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Abstract
Optimization problems with expensive-to-evaluate objective functions are ubiq-
uitous in scientific and industrial settings. Bayesian optimization has gained
widespread acclaim for optimizing expensive (and often black box) functions
due to its theoretical performance guarantees and empirical sample efficiency
in a variety of settings. Nevertheless, many practical scenarios remain where
prevailing Bayesian optimization techniques fall short. We consider four such
scenarios. First, we formalize the optimization problem where the goal is
to identify robust designs with respect to multiple objective functions that
are subject to input noise. Such robust design problems frequently arise, for
example, in manufacturing settings where fabrication can only be performed
with limited precision. We propose a method that identifies a set of optimal
robust designs, where each design provides probabilistic guarantees jointly on
multiple objectives. Second, we consider sample-efficient high-dimensional multi-
objective optimization. This line of research is motivated by the challenging
task of designing optical displays for augmented reality to optimize visual
quality and efficiency, where the designs are specified by high-dimensional
parameterizations governing complex geometries. Our proposed trust-region
based algorithm yields order-of-magnitude improvements in sample complexity
on this problem. Third, we consider multi-objective optimization of expensive
functions with variable-cost, decoupled, and/or multi-fidelity evaluations and
propose a Bayes-optimal, non-myopic acquisition function, which significantly
improves sample efficiency in scenarios with incomplete information. We apply
this to hardware-aware neural architecture search where the objective, on-device
latency and model accuracy, can often be evaluated independently. Fourth, we
consider the setting where the search space consists of discrete (and potentially
continuous) parameters. We propose a theoretically grounded technique that
uses a probabilistic reparameterization to transform the discrete or mixed inner
optimization problem into a continuous one leading to more effective Bayesian
optimization policies. Together, this thesis provides a playbook for Bayesian
optimization in several practical adverse scenarios.
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Abstract

Optimization problems with expensive-to-evaluate objective functions are ubiquitous
in scientific and industrial settings. Bayesian optimization has gained widespread
acclaim for optimizing expensive (and often black box) functions due to its the-
oretical performance guarantees and empirical sample efficiency in a variety of
settings. Nevertheless, many practical scenarios remain where prevailing Bayesian
optimization techniques fall short. We consider four such scenarios. First, we
formalize the optimization problem where the goal is to identify robust designs
with respect to multiple objective functions that are subject to input noise. Such
robust design problems frequently arise, for example, in manufacturing settings
where fabrication can only be performed with limited precision. We propose a
method that identifies a set of optimal robust designs, where each design provides
probabilistic guarantees jointly on multiple objectives. Second, we consider sample-
efficient high-dimensional multi-objective optimization. This line of research is
motivated by the challenging task of designing optical displays for augmented
reality to optimize visual quality and efficiency, where the designs are specified by
high-dimensional parameterizations governing complex geometries. Our proposed
trust-region based algorithm yields order-of-magnitude improvements in sample
complexity on this problem. Third, we consider multi-objective optimization of
expensive functions with variable-cost, decoupled, and/or multi-fidelity evaluations
and propose a Bayes-optimal, non-myopic acquisition function, which significantly
improves sample efficiency in scenarios with incomplete information. We apply this
to hardware-aware neural architecture search where the objective, on-device latency
and model accuracy, can often be evaluated independently. Fourth, we consider
the setting where the search space consists of discrete (and potentially continuous)
parameters. We propose a theoretically grounded technique that uses a probabilistic
reparameterization to transform the discrete or mixed inner optimization problem
into a continuous one leading to more effective Bayesian optimization policies.
Together, this thesis provides a playbook for Bayesian optimization in several
practical adverse scenarios.
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1.1 Motivation

Sample efficient optimization is critical in many scientific and industrial applications.

For example, in the vaccine production process, freeze drying is an important

step for increasing the storage lifetime of the vaccine [Mortier et al., 2016, Xie

and Schenkendorf, 2019]. The freeze drying process is sensitive to experimental

conditions such as the shelf temperature and the chamber pressure. In this

scenario, a scientist is likely interested in identifying an optimal setting of the

shelf temperature and chamber pressure to maximize the quality of the vaccine

after freeze drying. Evaluating this objective function may require performing a

wet lab experiment. In this case, the objective function would likely be treated as

1
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a black box. To find the optimal experimental conditions, the objective function

can be queried at different experimental conditions (design parameters) in order

to receive potentially noisy observations of the objective. This approach is called

zeroth order optimization, which is the de facto class of algorithm in the absence

of information about the gradient of the objective.

In the vaccine production example, evaluating the objective would be expensive

in terms of money and time. The monetary cost would include the cost to access to

the wet lab bench, the cost of the technician to conduct the experiment, and the

cost of the vaccine sample that must be freeze dried and potentially catastrophically

altered. Furthermore, evaluating the objective would be expensive in terms of

the time to freeze dry the vaccine and the time to measure its quality. When the

objective is expensive-to-evaluate, sample efficiency is paramount.

Bayesian optimization is a popular approach for sample efficient optimization

due to its strong empirical performance and theoretical performance guarantees in

many scenarios [Shahriari et al., 2016, Frazier, 2018, Garnett, 2023]. Its widespread

adoption in many fields has led to applying Bayesian optimization to challenging

problems. These difficult applied optimization problems have motivated research

on extending Bayesian optimization to a variety of problem classes including multi-

objective (e.g. Emmerich et al. [2006], Knowles [2006], Hernandez-Lobato et al.

[2016], Daulton et al. [2020]), discrete and mixed (e.g. Baptista and Poloczek

[2018], Oh et al. [2019], Wan et al. [2021]), high-dimensional (e.g. Wang et al.

[2016b], Eriksson et al. [2019], Griffiths and Hernandez-Lobato [2020]), robust (e.g.

Bogunovic et al. [2018], Fröhlich et al. [2020], Cakmak et al. [2020], and multi-fidelity

(e.g. Poloczek et al. [2017], Takeno et al. [2020], Wu et al. [2020a]) optimization.

However, this thesis presents several real-world adverse scenarios where existing

Bayesian optimization algorithms fall short.
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1.2 Contributions

1.2.1 Robust Multi-Objective Bayesian Optimization

First, we consider the multi-objective optimization setting where the tunable

parameters are subject to input noise. In this setting, the decision maker will

seek to identify parameterizations that are robust to input perturbations jointly

across the objectives. For example, in the vaccine manufacturing example, there

might be two objectives that the decision-maker seeks to maximize: the efficiency

(minimize the time) of the freeze-drying step and vaccine quality. In addition, the

setting experimental conditions may be subject to small amounts of error. Higher

temperatures lead to more efficient freeze drying, but if the temperature is too high,

catastrophic degradation of the vaccine can occur. In such a scenario, a decision

maker may prefer a lower temperature to mitigate the risk of catastrophic loss. In the

multi-objective setting, it is often important to be robust with respect to multiple

objectives simultaneously. Through this lens, we formulate the multi-objective

robust design problem in terms of identifying designs that provide probabilistic

lower-bounds on the values of the objectives under input noise. We then propose

Bayesian optimization algorithm for identifying designs with different optimal

trade-offs between these lower bounds.

1.2.2 High-Dimensional Multi-Objective Bayesian Optimiza-
tion

Second, we consider multi-objective optimization over high-dimensional search

spaces. Although there has been significant research in Bayesian optimization

methods for high-dimensional and multi-objective settings independently, there is a

dearth of research at their intersection. The research in this chapter is motivated

by a real world optimization problem where the goal is to optimize an optical

display for augmented reality. The display is specified by over one hundred tunable

parameters that define complex geometries. The goal is to identify designs that

maximize the visual quality of the display image while simultaneously maximizing

efficiency. Evaluating these objectives requires running computationally intensive
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simulations, which are expensive in terms of time and money, or actually fabricating

the display, which would be even more expensive and time consuming. However,

evaluations can be highly parallelized by leveraging a computer cluster and the

optimization budgets are often in the tens of thousands of evaluations. To tackle

this problem, we propose an algorithm to address this class of high-throughput,

large batch, multi-objective, high-dimensional optimization problems leveraging

state-of-the-art techniques relying on performing Bayesian optimization in subspaces

of the search domain.

1.2.3 Multi-Objective Bayesian Optimization with Partial
Information

Third, we consider multi-objective Bayesian optimization with incomplete infor-

mation. We consider two settings of incomplete information: (i) the setting where

the objectives are decoupled and only a subset of the objectives (potentially with

heterogenous evaluation costs) are observed for each design and (ii) the multi-fidelity

setting where observations of the objectives at lower fidelities can be obtained at

lower cost. Again, this work is motivated by the practical problem of multi-objective

neural architecture search at Meta where the goal is to identify model architectures

that are accurate and result in low on-device prediction latency [Eriksson et al.,

2021]. In this case, accuracy is time-consuming to evaluate because the neural

network must be trained, but many models can be trained in parallel on different

compute nodes in a cluster. On the other hand, latency is much cheaper to evaluate

and often does not require model training, but prediction time must be measured

on specific devices such as mobile phones or specialized hardware. Often, very few

devices are available. If the goal were to identify the optimal designs within a budget

of end-to-end wall time, it would likely be advantageous to exploit all evaluation

resources and suggest and dispatch designs to each objective asynchronously. To

tackle this problem, we propose a non-myopic multi-objective Bayesian optimization

technique that can suggest both designs and the manner in which those designs
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should be evaluated (which objectives or at what fidelity level) in order to exploit

incomplete information and improve optimization performance.

1.2.4 Discrete and Mixed Bayesian Optimization

Fourth, we consider the general problem of using Bayesian optimization over discrete

and mixed search spaces. This line of research is applicable to many optimization

problems including optimizing chemical reactions in order to maximize the yield

[Shields et al., 2021]. In this scenario, the design parameters include both categorical

parameters such as the choice of base, solvent, and ligand and numeric parameters

such as temperature and concentration. Discrete parameters can pose challenges

to standard Bayesian optimization methods that focus on optimizing continuous

parameters. Our contribution is to reformulate the decision making problem

(selecting a design to evaluate) from a discrete or mixed optimization problem into

a continuous optimization problem via a probabilistic reparameterization. This

approach is applicable across many problem settings, including for instance both

the single objective and the multi-objective settings.

1.3 Thesis Outline

The thesis proceeds as follows:

• Chapter 2 provides background material on Bayesian Optimization.

• Chapter 3 formalizes the problem of robust multi-objective Bayesian optimiza-

tion under input noise and present as a novel Bayesian optimization algorithm

for this setting.

• Chapter 4 considers multi-objective Bayesian optimization over high-dimensional

search spaces and proposes and applies a practical method for solving excep-

tionally challenging real world optimization problems.

• Chapter 5 proposes a new lookahead acquisition function for multi-objective

Bayesian optimization with incomplete information (including multi-fidelity

observations).
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• Chapter 6 revisits Bayesian optimization over discrete and mixed search spaces

and proposes a new technique for this setting.

• Chapter 7 offers a discussion of the contributions and a look toward to the

future.
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Background

Contents
2.1 Bayesian Optimization . . . . . . . . . . . . . . . . . . . 7

2.1.1 Acquisition Functions . . . . . . . . . . . . . . . . . . . 9
2.2 Multi-Objective Bayesian Optimization . . . . . . . . . 10

2.2.1 Acquisition Functions . . . . . . . . . . . . . . . . . . . 11

2.1 Bayesian Optimization

Optimizing an expensive-to-evaluate function often requires sample efficiency:

that is, the objective must be optimized by querying the objective at very few

samples of input parameters x from the search space X ⊂ RD. Typically, we

are interesting performing optimization over a search space X that is a compact,

hyperrectangular subset of RD. Without loss of generality, we consider optimization

problems, where the goal is to maximize an objective function f(x) : X → R over

X : arg maxx∈X f(x). Although the proposed algorithms are applicable grey-box

[Astudillo and Frazier, 2022] or white-box functions (where part or all, respectively,

of the function has known behavior or a known expression), typically we consider

the setting where f is a black-box function with no known analytic expression.

Furthermore, we consider the setting where observations of the gradient of f(x) with

7
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respect to x cannot be obtained. In this setting, zeroth order optimization methods

are typically employed to optimize the function f by querying f at different input

locations x and receiving (potentially noisy) observations of f(x). Typically the

goal of an optimization algorithm is to minimize the simple regret f(x∗)− f(x̂∗),

where x∗ is a maximizer of f over X and x̂∗ is the algorithm’s recommended best

point. In the noiseless setting, often x̂∗ is chosen to be the best previously evaluated

design x̂∗ = arg maxx∈{x}N
i=1
f(x), where N is the number of previously evaluated

points. In contrast with cumulative regret, simple regret is not effected by the regret

incurred to find the best point, but rather only the regret of the best point itself.

Many types of algorithms exist for black-box optimization including evolutionary

strategies (e.g. Hansen [2007]), random algorithms (e.g. random search), and model-

based approaches (e.g. Regis and Shoemaker [2013]). Bayesian optimization (BO)

is a popular model-based sequential optimization approach due to its empirical

sample-efficiency and theoretical performance guarantees [Shahriari et al., 2016,

Frazier, 2018, Garnett, 2023]. BO relies on a Bayesian surrogate model of f to

provide both point estimate predictions and uncertainty estimates. In order to select

one or more new designs to evaluate, an acquisition function (AF) that leverages

the surrogate model is used to quantify the value of evaluating a design (or batch

of designs) on the objective function. Although evaluating the objective function

itself is expensive, evaluating the surrogate model is usually relatively cheap and

therefore numerical optimization (often gradient-based optimization) can be used to

optimize the acquisition function to select one or more promising new designs. After

selecting a new design x, the objective function is queried and potentially noisy

observation is received. Typically, the observations is assumed to be noiseless or

the observations subject to zero-mean Gaussian homoskedastic noise1 with variance

σ2 and the observation is given by y = f(x) + ϵ, where ϵ ∼ N (0, σ2).

Throughout this work, we use a Gaussian Process (GP) as the probabilistic

surrogate model because GPs are highly flexible and capable of modeling a wide

variety of functions, they have been observed to have well-calibrated uncertainty
1We also consider heteroskedastic noise in various parts of this thesis and in those cases

observations of the noise level are received for each observation.
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estimates, they lead to theoretical guarantees in the context of BO in a number

of settings [Srinivas et al., 2010], and under Gaussian likelihoods, their predictive

mean, predictive variance, and marginal likelihood (and their derivatives) can

expressed analytically.

2.1.1 Acquisition Functions

A wide variety of acquisition functions have been proposed for Bayesian optimization.

In this background section, we review some common improvement-based acquisition

functions although many other alternatives exist including optimistic acquisition

functions such as upper confidence bound (UCB) [Srinivas et al., 2010] and

information theoretic acquisition functions [Hennig and Schuler, 2012, Hernández-

Lobato et al., 2014, Wang and Jegelka, 2017, Ru et al., 2018].

Expected improvement (EI) [Jones et al., 1998] is commonly used acquisition

function, which quantifies the expected improvement over the best incumbent value

that will be obtained by evaluating a point x under the GP posterior:

αEI(x) = E[[f(x)− f ∗
N ]+],

where [·]+ denotes the max(·, 0) operation and f ∗
N is the best observed value. The

EI of a single point can be computed analytically leveraging the GP’s predictive

distribution, but computing the EI of a batch of design points is not analytically

tractable and typically Monte Carlo (MC) estimation is used [Wang et al., 2016a,

Wilson et al., 2018]. The classical EI acquisition function assumes that the inputs

are noise-free. In the presence of observation noise, the best incumbent value will

often be unidentifiable, in which case it is advantageous to integrate over the best

incumbent value [Letham et al., 2019].

When the simple regret performance metric is evaluated based on the best

evaluated (in-sample) design, EI is one-step Bayes optimal by definition. A common

alternative is to instead consider inference regret, where the best point can be

chosen over the entire search space as the best point arg maxx∈X µ(x) under model’s

posterior mean function µ. Under this formulation, the one-step Bayes optimal
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acquisition function is the Knowledge Gradient (KG) [Frazier et al., 2008], which

quantifies the expected improvement in the maximizer of the posterior mean if

we were to evaluate a new design x:

αKG(x) = E
[

max
x′∈X

µn+1(x′)− µ∗
n

]
,

where µ∗
n is the maximum of the current posterior mean function conditioned on

the previously observed data {(xi, yi)}n
i=1 and µn+1 is the posterior mean function

after conditioning additionally on the new observation (x, y). The expectation is

over the random variable y, which µn+1 is conditioned upon. KG can be computed

analytically for discrete search spaces, but is analytically intractable for continuous

search spaces and is typically approximated via MC estimation [Wu et al., 2017].

2.2 Multi-Objective Bayesian Optimization

In multi-objective optimization (MOO), the goal is to optimize a vector-valued

function f : X → RM over the search space X , where M > 1. Typically, there

is no single best solution that simultaneously maximizes all objectives.2 Instead,

the goal is to identify the set of optimal designs with respect to Pareto dominance.

We denote the components of f(x) by [f (1), ..., f (M)]. An objective vector f(x)

Pareto dominates another point f(x′), which we denote by f(x) ≻ f(x′), if for

all m = 1, ...,M, f (m)(x) ≥ f (m)(x′) and there exists m′ ∈ {1, ...,M} such that

f (m′)(x) > f (m′)(x′). A design is Pareto optimal if it is not Pareto dominated by any

other design. Hence, our goal is to identify the Pareto set X ∗ = {x | ∄ x′ s.t. f(x′) ≻

f(x)} of optimal designs and its image under f , which is called the Pareto frontier

(PF) and is defined by P∗ = {f(x) | x ∈ X ∗}.

Many evaluation criteria exist for assessing the quality of a Pareto frontier. One

of the most popular is the hypervolume (HV) indicator [Zitzler et al., 2007], which,

given a Pareto frontier P and a reference point r ∈ RM , is the M -dimensional
2We assume maximization of all objectives without loss of generality.
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Lebesgue measure of the space that is dominated by the Pareto frontier and bounded

from below by the reference point.3 More formally, let

Z = {z ∈ RM : ∃ y ∈ P s.t. y ≻ z ≻ r}.

Then, HV(P , r) =
∫
RM 1Z(z)dz, where 1Z(z) denotes characteristic function of

Z. We note that there are many criterion for evaluating the quality of a Pareto

frontier [Zitzler et al., 2008], but in this work, we focus on HV due to it widespread

use and non-domination principle. That is, if for every y in one Pareto frontier

P there exists a point y′ in another another Pareto frontier P ′ such that y′ ⪰ y,

then HV(P ′) ≥ HV(P). If in addition, there exists at least one y ∈ P for which

there exists a point y′ ∈ P ′ such that y′ ≻ y, then HV(P ′) > HV(P).

Hence, a common way of evaluating the performance of a multi-objective

optimization algorithm is via the hypervolume simple regret of its Pareto frontier

approximation P: HV(P∗) −HV(P). Similar to the single objective case, often

P is taken to be the Pareto frontier over the previous evaluated designs, but it

can also be the image of the Pareto set recommended by the model over the entire

search space [Hernandez-Lobato et al., 2016, Suzuki et al., 2020, Tu et al., 2022].

Additionally, we note that the Pareto set can be a potentially infinite set and that

the result from an optimization algorithm will typically be a finite approximation.

As in the single objective setting, there is a rich literature of evolutionary-

based optimization methods (e.g. [Deb et al., 2002]), but Bayesian optimization is

renowned for its sample efficiency multi-objective optimization problems.

2.2.1 Acquisition Functions

Many acquisition functions have been proposed in the multi-objective Bayesian

optimization setting. In this section, we review fundamentals for scalarization

and hypervolume-based methods, but acknowledge that there are many alternative
3Typically, it is assumed that the reference point is supplied by the decision maker using

domain knowledge [Yang et al., 2019], but it can also be set heuristically [Ishibuchi et al., 2011,
Ponweiser et al., 2008]. Henceforth, we omit r as an argument to HV for brevity.
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approaches such as information theoretic methods [Hernandez-Lobato et al., 2016,

Suzuki et al., 2020, Tu et al., 2022].

Scalarization approaches are popular due to their simplicity and empirical

performance. The idea is the transform the objectives into a single scalar objective

via a weighted scalarization and then leverage an acquisition function for single

objective optimization. Sampling scalarization weights when selecting new candidate

design allows the BO algorithm to explore different trade-offs. However, not all

scalarizing functions can recover the entire Pareto frontier. For example a linear

scalarization can not identify solutions in concave regions of the Pareto frontier

[Chugh, 2020]. Due to its ability to recover non-convex regions of the Pareto

frontier, the Chebyshev scalarization has received significant attention [Knowles,

2006]: s(y) = minm(w(m)y(m)), where y is an objective vector w(m) is the weight

applied to the mth objective and y(m) is the value of the mth objective. A popular

scalarization-based algorithm is ParEGO [Knowles, 2006], which models a random

Chebyshev scalarization augmented with a linear term (to ensure non-dominated

points are preferred) with GP and uses the EI acquisition function. Subsequent

works have modeled the objectives directly (rather than the scalarized value),

leveraged MC acquisition functions, and used composite objectives [Astudillo and

Frazier, 2019] to extend ParEGO to batch, constrained, and noisy optimization

[Daulton et al., 2020, 2021]. Random Chebyshev scalarizations has also been used

with alternative acquisition functions [Paria et al., 2020] to obtain Bayes regret

bounds in some scenarios, and more recent work has obtained hypervolume regret

bounds with an alternative scalarization [Golovin and Zhang, 2020].

Given that the quality of a Pareto frontier is often evaluated using the hy-

pervolume indicator, a natural approach is to use an acquisition function that is

one-step Bayes optimal for maximizing the evaluation criterion. Furthermore, it has

been observed that maximizing hypervolume leads to high quality Pareto frontier

approximations with good coverage [Zitzler et al., 2003, Couckuyt et al., 2014, Yang

et al., 2019]. Hence, the expected hypervolume improvement (EHVI) acquisition
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function is often used. The expected hypervolume improvement given the current

Pareto frontier P over the previously evaluated designs is given by

αEHVI(x) = E[HV(P ∪ {f(x)})−HV(P)].

EHVI can be computed analytically when objectives are modeled independently,

and EHVI is differentiable with respect to x [Yang et al., 2019, Daulton et al., 2020].

In the parallel case, a closed form expression for qEHVI is not known and qEHVI is

approximated by MC approximation [Daulton et al., 2020]. Although Daulton et al.

[2020] show how to efficiently optimize qEHVI, the time complexity of evaluating

qEHVI scales exponentially in the batch size q (although it is constant given infinite

computing cores) [Daulton et al., 2020]. To address this, Daulton et al. [2021]

propose a more scalable caching-based sequential greedy approach called qNEHVI

that reduces the complexity to polynomial. Furthermore, qNEHVI is a principled

approach in the noisy setting where the incumbent Pareto frontier is unknown.

qNEHVI integrates over the possible function values at the previously evaluated

designs [Daulton et al., 2021]—similar to the treatment of EI in the single objective

setting discussed earlier—and thereby mitigates failures modes of EHVI and qEHVI

due to observation noise. EHVI and the noisy and batch variants are quite popular

due to their empirical performance [Daulton et al., 2021], and they are one-step

Bayes-optimal in their respective settings (e.g. noisy, parallel) when the Pareto set is

restricted to be a sub set of the in-sample designs. However, many other HVI-based

BO algorithms exist (e.g., Bradford et al. [2018], Konakovic Lukovic et al. [2020]).
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3.1 Abstract

Bayesian optimization (BO) is a sample-efficient approach for tuning design pa-

rameters to optimize expensive-to-evaluate, black-box performance metrics. In

many manufacturing processes, the design parameters are subject to random input

noise, resulting in a product that is often less performant than expected. Although

BO methods have been proposed for optimizing a single objective under input

noise, no existing method addresses the practical scenario where there are multiple

objectives that are sensitive to input perturbations. In this work, we propose the first

multi-objective BO method that is robust to input noise. We formalize our goal as

optimizing the multivariate value-at-risk (MVaR), a risk measure of the uncertain
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objectives. Since directly optimizing MVaR is computationally infeasible in many

settings, we propose a scalable, theoretically-grounded approach for optimizing

MVaR using random scalarizations. Empirically, we find that our approach

significantly outperforms alternative methods and efficiently identifies optimal robust

designs that will satisfy specifications across multiple metrics with high probability.

3.2 Introduction

Scientists and engineers frequently face optimization problems where the goal is

to tune a set of parameters to optimize multiple competing black-box objective

functions. Typically, no single design is best with respect to every objective.

Hence, the goal in multi-objective (MO) optimization is to identify the Pareto

frontier (PF) of optimal trade-offs between the objectives and the corresponding

optimal designs. These problems are ubiquitous in a variety of domains including

manufacturing [Liao et al., 2008], materials design [Ashby, 2000], robotics [Calandra

and Peters, 2014], and machine learning [Izquierdo et al., 2021, Eriksson et al.,

2021]. Obtaining measurements of the objectives often requires resource-intensive

simulation or experimentation. Therefore, any practical routine for optimizing

such functions must be highly sample-efficient; that is, the method must identify

optimal design parameters while only querying the objective functions at a small

number of designs. Bayesian optimization (BO) [Shahriari et al., 2016] is a popular

technique for addressing this class of problems.

In many real-world applications, the final implementation of the selected design

parameters are subject to input noise, resulting from uncontrollable perturba-

tions of the input parameters [Beyer and Sendhoff, 2007]. For example, many

vaccine production processes involve freeze-drying procedures to stabilize active

pharmaceutical ingredients to increase storage lifetime [Mortier et al., 2016, Xie and

Schenkendorf, 2019]. Tuning the operating parameters, such as shelf temperature

and chamber pressure, can significantly improve the efficiency of the drying step

with little reduction in product quality. However, shelf temperature and chamber
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Figure 3.1: A toy problem where the goal is to tune a single parameter x to maximize
two objectives. Left: The nominal values for a non-robust (purple, x1) and a robust design
design (green, x2) are indicated using squares. The plus markers illustrate objective values
of each design under zero-mean Gaussian input noise with a standard deviation of 0.1.
The non-robust design can lead to low objective values under input perturbations. Center:
An illustration of the MVaR sets of the non-robust and robust designs. The triangles
represent a discrete approximation of the MVaR set of each design under the input noise
distribution. For each point z in the MVaR set of a given design, the objective values for
that design subject to input perturbations are ≥ z with probability α ≥ 0.9. In other
words, the objectives under input noise for each design will fall in the respective shaded
region with probability ≥ α. Under input noise, the non-robust design x1 may result
in poor objective values despite yielding better values (relative to the robust design x2)
without perturbations. After accounting for input noise, x2 is a more robust solution than
x1. Right: The MVaR set (black stars) across three optimal designs x∗

1, x∗
2, x∗

3 is the set
of optimal points across the union of the MVaR sets (colored triangles) of each design.

pressure are subject to uncontrollable random input noise around the nominal1

input parameters. Robustness with respect to this input noise is critical. Higher

temperatures lead to greater efficiency, but also make the process more sensitive

to perturbations in the temperature because if temperature exceeds the critical

collapse threshold, there is irreversible product damage. A more conservative

temperature that is robust to input noise may be a better choice than a higher

temperature that is worse with respect to the nominal objectives. In such high-

stakes and high-throughput production pipelines, decision-makers seek to identify

robust design parameters that ensure the manufactured products will have high

objective quality with high probability.

Optimization without consideration of input noise can lead to solutions that are

catastrophic when subjected to input noise at the implementation stage [Doltsinis
1We call the design as specified by the decision maker the nominal design, and the corresponding

value without any perturbations as the nominal values for the nominal objectives.
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and Kang, 2004]. The toy problem that is illustrated in left plot of Figure 3.1

demonstrates a scenario where a non-robust design (depicted as a purple square)

is better than the robust design (marked by a green square) with respect to the

nominal values. However, the performance metrics for the non-robust design can

be significantly worse when the design is subject to input noise. In contrast, the

objectives are far less sensitive to input perturbations around the robust design.

To identify designs that are robust to a noisy performance metric due to

input noise or observation noise, the value-at-risk (VaR) is often used as the

robust objective because it provides high-probability performance guarantees [Basel

Committee on Banking Supervision, 2012]. The α VaR is the (1 − α)-quantile

(where 0 ≤ α ≤ 1) of the cumulative distribution function (CDF) of the performance

metric. Under input noise, variation in the objective is induced via the uncertain

inputs. Intuitively, the VaR is the largest value such that the objective value of a

given design subject to input perturbations will be greater than that value with

probability at least α. Thus, in the context of manufacturing, a design with α VaR

exceeding the target specification produces a yield of at least α.

Many recent works have considered BO methods that are robust to input noise

in the single objective setting, e.g., by optimizing VaR [Nguyen et al., 2021b] or

other risk measures [Fröhlich et al., 2020, Cakmak et al., 2020, Nguyen et al., 2021a].

However, no previous work has considered sample-efficient, generally-applicable

multi-objective Bayesian optimization (MOBO) methods that are robust to input

perturbations. To our knowledge, the only existing MO methods that are robust to

input noise are evolutionary algorithms (EA) that often require tens of thousands

of evaluations (e.g., Deb and Gupta [2005]).

In the MO setting, high-probability performance guarantees of a single design can

be assessed using the multivariate value-at-risk (MVaR) [Prèkopa, 2012]. MVaR

maps a probability value α to a set of vectors where each element provides a lower

bound on the the objectives’ possible values under input noise with probability

α. As illustrated in the center plot of Figure 3.1, the MVaR set of a robust
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design (x2) often provides significantly better probabilistic lower bounds than the

MVaR set of a non-robust design (x1).

Similar to the PF in the standard MO setting—where the PF is the set of

optimal trade-offs between objectives with no input noise—the global MVaR set

is the set of optimal trade-offs that can be achieved with probability ≥ α under

input noise across all possible designs. The MVaR across a set of 3 designs is

illustrated in the right plot of Figure 3.1.

While MVaR provides a natural measure of robust performance guarantees,

it is relatively expensive to compute, making it computationally challenging to

directly optimize MVaR in the context of MOBO (see Appendix 3.D.1 for a

discussion). In this work, we propose a family of novel, theoretically-grounded

methods for optimizing MVaR via random scalarizations that mitigates many

challenges associated with optimizing MVaR directly.

Contributions

1. We introduce robust MO optimization under input noise, formalize the problem

in terms of optimizing global MVaR—a novel, probabilistic form of a robust

PF—and discuss computational challenges unique to this setting.

2. We derive a novel theoretical connection between the MVaR and the VaR

of a particular scalarization of the objectives, which motivates a family of

computationally efficient BO methods for identifying MVaR-optimal designs

using an MVaR Approximation based on Random Scalarizations (MARS).

3. We demonstrate that MARS vastly outperforms non-robust alternatives

on a variety of synthetic and real-world robust MO optimization problems,

including a pharmaceutical manufacturing application.

4. We derive and evaluate extensions of our methods to handle expensive-to-

evaluate black-box constraints and parallel candidate generation.
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3.3 Background

Multi-Objective Optimization In MO optimization, the goal is to, without

loss of generality, maximize a vector-valued black-box function maxx∈X f(x) where

f(x) := [f1(x), . . . , fM(x)],M ≥ 2, and X ⊂ Rd is a compact search space.

Often, there may be additional black-box constraints c(x) ≥ 0, where c(x) ∈

RV , V > 0, that must be satisfied. We consider the setting where f and c have

no known analytic expressions and no known or observed gradients. The goal

is to identify the Pareto frontier (PF) of optimal trade-offs and corresponding

Pareto set of optimal designs X ∗.

Notation For vectors y,y′ ∈ RM . Let ≥ and > denote the component-wise

extensions of the order notations ≥ and >, i.e., y ≥ y′ ⇐⇒ yi ≥ y′
i ∀ i and

y > y′ ⇐⇒ yi > y′
i ∀ i, where ·i denotes the ith element.

Definition 3.3.1. A vector f(x) Pareto dominates f(x′), denoted by f(x) ≻ f(x′),

if f(x) ≥ f(x′) and ∃ j ∈ {1, . . . ,M} such that f (j)(x) > f (j)(x′).

Definition 3.3.2. The Pareto frontier over a set of objective vectors F = {f(x) | x ∈

X ⊆ X} is Pareto(F) = {f(x) ∈ F : ∄ x′ ∈ X s.t. f(x′) ≻ f(x)}. If there are

constraints c(x), elements of Pareto are subject to the additional membership

assumption that c(x) ≥ 0. We call the corresponding set of optimal designs the

Pareto set.

Although the true PF P∗ = Pareto({f(x)}x∈X ) is typically unknown, an

MO optimization algorithm can be employed to identify a finite approximation.

Hypervolume is a commonly used metric to measure the quality of a PF.

Definition 3.3.3. The hypervolume (HV) indicator of a set of points Y ⊂ RM is the

M -dimensional Lebesgue measure λM of the region dominated by P := Pareto(Y)

and bounded from below by a reference point r ∈ RM , which we write as HV(Y , r).
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Definition 3.3.4. The hypervolume improvement (HVI) of a set of points Y ′

with respect to an existing Pareto frontier P and reference point r is defined as

HVI(Y ′|P , r) = HV(P ∪ Y ′|r)−HV(P|r).2

Bayesian Optimization (BO) is a sample-efficient technique for optimizing

black-box functions [Frazier, 2018]. BO relies on a probabilistic surrogate model—

typically a Gaussian process (GP), which provides well-calibrated uncertainty

estimates—and an acquisition function that leverages the surrogate model to

quantify the value of evaluating the objective functions for a design x. The

acquisition function balances exploring areas with high uncertainty and exploiting

regions believed to be optimal. BO selects the next point x to evaluate by

maximizing the acquisition function (which is cheap to evaluate relative to the

objective functions), observes a (potentially noisy) measurement of the metrics y,

adds the new observation to the dataset D = {(x,y)} ∪ {(xi,yi)}n
i=1, updates the

surrogate model to incorporate the new observation, and repeats this process for a

predetermined budget of evaluations. In the MO setting, a common approach is to

optimize a random scalarization of the objectives using a single objective acquisition

function, such as expected improvement [Knowles, 2006] or Thompson sampling

[Paria et al., 2020]. Alternatively, a multi-objective acquisition function can be

used to directly optimize the PF. For example, expected hypervolume improvement

(EHVI) [Emmerich et al., 2006] aims to maximize the HV of the PF under the

surrogate model’s posterior distribution.

3.4 Related Work

Many recent works on BO have considered settings where at the time of imple-

mentation either (i) the parameters are subject to noise [Bogunovic et al., 2018,

Oliveira et al., 2019, Fröhlich et al., 2020]—as we consider in this work—or (ii)

the system performance depends on auxiliary unknown environmental variables

[Kirschner et al., 2020, Iwazaki et al., 2021]. While previous work has focused on
2Henceforth, we omit r for brevity. As in previous work, we assume that the reference point r

is known and specified by the decision maker [Yang et al., 2019].
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optimizing the expected [Toscano-Palmerin and Frazier, 2022] or the worst-case

performance [ur Rehman et al., 2014, Sessa et al., 2020], a recent body of work

has focused on optimizing more sophisticated risk measures [Picheny et al., 2022,

Cakmak et al., 2020, Nguyen et al., 2021a,b]. However, despite recent significant

interest in non-robust MOBO [Lukovic et al., 2020, Suzuki et al., 2020], to our

knowledge, no prior work has studied robust MOBO.

Motivated by practical limitations due to manufacturing tolerances, Malkomes

et al. [2021] proposed constraint active search (CAS), which aims to identify diverse

solutions in the region of the search space that exceeds a minimum threshold on

the objectives. However, CAS does not model or account for input noise, and CAS

alone cannot produce any guarantees on robustness to input noise. Methods such as

CAS would require a post-hoc analysis using the data collected during optimization

to analyze the sensitivity of the solutions to input noise [Calandra and Peters, 2014].

Approaching robust design by decoupling data collection and sensitivity analysis

is central to the Taguchi method [Taguchi, 1989]. Data acquisition often revolves

around finding designs that balance the mean and variance of the sensitive objective

under input noise [Beyer and Sendhoff, 2007]. Do et al. [2021] propose an approach

in this vein for the two-objective setting where only one objective is subject to

input noise. However, the algorithm does not seek to identify trade-offs with

high probability robustness guarantees, and the method does not handle multiple

sensitive objectives. In contrast with the Taguchi method, we aim to unify data

collection and sensitivity analysis by selecting designs that are believed to yield

high-probability performance guarantees.

Outside the BO literature, robust MO optimization has been studied using

either EAs [Gupta and Deb, 2005, He et al., 2019] or assuming access to the explicit

mathematical programming formulation of the problem [Majewski et al., 2017,

Roberts et al., 2018]. Those works have focused on finding the Pareto frontier

of the expectation or the worst-case objectives or on finding the Pareto frontier

of the nominal objectives with additional constraints on the deviation from the

nominal values [Deb and Gupta, 2005, Avigad and Branke, 2008]. Some works
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have considered conceptual properties of different scalarization methods [Ide and

Köbis, 2014], but not in relation to MVaR. EAs that are robust to input noise

are not applicable to the small evaluation budget regime that we consider because

they typically require a large number of function evaluations [Deb and Gupta,

2005]. Even methods that combine EAs with GPs require thousands of evaluations

per design [Zhou et al., 2018].

As a final differentiator from prior work, we consider the practical setting where

there are additional black-box constraints that are sensitive to input noise [Marzat

et al., 2013, Li and Li, 2015], which is a subject addressed by only a few BO methods

[Beland and Nair, 2017] even in the single objective case.

3.5 Multi-Objective Optimization with Noisy In-
puts

In many practical scenarios, the nominal performance of a design can be evaluated

by means of a simulation (e.g., by simulating the pharmaceutical process under

nominal operating conditions). We consider the setting where we can simulate f(x)

for any given design x ∈ X , but that the design is subject to noise ξ(x) from a

known noise process ξ(x) ∼ P (ξ; x) at implementation time.3 The realized system

performance is given by the random variable f(x ⋄ ξ), where x ⋄ ξ denotes any

known function g(x, ξ) (e.g. for additive noise ⋄ is simply +). For an extended

problem formulation including black-box constraints, see Appendix 3.A.4.

In robust optimization, the goal is often to optimize a risk measure ρ[f(x ⋄ ξ)]

that maps a random variable to a statistic of its distribution. A common risk

measure is the expectation over the input noise distribution [Deb and Gupta, 2005,

Toscano-Palmerin and Frazier, 2022, Fröhlich et al., 2020], Eξ∼P (ξ)[f(x ⋄ ξ)], which

can be used instead of the random variable f(x ⋄ ξ) and optimized via standard

multi-objective optimization methods. We propose the first MOBO methods for

optimizing expectation objectives in Appendix 3.F. Despite its widespread use,

the expectation risk measure may not always align with the practitioner’s true
3For brevity, we omit the dependency on x in our notation and write ξ and P (ξ) going forward.
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robustness goals. Often, one would prefer solutions with objectives that are better

than some performance specification z ∈ RM with high probability (e.g. to maximize

production yield) [Sarykalin et al., 2008]. Hence, in the single-objective setting,

probabilistic risk measures such as value-at-risk (VaR) are frequently used.

Definition 3.5.1. Given input noise ξ ∼ P (ξ) where ξ ∈ Rd and a confidence level

α ∈ [0, 1], the value-at-risk for a given point x is:

VaRα

[
f(x ⋄ ξ)

]
= sup{z ∈ R : P

[
f(x ⋄ ξ) ≥ z

]
≥ α}.

Although several BO methods exist for optimizing VaR [Cakmak et al., 2020,

Nguyen et al., 2021b], they cannot directly be used in the MO setting because VaR

is not defined for multivariate random variables. A näive way to extend VaR to

the MO setting would be to consider the VaR of each objective independently.

However, this ignores the fact that all M objectives are evaluated at the same

realization of x ⋄ ξ. Considering the VaR of each objective independently typically

leads to overly optimistic risk estimates because objectives under input noise are

not typically simultaneously greater than or equal to their respective independent

VaRs (i.e. the (1 − α) - quantiles) with probability ≥ α. Thus it is important

to use risk measures such as multivariate value-at-risk (MVaR) that account for

the joint distribution of the objectives [Prèkopa, 2012].

This is illustrated in the center plot in Figure 3.1. Under input noise, the

objective values are correlated, which underscores the importance of accounting for

the joint distribution of the objectives in measures of robustness. In addition, the

center plot in Figure 3.1 shows that f(x ⋄ ξ) has an asymmetric distribution, even

for this very simple and well-behaved toy problem, which highlights how applying

VaR to each objective independently or using the expectation risk measure may

conceal underlying variation and risk. Indeed, the results in Appendix 3.I show that

optimizing an expectation risk measure on this problem results in poor performance.

In contrast with VaR and the expectation risk measure, which map a random

variable to single scalar or vector, MVaR maps a random variable to a non-

dominated set of vectors in the outcome space that are dominated by α-fraction of
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all possible realizations, where α ∈ [0, 1] is a hyperparameter set by the practitioner.

That is, each vector in the MVaR set corresponds to an objective specification that

a design will meet with probability ≥ α. Therefore, α is an interpretable risk level

that can be valuable in manufacturing applications where one wishes to find the

PF of all objective specifications with a guaranteed yield fraction (α).

Definition 3.5.2. The MVaR of f for a given point x and confidence level

α ∈ [0, 1] is:

MVaRα

[
f(x ⋄ ξ)

]
=

Pareto
({

z ∈ RM : P
[
f(x ⋄ ξ) ≥ z

]
≥ α

})
.

The MVaR set over X specifies objective vectors z such that there exists a

known design x ∈ X with corresponding random objectives f(x ⋄ ξ) under P (ξ)

that dominate z with probability ≥ α.

Definition 3.5.3. The MVaR for a set of points X is:

MVaRα

[
{f(x ⋄ ξ)}x∈X

]
=

Pareto
( ⋃

x∈X

MVaRα

[
f(x ⋄ ξ)

])
.

The global MVaR across the design space, MVaRα

[
{f(x ⋄ ξ)}x∈X

]
, is a robust

analogue of the PF in the standard MO setting. The concept of the MVaR of a

set of design points X is a novel contribution of this work.

Optimization Goal In this work, our goal is to identify the MVaR set across

the design space: MVaRα

[
{f(x⋄ξ)}x∈X

]
. Given an approximate MVaR set across

the design space, a decision-maker can pick a design according to their preferences.

Similar to the standard MO setting, the HV of the MVaR set across the design

space can be used to evaluate optimization performance.

3.6 Optimizing MVaR

A natural approach for optimizing MVaR is to directly maximize the HV domi-

nated by the MVaR set. Although MVaR of a given point typically cannot be
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Figure 3.2: Construction of MVaR sets via random scalarizations for the 1-d example
in Figure 3.1. Left: The function values for a single design with zero-mean Gaussian
input perturbations with a standard deviation of 0.1 are marked by black points. The
background is a contour showing the value of a Chebyshev scalarization across the
objective space. Center: The probability density of a Chebyshev scalarization over the
function values under input noise and the value-at-risk v of a Chebyshev scalarization
for α = 0.9. The probability mass to the right of the black line is equal to α. Right:
Leveraging Theoream 3.6.1, VaR, w can be mapped to point in the MVaR set that
is dominated by the objectives under input perturbations 90% of the time. The green
triangles represent a discrete approximation of the MVaR set with 64 samples from the
input noise distribution. The green area indicates the region that dominates the identified
MVaR point, or, equivalently, the area for which the Chebyshev scalarization defined by
w is greater than v.

evaluated directly, it can be approximated using nξ MC samples of ξ, provided

that independent samples can be drawn from the noise process. Thus, evaluating

the MVaR set across the previously evaluated designs using the surrogate requires

sampling from the posterior of P (f |D) evaluated jointly at x1 ⋄ ξi, . . . ,xn ⋄ ξi for

i = 1, ..., nξ, where X1:n := {x1, ...,xn} are the previously evaluated designs. Since

{f(x′ ⋄ ξ)}x′∈X1:n is typically not observed, the corresponding posterior predictions

may have large uncertainties. In order to get a reliable estimate of MVaR, we would

need to integrate over the posterior distribution of {f(x′ ⋄ ξ)}x′∈X1:n . qNEHVI

[Daulton et al., 2021] is a variant of EHVI that integrates over the uncertainty

in function values at previously evaluated designs. This makes qNEHVI suitable

for optimizing MVaR.

However, several computational issues—including time complexity that is expo-

nential in the number of objectives and exponential in the size of MVaRα

[
f(x⋄ξ)

]
—

make it infeasible to directly optimize MVaR with qNEHVI in many settings. We
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defer a detailed discussion to Appendix 3.D and present an empirical evaluation

in Appendix 3.I.

3.6.1 Relationship between MVaR and Scalarizations

An alternative to direct optimization of the MVaR set is to apply a scalarization to

the objectives and use a standard risk measure on the scalarized objective. Unlike

the use of independent risk measures on each objective, this approach accounts for

the correlation between outcomes induced by the input perturbation. In this section,

we present our main theoretical result: under limited assumptions, there exists a

bijection, based on VaR, that maps a particular family of scalarizations—Chebyshev

scalarizations [Kaisa, 1999]—to points in the MVaR set. In other words, each

point in the MVaR set corresponds to a particular set of scalarization weights.

This means that we can recover the entire MVaR set using these scalarizations,

without any loss. Proofs and additional theoretical results including extensions

to the constrained setting are provided in Appendix 3.A.

Definition 3.6.1. Let w ∈ ∆M−1
+ , where ∆M−1

+ denotes the positive (M − 1)-

simplex, and let r ∈ RM . The Chebyshev scalarization s[y,w, r] is given by

s[y,w, r] = mini wi(yi − ri), where ·i denotes the ith dimension.4

The contour in the left plot in Figure 3.2 shows the Chebyshev scalarization

for a fixed w for the two-objective toy problem from Figure 3.1 and illustrates a

connection between Pareto dominance and the Chebyshev scalarization, which we

formalize below. The black points are function values under sampled perturbations

for a single design x. The center plot in Figure 3.2 shows the distribution of

Chebyshev scalarization values for a given w and the black line indicates the α-level

VaR. The right plot in Figure 3.2 illustrates that using the VaR of a Chebyshev

scalarization, we can deduce a point z such that the function values under the

input perturbations will dominate z with probability ≥ α.
4Typically, f is scaled to the unit cube using the r as the lower bound before applying the

scalarization. Since the scaled reference point is 0, hence forth, we omit r for brevity. See
Appendix 3.G.1 for details.
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Lemma 3.6.1 (VaR of Chebyshev scalarization ⇒ Pareto Dominance). Let v =

VaRα

(
s[f(x ⋄ ξ),w]

)
. Then, P

[
f(x ⋄ ξ) ≥ v

w

]
≥ α, where v

w
denotes element-wise

division.

The condition in Lemma 3.6.1 is one criterion for membership in the MVaR set

(the other being Pareto efficiency). The shaded region in right plot in Figure 3.2

illustrates the region that dominates z. With probability ≥ α, f(x ⋄ ξ) will fall

within the shaded region. This result enables translating the VaR of a Chebyshev

scalarization into an interpretable, high-probability guarantee on robust performance

in terms of Pareto dominance.

Assumption 3.6.1. f(x ⋄ ξ) has a continuous, strictly increasing CDF F . I.e., if

f(x) ≻ f(x′), then F
[
f(x)

]
> F

[
f(x′)

]
.5

If Assumption 3.6.1 is met, then for any w, v
w

is not dominated by any other

point in the MVaR set, and hence, v
w

is an element of the MVaR set. Furthermore,

we have the following:

Theorem 3.6.1 (MVaR ⇐⇒ VaR of Chebyshev scalarization). Given x,f , and

P (ξ), let h : MVaRα

[
f(x ⋄ ξ)

]
→ ∆M−1

+ be the function h(z) = w = 1
z|| 1

z
|| . Under

Assumption 3.6.1, h(·) is bijective and h−1(w) = z = 1
w

VaRα

(
s[f(x ⋄ ξ),w]

)
.

