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Abstract
We introduce a gyrokinetic, linearised Fokker–Planck collision model that satisfies conservation
laws and is accurate at arbitrary collisionalities. The differential test-particle component of the
operator is exact; the integral field-particle component is approximated using a spherical
harmonic and a modified Laguerre polynomial expansion developed by Hirshman and Sigmar
(1976 Phys. Fluids 19 1532). The numerical methods of the implementation in the
δf -gyrokinetic code stella (Barnes et al 2019 J. Comput. Phys. 391 365–80) are discussed,
and conservation properties of the operator are demonstrated. The collision model is then
benchmarked against the collision model of the gyrokinetic solver GS2 in the limiting cases of a
reduced test-particle collision operator and energy- and momentum-conserving operator. The
accuracy of the full collision model is investigated by solving the parallel Spitzer-Härm problem
for the transport coefficients. It is shown that retaining collisional energy flux and higher-order
terms in the field-particle operator reduces errors in the transport coefficients from 10%–25%
for a simple momentum- and energy-conserving model to under 1%.

Keywords: gyrokinetics, Fokker–Planck operator, stellarator, magnetic confinement fusion,
turbulence

1. Introduction

The transport of heat and particles in stellarators is com-
posed of a neoclassical and a turbulent contribution. In non-
optimized stellarators, neoclassical transport can be signific-
ant and even exceed turbulent transport. In stellarators optim-
ised for low neoclassical transport such as Wendelstein 7-X
(W7-X), such transport is strongly reduced, and turbulence
is relatively important: a comparison of measured heat fluxes
in W7-X with calculated neoclassical fluxes suggests a turbu-
lent contribution that is comparable to neoclassical transport
levels [16]. Compared to tokamaks, relatively few numerical
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studies of turbulence have been performed for stellarators, and
with some exceptions [e.g. 2, 15, 24], the gyrokinetic simula-
tions in stellarators performed to date have mostly been col-
lisionless. However, it is well known that collisions play a
fundamental role in gyrokinetics as a dissipation mechanism,
even in weakly collisional plasmas [1, 4] because the pres-
ence of a dissipation term is required for steady-state sim-
ulations of turbulence. Collisions can also be important in
the relatively cool edge region of the plasma, as a detrapping
mechanism for particles caught in magnetic wells [2] or for
highly charged ion species, since the collision frequency scales
with the fourth power of the species charge. The transport
of impurity ions is especially relevant in magnetically con-
fined plasmas because the accumulation of impurities in the
plasma core leads to radiative energy loss via line radiation and
Bremsstrahlung; in both cases, the power radiated increases
with the impurity charge. The relatively high plasma density
of future reactors may further increase the significance of col-
lisions. These considerations motivate gyrokinetic simulations
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of stellarator plasmas that account for the effect of particle
collisions.

Collision models implemented in presently-available
gyrokinetic codes typically simplify the Fokker–Planck oper-
ator by linearising and then replacing some of the integro-
differential components of the linearised operator with simple
approximations designed to ensure collisional conservation of
momentum and energy. While this can be acceptable when
collisional effects are relatively subdominant in the gyrokin-
etic equation, such a simplification inevitably becomes inac-
curate when collisional effects are strong. Belli and Candy [7]
have demonstrated the inaccuracy of commonly used approx-
imations of the linearized Fokker–Planck operator at high
collisionalities, using the drift-kinetic NEO code; Pan et al [23]
have shown that the exact Fokker–Planck operator can yield
significant corrections for growth rates of microinstabilties in
tokamaks.

In this paper we present a new collision model for numer-
ical simulations of stellarator turbulence, implemented in the
gyrokinetic solver stella [5]. Accordingly, we work in the
gyrokinetic framework. The strong magnetisation in fusion
plasmas implies that the Larmor radius ρs is small compared
to the scale length L of the macroscopic equilibrium:

ρ=
vth
Ω

≪ L, (1)

whereΩ= qB0/(mc) is the cyclotron frequency, q denotes the
particle charge, B0 the magnetic field strength, m the particle
mass, c is the speed of light in vacuum, and vth =

√
2T0/m

is the thermal velocity for an equilibrium temperature T0.
Equation (1) defines the small parameter ϵ := ρ/L≪ 1. In the
gyrokinetic framework [see 14], the plasma distribution func-
tion can be written to first order in ϵ as

f
(
r,v∥,v⊥,φ

)
= F0−

qϕ
T0
F0 + h

(
R,v∥,v⊥

)
︸ ︷︷ ︸

:=δf

+O
(
ϵ2
)
, (2)

whereF0(r,v∥,v⊥) denotes the equilibriumMaxwellian distri-
bution, r is the particle position, v∥ and v⊥ denote the velocity
components that are parallel and perpendicular to the mag-
netic field, respectively. The second term on the right-hand
side describes the Boltzmann response of the particles to the
electrostatic potential, ϕ(r). The guiding center distribution
function h(R,v∥,v⊥) := δf + qϕF0/T0 represents the non-
Boltzmann component of the first order perturbation δf1 and
is independent of the gyroangle when expressed in coordin-
ates of the particle guiding center R := r−ρ, where ρ=
b̂× v/Ω denotes the gyroradius. The electrostatic gyrokinetic
equation for the guiding center distribution function is given
by [see 14]

∂h
∂t

+
(
v∥b̂+ vD+ ⟨vE⟩R

)
·∇h− µ

m
b̂ ·∇B ∂h

∂v∥

+

(
⟨vE⟩R ·∇− q

T0

∂⟨ϕ⟩
∂t

)
F0 = ⟨C [h]⟩R. (3)

where ⟨·⟩= 1/(2π)
´ 2π
0 dφ denotes the gyroaverage, per-

formed at fixed guiding-center R, the unit vector of the mag-
netic field is denoted by b := B/B0, and vD and vE are the mag-
netic andE×B-drift velocities, respectively. The term ⟨C[h]⟩R
describes the influence of particle collisions on h. The gyrokin-
etic equation describes the dynamics of a distribution function
of charged rings, obtained by averaging over the fast Larmor
gyration of the particles around the magnetic field lines. In
the following sections, we shall focus on the collision term
in equation (3). The paper is organised as follows: we begin
by introducing the linearised Fokker–Planck collision operator
and its test- and field-particle components. The differential
test-particle component is briefly described and converted into
the velocity-space coordinate system employed by stella.
We then introduce a systematic approximation of the integral
field-particle component that is based on a series expansion
designed to retain pertinent properties of the exact operator
when the expansion is truncated for practical implementation.
The full collision model is then converted into gyrokinetic
form and the implementation in stella is discussed. We con-
clude by performing various numerical tests and demonstrate
the accuracy of the collision model by solving the classical
Spitzer problem for the transport coefficients.

2. Linearized collision operator

The effect of pair-wise small-angle Coulomb collisions
between distribution functions of two species fa and
fb is described by the Landau–Fokker–Planck operator
[see 12, 19]

Cab [ fa, fb] =
∂

∂vk

[
Aabk fa+

∂

∂vl

(
Dab
kl fa
)]
, (4)

where the Einstein summation convention is used and the
tensors Aabk and Dab

kl are given by

Aabk := Lab [1+ma/mb]
∂

∂vk

ˆ
fb (v ′)
u

d3v ′︸ ︷︷ ︸
=: ϕb(v)

Dab
kl :=−Lab ∂2

∂vk∂vl

ˆ
ufb (v ′) d3v ′︸ ︷︷ ︸
=: ψb(v)

, (5)

with u := |v− v ′| and Lab := (eaeb/maϵ0)
2 lnΛ, where lnΛ is

the Coulomb logarithm. We have also defined the Rosenbluth
potentials ϕb(v) and ψb(v). The Landau–Fokker–Planck oper-
ator exhibits several important physical properties of colli-
sions: By taking the relevant moments of (4) it can be shown
that the particle number, momentum, and energy are con-
served. The collision operator vanishes for a Maxwellian dis-
tribution function. The operator is also self-adjoint and as a
result can be shown to satisfy an H-theorem, ensuring that the
total entropy of the plasma cannot decrease under collisions
[see 12].

The amplitude of plasma fluctuations in fusion reactor
cores is typically much smaller than the equilibrium, so that
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the distribution function can be decomposed as introduced in
equation (2), into an equilibrium and a fluctuating component
viz. f = F0 + δf, with δf/F0 = ϵ≪ 1. The collision operator
can then be written as

Cab [ fa, fb] = Cab [F0a,F0b] +Cabtest [δfa,F0b]

+Cabfield [F0a, δfb] +O
(
ϵ2
)
. (6)

The zeroth-order term describes the collisional temperature
equilibration between species and vanishes for Ta = Tb. For
Ta ̸= Tb the term enters into the transport equations that
describe the evolution of the equilibrium; subtracting the aver-
age of the transport equation over space-time scales that are
long compared to the turbulent length scale, but short com-
pared to the variations of the equilibrium eliminates the zeroth-
order term from the gyrokinetic equation. The first, first-order,
‘test-particle’ term describes collisions of particles in the per-
turbed distribution function of species a, with the Maxwellian
background of species b; the second, ‘field-particle’ term
describes collisions of the background particles of species a
with the perturbed particles of species b. The two operators
have manifestly different structures; their derivations, conver-
sions to gyrokinetic form, and numerical implementations are
described separately in what follows.

2.1. Test-particle operator

The Rosenbluth potentials ϕb(v) and ψb(v) simplify for
Maxwellian distribution functions, as they are isotropic
in velocity space. The test-particle operator can then be
written as

Cabtest [δfa,F0b] = Lab
∂

∂vk

[
vk
v
ϕ ′
0bδfa

−

([
v2δkl− vkvl

]
v3

ψ ′
0b+

vkvl
v2
ψ ′ ′
0b

)
∂δfa
∂vl

]
,

(7)

where primes denote derivatives with respect to the velo-
city magnitude, v, and the subscript ‘0b’ indicates Rosenbluth
potentials of Maxwellian distribution functions for species
b. In the commonly used (v, ξ := cosθ, φ)-velocity space
coordinate system, where θ = arccos(v∥/v) denotes the pitch
angle, φ is the gyroangle and v the particle speed, the test-
particle operator takes the familiar form

Cabtest [δfa,F0b] =
1
2
νabD

∂

∂ξ

(
1− ξ2

) ∂δfa
∂ξ

+
1
2
νabD

1
1− ξ2

∂2δfa
∂φ2

+
1
v2

∂

∂v

[
1
2
νab∥ v

4F0a
∂

∂v
δfa
F0a

]
, (8)

and so separates into three differential terms in the three
coordinates, describing diffusion in pitch-angle, gyro-angle
and energy, respectively. We have introduced the velocity-
dependent collision frequencies [12]

νabD := νab
erf(xb)−G(xb)

x3a
, (9)

νabS := νab
4G(xb)
xa

(10)

νab∥ :=
1
2
νabS
x2a

(11)

where xs = v/vth,s with species index s ∈ {a,b} and the
Chandrasekhar function is given by G(x) := [erf(x)−
xerf ′(x)]/2x2. The basic Spitzer collision frequency νab is
given by

νab =
nbe2ae

2
b lnΛ

4πϵ20m
2
av

3
th,a

. (12)

In the (v∥,µ,φ)-coordinate system employed by stella,
where µ := mv2⊥/2B0 denotes the magnetic moment, the col-
lision operator can be written as

Cabtest [δfa,F0b] =
∂

∂v∥

[
γabv∥F0a

∂

∂v∥

δfa
F0a

+ v∥µν
ab
x F0a

∂

∂µ

δfa
F0a

]
+

∂

∂µ

[
γabµ F0a

∂

∂µ

δfa
F0a

+ v∥µν
ab
x F0a

∂

∂v∥

δfa
F0a

]
+
νabD
2

[
1+

mav2∥
2B0µ

]
∂2δfa
∂φ2

, (13)

where νabx := νab∥ − νabD . Arranging the operator such that
derivatives act on δfa/F0a yields a more compact expres-
sion and, as we will see, has advantages for the numerical
implementation of the operator. For convenience we have also
defined the functions

γabµ := 2

[
νab∥ µ

2 + νabD
mav2∥
2B0

µ

]
(14)

and

γabv∥ :=
1
2

[
νab∥ v

2
∥ + νabD

2B0µ

ma

]
. (15)

Equation (13) shows that switching from (ξ,v)-coordinates to
a system that uses the parallel velocity and magnetic moment
introduces mixed-differential terms in the collision operator.
Terms occurring in the v∥-derivative operator vanish at v∥ →
±∞; terms in the µ-derivative operator vanish for µ→ 0 and
µ→∞. These asymptotics will be relevant for the numerical
implementation of the collision operator; relevant terms are
shown in figures 1 and 2.

