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Abstract

Reinforcement Learning (RL) is a promising framework for solving se-

quential decision making problems emerging from agent-environment in-

teractions via trial and error. Off-policy learning is one of the most im-

portant techniques in RL, which enables an RL agent to learn from agent-

environment interactions generated by a policy (i.e, a decision making

rule that an agent relies on to interact with the environment) that is

different from the policy of interest. Arguably, this flexibility is key to

applying RL to real-world problems. Off-policy learning, however, often

leads to instability of RL algorithms, if combined with function approx-

imation (i.e., using a parameterized function to represent quantities of

interest) and bootstrapping (i.e., recursively constructing a learning target

for an estimator by using the estimator itself), two arguably indispens-

able ingredients for large-scale RL applications. This instability, resulting

from the combination of off-policy learning, function approximation, and

bootstrapping, is the notorious deadly triad in RL.

In this thesis, we propose several novel RL algorithms theoretically ad-

dressing the deadly triad. The proposed algorithms cover a wide range

of RL settings (e.g., both prediction and control, both value-based and

policy-based methods, both discounted and average-reward performance

metrics). By contrast, existing methods address this issue in only a few RL

settings, where our methods also exhibit several advantages over existing

ones, e.g., reduced variance, improved asymptotic performance guarantee.

These improvements are made possible by the use of several advanced tools

(e.g., target networks, differential value functions, density ratios, and trun-

cated followon traces). Importantly, the proposed algorithms remain fully

incremental and computationally efficient, making them readily available

for large-scale RL applications.

Besides the theoretical contributions in breaking the deadly triad, we also

make empirical contributions by introducing a bi-directional target net-



work that scales up residual algorithms, a family of RL algorithms that

break the deadly triad in some restricted settings.

5



Preface

This thesis is based on several papers I authored. In particular, Chap-

ters 3, 7, and 9 are based on Zhang et al. (2021d). Chapters 4 is based

on Zhang et al. (2020d,e) and my contribution to Jiang et al. (2022a).

Chapters 5 and 11 are based on Zhang and Whiteson (2022). Chapter 6

is based on Zhang et al. (2020c). Chapter 8 is based on my contribution

to Zhang et al. (2021c). Chapter 10 is based on Zhang et al. (2020b).

Chapter 12 is based on Zhang et al. (2019, 2020d). All contents of this

thesis are based on my writing.

1. Zhang, S., Boehmer, W., and Whiteson, S. (2019). Generalized off-

policy actor-critic. In Advances in Neural Information Processing

Systems.

2. Zhang, S., Boehmer, W., and Whiteson, S. (2020b). Deep residual

reinforcement learning. In Proceedings of the International Confer-

ence on Autonomous Agents and Multiagent Systems (Best Paper

Award).

3. Zhang, S., Liu, B., and Whiteson, S. (2020c). GradientDICE: Re-

thinking generalized offline estimation of stationary values. In Pro-

ceedings of the International Conference on Machine Learning.

4. Zhang, S., Liu, B., Yao, H., and Whiteson, S. (2020d). Provably con-

vergent two-timescale off-policy actor-critic with function approxi-

mation. In Proceedings of the International Conference on Machine

Learning.

5. Zhang, S., Veeriah, V., and Whiteson, S. (2020e). Learning retro-

spective knowledge with reverse reinforcement learning. In Advances

in Neural Information Processing Systems.

6. Zhang, S., Wan, Y., Sutton, R. S., and Whiteson, S. (2021c). Average-

reward off-policy policy evaluation with function approximation. In

Proceedings of the International Conference on Machine Learning.



7. Zhang, S., Yao, H., and Whiteson, S. (2021d). Breaking the deadly

triad with a target network. In Proceedings of the International Con-

ference on Machine Learning.

8. Zhang, S. and Whiteson, S. (2022). Truncated emphatic temporal

difference methods for prediction and control. Journal of Machine

Learning Research

9. Jiang, R., Zhang, S., Chelu, V., White, A., and van Hasselt, H.

(2022b). Learning expected emphatic traces for deep RL. In Pro-

ceedings of the AAAI Conference on Artificial Intelligence.

During the development of this thesis, I also authored the following papers,

which are not directly related to the topic of this thesis and thus are not

included.

10. Zhang, S. and Whiteson, S. (2019). DAC: the double actor-critic

architecture for learning options. In Advances in Neural Information

Processing Systems.

11. Zhang, S., Liu, B., and Whiteson, S. (2021b). Mean-variance policy

iteration for risk-averse reinforcement learning. In Proceedings of the

AAAI Conference on Artificial Intelligence.

12. Mathieu, M., Ozair, S., Srinivasan, S., Gulcehre, C., Zhang, S., Jiang,

R., Paine, T. L., Zolna, K., Powell, R., Schrittwieser, J., Choi, D.,

Georgiev, P., Toyama, D. K., Huang, A., Ring, R., Babuschkin, I.,

Ewalds, T., Bordbar, M., Henderson, S., Colmenarejo, S. G., van den

Oord, A., Czarnecki, W. M., de Freitas, N., and Vinyals, O. (2021).

Starcraft II unplugged: Large scale offline reinforcement learning. In

Deep RL Workshop NeurIPS 2021.

13. Zhang, S., des Combes, R. T., and Laroche, R. (2021a). Global

optimality and finite sample analysis of softmax off-policy actor critic

under state distribution mismatch. arXiv preprint arXiv:2111.02997.

14. Zhang, S., Tachet, R., and Laroche, R. (2022b). On the chattering of

sarsa with linear function approximation. arXiv preprint arXiv:2202.06828.

15. Zhang, S., Laroche, R., van Seijen, H., Whiteson, S., and des Combes,

R. T. (2022a). A deeper look at discounting mismatch in actor-

critic algorithms. In Proceedings of the International Conference on

Autonomous Agents and Multiagent Systems.

7



Contents

1 Introduction 1

2 Background 7

2.1 Mathematical Conventions . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Markov Decision Process . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.3 Bellman Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.4 Bootstrapping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.5 Function Approximation . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.6 Off-Policy Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.7 The Deadly Triad . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.8 Gradient Temporal Difference Learning . . . . . . . . . . . . . . . . . 22

2.9 Emphatic Temporal Difference Learning . . . . . . . . . . . . . . . . 26

2.10 Density Ratio Learning . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.11 Target Network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.12 Actor Critic Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.13 Overloaded Notations and Common Assumptions . . . . . . . . . . . 35

I Off-Policy Prediction for Discounted Total Rewards 40

3 Prediction with Target Networks 42

3.1 Beyond Deep Reinforcement Learning . . . . . . . . . . . . . . . . . . 42

3.2 Analysis of A Target Network Update . . . . . . . . . . . . . . . . . . 44

3.3 Expected SARSA for Prediction with A Target Network . . . . . . . 46

3.4 Empirical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4 Prediction with Learned Emphasis 51

4.1 The Curse of Variance . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.2 Gradient Emphasis Learning . . . . . . . . . . . . . . . . . . . . . . . 52

i



4.3 Empirical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.4 Beyond Emphasis: Reverse Reinforcement Learning . . . . . . . . . . 58

5 Prediction with Truncated Followon Traces 65

5.1 Less Is More . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.2 Truncated Emphatic Temporal Difference Learning . . . . . . . . . . 66

5.3 Empirical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

II Off-Policy Prediction for Average Reward 75

6 Prediction with Density Ratios 77

6.1 Less Is More . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

6.2 Gradient Stationary Distribution Correction Estimation . . . . . . . . 78

6.3 Empirical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

7 Prediction with Target Networks 88

7.1 Divergence of Differential Temporal Difference Methods . . . . . . . . 88

7.2 Differential Expected SARSA for Prediction with A Target Network . 90

8 Prediction with Gradient Temporal Difference Methods 92

8.1 A New Mean Squared Projected Bellman Error Objective . . . . . . . 92

8.2 Two-Stage Differential Gradient Q-Evaluation . . . . . . . . . . . . . 93

8.3 Yet Another Mean Squared Projected Bellman Error Objective . . . . 97

8.4 Empirical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

III Value-Based Off-Policy Control 100

9 Control with Target Networks 102

9.1 Q-Learning with A Target Network . . . . . . . . . . . . . . . . . . . 102

9.2 Gradient Q-Learning with A Target Network . . . . . . . . . . . . . . 105

9.3 Differential Q-Learning with A Target Network . . . . . . . . . . . . 107

9.4 Empirical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

9.5 Discussion about Target Networks . . . . . . . . . . . . . . . . . . . . 110

ii



10 Control with Bidirectional Target Networks 112

10.1 Residual Gradients and Temporal Difference Learning . . . . . . . . . 112

10.2 Backward and Forward Bootstrapping . . . . . . . . . . . . . . . . . 114

10.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

11 Control with Truncated Followon Traces 120

11.1 Emphatic Approximate Value Iteration . . . . . . . . . . . . . . . . . 120

11.2 Truncated Emphatic Expected SARSA . . . . . . . . . . . . . . . . . 122

11.3 Empirical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

IV Policy-Based Off-Policy Control 134

12 Control with Learned Emphasis 136

12.1 Incomplete Gradient Estimators of the Excursion Objective . . . . . . 136

12.2 Backward and Forward Critics . . . . . . . . . . . . . . . . . . . . . . 137

12.3 Compatible Features . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

12.4 Beyond the Excursion Objective: A New Average Value Objective . . 144

12.5 Other Off-Policy Actor-Critic Algorithms . . . . . . . . . . . . . . . . 147

13 Related Work 149

13.1 Interest, Emphasis, Density Ratio, and Importance Sampling Ratio . 149

13.2 Regularization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

13.3 Differential Value Functions . . . . . . . . . . . . . . . . . . . . . . . 151

14 Conclusions 153

Bibliography 156

A Stochastic Approximation 175

A.1 Results from Konda (2002) . . . . . . . . . . . . . . . . . . . . . . . . 175

A.2 Results from Borkar (2009) . . . . . . . . . . . . . . . . . . . . . . . . 178

A.3 Results from Bertsekas and Tsitsiklis (1996) . . . . . . . . . . . . . . 180

A.4 Results from Benveniste et al. (1990) . . . . . . . . . . . . . . . . . . 181

B Proofs 187

B.1 Proof of Theorem 3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

B.2 Proof of Lemma 3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

B.3 Proof of Theorem 3.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

iii



B.4 Proof of Proposition 4.1 . . . . . . . . . . . . . . . . . . . . . . . . . 194

B.5 Proof of Theorem 4.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

B.6 Proof of Proposition 4.3 . . . . . . . . . . . . . . . . . . . . . . . . . 196

B.7 Proof of Theorem 4.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

B.8 Proof of Theorem 4.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . 200

B.9 Proof of Proposition 4.6 . . . . . . . . . . . . . . . . . . . . . . . . . 200

B.10 Proof of Lemma 5.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200

B.11 Proof of Lemma 5.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201

B.12 Proof of Lemma 5.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202

B.13 Proof of Theorem 5.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . 203

B.14 Proof of Lemma 5.6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

B.15 Proof of Lemma 6.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206

B.16 Proof of Theorem 6.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

B.17 Proof of Proposition 6.4 . . . . . . . . . . . . . . . . . . . . . . . . . 208

B.18 Proof of Theorem 7.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

B.19 Proof of Theorem 8.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 212

B.20 Proof of Proposition 8.2 . . . . . . . . . . . . . . . . . . . . . . . . . 215

B.21 Proof of Theorem 9.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 216

B.22 Proof of Theorem 9.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

B.23 Proof of Theorem 9.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 221

B.24 Proof of Lemma 11.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 222

B.25 Proof of Lemma 11.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 226

B.26 Proof of Theorem 11.4 . . . . . . . . . . . . . . . . . . . . . . . . . . 226

B.27 Proof of Theorem 11.5 . . . . . . . . . . . . . . . . . . . . . . . . . . 228

B.28 Proof of Theorem 12.1 . . . . . . . . . . . . . . . . . . . . . . . . . . 242

B.29 Proof of Theorem 12.2 . . . . . . . . . . . . . . . . . . . . . . . . . . 243

B.30 Proof of Theorem 12.3 . . . . . . . . . . . . . . . . . . . . . . . . . . 244

B.31 Proof of Proposition 12.4 . . . . . . . . . . . . . . . . . . . . . . . . . 249

B.32 Proof of Theorem 12.5 . . . . . . . . . . . . . . . . . . . . . . . . . . 250

B.33 Proof of Proposition 12.6 . . . . . . . . . . . . . . . . . . . . . . . . . 251

C Auxiliary Lemmas 253

iv



List of Figures

3.1 Baird’s counterexample from Chapter 11.2 of Sutton and Barto (2018).

There are two actions available at each state, dashed and solid. The

solid action always leads to state 7. The dashed action leads to one

of states 1 - 6, with equal probability. The discount factor is γ = 0.99.

