A; lies in an interval I such that i and I; satisfy (1.9) and (1.10) with some absolute
constant C < 1. Thus, setting .7, = {(a,¥(a)) | a € A;}, we use Theorem 2.3 to deduce that

2o/ — 24| > |29, — 2.9| > IAi|3_2/”(10g IAiI)_lg/H
>4 |A|3—2/11(10g |A|)—18/11.
Similarly, Theorem 9.5 implies that for every natural number s > 3, we have
|se? — sl | 2 |5, — sof;| > |Ai|3‘5'47”3(1og |Al.|)—C'4*S+3
> |A]P047 " (log | A C4,

where § = 1/23 —4c¢/23, and C = 36/23. Thus, we finish the proof of Theorem 1.3.

In order to prove Theorem 1.1, we need to record one more preparatory result. Moreover, we
prove this result in a slightly more general context since we intend to utilise it in the next sec-
tion for more general systems of equations. Thus, we let f and g be polynomials of degree d,
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and d, respectively such that d, > d; > 1. Let A be a finite, non-empty subset of real numbers.
For each natural number s, we define E; , ; ,(A) to be the number of solutions to the system of
equations

D) = fOie) = D2(06) = g(xi4s)) = 0,
i=1 i=1

with x; € A for each 1 < i < 2s. When A is the empty set, we define E ’, g,S,Z(A) =0.

Lemma 11.3. Let s be a natural number, and let f and g be polynomials of degree d, and d,,
respectively, such that d, > d, > 1. Moreover, let A be a finite, non-empty set of real numbers such
that A = Ulf:éAi, where A; and Aj are pairwise disjoint whenever 0 < i < j < r + 1. Then we have

r+1
Ef,52(A) < (r+2)71 Z(Ef’g’S’Z(Ai) +|AI7B) + A7
i=0

Proof. For every a = (a;,a,) € R?, we define

fl@) = ) e(f(@a + gla)a,),

aceA

and

fil@) = ) e(f(a)a; + gla)a,) foreach 0 < i <r +1,
a€A;

where for each 6 € R, we use the notation e(8) = ¢*7°. If for some 0 < i < r + 1, the set A; is
empty, we set f;(«) = 0. For ease of notation, given a = (ay, ..., a,,) € A%, we write

fo=Crabd)= <2(f<ai> = flaie)), Do) - g(am))).

i=1 i=1
We further define
M, = min |§La|, and M, = min |§'2,a|.
acAs acAs
§1,a¢0 IS’Z,a?&O
‘We set

X = AI®[Q +M* + M, )]

We first note that for any & € R such that £ # 0, we have

/ e(aé) da
[0.X]

Similarly, for any ¢ = (£,,&,) € R? such that £ # (0,0), we have

= |@rit) " e - 1| < 1€

/ e(og &) + &) da | < X sup &)L 11.3)
[0,Xx]2 1<i<2
§#0
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Moreover, when & = (0,0), we find that

/ e(a;é) + a6 da | = X°.
[0.X]2

Thus, we see that

X_z/ |f(@)|* do = X2 Z / e(;§) 4 + a6, 4) da
[0.x]2 [0.X]?

acAzs

= Z 1+X72 Z / e(ar &) 4 + ayt, ) dex.
acA> acaz JI0XP
§a=(0,0) {a#(oso)
Noting (11.3) and the fact that
2, 1=Eps),
acA>
§a=(0,0)
the preceding expression gives us

Ef gs52(A) —X_Z/[ . [f(e0)|? dar < X2X Z sup |£; 1"
0.X

aca> 152

§a¢(0’0) gi,a?éo
<X HMAPEM! + MY < AT
Similarly, we have
X If;(e0)]* dex — Ef 4 52(A) < V2
[0.X]2
Finally, applying Holder’s inequality, we see that

r+1 2s r+1

i) = [ fi@| <C+2"7" Y [fi@)*,
i=0 i=0

from which we deduce that

r+1
x2 [ ferde <o+ x| @da,
[0.X]? i=0 [0.X]?
Combining the preceding inequalities, we find that
r+1
Ep,so(A) < (r + 2057 D By 5(A) + A7) + |AI7%,
i=0
which is the desired conclusion. [l

It is worth noting that in the conclusion of Lemma 11.3, the O(|A|~2%) factors can be removed
as well as the implicit multiplicative factor in the Vinogradov notation can be made explicit by
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letting X — oo in the above proof, but for our purposes, the conclusion of Lemma 11.3, as recorded,
is sufficient.

