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Abstract

We investigate the asymptotic properties of Step-indicator Saturation which is an algo-
rithm to handle unmodelled location shifts in time series. We consider a stylized version
of the algorithm that uses the split-half approach. We present asymptotic convergence and
distribution results on the gauge of the algorithm which is the frequency of falsely retained
step-indicators when the data generating process has no shifts. The proofs rely on em-
pirical process results of temporal differences of residuals. Our results offer an asymptotic
justification to use the gauge in choosing the tuning parameter of this statistical procedure.

1 Introduction

Step-indicator saturation detects location shifts which are changes to the previously uncondi-
tional mean of time-series data. As a member of the class of saturation algorithms, the idea
of Step-indicator Saturation is simple: Extend the feature space, which is the space spanned
by the regressors, with step-indicators that capture location shifts in the periods of interest.
Then proceed to eliminate unnecessary step-indicators from the generalised feature space. The
elimination procedure hinges on a cut-off value c. We present results in this paper to choose the
appropriate cut-off value ¢ for selection.
As location shifts we consider non-zero coefficients d, in the data generating process,

L

Yi= Y 0tl(r,_ <i<r) + BTit+ei, i=1,..n
/=1

where x; contains an intercept and e; have common reference density f and are independent
from F;,_1 = o(z1,...,%,€1,...,6i—1). In fact, f can be very general and does not need to be
symmetric. The number of location shifts L in the data generating process is typically unknown
to the researcher. The breakpoints 7y determine the timing of the location shift.

Macroeconomic data are packed with location shifts. Bai and Perron (2003) find empirical
evidence for location shifts in the US ex-post real interest rate (the three-month treasury bill
rate deflated by the CPI inflation rate taken from the Citibase data) in 1966, 1972 and 1980.
Hansen (2001) finds empirical evidence of location shifts in US labour productivity in 1982 and
1995. Perron (1989) finds that most US macroeconomic variables can be modelled as trend
stationary with two location shifts in 1929 and 1973 which represents the financial crash of the
Great Depression and an oil price shock following the OPEC oil embargo.

Unmodelled location shifts give rise to three distinct statistical problems. First, model
selection procedures are affected that start from a general unrestricted model and target a
parsimonious and encompassing empirical model. Castle and Hendry (2014) document the effect
of unmodelled location shifts on selection probabilities of the variables, their lags and non-linear
functions. Second, parameter estimation is distorted. Hendry and Mizon (2011) show that an
unmodelled location shift caused by the food stamp program of the Great Depression leads
to implausible regression coefficients in their model for the US food expenditure. Third, as
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described in Clements and Hendry (1998), unanticipated location shifts at or near the forecast
origin lead to forecast failure.

A number of variations of Step-indicator Saturation algorithms have been proposed, see
Castle et al. (2015). Empirical researchers use the Autometrics implementation of Step-indicator
Saturation as discussed in Doornik (2009) or the R package gets discussed in Pretis, Reade and
Sucarrat (2016). In this paper we consider a stylised split-half version of the algorithm, which
we present in section 2.

For split-half Step-indicator Saturation, the decision rule to categorise period i as a break-
points hinges on some preliminary estimator (/3’ ,62) and the test-statistic v; = (Vy;— B Va;)/V26,
where Vy; = y; — yi+1. A period i is classified as a breakpoint if |v;| > ¢, where ¢ is a suitable
cut-off value. The cut-off value ¢ is the only tuning parameter of the algorithm.

In order to choose the cut-off value ¢, we use the concept of the gauge, which considers the
frequency of wrongly detected shifts under the null hypothesis of no shifts in the data generating
process. The (empirical) gauge is formally defined as

n

. 1 Z
Tn =" T,

=1

where r; = 1 denotes the existence of a breakpoint in period ¢ and r; = 0 the opposite case. The
empirical gauge is similar, but different to the concept of the size used in hypothesis testing, as
it is contaminated by estimation error within the decision rule for breakpoints.

The gauge was first used in the simulation studies of Hoover and Perez (1999). It was
formally defined and named by Hendry and Santos (2010) and Castle et al. (2011). The gauge
of a number of outlier detection algorithms was studied in Johansen and Nielsen (2016b).

1.1 Purpose of paper and results

The purpose of this paper is to provide an asymptotic theory for setting the cut-off value ¢ which
should be chosen to control the gauge. We find that under the null of no location shift in the
data generating process, the empirical gauge converges in probability to

An(c) = P(|Veil = V20c) = 4(0), (1)

the size of the underlying test.
We also derive the asymptotic distribution of the empirical gauge of Step-indicator Satura-
tion. Its asymptotic expansion is

n 2 {An(c) = y(c)} = —”_1/2(7(0) ~ L(vei|<v2oe) — 1)

1/2 Z(—l)h + &1 1/22:1315@}1 +op(1).

which consists of the density h of Ve;/(v/20), a function h; that depends on the samples sizes
of the subsamples we form in the split-half implementation of Step-indicator Saturation and the
function &, which depends on average of the conditional expectations of Vx;, conditional on
Ve; = v/20¢ and past information.

The asymptotic results are based on a number of empirical process results of temporal
differences of residuals. While there is a growing literature on empirical processes for residuals,
see Koul (2002), Engler and Nielsen (2009) Johansen and Nielsen (2009, 2016a, 2016b) and Jiao
and Nielsen (2016), to the best of our knowledge, the class of empirical processes of temporal
differences of residuals has not yet been studied.

Our paper contributes to the understanding of the asymptotic properties of automatic model
selection techniques using the general-to-specific framework (see Doornik, 2009 and Hendry and




Krolzig, 2005). We are the first paper that considers asymptotic properties of this class of
algorithms where we select over dependent regressors.

In section 2, we outline the model and the Step-indicator Saturation algorithm. In section
3,, we present the asymptotic results on the empirical gauge of Step-indicator Saturation and
provide simulation results. In section 4, we state our results on the empirical processes of
temporal differences of residuals. In section 5, we highlight two further useful lemmas.

2 Model and Step-indicator Saturation

2.1 Model

The data generating process in this paper is a linear time-series regression model
yi:ﬁ/$¢—|—€i 1=1,..,n+1 (2)

where y; is a one-dimensional dependent variable, x; is a k-dimensional vector of contempora-
neous regressors which contains the intercept and [ is the k-dimensional vector of regression
coefficients. The error terms ¢; are independent of the filtration F;_1 = o(z1,..., %, €1,...,8i-1)
and identically distributed so that ¢;/0 has density f. In applications, we often assume f to be
the normal density. We allow the regressors to be from a wide range of different classes, namely
stationary regressors, trend stationary regressors and unit-root regressors. We do not allow for
explosive regressors. Our sample size extents to n + 1 to simplify the expression of the gauge.
The scaled forward differences Ve;/(v/20) have density

) = V2 [ i+ ) dy (3)

We summarize three properties of the density h in the following Lemma.

Lemma 2.1. The density h satisfies the following properties.
(a) Symmetry: h(x) = h(—x);
(b) Suppose f is continuous with second moments. Then f = h if and only if f is normal;
(c) If sup,cr [f(2)] < 0o, then sup,ep [h(x)| < oo;
(d) If sup,er [f(v)| < 00, then sup,eg |h(v)| < oo;
(e) If sup,er |v|f(v) < 00, then sup,cg |v/h(v) < co.

Define H(z) = P(Ve; < v/20¢) as the corresponding distribution function. The absolute
value of the scaled forward differences then has distribution function

(&
p=1—v=G(c)=P (|£Z —eiy1] < \/ﬁac) = / h(z)dz. (4)
—C
The conditional joint density m;(y,x) given F;_1 is the density of the two random variables
Ve; n'/2N'Vax;

and
V20 V20

Let k;(z) be the marginal density of the regressors z;. Then the conditional density m;(z|y)
given F;_1 and the derivative of the conditional density m;(y|z) given F;_; with respect to the
differenced error term is

m;(cly) = W and m;(clr) = kl(lx) amgz,x)

()

y=c

Finally, define the third and fourth moment of the scaled innovations ¢; /o as

sy = / h uf(u)du, s = / b uf(u)du. (6)

—0o0 —0o0



Table 1: Numerical computations of 91 and ¥ given a standard normal density f.

c
0.5 0.75 1 1.25 1.5 1.75 2 225 2.5 275
Y1 017 033 050 065 0.77 086 092 095 098 0.99
92 -0.18 -0.23 -0.24 -0.23 -0.19 -0.15 -0.11 -0.07 -0.04 -0.03

If f = ¢ is standard normal then h = ¢ while G = 2¥ — 1. Further 53 = 0 and »4 = 3.
For later reference, define the following covariance terms, where k;(z,y) is the joint density
of Ti+1 and 52’/0

01 = E{1 |Vaz|<f 2e0) L (Vi 11 <vEeo) ]

/ / /_ (@ +y + 2)f(z + 2)f(z) dz dy da, (7)

U2 = E{1v., |<fca (ef41/0? = 1)} = E{1(|Vsi|§\/§ca)(€g/02 -1}

// (22 — DF()f(y + 2) dy dz, (8)

Y3 = E{l (Ve <v/3eo) Tiy1€it1/0} = / / / xyf(y)ki(x, z + y) dzdy dz. (9)

We tabulate the values of ¥1 and )9 for a standard normal density f in Table 1. The values
for ¥3 depend on the regressors x;. In the special case of x; being the first-order autoregressive
regressor we find 93 = —s.

2.2 Algorithm

We are concerned about detecting location shifts, with an unknown location, duration, magni-
tude, sign and number. If there are L locations shifts, say, with breakpoints 0 = 79 < 7 <
<+ Tr—1 < T, = n, then model (2) is modified as

L

i =BT+ pelir, <icr)y & i=1.,n+L (10)
(=1

As a member of an algorithm in the general-to-specific framework, Step-indicator Saturation
extends the feature space, which is the space spanned by regressors, with step-indicators which
model location shifts. We saturate the feature space with one step-indicator per period. The
generalised feature space, with 1 < n; < n + 1, is then

ni n+1

yi=Bzi+ Y vel<oy + > Velm<ico+& i=1.,n+1 (11)
/=1 l=n1+1

The set of step-indicators is separated into two groups to avoid multicollinearity of the final
step-indicators with the intercept in z;.

We proceed by eliminating unnecessary step-indicators from the generalised feature space.
In practise the Autometrics algorithm (see Doornik (2009)) or the related R package gets (see
Pretis, Reade and Sucarrat (2016)) is used. In this paper, we will look at the highly stylised
split-half algorithm, which mimics some of the basic structures in the Autometrics algorithm.

Algorithm 2.2. The split-half step-indicator saturation algorithm.

1. Choose a cut-off value ¢ > 0 to select breakpoints.



2. Split the sample of n observations into two sets Iy and Iy, with ni1 and ny observations.
3. Calculate the least squares estimators for (3,0?) based on sample I as

Bj= (Y wia)) ™t Y wiyi, 6= ni > (= Biw)*.

nel; nel; T nel;
4. Calculate the t-ratio’s for i = {1,....,n — 1} as

(Vyi — B5V;) 1 (Vyi — B, V;)
T ey

w2 i W1,i

)

vi = lien)

where @JQZ could be chosen as 632{2 + V:E;(Ekelj zpxh) 'V}

5. Pick breakpoints Ty when |v;| > c.

6. Let Iy = (5, ,<i<r,)- Calculate the means T, = et Znelé x;. Demean the regressors
~ L+1 —
Ln = Tj — 25:1 Telier,)-

7. Calculate the step-indicator saturation estimator as

n

n -1 n
~ o . ) ) )

i=1

Because we study the empirical gauge of Step-indicator Saturation, which is the frequency
of detected location shifts under the null hypothesis of no location shift in the data generating
process, we only consider step 1 to 5 of Algorithm 2.1.

2.3 Variations of the Algorithm

The split-half Step-indicator Saturation estimator is a special case of a general class of split-half
algorithms. In this section we present a general framework for the split-half algorithms and
proceed to discuss a number of variations of the algorithm within the framework.