Theorem 3.6.1 provides a technique for generating points in the MVaR set using

the VaR of Chebyshev scalarizations with different weights. Importantly, any design

that is globally optimal with respect to MVaR is a maximizer of the VaR of a

Chebyshev scalarization. This naturally motivates a methodology for identifying

the global MVaR set by optimizing the VaR of random Chebyshev scalarizations.

Corollary 3.6.1 (Consistent Optimizers). Suppose z is a point in the global MVaR

set, i.e., z ∈ MVaRα

[
{f(x ⋄ ξ)}x∈X

]
. Let X ∗

z be the set of designs such that for

all x ∈ X ∗
z , z ∈ MVaRα

[
f(x ⋄ ξ)

]
. Then every x ∈ X ∗

z is a maximizer of

VaRα

(
s[f(x ⋄ ξ),w]

)
for w =

(
z|| 1

z
||
)−1

.
5Assumption 3.6.1 holds when f is a function sampled from a GP prior with many commonly

used covariance functions. See Lemma 3.A.5 for a formal statement and Appendix 3.A.3 for proof.



30 3.7. Experiments

3.6.2 MARS: MVaR Approximation via Random Scalar-
izations

The connection between the VaR of a Chebyshev scalarization and MVaR can

be exploited to optimize the global MVaR by randomly sampling a Chebyshev

scalarization at each BO iteration6 and optimizing the VaR of the Chebyshev scalar-

ization using a single objective BO algorithm, such as Noisy Expected Improvement

(NEI) [Letham et al., 2019]—which is required (rather than expected improvement)

since we must integrate over the unknown best unknown incumbent value—or

Thompson sampling (TS) [Thompson, 1933, Paria et al., 2020]. We refer to this

technique as MVaR Approximation via Random Scalarizations (MARS). MARS

is a simple, theoretically-grounded technique, and we find, in Section 3.7, that

MARS performs well empirically. In the main text, we focus on MARS with NEI

(denoted as MARS-NEI) , but we derive and empirically evaluate upper confidence

bound (UCB) [Srinivas et al., 2010] and TS variants in Appendices 3.B and 3.G.

For MARS-NEI, we use the MC formulation of NEI [Balandat et al., 2020]

so that the Chebyshev scalarizations can be computed in the NEI as composite

objectives [Astudillo and Frazier, 2019]. We optimize the the acquisition function

using sample-path gradients that leverage well-studied gradient estimators of VaR

(see Appendix 3.C.1 for details). See Appendix 3.G.1 for details on optimization.

3.7 Experiments
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Figure 3.3: The log MVaR HV regret after the initial space-filling design. For each
method, we plot the mean and 2 standard errors of the mean over 20 trials.
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Figure 3.4: The yield from selecting a robust versus a non-robust design on the Disc
Brake problem. Although the non-robust design is feasible under the nominal objectives,
it is located near the boundary of the feasible region in design space and violates some of
the black-box constraints (not shown) under a large fraction of input perturbations.

In this section, we provide an empirical demonstration of robust MOBO on

synthetic and real-world problems. We compare three broad classes of methods: (i)

Non-robust methods including NSGA-II [Deb et al., 2002], qNParEGO [Daulton

et al., 2020], qNEHVI [Daulton et al., 2021], (ii) methods for optimizing expectation

risk measures, e.g. using qNParEGO (denoted as Exp-qNParEGO), and (iii)

methods for optimizing MVaR via MARS. For readability, we only include one

expectation and one MVaR optimization method in the main text, both based

on NEI. In Appendix 3.G, we evaluate additional methods including MARS with

TS and UCB and methods for direct MVaR optimization based on NEHVI. We

consider the expectation risk measure because it is simple and performs well in many

scenarios. All robust (expectation and MVaR) methods are our novel contributions.

6We sample weights uniformly from ∆M−1
+ , which we find works well empirically.
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Additionally, we compare against a quasi-random policy, which selects the designs

to evaluate according to a scrambled Sobol sequence [Owen, 2003].

For all BO-methods, we begin by evaluating 2(d + 1) design points from a

scrambled Sobol sequence. We use nξ = 32 samples because we find that setting nξ >

32 yields little-to-no improvement in optimization performance (see Figure 3.I.7).

See Appendix 3.G for details on all methods. Our code is open-sourced at github.

com/facebookresearch/robust_mobo.

3.7.1 Synthetic Problems

Gaussian Mixture Model (GMM) (d = 2, M = 2, α = 0.9): This is a

variant of the GMM problem from Fröhlich et al. [2020] where each objective is an

independent GMM. We use a multiplicative noise model, i.e., x ⋄ ξ := xξ, where

ξ ∼ N (µ = 1,Σ = 0.07I2) with In denoting the n-dimensional identity matrix. In

Appendix 3.I.5, we present multiple variations of this problem to demonstrate the

consistency of our methods under different noise models.

Constrained Branin Currin (d = 2, M = 2, V = 1, α = 0.7): We subject

this problem, which originates from Daulton et al. [2020], to a heteroskedastic input

noise process given by P (ξ; x) = N (µ = 0,Σ = 0.05 (1 + σ (1− 2x0)) I2), where

σ(x) = 1
1+e−x . The optimal designs with respect to the nominal objectives are

on the boundary of the feasible region with respect to the outcome constraint.

Hence, the optimal designs with respect to the nominal metrics often violate the

constraint under input perturbations.

3.7.2 Real-World Problems

Disc Brake (d = 4, M = 2, V = 4, α = 0.95): In this disc brake manufacturing

problem, the goal is to minimize the brake’s mass and the stopping time of a vehicle

by tuning the inner and outer radii of the disc, the engaging force, and the number

of friction surfaces [Ray and Liew, 2002]. Following Emch and Parkinson [1994],

we use zero-mean uniform input noise with a maximum absolute perturbation

github.com/facebookresearch/robust_mobo
github.com/facebookresearch/robust_mobo
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value of 5% of the range of each parameter (except for the number of friction

surfaces, which is noise-free).

Penicillin Production (d = 7, M = 3, α = 0.8): This problem considers

optimizing the manufacturing process of penicillin [Liang and Lai, 2021]. The goal

is to maximize the yield while minimizing time-to-ferment and CO2 output by

tuning 7 initial conditions of the chemical reaction. Each parameter is subject to

independent zero-mean Gaussian noise, where the standard deviation ranges from

0.5% to 3% of the parameter’s domain (see Appendix 3.G for details).

3.7.3 Results

In Figure 3.I.4, we evaluate all methods in terms of log HV regret, which is the

difference in HV between the true global MVaR set and the MVaR of the set of

designs evaluated by each method (see Appendix 3.G.3 for details on estimating true

global MVaR). Figure 3.3 shows that MARS is consistently the best performing

method. The non-robust methods consistently perform poorly on all problems. On

the GMM problem, Exp-qNParEGO performs worse than MARS-NEI because

the optimal designs under expectation risk measure are in a disjoint part of the

search space from the MVaR-optimal designs. On the Constrained Branin Currin

problem, the nominal methods perform no better than quasi-random Sobol search.

On the penicillin problem, MARS vastly outperforms all other methods.

Although the log HV regret highlights the performance of MARS, it does not

fully capture the necessity of using a robust method in practice. In Figure 3.4, we

analyze the yield (i.e. the probability of the objectives exceeding a performance

specification under the input noise distribution) of a robust and a non-robust

design on the Disc Brake problem. Using a target performance specification chosen

from the MVaR set, we see that if a decision-maker were to select a non-robust

design (green pentagon) that is optimal with respect to the nominal objectives and

nominal values that meet the target specification, the yield would only be 58.2%.

In contrast, an MVaR-optimal solution can be chosen such that it meets target

specification with high probability. For example, the robust design marked by the
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orange triangle enjoys a yield of 95.3%. As shown in Figure 3.4, this is because

the non-robust design often does not satisfy all of the black-box constraints under

input perturbations. In this problem, the objectives are relatively robust to noise

(much more so than the toy example in Figure 3.1), but the feasibility of a design

(and therefore the yield) is highly sensitive to input noise when the design is near

the boundary of the feasible region in design space.

Table 3.H.1 reports the wall times for running a single iteration of BO with each

algorithm. Not only is MARS-NEI computationally tractable on all problems, but

it achieves wall times that are competitive to alternative algorithms.

Evaluation in additional problem settings and comparisons against additional

methods in Appendix 3.I further validate that MARS-NEI is consistently a top

performer and yields competitive wall times. We find that MARS-TS performs

slightly worse, on average, in terms of log HV regret than MARS-NEI, but

that it has shorter wall times. Methods for direct MVaR optimization with

qNEHVI perform comparably to MARS-NEI, but the direct MVaR optimization

is prohibitively expensive in terms of wall time and memory requirements and

was infeasible to run on many problems (including nearly all problems with > 2

objectives). In contrast, Figure 3.I.2 shows that MARS-NEI can scale to problems

with > 2 objectives and consistently performs best in those settings. Additionally,

in Appendix 3.G, we show that MARS-NEI works well under a wide variety

of input noise processes, scales well with increasing batch sizes (in the parallel

evaluation setting), and is not sensitive to the number of MC samples nξ used

to estimate P (ξ), for nξ ≥ 32.

3.8 Discussion

In this work, we formulate the goal of MO robust optimization under input noise as

optimizing the global MVaR set—a novel concept that is a robust analogue of the

Pareto frontier in the standard MO setting. We derive a correspondence between

MVaR and Chebyshev scalarizations based on VaR. This theoretical result naturally

motivates a computationally efficient approach (MARS) for using BO to optimize
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the global MVaR set with high sample-efficiency. Empirically, we find that MARS

consistently outperforms alternative approaches and achieves competitive wall times.

Although our focus has been on the small evaluation budget regime and BO,

our theoretical results are far more general. The connection between MVaR and

Chebyshev scalarizations could be leveraged by gradient-based and evolutionary

methods to scale global MVaR optimization to settings with large evaluation

budgets. We hope that our contributions serve as a foundation for future advances

in methods for robust MO optimization under input noise.
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Appendix

AppendixAppendices

3.A Theory and Proofs

3.A.1 Preliminaries

Definition 3.A.1. Let F = {f(x) : x ∈ X ⊆ X}. The weakly efficient Pareto

frontier is WeakPareto(F) = {f(x) ∈ F : ∄ x′ ∈ X s.t. f(x′) > f(x)},

and Pareto(F) ⊆WeakPareto(F). If there are constraints c(x), elements of

WeakPareto are subject to the additional membership Assumption that c(x) ≥ 0.

We call the corresponding set of optimal designs the weak Pareto set.

Definition 3.A.2. Weak-MVaR is defined in the same way as MVaR, but only

requires that its elements are weakly Pareto optimal.

Definition 3.A.3 (Prèkopa [2012]). If Assumption 3.6.1 holds, then we can express

MVaR with an equality with respect to α:

MVaRα

[
f(x ⋄ ξ)

]
=
{
z ∈ RM : P

[
f(x ⋄ ξ) ≥ z

]
= α

}
. (3.1)

3.A.2 Proofs

Lemma 3.A.1. Let y ∈ RM and v ∈ R. Then s[y,w] ≥ v ⇐⇒ y ≥ v
w
.

Proof. This follows directly from Definition 3.6.1.

s[y,w] ≥ v ⇐⇒ min
i
wiyi ≥ v

⇐⇒ wiyi ≥ v ∀i

⇐⇒ yi ≥
v

wi

∀i

⇐⇒ y ≥ v

w
.

37
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Lemma 3.A.1 states that a lower bound v on the value of a Chebyshev scalar-

ization of an objective vector y can be used to define a point, v
w

, that y is greater

than or equal to. We can extend this to make a similar statement about the

VaR of a Chebyshev scalarization.

Lemma 3.6.1 (VaR of Chebyshev scalarization ⇒ Pareto Dominance). Let v =

VaRα

(
s[f(x ⋄ ξ),w]

)
. Then, P

[
f(x ⋄ ξ) ≥ v

w

]
≥ α, where v

w
denotes element-wise

division.

Proof. From Definition 3.5.1, we have that

VaRα

[
f(x ⋄ ξ)

]
= sup{z ∈ R : P

[
f(x ⋄ ξ) ≥ z

]
≥ α}.

Hence, P (s[f(x ⋄ ξ),w] ≥ v) ≥ α. From Definition 3.6.1, we have P (mini[wifi(x ⋄

ξ)] ≥ v) ≥ α. By Lemma 3.A.1, the statement mini[wifi(x ⋄ ξ)] ≥ v is equivalent

to f(x ⋄ ξ) ≥ v
w
. Hence, P

(
f(x ⋄ ξ) ≥ v

w

)
≥ α.

Lemma 3.A.2 (VaR of Chebyshev scalarization ⇒ Weak-MVaR). Let v =

VaRα

(
s[f(x ⋄ ξ),w]

)
. Then, v

w
∈Weak-MVaRα

[
f(x ⋄ ξ)

]
.

Proof. Let z = v
w

. Suppose there exists z′ ∈Weak-MVaRα(f(x ⋄ ξ)) such that

z′ > z. Since z′ ∈ Weak-MVaRα(f(x ⋄ ξ)), we have that P (f(x ⋄ ξ) ≥ z′) ≥

α. Note that f(x ⋄ ξ) ≥ z′ implies that mini wifi(x ⋄ ξ) ≥ mini wiz
′
i. Hence,

P (f(x ⋄ ξ) ≥ z′) ≥ α implies that P (s[f(x ⋄ ξ),w] ≥ s[z′,w]) ≥ α. Since

z′ > z and w ∈ ∆M−1
+ , we have that s[z′,w] > s[z,w] = v. But this contradicts

Definition 3.5.1. Since there does not exist z′ ∈ Weak-MVaRα

[
f(x ⋄ ξ)

]
such

that z′ > z, we have that z ∈Weak-MVaRα

[
f(x ⋄ ξ)

]
.

If Assumption 3.6.1 holds, the inequalities with respect to α in Lemma 3.6.1

become equalities, and we show that v
w

is strictly Pareto optimal.

Lemma 3.A.3 (VaR of Chebyshev scalarization⇒MVaR). Let v = VaRα

[
s[f(x⋄

ξ),w]
]
. If Assumption 3.6.1 holds, then v

w
∈MVaRα

[
f(x ⋄ ξ)

]
.
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Proof. Let z := v
w

. Suppose there exists z′ ∈MVaRα

[
f(x ⋄ ξ)

]
such that z′ ≻ z.

Because F (·) is a strictly increasing CDF, P (f(x ⋄ ξ) ≥ z′) = F (z′) > F (z) =

P (f(x ⋄ ξ) ≥ z). From Lemma 3.6.1, we have that P
(
f(x ⋄ ξ) ≥ z

)
≥ α. Because

z′ ∈MVaRα

[
f(x ⋄ ξ)

]
from Equation (3.1), we have that P

(
f(x ⋄ ξ) ≥ z′

)
= α.

Hence, P
(
f(x ⋄ ξ) ≥ z

)
≥ P

(
f(x ⋄ ξ) ≥ z′

)
. This is a contradiction.

Lemma 3.A.3 provides a technique for generating points in the MVaR set using

the VaR of Chebyshev scalarizations with different w.

Now, consider the reverse mapping.

Lemma 3.A.4 (MVaR ⇒ VaR of Chebyshev scalarization). Suppose that z ∈

MVaRα

[
f(x ⋄ ξ)

]
. Then z = v

w
for w := 1

z
|| 1

z
||−1

1 ∈ ∆M
+ and v = VaRα

(
s[f(x ⋄

ξ),w]
)
.

Proof. Without loss of generality, assume that z > 0.7 Let v = || 1
z
||−1 ∈ R+. Then,

z = v
w

. Hence, all we need to show is that v equals VaRα

(
s[f(x ⋄ ξ),w]

)
. Let us

define v′ := VaRα

(
s[f(x ⋄ ξ),w]

)
. By definition,

v′ = sup{v′′ ∈ R : P
(
s[f(x ⋄ ξ),w] ≥ v′′

]
≥ α}.

Since z ∈MVaRα

[
f(x ⋄ ξ)

]
, P

[
f(x ⋄ ξ) ≥ z

]
≥ α. Hence, P

[
f(x ⋄ ξ) ≥ v

w

]
≥ α.

Using Lemma 3.A.1, we have that P
(
s[f(x ⋄ ξ),w] ≥ v

)
≥ α. Since v′ is the

supremum, we have that v ≤ v′. Suppose now that v < v′. Note that v
w

= z ∈

MVaRα

[
f(x ⋄ ξ)

]
. From Lemma 3.A.2, v′

w
∈ Weak-MVaRα

(
f(x ⋄ ξ)

)
. Since

v < v′, z = v
w
≺ v′

w
. Hence, z cannot be in MVaRα

[
f(x⋄ξ)

]
because it is dominated

by v′

w
and v′

w
∈Weak-MVaRα

(
f(x ⋄ ξ)

)
. This is a contradiction. Hence v ≥ v′

and therefore it follows that v = v′ = VaRα

(
s[f(x ⋄ ξ),w]

)
.

Let h : MVaRα

[
f(x ⋄ ξ)

]
→ ∆M−1

+ be given by h(z) = 1
z|| 1

z
|| . Being the

element-wise application of a scalar injective mapping (z 7→ 1/z), it is clear that h is

injective. However, h(·) is not necessarily bijective, since without Assumption 3.6.1

there may be weight vectors w such that ∄ z ∈MVaRα

[
f(x ⋄ ξ)

]
s.t . h(z) = w.

7This can easily be guaranteed by shifting the objectives to be strictly positive. If the objectives
are not unbounded from below, the reference point, which is commonly supplied by the decision-
maker in multi-objective optimization effectively provides a lower bound on the objectives.



40 3.A. Theory and Proofs

Theorem 3.6.1 (MVaR ⇐⇒ VaR of Chebyshev scalarization). Given x,f , and

P (ξ), let h : MVaRα

[
f(x ⋄ ξ)

]
→ ∆M−1

+ be the function h(z) = w = 1
z|| 1

z
|| . Under

Assumption 3.6.1, h(·) is bijective and h−1(w) = z = 1
w

VaRα

(
s[f(x ⋄ ξ),w]

)
.

Proof. This follows directly from Lemma 3.A.3 and Lemma 3.A.4.

Corollary 3.A.1 (MVaR via Scalarization). Weak-MVaR enjoys the follow-

ing scalarization representation: Weak-MVaRα

(
f(x ⋄ ξ)

)
= { 1

w
VaRα

(
s[f(x ⋄

ξ),w]
)

: w ∼ ∆M−1
+ }. If Assumption 3.6.1 holds, then MVaRα

[
f(x ⋄ ξ)

]
=

{ 1
w

VaRα

(
s[f(x ⋄ ξ),w]

)
: w ∼ ∆M−1

+ }.

Although the MVaR representation in Corollary 3.A.1 depends on Assump-

tion 3.6.1, Lemma 3.6.1 recovers all weakly Pareto optimal points even if this

assumption is not met because MVaR ⊆Weak-MVaR. Hence, with or without

Assumption 3.6.1, Theorem 3.A.1 can be used to approximate the MVaR set.

Result 3.A.1 (MVaR Approximation). MVaR can be approximated with a finite

set of weight vectors: MVaR
∧(

f(x ⋄ ξ)
)

= { 1
wi

VaRα

(
s[f(x ⋄ ξ),wi]

)
}NMVaR

i=1 .

3.A.3 Discussion of the Assumption of Continuous, Strictly-
Increasing CDFs with Gaussian Processes

In Bayesian Optimization with Gaussian Process surrogates, it is assumed that

the objective function f is sample path from a Gaussian process prior. In this

setting, the random variable f(x ⋄ ξ) for a deterministic sample path f (where the

stochasticity comes solely from ξ) has a continuous, strictly increasing CDF F (·)

for many commonly used covariance functions. Hence, the bijective relationship in

Theorem 3.6.1 holds given a suitable choice of covariance function.8

Lemma 3.A.5. If f is a sample path from a multi-output Gaussian Process prior

where the covariance function and the covariance function of the derivative process

are strictly positive definite and with sample paths that are differentiable,9 X is a
8Using a discrete MC approximation of the input noise distribution means that the CDF is not

strictly increasing.
9 Sample paths of many commonly used covariance functions are differentiable [Paciorek, 2003].
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compact set, and P (x ⋄ ξ) is a continuous distribution with strictly positive support,

then Assumption 3.6.1 holds.

Proof. Consider the case of a scalar function f . By Lemma 1 of Cakmak et al. [2020],

the density of f(x⋄ξ) is strictly positive. Hence, any interval with positive Lebesgue

measure has non-zero density. So the cumulative density function of f(x ⋄ ξ) is

strictly increasing. Consider the case of a multi-output sample path f . Suppose that

the joint CDF is not strictly increasing. Then there exist y,y′ such that y ≥ y′ and

there exists at least one i ∈ {1, ...,M} s.t. yi > y′
i and F (y) ≤ F (y′). Since y ≥ y′

and F is a CDF, F (y) ≥ F (y′). Hence, F (y) = F (y′). So, we have P (f1(x ⋄ ξ) ≤

y1, ..., fM (x⋄ξ) ≤ yM ) = P (f1(x⋄ξ) ≤ y′
1, ..., fM (x⋄ξ) ≤ y′

M ). Suppose y′
i = yi for

all i ̸= j. Then, P (f1(x ⋄ ξ) ≤ y1, y
′
j < fj(x ⋄ ξ) ≤ yj, ..., fM (x ⋄ ξ) ≤ yM ) = 0. But

the hyperrectangle bounded by [−∞, ..., y′
j, ...,−∞] and y has positive Lebesgue

measure. Since the pdf of each of f1, ..., fM is strictly positive, the cumulative

density over the hyperrectangle is greater than zero, which is a contradiction. The

argument is easily extended to the case when there exists 1 ≥ k ≥ M indices

i1, ..., ik such that y′
ik
< yik

.

3.A.4 Extension to Black-Box Constraints Under Input
Noise

In this section, we consider the setting where in addition to the objective function

f there is a vector-valued black-box function c(x) ∈ RV specifying the outcome

constraint c(x) > 0 that is also subject to input noise ξ ∼ P (ξ). To handle

black-box constraints under input noise, we weight the objectives f(x ⋄ ξ) by a

feasibility indicator 1[c(x ⋄ ξ) > 0] that is 1 if all constraints are satisfied and

0 otherwise. We define VaR and MVaR for feasibility-weighted objectives and

extend the theoretical results from Section 3.6.1.

The proofs for the results in the constrained setting follow the proofs in

Appendix 3.A.2 with slight modifications. 1) Assumption 3.6.1 does not hold

for feasibility-weighted objectives. Hence, the implication is that a random sampled

scalarization is only guaranteed to correspond to a point in the Weak-MVaR set,
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but importantly any point in the MVaR set does correspond to some scalarization

and therefore can be recovered. 2) The proofs handle the special case where some

of the constraints are not satisfied and the feasibility-weighted objectives are zero.

Definition 3.A.4. The value-at-risk of the feasibility-weighted objective for a given

point x is:

VaRα

(
f(x⋄ξ)1[c(x⋄ξ) > 0]

)
= sup

{
z ∈ R : P

(
f(x⋄ξ)1[c(x⋄ξ) > 0] ≥ z

)
≥ α

}
.

Definition 3.A.5. The MVaR of the feasibility-weighted objectives f for a given

point x is:

MVaRα

(
f(x ⋄ ξ), c(x ⋄ ξ)

)
=
{

z ∈ RM s.t.

P
(
f(x ⋄ ξ)1[c(x ⋄ ξ) > 0] ≥ z

)
≥ α,

∄ z′ ∈ RM , z′ ≻ z, P
(
f(x ⋄ ξ)1[c ≻ 0] ≥ z′

)
≥ α}

.

LetMc
ξ,X := ⋃

x∈X MVaRα

[
f(x ⋄ ξ), c(x ⋄ ξ)

]
. The global MVaR of the feasibility

weighted objectives for a set of points X is defined as

MVaRP (ξ),α
(
{f(x ⋄ ξ), c(x ⋄ ξ)}x∈X

)
=
{
z ∈Mc

ξ,X : ∄ z′ ∈Mc
ξ,X s.t. z′ ≻ z

}
.

Weak-MVaR of the feasibility-weighted objectives is defined in the same way, but

only requires that its elements are weakly Pareto optimal

Lemma 3.A.6. Given a weight vector w ∈ ∆M−1
+ , y ∈ RM , yc ∈ RM ′ and v ∈ R,

s[y,w]1[yc ≻ 0] ≥ v ⇐⇒ y1[yc ≻ 0] ≥ v

w
.

Proof. This follows directly from Definition 3.6.1.

s[y,w]1[yc ≻ 0] ≥ v ⇐⇒ 1[yc ≻ 0] min
i
wiyi ≥ v

⇐⇒ wiyi1[yc ≻ 0] ≥ v ∀i

⇐⇒ yi1[yc ≻ 0] ≥ v

wi

∀i

⇐⇒ y1[yc ≻ 0] ≥ v

w
.
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Theorem 3.A.1 (VaR of Feasibility-Weighted Chebyshev scalarization ⇒ Pareto

Dominance). Given a weight vector w ∈ ∆M−1
+ , let v = VaRα

(
s[f(x⋄ξ),w]1[c(x⋄

ξ) > 0]
)

. Then,

P

(
f(x ⋄ ξ)1[c(x ⋄ ξ) > 0] ≥ v

w

)
≥ α.

Proof. From Definition 3.A.4, we have that

VaRα

(
s[f(x ⋄ ξ),w]1[c(x ⋄ ξ) > 0]

)
=

sup
{
z ∈ R : s[f(x ⋄ ξ),w]1[c(x ⋄ ξ) > 0] ≥ z

)
≥ α

}
.

Hence,

P (s[f(x ⋄ ξ),w]1[c(x ⋄ ξ) > 0] ≥ v) ≥ α.

From Definition 3.6.1, we have

P (1[c(x ⋄ ξ) > 0] min
i
wif

(i)(x ⋄ ξ) ≥ v) ≥ α.

By Lemma 3.A.6, the following expressions are equivalent

1[c(x ⋄ ξ) > 0] min
i
wif

(i)(x ⋄ ξ) ≥ v ⇐⇒ f(x ⋄ ξ)1[c(x ⋄ ξ) > 0] ≥ v

w
.

Hence, P
(
f(x ⋄ ξ)1[c(x ⋄ ξ) > 0] ≥ v

w

)
≥ α.

Lemma 3.A.7. Let z ∈MVaRα

[
f(x ⋄ ξ), c(x ⋄ ξ)

]
. If f(x) > 0, then z ⊁ 0 if

and only if z = 0.

Proof. The following shows that, since f(x) > 0, z ⊁ 0 if and only if P (c(x ⋄ ξ) >

0) < α. Thus, z ⊁ 0 if and only if z = 0.

Since f(x) > 0, we have that zi ≥ 0 for all i = 1, ...,M and there exists

j ∈ {1, ...,M} such that zj = 0. Note that since f(x) > 0, the ith element

f (i)(x)1[c(x) > 0] = 0 if and only if 1[c(x) > 0] = 0. Hence, either f(x)1[c(x) >

0] > 0 or f(x)1[c(x) > 0] = 0.

From Definition 3.A.5, we have that P
(
f(x ⋄ ξ)1[c(x ⋄ ξ) > 0] ≥ z

)
≥ α. Since

f(x ⋄ ξ)1[c(x ⋄ ξ) > 0] > 0 or f(x ⋄ ξ)1[c(x ⋄ ξ) > 0] = 0,

P (f(x ⋄ ξ)1[c(x ⋄ ξ) > 0] > 0) + P (f(x ⋄ ξ)1[c(x ⋄ ξ) > 0] = 0) = 1.
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Suppose z ⊁ 0. Since z is not dominated by any other point in the MVaR set,

P (f(x ⋄ ξ)1[c(x ⋄ ξ) > 0] ≻ 0) < α. Hence, z must be 0.

Lemma 3.A.8 (VaR of Feasibility-Weighted Chebyshev scalarization ⇒ Feasibili-

ty-Weighted Weak-MVaR). Let v = VaRα

(
s[f(x ⋄ ξ)1[c(x ⋄ ξ) > 0],w]

)
. Then,

v
w
∈Weak-MVaRα

(
f(x ⋄ ξ), c(x ⋄ ξ)

)
.

Proof. Without loss of generality, assume that the objectives f(x) > 0.0 Let z = v
w

.

Suppose there exists z′ ∈ Weak-MVaRα(f(x ⋄ ξ), c(x ⋄ ξ)) such that z′ > z.

Since z′ ∈Weak-MVaRα(f(x ⋄ ξ), c(x ⋄ ξ)),

P (f(x ⋄ ξ)1[c(x ⋄ ξ) > 0] ≥ z′) ≥ α.

Note that f(x ⋄ ξ)1[c(x ⋄ ξ) > 0] ≥ z′ implies that

1[c(x ⋄ ξ) > 0] min
i
wif

(i)(x ⋄ ξ) ≥ min
i
wizi.

Hence, P (f(x ⋄ ξ)1[c(x ⋄ ξ) > 0] ≥ z′) ≥ α implies that

P (s[f(x ⋄ ξ),w]1[c(x ⋄ ξ) > 0] ≥ s[z′,w]) ≥ α.

Note that s[z′,w] > s[z,w] = v. But by the Definition 3.A.4, v is the maximum

value such that

P (s[f(x ⋄ ξ),w]1[c(x ⋄ ξ) > 0] ≥ v) ≥ α.

This is a contradiction.

Theorem 3.A.2 (Feasibility-Weighted MVaR ⇒ VaR of Feasibility-Weighted

Chebyshev scalarization). For any z ∈ MVaRα

[
f(x ⋄ ξ), c(x ⋄ ξ)

]
, there exists

w ∈ ∆M−1
+ such that z = v

w
where v = VaRα

(
s[f(x ⋄ ξ),w]1[c(x ⋄ ξ) > 0]

)
.

Proof. Without loss of generality, assume that the objectives f(x) > 0.0

Case 1: z ⊁ 0. From Lemma 3.A.7, we have that z = 0. Note that since

the MVaR set contains only non-dominated points and 0 is a lower bound on

f(x)1[c(x) > 0], MVaRα

[
f(x ⋄ ξ), c(x ⋄ ξ)

]
= {0}. Let v := VaRα

(
s[f(x ⋄

ξ),w]1[c(x ⋄ ξ) > 0]
)
.
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Suppose v = 0. Then, for any w ∈ ∆M−1
+ , v

w
= 0 ∈MVaRα

[
f(x ⋄ ξ), c(x ⋄ ξ)

]
.

Suppose v > 0. Then for any w ∈ ∆M−1
+ , v

w
> 0. By Lemma 3.A.8, v

w
∈

Weak-MVaRα

(
f(x ⋄ ξ), c(x ⋄ ξ)

)
. But MVaRα

[
f(x ⋄ ξ), c(x ⋄ ξ)

]
= {0}, and

any point in the MVaR set is non-dominated. So v
w
⊁ 0. This is a contradiction.

Hence, v = 0. Therefore, Theorem 3.A.2 holds when z ⊁ 0.

Case 2: z ≻ 0.

Consider the vector 1
z
. If we divide 1

z
by its L1-norm, we obtain a vector

w := 1
z
|| 1

z
||−1

1 ∈ ∆M
+ , where || · ||1 denotes the L1-norm. Let v = 1

|| 1
z

||1
∈ R+. Then,

z = v
w

. Hence, all we need to show is that v = VaRα

(
s[f(x⋄ξ),w]1[c(x⋄ξ) > 0]

)
.

By definition,

VaRα

(
s[f(x ⋄ ξ),w]1[c(x ⋄ ξ) > 0]

)
=

sup
{
v′′ ∈ R : P

(
s[f(x ⋄ ξ),w]1[c(x ⋄ ξ) > 0] ≥ v′′

)
≥ α

}
.

Let us define v′ := VaRα

(
s[f(x ⋄ ξ),w]1[c(x ⋄ ξ) > 0]

)
. Suppose that v < v′. By

Lemma 3.A.8, v′

w
∈Weak-MVaRα

(
f(x ⋄ ξ), c(x ⋄ ξ)

)
. Since v < v′, z = v

w
≺ v′

w
.

But z is in MVaRα

[
f(x ⋄ ξ)

]
. So by Definition 3.5.2, z is not dominated by

any other vector in Weak-MVaRα

(
f(x ⋄ ξ), c(x ⋄ ξ)

)
. This is a contradiction.

Hence, v = VaRα

(
s[f(x ⋄ ξ),w]1[c(x ⋄ ξ) > 0]

)
. Thus, Theorem 3.A.2 holds when

z ≻ 0.

Corollary 3.A.2. There is a injective function g : MVaRα

[
f(x ⋄ ξ), c(x ⋄ ξ)

]
→

∆M−1
+ such that g(z) = 1

z|| 1
z

|| = w and z = v
w

where v = VaRα

(
s[f(x ⋄ ξ),w]

)
=

1
|| 1

z
|| .

Corollary 3.A.3. Suppose z is a point in the global MVaR set z ∈MVaRα

[
{f(x⋄

ξ), c(x ⋄ ξ)}x∈X
]
. Let X ∗

z be the set of designs such that for all x ∈ X ∗
z , z ∈

MVaRα

[
f(x ⋄ ξ), c(x ⋄ ξ)

]
. Then every x ∈ X ∗

z is a maximizer of VaRα

(
s[f(x ⋄

ξ),w]1[c(x ⋄ ξ) > 0]
)
.

When MVaRα

[
f(x ⋄ ξ), c(x ⋄ ξ)

]
̸= {0}, it follows directly from the injective

mapping from z to w that VaRα

(
s[f(x ⋄ ξ),w]1[c(x ⋄ ξ) > 0]

)
is the same for all

x ∈ X ∗
z . When MVaRα

[
f(x ⋄ ξ), c(x ⋄ ξ)

]
= {0}, then all x are infeasible

designs and X ∗
z = X .
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3.B MARS with Alternative Acquisition Func-
tions

In this section, we discuss using MARS with two alternative acquisition functions:

Thompson Sampling (TS) and Upper Confidence Bound (UCB).

3.B.1 MARS with Thompson Sampling

As discussed in Section 3.6, direct MVaR optimization with qNEHVI requires

evaluating the joint posterior over nξ(n+ 1) designs. The same is true when using

MARS-NEI. Although low-rank Cholesky updates can significantly reduce the

complexity [Osborne and of Oxford, 2010], further computational improvements can

be obtained by using TS with random Fourier features (RFFs) [Rahimi and Recht,

2008]. However, RFFs are approximate GP samples and introduce approximation

error (see Appendix 3.D.3 for further discussion).10 We refer to this method as

MARS-TS. MARS-TS naturally supports (i) parallel candidate generation by

drawing a new posterior sample and new scalarization weights for each candidate;

(ii) constraints, by evaluating the feasibility-weighted objectives under the posterior

sample, and (iii) noisy observations.

3.B.2 MARS with Upper Confidence Bound

Another computationally efficient approach is to use Upper Confidence Bound

(UCB), which does not require the expensive integration over f(x ⋄ ξ) where

x ∈ X1:n. We refer to this method as MARS-UCB. In what follows, we show how

to extend the V-UCB algorithm of Nguyen et al. [2021b] to optimize the VaR of

Chebyshev scalarizations. The result builds on the following lemma by Chowdhury

and Gopalan [2017], which holds under the assumption that the function f (i)(·)

belongs to a reproducing kernel Hilbert space (RKHS) Fki
(Bi), whose RKHS norm

is bounded by ∥f (i)∥ki
≤ Bi, where f = [f (1), ..., f (M)]. We use µ(i)

n (x),Σ(i)
n (x, x)

to denote the posterior, conditional on observations up to iteration n, mean and
10Alternative approaches for efficient posterior sampling such as decoupled sampling [Wilson

et al., 2020] could also be used.
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variance of the GP surrogate corresponding to ith objective, and use σ2
i to denote

the observation noise for the ith objective.

Lemma 3.B.1. Chowdhury and Gopalan [2017]. For δ ∈ (0, 1), ζ(i)
n+1 = Bi +

σ2
i

√
2(γn + 1 + log(1/δ)), the following holds for all x ∈ X with probability ≥ 1− δ:

l(i)n (x) ≤ f (i)(x) ≤ u(i)
n (x), (3.2)

where l(i)n (x) := µ(i)
n (x)− ζ(i)

n+1(Σ(i)
n (x,x))1/2, u(i)

n (x) := µ(i)
n (x) + ζ

(i)
n+1(Σ(i)

n (x,x))1/2,

and γn denotes the maximum information gain.

Assuming that each objective is modeled using an independent GP surrogate and

considering all objectives jointly, we see that (3.2) holds jointly for all i = 1, . . . ,m

with probability at least (1− δ′) := (1− δ)m. Applying the Chebyshev scalarization,

wil
(i)
n (x) ≤ wif

(i)(x) ≤ wiu
(i)
n (x),∀i = 1, . . . ,M

min
i
wil

(i)
n (x) ≤ min

i
wif

(i)(x) ≤ min
i
wiu

(i)
n (x)

s[ln(x),w] ≤ s[f(x),w] ≤ s[un(x),w]

holds with probability ≥ (1 − δ′) for all x ∈ X . Following Lemma 2 of Nguyen

et al. [2021b], we get that

VaRα(s[ln(x ⋄ ξ),w]) ≤ VaRα(s[f(x ⋄ ξ),w]) ≤ VaRα(s[un(x ⋄ ξ),w])

holds with probability at least (1−δ′). Thus, the UCB policy for VaR of Chebyshev

scalarization is defined as the policy that samples xn+1 = arg maxx VaRα(s[un(x ⋄

ξ),w]).

In practice, computing the ζ
(i)
n+1 given in Lemma 3.B.1 is impractical, and

typically leads to an acquisition function that is overly conservative. Thus, we

follow Nguyen et al. [2021b] and use ζ(i)
n+1 = 2 log(n2π2/0.6) in the experiments.

MARS-UCB can be extended to support parallel candidate generation by

sampling a new scalarization for each candidate and noisy observations. The

UCB policy derived above does not hold for feasibility-weighted objectives because

Lemma 3.B.1 requires that f (i)(·) belongs to a RKHS, and this is not the case when

f (i)(·) is weighted by a feasibility indicator because it is no longer continuous

[de Freitas et al., 2012].
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3.C Gradient-based Acquisition Function Opti-
mization

3.C.1 Approximate Gradients of VaR

One of the earliest and simplest-to-use gradient estimators for VaR was presented by

Hong [2009]. Under mild regularity assumptions on the distribution of the random

variable, they establish the consistency of the VaR gradient estimator, which can

be seen as the sample-path gradient of the well-known estimator of VaR. For this

discussion, let g(·) be a deterministic function of its argument (e.g., a sample path

of the GP), let us fix x, and let ξ ∼ P (ξ) be a continuous random variable. Let

ξ1, . . . , ξk denote i.i.d. samples from P (ξ). Define the following ordering of the

samples, where the subscript (·) denote the order statistic:

g(x ⋄ ξ(1)) ≤ g(x ⋄ ξ(2)) ≤ . . . ≤ g(x ⋄ ξ(k)).

The VaR at risk level α can be estimated by

VaRξ∼P (ξ)(g(x ⋄ ξ)) ≈ g(x ⋄ ξ(⌊(1−α)k⌋)),

where ⌊·⌋ denotes the largest integer less than or equal to ·. It is well known (cf.

Serfling [2008]) that this estimator is consistent as k → ∞. Hong [2009] extend

this result to show that the corresponding gradient estimator

∇xVaRξ∼P (ξ)(g(x ⋄ ξ)) ≈ ∇xg(x ⋄ ξ(⌊(1−α)k⌋))

is an asymptotically (as k →∞) unbiased estimator of the gradient of VaR. The

estimator is also consistent as long as ∇xg(x ⋄ ξ(⌊(1−α)k⌋)) is not a function of ξ,

otherwise, averaging of multiple sample gradients is required to obtain a consistent

estimator of the gradient of VaR.

In addition to the sample-path gradient estimator discussed above, there are

other estimators of gradients of VaR that are based on, e.g., the likelihood ratio

gradient estimation or on the kernel density estimators. A detailed discussion of

these can be found in Hong et al. [2014].
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3.C.2 Approximate Gradients of MVaR

Differentiability of MVaR, more precisely the differentiability of the elements of

the MVaR set, is a subject that has not been explored in the literature. Since

the computation of the MVaR set corresponding to a set of posterior samples is

expensive enough to be the bottleneck during acquisition function optimization, it

is highly desirable to avoid the finite-difference gradient estimation, which requires

multiple evaluations of the objective and is in general less efficient than the sample-

path gradients. Instead, it is preferable to establish a direct connection between the

MVaR set and the gradients of the samples on which the MVaR is computed. The

method we discuss below is inspired by the gradients of VaR, which correspond

to the gradients of the sample that is equal to VaR.

The correspondence between ∇xVaRξ∼P (ξ)(g(x ⋄ ξ)) and ∇xg(x ⋄ ξ(⌊(1−α)k⌋))

follows from the observation that, since g(·) is a continuous function, shifting x by

a sufficiently small ϵ should not change the ordering of ξ’s. We should still have

VaRξ∼P (ξ)(g(x + ϵ + ξ)) ≈ g(x + ϵ + ξ(⌊(1−α)k⌋)) with the same ordering, as long

as g(x ⋄ ξ(i)) ̸= g(x ⋄ ξ(j)) for i ̸= j. The same idea extends to the MVaR. Using

a finite set of samples to approximate the MVaR set, with m(x ⋄ ξ) denoting an

arbitrary element of the MVaR set, we have that m(j)(x ⋄ ξ) = f (j)(x ⋄ ξi(j)) for

some i(j) ∈ {1, . . . , k}, where f = [f (1), ..., f (M)] and the i(j) is dependent on the

outcome j and the particular element of the MVaR set. This can be interpreted

as saying that the elements of the MVaR set are constructed by piecing together

outcomes from the samples of the random variable.

Similar to what was discussed for VaR, if we perturb x by a small ϵ, under

the assumption that f (j)(x ⋄ ξi) ̸= f (j)(x ⋄ ξk) for i ̸= k, we should get that

m(j)(x + ϵ + ξ) = f (j)(x + ϵ + ξi(j)) with the same i(j) as before the perturbation.

This, in essence, says that we can calculate the gradients of the elements of the

MVaR set as∇xm
(j)(x⋄ξ) = ∇xf

(j)(x⋄ξi(j)). Putting all outcomes together, we get

∇xm(x ⋄ ξ) = [∇xf
(1)(x ⋄ ξi(1)), . . . ,∇xf

(M)(x ⋄ ξi(M))].
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A theoretical consistency analysis of these MVaR gradient estimators is beyond

the scope of this paper. However, we observe that they do work well in practice,

enabling efficient optimization of MVaR-NEHVI-RFF (see Appendix 3.D&3.I).

3.D Direct MVaR Optimization using qNEHVI

In this section, we discuss direct optimization of MVaR using NEHVI, highlight

the computational challenges that come with this approach, and introduce an

approximation that mitigates some of these challenges for some problems where the

MVaR set for a design is relatively small (e.g. where the number of objectives is

small and α is large). However, we find that these approaches are typically infeasible

when M ≥ 3 due to GPU memory limits (see for example Table 3.I.1).

3.D.1 Direct Optimization of MVaR with NEHVI

As described in Section 3.6, the extension of qNEHVI to optimize MVaR is

conceptually simple. qNEHVI selects the next point to evaluate by maximizing

the expected HVI under the GP posterior. We replace the standard HVI of a new

point with respect to the PF with the joint HVI of the MVaR set of a new point

with respect to the MVaR set over the previously evaluated designs:

αMVaR-NEHVI(x) = Ef∼P (f |D)
[
HVI(MVaRα[f(x⋄ξ)] |MVaRα[{f(x′⋄ξ)}x′∈X1:n ]

]
.

However, there are several computational issues that make this approach

prohibitively expensive, except for when the objective evaluation takes multiple

hours or days. In our experiments, we observe long runtimes, even when using

very reasonable parameter values of nξ = 32 and α = 0.9. We discuss the factors

contributing to this in the following subsection. Note that all the issues discussed are

compounded by the fact that even when using a gradient-based approach to optimize

the acquisition function, the acquisition function needs to be evaluated many times.
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Figure 3.D.1: The maximum size of MVaRα[f(x ⋄ ξ)] across the design space x ∈ X ,
which is an estimator of the maximum MVaR set size that will encountered during
numerical optimization, for different α with nξ = 32 on the GMM problem. The size of
the MVaR set significantly increases as α decreases and as M increases.

3.D.2 Complexity and Challenges

There are three primary computational bottlenecks, corresponding to three stages

of computing αMVaR-NEHVI(x). We discuss each stage and their complexity below.

1. Posterior Sampling: Computing αMVaR-NEHVI(x) requires drawing joint

posterior samples at the baseline points (points that are already evaluated)

and the current candidate(s) x under all nξ perturbations. For all methods

using GPs, posterior sampling at n points and nξ perturbations scales as

O(n3
ξn

3M). Hence, using GPs is only feasible for modest nξ.

2. Computing MVaR: The next stage is computing the MVaR corresponding

to each x from posterior samples of f(x ⋄ ξ). Computing MVaR involves

computing the distribution function of f(x⋄ξ), 11 which has a time and space

complexity of O((1−α)MnM+1
ξ M). The MVaR has to be computed for each x

and each posterior sample, further inflating the computational effort required.
11The distribution of f(x ⋄ ξ) is unknown and the GP posterior over f(x ⋄ ξ) is generally

intractable. Hence, the distribution of x ⋄ ξ is often approximated with a finite set of MC samples
[Cakmak et al., 2020] because the GP posterior can be evaluated analytically over a finite set of
points.
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The size of the resulting MVaR set is O((1 − α)MnM
ξ M). Figure 3.D.1

empirically demonstrates that the size of the MVaR set significantly increases

as α decreases, particularly for larger M .

3. Computing joint hypervolume improvement: Given the samples of

MVaR corresponding to the baseline points and the candidate(s), the final

step of MVaR-NEHVI is to compute the joint HVI of the MVaR set of the

candidates over the global MVaR set corresponding to the baseline points.

To our knowledge, the only existing differentiable approach for joint HVI

computation relies on the inclusion-exclusion principle (IEP, Daulton et al.

[2020]). The time and space complexity of computing the joint HVI of a set

of q′ points using the IEP is exponential with respect to q′. To compute the

HVI of the MVaR for a set of q candidates, we must compute the joint HVI of

a set of size q′ = q|MVaRα[{f(xi + ξ)}q
i=1)]|. Since the size of the MVaR set

of a single candidate scales as O((1− α)MnM
ξ M), using IEP quickly becomes

infeasible, except for very moderate M,nξ, and α. As shown in Figure 3.D.1,

even for q = 1, nξ = 32, and M = 3, the size of the MVaR set can be

quite large for smaller values of α, which precludes the use of IEP. Although

IEP is necessary to make the joint hypervolume improvement computation

differentiable, there are non-differentiable approaches (e.g. Lacour et al. [2017])

that could be used instead to compute the joint hypervolume improvement.

However, optimizing αMVaR-NEHVI without gradients would be very slow given

that Daulton et al. [2020] showed that simply optimizing analytic EHVI

(without MVaR) with CMA-ES [Hansen, 2007] or L-BFGS-B [Byrd et al.,

1995] with approximate gradients estimated via finite differences is over an

order of magnitude slower than when using exact gradients.

A final challenge in using MVaR-NEHVI is that the calculation of MVaR is not

differentiable, and there are no known theoretically-grounded gradient estimators

of MVaR. Therefore, we use the heuristic approach described in Appendix 3.C.2

for estimating the gradients of MVaR.
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3.D.3 Approximating qNEHVI with RFF Draws

Random Fourier Features (RFF, Rahimi and Recht [2008]) offer an inexpensive and

differentiable approximation of GP sample paths. Daulton et al. [2021] propose

to combine a single RFF draw with NEHVI to obtain a cheap approximation,

qNEHVI-1. They find that qNEHVI-1 is competitive with qNEHVI in small

dimensional search spaces, though its performance degrades as the dimension-

ality increases.