The reward is always 0. The initial state is sampled uniformly from all

the seven states. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.2 Off-policy linear TD and its target network variant in Baird’s coun-

terexample . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.3 Effect of regularization in Kolter’s example. . . . . . . . . . . . . . . 49

3.4 Effect of regularization in Baird’s counterexample for prediction . . . 50

4.1 Averaged emphasis approximation error in last 1000 steps for the fol-

lowon trace and GEM with different features. Learning rates used are

bracketed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.2 Averaged RMSVE in recent 1000 steps for GEM-ETD(0) and ETD(0)

with four different sets of features. . . . . . . . . . . . . . . . . . . . . 57

4.3 A microdrone doing random walk among four different locations. L4

is a charging station where the microdrone’s battery is fully recharged. 59

5.1 Truncated emphatic TD and ETD(0, β) in the prediction setting. . . 74

6.1 Two variants of Boyan’s Chain. There are 13 states in total with two

actions {a0, a1} available at each state. The initial distribution p0 is

uniform over {s0, . . . , s12}. At a state si(i ≥ 2), a0 leads to si−1 and

a1 leads to si−2. At s1, both actions leads to s0. At s0, there are two

variants. (1) Episodic Boyan’s Chain: both actions at s0 lead to s0

itself, i.e., s0 is an absorbing state. (2) Continuing Boyan’s Chain:

both actions at s0 lead to a random state among {s0, . . . , s12} with

equal probability. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

6.2 Density ratio learning in Boyan’s Chain with a tabular representation. 84

v



6.3 Density ratio learning in Boyan’s Chain with a linear architecture. . . 85

6.4 Off-policy prediction in Reacher-v2 with neural network function ap-

proximators. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

7.1 An example showing the divergence of naive differential temporal dif-

ference methods. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

8.1 Boyan’s chain with linear function approximation. We vary π0 in

{0.1, 0.3, 0.5, 0.7, 0.9}. In the first row, we use µ0 = π0; in the sec-

ond row, we use µ0 = 0.5; in the third row, we use µ0 = 1 − π0. ¯̂r is

the average r̂ of recent 100 steps. . . . . . . . . . . . . . . . . . . . . 98

9.1 Linear Q-learning and its target network variant in Barid’s counterex-

ample with a fixed behavior policy. . . . . . . . . . . . . . . . . . . . 109

9.2 Linear Q-learning and its target network variant in Barid’s counterex-

ample with a changing behavior policy. . . . . . . . . . . . . . . . . . 110

10.1 AUC improvements of Bi-Res-DDPG over DDPG on 28 DMControl

tasks and 5 Mujoco tasks, computed as AUCBi-Res-DDPG−AUCDDPG

AUCDDPG
. . . . . 116

10.2 Performance of Bi-Res-DDPG variants on walker-stand, focusing on

the role of target networks. . . . . . . . . . . . . . . . . . . . . . . . . 117

10.3 A selection of the best parameters η from Figure 10.2. Note that

residual updates stabilize performance as much as the introduction of

target networks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

11.1 Truncated emphatic expected SARSA and its β-variant in the control

setting with a fixed behavior policy. The shaded regions are invisible

for some curves because their standard errors are too small. . . . . . 131

11.2 Truncated emphatic expected SARSA and its β-variant in the control

setting with a changing behavior policy. . . . . . . . . . . . . . . . . . 132

11.3 CartPole. At each time step, we observe the velocity, acceleration,

angular velocity, and angular acceleration of the pole and move

the car left or right to keep the pole balanced. The reward is +1

every time step. An episode ends if a maximum of 1000 steps is reached

or the pole falls. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

11.4 Truncated emphatic expected SARSA and its β-variant in the CartPole

domain. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

vi



Chapter 1

Introduction

Arguably, an agent with artificial general intelligence should be able to sequentially

make decisions towards certain goals in an efficient, scalable, and stable way. Re-

inforcement Learning (RL, Sutton and Barto (2018)) is a framework for studying

sequential decision making problems via trial and error and has made tremendous

success in various domains (see, e.g., Mnih et al. (2015); Silver et al. (2016); Jumper

et al. (2021); Vinyals et al. (2019); Bellemare et al. (2020); Mirhoseini et al. (2021);

Bastani et al. (2021); Degrave et al. (2022)). Different from many other frameworks

that can be used for sequential decision making (e.g., dynamic programming (Bell-

man, 1966), optimal control (Kirk, 2004), and search (Russell and Norvig, 2002)), RL

does not assume to know the internal dynamics of the environment, which makes RL

readily applicable to a wide range of real-world problems, e.g., vehicle parking.

RL considers an agent-environment interface. At each time step, an agent makes

a decision (i.e., an action) according to a policy, which is a mapping from the agent’s

current state (i.e., the set of the information that the agent currently has) to a proba-

bility distribution of available actions. The environment receives this action, emits a

reward, and leads the agent to a successor state. Here the reward is a scalar signal. It

is assumed, in the RL framework, that this reward signal is predesigned and faithfully

conveys the goal we want the agent to achieve (Sutton, 2004). Consequently, all the

agent needs to do is to adapt its policy to maximize the received reward signals in

a long run. In the vehicle parking example, the state could be sensor data such as

images from the backup camera and the velocity of the vehicle. The action could be

to steer, to brake, or to accelerate. The reward could be a negative constant every

second until the vehicle is successfully parked. It is worth mentioning that design-

ing a reward signal to faithfully convey human intention is nontrivial, especially in

real-world scenarios. For instance, in the vehicle parking example, one might also

want to reflect safety constraints in the reward signal. And additional techniques

1



such as supervised learning might be necessary to determine whether the vehicle is

properly parked. Reward design itself is an active research area (see, e.g., Abbeel

and Ng (2004); Abel et al. (2021)), which, however, deviates from the main topic of

this thesis. In this thesis, we assume that the desired reward signal is available and

focus on the maximization of this reward signal. The RL community has developed

numerous exciting ideas for this reward-maximization process. Arguably, bootstrap-

ping, function approximation, and off-policy learning are among the most important

ones.

The idea of bootstrapping (Sutton, 1988) is to recursively construct a learning tar-

get for an estimator by using the estimator itself. In the RL context, bootstrapping

is an efficient method to address the credit assignment problem, i.e., to determine

which actions should be credited for delayed rewards in the future. Temporal Dif-

ference learning (TD, Sutton (1988)) is an example of bootstrapping methods. In

TD, the estimate of the value of a state, i.e., the estimate of the expected aggregated

future rewards after visiting a state, is updated towards the summation of the imme-

diate reward and the estimate of the value of the successor state. Since the successor

state is immediately available in the next time step, TD is able to update the estimate

every time step in an online manner. By contrast, without bootstrapping, it would

not be possible to update the estimate of the value of a state until all future rewards

are received, which could possibly take a long time. In the vehicle parking example,

we might want to know the rewards an agent can receive starting at some position

following some policy. Without bootstrapping, one straightforward way is to wait

until the end of this trial of parking. With bootstrapping, we can, however, get an

estimate immediately at the next second via summing up the immediate reward that

the agent have received and our estimate of the rewards that the agent could receive

in the future starting from the new position.

The idea of function approximation is to use a parameterized function to rep-

resent quantities of interest, e.g., the values of different states, in a compact way.

A straightforward method to store the values of different states is to use a look-up

table to store them separately. This tabular method is, however, memory-expensive

when there are too many states. Even worse, this tabular method cannot easily pro-

vide generalization, i.e., it is hard to deduce the value of a new state based on the

look-up table storing the value of known states. By contrast, function approximation

adopts a feature function that maps each state to several numerical features. Those

numerical features serve as the inputs to a parameterized function. And we adapt

the parameters such that the parameterized function is able to approximate well the
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quantities of interest, e.g., the values of states. As features are usually much less

than states and parameters are shared across all states, function approximation ex-

hibits great memory efficiency. More importantly, as features are usually correlated

across states, function approximation easily provides generalization to unseen states.

Consider, again, estimating the rewards a parking agent can receive starting from dif-

ferent positions in the vehicle parking example. If the states are the images from the

backup camera, maintaining a look-up table using the image as key and the estimated

reward as value is impractical because there are too many possible images. A more

practical way might be to train a neural network (LeCun et al., 2015) to approximate

the mapping from the images to the estimated rewards.

The idea of off-policy learning is to decouple the policy being learned (target

policy) from the policy used for interaction with the environment (behavior policy)

and thus allows them to be different from each other. By contrast, another learning

paradigm, called on-policy learning, restricts the policy being learned to be the one

that the agent uses to interact with the environment. This flexibility of off-policy

learning helps improve the sample complexity of RL. For example, with off-policy

learning, one can reuse existing experiences generated by other policies to learn the

policy of interest, without requiring additional interaction with the environment.

One can also learn multiple policies of interest simultaneously while interacting with

the environment following a single behavior policy (cf. Sutton et al. (2011)). This

flexibility is also key to solving the exploration and exploitation dilemma. On the one

hand, we want the agent to interact with the environment in an exploratory way such

that more information can be obtained. On the other hand, we also want the agent

to interact with the environment in an exploitative way such that it can maximize

the received rewards. With on-policy learning, it is nontrivial to require the policy to

be both exploratory and exploitative. With off-policy learning, one can, however, use

an exploratory behavior policy for interacting with the environment while learning an

exploitative target policy. Consider again the vehicle parking example. We might have

some premature parking policies and want to know its outcome. Off-policy learning

allows us to evaluate those premature parking policies without actually deploying

them, possibly with data from a single human driver. This greatly reduces the risk

in the evaluation process.

It thus would be desirable if an RL algorithm can simultaneously combine all the

three ingredients above. Such an algorithm, unfortunately, is usually not theoretically

guaranteed to be stable, i.e., the output of such an algorithm can easily go to infinity.

This instability is known as the notorious deadly triad (Chapter 11.3 of Sutton and
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discounted
performance metric

average reward
performance metric

value prediction
Sutton et al. (2008, 2009)

Sutton et al. (2016)
Ours

Ours

density ratio prediction
Nachum et al. (2019a)

Ours
Ours

value-based control with
a fixed behavior policy

Maei et al. (2010)
Ours

Ours

value-based control with
a changing behavior policy

Ours Ours

policy-based control with
a fixed behavior policy

Ours N/A

policy-based control with
a changing behavior policy

N/A N/A

Table 1.1: Solution methods of the deadly triad issue in different RL settings. This
table is an arguably exhaustive taxonomy of RL settings regarding the deadly triad.
The exact definition of each setting is deferred to Chapter 2 for the ease of presenta-
tion.

Barto (2018)). When it comes to the deadly triad, we limit our discussion to RL al-

gorithms that are computationally efficient, i.e., algorithms that have linear per-step

computational and memory complexity w.r.t. the number of input features. There

are indeed algorithms with squared complexity that can address the deadly triad,

which are, however, hard to use in large scale applications due to the high demand

of computation resources. Though there have been works theoretically addressing

this deadly triad in a computationally efficient way (Sutton et al., 2008, 2009; Maei

et al., 2010; Sutton et al., 2016), they consider only a few RL settings, namely, value-

based methods under a discounted performance metric. The major contribution

of this thesis is to theoretically address the deadly triad issue in a wide

range of RL settings, including both policy- and value-based methods and

under various performance metrics. Table 1.1 details how the settings this the-

sis considers differ from the settings previous works consider. Importantly, in the

settings where solutions already exist, our methods also exhibit various advantages

over existing ones, e.g., reduced variance, improved asymptotic performance guaran-

tee. Furthermore, all our proposed convergent algorithms are also computationally

efficient. Their per-step computation and memory complexity are linear with respect

to the number of input features, making them readily available for large-scale RL

applications.
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The theoretical advances presented in this thesis are made possible via the use of

several advanced tools, including target networks, differential value functions, density

ratios, and truncated followon traces. The target network (Mnih et al., 2015) is a

technique widely used by practitioners to empirically stabilize RL algorithms (e.g.,

Lillicrap et al. (2016); Fujimoto et al. (2018); Haarnoja et al. (2018)). The idea is

to keep a slowly changing copy of the estimator, which is referred to as the target

network, and use the copy to construct an update target for the estimator in boot-

strapping. This thesis is the first to theoretically identify target networks

as effective tools for addressing the deadly triad. Differential value functions

are key to credit assignment when it comes to the average reward performance met-

ric. This thesis proposes the first convergent algorithm to learn differential

value functions in the context of the deadly triad. In RL, agents following

different policies have different state distributions. The density ratio is the ratio

between the state distribution under the target policy and that under the behavior

policy. The density ratio is an effective tool for correcting the discrepancy between

the target policy and the behavior policy and thus addressing the deadly triad. This

thesis proposes the first convergent algorithm to learn the density ratio

in the context of the deadly triad and the average reward performance

metric. This thesis also proposes the first convergent algorithm to learn a

generalization of the density ratio for addressing the deadly triad. Followon

traces are first introduced by Sutton et al. (2016) in emphatic TD methods to ad-

dress the deadly triad in value prediction problems. Followon traces, however, suffer

from large variance and the convergence analysis of emphatic TD methods is only

asymptotic (Yu, 2015). By introducing the truncated followon traces, this

thesis is the first to address the large variance of the followon trace in a

theoretically grounded way. This thesis also provides both asymptotic and

nonasymptotic convergence analysis for the resulting truncated emphatic

TD methods for both prediction and control settings, in the context of the

deadly triad.

Besides theoretically breaking the deadly triad, we also make empirical contribu-

tions. In particular, we design a novel bidirectional target network that scales up

residual algorithms (Baird, 1995). Residual algorithms are a class of RL algorithms

that are able to theoretically address the deadly triad issue in some restricted settings

and have been widely studied before the emergence of deep RL (i.e., the combination

of RL and deep neural networks, cf. Mnih et al. (2015)). By using the bidirec-
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tional target network, this thesis provides the first empirical success of

residual algorithms in the context of deep RL.
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Chapter 2

Background

2.1 Mathematical Conventions

In this section, we discuss the mathematical conventions we follow in this thesis.