In order to set up the split-half algorithm we need some notation. We divide the sample in
two parts: the first n; = integer(n/2) observations and the last ng = n — n; observations. We
write the regression model (2) conformably in matrix notation as

(3 )=(%)e+(2) )

We choose a set of dummy variables of the form

D; 0

( oy > (14)
where D1 and Do are invertible matrices. With this general set-up we can cover a number of
algorithms that are in use. For instance if we choose these matrices as identity matrices we
get a dummy variable for each observation. This is known as impulse indicator saturation and
is related to outlier detection methods in robust statistics, see Hendry, Johansen and Santos
(2008), Johansen and Nielsen (2009). If instead D; and D are suitable triangular matrices we
get Step-indicator Saturation. This can be done in various ways and we return to a discussion
of these choices later.

We start the split-half algorithm by estimating I3 frorAn the second sample giving the estima-
tors By = (X5X5) 1 XYy and 63 = (Yo— Xof32) (Yo — Xo32)/n2. From this we compute residuals



for the first sample, é; = Y] — Xlﬁg and regress these on Dp giving 51 = (DﬂDl)_lD’lél, which
reduced to 01 = Dy lél, since D7 is invertible. We will now form t-statistics for each of the
coefficients in §;. To do this we compute the variance of §; as if the regressors are fixed. This
gives

V(5|X) = V{DI'(Y1— X1532)|X}
V[DyHer — X1 (X5X5) ' Xhea} | X]
= oDy I+ X1 (X5Xo) ' X MDY (15)

2

Here o2 is estimated by 63. For each component of 61 we get the t-statistic

d10
'Ul’g = T
V(d1,0]X)

We keep those dummy variables where |v; | is larger than a cut-off value ¢. We discuss later
the rational to choose the correct c.

We swap the role of the two sub-samples, compute the same quantities 31, 62 to get V(52|X )
and vy ¢, which are defined as before. We select those dummy variables where |vg | > c. This
concludes the split-half procedure.

For Step-indicator Saturation, we can choose D and Ds to be upper of lower triangular
matrices of the form

11 1 10 ... 0
01 1 1 1 0
Dy =| . ) ) or Da=1] . ) . (16)
00 1 11 1
Their inverses, used for the computation of 5,;, are
1 -1 0 0 1 0 0 0
. 0 1 -1 0 . -1 1 0 0
Dy = Do o and D" = : U (17)
0O 0 o0 ... 1 0 0 ... 1 —1

Both set of step-indicators Dy and Da span the same space. However, they represent re-
parametrisations. Either choice results in a single element of b5 that is computed differently
from the remaining ones. For the choice of Dy = Dy, say, the estimate of the last dummy in
half sample is ng = &, while it is 82)( = €y — €yyq for the previous dummies. The variance of
3275 changes accordingly from V(SM\X) =o2{2+ Vmé’e(X{Xl)*1Vx27g} forn; +1<£<n-1
to V((ggle) = o1 + x’zvn(X{Xl)’lxg’n} for the final dummy. In the case of Dy = Da,
the first dummy is estimated differently as 52,1 = €n,+1 while the latter ones are estimated as
321 = 9 ¢ —£E9¢-1. For the variance of 521 we get V(<§271|X) =o?{1+ x’271(X{X1)_13:2,1} for the
first dummy and V(527Z|X) =c?{2+ Vm’M(X{Xl)_leu} for the subsequent ones. Both Dy
and D are valid choices for D;. The choice on the D; depends on the application.

We illustrate the choice of the triangular matrices for the case of intercept correction in
forecasting. Intercept correction, also known as setting the forecast back on track, becomes
necessary if a structural break has occurred prior to the forecasting period, see Hendry and
Clements (1998), p.197-198. Assume an AR(1) model with intercept is used for forecasting, such
that we simplify model (2) to y; = u+ By;—1+¢;. Then, the one period ahead forecast at period

N8 Upq1jn = i+ BYn. The forecast error is then eni1 = Y1 —Ynt1 = (p—p)+ (B—B)yn—i—snﬂ.
The idea of intercept correction is to add the forecast error of period n to the forecast for period



n+ 1 Gppipn = Byn + en. Then, the corrected forecast error becomes e}, 1 = e, 41 — €. In this

model, if we use 5275 when Dy = D, then we have

N A A *
52,2 =&2¢0 —E24-1 =€ — €1 = €.

The challenge in forecasting exercises is to determine, whether a structural break has occurred
in the forecast origin. If no structural break has occurred, then no intercept correction is
necessary. In contrast, if a structural break has occurred, intercept correction can be useful in
order to reduce the forecast error.

Step-indicator saturation can provide guidance on whether or not to intercept correct. The
significance of the final t-statistic, |v,| > ¢, can be used as a decision rule for intercept correction.
The choices Da and Dy offer different decision rules. In the case of Da, for a forecast origin
in n, the decision rule is based on the corrected forecast error e;, = e, —e,—_1. In contrast, with
Dy, the decision rule is based on the forecast error e,.

In Castle et al. (2016) the set of dummy variables is of the form

Dy F

(T o) 19
where F' is a matrix of ones. They arrive at matrix (18) by saturating the regression equation
with n step-indicators which form the set S = {1(;<;y,j = 1,...,n}. The split-half algorithm
with this variation of dummy variables faces multicollinearity of the last step-indicator with the
intercept, as the last column of matrix (18) is a column of ones. There are two ways to address
the multicollinearity. In the first, the final step-indicator is dropped. The second is to modify
the final step-indicator to be 1,, <j<y) instead. However, this unnecessarily complicates the
asymptotic theory.

For our asymptotic analysis, we consider only those dummies with have symmetric decision
rules. We select the symmetric dummies either using My = (I,,—1,0) or Ma = (0,1,—1). It
holds that

1 -1 0 0
MyDg'=| : .. .. : | =-MaD;"
0o 0 1 -1

Thus, we have for, say, the first sample dummies, with oa = D;lél-
—~Mada = —MaD{'é1 = MyDg'é = Myiy.
and

V(MadA|X) = c? MAD T — X1 (X5 X2) ' X1} DA Ma
= 0’ My D' {I — X1(X5X5) ' X1} D5 My = V(Mada|X).

The choice of DA and Dy results in n; — 1 t-statistics for the symmetric dummies which are
identical up the the sign, whereas t-statistics for end points are different.

2.4 The empirical gauge

We introduce the empirical gauge to help us choose the right cut-off value c. Following Hendry
and Santos (2010), the empirical gauge of Step-indicator Saturation based on model (2) is defined

as
) 1
An(c) = - > Loz (19)
=1

where the v; is defined in equation (12) of Algorithm 2.2. The empirical gauge is the frequency
of wrongly detected location shifts and can be interpreted as the rate of false positives.



The empirical gauge relates to the size of a hypothesis test. The size is the probability
that we reject the null hypothesis of no location shifts in a specific period ¢ given model (2).
Our theory shows that the gauge converges asymptotically to the average of the size for all n
periods. The asymptotic result is non-trivial, because of the presence of an estimation error for
the regression parameter § and the scale parameter ¢ in the definition of v;.

By controlling the gauge, we control the average frequency of false positives. This helps
to benchmark algorithms, where we compare the power of the different algorithms when each
algorithm is calibrated to satisfy the same gauge.

3 The main results

We proceed to present the theorems containing the asymptotic results on the empirical gauge
of split-half Step-indicator Saturation. We start with the assumptions, which are sufficiently
general to capture a large number of possible models.

3.1 Assumptions

In this section, we present a set of sufficient assumptions for the asymptotic theory of the empir-
ical gauge of Step-indicator Saturation. When we use the Step-indicator Saturation estimator,
we assume the density f is known. In most applications, our assumed density will be the normal
density. But our assumptions allow for a range of alternative densities such as the t-density.
The density f does not need to be symmetric.

Assumption 3.1. Let F; be a filtration so that €;—1 and x; are F;_1-measurable and €;/o is
independent of F;_1 with distribution function F and positive density f on R with derivative f
which is continuously differentiable and non-zero on the real line.

Assumption 3.2. Let F; be an increasing sequence of o-fields so €;_1 and x; are F;—1 measur-
able and €; is independent of Fi—1. Let €;/0 have a continuously differentiable density f. For
some values of 0 < k < n < 1/4, suppose
(1) the density f satisfies
for ¢ >0, cf(c), [f(c)| are decreasing large ¢ and increasing for small c;
(73) the conditional density m;(y|x) given F;_1 satisfies
MaXi <i<n SUPyeR zekr |Mi(y|2)] < 00;
(7i1) the regressors x; and the normalzsatzon matriz N satisfy
(a) 2, =10 1N’x,xN—>E “« 0;
(b) maxj<i<n, \nl/z “N'z;| = Op(1 )
(€) n= ' Y Eia [0 PNV = Op(1);
(d) n'ET [n'PN'Vay| = O(1);
(iv) the estimators (8,62,&;) satisfy
(a) N71(5 — ) = Op(n"/*7);
(b) n1/2(&2 _ 0.2) — Op(nl/4_77);

(C) maxi<i<n n1/2|d)i — 5’| = Op(l).

The conditions (i) and (i4i) are satisfied in a wide range of models, as discussed in Johansen
and Nielsen (2013, 2016a, 2016b). The normal and t-distribution both satisfy condition (¢) on
the density. Stationary, random walk and deterministically trending regressors satisfy condition
(#31). Condition (iv) allows the standardised estimation errors to diverge at the rate of n'/4="
instead of being bounded in probability. By choosing n = 1/4, we would consider estimators
with the standard rate of convergence.



3.2 The asymptotic results

The main results of this paper relate to the empirical gauge of split-half Step-indicator Satu-
ration. Because we analyse the empirical gauge, we only need to consider the steps 1 to 4 in
Algorithm 2.2. The first theorem states that the empirical gauge converges in probability to
v = P(|Vei| > v/2¢co). The second theorem provides an asymptotic distribution of the empirical
gauge. The proofs are given in the Appendix E.

Theorem 3.3. Consider the empirical gauge of the split-half Step-indicator Saturation estimator
in Algorithm 2.2. Suppose Assumptions 3.1(i), (iii)(a), (ii)(d) and (iv)(a)-(c) hold. Then, for
fized ¢ € R, we have Y,(c) 5 7.

As by definition the empirical gauge is bounded above and in particular for all ¢ we have
An(c) < 1. We can therefore strengthen the mode of convergence to mean square convergence
with an appeal to Billingsley (1968, p. 32) and uniform integrability.

This theorem is used for the calibration of the Step-indicator Saturation algorithm. The
unique tuning parameter of the algorithm is ¢. The theorem provides the rational to choose ¢
to match the desired gauge. The empirical gauge 4, converges to v which in turn depends on ¢
by (4). Thus, we first specify our tolerance for false positives expressed by ~, which given our
assumed distribution of the error term, results in a selection quantile c.

For example, we assume a standard normal reference distribution f and a sample size n = 100.
When we tolerate on average 1 falsely detected location shift, then we want the gauge to be
Y100 = 1%. Thus we choose ¥ = 0.99 and ¢ g9 = 2.58.

The next result gives us the asymptotic distribution of the empirical gauge. It relies on
some new definitions. Let xz;, = N'x; refer to normalised regressors. The normalisation depends
on the type of the regressors. If a regressor is stationary N = n~1/2. If it is random walk,
the normalisation is N = n~!. Define a row vector related to the covariance of the differenced
regressors and the differenced error terms

Ve _ c) . (20)

- 127!
— -1 Ez’— n mn —
£(c)=n ; 1 ( oo

V2o

The term
e =&(c) — &(=0) (21)

vanishes in two distinct cases. If the regressors are strictly exogenous, then E;_; (V] | Ve; = ¢) =
Ei—1 (Va!,), which does not depend on ¢ and we have &, = 0 for all ¢. Alternatively, if the regres-
sors are of the random walk type, then as E;_1 (V)| Ve; = ¢) is of order O(1), the normalisation
in x;, = N'x;, which is N = n~!, dominates the expression and £(c) vanishes for all c.