2.2. Field-particle operator

It can be shown that the test particle operator (equation (13))
alone does not conserve momentum and energy [see 12], as
is desirable for a physical collision model. To ensure that
these quantities are conserved requires that the field particle
operator be included in the collision model. After linearisation
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Figure 1. Collision frequency terms occurring in the test particle
operator (13), for like-species collisions. Top row: terms occurring
in the µ-differential term, vanishing for µ→ 0 and µ→∞. Bottom
row: terms in the v∥-derivative term, vanishing for v∥ →±∞.

Figure 2. Collision frequency term occurring in the
mixed-derivative terms of the test particle operator (13), for
like-species collisions. The term vanishes for µ→ 0 and µ→∞,
and for v∥ →±∞.

of the collision operator, the field particle component can be
written as

Cabfield [F0a, δfb] =
∂

∂vk

[
Lab
(
1+

ma

mb

)
∂ϕb1
∂vk

F0a

+
∂

∂vl

(
−Lab ∂

2ψb1
∂vk∂vl

F0a

)]
, (16)

where the Rosenbluth potentials are now integral function-
als of the perturbed distribution δf b. Instead of dealing with
the full field particle operator of equation (16), gyrokinetic
codes commonly use a simpler ad hoc operator designed only
to offset the momentum and energy produced by the test

particle component to ensure overall momentum and energy
conservation [1, 4, 7, 25]. In weakly collisional regimes this
can be acceptable, but inevitably becomes inaccurate for high
collisionalities. We therefore seek a method that approximates
equation (16), is amenable to implementation in gyrokinetic
codes, and, ideally, offers some flexibility to control the trade-
off between accuracy and computational cost, as may be sens-
ible for different physical regimes.

A natural starting point is to look for an expansion of
equation (16). In the following section we review the approach
of Hirshman and Sigmar [13], that has several properties that
are desirable for a practical collision model. We describe this
model, convert it into a form compatible with the gyrokinetic
equation, and then turn to the implementation.

2.2.1. Expansion in spherical harmonics. The spherical
symmetry of collisions in a plasma motivates an expansion
of the distribution function in spherical harmonics; indeed we
will see that these are eigenfunctions of the collision operator
[12, 13, see]. We expand the perturbed piece of the distribution
function

δfb (v) =
∞∑
l=0

+l∑
m=−l

f(lm)b (v)Ylm (θ,φ) , (17)

where the expansion coefficients are given by

f(lm)b (v) =
¨

δfb (v,θ,φ)Y
∗
lm (θ,φ) sinθdθdφ. (18)

Here Ylm(θ,φ) denote the spherical harmonics of degree l and
order m, and the superscript ∗ denotes complex conjugation.
The field particle operator then becomes

Cabfield [F0a, δfb] =
∞∑
l=0

+l∑
m=−l

Ylm (θ,φ)C
ab
v

[
f(lm)b (v)

]
, (19)

where Cabv [ f(lm)b (v)] is an isotropic operator that will be
addressed shortly. The expansion in spherical harmonics has
a useful implication for the velocity moments of the collision
operator: the kth velocity moment is given by

ˆ
vkCabfield [F0a, δfb] dv=

∞∑
l=0

+l∑
m=−l

˚
v̂kYlm (θ,φ)

· vkCabv
[
f(lm)b (v)

]
v2dvsinθdθdφ

=
k∑
l=0

+l∑
m=−l

ˆ
vkYlm (θ,φ)Cabv

[
f(lm)b (v)

]
dv, (20)

where the moment vk is defined in terms of the tensor product
and v̂ denotes the velocity unit vector. In equation (20) we used
that v̂k can be expressed as a series of spherical harmonics up
to degree k and the orthogonality of the spherical harmonics.
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Retaining terms up to l= k in the spherical harmonic expan-
sion is therefore sufficient to exactly represent the first k+ 1
moments of the field particle operator. For notational clarity,
we suppress them-indices of the spherical harmonic expansion
in what follows.

2.2.2. Hirshman-Sigmar expansion. The isotropic oper-
ator Cabv [ f(l)b (v)] remains complicated. A common method

in transport calculations is to expand the coefficients f(l)b (v)
around a Maxwellian in generalized Laguerre polynomials

vlL
(l+ 1

2 )
j (v2) [13]

f(l)b (v) =
∞∑
j=0

2

v2lth,b
F(l)
j v

lL
(l+ 1

2 )
j

(
x2b
)
F0b
(
x2b
)
, (21)

where xb := v/vth,b and the expansion coefficients, F(l)
j , are

given by

F(l)
j =

π3/2j!(
j+ l+ 1

2

)
!

ˆ ∞

0
vlL

(l+ 1
2 )

j

(
x2b
)
f(l)b (v) v2dv. (22)

The isotropic component of the field particle operator can then
be written as

Cabv
[
f(l)b (v)

]
=

2

vlth,b

∞∑
j=0

F(l)
j C

ab
v

[
xlbL

(l+ 1
2 )

j

(
x2b
)
F0b
(
x2b
)]
.

(23)

An approximation to the field particle operator can be obtained
in this way by truncating this series at a finite jmax = N. By
invoking the orthogonality relation of the Laguerre polyno-
mials in equation (22) for f(l)b (v) = F0b(v) it can be shown
that the truncated series vanishes on a Maxwellian distribu-
tion function, as required for a physical model collision oper-
ator. However, the approximate operator given by the trun-
cated expansion is not self-adjoint and fails to recover the velo-
city moments of the exact field particle operator—for that to
hold requires the expansion coefficients to be moments of the
collision operator [13].

To address these shortcomings, Hirshman and Sigmar [13]
developed a modified expansion, that if truncated, guarantees
the preservation of a subset of moments and retains the self-
adjointness of the exact field particle operator. To develop the
Hirshman-Sigmar expansion we proceed as follows, starting
from the Laguerre expansion given by (23), with the set of
basis functions{

Cabv

[
xlbL

(l+ 1
2 )

j

(
x2b
)
F0b
(
x2b
)]}

j

. (24)

A new set of basis functions,
{
∆ab
j

}
can then be constructed

by using the Gram-Schmidt process, given by

∆ab
0

[
xlbL

(l+ 1
2 )

0

(
x2b
)
F0b
(
x2b
)]

= Cabv

[
xlbL

(l+ 1
2 )

0

(
x2b
)
F0b
(
x2b
)]

and

∆ab
j+1

[
xlbL

(l+ 1
2 )

j+1

(
x2b
)
F0b
(
x2b
)]

= Cabv

[
xlbL

(l+ 1
2 )

j+1

(
x2b
)
F0b
(
x2b
)]

−
j∑

k=0

ψabk ∆ab
k

[
xlbL

(l+ 1
2 )

k F0b
(
x2b
)]
. (25)

where the ψabk denote projection coefficients. Using the linear-

ity of the∆ab
j and basis properties of the xlbL

(l+ 1
2 )

0 (x2b)F0b(x2b),
equation (25) defines the operators ∆ab

0 [ f ] = Cabv [ f ] and

∆ab
j+1 [ f ] = Cabv [ f ]−

j∑
k=0

ψabk [ f ]∆ab
k

[
xlbL

(l+ 1
2 )

k F0b
(
x2b
)]
(26)

acting on a general function f. Rearranging (26), the isotropic
component of the exact collision operator, acting on the spher-
ical harmonic expansion coefficients f(l)b , can then be written
as

Cabv
[
f(l)b

]
=

j∑
k=0

ψabk

[
f(l)b

]
∆ab
k

[
xlbL

(l+ 1
2 )

k F0b
(
x2b
)]

+∆ab
j+1

[
f(l)b

]
. (27)

An approximation of the collision operator can thus be
obtained by summing to some jmax = N and neglecting ∆ab

N+1

in (27). Instead of choosing the projection coefficients ψabk as
in the classical Gram-Schmidt process, so that the new basis
functions form an orthogonal set, we instead determine the
ψk to ensure that the truncated expansion meets the physical
requirements of self-adjointness and moment preservation.

To ensure that the truncated expansion satisfies the self-
adjointness condition of the collision operator [see 12]
requires

N∑
k=0

ψabk [gF0b]

ˆ
h∆ab

k

[
xlbL

(l+ 1
2 )

k F0b
(
x2b
)]
v2dv

=
N∑
k=0

ψk [hF0b]

ˆ
g∆ab

k

[
xlbL

(l+ 1
2 )

k F0b
(
x2b
)]
v2dv (28)

for any two functions h(v) and g(v). To ensure this holds we
can set

ψabk [ f ] =
1

N(l)
k

ˆ
f
F0a

∆ab
k

[
xlbL

(l+ 1
2 )

k F0b
(
x2b
)]
v2dv, (29)

where N(l)
k denotes a constant. The operators ∆ab

j [ f ] defined
by (25) are self-adjoint. To see this, we can write the Gram-
Schmidt step (25) for∆ab

j [ f ] and subtract from the expression
for ∆ab

j+1[ f ] to obtain

5
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∆ab
j+1 [ f ] = ∆ab

j [ f ]

−ψabj [ f ]∆ab
j

[
xlbL

(l+ 1
2 )

j

(
x2b
)
F0b
(
x2b
)]
. (30)

Since ∆ab
0 [ f ] = Cabv [ f ] is a self-adjoint operator, it is straight-

forward to verify from (30) that by induction all ∆ab
j [ f ] are

self-adjoint operators.
We now consider the velocity moments of the collision

operator. Taking the nth velocity moment of (27), we see that
for the truncated expansion to recover the moment of the exact
field particle operator:

ˆ
vnCabv

[
f(l)b

]
v2dv=

ˆ
vn

N∑
k=0

ψabk

[
f(l)b

]
×∆ab

k

[
xlbL

(l+ 1
2 )

k F0b
(
x2b
)]
v2dv, (31)

requires that

ˆ
vn∆ab

N+1

[
f lb
]
v2dv= 0. (32)

Since the monomial vn can be exactly expressed using a finite

linear combination of the vlL
(l+ 1

2 )
j (v2) we can ensure that

∆ab
N+1

[
f lb
]
is orthogonal to a subset of the vlL

(l+ 1
2 )

j (v2) for

moment preservation. Multiplying (30) by vlL
(l+ 1

2 )
j (v2), integ-

rating, and using the self-adjointness of the∆ab
j , it follows that

by setting the Nlk to

N(l)
k :=

ˆ ∞

0
xlaL

(l+ 1
2 )

j

(
x2a
)
∆ab
j

[
xlbL

(l+ 1
2 )

j

(
x2b
)
F0b

]
v2dv,

(33)

we can ensure that ∆N+1
[
f lb
]
is orthogonal to the velocity

moment vlL
(l+ 1

2 )
N (v2). It is shown by induction in appendix A

that then
ˆ
vlL

(l+ 1
2 )

j

(
v2
)
∆ab
N+1

[
f lb
]
v2dv= 0 for all j ⩽ N. (34)

Truncating the expansion at jmax = N then exactly preserves a
subset of the velocity moments of the field particle operator.
A proof that the expansion of the isotropic component of the
field particle operator converges to the exact operator [13] for
jmax =: N→∞ is reviewed in appendix A. With the truncated
expansion defined by (27) and the expansion coefficients given
by (29) and (33), we have therefore constructed an approxim-
ation of the isotropic component of the field particle operator
that retains key physical properties of the exact field particle
operator.

