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Abstract

Shock tube experiments allow interrogation of non-equilibrium thermochemistry
relevant to hypersonic flow conditions. Previous works have shown that due to
shot-to-shot variability, a priori numerical methods are unsuitable for modelling
these experiments. Prior to this work, the predominant a posteriori numerical
method assumed equivalence between a blunt body stagnation line and the core
flow in a shock tube. Therefore, the primary aim of this thesis is to develop
computationally efficient, reacting gas numerical methods capable of modelling the
physical behaviour present in shock tubes.

This work develops analytical approaches to transform results from existing reacting
gas numerical methods, to more physical results for appropriate comparison to shock
tube data. The transformation provides a simple improvement for legacy methods
to implement, and has been applied to rate optimisation activities for the Dragonfly
mission to Titan.

A specialised quasi-one-dimensional numerical method is developed to determine
the core flow in a shock tube. This is the first a posteriori viscous shock tube
method, allowing the effect of the shock layer to be evaluated. The work shows both
significant changes to the non-equilibrium region and the charged species number
densities away from the shock. A boundary layer model removes mass from the
core flow, improving agreement with the physical behaviour present in a shock tube.

The final method derives and implements the first two-dimensional method for
conducting a posteriori, viscous, steady, reacting gas analysis of shock tube flows,
removing the requirement for boundary layer correlations. This is facilitated by an
additional constraint equation, fixing the shock in a desired location via a variable
ambient pressure boundary condition.

Two-dimensional effects such as shock curvature and boundary layer properties,
including the effect of surface catalycity on the boundary layer, are found to influence
shock tube measurements. This results in up to 50% change in expected radiance
emissions in wavelength regions dependent on radial property variation.
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Chapter 1

Introduction

1.1 Motivation

Space, or perhaps more interestingly, the locations in our universe which contain concentrations

of matter in the form of asteroids, moons, planets, and stars, have long been a human fascination.

For millenia, humans have pondered existential questions: What are the stars in our night sky?

Are there worlds similar to ours? Is there life outside Earth?

These questions of fundamental human curiosity drive us forward, never-ending in our push

towards the new limits of tomorrow. But to get there, wherever there may be, is within the remit

of engineers. For the question of how to achieve this is difficult, one only needs to look at lunar

travel and consider that no human has been on the moon since 1972.

However this is subject to imminent change. Manned missions to the Moon and Mars are

planned for 2027 and 2033 respectively [15, 16], and the Dragonfly mission to Titan is scheduled

to leave Earth in 2028 to search for life on the distant moon of Saturn [15]. NASA and ESA have

identified the Ice Giants of Neptune and Uranus as locations of interest for scientific missions

leaving in the 2030s [17]. India landed an unmanned rover on the moon in 2023 [18], China

having done so several years earlier in 2013 [19].

But these lofty goals are not the only drivers of interest in space. Launches to orbit have

increased from 121 in 2010 to 2849 in 2024 [20], with aims of improving communications

networks [21], synthesising pharmaceuticals [22], building improved computer chips [23],

taking tourists to space [24], amongst countless other activities.

1



2 Chapter 1

Elsewhere, Psyche is on its way to an asteroid in the asteroid belt, with a scheduled arrival

date of 2029 [25]. Expecting to find a surface rich in resources desired on Earth, the idea of

space mining has long been an part of science fiction, yet is now an expected growth area of the

space industry [26].

Whether for altruism, strategic or economic reasons, accessing space is seen as a critical

growth area for the coming years. Significant development has occurred in building launch

systems such as Starship [27]. For many of these missions, success is predicated not only on

the launch, but additionally the entry and landing of the vehicles. For some missions, failure

on entry is an option, as evidenced by the Starship entries [27, 28]. However, these failures

highlight that even entry into our own planet is not especially well understood, even though our

inability to predict this aerothermodynamic heating environment was identified by Gnoffo in

1999 [29]. For most missions though, particularly interplanetary missions, the prohibitive cost

renders failure as unacceptable. Perhaps even worse, are those missions reliant on using gravity

assist manoeuvres past other celestial bodies to decrease total travel time. These have finite

duration windows of opportunity, which may not occur again for long periods of time [17].

Planetary entry therefore represents a significant risk to a mission’s success. In particular,

the thermal protection system must protect the vehicle from the intense heat fluxes experienced.

This requires knowledge of the aerothermodynamic environment the vehicle encounters. This

aerothermodynamic environment is discussed in more detail in Section 1.1.1. Engineering fac-

tors of safety can be used to minimise the risk of failure, however uncertainties of thermochemical

parameters, such as reaction rates and intermolecular parameters, can render required systems

to be prohibitively heavy [30]. Additionally, missions which must have a near zero chance of

failure have stringent reliability requirements, for example the Mars Sample Return mission

which has a particularly fast re-entry velocity [31]. These reliability analyses are dependent on

uncertainty quantification of modelling parameters, with the aerothermodynamic environment

being a significant source of uncertainty [32, 33]. Such thermochemical parameters are derived

from a range of sources including experimental ground testing [34]. These facilities must be

understood and characterised appropriately such that parameters derived are physical, and have

their uncertainty minimised. Section 1.1.2 examines such facilities further, justifying why shock

tubes are one of the primary sources for non-equilibrium thermochemical parameters.
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1.1.1 Flight Environment during Atmospheric Entry

To describe the difficulty of safely entering and descending a planet’s atmosphere, perhaps it is

best to begin with a brief description of the rise and fall of an entry vehicle. Once a vehicle has

launched, a perilous endeavour in itself, the next phase of the mission is to traverse the distance

between the port of origin and the destination. For interplanetary missions, this requires large

relative velocities to both minimise the journey time between the locations, and to provide the

necessary energy to transfer between orbits. Consequently, the velocity of a space vehicle upon

arrival at the chosen destination is significantly higher than for flight typically achieved on

Earth (see Table 1.1). Similarly for orbiting vehicles, sufficiently large velocities are required

to remain in orbit of celestial bodies. Therefore, when these vehicles begin their descent into

the atmosphere of their destination, they are travelling at incredibly high velocities. Braking

manoeuvres could be completed before the vehicle begins descending through the atmosphere,

however this requires significant fuel mass to be added. Aerobraking is therefore used to provide

the most significant deceleration phase, typically capitalising on the blunt design associated with

entry vehicles to increase drag. Finally, parachutes or retro boosters are used for the final phase

of the mission, with the descent sufficiently arrested such that a safe landing is ensured.

Mission Distance Travel Time Entry Speed Reference
Lunar return 384,400 km 3 days 11.0 km/s [35]
Mars sample return 78 million km 2 years 10.3 km/s [32, 36]
Venus 41 million km 4 months 11.8 km/s [37]
Mars 78 million km 6 months 4.5-7.5 km/s [38]
Titan 1.2 billion km 7 years 7.3 km/s [12]
Uranus 2.6 billion km 11 years 23 km/s [39]
Neptune 4.3 billion km 12-13 years 26 km/s [39]

Table 1.1: Estimated journey time and arrival velocities based on previous missions.

The aerothermodynamics of the aerobraking phase of entry are complex, due to the immense

kinetic energy of the vehicle (see Figure 1.1). The following description aims to provide a brief

introduction to the problem, which are covered comprehensively both by Anderson [40] and Park

[34]. The velocity of an entry vehicle is far greater than the ambient speed of sound, producing

strong shock waves around the vehicle’s leading edges. These shock waves produce irreversible
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discontinuities in the flow field around the vehicle body, allowing the flow to compress and

ultimately stagnate. Due to viscous effects of diffusion and thermal conductivity, the shock

wave (also referred to within this work as the shock layer) has finite thickness and is of the same

order of magnitude as the mean free path of the ambient gas mixture. As a result of the shock,

the immense kinetic energy of the flow is transferred nearly entirely to the thermochemical state

of the gas, causing dramatic increases in the pressure and energy of the gas itself. This can

occur over sufficiently large time scales such that the individual internal energy modes of gas

molecules are excited to different levels in a spatially meaningful manner. Translational energy

modes are most easily excited, with rotational energy in molecules behaving in a similar manner.

Electronic energy modes are typically excited over a longer period, as are the vibrational modes

associated with molecules. As the level of excitation of the energy modes for each species

can be described using separate temperatures, the immediate post-shock environment produces

significant thermal non-equilibrium.

Figure 1.1: Diagram of the flow field surrounding an orbital entry vehicle during atmospheric
entry. Reproduced from Potter [1]
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As the energy modes are excited, intramolecular and atomic bonds become stressed. Colli-

sions can provide the additional energy required to break such bonds. Electrons can be excited

above the ionisation energy, resulting in ions existing in the flow. Collisions can provide vi-

brationally excited molecular species with sufficient energy to break covalent bonds resulting in

dissociation, and allow formation of products which lower the Gibbs free energy of the system.

Additionally, radiative emissions can occur due to collisions, quantum transitions or absorp-

tion of photons [41]. As these processes require excitation of energy modes, chemical reactions

typically occur over longer time scales than processes moving the system toward thermal equilib-

rium. Therefore, chemical non-equilibrium extends for a greater duration than it typically does

for the thermal system. As hypervelocity vehicles often have flow fields which have comparable

time scales between the excitation of energy modes and the flow itself, we see both thermal and

chemical non-equilibrium (referred to subsequently as thermochemical non-equilibrium).

The gas state evolves further as it progresses behind the shock. Excited states are populated

and depopulated due to collisions and radiative emissions, with the system progressing towards

the most probable macrostate corresponding to the minimisation of Gibbs’ free energy. These

radiative emissions can persist through the gas media all the way to the vehicle body, through

direct emissions or via absorption and re-emission. In certain cases, this radiance can add

significant heat flux to a vehicle [40]. This radiance scales with volume (𝐿3), compared to the

vehicle surface area (𝐿2), making larger vehicles more sensitive to radiative heat flux [42]. For

Earth entry of a 5 m radius vehicle, radiative contributions are shown to be the major heat flux

contributor above 10 km/s [42]. Entries to carbonaceous atmospheres such as Mars or Titan

result in significant radiative emissions from species such as CN, C2, and CH. The presence

of these molecules result in radiative heating being the major contributor to heat flux at lower

velocities, with particular significance for backshell heating [12].

Additionally, for a vehicle with active control surfaces during entry (such as Starship), an

understanding of the aerothermodynamic environment is required to predict the aerodynamic

behaviour of the craft. For example, the aerodynamic pitching moment is dependent on the shock

stand off distance, which in turn is a product of the gas state. The complex flow environment

is not only relevant from a vehicle design perspective. The hot plasma surrounding the vehicle

also results in communication difficulties and sensor blackout [43].
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The flight environment of an entry vehicle therefore must be characterised appropriately

during the design process to ensure sufficient thermal protection and exhibits the desired aero-

dynamic behaviours. Intrinsic to this is an understanding of the gas properties behind a strong

shock, therefore numerical models are reliant on accurate thermochemistry models for predicting

the performance of hypersonic vehicles.

1.1.2 Why Shock Tubes?

The previous section highlighted the dual importance of understanding the flow properties

including radiance production behind strong shocks. But prediction of these properties is

predicated on accurate estimations of parameters such as reaction rates. Unfortunately, these

parameters still have significant uncertainties, upwards of a four times multiplier for N2 related

rates and up to 150 times for CN rates [12]. For Earth entry, Carter et al. determined some

relaxation times for synthetic air have between 0.1 and 10 multipliers as the lower and upper

bounds for the parameter value [44]. They considered the effect these uncertainties had on a

vehicle flow field, finding significant sensitivity to associative ionisation, formation of NO, and

relaxation time parameters. Similarly, for shocks from 5-7 km/s the production of electrons is

most sensitive to associative ionisation involving NO+, with the reaction rate between 0.1 and 10

times the literature value [44, 45]. Johnston et al. found similar uncertainties for reactions most

relevant for Titan entry [12], while for Mars entry the resulting uncertainty in total radiative

heating ranged from +262% to -78% for the free-stream condition with highest velocity and

lowest density [12].

These uncertainties coupled with the sensitivity of flow-field predictions to them, requires

fundamental research into the relevant chemical kinetics. The optimal experiment for comparing

directly to flight conditions matches the flight free stream properties, specifically matching the

gas composition, flight velocity, temperature and density. Of these, matching the free stream

temperature is particularly challenging due to room temperature being higher than high-altitude

environments, but it is less critical to replicate precisely than the other parameters. By matching

the free stream environment, the chemical kinetics present during flight will be reproduced

during the ground test. Importantly, these experiments must offer observability of parameters

of interest, at an affordable cost.
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Flight testing for Earth entry is clearly possible and produces representative conditions.

However, they are often prohibitively costly, and can require complex technology to conduct.

As an example, FIRE II has been used to compare total and radiative heat flux measurements to

simulated values [46]. However, contributions of the heat flux components are often unable to be

distinguished during a flight test, somewhat limiting the benefit for thermochemical validation

work. The non-linear coupling between chemical reactions further complicates observing the

flow, limiting the ability to take measurements relevant to chemical kinetics. More generally,

the hardware used during a flight test must be sufficiently small and robust to integrate onto a

platform, which limits the information gathered.

Ground testing is therefore required to significantly reduce cost and latent technology re-

quirements, and to enable experiments focused on entry conditions outside of Earth. Continuous

facilities by definition enable observations over a long period of time, allowing consistent mea-

surements to be taken, which improves signal to noise characteristics and allows steady processes

to be closely examined. Such facilities include inductively coupled plasma torches (ICPs) and

plasma wind tunnels, both of which utilise a plasma source to produce gas in an excited ther-

mochemical state which is expelled through a nozzle. Plasma wind tunnels are commonly used

to reproduce representative heat fluxes, allowing testing of thermal protection system (TPS)

materials. However, these facilities are unable to match the total pressure present in hypersonic

flight. ICPs have been used to investigate equilibrium plasmas, providing improvements to ra-

diation solvers such as NEQAIR [47, 48]. However, the shock layer present in hypersonic flight

is not reproduced, removing the ability to study the non-equilibrium behaviour in this region.

Given that the power required to sustain a continuous shock is prohibitive, transient facilities are

required.

Transient facilities can broadly be separated into two groups, blowdown facilities and shock

tunnels. Blowdown facilities are unable to produce sufficiently high enthalpies to replicate

the gas kinetics present during atmospheric entry (see Figure 1.2), therefore will be omitted

from further discussion. Shock tunnels are commonly used in three different configurations for

analysis of gas kinetics: reflected shock tunnel, expansion tunnel, and shock tube mode. These

experiments last in the order of microseconds to several milliseconds, which requires specialised

equipment to observe the transient phenomena. Each of these facilities share a common first
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Figure 1.2: Comparison of capabilities of hypersonic ground testing facilities alongside atmo-
spheric entry profiles. Reproduced from Collen [2]

stage, a high pressure driver gas is initially separated from a test gas of interest by a diaphragm.

Once the driver gas achieves sufficiently high pressure, the diaphragm ruptures and a strong

shock wave propagates down the tunnel.

In the reflected shock tunnel (RST), the shock reflects from the tunnel end, reprocessing

the shocked gas. This ideally stagnates the flow in the lab frame of reference and raises the

gas to the same total enthalpy as in flight, allowing observations of a stationary reacting gas.

This commonly allows analysis using a zero-dimension heat bath, and has been used to infer

thermochemical parameters [49, 50]. However, this experiment requires the test gas to undergo

two transient processes, both introducing complexity to the non-equilibrium system and thus

reducing similarity to flight conditions. Given the flow is stagnated, the total enthalpy and total

pressure of the gas is realised thus additionally limiting the conditions to the material constraints

of the tunnel (see Figure 1.2).

In expansion tunnel (ExT) experiments, the test gas is separated from an accelerator gas by

a second (much lighter) diaphragm. This accelerator gas is at a lower pressure to the fill gas,

therefore when the incident shock breaks the secondary diaphragm, it accelerates to a higher

velocity. Behind the incident shock, the test gas undergoes an unsteady expansion, achieving

a quasi-steady-state which exists somewhere between thermochemically frozen gas to being
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equilibrated. Commonly, this gas is then accelerated through a nozzle and over a flight model

designed to match the vehicle using density-length scaling. This model is observed, ideally with

the quasi-steady gas matching a freestream condition. Although the unsteady expansion process

allows lower test times with greater enthalpy to be achieved, it comes at the cost of increasing

the number of processes the gas must go through before reaching the vehicle model. Kinetics

relevant for many conditions including earth re-entry [51] and ice giant entry [52] have been

examined using these experiments, as well as being used for vehicle measurements such as heat

flux [53].

In a shock tube experiment, the shock simply propagates through the tube and past an

observation station. This produces an analogous stagnation line to flight in the shock frame

of reference, allowing conditions to be developed which directly match flight. This offers a

significant advantage compared to RST and ExT experiments where there are multiple processes

undergone before the gas reaches the desired state for observation. In comparison, a shock tube

test can be well characterised by experimental measurements of the shock speed and knowledge

of the fill pressure.

However these advantages comes at the cost of time, requiring specialised equipment with

small gating times or high sampling rates. Specialised spectroscopy systems can meet these

time requirements for both emission and absorption techniques, offering line-of-sight (LOS)

observations indicating species number densities and energies. As a consequence, shock tube

experiments have been used extensively in gas kinetics research since the 1960s, with a number

of improvements made to thermochemistry from experimental results [54–57]. These im-

provements are predicated on having a valid numerical model which correctly characterises the

flow field present in a shock tube, allowing decoupling of the thermochemistry present in the

experiment to the physical behaviour of the flow.

A priori numerical simulations are inherently unable to account for shot-to-shot variability

due to a variety of non-ideal effects, which will be discussed in further detail in Chapter

2. Therefore, a posteriori simulations are required to numerically model these flows, taking

information from the experiment such as shock speed to inform the numerical model. For

reacting gas shock tube analyses, the current approach is to make the one-to-one analogy

between a blunt body model stagnation line, and the shock tube [58–61]. This is known to
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be a flawed assumption due to the difference in the mass outflow rate to the boundary layer

[62], therefore improved models must be developed which can correctly account for the non-

uniformities present in shock tubes.

1.2 Thesis Objectives

The previous section outlined the relevance and necessity for improving thermochemical models

used for the design of hypersonic vehicles, and the role experimental ground facilities have in

providing data to do so. It also compared experimental ground facilities, with the advantages of

shock tubes allowing them to be used as a workhorse for chemical kinetic studies. Evaluation

of thermochemistry models when compared to experimental data requires understanding of the

flow environment present in shock tubes. There are several analogies made to analyse the flow

in shock tubes, which use a variety of assumptions. Therefore, this thesis targets the following

key objectives:

1. Find transforms for common numerical shock tube analyses to correctly account for
mass loss to the boundary layer

When shock tube experiments are conducted, they are interrogated numerically to de-

termine the performance of thermochemistry models relevant to vehicle design. This

comparison is predicated on having a physical numerical model. For example, an analogy

is often made between the stagnation line of a vehicle and the shock tube test slug, which

does not account for boundary layer mass loss specific to a shock tube. Therefore, common

approaches used to numerically analyse shock tubes require understanding of when they

depart from the stagnation behaviour present in shock tubes and a method to correct for

the discrepancy.

2. Develop a specialised a posteriori non-equilibrium shock tube model usable for
analysing and evaluating thermochemistry models

Existing correlations for boundary layer mass loss have not been incorporated into a

specialised a posteriori non-equilibrium shock tube model. This would allow direct
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interrogation of shock tube experimental results, as well as providing understanding as to

the validity of existing numerical approaches and limitations of correcting transformations.

3. Investigate the effect of boundary layer growth and shock curvature on shock tube
line-of-sight measurements

Shock tube experiments are typically considered to be a one-dimensional problem, thereby

assuming radial homogeneity. Historical work investigated two-dimensional effects and

developed correlations to predict phenomena such as boundary layer growth and shock

curvature. These effects have been ignored since then, but may affect integrated line of

sight measurements taken in shock tube experiments.

1.3 Thesis Structure

The remainder of this thesis consists of a literature review, three technical papers each with

a corresponding chapter, and a final conventional thesis chapter. The technical papers are

structured as first-author journal papers.

Chapter 2 : Literature Review This chapter reviews the relevant literature for understanding

the physical processes in shock tubes and how they can be characterised both experimentally and

numerically. Detailed shock tube operation is discussed, with focus on phenomena which result

in flow non-uniformity. Experimental measurements used to observe the flow are discussed,

with particular focus on those which allow interrogation of thermochemical parameters of

interest. Finally, numerical models used to characterise shock tube flow are examined, including

a discussion of non-equilibrium thermochemistry models and radiance models.

Chapter 3 : Spatial Transformations for Reacting Gas Shock Tube Experiments Ana-

lytical predictions of post shock velocity profiles for a variety of post shock flows are compared,

producing a novel spatial transformation by comparing to axial velocity profiles present in shock

tubes. This allows results from numerical models commonly used to evaluate shock tube data

to be transformed onto shock tube relevant coordinates. This work also develops spatial trans-

formations allowing cross facility comparisons of measured data, applicable for both numerical

results and experimental comparisons.
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Chapter 4 : Quasi-One-Dimensional Modelling of Shock Tubes in Thermochemical
Non-Equilibrium A novel quasi-one-dimensional numerical method for shock tube flows is

developed, validated and applied to experiments. This is the first a posteriori viscous shock tube

solver, allowing the effect of the shock layer to be evaluated and shown to particularly impact

charged species number densities away from the shock. A boundary layer model removes mass

from the core flow, improving agreement to physical behaviour present in a shock tube. The

efficient solution method produces a unique test bed for reacting gas thermochemistry models.

Chapter 5 : Two-Dimensional Method for Modelling Shock Tubes in Thermochemical
Non-Equilibrium A novel two-dimensional, reacting gas numerical method is derived as

an a posteriori analysis tool, then implemented, validated and applied to experiments. All a

posteriori analyses in literature of shock tube flows are one-dimensional, despite knowledge

of two-dimensional effects being present. This method uses an additional equation to fix the

shock position, allowing the pressure boundary condition to be a system variable. This stabilises

the system, allowing the flow to be solved in the shock frame of reference. The fundamental

nature of the code, coupled with the efficiency, offers both a tool for experimental analysis as

well as improving fundamental understanding of the shock tube experiment itself. In particular,

resolution of the non-equilibrium boundary layer facilitates comparison with analytical boundary

layer models, while also improving understanding of how line-of-sight (LOS) measurements

integrate across the boundary layer and influence the observed measurements.

Chapter 6 : Impact of Two-Dimensional Effects on Shock Tube Measurements The

two-dimensional code is then applied to a variety of shock tube experiments, varying the

test gas, shock speed and fill pressure to investigate regions where two-dimensional effects

may become more prevalent. The two-dimensional effects of shock curvature, boundary layer

property variation and test slug length are highlighted, with analysis including both absorption

and emission spectroscopy datasets.

Chapter 7 : Conclusions and Future Work The key findings of the thesis are summarised,

and key contributions to advancing the state-of-the-art are highlighted. Further work is identified,

with immediate applications of the work to rate coefficient optimisation and extensions of

developed models to reflected and expansion tube problems.
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Literature Review

2.1 Introduction

After establishing the importance of understanding the thermochemistry relevant for planetary

entry, and why shock tubes are used for this as part of a suite of ground test experiments,

the focus now turns to the current understanding of shock tube experiments. There are three

components in improving the understanding of the thermochemistry present in shock tubes.

The first is to understand the physical phenomena in shock tubes which have been observed

both experimentally and corroborated numerically via a priori simulations. These affect the

composition of the gas behind the shock wave, resulting in spatial variation of properties

compared to an ideal analysis. The second is to understand the type of measurements typically

observed in shock tube experiments, including their potential limitations. This is important

for understanding the limiting assumptions used by numerical models when comparing to

the experimental results. The third is to numerically utilise and evaluate the performance of

thermochemistry models in predicting behaviour of the test gas in an experiment. This requires

integration of the thermochemistry model with a flow solver, often with further post-processing

required to obtain results comparable to experimentally observed measurements. Therefore,

any numerical tool used to improve thermochemical parameters must consider the physical

processes involved during an experiment to ensure that any comparison of results is physical

and allows decoupling of the thermochemistry model performance from the fluid mechanics

present. To this end, the literature review is split into three sections to provide an overview

13
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of the current literature understanding of the physical phenomena present in shock tubes, a

review of measurements typically taken in shock tube experiments, and finally a review of

the state-of-the-art for numerical modelling of shock tubes and the assumptions made by each

analysis.

2.2 Physical Phenomena in Shock Tube Flows

Since the introduction of the shock tube in the 1950s as an apparatus for hypersonic experiments,

many facilities have been developed with varying levels of complexity. However, fundamentally

a shock tube consists of a low pressure test gas section (state 1) separated by a diaphragm

from a high pressure driver gas section (state 4). When the diaphragm is ruptured, the large

pressure difference causes a shock to propagate into the test gas at speed 𝑢𝑠, raising the test gas

temperature and pressure to state 2. Meanwhile, an expansion wave travels into the driver gas

at speed 𝑢 − 𝑎4, resulting in an unsteady expansion of the driver gas to state 3 such that at the

contact discontinuity between the driver and test gas the velocity 𝑢 is matched and the pressure

𝑃2 = 𝑃3. Figure 2.1 provides an illustration of the described processes in the form of a distance

vs time diagram.

Figure 2.1: Distance-time diagram of a shock tunnel. Reproduced from Satchell [3]

State 2 of the test gas is commonly referred to as the test slug, and the properties of the gas

in this region are of most interest to experimentalists. This slug of test gas is analogous to the
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centreline of a stagnation line problem for a hypersonic vehicle, although with slight differences

in boundary conditions. The vehicle stagnation point is isothermal inside the vehicle thermal

protection system, whereas there exists a temperature discontinuity between the expanded driver

gas and the test gas in a shock tube. Additionally, the vehicle stagnation point has zero velocity,

while the velocity at the rear of the slug matches the speed of the contact discontinuity. This

test slug is the focus for experimental measurements for the direct application of increasing

knowledge of the flow-field environment of hypersonic vehicles.

2.2.1 Driver Operation

To produce a strong shock wave to propagate through the test gas in a shock tube, a high sound

speed, pressure and temperature ratio is preferable between the driver and test gas (states 1 and

4 in Figure 2.1) [40]. These conditions can be generated in a number of ways, such as a free

piston driver used by the T6 Stalker Tunnel in Oxford [2] and the X3 tunnel operated by the

University of Queensland [63]; electric arc heated driver such as the NASA East tunnel [64];

and detonation driver such that employed by the TH2 tunnel at Aachen University [64].

All of these methods produce spatial and temporal non-uniformities in the driver gas, for

example a free-piston driven tube will have reflected waves propagating back and forth before

diaphragm rupture occurs. After diaphragm rupture (see Section 2.2.2), the gas rapidly expands

into the driven tube, with an expansion wave propagating upstream at speed 𝑢−𝑎. However, due

to the aforementioned non-uniformities in the driver gas, this wave processes gas with varying

properties and hence sound speed. Therefore, this wave varies in speed and strength through the

gas, adding significant flow complexity. When this expansion wave reaches the rear of the driver,

the reflected wave travelling at 𝑢 + 𝑎 will travel downstream towards the test gas. Meanwhile,

compression of the driver gas can continue to occur after opening the diaphragm. An overdriven

free piston driver will continue to produce compression waves as the piston is decelerating but

after diaphram rupture, adding further flow non-uniformities. In fact, an overdriven driver is

desired for this facility type as it minimises expansion waves moving forward into the test gas

[65].

As a consequence of these flow non-uniformities, driver gas effects are necessary for inclusion

when characterising a test gas slug [66]. These driver effects contribute to the speed at which the
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shock processes the test gas, Kendall directly demonstrated the influence of the driver gas entropy

distribution on the shock speed [67]. Predictions of driver performance have been developed [68]

including those that use empirical corrections to improve agreement [69]. However, these models

are predominantly used to develop initial conditions, requiring calibration of the corrections to

improve experimental agreement [2, 70]. Therefore, driver gas behaviour is highly facility

specific, therefore a model able to predict performance in one facility may not be applicable

to others. As such, driver effects are difficult to predict a priori, and significantly influence

downstream shock tube flow.

2.2.2 Diaphragm Opening

The rupturing process of the diaphragm separating the driver gas from the test gas is an inherently

complex event, with it being a continuing focus of research [4, 71]. In an ideal analysis, this

event is assumed to be instantaneous, forming shock waves which immediately propagate into the

driven tube. However, the diaphragm undergoes plastic deformation and subsequently ruptures,

all of which occurs during a finite period [71]. This finite duration opening time results in

a delayed formation of the shock [72, 73], as compression waves overtake the primary shock

wave as a result of the widening constriction produced by the bursting diaphragm [74]. Scored

diaphragms were shown to improve flow uniformity [75, 76] however the slower diaphragm

opening time causes the shock to take several metres to achieve full speed, and may produce

faster speeds than predicted by ideal shock theory [6, 75, 76]. An example of a scored diaphragm

opening is reproduced from Subburaj et al. in Figure 2.2 which demonstrates the temporal

nature of the phenomonon. An additional benefit of scoring is decreased flow contamination

by diaphragm shrapnel [71]. An unscored diaphragm allows the discontinuities to form more

rapidly, but the non-uniformities introduced, foreign body contamination of the flow and the

altered shock trajectory increase uncertainty in the test slug measured quantities [75, 76] .

The formation of the shock has a persistent effect on the flow, attenuating the shock as

it progresses away from the diaphragm [77]. The contact discontinuity is also affected by

the unsteady opening of the diaphragm. White [74] found that the opening of the diaphragm

causes discontinuous radial velocity profiles while Rothkopf found that radial discontinuities

in the flow field during this period generate transverse waves [72]. These phenomena result
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Figure 2.2: Experimental observation of a scored diaphragm opening. Reproduced from Sub-
baraj et al. [4]

in the contact discontinuity becoming a mixing region between the test and driver gases [73],

unlike the ideal model of the contact discontinuity. The diaphragm opening period was shown

by Currao and Hsu to initially generate three-dimensional dependency [78], however work by

Andreotti et al. showed general agreement between three-dimensional and one-dimensional

results [79]. Additionally, Kashif et al. showed stability in the pressure profiles once the

diaphragm is fully opened and the shock wave stabilises [80]. Bowman [81] showed that for

laminar shock tube flows, the boundary layer acts to dissipate transverse waves originating from

flow non-uniformities, suggesting a natural mechanism for the attenuation of three-dimensional

effects.

Minor deviations in material performance of the diaphragm can also lead to differences

in shock tube experiments. Differences in scoring depth and diaphragm thickness produce

altered rupture pressures and opening times, subsequently tests with the same fill conditions can

produce differences in shock speed and test results [4, 82]. Subburaj et al. found a 5% change

in shock speed for a helium/argon (driver and driven gas respectively) shock tube[4], while

Gildfind found that shock speed varied up to 3% using variations in fill conditions to account for

experimental variations [82]. The complexities introduced by diaphragm opening both from a

physical perspective and test-to-test uncertainties result in significant variations to shock speed

and contact discontinuity mixing. Consequently, diaphragm opening behaviour results in test
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gas properties significantly different from those predicted by ideal analyses.

2.2.3 Shock Layer

The inviscid solution to a shock problem predicts an infinitesimally thin shock layer. However,

physical flows are viscous which results in a finite shock thickness, first analysed in the early

twentieth century [83–85]. It was found that both viscosity and heat conductivity influence the

shock shape, with subsequent work by Morduchow and Libby finding an analytical solution

for perfect gases with a Prandtl number of 0.75 [5]. Pressure, temperature and velocity rise

smoothly to a maximal gradient, before sharply reaching the post-shock condition (see Figure

2.3).
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Figure 2.3: Gas properties through an ideal shock using analytical results of Morduchow and
Libby [5].

For shock tube kinetics, this thickness has relevance. As an example, Aiken and Boyd

conducted an uncertainty analysis to determine sensitivity to thermochemical rate constants

[45]. They consider a 7 km/s shock at 60 km altitude (ie through 247K, 2.2 Pa synthetic

air) using an inviscid flow solution assuming a Rankine-Hugoniot jump condition (see Section

2.4.2.1), with results analysed for distances 0.1 mm and greater and with greatest sensitivity in

the first 10 mm of post shock flow. As discussed, this assumes an infinitesimally thin shock

layer, therefore any reactions proceed immediately from the post-shock flow condition rather

than progressing through the viscous shock layer. In contrast, the approach of Morduchow and
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Libby predicts an estimated shock thickness of 8.6 mm, indicating a reduced applicability of

the rate sensitivity analysis. In the shock tube context, the formulae of Morduchow and Libby

can be used again to estimate the shock thickness (ignoring real gas effects), with the results

showing an inverse dependence of the shock thickness to the fill pressure (see Figure 2.4).
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Figure 2.4: Estimated shock thickness for a 7 km/s shock through 300 K synthetic air using
Morduchow and Libby [5]

The shock layers must therefore be considered an important process when analysing shock

tube flows, especially for shocks through low pressure gases.

2.2.4 Boundary Layer Growth

Boundary layer theory and understanding has been integral to improvements in aerodynamic

analysis, beginning with the work of Prandtl in 1904 [86]. At a solid wall, the Navier-Stokes

equations are consistent with a first-order slip condition, where the velocity and temperature can

differ from the wall values. This follows from a Chapman-Enskog expansion of the Boltzmann

equation, however the slip condition tends to zero as the mean free path approaches zero

[87]. Therefore outside of transitional and rarefied flows, a so-called no-slip approximation is

applicable where the velocity and temperature match the wall value. As a shock travels along

the driven tube, the processed test gas must adhere to this boundary condition, resulting in the

formation of a boundary layer. Additionally, if the wall is cold then a temperature boundary
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condition must also be enforced, resulting in rapidly changing thermodynamic properties near

the wall.

This boundary layer formation was first reported to influence test time by Duff [88], subse-

quently Hooker [89] and Roshko [90] developed models where the boundary layer consumes

mass from the core flow (see Figure 2.5). If the length of the driven section is sufficiently long,

the mass loss to the boundary layer will eventually equal the mass entering the shock, known as

fully developed flow with a slug length 𝑙𝑚.

This reduces test time and shortens the test slug length [91]. The boundary layer analysis of

Mirels significantly improved on the models put forward by Hooker and Roshko, producing a

reliable prediction of test time [62] that is still a benchmark for use in experimental design [92].

Figure 2.5: Flow non-uniformities due to boundary layer effects in the shock frame of reference.

The stagnation of the core flow also causes flow non-uniformities in the test slug. The flow

is compressed by the driver gas, increasing test slug temperature, pressure and density [93].

When considered in the shock steady frame of reference, the flow is processed by the shock and

then slowed to stagnation against the contact discontinuity. The effects due to boundary layer

mass consumption on test time shortening and flow non-uniformities are commonly referred

to as Mirels effects. Mirels found the relationship between the post-shock density-velocity

product and the square root of the ratio of the post-shock distance to the maximal slug length

[62]. This allows the boundary layer mass loss to be estimated, and consequently the pressure

and temperature rise. The boundary layer additionally affects the shock trajectory through the

production of expansion waves. These waves are produced due to mass loss to the boundary
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layer, travelling downstream and subsequently attenuating the shock [94]. However, many

studies including Mirels [93] and Zeitoun [95] assume a steady state of shock attenuation has

been reached when maximum test time is achieved, as such this effect is often neglected.

The discussion of the effect of the boundary layer to this point has focused on the core flow.

Work by Hartunian [96] and developed further by De Boer [13] in the 1960s found a relationship

between shock curvature and the experimental conditions. Boundary layer growth results in a

radial velocity component, this requires the shock to become concave. De Boer found the axial

extent of the shock front scales with 1/
√
𝑃fill, therefore this is most relevant to low pressure

shock tube experiments. This behaviour has been appreciable in full facility simulations, such

as those conducted by Chandel et al. (see Figure 2.6) [6]. The boundary layer therefore affects

Figure 2.6: Shock curvature visible in a temperature profile (K) taken from a full facility shock
tube simulation. Reproduced from Chandel et al. [6]

the core flow, the properties within the boundary layer, and the curvature of the shock front.

2.2.5 Shock Trajectory

The shock trajectory of a shock tube is influenced by the interaction of the various flow non-

uniformities referred to in the previous sections, as highlighted by Glass [77]. The shock

strength processing a slice of gas is dictated by the shock trajectory, thus the test slug retains

information of the shock trajectory within its spatial variation [3]. Mirels [62] and Holbeche

and Spence [97] both indicated that entropy variations within the test slug due to shock speed

non-uniformity may contribute to non-uniformities in the test slug state. Light proposed a model



22 Chapter 2

which included entropy variations, but neglected the effect of expansion waves produced by the

pressure reduction behind a decelerating shock [98]. Brandis et al. proposed a method where

the shock strength would determine the gas properties at a certain post shock distance [99].

However, this method did not account for boundary layer mass loss and subsequent stagnation

of the gas behind the shock, limiting the applicability of the analysis.

Satchell et al. utilised a Lagrangian model in which a predefined shock trajectory processed

each gas slice such that the entropy of each slice was defined by its post shock state. By

combining this model with a Mirels boundary layer, significant dependence of the test slug state

on the shock trajectory was demonstrated for equilibrium gases [100, 101]. This is visualised in

Figure 2.7, where the gas further behind the shock has greater entropy however is compressed due

to boundary layer mass loss. Further details and subsequent improvements to this model can be

Figure 2.7: Effect of shock trajectory on the test slug entropy. Reproduced from Satchell et al.
[6]

found in Section 2.4.2. Collen et al. demonstrated the influence of shock speed trajectory on the

prediction of radiation spectra for equilibrium conditions, further highlighting the importance of

its consideration in analyses [102]. Similarly, shock trajectory effects were found to be relevant

for radiance profiles generated by the NASA EAST shock tube facility in the context of Mars

entry conditions [103].
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2.2.6 Shock Tube Thermochemistry

To this point, the discussion has largely ignored the effect of thermochemistry and rather focused

on the fluid dynamics present. The thermochemistry is fundamental to the behaviour of the flow,

and is the driving reason for the experiment.