If the regressor x; and the error term ¢; are stationary with geometrically declining autocor-
relation (as an AR-process), then Vz;,, Ve; and consequently £(c) are all stationary. In this
case, use an appropriate Law of Large Numbers and the normalisation N = n=1/2 to get that
¢(c) B E(Val|Ve; = o).

If Vz; and Veg; are also jointly normally distributed and Vz;, = v; + w; where v; is F;_1
measurable and w; is independent of F;_1 with Ew; = 0 and

(02) =) C 1)y

then £(¢) = n™t 30 (v; + cowe) 5 Ev; + cowe. We then get for the term &(c) — &(—c) = 2coye.
For example, if we run SIS on y; = fy;—1 + & and —1 < 8 < 1, we get 0, = —f and thus

§(c) = &(=¢) = =2¢B.



Theorem 3.4. Consider the empirical gauge of the split-half Step-indicator Saturation estimator
in Algorithm 2.2. Suppose the Assumptions 3.2(i,ii,iiia,iib,iiic,iv) hold. Then, for fized ¢ € R

and with
no niy
h; = A/ al(iEIl) + \/ ;21(2'612)7 (22)

VR0 =20} =~V {Gu0.0.0 ~ 0} =MD S n o (S 1)+ e} +ortr
=1

we get

Depending on the characteristics of the regressors, we get different asymptotic distributions.
We distinguish three different cases: stationary regressors, unit-root and trend stationary re-
gressors as well as the combination of both forms of regressors.

Corollary 3.5. Let the regressors x; be stationary. Consider the empirical gauge of the split-half
Step-indicator Saturation estimator in Algorithm 2.2. Suppose the Assumptions 3.2 (i,ii,iiia-iiic,
iva-ive) hold. Then, for fized ¢ € R, and with p = Ex; and

n = 2y/ninz/n (23)
we have n'/?{4,(c) — v} Y N{O,7(1 — ) + ws + wss } where

wy = ch(e){ch(c)(se4 — 1) + 4990} + 2(91 — ¥?),
Wer = 026202 () + 26,087 h(c){ch(c)pres + 793}

The two components w, and wy, of the asymptotic variance are zero in special cases. The
term w, = 0, if the variance of the error term ¢ is known and does not need to be estimated.
The second term w,, = 0, when the regressors are all strictly exogenous, as in that case £, = 0
for all ¢. Similarly, the term w,, = 0 vanishes asymptotically, if the regressors are of random
walk type or trend stationary.

Corollary 3.6. Let the regressors x; be random walk or trend stationary regressors. Consider the
empirical gauge of the split-half Step-indicator Saturation estimator in Algorithm 2.2. Suppose
the Assumptions 3.2(i,ii,iiia-iiic,iv) hold. Then, for fized ¢ € R, and with n = 2\/ninz/n we

have n*/? {4, (c) — v} LY N{0,v(1 —v) +w} where w = ch(c){ch(c)(ses — 1) + 4927} + 2(91 — ¥?).

The expressions for 91, Y2 and 93 are given in equation (7), (8) and (9). We also tabulated
the resulting values for 1¥; and s for a standard normal density f in Table 1.

Example. If the error terms ¢; are standard normal distributed, the samples have equal size,
and with stationary regressors x;, the asymptotic distribution of the empirical gauge simplifies
to

~ D
n! 2457 () = 7} = N(0, (1 =) + Wi +wit) (24)

with wi™ = 2ch(c){ch(c) + 2092} + 2(¥1 — ¥?) and wi? = £2h%(c) + 262 th(c)ds.

3.3 The simulation results

We illustrate the asymptotic results using the simulation results on convergence and asymp-
totic distribution of the Step-indicator Saturation estimator. All simulation exercises have been
coded in MATLAB and I used the following simulation design. Our data generating process
is a first-order auto-regression with an intercept equal to zero, where the coefficient varies by
simulation. The first observation is equal to the realisation of the first error term. We replicate
each simulation M = 10000 times.
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Figure 1: Simulation results compare the small sample bias for different sample sizes, selection
probabilities and autoregressive coefficients.

3.3.1 Simulations on the convergence

In this section, we complement our analysis of the convergence of the empirical gauge with two
simulations that illustrate finite sample properties of Step-indicator Saturation.

In Figure 1a we plot the empirical gauge for an increasing sample size and different selection
probabilities 7, in order to analyse the small sample properties. The DGP we use is y; = ¢,
where ¢; is standard normal. The sample size varies from 10 to 300 and we increase the sample
size one-by-one. When we increase the sample size, we redraw all n observations. We run
Algorithm 2.2 on the regression equation y; = Bx; + ¢;, for a strictly exogenous one-dimensional
regressor x; which are i.i.d. draws from a standard normal distribution. We observe that the
small sample bias is positive and vanishes quickly with growing sample size. Moreover, we
observe that the small sample bias depends on the selection quantile c. In absolute value, the
small sample bias is larger for bigger selection probabilities ~.

Figure 1b shows the relationship between the first-order autoregressive coefficient and the
small sample bias. The DGP is y; = By;—1 + €;, where —1 < 8 < 1. We increase the coefficients
by 0.1 in every step. The errors are standard normal. We run Algorithm 2.2 on the correctly
specified first-order autoregressive model for two sample sizes n = 100 and n = 1000. In each
iteration of the simulation, we redraw all observations. The figure illustrates that for constant
n, the small sample bias increases for negative § and is the largest for § close to —1. In
contrast, a positive § reduces the small sample bias. However, the small sample bias vanishes
asymptotically, as predicted by the consistency of the gauge.

3.3.2 Simulations on the distribution

In this section we provide simulation results on the asymptotic distribution of the empirical
gauge.

We compare the asymptotic variance of the gauge of the Impulse-indicator Saturation (IIS),
as discussed in section 2.3, to Step-indicator Saturation (SIS). Johansen and Nielsen (2016b)
present in their Corollary 5 the asymptotic distribution of the empirical gauge of Impulse-
indicator Saturation as

n 2 {3075 () — 7} B N{0, (1 — ) + 2¢h(e) 52 + 2¢*h%(c)} (25)

with the truncated moment s, = [© (2 — 1)f(e)de.
In Figure 2a, we display the different theoretical asymptotic variance curves of the gauge
depending on the selection quantile ¢ for IIS and different models of SIS. The DGP is y; = ¢;
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Figure 2: Simulation results plot the asymptotic variance curve as a function of the selection
quantile ¢ for different models and investigate the small sample bias.

Table 2: Table of the asymptotic variance of the empirical gauge of Step-indicator Saturation
(in %) for different selection probabilities. The expression‘-AR’ refers to strictly exogenous
regressors which are drawn from an i.i.d. standard normal distribution. The expression ‘+AR’
refers to an autoregressive regressor. The expression -o?’ refers to an unknown error variance.
The expression ‘+0?’ refers to a known error variance.

Algorithm
) IIS -AR -0? SIS -AR -0 SIS +AR -0? SIS -AR +o0?
5% 2.13 3.48 2.16 4.75
1% 0.71 0.89 0.75 0.99
0.5% 0.40 0.47 0.43 0.50
0.1% 0.01 0.01 0.01 0.01

with standard normal ;. We consider three distinct models for SIS. First, we run Algorithm 2.2
on the model y; = Bx; + €;, where x; are i.i.d. draws from a standard normal distribution and

where @]21 = c}?. We therefore have from Theorem 3.4 that w,, = 0. Second, we run Algorithm
2.2, where we have an autoregressive regressor x; = y;—1 and where d)?z = 6?-. Third, we run
Algorithm 2.2 with x; as in the first case, but with known error variance &?, = 02 = 1. We

N2

therefore have from Theorem 3.4 that w, = 0. We run the corresponding ]HS algorithm, as
outlined in section 2.3 on the model y; = Bx; 4+ ¢;, where x; are i.i.d. draws from a standard
normal distribution and where @32',1‘ = 2.

The following facts stand out. First, for all ¢ the asymptotic variance of the gauge in IIS
is lower than all three competing SIS models. Second, running SIS knowing the the variance
of the error term ¢ results in a higher asymptotic variance of the gauge. Third, adding an
autoregressive regressor to the estimated model, although unnecessary, as the DGP has no
relevant regressor, results in a lower asymptotic variance of the gauge for SIS. This does not
hold for IIS, as the theoretical asymptotic variance does not include terms that depend on
the regressors. Finally, we observe that the asymptotic variance of the gauge falls rapidly for
growing c. This gives a rational to choose a large ¢ corresponding to selection probabilities of
1% or lower, as recommended by Castle et al. (2015), as the large ¢ reduces the uncertainty on
the empirical gauge.

How precise is the approximation of the asymptotic variance in small samples? Figure 2b
shows the small sample bias of the estimated variance of the gauge of Step-indicator Saturation.

12



The simulation is based the DGP y; = ¢;, where the error terms are standard normal. We run
Algorithm 2.2 on the model y; = Bz; 4+ ¢; for a strictly exogenous one-dimensional regressor
x; which are i.i.d. draws from a standard normal distribution. We plot the results for two
different sample sizes n = 100 and n = 1000. In each iteration of the simulation, we redraw all
n observations. We observe that large selection quantiles ¢, the small sample bias is positive.
Thus, on these large selection quantiles ¢ and with small sample sizes, the empirical gauge will
have a variance larger than the asymptotic variance.

In Table 2 we tabulate the asymptotic variance of the empirical gauge of Step-indicator
Saturation for different selection probabilities ¥ = {5%,1%,0.5%,0.1%} and compare to the
asymptotic variance of the empirical gauge of Impulse-indicator Saturation as stated in (25).
The data generating process is y; = ¢; with standard normal €;. We consider four models, which
are the same models as in Figure 2a. We find that at a five percent selection probability, the
variance of Step-indicator Saturation with an strictly exogenous regressor and with unknown
variance of the error term is over 60 percent higher than for a similar setting with Impulse-
indicator Saturation. This difference vanishes for smaller selection probabilities.

4 A class of auxiliary empirical process results of temporal dif-
ferences of residuals

It is useful to consider an auxiliary class of empirical processes of temporal differences of resid-
uals. Define the two-sided empirical distribution function as

~ 1 —
G"(a7 b, C) = g Z 1(|V6i—Vac;nb\gx/iac-‘r\/ﬁn_l/gac)' <26)
=1

We have o+n"'/2a > 0 by our choice of a as & = n'/?(6—¢). In this case o+n"2a = 6 > 0 and
we only need to consider ¢ > 0. The (pseudo-)compensator (as 1(ye,<c) is not F;-measurable) is

_ 1 <
Gn(a, b, C) = E Z Ei*11(|V5¢7Vx;nb|§\/§oc+\/§nfl/2ac)’ (27)
i=1
where E;_1(-) = E(:|F;_1). Note that G,(0,0,c) = G(c) as defined in (4). We standardize the
empirical distribution function and get our empirical process of interest

Gnla,b,c) = n'/*{Gy(a,b,c) — Gu(a, b, c)}. (28)

4.1 Explicit Assumptions
We keep track of the assumptions in a more explicit way than above.

Assumption 4.1. Set 0 < k <n < 1/4 and suppose
(1) the marginal density f satisfies
(a) moments: [ |ulf(u)du < oo;
(b) boundedness: sup,cr{(1+ [v))f(v) + (1 +v?)[f(v)|} < oo;
(13) the marginal density h is smooth in that some Cy > 0 exist such that for all a > 0

Sucha h (C)

Supcg—a h (C)
infogcga h (C)

<(
H inf,agcgo h(C)

< < Ol
(4ii) the conditional density m;(y|z) given F;—1 satisfies maxi<i<n SUPyeR zere [Mi(y|z)| < 00;
(1v) the regressors x; satisfy

(a) maxi<;<n |n1/2*”N’in| = Op(l);

(b) n =0 Eiq[n'2N'Vz]? = Op(1).
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Remark 1. If the conditional joint density m; given F;_; follows the multivariate normal
distribution, 4.1(ib) would imply 4.1(ii). To see this, write the conditional density as,

frixluie) = 60) = =g oxp { — 505 (0= o).