‘We now proceed with the proof of Theorem 1.1. Thus, let ¢ be a polynomial with real coefficients
and degreed > 2, and let A be a finite, non-empty set of real numbers. We use Lemma 11.2 to write

A=AyUA, ..A UA,,,.

Since for each 0 < i < 7, the set A; is contained in an interval I; such that ¢ and I; satisfy (1.9) and
(1.10) with some absolute constant C < 1, we can use Theorem 2.1 to deduce that

Es,(A) < AP < AP+,
Moreover, we have
E35(Ar41) < |A141]1° = 04(D).

We combine the preceding inequalities with Lemma 11.3 to obtain

r+1
E35(A) < (r +2)° Y\ (B3 p(A) + A7) + 1A
i=0
< (r+ 2°JAPH2 4 (r + )0|AI70 + 1 < |APH2,
Similarly, when s > 4, we use Theorem 9.1 to see that

E5(A) < |43/ 270,
whenever 0 < i < r. Furthermore, we use the trivial bound

E (A1) < |4, = O4,4(1).
Incorporating these estimates with Lemma 11.3, we find that

r+1
Ey5(A) < (r+ 277 Y (B (A) + A7) + A
i=0

<4 (r + 2)2sIAlzs—3+(1/4—c)-2—S+4 +(r+ 4)2S|A|—2s +1

— _).o—st+4
<<d,s |A|2S 3+(1/4—c)-27S .

Thus, we finish the proof of Theorem 1.1.

12 | GENERALISATIONS

In this section, we devote our attention to systems of the form

D) = frig)) = D (906) — 9(xi40) = 0, (12.1)
i=1 i=1
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where functions f and g are linearly independent. As before, given a finite, non-empty subset
A of R, we denote Ey  ,(A) to be the number of solutions to (12.1) such that x; € A for each
1 < i < 2s. In this section, we prove estimates akin to Theorem 1.1 for E 7, g’s,z(A) when f and ¢
are polynomials of differing degrees. This will be recorded as Theorem 12.2. Moreover, we briefly
comment on other systems of equations that are amenable to our methods.

‘We begin with some preliminary manoeuvres. We note that

D) = fOeid) = D) =€) = (f(xin) = ),
i=1

i=1

for each ¢ € R. Thus, if f and g are polynomials and A is some finite, non-empty subset of R,
and we want to estimate E 7, g,S,Z(A)’ we can begin by assuming that f(0) = ¢(0) = 0. Moreover,
we note that if (12.1) holds for some choice of x, ..., x5, then we also have

D () = (e )) = D (%) = M) = 0,
i=1 i=1

where
hy(x) = ay f(x) + a,g(x) and h,(x) = B f(x) + B,9(x)

for any oy, a,, B, B, € R. Hence, if f and g are polynomials with real coefficients, we can assume
that f and ¢ have different degrees.
An instance of this situation is the system of equations

N N

3_.3 2_ .2
Z(xi — X)) = Z(xi — X)) =0,

i=1 i=1

with x; € A for 1 < i < 2s, where A is some non-empty, finite subset of (0, c0). We note that this
particular example is equivalent to counting the number of solutions to

N N
3/2  _3/2
Z(xi/ - xl.+/s) = Z(xi — X)) =0,
i=1 i=1

with x; € A’ € (0,00) for 1 <i<2s, and A’ ={a® | a € A}. We can bound the latter using
Proposition 11.1 and Theorem 9.5.

