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Low-depth phase oracle using a parallel piecewise circuit
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We explore the important task of applying a phase exp(i f (x)) to a computational basis state |x〉. The closely
related task of rotating a target qubit by an angle depending on f (x) is also studied. Such operations are key in
many quantum subroutines, and frequently f (x) can be well approximated by a piecewise function; examples
range from the application of diagonal Hamiltonian terms (such as the Coulomb interaction) in grid-based
many-body simulation to derivative pricing algorithms. Here, we exploit a parallelization of the piecewise
approach so that all constituent elementary rotations are performed simultaneously, that is, we achieve a total
rotation depth of one. Moreover, we explore the use of recursive catalyst “towers” to implement these elementary
rotations efficiently. We find that strategies prioritizing execution speed can achieve circuit depth as low as
O(log2 n+ log2 S) for a register of n qubits and a piecewise approximation of S sections (presuming prior
preparation of enabling resource states), albeit total qubit count then scales with S. In the limit of multiple
repetitions of the oracle, we find that catalyst tower approaches have an O(S n) T-count.
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I. INTRODUCTION

The speedup promised by quantum computing has drawn
intense attention over the last few decades. Quantum algo-
rithms are explored for problems in various research fields
including cryptography [1], linear systems of equations [2],
optimization [3], and computational chemistry [4], among
others. In these studies, algorithms usually start by assuming
the ability, often granted by an “oracle,” to encode some func-
tion value f (x) related to |x〉 into a quantum state. Efficient
implementation of such oracles is extensively studied in the
context of, e.g., state preparation.

In this work, we study the common task of encoding a
function value into phase, i.e.,

|x〉 �→ exp(i f (x)) |x〉 , (1)

and we propose an efficient circuit implementation for this
type of oracle. With the addition of a few Clifford gates, one
instead obtains a variant which implements

|x〉 |0〉 �→ |x〉 ( cos f (x) |0〉 + i sin f (x) |1〉 ). (2)
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For either case, we use classical precomputation to make
a piecewise approximation of the function f (x), avoid-
ing expensive arithmetic. By combining fan-out techniques
with a repeat-until-success scheme, the circuit depth can
be as low as O(log2 n) for an n-qubit input register. We
also employ “catalyst towers” to moderate the high de-
mand on magic states, which is a common problem for
conventional methods.

Our approach is beneficial for well-behaved functional
forms and is particularly beneficial when the circuit is used as
a repeatedly applied subroutine, such as time evolution, am-
plitude amplification, etc. A good example is the 1/r Coulomb
potential. It has a simple functional form while being crucial
to quantum chemistry simulations, which is one of the three
application examples we present. Conversely, there are, of
course, certain functions that are impractical for piecewise
approximation (see Appendix B)—for example, certain oscil-
latory functions used to benchmark optimization algorithms,
e.g., the Ackley function [5].

Our focus is on minimizing depth while maintaining an
efficient use of resources such as magic states; to achieve
this, we allow ourselves to increase the number of qubits that
are concurrently active; essentially, a space-time trade-off.
Consequently, the methods may be particularly relevant to
quantum computing platforms where there is the hope of large
numbers of qubits, such as silicon spin chip-based devices
[6]. For optimization against other priorities, we point readers
toward the complementary discussion in Ref. [7], which com-
pares methods of applying a phase focusing on minimal-width
implementations.
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Historically, the word “oracle” has been widely used in
quantum algorithms studies (as early as, e.g., Shor’s algorithm
[1] and Grover’s algorithm [8]) to describe the black box
which gives access to some function f (x). Thus, in the context
of algorithmic complexity, its construction details are irrele-
vant. Since this work discusses the exact implementations, we
narrow down the definition of “oracle”: a circuit that encodes
some function f (x) into a quantum state, and f (x) must be
known so that it can be approximated in a piecewise fashion.
This, then, excludes the functions in, e.g., Shor’s algorithm
and Grover’s algorithm, simply because knowing the relevant
functions would directly solve the problem.

The rest of the paper is organized as follows: in Sec. II we
discuss the prior work. The main implementation is explained
in Sec. III, followed by the options for the key part of our
implementation in Sec. IV, in which we introduce the catalyst
towers. The cost analysis for different options can be found
in Sec. V. In Sec. VI, we provide three example applications
which can benefit from our work, namely, financial derivatives
pricing, quantum chemistry, and quantum simulation.

II. PRIOR WORK

The need of encoding a function onto a quantum state goes
back to the very early days of quantum computing and it is
essential in many quantum computing applications. Depend-
ing on the problem, one might want to encode the information
into.

(i) the register, |x〉 |0〉 �→ |x〉 | f (x)〉, e.g., Simon’s problem
[9];

(ii) the amplitude, |x〉|0〉�→|x〉(√ f (x)|ψ〉+√
1− f (x)|ψ⊥〉)

(for some normalized |ψ〉 and orthogonal |ψ⊥〉), e.g.,
quantum optimisation [10]; or

(iii) the phase, |x〉 �→ exp(i f (x)) |x〉, e.g., quantum phase
estimation [11].

A. Oracle models

For solving some specific problems in an application area,
the three aforementioned models are usually cast into ora-
cles and the related algorithms are evaluated by the query
complexity. These three models of oracles are often closely
related to each other. For example, in Ref. [10] the authors
show that given an amplitude oracle, it can be used to sim-
ulate the corresponding phase oracle to ε precision with
O(log2(1/ε)) queries, and the conversion from phase oracle
back to amplitude oracle also requires logarithmic overheads
in the precision.

B. State preparation methods

The encoding of a function into amplitudes is generalized
in the context of quantum state preparation, which seeks to
prepare a state of the form

∑
x f (x)/Nf |x〉, where Nf is a

normalizing constant. As a standard technique, the key step
in the Grover-Rudolph method [12] first writes the bit string
into an ancillary register using arithmetic. Applying rotations
to the ancillae controlled on the bit strings will then trans-
form the function value into the amplitude. Later methods
like quantum rejection sampling [13] and quantum eigen-
value transformation [14] seek to address the same problem

without the expensive arithmetic. Moreover, if the controlled-
rotations in the Grover-Rudolph method are replaced by a
phase Ph(θ ) = diag(1, exp(iθ )) on each bit in the string, then
it implements a phase oracle. Again, the use of arithmetic is
significant in the total cost of the method.

C. The QROM approaches

The existence of the oracle Uf |x〉 |0〉 �→ |x〉 | f (x)〉 has
been assumed since the toy-problem era of quantum al-
gorithms. One circuit implementation of it is the quantum
read-only memory (QROM) [15] and it is widely used in
quantum chemistry for, e.g., state preparation [16,17]. How-
ever, the use of this type of QROM is sometimes limited by
its rapid scaling in T-count and T-depth [18]. Note that a more
general model quantum random access memory (QRAM) [19]
is frequently used to do the same task, except in its most
rigorous definition QRAM must also allow data to be written
to it. A detailed explanation of the subspecies of QRAM can
be found in Ref. [20].

