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Abstract

This thesis aims to model the uniaxial deformation of a class of materials consisting of
microscopic spherical shells embedded in a rubber matrix. These shells are assumed
to buckle as the stress on the material increases.

To motivate the analysis we consider the paradigm problem of the debonding of a
distribution of cylindrical inclusions in an elastic material undergoing antiplane shear,
with bonded and debonded inclusions playing the role of unbuckled and buckled shells
respectively.

We begin the modelling of the microsphere-containing material by considering the
buckling of an isolated embedded shell inclusion with a uniaxial stress field at infinity,
using Koiter’s theory of shallow shells. The resulting energy functional is solved as
an eigenvalue problem by the Rayleigh—Ritz method. Subsequently, we analyse the
buckling criterion asymptotically in the limit as the thickness ratio tends to zero by
analogy with the WKB analysis of a beam on a variable-stiffness substrate.

To model the shell after buckling we consider the simplified case of an embed-
ded shell with a crack around its equator. The system is solved by expressing the
displacements in the shell and matrix as series of Love stress functions, with the re-
sulting infinite system of equations solved numerically with the aid of a convergence
acceleration method.

Finally we consider a composite material consisting of a homogenised dilute dis-
tribution of buckled and unbuckled shells, with the proportion of each type of shell
dependent on the stress applied to the material, according to an asymptotic formula
relating the size of the inclusions and the critical buckling stress that was obtained

previously.
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Chapter 1

Introduction

1.1 Industrial motivation

For over sixty years, anechoic tiles [16, 100] have been used as coatings for submarines
and other underwater structures. These tiles can take many forms, but their main
function is to match with the acoustic impedance of water so that their reflection
coefficient is minimised [58].

One material that is often used for this purpose is vulcanised rubber. This ma-
terial is used due to its viscoelastic property that shear elastic waves are attenuated
quickly on passing through it. However, incident waves on the material generate
mainly compressive waves in the material. To take advantage of the material’s atten-
uation property, small microspheres are introduced into the material before setting.
These microspheres are hollow shells of around 20 um in radius and are depicted in

Figure 1.1. The spheres have the property that a compressive wave impinging on an

—

Figure 1.1: Depiction of microspheres in the composite material.

embedded sphere causes the energy of the wave to be partly converted into shear wave
energy (this is known as mode conversion), which is then attenuated by the matrix
material. By this mechanism, the energy of the incident acoustic wave is dissipated
throughout the material.

However, the motivation for the work in this thesis is not the actual attenuative

mechanism. Instead we consider how the coatings may be damaged by static loads



such as water pressure. To analyse the static properties of the material, an experiment
is set up (see Figure 1.2) whereby the material is placed in a tank of water under a
rigid block, and subjected to increasing pressure to simulate the uniaxial compression
that the material would experience in reality. The displacement of the rigid block is
measured for both increasing and decreasing water pressure.

A representation of the results is shown in Figure 1.3. There are four main features
of the graph, which are labelled 1-4. Initially, as the material is first loaded, the graph
is linear up to some critical pressure, at which point the stiffness lessens considerably.
The resulting ‘kink’ in the graph need not be as pronounced as shown, but the
sharpness is dependent on the distribution of the sizes of the microspheres. Secondly,
if the material is loaded up to a point A and then unloaded, the deformation takes
place along curve AB, displaying a marked stress-softening or hysteresis effect. This
phenomenon is related to the Mullins effect seen in filled rubbers (see Section 1.2).
The third feature of the graph is a (semi-)permanent set once the material is fully
unloaded from A. (This set only occurs if the material has been deformed past the
critical pressure, or ‘kink’.) If further loading occurs, it will happen along the curve
BA. If the material is deformed past the point A, it will follow the original loading
curve, with unloading occuring along a new softened curve, with greater displacements
than curve AB. The fourth effect is that if a material has been unloaded to the point
B, the permanent set disappears fairly rapidly. However, the material’s behaviour
under compression does not return to the curve O1A for a period of 24 hours. This
is also a phenomenon associated with the Mullins effect.

Given that anechoic tiles have an obvious military application, research on their
properties is hard to find in publicly available journals. Parnell [79] and Allwright,
Jones and Parnell [1] considered the scattering of sound from a single microsphere,
modelled as a void for simplicity. The material surrounding the void was assumed
to be under hydrostatic stress at infinity, inducing a strain field in the immediate
vicinity of the void. This strained material scatters an incident acoustic wave, and
the strength of this scattered field was determined. Meanwhile the static problem has
been analysed by Fok [31] and Fok and Allwright [32]. These two references consider
the hydrostatic compression at infinity of an embedded microsphere. Chapter 3 of

this thesis includes this problem as a special case.

1.2 Rubber elasticity and the Mullins effect

Vulcanised rubber is an elastic material which satisfies a nonlinear stress—strain rela-

tion. This is characterised by the strain energy function of the material. The most



Figure 1.2: An experiment to determine the properties of the material.
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Figure 1.3: Behaviour of the composite material.



common strain energy functions used for rubber are the Neo-Hookean and Mooney—
Rivlin material models. However, these have been supplanted in recent times by more
sophisticated models such as the Ogden material model [44]. All these models treat
the material as incompressible, due to the fact that the compressibility of rubber is
very small [93].

We will now consider the models which have been proposed for the explanation of
the Mullins effect, which may give an insight into properties 2-4 of Figure 1.3. The
main similarity between carbon black-filled rubber, for which the Mullins effect was
first described, and anechoic tiles is that both materials are formed from vulcanised
rubber filled with microscopic particles. However in black-filled rubbers the inclusions
are small particles of carbon, which can be treated as rigid in comparison to the
rubber. The similarities are close enough that we can transfer some of the knowledge
of the Mullins effect to the case of anechoic tiles.

The Mullins effect in filled rubbers is usually demonstrated by a uniaxial tension

test. The results of a typical test are shown in Figure 1.4. The material in its virgin

Stress

Strain

Figure 1.4: Schematic diagram of the Mullins effect.

form, that is, having not been previously deformed, follows curve 1 along OAB. If
the material is stretched along this curve from O to A and retracted, we find that
the retraction follows curve 2 from A to O. All further deformations from O to A
and back then follow curve 2. If the material is now stretched from O to B, it follows
curve 2 to A and then curve 1 from A to B. On retraction, it follows curve 3, and all
further deformations from O to B follow this curve.

The Mullins effect has also been noticed in simple shear tests and uniaxial compres-

sion tests, but to a lesser extent than for uniaxial extension. Although a permanent



set and hysteresis are also observed in all tests, only the idealised behaviour given
above is usually considered when modelling the effect.

An additional property of filled rubbers is that the stiffness is regained after a
period of time. At room temperature the recovery is slow, but at 100°C up to 50%

of the stiffness is recovered after an hour [43]. This effect is known as healing.

1.2.1 Experimental evidence

Although the Mullins effect was noted as far back as 1903 [11], and was studied
by Holt [43] for example, the first major experimental study was made by Mullins
(71, 72, 73]. He performed tensile stress—strain experiments on unfilled and filled
rubber vulcanisates, and found that filled vulcanisates were considerably softer on the
second stretching. Unfilled rubbers were only slightly affected by previous stretching.
It was also found that the stress—strain properties of the previously stretched material
were anisotropic, and that the stiffness returned to the structure after some time, but
only at significantly higher temperatures than room temperature. Mullins attributed
these effects to a breakdown in the structure of the carbon black particles as the
material was stretched.

Blanchard and Parkinson [10] disagreed. By measuring the resistivity of the rubber
as it was being stretched under uniaxial tension, they noticed no significant change
in the structure of the carbon filler particles. Their explanation for the Mullins effect
was the breakage of bonds between the rubber and the carbon particles, and they
derived an empirical relation based on the molecular theory of rubber.

Later, Harwood et al. [40, 41] performed more experiments, and found that in
fact unfilled rubbers do exhibit a similar stress-softening effect to filled rubbers in
uniaxial tension tests, if strains of up to 5 are considered. They concluded that the
most likely cause of the Mullins effect was a change in the orientation or entanglement
of the polymer chains in the rubber.

More recently Dorfmann and Ogden [28] presented experimental results that
showed that, at least for strains of up to around 1.5, the Mullins effect is hardly
seen in rubber with low concentrations of carbon black, so that for relatively low

strains the effect can be primarily attributed to the presence of inclusions.

1.2.2 Molecular-based theories

Bueche [14, 15] agreed that the cause of the Mullins effect was primarily due to the
breaking of bonds between the rubber and the particles. He proposed a molecular
model which considered the probability that a polymer chain attached to two carbon

black particles would come loose when the particles are displaced.



Govindjee and Simo [34, 36, 35] reviewed the explanations for the Mullins effect,
and also favoured this explanation. Expanding upon Bueche’s work, they modelled
the rubber by taking a statistically representative sample volume of rubber, calcu-
lating its strain energy function using an averaging theory, and relating it to the
average strain history of the material using ideas from statistical mechanics. An av-
eraged strain energy function is obtained, together with slightly modified stress—strain

equations which are dependent on the volume fraction of particles in the rubber.

1.2.3 Empirical theories

Due to the necessity of modelling large deformations of rubber with nonlinear elas-
ticity, an alternative approach to modelling the Mullins effect has been to devise
empirical notions of ‘damage’ to the material. Mullins and Tobin [74] constructed a
model which attempted to explain the effect in terms of ‘hard’ and ‘soft’ phases of
the rubber. They assumed that most of the rubber would be in the hard phase to
begin with, but after deformation a larger proportion of the rubber will be in the soft
phase. The words ‘hard’ and ‘soft’ here do not necessarily refer to the filler and the
rubber respectively.

Later, Johnson and Beatty [49, 48, 50] developed a theory to explain the Mullins
effect for any nonlinear elastic material, parametrising the damage done to the ma-
terial by the mazimum previous strain. Beatty and Krishnaswamy [5, 53, 4, 54| gave
this theory an overhaul. They adapted the model of Mullins and Tobin of the ex-
istence of hard and soft phases in the rubber, with the volume fraction of the soft
phase increasing if the strain is increased past its maximum previous strain. However,
there is no need to interpret the rubber as having hard and soft phases. We can con-
sider the volume fraction of soft phase as an abstract damage parameter which varies
between 0 in the undamaged (virgin) state, and 1 (totally damaged). Here damage
is defined as loading past the maximum previous strain. The results work with any
strain energy function, but a specific dependence on the maximum previous strain
(softening function) is chosen for analytical simplicity and to fit experimental data.

More recently, Ogden and co-workers [77, 28] developed a theory similar to that of
Beatty and Krishnaswamy in that it is based around the strain energy function of the
material, with a damage parameter modelling the amount of damage being done to
the material; however, in this theory the damage is modelled in a much more abstract
way. The strain energy function of the material is modified so that it depends on a
damage parameter labelled 7, making the material ‘pseudo-elastic’. In this theory,
7 is constant if damage is being done to the material — a counterintuitive idea, but
useful since the loading curve for an undamaged material can thus be modelled by a

known strain energy function. The parameter n should therefore be treated purely



as a mathematical construct, with no physical basis. Like Beatty and Krishnaswamy,
Ogden and Roxburgh introduce a ‘damage function” which expresses how the strain
energy function depends on 7 when n varies. The validity of the model is checked
by fitting the material constants of the strain energy function and constants in the
damage function to data from Mullins and Tobin’s original experiments, but the
model chosen has no physical justification for its form.

There have been many other theories that attempt to describe the Mullins effect.
Miehe [68] and later Laraba-Abbes et al. [56] employed a model which considered a
strain energy function (1 — d)W where W is a given strain energy function and d is a
damage parameter. A different course was taken by Marckmann et al. [66], who used
a ‘network alteration theory’, adapting a rubber model based on considerations of how
chains of molecules deform. DeSimone et al. [27] created a model which simplified
the behaviour in Figure 1.4 to a piecewise linear relation, and invoked a damage
parameter model similar to Beatty and Krishnaswamy to explain stress-softening in
that case. Lin and Schomburg [59] attempted to create a full phenomenological model
for rubber, incorporating viscoelasticity and plasticity as well as the Mullins effect,
but without considering any microscopic effects. All these theories are essentially
empirical relations, that mainly seek to predict the stress—strain curve in Figure 1.4
by fitting experimental data to a curve rather than appeal to the rubber molecules’

bonds breaking.

1.3 Application to anechoic tiles

The strains that the microsphere-filled material will experience are much less than 5,
so by the results of Dorfmann and Ogden [28], we can confidently assume that the
main mechanism by which the material loses stiffness is the slippage or rupture of
bonds between the matrix and the inclusions (which will be referred to henceforth as
‘debonding’). The reason for this is that the softening effect is barely seen at these
strains in unfilled rubbers. If we assume that the ‘kink’ in Figure 1.3 is due to the
buckling of the microspheres, we conclude that the debonding occurs after buckling,
in light of the observation that no stress-softening occurs if the loading never reaches
the kink.

The conjectured reasons for the behaviour of the material in Figure 1.3 are there-
fore that the material behaves naturally for small strains, until a critical stress causes
most of the shells to buckle (increasingly large strains will eventually cause all shells
to buckle). This buckling will cause slippage or rupture in the bonds between the
inclusions and the matrix, and the degree to which this occurs becomes greater as the

stress is increased. The degree of debonding is referred to as the damage done to the



material. No damage is conjectured to occur on unloading, so that each unloading
curve (such as A-B in Figure 1.3) represents the stress—strain relation for a given
damage parameter and will thus be the same on loading since reloading the material
up to the maximum previous strain would not cause the damage to increase greatly.
The permanent set is assumed to be due to shells remaining buckled on full unload-
ing, and the healing effect seen after 24 hours is presumably due to the refornation
of bonds between the inclusions and the matrix, as for carbon black-filled rubbers.
Analytically solving the problem of a debonding nonlinearly elastic matrix from
a buckling shell is a near-impossible task, so it will not be considered here. On the
other hand, by making the simplification to [linear elasticity, the buckling problem
itself can be tackled analytically, giving an explanation of the first effect in Figure 1.3.
Modelling the debonding, though, would still be too difficult, which means that we
will only consider the inclusions as having two states: unbuckled and buckled, both
with full attachment to the matrix. Ideally there would be a continuum of states of
the inclusion, from pristine (unbuckled) to a very damaged state (buckled and with
a large region of debonding from the matrix). However with only two states of the
inclusion we can consider the damage parameter to be given by the proportion of
shells which have buckled. Nevertheless, it is hoped that the results can begin to

explain the loading curve for the material.

1.4 Thesis outline

Before considering the buckling problem, in Chapter 2 we analyse the paradigm prob-
lem of infinitely long cylindrical fibres in antiplane strain. We will first consider how
one inclusion debonds from the matrix under this mode of deformation, before con-
sidering the homogenised problem of many inclusions embedded in the matrix. Two
homogenisation approaches are analysed, namely the multiple scales homogenisation
which assumes a grid distribution of inclusions, and the point inclusion method, which
assumes that the fibres are infinitely far apart.

In Chapter 3 we analyse the problem of a spherical shell embedded in a linearly
elastic matrix. We apply a stress field at infinity and find the critical stress at which
the inclusion buckles. The background theory for this chapter is in Appendix A,
which is presented in terms of general curvilinear coordinates, before specialising to
spherical polar coordinates. In Chapter 4 we analyse the limit as the shell thickness
ratio tends to zero. This will give us an approximate analytic expression for the
critical stress and buckling pattern, as opposed to the numerical results of Chapter
3.



Chapter 5 analyses a model for the behaviour of the shell after buckling has
occured. We do not consider the full post-buckling behaviour of the shell. Rather,
we assume that the shell is assumed to lose its stiffness around its equator, resulting
effectively in a split shell. The final solution is found numerically. In Chapter 6
we take the leading-order solutions at infinity of the pre-buckled and post-buckled
shells, and use these results to find the behaviour of a homogenised material formed
from a distribution of these microsphere inclusions, via a method similar to the point
inclusion method of Chapter 2. We finally draw our conclusions in Chapter 7.

Throughout the thesis we will assume that the shell and the matrix are linearly
elastic materials, with dimensions and physical properties as given in Table 1.1. The

matrix shear modulus is not given because all stresses will be given in terms of this

quantity.

Physical quantity Value
Shell mid-surface radius R | 20 pm
Shell thickness h 0.02R

Matrix shear modulus G, —

Matrix Poisson ratio vy, 0.45
Shell shear modulus G 100 Gy,

Shell Poisson ratio v 0.35

Table 1.1: Typical values of physical constants.

1.5 Statement of originality

In Chapter 2, originality is claimed for Section 2.3 insofar as it discusses the particular
configuration shown in Figure 2.2 and the calculation of stress intensity factors. The
initial theory of the section is entirely due to Tamate and Yamada [91]. For the
multiple scales analysis of Section 2.4.1, the results are not original but originality is
claimed for the method by which they were derived (the results have not been derived
by the multiple scales homogenisation method previously). Section 2.4.2 and onwards
is original work.

In Chapter 3, originality is claimed for the results of Section 3.3 and the entirety
of the remainder of the chapter. Chapter 4 is original from Section 4.3.2 onwards, as
is the entirety of Chapter 5 except where noted. In Chapter 6 up to Section 6.3.2,
the mechanism of finding the effective elastic tensor by averaging the polarisation
is not original, however the analysis of splitting the solution into inner and outer
solutions and the averaging analysis is original. The work of Section 6.3.2 onwards is
all original. The appendices are not original, apart from Section C.1 and Appendix
D.
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Chapter 2

A Paradigm Problem

In this chapter we will be studying a paradigm problem which will introduce the
homogenisation process to be used in Chapter 6. The model studied here is the
debonding of a fibre embedded in an elastic medium (both linearly elastic), undergoing
antiplane shear parallel to the fibres. The main similarity between the antiplane
shear of embedded fibres and the buckling of embedded shells is that in both cases
an individual inclusion undergoes a transition between a ‘virgin’ and a ‘damaged’
state. In the antiplane case these states correspond to being respectively bonded and
debonded to the matrix, while in the case of an embedded shell we consider unbuckled
and buckled states. In this chapter we show that if we know the far-field behaviour
of a single inclusion in a matrix which has a stress field applied at infinity, in both
the virgin and damaged states, together with a criterion for the transition from the
first state to the second, we can consider a continuous distribution of inclusions with
varying properties, and analyse how the damaging of individual inclusions affects the
large-scale properties of the composite material. These methods will be applied to a
distribution of embedded shells in Chapter 6.

We first solve the problem of one fully attached fibre, before considering its
debonding from the matrix, using complex variable theory. Following this we consider
two methods of homogenisation for the problem — by multiple scales (assuming the
fibres are arranged in a grid), and by the point inclusion method (assuming the fibres
are far apart). We compare the two methods and conclude that the simpler point
inclusion method is accurate enough for our needs. Finally this method is applied to

the problem of a distribution of debonding fibres.

2.1 Governing equations

In elasticity theory, antiplane deformations are characterised by having only one non-

zero component of displacement, which we will assume is in the z-direction. This
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displacement is assumed not to depend on z. In other words, in Cartesian coordinates,

u = 0, (2.1)
v = 0, (2.2)
w = f(z.y). (2.3)
This gives us only two non-zero components of strain,
10f
Tz — S A 2.4
‘ 20x (24)
10f
. = ==, 2.5
ey 2 8y ( )
and hence only two non-zero components of stress,
of
Tz A 2.6
. e (2.6)
of
z - a ) 2.7
Ty ay ( )

where G is the shear modulus of the material, assumed to depend on = and y only.

Substituting these into the steady equilibrium equation with no body forces,

aTij
— =0 2.8

gives us the equation to be solved for f,
V-(GVf) = 0, (2.9)

in two dimensions.® The dilatation V - u is zero, showing that all antiplane deforma-

tions are automatically volume-preserving.

2.2 The matrix—fibre problem

In this section we will consider the problem of a single, infinitely long circular cylindri-
cal fibre embedded in an elastic matrix, undergoing a shearing stress field at infinity,
as depicted in Figure 2.1. For simplicity we assume that 7,.| is zero and 7,.|_ = 7o.
The matrix is assumed to have constant shear modulus G,,, and in the fibre the
shear modulus is Gy, also constant. We define two displacements f,, and f; for the

displacements in the matrix and fibre respectively.

'Had we been considering a Mooney—Rivlin or Neo-Hookean material in nonlinear elasticity (see
Section 1.2), we would have the same equation to solve (see [46]), although the stress field would
have non-zero components other than those given above.
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Included fibre

To

Matrix material — 5

To

Figure 2.1: A depiction of the stress field acting on the included fibre.

The radius of the fibre is assumed to be a, and the displacement and tractions are

to be matched at z? + y? = a?. From the previous section the problem thus becomes

0? 0?

aTJ;f—i—WJ;f = 0 in 2* +y* < a?, (2.10)
Pfm | Pfm :

8:{2 - (952 =0 in 22 + 9% > a?, (2.11)
fo—fi = 0 ata®+y®=d% (2.12)

0 fim 0
Gma—]; — Gfa—{f = 0 at 2%+ y° = d, (2.13)
Gm% — T as 12 + y* — oo, (2.14)

I fm

Gma—‘]; — 0 as 2% + y* — oo. (2.15)

This problem is best solved by changing to cylindrical polar coordinates,

ro= Vat+y?, (2.16)

§ = tan! (3) . (2.17)

The system to be solved becomes

10 [ Of Lo fe :
o (TE) + S = 0 inr<a, (2.18)

10 [ Ofm 1 Pfm :
"o (a—) Tage — 0 mr>e (2.19)
fm—ft = 0 atr=a, (2.20)

afm aff . _

Gmﬁ - Gf% =0 at r = a, (2.21)
fm ~ 70 sing as r — 00 . (2.22)
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We assume that the displacements are of the form

fm = Fun(r)sing (2.23)
fi = Fi(r)sinf, (2.24)

due to the condition at infinity. Substituting these into equations (2.18)—(2.19) gives

B
F, = Ar+ =, (2.25)
r
D
r

where A, B, C' and D are arbitrary constants. We immediately set D = 0 so that
the displacement is finite in the fibre. We also set

T0
A = 2L 2.27
G (2.27)

to match to the condition at infinity. Comparing the displacements at r = a gives

To B
C = —+— 2.28
Gm+a2’ ( )

and finally, matching the tractions gives

2
ToQ Gm—Gf
B = . 2.2

Gu (Gm+Gf) (229)

Therefore, altogether we have

fo = { i(G _Gf)}sme, (2.30)

_ 7o .
fi = a. |:T+ (Gm Gf):| sin 0 (2.31)
27'0 sin 6
= —F. 2.32
G + Gt (23 )

The two limiting cases Gy — oo and G¢ — 0 are of interest to us. The first models
the case where the fibre becomes infinitely stiff, or in other words, rigid. In the second
limit, the fibre becomes infinitely soft, namely a void. This case also corresponds to
the traction being zero on r = a, so it could equally well model the situation where
the matrix has fully debonded from its inclusion, with no traction between the two.

In the two limits Gy — oo and Gy — 0, the matrix displacement becomes

2
- o ) g
fm = N (r F - ) sin 0 (2.33)

respectively.
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We note that we could also consider the case where the shear at infinity was

aligned differently, i.e.
Gm thw‘ﬂoo = TOﬁ ) (234)

where p = (p1,p2) is a unit vector. In that case the solution for the displacement

becomes
2
. 70 a Gm - Gf ~ e~
fm = G {” r (Gm+Gf>} (P1 cos 0 + Pysin0) . (2.35)

2.3 Debonding

Having calculated the displacement field in the matrix for a fully-attached and a fully-
detached inclusion, we now want to consider the case of a partly-attached inclusion,
so that we can model the debonding process. We assume that the inclusion is bonded
along byas and bsa; in Figure 2.2 and unbonded along a1b; and asbs in the same
figure. The reason for choosing this configuration is that we assume that the material
will begin debonding at the region of greatest stress, namely at § = £7/2. Then, as
the stress at infinity increases we suppose that the extent of the debonding will also

increase, yielding a configuration as shown in Figure 2.2.

— attached
detached

Figure 2.2: Configuration of the partly-attached fibre.
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This problem has already been solved by Tamate and Yamada [91]. Although
they didn’t give an explicit solution for the displacement, they used complex function
theory to find the stress fields around the crack tips, which enabled them to find
the stress intensity factors. We will use their solution method to find these stress
intensity factors so that we can predict the debonding of the fibre from the matrix.

We define two regions S; and S, which are separated by a circle of radius a, as
shown in Figure 2.2. In Sy we have a linear elastic material with shear modulus Gy,
and in S, we have a material with modulus GG,,,. As before, at infinity a stress field

Ty = To is applied, which can be rewritten as
Tpr — 1Ty, = —iTp (2.37)

in preparation for the use of complex variable theory. The arc a;b; is referred to as
L) and asb, is designated Lf. Along these arcs the two materials are unattached. We

denote
L' = LiUL, (2.38)

to be the unbonded curve. Similarly, byas is denoted L] and bya; is denoted Lj. We
define

L' = LIULl (2.39)

to be the bonded curve — the materials are attached along here. In our problem, the

points a;, b; have complex values

a = ae’ (2.40)
by = ac™%) (2.41)
ay = ae™%) (2.42)
by = ael@=%) (2.43)

Now, the displacements in both regions are given by a solution of Laplace’s equa-

tion. It is well known that in a simply-connected domain, any solution of Laplace’s

equation,
82f 82]0
922 + 8_3/2 0, (2.44)
can be given by
= %K) (2.45)
= (O +X0) (2.4



where ( = x + iy, R denotes the real part, and x(¢) is an analytic function. In this
section an overbar represents the complex conjugate. For the annular region S,,, the
solution is given by equation (2.46) added to a multiple of log(|(|) [29]. Then if f; is
the z-displacement in S and fy, is the z-displacement in Sy, we can find the solutions

1

i = §(Xf(O+Xf(O)a (2.47)
fr = 5 (0m(Q) + Xm(Q) + arlog([C]) (245

for as yet unknown analytic functions y¢(¢) and x,(¢) and real constant a.
The stresses 7,, and 7,, in a linear material are given by equations (2.6)-(2.7).
We find that this implies
Gex(€) in the fibre
Tez — iTyz = G (249)
GmXi,(Q) + %04 in the matrix,

on using equation (2.46). Hence, on using equation (2.37) we have our condition at

infinity:
Q) = —geas oo (2.50)
The stress components referred to cylindrical coordinates (r, 0, z) can be written
as
GfX;(C)% in the fibre
Trz — iTOz C G o (251)
GmX;n(C)m + —|Zl| in the matrix.

The fibre is in a state of equilibrium, so that the integral of 7,., in the fibre around the
boundary of S is zero. From (2.51), integrating the matrix value of 7,, — itp, around
the same contour gives 2nG,«. However, 7, is continuous across the contour, either
through matching tractions on the bonded sections or by setting 7, = 0 on either
side of the detached sections. Thus we obtain o = 0. Now, we demand that 7, =0

on L', so that on this curve

ox; (o) +oxi (o) = 0, (2.52)
oxi (o) +ax=(c) = 0, (2.53)

where o = ae'? and superscript 4+ and — refer to which side of L’ the y;(¢) are defined
on: ‘4’ refers to the S; side and ‘—’ to the Sy, side. Along the bonded edge L”, we

demand continuity in 7,, and in f (or 9f/00). These conditions tell us that we require
Gt [oxi*(0) + X (@) = G |oXa(0) + o (o) | (2.54)
oxi (o) = oxi (o) = oxg (o) = oxi (o) (2.55)
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along L”. The problem is therefore to find two analytic functions x¢((), xm(¢) which
satisfy the conditions (2.52), (2.53), (2.54) and (2.55) on the interface between Sy and
Sm, and (2.50) at infinity.

Tamate and Yamada solved the problem by analytically extending x¢(¢) and
Xm(C), which are currently only defined in Sy and S, respectively, to the entire plane

S¢U Sy, (with the possible exception of branch cuts). To this end, we define functions
w1 (¢) and wq(C) by

x:(¢) in S
wi(Q) = a?— (az) - (2.56)
C Xf C mn m>
a’— [ a?
Eedbv ol el in S
wy(C) = ¢ X ( ¢ ) e (2.57)
(Xm(€) in S,
so that for each j = 1,2 we have
w; (%2) = —w;(Q) in SfUS,,. (2.58)
This implies that on ¢ = 0 = ae®,
wi(o) = —wi(o). (2.59)

These functions (2.56) and (2.57) have been chosen so that the boundary conditions
on L imply that w;(¢) and wo(¢) are analytic on the whole complex plane, cut along

L" (the bonded curve). On using (2.59), the conditions along L” become

[Grwi (0) + Gws (0)] = [Grwy (0) + Guw; (0)] (2.60)
(Wi (o) —wy(0)] = —[wi(0) —wy(o)] . (2.61)

In addition, from the behaviour of x}(¢) and x7,(¢) at infinity, we find that

w1(¢) ~ apl+0(¢?) as( — 0, (2.62)
2

wi(€) ~ —ao% +0(¢?) as¢— o0, (2.63)

wo(¢) ~ _éﬂc +0(¢) as¢— oo, (2.64)

wa(C) ~ —;%%QJrO(Q) as( — 0, (2.65)

where ag is some constant. The problem has thus reduced to finding the two functions

w1(¢) and wy(¢) which are analytic on the whole complex plane cut along L”, and
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which satisfy equations (2.60) and (2.61) on L” together with (2.62)—(2.65) at infinity
and zero.

Now, consider the function

i’i'[)a2
¢

This is analytic on C by (2.60), and we have H(¢) — 0 as ( — 0, 00 by (2.62)—(2.65).

Thus H is bounded on C and analytic, so by Liouville’s theorem, H = constant = 0.

H(C) = wal + GmWQ + i7'0<’ + . (266)

This gives us

Giwi(Q) + Gnuwo(¢) = —ir <<+ %2> : (2.67)

This leaves us with the problem of finding the function

P(¢) = wi(¢) —w2(¢) (2.68)

which is analytic on C\ L”, and which satisfies
dt(o) = - (0) on L (2.69)

by equation (2.61). This is a homogeneous Hilbert problem for open contours; an
explanation of the problem and a solution method can be found in Green and Zerna
137].

The solution here is given by

() = X(QR(), (2.70)

where
X(¢) = (C—a) (¢ =b) V(¢ —an) A= by) M, (2.71)
R(C) = C_1C_1 + ¢y + ClC + CQCQ + 0363 s (272)

and we take the branch of X (¢) which is single-valued on the plane cut along L” and

which has the form
X(©) ~ ¢TPHACT - (2.73)

at infinity. The solution is finally determined by calculating the five constants cy.
Once ®(() is found, the functions w;(¢), we(¢) can be found from equations (2.67)
and (2.68). Solving these gives us

G i a?
wi(Q) = m@(o G a0 (C + f) ; (2.74)
G ' 2
w2(() = _mq)(g) - ﬁﬂ) (C + %) . (275)

19



Hence, on using the limits of wy(¢) at infinity and zero in equations (2.64) and (2.65),

and the expansion (which can be found)

1
X(¢) ~ = + Bi¢ + O(¢%) as ¢ — 0, (2.76)
we find that

: 4

170
., = — Cgm : (2.77)

iTO

= — . 2.78
C3 G ( )

By expanding X (() at zero and infinity, it can be shown that A; and B; are both zero
in the above expansions of X ({), and hence that ¢y and ¢y are also zero. We are left
with the task of determining ¢;. This comes from the condition that the difference in
the displacement f at Lj is zero for each k = 1,2, i.e. for each attached arc.

So we require

fr = foler = 0 (2.79)

= / %—%) 9 = 0 (2.80)

= / [wi'(0) +wi (o) —wi(0) —w; ()] dO = O (2.81)
= /Lu(q>++<1>)d9 =0 (2.82)

= /ch—de =0 (2.83)

= X~ (c)R(e)d6 = 0. (2.84)

L//

Some algebraic manipulation (taking care of course with the branch cuts) shows that

(recalling o = ae'?)

X~ (ac?) = |X (ae?)]e® (2.85)
where
. 1
X (ae?)] = 2.86
X~ (ae)] V/2a2+/cos 20 — cos 20, (2.86)
1 4 (sinf — sin b, 4 (sinf — sin b,
© = —|tan' ([ Z—— 2 ) ptan [ — 2
2 [an <0059—00890> tan <c059+00890)

+tan~* (_sm@ - sin by ) + tan™! (_sm@ - sin o )} . (2.87)

cos f + cos b cos ) — cos B

We choose the branch of the inverse trigonometric functions such that

tan"!z + cot 7'z =

g . (2.88)
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We also choose
tan"!(tanx) = x—nm, (2.89)
where n € N is chosen so that —7/2 < x — nw < /2, and
cot '(cotw) = x—nm, (2.90)
where n € N is chosen so that 0 < x — nm < 7. Then, using trigonometric identities
we find that © simplifies to give
i —if

e = e for — 0y <0 <6y, (2.91)

e® = e form—60yp <O <m+6,. (2.92)

We will substitute these values into equation (2.84) to find ¢;. We will calculate
the integral around L7, which is the arc from 6§ = —6, to 8 = 6y — choosing the other

arc gives the same result. We obtain

/90 (Ste™ + acie? + adesed?)
_9,  V2a2+/cos 20 — cos 26,
Using the results (2.77), (2.78) for ¢_; and c3, we find that this simplifies to

B V270a /90 sin 20 40 + 1 /90 do
Gm J_g, Vcos20 — cos 26, V2a J_g, \/cos 20 — cos 20,

ceTd) = 0. (2.93)

= 0. (2.94)

The integrands are respectively odd and even, so the first integral is zero while the

second is nonzero. This tells us that ¢; = 0. Therefore

iToa® 3 a
R() = - <%—Z> . (2.95)

2.3.1 Calculation of stress intensity factors

We will now attempt to find the stress intensity factor of the 7., component of stress
at the crack tip ¢ = ae'®. By symmetry it should be the same at the other crack
tips. We will consider the stress along the arc a;b, in Figure 2.2, assuming that the
stress has a square-root-singularity in the arc-length parameter ai, 1 being the angle
measured anticlockwise from a;.

By the previous section, the stress 7,, at ( = ¢ in the matrix is given by

Toslesy = %[GZ(’X;@)} (2.96)
= 9‘%[%%(0)] (2.97)
= _%% [gii(Zi N fo i (“+ ?)] ‘ (2.98)
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We will be looking near the crack tips, where the square root singularity from the

®(¢) term dominates. Therefore, near here,

Trelemo ™ —%%@_(0)) (2.99)
- %é}% (iX—(a) (g—‘;—j)) . (2.100)

As stated previously, we wish to find 7,, at { = aexp (i(6y — ¢)), which is

Grroa?
TT‘Z‘C:Q exp(i(fo—1))) ~ m

or, by equations (2.85)—(2.87),

R [1X  (ae'®—9))(el0=00) — 3ilo=v))] 1 (2.101)

| Gro
Trzl¢=aei (@0~
(=acillom) (Gm + Gf)\/ﬁ\/COS 2(6y — 1) — cos 26,
<R [iei(wf(?o) (ei(w*t%) _ e3i(907¢))} (2.102)
_ \/inTO sin 2(00 — ¢> . (2103)
(G + Gi)+/cos2(6 — ) — cos 26,
Now, we assume that
KTZ
r2|¢=aei(®0— = —+--- 2.104
T |§_ae (60—4) \/@ ( )
for small av), where K, is the stress intensity factor. We find that
Krz = i}ll% \/ CM/) TTZ‘C:aei(GO_w) (2105)
— lim V2ap Gty sin2(0y — 1) (2.106)
v=0 | (G + Gy)/cos 2(0y — 1) — cos 26,
Gymov/ asin 20
— ZiTovasinisyo (2.107)

Gm + Gt
In order to model the debonding of the material from the inclusion, we will model
the interface as a crack where the material has debonded, and a potential crack where
it has not. We apply the Griffith criterion for crack opening, which states that the
crack will extend if the energy released in doing so is greater than the additional
surface energy of the crack.? This is equivalent to saying that the crack opens if the
stress intensity factor increases past a critical parameter K. [87]. This leads to a

condition on 7y for crack growth,

Krz 2 Kcrit (2108)
(Gf + Gm)Kcrit
Givasin26,

2 A more physically realistic model of crack growth is the Barenblatt model, which assumes that
near the crack tip there exists a region where cohesive forces ameliorate the singularity in the stress
component. However, Willis [97] showed that the Barenblatt and Griffith models only differ for
dynamic crack propagation, as opposed to static (or quasistatic) deformations, as we consider here.

== o =

(2.109)
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However, if we assume that 6, = 7/2 at the start of the process, then we would
require an infinite stress at infinity to begin debonding. To resolve this problem we
assume that there already exists a small crack, so that we start not from 6, = /2
but from 6y = 7/2 — ¢, where ¢ < 1. This is a reasonable assumption because it
is unlikely that the bonding of an inclusion is ever perfect. The one simplification
that we make is that the initially debonded patches are at the poles, at the region of
greatest strain.

Now, we find that if there exists a crack with 6y = 7/2 — ¢, then as soon as 7y
satisfies (2.109), the crack will extend a little. But this implies that 6y decreases, so the
right-hand side of (2.109) decreases. Therefore the extended crack also satisfies (2.109)
at this value of 7y, decreasing 6, even more. We find that 6, continues decreasing
until 8 = ¢. Therefore, as soon as a critical stress 7., is reached, the crack goes from
0y = m/2 — € to Oy = € instantaneously, with any further increase of stress decreasing
0y still further (but never actually reaching 0). In practical terms, we consider the
transition being from a fully bonded inclusion to full decohesion, as soon as 79 > 7ot

The critical stress is given by

Gf + CTYm Kcrit

Teri - 2.110
' Gy asin2(f —e¢) ( )
Gf + CTYm I?crit
e 2.111
where
Syt Kcri
Kot = - (2.112)

v/sin 2¢

is a modified stress intensity factor.

2.4 Homogenisation

The second part of this chapter involves the consideration of a distribution of in-
clusions. The theory of finding the effective material constants of a medium based
on its microscale is known as homogenisation. We will consider two different ho-
mogenisation methods. Firstly we will analyse multiple-scales homogenisation, where
inclusions can be as close as is necessary to each other, but need to be arranged in a
grid. Secondly we will look at a method which is easier to apply and is not restricted
to a grid structure, but which assumes that the inclusions are placed far from each
other. Finally we will compare the two methods to see whether we could be justified
in using the second, simpler method rather than the more complicated multiple scales

approach.
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The model (2.9) is mathematically identical to a number of other physical phe-
nomena, many of which are listed by Batchelor [3]. This has resulted in an active field
of research in the homogenisation of material properties relating to these phenomena.
The constants which take the place of G in (2.9) are known as transport properties

in the other models, which include:

e Conduction of heat or electrical current, for which the transport property is the

thermal or electrical conductivity k or o;

e Steady flow in a porous medium, for which the transport property is the Darcy

parameter k/u; here k is the permeability while p is the fluid’s viscosity;

e The electric field in an insulating material, for which the transport property is

the dielectric constant e.

2.4.1 Multiple-scales homogenisation

Multiple scale analysis can be used when there are at least two length scales involved in
the problem. In our case, we have the long scale (the dimensions of the material itself)
and the short scale or microscale (the dimensions of the inclusions). We assume that
the properties of the material are doubly periodic in the small scale. The methodology
used in the solution of such problems is well-established; see for example [7, 84,
2]. What follows is an overview of the method, specifically for the case where the

microscale is a square lattice of small side ¢, that © = (x, z5), and that we want to

a(j;i (“ <w§> aa;fi) = q(=) (2.113)

(where the summation convention applies over i = 1,2). There are specified boundary

solve the equation

conditions around the boundary of the body (which could be of Dirichlet, Neumann
or mixed type, but this has no effect on the homogenisation process), and a(x, /<)
is assumed to be periodic in both components of /e with period 1. In addition we
suppose that a > 0.

We introduce a new coordinate

X = (2.114)

T
€
which is the local, or ‘fast’ coordinate with components X = (X3, X5). We now treat

x and X as independent variables, so that

0 0 1 0
— b — 4 —— 2.11
o ecomes . + CoxX, (2.115)
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which means that equation (2.113) becomes
évx : <a(a:, X)va)
—i—é [VX : (a(w,X)me> +V,- (a(w,X)VXf)}
+V, - <a(:r:, X))V, f) — g®), (2.116)
where V, = 9/0x; and Vx = 0/0X;. We expand [ in an asymptotic expansion
fl®, X) ~ folx,X)+efi(z, X)+folxe, X))+, (2.117)

with each term 1-periodic in X, and equate all the coefficients of successive powers
of € in equation (2.116) to zero. At O(e™?),

Vi - (a(az, X)fo0> =0, (2.118)
with fy 1-periodic in X. However, the only 1-periodic solutions g to the equation
0 dg
— | bii(x, X =0 2.119

are those which are constant in X (provided that the matrix (b;;) is positive definite,
which is the case here since a > 0). Hence we have fy = fo().

In light of this, the O(¢™!) equation becomes
VX . <a(w,X)VXf1) = —VXa . meo . (2.120)

Now, according to the Fredholm alternative solvability condition, this (inhomoge-
neous self-adjoint) equation has no periodic solutions f; unless the integral over the
domain of X (the unit cell) of the right-hand side of the equation multiplied by the
solution of the homogeneous equation equals zero. By equation (2.119), solutions of

the homogeneous equation are constant in X, so

/ VXCL . szo dX1 dX2 =0 s (2121)
unit

cell

where we take any unit cell of the lattice. However, if p(X) is any function periodic

on the unit cell, it can easily be verified that

1 1 ap
dX;dX, = . 2.122
/0 /o ox, “rrdde =0 (2.122)

Therefore, condition (2.121) is satisfied identically. To solve equation (2.120) we
assume that fi(z, X) has the form

filz, X) = Xj(m,X)%+ﬁ(m) (2.123)
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(the summation convention applies here), where ﬁ(a:) is an arbitrary function which

has no effect on our solution. Then, from equation (2.120),

0 Ix; da | 0fo
[aX,. (a(a:,X)aXi) + OXJ} r, 0. (2.124)
This is true for arbitrary 0fy/0x; only if
0 oX; da
X J = 2.12
ox, (“(“"’ )8XZ-) Tox, =Y (2.125)

for j =1,2.

We have now reached the essential stage of the homogenisation procedure, namely
the cell problem. This requires finding 1-periodic functions y;(z, X) that satisty
equation (2.125). Note that any solution of this will be unique up to the addition of
an arbitrary function of x: consideration of Ay; = x; — X; for two solutions x;, X;

gives us

0
0X,

((a: X)ai(A ) =0, (2.126)

whose solution is an arbitrary function of @ as in equation (2.119). This is why fl(a:)
is arbitrary in equation (2.123).
Once we know the functions x;(x, X), we can proceed to the O(1) equation,
Vx - (al@, X)Vxf) = a@) - Vx - (al@, X)V.1) = V. - (al@, X)Vi /)
i (a(w,X)me(]) . (2.127)
By the Fredholm alternative we demand that the integral of the right hand side over

the unit cell in X is zero, for the same reason as our previous calculation at O(e™1).

Apart from g(a), which remains after integration, the first term is:

//aX <ag£) dX; dX, . (2.128)

However, this is zero because of (2.122).

Integrating the second term on the right hand side of equation (2.127) gives

Sy = //8%( afl)Xmng (2.129)

_ aX] afO
— /O /0 8%( S 8%) dX,dX, , (2.130)

and for the third term we have
d fo
dX;dX, . 2.131
/ / oz, ( ) vl (2.131)
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We need 4 + S + S5+ q(x) =0, or

/01/01 ai‘ {G(IB,X)<U g;?) gﬂ dX,dX, = glz).  (2.132)

This finally leads to the homogenised equation,

0 (. d fo
() 22O - 2.1
o (@@5) = ), (2133)
where
ox;
a;;(x a(x, X) 5Z]+8X dX; dX, (2.134)

are the homogenised coefficients. The matrix (@;;) can be shown to be positive definite

(see, for example, [21]).

