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Abstract

We introduce the notion of a hereditary property for rooted real trees and we also consider reduction of
trees by a given hereditary property. Leaf-length erasure, also called trimming, is included as a special case of
hereditary reduction. We only consider the metric structure of trees, and our framework is the space T of pointed
isometry classes of locally compact rooted real trees equipped with the Gromov-Hausdorff distance. We discuss
general tightness criteria in T and limit theorems for growing families of trees. We apply these results to Galton-
Watson trees with exponentially distributed edge lengths. This class is preserved by hereditary reduction. Then
we consider families of such Galton-Watson trees that are consistent under hereditary reduction and that we call
growth processes. We prove that the associated families of offspring distributions are completely characterised
by the branching mechanism of a continuous-state branching process. We also prove that such growth processes
converge to Lévy forests. As a by-product of this convergence, we obtain a characterisation of the laws of
Lévy forests in terms of leaf-length erasure and we obtain invariance principles for discrete Galton-Watson trees,
including the super-critical cases.
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1 Introduction

The purpose of this paper is to introduce a general class of tree reduction and tree growth procedures that we call
“hereditary”, and to apply this notion in the study of limit theorems for Galton-Watson forests, both as almost
sure (increasing) limits and as distributional limits in the form of an invariance principle. Here we view trees as
certain metric spaces called real trees and we are using and developing a framework initiated by Aldous [3, 4] and
Evans, Pitman and Winter [15] who first considered in our probabilistic context the space of compact real trees
equipped with the Gromov-Hausdorff distance. The large class of growth processes of Galton-Watson forests that
we consider in this framework contains the important example of forests consistent under leaf-length erasure (see
Neveu [36], and Le Jan [34] in the context of super-processes), and it is also closely related to two specific models
considered by Geiger and Kauffmann [18] and by the present authors in [13]. We prove that in some sense, any
way of growing Galton-Watson trees yields, in the limit, Lévy trees, which are continuum random trees introduced
by Le Gall and Le Jan [33] that have been further studied in [11] and also by Abraham, Delmas [1] and Weill [42].

Let us briefly review in this introduction the main results of the paper. First we recall a few definitions on real
trees and the space of trees we consider. A real tree is a path-connected metric space (T, d) with the following
property: any two points o, ¢’ € T are connected by a unique injective path denoted by [o, o’], which furthermore
is isometric to the interval [0, d(o, o”)] of the real line. Informally, real trees are obtained by gluing together,
without creating loops, intervals of R equipped with the usual metric. However, note that real trees may have
a complicated local structure, like Aldous’s (Brownian) Continuum Random Tree, which is a compact real tree
whose set of leaves is uncountable and dense. In each real tree (T, d), we distinguish a point p € T that is viewed
as the root. So we speak of (T',d, p) as a rooted real tree.

We shall focus on complete locally compact rooted real trees (CLCR real trees for short). We then say that two
CLCR real trees are equivalent if there exists a root-preserving isometry from one tree onto the other. We simply
denote by T the pointed isometry class of a given CLCR real tree (T, d, p). We denote by T the set of pointed
isometry classes of CLCR real trees. We equip T with the pointed Gromov-Hausdorff distance denoted by & (see
Section 2.1 for a definition). Then (T, §) is a Polish space. This result is due to Gromov [22] for compact metric
spaces and to Evans, Pitman and Winter [15] for compact real trees (see also [13] for the standard adaptation to
pointed CLCR real trees). The main notions and results of this paper (reduction under hereditary properties, tree
growth processes, limit theorems and invariance principles) take place in the space (T, §).

Let us briefly explain the notion of a hereditary property in this context. Let (7', d, p) be a CLCR real tree.
Then we define for every o € T the subtree above o as 0,T = {¢' € T: 0 € [p,0']}. Note that (0,7, d, o) is
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also a CLCR real tree. We denote by 9 T its pointed isometry class in T. A hereditary property is a Borel subset
A C T such that for every CLCR real tree (T, d, p) and for every o € T, if 0,7 € A, then T € A. In order to
rephrase this definition informally, let us view 7" as a continuum of individuals whose progenitor is the root p: if an
individual o € T “has the hereditary property A”, namely if aﬂT € A, then the progenitor p also “has the property
A”; implicitly, a hereditary property may be lost on the ancestral lineage between the progenitor and an individual,
and an individual can only inherit a hereditary property if all his ancestors had it.

We then define the A-reduced subtree of T as R (T') where

RA(T) is the closure in T of the subset {p} U {o € T: 0,T € A}.

Then, (RA(T),d,p) is a CLCR real tree and its pointed isometry class only depends on the isometry class of
T. Hence, there is an induced function from T to T that we simply denote by R 4. Hereditary properties can be
composed in the following sense: let A, A" C T be two hereditary properties, we then set A’ 0 A = {T € T:
RA(T ) € A’} and Lemma 2.13 asserts that A’ o A is hereditary and moreover R4/04 = R4’ 0o Ry.

The most important example of hereditary reduction is the leaf-length erasure (also called trimming) that is
defined as follows. For any CLCR real tree (7', d, p), denote by I'(T") = sup,c7 d(p, o) its total height (that is
possibly infinite). Since it only depends on T, it induces a function on T, that is also denoted by T" and that is
d-continuous. Then for any h € [0,00), we set Ay, = {T" € T: I'(T') > h}, which is clearly hereditary. We shall
simply write R4, as R, and refer to Ry, as the h-leaf erasure. Note that for any h, b’ € [0,00), Ap 0 Ap = Apyh
and thus, Ry o Ry, = Rp/yp.

Leaf-length erasure was first considered by Kesten [28] for discrete trees. Then it was studied by Neveu [36],
and by Neveu and Pitman [37] to approximate the Brownian tree (see also Le Gall [32]); later Le Jan [34] used it
to construct superprocesses with a stable branching mechanism. In the context of compact real trees, leaf-length
erasure was more systematically used by Evans, Pitman and Winter [15]. They proved in particular that Ry, is
d-continuous.

One important fact to note is that for any CLCR real tree T, R, (T') is a discrete real tree, that is Rp,(T') has a
discrete branching structure: the set of branch points has no accumulation points and all branch points have finite
degree. For every a € [0,00) and every h € (0, 00), we set

Z{M(T) = # {0 € Ry(T): d(p,0) = a}.

Since Ry, (T) is a discrete real tree, a — Zéh)(T) is an N-valued function that is left-continuous with right limits.
We call the process a — zM (T') the h-erased profile. Since zM (T') only depends on the pointed isometry class
of T', it induces a function on T that is denoted in the same way.

As proved in Lemma 3.1, the erased profiles allow to control the covering numbers of balls of CLCR real
trees, which is the key argument in the following general tightness criterion in (T, §): let (T )jes be a family of
T-valued random trees. Their laws are d-tight if and only if for every fixed h, a € (0, 00), the laws of the N-valued
random variables (Z((Lh) (T;)),e are tight. This is Theorem 3.3, which complements existing tightness criteria (e.g.
[22, 16]). This tightness criterion is used to obtain, among other results, invariance principles for Galton-Watson
trees (see Theorem 3.25 in Section 3.4). More generally, it is well-adapted to any model of random trees that
allows a certain control on the erased profiles.

In this paper we consider tree-valued processes that grow. One simple way to understand the growth is to view
the trees in a certain ambient metric space and to say that the trees grow with respect to the inclusion partial order.
However, we only consider the metric structure and we want to consider neither the ambient metric spaces that
allow such constructions nor the details concerning the many ways the tree-growth process can be embedded in
a given ambient space. This is why we introduce the following intrinsic definition of growth: let T T € T; we
say that T can be “embedded” in 7", which is denoted by T' < T', if we can find representatlves (T d, p) and
(T',d', p') of T and T", and an isometrical embedding f: T < T" such that f(p) =

Note that < is a partial order on T. Moreover, for any hereditary property A, if T =< T/ then R4 (T ) <R A(T' )
and in particular for any k> 0, Ry,(T') < Ry (T"), which implies for any a € [0, 00), Z{ )(T) <z )(T’). This
yields the following convergence criterion stated in Theorem 3.9: let (ﬁl)neN be a T-valued sequence of random
trees such that for all n € N, 7, < 7;“ almost surely; furthermore assume that for every fixed a, h € (0, oo) the
family of laws of the N-valued random variables Z, (h )(T ), n €N, is tight; then, there exists a random tree TinT
such that lim,,_, o (7;1, T) =0a.s.

This result is used to prove that, when convergent, any growing family of Galton-Watson forests tends to either
a Galton-Watson forest or to a Lévy forest. Before explaining this result, let us informally discuss the model of
Galton-Watson real forests that are considered here (they are introduced precisely in Section 2.3). Their laws are
characterised by the following three parameters: the offspring distribution £ = (£(k))ren, the lifetime parameter
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¢ € (0, 00), and the initial distribution = (p4(k))ren. We view a Galton-Watson real forest with parameters &, ¢
and p (a GW(¢, ¢; p)-real forest for short) as the forest of genealogical trees of a population that evolves as follows:
at generation 0, the population has N independent progenitors, where N has law p; the lifetimes of individuals
are independent and exponentially distributed with mean 1/¢; when they die, individuals independently give birth
to a random number of children distributed according to £. Here, we shall assume that £ is proper and non-trivial,
namely that £(1) = 0 and £(0) < 1. Moreover we also assume that the associated continuous-time N-valued
branching process is conservative (see (27) in Section 2.3 for more details).

Theorems 2.19 and 2.18 assert that the class of GW-laws is preserved by hereditary reduction. More precisely,
let 7 be a GW(§, c; p)-real forest, let A C T be a hereditary property and denote by « the probability that
the A-reduced tree of a single GW(E, ¢)-real tree is just a point. Assume that « € (0,1). Then R4 (F) is a
GW(¢', ¢ p')-real forest, where (£, ¢; p’) is given in terms of « and (&, ¢; u) as follows: if we denote by ¢, the
generating function of a probability measure v on N, then

@E,@)—H%(“*(l(l_;j“gf)_;% S emma)e g =pua+ (-

This important property of hereditary reduction naturally leads us to consider families of GW-real forests that
are consistent under hereditary reduction. Namely, we call a family (Fx)xe[o,o0) Of Galton-Watson real forests a
growth process if for all \' > ) there exist hereditary Ay x» C T, such that almost surely

VA, X € [0, 00) such that \' > A, ﬁA:RAA,A’(fA/) .

Let us say that F 218 a GW(&y, ¢, py)-real forest and assume that 1y tends to the Dirac mass at infinity, as A — oo.
This assumption implies that each offspring distribution £, appears as a reduced law as in (1) for all « sufficiently
close to 1 (such offspring distributions are called infinitely extensible [13]). Then Theorem 3.16 shows that they
are quite specific. Namely, the laws (€, ¢y, i) are entirely governed by a triplet (¢, 5, o) defined as follows.

e ¢: [0,00) — R is the branching mechanism of a continuous-state branching process. Namely, ¢ is the
Laplace exponent of a spectrally positive Lévy process and it is therefore of the Lévy-Khintchine form

PY(A) =al+ %b)\2 + /( : (e—km -1+ )\xl{x<1}) m(dx) ,
0,00

wherea € R, b € [0, c0) and 7 is a Borel measure on (0, co) such that f(o Oo)(l/\ac2)7r(dx) < 00. Moreover,

¢ has to satisfy two additional conditions: it takes positive values eventually and [, dr/|¢(r)| = oo (the
latter assumption is equivalent to assuming that the continuous-state branching process governed by v is
conservative).

e 3:[0,00) — [0, 00) is non-decreasing and such that limy_,., B(A) = oo.
e o is a probability measure on [0, 0o) that is distinct from the Dirac mass at zero.

Then, for any A € [0,00), ({x, cx, pa) is derived from (¢, 3, o) as follows:

(1 =7)BN)
BAYBAN)

These offspring distributions already appeared in the more specific context of [11, 13]. Of particular interest are
cases where the offspring distributions &) are all equal to a certain £ not depending on \ > 0. We easily see that this
exactly corresponds to the stable cases where 1/(\) = A7, for a certain v € (1, 2] and thus ¢ (1) = r+ %(1 —7r)7,
cf. the discussion after Definition 3.11. We call these laws the y-stable offspring distributions. The Brownian case
corresponds to the critical binary offspring distribution (v = 2). They appear in previous work [34, 36] (and in a
slightly different form in U 1, 41, 26]).

Observe that A — T'(F)) is non-decreasing almost surely, since the growth process is <-non-decreasing. Then
limy o0 T'(F) exists in [0, 0] and standard branching process arguments give that P (lim_, oo [(Fy) < o) >0
iff ¢ satisfies | *dr/¢(r) < co. This is a necessary and sufficient condition for the growth process to converge

e (r) =7+ A= W(B(N) and g, () = /( O ofdy).

in (T, §), almost surely. Namely, Theorem 3.19 asserts that there exists a random CLCR real tree F such that

lim & (.7?>\, .7?) =0 almost surely.
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The limiting tree Fisa 1-Lévy forest. Moreover, the branching processes associated to F x> A > 0, also converge
almost surely. Namely, for any a € [0, 00), we get

ﬁ #{o e Fr:d(p,o) =a} m Za almost surely,

where (Z4)ae[o,00) is @ continuous-state branching process with branching mechanism ) and whose initial value
Z has law o (see Section 3.3 for more details). As an application of these results, Theorem 3.20 provides a nice
characterisation of Lévy forests via leaf-length erasure. This result is used in the proof of the invariance principles
for discrete Galton-Watson trees that follow in Section 3.4. These limit theorems are general and they notably
include the super-critical cases. Invariance principles for critical and sub-critical trees were obtained in [11] using
different arguments and a different formalism.

This paper is organised as follows. In Section 2.1, we recall basic definitions concerning real trees and the
Gromov-Hausdorff metric, and we discuss various operations on real trees. The technical details concerning the
measurability of such operations are postponed to an appendix. Hereditary reduction is studied in Section 2.2, and
Section 2.3 discusses an intrinsic definition of Galton-Watson real trees. Section 3.1 is devoted to the statements
and proof of tightness and convergence criteria for real trees. In Section 3.2, we define and study growth processes
of Galton-Watson forests, whose limits are discussed in Section 3.3. Section 3.4 is devoted to invariance principles
for rescaled discrete Galton-Watson trees with unit edge lengths.

Acknowledgement. We would like to thank an anonymous referee for carefully reading our manuscript and for
giving constructive comments that helped to improve the quality of the paper.

2 Real trees, hereditary properties and Galton-Watson trees

2.1 Real trees.

Real trees form a class of loop-free length spaces, which turn out to be limits of many discrete trees. More precisely,
we say that a metric space (7', d) is a real tree if it satisfies the following conditions:

e for all 0,0’ € T, there exists a unique isometry f, . : [0,d(c,0")] — T such that f,,(0) = o and
fo,or(d(o,0")) = 0's weset [o, 0] := fr0([0,d(0,c")]), which is the geodesic joining o to o”;

e if g: [0,1] — T is continuous injective, we have ¢([0, 1]) = [¢(0), ¢(1)].

Let p be a distinguished point of 7', which is viewed as the roor of T'. Then (T, d, p) is called a rooted real tree.
We also denote by ], 0’], [0, o[ and ]o, o'[ the respective images of (0, d(o, 0”)], [0,d(o,0”)) and (0,d(c, "))
under f, . We view the tree 7" as the family tree of a population whose progenitor is p. For any 0,0’ € T, their
most recent common ancestor is then the unique point denoted by o A o’ such that [p, o] N [p,o’] = [p, o A o’].
Thus,

Vo,o' €T, d(p,ond’)=3(d(p,o)+d(p,o’)—d(o,0")) . )

There is a nice characterization of real trees in terms of the four points condition: a connected metric space (X, d)
is a real tree iff for all 01, 05,03,04 € X,

d(0'1,0'2) + d(0'3,0'4) < (d(01,0'3) + d(02,0'4)) V (d(0'3,0'2) + d(0'170'4)). 3)

We refer to [9, 8, 10] for general results concerning real trees, to [38, 39] for applications of real trees to group
theory and to [11, 12, 14, 15, 16] and [23] for probabilistic use of real trees.

Gromov-Hausdorff distance on the space of complete locally compact real trees. We say that two pointed
metric spaces (X1,d1, p1) and (Xo, da, p2) are equivalent iff there exists a pointed isometry, i.e. an isometry f
from X onto X such that f(p1) = p2. The Gromov-Hausdorff distance of two pointed compact metric spaces
(X1,d1, p1) and (X2, da, p2) is given by the following.

5cpct(X1,X2) = inf{dHauS(fl(Xl)afZ(XQ)) \ d(f1(91)7f2([)2))} . 4

Here the infimum is taken over all (f1, f2, (E,d)), where (F,d) is a metric space, where f;: X; — E,i = 1,2,
are isometric embeddings and where dyy,,s stands for the Hausdorff distance on the set of compact subsets of E.
Observe that ., only depends on the isometry classes of the X;. It induces a metric on the set of isometry
classes of all pointed compact metric spaces (see [22]).



We then denote by Ty the set of pointed isometry classes of compact rooted real trees. Evans, Pitman and
Winter [15] showed that T equipped with the Gromov-Hausdorff distance d.pct is @ complete and separable
metric space.

We then denote by T the set of pointed isometry classes of complete locally compact rooted real trees. The
Gromov-Haudorff distance is extended to T in the following standard way. Let (T}, d1, p1) and (1%, da, p2) be two
complete locally compact rooted real trees. Recall that the Hopf-Rinow theorem (see [22, Chapter 1]) implies that
the closed balls of 73 and 75 are compact sets (note that this entails that 7} and 75 are separable). We then set

8(Ty, Tz) = Y2 *8eper(Br, (p1, k), Br, (p2, k),
k>1

where for any i € {1,2}, Br,(p;, k) stands for the closed (compact) ball with center p; and radius k in the locally
compact rooted real tree (73, d;, p;). Clearly, § only depends on the isometry classes of 77 and T5. It defines a
metric on T and (T, §) is Polish (see [13, Proposition 3.4]).

Notation and convention. We shorten Complete Locally Compact Rooted real tree to CLCR real tree. Let (T, d, p)
be a CLCR real tree. We denote by 1" € T its pointed isometry class. We shall denote by T the pointed isometry
class of a point tree ({p}, d, p).

Approximation by discrete real trees. Let (7', d, p) be a rooted real tree. For all o € T we denote by n(o,T')
the degree of o, namely the (possibly infinite) number of connected components of 7'\ {o}. We also introduce the
following

LI(T)={seT\{p}: n(o,T)=1} and Br(T)={seT\{p}:n(o,T) >3}

that are respectively the set of the leaves of T and the set of branch points of T. Note that the root is neither
considered as a leaf nor as a branch point. Recall from [13] that the set of branch points of a CLCR real tree is at
most countable.

Definition 2.1 A rooted real tree (7, d, p) is called a discrete real tree if it is complete and if
VR € (0,00), n(p,T)+» n(0,T) < o0, ©)

where the sum is over all the branch points o € Br(T") such that d(p, o) < R. O
An equivalent definition is the following: a complete real tree (T, d, p) is a discrete real tree iff

(a) the degree of branch points is bounded in every ball of finite radius;

(b) every ball contains a finite number of branch points and a finite number of leaves.

Indeed, the only non-trivial point to check is that (5) implies that every ball contains a finite number of leaves.
We argue by contradiction: fix R € (0, 00) and suppose that there exists a sequence (o, )nen Of distinct leaves
such that d(p, 0,,) < R. Let B be the set of points y such that v = o; A o; for infinitely many pairs of integers
1 < j. Clearly, B C Br(T) N Br(p, R) and (5) implies that B is finite and non-empty. Let 3 € B be such
that d(p, ) = max,ep d(p,7). By (5), B has finite degree (say n + 1); let T%,...,T,, be the open connected
components of T\ {3} that do not contain the root. One of these connected components T; has to contain infinitely
many terms of the sequence (0, )nen. Then there is 8 € T;N B such that d(p, 8') > d(p, ), which is not possible.

Let (T, d, p) be a discrete real tree. Denote the connected components of 7'\ (Br(T") U {p}) by C;, i € I. The
components C;, i € I, are called the edges of T'. They all are isometric to intervals of the real line. Note that their
endpoints are leaves, branch points or the root. By (a) and (b), for all R € (0, o), only finitely many of such edges
have points at distance less than R from the root. This implies that the closed ball with center p and radius R is
compact. Thus, (7, d, p) is locally compact. Let us denote by T, the set of pointed isometry classes of the discrete
real trees. Then, we get

T,CT.

We next introduce leaf-length erasure (also called trimming) that is used throughout the paper as a technical
tool. Moreover, it is one of the most useful examples of hereditary reduction, as we discuss later in Section 2.2.
Let h € (0,00) and let (7', d, p) be a CLCR real tree. We set

Ry(T) ={p}uU{o € T: 3o’ € T suchthato € [p,o'] and d(c,0") > h}. (6)
5



Clearly, R, (T) is path-connected and it is easy to prove that it is a closed subset of 7. Then, the four points
condition implies that (Ry(T), d, p) is a CLCR real tree. We call it the h-leaf-length erased tree associated with
T'. Note that its isometry class only depends on that of 7" so R}, can be defined from T to T.

Leaf-length erasure was first introduced by Kesten [28] for discrete trees and further studied and applied by
many others [36, 37, 32, 34, 15]. In the following lemma we sum up the various properties of the leaf-length
erasure operator I?, that we shall use in this paper; it is a straightforward extension of the same result for compact
trees that is due to Evans, Pitman and Winter [15, Lemma 2.6].

