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The asymptotic analysis of kinetic models describing the behavior of particles interacting
through alignment is performed. We will analyze the asymptotic regime corresponding
to large alignment frequency where the alignment effects are dominated by the self-
propulsion and friction forces. The former hypothesis leads to a macroscopic fluid model
due to the fast averaging in velocity, while the second one imposes a fixed speed in the
limit, and thus a reduction of the dynamics to a sphere in the velocity space. The analysis
relies on averaging techniques successfully used in the magnetic confinement of charged
particles. The limiting particle distribution is supported on a sphere, and therefore we
are forced to work with measures in velocity. As for the Euler-type equations, the fluid
model comes by integrating the kinetic equation against the collision invariants and its
generalizations in the velocity space. The main difficulty is their identification for the
averaged alignment kernel in our functional setting of measures in velocity.
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1. Introduction

The subject matter of this paper concerns the behavior of living organisms such
as flocks of birds, school of fish, swarms of insects, myxobacteria, etc. These mod-
els include short-range repulsion, long-range attraction, self-propelling and fric-
tion forces, reorientation or alignment (see Refs. [4], [65, B8, 66 [60, b3 [36] B, 7]
and [6. We consider self-propelled particles with Rayleigh friction SoHHR2TE2AS B0
and alignment, introduced through the Cucker-Smale reorientation procedure 3859
see also Refs. 56, 55] 28] 29, [61] and [62 for further details and Ref. 59 for a sur-
vey. If we denote by f = f(t,x,v) > 0 the particle density in the phase space
(z,v) € REx R with d € {2, 3}, the self-propulsion/friction mechanism is given by
the term div, {f(a — B|v|?)v}. Notice that the balance between the self-propulsion
and friction forces occurs on the velocity sphere |v] = r := \/a /3. We fix the speed
r, meaning that o and 3 are anytime related by the equality o = $r2. The coeffi-
cients «, # > 0 can be interpreted as follows. In the absence of friction, the particles
accelerate with aw, leading to an exponential growth of velocity, with frequency «.
In the absence of self-propulsion, the inverse of the relative kinetic energy grows
linearly, with the frequency 28|v|?, where v is the initial velocity of the particle
d Jo? v]? / 2

Each individual in the group relaxes its velocity toward the mean velocity of the
neighbors, leading to the term v div,{f(u[f] — v)}, where v is the reorientation
frequency and u[f] is the mean velocity

N fRd Rdf(t7x/,v/)h($ - !.C/)Ul dv’ da’
B fRdedf(t, xl, U/)h(ﬂf - J?I)drUl da’
The weight application h is a decreasing, radial, non-negative given function

that determines the interaction neighborhood around any position. By including
also noise in the above kinetic model, we get to the Fokker—Planck-like equation

Ocf + diva(fo) + dive{ f(a = Blvf*)v}
=vdive{f(v —ulf)} + A f
= vdivy{f(v —ulf]) + oV f}:=vQ(f), (1.1)

where o = 7/v represents the diffusion coefficient in the velocity space. We inves-
tigate the large time and space scale regime of (L)) that is, we fix large time and
space units. In this case, Eq. (LI) should be replaced by

e {0 f + divy(fo)} + divy{ f(a — Blv]*)v} = vQ(). (1.2)
The choice of a large length unit leads to a local reorientation mechanism: the mean

velocity u[f] in (C2) is now given by

u ) = fRdf(t7x,U/)Ul dv’
[f())(x) = o

ulf(B)](x)
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Notice that if f(¢,x,-) = 0, then the Fokker-Planck collision operator vanishes for
any u. In this case we can define u[f(¢)] = 0, without loss of generality. We assume
that the frequencies €1 and v scale like é ~ % for some small parameters e1,e2 > 0
and thus Eq. (22) becomes

1 1
Ouf7% 4 div(J71520) + —div, (/52 (0~ B )v} = —QUFF%). (13)
£1 £2
Assume for the moment that 1 \, 0 and ey is fixed. In this situation,
the leading order term in the Fokker—Planck equation (IC3)) corresponds to the
self-propulsion/friction mechanism, and we expect that the limit density f<2 =
lim.,\ o f51°2 satisfies

div,{ £ (= Blo]?)0} = 0.

The previous constraint exactly says that at any time ¢ and any position x, the
velocity distribution f€2(t,,-) is a measure supported in {0} U rS?~! cf. Ref. 20.
The particles will tend to move with asymptotic speed r. These models have been
shown to produce complicated dynamics and patterns at the particle level such as
mills, double mills, flocks and clumps, see Ref. B0, whose stability properties are
very relevant in the applications, see Refs. Bl Bland 31l Assuming that all individuals
move with constant speed also leads to spatial aggregation, patterns, and collective
motion HUBIGL \fore exactly, it was shown in Ref. that, by taking the limit
€1 \\ 0, the solutions f€1-*2 of (3] converge toward the solution f2 of

wRw

Op f72 + diva (f72w) + édivw {f” (Id - ) u[f”]} = %Awffﬁ (1.4)

for all (t,x,w) € Ry x R? x rS?~1 with

Jogaa [22 (8, 7, w)w dw
Josaa fe2(t z,w)dw
The above result states that in the limit €1 \, 0, the Cucker—Smale model with
diffusion is reduced to a Vicsek-like model, whose phase transition was analyzed in
Ref.[52. The evolution problem (4] on the phase space R? x rS?~!, with normalized
velocity field u[f¢?], i.e.

ulf ()] (z) = (t,z) € Ry x RY.

wRw

O f + divy(fw) + v div,, {f (Id -3 ) Q[f]} = 1A, f,

for all (t,z,w) € Ry x R? x rS§9=1 with

a1 , T,Ww)w dw
QU (B)(x) = JS% . wiw ]

was also proposed in the literature as continuum version®® of the Vicsek model 6656
Furthermore, the full phase transition for stationary solutions and their asymptotic
stability was subsequently generalized in Refs. [41] and [42] allowing for quite general
dependency of v and 7 on |u[f(¢)]|. We will focus on the relaxation toward the mean

(t,z) € Ry x R?
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velocity u[f], whose alignment mechanism relies only on the direction of the mean
velocity Q[f] = u[f]/|u[f]]- Nevertheless, our method still applies and allows us to
handle the model with normalization and the generalizations in Refs. 48| and [42] as
well.

The original kinetic Vicsek model in Refs. and [37] was derived as the mean-
field limit of some stochastic particle systems in Ref. [0l In fact, previous particle
systems have also been studied with noise in Ref. [l for the mean-field limit (see
also Refs. [63], 2T [49] 23], 2] 24H26)), in Ref. [54l for studying some properties of the
Cucker—Smale model with noise, and in Refs. Bl and 33 for phase transitions at the
level of the Cucker—Smale model and the inhomogeneous level, respectively.

We assume now that both 1, e2 become small. The idea is to justify a macro-
scopic model for ([L4), resulting from the balance between two opposite phenomena:

(1) The reorientation, which tends to align the particle velocities with respect to
the mean velocity;

(2) The diffusion, which tends to spread the particle velocities isotropically on the
sphere 7S¢~ 1.

Such hydrodynamic models were obtained in Refs. and A2] by letting €5 N\, 0
in the normalized alignment version of ([4). They are typically referred as self-
organized hydrodynamics (SOH). Notice that the SOH model was obtained by
passing to the limit successively in ([.3]) with respect to €1, 2. After letting 1 \, 0,
the dynamics were reduced to the phase space (z,v) € R?x7S%~1, but still captures
microscopic behavior in the tangent directions to the sphere rS%~!. The second limit
procedure, g5 \, 0, leads to the macroscopic equations for the density fTSd,l fdw
and the direction of the flux [ o,  wf dw.

We intend to obtain a SOH model, by passing to the limit in (C3), simulta-
neously with respect to (e1,e2). Motivated by the above discussion, we assume
that 1 = €2 and e = ¢, where € > 0 is a small parameter, that is, the self-
propulsion/friction mechanism dominates the alignment. This implies that v = ¢
and 7 = oe. Therefore (L3) becomes

1 1
07 + diva(f50) + dive { (= Blof?)o} = <Q(), (1.5)
for all (t,z,v) € Ry x R?? supplemented by the initial condition
fE(0,z,0) = f(z,0),  (z,v) € R x RY,

Very recently, by a similar scaling, fluid models have been obtained for the transport
of charged particles, under the action of strong magnetic fields, which dominate the
collision effects. The resulting macroscopic model is a gyrokinetic version of the
Euler equations, in the parallel direction with respect to the magnetic field 226

The behavior of the family (f¢).s0, as the parameter ¢ becomes small, follows
by analyzing the formal expansion

fs :f+5f(1) +62f(2) + (16)



Math. Models Methods Appl. Sci. 2017.27:1255-1299. Downloaded from www.worldscientific.com
by 88.109.64.244 on 04/09/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

Reduced fluid models for self-propelled particles 1259

Plugging the above ansatz into leads to the constraints

divy {f(a = Blv|*)v} = 0, (1.7)
div{f " (a = Blo[*)v} = divy {f(v — ulf]) + oV, f} (1.8)

and to the time evolution equations
Ocf + divy (fo) + divy {f® (a = Blo[*)o} = L (fV) (1.9)

with

Ef(f(l)) — divv{f(l)(v _ u[f]) + vaf(l)} — div, {ffRdf(l)(U/ _ U[f])dy/ }

Jgaf dv’

cutting the development at second order.

We expect the same macroscopic SOH model for the moments of f as obtained in
Refs. [48] 41l and [42l The main advantage for considering (LH) instead of (4] with
€9 = ¢ is that the resolution of (A for small ¢ will provide a solution supported
near R? x rS?1, which fits much better the behavior of living organism systems,
than the solution of (L) on R? x rS?~!. But the price to pay is to deal with two
Lagrange multipliers, appearing in ([L9)), which have to be eliminated, thanks to the
constraints (L) and (). The first constraint was analyzed in detail in Ref. R0.
It exactly says that f is a measure supported in R? x ({0} UrS?~1). We denote by
M (R?) the set of non-negative bounded Radon measure on RY.