2.2.3. Calculation of ∆ab
0 . It remains to calculate the

first element of the Hirshman-Sigmar expansion series,

∆ab
0 [xlbL

(l+ 1
2 )

j (x2b)F0b] = Cabv [xlbL
(l+ 1

2 )
j (x2b)F0b], where Cabv is

the isotropic component of the field particle operator. The full
calculation is provided in appendix B and yields

∆ab
0

[
xlbL

(l+1/2)
j

(
x2b
)
exp
(
−x2b

)]
= Labµab exp

(
−x2a

) 1
2l+ 1

j∑
i=0

c( jl)i

[
(2l+ 1)xl+2i

b exp
(
−x2b

)
− xb (1−µab)

(
− l+ 1

xl+2
b

γ 3
2+l+i

(
x2b
)
+ lxl−1

b Γ1+i

(
x2b
))

−

(
1

xl+1
b

γ 3
2+l+i

(
x2b
)
+ xlbΓ1+i

(
x2b
))

+µabx
2
b
(l+ 1)(l+ 2)

2l+ 3

(
1

xl+3
b

γ 5
2+l+i

(
x2b
)
+ xlbΓ1+i

(
x2b
))

−µabx
2
b
l(l− 1)
2l− 1

(
1

xl+1
b

γ 3
2+l+i

(
x2b
)
+ xl−2

b Γ2+i

(
x2b
))]

,

where γi(x) := γ(i,x) and Γi(x) := Γ(i,x) are the lower and
upper incomplete Gamma functions, respectively, and the con-
stant c( jl)i is given by

c( jl)k =
(−1)k (l+ j+ 1/2)!

( j− k)! (l+ k+ 1/2)!k!
. (35)

For the purpose of the implementation of the collision oper-
ator, discussed in section 3, the incomplete gamma functions
can be calculated recursively from the error function that is
available in FORTRAN, using the standard recursion formulae,

Γ(s+ 1,x) = sΓ(s,x)+ xs exp(−x) (36)

and

γ (s+ 1,x) = sγ (s,x)− xs exp(−x) , (37)

for integer parameters s.

2.2.4. Combined expansion of the field particle operator.
Combining the results of this section, the Hirshman-Sigmar
field particle operator is given by

Cabfield [F0a, δfb] =
∞∑
l=0

+l∑
m=−l

Ylm (θ,φ)C
ab
v

[
f(lm)b (v)

]
, (38)

where

f(lm)b (v) =
¨

δfb (v,θ,φ)Y
∗
lm (θ,φ)sinθdθdφ, (39)

and

Cabv
[
f(lm)b

]
:=

∞∑
j=0

ψab,lj

[
f(lm)b

]
∆ab,l
j . (40)

where for compactness we have defined

∆ab,l
j := ∆ab

j

[
xlbL

(l+ 1
2 )

j

(
x2b
)
F0b
(
x2b
)]
. (41)

6



Plasma Phys. Control. Fusion 66 (2024) 105016 A von Boetticher et al

Using the self-adjointness of the ∆ab
j [·], the expansion coeffi-

cients ψab,lj are given by

ψab,lj

[
f(lm)b

]
=

´∞
0 xlaL

(l+ 1
2 )

j

(
x2a
)
∆ab
j

[
f(lm)b

]
v2dv

´∞
0 xlaL

(l+ 1
2 )

j (x2a)∆
ab,l
j v2dv

. (42)

2.3. Gyrokinetic form of the collision operator

To be compatible with the gyrokinetic equation (3), the col-
lision operator is gyroaveraged. To facilitate this, the guiding
center distribution function can be written spectrally in com-
ponents of the guiding-center R that are perpendicular to the
magnetic field

h=
∑
k⊥

eik⊥·Rhk⊥
(
z,v∥,µ

)
, (43)

where z denotes the spatial coordinate along the field line,
R= r−ρ, and r, ρ= b̂× v/Ω and Ω denote the particle posi-
tion, Larmor vector and cyclotron frequency, respectively. We
shall suppress species indices for brevity in this section and
reintroduce these later. The gyrokinetic collision operator then
becomes [1]

CGK [h] =

〈
C

[∑
k⊥

eik⊥·Rhk⊥

]〉
=
∑
k⊥

⟨eik⊥·rC
[
e−ik⊥·ρhk⊥

]
⟩R

=
∑
k⊥

eik⊥·R⟨eik⊥·ρC
[
e−ik⊥·ρhk⊥

]
⟩R, (44)

where ⟨h⟩ denotes the gyroaverage, performed at fixed
guiding-center R. The Fourier components of the gyrokinetic
collision operator operator are then given by

CGK [hk⊥ ] = ⟨eik⊥·ρC
[
e−ik⊥·ρhk⊥

]
⟩R. (45)

2.3.1. Gyrokinetic test particle operator. The calculation of
the Fourier components of the gyrokinetic test particle oper-
ator in (v∥,µ)-coordinates is performed in appendix C and
yields

CGK,test
[
hk⊥

]
=

∂

∂v∥

[
γv∥F0

∂

∂v∥

hk⊥
F0

+ v∥µνxF0
∂

∂µ

hk⊥
F0

]
+

∂

∂µ

[
γµF0

∂

∂µ

hk⊥
F0

+ v∥µνxF0
∂

∂v∥

hk⊥
F0

]
− 1

2

(
ν∥B0µ/m+ νD

[
v2∥ +B0µ/m

]) k2⊥ρ2
v2th

hk⊥ ,

(46)

where all velocity-space derivatives are understood to be per-
formed at fixed guiding-center. The gyroaverage of the colli-
sion operator has eliminated the dependence on the gyroangle

and introduced a spatial diffusive term that is proportional to
the square of the thermal Larmor radius, ρ= vth/Ω, and the
perpendicular wave number. In the following sections we drop
spectral indices for clarity.

2.3.2. Gyrokinetic field particle operator. Turning to the
field particle operator we perform the expansion in spherical
harmonics

e−ik⊥·ρhk⊥ =
∞∑
l=0

+l∑
m=−l

Ylm (θ,φ)h
lm
k⊥ (v) , (47)

with coefficients

hlmk⊥ (v) =
¨

Y∗lm (θ,φ)e
−ik⊥·ρhk⊥

(
z,v∥,µ

)
sinθdθdφ

= cl,−m

¨
(−1)m e−imφ+ikv⊥ sinφ/Ωdφ

×Pl,−m (cosθ)hk⊥
(
z,v∥,µ

)
sinθdθ

= 2π cl,−m (−1)m
ˆ
Jm

(
k⊥v⊥
Ω

)
Pl,−m (cosθ)

× hk⊥
(
z,v∥,µ

)
sinθdθ, (48)

where Plm are the associated Legendre polynomials and
we have used that Ylm(θ,φ) = clmPlm(cosθ)eimφ with clm =√

(2l+1)(l−m)!
(4π)(l+m)! ; k⊥ ·ρ=−kv⊥ sinφ/Ω and the Jacobi-Anger

identity

Jn (x) =
1
2π

ˆ 2π

0
ei(x sin(φ)−nφ) dφ. (49)

The gyrokinetic field particle operator is then given by

CGK,field [hk⊥ ]

=
∑
k⊥

eik⊥·R

〈
eik⊥·ρCfield

[ ∞∑
l=0

m=+l∑
m=−l

Ylm (θ,φ)h
lm
k⊥ (v)

]〉
R

=
∑
k⊥

eik⊥·R
∞∑
l=0

m=+l∑
m=−l

〈
eik⊥·ρYlm (θ,φ)

〉
RC

ab
v

[
hlmk⊥ (v)

]
,

(50)

where in the last line we used that the spherical harmonics
are eigenfunctions of the collision operator and Cabv is the iso-
tropic component of the Hirshman-Sigmar field particle oper-
ator. With

⟨eik⊥·ρYlm (θ,φ)⟩R =
1
2π

ˆ 2π

0
eik·ρYlm dφ

= clmPlm (cosθ)
1
2π

ˆ 2π

0
e−i kv⊥ sinφ/Ω+imφ dφ (51)

7
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it follows that the kth Fourier component of the field particle
operator is given by

CGK,field [hk⊥ ]

=
∞∑
l=0

+l∑
m=−l

clmPlm (cosθ)Jm

(
k⊥v⊥
Ω

)
Cv
[
hlmk⊥ (v)

]
=

∞∑
l=0

+l∑
m=−l

∞∑
j=0

clmPlm (cosθ)Jm

(
k⊥v⊥
Ω

)
ψlj
[
hlmk⊥ (v)

]
×∆

(l)
j

(
xlL(l+1/2)

j

(
x2
)
F0

)
. (52)

where x= v/vth and species indices are suppressed. The coef-
ficients ψlj are given by

ψlj
[
hlmk⊥ (v)

]
= 2π cl,−m

(−1)m

Nlj

¨
Pl,−m (cosθ)Jm

(
k⊥v⊥
Ω

)
× hk⊥∆

(l)
j

[
xlL(l+1/2)

j

(
x2
)
F0 (x)

]
v2dvsinθdθ,

(53)

where Nlj is the normalising factor Nlj :=˜
xlL

(l+ 1
2 )

j (x2)∆(l)
j [xlL(l+1/2)

j F0(x)]v2dvsinθdθ. We
have also used the self-adjointness of the oper-
ators ∆

(l)
j to obtain

´
xlL(l+1/2)

j (x2)∆(l)
j [hlmk ]v2dv=´ (

hlmk /F0(x)
)
∆

(l)
j [xlL(l+1/2)

j (x2)F0(x)]v2dv. To reduce the
number of computations required in the numerical imple-
mentation, one may combine positive and negative m-indices
in (52) by using Pl,−m = (−1)m(l−m)!/(l+m)!Plm and
J−m = (−1)mJm to obtain

CGK,field [hk⊥ ]

=
∞∑
l=1

(
cl,0Pl,0 (cosθ)J0

(
k⊥v⊥
Ω

)
Cv
[
hl,0k⊥ (v)

]
+ 2

+l∑
m=1

clmPlm (cosθ)Jm

(
k⊥v⊥
Ω

)
Cv
[
hlmk⊥ (v)

])
.

(54)

With this in hand, we turn to the numerical implementation of
the collision model.

3. Numerical implementation

The code stella [5] solves the gyrokinetic equation in a
general magnetic geometry, permitting simulations in the
non-axisymmetric configurations of stellarators. The code
advances the gyrokinetic equation in terms of the gyroaver-
aged distribution function g := ⟨δf⟩= ⟨h− qϕF0/T0⟩= h−
q⟨ϕ⟩F0/T0. The spatial coordinates perpendicular to the mag-
netic field, x and y, are treated spectrally by decomposing
the distribution function into Fourier harmonics. This ensures
periodicity in the perpendicular coordinates, an acceptable
assumption because turbulence is statistically periodic over
spatial scales that are short compared to the device size. The
field-line parallel coordinate z is discretised on a uniform grid.

3.1. Velocity space discretisation

The gyrokinetic code stella employs (v∥,µ)-velocity space
coordinates, where v∥ is the velocity component parallel to
the magnetic field, and µ= mv2⊥/2B0 denotes the magnetic
moment. Velocity-space quantities are discretized on a uni-
formly spaced v∥-grid and optionally on either a uniform or
Gauss–Laguerre grid in the magnetic moment. The v∥-grid is
anti-symmetric around v∥ = 0, with v∥ = 0 not included in the
grid. If a uniform µ-grid is employed, the smallest µ-value,
µmin is given by µmin =∆µ/2, where∆µ denotes the grid spa-
cing in µ.

