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21 Introdu
tion.Taylor-Couette 
ow of a vis
ous 
uid 
on�ned between independently rotating 
oax-ial 
ylinders has been one of the most studied problems of 
uid dynami
s in the lasteighty years. Starting with the 
elebrated work of G. I. Taylor [Taylor, 1923℄, theTaylor-Couette problem has been an experimental, theoreti
al and numeri
al ben
h-mark problem for bifur
ation theory and hydrodynami
 stability. This 
ow may be-
ome turbulent by means of many di�erent me
hanisms whi
h usually involve su

essivesteady or unsteady linear instabilities. We refer the reader to the standard monographs[Chossat & Iooss, 1991℄ or [Tagg, 1994℄ for details. Below the 
riti
al values predi
tedby linear stability theory, azimuthal Couette 
ow is stable with respe
t to in�nitesi-mal perturbations. Nevertheless, experiments 
arried out by Coles and Van Atta inthe 1960's [Coles, 1965℄,[Van Atta, 1966℄ reported striking new phenomena of suddentransition to transient turbulent regimes in the region where the linear theory pre-di
ted stability of the basi
 azimuthal Couette 
ow. This kind of instability, whi
hColes termed 
atastrophi
 transition, 
annot be explained by means of eigenvalue anal-ysis of the linearized Navier-Stokes operator, be
ause its spe
trum always lies on thestable region of the 
omplex plane. Instead, this sub
riti
al transition seems to be as-so
iated with the 
onsiderable ampli�
ation or transient growth that even very smallamplitude perturbations may su�er due to the nonnormality of the linearized opera-tor, i.e. non-orthogonality of its eigenve
tors [Kato, 1976℄. It has long been knownthat nonnormality of linearized operators arising in stability analysis of shear 
ows isresponsible for the 
onsiderable nonmodal growth of small perturbations. A 
ompre-hensive theoreti
al study of nonmodal analysis for shear 
ows 
an be found in the re-
ently published monograph [S
hmid & Henningson, 2001℄ or in [Trefethen et al., 1993℄.Shear-dominated 
ows su
h as plane Couette or Hagen-Poiseuille (pipe) 
ows are lin-early stable for all Reynolds numbers although they a
tually be
ome turbulent due to�nite amplitude perturbations whi
h are transiently ampli�ed by nonnormal me
ha-nisms. In [Gebhardt & Grossmann, 1993℄, a 
omprehensive exploration of the spe
traof the Taylor-Couette eigenvalue problem was provided and the nonnormality of theoperator was pointed out.The experiments of Coles and Van Atta were 
arried out with a small gap apparatusand sub
riti
al transition to turbulen
e was found in the regime of 
ounter-rotation orwhen the inner 
ylinder was at rest. The purpose of this work is to provide eviden
e of aremarkable energy transient growth of perturbations based on the linear, but nonmodal,analysis of the azimuthal Couette 
ow under those 
ir
umstan
es. The author doesnot 
laim that this me
hanism is the only one responsible for the eventual transition toturbulen
e. A fully nonlinear study based on the analysis of the topologi
al features ofthe basin of attra
tion of the azimuthal Couette 
ow would be needed for a 
ompleteunderstanding of the transition me
hanism.The paper is stru
tured as follows. In x1, we formulate the stability problem and wede�ne the quantities whi
h measure the transient growth of the perturbations. In x2,we provide a 
omprehensive exploration of the optimal transient growth in the 
ounter-rotation regime for di�erent azimuthal and axial modes and we 
ompare our numeri
al