Consider a slice of quiescent test gas, immediately before the shock arrives. The gas is in

a state of thermochemical equilibrium, but as the shock layer passes through it, compression

occurs along with excitation of the sensible internal energy modes. This raises the pressure of

the gas, as well as the translational and rotational energy modes. This energy begins to vibrate

the gas molecules, in addition to increasing the energy of electronic states of individual particles.

Collisions between particles can precipitate this energy transfer. Absorption and emission of

photons also occurs, facilitating the particles attaining the discrete energy levels dictated by

quantum mechanics. If the energy of a gas species is sufficient, ionisation and dissociation will

begin to occur, which will also be aided by collisions and absorption of photons.

As the shock layer is of finite thickness, these effects occur and progress through the shock

thickness. This is in contrast to an inviscid flow, where the post-shock state is instantly raised

to the necessary pressure and energy to adhere to the Rankine-Hugoniot relations. It is also of

note that the component gas species will cascade energy through these levels at separate rates

[104], not only at a macroscopic level but also down to a state-specific level.

Once the gas has progressed through the shock layer, the gas species must relax towards lower

energy states to minimise the free energy of the system [105]. At some point, there have been

sufficient processes to equilibrate the different energy modes on a macroscopic level, reaching

thermal equilibrium. Throughout this journey, chemical reactions have progressed which in turn

depend on the internal energy states of the participating species, further entangling the process of

progression to thermochemical equilibrium. Therefore, for a non-equilibrium thermochemical

analysis to be accurate, the chemical rates of reaction and the relaxation of the individual species

internal energy distributions must be modelled.

The relaxation of a gas towards equilibrium often results in increased radiation emissions

[106], primarily due to the transitions occurring between energy states. However even in equi-

librium, chemical reactions and energy transitions are occurring such that the equilibrium state
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is maintained, resulting in a continuous radiative emission. This forms a coupled relationship

with the gas state, as the radiative energy emitted can comprise a significant fraction of the total

energy of the flow [46].

Transport properties are also dependent on the thermochemical state of the gas. Therefore,

any viscous effects such as the thickness of the shock layer and the growth of the boundary layer

depend on thermochemical state characterisation. Additionally, as the boundary layer will be

an area containing significant thermal gradients due to the cold shock tube wall, there will be

strong thermochemical non-equilibrium in this region [103, 107]. Shock attenuation also occurs

due to the relaxing processes, as shown by Spence [108]

These combined effects result in a highly coupled flow-field, where thermochemistry is

integral to every non-ideal physical effect occurring during shock tube flow.

2.3 Shock Tube Experimental Measurements

For an experiment to be of use requires meaningful observations to be taken. The post-shock

environment in a shock tube is exceptionally harsh, limiting the possible methods for measuring

physical quantities of interest. Furthermore, the highly transient nature of the experiment

requires sensors with high frequency response, with the high pressures and temperatures often

rendering delicate (and often expensive) sensors obsolete. Diaphragm fragments and other

foreign body contamination also require sensor shielding [2]. Therefore, observations can be

separated into three groups, listed below with example diagnostics:

1. Shielded measurements in the core flow:

• Pitot pressure measurements of the core flow [2]

• Stagnation point heat flux [64]

2. Wall measurements

• Heat flux [64]

• Static pressure [2]

3. Line-of-sight measurements
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• Schlieren imaging capturing density gradients [109]

• Emission and absorption spectroscopy [106]

By analysing high speed video, or using pressure transducers/photodiodes along the tube length,

the shock trajectory can also be found [110]. All of these techniques indirectly measure the flow

properties of the core flow, as such include any effect of flow non-uniformities. To determine

the test slug properties, numerical methods are often utilised to better understand the flow.

Knowledge of the shock speed and fill properties often form the basis of such analyses.

Shielded measurements are exposed to the core flow directly. As such they generate a

bow-shock, obfuscating the true flow condition. These observations allow estimations of the

total pressure and energy of the flow to be made, and allow test time and flow uniformity to be

assessed [2]. However, these measurements offer limited value for characterising shock tube

flow.

Wall measurements, such as static pressure, offer a direct observation of the flow. How-

ever, these observations require extremely fast sampling rates, and can be sensitive to facility

disturbances [111]. Additionally, these observations are only of the wall value, limiting the

applicability of the measurement to inferring the behaviour of the core flow.

2.3.1 Line-of-Sight Measurements

Line-of-sight (LOS) measurements are the predominant observation used when attempting to

infer gas properties in a shock tube [7, 106, 112, 113]. In a shock tube, spectrographic techniques

are most commonly used, leveraging the ability of plasmas to emit or absorb radiance. Quantum

mechanics requires that the energy modes of a molecule can only exist at discrete levels,

therefore a finite number of discrete wavelengths can be emitted or absorbed by each gas species

[41]. Thus, the radiance intensity or absorptivity of a specific wavelength is directly related to

the number density and energy of the originating species, when negligible absorption and an

optically thin medium are assumed [114]. By observing the spatial variation at a moment in

time, thermochemical rates can be inferred by investigating wavelengths relevant to the species

of interest [34]. An example observation is shown in Figure 2.8, which shows the emission

spectra produced by a 6.62 km/s shock through pure nitrogen gas. These measurements require
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Figure 2.8: Example of spatially and spectrally resolved emission spectra. Reproduced from
Glenn et al. [7]

some measurement period, for example for emission spectroscopy there is an exposure period

known as gating time. Due to the fast shock speed, the shock moves during this time, smearing

the observed measurement. Therefore, any comparison to numerical results requires convolution

to account for this effect, using parameters determined by the experimental apparatus.

LOS measurements are integrated across the diameter of the tunnel, inherently observing any

two-dimensional effects such as the curvature of the shock (see Figure 2.9). In particular, many

radiating flows produce their peak radiance in the region nearest to the shock. If this radiance

is highly transient, which is common, and occurs over a post-shock distance comparable to

the maximal displacement of the shock front, the radiance will be observed in a smeared

manner. Furthermore, if the optical system itself has spatial smearing due to its field-of-view

and inherent angle of acceptance, then the cone of view of the optical system will couple with

the two-dimensionality of the flow itself. In one-dimensional analyses, this smearing is typically

represented by a convolution kernel; however, when the characteristic optical smearing length

is comparable to the local shock curvature, the interaction between optical integration and flow

behaviour becomes inherently three-dimensional.
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Figure 2.9: Influence of curvature for a propagating shock on LOS measurements in shock tube
experiments.

Further behind the shock, LOS measurements are integrated through the boundary layer on

either side of the tunnel. Thus the measurements are not only of the core flow radiation but

also of the boundary layer radiation and absorption [115]. The boundary layer will be at a

very different state to the core flow (see Section 2.2.4), as well as absorbing core flow radiation

[115]. This has been postulated as a potential source of error when comparing one-dimensional

numerical results to experiments [114].

Additionally, flow non-uniformities in the axial direction influence the radiation observed

and hence the calculated rate coefficients [115]. Satchell et al demonstrated the influence of axial

non-uniformity of flow on the radiation observed due to the influence of the shock trajectory

[101], while Peterson reported that for a gas state at 1500 K, a 15 K error in temperature can result

in a 25% error in the measured rate coefficient [116]. Therefore, although these measurements

capture an instant in time, they inherently observe the combined processes experienced by the

observed gas slice (see Section 2.2).

2.4 Numerical Methods

The fundamental value of shock tubes is the direct applicability to flight conditions. This

allows direct estimation of the radiative heat flux to be experienced by vehicles, as well as

improving fundamental understanding of the physical processes occurring. This particularly
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provides an opportunity to improve numerical models such that they can be used in vehicle

design for those flight conditions with the aim of reducing uncertainty of the vehicle design.

Therefore, any experimental measurement in a shock tube should be reproduceable numerically,

with discrepancies allowing improvements to be made to the underlying thermochemistry model.

Additionally, simulations and analyses of the experiment improve the understanding required to

make statements regarding the experiments’ applicability to flight conditions.

Therein lays the two requirements for numerical simulations of shock tubes, 1) to improve

fundamental understanding of the physical processes occurring during shock tube operation,

and 2) to analyse specific experimental conditions to evaluate the performance of a chosen ther-

mochemistry model in reproducing the measured results. The second point requires confidence

in the experimental results, which themselves require significant technical expertise to obtain

[7, 114].

2.4.1 A Priori Simulations

A priori simulations are the typical approach used by the computational fluid dynamics com-

munity when approaching a new problem. Given a set of initial conditions, a priori simulations

will proceed through time and space to produce a prediction of flow conditions. In a shock tube

context, this could be based on a driver gas pressure before diaphragm rupture, or modelling

driver dynamics explicitly. Regardless of this choice, for a given set of initialisation parameters,

a single output will be produced. Choices must be made regarding diaphragm opening models

[73], which have been demonstrated to be variable events with complex flow behaviour (see

Section 2.2.2). One of the key issues encountered in a priori simulations is the domain size.

Shock tubes are necessarily long to ensure flow is sufficiently developed, therefore simulations

must account for the fine resolution required in the shock and boundary layers whilst minimising

the number of cells such that the problem is computationally tractable [6]. Various approaches

have been utilised to balance these competing requirements, from zero-dimensional approaches

through to axisymmetric two-dimensional simulations.
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2.4.1.1 Zero-Dimensional Models

Zero-dimensional codes evaluate shock tube behaviour by considering a state-to-state analysis.

By using a defined gas thermodynamic equation-of-state, closed relations can be found between

each state in shock tube flow. The equation-of-state is typically defined using either equilibrium

chemistry, or frozen flow assumptions. A commonly used example is the PITOT3 code, devel-

oped by James et al. [92]. By conducting a state-to-state analysis, the test slug state is found

directly. This approach inherently cannot account for non-ideal effects such as boundary layer or

shock trajectory. The relevance of such codes is limited to experimental condition development,

although are readily extendable to more complex facilities such as reflected shock tunnels and

expansion tunnels.

2.4.1.2 One-Dimensional Simulations

One-dimensional codes solving modified Navier-Stokes equations offer a fundamental albeit

limited insight into shock tube flows with low computational costs. The code L1d developed

by Jacobs [68] uses a quasi-one-dimensional Lagrangian formulation. Using a Riemann solver,

the model can propagate wave processes within the domain, allowing processes such as piston

driver compression waves to be captured. Shear stress and heat transfer are implicitly modelled

using models developed for pipe flows, while area changes are modelled using gradual shifts.

This allows full-facility simulation in a computationally efficient manner for a variety of shock

tunnel configurations. More complex boundary layer effects can be included, however Gildfind

et al. found limited improvement in accuracy due to the modelling assumptions used by L1d

[117].

2.4.1.3 Higher Dimensional Methods

Higher dimensional simulations of shock tubes can simulate majority/all of the facility, or

highly-resolve a specific part of the facility where complex flow phenomena are of interest

[118, 119].

Wilson et al. [120] developed a two-dimensional axisymmetric numerical simulation of

the HYPULSE expansion tube in chemical non-equilibrium for a nitrogen flow, which found
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agreement with Mirels’ correlations for shock tube flow. Boundary layer effects including

transition were captured, the transition in the boundary layer increased the rate of core flow

removal thus shortening the test slug length. Due to insufficient computational resources, grid

independence was not achieved which demonstrates the difficulty of shock tube modelling.

Reacting gas simulations using two-dimensional, axisymmetric, viscous flow solvers were

conducted by Kotov et al. [115] and subsequently repeated by Chandel et al. [6] of the NASA

EAST facility. Kotov highlighted the numerical challenges of simulating chemically reacting

flows, specifically the dependency on grid resolution and the consequential computational

cost. Kotov also observed Tollmien–Schlichting-like instabilities in the viscous boundary layer,

despite the relatively low fill pressure of 26.8 Pa (the test gas was synthetic air). However, these

instabilities grew well beyond the test slug for the chosen condition.

Chandel et al. [6] simulated the same condition using a two-temperature model, with a

catalytic wall condition. This work demonstrated shock curvature and the radial dependence

of species number density, particularly in the near-wall region. Chandel et al. continued

simulating NASA EAST conditions for pure nitrogen tests [8], however was unable to replicate

shock trajectories for any of the cases run (see Figure 2.10). This was attributed to the lack of

diaphragm opening model by Satchell [3].

Figure 2.10: Shock speed discrepancy between experiment and the simulations of Chandel et
al.. Reproduced from Chandel et al. [8]

Between these two works from Chandel, a full-facility, time-accurate, non-equilbrium, ax-

isymmetric flow solution using the viscous Navier-Stokes equations was performed by Bensassi
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of an air shot in the NASA EAST shock tube [121]. This simulation demonstrates the difficulties

attached to full simulations of facilities, as a subsequent presentation indicated the simulation

required 120 days of run time on 1000 cores [122]. Not only was the computational cost signif-

icant, instabilities introduced by the axisymmetric source term resulted in alteration of the flow

field produced results of limited usability.

Satchell et al. [73] recently developed a viscous axisymmetric shock tube solver (FROSST)

utilising moving overset grids for simulation of a constant area ideal-gas shock tube. By keeping

the shock and contact discontinuity steady inside two of the moving overset grids, the mesh

size was sufficiently small to resolve shock structure and the complex mixing of the contact

discontinuity. Unsteady diaphragm opening effects were considered through utilisation of an

variable opening function, which demonstrated the significance of diaphragm opening on the

shock trajectory. Computational efficiency by using moving overset grids was demonstrated,

which reduced computational cost for the ideal cases considered. Recent results from Kashif et

al. also found that opening of the diaphragm is a complex event (see Figure 2.11), with influence

persisting over the shock trajectory [9]. However, both of these models were limited to perfect

gas simulations.

Figure 2.11: Complex flow phenomena in the region during diaphragm opening. Reproduced
from Kashif et al. [9]

These results highlight the limitations of a priori simulations, namely the inability to match

experimental conditions and require significant computational resources. However, the value
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of these simulations remains, they offer qualitative insight into shock tube flows as well as

providing validation cases for a posteriori analysis tools.

2.4.2 A Posteriori Simulations

It has now been established that a priori simulations offer the ability to improve qualitative

understanding of shock tube operation and to develop conditions [2]. Fundamentally though, the

shot-to-shot variation inherent to the experiment and the extremely complex flow processes (see

Section 2.2) render a priori simulations unable to numerically reproduce experimental results

required to evaluate thermochemistry model performance. In particular, a priori numerical

results are unable to predict the experimental shock speed of a reacting gas, which is the most

significant driver of the post-shock flow environment. Therefore, experimental measurements

can be used to inform numerical models a posteriori, typically through use of the experimentally

measured shock speed. This approach considers the problem in the shock frame of reference,

allowing the shock speed and fill conditions to be used as inflow boundary conditions.

Importantly, for an a posteriori analysis to be applicable for experimental comparison it must

include the physical behaviour from Section 2.2. A posteriori models will be compared by

considering their ability to reproduce the following:

• Experimental shock speed at the observation location.

• Experimental shock trajectory. This assumes the shock trajectory encodes the various

flow non-uniformities produced by the driver, diaphragm opening and other attenuating

processes.

• Boundary layer growth, including:

– Mirels effects, particularly the stagnation of the core flow which dictates the post-

shock time-of-flight for reactions to progress

– Boundary layer properties for LOS measurements

– Shock curvature

• Shock layer



33 Chapter 2

• Non-equilibrium thermochemistry

2.4.2.1 Rankine-Hugoniot Relations

The simplest approach to solving a shock tube problem is to include only the effect of the

experimentally observed shock speed through the fill gas, excluding all other effects except

thermochemistry. By conserving mass, momentum and energy across the shock using the

Rankine-Hugoniot relations, the post shock condition can be determined. For the simplest

shock tube analysis, an equilibrium condition can be determined directly by assuming the post-

shock flow is in thermodynamic equilibrium. An example implementation is CEA [105]. This

approach is often used as an input to NEQAIR for a rapid estimate of equilibrium radiance levels

[106, 113, 114]. Alternatively, the simplest reacting gas analysis can be found by assuming

frozen conditions across the shock and allowing thermochemical relaxation to proceed in the

post-shock region. This is a commonly used approach for reacting gas behaviour in shock tube

flows [2, 114, 123], with an example implementation being the University of Queensland’s

Poshax code [1]. This produces an inviscid one-dimensional solution to a reacting gas normal

shock problem. In terms of the criteria developed above, this assumes:

• Constant shock speed (matching that of the observation location)

• No boundary layer effects

• No shock layer

Therefore, extreme care should be taken when comparing these results to experimental data. In

particular, by ignoring boundary layer effects the flow will not stagnate, resulting in different

post-shock time of flights and no compression towards the rear of the slug.

2.4.2.2 Blunt-body Analogy

The stagnation line extracted from blunt body simulations has been used to account for both the

shock layer and the stagnation of the flow [34]. As reacting gas viscous flow solvers are used

for vehicle design, a direct analogy between the stagnation line solution and shock tube flow is

often used [58–61]. This often is preferable from an ease of use perspective, as it ensures the
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same numerical models used in vehicle design are applied to the shock tube problem. If the

shock stand-off distance is matched to the shock tube test slug length, the spatial domain will

also be matched. An example profile is displayed in Figure 2.12, using the blunt-body analogy

the stagnation line can be extracted and then be used to determine the post shock radiance profile

for a Mars shock tube analysis.

Figure 2.12: Temperature profile taken from a sphere simulation used for Mars entry. Repro-
duced from Thornton et al. [10]

In the 1950s and 1960s, it was found that rapid growth of the boundary layer in a shock

tube [62, 88, 93] removes mass from the core flow. Mirels postulated that post-shock mass flux

scales with the inverse of the square root of the post shock distance [62]. This differs to the

linear decrease to stagnation associated with a blunt body and with the constant post shock mass

flux associated with a normal shock. This was found to have significant impacts, particularly for

slower reacting flows [124, 125].

Therefore, the physical assumptions used by this model are:

• Constant shock speed (matching the observation location)

• Quasi-one-dimensional boundary layer growth, where the mass loss in the shock tube

matches the mass loss on a blunt body stagnation line
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2.4.2.3 Lagrangian Analysis

The previous modelling approaches assume a constant shock speed during an experiment,

however this is not always the case [7, 126]. Satchell et al. and Collen et al. demonstrated

shock trajectory has a significant influence on the composition and temperatures of the test

gas, and therefore on radiance predictions [100, 101, 126, 127]. Satchell et al. developed

a solver (LASTA) which considers the influence of shock trajectory by a Lagrangian method

coupled to an algebraic approximation for the pressure relaxation within the test slug [100].

Each Lagrangian slice evolves at constant enthalpy and entropy under the action of sound waves

propagating along the test slug. Mirels’ boundary layer effects are also considered, removing

mass from the flow to remain consistent with boundary layer growth.

Steer et al. have further developed this methodology in LASTAv2.0 to include the spatial

pressure profile at the end of a test as an additional boundary condition [53]. The Rankine-

Hugoniot relations are used to set the post-shock condition, then by using the characteristic form

of the Euler equations, the test gas state evolves in thermochemical non-equilibrium to account

for shock trajectory, boundary layer mass loss and pressure boundary conditions. However, as

with the approach of a Rankine-Hugoniot solver, LASTAv2.0 is unable to resolve viscous effects

such as shock structure and thermal diffusion.

The assumptions used by LASTAv2.0 can be summarised as follows:

• Shock speed matches a fitted trajectory from experimental measurements

• Quasi-one-dimensional boundary layer growth

• No shock layer

2.4.3 Non-Equilibrium Thermochemistry

The thermal and chemical non-equilibrium experienced in high enthalpy flows, such as in shock

tubes, results from the abrupt and significant changes to the internal energy modes of the gas.

These internal energy modes are often not excited at the same rate, even down to the state-specific

level, with these excitation levels determining the likelihood of chemical reactions such as dis-

sociation and ionisation occurring. The following section is a brief overview of non-equilibrium
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thermochemistry modelling, the reader is encouraged to read Park’s Non-Equilibrium Hy-

personic Aerothermodynamics [34] and Anderson’s Hypersonic and High Temperature Gas

Dynamics [40] for a more detailed discussion.

Arrhenius proposed an empirical correlation relating the temperature to the rate at which

a chemical reaction proceeds, with separate constants for the forward and backward direction

which are related by the equilibrium constant [128]. This equation has the form:

𝑘 = 𝐴 exp
(−𝐸𝑎

𝑘𝐵𝑇

)
(2.1)

Where 𝐴 is the Arrhenius factor, 𝐸𝑎 is the activation energy of the reaction and 𝑘𝐵 is the

Boltzmann constant, with𝑇 as the absolute temperature. Improved agreement with experimental

data has been found with the modified form of Equation 2.2, where 𝑇𝐸 = 𝐸𝑎/𝑘𝑏 is analogous to

the activation energy.

𝑘 = 𝐴𝑇𝑛 exp
(−𝑇𝐸
𝑇

)
(2.2)

However, for a flow in thermal non-equilibrium, the choice of temperature in this equation

becomes ambiguous. Additionally, each species state will have a corresponding translational,

rotational, vibrational and electronic temperature, along with the necessary reaction rates. This

becomes computationally expensive to resolve, often requiring reduction of the number of

species included in the analysis or simplified numerical models of the flow [129, 130].

Due to this cost, an assumption is commonly made to assume species can be modelled as

a macroscopic quantity, grouping the individual state contributions to a total species value.

Additionally, the macroscopic energy in each mode is also often assumed to be the same across

species [29, 34, 40], giving four separate modes for temperature.

2.4.3.1 Park’s Two-Temperature Model

The most basic form of thermal non-equilibrium is to then assume a two-temperature model,

proposed by Park [131]. This model assumes the rotational and translational temperature of the

heavy particles are matched at temperature 𝑇𝑡𝑟 . The model also assumes that the vibrational

temperature of the molecules, the translational temperature of the electrons, and electronic

excitation of the atoms and molecules are matched at temperature 𝑇𝑣𝑒. This assumption is based



37 Chapter 2

on the very fast transfer of energy between the vibrational motion and the translational motion of

free electrons [132, 133], and the low-lying electronic states of the species equilibrating quickly

with the ground electronic states [132]. This model is widely implemented in literature due to

its simplicity, enabled by empirical correlations.

The dissociation rate coefficients are assumed to be a function of the geometric mean of the

two temperatures:

𝑇𝑎𝑣 =
√︁
𝑇𝑇𝑣 (2.3)

While reactions which are dependent on the energy of electrons typically use𝑇𝑣𝑒 as the controlling

temperature. The remaining reactions in a Park two-temperature model use the trans-rotational

temperature 𝑇𝑡𝑟 .

Recognising that vibrationally excited states are more likely to dissociate first, an additional

correlation is used to preferentially subtract dissociation energy from the vibrational energy

equation, using some fraction (often 0.3) of the total dissociation energy of the reaction [34].

This correlation is especially tenuous, as it can lead to overestimation of the effect of preferential

dissociation.

Energy exchange between modes is described by the Landau-Teller equation [34]. For a given

species 𝑠, the rate of change of its vibrational energy 𝑒𝑣,𝑠 due to relaxation between vibrational

and translational energy modes can be expressed as:

𝑑𝑒𝑣,𝑠
𝑑𝑡

=
𝑒∗𝑣,𝑠 − 𝑒𝑣,𝑠

< 𝜏𝑠 >
(2.4)

Where 𝑒∗𝑣,𝑠 is the vibrational energy corresponding to the translational temperature, and 𝜏𝑠 is the

species relaxation time.

Another empirical relationship is used for 𝜏, which is the Millikan-White correlation [134].

This uses the form:

𝑃𝜏𝑀𝑊,𝑖 𝑗 = exp
[
𝐴𝑖 𝑗 (𝑇− 1

3 − 𝑏𝑖 𝑗 ) − 18.42
]

(2.5)

Where 𝐴𝑖 𝑗 and 𝑏𝑖 𝑗 are specified for each interacting pair 𝑖 𝑗 by:

𝐴𝑖 𝑗 = 0.00116𝜇
1
2
𝑖 𝑗𝜃

4
3
𝑖 (2.6)
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𝑏𝑖 𝑗 = 0.015𝜇
1
4
𝑖 𝑗 (2.7)

Where 𝜇 is the reduced molecular mass between the two species and 𝜃𝑖 is the characteristic

temperature of the species.

𝜏 is then blended using a high temperature correction proposed by Park et al., which is added

to the Millikan-White value [135].

𝜏𝑃𝑠 =
1

𝜎𝑠𝑐𝑠𝑛𝑠
(2.8)

Where 𝑐𝑠 is the average molecular velocity of molecule 𝑠, 𝑛𝑠 is the number density of molecule

𝑠, and 𝜎𝑠 is the effective cross section for vibrational relaxation given by Equation 2.9. The form

of 𝜎𝑠 (in 𝑚2) is taken from Park et al. [135].

𝜎𝑠 = 𝜎′
𝑠

(
50000
𝑇

)2
(2.9)

Where 𝜎′
𝑠 is chosen to fit existing experimental data.

Although the Park two-temperature formulation relies heavily on empirical correlations and

simplifications, it remains widely used because of its relative simplicity and clear documentation

in the literature.

2.4.3.2 Modified Marrone–Treanor Model

Although the Park two-temperature model provides a practical framework for incorporating non-

equilibrium thermochemistry effects into hypersonic flow simulations, it does not appropriately

account for the coupling between vibrational excitation and chemical dissociation. Under strong

non-equilibrium conditions, molecules which are vibrationally excited can dissociate more

easily, due to the energy barrier to dissociation lowering. This applies in the opposite direction,

molecules with low vibrational energy are less likely to dissociate.

This limitation motivated the development of the Marrone–Treanor (MT) model [136], and

subsequently the recently developed Modified Marrone–Treanor (MMT) model [137], which

couples vibrational and chemical relaxation processes more rigorously.

The MMT model modifies the Arrhenius form of the dissociation rate coefficient to include

a vibrational non-equilibrium factor and a non-Boltzmann correction factor using a series of
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equations detailed by Chaudhry et al. [137]. Additionally, the average vibrational energy

removed per dissociation in the MMT model is modelled using Knab’s formula [138], which

has a non-Boltzmann correction and is dependent on the modal temperatures and the species’

characteristic vibrational and dissociation temperatures.

Quasi-classical trajectory calculation (QCT) and direct molecular simulation (DMS) using

ab initio potential energy surfaces (PESs) have recently been used to determine the parameters

required by this model for five species air (N2, O2, NO, N, O) [139]. The computational

resources required to solve the PESs is significant, and increases exponentially with the number

of species considered. However, once computed, the DMS simulation cost only scales with the

number of particles and collisions considered. There are clear advantages in decreasing reliance

on numerous correlations suggested by Park [34], especially by using a model which provides

the physics of vibration–dissociation coupling without requiring a state-to-state description.

2.4.4 Transport Properties

Transport properties such as viscosity and thermal conductivity can be calculated using various

methods. Chapman-Enskog theory provides a methodology allowing the transport properties of

a multi-component gas mixture to be directly approximated [140]. This theory utilises binary

interaction parameters (collision integrals) to provide a solution to the integral terms found

in the Boltzmann equation [141]. Direct inversions of sometimes large matrices are required,

therefore more computationally efficient methods have been developed. Mixture rules such as

the model used by Gupta et al. [142], Wilke’s mixing rule [143] and Gordon and McBride’s

mixing rule [105] are common models used, and were found by Palmer and Wright [11] to have

approximately half the computational cost of the full multi-component solution to the transport

properties. However, accuracy of these mixing rules tends to diminish for temperatures above

10,000 K, where ionization effects dominate [11]. The performance of various mixing rules is

shown in Figure 2.13 for viscosity calculations at 1 bar.
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Figure 2.13: Mixture viscosity for equilibrium 11-species air at 100 kPa. Reproduced from [11]

2.5 Summary

This chapter has demonstrated the physical complexity of shock tube flows, and the inherent

difficulty involved in the numerical simulation of them. Efforts to characterise shock tube

experiments are challenging, both from a measurement perspective and numerically. Useful

measurements such as emission and absorption spectroscopy are typically line-of-sight (LOS),

which require additional consideration if two-dimensional effects are present.

A priori models are useful for qualitative analysis of shock tubes, however offer limited quan-

titative applicability due to inherent computational cost and the inability to match experimental

shock trajectories.

A posteriori models are commonly used for quantitative analysis of shock tubes, however

have been limited to either one-dimensional or quasi-one-dimensional approaches. In particular,

using one-dimensional Rankine-Hugoniot relaxation and the quasi-one-dimensional blunt body

analogy do not account for shock tube boundary layer growth, introducing error for slower

reacting flows. Additionally, viscous effects through the shock layer must be accounted for,

particularly for low fill pressure conditions.

Therefore, there exists a requirement for improved numerical modelling of these flows, both

for improved quantitative analysis in addition to an increased fundamental understanding of
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shock tube flows with direct application to experimental results.



Chapter 3

Spatial Transformations for Reacting Gas
Shock Tube Experiments

3.1 Introduction

The literature review highlighted the need for existing approaches modelling shock tubes to

appropriately account for mass loss to the boundary layer. This was highlighted as an issue

for chemical rate measurements as far back as 1968 by Warshay [124], who highlighted the

impact of requiring the time of flight to be accurately characterised when predicting chemical

rate parameters.

This is particularly relevant for slower reacting flows, such as the carbonaceous flows en-

countered in problems such as Titan entry. With the NASA Dragonfly mission to Titan expected

to leave Earth in 2028 [144], there has been a significant and ongoing focus on characterising the

significant contribution to heat flux by radiance [99, 112, 145, 146]. After shock-layer radiative

heating was determined as the dominant heating contributor to the after-body surface (see Figure

3.1) [12], work to reduce uncertainty in radiance predictions became a key focus.
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Figure 3.1: Comparisons of convective and radiative heating during the Dragonfly entry trajec-
tory. Reproduced from Johnston et al. [12]

This work originated by recognising there are relatively simple relations for the post shock

density-velocity profiles for various flow types in literature. By combining these relations, this

work has allowed the DPLR blunt-body simulations used by NASA to be transformed onto

shock-tube relevant coordinate systems. As such, the following paper has been used in the

standard workflow process for NASA during rate optimisation activities [30]. These updated

rates have resulted in an updated vehicle design with lower mass, due to the decreased after-body

flow-field uncertainty for Dragonfly [30].

This paper was published by AIAA Journal in June 2023[147].
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Shock tube flows can be used to investigate non-equilibrium thermochemistry and

radiative processes found in hypersonic flows. The flow in a shock tube contains many

flow non-uniformities, in particular boundary layer effects. For the purpose of studying

the properties of the test slug, the flow behind the shock is usually considered analogous

to the stagnation line flow over a blunt body. In reality, radial and longitudinal velocity

distributions in the two flows are different, so that a coordinate transformation is

needed to match time of flight profiles. This work develops a method to approximately

transform the post-shock distance for normal and blunt body shocks to a shock tube

flow using a Mirels analysis. The effects of shock tube diameter and shock speed

variation are highlighted along with the importance of post shock temperature and

density rises. This is then applied to blunt body simulations of NASA EAST data for air

and Titan tests. This showed that minimal difference is encountered for fast reacting

flows. However, large differences can be seen in the slower reacting Titan tests, which to

date have been misinterpreted when compared to blunt body simulations.

Nomenclature

𝑡 = time (sec)

𝑡 𝑓 𝑙𝑖𝑔ℎ𝑡 = particle time of flight (sec)

𝑢𝑒 = post shock speed (m/s)

𝑢𝑠 = shock speed (m/s)

𝑢𝑤 = wall speed (m/s)

𝑢∞ = freestream speed (m/s)

𝑥 = post shock distance (m)

𝑥′ = distance along shock tube from primary diaphragm (m)
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†Associate Professor, Department of Engineering Science, Oxford Thermofluids Institute.
‡Professor, Department of Engineering Science, Oxford Thermofluids Institute.
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𝛿 = maximal test slug length (m)

Δ = blunt body shock stand-off distance (m)

𝜌𝑒 = post shock density (kg/m3)

𝜌∞ = freestream density (kg/m3)

Subscripts

b = blunt body model

CD = contact discontinuity

m = Mirels model

n = normal shock model

I. Introduction

The heat transfer, radiative transport properties and aerodynamic characteristics of vehicles entering

planetary atmospheres can be significantly affected by non-equilibrium phenomena. The design of

vehicles entering these planetary atmospheres rely heavily on numerical calculations, which need accurate

estimates of physical quantities such as intra-molecular interaction parameters and reaction rate constants. The

reaction rate constants and intra-molecular parameters for transport quantities used in numerical predictions

of hypersonic flows draw information from a broad range of sources [1]. However, the flow conditions typical

of planetary entry are unattainable in continuous flow facilities due to extreme power requirements and must

be studied using shock tube facilities.

Shock tube facilities use a high pressure, high sound speed driver to send a shock wave through a tube

filled with the desired test gas, generating the required flow [2]. The complex processes present during shock

tube experiments, including diaphragm rupture [3, 4], boundary layer effects [5], and effects from the driver

operation [6], produce various flow non-uniformities. These processes determine the history and spatial

variation of the test gas properties, so that characterising the state of the test gas in a shock tube is not a

trivial exercise. As a consequence, simplifications and assumptions about flow patterns or distributions of gas

properties must be introduced when analysing shock tube spectroscopy data. As an example, determining rate

coefficients for high-temperature reactions from spectroscopic data generated by shock tubes [7–10] requires

assumptions about the temperature and pressure profiles of the test gas behind the shock.

There are two common approaches to numerically model the flow for comparison to experimental shock

tube radiance measurements. To visualise the differing approaches, Figure 1 shows 𝑥′-𝑡 diagrams of various

shock speed and post shock velocity profiles. The black dashed line indicates the contact discontinuity

between the test gas with the driver gas. The blue dashed line indicates a particle trace with origination point

𝑥′𝑡𝑟𝑎𝑐𝑒, with the time of flight illustrated for each case. The first approach is to use the Rankine-Hugoniot
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equations to determine the post-shock state of a normal shock, then allow thermochemical relaxation to

occur behind the shock. As the kinetic energy term dominates the energy equation, the post-shock speed is

effectively a constant value (see Figure 1a). An example of an implementation of this approach is University

of Queensland’s Poshax3 code [11], which has been used by various sources to analyse experimental results

[12–14]. However, an important limitation of this model is that the jump condition is often not realized due to

diffusion, resulting in a misprediction of the reaction rates.

(a) (b)

(c)

Fig. 1 𝑥′-𝑡 diagrams of various shock speed and post shock velocity profiles. a) Constant shock speed
and constant post shock speed, b) Constant shock speed and variable post shock speed and c) Attenuated
shock speed and variable post shock speed.

The second approach is to use the stagnation line flow into a blunt body such as a sphere as an analogy to

the stagnation line of a shock tube. This model allows for diffusive terms to be included in the numerical

simulation, allowing the shock structure to be fully resolved. For shock tube flow in the shock frame of
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reference, the post-shock flow must stagnate against the contact discontinuity when the contact discontinuity

and primary shock speeds are matched. This has been considered analogous to the blunt body problem [1]

and has been used comprehensively [15–18]. The flow speed in the streamwise direction can be approximated

as approximately linearly decreasing from the post shock speed at the shock stand-off distance Δ, to zero at

the stagnation point [19]. This is due to mass loss as the flow turns around the body of the vehicle.

Models based on the Rankine-Hugoniot relations and on the blunt body stagnation line analogy are not

equivalent. For the same primary shock speed, a model based on the Rankine-Hugoniot relations locates

particles with a given time of flight further away from the primary shock than a model based on the blunt

body analogy (See Figure 1). This discrepancy arises because of the different axial velocity profiles in the

two models. If spectroscopy measurements are being taken, this means that for the same shock speed at the

window, the particle originating at 𝑥′𝑡𝑟𝑎𝑐𝑒 will be located closer to the shock compared to Figure 1a at 𝑡𝑐𝑎𝑚𝑒𝑟𝑎.

However, these two approaches do not account for the rapid growth of the boundary layer behind the

primary shock [20–22]. This boundary layer growth removes mass away from the core flow (see Figure 2),

more rapidly decelerating the core flow compared to the aforementioned approaches. The associated post

shock speed scales with the inverse of the square root of the post shock distance [22].

The post shock speed profile of the gas dictates the time of flight a particle requires to move a certain

distance behind the shock. In reacting flows, this determines how far thermochemical processes have proceeded

and thus will determine the spatial profile of observed radiance for spectroscopy experiments. Chemical

reaction rates determined using shock tube data require knowledge of the time taken to reach a certain post

shock distance. This requires the hydrodynamic processes dictating the time of flight to be appropriately

considered. These effects have previously been found significant for modelling chemically reacting flows

present in shock tube experiments [23, 24]. However, more recent analyses have not accounted for the

differences in the modelled time of flight and subsequent impact on chemically reacting flows. Therefore,

the differing post shock speed profiles between the shock tube, Rankine-Hugoniot and blunt body models

result in a discrepancy in the particle time of flight and thus must be accounted for in reacting flows. Hornung

derived a transformation between the Rankine-Hugoniot and blunt body models by equating the time of flight

for each model, allowing a direct comparison between the models [25]. Gibson & Marrone also derived a

transformation between a normal shock and a blunt body model for a reacting gas using Newtonian flow,

resulting in a set of solvable ordinary differential equations [26].

In this paper we draw on the methodology of Hornung [25] to compare time of flight estimates between

various methods. An approximate rescaling method will be developed to account for certain shock-tube flow

non-uniformities. Additional effects of tube diameter, variable shock speed and compression effects from the
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Fig. 2 Diagram showing the flow processes in a shock tube when drawn in the shock frame of reference.
Reproduced from [27].

boundary layer will be investigated. The developed method is subsequently applied to radiation measurements

taken from NASA EAST for Earth and Titan entry.

II. Time of Flight Considerations
The particle time of flight will be compared for three models commonly used to simulate and analyse

shock tube flow. The particle time of flight can be found directly by integrating the post shock speed and is

given by Equation 1, where 𝑢𝑒 (𝑥) is the post shock speed at distance 𝑥 behind the shock.