We now return to (12.1) where f and g are arbitrary polynomials with real coefficients and
degrees d; and d,, respectively, such that d; # d,. Without loss of generality, we can assume that
d, > d; > 2, since the case d; = 1 reduces to Theorem 1.1. We first consider the case when our set
A is contained in some interval I satisfying

9(x) - ¢'(x) - f() - f1(0) - (¢" () f' () = f"'(x)g'(x)) # O for each x € I. (12.2)

Since each of f, f’, g, ¢’ is a polynomial of degree at least one, and the polynomial

9" Of' () = [ (x)g' (%)

has d,d,(d, — d;)x%*973 as the leading term, the expression on the left hand side of (12.2) has
finitely many real roots. This implies that there does exist at least one interval I satisfying (12.2).
With these assumptions in hand, we can prove an analogue of Theorem 2.1 for the system (12.1).
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Theorem 12.1. Let s > 3 be a natural number, and let f and g be polynomials of degrees d, and
d,, respectively, where d, > d, > 2. Moreover, let I be an interval satisfying (12.2) and let A be some
finite, non-empty subset of I. Then we have

Ef,g,s,z(A) < |A|25‘3+m’
wheren; = 1/2, and n, = (1/4 — ¢) - 2754 whenever s > 4, where ¢ = 1/7246.

Proof. Since f is monotone in the interval I, we see that E | ¢ ,(A) is equivalent to counting the
number of solutions Ej,  ,(A) to the system of equations

S S
3 —uyg) = Y (hw) = ) = 0,
i=1 i=1
such thatu; € A’ C I for each 1 < i < 2s, where h(u) = g(f~!(u)) for each u € I, and

A ' ={f(a)|a€ A}andI' = {f(x) | x € I}.

Moreover, we have |[A’| = |A].
As f is a polynomial with a non-zero derivative in I, we can deduce that f~! is a continuous
and differentiable function on I’ satisfying

(Y@ =1/f(f'(w)foreachu e I'.

Furthermore, this implies that A is continuous and differentiable on I’ satisfying

W =g (f w)/f (f'(u) foreachu € I'.

Differentiating once again, we find that

h'(u) = (" @ (FH) = " (FH)g (),

1
(f"(f~1w))?
for each u € I'. Noting (12.2), we deduce that h’(u)h"'(u) # 0 for each u € I'. Moreover, we see
that i’ is continuous and differentiable on I’. We now combine Proposition 11.1 along with The-
orem 2.1 when s = 3, and Theorem 9.1 when s > 4, to obtain the desired bound for Ej, ;,(A).
This, in turn, provides the required estimate for E 7, ,,,S,z(A)’ and so, we conclude the proof of
Theorem 12.1. O

We finish this section by providing estimates for E; , (,(A) when A is any finite, non-empty
subset of R, instead of restricting A to be a subset of some interval I with suitable properties.

Theorem 12.2. Let A be some finite, non-empty subset of R, let s > 3 be some natural number, and
let f and g be polynomials of degrees d, and d, respectively, where d, > d; > 1. Then we have

2s—3
Ef ,52(A) <q, 4, 5 |AIP 71,

wheren; = 1/2, and g = (1/4 — ¢) - 275" whenever s > 4, where ¢ = 1/7246.
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Proof. As we remarked previously, it suffices to consider the case when d; > 2, since the case
when d; = 1is handled by Theorem 1.1.
‘We begin by defining the set

E={xeR|g(x) ¢'(x)- f(x)- f'(x)- (¢"()f'(x) = f"(x)g'(x)) = 0}.

As before, we note that |E| = Odz(l). If E is empty, we can use Theorem 12.1 to get the desired
estimates for E ’, g’s,z(A). Hence, we can assume that E is non-empty, in which case, we write

E ={e;,e,,...,e,}such thate; <e, < -+ <e,,

where r = |E|. For each 1 <i <r — 1, we define the interval I; = (e;, ¢;,;). Furthermore, we set
Iy = (—o0,e;) and I, = (e,, o). For each 0 < i < r, we write A; = ANnI;, and we denote A,,; =
ANE.