QROM approaches have also been used for the phase
oracle [21], first by loading information about the linear in-
terpolation of the function f̃ (x) and then transforming that
information into a phase. This is done by calculating flags
to obtain the region that contains the value of x, and for that
region output the slope and interpolation for the linear approx-
imation. The calculation of | f̃ (x)〉 can then be performed with
a single multiplication and addition. This register can then
be used to apply a phase either by applying rotation blocks
similar to those discussed in Sec. III or by adding this register
into a phase-gradient state in order to apply ei f̃ (x) via phase
kickback [22]. The multiplication of x with the slope will
likely have the largest cost in this approach, with methods
requiring either logarithmic depth with an O(nlog2(3) ) overhead
[23] or O(log2 n) depth with a logarithmic space overhead
[24]. For the purposes of comparing the most optimal-depth
methods in this work, we will primarily compare to the
Karatsuba multiplication with O(nlog2(3) ) T -cost [23], al-
though we note that when the additional cost of this method
becomes relevant, one could always switch to the alternative
scheme with O(n log2 n) cost and O(log2 n) depth [24]. Once
this multiplication has taken place, the subsequent addition of
the intercept and application of the phase must be performed
before uncomputing the arithmetic, resulting in a larger depth
than some of the alternatives presented in this work. However,
due to the efficiency in T count of reusing a phase gradient
state to apply a phase (only a single addition that does not
depend on ε), this method sees savings in this respect for al-
gorithms requiring a large number of iterations of this oracle.
We provide some further comments and comparison to the
independent towers method in Sec. IV and Appendix E.

D. Quantum dynamics approaches

An eigenstate |φ〉 of a Hamiltonian H under time evolution
goes through the transformation |φ〉 �→ exp(−iEt ) |φ〉, where
E is the eigenvalue. The Hamiltonian simulation addresses the
problem that given some H , its action on some state |ψ〉 =∑

j c j |φ j〉 under time evolution is simulated by a unitary U
such that U |ψ〉 ∼ ∑

j c j exp(−iE jt ) |φ j〉. Relevant methods
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FIG. 1. A circuit parallelizing all elementary rotations. The central rotation blocks are defined by �z(a) := ⊗n−1
i=0 Rz(2ia), i.e., a set

of single-qubit rotations performed in parallel. If the blue gates are implemented, then the top group of n + 1 qubits is left in the state
(cos f (x) |0〉 + i sin f (x) |1〉) |x〉 (which is also in blue in the output); otherwise the group is left in state ei f (x) |0〉 |x〉. Flag blocks flip their
target qubit if and only if the controlling input is in the corresponding internal of the piecewise function, as explained in the text. Further
optimizations to this circuit are possible (e.g., the fan-in/out), we provide details in Appendix A. Both black and blue variants were verified
by exact simulation with QUESTLINK; this code is available from the authors on request.

such as Trotterization [25], quantum signal processing [26],
and quantum walk [27] are extensively explored.

E. Continuous angle rotation

For state preparation, continuous angle rotations are ubiq-
uitous and this is usually expensive. Given a universal basis set
of unitary gates for implementation, such as the Clifford+T
gate set, direct gate synthesis leverages the underlying number
theoretic properties of the gate set to determine, classically
and deterministically, a sequence of basis gates that will ap-
proximate the target rotation to within the desired accuracy ε.

For single-qubit diagonal rotation gates, as in Fig. 1, this can
be done optimally without using ancilla qubits for a T depth
and T count of O(3 log2(1/ε)), using Clifford+T gates [28].
Additional techniques, such as fallback protocols [29], prob-
abilistic mixing [30,31], and a combination of the two [32],
achieve further reductions in T depth via using ancilla qubits

and projective measurements to leading order of log2(1/ε),
1.5 log2(1/ε), and 0.5 log2(1/ε), respectively. Gate synthesis
protocols using smaller angle rotations instead of T gate, e.g.,
employing higher orders in the Clifford hierarchy, were also
explored in the literature [33,34]. However, the dependence of
cost on rotation accuracy can be problematic for practical pur-
poses. We detail two alternative approaches for implementing
a group of rotations using an arrangement of generalized
rotation catalyst circuits [35], which we call catalyst towers.

III. PARALLELIZING THE PIECEWISE FUNCTION

Piecewise polynomial approximation is commonly used in
mathematics and it is also not new to quantum algorithms
[21,36,37]. However, one of its main problems is the great
circuit depth due to the serial rotations. Here, the solution
we study is to parallelize the circuit using fan-out tech-
niques, which is a width-depth trade-off. This is valuable for
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algorithms that require time optimization, e.g., the derivative
pricing algorithm example in Sec. VI.

To parallelize, we propose the circuit in Fig. 1. First, let
us disregard the gates in blue to apply the phase ei f (x) to the
top register of n qubits (we will come back to these blue
gates later). Suppose the target function f (x) is sectioned
into S pieces by some algorithm (we discuss one method in
Appendix B), and each piece i is approximated by a linear
function αix + βi, for x belonging to the ith interval. For
simplicity, define γi = αiφ + βi, with φ = (2n − 1)/2. Note
that although we use linear segments here for illustration,
higher-order polynomial approximations can also be used.
The corresponding circuit has S + 1 registers of n + 1 qubits.
(Strictly speaking, only n qubits are used in the uppermost
part of Fig. 1 when the blue gates are not employed; however,
we include this redundant qubit to keep resource expressions
compact and applicable to both black an blue variants.) The
input state |x〉 = |x0〉 ... |xn−1〉 is first copied to the other S
registers to parallelize the rotations. The circuit then com-
putes the flags 1, 2, ..., S to see if the value x is in section
1, 2, ..., S, respectively. The exact depth of a flag block de-
pends on the choice of section boundaries; in the examples
we consider here, the flag block is equivalent to a single
�log2 S	-controlled Toffoli gate (the method in Appendix B
uses a binary sectioning). The flags are followed by the large
rotation blocks, denoted as �z(a) := ⊗n−1

i=0 Rz(2ia) or dia-
grammatically as

...
Ξz(a) ...

= ...