𝑑𝑡 =
𝑑𝑥

𝑢𝑒
(1)

A. Rankine-Hugoniot Post-Shock Relaxation

For a normal shock using the Rankine-Hugoniot relations with post shock relaxation, continuity

immediately gives:

𝜌∞𝑢∞ = 𝜌𝑒𝑢𝑒 (2)

Substituting Equation 1 and integrating such that 𝜌𝑒 is contained within the time integral yields Equation 3.

∫ 𝑡

0

1
𝜌𝑒

𝑑𝜏 =
𝑥

𝜌∞𝑢∞
(3)

B. Blunt Body Stagnation Line

For a blunt body shock over a sphere with stand-off distance Δ, 𝑢𝑒 (𝑥) decreases approximately linearly to

the stagnation point behind the shock (see Equation 4) [19]. This form was used by Hornung to transform

normal shock results to blunt body coordinates.

𝜌𝑒𝑢𝑒 = 𝜌∞𝑢∞
(
1 − 𝑥

Δ

)
(4)
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Substituting Equation 4 into Equation 1 and integrating produces:

∫ 𝑡

0

1
𝜌𝑒

𝑑𝜏 =
Δ

𝜌∞𝑢∞

(
− ln

(
1 − 𝑥

Δ

))
(5)

The shock stand-off distance Δ may be treated as equivalent to the maximal test slug length of the test gas [1],

denoted as 𝑙𝑚 in [22]. In this paper, 𝛿𝑚 is used to denote the maximal test slug length.

C. Mirels Effects

Mirels developed an analytical model to account for boundary layer effects in a shock tube [21]. Mirels

found that the test time and flow properties were significantly influenced by the mass loss to the boundary

layer in addition to the decrease in effective diameter of the core flow. The test time calculated using Mirels’

work is still a benchmark for experimental design [28], although the model assumes a constant shock speed.

Mirels found the post shock speed 𝑢𝑒 varied as follows:

𝜌𝑒𝑢𝑒 = 𝜌∞𝑢∞

(
1 −

( 𝑥
𝛿

)0.5
)

(6)

Substituting Equation 6 into Equation 1 and integrating produces:

∫ 𝑡

0

1
𝜌𝑒

𝑑𝜏 = −2
𝛿

𝜌∞𝑢∞

(
ln

(
1 −

( 𝑥
𝛿

)0.5
)
+

( 𝑥
𝛿

)0.5
)

(7)

D. Transformations for Time of Flight Considerations

An approximate transformation of post-shock distance can be made between methods by equating 3 and 5

with 7, assuming a constant post-shock density. This yields the following non-linear equations which can be

solved numerically:

Rankine-Hugoniot to Mirels 𝑥𝑛 = −2𝛿𝑚

(
ln

(
1 −

(
𝑥𝑚
𝛿𝑚

)0.5
)
+

(
𝑥𝑚
𝛿𝑚

)0.5
)

(8)

Blunt Body to Mirels Δ𝑏 ln
(
1 − 𝑥𝑏

Δ𝑏

)
= 2𝛿𝑚

(
ln

(
1 −

(
𝑥𝑚
𝛿𝑚

)0.5
)
+

(
𝑥𝑚
𝛿𝑚

)0.5
)

(9)

Where 𝑥𝑛, 𝑥𝑏 and 𝑥𝑚 denote the post shock distance for a normal shock, blunt body and Mirels analysis

respectively.

E. Time of Flight Comparison

A direct comparison of the results from Sections II.A, II.B and II.C can be found by considering a shock

travelling at 10 km/s in a 100 mm diameter, 7.89m shock tube filled with 300 K, 13.3 Pa gas with a mixture of

49 Chapter 3



79% N2 and 21% O2 by volume. A Mirels analysis gives the maximum slug length to be 67 mm [21]. By

assuming equivalent density rise behind the shock, an approximate particle time of flight can be evaluated.

Figure 3 indicates a significant divergence in time of flight between the methods, which would have immediate

relevance for calculation of reaction rates. A simplified analysis of a 3m radius sphere (an arbitrary choice

found in literature [29, 30]) model case can be found by by using the shock stand-off correlation assuming

post shock equilibrium flow found in Wen and Hornung [31] to evaluate Δ𝑏 as 152mm. The matched stand-off

distance and slug length provided a post shock velocity profile most similar to the Mirels profile. However a

sphere model with Δ𝑏 of approximately 50mm could result in a time of flight even more similar to the Mirels

value as the integrated time of flight effect would be minimised due to the cancellation of the velocity error.
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Fig. 3 Particle time of flight comparison between simplified shock tube models: (a) Post shock speed
profile and (b) Particle time of flight comparison.

Figure 4 shows the post-shock region has the steepest change in time of flight when the Mirels analysis is

directly compared to the blunt body method, rising to a discrepancy of 26%, 32% and 36% by 10mm post

shock for the blunt body with 3m radius, blunt body with matched standoff distance and the Rankine-Hugoniot

models respectively. This is a consequence of Mirels considering the rapid growth of the boundary layer,

with the subsequent mass removal from the core flow increasing the particle time of flight. This has direct

relevance for the thermochemical non-equilibrium region located immediately behind the shock. This region

contains reacting flow, and is therefore where time of flight effects will have the largest consequence. For

thermochemical processes that occur over large timescales, the discrepancy in time of flight become more

significant and will have an increased influence on the accuracy of the numerical results. At a post shock

distance of 60mm, the matched slug length blunt body has a discrepancy of 75%, while the 3m blunt body

and Rankine-Hugoniot methods have even greater differences of 250% and 350% respectively.
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Fig. 4 The percentage difference of particle time of flight between the Rankine-Hugoniot and blunt
body models to the Mirels model.

III. Effect of Shock Tube Diameter
The effect of varying shock tube diameter can also be analysed using the methods developed by Mirels

[21]. Decreasing the diameter of the shock tube decreases slug length according to Mirels analysis, and thus

the time of flight will also be affected for a given post shock distance (see Figure 5). This indicates an optimal

shock tube diameter could be found such that the test slug length matches the viewing window. Conversely,

the quadratic decay in test slug length with shock tube diameter indicates there is a minimal effective tube

size. This occurs when the boundary layer effects are sufficiently limited to allow visible core flow in the

viewing window. These effects are visualized in Figure 6, where the particle time of flight against post-shock

distance is compared for a variety of shock tube diameters. These results have a practical application, for

example consider if non-equilibrium thermochemistry is of primary interest and the viewing window used for

spectroscopy is a given length.

Consider Figure 6 and assume the shock tube has a viewing window of 70mm. If it is expected that the

reactions require more than 0.2ms to reach equilibrium, then although the non-equilibrium region would be

magnified for the larger tubes, some of the reacting flow will not take place within the length of the viewing

window. Depending on the desired outcome of the test, the tube diameter may be chosen to observe the full

non-equilibrium and equilibrium regions or to magnify part of the non-equilibrium region. If the equilibrium

region is of interest, then the tube diameter must be decreased to less than 500mm, or the viewing window

must be increased such that the equilibrium flow is visible.

Additionally, a time of flight transformation can be made between different diameter shock tubes, denoted
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Fig. 6 Particle time of flight comparison between differing shock tube diameters using the Mirels
model (a) Post shock speed profile and (b) Particle time of flight comparison.
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Tubes 1 and 2 with diameters �1 and �2 respectively. This allows an approximate comparison of results

between two differing shock tubes using the Mirels method. Equation 10 describes this transformation.

Mirels �1 to Mirels �2 𝛿𝑚,1

(
ln

(
1 −

(
𝑥𝑚,1

𝛿𝑚,1

)0.5
)
+

(
𝑥𝑚,1

𝛿𝑚,1

)0.5
)
= 𝛿𝑚,2

(
ln

(
1 −

(
𝑥𝑚,2

𝛿𝑚,2

)0.5
)
+

(
𝑥𝑚,2

𝛿𝑚,2

)0.5
)

(10)

As the shock propagates along the tube, the test slug must grow until the mass removed by the boundary

layer is equal to the mass entering the shock. Therefore, until the flow is fully developed, the test slug length

will be dependent on the position of the shock in the shock tube. To include the influence of tube length,

Roshko [32] and Mirels [21] both found an approximate relationship for the test slug evolution down a shock

tube with:

0 =
𝑙𝑠𝑢𝑒,0
𝛿𝑚𝑢𝑠

+ 2 ln

(
1 −

(
𝑥𝑚,𝑚𝑎𝑥

𝛿𝑚

)0.5
)
+

(
𝑥𝑚,𝑚𝑎𝑥

𝛿𝑚

)0.5
(11)

Where 𝑢𝑒,0 is the immediate post shock speed, 𝑙𝑠 is the distance the shock has propagated down the shock

tube and 𝑥𝑚,𝑚𝑎𝑥 is the test slug length. This allows the maximal post-shock distance and contact discontinuity

speed to be calculated for a shock tube problem where the tube length is known.

IV. Effect of Variable Shock Speed
Recent results have shown the importance of shock trajectory on the temperature profile of the test gas,

and its influence on the prediction of radiation spectra for equilibrium conditions [33–36]. Satchell et al.

developed a method (utilised in the LASTA code) which considered the shock history effect by elevating

Lagrangian slices to their respective post-shock states as the shock propagates down the tube. The entropy

of the shocked Lagrangian is then assumed to remain constant. Each Lagrangian slice evolves at constant

enthalpy and entropy under the action of sound waves propagating along the test slug. Mirels’ boundary layer

effects are also considered, further accounting for flow non-uniformities. An example of the effects of shock

history is shown in Figures 7 and 8, where three shock trajectories are considered: an accelerating shock

increasing from 6 km/s to 10 km/s, a constant shock speed of 10 km/s, and a decelerating shock decreasing

from 14km/s to 10km/s (see Figure 7a). These shocks propagate for 7.89m through the fill conditions set in

Section II.E. The particle time of flight is vastly different to the constant cases, being 45% lower and 120%

higher than the constant value by the end of the test slug for the decelerating and accelerating cases respectively.

However, in the immediate post shock region where reacting processes are most likely to occur, the difference

is decreased with less than 20% discrepancy in the first 30mm post shock. Figure 8a illustrates the difference
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in test slug lengths between the shock trajectories, as the decelerating shock trajectory compresses the contact

discontinuity against the shock. In comparison, in the accelerating shock case, the test slug is still growing

and has not yet reached the maximum slug length.
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Fig. 8 Variable shock history effects for time of flight considerations (a) Particle time of flight and (b)
Percentage difference to constant shock speed value.

V. Application to Experimental Results
The transformation of coordinates shown in Equation 9 could be applied to a variety of existing experiments

found in literature. In this paper two separate test applications will be examined, an Earth entry test conducted

in NASA EAST and analysed in [18] and four Titan entry experiments from NASA EAST test series 61 [29].
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A. Earth Entry Condition

The first test case chosen is an Earth entry condition taken from a NASA EAST test using shot 46 in

[18]. The chosen experiment was a 7.7 km/s shock through a 79% N2, 21% O2 gas mixture with 66.6 Pa,

300 K fill conditions. The tube dimensions were again a tube diameter 101.6mm and tube length of 7.89m.

Simulations of the experiment were conducted by Cruden and Brandis using the stagnation line solution

to a three metre radius sphere model in DPLR to solve for the flow properties, with radiance calculated

using NEQAIR allowing for comparison to experimental results. Further details of the simulation including

thermochemistry model can be found in [18]. These flow conditions produced 𝛿𝑚 of 325mm and an estimated

shock stand off distance Δ of 75mm, with an estimated density rise of 1.7% and temperature rise of 0.25%.

The transformed result using Equation 9 is shown in Figure 9. In this case, the small non-equilibrium region

implies the reactions occur over a shorter timescale, reducing the impact of the time of flight transformation.

Effectively the blunt body method and transformed blunt body result, and scaled and transformed blunt body

method are very nearly identical. This emphasises that time of flight considerations are most important when

flow timescales are sufficiently large compared to the thermochemical reaction timescales. This is most likely

to be the case for slow reactions.

The non-equilibrium metric (NEM) is the integral of the radiance between some distance behind and in

front of the radiance peak and normalised by the tube diameter, with the distance usually taken as ±20mm

of the location of the peak. This metric allows a normalised comparison of the total radiance due to the

non-equilibrium region. In this case, the bounds of the non-equilibrium metric will not have appreciably

changed and therefore the difference in NEM between models will be negligible.

Closer examination of the equilibrium region shows an under-prediction of radiance when compared to

experimental results. This could be due to the presence of contaminants in the flow resulting in production

of CN and other radiating species [18]. The spectroscopy setup will also observe effects due to boundary

layer properties, further adding to discrepancies in the equilibrium region [12]. Additionally, the shock speed

decrease in this test may result in increased radiance in the equilibrium region, as highlighted by the work by

Collen et al. [36].

B. Titan Entry Conditions

The second group of four case studies chosen for examination are taken from NASA EAST test series 61,

which was conducted to investigate reaction rates relevant for Titan entry and examined in the work of Brandis

and Cruden [29]. Simulations of the experiments were conducted by using the stagnation line solution of

a three metre radius sphere model in DPLR to solve for the flow properties. Radiance was subsequently

calculated using NEQAIR allowing for comparison to experimental results. Further details of the simulations
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Fig. 9 Comparison of experimental and numerical results for Shot 46 (320-370nm), reproduced from
[18], and transformed numerical results.

including the thermochemistry model can be found in [29]. Detailed spatially resolved radiance profiles

were provided for Test T61-19 where a 6.1 km/s shock was measured at the viewing window, propagating

through a fill gas mixture of 98% N2 and 2% CH4 by volume at 13.3 Pa and 300 K. The diameter of the

NASA-EAST shock tube in this experimental campaign was 101.6 mm. This test had a flat shock trajectory,

minimising the effects of shock history. 𝛿𝑚 was calculated to be 77 mm using a Mirels estimate [22], and the

shock stand-off distance Δ was approximated to be 166 mm and 272mm assuming post shock equilibrium

and frozen conditions respectively using the Wen and Hornung correlation [31]. Equation 9 transforms the

coordinates of the numerical results into shock tube relevant values, significantly improving the accuracy of

the numerical results in the 370-440nm wavelength region and producing a better match for the decay in

radiance in the 480-680nm wavelength region. These results demonstrate the importance of considering the

hydrodynamics unique to shock tubes (see Figure 10). The transformation has greatest impact on larger post

shock distances, with the radiance at 90mm post shock for the blunt body being approximately transformed

to 50mm post shock. Although the estimates of the frozen and equilibrium shock stand off distance vary

significantly, the transformed profiles are very similar. This is a consequence of the shock stand off distance

being far greater than the maximal Mirels length, resulting in similar transforms for the blunt body results in

the viewing window region.

The results in Figure 10b) can be further examined by normalising the respective radiance profiles, shown

in Figure 11. The decay after peak radiance is steeper for the transformed results compared to the experimental
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values. However the rate of the transformed decay in Figure 11b matches the rate of experimental decay

from 15mm post shock. In comparison, the blunt body method decays at a slightly different rate from 20mm

onwards, and diverges further as the post shock distance increases. This confirms the transformed blunt

body profile in the 480-680nm wavelength region produces a decay rate more similar to the experimental

values than the original blunt body results. A particularly interesting feature in the experimental radiance is

observable in Figure 11b at approximately 65mm, where the rate of decay changes rapidly. This possibly

indicates the end of the test slug, which is quite close to the estimated Mirels test slug length of 75mm.
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An additional consideration of the widely used non-equilibrium metric [16, 18, 29] can be made. In this

case, the blunt body NEM would be effectively the integral between 20mm behind the peak radiance to 12mm

in front. This changes the NEM for the 370-440nm region from 1.5 W/cm2sr to 1.4 W/cm2sr, which is an

improved result when compared to the experimental NEM of 1.2 W/cm2sr. The NEM for the 480-680 nm

region changes from the blunt body value of 0.07 to 0.06 W/cm2sr, both are significantly lower than the

experimental value of 0.14 W/cm2sr. This increased discrepancy is due to the increased decay rate of the

transformed profile.

Three additional cases were analysed from the Test 61 campaign, shots 15, 16 and 20 also used a fill

pressure of 13.3 Pa and had shot velocities ranging from 5.15 km/s to 7.35 km/s with flat shock trajectories.

Brandis and Cruden published NEM values of the DPLR/NEQAIR simulations for these tests, highlighting

discrepancies between experimental and simulated radiance [29]. The maximal Mirels lengths and estimates

of shock stand off distance were determined using the same method as for T61-19, however Equation 9 was

used to transform the experimental results to blunt body coordinates. The NEM could then be determined

and compared directly to the published DPLR/NEQAIR NEM values. These results are shown in Figure 12

for a range of spectral regions. In all cases, the NEM of the transformed experimental results is increased

due to the decreased rate of decay after peak radiance. In the VUV and blue regions (Figure 12a and b), the

transformed experimental value matches well up to a shock speed of approximately 6.1 km/s. For the 7.35

km/s case, the decrease in radiance for the DPLR/NEQAIR simulations in the VUV and blue regions are not

matched by the experimental values.

In the red and near infrared regions (Figures 12c and d), the application of the transformation further

increased the discrepancy between the blunt body radiance values and the experimental values. This is

expected, as the lower NEM values of the blunt body simulations are likely due to lower peak radiance

values. Therefore, as transforming the experimental result effectively slows the decay rate, the transformed

experimental NEM is increased and subsequently the discrepancy to the DPLR/NEQAIR simulations is

increased also. This indicates the difficulty with using NEMs to analyse the performance of a thermochemistry

model, evidenced by the red region in T61-19 (Figure 10b and 11) where the transformation produced a decay

rate more similar to experiment but increased the discrepancy between NEM values.

VI. Conclusion
The boundary layer effects existing in shock tubes produce unique hydrodynamics compared to normal

and blunt body shocks. These discrepancies can be partially accounted for by application of the derived spatial

transformations such that the particle times of flights are approximately matched. This was demonstrated for

two NASA EAST test cases, a 79% N2, 21% O2 gas mixture relevant for Earth entry and a 98% N2, 2% O2
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gas mixture relevant for Titan entry. Both test cases had existing results from spherical blunt body simulations,

which were transformed to shock tube relevant coordinates. The slower reaction rates present in the Titan

case increased the effect of the transformation, where at the rear of the viewing window a 40mm shift in

coordinates was required to map the blunt body results to shock tube relevant values. In comparison, the

faster reacting Earth entry case had a 1mm change at the rear of the non-equilibrium region. However, the

pressure and density rises occurring as a consequence of Mirels effects are not corrected for in this paper.

The combined effects of the shock tube boundary layer, tube diameter, shock history and compression effects

should be accounted for when analysing reacting shock tube flows such that gas thermochemistry can be

decoupled from shock tube hydrodynamics.
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Chapter 4

Quasi-One-Dimensional Modelling of
Shock Tubes in Thermochemical
Non-Equilibrium

4.1 Introduction

The work of the previous chapter highlighted the inability of existing models to capture the

behaviour of reacting core flow through both the shock layer and in the post-shock region,

specifically due to the effect of boundary layer growth. The gap in the literature is particularly

relevant for low pressure flows, where the maximal test slug length can often be the same

order of magnitude as the viewing window therefore making time-of-flight effects particularly

relevant. Additionally, the shock thickness at these low pressure flows can be sufficiently large

that the assumption of an infinitely thin shock layer breaks down, reducing the ability of the

Rankine-Hugoniot equations to predict the post-shock state.

The core principle used to develop this methodology is recognising that after the shock

is formed, mass loss immediately begins due to the effect of the boundary layer. Therefore,

the correlations of Mirels can be used to obtain an estimate for maximal test slug length, and

provide an estimate for mass loss along the centreline. This reduces the problem to a stagnation

line model with an outflow condition, a computationally tractable problem enabling a posteriori
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analysis of experiments. The Park two-temperature model was chosen due to its wide ranging

use in literature, parameters of many different atmospheres exist and therefore provide a logical

starting point for a thermochemical non-equilibrium model. However, the method itself can

be easily adapted to other thermochemistry models, and can be seen as a test-bed for testing

thermochemistry models.

This work offers a step change in the modelling of shock tube flows, and has been used

in a variety of contexts [7, 53, 145, 148]. For the first time, a solver usable for analysing

shock tube flows incorporated non-equilibrium thermochemistry and viscous effects in the axial

direction while accounting for boundary layer growth relevant to shock tubes. Importantly, the

computational efficiency of the solution method enables the solver to produce results in minutes,

which enables future usage as part of an optimisation algorithm for parameter optimisation.

This paper was published in Physics of Fluids in September 2024 as a featured article, albiet

with an extended introduction containing information previously highlighted earlier in this thesis

[149].
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Shock tube experiments are used to investigate non-equilibrium thermochemistry

and radiative processes in reacting gas hypersonic flows. Boundary layer and shock

structure are known to influence the spatial variation of the test slug state properties.

This work derives and validates a novel method for viscous, quasi-one-dimensional,

non-equilibrium flow in a shock tube assuming constant shock speed. The proposed

method fully resolves the shock structure. Mirels’ estimate for boundary layer growth

around the test slug determines the dilation rate at the centreline. This, along with

relevant boundary conditions, appropriately models core flow in a shock tube. The flow

equations are discretised by finite differences on a staggered grid. The resulting highly

non-linear set of algebraic equations is solved by Newton iterations. The Jacobian

matrix is block tridiagonal with a Schur complement, allowing efficient inversion. This

culminates in a unique and computationally efficient quasi-one-dimensional method

offering improved modelling of the physical characteristics of shock tube experiments.

Results of a 3km/s, 66.6 Pa argon test case solved by a viscous, axisymmetric

Navier–Stokes solution had agreement with the proposed method in temperature and

pressure profiles to within 2% and post shock velocity to within 15%. Reacting gas

shock tube experiments in synthetic air and synthetic Titan atmospheres were analysed.

Radiance values in the non-equilibrium and equilibrium regions were compared under

various assumptions for the shock structure and radial velocity distribution. These

results highlight the necessity of a dedicated shock tube solver when analysing shock

tube thermochemistry, particularly when determining reaction rates and relaxation

parameters.
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I. Nomenclature

CD = contact discontinuity

𝑫−1 = multicomponent diffusion operator from Stefan-Maxwell equations

𝐷̂𝑠 = average vibrational energy per unit mass of species 𝑠 removed or added to a gas mixture (J/kg)

𝑒𝑣,𝑠 = vibrational energy per unit mass of species 𝑠 (J/kg)

𝑒∗𝑣,𝑠 = vibrational energy per unit mass of species 𝑠 evaluated at temperature 𝑇 (J/kg)

ℎ = mixture enthalpy per unit mass (J/kg)

𝐻 = total enthalpy per unit mass of mixture (J/kg)

ℎ𝑠 = enthalpy per unit mass of species 𝑠 (J/kg)

ℎ𝑠,𝑣 = vibrational enthalpy per unit mass of species 𝑠 (J/kg)

𝐼𝑠 = first ionisation energy of species 𝑠 per kg-mole (J/kg-mole)

𝑱𝑱 = Jacobian

𝑱 = diffusive mass flux (kg/m2/sec)

𝑱𝒔 = species diffusive mass flux (kg/m2/sec)

𝑀𝑠 = molecular weight of species 𝑠 (kg/ kg-mole)

𝑛𝑠 = number of species

¤𝑛𝑒𝑖 = molar rate of production per unit volume of species 𝑖 due to electron impact ionization (kg-mole/m3/sec)

𝑃 = Pressure (Pa)

𝑃𝑒 = electron pressure (Pa)

𝒒 = vector of viscous state variables

𝑄 = collection of reacting gas source and relaxation terms

𝒒𝒄 = conductive heat flux (W/m2)

𝒒𝒅 = diffusive enthalpy flux (J/m2/sec)

𝑟 = radial coordinate in the cylindrical coordinate system (m)

𝑅 = shock tube radius (m)

𝑅̄ = specific gas constant of the mixture (J/K/mol)

𝑡 = time (sec)

𝑡 𝑓 𝑙𝑖𝑔ℎ𝑡 = particle time of flight (sec)

𝑇 = translational-rotational temperature (K)

𝑇𝑎𝑣 = Two-Temperature model average temperature (K)

𝑇𝑣 = electro-vibrational temperature (K)
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𝒖 = velocity vector (m/sec)

𝑢 = 𝑢𝑟 = radial velocity component (m/sec)

𝑢𝑒 = post shock velocity (m/sec)

𝑢𝑠 = shock speed (m/sec)

𝑣 = 𝑢𝑧 = axial velocity component (m/sec)

¤𝑤𝑖 = mass rate production of species 𝑠 (kg/(𝑚)3/sec)

𝑥′ = distance down the shock tube (m)

𝑦𝑠 = mole fraction of species 𝑠

𝑧 = distance from the contact discontinuity (m)

𝑧shock = location of shock relative to the contact discontinuity (m)

𝛼 = constant used for Mirels’ outflow (kg/m2/sec)

𝛿𝑏 = boundary layer thickness (m)

𝛿𝑚 = maximal Mirels length (m)

𝜃 = angular coordinate in the cylindrical coordinate system

𝜅𝑒 = electronic thermal conductivity (W/m/K)

𝜅𝑇 = translational-rotational thermal conductivity (W/m/K)

𝜅𝑣 = vibrational thermal conductivity (W/m/K)

𝜇 = mixture viscosity (N-s/m2)

𝜈𝑒𝑠 = effective collision frequency for electrons and species 𝑠 (1/sec)

𝜌 = density (kg/m3)

𝜌𝑒 = partial density of electrons (kg/m3)

𝜌𝑠 = partial density of the species 𝑠 (kg/m3)

𝜎𝑠 = molality of species 𝑠 (mol/kgmix)

𝝉 = stress tensor

< 𝜏 > = total translational-vibrational energy relaxation time

< 𝜏𝑖 > = translational-vibrational energy relaxation time for species 𝑖

II. Introduction
In this paper we develop a novel quasi-one-dimensional numerical method for simulating the core flow in

shock tubes with a constant shock speed. There is a requirement for an analysis tool which can appropriately

account for the physical phenomena present in a shock tube in a computationally efficient manner. This

does not currently exist in literature, as a result the analysis of reaction rates or radiance using other models

is flawed due to missing the physical behaviour inherent in shock tube flows. This solution is the first to
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combine a viscous Navier-Stokes solution with appropriate shock tube boundary layer mass loss. Physically

this allows the state properties to be resolved through the shock layer, then convect behind the shock at the

appropriate velocity with the relevant compression due to flow stagnation against the driver gas. These effects

will be investigated through their influence on thermochemical kinetics by comparison of state properties.

Comparison to experiments will be performed through emission spectroscopy measurements. The mass loss

to the boundary layer is specified by an analytical Mirels approach [1]. Initially a Park two-temperature model

with reacting chemistry is incorporated into the model. This results in a computationally efficient reacting

gas shock tube solver which can be utilised as a test bed for various thermochemistry models, having direct

application to reaction rate optimisation and providing uncertainty analyses for shock tube experiments.

III. Numerical Formulation
The Non-Equilibrium Shock-tube Solver (NESS) solves the steady system of reacting gas Navier-Stokes

equations in quasi-one-dimensional form. Consider the steady compressible and reacting Navier-Stokes

equations:

Species Continuity ∇ · (𝜌𝑠𝒖) = −∇ · 𝑱𝒔 + ¤𝑤𝑠 (1)

Momentum ∇ · (𝜌𝒖 ⊗ 𝒖) = −∇𝑝 + ∇ · 𝝉 (2)

Vibro-electronic ∇ · (𝜌𝑒𝑉𝒖) = −𝑝𝑒∇ · 𝒖 + ∇ ·
(
(𝜅𝑣 + 𝜅𝑒)∇𝑇𝑉 +

𝑛𝑠∑︁
𝑠=1

ℎ𝑠,𝑣 𝑱𝑠

)
+𝑄 (3)

Total energy ∇ · (𝜌𝐻𝒖) = ∇ · (𝝉 · 𝒖 − 𝒒𝒄 − 𝒒𝒅) (4)

Where 𝑄 represents source and relaxation terms defined by:

𝑄 =
∑︁

𝑠=mol.
𝜌𝑠

𝑒∗𝑣,𝑠 − 𝑒𝑣,𝑠

< 𝜏𝑠 >
+ 3𝜌𝑒 𝑅̄(𝑇 − 𝑇𝑉 )

𝑛𝑠∑︁
𝑠=2

𝜈𝑒𝑠
𝑀𝑠

+
∑︁

𝑠=mol.
¤𝑤𝑠𝐷̂𝑠 −

∑︁
𝑠=ion.

¤𝑛𝑒,𝑠 𝐼𝑠 (5)

The conductive heat flux is described by Fourier’s law:

𝒒𝒄 = −
𝑛𝑇∑︁
𝑖=1

𝜅𝑖∇𝑇𝑖 (6)

The diffusive enthalpy flux in a reacting gas mixture is found using:

𝒒𝒅 = −
𝑛𝑠∑︁
𝑠=1

ℎ𝑠𝑱𝑠 (7)
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By defining 𝑫−1 as the multicomponent diffusion operator obtained by solving the Stefan-Maxwell equations

using the approach in Hirschfelder, Curtiss and Bird [2], the diffusional mass flux is given by:

𝑱𝑠 = −𝜌𝑫−1∇𝝈 (8)

The viscous stress tensor 𝜏 is defined as:

𝝉 = 𝜇

(
∇𝒖 + (∇𝒖)𝑇 − 2

3
(∇ · 𝒖)

)
(9)

With the definitions of the variables contained in Equation 5 found in Gnoffo et al. [3]. Each species in the

gas mixture is assumed to behave as an ideal gas, such that the partial pressure of species 𝑠 is given by:

𝑝𝑠 =
𝜌𝑠𝑅𝑇

𝑀𝑠
(10)

Where, in the two-temperature form, the trans-rotational temperature is used for heavy species and the

vibro-electronic temperature is used for electrons. The bulk pressure 𝑝 is then defined by Dalton’s law as the

sum of the partial pressures.

𝑝 =
∑︁
𝑠

𝑝𝑠 . (11)

Therefore for a flow containing 𝑛𝑠 species, with 𝑛𝑇 = 2 energy modes and a viscous state vector

𝒒 = [𝒙,𝑻] , 𝒖, 𝑃, we have 𝑛𝑠 + 𝑛𝑇 + 3 equations thus ensuring closure of the problem.

A. Shock Tube Flow

The flow in a shock tube can be considered as quasi one-dimensional by assuming the core flow only

varies axially, with the radial source term determined by a Mirels analysis [1]. This allows a system of quasi

one-dimensional equations to be derived in cylindrical coordinates, with 𝑧 the axial coordinate down the tube

and 𝑟 the radial distance from the centreline. 𝑧 = 0 is located at the stagnation point, which is located at the

contact discontinuity in fully developed shock tube flow (see Figure 1).
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a) Shock tube flow in the lab frame of reference

b) Shock tube flow in the shock frame of reference

c) Formulation of NESS, in the shock frame of reference.

Fig. 1 Shock tube flow can be transformed from the lab frame of reference (a), into the shock frame
of reference (b), and then idealised in a quasi one-dimensional form with a radial velocity outflow
condition (c).
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This is formalised by making the following assumptions:

𝜕

𝜕𝜃
= 0 (12)

𝑢𝜃 = 0 (13)

𝑢𝑟 = 𝑢(𝑧) (14)

𝑢𝑧 = 𝑣(𝑧) (15)

𝜌𝑢𝑟
√
𝑧shock − 𝑧 = 𝛼, for 𝑧 < 𝑧shock (16)

With boundary conditions of:

𝛿𝑚 = 𝑧shock (17)
𝜕𝑞𝑖
𝜕𝑧

= 0 at 𝑧 = 0 (18)

𝑢𝑧 = 0 at 𝑧 = 0 (19)

Equation 16 enforces a Mirels boundary layer outflow condition, with 𝛼 constant. This is represented by the

arrows on the outside of the tube in Figure 1c, indicating the approximate radial velocity profile. This form is

equivalent to Equation 33 in Mirels [1]; see Appendix C for the derivation. The radius of the core flow will

approximately be the tube radius 𝑅, assuming a thin boundary layer such that 𝛿𝑏 << 𝑅.

Additionally, the 𝑟-momentum equation can be replaced with Equation 16. As there is an additional

unknown 𝛼, the maximal Mirels length 𝛿𝑚 must be specified. A definition of shock location is also prescribed

to ensure the distance from the shock to the stagnation point matches the Mirel’s length (see Equations 25 and

26).

This novel approach provides a simple yet elegant system of equations accounting for the effect of the

boundary layer on the core flow, while retaining the necessary information required to shock and stagnate the

flow in a viscous and reacting flow regime. Thus the simplified system of equations describing the core flow
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of a shock tube in quasi one-dimensionality are:

Species Continuity 0 = −𝜕 (𝜌𝑠𝑣)
𝜕𝑧

− 2𝜌𝑠𝑢
𝑅

+ 𝜕

𝜕𝑧

(
𝜌𝐷𝑠

𝜕𝑦𝑠
𝜕𝑧

)
+ ¤𝑤𝑠 (20)

z-Momentum 0 = −𝜕
(
𝜌𝑣2)
𝜕𝑧

− 2𝜌𝑢𝑣
𝑅

− 𝜕𝑝

𝜕𝑧
+ 4

3
𝜕

𝜕𝑧

(
𝜇
𝜕𝑣

𝜕𝑧

)
− 4

3𝑅
𝜕 (𝜇𝑢)
𝜕𝑧

+ 2𝜇
𝑅

𝜕𝑢

𝜕𝑧
(21)

Vibro-electronic 0 = −𝜕 (𝜌𝑒𝑉𝑣)
𝜕𝑧

− 2𝜌𝑒𝑉𝑢
𝑅

− 𝑝𝑒
𝜕𝑣

𝜕𝑧
− 2𝑝𝑒𝑢

𝑅

+ 𝜕

𝜕𝑧

(
(𝜅𝑣 + 𝜅𝑒) 𝜕𝑇𝑉

𝜕𝑧
−

𝑛𝑠∑︁
𝑠=1

ℎ𝑠,𝑣𝜌𝐷𝑠
𝜕𝑦𝑠
𝜕𝑧

)
+𝑄 (22)

Total energy 0 = −𝜕 (𝜌𝐻𝑣)
𝜕𝑧

− 2𝜌𝐻𝑢

𝑅
+ 2𝜇𝑣

𝑅

𝜕𝑢

𝜕𝑧
− 4𝜇𝑢

3𝑅
𝜕𝑣

𝜕𝑧
+ 𝜕

𝜕𝑧

(
𝜇

(
4
3
𝑣
𝜕𝑣

𝜕𝑧
+ 𝑢

𝜕𝑢

𝜕𝑧
− 4

3𝑅
𝑢𝑣

))

+ 𝜕

𝜕𝑧

(
𝑛𝑇∑︁
𝑖=1

𝜅𝑖
𝜕𝑇𝑖
𝜕𝑧

−
𝑛𝑠∑︁
𝑠=1

ℎ𝑠𝜌𝐷𝑠
𝜕𝑦𝑠
𝜕𝑧

)
(23)

Mirels equation 0 = 𝜌𝑢
√
𝑧shock − 𝑧 − 𝛼, for 𝑧 < 𝑧shock (24)

Shock Location 0 = 𝑔1(𝒒) = 0.5𝑃(0) − 𝑃(𝑧shock) (25)

Mirels length 0 = 𝑔2(𝑧shock) = 𝛿𝑚 − 𝑧shock (26)

This system of equations can be simply described in vector form as:



𝑭(𝒒, 𝛼, 𝑧shock)

𝑔1(𝒒)

𝑔2(𝑧shock)


= 0 (27)

Where 𝒒 is the state vector, with the system completed by appending Equations 25 and 26 using the additional

variables of 𝑧shock and 𝛼. 𝛿𝑚 is used as a constant input, determined using the maximal Mirels length [1].

This form can be extended or adapted to enforce other relevant conditions by including additional equations.

By utilising a thermochemical database containing derivatives of all dependent variables with respect to

the state variables, all components of 𝑭, 𝑔 and ℎ can be analytically partially differentiated with respect to 𝒒,

𝛼 and 𝑧shock. This allows the exact Jacobian 𝑱 to be found.

B. Discretisation and Solution Method

The system of equations is discretised using upwind schemes for first order derivatives, and central

difference for second order derivatives. Temperatures, pressures, densities and radial velocity components are

evaluated at cell centres, while axial velocities are evaluated at cell edges (ie at 𝑘 + 1
2 ) (see Figure 2).
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Fig. 2 Discretisation stencil used by NESS, note cell centred temperatures, pressures and radial
velocities, while axial velocity is defined at the cell interface.

This culminates in a discretised system of equations for a given cell 𝑘 , found in entirety in Appendix

A. Note that by substituting Equations 24 and 26, blunt body stagnation line problems and normal shock

problems can be solved. This is described in Appendix B.

Collating Equations 36-42 in the notation of Equation 27, we can build a block matrix of the problem

over the spatial domain.

0 =



𝑮 (𝒒̃, 𝛼, 𝑧𝑘shock)

𝑔1(𝒒̃)

𝑔2(𝑧𝑘shock)


=



𝑭1(𝒒1, 𝒒2, 𝛼, 𝑧𝑘shock)
...

𝑭𝑘−1(𝒒𝑘−2, 𝒒𝑘−1, 𝒒𝑘 , 𝛼, 𝑧𝑘shock)

𝑭𝑘 (𝒒𝑘−1, 𝒒𝑘 , 𝒒𝑘+1, 𝛼, 𝑧𝑘shock)

𝑭𝑘+1(𝒒𝑘 , 𝒒𝑘+1, 𝒒𝑘+2, 𝛼, 𝑧𝑘shock)
...

𝑭𝑁 (𝒒N-1, 𝒒N, 𝛼, 𝑧𝑘shock)

𝑔1(𝒒̃)

𝑔2(𝑧𝑘shock)



(28)
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Where 𝒒̃ is the block vector of state variables.

𝒒̃ =



𝒒1

...

𝒒𝑘−1

𝒒𝑘

𝒒𝑘+1

...