3results with the experimental data available. Finally, in x3, we reveal the existen
eof streaks as a result of axisymmetri
 toroidal perturbations and how this me
hanismmodulates the basi
 azimuthal 
ow.2 Mathemati
al formulation: linear stability and en-ergy normWe 
onsider an in
ompressible 
uid of kinemati
 vis
osity � whi
h is 
ontained betweentwo 
on
entri
 rotating 
ylinders whose inner and outer radii and angular velo
ities arer�i , r�o and 
i, 
o respe
tively. The independent dimensionless parameters appearing inthis problem are the radius ratio � = r�i =r�o whi
h �xes the geometry of the annulus, andthe Couette 
ow Reynolds numbers Ri = dri
i=� and Ro = dro
o=� of the rotating
ylinders. Hen
eforth, all variables will be rendered dimensionless using d, d2=�, �2=d2 asunits for spa
e, time and the redu
ed pressure (p�=��), respe
tively. The Navier{Stokesequation and the in
ompressibility 
ondition for this s
aling take the form�tv + (v � r)v = �rp +�v; r � v = 0: (2.1)Let v = vr er+v� e�+vz ez = (vr; v�; vz) be the velo
ity ve
tor v in 
ylindri
al 
oordinates(r; �; z). The basi
 azimuthal Couette 
ow vB = (vBr ; vB� ; vBz ) is obtained by assumingindependen
e with respe
t to t, � and z:vBr = 0; vB� = Ar + Br ; vBz = 0; (ri � r � ro); (2.2)where A = (Ro � �Ri)=(1 + �), B = �(Ri � �Ro)=(1� �)(1 � �2), ri = �=(1 � �) andro = 1=(1� �).For our analysis, the basi
 
ow is perturbed by a small disturban
e whi
h is assumedto be periodi
 in the azimuthal and axial 
oordinates:v(r; �; z; t) = vB + u(r)ei(n�+kz)+�t; (2.3)p(r; �; z; t) = pB + q(r)ei(n�+kz)+�t; (2.4)where n 2 Z, k 2 R and � 2 C . In addition, the perturbation of the velo
ity �eld,u = (ur; u�; uz), must 
an
el at the radial boundariesu(ri) = u(ro) = 0; (2.5)and satisfy the solenoidal 
onditionr � [ei(n�+kz)u(r)℄ = 0: (2.6)By introdu
ing the perturbed �elds (2.3) and (2.4) in the Navier-Stokes equations (2.1)and negle
ting nonlinear terms, we obtain the solenoidal eigenvalue problem for the



4(n; k) azimuthal-axial mode of the perturbation�ur = Dq + �D+D� n2 + 1r2 � k2 � inr vB� �ur + �2r vB� � 2inr2 �u� ; (2.7)�u� = inr q + �D+D� n2 + 1r2 � k2 � inr vB� � u� + �2inr2 � (D+vB� )�ur ; (2.8)�uz = ikq + �D+D� n2r2 � k2 � inr vB� � uz ; (2.9)D+ur = � inr u� � ikuz ; (2.10)where D = ddr and D+ = D+ 1r .We dis
retize the boundary value problem (2.5)-(2.10) by a solenoidal Petrov-Galerkinspe
tral method whi
h was already used in [Meseguer & Marques, 2000℄ for the stabil-ity analysis of spiral Couette problem. For a �xed (n; k)-mode, the M -th order spe
tralapproximation of the velo
ity �eld is a

omplished by means of a linear 
ombination ofdivergen
e-free ve
tor �elds (trial fun
tions) whi
h identi
ally satisfy (2.10) and (2.5):uM(r) = MXm=0 am�m(r); D+(�m)r + inr (�m)� + ik(�m)z = 0: (2.11)After substitution of the spe
tral approximation uM in (2.7)-(2.9), the proje
tion is
arried out via an inner produ
t over another set of solenoidal �elds 	l(r) (test basis)� MXm=0(	l;�m)am = MXm=0(	l;�B�m)am; (l = 0; : : : ;M); (2.12)where (	l;�m) = R rori 	�l ��mr dr is the volume integral restri
ted to the radial domain.In equation (2.12), �B stands for the linear operator a
ting over the velo
ity perturbation�eld on the right-hand side of equations (2.7)-(2.9) and the pressure term has been
an
eled in the proje
tion. The dis
retization s
heme �nally leads to an eigenvalueproblem for the amplitudes a = (a0; : : : ; aM)T of the spe
tral representation of thevelo
ity �eld: L(Ri;Ro; �; n; k)a = �a; (2.13)where the matrix L impli
itly depends on the set of parameters of the boundary valueproblem. The linear stability problem is then redu
ed to the 
omputation of the spe
-trum of L for ea
h pair of (n; k) azimuthal-axial modes. If, for a �xed set of values Ri,Ro and �, the (n; k)-spe
tra always lie in the left-hand side of the 
omplex plane, thenthe basi
 
ow will be stable with respe
t to in�nitesimal perturbations. On the otherhand, if one of the eigenvalues has positive real part, then the basi
 Couette 
ow willbe linearly unstable.



