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Vojtěch Havĺıček
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Abstract

This thesis studies computational advantages that could be achieved by

using quantum resources in two different contexts.

The first part studies Permutational Quantum Computing, a quantum

computational model developed to study computation by spin recoupling.

It was a conjecture, stated by Jordan in [Quantum Inf. Comput., 10,

470–497 (2010)], that the model solves problems that have no efficient clas-

sical algorithms by approximating its transition amplitudes to polynomial

precision. Here we give a classical algorithm that disproves this conjecture

and also prove that the computational complexity class PQP, defined to

capture the computational power of the model in this regime, is entirely

classical. The simulation algorithms are derived by utilizing the compu-

tational tractability framework of van den Nest [Quantum Inf. Comput.,

9–10, 784–812 (2011)]. We look for other sources of quantum advantage

in the computational model and rule out the possibility that it encodes

answers to computationally hard problems in patterns of small number of

significantly large output probabilities. This analysis extends the results

of Schwarz and van den Nest [arXiv:1310.6749].

The second part of the thesis studies advantages achievable in the context

of communication complexity. We take inspiration in the proof of the

Pusey-Barrett-Rudolph theorem and devise a simple communication task

based on the concept of quantum state antidistinguishability. We show

that there is an exponential separation between one-way exact classical

and quantum communication complexities for the task, but also that the

separation for this particular task disappears if we allow for interaction or

require only a bounded error solution. We conclude by stating and numer-

ically justifying a conjecture about quantum state antidistinguishability

that could have some implications for quantum foundations.



Introduction

1



Thesis Overview

One of the central goals of Quantum Information Theory is to understand how quan-

tum devices could outperform their classical counterparts in terms of computational

power or communication costs. This thesis addresses this question in two different

contexts and achieves two distinct results.

Part I

Topological Quantum Computing is a fascinating model of quantum computation that

computes by splitting, braiding, and fusing quasiparticles called non-abelian anyons.

I studied this computational model at the beginning of my PhD with the aim to

adapt the quantum supremacy argument of Bremner, Montanaro and Shepherd [1] in

this context. Unfortunately, I was not fast enough to prove the results before Mann

and Bremner posted Ref. [2] that did essentially the same thing and I had to look for

alternative research directions.

This brought me to study Permutational Quantum Computing – a toy model

of Topological Quantum Computing studied in Ref. [3] that forgets the topology of

the quasiparticle trajectories but nevertheless performs nontrivial computation by

particle permutations. The model was originally developed with the aim to study

the computational power of spin networks in Refs. [4, 5] and while it was thought

to solve problems without efficient classical solution, the supporting evidence for this

was weak.

I first attempted to strengthen this evidence by proving a quantum computational

supremacy argument for the model which ultimately failed as the model was too

discrete for the usual proof techniques. I therefore turned to literature on classical

simulation of quantum computations and, following a recommendation of Kristan

Temme, stumbled upon the work of van den Nest in Ref. [6] that was a perfect fit for

2



analysis of the hardness conjecture. Additionally, Sergii Strelchuk got interested in

the project at that time and being able to discuss the work with him regularly made

the work substantially easier. We eventually found a classical algorithm that ruled

out the conjecture about the model’s non-classicality and extended it to show that

the computational complexity class PQP, characterizing a large class of efficiently

solvable problems in the model, can be simulated on a conventional computer. The

results are presented in Chapter 4.

It however seemed that the class PQP captured the computational power of Permu-

tational Quantum Computing inadequately. While its definition was partly justified

by BQP-completeness of an analogous algorithm in Topological Quantum Computing

(the Aharonov-Jones-Landau algorithm [7]), showing that PQP is classical did not

preclude the possibility that the model could achieve computational advantage by

other means. It remained open if there is a classical algorithm that samples the out-

put distributions of the model or finds all large transition amplitudes in polynomial

time and we study this possibility in Chapter 5. This work is largely an extension of

the results of Schwarz and van den Nest from Ref. [8].

Part II

This part studies a problem at the intersection of communication complexity and

quantum foundations. It had a two-fold motivation. First, it was an attempt to find

a problem to collaborate on with my supervisor. Second, the aim was to prove a

separation between the power of quantum and classical resources from very simple

principles in a way that would minimally depend on conjectures.

This effort resulted in a very simple and self-contained proof of an exponential

separation in exact one-way communication complexity that we derived from the

foundational concept of quantum state antidistinguishability. Using connections be-

tween symmetric, informationally complete sets, mutually unbiased bases and com-

plex spherical codes, we first obtain nontrivial complexity separations for the commu-

nication task in small dimensions. We then give a spherical packing argument that

leads to the asymptotically exponential separation, which may be of independent in-

terest. We subsequently fully characterize the communication complexity of the com-

munication task and prove that the separations disappear in interactive protocols or

3



if we require a bounded error solution. The key advantage of our construction is that

it is, compared to the previous proofs, rather simple and essentially self-contained.

We conclude by stating a conjecture about a sufficient condition for quantum

state antidistinguishability. If the conjecture holds, it implies Ω(d log d) vs O(log d)

separation of quantum and classical exact communication complexities, which is so

far unproven as far as we are aware. We support the conjecture with numerical

evidence and briefly remark on some of its potential consequences for the Pusey-

Barrett-Rudolph theorem from quantum foundations.

Excluded Work

I worked on other projects throughout my DPhil that lead to publications.

The work on proof-of-principle classification using parametrized quantum circuits

(Ref. [9]) was initiated during my internship at IBM Research. The assumption is

that despite IBM allowed me to do so, I cannot include it in this thesis.

Another line of work on fermion-to-qubit mappings (Refs. [10, 11]) was initiated

while I was transferring from ETH Zurich, but most of it was completed while I was

a student at Oxford. I felt that the work does not play well with the other topics and

excluded it for that reason.
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2. Havĺıček, V., Strelchuk, S., Temme, K.,

Classical Algorithm for SU(2) Schur Sampling

Phys. Rev. A 99, 062336, 2019, ArXiv: arxiv.org/abs/1809.05171
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Introduction

The effort for building quantum computers is propelled by the belief that they effi-

ciently solve computational tasks beyond the capabilities of classical computers. Not

every computational task could however enjoy such quantum advantage and it is an

important theoretical challenge to identify those that possibly do.

Suppose that someone proposes a quantum algorithm to solve some computational

problem – how can one argue that such solution is genuinely advantageous compared

to the solutions achievable by classical means? It would be ideal to prove that the

quantum algorithm solves the problem in time that scales polynomially with the

input size, while there was no classical polynomial time solution. No such problem is

however known and is unlikely to be found since ruling out the possibility of classical

polynomial-time solution would also imply that PSPACE 6= P, resolving one of the

central problems of computational complexity (see Fig. 1).

It is for that reason that essentially all proposals for significant quantum/classical

separations in computational complexity are formulated as conditional separations

that hold under plausible conjectures of varying strength.1 An illustration of this is

Shor’s factoring algorithm that gives a strong evidence for quantum/classical time

complexity separation. The algorithm provides significant computational advantage

for factoring integers when compared to the best known classical algorithm, the gen-

eral number field sieve [13, 14]. While it remains unproven if the sieve is indeed the

best classical algorithm for factoring, no classical polynomial algorithm for factor-

ing has been yet found despite decades of intensive search. In fact, the belief that

none will be found is put to test with every use of a credit card – believing that

1A notable exception are the recent works on shallow depth classical vs. constant depth quantum
circuit complexity separations that are unconditional separations of complexity classes contained in
P [12].
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PSPACE

BQP
NP

BPP

Figure 1: Proving that there is no classical polynomial-time algorithm for a problem that
is efficiently solvable in BQP would imply that P ⊆ BPP ⊂ PSPACE, thus resolving one of
the major problems in computational complexity. Note that the most interesting subset of
BQP problems are those for which it is also possible to efficiently verify correctness of the
solution in polynomial time by classical means. Proving an exponential lower bound for
classical time complexity of these problems would imply P ⊂ NP. See the above diagram
for the conjectured relationship of the computational complexity classes.

one’s bank account is safe against classical attacks can be then taken as an argu-

ment in favor of quantum computers outperforming the classical ones (albeit in an

error-corrected regime and with several thousands or even millions of qubits; see for

example Ref. [15]).

From a purely theoretical perspective however, it could be that a classical polynomial-

time factoring algorithm will be eventually discovered since the decision version of

the problem is likely to be NP-intermediate and if it was in P, it would not have too

dramatic consequences for computational complexity theory (see Fig. 2) [13, 16]. It

is therefore desirable to instead use conjectures whose violation is implausible from a

complexity-theoretic viewpoint. An illustration of this is the approach developed by

DiVincenzo, Terhal, and Aaronson, who proved that probability distributions arising

from a certain family of constant-depth quantum circuits cannot be exactly sampled

from by classical means, unless the polynomial hierarchy collapses [17, 18, 19]. The

polynomial hierarchy is an infinite tower of computational complexity classes that are

believed to be increasingly more powerful. The ‘collapse’ means that the classes have

the same computational power from a certain point, which contradicts this belief.

8



NP coNP

P

Factoring

Figure 2: The decision version of the factoring problem is thought to be NP-intermediate.
This is because it belongs both to coNP and NP and if it was NP-complete, then coNP = NP
which is unlikely. No polynomial time algorithm for factoring has been found despite a lot
of effort, so it is usually believed that factoring lies outside of P. Inclusion of factoring in
P would however not have too dramatic complexity-theoretical consequences, making the
conjecture about general number field sieve optimality rather weak.

As the collapse is often argued to be only marginally less surprising than P = NP,

the argument is considered a stronger evidence for hardness of the sampling tasks

compared to the hardness conjecture backing Shor’s algorithm [16, 20].2

The central object of study of this part of the thesis is a quantum algorithm from

a class of algorithms for approximating matrix elements of group representations,

discovered by Jordan in Ref. [24], which was believed to provide superpolynomial

quantum speedup. The evidence backing this conjecture was however much weaker

than in the case of Shor’s factoring algorithm, as the classical algorithms for these

problems are relatively unexplored.3 An interesting feature of the algorithm, shown

in Ref. [3] and outlined in this thesis, is that it can be naturally implemented by

approximating the transition amplitudes in Permutational Quantum Computing – a

restricted model of quantum computation that computes by spin recoupling.4 This

2Significant progress has been made in the last decade in the context of the ‘quantum computa-
tional supremacy’ research program built around this argument. This effort was ignited by Arkhipov
and Aaronson’s proposal of Boson Sampling and the IQP-circuits program developed by Bremner,
Shepherd, Jozsa and Montanaro [21, 16, 1, 22, 19]. It eventually culminated in the recent claim of
verification of quantum computational supremacy put forward by Google last year – a key milestone
for quantum computing, as it is the first experimentally verified quantum computational task that
seems to transcend the capabilities of classical computers [23].

3To make this notion precise, we borrow the following definition from Jordan’s Quantum Al-
gorithm Zoo [25]: A problem has a superpolynomial quantum speedup if there exists a constant
α > 0 such that the runtime C(n) of the best known classical algorithm and the runtime Q(n) of
the quantum algorithm satisfy C = 2Ω(Qα).

4Restricted quantum computational models are models of quantum computation that are be-

9



computational model, which can be also seen as a toy model of Topological Quan-

tum Computing, was introduced by Marzuoli and Rasetti in Refs. [4, 5] and further

formalized by Jordan in Ref. [3]. The conjectured superpolynomial speedup of the

quantum algorithm then supported the claim about non-classicality of the model.

The most ambitious goal, which I ultimately failed to achieve, was to find a

complexity-theoretical backing for the hardness conjecture. Somewhat surprisingly,

the main result derived here ended up on the completely opposite side of the spectrum

– it shows that the algorithm can be classically simulated in polynomial time. To

that end, we give an efficient classical algorithm that approximates the transition

amplitudes of Permutational Quantum Computing to polynomial precision, which

suffices to give a classical algorithm for a problem that was believed to be classically

hard. The algorithm is then found by using methods from the probabilistic simulation

framework developed by van den Nest in Ref. [6].

We extend this result and show that any problem in the computational class

PQP, proposed in Ref. [3] to capture the set of problems solvable in the model, is also

efficiently simulatable by a classical probabilistic algorithm. We subsequently look

for other possible sources of computational advantage in the model and show that no

superpolynomial speedup can be achieved by encoding solutions to computationally

hard problems by patterns of significantly large output probabilities. This is proved

by extending the work of Schwarz and van den Nest [8].

This part of the thesis is structured as follows:

• Chapter 1 – Permutational Quantum Computing can be seen as a toy model of

Topological Quantum Computing. This brief chapter outlines the key ideas of

this model and sketches the Aharonov-Jones-Landau algorithm with the aim to

make this connection apparent later.

• Chapter 2 – Introduces spin eigenfunctions, spin recoupling and the Yamanouchi-

Kotani representation needed to introduce the quantum algorithm.

lieved to be computationally weaker than universal quantum computers, but could still solve some
problems that show superpolynomial speedups. Examples of such restricted quantum computational
models are Permutational Quantum Computing [5, 3], the One Clean Qubit model [26, 27, 28], Ball
Permuting model [29] or IQP circuits [21] and Boson Sampling [19].
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• Chapter 3 – Introduces Permutational Quantum Computing and the computa-

tional complexity class PQP.

• Chapter 4 – Describes a classical algorithm that disproves the conjecture about

hardness of the model. This is the main result of this part of the thesis. Based

on work with S. Strelchuk [30].

• Chapter 5 – Studies additional consequences of the simulation algorithm. Based

on work with S. Strelchuk and K. P. Temme [31].

11



Chapter 1

Prologue: A Sketch of Topological
Quantum Computing

1.1 Introduction

Permutational Quantum Computing can be seen as a toy model of Topological Quan-

tum Computing. This chapter briefly outlines this computational model so that this

connection becomes apparent later.

1.2 Anyons

Two fundamental kinds of particles, bosons and fermions, exist in 3 + 1 dimensional

spacetime. They have either exchange-symmetric or antisymmetric quantum states,

which is modeled by one-dimensional representations of the symmetric group. There

are only two such representations; the trivial one that corresponds to bosonic particles

and the alternating representation that corresponds to fermions.1

In Ref. [33], Leinaas and Myrrheim realized that it is possible for 2-dimensional

quantum systems to support particle-like excitations with exchange symmetries that

are intermediate to fermions and bosons. Roughly stated, this possibility occurs

because the trajectory of a particle wound around another one in 2 spatial dimensions

cannot be contracted to the starting point without touching the other particle, which

leads to a well-defined notion of ‘braiding’ [33, 32]. Particles of this kind are called

anyons as they allow for “any” intermediate exchange phase between fermions and

1Particles transforming under higher-dimensional representation of Sn are called parafermions
and parabosons. They can be decomposed into fermions and bosons with an additional quantum
number attached to each particle [32].
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bosons [34, 35, 36, 37]. For example, the wavefunction may instead transform as:

Ψ(~r1, ~r2)→ eiθΨ(~r2, ~r1),

for some nontrivial phase θ upon a right-handed twist of the two particles [38]. The

symmetry group can be then presented by its generators σi – right-handed nearest-

neighbor twists – that are subject to:

σiσj = σjσi for |i− j| ≥ 2, σiσi+1σi = σi+1σiσi+1; (1.1)

This group presentation is very similar to the presentation of symmetric group, except

that it does not impose the σ2
i = 1 ‘monodromy’ condition. It is the Artin braid group

Bn.

Anyons are not just a mathematical curiosity but appear in superconducting thin

films. The presence of anyons forces the film to have an unusual Hall voltage response

to external magnetic fields when a current is running through it – this is called the

Fractional Quantum Hall effect. The first explanation of Fractional Quantum Hall in

terms of anyonic excitations is due to Laughlin who was awarded the 1998 Nobel prize

for this discovery with Störmer and Tsui, who verified the effect experimentally [39,

40].

Certain physical systems may support anyons with symmetries of higher-dimensional

representations of the braid group [41, 42, 43, 44, 45, 46]. Quantum states of such

systems carry ‘topological degeneracy’ and the Bn representation matrices implement

unitary operations in this space. For example, a d-degenerate three-nonabelion wave-

functions Ψα(~r1, ~r2, ~r3) with degeneracy α ∈ [d] transform as:

Ψα(~r1, ~r2, ~r3)→ ρ(σ1)αβΨβ(~r2, ~r1, ~r3), Ψα(~r1, ~r2, ~r3)→ ρ(σ2)αβΨβ(~r1, ~r3, ~r2),

where ρ(σ1) and ρ(σ2) are d×d unitaries that represent effects of the counterclockwise

1 ↔ 2 and 2 ↔ 3 exchanges respectively and act on the degeneracy space. The

actions generally do not commute: [ρ(σ1), ρ(σ2)] 6= 0, in which case the symmetries

of such systems realize non-abelian anyons. The proposal of Topological Quantum

Computing rests on the fact that it is possible to implement arbitrary unitaries acting

on the topological degeneracy space by braiding and measuring multiparticle states

of such particles [43, 47, 48, 49, 32].
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1.3 Fusion and Splitting

Any anyonic system has at least two particles types, one of which one corresponds to

the vacuum. Composing two anyons into a single particle is referred to as fusion, .

Two anyons of types φa and φb fuse as:

φa × φb =
c∑

k=0

Nk
ab φk,

where the N c
ab integer coefficients are called fusion channels. Non-abelian anyonic

theories have at least one pair of anyons fusing into multiple fusion channels. The

simplest possible example of this, the Ising anyon theory relevant to physics of ν = 5/2

Fraction Quantum Hall effect, consists of three anyon types, σ, ψ and 1 (the vacuum),

which combine as:

σ × σ → ψ + 1, ψ × ψ → 1, σ × ψ → σ,

1× 1→ 1, 1× σ → σ, 1× ψ → ψ.

A dual operation to fusion is called splitting.

1.4 Angular Momentum Analogy

The above fusion rules are analogous to angular momentum recoupling rules in quan-

tum physics. Two systems of definite total angular momenta 0 ≤ j1, j2 ≤ 1 decompose

as:

1

2
⊗ 1

2
→ 1⊕ 0, 1⊗ 1→ 0⊕ 1⊕ 2,

1

2
⊗ 1→ 1

2
⊕ 3

2
,

0⊗ 0→ 0, 0⊗ 1

2
→ 1

2
, 0⊗ 1→ 1.

A general rule is that two such ‘particles’ j1 and j2 fuse into a ‘particle’ with angular

momentum j = |j1 − j2|, |j1 − j2| + 1, . . . j1 + j2. As outlined in Chapter 2, every

total angular momentum eigenstate j corresponds to an irreducible representation of

SU(2) labelled by a Young diagram with two rows and overhang 2j. This analogy can

be seen as the key motivating principle behind Permutational Quantum Computing.

The Ising anyon theory fusion rules can be described in terms of ‘k-deformations’

of SU(2), denoted as SU(2)k. For an integer k, there exist k + 1 ‘particles’ labeled
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by j = 0, 1/2, 1, 3/2 . . . k/2. The fusion rules for ‘particles’ j1 and j2 become: j =

|j1 − j2|, |j1 − j2|+ 1, . . .min{j1 + j2, k − (j1 + j2)}. For k = 2, this gives the fusion

rules for Ising theory by setting 1 = 0, σ = 1/2, ψ = 1 [50].

1.5 Links and Topological Invariants

Vacuum splitting, braiding and a subsequent fusion of anyons to vacuum draws a link

in (2 + 1) dimensional spacetime. A knot is a circle embedded in three dimensions –

examples of some non-trivial knots are shown in Fig. 1.1. A link is then an embedding

of multiple knots. Topologically distinct links cannot be continuously deformed into

one another without cutting, which is referred to as regular isotopy [51].

Figure 1.1: Knots - an unknot, a right handed trefoil and a cinquefoil.
By Alexander’s theorem, any knot (and link) can be obtained as a closure
of a braid word [51].

A topological invariant is a number assigned to a link such that distinct numbers

correspond to topologically distinct links. An important example of such topological

invariant is the Kauffman bracket [51, 42]. It is can be defined by recursive application

of the “skein” rule, replacing a left-handed crossing with a linear combination of

diagrams with the crossing removed:〈 〉
7→ A

〈 〉
+ A−1

〈 〉
,

where A is a complex number. Formally, this is a homomorphism from links to the

Temperley-Lieb algebra TLn(d) and the rule that replaces each unknot with a number

d = −A2 − A−2: 〈 〉
7→ −A2 − A−2,

then assigns each link L a polynomial in A and A−1 that is invariant under regular

isotopy. Kauffman bracket is equivalent to another topological invariant, called the

Jones’ polynomial, up to a normalization factor [51].

The obvious algorithm for computing the Jones polynomial by recursive applica-

tion of the skein rule already hints on the difficulty of computing it exactly, since the
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number of diagrams to evaluate grows exponentially with the number of crossings. It

was shown by Kuperberg that a broad class of ‘value-distinguishing’ approximations

of the invariant is a #P-hard problem [52].

1.6 Aharonov-Jones-Landau Algorithm

Freedman, Kitaev, Larsen and Wang proposed Topological Quantum Computing in

Ref. [48] and proved that the model is universal for quantum computation by showing

that a polynomially precise approximation to the Jones polynomial for the Fibonacci

anyons is a BQP-complete problem.2 Aharonov, Jones and Landau later extended

this argument to certain other anyon theories [53, 54]. A key contribution of their

work is an explicit formulation of the algorithm of Ref. [48].

The Aharonov-Jones-Landau algorithm solves the following problem: form a link

by connecting ends of the neighboring strands of a braid b on 2n strands (the plat clo-

sure) and approximate the value of the Jones polynomial of it to polynomial precision.

The algorithm is based on a unitary representation of the braid group called the path

model representation due to Jones [55], which is interpreted as a quantum circuit. The

value of the Jones polynomial is encoded into matrix elements of this representation:

for a braid b on n pairs of anyons prepared in a particle eigenstate |α〉 and measured

in an eigenstate |β〉, the Jones polynomial corresponds, up to normalization, to the

transition amplitude 〈α|Q(b)|β〉 where Q(b) is the path-model representation of the

braid b (see Fig. 1.2). The algorithm approximates both real and imaginary parts of

this transition amplitude to polynomial precision by the Hadamard test.

The central object of study in this part of the thesis is an analog of this algorithm

which uses angular momentum eigenstates in place of anyons and thus works with the

symmetric group in place of the braid group [5, 3]. The input and output states are re-

placed by spin eigenfunctions introduced in Chapter 2, the representation matrix Q(b)

is replaced with a permutation matrix and the transition amplitudes correspond to

matrix elements of the Yamanouchi-Kotani representations (described later). It was

a conjecture, largely supported by BQP-completeness of the Aharonov-Jones-Landau

algorithm, that there is no classical polynomial time algorithm for approximating

these transition amplitudes [3]. We discuss this conjecture later in Chapter 3.

2This approximation is not a value distinguishing approximation.
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〈β|

|α〉

Q(b)

Figure 1.2: Graphical representation of the overlap approximated by the Aharonov-Jones-
Landau algorithm. Suppose that we work with Fibonacci anyons, so that there are only
two particle types, τ and (vacuum) 1. Then |α〉 = |(ττ)(ττ)(ττ)(ττ)〉 corresponds to the
initial state, while |β〉 = |(ττ)(ττ)(ττ)(ττ)〉 is the final state, measured with probability
| 〈β|Q(b)|α〉 |2, where Q(b) is the unitary representation of the applied braid. Using either
the Hadamard test or interferometry, it is in principle possible to approximate both the real
and imaginary part of the transition amplitude 〈β|Q(b)|α〉 to polynomial precision. Ref. [7]
shows that this problem is BQP-complete.
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Chapter 2

Spin Eigenfunctions

2.1 Introduction

Permutational Quantum Computing works with n distinguishable spin-1/2 particles

(qubits) labelled by elements of [n] := {1, 2 . . . n} and uses bases defined by a set

of commuting spin measurements. The corresponding basis states are called ‘spin

eigenfunctions’ in Ref. [56].

Spin eigenfunctions are connected to the computational basis by the SU(2) Quan-

tum Schur Transformation [57, 58, 59, 60] and underpin many applications in quan-

tum information processing, such as decoherence-free subspaces [61], communication

without a shared reference frame [62, 63] or quantum color coding [64]. Angular mo-

mentum recoupling also plays an important role in spin networks and the Ponzano-

Regge model of quantum gravity [3, 65, 66].

We introduce the spin eigenfunctions and describe some of their properties needed

to define the computational model.

2.2 Spin Operators

Let:

X =

[
0 1
1 0

]
, Y =

[
0 −i
i 0

]
, Z =

[
1 0
0 −1

]
, (2.1)

be the Pauli matrices. They are Hermitian, square to identity and obey the following

equalities:

ZX = −XZ = iY, Y Z = −ZY = iX, XY = −Y X = iZ. (2.2)
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With a convention that ~ = 1, a spin of k-th qubit is a triple of operators:

~Sk =
1

2
(Xk, Yk, Zk) ,

where Xk denotes a Pauli X operator on k-th qubit given by:

Xk :=

n︷ ︸︸ ︷
1⊗ . . .⊗ 1︸ ︷︷ ︸

k−1

⊗X ⊗ 1 . . .⊗ 1 , (2.3)

where 1 is the 2× 2 identity matrix. Operators Zk and Yk are defined similarly.

Definition 1 (Total Spin Operator1). The total spin operator on A ⊆ [n] is:

~SA :=
∑
k∈A

~Sk, S2
A := ~SA · ~SA, (2.4)

where · is a three-dimensional dot product of the operator vectors. The operator is

Hermitian and can be written in terms of Pauli operators as:

S2
A =

1

4

∑
k∈A

∑
l∈A

(XkXl + YkYl + ZkZl) . (2.5)

We write S2
[n] = S2 for brevity.

Example 1.

S2
[2] =

1

2
[(1 +X1X2) + (1 + Y1Y2) + (1 + Z1Z2)] =

3

2
1 +

1

2
(X1X2 + Y1Y2 + Z1Z2) .

Definition 2 (Azimuthal Spin Operator). The azimuthal spin operator on A ⊆ [n]

is given by:

ZA =
1

2

∑
k∈A

Zk. (2.6)

It is Hermitian and we write Z[n] = Z. Operators XA and YA are defined similarly.

Note that Eq. 2.5 can be written as S2
A = Z2

A+X2
A+Y 2

A in terms of these operators.

We now prove a series of facts about the spin operators.

1We will not make a careful distinction between angular momentum and spin in this thesis as
the S2 operators have been defined without reference to specific physical systems. The total Spin
operator is referred to as the Casimir element in the language of Lie groups.
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Claim 1. The total spin operator acts trivially on qubits:

S2
{•} =

3

4
1, (2.7)

where {•} denotes a singleton set.

Proof. From Eq. 2.5:

S2
{•} =

1

4

(
X2
• + Y 2

• + Z2
•
)

=
3

4
1. (2.8)

Eigenvalues of S2 are denoted by J(J + 1), are all non-negative and correspond

to total spin J eigenstates. From this definition, the ‘total spin’ of a qubit is J{•} =

1/2. We often identify the computational basis states |0〉 , |1〉 with azimuthal angular

momentum eigenstates of qubits:∣∣∣∣J{•} =
1

2
, M = −1

2

〉
:=

∣∣∣∣−1

2

〉
≡ |0〉 ,∣∣∣∣J{•} =

1

2
, M =

1

2

〉
:=

∣∣∣∣ 1

2

〉
≡ |1〉 .

(2.9)

Claim 2. ZA and S2
B commute if A ⊇ B.

Proof. From Def. 2, we can write:

ZA =
1

2

∑
k∈B

Zk +
1

2

∑
k∈A/B

Zk = ZB + ZA/B. (2.10)

It follows that:

[ZA, S
2
B] = [ZB, S

2
B], (2.11)

because S2
B and ZA/B act on disjoint subset of qubits and therefore commute. Using

Def. 1, Def. 2 and linearity, the commutator in Eq. 2.11 can be expanded as:

8[ZB, S
2
B] =

∑
k,l,m∈B

[Zk, (XlXm + YlYm + ZlZm)]

=
∑

k,l,m∈B

[Zk, Xl]Xm +Xl[Zk, Xm] + [Zk, Yl]Ym + Yl[Zk, Ym].
(2.12)
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Note that it follows from Eq. 2.2 that:

[Zk, Xl] = δkl(ZkXk −XkZk) = 2iδklYk, (2.13)

where:

δkl =

{
1 if k = l,

0 otherwise,
(2.14)

is the Krönecker delta and similar relations hold for the other Pauli operators. Using

these relations in Eq 2.12, we obtain:

8[ZB, S
2
B] = 2i

∑
k,l∈B

YlXk +XlYk − YlXk −XlYk = 0.

Operators S2
A and S2

B commute if A and B are disjoint or one is subset of another:

Claim 3 (Commutation of Total Spin Operators). S2
A and S2

B commute if A ⊇ B

or if A ∩B = ∅.

Proof. For A ⊇ B, write:

∑
k∈A

~Sk =

~β︷ ︸︸ ︷∑
k∈B

~Sk +

~α︷ ︸︸ ︷∑
k∈A/B

~Sk .

Note that S2
A = (~α+ ~β) · (~α+ ~β), S2

B = ~β · ~β and that from Eq. 2.3, the components

of ~α and ~β act on disjoint subsets of qubits and therefore commute. It follows that:

~α · ~β = ~β · ~α, [~β · ~β, ~α · ~α] = ~0.

