
A mathematical model for cell infiltration and

proliferation in a chondral defect

L.S. Kimptona, A. Schwabb, F. Ehlickeb, S.L. Watersa, C.P. Pleasea,
J.P. Whiteleyc,∗, H.M. Byrnea

aMathematical Institute, University of Oxford, Andrew Wiles Building, Radcliffe
Observatory Quarter, Woodstock Road, Oxford OX2 6GG, United Kingdom

bUniversity Hospital Wuerzburg, Department of Tissue Engineering and Regenerative
Medicine (TERM), Roentgenring 11, 97070 Wuerzburg, Germany

cDepartment of Computer Science, University of Oxford, Wolfson Building, Parks Road,
Oxford OX1 3QD, United Kingdom

Abstract

We develop a mathematical model to describe the regeneration of a hydrogel

inserted into an ex vivo osteochondral explant. Specifically we use partial dif-

ferential equations to describe the evolution of two populations of cells that

migrate from the tissue surrounding the defect, proliferate, and compete

for space and resources within the hydrogel. The two cell populations are

chondrocytes and cells that infiltrate from the subchondral bone. Model sim-

ulations are used to investigate how different seeding strategies and growth

factor placement within the hydrogel affect the spatial distribution of both

cell types. Since chondrocyte migration is extremely slow, we conclude that

the hydrogel should be seeded with chondrocytes prior to culture in order

to obtain zonal chondrocyte distributions typical of those associated with

healthy cartilage.
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1. Introduction

When cartilage is damaged, through injury or disease, it has very little

capacity for self–repair. Tissue engineering has become a popular approach

for treating damaged cartilage, the goal being either to engineer new cartilage

tissue that can be transplanted into a defect or to enhance the reparative

capacity of the damaged cartilage [1]. Experimental techniques include the

insertion of hydrogels, either with or without cells, into a cartilage defect.

The performance of such engineered constructs will be improved by better

understanding how cartilage growth and repair are regulated by different

hydrogels, different cell seeding strategies and/or different growth factors.

In healthy cartilage, chondrocytes are found in high concentrations in the

superficial layer, at the surface of the cartilage, and in lower concentrations

deeper in the cartilage, towards the bone [2, 3, 4]. A key goal for the progress

of tissue engineered cartilage treatments is to engineer tissue that mimics this

layered zonal architecture seen in native cartilage [5].

An experimental osteochondral defect model has recently been developed

to investigate cartilage regeneration treatments. Briefly, porcine osteochon-

dral biopsies are isolated and a full-thickness cartilage defect (4mm diameter)

is created. The biopsies are cultured ex vivo under physiological conditions

in a custom made culture platform. The experimental model allows the test-

ing of different treatment strategies in a complex 3D environment. Possible

defect treatment approaches are either with cell free or cell loaded scaffold

materials. We focus on one class of scaffold materials, namely hydrogels. In
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Figure 1: Porcine osteochondral explant with cartilage defect and cross section of explant

with cell free hydrogel treatment after 28 days of ex vivo culture. (a) Macroscopic view

of a freshly isolated osteochondral explant with 4mm full thickness cartilage defect. (b)

Calcein staining of metabolic active cells in osteochondral explant with cell free hydrogel

after ex vivo culture. Cross section shows living cells (marked in green) that migrated

from surrounding tissue into the hydrogel. Scale bar is 1000µm. (c) Safranin-O staining of

osteochondral explant cross section with cartilage defect. Proteoglycans in cartilage matrix

are stained in red and subchondral bone in light blue. Scale bar is 1000µm. (d) Higher

magnification of safranin-O staining (boxed region in (c)). During ex vivo culture cells

(cell nuclei are marked in black) from the surrounding tissue migrated into the hydrogel

producing cartilage-like tissue at the cartilage-bone interface. Scale bar is 100µm.
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the literature different attempts to enhance cartilage defect regeneration have

been discussed, either by modifying hydrogel materials with growth factors

like TGF-β, or investigating cell seeding strategies [6, 7, 8].

Alongside the hydrogels being tested in the osteochondral model there

are additional factors influencing cartilage regeneration. The surrounding

cartilage and bone tissue of the experimental model provides a natural cell

source involved in tissue regeneration, one that has been successfully utilised

in healing rabbit cartilage defects [9]. The first cell population, originating

from the surrounding cartilage tissue, are chondrocytes. The second cell pop-

ulation comprises all cells from the subchondral bone potentially including

osteoblasts, osteoclasts, mesenchymal stem cells or hematopoietic cells (from

now on referred to as bone cells). Mature chondrocytes in healthy cartilage

are thought to undergo little proliferation or migration. The proliferative

capacity of chondrocytes (or chondrocyte–like cells) in different hydrogels is

less clear and authors have presented evidence that growth factors, used indi-

vidually or in combination, enhance chondrocyte proliferation; these include

TGF-β [6, 10] or a combination of TGF-β, FGF-2 and PDGF-BB [11]. The

ability of mature chondrocytes to migrate also remains contentious [12, 13]

and, whilst it is likely that chondrocyte migration is very slow, there is evi-

dence that certain growth factors, for example rhBMP-2 [14] and bFGF [15],

enhance chondrocyte migration. There is also evidence that mononuclear

cells derived from the peripheral blood enhance chondrocyte migration [13]

and that fibrin sealant can increase both chondrocyte migration and prolif-

eration [16].