5We fo
us our attention in the transient evolution of perturbations in the regime oflinear stability, following the same methodology used in [S
hmid & Henningson, 1994℄for the study of nonnormal transient growth in Hagen-Poiseuille 
ow. For a given (n; k)azimuthal-axial mode, 
onsider the linear subspa
e SN spanned by the eigenve
tors ofthe N rightmost eigenvalues f�1; �2; : : : ; �Ng of the spe
trum of L,SN = h~q1; ~q2; : : : ; ~qNi: (2.14)Any perturbation q 
an be expressed as a linear 
ombination of the eigenve
tors ~qi,q = NXn=1 �n~qn = (�1; �2; : : : ; �N)T ; (2.15)and its time evolution is di
tated by the diagonal systemd�idt = NXj=1 �ij�j; (i = 1; : : : ;N); (2.16)where �ij = �iÆij, Æij being the Krone
ker symbol.We de�ne the energy norm of the perturbation q by means of the inner produ
t"(q) = (q;q)E = 12 Z rori q� � q rdr; (2.17)where � stands for 
omplex 
onjugation. For pra
ti
al purposes, it is 
onvenient to workwith the standard 2-norm in the spa
e SN,jjqjj22 = NXj=1 ��j�j; 8q 2 SN: (2.18)We 
onsider the matrix of inner produ
ts between the eigenve
torsM ij = (~qi; ~qj)E: (2.19)This matrix is positive de�nite and it admits a de
omposition of the form M = FyF,where y stands for the 
omplex 
onjugate transpose. This de
omposition 
an be a

om-plished by means of the standard QR algorithm [Trefethen & Bau, 1997℄). The energynorm of the perturbation q in (2.17) 
an be expressed in the standard 2-norm in SN bymeans of the 
omponents F and Fy :"(q) = �yM � = (F�; F�)2 = (�; �)E = jj�jj2E = jjF�jj22 ;where � = (�1; �2; : : : ; �N)T .We are interested in the measurement of the energy growth of an initial 
ondition �0as a fun
tion of time. More spe
i�
ally, we de�ne the energy ampli�
ation fa
tor, g(t),as the ratio between the energy norm of the perturbation at time t and its initial norm,g(t) = jj�(t)jj2Ejj�0jj2E = jje�t�0jj2Ejj�0jj2E : (2.20)



6For a �xed time t, we want to maximize g(t) in (2.20) over the set of all possible initial
onditions �0. Maximization of the ratio appearing in (2.20) leads to the quantity G(t),the optimal energy ampli�
ation fa
torG(t) = maxjj�0jj6=0g(t) = maxjj�0jj6=0 jje�t�0jj2Ejj�0jj2E = maxjj�0jj6=0 jjFe�t�0jj22jjF�0 jj22 = jjFe�tF�1 jj22: (2.21)The quantity jjFe�tF�1 jj2 is the prin
ipal singular value �1 of the operator Fe�tF�1 andits 
omputation is straightforward via the SVD algorithm [Trefethen & Bau, 1997℄,G(t) = �21(Fe�tF�1): (2.22)This is equivalent to solve the variational problem of maximizing the fa
tor g(t) for apres
ribed time t and 
onsidering the initial 
onditions as the degrees of freedom of theproblem [Butler & Farrell, 1992℄. The optimal growth G(t) in (2.22) has been obtainedfrom the linear operator � asso
iated with the (n; k) azimuthal-axial mode and for apres
ribed positive time t. Therefore, for a �xed set of values Ri, Ro and �, themaximumenergy ampli�
ation fa
tor, Gmax, is obtained by maximizing G(t) in (2.22) for all thepairs (n; k) 2 Z� R and for t 2 R+Gmax(Ri;Ro; �) = sup(n;k;t) G(t): (2.23)3 Parametri
 study of GmaxIn this se
tion we des
ribe the global features of the growth fa
tor Gmax de�ned inequation (2.23). The exploration is 
arried out for the parti
ular 
ase � = 0:881 andfor inner and outer Reynolds numbers in the domain (Ri;Ro) 2 [0; 900℄� [�4000; 500℄,following the spe
i�
ations of the experimental study provided in [Coles, 1965℄. Ourattention is mainly fo
used in the 
ounter-rotating regime, where the 
ow exhibitedsub
riti
al transitions in the laboratory. Nevertheless, for 
ompleteness we enhan
edour exploration to a small region in the 
o-rotating regime. In order to simplify theexploration, we take advantage of the O(2)-symmetry of the problem, i.e., invarian
e ofthe system (2.5)-(2.10) under axial translations and spe
ular re
e
tions with respe
t toorthogonal planes to the 
ommon axis of the 
ylinders. The system also obeys SO(2)-symmetry, i.e., invarian
e with respe
t to azimuthal rotations around the 
enter axis[Chossat & Iooss, 1991℄. Therefore, we have restri
ted our 
omputations to the 
asewhen both n and k are positive or zero. In this parti
ular exploration we have maximizedthe fa
tor G in (2.22) for positive times, for azimuthal modes in the range 0 � n � 15,and for axial wavenumbers in the range 0 � k � 10. Our results are summarized in�gure 1. The shaded zone represents the region of the (Ro;Ri)-plane where the 
ir
ularCouette 
ow is linearly unstable. This region has a lower boundary whi
h is the 
riti
al
urve where the �rst linear instability appears. This 
riti
al 
urve has been 
omputedby solving the eigenvalue problem (2.13) and imposing the 
ondition that the real partof the rightmost eigenvalue of L is zero. Below the 
riti
al boundary pres
ribed by