We follow their approach and extend qNEHVI-1 to optimize MVaR, and

name this method MVaR-NEHVI-RFF. Using RFFs significantly reduces the

computational cost of the evaluating the acquisition function because it avoids

computationally expensive exact posterior sampling. In addition, since we use a

single RFF draw, the MVaR set and its HVI only have to be computed once per

acquisition function evaluation rather than for each posterior sample. In the end,

for small problem instances, MVaR-NEHVI-RFF ends up with a per-iteration

runtime measured in seconds, which is an immense reduction from the time it takes

for MVaR-NEHVI using an exact GP model.

Note that MVaR-NEHVI-RFF still requires the use of IEP for differentiable

HVI computations, making this approach infeasible in many settings as discussed

above. In addition, the performance of RFFs based acquisition functions are known

to degrade when the underlying function is difficult to model and variance starvation

is a known issue [Wang et al., 2018, Wilson et al., 2020, Mutny and Krause, 2018,

Calandriello et al., 2019]. Thus, for an acquisition function that works well in

all settings, we recommend using MARS.

3.E Pruning for Efficient Joint Posterior Sam-
pling

NEI and qNEHVI both require sampling from the joint posterior over function

values at the new design x and previously evaluated designs X1:n, which we denote

by P ({f(x)}x∈X1:n∪{x1,...,xq}|D). To reduce the cost of posterior sampling, we prune
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X1:n to only include the subset of pointsXpruned ⊆ X1:n that have nonzero probability

of being optimal. We estimate the probability of being optimal using MC estimation

with Nprune samples from the joint posterior. For NEI, optimality is with respect

to a scalar objective and often means |Xpruned| << n. For qNEHVI, any design

that has nonzero probability of being Pareto optimal is retained; typically, this

results in a much larger Xpruned than we using NEI with a scalar objective. The

typically larger size of Xpruned under qNEHVI-based methods has a significant

effect when using MVaR-qNEHVI, where sampling from the joint posterior scales

as O(Mnnξ) and has a very significant effect on runtime. Pruning strategies that

leverage techniques from pre-screening and population selection in EAs may further

improve computational efficiency.

3.F Optimization of Multi-Objective Expectation
Objectives

As noted in the main text, the optimization of expectation of objectives can

be achieved via rather straightforward extensions of the existing multi-objective

acquisition functions. Here, we discuss the main idea, and show how to extend

qNParEGO and qNEHVI [Daulton et al., 2021].

3.F.1 Optimization Expectation Objectives with qNParEGO

The acquisition function ParEGO is an extension of the well known Expected

Improvement acquisition function to the multi-objective setting via augmented

Chebyshev scalarizations. qNParEGO is an MC-based variant that uses composite

objectives with the NEI acquisition function [Daulton et al., 2021]. Given a weight

vector w ∈ ∆M−1
+ , it selects the next point to evaluate as follows:

xn+1 = arg max
x∈X

Ef∼P (f |D)

[
sa[f(x),w]− max

x′∈X1:n
sa[f(x′),w]

]
+
, (3.3)

where X1:n denotes the points evaluated so far, and [·]+ denotes max(·, 0), sa[y,w] =

minwiyi + β
∑

i wiyi, and β is a small positive constant. The expectation in (3.3) is

not available in closed form, and is typically replaced by a (Q)MC approximation
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obtained by drawing samples of {f(x′)}x′∈X1:n∪{x} from the joint GP posterior. A

batch of q candidates can be selected in a sequential greedy fashion where each

point is selected using a different scalarization weight vector and the improvement

from the batch of q points replaces the improvement from a single point in (3.3).

To extend qNParEGO to the expectation objectives, we replace each occurrence

of sa[f(x),w] in (3.3) with sa

[
Eξ∼P (ξ)[f(x ⋄ ξ)],w

]
. For implementation, we

follow the same MC idea, and draw samples from the joint posterior of {f(x ⋄

ξ)}x∈X1:n∪{x1,...,xq},ξ∈Ξ where Ξ is a set of nξ input noise samples, and approximate

(3.3) using these samples. To improve the computational efficiency, one can also

calculate the posterior distribution of {Eξ∼P (ξ)[f(x ⋄ ξ)]}x∈X1:n∪{x1,...,xq} from the

posterior of [f(x⋄ξ)]x∈X1:n∪{x1,...,xq},ξ∈Ξ via a simple matrix-matrix product, and use

that to draw the posterior samples. This avoids inverting m (n+ q)nξ × (n+ q)|Ξ|

matrices, and reduces the cost of posterior sampling from O(m(n + q)3n3
ξ) to

O(m(n+ q)3). However, this computational technique cannot be used if there are

black-box constraints. We refer to this method as Exp-qNParEGO.

3.F.2 Optimization Expectation Objectives with qNEHVI

The other acquisition function we consider is the qNEHVI:

xn+1 = arg max
x∈X

Ef∼P (f |D) [HVI(f(x)|Pn)] , (3.4)

where Pn is the PF over f(x)x′∈X1:n . The extension of qNEHVI to the expectation

objectives follows a similar path to that of qNParEGO. We replace the hypervolume

improvement of f(x) in (3.4) with the hypervolume improvement of Eξ∼P (ξ)[f(x)]

with respect to the PF over {Eξ∼P (ξ)[f(x′)]}x′∈X1:n . To do so, we replace the

posterior samples of f(x) and {f(x′)]}x′∈X1:n that are used in qNEHVI calculations

with the posterior samples of the expectation over P (ξ), which can be obtained in the

same manner described above for qNParEGO. However, qNEHVI with expectation

objective is often prohibitively slow because typically relatively few points from

X1:n can be pruned as discussed in Appendix 3.E. Hence, we only evaluate a

single sample approximation using RFFs, analogous to the RFF approximation of

MVaR-NEHVI, which we refer to as Exp-NEHVI-RFF.



56 3.F. Optimization of Multi-Objective Expectation Objectives

3.F.3 Challenges of Using Expectation with Feasibility-
Weighted Objectives

Independently computing the expectation of the objectives and the feasibility and

taking the product of the expectations, would ignore the fact that the objective

functions and constraint functions are evaluated on the same perturbed designs. To

account for the perturbed inputs jointly across in the objectives and constraints, we

use feasibility weighted objectives. Feasibility weighting requires penalizing designs

that are infeasible such that the feasibility-weighted objectives for an infeasible

design are worse than the objectives for any feasible design.

Feasibility weighting can make the expectation sensitive to the range of the

objectives. When evaluating a solution near the border of the feasible domain, we

end up with a subset of the perturbed solutions evaluating to zero due to infeasibility

and others evaluating to their respective objective values. To see how this can

affect the performance, consider the following examples. Suppose that half of the

perturbed solutions are infeasible and the objective values are bounded in [0, 1]. In

this case, the feasibility weighted objective take values in [0, 0.5], where it will be

inferior to some other solutions due to the potential for it to be infeasible. Now,

suppose that the objective values are bounded in [100, 101]. The infeasibility in this

case will bring the feasibility weighted objective to the range of [50, 50.5], which

is strictly worse than any solution that is more feasible, even if by only a small

fraction. If we instead set the infeasible solutions to 100 rather than zero, this would

lead to the feasibility weighted objective value to [100, 100.5]. Note that setting the

infeasible solutions to 100 is equivalent to normalizing the objectives to [0, 1] before

applying the feasibility and using zero for the infeasible objectives, which in theory

should have no effect in the optimization performance. In practice, we typically do

not know precise bounds on the objectives, and instead standardize / normalize

the objectives during optimization using bounds derived on the go.

The example above highlights the effect of the range of each objective. Often, an

infeasibility cost λ is used to penalize for infeasible designs to ensure that infeasible

points are worse than any feasible point (for example if the objectives can take
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negative values) by setting the feasibility-weighted objectives to (f(x) + λ)1[c >

0]− λ for some λ ≥ 0. However, the feasibility weighted expectation is typically

sensitive to the infeasibility cost, and feasibility weighted objectives give higher

value to conservative solutions if the Pareto front lies near the border of the feasible

domain. This makes it difficult to determine apriori how conservatively expectation

methods will act when using feasibility weighted objectives. In contrast, MVaR

avoids this issue by providing high probability guarantees on the value of the

feasibility-weighted objectives under input noise. For any design that is feasible

with probability α, the infeasibility cost is in the tail of the multivariate CDF and

has no effect on the elements of the MVaR set.

3.G Experiment Details

3.G.1 Method Details

We evaluate the following BO methods:

Methods that optimize the nominal objectives (see Daulton et al. [2021])

for details): qNParEGO, qNEHVI, and NEHVI-RFF (referred to as qNEHVI-1

in Daulton et al. [2021]), which approximates the expectation in qNEHVI with

a single approximate GP sample using RFFs.

Methods that optimize the expectation objectives (Appendix 3.F): Exp-

qNParEGO, and Exp-NEHVI-RFF.

Methods that optimize MVaR: MARS-NEI (Section 3.6.2), MARS-TS

(Appendix 3.B), MARS-UCB (Appendix 3.B), MVaR-NEHVI (Appendix 3.D),

and MVaR-NEHVI-RFF (Appendix 3.D).

We implemented all methods using the BoTorch library [Balandat et al., 2020]

(except for NSGA-II), leveraging the existing implementations of NEI and qNEHVI

available at https://github.com/pytorch/botorch. We used the implementation

of NSGA-II in the PyMOO library [Blank and Deb, 2020], which is available at

https://github.com/anyoptimization/pymoo.

https://github.com/pytorch/botorch
https://github.com/anyoptimization/pymoo
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For all model-based methods, we model each objective and constraint with an

independent GP with a Matérn-5
2 ARD kernel [Rasmussen, 2004].12 For methods

that use scalarizations, we use composite objectives [Astudillo and Frazier, 2019].

We use maximum a posteriori estimates of the GP hyperparameters using the default

priors in BoTorch. For all MC-based acquisition functions, we use NMC = 256 QMC

samples from the GP posterior. We use sample-average approximation [Balandat

et al., 2020] by using fixed Quasi-MC samples from P (ξ) (for robust methods) and

fixed Quasi-MC base samples for all methods to approximate the expectation over the

GP posterior.1314 This results in an approximation of the acquisition function that

is a deterministic function of the input x. For RFF-based methods, the approximate

GP sample (using 512 random features) is also a deterministic function, which,

coupled with fixed samples from P (ξ), results in a deterministic approximation of the

acquisition functions. The deterministic approximations of the acquisition functions

enable the use of quasi-Newton methods for optimization. We optimize all acquisition

functions using multi-start optimization with L-BFGS-B [Zhu et al., 1997].

For MARS and other MVaR-based methods, we use the known MVaR reference

point, which would typically be supplied by the decision maker. For qNEHVI and

Exp-NEHVI-RFF, we use the heuristic from Daulton et al. [2020] to adaptively

infer the the reference point during the optimization (the MVaR reference point

is not suitable for the nominal and expectation objectives).

For methods involving scalarizations, the objectives are normalized before

applying the scalarizations. For MARS methods, the reference point is used

as the lower bound and the ideal point (i.e. the component-wise maximum of

each objective, Ishibuchi et al. [2018]) across the MVaR set over the previously

evaluated designs (estimated using the posterior mean) is used as the upper bound

for normalization. For qNParEGO, we use the ideal and nadir points (i.e. the
12All methods except MARS-UCB support using multi-task GPs that model for correlations

between objectives [Bonilla et al., 2008].
13All fixed samples are re-sampled once per BO iteration.
14For heteroskedastic input noise processes, we fix a set base samples and use the reparame-

terization trick [Kingma and Welling, 2013] to sample from from the heteroskedastic input noise
process using the fixed based samples—rather than directly fixing the input noise samples as we
do in the case of homoskedastic noise.
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component-wise minimum objective values across the PF, Ishibuchi et al. [2018])

across the PF over the previously evaluated designs. Similarly, for Exp-qNParEGO,

we use the ideal and nadir points over the PF expectation objectives (estimated

using the posterior mean) over the previously evaluated designs.

For feasibility weighting the objectives, we use a sigmoid function as a differen-

tiable approximation of the indicator function as in Balandat et al. [2020]. The in-

feasibility cost set to be the minimum posterior mean minus six standard deviations.

For methods that use NEI and qNEHVI with exact posterior sampling, we

prune the previously evaluated designs using Nprune = 2048 samples to estimate the

probability that a previously evaluated design is optimal. Additionally, we cache the

Cholesky decomposition of the posterior covariance matrix over {f(x′ ⋄ξ)}x′∈Xpruned

and use low-rank updates to draw joint samples over {f(x′ ⋄ ξ)}x′∈Xpruned∪{x}

[Osborne and of Oxford, 2010].

For batch (or asynchronous) candidate generation, we use a sequential greedy

approach [Wilson et al., 2018], where one new candidate is optimized at time and the

joint acquisition value of all candidates x1, ...,xi is optimize to select xi. For methods

relying on scalarizations, a new scalarization is sampled for each new candidate.

For NSGA-II, we used the same initial sobol starting points as for the other

methods. We used a population size of 10 and adjusted the number of iterations for

NSGA-II according to the evaluation budget. The PyMOO default configuration

was used for all other settings. In addition to the objectives, observations of the

constraints are provided to NSGA-II.

3.G.2 Problem Details

In this section, we provide descriptions of the test problems. The reference points

used for all problems are provided in Table 3.G.2. For each problem, we set the

reference point to be slightly worse than the nadir point (using the heuristic from

Ishibuchi et al. [2011]) of the MVaR set evaluated over a large grid of design

points. For the Penicillin problem, we set the reference point to exclude the region

of the objective space with low values of the time objective (following Liang and
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Lai [2021]) as those objective trade-offs are less appealing to decision makers due

to providing negligible Penicillin yield.

Toy Problem (d = 1, M = 2, α = 0.9): This is the toy problem that was

used to highlight the concepts in Figures 3.1&3.2. The noise model is given by

P (ξ) = N (µ = 0,Σ = 0.1I2). The first objective is a mixture linear-sinusoidal

function, and the second objective is modified from the well-known Levy test function.

The exact expressions are given as follows. The function is evaluated on x ∈ [0, 0.7].

f (1)(x) = 30− 30 ∗ (p1(x)p4(x) + p2(x)(1− p4(x)) + p3(x))

p1(x) = 2.4− 10x− 0.1x2

p2(x) = 2x− 0.1x2

p3(x) = (x− 0.5)2 + 0.1 sin(30x)

p4(x) = 1/ (1 + exp ((x− 0.2)/0.005))

f (2)(x) = p5 ((x ∗ 0.95 + 0.03) ∗ 20− 10)

p5(x) = p6 (1 + (x− 1)/4)− 0.75 ∗ x2 + 9.0955

p6(x) = (sin(π ∗ x))2 + (x− 1)2(1 + 10 (sin(π ∗ x))2)

GMM (d = 2, M ∈ {2, 3, 4}, α ∈ {0.7, 0.8, 0.9}): In addition to the version

presented in the main text, we consider several variations of the GMM problem

using different number of objectives, different noise models, and different risk levels

to analyze the effects of these factors on the optimization performance of the

algorithms. For all GMM problems considered, each objective is a mixture of the

probability density function of three Gaussian distributions, modified from the

single objective version presented in Fröhlich et al. [2020]. We present the canonical

formula of the objectives and the parameters corresponding to each objective below.

In the formula, ϕ(x;µ,Σ) is used to denote the probability density function of the

multivariate Gaussian distribution with mean µ and covariance matrix Σ. The

search space for all GMM problems is X = [0, 1]2.

The GMM problem used in the main text involves 2 objectives and uses α = 0.9.

Additional experiments in Appendix 3.I.1 use additional independent GMMs to
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increase the number of objectives to 3 and 4, and evaluate performance with different

settings of α ∈ {0.7, 0.8, 0.9}. In all experiments with 3 and 4 objective GMM,

we use additive noise, where P (ξ) = N (µ = 0,Σ = 0.05IM). Many additional

noise processes are discussed and evaluated in Appendix 3.I.5, using the same 2

objective GMM problem from the main text and α = 0.9.

f (i)(x) = 2π
3∑

j=1
var

(i)
j cons

(i)
j ϕ(x;µ = pos

(i)
j ,Σ = var

(i)
j I2)

pos
(i)
j =



j = 1 j = 2 j = 3
[0.2, 0.2] [0.8, 0.2] [0.5, 0.7] if i = 1
[0.07, 0.2] [0.4, 0.8] [0.85, 0.1] if i = 2
[0.08, 0.21] [0.45, 0.75] [0.86, 0.1] if i = 3
[0.09, 0.19] [0.44, 0.72] [0.89, 0.13] if i = 4

var
(i)
j =



j = 1 j = 2 j = 3
0.04 0.01 0.01 if i = 1
0.04 0.01 0.0025 if i = 2
0.04 0.01 0.0049 if i = 3

0.0225 0.0049 0.0081 if i = 4

cons
(i)
j =



j = 1 j = 2 j = 3
0.5 0.7 0.7 if i = 1
0.5 0.7 0.7 if i = 2
0.5 0.7 0.9 if i = 3
0.5 0.7 0.9 if i = 4

Constrained Branin Currin We use the open source implementation available

at https://github.com/pytorch/botorch. See Daulton et al. [2020] for details.

Disc Brake We use the open source implementation available at https:

//github.com/ryojitanabe/reproblems. See Tanabe and Ishibuchi [2020] for de-

tails.

Penicillin Manufacturing Problem We use the open-source implementation

available at https://github.com/HarryQL/TuRBO-Penicillin. See Liang and

Lai [2021] for details. We adapt the problem by adding independent zero-mean

Gaussian input noise to each parameter. The standard deviation of the input noise

distribution for each parameter is listed in Table 3.G.1.

https://github.com/pytorch/botorch
https://github.com/ryojitanabe/reproblems
https://github.com/ryojitanabe/reproblems
https://github.com/HarryQL/TuRBO-Penicillin
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Table 3.G.1: Standard deviation for independent zero-mean Gaussian input noise for
each parameter in the Penicillin Problem (reported as a percentage of the range of each
parameter).

Parameter Noise Level

Culture Volume 3%
Biomass Concentration 3%
Temperature 0.5%
Glucose Concentration 2%
Substrate Feed Rate 1%
Substrate Feed Concentration 1%
H+ Concentration 1%

Table 3.G.2: Reference points for negative versions (i.e. multiplying the objectives by -1
to make the goal maximization of all objectives) of all problems (except the GMM and
Toy problems, which are designed for maximization).

Problem Reference Point

Toy Problem [-14.1951, -3.1887]
Disc Brake [-5.89, -3.27]
Constrained Branin Currin (heteroskedastic noise) [-194.9376, -12.2969]
Constrained Branin Currin (homoskedastic noise) [-195.4667, -12.4984]
Penicillin [5.657, -64.1, -340.0]
GMM (M = 2, α = 0.9, multiplicative noise) [0.3752, 0.3548]
GMM (M = 2, α = 0.9, correlated noise) [0.2727, 0.2583]
GMM (M = 2, α = 0.8, heteroskedastic noise) [0.3465, 0.3036]
GMM (M = 2, α = 0.9, homoskedastic noise, σ = 0.05) [0.2756, 0.2368]
GMM (M = 2, α = 0.9, homoskedastic noise, σ = 0.1) [0.1047, 0.1112]
GMM (M = 2, α = 0.9, homoskedastic noise, σ = 0.2) [0.0160, 0.0131]
GMM (M = 3, α = 0.9, homoskedastic noise, σ = 0.05) [0.2733, 0.0051, 0.1538]
GMM (M = 3, α = 0.9, homoskedastic noise, σ = 0.05) [0.2733, 0.0051, 0.1538]
GMM (M = 3, α = 0.8, homoskedastic noise, σ = 0.05) [0.0420, 0.0180, 0.1952]
GMM (M = 3, α = 0.7, homoskedastic noise, σ = 0.05) [0.0537, -0.0517, -0.0021]
GMM (M = 4, α = 0.9, homoskedastic noise, σ = 0.05) [0.0264, -0.0396, 0.0619, 0.1689]
GMM (M = 4, α = 0.8, homoskedastic noise, σ = 0.05) [0.0322, -0.0398, 0.1168, -0.0023]

3.G.3 Evaluation Details

The global MVaR set is unknown and is approximated by taking the union of

the MVaR sets of all designs evaluated across all methods and all replications.

We take this approach because even using an evolutionary algorithm to optimize

MVaR is nontrivial, since MVaR maps a single design to a set of points and is

relatively computationally intensive to evaluate. To evaluate the performance of

a given method, we use nξ = 512 (except for 4 objective GMM, where we use

nξ = 256) to compute a high-fidelity estimate of the MVaR set across the designs

selected during optimization by the method. We similarly use the same nξ = 512
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samples to estimate the true MVaR set (by considering all designs evaluated

across all methods and all replications).

3.H Wall Times

In Table 3.H.1, we present the time it takes to run a single BO iteration using

all algorithms we considered in this paper. We include the runtimes for the four

problems from the main text. Wall times for additional problems including several

problems with 3 and 4 objectives are provided in Table 3.I.1 (these problems are

described in Appendix 3.I.1). As we discuss in Appendix 3.D, MVaR-NEHVI,

when not computationally infeasible, is quite expensive to run, making it an

impractical method for most problems. Although MVaR-NEHVI-RFF provides a

much cheaper and highly performant approximation, we see that it also runs into

computational limitations as the size of the MVaR set grows (e.g. for Penicillin

with 3 objectives); this is also pronounced in Table 3.I.1 on the problems with 3

and 4 objectives. For the MARS family of methods, we see overall quite reasonable

runtimes, with the most expensive one, MARS-NEI, taking on average 41.4 seconds

on the most expensive problem instance we considered. MARS-TS offers a cheaper

alternative to MARS-NEI, with its average runtime remaining below 10 seconds on

all experiments. As we show later in the Appendix, the performance of MARS-TS

typically trails closely behind MARS-NEI, making it a strong alternative when

the algorithm runtime is of the essence.
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Table 3.H.1: The wall time (in seconds) per BO iteration. The experiments were timed
on a shared cluster using 4 CPU cores, 1 GPU, and 16 GB of RAM. We report the mean
and 2 standard errors over 20 trials. An N/A entry denotes that we did not attempt to run
a particular experiment (e.g., because the method does not support the problem setting),
whereas an OOM entry denotes that we attempted but the experiment did not run due
to scalability limitations. The three top-performing algorithms, with respect to the final
average MVaR HV regret in each experiment are highlighted using best, second, third,
respectively.

Algorithm GMM Constrained BC Disc Brake Penicillin
(d, M, V, α) (2, 2, 0, 0.9) (2, 2, 1, 0.7) (4, 2, 4, 0.95) (7, 3, 0, 0.8)

Sobol 0.4 (±0.6) 0.9 (±1.0) 0.9 (±1.0) 2.9 (±1.5)
qNParEGO 2.5 (±2.3) 5.6 (±4.4) 7.9 (±15.1) 21.2 (±25.6)

qNEHVI 2.5 (±2.0) 9.8 (±8.9) 16.9 (±10.3) 23.6 (±41.0)
qNEHVI-RFF 0.8 (±0.7) 2.1 (±3.2) 2.7 (±5.4) 5.0 (±3.9)

Exp-qNParEGO 3.3 (±2.4) 10.7 (±11.1) 23.3 (±166.3) 121.9 (±119.0)
Exp-NEHVI-RFF 0.9 (±1.0) 7.2 (±10.8) 3.3 (±7.3) 5.1 (±3.3)

MARS-NEI 3.9 (±3.0) 8.4 (±5.3) 10.3 (±45.4) 41.4 (±60.1)
MARS-TS 3.3 (±3.6) 3.3 (±3.7) 3.1 (±6.5) 6.7 (±5.8)

MARS-UCB 8.2 (±11.0) N/A N/A 12.3 (±14.1)
MVaR-NEHVI 145.6 (±130.7) N/A 243.2 (±154.) N/A

MVaR-NEHVI-RFF 1.8 (±1.7) 10.0 (±11.9) 2.9 (±3.1) OOM

3.I Additional Experiments

3.I.1 Additional Test Problems

In addition to the problems presented in the main text, we studied the performance

of the algorithms on the Toy problem used for illustrations in Figures 3.1 and 3.2,

and the 3 and 4 objective variations of the GMM problem. These problems are

described in detail in Appendix 3.G.2. In addition to the acquisition functions

presented in the main text, we ran Exp-NEHVI-RFF, MVaR-NEHVI-RFF,

MARS-UCB, and MARS-TS. The results of these experiments are presented

in Figure 3.I.1 for the Toy problem and Figure 3.I.2 for the GMM problems, and

the runtimes of the algorithms are reported in Table 3.I.1. We see that MARS-

NEI is overall the best performing method, with MARS-TS typically following

closely. MARS-UCB appears to be less reliable, demonstrating significantly worse

performance in most experiments. In addition, the MVaR-NEHVI-RFF is missing

from all but two of the experiments, which is due to the method running into the

scalability limitations discussed in Appendix 3.D.
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Figure 3.I.1: The log MVaR hypervolume regret on the Toy problem. We plot means
and 2 standard errors across 20 trials.
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We plot means and 2 standard errors across 20 trials.
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Table 3.I.1: The wall time (in seconds) per BO iteration for the additional problems.
The experiments were timed on a shared cluster using 4 CPU cores, 1 GPU, and 16 GB of
RAM. We report the mean and 2 standard errors over 20 trials. An OOM entry denotes
that the experiment did not run due to scalability limitations. The three top-performing
algorithms, with respect to the final average MVaR HV regret in each experiment are
highlighted using best, second, third, respectively.

Algorithm Toy Problem GMM, M=3 GMM, M=4
(d, M, α) (1, 2, 0.9) (2, 3, 0.7) (2, 3, 0.8) (2, 3, 0.9) (2, 4, 0.8) (2, 4, 0.9)

Sobol 0.4 (±0.3) 1.9 (±2.2) 1.2 (±1.4) 0.5 (±0.3) 3.3 (±3.3) 0.8 (±0.2)
qNParEGO 2.2 (±2.0) 4.5 (±2.6) 3.4 (±2.6) 1.4 (±1.5) 8.9 (±10.2) 4.5 (±12.9)

qNEHVI 3.0 (±2.5) 23.3 (±26.4) 20.2 (±22.8) 23.8 (±43.8) 57.3 (±75.4) 48.0 (±55.2)
qNEHVI-RFF 0.4 (±0.3) 3.1 (±5.8) 1.7 (±1.0) 0.7 (±0.5) 10.0 (±91.8) 2.1 (±4.0)

Exp-qNParEGO 13.1 (±23.5) 8.0 (±12.8) 6.2 (±6.4) 13.4 (±54.2) 10.6 (±10.6) 8.1 (±18.3)
Exp-NEHVI-RFF 0.4 (±0.3) 4.0 (±10.3) 2.1 (±6.3) 0.8 (±0.8) 5.3 (±4.0) 1.9 (±1.5)

MARS-NEI 10.4 (±21.1) 11.1 (±14.4) 10.7 (±23.0) 8.8 (±13.2) 27.5 (±221.1) 13.5 (±15.9)
MARS-TS 0.9 (±0.7) 5.7 (±8.9) 3.8 (±2.9) 1.8 (±2.5) 9.9 (±27.1) 4.2 (±4.2)

MARS-UCB 6.7 (±7.4) 14.4 (±22.5) 10.4 (±11.1) 10.3 (±12.3) 17.6 (±19.1) 12.1 (±11.9)
MVaR-NEHVI-RFF 2.6 (±2.2) OOM OOM 3.0 (±2.1) OOM OOM

3.I.2 Comparison with qNEHVI Based Methods

Table 3.I.2: The final MVaR HV regret obtained using each method. We report the
mean and 2 standard errors over 20 trials. An N/A entry denotes that we did not
attempt to run a particular experiment (e.g., because the method does not support the
problem setting), whereas an OOM entry denotes that we attempted but the experiment
did not run due to scalability limitations. The three top-performing algorithms, with
respect to the final average MVaR HV regret in each experiment are highlighted using
best, second, third, respectively.

Algorithm GMM Constrained BC Disc Brake Penicillin Toy Problem GMM, M=4
(d, M, V, α) (2, 2, 0, 0.9) (2, 2, 1, 0.7) (4, 2, 4, 0.95) (7, 3, 0, 0.8) (1, 2, 0, 0.9) (2, 4, 0, 0.8)

Scale 1× 10−4 1× 101 1× 100 1× 104 1× 100 1× 10−3

Sobol 65.37 (±10.23) 3.12 (±0.36) 19.39 (±1.35) 1.68 (±0.05) 2.38 (±0.27) 7.39 (±1.35)
qNParEGO 21.54 (±7.68) 3.28 (±0.41) 19.10 (±1.83) 1.73 (±0.09) 4.69 (±0.78) 3.04 (±1.24)

qNEHVI 31.21 (±14.34) 5.16 (±0.76) 12.33 (±1.77) 1.65 (±0.12) 8.95 (±1.87) 3.66 (±1.47)
qNEHVI-RFF 30.54 (±12.13) 5.60 (±0.81) 17.11 (±1.97) 1.38 (±0.09) 5.97 (±0.77) 2.18 (±0.62)

Exp-qNParEGO 10.29 (±2.92) 2.73 (±0.77) 3.43 (±0.57) 1.52 (±0.10) 8.65 (±4.53) 2.12 (±0.47)
Exp-NEHVI-RFF 13.83 (±5.95) 1.23 (±0.05) 1.02 (±0.05) 1.46 (±0.06) 2.09 (±0.13) 1.90 (±0.50)

MARS-NEI 1.45 (±0.12) 0.70 (±0.04) 2.96 (±0.13) 1.06 (±0.09) 0.86 (±0.05) 0.88 (±0.05)
MARS-TS 0.92 (±0.07) 0.85 (±0.05) 3.20 (±0.21) 1.49 (±0.05) 1.02 (±0.08) 1.00 (±0.06)

MARS-UCB 26.69 (±3.28) N/A N/A 1.77 (±0.01) 1.24 (±0.10) 2.61 (±0.64)
MVaR-NEHVI 0.57 (±0.01) N/A 1.02 (±0.04) N/A 1.76 (±0.15) N/A

MVaR-NEHVI-RFF 0.64 (±0.03) 0.57 (±0.02) 1.92 (±0.06) OOM 0.87 (±0.07) OOM

As discussed in Section 3.6 and detailed in Appendix 3.D, MVaR can be

optimized using qNEHVI based methods. However, this comes with serious

computational challenges, some of which are eased if we use qNEHVI with RFF

draws. In this section, we present results comparing MARS-NEI with Exp-

NEHVI-RFF and MVaR-NEHVI-RFF using the test problems from the main
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text. MVaR-NEHVI was also ran on two of the problems to provide a point of

reference for its performance. In addition, we present both the standard qNEHVI,

which uses GPs, as well as its RFF counterpart as a reference point on how the

use of RFFs affects the performance of the methods on a given problem.
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Figure 3.I.3: A comparison of the methods from evaluated in the main text with
additional qNEHVI-based methods: NEHVI-RFF, Exp-NEHVI-RFF, MVaR-NEHVI,
and MVaR-NEHVI-RFF.

Figure 3.I.3 and Table 3.I.2 show that although there are instances where

qNEHVI methods outperform MARS-NEI, MARS-NEI remains competitive

throughout. We see that qNEHVI and its RFF counterpart are competitive,

without a clear winner across problems. The expectation qNEHVI outperforms

the expectation qNParEGO in all but one problem, highlighting the benefit

of using a method that aims to directly maximize the hypervolume in an MO

setting. Lastly, it is worth highlighting that the MVaR-NEHVI-RFF is not
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reported for the Penicillin problem, which is due to the scalability limitations

of IEP (discussed in Appendix 3.D), preventing the hypervolume improvement

computations from running with the available GPU memory. See Appendix 3.I.1

for additional experiments comparing qNEHVI based methods.

3.I.3 Comparison of Methods Optimizing MVaR

In Figure 3.I.4 and Table 3.I.2, we present results from the test problems from the

main text showing the performance of all acquisition functions that we proposed

for optimizing MVaR. Results for additional problems comparing are presented

in Appendix 3.I.1. We observe that MVaR-NEHVI-RFF is a reasonably cheap

method (see Table 3.H.1 for runtimes) that performs quite well on smaller problem

instances. However, in larger problem instances where the size of the MVaR set

is large (> 10) it starts running into scalability limitations and no-longer works.

Among the class of MARS methods, we find that MARS-NEI consistently performs

quite well, with MARS-TS being a close second and a slightly cheaper alternative.

On the other hand, MARS-UCB proves to be not as reliable, performing worse

than non-robust methods in some problems. We attribute this to its fundamental

reliance on the parameter ζ(i)
n+1, which would have to be tuned on a problem

by problem basis to optimize its performance. In light of all the results, we

recommend MARS-NEI as a broadly applicable and high performing method

for optimizing MVaR, and recommend MVaR-NEHVI-RFF as an alternative

when the size of the MVaR set is small.

3.I.4 Parallel Evaluations

In Table 3.I.3, we present results demonstrating the effect of varying batch size on the

optimization performance of MARS-NEI and MVaR-NEHVI-RFF. As expected,

the results show that the performance of both algorithms degrade as the batch size

increases. Interestingly, the degradation is rather minimal for MARS-NEI, while

the effects of increasing batch size seem to be rather significant for MVaR-NEHVI-

RFF. We see that MVaR-NEHVI-RFF underperforms all versions of MARS-NEI
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Figure 3.I.4: A comparison of the methods from evaluated in the main text with
additional methods for optimizing MVaR: MARS-TS, MARS-UCB, MVaR-NEHVI-
RFF, and MVaR-NEHVI.

even with a batch size of 2. In addition, there are fewer results presented for MVaR-

NEHVI-RFF, which is due to the hypervolume improvement computations using

IEP running into scalability limits (recall that IEP scales exponentially in the size of

the joint MVaR set of the current batch of candidates). These results make a strong

case for using MARS-NEI whenever one wished to evaluate candidates in parallel.

3.I.5 Effect of Noise Level

The location of robust designs on a problem depends on many factors, including the

magnitude of the input noise. In the edge case where there is no input noise present,

the robust designs will be the same as the nominal Pareto optimal designs. As the

magnitude of the input noise increases, the robust designs may start to deviate from

the nominally optimal designs, with the exact behavior typically being unpredictable
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Table 3.I.3: Effect of the batch size on optimization performance. We report the final
MVaR HV regret and 2 standard errors from 20 trials. OOM denotes that the method
ran into scalability issues and did not run.

Algorithm 1D Toy Problem Constrained Branin-Currin
(d = 1,M = 2) (d = 2,M = 2, V = 1)

MARS-NEI, q = 1 0.86 (±0.05) 5.43 (±0.27)
MARS-NEI, q = 2 0.92 (±0.04) 5.20 (±0.21)
MARS-NEI, q = 4 0.92 (±0.07) 5.58 (±0.38)
MARS-NEI, q = 8 0.93 (±0.08) 5.59 (±0.41)

MVaR qNEHVI RFF, q = 1 0.87 (±0.07) 4.36 (±0.13)
MVaR qNEHVI RFF, q = 2 1.03 (±0.05) 6.16 (±0.36)
MVaR qNEHVI RFF, q = 4 1.21 (±0.07) OOM
MVaR qNEHVI RFF, q = 8 OOM OOM

and heavily dependent on the problem and noise structure. In Figure 3.I.5, we

present results on the GMM problem from the main text under various noise models,

demonstrating how the performance of the algorithms change in response to changes

in the noise model. The list of noise models considered in this study are as follows:

• Homoscedastic normal noise, std = 0.05: P (ξ) = N (µ = 0,Σ = 0.05I2).

• Homoscedastic normal noise, std = 0.10: P (ξ) = N (µ = 0,Σ = 0.10I2).

• Homoscedastic normal noise, std = 0.20: P (ξ) = N (µ = 0,Σ = 0.20I2).

• Heteroscedastic normal noise, std = 0.2X: P (ξ; x) = N (µ = 0,Σ = 0.2S)

with S = [x1, 0; 0, x2] is the 2× 2 matrix with the given entries.

• Correlated normal noise: P (ξ) = N (µ = 0,Σ = 0.001S) with S =

[2.5,−2;−2, 2.5].

• Multiplicative noise model from the main text: x ⋄ ξ := xξ′, where ξ′ ∼

N (µ = 1,Σ = 0.07I2).

We see that MARS-NEI consistently outperforms the alternatives, except for

the under homoskedastic noise with a large standard deviation of 0.2. In this

setting, the Exp-qNParEGO is slightly ahead, which is not too surprising since

the expectation and MVaR optimal designs happen to be in the same part of

the solution space under this noise model.
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Figure 3.I.5: The effect of different noise models on the GMM problem.

In addition to the GMM problem, the Constrained Branin Currin problem was

also ran under multiple noise models. Along with the heteroscedastic noise model

used in the main text, we also studied it using a simple homoscedastic noise model:

P (ξ) = N (µ = 0,Σ = 0.05I2). The plots for these are shown in Figure 3.I.6,

demonstrating that MARS performs consistently under both noise models.
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Figure 3.I.6: The effect of different noise models on the Constrained Branin Currin
problem.

3.I.6 Effect of the Number of Samples on Optimization
Performance

In a final side study, we analyze the effect of varying nξ on the optimization

performance of the acquisition functions optimizing expectation and MVaR. We

attempted to run the Constrained Branin Currin and Disc Brake experiments

with nξ ∈ {8, 16, 32, 64, 96, 128} and included the results of the algorithms that

successfully completed without running into scalability issues, such as getting

an out-of-memory error.
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Figure 3.I.7: Final MVaR hypervolume regret obtained using different nξ on Constrained
Branin-Currin and Disc Brake.

The results are shown in Figure 3.I.7. We see that the methods using GPs

(Exp-qNParEGO and MARS-NEI), do not scale beyond nξ = 64 due to the cubic
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complexity (with respect to the number of points and nξ) of posterior sampling

(see Appendix 3.D.2, the remaining methods avoid this issue since the RFF draws

are deterministic functions). Overall, the results for MVaR methods show that

too small of an nξ leads to poor performance, while increasing it much beyond

our default value of nξ = 32 does not yield any a significant benefit, at least in

these problems. On Constrained Branin-Currin, we observe that the performance

of the expectation methods degrade as nξ increases, which we attribute to these

methods becoming more proficient at differentiating the expectation and MVaR

optimal regions (which are not co-located), thus focusing their sampling away

from the MVaR optimal region.

3.J Efficient Methods for Computing MVaR

Before going into the discussion, we note that the this section presents the MVaR

computation for a random variable to be minimized. This simplifies the discussion

by enabling the use of common terms such as CDF and quantile, since the

MVaR, as originally defined in Prèkopa [2012], corresponds to the α quantile

of a random variable to be minimized. In the maximization setting studied in

this paper, the MVaR, as defined in Definition 3.5.2, can be computed by first

computing the MVaR of the negative of the random variable, as discussed here,

then negating the result.

The existing algorithms for computing the MVaR (e.g., those presented by

Prèkopa [2012]) presume the availability of a cheap to evaluate CDF of the random

variable of interest. In the general setting we consider, with f being an arbitrary

function, such as a sample path of the GP, the random variable f(x ⋄ ξ) (induced

by ξ ∼ P (ξ)) does not admit a known CDF. Thus, to compute a QMC estimate

of MVaR, we first need to compute the empirical CDF corresponding to the

QMC samples of f(x ⋄ ξ).

Computing the empirical CDF of a random variable is a conceptually simple

operation. All we need to do is to count the number of samples that are dominated

by a given point and divide that by the total number of samples. Keeping all
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other objectives constant, the empirical CDF can be seen as a step function over

the domain of the given objective that changes its value only at the points that

correspond to one of the sample values of that objective. Since there are nξ samples,

ignoring the possibility that some samples may have equal value for some objectives,

this defines an M -dimensional grid with nξ points on each dimension, on which

the empirical CDF can change its value. Thus, to fully compute the empirical

CDF, we need to compute the number of samples that dominate a grid of nM
ξ

points, at a cost of O(M) comparison per point, leading to a total O(nM
ξ M) cost

for computing the empirical CDF.

Once the empirical CDF is computed, the MVaR set can easily be computed

by taking the Pareto set of the points on the grid with a CDF greater than or

equal to α. This part of the computation, fortunately, has a lower complexity

than the CDF computations.

A careful reader might have noticed that the MVaR (in the minimization

setting) is bounded from below by the independent VaR of each objective and

bounded from above by the maximum value observed for that given objective. We

can leverage this fact to lower the cost of computing MVaR significantly. Instead

of considering the full grid of nM
ξ points, we can only compute the empirical CDF

for the grid formed by the objective values that exceed the independent VaR of

each objective, of which there are (1 − α)nξ, reducing the complexity of MVaR

computations to O((1 − α)MnM
ξ M).

Within our code base, we provide two implementations for computing MVaR.

One implementation is geared towards batched calculations with small to moderate

nξ, and the other is geared towards less memory intensive calculations with large

nξ. Both utilize efficient vectorized computations to exploit modern computing

hardware. However, even with these highly optimized implementations, computing

MVaR can easily become a bottleneck in a BO method, since MVaR has to be

computed many times during acquisition optimization. Thus, the methods for

direct optimization of MVaR that we present can still be prohibitively expensive

unless the objective evaluations are significantly expensive.
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3.K Multivariate Extensions of CVaR

CVaR is another popular risk measure that is commonly used with univariate

random variables [Rockafellar and Uryasev, 2002]. Similar to VaR, it has also been

extended to the multi-variate case by various authors (e.g., Cousin and Di Bernardino

[2014] and Meraklı and Küçükyavuz [2018]). However, these extensions in general

do not admit a natural interpretation, whereas MVaR provides interpretable

objective specifications that the objectives (under input noise) for a given design

will meet with high-probability.



Endnote

Goal in Robust Multi-Objective Optimization

In this work, we formulated the problem as identifying the global MVaR set, which

is akin to a union of robust Pareto frontiers. However, this is not the only way

to formulate the problem of robust multi-objective optimization. For example,

if the decision-maker knows their preferences in advance and can specify those

preferences mathematically, then it could be advantageous to directly incorporate

that prior knowledge. For example, if a decision maker can express their preferences

as a linear combination of the objectives, then optimizing the VaR of that linear

scalarization is a more targeted robust optimization approach. Consider the case

where there are two objectives and f(x1 ⋄ ξ) = (0, 0) with probability 0.5 and

f(x1 ⋄ ξ) = (1, 0) with probability 0.5. Let f(x2 ⋄ ξ) = (0, 0) with probability

0.5 and f(x2 ⋄ ξ) = (0, 1) with probability 0.5. Then, given a reference point

dominated by (0,0), the MVaR sets of x1 and x2 have equivalent hypervolumes

and neither design is strictly better than the other in the absence of preferences.

This problem is true of multi-objective optimization in general: if preferences are

known, typically it will be advantageous to exploit them.

In the case where the decision maker’s preferences are not known a priori, there

are alternative ways of combining the MVaR sets of multiple designs beyond the

union operator considered in this work. For example, convex-mixing of strategies

and stochastic strategy sampling could be interesting avenues for further work.

Parameters in Real World Problems

For the real world problems, we chose α to be a reasonable value that was not too

close to 1. As α approaches 1 or 0, the VaR becomes challenging to approximate
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via Monte Carlo due to its dependence on low-probability events. The noise levels

for the Disc Brake problem come from Emch and Parkinson [1994], since we are

not domain experts in this application. For the penicillin problem, we chose the

input noise levels in order to create the problem for benchmarking purposes.

Plots

Unless specified otherwise, all plots (including those in the appendix) report and

mean and 2 standard errors of the mean over 20 replications.

Errata

In Section 3.6, the statement “The shaded region in right plot in Figure 3.2 illustrates

the region that dominates z” should read “The shaded region in the right plot in

Figure 3.2 illustrates the region that dominates z”.
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4.1 Abstract

Many real world scientific and industrial applications require optimizing multiple

competing black-box objectives. When the objectives are expensive-to-evaluate,

multi-objective Bayesian optimization (BO) is a popular approach because of its

high sample efficiency. However, even with recent methodological advances, most

existing multi-objective BO methods perform poorly on search spaces with more

than a few dozen parameters and rely on global surrogate models that scale cubically

with the number of observations. In this work we propose MORBO, a scalable

method for multi-objective BO over high-dimensional search spaces. MORBO

identifies diverse globally optimal solutions by performing BO in multiple local

regions of the design space in parallel using a coordinated strategy. We show

that MORBO significantly advances the state-of-the-art in sample efficiency for

several high-dimensional synthetic problems and real world applications, including

an optical display design problem and a vehicle design problem with 146 and 222

parameters, respectively. On these problems, where existing BO algorithms fail to

scale and perform well, MORBO provides practitioners with order-of-magnitude

improvements in sample efficiency over the current approach.
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4.2 Introduction

The challenge of identifying optimal trade-offs between multiple complex objective

functions is pervasive in many fields, including machine learning [Sener and Koltun,

2018], science [Gopakumar et al., 2018], and engineering [Marler and Arora, 2004,

Mathern et al., 2021]. For instance, Mazda recently proposed a vehicle design

problem in which the goal is to optimize the widths of 222 structural parts in

order to minimize the total weight of three different vehicles while simultaneously

maximizing the number of common gauge parts [Kohira et al., 2018]. Additionally,

this problem has 54 black-box constraints that enforce important performance

requirements such as collision safety. Evaluating a design requires either crash-

testing a physical prototype or running computationally demanding simulations. In

fact, the original problem was solved on what at the time was the world’s fastest

supercomputer and took around 3,000 CPU years to compute [Oyama et al., 2017].

Another example is designing optical components for AR/VR applications, which

requires optimizing complex geometries described by hundreds of parameters in

order to identify designs that yield optimal trade-offs between image quality and

efficiency of the optical device. Evaluating a design involves either fabricating and

measuring prototypes or running computationally intensive simulations. For such

problems, sample-efficient optimization is paramount.

Bayesian optimization (BO) has emerged as an effective, general, and sample-

efficient approach for “black-box” optimization [Jones et al., 1998] and is highly

effective for machine learning hyperparameter tuning [Turner et al., 2021]. However,

in its basic form, BO is subject to important limitations. In particular, (i) successful

applications typically consider low-dimensional search spaces, usually with less

than 20 tunable parameters [Frazier, 2018], (ii) inference with the typical Gaussian

Process (GP) surrogate models incurs cubic time complexity with respect to the

number of data points, which prevents usage in the large-sample regime that is

often necessary for high-dimensional problems, and (iii) most methods focus on

single objective unconstrained problems. As a result, BO cannot easily be applied

to either of the aforementioned Mazda vehicle design or the AR/VR optical design
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problems. Moreover, high dimensional multi-objective problems requiring sample-

efficient optimization are prevalent in many real-world settings such as groundwater

remediation [Akhtar and Shoemaker, 2015], cell network configuration [Dreifuerst

et al., 2021], and water resource management [Bai et al., 2017]. The state-of-the-

art approach for this class of problems is NSGA-II [Deb et al., 2002], a popular

evolutionary strategy, but with poor sample-efficiency, which hinders the progress

of the scientists running these experiments.
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Figure 4.2.1: An illustration of MORBO on: 2-objective benchmark problem with 2
parameters and 2 constraints called MW7 [Ma and Wang, 2019] with 3 TRs. The left-
most plot illustrates how MORBO’s center selection technique centers the TRs at Pareto
optimal points across different parts of the Pareto frontier. This encourages MORBO to
explore diverse parts of the Pareto Frontier, which is important to identifying the multiple
disconnected regions on this MW7 problem. The three right-most plots illustrate the
TRs over the design space along with contours of, respectively, the 2 objective metrics
and the feasibility metric indicating whether all black-box constraints are satisfied. Note
that the TRs overlap with one another and contain data points that were collected by
other TRs. Hence, sharing observations collected by different TRs provides local models
with more observations than if each local model were only fitted to data collected by its
corresponding TR.