To illustrate these points, in Figure 1(a) we present experimental images
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from a cross section of a freshly isolated porcine osteochondral explant with

full thickness cartilage defect. To study the migration of cells from the sur-

rounding cartilage and bone tissue of the osteochondral biopsies, the defects

were treated with a cell free hydrogel (Fibrin glue, Baxter) and cultured for

28 days. To determine cell viability half of the biopsies were incubated with

4 mM calcein AM (Life Technologies) and visualized with fluorescence mi-

croscope (Keyence BZ-9000, Biorevo). Metabolically active, elongated cells

that migrated from the subchondral bone into the cell free hydrogel were

stained green (Figure 1(b)). They were localized in the bottom of the hy-

drogel filled defect, next to the calcified layer, the interface between bone

and cartilage. For histological stainings biopsies were fixed with 4% Roti R©-

Histofix (Carl Roth), plastic embedded (T9100, Heraeus Kulzer), deplasti-

fied, rehydrated and stained with Safranin-O (0.1% v/v, Sigma Aldrich) and

Fast Green (0.01% v/v, Sigma Aldrich). Cell nuclei were counterstained in

black with Weigert Iron Hematoxylin (Morphisto). Proteoglycans in the car-

tilage were visualized in red and proteins in light blue. Safranin-O staining

confirmed findings of cell invasion from subchondral bone and cartilage into

the hydrogel, shown in Figure 1(d). Additionally, cartilage like matrix pro-

duction was indicated by the light red staining of the hydrogel in the defect.

Few cells have migrated and those that have are localised in the bottom of

the hydrogel. Whether these cells originated from the cartilage or the bone,

or whether they are a mixed population is not clear.

There is a plethora of choices in experimental design when attempting

to tissue engineer cartilage. For example, if the hydrogel is cultured inside

an ex vivo osteochondral explant, we may seed the hydrogel with cells, or
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we may rely on cell infiltration from the surrounding tissue. Further, if the

hydrogel is seeded with cells, we must decide what type of cells to use and

at what density they should be seeded. Given the observation that healthy

cartilage tissue is characterized by the zonal chondrocyte distribution it is

natural to ask if this layered tissue structure can be achieved in vitro by an

appropriate choice of experimental design. With this in mind, non-uniform

cell seeding strategies—with different cell types and/or different cell concen-

trations in different layers—represent a promising approach. Furthermore, it

is of interest whether hydrogel material modifications in terms of attaching

growth factors in different layers to create a gradient in concentration may

be a beneficial strategy. An exhaustive search of all feasible combinations of

experimental design would be costly and time-consuming. To facilitate the

rapid comparison of different experiment designs we develop a simple math-

ematical model, with attention focussing on two cell populations that can

migrate into the hydrogel from the cartilage and the bone. Our theoretical

framework is presented in §2. In §3 we present results generated from nu-

merical simulations of the model and use these both to interpret the images

in Figure 1 and to suggest possible seeding strategies for engineering zonal

cartilage tissue. Finally we discuss the conclusions of our work in §4.

2. Model formulation

We formulate a mathematical model to describe the migration and prolif-

eration of cells in a chondral defect that has been filled with a hydrogel. We

consider a cylindrical, full-thickness chondral defect as shown schematically

in Figure 2. The model is formulated on the cylindrical domain occupied by
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ẑ

Figure 2: Schematic diagram defining the problem domain which is the hydrogel cylinder

(blue region); for completeness, the surrounding cartilage (yellow region) and bone (red

region) are also indicated. The hydrogel is positioned in a defect in the cartilage of an ex

vivo osteochondral explant.

the hydrogel; the effects of the surrounding bone and cartilage are incorpo-

rated into the model via boundary conditions.

We consider dimensional variables, denoted by hats, and exploit the ge-

ometry of the model by seeking axisymmetric solutions in a cylinder of height

L̂ and radius R̂, with radial co-ordinate 0 < r̂ < R̂ and depth co-ordinate

0 < ẑ < L̂. We shall seek solutions in the time interval 0 < t̂ < T̂ . We

suppose that there are two cell populations, those from the chondrocyte

lineage (subsequently termed chondrocytes for brevity) with concentration

ĉ(r̂, ẑ, t̂), and cells migrating in from the subchondral bone with concentra-

tion b̂(r̂, ẑ, t̂) (both populations measured as cell volume per unit volume

of hydrogel). Cells migrating in from the bone originate from the marrow,

stroma or derive from the hematopoietic lineage including mesenchymal stem

cells (MSCs), osteoblast and osteoclast precursor cells. Throughout this pa-
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per we use the term ‘bone cells’ to mean any combination of these cell types.