Rz(a)

Rz(2a)

Rz(2n−1a)
, (3)

where Rz(a) = diag(e−ia/2, eia/2).
If the flag computation for the jth register indicates that

the value of x is in section j, then the final qubit of that
register, initially in state |0〉, is flipped to |1〉. The CNOT

gates immediately preceding the rotation block are therefore
activated, which effectively changes the sign on the phases
applied by the rotation block. Observe, firstly, that the desired
angles of α j are halved and, secondly, the phases associated
with the other S − 1 sections are still applied. This is dealt
with by the rotation block acting on the first register. Here,
the rotation angle is the sum of each of the angles in the S
ancilla registers. Note that this block does not have a minus
sign. Thus, the effect of this block is to cancel out the rotations
applied on all registers for which the corresponding flag is not
activated and applies the remaining half of the rotations for the
activated one. The single qubit γi rotation offsets on the last
qubit of each register are dealt with in a similar manner, via
the single-qubit rotations of −∑S

i=1 γi on the final qubit of
the top register. After further disentangling the registers, the
first n qubits are in state ei f (x) |x〉. We also provide a variant
of this circuit: if the blue gates are implemented, then the
information encoded in phase is transformed into amplitude,
such that the top group of n + 1 qubits ends up in the state
(cos f (x) |0〉 + i sin f (x) |1〉) |x〉.

The parallelization greatly reduces the circuit depth, but
there remains another problem: the huge demand for magic
states required to synthesize a large number of rotations in the
“large rotation block” in Eq. (3). One contribution of this work
is exploring various constructions for applying these rotations
efficiently under different usage scenarios. In particular, we
focus on the improvement in T gate cost when the circuit is re-
peatedly applied, e.g., as a subroutine in amplitude estimation.
We will describe several options for this in the next section.

IV. OPTIONS FOR IMPLEMENTING PHASE
APPLICATION

The options we explore for implementing the phase appli-
cation are:

(1) Canonical gate synthesis (and a variant) using, e.g.,
Clifford+T;

(2) Deterministic in-circuit catalyst towers;
(3) Independent catalyst towers generating resource states,

which are consumed via gate teleportation; and
(4) Loading a linear interpolation via QROM and using

phase kickback to apply the rotation.
Two of these methods involve catalyst towers whose pur-

pose is to generate multiple rotations, or rotation resources,
from a single input rotation and a frugal set of T gates. The
towers leverage the “generalized phase catalysis circuit” from
Ref. [35], and we reproduce that circuit in Fig. 2 (left). In
the present context we regard this as a one-layer tower. The
RZ (θ ) |+〉 state in the circuit is a so-called catalyst state. This
acts analogously to a chemical catalyst in a reaction, in the
sense that it makes the circuit less costly and remains intact
after the process. For the first run of a tower circuit, the
catalyst state must be synthesized in some standard way. Thus,
the use of such circuits in our towers is useful in the scenario
that the oracle must be applied many times, or over many
“rounds,” to take full advantage of the reusable nature of the
catalyst.

There would be no advantage in the event that the oracle
was used only once; since the logical AND costs 4 T states,
the first round is always more expensive than canonical gate
synthesis. However, from the second round onward one only
needs to synthesize the seed rotation RZ (2θ ), plus four extra
T states for the logical AND to apply two RZ (θ ) rotations. The
higher cost of the first round is averaged over the repetitions,
and we will see that the break-even point for T count is quickly
reached. For simplicity, we denote this circuit as a “CT block”
as shown in Fig. 2 (right).

The key to the in-circuit catalyst tower approach is the
composition of the one-layer catalyst towers. We show an
example of a two-layer in-circuit tower in Fig. 3, and higher
towers can be generalized based on this. To implement the
rotations in Eq. (3), replace the large rotation block with an
n-layer tower, and then the desired rotation gates are applied
directly on the target qubits (with one unused rotation). How-
ever, note that the scaling of the circuit depth of an n-layer
tower is linear in n; this can be seen from the V shape of the
gates of the corresponding circuit diagram of the two-layer
tower (Fig. 3), as shown in Fig. 4. Thus, this would have a
greater T depth than the direct-synthesis method, albeit with a
reduced T cost.
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FIG. 2. Circuit for a one-layer tower. The “corners” notation for the AND gate follows Ref. [22], reproduced in Appendix A.

We note that a similar “in-circuit tower” is also discussed in
Ref. [38]. In that paper, the authors are interested in an option
pricing task and optimize the conventional circuit of block
encoding of the sine function, where the parallel rotations⊗n−1

i=0 Rz(2ia) are also required.
The third method attempts to achieve the “best of both

worlds,” with a depth that is typically below either of the
earlier methods and a frugal T cost comparable to the second.
This third, independent catalyst tower approach adopts a prob-
abilistic scheme. Instead of preparing the required rotations in
place, these towers can be seen as higher-level magic state
factories. An example of a three-layer independent catalyst
tower is depicted in Fig. 5, where we omit all the catalyst
states for simplicity; to generalize it, concatenate one CT
block at the top and one at the bottom. The resource states
R(2iθ ) |+〉 produced by a catalyst tower can then be used to
implement a rotation on the target qubit via gate teleportation.
However, since the rotation angles can be arbitrary, there
is no efficient way to correct for the “wrong” measurement
outcome of the gate teleportation directly, so we adopt the
repeat-until-success approach with a success probability of
0.5. A wrong measurement outcome indicates that the im-
plemented operation was a rotation of the desired angle but
in the opposite direction. We now need to teleport a rotation
with twice the target angle, which can correct the previous
failure into a success, again with a probability of 0.5. This
process is repeated on failure, and the angle doubles every
trial until a measurement “success.” Therefore, the expected
measurement depth scales only logarithmically in the number
of parallel rotations and thus logarithmically in n. This comes
with the penalty that we somewhat increase the T count com-
pared to the in-circuit towers, as we are implementing more
rotations on average.

The repeat-until-success process thus involves a doubling
of the desired angle, and this is in addition to the binary
pattern already occurring within each �z block; thus, the
towers’ ability to generate multiple rotation resources, related
to one another by powers of two, is well matched to our
task. We design each independent catalyst tower such that

FIG. 3. The construction of a two-layer tower using the compact
CT block.

a single run of the circuit produces the required species of
rotations, which closely caps the expected number of rotations
required by a group of n qubits (so we only need S + 1 such
towers in principle). However, due to the probabilistic nature
of this approach, in practice, it is desirable to have a reservoir
of the rotation resource states to account for any statistical
fluctuation. As a side note, more generally, the independent
catalyst towers are also beneficial in the circuit where multiple
rotation gates of the same angle are required (and the circuit
is repeatedly applied). One then needs to slightly modify
the structure of the tower in Fig. 5 and implement multiple
towers of different layers to match the tower outputs with the
distribution of the repeat-until-success scheme.

We note that in Ref. [39], both ways of utilizing catalyst
circuits, namely, the in-circuit and independent mode, are
explored using the basic circuit to produce Clifford hierarchy
rotations. However, in this work, we achieve our efficiency
by composing multitier catalyst towers and matching their
output to the rotations required by the circuit. As we will see
in the next section, the advantage of introducing the composed
towers is that, after the initial synthesis of single-qubit catalyst
states, they achieve a better scaling of the T count when the
circuit is repeated.