In this paper, we close this gap by making BO applicable to challenging high-

dimensional multi-objective problems. To do so, we propose an algorithm called

MORBO (“Multi-Objective Regionalized Bayesian Optimization”) that optimizes

diverse parts of the global Pareto frontier in parallel using a coordinated set of

local trust regions (TRs). As shown in Figure 4.2.1 (left), TRs are located at

different solutions with diverse trade-offs between objectives. MORBO performs

local BO in each TR to mitigate over-exploration, a phenomenon that plagues

many algorithms in high-dimensional settings [Eriksson and Poloczek, 2021]. To

enable scaling to large evaluation budgets, MORBO leverages local GP surrogate
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models of the objective function, which reduces the time complexity for GP

inference from O(n3), where n is the number of data points, to O(n3
T ), where

nT ≪ n is the number of local data points for a TR T . To facilitate efficient and

collaborative global optimization, MORBO passes information between TRs in

the following two ways: (1) Observations collected by one TR are shared with

the others—which is particularly important when the TRs overlap as shown in

Figure 4.2.1, (2) MORBO selects a batch of candidates by leveraging the TRs to

collaboratively maximize a global utility. To ensure efficient global optimization,

MORBO terminates under-performing TRs and allocates new TRs according to

a global policy with a theoretical performance guarantee—a property that sets

MORBO apart from most existing methods.

The significance of MORBO is that it is the first multi-objective BO method

that scales to hundreds of tunable parameters and thousands of evaluations, a

setting where practitioners have previously had to fall back on alternative methods

with much lower sample-efficiency, such as NSGA-II. Our comprehensive evaluation

demonstrates that MORBO yields order-of-magnitude savings in terms of time and

resources compared to state-of-the-art methods on challenging high-dimensional

multi-objective problems.

4.3 Background

4.3.1 Preliminaries
Multi-Objective Optimization

In multi-objective optimization (MOO), the goal is to maximize (without loss of

generality) a vector-valued objective function f(x) = [f (1)(x), ..., f (M)(x)] ∈ RM ,

where M ≥ 2 while satisfying black-box constraints g(x) ≥ 0 ∈ RV where V ≥ 0,

x ∈ X ⊂ Rd, and X is a compact set. Usually, there is no single solution x∗ that

simultaneously maximizes all M objectives and satisfies all V constraints. Hence,

objective vectors are compared using Pareto domination.
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Definition 4.3.1. An objective vector f(x) Pareto-dominates f(x′), denoted as

f(x) ≻ f(x′), if f (m)(x) ≥ f (m)(x′) for all m = 1, ...,M and there exists at least

one m ∈ {1, . . . ,M} such that f (m)(x) > f (m)(x′).

Definition 4.3.2. The Pareto frontier (PF) is the set of optimal trade-offs P(X)

over a set of designs X ⊆ X :

P(X) = {f(x) : x ∈ X, ∄ x′ ∈ X s.t. f(x′) ≻ f(x)}

Under black-box constraints, the feasible Pareto frontier is defined as Pfeas(X) =

P({x ∈ X : g(x) ≥ 0}).

The goal of a MOO algorithm is to identify an approximate PF P(Xn) of the

true PF P(X ) within a pre-specified budget of |Xn| = n function evaluations. The

quality of a PF is often evaluated using the hypervolume (HV) indicator.

Definition 4.3.3. The hypervolume indicator, HV(P(X)|r) is the M -dimensional

Lebesgue measure λM of the region dominated by P(X) and bounded from below

by a reference point r ∈ RM .

The reference point is typically provided by the practitioner based on domain

knowledge [Yang et al., 2019]. MOO problems are often addressed using evolutionary

algorithms (EA) such as NSGA-II [Deb et al., 2002]. However, EAs generally

suffer from high sample-complexity, rendering them inapplicable under small

evaluation budgets.

Bayesian Optimization

When high sample-efficiency is required, Bayesian optimization (BO) is a popular

approach [Frazier, 2018]. BO relies on a probabilistic surrogate model and an acqui-

sition function that uses the surrogate model to provide the utility of evaluating a set

of design points on the black-box function. The acquisition function is responsible

for balancing exploration and exploitation. In the multi-objective setting, a common

approach is to optimize random scalarizations of the objectives [Knowles, 2006, Paria

et al., 2020] using a single-objective acquisition function. A more principled approach



86 4.3. Background

is to directly optimize the Pareto frontier by selecting candidates with maximum

hypervolume improvement either in expectation under the GP posterior [Emmerich

et al., 2006] or using Thompson sampling (TS) [Bradford et al., 2018].

4.3.2 Related Work
Multi-objective Bayesian optimization

There have been many recent contributions to multi-objective BO, e.g., Kon-

akovic Lukovic et al. [2020], Daulton et al. [2020, 2022a], Bradford et al. [2018]), but

very few methods consider the high-dimensional setting and with large evaluation

budgets. All of these methods described below rely on global GP models. As a

result, these methods have mostly been evaluated on low-dimensional problems,

typically d ≪ 10 [Konakovic Lukovic et al., 2020, Bradford et al., 2018]. In the

multi-objective BO literature, the largest search space we have found consists of

27 parameters [Paria et al., 2020]. Nevertheless, for completeness we review multi-

objective BO methods that support generating large batches of designs. DGEMO

[Konakovic Lukovic et al., 2020] uses a hypervolume-based objective with heuristics

to encourage diversity while exploring the PF.

Parallel expected hypervolume improvement (qEHVI) [Daulton et al., 2020] has

strong empirical performance, but its computational complexity scales exponentially

with the batch size. qNEHVI [Daulton et al., 2021] improves scalability with

respect to the batch size, but like DGEMO and qEHVI, qNEHVI has only been

evaluated on low-dimensional search spaces. TSEMO [Bradford et al., 2018]

optimizes approximate GP function samples using NSGA-II and uses a hypervolume-

based objective for selecting a batch of points from the NSGA-II population.

ParEGO [Knowles, 2006] and TS-TCH [Paria et al., 2020] use random Chebyshev

scalarizations with parallel expected improvement [Jones et al., 1998] and Thompson

sampling—where a design is sampled with probability proportional to a design

being optimal [Thompson, 1933]—respectively. ParEGO has been extended to the

batch setting in various ways including: (i) MOEA/D-EGO [Zhang et al., 2010], an

algorithm that optimizes multiple scalarizations in parallel using MOEA/D [Zhou
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et al., 2012], and (ii) qParEGO [Daulton et al., 2020], which uses composite

objectives with sequential greedy batch selection under different scalarization weights.

Information-theoretic methods, e.g., Hernandez-Lobato et al. [2016], Suzuki et al.

[2020] have also garnered recent interest.

LaMOO [Zhao et al., 2022] is a recent work that partitions the search space

into “good” and “bad” regions and samples new designs from “good” regions

using qEHVI or CMA-ES [Hansen, 2007]. However, LaMOO-qEHVI relies on

global GPs and is therefore prohibitively time-consuming with large evaluation

budgets. In addition, the authors propose to use rejection sampling to enforce

that samples are from the, typically non-rectangular, “good” region, but rejection

sampling is prohibitively time-consuming in high-dimensional search spaces (see

Appendix 4.D.1 for further discussion).

High-dimensional Bayesian optimization

Two popular approaches for high-dimensional BO are (1) mapping the high-

dimensional inputs to a low-dimensional space via a random embedding [Wang

et al., 2016b, Munteanu et al., 2019, Letham et al., 2020] and (2) exploiting

additive structure [Kandasamy et al., 2015a, Gardner et al., 2017]. However, both

families of methods require strong assumptions on the structure of the problem

(low-dimensional linear or additive structure, respectively), and often perform

poorly if the assumptions do not hold [Eriksson and Jankowiak, 2021]. This is

especially problematic when optimizing multiple objectives since all objectives need

to have the same assumed structure, which is unlikely in practice. Eriksson and

Jankowiak [2021] leverage a weaker assumption that the objective only depends on

a small subset of the parameters and Eriksson et al. [2021] extended this approach

to the multi-objective setting, but this approach requires using computationally-

demanding Markov Chain Monte Carlo methods for fitting the model, which is

only feasible in the small data regime.
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Trust Region Bayesian Optimization

Another popular method for high-dimensional BO is TuRBO [Eriksson et al., 2019],

which performs BO in local trust regions (TRs) to avoid over-exploration. In

contrast with [Zhao et al., 2022] which uses non-rectangular “good” regions, TuRBO

uses hyperrectangular TRs, where each TR T has a center point xcenter and an

edge-length L ∈ [Lmin, Lmax]. Each TR maintains success and failure counters that

record the number of consecutive samples generated from the TR that improved

or failed to improve (respectively) the objective. If the success counter exceeds a

predetermined threshold τsucc, the TR length is increased to min{2L,Lmax} and the

counter is reset to zero. Similarly, after τfail consecutive failures the TR length is set

to L/2 and the failure counter is set to zero. Finally, if the length L drops below a

minimum edge length Lmin, the TR is terminated and a new TR is initialized.

In contrast with aforementioned methods, TuRBO makes no strong assumptions

about the objectives. Although TuRBO has been extended to handle black-box

constraints [Eriksson and Poloczek, 2021], to our knowledge, all existing TR-based

BO methods target single-objective optimization. In addition, TuRBO does not pass

information between TRs, which results in an inefficient use of the evaluation budget;

these methods have not observed significant improvement from using multiple TRs.

Lastly, even though optimization is restricted to a local TR, TuRBO fits GP models

to the entire history of data collected by a single TR which can lead to poor

scalability in settings where TRs restart infrequently.

4.3.3 Issues with Scalarized TuRBO

Since ParEGO is a well-established method (in low-dimensional settings) that

optimizes random Chebyshev scalarizations, a reasonable approach would be to

extend TuRBO to the MOO setting by using multiple TRs in parallel where each TR

optimizes a different random Chebyshev scalarization of the objectives. However,

as we demonstrate in the left subplot of Figure 4.3.1, this approach results in a

PF with very poor coverage. This is because a single scalarization is used for the

lifetime of each TR in order to maintain a stable objective. Optimizing a single
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scalarization per trust region often leads to better solutions with respect to that

scalarization than optimizing the entire PF using a hypervolume-based acquisition

functions, which requires exploration of different objective trade-offs. However, if

TRs are not restarted frequently (e.g. because TuRBO continues to find better

solutions with respect to that scalarization), only a small number of scalarizations

will be used, which can lead to poor coverage of the PF. As shown in Figure 2,

we observe that MORBO yields PFs with better coverage (diversity of trade-offs).

In addition, the TRs in TuRBO are independent; they do not pass information

about evaluated designs and observations, and they do not collaboratively aim

to optimize the global PF—rather, they act in isolation to optimize their own

objectives. Together, this leads to an inefficient use of the sample budget.
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Figure 4.3.1: Objective values achieved on a 2-objective DTLZ2 function with d = 100
after 600 evaluations, batch size 50, and 3 TRs. The scatter plot illustrates the search
behavior. The grey circles indicate the initial space-filling design, which is the same for
both methods. The other marker shapes and colors indicate which of the 3 TRs obtained
a given solution. The black line indicates the approximate Pareto frontier identified by
each method. (Left) A straightforward extension of TuRBO where each TR optimizes a
random Chebyshev scalarization of the objectives does not explore the trade-offs between
the objectives because the TRs are rarely terminated under this approach, which leads
only a few scalarizations being used. (Center) In contrast, MORBO employs a center
selection strategy that actively targets under-explored regions of the Pareto frontier and
uses a hypervolume-based acquisition function that is known to reward to high quality
Pareto frontiers [Zitzler et al., 2003, Couckuyt et al., 2014, Yang et al., 2019] and explores
the entirety of the PF. (Right) MORBO can discover disconnected regions of global PF
on the MW7 function (d = 10, with 2 constraints) by using 5 TRs to locally optimize
disjoint regions of PF collaboratively, in parallel. This is stark contrast with TuRBO with
Chebyshev scalarizations which the left plot shows yield approximate Pareto frontiers
with poor coverage and diversity, even when the true PF is connected and simple.
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4.4 MORBO

We now introduce MORBO, a collaborative multi-TR approach for constrained

high-dimensional multi-objective BO. Rather than following TuRBO’s approach of

employing multiple independent TRs, MORBO shares observations across TRs to

provide each TR with all available information about the objectives and constraints

relevant for local optimization in the TR. Moreover, MORBO further departs from

TuRBO by (1) selecting TR center points in a coordinated fashion to encourage

identifying Pareto frontiers with good coverage, (2) choosing new candidate designs

by collaboratively optimizing a shared global utility, and (3) employing local models

to reduce computational complexity and improve scalability in large data regimes.

As shown in the center plot of Figure 4.3.1, MORBO identifies a high quality

PF with much better coverage than the aforementioned simple TuRBO extension.

For the remainder of this section, we describe the core components of MORBO,

which are also summarized in Algorithm 1.

4.4.1 Collaborative Batch Selection via Global Utility Max-
imization

Maximizing hypervolume improvement (HVI) has been shown to produce high-

quality and diverse PFs [Emmerich et al., 2006]. Given a reference point, the

hypervolume improvement from a set of points is the increase in HV when

adding these points to the previously selected points. Expected HVI (EHVI) is a

popular acquisition function that integrates HVI over the GP posterior. However,

maximizing EHVI directly requires re-computing the GP posterior and sampling

from it in each gradient step, which becomes prohibitively slow as the number of

objectives (and constraints) and in-sample data points increases.

To allow scalability to large batch sizes q, we instead use Thompson sampling

(TS) to draw q posterior samples from the GP and optimize HVI under each

realization. This approach can be viewed as a single-sample approximation of EHVI

[Daulton et al., 2021]. We select q points x1, ...,xq for the next batch in a sequential

greedy fashion and condition upon the previously selected points in the batch by
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Algorithm 1 Summary of MORBO
input Objective functions f , Number of trust region nTR, Initial trust region length

Linit, Maximum trust region length Lmax, Minimum trust region length Lmin.
output Approximate Pareto frontier Pn

1: Evaluate an initial set of points and initialize the trust regions T1, ..., TnTR using
the center selection procedure described in Section 4.4.2 and mark center points
as unavailable for other trust regions.

2: X0 ← ∅, Y0 = ∅, t← 1
3: while budget not exhausted do
4: Fit a local model within each trust region.
5: Select q candidates using the sequential greedy HVI procedure described in

Section 4.4.1.
6: Evaluate candidates on the true objective functions and obtain new observa-

tions.
7: for j = 1, ..., nTR do
8: Update trust regions with new observations as described in Section 4.4.
9: Increment success/failure counters as described in Section 4.4 for observa-

tions from Tj.
10: Update edgelength Lj for Tj.
11: if Lj < Lmin then
12: Terminate Tj.
13: Fit GP to restart points Dt−1 = (Xt−1, Yt−1): ft−1 ∼ P (f |Dt−1).
14: Sample λ ∼ SM−1

+ and f̃t−1 ∼ P (f |Dt−1), where SM−1
+ = {w ∈ RM

+ :
||w||2 = 1}.

15: xt ← arg maxx∈X sλ[f̃t−1(x)], where sλ[y] = minm(max( ym

λm
, 0))M and ·i

denotes the ith element.
16: Evaluate xt on the objective functions and obtain new observation yt.
17: Reinitialize Tj with edgelength Linit centered at the xt.
18: Set Xt ← Xt−1 ∪ {xt}, Yt ← Yt−1 ∪ {yt}, t← t+ 1.
19: end if
20: Update center to the available point with maximum HVC (globally if Tj

was terminated otherwise within Tj).
21: end for
22: end while

computing the HVI with respect to the current PF P . In particular, to select the

ith point from a set of r candidate points x̂1, . . . , x̂r we draw a sample from the

joint posterior over f({x1, . . . ,xi−1} ∪ {x̂1, . . . , x̂r}), which yields the realization

{f̃(x1), . . . , f̃(xi−1), f̃(x̂1), . . . , f̃(x̂r)}. We select the ith point as the candidate

point that maximizes the HVI jointly with the realizations f̃(x1), . . . , f̃(xi−1) of the

previously selected points as shown in Figure 4.A.1. Conditioning on the previously



92 4.4. MORBO

selected points and computing the HVI under a sample from the joint posterior

over the previously selected points and the discrete set of candidates leads to more

diverse batch selection compared to selecting each point independently. Moreover,

this approach effectively lets TRs collaboratively maximize the global HVI utility

function. Using this global utility, an individual TR considers the iteration a success

if at least one proposed candidate improves the global HV and a failure otherwise.

Another benefit of HV-based acquisition functions is that they naturally provide

utility values for set of points, which enables the TRs to target different parts of

the PF. This is particularly appealing in settings where the PF may be disjoint

or may require exploring different parts of the search space. As shown in the

right plot of Figure 4.3.1, MORBO recovers diverse regions of a disconnected PF.

Lastly, we note that this batch selection strategy also allows to straightforwardly

implement fully asynchronous optimization, where evaluations are dispatched to

different “workers” and new candidates are generated whenever there is capacity in

the worker pool. In the asynchronous setting, success/failure counters and TRs can

be updated after every q observations are received, and intermediate observations

can immediately be used to update the local models.

4.4.2 Coordinated Trust Region Center Selection

In (constrained) single-objective optimization, previous work centers the local TR

at the best (feasible) observed point. However, in the multi-objective setting, there

is typically no single best solution. Assuming noise-free observations, MORBO

selects the center to be the feasible point on the PF with maximum hypervolume

contribution (HVC) [Beume et al., 2007, Loshchilov et al., 2011]. If there is no

feasible point, MORBO chooses the point with the smallest total constraint violation

(see Appendix 4.B for details on center selection with constraints). Given a reference

point, the HVC of a point on the PF is the reduction in HV if that point were

to be removed; that is, the HVC of a point is its exclusive contribution to the PF.

Centering a TR at the point with maximal HVC collected by that TR promotes

coverage across the PF, as points in crowded regions will have lower contribution.
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MORBO selects TR centers based on their HVCs in a sequential greedy fashion,

excluding points that have already been selected as the center for another TR.

4.4.3 Local Modeling

Most BO methods use a single global GP model, often with a stationary kernel

(e.g. Matérn-5/2) using automatic relevance determination (ARD) fitted to all

observations collected so far. While a global model is necessary for most BO

methods, MORBO only requires each model to be accurate within the corresponding

TR. To increase scalability, we employ local modeling where we only include the

observations contained within a local modeling hypercube with edge length 2L.

The motivation for using the observations from a slightly larger hypercube is to

improve the model close to the TR boundary.

In previous trust region BO works [Eriksson et al., 2019, Eriksson and Poloczek,

2021, Wan et al., 2021], each TR uses a GP that is fitted to the all observations

collected by that TR (rather than only a set of local observations in or near the TR),

which leads to scalability issues due to the cubic time complexity of GP inference

if the TR collects many observations. In addition, fitting a GP solely to data

collected by a single TR ignores observations collected by other TRs and makes

inefficient use of the sampling budget. In contrast, MORBO shares observations

across TRs and employs local models, where models are fit to all observations within

a hypercube with edge length 2L. This significantly reduces the computational cost

since exact GP fitting scales cubically with the number of data points. Under limited

assumptions on the distribution of data across TRs, using local models results in

speedups of O(n2
TR/η

3), where η is the average number of TR modeling spaces a data

point resides in. Empirically, we demonstrate (see Figure 4.E.1 in Appendix 4.F)

that η < 1 as the optimization progresses and the TRs shrink, and we find that this

translates into speedups of two orders of magnitude relative to global modeling as

shown in Appendix 4.F.2. See Appendix 4.E for more details on the complexity.



94 4.5. Theoretical Analysis

4.4.4 Re-initialization Strategy

Although MORBO performs local optimization within a TR, we ensure global

optimization by re-initializing TRs using a principled technique based on hyper-

volume scalarizations [Zhang and Golovin, 2020]. A HV scalarization is defined

as sλ[y] = minm(max( ym

λm
, 0))M , where ·m denotes the mth component [Zhang and

Golovin, 2020]. Let Dt−1 = (Xt−1, Yt−1) be the set of previous re-initialization

(restart) points Xt−1 = {xi}t−1
i=1 and corresponding observations Yt−1 = f(Xt−1),

where X0 = ∅ and Y0 = ∅. Given Dt−1, we determine the center point xt of the new

TR by maximizing a random HV scalarization of the objectives under a posterior

sample from a global GP posterior conditioned on Dt−1: f̃ ∼ P (f |Dt−1). This

ensures that TRs are initialized in diverse parts of the objective space and yields

a global optimization performance guarantee (Section 4.5).

4.5 Theoretical Analysis

We analyze the performance of MORBO in terms of its cumulative HV regret. The

instantaneous HV regret R(Pt) after t TR restarts is defined as the difference in

HV dominated by the true Pareto frontier P∗ and the approximate Pareto frontier

Pt: R(Pt) = HV(P∗) −HV(Pt). The (cumulative) HV regret after T restarts is

the sum of the instantaneous regret over all restarts: RT = ∑T
t=1 R(Pt). First, we

show that a TR will only evaluate a finite number of samples before restarting.

Lemma 4.5.1. Let f ∈ [0, B]M , and assume that MORBO only considers a newly

evaluated sample to be an improvement (for updating the corresponding TR’s success

and failure counters) if it increases the HV by at least δ ∈ R+ and assume that

success counter threshold τsucc = ∞.1 Then each TR will only evaluate a finite

number of samples.

The proof is given in Appendix 4.C. Having established that TRs only evaluate a

finite number of designs, we now bound the hypervolume regret with respect

to the number of restarted TRs. The bound leverages the kernel-dependent
1As stated in Appendix 4.D, we use τsucc =∞ in all of our experiments.
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maximum information gain γT —which measures the decrease in uncertainty after T

observations —and is commonly used to analyze regret in BO [Srinivas et al., 2010].

Theorem 4.5.1. Let f ∈ [0, B]M for B > 0 and let each component f (m) for

m = 1, ...,M follow a Gaussian distribution with marginal variances σ ≤ 1 and

independent observation noise ϵm ∼ N (0, σ2
m) such that σ2

m ≤ σ2 ≤ 1. Let Pt denote

the Pareto frontier over f(Xt), where Xt is the set of TR re-initialization points

after t TRs have been restarted. Suppose further that the conditions of Lemma 4.5.1

hold. Then, the cumulative hypervolume regret RT of MORBO after T restarts is

bounded by:

RT ≤M2(
√

2eπB/2)M
√
dγTT ln(T ).

Up to logarithmic terms, this regret bound is on the order of Õ(
√
T ). This

bound is significant because, to our knowledge, Zhang and Golovin [2020] is the only

other work to bound the HV regret of multi-objective BO algorithms. This makes

MORBO the first sample-efficient large-scale, MOO algorithm with bounded regret.

The proof, given in Appendix 4.C, leverages the hypervolume regret bound from

Zhang and Golovin [2020]. However, our regret bound is with respect to the number

of restart points (rather than evaluations)—a difference that can be viewed as a

cost of focusing on large-scale problems which BO with global GPs cannot address.

Moreover, our regret analysis in terms of the number of restarts is similar to the

convergence guarantees of gradient-based TR optimization methods [Yuan, 1999]

and can be viewed as a multi-objective analogue of the performance guarantees of

recent single-objective BO-based TR methods [Wan et al., 2021].

4.6 Experiments

We evaluate MORBO on an extensive suite of benchmarks with various numbers

of input parameters (d), objectives (M), and constraints (V ). In Appendix 4.F.1,

we consider a vehicle (d = 5) and a welded beam (d = 4, V = 4) design problem

to show that MORBO is competitive with other algorithms on problems it was

not designed for. We consider three challenging real-world problems: a trajectory
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planning problem (d = 60), a problem of designing optical systems for AR/VR

applications (d = 146), and an automotive design problem (d = 222, V = 54) . In

addition, we evaluate MORBO on DTLZ3, DTLZ5, and DTLZ7 problems with

2/4 objectives (6 problems in total) in Appendix 4.F.

We compare MORBO to multi-objective BO methods (qNEHVI, qParEGO,

TS-TCH, TSEMO, DGEMO, MOEA/D-EGO), recent work leveraging search space

partitioning (LaMOO-CMAES, LaMOO-qNEHVI), a widely used evolutionary

algorithm (NSGA-II), and Sobol—a quasi-random baseline where designs are

sampled from a scrambled Sobol sequence [Owen, 2003] (see Appendix 4.D for

more details on the methods). MORBO is implemented using BoTorch [Balandat

et al., 2020] and the code will be made publicly available soon. We run all methods

for 20 replications and initialize them using the same quasi-random initial points for

each replication. We use the same hyperparameters for MORBO on all problems and

conduct analyze the sensitivity of MORBO to its hyperparameters in Figure 4.6.2.

See Appendix 4.D for details on the experiment setup. All experiments used a

Tesla V100 SXM2 GPU (16GB RAM).
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Figure 4.6.1: (Left) MORBO outperforms other methods on the trajectory planning
problem (d = 60). (Middle) Illustration of the results on the Optical design problem
(d = 146). NSGA-II performs better than the BO baselines but is not competitive with
MORBO. (Right) MORBO shows compelling performance on the Mazda vehicle design
problem (d = 222) with 54 black-box constraints. For all plots, we show the mean and
one standard error of the mean over 20 replications.



4. Multi-Objective Bayesian Optimization over High-Dimensional
Search Spaces 97

4.6.1 Large-Scale Real-World Problems

Trajectory Planning We consider a trajectory planning problem similar to the

rover trajectory planning problem considered in [Wang et al., 2018]. As in the

original problem, the goal is to find a trajectory that maximizes the reward when

integrated over the domain. The trajectory is determined by fitting a B-spline to 30

design points in the 2-objective plane, which yields a 60-dimensional optimization

problem. In this experiment, we constrain the trajectory to begin at the pre-specified

starting location, but we do not require it to end at the desired target location. In

addition to maximize the reward of the trajectory, we also minimize the distance

from the end of the trajectory to the intended target location. Intuitively, these two

objectives are expected to be competing because reaching the exact end location

may require passing through areas with lower associated reward. The results from

2,000 evaluations using batch size q = 50 and 200 initial points are presented in

Figure 4.6.1, which shows that MORBO performs the best and even state-of-the-art

methods such as qNEHVI do not out perform NSGA-II.

Optical design problem We consider the problem of designing an optical system

for an augmented reality (AR) see-through display. This optimization task has 146

parameters describing the geometry and surface morphology of multiple optical

elements in the display stack. Several objectives are of interest in this problem,

including display efficiency and display quality. Each evaluation of these metrics

requires a computationally intensive physics simulation that takes several hours

to run. In this benchmark, the task is to explore the Pareto frontier between

display efficiency and display quality (both objectives are normalized w.r.t. the

reference point). We consider 250 initial points, batch size q = 50, and a total

of 10,000 evaluations. This is out of reach for the other BO baselines due to

runtime considerations, and so we run qNEHVI, qParEGO, TS-TCH, TSEMO,

MOEA/D-EGO, for 2,000 evaluations and DGEMO for 1,000 evaluations. We

were only able to run LaMOO-CMAES for 7, 600 evaluations before it overflowed

GPU memory. Figure 4.6.1 shows that MORBO achieves substantial improvements
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in sample efficiency compared to NSGA-II. Furthermore, observe that no other

baselines are competitive with NSGA-II except in the very small sample regime

(less than 500 evaluations).
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Figure 4.6.2: We investigate the sensitivity of MORBO with respect to its hyperpa-
rameters. We observe that using multiple TRs performs significantly better than using a
single TR and that data-sharing and the use of a hypervolume based acquisition function
are important components of MORBO.

Mazda vehicle design problem We consider the 3-car Mazda benchmark

problem [Kohira et al., 2018]. This challenging MOO problem involves tuning 222

decision variables that represent the thickness of different structural parts. The goal

is to minimize the total vehicle mass of the three vehicles (Mazda CX-5, Mazda 6,

and Mazda 3) as well as maximizing the number of parts shared across vehicles.

Additionally, there are 54 black-box output constraints (evaluated jointly with the

two objectives) that enforce that designs meet performance requirements such as

collision safety standards. This problem is, to the best our knowledge, the largest

MOO problem considered by any BO method and requires fitting 56 GP models

to the objectives and constraints. The original problem underlying the Mazda

benchmark was solved on what at the time was the world’s fastest supercomputer

and took around 3,000 CPU years to compute [Oyama et al., 2017]. We consider a

budget of 10,000 evaluations using batches of size q = 50 and 300 initial points.

Figure 4.6.1 demonstrates that MORBO clearly outperforms the other methods.

A feasible design satisfying the black-box constraints was provided to all methods
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for all replications as part of the initial 300 design points. However, in subsequent

evaluations Sobol did not find another feasible design, illustrating the challenge of

satisfying the 54 constraints. While NSGA-II made progress from the initial feasible

solution, it is not competitive with MORBO. NSGA-II and Sobol are the only

applicable baselines because standard multi-objective BO methods are impractically

slow with 56 global GPs and LaMOO does not support black-box constraints.

4.6.2 Ablation study

Finally, we study the sensitivity of MORBO with respect to the number of TRs (nTR),

the failure tolerance (τfail), and sharing observations across TRs, local modeling,

HVI acquisition function, and the re-initialization strategy. Using several TRs allows

MORBO to explore different parts of the search space that potentially contribute

to different parts of the Pareto frontier. The failure tolerance controls how quickly

each TR shrinks: A large τfail leads to slow shrinkage and potentially too much

exploration, while a small τfail may cause each TR to shrink too quickly and not

collect enough data. MORBO uses 5 TRs and τfail = max(10, d
3) by default, similar

to what is used by Eriksson et al. [2019].

We consider the DTLZ2 problem (d = 100, M = 2), the trajectory planning

problem (d = 60, M = 2), and the optical design problem (d = 146, M = 2).

Figure 4.6.2 shows that MORBO with the default settings performs well on all

three problems. We observe that multiple TRs and the HVI acquisition function

are important as neither a single TR nor a Chebyshev scalarization performs well.

The performance of MORBO is robust to the choice of failure tolerance except for

on the optical design problem where using a value of 10 is clearly worse than the

default and causes the TRs to shrink too quickly. Not sharing data between TRs

results in inferior results on the DTLZ2 and optical design problems. While using

a global GP model achieves good results on the DTLZ2 and trajectory planning

problems, it does not perform as well on the optical design problem. A global GP

also comes at a high computational cost. Using a global GP, running MORBO with

a budget of 10,000 evaluations on the optical design problem required 30 hours
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of computational overhead, whereas MORBO did 10,000 evaluations in less than

an hour using local models. Lastly, we find consistently strong performance for

both our default HV scalarization-based re-initialization strategy and a strategy

that selects a new design at random (denoted as “Random restart points”). The

former allows us to bound MORBO’s regret.

4.7 Discussion

We proposed MORBO, an algorithm for multi-objective BO over high-dimensional

search spaces. By using a coordinated, collaborative multi-trust-region approach

with scalable local modeling, MORBO scales gracefully to high-dimensional problems

and high-throughput settings. In a comprehensive experimental evaluation, we

showed that MORBO allows us to effectively tackle important real-world problems

that were previously out of reach for existing BO methods. We showed that

MORBO achieves substantial improvements in sample efficiency compared to

existing state-of-the-art methods such as evolutionary algorithms. Due to the

lack of alternatives, NSGA-II has been the method of choice for many practitioners,

and we expect MORBO to provide practitioners with significant savings in terms

of time and resources across the many disciplines that require solving challenging

optimization problems.

However, there are some limitations to our method. Although MORBO can

handle a large number of black-box constraints, using hypervolume-based acquisition

means the computational complexity scales poorly with the number of objectives.

Furthermore, MORBO is optimized for the large-batch high-throughput setting

and other methods may be more suitable for and achieve better performance on

low-dimensional problems with small evaluation budgets.
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4.A Details on Batch Selection
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Figure 4.A.1: A visualization of our batch selection using HVI with q = 4. The red
points represent the current PF. Blue, orange, and green points show the function values
for the 3 selected points under the next posterior sample. To select the 4th point, the
HVI of each candidate is evaluated jointly with the red, blue, orange, and green points.

As discussed in Section 4.3, over-exploration can be an issue in high-dimensional

BO because there is typically high uncertainty on the boundary of the search space,

which often results in over-exploration. This is particularly problematic when using

continuous optimization routines to find the maximizer of the acquisition function

since the global optimum of the acquisition function will often be on the boundary,

see Oh et al. [2018] for a discussion on the “boundary issue” in BO. While the use

of trust regions alleviates this issue, this boundary issue can still be problematic,

especially when the trust regions are large.

To mitigate this issue of over-exploration, we use a discrete set of candidates

by perturbing randomly sampled Pareto optimal points within a trust region by

replacing only a small subset of the dimensions with quasi-random values from a

scrambled Sobol sequence. This is similar to the approach used by Eriksson and

Poloczek [2021] which proved crucial for good performance on high-dimensional

101
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problems. In addition, we also decrease the perturbation probability pn as the

optimization progresses, which Regis and Shoemaker [2013] found to improve

optimization performance. The perturbation probability pn is set according to

the following schedule:

pn = p0

[
1− 0.5log n′

log b

]
,

where n0 is the number of initial points, nf is the total evaluation budget, p0 =

min{20
d
, 1}, b = nf − n0, and n′ = min{max{n − n0, 1}, b}.

Given a discrete set of candidates, MORBO draws samples from the joint

posterior over the function values for the candidates in this set and the previously

selected candidates in the current batch, and selects the candidate with maximum

HVI across the joint samples. This procedure is repeated to build the entire

batch.2 Using standard Cholesky-based approaches, exact posterior sampling has

complexity that is cubic with respect to the number of test points and therefore

is only feasible for relatively small discrete sets.

4.A.1 RFFs for fast posterior sampling

While asymptotically faster approximations than exact sampling exist; see Pleiss

et al. [2020] for a comprehensive review, these methods still limit the candidate set to

be of modest size (albeit larger), which may not do an adequate job of covering a the

entire input space. Among the alternatives to exact posterior sampling, we consider

using Random Fourier Features (RFFs) [Rahimi and Recht, 2008], which provide

a deterministic approximation of a GP function sample as a linear combination

of Fourier basis functions. This approach has empirically been shown to perform

well with Thompson sampling for multi-objective optimization [Bradford et al.,

2018]. The RFF samples are cheap to evaluate and which enables using much larger

discrete sets of candidates since the joint posterior over the discrete set does not

need to be computed. Furthermore, the RFF samples are differentiable with respect

to the new candidate x, and HVI is differentiable with respect to x using cached
2In the case that the candidate point does not satisfy that satisfy all outcome constraints under

the sampled GP function, the acquisition value is set to be the negative constraint violation.
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box decompositions [Daulton et al., 2021], so we can use second-order gradient

optimization methods to maximize HVI under the RFF samples.

We tried to optimize these RFF samples using a gradient based optimizer, but

found that many parameters ended up on the boundary, which led to over-exploration

and poor BO performance. In an attempt to address this over-exploration issue,

we instead consider continuous optimization over axis-aligned subspaces which

is a continuous analogue of the discrete perturbation procedure described in the

previous section. Specifically, we generate a discrete set of candidates points by

perturbing random subsets of dimensions according to pn, as in the exact sampling

case. Then, we take the top 5 initial points with the maximum HVI under the RFF

sample. For each of these best initial points we optimize only over the perturbed

dimensions using a gradient based optimizer.

Figure 4.A.2 shows that the RFF approximation with continuous optimization

over axis-aligned subspaces works well on for D = 10 on the DTLZ2 function, but

the performance degrades as the dimensionality increases. Thus, the performance of

MORBO can likely be improved on low-dimensional problems by using continuous

optimization; we used exact sampling on a discrete set for all experiments in

the paper for consistency. We also see that as the dimensionality increases,

using RFFs over a discrete set achieves better performance than using continuous

optimization. In high-dimensional search spaces, we find that exact posterior

sampling over a discrete set achieves better performance than using RFFs, which

we hypothesize is due to the quality of the RFF approximations degrading in higher

dimensions. Indeed, as shown in Figure 4.A.2, optimization performance using

RFFs improves if we use more basis functions on higher dimensional problems

(4096 works better than 1024).

4.B Additional details of constraint handling in
MORBO

If there are feasible points, the center is selected as the point with maximum HVC

across the feasible Pareto frontier. If there are no feasible points, the center is
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Figure 4.A.2: Optimization performance under various Thompson sampling approaches
on DTLZ2 test problems with 2 objectives and various input dimensions d ∈ {10, 30, 100}.
Disc-Exact uses exact samples from the joint posterior over a discrete set of 4096 points.
Disc-RFF-1024 and Disc-RFF-4096 evaluate approximate sample paths (RFFs) over a
discrete set of 4096 points with 1024 and 4096 basis functions, respectively. Cont-RFF-
1024 and Cont-RFF-4096 use L-BFGS-B with exact gradients to optimize RFF draws
along a subset of the dimensions (see in Appendix 4.A.1 for details) using 1024 and 4096
basis functions, respectively.

selected to be the point with minimum total constraint violation (the sum of the

constraint violations). A TR’s success counter is incremented if the TR center

was feasible and the candidates generated from this TR improved the feasible

hypervolume or if the TR center was infeasible and a candidate generated from

this TR has lower total constraint violation than the TR center.

4.C Proofs

Lemma 4.1. Let f ∈ [0, B]M , and assume that MORBO only considers a newly

evaluated sample to be an improvement (for updating the corresponding TR’s

success and failure counters) if it increases the HV by at least δ ∈ R+ and assume

that success counter threshold τsucc =∞.3 Then each TR will only evaluate a finite

number of samples.

Proof. First, note that the hypervolume of the true Pareto frontier P∗ is bounded.

Without loss of generality, if the reference point r = 0, then the HV(P∗) ≤

BM . Suppose that a trust region evaluates an infinite number of samples. Then,

the trust region has not had 1 + log2 Linit − log2 Lmin streaks of τfail consecutive
3As stated in Appendix 4.D, we use τsucc =∞ in all of our experiments.
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failures. Hence, the trust region has increased the hypervolume of the Pareto

frontier over the previously evaluated designs by at least δ infinitely many times.

Hence, the hypervolume over the previously evaluated designs is infinite. This is a

contradiction.

Theorem 4.1. Let f ∈ [0, B]M for B > 0 and let each component f (m) for

m = 1, ...,M follow a Gaussian distribution with marginal variances σ ≤ 1 and

independent observation noise ϵm ∼ N (0, σ2
m) such that σ2

m ≤ σ2 ≤ 1. Let Pt

denote the Pareto frontier over f(Xt), where Xt is the set of TR re-initialization

points after t TRs have been restarted. Suppose further that the conditions of

Lemma 4.5.1 hold. Then, the cumulative hypervolume regret RT of MORBO after

T restarts is bounded by:

RT ≤M2(
√

2eπB/2)M
√
dγTT ln(T ).

Proof. From Lemma 4.5.1, we have that each trust region will only evaluate a

finite number of samples. Hence, as the number of evaluations goes to infinity,

MORBO will terminate and select new initial center points for trust regions an

infinite number of times. Our regret bound is in terms of the number of restart

points.

Our proof follows that of Zhang and Golovin [2020, Theorem 8], but the final

form of our bound holds for arbitrary B. Note that lines 13-19 in Algorithm 1

correspond to Paria et al. [2020, Algorithm 1] using Thompson sampling, where the

only evaluations are the t− 1 restart points. From Paria et al. [2020, Theorem 1],

the scalarized Bayes regret of Paria et al. [2020, Algorithm 1] using L–Lipschitz

scalarizations is O
(
LMd

1
2 [γTT ln(T )] 1

2
)
. Since a hypervolume scalarization sλ[y]

is O(BMM1+M/2)–Lipschitz [Zhang and Golovin, 2020, Lemma 6], we have that

L ≤ BMM1+M/2. From Zhang and Golovin [2020, Proof of Theorem 8], the

hypervolume regret can be expressed by scaling the scalarized Bayes regret by a

constant cM = π
M
2

2M Γ( M
2 +1) that depends on the number of objectives. Hence, we can
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bound the hypervolume regret as:

RT =
T∑

t=1
HV(P∗)−HV(Pt) ≤ cMLMd

1
2 [γTT ln(T )] 1

2 .

Note that

cML ≤ BMM1+M/2 π
M
2

2MΓ(M
2 + 1)

From Li and Chen [2007, Theorem 1], Γ(x) > xx−γ

ex−1 , where γ ≈ 0.577 is the

Euler-Mascheroni constant. So,

Γ(M/2 + 1) > (M/2 + 1)(M/2+1−γ)

e(M/2) >
M (M/2)

2e(M/2) .

Hence,
1

Γ(M
2 + 1)

<
(2e)(M/2)

M (M/2) .

So,

cML ≤ BMM1+M/2 π
M
2

2MΓ(M
2 + 1)

≤ BMM
(2eπ)M

2

2M

≤M
(√

2eπB/2
)M

.

So the cumulative regret bound is

RT ≤ cMLMd
1
2 [γTT ln(T )] 1

2

≤M2(
√

2eπB/2)Md
1
2 [γTT ln(T )] 1

2 .

4.D Details on Experiments

4.D.1 Algorithmic details

For MORBO, we use 5 trust regions, which we observed was a robust choice in

Figure 4.6.2. Following [Eriksson et al., 2019], we set Linit = 0.8, Lmax = 1.6, and

use a minimum length of Lmin = 0.01. We use 4096 discrete points for optimizing
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HVI for the vehicle safety and welded beam problems, 2048 discrete points on the

trajectory planning and optical design problems, and 512 discrete points on the

Mazda problem. Note that while the number of discrete points should ideally be

chosen as large as possible, it offers a way to control the computational overhead

of MORBO; we used a smaller value for the Mazda problem due to the fact that

we need to sample from a total of 56 GP models in each trust region as there

are 54 black-box constraints. We use an independent GP with a a constant mean

function and a Matérn-5/2 kernel with automatic relevance detection (ARD) and

fit the GP hyperparameters by maximizing the marginal log-likelihood (the same

model is used for all BO baselines).

When fitting a model for MORBO, we include the data within a hypercube

around the trust region center with edgelength 2L. In the case that there are less

than Nm := min{250, 2d} points within that region, we include the Nm closest

points to the trust region center for model fitting. The success streak tolerance

is set to be infinity, which prevents the trust region from expanding; we find

this leads to good optimization performance when data is shared across trust

regions. For qNEHVI and qParEGO, we use 128 quasi-MC samples and for TS-

TCH, we optimize RFFs with 500 Fourier basis functions. All three methods are

optimized using L-BFGS-B with 20 random restarts. For DGEMO, TSEMO, and

MOEA/D-EGO, we use the default settings in the open-source implementation

at https://github.com/yunshengtian/DGEMO/tree/master. Similarly, we use

the default settings for NSGA-II the Platypus package (https://github.com/

Project-Platypus/Platypus). We encode the reference point as a black-box

constraint to provide this information to NSGA-II.

LaMOO in High-Dimensional Search Spaces

For LaMOO methods, leverage the implementation of LaMOO available at https://

drive.google.com/drive/folders/1CMdg5iBdbKe3nkboIjiS998rnBEV09EB?usp=

sharing. We set the exploration parameter Cp dynamically using the heuristic

proposed by Zhao et al. [2022] to be 10% of the hypervolume of the current Pareto

https://github.com/yunshengtian/DGEMO/tree/master
https://github.com/Project-Platypus/Platypus
https://github.com/Project-Platypus/Platypus
https://drive.google.com/drive/folders/1CMdg5iBdbKe3nkboIjiS998rnBEV09EB?usp=sharing
https://drive.google.com/drive/folders/1CMdg5iBdbKe3nkboIjiS998rnBEV09EB?usp=sharing
https://drive.google.com/drive/folders/1CMdg5iBdbKe3nkboIjiS998rnBEV09EB?usp=sharing
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frontier over the previously evaluated designs. We follow Zhao et al. [2022] and

set the minimum leaf sample size to be 10.

Zhao et al. [2022] propose to use qEHVI with LaMOO, but we opt to use qNEHVI

instead since it is capable of scaling to the batch size of q = 50 used in many of

our experiments. We refer to this method as LaMOO-qNEHVI. We note that

qNEHVI is mathematically equivalent to qEHVI on noiseless problems. The authors

propose using rejection sampling to ensure samples come from the “good” region.

For high-dimensional search spaces, the acceptance probability is low for uniform

random samples from the global design space, and therefore, rejection sampling

is prohibitively slow. Rejection sampling is used 1) to select starting points for

multi-start L-BFGS-B and within the L-BFGS-B routine to enforce that samples are

within the “good” region. We contacted the authors about computational issues with

this approach, and the authors recommended to use rejection sampling for selecting

starting points, and then to simply run L-BFGS-B from these “good” starting points

across the global search space. With this approach, the resulting candidates may

not (and often are not) within the “good” region, and LaMOO-qNEHVI is simply

an initialization heuristic for optimizing qNEHVI, but this approach does speed up

candidate generation quite a bit. Nevertheless, even using rejection sampling to

generate starting points for L-BFGS-B can be (and is on our problems) prohibitively

expensive in high-dimensional search spaces. Hence, we limit the rejection sampling

by only considering 120, 000 design points before beginning L-BFGS-B with the

most promising designs (whether or not they are in the “good” region). This makes

LaMOO-qNEHVI feasible to run our our high-dimensional problems.

For LaMOO-CMA-ES, we use q = 5 rather than q = 1 on vehicle safety,

as q = 1 is not supported.

4.D.2 Synthetic problems

The reference points for all problems are given in Table 4.D.1. We multiply the

objectives (and reference points) for all synthetic problems by −1 and maximize

the resulting objectives.
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Problem Reference Point

DTLZ2 [6, 6]
DTLZ3 [103]M
DTLZ5 [10]M
DTLZ7 [15]M
Vehicle Safety [1698.55, 11.21, 0.29]
Welded Beam [40, 0.015]
MW7 [1.2, 1.2]

Table 4.D.1: The reference points for each synthetic benchmark problem.

DTLZ: We consider the 2-objective DTLZ2 problem with various input dimensions

d ∈ {10, 30, 100}. We also use 2-objective and 4-objective variants of DTLZ3,

DTLZ5, and DTLZ7 with d = 100. The DTLZ problems are standard test problems

from the multi-objective optimization literature. Mathematical formulas for the

objectives in each problem are given in Deb et al. [2002].

MW7: For a second test problem from the multi-objective optimization literature,

we consider a MW7 problem with 2 objectives, 2 constraints, and d = 10 parameters.

See Ma and Wang [2019] for details.

Welded Beam: The welded beam problem [Ray and Liew, 2002] is a structural

design problem with d = 4 input parameters controlling the size of the beam where

the goal is to minimize 2 objectives (cost and end deflection) subject to 4 constraints.

More details are given in Tanabe and Ishibuchi [2020].

Vehicle Safety: The vehicle safety problem is a 3-objective problem with d = 5

parameters controlling the widths of different components of the vehicle’s frame.

The goal is to minimize mass (which is correlated with fuel economy), toe-box

intrusion (vehicle damage), and acceleration in a full-frontal collision (passenger

injury). See Tanabe and Ishibuchi [2020] for additional details.
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4.D.3 Trajectory planning

For the trajectory planning, we consider a trajectory specified by 30 design points

that starts at the pre-specified starting location. Given the 30 design points, we

fit a B-spline with interpolation and integrate over this B-spline to compute the

final reward using the same domain as in Wang et al. [2018]. Rather than directly

optimizing the locations of the design points, we optimize the difference (step)

between two consecutive design points, each one constrained to be in the domain

[0, 0.05]× [0, 0.05]. We use a reference point of [0, 0.5], which means that we want

a reward larger than 0 and a distance that is no more than 0.5 from the target

location [0.95, 0.95]. Since we maximize both objectives, we optimize the distance

metric and the corresponding reference point value by −1.