All vectors are column. A matrix M (not necessarily symmetric) is said to be

positive definite (p.d.) if there exists a constant λ > 0 such that x>Mx ≥ λx>x holds

for any x. It is well known that M is p.d. if and only if M +M> is p.d. M is negative

definite (n.d.) if and only if −M is p.d. We overload 0 to denote the scalar zero, an

all-zero vector, and an all-zero matrix. The notation 1 is also similarly overloaded.

For a vector x and a p.d. matrix M , we use ‖x‖M
.
=
√
x>Mx to denote the vector

norm induced by M . We also use ‖·‖M to denote the corresponding induced matrix

norm, i.e., for a matrix X, ‖X‖M
.
= maxx 6=0

‖Xx‖M
‖x‖M

. We use ‖·‖ as shorthand for ‖·‖I
where I is the identity matrix, i.e., ‖·‖ is the standard `2-norm. We use diag(x) to

denote a diagonal matrix whose diagonal entry is x and write ‖·‖x as shorthand for

‖·‖diag(x) when diag(x) is p.d.. We use ‖·‖∞ and ‖·‖1 to denote the standard infinity

norm and `1-norm respectively. We use 〈·, ·〉 to denote the inner product in Euclidean

spaces, i.e., 〈x, y〉 .= x>y. We use functions and vectors interchangeably when it does

not confuse, e.g., if f is a function from S to R, we also use f to denote a vector in

R|S|, whose s-th element is f(s).

2.2 Markov Decision Process

In this section, we discuss the mathematical model we use for RL in this thesis.

We consider an infinite horizon Markov Decision Process (MDP, see, e.g., Puter-

man (2014)) consisting of a finite state space S, a finite action space A, a bounded

reward function r : S × A → R such that ∀s ∈ S, a ∈ A, |r(s, a)| ≤ rmax < ∞, a
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transition function p : S × S ×A → [0, 1], a policy π : A× S → [0, 1], and an initial

distribution p0 : S → [0, 1].

At time step 0, an initial state S0 is sampled according to p0(·). Here p0(·) repre-

sents a probability distribution on S whose probability mass function is p0. At time

step t = 0, 1, . . . , an action At is sampled according to π(·|St). Here π(·|St) represents

a probability distribution on A, where the probability mass for a ∈ A is π(a|St). Then

a reward Rt+1
.
= r(St, At) is emitted and a successor state St+1 is sampled according

to p(·|St, At). Here p(·|St, At) represents a probability distribution on S, where the

probability mass for s ∈ S is p(s|St, At). We consider two different settings for study-

ing this MDP: the discounted setting and the average-reward setting. They differ

from each other in how the performance of the policy π is measured.

In the discounted setting, we consider a discount factor γ ∈ [0, 1) to trade off

the importance of long term and short term rewards. To summarize the possible

future rewards starting from a state s following the policy π, we define the state value

function vπ as

vπ(s)
.
= Eπ,p[Gt|St = s],

where

Gt
.
=
∞∑
i=0

γiRt+i+1

is the return at time step t. Similarly, we use the action value function qπ to summa-

rize the possible future rewards starting from a state-action pair (s, a) following the

policy π:

qπ(s, a)
.
= Eπ,p[Gt|St = s, At = a].

The two value functions are related to each other as

vπ(s) =
∑
a

π(a|s)qπ(s, a).

We now arrive at our first performance metric, the discounted total rewards Jπ, which

is the expectation of the summation of the discounted future rewards starting from

time step 0:

Jπ
.
= Es∼p0(·)[vπ(s)].

8



In the average-reward setting, we consider another performance metric, the aver-

age reward J̄π (a.k.a. gain, see, e.g, Puterman (2014)), which is the average of the

received rewards in a long run:

J̄π
.
= lim

T→∞

1

T

T∑
t=1

Eπ,p[Rt].

The average reward exists and is independent of p0 if the following assumption holds:

Assumption 2.1. The Markov chain in S induced by the policy π is ergodic.

Assumption 2.1 is sufficient but not necessary. Weaker conditions (e.g., the Markov

chain in S induced by the policy π is a unichain) can also be used. In this thesis, we

use Assumption 2.1 for the ease of presentation. We similarly define the differential

state value function v̄π (see, e.g., Sutton and Barto (2018), a.k.a. bias, see, e.g.,

Puterman (2014)) and the differential action value function q̄π as

v̄π(s)
.
= Eπ,p

[ ∞∑
i=1

(Rt+i − J̄π)|St = s

]

and

q̄π(s, a)
.
= Eπ,p

[ ∞∑
i=1

(Rt+i − J̄π)|St = s, At = a

]
,

which summarize the possible future excessive rewards between the immediate reward

and the average reward. Both v̄π and q̄π are well-defined under Assumption 2.1. The

two differential value functions are related to each other as

v̄π(s) =
∑
a

π(a|s)q̄π(s, a).

We consider both prediction and control problems in both discounted and average-

reward settings. The prediction problem refers to estimating the performance of a

policy, i.e., computing Jπ, vπ, qπ, J̄π, v̄π, q̄π. The control problem refers to finding a

policy maximizing Jπ or J̄π.

2.3 Bellman Equations

In this section, we discuss dynamic programming, one origin of RL.

Bellman equations (Bellman, 1966; Puterman, 2014) are powerful tools to study

the prediction and control problems in both discounted and average-reward settings.
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For the prediction problem in the discounted setting, we consider the following

Bellman equation:

v = rπ + γPπv, (2.1)

where v ∈ R|S| is the free variable, rπ ∈ R|S| is the reward vector induced by the policy

π, i.e., the s-indexed element of rπ is rπ(s)
.
=
∑

a π(a|s)r(s, a), and Pπ ∈ R|S|×|S| is

the state transition matrix induced by the policy, i.e., Pπ(s, s′)
.
=
∑

a π(a|s)p(s′|s, a).

The state value function vπ is the unique solution to (2.1). Similarly, we also have

the Bellman equation for action value:

q = r + γPπq, (2.2)

where q ∈ R|S×A| is the free variable, Pπ ∈ R|S×A|×|S×A| is overloaded to denote the

state-action transition matrix as well for simplifying notations, i.e., Pπ((s, a), (s′, a′))
.
=

π(a′|s′)p(s′|s, a). The action value function qπ is the unique solution to (2.2). Once

vπ or qπ is known, computing Jπ becomes straightforward using samples from p0.

For the control problem in the discounted setting, we have two Bellman optimality

equations:

q(s, a) =r(s, a) + γ
∑
s′∈S

p(s′|s, a) max
a′∈A

q(s′, a′) ∀(s, a), (2.3)

v(s) = max
a
r(s, a) + γ

∑
s′∈S

p(s′|s, a)v(s′) ∀s, (2.4)

where q ∈ R|S×A| and v ∈ R|S| are the free variables. (2.3) has a unique solution,

which we refer to as q∗. (2.4) also has a unique solution, which we refer to as v∗

Importantly, for any (π, s, a), we have

q∗(s, a) ≥qπ(s, a),

v∗(s) ≥vπ(s).

It is then easy to see that Jπ is maximized if the policy π is greedy w.r.t. q∗(s, a), or

equivalently, r(s, a) +
∑

s′ p(s
′|s, a)v∗(s′).

For the prediction problem in the average reward setting, we consider the following

differential Bellman equation:

v = rπ − J̄1 + Pπv, (2.5)
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where v ∈ R|S| and J̄ ∈ R are free variables. Since (2.5) has |S|+ 1 free variables but

only |S| constraints, it does not have a unique solution. It is well known (see, e.g.,

Puterman (2014)) that all the solutions to (2.5) form a set{
(v, J̄) | v = v̄π + c1, c ∈ R, J̄ = J̄π

}
,

i.e., the solution to J̄ is always the average reward, but the solutions to v can differ

from the differential value function v̄π by an arbitrary constant offset. Similarly, we

also have the differential Bellman equation for action value:

q = r − J̄1 + Pπq, (2.6)

where q ∈ R|S×A| and J̄ ∈ R are free variables. The solution to J̄ is always the reward

rate J̄π, but the solutions to q can differ from the differential action value function q̄π

by an arbitrary constant offset.

For the control problem in the average reward setting, we consider the following

differential Bellman optimality equation:

q(s, a) = r(s, a)− J̄ +
∑
s′

p(s′|s, a) max
a′∈A

q(s′, a′), ∀(s, a), (2.7)

where q ∈ R|S×A| and J̄ ∈ R are free variables. Similarly, the only solution to J̄ is

J̄∗
.
= supπ J̄π and all the solutions to q differ from each other by a constant offset.

Now it becomes clear that both the prediction and control problems can be ad-

dressed by solving Bellman equations (2.1), (2.2), (2.3), (2.4), (2.5), (2.6), and (2.7).

One classical approach for solving Bellman equations is Dynamic Programming (DP,

Bellman (1966)). For example, to solve (2.1), DP considers the Bellman operator

Tπ : R|S| → R|S| defined as

Tπv .
= rπ + γPπv.

It is well-known that Tπ is a contraction mapping and vπ is its unique fixed point

according to the Banach fixed point theorem. Consequently, repeatedly applying Tπ
to any initial vector v ∈ R|S| converges to vπ. To solve (2.2), DP considers the action

value Bellman operator Tπ : R|S×A| → R|S×A| defined as

Tπq .
= r + γPπq.

Here we have overloaded Tπ for simplifying notations. The action value Bellman

operator is a contraction mapping as well, and repeatedly applying Tπ to any initial
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vector q ∈ R|S×A| converges to qπ. To solve (2.3), DP considers the action value

optimal Bellman operator T∗ : R|S×A|→|S×A| defined as

(T∗q)(s, a)
.
= r(s, a) + γ

∑
s′∈S

p(s′|s, a) max
a′∈A

q(s′, a′).

T∗ is a contraction mapping as well, and repeatedly applying T∗ to any initial vector

q ∈ R|S×A| converges to q∗. Similarly, to solve (2.4), DP considers the state value

optimal Bellman operator T∗ : R|S| → R|S| defined as

(T∗v) (s)
.
= max

a
r(s, a) + γ

∑
s′

p(s′|s, a)v(s′), (2.8)

where we have overloaded T∗ for simplicity. Repeatedly applying T∗ to any initial

vector v ∈ R|S| converges to v∗.

It is, however, worth mentioning that applying Tπ and T∗ requires to know the

transition function p, which is usually unknown in practice. Reinforcement Learning

(RL, Sutton and Barto (2018)) is a framework to address this challenge. Instead of

requiring knowing p(s′|s, a) for any s′ given (s, a), RL requires only a sample from

p(·|s, a), which is usually readily available in practice. We use Temporal Difference

learning (TD, Sutton (1988)) as a representative RL algorithm to demonstrate the

difference between RL and DP. To solve (2.1), at time step t, TD updates a single

element of v as

v(St)← v(St) + αt (Rt+1 + γv(St+1)− v(St)) ,

where {αt} is a sequence of learning rates. This TD update differs from the DP

update of applying Tπ to v mainly in the following aspects: (1) TD only updates a

single element of v at each time step (i.e., v(St)), while DP updates all the elements

of v at each iteration. (2) TD updates the element v(St) incrementally towards

Rt+1 + γv(St+1), controlled by the learning rate αt, while DP completely rewrites v

with Tπv. (3) The computation of Tπv in DP requires to know Pπ, while TD requires

only St+1, a sample from p(·|St, At). To summarize, RL provides an incremental and

stochastic way for implementing DP.

2.4 Bootstrapping

In this section, we discuss the first ingredient of the deadly triad.

Bootstrapping is perhaps the most important idea in RL. Consider, for example,

computing vπ. By definition, vπ(s)
.
= E[Gt|St = s], so the most straightforward way

12



is to update v(St) towards a realization of the random variable Gt, which is known as

the Monte Carlo method. Obtaining a realization of Gt is, however, nontrivial. Recall

that Gt is the summation of all possible futures rewards (
∑∞

i=0 γ
iRt+i+1). So in an

infinite horizon MDP, we have to wait for sufficiently long time, say T , to make sure

γT is sufficiently small such that we can truncate the summation as
∑T

i=0 γ
iRt+i+1

without incurring large bias, or wait for a time step T such that Rt ≡ 0 for all t ≥ T .

Since T can be very large, the update to v(St) is likely to be heavily delayed. Even

worse, the variance of Gt can be very large.

Instead of waiting for a realization of Gt to construct an update target for v(St),

TD uses Rt+1 + γv(St+1) as the update target for v(St), which is readily available at

time step t+1. The TD update target is recursively constructed by using the estimate

v itself, which is the central idea of bootstrapping (Sutton, 1988). The difference term

Rt+1 + γv(St+1) − v(St) is usually referred to as the TD error. Moreover, since the

randomness of the TD update target comes from only time step t+1, it usually enjoys

lower variance than the Monte Carlo update target Gt. Obviously there is no free

lunch, the TD update target is biased since v is only an estimate of vπ. However,

under mild conditions, one can prove that v converges to vπ almost surely (a.s.) under

the TD update (Bertsekas and Tsitsiklis, 1996).