We compare the aforementioned piecewise function imple-
mentation to the method based on a parallelization of linear
interpolation via QROM as described in Ref. [21]. QROM is
used to load constants in the linear interpolation of a function
f̃ (x) = aix + bi, where the slope and intercept ai, bi vary with
x. The calculation of | f̃ (x)〉 can then be performed with a
single multiplication and addition, with the phase applied
via addition into a phase gradient state. We discuss in more
detail the choices we make for the arithmetic components in
Appendix E and provide a circuit demonstrating the paral-
lelized QROM approach in Fig. 6.

V. COST ANALYSIS

We use measurement depth as the metric for circuit depth
and let a single-qubit measurement in Z or X basis have
depth 1. We use this metric instead of T depth to account for
teleporting the rotation resource states and also the uncom-
putation of the AND gate, which have the same delay as the
conventional T-state teleportation circuit on the fault-tolerant
level (assuming we are not limited by the magic state produc-
tion rate). Therefore, T-state injection (the T depth), rotation
resource state injection, and the uncomputation of AND all
have measurement depth 1.

Let RT be the T count of a rotation gate synthesized using
Clifford+T. For a given accuracy ε, the optimal T count for
deterministic and ancilla-free approximation of a rotation gate
is 3 log2 (1/ε) [28]. Given that we are in a regime that allows
for an arbitrary number of ancilla, we can use the fallback,
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FIG. 4. The circuit for the two-layer tower in Fig. 3; note the V shape of the gates, which indicates the circuit is inherently sequential.
When used as an in-circuit method, this is similar to the technique in Ref. [38].

or projective rotation, approximation method [29], which re-
duces the T count of a rotation [32] to

RT ≈ 1.03 log2 (1/ε) + 5.75. (4)

Using probabilistic mixing methods would further reduce this
cost by a factor of 2 [30–32]. To implement a circuit with k
rotations to precision εcirc, take the error per rotation as ε =
εcirc/k when calculating RT . Since we are using Clifford+T,
RT is also the T depth and measurement depth.

We also note that the following expressions and calcula-
tions use one RT parameter for all the rotations; this is enough
for illustration here. However, for a more detailed analysis,
one might want to use a different RT for catalyst states than
other rotations (the choice could be highly empirical) to fur-
ther improve the performance.

For canonical gate synthesis, the T count of the circuit is

(S + 1)(n + 1)RT + 8S(l − 1), (5)

where S is the number of sections and n is the number of
qubits in a register. The first term is the contribution from the
rotation towers, and the last term is due to the flag blocks. For
the flag blocks we need 2S l-controlled Toffoli (l = �log2 S	),
which can be constructed from l − 1 regular Toffoli. Using
the construction in Ref. [40], a Toffoli can be constructed
with a T count of 4 and injected into the circuit with depth

FIG. 5. An example of an independent catalyst tower with three
layers [one way to see this is that the tower is seeded by Rz(2k+3θ )
and the lowest power output is Rz(2kθ )]. The catalyst states are
omitted for simplicity. For the tower to produce resource states to
be used in gate teleportation, set all |ψi〉 to |+〉 states.

1. Combined with the binary tree structure in Ref. [41], an
l-controlled Toffoli has a T count of 4l − 4 and measurement
depth �log2 l	.

The measurement depth of the circuit is

RT + 2�log2 l	. (6)

This method can alternatively be coupled with state injection
to reduce circuit depth, at the cost of increased T count. The
required rotations are synthesized as resource states, then in-
jected in parallel with a success probability of 0.5. We expect
to require two such resource states per rotation angle, hence
the increase in T count to

2(S + 1)(n + 1)RT + 8S(l − 1). (7)

The measurement depth is reduced to

�log2(2.5(S + 1)(n + 1) + 1.5)	 + 2�log2 l	, (8)

which we explain further at the end of this section.
Meanwhile for the in-circuit catalyst towers, the T count of

the circuit for r rounds of repetition (that is, r invocations of
the phase oracle) is

(S + 1){[RT ·(n + 1) + 4n] + (r − 1)(RT + 4n) + r ·RT }
+ 8Sr(l − 1) (9)

and the measurement depth of the circuit is

RT + 2n + 2�log2 l	, (10)

where the first two terms are the contribution from the tow-
ers. Each n-layer tower also needs 2n + 1 extra ancillary
qubits, which is (S + 1)(2n + 1) ancillary qubits in total (this
does not include the ancillae used by the fallback synthesis
method).

Finally, for the independent catalyst towers, the T count of
the circuit for r rounds is

(S + 1){[RT ·(2n + 1) + 8n] + (r − 1)[RT + 8n]}
+ (S + 1){(RT ·2 + 4) + (r − 1)(RT + 4)} + 8Sr(l − 1),

(11)

where the first term is the contribution of the independent tow-
ers associated with the large rotation blocks and the second
term is from the one-layer independent towers that deal with
the single-qubit γi rotations. This way of doing the γi rotations
is more costly in terms of T count but it reduces the depth of
the circuit.
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FIG. 6. Illustration of the parallelization of the application of a phase via QROM and linear interpolation as described in Ref. [21], using
only one phase application to save resources. Here, ai and bi indicate applying circuits that apply a string of Pauli Zs, loading in the binary
value of the slope and intercept for that section when condition on flag i is set. The four bundles of ancilla qubits used for loading the ai and bi

are switched off after fan-in; these qubits can be repurposed during the f̃ (x) and phase computations. They are then reinitialized to be used in
the second layer of flag computations. Note that as with Fig. 1, this circuit can be optimized using the methods outlined in Appendix A.

The expected measurement depth of the circuit is

�log2(2.5(S + 1)(n + 1) + 1.5)	 + 2�log2 l	. (12)

Intuitively, when applying M parallel rotations using the
repeat-until-success scheme, M/2 rotations are expected to
fail, which requires a further round of rotations with M/4 ex-
pected failures, etc. The contribution to depth of this process
is captured by the first term of Eq. (12), which is logarithmic
in the number of parallel rotations. We provide a derivation
of this expected depth in Appendix D, with the expression
above being a numerical fitting that is within 0.04 of the true
expectation for all m � 106, where m is the number of parallel
rotations. For completeness, an n-layer (n � 2) independent
tower uses 6n − 5 qubits and has a measurement depth of
RT + 2n. Note that this depth of the independent towers
(which act like magic state factories) scales worse than the
depth of the phase oracle circuit that consumes the resource
states [Eq. (12)]. Therefore, in the cases where the phase
oracle dominates the depth of the full circuit being repeated,
one should use RT + 2n as the phase oracle depth. As the
focus of this work is minimizing the depth, we note a relevant
mitigation: one can break down an n-layer independent tower
into several shorter towers, e.g., n − 1 one-layer towers (in
Fig. 2) with constant depth, at the cost of consuming more
T states. The modular nature of the CT blocks makes this
reconstruction simple.