3.1.1. Uniform velocity grids. Derivatives in the test particle
operator given by equation (46) are discretized using a three-
point stencil for both velocity-space grids. In the v∥ coordinate,
at index i, and suppressing the µ-grid index j, the derivative is
approximated by

∂

∂v∥

[
G
(
v∥
) ∂h
∂v∥

]
i

≈ 1
∆v∥

[
−G

(
v∥,i− 1

2

)( ∂h
∂v∥

)
i− 1

2

+G
(
v∥,i+ 1

2

)( ∂h
∂v∥

)
i+ 1

2

]
, (55)

where for concision we have introduced G(v∥,µ) = γv∥F0,
and assumed that h denotes the distribution function nor-
malized by a Maxwellian F0 as required in equation (46).
Here

(
∂h/∂v∥

)
i− 1

2
= (hi − hi−1)/∆v∥ and analogously for(

∂h/∂v∥
)
i+ 1

2
where∆v∥ is the grid spacing in v∥. For quantit-

ies evaluated at half-indices, Gi± 1
2
= (Gi+Gi±1)/2. The dis-

cretisation scheme (55) is second order accurate in ∆v∥ [4,
see].

At the boundary indices i = {1,N}, we use GN+1/2 = 0
and G1−1/2 = 0, justified by the asymptotics described in
section 2.1. It follows that

N∑
i=1

[
−G

(
xi− 1

2

)(∂h
∂x

)
i− 1

2

+G
(
xi+ 1

2

)(∂h
∂x

)
i+ 1

2

]
= 0,

(56)

since the terms in the sum telescope vanish beyond bound-
ary indices. Equation (56) implies that the numerical density
integral of the terms discretised with the scheme (55) van-
ishes exactly—that is, independently of the velocity-space
resolution—as is required for exact density conservation of
the collision operator. If the weights of the integration scheme
employed are uniform, the discretisation of the single-variable
double derivative terms given by (55) also satisfies the numer-
ical equivalents of integration by parts and the fundamental
theorem of calculus. This can be readily verified by multiply-
ing (55) by a test function, summing the index from i= 1
to i=N and shifting summation indices where opportune. It
follows from these properties that the discretisation scheme
satisfies numerical self-adjointness. With the discretisation
scheme (55) the coefficient of hi is

8
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1
∆2
i

(
Gi+1/2 −Gi−1/2

)
, (57)

and the coefficients of hi+1 and hi−1 are

1
∆2
i

Gi+1/2 (58)

and

− 1
∆2
i

Gi−1/2, (59)

respectively. The analogous scheme is employed for the term
∂/∂µ(G(µ)∂h/∂µ).

The mixed derivative terms in equation (46) could be
discretised using a standard centered difference. However,
this scheme fails to guarantee density conservation and self-
adjointness of the test particle operator. To retain this property
the standard centered difference can bemodified by using half-
indices

∂

∂v∥

[
G
∂h

∂µ

]
i,j

≈
[
Gi+ 1

2
,j

(
∂h

∂µ

)
i+ 1

2
,j

−Gi− 1
2
,j

(
∂h

∂µ

)
i− 1

2
,j

]/
∆v∥ ,

(60)

where hi± 1
2 ,j

= (hi,j+ hi±1,j)/2. The inner derivative is
approximated by

Gi± 1
2 ,j

(
∂h
∂µ

)
i± 1

2 ,j

≈ 1
2

[
Gi±1/2,j+ 1

2

hi±1/2,j+1 − hi± 1
2 ,j

∆µ

+Gi± 1
2 ,j−1/2

hi± 1
2 ,j

− hi± 1
2 ,j−1

∆µ

]
, (61)

andG is again assumed to vanish at indices beyond the bound-
aries. Upon summation, density conservation follows immedi-
ately from the telescoping property of the series and boundary
conditions. With this scheme the coefficient of hi,j is

1
4∆µ∆v∥

[(
−Gi+1/2,j+1/2 +Gi+1/2,j−1/2

)
−
(
−Gi−1/2,j+1/2 +Gi−1/2,j−1/2

)]
, (62)

and the coefficients of hi,j±1 are

1
4∆µ∆v∥

[
∓Gi+1/2,j±1/2 ±Gi−1/2,j±1/2

]
. (63)

For hi±1,j+1 one obtains

± 1
4∆µ∆v∥

(
−Gi±1/2,j+1/2

)
, (64)

for hi±1,j−1

± 1
4∆µ∆v∥

(
Gi±1/2,j−1/2

)
, (65)

and for hi±1,j the coefficients are

± 1
4∆µ∆v∥

(
−Gi±1/2,j+1/2 +Gi±1/2,j−1/2

)
. (66)

The same scheme is used to discretise the term
∂/∂µ(G∂h/∂v∥).

3.1.2. Non-uniform Gauss–Laguerre µ-grid. stella can
optionally use a µ-grid determined by Gauss–Laguerre quad-
rature. This grid has a non-uniform grid-spacing that decreases
near the boundary µ= 0 for better resolution. On such a non-
uniform grid, the two-point centered difference formula intro-
duced previously is only first-order accurate. A second-order
accurate scheme for the first derivative on a non-uniform grid
is given by the three-point formula [see 18]

(
∂h
∂µ

)
i

≈ 1
∆i−1 +∆i

[
∆i−1

∆i
hi+1 +

∆2
i −∆2

i−1

∆i−1∆i
hi −

∆i

∆i−1
hi−1

]

=
1

∆i−1 +∆i

[
∆i−1

∆i
h ′i+1/2 +

∆i

∆i−1
h ′i−1/2

]
, (67)

where h ′
i+1/2 ≈ (hi+1 − hi)/∆i with ∆i = µi+1 −µi and

h ′
i−1/2 ≈ (hi− hi−1)/∆i−1. Equation (67) resembles the

weighted average of the centered differences at the half-
indices i+ 1/2 and i− 1/2. We obtain a three-point scheme
for the term of the form ∂/∂µ(G∂h/∂µ) by identifying the
outer indices in (67) with half-indices whence

∂

∂µ

[
G(µ)

∂h
∂µ

]
i

≈ 2
∆i−1 +∆i

[
∆i−1

∆i
(Gh ′)i+1/2

+
∆2
i −∆2

i−1

∆i−1∆i
(Gh ′)i−

∆i

∆i−1
(Gh ′)i−1/2

]
(68)

where h ′
i+1/2 = (hi+1 − hi)/∆i, analogously for h ′

i−1/2,Gi±1/2

is evaluated on half-indices and h ′
i is approximated using the

scheme (67). The discretisation (68) is used to approximate the
single-variable µ-derivative terms in the test particle operator
if the Gauss–Laguerre grid is employed.

To approximate the µ-derivatives occurring in the mixed
derivative terms in equation (46) we use the scheme given
by (67); v∥-derivatives on the uniform v∥ grid are discretised
using the standard centered difference.

The discretisation of the test-particle operator on the non-
uniform µ-grid thus obtained does not ensure exact self-
adjointness and density conservation of the test-particle oper-
ator because discrete counterparts of the fundamental theorem
of calculus and integration by parts are no longer satisfied.
Density conservation and self-adjointness are therefore only
approximate and improve with increased resolution. We show
in the following section how exact density conservation can
be restored on a non-uniform grid and examine the implica-
tion of non-exact self-adjointess for entropy production. Exact
density conservation and self-adjointness can in principle also

9
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be obtained on non-uniform grids by using a discretisation
scheme that includes the integration weights, albeit at the
expense of higher-order accuracy of the discretisation [4].

3.1.3. Discretisation matrix. To facilitate numerical imple-
mentation we now construct a discretisation matrix for the test
particle operator. The single-variable v∥− and µ−differential
terms can be represented in discretized velocity-space using
Nµ and Nv∥ tridiagonal matrices, respectively, with dimen-
sions Nv∥ ×Nv∥ for the v∥−operator and Nµ×Nµ for the
µ−operator. We denote these matrices as Cv ′ ′∥

and Cµ ′ ′ . For
the mixed-differential components of the test particle oper-
ator we define the tridiagonal operators Cµ[·] := ∂/∂µ[·] and
C̃µ[·] := ∂/∂µ[v∥µνxF0·], and analogously Cv∥ [·] := ∂/∂v∥[·]
and C̃v∥ [·] = ∂/∂v∥[v∥µνxF0·]. The distribution function is

represented by a matrix h ∈ RNv∥×Nµ . The combined mixed-
differential operator, Cv∥µ, acting on hT ∈ RNµ×Nv∥—the
choice to operate on the transpose hT will be motivated
shortly—can then be written as

Cv∥µ
[
hT
]
= Cµh

TC̃Tv∥ + C̃µh
TCTv∥ . (69)

With vec(ABC) = (CT ⊗A)vec(B), where ⊗ denotes the
Kronecker product, one obtains

vec
(
Cv∥µ

[
hT
])

=
[
C̃v∥ ⊗Cµ+Cv∥ ⊗ C̃µ

]
vec
(
hT
)
, (70)

where vec(hT) is a NµNv∥ × 1-column vector obtained by
stacking the columns of hT. It is straightforward to verify that
the individual mixed-differential operators are not self-adjoint
but when taken together satisfy this property. Accordingly,
for uniform grids, where self-adjointness is exact, the discret-
isation matrix of the combined mixed differential operators,
shown in figure 3(a), is exactly symmetric. Combining the
mixed-differential terms with the single variable terms, the test
particle operator is represented by the matrix

Ctest = C̃v∥ ⊗Cµ+Cv∥ ⊗ C̃µ

+ Iv∥ ⊗Cµ ′ ′ +Cv ′ ′∥
⊗ Iµ, (71)

where Iv∥ ∈ RNv∥×Nv∥ and Iµ ∈ RNµ×Nµ denote identity
matrices. The matrix Ctest has dimension NµNv∥ ×NµNv∥
and is block-tridiagonal, with nine non-zero bands and upper
and lower bandwidth w= Nµ+ 1. The choice to operate on
hT yields a bandwidth w= Nµ+ 1, whereas an operator that
acts on h results in a bandwidth w= Nv∥ + 1. Since typically
in stella the number of v∥-grid points exceeds the number
of µ-grid points, we chose to operate on hT to obtain a lower
bandwidth. The structure of the matrix is shown in figure 3,
for Nµ = 4 and Nv∥ = 8. The symmetry of the matrix reflects
the exact self-adjointness of the test-particle operator on uni-
form grids. Individual blocks describe the µ-discretisation and
are tridiagonal. The matrix Ctest is stored in a compact band
format in stella; vanishing elements outside the bandwidth
of Ctest are not required.

Figure 3. Discretisation matrices of the test-particle operator for
(Nµ = 4,Nv∥ = 8): Left: structure of the combined
mixed-differential terms that, taken together, are symmetric. Right:
full block-tridiagonal symmetric discretisation matrix of the test
particle operator. Blocks have dimension Nµ ×Nµ and are
tridiagonal. The matrix has upper and lower bandwidth w= Nµ + 1,
elements outside the band-width vanish.