2.4.1.1 A specific example

Due to the difficulty in determining the cell functions Y;, there are few situations
for which analytical solutions exist. As an example, consider the case where a is a
function of X, only. One solution for the cell functions (and hence the solution, given

that y; are unique up to an arbitrary function of x) is that x; = 0, and that x

satisfies
X2
- =0 2.135
0X, ’ ( )
8}(2 1
— —1. 2.136
0X, / dX 9 ( )

Then the homogenised coefficients become

i = /1a(X2)dX2, (2.137)
G = 0 (2.138)
G = 0, (2.139)
G = ! (2.140)

/1 dX,
o a(Xz)

one coefficient being the arithmetic average and the other being the harmonic aver-
age. In the analogous electrical conductivity problem, this is just the fact that wires
connected in series have a resistivity which is the arithmetic average of the individual

wires’, whereas for wires connected in parallel the overall resistivity is the harmonic

average.
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2.4.1.2 Application to antiplane strain

We will now consider the antiplane shear at infinity of a material which consists of a
periodic array of inclusions of radius /2, 0 < v < 1, whose centres are separated by
a distance €. The inclusions are assumed to have shear modulus G, and the matrix
has a modulus of G,. The system satisfies the equation

a(z:i (a@/e)gi) =0 (2.141)

with stress conditions at infinity, irrelevant to the homogenisation procedure (al-
though this is where the homogenised coefficients influence the solution). The quan-
tity a takes the value Gy in the inclusion and G, in the matrix.

This problem has already been considered by Cioranescu et al. [22] in the context
of torsion of non-homogeneous elastic cylinders. The problem that will be presented
has been solved before, in the context of electrical conductance, by Rayleigh [89], with
improvements by Runge [82]. These solutions were recapped by Perrins et al. [81, 80],
while Nicorovici and McPhedran [76] considered the equivalent problem for elliptic
inclusions. However, none of these papers considered the problem from a multiple
scales homogenisation viewpoint, as presented earlier in this section. Instead they
simply assumed that the medium was infinitely large and periodic with an applied
constant field at infinity. The advantage of the multiple-scales approach that we will
study is that we can consider a material whose properties vary on a much larger scale
than the inclusion’s dimensions. In contrast the papers cited above only considered
a strictly periodic medium. Nevertheless, they will serve to verify our workings.

The cell problem can be solved using complex variable methods and Rayleigh’s
multipole method [89] to ensure periodicity. In the notation of the previous section,
we have ¢(x) =0, and a(x, X) = a(X), given by

Gy I XeP

alX) = {Gm it X e P, . (2.142)

Of course, there is no reason why Gy and G,, are not able to be functions of x, but

for simplicity we will assume that they are constants. We define

1 17° ~
Po={Xel|l-==>| |1x1<21}, 2.143
: { c|-33] X 2} (2,143
11]°
Py, = |-—==| \ P, 2.144
3] \B (2.141)

as depicted in Figure 2.3. Thus the unit cell is now centred on the point (0,0) rather
than (1/2,1/2) as in the theory of Section 2.4.1. This makes no practical difference

but simplifies the mathematical derivation of the effective modulus.
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Y .

1/2
Py
Py
0 7/2
X

_1/2 >

—1/2 0 1/2

Figure 2.3: The unit cell.

The discontinuity of a(X) creates difficulties in the homogenisation procedure
which can be overcome by prescribing physically consistent conditions on the bound-
ary between the inclusions and the matrix. In addition to the obvious continuity of

displacement, we impose continuity of traction. In other words,
e f is continuous across | X| = /2,

e adf/On is continuous across |X| = /2, where n is the unit normal vector to
P

Now we simply follow the method outlined earlier in this section. At leading order,

we obtain

fo = Jfo(x) (2.145)

from equation (2.118). At the next order, as in equation (2.125), we have a cell

problem to solve,

(92xj

XK 0, (2.146)

in P; and P,, separately. Three conditions apply to the two functions

(2.147)
(2.148)

Xj|Pf )

X

Pm
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namely periodicity, and continuity of displacement and traction. We need to express
the traction condition in terms of x;. We could achieve this by expanding the traction
an - V[ in powers of € by using (2.115) and (2.117), but the result is the same as
would be obtained by intergrating the equation (2.125) over the unit cell, namely that

v (f)
{anj + aﬁ} -0, (2.149)
on
(m)
where []Ei)l) denotes the difference between the value in Pr and P, across their bound-
ary.

The cell problem thus reduces to solving the following:

f :
VAW =0 R, (2.150)
V™ = 0 in Py, (2.151)
Xgm) periodic on the unit cell , (2.152)
Xl = 0 along |X|=7/2, (2.153)
oY (f)
[anj + a—]] = 0 along |X|=7~/2. (2.154)
N |
2.4.1.3 Solution of the cell problem
The system is best solved by changing to complex variables,
7 = X, +iX,. (2.155)
Then the solution of (2.150), as shown in Section 2.3, is given by
1 —_———
W= 512+l 2)] (2:156)

which is the real part of the analytic function ¢§-f)(Z ). This we expand as a power

series:

o = N alzm. (2.157)

m 1 m m
WY o= 0@+ (2) (2.158)
where ¢§m) = bé+Z(b;Z”+c%Z_"). (2.159)
n=1

The function ¢§m)(Z ) is expanded as a Laurent series rather than a power series

because it is defined on an annulus containing P,,. There is no logarithmic term in
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this quantity for the same reason as that explained in Section 2.3 on page 17. Now,
since any periodic function remains periodic after the addition of a constant, we may
set aé = 0 without loss of generality, by subtracting from the whole solution its value
at the origin.

To ensure that (2.152) is satisfied, we turn to Rayleigh’s multipole method [89].
Any function that is holomorphic on the punctured plane 0 < |Z — (k +1il)| < oo can

be written as

Ty = ﬁ0+z B2 = (k)" + 7 (Z = (b +i0) "] . (2160)

Using this, we can construct a doubly-periodic function ;@v, holomorphic except at

the cell centres, by summing over all integer pairs (k,[):
) Fuw (2.161)
k=—oc0 l=—00

assuming that (3,, v, are chosen so that F converges (in particular we must set
Bo = 0). By setting ¢§-m) = %, we hope to satisfy the periodicity constraint by

forming a relation between the coefficients &/, and ¢/. Thus

Z{ > Z [ﬁn k;+1l))"+7n(Z—(k+il))_”]

k=—o00l=—00

A cZLZ”} —b) = 0. (2.162)

Now,

Z Z Z Bu(Z = (k+1il))" (2.163)

n=1 k=—o0 l=—00
is a function which is analytic on C and periodic. Since it has no poles it is bounded

on C, and hence (by Liouville’s theorem) it is constant. Then

Z{ Z Z% — (k+il))~ —M;Z"—cg;z—"}—(bg—n) = 0. (2.164)

k=—o00 l=—0c0
By the linear independence of the remaining terms in the double sum we see that we

must have v, = ¢. Then, on defining
A = {(k1)eZ : (k1) #(0,0)}, (2.165)

we obtain

i Yo d(Z—(k+il) " =bZ"—(l—m) = 0.  (2.166)

n=1 | (k,l)eA
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Now, note that

(Z - (k+il)) ™" = i(r”rz_l)( )" (k + i)~ zm | (2.167)

so that

oo

i —1 ,
m
m=0

n=1 | (kl)eA

~)—n) = 0. (2.168)
We define

> (ki)™ (2.169)
(k,D)eA
These are known as Coulombic lattice sums and have been computed by Huang [47].
In our geometry, for n > 3 we have S,, = 0 unless n is a multiple of 4. The lattice
sums are absolutely convergent, apart from the special case Sy which we will discuss
later [89].
Our relation now becomes

[e.o]

; "Z Kner_l)(—l)” n+mZm} = (bé—n)+§:lbﬁ;zn. (2.170)

Equating term-by-term, we get

S (" TS = 4 2.171)
n=1

for k=1,2,3,...; and bé = 7, namely that b% is an undetermined constant.

In order to satisfy equation (2.153), we simply substitute Z = %fyeie into the

expressions for Xg-f)

1n9 ]’7 7in€
S~ [+t e

and X§m) and equate powers of ¢! in each expression. We obtain

- —-n

— %b] + Z |: 1n9 + b] ﬁ)/ —1n9 CZ;,;/ —1n0 + C7 gin 1n9 ’ (2172)

giving us §Rbg = 0 (we may also set %bé = 0 since this value is never used) and a

condition for each n and j,

d = (1)%(@]'—()]'). (2.173)



We can treat the traction condition (2.154) in a similar way. In complex coordi-

nates it reduces to

Z Ix1 | 59x1 ® - .
. > dXa = 0X2 ) .
—ai(Z —Z)+2a | 2=+ 7= = =2). 2.1
[ ai( )+ a( 57 + 82)](m) 0 (j ) (2.175)

Following the same process of equating powers of € gives us the final relation

d = (3) [G+1)—ala,+1)] . (2.176)
where
+1 n=1, 7=
I = —i n=1,j=2 (2.177)
0 n>1,
and
G
a = G—f . (2.178)

The functions x; are therefore determined by the values of the constants a,, b/,

and ¢/

n’

and (2.176). By writing

which are given by the simultaneous solution of equations (2.171), (2.173)

o = <12 )d_g—fg, (2.179)
—

b= G*O‘)ﬁ—[g, (2.180)
—

) 2n .

J = (%) & (2.181)

we can turn this system into one set of equations,

1+« e Oo_mzmj m+n—1
(1—a)d” o= Y (-1 (2> (" T ) S (2182)

m=1

Now let &7 = ¢/ +iJ. Consider first the case j = 1. As I} is real, we find (assuming
that the system is nonsingular) that ¢} = 0 for each n, on taking real and imaginary
parts. Similarly, for j = 2, we find that ¢? = 0 for each n, as I? is purely imaginary.

Thus we write

On = Op (2.183)
Yo = V5, (2.184)
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and we have the solution to the cell problem,

[ oo

W= —x R 2 (1 E a) AL (2.185)

W xR i { G - Z) A <%>2n ¢nz—”} . (2.186)
=

W= xR i <1__21a> | (2.187)
=

W X, + R i {—1 (1 J_r Z) b2 + i (%)2" %Z"} . (2.188)
=

where the constants ¢, and v, are given by

Gij) bn— 0t = > (=1)" (%)Qm G (m +: - 1) Spen s (2.189)

m=1

1 > 2m _1
—<1jz)wn+51n = Z(—l)m(%) wm<m+: )Sm+n. (2.190)

m=1

Here 9y, is the Kronecker delta. For periodicity to hold we must take S; = 7 in
equation (2.189), and Sy = —m in equation (2.190). Rayleigh [89] chose Sy = 7 on
the basis that his composite material was infinitely longer in one of the principal
directions than the other. In our case this is not an option, given that the dimensions
of the macro-scale body have no effect on the homogenisation process. However, we
show in Section C.1 of Appendix C that if S5 doesn’t take the values above, the
functions x; would not be periodic. Additionally, it can be verified that

by = (1)1, (2.191)

using the behaviour of the lattice sums Sy. Thus ¢,, 1, are zero unless n is odd.
Having (theoretically) determined the functions x; by a numerical method for the
coefficients ¢,,, 1,,, we can substitute them into equation (2.134) and integrate to find

the constant homogenised coefficients @;;.

2.4.1.4 Homogenised coefficients

From equation (2.134), we see that the homogenised coefficients of the problem be-

come
() (m)

ax !
@ = G /P <5ij+ a?(») X + Gy /P <5ij+ L ) CX . (2.192)

Consider first the integral over P,,, which we denote by

g = Gm/ <5ij+an)d2X, (2.193)

0X;
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where
Xj = —Xj+Kj+Lj,

and the functions K; and L; are given by

(& (1+a n
Kl - %-;(1_a)¢nz )
1+« ) n
KQ = %-; (1—05) (—HPnZ) )
o= %Y (2) 6|
Ln=1
L= »|3i(2) v
Ln=1

Thus

Jij = Gm / <8K )dQX.

Rewriting the functions K; and L; in terms of Z and Z, we get
14+ a) — _
(2" +2"),
(155) Souz 7
1140\ « _
Ky = = W (=2" + 2"
= 5 (i) Rtz e 29,

(1) oz + 2,

Ly, = %ii(g)znwn(z—"—z—”).

Kl -

N | —

L1 -

Using the relations

and substituting Z = rel, we obtain

0K 1+a) «— nel . ne
a—Xi (l_a)2n¢n<z Y2

DN | —

1
2
— <1 * a> an” Y, cos(n —1)0.
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(2.195)

(2.196)

(2.197)

(2.198)

(2.199)

(2.200)

(2.201)

(2.202)

(2.203)

(2.204)

(2.205)

(2.206)

(2.207)

(2.208)



Similarly,

g_)% - (1 J_r Z) nilm""_lwn sin(n — 1), (2.209)
g—ﬁé - G - Z) gm’“% sin(n —1)¢, (2.210)
g_)fz - (1 J_r z> imn_lwn cos(n —1)0 (2.211)
g—)Lfll - im(nﬂ) <%>2n n cos(n +1)0, (2.212)
g_)L(j - g Ry (%>2n Unsin(n +1)6, (2.213)
P e () e ey
S—JL(Z - g”’”(nﬂ) <%>2n W cos(n+1)6 . (2.215)

We will now attempt to integrate these over P,,. By dividing the region of integration

into four parts, as in Figure 2.4, we can write

0 =3 /4 ' / h=r/

0 =51 / 4 . - 9 = 77T/ 4

Figure 2.4: Regions of integration for P,,.

/4 (1/2)/(cosB) 3n/4  p(1/2)/(cos(0—m/2))
// Fd’X / / Frd’r’d@—i—/ / Frdrdf
P m/4 /2 /2

57/4 p(1/2)/(cos(0—m)) Tw/4 p(1/2)/(cos(0—37/2))
Frdrdf + / Frdrdf
3r/4 Jy/2 5m/4 Jv/2

(2.216)
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/v7r/4 /(1/2)/cosx|: ‘ ‘
- Flo + Fly_...
o b=x T ' lo=xtn/2

+ Flomyin+ Floyssnyo| rdrdx . (2.217)

We will now begin to calculate the components. For the @;; component, the

integral becomes

B 0K, 0L\
I = Gu / (8X1 8X1) d*X (2.218)
w/4 1/(2cosyx)
/ / nr”_lgbn (1 + a) [cos(n — 1)y
w/4J /2 n— 1 e

+cos(n — 1)(x 4+ 7/2) + cos(n — 1)(x + 7) + cos(n — 1)(x + 37/2)]

—pr— (D) (1>2n ¢ | cos(n + 1)x + cos(n + 1)(x + 7/2)

2
+cos(n+ 1)(x + m) + cos(n + 1)(x + 3%/2)]}rd7’ dy . (2.219)
However,
cos(n—1)(x +7) = (=1)""tcos(n —1)x, (2.220)
cos(n — 1)(x +37/2) = (=1)""tcos(n —1)(x +7/2) . (2.221)

Thus equation (2.219) can be simplified, to give

/(2cosx) 1 T
S = 2Gn / / nr ( ) cos(n — 1)x
Z n/4Jy)2 -« [

n odd

+cos(n — 1)(x + 7/2)]

—nr—" (%)Qn ¢n | cos(n + 1)x + cos(n + 1)(x + W/Q)}] drdy. (2.222)

By the properties of the cosines, the first two terms survive only if n — 1 is an integer
multiple of 4. Similarly, the second two terms survive only if n + 1 is an integer
multiple of 4. We write n — 1 = 4(j — 1) for the first two terms, and n + 1 = 45 for

the other two terms, where in each case j = 1,2,... . The integral simplifies to:
1+« .
Sy = 4GmZ/W/4 [ 45 — 3) i3 (1 a) cosd(j —1)x
1 (v/2)*
X A , - —
(2cos x)¥2(45 — 2) 45 — 2

—(47 — 1) a1 (%)8j2 cos4jx
9 [M _ (1)2_4j 1 ] ]dx L (2.223)

2—4y 2 2—4y

37



On expanding the terms in the integrand, we will have four terms contributing to the
integral. In the second term, we are integrating cos4(j —1)x over [—7/4, 7 /4] so only
the j = 1 term will survive. For the same reason, the fourth term will disappear. On

integrating the one surviving term of the second term, we get

(2nd term) = 4Gy -1- oy (HO‘) (T+5) (— (7/2)2) (2.224)

l1—a 4 4 2

Gumd1y? (14«
_ , 2.225
4 l—« ( )

Define
7oy (1+«

¢ = 2.226
: (1 i a) | (2.226)

so that the second term becomes —G,®. The remaining terms can be written as
GnX, where

| 4(45 - 3) 1+« ™4 cosd(j —1)x
Y = — Ly 3 | —— ———=d
;{ 45 — 2 G1-3 <1—a> /ﬂ/4 (2cos )42

4(45 - 1) 4. /4 - _
mv& 2Paj1 / / (cos x)*¥ 20084J><dx} . (2.227)
—n/4
However,
in(k —1 k=1
/COS kxcos*xdr = {sm( ’ )a:lcos m} ) (2.228)
so the expression above for ¥ becomes
—~ (! 1+a 42
5= ) 7602 1) |\1—a G1j-3 + S Paj-1 | - (2.229)
j=1
Then

On considering .#15 and %, we find that the cosine terms are replaced by sines (ex-
cept in the upper limit of the integral). This makes the integrands of the coefficients
odd functions of y, so that these integrals disappear. Finally, on considering %55, we

get
Iy = Gu(Xa — D), (2.231)

where the two quantities Y95 and Py, are the same as Y2 and ¢ but with ¢, replaced
by 1, and the second term in Y subtracted rather than added. However, by the
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relationship between ¢,, and 1, in equation (2.191), we get Yoo = ¥ and P9y = P, s0
that

We will now consider the contribution to a;; by the integral over F%,

aX(f) )
= y I X . 2.2
s = G (0t 5% (2:233)
If we set
Ci = R|D 62", (2.234)
n=1
Cy = R —in2"| (2.235)
Ln=1
we find that the integral is given by
2Gy aC;
= d“X . 2.2
s (1 — 04) /pf 0X; (2.236)
Now, we find that
9] 1 _
a% = 3 Z nen (2" 4 277 (2.237)
1
= anzﬁnr cos(n —1)0 ; (2.238)
similarly
0
a—f(l = — Zn¢n Lsin(n —1)0 , (2.239)
2
% = Zm/)nr sin(n — 1)0 , (2.240)
1
% = Zn@bn Lcos(n —1)6 . (2.241)
2

On integrating these over the region P, all terms disappear except for the n = 1 term

in cos(n — 1)f. Hence

//pf g}% - // ¢yrdrdd (2.242)

= 27 gbl ) (2.243)
_ 7T’72¢1
= 1 (2.244)
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Similarly,

80 2 2
// 2 4 TP _ ™ P1 ' (2.245)
P 6X2 4 4
Hence
2Gy \ ™ ¢y
= ———0;; 2.24
/’LJ (1 _ Oé) 4 51] ( 6)
WGmOé’72¢1
= s 2.247
Q@
= 2GL,—Pd;; 2.248
l+a 7 ( )
by equation (2.226). So, overall,
2c
= Gul|2X-—¢ D |9y, 2.250
( 1 +a ) ! ( )
1 -«
= Gup|X— D| ;5 - 2.251
- () 7)o 221
On collecting all the previous results, and defining
11—«
= ) 2.252
(1 - a) ’ ( )
the homogenised tensor @;; is given by
a; = Goy; (2.253)
where the homogenised shear modulus is
G = Gu(Z-0), (2.254)
where
2
v - 7W4¢1 , (2.255)
o (e l+a 2
== Zl 220-1D(25 — 1) [\ 1— 1j=8 T 5 Ou- ] (2.256)
J:

and ¢,, satisfies

(1 J_r Z) On = Om = i(—l)m (%)m Pm (m +: N 1) Smtn  (2:257)

m=1

Wlth 52 = T.

40



However, the definition (2.256) of ¥ can be simplified greatly, with a little analysis.

14+a

1£9) ¢,;_5 from equation (2.257), we obtain

(514J 3+Z ( ) m(bm(m;l;lljg_él)stﬂljB]

,.)/8ij
+ ¢4j_1} (2.258)

247

On substituting for (

o0 —
>y =
22a 223—1 {

Jj=1

8j—2

S G
14+ Z 22-2(2j — 1) o1 P41
j=1

D v L B

m=1

Now, 5,, is zero unless either m = 4l for some integer [ > 1, or m = 2. The second of
these cases is found on taking m = j = 1 in the inner sum, which yields —mvy%¢, /4.

Therefore

S o= 1-

2 o~
7w4<b1 sy (2.260)

where

8j—

> L
22J 2( 23 247 U

Jj=1

[e.9]

N 4i+45—5
— — - A . 2.261
;(2) o (M) s } (2.961)

We can write this quantity as

o Yl (6; 1 [4i+45—5 |
- 8i—2
Z Z 22; 2 j _ 1 {24j o 98i—2 ( 45 —3 )S4i+4j4} Y Dgi1

j=1 i=1
(2.262)

or, on swapping the order of summation,
Z Liy™ 2 ui (2.263)

i=1

where

N _ §; 1 (4i+4j-5
]21 225-2( 2] {ﬁ B 28i—2< 45— 3 )S4i+4j4} . (2.264)
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Simplifying,

L 261( 2(2i — 1) Z 281+2a 4 ;jl— 1) <4iij4j 3_ 5) Stiri—s (2.265)
= { f: e (=) () s4i+4j_4} (2.260)
% { i égmfi <4Z 24;7 2_ 5) 54z'+4j4} : (2.267)
However, it can be shown (see Section C.2 of Appendix C) that
il éngjﬂg (41 +j4_j 2_ 5) Stitaj-a = 1, (2.268)
=

so that I'; and hence 5] are zero. Thus

S o= 1- mi‘bl (2.260)
= 1-7, (2.270)
and the homogenised shear modulus from equation (2.254) becomes
G = Gun(1-20) (2.271)
_ q, (1 - m;‘bl) , (2.272)

where ¢, is found by solving the system (2.257). This agrees exactly with the solution
found by Perrins et al. [81].

2.4.1.5 The small inclusion limit

We will now take the equations (2.272) and (2.257) and find the asymptotic behaviour
as 7 — 0. This is in order to compare this behaviour to the corresponding result from
the point inclusion method, which we will study shortly. We can simplify the notation

by introducing a compliance parameter

11—« Gm—Gf
— - 2.2
5 1+« G+ Gy’ (2.273)

so that voids can be considered as inclusions with compliance parameter 1, rigid inclu-
sions have s = —1, and inclusions with compliance parameter s < 0 are respectively
stiffer or more compliant than the surrounding matrix.

First, we notice that the whole problem only depends on ~ through powers of 2.

We thus make an asymptotic expansion
oo ~ 00+ + 40 +0(°) (2.274)
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which we now substitute into equation (2.257). To leading order,

¢$ZO) = 501 - (2.275)
At the next order,

Lo = 25 e
= @ = _52%, (2.277)

Continuing the process, we obtain
o 33%5“, (2.278)

528,

PO = _8426—4+1' (2.279)

Thus the coefficients become

’72825n+1 n ’7483525n+1 _ ’}/6845225n+1

no~ 801, — O(®). (2280
b~ st T o B 06 (22%0)
In particular,
75242 syt mdgtyb
~ §5— - O(®) . 2.281
PO St R R ETE (2.281)
Thus, from equation (2.272),
2 2.2.4 3 3.6
G o~ Gu|1-20 157 T80 Loy . (2.282)

2 8 32

2.4.2 The point inclusion method

This method is derived from a different viewpoint from the multiple scales approach.
Put simply, we consider the problem of one inclusion, and find the leading order be-
haviour at infinity. This inner solution will match to the outer solution, which will
satisfy an equation in R? with a particular singularity at the origin. We then con-
sider a distribution of singularities which will correspond to a homogenised material.
This method is an approximation, which is a priori valid for dilute distributions of
inclusions. The exposition in this section is rather elementary in character; a more
thorough analysis is performed in Chapter 6.

Before exploring the method, we first need to consider the lengthscales of the
problem. Suppose that the characteristic length of an inclusion is a, and that the
characteristic separation distance between inclusions is 3. Then the method is valid
only if a/f < 1. In order to apply this method to our problem, we return to the

results of Section 2.2, where we considered the inner displacement of the problem: the
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antiplane shear at infinity of an elastic matrix containing one elastic (fibre) inclusion.

Given a condition at infinity of

T0 ~

Vfinnerhw‘ﬂoo = G—p, (2283)

we found the resulting inner displacement in the matrix in equation (2.35):

2

finmer = 67;_0 [r + 2} (p1cosB + pasind) | (2.284)
m r

on using the compliance parameter s defined in equation (2.273). The outer solution

represents the inclusion as a point at the origin, so that
Vi oster = 0  for X #£0, (2.285)

where X = (a/()x is the position vector for the outer problem. We have a matching
condition between the outer and inner solutions:

Hm fouter = LM finmer . (2.286)

X—0 T—00

This is a rather simplistic formulation; in reality the matching would take place in
an intermediate domain between x and X. Equivalently, one may use a matching
procedure such as van Dyke’s rule. This is performed in Section 6.2.1, and we find
that in fact

lim finner = lim f(gfl?ciz ) (2287)
T—00 X—0
where féfﬁiz is the reqular part of fouter, @.€. a solution without singularities, which

may be found by solving (2.285) for all X.
Equation (2.285) and its boundary condition (2.287) can be replaced by a gener-
alised equation V2 f,er = H, where H is some distribution. To find H, consider the

equation which defines the Green’s function I' for Laplace’s equation in R?,
VT = §(X)5(Y). (2.288)

Formally, we can take the directional derivative b-V of both sides, where b = (b, by)

is some vector. Then
V3(b-VI) = b-V(6(X)§(Y)) . (2.289)
However, we know that the solution to equation (2.288) is given by

1
' = —logR, (2.290)
2
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where R = v X2+ Y?2. Hence

1 :
b-VI = ﬁ(bl cosf + bysind) . (2.291)

If we let fouter = b+ VI, then we need to satisfy the matching condition (2.287).
Comparing the term in 1/r, we find that?

2msa’Ty

b = 2.292
P (2.292)
— 2msa? (hm v finner> by (2.283) (2.293)
= 2msa’ ()lfimo \Y féfﬁii) by the matching condition. (2.294)

Now, from equation (2.289), the equation that fouer satisfies is
V2 s = b V(3(X)5(Y)) (2.295)
— 2msa’ ( Jim v f(ﬁfﬁii) LV (5(X)5(Y)) (2.296)
= 21sa®V 8V (3(X)d(Y)) , (2.297)

since 0(X)d(Y") is zero if (X,Y) # 0.

2.4.2.1 Homogenisation of point inclusions

On taking equation (2.297) as the inner asymptotic solution near one inclusion in a

distribution of many, we find that the corresponding outer solution satisfies
VQ.fouter = 27T6L28Vf(§f§gez -V (Z 5(X - Xp)) ) (2298)
P

where the inclusions are placed at X, for p = 1,2,..., P. On homogenising this
result, allowing the separation between the inclusions to tend to zero, this equation

becomes
Vif = 2ma*sVf-Vw, (2.299)

where w(X) is the number density of inclusions, or the number of inclusions per unit

area. This homogenisation process, which effectively removes the difference between

the total and regular parts of fouier, Will be studied in greater depth in Chapter 6.
We now compare this result to the case of a homogenised material with an effective

shear modulus G (X). In this case the displacement satisfies

V- (GVf) = 0 (2.300)
= VG- -Vf+GVf = 0 (2.301)
= VY = —évé.w (2.302)
= —V(log@G)-Vf. (2.303)
(reg)

3The linear term in fipner Will be matched by the regular part of the outer solution, f. 5.
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This is compared with equation (2.299), to show that we must have
Vf-V [log@ + 27m25w} = 0. (2.304)
For arbitrary deformations, we must therefore have

logG = —2ma’sw + constant (2.305)
= G = Aexp (—2ma’sw) . (2.306)

However, if w were zero, the effective modulus would simply be the modulus of the

matrix, G,. Hence
G = Guexp (—27ma’sw) . (2.307)

Many other homogenisation theories consider the area fraction of an inclusion
instead of the density, so for completeness we will now state result (2.307) in terms of
the area fraction. If w, the density of inclusions, is equal to the number of inclusions
per unit area, and each inclusion has area ma?, then the area fraction of inclusions is

given by
p = matw. (2.308)

Then the effective shear modulus of a material with inclusions of uniform size will be

given by
G = Gue > (2.309)

in terms of the area fraction of inclusions, p, and the compliance parameter, s.

2.4.3 Comparison

Now we wish to compare the result of the effective shear modulus GF! found by the
point inclusion method of Section 2.4.2 to the effective shear modulus GMS found by
the multiple-scales method of Section 2.4.1. This involves first applying the point
inclusion method to a square lattice of inclusions. We can then compare this result to
the asymptotic result of Section 2.4.1.5, which considered the limit of small inclusion
size (compared to the separation distance of inclusion centres).

So, we consider equation (2.307). We need to assume that w refers to a square
lattice of inclusions, with one inclusion per square of area £2. Thus w = 1/&?, and

the radius of the inclusions is a = £7y/2. Hence

2
Gl — G exp <—”27) (2.310)
2 2.2.4 3.3-06
~ Gn ll—m; +7T‘;7 —WZ; LOMY|  asy—0. (2.311)
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Comparing this approximation to that obtained from the multiple-scales expansion
(2.282), which gave us

aMS . - 71.5,.}/2 N 71_25274 B 7T383")/6

8
i 3 3 +O(°) asy— 0, (2.312)

we find that the two approximations agree? up to O(~*).

Therefore, the point inclusion approach gives a very good approximation to the
multiple scales method even when v &~ 0.5, the case where the separation of the
inclusions is of the order of their diameters. This is a very good result for a theory

which assumes that the inclusions are infinitely far apart.

2.4.4 Extension of the point inclusion approach

Our final task in this chapter is to determine how the material’s stiffness would vary
if some inclusions are bonded while others are debonded. We begin by consider-
ing a distribution of differently-sized inclusions, before generalising this result to a
dispersion of inclusions whose size and stiffness vary according to a given statistical
distribution. Debonding is taken into account by only considering rigid inclusions and
voids (which model the debonded rigid inclusions), with the proportion of debonded
inclusions dependent on the distribution of the sizes of the inclusions and the applied

stress on the composite material.

2.4.4.1 Distributions of dissimilar particles

A simple method of considering a uniform distribution of inclusions with different
radius or material parameters is to consider the relative densities w. As an example,
suppose that we had inclusions of two different radii, a; and as. If these occur in
the composite material in proportions ¢; and ¢, respectively (¢; + ¢o = 1) then
the densities of the two types of inclusion will be ¢jw and ¢ow. Substituting this

information into equation (2.299) gives
V2f = 2nsV[ -V (ai1w + asdow) | (2.313)

so that the effective modulus becomes
G = G exp (—27r3 (a%@w + a%gbgw)) : (2.314)

Using this simple example we can consider a composite containing n types of in-

clusion, with radii a; and compliance parameter s; (fori = 1,...,n). If the proportion

4This order of agreement is also seen for fibres which are arranged isometrically in the composite
material; the effective modulus in this case is given by Perrins et al. [80].
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of the inclusions which are of type i is ¢;, with
o =1, (2.315)
i=1
then the effective modulus of the material is
G = G exp (—27rw Z sia?qbi> . (2.316)
i=1

The above result can be generalised further, to the case where the inclusions are
distributed according to a multivariate statistical distribution. We will assume that
the inclusion radius a and the compliance parameter s are distributed randomly with
the probability density function F(a,s). For comparison, the probability density

function giving rise to the effective modulus in equation (2.316) is
F(a,s) = Y ¢ibla—a)d(s—s;), (2.317)
i=1

where §(-) is Dirac’s delta function. Modifying equation (2.299) to take this distribu-

tion into account gives us

Vif = 27Vf-V {w // sa’F(a, s) dads} : (2.318)
S
where
S = {(a,s) : 0<a<oo,—1<s<1} (2.319)

is the parameter range of a and s. Performing the homogenisation for this general

distribution of inclusions gives
G = Gpexp(—2mQu) | (2.320)
where

Q = //SsaQF(a,s)dads. (2.321)

2.4.4.2 Debonding

A specific application of the previous section is to consider the varying stiffness of a
composite material as the inclusions are debonding. Recall from Section 2.3.1 that
we could consider the debonding process as a sudden jump from being fully bonded
to being fully detached. Crucially, this occured at a critical value of 7y, the stress at

infinity. Equation (2.111) gave this as

S )\(Gf+Gm)
crit — Gf\/a
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where \ is the modified stress intensity factor. Analysis in Chapter 6 will show that
the critical stress at a point in the homogenised material will also equal this value.

Incorporating the shear moduli into A\, we obtain

A
cri = —=. 2.323
Terit \/a ( )
Now, our probability density function F'(a,s) needs to capture the fact that, for
a given stress at infinity 7, the inclusions are bonded (or s = —1) if a < ey, and
debonded (or s = 1) for a > ait, where aqy is found from equation (2.323),
)\2

72

Aerit(T) = (2.324)

So, if we assume that the radii of the inclusions vary according to the probability

density function F(a), then we can write

F(a,s) = G(a,s)F(a), (2.325)

where G(a,s) captures the variation in stiffness. But if the inclusions are either

attached or detached, according to whether a < a,, then

Is+1) a< aei

Is—1) a> aeit - (2.326)

G(a, ) :{

Thus the quantity @ from equation (2.321), now dependent on the stress at infinity,

becomes
A2 /72 _ 9] .
Q) :—/‘ ﬁﬂ@m+/ o2 F(a) da (2.327)
0 A2 /72
o0 _ A\2/72 »
= / a’F(a) da — 2/ a*F(a)da (2.328)
0 0
)\2/7_2 _
= BE(X?) -2 / a’F(a)da . (2.329)
0

Here E(X?) is the expected value of X2 where the random variable X is distributed
according to the probability density function F (a). The quantity Q(7) is then sub-
stituted into the expression for the effective modulus in equation (2.320).

Finally in this chapter we will model an experiment whereby a material containing
a distribution of fibres experiences an ever-increasing loading. This loading is assumed
to be such that a constant stress field is induced in the (homogenised) material. The
fibres are initially bonded to the matrix but may undergo debonding. We consider how
the debonding process might occur with two different distributions of rigid inclusions.

The two distributions we discuss are:
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1. All inclusions being of the same size, or

F(a) = d(a—agp), (2.330)

2. A normal distribution of inclusions, with mean ay and variance o2, with

F(a) = \/%exp <—%) (2.331)

In both cases we will find Q(7) which will give us an effective shear modulus that
depends on the applied stress in the material. However, we will want to interpret
this in terms of a force—displacement graph. The simplest way of achieving this is to
consider an infinite body with shear modulus G , applying a stress 7,.| = 7. Then at
any point in the body the displacement will be proportional to 7/ G. We thus choose

a representative displacement, for plotting graphs, as

displacement = S (2.332)

G(7)

We will first consider the case where all inclusions are the same size. The quantity
Q(7) is given as

2
—a% if — > Qo
T
Qlr) — " (2.333)

2 .
a if — <ag,
0 7_2 0
so that the effective shear modulus, as a function of the loading stress 7, becomes

A
Gumexp (2maiw) if7< —
G(r) = Vi (2.334)

Gumexp (—2radw) if 7> A .

v ao
We can find the effective shear modulus in the same way for the normal distribu-
tion of inclusions, (2.331). On finding the quantity Q(7) from equation (2.329) (we
do not write down the exact expression here as the form is irrelevant), we substitute

it into the definition of the effective shear modulus, to find
G(r) = Guexp(—27Q(1)w) . (2.335)

These effective moduli are substituted into the definition of a typical displacement,
(2.332), and stress—displacement graphs drawn. In plotting these, we choose the
inclusions to have the property that the spacing between the inclusions is the same
order as their diameter. Assuming a square grid, as in Section 2.4.3, this implies that

w =1 and ap = 1/4 in the system of units for which the length of the unit cell is
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1 (here ag refers to the size of the inclusions in the first case, or the mean size of
inclusions in the second case). We arbitrarily choose A = 1 (implying that the critical
stress T equals 2 for inclusions of size 1/4), and equally arbitrarily set the standard
deviation o equal to ag for the normal distribution. We set G, = 1 without loss of
generality because it can be absorbed into the constant of proportionality which links
the stress to displacement.

The results can be seen in Figures 2.5 and 2.6. The first graph shows that as
soon as the stress reaches the value of 2, all the inclusions debond simultaneously (as
indicated above). The second graph, on the other hand, shows a gradual softening of
the material as the larger inclusions debond, followed by the smaller inclusions until
the curve asymptotes to the curve in the first graph once the proportion of debonded
inclusions approaches 1. If the standard deviation o were smaller, the second graph
would become closer to the first, since the probability density function (2.331) tends
to the function (2.330) in the sense of distributions as o — 0.

These graphs, it is to be stressed, show the initial loading curve: while the material
would follow these curves on loading, on unloading they would follow a different curve
(in fact, a straight line towards the origin), given that there is no re-bonding of the
matrix to the inclusions. We say that the materials are undergoing damage, because
they are softening as the stress is increased.

The similarity of the second graph to Figure 1.3 is striking. This gives us reason to
believe that the mechanism that we have postulated for the effect seen in the anechoic

tiles is reasonably correct.

2.5 Conclusion

In this chapter we have analysed the antiplane shear of a distribution of embedded
fibres, as a simple analogy to the distribution of spherical shells which will be studied
in the remaining chapters. We have found the effective shear modulus for a distribu-
tion of fibres, using the point-inclusion approach, which was subsequently generalised
to the case of a dispersion of fibres with varying properties. Using this generalised
expression we were able to consider two states of the fibre, namely attached and
detached, distributed throughout the medium. Whether the fibres were bonded or
debonded depended on the stress in the material (or, more accurately, the mazimum
previous stress), which can be linked to the stress far from the inclusion when con-
sidering the fibres as being isolated (the inner problem). The transition between the
two states is given (for a given size of inclusion) by the results of Section 2.3.

One possible improvement to the debonding model is to relax the assumption that

the initial debonded patches occur at the regions of greatest stress. This may cause
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Figure 2.5: Stress—displacement graph for a composite material containing identical
inclusions undergoing damage.
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Figure 2.6: Stress—displacement graph for a composite material containing a normal
distribution of inclusions undergoing damage.
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some inclusions to debond at a higher applied stress, thus giving a more gradual
variation in the proportion of debonded fibres as the applied stress increases.

In Chapter 6, we will apply this process to the study of the buckling of a distribu-
tion of embedded shells. The debonding of the fibres corresponds to the buckling of
the shells, so that we have two states of an inclusion: unbuckled and buckled. These
states will be found in Chapters 3 and 5 respectively, while an analytic expression for
the critical stress at which buckling occurs is found in Chapter 4. Finally, in Chapter
6 we will analyse the method of Section 2.4.2 in more depth in order to apply it to the
three-dimensional case. A distribution of buckling shells will be considered, following
the method of Section 2.4.4.
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Chapter 3
Buckling of an Embedded Sphere

In this chapter we intend to analyse the deformation and subsequent buckling of a
spherical shell embedded in an elastic matrix with an applied stress field at infinity. In
order to find the buckling criterion we will need to investigate the change in stability
of the pre-buckled state from stable to unstable. To this end we first review the
Trefftz criterion which will give us the condition required for the change in stability.
Following this we will find the pre-buckled state, by a method of Love [64]. This will
feed into the expression for the change in potential energy required by the Trefftz
criterion, which will also require expanding the virtual displacement of the shell in
terms of Legendre functions, assuming an axisymmetric buckling pattern. The point

at which change in stability occurs is finally calculated by the Rayleigh—Ritz method.

3.1 Physical description of the problem

We consider a spherical shell, depicted in Figure 3.1, with internal radius R, and

external radius R; embedded in an isotropic linearly elastic matrix. By setting

=)}
I

Ry = (3.1)

=)}

Rl — + y (32)

M| 0| >

we can alternatively say that the shell has a spherical mid-surface of radius R and
a constant thickness h. The matrix is characterised by its shear modulus Gy, and
Poisson ratio vy, and likewise the shell is characterised by Gg and v5. The shell is
hollow, with a hydrostatic pressure applied on the inner surface.

We assume that the shell is tightly bonded to the matrix, so that the displacement
and traction at R = R; are continuous. Finally, we impose that the state of stress
in the shell is a superposition of two states of stress: the response to a uniaxial

stress 7..|,, = —¢. at infinity, and the (purely radial) response to the applied stresses

TRR|OO = —qr and TRR|RO = —(Gin-
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Gm, Vm GS? Vs

Figure 3.1: Configuration of the physical problem.

3.2 Conditions for change in stability

We will now review the conditions for the change in stability of a mechanical system.
Suppose that a mechanical system is in a state I. To investigate the stability of this
state, we superimpose a virtual displacement, to create a second state II. The state
of the system is characterised by its potential energy.

Denoting the potential energy of the system by W, we define the change in po-

tential energy as
AW = Wp—Wr, (3.3)

where the subscripts refer to the state of the system. Suppose that the virtual dis-
placement is given by v. We can split AW into terms which are linear in v, quadratic

terms, and terms of higher order:
AW = AW+ AWy +--- . (3.4)

The equilibrium state of the system can be found by setting AW; = 0 for all variations
v and using the calculus of variations to find the Euler equations for the system. Then
[12] the equilibrium state is stable if AW, > 0 for all variations v. The critical load for
a continuous system is the lowest load for which AW5 is nonpositive for at least one
possible variation. At this load the equilibrium changes from stable to unstable. The
Trefftz criterion for stability states that the transition from stability to instability,
in terms of the loading parameter of state I, is found at a stationary value of AW,
(with respect to v).

We now consider how this theory applies to the shell embedded in a matrix. First,
we state that the virtual displacement v will refer to the virtual shell displacement;
the virtual displacement in the matrix will be found as a linear function of v, as the

matrix obeys linear elasticity. The total potential energy of the system will be given
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by the sum of the potential energy in the shell and the potential energy in the matrix.
We will first consider the shell.

Denoting quantities pertaining to state I by a superscript (I), we suppose as before
that the displacement in the shell in state I is given by vV 4+ v, where v is the virtual
displacement. Using the expression (A.168) for the potential energy density in the
shell, the change in potential energy density, denoted AV, is given by

h a 1 I h‘3 « I I
AV = §Eﬁm<ﬁ}+%@(ﬁ;+mﬁ47ﬁEﬁm<é}+m@<éﬂ+mﬁ
h B, (D) _(T) h’3 afip (1) (I)
—§E VoMo — ﬂE PapPru (35)
h., I I
= §E P (’yc(yﬁ);%\u + %miﬁ + ’Yaﬁ'%i)
n® . I I
+5,F Bau <péépm + paspiy + Pwﬂw) ; (3.6)

where 7,5 is the middle-surface strain tensor of the shell and p,s is the tensor of
changes of curvature. The quantity E*** is the elasticity tensor for shells, defined
in (A.167).

We will determine the pre-buckled state I using the hypothesis of linear elasticity,
so that terms which are of quadratic order or higher in the strain tensor are negligi-
ble. Thus we replace the middle-surface strain tensor for state I, defined 'ygg, by its

linearised counterpart Gg%, as defined in equation (A.160). Then we have

h‘a I 1
M%=f”%%m+wﬁ+mm)
hga I I
o B <pg%PAu‘+'Paﬁp&;‘+'paﬁpAu> : (3.7)

We then assume that the middle-surface strain tensor and the tensor of changes
of curvature are related to the stress resultants and stress couples of the shell in
state I by equations (A.165)-(A.166). These equations hold within the fundamental
approximation of shell theory, i.e. that the thickness of the shell is small compared

with its radius of curvature, so that

Wped = ppetng)) [1+0(h/3)] , (3.8)
Dypad = EEW%QP+QWM]. (3.9)

Thus we can write

AV = Onyas + Om® pag + G BN Y05 + 57E pagprs - (3.10)

where On®? MDmeB are the stress resultants and stress couples of the pre-buckled

state.
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We now assume that the virtual displacement satisfies the nonlinear shallow shell
theory of Section A.4.2, where 7,5 and p,s are given by equations (A.158)—(A.159).
We can thus take AV and split it into linear terms, quadratic terms, and terms of

higher order. The linear terms are
AV, = (I)no‘ﬂﬁaﬁ + (I)magpag (3.11)

and the quadratic terms are

1 h h3
AV, = E(I)n“ﬁw@wﬁ + §E°‘w“0aﬁ0w +

SE M (312)

where 6,3, the linearised middle-surface strain tensor, is given by (A.160), and w is

the normal displacement of the shell. The reason for choosing the nonlinear theory for

the virtual displacement is now apparent, since if we had not included the nonlinear

term %wﬁawﬂ in 7,4, then AV, would be independent of the pre-buckled state I.
Then the change in potential energy of the shell become

n*%g ds
/ [md shell f + m pa,ﬁ’)

surface

1 h h3
* / [nid—shell (§(I)naﬂw’o‘wvﬁ + §E amugaﬁgku + ﬂEaﬁA“PoﬁpAu) ds
surface

+ higher order terms. (3.13)

We now consider the matrix. There will be a virtual displacement w which arises
due to the virtual displacement v of the shell, and in addition we need to consider the
pre-buckling matrix displacement u(V, giving a total displacement of u¥) + w. From
equation (A.49), we can see that the change in potential energy density between states
I and II is

1 1 ..
AV = 2A”kl < ”)e,(d) + e(I)ekl + eijeg) + eijekl> - §A”kleg-)e,gl) (3.14)
1
— 2A”kl (e e + e”e,(d) + eweM) , (3.15)

where eV e;; are strain tensors formed from uD | u respectively. The first two terms

ij 1
in the expression above are linear in the virtual displacement u (and hence linear in

v). The linear and quadratic terms in the change of potential energy of the matrix

/// A”kl e ) o kil + ewe,(d)> dVv
R>R1
/ / / A”klewekl dv . (3.16)
R>Ry 2

o8

thus become



Finally, we note that if a hydrostatic pressure g, is applied to the inner surface of

the shell, the potential energy of this loading will be given by

R=Ry

which is linear in the virtual displacement.