𝒒N



(29)

Through calculation of the analytical derivatives, the full Jacobian is found and the problem can be solved

using Newton-Raphson iterations.



𝒒̃𝑛+1

𝛼𝑛+1

𝑧𝑘shock,𝑛+1


=



𝒒̃𝑛

𝛼𝑛

𝑧𝑘shock,𝑛


− 𝑱−1

𝑱

(
𝒒̃𝑛, 𝛼𝑛, 𝑧𝑘shock,𝑛

)


𝒒̃𝑛

𝛼𝑛

𝑧𝑘shock,𝑛


(30)

To compute the inverse of the Jacobian 𝑱 efficiently, we first break 𝑱𝑱 into the block matrix form of:

𝑱𝑱 =



𝜕𝑭1
𝜕𝒒1

𝜕𝑭1
𝜕𝒒2

0 . . . 0 𝜕𝑭1
𝜕𝜶

𝜕𝑭1
𝜕𝑧𝑘shock

𝜕𝑭2
𝜕𝒒1

𝜕𝑭2
𝜕𝒒2

𝜕𝑭2
𝜕𝒒3

0 . . . 0 𝜕𝑭2
𝜕𝜶

𝜕𝑭2
𝜕𝑧𝑘shock

. . .
. . .

. . .
...

...

0 𝜕𝑭𝒌
𝜕𝒒𝒌−1

𝜕𝑭𝒌
𝜕𝒒𝒌

𝜕𝑭𝒌
𝜕𝒒𝒌+1

. . . 0 𝜕𝑭𝒌
𝜕𝜶

𝜕𝑭𝒌
𝜕𝑧𝑘shock

. . .
. . .

. . .
...

...

... 0 𝜕𝑭𝑵−1
𝜕𝒒𝑵−2

𝜕𝑭𝑵−1
𝜕𝒒𝑵−1

𝜕𝑭𝑵−1
𝜕𝒒𝑵

𝜕𝑭𝑵−1
𝜕𝜶

𝜕𝑭𝑵−1
𝜕𝑧𝑘shock

0 . . . 0 𝜕𝑭𝑵
𝜕𝒒𝑵−1

𝜕𝑭𝑵
𝜕𝒒𝑵

𝜕𝑭𝑵
𝜕𝜶

𝜕𝑭𝑵
𝜕𝑧𝑘shock

𝜕𝑔
𝜕𝒒1

. . . 𝜕𝑔
𝜕𝒒𝒌

. . . 𝜕𝑔
𝜕𝒒𝑵−1

𝜕𝑔
𝜕𝒒𝑵

0 0

0 . . . . . . 0 0 −1



(31)

Where 𝜕𝑭𝒌
𝜕𝒒 𝒋

denotes the Jacobian of the vector function 𝑭𝒌 , associated with cell 𝑘 with respect to the state
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variables of cell 𝑗 . This can be rewritten in the following form for simplification.

𝑱 =


𝐴 𝐵

𝐶 𝐷


(32)

The matrix 𝐴 is block tri-diagonal and can be efficiently inverted with a block Thomas algorithm. The Schur

complement can then be taken as 𝑀/𝐴 = 𝐷 − 𝐶𝐴−1𝐵 allowing evaluation of the Jacobian inverse as:

𝑱−1 =


𝐴−1 + 𝐴−1𝐵(𝑀/𝐴)−1𝐶𝐴−1 −𝐴−1𝐵(𝑀/𝐴)−1

−(𝑀/𝐴)−1𝐶𝐴−1 (𝑀/𝐴)−1


(33)

We also note the relative ease of computing the inverse of the 2x2 Schur complement 𝑀/𝐴, thus reducing the

total computational cost of calculating the inverse of the Jacobian.

The grid is recursively refined by determining the difference in state variables between cells. If the

difference between cells is above a specified convergence criterion, cells are split and the steady solution to

the new grid found. This process iterates until the convergence criterion is met across the domain. This is

formally written as:
|𝑞𝑘𝑖+1 − 𝑞𝑘𝑖 |

max(𝑞𝑘) − min(𝑞𝑘) + 𝜖
< convergence criterion (34)

Where 𝜖 is a small number (10−12) to avoid division by zero.

The solution approach utilised is a novel approach to solving a problem of this kind, where numerical

derivatives are typically used resulting in slower and less stable solution convergence. Furthermore, the exact

Jacobian found in NESS offers direct evaluation of the sensitivity of state variables to perturbations in any of

the model inputs. Therefore NESS offers improved convergence performance for optimisation problems, with

a direct evaluation of the solution’s sensitivity to model inputs. The block matrix solution approach utilised by

NESS allows additional constraints to be simply added, for example allowing coupling with detailed models

at the stagnation point [4], or adding more complex coupling to a boundary layer solution. There is also direct

application to sensitivity analyses, which are relevant for uncertainty quantification.

IV. Validation
The ability of the proposed method to evaluate thermochemical model performance is predicated on three

key aspects:

1) Resolve state properties through a viscous shock layer

2) Appropriately model shock tube hydrodynamics, primarily
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1) Modelling the post shock velocity profile

2) Stagnation of the flow against the driver gas

3) Appropriate implementation of the non-equilibrium thermochemistry model

Therefore the validation activities undertaken aim to validate each of these individual aspects, giving

confidence in the results produced by NESS. All problems were solved within two minutes using a single core

of an Intel i7-1165G7 processor, with inputs of the fill conditions (pressure, temperature and mole fractions

of chemical species considered), shock speed and shock tube radius. These inputs allow the maximal Mirels

length to be found, and subsequently used by the solver. To facilitate the validation activities, NESS was used

to evaluate relaxing Rankine-Hugoniot shock problems (denoted as RH), blunt body stagnation line problems

and the shock tube problem (denoted ST) (see Appendix B). There are five validation activities considered:

• Evaluation of shock structure in a constant Prandtl number flow

• Two test cases related to the correct implementation of a reacting thermochemistry library.

– Post shock relaxation of a single temperature model with reacting chemistry.

– Stagnation line evaluation of a cylinder in a nitrogen flow using a two-temperature, non-reacting

gas model

• A non-reacting argon shock tube test

• A reacting nitrogen shock tube test.

A. Shock structure

The structure of a shock is dependent on the viscous effects present in the flow, hence why NESS must

contain the viscous component of the Navier-Stokes equation to appropriately resolve this region. The greatest

change in state variable properties occurs across the shock, therefore is also the limiting region for grid

convergence. Morduchow and Libby evaluated the analytical solution to the shock structure resulting from a

Mach 2 shock in air with a Prandtl number of 0.75 [5]. The velocity and pressure profiles produced by NESS

for the same flow were compared against the analytical ideal-gas solution of Morduchow and Libby to validate

the correct implementation of the viscous Navier-Stokes equations in NESS (see Figure 3). It is important

to note that the interior of a shock wave will not be accurately represented by the Navier-Stokes equations.

The continuum approach assumes molecular velocities can be represented by a small perturbation of the

Maxwellian distribution, characterised by a single translational temperature. Direct Simulation Monte Carlo

(DSMC) results have shown the velocity distribution function to be bi-modal nature [6]. Additionally, the

translational modes of specific species may also have different distributions. However, accurately resolving

the shock structure (for example by using the DSMC method) is out of the scope of this work.

The same problem was evaluated using an increasingly demanding convergence grid refinement criterion,
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Fig. 3 Comparison of analytical results of the axial velocity (a), and pressure rise (b) evaluated using
Equations 13 and 14 from Morduchow and Libby [5], and NESS

with the discrepancy between the analytical and numerical results displayed in Figure 4. The discrepancy

in post shock velocity can be attributed to Morduchow and Libby using an ideal gas model, whereas the

thermodynamic properties of the gas were evaluated using the JANAF polynomial fits [7]. The jagged edges

in the error profile correspond to changes in spacing between the grid points, this phenomenon is not visible

once the grid is sufficiently resolved.
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Fig. 4 Discrepancy between the analytical results for the axial velocity (a), and pressure rise (b)
evaluated using Equations 13 and 14 from Morduchow and Libby [5], and NESS evaluated with an
increasing number of grid points 𝑛

The results in Figure 4 b) can be interrogated further by comparing the value for the maximum discrepancy,

shown as a logarithmic plot in Figure 5. First order numerical convergence is achieved, with a constant 0.15%

error to the analytical result once convergence occurs. This corresponds to using a convergence criterion of
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0.0002 (see Equation 34) resulting in 𝑛 > 5563. Therefore, the convergence criterion of 0.0002 will be used

subsequently for the remaining simulations in this work to ensure mesh convergence.

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

-9.5 -9 -8.5 -8 -7.5 -7 -6.5 -6 -5.5 -5

lo
g

(P
re

s
s
u

re
 r

a
ti
o

 e
rr

o
r)

log(1/Number of points)

Fig. 5 Logarithm of the maximal discrepancy between the pressure profile of Morduchow and Libby
and NESS with increased grid resolution

B. Thermochemistry

NESS has been developed to test a variety of thermochemistry models and their performance compared

against shock tube experiments. In this work, the solver uses an in-house thermochemistry library developed

at the University of Oxford (OCEAN). The library provides functions to evaluate thermodynamic properties,

transport properties, reaction and relaxation rates in non-equilibrium two-temperature plasmas. Transport

properties (including diffusion) are evaluated using multicomponent Chapman-Enskog theory [2, 8]. Each

function evaluates both the quantities of interest and their exact Jacobians with respect to the flow variables.

Two initial problems were considered in the validation, one to evaluate the reacting chemistry model, and the

second to validate the translational-vibrational relaxation time model.

1. Chemistry

The reacting chemistry gas model was validated using a comparison case developed by Gollan [9],

comparing the kinetic schemes of Marrone et al. [10] and Gupta et al. [11]. This was implemented in

the University of Queensland’s POSHAX3 algorithm [12], which is a one-dimensional Rankine-Hugoniot

normal shock solver which applies a chemical relaxation scheme behind a frozen post shock state. The flow

considered is a Mach 12.28 shock in synthetic air at 300 K and 133.32 Pa, using a single temperature model.

The single temperature model was implemented in NESS by specifying that 𝑇 = 𝑇𝑉 instead of the vibrational
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energy equation. In order to make results comparable to the results of Gollan [9] , the radial velocity is set to

zero and a fixed domain length is enforced. The comparisons between NESS and POSHAX3 are shown in

Figure 6, with NESS comparable with the POSHAX3 data to within 4% for the major species by 0.1mm

post shock. This is expected, as the same kinetic reaction scheme from Gupta et al. is used [11] however

differences are found closer to the shock due to the viscous effects modelled by NESS. The results in this

section validate the reacting chemistry code developed alongside NESS.
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Fig. 6 Validation of NESS against POSHAX3 for a Mach 12.28 shock. a) Temperature and density
distribution and (b) Mole concentrations.

2. Translational-Vibrational Relaxation

The translational-vibrational relaxation of the thermochemistry used by NESS was validated using a

non-reacting flow of nitrogen past a one metre infinite cylinder originally considered by Giordano et al.

[13]. A steady inflow of chemically inert, Mach 6.5 nitrogen at 500 pa was evaluated with NESS using a

two-temperature model, with the radial outflow equation in 43 and stagnation conditions at the body surface.

The temperature profiles along the stagnation line found by using translational-vibrational relaxation time

parameters from Blackman [14] and Millikan and White [15] are shown in Figure 7 alongside the results

from Giordano using the same parameters [13]. The results using both sets of relaxation parameters are

comparable, although they do indicate Giordano et al used an insufficiently converged mesh at the shock, this

is also visible in the work by Gollan [9].

C. Non-reacting Shock Tube Test

An argon shock tube test was used to isolate the unique hydrodynamics present in a shock tube from any

thermochemical effects, taking advantage of argon’s high ionisation temperature to ensure the flow is not

reacting. This offers direct insight into the ability of NESS to account for post shock convection appropriately,

80 Chapter 4



 1

 2

 3

 4

 5

 6

 7

 8

 9

 10

 0  0.1  0.2  0.3  0.4  0.5

T
e

m
p

e
ra

tu
re

 r
a

ti
o

 (
T

/T
∞

 
)

Distance from Cylinder Surface (m)

Millikan-White TT
NESS TT

Millikan-White TV
NESS TV

 1

 2

 3

 4

 5

 6

 7

 8

 9

 10

 0  0.1  0.2  0.3  0.4  0.5

T
e

m
p

e
ra

tu
re

 r
a

ti
o

 (
T

/T
∞

 
)

Distance from Cylinder Surface (m)

Giordano et al. TT
Gollan et al. TT

NESS TT
Giordano et al. TV

Gollan et al. TV
NESS TV

(a) Millikan and White constants (b) Blackman constants
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in addition to the the pressure and temperature rise from stagnation of the flow against the driver gas. For this

purpose the Duff canonical case [16] of a 3km/s shock in 66.6 Pa argon was used to evaluate the performance

of NESS in modelling the fluid dynamics in a shock tube via comparison with a full facility simulation

using the FROSST code [17]. A 50 mm radius shock tube was specified, with the centreline of the flow

taken when the shock reached 8m down the tube. The maximal Mirels length of the problem was found

to be 605 mm, and was set as the stagnation length for the NESS simulation. The shock trajectory of the

simulated problem is shown in Figure 8, which shows a decreasing shock velocity from 3.1 km/s at 3m after

the diaphragm to 3 km/s at the finishing location at 8m. The temperature profile comparison between NESS
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Fig. 8 Shock trajectory of the FROSST simulation

and FROSST is shown in Figure 9, with a maximum temperature discrepancy in the post-shock test slug of

less than 2%. The superior grid resolution of NESS allows the shock structure to be properly resolved, with
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the temperature profile matching satisfactorily for the first 120 mm. The increase in discrepancy at greater

post shock distances is explained by the influence of shock speed variation. Satchell et al. [18] and Collen et

al. [19] found that if gas further behind the shock has been processed by a faster shock, it also must have

increased entropy and hence temperature. The updated version of LASTA by Steer et al. [20] was run using

the shock speed profile in Figure 8, producing the shock speed corrected temperature profile shown in Figure

9. This highlights a significant limitation of NESS as a shock tube solver, due to the implicit assumption of

constant shock speed in the steady solution of the reacting Navier-Stokes equations.
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Fig. 9 Temperature profile of the 3km/s shock in 66.6 Pa argon.

The pressure and velocity profiles of NESS also show better resolution of the shock compared to FROSST

(see Figures 10 and 11). Away from the shock, the two codes produce comparable profiles, again with the

discrepancies attributable to the shock speed variance. The agreement in the post shock velocity profile is

especially important for reacting non-equilibrium flows [21]. Additionally, the compression of the test slug

along the stagnation line increases the pressure from 7.1 kPa to 8.5 kPa, this combined with the temperature

rise results in a test slug prediction differing to that predicted by only using normal shock relationships.

The NESS pressure profile is within 1% of the FROSST value, and the axial velocity in the shock frame of

reference being within 15%.

As the Mirels analysis produces a singularity at the shock, a smoothing function was introduced to ensure

the outflow increased over the shock thickness proportionally with the axial velocity profile. This smoothing

function is defined by adapting Equation 24 to Equation 35, and is utilised when the velocity is greater than

82 Chapter 4



 7000

 7500

 8000

 8500

 9000

 0  100  200  300  400  500  600

P
re

s
s
u

re
 (

P
a

)

Post Shock Distance (mm)

NESS
FROSST

 0

 1000

 2000

 3000

 4000

 5000

 6000

 7000

 8000

-1 -0.5  0  0.5  1

Fig. 10 Pressure profiles of the 3km/s shock in 66.6 Pa argon.

 0

 100

 200

 300

 400

 500

 600

 700

 800

 0  100  200  300  400  500  600

V
e

lo
c
it
y
 (

m
/s

)

Post Shock Distance (mm)

NESS
FROSST

 1000

 1500

 2000

 2500

 3000

-1 -0.5  0  0.5  1

Fig. 11 Axial velocity profiles of the 3km/s shock in 66.6 Pa argon.

83 Chapter 4



the post-shock frozen value (denoted 𝑣 𝑓 𝑟 ), located at 𝑧𝑣 𝑓 𝑟 .

0 = 𝜌𝑢
√︁
𝑧shock − 𝑧𝑣 𝑓 𝑟 − 𝛼

𝑣 − 𝑢𝑠
𝑣 𝑓 𝑟 − 𝑢𝑠

(35)

This increased to a cutoff value which is related to the curvature of the shock (see Figure 12a)). This parameter

should not be interpreted as a value of radial velocity attained within the flow, rather it is a representation

of the total convection away from the stagnation line due to shock curvature. Using an analytical shock

curvature profile from De Boer [22] and normal shock relations, it was found the maximal radial velocity due

to shock curvature was 760m/s. This value was used as the value for maximal radial velocity. This enables

stable convergence of the problem, without introducing instabilities from the mass loss to the boundary layer.

Additionally, the validity of Mirels’ assumption of boundary layer growth can be seen in Figure 12b). Mirels

found the density-velocity product should be directly proportional to a non-dimensional length given by

1 −
√︁
(𝑧shock − 𝑧)/𝛿𝑚 [1]. By extrapolating to zero, the maximal Mirels length of FROSST is longer than

that calculated for a 3km/s shock due to the shock speed variance. However due to mixing at the contact

discontinuity (from 0 to 0.02 in Figure 12b), the last portion of the test slug is disturbed resulting in divergence

from the Mirels approximation.
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FROSST for a 3km/s shock in 66.6 Pa argon.

The agreement in temperature, pressure and velocity profiles between NESS and FROSST validate the

fluid dynamics of NESS and its applicability to shock tube modelling, especially when shock speed variation

is limited.
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D. Reacting Shock Tube Case

The individual components of NESS have been validated independently in the preceding sections, therefore

combining some aspects can provide further confidence in the results. Given the uniqueness of NESS in the

way it models shock tube flows, a direct comparison was not possible to reacting gas numerical results found

in literature. Instead, a simplified hydrodynamic problem in thermochemical non-equilibrium is considered, a

6.2 km/s shock in 133.3 Pa pure nitrogen, in a 100mm diameter shock tube [23]. This case was examined by

Kim and Boyd [24] using a variety of well detailed temperature models and assuming relaxation from the

conditions immediately post a chemically and vibrationally frozen normal shock using the Rankine-Hugoniot

equations. The two-temperature results of Kim and Boyd are compared to NESS-RH, made as both models

assume relaxation from conditions immediately after a chemically and vibrationally frozen normal shock. The

primary difference between the models is that NESS uses the preferential dissociation model implemented in

Gnoffo et al. [3], thus differing in the way dissociation energy source terms and electronic-rotational energy

transfer are evaluated. Additionally, NESS is a viscous solver, compared to the non-viscous solver used by

Kim and Boyd. Therefore, there is sufficient agreement in the results of Figure 13 to indicate the combined

reacting gas and hydrodynamic implementation of NESS is valid, whilst also indicating the difference in

implemented thermochemistry models.
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V. Impact of Shock Structure and Boundary Layer Effects
The same test case used in Section IV.D is used in conjunction with a low pressure condition to evaluate

the importance of using a realistic representation for shock structure and wall boundary layer. By reducing

85 Chapter 4



the fill pressure of the test case, the Mirels length will be reduced [1] and the distance for reactions to occur

will be increased [21]. The chosen shock speed is sufficiently high such that there exists dissociation and

ionisation processes within the flow. This produces a generic test case condition which can be used to evaluate

the applicability of the Rankine-Hugoniot model to shock tube modelling. Both problems use a 100mm

diameter shock tube filled with pure nitrogen, and identical thermochemistry models. NESS-ST resolves

the flow through the shock and accounts for mass loss to the boundary layer, while NESS-RH accounts for

neither. Therefore, the following analyses illustrate the relative importance of including hydrodynamic effects

in simulations, and their impact on understanding the thermochemistry in a shock tube experiment.

A. 6.2 km/s Shock through 133.3 Pa Nitrogen

The first condition is the identical condition used by Kim and Boyd [24] in Section IV.D, ie a 6.2km/s

shock through 133.3 Pa nitrogen gas in a 100mm shock tube. This condition has a maximal Mirels length

of 744mm, and an estimated maximum radial velocity of 774 m/s. Figure 14 demonstrates the effect of

considering shock structure, as time of flight and compression effects are small for this region when post shock

pressure is high, especially when the maximal Mirels length is large [21]. Due to the resolution of shock

thickness found in NESS-ST, there is an appreciable rise distance for the translational-rotational temperature,

resulting in an offset between the models during the decay towards equilibrium values. This also results in a

decrease in peak translational temperature by approximately 4%. However, the same offset in vibro-electronic

temperature is not observed, resulting in a spatially different combination of the two temperatures.

Further detail regarding the discrepancies between the solutions is displayed in Figure 14 c) and d).

Immediately behind the shock, the vibro-electronic temperature rises faster in the Rankine-Hugoniot model,

due to the translational-rotational temperature already being at the frozen value (see Figure 14 c)). This results

in an immediate decrease in translational-rotational temperature. This also causes the reactions in NESS-RH

to initially proceed faster than in NESS-ST, however by approximately 0.5mm post shock ionisation is reduced

and remains below the shock tube relevant model. The discrepancy in temperatures decreases to nearly 0% by

10mm post shock, however the discrepancy in molarity remains above 10% for N+ and e– . These results

highlight the importance of resolving the shock-structure when modelling non-equilibrium thermochemistry,

with the effects propagating significantly further forward than just the immediate vicinity of the shock.

B. 6.2 km/s Shock through 13.3 Pa Nitrogen

A low pressure condition was defined to better evaluate the effect of the mass loss to the boundary layer

in a shock tube experiment. The chosen condition is of a 6.2km/s shock through 13.3 Pa nitrogen gas in a

100mm shock tube, producing a maximal Mirels length of 73mm. The results of the simulations are shown

in Figure 15, with the same behaviour at the shock evident as the previous condition. This is especially
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evident for N2
+ and e– , which has greater than a 200% difference in mole fraction in the first millimetre

after the shock. The increased ionisation present in NESS-RH is due to the larger translational-rotational

temperature, which increases the rate of the impact ionisation reaction. However the more significant effect
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Fig. 15 Temperature profiles (a) and mole fractions (b) with their respective differences (c and d) for
the 6.2km/s shock in 13.3 Pa nitrogen evaluated using a Rankine-Hugoniot solver (NESS-RH) and a
viscous shock tube model (NESS-ST).

for this condition is the time of flight effect present due to boundary layer mass loss. This effect becomes

apparent by 10 mm post shock, and results in a 20% difference in temperature and up to 180% difference in

mole fraction by 70 mm post shock (see Figure 15 c) and d)). This is an expected phenomenon due to the

differing post shock velocity profiles, this effect was examined in detail by Clarke et al. [21].

Clarke et al. developed a spatial transformation to transform normal shock results onto a coordinate

system relevant for comparison to shock tube results. This methodology used a time-of-flight (TOF) approach

to equate the post shock location behind a normal shock to the equivalent location behind a shock in a shock
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tube. This transformation was applied to the results produced by NESS-RH to place the Rankine-Hugoniot

normal shock results onto a shock tube relevant coordinate system, and is denoted as TOF (see Figure 16).

The results are significantly closer in magnitude after the transformation, this is evident in the comparison of
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Fig. 16 Temperature profiles (a) and mole fractions (b) with their respective differences (c and d) for the
6.2km/s shock in 13.3 Pa nitrogen evaluated using TOF transformed results from the Rankine-Hugoniot
solver (NESS-RH) and the viscous shock tube model (NESS-ST).

the discrepancy between the TOF transformed results to the viscous shock tube model (NESS-ST) in Figure

16 c) and d). The application of the transformation becomes appreciable after approximately 10 mm, with

temperature difference being less than 10% and mole fraction within 30%. The difference in temperature

decays to an approximately 3% lower value than in NESS-ST. This is due to the compression effects present

in NESS-ST, resulting in an increase in temperature and pressure behind the shock due to the stagnation of

the flow. The effect of the shock structure also becomes more apparent after the transformation is made, as

although the vibro-electronic temperature is within 2% after 10mm, the translational-rotational temperature
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takes approximately 35mm to reach less than 5% discrepancy between models. Similarly the difference

in molarity is significantly improved after the transformation, however the differences due to compression

effects and shock structure result in significant differences in the prediction of ions and also non-negligible

differences in the level of dissociation of N2.

These results highlight the possibility of hiding important features of the flow when modelling shock tube

experiments with a non-specialised shock tube solver such as a Rankine-Hugoniot based solver. Importantly,

the thermochemical reaction rates will be incorrectly optimised when matching experimental data using a

solver with a flawed hydrodynamic model. When these optimised thermochemical rates are then applied

for a vehicle simulation, inaccurate predictions of the vehicle’s aerothermodynamics arise. Such reaction

rate models using a Rankine-Hugoniot based solver are the commonly used Park models [25, 26], while

reaction rate models using a blunt body stagnation line solver include the Cruden model [27] and the Johnston

model [28]. Therefore, when modelling reacting gas shock tube experiments it is imperative that the shock

structure and boundary layers are both appropriately modelled. This, along with further understanding of

the two-dimensional effects, allows the thermochemistry problem to be appropriately decoupled from the

hydrodynamics present in shock tube experiments.

VI. Comparison to Experiments
The conditions considered to this point have been generic, allowing direct comparison between numerical

models to highlight their limitations in simulating the flow phenomena found in shock tubes. Two additional

experimental conditions are considered to highlight these discrepancies. The first analyses a condition relevant

for Titan entry with the experiment performed in the NASA EAST facility. The ES61-19 test condition is

taken from Brandis and Cruden and is a 6.1 km/s shock travelling through 13.3 Pa, 2% CH4 and 98% N2

by volume fill gas [29]. The carbon present in this condition evolves spatially at a slower rate compared to

synthetic air, and the low pressure further slows progression to thermodynamic equilibrium. This condition

will be analysed using NESS in shock tube mode, and compared against the original blunt body model used

by Brandis and Cruden[29]. The second condition examines an experiment relevant for low Earth orbit return,

performed in the University of Oxford T6 Stalker Tunnel in aluminium shock tube (AST) mode. The T6s491

test condition is a 7.25 km/s shock travelling through 18 Pa, 79.1% N2 and 20.9% O2 by volume fill gas [30].

This condition will be analysed using NESS in shock tube mode, using Rankine-Hugoniot relaxation and

using a blunt body sphere (BB) model. Experimental radiance profiles from both conditions will be compared

to modelled radiance profiles using flow solutions coupled with the radiance solver NEQAIR (see Section

VI.A).

90 Chapter 4



A. Radiance Model

NASA’s NEQAIR v15.2 [31] is a line by line code developed to estimate radiance emissions, given a

specified profile of temperatures and number densities. This allows an estimate of predicted radiance to

be made by coupling a shock tube solver’s output of spatially resolved temperature and number density

profiles with the NEQAIR program. The model used by the analysis assumed a flux limited non-Boltzmann

distribution with local escape factor of 1.0. This corresponds to a Line 3 input of N F L 1.0 in the neqair.inp

file. Experimentally determined spatial resolution functions (SRF) and instrument line shapes (ILS) convolve

the NEQAIR simulations to account for broadening mechanisms contained within the experimental setup,

thus enabling direct comparison from experimental to numerical results.

B. NASA EAST Experiment for Titan Entry

The first test case is taken from NASA EAST test series 61, which focused on Titan entry and was

examined in the work of Brandis and Cruden[29] and reanalysed by Clarke et al. to emphasise the importance

of appropriately accounting for boundary layer mass loss in shock tubes [21]. Reaction rates relevant for

Titan entry are of interest due to the presence of CN and C2, and their potential to cause significant increases

in radiative heat flux [29]. The experimental data is taken from shot T61-19, a 6.1 km/s shock through a

101.6mm diameter tube filled with 13.3 Pa, 300 K fill gas composed of 2% CH4 and 98% N2 by volume.

This test had a flat shock trajectory, minimizing the effects of shock history. The maximal test slug length

was calculated to be 77 mm using a Mirels estimate[1]. NESS-ST was used to simulate the test condition,

and is compared to radiance profiles generated from the original DPLR[32] simulation of a 3m sphere. The

experimental data used is from regions associated with strong CN radiance, from 370-440 nm (CN violet)

and 480-680 nm (CN red). The original DPLR[32] results of the stagnation line of a 3m radius sphere have

been kindly provided by Brandis and Cruden. This allows direct evaluation of the radiance estimate produced

by NEQAIR 15.2 for both the original DPLR simulation and the NESS simulation, shown in Figure 17.

Radiance is overpredicted by approximately 50% by both models for the 370-440 nm region, and

peak radiance underpredicted by 20% in the 440-680 nm region, indicating an inability of the utilised

thermochemistry and radiance model to correctly characterise the observed behaviour. The effect of the

radiance model is particularly important, for example, the internal reaction rates to determine population

levels will have a large impact on the radiance profile. The large discrepancy in the 370-440 nm region may

also be as a result of two-dimensional effects, such as the influence of changing properties of the flow in the

boundary layer [33], requiring further investigation. The predicted peak radiance values from the original

DPLR simulations (DPLR-NEQAIR) are 4% and 8% of the NESS-ST-NEQAIR values for the 370-440 nm

and 480-680 nm regions respectively. NESS-ST-NEQAIR provides the better match for the post-shock decay
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Fig. 17 Comparison of experimental radiance between a) 370-440 nm and b) 480-680 nm from
NASA-EAST test T61-19 to NEQAIR estimates from NESS-ST and the original DPLR blunt body
simulation. Experimental and blunt body results reproduced from Brandis and Cruden[29] from
proceedings of the 47th AIAA Thermophysics Conference (2017). Not subject to copyright in the United
States.

profile for the two wavelength regions compared to the blunt body DPLR-NEQAIR simulation, which is made

more apparent when the radiance profiles are normalised by peak radiance (see Figure 18). By 70 mm post
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Fig. 18 Comparison of experimental radiance between a) 370-440 nm and b) 480-680 nm from
NASA-EAST test T61-19 to NEQAIR estimates from NESS-ST and the original DPLR blunt body
simulation, normalised by peak radiance. Experimental and blunt body results reproduced from
Brandis and Cruden[29] from proceedings of the 47th AIAA Thermophysics Conference (2017). Not
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shock distance, the predicted peak radiance from the original DPLR simulations are over 100% greater than

the predicted NESS-ST-NEQAIR values. As shown in Section V and in recent work by Clarke et al. [21], the
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time of flight for the shock tube flow will be vastly different to the blunt body sphere solution. This is due to

the rapid growth of the boundary layer in the immediate post shock region, slowing the core flow down and

subsequently increasing the time of flight of the flow.

This is further illustrated in Figure 19, where the difference in temperature profiles and CN number

densities highlight the discrepancy between models. Although the magnitude of peak number densities and

peak temperatures are similar, the variance in spatial distributions result in peak radiance being delayed by

approximately 3 mm for the DPLR model. A greater overshoot of the vibro-electronic temperature is observed

in the DPLR simulation, likely due to differences in preferential dissociation modelling and grid resolution.

The NESS simulation utilised approximately 15000 points, compared to 800 points along the stagnation line

of the DPLR simulation.
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Fig. 19 Comparison of temperature (a) and CN number densitity (b) from simulations of NASA-EAST
test T61-19 by NESS-ST and the original DPLR blunt body simulation. Blunt body results produced
from data provided by Brandis and Cruden[29] from proceedings of the 47th AIAA Thermophysics
Conference (2017). Not subject to copyright in the United States.

This difference in grid resolution is shown in Figure 20, where the increase in grid mesh in NESS

allows the shock structure to be resolved sufficiently with mesh independence. This is possible due to the

numerical implementation, where the quasi-1D nature of NESS coupled with solving the linearised system of

equations with an analytical Jacobian provides the necessary computational efficiency to resolve the shock in

thermochemical non-equilibrium. The difference in mesh refinement strategy is also clear, with the DPLR

simulation using a monotonically decreasing function for grid point density compared to the targeted increase

in grid point density used by NESS to resolve the shock and the resulting complex thermochemistry.
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C. T6 Low Earth Orbit Return Experiments

The second test case is shot T6s491, a 7.25 km/s shock with a relatively flat shock speed profile in 18

Pa synthetic air by volume, taken from an experimental campaign investigating the behaviour of synthetic

air and nitrogen in shocks ranging from 6-8 km/s [30]. This campaign was conducted in the University of

Oxford T6 Stalker Tunnel, operating in the aluminium shock tube (AST) mode [34, 35]. Of particular note

is the large diameter of the tube, 225 mm at the viewing window. This produces a smaller boundary layer

relative to the size of the core flow, resulting in large maximal Mirels test slug length and producing radiance

profiles with larger signal to noise ratios. Spatial resolution functions (SRF) and instrument line shapes (ILS)

were determined by Glenn et al. for each test, allowing the numerical results to be convolved spectrally and

spatially for direct comparison to experimental data. The maximal Mirels test slug length was found to be 454

mm, which compares with an approximated stand-off distance of 112 mm for a sphere with a 5 m radius

[36]. These values were utilised by NESS in shock tube mode (NESS-ST) and NESS in blunt body mode

(NESS-BB) respectively, with the 5 m radius sphere chosen to ensure the estimated stand off distance is

greater than the length of the shock tube viewing window.

The resulting radiance profiles are displayed in Figure 21. The peak radiance values in both regions
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are overpredicted by all models, however the peak value for NESS-ST-NEQAIR and NESS-BB-NEQAIR

are within 2%. This is expected, given that both models only differ in the velocity loss in the post shock

region. This minimises the peak radiance difference in fast reacting flows. In comparison, there is a 10%

difference from the NESS-RH-NEQAIR radiance values to the NESS-ST-NEQAIR value in the 585-850

nm region, due to the difference in shock structure modelling. Although the absolute magnitude of radiance

decays towards a small value, the discrepancy in post shock velocity profiles between the models results in

a 20% difference between NESS-ST-NEQAIR and the other models. One of the primary causes of these
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Fig. 21 Comparison of experimental radiance between 200-440 nm (a) and 585-850 nm (b) of T6s491
to NEQAIR estimates from NESS-ST, NESS-RH and NESS-BB simulations.

differences is visible in Figure 22a, where the lack of shock structure in the NESS-RH solution produces

a sharper decrease in transrotational temperature while the electro-vibrational temperature follows a more

similar profile to the NESS-ST and NESS-BB results. This results in increased radiance in the 200-400 nm

wavelength regions which is associated with the molecular species, while the differing atomic oxygen number

densities (see Figure 22b) causes the greater discrepancy in peak radiance in the 585-850 nm region. This is

due to the strong radiance produced by the oxgen 777 nm line, the lack of shock structure in the NESS-RH

simulation results in a different production rate of atomic oxygen (see inset of Figure 22b). Figure 22b also

shows the difference in time of flight between the three models, with the post shock flow stretching the results

of NESS-RH and compressing the results of NESS-BB due to the shock stand-off distance being less than the

maximal Mirels length.

VII. Conclusion
The unique fluid dynamics present in a shock tube experiment due to boundary layer and shock structure

results in a different flow environment compared to normal and blunt body shocks. A unique test bed for
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Fig. 22 Comparison of temperatures (a) and atomic oxygen number densities (b) from simulations of
T6s491 by NESS-ST, NESS-RH and NESS-BB.

reacting gas thermochemistry models has been developed using a quasi one-dimensional stagnating flow

solver with an outflow condition specified by a Mirels approach. Computational efficiency is achieved

through linearisation of the system of equations and use of an analytical Jacobian, allowing complex systems

containing many chemical species and reactions to be analysed. This results in the unique capacity of resolving

non-equilibrium flow across a shock such that the structure is mesh independent, while retaining a physical

method of accounting for shock tube boundary layer effects. This solver is valid for constant shock speed

problems, although it is important that any analysis of shock tube data has consideration of the influence of

shock trajectory. Therefore, this solver is limited to analysing shock tube experiments with flat shock speed

profiles.

The solver was applied to a variety of test conditions, which directly highlight the importance of using a

numerical model accounting for shock structure effects and boundary layer mass loss. Two experimental

shock tube test conditions with radiance data were analysed, with the improved modelling of physical

phenomena resulting in a maximal peak radiance difference of 10%, and over 200% change during the

decay towards thermochemical equilibrium. The differences between models were most significant for lower

pressure conditions and for slower reacting flows such as those relevant for Titan entry. The comparison to

experimental results highlights the necessity of a dedicated shock tube solver for simulation of these flows, and

the importance of analysing and testing thermochemistry models with such a simulation tool. By combining

simple approaches accounting for the physical characteristics of shock tube flow, coupled with an elegant and

efficient solution method, a unique solver has been developed that can decouple gas thermochemistry from

shock tube hydrodynamics. Thus this solver can provide an improved understanding of the primary reaction
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mechanisms in high speed flows relevant for entry, through understanding the sensitivity of simulated shock

tube experiments to changes in the chosen thermochemistry model. Therefore, this solver can be directly

applied to optimisation of reaction rates through analysis of experimental datasets already in existence.
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Appendix A: Discretised System of Equations
By discretising Equations 20 to 26, we obtain the following system of equations for a given cell 𝑘 .