4.D.4 Optical design

In order to obtain precise estimates of the optimization performance at reasonable

computational cost, we conduct our evaluation on a neural network surrogate model

of the optical system rather than on the actual physics simulator. The surrogate

model was constructed from a dataset of 101,000 optical designs and resulting display

images to provide an accurate representation of the real problem. The surrogate

model is a neural network with a convolutional autoencoder architecture. The

model was trained using 80,000 training examples and minimizing MSE (averaged

over images, pixels, and RGB color channels) on a validation set of 20,000 examples.

A total of 1,000 examples were held-out for final evaluation.

4.D.5 Mazda vehicle design problem

We follow the suggestions by Kohira et al. [2018] and use the reference point [1.1, 0]

and optimize the normalized objectives f̃1 = f1 − 2 and f̃2 = f2/74 corresponding

to the total mass and number of common gauge parts, respectively. Additionally,

an initial feasible point is provided with objective values f1 = 3.003 and f2 = 35,

corresponding to an initial hypervolume of ≈ 0.046 for the normalized objectives.

This initial solution is given to all algorithms. We limit the number of points used
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for model fitting to only include the 2,000 points closest to the trust region center

in case there are more than 2,000 in the larger hypercube with side length 2L. Still,

for each iteration MORBO using 5 trust regions fits a total of 56× 5 GP models,

a scale far out of reach for any other multi-objective BO method.

4.E Complexity Improvements from Local Mod-
eling

The differences in model fitting time can be even more profound. To illustrate

this, consider a situation in which a total of N data points have been collected

by nTR trust regions. Suppose for simplicity that each TR has the same number

of observations (under some abuse of nomenclature we use TR to refer to the

modeling domain of a TR in this section). Let η denote the average number of

trust regions that a data point is part of. Then the number of points in each TR

is ηN/nTR. Assuming cubic time complexity for model fitting (i.e. O(N3) if we

used a single global model), the total time complexity of fitting all nTR models

in the individual TRs is O
(
nTR(ηN/nTR)3

)
= O

(
η3N3/n2

TR

)
. This will lead to

asymptotic speedups of order O
(
n2

TR/η
3
)

when using local modeling. Typically, as

the optimization progresses and the trust regions shrink, η becomes quite small

(e.g. η < 1)4. We validate this claim empirically in the lower right subplot in

Figure 4.E.1, which shows that η becomes less than 1 on the all problems considered

as the optimization progresses. In Figure 4.E.1 we illustrate some additional

information from the trust regions to better understand the role of data-sharing

and local modeling in MORBO. Thus, the speedup relative to fitting a single global

model can be multiple orders of magnitude.

4.E.1 Model fitting times

Empirically, we verify this speedup in Figure 4.E.2. This can also be seen in the
4When η is close to the number of trust regions, the “local” models will fit to nearly all

observations, and hence, the models will essentially be global models. The value of η at the start
of the optimization depends on the initial trust region edge length and the dimension of the search
space.
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Figure 4.E.1: For the optical design, trajectory planning, and DTLZ2 problems. We
show the average across replications as a solid line and traces from the first replication as
transparent lines. (Upper Left) The number of points in each trust region. Trust regions
often usually have a few hundred points on average, which results in computationally
efficient local modeling. (Upper Right) The number of points in a trust region that was
collected by that trust region. This shows that a large fraction of data within a trust
region was actually collected by another trust region. (Lower Left) The trust region
length. As the optimization proceeds, the trust regions shrink to focus on specific parts
of the search space. (Lower Right) The average number of TRs that contain a given
design, η ∈ [0, NTR]. This shows that as the optimization progresses and the TRs shrink,
on average less than 1 TR contains a given design. This is empirical validation of the
claim in Appendix 4.E that η typically becomes small as the optimization progresses and
therefore, the complexity improvements are substantial.

results in Tables 4.E.2 and 4.E.1. While candidate generation is fast for TSEMO,

the model fitting causes a significant overhead with almost an hour being spent on

model fitting after collecting 2,000 evaluations on the trajectory planning problem.

This is significantly longer than for MORBO, which only requires far less time for

the model fitting due to the use of local modeling. This shows that the use of local

modeling is a crucial component of MORBO that limits the computational overhead

from the model fitting. The model fitting for MORBO on the optical design problem

is less than 25 seconds while methods such as DGEMO and TSEMO that rely on
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Figure 4.E.2: Model fitting time for MORBO with local modeling compared to MORBO
with one global model on the 146-dimensional optical design problem. Fitting a global
model takes almost 20 minutes towards the end of the optimization run compared to 10
seconds for MORBO.

global modeling require far more time for model fitting after only collecting 1,200

points. Additionally, while MORBO needs to fit as many as 56×5 = 280 GP models

on the Mazda problem due to the 54 black-box constraints and the use of 5 trust

regions, the total time for model fitting still is less than 3 minutes while this problem

is completely out of reach for the other BO methods that rely on global modeling.

Problem DTLZ3 (M = 2) DTLZ5 (M = 2) DTLZ7 (M = 2) DTLZ3 (M = 4) DTLZ5 (M = 4) DTLZ7 (M = 4)

MORBO 11.0 (0.6) 9.7 (0.4) 10.6 (0.4) 11.5 (0.9) 10.5 (0.5) 10.6 (0.4)
NSGA-II 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
qParEGO 139.5 (24.6) 49.1 (2.2) 26.0 (2.5) 137.2 (15.4) 113.2 (6.6) 49.0 (3.5)
TS-TCH 64.5 (3.4) 93.9 (5.8) 89.6 (3.5) 143.3 (5.9) 167.6 (8.8) 141.3 (6.1)
qNEHVI 133.2 (23.9) 48.9 (4.9) 20.8 (1.7) 25.9 (2.3) 19.8 (1.7) 6.8 (0.4)
DGEMO 5425.1 (142.0) 1438.0 (29.0) 180.0 (35.3) N/A N/A N/A
TSEMO 4246.3 (91.8) 2481.5 (48.5) 958.4 (49.1) 3767.4 (91.0) 1892.3 (801.5) 402.0 (31.7)
MOEAD-EGO 3474.6 (108.6) 1824.0 (40.1) 1130.3 (16.0) 4206.1 (120.5) 2526.3 (77.5) 1048.0 (37.8)

Table 4.E.1: Model fitting wall time in seconds. The mean and two standard errors of
the mean are reported. All models were fit on 2x Intel(R) Xeon(R) Gold 6138 CPU @
2.00GHz. For M = 4, qNEHVI exceeded GPU memory during acquisition optimization
and therefore has shorter average model fitting times.
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Problem Welded Beam Vehicle Safety Rover Optical Design Mazda

MORBO 7.81 (0.02) 12.58 (0.26) 9.3 (0.19) 23.57 (0.36) 172.53 (1.89)
qParEGO 0.5 (0.1) 0.1 (0.0) 51.6 (16.4) 46.7 (10.7) N/A
TS-TCH 0.5 (0.0) 0.2 (0.0) 45.9 (1.8) 40.5 (4.9) N/A
qNEHVI 0.5 (0.0) 0.1 (0.0) 97.8 (16.3) 46.4 (3.2) N/A
DGEMO N/A N/A 809.7 (127.6) 1109.3 (178.7) N/A
TSEMO N/A 1.0 (0.1) 305.3 (38.2) 859.4 (131.4) N/A
MOEA/D-EGO N/A 0.9 (0.0) 373.2 (51.7) 736.4 (110.4) N/A

Table 4.E.2: Model fitting wall time in seconds. The mean and two standard errors
of the mean are reported. All models were fit on 2x Intel(R) Xeon(R) Gold 6138 CPU
@ 2.00GHz. For DGEMO, TSEMO and MOEA/D-EGO only 1,450 evaluations were
performed on Rover (Trajectory Planning) and only 1,250 evaluations were performed on
Optical Design, so the fitting times are shorter than if the full 2,000 evaluations had been
performed.

4.F Additional Results

4.F.1 Low-dimensional problems

We consider two low-dimensional problems to allow for a comparison with existing

BO baselines. The first problem we consider is a vehicle safety design problem

(d = 5) in which we tune thicknesses of various components of an automobile frame

to optimize proxy metrics for maximizing fuel efficiency, minimizing passenger

trauma in a full-frontal collision, and maximizing vehicle durability. The second

problem is a welded beam design problem (d = 4), where the goal is to minimize

the cost of the beam and the deflection of the beam under the applied load [Deb

and Sundar, 2006]. The design variables are the thickness and length of the

welds and the height and width of the beam. In addition, there are 4 black-box

constraints that must be satisfied.

Figure 4.F.1 presents results for both problems. While MORBO is not designed

for such simple, low-dimensional problems, it is still competitive with other baselines

such as TS-TCH and qParEGO on the vehicle design problem, though it cannot

quite match the performance of qNEHVI and TSEMO.5 The results on the welded

beam problem illustrate the efficient constraint handling of MORBO.6 On both
5DGEMO is not included on this problem as it consistently crashed due to an error deep in

the low-level code for the graph-cutting algorithm.
6DGEMO, TSEMO, MOEA/D-EGO, and TS-TCH are excluded as they do not consider

black-box constraints.
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Figure 4.F.1: (Left) qNEHVI performs the best on the vehicle design problem (d = 5)
with 3 objectives. (Right) MORBO outperforms the other methods on welded beam
problem (d = 4) with 4 constraints.

problems, we observe that NSGA-II struggles to keep up, performing barely better

(vehicle safety) or even worse (welded beam) than quasi-random Sobol exploration.

4.F.2 Candidate Generation Wall Time

Problem Welded Beam Vehicle Safety Rover Optical Design Mazda
Batch Size (q = 1) (q = 1) (q = 50) (q = 50) (q = 50)

MORBO 1.3 (0.0) 9.6 (0.7) 23.4 (0.4) 9.8 (0.1) 188.16 (1.72)
qParEGO 14.5 (0.3) 1.3 (0.0) 213.4 (11.2) 241.9 (14.9) N/A
TS-TCH N/A 0.6 (0.0) 31.3 (1.1) 48.1 (1.2) N/A
qNEHVI 30.4 (0.4) 9.1 (0.1) 997.5 (62.8) 211.27 (6.66) N/A
NSGA-II 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
DGEMO N/A N/A 697.1 (52.5) 2278.7 (199.8) N/A
TSEMO N/A 3.4 (0.1) 3.3 (0.0) 4.6 (0.1) N/A
MOEA/D-EGO N/A 44.3 (0.3) 71.1 (4.3) 97.5 (6.7) N/A
LaMOO-CMAES N/A 0.6 (0.0) 2.6 (0.0) 51.9 (0.3) N/A
LAMOO-qNEHVI N/A 24.0 (2.3) 292.4 (25.2) 258.8 (1.9) N/A

Table 4.F.1: Batch selection wall time (excluding model fitting) in seconds. The
mean and two standard errors of the mean are reported. MORBO, qParEGO, TS-TCH,
and qNEHVI were run on a Tesla V100 SXM2 GPU (16GB RAM), while DGEMO,
TSEMO, MOEA/D-EGO and NSGA-II were run on 2x Intel(R) Xeon(R) Gold 6138 CPU
@ 2.00GHz. For Welded Beam and Vehicle Safety, we ran NSGA-II with q = 5 in order
to avoid a singleton population. For DGEMO, TSEMO and MOEA/D-EGO only 1,450
evaluations were performed on Rover (Trajectory Planning) and only 1,250 evaluations
were performed on Optical Design, so the generation times are shorter than if the full
2,000 evaluations had been performed.

While candidate generation time is often a secondary concern in classic BO

applications, where evaluating the black box function often takes orders of magnitude
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Problem DTLZ3 (M = 2) DTLZ5 (M = 2) DTLZ7 (M = 2) DTLZ3 (M = 4) DTLZ5 (M = 4) DTLZ7 (M = 4)
Batch Size (q = 50) (q = 50) (q = 50) (q = 50) (q = 50) (q = 50)

MORBO 26.0 (1.3) 25.1 (0.9) 293.0 (21.9) 976.9 (89.8) 973.0 (91.8) 293.0 (21.9)
qParEGO 315.8 (20.2) 299.0 (27.2) 233.0 (21.5) 372.9 (46.6) 373.1 (34.6) 232.4 (22.2)
TS-TCH 43.6 (1.4) 49.6 (2.0) 39.5 (1.9) 56.5 (1.8) 69.2 (7.5) 51.4 (3.4)
qNEHVI 2877.7 (321.3) 1879.6 (285.4) 816.9 (49.1) 4412.9 (600.7) 3778.2 (266.5) 57.6 (4.4)
NSGA-II 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.1 (0.0) 0.0 (0.0) 0.0 (0.0)
DGEMO N/A N/A N/A N/A N/A N/A
TSEMO 6.3 (0.1) 7.2 (0.1) 6.8 (0.1) 2878.1 (162.0) 952.0 (298.1) 22.2 (3.7)
MOEAD-EGO 277.8 (1.2) 224.9 (3.2) 245.3 (2.9) 308.7 (2.9) 303.7 (3.1) 292.2 (3.5)

Table 4.F.2: Batch selection wall time (excluding model fitting) in seconds on DTLZ
problems with 2 and 4 objectives with d = 100. The mean and two standard errors of the
mean are reported.

longer, existing methods using a single global model and standard acquisition

function optimization approaches can become the bottleneck in high-throughput

asynchronous evaluation settings that are common with high-dimensional problems.

Tables 4.F.1 and 4.F.2 provides a comparison of the wall time for generating a

batch of candidates for the different methods on the different benchmark problems.

We observe that the candidate generation for MORBO is two orders of magnitudes

faster than for other methods such as qParEGO and qNEHVI on the trajectory

planning problem where all methods ran for the full 2,000 evaluations.

4.F.3 Pareto Frontiers

We show the Pareto frontiers for the welded beam, trajectory planning, optical

design, and Mazda problems in Figure 4.F.2. In each column we show the Pareto

frontiers corresponding to the worst, median, and best replications according to the

final hypervolume. We exclude the vehicle design problem as it has three objectives

which makes the final Pareto frontiers challenging to visualize.

Figure 4.F.2 shows that even on the low-dimensional 4D welded beam problem,

MORBO is able to achieve much better coverage than the baseline methods.

MORBO also explores the trade-offs better than other methods on the trajectory

planning problem, where the best run by MORBO found trajectories with high

reward that ended up being close to the final target location. In particular,

other methods struggle to identify trajectories with large rewards while MORBO

consistently find trajectories with rewards close to 5, which is the maximum possible

reward. On both the optical design and Mazda problems, the Pareto frontiers
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found by MORBO better explore the trade-offs between the objectives compared to

NSGA-II and Sobol. We note that MORBO generally achieves good coverage of the

Pareto frontier for both problems. For the optical design problem, we exclude the

partial results found by running the other baselines for 1k-2k evaluations and only

show the methods the ran for the full 10k evaluations. For the Mazda problem we

show the Pareto frontiers of the true objectives and not the normalized objectives

that are described in Section 4.6.1. MORBO is able to significantly decrease the

vehicle mass at the cost of using a fewer number of common parts, a trade-off

that NSGA-II fails to explore. It is worth noting that the number of common

parts objective is integer-valued and that exploiting this additional information

may unlock even better optimization performance of MORBO.
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Figure 4.F.2: In each column we show the Pareto frontiers for the worst, median, and
best replications according to the final hypervolume. We indicate whether an objective
is minimized/maximized by −/+, respectively. The reference point is illustrated as a
black star. The use of multiple trust regions allows MORBO to consistently achieve good
coverage of the Pareto frontier, in addition to large hypervolumes.
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4.F.4 Additional Benchmark Problems

To study the performance of MORBO on a broader range of problems, we evaluate

MORBO on two-objective and four-objective versions of DTLZ3, DTLZ5, and

DTLZ7 problems with d = 100. As shown in Figure 4.F.4, MORBO performs

best on the four-objective DTLZ7 and achieve the best final hypervolume on

the four-objective DTLZ3 problem. On the two-objective problems, MORBO

always ranks in the top 4 methods as shown in Figure 4.F.4. To compare the

performance in general across the DTLZ3, DTLZ5, and DTLZ7 problems with a

given number of objectives, we rank the methods by the average final hypervolume

across replications and compute the average rank across the three problems. As

shown in Table 4.F.3, MORBO achieves the lowest rank across all methods (which

is best) on both M=2 and M=4 problems. DGEMO is not evaluated on the 4-

objective problems because the open-source implementation (https://github.com/

yunshengtian/DGEMO/tree/master) does not support more than two objectives.

Although DGEMO, MOEA/D-EGO and qNEHVI all perform competitively in the

two objective setting, all methods are significantly slower than MORBO.
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Figure 4.F.3: Optimization performance on two-objective DTLZ3, DTLZ5, and DTLZ7
problems with d = 100 and q = 50.

https://github.com/yunshengtian/DGEMO/tree/master
https://github.com/yunshengtian/DGEMO/tree/master
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Figure 4.F.4: Optimization performance on four-objective DTLZ3, DTLZ5, and DTLZ7
problems with d = 100 and q = 50.

Avg. Rank for M=2 Avg. Rank for M=4

MORBO 3.0 1.67
qParEGO 4.0 3.3
qNEHVI 3.0 3.16
TS-TCH 7.3 4.3
NSGA-II 4.3 3.7
DGEMO 3.0 8.2
TSEMO 7.7 8.3
MOEA/D-EGO 4.0 5.5
Sobol 8.7 6.8

Table 4.F.3: Mean rank across DTLZ3, DTLZ5, and DTLZ7 problems based on final
mean hypervolume with d = 100 and q = 50. A lower rank means the method achieves
better final performance on average across the DTLZ3, DTLZ5, and DTLZ7 problems
with M objectives.



Endnote

Clarifications

In the introduction, we state that BO cannot easily be applied to the Mazda vehicle

design and the AR/VR optical design problems. This is not an inherent limitation

of BO, but rather a limitation of the commonly used surrogate models. Scalable

surrogate models can be used in this setting, but poor uncertainty estimation and

complex and costly training procedures limit their applicability [Li et al., 2023].

In Section 4.4.1, we describe how the batch selection procedure is fully-asynchronous.

By this, we mean that a candidate design can be selected while other designs

are still being evaluated by conditioning on those “pending” designs. This is

different than distributed asynchronous batch selection procedures, which are

not considered in this work.

In Section 4.4.2, we propose using HVC as the criterion for TR center selection

because it promotes diversity. If many points are close together in output space, then

the HVC of each point will be low (even if those points are very promising) and more

isolated points will have higher HVC. The goal in using HVC is to improve coverage

by placing the TRs in parts of the Pareto frontier with poor coverage. Nevertheless,

alternative center selection techniques are an interesting direction for future work.

In Section 4.4.3, we describe how MORBO uses local modeling to improve sample

efficiency by borrowing strength across TRs and how it reduces the computational

load by pruning points from a TR’s optimization trace that are no longer near the

TR. While these two points may seem at odds, they are in fact complementary.

Together, they ensure that local modeling borrows strength locally, while pruning

less relevant points collected outside of the local region.
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Theorem 4.5.1 provides a bound on the cumulative hypervolume regret, which

is defined as ∑T
t=1 HV(P∗)−HV(Pt). The proof builds on previous work on regret

bounds for BO in multi-objective settings [Paria et al., 2020, Golovin and Zhang,

2020] and leverages the maximum information gain for particular GP kernels to

quantify the uncertainty reduction from obtaining new observations [Srinivas et al.,

2010]. The maximum information gain after T observations (which are restarts

in our proof) can be bounded as γT = O(log(T )n+1) for the squared exponential

kernel and similar bounds can be obtained for other kernels like the Matérn kernel

[Srinivas et al., 2010, Golovin and Zhang, 2020].

Errata

In Lemma 4.5.1, we use R+ to denote the set of strictly positive real numbers.

In Theorem 4.5.1, there is a typo: the variance should be σ2
(m) not σ, which

refers to the marginal variance of the mth objective, which is distinct from the

observation noise variance σ2
m. In the proof of Theorem 4.5.1, “The” should not

be capitalized in the first sentence. In addition, Γ refers to the Gamma function:

Γ(z) =
∫∞

0 tz−1e−tdt and z > 0 in our case.

In Section 4.6.1, “out perform” is a typo and should read “outperform”. In

addition, “maximize the reward” should read “maximizing the reward”.

In all figures reporting performance, we plot the mean and 2 standard errors

over 20 replications.
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5.1 Abstract

Bayesian optimization (BO) is a popular method for sample efficient multi-objective

optimization. However, existing BO techniques fail to effectively exploit common and

often-neglected problem structure such as decoupled evaluations, where objectives

can be queried independently from one another and each may consume different

resources, and multi-fidelity evaluations, where lower fidelity-proxies of the objectives

can be evaluated at lower cost. In this work, we propose a general one-step

lookahead acquisition function based on the knowledge gradient that addresses

the complex question of what to evaluate when and at which design points in a

principled Bayesian decision theoretic fashion. By construction, our method is

the one-step Bayes-optimal policy for hypervolume maximization. Empirically,

we demonstrate that our method improves sample efficiency in a wide variety of

real-world problems including machine learning, plasma laser acceleration, and

policy optimization for content ranking. Furthermore, we show that our method
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is general-purpose and yields competitive performance in standard (potentially

noisy) multi-objective optimization.

5.2 Introduction

Black-box optimization is a ubiquitous problem in scientific and engineering applica-

tions. In many scenarios, there are multiple objective functions that a decision maker

seeks to optimize simultaneously. Multi-objective Bayesian optimization (MOBO) is

a powerful technique to achieve this with high sample efficiency [Hernandez-Lobato

et al., 2016]. Most MOBO algorithms assume that all objectives are evaluated

jointly (i.e. the evaluations of the objectives are coupled). However, in practice

there are many partial information settings in which this is not the case. For

instance, we may have the ability to evaluate objectives individually (the decoupled

evaluation setting, see Figure 5.2.1), or we may have lower-fidelity proxies available

(the multi-fidelity setting) in order to save time and/or resources.

Coupled

Non-Competitive Decoupled

Objective 1
Objective 2

Objective 1
Objective 2

Figure 5.2.1: Decoupled evaluation allows for multiple objectives to be evaluated in
non-blocking fashion (bar lengths correspond to evaluation time). With non-competitive
decoupling, objectives have independent evaluation resources and do not compare for a
shared resource.

Consider for example the problem of neural architecture search (NAS), in which

we aim to identify optimal neural network architectures with respect to both model

quality (e.g. accuracy) and hardware-specific metrics such as prediction latency

measured on-device [Janapa Reddi et al., 2022]. In general, neither metric can

be computed analytically as a function of the network architecture. Measuring

accuracy typically requires a substantial amount of computation time as the NN

must be trained and evaluated. Measuring latency requires access to the specific
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hardware of interest (e.g. a particular mobile device type) and often few devices may

be tested simultaneously [Ignatov et al., 2019]. However, device-specific latency can

be evaluated on untrained NNs with reasonable accuracy with a short benchmark,

making evaluation less time-consuming. This setting is illustrated in Figure 5.2.2,

where we consider the scenario where we have access to a number of compute

nodes—each of which can be used to train and evaluated a model—and a small

number of mobile devices that can be used for measuring latency. The evaluation

time for training models and evaluating accuracy will typically be much longer than

the time required to measure on-device latency, but can finish asynchronously.
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Figure 5.2.2: Multi-Objective Neural Architecture Search is one example problem with
decoupled evaluations, where the objectives can be evaluated independently.

In this setting, a standard MOBO algorithm would simply generate architectures

to be evaluated on all objectives and wait for evaluations to complete before

generating new candidates (see, e.g., Guerrero-Viu et al. [2021], Eriksson et al.

[2021]). This can be very inefficient, especially if evaluation time (or cost) differs

substantially between the objectives. Instead, one may asynchronously choose

an architecture in a decoupled fashion to evaluate on a given objective whenever
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capacity for that objective becomes available. Figure 5.2.3 shows that even a simple

policy that employs this strategy and selects architectures in a (quasi-)random

fashion significantly outperforms standard MOBO methods.
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BO Figure 5.2.3: A random search algorithm

that generates candidates for each objective
in a decoupled asynchronous fashion out-
performs a state-of-the-art MOBO method
(qNEHVI) on a NAS problem. Our method
significantly outperforms both.

Although some MOBO methods can exploit the problem’s decoupled asyn-

chronous structure (e.g., Hernandez-Lobato et al. [2016], Suzuki et al. [2020]),

recent work noted that the performance improvements of existing decoupled

methods relative to their non-decoupled counterparts are small [Tu et al., 2022].

In contrast, we develop a method that significantly outperforms state-of-the-art

MOBO algorithms for these settings.

The NAS problem described above is an instance of a more general class of

problems that is ubiquitous in the physical science and engineering. For example,

in material science high-throughput screening may be applied to discover candidate

compounds, but computationally-expensive simulations and/or physical experiments

may be necessary to characterize the final behavior of the compound [Mukadum

et al., 2021]. In the design of low-carbon-emission concrete, objectives of interest

are evaluated at multiple timescales: carbon emissions can be measured within

the first several hours of production, while properties such as compressive strength

can take several weeks to evaluate [Barcelo et al., 2014]. Low-fidelity proxies for

compressive strength (such as strength after 3 days) can be evaluated in less time,

but due to the destructive nature of testing, such measurements forgo the ability
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to evaluate the compressive strength at a target fidelity (e.g., after 60 days). As

in the NAS example, there is limited capacity for testing certain properties (e.g.,

only so many rods of concrete can be cured or stored simultaneously).

The decoupled and multi-fidelity problems are instances in which a practitioner

wishes to perform MOBO with incomplete information. By leveraging this partial

information, one can reduce the cost of optimization.

Contributions

1. We formulate the MOBO problem by considering one-step look-ahead opti-

mization of hypervolume.

2. We propose the Hypervolume Knowledge Gradient (HV-KG), a unifying

acquisition strategy that allows for conditioning on incomplete information

and generating candidates in a way that takes the evaluation structure into

account.

3. We provide a computationally efficient technique for optimizing HV-KG and

derive an unbiased gradient estimate.

4. We demonstrate substantial gains in optimization performance of HV-KG

over state-of-the-art MOBO methods on a variety synthetic and real-world

multi-fidelity and decoupled problems.

5.3 Preliminaries

5.3.1 Multi-Objective Optimization (MOO)

In MOO, the goal is to optimize a vector valued function f(x) = (f (1)(x), . . . , f (M)(x))

over a compact hyperrectangular search space X ⊂ Rd. Typically there is no

single best solution, and therefore the goal is to identify the set of designs with

optimal objective trade-offs. We say a solution f(x) dominates another solution

f(x′), denoted by f(x) ≻ f(x′), if f (m)(x) ≥ f (m)(x′) for all m and there exists

i such that f (i)(x) > f (i)(x′). An objective vector is Pareto optimal iff it is not

dominated. The set P∗ = {f(x) | ∄ x′ ∈ X s.t. f(x′) ≻ f(x)} of such vectors



130 5.3. Preliminaries

is called the Pareto frontier. The corresponding set of optimal designs is called

the Pareto set X ∗ and is defined as

X ∗ = {x ∈ X | ∄ x′ ∈ X s.t. f(x′) ≻ f(x)}. (5.1)

The image of X ∗ is P∗. Given a Pareto frontier, a decision-maker can select a design

with corresponding objectives that align with their preferences. The hypervolume

indicator (HV) is a popular quality measure of a Pareto frontier.

Definition 5.3.1. The hypervolume indicator (HV) of a Pareto frontier P is the M -

dimensional Lebesgue measure of the space Z = {z ∈ RM : ∃ y ∈ P s.t. y ≻ z ≻ r}

that is dominated by P and bounded from below by a reference point r ∈ RM :

HV(P , r) =
∫
RM 1Z(z)dz, where 1Z(z) denotes characteristic function of Z.1

HV monotonically increases with Pareto dominance, which guarantees that

it is maximized by the Pareto frontier (the image of the Pareto set) [Bader

and Zitzler, 2011]:

HV
[
{f(x)}x∈X ∗ ] = max

X ′⊆X
HV[{f(x)}x∈X ′

]
. (5.2)

Hence we can express the goal of MOO as finding the smallest2 set of designs

X ∗ that collectively maximize the HV:

X ∗ = arg min
{
|X ′′| : X ′′ ∈ arg max

X ′⊆X
HV[{f(x)}x∈X ′ ]

}
. (5.3)

Maximizing HV is a commonly used optimization goal that has been shown to

produce high-quality approximate Pareto frontiers [Emmerich et al., 2011].

5.3.2 Bayesian Optimization (BO)

BO is a sample-efficient optimization method that models the objectives using a

probabilistic surrogate, typically a Gaussian process (GP). Leveraging this surrogate,

BO employs an acquisition function (AF) that quantifies the value of evaluating
1Henceforth, we omit r from HV for brevity.
2We are interested in the smallest hypervolume-maximizing set because for any hypervolume-

maximizing set X ′ ⊆ X and design x ∈ X , HV(X ′) = HV(X ′ ∪ {f(x)}).
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a new design on the objective functions. One popular AF for MOBO is expected

hypervolume improvement (EHVI) [Emmerich et al., 2011], which quantifies the

improvement in HV of the observed data after evaluating x:

αEHVI(x) = E
[
HV

(
Y ∪ {f(x)}

)
−HV

(
Y
)
| D
]
,

where the expectation is over the model posterior P (f |D), D = {(xi, yi)}n
i=1 are the

designs evaluated so far and their corresponding observations, and Y := {yi}n
i=1.

A BO policy selects one or more designs by finding the maximizer of the AF

with respect to a single design x when evaluation is done sequentially, or a batch

of designs x = {x1, . . . xq} when performing BO in parallel.3 The designs are then

evaluated on the objective functions, and the surrogate model is updated with

the new observations y(x) = {y(x1), . . . y(xq)}. BO proceeds until a pre-specified

evaluation budget is depleted.

5.3.3 BO with Partial Information

We briefly review terminology and common approaches to multi-fidelity (MF) BO

and BO with decoupled evaluation.

Multi-fidelity BO. In multi-fidelity (MF) optimization, designs can be eval-

uated at different qualities within a fidelity space S ⊂ RK . Examples of fidelity

parameters may include the number of datapoints used to train a machine learning

model or the resolution of a simulator. Lower fidelity observations are assumed to

incur lower cost (e.g., compute or physical resources, time), but may differ from the

value of the target objective f (i)( · , s⋄), where s⋄ is a known target fidelity. MF-BO

policies select designs and fidelities to query f(x, s) with the aid of a surrogate

model that borrows strength across different fidelities. This can lead to significant

improvements in performance within a cost budget [Poloczek et al., 2017, Takeno

et al., 2020, Wu et al., 2020a, Irshad et al., 2021]. Typically, designs and fidelities

are selected in a cost-aware fashion to maximize the acquisition value per unit cost.

Specifically, the acquisition value of evaluating a set of designs at corresponding
3For the sake of generality and notational simplicity, we will assume that acquisition functions

are maximized with respect a set of designs (i.e., the joint value of x) throughout this work.
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fidelities is weighted by the inverse of a cost function λMF(x, s) : X q × Sq → R>0,

where s = {s1, . . . , sq}.

BO with Decoupled Evaluations. In decoupled problems, objectives can be

evaluated independently at potentially different costs. As a result, any given

evaluation of a design x may not contain a full vector of outputs y ∈ RM ,

but rather some subset of outcomes (typically, a single objective). We further

distinguish between competitive decoupling (CD) and non-competitive decoupling

(NCD) [Hernández-Lobato et al., 2016]. With CD, evaluation resources are shared

between objectives, whereas with NCD, they are not. Decoupled BO policies select

designs to be evaluated on particular objectives. Similar to the MF setting, this

is typically achieved by maximizing the acquisition value per unit cost. Here, the

cost function λD(x,m) : X q ×Mq → R>0, characterizes the cost of evaluating a

set of q designs, x, with respect to m = {m1, . . . ,mq} ∈ Mq objectives, where

M = {m}M
m=1 is the set of objective indices. Similar to the MF setting, exploiting

decoupling can improve optimization performance within a given budget.

5.4 Related Work

Many recent works have focused on multi-objective BO. Numerous techniques exist,

the three most prominent families of methods are hypervolume-based approaches

[Lukovic et al., 2020, Daulton et al., 2021, 2022b], information theoretic methods

[Hernandez-Lobato et al., 2016, Belakaria et al., 2019, Suzuki et al., 2020, Tu et al.,

2022, Garrido-Merchán et al., 2023], and scalarization-based techniques [Knowles,

2006, Golovin and Zhang, 2020, Daulton et al., 2022a]. However, the setting with

incomplete information is much less studied.

The only methods to consider MOO with decoupled evaluations are the entropy-

based Predictive Entropy Search (PESMO) [Hernandez-Lobato et al., 2016] and

Pareto Frontier Entropy Search (PFES) [Suzuki et al., 2020]. Recent work on multi-

objective Joint Entropy Search (JES) [Tu et al., 2022] noted that the improvements

in sample efficiency appeared marginal at best in those works and therefore abstained

from implementing and evaluating JES in the decoupled setting. In contrast to
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this finding, we observe that exploiting decoupled evaluations with HV-KG (and

even random search) can greatly improve sample efficiency.

In the MF setting, Belakaria et al. [2020] proposed MF-OSEMO, a multi-

objective extension of Multi-Fidelity Max-Value Entropy Search [Takeno et al.,

2020]. However, this method is only applicable in discrete fidelity settings, assumes

that the objectives monotonically increase with the fidelity parameter, and, similar

to Multi-Objective Max-Value Entropy Search [Belakaria et al., 2019], it suffers

from significant approximation error (see Tu et al. [2022] for details). MoFiBay

[Chen et al., 2022] outperforms MF-OSEMO, but is also limited to discrete fidelities.

Irshad et al. [2021] introduced a MF method called MOMF, which uses the fidelity

parameter as an additional “trust” objective and employs an inverse cost-weighted

EHVI over all objectives. Although this approach performs quite well empirically,

it does not a employ a principled procedure for selecting the fidelity parameter, and

it does not specifically aim to learn the Pareto frontier over the M objectives at

the target fidelity, but rather to learn the Pareto frontier over the M objectives

and the trust objective. He et al. [2022] also considers a MF EHVI variant, but it

is limited to the bi-fidelity setting. Guerrero-Viu et al. [2021] extend the MF BO

methods BANANAS [White et al., 2021] and BOHB [Falkner et al., 2018] to the

multi-objective setting, but find that full-fidelity EHVI outperforms both methods.

While our contributions build upon previous work on the Knowledge Gradient

[Frazier et al., 2008, Scott et al., 2011] and its MF extensions [Poloczek et al.,

2017, Wu et al., 2020a], none of these works consider the MOO setting. Q. Yahyaa

et al. [2014] consider KG in the multi-objective bandit setting leveraging linear and

Chebyshev scalarizations, but they do not consider the BO setting and evaluation

is quite limited.

5.5 Pareto Set Selection

In MOBO, a decision maker must infer the Pareto optimal designs after receiving a

finite number of observations. In the setting where observations of all objectives

are available for all designs and are free of noise, a common approach is to restrict
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the Pareto set selection in (5.3) to only consider dominance with respect to XD :=

{x : (x, · ) ∈ D}, the set of previously evaluated designs:

X̂ ∗ =
{
x ∈ X | ∄ x′ ∈ XD s.t. f(x′) ≻ f(x)

}
.

or, equivalently, X̂ ∗ = arg maxX ′⊆X HV[{f(x)}x∈X ′ ]. However, observations may be

noisy y ∼ N (f(x), σ2
noise), in which case the actual objective function values are not

directly observed. Similarly, in the setting where not all objectives are evaluated

for all designs or not all objectives are evaluated at the target fidelity, the set of

designs that have been evaluated on all objectives can be small or empty. In such

scenarios, it is common for a practitioner to identify the designs that are optimal

with respect to their expected values under the surrogate model [Hernandez-Lobato

et al., 2016, Belakaria et al., 2019, Suzuki et al., 2020, Tu et al., 2022] and to select

the optimal designs over the entire search space. Concretely, under a Bayesian

decision theoretic framework, the optimal set of designs is selected as the set of

designs X ∗ whose expected values under the posterior distribution of f conditional

on the observed data D are Pareto optimal. In the standard sequential scenario,

X̂ ∗ =
{
x ∈ X | ∄ x′ ∈ X s.t. ED[f(x′)] ≻ ED[f(x)]

}
,

where ED the expectation over the posterior of f conditional on D. An equivalent

problem is to find the set of designs that maximize the HV of the expected values:

X̂ ∗ = arg max
X ′⊆X

HV
[{
ED
[
f(x)

]}
x∈X ′

]
. (5.4)

Since X̂ ∗ can be an infinite set, it is typically hard to identify exactly. A common

approach is to identify a finite-cardinality approximate Pareto set X̂∗ containing

Np designs, typically by running an evolutionary algorithm such as NSGA-II on

ED[f(x)] [Hernandez-Lobato et al., 2016, Belakaria et al., 2019, Suzuki et al., 2020,

Tu et al., 2022]. Often, the HV of the resulting Pareto frontiers is used for comparing

their quality. We can directly express this optimization goal by restricting the HV

maximization problem in Equation (5.4) to finite cardinality sets |X ′| ≤ Np:

X̂∗ = arg max
X⊆X , |X|≤Np

HV
[{
ED
[
f(x)

]}
x∈X ′

]
.
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Henceforth, we assume |X| ≤ Np. In the following, we will write µ(X | D) :=

{ED[f(x)]}x∈X .

5.6 A Knowledge Gradient Approach

Given the Bayesian decision theoretic goal above, we derive a novel AF to explicitly

target our end goal: inferring a hypervolume-maximizing finite Pareto set. Consider

the scenario where one can obtain additional observations (x,y) before identifying

the Pareto optimal designs conditional on Dx := D ∪ {(x,y)}. Then, the one-

step Bayes-optimal acquisition function, denoted as the Hypervolume Knowledge

Gradient (HV-KG), is:

αHV-KG(x) = ED

[
max
X⊆X

HV
[
µ(X | Dx)

]
− ψ∗

]
, (5.5)

where ψ∗ := maxX⊆X HV
[
µ(X | D)

]
. Conceptually, HV-KG quantifies the increase

in hypervolume of the Pareto frontier across the expected values of the objectives.

The outer expectation is necessary because y is a random variable and µ depends

on y. Since ψ∗ is constant conditional on D, the maximizer of αHV-KG(x) does

not change if ψ∗ is omitted.

Asynchronous Candidate Generation While (5.5) is the formulation for

parallel (i.e. batch) candidate generation, it is straightforwardly extended to the

setting of asynchronous generation, in which the result of some pending points

x̃ have yet to be observed. In this case the acquisition function is evaluated on

x ∪ x̃ but optimized only over x.

5.7 Conditioning on Partial Information

Although HV-KG is applicable to standard MOBO problems where observations

of all objectives are received for all designs, a key benefit of HV-KG is that

it enables conditioning on incomplete information. In contrast, other popular

HV-based methods (e.g. Emmerich and Fonseca [2011], Lukovic et al. [2020],

Daulton et al. [2021]) cannot condition on incomplete information because the
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rely on utility functions that measure improvement with respect an in-sample

Pareto set and assume that observations of all objectives will be received for the

selected candidate design. In contrast, HV-KG can leverage incomplete information

(such as decoupled and multi-fidelity evaluations) simply by changing the new

data Dx that the model is conditioned on. Note that in this section we use the

notation specified in Section 5.3.3.

Decoupled Evaluations In the decoupled setting the objectives can be evaluated

independently. The decoupled HV-KG acquisition function is4

αD-HV-KG(x,m) = αHV-KG(x)
λD(x,m) ,

where now Dx = {(xi, y
(mi)
i )}q

i=1. In CD, the evaluation budget is in terms of total

cost and all objectives compete for shared resources. As such, we consider the q = 1

case, without loss of generality. The BO policy chooses the objective m and design

x jointly in a cost-aware fashion. In NCD, the evaluation budget is in terms of

time and all available evaluation capacity should be exploited.

Let c ∈ NM denote the available evaluation capacity for each objective. The

policy generates q = ∑M
m=1 c

(m) candidates x jointly to exploit all available capacity.

Each candidate is assigned to be evaluated on an objective specified by m ∈Mq

such that c(m) = ∑q
i=1 1(mi = m) for all m = 1, ...,M .

Multi-Fidelity Let µ⋄(X,D) := {ED[f(x, s⋄)]}x∈X . The multi-fidelity HV-

KG AF is given by4

αMF-HV-KG(x, s) =
1

λMF(x, s)ED

[
max
X⊆X

HV
[
µ⋄
(
X | D(x,s)

)]
− ψ∗

⋄

]
,

where ψ∗
⋄ := maxX⊆X HV

[
µ⋄(X | D)

]
and D(x,s) := D ∪ {(x, s,y)}. We note that

in this general MF-HV-KG formulation, each objective has a (potentially empty)

set of fidelity parameters, which can contain (i) fidelity parameters that are unique
4We clamp the difference in HV inside the expectation in (5.5) to ensure the numerator remains

non-negative in the cost-weighted variants. See Appendix 5.C for discussion.
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to that objective (e.g. and (ii) fidelity parameters that are shared amongst multiple

objectives, or (iii) a combination of (i) and (ii).

5.8 Computing and Optimizing HV-KG

5.8.1 Unbiased Estimation

Although HV-KG cannot be computed analytically, we obtain an unbiased estimator

by approximating the outer expectation via Monte Carlo:

α̂HV-KG(x) = 1
N

N∑
i=1

(
max
Xi⊆X

HV
[
µ(Xi | Di

x)
])
− ψ∗, (5.6)

where Di
x = D ∪ {x,yi} with each yi a realization or “fantasy” sample of the

random variable y ∼ p(y|x,D). For each fantasy yi, the updated posterior

mean can be computed analytically [Frazier et al., 2008]. The inner maximization

involves a numerical optimization over a (Np · d)-dimensional space conditional

upon the selected x.

5.8.2 Hypervolume Computation

To enable efficient optimization, one would like to compute the hypervolume in a

differentiable fashion. The joint HV of Np points can be computed exactly using

the inclusion exclusion principle (IEP) [Lopez et al., 2015] and this approach is

differentiable with respect to Xi [Daulton et al., 2020]. The IEP scales exponentially

with Np and therefore is only be feasible for small Np, but a small Np tends to

work empirically here and for information theoretic approaches. Following Tu

et al. [2022], we select Np = 10 (and find that HV-KG is robust to choice of

Np in Appendix 5.D.3).

5.8.3 Nested Optimization

A common approach for solving the nested optimization problems in KG methods is

to leverage the envelope theorem to obtain an unbiased gradient estimator [Wu et al.,

2017, 2020a] and solve the inner optimization to completion whenever x changes.
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We derive a gradient of HV-KG in Theorem 5.B.1 in Appendix 5.B.2, which can be

estimated without bias via Monte Carlo and optimized via stochastic gradient ascent.

However, solving the inner optimization problem to completion after each

outer optimization step is computationally intensive and impractically slow (see Fig-

ure 5.D.6).

5.8.4 Deterministic Estimation and Optimization

Instead, we opt for using sample-average (SAA) approximation as Balandat et al.

[2020]. Using a fixed set of the standard normal base samples ϵ := {ϵi}N
i=1,

ϵi ∈ RM for the fantasized observations yi,(m) = µ
(m)
D (x) + L

(m)
D (x)ϵi,(m), where

L
(m)
D is the Cholesky factor of the posterior covariance matrix, the fantasies yi and

updated posterior mean functions µ(· |Di
x) are deterministic (see Appendix 5.B.1).

Given fixed base samples, we can interchange maximization and summation in

(5.6) to obtain

α̂HV-KG(x) = max
X1,...,XN ⊆X

1
N

N∑
i=1

HV
[
µ(Xi | Di

x)
]
− ψ∗

t . (5.7)

The SAA estimator in (5.7) can be maximized efficiently by optimizing over

{x, X1, . . . , XN} simultaneously in “one shot” [Balandat et al., 2020]. Although such

an approach requires optimizing over a ((Np ·N +1) ·d)-dimensional space, HV-KG

is differentiable with respect to x, X1, . . . , XN and sample-path gradients can be

computed via auto-differentiation. Since the SAA estimator is deterministic, (quasi-)

second-order gradient-based optimizers can be employed. We can show that the

maximizer x∗
N of our SAA estimator converges with probability one to an element

of X ∗
HV-KG = arg maxx∈X αHV-KG(x), the set of optimizers of the true αHV-KG, and

that convergence occurs exponentially fast in the number of MC samples N .

Theorem 5.8.1. Suppose that X is compact and that f ∼ GP (µ0(·), K0(·, ·)) is a

sample from a multi-output Gaussian process prior with continuously differentiable

mean µ0(·) and covariance K0(·, ·) functions. Let {ϵi}N
i=1 be i.i.d. base samples from

N (0, IM) and let x∗
N ∈ arg maxx∈X α̂

N
HV-KG(x), then

(i) α̂HV-KG(x∗
N)→ α∗

HV-KG a.s.
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(ii) infx∗∈X ∗
HV-KG

||x∗
N − x∗|| → 0 a.s.

(iii) ∀ δ > 0, ∃ K <∞, α > 0 such that
p
(

infx∗∈X ∗
HV-KG

||x∗
N − x∗|| ≥ δ

)
≤ Ke−αN .

We find that optimizing Equation (5.7) using L-BFGS-B yields strong perfor-

mance using the initialization technique described in Appendix 5.A.2.

5.9 Experiments

We evaluate HV-KG on synthetic and real-world problems including multi-fidelity

problems and problems with decoupled evaluations. For all HV-KG variants, we

use N = 32 fantasies and Np = 10. Because HV-KG is the only acquisition function

that handles all cases, we consider differing methods for different types of partial

information. As a baseline, we include qNEHVI due to its consistent performance

in all our tests, and scrambled Sobol sequences [Owen, 1998] as a quasi-random

baseline. In the multi-fidelity case, we include a comparison with MOMF. For

decoupled sampling, we compare with two information-based AFs, JES and PFES.

JES has been shown at least as well as all other ES-based methods [Tu et al.,

2022] and can straightforwardly be generalized to the decoupled setting (although

it was not evaluated in the original paper). PFES has a decoupled variant that

had not been evaluated outside of [Suzuki et al., 2020]. All AFs are implemented

in BoTorch and utilize GPs with a standard Matérn 5/2 kernel over the design

space (see Appendix 5.A for additional details).

To compare methods, we first solve (5.4) by optimizing the posterior means

using NSGA-II [Deb et al., 2002] to find the model-estimated Pareto set. Then, we

compute the true objective values for the designs in the model-estimated Pareto

set and compute the resulting hypervolume dominated by the true Pareto frontier

of the model-selected Pareto set. This procedure is common in many works (cf.,

[Hernandez-Lobato et al., 2016, Belakaria et al., 2019, Suzuki et al., 2020, Tu et al.,

2022]). We report means and 2 standard errors of the mean across 20 replications

of the log hypervolume regret: the difference in hypervolume between the image

of Pareto set identified by the method and the true Pareto frontier.
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While the focus of this work is on MOBO with partial information, we also

include an evaluation of all applicable methods for the standard noiseless and noisy

case with complete information in Appendix 5.D. We find that HV-KG performs

at least as well as other methods in all test problems considered. Additional details

about test problems in the remainder of this section can be found in Appendix 5.A.

5.9.1 Multi-Fidelity

We consider the performance of HV-KG relative to MOMF, a MF MOBO method,

as well as the other non-MF baselines with respect to four MF test problems.

Synthetic Problems (1) Park (d = 4 inputs, M = 2 objectives) (2) MF

Branin Currin (d = 2,M = 2) where the cost function is λ(s) = exp(4.8s)

[Irshad et al., 2021].