Proposition 1.1. Assume that (14 |v]?)F € M (R?). Then F solves div,{F(a—
Blol*)v} =0 in D'(RY), i.e.

/ (a — ﬂ|v|2)v -Vop dF(v) =0, forany ¢ € Ccl (Rd),
Rd

if and only if supp F C {0} UrS?—1.
The proof of Proposition [[.1]is based on the resolution of the adjoint problem
—(a = B]?)v- Voo =1(v), veRY

for any smooth function v with compact support in R?\ ({0}UrS?=1), cf. Lemma 3.1
of Ref.

Lemma 1.1. For any C'-function 1 = v(v) with compact support in R\ ({0} U
rS4=1), there is a bounded C*-function ¢ = p(v) such that p(0) =0 and

—(a— B - Vyp =9(v), veRL

In the sequel, we introduce a projection operator onto the subspace of the
constraints in (7). This construction follows closely the gyroaverage method
in gyrokinetic theory An average operator serves to separate between
two scales. For example, in gyrokinetic theory, two time scales exist: a fast time
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variable, related to the rapid cyclotronic motion, and a slow time variable, related
to the parallel motion with respect to the magnetic field. The gyroaverage operator
represents the average of the fast dynamics over a cyclotronic period, provided that
the slow time variable is frozen. Following this technique, we obtain an accurate
enough but simpler model, from the numerical approximation point of view. All
the fluctuations have been removed and replaced by averaged effects.

Our model (IH) presents not two, but three time variables: ¢,t/e and t/e2. The
dynamics are dominated by the self-propulsion/friction mechanism, introducing the
fast time variable s = t/e2. The average operator is related to the characteristic
flow of the field % (a — Blv|*)v - V,. This characteristic flow V = V(s;v), written
with respect to s = t/e%:

dy
ds

conserves the direction ﬁ and has as equilibria the elements of {0} U7S?!. The

= (a = BV(s;0)[)WV(s;v), V(0;0) =

Jacobian matrix is given by
du{(a = Blo*)v} = (o = Blv|*)a — 26v @ v.

Being negative on rS?~! and definite positive at 0, we deduce that the points of
rS?1 are stable equilibria, and 0 is an unstable equilibrium. For simplicity, we
neglect the measure of the unstable point 0 in the velocity space and assume that
this is not present in the limit € — 0 at any level of the expansion. As we elaborate
below, we will rigorously compute the terms in the expansion needed to derive
formally the hydrodynamic equations. The complete mathematical analysis of the
limiting procedure is out of scope of this paper. We are mainly interested in the
two- or three-dimensional setting, but the same arguments apply for any dimension
d > 2. For the sake of generality, we state and prove all the results in any dimension
d > 2, and we distinguish, if necessary, between the cases d = 2 and d > 3.

Motivated by the previous observations, we define the average of a non-negative
bounded measure, cf. Ref. 20l We will denote by f(x,v) dvdx the integration against
the measure f. This is done independently of being the measure f absolutely con-
tinuous with respect to the Lebesgue measure or not.

Definition 1.1. (1) Let F € M} (R?) be a non-negative bounded measure on R<.
We denote by (F) the measure corresponding to the linear application

T y Y(v)1y=o F(v)dv + /Rd Y <r%|) 1,20 F (v)dv,

for all ¢ € CO(RY), i.e

| SEF) @) = / b(v)F(v)dv + /#0¢ Qﬁ) F(v)do,

for all ¢ € C’g(Rd).
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(2) Let f € M (R x R?) be a non-negative bounded measure on R? x R%. We
denote by (f) the measure corresponding to the linear application

P — /Rd/Rd P(x,v)ly=o f(x,v)dv dac—|—/Rd/Rd¢ <x,rﬁ> 1yz0f(z,v)dvde,

for all ¢ € CO(R? x RY), i.e.

/ Y(x,v)(f)(z,v)dvde = ¥(x,v)f(z,v)dv dz
RdJ R4 v=0

v
+/u;é0w (m,rm> f(z,v)dvdz,

for all v € CO(R? x R?).

It is easily seen that the average of a non-negative bounded measure is a non-
negative bounded measure, with the same mass, but supported in {0} U rS¢~1,
R? x ({0} UrS?—1), respectively. We have the following characterization (see Propo-
sition 5.1 of Ref. 20).

Proposition 1.2. Assume that f is a non-negative bounded measure on R% x R%.
Then (f) is the unique measure f satisfying supp f C R% x ({0} ursi—t),

/ Y (.’Eﬂ"i) f(z,v)dvde = / P <x,ri> f(x,v)dvdz, € COR? x RY)
v#0 ‘U| v#0 |U|

and f = f on R? x {0}.

A direct consequence of Proposition[[2lis that any bounded, non-negative mea-
sure, supported in R? x ({0} U rS?~1) is left unchanged by the average operator.
Another property of the average operator is that it removes any measure of the
form div,{f(a — B|v|*)v}, cf. Proposition 5.2 of Ref.

Proposition 1.3. For any f € M (R? x RY) such that div,{f(a — Blv|*)v} €
My(R? x RY), we have (div,{f(a — Blv|*)v}) = 0.

The above proposition plays a crucial role when eliminating the Lagrange mul-
tiplier f(®) in (). Indeed, for doing that, it is enough to average both hand sides
in (). By the constraint (I7), we know that f is supported in R% x ({0} UrS?—1),
and thus is left invariant by the average. We check that (9; f) = 9:(f) = 0f, and
thus, averaging ([C9) still leads to an evolution problem for f:

O f + (diva(fo)) = (Lp(F V). (1.10)

Certainly, a much more difficult task is to eliminate the Lagrange multiplier f(1).
We expect that this can be done thanks to the constraint in ([LX). The solvability
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of (LX), with respect to f(M), depends on a compatibility condition, to be satisfied
by the right-hand side. Indeed, by Proposition[[3] we should have

(divy {f(v — u[f]) + Vo f}) = (div, { P (a = Blv[*)v}) = 0,

saying that f is an equilibrium for the average collision kernel (Q(f)) = 0. The
equilibria of the average collision kernel form a (d — 1)-dimensional manifold, that
is one dimension less than the equilibria manifold of the Fokker—Planck operator
Q (see also Refs. A8 and [52). For any [ € Ry, Q € S%!, we introduce the von
Mises—Fisher distribution

exp(IQ) - £)
T e (19 2t

Proposition 1.4. Let F € M} (RY) be a non-negative bounded measure on RY,
supported in rST"T. The following statements are equivalent:

(1) (Q(F)) =0, that is

ottt (g ) oo [2 gy [ e =0

for all ¢ € C2(rs?-1).
(2) There are p € Ry, Q € S¥1 such that F = pMq dw where | € R, satisfies
Jo cosfe! > fsin"26do o

s . d— — ~o b
Jo eteost sin?26 do 2

=€

dw, wersi i

Mlg(w)dw =

(1.11)

The modulus of the mean velocity is not a coordinate on the equilibria manifold,
but it is determined by the condition |u| = 2 where [ satisfies (IZIT). Clearly [ = 0
is a solution, which corresponds to the isotropic equilibrium

dw
F = pMog dw = P——a—1>
wqr
where wq represents the area of the unit sphere in R?. The next proposition is
essentially contained in Proposition 3.3 in Ref. We present a simplified proof,

based on computations with Bessel functions.

Proposition 1.5. Let \: Ry — R be the function given by
[ cosfeleosf sin?"2 9 do

Al = , lERy, d>2.
% el o0 sin®2 9 df "

The function A is strictly increasing, the function | — X(1)/l is strictly decreasing
and verifies

= / =2 _— = 1 —
M0) =0, X(0)=lim == =2 lm A1) =1
If % > L. then the only solution of A(I) = F1 is 1 = 0. If % €]0, L[, then there
is a unique | = (%) > 0 such that X(I) = 5.
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In order to find the equations for the evolution of the density p and orientation
Q, we need to find f) from (LCF) in order to feed the terms needed in (CI0).
However, we will see that this is not possible. We will need to introduce a notion
of generalized collision invariants, quite related intuitively to the one introduced in
Refs. @8, @1l and @2, in our functional setting of measures supported in rS?~! to
avoid the computation of the full f(!). This is the main technical difficulty due to
the measure functional setting since the precise definition of generalized collision
invariant we need is more involved than in Refs. [48] 41]and[42. Let us mention that
this notion of generalized collision invariant has been used in other related models
in collective dynamics™™34 and in kinetic models of wealth distribution ™8

Our main result establishes the macroscopic equations satisfied by the density p
and orientation €2, which parametrize the von Mises—Fisher equilibrium, obtained
when passing to the limit for e \, 0 in (). We retrieve exactly the limit SOH
hydrodynamic model in Ref. [41], written for any space dimension d > 2 with the
same explicit constants.

Theorem 1.1. For any o,r such that % €]0, é[, we denote by | = (%) the unique
positive solution of A1) = Fl. Let f™ € M (R x RY) be a non-negative bounded
measure on R x RY, d > 2. For any e > 0 we consider the problem
1
O + diva(f7) + dive(f*(a = Blo*)v) = Ldive{f*(v = ulf]) + oVu [},

(1.12)

for all (t,x,v) € Ry xRIxRY with f£(0) = i, (z,v) € RYxR?. Therefore the limit
distribution f = lime~ o € is a von Mises—Fisher equilibrium f = pMq(w)dw on
rS4=L, where the density p(t,x) and the orientation QU(t,z) satisfy the macroscopic
equations:

Op + divy (p%@) =0, (t,z) eRy xRY, (1.13)
r Vap
with the initial conditions
: Jga vf ™ (z)dv 4
p(0,x z/ fM(x)dv, Q0,2) = +———"— 1z €R"
(0, ) y (x) (0, ) o o @) o]
where
hy — o €teosfy(cos ) cosfsin?~1 6 dg
JJ eteosfx(cos ) sin® " 0 o
and x solves
od 2\1 le .
5N (A =)} =re, cel-1L1 x(-1)=x(1)=0 ifd=2
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and

d—>5 d—2

~ S lENO0 - )T+ (- 2) SO - )T =1 - )T
€l]-1,1[, d > 3.