However, in many applications the phase oracle is used
as a subroutine of a much longer circuit, and such cases are
suitable for the independent towers paradigm. For example,
in the option pricing application [42] in the next section,
each repetition for amplitude estimation involves preparing
Gaussian states, followed by quantum arithmetic, and then
applying the phase oracle. This allows enough time for re-
source state production to take place between the instances of
the oracle.

The above expressions are summarized in Table I. From
there it is clear that for repetition count r = 1, neither catalyst
method gives any advantage over direct gate synthesis (with-
out injection). However, only a modest number of repetitions

is required to reach the break-even point for T count; for the
in-circuit tower it needs

r >

(
1 − 1

n
− 4

RT

)−1

, (13)

while for the independent towers it requires more

r >

(
1 − n + 2

2n + 1
− 4

RT

)−1

(14)

For the option-pricing application in the next section,
where S = 36, n = 15, εcirc = 10−3, and r = 200, l = 6, the
in-circuit and independent towers need two and four rounds to
bring advantage, respectively. Note that this analysis is at the
fault-tolerant level. For a more complete calculation of these
thresholds, one needs to consider the spacetime volume of
the towers and the T factories at the quantum error-correcting
code level.

As a rule of thumb for choosing between the towers when r
is larger than the threshold value, if the goal is to minimize the
T count then one should use the in-circuit towers. If the goal
is to minimize the circuit depth (even when r is small), one
might want to use the independent towers. As for the QROM
method, it can be competitive in terms of T count when n is
small, but one should note that the scaling is worse than linear
(see discussions in Sec. VI B).

Finally, we used T count and T depth above as our metrics
for the resource costs of our oracles. However, we note that
recent development in magic state production [43] indicates
that T gates can be generated at a cost comparable to a lattice
surgery CNOT . Therefore, it might be worth noting that O(S n)
CNOT gates are also required for the circuit.

VI. EXAMPLES

In this section, we present explicit piecewise solutions
and consequent resource counts for contexts involving payoff
functions for option pricing, the Coulomb interaction, and a
“double dot” confining potential.
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TABLE I. The T count and measurement depth of the four options discussed in Sec. IV. For the independent-towers method, we assume
the depth for resource state production does not dominate (see discussions in Sec. V). The expressions are evaluated for the three examples in
Sec. VI, i.e., option pricing (accuracy, εcirc = 10−3), Coulomb interaction (εcirc = 10−3), and quantum dots confining potential (εcirc = 10−2).
The numerical results are in the form T count per round/measurement depth per round. We note that, in these examples which have relatively
small n values, the O(nlog2(3) ) T count of the linear QROM method outperforms some of the other methods that also depend on S (see Sec. VI B).
We also note that the QROM method is the only method whose T count or depth does not increase with S, making it ultimately the preferred
choice for sufficiently complex functions.

T count (for r rounds) Measurement depth (per round) Pricing Coulomb
Quantum

dots

Gate
synthesis

r(S + 1)(n + 1)RT + 8Sr(l − 1) RT + 2�log2 l	 16 536/32 3582/27 2214/23

Gate
synthesis
with
injection

2r(S + 1)(n + 1)RT + 8Sr(l − 1) �log2(2.5(S + 1)(n + 1) + 1.5)	
+ 2�log2 l	

31 633/17 6852/13 4116/12

In-circuit
towers

(S + 1){[RT ·(n + 1) + 4n]
+ (r − 1)(RT + 4n) + r · RT } +

8Sr(l − 1)

RT + 2n + 2�log2 l	 5618/62 1476/45 1191/35

Independent
towers

(S + 1){[RT · (2n + 3) + 8n + 4]
+ (r − 1)(2RT + 8n + 4)}

+ 8Sr(l − 1)

�log2(2.5(S + 1)(n + 1) + 1.5)	
+ 2�log2 l	

8061/17 2042/13 1583/12

Linear
interpolation
with QROM

n · RT + r(14 · 3�log2(n)	 + 66n) 9�log2(n)	 + 1 2126/37 1728/37 774/28

A. Payoff function for option pricing

As our first example, we use part of the payoff function for
option pricing that appears in Ref. [44], in which the authors
use quantum signal processing (QSP) to replace the quantum
arithmetic in Ref. [42]. For this example, we need the variant
which implements ( f (x) |0〉 +

√
1 − f (x)2 |1〉) |x〉 (where we

change the target definition slightly to match the formalism in
Ref. [44] more closely), as this is required by the subsequent
iterative quantum amplitude estimation [45] step in their algo-
rithm. For their use case, the circuit can be repeatedly applied
up to ∼102 iterations [46] and each iteration calls the oracle
twice.

The target function to encode is

f (x) =
√

1 − (
KT − ex2pe−s

)
, (15)

with the parameters KT = 1, p = 5, and s = 25. This closely
resembles Eq. (46) in Ref. [44] with the parameters of
Fig. 4(a) of the same reference. The target here differs from
the one used in Ref. [44] by the square of x in the exponent,
which is required for QSP in Ref. [44] to work, but we can
omit it here.

Figure 7 shows an intuitive visualization of the piecewise
approximation. The depicted segmentation uses a quantum
state of only seven qubits and a high tolerance threshold of

max
x

| ftarget (x) − fsegmented(x)| � 10−2, (16)

as mentioned in the figure caption. This results in a total of
nine segments. However, practically more relevant param-
eters would be, for example in this case, 15 qubits and a
tolerance of only 10−3, which then results in 36 segments.

From Refs. [42,44], we use S = 36, n = 15, εcirc = 10−3, r =
2 × 102, and l = 6 for the expressions in Sec. V, and the
cost of each method is shown in Table I. We can see that
the in-circuit towers can reduce the T count per round by a

FIG. 7. Sectioning of the function in Eq. (15) with the parameters
mentioned in the text thereafter. The target function is in gray, and the
linear segments used for approximating the target are in red. Because
of the similarity of the curves, the inset shows a close-up of segment
edges. Dashed vertical lines show the edges of segments. For better
visualization, the depicted segmentation uses a qubit count of 7 and
a somewhat large tolerance between the target and segmented func-
tions of maxx | ftarget (x) − fsegmented(x)| � 10−2. More realistic values
for these hyperparameters and their implications are discussed in
the main text. Note that the possible x values are not continuous,
but given by the discretization representable by the used number of
qubits. Thus, the gaps in the linear approximation signify that there
are no data points (quantum states) between the last value of the
previous and the first value of the next linear section.
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factor of 2.9 but have a factor of 1.9 increase in depth, in
comparison to direct gate synthesis. The independent towers
achieve a factor of 2.1 reduction in T count and a factor of 1.9
reduction in depth.