Species Continuity 0 =
(−𝜌𝑠,𝑘+1𝑣𝑘 + 𝜌𝑠,𝑘𝑣𝑘−1

) − 2𝜌𝑠,𝑘𝑢𝑘
𝑅

(𝑧𝑘 − 𝑧𝑘−1)

+
2𝜌𝑘+ 1

2
𝐷𝑠,𝑘+ 1

2

(
𝑦𝑠,𝑘+1 − 𝑦𝑠,𝑘

)
𝑧𝑘+1 − 𝑧𝑘−1

−
2𝜌𝑘− 1

2
𝐷𝑠,𝑘− 1

2

(
𝑦𝑠,𝑘 − 𝑦𝑠,𝑘−1

)
𝑧𝑘 − 𝑧𝑘−2

+ ¤𝑤𝑠,𝑘

(36)

z-Momentum 0 =
(
−𝜌𝑘+1𝑣

2
𝑘+ 1

2
+ 𝜌𝑘𝑣

2
𝑘− 1

2

)
− (𝜌𝑘𝑢𝑘 + 𝜌𝑘+1𝑢𝑘+1) 𝑣𝑘 (𝑧𝑘+1 − 𝑧𝑘−1)

2𝑅

− 𝑃𝑘+1 + 𝑃𝑘 + 4
3
𝜇𝑘+1(𝑣𝑘+1 − 𝑣𝑘)

𝑧𝑘+1 − 𝑧𝑘
− 4

3
𝜇𝑘 (𝑣𝑘 − 𝑣𝑘−1)
𝑧𝑘 − 𝑧𝑘−1

− 4
3
(𝜇𝑘+1𝑢𝑘+1 − 𝜇𝑘𝑢𝑘) + 2𝜇𝑘

𝑅
(𝑢𝑘+1 − 𝑢𝑘) (37)

Vibro-electronic 0 = (−𝜌𝑘+1𝑒𝑘+1𝑣𝑘 + 𝜌𝑘𝑒𝑘𝑣𝑘−1) − 𝜌𝑘𝑒𝑘𝑢𝑘
𝑅

(𝑧𝑘 − 𝑧𝑘−1) − 𝑝𝑒,𝑘 (𝑣𝑘 − 𝑣𝑘−1) −
2𝑝𝑒,𝑘𝑢𝑘

𝑅

+ 2
(
(𝜅𝑣,𝑘+ 1

2
+ 𝜅𝑒,𝑘+ 1

2
)𝑇𝑉,𝑘+1 − 𝑇𝑉,𝑘

𝑧𝑘+1 − 𝑧𝑘−1
− (𝜅𝑣,𝑘− 1

2
+ 𝜅𝑒,𝑘− 1

2
)𝑇𝑉,𝑘 − 𝑇𝑉,𝑘−1

𝑧𝑘 − 𝑧𝑘−2

)

−
𝑛𝑠∑︁
𝑠=1

[
2ℎ𝑠,𝑣,𝑘+ 1

2
𝜌𝑘+ 1

2
𝐷𝑠,𝑘+ 1

2

(
𝑦𝑠,𝑘+1 − 𝑦𝑠,𝑘

)
𝑧𝑘+1 − 𝑧𝑘−1

−
2ℎ𝑠,𝑣,𝑘− 1

2
𝜌𝑘− 1

2
𝐷𝑠,𝑘− 1

2

(
𝑦𝑠,𝑘 − 𝑦𝑠,𝑘−1

)
𝑧𝑘 − 𝑧𝑘−2

]

+𝑄𝑘 (38)

Total energy 0 =

(
−𝜌𝑘+1

(
ℎ𝑘+1 + 1

2
𝑣2
𝑘

)
𝑣𝑘 + 𝜌𝑘

(
ℎ𝑘 + 1

2
𝑣2
𝑘−1

)
𝑣𝑘−1

)

− 2𝜌𝑘
(
ℎ𝑘 + 1

2
𝑣2
𝑘− 1

2

)
𝑢𝑘

(𝑧𝑘 − 𝑧𝑘−1)
𝑅

+ 2𝜇𝑘𝑣𝑘
𝑅

(𝑢𝑘+1 − 𝑢𝑘)

− 2𝜇𝑘𝑢𝑘
3𝑅

(𝑣𝑘+1 − 𝑣𝑘−1) + 2𝜇𝑘+1𝑢𝑘+1(𝑢𝑘+1 − 𝑢𝑘)
𝑧𝑘+1 − 𝑧𝑘−1

− 2𝜇𝑘𝑢𝑘 (𝑢𝑘 − 𝑢𝑘−1)
𝑧𝑘 − 𝑧𝑘−2

+ 4
3
𝜇𝑘+1𝑣𝑘

𝑣𝑘+1 − 𝑣𝑘
𝑧𝑘+1 − 𝑧𝑘

− 4
3
𝜇𝑘𝑣𝑘−1

𝑣𝑘 − 𝑣𝑘−1
𝑧𝑘 − 𝑧𝑘−1

− 4
3𝑅

(𝜇𝑘+1𝑢𝑘+1𝑣𝑘 − 𝜇𝑘𝑢𝑘𝑣𝑘−1)

−
𝑛𝑠∑︁
𝑠=1

[
2ℎ𝑠,𝑘+ 1

2
𝜌𝑘+ 1

2
𝐷𝑠,𝑘+ 1

2

(
𝑦𝑠,𝑘+1 − 𝑦𝑠,𝑘

)
𝑧𝑘+1 − 𝑧𝑘−1

−
2ℎ𝑠,𝑘− 1

2
𝜌𝑘− 1

2
𝐷𝑠,𝑘− 1

2

(
𝑦𝑠,𝑘 − 𝑦𝑠,𝑘−1

)
𝑧𝑘 − 𝑧𝑘−2

]

+
𝑛𝑇∑︁
𝑖=1

2
(
𝜅𝑖,𝑘+ 1

2

𝑇𝑖,𝑘+1 − 𝑇𝑖,𝑘
𝑧𝑘+1 − 𝑧𝑘−1

− 𝜅𝑖,𝑘− 1
2

𝑇𝑖,𝑘 − 𝑇𝑖,𝑘−1

𝑧𝑘 − 𝑧𝑘−2

)
(39)

Mirels equation 0 = 𝜌𝑘𝑢𝑘
√︁
𝑧𝑘shock − 𝑧𝑘+ 1

2
− 𝛼, for 𝑧 < 𝑧𝑘shock (40)

Shock Location 0 = 𝑔1(𝒒̃) = 0.5𝑃1 − 𝑃𝑘shock (41)

Mirels length 0 = 𝑔2(𝑧𝑘shock) = 𝛿𝑚 − 𝑧𝑘shock (42)
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Appendix B: Problems described by differing outflow models
NESS can be adapted to to evaluate a relaxing Rankine-Hugoniot shock problem, a normal shock problem,

and a blunt body stagnation line problem in addition to the shock tube problem. By changing Equations 24

and 26, a blunt body stagnation line problem can be approximately evaluated using a relationship for the

radial velocity profile which results in a linear decrease in the density-axial velocity product [21].

Blunt body equation 0 = 𝜌𝑢 − 𝛼, for 𝑧 < 𝑧shock (43)

Stand-off length 0 = Δ − 𝑧shock (44)

Where Δ is the shock stand-off distance. Alternatively, a normal shock problem can be evaluated by specifying

that the radial velocity is zero everywhere in the domain, i.e. 𝑢(𝑧) = 0,∀𝑧 > 0, and removing the stagnation

condition 𝑣(0) = 0. It can be further adapted to the relaxing Rankine-Hugoniot shock problem by specifying

the initial conditions as the immediate post shock values given by the Rankine-Hugoniot equations, and

assuming 𝑇𝑉 = 300 K for the two-temperature model.

Appendix C: Mirels Radial Velocity Profile
We start the derivation using Equation 33 from Mirels [1]. This specifies the axial density-velocity profile

at a certain post shock distance 𝑙.

𝜌𝑢𝑧 = (𝜌𝑢𝑧)0
(
1 −

√︂
𝑙

𝑙𝑚

)
(45)

Consider a portion of a shock tube with length Δ𝑧, and assume negligible boundary layer thickness

compared to the tube diameter (see Figure 23). Then using a mass balance at length 𝑙1, we have 𝜌1𝑢𝑧1 entering

Fig. 23 Portion of shock tube used for deriving the Mirels radial velocity profile.

the cell face, and 𝜌2𝑢𝑧2 leaving the cell face at 𝑙2. The difference in mass must be removed by 𝜌𝑢𝑟 over the
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length of the cell. This can be formalised as:

(𝜌2𝑢𝑧2 − 𝜌1𝑢𝑧1) 𝜋𝑟2 = 2𝜋𝑟Δ𝑧𝜌𝑢𝑟 (46)

(47)

Substituting in Equation 45:

(𝜌𝑢𝑧)0√
𝑙𝑚

(√︁
𝑙2 −

√︁
𝑙1

)
𝜋𝑟2 = 2𝜋𝑟Δ𝑧𝜌𝑢𝑟 (48)

𝜌𝑢𝑟 =
𝑟 (𝜌𝑢𝑧)0

(√
𝑙1 + Δ𝑧 − √

𝑙1

)
2Δ𝑧

√
𝑙𝑚

(49)

Taking the limit as Δ𝑧 goes to zero:

𝜌𝑢𝑟 = lim
Δ𝑧→0

𝑟 (𝜌𝑢𝑧)0
(√

𝑙1 + Δ𝑧 − √
𝑙1

)
2Δ𝑧

√
𝑙𝑚

(50)

𝜌𝑢𝑟 = lim
Δ𝑧→0

𝑟 (𝜌𝑢𝑧)0
(√

𝑙1 + Δ𝑧 − √
𝑙1

)
2Δ𝑧

√
𝑙𝑚

(√
𝑙1 + Δ𝑧 + √

𝑙1

)
(√

𝑙1 + Δ𝑧 + √
𝑙1

) (51)

𝜌𝑢𝑟 = lim
Δ𝑧→0

𝑟 (𝜌𝑢𝑧)0 (𝑙1 + Δ𝑧 − 𝑙1)
2Δ𝑧

√
𝑙𝑚

(√
𝑙1 + Δ𝑧 + √

𝑙1

) (52)

𝜌𝑢𝑟 = lim
Δ𝑧→0

𝑟 (𝜌𝑢𝑧)0
2
√
𝑙𝑚

(√
𝑙1 + Δ𝑧 + √

𝑙1

) (53)

=⇒ 𝜌𝑢𝑟 =
𝑟 (𝜌𝑢𝑧)0
4
√
𝑙𝑚
√
𝑙

=⇒ 𝜌𝑢𝑟
√
𝑙 = 𝛼 (54)

Where 𝛼 is given by:

𝛼 =
𝑟 (𝜌𝑢𝑧)0

4
√
𝑙𝑚

(55)
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4.2 Further work

A novel application of the code was to investigate the variation in shock thickness with fill

pressure for a 7 km/s shock in synthetic air. The results were compared to the approach of

Morduchow and Libby [5], who by assuming a constant Prandtl number of 0.75 and a power law

model for viscosity were able to close the Navier-Stokes equations to find an analytical solution to

the shock structure. Numerical solutions to their equations were found using different viscosity

models, specifically the Sutherland law and the frozen estimate using Chapman-Enskog [140]

theory with collision integrals from Wright et al [150]. The original solution using a power

law viscosity relation was also included, and is shown in Figure 4.1 where the definition for

shock thickness follows the approach of Prandtl [151]. The results are quite spectacular in their

agreement between the approach of Morduchow and Libby using Chapman-Enskog theory for

viscosity, with the difference within 10% and is accounted for due to the assumption of constant

Prandtl number. The line of best fit (𝑅2 = 1) for the NESS results is:
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Figure 4.1: Relationship between shock thickness and fill pressure for a 7 km/s shock in synthetic
air.
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where 𝛿shock is in metres and 𝑃 is in Pascals, and offers an insight into the importance of

accounting for shock thickness when considering non-equilibrium thermochemistry.

The result can be examined further by considering the shock structure at an extremely low

fill pressure of 1.3 Pa (see Figure 4.2). The result highlights the discrepancy due to the constant

Prandtl number assumption at the foot of the shock (between -10 and -5 mm), and once mass

loss begins to further reduce the post shock velocity for the NESS result (visible from 7 mm

onwards).
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Chapter 5

Two-Dimensional Method for Modelling
Shock Tubes in Thermochemical
Non-Equilibrium

5.1 Introduction

We now arrive at a point where we have identified issues with existing models and found a

temporary fix, and then implemented a boundary layer correlation to obtain a reasonable estimate

for the core flow of the shock tube. However, these results are reliant on such correlations, which

may not exist for certain flows such as CO2, or which may be unable to predict test slug lengths

when the flow is affected by chemical non-equilibrium (such as in low fill pressure conditions).

Additionally, these flows have been assumed to be radially uniform due to the one-dimensional

solution approach. This inherently assumes the shock is planar and the flow is a radially ho-

mogeneous solution (see Equation 5.1), neglecting any shock curvature or variation of state

properties through the boundary layer.

q(𝑟, 𝑧) = q(𝑧) (5.1)

However, work by Hartunian [96] and developed further by De Boer [13] in the 1960s found

a relationship between shock curvature and the experimental conditions. Boundary layer growth
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results in a radial velocity component, which in turn requires the shock to become concave. De

Figure 5.1: Velocity vectors of normal and tangential flow velocity due to shock curvature.

Boer found the axial extent of the shock front scales with 1/
√
𝑃fill, making this most relevant

to low pressure shock tube experiments. Therefore, the region typically producing the most

radiance is curved, thus violating the assumption of Equation 5.1. Further behind the shock, line

of sight measurements observe both boundary layer properties and the core flow. This has been

postulated as a potential source of error when comparing one-dimensional numerical results to

experiments [114].

The decision to develop a two-dimensional solver was therefore made, with the aim of remov-

ing any reliance on boundary layer correlations and to develop a method capable of analysing the

effect of radial variation in properties. This resulted in the first solver capable of analysing shock

tube experiments a posteriori in two-dimensions, allowing improved fundamental understanding

of the flow observed.
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Shock tube experiments allow interrogation of non-equilibrium thermochemistry

relevant to hypersonic flow conditions. Two-dimensional effects such as shock curvature

and boundary layer growth influence shock tube flows and measured data. Due to

shot-to-shot variability, a priori methods are unsuitable. Existing a posteriori methods

are one-dimensional, and require correlations for problem closure. This work derives

and implements a novel method for conducting a posteriori, two-dimensional, viscous,

reacting gas analysis of shock tube flows, removing the requirement for empirical

boundary layer correlations.

This method is enabled by an additional equation fixing the shock to a desired

location. Using the outflow pressure as a system variable, the problem is stabilised in

the shock frame of reference. Comparisons to reference cases of argon and synthetic air

have excellent agreement in regions where shock trajectory effects are minimal. A 1.33

Pa, 8.18 km/s synthetic air case highlights the influence of two-dimensional effects. 40%

difference in centre-line axial velocity, a 10% reduction in peak radiance due to shock

curvature, and 15% radiance increase behind the shock are observed when compared

to a quasi-one-dimensional solver.

It is therefore demonstrated that radiance profiles can be significantly influenced

by two-dimensional effects, with the radial variance only captured by using a two-

dimensional model. The pressure boundary condition implemented via an additional

constraint equation using the shock location provides a solution methodology for an

a posteriori model which includes shock trajectory effects. This would have direct

applicability to shock tube testing, as well as expansion tunnels and reflected shock

tunnels.
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I. Nomenclature

𝑎 = speed of sound (m/s)

𝑨 = Jacobian of the convective flux 𝑭 with respect to 𝑼𝒄

𝑏 = Clustering parameter

𝐶𝑝,𝑡𝑟 = specific heat at constant pressure for translational-rotatational enthalpy (J/kg-K)

𝑫−1 = multicomponent diffusion operator from Stefan-Maxwell equations

𝐷̂𝑠 = average vibrational energy per unit mass of species 𝑠 removed or added to a gas mixture (J/kg)

𝑒𝑣,𝑠 = vibrational energy per unit mass of species 𝑠 (J/kg)

𝑒∗𝑣,𝑠 = vibrational energy per unit mass of species 𝑠 evaluated at temperature 𝑇 (J/kg)

𝑭 = total convective flux

𝑭̂ = estimate of total convective flux at a cell interface

F = WENO-JS reconstruction for total convective flux

𝑭𝒓 = radial component of convective flux

𝑭𝒛 = axial component of convective flux

ℎ = mixture enthalpy per unit mass (J/kg)

𝐻 = total enthalpy per unit mass of mixture (J/kg)

ℎ𝑠 = enthalpy per unit mass of species 𝑠 (J/kg)

ℎ𝑠,𝑣 = vibrational enthalpy per unit mass of species 𝑠 (J/kg)

𝐼𝑠 = first ionisation energy of species 𝑠 per kg-mole (J/kg-mole)

𝑱𝑱 = Jacobian of residual equations

𝑱 = diffusive mass flux (kg/m2/sec)

𝑱𝒔 = species diffusive mass flux (kg/m2/sec)

𝑳 = eigenvector matrix of 𝑨

𝑀𝑠 = molecular weight of species 𝑠 (kg/ kg-mole)

𝑁𝑟 = Number of cells in the radial direction

𝑛𝑠 = number of species

𝑛𝑇 = number of temperature modes

¤𝑛𝑒𝑖 = molar rate of production per unit volume of species 𝑖 due to electron impact ionization (kg-mole/m3/sec)

𝑁𝑧 = Number of cells in the axial direction

𝑃 = Pressure (Pa)

𝑃𝑒 = electron pressure (Pa)
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𝑃end = Outflow pressure at the domain boundary (Pa)

𝒒 = vector of viscous state variables

𝑄 = collection of reacting gas source and relaxation terms

𝒒𝒄 = conductive heat flux (W/m2)

𝒒𝒅 = diffusive enthalpy flux (J/m2/sec)

𝑟 = radial coordinate in the cylindrical coordinate system (m)

𝑅 = shock tube radius (m)

𝑅̄ = specific gas constant of the mixture (J/K/mol)

𝑹̃ = Residual vector containing the system of equations

𝑺 = combined viscous fluxes, radial pressure source term and thermochemistry source terms

𝑡 = time (sec)

𝑇𝑡𝑟 = translational-rotational temperature (K)

𝑇𝑒𝑣 = electro-vibrational temperature (K)

𝒖 = velocity vector (m/sec)

𝑼𝒄 = vector of conserved variables

𝒖𝒆 = post shock velocity (m/sec)

𝑢𝑠 = shock speed (m/sec)

¤𝑤𝑖 = mass rate production of species 𝑠 (kg/(𝑚)3/sec)

𝑧 = axial coordinate in the cylindrical coordinate system (m)

𝑦𝑠 = mole fraction of species 𝑠

𝑧shock = shock location (m)

𝛼𝑊 = Fraction of WENO blending

𝛽 = 𝜕𝑃
𝜕𝜌𝐸

𝛿𝑏 = boundary layer thickness (m)

𝛿𝑚 = maximal Mirels length (m)

𝛿sh = Shock thickness (m)

Δ𝑧cur = Axial extent of shock curvature (m)

𝜃 = angular coordinate in the cylindrical coordinate system

𝛾𝑠 = 𝜕𝑃
𝜕𝜌𝜎𝑠

𝜅𝑒 = electronic thermal conductivity (W/m/K)

𝜅𝑡𝑟 = translational-rotational thermal conductivity (W/m/K)

𝜅𝑣 = vibrational thermal conductivity (W/m/K)
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𝚲 = eigenvalue matrix of 𝑨

𝜇 = mixture viscosity (N-s/m2)

𝜈𝑒𝑠 = effective collision frequency for electrons and species 𝑠 (1/sec)

𝜙 = 𝜕𝑃
𝜕𝜌𝑒𝑉

Φ = Roe-average function

𝜌 = density (kg/m3)

𝜌𝑒 = partial density of electrons (kg/m3)

𝜌𝑠 = partial density of the species 𝑠 (kg/m3)

𝜎𝑠 = molality of species 𝑠 (mol/kgmix)

𝝉 = stress tensor

< 𝜏 > = total translational-vibrational energy relaxation time

< 𝜏𝑖 > = translational-vibrational energy relaxation time for species 𝑖

With the following subscripts used:

CD = contact discontinuity

𝑒 = post-shock condition

Fr = post-shock frozen value from Rankine-Hugoniot relations

fill = value of the fill condition

𝑖 = axial cell index

𝑗 = radial cell index

𝑘 = state variable 𝑘

𝐿 = left interface value

𝑅 = right interface value

𝑠 = species 𝑠

𝑤 = wall property

II. Introduction
The entry of vehicles into planetary atmospheres produces a complex and harsh flow environment. High

energy loads result in conditions sufficient to produce dissociated and ionised flows, in thermochemical

non-equilibrium. These phenomena affect the heat flux, drag, and communication processes of hypersonic

vehicles [1]. This harsh aerothermodynamic environment necessitates extensive numerical modelling for

vehicle design. Numerical models rely in turn on accurate thermochemistry models to define parameters such
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as reaction rates and intra-molecular interaction parameters. Such parameters are derived from a range of

sources including experimental ground testing [2], with their uncertainty comprising a large component of

vehicle design uncertainty [3]. Unfortunately, the large power required to generate the necessary energy for

hypersonic flows is unattainable in continuous flow facilities. Therefore, transient experiments using shock

tubes are commonly used to reproduce an analogous aerothermodynamic environment.

Shock tube facilities leverage a high sound speed driver gas to propagate a shock wave through a tube filled

with quiescent test gas. The condition is typically designed to mimic a particular portion of the flight profile

by matching the free-stream gas composition and density, with shock speed equal to the desired flight speed

[4]. The complex processes present during shock tube experiments introduce various flow non-uniformities,

originating from diaphragm rupture [5, 6], boundary layer effects [7], and effects from driver operation [8].

These phenomena cause experiments with identical nominal conditions to have test slug properties which can

vary significantly. A priori tools simulate the entire shock tube domain, including the driver gas and diaphragm

opening process (the limit being instantaneous opening). Nominal fill conditions are used to predict the entire

shock tube experiment, including the shock trajectory. Non-equilibrium effects increase the computational

expense significantly [9–11], and resolving the axial shock thickness over the length of the domain increases

the number of cells required. The required modelling assumptions along with experimental shot-to-shot

variability results in a priori models being unable to predict experimental results [9, 10]. Therefore, they

are fundamentally limited in their ability to analyse shock tube data [9–12]. A posteriori simulations take

experimental information (such as shock velocity at the test section) and complement them with conservation

laws and correlations to reconstruct the experiment with higher fidelity. For example, the Mirels boundary

layer growth correlations have been used to obtain estimates for the conditions along the test slug specific to

individual experiments [13, 14]. This enables the problem to be closed such that the test gas properties can be

estimated. Ideally, this allows the accuracy of thermochemistry model to be interrogated with confidence that

the underlying hydrodynamics are captured by the a posteriori model.

In the context of analysing shock tube spectroscopy data for the purpose of determining reaction rates,

various assumptions about the post-shock temperature and pressure profiles must be made [15–18]. Recent

work by Satchell et al. and Steer et al. have developed Lagrangian solvers which have accounted for shock

trajectory effects and boundary layer mass loss [19–21]. Alongside these works, a quasi-one-dimensional

viscous solver has been developed by Clarke et al. which can fully resolve the reacting shock layer in addition

to modelling mass loss to the boundary layer [22]. These works offer significant advancements to previous

methodologies such as blunt body simulations [14, 23, 24]

However, a posteriori approaches to this point have been one-dimensional or quasi-one-dimensional in

113 Chapter 5



nature, requiring correlations to correct for two-dimensional effects. This inherently assumes the shock is

planar and the flow is a radially homogeneous solution, neglecting any shock curvature or variation of state

properties through the boundary layer. However, work by Hartunian [25] and developed further by De Boer

[26] in the 1960s found a relationship between shock curvature and the experimental conditions. Boundary

layer growth results in a radial velocity component, which in turn requires the shock to become concave. This

effect has also been observed in two-dimensional a priori simulations [9–11, 27]. As most experimental

measurements such as emission and absorption spectroscopy are line-of-sight (LOS), such measurements

observe any two-dimensional effects (see Figure 1). Furthermore, if the optical system itself has spatial

smearing due to its field-of-view and inherent angle of acceptance (the example being the triangular region in

Figure 1), then this three-dimensionality will couple with the two-dimensionality of the flow itself.

In particular, many radiating flows produce their peak radiance in the region nearest to the shock. If

this radiance is highly transient, which is common, and occurs over a post-shock distance comparable to

the maximal displacement of the shock front, the radiance will be observed in a smeared manner. This

is highlighted in Figure 1, where the LOS measurement through the shock will observe both the cold fill

gas, and the shocked flow. In the situation where the characteristic optical smearing length is comparable

to the shock curvature, the interaction between optical integration and flow behaviour becomes inherently

three-dimensional and cannot be captured by a one-dimensional treatment.

Further behind the shock, LOS measurements observe both boundary layer properties and the core flow.

This is also shown in Figure 1, where the LOS measurement behind the shock will not only be influenced

by the non-uniformities contained within the core flow (for example from trajectory effects), but also the

variation of properties through the boundary layer. This has been identified as a potential source of error

when comparing one-dimensional numerical results to experiments [28].

Fig. 1 Influence of curvature for a propagating shock on LOS measurements in shock tube experiments.
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Therefore there clearly exists a requirement for an analysis tool which can both capture and quantify

the two-dimensional effects present in shock tube flow. This method must be a posteriori, and execute in a

computationally efficient manner.

This work develops a novel two-dimensional numerical method for simulating shock tube flow with

a constant shock speed. This solution is the first two-dimensional, a posteriori shock tube solver, and

incorporates reacting gas thermochemistry with a viscous Navier-Stokes solution. This gives both the ability to

improve fundamental understanding of shock tube experiments, and be used as a test bed for thermochemistry

models with applications of rate optimisation and uncertainty quantification.

III. Numerical Formulation
The Non-Equilibrium Shock-tube Solver 2D (NESS2D) solves the steady system of reacting gas Navier-

Stokes equations using an axisymmetric two-dimensional form in cylindrical coordinates. Conservation laws

are stated in the shock frame of reference and the motion of the gas is represented through its velocity in that

frame of reference. As the variations in shock speed are neglected, the shock frame of reference is inertial.

Consider the steady compressible and reacting Navier-Stokes equations:

Species Continuity ∇ · (𝜌𝑠𝒖) = −∇ · 𝑱𝒔 + ¤𝑤𝑠 (1)

Vibro-electronic ∇ · (𝜌𝑒𝑉𝒖) = −𝑝𝑒∇ · 𝒖 + ∇ ·
(
(𝜅𝑣 + 𝜅𝑒)∇𝑇𝑒𝑣 +

𝑛𝑠∑︁
𝑠=1

ℎ𝑠,𝑣 𝑱𝑠

)
+𝑄 (2)

Total energy ∇ · (𝜌𝐻𝒖) = ∇ · (𝝉 · 𝒖 − 𝒒𝒄 − 𝒒𝒅) (3)

Momentum ∇ · (𝜌𝒖 ⊗ 𝒖) = −∇𝑝 + ∇ · 𝝉 (4)

Total mass conservation is preserved through Dalton’s Law:

1 =
𝑛𝑠∑︁
𝑖

𝜌𝑖
𝜌

(5)

The term 𝑄 in Equation 2 represents source and relaxation terms defined by:

𝑄 =
∑︁

𝑠=mol.
𝜌𝑠

𝑒∗𝑣,𝑠 − 𝑒𝑣,𝑠

< 𝜏𝑠 >
+ 3𝜌𝑒 𝑅̄(𝑇𝑡𝑟 − 𝑇𝑒𝑣)

𝑛𝑠∑︁
𝑠=2

𝜈𝑒𝑠
𝑀𝑠

+
∑︁

𝑠=mol.
¤𝑤𝑠𝐷̂𝑠 −

∑︁
𝑠=ion.

¤𝑛𝑒,𝑠 𝐼𝑠 (6)

The conductive heat flux is described by Fourier’s law:

𝒒𝒄 = −
𝑛𝑇∑︁
𝑖=1

𝜅𝑖∇𝑇𝑖 (7)
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The diffusive enthalpy flux in a reacting gas mixture is found using:

𝒒𝒅 = −
𝑛𝑠∑︁
𝑠=1

ℎ𝑠𝑱𝑠 (8)

By defining 𝑫−1 as the multicomponent diffusion operator obtained by solving the Stefan-Maxwell equations

using the approach in Hirschfelder, Curtiss and Bird [29], the diffusional mass flux is given by:

𝑱𝑠 = −𝜌𝑫−1∇𝝈 (9)

The viscous stress tensor 𝜏 is defined as:

𝝉 = 𝜇

(
∇𝒖 + (∇𝒖)𝑇 − 2

3
(∇ · 𝒖)

)
(10)

With the definitions of the variables contained in Equation 6 found in Gnoffo et al. [30]. Each species in the

gas mixture is assumed to behave as an ideal gas, such that the partial pressure of species 𝑠 is given by:

𝑝𝑠 =
𝜌𝑠𝑅𝑇

𝑀𝑠
(11)

Where, in the two-temperature form, the trans-rotational temperature is used for heavy species and the

vibro-electronic temperature is used for electrons. The bulk pressure 𝑝 is then defined by Dalton’s law as the

sum of the partial pressures.

𝑝 =
∑︁
𝑠

𝑝𝑠 . (12)

Therefore for a flow containing 𝑛𝑠 species, with 𝑛𝑇 = 2 energy modes and a viscous state vector 𝒒 =

[𝝈, 𝑇𝑒𝑣 , 𝑇𝑡𝑟 , 𝒖, 𝑃], we have 𝑛𝑠 + 𝑛𝑇 + 3 equations thus ensuring closure of the problem.

Integrating through each dimension and using the divergence theorem where applicable, the system of
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equations (1 to 4) can be rewritten in integral form as:

Species Continuity
∯

(𝜌𝑠𝒖) · 𝒏𝑑𝑆 = −
∯

𝑱𝒔 · 𝒏𝑑𝑆 +
∭

¤𝑤𝑠𝑑𝑉 (13)

Vibro-electronic
∯

(𝜌𝑒𝑉𝒖) · 𝒏𝑑𝑆 = −
∯

𝑝𝑒𝒖 · 𝒏𝑑𝑆 +
∭

𝑄𝑑𝑉

+
∯ (

(𝜅𝑣 + 𝜅𝑒)∇𝑇𝑉 +
𝑛𝑠∑︁
𝑠=1

ℎ𝑠,𝑣 𝑱𝑠

)
· 𝒏𝑑𝑆 (14)

Total energy
∯

(𝜌𝐻𝒖) · 𝒏𝑑𝑆 =
∯

(𝝉 · 𝒖 − 𝒒𝒄 − 𝒒𝒅) · 𝒏𝑑𝑆 (15)

Momentum
∯

(𝜌𝒖 ⊗ 𝒖 + 𝑃𝑰) · 𝒏𝑑𝑆 =
∯

𝝉 · 𝒏𝑑𝑆 (16)

For ease of notation, the inviscid terms are separated from the axisymmetric system of equations to form:

1
𝑟

∯
𝜕𝑉

(𝑟𝑭𝒓𝒏𝒓 )𝑑𝑆 +
∯

𝜕𝑉
(𝑭𝒛𝒏𝒛)𝑑𝑆 =

∫
𝑉
𝑺𝑑𝑉 (17)

Where 𝒏 = 𝒏𝒓 + 𝒏𝒛 is the unit normal vector to the boundary of the volume 𝑉 , 𝑺 combines the viscous terms,

pressure source term (𝑃/𝑟) and thermochemical source terms. By substituting 𝜌𝑠 = 𝜌𝜎𝑠𝑀𝑠 we find the

convective fluxes 𝑭𝒓 and 𝑭𝒛 and the conserved variables 𝑼𝒄:

𝑼𝒄 =

©­­­­­­­­­­­­­­­­­
«

𝜌𝜎𝑠𝑀𝑠

...

𝜌𝑒𝑉

𝜌𝐸

𝜌𝑢𝑟

𝜌𝑢𝑧

ª®®®®®®®®®®®®®®®®®
¬

, 𝑭𝒓 =

©­­­­­­­­­­­­­­­­­
«

𝜌𝜎𝑠𝑀𝑠𝑢𝑟

...

𝜌𝑒𝑉𝑢𝑟

𝜌𝐻𝑢𝑟

𝜌𝑢𝑟𝑢𝑟 + 𝑃

𝜌𝑢𝑟𝑢𝑧

ª®®®®®®®®®®®®®®®®®
¬

, 𝑭𝒛 =

©­­­­­­­­­­­­­­­­­
«

𝜌𝜎𝑠𝑀𝑠𝑢𝑧

...

𝜌𝑒𝑉𝑢𝑧

𝜌𝐻𝑢𝑧

𝜌𝑢𝑟𝑢𝑧

𝜌𝑢𝑧𝑢𝑧 + 𝑃

ª®®®®®®®®®®®®®®®®®
¬

(18)

IV. Discretisation and Solution Method
The solution approach of NESS2D is based on structured grid which is aligned with the 𝑟 − 𝑧 coordinate

system, with the steady problem solved iteratively using Newton-Raphson iterations. This is completed by

defining analytical dependence of each equation to primitive variables of each cell, including the primitive

variables of the immediate neighbours.

Inviscid fluxes are evaluated using the Roe approximate Riemann solver [31]. The left and right states of

the solver are obtained using fifth order WENO extrapolation. Near the comuptational boundaries, where
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there are insufficient cells to construct the full WENO stencil, the scheme reverts to first order.

Viscous fluxes are evaluated using a 6-point central difference scheme, retaining dependence only on

cells in the immediate vicinity of the interface. Thermochemical source terms and all transport properties are

determined using Oxford’s in-house thermochemistry solver OCEAN, and multiplied directly by the cell

volume for the finite volume formulation.

A. Convective Fluxes

Evaluation of the convective fluxes is performed using both a first order Roe solver and a 5th order WENO

scheme. Both approaches are adapted to account for axisymmetry using the approach of Orkwis and McRae

[32], which was in turn adapted from Glaister [33].

We begin with the solution method for the Roe solver. If the left and right hand state at an interface are

known, then the Riemann problem can be solved by:

𝑭 =
1
2
(𝑭𝑹 + 𝑭𝑳) − 1

2
𝑳̄ |𝚲̄| 𝑳̄−1(𝑼𝒄,𝑹 −𝑼𝒄,𝑳) (19)

Where the barred variables indicate evaluation at the interface. Roe’s first order approximation to the Riemann

problem [31] at the cell interface requires finding the Roe-average state to evaluate the eigenmatrices (see

Section IV.B).

The second flux estimate for the interface is determined using the 5th order WENO scheme of Jiang and

Shu (WENO-JS) on the characteristic variables [34]. This approach can be generalised as:

𝑭̂𝒊+1/2 = 𝑳𝒊+1/2F
(
𝑳−1
𝒊−2𝑭𝒊−2, 𝑳

−1
𝒊−1𝑭𝒊−1, 𝑳

−1
𝒊 𝑭𝒊 , 𝑳

−1
𝒊+1𝑭𝒊+1, 𝑳

−1
𝒊+2𝑭𝒊+2

)
(20)

Where the function F is the 5th WENO-JS reconstruction of the characteristic fluxes, and 𝑳𝒊+1/2 is the

Roe-average inverse of the eigenmatrix Jacobian which projects the characteristic fluxes back to conservative

form.

Blending of Equations 19 and 20 ensures convergence of solutions, which can be defined formally as:

𝑭NESS2D
𝒊+1/2 = 𝛼𝑊𝑭WENO

𝒊+1/2 + (1 − 𝛼𝑊 )𝑭Riemann (21)

For the purpose of conducting Newton-Raphson iterations, exact Jacobians are formed for the first order flux

function at each cell interface. The Jacobian thus formed are assembled into a global Jacobian matrix for the

residuals of the conservation equations (see Section IV.F).
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B. Roe Averaged Variables for a Two-Temperature Reacting Gas

The Roe-average approach is used commonly used to define the gas state at a cell interface [31]. Roe

[31] developed Roe-average state using a density based function, which has been extended by Martin [35]

and Arabi [36] for real gases. This work extends the definition to a two-temperature model with explicit

thermodynamic relations for enthalpy and vibrational energy. To determine the thermochemical state at

interface locations, we first define the Roe-average function as:

𝑞 = Φ(𝑞𝐿 , 𝑞𝑅) =
𝑞𝐿

√
𝜌𝐿 + 𝑞𝑅

√
𝜌𝑅√

𝜌𝐿 + √
𝜌𝑅

(22)

Where 𝐿 and 𝑅 denote the left and right hand sides of the interface, and where:

𝜌̄ =
√
𝜌𝐿𝜌𝑅 (23)

Following from the work of Martin [35] and Arabi [36] who observed macroscopic adherence to Roe’s

formulae by defining:

𝐻̄ = Φ(𝐻𝐿 , 𝐻𝑅) (24)

𝑒 = Φ(𝑒𝐿 , 𝑒𝑅) (25)

𝑒𝑉 = Φ(𝑒𝑉𝐿 , 𝑒𝑉𝑅) (26)

𝑢̄𝑟 = Φ(𝑢𝑟𝐿 , 𝑢𝑟𝑅) (27)

𝑢̄𝑧 = Φ(𝑢𝑧𝐿 , 𝑢𝑧𝑅) (28)

Pressure comes naturally from thermodynamic relations as:

𝑃̄ = 𝜌̄

(
𝐻̄ − 𝑒 − 𝑢̄2

𝑟 + 𝑢̄2
𝑧

2

)
(29)

Molality is found directly by defining:

𝜎̄𝑠 = Φ(𝜎𝐿 , 𝜎𝑅) (30)

We diverge from previous work at this point by considering a macro thermodynamic property Υ (such as

internal or vibrational energy), comprised as the sum of the specific species contributions Υ𝑖:

Υ =
𝑛𝑠∑︁
𝑖

Υ𝑖𝜎𝑖 (31)
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Assuming Ῡ is determined through Φ, we can determine the Roe-average for the specific species contribution

through substitutions of our previous definitions (Equation 30 and 31):

Ῡ = Φ(Υ𝐿 ,Υ𝑅) =
𝑛𝑠∑︁
𝑖

Ῡ𝑖𝜎̄𝑖 (32)

√
𝜌𝐿

∑𝑛𝑠
𝑖 Υ𝑖𝐿𝜎𝑖𝐿 + √

𝜌𝑅
∑𝑛𝑠

𝑖 Υ𝑖𝑅𝜎𝑖𝑅√
𝜌𝐿 + √

𝜌𝑅
=

𝑛𝑠∑︁
𝑖

Ῡ𝑖𝜎̄𝑖 (33)

Now, assuming dependency only on the species of interest, we find:

Ῡ𝑖 = Ω(Υ𝑖𝐿 ,Υ𝑖𝑅) =
√
𝜌𝐿Υ𝑖𝐿𝜎𝑖𝐿 + √

𝜌𝑅Υ𝑖𝑅𝜎𝑖𝑅

𝜎̄𝑖 (√𝜌𝐿 + √
𝜌𝑅) (34)

Equation 34 is used to calculate thermodynamically consistent values for 𝑒𝑖 and 𝑒𝑉𝑖 . We are now in a position

to close the system of equations using two-temperature thermodynamic relations to find the trans-rotational

temperature:

𝑇𝑡𝑟 =
𝑒𝑖 − 𝑒𝑉𝑖 − (ℎ𝑠,0 − 𝑅𝑇ref)

𝐶𝑝,𝑡𝑟 − 𝑅
(35)

The electro-vibrational temperature can be determined using Newton-Raphson iterations to ensure consistency

in total 𝑒𝑉 . All state variables are now determined, therefore we can directly (and consistently) determine the

partial derivatives of pressure ( 𝜕𝑃
𝜕𝜌𝑠

, 𝜕𝑃
𝜕𝜌𝑒𝑉

and 𝜕𝑃
𝜕𝜌𝐸 ) with respect to the conserved variables. This avoids the

need for an estimate in the form of Glaister [33] or Martin [35].