3.2. Time advance

The diffusive terms in the test particle operator result in a
Courant-Friedrichs-Levy (CFL) timestep constraint that scales
with the square of the velocity discretisation size if an explicit
time advance scheme is used. Even for a modest collisional-
ity, this can be impractical. To avoid this constraint, the col-
lision operator is implemented in stella using an implicit
time advance scheme. We make use of Godunov splitting to
separate the collisional time advance from the remainder of
the gyrokinetic equation [see 4]. Using the backward Euler
method one obtains

gn+1
s − g∗s
∆t

= CGK
[
hn+1
s

]
= Ctest

[
hn+1
s

]
+Cfield

[
hn+1
s ,hn+1

s′
]

(72)

where s denotes the species index, g∗s denotes the guid-
ing centre distribution function after advancing the non-
collisional part of the gyrokinetic equation, and hn+1

s denotes
the non-Boltzmann distribution function after the collisional
time advance. In equation (72), the test-particle operator,
Ctest[hn+1

s ], contains self-collisions and inter-species colli-
sions, but acts only on hs; the contributions from different spe-
cies are therefore collected into a single operator. The field-
particle operator acts on hs and all other species hs′ . With
gn+1
s = hn+1

s +(qs/Ts)J0sϕn+1F0s it follows that the equation
for the species hs is

(1−∆tCtest)h
n+1
s = g∗s +

qs
Ts
J0sϕ

n+1F0s

+∆tCfield
[
hn+1
s ,hn+1

s′
]
. (73)

Note that we have suppressed spectral indices, and used
that the gyroaverage of the electrostatic potential is simply
J0s(k⊥v⊥/Ωs)ϕk⊥ in Fourier space. Equation (73) is linear in
hs and can be split into a homogeneous and inhomogeneous
component

10
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(1−∆tCtest)h
n+1
s,inh = g∗s (74)

(1−∆tCtest)h
n+1
s,hom =

qsϕn+1

Ts
J0sF0s+∆tCfield

[
hn+1
s ,hn+1

s′
]
,

(75)

with hs = hs,hom+ hs,inh. The first, inhomogeneous equation—
so called because the right-hand-side depends on the interme-
diate timestep—can be solved for hn+1

s,inh by LU-factorisation
of R= 1−∆tCtest and backsubstitution. We use LAPACK’s [3]
zgbtrs algorithm for banded matrices to perform the LU-
factorisation of R.

The second, homogeneous equation depends only on quant-
ities at the new timestep n+ 1 and includes the field associated
with the electrostatic potential and an additional field for every
term in the Hirshman-Sigmar expansion of the field particle
operator. Equation (75) is solved using a Green’s function
method: A unit impulse is supplied to the electrostatic poten-
tial and [1−∆tCtest]hs,hom = qsJ0F0s/Ts is solved to obtain the
response δhhom,ϕ/δϕ; analogously for each field ψlmj appear-
ing in the field-particle operator in equation (75), the equation
[1−∆tCtest]hs,hom =∆tPlmJm∆

(lm)
j is solved for the response

δhs,hom/δψ
lm,ss ′

j , where we have subsumed multiplicative con-

stants from the field-particle operator into ∆
(lm)
j for brevity.

Here, all quantities are understood to be taken at the timestep
n+ 1. With the responses in hand, the homogeneous solution
at the new timestep n+ 1 is given by

hn+1
s,hom = ϕn+1 δhs,hom

δϕ
+
∑
jlm,s ′

ψss
′,n+1

j,lm

δhs,hom
δψss

′
j,lm

, (76)

as can be verified by operating on the equation with 1−
∆tCtest. The summation runs over all species, s′, and all expan-
sion indices j, l and m. The electrostatic potential is related to
the distribution function via the quasi-neutrality operator [5]

ϕ = Q [hs] :=
1∑

s
Z2s
Ts
(Γ0s− 1)ns

∑
s

Zsns
2B
π1/2

ˆ
J0,shs d

3v

=
∑
s

Qs [hs] (77)

where s denotes the species index, Γ0s :=
exp(−k2⊥ρ2s/2)I0(k2⊥ρ2s/2), I0 is the modified Bessel func-
tion of the first kind, and equation (77) defines the per-species
quasineutrality operators Qs[hs] =: ϕs. Operating with Qs on
equation (76) one obtains

ϕn+1
s,hom = ϕsQs

[
δhs,hom
δϕ

]
+
∑
jlm,s ′

ψss
′,n+1

j,lm Qs

[
δhs,hom
δψss

′
j,lm

]
. (78)

Recalling the results from section 2.2, the fields in the field
particle operator are obtained via

ψss
′

j,lm = Pss
′

j,lm [hs′ ] := cl,−m
(−1)m

N(l)
j

ˆ
Pl,−mJm

× hs′∆
l,s ′s
j

(
xlsL

(l+ 1
2 )

j

(
x2s
)
F0s

)
d3v (79)

where we have defined the integral operator Pss
′

j,lm. Operating

with Ps
′s
j,lm on equation (76) one obtains

ψs
′s,n+1
j,lm,hom = ϕn+1Ps

′s
j,lm

[
δhs,hom
δϕ

]
+
∑
ipq,s ′ ′

ψss
′ ′,n+1

i,pq Ps
′s
j,lm

[
δhs,hom
δψss

′ ′
i,pq

]
. (80)

With hn+1
s,inh known from solving the inhomogeneous

equation (74), ϕsinh = Qs[hs,inh] and ψs
′s
j,lm,inh = Ps

′s
j,lm[hs,inh] we

have obtained a linear system of equations for the potential
ϕn+1 =

∑
s(ϕ

n+1
s,inh+ϕs,n+1

hom ) and the fields ψss
′,n+1

j,lm at the new
timestep n+ 1, given by

[I−R] fn+1 = fn+1
inh (81)

where fn+1 = [ϕn+1,{ψss
′,n+1

j,lm }]T, fn+1
inh = [ϕn+1

inh ,{ψ
ss′,n+1
j,lm,inh }]T

and I is the identity matrix. For the case of two species s and
s′, the matrix R is given by

R=



Q
[
δhϕ
]

Qs

[
δh
ψss
jlm

s

]
Qs

[
δh
ψss′
jlm

s

]
Qs′

[
δh
ψs′s
jlm

s′

]
Qs′

[
δh
ψs′s ′
jlm

s′

]
. . .

Pssjlm
[
δhϕs
]

Pssjlm

[
δh
ψss
jlm

s

]
Pssjlm

[
δh
ψss′
jlm

s

]
0 0

Pss
′

jlm

[
δhϕs′
]

Pss
′

jlm

[
δh
ψss
jlm

s

]
Pss

′

jlm

[
δh
ψss′
jlm

s

]
0 0

Ps
′s
jlm

[
δhϕs
]

0 0 Ps
′s
jlm

[
δh
ψs′s
jlm

s′

]
Ps

′s
jlm

[
δh
ψs′s ′
jlm

s′

]
Ps

′s ′
jlm

[
δhϕs′
]

0 0 Ps
′s ′
jlm

[
δh
ψs′s
jlm

s′

]
Ps

′s ′
jlm

[
δh
ψs′s ′
jlm

s′

]
...

. . .



(82)

11
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where we have adopted the shorthand δh
ψss
jlm

s := δhs/δψssjlm for
the responses, and for brevity the matrix above shows only one
combination of the indices j, l and m. The response matrix R
has dimension (1+NjN2

l )× (1+NjN2
l ).

The LU-factorisation of R can be pre-computed at code
initialisation, since all quantities occurring in the response
matrix are time-independent. The linear system (81) can then
be solved for the fields {ϕn+1,ψss

′,n+1
j,lm } at every timestep by

backsubstitution. With the fields {ϕn+1,ψss
′,n+1

j,lm } computed,
the implicit time advance equation (73) is solved for the dis-
tribution function at the new timestep, hn+1.

3.3. Conservation properties

3.3.1. Exact density conservation on non-uniform grids. It
can be shown that the first (l= 0, j= 1)- and (l= 1, j= 0)-
terms in the field-particle operator expansion correspond to
energy and momentum conserving operators, respectively,
that exactly compensate the energy andmomentum production
of the test particle operator [see 1, 13], such that both quant-
ities are conserved by the full collision operator. To guarantee
the conservation of density, momentum and energy to machine
precision, care must be taken in performing the discretisation
of the test particle operator and the numerical calculation of
integrals in the field particle operator. Density conservation of
the test particle operator is guaranteed if the uniform velocity
grid and uniform integration weights are employed. In the case
of the µ-grid chosen by Gauss–Laguerre quadrature, the dens-
ity moment of the test-particle operator vanishes only approx-
imately, and density conservation is dependent on the velocity
space resolution. We can nonetheless enforce exact conserva-
tion of density by the full collision operator by introducing an
additional term in the field particle operator, F∗

0sψ
s,l=0,∗
j=0 , with

F∗
0sψ

s,l=0,∗
j=0 = F∗

0s

´∑
s′ C

ss′
test [hs′ ] d

3v´
F∗
0s d

3v
, (83)

where the sum over s′ accounts for contributions from like-
species and interspecies collisions. The numerator in (83)
accounts for the total density of species s that is artificially
produced in collisions with species s′ due to inexact numerical
density conservation. Since the density moment of the test-
particle operator is approximately zero, the term F∗

0sψ
s,l=0,∗
j=0 is

a small correction to the collision operator. The function F∗
0s

must be chosen so that momentum and energy conservation of
the total collision operator remain intact. With

F∗
0s = F0s− v2F0s

´
v2F0s d3v´
v4F0s d3v

(84)

whereF0s is theMaxwellian, this is guaranteed since the paral-
lel momentum and energy moments of F∗

0s vanish, independ-
ent of the numerical integration scheme so long as integrals
are calculated consistently using the same numerical scheme.
With the addition of the small correction term (83) to the field-
particle operator, we can enforce exact density conservation of
the collision operator on non-uniform velocity grids.

Density conservation of the field particle operator is auto-
matically satisfied for terms in the operator that are odd in
v∥, since stella employs a grid for integration in v∥ that is
anti-symmetric around v∥ = 0. For even terms, exact density
conservation is not guaranteed. To enforce this for the energy
restoring term {l= 0, j = 1} one can make the modification

∆l,ss ′

j=1 −→∆l,ss ′

j=1 −
F∗
0s´

F∗
0s d

3v

ˆ
∆l,ss ′

j=1 d3v, (85)

to ensure conservation of number density to machine preci-
sion. The modification (85) remains accurate as long as the
integral over ∆l,ss ′

j=1 is small; in numerical tests the modifica-
tion incurs at worst a 10% error, in the case of disparate mass
ratios µ⩽ 10−4 at the default velocity space resolution.

3.3.2. Exact momentum and energy conservation.
Interspecies momentum conservation requires that for k⊥ = 0

ˆ
msv∥C

ss′
test [hs] d

3v=−
ˆ
ms′v∥C

s′s
field [hs] d

3v. (86)

Using Pm=0
l=1 (cosθ) = v∥/v, the self-adjointness of

∆ss′
j and

´
v2∥/v

2f(v)d3v=
´
cos2(θ)sinθdθ

´
f(v)v2dv=

2/3
´
f(v)v2dv= 1

3

´
f(v)d3v, one obtains

ˆ
msv∥C

ss′
test [hs] d

3v

=−ms′

ˆ
hs
F0s

×
v∥
v
∆l=1,ss ′

j=0 [vF0s′ ] d
3v. (87)

For this condition to be satisfied to machine precision we use
that ∆ss′,l=1

j=0 can be expressed using the test-particle operator.
A straightforward calculation shows that

∆ss′,l=1
j=0

[
xs′ exp

(
−x2s′

)]
= µ2

ss′xsν
ss′
S (xs)exp

(
−x2s

)
(88)

where νS is the slowing-down frequency from the test particle
operator. Using the identity (88) and the differential identities
from Abel et al [1] yields

v∥
v
∆ss′,l=1
j=0 (xs′F0s′) =

1
vth,s

ms

ms′
Css

′

test

[
v∥F0s

]
. (89)

In the numerical implementation of the field particle oper-
ator we can therefore compute ∆l=1,ss ′

j=0 using (89) to guar-
antee exact momentum conservation (86) so long as the test-
particle operator satisfies exact self-adjointness, which is the
case if uniform velocity grids are employed. To ensure exact
momentum conservation on non-uniform velocity grids, we
can replace the field particle term with the integral moment
of the test particle operator using (86). This comes at an addi-
tional computational cost since the test-particle operator acting
on hs in (86) must be evaluated before the integral is computed.