A nice practical implication of our main result is that this penalization pro-
cedure, by imposing asymptotically a cruise speed for particles, could lead to
efficient and stable numerical schemes to compute the hydrodynamic equations
([LI3)-(@14). This is important due to the possible non-hyperbolicity of the sys-
tem (LI3)-(TI4), see Ref. 42l The local in time well-posedness of the SOH sys-
tem (CI3)-(TI4) was studied in Ref. @5l We finally emphasize that the constants
appearing in Eqs. ([LI3)—(.I4) coincide exactly with the ones obtained in Ref. 42|
after some easy but tedious algebraic manipulations.

Our paper is organized as follows. In Sec. [2, we study the equilibria of the
average collision operator in our functional setting. This analysis can be carried
out by introducing some Bessel functions. In the next section we investigate the
notion of collision invariant suitable in our functional setting. We determine the
structure of these invariants and present their symmetries. Section Hlis devoted to
the derivation of the fluid model for the macroscopic quantities, parametrizing the
limit von Mises—Fisher equilibrium. The proofs of some technical results can be
found in Appendices A-C.

2. The Equilibria of the Average Collision Operator

We consider the collision operator Q(F) = div,{F(v—u[F])+0V,F} where u[F]| =
Jga VF dv /[, F dv is the mean velocity. The above operator should be understood
in the duality sense between non-negative bounded measures on R? and smooth
functions, compactly supported in R%:

P(v)Q(F)dv = / [—(v = u[F]) - Voip(v) + 0 Auip (0)]F do,
Rd Rd

for any F € M, (R?) and ¢ € C2(R?) such that [p.[v|F dv < +oo. As suggested
by the formal expansion (6], we focus on measures satisfying (see (L7)—(CH)):

div, {F(a — Blvf*)v} =0, Q(F) = div,{FM (o — Bv]?)v}.
Thanks to Propositions [3 and [T, we deduce that supp ' € {0} UrS?~! and
(QU)) = (dive {FM (o = Blo*)v}) = 0.

We discuss the case of non-negative bounded measures supported on the sphere
rS?1, that is, we discard all difficulties related to the mass of the points at rest.
For such measures, the equality (Q(F)) = 0 can be interpreted in the following
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sense (see Proposition [[.2):

[ e s s ()] )} o e

The complete description of the above equilibria of the average collision operator
Q, called the von Mises—Fisher distributions, is given by Proposition [[-4] whose
proof is detailed below. We start with the following easy integration by parts formula

on spheres. The proof is postponed to

Lemma 2.1. Assume that A = A(v) is a C-vector field in O = {v € R% : ry <
[v] < ro}. Then for any t €]r1, 2] we have

/;ﬁ@NWQWMw:%;ﬁ{W®W;&Awy+g:iM.Awﬁdw 2.1)

12 12

In particular, if A(v)-v=0,v e O, then

/ (divy A)(w)dw =0, t€]ry,ref (2.2)
|w|=t
and for any function x € C1(O) we have
/ mwwyAwmw+/ @) (divy A)w)dw =0, telr,ml  (23)
lw|=t |w|=t

It is very convenient to express the differential operators V,,, div,, of functions
and vector fields on the sphere rS?~! in terms of the differential operators V,, div,,
applied to extensions of functions and vector fields on a neighborhood of rS?~1 in
R?. The notation ~ stands for the restriction on the sphere rS?~! and ™ for the
restriction on the sphere tS¢~!. The proof of the following lemma is detailed in

Appendix B

Lemma 2.2. (1) Let ¢ = ¢(v) be a C'-function in an open set of R, containing
rS1. Then, for any w € S we have

Vate) = (1= 252) Tbte)

(2) Let ¢ = ¢(w) be a C*-function on rSd:l andp : O ={v e R :r < |v| <
ro} — R be the function defined by ¥(v) = w(r‘Z—l)m €O, with)<rm <r<ry<
+0o. Then, for any t € |ry,r2[, we have

(Vo)) = (V) wr) = 2(Vud) (r2) ] = ¢

(3) Let € = £(w) be a C'-tangent vector field on S and &€ = £(v) a C*-extension
of € in the set O = {v € R% : 1y < |v| < ra} such that £(v) -v =0 for any v € O.
Then we have

~ —~—

(divy, &)(w) = (div, &)(w), w e rSi 1
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(4) Let € = £(w) be a C'-tangent vector field on rS?* and &(v) = Fi(?"ﬁ)7 S
R\{0}, then

. T, = (T
(divy, &) (wy) = ;(lew €) (;wt>, |we| = t. (2.4)
Before giving the proof of Proposition 4l we indicate a formula which will be
used several times in our computations. For any continuous function G : [—r,r] —

R, d>2,Q € S ! we have
/ G(w-Q)dw = / G(rcosf)sin®=260 do ri 1oy,
§d-1 0

with wy = 2. In particular, for any continuous function g : [—r,7] — R, we have

Josi1 9(w - Q) exp(I2 - £)dw
J ga—1 exp(I2 - £)dw

_ Jo g(reosf)e! = sin?"2¢ df
N elcosgsmd720d0

/Sd_lg(w Q)Mo (w)dw =

(2.5)

Proof of Proposition[IT.4l (1) = (2) We assume that F is an equilibrium for the
average collision kernel. We claim that fRd p(v)F dv = 0 for any continuous function

@ satisfying [ .. . @(w)M(w)dw = 0, with M (v) = exp(— Ivgﬂ) v € R9 The
idea is to solve the problem

—divy (M (w)Vuth) = M(w)p(w), werst, (2.6)
where @ is the restriction on rS?~! of ¢ as usual. Notice that we have
/ P(w)M(w)dw = / p(w)M (w)dw = 0.
rSd—1 rSd—1

We introduce the Hilbert spaces:

L (rSi1) = {X r§1 S R, /sd 1)(2(w)M(w)dw<-i—oo},

H'(rs41) = {X rSil S R, / O+ VX Hw) M (w)dw < —|—oo}7
§d—1
endowed with the scalar products:

(o= [ XM, .0 € LS,

(0, 0)) = /S [X@)B(W) + Vox- VM@)o, x,0 € H' (8.

We denote by | - |, ]| - ||~ the norm induced by the above scalar products. There is
a constant C). such that the following Poincaré inequality holds true:

= [ M@ <O [ D) = G T
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for any x € H'(rS%1) satisfying [ o, 1 x(w)M (w)dw = 0. The previous inequality
guarantees that the application x — |V x| is a norm equivalent to || - ||, on

HY (rs% 1) .= H' (rs¥ 1) N {0 € L*(rS* 1ty . / O(w)M (w)dw = 0}.
§d—1
Therefore, the bilinear form

(0.0) € H (rS%1) x B (rS1) — / Vox - VoM (w)dw
Sd—1

is symmetric, bounded and coercive. By the Lax—Milgram lemma, there is a unique
solution 1) € H'(rS%~1) for the variational problem (ZH) leading to

Vod - Vo M (w)dw = / @M (), 2.7)

rSd-1

for any y € H'(rS%1). Observe that (277) still holds true for any constant function

on rS%1, thanks to the compatibility condition [ o, @(w)M (w)dw = 0. Therefore

the variational formulation is valid for any function y € H'(rS?~1), implying that
—div,(M(W)Ve?) = M(w)p(w), wers?

We consider the extension of 1} defined as usual as

Y(v) = Qﬁ) . weRN{0).

By Lemma 2] statements (2) and (3), we check that for any v € rS?~! we have

o s ()] o )} -

= M(v)p(v)

and therefore we obtain

/RdsO(v)de:/Rd{“_T‘m.vv {&G%ﬂ “A, [{g( |2|>}}Fd”—0

We deduce that the linear forms ¢ — [ <, 1 @(w)M(w)dw and ¢ — [p, p(v)F dv

are proportional, see Lemma I11.2 in Ref. 22, and thus there is C such that for any
¢ € C(R?), we have

v v=0C w)M (w)dw = Jrga1p(w) exp(*= H)dw
/Rd<P( JF d _C/Tsd_l<P( YM (w)dw = p [ oy exp(Z20E) g,

with p = C f ca—1 M (w)dw. Therefore the measure F' has a positive density with
respect to dw on rS4-1:

exp(%m)dw
=p , :
erd_l exp(%m)dw’

If p = 0, we obtain F = 0, and we can take l =0 and any Q € S?"!. Assume
now that p > 0. If u[F] = 0, we obtain F = p which corresponds to [ = 0

w,rdl
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and any Q € STL If u[F] # 0, we introduce Q[F] = ‘Z{g‘ By the definition of
u[F], we have

)= L=
frsd L exp(< [ ])dw
Jy rcosb exp(r‘“[F” cosf)sin?=2 6 db

= Q[F). 2.8
N exp(Mcosﬂ)sindﬂﬁdﬁ ] 28)

For the last equality use the fact that

and formula (Z3). The equality (Z8) reduces to the condition

|u[F]| fo cos&exp(rlu[ cosf)sin?=26 df
r IN exp(mcose) sin?2 9 do

We introduce the function A : Ry — R:

foﬂ cos felcosf sin?=2 9 do

A1) =
© foﬂ elcos® Smd_2 0 do

, leR4.

Therefore the non-negative number [ = Tl“iF” satisfies A(I) = %[, and thus the
measure F' is given by
eXp(T’\U[F]\w Q)dw

F=p —_ = pMq dw
[ gamr exp(Hezll rlulF]] [F]\w - Q)dw’

with p € Ry, @ = M2k € 8971 1 € Ry satisfying A1) = 1.