C. Viscous Fluxes

We begin with the axisymmetric definition of the stress tensor 𝝉 in cylindrical coordinates:

𝝉 = 𝜇



4
3
𝜕𝑢𝑟
𝜕𝑟 − 2

3

(
𝜕𝑢𝑧
𝜕𝑧 + 𝑢𝑟

𝑟

)
0 𝜕𝑢𝑧

𝜕𝑟 + 𝜕𝑢𝑟
𝜕𝑧

0 4𝑢𝑟
3𝑟 − 2

3

(
𝜕𝑢𝑟
𝜕𝑟 + 𝜕𝑢𝑧

𝜕𝑧

)
0

𝜕𝑢𝑧
𝜕𝑟 + 𝜕𝑢𝑟

𝜕𝑧 0 4
3
𝜕𝑢𝑧
𝜕𝑧 − 2

3

(
𝜕𝑢𝑟
𝜕𝑟 + 𝑢𝑟

𝑟

)


(36)

Therefore, we require evaluations of the viscosity and velocity gradients at the cell interfaces. The

viscosity in each cell is evaluated in OCEAN using Chapman-Enskog theory, then averaged using the two

neighbouring cells at the cell interface. Gradients are discretised over a 6 point stencil (see Figure 2). For

some variable 𝜙, the gradients at the interface 𝑖 − 1
2 , 𝑗 (highlighted red in Figure 2) are:
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Fig. 2 Stencil used for evaluating central difference gradients.

𝜕𝜙𝑖−1/2, 𝑗

𝜕𝑟
=

1
2 (𝜙𝑖−1, 𝑗+1 + 𝜙𝑖, 𝑗+1) − 1

2 (𝜙𝑖−1, 𝑗−1 + 𝜙𝑖, 𝑗−1)
𝑟 𝑗+1 − 𝑟 𝑗−1

(37)

𝜕𝜙𝑖−1/2, 𝑗

𝜕𝑧
=

𝜙𝑖−1, 𝑗 − 𝜙𝑖, 𝑗

𝑧𝑖 − 𝑧𝑖−1
(38)

This six point stencil is rotated 90 degrees for application for an interface at 𝑖, 𝑗 + 1
2 direction.

D. Source Terms

The 𝑃/𝑟 source term must also be treated carefully to avoid numerical artifacts near the axis of symmetry

[9]. Appropriate term cancellation is found by discretising
∭

𝑃𝑑𝑟𝑑𝜃𝑑𝑧 in cell 𝑖, 𝑗 as:

∭
𝑃𝑑𝑟𝑑𝜃𝑑𝑧

����
𝑖, 𝑗

≈ 2𝜋(𝑟 𝑗+1/2−𝑟 𝑗) (𝑧𝑖+1/2− 𝑧𝑖−1/2)𝑃 |𝑖, 𝑗+1/2+2𝜋(𝑟 𝑗 −𝑟 𝑗−1/2) (𝑧𝑖+1/2− 𝑧𝑖−1/2)𝑃 |𝑖, 𝑗−1/2 (39)

Where the pressure at the interface is found by averaging the two neighbouring cells. The thermochemistry

source terms are evaluated using Oxford’s in-house thermochemistry solver (OCEAN) [22] and discretized as

per Equation 40 ∭
𝑄𝑟𝑑𝑟𝑑𝜃𝑑𝑧

����
𝑖, 𝑗

≈ 𝜋(𝑟2
𝑗+1/2 − 𝑟2

𝑗−1/2) (𝑧𝑖+1/2 − 𝑧𝑖−1/2)𝑄𝑖, 𝑗 (40)

Remaining fluxes of diffusion, conduction, convection due to electron pressure gradients, and the

contribution to the energy equation of viscous, diffusive and conductive fluxes are evaluated using approaches

developed in the previous sections. Central differences are used to evaluate derivatives at cell interfaces,

the divergence theorem is applied, and OCEAN used to determine the relevant transport properties using

Chapman-Enskog theory.
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E. Boundary Conditions

The four boundary conditions applied in this solver dictate the 2D reacting gas shock tube problem to

be solved. The in-flow boundary condition is specified as the quiescent fill gas properties with the desired

shock speed of the problem as the in-flow axial velocity. For an a posteriori analysis this is the experimentally

measured shock speed at the window, with the assumption of constant shock speed down the tube.

𝑞𝑘 = 𝑞𝑘,fill, 𝑞𝑘 ≠ 𝑢𝑧 (41)

𝑞𝑘 = 𝑢𝑠, 𝑞𝑘 = 𝑢𝑧 (42)

The axisymmetry condition naturally arises from the method of flux calculation, as the centreline cell interface

has zero area.

The tube wall condition is implemented using a row of ghost cells, with the temperatures of the ghost

cell found using the cold wall assumption (𝑇𝑤 = 300 K), 𝑢𝑟 ,𝑖, 𝑗 = −𝑢𝑟 ,𝑖, 𝑗−1 ensures zero flux through the

boundary, 𝑢𝑧 = 𝑢𝑠 for the non-slip condition. Pressure is assumed to be equal to the interior of the cell, as are

species molalities.

1. Outflow Boundary Condition

The mixture of subsonic and supersonic flows at the outflow boundary requires careful treatment to ensure

problem stability. In the shock frame of reference, the flow is subsonic in the core flow, while the boundary

layer is supersonic. Recognising that the pressure behind a shock becomes radially uniform [12], we impose a

pressure condition 𝑃end in the subsonic region of flow (see Equation 48). Locally one-dimensional inviscid

(LODI) out-flow assumptions for reacting gas mixtures [37] are utilised to allow backwards and forwards

wave propagation through the subsonic domain boundary. These equations override the system of equations

for each cell on the boundary through using Equations 43 to 48.

0 = 𝑞𝑘,𝑁𝑧 , 𝑗 − 𝑞𝑘,𝑁𝑧−1, 𝑗 , 𝑘 = 1, 𝑛𝑠 (43)

0 = 𝜌𝑁𝑧 , 𝑗𝑢𝑟 ,𝑁𝑧 , 𝑗 − 𝜌𝑁𝑧−1, 𝑗𝑢𝑟 ,𝑁𝑧−1, 𝑗 (44)

0 = (𝑢𝑧,𝑁𝑧 , 𝑗 − 𝑢𝑧,𝑁𝑧−1, 𝑗)𝜌𝑁𝑧−1, 𝑗𝑎𝑁𝑧−1, 𝑗 + (𝑃𝑁𝑧 , 𝑗 − 𝑃𝑁𝑧−1, 𝑗) (45)

0 = 𝑇𝑒𝑣,𝑁𝑧 , 𝑗 − 𝑇𝑒𝑣,𝑁𝑧−1, 𝑗 (46)

0 = (𝜌𝑁𝑧 , 𝑗 − 𝜌𝑁𝑧−1, 𝑗)𝑎2
𝑁𝑧−1, 𝑗 − (𝑃𝑁𝑧 , 𝑗 − 𝑃𝑁𝑧−1, 𝑗) (47)

0 =



𝑃end − 𝑃𝑁𝑧 , 𝑗 , 𝑢2

𝑧 < 𝑎2
𝑁𝑧 , 𝑗

𝑃𝑁𝑧 , 𝑗 − 𝑃𝑁𝑧−1, 𝑗 , 𝑢2
𝑧 ≥ 𝑎2

𝑁𝑧 , 𝑗

(48)
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Where Equation 48 overwrites the equation representing Dalton’s Law.

F. Solution Method

A discretised system of equations for a given cell 𝑖, 𝑗 can now be found by moving all terms to the

right-hand side of discretised Equations 13 to 16, and adding Equation 5. This culminates with dependencies

on itself and the eight neighbouring cells (see Figure 2).

Thus we have a nested block tridiagonal problem over the spatial domain, allowing definition as per

Equation 49

0 = 𝑹̃ =



𝑹1,1(𝒒1,1, 𝒒1,2, 𝒒2,1, 𝒒2,2)
...

𝑹1,𝑁𝑟 (𝒒1,𝑁𝑟−1, 𝒒1,𝑁𝑟 , 𝒒2,𝑁𝑟−1, 𝒒2,𝑁𝑟 )
...

𝑹𝑖, 𝑗 (𝒒𝑖−1, 𝑗−1, 𝒒𝑖−1, 𝑗 , 𝒒𝑖−1, 𝑗+1, 𝒒𝑖, 𝑗−1, 𝒒𝑖, 𝑗 , 𝒒𝑖, 𝑗+1, 𝒒𝑖+1, 𝑗−1, 𝒒𝑖+1, 𝑗 , 𝒒𝑖+1, 𝑗+1)
...

𝑹𝑁𝑧 ,1(𝒒𝑁𝑧−1,1, 𝒒𝑁𝑧−1,2, 𝒒𝑁𝑧 ,1, 𝒒𝑁𝑧 ,2)
...

𝑹𝑁𝑧 ,𝑁𝑟 (𝒒𝑁𝑧−1,𝑁𝑟−1, 𝒒𝑁𝑧−1,𝑁𝑟 , 𝒒𝑁𝑧 ,𝑁𝑟−1, 𝒒𝑁𝑧 ,𝑁𝑟 )



(49)

Where 𝒒̃ is the block vector of state variables.

𝒒̃ =

[
𝒒1,1 · · · 𝒒1,𝑁𝑟 · · · 𝒒𝑖, 𝑗 · · · 𝒒𝑁𝑧 ,1 · · · 𝒒𝑁𝑧 ,𝑁𝑟

]T
(50)

Through calculation of the analytical derivatives of each equation, aided by the analytical derivatives of

transport properties via the in-house thermochemistry library (OCEAN), the full Jacobian can be determined,

inverted and applied to solve the problem.
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To compute the inverse of the Jacobian 𝑱 efficiently, we first break 𝑱𝑱 into the 𝑁 × 𝑁 block matrix:

𝑱𝑱 =



𝑮1,1 𝑮1,2 0

𝑮2,1 𝑮2,2 𝑮2,3 0
. . .

. . .
. . .

0 𝑮𝒊,𝒊−1 𝑮𝒊,𝒊 𝑮𝒊,𝒊+1 0
. . .

. . .
. . .

0 𝑮𝑵𝒛−1,𝑵𝒛−2 𝑮𝑵𝒛−1,𝑵𝒛−1 𝑮𝑵𝒛−1,𝑵𝒛

0 𝑮𝑵𝒛 ,𝑵𝒛−1 𝑮𝑵𝒛 ,𝑵𝒛



(51)

Where 𝑮𝒊,𝒍 is defined by:

𝑮𝒊,𝒍 =



𝜕𝑹𝒊,1
𝜕𝒒𝒍,1

𝜕𝑹𝒊,1
𝜕𝒒𝒍,2

0
𝜕𝑹𝒊,2
𝜕𝒒𝒍,1

𝜕𝑹𝒊,2
𝜕𝒒𝒍,2

𝜕𝑹𝒊,2
𝜕𝒒𝒍,3

0

0 . . .
. . .

. . . 0

0 𝜕𝑹𝒊, 𝒋

𝜕𝒒𝒍, 𝒋−1

𝜕𝑹𝒊, 𝒋

𝜕𝒒𝒍, 𝒋

𝜕𝑹𝒊, 𝒋

𝜕𝒒𝒍, 𝒋+1
0

0 . . .
. . .

. . . 0

0 𝜕𝑹𝒊,𝑵𝒓−1
𝜕𝒒𝒍,𝑵𝒓−2

𝜕𝑹𝒊,𝑵𝒓−1
𝜕𝒒𝒍,𝑵𝒓−1

𝜕𝑹𝒊,𝑵𝒓−1
𝜕𝒒𝒍,𝑵𝒓

0 𝜕𝑹𝒊,𝑵𝒓
𝜕𝒒𝒍,𝑵𝒓−1

𝜕𝑹𝒊,𝑵𝒓
𝜕𝒒𝒍,𝑵𝒓



(52)

Where 𝑙 = 𝑖 corresponds to the main diagonal, 𝑙 = 𝑖 − 1 gives the subdiagonal blocks and 𝑙 = 𝑖 + 1 for the

supradiagonal. 𝜕𝑹𝒊, 𝒋

𝜕𝒒𝒍,𝒎
denotes the Jacobian of the vector function 𝑹𝒊, 𝒋 , associated with cell 𝑖, 𝑗 with respect to

the state variables of cell 𝑙, 𝑚. There is a significant increase in computational cost when going from 1-D

to a 2-D model due to the fill-in problem. This is due to the model producing an outrigger block matrix

problem. The block structure is setup to aid reduction of the computational cost by recognising that resolving

the shock structure requires more cells in the z-direction. This is reflected in the form of the blocks, which are

solved exactly using the Thomas algorithm on the 𝑁𝑧 × 𝑁𝑧 block matrix problem. Setting 𝑀 = 𝑛𝑠 + 𝑛𝑇 + 3

(the additional three variables are pressure and the two velocity components), we find this requires matrix

inversions of size 𝑀 × 𝑀 × 𝑁𝑟 × 𝑁𝑟 , rather than inverting matrices of size 𝑀 × 𝑀 × 𝑁𝑧 × 𝑁𝑧 , improving

computational efficiency.

The final part of the solution method is the critical ingredient in holding the shock in the desired location.
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We first define 𝑧sh as the desired location of the shock, which corresponds to the index 𝑖sh. We then define a

desired pressure for the shock location as:

𝑃sh = 0.5𝑃Fr + 0.5𝑃fill (53)

Where 𝑃Fr is the estimate for the frozen post shock pressure from the Rankine-Hugoniot problem. Then we

define an additional equation for the system as:

𝑓𝑝 (𝒒̃) = 0 = 𝑃𝑖sh,1 − 𝑃sh (54)

We can now let 𝑃end be a variable in the problem, rather than an input. Thus we have additional derivative

vectors of:

𝑩 =
𝜕𝑹

𝜕𝑃𝑒𝑛𝑑
(55)

And the row vector 𝑪:

𝑪 =
𝜕 𝑓𝑝

𝜕 𝒒̃
(56)

Where 𝜕 𝑓𝑝
𝜕𝑃𝑖sh ,1

= 1, but otherwise is 0. We also note that 𝜕 𝑓𝑝
𝜕𝑃end

= 0. Therefore, the system of equations can

now defined and solved for a singular Newton-Raphson iteration as:


𝒒̃𝑛+1

𝑃end,𝑛+1


=


𝒒̃𝑛

𝑃end,𝑛


−


𝑱𝑱 𝑩

𝑪 0



−1

𝑛


𝑹̃𝑛

𝑓𝑝 (𝒒̃𝑛)𝑛


(57)

We can easily solve for the inverse block matrix by taking the Schur complement to be 𝑀/𝐴 = −𝑪𝑱−1
𝑱 𝑩.

Noting 𝑀/𝐴 is a scalar, it is therefore computationally cheap to invert. Thus:


𝑱𝑱 𝑩

𝑪 0



−1

=


𝑱−1
𝑱 + 𝑱−1

𝑱 𝑩(𝑀/𝐴)−1𝑪𝑱−1
𝑱 −𝑱−1

𝑱 𝑩(𝑀/𝐴)−1

−(𝑀/𝐴)−1𝑪𝑱−1
𝑱 (𝑀/𝐴)−1


(58)

Therefore if Equation 58 is substituted into Equation 57, we can recognise that 𝑱−1
𝑱 𝑹̃ and 𝑱−1

𝑱 𝑩 are the only

two multiplications of the inverse matrix 𝑱𝑱 , and thus can be found through usage of the Thomas Algorithm.

The remaining operations are simple matrix multiplications.
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G. Mesh Generation

A structured rectangular mesh is generated to discretise the problem domain, with interfaces aligned with

either the radial or axial direction (see Figure 3). An exponential clustering function is used to define both the

𝑧 and 𝑟 interface locations. In the z-direction the clustering function used is Equation 59, noting that 𝑧 = 0 is

the beginning of the domain.

𝑧𝑖 = 𝑧end

(
𝑖 − 1
𝑁𝑧 − 1

)𝑏
(59)

In the r-direction the clustering function used is Equation 60, with 𝑟 = 0 corresponding to the tube centreline

and clustering the mesh close to the tube wall.

𝑟 𝑗 = 𝑟tube

(
1 −

(
𝑗 − 1
𝑁𝑟 − 1

)𝑏)
(60)

 0
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r/
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z/zend

Fig. 3 Example structured rectangular mesh generated using Equations 59 and 60, using 𝑏 of 2.5 and
2.2 in the 𝑟 and 𝑧 directions respectively.

V. Comparison to Existing Models
The ability of the proposed method to evaluate thermochemical model performance is predicated on three

key aspects:

1) Resolve state properties through a viscous shock layer

2) Appropriately model shock tube fluid dynamics, primarily

1) Boundary layer growth

2) Shock curvature
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3) Appropriate implementation of the non-equilibrium thermochemistry model

Comparisons will be made using two tools to ensure these aspects are correctly modelled. The two-dimensional

a priori solver FROSST [38] was used to produce a full-facility simulation of an argon experiment. This

allows evaluation of the ability of NESS2D to capture the unique fluid dynamics present in shock tube flows,

with the assumption of a steady shock problem.

The 1-dimensional NESS solver [22] is also a steady shock solver, which captures the shock structure of

the core flow in the axial direction and includes a non-equilibrium thermochemistry model. Therefore, direct

centreline comparisons can be made to evaluate these aspects of NESS2D for both reacting and non-reacting

shock tube tests. A medium pressure synthetic air test case is used to evaluate the reacting component of

NESS2D, leveraging that higher pressure cases have longer test slug lengths and are therefore less influenced

by two-dimensional effects.

A. Non-Reacting 100 mm Diameter Shock Tube Test in Argon

An argon shock tube test was used to isolate the unique fluid dynamics present in a shock tube from

any reacting gas thermochemistry, taking advantage of argon’s high ionisation temperature to ensure a

non-reacting flow. This offers direct insight into the ability of NESS2D to model shock curvature, mass loss

to the boundary layer and the resulting flow deceleration behind the shock.

The validated FROSST code [12] was used to model a 2.08 km/s shock in 26.6 Pa argon, producing a

time-resolved full facility simulation of a 100 mm diameter shock tube. The flow results were taken 4.5

m downstream from the diaphragm, to ensure the shock speed was close to constant (see Figure 4) whilst

ensuring fully developed flow.
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Fig. 4 Shock trajectory of the FROSST simulation

This is especially important for comparing results, as Satchell et al. [39] and Collen et al. [21] found that

shock trajectory can have significant influences on the test slug properties, especially further away from the
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shock. This is a limitation of the current code, therefore care should be taken in using this tool for experiments

with large variations in shock speed.

1. Mesh Convergence

The three criteria used to evaluate the convergence of the mesh are 𝑃end, the axial extent of the shock front

(defined by the distance from the shock location on the centre line to the shock impingement location on the

tube wall defined by the pressure given by Equation 53) and the shock thickness on the centreline defined by

the distance between 1% larger than fill pressure and the predicted frozen post shock pressure (see Figure 5a).

We will refer to the axial extent of the shock as Δ𝑧cur , and the shock thickness as 𝛿sh. An appropriate clustering

parameter of 𝑏 was 2.5 and 2.2 in the 𝑟 and 𝑧 directions respectively, using Equations 60 and 59 to generate

the grid. 𝛼𝑊 of 0.7 and 0.5 (see Equation 21) in the 𝑧 and 𝑟 directions respectively were found to be stable.

Figure 5 shows the convergence of the shock structure with increasing 𝑁𝑧 , which is unsurprisingly

independent of the number of cells in the radial direction. By 𝑁𝑧 = 300, there is minimal change in shock

thickness with increasing 𝑁𝑧 . The shock structure converges to the NESS profile, which strongly supports the

flux scheme utilised by the solver.
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Fig. 5 Convergence of shock thickness demonstrated with the qualitative shape (a) and shock thickness
with increasing 𝑁𝑧 (b) for a 2.08km/s shock in 26.6 Pa argon.

Figures 6 and 7 indicate mesh convergence by 𝑁𝑟 = 110 and 𝑁𝑧 = 300 using criteria of 1% and 0.001%

of the predicted value for Δ𝑧cur and 𝑃end respectively. There is some dependence on both 𝑁𝑟 and 𝑁𝑧 for Δ𝑧cur

and 𝑃end, however the primary dependency is on the minimum radial cell width which is implicit in the choice

of 𝑁𝑟 . There is minimal change to the convergence variables from 𝑁𝑧 = 300 to 𝑁𝑧 = 400, and by 𝑁𝑟 = 110

the variables are within the required range. The excellent agreement with the curvature model of De Boer

[26] in Figure 6a) further validates the solver, with maximal disagreement of 2% occurring at the tube wall.
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2. Results

Now we have established mesh convergence, further comparisons to NESS (at the centreline) and FROSST

can be conducted. Figures 8, 10 and 9 show a number of two-dimensional effects present in shock-tube flow.

The boundary layer growth in a shock tube results in mass loss from the centre-line, which compresses the

flow thus causing an increase in pressure and temperature. These Mirels effects are visible in the flow in

Figures 8a, 9 and 10a, where a 6% increase in temperature and a 13% increase in pressure on the centreline is

visible as a consequence of the boundary layer growth.

The growth of the cold, fast boundary layer also turns the flow and thus must produce a curved shock.

This flow feature was a focus of research in the 1960s [26, 40]. The combination of boundary layer growth

(a) Temperature profile (b) Zoomed temperature profile near the shock and tube wall

Fig. 8 Temperature contour plot showing the shock curvature boundary layer growth and Mirels
compression (a), with the shock curvature effect on temperature in the region near the shock and the
tube wall (b). 2.08km/s shock in 26.6 Pa argon.

and curved shock results in gas with significant radial velocity moving towards the wall (see Figure 9b). This

gas stagnates, resulting in a pressure spike in the immediate region behind the location of shock impingement

on the tube wall (see Figure 10b). The shock curvature also results in a weaker normal shock towards the

tube wall. This is visible in Figure 8b, where the post shock temperature is lower immediately behind the

shock as radial distance increases. Due to the stagnation in the radial direction, a temperature rise takes place.

The boundary layer then eventually consumes and cools the gas. From approximately 30 mm, the core flow

temperature and pressure become relatively uniform radially.

To compare NESS2D with FROSST, slices at 0 mm, 45 mm and 48 mm from the centreline are considered.

The results on the centreline can be compared with NESS, as NESS uses a Mirels outflow condition to

estimate centreline properties. Figures 11 and 12 show significantly improved agreement to the FROSST
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(a) Axial velocity profile (b) Radial velocity profile

Fig. 9 Velocity contour plots showing the axial velocity (a), and the radial velocity profile (b) for a
2.08km/s shock in 26.6 Pa argon.

(a) Pressure profile (b) Zoomed pressure profile near the shock and tube wall

Fig. 10 Pressure contour plot showing the shock curvature boundary layer growth and Mirels
compression (a), with the shock curvature effect on pressure in the region near the shock and the tube
wall (b). 2.08km/s shock in 26.6 Pa argon.
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results compared to the quasi-1D NESS solver in the post shock region. Figure 12 indicates core flow

deceleration is over-predicted by NESS, which is due to the Mirels outflow condition of 𝜌𝑢
(𝜌𝑢)0 = 1 −

√︃
𝑧
𝛿𝑚

.

This outflow condition is an approximation for the effect of boundary layer mass loss on the core flow,

developed by Mirels when assuming local self-similarity of the boundary layer [13]. The Mirels approach

to local similarity does not account for the axial pressure gradient present within the boundary layer, rather

it is assumed that the boundary layer profile at each local location corresponds to that of a boundary layer

with a uniform free-stream, set to the local free-stream value. This also results in an over-prediction of mass

loss immediately behind the shock, and subsequently under-predicts mass loss further away from the shock,

with a maximal slug length predicted to be 301 mm. This compares to maximal slug lengths of 270 mm

and 261 mm estimated for FROSST and NESS2D respectively. Maximal errors of 1.1% in temperature,
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Fig. 11 Centreline temperature (a) and pressure (b) profiles compared to NESS and FROSST results
for a 2.08km/s shock in 26.6 Pa argon.

1.3% in pressure, and 5% in axial velocity occur at the end of the domain at 100 mm post shock, compared to

maximal errors of 1% in temperature, 1.5% in pressure, and 7% in velocity occurring 15 mm post shock for

NESS. The discrepancy between NESS2D and FROSST is explained by shock trajectory variation. NESS2D

is a steady solver, therefore assumes a constant shock speed. As previously mentioned, Satchell et al. [41],

Collen et al. [21] and Steer et al. [20] have identified shock trajectory variation as a source of discrepancy in

test slug properties, particularly as the gas moves further behind the shock, and thus the discrepancy between

FROSST and NESS2D increases with axial distance.

The results at 45 mm and 48 mm include flow within the boundary layer, therefore allowing direct

comparison of both core flow and boundary layer properties. The temperature and pressure (see Figures 13)

have excellent agreement, with agreement to within 2.5% and 1.3% respectively. Similar to the centreline, the
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Fig. 12 Centreline velocity profiles compared to NESS and FROSST results for a 2.08km/s shock in
26.6 Pa argon.
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effect of shock trajectory increases the error as axial distance increases. The axial velocity and the radial

velocity display similar trends increasing discrepancy away from the shock. (see Figure 14). The radial

velocity profile exhibits excellent agreement to within 3%. There is excellent agreement close to the shock

front for the axial velocity, however disagreement increases to 8% by 90 mm post shock. These results
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Fig. 14 Axial velocity (a) and radial velocity (b) profiles compared to NESS and FROSST results for a
2.08km/s shock in 26.6 Pa argon.

demonstrate that NESS2D is appropriately capturing boundary layer growth and the associated phenomena

of shock curvature and core flow compression, particularly for shock tube experiments with constant shock

speeds.

B. Reacting 225 mm Diameter Shock Tube Test in Synthetic Air

A 33 Pa, 7.3 km/s shock through synthetic air (79.1% N2, 20.9% O2) was observed in Oxford’s T6

Aluminium Shock Tube (AST), with findings reported by Glenn et al [42]. Spectroscopic measurements

were made in both the UV/VIS region and the near-infrared. This test offers a significant non-equilibrium

region. However by using a large (225 mm) diameter tube, a large Mirels length ( 0.8 m) and a relatively small

estimated shock curvature of approximately 2 mm [26]) is expected. Therefore, the quasi-one-dimensional

approach of NESS [22] is expected to appropriately model the core flow, and should have minimal departure

from the results predicted by a 2D model. An 11 species synthetic air thermochemistry model using the Park

two-temperature model is used with the same parameters detailed in Clarke et al. [43]. Thus validation of

reacting gas behaviour can be determined by using identical thermochemistry models between NESS and

NESS2D. We begin the analysis by considering the shock trajectory, shown in Figure 15. The velocity of the

shock varies by less than 400 m/s in the last 6 m of the tube, with the shock speed at the viewing window.

Thus trajectory effects will be minimal in this case, therefore the constant shock speed assumption implicit in
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Fig. 15 Shock trajectory of T6s484.

the present work is reasonable for analysis of this experiment.

1. Mesh Convergence

We again begin by conducting a mesh convergence study, using the criteria of 𝑃end, the axial extent of the

shock front Δ𝑧cur and the shock thickness on the centreline 𝛿sh, defined by the distance between 1% larger than

fill pressure and the predicted frozen post shock pressure. An appropriate clustering parameter of 𝑏 was 2.5

and 2.2 in the 𝑟 and 𝑧 directions respectively, using Equations 59 and 60 to generate the grid. 𝛼𝑊 of 0.5 and

0.3 (see Equation 21) in the 𝑧 and 𝑟 directions respectively were found to be stable.

The outflow pressure value predominately depends on the number of axial points, converging to within

0.2% of the asymptotic limit when 𝑁𝑧 is equal to 350 points (see Figure 16). The shock thickness 𝛿sh

similarly depends only on axial mesh density, which in Figure 17 displays convergence to 2% by 𝑁𝑧 of 400

points. The foot of the shock agrees extremely well with NESS, however there is a small discrepancy of

approximately 3% in pressure immediately after the shock. This is due to the two-dimensional nature of

NESS2D, particularly the radial viscous terms result in viscous losses in the radial direction. These terms

are impossible by definition to resolve in a quasi-one dimensional solver, resulting in a 5% larger value for

shock thickness compared to the quasi-1D NESS solver. Finally, the axial extent of the shock front Δ𝑧cur is

shown in Figure 18, where mesh independence is found by 𝑁𝑟 equal to 150 points, agreeing to within 0.4%

when 𝑁𝑧 is equal to 400 points. The shock curvature of NESS2D displayed in Figure 18a) falls between the

limiting values found using the De Boer correlations by assuming equilibrium (denoted De Boer Eq) and

frozen (denoted De Boer Fr) gas compositions.
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Fig. 17 Convergence of shock thickness demonstrated with the qualitative shape (a) and shock
thickness with increasing 𝑁𝑧 (b) for a 7.3 km/s shock in 33.3 Pa synthetic air.
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Fig. 18 Convergence of shock curvature demonstrated with the qualitative shape (a) and the value of
maximal axial extent of the shock Δ𝑧cur (b) for a 7.3 km/s shock in 33.3 Pa synthetic air.

2. Results

These results offer the first two-dimensional a posteriori results for shock tube flows. We begin by

analysing the temperature distribution of the flow, shown in Figure 19. The thermal non-equilibrium region is

completed within 10 mm of the shock, with the boundary layer containing gas of increased temperature due

to radial flow stagnation against the wall. Figure 20 gives more information about the region near the shock,

(a) Trans-rotational temperature profile (b) Vibro-electronic temperature profile

Fig. 19 Temperature contour plot showing thermal non-equilibrium for trans-rotational temperature
(a), and vibro-electronic temperature (b). 7.3km/s shock in 33.3 Pa synthetic air.

where the shock curvature decreases the shock strength and thus produces lower post-shock temperatures near

the tube wall. The peak vibro-electronic temperature of 11000 K occurs 0.7 mm after the peak trans-rotational

temperature of 22000 K, with the shock shape persisting to approximately 8 mm post shock. The flow then
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becomes more radially uniform, due to the influence of the boundary layer growth.

(a) Trans-rotational temperature (b) Vibro-electronic temperature

Fig. 20 Temperature contour plots demonstrating the shock curvature for a thermochemically non-
equilibrium flow. Trans-rotational temperature (a), and vibro-electronic temperature (b). 7.3km/s
shock in 33.3 Pa synthetic air.

The pressure and velocity profiles offer further information about the compressive behaviour present in

shock tube flow. Figure 21a) shows the Mirels effect, where flow stagnation increases the pressure to a radially

uniform value. In comparison, Figure 21b) demonstrates the pressure increase due to the rapid dissociation

of O2 and N2, which causes a much larger increase in pressure relative to flow stagnation. Once again, the

(a) Pressure profile (b) Zoomed pressure profile

Fig. 21 Pressure contour plots showing Mirels compression (a), and pressure increases due to
dissociation close to the shock (b). 7.3km/s shock in 33.3 Pa synthetic air.

stagnation of the flow against the tube wall causes a significant pressure spike, Figure 22b) shows how this

corresponds to the radial velocity component rising with shock curvature and then stagnating against the
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tube wall. Figure 22 demonstrates the influence of the no-slip condition of the tube wall, with mass loss to

the boundary layer causing the core flow to axially stagnate. This results in an axially and radially varying

velocity profile throughout the 100 mm domain. Two-dimensional effects are also present in the number

(a) Axial velocity (b) Radial velocity

Fig. 22 Velocity contour plots showing axial component (a), and radial component (b). 7.3km/s shock
in 33.3 Pa synthetic air.

density profiles for species. The electron and NO number density profiles show chemical progression long

after thermal equilibrium in the core flow (see Figure 23). This is predominantly quasi-one-dimensional in

the core flow, however two-dimensional effects become more pronounced near the tube wall.

The location of shock impingement on the tube wall corresponds to a decrease in electron number density

and an increase in NO number density due to the decreased shock strength combined with the increased

pressure. However, there exists a very thin sheath of higher electron number density close to the wall, due to

the decrease in temperature resulting in a very large large density increase. The boundary layer contains gas

in significant thermal non-equilibrium due to the radial stagnation of the flow against the cold tube wall with

the acceleration of the gas axially (see Figure 24a). This results in significant changes in number density of

certain species, particularly an increase in NO number density (see Figure 24b). Atomic oxygen and nitrogen

have profiles with relatively uniform core flows, however also exhibit the same increase in number density at

the wall (see Figure 25). Therefore, a sheath of gas exists on the edge of the boundary layer, which is at an

elevated temperature and with a composition different from the core flow. Therefore, wall measurements such

as static pressure and electron number density will observe different values compared to the core flow.

This is seen in Figure 26, with an 8% increase in static pressure and a 40% decrease in electron number

density at 0.5 mm from the wall.

Comparison of centreline traces from NESS2D to NESS offers excellent agreement. Figure 27 shows
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(a) Electron number density (b) NO number density

(c) Near wall electron number density

Fig. 23 Number density contour plots showing electron number density (a), NO number density (b),
and near wall electron number density (c). 7.3km/s shock in 33.3 Pa synthetic air.
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(a) Temperature ratio 𝑇𝑇𝑟/𝑇𝑣𝑒 (b) NO number density

Fig. 24 Temperature ratio 𝑇𝑇𝑟/𝑇𝑣𝑒 contour plot indicating thermal non-equilibrium (a) and the
corresponding increased NO number density near the tube wall (b).

both excellent agreement through the shock and in the test slug, with the maximum disagreement of 1.2%

occurring at the peak value. This is due to radial viscous losses, which are inherently unable to be captured in

a one-dimensional code. The differences in peak temperatures translate into small changes (approximately

1%) in electron and NO number density, however the rest of the domain displays excellent agreement.

Similarly, pressure agreement is excellent and is within 1% throughout the simulated domain. There is a

departure between the models between 10 mm and 50 mm, which corresponds to the 6% disagreement in

axial velocity (see Figure 29). This is consistent with the results from the argon test, which demonstrates

departure of the boundary layer outflow from that predicted by the Mirels analysis [13]. Figure 30 illustrates

this departure explicitly by using the non-dimensional number of (1 − 𝜌𝑢𝑧
(𝜌𝑢𝑧 )0 )2, which will be subsequently

referred to as the Mirels number. Mirels’ analysis requires that this number scales linearly with post-shock

distance, which we assume to be the post-shock distance along the centreline for the two-dimensional model.

The region of thermochemical non-equilibrium unsurprisingly has an effect on the slope of the Mirels number,

which we would expect to evolve from predicting the frozen Mirels length to something more similar to the

equilibrium value. By near the end of the simulated domain the change in slope in small. Therefore, by

extrapolating through to a Mirels’ number of 1, ie to 𝑢𝑧 = 0, an estimated total slug length of 0.797 m is found.

This is a 5% reduction compared to the equilibrium Mirels length used in NESS of 0.839 m. As previously

discussed, the approach used by Mirels does not account for the axial pressure gradient present within the

boundary layer, therefore it is unsurprising to have greatest disagreement in the region with large pressure

gradients. The outflow model used by NESS could be improved by coupling a compressible reacting gas

solution to the non-uniform core flow solution. However, the potential benefit would be limited, as such an
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(a) O number density (b) N number density

(c) Near wall O number density (d) Near wall N number density

Fig. 25 Number density contour plots showing O number density (a), and N number density (b), and
near wall O (c) and N (d). 7.3km/s shock in 33.3 Pa synthetic air.
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Fig. 26 Pressure (a) and electron number density (b) traces at selected radial locations. 7.3km/s shock
in 33.3 Pa synthetic air.
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Fig. 27 Centreline traces of trans-rotational temperature (a) and vibro-electronic temperature (b)
compared to NESS results. 7.3km/s shock in 33.3 Pa synthetic air.
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Fig. 28 Centreline traces of electron number density (a) and NO number density (b) compared to
NESS results. 7.3km/s shock in 33.3 Pa synthetic air.
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approach would inherently exclude the effect of shock curvature acting to axially displace the boundary layer,

the change in composition entering the boundary layer due to the weaker shock strength near the wall, and the

significant pressure gradients generated where the shock impinges on the wall. Time of flight differences
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Fig. 30 Centreline traces of Mirels number prediction compared to NESS results. 7.3km/s shock in
33.3 Pa synthetic air.

due to the discrepancy in axial velocity appears more evident in the slower chemical reactions, such as those

forming atomic oxygen and nitrogen. This results in a very small offset of approximately 0.5% (see Figure

31). The excellent centreline agreement between NESS and NESS2D demonstrates that the reacting gas
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Fig. 31 Centreline traces of N number density (a) and O number density (b) compared to NESS
results. 7.3km/s shock in 33.3 Pa synthetic air.

implementation of NESS2D is appropriate. Discrepancy in 𝑇𝑒𝑣, 𝑇𝑡𝑟 and pressure are within 1.5% and 1%
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respectively, and differences in electron, NO, O and N number densities are within 1%. The discrepancy in

axial velocity is 6%, which is expected after the results from Section V.A and the influence of thermochemistry

on Mirels length. However, for this condition it has limited time-of-flight effects for number density variation.