Lemma 2.2 (i) Forevery h € (0,00) and every CLCR real tree (T, d, p), (Rr(T), d, p) is a discrete real tree.
(ii) Forevery h € [0,00), Ry, is d-continuous.
(iii) Ry = Ry o Ry, h, I € [0,00).
(iv) Forevery h € [0, 00) and for every CLCR real tree (T, d, p), we have §(Ry(T),T) < h.

Indeed, since T is locally compact, we immediately get that n(o, Rj,(T)) < oo, forevery o € Ry, (T). To show (i),
it remains to show that Br(R, (7)) has no limit points. Suppose that there exists a sequence (o, )nen of distinct
branching points of Ry, (T') converging to o € Ry, (T). Then it is easy to see that the closed ball B (o, 2h) is not
locally compact, which is a contradiction. Points (iii) and (iv) are easy consequences of [15, Lemma 2.6]. Let us
briefly explain (ii): for every CLCR real tree (T, d, p) and for every r > 0, we set T'(h,r) = Ry (Br(p,r + 2h)).
Then observe that By, .y (p,7) = Ry (T) N Br(p,r). This entails (ii) by [15, Lemma 2.6(ii)], which asserts that
Ry, is d¢pet-continuous on Tepet.

We introduce functions of real trees such as the total height, the profile and various procedures that allow to
split or to paste trees. Continuity or measurability of such functions is quite expected, however some of the proofs
are technical. Thus, to ease the reading, we postpone them to Appendix A.

The total height. Let (7, d, p) be a CLCR real tree. The total height of T is given by

INT) = sg} d(p,o) € [0,00] .

Note that I'(T") only depends on the pointed isometry class T of (T, d, p): it induces a function on T that is denoted
in the same way. It is easy to check that I is §-continuous and note that

Vhe[0,00), ToR,=(T—h),. @)

The h-erased profile. For every a € [0,00) and every h € (0, 00), we set
ZIN(T) = #{o € Ro(T): d(p,0) = a}. ®

Since Ry (T) is a discrete real tree, it is easy to check that a — Z(gh) (T) is an N-valued function that is left-
continuous with right limits. We call the process a Z((Lh)(T) the h-erased profile. We shall denote by Z, fjf (T)
its right limit at a. Note that h — zM (T') is non-increasing. Since zM (T') only depends on the pointed isometry
class of T, it induces a function on T that is denoted in the same way.

Splitting measures. Let us recall that a point measure on T is a measure of the form el 55, where f,;, 1 €1,
is any finite (possibly empty) or countably infinite collection of not necessarily distinct elements T, € T. We
introduce the following set of point measures

M (T) = {ZieI 67, point measure on T: VA € (0,00), #{i € I: I(T;) > h} < oo} .

Note that .# (T) contains the null measure (for which [ is taken empty). We use the following standard notation
on point measures: for every M = >, ; 7 in .#(T) and for every function G: T — [0, 00), we set (M, G) =
Yier G(T;). We shall also denote by (M) the total mass of M: we then check that (M) = (M, 1p) = #1.

We equip .2 (T) with the sigma-field G (1) generated by the functions M € .#(T) — (M, G), for G: T —
[0, 00) Borel-measurable.

We also define the trees above level a as follows. Let (T, d, p) be a CLCR real tree. Denote by T (a), i € I(a),
the connected components of the (possibly empty) open set T\ B7(p, a); for every i € I(a), denote by T;(a) the
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closure of T?(a) in T and denote by o;(a) the unique vertex such that T;(a) = 77 (a) U {o;(a)}. Observe that
d(p,0i(a)) = a. Clearly, the trees (T;(a), d, 04(a)), i € I(a), are CLCR real trees whose pointed isometry classes
are denoted by T;(a), i € I(a). We then set

= Y O €A(T) and Z[(T) = (Mo(T)) = #I(a) € NU {00} . 9)

i€l(a)

The fact that M, (T) € .#(T) is an easy consequence of the local compactness of 7. The measure M, (T) is
called the splitting measure of T at level a and Z; (T) is called the right profile of T. Note that these functions
only depend on T they induce functions on T that are denoted in the same way. It is easy to check that for every
a € [0,00) and every h € (0, c0),

7" —7¥oR, and Z} = Jim zM (10)

Grafting real trees. Let us explain how to graft real trees on the vertices of another real tree. Let (7', d, p) be a
rooted real tree, let (T;,d;, p;), ¢ € I, be a family of real trees and let o; € T', i € I, be a collection of vertices of

T'. We then set
=T u| |T:\{pi},
iel
where L stands for the disjoint union. We next define a metric d’ on T” x T’ as follows: d’ coincides with d on
T x T;assume that o € T; \ {p;};if 0’ € T, then we set d' (0, 0’) = d;(0, p;) + d(o;,0');if o’ € T; \ {p;} with
Jj # i, thenwesetd'(o,0") = d;(o, p;)+d(o;, 05)+d;(0’, pj);if o' € T;\{p;}, thenwe set d' (0, 0") = d;(o,0").
It is easy to prove that (7", d’, p’ := p) is a rooted real tree and we use the notation

(T",d,p") =T ®icy (0, T3) . (1D

We shall extensively use the following special case: we assume that 7" reduces to its root 7' = {p}: in this case
o; = p and we use the specific notation

®ic1Ti = {p} ®icr (p,T3) ,

with the convention that ®;¢c;T; = {p} if I is empty. In words, ®;c;T; is a tree obtained by pasting the trees T,
1 € I, at their roots.

We now assume that for every i € I, (T3, d;, p;) is a CLCR real tree and we assume that for every h € (0, c0),
#{i € I: T(T;) > h} < oo. This implies that {i € I: T; # {p;}} is countable. It is easy to check first that
®;e17T; is a CLCR real tree. Note that its pointed isometry class only depends on the pointed isometry classes of
T;, 1 € I. We denote by ®;<;7; the pointed isometry class of ®;¢;7;.

This induces a function Paste : . (T) — T, that is defined as follows: for every M = -, ., 67 € .#(T),
we set _

Paste (M) = ®;¢,T; , (12)

with the convention that Paste (0) = T for the null measure 0 € . (T). It is easy to check that

VT €T, Paste(Mo(T)) =T and VM =Y bz € #(T), Mo(Paste (M))= Y 6z. (13)

i€l iel: T;#T

The tree above a given level. Let (T,d, p) be a CLCR real tree and let a € [0,00). Recall the definition
(Ti(a),d,oi(a)), i € I(a), of the subtrees of T' above a. We then set

Abv (a, T) = @ie](a)Ti(a) . (14)

The tree Abv (a,T) is called the tree above level a. By definition, the pointed isometry class of Abv (a,T) is

®ie(a )T (a) and it only depends on T. This induces a function from T to T that is denoted in the same way and
we check that
Mg o Abv (a,-) =M, and Abv (a,-) = Paste o M, . (15)

We also denote by Blw (a, T') the tree (Br(p, a),d, p), that is the tree below the level a. Its pointed isometry class
only depends on 7: this induces a function from T to T that is denoted in the same way.

Lemma 2.3 The map (a,T) € [0,00) x T — Abv (a,T) is jointly continuous. The same holds true for Blw .
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Proof. See Appendix A.1. |

Lemma 2.4 Fix a € [0,00) and h € (0, 00). The following assertions hold true.

(i) Mg: T — #(T) is measurable and so are Z; : T — NU {oco} and zM. TN

(ii) Paste : #(T) — T is measurable.
Proof. See Appendix A.2. |
The functions D, ¥ and k. Let (T,d, p) be a CLCR real tree. Recall that p ¢ Br(T') U L{(T), by convention.

We next set
D(T) =inf{d(p,0) ; o0 € Br(T) ULL(T) } (16)

with the convention that inf ) = co. Namely, it is important to note that D(T") = oo iff either T is reduced to a
point or T is equivalent to a finite number of half lines pasted at their finite endpoint. Recall from (9) the definition
of Z} and from (14) that of Abv (a, ). If D(T') < oo, we set

9T := Abv (D(T),T) and k(T)=ZF(WT). 17)

If D(T) = oo, we set VT = {p} and k(T') = 0. Observe that D(T'), k(T") and the pointed isometry class of ¥T'
only depend on the pointed isometry class of 7. So they can be viewed as functions on T. With a slight abuse of
language, D(T') is viewed as the distance from the first branch point, 9T as the tree above the first branch point
and k(7T) + 1 as the degree of the first branch point.

Lemma 2.5 We have D = limy_,q D o Rj,. Moreover, the functions D: T — [0,00], k: T — N U {oco} and
¥: T — T are measurable.

Proof. See Appendix A.3. |

The functions D, 9 and k are useful only when applied to discrete real trees and they allow to characterise T.,.
More precisely, for every n € N, we recursively define ¥,, and D,,, 9,41 = 9 o ¥J,, (Where ¥y is taken as the
identity map on T) and D,, = D o ¢,,. Thus, D = Dy and 9 = 9.

Lemma 2.6 We have that T, = {f €T: >, cnDn (T) = oo} is a Borel subset of T.

Proof. See Appendix A.4. u

2.2 Hereditary properties and their reduction procedures.

Here, we generalise h-erasure Ry, (T') of a CLCR real tree (T, d, p) to reduction for more general hereditary prop-
erties as explained in the introduction. More precisely, let (7', d, p) be a CLCR real tree and let o € T'. Recall that
the subtree above o is given by

0, T ={c" €T:0€[p ]} . (18)
Note that (0,7, d, o) is a CLCR real tree. We simply denote by 0,7 its pointed isometry class. Observe that
Vo' € [p,o], 60,7 =0,(0,T). (19)

Definition 2.7  (a) Let A C T be a Borel subset of T such that T ¢ A. The set A is hereditary if it satisfies the
following: for every CLCR real tree (T, d, p) and for every o € T, if 0,T € A, then T € A.

(b) Let (T, d, p) be a CLCR real tree and let A C T be hereditary. We denote by R4 (7') the closure in T of the
subset _
{p}U {a eT:0,T ¢ A} . (20)

Then, (R4(T'), d, p) is a CLCR real tree that we call the A-reduced tree of T. O

Let us briefly explain why (R4(T),d, p) is a CLCR real tree. Since R4(T) is a closed subset of T, we only
need to prove that it is connected. Denote by S the set given by (20). Let 0 € R4 (T)\{p} (if any). Then, there

exists a sequence o,, € S converging to ¢ and such that 8, T € A. Let o’ € [p, o[. For all sufficiently large n,
o' € [p,on[, and (19) implies that 6,.T € A. This proves that [p, 0] C Ra(T), forallo € Ra(T).

Clearly, the pointed isometry class of (R4(T"),d, p) only depends on T and A. This then induces a function on
T that is denoted in the same way by R4: T — T. Note that R4(Y) = T.
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Lemma 2.8 Let A C T be a hereditary property. Then R4 : T — T is Borel-measurable.

Proof. See Appendix B.2. u

Lemma 2.9 Let (T, d, p) be a CLCR real tree and let A C T be hereditary. Then, the following holds true:
Vo € Ra(T), 60,Ra(T)= Ra(6,T) . 2D

Proof. SetS = {0’ €0,T: gng € A}. Then, R4 (0,T) is the closure of {c} US. Note thatif o € R4(T), then
RA(T)NO,T = 0,RA(T). Thus, {c} US C ,RA(T), which implies that R4(0,T) C 6,R4(T). Conversely,
leto’ € Ra(T) N 6,T be distinct from o (if any). By definition of R4 (T"), there exists a sequence o,, converging
to o’ such that 6, T € A. Since o € [p, ’[, then for all sufficiently large n we get o,, € 6,7, and thus o, € S.
This proves that R4 (7T") N 6,7 is contained in the closure of {c} U S, which completes the proof of (21). |

Let us now discuss how the tree reduction behaves with respect to the functions M, Abv (a,-) and Z. To that
end, for every hereditary property A C T we introduce

A~ :{TG’H‘:RA(T);AT} : 22)
that can be viewed as a regular version of A.

Example 2.10 For all & € [0, c0), consider the hereditary property A, = {I' > h}. Note that R4, is the h-leaf
length erasure function as defined by (6). Namely R4, = Rj. Thus, A, = {I' > h}. O

Lemma 2.11 Let A C T be hereditary. Then, the following holds true.

(i) A~ C A and A~ is hereditary. Moreover, Rs-(T) = Ra(T), for every CLCR real tree (T,d, p). This
implies that (A=)~ = A™.

(ii) Leta € [0,00) and let T € T. If Mo (T) = 3. O7,, then we get

iel
Ma(RA(T) = > Sp,qy and ZF(Ra(T)) = (Ma(T),14-) . (23)
iel: T,eA~
Moreover, _ ~ _
®I RA(T;) = Abv (a, RA(T)) = Ra(Abv (a,T)) . 24)
SV
T,€A™

Proof. We first prove (i). By Lemma 2.8, A~ is a Borel subset of T. We next prove that A~ C A: indeed, let
(T, d, p) be a CLCR real tree such that T € A~; then, there is o € T\{p}, such that §,T € A, which implies
T € A. Let us prove that A~ is hereditary. Assume that 6,7 € A~ then there exists o € 6,T\{c} such that
bl,,T € A, which implies that R A(T) # T, and Tc A~ , which entails that A~ is hereditary.

Let us prove that R4- (1) = Ra(T). Since A~ C A, Ry-(T) € Ra(T). Denote by S the set defined in
(20) and take o € S\{p} (if any). Then, for all o’ € [p, o[, 0 € Ra(0,T), which implies that 6,/ T € A~ and
therefore 0’ € R4— (T'). Thus, S is in the closure of R 4- (T'), which implies the desired result.

We next prove (ii). Let (T, d, p) be a CLCR real tree. We denote by 77, i € I, the connected components of
the openset {o € T": d(p, o) > a}. Forevery i € I, denote by o; the unique point of 7" such that d(p, 0;) = a and
such that T; := {o;} UT? is the closure of T;. Recall that the CLCR real trees (T}, d, 0;) are the subtrees above
a, namely: My (T) = > ,c; 67 . Leti € I be such that T, € A~. Thus, R4(T;) does not reduce to {o;} and
RA(T;)\{o:} is connected and non-empty. Namely, it is a connected component of {0 € R4(T): d(p,0) > a}.
Conversely, every connected component of {c € Rs(T): d(p,c) > a} is of this form. This easily completes the
proof of (ii). |

Recall that for leaf-length erasure Ry, = Rjo Ry . We extend these relations by introducing the composition
of hereditary properties.

Definition 2.12 Let A, A’ C T be two hereditary properties. The composition of A by A’ is defined as the set
Ao A:={T eT: Ry(T) € A'}. O



Lemma 2.13 Let A, A’ C T be hereditary. Then, A’ o A is hereditary and for every CLCR real tree (T, d, p), we
get Ra/(Ra(T)) = Raroa(T).

Proof. Lemma 2.8 implies that A’ o A is a Borel subset of T. Let (7', d, p) be a CLCR real tree and let o € T. By
Lemma 2.9, _ _
0, T€ AocA < oc€RA(T) and 6,RA(T)e A". (25)

Note that if 6, RA(T) € A’, then Ro(T) € A’, namely T € A’ o A. Then, “=" in (25) implies that A’ o A is
hereditary. Moreover, (25) immediately implies R4/ (RA(T)) = Raroa(T). [

2.3 Galton-Watson trees as random real trees.

In this section, we give an intrinsic definition of Galton-Watson trees as T-valued random variables. Informally,
given & = (£(k))ken, a probability measure on N, and ¢ € (0, o), a Galton-Watson tree with offspring distribution
¢ and lifetime parameter c is the genealogical tree of a population that has a single progenitor and evolves as
follows: the lifetimes of the individuals are independent and exponentially distributed with mean 1/c; when they
die, individuals independently give birth to a random number of children distributed according to £. We denote by
¢ the generating function of ¢ and by m, the mean of . Namely,

Vre[0,1]: Y rFe(k) = pe(r) and me = kE(k) = @l(1-) € [0,00]. (26)

k>0 k>0
We make the following assumptions on the offspring distribution &:

1—
non-trivial: £(0) +&(1) <1, proper: £(1) =0, conservative: / S 00, (27)
(pe(r) —7)-
where ( - )_ stands for the negative part. We assume that £ is proper because we are only interested in the underlying
geometrical tree. The conservativity assumption comes from a standard criterion that asserts that the right profile
of a Galton-Watson tree is an N-Markov process that is conservative iff the last condition of (27) is satisfied (see
[5, Section I11.2, Theorem 1] for more details).
Recall from Section 2 that for all 77,75 € T, 11 ® 1% stands for the pointed isometry class of the tree obtained
by pasting two representatives of 77 and T5 at their roots. We let the reader check that (77,7%) — 11 ® Ty is a
continuous, symmetric and associative operation on T. For all Borel probability measures J; and Q) on T, we
define Q1 ® @2 as the image measure of the product measure )7 ® ()2 under ®. Namely, for all measurable
G: T —[0,00),

/ (Q1 ® Qo) (dT) G(T) = / / Q1(dT1)Qa(dTs) G(Ty 0 T)
T TJT

We easily check that (Q1,Q2) — Q1 ® Q2 is a weakly continuous, symmetric and associative operation. For all
Borel probability measures @ on T, and all n € N, we recursively define Q®" by setting Q®**t1) = Q @ Q®"
where Q®° is the Dirac mass at the point tree Y. Recall from Section 2 the definition of D, ¥ and k.

Definition 2.14 Let £ be a proper and conservative offspring distribution. Let ¢ € (0, 00).

(a) A Galton-Watson real tree with offspring distribution & and edge parameter c (a GW(, c¢)-real tree for short)
is a T-valued random variable whose distribution () satisfies the following. For all n € N, for all measurable
functions g: [0, 00) — [0,00) and G: T — [0, 00),

Q [L{x=nyG(0)g(D)] = £(n)Q*"[G] /OOC g(t)ce ctdt . (28)

(b) A Galton-Watson real forest with offspring distribution &, edge parameter c and initial distribution u (a
GW(&, ¢; p)-real forest for short) is a T-valued random variable whose distributionis P = > -, u(n)Q®™,
where () stands for the distribution of a GW(¢, ¢)-real tree. B O

Lemma 2.15 For each proper conservative offspring distribution £ and each ¢ € (0, 00), there exists a unique
distribution Q¢ . on T that satisfies (28) in Definition 2.14 (a). Moreover, Q¢ (T.) = 1 and (§,¢) — Q¢ is
injective.

Proof. See Appendix C.1. |
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Notation. For all proper and conservative distributions &, for all ¢ € (0, co) and for all probability measures x on
N,weset Pe ey =250 u(n)Q?Z as the law of a GW(¢, ¢; p)-real forest. O

In the non-conservative case ()¢ . does not exist as a distribution on T. In fact, explosive GW-real trees would
not be locally compact. If we were to consider them up to the first explosion time, the tree would be locally
compact, but property (28) would fail, because the explosion times of the children of the ancestor are distinct.

GW-real trees are characterized by their regenerative branching property as proved by Weill [42] in the compact
case. More precisely, for every a € [0, c0), we denote by B, the sigma-field on T generated by Blw (a, -). Note that
(Ba)ae[o,00) is @ filtration on T. We denote by (Ba+ ) acjo,0) the associated right-continuous filtration. Recall from
(9) the definition of the right profile at height a that is denoted by Z . We easily check that Z;" is B, -measurable.

Lemma 2.16 Let Q be a Borel probability measure on T. We first assume that Q(0 < D < oco) > 0. We also
assume that Q-a.s. the process a — Z7 is N-valued and cadlag. Then, the following assertions are equivalent.

(i) Forevery a € [0,0), the conditional distribution given Z; of Abv (a, -) under Q is Q%%
(ii) Forevery a € [0, 00), the conditional distribution given B, of Abv (a,-) under Q is Q%%
(iil) Q is the distribution of a GW(E, ¢)-real tree, for a certain ¢ € (0,00) and a certain proper conservative
offspring distribution &.