(2) = (1) Conversely, let F' be a measure given by F' = pM;q dw for some p € Ry,
Q € 8971, 1 € Ry such that A(l) = 5. If p = 0, F is the trivial equilibrium (with
u[F] =0). If p > 0, the mean velocity writes

Jga vF dv B Jogaa(w - Q) exp(l£ - Q)dw

ulF| = =
[F] Jpa F dv f ca1exp (1% - Q)dw
T ‘9 lCObO d 20 de
_ Iy cosbe T sin Q=m0 =210,
Jo €leosfsin®"= 6 do r
saying that % %I = Q and |u[F]| = 2. For any test function ¥ € C2(rS$%1) we

have

) 0=t 9o (3 ()| -0 3 () |

=0 divw(MVmZ), versit
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where M (v) = exp(—%)7 v € R%. Notice that for any v € 7S?~! we have

2 0,2212 w
M(v) = exp —TT /Sd?lexp (ZQ~ ?> dw Mo (w)

and thus, the above equality becomes

Mm(v){(v—u[F]).vv {J(nvﬂﬂ oA, { ( " |>”=—adm(vawJ).

Therefore we obtain

[ o w5 (r2)] -on [ (2 )] b
- [ 5 ()] - oa [ (i) Fortmtora

= —pa/ divw(MlQ(w)VMZ)dw =0. O
rSd—1

The properties of the function A are summarized in Proposition [[LH, whose proof
is detailed below.

Proof of Proposition [I.5l We introduce the function

1 s
Bo(l) = —/ feoxfsin=29 o, leR.
™ Jo
It is a Bessel-like function” Indeed, it verifies the linear second-order differential
equation
P65 (1) + (d = Do) = Bo(l), 1R (2.9)
We recall that the standard modified Bessel function I,,(1) = + =, e " elcost cos(nh)de,

n € N, satisfy
PIV) + () = (12 +n*) (1), 1€R.
Clearly 8)(1) = L [ cosfe!<>*? sin* 2 0 df and thus the function A writes
/
. 10)
Bo(l)

It is easily seen that §{(0) = 0, implying that A(0) = 0. Indeed, we have
" isind_1 0

o do d—1

73,(0) = / cosf@sin?™? 0 df = =0, d>2.
0

Moreover, A is strictly increasing. This comes by the formula
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and by observing that the Cauchy inequality implies

™ 2
(Bo (1) = (%/0 cos Be' ©? sin~ 20d0>

17 "
- _/ Leos 0 gind=29 49 = / cos® 0e! % sin=2 0 49 = By (1) B4 (1).
0 T Jo

™
The derivative of A at [ = 0 is

)\/(0) — 66/(0) — foﬂ— C0829sind729 de _ fO COSG d Md&
5o(0) Jy sin?~26 do Iy blnd 26 d6

foﬂ sin? 6 do
(d—1)fy sin*?0do

Using sin? § + cos? @ = 1 in the first equality above, we also have
N(O) =1 - {T‘Oﬂ.sinie dé '
Jo sin?=20 do
We deduce that
) sin? 6 do
Jy sin®"? 0 do
which yields A'(0) = 1/d. We claim that the function ¢ : Ry — R, defined by
() = %l),l > 0 and ¢(0) = hmZ\o = XN(0) = %, is strictly decreasing on R.
Combining (2.10), (9], we obtain for any [ > 0:
d—1 g ) 2
N(l) = (Bo(l) — g(ﬁo(l))ﬁoa) B (g%;) 1 ?MZ) a2, @211
which implies after replacing A(1) by I{(1):
1) =1—d¢(l) —12¢3(1), 1>0.
We are done if we prove that
() +d¢(l) —1>0, 1>0.
It is enough to check that

=1-X(0) = (d = 1)X(0),

2142 —d

g >0

() >

or equivalently
Vd?+ 412 —d
21 ’
which is one of the statements of Lemma Clearly the function A is bounded

A1) > >0,

on R :

J; cosBeleos? sin®"2 g do

0=A0) < A(l) = [T T

<1
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By we deduce that the function I — X (I) has a limit when [ — +oco, and

lim N(I)=1— lim X\*(I).

l—+oc0 l—+4o0

Let us denote by Ag, A7 the limits

1 T ’
o= lm AD)€l0.l), Ar= lim ().
We know that A; = 1 — A3. Therefore we obtaln Ag = 1, provided that A; = 0. For
any | > 0, there is y; €]0,1[ such that 22 = XN (y,). We claim that lim;_ o 3 =
+00. Indeed, for any Y > 0, there is L > 0 such that

1
f N —.

Let [ > L. Assuming that y; € [0,Y] leads to a contradiction, since

AWD) =XN(y) > inf N(y) > 1 >

> _
[ y€[0,Y] L

o~ =

1
l

Therefore, for any Y > 0, there is L > 0 such that [ > L implies y; > Y, saying that
lim;_, 4 oo Y1 = +00. As we already know that A’ has a limit when | — +o00, and by
the boundedness of \, we deduce that
Al
Ay = lim X(y)= lim £:0.

l—+4o0 l—+4o0 l
x> %, the strict monotonicity of ¢ implies

A(l)

M —cy<coy=x=5<?

o
i 2

>0,

saying that the only solution of A(I) = %l on Ry is I = 0. If % €]0, [ we have

1 o
0)==>—=>0=1
C0)=5>-3>0= lim ()
and the continuity and strict monotonicity of ¢ imply that there is a unique solution

(%) > 0 such that \(I(:%)) = ZI(%). -

Remark 2.1. The value [ = 0 corresponds to the isotropic equilibrium My dw =
W The limit when | — 400 leads to the Dirac measure on rS?~ ', concentrated

at 702, that is, for any function ¢ € C(rS91) we have

lim (W) Mg (w)dw = P (rQ).

l—+00 J,gd—1

The function A can be computed explicitly, at least for d = 3. Nevertheless, very
good explicit approximations are available in any dimension d.
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Lemma 2.3. (1) Consider the function

Vd?2+412 -d 21
piRy SRy, () =Y - . lER,.
2l Va2 + 412 +d

The function u is strictly increasing, strictly concave and we have:

pO0) =X0) =0, WO =XN(O)=7 Tm pl) =1

W) <1200 - 20, ) <M, 1> 0

(2) If d = 3, the function X is given by A(I) = ngl}:g; —Li>0.

Proof. (1) By direct computations we obtain

W= 7= 412(532 a0 ERe
and
L= S0 =0 =
Therefore 1 satisfies the first-order differential inequation
, 2d 2
) = TR E TIE 1 d) VBT L
d—1 9

21—T/~L(l)_ﬂ (1), 1>0

and the initial condition x(0) = 0. Recall that A satisfies the first-order differential
equation (cf. (211)):
-1
N =1- dT)\(l) —A%(l), 1>0,

with the initial condition A(0) = 0. By comparison principle, it follows that pu(l) <
A(l) for any I > 0. Clearly 4//(0) = & = N(0),limy— oo (1) = 1, /(1) > 0,1 € Ry,
and 1/ is strictly decreasing, saying that p is strictly increasing and strictly concave
on R;.

(2) In the case d = 3 we obtain:

Trﬁg(l):/ !0 ging df = _z . 1>0,
0

wﬁé(l):/ el 3% cosfsind d = - , 1>0,
0

implying that

B(1) _ cosh(l) 1
l

AD =500 = smn()



Math. Models Methods Appl. Sci. 2017.27:1255-1299. Downloaded from www.worldscientific.com
by 88.109.64.244 on 04/09/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

Reduced fluid models for self-propelled particles 1273

In order to exploit the constraint ([.8) we will need to compute Q(F), where F'
is a von Mises—Fisher equilibrium, let us say F' = M;q(w)dw. This computation is
detailed in the following lemma. The notation (-,-) stands for the pairing between
distributions and smooth functions.

Lemma 2.4. Let F' = Mig(w)dw be a von Mises—Fisher equilibrium. Then we
have, for any function ¢ € C?(R%):
MlQ d Wt
F =0—— M Vo - —dwy,
QLo = ot [ M) T

where M (v) = exp(—%)m € R9.

Proof. Pick a test function ¢ € C?(RY) and notice that
(QF), ) = (Fiolvp — (v —u[F]) - Vi)

=0 iv w Mia(w) w
= /rsd—ld o(MV,0)( )M(w) dw.

It is easily seen that the function ]‘j\hj’ is constant on the sphere rS?~1:

T2 u 2
Mo(w) _ exp(—Hhdil)
M(w) [ i exp(I2- £ )dw!’

w e rst1!

and therefore we have

Mg d .
QF),p) =0——— / div,(MV ,p)dv
QLo =0t g] [ awve
_ Mo d Wt
=07 |, /wtl_tM(wt)vaa(wt) . dw;. O

Thanks to the above result, we can determine F(1) — (F(1)) in terms of F. More
exactly we prove the following.

Lemma 2.5. Let F = Mjq(w)dw be a von Mises—Fisher equilibrium and F() q
bounded measure such that

div, {FM (= Blof*)o} = Q(F).
Then for any function x € C1(R?), such that x|,sa-1 = 0 we have

[ = av= [ x@)r0a
R4 v#£0
_ Mo d

M (wt)x(wr)
=0 i E / dwt.

=t tB(E* —12)

t=r
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Proof. For any function ¢ € C}(R?), we know that

- [ o= BloP)e- Voo do = (@(F).)

Mo d Wy
— g M(w)Vop(wr) - Ldw,.
S /|_ () V) - L

The idea is to solve the adjoint problem (cf. Lemma []):

—(a = Blu*)v- Vop = x(v)

and to express the normal derivative of ¢ in terms of . Indeed, for any w; € tS?1,
we have
wi  X(wy) x(we)

Voeler) = e — o) ~ e - )

Finally we obtain the formula

Mq d
M Qo = e

/ M(wt)X(wt)dwt.