VI. Low Pressure Low Earth Orbit Return Experiment in a 603 mm Diameter Shock Tube
With validation of the method complete, we can now model a low pressure experiment where two-

dimensional effects are prevalent. The experiment considered is a NASA-EAST shock tube case described by

Cruden et al [24]. Test ES59-15 is a 8.18 km/s shock propagating through 79% N2, 21% synthetic air at 1.33

Pa in a 60.33 cm diameter tube. Once again, we use a synthetic air thermochemistry model adapted from

Cruden et al. [24] which is described completely by Clarke et al. [43]. Mesh convergence was found using

𝑁𝑧 = 200 and 𝑁𝑟 = 150, and simulations took approximately 30 minutes on 8 threads using Intel i7-1165G7

processors.

Figure 32 shows the two-temperature distribution of the flow, with thermal non-equilibrium region

persisting in the first 60 mm after the shock. Thermal non-equilibrium exists within 25 mm of the wall, which

corresponds to the boundary layer growth. The effect of shock curvature is most visible in the first 25 mm

post-shock and within 10 mm of the wall, with the core flow mostly planar by 50 mm post-shock. Additionally,

the increase in the shock angle relative to the flow direction results in a decrease in the shock strength near the

wall, which in turn decreases the peak temperature of the flow. The axial extent of the shock curvature is

(a) Trans-rotational temperature profile (b) Vibro-electronic temperature profile

Fig. 32 Temperature contour plot showing thermal non-equilibrium for trans-rotational temperature
(a), and vibro-electronic temperature (b).

approximately 20 mm, which is consistent with the prediction using De Boer and a chemically frozen gas

mixture. The boundary layer resolved for this condition differs from that predicted by Mirels, arising from the
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pressure gradient at the wall and the shock curvature. The difference in axial velocity (see Figure 33a) is

approximately 30%, which is a direct result of capturing the reacting gas boundary layer rather than relying

on the Mirels model with a constant slug length. This difference in axial velocity results in changes to the

time-of-flight. This is visible in the NO number density profile, with a 25% discrepancy between NESS and

NESS2D by 170 mm post-shock.
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Fig. 33 Centreline traces of axial velocity (a) and NO number density (b) compared to NESS results.

The NO number density profile demonstrates the radial inhomogeneity of the test gas (see Figure 34).

The conditions in the boundary layer are conducive to both forming and retaining NO. This results in a 30

mm sheath of higher number density NO near the tube wall, which is approximately four times the number

density of the core flow. Therefore the NO number density profile is particularly two dimensional, particularly

when considered in combination with the shock curvature. It is also of note that many reaction rates are

extrapolations from high temperature dissociation rates [44], therefore the uncertainty for recombination rate

constants in these cold, near-wall regions is particularly large. These rates rely on the various recombination

rates defined by the dissociation rates, the uncertainty of which is an area of active research.

We complete this analysis by generating synthetic radiance profiles using NEQAIR 15.2.2 [45] to compare

directly with experimental data. Using the supplied instrument line shapes (ILS) and spatial resolution

functions (SRF) from Cruden et al. [24], comparisons to experimental results are shown in Figure 35. As

mentioned previously, the optics capturing the two-dimensional effects are also inherently three-dimensional.

However to isolate the effect of the two-dimensional flow phenomena, analysis of the three-dimensional

optical smearing will be considered out of scope for this work. The integrated line-of-sight (LOS) radiance

profile between 200-400 nm (Figure 35a) demonstrates the shock curvature effects present in NESS2D. The

peak radiance is reduced by 10%, but is also shifted further away from the shock by 5 mm. This initially
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(a) NO number density (b) Zoomed NO number density

Fig. 34 Number density contour plots showing NO number density (a), and NO number density near
the tube wall (b). 8.18 km/s shock in 1.33 Pa synthetic air in a 60.33 cm diameter tube.

seems to indicate improved agreement with the experimental results, however further interrogation of the

spectral radiance (see Figure 35b) show the N2 bands being over-predicted (300-400 nm) by both models and

the NO region (200-300 nm) under-predicted. By approximately 70 mm post-shock, the combined effect of

the additional NO in the boundary layer and the time-of-flight effects in the core flow results in NESS2D

differing by 15% in integrated radiance to NESS, with largest contributions coming from the NO region.
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Fig. 35 Comparison of experimental integrated radiance between 200-400 nm (a), and averaged
spectral radiance at the peak ±5 mm (b).

This preliminary analysis of a low-pressure experiment has demonstrated that two-dimensional effects

in shock tubes are relevant for improved analyses. Shock curvature, boundary layer growth and the non-

equilibrium properties within the boundary layer contribute to this having a consequential effect on line-of-sight
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measurements.

VII. Conclusion
The two-dimensional effects in shock tube flow for a gas in thermochemical non-equilibrium has been

limited to a priori simulations of select conditions, which do not match specific experimental conditions. This

work has developed and analysed the first results from an axisymmetric, two-dimensional, a posteriori shock

tube solver capable of improving both fundamental understanding of shock tube flows and for use in analysing

shock tube experiments.

Converged and mesh independent simulations of 11-species air took approximately 30 minutes on 8

threads using Intel i7-1165G7 processors, and allowed resolution of shock curvature and the boundary layer.

Locally one-dimensional inviscid (LODI) outflow conditions are used to ensure wave propagation through the

domain boundary remains physical, with a pressure boundary condition implemented such that the shock is

located a fixed distance from the domain end. This is achieved via use of the Schur complement. Roe-averages

for the Park two-temperature model are explicitly found in this paper, allowing intermediate states to be at

interfaces for determination of the convective fluxes. This results in the unique capability of resolving a

posteriori non-equilibrium shock tube flow in two dimensions. This captures and resolves the shock thickness,

the shock curvature, impingement of the shock on the tube wall, and the growth of the boundary layer.

However, this solver is only valid for constant shock speed problems, therefore it is important that any analysis

of shock tube data has consideration of the influence of shock trajectory. Thus, use of this solver should be

limited to conditions with flat shock trajectories.

The solver was applied to medium and low pressure synthetic air test conditions. Results for the medium

pressure (33.3 Pa fill pressure) case had close agreement between the quasi-one-dimensional solver and the

two-dimensional results, giving confidence to the reacting gas implementation and the boundary layer growth

captured by the simulation. The low pressure (1.33 Pa fill pressure) case produced significant two-dimensional

effects. Shock curvature, boundary layer growth, and boundary layer properties can appreciably influence the

results for line-of-sight (LOS) measurements, This resulted in a difference in peak radiance emissions of 10%

between the quasi-one-dimensional solver and the two-dimensional solver, which increased to 15% difference

at the end of the viewing window.

This work highlights the importance of developing a dedicated two-dimensional shock tube solver, as

it allows future work to focus on improving understanding of flow behaviour and using this knowledge

to improve quasi-one-dimensional models for low-pressure flows. It also successfully demonstrates the

ability to hold a shock in a desired location in two-dimensions using a variable for the outflow pressure.

This approach provides a path forward for a complete a posteriori model which includes shock trajectory
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effects, which would also be relevant for expansion and reflected shock tunnels. Additionally, this work

can be used immediately to interrogate experimental results, particularly determining the influence of shock

curvature and boundary layers on LOS measurements in low-pressure flows, and determining the value on

wall measurements and their corresponding core flow values. By combining various numerical methods with

boundary conditions appropriate for shock tubes, a unique solver has been developed capable of capturing the

physical two-dimensional nature of shock tube flow. This solver can be used to both improve fundamental

understanding of shock tube behaviour, and for improved analysis of shock tube experimental measurements

which is necessary to improve thermochemistry models.
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5.2 Further Details

Additional details for the matrix decomposition of the flux problem are included below, as well

as the explicit formulation of viscous fluxes.

5.2.1 Convective Fluxes

Let the convective fluxes 𝑭𝒓 and 𝑭𝒛 and the conserved variables 𝑼𝒄 be defined as:

𝑼𝒄 =
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𝜌𝐻𝑢𝑟

𝜌𝑢𝑟𝑢𝑟 + 𝑃

𝜌𝑢𝑟𝑢𝑧

ª®®®®®®®®®®®®®¬

, 𝑭𝒛 =

©­­­­­­­­­­­­­«

𝜌𝜎𝑠𝑢𝑧
...

𝜌𝑒𝑉𝑢𝑧

𝜌𝐻𝑢𝑧

𝜌𝑢𝑟𝑢𝑧

𝜌𝑢𝑧𝑢𝑧 + 𝑃

ª®®®®®®®®®®®®®¬

(5.2)

Then, for a system defined by Equation 5.2 with a two-temperature model and using a form

similar to Gnoffo [152], the matrix 𝑨 is given by Equation 5.3.

𝑨 =



(𝛿𝑠𝑙 − 𝜎𝑠𝑀𝑙)𝑼 0 0 𝜎𝑠𝒏𝒓 𝜎𝑠𝒏𝒛

−𝑒𝑉𝑀𝑙𝑼 𝑼 0 𝑒𝑉𝒏𝒓 𝑒𝑉𝒏𝒛

(−𝑀𝑙𝐻 + 𝛾𝑙)𝑼 𝜙𝑼 (1 + 𝛽)𝑼 𝐻𝒏𝒓 − 𝛽𝑢𝑟𝑼 𝐻𝒏𝒛 − 𝛽𝑢𝑧𝑼

−𝑀𝑙𝑢𝑟𝑼 + 𝛾𝑙𝒏𝒓 𝜙𝒏𝒓 𝛽𝒏𝒓 𝑼 + (1 − 𝛽)𝑢𝑟𝒏𝒓 −𝛽𝑢𝑧𝒏𝒓 + 𝑢𝑟𝒏𝒛

−𝑀𝑙𝑢𝑧𝑼 + 𝛾𝑙𝒏𝒛 𝜙𝒏𝒛 𝛽𝒏𝒛 𝑢𝑧𝒏𝒓 − 𝛽𝑢𝑟𝒏𝒛 𝑼 + (1 − 𝛽)𝑢𝑧𝒏𝒛



(5.3)

Where the subscripts 𝑠 and 𝑙 respectively refer to row and column position in the matrix, the

velocity vector is defined by𝑼 = 𝑢𝑟𝒏𝒓 +𝑢𝑧𝒏𝒛 and retaining the nomenclature of the differentials

found in Gnoffo [152]:

𝛾𝑠 =
𝜕𝑃

𝜕𝜌𝜎𝑠
=

𝜕𝑃

𝜕𝜌𝑠
𝑀𝑠 (5.4)

𝜙 =
𝜕𝑃

𝜕𝜌𝑒𝑉
(5.5)
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𝛽 =
𝜕𝑃

𝜕𝜌𝐸
(5.6)

And define the speed of sound as:

𝑎2 = (1 + 𝛽)𝑃
𝜌

(5.7)

Continuing, we have the eigenvector matrix 𝐿 defined as:

𝑳 =



𝛿𝑠𝑙
𝑎2 0 0 𝜎𝑠

2𝑎2
𝜎𝑠

2𝑎2

0 1
𝑎2 0 𝑒𝑉

2𝑎2
𝑒𝑉
2𝑎2

(𝑢2
𝑟+𝑢2

𝑣)𝛽𝑀𝑙−𝛾𝑙
𝛽𝑎2

−𝜙
𝛽𝑎2 𝑢𝑧𝒏𝒓 + 𝑢𝑟𝒏𝒛

𝐻+𝑎𝑼
2𝑎2

𝐻−𝑎𝑼
2𝑎2

𝑀𝑙𝑢𝑟
𝑎2 0 𝒏𝒛

(𝑢𝑟+𝑎)𝒏𝒓+𝑢𝑟 𝒏𝒛
2𝑎2

(𝑢𝑟−𝑎)𝒏𝒓+𝑢𝑟 𝒏𝒛
2𝑎2

𝑀𝑙𝑢𝑧
𝑎2 0 𝒏𝒓

𝑢𝑧𝒏𝒓+(𝑢𝑧+𝑎)𝒏𝒛
2𝑎2

𝑢𝑧𝒏𝒓+(𝑢𝑧−𝑎)𝒏𝒛
2𝑎2



(5.8)

This returns the inverse 𝐿−1 as:

𝑳−1 =



𝛿𝑠𝑙𝑎
2 − 𝜎𝑠𝛾𝑙 −𝜙𝜎𝑠 −𝛽𝜎𝑠 𝛽𝑢𝑟𝜎𝑠 𝛽𝑢𝑧𝜎𝑠

−𝑒𝑉𝛾𝑙 𝑎2 − 𝜙𝑒𝑉 −𝛽𝑒𝑉 𝛽𝑢𝑟𝑒𝑉 𝛽𝑢𝑧𝑒𝑉

−(𝑢𝑧𝒏𝒓 + 𝑢𝑟𝒏𝒛)𝑀𝑙 0 0 𝒏𝒛 𝒏𝒓

−𝑎𝑼𝑀𝑙 + 𝛾𝑙 𝜙 𝛽 𝑎𝒏𝒓 − 𝛽𝑢𝑟 𝑎𝒏𝒛 − 𝛽𝑢𝑧

𝑎𝑼𝑀𝑙 + 𝛾𝑙 𝜙 𝛽 −𝑎𝒏𝒓 − 𝛽𝑢𝑟 −𝑎𝒏𝒛 − 𝛽𝑢𝑧



(5.9)

The diagonal matrix of eigenvalues Λ is thus defined as:

𝚲 =



𝑼 0 0 0 0

0 𝑼 0 0 0

0 0 𝑼 0 0

0 0 0 𝑼 + 𝑎 0

0 0 0 0 𝑼 − 𝑎



(5.10)

5.2.2 Source Term for Viscous Fluxes

The terms involving 1/𝑟 require particular handling to ensure numerical stability and to avoid

artifacts, particularly at the centreline. Appropriate term cancellation is found by discretising
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∭
𝝉𝜽𝜽𝑑𝑟𝑑𝜃𝑑𝑧 in cell 𝑖, 𝑗 as:

∭
𝝉𝜽𝜽𝑑𝑟𝑑𝜃𝑑𝑧

����
𝑖, 𝑗

= 2𝜋
∫ 𝑟 𝑗+1/2

𝑟 𝑗

∫ 𝑧𝑖+1/2

𝑧𝑖−1/2

𝝉𝜽𝜽 |𝑖, 𝑗+1/2𝑑𝑟𝑑𝑧+2𝜋
∫ 𝑟 𝑗

𝑟 𝑗−1/2

∫ 𝑧𝑖+1/2

𝑧𝑖−1/2

∫ 𝑖+1/2

𝑖−1/2
𝝉𝜽𝜽 |𝑖, 𝑗−1/2𝑑𝑟𝑑𝑧

(5.11)

It is assumed that these values hold constant within the domain of integration, resulting in:

∭
𝝉𝜽𝜽𝑑𝑟𝑑𝜃𝑑𝑧

����
𝑖, 𝑗

≈ 2𝜋(𝑟 𝑗+1/2−𝑟 𝑗 ) (𝑧𝑖+1/2−𝑧𝑖−1/2)𝝉𝜽𝜽 |𝑖, 𝑗+1/2+2𝜋(𝑟 𝑗−𝑟 𝑗−1/2) (𝑧𝑖+1/2−𝑧𝑖−1/2)𝝉𝜽𝜽 |𝑖, 𝑗−1/2

(5.12)



Chapter 6

Impact of Two-Dimensional Effects on
Shock Tube Measurements

6.1 Introduction

Most experimental measurements are integrated line-of-sight (LOS) values, therefore any such

measurement observes not only the core flow, but also any radial non-uniformity such as shock

curvature [13, 96] or boundary layer properties [153]. Literature has often queried the role

of reacting boundary layers in affecting integrated line-of-sight measurements [114, 153, 154],

without the ability to appropriately analyse the effect. Therefore, there exists the opportunity to

identify, directly observe and quantify two-dimensional behaviours using the newly developed

NESS2D (see Chapter 5).

The impact of choice in NEQAIR species population model is especially relevant when

attempting to capture two-dimensional effects using line-of-sight radiance measurements. Non-

local effects referred to in this chapter reference that certain excitation/de-excitation processes

are driven by the local gas composition interacting with the radiation field produced elsewhere

in the flow-field [155]. Quoting directly from Cruden and Brandis in their update to NEQAIR

paper [155]:

...solving non-local transport requires iteration over all points in the flowfield and

is typically avoided due to computational complexity. The usual approximation

158
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employed is to introduce an escape factor which is either specified or estimated by

assuming the radiance to be approximated by the local radiation coefficients accu-

mulated over some distance 𝑑. This works well in many cases, but is demonstrably

bad in boundary layers, the non-equilibrium shock zone and expanding flows[156].

In many cases, the error attributable to this will be diminished over a line of sight,

but not for backshell heating, strongly absorbing boundary layers or very thin shock

stand-offs.

We know the two-dimensional shock-tube profiles have very strong radial gradients due to

shock curvature and through the boundary layer, therefore we must heed the words of Cruden

and model these effects in NEQAIR, despite the increased computational cost. One of the

additional advantages of this choice is the removal of an approximation/correlation for the local

escape factor, which makes the following analysis even more compelling. Importantly, the wall

boundary conditions for one dimensional simulations with non-local effects in NEQAIR must

have representative emissivity and transmissivity. It is therefore assumed that as the wall is cold,

and as the window should have low emissivity and high transmissivity, the boundary at the last

line-of-sight point is modelled as a greybody with 0 emissivity and a transmissivity of 1.

This chapter aims to investigate two-dimensional reacting gas flows where radial non-

homogeneity influences observed measurements. These results offer insight into the funda-

mental behaviour observed in shock tubes, the effect of which was previously unable to be

determined and compared to experimental data.

6.2 Modelling Approach

The shock tube measurements analysed in this chapter were made using emission and absorption

spectroscopy. Therefore, there are the following modelling decisions to make regarding:

a) Fluid dynamics solver

b) Thermochemistry and transport properties model

c) Radiation solver
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The NESS2D solver developed in Chapter 5 offers the unique capability of investigating two-

dimensional shock tube effects a posteriori, thus allowing direct comparison to experimental

measurements. Therefore, this solver will be the primary fluid solver used, with the quasi-one-

dimensional solver NESS [149] (from Chapter 4) used to offer a comparison with the assumption

of constant radial properties.

Thermochemistry, transport properties, and radiation model will be kept constant for each

experiment considered, thus allowing the two-dimensional effects to be isolated.

6.2.1 Thermochemistry and transport properties model

Oxford’s in-house library OCEAN is used to evaluate both the thermochemistry and transport

properties used when modelling the shock tube problems. Transport properties are evaluated

using Chapman-Enskog theory with the chosen collision integrals specified for each condition.

A Park two-temperature model using the specified rate constants for each condition is used to

model thermochemical non-equilibrium.

6.2.2 Radiance solver: NEQAIRv15.2.2

NASA’s NEQAIR v15.2.2 [41] is a line by line code developed by NASA to estimate radi-

ance emission and absorbance, given a specified profile of temperatures and number densi-

ties. Therefore, a posteriori analyses from NESS/NESS2D are used to generate temperature

and number density inputs for NEQAIR. NEQAIR uses these profiles to generate synthetic

emission/absorption profiles, with a variety of models available to determine species popula-

tion levels. Experimentally determined spatial resolution functions (SRF) and instrument line

shapes (ILS) convolve the NEQAIR simulations to account for smearing and broadening mech-

anisms experienced during the experiment, enabling fair comparison between experimental and

numerical results.

The approach to solving for radiance at the window is to take the radial slice at each axial

location, and solve for the non-local, non-Boltzmann line-of-sight radiance profile using only

that slice. This is a simplified approach, as this neglects the non-local effects in the axial direction

[155], while also removing three-dimensional optical effects which can only be captured using
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a ray tracing algorithm. These effects will be considered out of scope in these analyses, however

should be considered in future work. The SRF and ILS are then applied in post-processing to

account for the smearing and broadening mechanisms.

6.3 Effect of Surface Catalycity

The ability to resolve the shock tube problem in two-dimensions offers the unique opportunity

to encounter and resolve effects seen in other hypersonic flows, but never considered before in

shock tube analyses. One such effect is surface catalycity, which is an active area of research

due to the impact on surface heating [157]. There are a variety of methods to model surface

catalycity, with the most rudimentary model consisting of forced recombination of charged

species at the wall boundary. To implement the effect of wall catalycity in NESS2D, reactions

at the wall are overwritten by a new set, with the ability to use rates available in literature.

However, in this preliminary analysis only fully catalytic and non-catalytic walls are considered

to act as bounding conditions for the problem domain. The fully catalytic models will be

broken in two, with charge recombination being referred to as being ‘charge catalytic’, and

charge and atomic species recombination being referred to as ‘charge and atomic catalytic’. The

fully catalytic models use reaction rates sufficiently large to ensure forced recombination of the

relevant species, while the non-catalytic model retains the free-stream reaction rates.

The work contained in Chapter 5 considered T6s484, a 7.3 km/s shock through 33.3 Pa

synthetic air (70.9% N2, 20.1% O2 by volume) in Oxford University’s T6 Aluminium Shock

Tube (AST). Glenn et al. made optical emission spectroscopy measurements in the V/UV and IR

wavelength regions, with the aim of improving knowledge of flows relevant for low Earth orbit

return [7]. Excellent agreement between centreline comparisons of NESS and NESS2D were

found, therefore this analysis will focus on the novel effect of catalytic boundary conditions.

Simulation of the experiment has been conducted with both catalytic and non-catalytic wall

boundary conditions, with catalycity extending to the charged species and to both the charged

and atomic species. Simulation details are shown in Table 6.1, with converged solutions taking

approximately 30 minutes.

This condition has a thin, reacting boundary layer, which is in thermal non-equilibrium.
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Table 6.1: Model parameters for T6s484.

Us Pfill Tube
diameter

Reaction
rates

Collision
integrals

Domain
length Nz Nr

7.3 km/s 33.3 Pa 225 mm Modified Cruden model [158] Wright et al. [150] 0.1 m 400 150

Figure 6.1 illustrates this, through both the shock and the near-wall region. This results in a

complex flow field, with strong gradients in both axial and radial directions.

(a) Trans-rotational temperature (b) Vibro-electronic temperature

Figure 6.1: Thermal boundary layer for trans-rotational temperature (a), and vibro-electronic
temperature (b). Non-catalytic wall boundary condition, 7.3km/s shock in 33.3 Pa synthetic air.

For the cases without atomic recombination, the decrease in temperature near the cold wall

corresponds to an increase in number density of cool atomic oxygen near the wall, shown in

Figure 6.2a. In contrast, the charge and atomic catalytic case has forced recombination of atomic

oxygen at the wall (see Figure 6.2b). However, the decrease in temperature in the boundary layer

is faster than the rate of recombination, resulting in a very thin low number density region.

Although the atomic species profiles share close similarity between charged catalytic and

non-catalytic wall conditions, the electron number density profile is by definition starkly different.

Figure 6.3a) shows the electron number density profile for a non-catalytic wall, where the number

density drops with the cooling gas until the chemical reactions are insufficiently fast to maintain

electron consumption. This results in a thin layer (approximately 0.04 mm thick) of high electron

number density immediately next to the wall. In comparison, the catalytic boundary condition

allows the electron number density to continue to decrease towards the wall.
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(a) Non-catalytic wall (b) Charge and atomic catalytic wall

Figure 6.2: Near wall atomic oxygen number density for the non-catalytic case (a), and charge
and atomic catalytic wall (b). 7.3km/s shock in 33.3 Pa synthetic air.

(a) Non-catalytic electron number density (b) Catalytic electron number density

Figure 6.3: Boundary layer profile of electron number density for non-catalytic (a) and catalytic
(b) wall boundaries. 7.3km/s shock in 33.3 Pa synthetic air.
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Further evaluation of the effect of catalycity will be undertaken by comparing numerical

results using NEQAIR to line-of-sight (LOS) measurements. However, first the choice of

NEQAIR state population model is compared with both the non-local approach and local escape

factor, using one-dimensional NESS results. Free electrons dictate the level of non-Boltzmann

behaviour for atomic species due to their role in collisional excitation/de-excitation. To model

this, a non-Boltzmann, flux limited calculation with non-local radiation was used in NEQAIR

to compare radiance profiles for the strongly radiating oxygen triplet at 777 nm (denoted as

NFN). This is in contrast to the common approach of using a local escape factor (commonly

set to one), which will be denoted as NFL1. Even using a one-dimensional model, there are

significant differences in integrated radiance and the non-Boltzmann state distributions between

the non-local (NFN) approach and the use of a local escape factor (see Figure 6.4). These

results show that the non-local radiance coupling is necessary to calculate the non-Boltzmann

population states near the shock, and will be required to appropriately account for the radial

variation in properties [155].

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

 0.5

-10  0  10  20  30  40  50  60

7
7

0
-7

8
0

 n
m

 R
a

d
ia

n
c
e

 (
W

 c
m

-2
 S

r-1
)

Post Shock Distance (mm)

T6s484
NESS- NFN
NESS-NFL1

 5

 10

 15

 20

 25

 30

 35

 40

 0  20000  40000  60000  80000  100000  120000  140000

ln
(N

i/g
i)

Energy level (cm
-1

)

NESS- NFN
NESS-NFL1

(a) Integrated LOS radiance (b) Atomic oxygen Boltzmann plot at
2 mm post-shock

Figure 6.4: Effect of state population model on one-dimensional predictions of oxygen 777 nm
radiance comparing the (a) the integrated line of sight and (b) the non-Boltzmann distribution
of state populations at 2 mm post-shock. 7.3km/s shock in 33.3 Pa synthetic air.

Figure 6.5 demonstrates the influence of surface catalycity, particularly the influence of

charge catalycity. It is evident that both charge, and charge and atomic surface catalycity

significantly affects the LOS measurement (see Figure 6.5a), with the experimental result lying
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between the catalytic and non-catalytic values. There is a increase of 6% in peak integrated

radiance from both charge and atomic catalycity to only charge catalycity, however the difference

in radiance from 4 cm onwards is minimal. Figure 6.5b shows the average spectral radiance from

50 to 65 mm post-shock, with the experimental radiance approximately halfway between the

two wall boundary conditions. This indicates the wall is partially catalytic, which is perhaps not

unexpected due to the measurement being observed through a CaF2 window [114]. An important

point to make is the finite region of the window region. Some of the gas in the flow (including

the boundary layer) will have been shocked near the aluminium wall, then propagated forward

over the window. This further complicates modelling the catalycity problem, particularly with

a steady solver such as NESS2D. Therefore, bounding the problem (using the charge catalytic

boundary condition) serves as a reasonable approach, especially for metallic shock tubes. This is

supported by literature, where blunt bodies are typically modelled as being completely catalytic

to ionic recombination, but non-catalytic for atomic recombination. Park indicates an atomic

recombination efficiency of less than 0.1, which is even lower for metal oxides [159].

The baseline NESS comparison is also included, where the quasi-one-dimensional solution

is unable to capture the two-dimensional effects present.
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Figure 6.5: Effect of surface catalycity on oxygen 777 nm radiance comparing the (a) the
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7.3km/s shock in 33.3 Pa synthetic air.

The difference in radiance can be explained by considering a slice of test gas 8 cm after the

shock. Although the centreline non-Boltzmann distribution is similar for the various methods
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using the non-local state population method (see Figure 6.6a), the near wall behaviour diverges.

The spike in number density of charged species near the non-catalytic wall significantly increases

the near-wall absorbance. This elevates the number density of the excited state O 3𝑠5𝑆◦, which

corresponds to the lower state of the 777 nm triplet (see Figure 6.6), however does not correspond

with an equivalent rise in number density of the upper state of O 3𝑝5𝑃 (see Figure 6.7a). Figure

6.7b) is explicit in demonstrating this relationship, where the cumulative radiance observed

along the line-of-sight drops dramatically as the electron number density spikes, along with a

corresponding increase in O+ number density. This creates a sheath of gas which is cold, ionised

and with an increased number density of O 3𝑠5𝑆◦, and is therefore strongly absorbing.
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triplet (b). 7.3km/s shock in 33.3 Pa synthetic air.

In comparison, the catalytic boundary condition does not have this absorbing layer, thus has

a similar predicted radiance to the quasi-one-dimensional result. Specialised reaction rates for

the wall boundary condition may provide the ability to resolve the partially catalytic surface

problem, however must be relevant for the window utilised in the experimental setup. However

as previously mentioned, a steady solver will be unable to model where the gas originated, as the

boundary layer contains regions which have been shocked near an aluminium wall and brought

forward by the flow into the observation region.

These results highlight the sensitivity of atomic transitions to wall catalycity, therefore any

modelling of such transitions requires an awareness of the effect. This can be achieved by
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synthetic air.

bounding the problem by a two-dimensional solver such as NESS2D by using both catalytic and

non-catalytic wall boundary conditions, however available literature indicates that typically only

charge recombination should be used [159–161].

6.4 Effect of Shock Curvature

Shock curvature has been identified as a two-dimensional flow phenomenon present in shock

tubes since the 1960s. Boundary layer growth results in a radial velocity component, causing a

velocity gradient which requires the shock to become concave. To estimate the impact on shock

tube studies, Hartunian [96] developed and De Boer [13] improved a relationship between shock

curvature and experimental conditions. Using the De Boer approximations, the maximum shock

front displacement due to the curvature scales with both 1/√𝑃fill (see Figure 6.8a) and with the

radius of the tube (see Figure 6.8b).

Despite this knowledge, no method existed which could systematically account for reacting

gas shock curvature prior to the introduction of NESS2D. This work will continue the analysis of

T6s484, the 7.3 km/s shock through 33.3 Pa synthetic air in a 225 mm diameter tube introduced

in the previous section. This condition has a relatively small axial shock displacement of
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approximately 2 mm, which is between the frozen and equilibrium estimate of De Boer (see

Chapter 5).

In a two-dimensional analysis, the position of the observer becomes critical. Figure 6.9

shows an example line of sight (LOS) measurement through the shock curvature, in a manner

identical to the solution method used in NEQAIR. The radiance observed at the window (𝑦 = 0

in Figure 6.9) will be any radiance along the identified LOS. Therefore, certain regions through

the shock (or the cold, reacting boundary layer), will act to absorb any radiance emitted in the

direction of the observer, including that originating from the far side of the tube. This requires

a fully coupled radiance solution in NEQAIR, rather than using a local escape factor [155].

Closer examination of the non-equilibrium region in Figure 6.5a) is shown in Figure 6.10,

where the integrated LOS measurement of the 777 nm line is increased by approximately 30%

from the charge catalytic NESS2D result to the quasi-one-dimensional NESS value. By 5 mm

post-shock, the quasi-one-dimensional radiance is very similar to the two-dimensional result.

This aligns with the result in Figure 6.9, where the effect of curvature for vibrational temperature

has decreased significantly, indicating a decrease in radial variance of properties along the LOS.

The radiating flow field in this wavelength region is not fully optically thin and is non-locally

coupled, therefore radiation emitted by a specific location in the test slug can be emitted and re-
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Figure 6.9: Idealised integrated LOS measurement through shock curvature, including location
of observation window. 7.3km/s shock in 33.3 Pa synthetic air.

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

 0.5

-5  0  5  10  15  20

7
7

0
-7

8
0

 n
m

 R
a

d
ia

n
c
e

 (
W

 c
m

-2
 S

r-1
)

Post Shock Distance (mm)

T6s484
NESS

NESS2D Charge Catalytic

Figure 6.10: Non-equilibrium region of the integrated line of sight between 770 and 780 nm
7.3km/s shock in 33.3 Pa synthetic air.



170 Chapter 6

absorbed multiple times before it reaches the observation window. It is desirable to represent the

non-local coupling via a contour plot which shows the local radiance contribution. Figure 6.11

shows the radiance contribution 𝑑𝐿/𝑑𝑠, which is the derivative of the radiance 𝐿 with respect

to path length 𝑠. Note that the observer is located at 𝑦 = 0, i.e. at the observation window,

in Figure 6.11. Due to the coupled nature of the problem, this plot does not represent where

photons originate from, rather it is the contribution to the overall LOS at the window which

includes the effect of direct photon emission, stimulated emission elsewhere, and absorbance.

Therefore, in the direction of the observation window, radiation originating from the far side

of the tube is absorbed less by its immediate surroundings compared to the gas next to the

observation window. Close to the window, any radiance directed towards it will be affected

by the more absorbent gas, (or the cold boundary layer further behind the shock), reducing the

radiance contribution.

Figure 6.11: Contribution to line of sight radiance between 770 and 780 nm before convolution.
Shock curvature is shown by the red line and tube centreline in white. 7.3km/s shock in 33.3 Pa
synthetic air.

This results in the shock curvature acting not as an effective convolution function but rather

to reduce the total radiance observed. Significantly, this effect has been shown to be relevant

for a shock tube condition with relatively small shock curvature of approximately 2 mm. Usage

of the coupled radiance model in NEQAIR is critical when modelling this effect, as the radial

non-homogeneity invalidates use of a local escape factor [155].
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6.5 Effect of Boundary Layer Absorbance

Boundary layer absorbance has been identified by the work of Jelloian et al. as a source of

increased absorption in shock tube tests relevant for Martian entry [153]. In their work, a

self-similar boundary layer was used to estimate the additional absorption of CO2 features due

to the presence of cooler, more dense gas in a thin boundary layer. As NESS2D directly captures

the properties of the reacting boundary layer, a direct estimate of the additional boundary layer

absorbance can be made without the assumptions used by Jelloian et al.. The test case analysed

is Shot 9 from EAST test series 64 (ES64-9), a 3.4 km/s shock through 145.3 Pa fill gas in a

101.6 mm diameter tube. The fill gas is a simulated Martian atmosphere, composed of 95.4%

CO2, 2.6% N2 and 2.0% Ar by volume [154]. This experiment was chosen as it appeared to be

particularly affected by the presence of the boundary layer, with an inferred temperature increase

of 10% after post-processing, and a relatively low shock deceleration of 300 m/s during the test.

Details of the NESS2D simulation of the experiment are shown in Table 6.2, with converged

solutions taking approximately 45 minutes.

Table 6.2: Model parameters for ES64-9.

Us Pfill Tube
diameter

Reaction
rates

Collision
integrals

Domain
length

Wall
catalycity Nz Nr

3.4 km/s 145.3 Pa 101.6 mm Cruden model [162] Wright et al. [163] 0.14 m Charge catalytic 350 150

The high pressure fill conditions result in a small shock thickness, with minimal shock

curvature. This is visible in Figure 6.12, where the temperature profile is radially homogenous

outside of the boundary layer, and the pressure profile rapidly becomes planar after the shock.

Previous work of Jelloian had identified that the boundary layer profiles of temperature and CO2

number density significantly affected absorbance, Figure 6.13 shows a very thin boundary layer

with a drop in temperature near the wall corresponding with an increase in CO2 number density.

Due to the low shock speed, CO2 dissociation occurs slowly in the core flow, with CO being the

major species formed. Laser absorption spectroscopy (LAS) measurements in this experiment

targeted CO2 spectral transitions at 4.19 𝜇m, and were analysed by Jelloian et al. [153] to infer

temperature and CO2 number density. One of the key advantages of LAS measurements is the

ability to isolate spectral features such that fitting is a well-posed problem. They noted that the
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(a) Trans-rotational temperature profile (b) Pressure profile

Figure 6.12: Contour plots for trans-rotational temperature (a), and pressure (b). 3.4 km/s shock
in 145.3 Pa simulated Martian gas.

(a) Trans-rotational temperature profile (b) CO2 number density profile

Figure 6.13: Contour plot showing near wall trans-rotational temperature (a), and CO2 number
density (b). 3.4 km/s shock in 145.3 Pa simulated Martian gas.
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primary feature affected by the boundary layer absorbance is the 𝜈3(0000)R(58) spectral feature,

which is a ground state fundamental band. Therefore, this work will focus on the 4.19 𝜇m LAS

measurements, and the effect of boundary layer absorption in this region.

Firstly, we isolate the absorbance of the core flow by subtracting the boundary layer ab-

sorbance. Then, we compare our estimate for boundary layer absorbance to previous estimates

in literature, before inferring new temperature profiles for the core flow.

6.5.1 Estimation of Core Flow Absorbance

To interrogate the results produced by NESS2D to evaluate boundary layer absorption, we first

must attempt to isolate the boundary layer from the core flow. Synthetic absorbance was first

evaluated at each axial location assuming a Boltzmann profile in NEQAIR, and integrated over

the diameter of the tube (see Equation 6.1). This is due to the high pressure resulting in very

low thermal non-equilibrium, and the low speed having insufficient energy to ionise the flow.

𝐴sim =
∫ 𝐷

0
𝛼(𝐿)𝑑𝐿 (6.1)

This forms a contour plot of absorbance, finding agreement to within 20% of the experimental

measurements (see Figure 6.14) in the regions with strong signal. The experimental absorbance

is increased relative to the simulated values in the first 50 mm, particularly evident in the R(58)

band at 4194.3 nm.

Having established the radial homogeneity of the flow outside of the boundary layer, we can

therefore isolate the system into two regions, the core flow and the boundary layer.