The width-depth trade-off is also favorable in this case.
The quantum signal processing method in Ref. [44] results
in a qubit count ∼30 and a T depth of ∼5700. In compar-
ison, the deterministic in-circuit towers, for example, need
(S + 1)(3n + 2) ∼ 1700 qubits with measurement depth 62.
So, our approach has a factor of ∼57 increase in width but
achieves a factor of ∼92 reduction in depth. This improve-
ment in depth can be vital for applications like derivative
pricing where the time, usually on the scale of seconds, is
critical for delivering quantum advantage. It is also worth
noting that the prior quantum arithmetic step required by the
option pricing algorithm [44] is much wider compared to
the phase oracle, so the width-depth trade-off here does not
actually incur new qubit overhead. In essence, the qubits are
available anyway and thus may as well be put to use in the
fashion we describe.

Note that on a larger scope, since the phase oracle is usually
just a subroutine of an algorithm, reusing the catalyst (so they
exist throughout the algorithm) states can cause the width of
other parts of the circuit to increase.

B. Coulomb interaction

The next illustration we show is that of approximating a
Coulomb potential, as is required by many algorithms in the
context of materials science or chemistry. Prominent examples
are ones leveraging grid-based methods to encode the state of
(electronic) systems directly in the amplitudes of a register
[47,48]. Such methods involve using quantum registers to
represent particles on a discretized grid and often use the
split-operator quantum fourier transform (SO-QFT) method to
drive the dynamics. When combining with Trotterization, the
method can apply time evolution by repeatedly transforming
between real space and momentum space. The potential terms
of the first-quantized Hamiltonian can be approximated as
diagonal in real space (and the kinetic terms are diagonal
in momentum space). Our methods for effecting a phase
exp(iV (r)) onto the amplitudes is a natural fit for this sim-
ulation problem with V (r) being the Coulomb potential. It
has been shown in Ref. [49] that such simulation algorithms
have superquadratic speedup (quartic in certain regimes) over
classical methods, while the effort to establish exponential
speedup remains an active area of research [50].

The one-dimensional (1D) example shown in Fig. 8 with
f (x) = V (x) uses nine qubits and tolerates a maximum de-
viation from the target function by 10−3. The singularity at
x = 0 is replaced by f (0) = 29 × 30/16, as suggested by
Ref. [48]. For comparability with the other examples, the
function is also scaled down to have a maximum value of
1. This example requires 13 sections to approximate to the
desired accuracy. Based on Ref. [47], we might need at least
r ∼ 500 to give a useful simulation (possibly far more). As-
suming S = 13, n = 9, and εcirc = 10−3 for convenience, the
cost of each method is computed in Table I. It might appear
that the register size n = 9 suggests a small problem size. Yet
the grid-based method works by allocating relatively small
registers of this kind to each particle (or particle dimension),

FIG. 8. Piecewise linear approximation of a (singularity-lifted)
1D Coulomb potential using nine qubits to represent x and a toler-
ance of 10−3. The target is the gray x−1 curve with the (interrupted, as
in Fig. 7) approximation in red on top. The black line shows the error
across x. This approximation requires 13 sections in the piecewise
representation to acquire the desired accuracy.

while the total number of modeled particles can be large.
Importantly, we only need to apply two-body Coulomb in-
teractions to these modest-sized registers, albeit this should
be performed in parallel over multiple registers. Indeed, this
also applies to the quantum dot example in the next section. It
is worth noting that the tolerable level of imperfection εcirc is
highly dependent on the exact use case and will be determined
in combination with other parameters like time step. We use
εcirc = 10−3 here as an example, since the error from other
sources, e.g., the Trotterization formula, may be expected to
be of this order [51].

We note that for these parameters, it seems that the in-
dependent towers outperform the QROM approach in depth
while the QROM approach is more advantageous in terms
of T count. When moving to larger n, the O(nlog2(3) ) term
in T count will dominate over the linear term when using
multiplication methods that are depth competitive with the
independent towers; refer to Sec. II for discussion. In fact,
if the precision is slightly relaxed and S is reduced from 13
to 10, then the QROM approach’s advantage in T count is
eliminated.

C. Double quantum dot

As our final example, we examine a double quantum dot
potential, which appears in the study of quantum dot struc-
tures. Typically, they are explored using classical techniques
[48,52,53] for the development of semiconductor-based quan-
tum computers. However, future quantum devices could
help simulate more general nanostructures using grid-based
methods [47,48]. Within this formalism, as in the previous ex-
ample, one will have to apply functions of the type exp(iV (r))
to a given quantum state, with V (r) meaning a double dot
potential as in Fig. 9.

Here, we focus on a one-dimensional double quantum dot
potential V (x) and a quantum state of six qubits, but this
approach can be extended to multiple dimensions supposing
that the potential is separable (or nearly so). Such a potential
is generated by a Poisson solver applied to a realistic device.
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FIG. 9. Sectioning of a 1D double quantum dot potential. For this
type of function, we can reduce the number of segments by choosing
different tolerances in different zones. The gray areas can tolerate
more errors as long as they provide enough confinement, as explained
in the main text. For illustration purposes, we chose tolerances equal
to 10−3 and 10−1 in the nonshaded and shaded areas, respectively.
The error between the curves is plotted in black.

In Fig. 9, we plot a representation of the piecewise ap-
proximation. Unlike the other functions studied above, it is
not necessary to accurately represent the potential over the
entire range of x. As long as the potential in the shaded region
provides adequate confinement, important properties of the
double quantum dot structure. such as the wave function of the
first two eigenstates (used to define the qubit states and extract
the exchange coupling [48]), are approximately preserved.
This allows us to significantly reduce the number of segments
needed.

For instance, using a tolerance of 10−3 over both zones
results in a 55-segment approximation, achieving an infi-
delity approximately equal to Ig ≈ 10−8, defined as Ig =
1 − | 〈g|gpw〉 | with |g〉, the exact ground state (as computed
in Ref. [48]) and the approximate one |gpw〉 obtained using
the piecewise approximation. By applying the same tolerance
within the nonshaded region and a tolerance of 10−1 in the
shaded region, we can reduce the number of segments to 31
while obtaining an infidelity Ig ≈ 10−6, which is enough for
our purposes. This is because the wavefunctions vanish in the
shaded region, making them robust to modifications of the
potential in that zone. It is worth noting that we obtain similar
results for the infidelity Ie computed between the excited
states.

Finally, one can further reduce the number of segments
by using a tolerance of 10−2 and 10−1 in the nonshaded and
shaded areas, respectively. This choice yields a 13-segment
approximation while maintaining an infidelity Ig ≈ 10−6.