=t LB(% —12) =

t=r

Once we have determined the form of the dominant distribution f(¢,z,v) =
p(t, ) Mg,y dw, we search for macroscopic equations characterizing p(t,z) and
Q(t,z). For doing that, we use the moments of (CI0) with respect to the velocity.
The key point is how to eliminate f() in the right-hand side of (CIT0). Notice that
this right-hand side is the linearization around f, with fRd f dv > 0, computed in
the direction f(1), of the average collision kernel Q:

£,(FD) 1= 1im QU efM) —(Q(f)

eN\.0 £

= (divy [fV (v — u[f]) + oV, f D))

_ <divv lffRdf(l)(v/ —u[f])d”’D

Jpaf AV’
= (div, As(fM),

where

Joa SV (W = ulf])dv’
Jgaf dv’ '

As(fD) = [F Vv = ulf]) + oV, fV] - f
We are looking for functions such that
P (v)(divy, Ap(FV))dv (2.12)
R

can be expressed in terms of the velocity moments of f, in order to get a closure
for the macroscopic quantities p(t, z), (¢, x). For example 1(v) = 1 leads to the
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continuity equation

8t/ fdv—l—diw/ of dv =0,
Rd Rd

which also writes
Orp + div, (p%lﬂ) =0.

Naturally, we need to find other functions v, which will allow us to characterize
the time evolution of the orientation 2. Recall that the constraint (I8) determines
fO — (fW) (in terms of f), but not (1)), as Lemma P25 implies. Motivated by
this, we are looking for functions ¢ such that

P(v){div, Af(g™))dv = 0,
Rd

for any measures f, ¢(*) supported in R x rS?~!. Indeed, in that case the expression
in (212) can be computed in terms of f, provided that we neglect the mass of f()
at R? x {0}:

P(v)(divy A (f))dv = / P(divy, Ap(fV))dv
R4 Rd
+ / P(divy Ap[fO — (fD)])dv
Rd

= | () {dive Af[f — (FV)])dv.

R4
Let us concentrate now on the collision invariants of the average collision oper-
ator. Recall that the linearized of (Q), around a measure F such that [, F dv > 0,
writes
F+eFM)) —(Q(F
L {QUE +eF W) — (Q(F)

e c = (div, Ap(F)),

where

FfRdF(l)(v’ — u[F])dv’

Ap(FW) = [FW (v — u[F]) + oV, FY] - TP
Rral’ AV

We search for functions ¢ = 1(v) such that

Y(v){divy, Ap(GW))dv = 0, (2.13)
Rd

for any bounded measures F, G(") supported in rS?!. Actually, since we already
know that the dominant term is a von Mises—Fisher distribution, it is enough to
impose [I3) only for F = Mg dw, with A(l) = %, for some given Q € S~
Doing that, to any orientation €2, we associate a family of suitable pseudo-collision
invariants, allowing us to determine the macroscopic equations satisfied by the

moments p, ). A similar construction was done in Ref. 48, baptized as generalized
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collision invariants. Even if our approach is not exactly the same as in Ref. [48 we
will continue referring to them as generalized collision invariants. Notice that once
we have determined ¢ such that ([ZI3) is verified for any bounded measure G
supported in rS?~!, we need to check that ([ZI3) still holds true for any bounded
measure, not necessarily supported in rS% !, satisfying the constraint C3) (see

Proposition 34 and [Appendix C)). The condition (ZI3) should be understood in

the following sense
/ W (rﬁ) div, {Ap(GP) dv =0, F = Mg dw,
v#0 v

for any G € My(R%), supp G € S, that is

[ e w5 () o 5 ()] o a

oW —u[F))GD dvf ~
N iofm(vf ?[d]z/ v g MT%)}MUZO, (2.14)
v R4

for F = Mo dw and any G € My(R%), supp G € #S?!. Taking into account
the equalities

p()]-oa afe(i)]-an won

the condition (2:14)) becomes

i1 Ve Mg dw’

(w — u[Mig)) - Voib — 08,1 = (w — u[Miq)]) - Josa1 Mg dw’
rS§d—1

=0. (2.15)

3. The Generalized Collision Invariants

In this section, we concentrate on the resolution of the linear equation (ZIH). If we
introduce the vector

frsdfl VQﬂZMlQ (w)dw

W] = = Vot Mo (w)dw,
[w] fTSd71MlQ(w)dw a1 ¢ lQ( )
Eq. (ZI5) becomes elliptic on rSY~! and reads
—o divy (Mo V1) = Mig(w)(w — u[Mg)) - W[4]. (3.1)

Any solution of Eq. Bd]) will be called a generalized collision invariant of the
average collision operator (Q).

The solvability of (Bl) requires that the integral of the right-hand side over
rS?1 vanishes, i.c.

L MiaW)w - u[Mg]) - W[ih]dw = 0,
rSd—

which is true, by the definition of the mean velocity u[M;q]. But there is another
compatibility condition to be fulfilled. Take any vector W’ € R? and multiply



Math. Models Methods Appl. Sci. 2017.27:1255-1299. Downloaded from www.worldscientific.com
by 88.109.64.244 on 04/09/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

Reduced fluid models for self-propelled particles 1277

Eq. B1) by the scalar function w — W’ - w, whose gradient along rS?~! is
(Ig — 252 )W'. Integrating by parts yields

o Mg (w)Veuth dw - W’

rS§d—1

= Sd_lMlQ(w)(w —u[Mq]) ® (w — u[Mig])dw : W[y] @ W',

saying that W[i] is an eigenvector of the matrix

Mg = Mlg(w)(w — U[MIQD ® (w — u[Mm])dw,

rSd—1
corresponding to the eigenvalue o. The following lemma details the spectral pro-
perties of the matrix M;q.

Lemma 3.1. For any | € Ry such that A(I) = %I, and Q € rS', the matriz
Mg is symmetric, definite positive and:

.
MOQ:EIda

1
Mg=2-d-1)o—|[u)2Q+0I;—Q®9Q), 1>0, 0< %< bt

Ifo< %< é, we have r* — (d—1)o — |[u|? < o and, in particular ker(Mq —oly) =
(RQ)L.

Proof. Clearly M;q is symmetric and definite positive. The case [ = 0 is trivial,
2
and we have Moq = /4. Assume now that [ > 0 and thus necessarily = €10, é[

cf. Proposition[I:5l We consider an orthonormal basis {E1, ..., Eq—1,Q}. It is easily
seen that

Mg = / (w—1u)@wMq dw
rSd-1

d—1 d—1
= /Sd 1[((6(19) - |u‘)Q+Z(WE¢)Ez ® (W'Q)Q"’Z(W'Ei)Ei Mg dw
- i=1 i=1

_ /Sd_l((“’ Q) — Ju)(w - QMg dw Q2 Q

d—1
- E)N?Mg dw E; @ E;

_ / (w- Q)% — [uf*) Mig dw 2 ® Q
r§a-1

2 _ .92
+/ %Mm dw(lyg — Q2 ® Q).
rSd—1 -
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We show that
/ (w-Q)* Mg dw =12 — (d — 1)o.
rS§d—1

This comes by the condition A(I) = %! and integrations by parts

r? [ eleosfsin? 0 o

foﬂ eleost gind=2 9 dg

r2 — / (w . Q)2Mlg dw =
rSd—1

2 (T d lcosf q;,,d—1
7 Jo de® sin 0 do

I [ eleostsin?™2 6 dg

s . —
72 [ cosfe! 3% sin?"2 9 o

Lo [y eteosfsin®=2 6 df

=(d-1)
= (A= 1))

7,.2

o

T
‘We deduce also that
/ ((w - 9)2 — |u\2)Mm dw =72 — (d — 1)o — |ul?
rSd—1
and therefore

Mg = (1* = (d = 1o — [u)Q© Q+o(ls — 2R Q).

We claim that the biggest eigenvalue is o, that is > — (d — 1)o — [u]? < o,
or equivalently r? < do + |u|?. This is a consequence of Lemma 23] Indeed, since

[ > 0, we know that

21 o

M= TETmEra 0=t

implying that

272 . 9
Vd2 4412 > — —d >0, sincer® > do,
o

or equivalently

4 2
4% >4 —4d
g g

Replacing | = % in the above inequality yields r? < do + |ul?.

|

The resolution of ZI4) follows immediately, thanks to Lemma Bl As ([2I5)
is linear and admits any constant function on rS?~! as solution, we will work with

zero mean solutions on rS?1, that is [ o, ,9(w)dw = 0.
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Proposition 3.1. Let Mg be a von Mises—Fisher distribution, i.e. € S%1,
leRy, A1) = %1, and Ey,...,Eq4_1 be an orthonormal basis of (RQ)*:.

(1) Ifl=0 and % # %, then the only (zero mean) solution of [ZIR) is the trivial

one.
(2) Ifl=0and % = %, then the family of zero mean solutions for (ZI9) is a linear
space of dimension d. A basis is given by the functions 1y, ..., 10q satisfying
—0 divy (Mo Vi) = Moo(w)(w - Er), thi(w)dw =0, (3.2)
rS§d—1

forie{l,....,d} and E4 = Q.
(3) If0 < Z < 1 1>0, A(l) = %I, then the family of zero mean solutions for
@I3) is a linear space of dimension d — 1. A basis is given by the functions

U1, .. a1 satisfying
—0 div,(MioVut) = Mig(w)(w - ), /Sdi1 Yi(w)dw = 0, (3.3)
forie{l,...,d—1}.

Proof. (1) Let ¥ be a zero mean solution of (ZI5). Multiplying by (w - W), with
W’ € R?, and integrating by parts over rS?~! yield

oWl W =0 MooVt - W' dw = Mog(w —0) - W] (w - W')dw

rS§d—1 rS§d—1

2

= MoaW[d]- W' = ZW[i] - W

Therefore (o — %)W[w] = 0, implying that W[y] = 0 and
—dive (Moo (w)Veih) = 0.
We deduce that 1} is a constant, zero mean function on rS%~!, and thus J =0.