𝐴sim ≈ 𝛼core,sim(𝐷 − 2Δ𝐵𝐿) + 2
∫ Δ𝐵𝐿

0
𝛼(𝑠)𝑑𝑠 (6.2)

=⇒ 2
∫ Δ𝐵𝐿

0
𝛼(𝑠)𝑑𝑠 ≈

∫ 𝐷

0
𝛼(𝑠)𝑑𝑠 − 𝛼core,sim(𝐷 − 2Δ𝐵𝐿) (6.3)

where 𝐴 is the total absorbance, 𝛼 is the local absorbance contribution and 𝑠 is the position

along the LOS. The variable Δ𝐵𝐿 can be arbitrary, with the only requirement being that it is

larger than the boundary layer. Therefore, an estimate is found for the core flow absorbance by
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(a) Experimental absorbance profile (b) Simulated absorbance profile

Figure 6.14: Contour plots demonstrating excellent agreement between a) experimental ab-
sorbance and b) simulated absorbance. 3.4 km/s shock in 145.3 Pa simulated Martian gas.

subtracting the simulated boundary layer absorbance from the experimental dataset:

𝛼exp,core(𝐷 − 2Δ𝐵𝐿) ≈ 𝐴exp − 2
∫ Δ𝐵𝐿

0
𝛼(𝐿)𝑑𝐿 (6.4)

=⇒ 𝛼exp,core(𝐷 − 2Δ𝐵𝐿) ≈ 𝐴exp −
(∫ 𝐷

0
𝛼(𝐿)𝑑𝐿 − 𝛼core,sim(𝐷 − 2Δ𝐵𝐿)

)
(6.5)

A value for Δ𝐵𝐿 of 2.5 mm was chosen, with the total boundary layer absorbance estimate shown

in Figure 6.15. This corresponds to a 10% change in total absorbance area by 100 mm after

the shock, with the result agreeing with Jelloian that the R(58) feature is most affected by the

boundary layer absorption.

6.5.2 Comparison to Self-Similar Solutions

The approach taken thus far to isolate the core flow absorbance has been similar in principle to

the method of Jelloian et al.[153]. However, the key difference is the method used to determine

the boundary layer. NESS2D inherently captures a two-temperature, reacting gas boundary layer

with transport properties evaluated using Chapman-Enksog theory. In comparison, Jelloian et al.

required a number of key assumptions and correlations to obtain an estimation of the boundary

layer properties. These can be summarised as [153]:

• Gas mixture is 100% CO2
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(a) Boundary layer correction (b) Inferred experimental absorbance profile

Figure 6.15: Demonstration of the boundary layer correction process a) boundary layer cor-
rection from NESS2D and b) Inferred experimental absorbance. 3.4 km/s shock in 145.3 Pa
simulated Martian gas.

• Post-shock velocity determined by ideal gas relations

• Constant post-shock pressure (taken from CFD of a blunt body model)

• Constant post-shock temperature (taken from CFD of a blunt body model)

• Boundary layer is a perfect gas, non-reacting self-similar solution using the flat plate

equations

• Viscosity 𝜇 found using Sutherland’s law with 𝜇0 = 1.370×10−5 (N·sec)/m2 and 𝑆𝜇 = 222

K

• Thermal conductivity 𝜅 found using Sutherland’s law with 𝜅0 = 0.0146 W/(m·K) and

𝑆𝜅 = 1800 K

As the shock speed is relatively slow, dissociation of CO2 occurs slowly with the gas mixture

changing relatively little in the post-shock shock environment, resulting in the flow behaviour

being dictated by the primary constituent of CO2, as assumed by Jelloian et al.. Therefore, self

similar boundary layer solutions using Equations 7-9 from Mirels [14] were evaluated using

the core flow temperature at each post-shock location from the NESS2D results. Solutions

were found using both the variable thermal conductivity model suggested by Jelloian et al.,
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and by assuming a constant Prandtl number. The 99% thermal boundary layer thickness is

plotted in Figure 6.16, which demonstrates the poor agreement when using the variable thermal

conductivity model (approximately 380%). In this particular case, the significant discrepancy

in thermal conductivity results in the thermal boundary layer protruding far further into the flow

field.
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Figure 6.16: Comparison of the thermal boundary layer thickness to self similar boundary layer
solutions using the approach of Mirels [14].

The discrepancy in boundary layer thickness can be interrogated directly by considering the

transport properties of pure CO2. Properties evaluated using the collision integrals of Wright et

al. [163] are considered best practice, comparing them to results using the Sutherland coefficients

demonstrates the invalidity of these constants for hypersonic flow conditions (see Figure 6.17).

This is further demonstrated by considering the radial temperature and CO2 number density

profiles at 80 mm post shock (see Figure 6.18). The closer agreement in the thermal boundary

layer using a constant Prandtl number and NESS2D is expected, as the Prandtl number of pure

CO2 varies between 0.88 and 0.82. However, the number density prediction is poor due to

the combination of incorrect mixture and free-stream pressure, albeit far closer than the result

using the Sutherland law coefficients. Following this through to the influence on the boundary

layer absorbance, Figure 6.19a shows the average absorbance through the boundary layer at 80

mm post shock. This is found by integrating through the 2.5 mm boundary layer region, and

normalising by the total path length considered. Figure 6.19b) gives the mean absorbance of the
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boundary layer contribution in the wavelength range considered, with the absorbance used by

Jelloian et al. being approximately 80% higher than that predicted by NESS2D at 80 mm post-

shock. Therefore, previous methods have vastly overestimated the boundary layer absorbance.
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Figure 6.19: Comparison of the boundary layer absorbance to the centreline value.

This analysis highlights the advantage of NESS2D in determining an estimate of boundary

layer absorbance, as the previous state-of-the-art methodology required assumptions which are

now unnecessary.

6.5.3 Inferred Temperature Profiles

By correcting for the influence of the boundary layer, the state of the core flow can be inferred.

Recognising the large uncertainty in number density identified during the Boltzmann regression

of Jelloian et al. [153], coupled with the low degree of CO2 dissociation in this low speed flow,

allows a reasonable assumption to be made that the CO2 number density follows the centreline

distribution predicted by NESS2D. This reduces the fitting problem to just temperature, which

is implemented using a least-squares minimisation of the synthetic NEQAIR absorbance to

the experimental values. This was completed for both the raw and boundary layer corrected

absorbance profiles (see Figure 6.20). The boundary layer only increases the fitted temperature

by approximately 2%, with the effect increasing with the size of the boundary layer. This is

a significant reduction in the boundary layer effect compared to the 10% increase proposed by
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Jelloian et al.. This is an expected result due to the issues with their boundary layer model,

but the result remains that the boundary layer absorbance would be more impactful for higher

velocity experiments at lower fill pressures due to the increased boundary layer thickness. These

results demonstrate agreement within uncertainty to the results of NESS2D using the Cruden

rates, and agree within uncertainty with the inferred temperature from CO absorbance in a

different wavelength region[153]. Details of the uncertainty analysis are contained in Appendix

A.

Figure 6.20: Estimation of the centreline temperature profile from absorbance profile fitting.

These results highlight the unique capability of NESS2D in resolving the boundary layer

directly relevant to a specific experiment, inherently capturing the non-equilibrium nature and

thus removing any reliance on correlations. This has direct applicability to LAS measurements

of features where boundary layer absorbance is relevant. This is pertinent to lower fill pressure

conditions where the boundary layer is larger, and for faster flows, where the boundary layer

may be in a state of increased thermochemical non-equilibrium.

6.6 Effect of Test Slug Length

Reacting boundary layer growth is especially important for lower fill pressure conditions in

smaller diameter tubes. The increased ratio of the boundary layer size to the core flow diameter
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results in a decreased test slug length, and the low pressure means that thermochemical non-

equilibrium persists through the full test slug. A Mirels analysis assuming equilibrium or frozen

conditions will be inherently invalid, and even more so for gas mixtures outside of N2 and O2 fill

conditions. The correlations Mirels developed were specifically for N2-O2 (and argon) mixtures

[62], therefore caution should be exercised when applied to mixtures such as those used in Mars

experiments. This is highlighted by analysing the NASA EAST experiment, ES54-40, which

is a 7.44 km/s shock through a 101.6 mm diameter tube filled with 6.66 Pa synthetic Mars gas

composed of 95.8% CO2, 2.7% N2 and 1.5% Ar by volume. The estimated Mirels lengths are

40.4 mm and 35.2 mm for equilibrium and frozen gas conditions respectively. Given the viewing

window is approximately 100 mm, the emission spectroscopy taken of this experiment should

observe the entire test slug.

Modelling details for the NESS2D simulation are contained in Table 6.3, with the NESS

model ran using the same thermochemistry and transport properties model with the equilibrium

test slug length. NEQAIR simulations used a non-Boltzmann, flux limited calculation with

non-local radiation to generate the radiance profiles.

Table 6.3: Model parameters for ES54-40.

Us Pfill Tube
diameter

Reaction
rates

Collision
integrals

Domain
length

Wall
catalycity Nz Nr

7.44 km/s 6.6 Pa 101.6 mm Park model [164] Wright et al. [163] 0.05 m Charge catalytic 350 150

Figure 6.21 shows the significant thermal non-equilibrium which persists through the domain,

in both the radial and axial directions. The effect of the cold wall boundary condition is visible

approximately 8 mm from the wall, highlighting the two-dimensional nature of the flow.

By analysing the axial velocity contour plot in Figure 6.22, we see the flow is nearly stagnated

by the end of the domain, with an estimated core slug length of 52 mm. This is a 30 % increase

to the equilibrium estimate, highlighting the inability of Mirels’ correlations to predict the slug

length when used outside of their designed context. This plot also shows how the contact surface

would not be a planar surface, therefore radiance of the carbonaceous species must persist after

the core flow becomes predominantly driver gas.

Comparing the line-of-sight emission between 333-495 nm indicates how this corresponds

to changes in observed radiance (see Figure 6.23). This wavelength region is dominated by
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(a) Trans-rotational temperature profile (b) Vibro-electronic temperature profile

Figure 6.21: Temperature contour plot showing thermal non-equilibrium between trans-
rotational temperature (a), and vibro-electronic temperature (b). 7.44km/s shock in 6.66 Pa
synthetic Martian atmosphere.

Figure 6.22: Axial velocity contour plot in the shock frame of reference. 7.44km/s shock in
6.66 Pa synthetic Martian atmosphere.
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CN and C2-swan radiance which is in chemical non-equilibrium throughout the domain, and

therefore acts to highlight any changes in time-of-flight. A 25% increase in radiance is observed

by 30 mm post-shock to the NESS result, with the thermochemistry model failing to predict the

peak nor the shape of the radiance decay. As this region was not sensitive to non-local effects

due to the primary mechanism of excited population levels arising through chemical formation

or heavy-particle collisions, it therefore offers a fair comparison to the quasi-one-dimensional

NESS model.
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Figure 6.23: Integrated LOS radiance between 333 and 495 nm. 7.44km/s shock in 6.66 Pa
synthetic Martian atmosphere.

Perhaps a more interesting analysis is to consider the legacy approach of using the stagnation

line of a sphere [58–61], and then transforming using the equilibrium Mirels length and the

analytical time-of-flight (TOF) approximations [147]. Despite the introduction of quasi-one-

dimensional models such as NESS, this remains a common approach, an example is the method’s

ongoing use for upcoming interplanetary missions [30]. An estimation for the stand-off distance

of a 3 m radius sphere was found to be 125 mm using the correlation of Wen and Hornung

[165], and the stagnation line estimate found assuming a linear decrease of the density-velocity

product [149].

The raw and transformed radiance profile is shown in Figure 6.24a), with the percentage

difference to the benchmark two-dimensional result in Figure 6.24b). Disagreements around

the peak radiance are due to the shock curvature, which is unable to be captured using a one-

dimensional analysis. Examining the TOF transformed result, we find significant improvement
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compared to the blunt body stagnation line, improving agreement from 50% above the NESS2D

value, to 30% below at 30 mm post-shock. The blunt body continues through 100% disagreement

by 45 mm post-shock, while the TOF transformed result underpredicts radiance by 60% post

shock. This is due to the flow undergoing greater relaxation for the blunt body stagnation

problem due to the vastly increased stand-off distance. As the flow is still chemically reacting

through the domain, the increased time allows the blunt body flow to progress further towards

equilibrium. In comparison, the NESS result has peak disagreement of 25%, however it is

unable to capture the additional 10 mm of flow predicted by NESS2D due to the correlation

used to estimate slug length.
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(a) Integrated LOS radiance. (b) Comparison to the two-dimensional result.

Figure 6.24: Integrated LOS radiance between 333 and 495 nm using a blunt body analysis (a)
and percentage difference to the two-dimensional result (b). 7.44km/s shock in 6.66 Pa synthetic
Martian atmosphere.

This analysis highlights both the significant improvement made to centreline prediction of

shock-tube flows using the time-of-flight analysis and the quasi-one-dimensional shock tube

model of NESS, and the reliance on accurate correlations for these methods to work. Caution

should be exercised when using Mirels’ correlations outside of their designed range, and addi-

tionally exercised when using time-of-flight transformations when the flow is not in equilibrium

at the end of the test slug.
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6.7 On the Coupled Nature of Two-Dimensional Flow

The previous sections have aimed to separate the various two-dimensional effects present in shock

tubes. In reality, these effects interact in a coupled manner, resulting in LOS measurements

which capture the concurrent effects. Again consider the NASA EAST experiment, ES54-40,

which is a 7.44 km/s shock through a 101.6 mm diameter tube filled with 6.66 Pa synthetic

Mars gas composed of 95.8% CO2, 2.7% N2 and 1.5% Ar by volume. In comparison to the

higher wavelength ranges in the previous section which capture CN and C2 radiance between

333-495 nm, the impact of two-dimensional flow is particularly evident in the lower wavelength

regions from 120-170 nm associated with CO and C radiance. This is due to the role of electron

excitation/de-excitation having an increased role in CO radiance production, making this region

more affected by non-local effects. This is evident in Figure 6.25, where one-dimensional results

using a local escape factor of one offers a poor comparison to experimental results.

Absorbance through the shock curvature, as well as through the cold boundary layer results

in significant differences between the two models. Figure 6.25a demonstrates the difference

(approximately 50% greater than NESS-NFN between 30-50mm) between the two modelling

approaches, and the inability of the quasi-one-dimensional approach to capture all of the phys-

ical behaviour present. Aside from the first 5 mm, where it appears saturation affected the

experimental measurements, the agreement between NESS2D and the experiment is excellent.

This is reinforced in Figure 6.25b, with strong agreement across the spectral range between 30

and 40 mm.

The radiance contribution (see Figure 6.26a) is increased due to the boundary layer, where

the combination of the decrease in electron number density (see Figure 6.26b) and increasing

temperature at the boundary layer edge then decreasing temperature at the wall results in

increased emission reaching the window.

This is apparent in the number density profiles at 40 mm post shock of the states corre-

sponding to the strong carbon line at 165 nm, which is the transition of C 2𝑠22𝑝2 3𝑃𝐽 to C

2𝑠22𝑝 3𝑠 3𝑃𝑜
𝐽 . Figure 6.27a) shows how the lower state decreases to half the core value in

number density from 10 mm to 1 mm from the wall, however increases significantly from 1 mm

to be over double the core number density at the wall. In comparison, the upper state number
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Figure 6.25: Effect of resolving two-dimensional flow on the (a) integrated LOS measurement
from 120-170 nm and (b) average spectral intensity from 30 to 40 mm post-shock. 7.44km/s
shock in 6.66 Pa synthetic Martian atmosphere.

(a) Contribution to radiance (b) Electron number density near the tube wall.

Figure 6.26: Absorbance of radiance visible due in the radiance contribution profile (a), partially
due to to the decrease in electron number density at the wall (b). 7.44km/s shock in 6.66 Pa
synthetic Martian atmosphere.
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density (see Figure 6.27b) increases by 1.7 times from 10 mm from the wall. This drops rapidly

to approximately half the core flow value inside 1 mm. This behaviour is shared with the CO

bands, and results in the boundary layer emitting more radiance in the boundary layer from the

far side of the tube (Figure 6.27c). Additionally, the region next to the window has an increase in

radiance from 10 mm to 1 mm from the window, but has a thin region of absorbance beginning

1 mm from the observation window. Additionally, and importantly, the radiance in this region

is optically thick, which highlights the radial non-uniformity.
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Figure 6.27: Number density of the lower state (C 2𝑠22𝑝 3𝑠 3𝑃𝑜
𝐽 ) of the 165 nm transition (a),

number density of the upper state (C 2𝑠22𝑝2 3𝑃𝐽) (b), and cumulative radiance between 120-170
nm at 40 mm post-shock distance. 7.44km/s shock in 6.66 Pa synthetic Martian atmosphere.

Therefore, for optically thick conditions with species which have strong reliance on electron

impact excitation/de-excitation such as C and CO, the non-local radiance coupling through
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the shock curvature and boundary layer is critical to appropriately model radiance. Given

this is impossible with one-dimensional methods, any numerical analysis must account for the

two-dimensionality of the flow. Otherwise, they must accept that these wavelength regions

are missing physical behaviour and therefore concentrate efforts on species and wavelength

ranges with lower dependency on two-dimensional effects. The analysis of this experiment

demonstrates the importance of accounting for two-dimensional effects, for both determining

the slug length of a reacting gas mixture, and for wavelength regions and conditions which are

sensitive to the effect of shock curvature and boundary layer properties.

6.7.1 Application to Titan Entry

The first paper of this thesis (see Chapter 3) used a Titan entry condition to highlight the

effect of spatial transformations of blunt-body stagnation line solutions to shock-tube relevant

coordinates. This condition, ES61-19, is a 6.1 km/s shock through a 101.6 mm diameter tube

filled with 13.3 Pa synthetic Titan gas composed of 98% N2, and 2% CH4 by volume. It was

also used as a test case for the quasi-one-dimensional solver NESS in Chapter 4, highlighting

the improved ability to model the physical behaviour of the core flow. For completeness, we

will therefore return briefly to this experiment.

As previously mentioned in Chapters 3 and 4, the estimated Mirels length is 78 mm.

Modelling parameters for the NESS2D simulation are contained in Table 6.4, with the NESS

model ran using the same thermochemistry and transport properties model with the equilibrium

test slug length. NEQAIR simulations used a non-Boltzmann, flux limited calculation with

non-local radiation to generate the radiance profiles, which is different to the previous chapters

to ensure two dimensional effects are appropriately captured. Furthermore, the vibrational

weighting of excitation was changed from using the potential minimum, to being computed

using the lowest vibrational level. This is achieved by setting the NEQ_QSS_EXC_V flag as 1,

which is the new default behaviour in NEQAIR 15.3.

The results in Figure 6.28 are consistent with the previous sections, where time-of-flight

differences are evident between the methods (NESS and NESS2D) accounting for boundary

layer mass loss and the blunt body stagnation line from DPLR (which uses a slightly different

thermochemistry model). Figure 6.28a) shows significant improvement in agreement with the
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Table 6.4: Model parameters for ES61-19.

Us Pfill Tube
diameter

Reaction
rates

Collision
integrals

Domain
length

Wall
catalycity Nz Nr

6.1 km/s 13.3 Pa 101.6 mm Gökçen model [166] Wright et al. [150] 0.08 m Charge catalytic 350 150

experimental data from 15 mm onward using the updated NEQAIR modelling approach, however

the two-dimensional effects are minor for this optically thin condition. The peak radiance is

over-predicted by 4% in the CN-violet region (370-440 nm) by the one dimensional model, and

under-predicted by 3% in the CN-red region (480-660 nm) (see Figure 6.28b), however overall

the peak radiance is 40% under-predicted by all models when compared to the experimental

value.
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Figure 6.28: Effect of resolving two-dimensional flow on the (a) integrated LOS measurement
from 330-440 nm and (b) integrated LOS measurement from 480-680 nm. 6.1 km/s shock in
13.3 Pa synthetic Titan atmosphere.

The behaviour of this flow is similar to the previous section, where the reacting boundary

layer has gradients in temperatures, number density of the radiating species (a sheath of CN

forms in this case) and in electron number density (see Figure 6.29). The near wall region is in

thermochemical non-equilibrium both axially and radially, resulting in an increase in CN number

density, and decrease in temperature and electron number density near the wall. Interestingly,

the effect of the boundary layer appears to extend further into the domain for the electron number

density, which is reacting throughout the domain. The shock curvature results in a weaker shock

strength near the wall, decreasing the production of electrons. This, coupled with boundary



189 Chapter 6

layer growth, forms a larger affected region. This alters the electron excitation/de-excitation

rates for non-Boltzmann species population calculations for a greater portion of the flow than

just the thermal boundary layer. However for this condition, the boundary layer region is neither

sufficiently radiant, nor optically thick to alter the observed radiance.

(a) 𝑇𝑡𝑟 (b) 𝑇𝑣𝑒

(c) CN number density (d) Electron number density

Figure 6.29: Effect of the boundary layer on (a) trans-rotational temperature, (b) vibro-electronic
temperature, (c) CN number density and (d) electron number density. 6.1 km/s shock in 13.3 Pa
synthetic Titan atmosphere.

6.8 Concluding Remarks

Two-dimensional a posteriori simulations of a variety of shock tube tests have demonstrated

a number of known, and previously unknown effects. The two-dimensional shock tube solver
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NESS2D enabled unique analyses into the effect of surface catalycity, shock curvature, and

boundary layer absorbance, for both emission and absorption spectroscopy measurements. The

ability to determine test slug lengths inherently removes any dependence on mass loss correla-

tions, significant for reacting flows and for flows outside of the original scope of the developed

correlations.

The previously unreported effect of surface catalycity in shock tubes was observed and a

preliminary analysis was conducted. It was found to influence atomic oxygen emission at 777

nm, where the layer of cold, ionised gas influences the ability of radiance emissions to reach

the observation window. It was found that the experimental result was approximately halfway

between the catalytic and non-catalytic radiance value, with the non-catalytic radiance being

approximately 10 times smaller than the catalytic result. It is unsurprising that partial catalycity

may exist due to the window of the experiment being composed of CaF2, therefore future work

could investigate implementation of partial catalycity of these windows to improve predictions

of affected flows. However, steady simulations of this phenomena will be limited due to some

of the gas in the boundary layer originating from regions where the wall was catalytic. As

such, the catalycity problem can be bounded by the use of NESS2D, and appears to lay closer

to fully catalytic results. However, it will be difficult to fully resolve due to the dependence on

rates and requiring a transient solution of the problem. The two-dimensional analysis provided

by NESS2D together with NEQAIR can enable an understanding of wavelength regions when

this may be influential, particularly those transitions which are most affected by non-local non-

Boltzmann interactions such as those dependent on electron impact excitation/de-excitation.

These non-local effects were also found to increase the effect of shock curvature by three

times the previously found value, acting to absorb the radiance before it reached the observation

window in the 777 nm region. This highlights any radial non-homogeneity in the flow, acting

less like a convolution function than previously seen and for a flow with small shock curvature

of 2 mm.

The two-dimensional effects were also demonstrated to affect laser absorption spectroscopy

measurements. A high pressure, 3 km/s shock speed experiment used for Martian entry analysis

was analysed, with a 10% increase in absorbance of a CO2 band at 4.19 𝜇m found due to a cold

boundary layer. This corresponded to a 2% increase in the inferred experimental temperature,
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which is significantly lower than the 10% value previously reported. Due to growth of the

boundary layer being inherent to the two-dimensional solution, further investigation determined

that the correlations used previously were unable to accurately model the transport properties

of the high temperature flows. This experiment demonstrates both the effect of boundary layer

absorbance on LAS measurements, and highlights the ability of the analysis to predict the

influence of boundary layers at lower pressures and higher shock speeds. This expands the range

of applicability for LAS measurements significantly.

The resolution of the boundary layer enables test slug length of reacting gases to be found

directly, without relying on correlations such as Mirels’. This is significant when the flow is in

thermal non-equilibrium, or when it is a gas not previously considered by literature. For a 7.44

km/s shock through 6.66 Pa synthetic Martian gas in a 10.16 cm tube, a 30% increase in the slug

length was observed when compared to the best estimate from correlations.

Finally, certain wavelength regions are more dependent on two-dimensional effects, de-

pending on optical thickness and their sensitivity to excitation/de-excitation rates in non-local

non-Boltzmann calculations. Improved agreement to experiments was observed for CO radiance

between 120-170 nm for a 7.44 km/s shock through 6.66 Pa synthetic Martian gas, particularly

towards the rear of the test slug. Up to 50% higher radiance was observed in these regions

compared to one-dimensional results, however other wavelengths and conditions had minimal

changes between NESS and NESS2D, including dominant CN radiance in a 6.1 km/s, 13.3 Pa

Titan condition. Therefore, an understanding of the dependence on two-dimensional effects is

required to determine the domain of relevance for results from a one-dimensional model.

The work in this chapter offers a step change in our understanding of shock tube experiments.

In particular, the previously unobserved effect of surface catalycity, and appropriate treatment of

boundary layer effects, can now be considered by numerical analysis. Improved understanding

of boundary layer absorption for LAS spectroscopy has been developed, and can be applied to

a wider range of experiments to estimate the properties in the core flow.
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Conclusions and Future Work

The primary goal of this thesis was to develop numerical tools able to predict shock-tube flow

such that improvements can be made to thermochemistry models. This was partitioned in

Chapter 1 into three objectives:

1. Find transforms for common numerical shock tube analyses to correctly account for mass

loss to the boundary layer.

2. Develop a specialised a posteriori non-equilibrium shock tube model usable for analysing

and evaluating thermochemistry models.

3. Investigate the effect of boundary layer growth and shock curvature on shock tube line-

of-sight measurements

This chapter synthesises the conclusions of the preceding work, and highlights the con-

tribution to advancing the state-of-the-art. The objectives have been broadly achieved, with

the research providing a fertile ground for future work, which will be discussed further. This

includes the immediate application to rate optimisation using shock-tube data, alongside con-

tinued methodology development to include shock trajectory effects with a natural extension of

reflected and expansion tube problems.

192
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7.1 Review of Contributions

To appreciate the contribution of this work, it is perhaps helpful to summarise literature’s

approach to shock tube simulations at the beginning of this thesis (see Chapter 2).

Given the fundamental inability of a priori simulations to match shock speed at an observation

location, literature had recognised that an a posteriori approach was required when analysing

experimental data. Equilibrium LASTA (v1.0) [100] was able to account for shock trajectory

effects, while for non-equilibrium modelling, the best approximation for modelling shock tube

flows was a blunt body stagnation line. This is visually represented in Figure 7.1, which

highlights the advancements in modelling methods developed during this thesis.

Figure 7.1: Overview of numerical methods developed during the thesis.

7.1.1 Development of Spatial Transformations for Shock Tube Modelling

Chapter 2 identified clear issues with modelling shock tubes using the stagnation line of blunt

bodies, or worse, using the Rankine-Hugoniot relations and relaxing to an equilibrium state.

However, these approaches are the workhorse approach for the literature, and are likely to con-

tinue in this capacity until adoption of quasi-one-dimensional and two-dimensional modelling

(when required) is implemented. This motivates the first objective, developing the ability to

transform results using these approaches onto shock tube relevant coordinates. This was achieved

in Chapter 3, where the transformation was found to significantly influence the radiance profiles

for slower reacting flows (such as carbonaceous flows). Additionally, the transformations devel-

oped allow reasonable comparisons between facilities [145]. However, the results of Chapters 4

and 6 highlight that although agreement is significantly improved after application of the trans-
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form, it is unable to completely capture the combination of compression effects (density and

temperature rise) with the time-of-flight changes (originating from the axial velocity profile).

This situates the ongoing relevance of the spatial transformations developed in Chapter

3; they should be considered a patch for the literature to use whilst adopting the approaches

developed in Chapters 4 and 5, not a crutch on which to lean indefinitely.

7.1.2 Development of a Quasi-One-Dimensional Method for Shock Tube

Modelling

The development of the spatial transformation in Chapter 3 highlighted that there was an existing

mass outflow model which could be readily applied to a one-dimensional analysis. This would

inherently capture a more physical time-of-flight profile due to the growth of the shock tube

boundary layer, whilst also capturing the corresponding pressure and temperature rise due to the

compression effects.

By implementing the viscous, reacting quasi-one-dimensional Navier-Stokes equations with

a radial outflow in NESS, the developed method could also capture the shock layer. This is

especially relevant for low pressure flows, where the shock thickness becomes sufficiently large

that the assumption of an infinitely thin shock layer breaks down, reducing the ability of the

Rankine-Hugoniot equations to predict the post-shock state.

The numerical methods used to solve these equations are especially important, as they

enable computational efficiency of the solution. This is directly relevant for the application of

rate optimisation, where computational efficiency is critical to making the problem tractable.

However, two important issues must be addressed when using this approach: the dependence of

the result on shock trajectory, and the dependence on two-dimensional effects. The first issue

is mitigated by confining analysis to experiments with flat shock trajectories, while recognising

the future work required to introduce trajectory effects (see Section 7.2).

The dependence on two-dimensional effects requires careful thought, with the results of

Chapters 5 and 6 highlighting the regions where a faster quasi-one-dimensional model may be

utilised. Explicitly, if the slug length is matched (either using the Mirels correlations or perhaps

using an estimate from a two-dimensional method) then NESS agrees well with the centreline
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of NESS2D.

However, it will not be able to capture the shock curvature, nor the boundary layer properties

existing in the two-dimensional flow, therefore any optimisation using this method should be

restricted to spatial and wavelength regions where dependence on two-dimensionality is limited.

Despite these important caveats, this work offered a step improvement to the existing lit-

erature, and addressed the second objective of the thesis. This method will continue to retain

relevance due to its computational efficiency, which is required for rate optimisation problems.

7.1.3 Development of a Two-Dimensional Method for Shock Tube Mod-

elling

The development of the quasi-one-dimensional code in Chapter 4 highlighted key deficiencies

remaining in the literature, namely the dependency on the Mirels correlation for maximal slug

length, and the inability to resolve the effect of boundary layer properties on integrated line-of-

sight measurements. Therefore, it became clear that a two-dimensional a posteriori solver was

required, enabling the ability to close out the second objective of the thesis, and to investigate

the influence of shock curvuature and boundary layer growth on line-of-sight measurements (the

third objective).

The method developed in Chapter 5 results in the first a posteriori tool which can capture

two-dimensional shock tube flow, a leap forward for the literature. The work utilises similar

methodology to the quasi-one-dimensional approach where the system has an analytical Jacobian

and is solved via Newton-Raphson iterations. This is an important point, as it allows an additional

constraint equation to be implemented pinning the shock to a specified location in the domain.

This additional equation allows the ambient outflow pressure to become a system variable,

stabilising the problem.

However, the remaining caveat for this work is that it cannot account for shock trajectory

thus limiting the direct applicability of the work to experiments with constant shock speed.

Despite this caveat (and the clear opportunity for future work this provides), the work in Chapter

5 enables insight to shock tube flows previously unattainable. Changes to the integrated line-

of-sight profile for a low pressure air condition indicated there will be dependence on certain
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line-of-sight measurements on two-dimensional effects such as shock curvature and changes to

the test slug length.

7.1.4 Two-dimensional Effects in Shock Tube Experiments

The introduction of the new two-dimensional solver was applied to a variety of experiments

in Chapter 6, exploring previously known effects and encountering dependency of emission

spectroscopy measurements on wall catalycity.

The ability to determine test slug lengths inherently by resolving the boundary layer removed

any dependence on boundary layer correlations, which is significant for reacting flows and for

flows outside of the original scope of the developed correlations. The ability of NESS to replicate

the centreline was found to be excellent for N2 and O2 dominated flows above 10 Pa. However,

it was unable to capture the centre line of a Mars condition because of the inability to accurately

predict the maximal test slug length.

The fundamental assumption previously used by all a posteriori models of shock tubes has

been radial homogeneity across the entire diameter of the tube. This neglects any property

variations through the boundary layer, with very limited analysis conducted prior to this thesis

to investigate the effect. The results in Chapter 6 demonstrate dependency on boundary layer

properties for emission spectroscopy across a range of atmospheres and conditions, including

synthetic air, and synthetic Martian atmospheres. The wavelength ranges most affected are

strongly dependent on electron impact excitation/de-excitation, and require modelling using a

non-local non-Boltzmann coupled approach to appropriately capture the effect. This dependence

of radiance on the electron number density in the boundary layer results in sensitivity to wall

catalycity, an effect not seen previously in shock tube flows. Regions displaying dependency

on two-dimensional effects include atomic lines such as the oxygen 777 nm triplet, and CO

bands between 120-200 nm. This is a non-exhaustive list, but provides insight into regions

where one-dimensional modelling is fundamentally unable to match experimental results. This

is emphasised by the one-dimensional results changing up to 50% from the two-dimensional

values, with the two-dimensional results displaying improved agreement with the experimental

values.

Further to the results of Chapter 5, non-local radiance effects were found to increase the
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effect of shock curvature by three times the value using a local escape factor for a 7.3 km/s

shock through 33 Pa synthetic air, acting to absorb the radiance before it reached the observation

window. This made the shock curvature behave less like a convolution function, and was

observable for a flow with the small shock curvature of 2 mm.

Chapter 6 also examined laser absorption spectroscopy results, with the boundary layer

showing influence on a ground state band CO2 band at 4.19 𝜇m in a high pressure, 3 km/s

shock speed experiment used for Martian entry analysis. This corresponded to a 2% increase

in the inferred experimental temperature, which was significantly lower than the 10% value

previously reported. This was due to the assumptions used to model the boundary layer, again

highlighting the advantages of inherently capturing the non-equilibrium boundary layer. It also

highlights the ability of the methodology to predict the influence of boundary layers on LAS

measurements at lower pressures and higher shock speeds, expanding the range of applicability

for LAS measurements.

The results in Chapter 6 offer novel and exciting insights into the effect of two-dimensional

flows. However, the results should act primarily in a cautionary manner, due to the coupled

nature of the results. In particular, any one-dimensional analysis of the regions highlighted

as having two-dimensional dependency is inherently flawed. A possible approach for one-

dimensional model users is to accept that these wavelength regions are unable to be modelled

and therefore concentrate efforts on species and wavelength ranges with lower dependency on

two-dimensional effects. Another approach is to develop, utilise, and compare to experimental

measurements which display low dependency on two-dimensional effects. These may exist

already, but comprehensive work is required to validate these approaches for one-dimensional

analyses.

7.2 Recommendations for Future Work

The novel results contained within this thesis have improved literature’s understanding of shock

tube flows. However, there are clear opportunities which can be addressed in future work.

These recommendations can broadly be split into two groups, 1) required improvements to the

methodologies necessary for improved shock tube flow analysis, and 2) investigations using the
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developed methodologies which would improve understanding of shock tube flows.

7.2.1 Numerical Model Improvements

A key limiting feature of both NESS and NESS2D is their assumption of steady flow, and

thus constant shock speed. Therefore, future work must incorporate shock trajectory effects

into the solution methodology, as it is known to influence the post-shock flow properties and

therefore any comparison to experimental measurements. After adding shock trajectory effects,

the methods can be extended further to make them applicable for analysis of both reflected and

expansion tube tests. This particularly provides an opportunity for the two-dimensional method,

where the lack of boundary layer correlation will improve fundamental understanding of both

experiments. Additionally, any assumptions currently required to analyse these flows can be

interrogated, and improved in a manner similar to this work for shock tube flows.

Implementation of other thermochemistry models, such as a state-resolved model or the

Modified-Marrone-Treanor (MMT) model, offer opportunities for the methods developed in this

thesis. As an example, combining the well-defined MMT parameters existing in literature for

five species air [139], with an optimisation algorithm to determine outstanding parameters for

eleven species air (see Section 7.2.2), would allow the size of the parameter space to be decreased

significantly.

Full coupling of the the flow solution with a radiance solver is required to properly account

for the radiance source terms in the energy equation. This is expected to have greatest effect

in the region close to the shock, where peak radiance is typically observed. Additionally, the

current non-local method used in the NEQAIR analysis only considers non-local radiance in

the radial direction [155], therefore two-dimensional coupling must be used to determine the

non-Boltzmann species populations.

This determination of the radiance field would offer additional advantages. Ray tracing

of the optical setup can investigate additional two-dimensional dependencies originating from

the experimental setup used, and conversely inform optical setups to maximise the information

originating from the core flow.
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7.2.2 Future Investigations Using Developed Methods

The methodology developed in this thesis unlocks a series of important work to be completed,

specifically using the tools developed.

It was recognised in Chapter 6 that the existing Mirels boundary layer correlations are not

applicable for flows outside of N2 and O2 dominated flows. This makes determining the maximal

test slug length for Martian and ice giant experiments impossible. Therefore similar correlations

to Mirels [62] can be developed, which can be compared to NESS2D results. This comparison

should parametrically sweep the domain of fill pressure, shock speed and tube radii to capture the

test slug length, and would allow determination of the effect of thermochemical non-equilibrium

on slug length for these flows.

In a similar parametric study, the dependency of experimental measurements on two-

dimensional effects should be examined for test gases of interest. For application to spectroscopy

measurements, the scope of the analysis can be informed by regions typically captured exper-

imentally. The resulting work would give an understanding of both the spatial and spectral

regions of applicability for one-dimensional models.

This leads directly into the final application of the work, thermochemical rate optimisation

using experiments with flat shock trajectories. The computational cost of NESS2D is sufficiently

low such that it could be used, however the cost with NEQAIR using non-local radiance coupling

becomes significantly greater. This relates to the previous point, where spectral and spatial

regions with low two-dimensional dependency should be utilised wherever possible to reduce

both computational cost and uncertainty in the optimised values. This would form an incremental

approach to rate optimisation, for example for synthetic air, systems of pure nitrogen should

be solved first to obtain confidence in those reactions. Next, complexity due to the addition

of oxygen can be introduced, with the regions with strong signals and low two-dimensional

dependence used to find the corresponding dependent reaction rates. Finally, the remaining

rates can be analysed using the coupled approach developed in this thesis, in addition to using

complementary experimental approaches to shock tubes such as reflected and expansion tunnel

testing.



Appendix A
Uncertainty Analysis for Temperature Fit-
ting

Uncertainty of the fitted temperature from absorbance data in Section 6.5.3 was found using
the commonly used Taylor series approximation for error propagation, assuming uncorrelated
sources of error. (
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=
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A 1-𝜎 estimate for the fitted temperature is found using the relationship between the sum of
square errors and the chi-square distribution, with the maximal value found to be 45 K, while
𝛿𝐴
𝐴 was found using[153]:

𝛿𝐴

𝐴
=

1
SNR

(exp𝛼pk

𝛼pk

)
(A.2)

The uncertainty in 𝑛CO2 is taken as the maximal centreline difference in number density between
results using the Johnston [156] and Cruden reaction rates, found to be 3×1016 cm−3. Sensitivity
of the result to changes in absorbance and number density were found numerically, thus allowing
the total uncertainty to be estimated.
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