We assume that migration and proliferation are the dominant processes af-

fecting the two cell types and, hence, model their time evolution by the

equations

∂ĉ

∂t̂
= ∇̂ ·

(
−Ĵc

)
︸ ︷︷ ︸
migration

+ µ̂cĉ

(
1− ĉ+ b̂

M̂

)
︸ ︷︷ ︸

proliferation

, (1)

∂b̂

∂t̂
= ∇̂ ·

(
−Ĵb

)
︸ ︷︷ ︸
migration

+ µ̂bb̂

(
1− ĉ+ b̂

M̂

)
︸ ︷︷ ︸

proliferation

, (2)

where the cell fluxes Ĵc and Ĵb are given by

Ĵc = − D̂c

1 + α̂c(b̂+ ĉ)
∇̂ĉ, Ĵb = − D̂b

1 + α̂b(b̂+ ĉ)
∇̂b̂, (3)

in the region 0 < r̂ < R̂ and 0 < ẑ < L̂. We note that a range of approaches

to modelling cell migration and proliferation with reaction–diffusion equa-

tions can be found in the literature [17, 18, 19]; for an introduction to the

mathematical techniques used, see Edelstein-Keshet [20]. Here the rate of

proliferation of both cell populations is assumed to reduce as the total cell

concentration approaches the carrying capacity of the hydrogel and we de-

note by µ̂i (i = c, b) the maximum proliferation rates of the cell populations

and M̂ the carrying capacity of the hydrogel. In what follows, as here, we

shall assume that the subscript i can take values c and b for relevant parts

of the two cell populations. We denote by D̂i the constant diffusion coeffi-

cients of the two cell types and account for reductions in random cell motion

due to crowding at high cell concentrations by introducing the constant pos-
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itive parameters α̂i to represent the degree of inhibition that the total cell

population, b̂+ ĉ, has on the migration of each cell population.

To solve the coupled reaction-diffusion equations for ĉ and b̂ we must

introduce suitable boundary and initial conditions. We assume that at t̂ = 0

the spatial distributions of both cell types within the cylindrical hydrogel are

known so that

ĉ(r̂, ẑ, 0) = ĉ0(r̂, ẑ), b̂(r̂, ẑ, 0) = b̂0(r̂, ẑ). (4)

When imposing the boundary conditions, we suppose that no cells leave via

the top surface of the hydrogel (ẑ = L̂) and that the system is symmetric

about r̂ = 0. Thus, the flux of both cell populations may be set to zero on

ẑ = L̂ and on r̂ = 0 and we have

∂ĉ

∂ẑ
(r̂, L̂, t̂) = 0,

∂b̂

∂ẑ
(r̂, L̂, t̂) = 0, (5)

∂ĉ

∂r̂
(0, ẑ, t̂) = 0,

∂b̂

∂r̂
(0, ẑ, t̂) = 0. (6)

Finally the boundary conditions on ẑ = 0 and r̂ = R̂ describe how the

hydrogel interacts with the surrounding bone (ẑ = 0) and cartilage (r̂ = R̂)

and, in particular, the rate at which cells infiltrate into, or migrate out of,

the hydrogel. At r̂ = R̂ we impose

Ĵb · er = − D̂b

1 + α̂b(b̂+ ĉ)

∂b̂

∂r̂
= Γ̂cb̂, (7)

Ĵc · er = − D̂c

1 + α̂c(b̂+ ĉ)

∂ĉ

∂r̂
= −Γ̂c

(
k1Ĉ − ĉ

)
, (8)
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and at ẑ = 0 we impose

−Ĵb · ez =
D̂b

1 + α̂b(b̂+ ĉ)

∂b̂

∂ẑ
= −Γ̂b

(
k2B̂ − b̂

)
, (9)

−Ĵc · ez =
D̂c

1 + α̂c(b̂+ ĉ)

∂ĉ

∂ẑ
= Γ̂bĉ. (10)

where er, ez are unit vectors in the increasing r̂ and ẑ directions, respectively.

In these boundary conditions B̂ and Ĉ denote the concentrations of the two

cell types in the bone and the cartilage respectively, and the parameters

Γ̂i (i = c, b) quantify the rates at which cells cross the bone-hydrogel and

cartilage-hydrogel interfaces. The parameters k1 and k2 are constants of

proportionality, that indicate the relative affinity of the cells for the hydrogel

compared to the bone or the cartilage. If k2 > 1 then bone cells prefer to be

in the hydrogel than in the subchondral bone, whereas if k2 < 1 bone cells

prefer to be in the bone than the hydrogel. For example, if k2 = 2 then net

migration of bone cells will be from the bone into the hydrogel whilst the

concentration of bone cells in the hydrogel at ẑ = 0 is less than twice the

concentration of bone cells in the neighbouring bone. A similar interpretation

applies to the constant k1 that appears in Eq. (8) relating to the influx of

cells at the interface between the cartilage and the hydrogel.