Therefore, the total change in potential energy is given by the sum of equations
(3.13), (3.16) and (3.17), or

AW = AW, + AW, + AW, | (3.18)

However this is written as the sum of terms which are linear and quadratic in the

virtual displacement, as in equation (3.4). We find that

n®p @)
/Ald shell 0 o +mt p ﬁ> 5

surface

+ /// §Aljkl (61-]' er + eije](gll)> dV — // Gnw dS | (3.19)
R>R1 R=Ro

AWQ - fl + fg + fg 5 (320)

and

where

1
_ 1,08, 21
A /[md shell 2 wawysdS, (3:21)

surface

h?
fQ B /[md shell ( Eaﬁ)\ueaﬁe)‘ﬂ + E o upaﬁp)\u) dS, (322)

surface

jg = /// EAUkleijek’l dv . (323)
R>R

It will become convenient to consider these three contributions to the energy integral
separately.

Now, as stated previously, in order to obtain the pre-buckled state I, we solve the
variational problem AW; = 0 for each possible virtual displacement v. However, a
different method is to obtain the pre-buckled state by another means, and assume
that AW is zero, or at least small in the limit of shell theory. Then the critical

buckling stress is found at a stationary point of AWj.

3.2.1 The Rayleigh—Ritz method

Before determining the deformation in the prebuckled state, we consider the problem

of finding the critical load by finding the stationary point of equation (3.20), by the

29



Trefftz criterion. We limit our consideration to axisymmetric buckling patterns, so

that we can write
v = Uger+ ey , (3.24)

where vg, vy are functions of R and 6 only. By equations (A.199) and (A.200), we

have

v = Rup, (3.25)
w = vgR. (3.26)

To find the stationary value of (3.20), we will use the Rayleigh—Ritz approach [55]

which involves writing the virtual displacement as an infinite series,

= S UPOW., 327
n=0

w = S PO (328)
n=1

or equivalently

w = fj%nP,@(u), (3.29)
n=0

w o= S RAPG (3.30)
n=1

In these expressions, P,go)(u) is a Legendre polynomial, py (1) is an associated Leg-
endre function as defined in (B.4), u = cos@ and %,, ¥, are constant coefficients.

These coefficients are then found by solving

B,
S A = 0, (3.31)
0
Gy A2 = 0. (3.32)

We will get an infinite system of linear equations whose determinant must be set to
zero for a nonzero buckling deformation. The critical value for the applied stress at
infinity will be found from this condition.

Finally we note that since the buckling deformations are axisymmetric, we have
w2 = 0 and so the only term of the stress resultant tensor (Dpnef that contributes to
the integral (3.21) is Un!'. Thus only the component 7y of stress in the shell will be

used in the determination of the critical buckling parameter.
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3.3 Pre-buckled state of stress

As stated in Section 3.1, the state of stress in the pre-buckled shell will be found by
considering two states of stress and superposing the results. The first state of stress is
a uniaxial compression at infinity, and the second is a purely radial deformation. The
deformed state will be found by the full theory of linear elasticity, and the information
required for the buckling problem (namely the stress resultant (Vn'!') will be extracted
from this state.

For the first case we assume that the only applied stress is a component

= —q,. (3.33)

Tzz|oo

This implies that the deformation of the system will be axisymmetric, for which
the displacement component u, is zero and all quantities are independent of the
coordinate ¢. The state of stress in the shell before buckling will be solved by a
method of Love [64], which was used by Goodier [33] to solve the problem of a
spherical elastic inclusion embedded in a dissimilar elastic matrix. This work was
repeated by Liu and Nauman [63] and Bilgen and Insana [8]. Mazzullo [67] has built
on previous work on the case of a multi-layered inclusion, which is solved numerically
due to the large system of equations that results from the analysis.

The method solves the problem by combining two types of harmonic function to

construct a solution. A harmonic function, by definition, satisfies Laplace’s equation,
Vo = 0. (3.34)
In spherical polar coordinates with axisymmetry,
%% (RQg—;};) + m% (sin@aa—?) = 0. (3.35)
By separating solutions, one can show that
d = R"PO() (3.36)
is a solution for all integers n, where
i = cosf (3.37)

and PT(LO)(,u) is a Legendre polynomial (see Appendix B). The solution (3.36) is known

as an axisymmetric harmonic of order n. By equation (B.2) we have

R"PO (1) ifn >0

D, = 3.38
{ R"P (1) ifn<0. (3:38)
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The two types of spherical harmonic function used for the solution are denoted
#™ and w™ where n is the order of the harmonic. When limited to axisymmetric

deformations, the displacements and dilatation in terms of the first solution are

D™

_ 3.39
UR OR ) ( )

1 9™ 1 — 12 9™

R 06 R o
A = 0. (3.41)

For the second solution,
up = R? agR + a, Rw™ | (3.42)
Ow™ O™
pu— = - 2 ;4

Ug R 50 1—p (3.43)
A = (2n+(3+n)a,)w™ (3.44)

—-2(3 1—2(2 1
where a, = (Bn+ (2n+1)v) : (3.45)

n—+5—4v

The two stress components which are required for matching are, from equations
(A.126) and (A.128),

8uR 14
TRR = QG(aR + 1 —ZVA) ) (3.46)
1 Ou
e = G (Ea_; ) (3.47)
rY

e %“; np() . e

on using (A.46) to write A in terms of v and G.

In the matrix, we choose the three harmonic functions

A

o) = R, (3.49)
B

o = P, (3.50)

w3 = ;;P()() (3.51)

(where A, B and C' are undetermined constants) together with a homogeneous field
u*> which is the displacement given by a constant stress field with only one compo-
nent, 7,, = —(.,.

First we will find the displacements and stresses due to the three harmonic func-

tions. We find that the displacements become, on using equations (3.39), (3.40),
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(3.42) and (3.43),

w:=—%%%m+(%?€§+%§v%%m, (352)
w = P+ P ). (3.53)
applying (B.4). The stress components are
o = 2 0 (1 562G ) oo
mezam—ﬁ_%ig%?fﬁwm (3.55)

using (3.46) and (3.48). Here the superscript (m) on the «,, constants refer to the
fact that the matrix elastic constants are those that are used in the evaluation of ay,.
Next the solution u* is found by solving the six equations contained in the stress—

strain relation of equation (A.43) in Cartesian coordinates,

Tij = /\ekk(sij —+ 2Geij y (356)
where the only nonzero left-hand side is 7,, = —¢,. We soon find that

quZ

Cox = €y = B (3.57)
q-

2z — s 3.58

e = (3:58)

ei; = 0 ifve#75, (3.59)

where FE,, is the Young’s modulus in the matrix. Eventually we obtain

) qu 21/m —1 qu
e (1/ +1 Py (1) —QPQ(O)(M)) e Py (u)eg,  (3.60)

on integrating equations (3.57)—(3.58), changing to spherical polar coordinates and

using p = cos 6. The corresponding stress components for this solution are

qz 2q.
= —5 B = R () (3.61)
q-
T = —5 () (3.62)
on writing 7,, = —¢, in spherical polar coordinates.

The displacement in the matrix is written as the sum of equations (3.52), (3.53)
and (3.60), or

A 3B 3C  Cay
m::—ﬁ%%m+(§rﬁg+};)%Wm
¢ R (2v, —1
6C ( 1 By () — 2P2(0)(u)) : (3.63)
B C R
wg = P )+ P ) = g P ) (3.64)



Similarly the relevant stress components in the matrix are given by the sum of equa-

tions (3.54) and (3.61), and (3.55) and (3.62), or

2A (0) 12B 6C 2004(:131,) 60Vm (0)
T = 2 | o () <F+ﬁ_ B o)W
q- 2q:
—5 R () - 5 P(O)(u) , (3.65)
SB 60 CO[ (1) q (1)

In the shell, we use the potential functions

D

oY = R, (3.67)
FE

o = =B, (3.68)

W = ;P()() (3.69)

o = GR2P<°( ), (3.70)

w® = HR*PO(y) , (3.71)

w® = IP0<°><;»>, (3.72)

where D to I are undetermined constants. After similar analysis to the matrix, we

find that the displacement and stress components in the shell become

D
up = ( R2+a0 RI)P ()

(s)
BYD 3F a5k s
+ (——4 +2GR -+ —— +2HR*+ ag)R3H) P , (3.73)

R*  R?

2D S 3a(s)lus
Tre = 2Gs <— +04(())[+ —0 = ) Po(o)(ﬂ)

E F
up = (— + —= +GR+ HR3> P(1 (), (3.74)

R3 1 —2u4

12E o F .
+2G, {ﬁ +2G + (6 — 20") = + 32+ ol \R2H

RS
Vs 61" g2 ) | po
%)
—8E 6F bR .
Tro = Gs ( i H26 — gt AR +a2)R2H> P (), (3.76)

where the (s) superscript denotes that shell elastic constants should be used.
The nine constants A to I are found by equating the displacement components

ur and uy and the stress components 7rr and 7y at R = Ry, and letting 7gr and
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Tre be zero at R = Ry. The matching takes place by equating coefficients of PO(O)(M),
PQ(O) (1) and Pél)(u). The resulting linear system to be solved is

1 1 ¢ R1(2vm — 1)
—A——D+ao'RI = 3.77
Be TR T 6C(1 + ) " 70
(m)
3 o™ — 3 3
- B+ |—= " )Cc+E
R} ( R? ) R}
)
3 —a’y (s) R
+ (T%) F—2RG- 2+ RH = e (3.78)
1 1 1 1 - Ry
—B+ —C— —E—- —F—-RG-RH = 3.79
TR TREYTR ' ! 6Gr (3.79)
2 T+vs s
=D+ 1_2”V 1 = 0, (3.80)
0 S
(s)
12 6 — 2ay 614
Sy ) - F +2G
rRCT ( RE Ryl 2us)> *
oy, ve(4+ 508
+ [3R2(2+ o) + %RS H =0, (3.81)
8 O./(_S% — 6 (s) 2
—prlt ——F 26+ (4 o )RGH = 0, (3.82)
0 0
2Gm 2 1+ Vs (s qz
- A+-=D [ = — 3.83
GRO TR T T 6G. ’ (383)
(m)
12G,, 6 —2a, 61y, Gm
B - ilg)
G < R (- zym)3§> c.
(5)
12 6 — 20 61
——ZF- - F—2G
R’ ( Ri (1- 2VS)R‘I’>
(s) 2
() p2 | (4+5ay )Ry q.
<3( +o$R? + o TR (3.84)
8Gm G [ =6 8
_2mp — ) C+—F
me. T e, ( 3 TR
6— a(—sz)), 2 (s) 2 q

The analytical solution to the above system can be found using a symbolic computa-
tion package such as Maple.

We now consider the case where the state of stress is purely radial, with

TRR|oo = —(qRr (386)
and  Tgplp, = —¢n - (3.87)
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Then, the pre-buckling displacement will also be purely radial, with

B
u = (ASR+ ﬁ) Er , (388)
B

in the shell and the matrix respectively [64]. We find that the corresponding radial
stress component becomes
4GB

R3
where A, B, A and G have different values in the shell and the matrix, denoted by a
suffix ‘m’ or ‘s’.

Using conditions (3.86) and (3.87), and matching gz and v at R = R, we find

that

TRR — (3/\+ 2G)A —

(3.90)

q

An = oG 3.9
3\ + 2G.) R? R3gin

B - | e oy 4%1 , (3.92)
R3 R3 Riq,

B, = L1830\ +2G)A, [ =2 — 1 o 3.93
4Gm[< e <R% )*<R§ ) B9
B \G. T a ) ®\3 e Tag

A, = 1 . ) - m L (3.94)

Ght2G) [ B 1 R
1 — (1.0
{ L GR Gn U R

3.3.1 Finding the stress resultant

From equations (A.95), (A.115), (A.107) and (A.108), the stress component 7y in
the shell is

B 1 0ug wup Vs
Ty — 2Gs (E—ae + ﬁ + 1 — QVSA) (395)
V1 —p?0uy  up Vs
— oG, (MY AT U Al 3.96
( R on R 1-m (3.96)

First we will find 749 for both modes of deformation described earlier. From the first

calculation, where the only applied stress was 7., = —¢q. at infinity, we find that

(s)
D (s) E F 2 ?)VSOéO 1 (0)
T — 2GS<—E—|—O(O [—i-ﬁ—i-ﬁ—FG—i-HR _'_1—72% PO (,u)

(s)
E T+a’3)F
_7__2G_|_g

+2GS R5 R3

+(—2+al)R’H

Vs 61 )\ 17 P2 0)
+T o ( 7 + (44 5ay)HR )} Py (p) . (3.97)
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For the second type of deformation, which was purely radial, we find that

2G5 Bs

Tog = (3As +2G) A+ 73 (3.98)
R3 qinR3
= (3 +2Gy) A (1 + 2—}53) + 2330 : (3.99)

Hence overall,

D , E F vl I
2Gs<——+aé)l+—+—+G+HR2+ Ll )

oo = R s Re 1— 20,
R3 QinRg
+ (3Xs + 2G5) A, (1 + 2—]%'3) + 2R30] P (1)
7E 74+ a®OF
+2G, |~ — 26+ % + (=24 oS R2H

Y 6F (s) 2 (0)
1o, (_ 73 T (4+ 50y ) HR )] Py (1) - (3.100)

Next we will find the stress resultant n'! from this value of 759. From equation
(A.163),

h/2

n'! :/ o't dfs (3.101)
—h/2

where 03, defined in (A.129), is the coordinate which is directed normal to the shell.
However, 65 € [—h/2,h/2] and h/R < 1, so let

05 = h¢, (3.102)
then
1/2
n't = h/ ottde . (3.103)
-1/2

We will further assume that

1/2
n'' ~ h/ lim o' d¢, (3.104)
—1/2 h/R—0

because we will only require the first term of n'! (regarded as an asymptotic expansion
in h/ E) for the shell buckling problem; any terms of higher order are neglected. But
from equation (A.162),

o' = (1—205H + 63K)(1 — f3b) 7" (3.105)
9 3
= (1+7‘°’> 1t (3.106)
R
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Here 7! is the stress component referred to base vectors g,, where the coordinates
are the shell coordinates (A.170)-(A.172). Therefore

1
o= T2 700 (3.107)
~ o= (1 B) (3.108)
R/ R? '
h 3
= (1+7€) SERUL. (3.109)
R/ (R+ hg)?
1 h¢
= = (1 + ?) Too - (3.110)
Therefore
1
lim o = — lim 7y . (3.111)
h/R—0 R? h/R—0
But
D E F . = (14wu)ad]
lim Top = 2Gs _T+T+T+G+HR2+w
h/ﬁi—»o R3 R5 R3 1-— 27/5

3 1 in
+ 5 (37 +2G) A + %] P(w)

TE . (=T+a")F o
+26G, —E—2G+w+(—2+aé))R2H
s GF 2] p©
+to o (— 5 + (4450, )HR )} Py (), (3.112)

where D to I and A are the values as h/ R— 0, given by

R (14 ) (1 — )
D = e i m) (3.113)

q2§5 (1—vm)

E = — 114
2 (L= 0) (7 —5m) (3.114)
_ 5¢.R3 (1 — v)(1 — 21)
F = — 3.115
6Gm (1 —1)(7 —brm) ( )
_ q: (1 —vm)(7—5wg)
= - 11
¢ 6Gm (1 — 1) (7 —50m) (3.116)
H = 0, (3.117)
= ¢ (T—vn)(5—4w)
I = 12Gn (1—v)(1+vy) (3.118)
_ 1+ 1 G, Gs (1 — )
2G)A, = —= g —1) - b (311
Substituting these into
h 1/2
nt = = / lim 79 | d€, (3.120)
R? —1/2 \ h/R—0



we find (as lim, 5, 799 is constant),

h
nl = — lim 7y (3.121)
R? h/R—0
= P (1) + B () (3.122)
where
q¢-hGs (1 — vy)(—=5vm + 15vmys — 17 4 31%)
P SRG, (=) (T ) (1 + o)
h(1+ vg) { (GS ) Gs (1 —v) ginh
+— | Gin —1) -3 + —=, 3.123
2R%*(1 — vs) 4 G QRGm (14 vp) 2R2 ( )
10q.hGs(1 — v
P2 = GG~ ) (3.124)

R2G (1 — v)(7 = Bui)

3.3.2 Interpretation

Given the stress resultant calculated in the previous section, we now wish to find

which regions of the shell are in compression and tension. We have

nl = po+ %(3 cos? 0 — 1) (3.125)
3
= po+ % n % cos 20 . (3.126)

Now, if we are looking for the transition point between tension and compression, we

have n'! = 0 at that point, or
P2
cos20 = —— <p0+—> : (3.127)
giving
1 4 Do 1 4 D2
0 = {5cos = (po+ B[ m— Seos = (po+ ) 3.128
{2008 [ 3, po+4 ],W 2COS 30s p0+4 ,( )
assuming that

< 1. (3.129)

Now, in the case that ¢. > 0 (compression at infinity), we have that n'! < 0 in
between the values in equation (3.128), assuming condition (3.129) still holds. (If
q. < 0, n'! > 0 in between the two values.)

Note in particular that if gr = ¢, = 0, the values in equation (3.128) depend only
on the Poisson ratios v, and vs. For example, taking the values for v and vy, from

Table 1.1 and setting qr = ¢in = 0, we have

4 p2>
- — — 1] = 0.395 3.130
3p2 (pO + 4 ’ ( )
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Figure 3.2: Areas of the spherical shell in compression (thick) and tension (thin).

telling us that we are in compression for
0 € (0.582,2.559) , (3.131)

independently of the shear moduli of the materials and the magnitude of the applied
stress at infinity. The region of compression is shown as the thick curve in Figure 3.2

(the thin curve representing areas in tension).

3.4 The functional in terms of the Legendre coef-
ficients

We will now return to the expression for the change in potential energy derived at
the end of Section 3.2. Recall that we had considered the linear terms AW, and
the quadratic terms AW,. We stated that the equation AW; = 0 would give the
equilibrium (pre-buckling) state. However, we have calculated this state already by
the full equations of linear elasticity, and we thus assume that AW; = 0. Indeed, it
can be shown that by substituting the full linear solution obtained earlier into AW7,

we have that
AW, = O(h*/R?), (3.132)

which is small compared to the individual terms in the integral.
Now consider the quadratic terms, given by equation (3.20). First we will consider

4. Given that w is independent of the coordinate ¢, from equation (3.21) we have
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that

Opll /w2
= — ] d 1
S //shell 2 ( dg ) 5 (3.133)

where we take as read that ‘shell’ means the mid-shell surface. The stress resultant
will be given by equation (3.122), but for simplicity we will consider two cases only:

firstly ¢. = ¢oo, qr = 0 and ¢;, = 0; and secondly ¢, = 0, g = ¢oo and ¢, = 0. Thus

Ot = oo (P (1) + 2P (1) ) (3.134)

where for the first case we redefine

hGs (1 — ) (=5vm + 15vgvs — 17 + 31s)
= —= , 3.135
Po 2R2G,, (1 — ) (7 = bvm) (1 4 ) ( )

pp = MG ) (3.136)
R2Go(1— 12)(7 — 50m)

and for the second case

1 1-—
py = MGt w)( ) (3.137)
2R2G (1 + ) (1 — 1)

p = 0. (3.138)

Now, if F'(f) is independent of ¢, then

2 ™

// F(0)dS = / / F(0)R?sin 0 dfd¢ (3.139)
shell 0 0

— 2rR? / F(6) sin 6 df (3.140)
= 2sz/ F(p)du . (3.141)

—1

Then, from equation (3.134) we have that
M, _ _ P 3p2 o

which we can substitute together with equation (3.29) and the result (3.141) into the

expression for 4 to get

o0 1
s = e (m-2)R Y / Uy PV (1) 2 PO (1) dp
1

nm=1Y"

e
+M 3 / WUPD (WU P () dp - (3.143)
=171



using the orthogonality condition (B.12).

Using relation (B.7) we find that the second term above is equal to

37quop2§2 S Uy, U, ! 1 1
2 > e | (PG + (e DPD ()
nm=1 -1

x (mPLL () + (m+ VP () dp (3.145)
which, on using the orthogonality condition, becomes

3T qoop2 % o { [2712(” +1)(n+2)  2(n—1n(n+ 1)2} 2
2 2n+1)22n+3) (2n—-1)2n+1)2] "

4n(n+1)(n+2)(n + 3)
(2n +1)(2n + 3)(2n + 5)% %’”2} - (3.146)

n=1

Therefore we finally obtain

o n(n—+1
S = WQOORQZ[{(QPO—I?Q)Q(TL*J

n=1

n2(n+ 1)(n—|—2) (n_ 1)n(n_|_ 1)2 )
o {(271 +1)22n+3) (2n—1)2n+ 1)2} } U,
6pan(n + 1)(n + 2)(n + 3)
(2n +1)(2n+ 3)(2n + 5) %”%"“} ' (3.147)

Now we will consider .#, from equation (3.22). Recall from equation (3.30) that
v = RY 7.PM(u). (3.148)
n=1

Koiter [52] employed the van der Neut substitution,
Vo = w,a + €aA&)\uX,u ) (3149)

where €,y is the surface alternating tensor and v, y are functions to be determined.

Under our assumption of axisymmetry, this simplifies to

Vo = Vo, (3.150)
where
v = S (R%) PO, (3.151)
n=0

7, being arbitrary (we will set it to zero without loss of generality). Then the lin-

earised strain tensor 6,43 of equation (A.160) becomes

1 w
05 = —(v4 o) — =ag 3.152
s 2(0 s + vsla) 7 e ( )
w
= Y|ag — =0ag 3.153
% 7 ad ( )



since in shallow buckling the order of covariant differentiation is irrelevant [52]. Hence

the integrand in %, becomes

[T N w
§E ﬁ)‘“ﬁaaﬁa,\u — hE BAM¢|Q[3§(I)\H
h afBApn h3 afBApn
o B lagtl + 5 B wlaswli (3.154)

using equation (A.159) to determine p,g. From equation (A.167), we find that the

first term becomes

2hG5(1 + vg) w_2

— 1
- R (3.155)
and the second term becomes
2hG(1 3
2G4 ey (3.156)
R(1 — )
using the fact that
aYlay = V3 (3.157)

is the surface Laplacian on the shell. The integrals of the other two terms are both

of the form

/ / EPM ) pw]a, dS (3.158)
shell

Given that E** is composed entirely of a®’ terms, we have E*| » = 0 since

a®?|, = anp|, = 0 from equation (A.152). Hence the integral (3.158) becomes

[ @™ol - Blaol] dS (3.159)
shell

where the first term disappears by the divergence theorem (as the shell is closed).

Applying the same process we get

/ / By anw dS (3.160)
shell

changing the order of covariant differentiation as we’re dealing with shallow shells.
We finally obtain

26, / / WV ds (3.161)
L =5 J Jonen
which becomes
2
< / (V2w)* dS (3.162)
I — shell
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on using Green’s theorem.

Putting the above together gives us

2
_ hG <v2 1 + Vs) A)
shell R
w?  h?
-} =+ — (V2 ds . 3.163
+( V)R+12(V )1 S ( )
Now, we have from equation (3.157) that
2 _
Vi = Wll + 72 sin? ewbz (3.164)
In addition,
Yo = 0 (3.165)
and
Vlag = (Ya)ls (3.166)
= Vs — f‘zﬁzﬁﬁ (3.167)
from equation (A.149), so that
1
Vi = ﬁ(w,lﬁcowu},l) (3.168)
and similarly
9 1
Vw = ﬁ(wﬂ + cot ‘911)11) . (3169)

From these, using equations (3.151), (3.29) and (B.1), we find that

Vi — —Z £ D% poy,y (3.170)
Vi = - R nnt D% poy,y (3.171)
n=0

which, on substitution into equation (3.163) and using the orthogonality condition

on Legendre functions, gives us that

o0

. 47ThG 2 1392
gy = T Z%H [( (n+1)% + (1 + )% R

R2n*(n + 1)>%2
12

+(1 - ) )R*U? + . (3.172)
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In order to calculate %3 from equation (3.23), we need to determine the displace-
ment field w that is induced in the elastic matrix from the virtual deformation v of
the shell. This is found by solving the elasticity equations for w with a displacement

boundary condition
Ulpp = U, (3.173)

assuming that the displacement on the outer shell surface is approximately equal to
the mid-surface displacement v. We also state that the stress field vanishes as R — oo.
This problem has been solved by Lur’e [65]. Firstly the boundary displacement is

decomposed into a series of homogeneous vector spherical harmonics,

v o= ) Y,.(0,0). (3.174)
n=0
Then the vector
R n+1
U_, - (§> Y. (6.0) (3.175)
is formed, which gives us the final solution
- 1, 5 9 V(V-U_,_1)
= el — = — 1
v nz:% {U S - R e S T 2 — | ¢ 17O)

The first difficulty we find when trying to solve this problem is that the terms in
the series in equations (3.27) and (3.28), taken together, are not homogeneous surface

vector spherical harmonics. We need to write v as a series of the following:
Y, = a,PY(u)(cosge, +sinpe,) + 3,PV(ne. . (3.177)
On using the relations in (A.102), we can transform to spherical coordinates:
Y, = (an V1= 2P0 (1) + B P (u)) en
+ (PP () = B/ T= 1P PO (1)) €. (3.178)
From equations (B.8) and (B.10) we find that
Yo = (e + 80P (n) —nou P (1)) en
+ (0w = B/ T= 2P0 () €. (3.179)

Now, from equation (B.6),

VIZ#POw) = (R0 ) - PO ) (@aso)

2n+1
_ B~ PR (3.181)
2n+1 ' '

75



Using this together with equation (B.7), we find that

Yo = (n(n = an) P2 () + (0 + 1)3.P2 (1)) en

+ ((an =) PO () + P () ) e, (3182)
where
. o T P 3.183
K o+ 1 (3.183)
Thus

v = 3 [n0n— @B+ (4 13 P | en
n=0

n=0

On rearranging the indices of the terms in the sums, we obtain

u = Z [(m + 1)(’7m+1 - am+1> + m’Ym—l] Pn(mo)(:u)eR

m=0

+ Z (i1 = Ymg1 + Ym-1] P#P(M)e@ ) (3.185)

m=1

which we can compare with equations (3.27) and (3.28) to get

Uy = (4 1)(Ynr1 — @ns1) + Y1 (3.186)
Yo = Qny1 — Vnt1 + Vo1, (3.187)
or
U1 — (n—1)Y,_
Yo — Qn = : 272_1 ) L (3.188)
U1+ (n+2)Vpi1
n : 3.189
& 2n + 3 (3.189)

which we can substitute into the relations that we find for «,, and ~,.
Now, from equations (3.182) and (3.175) we find that

U = (Y7 {6 @B+ (0 1P 0] e

+ (0 =) PO + 3P0 eaf - (3.100)

On using various identities of Appendix B, we find that

n+2 R n+3
VUL = SR () et pint 00 Pen

1 Rl n+3 (1)
AV (2n+1)(n + D)y Py iy (n)eg - (3.191)
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Thus, from equation (3.176), we find that the radial component of the virtual dis-

placement field in the matrix is given by

u-ep = i { [n(% — o) P (1) + (n+ 1)%1%53)1@)] (%)W

n+ 2 B2\ (Ri\"" @n+ D+ 1)ymP% (1)
I (1_ R_f> (f) (= dom)(n + 1)+ 2(1 - ym)} (3.192)

and the tangential component becomes

[e.9]

wer - Z{[mn—%m@l(mwP,E%:l(m] (o)™

R ) )

3 R? (3 —4dvm)(n+1) 4+ 2(1 — 14y

R

(3.193)

Rearranging the indices and using equations (3.188) and (3.189) gives

o) Rl m-+2 le
= A, | —= B, | —
w= 3|4 (F) +m (G

+:1 e (%)MH D (%)m P (e, (3.194)
where
At B = (3.195)
ot D= T (3.196)
and
A (3.107)
Cn = 2n1+ 1 {n% — U, + n(2"2_ 1) = _?ZZ)T(LHJQH? z/m)} } . (3.198)

Now consider the integral .5, from equation (3.23). The stress tensor from equa-
tion (A.43) is given by

T = Akl (3.199)

1 .

jg = —/// leeij dV, (3200)
2 R>R1
1 .

jg = —/// TZ]'LLZ'|jdV (3201)
2 R>R1

7

so that
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by the symmetry of the stress tensor and equation (A.39). Next, we modify the

I3 = 5///}\%1%1 [(T]Ui)‘j —Tj|juz~] dv, (3.202)

where the second term disappears by the equilibrium equation (A.41) for the stress

integrand to find

tensor in the absence of body forces. Then, by the divergence theorem we have

1 .
fg = —// T”njuidS, (3203)
2.JJav

where 0V is the internal boundary of the region, R = Rj, since both the stresses and
displacements vanish at infinity. The normal vector points inwards, so that the only

non-zero component is n; = —1. This gives

gy = 2 / / (M uy + 7%up) dS (3.204)
2.JJov

Now, from equations (A.92) and (A.93), we find that

2G v
= 2G, A 2
T G €11 + 1 2ym s (3 05)
2G
2 = 7 O (3.206)
where
A + ! + ! (3.207)
= e —e —————€33 . .
T RT® T Rrgin?e Y
In terms of ur and wug, we find that the relevant strain components become
8uR
= —= 3.208
€11 OR ( )
1 8uR 8u@
= - |——+R— — 3.209
€12 5 ( 20 + IR Ua) ) ( )
Our 2up 1 0uy coth
A = — . 3.210
R "R "Roo R " (3.210)

We substitute the values for ug and wuy from equation (3.194) into equations
(3.208)—(3.210), and then we substitute these into equations (3.205)—(3.206). These
will be substituted into (3.204), with the identities

U, = Ug, (3.211)
uy = Ruy (3.212)
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from (A.107) and (A.108). Eventually we get an integral involving squares of Legendre
functions. We finally obtain, using equations (3.195)—(3.197),

= v,
Iy = 4nGuRy Y { n [n% —2(n+1)C,
o 2n +1

+1 _Vr;j ((n—=2)%, —2(n+1)Cy, +n(n + 1)1/,1)}
n(n+1)%,
22n+1) (n+ 1) +2C, — “Z/n]} : (3.213)

where C), is given by equation (3.198).

3.5 The eigenvalue problem

Now we use the results (3.147), (3.172) and (3.213), and apply conditions (3.31) and
(3.32). From the second of these, we have

)
Sy (St ) = 0. (3.214)
Now,
0.7,

_ 21
L (3.215)
0.9 8thGen(n+1) (n(n+1)%, + (1 + ) %,) (3.216)
o7, 1 — ) (2n +1) ’ '

aﬂg . 47TGmR1
97, = onil {%nl—Q(n%—l)En%—

Vin
1—2v,

(n(n+1) —2(n+ 1)En)}
—I—%n(n + 1) 2(n+ )7 +2C, — U + 2En"//n]} » (3:217)

where C,, is given by equation (3.198) and we write

oC, 1 n(n+1)(2n—1)
E, — — . (3218
oy, 2n +1 2((3 = 4vm)n 4+ 2(1 — v)) ( )
Substituting the above into equation (3.214) gives us
Y = (3.219)

where

2hn(n + 1)Gs
Bn = =N DB/ S~
Rl(l—VS)Gm

- n(2n — 1) 1) — i M L g0
2n+1 \ 2((3 — 4vm)n + 2(1 — vy)) 2 1—2u, [
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with pp = 0. Substituting this back in to the expressions for .#; to %3 gives us AW,

in the form

o

AWy = Z [(nGoo + bn) %} + ColocUnUnsa] (3.221)

n=0

where the coefficients are given by

TLQ(n + 1)(n + 2) (n — 1)%(% =+ 1)2
+3p2 {(277, +1)22n+3) (2n—1)2n+ 1)2] } ) (3.222)
b, = — 47hGy [(n(n+ Dt + 1 +Vs)2§2

R2(1— w)(2n + 1)
+(1— )R + h2n2(n + 1)2/12]

47TGmR1 Vm
— n—2 NV, +——F—F—n—2-2 1)F, 1
ot = 204 DF 4 1 (0= 2= 20t D+ i+ D)
1) pn
+W ((n+ 1)y + 2F, — 1)] , (3.223)
67 R? 1)(n+2
- mR*pon(n +1)(n + 2)(n + 3) | (3.224)
(2n+1)(2n+3)(2n+5)
where
Ch, 1
Fn = —_— = n - ].
x, o+ 1 {"“
n(2n —1) L4+ (n+1)u,
. (3.225
L {(3—4%)%2(1—%) (3:225)
Then from equation (3.31) we have
2(anQ<>o + bn>%n + CTL—QqOO%TZ—Q + CnQoo%n—f—Q - 0 y (3226)
where c_5 and c_; are both zero. If we let
A= 2 (3.227)
oo’ '
then we have the system
Qn, Cn—2 Cn
I N U - 2y - My, = 0. 22
( b ) X, o, Up,—o zbn% 42 0 (3.228)

We can now split up our consideration of the %, coefficients into odd and even n:

<_a2n—1 _ /\) Qo Cn=3 poodd _ -l podd _ (3.229)

ban—1 b9, 1 " a by, "

( A2p—2 . )\) %neven . C2n—4 gy even Can—2 %nejﬁn = 0 (3230)

_b2n—2 209y " - 2bgp—o
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forn=1,2,..., where

Uy = Uy, (3.231)
%neven = ‘62/2”,2. (3232)

The equations (3.229)—(3.230) comprise two eigenvalue problems for infinite tridiag-

onal matrices:

(A — A = 0, (3.233)
(A™" —\DX™™ = 0, (3.234)

which can be solved numerically.

3.6 Results

Recall that we planned to consider two modes of deformation only, namely uniaxial
compression at infinity, where the stress field at infinity had only the component
T.» = —(s0, and a hydrostatic compression at infinity, for which 7rr = —¢s. We will
consider the uniaxial case first.

The infinite systems of the previous section are truncated and solved numerically,
with parameter values from Table 1.1 and using equations (3.135) and (3.136) for p,
and ps. We set G, = 1 since we can scale ¢, with the true value of G, without chang-
ing the problem mathematically. We will be searching for the lowest positive value of
(s, in order to find the first point at which the equilibrium solution becomes unsta-
ble (considering a gradual quasisteady loading of the material). This corresponds to
finding the largest possible eigenvalue A. Considering even and odd buckling modes
separately, the largest positive eigenvalue in both cases is A = 18.18, giving a lowest
critical compressive stress at infinity of g, = 0.0550. The corresponding eigenvectors
in each case give us the constants %,, and hence from equation (3.219) the constants
¥,,. We substitute these values of the coefficients into equations (3.27) and (3.28) to
determine the displacement components of the characteristic buckling pattern which
would occur at the critical buckling stress. These buckling patterns are shown in
Figures 3.3 and 3.4.

It may seem surprising that the spheres buckle around the equator. After all, by
common experience if a spherical shell is placed between two flat plates and com-
pressed, which is a superficially similar mode of deformation, the spheres tend to
buckle at the poles. However, compressing spherical shells between flat plates in-
duces a different pattern of stresses in the shell than embedding them in an elastic

material. An embedded spherical shell, under uniaxial compression at infinity, is in
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Figure 3.3: Even buckling pattern for the largest positive eigenvalue.
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Figure 3.4: Odd buckling pattern for the largest positive eigenvalue.
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compression (in the 799 component) around the equator while in tension around the
poles (see Figure 3.2); this is why buckling occurs around the equator. Conversely,
placing a shell between two flat plates and compressing it results in the region of
highest compressive stress — and hence buckling — being around the poles.

Experimentalists should therefore be wary of modelling the buckling of embedded
shells by sandwiching them between flat plates, for the reasons stated above. This
approach does have its uses, however: if the shells are not bonded to the elastic
matrix, and the matrix is much more compliant than the shell (as is the case here,
from Table 1.1), then the shells will only be in contact with the matrix at the poles,
mimicking the sandwiching approach. The likely true configuration of the spheres
is partial bonding, which is outside the scope of this thesis, but would require us to
solve a coupled delamination problem for the shells.

By solving the eigenvalue problem above, we are also able to find the largest
negative eigenvalue. This corresponds to the lowest critical tensile stress at infinity
for which the equilibrium configuration is unstable (restricting buckling patterns to
axisymmetric deformations). In both odd and even cases we find the critical stress
to be —¢o = 0.1328 for the material constants given previously. The corresponding
buckling patterns are given in Figures 3.5 and 3.6.

These results are physically unrealistic for the simple reason that we only con-
sider axisymmetric deformations. Had we considered buckling in the ¢-direction, we
would have taken account of the fact that the stress component 7,44 in the shell is in
compression around the equator. Thus the most likely lowest critical stress for the
case of tension at infinity would correspond to non-axisymmetric buckling around the

equator.!

3.6.1 Hydrostatic stress at infinity

Finally, we will calculate the lowest critical stress in the case where a hydrostatic
stress at infinity is used. We will use equations (3.137) and (3.138), and substitute
them into the linear system (3.226). Now, py = 0 so that ¢, = 0 for all n. This means
that (3.226) becomes

(@nGoo +b0)%, = 0. (3.235)

Tn the case of compression at infinity the component 7,44 is in compression around the poles. It
is implausible that buckling in the ¢-direction would occur here at a lower critical stress than the
axisymmetric buckling mode.

83



0.8

0.6

0.4

0.2F

-0.21r

0.4+

-0.61

-0.8r

L L L L L L
-15 -1 -0.5 0 0.5 1 15 xr

Figure 3.5: Even buckling pattern for the largest negative eigenvalue.
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Figure 3.6: Odd buckling pattern for the largest negative eigenvalue.

84



Therefore each of the buckling modes are given from equations (3.27)—(3.28) by

vr = ULl (1) (3.236)
v = VP (p) (3.237)
= %P (1) (3.238)

for each n, with corresponding critical stress

by,
o= 3.239
q o ( )

The constants b, in this expression are unchanged from equation (3.223), and substi-
tuting the relevant value of py gives

_3mh(l — vw)(1 +15)Gsn(n +1)
(1—v) (14 vm)Gm (2n+1)°

an (3.240)

We require the lowest critical stress at infinity, which involves finding the minimum
value of (3.239) over n = 0,1,2,... . For the parameter values given previously, we
find that the lowest critical stress is ¢,, = 0.08072, found when n = 18.

This result is to be compared with that of Fok and Allwright [32], who considered
the buckling of an embedded shell with a hydrostatic stress field at infinity, but having

introduced a simplifying assumption that the shell was inextensible, or that
RV +2w = 0. (3.241)

This assumption gives pu, = ﬁ, which is perhaps an oversimplification when

compared to our result (3.220).
Fok and Allwright found that the critical stress at infinity satisfied

AGs(1 + vg) (1 4 vyy)

Gu(l — ys)§
h

G = 3(1 = ) SRR
y [nn+1) = (1L-w)] 2 2h
12(1-22)  R¥ Rn—1(n+2)(1+u)

Gul(2n® —n? +3n+ 2) — v, (2n® — 3n? + 5n + 2)]
Gs(1+ 1) (n — 1)2(n+ 2)[3n + 2 — 2 (20 + 1)] } (3.242)

which, on minimising using our parameter values, gives the lowest critical stress
as (oo = 0.4215 when n = 18. The value of ¢,, compares quite badly with our
result, indicating that the simplifying inextensibility assumption of the authors is not
valid in our parameter regime. Numerical experiments show that as h/ R — 0 the
minimum ¢, according to (3.242) becomes closer to the value given by our theory.
Note nevertheless that the order n = 18 of the buckling pattern as calculated by Fok
and Allwright agrees with the value arising from the theory of this chapter.
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Chapter 4

Asymptotic Buckling Analysis

In Chapter 3 we succeeded in finding the critical stress at infinity sufficient to induce
buckling in a shell embedded in a linearly elastic material. However, the results
were found numerically rather than analytically. As a consequence, we cannot easily
determine the dependence of the critical stress (and the resulting buckling pattern)
on the material and geometric parameters of the problem. In this chapter we take
the energy integrals of Chapter 3 for the case of a uniaxial stress field at infinity and
consider the limit as the thickness ratio tends to zero. We obtain asymptotic forms
for the critical stress and buckling patterns in this limit, and compare them to the

numerical results found in Chapter 3.

4.1 Limiting cases

We begin by considering numerical experiments on the results of Chapter 3. The
variation in the buckling pattern as h/ R — 0 is shown in Figure 4.1. In this figure
we use Gs/Gy = 100 and values of the Poisson ratios from Table 1.1. We note
that as h/ R decreases the wavelength of the buckling pattern decreases, while at the
same time the extent of the buckled region also decreases. In this limit the critical
stress tends to a constant. A similar pattern occurs in the case where we consider
the quantity Gs/Gn, — 0, but not as rapidly, and the critical stress in this limit is
unbounded. The behaviour of the buckling patterns in these limits ought to make the
problem amenable to analysis, since problems resulting in highly oscillatory solutions
can often be approximated using the WKB asymptotic method.

We stress here that the analysis of these limits is purely mathematical in nature.
It may be the case that in one of the limits which we will study, one or more of
our assumptions become invalid. Certainly the shallow shell assumption will remain
valid because by definition it assumes that the buckling wavelength is much shorter
than the radius of curvature of the unbuckled shell, which is confirmed by Figure 4.1.

However, if the asymptotic value of the critical stress at infinity becomes very large,
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h/R = 0.002 h/R = 0.001
Figure 4.1: The buckling pattern as h/ﬁ — 0.

as happens in the limit G5/G,, — 0, our assumption of linear elasticity for the matrix
may be violated. Nevertheless, our aim is that the results of the asymptotic analysis
should give a reasonably accurate analytic expression for both the buckling pattern

and the critical stress at infinity in our parameter regime.

4.2 The Euler strut

In order to analyse the behaviour of the system in these limits, it would be preferable
to start by considering a canonical problem, involving a structure that buckles to a
localised buckling pattern as seen in Figure 4.1. One such problem is that of an Euler

strut attached to a substrate of variable stiffness. This is a problem that has been
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analysed by Coman [23]. The problem involves the deformation under buckling of a
beam attached to a deformable substrate, as shown in Figure 4.2. The substrate will
be assumed to be composed of linear springs, whose stiffness varies as a function of

position.!

0(s)

——

Figure 4.2: A diagram of a beam attached to an deformable substrate.

Consider the equations for the deformation of an elastic beam, as depicted in

Figure 4.2,

d*0 ,
EI@—Fxsm@jLchose = 0, (4.1)
dF,
=0, 4.2
A (4.2)
dF,
v = 4.
dS +fy 07 ( 3)

where s is the arc-length along the beam, (F,(s), F,(s)) are the (z,y)-components
of the internal force along the beam, (f,, f,) are the components of the body force
acting on the beam, 6(s) is the angle that the beam makes with the horizontal (z-)

direction, and ET is the bending stiffness of the beam. The variable 6 is related to x

and y by
j—i = cosf, (4.4)
% = sinf . (4.5)

We suppose that the deflections are small, so that 6 ~ 0, and

cos ~ 1, (4.6)
sinf ~ 6. (4.7)
Then from equation (4.4) we have
d
H% ~1 = gz~ s, (4.8)

'We note that similar buckling patterns have been observed when the substrate is of constant but
nonlinear stiffness |94|, although the variable-stiffness case is analysed in this chapter as it seems
particularly relevant to our sphere-buckling problem.
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and from equation (4.5) we obtain

dy
Yoo 0. 4.
P (4.9)

To obtain the small-deflection equations, we therefore denote the centre-line of
the beam by y = w(x), replace s by z, and 6 by w'(x) (according to equation (4.9)).