2m 202
where w =y — pu — 'z. Its derivative is then,

8fY|X(y’x)

wo(w)
oy ’

= fy|x (y|r) {-o(y—p—-Pz)}=- o2

As sup,eg |v9(v)] < 0o, we have sup,cg ycre ‘fy|X(y|x)’ < 0.
Remark 2. The assumption of normally distributed error terms ¢; would imply Assumption
4.1(iia), because of the monotonicity of its tails is preserved in the convolution of the density f.

4.2 The empirical process results

The first empirical process result controls perturbations of the empirical process that are due
to the estimation error of the location and the scale parameters from a regression. We prove
uniform convergence in all three parameters a, b and ¢ of the empirical process.

Theorem 4.2. Suppose Assumptions 3.1 and 4.1(i,ii,iva) hold. Then, for any B > 0,

sup sup ‘Gn(a7 b, C) - Gn(0707c)| = OP(l)‘
c€R |q|,|b|<nl/4—1B

The second empirical process result provides us with a bias correction term resulting from
the quasi-compensators.

Theorem 4.3. Suppose Assumptions 3.1 and 4.1(ib,iii,ivb) hold. Then, for all B > 0 and bias
term Gn(a,b, c) = h(c)(2cac ™! + &£.b) with & defined as (21), we have

sSup sup n1/2{é(a’ b, C7/)) - 5(07 0, C¢)} - gn(av b, Clb) = OP(n_Qn)‘
€ [o]Jo|<n! /471

The proof of these results relates to those of Koul and Ossiander (1994), Johansen and
Nielsen (2016a), Jiao and Nielsen (2016) and in particular Berenguer-Rico and Nielsen (2018).
An important difference is that those papers have indicators for residuals whereas we consider
indicators for differences of residuals. This gives a more complicated dependence structure.

We also consider a result for an alternative empirical distribution function ﬁn It is used to
handle the estimates of the standard error dj?l in Algorithm 2.2. Define

~ 1 &
Hn(a, b, C) = g Z 1(|Vgi—\/ic(l—&—n*1/2a)—Vx;nb\§ﬁ|c|n*1/25n)’ (29)
1=1

where d,, is some sequence of real numbers. Its pseudo-compensator which is constructed con-
ditioning on filtration JF;,

_ 1 &
Hn(a,b,¢) = n Z Bil (e, vBe(1-4n—1/20) -V, b<VBlcln—1/26,)" (30)
i=1

The empirical process H,(a,b,c) is defined conformably. The following result holds uniformly
in a, b and c.
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Theorem 4.4. Suppose Assumptions 3.1 and 4.1(i,ii,iva) hold. Then, for any B > 0, it follows
for some 6, — 0 as n — oo that

sup sup n1/2ﬁn(a, b,c) = op(1).
|a"|b|§n1/4*"7B ceR

To derive the asymptotic distribution of the gauge, we use the McLeish (1975) mixingale
central limit theorem. A mixingale is defined as a sequence of F;-adapted random variables
{X;}, for which there exists a positive sequence ¢, — 0 as kK — oo, such that for all ¢ > 1,
k>0, EV2|E;_X;|? < ¢ and EY2X; — B Xig * < Yppr.

The sequence 1y, is considered to be of size —p if there exists a positive sequence { L(k)} which
satisfies (i) D p_{kL(k)} ™! < oo; (il) L(k) — L(k — 1) = O{L(k)/k}; (iii) L(k) is eventually
non-decreasing; such that 1, = o{(k'/2L(k))=2P}.

Theorem 4.5. (McLeish, 1975, Theorem 2.6) Let F;-adapted sequence of random variables
{X;}"_, be a mizingale with 1y, of size —1/2 satisfying EX; = 0 for all i and ES%/n — o2, where
Sp = >y Xi. If X; is uniformly square integrable and E {n_l(Sk+n — Sk)2]fk_m} — o2 in

L1(Q)-norm as min(m, k,n) — oo, then n~Y/28, LN N(0,02).

5 Two lemmas of general interest

We highlight two lemmas that have general applicability beyond the asymptotic results presented
in this paper. The first one is the bias correction for differences in probabilities involving two
random variables. The second lemma expands on the iterated martingale inequalities from
Johansen and Nielsen (2016a).

5.1 Lemma for bias correction

The next lemma is used to derive the bias term for the compensators. The compensators
require a more intricate analysis as compared to a standard Taylor approximation in Johansen
and Nielsen (2009), Johansen and Nielsen (2016a) and Jiao and Nielsen (2016), because the
conditioning on the filtration F;_1 leaves both Ve; and x;41, as random variables.

Lemma 5.1. Let X € RP and Y € R be random with density m(y,x) with respect to the
product of the Lebesgue measure and some measure v on RP. Suppose the density decomposes
into conditional and marginal densities as m(y,x) = m(y|z)mx(x) = m(z|y)my (y) and that it
is differentiable in y. Let E|N'X|* < oo and let b € RP. Then, with a normalisation matriz N
we get

1
sup [P(Y = X'Nb < ¢) = P(Y < ¢) = my (c)E(X'NbJY = ¢)| < S[b]> sup |m(y|a)| EIN'X?,
ceR 2 yeR,zeRP

where the derivative of the conditional density of X given Y 1is given as

1 om(y,x)
mx (x) dy

m(c|z) = (31)

Yy=c

5.2 Exponential martingale inequalities

The chaining argument transforms a problem of proving tightness of a class of empirical processes
to a problem of bounding tail probabilities for the maximum of a certain family of martingales.
We bound the latter tail probabilities using the exponential martingale inequality that we present
in this section. We modify the iterated exponential martingale inequality in Theorem 5.1 of Jo-
hansen and Nielsen (2016a). Because we work with bounded martingale difference sequences,
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we use the inequality in Freedman (1975) instead of Bercu and Touati (2008). Moreover, no iter-
ation is necessary, as the Freedman inequality requires fewer bounds on the moment conditions
of the martingale difference sequences.

Theorem 5.2. For 1 <[ < L, let z;; be bounded and F;-adapted with |z;; — E;—12;| < b. Then
for all ko, k1 > 0, we have

P | max
1<I<L

The next result is a corollary to Theorem 5.2 and it modifies Theorem 5.2 in Johansen and
Nielsen (2016a). Compared with their Theorem, we only require one condition, which is 2v > s.

n

Z(zu —Ei—12u)

=1

1 ° K2
> < —E E, 122 + 2L - 1
)— g Y E e+ 2o | g

Theorem 5.3. For 1 <1 < L, let z;; be bounded and F;-adapted such that |z;; — E;—125| < b.
Suppose 3¢ > 0, A > 0 so that Emaxi<<p > i g Ei_12% = O(n) and L = O(n*). Then, for all
2v > ¢ and k > 0 we get

> /@'n”} =0.

The next theorem is used to control the terms that arise in the chaining argument of the
proof of Theorem 4.2. It is used when we apply the iterated martingale inequality of Theorem
5.2 on the Emax;<;<y, Z?:l Ei_lzlzi term in Theorem 5.3, in order to move backwards in the
filtration.

n

> (2 — Eirz)

=1

lim P { max

n—00 1<I<L

Lemma 5.4. For 1 <1 < L, let z; be bounded and F;-adapted such that |z;; — E;—121;| < b.
Suppose 35 > 0, X > 0 so that Emaxi<j<f, Y1 Ei 122 = O(nS) and L = O(n*). Then, for all

2v > ¢ we get
o
/ P<{ max
0 1<I<L

Appendix A: Proofs of Lemma 2.1, 5.1 and 5.2

n

Z(Zu — Ei—121;)

i=1

> /1} drk = 0O(n").

Proof of Lemma 2.1. a) Symmetry. Ash(z) is the density of the difference of two independent
random variables €; and ¢;, symmetry is given, as

D
€ —€&j =& —& = *(81‘*6]');

the ordering of €; and ¢; in the difference does not change the distribution of the difference.

b) Normal distribution. If f is the normal density with mean 0 and variance o2, then h(x), the
density of the normalised difference of two i.i.d. normally distributed random variables, is also
the normal density with mean 0 and variance o. For the proof of the opposite direction, note
first that from Lemma 2.1(a) we know that h is symmetric. Therefore it holds

D
€ —€j =¢€;t¢&;.
By Pdlya (1923), as we assumed a continuous density with bounded second moment, the normal

density is the only density satisfying f = h.
¢) Bounded densities. The boundedness of f implies the boundedness of h as

h(v) = \@/OO f(y)f(v +y)dy < V2supf(v) /OO f(y)dy = V2supf(v).

veER —00 veER
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d) Bounded derivatives. The condition sup,cg [f(v)| < oo implies by the Leibniz rule for improper
integrals and the triangle inequality that sup,cp |h(v)| < oo, as

()l = V2|5 [ it s < V2 [ st sup oy

veER

e) Bounded product. We have with the triangle inequality that

vh(v)] < V2 ] |t i+ y)dy\ V3 ' | v+ y)dy1 < 2/Fsup|f(v)]

vER
Therefore, the boundedness for sup,cg |v|h(v) < 0o holds, as long as sup,cg |v|f(v) < oo. O

Proof of Lemma 5.1. Let P = P(Y — X'Nb < ¢) — P(Y < ¢). Write the probability as an
expectation and then expand the expectation to an integral

P=E{liy_x'Nb<e) — Liy<o)} = /Rp /CCH/Nb m(y, z)dydv(z)

Differentiate m(y, x) w.r.t. y, and apply the mean value theorem to the inner integral, to get
c+a'Nb 1

/c m(y,x)dy = (2’ Nb)m(c, z) + §($'Nb)2rh(c*|x)mx(x),

where |¢* — ¢| < |2/ Nb|. Then, decompose P = Py + Py with
P = /Rp 2’ Nom(c,z)dv(x) and Py = ;/]Rp(ﬂleb)%h(c*|x)mX(x)dU(x).

The first term is

Py = my(c) /R Nbmyy (ale)du(a) = my (ECXNDY = o).
We have by the triangle inequality

PPl =P < ;/R (' NB)? (e [)] mx (2) ().

The norm inequality gives (2’ Nb)? < |N'z|?|b|?> and we get uniformly in ¢ that

1 )
|P2| < §|b|2 sup |m(y|z)| E|N'X|?.
yER,x€RP

O]

Proof of Theorem 5.2. Let my; = |z;—E;_12|. Let 4y = >""" | my; and A = (max; <<y, |4;] >
ko). Define By =Y | E;_ym} and B = (maxj<;<z, B; < r1). Then we bound

P(A) = P(ANB) + P(ANBY) < P(ANB) + P(B).

Bounding P(ANB). Let Ay = (|4 > ko) and B; = (|By| < k1). Note A =Jj~, A; and B C B,
and apply Boole’s Inequality to get

L L
PANB) <> PANB) <> PANB).

=1 =1
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Apply Freedman (1975, Theorem 1.6) with |my;| < b to get

2
P(ANB) = {(A > ko) N B} +P{(~ Al>m0)msl}g2LeXp{_’%},

2(k1 + bko)

IIMh

Bounding P(B°). The Markov inequality and E;,_ym?, < E;_12}% give

n

P(B¢) = P( max Eio1mi > K1)

1<I<L
=1
1 n n
< —E max Ei,lmfi < E max E;_ 1le
k1 1<I<L =1 rR1 1<I<L iz
Finally, combine the bounds on P(A N B) and P(B°). O

Proof of Theorem 5.3. Apply Theorem 5.2 with ko = kn® and k1 = k?n?*{4(1+b)Xlogn} !
for some k > 0. Let n be fixed and sufficiently large such that kg < k1. Use the bound

2 2
expd———0 L coxpd 0 L2 (A1)
2(k1 +bro) | — 2k1(1+b) ’

For our probability of interest, we get that

41 +b)n°Alogn
122 Tn

Pn:O{ = o(1),

where we used 2v > ¢ > 0. ]

Proof of Lemma 5.4. Let W = maxi<j<r | > i (21 — Ei—1213)|. Our object of interest is then

o

Ew = / (W >k)dr <n’ +/ P(W > k)dk.

nU
Use the substitution formula with xk = n”ﬁ;o so dk = 2nYRodkg to get Ew < n¥ + 2n’J, where
J = floo KoP (W > R%n”) dRg. Apply Theorem 5.2 to get J < J1 + Jo, where

n

00 ~ = it
jl = / 7E max E’L 1led"<“0> ‘72 = 2L/ /%O exp {_2(0)}(1/%0’
1 =1 '

K1 + bro

with ko = &3nY and where we choose k1 = kgn?°{4(1 + b)Alogn + 6(1 + b)log ~p} L. We show
that J7 and J5 vanish with n — oo.
For J1, write out kg and k1 to get

EmaxlSlSL Z?:l Ei_lzl%- /OO 4(1 + b))\logn + 6(]. + b) log /23()
1

jl = dfi().