This leads to:

[S2
A, S

2
B] = 2[~α · ~β, S2

B]. (2.15)

Observe that similarly to Eq. 2.5:

2 ~α · ~β =
1

2

∑
l∈A/B

∑
k∈B

(XlXk + YlYk + ZlZk). (2.16)

Using this in the commutator of Eq 2.15, we have that:[
2 ~α · ~β, S2

B

]
=
∑
l∈A/B

Xl

[
XB, S

2
B

]
+ Yl

[
YB, S

2
B

]
+ Zl

[
ZB, S

2
B

]
= 0, (2.17)

where we used Claim 2. The operators commute trivially for A∩B = ∅ because they

act on a disjoint sets of qubits.
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Operators Z and S2 commute by Claim 2 and can be simultaneously diagonalized

by a set of {|J,M〉} eigenstates:

S2 |J, M〉 = J(J + 1) |J, M〉 Z |J, M〉 = M |J, M〉 , (2.18)

where J is the total spin of all qubits and M is their azimuthal spin. It follows from

Hermiticity of the operators that these states are orthogonal to one another:

〈J ′,M ′|J,M〉 = δJ ′,J δM ′,M . (2.19)

However, the |J,M〉 eigenstates of S2 and Z do not form a basis for Hilbert spaces

of 3 or more qubits. To see this, we need an additional fact about the S2
A and ZA

eigenvalues known as the angular momentum addition theorem:

Theorem 1 (Addition of Angular Momentum in Quantum Mechanics). The eigen-

values JA∪B, JA and JB of operators S2
A∪B, S2

A and S2
B are related by the angular

momentum addition rules [67, 56]:

|JA − JB| ≤ JA∪B ≤ JA + JB, JA∪B + JA + JB ∈ Z. (2.20)

The eigenvalues M of ZA for any A ⊆ [n] take values in {−JA,−JA + 1, . . . , JA}.

The proof of Theorem 1 is standard (see for example Ref. [68]) and I omit it here.

As a corollary, spin eigenvalues J[k+1] and J[k] that correspond to operators S2
[k+1] and

S2
[k] are subject to:

J[k+1] ∈
{∣∣∣∣J[k] +

1

2

∣∣∣∣ , ∣∣∣∣J[k] −
1

2

∣∣∣∣} . (2.21)

Another consequence of Claim 1 is that the values of total spin JA, that correspond

to the eigenvalue of the S2
A operator for A ⊆ [n], are upper-bounded by n/2. There

are 2J + 1 distinct values of M for every fixed J and the number of distinct Z, S2

eigenstates |J,M〉 is therefore given by:

n/2∑
J=1

J (2J + 1) =
(n+ 2)(n+ 1)n

12
+

(n+ 2)n

8
= O(n3). (2.22)

If operators act on n-qubits and hence a 2n-dimensional Hilbert space, this falls an

exponential number of states short of a basis.
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2.3 Genealogical Spin Basis

The S2, Z basis can be completed by listing eigenvalues of an additional set of com-

muting total spin operators on the set of qubits. One way to do this is by choosing

the additional subsets of qubit as follows:

{1, 2} ⊆ {1, 2, 3} ⊆ . . . ⊆ {1, 2, 3 . . . n− 1} ⊆ [n], (2.23)

along with the corresponding spin operators S2
{12}, S

2
{123}, . . . S

2, Z. These operators

are all Hermitian and commute by Claims 2 and 3. They share orthogonal eigenstates

that can be used to define a basis – this basis choice will be called the genealogical

basis [56].

Definition 3 (Genealogical basis). The joint eigenstates of spin operators:

S2
[2], S

2
[3], . . . S

2, Z, (2.24)

form a basis called the genealogical basis [56].

We now prove that the basis is complete for n-qubit Hilbert space and establish

additional facts about genealogical spin eigenfunctions for that purpose. Specifically,

we introduce representation of genealogical spin eigenfunction in terms of Bratteli

paths, Yamanouchi symbols and standard Young tableaux on two rows. We then use

standard results from enumerative combinatorics to prove the completeness. This

treatment loosely follows Pauncz [56] who attributes the proofs to Yamanouchi [69]

and Kotani [70].

Definition 4 (Bratteli diagrams (informal)). The angular momentum Bratteli dia-

gram is a graph that depicts the relation between the possible states of angular mo-

menta on a given number of qubits. For every number n of qubits, the graph contains

a vertex for all possible values of n-particle spin, labelled by the spin value. Vertices

corresponding to n + 1 qubits are connected to the vertices on n qubits if their labels

differ by ±1/2. See Fig. 2.1.

Definition 5 (Bratteli paths). A |J[2], J[3] . . . J[k]〉 eigenstate of the S2
[2], S

2
[3] . . . S

2
[k]

total spin operators corresponds bijectively to a path of length k in the Bratteli diagram,

given by 1/2→ J[2] → . . .→ J[k]. See Fig. 2.1.
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Figure 2.1

J
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(a) Bratteli diagram. The highlighted
path 1

2 → 0→ 1
2 → 1 corresponds to total

spin eigenstate
∣∣J = 1, J[3] = 1

2 , J[2] = 0
〉
.

The path correponds to a Yamanouchi
symbol 011.

J

n

1 2 3 4 5 6

(b) Bratteli paths are bijective with stan-
dard Young tableaux on two rows. A
Young diagram with n/2 + J boxes in the
top and n/2− J boxes in the bottom row
labels a set of paths that correspond to
the Young tableaux with a shape of this
diagram.

Bratteli paths can be described as sequences of ↗, ↘ steps:

Claim 4 (Bratteli Paths and Yamanouchi Symbols). Any length-k Bratteli path cor-

responds uniquely to a (k−1)-bit string such that any prefix of length m ≤ k contains

at most dm/2e zeroes. These bitstrings are referred to as Yamanouchi symbols in [56].

Proof. By Def. 5, the length-k Bratteli path corresponds to an eigenstate |J[2], J[3] . . . J[k]〉.
It follows from Eq. 2.21 that J[k] − J[k−1] = ±1/2 for all 2 ≤ k ≤ n. The cor-

responding Yamanouchi symbol is then given by a bitstring a2a3a4 . . . an for ak :=

J[k] − J[k−1] + 1/2.

Yamanouchi symbols correspond bijectively to standard Young tableaux with two

rows.

Definition 6 (Standard Young Diagrams and Tableaux [3, 57, 71]). A standard

Young diagram is a partition of n boxes into rows, such that no row is longer than

the one above it. A standard Young tableau on n boxes is a Young diagram with the
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boxes filled with integers in [n], such that the numbers in any column are increasing

downwards and the numbers in each row are increasing to the right and no number is

repeated.

Example 2. Example of standard Young diagrams:

Examples of standard Young tableaux:

1 2
3

1 2 4 5
3

1 2
3 4

Claim 5 (Bijection between Genealogical Spin Eigenfunctions and Standard Young

Tableaux). There is a bijection between the set of genealogical spin eigenfunctions on

n qubits and standard Young tableaux with two rows and n boxes.

Proof. From Def. 5 and Claim 4, it suffices to establish a bijection between Ya-

manouchi symbols and Young tableaux. Let a = a2a3 . . . an be a Yamanouchi symbol

and let u, v be empty lists. Add an element 1 to u. If ai = 0, append i to v, if ai = 1,

append i to u. It trivially follows that both u and v contain number that increase

from left to right. Suppose that at some point, say step j, both u and v have the

same length, which means that length-j prefix of a has the same number of 0 and

1. By definition of Yamanouchi symbol, this means that aj = 1, otherwise there is a

contradiction with the prefix condition of Claim 4. It follows that |u| ≥ |v|.
Let u and v define the upper and lower rows of the Young tableau respectively.

Numbers in every row increase from left to right, and the second row is at most as

long as the first one. It not hard to see from the previous that the numbers in every

column increase from top to bottom. The Young tableau is hence in the standard

form. Let [u, v] denote standard Young tableau with rows u and v. Set a to be an

empty bitstring. For each 1 ≤ k ≤ n, append 0 to a if k ∈ v and append 1 to a

otherwise. The prefix condition of Claim 4 follows from the definition of standard

Young tableau. Two Yamanouchi symbols are equal if and only if they correspond to

the same Young tableau.

Claim 6. The S2
[2], S

2
[3], . . . S

2
[k−1], S

2
[k] eigenstate |J[2], J[3] . . . J[k]〉 corresponds to a Young

tableau with two rows and shape [µ, ν], such that µ+ ν = k and µ− ν = 2J[k].
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Proof. Observe that µ − 1 is the number of ↗ steps in the Bratteli path. Similarly,

ν is the number of ↘ steps in the Bratteli path. The path starts at J1 = 1/2. It

follows that: 2J[k] − 1 = µ− 1− ν.

Claims 5 and Claim 6 are now combined to prove the basis completeness:

Claim 7. The genealogical basis is complete for 2n-dimensional Hilbert space [56].

Proof. Claim 6 shows that any spin eigenstate |J12, J123 . . . J[n−1], J〉 corresponds to

a standard Young Tableau of shape [µ, ν] such that µ+ ν = n and µ− ν = 2J . The

number of such tableaux can be found using the Frame-Robinson-Thrall hook-length

formula [72, 56, 71] from which the number of standard Young Tableaux of a shape

λ on n boxes is given by:

fλ =
n!∏

(ij) hij
, (2.25)

where hij is called the hook-length and the product
∏

(ij) runs over all boxes in λ.

The hook-length hij is defined as 1 + the number of boxes to the right of the (i, j)-th

box + the number of the boxes below the (i, j)-th box in the standard Young diagram

λ (See Fig. 2.2).

Figure 2.2: Hook-length h12 = 4 associated to the (1, 2) box (in gray) in a standard Young
diagram of shape λ = [4, 3]. It is the number of boxes crossed by the thick black line, called
the ‘hook’ of (1, 2).

A hook diagram is a Young diagram with hij written in each box (i, j). A two-row

standard Young diagram λ = [µ, ν] with µ boxes in the first row and ν boxes in the

second row has a hook diagram given by:

µ+ 1 · · · µ− ν + 2 µ− ν µ− ν − 1 · · · 2 1
ν · · · 1

(2.26)

Combining this with Eq. 2.25 leads to:

f [µ,ν] =
(µ+ ν)! (µ− ν + 1)

ν!(µ+ 1)!
=

(
n

n/2− J

)
−
(

n

n/2− J − 1

)
:= f(J), (2.27)
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where we assume that
(
n
k

)
= 0 for all nonpositive k. By Claim 1, there are (2J + 1)

genealogical spin eigenfunctions for each two-row Young diagram with overhang 2J .

The number of them is therefore given by:∑
J

(2J + 1)f(J), (2.28)

where the sum of J runs in integer steps from 0 to n/2 for n even and from 1/2 to

n/2 for n odd. Choose n to be even to simplify the proof statement (the n odd case

can be proved similarly). Eq. 2.28 can be then written as:

n/2∑
J=0

(2J + 1)f(J) =

f(0) + f(1) + f(2) + · · · f(n/2)
(
n
n/2

)
f(1) + f(2) + · · · f(n/2)

(
n

n/2−1

)
f(1) + f(2) + · · · f(n/2)

(
n

n/2−1

)
f(2) + · · · f(n/2)

(
n

n/2−2

)
f(2) + · · · f(n/2)

(
n

n/2−2

)
...

...
f(n/2)

(
n
0

)
where the summation over all rows is implied and each row sums up to the quantity

to the right of |. It follows that:

n/2∑
J=0

(2J + 1)f(J) =

(
n

n/2

)
+ 2

n/2−1∑
k=0

(
n

k

)
= 2n, (2.29)

which shows that the genealogical basis is complete.

Claim 2.3 also implies that there exist sets of states with fixed J and M with size

that scales as O(2n) because the summation in Eq. 2.28 runs only over d(n + 1)/2e
terms. For example, degeneracy of the J = 0 basis states is given by the number

of standard Young tableaux with shape λ corresponding to n (even) boxes with no

overhang:

fλ =
2

2 + n

(
n

n/2

)
≈ O (2n) . (2.30)

This observation will be important later when we study a class of computations in a

subspace with fixed J,M quantum numbers.
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1 3 n− 1 n2

S2
[2]

S2
[3]

S2
[n−1]

S2
[n], Z

Figure 2.3: Genealogical spin basis on n qubits.

2.4 Spin Recoupling

Spin eigenfunctions can be represented by spin recoupling diagrams used in Refs. [3,

5]. An example of a diagram for the genealogical basis is in Fig. 2.3. The diagrams

are to be read from top to bottom. The numbers at the leaf nodes are qubit indices

and every internal vertex • carries a total spin operator S2
A acting on the qubits in

the leaves A of the subtree rooted at it. The Z and S2 operators are associated to

the root of the tree. Spin eigenfunctions can be described similarly – as an example,

all genealogical spin eigenfunctions for n = 3 are shown in Fig 2.4.

2.4.1 SU(2) Clebsch-Gordan Transform

Coupling of two spin eigenstates in an internal vertex of a recoupling diagram is

described by the SU(2) Clebsch-Gordan transform:

Definition 7 (Clebsch-Gordan transform [73]). Joint eigenstates |JA,MA〉 and |JB,MB〉
of spin operators S2

A, ZA and S2
B, ZB on A,B ⊆ [n] and A ∩ B = ∅ can be related to

eigenstates of spin operators S2
A∪B = (~SA + ~SB)2, ZA∪B = ZA + ZB by:

|JA∪B,MA∪B, JA, JB〉 =
∑

MA,MB

CJA∪B ,MA∪B
JA,MA;JB ,MB

|JA,MA〉 |JB,MB〉 , (2.31)

where:

CJA∪B ,MA∪B
JA,MA;JB ,MB

:= 〈JA,MA; JB,MB|JA∪B,MA∪B, JA, JB〉 , (2.32)

is the SU(2) Clebsch-Gordan coefficient. Since [S2
A, S

2
A∪B] = [S2

B, S
2
A∪B] = 0, the S2

A∪B
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J[2] = 0

J = 1
2
,M = 1

2∣∣J = 1
2
,M = 1

2
, J[2] = 0

〉

1 32

J[2] = 0

J = 1
2
,M = −1

2∣∣J = 1
2
,M = −1

2
, J[2] = 0

〉

1 32

J[2] = 1

J = 1
2
,M = 1

2∣∣J = 1
2
,M = 1

2
, J[2] = 1

〉
1 32

J[2] = 1

J = 1
2
,M = −1

2∣∣J = 1
2
,M = −1

2
, J[2] = 1

〉

1 32

J[2] = 1

J = 3
2
,M = 3

2∣∣J = 3
2
,M = 3

2
, J[2] = 1

〉

1 32

J[2] = 1

J = 3
2
,M = 1

2∣∣J = 3
2
,M = 1

2
, J[2] = 1

〉
1 32

∣∣J = 3
2
,M = −1

2
, J[2] = 1

〉
J[2] = 1

J = 3
2
,M = −1

2

1 32

J[2] = 1

J = 3
2
,M = −3

2∣∣J = 3
2
,M = −3

2
, J[2] = 1

〉
Figure 2.4: All three-qubit genealogical basis states in diagrammatic representation.

eigenstate is also an eigenstate of S2
A and S2

B and thus retains the JA, JB labels.2 Aside

from the obvious orthogonality relations, the coefficients also satisfy following identity:

CJA∪B ,MA∪B
JA,MA;JB ,MB

= δMA∪B
MA+MB

CJA∪B ,MA∪B
JA,MA;JB ,MB

, (2.34)

that can be understood as a conservation of the azimuthal angular momentum.

Clebsch-Gordan coefficients are elements of an orthogonal transform with matrix

elements given by Eq. 2.32. This transform can be thought of as the internal vertex

2The same also works for states that carry additional degeneracy labels α, β determined by
operators that commute with ZA∪B , S2

A∪B as well as one another:

|JA∪B ,MA∪B , JA, JB , α, β〉 =
∑

MA,MB

CJA∪B ,MA∪B
JA,MA;JB ,MB

|JA,MA, α〉 |JB ,MB , β〉 . (2.33)

Here we use this property (which is just basis fixing) with a sequence of total spin operators that
each act on subsets of qubits in A or B that are either contained in one another or disjoint (so that
the operators can be arranged onto vertices defined by a coupling tree).

We would work with SU(d) Clebsch Gordan coefficients if we coupled a tensor product of d-level
systems and used generalized Paulis in place of qubits and Pauli matrices. Such coefficients are
harder to deal with than SU(2), as there is for example no known closed-form solution for d ≥ 3.
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of the spin recoupling diagrams:

JA JB

JA∪B,MA∪B

Claim 8. Clebsch-Gordan coefficients can be computed to ±ε error in poly(n, log(1/ε))

time.

Proof. Clebsch-Gordan coefficients have the following closed-form solution:

CJA∪B ,MA∪B
JA,MA;JB ,MB

= (−1)M+JA−JB
√

2JA∪B + 1

(
JA JB JA∪B
MA MB MA∪B

)
, (2.35)

where the Wigner 3j symbol can be computed using the Racah formula [74]:(
a b c
d e f

)
= (2.36)

∑
t

(−1)t+a−b−f
√

∆(abc)(a+ d)!(b+ e)!(c+ f)!(a− d)!(b− e)!(c− f)!

t!(c− b+ t+ d)!(c− a+ t− e)!(a+ b− c− t)!(a− d− t)!(b− t− e)!
,

(2.37)

where ∆(abc) is the triangle coefficient given by:

∆(abc) =
(a+ b− c)!(a− b+ c)!(−a+ b+ c)!

(a+ b+ c+ 1)!
,

and the summation
∑

t runs over all integer t for which the factorials in the expression

are well-defined. It is known that there are ν + 1 such terms, where [75]:

ν = min {a± d, b± e, c± f, a+ b− c, b+ c− a, c+ a− b} .

In the context considered here a, b . . . f are total spins of up to n qubits and it al-

ways holds that −n/2 ≤ a, b . . . f ≤ n/2. Hence, the summation in Eq. 2.36 runs

over O(n) terms. Each of these terms requires evaluation of factorials of quantities

upper bounded by n that can be computed exactly efficiently. Aside from that, the

computation only requires division and a square root, each of which can be approxi-

mated to ±ε error in poly(n, log(1/ε)) time. Evaluation of the SU(2) Clebsch-Gordan

coefficient up to ±ε error hence takes poly(n, log(1/ε)) time.
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2.4.2 F-moves

This diagrammatic representation can be conveniently used to describe the unitary

transformation between distinct spin bases, called the F -move. It allows for a basis

change between the right and left recoupling at a three qubit level (see Fig. 2.5).

Any basis defined that can be obtained by applying a sequence of F -moves to the

1 32

S2
{1,2}

S2, Z

F

1 32

S2
{2,3}

S2, Z

Figure 2.5: Two distinct bases of spin eigenfunctions on three qubits are related by a
unitary transformation called the F -move. The left diagram corresponds to coupling in
the sequentially coupled basis, while the right one corresponds to the basis defined by
the operators S2, Z, S2

{2,3}. The F -move is a unitary transformation from the elements

|J,M, J12〉 of the left basis to |J,M, J23〉 elements of the right basis.

genealogical basis, along with the Z operator measurement is complete. Since the F -

move leaves the number of internal vertices in a recoupling diagram invariant, we also

conclude that any n-qubit spin eigenfunction contains exactly n− 1 internal vertices.

We remark that the set of operations on spin eigenfunctions can be complemented

by accounting for permutations that act on the spin eigenstates as follows:

JA JB

JA∪B

7→ (−1)JA+JB−JA∪B

JA JB

JA∪B

The above rules applied to spin eigenfunctions provide a graphical calculus for the

Wigner-Racah algebra that fully describes spin recoupling [56, 76, 77].

2.4.3 Quantum Schur Transform

Genealogical spin eigenfunctions can be related to the computational basis by a uni-

tary transformation called the SU(2) Quantum Schur Transform [58]. This transfor-

mation acts on a system of n qubits in computational basis |y1〉 . . . |yn〉, yi = ±1/2 as

follows: it starts by Clebsch-Gordan coupling |y1〉 with |y2〉 into |J[2],M[2]〉 as:

|J[2],M[2]〉 =
∑
y1,y2

C
J[2],M[2]
y1,y2 |y1, y2〉 . (2.38)
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It then couples |y3〉 with |J[2],M[2]〉 into |J[3], J[2],M[2]〉 by cascading Clebsch-Gordan

transformations. As discussed previously, this state still carries the label J[2], since the

total angular momentum operators S2
[3] and S2

[2] commute. The label M[2] is in contrast

discarded because Z[2] no longer commutes with S2
[3]. This process is continued until

all the qubits are coupled into a genealogical basis state |J,M, . . . J[3], J[2]〉.
It is easy to see from the above that the matrix elements of this transformation

are products of Clebsch-Gordan coefficients. For example for n = 3:

|J,M, J[2]〉 =
∑
y1, y2

∑
M[2], y3

CJ,M

J[2],M[2];
1
2
,y3
C
J[2],M[2]
1
2
,y1; 1

2
,y2
|y1, y2, y3〉

=
∑

y1,y2,y3

[USch]J,M,J[2]
y1,y2,y3

|y1, y2, y3〉 ,

from where:

[USch]J,M,J[2]
y1,y2,y3

= CJ,M

J[2],y1+y2; 1
2
,y3
C
J[2],y1+y2
1
2
,y1; 1

2
,y2
, (2.39)

where USch is the Quantum Schur Transform unitary. Two examples of spin eigen-

functions in the computational basis are:∣∣∣∣J =
1

2
,M = −1

2
, J[2] = 1

〉
=

√
2

3
|001〉 − |010〉+ |100〉√

6
,∣∣∣∣J =

1

2
,M = −1

2
, J[2] = 0

〉
=
|010〉 − |100〉√

2
.

(2.40)

The transform can be implemented efficiently using the algorithms of Bacon, Har-

row and Chuang, Kirby and Strauch and Krovi [78, 58, 59, 60, 79]. The transform

is based on the Schur-Weyl duality that relates the irreducible representations of the

symmetric group and the special unitary group SU(d). It thus relates the actions

performed by tensor products of d-dimensional unitaries to those performed by per-

mutation of the qudits. A permutation π ∈ Sn induces a unitary Uπ by acting on n

qubits in the computational basis as follows:

Uπ |x1〉 ⊗ |x2〉 · · · ⊗ |xn−1〉 ⊗ |xn〉 = |xπ(1)〉 ⊗ |xπ(2)〉 ⊗ . . .⊗ |xπ(n)〉 . (2.41)

The group SU(2) has a natural representation on n qubits as follows:

Q(U) |x1〉 ⊗ |x2〉 · · · ⊗ |xn−1〉 ⊗ |xn〉 = U |x1〉 ⊗ U |x2〉 ⊗ . . .⊗ U |xn〉 . (2.42)
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The two actions clearly commute. Schur-Weyl duality [71, 58] then states that:(
C2
)⊗n ∼= ⊕

λ`n

Qλ ⊗ Pλ,

where the direct sum runs over all partitions λ ` n, Qλ labels irreducible represen-

tations of SU(2) and Pλ labels Sn irreps. For example, the three-qubit Hilbert space

(C2)⊗3 decomposes, in terms of SU(2) irreps, into:

1

2
⊗ 1

2
⊗ 1

2
→
(

1

2
⊕ 1

2

)
⊕ 3

2
, (2.43)

where the brackets also correspond to a two dimensional, mixed-symmetry represen-

tation of the symmetric group. In terms of Young diagrams:3

⊗ ⊗ →
(

⊕
)
⊕ . (2.44)

The decomposition can be hence also written as 1/2 ⊗ 1/2 ⊗ 1/2 → (Q3/2 ⊗ P ) ⊕
(Q1/2 ⊗ P ), where P is the trivial representation of the symmetric group and P

is the two-dimensional mixed-symmetry representation of S3 labeled by [58]. This

works similarly with a larger number of qubits.

2.5 Yamanouchi-Kotani Representations

Spin eigenfunctions generate irreducible representations of the symmetric group, called

the Yamanouchi-Kotani representations. These representations were discovered by

Yamanouchi [69] and Kotani [70]. The presentation here follows Pauncz [56].

The unitary Uπ from Eq. 2.41 commutes with both S2 and Z operators as they

are both invariant under permutation of qubit coordinates. This way, the J and M

eigenvalues remain invariant under the action of Uπ and the corresponding Young

diagram λ also remains unchanged. Let λ be a Young diagram with two rows and

overhang 2J . Let fλ := f and {λi}i∈[f ] be the set of standard Young tableaux of

shape λ. It follows that:

Uπ |J,M, λi〉 =

f∑
j=1

|J,M, λj〉Wij(π), (2.45)

3The fact that the dimension of the symmetric group irrep is the multiplicity of Young diagrams
in this decomposition is called the Young’s rule [71]. The dimensions can be also computed with the
Frame-Robinson-Thrall formula of Eq. 2.25.
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where Wij(π) ∈ C are scalars subject to
∑

j |Wij(π)|2 = 1. They can be found by:

〈J ′,M ′, λj|Uπ |J,M, λi〉 = Wij(π). (2.46)

As both J and M remain invariant under the permutation action, we can write that:

〈λj |Uπ |λi〉 δJJ ′ δMM ′ = Wij(π). (2.47)

J-conservation means that the coefficients are nonzero only if λi and λj have the same

shape. Applying another permutation σ ∈ Sn to the eigenfunction gives:

Uσ Uπ |J,M, λi〉 =

f∑
k=1

f∑
j=1

|J,M, λk〉Wij(π)Wjk(σ). (2.48)

We also have that Uσ Uπ = Uσ◦π,

Uσ◦π |J,M, λi〉 =

f∑
j=1

|J,M, λk〉Wij(σ ◦ π). (2.49)

Comparing Eqs. 2.48 and 2.49, it follows that:

W (σ ◦ π)ik =

f∑
j=1

W (σ)ijW (π)jk, (2.50)

which shows that the matrices W form a representation of the symmetric group. It

will follow later from Theorem 2 that these representations are in fact irreducible.

Yamanouchi-Kotani representation matrices of the Sn generators are derived in Ap-

pendix A.
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Chapter 3

Permutational Quantum
Computing

3.1 Introduction

Permutational Quantum Computing is a computational model that can be seen as a

toy model of Topological Quantum Computing. It computes not by splitting, braiding

and fusing anyons but rather by splitting, permuting and coupling spin eigenstates.

The computational model was introduced by Marzuoli and Rassetti in Refs. [4,

5] that studied the computational power of spin networks. This line of research was

inspired by works in quantum gravity that originated from Penrose’s proposal in

Ref. [66] to use total spin eigenstates as basic building block for modeling granular

spacetime. The model was subsequently formalized by Jordan in Ref. [3], where he

defined the computational complexity class PQP in an attempt to capture the class

of problems solvable by polynomial approximation of the transition amplitudes in the

model. He proved that PQP ⊆ BQP and conjectured that some of the PQP problems

have no efficient classical algorithm.

This chapter introduces the computational model and formalizes the definition of

the computational complexity class PQP. We discuss the problem of approximating

the Sn irreps that belongs to this class and conclude by discussion of Jordan’s hardness

conjecture.
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3.2 Permutational Quantum Computing

Definition 8 (Permutational Quantum Computing [3]). Given a permutation π ∈ Sn
and a classical description of two spin eigenfunctions |Ψ〉 , |Φ〉 given as lists of eigen-

values of spin operators on n qubits, the Permutational Quantum Computing model

comprises of all problems that can be efficiently solved by sampling a probability distri-

bution pπ(Ψ|Φ) = | 〈Ψ|Uπ|Φ〉 |2 where Uπ is an n-qubit unitary induced by permuting

the qubits:

Uπ |x1〉 ⊗ |x2〉 · · · ⊗ |xn−1〉 ⊗ |xn〉 = |xπ(1)〉 ⊗ |xπ(2)〉 ⊗ . . .⊗ |xπ(n)〉 . (3.1)

By repeating the above process, it is possible to estimate the probabilities pπ(Ψ|Φ) =

| 〈Ψ|Uπ|Φ〉 |2 to ±ε error with O(1/ε2) retries with high probability of success. Jordan

also defined mathematically more convenient version of the model capable of esti-

mating both the real and imaginary part of the transition amplitudes 〈Ψ|Uπ|Φ〉. In

this model, it is assumed that one can perform an interferometric experiment that

determines the real and imaginary parts of 〈Ψ|Uπ|Φ〉 to ±ε error in poly(n, 1/ε) time

with high probability of success. While Jordan’s definition does not elaborate on

how to do this in practice, such computation could be in principle done by translat-

ing the computation to the circuit model using the Quantum Schur Transform and

performing the Hadamard test (see Fig 3.1).

|0〉 H • H

|Ψ〉 Uπ
Φ

(3.2)

Figure 3.1: The Hadamard test shown above has the output probability of measuring the
outcome 0 on the first qubit given by (1+Re 〈Ψ|UπΦ|Ψ〉)/2. By taking O(1/ε2) samples, this
can be used to approximate the real part of the transition amplitude to ±ε error. If UΦ is
a unitary such that UΦ |Ψ〉 = |Φ〉. Such unitary can be for example found by applying the
angular momentum recoupling rules from Sec 2.4. Setting UπΦ = UπUΦ in the Hadamard
test allows for estimation of Re 〈Ψ|Uπ|Φ〉 to ±ε error in O(1/ε2) time. A variant of the test
can be also used to approximate the imaginary part of the transition amplitude [53].

The conventional quantum circuit model of quantum computation measures the

length of computation in terms of the number of elementary computational gates.
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Since any permutational gate Uπ decomposes into O(n2) transpositions and state

preparation/measurement are both efficient, any distribution generated by the model

in Def. 8 can be sampled from in polynomial time. Jordan thus decided to ignore

the computational length and defined the complexity class PQP roughly as ‘the set of

problems solvable by approximating the transition amplitudes 〈Ψ|Uπ|Φ〉 to polynomial

precision with polynomially many qubits ’ [3].