The main equation becomes

Eli—Fd +F, = 0 (4.10)
da3 “dx v ‘
where
dF,
. = 0, 4.11
o (4.11)
dF,
d—+fy = 0. (4.12)

We now consider the forces applied to our beam. We suppose that the only body

forces applied are in the y-direction (due to the elastic foundation), denoted
fy = =V(w(z),z). (4.13)

In reality, the elastic foundation would also apply a force f, in the z-direction, but for
simplicity this is neglected here. At either end of the beam we apply a compressive
force P in the z-direction. Because there are no body forces in the z-direction, we
have

dF,

dx
with F, = —P at either end of the beam, so that F, = —P. Now, from equation
(4.10), we get

=0, (4.14)

d3w dw

El—+P—+F, = 4.1
P + 1z + 0 ( 5)
d*w d?w dF,
= Eld 1 +Pd >+ Pl 0 (4.16)
d*w d?w
EI— P— = ) 4.1
= P -+ P + V(w(x), z) 0 (4.17)

We now search for possible models for the elastic foundation. By far the simplest
is the Winkler foundation model, which models the foundation as a continuum of

linear springs of stiffness k(x) > 0 (varying in position along the beam), giving us
V = Ek(x)w(z) . (4.18)

Of course, this is a very simplified model and doesn’t take into account any interaction

between springs. A more realistic model would use the equations of linear elasticity,
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but this is quite difficult to express solely in terms of w(x).? We will accordingly
follow Coman and assume that the foundation is governed by the Winkler model
with a variable stiffness coefficient k(x).

The equation to be solved for the mid-beam displacement w(x) is thus

d*w d?w

The beam is clamped at either end, so that

w(-L) = w(l) = w(-L) = W'(L) = 0. (4.20)

For localised buckling patterns of the kind seen in Figure 4.1, we require k(z) to have
a minimum at some point x = x in the beam, so that k(zg) > 0, k() = 0 and
k" (x¢) > 0.
4.2.1 Nondimensionalisation
We first nondimensionalise the equation. The scalings used are

v = L7, kz) = Kk@, wk) = W@, (4.21)
giving

EI d*w P d*w

ki _ 422
Kl det T Kizde TH@w 0, (4.22)

where we have dropped the ~ notation for convenience. We suppose that the quantity

multiplying the w™(x) term is small, so that we can define

EI
et = o (4.23)

This parameter will be small if the foundation is stiffer than the beam, or if the
beam is very long (compared to its thickness, characterised by I). These conditions
are equivalent to the limiting cases in the sphere buckling problem discussed earlier,
namely that the shear modulus ratio Gs/Gy, or the thickness ratio i/ R are small.

We then define the nondimensional loading parameter

N (4.24)
WEKET

20ne attempt to bridge the gap between the Winkler model and the linear elastic model by
introducing resistance to shearing is the Pasternak model, which has been derived in many different
ways [99]. It takes the form

V = k(x)w(x)—n(x)@

where k(z) is a material parameter.
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giving
d*w d*w
4 2 _
For simplicity we will replace the end conditions (4.20) by
w(too) = w'(fo0) = 0. (4.26)

We will limit our analysis to the case A > A\, = /mink(x) = k(x0)"/2. This
is because there are no non-zero solutions to equation (4.25) and boundary condi-
tions (4.26) when A < A.. To show this, take the differential equation and change

coordinates © = €. Then (writing Z as x for simplicity),
w" + 2 " + k(x)w = 0. (4.27)
We then multiply this by w and integrate over R. Integrating by parts, we obtain
/ kw*de = — / (2 w"w + (w")?) dz (4.28)
R R
- / 2w dz — [, (4.29)
R

where || - || is the Ly norm. Since the left hand side is positive, the first term on the

right hand side must also be positive, so that
_ / w'wdr < 2w’ - ] (4.30)
R
by the Cauchy—Schwartz inequality. Thus
/ k@)w?de < 2\[Jw"|| - [Jw] = [lw”|® (4.31)
R

for all possible deformations w. Maximising the right hand side over ||w”||, we find
that

2Aw” | - flwl = | < Nl (4.32)

Therefore
/Rk(az:)w2 dr < Nw|? (4.33)
= /R (N = k(z))w?dz > 0. (4.34)

Now, given that k(z) > 0 is not constant, if A*> < min k(z) we must have w = 0 in

order to satisfy (4.34). Hence, for nonzero solutions we must have

A > mink(z) . (4.35)
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4.2.2 Coman’s analysis

Coman’s method [23] for solving the equation is rather ad hoc in character, and while
we will be able to justify the assumptions he made in his analysis, we will summarise
his results here first. The method relies on the WKB ansatz

w(z) = Wi(z)exp (ésu)). (4.36)

The equation is simplified by taking only the first two terms in the Taylor expansion
of the function S(x),

1
S(z) = S(xo) + S'(xo)(x — o) + 55”(370)(1‘ —x0)* 4+ O((z — 0)*) , (4.37)
where z is the minimum of k(z), i.e. the weakest point of the material. We set

n = S'(zo), (4.38)
o = S"(z0), (4.39)

to be parameters which are to be found in the course of the analysis, and look at the

region near x = xy by setting
¢ = e V¥z—x) (4.40)

to be an O(1) position parameter. The ansatz substituted into the equation therefore

becomes
w(x) = W(zx)exp (151/2170§+ gﬁz) , (4.41)
absorbing S(z) into W (x).
Now, the function W (x) and the parameter A are expanded in powers of /2 and
€ respectively:
W) = Wy(z)+Y2Wi(z) + eWa(z) + - - -, (4.42)
A= Nter A+ (4.43)

Assuming that k(x) has a minimum at zy, asymptotic analysis of the equation (4.25)

eventually yields

no = k(z)Y*, (4.44)
o = iy, (4.45)
Ao = k(zo)V?, (4.46)
A = 2I4(142n), (4.47)
Wo(zr) = Hu(VT1(), (4.48)
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where H,(x) are Hermite polynomials, n = 0,1,2,..., and

r, = M ) (4.49)
2v/2k(z0)1/4

This analysis works well for the beam equation above, yielding asymptotic forms

of the buckling pattern and critical stress. However, the scalings used may only be
particularly suited to the beam equation (4.25). Without a clear understanding of
the underlying asymptotic behaviour of the solutions, we should not blindly apply
the same process to the shell buckling problem. In the next section we will analyse
the beam equation from a more fundamental point of view, to see if we can find a
more general asymptotic approximation method which we can in turn apply to the

shell problem.

4.3 WKB analysis

In this section we will examine equation (4.25) from a more systematic point of
view, to understand the underlying structure of the equation. First, however, we
will consider what turns out to be a related problem, namely that of the harmonic
oscillator. We will analyse this equation by the WKB method, identifying Stokes and
anti-Stokes lines, and using this information to solve the equation. This process will
then be repeated for equation (4.25). Finally, we will show that a simplified method
of solution can be applied to this equation if we are looking for the lowest eigenvalue.
This method will then form the basis of our solution of the full spherical shell buckling
problem.
The WKB method relies on the substitution of the ansatz

w = Az)e@/E (4.50)

into the equation under consideration. For future reference, we note that

w = Ac?e (4.51)
/2A 3 .
W' = {‘ T A2y + A”] e (4.52)
" ¢/4A 1 1112 13 A/

1
—§(3¢H2A+4¢H/¢/A+ 12¢H¢,A, + 6¢,2A”>

+é(¢””A + 4" A 4 66" A"+ 4¢/ A") + A’”’} /s (4.53)
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4.3.1 The harmonic oscillator

It will transpire that the structure of equation (4.25) bears a close resemblance to the

problem of the harmonic oscillator in quantum mechanics. This satisfies the equation
—w'+ 2w = Aw, (4.54)

with |w| — 0 as |z| — oco. Here X represents the energy level. If we look for large A,

we set € = 1/ and rescale z:
2w+ (1 -2)w = 0, (4.55)

with |w| — 0 as |z| — co. We substitute the standard WKB ansatz (4.50) to find, at

leading order
[—¢'(z)> + (1 — 2%)] Ap(z) = 0, (4.56)
where Ay is the leading order term in the asymptotic expansion of A(x),
Alr) = Ao(x) +eAi(z)+--- . (4.57)
Equation (4.56) is known as the eikonal equation. Solving for ¢/(x), we find that
¢ = £V1-2a2, (4.58)

where the £ denote the two branches of the multivalued function (1 — z%)¥/2 in
the complex plane, for which the branch cuts will be chosen to lie along the lines
x = —1+4ip, x = 1 —ip for p € (0,00). Clearly, the expression (4.58) may be
integrated analytically, but we will assume otherwise in order to describe a method
which may be applied to more complicated functions. At the next order in (4.55), we

obtain
i[¢"(2) Ao(x) +2¢ () Ay (2)] + [=¢'(2)* + (1 —2®)] Ay(z) = 0, (4.59)
whence we find
Ay = (1—z%)~V4, (4.60)

The two solutions to ¢’ that are given in equation (4.58) — denoted by ¢} and
¢t — describe two different WKB approximations w; and ws to the solution of the

original equation (4.54), where
wi(z) = Ag(x)el? @/ (4.61)

It is the interaction between these two solutions that elucidates the properties of the
full solution of (4.54). In order to examine these properties fully, we need to extend
the two solutions found to the complex plane. Thus equation (4.58) now refers to two

branches of the function in the complex plane, for x € C.
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4.3.1.1 Stokes lines and anti-Stokes lines

Our next step in the analysis of the equation is to determine the Stokes lines and
anti-Stokes lines associated with the asymptotic solutions w;(z). We will follow the
theory from a general point of view, which assumes that we have n such solutions.
Firstly, we determine the so-called turning points of ¢. These are defined as the points
x where ¢j(z) = ¢}(x) for i # j. Given these turning points, we now turn to the
definition of Stokes lines. Comparing two solutions w;(x) and w;(z), these are the
lines (emanating from a turning point X) on which one of the solutions is maximally

dominant over the other. This is equivalent to the condition that
w{ [ o0 -0 ac} = 0. (1.62)
X

Conversely, anti-Stokes lines are lines (again, emanating from a turning point X)

over which two solutions are equally dominant. This corresponds to the condition

g

These definitions are unwieldy for the actual calculation of the lines. We will

[ s©-s01ach = 0. (163)

X

follow a procedure used by Yakubenko [98]. This paper contained a method for the
calculation of anti-Stokes lines, which we extend to the calculation of Stokes lines.?

The anti-Stokes line calculation begins by defining
Fa@) = [ [0 - )] ac. (1.6
so that the anti-Stokes lines are defined by
G(z) = SQF(x) = 0. (4.65)

Now, if a path in R? is defined by G(z1,zs) = constant, then a vector tangent to this
path is given by

oG 0G
- . 4.
( 8@’ 81‘1) ( 66)
Thus if we set £ = Rx and n = Sz then the vector
oG 0G
= 4,
(-5 %) o

3Yakubenko follows the convention that Stokes lines are defined by equation (4.63) and anti-
Stokes lines by equation (4.62). This convention is mainly seen in the engineering and physics
literature, while our definitions above are used predominantly in the mathematical literature.
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is tangent to G(z) = constant in the complex plane. Thus the curves G(z) = constant

are the integral curves of

dn 0G0
= = =17 4.
d¢ —0G /0n (4.68)
7 (SF)
<
on
2 (SF
= —%f( ) (4.70)
8—5(3?F)
S(OF/0€)
—— 4.71
R(OF /7€) T
using the Cauchy-Riemann equations (assuming that F' is analytic). Now, if
xr = {+4in, (4.72)
o= £—in, (4.73)
then
oF OF 0x OF 0z
- = =4 ZZ 4.74
o€ oz 96 T oz oc (474)
or
= —. 4.
9 (4.75)
Hence
dn $(OF/0x)
= = 2\ 4.
d¢ R(OF/0x) (4.76)
S| — &
R [04(z) — 0)()
This relation can be solved numerically to give the solution to G(x) = constant.

To pick out the anti-Stokes lines, which are given by G(z) = 0, we set the starting
position to be the turning points (as the lines emanate from these).

If we follow the same process for the Stokes lines, defined by
H(z) = RF(x) = 0, (4.78)

we find that the equivalent relation for calculation purposes becomes

@ R[6) ~ ()
&~ S[o) - o]

With regard to the asymptotic behaviour of a function, Stokes lines delimit areas in

(4.79)

which the function has different asymptotic expansions. These regions will be referred

to as ‘Stokes regions’. For WKB approximations, the asymptotic solution w will be
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formed from different combinations of the solutions w; in each Stokes region. Taking
any two solutions, recall that along anti-Stokes lines for those two solutions, neither
solution is exponentially dominant over the other. Therefore, in regions delimited by
anti-Stokes lines (and branch cuts), one solution is going to be exponentially dominant

over the other. Consider the quotient

= A (). o

wj

If this tends to infinity exponentially as ¢ — 0, then w; is exponentially dominant

over w;j.

4.3.1.2 Analysis of the harmonic oscillator

Defining ¢} and ¢, to be the positive and negative roots of (4.58) respectively, we find
that the turning points occur at x = £1. The Stokes and anti-Stokes lines emanating
from these turning points are shown in Figure 4.3, where the thick black lines are

branch cuts.

15F

0.5F

-0.5f

-1.5F A

2 ‘ ‘ ‘ ‘ ‘ ‘ ,
2 15 -1 -05 0 0.5 1 15 2 %CL"

Figure 4.3: Stokes lines (unbroken) and anti-Stokes lines (broken) for the harmonic
oscillator.

Now, in order to establish the relative dominance of the solutions w; and wsy, we
note that ¢ = —¢; throughout the complex plane. Applying condition (4.80) allows
us to show that w; dominates as R®r — —oo while wy dominates as ®or — +oo,

where w; is the solution given by (4.61). Using the fact that the dominance of the
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two solutions switches on crossing an anti-Stokes line (or a branch cut), the complex
plane in Figure 4.3 has been partitioned into regions labelled A and B, delimited by
anti-Stokes lines and branch cuts. In regions A, w; is exponentially dominant over
wy while in regions B wy dominates.

We are interested in the form of the solution along the real axis. Because the
asymptotic solution for the problem has a different form in each Stokes region, we
can consider three regions, where the solution will be formed of different combina-
tions of the two solutions w;. For the region Rz < —1, we require the solution to
decay as Rx — —oo, so the solution is composed only of a constant multiple of the
exponentially subdominant solution, i.e. C_wsy. Similarly, for Rz > 1, the required
exponentially subdominant solution is C'yw;. In the remaining region, Rz € (—1, 1),
we have a certain linear combination of the two solutions, Ciw; + Cows.

The common method of matching these solutions is to realise that each of the
asymptotic solutions w; is not valid in a region of the turning points, since Ay is
unbounded at these points. The original equation is expanded in the vicinity of the
turning point to find an inner solution. (In the case of a simple turning point as we
have at © = £1, the inner solutions are Airy functions). The matching process gives
us a connection formula, linking the coefficients of the outer solution on either side
of the turning point.

The alternative method of solving the problem is to consider the solution along

the real axis, but deformed around the turning points as shown in Figure 4.4. We

- Branch cut

Figure 4.4: Path of the solution (in bold), showing detour around the turning points.

prescribe the solution as Rz — 400, and find the solution by following the path in
Figure 4.4 and considering how the solution changes on crossing the Stokes lines.
For this method we need to recall that on traversing an anti-Stokes line for two

solutions w; and wj, the subdominant solution becomes dominant and vice versa. On
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traversing a Stokes line, if the only solution present on one side is subdominant, the
solution on the other side is composed of the same subdominant solution. However,
if the solution on one side contains a dominant component, the coefficient of the sub-
dominant solution is changed on crossing the Stokes line, while the coefficient of the
dominant solution remains the same. The amount by which the subdominant coeffi-
cient is changed is dependent on the nature of the turning point and is proportional
to the dominant coefficient.

As previously noted, the turning points at x = £1 give the solution in this vicinity
the structure of an Airy function. For turning points of this form, consider Figure

4.5, which represents the solution in the vicinity of x = +1. The red and green arcs

Figure 4.5: Schematic diagram of the Airy turning point. Please refer to the text for
an explanation.

distinguish the regions in which different solutions are dominant. Considering the
wy and ws solutions, the green arcs correspond to regions A in Figure 4.3 (near the
turning point) and the red arcs to regions B. Stokes lines are represented as solid lines
and anti-Stokes lines as broken lines. Line J is a branch cut.

Recall that in each Stokes region we have a different asymptotic solution, com-
prised of different combinations of the solutions w; and wy. Suppose, therefore, that

in the region between E and G, we have a solution Ajw; + Asws. On crossing the
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Stokes line G in an anticlockwise manner, the coefficient of the subdominant solution
wy changes, so that the solution now becomes A;w; + Bows. In fact, it can be shown

[13] that for the Airy turning point,
By— Ay = iA,, (4.81)

and that on traversing a Stokes line in an anticlockwise direction the coefficient of the
subdominant solution is always increased by the coefficient of the dominant solution
multiplied by i. The value i is the Stokes multiplier for the turning point.* Now, for
the harmonic oscillator problem, we require an exponentially subdominant solution
in the region Rz > 1. Hence, with reference to Figure 4.5, the solution in the Stokes
region E-G (and, indeed, in the region J-E) must be given by C,w;. Circling the
turning point anticlockwise from E, this solution becomes dominant on crossing the
anti-Stokes line F. Therefore, on crossing the Stokes line G the coefficient of the
subdominant solution, ws, is increased from zero to iCy according to equation (4.81).
Thus, in the Stokes region G-I, the solution is comprised of Cyw; + iCiwy. On
crossing the Stokes line at I, we add i x (iC';) to the coefficient of w;, the subdominant
solution, meaning that in the region I-J the solution is comprised solely of iC’ w,.
This solution then corresponds with the solution C';w; on the other side of the branch
cut J.

Thus, the effect of the turning point is that if we have a solution C'yw; in Rz > 1,
then for fx < 1 the solution comprises C;w; 4+ iCywy. The turning point at x = —1
has the same structure as the one at x = 1, but rotated by 180°. Therefore, if the
solution for Rz < —1 is C_w», then for Rxr > —1 we have the solution iC_w; + C_ws.

Now, in the region Rz € (—1,1), we have two expressions for the asymptotic

solution, which should match, i.e.
iC,'lU1 + waQ = C+w1 + iC+U)2 . (482)

The left-hand side of (4.82) becomes

L = C_Ay(z) [i exp <é /jm@ + exp (—é/lmdx)} , (4.83)

4This relies on the fact that the two solutions are normalised — we could multiply one solution
by a constant, which would change the value of the Stokes multiplier. For the Airy function the two
functions are defined as

wy = z71/4exp(f§13/2),

Wo = z71/4exp(§:c3/2).
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with the right-hand side becoming
R = CiAp(x) {exp (é /1:6 de> +1iexp <—é /j mdx)] . (4.84)
Written in terms of trigonometric functions, these become
L = 20_e™*Ay(z) cos <§ /j V1—22dz + %) , (4.85)
and

1
R = 20 e™*Ay(z) cos <—§/ V1—22de — %) (4.86)
= 20,e™*Ay(x)
T 1
xcos(l/ \/1—x2dx+%—{l/ \/1—x2dx+g]). (4.87)
) S

If L and R are to be equated, we must have
1 [t m
- V1—22dz + 5 = nm (4.88)
€J

for n € Z. In other words,

— (4.89)
o+l '
for integer n = 0,1,2,..., as € > 0. Correspondingly, the eigenvalues \, to equation
(4.54) are
Ay = — = 2n+1. (4.90)

In fact it transpires that these energy levels are exact, with eigenfunctions given by
Yo = e UIPH,(2), (4.91)

where H,(z) are Hermite polynomials.

4.3.2 Return to the beam equation

We now return to the equation (4.25) for the beam on an elastic foundation. Into
this we substitute the WKB ansatz, so that from (4.51)-(4.53) we obtain, at leading
order,
(¢'(z)" = 2X¢/(2)* + k(z)) A(z) = 0 (4.92)
= ¢ (x)t =200/ (x)? + k() = 0 (4.93)
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as an eikonal equation. This equation will give us ¢/(z) in terms of A and k(x). Let
us assume that this problem is solved, and proceed to the next order in the equation.
Expanding the amplitude A(x) as in equation (4.57), the O(e) terms in equation
(4.25) following the WKB substitution become

—i1(4AL0" + 6400 ¢) + 2Xi(Agd” + 244¢)) = 0, (4.94)

which can be rearranged to give

A_IO B _¢//(3¢/2 _ )\)

A 2002 - 9
1 2
= log Ag(z) = — / % dx + constant (4.96)
_/ [;5_;/ + ¢f§”f/)\} dz + constant (4.97)
- _% log (¢/(z) [¢(x)* — A]) + constant (4.98)
= Ap(z) = ¢ : (4.99)

VO @) (@) - )

where C' is a constant.

We now return to the eikonal equation (4.93) and solve it to get

Px) = £\rE VN k@) (4.100)

The variable x refers to the real line, but as for the harmonic oscillator it is necessary

to allow x to vary over the whole complex plane. This leads us to consider the four

branches of ¢'(z), which we denote by

G(a) = A+ VN k@), (4.101)
oix) = JA— VA=K, (4.102)
¢y(z) = —\/A—m, (4.103)
Pi(z) = —\/A+\/m, (4.104)

with x € C. Before we proceed further, we will make the simplifying assumption that
k(x) is of the form

k(z) = wk+1(z—x0)?, (4.105)

where k and [ are both strictly positive. Thus, from the analysis on page 92, there
are only nonzero solutions to (4.25)(4.26) for A > k(xy)'/? = \/k. This simplifies the
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following algebra greatly without modifying the behaviour of the system. Thus

) = \/)\+\/)\2—/<c—l(x—xo)2, (4.106)
¢h(z) = \/)\—\/)\2—5—1(1:—550)2, (4.107)
) = —ﬁ—wtﬁ—m—xo)% (4.108)
¢(r) = —\/)\+\/)\2—m—l(x—x0)2. (4.109)

In order to analyse ¢ in the complex plane, we need to identify the branch points
of the function. In our case, these occur when the argument of a square-root term is

zero. So, assuming that A € R, we have branch points when

M —k—Ilr—x)* = 0, (4.110)

and also when
A VA2 =k — Iz —2)2 = 0, (4.111)
A= VX —k—l(x—120)2 = 0. (4.112)

Consider equation (4.110). Solving for x gives

P a—

l )

(4.113)

which defines two branch points for each value of A # /k = A.. Thus we see that .
is the value of A for which these branch points coincide. For equations (4.111)—(4.112)
we find (squaring the equation) that

Moo= N -k —l(r—m3)? (4.114)

= r = a:oj:i\/é. (4.115)

However, on substituting this back into equations (4.111)—(4.112) we find that it only
satisfies the latter, implying that there are no values of = that satisfy equation (4.111).
Armed with this information we can proceed to describe the Riemann surface
of the solution. The four solution sheets are numbered 1-4 as in equations (4.106)—
(4.109). The branch points that link sheets 1 and 2 are located at = given by equation
(4.113). The branch points that link sheets 3 and 4 are also located here. Meanwhile
sheets 2 and 3 are linked by branch points located at = given in equation (4.115).
The branch cuts linking sheets 2 and 3 are assumed to follow a path parallel to
the imaginary axis from each branch point in equation (4.115) to infinity. On the

other hand, the other two sets of branch cuts, connecting sheets 1 and 2, and sheets
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3 and 4, emanate from the branch points in equation (4.113) and proceed to infinity
along the path of a hyperbola, for ease of computation. The hyperbola is defined by

the equation

(R — 20)* — (S(z — m)) = 2 - i (4.116)

in the complex plane. A plot of these branch cuts can be seen in Figures 4.6 and 4.7,

for the values
k =1 =1, g = 0, (4.117)

and where \ takes the values 0.9 and 1.3 respectively. While there are no non-trivial
solutions to (4.25)—(4.26) in the former case, we include it here for completeness. A
representation of the Riemann surface can be seen in Figure 4.8, taking a cross-section
along a line parallel to the real axis with Sz < —\/m . In the diagram the sheets
are numbered 1 to 4, from top to bottom.

Given any two solutions w;(z), we can now find the turning points and the Stokes
and anti-Stokes lines that give the relative dominance of these solutions. Because
the turning points are the same as the branch points, we find that there are turning
points only between sheets 1 and 2, sheets 2 and 3, and sheets 3 and 4. Moreover,
the families of Stokes and anti-Stokes lines for solutions w; and w,, and for solutions
ws and wy, coincide. The results for representative values of A < A. are shown in
Figures 4.9 and 4.10. The solid thick black lines are branch cuts (the branch cuts
from x = z¢ + i\//i_/l are omitted for clarity). The remaining solid lines are Stokes
lines while anti-Stokes lines are broken lines on the plot; the thin red lines refer to
the Stokes and anti-Stokes lines for solutions wy and ws, and the thick green lines to
those for solutions w; and ws (and also for solutions ws and wy). The values of the
constants are as given for Figures 4.6 and 4.7.

Next we will proceed to interpret the Stokes diagrams in order to predict the
behaviour of the asymptotic solution to (4.25) along the real line, assuming as before
that A > A\, = /k. We will consider the dominance of each of the solutions w; with
respect to the others. Taking any two solutions, recall that in regions delimited by
anti-Stokes lines (and branch cuts), one solution is going to be exponentially dominant
over the other. Consider first the relative dominance of w; and ws. The anti-Stokes
lines for these two solutions are shown as the thick green broken lines on Figure 4.10.
We can find the relative dominance along the real axis as Rz — 400 by considering

the behaviour of J(¢) — ¢h). For Rz > zo+ /(A2 — k) /1l we have J(¢) — ¢4) < 0 and
decreasing to —oo as Rz increases. Similarly, for Rz < zg — /(A2 — k)/l we have
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Figure 4.7: The branch cuts of ¢(z) when A > A..
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Figure 4.8: A pictorial representation of the Riemann surface of ¢(z).

(¢} — @) < 0, decreasing to —oo as fox — —oo. Thus by equation (4.80),

o x exponentially as Rx — oo, (4.118)
w2
2 exponentially as ftx — —oo . (4.119)
W2

Knowing the relative dominance of w; and wy in two of the regions delimited by
anti-Stokes lines allows us to determine the relative dominance in the whole of the
complex plane, by realising that on traversing anti-Stokes lines the relative dominance
switches.

In addition, knowledge of the relative dominance of w; and ws gives us the relative

dominance of w3 and wy, given that
¢y = —¢, (4.120)
¢y = —¢, (4.121)

by equations (4.106)—(4.109). Thus, where w; is dominant over wq, we also have ws
dominant over wy. Therefore, from Figure 4.10 we can divide the complex plane into

two types of region:
o A:wi > wy and w3 > wy,
e B: wy > wy and wy > ws.

The regions are shown in Figure 4.11.
To find the relative dominance of wy and w3 we use the same process, namely by

finding the behaviour of (¢}, — ¢4%) as Rz tends to £oo. However,
S(dh—d5) = 293¢, (4.122)
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Figure 4.10: The Stokes diagram for ¢(z) when A > ..
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Figure 4.11: Regions of dominance for w; and w,.

Figure 4.12: Regions of dominance for ws and ws.
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by equation (4.120), and ¢, — +oo as Rr — soo. This gives us the relative
dominance of wy and w3 in those limits, and hence (by considering the anti-Stokes
lines) in the whole complex plane. The regions are shown in Figure 4.12, where the

two regions are
o C: wy > ws,
e D: wWs > Wa,

recalling that there are branch cuts following the anti-Stokes lines on the imaginary
axis from the turning points to infinity.

We are interested in the form of the solution w along the real axis. As stated
earlier, in each Stokes region we will have a different asymptotic formula for w. In
our case the different formulae will be different combinations of the four solutions w;.

Consider Figures 4.10 and 4.11. Along the segment of the real line from —oo to
xo — /(A2 — k) /I, which we will denote (I), we have that ws and w4 are dominant
respectively over w; and ws. Thus along (I) the solution must be a combination of the
solutions w; and w3, since we want the solution to decay at —oo. For the same reason,
the solution in (IIT), which is the segment of the real line from zy + /(A2 — k) /[ to
+00, the solution must be formed from the subdominant solutions wy and w,. The
region (II), along the real line between the values xy £ 1/(A? — k)/l, must contain
some combination of all four of the solutions, where the coefficients are dependent on
the coefficients in regions (I) and (III).

With reference to Figure 4.10, we need to mention the Stokes line which crosses
the real axis at x = xy. Recall that on crossing a Stokes line, the coefficient of the
subdominant solution is changed. By Figures 4.11 and 4.12, the four solutions are in
balance along this section of the real axis. Thus, in order to analyse the behaviour
of the full solution on crossing the Stokes line we must deform the contour slightly.
Two paths, denoted P and Q, are shown in Figure 4.13; P is above the real axis while

Q is below. Suppose that to the left of the Stokes line the solution is given by
w = C’lwl + CQ’U)Q + ngg + 0411}4 . (4123)

On traversing the Stokes line along path P, the solution ws is dominant over solution
ws, by Figure 4.12. Thus on crossing this line with all four solutions present, the
dominant solution wy would modify the coefficient of the solution ws. Conversely,
along path QQ the dominance is reversed, meaning that along this path it is the solution

wo that is modified. Thus, to the right of the Stokes line we have the two solutions

L = C’lwl + CQU)Q -+ 6’3w3 + C4U}4 s (4124)
R = Clwl + 6211)2 + Cg’wg + C41U4 s (4125)
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where CN’Z # C; for i = 2,3. There is an obvious discrepancy between the solutions
following the two paths, and thus we must conclude that the Stokes line in question
is an inactive Stokes line. In other words, it satisfies the condition (4.62) but the

asymptotic solutions of the equation in question either side of the line coincide.

Stokes

4// line

Anti-Stokes
line

Figure 4.13: Paths for analysis of the Stokes line crossing © = xz in Figure 4.10.

The fact that this Stokes line is inactive means that there is no interaction between
the two pairs of solutions {wy,ws} and {ws, w,}. Thus, on analysing the full problem
in the three regions (I)—(IIT), we can consider either the pair {w;,ws} or {ws,w,} for
the eigenvalue calculation. The structure of the Stokes diagram for either of these
pairs is that of the harmonic oscillator, so effectively we have two decoupled harmonic
oscillator problems.

However, making the same calculation as for the harmonic oscillator is rather
unwieldy, so we can take advantage of the fact that we are only interested in the
lowest eigenvalue A, in which case the turning points are positioned close together.
This fact allows us to consider a local problem for the critical stress and resulting
buckling pattern, which will be easier to apply to other related problems — such
as the shell buckling problem of Chapter 3. This local problem should give us a
solution related to the harmonic oscillator problem, given the similarities in their

Stokes diagrams.

4.3.3 A general method of solution

Consider the beam equation, with the simplified foundation stiffness k(x) given by
equation (4.105),

€4w//// + 2)\8211}// 4 (Ku + l(l‘ _ .To)Q) w = 0. (4.126)
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Without loss of generality we can consider zy = 0, and we know that buckling will

occur around this value of x. Therefore scale
r = &°T (4.127)
to find
ey 4 22" 4 (g + 17w = 0, (4.128)

where " corresponds to differentiation with respect to z. Matching terms gives a = 1,

and
w" 22" +kw = 0. (4.129)
Subsitution of w = ™* gives
m*+ 2 m? +Kx = 0, (4.130)
or

m? = “AEVA k. (4.131)

This quantity has a double root at A = y/k. But as we saw earlier, this is the critical
value of A\ at which the system undergoes a bifurcation. In other words, the two
turning points coalesce at * = xo = 0 and move apart along the real axis. Thus the
leading-order value of the buckling parameter A is \/k, with a small correction since

A must be greater than A. for a buckling pattern to emerge. So we set
A= Vet (4.132)
for some unknown (as yet) exponent (3, and then the exponent m becomes
m = +ix'/! (4.133)

at leading order. Thus, one possible solution of equation (4.129) is

(i/{
w = exp

in terms of z rather than z. This will be the leading order behaviour of w near = = 0.

1/4

3

x) , (4.134)

We now wish to find the envelope of this oscillatory buckling pattern. To do this,

we write

<i/€1/4
w = exp
15

x) f(z) (4.135)
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from equation (4.134). Substituting this and (4.132) into equation (4.126), we find
that

54f”” + 4i€3f€1/4f/” + (—462\/E + 2€2+ﬁ)\1)f//
+ 41PN YA (1 = 26PVRN)f = 0. (4.136)

We need to search on a scale intermediate between x = O(1) and the x = O(¢) scale

which gave us the oscillatory pattern. Setting
x = ', (4.137)
we find that

54*4’Yf’/’/ + 418373751/4f/// + (_482727\/E + 2€2+ﬂf27/\1>f//
F 4PN RV 4 (P13 — 268RMN)f = 0, (4.138)

where a prime now denotes differentiation with respect to . We match the largest

term in the coefficient of f” together with both terms in the coefficient of f, or

2—2y = 2v = 3, (4.139)
giving
1
7= 35 =1, (4.140)
with the leading order equation
A1 72
" ML = 0. 4.141
P (3-ig)f (4.14)

Now if we rescale

V2KME

Vi
we obtain the equation
f"+A=-2)f = 0, (4.144)

which is the equation for the harmonic oscillator, for which the ezact solutions are

given by equations (4.90) and (4.91). In terms of 7,

l
A= %(mﬂ), (4.145)

Vi, i
f = exp <—4,{1/4CE Hn (WI‘) . (4146)




By equations (4.132), (4.135) and (4.137), we find that

L. 14 Viz? Mg
2n + 1)V1
A = \/E+5(”K1—/4>\/. (4.148)

w = exp

This corresponds exactly to Coman’s results given earlier. Effectively the solution
is highly oscillatory, modulated by a function which is given by the solutions to the
harmonic oscillator eigenvalue problem.

We now therefore have a general mechanism for taking a problem similar to the
beam on a substrate of variable stiffness, and reducing it to the harmonic oscillator

problem. Briefly:
e We obtain the Euler-Lagrange equation.

e To find the oscillation wavelength we substitute x = ¢z where x is the inde-

pendent variable of the equation.

e We find the leading order equation by matching leading order terms and finding
a, giving us a solution wy(Z). The leading order A, given by Ay, is found by

choosing the value of A in this equation so that two roots coincide.
e We substitute w = wy(Z) f(x) into the Euler-Lagrange equation.

e Weset A\ = \g+¢e%)\; and x = £7Z. By judicious choice of 3 and 7 we obtain an

equation that can be scaled to give an eigenvalue problem for the amplitude f.

e The buckling pattern is then given by w = wy(z) f(z), where f(z) and the cor-
rection A\ to the critical parameter A are given by the solution to the eigenvalue

problem for f.

4.4 Application to the shell problem

We now attempt to apply the solution method found in the previous section to the
problem given in Chapter 3. Firstly, we need to find the Euler-Lagrange equation
for the energy integral AW, defined in equation (3.20) in terms of three integrals .#;
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given by equations (3.133), (3.163) and (3.204). Combining these gives

Az = //shell {%O (pOPéO)(M) +p2P2(0)(u)> (=) <3_Z)2

hG, ) w\? Jwr  hE o
+1—us (V¢—(1+us)§) +(1—VS)—§2+—12(V w)
1 V1= p? o
_ - y- P A | 4.14
QTRR(waqu))w_}_ 2R TRG(w7¢) 8[1,} S? ( 9)

assuming that the traction terms are evaluated on the mid-surface of the shell rather
than the outer surface. Finding the Euler-Lagrange equations for this energy func-

tional is not a simple task. One simplifiation that can be made is to suppose that
v = 0, (4.150)

which is equivalent to assuming that vy = 0, meaning that we consider only radial
displacements w of the shell. This can be motivated by looking at the numerical
results of Chapter 3, which show that the ratio vg/w tends to zero in the limit i/ R —
0. We obtain

Al = //shell {q%o <p0Pé0)(M) +p2P2(O)(u)> (=4 (%)2

hGy w? h?,_,

1
+ 1 - §TRR(UJ)U)} ds . (4.151)

_VS

However, there is still one complicating factor. The one stress component re-
maining, Tgg, can not be found ezplicitly in terms of w (and ), which is why we
found the stress component as an expansion in Legendre polynomials in Chapter 3.
However, once we look at the limit of a highly-oscillatory displacement pattern, it
becomes possible to find an asymptotic expression for the stress component. This

will be analysed next.

4.4.1 WKB analysis of the Navier equations

Recall that in the limit being considered, the region over which buckling occurs be-
comes smaller. Thus, as shown in Figure 4.14, we can consider the region over which
buckling occurs as a half-space. The displacement components (u,v) in the elastic

medium then satisfy the equations of plane strain, which are the Navier equations,

0%u 0? 0%v

u
A2G)— +G— + (A + G = 0 4.152
(\+26) 55+ G5+ 0+ G o = 0, (1.152)
0*v 0%v 0%u
Gax2+(A+ G)ay2+(A+G)axay 0, (4.153)
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L’x
/,\
'\/\/\/\/\/\—-
u\y=o - %[Ub(m)ei%(“)/e]
V]y—g = R [Vi(z)elor@)/e]

Figure 4.14: Approximation of the buckling region by a half-space.

where the material constants take their value in the matrix.

Now, as the wavelength of the buckling pattern is assumed to be small, we may
consider the case where the displacement boundary conditions at the boundary of the
half-space are given by modulated highly-oscillatory functions,

ul,_y = R [(Ug(x) +eUk(z) + -+ ) ei‘bb(w)/‘g] , (4.154)
v,y = R[(V(z)+eVil(x) + ) e@/E] | (4.155)
where we have expanded the modulating functions Uy, and Vj}, in asymptotic series.

The displacements and stresses in the half-space, in the limit ¢ — 0, can be found by
substituting the WKB ansatz

u = Ulz,y)e?@v/e (4.156)
v o= V(x,y)e@v/E (4.157)

into the Navier equations (4.152)—(4.153), where®
1
U((l}, y) = EUO(xv y) + Ul(xa y) + 8U2(x7 y) + O<€2) ) (4158)

Viz,y) = évo(x,y) + Vi(z,y) + eValx,y) + O(e?) . (4.159)

>The scaling of the first term with 1/ is made with the benefit of hindsight. Had we set the
leading order term to be O(1), we would not be able to match the terms to the boundary conditions.
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We obtain
2
1 ) .
Upy = {_g_gUo + 5—2 [—qSiUl —+ 21¢xU0x + 1¢mcU0}

1 .
+ [—02Us + 21Uty + iaoUr + Upas ] + 0(1)} el?/e (4.160)

. 1 . . .
oy = {2+ 5 10,0+ 100ty + 16,00, + i Ui

1 .
+2 [—¢2pyUs + i, Ury 410, Uty + iy Ut + Upgy] + 0(1)} /s (4.161)
z 1
uyy = {_g_zglUO + ? [_¢§Ul + 2i¢yUOy + iqsyyUO}
1 .
+= [~6Us + 2, Uny + iy, Ur + Unyy] + 0(1)} 9/ (4.162)

and equivalent formulae for v,,, v, and vy,.
These are substituted into Navier’s equations, and to leading order we find that

the two equations can be written as
(A+2G)d; +Goy (A +G)eudy
A+ G)oaty  Gop+ (A +2G)g;

Uo

0. (4.163)

Vo

We require a non-trivial solution, so the determinant of the matrix on the left is set

to zero. This results in the equation

GOA+2G) (@2 +¢2)° = 0 (4.164)
= P2+9; = 0. (4.165)
Now, in order to solve this equation we recall the boundary conditions at y = 0,

(4.154)—(4.155), together with the requirement that the elastic displacement decays

to zero as y — oo. This tells us that we must solve equation (4.165) with the

conditions
¢(x,0) = ¢u(z), (4.166)
So(x,y) — oo asy — 00 . (4.167)
The solution becomes
d(z,y) = ¢u(z+iay), (4.168)

where a = +1 is chosen in order to satisfy equation (4.167). We substitute the
resulting fact that

¢y = lad, (4.169)
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into equation (4.163) to find that
Vo = ial . (4.170)

We now proceed to the next order in the Navier equations, using equations (4.169)
and (4.170) to simplify the resulting expressions. The two equations are found to be

multiples of each other, both equivalent to

ou, . U, O+ @b
A A S G il . 4171
or %%y S Tag) (Ui tian) (4.171)

The same process occurs at the third order in the Navier equations, resulting in

the two equations

A+ G2 (Us +iaVs) = (A + G)agy, (Ur +iaVi) + (A + 2G)Upzs + GUoy,

+ia(A + @) Ugy + 21(X + 20)@% — 2an§x%—(gj;
LA+ G)qu%—‘;l —a(h+ G)@% , (4.172)
ia(A + G)g2(Us +iaVa) = (A + G)uy(Uy +iaVy) + iaGUpyy + ia(X + 2G) Uy,
+(A+ G)Upsy + 2Gi¢x% — 2a(\ + 2G)¢J,Jaa—‘;1
+i(\ + G)qu%—zl —a(\ + G)qsx% . (4.173)

These equations must be consistent, so that the right-hand side of the first equation
added to ia times the right-hand side of the second equation must be zero. This

eventually gives us another equation,

o .o\ . o .9 .
A+G) <%+1aa—y> Up +i(A + 3G) o, (%+1a8_y) (U +iaVy) = 0. (4.174)

Substituting for Up, + ialp, from equation (4.171), we find that

o . 0 :
(% + 1a8—y) (U +iaVy) = 0. (4.175)
Now define
& = day—x, (4.176)
n = lay+x, (4.177)

so that equation (4.175) becomes

%(U1+ia\/1) = 0, (4.178)
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which we solve to get

Ur+iaVi = f(n), (4.179)
where f(7n) is an arbitrary function. We substitute this result into equation (4.171)
to find
o .0 (A + Q).
— — = -l . 4.1
<8x " 1“6;,) Yo = “"vse) /W (4.180)
Now, we have
¢ = ¢p(ztiay) = ¢u(n), (4.181)
so that the equation (4.180) becomes
Uy A+ G () f(n)
_9 2 - _ 4.182
€ T+ 36) (4.182)
i€+ G)on,(n) f(n)
. 4.1
= U 2orsG) 9w (4.183)

We can then find Vg by equation (4.170).
Finally we will need to analyse the fourth order term in the Navier equations. We

have

A+ @) (Us +iaVs) = (A + G)agey(Us +iaVi) + (A + 2G)Uryy + GUyyy

+(A 4+ G)Vigy + 21N + 2G)¢w% - 2aG¢xaa—[;2

+i(A + G)qsx%—‘;z —a(A + G)%% : (4.184)
ia(A+ G)P2(Us +iaVs) = i\ + G)py(Us +iaVa) + GVigy + (A + 2G) Vi,

+ A+ G Urzy + 2Gi¢x% —2a(\ + 2G>¢x%—‘;

+i(A + G)qﬁxaa—(f —a(\ + G)@% . (4.185)

In a similar manner to the process at the third order, we take ia times the second

equation and add it to the first, obtaining the equation
(A +2G)Uree +ia(A + G)Urey + GUiyy +1aGVige + (A + G) Vi,

+ia(A + 2G) Vi, + i¢, (A + 3G) (% + ia(%) (Uy+1iaVy) = 0. (4.186)

Substituting for V; from equation (4.179), and changing to coordinates &, 1, we find
that

2

4N+ G)aﬁgl — 2ip, (N + 3G)%(Ug +iaVy) = 0 (4.187)
ou ig, ( A+ 3G :

= 3—51 = % ( /\1 G ) (Uy + iaVa) + h(n) (4.188)

119



where h(n) is an arbitrary function. However, we can find U, + iaV; from equation
(4.172). Substituting for V; from equation (4.179) and for U, from equation (4.183),

the equation simplifies to give

(4.189)

o riavs) = i) -2 (555 ) 5

AN+G ) o
If this is substituted into equation (4.188), we find that OU; /J€ is an arbitrary function

of n, or

ol

3 _ ﬁ(n)- (4.190)

Thus

Uy = €h(n)+i(n), (4.191)

where j(n) is an arbitrary function.