2v =3
n HO

Decompose this term, such that J; < le + Jli and use Emaxi<j<f, Y o Ei_123 = O(n°) with

o1 1 > log &
s=o (B8 [T L), gi—o(Z [T
nv 1 0 v 1 K/O

With ¢ < 2v and as both integrals are finite, we have le =o(1), jli = o(1) and thus J; = o(1).
For J5, use the bound in (A.1) and by our choice of ky and k1 we get

> H% * ona—2
< 2L P —————— %dRko = 2L RS “dRy.
Jo < /1 Ko exp { 2 (14 D) } Ko /1 n-“"Kq “dko

Then, by the assumption L = O(n*) we get that J» = o(1), as the integral is finite. O
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Appendix B: A metric on R and some inequalities
Introduce notation for the difference of two indicator functions

Ji(z,y) = 1(v€i§\/§gy) - 1(v5i§\/§(m)7 (B.1)

where the normalised differenced error terms have density h, see (3).
We partition the unit interval into K intervals of equal size. The corresponding quantiles of
the distribution function .
H(c) :/ h(u)du (B.2)
—00

are ¢ = H"'(k/K) for 0 < k < K, such that
|EJ¢(C}€_1,C]§)| = EJi(Ck_l,Ck) = H(Ck) - H(Ck_l) = K1 (B.3)

Choose the number of intervals K so large so that c_, ¢4 exist which are (weakly) separated
from zero by grid points in the sense that ¢x_ 1 < c_ < ¢ <0and 0 < Cky—1 < cp < g, and

1

h(C_) - h<C+) = CHK1/27

(B.4)
where Cy is defined as in Assumption 4.1(ii). The condition is satisfied for large K since h is
assumed to be continuous. Next, we restate Lemma A.6. from Berenguer and Nielsen (2017)
with their H™ redefined in terms of our distribution function H in (B.2).

Lemma B.1. (Berenguer and Nielsen, 2017, Lemma A.6.) Let Assumptions 3.1, 4.1 (ib,ii)
hold. Then

o o 1f2
(max [H(ek) —Hcp-1)| = O(K/).

We state a preliminary inequality from Jiao and Nielsen (2016), which will be used repeatedly
in the proofs. The purpose of this lemma is to handle terms involving cf(c*), where ¢ # ¢* but
where the assumptions in the Lemma are satisfied.

Lemma B.2. (Jiao and Nielsen, 2016, Lemma 1.11) If |¢* —c| < |Ac+ B| and |A| < 1/2, then
lc| < 2(|c*| + |B|) and (Ac+ B)? < 16{A42%(c*)? + B2%}.

The next lemma is used to control the difference of two indicator functions where a limit on
the distance between the boundaries of the indicator functions exists.

Lemma B.3. (Johansen and Nielsen, 2009, Lemma 1) Let e < f and eg < fo, and choose
¢ > max(|le — egl, |f — fol|) to get

[Le<e< ) = Leo<e< o) < L(je—eol<¢) + L(je—fol<0)-

The final lemma, stated without proof, lists the terms in the covariance matrix that are used
in the derivation of the asymptotic distribution of the empirical gauge.

Lemma B.4. Suppose the Assumptions 3.2 hold. Introduce the vector

/
Vi= {1(|Vei\§ﬁco) — ¥, eh(e) (7/0” — 1) hi’fczilh(c)xigihi} ’

where the regressors x; are stationary with first moment u = Ex;. Recall the definitions of
Y = E(x;iz)); v, ¥ from (1), (4); 53, 24 from (6); ¥1,702,93 from (7), (8), (9); & from (21) and
h; from (22). The vector V; has mean zero and variance-covariance matrices

(I—7)y ch(c)V2h; 0
E(V?) = * h2(e)(3e4 — )2 pé X teh?(c)osegh?
* * o2&2h*(e)h?
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and

% — 1,[)2 Ch(C)’ﬂzhi ch_lh(c)ﬂgh@-
E(V; i/+1) = 0 h?(c) (54 — 1)h12 0
0 0 o2€2h?(c)h?

For random walk and trend stationary regressors x;, we have for n — oo that £ — 0 and
therefore u&.X"1ch?(c)os3h? — 0, which simplifies the variance-covariance matrices accordingly.

Appendix C: Applications of the martingale inequality

The proof of Theorem 4.2 uses a chaining argument. In this argument, we have to control the
tail probabilities of the maximum of a certain family of martingales. The lemmas in this section
provide the bounds to these tail probabilities, by repeated use of the exponential martingale
inequality in Theorem 5.2.

Lemma C.1. Suppose Assumptions 3.1, 4.1(i) hold. For n > 0, let ¢, = H7'(k/K) for 0 <
k < K with K = Q(nl/Q). For all ¢ € R and & = ¢(1 + o~ 'n~"2a) with 0 < a < n'/*""B and
n < 1/4 choose k,k so that c < ¢, < ¢, < €. Then, with 8w < 1+ 4n, we have that

max Ji(cr, cz) — EiJi(ck, ci) | = op(n!/?7%), C.1

[ max ;{ (ks ) (ks ) }| = op( ) (C.1)

max {EZ'Ji(Ck, Cfc) - Ei—le]i(ck; C];)} = Op(n1/27w). (02)
0<k<k<K |,

Note that the martingale difference sequence in (C.1) is Fit1 and in (C.2) F;-adapted.

Proof of Lemma C.1. Without loss of generality, let ¢ = 1. Use Theorem 5.3 with v =
1/2 —w. To show (C.1), consider the F;ii-adapted term

2 = Ji(cg, ) = 1(€i+125i_\/§cl~c) ~ Nerpizei—vae)

where [ represents the indices k, k. To show (C.2), consider the F;-adapted term zfz' = E;z;.
Note the bound 0 < z;, zfg <1.
The parameter X. The set of indices [ has the size L = O(n), since L < K? and K = O(n!/?).
The parameter . Use ¢ < ¢ < ¢z < ¢ to bound z;; < 1(€i+125i_\/§a — 1(51_“251__\/50). Then,
by the Law of Iterated Expectations in the latter term, we can write

Eizii < Fe; — V2¢) — F(e; — V26), Eio1zf =Bz <H (@) —H (o),

since F is the cdf of €;11 where ¢; is known and H is the cdf of (g; — €;41)/Vv/2. By the Mean
Value Theorem with ¢ = ¢(1 4+ n~'/2a) we get

Eizii < V20~ 2alelf(c}), Ei1z) < nY2alelh(ch),
where
&t — i+ V2| < V27 Y2ale|, b — ¢ < nV2al¢.

As |X — Y| < |Z| implies | X| < |Z| + |Y], we have |¢} + v2¢| < n~2a|v/2¢| + |&i|. For a
sufficiently large n, we have n=%/2a¢ < 1/2 and Lemma B.2 yields |¢| < v2(|c¢i| + |&i]) and
lc| < 2|c5|. By the bounds on |¢| and a < n'/*""B we get

Eizi; < 2v/2Bn~ Y47 {sup(]ei + ]v|)f(v)} , Eizb < 2Bn V4" sup |v|h(v).
veR veER
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As E|ei| < oo by Assumption 4.1(ia) and sup,cr(1l + |v|)f(v) < oo by Assumption 4.1(ib) we
have with ¢ = 3/4 — ) that

E max Z Eiz; = 2Bn~ Y4~ ”Z {Sup Elei| + [v)f(v )} = 0(n®),

1<I<L
= i—1 \vE

n

_ 3/4—n S
Elrillagil IE, 12, =2Bn ilelﬂg lulh(v) = O(n®).

The condition 2v > ¢. To satisfy this condition, we set v = 1/2 — w, with 8w < 1+4n. O

Lemma C.2. Suppose Assumptions 3.1, 4.1 (ib,ii) hold. For 6,n > 0, partition ¢ such that
cr = H Y (k/K) for 0 < k < K with K = int(n'/?/§). Consider two cases: d—0 and d = K~1/2.
Then, with 4w < 1, we get for both cases

chk1—d6k+d) EiJi(cr1 = d, e +d)| = 0p(n!/27),  (C3)

max
1<k<K

max Z EiJZ’(Ck,1 —d,c + d) — Ei—lji(ckfl —d,c + d) = 0p(n1/2_‘”). (C4)

1<k<K |4
1=

Note that the martingale difference sequence in (C.3) is Fiy1 and in (C.4) F;-adapted. If d =0
then Assumptions 4.1 (ib,ii) are unnecessary.

Proof of Lemma C.2. Use Theorem 5.3 with v = 1/2 — w. Let 23, = Ji(ck—1 — d, cx + d).
The martingale difference sequences are bounded by |2ki g — Eizkidl, |Eizkid — Eim12kid] < 2.
The parameter X. The index k has size K = O(n?) with A = 1/2.
The parameter s. Consider £,0 = Emaxj<g<g Y 1y Ei—12kiq and d = K12, Define the
term Hy = H(ex + K_l/z) — H(eg—1 — K_I/Q), such that (B.3) implies E;_12x; ¢ = Hi. Use the
mean value theorem, for ¢}, ci | so |cf — cxl,|ci_; — ck—1] < 2K~1/2, such that

H(cr + K~'2) = H(ck) + K V?H(ex) + (K1 /2)H(ch),
H(ck—1 + K ~V2) = H(cp—1) + K2 (cpmr) + (K /2)H(ch_y).

Take the difference and apply the triangle inequality
|Hk| = [H(ck) — H(ex—1)| + K ?|H () = H(ep—1)| + (K1 /2)[H(ci) — H(ci_y)].

By construction, the first term is 1/K. By Lemma B.1 and Assumption 4.1 (ib,ii) we have
[H(ck) — H(ek—1)| = O(K~1/?). The second term is therefore O(K~!). By Assumption 4.1 (ib)
H(.) is uniformly bounded and thus the third term is O(K ~!). Consequently, |Hz| = O(K 1)
so that

_p—1/2 -1/2y _ —1/2
11<I}€a<x E,_ 12,%“1;—11<r}€3£xKEZ 1Ji(cg—1 — K Jop + K ) =d0(n ). (C.5)

Then, it holds that &,2 = EY.", 60(n~1/2) = §0(n'/?). As § > 0 can be chosen arbitrarily
small, we have &,9 = O(nl/ 2). If d = 0, the previous assumptions are unnecessary. We get by
the construction of the partition in equation (B.3) that E;_1.J;(cp—1, cx) = O(n~1/2).

Consider &£,1 = Emaxi<g<i > iy Eizgiq. Add and subtract E;_;zk; 4 and use the triangle
inequality to get

+E max

En1 < E max ZEZkzd —12kid
<k<K

1<k<K

ZE —12kid

(C.6)
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n

E max E Eizkid — BEic12kid
1<k<K |4
=

The second term in (C.6) is of the same order than &,3. For the first term in (C.6), use
= [y°{1 — F()}dz on a non-negative random variable X, to get
oo
< /0 {122}{1( Z Eizkia — BEic12kid| > ﬁ} dk.
Apply Lemma 5.4 with the parameters X', ¢’ and 1/4 < v/,

The parameter X'. Given the same set-up, X' = \.

The parameter '. If d = K~/2, we argue as in (C.5) and use Assumption 4.1 (ib,ii) to get
Emaxi<j<r > 1y Eic1zkia = O(n'/2) and ¢ = 1/2. If d = 0, the parameter ¢’ = 1/2 follows
from the construction of the partition in equation (B.3).