The idea of bootstrapping has been widely used in RL. For example, SARSA

(Rummery and Niranjan, 1994) for prediction updates updates q as

q(St, At)← q(St, At) + αt(Rt+1 + γq(St+1, At+1)− q(St, At)),

where q converges to qπ a.s. (Bertsekas and Tsitsiklis, 1996). To compute J̄π, differ-

ential TD (Sutton and Barto, 2018) updates v and J̄ as

J̄ ← J̄ + αt(Rt+1 − J̄),

v(St)← v(St) + αt(Rt+1 − J̄ + v(St+1)− v(St)).

where J̄ converges to J̄π and v converges to one solution of (2.5) (Zhang et al., 2021e).

Similarly, differential SARSA for prediction updates q and J̄ as

J̄ ← J̄ + αt(Rt+1 − J̄),

q(St, At)← q(St, At) + αt(Rt+1 − J̄ + q(St+1, At+1)− q(St, At)),

where J̄ converges to J̄π and q converges to one solution of (2.6) (Zhang et al., 2021e).
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2.5 Function Approximation

In this section, we discuss the second ingredient of the deadly triad.

When the state space S is too large, maintaining a look-up table (i.e., a vector

v ∈ R|S|) as an estimate of vπ becomes intractable. Even worse, such a look-up table

v cannot easily provide generalization across states. For example, even if we have

good estimates for all states except for s0, i.e., v(s) = vπ(s) holds for all s ∈ S \ {s0},
it is still nontrivial to deduce the value of the state s0. To cope well with large state

spaces and provide generalization across different states, function approximation is

introduced.

Function approximation adopts a feature mapping x : S → RK , which maps each

state s into a K-dimensional vector. In the case of linear function approximation, a

weight vector w ∈ RK is then adapted such that

x(s)>w ≈ vπ(s), ∀s.

As K is usually much smaller than |S|, function approximation exhibits great memory

efficiency when the state space is large. As x(s) is usually correlated for different

s ∈ S, function approximation naturally provide generalization across different states.

With linear function approximation, TD updates the weight w iteratively as

wt+1
.
= wt + αt(Rt+1 + γx>t+1wt − x>t wt)xt, (2.9)

where we use xt
.
= x(St) as shorthand. The almost sure convergence of {wt} is

obtained by Tsitsiklis and Roy (1996a) under mild conditions.

Let X ∈ R|S|×K be the feature matrix, each row of which is x(s)>, and dπ ∈ R|S|

be the stationary state distribution of the Markov chain induced by π, assuming it

exists. We define a projection Πdπ : R|S| → R|S| such that

Πdπv
.
= X arg min

w∈RK
‖Xw − v‖2

dπ
.

It is easy to see that Πdπ is the projection onto the column space of X w.r.t. the

norm induced by dπ. With simple algebraic manipulation, it is easy to verify that

Πdπ is linear and

Πdπ = X(X>DπX)−1X>Dπ,

where Dπ
.
= diag(dπ) ∈ R|S|×|S| and we assume the inversion exists for now. Under

mild assumptions, Tsitsiklis and Roy (1996a) show that the iterate {wt} generated

by linear TD (2.9) satisfies

lim
t→∞

wt = w∗ a.s.,
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where w∗ is the unique solution to

‖ΠdπTπ(Xw)−Xw‖2
dπ

= 0, (2.10)

the LHS of which is known as the Mean Squared Projected Bellman Error (MSPBE).

Linear function approximation can also be combined with many other RL algo-

rithms and some of the combinations remain convergent as well. For example, to

approximate qπ(s, a), linear SARSA for prediction updates the weight w iteratively

as

wt+1
.
= wt + αt(Rt+1 + γx>t+1wt − x>t wt)xt, (2.11)

where we have overloaded x to also denote a state-action feature mapping: S ×A →
RK and xt

.
= x(St, At). We overload dπ ∈ R|S×A| to denote the stationary state-

action distribution of the chain induced by π as well, assuming it exists. Similarly,

Dπ ∈ R|S×A|×|S×A| is overloaded to denote a diagonal matrix whose diagonal entry is

dπ ∈ R|S×A|, X ∈ R|S×A|×K is overloaded to denote the state-action feature matrix,

each row of which is x(s, a)>. The projection Πdπ is also overloaded accordingly.

Under mild conditions, the results in Tsitsiklis and Roy (1996a) can be used to show

that the {wt} generated by linear SARSA for prediction (2.11) converges to the unique

solution of (2.10) (with overloaded notations).

Linear differential TD (Tsitsiklis and Roy, 1999) updates the weight w and a

scalar estimate J̄ of the reward iteratively as

J̄t+1
.
= J̄t + αt(Rt+1 − J̄t),

wt+1
.
= wt + αt(Rt+1 − J̄t + x>t+1wt − x>t wt).

To study the behavior of linear differential TD, we make the following assumption:

Assumption 2.2. For any c ∈ R, w ∈ RK, Xw 6= c1.

Under Assumptions 2.1, 2.2, and other mild conditions, Tsitsiklis and Roy (1999)

prove that

lim
t→∞

J̄t = J̄π,

lim
t→∞

wt = w∗,

where w∗ is the unique solution of∥∥Πdπ(rπ − J̄π1 + PπXw)−Xw
∥∥2

dπ
= 0.

15



Linear differential SARSA for prediction and its convergence are the same as linear

differential TD (with overloaded notations) and are thus omitted.

Besides linear function approximation, nonlinear function approximation can also

be used, where the estimate v is a nonlinear w.r.t. the feature x(s). We use vw(s)

and qw(s, a) to denote state value estimate and action value estimate parameterized

by w respectively.

2.6 Off-Policy Learning

In this section, we discuss the third ingredient of the deadly triad.

So far we have considered only a single policy π, which is both the policy used

for action selection and the policy whose value function is to be estimated. This

learning paradigm is called on-policy learning. One could of course consider two

policies instead: one policy µ is used for action selection, and we estimate the value

function of another policy π. This learning paradigm is called off-policy learning,

and the policies µ and π are referred to as the behavior policy and the target policy

respectively.

Arguably, off-policy learning is more flexible than on-policy learning. For example,

while a single policy µ is used for action selection, one could learn the value function

of multiple target policies π1, π2, . . . simultaneously (see, e.g., Sutton et al. (2011)),

which would be impossible in the on-policy learning setting. In some settings, action

selection based on the target policy may not be able to cover the whole state space

efficiently. So one might also want to consider off-policy learning and use a different

behavior policy for action selection to explore the state space more efficiently.

In this thesis, we consider two different off-policy learning settings, the Markovian

setting and the i.i.d. setting.

Definition 2.1 (The Markovian setting). The learning algorithm is presented with

an infinite sequence (S0, A0, R1, S1, A1, R2, S2, . . . ), where

S0 ∼ p0(·), At ∼ µt(·|St), Rt+1
.
= r(St, At), St+1 ∼ p(·|St, At) (t = 0, 1, . . . ).

Here {µt} is a sequence of behavior policies for action selection.

In its simplest form, the behavior policy is fixed.

Definition 2.2 (The Markovian setting with a fixed behavior policy). The learning

algorithm is presented with an infinite sequence (S0, A0, R1, S1, A1, R2, S2, . . . ), where

S0 ∼ p0(·), At ∼ µ(·|St), Rt+1
.
= r(St, At), St+1 ∼ p(·|St, At) (t = 0, 1, . . . ).
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We use dµt ∈ R|S| to denote its stationary state distribution. If the behavior policy

is fixed, we simply use dµ ∈ R|S|.
Besides the Markovian setting, we sometimes work on the i.i.d. setting, which

has two variants. When working with state value function vπ or v̄π, we consider the

following i.i.d. setting:

Definition 2.3 (The i.i.d. setting). The learning algorithm is presented with an

infinite sequence of tuples {(Sk, Ak, Rk, S
′
k)}k=0,1,..., where

Sk ∼ dµ(·), Ak ∼ µ(·|Sk), Rk
.
= r(Sk, Ak), S

′
k ∼ p(·|Sk, Ak).

Here dµ is the stationary distribution of the chain induced by the behavior policy µ.

When working with action value function qπ or q̄π, we consider the following i.i.d.

setting:

Definition 2.4 (The behavior agnostic i.i.d. setting). The learning algorithm is pre-

sented with an infinite sequence of tuples {(S0
k , A

0
k, Sk, Ak, Rk, S

′
k, A

′
k)}k=0,1,..., where

S0
k ∼ p0(·), A0

k ∼ π(·|S0
k), (Sk, Ak) ∼ dµ(·), Rk

.
= r(Sk, Ak),

S ′k ∼ p(·|Sk, Ak), A′k ∼ π(·|S ′k).

Here dµ : S × A → (0, 1) is an arbitrary probability distribution on S × A that has

full support. For simplifying notations, we sometimes use dp0π to denote the joint

distribution of (S0
k , A

0
k) and dµpπ to denote the joint distribution of (Sk, Ak, S

′
k, A

′
k).

In the Markovian setting in Definition 2.2, after the chain induced by µ has mixed,

it reduces to the i.i.d. setting in Definition 2.3. In other words, if an algorithm

is convergent in the i.i.d. setting in Definition 2.3, it is usually also convergent in

the Markovian setting in Definition 2.2 (see, e.g., Sutton et al. (2009) and Wang

et al. (2017a)). The convergence proof in the Markovian setting is, however, usually

more involved. In this thesis, we study those two settings separately for the ease of

presentation.

The i.i.d. setting in Definition 2.4 is usually referred to as the behavior agnostic off-

policy learning setting (Nachum et al., 2019a) since it does not impose any condition

on how dµ is obtained: it can be the stationary state-action pair distribution of a single

known behavior policy; it can also result from multiple unknown behavior policies.

In practice, this dµ is usually the marginal state-action pair distribution in a large

dataset consisting of previously logged tuples {(sk, ak, rk, s′k)} (see, e.g., Levine et al.

(2020)).
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The i.i.d. settings can be viewed as the batch RL setting (Levine et al., 2020) with

infinitely many data. It is straightforward to extend the results in those settings to the

canonical batch RL setting with a finite dataset, see, e.g., Nachum et al. (2019a). The

results in the Markovian settings typically require an infinite trajectory. Extending

those results to the batch RL setting is nontrivial, which we leave for future work.

We now give some examples of off-policy algorithms. We first consider the Marko-

vian setting in Definition 2.2. Off-policy TD updates the look-up table v as

v(St)← v(St) + αtρt(Rt+1 + γv(St+1)− v(St)), (2.12)

where

ρt
.
=
π(At|St)
µ(At|St)

is the importance sampling ratio. It is proven that under mild conditions, v converges

to vπ a.s. (Bertsekas and Tsitsiklis, 1996). Off-policy SARSA for prediction updates

the look-up table q as

q(St, At)← q(St, At) + αt(Rt+1 + γρt+1q(St+1, At+1)− q(St, At)). (2.13)

Off-policy expected SARSA for prediction updates the look-up table q as

q(St, At)← q(St, At) + αt

(
Rt+1 + γ

∑
a

π(a|St+1)q(St+1, a)− q(St, At)
)
. (2.14)

It is proven that under mild conditions, q converges to qπ a.s. (Bertsekas and Tsitsiklis,

1996). Differential off-policy TD updates v and J̄ as

δt ← Rt+1 − J̄ + v(St+1)− v(St),

J̄ ← J̄ + αtρtδt,

v(St)← v(St) + αtρtδt.

It is proven that J̄ converges to J̄π a.s. and v converges to one solution of (2.5) (Wan

et al., 2021). Differential off-policy SARSA for prediction updates q and J̄ as

δt ← Rt+1 − J̄ + ρt+1q(St+1, At+1)− q(St, At), (2.15)

J̄ ← J̄ + αtδt,

q(St, At)← q(St, At) + αtδt.

The results in Wan et al. (2021) can be used to show that J̄ converges to J̄π a.s. and

q converges to one solution of (2.6).
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We then consider the Markovian setting (Definition 2.1) with changing behavior

policies. Q-learning (Watkins, 1989) updates q as

q(St, At)← q(St, At) + αt

(
Rt+1 + γmax

a
q(St+1, a)− q(St, At)

)
, (2.16)

where q converges to q∗ a.s. (Bertsekas and Tsitsiklis, 1996). Comparing (2.16) and

(2.14), one can see that the Q-learning is essentially using a greedy policy w.r.t.

the current q as the target policy in the off-policy expected SARSA for prediction.

Since the estimate q keeps changing, the target policy changes every time step in

Q-learning. In practice, the behavior policy µt in Q-learning also changes every time

step. A common choice is an ε-greedy policy w.r.t. the current q, i.e., it selects a

random action w.p. ε and selects a greedy action w.r.t. q w.p. 1 − ε. Differential

Q-learning (Wan et al., 2021) updates q and J̄ as

δt ← Rt+1 − J̄ + max
a
q(St+1, a)− q(St, At), (2.17)

J̄ ← J̄ + αtδt,

q(St, At)← q(St, At) + αtδt,

where J̄ converges to J̄∗ a.s. and q converges to one solution of (2.7) a.s. (Wan et al.,

2021). The behavior policy of differential Q-learning is usually an ε-greedy policy as

well.

2.7 The Deadly Triad

Given the benefits of bootstrapping, function approximation, and off-policy learn-

ing, it would be desirable if one single algorithm can simultaneously adopt all those

three ingredients. Such an algorithm, unfortunately, is usually not guaranteed to be

convergent, which is the notorious deadly triad (Chapter 11.3 of Sutton and Barto

(2018)).