Proof. In the compact case, this statement is close to [42, Theorem 1.2]. We briefly prove Lemma 2.16 in Appendix
C.2 using different arguments. We also mention that the cadlag assumption can be dropped, as we show in Theorem
3.21. [

Let us recall basic results on the branching processes associated with GW-trees. Let ¢ € (0, c0) and let £ be a non-
trivial proper conservative offspring distribution. The regenerative branching property entails that (7" )ael0,00)
under Q)¢ . is an N-valued Markov process whose matrix-generator (g; ;) jen is given by ¢; ; = ci&(j — i + 1),

ifj>iorj=14i—-1,¢;; = —ciandq;; = 0if j < i — 1. Letus set
w(a,d) = Qc¢.c [67923} , a,0 €0,00). (29)

The definition of GW-real trees implies that for all § € [0, 00), a — w(a, ) is the unique nonnegative solution
of the differential equation dw(a,8)/da = ¢ (p¢(w(a,0)) — w(a,d)), with w(0,0) = e~?. A simple change of
variables allows to rewrite the previous equation in the following form:

w(a,l) dr
—o we(r) —r

where g¢ is the smallest solution of the equation ¢ (r) = r and where we agree on —log(ge) = o0 if g¢ = 0 (see
e.g. [5, Section II1.3] for more details). Note that Q¢ .-a.s. ' = inf{a € [0,00): Z; = 0}. Thus,

V8 € (0,00)\{—logge} , Ya € [0,00) , / = ca, (30)

w(a) d
w(a) = QeI <a)= 91i_>n010 1 w(a, 0) satisfies /0 %05(7'7;_7" = ca. 31
Let p be a probability measure on N that is distinct from &g. We easily derive from Lemma 2.16 that for all
a € [0, 0),
n
the conditional distribution given Z, of Abv (a, -) under Pk .., is Q?CZ“ . (32)
Then, under P . ,,, (Z;) a€[0,00) 18 also a Markovian branching process with offspring distribution &, with lifetime
parameter ¢ and with initial distribution . Let ¢, be the generating function of ;1. We thus get

Va,0 € [0,00), Prep {6_023} = ¢, (w(a,0)) . (33)

Lemma 2.17 Let (§,)n>0, be a sequence of proper conservative offspring distributions that converges weakly
to the proper conservative offspring distribution {. Let (c,)n>0 be a sequence of positive real numbers that
converges 1o coo € (0,00). Let (tn)n>0 be a sequence of probability measures on N that converges weakly to the
probability measure (i, on N. Then, the following convergences hold weakly on T:

lim Q¢ .c, = Qeccreae and  lim Pe o = Pe e -

n—r00 n—o0

Moreover, for all a € [0,00), as n — oo, the law of Z; under Qg,, ., (resp. under P, .. .. )converges weakly to
the law of Z} under Q¢__ ... (resp. under Pe_ . ... ).
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Proof. See Appendix C.3. u

The following theorem, which is the main result of this section, shows that the class of GW-laws is stable
under reduction by a hereditary property. Recall that Q¢ . stands for the law of a GW(¢, c)-real tree, that ¢ is
the generating function of { and that g is the smallest root of ¢ (r) = r, which is the extinction probability of a
GW(, c)-real tree.

Theorem 2.18 Let £ be a non-trivial proper conservative offspring distribution and let ¢ € (0,00). Let A C T be
hereditary. We assume that

a:=Q¢.(Ra=7T) €(0,1). (34)
Then, £(0) > 0, a € (0, g¢] and thus ¢ () € (0,1). Moreover, R under the conditioned law Q¢ o(-| Ra # T)
is distributed as a GW(§ (“), c(o‘))-real tree where

pela+(1—a)r)—a—(1—a)r
(I—a)(1—¢i(a)) 7

Proof. Firstrecall from (22) that {R4 # Y} = A~ and thus @ = Q¢ (T\ A~). Recall from (16) and (17) the def-
inition of the functions D, ¥ and k. Since A~ is hereditary, we get 1\ 4- < 1,—o} + Lot 1{mp ()1, )=0}-
We take the expectation under Q¢ .: since M p = M o 9, (28) in the definition of Q)¢ . entails that

A =c(1- @e(a)) and @ (r) =7+ c€[0,1]. (33

0<a<&0 +Z§ ((Mo,14-) Zf (@),

n>1 n>0

which entails that o € (0, g¢] and that g (a) € (0, 1).
We denote by () the law of R4 under Q¢ .(-| A™) and we want to apply Lemma 2.16 to (). To that end, we
first note that @ — Z; is N-valued and cadlag Q-a.s. and then claim that also

QO<D<o0)=Qec.(0<DoRsy<o0c|A7)>0. (36)

Indeed, let T € T, be such that Zar(f) = 1 and D(T) € (0,00). If we have <MD(T) (T),14-) > 2, then
D(R4(T)) = D(T) and since A~ is hereditary, we also get T' € A~. Consequently,

2= Qe ((Mp,14-)>2) < Qe (A N{DoRy€(0,00)})=(1-a)Q0<D<o0). (37

Now by (28) in the definition of Q¢ ., we get

r =Y EnQer (Mo, 1a-) Zé ) (1= Q28 (Mo, 14-)=0) = QF7 (Mo, 14-)=1))
=Y &m)(1-a"—n(l-a)" ") =1-¢(a) - (1-a)p(e) >0,
n>2

since (¢ is strictly convex (because ¢ is proper and non-trivial). Then, (37) implies (36).
Recall that under Q¢ . and conditionally given Z;, Abv (a, -) has law Q?f“+ . Recall (23) and (24) and observe

that for all T € T, and for all & € [0, c0), Z(;“(RA(TN“)) > 1, implies TcA. Thus, for all n > 1, and for all
measurable functions G: T — [0, 00), we get

=@ (1{ZJ:n}G(AbV (a, ))> = 25 Qcc (1{ZjoRA:n}G(AbV (a, RA(‘))))

= Q¢ (1{<M0(Abv (@)1, )=n} G(Ra(Abv (a, '))))

- e Y ez =M [

QEN(dT; .. dTN)G< ® RA(ﬁ)>

N>n {Z1gi§1\f 1A—(fi):n} 1<i<N: T, €A~
+ N N—n n n ([ 37! ] ] =]

- zr=N)(" )a¥ "1 —a)" [ Q (dTl...dTn)G(T1®...®Tn)

N>n n T

1 N

— + _ N—-n/m1 _ n®n
= S ez =m() e el 68)

N>n
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This proves that under @, the law of Abv (a,-) conditionally given Z. is Q@’BZ;r . By Lemma 2.16, @ is the

law of a GW(&,, c.)-real tree where &, is a proper conservative offspring distribution. We next set w.(a,0) =

Qlexp(—0Z;)] and w(a, ) = Q¢ [exp(—0Z;)]. By summing (38) over n > 1 withG =1 — e=9%5 | we easily

get

. 1-—w(a,—logla+ (1—a)e?)
1-a« '

wy(a,0) =

(39)
and by differentiating (30) with respect to a and to 6, we get

0w (a, 0)

_ _ . 0 -0\ _ _—6
3011)*(@,9) e (SOE*(e ) ‘ )

On the other hand, (39) implies that

Oawi(a,0) a+(1fa)e*9 dow(a,~log(a+(1—a)e )  ce? _ _
7aew*<a’9) = — (l—a)e_e 8911)( —IOg( +(1—Oé>€_9)) - 1_04(905(044‘(1701)6 0)7047(1*04)6 ‘9).

Thus, we get
c

i (pe, () —e7?) = T (pela+ (1—a)e ™) —a—(1-a)e™). (40)

Since &, is proper, §.(1) = ¢ (0) = 0. Thus, by differentiating (40) and by letting ¢ go to oo, we find ¢, = (),
as defined in (35). This, combined (40), implies &, = £(®). [ |

The previous result and (24) in Lemma 2.11 applied to a = 0, immediately implies the following statement for
forests. Recall that Pe .\, = Y, o (1) QE 0

Theorem 2.19 Let £ be a proper non-trivial conservative offspring distribution, let ¢ € (0,00) and let 1 be a
probability distribution on N such that ;1(0) < 1. Let A C T be hereditary. We set o = Q¢ .(Ra = Y) and we
assume that o € (0,1). Then, R4 under P ¢, has law Pg(a)’c(@_#{a}, where f(a) and (%) gre given by (35) and
pted is given by

utar(r) = pula+(1—-a)r), rel0,1]. 41)

3 Growth Processes.

3.1 Preliminaries on convergence criteria

This section is devoted to general convergence theorems for complete locally compact rooted real trees (CLCR
real trees): we first state a general tightness criterion involving the h-erased profiles and we also state an almost
sure convergence criterion for sequences of trees that “grow” in a broad sense that we will make precise later.

We use the following notation. Let (7', d, p) be a rooted real tree, not necessarily locally compact. Then, for
every h € (0, 00) the definition (6) of h-leaf-erased tree (R, (T"), d, p) makes sense and it defines a path-connected
subset of T'. It is therefore a rooted real tree. For every a € [0, 00), we define Zéh)(T) as in (8). Note that this
quantity may be infinite if T" is not locally compact. We denote by Nt (h, ) the (possibly infinite) minimal number
of open balls with radius A that are necessary to cover Br(p, ).

Lemma 3.1 Let (T, d, p) be a complete rooted real tree (not necessarily locally compact). Then,

Va,h € (0,00), Vr € (a+h,00), ZM(T) < Np(h,r) . 42)
Moreover, let D C (0, 00) be a dense subset. Then, for every h,r € (0,00), there is a finite subset Dy, ,, C DNI0, 7]
such that
r(hr) <1+ > zMN(T (43)
a€Dy,

Consequently, (T,d, p) is locally compact iff there exists a dense subset D C (0,00) and a sequence (hy)pen
decreasing to 0 such that
VaeD,VpeN, ZM)(T)< oo. (44)
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Proof. Leta,h € (0,00)andr > a+ h. Wefix L = {0 € R,(T): d(p,0) = a} so that z{M (T) = #L. Note
that Np(h,r) > 1. Thus, (42) holds for #L < 1. Now assume that #L > 2. With every o € L, we can associate
¢(o) € T such that d(p,{(c)) = a+ h and o € [p,((0)]. Note that {(o) € Br(p,r). Suppose that o and o’
are two distinct points of L. Recall the notation o A ¢’ for the most recent common ancestor of o and ¢’. Then,
d(¢(0),¢(c")) > 2h because ((o) A ((c’') = o A o’ is below level a in T'. Thus, zM (T) = #L < Nr(h,r).

Let h € (0,00) and let D C (0, c0) be dense. We can find an increasing sequence a(k) € D, k € N, such that
a(0) < h/2and h < a(k+1)—a(k) < 3h/2. Forevery k € N, we thenset Ly, = {0 € Rp(T): d(p,0) = a(k)}.
Let o € T be such that d(p,o) > 2h. There exists k € N such that a(k + 1) < d(p,0) < a(k + 2). Thus,
[p,o] N Ly ={0'} and d(0, o) < a(k + 2) — a(k) < 3h. This implies Nz (3h,7) < 1+ 3 o<, /n] Z((L?;)(T),
where |r/h| stands for the integer part of r/h. This easily entails (43).

If T is locally compact, we already noticed that zM (T) < oo, for every a,h € (0,00). Conversely, sup-

pose that (44) holds true. Note that h — Z(gh) (T") is non-increasing. Then, (43) applies and for every r, and
(Br(p,r),d) is a uniformly bounded complete metric space. It is therefore compact. This implies that T’ is locally
compact. |

Note that Ny (h, ) only depends on the isometry class T’ of T', which justifies the notation Ngz(h,r). LetC C T.
As a consequence of a general result on compactness with respect to the pointed Gromov-Hausdorff metric dqpcs
(see [22] or [7, Theorem 8.1.10]), we have the following result.

The d-closure of C is compact <= Vh,r € (0,00), sup Nz(h,r) < c0. (45)
Tec

Thus, Lemma 3.1 immediately entails the following theorem.

Theorem 3.2 Let C C T. Then, the d-closure of C is compact iff there exists a sequence (h,)pen decreasing to 0
and a countable dense subset D C (0, 00) such that

VpeN,YaeD, sup Z)(T) < oo . (46)
TeC

The same statement holds true when Z, (he) replaced by Z, (hp ).

Similar ideas have been used to obtain criteria in terms of related quantities such as total lengths of trees (see [16,
Lemma 2.6]). The following tightness criterion for random trees is a consequence of Theorem 3.2.

Theorem 3.3 Let (T) jeg be family of T-valued random trees. Their laws are 0-tight if and only if for every fixed
h,a € (0,00), the laws of the N-valued random variables (Ztgh)(%]))]ej are tight. The same result holds true
when (Z(sh)(,];‘)>jej is replaced by (Zgjr) (Ti)jes-

Proof. Suppose that for every fixed h,a € (0, 00) the laws of (Z(sh) (ﬁ))jej are tight. Let D = {a4;¢ € N} be
some dense subset of (0, c0) and let (h,),en be a sequence decreasing to 0. Let ¢ € (0, 1). For all p, ¢ € N, there
exists K, , € (0, 00) such that

supP(Z(h”)(T) >K,,) <e27 P12,
jeJ

We thenset C = {T € T: Vp,q € N, Z(h )( T) < K 4} Theorem 3.2 implies that its §-closure C is compact and
we easily prove that for every j € J

P(T;¢C) <P(@Ep,q e N: Z\")(T)) > K, ) < Y P(Z{")N(T;) > K,4) <e,
p,gEN

which entails the tightness of the laws of ’T j € J. Conversely, let € € (0,1). There exists a d-compact subset
K C T such that inf ;¢ P(T € K) > 1—e¢. Fixa,h € (0,00), 7 > a+ h, and set K = supz_, Nz(h,7).
By (45), K < oo and Lemma 3.1 implies that supz, Z(h)( T) < K. Thus, inf;c s P(Z((lh) (7~;) <K)>1-g¢,
which implies the tightness of the laws of Z(h)(T) j € J,foreacha,h € (0,00). [

Corollary 3.4 Let (ﬁ)neN be a sequence of T-valued random variables. We suppose that for every sufficiently

small h € (0,00), the laws of Ry,(T,), n € N, converge weakly in (T, 8) as n — oc. Then, the laws of the Ty,
n € N, converge weakly in (T, ) as n — oo.
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Proof. Fix a,h € (0,00). Since the laws of Ry, /5(7,), n € N, converge weakly, Theorem 3.3 implies that the
laws of Z((lh/Q)(Rh/z(ﬁ)) =z (ﬁ), n € N, are tight. Theorem 3.3 then entails that the laws of Tn.n €N, are
d-tight. Denote by A; and Ay two limit laws of (7, )nen. Then, the laws of R}, under A; and Ao coincide, since

Ry, is d-continuous and since we assume that the laws of Ry (7,), n € N, converge weakly. Thus, A; = Ao since
R}, converges uniformly to the identity on T, as h decreases to 0. |

We now discuss a stronger convergence for sequences of CLCR real trees that grow in a the following weak
sense.

Definition 3.5 Let 7' , T' € T. We say that T can be embedded in T, which is denoted by T =< T’ if we can
find representatives (7', d, p) and (T”,d’, p') of T and T”, and an isometrical embedding f: T' < T" such that

flp) =" O

With this definition, we have for any hereditary property A C T that

VI €T, Ra(T)=T. (47)

We easily check that < is a partial order on T (anti-symmetry property is the only non-trivial point to check). Note
that if ' < T, then for all a € [0, 00) and for all h € (0, c0),

ZHT) < ZHT"), Ru(T) = Ru(T') and ZU)N(T) < ZUM(T') . (48)

We first prove the following convergence criterion for a growing sequence of trees.

Theorem 3.6 Let (Tn)neN be a T-valued sequence such that Tn =< Tn+1, n € N. Let D C (0,00) be dense and
let (hy)pen be a sequence decreasing to 0. We assume the following:

VpeN, VaeD, sup Z\")(T},) < oo . (49)
n>0

Then, there exists T € T such that lim,, 400 0 (fn, T )=0.

The proof of the theorem is in several steps. Representation lemmas are well-known (see e.g. [19, Lemma A.1]).
The following version furthermore represents <-increasing sequences as inclusions in a common metric space:

Lemma 3.7 Let (f n)neN be a T-valued sequence such that T, < T, nt1, n € N. Then, there exists a pointed
Polish space (E,d, p) and a sequence T,, C E such that for alln € N

peT,, T,CT,1 and (T,,d,p) isa representative of T, .

Proof. We first prove recursively that for all n € N, there is a representative (.7, dy,, py,) of T, and an isometrical
embedding f,,: T,y < Ty, such that f,,(pn) = ppy1. Indeed, assume that (75, do, po), - - -, (Tyr, dn, pn) and
fo,--., fn—1 exist and satisfy the above mentioned conditions. Since T, = fn+1, there are (77,d.,, p.) and
(Tyri1sdny1, pny1) that are representatives of T, and an, respectively, and there is an isometrical embedding
[ Ty, — Ty, such that f) (p;,) = pn+1. There also exists an isometry ¢: T,¥ — T, such that ¢(p,) = p,.
Then, we set f,, = f! o ¢ that satisfies the desired property, which completes the recurrence.

We next construct the desired spaces in a projective way. To that end, we first set

VneN, S,:= {a’ = (0k)ren € HT;—Hc: Ogt1 = fn+k(ak)} and S = |_| S,

keN neN

where Ll stands for the disjoint union. For all o € T}, we also define the sequence j,,(c) = (0% )ken such that
o9 = o and 0411 = fuyr(ok), k € N. Note that 3, is one-to-one from 7' onto S,,. Next, observe that for all
o= (O'k)keN € S,andall 0’ = (U;g)keN €Sy,

Vk > |TL, - n| ) dn+k(0kv O';L—n/+k) = dn/—i-k(o'n’—n—i-k, O';a) = d(o'vo.,) :

This induces a pseudo-metric d on S, and we see that d(o, o’) = 0 iff a certain shift of the sequence o is equal
to a certain shift of the sequence o’. We now introduce the usual equivalence relation = by specifying that o = o’
iff d(o,0’) = 0. We denote by F., = S, /= the quotient space and we denote by 7: S, — E, the canonical
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projection that associates with a point o its equivalence class. Then, d induces a true metric on F, that is denoted
in the same way (to simplify notation). We next set:

p=m(0(po)) and T, =m(S,), neN.

First note that 7,,(p.) = jo(po). Thus, p € T,,. We next check that 7;, C T,,41. Indeed, let 0 € T, and
set Jn(0) = (ok)ken. Then, oy € T,y and j,41(01) = (Ok41)ken € Spy1s thus g,(0) = gpy1(o1) and
7(Jn(0)) € Tha1, which entails T, C T,y 1.

For all n € N, we then set ¢, = mo g,: T)f — E. Itis easy to check that ¢,(p,) = p and that ¢,
is an isometry from 7' onto T;,. Therefore (7,,d, p) is a CLCR real tree whose pointed isometry class is T,L.
Observe that E, = |J,,cry Tn» Which proves that (Ew, doo) is separable. We get the desired result by taking £ as
a completion of (E+, d) such that F, C E. [

Let (E,d, p) be a pointed Polish space. For the following result, we introduce the set of CLCR real trees
embedded in (F, d, p).

Tg={TCE:peTand(T,d,p)isaCLCRreal tree.} . (50)

Let us denote by dy,.s the Hausdorff distance on compact subsets of E. Then, for any T, 7" € Tg, we define

dp(T,T') =Y 2 duaus (Br(p, k), Br(p, k) -
k>1

Clearly, d g is a distance on Tr and we have

We next prove the following criterion for convergence in Tg.

Lemma 3.8 Ler (E, d, p) be a pointed Polish space. Let (T,,)nen be a T g-valued sequence such that T,, C T, 41.
Let D C (0, 00) be dense and and let (hy)pen be a sequence decreasing to 0. We assume the following.

VpeN,VaeD, supZP)N(T,) < occ. (52)
n>0

Let T be the closure of \J, .n Ty in (E,d). Then,

neN

T eTg and nli_)rr;odE(Tn,T) =0.
Proof. We first set T, = UneN T, so that T is the closure of T, in E. The restriction of d to T, satisfies the
four points condition. We check that the same holds true for the restriction of d to 7. Moreover, every point of T},
belongs to a certain 7,, and is connected to p by a geodesic. This easily implies that (7, d) is a connected space.
Thus, (T, d, p) is a Polish rooted real tree.

We fix h,a € (0,00) and we set L, = {0 € Rop(T): d(p,0) = a}. Thus, #L, = Z{ (T). Leto € L.
There exists s € T such that o € [[p, s] and d(o, s) > 2h. Since T is the closure of T, there exists n(c) € N
and v € T),(o) such that d(s,y) < h. This implies o € [p,7] and d(o,7) > h. Namely, this implies that
0 € Ry(T,(s)) and thus o € Ry (T5,), for all n > n(o). We then get

ZPW(T) = sup #{o € L,: n(c) < n} <sup ZW(T),) .
n>0 n>0

Note that this inequality holds true for all h, a € (0, 00). By (52), Lemma 3.1 applies and (7', d, p) is a CLCR real
tree, which shows that T' € Tg.

Let us fix r,e € (0,00). Since By (p,r) is compact and since T, is dense in T’, we easily see that there exist
ne € Nand 01,...,0, € Br,_(p,r) such that for all o € Br(p,r), d({o1,...,0p},0) < e. Foralln > n,
since By, _(p,r) C Br, (p,r) € Br(p,r), we get duaus(Br, (p,7), Br(p,r)) < €, which easily completes the
proof of the lemma. |

Proof of Theorem 3.6. Let (ﬁ,,)neN be a T-valued sequence that satisfies Tn = Tn-{-l and the assumption (49).
By Lemma 3.7, there exist a pointed Polish space (E,d, p) and T,, € Tg, n € N, that satisfy T,, C T,+1, (52)
and such that (T,,,d, p) is a representative of T,. Then, Lemma 3.8 applies and there exists 7" € Ty such that
limy,_, o d (T, T) = 0, which implies lim,, . 8(T,,T) = 0, by (51). |

Theorem 3.6 entails the following criterion for growing sequences of random trees.
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Theorem 3.9 Let (ﬁ)nGN be a T-valued sequence of random trees such that for all n € N,
P-a.s. 7~;L = 7~'n+1 .

We assume that for every fixed a, h € (0,00), the family of laws of N-valued random variables zM (T,), n €N,
is tight. Then, there exists a random tree T in T such that

P-as. lim §(7,,7)=0.

n—oQ

Proof. We fix a, h € (0, 00). By (48), a.s. Z"(T,,) < 28" (T,41), for all n € N. Then for all K € (0, 00),

P <supZ(h)(7') >K) :supP< () (T.) > ) .

neN neN

Since the family of laws of zM (T,,), n€N, is tight, we get P(sup,,cn zM (T,,) <o0)=1, for each a, h € (0,00),
and Theorem 3.6 easily completes the proof. |

Lemma 3.8 also entails the following almost sure convergence criterion for random trees in Tg. The proof,
quite similar to that of Theorem 3.9, is left to the reader.