Energy conservation can be treated analogously.
Conservation to machine precision requires

ˆ
msv

2Css
′

test [hs] d
3v=−

ˆ
ms′v

2Cs
′s
field [hs] d

3v. (90)
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Writing out the ∆ss′,l=0
j=1 -term of the field particle operator on

the right-hand-side gives

ˆ
msv

2Css
′

test [hs] d
3v

= ms′

ˆ
hs
F0s

×∆ss′,l=0
j=1

[(
3/2− x2s′

)
F0s′
]
d3v. (91)

Relating ∆ss′,l=0
j=1 to the collision frequencies occurring in the

test particle operator yields

∆ss′,l=0
j=1

[(
3/2− x2s′

)
exp
(
−x2s′

)]
=−µ3/2

ss′ x
2
sν

ss′
E (xs)exp

(
−x2s

)
. (92)

Again using the differential identities of Abel et al [1] for the
collision frequencies occurring in the test-particle operator it
follows that

∆ss′,l=0
j=1

[(
3/2− x2s′

)
F0s′
]
= Css

′

test

[
msv

2F0s
]
. (93)

Equation (93) can then be employed to calculate∆ss′,l=0
j=1 using

the test-particle operator so that exact conservation of energy
is ensured if the test-particle operator satisfies exact self-
adjointness. On non-uniform grids, where this is not the case,
one may use (90) directly to evaluate the energy-conserving
term in the field-particle operator, again, at the additional
computational expense of calculating the test particle operator
acting on hs.

4. Numerical tests

4.1. Conservation properties

We first test the conservation properties of the collision model
implemented in stella. The conversion of the collision oper-
ator into the gyrokinetic form introduced spatial dependencies
via the gyrodiffusive term and Bessel functions; as a result the
first three velocity moments no longer vanish when k⊥ ̸= 0.
Abel et al [1] and Barnes et al [4] have shown that the con-
servation laws for the gyrokinetic collision operator can be
expressed as a condition on the collision operator in the limit
k⊥ = 0, namely, requiring

ˆ (
1,v∥,v

2
)T
CGK,k⊥=0 [hk] d

3v= 0 (94)

ensures that density, momentum and energy are locally con-
served by the collision operator [1]. Here CGK,k⊥=0 denotes
the gyrokinetic collision operator with all finite Larmor radius
terms of the operator disabled in both the test and field particle
components [see 1]. For the collision model implemented in
stella, by construction, this condition is satisfied if the ( j =
1, l= 0)- and ( j = 0, l= 1)-terms are retained in the spher-
ical harmonic and Hirshman-Sigmar expansion of the field-
particle operator. To test that these conservation properties
indeed hold for the numerical implementation of the collision

Figure 4. Evolution of the perturbed ion density due to the collision
model in the limit k⊥ = 0, over 20 collision times (dashed blue
line). The distribution function was initialised as defined in
equation (95). Using uniform grids or including the density
restoring term on the non-uniform µ-grid ensures density
conservation to machine precision (continuous black line).

model, the distribution function was initialised with non-zero
density, momentum, and energy moments as

h
(
v∥,µ

)
=

[
1+

mv∥
T0

δu∥,0 +

(
mv2∥
T0

− 1
2

)
δT∥,0
T0

]
F0s (95)

where δu∥,0 and δT∥0 are constants. All non-collisional terms
in the gyrokinetic equation were disabled. The evolution of the
density, momentum and energy was then measured over 20
collision times, τii = ν−1

ii , shown in figures 4 and 5, with and
without the conserving terms in the collision operator. Density
conservation to machine precision was verified for uniform
velocity space grids, where the integration weights are equal to
the inverse grid spacing. For the µ-grid initialized by Gauss–
Laguerre quadrature a density decay of 1− δni(20τii)/δni (t=
0)∼ 10−3 is observed. Thus, as expected, density is only
approximately conserved on this non-uniform grid. Inclusion
of the density correction term (83) in the field particle oper-
ator was verified to recover density conservation to machine
precision on stella’s non-uniform µ-grid.

Figure 5 shows that the parallel momentum and energy
decay significantly over 20 collision times in the absence of the
field particle operator. Inclusion of the ( j = 0, l= 1,m= 0)-
term in the field particle operator, calculated as prescribed
in the previous section, leads to parallel momentum conser-
vation to machine precision. Similarly, inclusion of the ( j =
1, l= 0,m= 0)-term ensures that energy is conserved. These
tests verify that the numerical implementation of the collision
model satisfies the required conservation laws.

4.2. H-theorem

Boltzmann’s H-theorem mandates that the entropy produc-
tion rate of the collision operator must be non-negative at all
times and zero only if the distribution function is Maxwellian.
To verify that this holds, the distribution function was ini-
tialised as random in velocity space, with h(v∥,µ) drawn
from the uniform distributionU[−1/2,1/2], following Barnes
et al [4]. Expanding the phase-space average of the entropy
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Figure 5. Evolution of the parallel flow (left) and energy (right) due
to the collision model in the limit k⊥ = 0, over 20 collision times.
The distribution function was initialised as defined in equation (95).
Including the ( j = 0, l= 1,m= 0) and ( j = 1, l= 0,m= 0) terms
of the field-particle operator ensures conservation of both quantities
to machine precision (continuous black line).

S=−
˜

d3R
V f ln f d3v, the entropy of the fluctuating part of the

distribution function is given by

S [δf ]≈−
¨

d3R
V

δf 2

2F0
d3v, (96)

where we have retained only the lowest order term. The time
evolution of the rate of change of S, dS/dt∝∆S= (Si+1 −
Si), where i denotes the timestep, is shown in figure 6. On
stella’s uniform velocity grid, the entropy production rate is
always positive and decays uniformly until it reaches machine
precision∼10−15 at tνii = 80, as is expected for a scheme that
guarantees exact self-adjointness. On the µ-grid determined
by Gauss–Laguerre quadrature, the entropy production rate
is positive and decays over thirteen orders of magntitude as
the distribution function approaches a Maxwellian in velocity
space. At∆S(t)≈ 10−6.5, negative entropy production sets in
that then decays to ∆S(t)≈ 10−9 at tνii = 80. While satisfac-
tion of the H-theorem is not guaranteed on non-uniform velo-
city grids, such small deviations are expected to be benign. If
required, this can be verified by comparison with the uniform
velocity grid.

4.3. Comparison with GS2

We next benchmark the implementation of the collision oper-
ator in stella against the collision model implemented in
the gyrokinetic solver GS2 [17]. The GS2 collision model is
described in detail in Barnes et al [4] and Abel et al [1]; we
briefly recapitulate key features here: the code uses (E,λ)-
velocity space coordinates, where E denotes the particle kin-
etic energy, and λ := µ/E. The test-particle operator imple-
mented in GS2 consists of the standard pitch-angle scat-
tering and energy diffusing operators described in the first
section of this paper. The field particle operator implemen-
ted in GS2 consists of two terms that ensure conservation
of momentum and energy by the full collision operator.
The energy-conserving term corresponds identically to the
( j = 1, l= 0)-energy-conserving term of the collision model
introduced here, and is given by [4]

Figure 6. Rate of change of the entropy due to collisions. Left:
entropy production for the numerical scheme that ensures exact
self-adjointness of the collision operator on uniform velocity-space
grids. The entropy production is always non-negative and
approaches zero as the distribution function approaches a
Maxwellian. Right: entropy production for the Gauss–Laguerre
µ-grid on which the collision operator is only approximately
self-adjoint. The entropy production is non-negative (solid line) and
decays over 14 orders of magnitude as the distribution function
approaches a Maxwellian, before small negative entropy production
sets in (dotted line) that then decays.

E [hk] = v2νEJ0 (a)F0

´
νEv2J0 (a)hkd3v´
νEv4F0d3v

. (97)

where a := k⊥v⊥/Ω and species indices have been dropped
everywhere for clarity. The pitch-angle scattering (Lorentz)
and energy diffusing operators in GS2 are implemented using
an operator-splitting method; to ensure exact momentum con-
servation of each operator while retaining self-adjointness, the
Lorentz operator is combined with a momentum conserving
term given by [4]

UL [hk] = νDF0

[
J0 (a)v∥

´
νDv∥J0 (a)hkd3v´
νDv2∥F0d3v

+ J1 (a)v⊥

´
νDv⊥J1 (a)hkd3v´
νDv2∥F0d3v

]
. (98)

To compensate momentum production by the energy diffusing
term of the test particle operator, the field particle model of
GS2 includes the term

UD [hk] =−∆νF0

[
J0 (a)v∥

´
∆νv∥J0 (a)hkd3v´

∆νv2∥F0d3v

+ J1 (a)v⊥

´
∆νv⊥J1 (a)hkd3v´

∆νv2∥F0d3v

]
. (99)

Here the collision frequency ∆ν := νD− νS. The momentum
conserving terms given by equations (98) and (99) resemble
modifications of the momentum conserving term provided in
Abel et al [1], that match the momentum conserving term
implemented in stella. These modifications were made to
ensure exact conservation and self-adjointness under GS2’s
operator splitting method. With this in mind, we performed
collisional gyrokinetic simulations in both codes to compare
the collision operators implemented in stella and GS2.
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Table 1. Parameters of linear Cyclone Base Case simulations with
stella and GS2. The quantities r and R are the minor and major
radius of the chosen flux surface of the DIII-D tokamak,
respectively; q denotes the safety factor, ŝ is the magnetic shear, κ is
the flux surface elongation, δ the triangularity, a is the reference
length, chosen to be the minor radius of the last-closed-flux-surface,
and vth,r denotes the reference speed, chosen as vth,r =

√
2Tref/mref

with Tref = Ti and mref = mi.

Cyclone Base Case parameters:
r̃= r/a 0.5
R̃= R0/a 2.77778
dR̃/dr̃ 0.0
q 1.4
ŝ= dlnq/dlnr 0.8
κ 1.0
dκ/dr̃ 0.0
δ 0.0
dδ/dr̃ 0.0
ni /ne 1.0
Ti /Te 1.0
mi /me 3672
−dlnTi /dr̃ 2.49
−dlnTe/dr̃ 2.49
−dlnni /dr̃ 0.8
−dlnne/dr̃ 0.8

Common simulation parameters:
νiia/vth,r 0.1
∆tvth,r/a 0.008
vc,⊥/vth,s 3.0
vc,∥/vth,s 3.0
Nperiod ×Nz 3× 24

stella simulation parameters:
µ-grid Gauss-Quad.
Nv∥ 48
Nµ 12

GS2 simulation parameters:
Ngauss 20
NE 32

4.4. Cyclone base case simulations

Linear gyrokinetic simulations of the Cyclone Base Case
(CBC) regime of the DIII-D tokamak [8], a commonly used
test-case for gyrokinetic codes, were first performed to bench-
mark the test-particle collision operator of stella against
the operator implemented in GS2. The simulations were per-
formed with kinetic ions; electrons were approximated to
adiabatically stream along magnetic field lines, so that δne =
ene0ϕ/Te. In stella, 24 grid-points in the field-line follow-
ing coordinate z, 48 grid-points in v∥ and 12 points in µ on a
Gaussian grid were used. The code was evolved for 4000 time-
steps with ∆t= 0.008a/vth,i. In GS2, nλ = 33 grid-points in
λ, nE = 32 grid-points in the energy coordinate and 24 grid-
points in the field-line following coordinate were used. The
velocity space cut-off speed was set to v∥,c = v⊥,c = 3.0vth,s
in stella and vc = 3.0vth,s in GS2. The simulation paramet-
ers are summarised in table 1.

Growth rate and frequency spectra obtained with both
codes are shown in figure 7, for a non-collisional simulation

Figure 7. Left: Growth rates (solid lines) and real frequencies
(dashed lines) for a collisionless (νiia/vth,i = 0.0) Cyclone Base
Case simulation, obtained using GS2 (black) and stella (blue).
Right: Electrostatic potential for the fastest growing mode
(kyρi = 0.55) as a function of the parallel coordinate.

Figure 8. Left: Growth rates (solid lines) and real frequencies
(dashed lines) for a collisional (νiia/vth,i = 0.1) Cyclone Base Case
simulation, obtained using GS2 (black) and stella (blue), with
collision models restricted to the test particle operator. Right:
Electrostatic potential for the fastest growing mode (kyρi = 0.55) as
a function of the parallel coordinate.