For example, in the Markovian setting in Definition 2.2, off-policy linear TD up-

dates the weight w iteratively as

wt+1
.
= wt + αtρt(Rt+1 + γx>t+1wt − x>t wt)xt. (2.18)

The divergence of (2.18) is, however, well-documented (Baird, 1995; Tsitsiklis and

Roy, 1996a; Sutton and Barto, 2018). In the on-policy setting, the linear TD update

(2.9) can be rewritten as

wt+1 − wt = αt
(
xt(γxt+1 − xt)>wt +Rt+1xt

)
. (2.19)
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Since the chain is assumed to be ergodic, asymptotically, St will be distributed accord-

ing to the stationary distribution dπ. Consequently, in the long run, the expectation

of the terms xt(γxt+1 − xt)> and Rt+1xt are

A
.
=
∑
s

dπ(s)x(s)

(
γ
∑
s′

Pπ(s, s′)x(s′)− x(s)

)>
= X>Dπ(γPπ − I)X

and

b
.
=
∑
s

dπ(s)x(s)rπ(s) = X>Dπrπ.

If the learning rate αt decays properly, the system described by (2.19) approximates

the following Ordinary Differential Equation (ODE) in the long run:

dw(t)

dt
= Aw(t) + b. (2.20)

The system in (2.19) is discrete-time and stochastic. The ODE in (2.20) is continuous-

time and deterministic. Studying the convergence of RL algorithms like (2.19) via

studying the corresponding ODEs like (2.20) is a common practice in the RL com-

munity, see, e.g., Tsitsiklis and Roy (1996a, 1999); Sutton et al. (2008, 2009); Yu

(2015), where theoretical results from the stochastic approximation community (e.g.,

Kushner and Yin (2003); Borkar (2009)) are usually used to formally connect the RL

algorithms and the corresponding ODEs. Technically speaking, if the RL algorithm

satisfies some conditions (e.g., the iterates generated by the RL algorithm is bounded

almost surely, the learning rates used by the RL algorithm decays properly), then

the iterates generated by the RL algorithm converge to an invariant set of the ODE

almost surely. We refer the reader to Section A.2 for an example of such theoretical

results, which we repeatedly use in this thesis, and to Kushner and Yin (2003); Borkar

(2009) for more discussion in depth. In the following we provide some intuition about

why this line of research is fruitful. First, the ODE is deterministic via averaging

out the randomness of RL algorithms from the policy and the transition function. A

deterministic system is usually easier to analyze than a stochastic system. Second,

the ODE community exists much longer than the RL community. Via connecting RL

algorithms with ODEs, the RL community can make use of powerful existing results

in the ODE community.

It is well-known that an ODE like (2.20) is globally asymptotically stable if A

is negative definite (see, e.g., Vidyasagar (2002)). Such negative definiteness of A

is confirmed by Tsitsiklis and Roy (1996a) with the help of an important property
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of stationary distribution d>πPπ = d>π . Consequently, the convergence of (2.19) is

expected. In the off-policy setting, the corresponding A matrix of (2.18) is

X>Dµ(γPπ − I)X,

where Dµ
.
= diag(dµ). Such an A matrix is, however, not guaranteed to be negative

definite because d>µPπ = d>µ usually does not hold. Consequently, the off-policy

linear TD update (2.18) can possibly diverge. This lack of negative definiteness of

the expected limiting update is the root cause of the deadly triad. Similarly, linear

Q-learning updates the weight iteratively as

wt+1
.
= wt + αt

(
Rt+1 + γmax

a
x(St+1, a)>wt − x>t wt

)
xt, (2.21)

whose divergence is documented in Baird (1995).

One attempt to address the deadly triad is to reweight the off-policy update, e.g.,

(2.18), with the products of importance sampling ratios

ρ0ρ1 . . . ρt

instead of a single importance sampling ratio ρt. Assuming the variance of all such

products is bounded, Precup et al. (2001) confirm the convergence of the correspond-

ing update rule. Such an assumption about the bounded variance is, however, re-

strictive and may not hold for many behavior and target policies especially in infinite

horizon MDPs we consider in this thesis.

Residual gradient algorithms (Baird, 1995) address the deadly triad by perform-

ing gradient descent on TD errors directly. Consider, e.g., the off-policy prediction

problem with linear function approximation in the i.i.d setting (Definition 2.3). One

could define the Mean Squared Bellman Error (MSBE) for w as

MSBE(w)
.
= ‖rπ + γPπXw −Xw‖2

dµ
.

Computing the gradient of MSBE(w) yields

∇wMSBE(w)

=2(rπ + γPπXw −Xw)>Dµ(γPπX −X)

=2
∑
s

dµ(s)

(∑
s′

Pπ(s, s′)(rπ(s) + γx(s′)>w − x(s)>w)

)

×
(∑

s′′

Pπ(s, s′′)(γx(s′′)− x(s))>
)
.
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If we could get an unbiased estimate of ∇wMSBE(w), standard stochastic gradient

descent algorithms can be applied to minimize MSBE(w), and the convergence of

the resulting algorithm follows directly from standard optimization theories. Such an

unbiased gradient estimate, however, requires two independently sampled successor

states s′ and s′′ from a single state s, which is not available in the RL setting we

consider. This is the notorious double sampling issue.

It is important to note that when it comes to the deadly triad, we limit our discus-

sion to only computationally efficient algorithms, i.e., algorithms that are incremental

and have linear per-step computational and memory complexity w.r.t. the feature di-

mension K. If we relax this requirement, the deadly triad can be addressed via least

square TD (LSTD) methods (Bradtke and Barto, 1996; Boyan, 1999; Lagoudakis

and Parr, 2003; Peters and Schaal, 2008; Yu, 2010). If off-policy linear TD (2.18)

converged, the weight w would converge to w∗ satisfying

Aw∗ + b = 0,

where

A
.
=X>Dµ(γPπ − I)X,

b
.
=X>Dµrπ.

Thus one straightforward way to compute w∗ is to estimate both A and b directly and

then use matrix inversion to compute w∗, which is the central idea of LSTD meth-

ods. LSTD methods, however, in general exhibit O(K2) per-step computational and

memory complexity, which is prohibitive in large-scale applications. When additional

sparsity assumption is imposed on the features, Geramifard et al. (2006) reduce the

per-step computational complexity of LSTD methods to O(K + K̄2), where K̄ is the

maximum nonzero features for any state. The memory complexity, however, remains

O(K2).

Nevertheless, several computationally efficient algorithms have been developed to

address the deadly triad in some settings, which we detail in the following sections.

2.8 Gradient Temporal Difference Learning

In this section, we discuss the first family of algorithms that address the deadly triad.

The idea presented in this section is repeatedly used in Chapters 4, 6, 8, and 12 for

deriving different learning objectives and computing their gradients.
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Linear TD (2.9) can be regarded as performing gradient descent on the following

objective (
Rt+1 + γx>t+1w − x>t w

)2

w.r.t. w, pretending x>t+1w is independent of w. Such a method is usually referred

to as a semi-gradient method since the gradient of x>t+1w is ignored. If this gradient

of x>t+1w is not ignored, one would end up with a true stochastic gradient method,

i.e., residual gradients. As discussed before, residual gradient remains stable even

if under off-policy training. Residual gradient, however, suffers from the notorious

double sampling issue, yielding implementation challenges in many practical settings.

It thus would be desirable if one could have a true stochastic gradient descent method

while avoiding the double sampling issue. Fortunately, Gradient Temporal Difference

(GTD, Sutton et al. (2008, 2009); Maei (2011)) learning methods achieve such a goal.

We study GTD2 (Sutton et al., 2009) as a representative of GTD methods. The

on-policy linear TD (2.9) converges to the minimizer of the on-policy MSPBE

‖ΠdπTπ(Xw)−Xw‖2
dπ
.

Consider the i.i.d. setting in Definition 2.3. Since the data is sampled from the

stationary distribution dµ, one natural objective for learning the weight w, in analogue

to the MSPBE in the on-policy setting, is the off-policy MSPBE:

MSPBE(w)
.
=
∥∥ΠdµTπ(Xw)−Xw

∥∥2

dµ
(2.22)

Similar to residual gradient methods, which compute the gradient of MSBE(w) di-

rectly, GTD2 computes the gradient of MSPBE(w) directly. We first rewrite the

off-policy MSPBE(w) as

MSPBE(w) (2.23)

=
∥∥Πdµ(Tπ(Xw)−Xw)

∥∥2

dµ

=(Tπ(Xw)−Xw))>Π>dµDµΠdµ(Tπ(Xw)−Xw))

=(Tπ(Xw)−Xw))>DµX(X>DµX)−1X>Dµ(Tπ(Xw)−Xw))

(Using Πdµ
.
= X(X>DµX)−1X>Dµ)

=
∥∥X>Dµ(Tπ(Xw)−Xw))

∥∥2

(X>DµX)−1

=
∥∥X>Dµ(rπ + γPπXw −Xw)

∥∥2

(X>DµX)−1

=‖Aπ,µw + bπ,µ‖2
C−1
µ
,
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where

Aπ,µ
.
= X>Dµ(γPπ − I)X,

bπ,µ
.
= X>Dµrπ,

Cµ
.
= X>DµX.

According to Fenchel’s duality, for any positive definite matrix M ∈ RK×K and any

vector y ∈ RK , we have

y>M−1y = max
ν∈RK

2y>ν − ν>Mν. (2.24)

We can then continue expanding MSPBE(w) as

MSPBE(w) = max
ν

2(Aπ,µw + bπ,µ)>ν − ν>Cµν.

Let

L(w, ν)
.
= 2(Aπ,µw + bπ,µ)>ν − ν>Cµν,

we have

min
w

MSPBE(w) = min
w

max
ν

L(w, ν).

Since L(w, ν) is concave in ν and convex in w, the original problem of minimizing w for

MSPBE(w) now becomes a convex-concave saddle-point (CCSP) problem. One can

use primal-dual methods to solve this CCSP problem, i.e., update w and ν following

−∇wLπ,µ(w, ν) and ∇νLπ,µ(w, ν):

∇wLπ,µ(w, ν)

=2ν>Aπ,µ

=2ν>(X>Dµ(γPπ − I)X)

=2
∑
s

dµ(s)(x(s)>ν)
∑
s′

Pπ(s, s′)(γx(s′)− x(s))>,

∇νLπ,ν(w, ν)

=2((Aπ,µw + bπ,µ)> − ν>Cµ)

=2((rπ + γPπXw −Xw)>DµX − ν>X>DµX)

=2
∑
s

dµ(s)x(s)>
∑
a,s′

π(a|s)p(s′|s, a)
(
r(s, a) + γx(s′)>w − x(s)>w − x(s)>ν

)
.
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GTD2 updates w and ν iteratively as

νk+1
.
= νk + αkρk(Rk + γx′>k wk − x>k wk − x>k νk)xk,

wk+1
.
= wk + αkρk(xk − γx′k)x>k νk,

where ρk, xk, and x′k are shorthand for π(Ak|Sk)
µ(Ak|Sk)

, x(Sk), and x(S ′k). Under mild con-

ditions, Sutton et al. (2009) prove that {wk} in GTD2 converges to the unique min-

imizer of the off-policy MSPBE(w) a.s. GTD2, therefore, solves the deadly triad in

the discounted setting for the prediction problem.

The derivation of GTD2 presented here using the Fenchel’s duality is due to Liu

et al. (2015); Macua et al. (2015) and is different from the original derivation in Sutton

et al. (2009). Besides GTD2, TDC (Sutton et al., 2009) can also be used to minimize

the off-policy MSPBE(w). Moreover, there also exists GTD(0) (Sutton et al., 2008)

that optimizes an objective that is slightly different from the off-policy MSPBE(w).

GTD(0), GTD2, and TDC are all in the family of GTD algorithms and solve the

deadly triad in the discounted setting for the prediction problem. In this thesis, for

easing presentation, we use GTD to indicate the GTD2 algorithm unless otherwise

specified. Though we consider the i.i.d. setting in Definition 2.3 here, GTD can also

be used in the Markovian setting in Definition 2.2, see, e.g., Wang et al. (2017a).

GTD methods have also been extended to estimate the action-value function qπ, see,

e.g., Maei and Sutton (2010).

Maei et al. (2010) extend the idea of GTD methods to the control setting in

Greedy-GQ. Consider the i.i.d. setting in Definition 2.4, Greedy-GQ considers the

following MSPBE objective ∥∥ΠdµTπw(Xw)−Xw
∥∥2

dµ
,

where X is the state-action feature matrix, Tπw is the action value Bellman operator,

and πw is some policy parameterized by w, e.g., πw can be a greedy policy w.r.t. to the

action value estimate Xw. Arguably, optimizing this MSPBE is more involved than

optimize (2.22) since this MSPBE is non-convex and can even be non-differentiable

due to the dependence of πw on the weight w. Fortunately, Greedy-GQ managed to

optimize this MSPBE and is proven to converge to some stationary points of this

MSPBE objective, making it a solution for the deadly triad in the discounted setting

for the control problem.
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2.9 Emphatic Temporal Difference Learning

In this section, we discuss the second family of algorithms that address the deadly

triad. This section introduces a new quantity, emphasis, which is repeatedly used in

Chapters 4, 5, 11 and 12. This new quantity plays a key role in the design of many

novel convergent off-policy algorithms in this thesis and motivates the introduction

of the retrospective knowledge.