We estimate a useful simulation would require at least
5 × 105 time steps [48]. Using r = 5 × 105 (for the potential
part of Hamiltonian only), S = 13, n = 6, and εcirc = 10−2 for
convenience. This is a suitable set of parameters for the 1D
scenario, albeit in practice we may need to apply V (x, y, z).
The cost of each method is shown in Table I. For this large
number of repetitions, we are in the asymptotic regime that,
e.g., the in-circuit catalyst towers can apply n rotations (n + 1
rotations strictly speaking) by consuming only RT + 4n T

states (one seed rotation plus n logical AND), which would
cost n · RT using the canonical gate synthesis.

VII. CONCLUSION

In this work, we study the task of applying a phase
exp(i f (x)) to a computational basis state |x〉, and the closely
related task of applying a rotation dependent on f (x). These
tasks are well studied in the literature; our aim here is mini-
mizing the depth (i.e., time cost) of the process. We consider
a piecewise approximation to f (x) and fully parallelize the
process so that its rotation depth is unity.

Noting that in many applications, such “phase oracles” are
applied numerous times within an algorithm, we explore a
means to reduce the T-gate resource cost by use of catalyst
towers, bespoke hierarchical structures based on the catalyst
circuits from Ref. [35]. We find that the catalyst towers align
very naturally with the requirements of the parallelized piece-
wise circuit, and can considerably reduce the T count for the
rotation gates if the circuit is repeatedly applied. We also give
explicit expressions for T count and measurement depth of
the different methods and compare their behavior in three
examples.

As for future research, it would be desirable to have a
more detailed cost analysis of towers at the quantum error-
correcting code level. As mentioned at the end of Sec. V, one
may want to compare the spacetime volume of the T factories
saved due to the reduction in T count with that of the towers
added. Moreover, one must also account for the storage cost
of the catalyst states, which could manifest as an increase in
code distance.
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APPENDIX A: CIRCUITRY

The computation and uncomputation of the logic AND gate
(see Fig. 10), which cost 4 T states and a measurement.

We make heavy use of both fan-out and fan-in via CNOTs in
this paper, hence it is worthwhile remarking upon implemen-
tation details for these primitives.

For fan-out to enable us to have parallel access to k
copies of the n-qubit computational basis state |x1 . . . xn〉,
we want to implement n parallel copies of the map
|xi〉 |0k−1〉 �→ |xi〉 |xk−1

i 〉, where xi ∈ {0, 1}. Whilst certain
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FIG. 10. The circuit diagram for the “corner” notation used in
the main text, reproducing Fig. 3 of Ref. [22].

technologies allow for multitarget CNOT gates as a primitive
[56], the real-time long-range routing might be a problem
at the quantum error-correcting code level. Working with
an abstract model of quantum computation for now, al-
ternatively, by using one Hadamard gate and k − 1 CNOT

gates, we can prepare a k-qubit Greenberger–Horne–Zeilinger
(GHZ) state 1√

2
(|0〉 |0k−1〉 + |1〉 |1k−1〉) and transport these

qubits to where they will be required ahead of time. This
state can then implement the required fan-out using a
single CNOT gate from our control to the first qubit of
the GHZ state to obtain |x〉 ⊗ 1√

2
(|0〉 |0k−1〉 + |1〉 |1k−1〉) �→

|x〉 1√
2
(|x〉 |0k−1〉 + |x̄〉 |1k−1〉), followed by a Z-basis mea-

surement of the second qubit of the resulting state, which
gives us either 0, in which case we have |x〉 |xk−1〉, or 1, in
which case we have |x〉 |x̄k−1〉 and a Pauli correction of X ⊗k−1

can be made to obtain the desired outcome.
For fan-in, where we wish to accomplish the map

|x〉 |xk−1〉 �→ |x〉 |0k−1〉, this can be accomplished via multi-
CNOT gates, but it is easier to replace multiple-qubit operations
which may require routing and additional circuitry with
measurement-based uncomputation. Recall that if we have
the two-qubit state |x〉 |x〉 and perform a destructive X-basis
measurement on the second qubit, we obtain the state |x〉
if we measure 0 and (−1)x |x〉 if we measure 1. We can
therefore perform k − 1 such parallel X-basis measurements
and perform the Pauli-Z correction conditioned upon the joint
parity of these measurements.

One further trade-off is possible with regards to the T-count
required for computing the flags in Figs. 1 and 6, which do not
illustrate the ancilla required to implement the flags with mini-
mal depth. We recall these flags will be an l-controlled Toffoli,
for which the fastest method of implementing these functions
is to structure them as a binary tree using l − 1 quantum AND

gates (|a, b〉 |0〉 �→ |a, b〉 |a · b〉), which can be implemented 4
T gates or a control-control-Z state. As soon as the final such
AND gate is completed, the rotation stage can begin, and if we
choose to keep these intermediate computations in memory,
the second layer of flag computations can be completed in the
same depth but without using any T gates via measurement-
based uncomputation. The utility of whether this particular
optimization is worthwhile is dependent upon whether the
space could be used in a more efficient manner (whether as
ancilla for other unitaries or for repurposing for magic state
distillation, etc.) and if the rotation layer is implemented in a
fast manner, this may be worthwhile.

APPENDIX B: HEURISTIC FOR SECTIONING
FUNCTIONS

For the examples given in the main text we use a simple
heuristic to divide the target function into (quasi-)linear seg-
ments. As we shall see, this method results in the particularly
simple “flag” blocks of Fig. 1 mentioned in Sec. III, which is
a simple l-controlled Toffoli.

The details of the used heuristic differ slightly depend-
ing on whether a phase should be applied to a state, i.e.,
|x〉 �→ exp i f (x) |x〉, or whether an amplitude state should
be prepared as in |x〉 |0〉 �→ |x〉 ( f (x) |0〉 +

√
1 − f (x)2 |1〉).

However, the basic principle remains the same. We will
discuss the former case first, followed by a comment on the
required changes for the latter case.

The task is to section the target function f (x) into intervals

x j , where within the interval j, Aj + Bjx ≈ f (x), with some
parameters Aj and Bj and x ∈ 
x j . The following bisection
method accomplishes this.

(i) Within some interval 
x j , try to fit the parameters A
and B such that f (x) ≈ A + Bx.

(ii) If the maximum deviation is below some threshold δ,
maxx∈
x j (| f (x) − (A + Bx)|) < δ, keep the interval 
x j and
return. Otherwise, split 
x j in the middle, and recursively
apply the same procedure for the left and right half separately.

Starting the above iteration with 
x j being the whole in-
terval of x results in the desired segmentation. Because of the
specific construction of the intervals, in each recursive call,
all x belonging to the same 
x j have a common prefix of q j

(highest significance) qubits (corresponding to the recursion
depth) in their bit-string representation, whose pattern we
call �q j . For example, �q j = (1, 0, 0, 1, 0) (most significant bit
on the left) means that all states in the interval 
x j start
with the bit pattern 10010, followed by their varying lower-
significance bits. Therefore, the flag gates in Fig. 1 are simple
multi-(anti-)controlled Toffoli gates.