The condition 2v’ > ¢’. This is satisfied for our choice of 1/4 < v'. Therefore, the first term
in decomposition (C.6) is O(n'/? — w) with w < 1/4.

We now know the order of both terms in (C.6). The larger bound determines the order of
Ena = O(n!/?). Thus, for (C.3), we find that ¢ = 1/2.
Condition 2v > ¢. To satisfy this condition, we set v =1/2 — w with w < 1/4. O

Appendix D: Proofs of auxiliary Theorems 4.2-4.4

While the proof of Theorem 4.2 uses an intricate chaining argument, Theorem 4.3 relies on
Lemma 5.1 which was highlighted in section 5. The proof of both theorems proceed by first
establishing a similar result for one-sided empirical processes.

D.1 The empirical process result in Theorem 4.2

We prove Theorem 4.2 by first considering the one-sided indicator functions. Define the one-
sided empirical distribution function with differenced error terms

Fy (CL b, C Zl Ve <v20c+v2n~ 1/2qc+Va!, b) (Dl)
i=1
which has the (pseudo-)compensator

F (CL b, C ZEZ 1l (Vei<v20c+v2n~1/2ac+ V!, b)’ (D2)
=1

and which together form the empirical process
Fo(a,b,c) = n'/*{F,(a,b,c) — Fn(a,b,c)}.
Theorem D.1. Suppose Assumptions 3.1, 4.1(i,ii,iva) holds. Then, for any B > 0, we get

sSup sup |]Fn(a‘7 b, C) - Fn(oaoac)’ = OP(l)'
¢€R [al Jbl<n/4-1B

We prove this theorem in two steps. We first set b = 0 and introduce Theorem D.2. In a
second step we set @ = 0 and introduce Theorem D.3. The proof of Theorem D.1 then pulls
these strings together.

Theorem D.2. Suppose Assumptions 3.1, 4.1(i) are satisfied. Then, for any B > 0, we get

sSup Sup |Fn(a7070) - Fn(07076)| = OP(l)‘
c€R |g|<nl/4-nB
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Case 1:

1 1 | 1 1 | *c
Cr—1 < €y, cpt_y ct cpt
Case 2:
| | | | > c
| | | [ =
Cr_1= Cpt_q < ct Ok = Okt
Case 3:
| | | | | >
| | | | [
Cp_1 c Cp = Cpt_q et cpt

Figure 3: An illustration of the chaining argument

Proof of Theorem D.2. 1. Notation. Let ¢ = ¢(14+0~'n~1/2a) and write the term F,(a, 0, ¢)
as F,,(0,0,c'). Assume ¢ < ¢ and set v/20 = 1 without loss of generality. We define the term
M, (c,ct) = nY/2{F,(0,0,c") — F,(0,0,c)}, which can be rewritten in terms of J; as in (B.1) to
be S {Ji(e, ) — Ei_1Ji(c,¢l)}. Our aim is to prove M,, = op(n'/?) uniformly in ¢ and a.

2. Decompose M, (b,c) into martingales. The term M,(c,c') is not a martingale because
giy1 in Ji(c, cl) is Fiy1 and not Fi-adapted. To transform M, (c,c') to be a martingale, add and
subtract E;J;(c, c) to get M, (c,cl) = M} (c,ct) + M2(c, cl) with

M}(e, e Z{J (e, —EiJi(e, e}, M2(e,cf Z{EJ (¢, ") —Ei_1Ji(e, N},

and where their respective martingale difference sequences are F;;1 and F;-adapted. In order
to prove M, = 0p(n1/2) uniformly in ¢ and a, we then have to show for ¢ = 1,2 that

M =sup sup  [Mi(c,c)| = op(n'/?).
c€R |g|<nl/4-1B

3. Partition ¢ such that ¢, = H"1(k/K) for 0 < k < K with K = int(n'/2/§) and 6, n > 0.

4. Assign ¢ and ¢ to the partitioned support. For each ¢ and ¢! there exist k < kf and grid
points so that cx—1 < c < ¢ and ¢y < et < Cpt -

5. Apply chaining to the martingale M. Relate c to the nearest right grid point ¢; and cf
to the nearest left grid point ¢;+_;. As illustrated in Figure 3, three distinct cases arise.

e Case 1: We have J;(c, ") = Ji(c, cx)+Ji(ck, et _1)+Ji(cpt_1, c!). By the triangle inequality
| My (e, ) < [My (e, er)l + [Myy(cx, gt 1)] + [ My (gt —q, ¢N)|. Define for j =1,2

Min = max ’Mg(ckacé)L (D?’)
0<k<k<K

where k and k satisfies H(¢) < k/K < k/K < H(c) and define

- M . D.4
M, I, §1<113<Ck! 7(cer)l (D.4)

Then, M., bounds |M}(ck,cpi_1)| and M}, bounds |M_}(c,cx)| and [M}(cpi_q,ch)].

e Case 2: We have Ji(c,c') = Ji(c,cr) — Ji(cl,cpt). Then, by the triangle inequality
|M(c,eh)| < |ML(e,cx)| + |ME(cT, cpi)|. Both terms are bounded by M},

e Case 3: We have Ji(c,cl) = Ji(c,cx) + Ji(cgt_q1,cf). Then, by the triangle inequality
|ME(c,eh)| < |ML(e,cx)| + | M} (chi_q,cl)|. Again, both terms are bounded by M}, .
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Combine the results from all three cases, and we have M} < M} +2M] .

6. The martingale is M}, = op(n'/?) by Assumption 4.1(i) and (C.1) in Lemma C.1.

7. Decompose the martingale M;n. For ¢g_1 < ¢ < ¢, and 1 < k < K, we have the
bound J;(c, cg) < Ji(ck—1,cx). Therefore M} (c,cr) < S0 {Ji(ck—1,cx) + Eidi(ck—1,cx)}. Con-

sequently, ./\/ll%n < ./\/lllm + 2M;n where the martingale and the compensator term are

n

—1
M; = max E;J;(cr_1,cr).
) bn 1<h< K 4 - 7 Z( k—1, k)
1=

1o 1
My, = 12}%}{1( ‘Mn(ck_l, k)

8. The martingale is /Wllm = op(n'/?) by (C.3) in Lemma C.2 with b,, = 0 Vm and d = 0.
9. The compensator is ﬂ;n = op(n'/?). Add and subtract E;J;(ck_1,cx) to the sum in ﬂ;n
and apply the triangle inequality to get

n

—1
M,,, <  ax | M2 (ck—1,cr)| + | ax 1 Ei—1Ji(cr—1,ck).
P

The first term is op(n'/?) by (C.4) in Lemma C.2 with b,, = 0 for all m and d = 0. For the
second term use (B.3) to find Y1, E;_1Ji(cr_1,cx) = 60(n'/?). Since § > 0 can be chosen
arbitrarily small, we have ﬂin = op(n'/?).

10. Apply chaining to martingale M2. Argue as in point 5, to show M2 < M2 +2M2 .

11. The martingale is M2, = op(n'/?) by Assumption 4.1(ib) and (C.2) in Lemma C.1.

12. Decompose the martingale Ml%n' Argue as in point 7 with /\/lgn < //\/lvgn + 2Mzn as

n
My, = | max | My (cp—1,ck)|, My, = RS Ei1Ji(cr—1, i)
1=

13. The martingale is Mvén = op(n'/?) by (C.4) in Lemma C.2 with b,, = 0 ¥m and d = 0.
14. The compensator is ﬂin = 0(n1/2) by the same argument as in point 9. O

Theorem D.3. Suppose Assumptions 3.1, 4.1(ib,ii,iva) are satisfied. Then, for any B > 0, we
get

sup sSup “Fn(o7 b, C) - Fn(07070)| = OP(]')'

cER |p|<nl/4—1B
Proof of Theorem D.3. 1. Notation. Let z(b,c) = Ji(c,c + Vi, b) and let My (b,c) =
S {zi(b,¢) — Ei—12(b, ¢)}. We want to show | M, (b, c)| = op(n'/?) uniformly in b and c. For
6,n > 0, partition ¢ such that ¢;, = H'(k/K) for 0 < k < K with K = int(n'/2/8). Let ¢,
be the nearest right grid point to c¢. We rewrite z;(b, ¢) by adding and subtracting 1 (Ver<vBoer)
to get z;(b,c) = z;r(b, ¢y ) — z;f(O,c, k), where z;f(b, ¢, c;) = Ji(eg, ¢+ Vai, b). Hence, we have
M, (b,c) = M;{(b, ¢, Ck) —MJ;(O, ¢, ¢) with M,li(b, ¢ cp) = Z?Zl{zj(b, ¢y ) — Ei_lzj(b, ¢, cr)}. We
transform MZ(b, ¢, ¢k) into a sum of two martingales by adding and subtracting Eizj(b, ¢, cx) to
get

My, (b, ¢) = M (b, ¢, ) — MI2(b, e, cx) — M0, ¢, ) + M32(0, ¢, c1),

where we first define the term M, (b, ¢, cp) = Z?zl{zg(b, ¢, ) — Eizj(b, ¢,cx)} and then define
the second term M, (b, ¢, c) = Z?Zl{Eile(b, ¢, L) — Ei,lz;-r(b, ¢, ck)}. To show that | M, (b, c)| =
oP(nl/Q) uniformly in b and ¢, it suffices to show that with ¢ = 1,2,

sup max  sup |[M}9(b,c,c)|, max  sup  |[M9(0,¢ c)l.
b|<nl/4=nBI1SKSK ¢ <c<ey ISk<K ¢ 4 <e<cey

are op(n'/?). As the first term bounds the second term, we only need to study the first term.
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2. Truncating regressors and martingale decomposition. By Assumption 4.1(iva), for all
e >0, 4C;, ng > 0 so that the sets

Cn = < max |n1/2xm| < Cyn > . Cin (\n1/2xm| < Cﬂl“) ,
1<n<N

satisfy P(CS < €) for n > ng, while C,, C C;y, and Cyy, is F;—1 adapted. Thus, for ¢ = 1,2, we
get that n'/2|M(b, ¢, ¢i,)| vanishes if n'/2|M}9(b, ¢, ¢;,)|1¢, vanishes. By the triangle inequal-
ity and by C, C C;, we get |MJL’1(b, c,en)lle, < >0 ]zj(b, e cr)lle, + |EizZ-T(b, ¢, cx)lle, and
IM32(b, ¢, )1, < SO, [Eizl (b, e, ci)|e, + [Ei1z) (b, ¢, e) e, -

We bound ]zT(b ¢, cx)|le, . First, recall the bound to b, to get on Cip,

|V, b < |V, ||p] < Bn'/41C,n "2 = BCyn 114 < K=1/2,

where the last inequality holds for large n since 7 > & while K = int(n'/2/§) for fixed §. Since
cx—1 < ¢ < ¢, exploit the truncation on C;;, to get that uniformly in b, ¢ we have

0 < |2 (b, ¢, er)lle, = [Ji(cr, ¢+ Vai,b)|le, < Ji(cr1 — K V2 e+ K~V2) = 2H(er_1, cp).