Real-World Problems We consider two problems to highlight the importance

of exploiting multi-fidelity information sources: (1) Laser-plasma acceleration,

(d = 4,M = 3) from Irshad et al. [2023a], where a continuous fidelity parameter

governs the simulation accuracy and simulation time. (2) Recommender system

ranking policy optimization (d = 15,M = 2) from Liu et al. [2023] simulates

a ranking policy which controls the number of items retrieved from different

content sources in a recommender system. The target objectives are long-term

engagement with the product and content serving cost, and the fidelity parameter

is the experiment duration. This problem is designed to mimic setups common to

Bayesian optimization of ranking policies with “A/B tests” [Letham and Bakshy,

2019], where selection bias and transient effects bias objectives in the short term

[Bakshy et al., 2014].

5.9.2 Decoupled Evaluation

In the decoupled setting, we compare against three decoupled methods: decoupled

PFES [Suzuki et al., 2020], the decoupled extension of JES-LB2 proposed in Tu et al.

[2022] (see Appendix M), and a decoupled variant of Sobol. For Sobol, evaluated
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Figure 5.9.1: Multi-fidelity optimization performance.
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Figure 5.9.2: Optimization performance with competitive decoupling.
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Figure 5.9.3: Optimization performance with non-competitive decoupling.

objectives are selected uniformly at random, and designs are sampled via scrambled

Sobol sequences. We consider both types of coupling, CD, where evaluations occur

sequentially, and NCD, where evaluations occur asynchronously.

Synthetic Problems We evaluate performance on the classic ZDT2 (d = 6,M =

2) and [Zitzler et al., 2000] and DTLZ2 (d = 6,M = 2) [Deb et al., 2002] test

problems, and evaluate the objectives in a decoupled fashion. For CD, ZDT1 and
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DLTZ2 use a cost ratio of 1:3, and for NCD, the objectives have a evaluation

time ratio of 1:3, each has a capacity of 1 and equal cost (here we are only

concerned with time for NCD).

Real-World Problems We consider two real-world problems: (1) NAS (d =

6,M = 2) is the neural architecture search problem we use to motivate non-

competitive decoupling in the Section 5.2. The goal is to maximize accuracy

and minimize on-device latency for an ImageNet model. Here, we use data from

NASBench201 [Dong and Yang, 2020] and HW-NAS-Bench [Li et al., 2021] for the

first and second objective, respectively. The NCD version of the problem depicted

in Figure 5.2.2. The training and latency objectives have an evaluation time ratio

of 1:4 and capacities of 2 and 8 respectively and equal cost. For CD, latency and

accuracy have costs 1 and 2, respectively. (2) Vehicle Design (d = 5,M = 3)

poses an automotive design problem, where the goal is optimize the design a vehicle

to maximize fuel economy, minimize vehicle damage in an off-frontal collision, and

minimize passenger trauma in a full frontal crash [Liao et al., 2008]. We leverage

the surrogate from Tanabe and Ishibuchi [2020] for this problem. For CD, the three

objectives have a cost ratio of 1:3:8, and for NCD, the objectives have an evaluation

time ratio of 1:3:8 and each objective has an evaluation capacity of 1 and equal cost.

5.9.3 Results

We find that MF-HV-KG and decoupled HV-KG variants significantly improve

sample efficiency and optimization performance compared to alternatives. Notably,

Sobol baselines that exploit problem structure perform remarkably well on many

problems. As shown in Figure 5.9.1, MOMF performs well on many MF problems,

but is never better than MF-HV-KG. In the decoupled setting, the entropy-based

decoupled methods struggle on many tasks and we find them to be sensitive to

the cost function, whereas HV-KG is more robust across problems and costs (see

Appendix 5.D). With CD, HV-KG is again the top performer on 3/4 problems

with the exception of NAS as shown in Figure 5.9.2. The poor performance of
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all methods on the NAS CD problem is likely due to poor surrogate model fits;

selecting which objective to query in cost-aware fashion depends on having a well-

specified model. On the other hand, in NCD, decoupled methods do not need

to rely on the model to select which objective to evaluate and can simply utilize

all evaluation capacity. Unsurprisingly, non-decoupled methods perform poorly

because they can only generate candidates once all metrics have been evaluated and

are limited to the lowest evaluation capacity across all outcomes. Finally, we find

(in Appendix 5.D.4) that HV-KG generates candidates faster than entropy-based

methods in the decoupled setting.

5.10 Discussion

HV-KG provides a principled approach to multi-objective Bayesian optimization with

incomplete information, including situations in which objective values may be queried

separately or at multiple fidelities. To the best of our knowledge, this is the first paper

to consider a KG-based approach in the decoupled setting and the multi-objective

setting with partial information, and we show that we are able to obtain state-of-

the-art performance with respect to standard, decoupled, and multi-fidelity MOBO.

Our work opens the door to exploiting other problems with incomplete ob-

servations. Although we exploit MF evaluations, it is possible to leverage more

sophisticated models that consider the evolution of objectives over time by leveraging

trace observations such as learning curves in AutoML or reinforcement learning

[Wu et al., 2020a, Nguyen et al., 2020b]. The HV-KG approach also lends itself

to other instances where incomplete data is available. For example, in contextual

BO, we may wish to identify the best configuration or set of best configurations

across all contexts, and can transfer knowledge from one context to another. For

instance, in the context of on-device AI one may target multiple possible devices

and when developing green concrete, one may wish to develop mixes that are

efficient across a variety of environments (e.g., temperature conditions). In other

cases, experiments may involve multiple dependent stages, such as cascade and

function networks [Astudillo and Frazier, 2021, Kusakawa et al., 2022] common in
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manufacturing pipelines. Extensions of HV-KG could be used to target learning

at various stages. In addition, we leave exploring alternative ways of handling

discrete parameters in HV-KG (e.g. Moss et al. [2020], Jain et al. [2022] to future

work. Finally, while the performance of HV-KG is competitive with other methods,

the speed of these algorithms can be further improved via alternative approaches

to computing HV [Shang et al., 2022].



Appendix

5.A Experiment Details

5.A.1 Implementation of Acquisition Functions and Models

We use the BoTorch implementations of qNEHVI [Daulton et al., 2020], MOMF [Ir-

shad et al., 2021], JES-LB and JES-LB2 [Tu et al., 2022] developed by the original

authors of these works.5 To determine the Pareto frontier, we use Tu et al. [2022]’s

NSGA-II-based implementation.6 For PFES [Suzuki et al., 2020], we utilize Tu et al.

[2022]’s open source implementation in BoTorch, which includes the lower-bound

batch variant (for q > 1). For decoupled sampling, we modified the existing BoTorch

implementation of Suzuki et al. [2020] to include the decoupled approach from the

original paper, and we implemented the extension of JES-LB2 to the decoupled

setting, proposed in Tu et al. [2022, Appendix M]. Additional details about all

implementations can be found in the code included in the supplementary material.

For all MC acquisition functions, we use quasi-random (QMC) base samples and

sample average approximation [Balandat et al., 2020]. All methods are optimized

using L-BFGS-B from 20 starting points using the default initialization heuristic in

BoTorch [Balandat et al., 2020]—except for HV-KG, which we optimize from a

single starting point to limit computational overhead. All methods use independent

GPs with ARD Matérn 5/2 kernels. We use Gamma(2,2) priors over the lengthscales

(with allow learning large lengthscales for irrelevant parameters) and Gamma(2,

0.15) priors on the outputscales. We assume that the noise level is known.

For the NAS and chemistry problems, we one-hot encode each categorical x

with C categories as x′ = [x′
1, ..., x

′
C ] ∈ [0, 1]C , apply exact discretization functions

5 Code is available in open source at https://github.com/pytorch/botorch.
6 Code is available in open source at https://github.com/benmltu/JES.
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(i.e., x = one-hot(arg maxc∈C x
′
c)) before evaluating the GP, and use straight

through-gradient gradient estimators [Daulton et al., 2022c].

5.A.2 Initialization of HV-KG

The optimization of HV-KG can be significantly sped up by choosing good initial

conditions for the design point and the fantasy optimizers. If we assume that the

additional observation (x,y) does not drastically change the location of the Pareto

set in input space, then solving the optimization problem

max
X⊆X

HV
[
µ(X | D)

]
(5.8)

under the current posterior (having observed data D) will yield an optimizer that

will likely be quite close to the optimal {Xi}N
i=1 after fantasizing about the unknown

function values y. Equation (5.8) can be solved efficiently using gradient-based

optimization. Using different starting points, we can identify N solution sets X

to use as initial values for the HV-KG optimization problem. Lastly, we can find

starting points for x conditional on (X1, . . . , XN) using standard BO initialization

heuristics such as Boltzmann sampling on the HV-KG values [Balandat et al.,

2020]. We use the resulting starting point (x, X1, . . . , XN) to optimize HV-KG

via quasi-second order methods (L-BFFS-B) using SAA.7

5.A.3 Problem Details

All noisy variants use additive zero-mean Gaussian noise, where the noise standard

deviations (denoted by σ) are set as a percentage of the range of each objective as

indicated in parentheses. These noise levels come from in previous works [Daulton

et al., 2021, Tu et al., 2022].

We use the multi-fidelity versions of Park (M = 2 objectives, d = 4 inputs,

K = 1 fidelity parameters) and Branin-Currin (M = 2, d = 2, K = 1) from Irshad
7In the case that the objectives are not modeled directly and do not have analytic expressions

in terms of the model outputs, the inner expectation could also be approximated with Monte
Carlo samples. Such cases would arise in the case of constrained optimization where the goal is to
optimize feasibility-weighted objectives and unweighted objectives and constraint slacks are both
modeled and subsequently combined.
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et al. [2021], the Penicillin manufacturing problem (M = 3, d = 7, σ = 1%) from

Liang and Lai [2021].8 When considering the standard test problems DTLZ2

(M = 2, d = 6, σ = 10%) [Deb et al., 2002], ZDT2 (M = 2, d = 6, σ = 10%) [Zitzler

et al., 2000], and Vehicle Design (M = 3, d = 5, σ = 1%) [Tanabe and Ishibuchi,

2020] all of which are implemented in BoTorch.0

We use implementations of the Marine design problem (M = 4, d = 6, σ = 3%)

[Parsons and Scott, 2004, Tanabe and Ishibuchi, 2020] and SnAr (M = 2, d =

4σ = 3%, a chemical reaction optimization problem) [Hone et al., 2017] from

Tu et al. [2022].0

Chemistry problem aims to tune experimental conditions to maximize

chemical reaction yield while minimizing cost (M = 2, d = 5). We adopt this

problem from Daulton et al. [2022c] (Direct Arylation Chemical Synthesis). A

GP surrogate is fit to chemical reaction data from Shields et al. [2021],9 and

corresponding reaction cost data10 from Torres et al. [2022]

NAS problem (M = 2, d = 6), we use accuracy data from NASBench20111

[Dong and Yang, 2020], augmented with edge GPU latency estimates from HW-

NAS-Bench12 [Li et al., 2021].

Vehicle Design problem (d = 5,M = 3) poses a hypothetical automotive

problem. We leverage the surrogate from Tanabe and Ishibuchi [2020] and formulate

the problem the problem with respect to the surrogate in the following way: we

minimize mass (a proxy for maximizing fuel economy), minimize length of toe-box

intrusion in case of a crash (a proxy for vehicle damage), and minimize acceleration

(a proxy for passenger trauma), vehicle damage in an off-frontal collision (measure

in a by toe-box intrusion distance), and minimize acceleration (a proxy for passenger

trauma in a full frontal crash) [Liao et al., 2008]. This problem can most naturally
8We modify the search space slightly to make the simulations less bimodal (as identified in Park

et al. [2022]) by reducing the number of designs that lead to a zero fermentation time objective.
The modified search space sets the lower bounds of the 4th and 5th parameters to be 4 and 1

4 ,
respectively.

9Data is available at https://github.com/b-shields/edbo.
10Data is available at https://github.com/doyle-lab-ucla/edboplus.
11Code is available at https://github.com/D-X-Y/NAS-Bench-201.
12Code is available at https://github.com/GATECH-EIC/HW-NAS-Bench/.

https://github.com/b-shields/edbo
https://github.com/doyle-lab-ucla/edboplus
https://github.com/D-X-Y/NAS-Bench-201
https://github.com/GATECH-EIC/HW-NAS-Bench/
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Table 5.A.1: Reference points for all benchmark problems (assuming minimization of
all objectives). In our benchmarks, we maximize all objectives by multiplying objectives
and reference points by -1.

Problem Reference Point

ZDT2 (11, 11)
DTLZ2 (1.1,1.1)
Vehicle Design (1698.55, 11.21, 0.29)
NAS (-7.319, 30.847)
Park (0,0)
Branin-Currin (0,0)
Ranking Policy Optimization (5.353, -44.39)
Plasma Laser Acceleration (280.864, -50.613, -36.412)
Penicillin (-5.657, 64.1, 340.0)
Marine (-250, 2 · 104, 2.5 · 104, 15)
SnAr (-5.5, 5)
Chemistry (32.669, -0.107)

be thought of as a NCD problem, since the evaluation of the last two objectives as

destructive, so that each objective requires a different type of collision. The fuel

economy objective is less costly to evaluate, as it does not require manufacturing

and crashing a car. For CD, the three objectives have a cost ratio of 1:3:8, and

for NCD, the objectives have an evaluation time ratio of 1:3:8 and each objective

has an evaluation capacity of 1 and equal cost.

We use variant of the ranking policy (M = 2, d = 15, K = 1) optimization

problem system from [Liu et al., 2023]. To create a multi-fidelity variant of this

problem, we add bias term to emulate the “novelty effect”, an ephemeral boost in

engagement, that commonly affects engagement metrics when new ranking policies

conducted via “A/B tests” [Bakshy et al., 2014]. Running longer experiments (high

fidelity experiments), will reduce the novelty effect and provide more accurate

estimates of the long term effect. We use the same search space as in Liu et al.

[2023], but restricted to 15 dimensions.

The plasma laser acceleration problem comes from the recent work by Irshad

et al. [2023a]. We fit GP surrogate models to the data [Irshad et al., 2023b] collected

by the original authors via simulations.13

13Data is available at https://doi.org/10.5281/zenodo.7565882.

https://doi.org/10.5281/zenodo.7565882
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5.A.4 Initial Point Selection for Multi-Fidelity Experiments

The cost budget for selecting initial design points is set equal to the cost of 2 full-

fidelity evaluations 2λ(s). Full fidelity methods sample 2 designs from a scrambled

Sobol sequence. Multi-fidelity methods sample the design parameters uniformly

at random and the fidelity parameter is sampled (via the inverse transform) from

the probability distribution with pdf p(s) ∝ 1
λ(s) . Designs are added until the

next sampled point exceeds the cost budget. Hence, multi-fidelity methods use

an initialization with cost ≤ 2λ(s).

5.B Theoretical Results

5.B.1 Preliminaries
Hypervolume Computation

For a set of Np points Y = {yj}Np

j=1, the HV w.r.t to a reference point r can be

computed in a differentiable fashion [Daulton et al., 2020] as

HV(Y , r) =
Np∑
j=1

∑
Yj∈Yj

(−1)j+1
M∏

m=1

[
z

(m)
Yj
− r(m)

]
+
, (5.9)

where Yj := {Yj ⊆ Y : |Yj| = j} is the set of all subsets of Y of size j and

z
(m)
Yj

:= min
[
y

(m)
i1 , . . . , y

(m)
ij

]
for Yj = {yi1 , . . . , yij

}.

Gaussian Processes

In this work, we place independent Gaussian process priors on the different objectives.

In this section we therefore restrict ourselves to modeling a single objective f ∼

GP (µ0, K0), where µ0 : X → R is the prior function (assumed to be constant) and

K0 : X ×X → R is the the prior covariance function. We assume that observations

of the objectives are subject to iid zero-mean Gaussian noise with variance σ2.

Then after conditioning on D = {(xi, yi)}n
i=1 observations, the mean and covariance

functions conditioned on D at a set of points x are given by [Rasmussen, 2004]

µD(x) = µ0(x) +K0(x,x1:n)[Kσ
0 (x1:n,x1:n)]−1[y1:n − µ0(x1:n)]
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KD(x,x′) = K0(x,x′)−K0(x,x1:n)[Kσ
0 (x1:n,x1:n)]−1K0(x1:n,x

′),

where x1:n := {x1, . . . , xn}, Kσ
D(x1:n,x1:n) denotesKD(x1:n,x1:n)+diag(σ2(x1), ..., σ2(xn)).

In this work, we are often interested in fantasization; i.e. fantasizing about the

observations y that we would receive if we were to evaluate x. In this case, y is a

random vector, which according to our beliefs is y ∼ N (µD(x), KD(x,x) + σ2(x)).

Then conditioned on evaluating x and observing y, the updated posterior mean

function would be

µDx(x′) = µD(x′) +KD(x′,x)[Kσ
D(x,x)]−1[y − µD(x)].

As in previous works, it is convenient to express the updated mean in terms of a

standard normal random variable [Wu et al., 2020a, Wu and Frazier, 2016]. We

can rewrite Kσ
D(x,x) in terms of its Cholesky factors Kσ

D(x,x) = LD(x)LD(x)T .

So [Kσ
D(x,x)]−1 = (LD(x)T )−1LD(x)−1. Since [y − µD(x)] ∼ N (0, Kσ

D(x,x)),

LD(x)−1[y − µD(x)] is a standard normal random vector. Letting Σ̂D(x′,x) :=

KD(x′,x)(LD(x)T )−1, we can express the update posterior mean as

µDx(x′) = µD(x′) + Σ̂D(x′,x)ϵ,

where ϵ is a standard normal random vector.

5.B.2 Proofs

Without loss of generality, we consider case with a batch size q = 1 (i.e. Xcand = {x}).

Since Xcand only affects the new data Dx that the model is conditioned on, partial

derivatives can be computed for all q · d elements of Xcand and extending the results

that follow is straightforward.14 Moreover, for brevity we only consider (iid) Monte

Carlo sampling in this section. Balandat et al. [2020] also prove basic results

for SAA using (randomized) quasi-Monte Carlo (RQMC) sampling; leveraging

those results the proofs in this section can be extended to the RQMC setting

in a straightforward fashion.
14Note that there is a minor complication if Xcand contains duplicate points as the posterior

mean will not be differentiable at such points. However, the set of such points is of measure zero
and so does not affect the derivations and the results below.
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At a high level, we derive a gradient estimator and prove that it is unbiased

(Theorem 5.B.1) by building upon the work of Wu et al. [2020b] and leveraging

our proof that value function in HV-KG is Lipschitz continuous (Lemma 5.B.1).

Then, we prove our main result (Theorem 5.8.1), which proves three convergence

properties of our SAA estimator, building upon work from Balandat et al. [2020]

and leveraging Lemma 5.B.2.

Lemma 5.B.1. For a fixed X, let A(x, ϵ) := HV
[
µx,ϵ(X)

]
, where µx,ϵ(X) :=[

µ(1)
x,ϵ(X), . . . , µ(M)

x,ϵ (X)
]
, µ(m)

x,ϵ (X) := µ
(m)
D (X) + Σ̂(m)

D (X,x)ϵ(m) for m = 1, . . .M ,

and ϵ := [ϵ(1)..., ϵ(M)]. Then, A(x, ϵ) is Lipschitz continuous with respect to x for

any given ϵ.

Proof. Note that

A(x, ϵ) = HV
[
µx,ϵ(X)

]
=

Np∑
j=1

∑
Xj∈Xj

(−1)j+1
M∏

m=1

[
min[µ(m)

x,ϵ (Xi1), . . . , µ(m)
x,ϵ (Xij

)]− r(m)
]

+
,

where Xj := {Xj ⊆ X : |Xj| = j} is the set of all subsets of X of size j.

We wish to show that there exists a function l : RM → R such that |A(x, ϵ)−

A(y, ϵ)| ≤ l(ϵ)||x− y||.

Let ãm,j,Xj
(x, ϵ) =

[
min[µ(m)

x,ϵ (Xi1), ..., µ(m)
x,ϵ (Xij

)]− r(m)
]

+
and let Ãj,Xj

(x, ϵ) =∏M
m=1 ãm,j,Xj

(x, ϵ). Since A(x, ϵ) = ∑Np

j=1
∑

Xj∈Xj
(−1)j+1Ãj,Xj

(x, ϵ), it suffices to

show that there exists a function l : RM → R such that |Ãj,Xj
(x, ϵ)− Ãj,Xj

(y, ϵ)| ≤

l(ϵ)||x− y||.

We have that

ãm,j,Xj
(x, ϵ) =

[
min[µ(m)

x,ϵ (Xi1), ..., µ(m)
x,ϵ (Xij

)]− r(m)
]

+

≤ |r(m)|+
∣∣∣min[µ(m)

x,ϵ (Xi1), ..., µ(m)
x,ϵ (Xij

)]
∣∣∣

≤ |r(m)|+
j∑

k=1

∣∣∣µ(m)
x,ϵ (Xik

)
∣∣∣.

Note that for a given ϵ, µ(m)
x,ϵ (X) is continuously differentiable with respect to

x for any fixed X and continuously differentiable w.r.t to X for any x because

µ(m)
x,ϵ (X) = µ

(m)
D (X) + Σ̂(m)

D (X,x)ϵ(m) and µ(m)
D (X) and Σ̂(m)

D (X,x) are continuously
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differentiable with respect to x [Wu et al., 2020a].15 Note that |µ(m)
x,ϵ (X)| ≤

||µ(m)
D (X)|| + ||Σ̂(m)

D (X,x)|| · |ϵ(m)|. Since µ(m)
D (X) and Σ̂(m)

D (X,x) are uniformly

bounded for each m = 1, . . . ,M , there exist C(m)
1 , C

(m)
2 ∈ R such that |µ(m)

x,ϵ (X)| ≤

C
(m)
1 + C

(m)
2 |ϵ(m)| for each m = 1, . . . ,M . Hence, |ãm,j,Xj

(x, ϵ)| ≤ |r(m)|+ j(C(m)
1 +

C
(m)
2 |ϵ(m)|).

Omitting the subscripts j,Xj for brevity, and considering M = 2 for now, we

have that

|Ãj,Xj
(x, ϵ)− Ãj,Xj

(y, ϵ)| (5.10)

=
∣∣∣ã1(x, ϵ)ã2(x, ϵ)− ã1(y, ϵ)ã2(y, ϵ)

∣∣∣ (5.11)

=
∣∣∣ã1(x, ϵ)((ã2(x, ϵ)− ã2(y, ϵ)) + ã2(y, ϵ)(ã1(x, ϵ)− ã1(y, ϵ))

∣∣∣ (5.12)

≤
∣∣∣ã1(x, ϵ)

∣∣∣∣∣∣ã2(x, ϵ)− ã2(y, ϵ)
∣∣∣+ ∣∣∣ã2(y, ϵ)

∣∣∣∣∣∣ã1(x, ϵ)− ã1(y, ϵ)
∣∣∣. (5.13)

Note that

|am,j,Xj
(x, ϵ)− am,j,Xj

(y, ϵ)|

=
∣∣∣∣∣[min[µ(m)

x,ϵ (xi1), ..., µ(m)
x,ϵ (xij

)]− r(m)
]

+

−
[

min[µ(m)
y,ϵ (xi1), ..., µ(m)

y,ϵ (xij
)]− r(m)

]
+

∣∣∣∣∣.
For brevity, we assume without loss of generality that r = 0 (otherwise this is

just a constant shift in the means µ).

Case 1: If both terms are zero, then |am,j,Xj
(x, ϵ)− am,j,Xj

(y, ϵ)| = 0.

Case 2: Suppose that one of the terms inside of [·]+ is greater than 0 and one

term is less than zero. Without loss of generality suppose that

min[µ(m)
x,ϵ (Xi1), ..., µ(m)

x,ϵ (Xij
)] ≤ 0

and

min[µ(m)
y,ϵ (Xi1), ..., µ(m)

y,ϵ (Xij
)] ≥ 0.

15Technically, this is only true if the noise terms {σ2(Xi)}n
i=1 are strictly positive; otherwise

µ
(m)
x,ϵ (X) is not differentiable if Kσ

0 (x1:n, x1:n) is singular. However, even in this case that happens
only on a set of measure zero, and thus our arguments remain valid in the almost everywhere
sense.
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Let k = arg mink=1,...,j µ
(m)
y,ϵ (Xik

). Recall that µ(m)
x,ϵ (X) = µ

(m)
D (X) + Σ̂(m)

D (X,x)ϵ(m)

and Σ̂(m)
D (X,x) is continuously differentiable with respect to x [Wu et al., 2020a],

so they are Lipschitz with respect to x. Hence,

|µ(m)
x,ϵ (Xik

)− µ(m)
y,ϵ (Xik

)| = |µ(m)
t (X) + Σ̂(m)

D (X,x)ϵ(m) − µ(m)
t (X)− Σ̂(m)

D (X,y)ϵ(m)|

= |Σ̂(m)
D (X,x)ϵ(m) − Σ̂(m)

D (X,y)ϵ(m)|

≤ C
(m)
3 |ϵ(m)| · ||x− y||,

where C(m)
3 ∈ R, for all m = 1, ...,M . Note that µx,ϵ(Xik

) ≤ 0 ≤ µy,ϵ(Xik
). So

|am,j,Xj
(x, ϵ)− am,j,Xj

(y, ϵ)| = |0− µy,ϵ(Xik
)| ≤ |µx,ϵ(Xik

)− µy,ϵ(Xik
)| ≤ C

(m)
3 |ϵ| ·

||x− y||.

Case 3: Suppose both terms are not zero, i.e., min[µ(m)
x,ϵ (Xi1), ..., µ(m)

x,ϵ (Xij
)] ≥ 0

and min[µ(m)
y,ϵ (Xi1), ..., µ(m)

y,ϵ (Xij
)] ≥ 0. Let k = arg mink=1,...,j µ

(m)
y,ϵ (Xik

). Let q =

arg mink=1,...,j µ
(m)
x,ϵ (Xik

).

Suppose k = q. Then, |am,j,Xj
(x, ϵ)− am,j,Xj

(y, ϵ)| = |µ(m)
x,ϵ (Xik

)− µ(m)
y,ϵ (Xik

)| ≤

C
(m)
3 |ϵ(m)| · ||x− y||.

Suppose k ̸= q.

Suppose µ(m)
x,ϵ (Xiq) ≤ µ(m)

y,ϵ (Xik
). Since µ(m)

x,ϵ (Xiq) ≤ µ(m)
y,ϵ (Xik

) ≤ µ(m)
y,ϵ (Xiq),

we have that |µ(m)
x,ϵ (Xiq)− µ(m)

y,ϵ (Xik
)| ≤ |µ(m)

x,ϵ (Xik
)− µ(m)

y,ϵ (Xik
)| ≤ C

(m)
3 |ϵ(m)| ·

||x−y|| because µ(m)
x,ϵ (·), µ(m)

y,ϵ (·) are Lipschitz w.r.t. x, y respectively, as noted

above.

Suppose µ(m)
x,ϵ (Xiq) > µ(m)

y,ϵ (Xik
). Similarly, since µ(m)

y,ϵ (Xik
) < µ(m)

x,ϵ (Xiq) ≤

µ(m)
x,ϵ (Xik

), we have that |µ(m)
x,ϵ (Xiq) − µ(m)

y,ϵ (Xik
)| ≤ |µ(m)

x,ϵ (Xik
) − µ(m)

y,ϵ (Xik
)| ≤

C
(m)
3 |ϵ(m)| · ||x− y||.

So, |am,j,Xj
(x, ϵ)− am,j,Xj

(y, ϵ)| ≤ C
(m)
3 |ϵ(m)| · ||x− y||.

Hence, in all cases, |am,j,Xj
(x, ϵ)− am,j,Xj

(y, ϵ)| ≤ C
(m)
3 |ϵ(m)| · ||x− y||.

Plugging into (5.13), we have

|Ãj,Xj
(x, ϵ)− Ãj,Xj

(y, ϵ)| ≤ l(ϵ)||x− y||.
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with
l(ϵ) =(

|r(1)|+ j(C(1)
1 + C

(1)
2 |ϵ(1)|)

)
· C(2)

3 |ϵ(2)|

+ (|r(2)|+ j
(
C

(2)
1 + C

(2)
2 |ϵ(2)|)

)
· C(1)

3 |ϵ(1)|).

This result can be generalized for any M by telescoping the expressions in (5.11).

Hence Ãj,Xj
(x, ϵ) is l(ϵ)-Lipschitz continuous and thus A(x, ϵ) is Lipschitz continu-

ous.

Theorem 5.B.1. Let the search space X be compact, the prior mean function µ0 be

constant, and the prior covariance function K0 be continuously differentiable. Let

X∗ ∈ arg maxX⊆X HV
[
µ(X | Dx)

]
. Then

∇xED

[
max
X⊆X

HV
[
µ(X | Dx)

]]
= ED

[
∇xHV

[
µ(X∗ | Dx)

]]
.

Proof. The proof follows that of [Wu et al., 2020a, Theorem 1]. We wish to show

that

∇xED

[
max
X⊆X

HV
[
µ(X | Dx)

]]
= ED

[
∇x max

X⊆X
HV

[
µ(X | Dx)

]]
(5.14)

= ED

[
∇xHV

[
µ(X∗ | Dx)

]]
. (5.15)

To justify (5.15), we begin by expressing the posterior mean

µ(X | Dx) =
[
µ(1)(X | Dx), . . . , µ(M)(X | Dx)

]
for each outcome in terms of a standard normal random vector: µ(m)(X) =

µ(m)(X | D)+Σ̂(m)
D (X,x | D)ϵ(m) form = 1, ...,M . Note that for a fixed x, µ(m)(X | D)

and Σ(m)(X,x | D) are continuously differentiable in X a.e.,16 and for a fixed

X, Σ(m)(X,x | D) is continuously differentiable in x [Wu et al., 2020a, Lemma

1].0 Hence, µ(X | Dx) is continuously differentiable w.r.t to x for fixed X and

continuously differentiable w.r.t to X for fixed x.0

From Equation (5.9), it is easily to see that HV(Y, r) is continuous over Y ∈ RM .

Moreover, the partial derivatives of the input Y exist almost everywhere, since HV
16If there are repeated points in X and noise variance is not positive at all points X, then the

gradient does not exist.
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is an incarnation of hypervolume improvement with no incumbent Pareto frontier

and hypervolume improvement is differentiable almost everywhere w.r.t Y [Daulton

et al., 2020].17 Hence, HV
[
µ(X | Dx)

]
is differentiable w.r.t x almost everywhere

for a fixed X and ϵ and is differentiable w.r.t X almost everywhere for a fixed x

and ϵ.

To employ the envelope theorem [Milgrom and Segal, 2002], we need to show

that the following conditions of Milgrom and Segal [2002, Theorem 2] hold:

1. HV
[
µ(X | Dx)

]
is absolutely continuous w.r.t. x for a fixed ϵ and a fixed X.

2. There exists an integrable function b : X → R such that ||∇xHV
[
µ(X | Dx)

]
|| ≤

b(x) for almost all x ∈ X and for all X.

From Lemma 5.B.1, HV
[
µ(X | Dx)

]
is Lipschitz continuous in x for a fixed

ϵ, X, so it is absolutely continuous. Furthermore, since it is Lipschitz continuous,

its gradient is bounded almost everywhere. Hence, we have

∇x max
X⊆X

HV
[
µ(X | Dx)

]
= ∇xHV

[
max
X⊆X

µ(X | Dx)
]

= ∇xHV
[
µ(X∗ | Dx)

]
,

showing equality between (5.14) and (5.15). To show (5.14), we note that since X is

compact, HV
[
µ(X | Dx)

]
is bounded, which satisfies the conditions of Bartle [1995,

Corollary 5.8]. Given the result in Bartle [1995, Corollary 5.8] and noting again that

the partial derivatives of HV
[
µ(X | Dx)

]
are bounded almost everywhere, we can

interchange expectation and gradient [Bartle, 1995, Corollary 5.9], which justifies

(5.14) and completes the proof.

Corollary 5.B.1. Let µ(m)
i (X) := µ(m)(X | D)+Σ̂(m)(X,x | D)ϵ(m)

i for m = 1, . . . ,M ,

µi(X) :=
[
µ

(1)
i (X), . . . , µ(M)

i (X)
]
, and ϵi ∼ N (0, IM ) iid. Let X∗

i ∈ arg maxX⊆X HV
[
µ(X | Di

x)
]
,

17The partial derivative of HV with respect to Yi,j , the element in the ith row and jth column
of Y , is not defined when there exists another k! = i such that Yi,j = Yk,j or when Yi,j = rj ,
where rj is the reference point value for objective j. The set of points defined by the union of
these settings has zero measure under any GP posterior [Daulton et al., 2020]. Furthermore, the
gradient is only computed at the optimal X ′∗, and typically, Np ≤ |X ∗|, so columns of µt+1(X ′∗)
will contain unique values if µt+1 is representative of the underlying objectives.
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where Di
x = D ∪ {(x,yi)} with yi ∼ p(y | D,x). Then an unbiased estimator of the

gradient ∇xαHV-KG(x) is given by the average of the sample-level gradients

∇xαHV-KG(x) ≈ 1
N

N∑
i=1
∇xHV

[
µ(X∗

i | Di
x)
]
.

The result follow directly from Theorem 5.B.1 and approximating the expectation

via Monte Carlo (using independence of the ϵi). Computing the gradient estimator

in Corollary 5.B.1 requires solving the inner maximization problem to obtain X∗
i

and computing the sample-level gradient for each of the N samples.

Lemma 5.B.2. Suppose that X is compact and that f(x) ∼ GP (0, K0(x,x)) is

a zero-mean multi-output Gaussian Process prior with M outputs. Suppose that

||f(x)|| <∞ almost surely for all x ∈ X . Let X ⊆ X such that |X| ≤ Np, and let

r ∈ RM . Then, the moment generating function

E
[

exp
(
t · sup

X⊆X
HV

[
f(X)

])]

of supX⊆X HV[f(X)], where t ∈ R, is finite for all t.

Proof. Let use denote the components of f(x) by f (1)(x), ..., f (M)(x). Since

||f(x)|| < ∞ for all x ∈ X a.s., we have that |f (i)(x)| < ∞ for all x ∈ X

and m = 1, . . . ,M a.s.. Therefore, E
[

supx∈X f
(m)(x)] < ∞ for m = 1, . . . ,M

[Adler, 1990, Theorem 2.1]. Let f ∗ denote the component-wise supremum of f :

i.e. f ∗ = [supx∈X f
(1)(x), ..., supx∈X f

(M)x)]. By definition f ∗ ⪰ f(x) for all

x ∈ X. Hence, HV[{f ∗}] ≥ supX⊆X HV[f(X)]. Since HV is non-negative, it

is sufficient to consider t ≥ 0. From Equation (5.9), we have that HV[{f ∗}] =∏M
m=1 max(supx∈X f

(m)(x) − r(m), 0). Without loss of generality, we may assume

r = 0 (otherwise this corresponds to a simple shift of f). Then,

HV(f ∗) =
M∏

m=1
max

(
sup
x∈X

f (m)(x), 0
)

≤
(

max
m=1...,M

[
max

(
sup
x∈X

f (m)(x), 0
)])M

≤ max
m=1...,M

∣∣∣∣sup
x∈X

f (m)(x)
∣∣∣∣M

≤ max
m=1...,M

(
sup
x∈X
|f (m)(x)|

)M

.
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Hence

E
[

exp
(
t ·HV(f ∗)

)]
≤ E

[
exp

(
t · max

m=1...,M

(
sup
x∈X
|f (m)(x)|

)M
)]

(5.16)

= E
[

max
m=1...,M

exp
(
t ·
(

sup
x∈X
|f (m)(x)|

)M
)]

(5.17)

≤
M∑

m=1
E
[

exp
(
t ·
(

sup
x∈X
|f (m)(x)|

)M
)]
, (5.18)

where the final inequality comes from noting that all terms in the max are positive.

Since all moments of supx∈X |f (m)(x)| are finite [Balandat et al., 2020, Lemma

4], E
[
supx∈X |f (m)(x)|M

]
≤ ∞ for all m = 1, ...,M . From here, our proof follows

that of Balandat et al. [2020, Lemma 4]. Consider the mth term in (5.18) and let

Z(m) :=
(

supx∈X |f (m)(x)|
)M

:

E[exp(t · Z(m))] =
∫ ∞

0
p
(

exp(t · Z(m)) > u
)
du

≤ 1 +
∫ ∞

1
p
(

exp(t · Z(m)) > u
)
du

= 1 +
∫ ∞

1
p
(
Z(m) >

log u
t

)
du

= 1 +
∫ ∞

1
p
(
Z(m) − E[Z(m)] > log u

t
− E[Z(m)]

)
du

Using a change of variables where v = log u
t
− E[Z(m)], we have that dv = du

ut
and

ut = tetvetE[Z(m)]. Hence via substitution,

E[exp(t · Z(m))] ≤ 1 +
∫ ∞

1
p
(
Z(m) − E[Z(m)] > log u

t
− E[Z(m)]

)
du

= 1 + teE[Z(m)]
∫ ∞

−E[Z(m)]
p
(
Z(m) − E[Z(m)] > v

)
etvdv

= 1 + teE[Z(m)]
[ ∫ 0

min(−E[Z(m)],0)
p
(
Z(m) − E[Z(m)] > v

)
etvdv

+
∫ ∞

0
p
(
Z(m) − E[Z(m)] > v

)
etvdv

]

≤ 1 + teE[Z(m)]
[
|E[Z(m)]|+

∫ ∞

0
p
(
Z(m) > v + E[Z(m)]

)
etvdv

]

Note that since Z(m) =
(

supx∈X |f (m)(x)|
)M

,

p
(
Z(m) > v + E[Z(m)]

)
= p

(
sup
x∈X
|f (m)(x)| > (v + E[Z(m)]) 1

M

)
.



158 5.B. Theoretical Results

Let σ2
X = supx∈X

[
(f (m)(x))2

]
. Then, the tail probability p

(
supx∈X f

(m)(x) > α
)

can be bounded as

p
(

sup
x∈X

f (m)(x) > α
)
≤ e−α2/(2σ2

X )

by Borell’s inequality [Adler, 1990, Section 2.1]. Hence,

p
(

sup
x∈X
|f (m)(x)| > α

)
≤ 2e−α2/(2σ2

X ).

Letting α = v + E[Z(m)], we have that

p
(
Z(m) > v + E[Z(m)]

)
≤ 2e−(v+E[Z(m)])2/(2σ2

X ).

Hence we obtain

E[exp(t · Z(m))] ≤ 1 + teE[Z(m)]
[
|E[Z(m)]|+

∫ ∞

0
p
(
Z(m) > v + E[Z(m)]

)
etvdv

]

≤ 1 + teE[Z(m)]|E[Z(m)]|+ teE[Z(m)]
∫ ∞

0
2etv−(v+E[Z(m)])2/(2σ2

X )dv

<∞.

So,

E
[

exp
(
t · sup

X⊆X
HV

[
f(X)

])]
<∞.

Theorem 5.8.1. Suppose that X is compact and that f ∼ GP (µ0(·), K0(·, ·)) is a

sample from a multi-output Gaussian process prior with continuously differentiable

mean µ0(·) and covariance K0(·, ·) functions. Let {ϵi}N
i=1 be i.i.d. base samples from

N (0, IM) and let x∗
N ∈ arg maxx∈X α̂

N
HV-KG(x), then

(i) α̂HV-KG(x∗
N)→ α∗

HV-KG a.s.

(ii) infx∗∈X ∗
HV-KG

||x∗
N − x∗|| → 0 a.s.

(iii) ∀ δ > 0,∃ K <∞, α > 0 such that

p
(

infx∗∈X ∗
HV-KG

||x∗
N − x∗|| ≥ δ

)
≤ Ke−αN .
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Proof. Let us express the integrand in α̂N
HV-KG(x) as G(x, ϵ) = maxX⊆X HV(µi(X)),

where µi(·) is defined in Corollary 5.B.1. As in Balandat et al. [2020], Daulton et al.

[2020], we leverage Homem-de-Mello [2008, Proposition 2.2] to obtain our (i) and

(ii). Homem-de-Mello [2008, Proposition 2.2] requires that two conditions be met

[Homem-de-Mello, 2008, Assumptions A1, A2]:

(A1) ∀x ∈ X , α̂N
HV-KG(x)→ αHV-KG(x) a.s.

(A2) there exists an integrable function L(ϵ) : RM → R such that for almost

every ϵ and ∀ x,y ∈ X ,

|G(x, ϵ)−G(y, ϵ)| ≤ L(ϵ)||x− y||.

Note that for any ϵ, the restriction from x → G(x, ϵ) to the kth coordinate,

where x = (x1, . . . , xd) and k ∈ {1, ..., d}, is Lipschitz continuous by Theorem 5.B.1.

Therefore, the partial derivative ∂G(x,ϵ)
∂xk

exists and is bounded almost everywhere.

That is, there exists ck ∈ RM such that ||ck|| <∞ and |∂G(x,ϵ)
∂xk
| ≤ cT

k |ϵ|, where | · |

denotes the component-wise absolute value.

Consider the difference |G(x, ϵ) − G(y, ϵ)|. We can bound this difference

by summing the component-wise differences and leveraging the bounded partial

derivatives to obtain

|G(x, ϵ)−G(y, ϵ)| ≤
d∑

k=1
cT

k |ϵ| · |xk − yk| ≤ max
k∈{1,...,d}

cT
k |ϵ| · ||x− y||1. (5.19)

Let L1(ϵ) = maxk∈{1,...,d} c
T
k |ϵ|. We need only to verify that L1(ϵ) is integrable.

Since ϵ is a vector of standard Normal random variables,

E
[
|L1(ϵ)|

]
≤ max

k∈{1,...,d}

M∑
m=1

c
(m)
k E

[
|ϵ(m)|

]
=
√

2
π

max
k∈{1,...,d}

||ck||1.

So L1(ϵ) is integrable, and assumption (A2) holds.

Note that G(x, ϵ) is the maximum hypervolume where the objectives are GPs.

From Lemma 5.B.2, the moment generating function E[etG(x,ϵ)] is finite for all

t. Noting that G(x, ϵ) is positive for all x, ϵ, we have that E[et|G(x,ϵ)|] is also

finite for all t. Hence, all of their absolute moments [Meyer, 2012, Exercise 9.15]

and E[|G(x, ϵ)|] are finite for all x. Thus, by the strong law of large numbers
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α̂N
HV-KG(x) → αHV-KG(x) a.s. where {ϵi}N

i=1 are i.i.d. Therefore assumption (A1)

holds.

To obtain (iii), we additionally need to show that there exists an integrable

function L2(ϵ) : RM → R such that G(x, ϵ) is L2(ϵ)-Lipschitz and the moment

generating function E[etL2(ϵ)] of L2(ϵ) is finite in an open neighborhood of t = 0

(originally from Homem-de-Mello [2008] and written concisely in Balandat et al.

[2020, Proposition 2]). Let us define

L2(ϵ) := M ||ϵ||∞ · ||ck||∞ ≥ max
k∈{1,...,d}

cT
k |ϵ|.

From (5.19) it follows that G(x, ϵ) is L2(ϵ)-Lipschitz in x. Furthermore, ||ϵ||∞ ≤

||ϵ||1. So, L2(ϵ) ≤ C1||ϵ||1, where C1 := M · ||ck||∞ <∞. Moreover,

E
[
etL2(ϵ)

]
≤ E

[
etC1||ϵ||1

]
= E

[
etC1

∑M

m=1 |ϵ(m)|
]

= E
[

M∏
m=1

etC1|ϵ(m)|
]

=
M∏

m=1
E
[
etC1|ϵ(m)|

]
,

where we arrive at the last equality since ϵ(1), ..., ϵ(M) are independent. Let M(t) =∏M
m=1 E

[
etC1|ϵ(m)|

]
. Note that M(t) is simply the moment generating function of a

folded Normal variable with scale parameter C2
1 , which is finite for all t. Hence

E[etL2(ϵ)] <∞ for all t, which completes the proof.

5.C Alternative Knowledge Gradient Acquisition
Functions

HV-KG is strongly motivated by the Bayesian decision theoretic best point selection

described in Section 5.5. That is, given a model of the objectives a decision maker

will typically wish to infer the Pareto set of optimal designs and select one design

from the Pareto set based on their preferences and estimates of the objectives for each

design. In many MOBO works that consider inference regret [Hernandez-Lobato

et al., 2016, Suzuki et al., 2020, Tu et al., 2022], it is common practice to determine

the Pareto set over the search space under the posterior mean. Hence, HV-KG

is constructed to be the one-step Bayes optimal acquisition function maximizing

the hypervolume of the Pareto set under the posterior mean HV(µ(X)).
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An alternative formulation would be to consider hypervolume as a utility function

and seek to maximize the expected utility E[HV(f(X))]. Although many BO

acquisition functions including the the single objective knowledge gradient are

formulated as expected utilities, expected hypervolume would be difficult to leverage

in a Bayesian decision theoretic framework because it quanitifies the expected utility

of a set of points rather than an individual point. In the single objective setting

with a utility function g : R → R the point18 x∗ that maximizes the expected

utility is given by x∗ = arg maxx∈X E[g(f(x))]. Hence, it is simple to determine

the best point with maximum expected utility in this framework. In the multi-

objective setting, the hypervolume indicator is a set function and quantifies the

utility of a set of points. Although one could identify the optimal set of points19

X∗ = arg maxX∈X E[HV(f(X))], selecting a single point from X∗ to implement

according to one’s preferences would be challenging. Although the set X∗ would be

optimal with respect to the expected hypervolume utility, using the posterior mean

to estimate the objectives for each point in X∗ may yield confusing results. Namely,

the points in X∗ would not necessarily in the Pareto optimal under the posterior

mean. Hence, the expected utility would be misaligned given the method for

selecting the best point. In contrast, maximizing the hypervolume of the posterior

mean would directly align with the best point selection method.

Nevertheless, we define and evaluate a KG acquisition function that arises when

treating HV as an expected utility.

αE-HV-KG(x) = ED

[
max
X⊆X

E
[
HV(f(X)) | Dx)

]
− ϕ∗

]
, (5.20)

where ϕ∗ := maxX⊆X E
[
HV(f(X)) | D

]
. This acquisition function has the desirable

property of non-negativity.

Theorem 5.C.1. αE-HV-KG(x) is non-negative for all x in X q

18Technically there could be set of maximizers, but here we consider only one for simplicity.
19Rather, one could identify an approximation of the optimal set of designs, as discussed in

Section 5.5.
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Proof. We have that

αE-HV-KG(x) = ED

[
max
X⊆X

E
[
HV(f(X)) | Dx)

]
− ϕ∗

]

= ED

[
max
X⊆X

E
[
HV(f(X)) | Dx)

]]
− ϕ∗.

The proof is straightforward and follows from the fact that the max function is

convex. From Jensen’s inequality, we have that

ED

[
max
X⊆X

E
[
HV(f(X)) | Dx)

]]
≥ max

X⊆X
ED

[
E
[
HV(f(X)) | Dx)

]]

= max
X⊆X

E
[
HV(f(X)) | D)

]
]

= ϕ∗

Hence, αE-HV-KG(x) ≥ 0.

We leave the analysis of the non-negativity of HV-KG with a multi-output

Gaussian process prior to future work. We note that hypervolume is not convex,

and that for non-Gaussian priors, simple examples show that it can be negative.

5.C.1 Empirical Evaluation

Computing the expected utility requires Monte Carlo integration, and we evaluate

the performance below with 16 samples. The decoupled and multi-fidelity variants

are straightforward extensions of αE-HV-KG using the same conditioning on partial

information as with HV-KG.

In Figure 5.C.4, we evaluate αE-HV-KG on single fidelity benchmarks with coupled

evaluations and find that HV-KG typically performs at least as well as αE-HV-KG, but

is much faster to optimize. αE-HV-KG is much more expensive to compute due to the

nested Monte Carlo integration and is slow even on a GPU as shown in Table 5.D.6.