Theorem 3.10 Let (E,d, p) be a pointed Polish space. Let (T, )nen be a T g-valued sequence of random trees
such that a.s. Ty, C Tpy1, n € N. We assume that for each fixed a,h € (0,00), the family of laws of N-valued

random variables Zéh) (Tn), n €N, is tight. Let T be the closure of UneN T, in E. Then,

P-as. TeTg and lim dg(7,,7)=0.

n—oo

3.2 Definition and characterisation of growth processes.
3.2.1 Infinitely extensible offspring distributions.

We first briefly study the transform on offspring distributions that appears in (35) in Theorem 2.18. Let & be a
proper offspring distribution, let ¢ € (0, 00) and let 4 be another probability on N. Recall that ¢, stands for its
generating function and that g¢ is the smallest root of ¢ (r) = r. We introduce the following subset

D¢ ={a€0,1): a < ge(a)}, (53)

ie. D¢ = [0,1)if g¢ = 1, and D¢ = [0, ¢ if g¢ < 1. We easily check that for all o € Dg, () < 1, and we
define (£(), ¢(@), piod) by setting for all 7 € [0, 1],

pe(a+(1-a)r)—a—(1—a)r
(I—a)(1—¢z(a)) ’

@ =c(1 = pf(a)), pew (r) =7+ Pt (N =gulat (1= a)r). (54)

Note that £(*) is proper. Then (£, ¢, 1) can be recovered from (£(*), ¢(®), ufe}) and « as follows. First note that
¢¢(e) can be analytically extended to (=% , 1). Observe that the rlght limits of ¢y and ¢} e AL 725 > exist and

104’

are finite. Since & is proper we easily get (1 — ¢ (a a)t=1- <p£(a)( %) > 1. We therefore get for all re [0, 1],

(1- a)@gm( =) = (r—a)

c= (1 - gl (7)), pelr) =7+ o) = P (22). (59)
<P§<a)( )
Next note that if 3 € D¢(a), then
(€N, ()@, (ul2) D) = (00,0, 1u0Y) withy € Deand 1 7= (1-a)(1-B).  (56)

We now introduce the definition of infinitely extensible offspring distributions.

Definition 3.11 An offspring distribution £ is said to be infinitely extensible if there exists a sequence of proper
offspring distributions (&, )nen and o, € De,, n € N, such that { = §,(La”) foralln € N, and lim,, o 0, = 1.
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The term infinitely extensible, which is new, has been coined by analogy with infinitely divisible laws.

Let us make several remarks about this definition. If £(0) > O and if { = & (@) forall o € D¢, we can show that
€ is a stable offspring distribution, namely, there exists v € (1, 2] such that @¢(r) = r + %(1 —r)7. Specifically,
consider g(s) = ¢¢(1 —s) — (1 —s), then it is easy to see from (35) that S¢'(8)g(s) = g(sp) forall s € [0, 1] and
B € (1 — g, 1]; for s = 1, we can solve the resulting differential equation to see g(3) = £(0)3/¢(), hence with
v =1/£(0), pe(r) =7+ %(1 — )7 for some v > 1. Finally, this is only the generating function of an offspring
distribution if v € (1, 2]. Observe that stable offspring distributions are critical (i.e. their mean is equal to 1), but
their variance is infinite except in the binary case v = 2. Stable offspring distributions occur in many contexts: see
for instance Le Jan [34] and Neveu [36] for leaf-length erasure. See also [11], Vatutin [41] and Jakymiv [26] for
reduced trees. We remark that there are offspring distributions ¢ that are not stable but such that ¢ = £(®) holds
true for certain o € (0, 1). Note that any infinitely extensible offspring distribution is proper.

More generally, infinitely extensible offspring distributions are characterised by a branching mechanism, that
is, by a function ¢ : [0, 00) — R that is of the following Lévy-Khintchine form

P(\) = a\ + %b)\Q + / (e‘“ — 1+ Aelyycqy) w(dz) | 37
(0,00)

where a € R, b € [0,00) and 7 is a Borel measure on (0, c0) such that f(o OO)(1 A z?)m(dz) < oo. A result

similar to the theorem below was proved in [13, Theorem 4.2] in the context of Bernoulli leaf percolation. The

proof in the present framework is very similar, but since it demonstrates the crucial appearance of the branching
mechanism ¢, we include a brief account of it here.

Theorem 3.12 Let £ be an infinitely extensible offspring distribution. Then, there exists a function ¢ : [0,00) — R
of the form (57) such that ¥'(1) = 1 and

pe(r)=r+y(1—-r), rel0,1].

Conversely, suppose that v is of the Lévy-Khintchine form (57) and suppose that there exists Ao € (0, 00) such

that 1 (o) > 0. Then, the function

(Aol —1))
Ao?’ (Ao)

is the generating function of an infinitely extensible offspring distribution.

rel0,1] —s r+ (58)

Proof. We first assume that £ is an infinitely extensible offspring distribution. Let (&,,ay,), n € N, be as in
Definition 3.11. This implies that ¢ can be extended analytically to the interval I, = (%, 1). Moreover for all
rel, andall k > 2,
k—1
(k) (=)™ )
pe (1) = ¢, (an+ (1 —an)r)

I T P "
is positive. Since lim,_,o a, = 1, it make sense to set (X)) = @e(1 — A) — (1 — A), for all A € [0, 00).
Then, ¢ is C* on (0,00) and (—1)k*)(X) > 0, for all A € (0,00) and all k¥ > 2. We then apply to 1/(?)
Bernstein’s theorem on completely monotone functions (see e.g. Feller [17, Theorem XIII.7.2]): there exists a
Radon measure v on (0, 00) and b > 0 such that 1)(?)(\) = b + f(o_m) e~ v(dz). Observe that 1(0) = 0 and

¥'(1) = 1-¢(0) = 1-¢(1) = 1. Then, we set m(dz) = 2~ *v(dz) anda = 1=b+ [ (™" ~1{,<1y)zm(d).
This easily entails that ¢ is of the form (57). For the converse result, differentiation shows that (58) defines an
offspring distribution. Let o € [0,1) and A := A¢/(1 — «). Then a straightforward calculation shows that

e, (1) =7+ YA —7))/AY'(N) is such that fga) = £. Hence € is infinitely extensible. [

3.2.2 Definition of growth processes. Characterization of their laws.

Definition 3.13 (Growth processes) Let (€2, G, P) be a probability space. For all A € [0, o), let Fr: Q — The
a GW(&Y, c3; iy )-real forest as in Definition 2.14, for an offspring distribution £}, and edge parameter c3 and an

initial distribution p}. We say that (f A)re[0,00) is @ growth process if for all A’ > A, there exists a hereditary
property Ay s C T such that P-a.s. forall ' > X\, Fx=Ra, ,, (Fx ). O

Remark 3.14 Note that if (.7?,\),\6[0,00) is a growth process, then by (48), P-a.s. for any A’ > A, ]_~_/\ = ]-z,\/. O
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Remark 3.15 Suppose that the family (.7? A)Ae[0,00) Satisfies the weaker consistency property that for all A" > A,
P-as. F =R Ay (f \ ), then by (47), we easily construct a modification of the process that is a growth process
according to Definition 3.13. U

This definition is meaningful without the assumption of Galton-Watson marginal distributions, and the two
remarks also still hold in this higher generality.

We next introduce specific one-parameter families of infinitely extensible offspring distributions that play a key
role. To that end, we fix the following setting:

— abranching mechanism ¢ : [0,00) — R of the form (57), where we furthermore assume the following:
dr
(®(r))-

allow deaths: 3\g € (0,00): ¥(Ng) > 0, conservative: / =00; (59)
0+

— a probability measure g on [0, c0) that is distinct from dp.

The fact that ¢ is a convex function and that ¢)(0) = 0 has several consequences. First, observe that ¢ has
either one or two roots: we denote by ¢ the largest one, and since 1 takes positive values eventually, we obtain
(g,00) = {A €]0,00): ¥(A\) > 0}. Moreover, ¢’ (0+) exists in [—00, 00).

If o' (0-+
— 0+
If ¢/’ (0+) > 0, we say that ) is sub-criftical (and g = 0, necessarily).

) < 0, we say that ¢ is super-critical (and ¢ > 0, necessarily).
)

= 0, we say that v is critical (and g = 0, necessarily).

Next, for all A € [¢, 00), we introduce two probability measures on N that are denoted by £, and u) and we also
define ¢y € (0, 00), as follows:

1—r)A
=t/ o) =r+ PO nd = [ ey, reonl @)
AP'(A) [0.00)
More explicitly, we get £»(0) = % & (1) =0, and forall k > 2,

SO =Ty TR

Recall (27): we easily check that £ is conservative iff the second assumption in (59) holds true. The following
theorem provides a useful classification of growth processes.

k—11,/,(k) k—1
_A W} (/\)| A <b1{k:2} +/ ahe " W(d$)> . (61)
o)

)

Theorem 3.16 Let (]?)\))\6[0700) be a growth process as in Definition 3.13. By (48), P-a.s. A — Z; (]?)\) is
non-decreasing and we set Z = limy o ZJ (j-: ). Then, only the two following cases occur.

() If P(Z < o0) = 1, there exists a proper and conservative offspring distribution &, there exists ¢ € (0, 00)
and there exists a probability measure 1 distinct from §g, such that

VkeN, lim &(k)=¢&Kk), lim wpy(k)=w(k) and lim ¢ =c. (62)
A—00 A—00

A—00

Moreover, there exists a unique non-increasing function oc: [0,00) — D¢ such that

lim ay =0 and YA€ [0,00), & =¢&00 & =c®) and pj = plot

A—00 ’
where for all o € Dy, (€@ @) ylady is defined by (54).
(I1) IfP(Z = o0) > 0, there exists a triplet (1, o, 8) that satisfies the following.

(i) ¥ is a function of the Lévy-Khintchine form (57) that satisfies (59).
(ii) o is a probability measure [0, c0) distinct from 6,
(ili) B: [0,00) = [g, 00) is a non-decreasing function such that limy_,~, B(\) = oo. Here, q stands for the
largest root of 1.
(iv) Forall X € [0,00),
& =80, a=csn and ) =g
where for all X € [q,00), (Ex, e, pir) is defined by (60).

Moreover, if another triplet (V*, 0*, 8*) satisfies (i)—(iv), there exists a constant k € (0,00) such that
0*(dz) = o(dz/k), and for all A € [0,00), ¥*(\) = (k) /k and B*(X) = B(A)/k.
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Proof. Let ’f\ be a GW(E}, ¢} )-real tree: its law is then Q¢; ;. We keep the same notation as in Definition 3.13.
For all X' > ), we recall from (22) the definition of the hereditary property Aj ) and we set

ay =P (7~j\ ¢ A;’X) = Qe e, (T\AX,,\/) )

By Theorem 2.19, ((£5,)( @), () @), (i )10}y = (€5, ¢, p}). This first implies that A — ¢ is non-
decreasing. Recall from the definition of growth processes that £§(0) < 1. This entails that 13 (0) < 1, for all
A € [0,00), because ¢,z (0) < @pz (@ox) = @us (0) = pg(0) < 1. Next, (55) easily entails

B

Cy =y 2/ T—0 N
pe () =+ 2 ((—arn) vg (2] = (r—any))  and o, (1) = o () - (©3)

Moreover, by (56), (1 — ax v )(1 — ax ) = 1 — ayar, forall X > X > A This implies that cy y is
non-decreasing in A’ and non-increasing in A. Then, for all A € [0, 00), we set iy = limy 00 tx 2/
e We first assume that P(Z < oo) = 1. We denote by p the law of Z. Since p3 is the law of ZS'(]?,\), by
definition, we get lim_, o, p3 (k) = p(k), forall k € N.
We next claim that for all A € [0, 00), ay < 1. We argue by contradiction: let us suppose that oy = 1. Then,
forall \V > X > Xand all r € [0, 1], we get

(pl‘; (r) = SON;// (Oé)\})\ll<1 - T) + T) Z QON;// <a>‘7/\/(1 - T') + T) .

But lim /o0 Pus,, (axn(I=7) +7) = pularxx(1—r)+r) and limy o0 @ (aa v (1=1) +7) = ¢, (1) =1,
since we have supposed ay, = 1. This implies that p} (0) = 1, which is impossible as already proved. Note that
this argument also entails that ;1(0) < 1.

An elementary compactness argument shows that there is a sub-probability measure £ on N and a sequence
An € [A,00), n € N, increasing to oo, such that lim,, ;o X (k) = £(k), for all £ € N. This convergence entails
limp o0 gy (r) = e(r), forall 7 € [0,1). Next observe that since ay < 1, (63) implies that @¢; can be

extended analytically to the interval (f_‘?’)jA ,1). Thus, for all 0 < r < 1, in (63), we can let \' — oo (along the
sequence \,,) and there are two cases to consider: since A’ — ¢}, is non-decreasing, if ¢ := limy/ o, ¢}, < o0,

then we get

wet) =+ S (1= a vy (122) - -an) (64

Q)

and if limy/_, ¢}, = 0o, then we get ¢ (1) = r. However, the last possibility would imply that £(1) = 1, which
is impossible because ¢ is the limit of proper offspring distributions. Thus (64) holds true. Note that (64) entails
that ¢ (1) = 1 and that £ is a proper offspring distribution. Moreover, ¢ is completely determined by (64). This
implies (62). Also note that (64) easily entails that oy € D¢ and that that (€len) clan) pfenty = (&%, e, %)

The function A € [0,00) — ) € D¢ is clearly non-increasing. Let us prove uniqueness: suppose that
us (1) = pulan + (1 —ax)r) = pu(ya + (1 —9a)r). Since p(0) < 1, ¢, is strictly increasing, and we get
ax = ya. We next set v = limy o0 avx. Recall that ¢,5 (0) = ¢, () > ¢, (), which implies ¢,,(0) > ¢, (a)
as A — oo. Thus, a = 0, since ¢,, is strictly increasing. This completes the proof of Case (I).

e We now assume that P(Z = oo) > 0. We claim that oy = limy_,o, o1, = 1. We argue by contradiction: let
us suppose that a; < 1. We fix 7 < 1. Since pf = (u}){*12} forall A € (1, 00), we get

i (1) =B [(aaa+ (=01 )@ PV < Bl (01 + (1—ann)@ P — B (o + (000 Lzeaa].
We now let 7 go to 1 and we get 1 = ¢+ (1) < P(Z < oo), which contradicts the assumption P(Z = oc) > 0.

Since limy oo a1y = 1 and since & = (£3)(*10), €7 is infinitely extensible. Theorem 3.12 implies that there
exists 11 of the form (57) that satisfies 41 (1) = 1 and @ex (r) = r + 91 (1 —r), 7 € [0,1]. We denote by g the
largest root of 9. Since ¢ (1) = £7(0) > 0, we get ¢ < 1. Then, observe that since £} is conservative, v, satisfies
Joy du/(¥1(u)) - = oo. Thus, ¢, satisfies (59).

We next prove that 7 is a mixture of Poisson distributions: we set g(r) = ,:(1 — r) and observe that
g(r) = ¢#;(1 — (1 —ag\)r), forall A € [1,00). Since limy_, @1,» = 1, g can be analytically extended to
(0, 00), and we easily see that g is completely monotone. Bernstein’s theorem entails that there exists a probability
measure o on [0, 0o) such that .« (1) = [ e v~ o(dy), for all r € [0, 1]. Note that o({0}) = % (0) < 1. Thus
o is distinct from dg.

We now set ¢ = 1)1 and we define 8: [0, 00) — [¢, 00) by setting

_ 1
o 1—a1’>\

BA)=1—ax1, ifAe][0,1), B(1) =1, and  B(A) , ifAe(1,00).
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Recall notation (£, cx, pia) from (60). Then, for all A € [0,00), we check that £ = £3() , ¢} = cg(n) and
Ky = fp(n) by applying (54) to o = ax 1 and (&, ¢, 1) = (&7, ¢f, p7) if X < 1, and by applying (55) to a = a1,
and (&, ¢, ) = (&%, cx, 1), if A > 1. We have proved that (¢, g, () satisfies (i)—(iv). The last point of the theorem
is not difficult to check: we leave it to the reader. |

3.3 Convergence to Lévy forests.

In this section we prove under a necessary and sufficient condition that every growth process converges almost
surely to a Lévy forest represented as a T-valued random variable. We first prove convergence in law for the
branching processes and by the general criterion in Theorem 3.9 we deduce the desired result.

Continuous-state branching process. Continuous-state branching processes (CSBPs for short) are the continu-
ous analogue, in time and space, of Galton-Watson branching processes. They were introduced by Jirina [27] and
Lamperti [30, 29, 31]. We first recall standard results on CSBPs whose proof can be found in Silverstein [40] and
Bingham [6].

We fix a branching mechanism ¢: [0, 00) — R of the form (57) and we assume that 1) satisfies (59). We also
fix a probability measure ¢ on [0, co) that is distinct from dg. A [0, o0)-valued Feller processes Z¢ = (Z2)4c0,00)
defined on the probability space (€2, G, P) is a continuous-state branching process with branching mechanism
and initial distribution ¢ (a CSBP(v), p) for short) if its transition kernels are characterised by the following:

E [679Z5+“

Zf} =exp(—Zj u(a,0)) , a,b,0€[0,00),

where for all § € [0,00), the function a +— u(a,#) is the solution of the differential equation du(a,d)/0a =
—1(u(a,)), with u(0,0) = 6. Under our assumptions on 1, the differential equation satisfied by u(-, ) has a
unique nonnegative solution that is defined on [0, c0) for all § € [0, c0). In particular, note that the null function is
the unique solution for 8 = 0.

Let us rewrite the equation characterising v in a more convenient way. Recall that ¢ stands for the largest root
of . If 0 € {0, ¢}, then u(a,d) = 0 for all a € [0,00). Observe that if § > ¢ (resp. § < ¢) then a — u(a, )
is a decreasing (resp. increasing) function converging to ¢ as a tends to infinity. An easy change of variables then

entails .
dr
A 0, , VOelo, 0,q}, —=a. 65
celoc). VoeDo\og. | R (65)

We derive from the equation governing  and from basic properties of Laplace transforms that for all a € [0, ),
Z2 is integrable iff both ¢’ (0+) and f[o 00) yo(dy) are finite quantities. In this case we get

E[Z¢] = ¥/ (0H)a /[ veldy). (66)
0,00

We next easily derive from (65) that

a—r 00 a—» 00 a—» 00

P(lim Z§=0)+P(nm Zgzoo)zl and P(nm Zg:oo)zl—/[om)e_qrg(dx).

Thus, P (lim, oo Z2 = 00) > 0iff ¢ > 0. Namely, this happens only in the super-critical cases. It is easy to
derive from (65) that

° dr
¥(r)

That is why condition (67) is called the finite time extinction assumption. Now observe that for all a € (0, c0),
0 — u(a, @) is an increasing function and under (67),

< 00. (67)

a— 00

P(lim Zgzo)zp(aazng:o) — /

< d
v(a) := lim u(a, ) exists and satisfies / R , a€(0,00). (68)
f—o0 v(a) ¢(7‘)

Observe that the function v: (0,00) — (g, 00) is decreasing and one-to-one. We next define the extinction time of
72 by

E(Z°) =inf{a € (0,00): Z2 =0} , (69)

with the convention inf () = co. We then easily get
Pz sa)= [ oldy) ep(ay) . ac(0.0). (70)

0,00

We refer to [6] for more details on CSBPs.
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Convergence in law to Lévy forests. Let us fix a branching mechanism ¢ of the form (57) that furthermore
satisfies (59). We also fix g, a probability measure on [0, 00) that is distinct from dy. Recall that ¢ stands for the
largest root of ). For all A € [g, c0), recall from (60) the definition of (£x, ¢y, p)-

We denote by F A Q= T aGW(Ey, cy; pa)-real forest. We do not need to assume that it is a growth process:
here, we are only interested in the convergence in law of these random trees when A goes to infinity. We also
denote by 7 : 0 — T, a GW(&y, cy)-real tree. Namely the law of Ty is Q¢, ., and the law of F is Py, ¢, ., @S
in Definition 2.14.

We first consider the corresponding branching processes. As an easy consequence of (30) and (65), for all
a,d € [0,00), we get

u(a,A\(1—e™?))

wy(a,0) :=E [exp(—@Z;_(:f)\))} = Qe en [exp(—&Z;)] =1- A

(71)

and (33) also implies
E exp(—@Zj(]?,\))} = P, cx i [exp(—@Zj)] z/[ )exp (—y u(a,/\(l—e*9))) o(dy). (72)
0,00

This easily implies that for all a € [0, 00), +Z; (F») — Z¢ in distribution on [0, c0). We next use a result due to
Helland [24, Theorem 6.1] that shows that the following convergence actually holds in distribution in the space of
cadlag functions D([0, c0), R) equipped with Skorohod’s metric:

(32 (F) 5 (Z8)acppoe)  BSA 00, (73)

a€[0,00)
In the following lemma, we compute the law of the h-leaf-length erased forest R, (]T' \)-

Lemma 3.17 Let ¢ be a function of the form (57) that satisfies (59). Let o be a probability measure on [0, o),
distinct from &g. Let Fy be as above. Then, the following holds true.

(i) Forallh € (0,00), all a € [0,00) and all X € [q, 00),

h, A ~  (aw) ~
Qeyer (I < h) = 1—U(A7 ) and Ri(Fn) "= Funr - (74)
Moreover,
E [exp(—02{" (F))| = /[ ) o(dy) exp (—yu (a,u(h, \)(1—e 7)) (75)
0,00

(i) The laws P, c, ., of the GW-real forests ]-',\ are tight on T as A\ — oo if and only if Y satisfies

< dr
— < 0.