As discussed in Section 2.7, the root cause of the deadly triad is that the matrix

X>Dµ(γPπ − I)X

is not guaranteed to be negative definite. One possible solution is to replace Dµ

with some other distribution (e.g., by reweighting the update at each time step) to

regain negative definiteness. This is the central idea of Emphatic Temporal Difference

learning methods (ETD, Sutton et al. (2016)). In its simplest form, considering

the Markovian setting in Definition 2.2, ETD introduces the followon trace Ft for

reweighting the updates, which is defined recursively as

Ft
.
= i(St) + γρt−1Ft−1 (t ≥ 0) (2.25)

F−1
.
= 0,

where i : S → (0,+∞) is the interest function specifying users’ preference of different

states (i(s) ≡ 1 is usually used). ETD then updates the weight w iteratively as

wt+1
.
= wt + αtFtρt(Rt+1 + γx>t+1wt − x>t wt)xt. (2.26)

It can be shown (Sutton et al., 2016; Zhang et al., 2019, 2020d) that under mild

conditions, the limit

mπ,µ(s)
.
= lim

t→∞
Eµ[Ft|St = s] (2.27)

exists and

mπ,µ = D−1
µ (I − γP>π )−1Dµi.

In this thesis, we refer to mπ,µ as emphasis. Then the limiting A matrix of ETD (2.26)
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can be computed as

A
.
= lim

t→∞
Eµ[Ftρtxt(γxt+1 − xt)>] (2.28)

= lim
t→∞

∑
s

dµ(s)Eµ[Ftρtxt(γxt+1 − xt)>|St = s]

= lim
t→∞

∑
s

dµ(s)Eµ[Ft|St = s]Eµ[ρtxt(γxt+1 − xt)>|St = s]

=
∑
s

dµ(s)mπ,µ(s) lim
t→∞

Eµ[ρtxt(γxt+1 − xt)>|St = s]

=
∑
s

dµ(s)mπ,µ(s)x(s)

(∑
s′

Pπ(s, s′)γx(s′)> − x(s)>
)

= X>Dfπ,µ(γPπ − I)X,

where Dfπ,µ is a diagonal matrix such that

Dfπ,µ(s, s)
.
= fπ,µ(s)

.
= dµ(s)mπ,µ(s).

In other words, we have defined fπ,µ as

fπ,µ
.
= (I − γP>π )−1Dµi (2.29)

Sutton et al. (2016) prove that such an A matrix is negative definite. Consequently,

the convergence of ETD (2.26) is expected. This negative definiteness is the moti-

vation for introducing the weighting scheme Ft. The rigorous convergence proof of

ETD (2.26) is given by Yu (2015), making ETD another solution for the deadly triad

in the discounted setting for the prediction problem.

2.10 Density Ratio Learning

In this section, we discuss the third family of algorithms that address the deadly triad

issue. This section introduces the concept of density ratio, which is be repeatedly used

in Chapter 6. Different from value function, density ratio provides a new perspective

for off-policy policy evaluation and is a key quantity to be learned by several proposed

algorithms.

When the goal is to estimate the discounted total rewards Jπ, density ratio can
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be used. By definition,

Jπ = Es∼p0(·)[vπ(s)]

= E

[ ∞∑
t=0

γtr(St, At) | p0, p, π

]

=
∑
s,a

∞∑
t=0

Pr(St = s, At = a|p0, p, π)γtr(s, a).

If we define

dπ,γ(s)
.
= (1− γ)

∞∑
t=0

γt Pr(St = s|p0, p, π) (γ < 1)

and also overload it as

dπ,γ(s, a)
.
= dπ,γ(s)π(a|s),

we can then express the discounted total rewards as

Jπ =
1

1− γ
∑
s,a

dπ,γ(s, a)r(s, a).

This dπ,γ is usually referred to as the normalized discounted state action pair occupancy

and it is easy to see ∑
s,a

dπ,γ(s, a) = 1.

Consider the i.i.d. setting in Definition 2.4, we can alternatively express Jπ as

Jπ =
1

1− γ
∑
s,a

dµ(s, a)
dπ,γ(s, a)

dµ(s, a)
r(s, a).

If the density ratio

τγ(s, a)
.
=
dπ,γ(s, a)

dµ(s, a)

is known, we can simply use

1

1− γ τγ(Sk, Ak)Rk

as an unbiased estimator for Jπ.
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One standard approach in the machine learning community for learning the density

ratio τγ (see, e.g., Sugiyama et al. (2012)) is to make use of the fact that τγ is the

unique minimizer of the following optimization problem:

min
z∈R|S×A|

L(z),

where

L(z)
.
=

1

2
E(s,a)∼dµ(·)[z(s, a)2]− E(s,a)∼dπ,γ(·)[z(s, a)].

Consequently, the problem of learning the density ratio becomes the problem of mini-

mizing L(z). Typically, SGD is used for such a minimization problem, which requires

to obtain unbiased samples of ∇zL(z). Getting such unbiased samples, however, re-

quires to sample from both the denominator distribution (i.e., dµ) and the nominator

distribution (i.e., dπ,γ). In standard machine learning settings, access to samples from

both distributions are usually assumed. In our off-policy learning setting, however,

we have only samples from dµ and obtaining samples from dπ,γ is usually impractical.

To address this problem, Nachum et al. (2019a) use a change of variable trick.

Since

dπ,γ(s, a)

=(1− γ)
∞∑
t=0

γt Pr(St = s, At = a | p0, p, π)

=(1− γ)dp0π(s, a) + (1− γ)
∞∑
t=1

γt Pr(St = s, At = a | p0, p, π)

=(1− γ)dp0π(s, a) + (1− γ)
∞∑
t=0

γt+1 Pr(St+1 = s, At+1 = a | p0, p, π)

=(1− γ)dp0π(s, a)

+ (1− γ)
∞∑
t=0

γt+1
∑
s̄,ā

Pr(St = s̄, At = ā | p0, p, π)Pπ((s̄, ā), (s, a))

=(1− γ)dp0π(s, a)

+ γ
∑
s̄,ā

Pπ((s̄, ā), (s, a))(1− γ)
∞∑
t=0

γt Pr(St = s̄, At = ā | p0, p, π)

=(1− γ)dp0π(s, a) + γ
∑
s̄,ā

Pπ((s̄, ā), (s, a))dπ,γ(s̄, ā),

we then have, in a matrix form, that

dπ,γ = (1− γ)dp0π + γP>π dπ,γ,
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implying

dπ,γ = (1− γ)(I − γP>π )−1dp0π.

Let

ν
.
= (I − γPπ)−1z. (2.30)

It is then easy to see that

E(s,a)∼dπ,γ(·)[z(s, a)] =z>dπ,γ

=(1− γ)z>(I − γP>π )−1dp0π

=(1− γ)ν>dp0π

=(1− γ)E(s,a)∼dp0π(·)[ν(s, a)].

It is also easy to see that

z(s, a) = ((I − γPπ)ν)(s, a) = ν(s, a)− γ
∑
s′,a′

Pπ((s, a), (s′, a′))ν(s′, a′).

Consequently,

L(z) =
1

2
E(s,a,s′,a′)∼dµpπ(·)[(ν(s, a)− γν(s′, a′))2] + (1− γ)E(s,a)∼dp0π(·)[ν(s, a)].

Since (I − γPπ)−1 has full rank, we have

min
z∈R|S×A|

L(z) = min
ν∈R|S×A|

L′(ν),

where

L′(ν)
.
=

1

2
E(s,a,s′,a′)∼dµpπ(·)[(ν(s, a)− γν(s′, a′))2] + (1− γ)E(s,a)∼dp0π(·)[ν(s, a)].

In other words, to find the minimizing z of L(z), we can proceed by finding the

minimizing ν of L′(ν) and then compute the minimizing z (i.e., the density ratio)

with (2.30).

Though we have access to samples from dµpπ and dp0π, optimizing L′(ν) via SGD

is still impractical: obtaining an unbiased sample of ∇νL
′(ν) runs into the double

sampling issue again, just like residual algorithms. To address this issue, Nachum

et al. (2019a) further expand L′(ν) as

L′(ν) = E(s,a,s′,a′)∼dµpπ(·)[max
τ∈R

(ν(s, a)− γν(s′, a′))τ − 1

2
τ 2] (2.31)

+ (1− γ)E(s,a)∼dp0π(·)[ν(s, a)]

= max
τ∈R|S×A|

E(s,a,s′,a′)∼dµpπ(·)[(ν(s, a)− γν(s′, a′))τ(s, a)− 1

2
τ(s, a)2]

+ (1− γ)E(s,a)∼dp0π(·)[ν(s, a)],
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where the first equality results from Fenchel’s duality and the second equality results

from the interchangeability principle (Shapiro et al., 2014). Consequently, we have

min
ν∈R|S×A|

L′(ν) = min
ν∈R|S×A|

max
τ∈R|S×A|

L(ν, τ), (2.32)

where

L(ν, τ)
.
=E(s,a,s′,a′)∼dµpπ(·)[(ν(s, a)− γν(s′, a′))τ(s, a)− 1

2
τ(s, a)2]

+ (1− γ)E(s,a)∼dp0π(·)[ν(s, a)].

Since L(ν, τ) is convex in ν and concave in τ , the minimax problem in (2.32) is a

standard CCSP problem, and primal-dual methods can take over. Nachum et al.

(2019a) show that τγ is in the saddle point of L(ν, τ) and refer to the algorithm that

uses primal-dual methods to solve this CCSP problem as Dual stationary DIstribution

Correction Estimation (DualDICE).

DualDICE can be combined with function approximation easily. For example,

when τ(s, a) and ν(s, a) are parameterized by wτ and wν respectively, DualDICE

considers the objective

L′(wν , wτ )
.
=E(s,a,s′,a′)∼dµpπ(·)[(ν(s, a)− γν(s′, a′))τ(s, a)− 1

2
τ(s, a)2]

+ (1− γ)E(s,a)∼dp0π(·)[ν(s, a)]

and updates wν and wτ following −∇wνL
′(wν , wτ ) and ∇wτL

′(wν , wτ ) respectively.

Importantly, when τ and ν are linear in wτ and wν respectively, the objective L′(wν , wτ )

is convex in wν and concave in wτ , i.e., DualDICE with linear function approximation

solves a CCSP problem with primal dual algorithms. Its convergence is, therefore,

expected (similar to the convergence proof of GTD in Sutton et al. (2009)), making

DualDICE a solution for the deadly triad in the discounted setting for the prediction

problem.

It is worth mentioning that Nachum et al. (2019a) exploits Fenchel’s duality for

solving the double sampling issue in DualDICE. Similarly, Fenchel’s duality can also

be used to solve the double sampling issue in residual gradient algorithms, which,

however, will recover GTD.

In the average reward setting, it is easy to show (see, e.g., Puterman (2014)) that

J̄π =
∑
s,a

dπ(s, a)r(s, a) =
∑
s,a

dµ(s, a)
dπ(s, a)

dµ(s, a)
r(s, a).
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In other words, if the density ratio dπ(s,a)
dµ(s,a)

is known, estimating the average reward

J̄π becomes trivial in the i.i.d. setting in Definition 2.4. In the rest of this thesis, we

define

τγ(s, a)
.
=

{
dπ,γ(s,a)

dµ(s,a)
, (γ < 1)

dπ(s,a)
dµ(s,a)

, (γ = 1)

for unifying notations in discounted and average reward settings. When γ < 1, recall

that we have

dπ,γ = (1− γ)dp0π + γP>π dπ,γ. (2.33)

When γ = 1, by the property of stationary distributions, we have

dπ,γ = P>π dπ,γ,

i.e., (2.33) holds for γ = 1 as well. Plugging dπ,γ = Dµτγ in (2.33) yields

Dµτγ = (1− γ)dp0π + γP>π Dµτγ,

which is another useful equation for learning τγ.

2.11 Target Network

In this section, we discuss target networks, a commonly used empirical technique

for mitigating the deadly triad. We theoretically study target networks in different

settings in Chapters 3, 7, and 9 as a tool for breaking the deadly triad, providing

theoretical understanding for the conventional wisdom that target networks stabilize

learning. We also extend target networks to bidirectional target networks in Section 10

for residual gradient algorithms.

The core idea of bootstrapping is to construct an update target for the estimate

recursively by using the estimate itself. The estimate is updated every step, and so

does the update target. Consequently, the update target becomes nonstationary and

instability arises. The idea of the target network (Mnih et al., 2015) is to slow down

the change of the update target, thus the instability from the nonstationarity of the

update target can be reduced. To achieve this, Mnih et al. (2015) keep a copy of

the parameters of the function approximator and construct update targets with that

copy, instead of the original parameters. The copy is synchronized with the original

parameters only periodically. It thus changes much slower. Since the copy is mainly
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used to construct update targets, it is usually referred to as target network. In this

thesis, we refer to the original parameters as main network.

We use Deep-Q-Networks (DQN, Mnih et al. (2015)) to demonstrate how a target

network works. Let qw(s, a) be our estimate for q∗(s, a). Here qw indicates that the

function q is parameterized by a weight vector w. In the case of linear function

approximation,

qw(s, a)
.
= x(s, a)>w.