7

−4000 −3000 −2000 −1000 0 500
0

100

200

300

400

500

600

700

800

900

Ro

Ri 75

65

55

45

35
25 15 5

85

95

5
1

1

Figure 1: Maximum transient growth fa
tor Gmax in the (Ro;Ri)�plane. The dashedline represents the rigid body rotation 
urve Ri = �Ro. The lines with white tri-angles represent the experimental boundaries of transition to turbulen
e provided in[Coles, 1965℄.the modal analysis, the �gure shows isovalues of the fun
tion Gmax(Ro;Ri). Di�erentfeatures 
an be pointed out. First, at the bottom right of �gure 1 we have representedthe rigid rotation 
urve, Ri = �Ro, by a dashed line representing the region whereboth 
ylinders rotate with the same angular speeds, 
i = 
o. We 
an observe that,
lose to that region, the Couette 
ow does not exhibit transient growth. This is 
learlyvisualized in the �gure by a narrow stripe 
ontaining the rigid rotation 
urve withinwhi
h Gmax = 1. This result is in agreement with previous analyses based on energymethods whi
h 
on
luded that near the rigid rotation region, 
ir
ular Couette 
ow isabsolutely, monotoni
ally and globally stable [Joseph, 1976℄. Se
ond, in the 
ounter-rotation region, we 
an observe a monotoni
 growth of Gmax, whi
h ranges between 1 and100. This would imply that the energy of any small perturbation would be potentiallyampli�ed by almost two orders of magnitude in the 
ounter-rotation region explored inthis 
ase. Nevertheless, this growth me
hanism, due to nonnormal linear e�e
ts, is onlytransient and the perturbation will eventually de
ay for long times, as predi
ted by thelinear stability analysis. Se
ond, the 
ontours of Gmax are not tangent to the shadedregion over the linear instability boundary. In fa
t, the interse
tion in transversal,implying that nonmodal transient growth may still be found slightly above the linear
riti
al values. Finally, the �gure in
ludes the experimental data from [Coles, 1965℄.The lines with white triangles represent the experimental boundaries of 
atastrophi
transition to turbulen
e reported by Coles for two experiments 
arried out with di�erent
uids. In [Coles, 1965℄, the dis
repan
y between the two experimental boundaries was



8not 
ompletely understood. Nevertheless, the upper experimental boundary from �gure1 is 
learly aligned with the 
ontour 
urves of Gmax, revealing a dependen
e betweenthe 
atastrophi
 transition and the energy ampli�
ation fa
tor.4 Growth me
hanism and azimuthal streaksIn this se
tion we study how the nonnormal growth me
hanism a�e
ts the basi
 az-imuthal Couette 
ow. It has long been known that shear 
ows su
h as plane Couetteor pipe Poiseuille 
ow exhibit transition to se
ondary transient 
ows usually termedstreaks. These 
ows are parti
ularly easy to trigger when perturbing the basi
 �eld bymeans of streamwise vorti
es, i.e., vorti
al stru
tures whi
h are uniform along the di-re
tion of the basi
 