2.1. Parameter estimates

Before continuing, it is convenient to rewrite the governing equations in

nondimensional form; see [21] for details on this mathematical technique. In

order to do so we require estimates of values of the parameters that appear

in the governing equations. A typical defect has dimensions R̂ = 2mm and

L̂ = 2mm. Following [19], we estimate the chondrocyte proliferation rate to

10



be µ̂c ≈ 4.8 × 10−3day−1 and fix µ̂b ≈ 0.13day−1 as a typical proliferation

rate for osteoblasts [22]. The diffusion coefficient for chondrocytes is assumed

to lie in the range D̂c = 10−3–1.5 × 10−3mm2day−1 [23, 24]. We estimate a

typical bone cell diffusion coefficient of D̂b = 0.1mm2day−1 [22]. In the

absence of literature estimates for the remaining model parameters, we use

values that yield qualitative agreement between numerical simulations and

our preliminary experimental data, i.e. cell concentrations in the hydrogel

are low and the maximum cell concentrations are found along the base of

the hydrogel. In more detail, we fix α̂c = α̂b = M̂ , k1Ĉ = k2B̂ = M̂ ,

Γ̂c = 0.01/14mm day−1 and Γ̂b = 0.1/14mm day−1.

2.2. Nondimensional equations

We use the typical radius of the hydrogel R̂ = 2mm, the duration of the

experiment T̂ = 28 days, and a typical carrying capacity M̂ to nondimen-

sionalise the governing equations by setting

r̂ = R̂r, ẑ = R̂z, t̂ = T̂ t, ĉ = M̂c, b̂ = M̂b. (11)

If we also introduce the following dimensionless parameter groupings Di =

D̂iT/L
2, µi = µ̂iT , αi = α̂iM̂ , Γi = Γ̂iT/L, C = k1Ĉ/M̂ , B = k2B̂/M̂ and

L = L̂/R̂ then the governing equations for c and b can be written

∂c

∂t
= ∇ ·

(
Dc

1 + αc(b+ c)
∇c
)

+ µcc (1− c− b) , (12)

∂b

∂t
= ∇ ·

(
Db

1 + αb(b+ c)
∇b
)

+ µbb (1− c− b) , (13)

with initial and boundary conditions given by

c(r, z, 0) = c0(r, z), b(r, z, 0) = b0(r, z), (14)
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∂c

∂z
(r, L, t) = 0,

∂b

∂z
(r, L, t) = 0, (15)

∂c

∂r
(0, z, t) = 0,

∂b

∂r
(0, z, t) = 0, (16)

and
Db

1 + αb(b+ c)

∂b

∂r
= −Γcb,

Dc

1 + αc(b+ c)

∂c

∂r
= Γc (C − c) , (17)

at r = 1 and

Db

1 + αb(b+ c)

∂b

∂z
= −Γb (B − b) , Dc

1 + αc(b+ c)

∂c

∂z
= Γbc, (18)

at z = 0.

3. Results

The governing equations (12)-(18) are solved numerically using the finite

element method; see [25] for more details. Mesh refinement studies were

carried out (not shown) to ensure that further mesh refinement does not

significantly alter the results. We shall present the results of simulations for

unseeded hydrogels and investigate the effect of varying the proliferation rates

and interface permeabilities on cell infiltration of the hydrogel. We shall also

model a hydrogel with zonal enhancement of chondrocyte proliferation and

migration and consider different hydrogel seeding strategies. We conclude by

modelling the healing response to a wound, where the quantities B and C

that appear in Eqs. (17) and (18) are functions of time.

3.1. Unseeded, spatially–uniform hydrogels

We solve the governing equations for a hydrogel which is cell-free so that

c0(r, z) = b0(r, z) = 0 in Eq. (14). Unless otherwise stated, we use, as default,

the nondimensional parameter values in Table 1.
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Figure 3: The solution of Eqs. (12)-(18) using parameter values given in Table 1. Contour

plots of the chondrocyte concentrations (solid lines) and bone cell concentrations (broken

lines) for an initially unseeded hydrogel (c0 = b0 = 0) reveal more rapid and extensive

cell infiltration by bone cells from the subchondral bone (z = 0) than chondrocytes from

the cartilage (r = 1). Panels (a), (b), (c) and (d) show the cell concentrations at times

t = 0.1, 0.4, 0.7 and 1 (which are equivalent to 2.8, 11.2, 19.6 and 28 days of culture.