Ref. [3] also discussed the kind of a classical computer that should control the

quantum experiment – that is the machine that transmits the instructions to the

experimental apparatus, receives measurement outcomes from the quantum experi-

ment and processes them in order to solve the computational problem. Jordan argues

that choosing a P machine would make PQP trivially contain P and that it is more

meaningful to use a logspace machine (L) instead for that reason. While he does

not elaborate on this choice further, the key idea seems to be an attempt to capture

the power of computation by estimating constant number of the transition ampli-

tudes, without the possibility of performing additional (computationally complex)

post-processing on them. With this, Jordan updates the previous informal definition

of PQP to be ‘the set of problems solvable by a logspace machine with access to an

oracle that provides amplitudes 〈Ψ|Uπ|Φ〉 for polynomially many spins to polynomial

precision’ [3]. This definition however assumes access to an oracle that solves a count-

ing problem, which can be defined in many ways. Since Ref. [3] does not formalize

the computational class beyond the definition given above, we attempt to deal with

this deficiency now.1

The computational complexity class L is a class of problems that can be solved

by a deterministic Turing machine with a logarithmic amount of work space. The

formal definition is as follows:

Definition 9 (Space Bounded Computations and L [80]). s : N→ N and L ⊆ {0, 1}∗.
L ∈ SPACE(s(n)) if there exists a constant c and a Turing machine M that decides

L, such that at most c · s(n) cells of M ’s worktapes (excluding the input tape) are

ever visited by M ’s head during its computation on any input. The class L of logspace

computations is defined as L = SPACE(log(n)).

1We remark that the simulation results proved later in this work also hold if the controller is a
P or a BPP machine as well as for any scenario captured by Jordan’s informal definition.
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We formalize the class PQP as a logspace oracle class LO, where O is, roughly

speaking, an oracle that provides poly(n) precise additive approximations to the tran-

sition amplitudes of Permutational Quantum Computing. Defining logspace oracle

machines is subject to several subtleties, so we describe this in some detail now. As

the first step, we state the conventional definition of oracle Turing machines:

Definition 10 (Oracle Turing Machines (Arora, Barak [80])). An oracle Turing ma-

chine M is a Turing machine that has a special read-write tape, called oracle tape,

along with three special states: qquery, qyes, qno. To execute M , one specifies an addi-

tional language O ⊆ {0, 1}∗ decided by the oracle. When M enters the state qquery,

the machine moves to qyes if q ∈ O and qno if q 6∈ O; where q is the content of the

oracle tape.

Definition 10 becomes problematic for logspace oracle machines whenever the

query q written on the oracle tape is of larger than logarithmic size. If we count

oracle cells among the cells that were ‘visited’ by the Turing machine’s head, then

such oracle machine can only make queries that are of logarithmic size. This is

problematic if one needs to pass a large part of the input to the oracle. On the other

hand, if we do not count the oracle cells among the ‘visited’ cells in the definition of

space-bounded computations, then the Turing machine can cheat by using the oracle

tape instead of its worktape, free of the space bound penalty. This was addressed

by Ruzzo, Simon and Tompa in Ref. [81], who updated the definition of the oracle

machines for space bounded computation as follows:

Definition 11 (Oracle Turing Machines for Space Bounded Computations (Ruzzo,

Simon, Tompa [81]) ). The Oracle Machine M is a Turing machine that has a special

write-only tape, the oracle tape, whose cells are not subject to the space penalty. The

machine has also three special states: qquery, qyes, qno. To execute M , one specifies an

additional language O ⊆ {0, 1}∗ decided by the oracle for M . When M enters the

state qquery, the machine state changes to qyes if q ∈ O and qno if q 6∈ O; where q is the

content of the oracle tape. After executing an oracle query, the oracle tape is erased.

The oracle tape also operates deterministically from the time some symbol is written

on it, until the oracle query is made.

PQP can be then defined as:

38



Definition 12 (PQP). Let O be a Ruzzo, Simon, Tompa oracle that takes as an

input:

• a classical description of a pair of n-qubit spin eigenfunctions |Φ〉 , |Ψ〉 in terms

of eigenvalues in the spin operator basis.

• a permutation π.

The oracle (which mimics the output of the Hadamard test) returns ‘yes’ with proba-

bility 1
2
(1+〈Φ|Uπ|Ψ〉), otherwise it returns ‘no’ (note that the overlap 〈Φ|Uπ|Ψ〉 is real

valued). PQP = LO, where L is a logspace machine and the oracle Turing machine is

defined as in Def. 11.

The logspace restriction on the Turing machine worktape guarantees that the ma-

chine cannot store or manipulate better than poly(n)-precise additive approximation

to the transition amplitudes. To obtain a polynomially precise approximation to the

transition amplitude with high probability of success, the algorithm queries the oracle

p(n)-times for some fixed polynomial p(n) and keeps track of the number of ‘yes’ and

‘no’ answers in its worktape (this takes O(log(n)) space). The transition amplitude is

then approximated by the average µ̄ of those two numbers. By the Chernoff-Hoeffding

inequality for the Bernoulli process, we have that:

Pr (|µ̄− µ| > ε) ≤ 2 exp(−2p(n)ε2). (3.3)

Setting ε = 1/q(n) for some polynomial q(n), we obtain that µ̄ is a ±1/q(n) approx-

imation to µ = 1
2
(1 + 〈Φ|Uπ|Ψ〉) with probability at least 1 − 2 exp(−2p(n)/q(n)2).

Choosing p(n) > q(n)2, we can upper-bound p(n)/q(n)2 by another polynomial,

r(n), to obtain that µ̄ is a good approximation with probability of at least 1 −
2 exp(−2r(n)) = 1 − δ. Note that owing to the Ruzzo, Simon and Tompa oracle

definition, the Turing machine can now pass an arbitrarily large part of its input as

a part of the oracle query, writing to the oracle tape bit by bit.

See Fig. 3.2 for the relation between P, PQP and BQP that was conjectured in [3].
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BQP

PQP BPP

Approximating Matrix Elements of Sn Irreps [3].

Approximating Ponzano-Regge Transition Amplitudes [3, 5].

Figure 3.2: The computational complexity class PQP and its conjectured relationship
to BPP and BQP. Jordan proved that PQP ⊆ BQP and conjectured that P and PQP
were incomparable. Following the discussion about the definition of PQP, we extend this
to a conjecture that BPP and PQP are incomparable. To support the conjecture, Jordan
studied two problems with no known efficient classical algorithms that are solvable within
PQP: Approximation of a class of Ponzano-Regge transition amplitudes and Approximating
Matrix Elements of Sn Irreducible representations in the Young orthogonal form. The
contribution of our work [30] is a classical algorithm that shows that the irrep matrix
element approximation algorithm is in fact in BPP (the thick arrow in the above diagram).
We extend this result to show that PQP ⊆ BPP by extending this algorithm to the problem
of approximating the transition amplitudes between any pair of spin eigenfunctions. This
classical probabilistic algorithm simulates the oracle O in polynomial time.

3.3 Approximating Irreps of the Symmetric Group

Jordan presented two problems as arguments that the class PQP could have supra-

classical computational power in Ref. [3]. One of them, introduced in Ref. [5], is

concerned with the approximation of a set of transition amplitudes in the Ponzano-

Regge theory. Ponzano-Regge is a 3-dimensional Topological Quantum Field Theory

that gives rise to non-trivial topological invariants that play role in the study of

quantum gravity. We do not discuss this problem here as its statement is quite

complex, but mention that it is contained in the class PQP. The second problem

discussed in Ref. [3, 24] is however the central to this part of the thesis:
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Problem 1 (Approximating Matrix Elements of Sn Irreducible Representations in

Young’s orthogonal form [3]).

Problem: Approximate a given matrix element of Young’s orthogonal form matrices

to ±1/poly(n) precision.

Input: A permutation π ∈ Sn, a Young diagram λ on two rows, a pair of standard

Young tableaux λ1, λ2 of shape λ and a parameter ε = 1/poly(n).

Output: With high success probability, a matrix element W (π)λ1λ2 of Young’s or-

thogonal form representation matrix W (π) to ±ε precision.

We now describe a PQP algorithm for Problem 1, which follows from the corre-

spondence of Permutational Quantum Computing transition amplitudes and matrix

elements of Young’s orthogonal form matrices. In order to explicitly construct the Sn

representation matrices, it is necessary to fix a basis. Young’s orthogonal form is a

canonical choice of a basis, subgroup-adapted to a chain S2 ⊂ S3 . . . Sn−1 ⊂ Sn [3].

The subgroup adaptation property means that if the representation of the group Sn

becomes restricted to its subgroup Sn−1, the representation matrices are going to be

matrix direct sums of irreducible representation of Sn−1. It is defined by the following

prescription for computing its generators:

Definition 13 (Young’s orthogonal form [56]). For a fixed Young diagram λ, number

the standard Young tableaux {λi}i of shape λ from 1 to fλ, where fλ is given by the

Frame-Robinson-Thrall formula of Eq. 2.25. An orthogonal representation of Sn –

the Young’s orthogonal form – can be obtained by representing the nearest-neighbor

transpositions σk as fλ × fλ orthogonal matrices W (σk) with the following matrix

elements:

W (σk)ii = −1/dik,k+1 := ρ, (3.4)

W (σk)ij =


0 if the standard tableau λi cannot be obtained from the stan-

dard tableau λj by swapping the k-th and k+ 1-st elements.√
1− ρ2 otherwise.

(3.5)

Here dik,k+1 denotes the axial distance between the numbers k and k+ 1 in a standard

Young tableau λi, which is the number of steps necessary to get from k to k+ 1 when

steps left and down are counted as positive and steps to the right and up as negative.
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Since any permutation can be composed by at most O(n2) nearest-neighbor trans-

positions it is possible to represent any permutation from Sn by multiplying at most

O(n2) representation matrices. Observe that while the matrix elements of transposi-

tion matrices in Young’s orthogonal form can be easily found, finding matrix elements

for general permutations may be difficult, especially if fλ is very large. The following

theorem is then key to the quantum algorithm for approximating the matrix elements

of the Young’s orthogonal form with PQP.

Theorem 2 (Pauncz [56]). Yamanouchi-Kotani representation and Young’s orthog-

onal representations are equivalent.

The proof is deferred to Appendix A.2. The theorem implies that the transition

amplitudes between a pair of genealogical spin eigenfunctions with an applied per-

mutation are matrix elements of Young’s orthogonal form matrices. The algorithm

for Problem 1 then simply queries the oracle O for these transition amplitudes (See

Algorithm 1).

Algorithm 1: Approximating Sn irreps with PQP

Input:

A permutation π and two lists of genealogical spin operator eigenvalues:

(J,M, J[n−1], J[n−2] . . . J{1,2}),

(J,M, J ′[n−1], J
′
[n−2] . . . J

′
{1,2}).

Algorithm:

Use the PQP oracle O to estimate the overlap 〈Ψ|Uπ|Φ〉 for:

|J,M, J[n−1], J[n−2] . . . J{1,2}〉 := |Ψ〉 ,
|J,M, J ′[n−1], J

′
[n−2] . . . J

′
{1,2}〉 := |Φ〉 .

By definition of PQP, it is possible to estimate 〈Ψ|Uπ|Φ〉 to ±1/poly(n)
precision in poly(n) time with high success probability (See Fig. 3.3).

By the correspondence outlined in Chapter 2, the total spin eigenvalues define

standard Young tableaux with two rows, so this solves Problem 1.
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1 3 4 52

J[2]

J[3]

J[4]

J,M

1 3 4 52

J ′[2]

J ′[3]

J ′[4]

J ′,M ′

Figure 3.3: Permutational Quantum Computing circuit used to estimate the Young’s or-
thogonal form matrix elements. The applied permutation is π = (1, 2, 3)(4, 5) and the tran-
sition amplitudes 〈Φ|Uπ|Ψ〉 between genealogical spin eigenfunctions |Φ〉 , |Ψ〉 correspond
to the Young’s orthogonal form matrix W (π). The quantum algorithm that underlies Jor-
dan’s hardness conjecture approximates any of these transition amplitudes to polynomial
precision.

3.4 Jordan’s Hardness Conjecture

There are several reasons to believe that Problem 1 might be hard to solve classically.

In Ref. [24], Jordan points out that there are optimized algorithms for finding the

Young orthogonal form matrices [82, 83, 84, 85, 86, 87, 88]. All of these algorithms

have exponential worst-case running time but also calculate the entire representation

matrices. Aside from these, there seems to be no literature on approximating the

representation matrix elements and, to the best of Jordan’s and my knowledge, no

other algorithm than the one we later derive here. The reason why classical algorithms

for the task are missing seems tied to the question if a solution to Problem 1 could

be used for anything practical. While its solution may be used to find polynomially

precise approximations to all polynomially large elements in rows of the representation

matrices, it remains unclear how to use such approximations for any computation with

the symmetric group representations. Similarly to Jordan, we do not have an answer
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to this question; the possibility seems intriguing though.

Furthermore, Jordan also argues that he expects Problem 1 to be trivial on most

inputs. Since an average matrix element of a d×d orthogonal matrix U has magnitude

of a square root of its inverse dimension [24]:
√

1
d2

∑
i,j∈d |Uij|2 =

√
1
d2

Tr(U †U) =

1/
√
d , the typical matrix elements of an exponentially-sized U are exponentially small

and will not be resolved by polynomially-precise approximation. At the same time,

the interesting instances of Problem 1 are precisely those with representation matrices

that have exponentially large dimensions, as the polynomially large representation

matrices can be computed efficiently exactly. Jordan concludes that an algorithm

that simply guesses ‘0’ at all times achieves similar results to the quantum algorithm.

It may be possible that the hardness of classically simulating the model comes not

from approximating the individual transition amplitudes, but rather from finding the

inputs for which the approximation becomes non-trivial. We study this in Chapter 5.

The fact that the PQP-complete algorithm is average-case trivial however does

not mean that it becomes trivial in the worst-case. Another problem that shows

similar behavior is in fact the Jones’ polynomial approximation by Aharonov-Jones-

Landau algorithm outlined in Sec. 1.6 [7]. It also relies on estimating matrix elements

of large unitaries, now of braid group representations. A typical matrix element is

exponentially small by the same argument as here, but approximating the transition

amplitudes of the model to polynomial precision on worst-case inputs remains a BQP-

complete problem. This analogy lead Jordan to conjecture that:

Conjecture 1. There is no classical polynomial time algorithm for Problem 1 [3].
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Chapter 4

Classical Algorithm for
Approximation of the Transition
Amplitudes

This chapter is based on the article [30] written in collaboration with S. Strelchuk. I also

benefited from discussions with S. P. Jordan and K. P. Temme. The analysis of the compu-

tational model in terms of cascaded SU(2) Clebsch-Gordan coefficients and their simulation

was initiated by myself, as was the application of van den Nests’s result to compute the tran-

sition amplitudes. The cascading algorithm for sampling the output in the computational

basis is my idea, but I benefited from discussions with S. Strelchuk when developing it. Van

den Nest’s results were pointed out to me as a possible approach to the analysis of the model

by K. Temme. S. Strelchuk helped me to work out the details of the SU(2) Clebsch-Gordan

coefficient computations and to solidify the results to a publishable form. S. Jordan told me

about previous attempts at the proof of the hardness conjecture and contributed with several

ideas about where to take it next.

4.1 Introduction

Contrary to Conjecture 1, we now derive a classical algorithm that solves Problem 1 in

polynomial time. We subsequently extend this algorithm to approximating transition

amplitudes between arbitrary spin eigenfunctions and show that the class PQP can

be efficiently simulated classically.

The algorithm is derived by using methods for probabilistic simulation of quantum

computation developed by van den Nest in Ref. [6]. We briefly outline this framework
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and show that spin eigenfunctions satisfy the computational tractability property.

This allows us to use a simple probabilistic algorithm based on the Chernoff-Hoeffding

bound for approximating their overlaps to the required precision.

4.2 Computational Tractability

When quantum computation is to be simulated with a classical algorithm, the aim

could be to efficiently compute the probability of any outcome, as well as any marginal

of the output, to ε additive error in poly(n, log(1/ε)) time. This is referred to as strong

simulation.1 Strong simulation is generally #P-hard, as it asks for much more than

what would be possible to solve with a quantum computer – it is not expected to

resolve the output probabilities to better than ±ε additive error in poly(n, 1/ε) time

in this context. It therefore seems more appropriate to impose that the classical sim-

ulator only samples from the output probability distribution of the quantum circuit,

which is referred to as weak simulation [6].

Weak simulation is essentially implied by strong. This is shown, for a somewhat

stricter definition of strong simulation than we use here, by Jozsa and van den Nest in

Ref. [90] by using the result of Terhal and DiVincenzo from Ref. [18]. The technique

specifically uses telescoping marginal expansion to produce samples from the output

distribution and is similar to one of the proofs given here in Sec. 4.3. Let the output

probability distribution of a quantum circuit be given by p : {0, 1}n → [0, 1]. Using

the chain rule, this can be expanded into a product of marginals as:

p(x1, x2, . . . , xn) = p(x1)p(x2|x1)p(x3|x2, x1) . . . p(xn|xn−1 . . . , x2, x1).

Assuming first that the conditional probabilities can be sampled from exactly, one can

sample the output by flipping a coin with bias p(x1), fixing x1 to the outcome, flipping

a biased coin with bias p(x2|x1) = p(x2, x1)/p(x1), fixing x2 to the outcome, and so

on. The resulting bitstring x1, x2 . . . xn from this random process is then distributed

according to p(x1, x2 . . . xn). If the conditionals can be instead only approximated

1Other definitions are commonly used in the literature. For example, Ref. [89] defines strong
simulation as computation of output probabilities on all marginals up to multiplicative errors while
Ref. [16] as computation of thereof to m significant digits in poly(n,m) time (which gives ±ε additive
approximation in poly(n, log(1/ε)) time and matches the definition used here).
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to ±ε error, then the same technique samples from p(x1, x2, . . . xn) ± O(nε).2 The

sampled distribution is O(ε n 2n) away from the original one in the total variational

distance and since the samples will be usually produced in O(log ε) time, it is possible

to bind ε to n in a way that the overall error decreases with n in a poly(n)-time

computation – this will be the case in the proof in Sec. 4.3. I am however not aware

of any result that would show that strong implies weak, assuming only that the

marginals can be computed to only ±ε additive precision in poly(n, log(1/ε)) time.

In Ref. [6], van den Nest developed a set of classical simulation algorithms built

around sampling methods that can be applied to weak simulation of quantum compu-

tations. In that context, he identified a class of quantum states called computationally

tractable (CT) states:

Definition 14 (Computational Tractability [6]). An n-qubit state |ψ〉 is computa-

tionally tractable (CT) if:

1. the overlaps 〈x|ψ〉 can be approximated efficiently and with large success prob-

ability to ±ε error in time poly(n, log(1/ε)) for any computational basis state

|x〉.

2. there exists a classical randomized algorithm that draws samples from p(x) =

| 〈x|ψ〉 |2 for x ∈ {0, 1}n in polynomial time.

It will suffice here if the classical algorithm in condition 2. only samples from a

distribution p̃ for which |p̃(x)− | 〈x|ψ〉 |2| ≤ ε for all x ∈ {0, 1}n in poly(n, log(1/ε))

time. We justify this technical detail in Sec. 4.5.

Examples of CT states listed in Ref. [6] include product states, states obtained

by a polynomially-sized Toffoli circuits applied to a product state, matrix product

2A justification of this is as follows: let κi ∈ [−ε, ε], ∀i ∈ [n] and consider the telescoping expansion
that uses approximations to conditionals: p̃(x1) = p(x1) + κ1, p̃(x2|x1) = p(x2|x1) + κ2, . . . etc.. By
the chain rule,

p̃(x1, x2, x3 . . . xn) = p̃(x1)p̃(x2|x1) . . . p̃(xn|xn−1 . . . x2, x1) = (p(x1) + κ1)(p(x2|x1) + κ2) . . . (4.1)

To the leading order in ε:

|p(x1, x2, x3 . . . xn)− p̃(x1, x2, x3 . . . xn)| ≤ nε p(x1, x2 . . .)

min[p(x1), p(x2|x1) . . .]
+O(ε2) ≤ nε+O(ε2), (4.2)

where the last inequality again follows from the chain rule.
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states with a polynomial bond dimension, stabilizer circuits or Quantum Fourier

Transform applied to a computational basis state. We extend this list by showing

that genealogical spin eigenfunctions are computationally tractable.

4.3 Genealogical Spin Eigenfunctions are CT

We first prove that the overlap condition of Def. 14 holds for genealogical spin eigen-

functions.

Claim 9. The overlap 〈x|J,M, . . .〉 for a genealogical spin eigenfunction |J,M, . . . , J[2]〉
and a computational basis state |x〉, x ∈ {0, 1}n, can be computed to ±ε precision in

poly(n, log(1/ε)) time.

Proof. The Clebsch-Gordan coefficients satisfy:

CJ,M
JA,MA; JB ,MB

= δM, (MA+MB) C
J,M
JA,MA; JB ,MB

. (4.3)

A genealogical spin eigenstate |J,M, . . . J[2]〉 can be written as:

|J,M, . . . J[2]〉 =
∑

M[2],...M[n−1]

∑
M1,...Mn

CJ,M
J[n−1],M[n−1];Mn

. . . C
J[3],M[3]

J[2],M[2];M3
C
J[2],M[2]

M1;M2
|M1, . . . Mn〉

=
∑

M1,...Mn

CJ,M

J[n−1],
∑n−1

k=1 Mk;Mn
. . . C

J[3],M1+M2+M3

J[2],M1+M2;M3
C
J[2],M1+M2

M1;M2
|M1 . . .Mn〉 ,

where Eq. 4.3 was used to cancel the summation over M[2], . . .M[n−1] and we omitted

qubit total spins from the arguments of the Clebsch-Gordan coefficients. The overlap

〈x|J,M, J[n−1], . . . , J[2]〉 is then given by:〈
x
∣∣ J,M, J[n−1], . . . , J[2]

〉
= CJ,M

J[n−1],
∑n−1

k=1 xk; 1
2
, xn

. . . C
J[3],x1+x2+x3

J[2], x1+x2; 1
2
, x3
C
J[2],x1+x2
1
2
, x1; 1

2
, x2
.

Each of the Clebsch-Gordan coefficients can be computed to±ε error in poly(n, log(1/ε))

time by results of Sec. 2.4. The product of n − 1 of them can be computed to this

precision in poly(n, log(1/ε)) time.

We now prove the second computational tractability condition:

Claim 10. Given a genealogical spin eigenfunction |Φ〉 = |J,M, J[n−1], . . . , J[2]〉,
there exists a classical randomized algorithm that draws samples from a distribution

p̃(x) such that |p̃(x) − | 〈x|Φ〉 |2| ≤ ε for all x ∈ {0, 1}n. The algorithm runs in

poly(n, log(1/ε)) time.
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Proof. Importantly note that M and all values of the total spins J, J[n−1], . . . , J[2] are

fixed and known for all distributions computed in this proof. We first show that

it is possible to efficiently compute the ‘suffix’ marginals of the output probability

distribution p(x) := | 〈x|J,M, J[n−1], . . . J[2]〉 |2 defined for k ≤ n by:

p(xk . . . xn) :=
∑

x1...xk−1

p(x1 . . . xn).

and p(xk . . . xn) = 1 otherwise. This is achieved by successive application of:

p(xk . . . xn) =
∑

x1...xk−1

p(x1 . . . xn)

=
∑

x1...xk−1

∣∣∣CJ,M

J[n−1],
∑n−1

i=1 xi;
1
2
,xn
C
J[n−1],

∑n−1
i=1 xi

J[n−2],
∑n−2

i=1 xi;
1
2
,xn−1

. . .
∣∣∣2

=
∣∣∣CJ,M

J[n−1],(M−xn); 1
2
, xn

∣∣∣2 p(xk . . . xn−1),

where we again used the correspondence of Eq. 2.9 and Eq. 4.3 was used to proceed

to the last line. Repeating this n− k times and noting that by normalization:∑
x1...xk−1

p(x1 . . . xk−1) = 1,

gives the marginals as factors of at most n− 1 Clebsch-Gordan coefficients.

Note that the very reason we compute the ‘suffix’ marginals – that is starting from

the root of the corresponding recoupling diagram – is that all the samples are subject

to the constraint of
∑n

i=1 xi = M that fixes all the inputs of the CG coefficients. For

example:

p(xn) =
∣∣∣CJ,M

J[n−1],(M−xn); 1
2
, xn

∣∣∣2 ,
p(xn, xn−1) =

∣∣∣CJ,M

J[n−1],(M−xn); 1
2
, xn

∣∣∣2 ∣∣∣CJ[n−1],(M−xn)

J[n−2],(M−xn−xn−1); 1
2
, xn−1

∣∣∣2 . (4.4)

We can similarly compute conditional probabilities such as:

p(xn−1|xn) =
p(xn−1, xn)

p(xn)
=
∣∣∣CJ[n−1],(M−xn)

J[n−2],(M−xn−xn−1); 1
2
, xn−1

∣∣∣2 . (4.5)

Note that the fact that both p(xn) and p(xn−1, xn) are both computable to the right

precision would not immediately imply that the conditionals could be computed to

the same precision. We can see here however that the conditional is simply another
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Clebsch-Gordan coefficient that can be approximated to machine precision. This

property is a key to the classical simulation technique developed here.

Using the chain rule for probability distributions, it is then possible to write:

p(x1 . . . xn) = p(xn) p(xn−1|xn) . . . p(x1|xn, xn−1, . . . , x2).

This way, the distribution can be sampled from by successively drawing individual

bits xi as follows. First, compute bn = p (xn = 1/2) and flip a coin with a bias bn. Set

xn = ±1/2 depending on the outcome. Fix xn and compute bn−1 = p (xn−1 = 1/2 |xn).

Set xn−1 = ±1/2 depending on the outcome. Proceed in the same way up to x1.

The resulting sample x = x1x2 . . . xn (treated as bitstring) is drawn from p(x) =

p(x1x2 . . . xn) by the chain rule.

All Clebsch-Gordan coefficients (including the products of up to n − 1 of them)

were computed with precision of ±ε in poly(n, log(1/ε)) time. This means that the

algorithm samples from p̃(x), such that |p̃(x)− | 〈x|Ψ〉 |2| ≤ ε for all x ∈ {0, 1}n.

4.4 Classical Algorithm

Here we give an efficient classical algorithm for Problem 1 that refutes Conjecture 1.

The algorithm follows from the above results combined with the following:

Theorem 3 (Van den Nest’s algorithm [6]). Given two computationally tractable

states |Φ〉 and |Ψ〉, the overlap 〈Ψ|Φ〉 can be approximated to ±ε error in poly(n, 1/ε)

time.

Proof. Define the two distributions induced by sampling in the computational basis:

p(x) := | 〈x|Ψ〉 |2, q(x) := | 〈x|Φ〉 |2 .

Consider an indicator function:

Υ(x) =

{
1 if p(x) > q(x),

0 if p(x) ≤ q(x),

and define:

F (x) :=
〈Ψ|x〉 〈x|Φ〉

p(x)
Υ(x), G(x) :=

〈Ψ|x〉 〈x|Φ〉
q(x)

(1−Υ(x)).
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Both of these functions have efficient±ε′ approximation computable in poly(n, log(1/ε′))

time, since |Ψ〉 and |Φ〉 are both computationally tractable. Moreover, notice that

|F |, |G| ≤ 1. We can write:

〈Ψ|Φ〉 =
∑
x

p(x)F (x) +
∑
x

q(x)G(x) .

A polynomially-precise additive approximation to the state overlaps is then obtained

by applying the Chernoff-Hoeffding bound (see Ref. [6], Appendix A). This implies

that for T = 4
ε2

log
(

2
δ

)
samples {Fi} and a real random variable F with expectation

〈F 〉 and |F | ≤ 1, we have that:

Pr

(∣∣∣∣∣ 1

T

T∑
k

Fk − 〈F 〉

∣∣∣∣∣ ≤ ε

)
≥ 1− δ . (4.6)

This can be used to estimate both the imaginary and real parts of the overlap 〈Ψ|Φ〉
to ±ε error by taking O

(
1
ε2

log(1
δ
)
)

samples of F ∼ p and G ∼ q.

If |Ψ〉 and |Φ〉 are two genealogical spin eigenfunctions, it is a consequence of

the above that the transition amplitude 〈Ψ|Uπ|Φ〉 can be approximated efficiently

classically to polynomial precision by fixing ε = 1/poly(n) in the above algorithm.

This follows from the fact that if |Φ〉 is computationally tractable, then Uπ |Φ〉 is,

which can be seen by noting that the overlap 〈x|Uπ|Φ〉 = 〈π−1(x)|Φ〉 can be efficiently

computed and the distribution qπ(x) = | 〈x|Uπ|Φ〉 |2 can be efficiently sampled from

by sampling q(x) = | 〈x|Φ〉 |2 and applying π−1 to the sample.

This gives a classical algorithm for Problem 1 and refutes Conjecture 1.

4.5 Remark about Precision

The proposed algorithm does not sample from exact distributions, but instead works

with distributions that have output probability of every outcome exponentially close

to exact one. Here we argue that this error is irrelevant for the approximation given

by Eq. 4.6.

Suppose that the classical algorithm computes the approximation:

〈̃Ψ|Φ〉 =
∑
x

p̃(x)F̃ (x) +
∑
x

q̃(x)G̃(x),
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where we can efficiently sample q̃ and p̃ in poly(n, log(1/ε)) time, such that |p̃(x) −
p(x)| ≤ ε and |q̃(x) − q(x)| ≤ ε for all x and that F̃ (x) and G̃(x) are also both

exponentially close to F (x) and G(x). For simplicity, we set that
∣∣∣F̃ (x)− F (x)

∣∣∣ ≤ ε.