(2) As 1 = 0, then [ o, ;wMpyo(w)dw = u = 0. Therefore the right-hand sides in
(E2) are zero mean functions on rS?~!, and by Lax-Milgram lemma, the zero mean
functions (1;)1<i<a are well defined. Notice that these functions also solve (ZIF).
Indeed, after multiplication by (w - W’), with W’ € R?, and integration by parts
we obtain, for any i € {1,...,d}:

0'/ Vuﬂ;i . WMOQ dw = / (w . El)(w . WI)MOQ dw = MOQEi . W/.
rSd—1 rS§d—1

We deduce that

- 2
o Moo (w) Vb dw = Moo E; = %Ei =oE;, ie{l,....d}, (3.4)

rS§d—1



Math. Models Methods Appl. Sci. 2017.27:1255-1299. Downloaded from www.worldscientific.com
by 88.109.64.244 on 04/09/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

1280 M. Bostan & J. A. Carrillo

which exactly says that ("Zz‘)lgigd solve ([ZIH). It is easily seen that the family
(Ji)lgigd is linearly independent: if Zle CﬂL =0, then by ([B4) one gets

d d
ZCiEi = Zci/ M()Q(w)vw’(z;i dw = 07
i=1 i—1 /TSt

implying that ¢; = 0,7 € {1,...,d}. We show now that any zero mean solution zz
for (2I0)) is a linear combination of (1;)1<i<q. Let (¢;)1<i<a be the coordinates of

the vector W[y] with respect to the basis (E;)1<i<a:

d
W] = Moq(w)V 1) dw = Z cFE;.
T’Sd71 i=1
We claim that ¢ = Z?:l citb;. Indeed, since ¢ and Z?:l cith; have zero mean,
thanks to the uniqueness of zero mean solution, it is enough to check that Z?Zl ci{/;i
solves [B.)), with the right-hand side Myqw - W[¢)]. Indeed, we have

d d
—odiv,, (Mong > c%) = eiMoo(w - Ei) = Mog(w — 0) - W],
i=1 i=1
implying that ¢ = Z?Zl cit;.
(3) The arguments are similar. The solutions (¢;)1<i<q_1 in [B3) also solve (ZIH),
and are linearly independent. But for any solution ¢ of (ZI5), we have for any
W' e R%:

oW - W' =0 MoV, - W dw

rS§d—1

= Mg (w — u[Mig]) - W] (w - W')dw

rS§d—1
= MoWy] - W'
Therefore W [¢)] € ker(Myg — oly) = (RQ)* = span{E, ..., E4_1} and we deduce
that ¢ = S0 cihi, with W] = S0 ¢ E;. O

We focus now on the structure of the solutions of (ZIH). This is a consequence
of the symmetry of M;q, by rotations leaving invariant the orientation 2. We con-
centrate on the case 0 < % < 2, A(l) = 1,1 > 0.

Proposition 3.2. For any W € R4, W -Q = 0, let us denote by JW the unique
solution of the problem
—0 din(MlQVwizw) = MlQ(w — u) W = MlQ(w . W), JW dw = 0.
rSd—1

For any orthogonal transformation O of R%, leaving invariant the orientation
Q, that is OQ = Q, we have

JW(Ow) = {Z;tOW(W), werSt,
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Proof. We know that JW is the minimum point of the functional
Jw(z) = = M|V, z* dw — Mo (w - W)z(w)dw
2 J,gi—1 rSd—1
on z € H'(r$*1), [ci1z(w)dw = 0. It is easily seen that for any orthogonal
transformation O of R, and any function z € H'(r§?71), [

gi—1Z(w)dw = 0, we
have

20 =200 € HY(r$% 1), / zo(w)dw =0

rSd—1

and
(Voz20)(w) = tO(V,2)(0w), werSit
Moreover, for any z € H*(rS*"!), [ ., ,2(w)dw = 0, and any orthogonal transfor-

mation leaving invariant the orientation 2 we obtain
o
Jeow(20) = 5 Mig(w)['O(Vu2)(Ow)? dw

r§d—1

— Mo (w)(w - *OW)2(Ow)dw

r§a-1

=3 MlQ(Ow)\(sz)((’)w)|2 dw
rSd—1

- Mio(Ow)(Ow - W)z(Ow)dw
rSd-1
o

) Mlg(w)\vwz(w)\Q dw — Mo(w)(w - W)z(w)dw
rSd—1 rSd—1

= Jw(z)
Finally, one gets for any z € H'(r$?1), [ o, ,z(w)dw = 0,
Jeow (w0 0) = Jw (hw) < Jw(20'0) = Jeow(2),
saying that {/;W 00 = z’/;t@w. |

We claim that there is a function x such that, for any i € {1,...,d — 1}, the
solution 1; writes
~ w w- E
i(w) = Q-2 )e(w), ¢w) = ————, w e rSTN\{+rQ).
B =x (2 2)a). at) e \(£r0)

Lemma 3.2. We consider the vector field F given by
d—1
F(w) = Z%(w)El, wersih
i=1

Then the vector field F does not depend on the orthonormal basis {En, ..., Eq_1}
of (RQ)* and for any orthogonal transformation O of R?, preserving Q, we have

F(Ow) = OF(w), wersS®t
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There is a function x such that

w\ (o — Q22 Q)(w) -1

and thus, for any i € {1,...,d — 1}, we have

Ui(w) = X(Q- %) #ﬁlw)?’ w e rSTI\{£rQ}.

Proof. Consider any other orthonormal basis {F1,..., Fy_1} of (RQ)*. Thanks to
the identities:
Fi1@F i+ +FE; 1QFE; 1 +Q0Q =14,
heokh+ 4+ F 1 QF; 1+02180=14,

we obtain
d—1d—1

d—1 d—1 d—1
S GB = Y e = Y Bty B = 3 3 (B E)I
i=1 =1 =1

i=1 j=1

HM:F

— d—1
Z VEi =Y U Fj.
j=1 j=1

Pick O any orthogonal transformation of R?, leaving invariant ). For any w €
rS?1, we can write, by Proposition 3.2}

d—1

-1
Ow) = Z{ZE (Ow)E; = Z¢tOE (WE; = OZ¢tOE )'OE; = OF (w),
=1

i=1
where, in the last equality, we have used the independence of F' with respect to the
orthonormal basis of (RQ2)*. Take now w € rS4=1\{+rQ2} and
o (Id —0® Q)w
2 —(Q-w)?
Clearly E-Q =0, |E| = 1.
If d = 2, as we know that F'(w) - Q = 0, there is A = A(w) such that

(IQ — Q ® Q)w
Fw) =AWw)E = A(w)m.

If d > 3, take any unitary vector ~FE, orthogonal to E and €2, and consider
the symmetry O = I; — 22FE ® *E. The above orthogonal transformation leaves

invariant €2, and thus, by the hypothesis, we know that F(Ow') = OF (u'), w’ €
rS%1. Observe that

w—(w- Q90 1E.-w

1 . :L . =
R/ ey s By R i s )

implying that Ow = w,
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and thus
F(w) = F(Ow) = (I; = 2*E® *E)F(w) = F(w) — 2(F(w) - *E)*E.

We deduce that F(w) - *E = 0 for any vector 1E, orthogonal to E and Q. As
F(w) - Q = 0, we deduce that F(w) is orthogonal to any vector orthogonal to E,
and thus there is A = A(w) such that

(Id -0® Q)w

Fw) = AMw)E = Aw) r2 —(Q-w)?

, werSTI\{£rQl.
We claim that A(w) depends only on - £. Indeed, for any d > 2, and any
orthogonal transformation O, such that OQ = Q, we have F(Ow) = OF (w),
Ig— Q2 02)0w =0w— (2 -0w)Q2=0w— (- w02 =01 — QRN w,
for all w € rST=1\{£rQ}, and
V2= (- 0w)? = |(I; — Q® 0)0w| = |O(I; — Q@ Q)w|
(L — Q8 Qul = V7~ (@ WP,

implying that A(Ow) = A(w), w € rST=1\{£rQ}. Actually, the previous equality
holds true for any w € rS?~1, since OQ = Q. We are done if we prove that A(w) =
A(W') for any w, w’ € rS4I\{£rQ} such that Q- w = Q- w’, w # '. Consider the
rotation O such that:

OF = El; (O - Id)|span{E,E’}i =0,
(Id—Q®Q)w B — (Id—Q®Q)w’
22— (Q-w)?’ V2 —(Q-w)?
Notice that the condition OF = E’ exactly says that Ow = w’ and thus A(w') =

A(Ow) = A(w). We deduce that there is a function y such that A(w) = x(Q2- %)
and therefore

.w> (Ig — Q@ Qw
r2 —(Q-w)?

implying that
w - El

{/;z(w) =X <Q : %) m»

Remark 3.1. In the case d = 2, we take £y = LQ, w = 7(cos#Q + sin 0-Q) and
therefore 11 writes

ie{l,...,d—1}, werS"N\{+rQ}. O

zzl (r(cos 62 + sin QLQ)) = x(cos @) sign(sinf), 6 €]—m,0[U]0,n|.
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Clearly, the function ¥, (0) := 1 (r(cosfQ + sin6+Q)) is odd (in particular
[o ¥1(w)dw = [T % (8)rdf = 0) and the condition

/ 1|VuﬂZl|21\/fm(w)01w < +o00,
rS

implies that [ |9p¢;|*d# < +oo. Therefore 1, is continuous on |—m, 7|, and
thus x(1) = 0. Notice that x(—1) = 0 as well, since limg - 1, (0) = Uy (—rQ) =
lime\,ﬂp El (0)

Thanks to Lemma [32] in order to determine z’/;hi e {1,...,d—1}, we only need
to solve for x. The idea is to analyze the behavior of the functionals Jg, on the set
of functions W; ,(w) = h(Q - £)c;(w), w € rS?~!. The notation P, stands for the

orthogonal projection on the tangent space to rS?~! at w, that is, P, = I; — “’f%

Proposition 3.3. The function x constructed in Lemma [B.2] solves the problem

o d

SN @0 =) =rdt x(-1)=x(1) =0, (3.5)

forallce]—1,1[, if d =2, and

d—>5 d—2

o d c a—1 0 I c
g EN A=) T+ ([d=2) N1 - )T =re(1-¢) T, (36)

for all c €]-1,1[, if d > 3.