The maximum chondrocyte concentration in panel (a) is 0.03.
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Table 1: List of typical nondimensional parameter values

Parameter Value

L = L̂/R̂ 1

Dc = D̂cT/L
2 0.008

Db = D̂bT/L
2 0.7

µb = µ̂bT 3

µc = µ̂cT 0.1

αb = α̂bM̂ 1

αc = α̂cM̂ 1

Γc = Γ̂cT/L 0.01

Γb = Γ̂bT/L 0.1

C = k1Ĉ/M̂ 1

B = k2B̂/M̂ 1

In Figure 3 we plot contours of both the chondrocyte and bone cell con-

centration at times t = 0.1, t = 0.4, t = 0.7 and t = 1, which correspond to

2.8, 11.2, 19.6 and 28 days of culture. (In all contour plots the bone contours

are plotted at 0.01 intervals and the chondrocyte contours at 0.02 intervals,

unless otherwise stated.) The figure shows the concentration of bone cells is

highest near the hydrogel–bone interface and decreases towards the top of the

hydrogel, and that the bone cell concentrations exceed those of the chondro-

cytes, with this difference becoming more pronounced over time. We observe

a small population of chondrocytes localised near to the hydrogel–cartilage

interface, a distribution which is not representative of that associated with

healthy cartilage.

The model provides additional information to that which is obtainable
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COMSOL 5.2.0.166

(a) t = 0.1

COMSOL 5.2.0.166

(b) t = 0.4

COMSOL 5.2.0.166

(c) t = 0.7

COMSOL 5.2.0.166

(d) t = 1.0

COMSOL 5.2.0.166

Figure 4: Series of plots showing how the total cell concentration (b+c) within an initially

unseeded hydrogel (c0 = b0 = 0) changes over time. Parameter values as per Figure 3 (see

Table 1).

experimentally, because it allows us to easily distinguish between the two

cell types. For comparison with experimental observations we must sum

b and c and plot the total cell concentration. In Figure 4 we show how

the combined cell concentration, (b + c), in the hydrogel increases as time

progresses. Additionally, at each time point the cell concentration near to

the hydrogel–bone interface and the hydrogel–cartilage interface exceeds that

at the top and in the centre of the hydrogel.

Uncertainty in the parameter values leads us to consider the effect that

variations in their values has on the two cell populations. In Figure 5 we

show how the cell concentration contours change when the cell proliferation

rates vary, (i.e. we consider large and small values of µ̂b, µ̂c while holding all

other parameters at the control values used in Figure 3). We observe that

a ten-fold reduction in the chondrocyte proliferation rate (from µc = 0.1 to

µc = 0.01) has a negligible effect on the bone cell and chondrocyte contours

(see Figures 3(d) and 5(a)). By contrast, a fifty-fold increase in µc (from

µc = 0.1 to µc = 5) dramatically increases the chondrocyte concentration

close to the hydrogel–cartilage interface, (see Figures 3(d) and 5(b)) but the
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chondrocytes remain confined within a narrow band of the hydrogel, close

to r = 1, where the bone cell concentration is reduced due to competition

with the chondrocytes. Varying the bone cell proliferation rate µb has little

effect on the chondrocytes (see Figures 5(c) and 5(d)). At very large values

of µb the bone cell concentration is close to one throughout the hydrogel;

in dimensional terms, this corresponds to the bone cell concentration be-

ing close to the carrying capacity, M̂ . There is still some variation in the

bone cell concentration across the hydrogel; it reduces near to r = 1 due to

migration of bone cells out of the hydrogel, into the surrounding cartilage.

Even with large changes in the proliferation rates we are unable to replicate

qualitatively distributions of chondrocytes that vary with vertical depth into

the explant and/or reproduce distributions similar to those that characterise

healthy cartilage.

To generate a summary statistic that allows us to directly compare the

extent to which each cell population colonises the hydrogel we average c and

b over the domain 0 < r < 1, 0 < z < L. We report the average nondimen-

sional cell concentrations in Figure 6 for a range of proliferation constants.

We see that increasing µc yields a modest increase in the chondrocyte content,

with little effect on the bone cells. Even for large values of µc the average

chondrocyte concentration achieved by t = 1 (corresponding to 28 days) is

small. We note also that increasing µb increases the bone cell content, but

has little effect on the chondrocyte content.

In Figure 7 we display the chondrocyte and bone cell profiles that re-

sult from changing the interface permeabilities Γc and Γb, all other param-

eters being held fixed at their control values. As expected, for small Γc
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Figure 5: Series of plots showing how varying the cell proliferation rates µc and µb affects

the distribution of chondrocytes (solid lines) and bone cells (broken lines) at t = 1 with

hydrogels that are initially devoid of cells (c0(r, z) = b0(r, z) ≡ 0). All parameter values,

with the exception of the proliferation constants µc and µb, are held at the fixed values

stated in Table 1. In (a) µc = 0.01 and µb = 3. In (b) µc = 5 and µb = 3, and the

chondrocyte contours are at intervals of 0.1. In (c) µc = 0.1 and µb = 0.1. In (d) µc = 0.1,

µb = 30, the chondrocyte contours shown are between 0.01 and 0.15 (highest values near

to r = 1) and the bone contours shown are between 0.99 and 0.94.
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µc