(νiia/vth,i = 0), and in figure 8 for a collisional simulation
(νiia/vth,i = 0.1) that employed only the test-particle operat-
ors in both codes. The inclusion of the test-particle compon-
ent of the collision operator reduces the growth rates in both
codes by 30%, from a maximum normalised growth rate of
γa/vth,i = Im(ω)a/vth,i = 0.1 at a wave number kyρi = 0.55
in the absence of collisions, to γa/vth,i = 0.07 at kyρi = 0.55
with strong test-particle collisions enabled. Excellent agree-
ment of the growth rates and frequencies is obtained between
both codes over the extent of the spectrum.

Next, a comparison of the energy-diffusion and energy-
conserving terms in stella and GS2 was performed in a
CBC setting. In stella, the Lorentz operator was suppressed
in the collision model, and the field-particle operator was
configured to only include the {j = 1, l= 0}-term associated
with energy conservation. Analogously the Lorentz operator
was disabled in GS2 and terms associated with perpendicu-
lar momentum conservation of the energy diffusion operator
were suppressed. The remaining components in the GS2 colli-
sion operator are then energy diffusion and energy conserva-
tion terms. Growth rates and real frequencies for both codes
are shown in figure 9(left plot), with excellent agreement over
the spectrum.
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Figure 9. Left: Growth rates (solid lines) and real frequencies
(dashed lines) for a collisional (νiia/vth,i = 0.1) Cyclone Base Case
simulation with only energy diffusion and energy-conserving terms
included in the collision operator, obtained using GS2 (black) and
stella (blue). Growth rates and frequencies for an energy diffusion
operator without the energy-conserving term are shown for
comparison (red dotted line). Right: Growth rates and real
frequencies for the full test-particle operator and energy and
momentum conserving terms in both codes. The small discrepancy
at kyρi ∼ 1 is associated with a modification of the perpendicular
momentum conserving terms made in the collision operator of GS2.

Figure 9(right plot) shows the frequency and growth rate
spectra when the momentum conserving terms in the field
particle operator are included in GS2 and stella. Good agree-
ment is obtained at low k⊥ρi but a small discrepancy is found
at k⊥ρi ∼ 1. We attribute this discrepancy to the modifica-
tion, made for numerical purposes, of the momentum con-
serving terms in GS2 described previously. The disagreement
is more pronounced at k⊥ρi ∼ 1 because the Bessel function
J1(a), occurring in the perpendicular momentum conserving
terms in equations (98) and (99) are J1(a)∼ 1 for a∼ 1 while
J1(a)→ 0 for a→ 0, where the argument of the Bessel func-
tion is given by a= k⊥v⊥/Ω. The parallel momentum con-
serving terms in (98) and (99) are small for the CBC simu-
lations performed here because the distribution function was
approximately symmetric in v∥; the integrals in the parallel
momentum conserving terms, that are odd in v∥, are then
small.

Simulations of the CBC were also performed with both
ion and electron species treated kinetically, to test interspecies
collision terms. Because the Spitzer collisionality scales with
the inverse square root of the species mass, the electron col-
lision frequency exceeds the ion collision frequency by a
factor (mi /me)

1/2 = 60.6 for a deuterium plasma; accord-
ingly the simulations were performed with νiia/vth,i = 0.1 and
νeea/vth,i = νeia/vth,i = 6.06. For interspecies collisions, the
collision model in GS2 makes use of a mass-ratio expansion
to discard ion-electron test-particle collisions and electron-
ion energy diffusion; the Lorentz operator is further simpli-
fied by utilizing a mass ratio expansion to approximate the
electron-ion deflection frequency with νeiD(v) = νei(vth,e/v)3

[see 1, 4]. We note that while a mass ratio expansion of the
collision operator as employed in GS2 is acceptable for very
disparate species masses, this inevitably is inaccurate for col-
lisions between ion species that have comparable masses, such

Figure 10. Left: Growth rates (solid lines) and real frequencies
(dashed lines) for a collisional (νiia/vth,i = 0.1, νeea/vth,i = 6.06)
CBC simulation with kinetic ions and electrons, on ion scales. Right:
Growth rates and real frequencies on electron scales. Growth rates
for a non-collisional simulation are shown for comparison in red.

as Deuterium and Tritium species. The collision model in
stella makes no mass-ratio approximations for inter-species
collisions, and for the kinetic two-species CBC simulations
was configured to include all inter-species and energy- and
momentum-conserving terms. A comparison of the growth
rates and frequencies obtained with both codes for ion-scale
wavenumbers, kyρi ≲ 1, is shown in figure 10(left sub-figure),
demonstrating good agreement between the codes. Growth
rates and frequencies on electron scales kyρi ≲ 60 are shown
in figure 10(right sub-figure), also demonstrating good agree-
ment throughout the spectrum.

The benchmarks performed against GS2 described here
verify the integrity of stella’s collision model when this is
reduced to the basic test-particle and energy- and momentum-
restoring field particle terms. We proceed to test the accuracy
of higher-order terms in the field-particle operator implemen-
ted in stella.

5. Spitzer-Härm problem

To investigate the accuracy of the full collision model imple-
mented in stella, we solve the time independent parallel
Spitzer-Härm problem, that describes the electron response to
a constant applied electric field and pressure and temperature
gradients. To do so, all non-collisional terms in the gyrokin-
etic equation were disabled, and momentum and energy flux
source terms associated with an applied parallel electric field
and pressure and temperature gradients were introduced. The
Spitzer problem then consists in solving

Cee [ fe] +Cei [ fe, f0i] =−

v∥
(
qeE∥

Te
−∇∥ lnp0e

)
︸ ︷︷ ︸

=:I1

+ v∥

(
x2e −

5
2

)
[−∇∥ lnT0e︸ ︷︷ ︸

=:I2

]

F0e (100)
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for the electron distribution function, fe, wherewe have defined
the thermodynamic forces I1 and I2, and xe := v/vth,e. The
linearity of equation (100) implies that the parallel particle and
heat fluxes can be expressed as linear combinations of the ther-
modynamic forces [see 12] as

4meτ
−1
ei

3
√
πn0eT0e

ˆ
v∥fe d

3v= L11I1 +L21I2 (101)

and

4meτ
−1
ei

3
√
πn0eT0e

ˆ
v∥

(
x2e −

5
2

)
fe d

3v= L12I1 +L22I2, (102)

respectively. Here, the coefficients L11, L12, L21 and L22 denote
the Spitzer transport coefficients [see 7, 12], and

τ−1
ei =

√
2πq2eq

2
i n0i lnΛ

m1/2
e T3/20e

. (103)

To solve the time independent Spitzer problem with stella,
the code was initialized to take a single timestep, ∆t, that
is large relative to the collision time, so that τc/∆t→
0. Setting independently first I1 = 0 and then I2 = 0, solv-
ing equation (100) with stella for both cases, and using
equations (101) and (102), the transport coefficients Lmn can
be calculated. For better accuracy of integral computations,
the non-uniform µ-grid available in stella was used, at
the expense of numerically exact conservation properties.
Resolution scans were performed to determine that nv∥ = 72
and nµ = 46 grid-points provide adequate velocity-space res-
olution. To evaluate the accuracy of the field particle model
in stella, scans were then performed over the number of
terms included in the field particle operator expansion. Errors
in the Spitzer coefficients were calculated with respect to coef-
ficients computed by Belli and Candy [7] using an implement-
ation of the exact linearised Fokker–Planck operator in the
neoclassical solver NEO [6]. The Spitzer coefficients calcu-
lated with stella for different configurations of the collision
model and the coefficients obtained by Belli and Candy [7]
are provided in table 2. Errors in the calculated Spitzer coeffi-
cients, relative to the exact coefficients, are shown in figure 11,
as a function of successively higher-order terms retained in
stella’s field particle operator. Using the collision model
configured to include only the test-particle operator leads to
significant errors in all three transport coefficients, as high as
50% in L11. Further retaining the first two terms in the expan-
sion of the field particle operator ({l= 0, j = 1},{j = 1, l=
0}) – corresponding to the energy and momentum conserving
collision model commonly used in gyrokinetic codes such as
GS2—yields errors of 10%− 25% in the Spitzer coefficients.
Including the next {j = 1, l= 1} term associated with the col-
lisional energy flux density reduces the errors in the coeffi-
cients to 1%− 3%. Adding further higher-order terms, up to
{j = 2, l= 1}, reduces the error in all three coefficients to less
than 1%. In performing these scans, all m-indices associated
with an individual l-index were included (m ∈ {−l, . . . , l}).
The Spitzer coefficients exhibit a symmetry L12 = L21, known

Table 2. Spitzer-Härm transport coefficients calculated with
stella using only the test-particle operator (TPO), using the
test-particle and momentum- and energy-conserving field-particle
terms (+FPEM), and using additional terms up to the j1l1-term in the
field-particle operator (+FPj1l1 ). Coefficients calculated by Belli and
Candy [7] using the exact linearized Fokker–Planck operator
implemented in the neo-classical solver NEO (Exact) are provided
for comparison.

Coefficient: TPO: +FPEM: +FPj1l1 : Exact:

L11 1.0019 1.7476 1.9632 1.9757
L12 0.9181 1.4026 1.3861 1.3889
L21 0.9243 1.0794 1.4171 1.3889
L22 3.5229 4.0763 4.1859 4.1789

Figure 11. Errors in the Spitzer transport coefficients calculated
with stella, relative to coefficients determined with the exact
Fokker–Planck operator by Belli and Candy [7], for successively
added terms in the field particle operator expansion. The energy and
momentum conserving collision model (EM) corresponds to
retaining all terms up to the j= 0, l= 1-term (‘j0l1’) in the
field-particle operator expansion. Including higher order terms in
the field particle operator expansion up to j= 2 and l= 1 yields
errors below 1% in all Spitzer coefficients.

as Onsager symmetry [21], that is a consequence of the self-
adjointess of the collision operator [12, see]. A comparison
of the errors in L12 and L21 in figure 11 shows that Onsager
symmetry holds approximately, as is expected by construction
of the field-particle operator expansion (40) on a non-uniform
velocity-space grid.

The scans performed in the Spitzer coefficients validate that
the accuracy of the collision model implemented in stella
can be increased progressively to rigorously approximate the
exact linearised Fokker–Planck operator.
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6. Summary and future work

The collision model for the gyrokinetic solver stella presen-
ted in this work satisfies conservation laws and, uniquely,
permits a rigorous approximation of the full linearised
Fokker–Planck operator. Multiple plasma species are suppor-
ted, with full intra- and inter-species collisions taken into
account, irrespective of the species’ mass ratio. In line with
stella’s mixed implicit-explicit numerical scheme, the col-
lision model makes use of an implicit algorithm to avoid a
CFL constraint on the maximum timestep size. The diffusive,
test-particle component of the linearised Fokker–Planck oper-
ator is treated exactly. The field-particle piece of the operator
is approximated using series expansions in spherical harmon-
ics and the Hirshman-Sigmar basis functions that are precom-
puted recursively from error functions during code initialisa-
tion. The expansion of the field-particle operator obtained in
this way reduces the exact field-particle operator to an integral
operator that can be treated implicitly using a Green’s func-
tion method. In the limit where only the first two terms in
the series expansion are retained, the collision model reduces
to the energy- and momentum-conserving model commonly
employed in gyrokinetic codes [see 1, 4, 25]. Benchmarks
against the collision model of the gyrokinetic solver GS2 for
both ion- and electron scale turbulence confirm that this is the
case. The classical Spitzer problem was then solved to test the
implementation of higher-order terms in the Hirshman-Sigmar
expansion. The results demonstrate the scalable accuracy of
the collision operator: including the collisional energy-flux
and higher-order terms in the field particle operator reduces
errors in the Spitzer coefficients to under 1%, from errors in
the 10%–50% range for simpler test particle or energy- and
momentum-conserving collision models commonly employed
in gyrokinetic codes. The algorithm introduced here therefore
enables the user to perform numerical simulations with a col-
lision model configured to meet the physical fidelity required
by a given problem.