¥(r)
(iil) Assume that [* dr /¢ (r) < oo and recall from (68) the definition of v. Then,
(Z((Ih)(]?,\); Rh(]?x)) — (Zi(fv(h)); «fv(h))

weakly on N x T as A — oo. Consequently,

lim E [exp(—@Zt(lh) (.%,\))} = /[0700) o(dy) exp (—yu (a,v(h)(1—e?))). (76)

Proof. Recall that A, = {I' > h} is a hereditary property on T. Thus, Rj,(75) = Ra, (T»). We then see that
a = Q¢ e (T\A, ) = Q¢, e, (I' < h). Then, recall that Q¢, ., (I' < h) = limy_,oc wx(h, ). Thus, (71) entails
the equality in (74). Then, Theorem 2.19 entails that R 4, (F) is a GW({;O‘), cg\a); uia})-real forest, and we easily

see that

(5,(\@)’ Cg\a)v /Ufi\a}) = (gu(h,)\)a Cu(h,\)» Nu(h,)\)) s

which proves the point (i).
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We next prove (ii). Theorem 3.3 asserts that the laws of the F » are are tight on T as A — oo iff for each
a, h € (0,00) the laws of the z{M (F2) A € [g,00), are tight on N as A — oo. If [ dr /(1) = oo, (65) entails
that limy_, o u(h, \) = oo, and since ¢ # dy, (75) implies that the laws of the Z((lh)(]?,\) are not tight on N as
A — oo, If [*dr/y(r) < oo, then limy_,o0 u(h, A) = v(h) < oo, and (75) implies (76), which proves that the
laws of the Z\" (F») are tight on N, and the proof of (ii) is complete.

We next observe lim o0 (§u(h,)s Cuh,n)s Bu(h,n)) = (Eo(h)s Co(h)s Ho(r))- Then, Lemma 2.17 applies, which
entails (iii). [

We can explore (ii) further, as follows: if we consider the special case when F \ and F )\ are related by leaf-length
erasure Iy (x, » .7-">\ = ]-",\0 for some h(A\g, A) > 0, for all A > Ao, we see from (74) that u(h(Ag, A), A) = Ao and
hence, by (65)

A dr A dr < dr
h(lg. \) = —— =: h(\ A .
(o, ) / ouya D) / W / i) MPeco),asd oo

We will show in Theorem 3.18(ii) that (]-',\),\20 converges to some limit Fin (T, ), if h(Ag, 00) < o0, and that
then Ry (y,, Oo).f’-: Fro- IF h(Xo, ) = 00, there is no limit in (T, d), so we might want to search for bigger
spaces where the increasing limit of F» can be taken. However, with h(Ap,00) = oo we would not be able to
recover F. A, from any limiting metric space F by leaf-length erasure, so this search seems doomed.

Theorem 3.18 Let o be a Borel probability measure on [0, 00) distinct from §y. Let): [0,00) — R be a branching
mechanism of Lévy-Khintchine form (57). We assume that 1) satisfies (59) and (67). We denote by q is largest root.
Let (2, G, P) be a probability space. For all A € [q,00), let Fx: Q — T be a GW (&), cx; pa)-real forest where
(&x, Ca, 1) Is given by (60). Then the following joint convergence holds true in distribution in D([0, 00), R) x T:

( (B2 F0) o 3 o ) — ((Z8acies F) - )

A—00

where the limit is as follows.

(1) The limiting forest Fisa (1, 0)-Lévy forest. We denote by P, , its distribution on T which only depends
on ) and o. Furthermore, we have Py« ,» = Py, , iff there exists k € (0,00) such that p*(\) = Y(kA)/k

and ¢* (dy) = o(dy/k).
(ii) Rp(F ) is a GW(&y (), Co(n); tho(n))-Teal forest.
(iii) The process Z¢ is a CSBP(¢), o).
(iv) limp_y0 ﬁZ&h) (F) = Z&, in probability, for all a € [0, c0).

In the present paper, the limit of F A serves as an implicit definition of Lévy forests. In this, we follow [13,
Section 5.1], which is consistent with earlier work [33, 11, 12], which originally defined Lévy forests in terms of
properties of height functions. Let us also mention the construction of Abraham and Delmas [2] by truncation of
super-critical Lévy trees and by a Girsanov formula.

Proof. By Lemma 3.17 (iii) and Corollary 3.4, limy_, o F N = F weakly in T and (ii) holds true. Moreover, the
last point of (i) is then a consequence of Theorem 3.16.

We next prove the joint convergence. To simplify notation, we set Y* = (+Z; (]? 2))ae[0,00)- Recall from
(73) that Y* converges weakly in ID([0, 00), R) to a CSBP(1), 0). Thus, the joint laws of the (Y*, F) are tight
in D([0,00),R) x T as A — oo. We want to prove that there is a unique limiting distribution by proving (iv)
for a possible limit. To that end, let us assume that along a sequence (\,),en increasing to co, the following
convergence holds in distribution in D([0, c0), R) x T.

(Vi F) = (v F). (78)
By a slight abuse of notation, we assume that Y and F are defined on (€2, G, P). We fix a € [0, 00) and h € (0, 00).
We know from Lemma 3.17 that Z\" (F», ) converges in law on N. Then the laws of (Zt(zh) (F,); YA Fy,) are
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tight on N x D([0, 00),R) x T. There is a increasing sequence of integers (n(k))ren such that the following
convergence holds in distribution in N x ([0, 00),R) x T.

(Zl(zh)(}:/\n,(m); YA ;o Fy . ) — (X; Y’ }N">. (79)

k—o0
Again, to simplify notation, we assume that X, Y’ and F' are defined on (2,G,P). Clearly (Y, f ’) and (Y, F)
have the same law. The J-continuity of R;, implies that limkﬁoo(Rh(]-}nW) }—An(k)) (Rn(F"),F') weakly
on T2. Moreover, F' is a (1), o)- Levy forest and by (i), Ry, (F') has the same law as ]—' (n)- Lemma 3.17 asserts
that, weakly on N x T, hmk_mo( P (.7:>\"(k)), Rh(]'—knm)) (Z*(}'U(h)) Fv(h)), which has the same law as
(ZF(Ru(F")): Ru(F)). Thus (X; Ry (F")) has the same law as (Z; (R, (F")); Rn(F’)), which implies that

P-as. X = ZI(Ru(F)) = ZM(F), (80)

the last equality being the definition of ZM. We next recall from (74) that Qty e (@ > h) = X tu(h,N).
We recall from (32) that conditionally given Z."(Fy), Abv (a, Fy) is distributed according to Qg ®Z1 (P2 Since
ztM (Fr) = (Mo(Abv (a, Fy)), 14r>p}), we know that conditionally given ZF (F»). the variable Z,gh (F») has

a binomial law with parameters A~ u(h, A) and Z;} (F,). Thus, for all @ € [0, 00) and all continuous bounded
functions f, we easily get

_ozM(F _ w(hy Ap(y) B Py 3
E [o—02¢ (Fxn(k))f()\ Z+(]—"An(k)))} =E <1A(k)()(16 9)) FOnl Zd Fani)

We then pass to the limit as k£ — oo to get

E [exp(—6X) f(Y;)] = E [exp (—o(h)Y, (1 — %)) F(Y)].

This entails that conditionally given Y, X is a Poisson random variable with parameter v(h)Y,. By (80), for all
K,e € (0,00), we get
> 5) =P (

P
This entails that for all @ € [0, 00), limj,_0 - (lh) z{M (F) = Y, in probability. This entails the uniqueness of the
limit for the joint laws, which completes the proof of the theorem. |

Z(F) = Yo Z(F) - ¥,

> a) < Zoli) +P(Y! > K).

v(h) v(h)

Almost sure convergence of growth processes. We turn now to the main result of this section, which asserts
almost sure convergence for growth processes and their branching processes. We only consider the most interesting
case when the limiting tree is not a GW-tree.

Theorem 3.19 Let (2, G, P) be a probability space and let j-:,\: Q — T, A € [0,00), be a growth process such
that P(Z§ (Fy) — o) > 0. Let (3, 0, 3) be the triplet governing the growth process as specified in Theorem 3.16
(II). We furthermore assume | dr/1y(r) < co. Then there exists a random CLCR real tree F: Q0 — T such that

Pas  lim § (R,f) ~0. 31

The random tree F is a (1, 0)-Lévy forest as defined in Theorem 3.18 and there exists a cadlag CSBP(1, o) denoted
by (Z2)ae(0,00) sSuch that for all a € [0, 00)

- — _— g+ - _— 7
P-a.s. Z2 = Al;rrgoﬁ( )Z (F)) = hlg(r)lJrv(h)Z (F) . (32)

Moreover, the same limits hold in L' if ¢/ (0+) and f[o 00) yo(dy) are both finite.
We expect this convergence to hold a.s. uniformly in a, but we have been unable to prove this. Standard martingale

methods do not appear to apply here.
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Proof. We keep the notation of Theorem 3.16: ]T'A is a GW(p(n), ca(n); p(n))-real forest, where for all A €

[g,00), (€, ¢, i) is given by (60). Lemma 3.17 asserts that for all a € [0,00) and all h € (0, c0), z{M (F)

converges in law as A goes to co. By Remark 3.14, Theorem 3.9 applies and there exists F such that (81) holds.
By Theorem 3.18, F is a (v, 0)-Lévy forest and there exists a cadlag CSBP(¥), ) denoted by (Z£),¢[0,00) Such

that for all a € [0, 00), limp, 04 ﬁZﬁh) (]7" \) = Z2 in probability and such that the following convergence holds
weakly on D([0, 00),R) x T

(Ga5) gy 5 ) 2 (@ 7).

We fix @ € [0,00) and we turn now to the a.s. convergence of the branching processes. We use the following

martingale argument. For all A € [0, 00), we denote by H the sigma-field generated by the variables ZF (]T' )

N € [\ 00). We then claim that (ﬁ ZF(Fr))re(0,00) IS @ nonnegative backward martingale with respect to

(Ha)re[0,00)-

Proof of the claim. We first fix A\, X’ € [0, 00), such that A’ > X, and we denote by Ty a GW(Es(n), cp(nry)-real
tree. We use the notation of Definition 3.13 and we denote by Ay »» C T the family of hereditary properties under
which the growth process is consistent. We then set

QNN = Qﬁ/ﬂ(,\/)ﬁﬂ(w) (T\A;,)\’) = Qﬁ/ﬁ(x/)ﬁﬂ(y) (T\A;)\’) :

The A,y -reduced offspring distribution is {E;X;)*/) = &g(r)» and a brief computation involving (35) and (60)

entails
BN
BN) -

Let G: T — [0, 00) be measurable and let n’ > n. We next compute

ayy =1-— (84)

B:=E [G (Abv (a, .%z\)) 1{Zj(.7-}/)=n’ s 24 (Fa)=n}

We recall from (32) that conditionally given the event {Z} (Fx/) = n'}, Abv (a, Fy/) is distributed as a forest
of n’ independent GW({g (1, cg(n))-real trees. By (24) in Lemma 2.11, Ra, (Abv (a, Fy)) = Abv (a, Fy).

Then, by Theorem 2.19, conditionally given the event { Z; (Fx/) = n'}, Abv (a, F) is a GW(Ea(x); ca(n); p)-real
forest where y stands for the binomial distribution with parameters n” and 1 — «x /. This implies the following:

B = P (25(Fx) =) Poyyepinis [ 12 =y C ]
+ ~ i n/ n' —n @n
P (Za (J—_.)\/) =N ) <’[’L> (1 - Oé)\y)\/) Oé)\,k/ Qgﬂ(k)vcﬁ()\) [G]

P (Z; (Fa) = n’) (n,
P (Z;f(]t}) = n) n

)(1 —ay\)" Al E [G (Abv (a,]?A)) 1 {Z;(fk):n}} .

We next fix the real numbers A\, > --- > Xy > 0, and the integers n, > --- > n; > 0, and for all
no € {0,...,n1}, we set
u(ng) =P (Z;r(f)\p):np; el Z:(JEM) =ny; Z;r(]?%):no) .

We now apply the previous computation to G(Abv (a, .773\1,71)) = 1{23(]7-%_1):%_1 oo 2 (Fag) =m0} N =X\,

n' =ny, A= A,_1andn = n,_; to get
P (75 (F\) =)
u(ng) = ’ ) ( " )(1 - a,\m,,\p)n’ﬂai\%_nﬂ X

— A
P (Zj(fxm) =np_1) \"p1 T

P (Z;(f/\p—l) =MNp—15---3 Z(j_(]‘z)m) = no) .
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This entails u(ng) = P(Zj(]?kp) =np) [l1<i<p (T;il)(l — oy )y 1”/\’“: Thus we get

n ny—mn — —
u(ng) = <n;)(1 —ay ) Al P (Z;“(]:Ap):np; L ZH (R = nl) . (85)
We now fix \’ > X and we denote by P, the set of events of the form
(ZF(F)2np5 5 ZH(Fa) > ), My Ap € [V, 00), i, .oy €N, pe N

Clearly P,/ contains (2, it is stable under intersection and it generates Hy,. Moreover, (85) with A = Xy and
A1 = X, easily entails that for all n € N, and all A € Py,

2§ (Fy) .

A monotone class argument entails that the same equality holds for all A € H .. Thus, forall A € H .

E {Z:(]?/\)lA} - Z E ( }—N)) (I —ay ) "ay Agfy) 1A1

n>0
_~ E [(1 — o) ZF (fx)lA} = 5&))

by (84), which immediately implies the claim. O

E [Z;(f/\’)lA} ,

The theorem of almost sure convergence of nonnegative backward martingale implies that for every sequence
(An)nen that increases to oo, P-a.s. lim,, 300 )\ ZF(Fy, ) exists. Then, the joint convergence (83) also implies
that the limiting r.v. is necessarily P-a.s. equal to Z 9

By (66), if both ¢’(0+) and f Y (dy) are finite, then Z2 is integrable. Standard results on backward

martingales then entail that for all A 6 [0 ), 3 ( b ZF(Fy) is integrable and that

]:0.

Since 8 may have jumps, additional arguments are required to get the ﬁrst equality in (82), which is proved
so far only along a subsequence. To simplify notation, we first set X = B( By (]-' \). Then, we fix € € (0, 00)

lim E

A—00 |: ﬁ()‘ ZJF(JT_.)\)

and A* € (0,00) such that S(A*) > 0. We recursively define an increasing sequence (A, ),en that tends to oo
by fixing A\g > A* and by setting A\, 11 = inf{\ > \,: log B(A\) > ¢ + log 8(A,+)}. Then observe that for
all \, N € (A\n, Ang1), €€ < B(N)/B(N) < €. Since the growth process is <-non-decreasing, (48) entails that
P-as.foralln € N, forall \, \', X\’ € (A, A\p11) such that A < XA < N,

e X < X\ <ef Xy

For all A € (0,00) we also define the sigma-field Hx— = (,,., H and we also denote by H, the sigma-
field generated by (J,,- , Hx. We next fix a sequence (h,),en that decreases to 0. By standard arguments for
nonnegative martingales and for nonnegative backward martingales, we get the following: P-a.s. foralln € N,

E[X,-

,H)\",] = lim X)\n,hp = X)\”, and E[X,\* HX,L+] = lim X/\n+hp = X)\”+ .

p—roo p—ro0
Now observe that (X, —)nen and (X, +)nen are positive backward martingales with respect to the backward
filtrations (Hx, — )nen and (Hx, 4+ )nen. So, they both converge P-a.s. By Theorem 3.9, F_j,, converges P-a.s.,

as p — 0o. We denote the limit by F A—- By Lemma 2.17, observe that (X _ s F A_hp) converges in distribution
to a GW(Eg(a—), c3(r—)> Ha(r—))-real forest as p — oo. Moreover, Theorem 3.18 applies to such laws, which
implies a joint weak convergence that is similar to (83) with the left-limit process instead of the normal one. This
easily entails that P-a.s. lim,, o X, — = Z¢. A similar argument also implies that P-a.s. lim, . X, + = Z¢.
This proves that for all € € (0, c0), there exists an event 2. € F of probability one on which the following

holds true: X, , X, + and X _ tend to Z¢ as n — oo, and
Vn eN, VA e P‘vu)\n—HL e * min(X)\nJr’X)\ X

n? n+1) <Xy<ef maX(XAnﬂ*’ X/\n7 X/\n+1 )

Thus, on Q., e 22 < liminf) ;oo X < limsup,_, ., X < e°Z2. This easily entails the first equality in (82).

26



It remains to prove the assertions concerning Z, (h) (.f ). To that end, recall from (68) the definition of the
function v that is continuous decreasing from (0, 00) to (g, 00). We denote by v~ lits inverse and for all A € [0, c0),
we set F} N = Ro-1(g140) (.7-' ). It clearly defines a growth process that §-converges to F. This process is governed
by a triplet of the form (¢, o, ') with 8/(\) = ¢ + 1 + A. Now observe that for all a € [0, 00) and all & such that

v H(1+q) > h >0,
1 ~ 1 ~
s Z(F) = o 2 (] :
D= gam g% Fo-icd)
We now apply the first equality in (82) to that specific growth process to obtain the second equality in (82). |

As an application of the previous results on growth processes, we first state a simple characterisation of Lévy
forests that is used to derive limit theorems of GW-forests to Lévy forests.

Theorem 3.20 Let (Q, G, P) be a probability space. Let F: Q=T be a random CLCR real tree. We assume that
P(F # Y) > 0 and that for all sufficiently small h € (0,00), Ry (F) is a GW-real forest. Then, the following
holds true.

(a) Either P(Zg‘(]?) < o0) = 1 and F is a GW-real forest .
(b) OrP(ZF (f) =o00) > 0and F is a Lévy forest as in Theorem 3.18.

Proof. First note that P(R;,(F) # T) > 0, for all sufficiently small h. Let hq be such that for all i € (0, ho),

Ry, (F) is a GW-real forest such that P(Rj,(F) # Y) > 0. Then, for all A € [0, 00), we set Fy = Rhoe—x(}")

Clearly, (F) Ae[0,00) is a growth process. We then apply Theorem 3.16. Namely, since Z (.7-" \) = Z, +(]—' ), either
P(Z, F(F) < 00) = 1 and the growth process is as in Theorem 3.16 (I): by Lemma 2.17, F converges in law to a
GW-forest as A — oo, which implies that  is a GW-real forest. Or P(Z{ (F) = 00) > 0, and the growth process
is as in Theorem 3.16 (I1): the growth process is then governed by a triplet (1, o, 3). Since the laws of the F ) are
tightin T as A — oo, Lemma 3.17 (ii) implies that [ dr/1(r) < oo, and Theorem 3.19 implies that FisaLévy
forest. |

Theorem 3.20 allows us to strengthen Lemma 2.16, as follows. Recall from Section 2.3 the definition of the
sigma-field B, ;.

Theorem 3.21 Let Q) be a Borel probability measure on T. We first assume that Q(0 < D < oo) > 0. We also
assume that for all a € [0,0), Q(Z} < 00) = 1. Then, the following assertions are equivalent.

(i) Forevery a € [0,00), the conditional distribution given Z; of Abv (a, -) under Q is Q®Z:
(ii) For every a € [0, 00), the conditional distribution given Bq. of Abv (a,-) under Q is Q®Za .

(iil) Q is the distribution of a GW(E, ¢)-real tree, for a certain ¢ € (0,00) and a certain proper conservative
offspring distribution &.

Proof. If we assume (iii), then a — Z; is cadlag Q-a.s., hence Lemma 2.16 applies and we get (ii) and (i). It
remains to prove (i) = (iii) without assuming, as in Lemma 2.16, that a — Z is cadlag Q-a.s. To this end, first
note that (i) implies Q(Z; = 1) = 1, as in the proof of Lemma 2.16 in Appendix C.2. Next, observe that T > D
on T\ {T}, and recall from Lemma 2.5 that limj_,o D o R, = D. Thus, there exists hy € (0, c0) such that for all
h € (0,ho), Q0 < Do Ry < o0) > 0and g, := Q(T > h) > 0. Then it makes sense to define @}, as the law of
Ry, under Q( - |T" > h) and we have proved that Q5 (0 < D < oo) > 0. Next, observe that a — Z; o Rj, = Z(Sﬁ_)
is cadlag Q-a.s., which implies that a — Z is cadlag Qp-a.s.

Let us show that @}, satisfies (i). Let us fix a € [0,00), n € N\ {0} and a measurable function G: T — [0, c0).
The property (i) for @, (24) and arguments similar to those used in the proof of Theorem 2.18 imply the following

Qn 1550y G(Aby (a,.))] - ¢'Q [1{Za+oRh:n}G(Abv (a,Rh))}

= q}jl Z Q [1{ZJ:N;ZJOR;L:n}G(Rh(Abv (a, )))}

N>n

= 0" Y QL@ [Lzton, - O

N>n
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=it Y @z =N )1 ) QR 6 = Qu(z = meit 6],

N>n

This implies that @y, satisfies (i). Then Lemma 2.16 implies that ), is the law of a GW-real tree. Thus, for any
h € (0, hg), Ry, under @ is the law of a GW-real forest and since Q(ZS' = 1) = 1, Theorem 3.20 entails that @ is
the law of a GW-real tree, which completes the proof. |

3.4 Invariance principles for GW-trees.

In this section we apply the tightness results of Section 3.1 and the previous results on Lévy forests to obtain
limit theorems for discrete GW-real trees. We consider two asymptotic regimes: we first discuss convergence in
distribution to GW-real trees and we next discuss convergence to Lévy forests.