(a)

µb

(b)

Figure 6: Seris of bar plots showing how the average bone cell and chondrocyte content

at t = 1 change as the cell proliferation rates µc and µb vary. These simulations were

computed for a hydrogel that was initially devoid of cells. Parameter values: as per

Figure 5, except that in (a) µb = 3 and in (b) µc = 0.1.

values the chondrocyte concentration is reduced because it is more difficult

for chondrocytes to migrate into the hydrogel (see Figure 7(a)). Increasing

the permeability of the hydrogel–cartilage interface increases the chondro-

cyte concentration, but the chondrocyte population remains localised near

the cartilage (see Figure 7(b)). Increasing Γc also reduces bone cell levels

near to the cartilage as it is easier for the bone cells to migrate out of the

hydrogel and there is increased competition for resources from the elevated

chondrocyte numbers. Varying the permeability of the hydrogel–bone in-

terface, Γb has little impact on the number or distribution of chondrocyte

numbers (see Figures 7(c) and 7(d)). Smaller values of Γb restrict the num-

ber of bone cells migrating into the hydrogel. We note that it is not possible

to replicate the layered chondrocyte concentration observed experimentally

by varying the permeabilities.

In Figure 8 we show how average cell numbers at time t = 1 (correspond-
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Figure 7: Series of profiles showing how variation in the cell permeability coefficients Γc

and Γb affects the spatial distribution of the chondrocyte (solid lines) and bone cell (broken

lines) concentrations at t = 1 for hydrogels that are initially devoid of cells (c0 = b0 = 0).

With the exception of Γc and Γb all parameter values are held fixed at the values stated in

Table 1. (a) Γc = 0.001 and Γb = 0.1, (b) Γc = 1, Γb = 0.1, and the chondrocyte contours

are at 0.1 intervals, (c) Γc = 0.01 and Γb = 0.02, (d) Γc = 0.01 and Γb = 1.
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Γc

(a)

Γb

(b)

Figure 8: Series of bar plots showing how the bone cell and chondrocyte content of the

hydrogel at t = 1 changes as the interface permeabilities Γc and Γb are varied. These

simulations were computed for an initially unseeded hydrogel. Parameter values: as per

Figure 7, except that in panel (a) Γb = 0.1 and in panel (b) Γc = 0.01.

ing to 28 days) change as Γc and Γb vary. We see that increasing Γc increases

the chondrocyte content and reduces the bone cell content, whereas increas-

ing Γb increases the bone cell content, with negligible effect on the chondro-

cytes. Variations in Γb are important to consider as there is considerable

inter–species variation in ex vivo osteochondral explants. For example the

subchondral plates of equine samples are thought to be impermeable to cells,

whereas those of porcine samples are known to be permeable to cells (see

Figure 1).

Parameter sensitivity analyses involving the diffusion coefficients Dc, Db,

and the parameters αc and αb, were also performed. Larger values of Dc, Db

and smaller values of αc, αb (where αc, αb represent the degree of inhibition

that the total cell population has on the migration of both cell populations)

create flatter cell distributions that are more spatially uniform as would be

expected from the form of the diffusion term (results not shown). For plau-
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sible values of the diffusion coefficients the chondrocytes remain confined

close to the hydrogel–cartilage interface. In summary the simulations in this

section have shown that for reasonable parameter values the chondrocyte

population does not generate structures that are layered in the z direction.

3.2. Zonal enhancement of proliferation and migration

Having investigated the model with spatially uniform proliferation and

migration rates and spatially uniform boundary conditions, we now con-

sider how zonal depth variation of the chondrocyte concentration might be

achieved within an initially unseeded hydrogel. In healthy cartilage the chon-

drocyte concentration at the cartilage surface is approximately two to three

times higher than chondrocyte concentrations at the cartilage-bone interface

[2, 3, 4]. Replacing our constant cartilage concentration, C, in the boundary

condition (17), with a spatially varying chondrocyte concentration may yield

a more biologically realistic depth variation in the chondrocyte population

within the hydrogel. We consider a simple linear function of the form

C =
1 + 1.5z

1.75
, (19)

where the denominator was chosen to ensure that
∫ L

0
C dz = 1 when L =

1. This normalisation was chosen to facilitate comparison with our earlier

results where C(z) ≡ 1 for 0 < z < L. We assume further that we have

manufactured a two-layered hydrogel and seeded the top layer with a growth

factor such as TGF-β that enhances chondrocyte proliferation and migration

in the top layer of the hydrogel. We model these effects by making µc and

21



Dc spatially dependent, specifically

µc = µc(z) = µc1 +
µc2 − µc1

2

(
1 + tanh

(
z − 0.5

0.01

))
, (20)

Dc = Dc(z) = Dc1 +
Dc2 −Dc1

2

(
1 + tanh

(
z − 0.5

0.01

))
. (21)

(The tanh function is used to smooth the interface between the upper and

lower hydrogel layers). Under these assumptions, µc ≈ µc2 and Dc ≈ Dc2 in

the top layer of the hydrogel and µc ≈ µc1 and Dc ≈ Dc1 in the lower region.