Thus, we can bound | M, (b, c, ck)llcn < M, cp—r) and | MI2(b, ¢, cx)|le, < M2 (c, co1)
where we first define the term M (¢, cp_1) = Zizl{zi (ck—1,ck) + Elzii(ck_l,ck)} and then
define as the second term Mg’z(ck,ck_l) = Z?:l{Eizf(ck_l,ck) + Ei,lz;;(ck_l,ck)}. Now, for
q=1,2, the term Mi’q has martingale decomposition Mi’q = ]’\‘4’1711 + 2Mi’q where

, ; T
M} (cr_1,cr) § {Z Ch—1,¢k) — Eizj (ck—1,cr)}, M) (cp—1, k) § EZ (Ck—1, k),

n

M} (cp-1,er) = > _{Eiz} (cho1,cx) — Eic12} (cem1, )}, M (chor cx) Z Ei—12] (ch—1, ck)-
i=1
3. The compensator is maxy Mff = o(n'/?). Analyse this term as in (C.5) to get using
Assumption 4.1 (ib,ii) that maxy, M}f = 50(n'/?). Since § > 0 can be chosen arbitrarily small,
max, Mi’z = o(n'/?).
4. The martingale is maxy, Mi? = op(n!/?) by Assumption 4.1(ib,ii), the choice d = K~1/2
and equation (C.4) in Lemma C.2.
5. The compensator is maxy, Mi’l = op(n'/?). Add and subtract Ei_lzf (¢, c) such that
Vil 72 72
M < M M - .
| max (ck—1, cx) | max (ck—1,cx) + | ax (ck—1,ck)
Both terms vanish as in point 3 and 4 of this argument.
6. The martingale is maxy M* = op(n'/?) by Assumption 4.1(ib,ii), the choice d = K~1/2
and equation (C.3) in Lemma C.2. O

Proof of Theorem D.1. Let W = F,(a,b,¢) — F,(0,0,c). Denote ¢! = ¢(1 + o7 'n"1/2a).
Use Fy,(a,b,c) = F,,(0,b,c') so it follows that W = F,,(0,b,c') — F,(0,0,c). Add and subtract
Fn.(a,0,c) = F,(0,0,c) and apply the triangle inequality to get

|W‘ < |Fn(07 b7 CT) - ]Fn(ov Oa CT)‘ + |Fn((1, Oa C) - Fn(oa Ov C)‘

Thus, the problem reduces to showing

sup  sup  [F(0,b,c’) — F(0,0,c¢h)| = op(1),
cER |p|<nl/4-nB

sup sup |Fn(a’7076) —Fn(0,0,C)’ = OP(]')'

c€R |g|<nl/4-nB

The first equation follows from Theorem D.3 using Assumption 3.1, 4.1 (ib,ii,iva). The second
equation follows from Theorem D.2 using Assumption 3.1, 4.1 (i). O
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Finally, we prove Theorem 4.2 by decomposing the two-sided indicator functions into two
one-sided indicator functions.

Proof of Theorem 4.2. Let v/20 = 1. Our object of interest is G = G, (a,b,c) — G,(0,0,¢c).
We have |Ve;| ~ G and Ve; ~ H. Let ¢ = ¢+ (2n)~'/2ac. Because

1(|Vei—Vz’mb|§c*) = 1(Vei§c*+Vz;nb) - 1(Vei<—c*+Vz;nb)

and by the definition of the one and two sided empirical process, we have G, (a, b, c) = Fy,(a, b, c)—
limg . Fy(a,b, —cf) for any ¢ > 0. Using this and the triangle inequality, we have

G < |Fn(a,b,¢) = Fn(0,0, )| + lim [y (a, b, —cl) = F,(0,0,—ch)|.
clle

The terms on the right hand side vanish uniformly in a, b, ¢ by Theorem D.1 using Assumption
3.1, 4.1 (i,ii,iva). O
D.2 The bias correction term in Theorem 4.3

As for the proof of Theorem 4.2, we proceed by showing first the one-sided equivalent of Theorem
4.3. Recall the definition of the pseudo compensator F, in (D.2).

Theorem D.4. Suppose Assumptions 3.1 and 4.1 (ib,iii,ivb) hold. Then, for all B > 0, we get

sup  sup n'2{Fp(a,b,¢) = F(0,0,¢)} = Bu(a,b, c)| = op(n~>"),
¢€R |al [p|<n1/4-7B

where the bias term, with ¢! = ¢(1+n"2a/0) and £(c) as in (20), is defined as
ca i i
B, (a,b,c) = —h(c) + h(c")é(c)b.
o

We prove Theorem D.4 by further considering the two separate cases where a = 0 and b = 0.

Theorem D.5. Suppose Assumptions 3.1 and 4.1 (iii,ivb) hold. Then, for all B > 0, we get

sup sup [0t/ (0,5,¢) = Fu(0,0,0)} ~ h(c)é(c)b| = op(n2).
ceR |b|<nl/4-nB

Proof of Theorem D.5. The object of interest is

Qu(b,¢) = n'?{F,(b,¢) — Fr(0,¢)} — h(e)&(c)b = n~Y/? Zn: P;(b, c),

i=1

where P;(b, c) = Ei_l{l(VQS\/iac—l—VJa’- b~ 1(v£i§\/§ac)} —h(c)é(c)b. As the joint density m;(y, x)
is differentiable w.r.t y by Assumption 4.1 (iii), apply Lemma 5.1 to P;(b, ¢) conditional on F;_
with /2
Ve; nt’*Vax!

and X =—+-"""
V20 V20

Note that Y is independent of F;_1. Let the conditional density m; given F;_1 be defined as
in (5) and represent the conditional derivative of the conditional density of Ve; given n'/2V;,
and conditional on F;_;. We get the bound

Y =

Pi(b,c)] <27 b|*  sup [m(yle)| Eict|Vain|* < OmY2721)  sup  |my(y|z)| Eim1| V>
yeR,xeRP yER,z€RP
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Then by the triangular inequality we have

1 n
b,o)| < O(n~?") max s M; =N B 0PV a2
|Qn(b,c)| <O(n )fgig}%yeRzléRJ i(ylx)| n Zz; i—1ln Tin|

Due to Assumption 4.1 (ivb), n=' S°%_ | E;_1|n'/?Vz;,|? = O(1) and by Assumption (i) we have
that maxi<i<n SUpyer zere [Mi(y|7)| < co. Thus the expression on the left hand side is of order
op(n~2") uniformly in ¢ and b. O

While Theorem D.5 controlled for variation in b and ¢, we state in the next paragraphs the
theorem to handle variation in @ and c.

Theorem D.6. Suppose Assumption 3.1 and 4.1 (ib) holds. Then, for all B > 0, we get

sup sup nl/Z{Fn(a7 07 C) - Fn(ov 07 C)} - %h(c) - OP(nizn)'
c€R |g|<nl/4-1B g

Proof of Theorem D.6. The object of interest is

O, (a,¢) = n'/2{Fp(a,0,¢) — Fn(a,0,¢)} — %h(c).

Let I;(a,c) = L9e,<vBoetvan-1/2ac) ~ L(ve;<y20c) 80 h(a,c) = (ac)/(n"'/?c). Define P;(a,c) =
Ei—1l;(a,c)—h(a,c)h(c) and note that Ve; is independent of F;_;. Rewrite the object of interest
as Qn(a,c) = n~ 23" Pi(a,c). Write Pi(a,c) as an integral

ct+h(a,c)
Pi(a,c) = / h(u)du — h(a,c)h(c).

As h is differentiable, we can Taylor expand the integral at ¢ and get P;(a,c) = h2(a, ¢)h(¢)/2,

where |¢ — ¢| < |h(a, c)|. There exists ng > 0, so for any n > ng we have |0~ 'n~"1/2¢| < 1/2. We

then apply the second inequality in Lemma 1 to obtain h%(a,c) < 16(n~'a?é20~2). Exploit the

bound |a| < n'/*"B to get
[Pi(a, cy)l = O(n~ /272N ().

Since &[h(e?)| < sup,er ¢2[h(c)| < oo by Assumption 4.1 (ib) we have |P;(a,c)| = O(n~1/2-2)
uniformly in 9, a and i. Then it follows that |Q,(a,c)| = O(n~2") uniformly in ¢ and a. O

Proof of Theorem D.4. The interest is W,, = n'/2{F,(a,b,c) — F,(0,0,¢)} — Bn(a,b,c). No-
tice that F,(a,b,¢) = Fp,(0,b,ct). Add and subtract n'/2F,(a, 0, ¢) = n'/?F,(0,0, ") and apply
the triangle inequality to get

Wa < ‘n_l/Q{fn(O, b,ch) — F(0,0,¢M)} — h(ehe (cT) b’
+ ‘nl/Q{Fn(a,O, ¢) — Fn(0,0,¢)} — %h(c)‘ .

Thus, the problem reduces to showing

sup sup (E(o, b,ch) — F,(0,0, cT) — h(cT)ﬁ (CT) b‘ = op(n2") (D.5)
cER |al b|<n1/4—1 B
sup  sup (Fn(a, 0,¢) — Fn (0,0, ¢) — %h(c)‘ = op(n~2") (D.6)

c€R |al,[b|<nl/4=1B

Then, (D.5) is shown by Theorem D.5 using Assumptions 4.1 (iii,ivb). Further, (D.6) is shown
by Theorem D.6 using Assumption 4.1 (ib). O
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We can now expand the Theorem D.4 to the absolute empirical processes. In this case
we consider the distribution G as the reference distribution to pick our quantile ¢, as we have
absolute differenced error terms.

Proof of Theorem 4.3. The term of interest is G = n'/2{G,(a,b,c) — G,(0,0,¢)} —Gn(a, b, c).
Note |Ve;|/(v/20) ~ G and Ve;/(v/20) ~ H. We can write the two-sided indicator function as
the difference of two one-sided indicator functions as

1 (Vaigx/iac—i—\@n*l/?ac—&—Vx;nb) —1 (Vei<—v20c— ﬁn*1/2a0+Vx;nb)

and we have G, (a,b,¢) = Fp(a,b,¢)—limy, . Fn(a,b, ct) for any ¢ > 0. By this and the triangle
inequality, then,

G| <

)~ Fu00.0) - 20 - o+ )

+ lim

— _ i 1
lim |/ (F (a,b,¢F) = Fu(0,0,¢1)} = = Zh(el) — h(ch)e <ci + “) ’ .

nl/2q

In the previous equation, we can replace ¢ + ac/ (nl/ 25) by ¢, which relies on continuity of £(c).
To show continuity, decompose Vz; into Va; = v;—1 + n;, where v;_1 is F;_1 measurable and
n; is independent of F; 1. Then, E(Vz;|Ve; = v20¢) = v;_1 + E;_1(n:|Ve; = V20¢). For
the latter term we get E;_1(n;|Ve; = v20¢) = E(1;|Ve; = V20¢) = [g, nfyve(nlc)dn, where
fyve = m/f. The density f,v. is continuous, by Assumption 4.1 (iii) and thus the integral and
the conditional expectation is. As ¢+ ac/(n'/?0) — ¢ for n — oo, we have by continuity of £(c)
that £(c + ac/(n'?0)) = £(c).

Due to the symmetry of h, we then get the desired reductions by applying Theorem D.4 with
Assumptions 4.1 (ib,iii,ivb). O

D.3 Proof of Theorem 4.4

The idea of the following proof is to transform the problem to format to which our existing
Theorems, in particular, Theorem D.2 and D.3 can be applied to.

Proof of Theorem 4.4. Let o = 1. Write the empirical distribution function as n'/ 2ﬁn(a, b,c) =
H,(a,b,c)+n/?H,(a,b, ) by adding and subtracting the compensator, as defined in (30). Then,
it suffices to show for some 6, — 0 as n — oo that

sup sup H,(a,b,c) = op(1), sup sup nl/Qﬁn(a, b,c) = 0.
la],[b|<nl/4—7 B 0<y<1 lal, b|<nl/4—n B 0<y<1

Consider first the compensator term. We apply the mean value theorem on the conditional
expectation

n
/2 ~1/2 *
n!/2Hn(a,b,¢) = 0712 Y B (v yae(tn- 120Vl bl<vBln1/25,) S 2V 2nles[F(e),
i=1
where |c¢* — ¢; + Va}, b+ v2¢(1 + n~12a)| < v/2|¢|n~/26,. Note that |X — Y| < |Z| implies

| X| < |Z| + |Y| and let & = v/2¢(1 + n~Y2a) to get

V2|en~1/26,

cF+el <
| = 11+ n—1/2q]

+ ‘e’:‘i — V(E;nb‘.

For a sufficiently large n, we have v2n~1/26,/|1 + n=/2a| < 1/2 and we apply Lemma B.2 to
get |c| <2(1+ |c*| + |&i| +|V,,b|). Use this bound on |c| and get

n"/2H,(a,b,¢) < 4V28, sup [vlf(v) + 420,07 Y {(|Va,b| + i) sup f(v) }.
veER =1 vER
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By Assumption 4.1 (iva), we have maxi<i<p |VZin| = op(n®~1/2) that is, for all € > 0 there
exists a C; > 0 so that the set (maxj<;<, |V}, | > Cyn""/2) has probability of less than e.