Notation. Unless the contrary is explicitly mentioned, all the random variables are defined on the same probability
space (2,G,P). Forallp € N,

— &P = (&P (k))ken is an offspring distribution such that £7(1) < 1,

— vP = (WP(k))kez is given by vP (k) = &P(k+ 1) if k > —land vP(k) = 0if k < —1,

— P = (uP(k))ken is a probability distribution on N such that p?(0) < 1,

— (Y)ken is a discrete-time GW-Markov chain with initial distribution p” and offspring distribution £P.

Discrete GW-real trees and forests. We modify the lifetime part of Definition 2.14 and say that a T-valued random
variable 7T, is called a discrete GW({P)-real tree if its distribution @) satisfies

Q [Lx=n}G()g(D)] = £ ()Q®"[Gg(1) .

This is just a way to view graph trees as metric spaces by joining the vertices by intervals of unit length. Now
let 7,(n), n > 1, be independent copies of T,. Let N, be an N-valued variable with law p?, independent of
(Tp(n))n>1. We then set

Fp 1= ®1<n<n, Tp(n) ,
with the convention that fp =T if N, = 0. Then, .fp is a random forest of IV,, independent discrete GW(£P)-real
trees.
Tree-scaling. The main purpose of this section is to obtain convergence in law of ]?p when suitably rescaled. More
precisely, let ' € T and ¢ € (0,00); let (T, d, p) be a representative of T'. Then, (T, cd, p) is a CLCR real tree
and its pointed isometry class only depends on 7" and ¢: we denote it by ¢T'. Note that the function (¢, T') — ¢T is
continuous.
Notation. The symbol * stands for the convolution product of measures on R. For every measure m on R, we set
m*! = m and for all n > 1, we set m*™ D) — m s m*n, Also, || stands for the integer-part function.

Convergence to Galton-Watson trees. We first state a convergence result for GW-Markov chains that are
rescaled in time but not in space. This result is quite close to Grimvall’s [21, Theorem 3.4] that is actually a
limit-theorem for GW-chains that are rescaled in time and space. Since it is not explicitly written in [21], we state
it here as a lemma: its proof can be adapted in a straightforward way from that of [21, Theorem 3.4] that strongly
relies on [20, Theorem 2.2'] (whose proof also extends to our setting).

Lemma 3.22 Let (7y,)pen be a positive sequence converging to cc. Then, the following statements are equivalent.

(i) There exist a probability measure v on Z with v(0) < 1 and a probability measure p on N with (0) < 1,
such that the following two limits hold in law as p — oo.

(wPywl —p and p? — .
(i) The one-dimensional marginal distributions of (YffY ol )ac0,00) converge to those of an N-valued process
p
that is not constant.

(iii) The process (lei/ a J)ae[o,oo) converges weakly on D(]0,0),R) to a continuous-time N-valued Galton-

Watson branching process that is not constant.
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Remark 3.23 Assume that (i), (ii) and (iii) hold true. Note that v has to be an infinitely divisible distribution on
Z. Then v # & is the law of X, where (X¢)¢c[0,o0) is @ compound Poisson process with holding-time parameter c
and jump law 7, a probability measure on Z\{0}. Denote by (X} )xen a random walk with jump law /7, and initial
state X!’ = 0. Standard arguments imply that (Xf%tj )te[o,00) converges weakly on D([0, 00), R) to (X¢)se0,00)-
Since we deal with integer-valued processes, the joint law of the first jump-time and the size of the jump of X7?
converges to that of X. The assumptions on v first imply that the support of 7 is included in {—1,1,2,...}. If
we set (k) = w(k — 1), k € N, then it is easy to see that £ is the (proper and conservative) offspring distribution
of the continuous-time N-valued GW-branching process mentioned in (iii) and that c is its lifetime parameter. The

previous joint convergence then entails that for all k € N,

Jim (k) = &£(k), lim pP(k) = p(k),  lim (1= €P(1) = c, (86)
where &%, (k) = € (k) /(1 — €(1)) if k # 1 and €%,(1) = 0. 0

The previous result is used to derive the following limit theorem. Recall that fp stands for a random forest of
N, independent discrete GW({P)-real trees and that IV, has law pP.

Theorem 3.24 Let (7, ),en be a positive sequence converging to co. We assume that the one-dimensional marginal
distributions of (Z; (%fp))ae[o,oo) converge to those of an N-valued process that is not constant. Then, there
P

exists a GW(&, c; w)-real forest F, asin Definition 2.14 with 11(0) < 1, such that

((Z“+ (%’ﬁp))ae[O,oo) ; 7117]?17) p(li%;o ((Z;r(]?)>ae[o,oo) ;]?> ’

weakly on D([0, c0), R) x T. Moreover, (86) holds true.

Proof. First observe that Yk’,’ = Z,:C{p (%}'p), k € N, is a GW(&P)-Markov chain with initial distribution p?.
Thus, Lemma 3.22 (i), (ii) and (iii) hold true.

We first prove convergence for single GW(£P)-discrete trees 7~;. This corresponds to the case where pP(1) = 1,
to which Lemma 3.22 also applies. Thus, (Z;(%pﬁ))ae[o,oo) converges weakly on D([0,00),R) asp — oo to a
continuous-time GW(&, ¢)-branching process whose initial value is 1. Moreover, £ is proper and conservative and
(86) holds true. Since continuous-time GW-branching processes have no fixed-time discontinuity, convergence
of finite-dimensional marginals holds true. This entails the tightness of the laws of %7;,, p € N, since for all

a,h €[0,00), Zéh)(%ﬁ) < Z(f(%ﬁ), and by Theorem 3.3.

We next want to prove that the real trees %’73 converge weakly to a GW(¢, c¢)-real tree by showing that every

D

weak limit satisfies the branching property of Theorem 3.21. To that end, observe first that the joint laws of
(Z;r(%ﬁ))ae[o,oo) and %T , are tight on D([0, 00),R) x T. Let (Y4)ae[0,00) and T be such that

((Z‘j ('Y:(k) 7~;(k)»ae[o,oo) ; V;mﬁ(k)) e <(Y“)“€[0’°°) ’%) ®7)

weakly on D([0, 00), R) x T along the increasing sequence of positive integers (p(k))xen. Without loss of gener-
ality, by the Skorohod representation theorem (and by a slight abuse of notation), we can assume that (87) holds
almost surely. To simplify notation we set T}, = %@)7;( k)- Thus, we assume that

((Z;(Tk))ae[o o Tk) — ((Ya)ae[m) ;%) as. in D([0, 00), R) x T. (88)
We first claim that _ _
p (ZS“(T) - 1) =1 and P (0 <D(T) < oo) =1. (89)

Proof of (89). We first use the following standard result on Skorohod convergence for N-valued cadlag functions:
by (88), the first jump time and the value at the first jump time of the processes Z(T},) converge a.s. to the first
jump time and the value at the first jump time of the process Y. Observe that since Z; (Tj) = 1, we get

D(Ty) = inf{a € [0,00): Z}(Tx) #1} and k(Tj) = Z;(Tk)(’f‘k.) .
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Then, if we set D’ = inf{a € [0,00): Y, # 1} and k’ = Y, the previous arguments and the continuity of Abv
entail that _ _ _
D' = lim D(Ty), k = lim k(T}) and Abv(D',T)= d—klim I(Tg). (90)
—00

k—o0 k—o0
Since Y is a GW(, ¢)-branching process, D’ and k' are independent, D’ is exponentially distributed with mean
1/c and k' has law & that is proper and conservative. Thus, 0 < D' < oo and k’ # 1 a.s.

Let (T}, dk, pi) be any representative of T}, and let (T, d, p) be any representative of 7. Then, P-a.s. for any
fixed r € (0, D’), for all sufficiently large k the closed ball B, (px,7) rooted at py, is equivalent to the interval
[0, 7] rooted at O and since 6(Tx,7) — 0, the closed ball Br(p, ) rooted at p is also equivalent to the interval
[0, 7] rooted at 0, which implies that Z; (7) = 1 and D(T) > r. This proves that

P-as. D(T)>D' >0 and Z5(T)=1. 91)

It remains to prove that D(’i’) < o0 a.s., and by (91), this boils down to proving that T is not the pointed isometry
class of a half-line rooted at its finite end. If k" = 0, then for any » > D’, (90) implies that for all sufficiently
large k, k(T}) = 0, which implies 9(T) = Y and thus Abv (D’,7) = Y. Consequently, if k’ = 0, 7 is not the

pointed isometry class of a half-line rooted at its finite end, and therefore D(7~') < o0.
Since k’ # 1 a.s., it only remains to consider the case where k’ > 2. To that end, we first prove that

P-as.on {k' > 2}, limsup D(9Ty) > 0. (92)

k—oco

Indeed, first note that for any £ € (0, c0), 1{lim supy ... D(0Ty)<e:k'>2} < liminfg_ 1{D(19'Tk)§s;k(Tk)Z2}'
This inequality combined with Fatou lemma entails

P (limsup DWTy) <e; kK > 2) < hmlan( DWTy) < e k(Ty) > 2) .

k—o0

Now observe that P(D(ﬁ’i‘k) >e; k(Tg) > 2)=E [P(D(’Tk) > s)k(Tk)l{k(Tk)»}] , by the branching property
for discrete Galton-Watson trees. This, combined with (90) entails that B

lim P(D(WTy) > e; k(Ty) >2) =Y (e7%)"¢(n) —— 1-£(0)—¢(1)= lim P(k(Tx) >2) .

k— k—
00 n>2 e—0 e’}

Thus, lim. 0 limy,_0o P(D(¥Ty) < &; k(T}) > 2) =0, which implies (92).
Then, denote by (77,d’, p) a representative of Abv (D', T). By (92), a.s. if k' > 2, there exists r > 0 such
that D(19Tk) > r for infinitely many k, and (90) implies that the closed ball B (p,r) is equivalent to k” copies

of [0, 7] glued at 0. It implies that 7 is not a half-line and thus, D(7) < co. This completes the proof of the claim
(89). 0

We next denote by @ the law of T . Then, (89) can be rephrased as
Q(Zf =1)=1 and Q(0<D<x)=1. (93)

Let us also denote by Q1) the law of T),. We fix a € [0, 00) and for all k € N, we set ay, := [Ypeyal /Yoy = @
as k — oo. Let G1,G2: T — [0, 00) be continuous and bounded. First observe that

®Z} (T)

E {Gl (Blw (ak,'i‘k.)> Gs (Abv (ak,'i‘k)” —E {Gl (Blw (ak,'i‘k)> Q" [GQ}] :

by the branching property for discrete Galton-Watson trees. As k — oo, (88) and the continuity of Blw and Abv
stated in Lemma 2.3 imply that

QIG (Bl (a,))Ga(Abv (a,))] =E|[G1 (Blw (a, 7)) G2 (Abv (0, T))] =E[G1 (Blw (a, T)Q®*[Ga]] . 94)
This equality extends to all nonnegative measurable functions G; and Gs. Since Q(Z; = 1) = 1, (94) with
G1 = 1and Go(+) = f(Z{ () first implies Q[f(Z})] = E[f(Ya)]. This first proves that Q(Z;} < o) = 1 for
any a € [0, 00), and it also entails for any measurable functions G : T — [0,00) and f : N — [0, 00) that

Q[f(Z)G(AbY (a, )] =B [f(¥)Q® [6]] = Q [£(Z1)Q°% [c]] .
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Therefore, the conditional distribution given Z; of Abv (a, - ) under Q is Q®Za+ .

We thus have proved that Theorem 3.21 applies to @ that is therefore the law of a GW(¢, ¢/)-real tree. Since
Y, under P has the same law as Z; under @, we easily get (¢',¢') = (£, ¢).

Since 7 is a GW(, ¢)-real tree, a — Z+(7') is cadlag and it has no fixed discontinuity. Thus, for any
a € (0,00), this process is left-continuous at time a a.s., and ZF (7~') is equal a.s. to a measurable functional G
of Blw (a, 7). The previous arguments and (94) entail that for any a € [0, 00), Z} (F) = Y, a.s., and since both

processes are cadlag, we get Z +(7~') =Y a.s. This proves the uniqueness of the limit in the joint convergence and
it actually proves the theorem in the case of single trees, namely when p? = §1, p € N.

Let us prove the general case. Denote by @), the law of 1 T Let F': D([0,00),R) x T — R be bounded

and continuous for the product topology. We proved that | F' Z*( T):; T)Qu(dT) — [ F(ZH(T); T)Qe.o(dT).
Now observe that for any k € N,

/ F (Z*(T) ) QEF(dT) = / F (z%(ﬁ) b4 ZY )T ® Tk) Q¥ (dT, ... dTy,)
T Tk
Since k independent continuous-time GW-branching processes have distinct jump times a.s., we get
lim | F (Z_*(fl) bt 2T T ® - @iﬁk) QE*(dT, ... dTy) =
p—00 [k
= / F (Z%(ﬁ) + e+ 2T M) T @ ®fk) QE¥(dT ... dTy)
Tk ’
— [F (2D T) Qgh(al)
T
This implies the following:

Jm B[F (2 (55) 14 5)] = Jim Yww [F(2D):T) otub

() [ F(22(7): T) Qgid).

|
N

which completes the proof of the theorem. |

Convergence to Lévy forests. We consider now the convergence of GW-trees to Lévy forests. In these cases,
the profiles of the trees are rescaled in time and space. More precisely, we make the two following assumptions.

(A1) There is a positive sequence (7y,)pcn converging to oo, such that the process (pYLv u J)ae[o,oo) converges

weakly on D([0, 00), R) to a CSBP(¢), p), where p({0}) < 1 and f0+ (w(r))— = o0.

(A2) Set &, = inf{k € N: Y(p = 0} and denote by £ the extinction time of a CSBP(), p). We assume that

- wcér) < oo and that —6 — &, weakly on [0, o0}, as p — oo.

Grimvall [21, Theorem 3.4] asserts that (A1) is equivalent to the following weak convergence on R:

. *pYp] .
zﬂ’(;) — v and ,up(;) — 0,

p—o0 p—o0

where v is an infinitely divisible spectrally positive law such that fR e %y(dx) = e¥®). Analytic necessary and
sufficient conditions equivalent to such a convergence can be found for instance in [25, Theorem 11.3.2].
If we assume (A1) and f o dr y < 00, then we can show that (A2) is equivalent to the following

o P
lim inf (wgim (0)) >0,
where ¢, stands for the n-th iterate of p¢er. We leave the details to the reader (see also the comments following
[11, Theorem 2.3.1]). Let us mention that (A1) implies (A2) when = ¢, for all p € N. In this case, v is
necessarily a y-stable branching mechanism, namely () = A7, v € (17 2] (see [11, Theorem 2.3.2]).

We now state the main result of the section. To that end, recall from (65) and (68) the notation u(a, ) and
v(a), recall from Theorem 3.18 the definition of Lévy forests and recall that ]?p stands for a random forest of IV,
independent discrete GW(£P)-real trees, where IV, has law piP.
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Theorem 3.25 Assume (A1) and (A2). Then, there exists a (1), p)-Lévy forest F and a CSBP(v, o) denoted
by (Z8)acjo,00) Such that for all a € [0,00), P-a.s. limp o4 U(lh)Z(h)(]:) = Z¢, and such that weakly on
D([0,00),R) x T,

<( Zd (VP]: )>a6[07oc) ; 71p]: ) If]—a:;o <(Zg>a€[0=00) ) ]:) : 95)

Remark 3.26 We first mention that a closely related result has been proved by quite different methods in [11,
Theorem 2.3.1 and Corollary 2.5.1]: this result only deals with critical or sub-critical GW-trees, however the
convergence holds for the contour process, which is a stronger convergence. Note that in the super-critical cases,
the contour process is not a well-suited approach. g

Remark 3.27 As noticed in [11], (Al) and (A2) are in some sense the minimal assumptions under which the
convergence (95) holds. Indeed, (A1) and f < 00, do not necessarily imply (A2): see [11, pp. 60- 61] fora

w( )
counterexample. Note that (1), 0)-Lévy forests can only be defined as locally compact real trees if [~ ) < o0.
Moreover, if we assume (Al), [ > wd(;) < 00 and .F — F, then, by the §-continuity of I, the total heights
converge too, which implies (A2). 0

Proof. Recall that ’T stands for a single discrete GW(£P)-real tree and observe that Z (%’7;,), is a discrete-time
GW(£P)-Markov chain whose initial state is equal to 1. For all a, 6, h € [0, c0) and all p € N, we set
up(a,0) = —plog E[exp(—}%ﬁZj(W—lpﬁ))} and  v,(h) = —plogP(T ( Tp) <h).

P
Next, observe that Ykp =7 ;'% (7—11]]?,,) k € N, is a discrete-time GW(£P)-Markov chain with initial distribution
1P, to which (A1) and (A2) apply. Then, by (A1),
pur (exp(—3up(a,0))) = E [eXp(**Wﬁf)aJ)} > Jig,00) 0(dy) e v (@0

p—o0

and by (A2) and (70), we get

pur(exp(—3vp(h)) =P(5-E, <h)  — [, ) oldy)e ™).

p—o0
We next use the following basic result (known as the second theorem of Dini).

(R) Let f,: [0,00) — [0,00), p € N, be a sequence of monotonic functions converging pointwise to a continu-
ous function f. Then the convergence is uniform on every compact interval of [0, 00).

We first note that the functions f,(0) = ¢,»(e~%?) and f(0) = f[o 00) o(dy)e~% are strictly monotonic and

continuous, so that the inverses f, ! converge to f~! pointwise on the interval (o({0}), 1]. Hence, for all a, €
[0, 00) and for all h € (0, c0), we get up(a, 8) — u(a, ) and v,(h) — v(h). Next observe that u, is monotone in
each component and that v, is non-increasing. Thus, by (R),

(ap,Op, hp) — - (a,0,h)€[0,00)?x (0, 00) = u,(ay,0,) - u(a, ) and wvy,(hy) - v(h).  (96)
e’} p—00 p—oo
We next fix h € (0,00) and we set ]?;‘ = R,n (fp) It is easy to see that f;j is a forest of discrete GW-real

trees as defined at the beginning of the section. We want to apply Theorem 3.24 to ]2? To that end, first denote
by &}, its offspring distribution and by 4 the law of the number of trees in this forest. We do not need to compute
them explicitly to see that £ (1) < 1 and 4 (0) < 1. Next fix a € [0, 00) and observe that conditionally given
YP = thaJ () = n, the law of Zfr ol (FI) is binomial with parameters n and P(I(7,) > [y,h]). To
simplify notation, we set hy, = [y,h]/7,, which tends to h as p — oo, and we define ¢, (h, ) € [0, o) by

exp(—1a,(h,0)) = P(D(T,) < [ph)) + e "P(D(T;) > [3ph]) = 1—(1—e?) (L—exp(—Lv,(,))).

By (96), ¢, (h,0) — v(h)(1 — e~%) and E[exp(—GZJ(%fg))] — Jio.00) o(dy)e~ve(av(m(1=¢"") Theorem
3.24 applies and the following convergence holds weakly on ID([0, c0), R) x T:

(2 EEacioor 2F8) = (25 Factomr F) -

p—o0
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Here, it is easy to see that Fhis a GW(&u(h)s Co(h); Ho(n))-real forest, where we recall that the one-parameter
family of laws (&y, ¢, pa) is derived from ¢ and o by (60).

Now observe that (R, (L F,), =F") < . Moreover, for each fixed a, there exists a random variable
Yoo P T P Tp

Ap: Q — Nsuch that A, > Zj(%f[f) —Zéh)(%fp) >0, and s~uch that conditionally given ZEL%GJ (%fp) =n,
the law of A, is binomial with parameters n and P(hp < F(%ﬁ,) <hp+ %), which tends to 0 as p — oo, by

+
[vpal

all h € (0,00) and all a € [0, ), (Z((lh)(%]?p) §Rh(71p]?p)) converges to (Z} (F"); F) weakly on N x T, as
p— 00. _ ~ ~
Let F be a (v, 0)-Lévy forest. Theorem 3.18 (ii) asserts that Rj,(F) and F" have the same law for all

h € (0, 00). Then, by Corollary 3.4, ,Y—lp]?p —F weakly on T as p — oo. Thus, we have proved

(96). Since the laws of the random variables Z (%f;}) are tight, we get A, — 0, in probability. Thus, for
P

LF L md (2R ()

Tp p—r00

(Z8M(F); Ru(F)) . 97)
p—o0

Then, note that the laws of ( (%Zi(%ﬁp))ae[o,w) ; %fp), p € N, are tight on D([0, 00), R) x T. Let (p(k))ken
be an increasing sequence of integers such that

((p(ll@)Z?f (ﬁfp(m))bemm) ; V,@,1<,&.)J%p(k>) B ((Wb)be[o,oo) ; f) (98)

k—o0

where (W4)pe(0,00) is @ CSBP(1), ). By Theorem 3.19, the proof of the joint convergence will be complete if we

show that for each a € [0, ), Z yj_) (F) — W, in probability as & — 0. To that end, first note that by (97), there
exists an increasing sequence of integers (k¢ )¢y such that the following limit holds true weakly on N2 x T

<h>1~>.1+<1~>.1~)
Zq F ; ZH | —7F ; ——F, — (X W, F).  (99)
( i <'7p(kz) PR ) plke) Vp(ke) pike) Vp(ke) pke) =00 ( N )

The §-continuity of R, and (97) imply that (X, Ry, (F)) and (Z((Lh) (F), Ry (F)) have the same law, which implies
that X = Z((zh)(]?) a.s.