In Figure 9 we present numerical results from a simulation in which the

proliferation rate and diffusion coefficient in the upper layer of the hydrogel

are ten times larger than the proliferation rate and diffusion coefficient in the

lower layer. In Figure 9(a) we see that ten fold increases in µc and Dc, which

give values that are much larger than estimates from the literature, enhances

chondrocyte proliferation and migration, and results in a significant increase

in chondrocyte levels in the upper layer. Figure 9(a) also shows that the lower

proliferation rates and diffusion in the lower layer prevent the chondrocytes

from colonising the lower level of the hydrogel as effectively. We note from

Figure 9(b) that although the resulting structure is non-uniform in the z

direction, this layering is due almost entirely to the bone cells. Furthermore,

there is a sharp variation in the number of cells at the interface between the

upper and lower layers.

3.3. Seeding strategies

The failure of spatial variation in the boundary conditions, and significant

increases in chondrocyte proliferation and migration, to stimulate chondro-

cyte infiltration through the hydrogel leads us now to consider seeding the

22



0.21

0.35

0.05

0.55

0 0.5 1

r

0

0.2

0.4

0.6

0.8

1

z

0.45

0.75

0 0.5 1

r

0

0.2

0.4

0.6

0.8

1

z

(a) (b)

Figure 9: A numerical solution at t = 1 for an initially unseeded hydrogel (c0 = 0,

b0 = 0). We allow cartilage permeability C, and proliferation and diffusion coefficients to

vary spatially with depth; these quantities are given by Eqs. (19)–(21), with Dc1 = 0.008,

Dc2 = 0.08, µc1 = 0.1 and µc2 = 1. The remaining parameter values are as stated in

Table 1. In (a) we plot separately the chondrocyte concentrations (solid lines) at 0.05

intervals and the bone cell concentrations (broken lines). In (b) we plot the combined cell

concentration (b+ c) at 0.05 intervals.

hydrogel with chondrocytes prior to culture. Our continued interest in gener-

ating tissue constructs with zonal architecture and chondrocyte distributions

motivates us to compare uniform seeding of the hydrogel, c0(z) = 0.45, and

zonal seeding,

c0(z) = 0.45 + 0.15 tanh

(
z − 0.5

0.01

)
. (22)

We remark that the average number of chondrocytes associated with the two

seeding strategies are identical. We also investigate the combined effects of

non-uniform seeding strategy and zonal enhancement of the chondrocyte pro-

liferation rate. The numerical results are presented in Figure 10. They reveal
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that the combination of a uniform proliferation rate and uniform chondro-

cyte seeding generates a fairly uniform chondrocyte distribution within the

construct, with the cells present at levels that are almost everywhere slightly

larger than those associated with the initial seeding concentration (see Figure

10(a)). Towards the hydrogel–bone interface the chondrocyte concentration

dips as cells migrate from the hydrogel to the bone. The highest chondro-

cyte concentrations are seen along the hydrogel–cartilage interface, near to

the top of the hydrogel, where C is greatest. We observe slightly more depth

variation in the chondrocyte concentration in Figure 10(b) when consider-

ing uniform seeding of the hydrogel and enhanced proliferation in the top

layer of the hydrogel. In contrast, both the zonally seeded simulations in

Figures 10(c) and 10(d) show more closely grouped chondrocyte contours

around z = 0.5 identifying a more pronounced zonal structure to the chon-

drocyte population, with a high density of chondrocytes in the upper layer

and a low density of chondrocytes in the lower layer. In all four simulations,

bone cell concentrations are lower than those seen in earlier simulations gen-

erated using the default parameter values (compare Figures 3(d) and 10).

The observed reduction in bone cell levels is due to reduced bone cell prolif-

eration and reduced bone cell migration, both effects being attributable to

competition for space.

3.4. Time-varying boundary conditions

Thus far we have assumed that the concentrations of chondrocytes and

bone cells in the tissue surrounding the hydrogel are constant. In practice it

is likely that introduction of the hydrogel will alter these cell levels. There-

fore we now investigate the effect of setting the the cell concentrations in
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Figure 10: A series of contour plots at t = 1 for chondrocyte concentration (solid lines

at 0.05 intervals) and bone cell concentration (broken lines) showing how zonal seeding

and zonal enhancement of chondrocyte proliferation affect the cellular composition of the

hydrogel. In (a) there is uniform seeding (c0 = 0.45) and uniform proliferation (µc = 0.1).