Now, in our definitions of Uy, Vy, U; and V; we have four arbitrary functions,

~

namely f(n), g(n), h(n) and j(n). To determine these functions we apply the boundary
conditions on y = 0. We know that U(z,y) and V(z,y) are given by equations
(4.158)—(4.159), but on the boundary we have

Uz, y)l,.g = Upla)+eUi(z)+---, (4.192)
V(z,y)l,g = V(z) +eVil(x) + -+, (4.193)

which are given. Matching at O(¢™!), we have that
Uolyeo = Voly—g = 0. (4.194)

Substituting this into equation (4.183), we find that

_ir(A + G)é(x) f (=)
2(A + 3G)

+g(z) = 0, (4.195)

which determines g(n). This is substituted back into equation (4.183) to give

U, = &t n)é?;ri)g{;(n)f (n) (4.196)
At the next order in the boundary conditions, we have
Url,—y = Uplx), Vileo = Wi(x) . (4.197)
In particular,
(U +iaW)|,_y = Uplz)+ial)(z) . (4.198)
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From equation (4.179), this gives us
flz) = UL(z)+iaV2(x) . (4.199)

Now, from equation (4.191),

Ull,_, = —ah(z)+j(), (4.200)

which equals Uy (z). Hence
jlx) = Ux)+ wh(x) (4.201)
= U = (E+nhn) +UMn). (4.202)

To find the remaining arbitrary function /ﬁ(n), we match the boundary conditions

at the next level, giving
Uslyy = Up(z),  Val,q = Vy(a), (4.203)
so that

(Uy +1iaVs)| = Up(z) +iaVj (z) . (4.204)

y=0

Substituting this into the restriction of (4.189) to y = 0, we obtain

h(z) = %( ;:3%) [f'(z) +idh, (z) (U (2) + iaV; ()] - (4.205)

Gathering the preceding results together, we have

i(€ +n) (A + G)dh,(n) [Uy(n) +iaV5 (n)]

b = 20\ +3G) | (4:206)
Vo = ial,, (4.207)
Uy = Up(n)+ S;n (?i;é) [US/(U) +iaVi (n)

+igy(n) (Uy(n) +iaVyy ()] (4.208)
Vi = V() +ia (U —UL(n)) - (4.209)

Combining these, we obtain our asymptotic formulae for U(&,n) and V (£, n):

U - Uﬁ(n)—ia“T”F(nHO(s), (4.210)
Vo= Vbo(n)+§+TnF(n)+O(s), (4.211)

where

Pl = 0 (30 ) {2 (0800 +iavn)] ko) + [0+ 0 0)]

+ [Ug(n) +iaVy ()] icé{)(n)} : (4.212)
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In terms of the original variables x and v,

Ulz,y) = Uz +iay) + yF(z +iay) + O(e) (4.213)
Viz,y) = Vid(z+iay) +iayF(z + iay) + O(e) . (4.214)
Then the displacement field in the medium is given by
w(z,y) = [Up(x+iay) + yF(x + iay)] iPplrtiay)/e 4 O(e) , (4.215)
v(z,y) = [Vol(z +iay) +iayF(z +iay)] €@HW/E L O@) . (4.216)

Now, consider the quantity Fe'®/¢. On setting y = 0, we find that

d@Ep(r) = (M) 4 [(Ub(x) +ia\/b(x))ei¢b(””)/6] +O0(e), (4.217)

A+3G ) do
ia(A+G) d '
T80 @ L ile] (4.218)
Therefore, on defining
up(z) = u(z,y)l,_, = U/, (4.219)
w(z) = vy, = Vee?@, (4.220)
we find that
ia(A+ G
u(z,y) ~ up(x+iay) + % [uy,(z + iay) + iav, (z + iay)] , (4.221)
. A+ G . . )
v(z,y) ~ vp(z+iay) — <)\+—3(>;y [up, (2 + lay) + iav) (z + iay)] ,  (4.222)

where a = %1 is chosen so that u,v — 0 as y — oo.
Now that we have an analytic expression for the displacement, we can find the

traction components on y = 0, in particular the normal traction Tyy’yzo. We have

ou Ov ov
= — + — 2G— 4.22
Tyy A <3x + 8y) + G@y ( 3)
ou ov

ia(A 4+ G)y

= A {ufg(x—l—iay)—l— T30

(up(x + iay) + iavy (x + iay))}

+(X +2G) [iav{o(x + iay) — :‘ : 3% (uy, (z + iay) + lavy, (z + iay))
—i“yﬁi;f) (! (& + iay) + iav!!(z + iay))] , (4.225)
so that
rwle = Nib(x) +ia(A + 2G)v} (x)
_Q +ﬂ(;§ 26) (ul (2) + iavi, (=) (4.226)
_ ( ff; G) () + i (%) (@) . (4.227)
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4.4.2 The Euler—Lagrange equation

Before returning to the energy functional (4.151), we will apply the result (4.227)
from the previous section to find 7gr(w). The variable x in that result corresponds
to the arc-length parameter RO in our problem, and y = 0 corresponds to R = R.
Finally the displacements uy(x), vp(x) correspond to the shell displacements vy and
w respectively. The values of the Lamé constants used are the values A, and Gy, in

the matrix. Hence

TrRlp=p & Tyyl,—o (4.228)

~ 2G2% d< )
~ T\ O 3GaR ) 4o =R

. [ 2Gn(Am +2Gh) |\ d
+ia — —(W|p_5n) . 4.229

We set vy = 0 and rewrite

2Gm(Am +2Gm) 4G (1 — 1)

= 4.230
(Am + 3Gn) 3—4dv, ( )
and
d d
— = —\/1—pu2— 4.231
so that
4ia(1 — vy )Gy, dw
renl s A /Tl = ) , (4.232)

(3— 41/m)§ dp
However, this can not be substituted directly into equation (4.151), because that
functional contains terms which are the real parts of w and 7Trgr, while equation
(4.232) refers to a complex quantity, due to the derivation method by WKB analysis.

So, set wr and wy to be respectively the real and imaginary components of w. Thus

4ia(1 — )Gl d .
T s o= —/1—p? — —(wg + 1w 4.233
RR|p—f V31—p EEUIRY; d#( R ) ( )
4a(l — vy )Gy d
= Rrumlps = VI- 12 all = V) G dur (4.234)

(3—dun)R  dp
Substituting this into equation (4.151) eventually gives

2
oo (0) (0) oy [ dwr
A — do (P P 1— R
Wy //Shen{ 5 (po 0 (N) + paiy (N)) ( ¥ ) < du )
hG,

1— v

2a(1 — vy) Gy duwy
— ———————/1 = pPwg— p dS. 4.235
(3 — dvm)RR ST } (4:235)

2 2
wg | h 2 2
l2(1 + VS)—§2 + —(V*wr) ]

* 12
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Now, we set
dS = R%sinfdfde, (4.236)

and after integrating over ¢ and changing coordinate to p by equation (3.141) we find

. faN dwR 2
N {mzqm (mrS G0+ P 0) (1= ) (5
—1 I
2 h2
{2@f+%)$5+——{vﬂwa}

+2w§2th
R2 12

1—v

471'}/%&(1 — Um)Gn duwy
— 1 — p2wg— p du . 4.2
B, VI THuRg, } ft (4.237)

Now, the in-surface Laplacian operator is given by equation (3.169),

1 [d?w dw
2
V w = ﬁ [W +COt 9@] (4238)
1 d dw
= — — [ sinf— 4.239
R2sin g do (Sm d@) ( )
1 d 5, dw

Thus the energy integral becomes

! Th*G d dwg\1?  47(1 4 v)hG
awy = [ 7&{_(1_2_)}+#w2
2 1{6(1—1/5)R2 d ( 'u)dﬂ 1— 1, R

~ dwg \°
#n (o) + p2P0) (- ) ()

_ 4rRa(l = v) G me% dp . (4.241)
(3 —4vy) dp

Now, we set about nondimensionalising the components. Note that from equations
(3.135)—(3.136) that we can write
hGs

pO == EQGmpo s (4242)

where py depends only on the Poisson ratios of the shell and matrix. The same
relation holds for p,. We find that

~ (1= ) (=5v + 15uys — 17 + 315)
Po = 21— v)(7T—50) (L + )
~ 10(1 — vyy)

e AT (4.244)

(4.243)
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for the case of a uniaxial stress field at infinity. We also nondimensionalise
w = Rw, (4.245)

and

Gs\“ .
co sqoo - 4.24
q <Gm) Gsq (4.246)

This additional factor of (G5/Gp)® in the scaling of ¢, is introduced to enable us to
write the equation (almost) entirely in terms of our small parameter, which will be

chosen shortly. The energy functional that results from this analysis is given by

~ L a 1 d dag \1?
W2 TR Gm/;l{R3Gm6(1_Vs) |:d,U (( ILL) dﬂ ):|
+= <Gm) oo <po + Do Py (M)) (1—p7) <m)

R
Cs Mwﬁ} dpe . (4.247)

da(l — vy) _ dwy h
— /1 - — + =
3 —4vy MwRdu+RGm 1 — 4

At this stage we can identify

h G
I 4.248
T T R (4245
to define the small parameter . The exponent « is defined by setting
h GS 2+&
i = ¢, 4.249
(&) - (4.249)
which gives
5
a = -3 (4.250)

We note that this rescaling of our buckling parameter ¢, is made for the same reason

as the rescaling of P in the Euler strut problem at equation (4.24).

By setting
P(p) = 6(1—1) (ﬁo +]3“2P2(°)(u)) (4.251)
B 2
= —A+ TM : (4.252)
where

A = —6(1-w) (ﬁo - %) (4.253)

9(1 — vm)(9 + 5vm — Brmls — g)
= 0 4.254
(7= 5vm) (1 + v) e ( )
B = 18(1—1)ps (4.255)

180(1 — vyy)

= = 5 0 4.256
7 — by - ’ ( )
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and

o 24a(l = v)(1 — )
c = T , (4.257)

G\ 2/3
D = 24 (G> (1+w), (4.258)

we find, on rearranging equation (4.247), and dropping the tilde notation, that

M %/ { [% (“ } /”dd%)} + 24P () (1= 12 (%)

d
+OV1I— ,ﬂwRd%l + eDw%{} dy . (4.259)

We will treat the constant D as an O(1) parameter even though it contains the ratio
of shear moduli. It is possible to find a parameter regime in which ¢ is small but
Gs/Gy, is large, but for simplicity we will assume that this is not the case here.

Recall that we have effectively made the assumption that
w o~ AWt = A(p) (cos(é/e) +isin(¢/e)) (4.260)
in finding the approximation to the stress term 7zgz. Thus we have

d i¢/ .
dw 19 e (4.261)
dp €

which allows us to make the assumption that

de

= 4.262
m Q(r)wr (4.262)
for the purposes of minimising (4.259), for some function Q(x). Thus equation (4.259)
becomes
TR3G, (! d dwg \1? dwg \
AWy = G [y b\ e ey (G
’ 6(1 —vs) /_1 {E [du (< #) du )] ¥ et Pl = 4 ( du

+ [C\/l — 112Q(p) + sD] wﬁ} dp . (4.263)

Now, denoting the integrand by F(wg,wg,wg), the Euler-Lagrange equation is

d? or d oF oF
a2 (M) " (awg) Toum - (4.264)

Applying this to AW5, we find that

given by

—5qw% [P(u)(l - MQ)E] + [C’\/ 1 —p?2Q(p) + 5D] wrp = 0, (4.265)

126



or, on using (4.262),

o loonig])
—sqw% [P(u)(l— —} 10\/1—7—+5Dw = 0,  (4.266)

where we take the real part of the equation.

4.4.3 Analysis of the equation

We now apply the asymptotic method of Section 4.3.3 to equation (4.266). The first
step is to let u = %, and find the leading order terms. For each term the leading

order components are

d*w d3w d?w
3—4a 3—2a — 1—2« fa
€ T — 8¢ /Ld s T¢€ (Gso)o A—d_2 — 1C —|—5Dw = 0, (4.267)

where (¢o)o is the leading-order value of ¢,,. The largest three terms are matched by

setting = 1. Then the linear equation to solve becomes
—— + (o)o AT —ic— = 0. (4.268)
We substitute w = €™ to find the auxiliary equation
m* + (¢oo)oAm? —iCm = 0, (4.269)
or (discounting the m = 0 root),
m® + (goo)oAm —iC' = 0. (4.270)

Now, (¢ )0 is identified by demanding that two of the roots coincide, by Section 4.3.3.

A cubic equation with three roots «; is written as,
(m—a1)(m—ag)(m—a3) = 0. (4.271)

Matching coefficients with equation (4.270), we have

— (a1 + (6] + 013) = O s (4272)
a1 + oy + g = (CZOO)OA s (4273)
—10(¥3 — —-iC'". (4274)

As we are searching for coincident roots at this order, we let oy = ay. Then from

equation (4.272) we have
a3 = —20(1 5 (4275)
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which is then substituted into equations (4.273)—(4.274) to find

_305% = <QOO)0A7
207 = —iC.

Eliminating a; between these two equations gives

@ = 2(9)

whereby the double root becomes

C 1/3

Therefore, by defining

we have oy = ik and hence we obtain the oscillatory solution to (4.268),

Wo (ﬂ) = e )
and the leading order buckling stress,

3K

(QOO)O = A

(4.276)
(4.277)

(4.278)

(4.279)

(4.280)

(4.281)

(4.282)

We need to choose the constant a appropriately in the definition (4.257) of C.

Recall that a was chosen in Section 4.4.1 so that the displacement in the matrix was

zero at infinity, or equivalently so that the WKB exponent ¢(z,y) satisfied (4.167).

Now, to put our solution in the form required by the work of that section, notice that

i = cosf
= —sin(f —7/2)
A~ g -0,
for 6 ~ m/2. Then
wy = el
~~ e ikO/e

( iKS)
= aexp| ——= |,
eR

128

(4.283)
(4.284)
(4.285)

(4.286)
(4.287)

(4.288)



where s is the arc-length parameter RO and « is a constant. Now, as stated previously,
s corresponds to the coordinate x in Section 4.4.1, thus the corresponding value of ¢

on the boundary, from (4.288), becomes
KX
op(1) = — . 4.289
b(2) 7 (4.289)

By (4.257) and (4.280), we have k = —alk|, so

alk|

8

o(z) = DT 4.290
@ = (4:290
Next we use (4.168) to find
. [kly
1¢ T,y = —=, 4.291
(z,y) 7 (4.291)

which tends to 400 as y — oo whatever the value of a, thus satisfying (4.167)
automatically. Henceforth we will therefore choose a = —1 without loss of generality
so that C' > 0; the other choice a = +1 would be equivalent to writing wq(jz) = e *#.

Returning to the shell problem, we now need to set

w = wolu/e) () (4.202)
— el (), (4.203)

and substitute it into the Euler-Lagrange equation, (4.266). Furthermore, we must

rescale = &7 and set

2
foo = 3%%%, (4.294)

where A is the correction to the buckling stress. This is a long computation which

eventually gives us a linear differential equation for f(j1),
63—47f//// + 41%82_37]0,” o 361_27/‘62]0”
32 B 2 B B=; /
+ |37k 1—2 + 3er"p 6_Z + 2P TTiRAA| f

B, . g~ 3B _
N TR = 15T, (2 — —> — P TINR2A 4 (652 + D)} f = 0, (4.295)

2y—1
+{€ 24 A

where only the largest coefficients are shown. We choose the exponents 5 and ~ so

that the terms in f”, if and \f remain at the leading order, or
B =1, 4 = >. (4.206)

Thus the leading order equation becomes

d2f [AA B,f?AQ] ;

el i yy = 0. (4.297)

3 oAl
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The equation can clearly be transformed to the equation for the harmonic oscillator.

In fact, by setting

3
T = ~% A = —A 4.2
[ VH A (4.298)
where
2A
we obtain
d2f -
d—ﬁQJr(A—,f)f = 0. (4.300)

The expression for 7 is well-defined since B > 0 and A > 0 by the definitions (4.254)
and (4.256).

The solutions to the harmonic oscillator equation are given by
fo = e FIPHL(fi) (4.301)
A, = 2n+1. (4.302)

We will require the lowest eigenvalue, Ag = 1. Given that Hy(x) = 1, the correspond-

ing eigenfunction to Ag is

fo = e 72, (4.303)
Transforming back to 7 and A, we find that the lowest eigenvalue and corresponding
eigenfunction are

_ 3lk| | B B k| | B
A= Vg f_eXp[ 2 Vaal

Substituting these back into the expressions for the critical stress (4.294) and the
buckling pattern (4.293), we find

(4.304)

_ 3k 3elwl /B
I = 74 A Va4

i B
exp (%) exp (—% oA MQ) . (4.306)

These are, of course, the nondimensionalised quantities. Using equation (4.246),

(4.305)

w(p)

we find that the full asymptotic expression for the critical stress at infinity is

G 5/3
oo = <G) Gs

We could equally find the dimensional buckling pattern w(u). However, given that

32 3eln] [T
A A 2A

(4.307)

this is an eigenfunction, any constant multiple of w is also a solution. Thus redimen-
sionalising is unnecessary and (4.306) can be regarded as the dimensional buckling

pattern.

130



4.4.4 Comparison with numerical results

We will first compare the asymptotic result for ¢.., (4.307) with the numerical results
found in Section 3. The results are shown in Figures 4.15 and 4.16. The first graph
shows how the critical stress ¢, changes as the shear stress ratio Gs/G,, tends to zero.
The points are the numerical results while the unbroken curve denotes the asymptotic
result in (4.307). The Poisson ratios in Table 1.1 are used, h/ R is kept constant at
0.01 and G, is set to 1. A very good agreement is seen.

The second graph shows the equivalent result from (4.307) in the limit as the
thickness ratio h/R tends to zero. The same constants are used, with Gy/Gu kept
constant at 100. At first sight the agreement seems to be inferior, but in fact the
error is only around 4.4 % at most, and the result at h/ R = 0.01 is the same as the
result in the previous graph at Gs/Gp, = 100.

We now consider how the buckling patterns agree with the progression in Figure
4.1. The results are shown in Figure 4.17. Here, only for the largest value of h/ R
can we easily discern a difference between the asymptotic (red) and numerical (blue)
results. This is a strong validation of our asymptotic expression (4.306) for w.

Having established that the asymptotic solution is correct for increasingly small
values of ¢, we would now like to evaluate it for the values given in Table 1.1, for
which £ = 0.093. Recall from Section 3.6 that the true value of ¢, for these values is
0.0550, with odd and even buckling patterns® given in Figures 3.3-3.4. Substituting
the relevant values into (4.307) gives the asymptotic value of ¢, to be 0.0481. This is
the correct order of magnitude, but is not especially accurate. The buckling pattern
comparison is shown in Figure 4.18, where the red curve is the asymptotic solution
and the blue curve is the even buckling pattern from Figure 3.3. We observe a good
qualitative agreement.

One possible reason for the discrepancy in these values is that the constant D
given by equation (4.258) becomes 698.0, which means that we may not be justified
in neglecting it. We can introduce it back into the analysis by scaling D = 2D, which
will be an O(1) constant on using the values in Table 1.1. The equation (4.270) now

becomes the quartic
m* 4 (¢oo)oAm? —iCm +D = 0. (4.308)

By setting the discriminant of this polynomial to zero [62], we can find the (¢s)o
corresponding to two roots being repeated. We denote this repeated root by m = ik,

for kK € R. The quantities k and (gs)o Will be related — but not according to the

In order to compare odd buckling patterns, we simply multiply w in equation (4.306) by a
multiple of i, since w is an eigenfunction. The real part is taken in order to plot the buckling
patterns.
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Figure 4.15: Comparison of asymptotic and numerical results for ¢., in the limit
Gs/Gm — 0.
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Figure 4.16: Comparison of asymptotic and numerical results for g, in the limit
h/R — 0.
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Figure 4.18: Comparison of the asymptotic and numerical buckling pattern for values
in Table 1.1.

relation (4.282), which held in the absence of D. Next, in place of equation (4.297),

we have

d*f KA K2 (goo)o(A + B/2) — 55C — 261\ 5]
(G ) R G s e LA U
(4.309)

We can scale this equation to obtain the correction to the critical stress as before.

Solving numerically, however, we find that the dimensional critical stress becomes
(oo = 0.0617, which is as inaccurate as the approximation having not taken D into
account. We suspect therefore that the discrepancy is in fact due to the omission of
terms involving 1 in the original energy integral (4.149). This is verified by numerical
solutions of the eigenvalue problem (4.266), which gave g, = 0.0619. This compares
well with the asymptotic solution given previously.”

One final useful calculation that can be made is to find the number of oscillations
appearing in the buckling pattern. From equation (4.306) we can see that the buckling
pattern is formed from an oscillatory part multipled by a strictly positive envelope.
The region of buckling is defined by the envelope, which is never zero, but let us
define the buckling region as the range of u over which the envelope is greater than

some proportion s of the maximum value, 1. The buckling region is therefore defined

"The numerical scheme was a pseudospectral method using Hermite polynomials scaled with a
Gaussian profile, as implemented in a Matlab program by Weideman and Reddy [95].
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as

k| | B,
exp( 5=\ 54" > s (4.310)
2 [2A
2 1\ /24\"*
—1 — — . 4.312
=< e (3) (5) (4312

Thus we can define the disturbance length as

2 1\ /2A\"*
L = 2 ﬁlog (g) (g) . (4.313)

Now, the oscillatory part of the buckling pattern is given by e**/¢, or cos(kpu/e)
so that the wavelength is
2
A= (4.314)
5]
Thus to find the number of oscillations within the buckled region, we divide the

disturbance length by the wavelength, or

1/4
N = %1 / @log (%) (%) . (4.315)

For the values in Table 1.1, we find that

A = 727, (4.316)
B = 208, (4.317)
Kk = 153, (4.318)
e = 0.0928, (4.319)

and we use a representative value for s of 0.05. The number of oscillations /N in the

buckling region is calculated to be 2.890, which agrees with Figure 4.18.

4.5 Conclusion

The key result from this chapter that will be used in the homogenisation process of
Chapter 6 is the analytic expression (4.307) for the critical buckling stress. Given a
distribution of differently-sized shells embedded in a matrix, this expression will be
used to predict the proportion of those shells which have buckled as the stress on the
composite material is increased.

However, before we can approach the homogenisation problem we need to analyse
the behaviour of the shell once it has buckled. This will be examined in the next

chapter.
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Chapter 5

Post-buckling Analysis

In this chapter we investigate a model for the behaviour of a single embedded spherical
shell, which has been weakened due to buckling. In Chapter 3 we found that the
buckling occurred in a band around the shell’s equator. To model this we introduce
a crack in the shell around the equator, to account for the loss of stiffness which
occurs here. The components of displacement in the shell and the matrix are found
in terms of Love stress functions, which are expanded in series of Legendre functions.
An infinite system of equations is found for the coefficients of the functions, which is

then solved numerically.

5.1 Basic modelling

The post-buckled shell and the surrounding matrix are, as before, modelled as linear
elastic materials. The spherical shell occupies the region Ry < R < Rj, with the
surrounding region R > R; being the matrix. As in previous chapters, the shell has
elastic constants GG and v, and the matrix has elastic constants G, and vy,.

As stated in the preamble, we are interested in the post-buckling behaviour of the
shell, in other words its behaviour once the stress at infinity has increased beyond the
value calculated in Chapter 3 and determined analytically in Chapter 4. To model the
fact that the shell buckles in a band around the equator, we introduce an imperfection
here, namely that the shell is split along the plane § = 7/2, with zero traction on
that plane. The flaw in the shell is depicted in Figure 5.1. Any interpenetration of
the two hemispheres of the shell is ignored.

This model for the buckled shell is clearly not what the shell would in reality
experience. However, all we require for the purposes of our report is that the shell is
somehow weakened around the equator, and introducing this crack would seem to be
a simple way of achieving this aim.

As in previous chapters, the geometry is axisymmetric, so the problem is imme-

diately simplified. However, in contrast to the pre-buckled shell of Chapter 3, where

137



\
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Figure 5.1: Depiction of the split in the embedded shell around its equator.

a solution method had been found previously, the split shell is not one that has been

considered in the literature. The axisymmetry enables us to consider the problem in

one quadrant only, described by polar coordinates R and 6 (which we will write in

terms of y = cos@ as before). The conditions on the boundaries of the shell and the

matrix are

£

(s)

R=R,

R=R,

(s)

o

a

(m)
TRo

uém)

R=R;

0, (5.1)
0, (5.2)
0, (5.3)
0, (5.4)
0, (5.5)
0, (5.6)
0, (5.7)
0, (5.8)
0, (5.9)
0, (5.10)

where a superscript (s) or (m) corresponds to the quantity in the shell or the matrix
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respectively. A diagram is shown in Figure 5.2.

Continuity of
/ +—— traction and displacement

Zero traction

Zero traction

A /

Tre, Ug = 0

Figure 5.2: Diagram of the solution quadrant for the split shell problem.

We also have a condition on the stress at infinity. As in Chapter 3, we consider
an axisymmetric state of stress at infinity, composed of the superposition of the two

states of stress

Tzz = —qz, (511)

TRR = Too = Tpo = —IR - (5.12)

To combine these two states, consider the total stress state at infinity, which is given

by
T = —qe.Qe, —qrlerR@er+eyRep+e; R ey) (5.13)
which, on writing e, in terms of er and ey by equation (A.102), gives us

T = (—qr—gq.cos’0)ler ® er + (—qr — ¢.sin’O)ey @ ey
—qres @ ey + ¢ cosfsinf(er @ ey + ey Q@ ep) . (5.14)
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This corresponds to a state of stress at infinity given by

TRR = —(r — (:C08" 0 (5.15)
q- 2q.
= (—QR - g) P (n) - ?Pz(o)(/i) ; (5.16)
Try = (,cosfsinf (5.17)
q-
= 5B (5.18)

Strictly speaking, we should consider the problem where the matrix occupies the
region Ry < R < Ry, where Ry, > R, with traction components Trr, Tre given
by (5.16) and (5.18) applied at R = Rs. Then the problem described earlier is the
limiting case where Ry — oo. This is why only two stress components are prescribed
at infinity in the formulation presented here.

The hemispherical shell is not modelled by the thin shell equations of Chapter
3, for two reasons. Firstly, the boundary conditions at § = 7/2 are not simple to
determine, and would make the equations less tractable. Secondly, the full linear
elastic equations in this axisymmetric geometry are readily solvable by expanding the
displacements in harmonic functions, via the biharmonic Love stress functions, which
would not necessarily be the case on using shell equations. Thus, for this problem we

have neglected the effect of geometric nonlinearity.

5.2 Love stress functions

Introduced by Love [64], Love stress functions are biharmonic functions which describe
the solution to the equations of elasticity for axisymmetric problems. Ling and Yang
[61] derived the expressions for the displacement and stress components in spherical
polar coordinates. If the Love stress function is given by .Z then the displacement
and stress components in a material of shear modulus G and Poisson ratio v are given

by
1 0

1—v

_ 2¢p - 7
ur = —5 uvV=-<& 2G8R(D$)’ (5.19)
o/l =p? 9 10
B o v(l—p?) o ) 0?
TRR = {(Q—U),uaR—l— R o VZ — R (DY) , (5.21)
TRy = V1—p?<—(1—-v) i—i-ﬁg Vi
1o OR ' Rou
o (10
—(=—1](D .22
v (53 ) @2} (5.22)



0 1—p?0 9 0?
- —(1-— Z < v
Too (1-v) (MaR i au) V2 + R (D)
0 1-29)\ (1L pnog
9 IV (2% 1O 2
+<”aR+ R au) (RaR R a,,t)’ (5.23)
o 1-129 , 102 1 0%
= (- 7 Y e et 24
To¢ (”aR+ R op {”V‘g <RaR rop )| B
where
2gp _ 1 O (02 101, 50Z
VL = on \For ) s (950 | (5.25)

0% 1—-pu2o”
1z + .
OR R Ou

DY = (5.26)

Now, the Love stress functions are biharmonic, so that they satisfy the biharmonic

equation
ViZ = 0. (5.27)
It can be shown that axisymmetric solutions to this equation are of the form
& = (aR"™? 4 BR" + AR~V 4+ GR-) (APO) (1) + BQa (1)) , (5.28)

where «, 3, v, 0, A and B are arbitrary constants, @, (u) is a Legendre function of

the second kind, and n > 0 is an integer. Now, using the fact that

POw) = PO, (5.29)

we can consider two general types of Love stress function:
&L = (o + R2B,)R"PO) (1) (5.30)

for any n € Z, and

%, = (AR 4+ B,R" + C, R~V 4+ D,R-"")Q,.(n) (5.31)

for n > 0. This form of stress function is chosen for @, (u) since these functions are
undefined for n < 0.
We will first find the components of displacement and stress derived from .%,.
Using equation (5.25), we find that
V%, = [n(n+ Da,+ (n+2)(n+3)8,R* R *P"(u)

—(ay + R*8,)R™*n(n + 1) P9 (1) (5.32)
= 2(2n+3)B,R"PO(u) . (5.33)
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Secondly, from equation (5.26), we find

DZ, = [nan +(n+ 2)R26n] R PO (1)

ap
+(am + R*B,) R 11 — p?) a0 (5.34)
2n+1) _, n(2n + 3 e
=-%:%R“md%ww-mm+égrgﬂmja1%2@»@%)

on using identities in Appendix B.
Next we substitute the values in equations (5.33) and (5.35) into equations (5.19)—
(5.22). We obtain, after some algebra,

1 {2(1 —v)2n+3)(n+1)— (n+1)>

}RW%Rgﬂu% (5.36)

G 2n+1
1 2 3)+4(1—-v)(2 3
1 [4(1—-v)(2 3)—2 1
o { T ERZ R P (5.37)
(2n + 3)(n* — 3n — 2v)

n
= { nn—1)(n—2)an —
TRR { n(n )(n Ja o1

. {4(1 — V)n(2n + :;31(714{ 1) —2n(n + 1)2] R™18,P0 (1), (5.38)

TRy = {—n(n -2, + 201 - y)(%;? 1_ n(2n +3)

4(1=v)n(2n+3) —2n(n+1)
* [ 2n+1

m@}wa#um

m@}waﬁym

}fw*mRQAM- (5.39)

Finally, we will find that we need to calculate 749 for the Love stress function
%,. However, this would not yield a concise expression. It is much simpler merely
to calculate the value of 749 at © = 0, given that this is where we will be using the
condition involving this stress component.

Setting = 0 in equation (5.23), and using the expression (5.26) for D.%,, we find

0 |1- * (%L, 1 0%, 0.2,
e = (oot () w45

on| R OR* \ R R2OR R op S|,
(5.40)
This expression can be simplified on using the product rule for derivatives, to give
o [1-v 1 104, 10°4
—_ 1 2\ 2371 _gn - n - n ]
700l =0 {< 5, { N N o T Y ”‘H_O

(5.41)
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Substituting the expressions from equations (5.30) and (5.33), and simplifying, gives

us
m0l,_o = {(n—1)%an+ [(n+1)* +2(1 —v)(2n + 3)] R?3,}
dpy”
xR"3 | (1 — p?) (5.42)
dp
n=0
However,
(RNl | R UERY (P21(0) = P, (0)) (5.43)
pn=0
and
+1 n
_ po _n (0) _" po 44
= (n+ 1P, 0) = —nP”(0) (5.45)
so that
(1— )35 - nn D) (po gy " _p (o) (5.46)
a du . 2n+ 1 n-l n+1 "1 '
'u,:
= nPY(0) . (5.47)
Therefore,

mo0l,_g = {(n—1)%an+ [(n+1)* +2(1 —v)(2n + 3)] R?3,}
xnR" 3P (0) . (5.48)

Finally it is worth noting that in the expression (5.30) for .%,, the constants aq
and a; do not give rise to any displacement or stresses in the material: in other words,
they are arbitrary. Therefore we may set them to be zero without loss of generality.

Next we will consider the Love stress function ., from equation (5.31). It can
be shown that only one function of this form gives rise to displacement components
which are non-singular at g = 1, which is % with only the constant Ay non-zero.

Define y = Ag, and denote the stress function by
X I+ p
Lemr = = =1 — 5.49
i) = Sog(151) (5.49)
because the deformation described by this function is also known as a centre of com-

pression.!  We find, on using equations (5.19)-(5.23), that the displacements and

Ling and Yang [61] state that it is ‘convenient’ to include this term in the general expression
for the stress, whereas in fact it is necessary since a centre of compression cannot be constructed by
Love stress functions of the form (5.30).
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stress components arising from this stress function are

X

w = 0, (5.51)
2x
TRE = T3 (5.52)
Trg = 0, (5.53)
X
Tog — ﬁ . (554)

We will finally consider a third Love stress function, which we will denote £*°.
This will describe the response of an infinite expanse of material to a given homo-
geneous stress field. By incorporating this term into the deformation field of the
matrix, with the homogeneous stress field given by the applied stress at infinity of
the problem, we can assume that the remaining terms in the matrix deformation field
decay at infinity. The function £ is a specific solution of the type .Z,, but will
be treated separately for convenience. As noted before, the state of stress at infinity
in our problem will be given by equations (5.16) and (5.18). The appropriate Love
stress function is found by using the functions .%, from equation (5.30) and choosing
the terms whose stress components have no dependence on R. This is achieved by
choosing % and %3, with ay = 0 (as it is arbitrary, as mentioned previously), and

B3 = 0 (as it has the wrong dependence on R). Thus
2 = (P () + AP () B (5.55)

giving us stress components at infinity

10(1 + vy 8(4 — dvpy,

TRR = 1001 + vm) 5 )ﬁlpo(o)(ﬂ) + {—( - )P 6043} PO ), (5.56)
4(4 — dSvy,
— {( : )61_3mﬁfykuy (5.57)
Comparing these with equations (5.16) and (5.18), we find that
ey P E—— 5.58
ﬁl 10(1 +Vm) ) ( )
1 4(4 — 5vm) (3¢ + ¢2)

as = glz 0G4 1) . (5.59)

We can now determine the displacement components described by the Love stress

function £

R [Bgr+q)( —2mm) o 2= 1(0)
up = a- [ 601+ ) Py (p) + 3 P ()| (5.60)
Rg.
up = %= pM () . (5.61)

6Gy,
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5.3 Analysis

We will choose appropriate Love stress functions in the matrix and the shell. Re-
call that we had three types of function: Z, (v, (), Z°"(x) and £>°. Where

superscripts (s) and (m) refer to the shell and matrix respectively, we have

L = N Lo, Ba) + L (xm) + L (5.62)
LY = 3 Ll b)) + LX) | (5.63)

so that the constants «,, §, and x,, refer to the matrix, and ~,, d, and xs to the
shell.

One simplification we can make immediately is to note that in the matrix, by
design, the only stress at infinity should be that due to the term Z*°. By analysing
the stress fields produced by .Z;,, we find that we need

a, = 0 forn=23,4,5,... (5.64)
G, = 0 forn=1,2,3,.... (5.65)

We also set 3y = 0 and as = 0 to omit the rigid body displacement field that would
result from these coefficients. Additionally, ag and «; are arbitrary, so to ensure the
correct behaviour of the stress field at infinity, we remove the %, terms in equation

(5.62) forn =10,1,2,..., giving

-1
LM = N Lo, Ba) + L (xm) + L (5.66)

n=—oo

5.3.1 Conditions along the equatorial plane

We will now consider separately the conditions which are applied at © = 0, namely
equations (5.7)—(5.10). We consider first of all the conditions in the matrix. The

displacement condition (5.10) becomes, on using our choice of 2™

-1

PO [ 2+ 1 By (0)
4 ( Y )(2”n+1) (n )5npéi)1(0)
-3
— Y Ragia(n+2)PY(0) (5.67)

n=—oo
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Recall the relationship (5.45) between Legendre functions of order zero. The equiva-

lent expression for Legendre functions of order 1, from equation (B.7), is

nP(0) = —(n+1)PY(0).

(5.68)

This equation implies that P )(O) is zero if m > 0 is even, or if m < 0 is odd.

Equation (5.67) thus becomes
. Zl o {4(1 — V) (20 +3) = 2(n + 1)

1
= T BuP1(0)

n=—oo

n odd
_n(2n+3) +4(1 — vw)(2n + 3)
2n +1

~ aua(n+ 2P0}

3, P, (0)

(5.69)

Now, the above equation holds for R > R;, and over this interval the functions R"

form a linearly independent set. We can therefore set the coefficients of each R" to

be zero. This tells us that

ﬁ—l - 0 )
and that
1 41 — v)(2n+3) —2(n+ 1)
Qp42
n-+ 2 2n +1
n(2n+3) +4(1 — vu)(2n + 3) B (0) } 5
2n+1 P\ (0)

forn=-3,-5,-7,... .

By applying the same process to equation (5.9), we obtain the relation

1 {4(1 — Um)n(2n+3) —2n(n + 1)
Opt2

n(n + 2) 2n + 1
2(1 — v)(2n + 3) — n2(2n + 3) PV, (0)
n+ P, 1(0)

forn=-3,-5,-7,... .

Combining these two results gives us
a, = B, = 0 forn=-1,-3,-5,... .

Thus

-2
g(m) = Z Zn(anaﬂn) + gcomp(Xm) + ZOO :

n=—oo
n even
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We will now consider the corresponding conditions in the shell, using equation

(5.63). Condition (5.7) gives us

41 — v )n(2n+3) —2n(n + 1)
o+ 2 0) = dl P, (0)
2(1 —vs)(2n+3) —n*(2n+3)
P On s
leading to
5. = 0 (5.76)
and

1 {4(1 —v5)n(2n+3) — 2n(n+1)

Tntz = n(n + 2) 2n+1
2(1 — 1) (2n + 3) — n%(2n + 3) PV, (0
2n - 1 Pn—i—l(o)
for n = 2,4,6,... and for n = —3,—5,—7,... . The equation (5.75) is identically

zero for other values of n.
Finally we consider equation (5.8), which together with equations (5.54) and (5.48)

gives

Z {[(n+1)*+2(1 — 1s)(2n + 3)] R*,

n— Xs
+(n—1)%y,} B ”(0)+ﬁ. (5.78)
Collecting terms in R"! and equating the coefficients to zero, we get
(n+1)*(n+ 2)’Vn+2p7§+)1<0)
+n (412 +2(1 — )20 + 3)] 6, P21 (0) + Xebn 2 = O, (5.79)

where the last term involves Kronecker’s delta. This equation is trivially satisfied if

n=0orn=—1. For n = —2, we obtain
Xs = (1—21)0-2, (5.80)

and

1P +20 - w)@2n+3)n P9 (0)
. P+ PY0)

5, (5.81)

forn=1,3,5,7,...and n = —4, —6, -8, ... . Taking equations (5.77) and (5.81), we

have found all components 7, in terms of components 9,,, except for vy, y1 and 7s.
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The first two of these, as noted before, are arbitrary so can be set to zero without loss
of generality. Finally, we note that the displacement field resulting from a Love stress
function involving only 75 is exactly equivalent (modulo a multiplicative constant) to
the displacement field resulting from a Love stress function involving only dy. Both
these fields correspond to a rigid body displacement parallel to the z-axis in the
problem. Therefore, we can also set 7, = 0 without loss of generality.

From equations (5.45) and (5.68), we can write

PY (0 1
7;0‘)1( ) _ _r*l (5.82)
Pn-l—l(o) n
(1)
P, (0
%() - " (5.83)
PnJrl(O) n+tl
Using these, we define
where
([ 2(1—15)(2n+3) + (n+ 1)?
(n+1)(n+2)
forn=...,-8,—-6,—4,1,3,5,...
2(1 —1v5)(2n +3) +n* —2
An = (n+1)(n+2) (5.85)
form=...,—-7,-5,-3,2,4,6,...
0
L forn=-2,-1,0.
Then
L = N Li(Aa2bu2.0n) + L (xs) S (5.86)
where x5 is given by equation (5.80).
5.3.2 The remaining boundary conditions
In equation (5.86), we split the sum in two:
L = gt g4 geomr (5.87)
where
—1
L7 = Y ZLu(Mabn2,6,) (5.88)
LT = Y L Aabn2,6,) (5.89)
n=0
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In £~ we replace n by —(m + 1), so that

L7 = Y RO s0s + R ) PO (1)

m=0

using the fact that

We then define

N
[

5—m—1 )

resulting in

2L = S R O msnsa + R PO () .

m=0

(5.90)

(5.91)

(5.92)

(5.93)

By applying equations (5.36)-(5.39) to £+ separately, making the substitution

(5.92) and rearranging, we can write the displacement and traction components in

the shell as

s 2Xs
o= 2 S P0u0{| - (r Date - D

41 —vs)(2n+1) —2n|n(n —1)
* 2n —1
+(n +1)(2n+5)[2vs — (n — 2)(n+ 1)]
2n +3
n(2n — 3) [n(n + 3) — 2us]
* 2n —1

Rn725n71

R,

RinilCnfl

- [ato+ D0+ 200

2n+ 3

+mn+mm+nmu—%x%+¢%%n+”q3n3gﬂ},

) - g;%Wm{[—m+wmf¢»nl

+2(n —1D2(1 —v)(2n+1) — n]
2n —1
+(2n +5)[2(1 — vs) — (n+1)?]
2n+3
(2n — 3) [2(1 — vs) — n?]
* 2n —1

:| Rn725n71

R 1

RinilCnfl

+ | = n(n+2)A n42)

2(n+2) 21 —v)2n+1) — (n+1)]

(5.94)

- ] R"?’CnH} . (5.95)

2n+ 3
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© _ X 1S5 p0 _
ey e DL AR | BRI
N 2n2(1 —v)(2n +1) — n]] Rs
2n —1
(n+1)2n+5 M40 -w%)—(+2)] L
+ 2n+3 R 5n+1
on—3) 41 —v) + (n—1)]
R SRR
n—1

+ [ —n(n+ DA ny2)

N 2(n+1)[(n+1) —2(1 —vs)(2n + 1)]
2n+3

1 o0
(s) _ (1) _
Y = oq an P (1) { { (n+1)A—y

41 —v)(2n+1) — 2n
* 2n —1
(20 +5) 401 —v) + (n+ 1)] ey
2n+3 i
RCEDI (AL
41 —-v5)(2n+1) —2(n+1)

2n+3

] R"2§n+1} . (5.96)

:| Rnflé‘nil

+ | PA_(nt2) + } R‘”‘2§n+1} . (5.97)

Now, we will split up the Love stress function in the matrix into the two compo-

nents
gm = PPy g (5.98)

where

-2

L = L)+ Y Ll ) - (5.99)

Writing
On = Q—(nt1) (5.100)
Y = B, (5.101)

in the same way as for the shell coefficients, we find that the stress and displacement
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components corresponding to Z% are

_ 2Xm n(2n —3) [n(n+3) — 2] _,_
T]}%)R — X + Z PO { )gn(_l ) ]R 177Z)n—1

+7:(n+ D(n+2) R 3¢,_y
N 2n+2)(n+1)2(1 —vm)(2n+1) —n —1]

R”%M} , (5.102)

2+ 3
o —n(n +2)R™" 3¢,
C2(n+2)[2(1— I;r;)(fg +1)—(n+ 1)]3‘"‘3¢n+1} , (5.103)
—n(n+ f)?”%nfl
L 2n+1)[-201 _2];?—)1—(2371 + 1)+ (n+1)] anwm} (5.100)
PR P A TETE
' ie;R—”—Qqsn_l
L 40— um)(2;zn++1§ —2(n+ 1)an¢n+l} | (5.105)

Applying (5.98), the conditions (5.1)—(5.6) become

(s)
= 0, 5.106
TRR ReFo ( )

(s)
= 0, 5.107
TRo ReFo ( )
<TIEZS}2_T}1;R> Rery = TI%OR|R:R1 ) (5.108)
(-t = oo, .10
(ug) —u%) Remi Uk pr - (5.110)
()], = s

where 75%, Ty, uy and ug® are given by equations (5.16), (5.18), (5.60) and (5.61).
The equations (5.106)—(5.111) can in turn be written in the form

> {AN ot + A + AdGuor + AnGusa } PO (n) = 0, (5.112)

n=0
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Z {Bnon-1+ Bibni1 + BiGu1 + ByGoia} PP(n) = 0, (5.113)
1

3 {c;an_l 26y 4 OO+ it + CO

n=0

2Xm
+Cpdn1 + Crthnis + %(Sn,o} POy = PP+ c°BY | (5.114)
1

> ADAow 1+ Dlonis + DGy + DiGosr + Dby

n=1

+D%¢, 1 + Dl i } PV () = D¥PV(p), (5.115)

Z {E}Z(Snl + EZ0ni1 + EpGot + EpGor + E)hn

n=0

+E n1 + E}thni1 — ﬁ@w} PO(p) = E8P2(0) + EQPO(O) , (5.116)
m ]

Z {Fé(sn—l + F20n1 + F2 Gy + Fina + Fo0n

n=1

FFS¢y 1+ Flbpr ) PO(p) = FRPM (). (5.117)

All these equations are only valid in the domain p € (0,1). The coefficients A’, to F!

are given in Appendix D for completeness.