For the slightly different problem of creating the mapping
|x〉 |0〉 �→ |x〉 ( f (x) |0〉 +

√
1 − f (x)2 |1〉), the parametrized

fit function changes from A + Bx to cos(A + Bx); everything
else can stay the same.

As a side note, one can generally quantify whether a
function is suitable for piecewise approximation using the
Lipschitz constant [57] of the function. A large Lipschitz con-
stant may imply a poor piecewise approximation. Moreover,
the number of segments S, the size of the quantum register
n, and the tolerance in the approximation are implicitly re-
lated. One would intuitively expect that, e.g., to get a higher
accuracy, one needs a larger register and a smaller tolerance;
then the number of segments that come out of the bisection
iteration would also be larger.

APPENDIX C: TILING CATALYST FACTORY TOWERS

Here, we provide discussion on tiling sequential applica-
tions of catalyst tower circuits to reduce idle qubits and reduce
depth by a factor of 2 in the limit of a large number of
layers n.

Figure 11 shows the sequential application of catalyst
tower circuits, resulting in wasted space in the central region
as the circuit must wait for the uncomputation on qubits 0,1
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FIG. 11. Two applications of a three-layer tower, with wasted space in the center where the next tower is waiting for the previous tower to
fully complete. The red dotted line indicates an undrawn layer of swapping out resource states and swapping in new states to have rotations
applied. Catalyst states are not drawn for simplicity.

before beginning another application. We provide an alterna-
tive, shown in Fig. 12, that presents the application of towers,
now with the orientations reversed. The qubits at the top of
the tower can now immediately begin execution of the second
circuit upon being freed. In this case, each layer of the tower
now requires an additional catalyst qubit, as the rotation an-
gles differ in the up and down orientations.

APPENDIX D: EXPECTED DEPTH OF PARALLEL
REPEAT-UNTIL-SUCCESS ROTATIONS

As described in Sec. IV, rotations can be implemented
using resource states in a repeat-until-success procedure [29],
where gate teleportation succeeds with a probability of 0.5,
and if failure occurs, another attempt is made with twice the
angle: to fix the incorrect angle from the previous teleporta-
tion(s) and apply the desired rotation. For a single rotation, the
expected depth of this procedure is 2, but when performing m
of these rotations in parallel as in Fig. 1, we must wait for
all the rotations to have finished before applying subsequent
multiqubit gates. We therefore must account for the possibility
that some of the rotations have a large number of failures, and
the expected depth increases as we increase m.

Given the random variables D1 and Dm which are the depth
of the repeat-until-success procedure for 1 rotation and m ro-
tations, respectively, we can write the probability that Dm � d
as

P(Dm � d ) = P(D1 � d )m = (1 − P(D1 > d ))m

= (1 − 2−d )m (D1)

as we simply require that all m rotations have terminated by
depth d .

We can then find the probability that the depth for m rota-
tions is exactly d by using this cumulative probability to find
the probability density:

P(Dm = d ) = P(Dm � d ) − P(Dm � d − 1), (D2)

resulting in the expected depth:

E[Dm] =
∞∑

d=1

d ((1 − 2−d )m − (1 − 2−d+1)m) (D3)

APPENDIX E: COMMENTS ON LINEAR
INTERPOLATION VIA QROM

Here, we provide further comments on the application of a
phase of a linear interpolation of a function f̃ (x) = aix + bi,
where the slope and intercept ai, bi vary with x via QROM and
arithmetic functions [21]. The calculation of | f̃ (x)〉 can then
be performed with a single multiplication and addition, with
the phase applied via addition into a phase gradient state.

We begin by making choices for the addition and multipli-
cation methods used to calculate f̃ (x), choosing Brent-Kung
carry look-ahead addition using logic AND gates where
possible as described in Ref. [58], and the Karatsuba multi-
plication method from Jang et al. [23], which has the lowest
known depth of quantum multiplication. Taking the addition,
and converting from the Toffoli depth provided in Ref. [58],
we need 3�log2 n	 − 1 measurement depth and ∼22n T count.

FIG. 12. Two applications of a three-layer tower tiled to reduce qubit idling. The red dotted line indicates an undrawn layer of swapping
out resource states and swapping in new states to have rotations applied. In this case, two catalyst states are required for each layer of the tower,
one for each of the up and down orientations.
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The multiplication comes to a measurement depth of 4 (ig-
noring the log-depth Clifford circuits that are a component of
this circuit) and the number of T gates required for level-p
Karatsuba multiplication is 7 × 3p(n/2p)2, which for n a
power of 2 and fully parallelized to p = log2(n) is 7 × 3log2(n)

(this expression is only exact when n is a power of 2, other-
wise 7 × 3�log2(n)	 can be used as an upper bound) [23]. We
note that this implementation of Karatsuba multiplication also
requires a number of ancilla qubits scaling as 3 × 3log2 n [this
method with its O(nlog2(3) ) qubit count scaling is the only one
presented in Table I with a superlinear scaling in n]. Overall,
we find a measurement depth of 9�log2 n	 + 1 for the com-
putation and uncomputation of f̃ (x), along with the central
phase-gradient addition. We can therefore conclude that even
when using the most depth-optimized multiplication circuits,
the depth of this method is outperformed by the injection of
resource states prepared by independent catalyst towers in
the regime where a simple piecewise approximation of the
function is applicable.

The overall T costs for the phase oracle using this
circuit are given by two applications of multiplication and
addition, addition with the phase gradient state, and the
original creation of the phase gradient state which requires n
single-qubit rotations.

We also note that the parallelization of this method will
result in resource state savings when compared to the catalyst

tower method described in Sec. IV, as the data from QROM
output can be placed onto a single register, even when com-
puted in parallel, meaning that the arithmetic and application
of phase can be performed only once, resulting in resource
state savings, and only requiring one phase gradient state. See
Fig. 6 for an example circuit, with the SelectSwap method of
Ref. [59] being an alternative for the parallel loading of the
ai, bi, requiring fewer ancilla qubits but leaving many of them
dirty for the central section of the circuit.

A further optimization is possible to improve the scaling of
the central multiplication. The register x can take 2n discrete
values, but when the piecewise decomposition of the function
has a largest segment of size 
xL containing 2q values, it is
instead possible to perform the multiplication only against
the offset from the start of this segment, with cost determined
by the largest segment as O(7 × 3log2(q) ), at the expense of
performing extra additions and loading the start locations via
QROM (although this can in some cases be avoided if the
segments follow convenient patterns, such as following pow-
ers of two as described in Ref. [21]). However, functions that
are desirable to implement in a piecewise fashion often have
large segments that take up a large fraction of the total domain
as in Figs. 7 and 8, so the possible improvement should be
weighed against the slight additional cost from the extra
addition in a′

i(x − si ) + b′
i, where si is the value where the ith

segment begins.
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