Proof. For any ¢ € {1,...,d — 1}, the gradient of ¥, ;, writes

N AR S5 W 4
VoUin=h (Q T)cl(w) - +h(Q r)Vwcl,
where

PwEi (wEl)(wQ)

Vo = PwQ
RV A R PR DR

Therefore we obtain

- F; PO
Votbin=h (0.2 il C
Yi,h ( r) o2 ¢
-« ) .
_J_LL{%E+EEM1@39,
2 — (w-Q)? r?2 —(w-Q)?
Notice that P, Q2 and V,c; are orthogonal, thanks to the equality \PWQ\Q =1-
(w-)?
—=—. Indeed, we have
(w-Ei)(w-Q)
P,Q- |\P,E; + —————P,Q
* r?2 —(w- Q)2
L@ E)@®) | @ E)w D) s

72 r2 —(w- Q)32
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Observe also that

|vwci‘2 =

implying that

(2ot B (o) e

(W@ ) B | (h(2-2)’ [ECRCI

rd r?2 —(w- Q)2 r2—(w-Q)2|

VoW,

Performing orthogonal changes of coordinates, which preserve 2, we deduce that
the integrals [ o, 1|Vw®in|*Mq dw do not depend on i € {1,...,d — 1}, and thus

(- ©))?
/ Vo Wi n|"Mig dw = ! / (- 2)) [r* — (w- Q)*| Mo dw
rSd—1 §d—1

d—1 rd
2
d—2 (h(2-%))
— ——"2 Mo dw. 3.7
+d_1/TSd—1T2—(W'Q)2 1 dw ( )
We also need to compute the linear part of the functional Jg;:
o -«
Miq(w - E;)h (Q . i) ci(w)dw = Mm(ir)\/r2 —(w- Q)2 dw.
r§d—1 T r§d—1 d—1
(3.8)

The expression of Jg, (¢, 1) follows by B7Z), (BJ):

Mg (1 (2 £>>2 - (Q-w)?

r rd

Je(Yin) = ﬁ

rSd—1
od—2 (h(Q2-£))?
- - Mo—— 1/
+2d—1 rSd—1 ZQTQ—(w-Q)Q

1 w
[ L= 2 _ . 2
1 Mqah (Q 7‘) Vr?—(w-Q)?2 dw

rS§d—1

B o Jo eteosO(h' (cos 0))? sin? 6 o
- 2(d—1)r2 fo eleosgind=2 ¢ d¢

s|E

dw

Ud—2f7r eleosd(hleost)ya ind=2 9 49

T sin 6

2d—-1 Iy eleosdgin?=2 ¢ dg
1 fy etcosPh(cosO)rsinb sin?2 69 do
d—1 Jo eteosfsin?"? 0 do

J(h)
(d—1)mBo(l)’
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where 730 (1) fﬂ eleostsin?=2 9 46 and

1
T(h) = i/ e ()2(1 — A) %2 de+ gdrz2[1616(h( 1201 — )% de

2
2r 1

1
- 7"/ eln(c)(1 — 02)(12;2 de.

-1

We consider the Hilbert spaces
Hy = {h:]-1,1[ =R, (1 — &Y% e L*(]-1,1]), h(~1) = h(1) = 0}
and
Hy={h:]-1,1[—R, (1 - )Th € L*(]-1,1]),(1 — ) Th e L2(-1,1])},
for d > 3, endowed with the scalar products
(9.1)2 = / 11 g (ON (V1= de, g heH

and

(9:h)a = / O (01 =) T e

1
+/ g(Q)h(c)1 =) 2 de, g,he Hy, ifd> 3.
-1

By Lemma 32 there is a function X such that ¢; = y( - L)ci(w), i € {1,...,
d — 1}. We know that %7 1e{l,. — 1}, minimize the functionals Jg,(z), with
z e HY rS- b de Z2(w)dw = 0. In partlcular for any h € Hy, d > 2, we have

T(Uin) = Jp(), Win@) =h (2-2) ci(w),
implying that x, which belongs to Hg, is the solution of the minimization problem
J(h) = J(x), he Ha.
Thanks to the Lax—Milgram lemma, we deduce that x is the solution of the problem

B3 if d =2, and B4) if d > 3. m|

Up to now, for a given equilibrium F' = M;q dw, we have determined the func-
tions 9 such that

(o) tim Q26 — Q)

R4 e\.0 g

v =20,

for any bounded measure G, supported in 7S%~!. But we need to control the
linearization of (Q) around the equilibrium F in the direction F(), which is
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not necessarily supported in #S%~1. It happens that the constraint divv{F(l)(a —
Blv[*)v} = Q(F), see (LX), will guarantee that

/ Y(v) lim QU +<FY)) - QU (v)(div, Ap(FM))do = 0.
RE N0 € R

These computations are a little bit tedious and can be found in

Proposition 3.4. Let ' = Mo dw be a von Mises—Fisher distribution with [ >0,
and F be a bounded measure (not charging a small neighborhood of 0, for
simplifying), satisfying div,{FM (o — Blv|>)v} = Q(F). Then the linearized of (Q)

around F in the direction F(Y verifies

V() (divy Ap(FO)dv =0,  for any generalized collision invariant ¥ of (Q).
R

4. The Limit Model

We identify the model satisfied by the limit distribution f = lim.\ o f¢. We already
know that f is a von Mises-Fisher distribution f = p(t, ) Mgt 4)(w)dw with p >
0,Q € S¥11>0)\) = e é, then [ = 0 and M dw reduces to the
isotropic measure on rS%-1, that is f = ,0(15736)Td(_i—i’@d7 with zero mean velocity
u[f] = [ gac1wpMiq dw = 0. In this case, the continuity equation reduces to the
trivial limit model 0;p = 0, € R . From now on, we assume that % €]0, é[, and

we consider [ > 0 the unique solution for A(I) = %I, cf. Proposition [L3. We are
ready to justify the main result in Theorem [[J] and the derivation of the SOH

model (CI3)—(C14).

Proof of Theorem [I.T} The continuity equation ([LI3]) comes from the continuity

equation of (CIZ):
Ot fdv+ divw/ fv dv = lim {875 fedv +div, ffv dv} =0
Rd Rd e\o0 Rd R
and the formula for the mean velocity of a von Mises—Fisher equilibrium
lo
u[f] = wpMo dw = p—Q = pA()rd.
rS§d—1 r

Equivalently, (LI3) is obtained by using the collision invariant 1; = 1. Equa-
tion (I4) will follow, by using the (d — 1)-dimensional linear space of collision
invariants studied in Proposition Bl Revisiting the expansion (L), we obtain

O f + diva(fo) + div, {f P (o — Blv})v} = div,(Af(fD)), (4.1)
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together with the constraints:
div, {f(a — Blv[*)v} =0, (4.2)
divy {f W (a = Blu*)o} = Q(f). (4.3)
The first constraint [@2) says that, for any (t,7) € Ry x R% supp f(¢,2) C {0} U
rS?=1. Averaging the second constraint (@3] leads to
(QUN) = (dive{ SN (@ = Bluf*)e}) = 0
and thus f(t,z) = p(t, z) Mo . (w)dw,w € rS*~1. Averaging [@I) allows us to get

rid of f(*):
Oy (f) + divg (uf) = (divy Af(fM)). (4.4)

In order to eliminate f() as well, we test (@) against the functions v;(v) =
wi(r‘jj—l), where (1);)1<i<q—1 are the collision invariants constructed in Proposi-

tion 31l Indeed, by Proposition B4} we know that for any ¢ € {1,...,d — 1}:

L (i) e rrman = [ (e v 0500 = 1151 -

and therefore

/ 8t(leQ)1Zi dw —|—/ divz(leQw)Ji(w)dw =0, ie{l,...,d—1}.
rSd—1 rSd—1
(4.5)

Let {E1,..., E4_1,Q} be an orthonormal basis and {/;17 . ,'l’/\}id—l be the solutions
of the problems (IE[) We recall that

Ij— Q20
Z%E F(w (Q ) w_
@
Equation (fH), written for ¢ € {1,...,d — 1}, says that
X(g . Q)

T

(Id -Q ® Q) /Sd 1[815 (leQ) + divat(leQW)}ﬁ .
e 1— L@

We need to compute the vectors:

X(2-Q)  w

U, = OrpM, —L———dw,
' /rsm :PMio () @ 22r -

w
U2 = / leQ(w)latQ - —
rS§d—1 r

Uz = / w - VapMo(w)
rS§d—1
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and to impose

4
> (Ia - Q2@ QU; =0. (4.6)
i=1
Clearly, the first vector U is parallel to 2, and thus
(Ig — Qe Q)U; =0. (4.7)
The treatment of the second and third vectors requires to compute
x(5-9)
A= - — —L—d
/Sd1r® (w) 1_(9.%)2“)
. Ez 2 ©.0
_ Z/ @B () XG9Y  umen
i—1 rS§d—1 T ]_ — (Q . %)2

. 0)2 2.0
_|_/ MM[Q(W)MdW QR0
Sd—1 -2

Jo sin? geteos0 XD ind=29 dg 1, — Q0 Q
Jo eteostsin®2 6 dg d—1

f cos2 el cos 0 x(stigs;) %29 40
o eteosfsin®2 6 dg
We obtain, thanks to the identity 9,Q - Q = 10,|Q*> = 0,
(Ig — Q@ 0Us = (I — Q@ Q) plADQ
I fy e e fx(cos0) sin® ' 6 do

— ) 4.8
d -1 fo elcostgind=2 9 46 i (48)

Q® Q.

and
(Id -0® Q)Ug = T(Id -O® Q)Avggp
ro [y elest x(cos @) sin®~* 6 dg
= I —Q®Q)Vyp. 4.9
d—1 N el‘mesind*26d9 e JVep (4.9)

We concentrate now on the last vector Uy. Observe that

(Ig — Q@ 0)U,
d—1
B w_w x(2-Q) Wy
_Tpl/TSd_lr ® % 0.0Minl) Ao S (B 2) B dw
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and for any i € {1,...,d —1}:

/ Yol 0: QM0 (w )M<Ei'£>dw

rSd—1 T r 1—(Q~%)2 r
[ @ BP9 x(£-Q)
= / A (1=

1-(2-9)? (-9) x(£-9)
:/Sdl d—1 M) 1-(Q-2)2

X [Bi©Q: 0,04 Q@ E; : 0,0

dw

T .2 . cos cos 6§ d—2
_ 1 J, sin HCC;b fetcos? % sin®"“ 6 do (0,00 F; +10,00 - E.).
d—1 Jo €teosfsin®"= 60 do

Thanks to the formula ‘9,00 = $V,|Q* = 0, we obtain

rpl fo cos Bl 39y (cos §) sin? ! 0 do !