By |F (x)| ≤ 1, this implies that |F̃ (x)| ≤ 1 + ε. Consider:

∣∣∣〈̃Ψ|Φ〉 − 〈Ψ|Φ〉∣∣∣ ≤ ∣∣∣∣∣∑
x

p̃(x)F̃ (x)− p(x)F (x)

∣∣∣∣∣+

∣∣∣∣∣∑
x

q̃(x)G̃(x)− q(x)G(x)

∣∣∣∣∣ . (4.7)

Focusing on the first term, it follows by application of triangle inequality that:∣∣∣∣∣∑
x

p̃(x)F̃ (x)− p(x)F (x)

∣∣∣∣∣ =

∣∣∣∣∣∑
x

p̃(x)F̃ (x)− p(x)F̃ (x) + p(x)F̃ (x) + p(x)F (x)

∣∣∣∣∣
≤

∣∣∣∣∣∑
x

p̃(x)F̃ (x)− p(x)F̃ (x)

∣∣∣∣∣+

∣∣∣∣∣∑
x

p(x)F̃ (x) + p(x)F (x)

∣∣∣∣∣
≤

∣∣∣∣∣∑
x

p̃(x)− p(x)

∣∣∣∣∣ |F̃ (x)|+ max
x

∣∣∣F̃ (x)− F (x)
∣∣∣

≤
∑
x

|p̃(x)− p(x)|(1 + ε) + ε / 2nε+O(ε2).

Both sampling and computing the F̃ (x) approximation can be done in poly(n, log(1/ε))

time and the same holds for G̃(x). Setting (say) ε = 4−n then leads to:∣∣∣〈̃Ψ|Φ〉 − 〈Ψ|Φ〉∣∣∣ / 2−n, (4.8)

which shows that the expectation values are exponentially close to one another. The

best approximation to the overlap in Eq. 4.6 by the Chernoff-Hoeffding bound is

however only polynomially precise. This means that the error due to sampling of an

approximating distribution becomes insignificant.

4.6 Spin Eigenfunctions are CT

We now extend the previous result to arbitrary spin eigenfunctions. This gives an

efficient classical probabilistic algorithm for all PQP problems.

Claim 11. The overlap 〈x|Φ〉 of an n-qubit spin eigenfunction |Φ〉 and a computa-

tional basis state |x〉 for x ∈ {0, 1}n can be computed to ±ε precision in poly(n, log(1/ε))

time.
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Proof. A spin eigenfunction |Φ〉 has a coupling diagram with n− 1 internal vertices,

each of which corresponds to a Clebsch-Gordan transform. The state can be therefore

expressed as a linear combination of computational basis states, each weighted by a

product of n−1 Clebsch-Gordan coefficients – all intermediate sums of the coefficients

vanish by azimuthal angular momentum conservation. The overlap 〈x|Φ〉 is then given

by a product of n − 1 Clebsch-Gordan coefficients. Each of the coefficients can be

computed to ±ε error in poly(n, log(1/ε)) time and their product can be computed

with the same precision.

Claim 12. Given a spin eigenfunction |Φ〉, there exists a classical algorithm that

draws samples from p̃(x) such that |p̃(x) − | 〈x|Φ〉 |2| ≤ ε for all x ∈ {0, 1}n in time

poly(n, log 1/ε).

Proof. Starting at the root of the coupling diagram of |Φ〉:

JL JR

J,M

draw a sample:

ML ∼ p(ML) =
∣∣∣CJ,M

JL,ML; JR,(M−ML)

∣∣∣2 . (4.9)

Fix MR = M −ML and proceed recursively to the internal vertices rooted at JL,ML

and JR,MR; all the way to the leaves. Output the set of leaf values x1 . . . xn converted

to a bitstring.

Let V be the set of internal vertices of the coupling diagram. Denote by Jv,Mv

the ‘incoming’ values of the total spin and azimuthal angular momenta to the ver-

tex, and JR(v),MR(v) and JL(v),ML(v) the ‘outcoming’ values on the left/right branch

respectively:

JL(v) JR(v)

Jv,Mv

With this definition, the output distribution of the algortihm is given by:

p(x1x2, . . . xn) =
∏
v∈V

∣∣∣CJv ,Mv

JL(v),ML(v); JR(v),MR(v)

∣∣∣2 = |〈x|Ψ〉|2 , (4.10)
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where the values of Mv for all internal vertices are fixed by the bitstring x of azimuthal

momenta associated to the leaves. There are at most n + 1 distinct values of Mv at

every vertex v ∈ V , because all Jv values are all upper bounded by n/2. This shows

that the samples can be drawn efficiently.

Example 3. We give an example of the above algorithm for a spin eigenfunction

|Ψ〉 = |J,M, JR, JL〉 with a recoupling diagram that is a binary tree on 4 qubits (see

Fig. 4.1).

1 3 42

JL JR

J,M

Figure 4.1: Binary tree spin eigenfunction on n qubits.

The algorithm starts at the root by sampling:

ML ∼
∣∣∣CJ,M

JL,ML; JR,(M−ML)

∣∣∣2 = p(ML). (4.11)

Since the value of M is fixed, sampling ML also fixes MR = M −ML by Eq. 4.3.

Proceeding to the left and right subtree, draw:

x1 ∼
∣∣∣CJL,ML

1
2
,x1; 1

2
,(ML−x1)

∣∣∣2 = p(x1|ML).

x3 ∼
∣∣∣CJR,MR

1
2
,x3; 1

2
,(MR−x3)

∣∣∣2 = p(x3|ML).
(4.12)

Note that x1, x3 fix the value of x2 = ML−x1 and x4 = MR−x3 respectively and that

the distributions p(x1|ML) and p(x3|ML) are conditionally independent:

p(x1|ML)p(x3|ML) = p(x1, x3|ML). (4.13)

The joint distribution on the samples is given by:

p(x1, x3,ML) = p(x1, x3|ML)p(ML)

=
∣∣∣CJ,M

JL,ML; JR,(M−ML)

∣∣∣2 ∣∣∣CJL,ML
1
2
,x1; 1

2
,(ML−x1)

∣∣∣2 ∣∣∣CJR,MR
1
2
,x3; 1

2
,(MR−x3)

∣∣∣2 (4.14)

Substituting x2 = ML − x1 and x4 = M −ML − x3, we obtain that:

p(x1, x2, x3, x4) =
∣∣∣CJ,M

JL,x1+x2; JR,x3+x4

∣∣∣2 ∣∣∣CJL,x1+x2
1
2
,x1; 1

2
,x2

∣∣∣2 ∣∣∣CJR,x3+x4
1
2
,x3; 1

2
,x4

∣∣∣2 = | 〈x|Ψ〉 |2. (4.15)
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The classical algorithm defined in Theorem 3 then extends without change to

general spin eigenfunctions. The algorithm shows that the oracle O that was used to

define the computational class PQP in Def. 12 can be simulated in polynomial time

with a classical probabilistic algorithm. It follows from the definition of PQP that

PQP = LO ⊆ BPP, which means that the class PQP is classical.

Claim 13. PQP ⊆ BPP.

Proof. First notice that PQP = LO ⊆ PO ⊆ BPPO. We aim to prove that BPPO =

BPP. To that end, let L be a language decided by BPPO, so that L is decided by a

probabilistic Turing machine M that makes up to polynomially many (say nk) calls to

the oracle O and gives the correct answer with probability at least 2/3 on any input.

To see that L ∈ BPP, we use the classical algorithm derived above to simulate the

oracle O. For every simulated oracle call, running on a probabilistic Turing machine

in poly(n, 1/ε, log 1/δ) time for some ε = 1/poly(n), gives wrong approximation with

probability 1 − δ. The overall chance of all nk simulated calls succeeding is then at

least (1−nkδ) and the algorithm then succeeds with probability at least 2/3 (1−nkδ).
For the sake of the argument, we can fix δ = n−k/10, in which case the algorithm runs

in poly(n) time and succeeds with probability 3/5. This can be amplified to 2/3 by the

standard error reduction techniques (See Ref. [80], Thm 7.10). As a result, we have

that BPPO ⊆ BPP. BPP ⊆ BPPO clearly holds. Hence PQP ⊆ BPPO = BPP.

As a consequence, Permutational Quantum Computing cannot provide significant

quantum advantage by empirical estimation of the transition amplitudes.

4.7 Quantum Schur Sampling Circuits

The algorithm of Sec 4.4 straightforwardly extends to a wider class of circuits sand-

wiched between a pair of spin eigenfunctions. Suppose that U is a unitary such that

for any spin eigenfunction |Ψ〉, the state U |Ψ〉 is CT. The algorithm of Sec 4.4 then

remains practically unchanged for computing the overlaps of 〈Φ|U |Ψ〉 – the only dif-

ference being that both real and complex part of the amplitude have to be estimated.

Van den Nest made this observation in Ref. [6], where he calls the set of unitaries U

‘efficiently computable unitary basis-preserving’. The class can be further extended

to ‘efficiently computable sparse’ unitaries, defined in the same paper. We referred
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to various classes of these computations as the Quantum Schur Sampling circuits in

Refs. [30, 31]. An example that will be of some significance in the discussion of the

following chapter is the circuit class where U is an efficiently computable reversible

classical circuit.

|x1〉

USch U U †Sch

|x2〉

|x3〉
...
...

|xn〉

Figure 4.2: Quantum Schur Sampling circuit. The USch gates are SU(2) Quantum Schur
Transforms, mapping from the computational basis to the spin eigenfunction basis. The
unitary gate U preserves computational tractability. If U is a permutation, and the standard
basis is used for QST, the above circuit corresponds to Permutational Quantum Computing
with genealogical basis.
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Chapter 5

Classical Algorithm for Sifting
Probabilities

This chapter is based on a work [31] done in collaboration with S. Strelchuk and K. P. Temme.

The Schwarz and van den Nest paper [8] that this section extends was pointed to me by

K. Temme. The work on adaptation of the Kushilevitz-Mansour algorithm in this context

was initiated by me, but S. Strelchuk helped me to work out most of the technical results

such as the generalized swap test or the marginal projection lemma. Both K. Temme and

him helped me to solidify the results to a publishable form.

5.1 Introduction

The previous chapter described an efficient classical algorithm for approximating of

the transition amplitudes of Permutational Quantum Computing to polynomial pre-

cision. It refuted Conjecture 1 and lead to a proof that any problem in PQP can be

simulated with a classical probabilistic algorithm. An intriguing question remained:

Is it classically hard to find the transition amplitudes for which the approximation

in Problem 1 becomes nontrivial? More specifically, is there an efficient classical

algorithm for the following problem (see Fig. 5.1)?

Problem 2 (Large Elements in the Rows of Young’s Orthogonal Form).

Problem: Find all matrix elements larger than 1/poly(n) in a row of Young’s or-

thogonal matrix for some fixed polynomial poly(n).

Input: π ∈ Sn, a Young diagram λ on two rows and an integer k ∈ [fλ], where fλ is

given by Eq. 2.25.
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Figure 5.1: All output probabilities for a randomly chosen permutation in Permutational
Quantum Computing with genealogical basis on 10 qubits and J = 1. Each row corresponds
to an output distribution for fixed input state and is normalized. Typical matrix elements
scale as ∼ 1/2n and are indistinguishable from zeros by the inverse-polynomially precise
algorithm. The central question that we pose here is: If there are 1/poly(n) large elements
in any row of the output distribution pattern, is it hard to find them with a classical
algorithm?

Output: A set L of column indices of all 1/poly(n) large elements in the k-th row

of the Young’s orthogonal matrix that represents π in an irrep labeled by λ.

Following the analysis outlined in the previous chapter, it is not hard to see that

Problem 2 has an efficient quantum algorithm that uses the model in Def. 8: Fix a

spin eigenfunction that corresponds to the Young’s diagram λ and the k-th row of the

corresponding Young’s orthogonal matrix, apply the permutation π and take about

∼ poly(n)2 samples in the genealogical basis. The output distribution probabilities

are resolved to about ∼ 1/poly(n) precision this way, so it is possible to output all

significantly large ones (if there are any) with high probability.

In contrast, there can be exponentially many possible outputs and it seems difficult

to find the sufficiently large ones by classical means. Could the quantum algorithm

for Problem 2 lead to a superpolynomial quantum advantage? The main result of this

chapter answers this question negatively. We describe a classical algorithm that finds

all 1/poly(n) large output probabilities in Permutational Quantum Computing with

genealogical bases in polynomial time. The work again builds on the simulation results
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of van den Nest [6] and its extension by Schwarz and van den Nest [8], where the

authors studied a similar problem in the context of the Quantum Fourier Transform.

Their results are derived by applying a variant of the Kushilevitz-Mansour algorithm

from computational learning theory [91] and the main technical contribution here is

an adaptation of these techniques to Permutational Quantum Computing.

Another question that remained open from the last chapter was that of approx-

imately sampling the output distributions in the model. In Ref. [8], the authors

focused on a weak simulation of circuit classes with a QFT-Toffoli-QFT−1 structure,

followed by a computational basis measurement on subset of qubits after the final

QFT.1 Circuits of this form are used in Shor’s algorithm and the key result of Ref. [8]

was to show that – under additional promise on sparsity of the output distribution

– the circuits can be approximately sampled from classically. Here we show that the

same holds for Permutational Quantum Computing.

5.2 Sifting Output Probabilities

We address the central question of this part by giving an algorithm that finds large

probabilities in the output of Permutational Quantum Computing as defined in Def. 8.

Our approach once again revolves around the concept of computational tractability

from Def. 14 and extends the following result of Schwarz and van den Nest:

Theorem 4 (Schwarz and van den Nest, Theorem 5 [8]). Let C = U2U1 be a unitary

n-qubit circuit composed of two blocks and let |Ψ〉 be the input state. Suppose that the

state U1 |Ψ〉 is CT and that U2 is either:

1. QFT modulo 2n or its inverse or,

2. U2 = u1 ⊗ u2 . . .⊗ un, where ui are arbitrary qubit unitaries.

Then there exists a classical randomized algorithm with runtime poly(n, 1/θ, log 1/π)

that with probability at least 1 − π outputs a list L = {x1, x2 . . . , xl} of n-bit strings

such that l ≤ 2/θ and each xi is an n-bit string for which:

• for all x ∈ L it holds that: | 〈x|C|Ψ〉 |2 ≥ θ/2.

1QFT stands for the Quantum Fourier Transform, Toffoli stands for a circuit composed by poly(n)
Toffoli gates.
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• every n-bit string x, such that | 〈x|C|Ψ〉 |2 ≥ θ belongs to L.

Specifically, by fixing θ = 1/poly(n), the algorithm lists all 1/poly(n) output

probabilities in polynomial time. The key result here is an extension of the above

theorem to the case where U2 is the Quantum Schur Transform.

We denote the Bratelli paths on n qubits by boldface in this chapter – such a

path is a list of total spin eigenvalues J = (J[2], J[3], . . . J[n]) in the genealogical basis,

that satisfy the angular momentum addition rules of Eq. 2.21.2 Any genealogical

spin eigenfunction can be then written as |J ,M〉. In the rest of this chapter, we for

simplicity assume a fixed spin eigenfunction |Φ〉 with a permutation Uπ applied to it

on the input.3 This way, the quantum number M becomes conserved throughout the

computation and we drop it where appropriate. We will also work with genealogical

basis for simplicity. The output distribution is then given by:

p(J) = | 〈Φ|J〉 |2. (5.1)

The central result that we prove here is the following extension of Theorem 4:

Claim 14. There is a classical randomized algorithm with runtime poly(n, 1/θ, log 1/π)

that with probability at least 1− π outputs a list L = {J1,J2 . . .Jl} of n-qubit paths,

such that l ≤ 2/θ and:

∀J ∈ L : p(J) ≥ θ

2
,

∀J : p(J) > θ =⇒ J ∈ L.

By fixing θ = 1/poly(n), the algorithm finds all polynomially large probabilities in

any row of Fig 5.1 in polynomial time, which answers the central question of this part

negatively.

What follows is a proof of the above claim. We first show how to approximate a

set of output probability marginals that will allow us to use the techniques of Ref. [8].

For a path j on k ≤ n qubits, define the output marginal p(j):

p (j) :=
∑
J⊇j

p (J) = 〈Φ|
∑

J⊇j;M

|J ,M〉 〈J ,M |Φ〉 := 〈Φ|Π (j) |Φ〉 ,

2The paths on n-qubits are bijective to Young tableaux with n boxes and we could formulate the
algorithm this way as well instead.

3The input spin eigenfunction does not have to be genealogical. The results translate with minor
modification to the case where |Φ〉 is only a computationally tractable state.
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J

n

1 2 3 4 5 6 7

1
2

1

3
2

2

5
2

3

7
2

0

1
2

1

3
2

2

5
2

0

1
2

1

3
2

0

1
2

Figure 5.2: The summation
∑

J⊇j runs over all paths J on n qubits that share a common

path j for the first k qubits. As an example, in the diagram above j = 1
2 → 0 → 1

2 → 1
and k = 4, n = 6, where the summation runs over all Bratteli paths of length n within the
shaded region.

where the summation
∑

J⊇j sums all paths J on n qubits that share a common path

j for the first k qubits (see Fig. 5.2). The summation
∑

M runs from −J to J in

integer steps and we use
∑

J⊇j;M as a shorthand for
∑

J⊇j
∑

M .

Claim 15. We have that:

Π (j) :=
∑

J⊇j;M

|J ,M〉 〈J ,M | =
∑
m

|j,m〉 〈j,m| ⊗ 1n−k :=
∑
m

|j,m〉 〈j,m| .

where J is a path on n qubits, j is a path on k ≤ n qubits, 1n−k is the identity on

the last n− k qubits. The sum
∑

m runs over m ∈ {−j,−j + 1, . . . j} where j is the

endpoint of the path j.

The proof is technical and deferred to Sec. 5.6.1. We now show that the output

marginals have an efficient polynomial approximation:

Claim 16. For a Bratteli path j on k ≤ n qubits, p(j) can be approximated to ε error

with probability 1− δ in poly (n, 1/ε, log(1/δ)) time.

Proof. (Note: builds on the idea of using generalized SWAP test used in the proof of

Corollary 2 of Ref. [6]) We first show that the marginal p(j) on k ≤ n qubits can
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be written as a transition amplitude of a larger, (n+ k)-qubit circuit. We do this be

noticing that:

〈Φ|j,m〉 〈j,m|Φ〉 = (〈j,m| 〈Φ|)USWAPS (|Φ〉 |j,m〉) ,

where USWAPS is a permutation gate on k + n qubits. Write symbolically |j,m〉 =

|Ψ〉 = |Ψ1Ψ2 . . .Ψk〉 and |Φ〉 = |Φ1Φ2 . . .Φn〉, where Φi labels the i-th qubit in the

multiqubit state Φ. We have that:

〈Φ|j,m〉 〈j,m|Φ〉 = 〈Φ|Ψ〉 〈Ψ|Φ〉 = 〈Φ1 . . .Φn|Ψ1 . . .Ψk〉 〈Ψ1 . . .Ψk|Φ1 . . .Φn〉 .

Let USWAPS swap the (n+ i)-th and (n− k + i)-th qubits for all 1 ≤ i ≤ k:

USWAPS |Ψ1 . . .Ψk〉 |Φ1 . . .Φn〉 = |Φ1 . . .Φk〉 |Ψ1 . . .Ψk,Φk+1 . . .Φn〉 .

This gives:

〈Φ| 〈Ψ|USWAPS |Ψ〉 |Φ〉 = 〈Φ1 . . .Φn| 〈Ψ1 . . .Ψk|Φ1 . . .Φk〉 |Ψ1 . . .Ψk,Φk+1 . . .Φn〉

= 〈Φ1 . . .Φn|Ψ1 . . .Ψk〉 〈Ψ1 . . .Ψk|Φ1 . . .Φn〉 = 〈Φ|Ψ〉 〈Ψ|Φ〉 .

Since both |j,m〉 and |Φ〉 states are computationally tractable and USWAP is a per-

mutation on up to 2n objects, it follows that:

(〈j,m| 〈Φ|)USWAPS (|Φ〉 |j,m〉) .

With probability at least 1−δ, this can be approximated to±ε error in poly(n, 1/ε, log 1/δ)

time by Theorem 3. Therefore:

p(j) = 〈Φ|Π(j) |Φ〉 =
∑
m

〈Φ|j,m〉 〈j,m|Φ〉 =
∑
m

(〈j,m| 〈Φ|)USWAPS (|Φ〉 |j,m〉) .

Since
∑

m sums at most 2j + 1 ≤ n + 1 terms, it follows that p(j) can be also

approximated to ±ε error in poly(n, 1/ε, log(1/δ)) time.

We now describe a classical algorithm that finds large elements in the output

distribution. It is an adaptation of the Kushilevitz-Mansour algorithm from Ref. [91].
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Theorem 5 (Kushilevitz-Mansour [8, 91]). Let p(J) be a probability distribution on

paths of length n. There is a classical algorithm that outputs a set L of length-n paths,

such that for θ > 0:

∀J ∈ L : p(J) ≥ θ

2
,

∀J : p(J) > θ =⇒ J ∈ L.

Both hold with probability at least 1−π. The algorithm runs in poly (n, 1/θ, log(1/π)).

Proof. (See Algorithm 2). The algorithm runs in n steps. In every step, a list Lk

Algorithm 2: Kushilevitz-Mansour Algorithm

1. Set L2 = ∅. Choose:

δ <
θ

2n
,

and compute p̃(j2) for both paths on two qubits by Claim 16 , such that:

|p(j2)− p̃(j2)| ≤ θ

4
.

Add j to L2 if p̃(j2) ≥ 3
4
θ.

2. Continue for k = 3, . . . , n. Assume Lk−1 has been found. For any path
jk−1 ∈ Lk−1, take all possible steps in the branching diagram.

This gives k-qubits paths jk that end at jk = |jk−1 ± 1
2
|.

For every such path, compute the approximation p̃(jk) such that:

|p̃(jk)− p(jk)| ≤
θ

4
.

If p̃(jk) ≥ 3
4
θ, add the path jk to Lk.

3. In every step of the computation, check if |Lk| > 2
θ
.

If true, halt and output ∅.
(The algorithm never halts if all approximation steps succeed.)

4. Output L = Ln.

of marginal path approximations is constructed using Claim 16. Each such approx-

imation is computed to error θ/4 and confidence 1 − δ in time poly(n, 1/θ, log 1/δ).
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The probability that every one of these approximations succeeds is (1− δ)|Lk|. Since

|Lk| ≤ 2/θ, this is at least:

(1− δ)|Lk| ≥ (1− δ)2n/θ ≥ 1− 2δn

θ
:= 1− π.

The algorithm therefore terminates in poly (n, 1/θ, log 1/π) time as it halts whenever

the number of elements in any list exceeds 2/θ. Since p(jk) ≥ θ/2 for each jk ∈ Lk, the

final list L contains at most 2/θ elements by normalization. So if all approximation

steps succeed, the algorithm does not halt before it outputs L. (We remark that

this analysis follows closely the one in Ref. [8], which in turn follows the analysis of

Ref. [91])

Algorithm 2 has an interesting consequence: as it runs in polynomial time when-

ever θ = 1/poly(n), it finds all paths with polynomially large p(J) in polynomial

time. This gives a negative answer to the central question in this part. It does not

seem difficult to extend this result to general spin eigenfunctions, although we do not

do this here as the algorithm is already quite complex.

5.3 Approximate Sampling

Following the work of Schwarz and van den Nest in Ref. [8], we now use the above algo-

rithm to approximately sample the quantum Schur circuits under additional sparsity

constraint on their output distribution:

Definition 15 (ε-approximate t-sparsity [8]). A probability distribution p(J) is t-

sparse if it has at most t nonzero elements p(J). A probability distribution p̃(J) is

ε-approximately t-sparse if there exists a t-sparse distribution p(J) such that:∑
J

|p(J)− p̃(J)| ≤ ε, (5.2)

where the sum runs over all n-qubit paths.

We adapt a technical lemma of Kushilevitz and Mansour in Ref. [91] to spin

eigenfunctions:
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Claim 17. Let p(J) be an ε-approximate t-sparse distribution. Let S be the set of all

J for which p(J) is greater than ε/t. Then:∑
J 6∈S

p(J) ≤ 2ε.

The proof is deferred to Sec 5.6.2. From now on, assume that p(J) is ε-approximately

t-sparse. The aim is now to construct an approximating distribution that can be ef-

ficiently sampled from, which for most part follows from Ref. [8]. Let L be the

set of n-qubit paths generated by the Kushilevitz-Mansour algorithm with threshold

θ = ε/t. Choose:

ε′ = min

(
ε

|L|
,
ε

4t

)
, (5.3)

and compute ε′ approximations p̃(J) for all J ∈ L by Theorem 3. Let N be the

number of all n-qubit paths N =
∑
f [µ,ν], where f [µ,ν] is the number of standard

tableaux with µ and ν boxes in the first and second row and the sum runs over all

µ ≥ ν such that µ+ν = n. This sum has less than n terms and can be computed fast

with the Frame-Robinson-Thrall formula of Eq. 2.25. Define a normalization factor

α = 1/(N − |L|) such that
∑

J 6∈L α = 1. Use the ε′-approximations p̃(J) to define:

q̃(J) =

{
p̃(J) for J ∈ L,
p̃◦ := α(1−

∑
J∈L p̃(J)) otherwise,

, (5.4)

so that q̃ becomes uniform on all J outside L and the constant p̃◦ is chosen so that

it is normalized. This way, we can prove that:

Claim 18.

‖q̃ − p‖1 ≤ 6ε.

The proof is deferred to Sec 5.6.3. We now show how to sample q̃.

Claim 19. Assume that p(J) is ε-approximate t-sparse. It can be sampled classically

in poly(n, 1/ε, t) time to 6ε error in the total variational distance.

Proof. Use the Kushilevitz-Mansour algorithm in Theorem 5 with threshold θ = ε/t

to find the set L. Compute b =
∑

J∈L p̃(J) and flip a coin with a bias b.

• With probability b, output a sample from q̃(J) for J ∈ L.
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• With probability 1− b, output J 6∈ L uniformly randomly.

It is easy to see that this random process samples the probability distribution q̃ defined

above – the bias b is the chance of sampling a path J ∈ L and the the distribution is

uniform on all paths outside of L.

To sample J 6∈ L uniformly randomly, sample [µ, ν] according to p([µ, ν]) ∼
f [µ,ν]/N . With the shape of the Young diagram fixed, generate uniformly randomly

a standard Young tableau using the algorithm of Greene, Nijenhuis and Wilf [92]

(See Sec. 5.6.4 for its description). The probability of choosing a particular tableau

is given by 1/N . By the correspondence of Chapter 2, the Young tableau gives a

path J . Resample if J ∈ L. (Resampling is exponentially unlikely as we expect that

|L| ∼ poly(n) and N ∼ exp(n) )

5.4 Remark about Output Sparsity

Could the above sampling technique work for Permutational Quantum Computing?

To get at least some intuition about this, we devise two proxy criteria to gain some

intuition about the form of the output distribution. The output distributions are all

of size d, where d < 2n. As the first proxy criterion, we construct an at most n-sparse

distribution by taking the first log(d) < n largest elements, setting all other elements

to zero and renormalizing. We then compute the total variational distance between

the renormalized sparse distribution and the original one. If the total variational

distance becomes smaller than n−1, the new distribution is n−1-approximately n-

sparse – we say that the distribution is consistent with the first proxy. The second

proxy we consider is to construct an at most n2-sparse distribution in the same way.

If the total variational distance becomes smaller than n−1, the distribution is n−1-

approximately n2-sparse. We say that the distribution is consistent with the second

proxy. The proxies are applied to a selected set of irreps on up to 9 qubits and

a set of 50 uniformly randomly chosen permutations. For every irrep, we plot the

flattest distribution among all of them – which is the distribution that is the closest

to uniform – and verify the consistency with the sparsity hypothesis. See Fig. 5.3.
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Irrep. Proxy 1 Proxy 2

ε = 0.13 Yes ε = 0 Trivial

ε = 0.31 No ε = 0 Yes

ε = 0.29 No ε = 0 Yes

ε = 0.35 No ε = 0 Yes

ε = 0.45 No ε = 0.01 Yes

ε = 0.22 No ε = 0 Yes

ε = 0.48 No ε = 0.01 Yes

Figure 5.3: The two proxies for output sparsity of Permutational Quantum Computing.
For every irrep, we generated 50 uniformly random permutations, computed all output
probability distributions selected the one that was closest to being sparse (plotted in blue).
We then prepared the approximately sparse distribution depending on the proxy (plotted in
red) and computed the total variational distance ε between the two distributions. For each
pair of distributions, we indicate if they are consistent with the proxy or not by (Yes/No)
– we have that almost no distribution is consistent with the first proxy condition, while all
(except for the first, where the condition becomes trivial) pairs satisfy the second proxy
condition.

The second proxy seems to indicate that the typical output distribution in Permu-

tational Quantum Computing could be sufficiently sparse and may allow applying the

above sampling algorithm in some form. Running the same analysis for larger num-

ber of qubits becomes prohibitively slow as the Young orthogonal matrices have to be
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computed in full. The validity of the second proxy condition for most of the studied

distributions should be therefore only taken as a mere intuition that approximately

sparse distributions could be common in Permutational Quantum Computing.

5.5 Additional Remarks

It may seem that Permutational Quantum Computing (or its extension to Quantum

Schur Sampling) is unlikely to offer a super-polynomial quantum computational ad-

vantage. There is however interesting structural similarity between quantum circuits

used in Shor’s algorithm and quantum Schur sampling – and one could wonder if

there could be an analog of Shor’s algorithm for the quantum Schur sampling circuits

(see Fig. 5.4.)
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(a) Quantum circuit used in Shor’s fac-
toring algorithm [8]. The classical cir-
cuits between the transforms represent
a polynomially-long sequence of Toffoli
gates.
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(b) Quantum Schur Sampling circuit.
QST denotes the SU(2) Quantum Schur
Transformation.