Next, observe that the conditional law of Zt(lh)(%]?p) given Z (%]T},) = n, is binomial with parameters n
and P(T'(7,) > vph+7pa—|7pa]). Previous computations and (99) imply that for all § € [0, co) and all bounded
continuous functions f,

E e—ezg’”(f)f(wa)] - E [e—wav(h)(l—e*")f(wa)} _

Thus, the conditional law of Z{") (F) given W, is a Poisson distribution with parameter v(h)W,. This implies
that for all @ € [0,00) and all h, K, e € (0, 00),

o~
P([W, — 5352 (F)| > €) < =i + P(W, > K)

which implies the desired result. |

A Proofs of preliminary results on real trees.

Let us first recall basic results on the Gromov-Hausdorff metric (in the context of real trees). Let (T, d, p) and
(T",d', p") be two CLCR real trees and let € € (0, 00). A function f: T'— T" is a pointed e-isometry if it satisfies
the following conditions.

@ f(p)=r"
(b) dis(f) :=sup{|d(o,s) —d'(f(o), f(s))]; 0,8 € T} < e. This quantity is called the distortion of f.
(c) f(T)isace-netof T'. Namely, every point of 7" is at distance at most ¢ of f (7).

The following lemma is a translation into our tree context of [7, Corollary 7.3.28].

Lemma A.1 If dcpet(T,T") < ¢, then there exists a pointed 4c-isometry from T to T". If there exists a pointed
e-isometry from T to T", then dcpet (T, T') < 4e.

Recall (2) that gives the height of the branch point of two points o,s € T. If f: T'— T’ is a pointed e-isometry
then, (2) implies that
Vo,s €T, l|d(p,oAs)—d(p,f(o)A f(s)] < 3e. (100)
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A.1 Proof of Lemma 2.3.

Observe that for every CLCR real tree (T, d, p), Blw (a, T') is compact and that the ball of centre p with radius r of
Abv (a,T) is equal to Abv (a, Br(p,a + r)). Thus, without loss of generality, we only need to consider compact
real trees.

For all a,b € (0,00), we easily see that dcpet (Blw (a,T), Blw (b,T)) < |a — b|. Assume that (T",d’, p')
is a compact rooted real tree. The definition (4) of dpct easily entails that dcpe(Blw (a,T),Blw (a,T7)) <
30cpet (T, T") for all @ € (0, 00). Thus,

Sepet (Blw (a, T), Blw (b,T")) < |a — b| + 38 cpet (T, 1) ,

which entails the joint continuity for Blw .
Next, define the following pseudo-metric d, on T' x T' by

do(o,s) =aVd(p,o)+aVd(p,s)—2(aVdp,oAs)) (101)

and say that o = s iff d, (0, s) = 0. Let p, be the equivalence class of p. Then, (T'/ =4, ,dq, ps) is isometric to
Abv (a,T). Note that 0 < d(o, s) — du(0,s) < 2a, which easily implies that the canonical projection from 7" to
T/ =4, is a 2a-pointed isometry and by Lemma A.1, we get d¢pet (T, Abv (a, T)) < 8a. Since Abv (a1+az2,T) =
Abv (a1, Abv (az,T)), we easily get

Va,b € [0,00), dcpet (Abv (a,T),Abv (b,T)) < 8la—1). (102)

Let (T7,d', p’) be a compact rooted real tree and let ¢ > d¢pet(7,7”). Lemma A.1 implies that there exists a
4e-pointed isometry f from 7" to 7" and (101) and (100) entail |d, (o, s) — d,(f(o), f(s))| < 20e, forall o, s € T.
An easy argument shows that f induces a pointed 28z-isometry from Abv (a,T) to Abv (a,T”). By Lemma A.1
and (102) we get

Va,b € [0,00), bepet (Abv (a,T),Abv (b,T")) < 1128cpet(T,T") + 8la — b|,

which completes the proof of Lemma 2.3 |

A.2 Proof of Lemma 2.4.

Proof of Lemma 2.4 (i). First note that for all a, h € [0, 00) and every CLCR real tree T, Z, (T') = (M, (T))
and Zc(fj_) (T) = (M4(Rp(T))). Next, observe that M,(T') = My(Abv (a,T’)). So we only need to prove that
M is measurable. The definition of § entails that we only need to prove that the restriction of Mg to (Tcpet, Ocpet)
is measurable. To that end, we first prove the following claim.
Claim 1. For all bounded Lipschitz functions F': Tcpe — [0,00) and ¢: [0, 00) — [0, 00), with ¢ vanishing in a
neighbourhood of 0, and for all sufficiently small & € (0, c0),

(MooRp)(+), F-¢pol): Tepet —> [0,00) is Borel-measurable. (Claim 1)

We first prove that Claim 1 implies the desired result. For all T € Tepes, set G (T) = F(T)¢(I(T)) and say that
G is C-Lipschitz. Let hy € (0, 00), be such that ¢(y) = 0, for all y € (0, hg). Observe that for all h € (0, ho/2),

VT € Tepet s |(Mo(Ri(T)), G) — (Mo(T),G)| < Ch#2"/*(T) — 0  ash — 0.

By Claim 1, (Mo(-), G) is measurable and a monotone class argument shows that T — (M(T), F - ¢ o T') is
measurable for all bounded measurable F': Tcpee — [0, 00) and for all bounded Lipschitz ¢: [0,00) — [0, 00)
vanishing in a neighbourhood of 0. Let ¢,,: [0,00) — [0,00), n € N, be a sequence of such functions such that
¢n < ¢ny1 and sup,,cy ¢n = 1(p,00). By monotone convergence, (Mo( ), F) = limy, oo (Mo(-), F - ¢pp o T),
that is therefore measurable. Thus, M, is measurable and Claim 1 entails Lemma 2.4 (i). O

To prove Claim 1, we prove Claim 2 that is stated as follows. Fix hg > h > 0. Fix ¢: [0,00) — [0,00) a
bounded Lipschitz function such that ¢(y) = 0, for all y € [0, hg]. Fix F': Tqper — [0, 00), a bounded Lipschitz
function. Let (7, d, p) be a compact rooted real tree. Then, for all u € [0, h), we set

U, (T) = (My (Rp(T)), F - $oT) .

Denote by (1},d,0;), j € J, the subtrees of Ry (1) above level u. Then U, (T) = djed F(ﬁ)(b(F(ﬁ)) We
then set
A(T) :={d(p,0); 0 € Br(Ry(T)) ULL(RL(T)) } .
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Note that A(T) is a finite set. Then, we claim that
VT € Teper s Yu € (0, RWNA(T), W (T") = W (T)  as 8eper(17,T) — 0. (Claim 2)

Let us first prove that Claim 2 implies Claim 1. To simplify notation, we write G = F' - ¢ o I' and note that G
is C-Lipschitz. Suppose that [u,v] € [0,h)\A(T). To each subtree T; above level u in R (T") corresponds a
unique subtree of Rh( ) above level v that is simply the tree T shortened at its root by a line of length v — w.

Thus |V, (T) — ¥, (T)| < C(v —u)#{j € J: (T, i) > ho}. This proves that u — W, (T) is right-continuous on
[0, A)\A(T). For all K € (0, 00) and for all u € (0, h), we set @, x( fo (K AU, (T))dv. Since A(T) is a
finite set, it is Lebesgue negligible. Hence, Claim 2 and dominated convergence imply that ®,, x : Teper — [0, oo)

is d.pcs-continuous. Dominated convergence also implies that for all T ¢ Tepet, im0 @y, K(T) KA \I/O(T)
This entails that Ug = ((Mg o Ry)(-), G) is Borel-measurable, which proves Claim 1. O

It remains to prove Claim 2. We use the previous notation G. We fix u € (0, h)\A(T). Since A(T) is finite,
we fix € € (0,u/4) that can be chosen arbitrarily small and such that [u — 2e,u + 2¢] C (0, h)\A(T'). Note that
e < ho/4. Let (T",d’, p') be a compact rooted real tree such that dcpei (R (1), Ry (T7)) < €/4. By Lemma A.1
there exists a pointed e-isometry f: Rj,(T) — Rp(T"). We next denote by (17, d’, 0}.), k € J', the subtrees of
Ry, (T") above level u, so that W, (T") = _, . ;» G(T}). Recall that (7}, d, ), j € J, stand for the subtrees of
R, (T') above level u. We nextset J. = {j € J: I'(T ) > 2¢} and we construct an injective function w: J. — J’
such that

Vi€ Je, Gepet (T T )) < T6e . (103)

I -

Construction of w: for each j € J., we fix v; € T such that d(o;,7;) = 2¢. Since d(p,0;) = uwand 0; € [p,~;],
we get d(p,v;) = u+ 2e and d'(p/, f(7;)) > u + €, and there exists k € J’ such that f(v;) € T}. We set
m(j) = k.

w is injective: let i € J.\{j}. Then ~; A v; = o; A o; and (100) implies that d'(p’, f(vi) A f(7;)) <
d(p,0; N\ o) + 3¢/2. Since [u — 2¢,u + 2¢] C (0, h)\A(T), we get d(p,0; A 0j) < u— 2e. Consequently,

d'(p' f (i) A f (7)) < wand m(i) # m(j).
We next prove that

Vj € Jo, ¥y € Ty suchthat d(oy,v) > 2, f(v) € Tr(yy - (104)

Indeed, since [u — 2¢, u + 2] C (0, W)\A(T), d(p,y A ;) > u + 2¢ and (100) entails d’'(p’, f(v) A f(7;)) > u
which implies (104).
Next observe that for all j € Jg,

d'(0r iy, f(07)) < d oy F () +d'(f(), flog) < d' (o, f(3)) —u+doj, ) + €
< dp,v)+e—u+2e+e=u+2c+e—u+2+e=0e. (105)
We next define f;: T; — Ry(T") by setting f;(0) = f(0) if d(0;,0) = 2¢, and f(0) = o7 ;) if d(0},0) < 2¢.
We deduce from (104) that f;(7;) € T ()~ Next observe that if d(o, 0;) < 2¢, then (105) implies
d'(f(0), f(0)) = d' (07, [(0)) < d'(07;), (o)) + d'(f(05), f(0)) < 6+ d(0,0) + & < e,

Hence, d'(f;(0), f(o)) < 9e, for all ¢ € Tj. Consequently, dis(f;) < dis(f) + 18 < 19¢. We next prove that
fi(T}) is a de-net of T7 )2 let o’ € T, ) such that (07 ;),0") > 4e. Since f is an e-isometry, there exists

o € Ry(T) such that d'(f(0),0’) < e. Thus, d(p,o) > d'(p/, f(0)) —e > d'(p',0') —2¢ > u + 2¢, and
(104) implies that ¢ € T; and f;(0) = f(o), which proves that f;(7}) is a 4e-net of T w(;j)- Thus, f; is a pointed

19¢-isometry from (7}, d, 0;) to (T, () d,o which entails (103) by Lemma A.1.
We next prove that

(i)
(ke J :T(T}) > ho} Cr({jeJ: T(T}) > ho/2}) C m(Je) . (106)
Let o’ € T} such that d’ (07, 0’) = hg. There exists 0 € Ry, (T) such that d’(f(c),0’) < . We then get
d(p,o) —u>d(p,flo)—e—u>d(p,o') =2 —u>hy/2> 2.
Thus o € Tj for a certain j € J. and f(o) € T’( by (104). Moreover, (2) easily entails that d'(p’, f(c) A o’) >
d'(p',0’) — e > u. This implies that f(o) € T}, and 7(j) = k, which completes the proof of (106).
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Now recall that G = F-¢oI and that ¢(y) = 0, ify € [0, ho]. Thus, (106) implies that ¥,,(T") = >
and W, (T") = 3_,c ;. G(T};))- Recall that G is C-Lipschitz. Then, (103) and (106) imply

G(T})

j€Je

W, (T) — W, (T")| < 76Ce #{j € J: T(T}) > ho/2}. (107)

To summarise, we have fixed T € Tepet» v € (0,h)\A(T) and we have proved that (107) holds true for all
sufficiently small € € (0,00) and for all 7" € Tepe such that depe(Ri(T'), Rr(T")) < €/4, Since Ry, is dcpet-
continuous, this entails Claim 2 and the proof of Lemma 2.4 (i) is complete. [ |

Proof of Lemma 2.4 (ii). Since (T, §) is a Polish space, the Borel Isomorphism Theorem implies that there exists
a one-to-one Borel-measurable function ¢: T — R such that its inverse ¢~ ': R — T is also Borel-measurable.
Let M = >, <, 07, bein #(T), where $(T1) < --- < ¢(T,). Then, for all k¥ € N, we define Ay(M) as
follows: _

Ae(M)="T,ifk=0orifk>n and Ay(M)=Teif1<k<n.

We next set .#;(T) = {M € . (T): (M) < oo} that is clearly an element of the sigma-field G 4 ().

Lemma A.2 Forallk € N, A: #;(T) — T is measurable.

Proof. We only need to prove that ¢ o Ay, is measurable. We set A,  := {M € #;(T): ¢p(Ar(M)) < x} forall
x € R. Now, we observe that A, o = 0 if ¢(T) > x, that A, o = A#(T), if ¢(T) < z, and that for all k£ > 1,

Aw = ({o(1) S} N {(M) <k}) U{M € Ap(T): (M, 1o pjod) >k} € G,
which implies the desired result u

Recall from (12) the definition of Paste . It is easy to check that (T, T’ )€ T? T®T' € Tis continuous. Thus,
this implies that
M e #;(T) — Paste (M) = @renAr(M) is measurable. (108)

Let h € (0,00). Forall M = >, 07, weset Zp(M) = >, Op, () Clearly (En(M)) < oo and for all
measurable F': T — [0, 00), (E,(M), F) = (M, FoR},). This implies that Z : .#(T) — .#(T) is measurable.
This result combined with (108) implies that Paste o Zj, is measurable. Now, observe that for all € (0, c0) and

all M € .#(T), & (Paste (M), Paste (E,(M))) < h, which implies Lemma 2.4 (ii). |

A.3 Proof of Lemma 2.5.

By (17), Lemma 2.3 and Lemma 2.4 (i), we only need to prove that D is measurable. Let (T, d, p) be a CLCR real
tree. We first claim the following.
lim D(R,,(T)) = D(T) . (109)
h—0
Recall that D(T") = oo iff T has no leaf and no branch point, namely iff T" is either a point tree or a finite number
of half-lines pasted at their finite endpoint. In these cases, (109) obviously holds true. Let us assume that D(T") is
finite. First note that if 0 € Br(T'), then o € Br(R,(T')) for all sufficiently small h € (0,00). Let o € L{(T) be
such that [p, o] N Br(T") = 0. Then for all h € (0,d(p, o)), there exists o’ € [p, o] such that d(¢’,0) = h. Thus,
o' € LI(R,(T)) and d(p, o) = d(p,0’) + h. Thus, forall o € Br(T) ULE(T), d(p, o) > limsup;,_,q D(Rr(T)),
which implies that D(T) > limsup;,_,o D(Rp(T)).

Conversely, observe that Br(Ry, (1)) C Br(T'). Next, if o/ € Lf(Ry(T)), then there exists o € Lf(7") such
that o’ € [p, o] and d(p, o’) = d(p, o) —h. Therefore, for all o’ € Br(Ry,(T))ULL(Ry(T)), d(p,0’) > D(T)—h.
Thus, lim inf,_,o D(R,(T')) > D(T), which completes the proof of (109).

For all h € (0,00), we next set J,(T) = inf{a € [0,00): Z(()h) (T) # zM (T')}, with the convention that
inf ) = co. By Lemma 2.4 (i), Z((lh) is measurable and since a +— Zt(lh’) is caglad, the function Jj,: T — [0, 00] is
measurable. Now observe that Jp, (T') > D(Ry(T)) > 0. If J5(T') > D(Rp,(T')) then, the lowest leaves of Ry, (T')
are at the same distance from the root as the lowest branch points and there exists ¢ € (0, c0), such that for all
' € (hyh+¢), D(Ry(T)) = Ju(T) = D(Ry(T)) — b’ + h. This implies that lim inf, cgn(0.00) 0 J5(T) =
lim infj,eqn(0,00)—0 D (R (T')), which implies the measurability of D by (109). |
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A.4 Proof of Lemma 2.6.

Recall that foralln € N, ¥,,: T — T and D,,: T — [0, oc] are defined as ¥,,11 = ¥ 0¥, and D,, = D o §,,. We
set A={T e T: Y omen D »(T) = 0o}, which is a Borel set of T by Lemma 2.5.

Let (T, d, p) be a CLCR real tree. Suppose that T’ € T,. If T" has no leaf and no branch point, then D, (T') =
oo, for all n € N, and it belongs to A. Next assume that there is 0 € Br(T") U L{(T"). Then, there exists ny € N
such that > o, Di(T) = d(p, o). If d(p,0) = I'(T), then for all n > ng, Dy,(T") = oc. Let us assume that
I'(T) = oo: forall 7 € (0,00), set n(r) = #(Br(p,7) N (Br(T) U L{(T))), which is finite since T’ € T,; the
previozs arguments imply that 3 oy .,y Dx(T) > 7, which implies that .y Dy (T') = co. This proves that
T. C A.

Conversely, assume that T ¢ A If D(T) = 0, then ﬂnTv = T and D, (T) = 0, for all n € N, which
contradicts the assumption. If D(T') = oc, then T € T, (and recall that k(T") = 0, by convention). Let us assume
that D(T) € (0,00), then Blw (T, D(T)) is equivalent to a finite number of copies of the interval [0, D(T)]
pasted at 0. If k(T") = oo, 9T has infinitely many trees pasted at its root and the local compactness implies
that there are leaves arbitrarily close to its root, which implies that D, (T) = 0; therefore D, (T) = 0, for all
n > 1, which contradicts the assumption. Thus, if D(T) € (0,00), then k(7T') < oo. These arguments and a
simple recursion imply first that for all n € N, ﬂT,T € A and k(ﬂnf) < 00, and that for all n € N such that
Ry :=Do(T)+ ...+ D,(T) < 00, we get

neN

{d(p,0); 0 € Br(T) UL{(T): d(p,0) < R,} ={Ro < R1 < --- < Ry},

Thus, if R,, < oo, we get
)+ Y 00, T) <n(p.T) + (1 +k(T)) + (1L + k(@ T)) + - + (1 + k(¥,T)) < o0

where the first sum is over the branch points o € Br(7T') such that d(p, o) < R,,. This easily entails that (T, d, p)
satisfies (5) in the definition of discrete real trees. [ |

B Proof of the measurability of hereditary reduction.

To prove the measurability of hereditary reduction, and also for the lemmas of Section 2.3 about GW-real trees, it
is useful to be able to push forward distributions between a space of discrete combinatorial trees and the space T,
of discrete real trees.

B.1 Discrete trees with marks.

The discrete combinatorial trees that we consider are rooted, ordered and locally finite. We use Ulam’s coding (see
Neveu [35]) that allows to view such trees as subsets of the set of finite integer words

n>0

where N* is the set of positive integers. Here (N*)" stands for {&}, where & is the empty word. Before recalling
the formal definition of discrete trees in this context, let us set some notation: the concatenation of the two words
u = (a1,...,amy)and v = (by,...,b,) in U is denoted by w = uxv = (a1,...,am,b1,...,b,). Note that
@ xu=u=ux*2. A single-symbol word shall be denoted by (j), where j € N*. The length of v € (N*)™ is
denoted by |u| = n, with the convention |&| = 0.

For all v € U\{@}, there exists v € U such that u = v * (j) for a certain j € N*. Note that |v| = |u| — 1.
We then call v the parent of u and we denote it by . We can view U as a graph whose set of vertices is U
and whose set of edges is {{%,u}; u € U\{@}}, then we denote by [u, v] the shortest path (with respect to the
graph distance) between u and v. We also set Ju, v] := [u, v]\{u} and we define similarly [u,v[ and Ju, v[. For
u, v € U, the last common ancestor of u and v is denoted by u A v: we recall that [, v A u] = [@, u] N [2, v].

Definition B.1 A non-empty subset t C U is called a tree iff it satisfies the following conditions for all v € t.
(a) If u € t is different from &, then W et

(b) There exists k,(t) € N, such that {v € t: 0 = u} = {ux* (1),...,u* (ky(t))} if k,(t) > 1 and
{fvet: v =u} =0if k,(t) = 0.
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Note that (a) entails @ € t. We view & as the progenitor of the population whose family tree is t. Then, k,(t)
stands for the number of children of u € t. We denote by T4 the set of all ordered rooted discrete trees. 0

We view [0, oo] as the compactification of [0, c0) and we denote by A a metric that generates this topology. We
call T = (t;x) a marked tree if t € T and if x = (x,,u € t), with z, € [0, 0], for all u € t. We then
denote by T = | gepaier ({t} x [0, 00]*) the set of marked trees. We equip T, with the o-algebra Gy, o]
generated by the subsets

Ay ={(t;x) € 'I[‘ﬁ)ifgor]: uet,z, >y}, uelU, yel0,o00]. (110)

Connection with real trees. A discrete tree with finite marks clearly corresponds to a real tree. For technical
reason, we associate a real tree to [0, co]-marked discrete trees with an obvious restriction due to possibly infinite

lifetime marks. More precisely, let T = (t;x) € ']I‘ﬁ)isocor]. For all u € t, we introduce the following notation:

Cu= > @, uct (111)

We can think of ¢, as the death-time of v and of (¢ as the birth-time of u, with the convention (4 = 0. For an
obvious reason, we have to assume the following:

Yuet, Voe[ad,u], ( <. (112)
We associate with T a rooted real tree denoted by TREE (T) = (T, d, p) as follows. We first set
p=(2,0) and T ={p}U{(u,s);s€ (0,z,]N(0,00), u €t} .