In Figures 5.C.1 and 5.C.2, we evaluate a decoupled variant of αE-HV-KG and

similar results with respect to optimization performance, wall times, as shown in

Tables 5.D.4 and 5.D.5. We where unable to run αE-HV-KG on the NAS problem

with non-competitive decoupling due to memory issues on a CPU and excessive

runtime on a CPU. In Figure 5.C.3, we evaluate a MF variant of αE-HV-KG and
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find that it works quite well, but is quite slow and we were unable to run it on the

plasma laser acceleration problem and the ranking problem due to memory issues on

a GPU and excessive wall time on a CPU. Wall times are reported in Table 5.D.3.
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Figure 5.C.1: NCD benchmarks with αE-HV-KG.
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Figure 5.C.2: CD benchmarks with αE-HV-KG.
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Figure 5.C.4: Single fidelity, coupled evaluation benchmarks with αE-HV-KG.

5.D Additional Experiments

5.D.1 MOBO Problems with Complete Information
Sequential MOBO with Complete Information

We evaluate optimization performance in the standard sequential (i.e. q = 1),

complete information multi-objective setting (Figure 5.D.1). We find that HV-

KG is a top performer on most problems. HV-KG is outperformed by qNEHVI

for noiseless Penicilin, and performance is otherwise slightly better than, or not

statistically significant from qNEHVI.
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Figure 5.D.1: Sequential (q = 1) optimization performance on single fidelity problems.

Parallel MOBO with Complete Information

We evaluate optimization performance using a batch size of q = 4 (Figure 5.D.2).

We find that HV-KG is a top performer on most problems. Like the sequential

case, HV-KG is outperformed by qNEHVI for noiseless Penicilin, and performance

is otherwise slightly better than, or not statistically significant from qNEHVI.

5.D.2 Sensitivity with Respect to Pareto Set Size and MC
Samples

We evaluate the sensitivity of HV-KG to the Pareto set size Np and the number

of MC samples N and find that HV-KG is quite robust to both as show in
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Figure 5.D.2: Parallel (q = 4) optimization performance on single fidelity problems.
Many PFES and JES-LB(2) runs to failed with numerical errors, and so they are not
reported in for some problems.

Figures 5.D.3 and 5.D.4.

5.D.3 Sensitivity to Costs in Competitive Decoupling

In this study, we examine the extent to which CD results are sensitive to the costs

used for each objective, which can be particularly relevant when some objectives are

more challenging to model than others. To do this, we swap the cost functions such

that for ZDT2 and DTLZ2 the two objectives costs 3 and 1, respectively; for Vehicle

Design, the objectives have costs 8, 3, and 1 respectively, and for NAS, the objectives

have costs 2 and 1 respectively. We observe that decoupled entropy methods works
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Figure 5.D.3: Sensitivity analysis on single fidelity problems. We do not observe any
meaningful differences in performance across multiple problems and over a range of values
for either the number of points in the finite Pareto Frontier approximation (Np) or the
number of fantasy samples (N).

significantly better on ZDT2 with the cost functions swapped. We note that the first

objective is far simpler than the second objective, and in this case, the first objective

is 3 times more expensive. Comparing Figure 5.9.2 in the main text and Figure 5.D.5

here, we find that HV-KG is robust with both cost configurations. In addition, we

evaluate which objectives different decoupled algorithms choose to evaluate in the

competitive decoupling setting. We observe that the behaviors of JES-LB2 and

PFES are far more sensitive to the cost function and that those methods assign
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Figure 5.D.4: Sensitivity analysis on NCD problems. We do not observe any meaningful
differences in performance across multiple problems and over a range of values for either
the number of points in the finite Pareto Frontier approximation (Np) or the number of
fantasy samples (N).
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Figure 5.D.5: Competitive decoupling with swapped costs across objectives. Results
are qualitatively similar to that of the main text, but the performance of decoupled JES
improves for ZDT2, and deteriorates for Vehicle Design.

significantly more samples to lower cost objectives. When the costs are swapped,

JES-LB2 and PFES again allocate significantly more evaluations to lower cost

objectives, where as the change in HV-KG’s behavior is less severe. We suspect the

performance of JES-LB2 and PFES is quite sensitive to the choice of cost function.

ZDT2 (1, 3) DTLZ2 (1,3) Vehicle Design (1, 3, 8) NAS (1, 2)

HV-KG [34, 29] [45, 25] [17, 16, 15] [182, 159]
JES-LB2 [68, 18] [78, 14] [39, 15, 12] [371, 65]
PFES - [66, 18] [48, 12, 12] [17, 242]

Table 5.D.1: Number of evaluations of each objective in the competitive decoupling
setting.
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ZDT2 (3,1) DTLZ2 (3,1) Vehicle Design (8, 3, 1) NAS (2,1)

HV-KG [30, 31] [27, 39] [14, 18, 21] [47, 107]
JES-LB2 [21, 57] [14, 78] [12, 12, 48] [26, 148]
PFES [20, 62] [30, 32] [13, 15, 31] [14, 172]

Table 5.D.2: Number of evaluations of each objective in the competitive decoupling
setting with swapped costs across objectives.

Park Branin-Currin Ranking Policy Optimization Plasma Laser Acceleration

E-HV-KG 336.6 (±45.7) 140.6 (±14.1) - -
E-MF-HV-KG 97.3 (±6.0) 74.5 (±2.5) - -
HV-KG 15.3 (±1.7) 14.1 (±4.7) 158.6 (±24.4) 55.3 (±9.2)
JES-LB 148.6 (±11.3) 54.8 (±3.1) 68.9 (±4.9) 154.4 (±6.1)
JES-LB2 133.6 (±9.6) 54.1 (±4.4) 70.0 (±3.5) 187.5 (±9.9)
MF-HV-KG 17.9 (±1.4) 16.0 (±0.8) 49.8 (±5.4) 42.7 (±3.1)
MF-Sobol 0.3 (±0.0) 0.3 (±0.0) 0.3 (±0.0) 0.3 (±0.0)
MOMF 6.5 (±0.4) 5.2 (±0.2) 5.3 (±1.1) 8.6 (±0.6)
PFES 9.3 (±0.2) 11.8 (±1.8) 9.6 (±0.3) 28.0 (±4.0)
Sobol 0.3 (±0.0) 0.3 (±0.0) 0.3 (±0.0) 0.3 (±0.0)
qNEHVI 2.2 (±0.2) 1.9 (±0.6) 5.0 (±0.3) 3.7 (±0.3)

Table 5.D.3: Acquisition function optimization wall time in seconds on a Tesla V100
SXM2 GPU (16GB RAM) for the multi-fidelity problems. The mean and two standard
errors are reported.

5.D.4 Wall Times

We find that candidate generation time with HV-KG is competitive with other

methods in the decoupled setting as shown in Tables 5.D.4 and 5.D.5. Notably, HV-

KG is significantly faster than the information theoretic alternatives on problems

with decoupled evaluations. In the MF setting, MF-HV-KG and HV-KG are

slower than alternatives as shown in Table 5.D.3, but MF-HV-KG is also the

best performing method with respect to regret.

5.D.5 Wall time of Nested Optimization via Unbiased Es-
timation

To verify our assertion that nested optimization is far more computationally intensive,

we compare the wall time for optimizing HV-KG using the stochastic, unbiased

gradient estimator and using our deterministic SAA approach. We use the default

stochastic optimization routine in BoTorch [Balandat et al., 2020], which uses Adam

[Kingma and Ba, 2014] with a constant learning rate of 1
40 and an exponential

moving average stopping strategy. We use L-BFGS-B to solve the inner optimization
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ZDT2 DTLZ2 Vehicle Design NAS

HV-KG 16.2 (±1.3) 17.5 (±1.1) 30.6 (±3.8) 12.0 (±0.6)
HV-KG, Decoupled 28.7 (±2.3) 30.8 (±1.7) 55.4 (±6.5) 24.4 (±1.4)
E-HV-KG 203.3 (±9.6) 259.8 (±21.7) 265.4 (±25.1) 15.7 (±0.6)
E-HV-KG, Decoupled 290.0 (±12.7) 479.9 (±30.8) 584.9 (±35.9) 34.8 (±2.0)
JES-LB 100.6 (±8.1) 162.5 (±14.0) 119.9 (±8.9) 44.2 (±0.7)
JES-LB2 110.5 (±9.2) 163.7 (±11.9) 133.1 (±10.7) 43.6 (±0.6)
JES-LB2, Decoupled 172.1 (±13.5) 181.7 (±23.3) 305.4 (±26.4) 44.9 (±0.6)
PFES 15.5 (±1.3) 21.0 (±1.9) 40.5 (±9.0) 16.0 (±0.5)
PFES, Decoupled - 20.7 (±1.8) 22.1 (±0.8) 17.3 (±0.5)
Sobol 0.3 (±0.0) 0.3 (±0.0) 0.3 (±0.0) 4.2 (±0.3)
Sobol, Decoupled 0.3 (±0.0) 0.3 (±0.0) 0.3 (±0.0) 4.4 (±0.3)
qNEHVI 3.8 (±0.2) 3.9 (±0.2) 4.1 (±0.2) 8.8 (±0.6)

Table 5.D.4: Acquisition function optimization wall time for problems with competitive
decoupling in seconds on a Tesla V100 SXM2 GPU (16GB RAM). The mean and two
standard errors are reported.

ZDT2 DTLZ2 Vehicle Design NAS

HV-KG 9.8 (±0.6) 12.9 (±1.7) 22.0 (±2.0) 13.7 (±0.6)
HV-KG, Decoupled 10.7 (±0.5) 12.9 (±0.7) 16.5 (±0.8) 132.4 (±5.4)
E-HV-KG 95.0 (±4.5) 185.4 (±10.1) 149.1 (±10.2) 17.5 (±0.7)
E-HV-KG, Decoupled 116.8 (±5.5) 262.1 (±11.3) 158.1 (±9.1) -
JES-LB 62.0 (±4.1) 70.3 (±3.6) 68.6 (±3.4) -
JES-LB2 80.1 (±5.9) 91.3 (±5.8) 91.2 (±6.7) -
JES-LB2, Decoupled 104.6 (±5.6) 131.8 (±16.1) 177.2 (±11.3) 152.3 (±4.9)
PFES 13.9 (±0.8) 25.4 (±2.2) 38.9 (±3.8) 768.9 (±12.3)
PFES, Decoupled - - 349.6 (±8.4) 1421.1 (±36.1)
Sobol 0.3 (±0.0) 0.3 (±0.0) 0.3 (±0.0) 4.1 (±0.3)
Sobol, Decoupled 0.3 (±0.0) 0.3 (±0.0) 0.3 (±0.0) 4.1 (±0.2)
qNEHVI 4.2 (±0.4) 4.4 (±0.3) 4.9 (±0.5) 9.5 (±0.6)

Table 5.D.5: Acquisition function optimization wall time for problems with non-
competitive decoupling in seconds on a Tesla V100 SXM2 GPU (16GB RAM). The mean
and two standard errors are reported.

problem. To select starting points for gradient-based optimization, we sample 8

points from a scrambled Sobol sequence, evaluate HV-KG via solving the inner

optimization problem, and use the standard Boltzmann sampling [Duchon et al.,

2004] initialization procedure in BoTorch to select a single starting point. We

limit the number of quasi-random points to 8 because HV-KG via solving the

inner optimization problem is computationally intensive. For the SAA, we use

initialization procedure described in Appendix 5.A.2 and we use 1024 quasi-random

points to select one starting point (i.e. the current design to select) because
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DTLZ2 (noiseless) DTLZ2 (noisy) ZDT2 (noiseless) ZDT2 (noisy)

E-HV-KG 135.3 (±6.8) 122.2 (±9.8) 69.7 (±3.0) 62.9 (±3.8)
HV-KG 11.3 (±0.2) 11.3 (±0.2) 11.9 (±1.0) 10.1 (±0.6)
JES-LB 98.2 (±9.0) 49.3 (±1.7) - 44.2 (±1.7)
JES-LB2 133.2 (±3.9) 49.3 (±2.2) 130.8 (±5.9) 42.1 (±1.3)
PFES 33.2 (±1.9) 17.2 (±0.9) 16.0 (±0.7) 14.1 (±0.6)
Sobol 2.8 (±0.0) 2.5 (±0.1) 3.3 (±0.0) 2.3 (±0.0)
qNEHVI 6.2 (±0.1) 6.9 (±0.3) 5.8 (±0.2) 5.5 (±0.2)

Vehicle Design(noiseless) Vehicle Design (noisy) Penicillin (noiseless) Penicillin (noisy)

E-HV-KG 91.5 (±3.1) 86.4 (±1.8) 218.7 (±14.9) 120.8 (±16.5)
HV-KG 34.3 (±1.4) 29.6 (±0.7) 82.0 (±9.8) 45.4 (±10.1)
JES-LB 167.4 (±9.2) 115.6 (±4.9) 172.2 (±27.8) 83.6 (±5.6)
JES-LB2 210.6 (±10.1) 118.5 (±4.3) 187.7 (±18.4) 82.9 (±4.9)
PFES 37.7 (±2.3) 36.2 (±3.6) - 37.9 (±2.9)
Sobol 15.8 (±0.5) 12.4 (±0.5) 6.3 (±0.1) 6.6 (±0.3)
qNEHVI 29.7 (±1.3) 27.5 (±1.1) 15.1 (±1.1) 14.7 (±0.8)

SnAr (noiseless) SnAr (noisy) Marine (noiseless) Marine (noisy)

E-HV-KG 67.9 (±3.5) 127.1 (±10.0) 219.4 (±15.4) 194.8 (±10.3)
HV-KG 24.7 (±0.9) 21.4 (±1.7) 74.9 (±2.6) 66.3 (±1.9)
JES-LB - - 245.2 (±14.3) 196.0 (±9.8)
JES-LB2 - - 274.2 (±10.4) 189.7 (±8.2)
PFES - - 83.8 (±7.8) 59.0 (±3.2)
Sobol 13.4 (±1.6) 13.5 (±3.1) 8.0 (±0.3) 7.8 (±0.5)
qNEHVI 19.5 (±0.9) 20.2 (±2.6) 69.9 (±2.5) 76.4 (±3.1)

Chemistry

E-HV-KG 47.6 (±2.2) - - -
HV-KG 8.8 (±0.7) - - -
JES-LB 49.6 (±1.9) - - -
JES-LB2 48.6 (±1.2) - - -
PFES 11.9 (±0.4) - - -
Sobol 3.4 (±0.2) - - -
qNEHVI 5.9 (±0.5) - - -

Table 5.D.6: Sequential (q = 1) acquisition function optimization wall time in seconds
on a Tesla V100 SXM2 GPU (16GB RAM). The mean and two standard errors are
reported. PFES and JES-LB(2) failed are missing some values due to numerical errors ,
which caused the runs to fail.

evaluating HV-KG in a one-shot fashion (i.e. not solving the inner optimization

problem to completion for each x) is fast. From the starting pint, we use L-BFGS-B

to HV-KG in a one-shot fashion. We report results on optimizing HV-KG under

these two approaches in Figure 5.D.6 using a GP fit to 14 data points collected

from the DTLZ2 (d = 6,M = 2) problem [Deb et al., 2002]. We find that using

sample average approximation (SAA) determinsitic one-hot optimization finds better

candidates and stochastic nested optimization and does so in a fraction of the wall

time. It worth noting that we limited the number of quasi-random points to 8

to run this comparison in a reasonable amount of time, but by the time gradient-

based optimization starts for the nested stochastic approach, the SAA approach has

achieved a higher HV-KG than the stochastic approach will ever reach (on average).
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DTLZ2 (noiseless) DTLZ2 (noisy) ZDT2 (noiseless) ZDT2 (noisy)

HV-KG 43.1 (±2.4) 49.6 (±1.7) 44.5 (±2.0) 35.4 (±1.6)
JES-LB 249.0 (±9.3) 72.1 (±4.0) - -
JES-LB2 333.3 (±15.1) 79.2 (±3.9) - -
PFES 1420.2 (±29.8) 1224.8 (±23.8) - -
Sobol 0.3 (±0.0) 0.3 (±0.0) 0.3 (±0.0) 0.3 (±0.0)
qNEHVI 15.6 (±0.4) 18.9 (±0.6) 7.9 (±0.2) 11.1 (±0.5)

Vehicle Design(noiseless) Vehicle Design (noisy) Penicillin (noiseless) Penicillin (noisy)

HV-KG 69.5 (±2.5) 64.6 (±1.7) 333.7 (±42.5) 210.8 (±40.4)
PFES 1264.0 (±77.3) 1343.7 (±76.5) - 1376.4 (±50.7)
Sobol 0.3 (±0.0) 0.2 (±0.0) 0.3 (±0.0) 0.3 (±0.0)
qNEHVI 35.9 (±0.9) 37.1 (±0.9) 35.6 (±1.9) 45.0 (±2.1)

SnAr (noiseless) SnAr (noisy) Marine (noiseless) Marine (noisy)

HV-KG 45.9 (±1.6) 30.3 (±0.8) 252.3 (±8.4) 225.8 (±7.2)
PFES - - 1612.1 (±97.1) 1468.8 (±94.6)
Sobol 0.2 (±0.0) 0.2 (±0.0) 0.2 (±0.0) 0.2 (±0.0)
qNEHVI 11.4 (±0.7) 9.2 (±0.6) 245.4 (±10.4) 264.6 (±10.0)

Chemistry

HV-KG 23.6 (±0.6) - - -
PFES 1201.3 (±29.3) - - -
Sobol 0.3 (±0.0) - - -
qNEHVI 5.7 (±0.3) - - -

Table 5.D.7: Batch (q = 4) acquisition function optimization wall time in seconds on a
Tesla V100 SXM2 GPU (16GB RAM). The mean and two standard errors are reported.
Most of the PFES and JES-LB(2) runs to failed with numerical errors.

5.D.6 Fidelity Selection Behavior

In this section, we examine the how different algorithms select fidelities. We

examine the fidelity levels which MOMF and MF-HV-KG choose to evaluate

at each iteration. We observe that MOMF tends to evaluate many more higher

fidelities in early iterations and therefore exhausts its cost budget very quickly.

In contrast, MF-HV-KG evaluates many more low-fidelity points early on and

therefore collects many more observations (at lower fidelities).

5.E On Pareto Subset Selection

In general, the quality of a finite approximation of a larger (potentially infinite)

Pareto frontier is often assessed by additive (and multiplicative) approximation

ratios [Bringmann and Friedrich, 2013], which are the minimum added value (and

multiplier, respectively) that when applied to all points in the approximate Pareto

frontier yield a frontier that is at least a good as all points on the true Pareto

frontier. In the bi-objective case, the hypervolume maximizing set enjoys the
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Figure 5.D.7: A comparison of which fidelities each algorithm chooses to query at each
iteration.

optimal additive (and multiplicative) approximation ratio(s) asymptotically in Np

[Bringmann and Friedrich, 2013].



Endnote

Clarifications

In Figure 5.2.3, log regret refers to the logarithm of the hypervolume inference

regret, which is a commonly used performance metric using multi-objective Bayesian

optimization and is defined as in Section 5.9. In all figures in this chapter (including

the appendix), we report the mean and 2 standard errors of the mean over

20 replications.

Alternative Approaches

An alternative to multi-objective optimization is preference learning. For exam-

ple, future work on Astudillo and Frazier [2020] extending the unknown utility

formulation to handle partial information using a KG acquisition function would be

interesting. In this work however, we focus on learning the entire Pareto frontier,

rather than trying to learn the decision-maker’s preferences.
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6.1 Abstract

Optimizing expensive-to-evaluate black-box functions of discrete (and potentially

continuous) design parameters is a ubiquitous problem in scientific and engineering

applications. Bayesian optimization (BO) is a popular, sample-efficient method

that leverages a probabilistic surrogate model and an acquisition function (AF) to

select promising designs to evaluate. However, maximizing the AF over mixed or

high-cardinality discrete search spaces is challenging because standard gradient-

based methods cannot be used directly and evaluating the AF at every point in

the search space would be computationally prohibitive. To address this issue, we

propose using probabilistic reparameterization (PR). Instead of directly optimizing

the AF over the search space containing discrete parameters, we instead maximize

the expectation of the AF over a probability distribution defined by continuous

parameters. We prove that under suitable reparameterizations, the BO policy that

maximizes the probabilistic objective is the same as that which maximizes the AF,

and therefore, PR enjoys the same regret bounds as the original BO policy using
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the underlying AF. Moreover, our approach provably converges to a stationary

point of the probabilistic objective under gradient ascent using scalable, unbiased

estimators of both the probabilistic objective and its gradient. Therefore, as the

number of starting points and gradient steps increase, our approach will recover

of a maximizer of the AF (an often-neglected requisite for commonly used BO

regret bounds). We validate our approach empirically and demonstrate state-of-

the-art optimization performance on a wide range of real-world applications. PR is

complementary to (and benefits) recent work and naturally generalizes to settings

with multiple objectives and black-box constraints.

6.2 Introduction

Many scientific and engineering problems involve tuning discrete and/or continuous

parameters to optimize an objective function. Often, the objective function is “black-

box”, meaning it has no known closed-form expression. For example, optimizing the

design of an electrospun oil sorbent—a material that can be used to absorb oil in the

case of a marine oil spill to mitigate ecological harm—to maximize properties such as

the oil absorption capacity and mechanical strength [Wang et al., 2020] can involve

tuning both discrete ordinal experimental conditions and continuous parameters

controlling the composition of the material. For another example, optimizing the

structural design of a welded beam can involve tuning the type of metal (categorical),

the welding type (binary), and the dimensions of the different components of the

beam (discrete ordinals)–resulting in a search space with over 370 million possible

designs [Tran et al., 2019]. We consider the scenario where querying the objective

function is expensive and sample-efficiency is crucial. In the case of designing the oil

sorbent, evaluating the objective function requires manufacturing the material and

measuring its properties in a laboratory, requiring significant time and resources.

Bayesian optimization (BO) is a popular technique for sample-efficient black-box

optimization, due to its proven performance guarantees in many settings [Srinivas

et al., 2010, Berkenkamp et al., 2019] and its strong empirical performance [Frazier,

2018, Turner et al., 2021]. BO leverages a probabilistic surrogate model of the
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unknown objective(s) and an acquisition function (AF) that provides utility values

for evaluating a new design to balance exploration and exploitation. Typically,

the maximizer of the AF is selected as the next design to evaluate. However,

maximizing the AF over mixed search spaces (i.e., those consisting of discrete and

continuous parameters) or large discrete search spaces is challenging1 and continuous

(or gradient-based) optimization routines cannot be directly applied. Theoretical

performance guarantees of BO policies require that the maximizer of the AF is

found and selected as the next design to evaluate on the black-box objective function

[Srinivas et al., 2010]. When the maximizer is not found, regret properties are not

guaranteed, and the performance of the BO policy may degrade.

To tackle these challenges, we propose a technique for improving AF optimization

using a probabilistic reparameterization (PR) of the discrete parameters. Our

main contributions are:

1. We propose a technique, probabilistic reparameterization (PR), for maximizing

AFs over discrete and mixed spaces by instead optimizing a probabilistic

objective (PO): the expectation of the AF over a probability distribution of

discrete random variables corresponding to the discrete parameters.

2. We prove that there is an equivalence between the maximizers of the acquisition

function and the the maximizers of the PO and hence, the policy that chooses

designs that are best with respect to the PO enjoys the same performance

guarantees as the standard BO policy.

3. We derive scalable, unbiased Monte Carlo estimators of the PO and its gradient

with respect to the parameters of the introduced probability distribution. We

show that stochastic gradient ascent using our gradient estimator is guaranteed

to converge to a stationary point on the PO surface and will recover a global

maximum of the underlying AF as the number of starting points and gradient

steps increase. This is important because many BO regret bounds require

maximizing the AF [Srinivas et al., 2010]. Although the AF is often non-convex
1If the discrete search space has low enough cardinality that the AF can be evaluated at every

discrete element, then acquisition optimization can be solved trivially.
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and maximization is hard, empirically, with a modest number of starting

points, PR leads to better AF optimization than alternative methods.

4. We show that PR yields state-of-the-art optimization performance on a wide

variety of real-world design problems with discrete and mixed search spaces.

Importantly, PR is complementary to many existing approaches such as

popular multi-objective, constrained, and trust region-based approaches; in

particular, PR is agnostic to the underlying probabilistic model over discrete

parameters—which is not the case for many alternative methods.

6.3 Preliminaries

Bayesian Optimization We consider the problem of optimizing a black-box

function f : X × Z → R over a compact search space X × Z, where X = X (1) ×

· · · × X (d) is the domain of the d ≥ 0 continuous parameters (x(i) ∈ X (i) for

i = 1, ..., d) and Z = Z(1) × · · · × Z(dz) is the domain of the dz ≥ 1 discrete

parameters (z(i) ∈ Z(i) for i = 1, ..., dz).2

BO leverages (i) a probabilistic surrogate model—typically a Gaussian process

(GP) [Rasmussen, 2004]—fit to a data set Dn = {xi, zi, yi}n
i=1 of designs and

corresponding (potentially noisy) observations yi = f(xi, zi) + ϵi, ϵi ∼ N (0, σ2),

and (ii) an acquisition function α(x, z) that uses the surrogate model’s posterior

distribution to quantify the value of evaluating a new design. Common AFs include

expected improvement (EI) [Jones et al., 1998] and upper confidence bound (UCB)

[Srinivas et al., 2010]—the latter of which enjoys no-regret guarantees in certain

settings [Srinivas et al., 2010]. The next design to evaluate is chosen by maximizing

the AF α(x, z) over X × Z. Although the black-box objective f is expensive-to-

evaluate, the AF is relatively cheap-to-query, and therefore, it can be optimized

numerically. Gradient-based optimization routines are often used to maximize the

AF over continuous domains [Garnett, 2023].
2Throughout this paper, we use a mixed search space X × Z in our derivations, theorems,

and proofs, without loss of generality with respect to the case of a purely discrete search space.
If d = 0, then the objective function f : Z → R is defined over the discrete space Z and the
continuous parameters in this exposition can simply be ignored.
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Discrete Parameters In its basic form, BO assumes that the inputs are con-

tinuous. However, discrete parameters such as binary, discrete ordinal, and non-

ordered categorical parameters are ubiquitous in many applications. In the presence

of such parameters, optimizing the AF is more difficult, as standard gradient-

based approaches cannot be directly applied. Recent works have proposed various

approaches including multi-armed bandits [Nguyen et al., 2020a, Ru et al., 2020] and

local search [Oh et al., 2019] for discrete domains and interleaved discrete/continuous

optimization procedures for mixed domains [Deshwal et al., 2021a, Wan et al., 2021].

A simple and widely-used approach across many popular BO packages [Balandat

et al., 2020, The GPyOpt authors, 2016] is to one-hot encode the categorical

parameters, apply a continuous relaxation when solving the optimization, and

discretize (round) the resulting continuous candidates. Examples of continuous

relaxations and discretization functions are listed in Table 6.3.1.

Table 6.3.1: Different parameter types, their continuous relaxations, and discretization
functions.

Type Domain Cont. Relaxation discretize(·) Function

Binary z ∈ {0, 1} z′ ∈ [0, 1] round(z′)
Ordinal z ∈ {0, ..., C − 1} z′ ∈ [−0.5, C − 0.5) round(z′)
Categorical z ∈ {0, ..., C − 1} z′ ∈ [0, 1]C arg maxc z′(c)

Although using a continuous relaxation allows for efficient optimization using

standard optimization routines in an alternate continuous domain Z ′ ⊂ Rm, the

AF value for an infeasible continuous value (i.e., z′ /∈ Z) does not account for the

discretization that must occur before the black-box function is evaluated. Moreover,

the acquisition value for an infeasible continuous value can be larger than the AF

value after discretization. For an illustration of this, see Fig. 6.3.1 (middle/right). In

the worst case, BO will repeatedly select the same infeasible continuous design due

to its high AF value, but discretization will result in a design that has already been

evaluated and has zero AF value. To mitigate this degenerate behavior and avoid

the over-estimation issue, Garrido-Merchán and Hernández-Lobato [2020] propose

discretizing z′ before evaluating the AF, but the AF is then non-differentiable with
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Figure 6.3.1: (Left) A comparison of AF optimization using different methods over a
mixed search space shows that PR outperforms alternative methods for AF optimization
and has much lower variance across replications. The violin plots show the distribution
of final AF values and the mean. “Cont. Relax.” denotes optimizing a continuous
relaxation of the categoricals with exact gradients. “Exact Round” refers to optimizing a
continuous relaxation with approximate gradients (via finite difference), but discretizes the
relaxation before evaluating the surrogate [Garrido-Merchán and Hernández-Lobato, 2020].
”Interleaved” alternates between one step of local search on the discrete parameters and
one step of gradient ascent on the continuous parameters (used in Casmopolitan [Wan
et al., 2021]). For each method, the best candidate across 20 restarts is selected (after
discretization) and the acquisition value of the resulting feasible candidate is recorded.
The AF is expected improvement [Jones et al., 1998]. (Middle/Right) AF values with
a continuous relaxation (middle) and the PO (right) for the Branin function over a
mixed domain with one continuous parameter (x0) and one binary parameter (z0) (see
Appendix 6.B for details on Branin). (Middle) Under a continuous relaxation, the
maximizer of the AF is an infeasible point in the domain (grey circle), which results
in a suboptimal AF value when rounded (black star); the resulting candidate only has
86% of the AF value of the true maximizer. The maximum AF value across the feasible
search space is shown in white and the red regions indicate that the continuous relaxation
overestimates the AF value since it is greater than the maximum AF value of any feasible
design. (Right) The PO is maximized at the AF unique maximizer within the valid
search domain. These contours show that PR avoids the overestimation issue that the
naive continuous relaxation suffers from.

respect to the z′. While this improves performance on small search spaces, the

response surface has large flat regions after discretizing z′, which makes it difficult

to optimize the AF. The authors of [Garrido-Merchán and Hernández-Lobato, 2020]

propose to approximate the gradients using finite differences, but, empirically, we

find that this approach to be leads to sub-optimal AF optimization relative to PR.
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6.4 Probabilistic Reparameterization

Algorithm 2 BO with PR
1: Input: black-box objective f : X ×Z → R
2: Initialize D0 ← ∅, GP0 ← GP(0, k)
3: for n = 1 to Niterations do
4: (xn,θn)← arg max(x,θ)∈X ×Θ EZ∼p(Z|θ)[α(x,Z)]
5: Sample zn ∼ p(Z|θn)
6: Evaluate f(xn, zn)
7: Dn ← Dn−1 ∪ {(xn, zn,f(xn, zn))}
8: Update posterior GPn given Dn

9: end for

We propose an alternative approach based on probabilistic reparameterization,

a relaxation of the original optimization problem involving discrete parameters.

Rather than directly optimizing the AF via a continuous relaxation z′ of the design

z, we instead reparameterize the optimization problem by introducing a discrete

probability distribution p(Z|θ) over a random variable Z with support exclusively

over Z. This distribution is parameterized by a vector of continuous parameters

θ. We use z to denote the vector (z(1), ..., z(dz)), where each element is a different

(possibly vector-valued) discrete parameter. Given this reparameterization, we

define the probabilistic objective (PO):

EZ∼p(Z|θ)[α(x,Z)]. (6.1)

Algorithm 2 outlines BO with probabilistic reparameterization.

PR allows us to optimize θ and x over a continuous space to maximize the

PO instead of optimizing x and z to maximize α directly over the mixed search

space X × Z. As we will show later, maximizing the PO allows us to recover a

maximizer of α over the space X ×Z. Choosing p(Z|θ) to be a discrete distribution

over Z means the realizations of Z are feasible values in Z. Hence, the AF is

only evaluated for feasible discrete designs. Since p(Z|θ) is a discrete probability

distribution, we can express EZ∼p(Z|θ)[α(x,Z)] as a linear combination where each

discrete design is weighted by its probability mass:

EZ∼p(Z|θ)[α(x,Z)] =
∑
z∈Z

p(z|θ)α(x, z). (6.2)
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Example distributions for binary, ordinal, and categorical parameters are

provided in Table 6.4.1.

Table 6.4.1: Examples of probabilistic reparameterizations for different parameter types.
We denote the (C − 1)-simplex as ∆C−1.

Parameter Type Random Variable Continuous Parameter

Binary Z ∼ Bernoulli(θ) θ ∈ [0, 1]
Ordinal Z = ⌊θ⌋+ B, B ∼ Bernoulli(θ − ⌊θ⌋) θ ∈ [0, C − 1]
Categorical Z ∼ Categorical(θ), θ = (θ(1), ..., θ(C)) θ ∈ ∆C−1

Although ordinal parameters could use the same categorical distributions as the

non-ordered categorical parameters, we opt for the provided proposal distribution

since it uses a scalar θ (rather than a C-element vector) and it naturally encodes

the ordering of the values. Using an independent random variable Z(i) ∼ p(Z(i)|θ(i))

for each parameter z(i) for i = 1, ..., dz means that the probabilistic objective

can be expressed as

EZ∼p(Z|θ)[α(x,Z)] =
∑

z(1)∈Z(1)

· · ·
∑

z(dz)∈Z(dz)

α
(
x, z(1), ..., z(dz)

) dz∏
i=1

p(z(i)|θ(i)). (6.3)

6.4.1 Analytic Gradients

One important benefit of PR is that the PO in (6.1) is differentiable with respect

to θ (and x, if the gradient of α with respect to x exists), whereas α(x, z) is not

differentiable with respect to z. The gradients of the PO with respect to θ and

x can be obtained by differentiating Equation 6.2:

∇θEZ∼p(Z|θ)[α(x,Z)] =
∑
z∈Z

α(x, z)∇θp(z|θ) (6.4)

∇xEZ∼p(Z|θ)[α(x,Z)] =
∑
z∈Z

p(z|θ)∇xα(x, z) (6.5)

This enables optimizing the PO (line 4 of Algorithm 2) efficiently and effectively

using gradient-based methods.
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6.4.2 Theoretical Properties

In this section, we derive theoretical properties of PR. Proofs are provided in

Appendix 6.A. Our first result is that there is an equivalence between the maximizers

of the PO and the maximizers of the AF over X × Z.

Theorem 6.4.1 (Consistent Maximizers). Suppose that α is continuous in x for ev-

ery z ∈ Z. LetH∗ be the maximizers of α(x, z): H∗ = {(x, z) ∈ arg max(x,z)∈X ×Z α(x, z)}.

Let J ∗ ⊆ X × Θ be the maximizers of EZ∼p(Z|θ)[α(x,Z)]: J ∗ = {(x,θ) ∈

arg max(x,θ)∈X ×Θ EZ∼p(Z|θ)[α(x,Z)]}, where Θ is the domain of θ. Let Ĥ∗ ⊆ X ×Z

be defined as: Ĥ∗ = {(x, z̃) : (x,θ) ∈ J ∗, z̃ ∼ p(Z|θ)}. Then, Ĥ∗ = H∗.

Algorithm 2 outlines BO with probabilistic reparameterization. Importantly,

Theorem 6.4.1 states that sampling from the distribution parameterized by a

maximizer of the PO yields a maximizer of α, and therefore, Algorithm 2 enjoys

the performance guarantees of α(·).

Corollary 6.4.1 (Regret Bounds). Let α(x, z) be an acquisition function over a

search space X ×Z such that when α is applied as part of a BO strategy that strategy

has bounded regret . If the conditions for the regret bounds of that BO strategy using

α are satisfied, then Algorithm 2 using α enjoys the same regret bound.

Examples of BO policies with bounded regret include those based on AFs such

as upper confidence bound (UCB) [Srinivas et al., 2010] or Thompson sampling

(TS) [Russo and Van Roy, 2014] for single objective optimization, and UCB or

TS with Chebyshev [Paria et al., 2020] or hypervolume [Golovin and Zhang, 2020]

scalarizations in the multi-objective setting.

Although the BO policy selects a maximizer of α is equivalent to the BO

policy in Algorithm 2, maximizing the AF over mixed or high-dimensional discrete

search spaces is challenging because commonly used gradient-based methods cannot

directly be applied. The key advantage of our approach is that maximizers of the

AF can be identified efficiently and effectively by optimizing the PO using gradient

information instead of directly optimizing the AF. We find that optimizing PR
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yields better results than directly optimizing α or other common relaxations as

shown in Figure 6.3.1(Left), where we compare AF optimization methods on the

mixed Rosenbrock test problem (see Appendix 6.B for details).

6.5 Practical Monte Carlo Estimators

6.5.1 Unbiased estimators of the Probabilistic Reparame-
terization and its Gradient

As the number of discrete configurations (|Z|) increases, the PO and its gradient may

become computationally expensive to evaluate analytically because both require a

summation of |Z| terms. Therefore, we propose to estimate the PO and its gradient

using Monte Carlo (MC) sampling. The MC estimator of the PO is given by

EZ∼p(Z|θ)[α(x,Z)] ≈ 1
N

N∑
i=1

α(x, z̃i), (6.6)

where z̃1, ..., z̃N are samples from p(Z|θ). This estimator is unbiased and can

be computed for a large number of samples by evaluating the AF independently

(or in chunks) for each input (x, z̃n).

MC can also be used to estimate the gradient of the PO with respect to θ. We opt

for using a score function gradient estimator [Kleijnen and Rubinstein, 1996] (also

known as REINFORCE [Williams, 1992] and the likelihood ratio estimator [Glynn,

1990]) because it is simple, scalable, and can be computed using the acquisition

values {α(x, z̃i)}N
i=1 that are used in the MC estimator of the PO. Many alternative

lower variance estimators (e.g. Yin et al. [2020], Yin et al. [2019]) would require

many additional AF evaluations (see Mohamed et al. [2020] for a review of MC

gradient estimation). The score function is the gradient of the log probability with

respect to the parameters of the distribution: ∇θ log p(Z|θ) = ∇θp(Z|θ)
p(Z|θ) . Using this

score function, we can express the analytic gradient as

∇θEZ∼p(Z|θ)[α(x,Z)] =
∑
z∈Z

α(x, z)p(z|θ)∇θ log p(z|θ) = EZ∼p(Z|θ)[α(x,Z)∇θ log p(Z|θ)].

The unbiased MC estimator of the gradient of the PO with respect to θ is given by

∇θEZ∼p(Z|θ)[α(x,Z)] ≈ 1
N

N∑
i=1

α(x, z̃i)∇θ log p(z̃i|θ). (6.7)
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Since the score function gradient is only defined when p(z|θ) > 0, we reparameterize

θ to ensure p(z|θ) > 0 for all z and θ by using the softmax transformations provided

in Table 6.5.1, which are commonly used for computational convenience and stability

in probablistic reparameterization [Yin et al., 2020, Yin et al., 2019], and the solution

converges as τ → 0. Moreover, even though p(z|θ) > 0, when p(z|θ) is small,

Parameter Type Transformation (θ = g(ϕ))

Binary θ = σ((ϕ− 1
2)/τ)

Ordinal θ = ⌊ϕ⌋+ σ((ϕ− ⌊ϕ⌋ − 1
2)/τ)

Categorical θ(c) = softmax((ϕ− 0.5)/τ)(c)

Table 6.5.1: Transformations where τ ∈ R+ and
ϕ, θ ∈ Θ.

a small number N of MC sam-

ples are unlikely to produce any

samples where z̃ = z. Instead

of optimizing θ directly, we in-

stead optimize ϕ. Since the

transformations g(·) are differ-

entiable with respect to ϕ, the

gradient (and MC gradient estimator) of the PO with respect to ϕ are easily

obtained using the gradient of the PO with respect to θ and a simple application

the chain rule (multiplying by ∇ϕθ).

6.5.2 Variance Reduction in Monte Carlo Gradient Esti-
mation

Although the MC gradient estimator in (6.7) is unbiased, score function gradient

estimators can suffer from high variance [Mohamed et al., 2020]. Therefore, we

adopt a popular technique for variance reduction where the score function itself is

used as a control variate, since its expectation is zero under p(Z|θ) [Mohamed et al.,

2020]. Score function estimators with this control variate have been shown to be

among the best performing gradient estimators [Mohamed et al., 2020]. Moreover,

this technique is simple and merely amounts to subtracting a value β from the

acquisition value in the score function estimator in Equation (6.7):

∇θEZ∼p(Z|θ)[α(x,Z)] ≈ 1
N

N∑
i=1

[α(x, z̃i)− β]∇θ log p(z̃i|θ). (6.8)

The β is commonly known as a baseline and is often taken to be a moving average of

the (acquisition) values [Mohamed et al., 2020]. See Appendix 6.B for details on β.



188 6.6. Related Work

6.5.3 Convergence Guarantee using Stochastic Gradient
Ascent

Since the score function gradient estimator is unbiased, we can leverage previous

work on convergence in probability under stochastic gradient ascent [Robbins and

Monro, 1951] to arrive at our main convergence result for acquisition optimization.

Theorem 6.5.1 (Convergence Guarantee). Let α : X × Z → R be differentiable

in x for every z ∈ Z. Let (x̂t,m, θ̂t,m) be the best solution after running stochastic

gradient ascent for t time steps on the probabilistic objective EZ∼p(Z|θ)[α(x,Z)] from

m starting points with its unbiased MC estimators proposed above. Let {at}∞
t=1 be a

sequence of positive step sizes such that 0 < ∑∞
t=1 a

2
t = A < ∞ and ∑∞

t=1 at = ∞,

where at is the step size used in stochastic gradient ascent at time step t. Let

ẑt,m ∼ p(Z|θ̂t,m). Then as t→∞, m→∞, and τ → 0, (x̂t,m, ẑt,m)→ (x∗, z∗) ∈

arg max(x,z)∈X ×Z α(x, z) in probability.

The significance of Theorem 6.5.1 is that optimizing the PO is guaranteed to

converge in probability to a global maximizer of the AF, meaning that optimizing

the PO guarantees that resulting candidate design has maximal AF value. The

implication is that the intended BO policy is followed and the underlying regret

bounds of the AF are recovered (provided that the other conditions of the regret

bound are met). Although global convergence is only guaranteed as m→∞, we

observe in Figure 6.3.1(left) that PR yields strong, stable acquisition optimization

with only m = 20 starting points, 200 steps, and τ = 1
10 (see Appendix 6.F for

further discussion) and outperforms alternative optimization approaches.

6.6 Related Work

Many methods for BO over discrete and mixed search spaces have been proposed.

Previous work has largely focused on (i) improving the surrogate models or (ii)

improving AF optimization.

Improving models: Historically, methods leveraging tree-based surrogate

models, e.g., SMAC [Hutter et al., 2011] and TPE [Bergstra et al., 2011], have
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been popular for optimizing discrete or mixed search spaces. Many recent works have

considered alternative surrogate models. BOCS encodes categorical parameters

as binary variables and uses Bayesian linear regression with pairwise interactions

[Baptista and Poloczek, 2018]. COMBO uses a diffusion kernel on the graph

defined by the Cartesian product of discrete parameters [Oh et al., 2019]. MerCBO

similarly exploits the combinatorial graph, but with Mercer features and Thompson

sampling [Deshwal et al., 2021b]. HyBO extends the diffusion kernels to mixed

continuous-discrete spaces [Deshwal et al., 2021a]. However, these methods scale

poorly with respect to the number of data points and parameters. Moreover, of

the methods listed above, only HyBO supports continuous parameters without

restricting them to a discrete set. HyBO enjoys a universal function approximation

property, but relies on summing over all possible orders of interactions between base

kernels for each parameter which results in exponential complexity with respect to

the number of parameters and limits its applicability to low-dimensional problems.

Moreover, the computational issues of such approaches make it difficult to apply

them to multi-objective and constrained optimization. Gryffin [Häse et al., 2021]

uses kernel density estimation, but is limited to categorical search spaces. MiVaBO

uses a linear combination of basis functions (e.g. pseudo Boolean features [Boros

and Hammer, 2002] for discrete parameters) with interaction terms[Daxberger et al.,

2020]. MVRSM [Bliek et al., 2021] uses ReLU-based surrogates for computational

efficiency, but is limited by the expressiveness of these models.

Optimizing acquisition functions: As discussed previously, Garrido-Merchán

and Hernández-Lobato [2020] propose using continuous relaxation and discretize

the inputs before evaluating the AF. However, the resulting AF after discretization

is piece-wise-flat along slices of the continuous relaxation of the discrete parameters

and therefore is difficult to optimize. CoCaBO [Ru et al., 2020] samples discrete

parameters using a multi-armed bandit and optimizes the continuous parameters con-

ditional upon the sampled discrete parameters. However, CoCaBO’s performance

degrades as number of discrete configurations increases. Casmopolitan [Wan

et al., 2021] uses local trust regions combined with an interleaved AF optimization
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strategy that alternates between local search steps on the discrete parameters and

gradient ascent for the continuous parameters. Furthermore, both CoCaBO and

Casmopolitan do not inherently exploit ordinal structure.

Probabilistic reparameterization: PR has been considered for optimizing

discrete parameters in other domains such as reinforcement learning [Williams,

1992] and sparse regression [Yin et al., 2020]. However, PR has not been leveraged

for BO. Although the reparameterization trick used by Wilson et al. [2018] is in

a similar vein to PR, Wilson et al. [2018] reparameterize an existing multivariate

normal random variable in terms of standard normal random variables and then

use sample-path gradient estimators. In contrast, our approach introduces a

new probabilistic formulation using discrete probability distributions and uses

likelihood-ratio-based gradient estimators since sample-path gradients cannot be

computed through discrete sampling.

Alternative methods for propagating gradients: Alternative methods

for propagating gradients through discrete structures have been considered in the

deep learning community (among others). One approach is to use approximate

discrete Concrete distributions [Maddison et al., 2017, Jang et al., 2017], which

admit sample-path gradients. However, samples from Concrete distributions are

not discrete and approximation error can result in pathologies similar to evaluating

the AF using continuous relaxation. Moreover, approximately discrete samples

prohibit using surrogate models that require discrete inputs (without discretizing

the samples)—e.g., GPs with Hamming distance kernels [Ru et al., 2020]. Another

approach for gradient propagation in the deep learning community is to use straight-

through gradient estimators (STE) [Bengio et al., 2013], where the gradient of the

discretization function with respect to its input is estimated using, for example,

an identity function. This approach works well empirically in some cases, these

estimators are not well-grounded theoretically. Nevertheless, we discuss and evaluate

using STE for AF optimization in Appendix 6.G.
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6.7 Experiments

In this section, we provide an empirical evaluation of PR on a suite of synthetic

problems and real world applications. For PR, we use stochastic mini-batches of

N = 128 MC samples in our experiments and demonstrate that PR is robust with

respect to the number of MC samples (and compare against analytic PR, where

computationally feasible) in Appendix 6.E. We optimize PR using Adam [Kingma

and Ba, 2014] with an initial learning rate of 1
40 . We show that PR Adam is generally

robust to the choice of learning rate (more so than vanilla stochastic gradient

ascent) in the sensitivity analysis in Figure 6.L.2 in Appendix 6.L. We compare

PR against two alternative acquisition optimization strategies: using a continuous

relaxation (Cont. Relax.) and using exact discretization with approximate

gradients (Exact Round) [Garrido-Merchán and Hernández-Lobato, 2020]. These

approaches optimize the acquisition function with L-BFGS-B with exact and

approximate gradients, respectively. In addition, we compare against two state-of-

the-art methods for discrete/mixed BO: a modified version of Casmopolitan [Wan

et al., 2021] that additionally supports ordinal variables introduced in Wan et al.

[2022] and HyBO [Deshwal et al., 2021a], both of which are shown to outperform

the other related works discussed in Section 6.6. In addition, we showcase how PR

is complementary to existing methods such as trust region methods [Eriksson et al.,

2019]. We demonstrate this by using PR with a trust region for the continuous

and discrete ordinal parameters and optimize PR within this trust region. In

Appendix 6.G, we provide comparison of TR methods with alterative optimizers

and find that PR is the best optimizer when using TRs on 6 of the 7 benchmark

problems. See Appendix 6.B for additional discussion of PR + TR. For PR,

Exact Round, and PR + TR we use the sum of a product kernel and a sum

kernel of a categorical kernel [Ru et al., 2020] for the categorical parameters and

Matérn-5/2 kernel for all other parameters.3 Alternative kernels over different

representations of categorical parameters such as one-hot encoded vectors, latent
3Cont. Relax. is incompatible with a categorical kernel, so we use a Matérn-5/2 with one-hot

encoded categorical parameters.
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embeddings [Zhang et al., 2019], and known embeddings (e.g. using fingerprint-based

reaction encodings for categorical parameters in chemical reaction optimization

[Shields et al., 2021]) are evaluated in Appendix 6.I.