Figure 5.4

In both cases, the quantum state immediately before the second quantum Fourier

or Schur transform is computationally tractable, which means that both circuit classes

can be approximately sampled from if their outputs are sufficiently sparse. One may

then question what precludes efficient simulation of Shor’s algorithm with this tech-

nique. Schwarz and van den Nest observed in Ref. [8] that Shor’s algorithm typically

does not satisfy the sparsity condition as the output distribution of the algorithm is

conjectured to have Ω(2n/n) significantly large probabilities in its output. While this

means that the output probabilities cannot be all resolved even in quantum computa-

tion, Shor’s algorithm uses clever post-processing that requires finding only poly(n)-
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many nontrivial probabilities on average, thus possibly leading to a quantum com-

putational advantage. The post-processing step is, loosely, based on reconstructing

group generators by sampling log |G|-many group elements for a super-polynomially

large |G|. Inspired by this analogy, it becomes an intriguing possibility if there exists

an analogous post-processing technique that could lead to quantum advantage for

quantum Schur sampling circuits. We remark that aside from the work on Permuta-

tional Quantum Computing, the question of using the Schur basis in quantum algo-

rithms seems relatively unexplored, perhaps with the exception of work in Ref. [78]

that studied limitations of the quantum ‘Fourier-Schur’ sampling.

Problem 2 concerned with finding large matrix elements for a fixed row of the

Young’s orthogonal form matrix. It remained open if it is possible to find some of

the 1/poly(n) large matrix elements without fixing the input. A quantum algorithm

for this task that goes somewhat beyond the Permutational Quantum Computing

model could be as follows – prepare: |ω〉 = (1/2n)(Uπ ⊗ 1)
∑

x |x〉A |x〉B and measure

the n-qubit registers A and B in the genealogical basis. The probability of getting

an outcome J ,K is then given by p(J ,K) ∝ | 〈J |Uπ|K〉 |2, unfortunately with an

exponentially large normalization factor. The adaptation of the Kushilevitz-Mansour

algorithm derived here cannot be applied in this case for this reason4 and Claim 14

does not extend to this context. It would be interesting to find out if the above

quantum procedure has a high enough probability of resolving large matrix elements,

as the corresponding simulation algorithm may need to use different techniques than

those discussed here.

Kushilevitz-Mansour algorithm was originally conceived in the context of boolean

function analysis and applied almost exclusively to the Fourier transform. Our ex-

tension of Schwarz and van den Nest’s work is an application of this technique to

quantum Schur transform. It would be interesting to explore if the Schur basis ex-

pansion has any classical analog that could be of use for the analysis of boolean

functions.

4This is because Theorem 3 does not work with subnormalized states, which means that the
sequence of marginals in the telescoping product cannot be efficiently approximated.
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5.6 Deferred Material

5.6.1 Simplified Form of the Projector

Claim 15. The projector:

Π (j) :=
∑

J⊇j;M

|J ,M〉 〈J ,M | ,

can be simplified to:

Π (j) =
∑
m

|j,m〉 〈j,m| ,

where the sum
∑

m runs over m ∈ {−j,−j + 1, . . . j}.

Proof. To do so, we repeatedly use the Clebsch-Gordan orthogonality:∑
JM

CJM
jm,j′m2

CJM
jm′,j′m′2

= δm2,m′2
δmm′ ,

This becomes straightforward by noting that:

〈J,M |jm, j′m2〉 = 〈jm, j′m2|J,M〉 = CJM
jm,j′m2

. (5.5)

One of the j-values is always 1/2 in the sequential basis. We can drop it from the

subscript of the coefficient and write:∑
JM

CJM
jm,m2

CJM
jm′,m′2

= δm2,m′2
δmm′ .

We have for the projector Π (j) that:

Π (j) =
∑

J⊇j;M

|J ,M〉 〈J ,M |

=
∑

CJ,MJn−1Mn−1;mn
|mn〉 |Jn−1,Mn−1〉

〈
Jn−1,M

′
n−1

∣∣ 〈m′n|CJ,MJn−1,M ′n−1;m′n
,

where in the second line
∑

=
∑

Jn−1⊇j
∑

J,M

∑
mn,m′n

∑
Mn−1,M ′n−1

. The
∑

Jn−1⊇j

runs over all n − 1 qubit paths Jn−1 that contain j. The sum
∑

J runs over all

allowed J . Clebsch-Gordan coefficients are only non-zero for J =
∣∣Jn−1 ± 1

2

∣∣. Using
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the Clebsch-Gordan orthogonality, this simplifies to:

Π (j) =
∑

Jn−1⊇j

∑
mn,m′n

∑
Mn−1,M ′n−1

δmn,m′nδMn−1,M ′n−1
|mn〉 |Jn−1,Mn−1〉

〈
Jn−1,M

′
n−1

∣∣ 〈m′n|
=

∑
Jn−1⊇j

∑
Mn−1

∑
mn

|mn〉 〈mn|︸ ︷︷ ︸
12×2

⊗ |Jn−1,Mn−1〉 〈Jn−1,Mn−1|

=

∑
Mn−1

∑
Jn−1⊇j

|Jn−1,Mn−1〉 〈Jn−1,Mn−1|

⊗ 1.

This has the same form as the initial expression, but the projector is now defined by

summing over paths with n− 1 steps. It is possible to continue recursively and write:

Π (j) =
∑
Mn−i

∑
Jn−i⊇j

|Jn−i,Mn−i〉 〈Jn−i,Mn−i| ,

for any integer 0 ≤ i ≤ n− k. For i = n− k, one obtains that:

Π (j) =
∑
Mk

∑
Jk⊇j

|Jk,Mk〉 〈Jk,Mk| .

Since j ∈ Ak, there is only one path contributing to
∑

Jk⊇j , the path j itself. It

follows that:

Π (j) =
∑
Mk

|j,Mk〉 〈j,Mk| .

We can write:

Π (j) =
∑
m

|j,m〉 〈j,m| .

where the final summation runs over m ∈ {−j,−j + 1, . . . j}.

5.6.2 Support Lemma

Claim 17. Let p(J) be an ε-approximate t-sparse distribution. Let S be the set of all

(J) for which p(J) is greater than ε/t. Then:∑
J 6∈S

p(J) ≤ 2ε.

71



Proof. Let pt(J) be a t-sparse distribution that is ε-close to p(J). Define T to be the

set of all (J) for which pt is nonzero, i.e. the support of pt. Trivially, S ∩ T ⊆ S,

which implies that: ∑
J 6∈S

p(J) ≤
∑

J 6∈S∩T

p(J).

Define the indicator IA : A→ {0, 1} on the set A as follows:

IA(a) :=

{
1, if a ∈ A,
0, otherwise,

so that:∑
J 6∈S∩T

p(J) =
∑
J

p(J) (IS∩T (J)− 1) =
∑
J

|p(J)IS∩T (J)− p(J)| := ‖pIS∩T − p‖1

By the triangle inequality:

‖pIS∩T − p‖1 ≤ ‖p− pIT‖1 + ‖pIS∩T − pIT‖1.

Since p is ε-approximate t-sparse, it follows that:

‖p− pIT‖1 ≤ ‖p− pt‖1 ≤ ε.

We also have that:

‖pIS∩T − pIT‖1 =
∑
J∈T

p(J)IS∩T (J) =
∑

J∈T/S

p(J) ≤ ε

t
t = ε. (5.6)

because all elements in T/S are ≤ ε/t and there is at most t of them. This gives:∑
J 6∈S

p(J) ≤ 2ε.

5.6.3 Approximate Distribution

Claim 18. For the approximate distribution q̃ of Eq. 5.4, it holds that:

‖q̃ − p‖1 ≤ 6ε.
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Proof.

‖q̃ − p‖1 =
∑
J∈L

|q̃(J)− p(J)|+
∑
J 6∈L

|q̃(J)− p(J)| ≤ ε+
∑
j 6∈L

|q̃(J)− p(J)|,

since from Eqs. 5.4 and 5.3:∑
J∈L

|p̃(J)− p(J)| ≤
∑
J∈L

ε′ ≤ |L|ε′ ≤ ε,

where ε′ is the approximation from 5.3 to which was p̃(J) was computed for all J ∈ L.

Define also:

p◦ = α

(
1−

∑
J∈L

p(J)

)
,

and notice that:∑
J 6∈L

|p◦ − p̃◦| ≤

∣∣∣∣∣∑
J∈L

p(J)−
∑
J∈L

p̃(J)

∣∣∣∣∣ ≤∑
J∈L

|p(J)− p̃(J)| ≤ ε.

By triangle inequality:∑
J 6∈L

|q̃(J)− p(J)| =
∑
J 6∈L

|p̃◦ − p(J)| ≤
∑
J 6∈L

|p◦ − p̃◦|+
∑
J 6∈L

|p◦ − p(J)|

≤ ε+
∑
J 6∈L

|p◦ − p(J)|.

We now use the set S from from Claim 17. Since S ⊆ L by the defining property of

L, it follows that: ∑
J 6∈L

p(J) ≤
∑
J 6∈S

p(J) ≤ 2ε.

Notice that: ∑
J 6∈L

p◦ =
∑
J 6∈L

(
α
∑
J ′ 6∈L

p(J ′)

)
=
∑
J ′ 6∈L

p(J ′).

This gives: ∑
J 6∈L

|p◦ − p(J)| ≤
∑
J 6∈L

p◦ +
∑
J 6∈L

p(J) = 2
∑
J 6∈L

p(J) ≤ 4ε,

which leads to: ∑
J 6∈L

|q̃(J)− p(J)| ≤ 5ε,

and therefore:

‖q̃ − p‖1 ≤ 6ε.
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5.6.4 Greene, Nijenhuijs, Wilff algorithm

Here we describe the algorithm of [92] and its correctness proof. It is also a proof of

the Frame-Robinson-Thrall formula that was used in Eq. 2.25 [72]. See Algorithm 4.

Algorithm 3: Greene, Nijenhuis, Wilff [92]

Input: Standard Young diagram λ ` n.
Algorithm:

1. Set λ′ ← λ and k ← n.

2. Choose a uniformly random box (a, b) of λ′.

3. Then:
• If (a, b) is at the end of a row a of λ′ and there is no box below it,

remove the box (a, b) from λ′. Insert k to the (a, b) box of λ and
set k ← k − 1. If k = 0, terminate the algorithm and output λ;
otherwise go to step 2.

• If (a, b) is not at the end of a row a of λ, choose an element (a′, b′)
uniformly randomly from the hook of (a, b) (excluding (a, b)) and
set (a, b)← (a′, b′). Repeat step 3.

Output: A uniformly random Young tableau of shape λ.

A crude bound on the algorithm running time is O(n3). A proof of correctness of the

algorithm is given in Appendix A.3.
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Conclusion

Isolating computational advantages that could be achieved by quantum algorithms is

a central motivation of quantum computation theory. Here we studied a conjectured

computation speedup for the problem of approximating the matrix elements of Sn

irreducible representations in Young’s orthonormal basis (Problem 1). The quantum

algorithm for this task is naturally implemented in a restricted model of quantum

computation – Permutational Quantum Computing – which can be seen as an attempt

to capture the power of computation with spin networks, and some of our results

translate to that context as well.

Our main result disproved a conjecture about superpolynomial speedup achieved

by the quantum algorithm for this problem. To that end, we derived a classical simula-

tion algorithm for approximation of transition amplitudes in Permutational Quantum

Computing – a problem that was thought to be difficult to solve by classical means.

The classical algorithm was developed from the following sequence of observations:

• Spin Eigenfunctions are related to the computational basis by the SU(2) Quan-

tum Schur Transform, which can be expressed as a cascade of SU(2) Clebsch-

Gordan transformations. The main motivation behind this insight was an

attempt to translate Permutational Quantum Computing to quantum circuit

model, which is something that was not done in Ref. [3].

• That SU(2) Clebsch-Gordan coefficients can be computed to machine precision

in polynomial time using the Racah formula (Eq. 2.36).

• The overlaps of a spin eigenfunction with any computational basis state can be

computed efficiently to machine precision.
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• The distribution p(x) = | 〈x|ψ〉 |2, given by the overlap between computational

basis and spin eigenfunctions, can be efficiently approximately sampled from by

classical means using a telescoping product expansion.

• The above can be used, in combination with van den Nest’s results on com-

putational tractability, to approximate transition amplitudes in the model to

polynomial precision.

We subsequently extended these results to show that the computational complex-

ity class PQP, defined with the aim to capture all computational tasks solvable by

polynomial approximation of the transition amplitudes of Permutational Quantum

Computing, is in fact classical. Motivated by this result, we also investigated other

sources of quantum advantage that may be obtained in the model. Specifically, we

studied if the computational model could offer superpolynomial speedups by finding

all nontrivial instances of Problem 1 in its output for a fixed input state, but ruled

this possibility out.

Lastly, while there is a classical algorithm that approximates the transition am-

plitudes of the model to polynomial precision in polynomial time, there seems to be

no straightforward way of extending our results to efficient sampling of its output dis-

tributions. The closest we got to this was the adaptation of the simulation algorithm

of Schwarz and van den Nest [8], that can sample the output under the additional

sparsity promise. We gave some indication that the typical instances of the compu-

tational model satisfy this sparsity promise by simulating the model numerically, but

did not manage to extend this analysis beyond 9 qubits, which makes this analysis

rather weak. It would be thus interesting to attempt to prove the sparsity condition.

If it was indeed the case that the output distributions are typically close to sparse

(concentrated on small fraction of outcomes), it could rule out the possibility of a

quantum supremacy argument along the lines of Ref. [1].
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Communication Complexity and
Antidistinguishability

77



Introduction

Communication complexity is a basic computational complexity model that addresses

the following problem [93, 94, 95]:

“If two or more people want to compute something about the information that they

possess, how long does the conversation need to be?” — [95]

This part of the thesis studies the difference in the conversation length between

quantum and classical protocols in a two-party communication problem that we derive

from the concept of quantum state antidistinguishability. This setup allows for a

particularly simple proof of a large separation between quantum and classical one-

way exact communication complexity that works in all dimensions d ≥ 3.

Quantum state antidistinguishability is a property of a finite set of pure quantum

states that guarantees existence of a (POVM) measurement that never outputs an

outcome ‘k’ on the k-th quantum state chosen from the set. Here we use a lemma

of Caves, Fuchs and Schack from Ref. [96] to show that any triple of states, such

that no pair of distinct states has modulus-squared overlap greater than 1/4, is an-

tidistinguishable. A set S of d-dimensional pure quantum states with upper-bounded

modulus-squared overlap δ2 is called a spherical code. It follows that any triple of

states drawn from a spherical code with δ ≤ 1/2 is antidistinguishable.

We use this to study a communication task in which Alice obtains a state drawn

from the set S and Bob gets a measurement that antidistinguishes some three states

contained in S. His aim is to produce outcomes of this measurement on Alice’s state.

The trivial quantum protocol in which Alice simply sends her quantum state to Bob

uses dlog(d)e qubits, where d is the dimension of the state that we tie to the input

size |S|. Using an argument that lies at the heart of the PBR theorem – a no-go

theorem that rules out a class of ψ-epistemic ontological models of quantum theory
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[96, 97] – we derive a lower bound of dlog |S|e−1 on the number of bits communicated

in any zero-error classical one-way randomized communication protocol. This leads

to complexity separations whenever 2d < |S|. We are thus interested in finding the

largest spherical code in a fixed dimension d.

Using connections between spherical codes, symmetric, informationally complete

sets of states (SIC) and mutually unbiased bases (MUBs), we first derive nontrivial

communication complexity separations in d = 3 and d = 4 and describe a method

for deriving separations in higher dimensions using numerical computation. We then

show a 0.451(d−1)−1 lower bound that holds for general d. This gives an exponential

separation between one-way quantum and zero-error randomized classical communi-

cation complexities. We ask if the separation also holds for two-way communication

complexity and prove that any significant communication complexity separation for

this task disappears if interaction is allowed by giving an explicit deterministic com-

munication protocol. A significant asymptotic separation also vanishes if we allow

for bounded error communication, which we prove by a reduction to equality testing.

It remains an open problem if it is possible to modify our construction so that the

separation becomes robust to noise – we at least show that the separation holds for

multiplicative-error sampling.

We conclude by studying quantum state antidistinguishability – the enabling con-

cept behind our results. We give a conjecture about antidistinguishability of d > 3

states that, if proven, gives a lower bound of Ω(d log(d)) for the zero-error randomized

communication of the problem. As it is known that the best upper bound for bounded

error communication goes as O(d log(1/ε)) it would imply a separation between exact

and bounded error communication of simulating a transmission of a qudit, which was

previously unknown as far as we are aware. We support the conjecture numerically.
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The work was done under the supervision of Jon Barrett, who, together with

Matt Pusey, suggested the idea of porting a classical simulation lower bound result

of Karanjai, Bartlett and Wallman [98] when I reviewed it at a group seminar. I also

benefited from discussions with John-Mark Allen who previously worked on a similar

problem. This part is structured as follows:

• Chapter 6 – Introduces communication complexity.

• Chapter 7 – Reviews quantum state discrimination and antidistinguishability.

• Chapter 8 – Presents the main result and concludes by discussing the antidis-

tinguishability conjecture.
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Chapter 6

Communication Complexity

6.1 Introduction

This chapter reviews the basic concepts of communication complexity needed to

present the main result. It is structured as follows: We first define the two-party

communication complexity model, deterministic communication complexity and out-

line a basic lower-bound technique. We define randomized protocols and discuss

the communication complexity of relations. We introduce quantum communication

complexity and review several key results in the field. Lastly, we briefly comment

on the connections between communication complexity and the ontological models

framework of quantum theory.

6.2 Deterministic Communication Complexity

Communication complexity is a model of distributed computing introduced by Yao

[94]. In this model, a system aims to compute a function, partial function or a

relation, that depends on information distributed among its parts [93, 94, 95, 99].

These parts, usually referred to as ‘players’, need to communicate with one another

to perform such computation. The only computational resource accounted for is the

amount of this communication [100].

Possibly the simplest model of communication complexity is the following: Two

players, Alice and Bob, aim to compute a function f : X × Y → Z for finite sets

X, Y, Z. Alice is given an input x ∈ X and Bob receives y ∈ Y . They do not see each

other’s input and communicate some information about their inputs to one another.

While doing so, they follow a fixed protocol agreed upon beforehand. This gives:
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Definition 16 (Yao’s model [94, 99]). Let X, Y, Z be finite sets and let f : X×Y → Z

be a function. Consider a game played by Alice and Bob: For (x, y) ∈ X × Y , give x

to Alice and y to Bob. They aim to compute f(x, y) according to the following rules:

In every step of the game, one of the players sends a single bit to the other. The

players can fix a strategy for the game beforehand, that describes in every step:

1. A way to determine who speaks based on the sequence of bits transmitted up to

that step.

2. A way for the communicating player to send one bit of information based only

on their input and the all messages already transmitted.

A protocol is a strategy such that one of the players knows the value of f(x, y) after

the last step.

Communication protocols can be thought of as binary trees with every internal

node v labelled by a boolean function. We call these functions av : X → {0, 1} for

steps during which Alice speaks or bv : Y → {0, 1} for steps when Bob speaks. Every

leaf of the tree is labelled by an element of z ∈ Z. A strategy is an assignment of

exactly one of these functions to every internal vertex of the tree. The players execute

this strategy by traversing this tree from the root to a leaf, so that at every internal

node v labeled by av, Alice transitions to the left child if av(x) = 0 and to the right

child if av(x) = 1. Similarly, for nodes labeled by bv, Bob transitions to the left child

if bv(y) = 0 and to the right child if bv(y) = 1. The output of a strategy on the input

(x, y) is the value of the leaf reached starting from the root and traversing the tree.

The communication cost is the height of this tree [93].

Example 4 (One-way protocol for equality). Consider a communication protocol for

the equality function f , defined as:

f : X × Y → {0, 1}, f(x, y) =

{
1 if x = y

0 if x 6= y
(6.1)

on X = Y = {00, 01, 10, 11} and described in Fig 6.1. Upon getting the inputs (x, y),

Alice and Bob follow the protocol drawn in the diagram. Only Alice speaks in this

protocol: she sends her input to Bob in two steps after which Bob announces the

result. The communication cost is 2 bits. If both parties are required to know the
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result, Bob sends his answer back to Alice which changes the protocol cost by one bit.

Observe that every bit that Alice sends partitions the set of inputs X × Y . The first

A
aA(00) = 0
aA(01) = 0
aA(10) = 1
aA(11) = 1

A0
aA0(00) = 0
aA0(01) = 1
aA0(10) = 0
aA0(11) = 1

A1
aA1(00) = 0
aA1(01) = 1
aA1(10) = 0
aA1(11) = 1

B00
bB00(00) = 1
bB00(01) = 0
bB00(10) = 0
bB00(11) = 0

B01
bB01(00) = 0
bB01(01) = 1
bB01(10) = 0
bB01(11) = 0

B10
bB10(00) = 0
bB10(01) = 0
bB10(10) = 1
bB10(11) = 0

B11
bB11(00) = 0
bB11(01) = 0
bB11(10) = 0
bB11(11) = 1

Figure 6.1: A communication protocol for equality. Alice speaks first and sends two bits
to Bob. Upon receiving the two bits, Bob checks if they are equal to his input. If they are,
he outputs 1, otherwise he outputs 0. Every node in the tree is labeled by the party that
takes the turn and a communication transcript up to that point: for example B01 means
that it is Bob’s turn to speak and both parties have so far communicated a bitstring 01.
For every leaf node, Bob announces the value that his last vertex function evaluated to.

bit partitions it into subsets A0 = {00, 01} × Y and A1 = {10, 11} × Y , the second

bit into: A00 = {00} × Y, A01 = {01} × Y, A10 = {10} × Y,A11 = {11} × Y .

Deterministic communication complexity quantifies the minimum amount of com-

munication needed to solve the communication task with a deterministic protocol. It

is defined as follows:

Definition 17 (Deterministic Communication Complexity [93, 99]). The determin-

istic computation complexity of a function f : X × Y → Z is the minimum cost over

all (deterministic) protocols for f .

Every function f : X×Y → Z has trivial deterministic communication complexity

of O(log |X|) since the first player can send their input to the other player in a single

round. The second player then evaluates f(x, y) – this was the case in Example 5.
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It is a central question of communication complexity to find out if a communication

problem has more efficient protocol than this, or to rule this possibility out.

An appealing feature of communication complexity is that it is possible to prove

communication complexity lower bounds without any additional assumptions or com-

plexity conjectures – this in turn allows to prove unconditional complexity separations

between quantum and classical communication. Here we only discuss a rudimen-

tary lower bound technique called the tiling bound based on counting the number of

monochromatic combinatorial rectangles :

Definition 18 (Combinatorial Rectangles [93]). Let Rv be the set of inputs (x, y)

for which the traversal through a protocol P passes through an internal vertex v ∈ P .

Notice that Rv ∩ Rv′ 6= ∅ if and only if v is a descendant of v′ or v′ is a descendant

of v. This means that the set {Rl}l∈L, where L is the set of leaves of P , partitions

the inputs X × Y . The subsets Rv do not have an arbitrary structure and are called

combinatorial rectangles: we have that Rv = A×B for some A ⊆ X and B ⊆ Y .

This property can be seen by induction. At the root of the protocol P , R = X×Y ,

which is a combinatorial rectangle. For an internal node w, assume that Rw = Aw ×
Bw and let v be a child of w. Without loss of generality, assume that Alice speaks so

that aw : X → {0, 1} and that v is the left child of w. Then Rv = Rw∩{(x, y)| aw(x) =

0} = (Aw ∩ {x| aw(x) = 0})×Bw, which is a rectangle.

A subset R ⊆ X × Y is called f -monochromatic if the value of f is fixed on R;

that is:

∀ (x, y), (x′, y′) ∈ R : f(x, y) = f(x′, y′). (6.2)

Any protocol P for f partitions X × Y into f -monochromatic rectangles because

it fixes values of f on its leaves – recall that the leaves partition the set of inputs

X×Y , as shown in Def. 18. If any partition of X×Y into f -monochromatic rectangles

requires at least T such rectangles, then so does the partition induced by the protocol

P . This means that the deterministic communication complexity is lower-bounded

by log(T ) – this is the tiling bound [93]. The idea is to show that there are many

monochromatic rectangles, usually by proving that the size of each f -monochromatic

rectangle is small or counting them directly:
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Example 5 (Tiling Lower Bound for Exact Communication of Equality [93]). Con-

sider the equality function over X × Y , X = Y = {0, 1}n. Let SEQ = {(k, k)| k ∈ X}
be the set of the 2n diagonal entries of the input. Suppose that two distinct elements

of SEQ, (i, i) and (j, j) were in the same 1-monochromatic rectangle – then (i, j) and

(j, i) would have to be, which is not the case. Any deterministic protocol must partition

the inputs into at least 2n monochromatic rectangles and the deterministic commu-

nication complexity becomes lower-bounded by n. Since Alice can trivially send her

input to Bob using n bits, the one-way strategy from Ex. 5 is optimal and the bound

is tight. We show later that a randomized strategy for this task can do significantly

better and achieves O(1) complexity in the bounded error case.

6.3 Randomized Communication

A randomized protocol is a communication protocol where each party has access to

a random string in addition to the inputs. A protocol P : X × Y → {0, 1} computes

f : X × Y → {0, 1} with zero error if:

∀(x, y) ∈ X × Y : Pr [P (x, y) = f(x, y)] = 1, (6.3)

The protocol computes f with ε-error if for every (x, y):

∀(x, y) ∈ X × Y : Pr [P (x, y) = f(x, y)] ≥ 1− ε. (6.4)

The averages are taken over the random strings in both of these cases. A protocol

is called public coins if the same random string can be accessed by all parties, oth-

erwise it is called a private coins [95]. Unless explicitly mentioned, all protocols are

public coins in this thesis. A randomized protocol can be also seen as a distribution

over deterministic protocols, indexed by a value of shared randomness drawn from a

distribution π:

P (x, y) =
∑
s

P (x, y| s)π(s). (6.5)

Alice and Bob generate a string s ∼ π and follow a deterministic protocol P (x, y| s)
for the task. Randomized communication cost is defined as follows:
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Definition 19 (Randomized Communication Cost [93]). The worst case running

time of a randomized protocol P on an input (x, y) is the maximum number of bits

communicated for any choice of s. The worst case cost of P is the worst case running

time for any choice of (x, y) ∈ X×Y . The average case running time of a randomized

protocol P is the expected number of communicated bits, averaged over s ∼ π. The

average case cost is the average case running time on the worst input (x, y) ∈ X×Y .

The above definition leads to distinct complexity measures of which we use the

zero-error and bounded error randomized communication complexities.

Definition 20 (Randomized Communication Complexity). The zero-error random-

ized communication complexity of f is the average communication cost of the best

protocol that computes f . It will be denoted by R0(f). The ε-error randomized com-

munication complexity of f is the worst case communication cost of the best protocol

that computes f with error at most 1/2 > ε > 0. It is denoted by Rε(f).

Note that the zero-error randomized complexity counts the average communica-

tion cost instead of the worst case one – it can be shown that the worst case zero-error

randomized complexity is the same as deterministic complexity, but also that there

can be gaps between average and deterministic communication costs. Randomization

can significantly reduce cost of communication protocols, as we now illustrate with

the randomized protocol for equality:

Example 6 (Public Coin Bounded-Error Protocol for Equality [101]). The equality

function has a O(1) bounded error protocol. Work with input sets X = Y = {0, 1}n.

Alice gets x ∈ X, Bob gets y ∈ Y . Suppose that Alice and Bob also hold a shared

random string s ∈ {0, 1}n. Alice computes a =
∑

i xisi (mod(2)) and sends it to Bob

(one bit). Bob computes b =
∑

i yisi (mod(2)) and checks if a = b. If x = y, then

a = b with certainty. If a 6= b, then a = b w.p. 1/2. Alice and Bob can perform

O(log(1/ε)) protocol runs to win the game with at most ε error.

It is usually more difficult to lower bound randomized communication complexity

compared to the deterministic case. A very useful tool that addresses this problem is

Yao’s principle [102] that establishes an equivalence between randomized complexity

and complexity of deterministic protocols with some distribution on inputs:
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Definition 21 (Distributional Communication Complexity [93]). Let µ : X × Y →
[0, 1] be a distribution on inputs. The µ-distributional communication complexity of

f with error ε, denoted by Dµ
ε (f), is the cost of the best deterministic protocol that

gives a correct answer for f on at least 1− ε fraction of inputs X × Y weighted by µ.

Theorem 6 (Yao’s principle [102]).

Rε(f) = max
µ

Dµ
ε (f). (6.6)

To prove a lower bound on Rε(f), it therefore suffices to find a hard distribution

on inputs for the deterministic protocols for f . Since the principle is used for R0 in

our work, we show that ∀µ : Rε(f) ≥ Dµ
ε (f) for all ε ≥ 0 here – the proof is given in

Appendix B.1.

6.4 Relations

The main result of this part concerns the communication complexity of relations:

Definition 22 (Relations). A relation R is a subset R ⊆ X × Y × Z, where X, Y

should be understood as the set of inputs passed to Alice and Bob respectively and Z as

the set of possible outcomes. The corresponding communication problem is as follows:

Alice gets x ∈ X, Bob gets y ∈ Y and aim to find z ∈ Z such that (x, y, z) ∈ R.

It may be that for a certain input pair (x, y), there is no value z, such that (x, y, z) ∈
R. Such input is called illegal and it is assumed that it is never given to Alice and

Bob. Relations that are at most single valued – that is, for all legal inputs, there

exists a unique (x, y, z) ∈ R – are called partial functions. Relations that have no

illegal inputs are called total.

Definition 23 (Deterministic Communication Complexity of Relations [93]). A pro-

tocol P computes the relation R ⊆ X×Y ×Z if for every legal input (x, y), it reaches

a leaf marked by z, such that (x, y, z) ∈ R. The deterministic communication com-

plexity for relations is the number of bits sent on the worst (legal) input pair (x, y) by

the best protocol that computes R.
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The tiling lower bound for relations works similarly as before, up to a modification

to the definition of a monochromatic rectangle:

Definition 24 (Monochromatic Rectangles for Relations [93]). A × B ⊆ X × Y is

a monochromatic rectangle with respect to a relation R if there exists a value z, such

that ∀(x, y) ∈ A×B : (x, y, z) ∈ R or (x, y) is illegal.