5.3.3 Obtaining the linear system in general

All six of the equations (5.112)—(5.117) can be written in one of the forms

> PO = AP®(u)+ B () (5.118)
n=0
> 8PN (u) = CPV (), (5.119)
n=1

for i € (0,1). We will find the linear system arising from the six equations (5.112)—
(5.117) by studying these canonical equations.

We will require the results

( 1
om+1 "
1
| PP an = § Fma meven nodd (5.120)
0 Jrm m odd, n even
0 m # n, same parity
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([ m(m+1)

X 2m +1

/ PO POy dy = { mm+1)fun, meven, nodd (5.121)
0 n(n+1)fom modd, n even

m=n

[ 0 m # n, same parity

where

-1 (m+n+1)/2 I'n!
fon = ) r S (5.122)

et =m0+ 1) [(3)]° | (25

The result for Legendre functions of order 0 is given by Byerly [17], but his method

also holds for the order 1 functions.

The result above is not convenient for numerical calculations, given that the fac-
torial terms soon become so large that they exceed the maximum number able to be
held by the program. The quantities are said to overflow. To counter this we re-write

equation (5.122) by considering, for even r,

s = #;)1]2 (5.123)
- [2/;7(;”2 (5.124)
_ [21 4263 '52 (5.125)
= 12:2'_'6',(,7:1) (5.126)

_ ﬁ(%%:l) . (5.127)

Then

(—1)(m+n+1)/2nsmsn,1

o = T Tt 1) (5.128)

We will now consider equations (5.118) and (5.119) in turn, beginning with (5.118).
We multiply the equation by P\ )(,u) and integrate over u € (0,1). Considering even

and odd m as separate cases, we obtain

o0

o A

;af’+2m+1 5 2+ 0
n odd

form=0,2,4,6,... (5.129)
> Q

nJn,m = = A m B m

nz:%af’+2m+1 Jom + B fo,

form=1,3,5,7,... . (5.130)
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These two systems of equations should be equivalent. The reason for this is that, from
(5.120), we can write any even Legendre polynomial over (0, 1) as a linear combination
of odd Legendre polynomials, and vice versa. Thus, over (0,1), the system (5.118)
can be written either as a sum of odd or even Legendre polynomials. The two systems
(5.129) and (5.130) are the result of considering even and odd series respectively. To

analyse the two systems, we will split «,, into odd and even indices. Define

Em = 0Q9m—9 (5131)
Om = Q9m—1, (5132)

then from equations (5.129) and (5.130) we obtain the systems

> e A
s—2,2r—10r . = _53 B(;s
;fz 2,2r—10 +4s—3 5 2+ 1
for s =1,2,3,... (5.133)
o0 OT
Z fos—2.9r—1€5 + 1 = Afsor—1+ Bfoor—1
— r—1
forr=1,2,3,... . (5.134)
Now define an infinite matrix M with entries
Mrs = f2372,27‘71 (5135)
and a vector
as - A5872 -+ 35871 (5136)
so that
A 1
— 0 B, s 5.137
5Os2 T P01 = T (5.137)
Af2,2r71 + Bf0,27“71 = Z Mrsas . (5138)
s=1

Therefore, on defining the two diagonal matrices A; and A, with entries

1

A ss  — 5 5.139
(A = 5 (5.139)
1
A rroo T T 1 14
(B = 7 (5.140)
the two systems can be written in the form
M% +Ae = Aa, (5.141)
Ao+ Me = Ma, (5.142)
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for the solution vectors o and e.

We now turn to equation (5.119). As before, we multiply by Jais )(,u) and integrate

over p € (0,1), obtaining (for even and odd m in turn)

= m(m +1)8, 6C
Zlﬂm(m+ e R 5 O™
n odd
for m =2,4,6,...
. m(m +1)B,,
1 T e m

form=1,3,5,...

Set

em = [Pam—o form=2,3,4,...

5m = 52m—1 form:1,2,3,... 5

noting that €7 is never determined by this system. Eventually we obtain

> o 2s—=1)(2s—1)_ 6C'
292872,27'71%"‘ ( )( )es = _(532

4s — 3
for s =2,3,4,...
. 2r(2r—1
925 2,2r—1€s + Zir—l )0r = 092,27"71
forr=1,2,3,...

where

92s—22r—1 = 2(5 - 1)(25 - 1)f2372,2r71 .

Now, define the diagonal matrices Az and A, by

(Az)ss = 2(s—1)(2s—1),
(Ay)r = 2r(2r—1),

so that
(MA?))rs = §2s—22r—1-

Finally note that if
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then

6C ~
?5872 = A3A10 s (5154)
092727“,1 == MA;}E . (5155)

This all results in the two systems
AsMTo+ AsAe = As3AC, (5.156)
AjAy0+ MAze = MAsc. (5.157)

Now, the first row of equation (5.156) is empty, which will cause problems when we

apply the results above. Therefore, we premultiply the equation with the matrix

0100
0010
which has the effect of moving all the rows up by one. Then define
A5 - FAg 5 (5159)
so that equation (5.156) becomes
AsM'6 + AsAje = AsAC. (5.160)

We cannot multiply throughout by Agl because the matrix Aj is singular. This,
however, will not cause any problems in the calculation of the solution to the split

shell problem, as we shall see shortly.

5.3.4 Application to the split shell

In this section we will be applying the results of the previous section to equations
(5.112)—(5.117). We will first consider the equations involving P\” (11). Because they

are all of the same form, we will analyse the canonical equation

[e.o]

S {Vitbno + V28t Va4 Vi + Vit

n=0
FVEGn 1+ Vi + Vxadno ) POG) = VAR + VR (5.161)

where V' is used here as a symbol which can be replaced by A, C or E, and 1%
corresponds to the multiplier of X0, in the sum. Comparing this to (5.118), we get

Q, = anén,l + Vn25n+1 + Vanfl + Vr?C”JFl

+Vn5¢n—1 + Vr?gbn—l + VTZQ/}n—H + ‘7Xm6n,0 s (5162)
A =V, (5.163)
B = V. (5.164)
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At this stage we need to determine which coefficients are to be solved for. They

are

g, 01,02, 03, - . .
CHONENCIT
V1, V3, V5, Y7, - -
¢1, @3, &5, 7, -

Xm -

Y

?

Y

)

(5.165)

The coefficient (y is zero by equation (5.76). We find that it is convenient to write

the coefficients above in terms of six solution vectors,

5 =
¢ =
P =

617637557 ..
(17 C37<57 .-

5 =
¢ =

507 527 647 o
<27 C47 <67 .-

(

(

(1, 3, s, -
¢ = (Xm 01,93,

(

(

),
),
),
D
).

Y

The reason for this becomes clear when we perform the split into odd and even indices,

as in equations (5.131)—(5.132). We eventually find that

e = Vi6°+ V(" + V3 +Vyo,

o = V55e + Vﬁce s

where the six matrices V'; are given by

V2 0 0
Vi V20
V1 == 0 V:ll ‘/212
Vi 0 0
vy Va0
V2 = 0 ‘/:13 ‘/44
Vi 0 0
vy Vio0
V3 = 0 ‘/;15 VZ
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V 0o 0
0 V26 0
Vi vE oo
1% 0 Ve v 5.178
5 = 0 0 V51 ) (5.178)
Vi oo 0
1% e 0 5.179
6 — 0 ‘/;)3 V54 . ( . )

Given that V can stand for A, C' or E, we have thus defined matrices A;, C; and
E; for : = 1,...,6. Having found expressions for the vectors o and e in equations
(5.141)—(5.142), we now only need to define the vectors @ for the three choices of V.
We find that

ay = U (5.180)

We next consider the same problem for the three equations of (5.112)—(5.117) that

involve Pygl)(u). Once again using V' as a symbol, which this time could stand for B,

D or F, the equation to be analysed is

Z {(Viibna + Vibnia + ViiGa + VilCogr + V00
n=1
Vi1 + Vi } PO () = VERP (n) | (5.181)
so that comparison with (5.119) yields

Bn = an(sn—l + V7125n+1 + V,?Cn—l + Van+1
AVt + Viidnir + Vitbna (5.182)
¢ = Ve (5.183)

Performing the split (5.145)—(5.146) into even and odd indices, we find that
€ = Vi + Vo’ + Vi + Vig, (5.184)

5 = V568+V6Ce (5185)
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for the same six matrices V'; given by (5.174)—(5.179). Additionally, the vector ¢ for

each equation is given by

¢y = 0 1. (5.186)

Now, the preceding expressions for e, o, e, o and the vectors ay, ¢, can be
substituted either into (5.141) and (5.160), or into (5.142) and (5.157). In both
cases we have six infinite systems of equations for six vectors of unknowns, (5.166)—
(5.171). These six systems will be combined into one matrix equation, whose form
will depend on whether we substitute the quantities into (5.141) and (5.160), or into
(5.142) and (5.157). The first case we name the ‘even’ method, since this was the
result of multiplying the original equations by pY (u) for even m. The second case
is accordingly dubbed the ‘odd” method.

In the ‘even’ method the matrix equation is given by

T.X = R., (5.187)
where the solution vector is
60
CO
X - ’g , (5.188)
56
Ce
and the matrix is given by
AA, A A, (0] o MTA, M7T A,
A;A B, A;A B, (0] o AsM'B; A;MTBq

AC, A, C, ACs ACy MTC, MTCq
A;AD; A;A\Dy, A;AD; A:A\Dy, A;MTD: A;MTDg
AL E, AE, A E; AE, MTE; M'YE;
A;AF, AsAFy A;AF3 AsAFy, AsMYF, A;MTFg
(5.189)

where O is the zero matrix, and the right-hand side vector is

0
0
B Asdc
Re = | Ane, | (5.190)
AlaE
AsAjcy
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The equivalent equation for the ‘odd’ method is

T.X = R,, (5.191)
where
MA, MA, (0] (0) Ay A; Ay Ag
MAs;B, MA3B, (0] 0) A ABs AjABg
T _ MC, MC, MC, MC, AsCls AsCy
o MAng MA3D2 MA3D3 MA3D4 A4A2D5 A4A2D6
ME, ME, ME, ME, A Es Ay Eg
MAsF, MAsF, MAsF; MAsF, A,AFs A,AFg
(5.192)
and
0
0
B Mac
R, = MA, ) (5.193)
Mary

5.4 Numerical analysis

We now have two systems to solve, given by (5.187) and (5.191), which should give
the same solution. The difficulty in finding these solutions lies in the fact that the
systems are infinite.

The matrices T, and T', are composed of 36 infinite submatrices. We suppose that
each of these submatrices is truncated to a size of N x N, with the corresponding
subvectors of R, and R, truncated to a length of N. Then the equations (5.187) and
(5.191) form a system of 6V linear simultaneous equations for 6N of the coefficients
in the vector X. We will seek the solutions to these systems as N — oco. A number
of issues will arise which we will now consider in turn.

During the course of this analysis, we will assume for the purposes of illustration
that the material and geometric parameters are those of Table 1.1, apart from the

choice of R = 1. We apply a uniaxial stress field at infinity, given by ¢, = ¢ > 0 and
qr = 0.

5.4.1 Scaling of the solution matrix

One observation that can be made on calculating the solution of the truncated systems
(5.187) and (5.191) is that the matrices T, and T, are badly scaled. This implies that

the solutions that are found can be less accurate than is expected. To counter this
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effect, the matrix T' must be scaled appropriately. Neumaier [75] suggests that the
system (5.187) (for example) should be replaced by

= T.X = R. (5.194)
where
T, = T.K™' (5.195)
and
X = KX (5.196)

for some matrix K. It is readily verified that the system (5.194) is exactly equivalent
to the original system (5.187). A ‘natural’ choice for K is suggested, which is given

by the diagonal matrix with entries

(K = A/ (TeTe)kk - (5.197)

5.4.2 Comparison of the ‘odd’ and ‘even’ solutions

Recall that the two systems (5.187) and (5.191), having been derived from the same
matching conditions, should give the same solution. However, on calculation, it tran-
spires that the solutions given by the odd and even methods are different. This
discrepancy between the two methods is obviously worrying. Which one of these
solutions, if either, is closest to the true solution?

The answer to this question is found by the realisation that the system (5.191) is

numerically singular. In other words, there exist nonzero solutions X to the system
T.X = 0. (5.198)

In practical terms, we should speak of nonzero vectors X such that T‘O/)Z is negligi-
ble. In this context, ‘negligible’ refers to quantities which are smaller than a certain
tolerance, which is determined from T, and ¢. Here, ¢ is a quantity referred to as ‘ma-
chine epsilon’ and essentially characterises the distance between successive numbers
in floating point arithmetic [92].

Numerical experiments for certain values of the constants of the problem show that
the numerical nullity of T, (the number of solutions to (5.198) ) is 1 for N < 200
while (in the same range of N) the nullity of T. is 0. We thus conclude that it is
the odd method which is incorrect. In fact, by taking an appropriate multiple of the
solution to (5.198) and adding it to the calculated solution of (5.191), we can recover
the solution as given by the even method. Given that the even method appears to be

more numerically accurate, we will henceforth only consider this method.
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Thus we will be seeking the solution to the system
TX = R (5.199)

where T =T, and R = R.. The system is scaled according to the theory of Section

5.4.1 before calculation.

5.4.3 Convergence acceleration

Now, we wish to be able to determine the solution of the system in the limit as
N — oo. We introduce the notation Xl&ﬁv ) to denote the coeficient Xm found from
the numerical scheme with the submatrices of T' truncated to size N x N. A similar
notation will hold for the other coefficients, viz. 57(11\7)7 ™) and so forth. Unfortunately,
the coefficients do not converge before the system becomes too large to solve in a
reasonable amount of time. As an example, Figure 5.3 shows the behaviour of ng )

as N increases, for a certain combination of geometric and material constants.

gnN ) -0.02

X

-0.03

-0.04 -
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_O 09 | | | | | | | | |
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N

Figure 5.3: Plot of anN) for increasing N.

In this situation we must resort to using convergence acceleration methods. These

methods take a sequence of the form
SN = S+QN s (5200)

where gy — 0 as N — oo. By taking the terms Sy and applying some transforma-
tion to them, a convergence acceleration method constructs a new sequence which is

designed to converge more quickly to S.
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Sequences can be categorised according to the behaviour of the sequence

Sny1— S gN+1
e ) 5.201
PN Sy— S N ( )
Defining
p = lim |pn], (5.202)

we define sequences Sy which have p = 0 to be hyperlinearly convergent, those for
which 0 < p < 1 to be linearly convergent, and those for which p = 1 to be logarith-
mically convergent [45]. If p > 1, the sequence diverges.

Perhaps the best-known acceleration methods are the Shanks transformation and
Richardson extrapolation [6]. However, in recent years a number of other acceleration
methods have been developed. Smith and Ford [85] compared a number of these
methods on a range of linearly and logarithmically convergent sequences for which
the solutions are known. They showed that the best-performing schemes were the
u and v Levin transforms and the Brezinski #-method. However, applying these
methods to our coefficients does not result in accelerated convergence. Thus our
sequences must be especially hard to accelerate.

Logarithmically convergent sequences are known to be the most difficult to accel-
erate. A theorem by Delahaye and Germain-Bonne [26] shows that there is no one
scheme that will accelerate every logarithmically convergent sequence. In general, the
appropriate choice of scheme will depend on the form of the remainder terms ¢y in
(5.200). If the form of gy is not known, as is the case for our coefficients, we must
choose an acceleration scheme by other means. One way of doing so is by assuming
that gy is given by a certain expression, and apply a method which is designed for
remainder terms of that form.

The form of ¢y that we consider is given by
gy ~ N7 (co+a N '+eN>+.-) (5.203)

as N — oo, where o < 0 is a constant. We know that the remainder terms of Xl(flv ) and
the other coefficients are not of this form, since Weniger [96] showed that sequences
with this remainder term are accelerated by the Levin u-transform. However, we will
search for other accelerating sequences designed for this form of ¢ which also happen
to accelerate the convergence of our coefficients. One such method is the modified
Aitken 6*-method, which was proposed by Bjerstad, Dahlquist and Grosse [9]. We
will use the slightly modified method given by Osada [78].
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Suppose that we are given a sequence Sy that satisfies Sy — S = qn, where ¢y is

given in equation (5.203). Then define

sy = 0, (5.204)
s = Sy for N=1,2,... M. (5.205)

Then, for £ =0,1,..., L%J — 1 we define

3k+1 _ sk B 2k +1—0 (Sljif+1 - SIJCV)(SIJCV - $]]€V—1) (5206)
N N 2k — o S%H — 25% + 3?\7—1
for k+1< N < M-—(k+1). We find that
sk —S = O(N"2F) (5.207)

as N — oo. Clearly, in order to use this method, the value of & must be known
beforehand. This causes problems if we want to apply it to the coefficients of X,
the solution of (5.199), as N — oo. Because we do not know the value of ¢ for this
sequence (if indeed the sequence even satisfies (5.203)), we must determine it by other
means.

For sequences that do satisfy (5.203), the constant o can be constructed from the

values of the sequence. Bjgrstad, Dahlquist and Grosse [9] state that on defining

1
Ty = 1+ , (5.208)
A ( Sni1— SN )
Sni1 — 25y + S
where A is the forward difference operator, we have
Tn ~ o+ N2 (to+tN "+ 6N +--1) (5.209)

as N — oco. Thus o can be found by applying the modified Aitken 62-method with
o = —2 to the sequence Tl.

However, given that the coefficients in our problem do not have remainder terms of
the form (5.203), this method does not work as well as hoped. In addition, the values
of the coefficients for large N have small errors in them, due to numerical inaccuracies
in solving the original matrix system for N = 200. These errors are magnified by the
process of applying difference operators in the definition of the auxiliary sequence Ty .

Nevertheless, if we apply the modified Aitken §2-method to T, we find that for
each coefficient ¢,,, 1, the resulting value of ¢ is broadly similar. The value of ¢ for
the coefficients §,, and ¢, vary wildly (including obviously incorrect positive values),
but as n increases the value tends to that for ¢,, and ¢,,. These trends can be seen in

Figure 5.4. Therefore, it is reasonable to assume that we can treat o as a parameter of

164



1k X X 3 X
X
X
05F x
x X %
op x
x X
05 W HRAKX X X 2}5 % §X§X§X§X§X§>}< %&‘}5 WQ‘WM&XX&&WM
X X X
X
-1k
-15r
2
—25F
X
_3 1 1 1 1 1 1 1 1 1 J n
0 10 20 30 40 50 60 70 80 90 100

Figure 5.4: The value of ¢ as calculated by Ty for each coefficient: red (4,), green

(Cn), blue (,), black (¢y,).

the whole problem, with each coefficient being found by applying the modified Aitken
52-method with the same value of o. Unfortunately, this value is not determined by
the sequence Ty — the limiting value found depends strongly on the number of terms
taken in the acceleration process, and had not converged by the time we had taken
the maximum number of terms.

However, by treating o as a parameter of the problem, we can apply the 62-method
to the whole problem, with differing values of o, and determine the correct value by
choosing the solution with the best behaviour. In this situation, ‘best behaviour’ is
determined by the displacement of the outer boundary of the shell. We find that as we
vary o, the limiting values of the coefficients, as calculated by the 62-method, also vary.
This results in a variation in the shell displacement components. In particular, we
can evaluate the shell displacement component u§f’, evaluated at R = R; and p = 0.
Clearly this quantity should be zero. However, in general, this is not calculated to be
the case. Denoting this offset by ¢, we find that ¢ varies monotonically with o. Using
the same parameters as before, we find (through numerical experiments) that ¢ < 0
when 0 = —0.5, and that ¢ > 0 when ¢ = —0.05. By a simple root-finding technique,
we calculate that ¢ = 0 is given by 0 = —0.119 to three significant figures. These
values were found by using the range of N = 501, ...,1000.

Thus the correct coefficients for the problem should be given by the results of

the §%-method with this value of 0. As a comparison with Figure 5.3, the value of
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Xm Obtained by acceleration is —0.01044. Using these coefficients, we can determine
the shell displacements. We can verify that the coefficients calculated are correct by
overlaying the resulting plot of the deformed shell over the plot from a finite element
computation.? For the uniaxial stress state at infinity that we have considered up to

now, the overlay is shown in Figure 5.5. Note that it would not have been appropriate

0.8

0.6

0.4

0.2

Figure 5.5: Overlay of the plot of the deformed shell found by using the convergence
acceleration method (red) on the finite element result (blue).

to calculate the finite element result instead of the Love stress function calculation,
because in Chapter 6 we will require the behaviour of the solution at infinity, which
is readily found from the latter but impossible to measure from the finite element
result.

We note that the parameter o will depend on the material and geometric param-
eters of the problem. Thus, for each problem we consider, we must find o separately.
The problem under consideration is a mized boundary value problem: in other words,
along part of the boundary of the material, displacement boundary conditions apply
whereas along the remainder, traction boundary conditions are imposed. It is known,

for example from fracture mechanics problems, that there are in general singularities

2The finite element computation was made using the COMSOL Multiphysics package, formerly
known as FEMLAB.
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in the stress of the material near the points at which the two types of boundary con-
dition meet. In linear elasticity, if the materials on either side of the transition point
are the same, the singularity is an inverse square root singularity, as exemplified by
Section 2.3 of this thesis. However, in this chapter the transition point between the
boundary conditions is also the point at which two different materials meet. In this
case, the singularity strength is a complicated function of the material and geometric
parameters of the problem [24]. We speculate that the value of ¢ is in some way
dependent on this singularity strength.

We can verify that the calculated value of o is correct by considering that if
Sy ~ S+cN? (5.210)
as N — oo, then in the same limit we have
log(|Sy —S|) ~ olog N + constant, (5.211)

where S is the limiting value of the sequence as calculated by the convergence accel-
eration method. In Figure 5.6 we have plotted graphs of log(|Sy — S|) versus log(V),
where Sy corresponds to 5%\7), Céév), @/Jéf)v) and gbgg). Superimposed on these graphs
are straight lines whose gradient is the calculated value of o. We find that as N — oo
(so log N — o), the graphs agree, as expected. Thus our choice of o appears to be
validated.

5.5 Results for canonical stress states at infinity

Now that we have a method that finds the solution to the original problem in the
limit as the size of the system of equations becomes infinite, we apply it to the case
of two canonical stress states at infinity. We again choose the values given in Table

1.1, apart from the choice R = 1. These states are:
e Radial compression, or ¢, = 0 and gz = ¢,
e Pure shear, or ¢, = 3¢, and qg = —¢s.

The reason for choosing these two states will become clear in Chapter 6, where these
results will be used. The shell displacements which result from solving the linear
system and accelerating the convergence are shown in Figures 5.7 and 5.8. As be-
fore, these were compared with finite element calculations and were shown to match.
However, it is fair to note that if ¢ is taken too large, numerical instabilities appear
in the shell displacement plots. The values of o for these calculations are, to three
significant figures, o = —0.119 for the radial case and ¢ = —0.120 for the pure shear

case.
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Figure 5.6: In blue: Comparison of log|Sx — S| (vertical axis) versus log N, where
(clockwise from top-left) Sy = 5%\/), Cz(év), ¢§]OV’ and wgff). In red: a straight line with
gradient o.

For the purposes of Chapter 6, we need to know the behaviour of the solution
as R — oo. Referring to (5.98), we know that if .£>° characterises the state of an
infinite expanse of the matrix material undergoing a given applied stress, then Z%
is what needs to be added to this to account for the presence of the inclusion. By

examining equations (5.102)—(5.105), we find that to leading-order these added terms

are:

B _2X_m+§[(5_y VPO (1) + (1 — 20 PO 2+ O(R) | (5212

RR R3 3 m )L " (H m/)L o M)]R3+ ( )7( )
2

gy = ()P e 1 O(R), (5.213)
1 2

uhy = m{xm—g[(5—4um>P§°><u>+<1—2um>Pé°><u>} wl}

+O(R™), (5.214)
N Gt Y e IR e (5.215)

Thus we can see that the leading order terms at infinity in the matrix depend on only
two of the coefficients, namely x,, and ;.
This means that we only need to calculate these two coefficients in both the radial

compression and pure shear cases for the analysis of Chapter 6. Denoting the first
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Figure 5.7: Shell displacement (red) for the radial compression case, where ¢, = 0.3.
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Figure 5.8: Shell displacement (red) for the pure shear case, where ¢; = 0.1.
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case by a superscript ‘v’ and the second by a superscript ‘s’, we find that

Xm = Xmlr s (5.216)
Vo= g, (5.217)
Xm = Xm0s (5.218)
Vo= g, (5.219)
where
X, = —0.05014, (5.220)
Ut = 0.01761, (5.221)
X, = —0.06896, (5.222)
05 = —0.5217 . (5.223)

Finally, in the next chapter we will show that three of these coefficients will be

related. In fact, from equation (6.311), we need that
A1 + vt — 2(1 — 2u)Y5 + 3%, = 0. (5.224)

Using the values in (5.220)—(5.223) and vy, = 0.45, we calculate this quantity to be
—3.90 x 10~ This is small in comparison with (5.220)—(5.223), so we suppose that

it is the errors in the numerical method that cause it to be non-zero.

5.6 Discussion

During the course of this chapter, we have considered a problem which serves as a
model of a shell which is weakened due to buckling around its equator. By considering
Love stress functions in the matrix and shell, we were able to find a semi-analytical
solution, which gave us the displacements and stresses as infinite series in Legendre
polynomials, for which the coefficients had to be found by solving an infinite system
of linear equations. This system was truncated to successively larger sizes, giving for
each coefficient a sequence of values which didn’t converge before the system became
too large to solve. Instead we considered a convergence acceleration method which
employed a parameter o. This parameter was determined by demanding that the
displacements of the shell and matrix matched at § = 7/2.

Clearly, the one major weakness of this theory is the necessity of convergence
acceleration methods. While the method seems to give results which match closely to
finite element calculations, we cannot be sure if the coefficients obtained are correct,
nor define how accurate they are. However, in the absence of knowledge about the

true behaviour of the remainder terms gy for the coefficients, and thus being able to
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tailor an acceleration method for them, it appears that we must be content with the
results obtained.

Further work, however, may be carried out to modify the solution method in such a
way as to improve the convergence properties of the problem. Specifically, we suspect
that the main culprit is the singularity in the material at the point where the crack
in the shell meets the matrix. We have noted that the strength of this singularity is
dependent on geometric and material parameters of the problem. If this strength is
calculated, it may be feasible to consider the full solution as the sum of a singular
field and a regular field, of which the latter may be calculated more easily using the
approach of this chapter.

Asymptotic methods may also be used to simplify the problem in the limit as
the shell thickness ratio h/ R tends to zero. However, Figure 5.5 shows that near the
crack we would need to consider the full elastic solution, as the displacement varies
over a lengthscale comparable with the shell thickness. This full solution would be
obtained using numerical methods, leading to a hybrid asymptotic-numerical method

for the solution of the problem.
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Chapter 6

Homogenisation

In this chapter we will model the experiment described in Chapter 1. This will involve
finding the displacement of the upper surface of a block of material undergoing uniax-
ial compression. Consequently we will require the elastic constants of the composite
material, which will be found by a homogenisation process. This echoes the ‘point-
inclusion’ process of Chapter 2, which calculated the shear modulus of a composite
material undergoing antiplane shear, assuming that the inclusions were far apart.
Section 6.2 reviews this work and applies it to arbitrarily-shaped inclusions, which
introduces an element of anisotropy to the material. By this process we introduce the
method which will be applied to three-dimensional inclusions.

The only information that we require for the homogenisation process is the be-
haviour of a single inclusion. If we know the leading-order displacement of an em-
bedded inclusion which is experiencing an arbitrary stress field at infinity, then the
behaviour of a dilute composite material composed of these inclusions can be de-
duced. This will be analysed in Section 6.3.1. Following this, in Section 6.3.2 we
will determine the form of the elasticity tensor for such a material, if deformations
are restricted to being axisymmetric. In Sections 6.3.3-6.3.4, we will specialise this
result even further, namely to the pre-buckled shell described in Section 3.3 and the
idealised post-buckled shell described in Chapter 5.

Finally we will model the experiment described in Chapter 1 by considering a
block of the material which is experiencing a homogeneous stress field 7,, = —q. We
will mirror the theory of Section 2.4.4 by using the results of Chapter 4 to determine

at what stress ¢ the inclusions buckle.
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6.1 Homogenisation of composite materials

In the theory of homogenisation for linearly elastic materials, we consider a material

whose elasticity tensor is variable in space,
Az’jkl = Az’jkl<w) ) (6-1)
so that the stress—strain relation is given by
Tii(x) = Aijm(x)en(x) , (6.2)

where 7;; and e;; are stress and strain tensors in the material. The variations in all
the above quantities are assumed to be over a short lengthscale. Thus, on introducing

an averaging process (-), we can define an effective elasticity tensor ﬁijkl by

(i) = Agulen) (6.3)
which describes the deformation of the material on the macro-scale. The transition
from (6.2) to (6.3) is non-trivial, and involves assumptions on the distribution and
configuration of the microstructure of the material.

A material which consists of two or more phases of material — where the elas-
ticity tensor A;jr () is piecewise constant — is referred to as a composite material.
Common examples of such materials are fibre-reinforced materials, lamellar materials
and materials containing a certain proportion of inclusions of a different material.
The analysis of such materials is relatively well-advanced [20, 69, 83].

We will be analysing materials for which the microstructure consists of a distribu-
tion of inclusions embedded in a continuous matrix. If these inclusions are spherical
elastic bodies and dilutely dispersed in the matrix, the effective elasticity tensor was
found by Hashin [42]. This result can be extended to ellipsoidal inclusions, using a
method of Eshelby [30], who determined the state of deformation in a single ellipsoidal
inclusion embedded in a matrix.

To find the elasticity tensor when the inclusions are not dilutely dispersed, we
need to consider the interaction of inclusions with each other. Additionally it is nec-
essary to describe the distribution of the inclusions. For identical randomly-dispersed
spherical inclusions this problem was considered by Chen and Acrivos [19] and a
better approximation was obtained.

The inclusions which we will study are not of the type that can by analysed by
Eshelby’s method, because they are not solid elastic inclusions. Instead, we will use
the known solution of a single inclusion in the matrix, and determine the effective
material properties for dilutely-dispersed inclusions by matching this solution to an
‘outer’ solution where the inclusions are regarded as points (hence the ‘point-inclusion’
model).
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6.2 Return to antiplane strain

We begin, however, by reconsidering the point-inclusion method of Section 2.4.2.
Recall that we solved the problem for a circular inclusion undergoing an antiplane

shear at infinity. Where the stress at infinity was given by
GnVf = 7mp, (6.4)

we found that the displacement field in the matrix was given by

2
_ (5. @5
f = a- (p T + ‘pr w) . (6.5)

In this expression, GG, is the matrix shear modulus, a is the inclusion radius and s is
the compliance parameter given by equation (2.273). We can consider this displace-
ment field as a ‘bulk’ response which would be the solution in the absence of the
inclusion, plus the ‘perturbation’ solution fwhich arises due to the presence of the

inclusion. Here we have

~ To a’s .

f = G—mea: (6.6)

Subsequently, we took the corresponding outer displacement to this inner displace-
ment and found that it was the solution to equation (2.297). This equation was then
the basis of our homogenisation method. Now, while this homogenisation method
gave a satisfactory result for the case of a distribution of circular inclusions, we can-
not immediately transfer the result to three-dimensional inclusions without a deeper
understanding of the homogenisation process. To illustrate this, we will consider the
homogenisation of non-circular inclusions.

It can be shown [70] that if we had considered an arbitrarily-shaped inclusion in
an infinite matrix undergoing antiplane shear at infinity, then the displacement field
f in the matrix is again given by

T0 ~

[~ G—mp'wﬂLJ?? (6.7)
where the perturbation field in this case is given by
ra 70 ~ Tj )
= —M,;pi—=+0 6.8
F= oMby +O(al™) (63

as |x| — oo, applying the summation convention for i, j = 1,2. The 2 x 2 symmetric
matrix —2wG,M;; is referred to in [70] as the Pdlya-Szegd matriz, and elsewhere
as the polarisability tensor. For comparison we note that for the case of a circular

inclusion we have
Mij = G,QS(SZ'J‘ . (69)
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Now, we will naively apply the point-inclusion homogenisation process to equation
(6.7). We readily find that f satisfies the equation

yje

Vif = 2nM;, { lim (6.10)

Homogenising to a distribution of inclusions in the manner of Section 2.4.2 gives

Vi = ony ol 0

Jﬁ—xiﬁxj ’

(6.11)

Now, if we consider a material with an effective modulus G, then the displacement,

IRl
in such a material would satisfy the equation

i(@ af) = 0 (6.12)

a[[’i 1 8:16]-
o2 f 0G;; Of
L — q
= G”@:Eiaxj a.fCZ al'j (6 3)

However, we now notice that there is no way of comparing equations (6.11) and (6.13),
unless @ij is a scalar multiple of d;;. We must therefore be a little more sophisticated

in our analysis.

6.2.1 The inner and outer solutions

Before reappraising the homogenisation process, we will take into consideration the
different scales in the problem. We note that the model assumes that the inclusions
are of the order a in length, with their centres being separated by a length of order
b, as shown in Figure 6.1. We choose the inclusions to be of size 2a so that circular
inclusions have radius a. The ratio
a

e =3 (6.14)
is assumed to be small. We refer to the two cases A and B in Figure 6.1 to be the inner
and outer regimes respectively. The inner region considers the lengthscale to be that
of the inclusions, with each inclusion being infinitely far apart. Conversely the outer
region has the inclusion separation as its lengthscale and considers the inclusions to
be points in the plane. We can thus construct nondimensional spatial variables in
these two regimes. We will label the inclusions by d, which ranges over 1,2,..., D. If
x refers to the dimensional variable centred on an inclusion d, then the dimensionless

(d)

inner variable £'“ near that inclusion can be found by

79 = T (6.15)
a
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2a ° .
Figure 6.1: Length scales for one inclusion (A) and the separation (B).

Now, we will denote the dimensionless outer variable by X. If the inclusions in the
~d
outer region are placed at the points X for d = 1,..., D, then the inner variable

around inclusion d is linked to the outer variable by the relation

— —d _
X = X 4ez'?. (6.16)
We can reconstruct a dimensional outer variable by scaling this quantity by b, or

X = bX. (6.17)

Now, we will analyse the displacement in both inner and outer regimes. Recall

that the displacement in the inner problem satisfied

f = ¢ (:c + ’ Jlfj> +0(lz|™?), (6.18)
T
where ¢; is the displacement gradient at infinity, or
of
P = 6.19
¢ o N (6.19)

However, in general the constants ¢; will be different for each inclusion. In addition,
we note that the displacement can be made subject to a rigid body displacement (3
parallel to the z-axis without changing the nature of the deformation, because the
inclusions which are attached to the matrix would also be subject to the same rigid
body displacement. This § will also be different from inclusion to inclusion.
Labelling the inclusions by d, we thus have the inner solution f¢ for the displace-
ment,
A M;jx;

|/?

fA = B4l + +O0(lz[™), (6.20)
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in the vicinity of inclusion d. This expression can be nondimensionalised using the

scaling (6.15) to give

fio= 5d+ac‘f§§d)+ch é('d;' +0(27). (6.21)

Writing
& = act, (6.22)
My = %Mm‘a (6.23)

we have
o= gl @Y @M f(d) +0(|z|?) . (6.24)

Z 22
Now, we know from equation (6.10) that by taking the Laplacian of (6.24) in the

=(d)

inner variables ‘", we obtain

—~ 85( )

J

(6.25)

Changing to outer variables according to (6.16), we find that the outer displacement

fB due to inclusion d satisfies

~ =~
~ 06X — X))
2\72 3d
eV = 2me'ci My ———— . 6.26
XfB J 8X] ( )
But this is true for each d =1,2,..., D, so
D —~ —~d
~ NX—-X)
2 _ ~d
This equation can be solved to give
D ~dry vd
v V3 ¢ (X; — X7)
fo = Q(X)+eMy Z NJ—A,d] ) (6.28)
=1 | X - X |?

where Q(X) is some displacement field that satisfies
2 (X)) =
VQ(X) = 0. (6.29)

Now that we have the displacement in the outer solution, we can find the coeffi-
cients 3% and & in terms of Q(X) by matching the inner solution (6.24) to the outer
solution (6.28) using van Dyke’s matching rule. This rule states that if we take m

terms of the inner solution and expand them in n terms of the outer variable, the
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resulting expression will equal n terms of the outer solution expanded in m terms of

the inner variable. We write
(nto)(mti) = (mti)(nto), (6.30)

where ‘ti’ stands for ‘terms inner’ and ‘to’ stands for ‘terms outer’. Taking the outer

solution (6.28) and expanding Q(}) in an asymptotic solution

QX) = QU(X)+QV(X)+2QP(X) +--, (6.31)
we find that
(1to) = QU(X) (6.32)
— QU(X" 1 &) (6.33)
— Q(O)(}d)—l—ga: (V@) |5zt + -+ (6.34)
so that
(1ti)(1t0) = QO(X"), (6.35)
(2t)(1to) = QOX")+F D (VgQO)|5 5o - (6.36)

These will be compared to the corresponding expansions of the inner solution in terms

of outer variables. We expand 3¢ and ¢ in asymptotic expansions,

gt = (BN +e(B+ -, (6.37)
@ = @o+e@+- (6.38)

For consistent matching, we find that we require (¢¢)y = 0. Then

(1to)(1ti) = (870, (6.39)
(Lto)(2t)) = (8% + @)i(K — X7). (6.40)
Equating (6.35)-(6.36) with (6.39)—(6.40), we find that
(8% = QX" (6.41)
@n = Q" (6.42)

The result (6.42) is substituted into equation (6.28) to obtain the first three terms in
the outer displacement,
fo = QUX)+ e@“)(N) +£7Q¥(X)
my 2| ek
= %% | X - X'

Now that we have determined the first three terms in the outer displacement, we

(6.43)

will now use this expansion to find the effective shear modulus of a material containing

a distribution of inclusions.
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6.2.2 The averaging operator

We first introduce an averaging operator, as used by Chapman [18] in the context
of homogenising vortices in superconductors. Suppose that we have a material con-
taining a discrete distribution of inclusions. Suppose also that we have a quantity
®(X) which is defined on this domain, in terms of the dimensional spatial variable
X. Then the effective value of ® in the material is defined by

o(¢) = (®(X)), (6.44)
where (-) is an averaging operator given by

(X)) = lim—/|X£< d(X)d*’X (6.45)

where £ is the position of the centre of the circle over which the integration is per-
formed. In the definition (6.45), the limiting process occurs in such a way that the
separation b of the inclusions tends to zero at the same time as ¢ — 0, with b < ¢ at
all times.
We define a number density of inclusions by
1 D
w(€) = lim— / §(X — XHad*Xx (6.46)
where the summation is over all inclusions in the integration domain. The relationship
between the separation b and the scale ¢ of the integration region is the same as above.
All these quantities are defined for functions of the dimensional variable X,
whereas we will be averaging quantities which are defined in terms of the dimen-
sionless spatial variable X. To find this, we take (6.45) and change variables to X
by equation (6.17). We find that

— 1 — —
(B(X)) = lim—Q/ O(X)*d*°X (6.47)
=0T JIX—gl<c/b
1 —_
= hm—2/ P(X)d*’X , (6.48)
=0 TP” JIX—El<p

where we have assumed that ¢ = pb for some p > 1. Then the expression above is
independent of ¢, so that
— 1 — o~
@X) = — [_ d(X)d*X . (6.49)
T JIX—€l<p
Thus we are integrating over a large region, keeping the separation of the inclusions

constant. In this formulation, we find that the dimensionless density function is given
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G(E) = <Z5(’X’—’X")> (6.50)

= Z(S(X—Xd)> (6.51)
= b%}(g_. (6.52)

Finally, it can be shown that

limn % d o(xY) = <<I>(X) D o(x - Xd)> (6.53)

~ (P(X))w(E), (6.54)

if w is assumed to be slowly-varying in &. Equivalently, for functions defined in terms

of dimensionless variables,
1 D ~d 2 ~ ~d
W—deZCD(X ) = <<I>(X)Z<5(X - X )> (6.55)
=1

(6.56)

2
E
>
X
N/

6.2.3 The homogenisation process

In this section we will write X, M;; and w(§) instead of X, ]\Zj and &(€), for clarity.
We take the displacement (6.43) and form its gradient e;.! On differentiating, we

obtain
o fs . 0QO QW L@, s QW) y
“ = ox% T oax TTax Toax, TeMw2 G| | Hi(X X1,
d=1 =
(6.57)
where
0 [ X;
Hy(X) = Hu(X) = 8Xi<\X\2) (6.58)
54| X2 — 2X, X,
X7 . (6.59)

The expressions (6.43) and (6.57) above comprise only the first two terms of an
asymptotic expansion of those quantities, and they hold everywhere except for an

arbitrarily small neighbourhood of the inclusions, .e. for X € Q*, where

O = ({X : |X-X>n} (6.60)

IThe strain field, which is a vector for antiplane deformations because the displacement is con-
strained to one direction, is given by %ei .
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for some arbitrarily small n > 0.

The stress field 7; in the material will be given by
7, = Gij(X)e;, (6.61)
where G;;(X) is the shear modulus of the material. Considering X € 2*, we have
Gij(X)|xcqr = Gumdij (6.62)

since the material in 2* is the matrix (as the inclusions are considered to be points).
The value of G;;(X) at the inclusions is not known, however we do know that the
stress field 7; is continuous throughout the material. The stress field also satisfies the
equilibrium condition,
or;
0X,;

= 0. (6.63)
We define the polarisation [69] to be the vector field given by
pi(X) = Gi(X)e; — Gne; (6.64)
= 7, — Gne; . (6.65)
If we apply the averaging operator to this quantity, we find that
(pi) = (i) = Gmlei) . (6.66)
However, the definition of an effective shear modulus @ij, echoing (6.3), is that
(T) = Gies) - (6.67)
Hence
Gijles) = Gule) + (pi) - (6.68)

Thus, if we can determine the effective polarisation (p;) as a multiple of the effective
strain field (e;), we can determine the effective shear modulus.