In general, qw does not have to have a linear form. Consider the Markovian setting

in Definition 2.1, DQN updates w iteratively as

wt+1
.
= wt + α

(
Rt+1 + γmax

a
qw̄t(St+1, a)− qwt(St, At)

)
∇wqwt(St, At),

w̄t+1
.
=

{
wt, t%I == 0

w̄t, otherwise
,

where I is a hyperparameter, i.e., the target network w̄ is synchronized every I steps.

Note we have removed many other ingredients of DQN, e.g., experience replay, in

the above equation for easing presentation. Besides this periodic target network

update, Lillicrap et al. (2016) proposes a Polyak-averaging target network update,

which updates w̄ as

w̄t+1
.
= (1− β)w̄t + βwt, (2.34)

where β is a hyperparameter determining the portion of the target network to be

updated at each step.

Overall target networks have achieved great empirical success when qw is deep net-

works and the conventional wisdom is that target networks stabilize training (Mnih

et al., 2015; Lillicrap et al., 2016; Haarnoja et al., 2018). Lee and He (2019a) study

target networks theoretically in the on-policy setting with linear function approxima-

tion for prediction problems. van Hasselt et al. (2018) empirically study the role of a

target network in the deadly triad setting in deep RL. However, a theoretical study

of target networks in the context of the deadly triad is still missing.

2.12 Actor Critic Methods

In this section, we discuss policy-based methods for the control problem to prepare

us for the methods discussed in Chapter 12.
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So far we have considered only value-based methods for the control problem, i.e.,

we first estimate the action-value function and then derive a policy from the action-

value function, e.g., an ε-greedy policy. Policy-based methods is another family of

methods for solving the control problem, where the policy π is parameterized by

parameters θ directly. We then update θ directly to improve certain performance

metrics of π. We use πθ(a|s) to denote the parameterized policy. In the rest of the

thesis, when it does not confuse, we drop the subscript θ in πθ for easing presentation.

REINFORCE (Williams, 1992) is perhaps the earliest policy-based control method

in RL. In the discounted setting, REINFORCE updates θ in the direction of ∇θJπ,

which is computed by the policy gradient theorem (Sutton et al., 1999a) as

∇θJπ ∝ E(s,a)∼dπ,γ(·)[qπ(s, a)∇θ log πθ(a|s)].

Consider the Markovian on-policy setting where a trajectory (S0, A0, R1, S2, . . . , ST ) is

obtained by executing the policy πθ and T denotes a time step that the rewards are all

zero afterwards. At time step t, ∇θ log πθt(At|St) is immediately available and Gt is an

unbiased estimator of qπ(St, At). REINFORCE then updates θ for t = 0, 1, . . . , T − 1

as

θ ← θ + αtγ
kGt∇θ log πθ(At|St).

REINFORCE, however, has at least two main disadvantages. First, the return Gt

usually has a large variance, making the overall update unstable. Second, such an

update cannot be performed until Gt is available, which might take a long time if T is

large. To address those issues, besides using a parameterized function for representing

the policy π, Sutton et al. (1999a) use another parameterized function to estimate

the action-value function qπ as well. Here the policy π is referred to as the actor, the

action-value function is referred to as the critic, and the whole algorithm is referred

to as an actor-critic method. Let qw(s, a) be the function parameterized by w to

estimate qπ, the canonical actor-critic algorithm updates θ and w iteratively as

wt+1
.
= wt + αt (Rt+1 + γqwt(St+1, At+1)− qwt(St, At))∇wqwt(St, At),

θt+1
.
= θt + βtγ

tqwt(St, At)∇θ log πθt(At|St), (2.35)

where At ∼ πθt(·|St) and βt is another sequence of learning rates such that the update

to w is much faster than the update to θ. Consequently, the actor is quasi-stationary

from the critic’s view. When qw(s, a) is linear in w, under mild conditions and with

additional adaptive learning rates, the convergence of (2.35) is given by Konda and
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Tsitsiklis (1999). The critic iterates {wt} track the action-value function of the actor

π in the sense that

lim
t→∞

∥∥∥Πdπθt
Tπθt (Xwt)−Xwt

∥∥∥ = 0 a.s.,

and the actor iterates {θt} visit a neighborhood of the stationary points of Jπ infinitely

often.

2.13 Overloaded Notations and Common Assump-

tions

In this thesis, we need to learn both state value and action value functions. To ease

presentation, we have overloaded several notations. In this section, we summarize

the overloaded notations used in the rest of the thesis for clarity and list several

commonly used assumptions.

Definition 2.5. (Notations regarding state value functions)

• x : S → RK, state feature function

• X ∈ R|S|×K, state feature matrix, whose s-th row is x(s)>

• Pπ ∈ R|S|×|S|, state transition matrix under a policy π,

Pπ(s, s′)
.
=
∑

a π(a|s)p(s′|s, a)

• dπ ∈ R|S|, stationary state distribution under a policy π

• dπ,γ ∈ R|S|, normalized discounted state occupancy measure

• dµ ∈ R|S|, stationary state distribution under a policy µ

• Dπ
.
= diag(dπ) ∈ R|S|×|S|, Dµ

.
= diag(dµ) ∈ R|S|×|S|

• Πd,X : R|S| → R|S|, projection onto the column space of a matrix X under the

norm induced by the vector d,

Πd,Xv
.
= X arg min

w
‖Xw − v‖2

d = X(X>diag(d)X)−1X>diag(d)v.

When it does not confuse, we suppress the subscript X.

• rπ ∈ R|S|, reward vector under a policy π, rπ(s)
.
=
∑

a π(a|s)r(s, a)

• Tπ : R|S| → R|S|, state value Bellman operator, Tπv .
= rπ + γPπv
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• i : S → (0,+∞), state interest function

•

Aπ,µ
.
=X>Dµ(γPπ − I)X,

bπ,µ
.
=X>Dµrπ,

Cµ
.
=X>DµX,

Āπ,µ
.
=X>(Dµ − dµd>µ )(Pπ − I)X,

b̄π,µ
.
=X>(Dµ − dµd>µ )rπ

When it does not confuse, we suppress the subscripts π, µ

• xt .= x(St)

• it .= i(St)

Definition 2.6. (Notations regarding action value functions)

• x : S ×A → RK, state-action feature function

• X ∈ R|S×A|×K, state-action feature matrix, whose (s, a)-th row is x(s, a)>

• Pπ ∈ R|S×A|×|S×A|, state transition matrix under a policy π,

Pπ((s, a), (s′, a′))
.
= p(s′|s, a)π(a′|s′)

• dπ ∈ R|S×A|, stationary state-action distribution under a policy π

• dπ,γ ∈ R|S×A|, normalized discounted state-action pair occupancy measure

• dµ ∈ R|S×A|, stationary state-action distribution under a policy µ; an arbitrary

state-action distribution with full support in the i.i.d. setting in Definition 2.4

• Dπ
.
= diag(dπ) ∈ R|S×A|×|S×A|, Dµ

.
= diag(dµ) ∈ R|S×A|×|S×A|

• Πd,X : R|S×A| → R|S×A|, projection onto the column space of a matrix X under

the norm induced by the vector d,

Πd,Xq
.
= X arg min

w
‖Xw − q‖2

d = X(X>diag(d)X)−1X>diag(d)q.

When it does not confuse, we suppress the subscript X.

• r ∈ R|S×A|, reward vector
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• Tπ : R|S×A| → R|S×A|, action value Bellman operator, Tπq .
= r + γPπq

• i : S ×A → (0,+∞), state-action interest function

•

Aπ,µ
.
=X>Dµ(γPπ − I)X,

bπ,µ
.
=X>Dµr,

Cµ
.
=X>DµX,

Āπ,µ
.
=X>(Dµ − dµd>µ )(Pπ − I)X,

b̄π,µ
.
=X>(Dµ − dµd>µ )r

When it does not confuse, we suppress the subscripts π, µ

• xt .= x(St, At)

• it .= i(St, At)

Remark 1. When we inevitably need to consider both state and action value functions

simultaneously, we add an additional˜ for the notations of action value functions. For

example, X ∈ R|S|×K is the state feature matrix and X̃ ∈ R|S×A|×K is the state action

feature matrix.

In the following, we collect several commonly used assumptions in the rest of the

thesis for clarity.

Assumption 2.3. X has linearly independent columns.

Assumption 2.4. {αt} is a deterministic positive nonincreasing sequence satisfying∑
t αt =∞,∑t α

2
t <∞.

Assumption 2.5. {βt} is a deterministic positive nonincreasing sequence satisfying∑
t βt =∞,∑t β

2
t <∞.

Assumption 2.6. There exists some d > 0 such that
∑

t(βt/αt)
d <∞.
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The sequences {αt} and {βt} in Assumptions 2.4 - 2.6 are typically used as learning

rates. Those assumptions can be easily fulfilled. For example, one can consider

αt
.
=

1

(t+ 1)α
,

βt
.
=

1

(t+ 1)β
,

where α ∈ (0.5, 1], β ∈ (0.5, 1] are some constants satisfying α < β. Assumptions 2.4 -

2.6 are mainly used to obtain almost sure convergence for proposed algorithms and

are common in RL literature (see, e.g., Tsitsiklis and Roy (1996a); Sutton et al.

(2008); Yu (2015, 2017)). If constant learning rates are considered, which are more

common in empirical study, obtaining almost sure convergence is typically impossible.

However, weaker convergence can usually be established, see, e.g., Yu (2015); Zou

et al. (2019); Wu et al. (2020). In this thesis, we perform theoretical analysis with

decaying learning rates for simplicity but use constant learning rates for experiments

to facilitate our empirical investigation. The empirical results with constant learning

rates are indicative. If an RL algorithm with a sufficiently small constant learning

rate diverges, it is also expected to diverge with decaying learning rates as long as the

decaying learning rates make enough updates (i.e., the decaying learning rates sum up

to infinity). In this case, using a decaying learning rate can only delay the divergence

but cannot make it convergent. This intuition is widely used in the RL community

(see, e.g., Chapter 11.2 of Sutton and Barto (2018)). We, however, leave a formal

proof of this intuition, as well as empirical investigation with decaying learning rates,

for future work.

Regarding the Markovian settings in Definitions 2.1 and 2.2 and the i.i.d. setting

in Definition 2.3, we make the following assumptions for state value functions and

action value functions respectively.

Assumption 2.7. The Markov chain in S induced by µt ∀t or µ is ergodic.

Assumption 2.8. The Markov chain in S induced by µt ∀t or µ is ergodic and

µt(a|s) > 0 ∀(s, a) or µ(a|s) > 0∀(s, a).

The ergodicity in Assumptions 2.7 and 2.8 can sometimes be relaxed to irreducibility.

Since we consider a finite state space S, irreducibility immediately implies that the

chain is positive recurrent. We are then safe to claim the existence and uniqueness of a

stationary distribution, which is sufficient for many results in this work. We choose to

assume ergodicity for easing presentation. In this thesis, we consider finite state action
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spaces for simplicity. This is indeed restrictive as many real-world problems have

continuous and thus infinite state spaces. However, many concepts in this thesis have

been extended to Markov chains with general state spaces. For example, Section 3.4

of Meyn and Tweedie (2012) details how the transition probability can be defined on

a general state space. Part III of Meyn and Tweedie (2012) details different notions of

ergodicity for a Markov chain with a general state space. Working on a general state

space is typically considerably harder than working on a finite state space. We believe

the results presented in this thesis with a finite state space can be a stepping stone for

the more ambitious investigation with a general state space but leave this extension

for future work. So far we have discussed ergodicity only for state spaces, which is

sufficient when we are concerned only with state-value function. When it comes to

state-action value function, we typically need to work on both state and action spaces.

In this case, a common practice is to work on a new augmented Markov chain where

the new state space is S × A. If both S and A are finite, then the ergodicity of the

original Markov chain with S as the state space translates easily into the ergodicity

of the augmented Markov chain with S × A as the state space. If either S or A is

infinite, we would need to consider the augmented Markov chain as a general state

space Markov chain, which we leave for future work.
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Part I

Off-Policy Prediction for
Discounted Total Rewards
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In this part, we focus on the prediction problem in the discounted setting. In

particular, our goal is to estimate either the scalar performance metric Jπ or the

value functions vπ and qπ, in the context of the deadly triad. For estimating the value

functions vπ and qπ, this part discusses three new methods and compares them with

GTD and ETD. For estimating the scalar performance metric Jπ, we propose in this

thesis a new method based on estimating the density ratio. This new method is a

side product of a new algorithm originally designed for the average reward setting.

We, therefore, defer the full exposition of this algorithm and its comparison with

DualDICE to Section 6.

41



Chapter 3

Prediction with Target Networks

In this chapter, we discuss how target networks can be used as a tool to address the

deadly triad issue theoretically.

3.1 Beyond Deep Reinforcement Learning

As discussed in Section 2.11, target networks have enjoyed great success in deep RL

as a technique to empirically stabilize the training of deep networks and the use of

target networks is mostly limited to deep RL in previous works. Surprisingly, we find

target networks are also capable of stabilizing the training of RL algorithms even with

linear function approximation.