As before, any T -bit protocol P that computes a relation R partitions the inputs

X ×Y into at most 2T monochromatic rectangles. The tiling lower bound applies up

to this modification and so does Yao’s principle [93].

6.5 Simultaneous Message Passing and One-Way

Communication

We briefly mention that other communication layouts were studied in two-party com-

munication complexity. In the simultaneous message passing model, there is a third

party – the referee. Alice and Bob are given inputs, are not allowed to talk to one

another, but can each send only one message (comprising of a set of bits) to the

referee.

In the one-way communication model, Alice is only allowed to send a single mes-

sage to Bob. The one-way communication complexity of total relations is especially

important to us, as it is closely related to simulation of prepare-measure experiments

in quantum theory. Both layouts are described in Fig. 6.2.

A B

x ∈ X y ∈ Y

z ∈ Zλ

(a) One-Way Communication

A B

x ∈ X y ∈ Y

R

z ∈ Z

(b) Simultaneous Message Passing

Figure 6.2: Other commonly studied two-party communication layouts include Simulta-
neous Message Passing and One-Way Communication.
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6.6 Quantum Communication Complexity

Randomization can significantly reduce communication complexity and it is natural to

ask if quantum resources provide further improvement. Quantum communication was

first studied by Yao in Ref. [103] who defined the model of quantum communication

complexity. In a two-party quantum communication scenario, the parties hold qubits,

some of which are initialized to their inputs. In a communication round – where a

round is a sequence of steps during which only one of the players talks – a player

performs a unitary operation on their qubits and sends some of them to the other

player. At the end of the protocol, one of the players measures his or her qubits

and reports the outcome [104]. Quantum communication complexity is the number

of qubits exchanged in the optimal bounded-error protocol. There are other models

of quantum computational complexity – for example, Cleve and Buhrmann [105]

introduced a model in which Alice and Bob share an unlimited number of entangled

states, but can only communicate classically and the only resource counted is the

amount of communication.

Quantum strategies can be indeed more powerful than classical ones. The first sig-

nificant separations between quantum and classical communication complexity were

found by Buhrman, Cleve and Wigderson [106] who initiated the study of distributed

versions of quantum query algorithms. They proved that a communication version

of Deutsch-Jozsa algorithm gives a promise-equality problem that gives exponential

separation between quantum and classical exact communication complexities:

Example 7 (Exponential Communication Gap for Promise-Equality [106]). Without

loss of generality, assume that d is a power of two. Let x, y ∈ {0, 1}d be Alice’s

and Bob’s inputs respectively. The problem is to find if x = y, under the promise

that either x = y or that h(x, y) = d/2, where h denotes the Hamming distance. A

quantum protocol is as follows:

1. Alice sends 1√
d

∑
i(−1)xi |i〉.

2. Bob applies |i〉 7→ (−1)yi |i〉, and measures each qubit in the |±〉 basis.

3. His output is 1 if the measurement gave ‘+’ outcome on every measured qubit.

He outputs 0 otherwise.
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Denote n = log2 d. The overlap of Bob’s pre-measurement state with |+〉⊗n is:

1√
d
〈+|⊗n

N∑
i

(−1)xi+yi |i〉 =
1

d

d∑
i

(−1)xi+yi . (6.7)

If x = y, then (−1)xi+yi = 1 for all i, in which case Bob receives the all-‘+’ outcome

with certainty. If h(x, y) = d/2, the overlap becomes zero. There is a 0.01n classical

lower bound for the problem (with little effort, this can be strengthened to 0.02n), lead-

ing to an exponential separation between quantum and classical communication. The

proof is however complicated and hinges on a combinatorial result of Frankl and Rödl

[107]. Thanks to the small scaling constant, the result also only gives separation for

large inputs and is only meaningful in the asymptotic regime. Our results, introduced

later, address both of these issues in a different communication problem. Notice also,

that the asymptotic separation disappears if we compare to a bounded error protocols

– Example 6 described a O(1) protocol for equality that also applies for the promise

problem studied here.

The field of quantum communication complexity is relatively new and underwent

significant developments recently. Some of them are summarized below:

• (1998) Promise Equality and Set Disjointness : Buhrman, Cleve and Wigder-

son gave an Ω(d) vs O(log d) separation between classical and quantum exact

communication complexities for the promise task of deciding whether two d-bit

inputs are either equal or have Hamming distance d/2 [106]. We have out-

lined this in Ex. 7. The work also shows a quadratic gap between randomized

and quantum communication complexity of set disjointness by considering a

distributed variant of Grover’s algorithm. This gap has been for a very long

time the largest known separation for total functions, surpassed only recently

by [108].

• (1999) Vector in a Subspace: Raz [109] gave a partial function with efficient

quantum two-way protocol but no efficient classical two-way protocol. This was

the first separation between randomized and quantum communication complex-

ities that held up to bounded error. The studied two-party promise problem

is derived from the vector in a subspace problem, originally proposed by Kre-

mer in [100]. In such task, Player I gets as an input a real vector x ∈ Rd and
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two orthogonal subspaces M0,M1 ⊂ Rd. Player II gets an orthogonal matrix

T : Rd → Rd. Their aim to answer 0 if T (x) ∈M0 and 1 if T (x) ∈M1 and any

answer in any other case. For a discretized version of the problem, where the

parties get inputs of finite length, while retaining the complexity lower bounds,

the task exhibits a separation O(log n) vs Ω(n1/4/ log n) between two-way classi-

cal communication complexity and quantum communication for inputs of length

n [109].

• (2001) Quantum Fingerprinting : A total function was found that had an effi-

cient quantum simultaneous message passing protocol without shared random-

ness but no efficient classical simultaneous message passing protocol without

shared randomness. The task is called ‘quantum fingerprinting’ and we borrow

some proof techniques from this paper for our purposes [110]. Specifically, equal-

ity in simultaneous message passing model can be solved with O(log n) qubits

rather than Θ(
√
n) bits in a bounded error classical simultaneous message pass-

ing protocol with private randomness. With shared randomness however, only

O(1) bits suffice classically.

• (2004) Hidden Matching Problem: Bar-Yossef, Jayram and Kerenidis [104]

proved the first exponential separation between randomized (bounded error)

one-way communication complexity and quantum exact communication com-

plexity with public coins for a relation called the Hidden Matching Problem.

In the task, Alice receives a string x ∈ {0, 1}n, Bob gets a perfect matching M

on {1, . . . n}. The aim is to output a triple (i, j, xi ⊕ xj) for some (i, j) ∈M .

There is aO(log(n)) quantum protocol for this task. Alice sends 1√
n

∑n
i (−1)xi |i〉.

Bob performs a projective measurement in the orthonormal basis:{
1√
2

(|j〉 ± |k〉) | (j, k) ∈M
}
. (6.8)

The probability of an outcome 1√
2

(|j〉+ |k〉) is given by:∣∣∣∣〈ψ|( 1√
2
|j〉+ |k〉

)∣∣∣∣2 =
1

2n
((−1)xj + (−1)xk)2 , (6.9)

which is 2/n if xj ⊕ xk = 0 and 0 otherwise. If this is the outcome of the

measurement, Bob outputs (j, k, 0). Similarly, the probability of 1√
2

(|j〉 − |k〉)
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outcome is 0 if xj ⊕ xk = 0 and 2/n otherwise, in which case Bob outputs

(j, k, 1).

Bar-Yossef, Jayram and Kerenidis also show a Ω (
√
n) lower bound for a ran-

domized one-way communication complexity for the problem, which gives an

exponential asymptotic separation. Due to the error tolerance, this asymptotic

separation is strictly stronger than the one we manage to prove here. The proof

is however much more involved than ours.

• (2007) One-way Separation for Partial Functions : Gavinsky, Kempe, Kerenidis,

Raz and de Wolf [111] strengthened the previous result to a separation in one-

way communication complexity of partial Boolean function.

• (2010) One-way Vector in a Subspace: Klartag and Regev proved an exponential

separation between a one-way quantum protocol for the vector in a subspace

problem and a two-way classical communication protocols [112].

• (2016) Distributed Fourier Sampling : Montanaro [13] proved that any classical

two-way communication protocol with shared randomness that approximately

simulates the result of applying an arbitrary measurement to a quantum state,

up to a constant accuracy, must transmit at least Ω(2n) bits. The lower bound

is optimal, and based on a communication complexity of Distributed Fourier

Sampling. The separation is however derived for sampling problems, where the

task is to output a sample from a distribution Dx drawn from a family {Dx}x∈X
on an input x ∈ X.

• (2016) Power-5/2 Sepatation for a Total Function: Anshu et al. [108] broke the

power-2 barrier for separation in communication complexity of total functions by

finding a power-5/2 separation between quantum and randomized complexities

for a total function.

• (2019) Quantum SMP vs Classical Two-Way : Gavinsky found a relation with

efficient quantum simultaneous message passing protocol, but no efficient clas-

sical two-way protocol in [113].
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6.7 Quantum Communication and Ontological Mod-

els

Quantum theory is extremely accurate in predicting experimental outcomes, making

it the central building block for physical theories developed in the last century. That

despite, it remains disturbingly close to a set of rules of thumb. Even the very

notion of a quantum state remains a topic of an active debate – is it a representation

of agent’s knowledge (epistemic; episteme means ‘to know’ in Greek) or a ‘state of

reality’ (ontic; ‘ontos’ loosely translates from Greek as ‘that which is’) [114, 115]?

Attempts to address this question propelled the development of operational theories

and ontological models, that, for our purposes, are conveniently intertwined with

communication complexity [116, 117]. Since this connection largely motivated our

work, we briefly outline it here.

An operational theory is specified by primitive laboratory operations – prepara-

tions, transformations and measurements – together with a prescription for finding

probabilities p(k|M,P ) for each outcome k, given a measurement M and a prepa-

ration P [116, 117]. Both classical probability theory and quantum theory fit in

this framework: classical preparations correspond to probability distributions, trans-

formations to functions applied to random variables distributed according to these

distributions and measurements correspond to sampling. Quantum preparations are

quantum states (including mixtures), transformations are completely positive maps

and measurements are POVMs. We will do without transformations in what follows.

An ontological model of an operational theory associates to every physical system

a set Λ called the ontic state space. Every ontic state λ ∈ Λ defines all physical

properties of the system. A preparation P of a system samples the system’s ontic

state λ from a probability distribution µP (λ) : Λ→ [0, 1] that is associated to it. This

probability distribution is called an ‘epistemic state’, because it aims to reflect the

knowledge (or lack of thereof) about the ontic state of the system. A measurement

M on the system has its outcome k sampled randomly from a distribution charac-

terized by the ontic state λ. The probability distribution on the outcomes k, given

a measurement M and λ is called the response function: ξM(k|λ). An ontological

model must reproduce its empirical predictions and if we require it to do so exactly,
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it follows that:

p(k|M,P ) =

∫
Λ

dλ ξM(k|λ)µP (λ). (6.10)

Here we only do with discrete ontic spaces Λ and also avoid discussions of Spekkens’

contextuality for brevity [117].

The consistency condition can be related to a one-way communication complexity

in the following way: Let Alice’s input be P , a classical description of a prepara-

tion and Bob’s input M , a classical description of a measurement. Assume first

that the parties can only generate private randomness. In this case, Alice prepares

a message λ with probability µP (λ) and Bob outputs an answer k with probabil-

ity ξM(k|λ). The probability of the communication protocol giving an output k for

inputs M,P is the same as Eq. 6.10. Every private coins one way communication

protocol can be therefore also interpreted as an ontological model. If we assume

that the parties can access shared randomness drawn from some probability distri-

bution π, the comparison becomes less straightforward. While any ontological model

also gives a public coin randomized protocol,1 it does not mean that every public

coin protocol gives an ontological model. It is however the case for bounded error

protocols, justified by Newman’s theorem that shows that difference between public

and private coin communication complexity randomized ε-error protocols is at most

O(log log(|X||Y |) + log(1/ε)) [118]. Any public coin protocol can be turned into pri-

vate coins one with this overhead that corresponds to an ‘ontological model’ in which

the consistency condition of Eq. 6.10 holds only up to ε-error.

Several results in foundations touch upon the connections of communication com-

plexity and ontological models. For example, Hardy’s ontological excess baggage the-

orem [119] asserts that if one wants to exactly communicate an identity of an arbitrary

quantum state with classical resources, an infinite amount of bits must be sent in the

absence of shared random data. Exactly reproducing the results of communication

by quantum channels may hence seem unlikely. Contrasting to that however, it was

proved by Toner and Bacon in Ref. [120] that just two bits of communication suffice

to reproduce any projective measurement on a qubit state if the parties share ran-

domness. More recently, one of the key results in favor of ‘onticity’ of quantum states,

1this follows because any private coin is straightforwardly a public coin protocol – we just ask
the respective parties to ignore parts of the shared randomness.
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the PBR theorem [97], was used to study separations in communication complexity

in [121] where large separations between one-way communication and information

complexities for instances of the so-called ‘exclusion games’ have been proven. A

followup work [122] proved a quantum communication complexity lower bound for

an exclusion game that implies a sub-constant versus logarithmic gap between the

quantum information and communication. A sequence of works by Montina investi-

gated connections between ontological models and communication complexity [123,

124, 125, 126, 127] and we use some of his results in what follows.
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Chapter 7

Antidistinguishablity

7.1 Introduction

This chapter reviews some results in quantum detection theory needed to introduce

our result. We also reproduce a lemma of Caves, Fuchs and Schack that will be

central to our proof. We then briefly review some other results on quantum state

antidistinguishability.

7.2 Quantum State Discrimination

It is an important feature of quantum theory, implicit to its postulates, that non-

orthogonal states are not perfectly distinguishable [128]. Discriminating quantum

states can be formulated as a one-way quantum communication task: Alice prepares

a quantum state out of some set of states S and sends it to Bob, who applies a

measurement. Both parties know what states are contained in S, so that Bob’s task

is to correctly identify the state that Alice chose. How much can Bob learn about the

transmitted state by a quantum measurement?

While there are various figures of merit, the most relevant to us will be the min-

imum error single-shot distinguishability. A typical single-shot state distinguishing

game looks as follows: Alice prepares a d-dimensional quantum state ρk, drawn from

some set of states S = {ρ1, ρ2 . . . ρN} with probability qk such that
∑N

k qk = 1. Upon

the receipt of his state, Bob applies a POVM M = {Mk}Nk=1.

Mk � 0,
N∑
k

Mk = 1. (7.1)
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For a state ρk, Bob receives an outcome i with probability:

p(i|k) = Tr (Miρk) . (7.2)

He aims to minimize the mismatch error:

ε :=
∑
k 6=i

qk p(i| k) = 1−
∑
k

qk p(k| k). (7.3)

Rewritten in terms of the measurement operators, this can be cast to the following

optimization problem:

maximize:
∑
k

Tr(Mkqkρk),

s.t.:
∑
k

Mk = 1,

Mk � 0,

(7.4)

which is a semidefinite program that can be solved numerically. Analytic optimal so-

lutions are so far known only in special cases. For example the optimal measurement

for a two-state minimum error discrimination was (independently) found by Holevo

and Helstrom [129], an approximately optimal measurements (‘pretty good measure-

ments’) where derived by Knill and Barnum. Recently, an analytic solution to three

qubit state discrimination was found in Ref. [130]. See Ref. [128] for a 2015 review.

7.3 Quantum State Antidistinguishability

Yuen, Kennedy and Lax studied multiple state hypothesis in Ref. [131]. For an ensem-

ble of states S = {qi, ρi}, where qi’s denote the prior state preparation probabilities

and ρi’s are the prepared states, they defined the Bayes’ costing function as:

C̄ =
∑
i,j

Cij Tr (qiMjρi) , (7.5)

for some costing matrix Cij. The minimum error discrimination problem becomes:

minimize C̄, (7.6)

s.t.: Mi � 0, ∀i, (7.7)∑
i

Mi = 1. (7.8)
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For example, using C = (E − 1) in Eq. 7.5, where E is an all unit d × d matrix

corresponds to the minimum error state discrimination cost described in the previous

section. One can however choose different costings – specifically, choosing C = 1

corresponds to ‘single state exclusion’, which will play role in what follows.

We also consider modification of the state discrimination game studied in the

previous section, in which Alice sends Bob a pure quantum state |ρi〉 ∈ S, but Bob’s

task is now to rule out with certainty (but without aborting) what state it is not.

Following Ref. [132], we call the task conclusive exclusion and call the sets of quantum

states that allow for perfect conclusive exclusion antidistinguishable. More formally,

a set S of n pure quantum states |ρ1〉 , |ρ2〉 , . . . , |ρn〉 will be called antidistinguishable

if there exists an n-outcome measurement M = {Mz | z ∈ [n]} that never outputs the

outcome z on the quantum state |ρz〉, i.e.,

Mz |ρz〉 = 0, ∀ z ∈ [n]. (7.9)

Antidistinguishability of quantum states lies at the heart of the PBR theorem

[97], which rules out ψ-epistemic ontological models of quantum theory, under the

assumption of preparation independence. The concept has been therefore well studied

in foundations literature [97, 96, 133, 115, 134]. Caves, Fuchs and Schack derived

necessary and sufficient conditions for three states to be antidistinguishable by a

projective measurement in Ref. [96]. They specifically show that:

Lemma 1 (Antidistinguishability [96]). Three distinct pure quantum states |ρi〉 , |ρj〉 , |ρk〉
are antidistinguishable with a projective measurement if and only if there exist angles

θk, 0 < θk < π/2 for k = 1, 2, 3, such that:

a := | 〈ρ1|ρ2〉 |2 = (sin θ1 cos θ2)2,

b := | 〈ρ2|ρ3〉 |2 = (sin θ2 cos θ3)2,

c := | 〈ρ1|ρ3〉 |2 = (sin θ3 cos θ1)2.

(7.10)

Proof. If the states are antidistinguishable, there exist a basis |1〉 , |2〉 , |3〉, such that:

|ρ1〉 = eiξ1(cos θ1 |2〉+ eφ1 sin θ1 |3〉),

|ρ2〉 = eiξ2(cos θ2 |3〉+ eφ2 sin θ2 |1〉),

|ρ3〉 = eiξ3(cos θ3 |1〉+ eφ3 sin θ3 |2〉).

(7.11)
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Taking the inner products of these states gives Eq. 7.10.

Conversely, if the conditions of Eq. 7.10 are satisfied, it is possible to find the

angles ξk and φk for k ∈ {1, 2, 3}, such that the inner products satisfy Eq. 7.11, since

the pairwise inner products define the states up to a unitary transformation. This

means that there exists an orthonormal basis |1〉 , |2〉 , |3〉 such that the states can

be written as Eq. 7.11 and therefore a projective measurement that antidistinguishes

them.

Ref. [96] followed on to give a simpler antidistinguishability condition in terms of

state overlaps. We reproduce their proof in detail for completeness:

Lemma 2 (Three-state antidistinguishability [96]). Any three pure states are anti-

disitnguishable by a projective measurement if and only if:

a = | 〈ρi|ρj〉 |2, b = | 〈ρi|ρk〉 |2, c = | 〈ρk|ρj〉 |2, (7.12)

we have that:

a+ b+ c < 1, and (1− a− b− c)2 ≥ 4abc. (7.13)

Proof. Let xk = sin2 θk for k ∈ {1, 2, 3} as in Eq. 7.10. Assume again that the states

are distinct, so that 0 < x1, x2, x3 ≤ 1. Eq 7.12 reads:

x1(1− x2) = a, x2(1− x3) = b, x3(1− x1) = c. (7.14)

Solving this system for x2 in terms of the variables a, b, c, leads to:

x2 =
1− a+ b− c±

√
(1− a+ b− c)2 − 4b(1− a)(1− c)

2(1− c)
, (7.15)

=
1− a+ b− c±

√
(a+ b+ c− 1)2 − 4abc

2(1− c)
, (7.16)

and analogous equations for x1 and x3 follow from cyclic permutations of a, b, c. Real

solutions x1, x2, x3 exist for:

(a+ b+ c− 1)2 ≥ 4abc, (7.17)
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The sign of these solutions is determined by 1− a+ b− c by Eq. 7.15, because:

|1− a+ b− c| ≥
√

(1− a+ b− c)2 − 4b(1− a)(1− c). (7.18)

This means that the condition 0 < x2 is equivalent to:

0 < 1− a+ b− c. (7.19)

The condition that there exists x2 ≤ 1 is then:

1− a+ b− c−
√

(a+ b+ c− 1)2 − 4abc ≤ 2(1− c). (7.20)

Noting that 2(1− c) = (1− a+ b− c) + (1 + a− b− c) leads to:

−(1− b+ a− c) ≤
√

(a+ b+ c− 1)2 − 4abc, (7.21)

which is already implied by the condition 1− b+ a− c > 0. The full set of conditions

is then given by:

1− a+ b− c > 0, 1− b+ c− a > 0, 1− c+ a− b > 0, (7.22)

(a+ b+ c− 1)2 ≥ 4abc. (7.23)

Eqs. 7.22 can be rewritten as:

|a− b| < 1− c, a+ b < 1 + c. (7.24)

Eq. 7.23 is a conic section that can be transformed to a standard form by noting that:

(a+ b− 1)2 − (a− b)2 = 4ab− 2a− 2b+ 1 as follows:

(a+ b+ c− 1)2 ≥ 4abc,

(a+ b− 1)2 + 2c(a+ b− 1) + c2 ≥ 4abc,

(a+ b− 1)2 + c(2a+ 2b− 1− 4ab)− c+ c2 ≥ 0,

(1− c)(a+ b− 1)2 + c(a− b)2 − c(1− c) ≥ 0,

(a+ b− 1)2

c
+

(a− b)2

(1− c)
≥ 1.

For a fixed c ∈ (0, 1), substituting x = a + b and y = a − b, the boundary of the

inequality gives an ellipse centered at x = 1, y = 0 with x-semiaxis of length
√
c and

y-semiaxis of length
√

1− c. In the a–b coordinates, this means that a = b = 1/2, with
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Figure 7.1: Conditions Eq. 7.22 and Eq. 7.23 imply that the necessary and sufficient
antidistinguishability inequalities for three states reduce to: a+b+c < 1 and (a+b+c−1)2 ≥
4abc. The simplification can be deduced from the above diagram, where the inequalities are
plotted for a fixed value of c. A filled region implies that a given inequality is satisfied. The
antidistinguishing region is then the region where all the three colors overlap. By simplifying
the constraints, the region can be defined as all solutions of (a+b+c−1)2 ≥ 4abc for 0 < a, b
in the halfspace defined by the dashed line, given by is a + b + c < 1. Boundaries of the
plot were chosen between as a, b ∈ [0, 1.2] for clarity, note however that a, b ≤ 1.

semiaxis rotated by 45◦ with respect to the coordinate axes with semiaxes of length√
c/2 and

√
(1− c)/2. The ellipse has a single intersection point with both a and b

axes at (a, b) = (1−c, 0) and at (a, b) = (0, 1−c). It follows that Eq. 7.22 and Eq. 7.23

are both satisfied if and only if a+b+c < 1 and (a+b+c−1)2 ≥ 4abc. This conclusion is

not straightforward and a diagrammatic justification is provided in Fig. 7.1. It follows

that Eq. 7.13 is necessary and sufficient condition for antidistinguishability of three

pure states.

We remark that the above result was also shown to be a sufficient and necessary

condition for antidistinguishabiliy by POVMs by Molina in Ref. [135]. The lemma

is the key ingredient to the proof of Pusey, Barrett and Rudolph in Ref. [97] and

attracted some attention since the publication of this proof. Bandyopadhyay, Jain,
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Oppenheim and Perry [132] studied ‘quantum state exclusion’, formulated antidis-

tinguishability as a semidefinite program (essentially by choosing the right costings

in Eq. 7.5) and – translating directly from the SDP framework – gave necessary and

sufficient conditions for optimality.

Heinosaari and Kerppo studied algebraic conditions for a set of pure states to be

antidistinguishable in Ref. [133]. They show that a finite set S = {Pi}i of pure states

(treated as rank-1 projectors in the equation below) is antidistinguishable if there

exist nonnegative reals {ti}i∈S, ti ≥ 0, ∀i such that:∑
j

tjPj = R, (7.25)

where R is a projection with kernel ∩j kerPj. We will conjecture another sufficient

condition and provide numerical evidence of thereof in Chapter 8.

The authors later studied the task of ‘communicating partial ignorance’ in Ref. [136]

that came out while we were finishing our project and has overlap with our work. The

key object of study in their work is, similarly to us, a communication task between

Alice and Bob, in which Alice is trying to transmit to Bob information about what

alternatives he should not chose. They provide full characterization of the communi-

cation task for qubits and derive certain solutions for qudits, discuss connections to

symmetric informationally complete states (SICs) and also show that a real Hilbert

space qubit cannot communicate as much ‘ignorance’ as the ordinary qubit. Com-

pared to us however, they do not derive asymptotic complexity separations the pack-

ing argument or discuss the two-way communication complexity of the task for which

we derive an explicit protocol in Chapter 8.
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Chapter 8

Communication Complexity
Separation from
Antidistinguishability

The following chapter is based on an article with Jon Barrett [137].

8.1 Introduction

How difficult is it to communicate classically the identity of a quantum state in an

entanglement-unassisted scenario? Specifying a pure state of a qubit requires two real

numbers, so communicating its identity exactly seemingly requires an infinite amount

of classical information [138]. This suspicion is confirmed by the results of Ref. [119]

that shows that if the two communicating parties do not share random data and a

small error is tolerated, an unbounded amount of classical communication is needed

to exactly simulate results of quantum experiments. Assuming unbounded amount

of shared randomness however, Bacon and Toner proved in Ref. [120] that just two

bits suffice to exactly reproduce results of any projective qubit measurement.

The main result of this chapter is a simple lower bound for the classical communi-

cation cost of simulating the transmission of a d-dimensional quantum state. We find

it by describing a communication problem based on a relation, and proving an expo-

nential separation between the classical and quantum communication complexities.

Our proof uses quantum state antidistinguishability, a concept that has been studied

in the foundations literature [97, 96, 133, 115, 134], and lies behind PBR theorem [97]

that rules out ψ-epistemic ontological models of quantum theory.
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It is already well known that there can be exponential separation between clas-

sical and quantum communication complexities – some of the key results have been

reviewed in Sec. 6.6. For example, the promise-equality problem studied in Ref. [106],

as reviewed in Ex. 7, presents an Ω(d) vs O(log d) separation between zero-error clas-

sical and quantum communication complexities for the task of deciding whether two

d-bit inputs are either equal or have Hamming distance d/2. We mentioned earlier

that the proof involves a highly non-trivial combinatorial result of Ref. [107], and

results in a classical lower bound of the form cd, for a constant c = 0.01. Slightly

strengthened, the same proof yields a lower bound of cd for any c < 0.02, which

means that a non-trivial separation between the number of classical bits that must

be communicated and the number of qubits can be established only for d ≥ 512.

Subsequent works [109, 139, 104, 140, 141, 111, 111, 112, 142] established exponen-

tial separations between zero-error quantum and bounded-error classical protocols in

various settings. The separation of Ref. [112] in particular is strong in the sense that

the separation holds between zero-error one-way quantum protocols and bounded-

error classical protocols that allow two-way communication. Montanaro [143], by

considering a task based on distributed Fourier sampling, derives an Ω(d) vs O(log d)

separation which is robust against constant additive error, and also holds when two-

way classical communication is allowed.

In Ref. [127], Montina studied a scenario in which Alice’s input can be any pure

state of a d dimensional quantum system, and Bob’s input can be a classical de-

scription of any two-outcome measurement consisting of a rank-1 projector and the

orthogonal projector. For the case of exact, one-way classical communication, Mon-

tina derives a classical lower bound of cd, for c ≈ 0.293, where the proof uses a result

concerning volumes of subsets of a hypersphere due to Raigorodskii [144]. It is also

shown that a classical lower bound of d − 1 follows from (a complex generalization

of) a mathematical conjecture known as the double cap conjecture.

Finally, other works have had slightly different aims from that of establishing

quantum-classical separations in the standard communication complexity setting, but

nonetheless contain techniques related to those that we use. These include Ref. [110],

which presents quantum fingerprinting protocols that show an exponential separation

between bounded-error quantum and classical simultaneous message passing with pri-
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vate randomness. Refs. [121, 122] then use the notion of antidistinguishability to give

separations between one-way communication and information complexity in exclusion

games – this shows that the parties may need to communicate very large number of

bits to exactly solve the exclusion task, while an adversary can learn almost nothing

from the communication transcript. They also include Ref. [98], where lower bounds

on the size of a classical memory needed to simulate quantum processes are derived

and applied to the stabilizer subtheory of quantum theory. Ref. [136], that appeared

while we were finishing this work, defines and studies tasks of communicating ‘partial

ignorance’, including communication tasks using antidistinguishable quantum states

that are similar to those used here.1

One of the main motivations for our work is to present a proof of exponential

separation between classical and quantum communication complexity that is very

simple and essentially self-contained. Aside from this, the advantages of the approach

include (i) a lower bound for zero-error one way classical communication of cd, with

c ≈ 0.415, which is the strongest that we have seen, and (ii) a separation between

quantum and classical one-way communication complexity for any d ≥ 3. On the

negative side, we show that the classical communication lower bound disappears if

two-way classical communication is allowed. Although the result is robust against a

limited amount of additive noise, the lower bound also disappears if bounded error

classical protocols are allowed.