In (b) there is uniform seeding (c0 = 0.45) and zonal proliferation enhancement (µc1 = 0.1

and µc2 = 0.3 in Eq. (20)). In (c) there is zonal seeding (see Eq. (22)) and uniform

proliferation (µc = 0.1). In (d) there is zonal seeding (see Eq. (22)) and zonal enhancement

of proliferation (µc1 = 0.1 and µc2 = 0.3 in Eq. (20)). In all four simulations C is defined

by Eq. ((19)) and the remaining parameter values are stated in Table 1.
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Figure 11: Sketches of functional forms used to model time variation in the quantities B(t)

and C(t) that appear in the boundary conditions, Eqs. (17) and (18). The solid line shows

B(t) = C(t) defined by Eq. (23); the broken line shows B(t) = C(t) defined by Eq. (24).

surrounding tissue, i.e. the quantities B and C that appear in Eqs. (17) and

(18), to be functions of time. We begin by allowing both B and C to increase

linearly with time until they reach a critical value and prescribe

B(t) = C(t) =

 1 + t, 0 < t < 1,

2, t > 1,
(23)

as illustrated by the solid line in Figure 11. The time evolution of the chon-

drocyte and bone concentrations arising from this choice of B(t) and C(t)

are illustrated at in Figure 12. We observe similar features to those presented

in earlier sections of this study; over time the density of both chondrocytes

and bone cells increase, and — even for larger values of B and C, and for

a longer period of simulated time — the chondrocytes do not fully colonise

the hydrogel.

We proceed to investigate functional forms for B(t) and C(t) that are

characterised by an initial increase in these quantities, followed by a decrease.
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Figure 12: Series of plots showing how the distribution of chondrocytes (solid line) and

bone cells (broken lines) within a hydrogel that is initially devoid of cells (c0 = b0 = 0)

change over time when B(t) and C(t) (the cell concentrations in surrounding tissue) are

given by Eq. (23). The chondrocyte contours are plotted at intervals of 0.05. (a) shows

the concentrations at t = 0.5; (b) shows the concentrations at t = 1; (c) shows the

concentrations at t = 2; and (d) shows the concentrations at t = 4. With the exception of

B(t) and C(t) all other parameter values are fixed at the values stated in Table 1.
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This is representative of a wound healing response. In this case we set

B(t) = C(t) = 1 + 15
(
e−t − e−1.2t

)
. (24)

Both B(t) and C(t) are illustrated by the broken line in Figure 11. The

chondrocyte and bone concentrations are illustrated in Figure 13 and exhibit

similar features to those seen in Figure 12. One additional point to note is

that, even at t = 10 (corresponding to 280 days) the chondrocytes do not

fully colonise the hydrogel.

4. Conclusions

We have developed a mathematical model to study factors affecting cell

migration and proliferation in hydrogels cultured in ex vivo osteochondral ex-

plants. The mathematical model has been useful in interpreting preliminary

experimental data. Based on our parameter estimates and the simulations of

an unseeded hydrogel with spatially uniform proliferation and diffusion coef-

ficients we conclude that the population of cells observed in Figure 1 is likely

to contain very few chondrocytes and is predominantly, if not entirely, com-

posed of cells that have migrated from the bone. Since simulations with very

small Γb do not lead to significant increases in chondrocyte concentration, we

conclude further that the presence of bone cells is not the key factor inhibit-

ing chondrocyte infiltration. Additional model simulations indicate that even

substantial enhancements to the proliferation and migration rates of chon-

drocytes will be insufficient to achieve good colonisation of the hydrogel and

that seeding the hydrogel with chondrocytes prior to culture could achieve a

more biologically realistic, layered construct. Indeed, our model simulations
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Figure 13: Series of plots showing how the distribution of chondrocytes (solid line) and

bone cells (broken lines) within a hydrogel that is initially devoid of cells (c0 = b0 = 0)

change over time when B(t) and C(t) (the cell concentrations in surrounding tissue) are

given by Eq. (24). The chondrocyte contours are plotted at intervals of 0.05. (a) shows

the concentrations at t = 0.5; (b) shows the concentrations at t = 1; (c) shows the

concentrations at t = 2; and (d) shows the concentrations at t = 4. With the exception of

B(t) and C(t) all other parameter values are fixed at the values stated in Table 1.
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reveal that both zonal seeding of the hydrogel and zonally enhanced chon-

drocyte proliferation represent promising strategies for engineering a layered

distribution of chondrocytes.

Further experimental validation is needed to render the model capable

of quantitative prediction: accurate estimates of cell migration and prolifer-

ation rates are needed for specific hydrogels and growth factors. There are

also many ways in which the model could be extended. It could be used to

investigate more detailed interactions between different cell types. For ex-

ample, the cells that migrate in from the bone could be mesenchymal stem

cells that differentiate into chondrocytes in the presence of chondrocytes or

chondrocyte-derived growth factors [26]. Even so, we believe that the work

presented here is a useful step towards a better understanding of culturing in

the ex vivo osteochondral explant model. It demonstrates how mathematical

modelling can be used to aid the interpretation of experimental work and

guide future experimental choices resulting in more efficient progress.
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