Noting Lemma 11.3, we find that

r+1
Ejf 452(A) < (r + 2771 Y (Ep 5 02(A) + A7) + A7,
i=0
For each 0 < i < r, we can use Theorem 12.1 to deduce that
Ep ,0(A) < JAP7H0s,
Furthermore, we have
Efag,s,Z(ArH) < |Ar+1|2s <r,

Putting these estimates together, we see that

Ep,0(A) < (r+ 2)%|APP 7 4 (r + 221 + (r + 2)%|A 7.
We recall that r = Oy, (1), whence

2s—3+
Ef g52(A) <q, a,5 1AIZT,

with which, we conclude the proof of Theorem 12.2. O

APPENDIX : PROOF OF LEMMA 3.1

In this section, we record the proof of Lemma 3.1 as stated in [6, Theorem 48]. Let D > 0 be some
constant. We begin by stating Szemerédi-Trotter theorem for points and D-valid curves as written
in R? [8, Theorem 1.1].

Lemma A.1. Let P be a set of points in R?, and let L be a set of simple D-valid curves all lying in R?.
Then we have

DY tper <o IPPRILPE + 1P|+ LI
PEP leL
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Proof of Lemma 3.1. Let P be a set of points in R?, let L be a set of D-valid curves in R? and let
w, w’ be a weight functions on L and P, respectively. Moreover, we have

Lyw®,L)= )" 3 1,qw (pw(d).

PEP leL

LetJ be the largest natural number such that 2’ < ||P]|,, and similarly, let K be the largest natural
number such that 2K < ||L||,. Furthermore, for each 1 < j < J, we write

={peP|2 <w(p) <2/t

and for each 1 < k < K, we write

L,={eL|2"<w() <21,

‘We see that
J K J K
DY e’ @ud =33 3 Y 1w’ Pwd < Y, Y 22K Y N 1,
DEP leL Jj=0k=0 peP; €L Jj=0k=0 PEP; l€L
J K
<p O Y 2 2KUPILLDYE + |Pj| + 1L D),
Jj=0k=0

where the last inequality follows from Lemma A.1. We note that
J K J K
> D202y = <Z zf|Pj|><Z 2") < IIPIL2° < IPIL LN
Jj=0k=0 Jj=0 k=0

and

J K J K
DD 202k, = (2 2f><2 2"|Lk|) < 2L, < Pl ILI-
j=0k=0

]:() k=0

Moreover, we have

I K 7 K
DD 22K(Py L) = <Z 2f|Pj|2/3><Z 2"|Lk|2/3).
=0 k=0 j=0 k=0

Weset U ={0<j<J|2/ <|IP3]IP|I;'}, and V ={0,1, ...,J} \ U. We note that

2 2R = 3 2P@P R < P Y 2

JeU Jjeu Jjeu
2/3 2/3 -1/3
< IPIE2IPI 1P = QIPIL PR3,
Furthermore, we have

3 2iip P2 = Y 27IBQM P < Py Y 27

jev jev jev

4/3 —1\—
< IIPIAPIZIPITY ™ < (IPIIIPI )Y,
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Thus, we deduce that

J
D20 |Pj1PR = Y 20 [Py 4 Y 20 |P 1R < (IPIL PR

j=0 jeu jev
Similarly, we find that

K
24|L P2 < (ILIL IILI2)Y3.
k=0

Thus, we combine the preceding inequalities to infer that
J K
3N 2024P 1L DY < (IPILIPIZILIL ILIDY?,
Jj=0 k=0

which in turn implies that
Ly P, L) <p (P IPISILIL LI + 1PIL L] o + 1Pl oo 1L,
Hence, we conclude the proof of Lemma 3.1. O
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