8.2 Antidistinguishability and Spherical codes

Recall the CFS lemma proved in Sec 7.3:

Lemma 1 (Three-state antidistinguishability [96]). Any three pure states are anti-

disitnguishable if:

a = | 〈ρi|ρj〉 |2, b = | 〈ρi|ρk〉 |2, c = | 〈ρk|ρj〉 |2, (8.1)

we have that:

a+ b+ c < 1, and (1− a− b− c)2 ≥ 4abc. (8.2)

1We provide additional details about this result later.
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In what follows, we use the conditions of Eq. 8.2, but weaken them to a simpler

sufficient condition in the following corollary:

Corollary 1. Let S = {|ρi〉 , |ρj〉 , |ρk〉} be a triple of states and let:

a = | 〈ρi|ρj〉 |2, b = | 〈ρi|ρk〉 |2, c = | 〈ρk|ρj〉 |2. (8.3)

The triple S is antidistinguishable if:

a, b, c ≤ 1

4
. (8.4)

Proof. Since a, b, c ≤ 1/4, we have that a+ b+ c ≤ 3/4. It immediately follows that

a+ b+ c < 1 in Eq. 7.22. For 0 ≤ a, b, c ≤ 1/4, the condition in Eq. 7.23 reduces to:

1− a− b− c ≥ 2
√
abc. (8.5)

The left hand side is monotonically decreasing, attaining a minimum of 1/4 for a =

b = c = 1/4. The right hand side is monotonically increasing, attaining a maximum

of 1/4 for a = b = c = 1/4. It follows that 0 ≤ a, b, c ≤ 1/4 suffices for three state

antidistinguishability.

Now consider a finite set S of pure states |ρ1〉 , |ρ2〉 , . . . , |ρ|S|〉, for which:

| 〈ρi|ρj〉 | ≤ δ; ∀ i 6= j,

where δ ∈ [0, 1). Such sets are called complex spherical codes, and have been much

studied, with applications in frame theory, classical signal processing, error correction,

and quantum information [145, 146, 147, 110, 148, 149, 150, 151]. Our results will be

obtained from the following observation:

Claim 20. Any triple of states drawn from a complex spherical code S with δ ≤ 1/2

is antidistinguishable.

We have from Corollary 1 that any triple of states drawn from a finite set S of

pure quantum states, such that all mod-squared overlaps are upper-bounded by 1/4

is antidistinguishable. Any triple of states drawn from a complex spherical code S

with δ ≤ 1/2 is hence antidistinguishable.

106



A B

ρi ∈ S Πijk ∈M

z ∈ {j, k}
ρi

(a) One-way quantum communication
protocol for the task. After receiving
i ∈ [n], Alice prepares a state |ρi〉 ∈ S.
Given {i, j, k} as an input, Bob prepares
a projective measurement Π ∈ M de-
fined by the three states {ρi, ρj , ρk}. Al-
ice sends ρi to Bob, after which he per-
forms the measurement that assigns non-
zero probability to outcomes j or k.

A B

i {j, k,m}
s

z
λ

(b) A classical protocol. Alice gets an
integer i ∈ [|S|], and Bob gets three inte-
gers j, k,m ∈ [|S|]. Alice sends a message
λ, after which Bob outputs z ∈ {j, k,m}.
The classical strategy can use a shared
random string s, drawn according to a
probability distribution P (s).

Figure 8.1: Quantum (a) and classical (b) protocols for the antidistinguishability relation
R given in Eq. 8.6.

8.3 The Communication Task

The separation between classical and quantum communication complexities that we

establish is for solution of a relational task, defined as follows: For a d dimensional

Hilbert space, let S be a complex spherical code S = {|ρ1〉 , |ρ2〉 , . . . |ρ|S|〉}, with

δ = 1/2. Alice’s input is an integer i ∈ [|S|]. Bob’s input is a set of 3 integers

j, k,m ∈ [|S|]. Bob must output one of the integers j, k,m, under the constraint

that his output must not be equal to Alice’s input. Setting X = Z = [|S|], and

Y = {T |T ⊆ S, |T | = 3 }, the relation is thus given by:

R ⊆ X × Y × Z :

(i, {j, k,m}, z) ∈ R iff z ∈ {j, k,m} and z 6= i.
(8.6)

The quantum solution is straightforward (see Fig. 8.1a).

1. Given input i, Alice prepares a quantum system in the state |ρi〉 ∈ S and sends

it to Bob.

2. Given input {j, k,m}, Bob performs an antidistinguishing measurement for the

three states |ρj〉 , |ρk〉 , |ρm〉 on the system he receives from Alice. Label the three

outcomes Π′z, for z ∈ {j, k,m}, such that Π′z |ρz〉 = 0. If Bob obtains outcome

Π′z, then he outputs z. (This means that Bob never outputs an outcome ‘i’.)
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The communication complexity is the number of qubits transmitted, which is dlog de.
A classical protocol for the task is illustrated in Fig. 8.1b. In the next section, we

prove a lower bound on the number of bits that needs to be transmitted on average

in a randomized protocol to solve it with certainty.

8.4 One-way Communication Complexity

We now prove a lower bound on the one-way communication complexity of the task

in terms of the size of the complex spherical code S.

Claim 21. The zero-error one-way classical communication complexity of the task is

at least dlog |S| − 1e.

Proof. In order to establish the claim, consider first deterministic protocols, in which

the message that Alice sends to Bob is a function of her input, and Bob’s output is a

function of his input and the message. Suppose that there are three distinct values of

Alice’s input, |ρj〉 , |ρk〉 , |ρm〉, such that the same message λ is sent for each of them.

If Bob receives λ, and his input is the triple {j, k,m}, then there is no output he

can give that will not sometimes generate an error. Therefore Alice needs at least a

distinct message per two states of S. This gives:

|Λ| ≥ |S|
2
, (8.7)

where Λ is the set of possible values of Alice’s message. It follows that on the worst

case input, Alice needs to send at least dlog |S| − 1e bits. In the presence of shared

randomness s, each value of s defines a deterministic protocol which in the zero-

error case must respect the relation. If communication complexity is evaluated as the

communication cost on the worst case values of s (which corresponds to the deter-

ministic communication complexity as defined in Def 17), this concludes the proof.

With communication complexity given by the communication cost averaged over s,

and evaluated on the worst case input (which corresponds to zero-error randomized

complexity R0 defined in Def. 20), we use Yao’s principle (Eq. 6). For any probability

distribution Q over input pairs, the randomized zero-error communication complex-

ity is lower bounded by the communication cost averaged both over values of s and

over inputs drawn according to the distribution Q. This is in turn lower bounded
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Figure 8.2: Any classical deterministic one-way protocol that uses a message λ for three
or more Alice’s inputs fails to reproduce the output of a quantum protocol on at least one
input pair. In the above, Alice’s input is one of the states 2, 4 or 5 and Bob’s input is 245.
Alice chooses to send a message corresponding to the subset 2, 4, 5. Bob cannot output any
answer without risking an error.

by the communication cost averaged over inputs drawn according to the distribution

Q, of the deterministic protocol that achieves the lowest value for this cost – this is

the distributional complexity DQ
0 (R) defined in Def 21. Choosing Q as the uniform

distribution over all input pairs, the argument above establishes that the lower bound

of dlog |S| − 1e bits still holds.

We briefly remark that the lower bound derived in Claim 21 also straightforwardly

applies to a (seemingly) less constrained problem of multiplicative error sampling

from distributions generated by the quantum experiment. Let S be the set of states

defined in Claim 20 of the main text and let Π′ = {Π′z| z ∈ [n]} be a measurement

antidistinguishing a triple of states {|ρj〉 , |ρk〉 , |ρm〉} ⊆ S, chosen such that Π′z |ρz〉 =

0 for all z ∈ {j, k,m}. Let p(z|Π′, |ρi〉) denote the probability of measuring an

outcome ‘z’ by applying Π′ to |ρi〉. A ε-multiplicative sampling protocol samples

from a distribution p̃(z|Π′, |ρi〉), such that:

|p̃(z|Π′, |ρi〉)− p(z|Π′, |ρi〉)| ≤ ε p(z|Π′, |ρi〉), (8.8)

for some ε ≥ 0 and all inputs. Notice that:

p(z|Π′, |ρi〉) = 0 =⇒ p̃(z|Π′, |ρi〉) = 0, (8.9)

holds for arbitrary ε. Even as ε → ∞, the mutliplicative error simulation protocol

cannot output an outcome that is assigned zero probability and hence also solves the

relation R defined in Eq. 8.6 of the main text. This means that classical protocols

for the sampling task are subject to the same classical lower bounds as the zero-error

protocol for R.
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The lower bound of Claim 21 is determined by |S| – the size of the spherical code

S. In contrast, for a fixed dimension d regardless of the size of |S|, the quantum

protocol uses only dlog de qubits. This gives a communication advantage whenever

|S| > 2d. For the best separation, the problem then becomes: how large can a

complex spherical code in d dimensions be, with δ = 1/2?

8.5 Complexity Separations in Small Dimensions

In d = 3, the largest such set S is given by an equiangular complex spherical code,

otherwise known as a symmetric, informationally-complete set (SIC) [152, 153, 154,

155]. A SIC in dimension 3 consists of 9 unit vectors such that:

| 〈ρi|ρj〉 |2 =
1

4
, ∀ i 6= j. (8.10)

That a larger set cannot be found follows from the Welch bound [145], which states

that:

max
i 6=j
| 〈ρi|ρj〉 |2 ≥

|S| − d
d(|S| − 1)

, (8.11)

for any set of d-dimensional pure states S = {|ρ1〉 , |ρ2〉 , . . . |ρ|S|〉}. This shows that

Alice needs to send at least a 5-valued message vs a 3-dimensional quantum system,

or in terms of whole numbers of bits and qubits, at least 3 bits vs. 2 qubits.

In d ≥ 4, mutually unbiased bases (MUBs) yield larger sets than SICs. It is

known that for d power prime, there exist d + 1 distinct MUBs [156], which satisfy

| 〈ρi|ρj〉 |2 ≤ 1/d. Taking S as the union of the vectors in the MUBs gives |S| =

d(d+ 1), hence a dlog(d2 +d)− 1e lower bound on classical communication. In d = 4,

Alice needs to send at least a 10-valued message vs. a 4-dimensional quantum system,

or in terms of whole numbers of bits and qubits, at least 4 bits vs. 2 qubits. A bound

due to Levenshtein [146, 147, 150] implies that in d = 4, the 20-element set of vectors

given by MUBs is the largest that can be achieved with δ = 1/2. In d ≥ 5, larger sets

than those given by MUBs have been found numerically in Refs. [150, 151].

8.6 Asymptotic Separations

We now present two arguments that give asymptotically exponential separations be-

tween the classical zero-error randomized communication complexity and quantum
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complexity. The first one is based on packing bound – specifically the argument

about packing hyperspherical caps attributed independently to Shannon, Wyner and

Chabauty [157, 158, 159, 160]. It gives a good lower bound, but relies on volume

integration of complex hyperspherical caps which may be seen as difficult. The sec-

ond method, which gives a somewhat weaker lower bound, is based on a probabilistic

method argument for Hadamard codes that we borrowed from the quantum finger-

printing paper (Ref. [110]) and Alon and Spencer’s book on the probabilistic method

[161].

8.6.1 Lower Bound by Packing

We first establish the bound by adapting a spherical packing lower-bound of Chabauty,

Shannon and Wyner [157, 158, 159, 160]. The original bound is derived by associat-

ing to every unit vector ~e ∈ Rd a spherical δ-cap, defined as a set of vectors ~g ∈ Rd

such that ~e · ~g > δ for some constant δ ∈ (0, 1). Suppose that we found the optimal

packing configuration of unit vectors such that no two vectors have overlap greater

than δ. Then the union of their associated spherical δ-caps fully covers the unit hy-

persphere – we could add another vector to the set otherwise. Any pair of vectors

has overlap at least δ in this configuration, and the number of vectors in the optimal

packing configuration can be thus lower-bounded by the ratio unit sphere surface to

the surface of a spherical δ-cap [160]. We apply a modification of this technique to

quantum states.

Recall first that pure quantum states in d-dimensions can be treated as points in

complex projective space CP d−1 [162]. Following Refs. [163, 162], one can use the

Hurwitz parametrization of CP d−1 to describe these points as:

|ψ〉 = ( cos θd−1,

sin θd−1 cos θd−2 e
iφd−1 ,

sin θd−1 sin θd−2 cos θd−3 e
iφd−2 ,

. . . ,

sin θd−1 . . . sin θ2 cos θ1 e
iφ2 ,

sin θd−1 . . . sin θ2 sin θ1 e
iφ1),

(8.12)
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θ

Figure 8.3: The closest possible packing of two spherical cos θ caps associated to two
unit vectors (bold arrows) in d = 2. The packing bound uses the fact that in an optimal
configurations, the union of caps fully cover the unit sphere – in this case, it is the arcs
covering the circle in full. A reciprocal of the optimal cap volume then gives the lower
bound on the number of caps needed to cover the sphere and thus the number of vectors in
the largest spherical code in that dimension. The argument extends trivially to double-cap
packings.

where θk ∈ [0, π/2] and φk ∈ [0, 2π) for k ∈ [d]. The volume element is given by:

dψ =
d−1∏
k=1

cos θk(sin θk)
2k−1dθkdφk. (8.13)

Consider the ratio: ∫
dψ∫

I[|φ〉]dφ
, (8.14)

where the integration runs uniformly over all pure d-dimensional quantum states and:

I(|φ〉) =

{
1 if | 〈φ|0〉 | ≥ δ,

0 otherwise ,
(8.15)

for some (arbitrary) fixed reference state |0〉. In analogy to the Chabauty, Shannon

and Wyner argument, the size of the largest set of d-dimensional pure quantum states:

S = {|ψ〉 ∈ CP d−1 | |ψ〉 , |φ〉 ∈ S : |ψ〉 6= |φ〉 =⇒ | 〈ψ|φ〉 | ≥ δ}, (8.16)

becomes lower bounded by:

|S| ≥
∫
dψ∫

I[|φ〉]dφ
. (8.17)

Claim 22. For any d, there exists a set S with δ = 1/2, such that |S| ≥ (4/3)d−1.
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Proof. Choose |0〉 = (1, 0 . . .) as the reference state, which leads to | 〈0|ψ〉 | = | cos θd−1| ≤
δ in the Hurwitz parametrization. For the permitted range of angles, this means that
we integrate over θd−1 ∈ [0, π/3] when evaluating

∫
I[|ψ〉]. Using the volume element

of CP d−1 from Eq. 8.13 gives:∫
I[|ψ〉]dψ =

d−1∏
k=1

∫ 2π

0
dφk

(
d−2∏
k=1

∫ π/2

0
cos θk(sin θk)

2k−1dθk

)∫ π/3

0
cos θd−1(sin θd−1)2d−3dθd−1

=
πd−1

(d− 1)!

(
3

4

)d−1

.

(8.18)

Integrating leads to: ∫
dψ =

πd−1

(d− 1)!
, (8.19)

from which it follows that |S| ≥ (4/3)d−1 .

We remark that the double-cap volume integral appears in Ref. [127] as a part of

a different method for establishing another communication complexity separation.

8.6.2 By Hadamard States

An alternative proof that there exist sets S with |S| exponentially large, which results

in a worse bound, but some may find even simpler, comes from Refs. [110, 161] and is

reproduced here. It shows that complex spherical codes exist that are exponentially

large in the dimension. Take two random d-dimensional pure states:

|v〉 =
1√
d

d∑
i=1

vi |i〉 , |w〉 =
1√
d

d∑
i=1

wi |i〉 , (8.20)

where wi, vi are Rademacher random variables with Pr(vi = ±1) = Pr(wi = ±1) =

1/2. Their inner product is:

〈v|w〉 =
1

d

d∑
i=1

viwi =
1

d

d∑
i=1

Xi, (8.21)

where Xi is again a Rademacher random variable with Pr(Xi = ±1) = 1/2. The prob-

ability that | 〈v|w〉 | > 1/2 is upper bounded by the Chernoff-Hoeffding inequality:

Pr

(
| 〈v|w〉 | > 1

2

)
= Pr

(∣∣∣∣∣
d∑
i

Xi

∣∣∣∣∣ > d

2

)
≤ 2e−

d
8 . (8.22)
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The probability that a set S of such random vectors contains a pair |vi〉 , |wj〉 ∈ S, i 6=
j with overlap greater than 1/2 is given by:

Pr

(
| 〈vi|wj〉 | >

1

2

)
≤ 2

(
|S|
2

)
e−

d
8 < |S|2e−

d
8 . (8.23)

As soon as this probability falls below 1, there exists a set S of such random states, so

that | 〈vi|wj〉 | ≤ 1/2 for any pair. From Eq. (8.23), |S| = e
d
16 . Using such a set S for

the task defined in the main text, the classical one-way communication complexity is

at least d0.09 d− 1e bits.

8.7 Two-way Communication

We study two-way communication complexity of the task and give a deterministic

communication protocol with O(log log |S|) communication complexity. This shows

that the separation does not hold if we allow the two parties to interact.

Claim 23. Assuming |S| = 2q, for integer q, the two-way classical communication

complexity of R is at most dlog log |S|e+ 1 bits.

Proof. The assumption that |S| = 2q is not essential, but allows a short statement of

the proof. The protocol has two rounds and starts with a message from Bob to Alice.

Let Bob’s input be {j, k,m}, and assume without loss of generality that j < k < m.

Bob determines the largest integer r ≤ q = log |S|, such that for some integer s ≥ 0

either:
s 2r < j, k ≤ (s+ 1) 2r and

(s+ 1) 2r < m ≤ (s+ 2) 2r,
(8.24)

or
s 2r < j ≤ (s+ 1) 2r and

(s+ 1)2r < k,m ≤ (s+ 2)2r.
(8.25)

Bob sends r to Alice using dlog log |S|e bits. Note that r determines a subset Yr ⊆ Y

of Bob’s possible inputs. For an input i ∈ [|S|], Alice computes the parity p of
⌈
i

2r

⌉
,

and sends it to Bob. Note that the set X of Alice’s inputs is partitioned by p and r

into subsets Xr,p ⊆ X. By Eqs. 8.24 and 8.25, at least one of j, k,m is not in Xr,p.

Bob chooses such a value for his output. Communicating dlog log |S|e+ 1 bits hence

suffices in the two-way scenario. Fig. 8.4 illustrates the protocol for |S| = 8.
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Figure 8.4: An illustration of the two-way classical protocol with |S| = 8. Rows correspond
to different values of Alice’s input, columns to different values of Bob’s input. In single run
of the protocol, Bob sends an integer r to Alice, and Alice sends an integer p to Bob. Each
value of the conversation (r, p) is compatible with a subset of the joint inputs, where the
subset is of the form Xr,p × Yr for Xr,p ⊂ X and Yr ⊂ Y . In the |S| = 8 example, four
distinct conversations suffice to partition the inputs in a way that each of Bob’s inputs is
split across two distinct rectangles - enough to allow him to solve the relation.

We present additional intuition for the above proof here. The general idea is

that Alice and Bob can give a correct answer whenever they communicate enough

information in order to separate Bob’s inputs into two disjoint sets, in a way that

Alice can tell Bob which set contains the ‘dangerous’ input. The key observation

is that this can be done very efficiently if these subsets are combinatorial rectangles

XA × YB for XA ⊆ X and YB ⊆ Y , such that |XA| = |S|/2.

Fix |S| = 2q for some integer q > 1 for simplicity. Start with an example in which

we assume that Bob’s input is such that |S|/2 < m ≤ |S| and 0 < j, k ≤ |S|/2. Bob

chooses r = log[|S|/2] = q − 1 and sends it to Alice using at most log q ≤ log log |S|
bits. This way, Alice knows about a ‘horizontal cut’ at |S|/2 that separates Bob’s

inputs, as in the 00, 01 rectangles of Fig. 8.4. Alice now needs to tell Bob what

part of the cut is her input i contained in, for which we chose the cut in a way that

allows this to be communicated very efficiently. In this case, she needs to tell Bob if

0 < i ≤ |S|/2 or if |S|/2 < i ≤ |S| by sending a single bit. By symmetry, the above

also deals with inputs where 0 < j ≤ |S|/2, |S|/2 < k,m ≤ |S|.
As an example of a more complicated case, suppose now that either:

0 < j, k,m ≤ |S|/2, 0 < j ≤ |S|/4, |S|/4 < k,m ≤ |S|/2, (8.26)

or that:

|S|/2 < j, k,m ≤ |S|, |S|/2 < j ≤ 3|S|/4, 3|S|/4 < k,m ≤ |S|. (8.27)

Notice that both of the sets can be separated by a pair of ‘horizontal cuts’ at |S|/4
and 3|S|/4. The trick that allows for the additional logarithmic compression is to

115



communicate this pair of cuts irrespectively of which of the above cases holds. Bob

sends r = log[|S|/4] = q − 2 using at most log log |S| bits. Knowing that r =

|S|/4, Alice can tell Bob if her input lies in the range X1 = {1, . . . |S|/4} ∪ {|S|/2 +

1, . . . 3|S|/4} or in the complement of X1 in X – this takes a single bit. By symmetry,

the above protocol also deals with the case when either 0 < j, k ≤ |S|/4 and |S|/4 <
m ≤ |S|/2 or |S|/2 < j, k ≤ 3|S|/4 and 3|S|/4 < m ≤ |S|.

The protocol runs similarly on the remaining inputs and it does not take much

from there to formalize it as we did in Claim 23. It would be interesting to see if

the protocol could be formulated in terms of the Fourier transform over the inputs,

since the information that Bob communicates to Alice is essentially the frequency of

horizontal cuts between two combinatorial rectangles that Bob must choose in order

to place one of his elements into a distinct rectangle from the remaining two.

8.8 Bounded Error

Here we show that the separation disappears in one-way classical communication

if the classical players need only solve the relation with bounded error. In such

case, we demand from the ε-error protocol P for the task R that for all input pairs

(x, y) ∈ X × Y :

Pr [P (x, y) ∈ R(x, y)] ≥ 1− ε, (8.28)

where the average is taken over the shared random data. As we assumed that ε > 0,

the randomized complexity of R is the minimum worst case cost (see Def. 19) of a

randomized protocol that solves the relation.

A simple way to see that the lower bound is not noise resilient is to consider reduc-

tion to the bounded-error protocol for equality testing, described in Ex 6. Suppose

that Alice’s input is i and Bob’s input is {j, k, l}. The parties repeat the following

in several runs: On every run of the protocol, they generate a uniformly random

string s ∈ {0, 1}|S|. Alice computes the parity pi of
∑|S|

r=1 irsr where ir and sr denote

the r-th bit of her input i and the shared randomness s respectively. She sends pi

(one bit) to Bob. Bob computes the parities pj, pk, pm of
∑|S|

r=1 jrsr,
∑|S|

r=1 krsr, and∑|S|
r=1 mrsr. Without loss of generality, suppose that j = i. Then pi = pj with cer-

tainty, while pk, pm = pi with probability 1/2 as we choose s to be uniform. Repeating
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this dlog(1/ε)e times, the probability of Bob wrongly concluding that either i = k or

i = m is at most ε. He therefore outputs one of k or m, making a mistake with less

than ε probability. On the other hand, if i is not equal to any j, k,m, Bob cannot do

a mistake by outputting any of these.

The low error sensitivity is a serious drawback of our results as it is tied to noise

resilience of the lower bound – not even the quantum communication itself will be

noiseless. I unfortunately did not manage to come up with any modification of the

protocol that would allow for noise resilience in the asymptotic setting. On the other

hand, the finite dimensional results retain some noise resilience and may be verifiable

in a sufficiently precise experiment. It is also possible that the multiplicative sampling

version of the exclusion task can be more noise robust – although, despite many

attempts, I did not manage to prove this either.

8.9 Antidistinguishability Conjecture

In Ref. [164], Montina and Wolf studied exact classical simulation of a scenario in

which Alice chooses an arbitrary quantum pure state and sends it to Bob, who per-

forms an arbitrary two-outcome projective measurement. A lower bound of Ω(d log d)

bits for this communication task is shown to follow from two mathematical conjec-

tures. Using essentially the same proof that we presented here, the following conjec-

ture concerning antidistinguishability would also give a separation of log d qubits vs

Ω(d log d) bits for exact simulation. This would be asymptotically stronger than all

existing results, and would be particularly interesting given the O(log(1/ε)d) upper

bound for bounded-error classical simulation. The argument we give is very different

from those outlined in Ref. [125], and the conjecture is also very different from the

two conjectures of Ref. [164].

Conjecture 2. Let |ρ1〉, . . . , |ρd〉 be d pure states. If |〈ρi|ρj〉| ≤ (d − 2)/(d − 1) for

all i 6= j, then the states are antidistinguishable.

We remark that the log d vs Ω(d log d) separation is established by combining

Conjecture 2 with essentially the same proof of zero-error one-way separation for the

communication task that was described in the previous sections. The key difference

is that the spherical code has δ = (d − 2)/(d − 1) and that Bob obtains instead a
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measurement that is antidistinguishing on d states. The packing lower bound on |S|
then gives:

|S| ≥ V d

V d
δ

=

∫ 1

0
x2d−3dx∫√1−(d−2)2/(d−1)2

0
x2d−3dx

=

[
2d− 3

(d− 1)2

]1−d

, (8.29)

and the number of distinct messages used by Alice becomes lower bounded by:

|Λ| ≥ |S|
d− 1

≥ 1

d− 1

(
2d− 3

(d− 1)2

)1−d

. (8.30)

By collecting the orders of d, it follows that log |Λ| = Ω(d log d), which implies the

classical exact communication complexity lower bound of Ω(d log d).

We now discuss the motivations behind our conjecture. It is obvious that it holds

with d = 2, since any two perfectly distinguishable states are also antidistinguishable.

It also follows from the Caves-Fuchs-Schack lemma [96], reviewed in Sec. 7.3, that

the conjecture holds for d = 3.

In order to gain some intuition for why the conjecture might be true in all dimen-

sions, first consider a generic set of states |ρ1〉, . . . , |ρd〉 in d dimensions. Heinosaari

and Kerppo [133] show that if any triple of the states is antidistinguishable, then it

follows that the set of d states is antidistinguishable. On the other hand, it does not

follow that if the set of d states is antidistinguishable, then any triple must be an-

tidistinguishable. Hence, the condition that d states is antidistinguishable is logically

weaker than the condition that any triple of them is antidistinguishable. If the states

satisfy |〈ρi|ρj〉| ≤ 1/2 for all i 6= j, then the stronger condition holds [96]. It is hence

natural to suppose that a similar statement, with 1/2 on the right hand side replaced

by a larger number, suffices for the weaker condition.

Second, consider the set of states:

|ρ1〉 =
1√
d− 1

(|e2〉+ |e3〉+ · · ·+ |ed〉)

|ρ2〉 =
1√
d− 1

(|e1〉+ |e3〉+ · · ·+ |ed〉)

· · ·

|ρd〉 =
1√
d− 1

(|e1〉+ |e2〉+ · · ·+ |ed−1〉) ,

where {|ei〉} is an orthonormal basis. This set is antidistinguishable by construction

and satisfies |〈ρi|ρj〉| = (d − 2)/(d − 1) for all i 6= j, which motivates the particular

choice of function on the right hand side of the conjectured sufficient condition.
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Finally, Fig. 8.5 displays numerical evidence for Conjecture 2. Note that for a

given set of states in d dimensions, determining whether they are antidistinguishable

or not corresponds to solving a semi-definite program (SDP) [131, 132]. For each

d = 2, 3, 4, 5, 6, we generated two sets of vectors as follows:

1. 150000 sets of d vectors in d dimensions, where each vector is chosen indepen-

dently, and uniformly according to the Haar measure and

2. a set of vectors:

|ρ1〉 = cos θ |e1〉+ sin θ |e2〉 ,

|ρ2〉 = cos θ |e1〉+ sin θ |e3〉 ,

· · ·

|ρd−1〉 = cos θ |e1〉+ sin θ |ed〉 ,

|ρd〉 = |e1〉

for a set of 10000 angles θ ∈ [0, π
2
]. The reasoning behind this choice of states

is that θ = 0 corresponds to non-antidistinguishable states, while θ = π
2

gives a

basis that is trivially antidistinguishable.

The second set was used because non-antidistinguishable ensembles are very rare

in d & 5 — in fact, none of the 150000 uniformly random ensembles in d = 6 tested

as non-antidistinguishable.

For every set of vectors, the SDP is solved in order to determine whether the set

is antidistinguishable. For those sets that are not antidistinguishable, the quantity

α = maxi 6=j |〈ρi|ρj〉| is recorded. The shaded region of the graph shows, for each

dimension, the minimum value of α obtained over the union of the above two sets,

and the dashed line shows the value of (d− 2)/(d− 1), with lines rather than points

used for clarity. A counterexample to the conjecture would appear as the dashed line

crossing the non-shaded region. The evidence for the conjecture consists in the fact

that the shaded region cleaves fairly closely to the dashed line, yet no counterexamples

were found.
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Figure 8.5: Numerical evidence for Conjecture 2. Line graph used for clarity.
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Conclusion

Quantum communication complexity shows unconditional complexity separations be-

tween classical and quantum strategies. Proofs of these separations, even in the

very simplest cases, however tend to rely on complicated theorems in combinatorics

(Ref. [106]) or geometry (Ref. [109]) and are rarely self-contained.

Here we turn to quantum foundations and use the principle of quantum state

antidistinguishability to give a very simple proof of separation between classical and

quantum exact one-way communication complexities. Using connections to symmet-

ric, informationally complete sets (SICs) and mutually unbiased bases (MUBs), we

prove complexity separations in any dimension d ≥ 3. Using a lower bound for

the achievable size of a suitable complex spherical code, we showed an exponential

separation of log d qubits vs. 0.415(d−1)−1 bits using a spherical packing argument.