To analyse the effective polarisation, we recall from equation (6.49) that
1 2
(pi) = pid®X (6.69)

Tp? | X—€|<p

since p; is defined in terms of the nondimensional spatial coordinates. However, by
the expressions (6.62) and (6.64), we have p; = 0 for X € Q*. Hence the integrand

in (6.69) is zero apart from in a vicinity of each inclusion. Hence

Z / pid®X (6.70)
X-X%<n
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where the sum is over all inclusions in the domain of integration. We will write
vy = —lbl (6.71)
pl — 7Tp2 1] .

where

Z/ pid2X (6.72)
X-X4<n

Consider now the integral of p; over an arbitrary domain {2. We obtain, on using

the divergence theorem and the equilibrium equation, (6.63),

/ p X = / (ri — o) °X (6.73)
Q Q
) of
_ / {8X (Xir) = G | 4°X (6.74)
= / [Xﬂ'jnj — Gmfnl] ds R (675)
o0

where n; are the components of the unit outward normal to §2. Thus, (6.72) becomes

pi] = dZ/X i [(X; = X7y — G fni] dS. (6.76)

However, because the stress is continuous throughout the material, we have 7; = G¢;

along this contour. In addition, (X; — X¢) = nn; here. Hence

D
p] = Gu) / [ne;nin; — fng] dS . (6.77)
=1 /1 X—X%=n
Given that 7 is arbitrarily small, we can analyse this expression in the limit n — 0.
At any singularity d, we can separate the expressions for strain and displacements
into terms which are bounded and unbounded respectively. From (6.43) and (6.57),
the leading part of the unbounded terms at the singularity d are given by

Q" (X; - X))
f & 1) aXZ e ‘X . Xd‘Q ’ (6 78)
oW
ef = My, ;i(k dH”(X - X% . (6.79)
X=X

Now, for each inclusion d, if the integrand in (6.77) is bounded as X — X 4 then the
integral tends to zero in the limit 7 — 0. Thus we need only consider the unbounded

terms in calculating the effective polarisation, so that

pi] = mZ/ ne;fnmj — f*ni} ds . (6.80)

—X%|=n
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Evaluating expressions (6.78) and (6.79) at | X — X% =7, we have

. QO n
f g Kl E3% — )
k | x=x1d n
et = 2My QY 7(%1 — 2n )

2 0 o
[pl] = £ GmM]d 67 / (—QHJLZ) de .
d—1 k lx=xJ0
However,
2m
/ nin; de = 7T5ij>
0
so that
D
oQ©
Pi = —27T€2GmMZ‘ .
Then, from equation (6.71), we have
by = G L3 20
pi) = —2me bmMEi- — .
k P2 e 0Xy | xoxd
From equation (6.56), this becomes
o0
(pi) = —21°GrMyw(€) < 8%(k > :
Now, from equation (6.57), we have that
o000
e = 8%(- + O(e)

. <%€§)> — (e +0(e)

Substituting into equation (6.88), we have

(pi) = —2m’GuMyw(€)(er) + O(e?)
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which we substitute into equation (6.68), obtaining

Gijle)) = Gule)) — 2me® G Miw(€){er) + O(e?) (6.92)
= Gy = Guby —2mCGuMyw(€) + O(%) | (6.93)

since the matrix M;; is symmetric. However, recall that this is in terms of dimension-

less quantities, or
éij = Gm(ﬂ] — QWEZGmMjw(é) + 0(83) . (694)
Returning to dimensional quantities, using (6.23) and (6.52), we have

éij ~ Gmdij — 27T(€2b2a72)GmMiju)(£) (695)

This agrees with the equivalent result of Movchan and Serkov [70], who calculated

the result for disperse periodic composites.

6.2.4 Matching stress at infinity and locally

Recall that in Chapter 2 we assumed that the stress at infinity in the inner problem
near an inclusion was equal to the effective stress at a point in the composite material.
This assumption was made in order to determine the criterion at which the inclusions
turned from being attached to detached. To verify this assumption, we now return to
the expressions (6.24) and (6.28) for the inner and outer displacements respectively
and match them in a more systematic way.

First we note that, near an inclusion d, the inner displacement is given by an

expression of the form

A = (BN +e(BN + B+ -

ME " My # 7
~d ~d 2(~d ~(d) 13§ ikl 4y

~()~(d) | NighiTy )

A ~(d)~(d)
+[@5) +e@h)1 +e2(Gh)2 + -] [xz T; ]

\E(d)|4

N (6.97)

As on page 179, we find that for consistent matching we must have (¢%), = 0, and
additionally (g% )o = (9%;)1 = 0. We have included the possibility that the behaviour at
infinity of the inner displacement is more general, in order to match fully into arbitrary
outer displacements Q(f)\(/) It is assumed that, in antiplane strain, if the displacement

behaves as (r™) at infinity, then the correction to this due to the presence of the
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inclusion (what has been referred to as the ‘perturbation’ displacement) is O(r™") at
infinity.
In the outer problem, the displacement field, including higher-order terms, is given
by
@) +) (X = X)
~ —d
X - X[
2 i <€1\7¢k1[(5?)1 +e(@)a] + € Nigua (G5)2 + -+ ) (Xp — X)(X; — X7
+£ ———
d=1 X - X |4

P (6.98)

D ~d
fo = Q(O’(’X/)+5Q<1>(’X’)+...+5ﬂzjz(&‘(ci)ﬁ
d=1

which is an extension of the result (6.28). If we split the sum into terms which are
— —d
non-singular and singular at X = X | we can write this as

(@1 +e@)a+---) (X; — X
XX
(-]f\zkl(ggh + 5Nijkl(§gj)2 + - > ()Zk — )N(,f)()?l — )N(ld)

fo = LOX)+eLW(X)+ -+ M

+-oo, (6.99)

+&3 pra—

X -X[*

where L(X) = LO(X) 4+ eLM(X) + --- is the finite part of the displacement at
~ ~d

X = X . Matching the inner and outer solutions by Van Dyke’s method, we find

that

aL(kfl)

@w = = , (6.100)
8XZ }Zd

N 1 82L(k:—2)

G = 5 —=—=| (6.101)

—

and so forth. This agrees with the theory given previously since L (X) = Q©(X).
If (6.100)—(6.101) are substituted into (6.97), the limit of the inner displacement

at infinity becomes

—~d —~d

fl, = LOX ) +eLD(X )+
Q) JAS)
7@ 0 — 125 0 =
' i 1x? boX; Ix!
2T 2L
4t J S (6.102)
= O+ 4|y (6.103)
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Hence the (dimensional) stress at infinity in the inner problem is

. dfe
}nner — Gm 6104
T oz, ( )
G Of
= e (6.105)
G [ OL© oLM
= — {5 — + 2= +H (6.106)
a 0X; 0X; X=X"1cz®
Gum [ O
= n {—~(L(°)+5L(”+---)” . (6.107)
b loX; X=X"tc5®

On the other hand the (dimensional) effective stress in the composite material is given

by the finite part of the outer stress,

= Gmgﬁ (6.108)
= %%(L(O)+€L(l)+'”), (6.109)

so that the stress at infinity in the inner problem equals the effective stress in the

composite material at a point near that inclusion.

6.3 Three-dimensional inclusions

We will now consider the homogenisation problem for three-dimensional inclusions
embedded in a matrix. Recall that in the previous section for antiplane strain, we
analysed the slowest-decaying solutions at infinity for an embedded inclusion experi-
encing a certain strain field at infinity.

In the case of spherical shell inclusions, the analogue of the perturbation field fv
in antiplane strain can be found from Chapters 3 and 5. We saw in Chapter 3 that
the perturbation displacement for both uniaxial and radial stress fields decayed as
O(R™2) to leading order at infinity: see equations (3.63), (3.64) and (3.89). Similarly,
in Chapter 5, the perturbation displacement field was denoted by uf in equations
(5.104)—(5.105), whose leading order solution at infinity decayed as O(R™2).

Now, for the antiplane deformations, we identified displacement solutions that
decayed as O(r~!) at infinity with solutions of
90
ﬁ—scj .
We now wish to find the equivalent singular solutions of the elasticity equations in
the matrix that decay as O(R™?) at infinity. These are the unit doublet states. These
states are shown by Gurtin [39] to be

. 1
ij g e —
u’ = 5 |®0ij + wie;

kR

Vif = (6.110)

3!Eil'j

R2

T — (3 - 4Vm)xjei (6111)
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with Cartesian components

.y 3,7y
where
x = (r1,79,23), (6.113)
= yJai+4a3+a3, (6.114)
ko= 167Gn(1l — vm) . (6.115)
The state u¥ is the solution to
V.1t te8x) = 0, 6.116
77 + e o, (x) ( )
or
or 00
4 9yp— = 0 6.117
0x, * Ox; ( )
ey 96
- m dpp=— = 0, 6.118
rmkl axm + a.ij ( )

where A7, is the standard elasticity tensor in the matrix.
Thus, in order to construct a singular solution that decays as O(R~?) at infinity,
we take a linear combination of these unit doublet states. Define a perturbation

displacement field in the matrix to have Cartesian components

w = Pyu)’ (6.119)
3,77

R2

ij
xléij + xiéjl —

]{jRS - (3 - 4Vm)$j6il s (6120)

applying the summation convention. We will suppose that the matrix F;; is known,

given by a linear transformation of the applied strain field at infinity, or
Pi' = Mijmn emn‘oo ) (6121)

so that the tensor M;j,,, plays the same part as the polarisability tensor M;; in the
previous work for antiplane strain deformations.
In addition to this perturbation field, there will be a homogeneous displacement

field due to the applied stress at infinity. Suppose that this is given by

where E;; is symmetric and K;; is skew-symmetric. Then the strain field at infinity

is given by
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This is substituted into equation (6.121), so that the total displacement field is now
given by the sum of the homogeneous displacement field (6.122), the perturbation
field (6.119), and a rigid body displacement Fy:

= Fy+ (B + Kn) OO + Mijmnuy?) (6.125)

since Mjmn = Mijnm from equation (6.121). The tensors E,,, K, and the rigid
displacement F}, will in general be different for each inclusion, which as before we will
label with d for d = 1,...,D. Thus

w = Fl+ (B, + K (Skmmar + Mijmau)!) (6.126)

As for antiplane deformations, we now nondimensionalise this displacement, for

inclusions of size a. We set

0 - 1o (6.127)
a
so that
uzj(i(d)) = o 2ul (x) . (6.128)
Writing
]f\}[/ijmn = aisMijmna (6129)
EL = aE¢ | (6.130)
K = aK?% | (6.131)

we find that the dimensionless inner displacement becomes
up = Fl4 (B, + K% <5kméln%§d) + J\ijnug(ag<d>>) . (6.132)

Now, the unit doublet states satisfy equation (6.118). Thus,

L0 |1 our  oup ~, a6 (z ")
Akl 07 @ [5 <afl(d) + 65;‘1) = —EmnMijmn(SirW . (6.133)

Changing to outer variables /)Z, given by

_ 1~ ~
D — g(X—Xd), (6.134)
we find that
~
o 1 /0P ouP o~ (X -X
2Am O {—( /R )] _ o W XX XD 63
0x, 12\ox,  ax, ox,
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This is true for each d =1,..., D, so

0 0 ou? (X - X
2fllrnmlcl > |: ( Uk + #)] = —¢ MZ]mnézrz —) : (6136)
0Xm 0X, 09X, X;
Integrating, we find that
— — Do R
up = Qu(X) + & Mijmn Yy Enuf (X —X ), (6.137)
d=1

where Qk(f)\(/) is some admissable displacement, that satisfies

An o —— 0 { (‘9@’“ 8@)} = 0. (6.138)
X, 0X,  0X,

We now need an expression for E’frm. This is found by matching the inner and outer
displacements (6.132) and (6.137) respectively. The method is exactly analogous to
that for antiplane strain deformations. We suppose that Qk(}) is expanded in an

asymptotic series,

QX)) = QV(X)+eQ(X)+---, (6.139)
so that
(1ti)(1to) = QO(X"), (6.140)
, 0 50y ) 0Q)
(2t1))(1to) = @, (X ) +ex, o%, » . (6.141)

For the inner solution, we expand fk, Ekl and I?kl in asymptotic expansions,

Fe = (Bo+e(F)i+---, (6.142)
By = (Bu)o+e(Bu)i+-, (6.143)
kk:l = (l?kl)gﬁ»g(kkl)l + - (6144)

Analogously to the antiplane strain case, we assume that both (Ekz)o and (IN( ki)o are

zero. Then

(1to)(1t)) = (Fd)o , (6.145)
(1to)(2ti) = (Ffo + ((Buar + (K ) (Ki = X (6.146)
This implies, on using van Dyke’s matching rule, that
(F = QVEX. (6.147)
_ (0) (0)
By = (% 99 : (6.148)
_ (0) (0)
(K& = 1 aQLf —aQN’ . (6.149)
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Thus the first four terms of the outer displacement become

~  ~d

D (0) (0)
o — 1 {0Q QY ,
B _ 3 ij
uy, = Qp(X)+e"Miimm — | — 4+ —= uw! (X — X ), (6.150
E = Q)+ Mm 3 (aXn aXm)~d X -X"). (6150
= X
where we use the notation
Qr = QY +eQV +2QP7 +2QY . (6.151)

We now denote the strain field caused by the displacement @), by

~ 1/0 0
Ou(X) = —(&Jr—@) : (6.152)
2\0X;, 0X,
so that
B A (v 377 B 0 (v, ii v v
u, = Qr(X)+e Mijmnzq)mn(X Ju (X — X ), (6.153)
d=1

and the corresponding strain field is

D
o~ —~ —~d S
ey = (X)) + Mijmn Y 0 (X ) Hiju(X — X ), (6.154)
d=1
using the same notation as (6.151). In this expression,
— 1 (o (X) oul(X
Hiju(X) = = ’“(~ )+ ZE ) : (6.155)
2\ 09X, OXy,

6.3.1 The homogenisation process for three-dimensional in-
clusions

In three dimensions, the averaging operator analogous to the two-dimensional version
(6.45) is defined by

(®(X)) = lim 3 P(X)d*X (6.156)

c—0 47T03 | X—¢|<c

since the averaging region is now a sphere. The limiting operation, as before, occurs
in such a way that the separation b is much smaller than ¢ at all times. The number

density w(&) of inclusions is now

w(€) = <Z§(X—Xd)>, (6.157)

where the summation is over all inclusions in the integration domain.
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The above definitions are for quantities defined in terms of the dimensional co-
ordinate X . For quantities defined in terms of mon-dimensional coordinates X we

have, analogously to (6.49),
P(X)d*X (6.158)

for some p > 1. Then

(&) = <Za(’i—’id)> = bw(§). (6.159)

We now proceed to find an expression for the effective elasticity tensor of the
material. As in the antiplane strain case, we will write X, M;;;; and w(&) instead of
/)Z, ]\ijl and @(E), to avoid cumbersome notation, with the implicit understanding
that these are the dimensionless quantities. The displacement and strain fields are
given by equations (6.153) and (6.154), for X not close to the inclusions, or X € Q,

where
D
O = ({X : |X-X>n} (6.160)
d=1

for some arbitrarily small n > 0. Let the stress and strain be linked in the material

by the equation
7ii(X) = Ayu(X)eu(X) , (6.161)

where A;j; is the elasticity tensor. This is equal to the matrix elasticity tensor Afj,
for X € Q*, and not known in a region near each inclusion — however we do assume
that the stress field is continuous. Then the effective elasticity tensor is defined by
equation (6.3). We find ﬁijkl through a method based on the polarisation tensor
as shown in Section 6.2.3. Analogously to the work in that section, we define the

polarisation tensor to be

pii = Tij — Afjen - (6.162)

Hence
(pij) = (7i5) — Afjraler) (6.163)
= Ayulen) — A% (en) | (6.164)

so that
Agralen) = Aflen) + (i) - (6.165)
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We thus need to determine (p;;). This is given by

3
(pij) = Fpg[}%]’]? (6.166)
where
[pi] = / pd°X . (6.167)
| X—€|<p

However, since A;;i(X) = Al for X € Q*, we have that p;; = 0. Thus p;; is

| xeor
only nonzero for a small region surrounding each inclusion. Hence

D

[pi] = / Py °X . (6.168)
! ; | X —X?<n ’
However, for a given region €2 € R?, we have
/ piy PX = / (i — Alen) &*X (6.169)
Q Q
0 1 8uk 8ul 3
_ X)) — A" [ — + — || d°X 1
/Q |:an( ]Tzk) 2 17kl (8Xl + an):| (6 70)
1
= / {Xjnknk — §A?]1kl (uknl + ulnk)} ds s (6171)
Bi9)

on using 7Tz x = 0 and where n; are the Cartesian components of the normal vector

to the surface. Thus

D

1
il = (X — XD — s ARy (upng +wny) | dS . (6.172)
o Ix-x=y 2

By the continuity of the stress field, we use 7, = Al},,,em on each contour, so that

D
1
pi;] = AﬁlmZ/ [nnjelmnk — ééjk(umm+umnl)} ds, (6.173)
=1 /1 X—=X"=n

since X; — de = nn; along the contour.

This expression will be analysed in the limit n — 0, since 7 is an arbitrarily small
constant. As for antiplane strain, at any singularity d we can separate the expressions
(6.153) and (6.154) for the displacement and strain fields respectively into bounded
and unbounded terms. Integrating the bounded terms results in zero in the limit

n — 0, so we will consider only the unbounded terms, so that

D
1
[piy] = AﬁlmZ/ [nnje?‘mnk— §5jk(u7nm+ufnm) dsS . (6.174)
d—1 Y 1X=X"=n
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For the inclusion d, the unbounded parts of the displacement and strain fields are

given by
up, = EMijmn®0 (XNu (X — X9 (6.175)
e = & Mijmn®) (X Hyjy(X — X7 (6.176)

respectively, from (6.153) and (6.154). Substituting equations (6.175)—(6.176) into
equation (6.174), we obtain

D
[pij] = 53A?l;lmMpquvZ®z(g)(Xd)/
d=1

x_x| {nnjnkaqu(nn)
—X%=n

— %5]'1@ [u)! (nm)n, + uﬁf(nn)nl]} ds. (6.177)

Evaluating u? and H,;,; from equations (6.112) and (6.155) at X; — Xj‘-i = nn;,
we find that

uﬁj (nn) = ]{;—772 [m(&j + ni5j1 — (3 — 4Vm)nj(5il — Sninjm] s (6178)
1
Hijim(nm) = o) {5ij(5zm — (1 = 20) (8340 m + Oimbj1)

-3 {&jnmm — (1 = 20 (8imnjny + dunjng,)
+5jmninl + 5lmnmj + 5ﬂnmm (6179)
+15nmjnlnm} : (6.180)

Now, if we define the integrals

2 s
L, = /0 /0 n;n; sin @ dode , (6.181)
2w T
Lijki / / n;njnEn sin @ dfde (6.182)
o Jo
2 ™
Lijkipg = /0 /0 ninnEnnng sin @ ddde | (6.183)
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then equation (6.177) becomes

] = %i 1 an))Jrano)
ij 2k 2 0X, 0X,

Xd

X {26pq5mn[jl — (2 — 4Vm><5pm5qn1jl + 5pn5qm[jl)
—6 {%qulmn - (1 - 2Vm)(5pn1jlqm + épm[jlqn)

+5qn]pmjl + 5mn]qul + 6qm]pnjl:|
+30pgmnjt = 20j10pqLmn — 0;t0qmLpn — 0j10gn Ipm

(3 = 4m) (0510 pmLam + 0510 L) + 65jl1pqmn} . (6.184)

In evaluating the integrals (6.181)—(6.183), we note that they are isotropic tensors,
in that a rotation of the axis doesn’t change the components of the tensor.?2 Moreover,
interchanging any two indices in the integrals yields the same result, making the
tensors symmetric. Now, Suiker and Chang [90] give the general form for isotropic

Cartesian tensors. The tensors of ranks 2 and 4 can be written, for constants Cj, as

T, = Oy, (6.185)
T = C10i0, + C20ixd51 + Cs0:0 1, (6.186)

and Tjjxp, 1s a linear combination of the 15 possible products of three Kronecker delta
symbols. Now, the symmetry property identified earlier means that these expressions

can be simplified to give

T, = C6,, (6.187)
Tijw = C(8350k + iy + 0udji) (6.188)
Tijkipg = C| 045 (0r10pq + Okpdig + OrqOip)
+6ik (0j16pg + 0ip0iq + 0401p)
+0i1 (010pg + 0jpOkq + 05q0kp)
+0ip (01014 + 6j10kq + 040k1)
+8iq (O3 + O3Sy + DipBut) | (6.189)

where C' is some constant in each case. Thus, we only need to calculate the tensors

2Tf the axes of n; were changed, we would simply change the integration variables, given that
integration occurs over the whole surface of the unit sphere.
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I;; to I;jiipg for one choice of index. We have that

Thus

Hence

Iijn

Iijklpq

133...
~~

n

3

3
A7

15

—— 05 (0k10pq + OkpOiq + Okglip)
+5ik <5j15pq + 5jp51q + 5jq§lp)

2 ™
/ / cos” fsin 6 dfdo
o Jo

2 / cos" @sin 6 df
0

o {cos’”rl 9} T

n—+1 0
2m (1 o (_1)n+1)
n+1 '
4
Is3 = 3
47
Is333 = 5
4
I33333 = T

iy

(040K + Oirj1 + 041051

(6.190)

(6.191)
(6.192)

(6.193)

(6.194)
(6.195)

(6.196)

(6.197)

(6.198)

+5il <5jk5pq + 5jp5kq + 5jq5kp)

+5ip (5jk5lq + 6jl6kq + 6jq5kl)
+5iq (5jk5lp + 5jl5k‘p + 5jp5k:l> } .

Using these integrals, we eventually find that

8me? Mo Am
35k

pquu

ilmn

P11 (o
2 [5 ( 0X,

d=1

L 0Q
00X,

(6.199)

Xd

x {@-, [—GnOpq + (6 = T0im)6mpOng + (6 — T0m)GrmgOnp]
+(Sjm [_5ln5pq — 5lp5nq -+ (6 — 7Vm)6lq5np]

+5jn [_5lm

J

pq

+5jp [_6lm5nq - 5ln5mq - 5lq6mn]

— 5lp6mq + (6 - 7Vm>6lq5mp]

+%[w—ﬁ%ﬁm%y+®—7%m%%w—&ﬁwJ}.(6%@
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Furthermore, if we multiply the sixth-order tensor in the braces with the tensor A}

iklm>
we obtain
70Gm(1 — Vm)gipéjq . (6201)
Thus
167e3Gm(1 — v) M1 (00 QP
Pyl = . MayqunBindig ) | 5 7.t Bx. (6.202)
d=1 L x4
D (0) (0)\
1 [ 0Qu 0Qv
— SBM. - 2
g 7,qu2 [2 (&XU + 3Xu> ) (6 03)
d=1 J x4
by the definition (6.115) of k.
Now,
3
(pij) = Iy [pij] (6.204)

(6.205)

D Qo oY
- e Zl( 5% )L
(0) D

€ Myjupw(€) <% < a%gv + a%u >> (6.207)

= S Mijuw(€)(ew) + O(s*) . (6.208)

Q

Substituting into equation (6.165), we find that

/Alijkz(em = (A?;kl + €3Mijklw(£>) <ekl> + 0(54) ) (6-209)
so that
A = AB + EMuw(€) + o(e%) . (6.210)
However, recall that this expression is in terms of dimensionless quantites, or
A\ijkl = A?;kl + 53]‘2%@(%) : (6.211)
Changing to dimensional coordinates, we have

~

Aijr = Agkl+(53b3473)Mijmw(€) (6.212)
= Afj + Mijuw(€) - (6.213)
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6.3.2 The polarisability tensor for axisymmetric deforma-
tions

The previous section showed that in order to find the effective elasticity tensor of
the composite material, we need to determine the polarisability tensor M;;i;. We
will do this for the situation where the individual inclusions undergo axisymmetric
deformations.

Recall that the polarisability tensor satisfies
Mijwenl, = PBij. (6.214)

We will determine M;;i, by first finding the canonical form of ey|  for axisymmetric
deformations. Secondly, we will find P;; from a representation of the axisymmetric
form of the perturbation deformation w. This will give us a system of equations to
solve for the tensor M;;z,.

To find the state of strain at infinity for axisymmetric deformations, we will assume
that the state of stress at infinity is given by a superposition of two states. The overall

stress tensor at infinity, in Cartesian components, becomes

qs — qr 0 0
Tl = 0 ¢—a 0 (6.215)
0 O _2qs - Qr

for two stress parameters ¢, and ¢s. Now, consider an isotropic material experiencing
a state of stress 7;; and a state of strain e;;. Any second order tensor can be uniquely

split up into hydrostatic and deviatoric parts. For instance, define
to be the dilatation, then
e ~
eij = 552] + eij s (6217)
where €;; is the deviatoric strain tensor (satisfying €y, = 0). Similarly, we can write

Tij = TOij +Tij , (6.218)

1
3

strain relation for isotropic materials,

where 7 = 27y, is known as the mean stress. Substituting (6.217) into the stress—

Tij = )\ekk@j + QGGU s (6219)
we find that
2G ~

198



Comparing this with (6.218), we find that

7 = Ke, (6.221)
7, = 2Gé; (6.222)

where K = )\ + %G’ is the bulk modulus of the material.

Now, considering the state of stress (6.215), we obtain

Tl = —, (6.223)
ﬂj|oo = quij, (6-224)

where A;; are the components of the matrix

1 0 0
A = 01 O (6.225)

0 0 =2

Hence

. = L& (6.226)

e’} K ?

~ ds

el-j|oo = ﬁAU s (6227)

and from (6.217) we can write the state of strain at infinity for general axisymmetric

deformations as

_ 3(1;( St + ;—éAM . (6.228)

In order to determine P;; in (6.214), we note that for axisymmetric deformations,

el =

the leading-order terms of the perturbation displacement at infinity are of the form

1 5 —4dvy,
u = o {éPéO)(u) + (1 —, )nPéo)(u)l er

1 a
+ Py (e (6.229)
for some constants £ and 7. These constants will be linearly dependent on the stress
field at infinity. We note that we have decomposed this stress field into hydrostatic

and deviatoric parts, represented by ¢, and ¢ respectively. Thus we can write
£ = af +¢&, (6.230)
no= an +an . (6.231)

Therefore the leading-order part to the perturbation displacement in any axisymmet-

ric problem is given by

1 . . 5 —4duy, X .
u = — (@& + a8 P (1) + | ) (@ + a) P (1) | er
R 1 -2,
1
+—s(@n” + g PP (n)eq (6.232)

R
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and is thus characterised by the four constants &', £°, n* and 7n®. These constants will
be found for both the pre-buckled and post-buckled shell in Sections 6.3.3-6.3.4.

We now suppose that P;; is a matrix of the form

where o and 3 are to be found. We substitute this into equation (6.120) and equate
the result to the general expression (6.232) for a uniaxial response to an applied stress

field. Eventually, we find that u = P;u” becomes

2(1 — 2vy ) 2(5 —4vy) 0 2(1 —2vy)0
u = — ( N2 ) er+ ( N7E ) PQ(O)(u)eR—l— 20 = 2v) 3 NE ) P2(1)<,u)69 . (6.234)
On comparison with (6.232), we obtain
k(g€ + ¢s€°)
- 2
2(1 — 2v) (6:235)
k(g + qsn°)
= ) 2
b 2(1 — 2up) (6.236)
Thus
k
P. = — (0 VG r YA 9
i 0= 2] [—(@:€" + qs€°)0ij + (@an” + ¢sn°) A (6.237)
and, from (6.214) it remains to find the M;;x; that satisfies
4r ds
M (_Eékl + 2sz4kz) =
k
_I‘r SS(SZ" rr SsAi'. .2
2(1_2%)[ (@:€" + ¢5€°) 055 + (@:n" + ¢57°) Ay (6.238)

The equation (6.238) has to be true for any values of ¢, and ¢s. Thus the equation

can be decomposed into two:

1 k
_ id (5 = ——- | — r(si' I”Ai‘ s 2
3KmM k1O 21— 20m) (=&"0i; + 1" Ayy) (6.239)
1 k
— M Ay = ——————— (—E%;, SA) . .24
G ikl Akl 2(1 = 20) (=&%0i; +n°Ayy) (6.240)

This tensor M;;,; has to satisfy the restrictions applied to all elasticity tensors,

because the effective elasticity tensor (6.213) is linear in M;;;. Thus we require
Mijr = Mjiw = M = My - (6.241)

Alternatively, we could use the symmetry of the problem to prescribe a form of M;;,
and then solve for its components. Certainly, if £* = n" = 0, then we can assume that

M; ;11 has the form of an isotropic elasticity tensor, i.e.
Mijkl = )\léij(skl + G/((;ik(sjl + 5il5jk) , (6.242)
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for constants A" and G’. With this form of M;j;, we find that
Ml-jklékl - (3/\/ -+ 2G/)5’U (6243)

Thus, defining K" = X' + 2G’, we have from equations (6.239)—(6.240) that
k&r

K = Kp—2> 6.245
2(1 = 2v) (6:245)
kn®
"= G—mm— . .24
G G 20— 200 (6.246)

If, on the other hand, one or both of £ and 7" are nonzero, the tensor M;;u
will have the form of an anisotropic elasticity tensor. All elasticity tensors can be

represented as a 6 x 6 symmetric matrix, satisfying

T11 Cii Cip Cig Ciy Oy Cig €11
T22 Cop Cog Oy (O Oy €22
733 Cs3 O3y Cz5 Csg €33

= 6.247
T23 Cu 045 046 €23 ’ ( )
T31 Css Cse €31
T12 Ces €12

where the missing components are found from the fact that Cj; is symmetric. We
will assume that M;;,; has the form of an elasticity tensor for a transversely isotropic

material. Such an elasticity tensor has the 6 x 6 form

c, ¢, ¢4, 0 0 0
Cy Cy 0 0 0
Cs; O 0 0
oo 0 (6.248)
Cy 0
(C1 — ()

if the z-axis is taken to be the axis of symmetry, where C; are material constants.
Isotropic materials are a subset of transversely isotropic materials, with material

constants given by

C, = C3 = A+2G, (6.249)
Cy = Cp = A, (6.250)
Cs = 2G, (6.251)

where A and G are the usual Lamé elastic moduli.
Because both matrices d;; and A;; are diagonal, the tensor M;;,; can in fact be
represented by the 3 x 3 submatrix
Cy Cy C4

Cy Cv Cy | . (6.252)
Cy Cy Cy
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The reason for this is that we do not consider simple shear deformations in our
assumption of axisymmetry. Thus the material constant Cy will be indeterminate.
This will not cause difficulties, because the composite material will not be subjected
to simple shear deformations, rather only deformations whose strain tensor will be a
linear combination of 4;; and A;;.

Thus, considering equation (6.239), we find that

Cy, Cy C4 1 1 1
kK
C, G Cy 1| = —213—2 I I P (6.253)
a0 )\ 1 (1= 2v) 1 2
Similarly for equation (6.240),
C, Cy Cy 1 en 1 1
C, Cy Ch 9 (1= 2t) 1 9

In each of these equations, the first two rows are equivalent, so that we have four

equations for the four constants C'—Cy. These are written as the system

1 1 0 1 Ch o5
00 1 2 Cy o %)
11 0 —2 03 - (0% ’ (6255)
00 =2 2 04 Qy
where
kK (8" —n")
2
o 20— (6.256)
3k K (& + 2n")
.2
Q9 0 —20) (6.257)
2kG (85 —1n°
oy = —KCul&—n) (6.258)
2(1 — 2up)
2kGn (&8 + 21°)
= — . 2
oy 201 — 20, (6.259)

The system (6.255) for the coefficients is singular, in that the matrix has zero de-
terminant. Thus, in order for a solution to exist we must have a condition on the
right-hand side, by the Fredholm Alternative. This theorem states that, given a sys-
tem Mx = f, either there exists a unique solution @, or M is not invertible, so
that there exists a nonzero vector y satisfying y"M = 0T. In this latter case, for
existence of solutions & to the original system we must have yT f = 0 for all such y.
The solutions « in this case will necessarily be non-unique.

For the system (6.255), the left-eigenvector y defined above is
y' = (-2221). (6.260)
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Thus, for solutions to exist, we must have
— 20(1 + 20(2 + 20&3 + ay = 0. (6261)

Substituting from equations (6.256)—(6.259), we obtain the relation which must hold

in order for M;;x to have the form of an elasticity tensor,
3Knn" = Gré. (6.262)

We would like to ensure that this relationship holds for the split shell system
of Chapter 5. This can be shown by using the reciprocity principle,®> which can be
found in Sokolnikoff’s treatise [88]. For the unbuckled shell, (6.262) will be seen to
be trivially satisfied. If we have two states of deformation, with displacement fields

u;, wi and stress fields 7;;, 7/; respectively, then for any region 2 we have

/ui(ﬂ'/j”j)ds = /u;(Tijnj)dS, (6.263)
09 o0

in the absence of body forces. The two deformation states that we will choose both
have the form of a homogeneous deformation together with the resulting perturbation
deformation due to the inclusion, as given by (6.232). We denote the first by u*, where
we take g = 0, and u®, for which ¢, = 0. Then, including the non-decaying term at

infinity, we have that

u = —3}?; P (wer + % [qrérPéO) (1) + (f — ;lZ:> qmer(O)(u)] er
Jrq]r;r PO ()ey | (6.264)
u’ = _gfispéo)( Jer — QRG?;PQ(U( )eq
b [0 P00 + (3 ) PO ex
+q§ PO ()ey . (6.265)

We will choose as our domain {2 the region
{X : Ry<|X|<R}\{X : Xz=0and Ry < |[X|< R} . (6.266)

This characterises the hollow sphere with internal and external radii Ry, R (where
R > Ry, so that the outer surface of the set lies in the matrix) respectively, having
subtracted the cut in the split shell from the set. Then, 02 is composed of the

inner surface together with the cut (along which 7;;n; is zero, so that there are no

3This is also known as the Betti-Rayleigh theorem and the Betti theorem.
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contributions to (6.263) from here), and the sphere of radius R. On this surface,
the normal vector n will be given by eg, and the quantity 7;;n; will be given by the
components of Ter. From (6.264)—(6.265), we have that

Ten = —%%MWWR—%§W@€+f:éz%ﬂﬂmmﬂeR

e () P e, (6:267)

mer = —2¢.P" (wer — a.Ps" (e

—%%5P£“+f:52%fﬂmw463
2%§§m<ff52)f#%mew (6.268)
By the reciprocity relation (6.263), we now have

/ u' - (Thep)dS = / “u’-(T'ep)ds . (6.269)

R=R R=R

We take the leading order term as R — oo, and evaluate the integrals. On using the

orthogonality condition (B.12) for the Legendre functions, we have that

6e° 127
— =0 6.270
14+v, 1-—2u, ’ ( )

which is equivalent to equation (6.262).
With this relation in place, the equation (6.255) becomes a 3 x 3 system for the
three variables C 4+ C5, C3 and Cy. Setting C = (5, we solve the equation to give

Cr = gy BEul€ =) = (€ =) (6.271)
C3 = m [BEwm(E" +2n") +2Gn (8 +21°)] (6.272)
= ﬁ BEw(€ — 1) + 26l — )] . (6.273)
In summary, the polarisability tensor M,y is given by
M = (K' - %G/) 8ii0k + G (0051 + 0udjk) (6.274)

if & =n" =0, where K’ and G’ are given by (6.245)—(6.246). If & and 1" are not
zero, then the tensor M;;,; has the form of a transversely isotropic elasticity tensor,

whose action on a vector of strains e;; is given by

¢, G Cs €11

¢ Cp Cs €22
C3 C3 Oy €33 (6 275)

* €23

* €31

* €12
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with C, C3 and Cy given by equations (6.271)—(6.273). The terms denoted * in the
relation above are not needed because the material that we will consider will never
be subjected to simple shear deformations.

We will now proceed to determine the effective elasticity tensor for both unbuckled

and buckled shells, by evaluating the tensor M;;;; in each case.

6.3.3 The effective elasticity tensor pre-buckling

We recall that the effective elasticity tensor, in general, is given by equation (6.213).
We first wish to find the polarisability tensor for the unbuckled shell. Recall from

Chapter 3 that we had considered two types of stress field at infinity, namely uniaxial,
Tl = —@:0i303 (6.276)

and radial,
Tl = —qrGij - (6.277)

The resulting displacement fields in the matrix were given by equations (3.63)—(3.64)
for the uniaxial stress field, and by (3.89) for the radial stress field. The leading order
parts of these fields at infinity are given by

A
u = —ﬁpo(o)(ﬂ) +

C(Oé_g — 3)

C
o P ()| ent+ 5 BV (mes  (6:278)

R2
for the uniaxial stress field at infinity, and

B,
for the radial stress field. The constants A and C' are given by the solution to the
system (3.77)—(3.85) and are proportional to ¢, whereas By, is given by (3.93) with

¢in = 0, (we will assume this for simplicity) and is linear in gg. Thus, if we define

A= ¢4, (6.280)
C = ¢'C, (6.281)
B = ¢;'Bn, (6.282)

then these are independent of the stress at infinity and we can write the leading order

perturbation displacement at infinity as

1 ~ ~ ~ 5 — 4vy,
w = g | (Ban = A) P00+ o (350 ) PO e
Ca.
+ B (weo (6.283)
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when the stress field at infinity is a superposition of the two states (6.276) and (6.277),
and where we have substituted for a_3 from (3.45).
Now, we wish to consider a stress state at infinity as given by equation (6.215),

involving the parameters ¢, and ¢s. Then we have
Tij’oo = (g — Qr)5z‘j — 3¢s0;3053 (6.284)

so that, on comparing with the superposition of the two states (6.276) and (6.277)

we require

R = &G, (6.285)

Substituting into equation (6.283), we find that

I N = = 0 ~ (92— 4\ L0
v = [(qu (B + SA)QS> Py () + 30 (1 o Py (u)| er
3,CV’qS
= B e (6.287)

In order to find the parameters &', £, 1" and n® for unbuckled shells, we need to

compare this to equation (6.232), yielding

& = B, (6.288)
& = —B-34, (6.289)
n = 0, (6.290)
7P = 3C. (6.291)
However, on calculating the constants it is found that B = —3Aso that £* = 0. Hence,

by the theory of Section 6.3.2, we find that the polarisability tensor for unbuckled
inclusions has the form of an isotropic elasticity tensor. Thus, where a superscript

‘—’ reminds us that we are analysing the pre-buckling polarisability tensor,

!/ 2G/ !
Miji = (K - 7) 030k + G (k01 + dudjn) (6.292)

where K’ and G’ are given by equations (6.245)—(6.246). On substituting for the
values of ¢" and 7n®, we find that

kB

, 3kC
= — . 294
¢ Gm2(1 — 2Uy) (6:294)
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Substituting this into (6.213), we find that the effective elastic tensor for unbuckled

shells is isotropic. Thus we can say that
" - 2G "
Aiju = | K — =3 0ij0k + G (0651 + 0ubji) (6.295)

where K and @ are the effective bulk modulus and shear modulus, respectively. These

are given by

K = Km+w(§)Km%, (6.296)
. kC
G - Gmw(g)c:mﬁ. (6.297)

6.3.3.1 Comparison with spherical elastic inclusions

In the expressions above for the effective bulk and shear moduli, the constants B
and C' are dependent on Ry and Ry, the radii of the shell inner and outer surfaces,
in a complicated way. However, by setting Ry — 0 and Ry — E, we can compare
the results (6.296)—(6.297) to the well-known results that were originally derived by
Hashin.

Analysis in a symbolic computation package such as Maple shows that in the

limits described above we find that

~ AS p—
. R (Ks — Kp)

B 6.298
Kn(4Gy + 3K,) (6:298)
~ 5R? (Gs — G (1 — 20
C 6.299
6Gom {Gm(7 ~ 50m) + Go(S — 100 (6:299)
Substituting these values into (6.296)—(6.297) gives the effective moduli as
- 4R 4G,
K = K, |1 14 =) | .
g 71< +3Km) (6.300)
. [ AnR®
G = G 1+ 50— um)] , (6.301)
where
3(Ks — Kn)
= " 6.302
T B3R+ 4G, (6.302)
Yo = Gs — G (6.303)

2G(4 — 5ury) + Gu(7T — 5v)

Now, given that the quantity An R3w /3 represents the volume fraction of the composite
material occupied by the inclusions, these effective moduli correspond exactly with
those found by Hashin [42].
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6.3.4 The effective elasticity tensor post-buckling

In order to determine the effective elasticity tensor which results from a dispersion
of split shells, we need to compare the leading order displacements (5.214)—(5.215)
found in Chapter 5 to the general case (6.232), in order to find the coefficients £ and
1 from the Love stress function coefficients y,, and ¢;. Considering a superposition
of the two stress states at infinity given on page 167, which is the same as (6.215),
we find that

1 2(1 — 2uy,) 2(5 — 4y,
o = (o 2
1 2(1 = 2vm) | )
929G R? 3 V1P (e (6.304)
where
Xm = @Xmt @sXom s (6.305)
U1 = @+ gy (6.306)

The coefficients X%, X%, J{ and Ji are defined by (5.216)—(5.219). Therefore, com-
paring (6.304) with (6.232), we find that

¢ = g (- AR (6.307)
o= —%, (6.308)
¢ = o (-0 (6:309)
o= —%. (6.310)

Note that we have not yet made any restrictions on the values of x,, and 1;1 between
the radial and shear cases. However, the coefficients n* and £° must be related accord-
ing to equation (6.262). This leads to a condition on the four Love stress function

coefficients. This condition is

A1+ vt — 2(1 = 2005 + 3%, = 0. (6.311)
For the values in Table 1.1, the values of the four Love stress function coefficents
were given in (5.220)-(5.223) and were subsequently shown to agree with (6.311)
satisfactorily.

Therefore, the tensor M;;x; in this case — which we will denote M;kz to remind us
that we are analysing the post-buckled case — is transversely isotropic with a form
given by (6.275), where C1—C} are given by (6.271)—(6.273). The effective elasticity
tensor, from (6.213), is then given by

A\ijkl = A?]l'kl +w(€)Mi—;kl . (6.312)
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6.4 Modelling the uniaxial displacement experi-
ment

For the two cases that we will consider, namely buckled and unbuckled shells, we note

that the effective elasticity tensor in each case can be written as

-~ —

Aijir = Aijia + M (6.313)
where flijkl has the form of an isotropic elasticity tensor,
A = 5\51']'51%1 + G (0051 + 6udjn) (6.314)

and M, has the form of a transversely isotropic elasticity tensor, which is given
as in equation (6.275) with coefficients C;, C3 and C,. Thus, if we consider a slab
of a material with this given effective elasticity tensor, undergoing a homogeneous
axisymmetric state of strain (ej;, €11, €e33) and a corresponding state of stress, they

are related by

T11 01 —l— 5\ +_2@ B 01_+ 5\ B ng + /:\ €11
T11 = Ql + %\ Cl 4: A +72G B ng’ A B €11 . (6315)
T33 03—|—/\ Cg—i-)\ C4+)\+2G €33

The experiment described in Chapter 1 involved a slab of the material undergoing
a state of stress of the above form, with 77 = 0, 733 = —¢. The equation (6.315)
now becomes a system of two equations for the strain components e;; and e33. The
displacement of the top surface of the slab is then proportional to —es3. We find that

the two equations to be solved are

2(C1 + A+ Gerr + (Cs 4+ Negs = 0, (6.316)
2(Cs+ Nen + (Cy + A +2G)ess = —q. (6.317)

Eliminating e;;, we find that

-t oA Cs+2)2 17"
—e3 = ¢ (C4+A+2G)—% : (6.318)
1

We will now consider what the resulting displacement is for unbuckled shells, and
buckled shells separately. For unbuckled shells, we apply the above formula with
61203204:0, and

K —

>~
I

: (6.319)

“’ED)

)]
I
)

(6.320)
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for K and G from equations (6.296)—(6.297). We obtain

q (3 1)
—ey = (24 6.321
w = 332 (6:321)

For buckled shells, from equation (6.312), we use the values

Cl = w(ﬁ)Cl, 03 = Ld(g)Cg, 64 = W(5)04, (6322)

A= Au, G = Gu. (6.323)
This gives us the resulting displacement

@@+ Aw)® 177
(©)C1+ Aa+ G|

— €33 = ( (W(5)04 + )\m + 2Gm) — o (6324)

6.4.1 A size-distribution of inclusions

We now follow the theory of Section 2.4.4, and consider a composite material which
contains a range of differently-sized inclusions. These inclusions will buckle at differ-
ent values of the applied stress, leading to a gradual softening of the material.

In general, the effective elasticity tensor of the composite material can be written

as

A = Al + w(&) Miju (6.325)
where the tensor M;;i; has a different form for each inclusion, before and after buck-
ling. We have denoted these two cases by M, and M;;kl respectively, in equations
(6.292) and (6.312).

It is necessary to work with the dimensionless forms of these tensors, given as in
(6.129) by

Mi:;':kl = a_3Mij;k1a (6.326)

where a is the radius of the inclusion, which was denoted in Chapters 3-5 by R.
Henceforth we will replace the notation a by the shell mid-surface radius R. Then we
have that

Ay = Ay +wR Mg, (6.327)

for both cases under consideration.