Cont. Relax., Exact Round, PR, and PR + TR use expected improvement

[Jones et al., 1998, Gardner et al., 2014] for single objective (constrained problems)

and expected hypervolume improvement [Emmerich et al., 2006] for the multi-

objective oil sorbent problem (where exact gradients with respect to continuous

parameters are computed using auto-differentiation [Daulton et al., 2020]). We

report the mean for each method ± 2 standard errors across 20 replications.

Performance is evaluated in terms of regret (feasible regret for constrained problems

and hypervolume regret for multi-objective problems). Casmopolitan and HyBO

are not run on Welded Beam and Oil Sorbent as they do not support constrained

and multi-objective optimization. We also leave the multi-objective extension of

PR+TR to future work because it would add additional complexity [Daulton

et al., 2022b]. For HyBO, we only run 60 BO iterations on SVM due to the large

wall time (see Figure 6.7.2) and only report partial results on Cellular Network

due to a singular covariance matrix error. See Appendix 6.B for details on the

experiment setup, regret metrics, benchmark problems, and methodological details.

We leverage existing open source implementations of Casmopolitan and HyBO

(see Appendix 6.B for links), and the implementations of all of other methods are

available at https://github.com/facebookresearch/bo_pr.

6.7.1 Synthetic Problems

We evaluate all methods on 3 synthetic problems. Ackley is a 13-dimensional

function with 10 binary and 3 continuous parameters (a modified version of the

problem in Bliek et al. [2021]). Mixed Int F1 is a 16-dimensional variant of the F1

function from Tušar et al. [2019] with 2 binary, 6 discrete ordinal parameters, and 8

continuous parameters. The discrete ordinal parameters have following cardinalities:

2 parameters with 3 values, 2 with 5 values, and 2 with 7 values. Rosenbrock

https://github.com/facebookresearch/bo_pr
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is a 10-dimensional Rosenbrock function with 6 discrete ordinal parameters with

4 values each and 4 continuous parameters.

6.7.2 Real World Problems

We consider 5 real world applications including a problem with 5 black-box outcome

constraints and a 3-objective problem (see Appendix 6.C for details on constrained

and multi-objective BO).

Welded Beam Optimizing the design of a welded steel beam is a classical

engineering optimization. In this problem, the goal is to minimize manufacturing cost

subject to 5 black-box constraints on structural properties of the beam (including

shear stress, bending stress, and buckling load) by tuning 6 parameters: the welding

configuration (binary), the metal material type (categorical with 4 options), and 4

ordinal parameters controlling the dimensions of the beam [Tran et al., 2019].

SVM Feature Selection This problem involves jointly performing feature

selection and hyperparameter optimization for a Support Vector Machine (SVM)

trained on the CTSlice UCI data set [Dua and Graff, 2017, Liu et al., 2023]. The

design space for this problem involves 50 binary parameters controlling whether a

particular feature is included or not, and 3 continuous hyperparameters of the SVM.

Cellular Network Optimization In this 30-dimensional problem, the goal is

to tune the tilt (ordinal with 6 values) and transmission power (continuous) for a

set of 15 antennas [Samal et al., 2022] to maximize a coverage quality metric that is

a function of signal power and interference [Maddox et al., 2021] over a geographic

region of interest. We use the simulator from Dreifuerst et al. [2021].

Direct Arylation Chemical Synthesis Palladium-catalysed direct arylation

has generated significant interest in the pharamceutical development sector[Davies

and Morton, 2016]. In this problem, the goal is maximize yield for a direct

arylation chemical reaction by tuning 3 categorical parameters corresponding to the

choice of solvent, base, and ligand, as well 2 continuous parameters controlling the

temperature and concentration. We fit a surrogate model to the direct arylation

dataset from Shields et al. [2021] in order to facilitate continuous optimization of
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temperature and concentration. In Appendix 6.I, we demonstrate that PR can

leverage a kernel over fingerprint-based reaction encodings computed via density

functional theory (DFT) for the categorical parameters [Shields et al., 2021].

Electrospun Oil Sorbent Marine oil spills can cause ecological catastrophe.

One avenue for mitigating environmental harm is to design and deploy absorbent

materials to capture the spilled oil. In this problem, we tune 5 ordinal parameters

(3 parameters with 5 values and 2 with 4 values) and 2 continuous parameters

controlling the composition and manufacturing conditions for an electrospun oil

sorbent material to maximize 3 competing objectives: the oil absorbing capacity,

the mechanical strength, and the water contact angle [Wang et al., 2020].
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Figure 6.7.1: PR (or PR + TR) consistently outperforms alternatives with respect to
log regret.

6.7.3 Results

We find PR consistently delivers strong empirical performance as shown in Fig-

ure 6.7.1. On all benchmark problems, PR (or PR + TR) outperforms all baseline

methods (except for Mixed Int F1, where HyBO performs comparably). Figure 6.7.2

shows the wall time for candidate generation over the number of BO iterations.

Although PR is computationally intensive, the computation is embarrassingly

parallel and therefore exploiting GPU acceleration yields competitive wall times.
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Figure 6.7.2: Wall time for candidate generation at each BO iteration in seconds. Cont.
Relax., Exact Round, PR, and PR + TR are run on a single Tesla V100-SXM2-16GB
GPU and other methods are run on an Intel Xeon Gold 6252N CPU.

Importantly, PR’s wall time scales well with the number of observations and design

parameters, unlike HyBO which scales poorly with both. However, the complexity

of PR scales additively in the number of GPs being used (e.g. outcomes being

modeled), assuming they are evaluated sequentially. Hence, in multi-objective

or constrained settings, PR incurs a high cost in terms of wall time. However,

empirically PR achieves better optimization performance on constrained and multi-

objective problems relative to Cont. Relax. and Exact Round. We note

that Casmopolitan does not support multi-objective BO or constrained BO, and

although HyBO could be used in those settings, it would be impractically slow

because 1) its wall time would scale linearly with the number of modeled outcomes

(using independent GPs) and 2) its diffusion kernel is non-differentiable, which

would make optimizing hypervolume-based AFs slow [Daulton et al., 2020, 2021].

6.8 Discussion

The performance and regret properties of BO depend critically on properly maxi-

mizing the AF. For problems with discrete features, exhaustively trying all possible

combinations of discrete values quickly becomes infeasible as the number of combi-
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nations grows. Alternatives such as trying a subset of the possible combinations or

resorting to continuous relaxations often leads to a failure to effectively optimize

the AF which may result in sub-optimal BO performance. As an alternative, we

propose using PR to better optimize the AF, and we demonstrate that PR achieves

strong performance on a large number of real-world problems. Our approach is

complementary to many other BO extensions, and combines seamlessly with, for

example, trust region-based BO and specialized kernels for discrete parameters. One

limitation of PR is that it requires computationally-demanding MC integration.

However, given that the computation in PR is embarrassingly parallel, it motivates

for future research on optimizing AFs on distributed hardware.



Appendix

6.A Theoretical Results and Proofs

6.A.1 Results

Let P(i)
Z := P(Z(i)) denote the set of probability measures on Z(i) for each i =

1, ..., dz, and let PZ := ∏dz
i=1P

(i)
Z . For any α : X ×Z → R, define α̃ : X ×P → R as

α̃(x, p) =
∫

Z
α(x, z)dp(z) =

∑
z∈Z

α(x, z)p({z}). (6.9)

Let Θ be a compact metric space, and consider the set of functionals Φ = {φ s.t. φ :

Θ → PZ}. Let

α̂(x,θ) := α̃(x,φ(θ)) =
∫

Z
α(x, z)dpφ(θ)(z) =

∑
z∈Z

α(x, z)pφ(θ)({z}) (6.10)

Since Z is finite, each element of φ ∈ Φ can be expressed as a mapping from Θ

to R|Z|. Namely, each φ(θ) corresponds to a vector with |Z| elements containing

the probability mass for each element of Z under pφ(θ). Thus (PZ , ∥ · ∥) is a

metric space under any norm ∥ · ∥ on R|Z|. Let α∗ := max(x,z)∈(X ×Z) α(x, z) and

let H∗ := arg max(x,z)∈(X ×Z) α(x, z) denote the set of maximizers of α.

Lemma 6.A.1. Suppose α is continuous in x for every z ∈ Z and that φ : Θ 7→

(PZ , ∥·∥) is continuous with φ(Θ) = PZ . Let J ∗ := arg max(x,θ)∈X ×Θ α̂(x,θ). Then

for any (x∗,θ∗) ∈ J ∗, it holds that (x∗, z) ∈ H∗ for all z ∈ supp pφ(θ∗).

Proof. First, note that α̂ : X ×Θ→ R is continuous (using that φ is continuous and

α is bounded). Since both X and Θ are compact α̂ attains its maximum, i.e., J ∗

exists. Let (x∗,θ∗) ∈ J ∗. Clearly, there exists z∗ ∈ arg maxz∈Z α(x∗, z) such that

α(x∗, z∗) = α∗. Suppose there exists z′ ∈ supp pφ(θ∗) such that (x∗, z′) /∈ H∗. Then

197
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α(x∗, z′) < α∗ and, since Z is finite, pφ(θ∗)({z′}) > 0. Consider the probability

measure p′ given by

p′({z}) =


0 if z = z′

pφ(θ∗)({z∗}) + pφ(θ∗)({z′}) if z = z∗

pφ(θ∗)({z}) otherwise

Then

α̃(x∗, p′)− α̂(x∗,θ∗) =
∑
z∈Z

α(x∗, z)p′({z})− α̂(x∗,θ∗)

=
∑
z∈Z

α(x∗, z)pφ(θ∗)({z}) + pφ(θ∗)({z′})(α(x∗, z∗)− α(x∗, z′))

− α̂(x∗,θ∗)

= pφ(θ∗)({z′})(α(x∗, z∗)− α(x∗, z′))

> 0

Now p′ ∈ PZ , and so p′ = φ(θ′) for some θ′ ∈ Θ. But then α̂(x∗,θ′) > α̂(x∗,θ∗).

This is a contradiction.

Corollary 6.A.1. Suppose the optimizer of g is unique, i.e., that H∗ = {(x∗, z∗)}

is a singleton. Then the optimizer of α̂ is also unique and J ∗ = {(x∗,θ∗)}, with

pφ(θ∗)({z∗}) = 1.

Corollary 6.A.2. Consider the following mappings:

• Binary: φ : [0, 1]→ P{0,1} with pφ(θ)({1}) = θ and pφ(θ)({0}) = 1− θ.

• Ordinal: φ : [0, C−1]→ P{0,1,...,C} with pφ(θ)({i}) = (1−|i−θ|) 1{|i−θ| ≤ 1}

for i = 1, . . . , C.

• Categorical: φ : [0, 1]C → P{0,1,...,C} with pφ(θ)({i}) = θi∑C

i=1 θi
.

These mappings satisfy the conditions for Lemma 6.A.1. In the setting with multiple

discrete parameters where the above mappings are applied in component-wise fashion

for each discrete parameter, the component-wise mappings also satisfy the conditions

for Lemma 6.A.1.
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Clearly, the mappings given in Corollary 6.A.2 are continuous functions of θ. In

the setting with multiple discrete parameters , the component-wise function is also

continuous with respect to the distribution parameters for each discrete parameter.

Hence, the mappings satisfy the conditions for Lemma 6.A.1.

Lemma 6.A.2. If (x∗, z∗) ∈ H∗ = arg max(x,z)∈X ×Z α(x, z), then

α(x∗, z∗) = max
θ

EZ∼p(Z|θ)[α(x∗,Z)].

Proof. For any z∗, let θ∗ be the parameters such that p(z∗|θ∗) = 1 (i.e. a point

mass on z∗). From Equation (6.2),

EZ∼p(Z|θ∗)[α(x∗,Z)] =
∑
z∈Z

α(x∗, z)p(z|θ∗) = α(x∗, z∗).

Claim: EZ∼p(Z|θ∗)[α(x∗,Z)] = maxθ EZ∼p(Z|θ)[α(x∗,Z)].

Suppose there exists θ′ such that EZ∼p(Z|θ′)[α(x∗,Z)] > EZ∼p(Z|θ∗)[α(x∗,Z)].

Since (x∗, z∗) ∈ H∗, α(x∗, z∗) = max(x,z)∈X ×Z α(x, z). Hence, there is no convex

combination of values of α that is greater than α(x∗, z∗). This is a contradiction.

Theorem 6.4.1 (Consistent Maximizers). Suppose that α is continuous in x

for every z ∈ Z. Let H∗ be the maximizers of α(x, z): H∗ = {(x, z) ∈

arg max(x,z)∈X ×Z α(x, z)}. Let J ∗ ⊆ X×Θ be the maximizers of EZ∼p(Z|θ)[α(x,Z)]:

J ∗ = {(x,θ) ∈ arg max(x,θ)∈X ×Θ EZ∼p(Z|θ)[α(x,Z)]}, where Θ is the domain of θ.

Let Ĥ∗ ⊆ X × Z be defined as: Ĥ∗ = {(x, z̃) : (x,θ) ∈ J ∗, z̃ ∼ p(Z|θ)}. Then,

Ĥ∗ = H∗.

Proof. From Lemma 6.A.1, we have that for any (x∗,θ∗) ∈ J ∗, it holds that

(x∗, z) ∈ H∗ for all z ∈ supp pφ(θ∗). Hence, Ĥ∗ ⊆ H∗.

Now, let (x∗, z∗) ∈ H∗. Let θ∗ ∈ Θ such that p(z∗|θ∗) = 1. From the

proof of Lemma 6.A.2, we have that EZ∼p(Z|θ∗)[α(x∗,Z)] = α(x∗, z∗). As in the

proof of Lemma 6.A.2, there is no convex combination of values of α greater

than α(x∗, z∗). So EZ∼p(Z|θ∗)[α(x∗,Z)] = max(x,θ)∈X ×Θ EZ∼p(Z|θ)[α(x,Z)], and

therefore, x∗,θ∗ ∈ J ∗. Hence (x∗, z∗) ∈ Ĥ∗. SoH∗ ⊆ Ĥ∗, and hence, Ĥ∗ = H∗.
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Lemma 6.A.3. Suppose that α : (x, z) 7→ R is differentiable with respect to x for

all z ∈ Z, and that the mapping φ : θ 7→ PZ is such that pφ(θ)({z}) is differentiable

with respect to θ for all z ∈ Z. Then the probabilistic objective EZ∼p(Z|θ)[α(x,Z)]

is differentiable with respect to (x,θ).

Proof. For any z ∈ Z, the function p(z,θ)α(x, z) = pφ(θ)({z})α(x, z) is the

product of two differentiable functions, hence differentiable. Therefore the

probabilistic objective is a (finite) linear combination of differentiable functions,

hence differentiable.

Theorem 6.5.1 (Convergence Guarantee). Let α : X × Z → R be differentiable

in x for every z ∈ Z. Let (x̂t,m, θ̂t,m) be the best solution after running stochastic

gradient ascent for t time steps on the probabilistic objective EZ∼p(Z|θ)[α(x,Z)] from

m starting points with its unbiased MC estimators proposed above. Let {at}∞
t=1 be a

sequence of positive step sizes such that 0 < ∑∞
t=1 a

2
t = A < ∞ and ∑∞

t=1 at = ∞,

where at is the step size used in stochastic gradient ascent at time step t. Let

ẑt,m ∼ p(Z|θ̂t,m). Then as t→∞, m→∞, and τ → 0, (x̂t,m, ẑt,m)→ (x∗, z∗) ∈

arg max(x,z)∈X ×Z α(x, z) in probability.

Proof. The binary and categorical mappings in Corollary 6.A.2 are differentiable in

θ (the ordinal mapping is differentiable almost everywhere4). Since the acquisition

function α : X × Z → R is differentiable in x for every z ∈ Z, this means that

the PO is differentiable. Using the prescribed sequence of step sizes, optimizing

the PO using stochastic gradient ascent will converge almost surely to a local

maximum after a sufficient number of steps [Robbins and Monro, 1951]. As we

increase the number of randomly distributed starting points, the probability of not

finding the global maximum of the PO will converge to zero [Wang et al., 2016a].

From Theorem 6.4.1, the PO and the AF have the same set of maximizers. Hence,
4Technically, the arguments presented here do not prove convergence under the ordinal mapping,

but we have found this to work well and reliably in practice. Alternatively, ordinal parameters
could also just be treated as categorical ones in which case the convergence results hold. In practice,
however, this introduces additional optimization variables that make the problem unnecessarily
hard by removing the ordered structure from the problem.
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convergence in probability to a global maximizer of the PO means convergence in

probability to a global maximizer of the AF.

6.B Experiment Details

For each BO optimization replicate, we use Ninit = min(20, 2 ∗ deff) points from a

scrambled Sobol sequence, where deff is the “effective dimensionality” after one-hot

encoding categorical parameters. Unless otherwise noted, all experiments use 20

replications and confidence intervals represent 2 standard errors of the mean. The

same initial points are used for all methods for that replicate and different initial

points are used for each replicate. For each method we report the log10 regret.

Since the optimal value is unknown for many problems, we set the optimal value

to be f ∗ + 0.1 where f ∗ is the best observed value across all methods and all

replications. For constrained optimization f ∗ is the best feasible observed value and

for multi-objective optimization f ∗ is the maximum hypervolume across all methods

and replications. In total, the experiments in the main text (excluding HyBO

and Casmopolitan) ran for an equivalent of 2,009.82 hours on a single Tesla

V100-SXM2-16GB GPU. The baseline experiments (HyBO and Casmopolitan)

ran for an equivalent of 745.10 hours on a single Intel Xeon Gold 6252N CPU.

6.B.1 Additional Problem Details

In this section, we describe the details of each synthetic problem considered in

the experiments (the details of the remaining real-world problems are already

described in Section 6.7.2).

Ackley. We use an adapted version of the 13-dimensional Ackley function modified

from Bliek et al. [2021]. The function is given by:

f(x) = −a exp
(
− b

√√√√1
d

d∑
i=1

x2
i )
)
− exp

(1
d

d∑
i=1

cos(cxi)
)

+ a+ exp(1), (6.11)
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where in this case a = 20, n = 0.2, c = 2π and d = 13 and x ∈ [−1, 1]13. We

discretize the first 10 dimensions to be binary with the choice {−1, 1}, and the

final 3 dimensions are unmodified with the original bounds.

Mixed Int F1. Mixed Int F1 is a partially discretized version of the 16-dimensional

Sphere optimization problem [Hansen et al., 2019], given by:

f(x) =
d∑

i=1
(xi − xopt,i)2 + fopt, (6.12)

where fopt is sampled from a Cauchy distribution with median = 0 and roughly

50% of the values between −100 and 100. The sampled fopt is then clamped to

be between [−1000, 1000] and rounded to the nearest integer. xopt is sampled

uniformly in [−4, 4]d, and in this case d = 16. We discretize the first 8 dimensions

as follows: the first 2 dimensions are binary with 2 choices {−5, 5}; the next

2 dimensions are ordinal with 3 choices {−5, 0, 5}; the next 2 dimensions are

ordinal with 5 choices {−5,−2.5, 0, 2.5, 5}; the final 2 dimensions are ordinal with

7 choices {−5,−10
3 ,−

5
3 , 0,

5
3 ,

10
3 , 5}. The remaining 8 dimensions are continuous

with bounds [−5, 5]8.

Rosenbrock. We use an adapted version of the Rosenbrock function, given by:

f(x) =
( d−1∑

i=1

(
100(xi+1 − x2

i )2 + (xi − 1)2
))
, (6.13)

where in this case d = 10. The first 6 dimensions are discretized to be ordinal

variables, with 4 possible values each xi ∈ {−5, 0, 5, 10}∀i ∈ [1, 6]. The final 4

dimensions are continuous with bounds [−5, 10]4.

Chemical Reaction (Direct Arylation Chemical Synthesis). For this

problem, we fit a GP surrogate (with the same kernel used by the BO methods)

to the dataset from Shields et al. [2021] (available at https://github.com/

b-shields/edbo/tree/master/experiments/data/direct_arylation under the

MIT license) in order to facilitate continuous optimization of temperature and

concentration. The surrogate is included with our source code.

https://github.com/b-shields/edbo/tree/master/experiments/data/direct_arylation
https://github.com/b-shields/edbo/tree/master/experiments/data/direct_arylation
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Oil Sorbent. We set the reference point for this problem to be

[−125.3865,−57.8292, 43.2665], which we choose using a commonly used heuristic

to scale the nadir point (component-wise worst objective values across the Pareto

frontier) [Wang et al., 2017].

6.B.2 Method details

PR, Cont. Relax., Exact Round, PR + TR, and Exact Round + STE. We

implemented all of these methods using BoTorch [Balandat et al., 2020], which is

available under the MIT license at https://github.com/pytorch/botorch. PR

and PR + TR use stochastic minibatches of 128 samples and the probabilistic

objectives are optimized via Adam using a learning rate of 1
40 . The AFs of

Cont. Relax., Exact Round, Exact Round + STE are deterministic

and are optimized via L-BFGS-B—Exact Round approximates gradients via

finite differences [Garrido-Merchán and Hernández-Lobato, 2020]. All methods use

20 random restarts and are run for a maximum of 200 iterations. We follow the

default initialization heuristic in BoTorch [Balandat et al., 2020], which initializes

the optimizer by evaluating the acquisition function at a large number of starting

points (here, 1024, chosen from a scrambled Sobol sequence), and selecting (20)

points using Boltzmann sampling [Duchon et al., 2004] of the 1024 initial points,

according to their acquisition function utilities.

Combining PR with trust regions: When combining PR with the trust

regions used in TuRBO we only use a trust region over the continuous parameters

and discrete ordinals with at least 3 values. While methods like Casmopolitan

uses a Hamming distance for the trust regions over the categorical parameters, we

choose not to do so as there is no natural way of efficiently optimizing PR using

gradient-based methods. Finally, we do not use a trust region over the Boolean

parameters as the trust region will quickly shrink to only include one possible

value. We use the same hyperparameters as TuRBO [Eriksson et al., 2019] for

unconstrained problems and SCBO [Eriksson and Poloczek, 2021] in the presence

of outcome constraints, including default trust region update settings.

https://github.com/pytorch/botorch
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Casmopolitan: We use the implementation of Casmopolitan—which is

available at https://github.com/xingchenwan/Casmopolitan under the MIT

licence—but modify it where appropriate to additionally handle the ordinal variables.

Specifically, the ordinal variables are treated as continuous when computing the

kernel. However, during interleaved search, ordinal variables are searched via

local search similar to the categorical variables. We use a set of Casmopolitan

hyperparameters (i.e. success/failure sensitivity, initial trust region sizes and

expansion factor) recommended by the authors. We use the same implementation

of interleaved search for the acquisition optimization comparisons.

HyBO: We use the official implementation of HyBO at https://github.com/

aryandeshwal/HyBO, which is licensed by the University of Amsterdam. We use the

default hyperparameters recommended by the authors in all the experiments, and we

use the full HyBO method with marginalization treatment of the hyperparameters

as it has been shown to perform stronger empirically [Deshwal and Doppa, 2021].

6.B.3 Gaussian process regression

When there are no categorical variables we use kordinal which is a product of an

isotropic Matern-5/2 kernel for the binary parameters and a Matern-5/2 kernel

with ARD for the remaining ordinal parameters. In the presence of categorical

parameters, this kernel is combined with a categorical kernel [Ru et al., 2020]

kcat as kcat × kordinal + kcat + kordinal. We use a constant mean function. The

GP hyperparameters are fitted using L-BFGS-B by optimizing the log-marginal

likelihood. The ranges for the ordinal parameters are rescaled to [0, 1] and the

outcomes are standardized before fitting the GP.

6.B.4 Variance Reduction via Control Variates

As discussed in Section 6.5.2, we use moving average baseline for variance reduction.

Specifically, the baseline is an exponential moving average with a multiplier of

0.7, where each element is the mean acquisition value across the N MC samples

obtained while evaluating the probabilistic objective.

https://github.com/xingchenwan/Casmopolitan
https://github.com/aryandeshwal/HyBO
https://github.com/aryandeshwal/HyBO
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6.B.5 Deterministic Optimization via Sample Average Ap-
proximation

Although multi-start stochastic ascent is provably convergent, an alternative

optimization approach is to use common random numbers (i.e. a fixed set of

base samples) to reduce variance when comparing a stochastic function at different

inputs by using the same random numbers. The method of common random

numbers leads to biased deterministic estimators that are lower-variance than their

stochastic counterparts where random numbers are re-sampled at each step. Such

techniques have been used in the context of BO in settings such as efficiently

optimizing MC acquisition functions [Balandat et al., 2020] and for optimizing risk

measures of acquisition functions under random inputs [Daulton et al., 2022a].

Sampling a fixed set of points z̃1, ..., z̃N ∼ p(Z|θ) would be a poor choice because

p(Z|θ) can vary widely during AF optimization as θ changes. Therefore, instead

sample from p(Z|θ) using reparameterizations provided in Table 6.B.1. Specifically,

we reparameterize Z as a deterministic function h(·, ·) that operates component-

wise on θ and the random variable U = (u(1), ..., u(dz)), u(i) ∼ Uniform(0, 1): Z =

h(θ,U ). That is, each random variable Z(j), where j = 1, ..., dz has a corresponding

independent base random variable U (j) such that Z(j) = h(θ(j), U (j)). Using a fixed a

set of base samples {ũi}N
i=1, the samples of Z can be be computed as zi = h(θ, ũi).

We note that even with fixed base samples, the samples {zi}N
i=1 depends on θ,

and hence, by using common base uniform samples, we obtain a deterministic

estimator where the values of the samples z̃1, ..., z̃N can still vary with θ. Under

this reparameterization, our probabilistic objective can be written as

EZ∼p(Z|θ)[α(x,Z)] = EU∼p(U)[α(x, h(θ,U ))], (6.14)

where under the reparameterizations in Table 6.B.1, U is a uniform random

variable across the dz-dimensional unit cube—P (U) = Uniform(0, 1)d
z. Under

this reparameterization we can define our sample average approximation estimator

of the probabilistic objective as

EZ∼p(Z|θ)[α(x,Z)] ≈ 1
N

N∑
i=1

α(x, h(θ, ũi)). (6.15)
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Our sample average approximation estimator of the gradient of the probabilistic

objective with respect to θ is given by

∇θEZ∼p(Z|θ)[α(x,Z)] ≈ 1
N

N∑
i=1

α(x, h(θ, ũi))∇θ log p(h(θ, ũi)|θ). (6.16)

Sample average approximation estimators are deterministic and biased condi-

tional on the selection of base samples. However, the reparameterizations in Table

6.B.1 create discontinuities in the PO, and the number of discontinuities increases

with the number of MC samples. Nevertheless, we find that optimizing the PO

using L-BFGS-B delivers strong performance on the benchmark problems and we

compare against stochastic optimization in Figures 6.L.2 and 6.L.1. As in the

stochastic case, we reduce the variance further by leveraging quasi-MC sampling

[Owen, 2003] instead of i.i.d. sampling.

Table 6.B.1: Discrete random variables and their reparameterizations in terms of a
Uniform random variable U ∼ Uniform(0, 1) and θ via a deterministic function h(·, ·).

Type Random Variable Reparameterization (Z = h(θ, U))

Binary Z ∼ Bernoulli(θ) h(θ, U) = 1(U < θ)
Ordinal Z = ⌊θ⌋+ B, h(θ, U) = ⌊θ⌋+ 1(U < θ − ⌊θ⌋)

B ∼ Bernoulli(θ − ⌊θ⌋)
Categorical Z ∼ Categorical(θ) h(θ, U) = min(arg maxC−1

i=0 1(U <
∑i

c θ(c)))

6.C Constrained and Multi-Objective Bayesian
Optimization

In many practical problems, the black-box objective must be maximized subject to

V > 0 black-box outcome constraints f (v)
c (x, z) ≥ 0 for v = 1, ..., V . See Gardner

et al. [2014] for a more in depth review of black-box optimization with black-box

constraints and BO techniques for this class of problems.

In the multi-objective setting, the goal is to maximize (without loss of generality)

a set of M objectives f (1), ..., f (M). Typically there is no single best solution, and

hence the goal is to learn the Pareto frontier (i.e. the set of optimal trade-offs

between objectives). In the multi-objective setting, the hypervolume indicator is
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a common metric for evaluating the quality of a Pareto frontier. See [Emmerich

et al., 2006] for a review of multi-objective optimization.

6.D Comparison with Enumeration

When computationally feasible, the gold standard for acquisition optimization over

discrete and mixed search spaces is to enumerate the discrete options and optimize

any continuous parameters for each discrete configuration (or simply evaluated

each discrete configuration for fully discrete spaces). In Figures 6.D.1 and 6.D.2

we compare PR (optimized with Adam using stochastic mini-batches of 128 MC

samples) and analytic PR (optimized with L-BFGS-B) against enumeration and

show that PR achieves log regret performance that is comparable to the gold

standard of enumeration and does so in less wall time.
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Figure 6.D.1: A comparison with an enumeration (gold standard) with respect to log
regret.
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Figure 6.D.2: A comparison with enumeration with respect to wall time.
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6.E Analysis of MC sampling in Probabilistic
Reparameterization

The main text considers 1024 MC for PR. We consider 128, 256, and 512 samples,

in addition to the default of 1024. For problems with discrete spaces that are

enumerable, we also consider analytic PR. We do not find statistically significant

differences between the final regret of any of these configurations (Figure 6.E.1). Run

time is linear with respect to MC samples, and so substantial compute savings are

possible when fewer MC samples are used (Figure 6.E.2). We observe comparable

performance between PR with 1,024 MC samples and as few as 128 MC samples.

With 64 or fewer MC samples, we observe performance degradation with respect

to log regret in Figure 6.E.3, although wall time is considerably faster for fewer

64 or less MC samples as shown in Figure 6.E.4.
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Figure 6.E.1: A sensitivity analysis of the optimization performance of PR with respect
to the number of MC samples. We find that PR is robust to the number of MC samples,
and that the performance of MC PR matches that of analytic PR.
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Figure 6.E.2: A sensitivity analysis of the wall time of PR with respect to the number
of MC samples. We observe that wall time scales linearly with the number of MC samples,
which is expected since we compute PR in N

32 chunks to avoid overflowing GPU memory.
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Figure 6.E.3: A sensitivity analysis of the optimization performance of PR with respect
to a small number of MC samples (with samples between 8 and 64). Performance degrades
slightly when few samples are used.
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Figure 6.E.4: A sensitivity analysis of the wall time of PR with respect to the number
of MC samples (with samples between 8 and 64). We observe that wall time scales linearly
with the number of MC samples, which is expected since we compute PR in N

32 chunks to
avoid overflowing GPU memory.
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Evaluation of Approximation Error in MC Sampling

We examine the MC approximation error relative to analytic PR on the chemical

reaction and ackley problems. The results in Figure 6.E.5 show the mean absolute

percentage error (MAPE)

100
|Xdiscrete|

·
∑

x∈Xdiscrete,θ∈Θdiscrete

EZ∼p(Z|θ)α(x,Z)− 1
N

∑N
i=1 α(x, z̃i)

maxx∈Xdiscrete,θ∈Θdiscrete EZ∼p(Z|θ)α(x,Z)

evaluated over a random set of |Xdiscrete| = |Θdiscrete|10, 000 points from X × ×

(the sampled sets are denoted Xdiscrete,Θdiscrete). We observe a rapid reduction in

MAPE as we increase the number of samples. With 1024 samples, MAPE is 0.055%

(+/- 0.0002 %) over 20 replications (different MC samples in PR) on the chemical

reaction problem and MAPE is 0.018% (+/- 0.0003 %) on the ackley problem.

With 128 samples, MAPE is 0.282% (+/- 0.0029 %) over 20 replications (different

MC samples in PR) on the chemical reaction problem and MAPE is 0.052% (+/-

0.0021 %) on the ackley problem.
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Figure 6.E.5: An evaluation of the mean absolute percentage error for the MC estimator
of PR (relative to analytic PR).

6.F Effect of temperature parameter in Trans-
formation

Throughout the main text, we use τ = 0.1, which we selected based on the

observation that it provides a reasonable balance between retaining non-zero
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gradients of g(ϕ) with respect to ϕ and allowing θ to become close to 0 or 1

as shown in Figure 6.F.1.

0.00 0.25 0.50 0.75 1.00
0.0

0.2

0.4

0.6

0.8

1.0

=
g(

)

= 0.001
= 0.01
= 0.1
= 1

Figure 6.F.1: A comparison of the reparameterization of θ under various choices of
τ . We observe that τ = 0.1 provides a reasonable balance between retaining non-zero
gradients of g(ϕ) with respect to ϕ and allowing θ to become close to 0 or 1.

As τ → 0, the θ can take more extreme values, but the gradient of the

transformation with respect to ϕ also moves closer to zero. For larger values

of τ , the gradient of the transformation with respect to ϕ is larger, but θ has a

more limited domain with less extreme values. We find that τ = 0.1 is a robust

setting across all experiments.

6.G Alternative methods

6.G.1 Straight-through gradient estimators

An alternative approach to using approximating the gradients under exact rounding

using finite differences is to approximate the gradients using straight-through

gradient estimation (STE) [Bengio et al., 2013]. The idea of STE is to approximate

the gradient of a function with the identity function. In our setting, the gradient of

the discretization function with respect to its input is estimated using an identity

function. Using this estimator enables gradient-based AF optimization, even though

the true gradient of the discretization function is zero everywhere that it is defined.

Although STEs have been shown to work well empirically, these estimators are not

well-grounded theoretically. Their robustness and potential pitfalls in the context of

AF optimization have not been well studied. Below, we evaluate the aforementioned

Exact Round + STE approach and show that it offers competitive optimization
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performance (Figure 6.G.1) with fast wall times (Figure 6.G.2), but does not quite

match the optimization performance of PR on several benchmark problems.
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Figure 6.G.1: A comparison of exact rounding with straight-through gradient estimators
versus other acquisition optimization strategies. Log regret on each problem. We report
log hypervolume regret for Oil Sorbent and report the log regret of the best feasible
objective for Welded beam.
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Figure 6.G.2: A comparison of wall times of exact rounding with straight-through
gradient estimators versus other acquisition optimization strategies.
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6.G.2 TR methods with alternative optimizers

In this section, we consider alternative methods to PR for optimizing AFs using

within trust regions. The results in Figure 6.G.3 show that PR is a consistent best

optimizer using TRs, but that STEs work quite well with TRs in many scenarios.
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Figure 6.G.3: A comparison of TR methods with different acquisition optimization
strategies. Log regret on each problem. We report log hypervolume regret for Oil Sorbent
and report the log regret of the best feasible objective for Welded beam.
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6.H Acquisition Function Optimization at a
Given Wall Time Budget

In Figure 6.H.1, we provide additional starting points (64 points, rather than

20) to other non-PR methods in order to provide them with additional wall-

time budget. We find that using PR with 64 MC samples, PR provides rapid

convergence compared to other baselines and therefore is a good optimization

routine for any wall time budget.
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Figure 6.H.1: A comparison of methods for optimizing acquisition functions at a given
wall time budget.

6.I Alternative categorical kernels

In this section, we demonstrate that PR can be used with arbitrary kernels over the

categorical parameters including those that require discrete inputs (which Cont.

Relax. is incompatible with). Specifically for the categorical parameters, we

compare using (a) a Categorical kernel (default) versus with a Matérn-5/2 kernel

with either (b) one-hot encoded categoricals, (c) a latent embedding kernel [Zhang

et al., 2019], or known embeddings based on density functional theory (DFT) [Shields

et al., 2021]. For the latent embedding kernel, we follow Pelamatti et al. [2021]

and use a 1-d latent embedding for categorical parameters where the cardinality

is less than or equal to 3 and a 2-d embedding for categorical parameters where

the cardinality is greater than 3. For each latent embedding, we use an isotropic

Matérn-5/2 kernel and use product kernel across the kernels for the categorical,
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binary, ordinal, and continuous parameters. For the kernel over DFT embeddings,

we use the DFT embeddings for the direct arylation dataset from Shields et al.

[2021], which are available at https://github.com/b-shields/edbo. It is worth

noting that in the Chemical Reaction problem, the black-box objective is a GP

surrogate model with a Categorical kernel that is fit to the direct arylation dataset.

The purpose of this section is demonstrate that PR is agnostic to the choice of

kernel over discrete parameters. Because the Chemical Reaction problem is based

on a GP surrogate, we do not draw conclusions about which choice of kernel is best

suited for modeling the true, unknown underlying Chemical Reaction yield function.

0 100 200
Iteration

1

0

1

Lo
g 

Re
gr

et

Chemical Reaction

PR (Categorical) PR (OHE) PR (Latent) PR (DFT)

0 50 100
Iteration

0.5

0.0

0.5

1.0
Welded Beam (5 constraints)

Figure 6.I.1: A comparison of different kernels over categorical parameters. Left: Welded
beam has one categorical parameter, metal type (4 levels). Right: Chemical reaction
has three categorical parameters, solvent, base, and ligand (with 4, 12, and 4 levels,
respectively).

6.J Alternative Acquisition Functions

In this section, we compare PR with expected improvement (EI) against PR

with upper confidence bound (UCB). For UCB, we set the hyperparameter β in

each iteration using the method in Kandasamy et al. [2015b]. Although UCB

comes enjoys bounded regret [Srinivas et al., 2010], we find empirically that EI

works better on most problems.

https://github.com/b-shields/edbo
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Figure 6.J.1: A comparison of expected improvement (EI) and upper confidence bound
(UCB) acquisition functions with PR.

6.K Additional Results on Optimizing Acquisi-
tion Functions

In this section, we provide additional results on various approaches for optimizing

acquisition functions using the same evaluation procedure as in the main text.

We use 50 replications.



218 6.L. Stochastic vs Deterministic Optimization

0.000 0.005 0.010 0.015 0.020
Final AF Value

Cont. Relax.

Exact Round

Interleaved

Exact Round, STE

PR

Mixed Int F1

0.01 0.02 0.03 0.04
Final AF Value

Rosenbrock

0.000 0.001 0.002 0.003 0.004
Final AF Value

Ackley

0.000 0.002 0.004 0.006
Final AF Value

Welded Beam (5 constraints)

0.000 0.005 0.010 0.015 0.020
Final AF Value

Cont. Relax.

Exact Round

Interleaved

Exact Round, STE

PR

SVM

0.00 0.05 0.10 0.15
Final AF Value

Cellular Network

0.070 0.075 0.080 0.085
Final AF Value

Chemical Reaction

0.05 0.10 0.15 0.20
Final AF Value

Oil Sorbent (3 objectives)

Figure 6.K.1: A comparison of methods for optimizing acquisition functions.

6.L Stochastic vs Deterministic Optimization

We compare optimizing PR with stochastic and deterministic optimization methods.

For stochastic optimizers, we compare stochastic gradient ascent (SGA) and Adam

with various initial learning rates. For SGA, the learning rate is decayed each

time step t by multiplying the initial learning rate by t−0.7 and for Adam a fixed

learning rate is used. For stochastic optimizers, the MC estimators of PR and its

gradient stochastic mini-batches of N = 128 MC samples are used. For deterministic

optimization, base samples are kept fixed. All routines are run for a maximum

of 200 iterations. In Figure 6.L.1, we observe that Adam is more robust to the

choice of learning rate than SGA and generally is the best performing method.

Furthermore, Adam consistently performs better than deterministic optimization.

We compare Adam with a learning rate of 1
40 against L-BFGS-B in Figure 6.L.2.
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Figure 6.L.1: A comparison of PR using stochastic and deterministic optimization
methods. The initial learning rate for stochastic gradient ascent is given in parentheses.
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Figure 6.L.2: A comparison of optimizing the PO using deterministic estimation (via
SAA) and optimization versus stochastic estimation and optimization.

6.M Comparison with an Evolutionary Algorithm

In Figures 6.M.1 and 6.M.1, we compare against the evolutionary algorithm

PortfolioDiscreteOnePlusOne, which is the recommended algorithm for discrete and

mixed search spaces in the Nevergrad package [Rapin and Teytaud, 2018]. We find

that PR significantly outperforms this baseline by a large margin with respect to

log regret, but is slower than the evolutionary algorithm with respect to wall time.
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Figure 6.M.1: A comparison with an evolutionary algorithm with respect to log regret.
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Figure 6.M.2: A comparison with an evolutionary algorithm with respect to wall time.



Endnote

Clarifications

In Section 6.5, ϕ is used without proper introduction. ϕ is the governing parameter

that is transformed into θ using the transformations in Table 6.5.1.

In Section 6.A, we define α̃ : X × P → R, but it should be defined as

α̃ : X × PZ → R.

In Lemma 6.A.1, we assume Θ is compact (as stated in the proof), but we

do not explicitly state this in the Lemma itself. Furthermore, our proof requires

the additional assumption that Θ contains the parameter θ that provides support

exclusively on a maximizer z∗ of α (i.e. x∗, z∗ ∈ arg maxx,z α(x, z)). That is, Θ

contains the parameter θ such that pφ(θ)(z = z∗) = 1. In addition, in the proof of

Lemma 6.A.1, we state that since both X and Θ are compact, J ∗ exists, but the

important part that we do not explicitly state is that J ∗ is non-empty.

Unless otherwise noted, we report the mean and two standard errors of the

mean over 20 replications in all performance figures in this chapter.

In Section 6.E, “ackley” should be capitalized.
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7.1 Discussion

This thesis considers scenarios where sample-efficient optimization is challenging

and proposes new methods for enhancing Bayesian optimization in each setting.

Each chapter focuses on a different adverse scenario.

In Chapter 3, we address the case where the decision maker seeks to optimize

multiple objectives under input noise. Although robust Bayesian optimization of

risk measures that provide probabilistic guarantees has been considered in the single

objective case [Cakmak et al., 2020], it has received less attention in the multi-

objective realm. We build upon prior work on a multi-variate value-at-risk [Prèkopa,

2012] and formulate robust multi-objective optimization through this lens. We

then propose a simple, practical, and efficient algorithm for robust multi-objective

Bayesian optimization based on our theoretical insight regarding approximating

the multi-variate value-at-risk set via random scalarizations.

223
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In Chapter 4, we consider optimizing multiple competing objectives over high-

dimensional search spaces. Although high-dimensional search spaces are difficult

for standard Bayesian optimization methods, there has a been a significant body

of research on improving Bayesian optimization performance when there are many

tunable parameters [Wang et al., 2016b, Eriksson et al., 2019, Letham et al., 2020,

Eriksson and Jankowiak, 2021]. We build upon the core insight in the TuRBO

method [Eriksson et al., 2019]—namely, that Bayesian optimization in local trust

regions is an effective global optimization strategy in high-dimensions—and propose

a new algorithm MORBO for efficiently identifying the Pareto frontier using a

collaborative, coordinated multi-trust-region approach. We demonstrate that this

improves performance on daunting high-dimensional, relatively high-throughput

real-world optimization problems.

Chapter 5 presents a general framework for multi-objective Bayesian optimization

with partial information, such as (i) only observing a subset of the objectives for

each design or (ii) observing one or more objectives at lower-fidelities than the

true target fidelity. We highlight several real-world scenarios where not only do we

observe partial information, but the optimization algorithm can choose what partial

information to observe for deach design (e.g. the fidelity level or the objectives

to evaluate). Although there have been some limited attempts to address these

problems, our method is the first general framework to do so. Starting from

a Bayesian decision theoretic perspective on Pareto set selection (how we will

determine the optimal designs), we construct a one-step Bayes optimal acquisition

function for hypervolume maximization under our decision theoretic framework.

We propose an efficient estimator of our acquisition function using sample average

approximation and show that our method yields improved optimization performance

in a wide swath of settings.

In Chapter 6, we consider the case where the search space is combinatorial

(consists purely of discrete parameters( or mixed (contains both continuous and

discrete tunable parameters). Although this problem setting has received significant
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attention, we reconsider the problem through the lens of probabilistic reparameteri-

zation, where the discrete parameters reparameterized by discrete random variables

with probability distributions governed by continuous parameters. We prove that

maximizing the expected value of the acquisition function under these probabilistic

reparameterization yields an equivalent Bayesian optimization policy to optimizing

the underlying acquisition function. Furthermore, we propose both a Monte Carlo

estimator of the acquisition function and a stochastic unbiased gradient estimator

for efficient acquisition optimization. We show that this improves optimization

performance in both single and multi-objective settings.

7.2 Future Work

Although this thesis tackles several challenging settings for Bayesian optimization

by proposing new methods, there are other alternative methods that could be used

instead and could be interesting to explore in future work.

For example, MVaR is but one optimization goal that could be used for

robust multi-objective optimization as discussed in the endnote of Chapter 3.

Considering robustness with respect to a scalarization of the objectives would be

a more direct and likely better approach when the scalarization is known a priori.

In the case that the scalarization is unknown, incorporating preference learning to

learn the unknown utility function within the robust optimization setting could

also yield improve sample efficiency.

In Chapter 4, we made design decisions for the MORBO algorithm with

practical applications in mind. For example, we chose to use a point’s hypervolume

contribution as the criterion for trust region center selection after finding that

it empirically lead to Pareto frontiers with good coverage, but many alternative

heuristics could be used instead and might bear improved performance.

In Chapter 5, we use HV-KG to optimize the entire Pareto frontier, but a

preference learning method using KG (e.g. by extending Astudillo and Frazier [2020])

could also be used in the partial information setting and may yield improved sample

efficiency. Furthermore, alternative efficient forms of hypervolume computation
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such as scalarization-based approaches [Golovin and Zhang, 2020] could prove useful

for improving the wall time for computing HV-KG.

In Chapter 6, we propose to use probabilistic reparameterization for optimizing

acquisition functions over discrete and mixed spaces, but it is expensive and in

some cases, it may not be worth the additional computation. Further research into

speeding up probabilistic reparameterization (potentially through more efficient

methods for integration) would increase its applicability and enable using probabilis-

tic reparameterization with more computationally intensive acquisition functions.

The contributions in the various sections of this thesis address important real

world challenges for Bayesian optimization. However, we study these settings and

address them individually. Even more challenging problems could feature attributes

from more than one of these challenging scenarios. For example, optimizing optical

displays for augmented and virtual reality involves high-dimensional multi-objective

optimization as outlined in Chapter 4, but optical displays may also be subject to

manufacturing tolerances during fabrication. Hence, the robustness of a solution

might be an important consideration to avoid low yield, where many products

do not meet the target specification. In addition, optimizing optical displays

for augmented and virtual reality could benefit from exploiting observations at

multiple fidelities such as fabrication (high fidelity) and simulation (lower fidelity).

Lastly, there might be a mix of both discrete and continuous parameters. A future

direction is the study how the proposed methods can be combined. Many of the

proposed techniques introduce expectations in the acquisition functions such as

over input noise, introduced discrete random variables, and partial information.

Hence, one step is considering efficient computational techniques for computing

these expectations in tandem. Another direction for future work is to consider

robust multi-objective optimization with respect to environmental random variables.

Obtaining an observation of the objective at a chosen fixed realization of the

environmental random variables as in Cakmak et al. [2020] is another form of

partial information. Lastly, the methods proposed in this thesis have limitations:

MARS will be most useful for low-dimensional problems, HV-KG and probabilistic
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reparameterization are more expensive than alternatives, and MORBO does not

work quite as well on low-dimensional problems and may not be as efficient as other

techniques [Eriksson and Jankowiak, 2021] with small sample budgets. Nevertheless,

we have demonstrated that the contributions in this thesis improve Bayesian

optimization in many adverse scenarios, and we hope that this work inspires future

research in practical Bayesian optimization.
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