ow. Initially, the streamwise vorti
es only perturb the spanwiseand normal 
omponents of the 
ow. The lift-up e�e
t is eventually responsible for theformation of the streaks by transferring the spanwise-normal 
ontribution of the energyto the streamwise dire
tion [S
hmid & Henningson, 2001℄. Streaks are regions of the
uid where the modulated 
ow attains high and low relative speeds. The modulated
ow results in a pro�le whi
h is, in a transient sense, linearly unstable with respe
t tothree-dimensional perturbations. This last instability is usually termed streak breakdownand is one possible route of transition to turbulen
e in shear 
ows.In the Taylor-Couette narrow gap geometry, where the 
urvature is 
onsiderablyredu
ed, the azimuthal 
oordinate plays the role of the streamwise dire
tion and ax-isymmetri
 toroidal ve
tor �elds are suitable 
andidates to be streamwise vorti
es. Twofa
tors are essential in order to study the time evolution of the perturbations and themodulation of the Couette 
ow. The �rst is the energy of the initial perturbation withrespe
t to the energy of the basi
 
ow, EB. This quantity is given by the expressionEB = 12 Z rori vB � vBr dr = A28 (r4o � r4i )� B22 ln � + AB2 (r2o � r2i ): (4.1)The se
ond is the time s
ale during whi
h the transient streaks a
hieve their maximumamplitude. In our nondimensionalization, the time s
ale was given by the vis
ous time,t = d2=�. We are interested in the 
hara
teristi
 time that a perturbation needs to rea
hits maximum amplitude and how this time is related to the driving dynami
s of the
ylinders. In 
ounter-rotation situations, a suitable adve
tive time s
ale is given by theouter rotation period, �o, whi
h is the time that the outer 
ylinder needs to 
ompleteone rotation �o = 2�Ro(� � 1) ; Ro < 0: (4.2)In �gure 2, we have plotted G(t) for Ro = �4000, Ri = 0 and k = �=2. The plot providesthe optimal growth for di�erent azimuthal modes ranging from n = 0 to n = 7. Weobserve that the axisymmetri
 mode does not exhibit a remarkable growth in 
omparisonwith other non-axisymmetri
 (oblique) modes. Nevertheless, we have studied the e�e
tof streamwise perturbations and its impli
ations in the formation of streaks. In �gure 3,
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Figure 2: Transient growth for di�erent azimuthal modes for Ro = �4000, Ri = 0 andk = �=2: n = 0 (solid line),n = 1 (open 
ir
les), n = 3 (�lled 
ir
les), n = 5 (opensquares), n = 7 (�lled squares).we have plotted the isovalues of the modulated azimuthal Couette 
ow for Ro = �4000,Ri = 0, t = 0; �o=10; �o=5; 2�o. In this 
omputation, the initial perturbation was anaxisymmetri
 vortex (n = 0) with k = �=2, zero azimuthal 
omponent and initial energy1.5% of EB. It 
an be 
learly observed the formation of azimuthal streaks near the innerand outer 
ylinders. Finally, �gure 4 shows the time evolution of the perturbation�eld for the same 
omputation. We observe that the radial-axial 
omponents of theperturbation de
ay monotoni
ally, transferring the energy to the azimuthal 
omponent.
5 Con
lusionsA 
omprehensive exploration of the nonnormal transient growth in 
ounter-rotatingTaylor-Couette 
ow has been provided. Remarkable energy transient growth is foundin the 
ounter-rotating regime. The numeri
al 
omputations reveal a dependen
e be-tween the experimental transition to turbulen
e and the maximum ampli�
ation fa
torobtained by nonmodal analysis. Oblique modes seem to be more e�e
tive in the tran-sient me
hanism and azimuthal streaks may be observed as well although they exhibit aweaker ampli�
ation. Fully nonlinear analysis is required to understand 
ompletely thetransition me
hanism to turbulent regimes.
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Figure 3: Isovalues of the modulated azimuthal Couette 
ow for Ri = 0, Ro = �4000at di�erent times: (a) t = 0, (b) t = �o=10, (
) t = �o=5, (d) t = 2�o. The 
ow has beenrenormalized with respe
t to Ro.
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omponents of the perturbation �eld for Ri = 0, Ro = �4000 atdi�erent times: (a) t = 0, (b) t = �o=10, (
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