On the complement of this set, which is (max; <j<p, |Vah,| < Con®~1/2) wehaven™t 37| |Vl b| =
O(n*~1=1/4) and by E|e;| < oo and sup,p |v|f(v) < oo, we have with 6, — 0 as n — oo that
SUD| g/ |b|<nl/4~n B SUP0<y<1 n/?H,(a, b, cy) — 0.

Consider next the martingale term. For this part let V20 = 1. Rewrite the two sided
indicator functions in H(a, b, ¢) into two one-sided indicator functions of the form

Ii(a7 b, C) = 1(V517Vx;nb§c(1+2n—1/2(a+5nsign(c))) - Ei1(Vz—:i7V:v;nb§c(1+2n—1/2(a+6nsign(c)))

as /23" Ti(a+ Spsign(cy), b, c) — limgs s Ii(a—68lsign(c), b, ¢). Add and subtract I;(0,0, ¢)
from H(a, b, c). Then use the triangle inequality to get

H(a,b,c) < |n~"/? Z{Ii(a + dpsign(c), b, ¢) — 1;(0, 0, c)}|
i=1
+|\n1/2 Z { 1fim Ii(a — 81 sign(c), b, ¢) — IZ-(O,O,C)H .
= | sitsn

Then for large n, we have that §,, is sufficiently small such that a + d,sign(c) < 2a. We
define J;(a,b,c) = Ji{c,c(1 +v/2n~2a) + Va!, b} with the J; function defined as in (B.1). It
suffices to show

sup sup
|a‘7|b|§2n1/4*nB ceR

n~ 2N {TJia,b,¢) — EJi(a, b, c)}‘ = op(1).
=1

Use the argument in Theorem D.1 where we first set b = 0 and then a = 0 and combine
afterwards, such that it suffices to show, with ¢ = ¢(1 + v2n~1/2q)

My = sup sup
la|<2nl/4=1B c€R

n—1/2 Z{Ji(C, ") = EiJi(e, CT)}| = op(1),

My = sup sup
|b|<2nl/4-nB ceR

n-1/2 Z{Ji(C, c+ Vi, b) —E;Ji(c,c+ Va:;nb)}‘ = op(1).
i=1

The first term vanishes as in points 4 to 7 in Theorem D.2, while the second term vanishes as
Theorem D.3. 0

Appendix E: Proofs of main Theorems 3.3 and 3.4

We first show that the analytical expression of the empirical gauge can be represented in terms
of the two-sided empirical distribution function En, its compensator G,, and the corresponding
empirical process G,, which were defined in (26), (27) and (28). To do this, we first show
that the term for the estimated variance d}?z can be replaced by &]2. We then proceed to apply
Theorem 4.2 and 4.3 to derive our results on the asymptotic distribution and convergence of the

empirical gauge.

E.1 Absolute empirical process representation of the Gauge

In this section, we decompose the analytical expression for the empirical gauge. We defined the
gauge in equation (19) as

) 1 ¢

PYTZ(C) = n Z 1(|vi|>c)7

i=1
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where the random variable v; in the indicator function is defined as

Vy; — 2V 1 Vy; — B1V$i1
\/570?&' (ieny) T W (i€na)
s? X4
and where the estimated variance is ©%; = 67{2 + Vi (el zpx)) V.
We define the estimation errors a;; = njl/Q(wJ i—0), 0 = n]/2(aj —o) and b = Jfl(Bj -B),
where j refers to each half-samples. The normalised differenced regressors are me = N J'.in,

where N; is the normalisation for the respective half sample. Rewrite the empirical gauge in

V; =

terms of the estimation errors a;; and b;. We use

Véi = Vyi — BjV$i = VEZ‘ ( ) V:L’l
= Ve; — {N; (8 — B)} (N} V)
= Ve’:‘i - ijl'm

and V2cw;,; = \fc(djji —o+o0) = \fc( 1/2?1” + o) to get for the empirical gauge with

13i(@5055:) = 9., iy 9uain|<vBeton; 20y 0D N = M/

An ( _1——2111@“172, Zl2zalzub17 (E.1)

7,611 16[2

Note that I; for j = 1,2 denotes the two subsets of observations created in Algorithm 2.2 and
n; refers to the sample size of the respective subsample. Without loss of generality, consider the
normalised first sum of indicator functions

1
N Z 1(|V5¢—B’2V$m|§\/§c(a+n;1/2&2’i))'

i€l

(E.2)

If the Step-indicator Saturation estimator is implemented by saturating the sample with
half-samples of step-indicators, the resulting variance of the step-indicators is of the form d}%z =
63{2 + V:U;(Zkelj zpxh) 'Va;}. The standard error s, involving the &o;’s can be handled
with Theorem 4.4. By Assumption 3.2 (ivc) we have maxi<;<n n1/2|d)2,i — &9 = op(1) and by
Assumption 3.2 (iva,ivb) we have |ay|, |b2| = op(n!/4~"), so that for all € > 0 there exists a 6, B >
0 such that the event (maxi<;<y, |2, —a2| < d) and (|az|, \132\ < Bn1/4*’7) has probability greater
than 1 —e. Add and subtract I; ;(as, 132, ¢) from (E.2) and use Lemma B.3 with maxj<;<y, |2, —
az| < 6, where 6, — 0 as n — 00, to get

1 o . PO PO
Moy = —— > {Il,i(azubmc) - Il,i(GQabQ,C)} =/n1 {Hm (a2, b2, ¢) + Hp, (a2, b, —C)} ;
m i€l

where ﬁn(a, b, c) is defined as in (29) and where the index n; signals that only observations of
the j’s-subsample I; are used for the sums. Then, on the event (maxj<;<y |G2,; — G2 < 6) and
(lasal, |ba| < Bn'/4=1) by Theorem 4.4 and for &, — 0 as n — oo

Hp, < sup sup 2n1/2ﬁn1(a, b,cy) = op(1).
lal,|b|<nt/4=nB 0<¢)<1

Therefore we can consider the estimation errors as and 32 within the indicator functions.
Then, rewrite the empirical gauge of (E.1) in terms of the empirical distribution function defined

n (26) as R A R R
ﬁ/n(C) =1- )\lGnl (dQ, b2, C) - )\QGnQ (dl, bl, C), (E3)

where the index n; signals that only observations of the j’s-subsample I; are used for the sums.
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E.2 Proof of convergence in distribution

Proof of Theorem 3.4. Our object of interest is Gy, = v/n{n(c) — v}, where 4, (c) is defined
as in (E.3). Noting ¢» = 1 — ~, we then have

~

Gp = \/ﬁ {1/} - Alérn (62’ 62’ C) a )\2an <d1

73176)}7

where A\; = n;/n for i = 1,2. We decompose this term into two components

with G, = \ﬁ{@m(fm,i)m c)

_\/)TIGM - \/anz

(E.4)

. 1/}} and G, = \ﬁ{ém(al,él, ¢) — zp}

Without loss of generality, consider the first split-sample. Write the emp1rlca1 gauge of the
first split-sample in terms of the empirical distribution function Gn1 (G, bg, ¢), the compensator
G, (a2, ba, ¢) and the empirical process Gy, (ag, b, ¢) as

Gy < \/E{Gm(o,o,c) - ¢} +

where the empirical process term is G, (az, b, c) = Gy, (ag, b, ¢)

term is G, (42,b2,¢) = \/E{Cm

By, (é2,ba, ¢) = h(c

gnl(d%é%c)‘ +

gnl (&27 827 C)’ + Bn1 (d27 627 C)7

— Gy, (0,0, c), the compensator

(2, bo, ) —Cm((),(),c)} — By, (a2,bs,¢) and the bias term is

)(2cago ™ + E.bo) with &, = £(¢) — £(—c) as in (21). As before, the index nj

signals that only observations of the j’s-subsample I; are used for the various sums.

The empirical process term is

Qm(&g,f)g,c)‘ = op(1). Because (dg,bs) = op(n'/4=1), for

all ¢, there exists a B, so that for large n then P{|(ag,bs)| < n'/4""B} > 1 —e. Thus, it

suffices to show that sup|y pj<,1/4-n |G, (a,b,c) —

and Assumptions 3.1 and 4.1(i,ii,iva).

G, (0,0,¢)| = op(1), which follows from 4.2

The compensator term is ’?nl(dQ,i)Q,C)) = op(1). Use Theorem 4.3 with Assumptions 3.1

and 4.1(ib,iii,ivb) and the same truncation argument on the estimation errors (ag, by).
For the bias term By, (a2, ba, ¢), we Taylor expand the estimation errors asg, bo such that

Vi (B —

where ¥ = E(z;z}). Insert the expansions into the bias term to get

Z zig; +op(l), /nj(6;—0o) =

zEI

Bnl (&27 827 =

ze]

LS (20— o) +op(1),

2 v 1 1€l

Z { < - 1) + 502_11'1'6@'} + op(1).

The term G,,. We plug our subsample expressions for G, and Gy, into (E.4) and we study
the empirical distribution term and the bias term separately.

term, we get —/n {én(0,0, c) — LZJ}. For the bias term, we get with h; defined as in (22) that

\/)\TBm (ag, by, )

:L

For the empirical distribution

— VB, (a1,b1,¢) = e > hi {c < - 1) +£CZ_1$i5i} + op(1).

=1

Proof of Corollary 3.5. We write S, = > | X;, where

X;=1

(IVeil<v3o0)

—y+ch(c) (g7 /0% = 1) hi + &5
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This term consists of a 2-dependent, i.i.d. and m.d.s. term. Note that n'/2{4,(c) — v(c)} =
S,n~1/2. The sequence {X;} satisfies the condition of a mixingale with 1, of size —1/2. As we
assumed that z; are stationary and as ¢; are i.i.d., the sequence {Xf} is uniformly integrable.
By Theorem 4.5 and following the dependency structure of X;, we have with min(k, m,n) — oo
that

n E|E{(Sktn — Sk)*|Frem} — ok | = 0.

Therefore we can apply Theorem 4.5 to get the limiting distribution, where we use Lemma B.4
for the covariance terms in 0% = EX? + 2E(X;X>). O

The proof of Corollary 3.6 follows along the line of the proof of Corollary 3.5, but simplifies
as & — 0 for random walk and trend stationary regressors. Therefore the m.d.s. component
drops out of Xj.

E.3 Proof of mean square convergence of Gauge

Proof of Theorem 3.3. Without loss of generality, consider the first split-sample. Write the
empirical gauge of the first split-sample (as in (E.3)) in terms of the empirical distribution
function G, (a,b, c)as

~ ~

Gn, (a2, b2,¢) < Gp, (0,0, ¢) + {Gn, (a2, bz, ¢) — Gn, (0,0,¢)}.

We argue that {Gm(&Q, by, c) — ém (0,0,¢)} vanishes. Because (a, b) = op(n!/4=1), for all € > 0
there exists a B > 0 so that for large n then P{|(a, b)| < nl/4"B} > 1 —e. Thus it suffices to
show sup), |b|<n1/4 2 |Gny (@,b,¢) — Gy, (0,0, ¢)| = op(1). This follows, noting n=Y/2B,(a,b,c) =
h(c)(2cac™! + €.b) = op(1), from

o~

Gn, (a,b,¢) — Gy, (0,0,¢) = n~?{Gp, (a,b,c) — G, (0,0,¢)} + Gn, (a,b,c) — Gn, (0,0, c)

and Theorem 4.2 and 4.3 with Assumptions 3.1 and 4.1(i), (ii,iii,iv).
Then, split the term Gy, (0,0, c) with \°¥ = n99/n; and A" = n$ve" /n; into

)\odd even
odd 1(|V€¢|S\/§UC) + niven 1(\V€i|§\/§ac) :

n ien‘fdd iETLiven
Apply the weak Law of Large Numbers for i.i.d. random variables so that the terms converge
to ¢ =1 —+. The same applies to the second split-sample. Therefore, the full sample empirical

gauge Y, (c) =1 — Ale (Go, b2, c) — )\2Gn2 (a1, by, ¢) converges in probability to . O
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