Accounting for collisional effects with high fidelity can,
for instance, be important in simulations of trapped-electron
mode instabilities and zonal flow (ZF) damping: work by Pan
et al [22] with an exact, explicit implementation of the Fokker–
Planck operator in the GENE code has demonstrated that an
exact treatment of the field-particle operator results in signi-
ficant corrections to instability growth rates and ZF damp-
ing in tokamaks [23], compared to a simpler energy- and
momentum-conserving collision model. An accurate numer-
ical treatment of collisions is also, inevitably, important for
highly collisional phenomena, such as the transport of impur-
ity species that have a significant collisionality due to their
high ion charge. The transport of Carbon, Argon, Iron, or
Tungsten impurities must be controlled in magnetic confine-
ment reactors to avoid impurity accumulation in the plasma
core, where highly charged species lead to a rapid radiat-
ive energy loss of the plasma. Measurements of the diffusion
coefficients of iron ions, injected by laser ablation in W7-X,
exceed neoclassical predictions by two orders of magnitude

[10, 20], suggesting that turbulence plays an important role in
the transport of these species. Indeed, gyrokinetic simulations
of impurity transport in W7-X performed with stella [9]
indicate that turbulence can explain the measured levels
of transport—but these simulations have been collisionless,
motivating a collisional gyrokinetic investigation. With the
collision model introduced here, stella is well equipped for
such problems.
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Appendix A. Convergence of the Hirshman–Sigmar
expansion

Using the definition of the∆ab
j and the orthogonality relation

ˆ
vlL

(l+ 1
2 )

j−1

(
x2a
)
∆ab
j v2dv= 0 (104)

it is straightforward to show by induction that for all j<N

ˆ
vlL

(l+ 1
2 )

j

(
x2a
)
∆ab
N

[
xlbL

(l+ 1
2 )

N F0b

]
v2dv= 0. (105)

Writing out the recursive expression for the∆ab
j (30) after j+

1− k steps one obtains

∆ab
j+1 [ f ] = ∆ab

k [ f ]−
j∑

i=k

ψabi [ f ]∆ab,l
i , (106)

where the ∆ab,l
j are defined for compactness as given by (41).

Then, for k< j

∆ab
j

[
xlbL

l+ 1
2

k F0b
]
=∆ab

k

[
xlbL

l+ 1
2

k F0b
]

(107)

−
j−1∑
i=k

´
vlL

l+ 1
2

k ∆ab
i

[
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i F0b
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v2dv

´
vlL

l+ 1
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i ∆ab
i

[
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l+ 1
2

i F0b
]
v2dv
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i

[
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i F0b
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[
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(108)

18



Plasma Phys. Control. Fusion 66 (2024) 105016 A von Boetticher et al

Invoking the orthogonality (105) yields

∆ab
j

[
xlbL

l+ 1
2

k F0b

]
= 0 for k< j. (109)

Taking k= 0 in (106) and rearranging, the exact isotropic com-
ponent of the field particle operator can be written as

Cabv [ f ] := ∆ab
0 [ f ] =

N∑
j=0

ψab,lj [ f ]∆ab,l
j +∆ab

N+1 [ f ]

= Cab,Nv [ f ] +∆ab
N+1 [ f ] . (110)

It follows immediately with (109) that the truncated operator
Cab,Nv thus defined is exact for distribution functions of the
form [13]

f(l)b (v) =
N∑
j=0

2

v2lth,b
F(l)
j v

lL(k)j
(
x2b
)
F0b
(
x2b
)
. (111)

Since in the limitN→∞ any distribution function can bewrit-
ten in this way the approximate operator Cab,Nv ( f) indeed con-
verges to the exact field particle operator for N→∞ [13].

Appendix B. Calculation of Clv

The full field particle operator for collisions of fb with F0a is
given by [see 12]

C [ fa0 , δfb] = LabF0a

[
ma

mb
δfb (v)+ 2

v
v2α

(
1− ma

mb

)
∂ϕb1
∂v

+
2
v2α
ϕb1 (v)−

(
2v
v2α

)2
∂2ψb1
∂v2

]
. (112)

We expand the Rosenbluth potentials in spherical har-
monics, by using the generating function of the Legendre
polynomials, Pl

1
|⃗v− v⃗ ′|

=
1

v
√
1+ v ′2/v2 − 2v ′/vcosγ

=
1
v

∞∑
l=0

(
v ′

v

)l

Pl (cosγ) , (113)

where v ′ < v is required for convergence of the Legendre
series, and γ denotes the angle between v⃗ and v⃗ ′. Using the
addition theorem for the spherical harmonics it follows that

1
|⃗v− v⃗ ′|

=
∞∑
l=0

+l∑
m=−l

4π
2l+ 1

(−1)m
vl<
vl+1
>

Y−m
l (θ,φ)Yml (θ

′,φ ′) ,

(114)

with v< :=min(v,v ′) and v> :=max(v,v ′). The first
Rosenbluth potential is then given by

ϕb (⃗v) =− 1
4π

∞∑
l=0

+l∑
m=−l

4π
2l+ 1

(−1)m
[
Y−m
l (θ,φ)

×
¨

Yml (θ
′,φ ′)

(
1
vl+1

ˆ v

0
v ′l+2fb (⃗v

′) dv ′

+ vl
ˆ ∞

v

1
v ′l−1

fb (⃗v
′) dv ′

)
dΩ ′

]
. (115)

Using the orthogonality of the spherical harmonics it follows
that for fb(⃗v) = f lm(v)Yml (θ,φ)

ϕb (⃗v) =− 1
4π

4π
2l+ 1

Yml (θ,φ)

(
1
vl+1

ˆ v

0
v ′l+2f lm (v ′) dv ′
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ˆ ∞

v

f lm (v ′)
v ′l−1

dv ′
)
. (116)

It follows that

∂ϕb(⃗v)
∂v

=− 1
4π

4π
2l+ 1

Yml (θ,φ)

×
(
− l+ 1
vl+2

ˆ v

0
v ′l+2f lm(v ′) dv ′ (117)

+ lvl−1
ˆ ∞

v

f lm(v ′)
v ′l−1

dv ′
)
. (118)

To expand the second Rosenbluth potential, we multiply
equation (113) by (1+ v ′2/v2 − 2v ′/vcosγ) and use the recur-
rence relation for the Legendre polynomials, (2l+ 1)xPl(x) =
(l+ 1)Pl+1(x)+ lPl−1(x), to obtain, after some algebra and
shifting of the summation indices

|⃗v− v⃗ ′|=
∞∑
l=0

vl<
vl+1
>

[
v2<

2l+ 3
−

v2>
2l− 1

]
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It follows that

ψb (⃗v) =− 1
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Then, for a distribution function of the form fb(⃗v) =
f lm(v)Yml (θ,φ)

∂2ψb (⃗v)
∂v2

=− 1
8π

4π
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, (122)

whence the field particle operator is given by
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The spherical harmonics are therefore eigenfunctions of
the field particle collision operator. The calculation of the

basis functions ∆
l+ 1

2 ,ab
j

[
xlbL

(l+1/2)
j (x2b)exp(−x2b)

]
for the

Hirshman-Sigmar expansion of the field particle operator
requires the calculation of

∆
l+ 1

2 ,ab
0

[
xlbL

(l+1/2)
j

(
x2b
)
exp
(
−x2b

)]
= Cabv

[
F0a,x

l
bL

(l+1/2)
j

(
x2b
)
exp
(
−x2b

)]
. (124)

The resulting integral expressions over Laguerre polynomials
can be simplified by using the definition of the generalised
Laguerre polynomials

L
(l+ 1

2 )
j (x) =

j∑
k=0

(−1)k (l+ j+ 1/2)!
( j− k)! (l+ k+ 1/2)!k!︸ ︷︷ ︸

=:cjlk

xk (125)

After some algebra and introducing the lower and upper
incomplete Gamma functions, γ(s,x) and Γ(s,x), respectively
[see 11], one obtains

∆
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Appendix C. Fourier components of the
gyroaveraged test-particle operator

We calculate the Fourier components of the gyroaveraged test-
particle operator expressed in (v∥,µ)-coordinates. Since the
gyro-average is taken at fixed guiding center R, the velocity
derivatives in the collision operator are first transformed to
derivatives at fixed R
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=

∂

∂φ

∣∣∣∣
R
+
∂R
∂φ

∂

∂R

∣∣∣∣
v
=

∂

∂φ

∣∣∣∣
R
− 1

Ω

∂

∂φ

(
b̂× v⊥

) ∂

∂R

∣∣∣∣
v

=
∂

∂φ

∣∣∣∣
R
+
v⊥
Ω

· ∂
∂R

∣∣∣∣
v

(127)

∂

∂µ

∣∣∣∣
r
=

∂

∂µ

∣∣∣∣
R
+
∂R
∂µ

∂

∂R

∣∣∣∣
v
=

∂

∂µ

∣∣∣∣
R
− b̂

Ω
× ∂v⊥

∂µ

∂

∂R

∣∣∣∣
v

=
∂

∂µ

∣∣∣∣
R
− 1

2µ
ρ · ∂

∂R

∣∣∣∣
v

(128)

∂

∂v∥

∣∣∣∣
r
=

∂

∂v∥

∣∣∣∣
R
+
∂R
∂v∥

∂

∂R

∣∣∣∣
v
=

∂

∂v∥

∣∣∣∣
R

(129)

where we used that µ= mv2⊥/2B0, so that ∂µv⊥ = v⊥/v2⊥ ·
B0/m= v⊥/µ/2. We now perform the gyro-averaging opera-
tion (45). The v∥-component of the collision operator is unaf-
fected. Aligning k with the φ= 0 axis
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∂

∂µ

(
e−ik·ρhk/F0

)
=

∂

∂µ

(
e−ik·(b̂×v⊥)/Ωhk/F0

)
=

∂

∂µ

(
eikv⊥ sinφ/Ωhk/F0

)
=

∂

∂µ

(
eik
√

2B0µ/m sinφ/Ωhk/F0

)
= ik

B0 sinφ
mv⊥Ω

eikv⊥ sinφ/Ωhk/F0 + eikv⊥ sinφ/Ω ∂

∂µ
(hk/F0) .

(130)

The gyroaverage of the µ-component of the collision operator
then yields〈

eik·ρ
∂

∂µ

(
γµF0

[
ik
B0 sinφ
mv⊥Ω

e−ik·ρ hk
F0

+ e−ik·ρ ∂

∂µ

hk
F0

])〉
=

∂

∂µ

(
γµF0

∂

∂µ

hk
F0

)
− k2

4Ω2

[
ν∥v

2
⊥ + νDv

2
∥

]
hk

(131)

where we used that ⟨sinφ⟩= ⟨cosφ⟩= ⟨cosφ sinφ⟩= 0.
The mixed-differential components of the operator are
unchanged because the gyro-average over ρ vanishes. For the
φ-differential component of the operator〈

eiρ·k
νD
2

(
1+

mv2∥
2B0µ

)
∂2e−iρ·khk

∂φ2

〉
=

〈
− νD

2

(
1+

mv2∥
2B0µ

)
k2v2⊥ cos2φ

Ω2

〉
=−νD

k2v2

4Ω2
hk. (132)

Collecting theµ-, v∥- andφ-terms, the gyrokinetic test-particle
collision operator in Fourier space is given by

CGK,test[hk⊥ ] =
∂

∂v∥

[
γabv∥F0

∂

∂v∥

hk⊥
F0

+ v∥µν
ab
x F0

∂

∂µ

hk⊥
F0

]
+

∂

∂µ

[
γabµ F0

∂

∂µ

hk⊥
F0

+ v∥µν
ab
x F0

∂

∂v∥

hk⊥
F0

]
− 1

2

(
ν∥
B0µ

m
+ νD

[
v2∥ +

B0µ

m

])
k2ρ2

v2th
hk⊥ ,

(133)

where we have used that ρ= vth/Ω.
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