Now we’ll suppose that the radii of the inclusions are distributed according to a
random variable with probability density function .# (fi) We will also assume that
the inclusions are not buckled for R < ﬁcm, but buckled for R > Igucrit, where Igucrit

is a critical value of the radius which is dependent on the applied stress ¢ at infinity.
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The stress at infinity is uniaxial as explained earlier, so that 717 = 0 and 733 = —¢q
throughout the material. Then, following the theory of Section 2.4.4, we have that the
composite material with the above properties and experiencing the stress at infinity

¢, has the elasticity tensor

Agala) = Ay +w [M5,27 (@) + M2 (@) | (6.328)
where
2%(q) = / R*Z(R)dR , (6.329)
Rcrit(q)
Rerit(q) __ N
2 (q) = / R*Z(R)dR . (6.330)
0

To find ficrit we note that, analogously to Section 6.2.4, the stress field locally at
any point in the composite material is the same as the stress at infinity for the local
problem of a single inclusion. Correspondingly, the critical stress for any inclusion in
the composite material is the same as the critical stress for that inclusion considered
in isolation. This critical stress was given by equation (4.307) in Chapter 4. We
will redefine the constants in this expression, due to the subsequent duplication of

notation. Writing the small parameter € of that chapter in terms of its components,

G\
! (G)
for buckling, where a and 3 are the A and B of (4.254) and (4.256), k is given by

equation (4.280), h is the shell thickness and R is the shell radius.

The thickness and radii of the spheres in the composite material will be distributed

we have

32 3hlk| G\ 3
S = 6.331
Q * Ra (Gm> 20 ( )

according to some joint probability distribution, where the two variables are not
necessarily independent. However, in the absence of any data about this distribution,
we will assume that the thickness h is kept constant for each inclusion, regardless of
its size, so that we have a variation in the critical stress for differently-sized inclusions.

The critical radius ficm is found by inverting (6.331) to become a function of g.
We obtain

00 4 < Gmin
Rcrit == 3]’L|I€‘ Gs 1/3 ﬁ Gs 5/3 i B 3_/'432 -1 - . (6332)
@ G 20 |\ Gy G, @ ¢ = Qmin
where
3K? G\ 3
Qmin — FGS (E) (6333)



represents the lowest value of the stress at infinity for which any inclusions buckle.
A plot of Rus (q) for values of the constants as given in Table 1.1 is shown in Figure
6.2.

Rcrit
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Figure 6.2: A plot of Ecm(q) for typical parameter values, with asymptote ¢ = ¢uin.

Now, we know that the effective elasticity tensor of the composite material is given
by equation (6.328). Writing this in the form (6.313), we have that

A = APy +w2 (@) My, , (6.334)

My = w2 ()M, . (6.335)
We can find Z\Zj][kl from

Mijjckz = Mi:;':kl (6-336)

R=1"
in other words the constants B and C from Chapter 3 and the quantities I, QZ{,
o &i from Chapter 5 (that give the quantities K’ and G’ from (6.293)—(6.294) and
C1-Cy from (6.271)—(6.273) via (6.307)—(6.310)) are calculated for a shell radius of 1.

Now we can find the displacement in a composite material undergoing uniaxial
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compression, given by (6.318), where

A= (Km _ QGT‘“) w2 (g) (K’ _ QG/)

3 (6.337)
G = Gutw2 (¢ s, (6.338)
Cy = w2t (q) Cila, , (6.339)
(6.340)
(6.341)

)

R=1

C(3 = W°*02+(Q> C?)‘R:l?
Cy = WQ+(Q) 04‘1?2:1'

We calculate the displacement for two distributions of inclusions. Firstly we as-
sume that there is only one size of inclusions, with a radius ﬁo. The probability

density function .7 (R\) is then given by
F(R) = 6(R-Ry), (6.342)
and so the functions 2% (q) are given by

B ﬁg if EO < ﬁcrit<q)
() oo (6.343)
0 if Ry > Rew(q) .

0 if EO < Ecrit(‘])
2 (q) = R N N (6.344)
Rg if RO 2 Rcrit(Q) :
The resulting stress—displacement graph is shown in Figure 6.4, displaying an instan-
taneous transition from a stiff material to a softer material on exceeding a critical
stress. The values used were ﬁg =1, w = 0.1 and those in Table 1.1.
Secondly, we suppose that the sizes of the inclusions are distributed according to

a gamma distribution [38], so that

F(R) - ﬁATﬁT‘le‘AR | (6.345)
where T and A are shape parameters of the distribution. The mean and variance of
such a distribution are located at T/A and T/A? respectively. Thus, if we set the
mean radius to be }A%O to match with the previous distribution, then T = ﬁOA and
the variance becomes Ry /A, so that we take a large value of A for a small variance
and vice versa. We choose A = 4 and I/%\O = 1, for which the probability density
function is shown in Figure 6.3. The corresponding stress—displacement graph for

this distribution of inclusions is shown in Figure 6.5.
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Figure 6.3: The gamma probability density function.

6.4.2 Modelling buckled shells as voids

Finally, we propose another model for the buckled shells, which is as voids rather
than damaged shells, so that the buckling causes them to lose all stiffness. Voids can
be modelled as elastic inclusions with zero stiffness, so that we can use the theory of
Section 6.3.3.1. Setting G5 = K = 0 in (6.298)-(6.299), we find that

_ 3
B o=~ (6.346)
~ 5R3(1 — 2uy)

= T om 6.347
¢ 6Gm (7 — 5 ( )

for void inclusions. Thus, if we model buckled shells as voids, then the post-buckling

polarisation tensor M;fkl becomes

2G+
My = (K+ — T) 80k + G (0w + 0adi) (6.348)
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Figure 6.4: Displacement—stress graph for a composite material with one size of in-
clusion.
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Figure 6.5: Displacement—stress graph for a composite material with a gamma dis-
tribution of inclusions, superimposed on Figure 6.4 (dashed).
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where

(1 — )

[(+ = —QFKmﬁgm 5 (6349)
e (1= vy
Gt = —20meR3%. (6.350)

Thus, the effective elasticity tensor is isotropic, and from (6.328), the effective

bulk and shear moduli respectively are given by

Kn+w[2 (q) K|z, +27(q) KT|5_,] (6.351)
= Gu+w[2 (q) Tz +27(q) G o], (6.352)

Q) M
[l

where K’ and G’ are given by (6.293)—(6.294), and K+, G are given by (6.349)—
(6.350). A plot of the resulting displacement—stress graph, where we have only con-
sidered one size of inclusions so that .# (ﬁ) is as given in (6.342), is shown in Figure
6.6.
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Figure 6.6: Displacement—stress graph for a composite material, modelling buckled

shells as voids, superimposed on Figure 6.4 (dashed).

6.5 Discussion

In this chapter we have taken ideas from the four preceding chapters and formulated a

theory for modelling the composite material such that a greater number of inclusions
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are buckled at progressively greater stresses, which has the effect of softening the
material.

Despite the fact that we are restricted to materials with a dilute dispersion of
inclusions, the resulting stress—displacement graph for a distribution of differently-
sized inclusion in Figure 6.5 is nevertheless reasonably similar to the loading part
of the graph in Figure 1.3. On unloading the composite material discussed in this
chapter, the inclusions would not regain stiffness as the stress on them is relieved, so
the unloading curve is merely a straight line towards the origin.

Our final conclusions, drawbacks of the model, and possible improvements to it,

are discussed in the following chapter.
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Chapter 7

Conclusions and Further Work

7.1 Review

This thesis attempted to explain one of the features of the graph seen in Figure 1.3.
We hypothesised that the ‘kink’ in that graph was due to buckling of the spheres at a
specific critical stress in the material. Our aim, therefore, was to consider a composite
material consisting of spherical shell inclusions. These inclusions would buckle as the
stress on the material was increased, thus softening the material.

We began by considering a paradigm problem in Chapter 2, which embodied the
basic features of the composite material to be studied. This problem was the an-
tiplane shear at infinity of a composite material containing cylindrical inclusions. We
considered an isolated inclusion and showed that the matrix effectively debonded
fully from the inclusion at a particular critical stress, corresponding to the buckling
of the microspheres. We considered two homogenisation methods, namely multiple-
scales homogenisation (placing the inclusions in a regular grid) and the point-inclusion
approach (assuming that the inclusions are infinitely far apart). These approaches
agreed with each other. Finally in that chapter we extended the point inclusion ap-
proach to consider a distribution of differently-sized inclusions, so that the proportion
of debonded inclusions in the composite material depended on the greatest previous
stress on the material.

With this process in mind, we then proceeded to consider the problem of em-
bedded shell inclusions. To emulate the process of Chapter 2, we needed to find the
behaviour of an isolated shell at infinity before buckling, the criterion for buckling
of that shell, and the behaviour of the shell after buckling. The pre-buckling be-
haviour was found in Chapter 3 by using Love’s harmonic function method. In the
same chapter we discussed the buckling criterion by using Koiter’s theory of shallow
shells and the assumption of axisymmetry to derive the energy functional relating to
infinitesimal virtual displacements describing the buckling pattern. This energy func-

tional was minimised by the Rayleigh-Ritz method, which assumed that the buckling
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patterns were expanded as series of Legendre functions. This method gives rise to an
infinite system of equations for the coefficients of these Legendre functions, which are
truncated and solved (numerically) as an eigenvalue problem for the critical stress
at infinity. The increasingly oscillatory behaviour of the buckling patterns, in the
limit that the shell’s thickness ratio tended to zero, allowed us to derive in Chapter
4 an asymptotic formula for the critical stress at infinity, and the resulting buckling
pattern.

The numerical results of Chapter 3 gave us a buckling pattern that indicated that
the buckled shell had lost its stiffness around the equator. Thus in Chapter 5, as a
simplified model of the post-buckled shell, we considered a shell with a crack around
the equator. Modelling the shell as linearly elastic without assuming anything about
its thickness, the displacements in the matrix and shell were expanded in terms of
Love stress functions. We matched displacements and tractions at the shell-matrix
interface, set the traction on the inner surface and the crack of the shell to be zero, and
set the stress to be constant and axisymmetric at infinity. The result was a sequence
of equations in terms of Legendre polynomials. Integrating these over the half-shell
led to two systems of equations for the coefficients of the Love stress functions. These
systems were shown to be equivalent but only one was numerically stable, so this
system was then solved for increasing truncation point. The rate of convergence as
the truncation point increased was very slow, so that we resorted to a convergence
acceleration process. We obtained the coefficients of the Love stress functions and
the results compared well to a finite element solution of the problem.

Finally in Chapter 6 we drew the strands of the previous three chapters together to
model a composite material consisting of shell inclusions. We began by reconsidering
the point-inclusion method of Chapter 2, extending the results to arbitrarily-shaped
cylindrical inclusions in antiplane strain. Using this as a guide, we considered the
homogenisation of spherical inclusions placed far apart from each other, whose be-
haviour in isolation with a constant axisymmetric stress field at infinity was known.
We then specialised our result to the two cases which were of interest, namely a cer-
tain statistical distribution of unbuckled shells and of buckled shells. We obtained
the effective elasticity tensor for both cases, and also for the case where only a certain
proportion of the shells were buckled. Finally we used the results of Chapter 4 to find
the relation between the proportion of buckled shells and the stress in the composite
material, and used this information to model the gradual uniaxial loading of a slab

of the composite material, as described in Chapter 1.
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7.2 Possible improvements to the model

The model that we have considered in Chapters 3-6 is by necessity rather simplified,
yet several improvements can be considered. We will therefore revisit the assumptions
made in these chapters and discuss the feasibility of their revision.

The assumption of linear elasticity is the key to obtaining analytical results and
this has been assumed throughout the thesis. It is clear that under the high pressures
experienced by the material in application, the material would be more accurately
modelled by using nonlinear elasticity. However, any prediction of the behaviour of
the material would then require finite element modelling and no dependence of the

elastic properties on the microstructure would be obtainable.

7.2.1 The buckling model

The model for the shell chosen in Chapter 3 in order to analyse buckling was Koiter’s
shallow shell theory. This is the simplest nonlinear shell theory and the underlying
assumption is that the wavelength of the buckling patterns is small compared to
the radius of curvature of the shell. While this assumption seems to be confirmed a
posteriori by the buckling patterns obtained, it may be worthwhile investigating more
comprehensive nonlinear shell theories to verify that the observed buckling pattern
justifies the use of the shallow shell assumption.

Another assumption made in the buckling problem is that the buckling patterns
are axisymmetric. This assumption was not justified mathematically however, and
it would be worthwhile to investigate more general buckling patterns which do not
assume axisymmetry.

The main difficulty in implementing these two ideas is that the energy functional
was greatly simplified by the use of the van der Neut substitution (3.149). For a
spherical shell pressurised by a hydrostatic load, Koiter used the substitution to
decouple the surface invariant y from the radial displacement w and the remaining
surface invariant v in the energy functional. This greatly simplified the analysis. For
our configuration, which has a non-uniform pre-buckling stress distribution in the
shell and a complicated term due to the energy in the matrix, this substitution will
not have the same effect (apart from the axisymmetric case, in which x is arbitrary
and can be set to zero without loss of generality). This will also be the case if we
consider additional terms in the shell energy functional due to the use of a different
shell theory.

We also note that imperfections in the shell cause it to buckle at a lower critical
stress than a pristine shell would. Koiter analysed this effect for a shell undergoing

hydrostatic pressure by including an additional term in the energy functional, but to
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follow the reasoning for the embedded shell would be more difficult for the reasons

outlined above.

7.2.2 The asymptotic analysis

The analysis of Chapter 4 can be extended by considering the limits h/ R — 0 and
Gs/Gm — 0 separately. In this case we would be unable to assume that the circumfer-
ential displacement vg was zero, and the term in the functional that whose coefficient

was D given by (4.258) would no longer be neglected.

7.2.3 The buckled shell

In Chapter 5, the overriding concern was the validity of the convergence acceleration
method. These concerns would be allayed if the exact form of the convergence was
known: for example, if the convergence was of the form (5.203) with ¢ known (and
possibly different for each Love stress function coefficient). Alternatively, if the con-
vergence was of a different form we could construct convergence acceleration methods
which were tailor-made for such sequences. Any further research into the work of this
chapter should thus attempt to uncover the convergence properties.

An alternative approach is to consider the solution as the sum of a regular part
and a singular part, to try and obtain a problem which has no singularity and thus
is more likely to be numerically tractable. Likewise, we may be able to formulate an
asymptotic or asymptotic-numerical approach, as indicated in Section 5.6.

Another option is to consider a more accurate post-buckling behaviour than the
simplistic model of the split shell. Koiter used higher-order terms in the energy func-
tional of the shell in order to determine special cases of the post-buckling behaviour
for a shell experiencing hydrostatic pressure. However, as explained above in Section
7.2.1, the non-uniform stress distribution in the shell, and especially the influence of
the attached matrix, cause the analysis to become much more difficult. Other effects

such as delamination between the shell and matrix may also become important.

7.2.4 Homogenisation methods

The obvious extension to the work of Chapter 6 is to extend the analysis from dilute
composites to the case where the inclusions are reasonably close to one another. For
elastic inclusions this was analysed by Chen and Acrivos [19]. Their analysis required
the effect on a reference inclusion of a second inclusion situated nearby. This means
that axisymmetry is no longer applicable, and if we were to extend the results to shell
inclusions, we would need the buckling criterion for a pair of embedded shells. This

is, needless to say, a challenging task.
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Appendix A

Elasticity Theory

This appendix provides a basis for Chapter 3 by reviewing the theory of linear elas-
ticity, and in particular the application of that theory to thin shells. We will derive
the stress—strain relations in general curvilinear coordinates, before specialising to
spherical polar coordinates, as the geometry of the problem under consideration (the
spherical shell) is clearly based on these coordinates. The notation is largely a combi-
nation of that of Green and Zerna [37] and of Koiter [51]. Indices of lower-case Latin
letters vary over 1 to 3 while lower-case Greek letters vary over 1 to 2. The summation

convention applies unless the symbol /)2{ is used, which implies no summation on <.

A.1 General curvilinear coordinates
Any curvilinear coordinate system has at its heart a set of three coordinates,
(01,0,03) , (A.1)
and a definition of the position vector in terms of these coordinates,
r = r(6,6s05). (A.2)
The covariant base vectors g, of the coordinate system are given by
9 = T, (A.3)

where a comma followed by the index i denotes partial differentiation with respect to

f;, from where we can define the covariant metric tensors by

95 = 9;°9;, (A.4)

where the dot represents the scalar product. The contravariant base vectors are
defined by the relation

Qi‘gj = 5? (A.5)
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(which is the Kronecker delta), and the contravariant metric tensors by

97 = g-¢g. (A.6)
The following identities hold:

g = g’g;, (A7)

9 = 959 (A.8)

If the base vectors are orthogonal, we have that
g7 =0 ifisj, (A.9)
gt = — P8 (A.10)

A.1.1 Vectors

A vector v can be described in the coordinate system (6;) in two ways. The vector is

said to have covariant components,

v, = v-g,;, (A.11)
and contravariant components,

v' = v-g'. (A.12)
By equation (A.5), the vector can be represented as

v = ug', (A.13)
or v = g, . (A.14)

In other words, the two sets of vectors g, and g° form bases for vectors in R3. From
equations (A.4), (A.6), (A.13) and (A.14), the rules for raising and lowering the index

of a vector hold:

7

v = g, (A.15)
v, = gijvj . (A16)
When differentiating a vector v with respect to one of the coordinates, we must

remember that the base vectors are not necessarily independent of the coordinate.
We have

’UJ‘ = (Uigi)d‘ (Al?)
7é Ui,jgi- (A18)
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In fact
v; = vl;g", (A.19)
where v;|; is the covariant derivative of v;, given by
Ui’j = Vij — ng?}r ) (A-20)
where
Iy = —9:-9; (A.21)
are the Christoffel symbols. We can also find the covariant derivative of v?, given by
o' = v+ T (A.22)
A.1.2 Tensors

A second-order tensor A can be thought of as a linear operator that acts on a vector,

generating a second vector,
w = Av. (A.23)

In the same way as for vectors, we can define components of a tensor, referred to the

base vectors g and g,. For a second-order tensor, the four types of component are

Aij = 9;- Agj ) (A.24)
A, = g'-Ag;, (A.25)
A = g,-Ag . (A.26)
A = g Ag’, (A.27)

which are known as the coviariant components, the mixed components (twice) and
the contravariant components, respectively. The notation for the mixed tensor com-
ponents assumes that the order of the indices is important; often this is not the case
and the dot is omitted (e.g. for the Kronecker delta 5f ).

One important type of second-order tensor is the dyad or tensor product, which
forms a tensor u ® v from two vectors w and v.> The linear transformation described

by this tensor is defined as

(uRv)w = u(v-w) (A.28)
= (v-w)u. (A.29)

! This is equivalent to the outer product in linear algebra, which takes two vectors a and b and
forms the matrix ab™.
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While not every tensor can be described by a tensor product of two vectors, it can be
shown from equations (A.24)-(A.27) and (A.29) that all tensors can be decomposed

according to

A = Augdted (A.30)
- A’“l g.9g (A.31)
= Aig*®g (A.32)
= Ag 09, . (A.33)

We often refer to the components of a tensor simply as a tensor, for simplicity (as
long as the coordinates that the components are referred to are known).

The rules for raising and lowering indices also hold for tensors, e.g.
A = g AI (A.34)
979" Ars . (A.35)
We can also define covariant derivatives for tensors, for example

Al = A7 +Ti A™ 4TI A™ (A.37)

We can also consider tensors of higher order, most notably fourth-order tensors.

These can be expressed by
A = Aju gdevgeg g, (A.38)

with similar relations to define the mixed and contravariant components.

A.2 Linear elasticity

Elasticity is part of the study of the relationship between displacement and stress in a
deformable material. A material is said to be perfectly elastic if, on applying external
forces to a material and then removing them, the material returns to the pre-stressed
state.
The displacement in an elastic material is defined as a vector w. If the material
is linearly elastic, the strain tensor is given by
1
eij = 5 (wilj+yl) (A.39)
The state of stress in the material is described by the stress tensor, 7. If the material
experiences a body force f, then the equilibrium equation, derived from conservation

of momentum, gives us
il pft = pit (A.40)
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where a dot represents differentiation with respect to time. For static deformations

without body forces,
™, = 0. (A.41)
Conservation of angular momentum tells us that the stress tensor is symmetric, or
™ o= (A.42)

Finally we need to find a relationship between stress and strain. For linearly elastic
materials this is Hooke’s law, which supposes that the stress is linearly dependent on

the strain. Mathematically,
Tij = Aijklekl, <A43)

where AUk is the fourth-order elasticity tensor. We will assume that the material is

isotropic, whereby the elasticity tensor simplifies to
Aijlcl — )\gijgkl + G(gikgﬂ + gilgjk> ’ (A.44)

where ¢¥ are the contravariant metric tensors, and A and G are the Lamé moduli of
the material (G is also known as the shear modulus, or the rigidity modulus). We

will often use other material parameters [86], such as the bulk modulus

2
K = M+ §G , (A.45)
the Poisson ratio
A

= _— A-46
SESTO W (A.46)

and Young’s modulus
E = 2G(1+v). (A.4T7)

The potential energy density of the linearly elastic material is given by

1,

V = 57']617‘ <A48)
1 ..

= §Amkl€ij6kl. (A49)

Thus the stored energy in a three-dimensional body 2 made of the elastic material is

1 ..
W = /// EAUkleijekl dv . (A50)
Q
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A.3 Spherical polar coordinates

We now proceed to find the spherical polar formulation of a number of the previous
geometrical and elasticity relations, for future reference.

The Cartesian coordinate system (z,y, z) is written in terms of the spherical polar
coordinates (R, 6, ¢) by

r = Rsinfcos¢, (A.51)
y = Rsinfsing, (A.52)
z = Rcos#, (A.53)

for R € [0,00), 8 € [0,7] and ¢ € [0,27). We can thus find the position vector in

spherical polar coordinates in terms of the Cartesian base vectors (e, ey, e.),
r = Rsinfcos¢e, + Rsinfsinge, + Rcosle, . (A.54)

From this we can find the covariant base vectors,

g, = sinfcos¢e, +sinfsinge, + cosbe,, (A.55)
g, = Rcosfcos¢e, + Rcosfsingpe, — Rsinfe, , (A.56)
g; = —Rsinfsinge, + Rsinfcosge, . (A.57)

Now, we find that the covariant metric tensors become

gu = 1, (A.58)
g = R?, (A.59)
g3 = R*sin’0, (A.60)
g; = 0 ifi 7, (A.61)

implying that the coordinates are orthogonal, which means that the contravariant

metric tensors become

gt = 1, (A.62)
1
g2 = 77 (A.63)
1
B o= - A.64
g“ R2sin?0’ ( )
g7 =0 ifisj. (A.65)

Additionally, the contravariant base vectors in spherical coordinates become

g = g, (A.66)
1
g’ = 7292 (A.67)
1
SO — A.68
g RQSin20‘q3 ( )
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In the spherical coordinate system, the only non-zero Christoffel symbols are

F%z = —R,

Iy, = —Rsin?0,
F%z = % )

I3, = —sinfcosf,
F?3 = % )

I, = cotf.

Thus, we note that the covariant derivatives of a general vector v; are given by

U1|1

U1’2
U1|3

21
2
U2|3
31
V3o

U3|3

V1,1
1
V1,2 — EW )
1
V1,3 — EU?’ )
1
V21 — EW )
V2,2 + va s
V2,3 — cot ‘91)3 s
1
V31 — Evs )

V39 — cot Oug

v3s+ IR sin? Qv; + sin @ cos Gv, .

A.3.1 Elasticity in spherical coordinates

(A.75)
(A.76)

(A.77)

In this section we will find the relationship between the displacement, strain and

stress using the information about spherical polar coordinates given in the previous

section.

Using equations (A.39) and (A.75)-(A.83), we find that the components of strain

referred to spherical polar coordinates become

€11

€12

€13
€22
€23

€33

Ui,

§(U1,2 +usy) —

1

5( 13+ usq) —

U2.2 + Ru1 s

1
§(UQ,3 + U3,2) — cot 9U3 ,

R
1
—uy
RYs

Uz 3 + R sin® Ouy + sin 6 cos Ous, .
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Next, we use equations (A.43), (A.44) and (A.62)—(A.65) to determine the stress—

strain relations in spherical polar coordinates. Defining the dilatation A by

A = gklekl (AQO)
1 1
= e+ ﬁem + m%s ) (A.91)
we find that
7_11 = AA + 2G€11 , (A92)
2G
7'12 = ﬁelg s (AQS)
2G
13 _
"7 Resin?g (884
A 2G
7'22 = EA + ﬁegg s (A95)
2G
23 _
7T Risn?g™® (4.96)
33 A 2G

A ) A.97
R2sin%0 + R4 sin® 9633 ( )

A.3.2 Physical components

The base vectors g; and g are not, in general, unit vectors. In other words, covariant
and contravariant components of tensors and vectors referred to these base vectors are
not the physical components. In particular, different components of the same tensor
may have different units. Occasionally we will find it easier to manipulate physical
components rather than covariant or contravariant components. To facilitate this,

we first find the unit vectors associated with the base vectors. In spherical polar

coordinates,
erp = ﬁgl : (A.98)
ey = @gQ : (A.99)
€ = @gs ; (A.100)

so that the unit vectors are related to the Cartesian base vectors by

er sinfcos¢ sinfsing cos6 e,
ey = cosfcos¢p cosfsing —sinf e, | . (A.101)
ey —sin ¢ cos ¢ 0 e,

Inverting the matrix, we obtain the Cartesian vectors in terms of the spherical polar

unit vectors,

e, sinfcos¢p cosfcos¢p —sing er
e, = sinfsing cosfsing cos¢ ey ) (A.102)
e, cos 0 —sin# 0 €4
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In terms of the base vectors,

er = 9 =g, (A.103)
1

ey = 392 = Rg?, (A.104)
1 o

€ = Fag9s Rsinfg” . (A.105)

Now, to find the physical components of a vector v, we take equations (A.13) and
(A.14), replacing the base vectors by the unit vectors from equations (A.103)—(A.105).

Then, we compare with
V = URepR -+ vgey + Vgp€¢y (A106)

to find the physical components (vg,vg, vy) in terms of v; or v’. In particular,

Vg = vy = o, (A.107)
w = = = RS A.108
6 — R - v, ( : )
U3 . 3
= = . Al
Vg T ond Rsin Ov (A.109)

We can perform the same operation to find the physical components of a tensor A.
From equations (A.30)-(A.33), we replace the base vectors by the unit vectors accord-
ing to equations (A.103)—(A.105). The physical components are found by comparing

to

A = ARR(eR X eR) =+ AR6<6R X 69) + AR¢(eR X ed))
+Apr(es ® er) + Ago(eg @ eg) + Agy(eg @ ey)
+A¢R(€¢ ® CR) + A¢9(€¢ ® 69) + A¢¢(€¢ & €¢) . (A.llO)

In particular,

App = A, (A.111)
Apg = RA'YZ, (A.112)
Agry = RsingA"Y (A.113)
Agr = RA*, (A.114)
Apg = RZA*?, (A.115)
Agy = R*sinf A% (A.116)
Ayr = Rsing A*" (A.117)
Ay = R*sinf A% (A.118)
Agy = RP*sin®0 A% . (A.119)
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As an example, the stress components Tgrr and Tgg, using equations (A.92)—(A.93)

are given by

TRR = T (A.120)
= AA + 2G€11 R (A121)
and TRy = RT"? (A.122)
2G
= f612 . (A123)
Using equations (A.84)—(A.85), these become
TrRr = AMA+2Guy;, (A.124)
2G |1 u
TRO — ? [§(U1’2 + Ugjl) — EQ:| . (A125)
But, from equations (A.107)—(A.108), u; = ugr and uy = Ruy, so
8uR
= M +2G— A.126
TRR + G&R ; ( )
1 8uR 10 2U9
S R _ 2ug A12
™ = G [R 50 " mar ) R] (A.127)
1 Oup 0 [ug
= G|l=———+R—|(—= . A.128
[R 20 " "oR (Rﬂ (4.128)

The pattern followed here is repeated throughout the thesis — in other words,
if the indices are numerical then the quantities will be referred to the base vectors,

while subscript R, 6 and ¢ refer to the physical components.

A.4 Shell theory

Having found the relations between stress, strain and displacement in three dimen-
sional elasticity, we will now simplify them in the case where the deformable body is
a thin shell. Before this, however, we will need to examine the tensor description of
surfaces.

A.4.1 Surface geometry

We will consider the case where the position vector of a point in space is given by

r = 77"(01, 92) + 030,3 . (A129)

The position vector is described in this way so that a surface is defined on setting

03 = 0, the surface being given by
7(01,00) = 0. (A.130)
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The vector as, which depends only on #; and s, is kept perpendicular to the surface
and is known as the normal vector. By convention we make it a unit vector.
Substituting the position vector (A.129) into equation (A.3) to find the covariant

base vectors, we obtain

g, = Qo+ 0zas3,, (A.131)
9; = as, (A.132)

where
e = 7. (A.133)

We can therefore use a,, as covariant base vectors for the surface defined by equation
(A.130). The sign of a3 is thus chosen so that (a;, aq, a3) form a right-handed basis.

We can now form metric tensors for the surface,
op = Qo -Qg, (A.134)
contravariant base vectors a®, satisfying
a,-a’ = o, (A.135)
and contravariant metric tensors
a? = a®-ad’. (A.136)

The contravariant metric tensors can also be found from

22

al = —, (A.137)

a
a? = o = 42 (A.138)

a
o2 = 4 (A.139)

a

where

a = Qa11A22 — A12021 (A140)

is the determinant of the tensor aqgs.
Raising or lowering of an index of a tensor or vector is acheived through the tensors

a®? and a,g, for example

vY = av,, (A.141)
Vo = Qa0 , (A.142)
A = aAp. (A.143)
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The tensor a,g is also known as the first fundamental tensor of the surface. An-
other concept which is important in the theory of surfaces is the second fundamental

tensor of the surface, given by
bapg = —Qn-Q3p = —aQg-Q3, = Q3-Qu3 = Q3-Qg,. (A.144)
Using this, equation (A.131) becomes
9o = Haag, (A.145)
where
plo= 68 —05b8 . (A.146)

The tensor b,s allows us to describe the curvature of the surface, especially the

mean curvature,

1 1
H = b2 = -a*%b, A.14
9 o 2@ B ( 7)
and the Gaussian curvature,
b
K = — = bjbs—byb?, (A.148)
a

where b is the determinant of the tensor b,gs.

Finally, we need to consider covariant differentiation. For vectors, we find that

Ve = Una — LA, 04, (A.149)
WMo = v+ f‘fmv“ : (A.150)

where the Christoffel symbols are given by
[, = a“-ag, . (A.151)

The same pattern of covariant differentiation holds for tensors, following equations
(A.36)—(A.37). It is useful to note that covariant derivatives of the metric tensors are

Z€ro, 1.e.

a®®|y = aaslx = 0. (A.152)
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A.4.2 Strain and stress measures

There are a multitude of different shell theories in the literature. The most compre-
hensive exposition is by Koiter [51], who derived the full nonlinear theory of shells
from first principles. In the context of shell theory, the nonlinear theory assumes that
the strain measures in the shell are nonlinear functions of displacement. We will be
interested in shell buckling, for which it is essential that we use the nonlinear theory
rather than the linear theory.

Now, the position vector of any point in the shell is given by equation (A.129) for

03 in the range

h h
— - <0<~ Al
5 <6< (A.153)

where h is the thickness of the shell, which is assumed to be constant. Therefore
7(01,05) is defined as the position vector of points on the middle-surface of the shell.

To find the strain measures in the shell, Koiter [51] considers two states of the shell:
a position vector r before deformation, and a position vector 7 following deformation.
From these, the fundamental tensors a,g, bas, Gap and /l;ag are formed. Then, the
middle-surface strain tensor 7.3, and the tensor of changes of curvature p.s are

defined by

1 .
Yap = 5(%6 — Qag) (A.154)

-~

Pag = baﬁ — baﬁ s (A155)
respectively. Next, the displacement vector of the shell is denoted by
v = T—7r. (A.156)

Expressing this in terms of components referred to the base vectors a®, a®, we define

the in-surface displacement components v, and the normal displacement w by
v = 1,0 +wa’. (A.157)

Now, while we need to consider nonlinear measures of strain, these can be simpli-
fied based on assumptions on the form of the resulting displacement. If we assume
that the characteristic wavelength of the deformation pattern is much less than the ra-
dius of curvature of the shell, we are justified in using the shallow shell approximation,

for which

1
Yap = Qaﬁéw,aw,g, (A.158)
Pap = Wlag (A.159)
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where 0,4, the linearised middle-surface strain tensor, is given by

1
Oap = 5(Vals +sla) = bagw . (A.160)
The shallow shell approximation is the simplest nonlinear theory, given that it only
contains one nonlinear term.
Now, the measures of stress in the shell are the stress resultants n® and the stress

couples m®. We can determine these from the stress tensor 7 in the shell [37]. First,
define

n = 1-20;H+0;K , (A.161)

where H and K are the mean and Gaussian curvatures, from equations (A.147) and

(A.148) respectively. Then, where u$ is given in equation (A.146), define the tensor
o? = nugr (A.162)

whence we define the stress resultants and stress couples by

h/2
n? = / o™ dbs (A.163)
—h/2
h/2
maﬂ = / O'aﬁegdeg. (A164)
—h/2

If we are considering the linear theory of shells, for which p,g is as given previously

and Va3 = Oap, it can be shown [37] that

n® = B, (A.165)
m* = %EQWW, (A.166)

where
EoPA — G<a°‘Aaﬂ“+aa“am—|—12_—Vyaa5aM> (A.167)

is the elasticity tensor for shells. Here G is the shear modulus and v is the Poisson

ratio. Using this tensor we can define the potential energy density of a shell,
1 afAu 1 3 palfiu
vV = §hE YafYru + ﬁh E*Ppospa (A.168)

so that the stored energy of the shell is

W= // Vds. (A.169)
mid-shell

surface
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A.4.3 Surface geometry in spherical polar coordinates

The shell that we will be considering is spherical, with a middle surface of radius
R and a given thickness h. We will now write the shell tensors assuming that the

coordinates are

0, = 0, (A.170)
0, = ¢, (A.171)
05 = R—R, (A.172)

where 0, ¢ and R are given in equations (A.51)-(A.53). It is important to note that
the choices of the coordinates are different here than in Section A.3. The reason for
our choice here is that 8; and 0, are defined to be the in-surface coordinates of the
middle-surface of the shell, while 05 is a coordinate perpendicular to the other two
with a value of zero on the surface itself.

Now, #(6,,02) is the position vector of the middle-surface of the shell. In our

coordinates this is given by
7(61,6;) = Rsinfcosge, + Rsinfsin g e, + Rcosbe, . (A.173)
This implies that

a = ﬁcos&cos¢ex+§00893m¢ey—ﬁsin@ez, (A.174)
a, = —ﬁsin@sin¢e$+ﬁsinﬁcos¢ey. (A.175)

The remaining base vector az happens to be the unit vector in the R direction, namely
a; = sinfcosge, +sinfsingpe, + cosbe, . (A.176)

The covariant metric tensors a,g become

ay = R?, (A.177)
a2 = ay = 0, (A.178)
4y = R%sin®@ (A.179)

so that @ = R*sin@ and thus the contravariant metric tensors are given by

a'l = 7 (A.180)
a? = a = 0, (A.181)
1
22 __
o = = (A.182)
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The tensor b,g, from equation (A.144), is found to be

by = —R, (A.183)
blg = b21 = 0, (A184)
by = —Rsin6, (A.185)

giving us the mean and Gaussian curvature,

1
H = ——, (A.186)
R
1
R2
respectively. Finally, the only non-zero components of the Christoffel symbols are
Y, = —sinfcosf, (A.188)
[%, = cotf. (A.189)

A.4.4 Physical components of shell displacements

In terms of the spherical polar unit vectors given in equation (A.101), the base vectors

a’ and a; become

ai = Rey, (A.190)
1
a' = =ep, (A.191)
R
a; = Rsinfe,, (A.192)
1
a’? = = €s , A.193
Rsing * ( )
as; = eg, (A.194)
a® = ep (A.195)

Thus, if we compare the displacement vector v in terms of base vectors and unit

vectors,
v = v,a®+ wa’ (A.196)
= v%a, + was (A.197)
= Ugrepr + vpey + Vg€ (A.198)
we find that
Vg = w, (A.199)
w o= L = R, (A.200)
R
V2 S - 2
Vy = = = Rsinfv”. (A.201)
Rsin @



Appendix B

Associated Legendre Functions

The associated Legendre functions P,EZ”’ (u) satisfy the associated Legendre equation,

d2p(m) dp(m)
n 2 n

(1-2) # oty - ) P = 00 @y

dp? M du 1 —p?
where the degree n is a non-negative integer, and the order m takes the values
0,1,...,n. We can also define Legendre functions for negative n by setting
F™ () = PO () (B2)
forn = —1,—-2,—-3,... . Legendre functions of order zero are polynomials for inte-

ger n and are thus known as Legendre polynomials. Some useful relations between

Legendre functions given by Lebedev [57] are shown below.

dp™ ” .
A=i)=g— = (+mBG) = nuP™ () (B.3)
dm Py
P () = (=1)™(1 — )" : (B.4)
dpm™
/ !/
pPO () = PV () = nPO(u) (B.5)
PO N pO N 9 4 1) plO) B.6
n+1 (N) n—1 (:U) ( n + ) n (M)? ( . )
—m+1 n+m
pm,y — PTMT L pim P™ (1) . B.7
From equations (B.3) and (B.4) we find that
/
(1= )P (p) = nP? () — np PO (1) (B.8)
n(n+1)
T [sz(l)l(lﬁ) - Pgl(#)} : (B.9)
and
/
P () = —v1— 2P (n) (B.10)
= PV () = %Pyﬁo)'(u) — /1= 2P () . (B.11)
—
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The orthogonality condition is

! 2 (k+m)!
P () p™ = . B.12
[ PR = 5 (B.12)

Some useful specific examples are

PO = 1, (B.13)
PO = p, (B.14)
P = 50— 1), (B.15)
PP () = 0, (B.16)
PO = —/1—42, (B.17)
P () = —3u\/1— 2. (B.18)
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Appendix C

Some Identities Involving Lattice
Sums

In this appendix we prove two results involving the Coulombic lattice sums S,,, which

were defined in equation (2.169).

C.1 Restrictions on the value of a lattice sum to
ensure periodicity

Here we show that, with reference to equations (2.185)—(2.190), the functions XZ(-m)
would not be periodic unless Sy = +7 for ¢+ = 1,2 respectively. We consider the
function y{™ only; the result for yi™ follows by using the identity (2.191).

Substituting for (1£2) ¢,, from (2.154) into (2.151), we obtain

-«

& {3 [(3)
n=1

e}

A <%>2m b (m +: N 1) sm+n] } . (C)

m=1

We set 17, = ¢,(7/2)?" for brevity, and evaluate the above expression at the points
(X,Y) = (£1/2,0). Then

@ 0) = D0

n=1

N (£1)"2"

HED™2 S (1) (m +: N 1> s,m] . (C2)

m=1

Now, for periodicity we must have

XL 0) =™ (=100 = 0. (C.3)
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Thus

& n n - m m+n—1
Do m2r 27> (-1 nm( . )S,m — 0 (C4)
nn():dld m=1 -
S e o (m+2k—2
= Y [ngk_g?’f P2y () nm( b 1 )sm%_l = 0.(C.5)
k=1 m=1 |

Now, S,,10k-1 = 0 unless m is odd. Thus

= o = 2j + 2k — 3
Z [772k122k L 2 2k+1 Z’I]le( ]21{} _1 >52j+2k2] =0 ) (C6)

k=1 j=1

which can be rewritten, on changing the order of summation, as

Zrﬂhj—l = 0, (C.7)
j=1
where
= 2j + 2k — 3
r, — g2k-1g  _o-Ck-n (=T Syivonal - (C.8)
2k —1
k=1
In general, therefore, to satisfy (C.7), we must have I'; = 0 for each j =1,2,... . In
particular, we need I'y = 0, or
— Sa
k=1

Of the quantities in this sum, each is known definitively except for S;. We find that
Sy = 411 S C.10
2 = - Zl 54 | (C.10)

j:

since (apart from Sp) we know that Sy = 0 unless k is an integer multiple of 4.
Now, consider the lattice A defined in equation (2.165), which we rewrite for

convenience:
A = {(k1)eZ : (k1) #(0,0)} . (C.11)
Define the lattice
AT = AU(0,0), (C.12)

then the Weierstrass zeta function for A* is defined [25] by

1 1 1 z
C(Z) = ;+ Z [Z—A+X+ﬁ:| . (C.13)
AEA*\(0,0)
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This can be expanded in a series

1 2,
((2) = . Z Z \m+l (C.14)
AEA m=2
1 o
= — =) 2"Sun (C.15)
z m=2
= % — Z Z4j7154j . (ClG)
j=1

Evaluating this function at z = 1/2 gives

C(1/2) = 2— Z fojl (C.17)
_ <1 - i ST) (C.18)
- % (C.19)

52 = T, (C20)

as required.

C.2 The proof of equation (2.268)

In this section we will show that

— (=)™ (4n +4j -5

22n+2] 5 4j—2 Santaj—a = 1, (C.21)
7j=1
which was the one step omitted from the analysis of the sum ¥ on page 42. This
proof was suggested to the author by David Allwright.

Let  be the Weierstrass elliptic function for the lattice A* given in (C.12). This

is defined [25] by

1 1 1
_ 1 L 29
o) = H+Y (@—w A2) €22
AeA
1
= = ZZ m 4+ DA™ for |z| < min | (C.23)
AeA m=1
1 [e o]
= 5+ > (m+1)Spm402™ (C.24)
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However, S,, = 0 unless m is a multiple of 4. Set m + 2 = 4k in the sum, then

o0

1
p(z) = S+ (Ak—1)Suz*2. (C.25)

Z
k=1

On differentiating this expression 4n — 4 times, we obtain

— (4t —1)
(4n—4) — (4n — | (4n—2) 4k—4n+2 ) C.26
pr(z) = (n =)z +Z (4k — 4n+2)5k2 (C-26)

=n

Evaluating this expression at z = zg := (1 4+1)/2, we obtain

e (z) = (4n —3)12%" Texp (—%(Qn — 1))

. (4k —1)! i
92n—2k—1 —(2k—2n+1 2
;4% ) - exp(z( n+ ))(C 7)

o0

4 _imgn_ 4k — 1 (—1)*
_ _ a\192n—1 2 (2n—1)
(4n — 3)12°" e {1 = kE:n (4k Cdnt 2) 5o S4k}(C.28)

= (4n —3)! 92n—1lo=13 (2n-1)

L (An 445 =5\ (=) St an—s
y {1_2( o ) it (C.29)

=1

Thus (C.21) is equivalent to the statement that "% (z) = 0. However, p(z) =
©(z — 1) by the definition (C.22) above. Thus

o(z0 +1i2) = p(z0+iz—1) (C.30)
= (20 +1iz — 29 +i20) (C.31)
= p(i(z0 + 2)) (C.32)
= —p(20+2), (C.33)

by equation (C.25). Differentiating 4n — 4 times, we have
iU 0 1iz) = —pUnTY (50 + 2) (C.34)

which we evaluate at z = 0 to obtain

e (z0) = =" (z) (C.35)
= 0, (C.36)

which establishes the identity.
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Appendix D
Coefficients for the Split Shell

In this appendix we note down the exact forms for the coefficients of equations
(5.112)—(5.117). The term 4, ¢ that occasionally appears is Kronecker’s delta.

[4(1 —vs)(2n+1) —2n|n(n —1)

A = | —(n+Dnn -1+ o — 1 Ry~%, (D.1)
s (m+1)2n+5)2vs— (n—=2)(n+1)] ,
Ar = o3 R{ (D.2)
A= n(2n — 3)2[7;;(? Y 3) — 2u] Rt (D.3)
Al = —2(1};7%21/5)5%0 + [n(n+1)(n+ 2)A_ni2)
2(n+2)(n+ 1) 20 —v)2n+1) —(n+1)]] .3
+ 1 3 } R, , (D.4)
Bl = { S A N W Gl [2(12; V_S)l(% 1) - ”]} R:2. (D5
s (2n+5)201 —v) = (n+1)4 _,
B, = 2n + 3 By (D-6)
B,‘z _ (2n — 3) [22751_—1 Vs) — 1 ]Ro_"_l | (D7)
B — { B+ 20 e 2(n +2)[2(1 - g;)(fr;—i- 1)—(n+ 1)]] R (Ds)
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