Ii— Q@)U = 090 - E;)E;
e e 7 eteostsind=2 g dg ;( )

rpl [y cosfel«*fx(cos ) sin®" 0 df

(I — Q® Q)9,00

T d-1 Iy eleostsind=2 ¢ dg
cos . od—1
_rpl o cosBeleosfy (cosﬁ);m 6 do 5,00, (4.10)
d—1 Jo €leos?sin?2 6 do
The evolution equation for the orientation  comes now by collecting (£.6)—-(EI10)
to get
plOQ +r(Ig — Q@ Q)Vap 1 ' °Ox(cosf)sin?~" 0 df
—_ COS o d72
d—1 Jo €leos?sin?2 6 do
l cos fel <39y (cos ) sin? 1 0 o
ooty x(cos B) 0,00 =0,
d—1 o €teos?sin?2 6 de

which also rewrites as

[ cos el <*fy(cos 0) sin? ' 6 do A\

r
0+ foﬂ eleos 0y (cos ) sind~1 4 df (Q-Vy)Q+ l( 4 ®Q) 0

Remark 4.1. Taking the scalar product of Eq. (LI4) with 2, we obtain

kar

—a,sm\2 5 (Q- V)0 =0, (t,2) € Ry xRY,

implying that |Q(¢,z)| = 1, (t,2) € Ry x R, provided that |Q(0,2)| = 1,2 € R%
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Appendix A. Integration by Parts on Spheres
Proof of Lemma [ZI1 We pick a function n € C(]r1, rs[) and observe that

div, {n(Jv[)A(v)} = (Ivl) A(v) + (o)) (div, A)(v), veO.

Integrating with respect to v over O leads to

0=memwmmwmzjiuw“<>M+memmwmww

_ / S /w_lw-A(tw)tdldwdt—i— / ") / (divy A)(tw)té! dw dt

|w|=1

= h —i w - W)t dw iv W)t dw
—/ﬁ ﬂ(t)l ” /|w|—1 A(tw)t=t d +/w_1(d o A)(tw)td1 d ]dt.

We deduce that

/ (divy A)(w)dw = i/ w- A(tw)t?! dw
lw|=t dt Jjw)=1

N / {w: O AWt +w - A(tw)(d — D'} dw
Jwl[=1

_ /M_t {“’ W g Aw) + =D A(w)} dw.

12 12

Assume now that A(v) -v = 0,v € O. Taking the gradient with respect to v
yields 9, A(v)v + A(v) = 0 implying 9, A(v) : v ®@v = —A(v) -v = 0,v € O. In this
case (2I)) reduces to (Z2). The formula in (Z3]) follows easily by applying (2:2))
with the field v — x(v)A(v). |

Appendix B. Differential Operators on Spheres

Proof of Lemma [2.2] (1) Pick a point w € rS4 1 and a tangent vector X €
T, (rS41). Let v :]—¢,e[ — rS?~! be a smooth curve such that y(0) = w, 7/(0) = X.
Then we have

VLT X =du(X) = G| Pa0)= g v00)
= Tote) X = (1= 252) Tble) - X,

saying that

Vol - (1= 252) Vb e 08t n (LS = o).

,,,

Therefore we deduce that V¢ = ( %w)m.




Math. Models Methods Appl. Sci. 2017.27:1255-1299. Downloaded from www.worldscientific.com
by 88.109.64.244 on 04/09/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

1292 M. Bostan & J. A. Carrillo

(2) For any w; € tS%! and X € T,,, (tS?"1), pick a smooth curve v:]—¢, e[ — tS41
such that v(0) = w¢,7/(0) = X. Therefore we have

~ d B e e N A
Vadlw) X =3 d06) =g ¢ ( i )‘W (3) 3%

saying that (V,9?)(ws) = %(VMZ) (r=t). Actually the function ¢ has only tangent
gradient (to the spheres), and thus

(Vo)) = (Vu ) wr) = T(Vod) (r2) ] = ¢

(3) Consider a Cl-function ¢ on rS?! and ¢ a Cl-extension of ¢ on O. By
Lemma [2:1], we know that

/ V) fde s /| P g =0 (B.1)

But, by the previous statement, we can write

o) 8) = o) (1= 252 ) &) = (1 - £52) Tbie) -0
= V) - Ew) (B2)
Combining (B), (B2) yields

/ 3 (w) divy E(w)dw = — / V(@)  E(w)dw
|w|=r |w|=r

=/ D(w) divy E(w)dw, 3 € C(rst),
|w|=r

implying that div,, E = div, €.
(4) Consider £ = £(w) a C'-tangent vector field on rS?1 and &(v) = (rip),v €
R\ {0}. We have £(v) - v =0, v € R4\{0}, and for any ¢ > 0:

(divy )(wr) = (diva, E)(we) = T(diva &) (r20),  w e s,
The first equality comes by the third statement of Lemma [2:2] In order to check

the second equality, pick a Cl-function ¢ on ¢tS?~1 and consider the function
P(w) = Yt (tw/r),w € rST=1. We have

V(@) = ~(Vu0h) (12)
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and thus

- @it e = [ ) Vb @l

|we|=t

[ ) @) (4w

[ & v (2)

[ @edeio (2w

= —/w . t(dlvw f) < ; >zzt(wt)dwt.

U

We deduce that (dive, £)(we) = 5(dive, €)(rwe/t) for any w, € S |

Appendix C. Collision Invariants and Linearization of (Q)

Proof of Proposition 3.4l Consider a collision invariant 1, and let us compute

that is

Im:/m{‘(”‘“[F”'v 7 ()] o [9 () 2

i LB,

We consider the application

X(©) = —(v— u[F])- Vs { ( . |>}+0A [w( ﬁ)]

fu';éo Vo [1; (r%)] F dv
P v’

— u[F]-V, [ <||>]+0A [ ()]

+ (v — u[F]) - / (Voo 8)(@) Min(@)dw', v 0.

rS§d—1

+ (v —ulF])-
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As 1) is a collision invariant, we have x(w) = 0, for any w € rS4=1 cf. (ZIH). Thanks
to Lemma 5, the integral I[¢)] can be written
x(wi)
M () —2t g
g M0 e

wy x(t2) e\
/w| TM (t?> (2 —r?) (F) -
Thanks to the second statement in Lemma P22, we can write
~( v w r ~
v, [7(r)] () = Fwade)
and by [24) in Lemma[22(4), we have
~( w w 7 2 ~
A, [¢ (7‘7)] (t;> = (;) (Aut)(w).

Therefore, the function ¢ — x(t%) is given by

o (1) - UMlQ d
119] = / JXF® dv= SRR T

O'Mle
B M dt|,_

w T ~ 72 - w ”

X (12) = ZulF] - (Vud)(@) + 055 (Ad)@) + (2 — ulF]) - W),

with W[J} = fTSd_lvaMlQ(w)dw. As y(w) = 0, w € 7S, because 1) is a collision
invariant, we obtain

w> x(t%)
t

M(t? e

( )
w\ SFru[F] - (Vo) (@) + 05 (Aud) (@) + 5w - WY
:M<t?> :;t—r)(t—i-r)
(

) S () e - e (1) U )

— M) S T
M(t%) - it o .. w ~
= i W ulF] - (Vad)@)] - grdive (M (1) Vop).

It is easily seen that [ o, M(t%2)w dw € RQ and, as we know that W] € (RQ)L,

we deduce that
w o~
/TSHM <t;> w - WD)dw = 0.

Taking into account that

[ e (12) s =0
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we deduce that

= o M d t -1 M(t%)vaU[F}
IW)} - BW& t—p [(;) /T,Sd_l ’I"t(t +’I") dw
o M d t -1 1 ~

-shesl l(;) T | o MV ulFla
g MlQ d w ~
295 M dt|_ /SM (45) Vet - el .
As before
% M)Vt do-ulF] = [ MoVod dw - u[F] = W] - u[F] = 0,
r§d—1 r§d—1

implying that

~ 0 Mgd w N
Iy] = 235 M atl,_ /TSd_lM(t?> Vot - u[Fldw
_ 0 Mg ulF]—w w -
=235 M M) (T ' ?) (Vo) ulF])dw
B ﬁ Tsd—lMlQ(u[F] ‘W TQ)(VUJ{/;' U[F})dw
1

= 213 TsdilMlQ(szz~u[F])(w u[F])dw.

In the last equality we have used one more time that Wi - u[F] = 0. We claim
that the last integral vanishes. Indeed, multiplying by (w - u[F 1)? Eq. @) satisfied

by the collision invariant 1) one gets

20 Sd?le(va - u[F))(w - u[F])dw
= W] - Sd_le(“’ ~u[F))*(w — u[F])dw
=Wy - Sd,lM’Q(” - ulF))w dw.

It is easily seen that [ ., Mio(w - u[F])*w dw € RQ and therefore

W] - Mig(w - u[F])*w dw = 0,

rS§d—1

saying that I[¢)] = 0. |
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