We then define a distance d on T' x T"as follows: forall ¢ = (u,s) € T'\ {p}, we set d(p,0) = s+ 3, [ 4] To»
which is finite by (112). Let o’ = (u/, ") € T'\ {p}. We then set

d(O’ 0/) — d(ﬂ) U) + d(pa OJ) -2 ZUEHZ&/\u’]] Ty, ifunu % {’LL, u'},
, d(p,o) —d(p,o")], otherwise.

It is easy to check that TREE (T) := (T, d, p) is a rooted real tree. However, note that 7' may neither be a discrete
real tree nor locally compact. We then introduce

Tdiser — {T = (t;x) € TS« T satisfies (112) and Va € [0,00) , #{u € t: (, <a} < oo} - 113)

It is easy to check that if T € Td5er then TREE (T) is a discrete real tree as in Definition 2.1. Next observe that

Tiser belongs to the sigma-field Gl0,00]- Then, for all T € Tdiser | we denote by TREE (T) the pointed isometry
class of the discrete real tree TREE (T).

Lemma B.2 TREE : Tfiscr — T, is measurable.

Proof. Let t € T be finite and set Uy = {x € [0,00]® : (t;x) € T¢=r}, which is an open subset of

[0, 00]* equipped with the product topology. First note that x € Uy — TREE (t,x) is d-continuous. For any
n € N, set E,, = | |({t} x[0,00]%), where the disjoint union is taken over the set of discrete trees t such that
|u| < nforall u € t. Clearly, F,, is a Polish space when it is equipped with the distance d,, that is defined for any
T = (t;x), T = (t/;xX') € E,, by

do(T,T) =1 if t#t  and d (T, T)= > 27" '1AA(zy,,2,)) if t=t,
0<m<#t

where ug =@ <uy <--- <ux¢—1 is the sequence of vertices of t listed in the lexicographical order. Next, for all
T = (t;%) € Tf&fgg] andalln € N, we set t|, = {u € t: |u| <n}and T},, = (t,; X5 = (Tu,u € t),)) € B

We then define a metric d on ']I‘foisgor] by setting d(T,T') = 3_,~,27"dn(T),, T|,). By standard arguments,

(T‘[%Sgé] ,d) is a Polish space. The previous arguments entail that for any fixed n € N, T € Tdiser TREE (T)n)

is 8-continuous. Moreover, for any fixed T € T4, we easily get §( TREE (T), TREE (T),)) — 0asn — oo.
This implies that TREE : Tdiser 5 T, is measurable with respect to the d-Borel sigma-field on T?Oisg], which
turns out to be Gjg o] |
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In the following lemma we prove that TREE has a measurable section. This result is used in the proof of
Lemma 2.15.

Lemma B.3 There is S: T, — T measurable such that TREE (S(T)) = T, for all T € T,.

Proof. Recall Lemma A.2 and its notation Aj. First note that for all 7 € T,, (M(T)) = Zy (T) < oo.
Lemma A.2 and Lemma 2.4 (i) allow to define for all kK € N* a measurable function ®;: T, — T, by setting
O (T ) Ap(Mo(T T)). Then, for all words u € U we recursively define ¢, : T, — T, by setting for all k € N*,

S (T) = Oy (T ), and Pux(r) = A (Mo (9(0u(T))))-

If Z5 (T T')=0, then T =" and we set S(T) ={(,0)} that is the progenitor with zero lifetime and no children.
Let us assume that n := Z§ (T) > 1. Then, forall k € {1,...,n}, we set t; = {u € U: qb(k)*u(f) # YT} and
for all u € ty, we set z, (k) = D(d)(k)*u(f)). It is easy to check that T}, := (tz;x(k)) € T, Then, we set
S(T) = {((k) % u,zy(k));u € tp, k € {1,...,n}} € TH and we easily check that TREE (S(T)) = T'. Also,
S is clearly measurable since ¢,, and D are measurable. |

B.2 Proof of Lemma 2.8.

Let A C T be hereditary and let h € (0,00). We set A, = AN {T" > h}. Note that Ay, is hereditary Let ¢ stand
for a Borel isomorphism from T onto R. Namely, ¢: T — R is one-to-one and ¢ as well as ¢ 'R — T are
Borel-measurable. For all k € N*, let Lj,: T — T be defined as follows. For all T’ € T, set M,(T) = > ier 07,

andn = (M,(T), 14, ); then, for all & > n, Li(T) = Y and if n. > 1,

D 14, (T)oz = D 6y g with $(Li(T)) < -+ < G(Ln(T)) -

iel 1<k<n

L;(T) =Y. We argue as in Lemma A.2 to prove that Ly, is measurable.

Then for every word u € U, we define a measurable function L, : T — T such that Ly is the identity map on
T, Ly = Ly, forall k € N* and L, o Ly, = Ly, for all u,v € U.

We next fix a CLCR real tree (7', d, p) and we define a [0, oo)-marked discrete tree (t;x) € T%?g@r) by setting

tz{@}U{uGU\{@}:Lu(f);éT} and Yuet, z,=h.

We then set (T7,d’, p') = TREE (t;x). Recall that each edge of 7" has length h and corresponds to one vertex
in t. Recall that formally, o’ = (@,0) and T" = {p'} U {(u,s);s € (0,h], u € t}. We denote by ®,(T) the
pointed isometry class of 7”. Recall from Lemma B.2 that TREE is measurable. Since the functions L, uel,
are measurable, ®;,: T — T is then measurable.

We now prove that 77 and R4 (T') are close with respect to §. To that end, for all £ € N, we set

Se={p}U {a €T:d(p,oc)=Ch and (M(0,T),14,) > 1} and S := U Se .
£eN

It is easy to see that S is a (2h)-net of R4(T'). Indeed, let o € R4(T). There exists £ € N such that (h <
d(p,0) < ({+1)h. If £ = 0, then d(p, o) < h, which entails d(o,S) < h. Assume that ¢ > 1 and let o’ € [p, o]
be such that d(p, ¢’) = (¢ — 1)h. Then, d(o, ¢’) € [h,2h). Denote by T the connected component of 8, T\{c'}
that contains o and set T, = T° U {¢’}. Note that T, is an atom of M (6, T) and that T'(T,) > h. Since
o € T2 N RA(T), there exists ¢” € T2 such that gauT € A. Since 0,+»T = 0,.T,, we then get T, € A. This
implies that ¢’ € Sy_;. Thus, d(o, S) < 2h, which proves that S is a (2h)-net of R4(T).

From the definition of the functions L,, and of the tree t, we easily check that there is a function j: t — S that
satisfies the following property: j is surjective, (&) = p, and for all u € t\{@}, L, (T) is an atom of M( J(U)T)
and d(p, y(u)) = |ulh. We now define f: T' — S by setting f((u,s)) = j(u), for all (u,s) € T'. We easily see
that

V(u 3) ( ) € T/ |d/((u7 8)7 (u/v S)) - d(](u)7](ul))| < 2h,
which implies that the distortion of f is less than 2h. Since f(T") = S is a (2h)-net of R4(T), f is a pointed
(2h)-isometry and Lemma A.1 implies that §(7”, R4(7")) < 8h. This proves that for all & € (0, c0), there exists
a measurable function ®;,: T — T, such that

VT eT, o (@h(f)7RA(T)) < 8h,
which completes the proof of Lemma 2.8.
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C Proofs of the preliminary results on GW-trees.

C.1 Proof of Lemma 2.15.

Lemma 2.15 looks obvious, but it is not. Since it is the point of entrance of GW-laws into the space T, we proceed
with care in several steps.

Step 1: existence. Here we use a construction in Td“‘“ For all u € U, we define the u-shift 6., by setting for all
w = u* v, B,w = v. For every subset A C U, we also define 0, A as the (possibly empty) set of words v € U
such that u x v € A. For all u € t, we set 6, T = (0,t; 0,x), where 0,x = (T4, v € 0,t), and we slightly abuse
notation by writing u € T instead of v € t and k,,(T) instead of k,(t).

Let us fix an offspring distribution £ and ¢ € (0, 00). Let (2, G, P) be a probability space on which is defined
a family (N (u), Xy )uey of i.i.d. Nx [0, 00)-valued r.v. with law & ® ce™“®dx. We then set

T={0}U U {u:(al,...,an)E(N*)”: Vke{l,...,n}, 1§ak§N(a1,...,ak71)}v

n>1

with the convention that (ay,...,a;_1)=@ if k=1. We set x=(z,,,u € 7) and T = (7;x). Clearly, T € ng’sg;].
Recall from (110) the definition of the elementary sets A, ,. We immediately see that {7~ € A, ,} € G, which
entails that 7: Q — Tﬁ)iifé] is (G, Gjo,00))-measurable. Moreover, we easily check that 7~ satisfies the following
two properties.

(a) The law of kg (T) is &, the law of xg is n(dz) = ce”“*dx, and kg (7) and x4 are independent.

(b) For all k& € N* such that {(k) > 0, the subtrees (0(;(7);1 < j < k) under P(-|kg(T) = k) are i.i.d.
copies of 7 under P, and they are independent of x4 .

Furthermore, if 7~ also satisfies (a) and (b), we check that foralln>1, all uy, ..., u, € U,allyy,...,y, € [0, 0],
P(T € Ay, yy NN Ay, 4. )=P(T" € Ay, y, N+ N Ay, ) and a monotone class argument entails that 7~
and 7~ have the same law, which we call the GW(¢, c)-distribution on T?O‘“r] and which is therefore characterised
by (a) and (b). We refer to Neveu [35], for more details.

For any a € [0,00), we then set Z1 (T) = #{u € 7 : (§ <a < (,} € NU {oo}, that is the number of
individuals that are alive at time a. Properties (a) and (b) imply that up to a possible explosion in finite time, the
process a — Z}(T) is a continuous-time N-valued Markov chain whose matrix-generator (¢; ;)i jen is given
by ¢i; = —ci, q;; = 0if j <i—1, ¢ ;-1 = ci€(0) and ¢; ; = ci&(j — ¢ + 1) if j > 4. Standard analytical
computations imply that a.s. explosion does not occur iff £ is conservative as defined in (27): see [5, Section III.2,
Theorem 1] for more details. Then, if £ is conservative, a € [0, 00) — Z; (T) is N-valued and cadlag a.s. Thus,

€ conservative = P-as. T e Tdser | (114)

Let us furthermore assume that ¢ is proper. Then, the law on T of TREE (T) satisfies (a) in Definition 2.14. Note
that this law is concentrated on T,. This proves that for every proper conservative offspring distribution ¢ and
every ¢ € (0, 00), there exists at least one probability measure on T\ that satisfies (28) in Definition 2.14. g

Step 2. Let Q be as in Definition 2.14. We claim that Q(T,) = 1.

Proof. On the auxiliary probability space (2, G, P), we consider an N-valued Markov process Z = (Z;);c[0,00) With
initial state Z, =1 and with matrix-generator (¢; ;); jen as defined above. We then set Jy =inf{t >0: Z, # Zy}
and for all n € N, J,,11 =inf{t > J,,: Z; # Z;, }, with the convention that inf ) = co. Then, (J,)nen are the
jump times of Z and if Z is absorbed at time .J,,, J, = oo, for all p > n. Since £ is assumed to be conservative,
Jp — 00 a.s. as n — oo.

Let @ be a law on T as in Definition 2.14. It is easy to prove recursively that Dy + - - - + D,, under () has the
same law as J,, under P. This implies that ()-a.s. Zn>0 D,, = oo, which implies the claim by Lemma 2.6. ]

Step 3. Let @ be as in Definition 2.14 and suppose that () satisfies (28) with (£, ¢) and (£, ¢’). Then (£, ¢) = (£, ¢)
follows straight from (28). O

Step 4. Conversely: let £ be proper and conservative, let ¢ € (0,00). Suppose that @ and Q' satisfy (28) in
Definition 2.14. Then, we claim that Q) = Q’.

Proof. Recall the function S from Lemma B.3. In the definition of .S, the vertices have been ordered in a way that
causes a lack of exchangeability. This is why we introduce a shuffling kernel as follows. Let T € Tdi5¢*. Denote
by K (T, dT’) the law of the discrete marked tree obtained by permuting independently and uniformly the siblings
(with their corresponding lifetime marks). It is easy to check that K is a measurable kernel. Then by Lemma B.3,
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it is easy to check that the two laws P := [ Q(dT)K(S(T),dT) and P’ := Ik Q'(dT)K(S(T), dT) satisty (a)
and (b) of the definition of a discrete Galton-Watson distribution. As already mentioned there is a unique GW(¢, ¢)

law on T‘[j&fg]. Therefore, P = P’. But now observe that @ is the law of TREE under P and that Q' is the law of

TREE under P’. Thus, Q = Q', which entails the desired result. This finishes the proof of Lemma 2.15. |

C.2 Proof of Lemma 2.16.

Basic computations. Before proving Lemma 2.16, let us prove some basic facts. Let us fix a proper conservative
offspring distribution ¢ and ¢ € (0, 00). Recall that T45" stands for the set of (ordered rooted) discrete trees with
no marks as in Definition B.1. We then set

T?iscr _ {t c Tdiscr: #t < OO} (115)

Lett € T‘}iscr. Recall that for all u € t, k, (t) stands for the number of children of u. We denote by Lf(t) = {u €
t: k,(t) = 0} the set of leaves of t. For each subset S C Lf(t), we define the following weight

we(t,8) = J] €(kult)). (116)

uet\S

Let x = (24 )uet € [0,00)*, so that T = (t;x) is a [0, 00)-marked tree. Recall from (111) notation ¢, and ¢« for
resp. the death time and the birth time of u € t. We also set L(x) = >, ., 2. Forall a € (0, 00), we define

Dy sa = {x = (Ty)uet € [O,oo)t: Cu<aifuet\Sandz, =a— (e ifu € S}‘
We also introduce the following finite measure on [0, co)*:

M{ g, (dx) :=1p, ¢, (x)c##5e=LC T 6ae (dzw) [] daw (117)
u€esS uet\S

where 9, (dy) stands for the Dirac mass at b € [0, 00).

Let 7 = (7;x) have the GW({, ¢)-distribution on ’]I‘Foi’sgg], as defined in the Section C.1 (and recall that 7~
satisfies (a) and (b)). We then set S = {u € 7: (e <a< Cu}- We list S in the lexicographical order and write
S={u1 <---<ugs}. The forest of discrete trees above level a is then given by F* = (HUz»aT)1§eg#s’ with the
convention that F* is a cemetery point 9 if S = (). The tree below level a is then given by T, = (74;x%), where
To={u€ 7: (. <a}, and where xj =x,, if u€ T,\S and x{;, =a— (. if u€S. We next denote by II,,(dF) the
law of a finite sequence (namely, a forest) of n independent GW (¢, c)-discrete trees (with the convention that I1j is

the Dirac mass on the cemetery point 0). For all measurable functions G1: {0} U], (']I“[ioifgé])” — [0, 00) and

Ga: ']I‘[doiifé] — [0,00), we easily get forall t € ’]I“}iscr, for all S C Lf(t) and for all a € (0, c0),

E [Gl(fa)GQ(Ta)l{Ta:t;S:S}] = we(t, ) H#S[Gl]/ Mtcﬁs_’a(dx) Gao(t;x) . (118)
Dt,S,a
We also set
Pee(t) =E[lir,—n] = D welt, ) (Mig,), (119)
SCLE(t)

where (M ¢ ) stands for the (finite) mass of the measure M ¢ .. Recall from (114) that since ¢ is proper and
conservative, T € Tfiscr a.s. and thus,

> opit)=1. (120)

discr
teTs

Now set 7 = TREE (7°) that is a GW(&, ¢)-real tree, whose law on T is Q¢ ,c. Note that Abv (a, T) = TREE (F%),
that Blw (a,7) = TREE(T,), and that Z}(7) = #S. Thus, (118) implies that for all measurable functions
F,G: T — Ry, foralln € Nand all a € (0, 00),

Qc.. |F (Abv (a,-)) G (Blw (a,-)) 1{z;:n}} = Qe [Q@%Q[F]G(Blw(a,-)) Ll a2n

Note that for any a € [0, 00), there is no u € 7, such that a=(,, a.s. Thus, b — (Z;7 (T); Blw (b, TREE (7)) is
continuous at time a, a.s. Namely,

Va € [0,00), Q¢ c-as. b (Z5,Blw (b, -)) is continuous at time a. (122)
This implies in particular that (121) holds true with a = 0.
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Proof of Lemma 2.16. Note that (121) and (122) prove that (iii) = (ii). The implication (ii) = (i) is
obvious. It only remains to prove (i) == (iii). So, we assume that () is a probability measure on T that satisfies
(i), and that is such that Q(0 < D < oo) > 0 and such that ZT is Q-a.s. cadlag.

We first prove that Q(Z; = 1) = 1. Indeed, by (i) witha = 0, Q(Z;” = n) = Q(Z5 = n)Q®"(Z5 = n),
for all n > 1. Suppose that there exists n > 2 such that Q(Z; = n) > 0, then Q®"(Z; = n) = 1, which
implies that Q®"(Z§ = k) = 0if k # n. But Q®™(Z§ = n?) > Q(Z§ = n)" > 0, which is impossible. Thus,
QUZf =0)+Q(Zf =1) = 1. Since QD =00)<1,Q(Z5 =0) < 1 which implies that Q(Z; = 1) > 0.
Now observe that (i) entails Q(Z;” = 1) = Q(ZF = 1)}, sowe get Q(Z5 =1) = 1.

This implies that for all a € [0, D), Z = 1 # Z},. Namely, D = inf{a € [0,00): Z} # Z; }. We next fix
be (0,00),p€eN,and G: T — R, bounded and measurable. By (i) with a = 27Pb, we get

Q [G(Abv (b’ '))1m1§k§2p{Z:2*Pb:l}:| :Q(Z;_ pb ) Q [G(Abv (b_b27p7 .))1mlgk§2P I{Z:2*Pb:1}:| ’

An easy inductive argument implies that

QGAbY (N1 e | =QIGIR(Z = )21:Qv?k9< N {zugwb:1}>.

1<k<2P

Since a — Z; is Q-a.s. cadlag, lim,,_, o 1ﬂl<k<21”{z iy = 1/p>py and a simple argument and the assump-

k2~ Pb

tion Q(0 < D < o0) >0 imply that there is ¢ € (0, 00) such that Q(D > b) = e~*. Namely, D under Q has an
exponential law with mean 1/c and we get

Q [G(ADY (b, )1(psny] = QGI QD > b) . (123)

Recall that [-] stands for the ceiling function and set D, = 27P[2PD] that decreases to D as p — oo. Fix
n € N\{1}, F: T — Rand f: [0,00) — R, bounded and continuous. We then set

Ak,p:Q [F(Abv (k27p7 '))f(kﬂip)1{Dp:2—pk;zgp:n}]

and

= Arp = QIF(ADY (Dp, DF (D)l (75 _yy]-

keN
Then, limy,oc A, = Q [F(9)f(D)1{x=p}], by Lemma 2.3 and since Z" is assumed to be Q-a.s. cadlag. We
next apply (123) with b = (k — 1)27P, and then (i) with a = 27P to get
Arp = Q¥"[FIQ (2, = n) e "= D2 " f(k277).

By taking F" and f equal to 1, we get Q(D, = 27Pk; Z, = n) = Q (Z;

., =n)e k=27 Summing over
k> 1entails Q (7, =n) = (1 —e* ")Q(Z} =n). Thus

Ay = Q[FIQ(Z) =n)(1—e @ ")e -2 f(k27P)
= Q*"[F|Q(Z}, =n)Q (D, = k277) f(k277).
Summing over k > 1 entails A, = Q®"[F]Q( $p = n)Q[f(Dy)], which implies Q[F(9)f(D)1l{x=n}] =
Q®"[F fo x)ce~Cdx, where £(n) = Q(Z}, = n), foralln € N. Namely, @ is the law of a GW(, c)-real
tree. |

C.3 Proof of Lemma 2.17.

The statement for GW-forests is easily derived from the analogous result for single GW-real trees. We only need
to prove that for all ¢ > b > 0, all p € N and all bounded measurable functions F': T — R:

Tim Qe ., [F (BIw (a, )] = Qe e [F (Blw (a, )] - (124)

Recall (119) and (120). Thus, for all n € N U {oc}, we have, in the notation of (115), (116) and (117), that

By i=Qee, [FBIw(a, )= > 3 we(t / va;ga(dx)F(TREE(t;x)).

teTdiser SCLi(t)
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Observe that for all t € ’]I‘}“SCr and all S C L{(t), lim, 00 we, (t,5) = we_, (¢, 5),

n—00

lim [ Mg, (dx) F (TREE (t: x)) - / Mz, (dx) F (TREE (t: x)) (125)
and limy, 00 p¢ . (t) =p¢ _ . (t). Thus, for all finite subsets A C T}“S“, we get

limsup |B, — Boc| < [|F[pE o, (TF*\A) + | F|l lim pf . (TF*N\A) = 2(|F| (1-p¢_ . (4)),

n—oo

which implies (124) because p¢_ _ .  is a probability function on the countable set 'IF‘;PS“. |
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