The results were stated in terms of quantum and classical players solving a relation

defined on the finite sets of possible inputs for Alice and Bob. As expanding the sets

of inputs can only make things more difficult for classical players, the lower bounds

also apply to the one-way classical communication cost of simulating an experiment

in which Alice prepares an arbitrary pure state of a d-dimensional quantum system,

and sends it to Bob who performs an arbitrary projective measurement. (Naturally,

the same can be said for the results of any of Refs. [106, 165, 109, 139, 104, 140, 141,

166, 112, 142, 143, 127].) In this more general scenario, if error ε is tolerated in the

measurement outcome probabilities in the classical simulation, then it is easy to see

that transmission of O(log(1/ε)d) classical bits is sufficient. As discussed by Monta-

naro in Ref. [143], this means that the results of Ref. [143] are asymptotically optimal

for bounded error simulation. If exact simulation is required, on the other hand,

then Ref. [119] shows that without shared randomness, bounded classical communi-

cation becomes insufficient. If exact simulation is required, and shared random data
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permitted, then surprisingly little is known apart from the exponential lower bounds.

Ref. [120] shows that for d = 2, transmission of two bits is sufficient (see also Ref. [138]

which considers positive operator-valued measurements). But we are unaware of any

previous demonstration, even for d = 3, that classical simulation of arbitrary prepa-

rations and projective measurements is possible with bounded communication cost,

let alone a demonstration of a specific protocol with bounded communication, or a

finite upper bound [126, 137].

Exponential lower bounds on communication complexity are of interest for the

foundations of quantum theory as well as for communication complexity per se. Para-

phrasing Montanaro in Ref. [143]:

“On a fundamental, conceptual level, the question asks: are quantum states ‘re-

ally’ like an exponentially-long string of numbers, or do they have a more efficient

representation?”

Restated in the language of quantum foundations, any lower bound on the size of the

classical message in a simulation of the transmission of a quantum state becomes a

lower bound on the size of the set of ontic states that the system must have available

to it in an ontological model of quantum theory [167, 97, 137]. We thus believe that

our results, owing particularly to their simplicity, could find further applications in

quantum foundations. A specific direction in this respect is given by the works of

Montina in Refs. [124, 126] and Montina and Wolf in Refs. [125, 164]. Their results

imply that a proof of the antidistinguishability conjecture stated in our work would

strengthen one of the seminal results in quantum foundations, the PBR theorem

[97]. We have previously mentioned, somewhat in passing, that ontological models

attempt to provide a realist description of quantum theory by associating to every

physical system a space of ontic states Λ and to every quantum state preparation P

a probability distribution µ : Λ→ [0, 1]. Every measurement M is then associated a

response function ξM(k|λ), such that the probability of it giving the outcome k given

a preparation P becomes:

p(k|M,P ) =

∫
dλµP (λ)ξM(k|λ). (8.31)

This way, the quantum state thus looks similar to a probability distribution that rep-

resents like a state of knowledge about the quantum system. The ontic distributions
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in a theory could even overlap, in which case the ontic states in the overlaps provide

incomplete information about the quantum state preparations. Ontological models

with this feature are called ψ-epistemic and their complement are the ψ-ontic models.

The PBR theorem shows that ψ-epistemic theories are incompatible with predic-

tions of quantum theory under the assumption of preparation independence. Prepa-

ration independence corresponds to the assumption that quantum states that are

prepared independently have independently distributed ontic states – for example

the state |ψ〉 |φ〉 would be described by an ontic state λ = (λψ, λφ) drawn from the

distribution µψ,φ(λ) = µψ(λψ) × µφ(λφ). Soon after the publication of the theorem,

Lewis, Jennings, Barrett and Rudolph gave a counterargument to it that did not

assume the preparation independence in Ref. [168]. However, as described by Mon-

tina in Ref. [124], their model has several undesirable properties. For example, some

ontic distributions in the model still contain full information about the corresponding

quantum state and the model also reduces to an ψ-ontic model in the limit of infinite

number of qubits.

In Ref. [126], Montina shows a close relationship between ψ-epistemic theories and

communication complexity which goes beyond what was outlined earlier in Sec. 6.7.

He specifically proved that a completely ψ-epistemic theory exists if and only if the

quantum communication can be simulated exactly by a classical protocol with finite

amount of classical communication. Such protocol was outlined for qubits in Ref. [120]

(the corresponding ψ-epistemic model seems close to the Kochen-Specker model of a

qubit), but generalizations to higher dimension are not known. Montina then reasons

that, even if the extension of ψ-epistemic models could be possible beyond qubits, it

could happen that the ψ-epistemic theory would not differ much from a ψ-ontic one.

For example, similarly to the construction of Ref. [168], the overlaps of the ontological

distributions could vanish rapidly as the number of qubits is increased, which would

cause the ψ-epistemic model to reduce to the ψ-ontic one in the limit of infinite number

of qubits. Refs. [125, 164] prove that this is indeed the case whenever the minimal

communication cost of the corresponding communication protocol grows more than

exponentially with the number of qubits. The proof is given under the assumption

called probability equipartition property, which is a logically weaker condition than

preparation independence. As mentioned earlier in Sec. 8.9, Ref. [125] then gives two
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mathematical conjectures that would imply, similarly to our conjecture, a Ω(d log d)

communication lower bound. Their conjectures are, interestingly, very different from

the antidistinguishability conjecture that we proposed here.

Montina’s reasoning thus implies that a proof of our conjecture would weaken the

assumption of preparation independence in the proof of the PBR theorem to the prob-

ability equipartition property and thus strengthen the result. Additionally, Montina

claims in Ref. [124] that a proof of such lower bound implies that a ψ-epistemic theory

does not provide a descriptional advantage over ψ-ontic theories, even without the

‘equipartition property’ assumption. Such proof could be a significant contribution

to the ontological models approach to quantum theory.
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[10] V. Havĺıček, M. Troyer, and J. D. Whitfield. “Operator Locality in the Quan-
tum Simulation of Fermionic Models”. In: Phys. Rev. A 95.3 (2017), p. 032332.

[11] J. R. McClean et al. “OpenFermion: The Electronic Structure Package for
Quantum Computers”. In: arXiv e-prints (2017). arXiv: 1710.07629.

[12] S. Bravyi, D. Gosset, and R. König. “Quantum Advantage with Shallow Cir-
cuits”. In: Science 362.6412 (2018), pp. 308–311.

[13] A. Montanaro. “Quantum Algorithms: An Overview”. In: npj Quantum Me-
chanics 2 (2016), p. 15023.

[14] D. Aggarwal and U. Maurer. “Breaking RSA Generically Is Equivalent to
Factoring”. In: Advances in Cryptology - EUROCRYPT 2009. Ed. by Antoine
Joux. Berlin, Heidelberg: Springer Berlin Heidelberg, 2009, pp. 36–53.

125

http://arxiv.org/abs/1711.00686
http://arxiv.org/abs/1310.6749
http://arxiv.org/abs/1710.07629


[15] C. Gidney and M. Eker̊a. “How to Factor 2048 bit RSA Integers in 8 Hours
using 20 Million Noisy Qubits”. In: arXiv e-prints (2019). arXiv: 1905.09749.

[16] M. J. Bremner, R. Jozsa, and D. J. Shepherd. “Classical Simulation of Com-
muting Quantum Computations Implies Collapse of the Polynomial Hierar-
chy”. In: Proceedings of the Royal Society of London Series A 467 (2011),
pp. 459–472.

[17] S. Aaronson. “Limits on Efficient Computation in the Physical World”. PhD
thesis. PhD Thesis, 2004.

[18] B. M. Terhal and D. P. DiVincenzo. “Adaptive Quantum Computation, Con-
stant Depth Quantum Circuits and Arthur-Merlin Games”. In: Quant. Inf.
Comp. 4.2 (2004), pp. 134–145.

[19] S. Aaronson and A. Arkhipov. “The Computational Complexity of Linear Op-
tics”. In: Proceedings of the Forty-Third Annual ACM Symposium on Theory of
Computing. STOC ’11. San Jose, California, USA: Association for Computing
Machinery, 2011, pp. 333–342.

[20] S. Aaronson. “BQP and the Polynomial Hierarchy”. In: Proceedings of the
Forty-Second ACM Symposium on Theory of Computing. STOC ’10. Cam-
bridge, Massachusetts, USA: Association for Computing Machinery, 2010, pp. 141–
150.

[21] D. Shepherd and M. J. Bremner. “Temporally Unstructured Quantum Com-
putation”. In: Proceedings of the Royal Society of London Series A 465.2105
(2009), pp. 1413–1439.

[22] A. W. Harrow and A. Montanaro. “Quantum Computational Supremacy”. In:
Nature 549.7671 (2017), pp. 203–209.

[23] F. Arute et al. “Quantum Supremacy Using a Programmable Superconducting
Processor”. In: Nature 574.7779 (2019), pp. 505–510.

[24] S. P. Jordan. “Fast Quantum Algorithms for Approximating some Irreducible
Representations of Groups”. In: arXiv e-prints (2008). arXiv: 0811.0562.

[25] S. P. Jordan. Quantum Algorithm Zoo. https://quantumalgorithmzoo.org/.

[26] E. Knill and R. Laflamme. “Power of One Bit of Quantum Information”. In:
Phys. Rev. Lett. 81 (1998), pp. 5672–5675.

[27] D. Poulin et al. “Testing Integrability With a Single Bit of Quantum Informa-
tion”. In: Phys. Rev. A 68.2 (2003), p. 022302.

[28] D. Poulin et al. “Exponential Speedup with a Single Bit of Quantum Infor-
mation: Measuring the Average Fidelity Decay”. In: Phys. Rev. Lett. 92.17
(2004), p. 177906.

[29] S. Aaronson et al. “The Computational Complexity of Ball Permutations”. In:
Proceedings of the 49th Annual ACM SIGACT Symposium on Theory of Com-
puting. STOC 2017. Montreal, Canada: Association for Computing Machinery,
2017, pp. 317–327.

126

http://arxiv.org/abs/1905.09749
http://arxiv.org/abs/0811.0562
https://quantumalgorithmzoo.org/
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Appendix A

Part I

A.1 Yamanouchi-Kotani Representation

The following theorem derives the form of Yamanouchi-Kotani matrices for transposi-

tions. This is used in Theorem 2 to show that the Yamanouchi-Kotani representation

is in fact equivalent to the Young’s orthogonal form – a canonical basis for orthogonal

irreducible representations of Sn. This is used to derive the quantum algorithm that

approximates matrix elements of this representation – a centerpiece to the conjecture

about non-classicality of Permutational Quantum Computing.

Theorem 4 (Yamanouchi-Kotani representation matrices for transpositions [69, 56]).

The representation matrices for transpositions for n = 3 and J = 1/2, M = −1/2

are given by:

W (σ1) =

[
−1 0
0 1

]
, W (σ2) =

[
1
2

√
3

2√
3

2
−1

2

]
. (A.1)

Representation matrices for transpositions σk on n ≥ 3 qubits and k ≤ n − 2 for a

Young diagram λ = [µ, ν], such that µ+ ν = n can be defined recursively as:

W (σk) =

[
W ′(σk) 0

0 W ′′(σk)

]
(A.2)

where W ′(σk) is the representation matrix for n−1 qubits and λ = [µ−1, ν], W ′′(σk)

is the representation matrix for n − 1 qubits and λ = [µ, ν − 1]. The representation

matrix W (σn−1) is given by:

W (σn−1) =


1 0 0 0
0 −a1 b1 0
0 b1 a1 0
0 0 0 1


f [µ−2,ν]

f [µ−1,ν−1]

f [µ−1,ν−1]

f [µ,ν−2]

(A.3)

137



where a = 1/(µ−ν+ 1) and b =
√

1− a2 and fλ denote sizes of the respective matrix

blocks.

Proof. Base case: Using the eigenfunctions from Eq. 2.40 that form a basis for an

eigenspace with n = 3 and J = 1/2, M = −1/2, we have that:

W (σ1) =

[
−1 0
0 1

]
, W (σ2) =

[
1
2

√
3

2√
3

2
−1

2

]
. (A.4)

Induction: Assume that all representation matrices for (n−1) and all possible values

of J[n−1] have been found. It follows for a Young tableau λi of shape [µ, ν], such that

µ+ ν = n and µ− ν = 2J that:

|J,M, λi〉 = CJ,M

J− 1
2
,M± 1

2
; 1
2
,∓ 1

2

∣∣∣∣J − 1

2
,M ± 1

2
, λ′i

〉 ∣∣∣∣∓1

2

〉
(A.5)

+ CJ,M

J+ 1
2
,M± 1

2
; 1
2
,∓ 1

2

∣∣∣∣J +
1

2
,M ± 1

2
, λ′′i

〉 ∣∣∣∣∓1

2

〉
, (A.6)

where λ′i is a standard Young tableau of shape [µ − 1, ν] and λ′′i is a Young tableau

of shape [µ, ν − 1]. Any qubit transposition Uσk for k ≤ n − 2 acting on this state

does not alter the shapes of λ′i or λ′′i . Combined with orthogonality of genealogical

spin functions, this means that the f × f unitary matrix:

W (σk)λi,λj = 〈λi|Uσk |λj〉 , (A.7)

block-diagonalizes as:

W (σk) =

[
W ′(σk) 0

0 W ′′(σk)

]
f [µ−1,ν]

f [µ,ν−1] , for k ≤ n− 2. (A.8)

where W ′(σk) and W ′′(σk) are representations of transpositions for their Young dia-

grams of shapes [µ− 1, ν] and [µ, ν − 1] respectively.

The matrix W (σn−1) can be obtained by going another step back in Eqs. A.5 and

expanding the Clebsch-Gordan coefficients with the Racah formula of Eq. 2.35. This

calculation is due to Yamanouchi [69] and we only sketch it here – it results in [56]:

|J,M, λi〉 = α1 |J + 1,M − 1, λ′i〉 |11〉+ α2 |J + 1,M, λ′i〉 (|10〉+ |01〉)

+ α3 |J + 1,M + 1, λ′i〉 |00〉+ β1 |J − 1,M − 1, λ′′i 〉 |11〉

+ β2 |J − 1,M, λ′′i 〉 (|10〉+ |01〉) + β3 |J − 1,M, λ′′i 〉 |00〉

+ γ1 |J,M − 1, λ′′′i 〉 |11〉+ γ2 |J,M, λ′′′i 〉 |01〉

+ γ3 |J,M, λ′′′i 〉 |01〉+ γ4 |J,M + 1, λ′′′i 〉 |00〉 .
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for some coefficients α, β, γ that are given by the appropriate products of Clebsch-

Gordan coefficients. The only part of the wavefunction that transforms nontrivially

under the exchange of the n-th and (n−1)-st particles is the one with {γi}i coefficients.

Substituting for the α, β, γ coefficients, the transposition matrix becomes:

W (σn−1) =


1 0 0 0
0 −a1 b1 0
0 b1 a1 0
0 0 0 1


f [µ−2,ν]

f [µ−1,ν−1]

f [µ−1,ν−1]

f [µ,ν−2]

(A.9)

where a = 1/(µ− ν + 1) and b =
√

1− a2.

A.2 Equivalence of Young’s Orthogonal Form and

Yamanouchi-Kotani Representation

Theorem 2. Yamanouchi-Kotani representation and Young’s orthogonal representa-

tions are equivalent [56].

Proof. The proof is inductive and uses the bijection between spin eigenfunctions in

the sequentially coupled basis and Young tableaux in the standard form from Claim 5.

Base: Base case at n = 3, J = 1
2
. Under the bijection of Claim 5, these correspond

to the standard Young tableaux of shape , which we order as 1: 1 3
2

and 2: 1 2
3

. The

Yamanouchi-Kotani matrices are (see Eq. A.1):

W (σ1) =

[
−1 0
0 1

]
, W (σ2) =

[
1
2

√
3

2√
3

2
−1

2

]
. (A.10)

We now verify that these matrices are equivalent to the Young’s orthogonal form

ones. The axial distances in these tableaux are given by:

d1
12 = 1, d2

12 = −1, d1
23 = −2, d2

23 = 2,

which fixes the diagonal elements of the representation matrices (see Def. 13). We

also have that:

1 2
3

6= (1, 2)
1 3
2

,
1 2
3

= (2, 3)
1 3
2

,

which fixes the off-diagonals. The matrices obtained from transition amplitudes and

Young orthogonal form are equivalent.
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Induction: Assume for induction that the transition amplitudes between genealogical

spin eigenfunctions correspond to matrix elements of Young’s orthogonal matrices for

any transposition and any Young diagram with up to two rows and up to n−1 boxes.

We show that the correspondence then holds for Young diagrams with two rows and

n boxes as well. Consider the set of standard Young tableaux with shape λ = [µ, ν],

such that µ+ ν = n. The set of tableaux can be divided into two groups:

1. The first group of the tableaux has the element n in the second row. From

Claim 5, the n-qubit spin eigenfunctions in this set were obtained from the

n− 1 qubit spin eigenfunctions with Young diagrams of shape [µ, ν − 1] – that

is with J[n−1] = J + 1/2. See Fig. A.1.

2J + 1 n 2J

Figure A.1: Young tableaux in the first group were obtained from n − 1 qubit spin
eigenfunctions by adding a box with n to the second row. The overhang changes from
2J + 1 to 2J , meaning that J[n−1] = J + 1/2. The example above shows a Young tableau
of shape [4, 3] with J = 1/2 built from a Young tableau [4, 2] with J[n−1] = 1.

2. The second group of the tableaux has the element n in the first row. From

Claim 5, the n-qubit spin eigenfunctions in the set were obtained from the n−1

qubit spin eigenfunctions with Young diagrams of shape [µ−1, ν] – that is with

J[n−1] = J − 1/2. See Fig. A.2.

2J − 1

n

2J

Figure A.2: Young tableaux in the second group were obtained from n − 1 qubit spin
eigenfunctions by adding a box with n to the first row. The overhang changes from 2J − 1
to 2J , meaning that J[n−1] = J − 1/2. The example above shows a Young tableau of shape
[5, 2] with J = 3/2 built from a Young tableau [4, 2] with J[n−1] = 1.

The proof is first given for transpositions σk acting on the first n−1 qubits. When

such transposition acts on a spin eigenfunctions in the first group, it never results in

a spin eigenfunction from the second group, as it only acts on the first n− 1 qubits,
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commutes with S2
[n−1] and therefore preserves J[n−1]. The matrices corresponding to

these transpositions are therefore block diagonals of the following form:

W (σk) =

[
W1 0
0 W2

]
, k ≤ n− 2. (A.11)

Both of the non-zero blocks W1 and W2 correspond to n−1 qubit representation ma-

trices, for which the claim holds by the inductive assumption. It remains to establish

the identity of the transposition σn−1. For this, the set of standard Young tableaux

on n qubits can be partitioned into four subsets:

1. The first subset f00 is the set of all standard tableaux of shape λ = [µ, ν] with

both n and n−1 in the second row. These are all obtained by taking a standard

Young tableau of shape [µ, ν− 2] and adding the two boxes to the bottom row.

The axial distance of (n− 1) and n is −1 and the (n− 1, n) interchange applied

to the tableau does not yield a standard tableau. It follows from Def. 13 that

this gives a |f00| × |f00| identity block in W (σn−1).

2. The second subset is a set f11 of all standard tableaux of shape λ with both

n−1 and n in the first row. These are all obtained by taking a standard Young

tableau of shape [µ − 2, ν] and adding both boxes to the top row. The axial

distance of (n− 1) and n is again −1 and the (n− 1, n) interchange applied to

the tableau also does not yield a standard tableau. It follows from Def. 13 that

this gives a |f11| × |f11| identity block in W (σn−1).

3. The set f01 of all standard tableaux of shape λ with n− 1 in the first and n in

the second row. The axial distance between the two boxes is d01
n,n−1 = µ−ν+ 1.

By Claim 6, we have that d01
n,n−1 = 2J + 1.

4. The set f10 of all standard tableaux of shape λ with n in the first and n−1 in the

second row. By applying the (n, n−1) transposition to this tableau, one obtains

a standard tableau from the group f01. It follows that d10
n,n−1 = −d01

n,n−1 := − 1
a

and that there is a nonzero off-diagonal element b =
√

1− a2 that links the two

tableaux.
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This fully determines the generator matrix:

W (σn) =


1 0 0 0
0 −a1 b1 0
0 b1 a1 0
0 0 0 1


f00

f01

f10

f11

, (A.12)

where a = 1/(µ− ν+ 1) and b =
√

1− a2. The theorem follows by comparison to the

Yamanouchi-Kotani representation introduced in Sec 2.5.

A.3 Greene-Nijenhuis-Wilff algorithm

Here we describe the algorithm of [92] and its correctness proof. It is also a proof of

the Frame-Robinson-Thrall formula that was used in Eq. 2.25 [72]. See Algorithm 4.

Algorithm 4: Greene, Nijenhuis, Wilff [92]

Input: Standard Young diagram λ ` n.
Algorithm:

1. Set λ′ ← λ and k ← n.

2. Choose a uniformly random box (a, b) of λ′.

3. Then:
• If (a, b) is at the end of a row a of λ′ and there is no box below it,

remove the box (a, b) from λ′. Insert k to the (a, b) box of λ and
set k ← k − 1. If k = 0, terminate the algorithm and output λ;
otherwise go to step 2.

• If (a, b) is not at the end of a row a of λ, choose an element (a′, b′)
uniformly randomly from the hook of (a, b) (excluding (a, b)) and
set (a, b)← (a′, b′). Repeat step 3.

Output: A uniformly random Young tableau of shape λ.

We now prove the algorithm correctness that also proves the Frame-Robinson-

Thrall formula as a byproduct. Write λ = [λ1, λ2, . . . λm] for the standard Young

diagram λ, where λi is the length of its i-th row. Define:

fλ = f(λ1, λ2 . . . λm) =

{
n!∏
ij hij

if λ1 ≥ λ2 . . . ≥ λm,

0 otherwise.
(A.13)

where as before, hij is the hook-length of the box (i, j). The central observation1 is

that the box with n can only appear at the ‘corners’ of standard Young tableaux –

1Similarly to the proofs related to the Yamanouchi-Kotani and Young’s orthogonal form repre-
sentation equivalence

142



that is end of rows that have is no box under it. Removing this box leaves a standard

Young tableau of a smaller shape. So we expect that:

f = f(λ1, λ2 . . . λm) =
m∑
α=1

f(λ1, λ2 . . . λα−1, λα − 1, . . . , λm) =
∑
α

fα. (A.14)

By to Eq. A.13, this summation olnly runs over all Young tableaux on n − 1 boxes

given by removing the corner boxes from the original tableau. If this holds, the

Frame-Robinson-Thrall formula follows by inducing on n.

Consider now the random process defined in Algorithm 4. The algorithm chooses

a sequence of boxes (a, b) = (a1, b1)→ . . .→ (aj, bj) = (α, β), where (α, β) is a corner

box and will be called a terminal box. The intermediate boxes are each chosen from

the hook of the preceeding box. The probability of choosing a specific terminal box

(α, β) is then given by:

p(α, β) =
1

n

(
1

ha1b1 − 1

)(
1

ha2b2 − 1

)
. . .

(
1

haj−1bj−1
− 1

)
. (A.15)

The correctness proof follows by verifying that:

p(α, β) = fα/f. (A.16)

To show this, first notice that:

fα
f

=
1

n

∏
1≤i<α

(
hiβ

hiβ − 1

) ∏
1≤j<β

(
hαj

hαj − 1

)
(A.17)

This can be shown by noticing that removing a terminal box (α, β) only changes the

hooklengths in row α and column β. See Fig. A.3.

Figure A.3: Intuition for Eq. A.17. Suppose that the blue terminal box (α, β) is removed
from the above Young diagram. The hooklengths decrease by 1 for all the yellow boxes,
but stay the same for all the white boxes. The only terms that contribute to the product
in fα/f correspond to the yellow boxes – these are all boxes in the row α and all boxes in
the column β.

Now suppose that a sequence (a, b) = (a1, b1) → . . . → (aw, bw) = (α, β) was

sampled by the random process defined in Algorithm 4. Define the row projector A =
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{a1, a2 . . . aw} and the column projector B = {b1, b2 . . . bw}. Then the probability:

p(A,B| a, b) =
∏

i∈A,i 6=α

1

hiβ − 1

∏
j∈B,j 6=β

1

hαj − 1
:=
∏

. (A.18)

The proof of this equation is derived in Lemma 3 of [92] – we give the proof below

and give additional intuition for it.

Proof. First, it follows that:

p(A,B| a, b) =
1

hab − 1
(p(A− a,B| a2, b1) + p(A,B − b| a1, b2)) . (A.19)

Eq. A.19 is explained in Fig. A.4.

Figure A.4: Intuition for Eq. A.19. The probability of getting a pair (A,B) of projectors
given that the blue box (a, b) was chosen initially is the same as getting a pair of projectors
(A− a,B) given that the second box (a2, b2) = (a2, b) was chosen from the vertical part of
the hook of (a, b) and the probability of choosing projector pairs (A,B − b), given that the
second box (a2, b2) = (a, b2) was chosen from the horizontal part of the hook of (a, b). The
second box is chosen u.a.r. with probability 1/(hab − 1).

By induction on w, assume that:

p(A− a1, B| a2, b1) = (ha1β − 1) ·
∏

, (A.20)

p(A,B − b1| a1, b2) = (hαb1 − 1) ·
∏

, (A.21)

where
∏

is the right hand side of Eq. A.18. It follows that:

p(A,B| a, b) =
1

hab − 1
((ha1β − 1) + (hαb1 − 1)) ·

∏
. (A.22)

But:

hab − 1 = (haβ − 1) + (hαb − 1), (A.23)

(see Fig. A.5 for a graphical proof of this), which shows that p(A,B| a, b) =
∏

.
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Figure A.5: Intuition for Eq. A.23. Let (a, b) be the initial box (blue) and (α, β) be the
terminal box (violet). Then hab − 1 is the number of white or yellow boxes crossed by the
solid thick black line. We have that haβ − 1 +hαb− 1 is the number of white or violet boxes
crossed by the dashed thick line, counting the violet box twice. Comparing the length of
the dashed ‘path’ to the length of the solid ‘path’ in the above diagram, it is easy to see
that the two numbers are equal.

The probability p(α, β) is given by summing the conditional probabilities over the

first box chosen and then summing over all possible projectors A ⊆ {1, 2, . . . , α} and

B ⊆ {1, 2, . . . , β} and a = minA, b = minB:

p(α, β) =
∑

p(A,B| a, b). (A.24)

By the above proof, this is the same as expanding the product on the right hand side

of Eq. A.17. This implies that:

p(α, β) = fα/f, (A.25)

which implies correctness of the algorithm by induction. By normalization, it also

follows that: ∑
α

fα/f = 1. (A.26)

This proves the Frame-Robinson-Thrall formula of Eq. 2.25.
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Appendix B

Part II

B.1 Yao’s Principle

Theorem 6.

Rε(f) ≥ max
µ

Dµ
ε (f). (B.1)

Proof. A randomized ε > 0 error protocol P is correct on all inputs with probability

1− ε:

∀(x, y) ∈ X × Y : Pr [P (x, y) = f(x, y)] ≥ 1− ε. (B.2)

As discussed previously, P can be seen as a distribution over all deterministic protocols

{P (x, y| s)}s for the task, weighted by the shared randomness s ∼ π:

P (x, y) =
∑
s

P (x, y| s)π(s), (B.3)

Let [P (x, y| s) = f(x, y)] be the indicator function of the event P (x, y| s) = f(x, y).

We can then rewrite Eq. B.2 as:

∀(x, y) ∈ X × Y :
∑
s

[P (x, y| s) = f(x, y)]π(s) ≥ 1− ε. (B.4)

But this also means that for any distribution µ : X × Y → [0, 1] on inputs:∑
(x,y)

∑
s

[P (x, y| s) = f(x, y)]µ(x, y)π(s) ≥ 1− ε. (B.5)

This means that there exists a deterministic protocol (a fixed value of s), such that:∑
(x,y)

[P (x, y| s) = f(x, y)]µ(x, y) ≥ 1− ε. (B.6)
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Assume for contradiction that the deterministic protocol has strictly better success

probability (over the input distribution) than the randomized protocol (over the inter-

nal randomness). By reducing the success rate to ε, it could achieve better complexity

than the randomized strategy. This gives a contradiction.

Similar argument holds for zero-error complexity R0. Recall that the communi-

cation complexity measure is different here - it is the average over communication

costs of all deterministic protocols on the worst case input (see Definition 19). Let

{P (x, y| s)}s be the set of all deterministic communication protocols for the task and

C[P (x, y| s′)] be the cost of the deterministic protocol P (x, y| s′) ∈ {P (x, y| s)}s that

achieves the minimum distributional complexity on inputs drawn from µ. We have

that:

Dµ
0 (f) =

∑
(x,y)

µ(x, y)C[P (x, y| s′)]. (B.7)

Since P (x, y|s′) achieves the minimum distributional complexity, it follows that:

∀s′ :
∑
(x,y)

µ(x, y)C[P (x, y| s′)] ≤
∑
(x,y)

µ(x, y)C[P (x, y| s)]. (B.8)

In particular, we have for any distribution over the shared randomness that:∑
s

π(s)
∑
(x,y)

µ(x, y)C[P (x, y| s′)] ≤
∑
(x,y)

µ(x, y)
∑
s

C[P (x, y| s)]π(s). (B.9)

Note that
∑

s′ C[P (x, y| s′)]π(s′) is the average running time on input (x, y). It follows

that (see Definition 19):

Dµ
0 (f) ≤

∑
(x,y)

µ(x, y)
∑
s′

C[P (x, y| s′)]π(s′) ≤ max
(x,y)

∑
s′

C[P (x, y| s′)] = R0(f). (B.10)

The equality in Yao’s minimax principle is derived using the Von Neumann’s minimax

principle from zero-sum games, which can be in turn related to linear programming

duality [93]. The proof is standard, lengthy and somewhat complicated and I omit it

here.
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