Figure 3.1: Baird’s counterexample from Chapter 11.2 of Sutton and Barto (2018).
There are two actions available at each state, dashed and solid. The solid action
always leads to state 7. The dashed action leads to one of states 1 - 6, with equal
probability. The discount factor is γ = 0.99. The reward is always 0. The initial
state is sampled uniformly from all the seven states.

We benchmark off-policy linear TD (2.18) and its target network variant in Baird’s

counterexample (Figure 3.1). We consider linear function approximation for approxi-

mating the value function vπ. The feature function is the same as that of Sutton and
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Figure 3.2: Off-policy linear TD and its target network variant in Baird’s counterex-
ample

Barto (2018), i.e.,

X
.
=

[
2I 0 1
0> 1 2

]
∈ R7×8,

where the last row of X corresponds to the feature vector of the seventh state. The

initial weight vector w0 is initialized as [1, 1, 1, 1, 1, 1, 10, 1]> as suggested by Sutton

and Barto (2018). The behavior policy µ always selects the dashed action w.p. 6
7

and

the solid action w.p. 1
7
. The target policy π always selects the solid action w.p. 1. For

off-policy linear TD (2.18), we use a constant learning rate αt ≡ 0.01 as used by Sutton

and Barto (2018). As shown by Figure 3.2, off-policy linear TD diverges quickly within

the first few steps. It is worth mentioning that as long as the constant learning rate

is positive or the summation of a sequence of decreasing learning rates is infinite,

off-policy linear TD always diverges in Baird’s counterexample eventually. Reducing

the learning rates only slows down the divergence. By using a target network, we

instead update w recursively as

wt+1 ← wt + αtρt(Rt+1 + x>t+1θt − x>t wt)xt, (3.1)

θt+1 ← θt + βt(wt − θt),

where we set θ0 = w0, αt ≡ βt = 0.01 in our experiments. As shown by Figure 3.2,

off-policy linear TD with a target network converges well in Baird’s counterexample.

This success of a target network in RL with linear function approximation suggests

that target networks might not be merely an ad-hoc empirical trick for deep RL.

In this chapter, we make contributions towards understanding how and why target

networks work theoretically, in the context of the deadly triad.
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3.2 Analysis of A Target Network Update

We first propose and analyze a novel target network update rule:

θt+1
.
= ΓB1

(
θt + βt(ΓB2(wt)− θt)

)
. (3.2)

In (3.2), w denotes the main network and θ denotes the target network. ΓB1 : RK →
RK is a projection to the ball B1

.
=
{
x ∈ RK | ‖x‖ ≤ RB1

}
, i.e.,

ΓB1(x)
.
=

{
x, ‖x‖ ≤ RB1

RB1

‖x‖ x, ‖x‖ > RB1

. (3.3)

ΓB2 is a projection onto the ball B2 with a radius RB2 . While (3.2) specifies only how

θ is updated, we assume for now w is updated such that w can track θ in the sense

that

Assumption 3.1. There exists w∗ : RK → RK such that

lim
t→∞
‖wt − w∗(θt)‖ = 0 a.s..

After making some additional assumptions on w∗, we arrive at our general convergent

results regarding our new target network updates.

Assumption 3.2. supθ ‖w∗(θ)‖ < RB2 < RB1 <∞.

Assumption 3.3. w∗ is a contraction mapping w.r.t. ‖·‖.

Theorem 3.1. (Convergence of Target Networks) Under Assumptions 2.5, 3.1 - 3.3,

the iterate {θt} generated by (3.2) satisfies

lim
t→∞

wt = lim
t→∞

θt = θ∗ a.s.,

where θ∗ is the unique fixed point of w∗(·).

The proof of Theorem 3.1 is provided in Section B.1. Assumptions 3.1 - 3.3 are

assumed only for now. Once the concrete update rules for the main network w are

specified in the algorithms in later sections, we will prove that those assumptions

indeed hold. Assumption 3.1 is expected to hold because we will later require that

the target network to be updated much slower than the main network. Consequently,

the update of the main network will become a standard least-square regression, whose

solution w∗ usually exists. Assumption 3.3 is expected to hold because we will later
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apply ridge regularization to the least-square regression. Consequently, its solution

w∗ will not change too fast w.r.t. the change of the regression target.

The target network update (3.2) is the same as that in (3.1) except for the two

projections, where the first projection ΓB1 is standard in optimization literature (see,

e.g., Nemirovski et al. (2009)) to ensure the iterates are bounded. The second pro-

jection ΓB2 , however, appears novel and plays a crucial role in our analysis. First, if

we have only ΓB1 , the iterate {θt} would converge to the invariant set of the ODE

d

dt
θ(t) = w∗(θ(t))− θ(t) + ζ(t), (3.4)

where ζ(t) is a reflection term that moves θ(t) back to B1 when θ(t) becomes too

large. To see this, consider the updates in (3.2) without ΓB2 , i.e.,

θt+1
.
= ΓB1

(
θt + βt(wt − θt)

)
.

If θt + βt(wt − θt) was always inside the ball B1, then the projection ΓB1 is just an

identity mapping and we have ζ(t) = 0, i.e., the corresponding ODE would be

d

dt
θ(t) = w∗(θ(t))− θ(t).

However, there is no guarantee that θt + βt(wt− θt) always lies in the ball B1. When

it is outside the ball B1, the projection ΓB1 moves it back to the ball B1 and gets θt+1

via the projection operation. Consequently, there must be an additional term in the

ODE corresponding to the projection operator when it is not an identity mapping.

We denote this additional term as ζ(t). Formally speaking, we have

ζ(t) ∈ −NB1(θ(t)),

where NB1(θ(t)) denotes the normal cone of B1 at θ(t). We refer the reader to Section

4.1 of Yu (2015) and Section 5 of Kushner and Yin (2003) for more details about this

reflection term. Due to this reflection term, it is possible that θ(t) visits the boundary

of B1 infinitely often. It thus becomes unclear what the invariant set of (3.4) is even if

w∗ is contractive. By introducing the second projection ΓB2 and ensuring RB1 > RB2 ,

we are able to remove the reflection term and show that the iterate {θt} tracks the

ODE

d

dt
θ(t) = w∗(θ(t))− θ(t),

whose invariant set is a singleton {θ∗} when Assumption 3.3 holds. See the proof based

on the ODE approach (Kushner and Yin, 2003; Borkar, 2009) for more details. Second,

to ensure the main network tracks the target network in the sense of Assumption 3.1,

it is crucial that the target network changes sufficiently slowly in the following sense:
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Lemma 3.2. ‖θt+1 − θt‖ = O (βt).

Lemma 3.2 would not be feasible without the second projection ΓB2 and we defer its

proof to Section B.2

In this thesis, we provide several applications of Theorem 3.1 in both discounted

and average reward settings, for both prediction and control. We consider a two-

timescale framework, where the target network is updated more slowly than the main

network. In other words, let {αt} be the learning rates for updating the main network

w, we assume Assumption 2.6 holds.

3.3 Expected SARSA for Prediction with A Tar-

get Network

We are now ready to present our first successful application of target networks in

breaking the deadly triad. In particular, we analyze a variant of off-policy linear

expected SARSA for prediction (cf. (2.14)) as an example to demonstrate how a

target network addresses the deadly triad theoretically. The analysis presented in

this section applies to other prediction algorithms as well (cf. (2.12), (2.13)). We

choose off-policy linear expected SARSA for prediction to prepare us for the analysis

of control algorithms in later sections.

Consider the Markovian setting in Definition 2.2. Using a target network for

bootstrapping in (2.14) and adding linear function approximation yield the following

update to the main network w:

wt+1
.
= wt + αt

(
Rt+1 + γ

∑
a

π(a|St+1)x(St+1, a)>θt − x>t wt
)
xt.

Since θt is quasi-stationary for wt in the sense of Lemma 3.2 and Assumption 2.6,

this update becomes similar to least squares regression. Motivated by the success of

ridge regularization in least squares (Tikhonov et al., 2013) and the widespread use

of weight decay in deep RL (see, e.g., Lillicrap et al. (2016)), which is similar to ridge

regularization, we add ridge regularization to this least squares, yielding Algorithm 1.

Theorem 3.3. Under Assumptions 2.3, 2.4, 2.5, 2.6, and 2.8, for any ξ ∈ (0, 1), let

C0
.
=

2(1− ξ)√η
γ‖Pπ‖dµ maxs,a

√
dµ(s, a)

, C1
.
=
‖r‖

2ξ
√
η

+ 1,
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Algorithm 1: Off-policy linear expected SARSA for prediction with a target
network

Initialize θ0 ∈ B1

S0 ∼ p0(·)
t← 0
while True do

At ∼ µ(·|St)
Execute At, get Rt+1 and St+1

δt ← Rt+1 + γ
∑

a′ π(a′|St+1)x(St+1, a
′)>θt − x>t wt

wt+1 ← wt + αtδtxt − αtηwt
θt+1 ← ΓB1 (θt + βt(ΓB2(wt)− θt))
t← t+ 1

end

then for all ‖X‖ < C0, C1 < RB1 , RB1 − ξ < RB2 < RB1 the iterate {wt} generated by

Algorithm 1 satisfies

lim
t→∞

wt = w∗η a.s.,

where w∗η is the unique solution to

(A− ηI)w + b = 0,

and ∥∥Xw∗η − qπ∥∥ ≤( σmax(X)2

σmin(X)4σmin(Dµ)2.5
‖qπ‖η +

∥∥Πdµqπ − qπ
∥∥) /ξ,

where σmax(·) and σmin(·) denote the largest and minimum singular values of a matrix

respectively.

We recall that A and b in Theorem 3.3 are defined in Section 2.13. We defer the proof

to Section B.3. Theorem 3.3 requires that the balls for projection are sufficiently

large, which is completely feasible in practice. Theorem 3.3 also requires that the

feature norm ‖X‖ is not too large. Similar assumptions on feature norms also appear

in Zou et al. (2019); Du et al. (2019); Chen et al. (2019); Carvalho et al. (2020);

Wang and Zou (2020); Wu et al. (2020) and can be easily achieved by scaling down

the features beforehand.

The solutions to Aw + b = 0, if they exist, are TD fixed points for off-policy

prediction in the discounted setting (cf. (2.22)), which are also solutions found by

GTD. Theorem 3.3 shows that Algorithm 1 finds a regularized TD fixed point w∗η,

which is also the solution of LSTD methods. LSTD maintains estimates for A and
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b (referred to as Â and b̂) in an online fashion, which requires O(K2) computational

and memory complexity per step. As Â is not guaranteed to be invertible, LSTD

usually uses (Â − ηI)−1b̂ as the solution and η plays a key role in its performance

(see, e.g, Chapter 9.8 of Sutton and Barto (2018)). By contrast, Algorithm 1 finds the

LSTD solution (i.e., w∗η) with only O(K) computational and memory complexity per

step. Moreover, Theorem 3.3 provides a performance bound for w∗η. Let w∗0
.
= −A−1b

denote the TD fixed point, assuming A is nonsingular. Kolter (2011) shows with a

counterexample that the approximation error of the TD fixed point (i.e., ‖Xw∗0 − qπ‖)
can be arbitrarily large if µ is far from π, as long as there is representation error

(i.e.,
∥∥Πdµqπ − qπ

∥∥ > 0). By contrast, Theorem 3.3 guarantees that
∥∥Xw∗η − qπ∥∥ is

bounded from the above, which is one possible advantage of regularized TD fixed

points.

In Algorithm 1, both the target network and the ridge regularization are at play.

The reader may wonder what if only one of them is in effect. We defer the discussion

about this question from a theoretical perspective to Section 9.5 when our analysis

of target networks for all settings are ready, though in the next section we shed light

on this question empirically.

3.4 Empirical Results

In this section, we empirically investigate the asymptotic and nonasymptotic behavior

of using target networks and ridge regularization for prediction.

For the asymptotic behavior, we focus on how η influences the performance of the

fixed point w∗η. To this end, we consider Kolter’s example (Kolter, 2011). Kolter’s

example is a simple two-state Markov Reward Process with Pπ
.
=

[
0.5 0.5
0.5 0.5

]
. The

reward is set in a way such that the state-value function is vπ =

[
1

1.05

]
. The feature

matrix is X
.
=

[
1

1.05 + ε

]
. Kolter (2011) shows that for any ε > 0, C0 > 0, there

exists a Dµ = diag
([dµ(s1)
dµ(s2)

])
such that

∥∥Πdµvπ − vπ
∥∥ ≤ ε and ‖Xw∗0 − vπ‖ ≥ C0,

where w∗0 is the TD fixed point. This suggests that as long as there is representation

error (i.e., ε > 0), the performance of the TD fixed point can be arbitrarily poor. We

vary the sampling probability of one state (dµ(s1)) and compute the corresponding
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regularized TD fixed point w∗η analytically. Figure 3.3 shows that with η = 0, the

performance of w∗η becomes arbitrarily poor when dµ(s1) approaches around 0.71.

With η = 0.01, the spike exists as well. If we further increase η to 0.02 and 0.03, the

performance for w∗η becomes well bounded. This confirms the potential advantage of

the regularized TD fixed points.

0 1
dµ(s1)
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−
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w∗η=0.02

w∗η=0.03

Figure 3.3: Effect of regularization in Kolter’s example.

For the nonasymptotic behavior, we use Baird’s counterexample to investigate

how the ridge regularization affects the training. The curves in Figure 3.4 marked as

“standard” correspond to the canonical off-policy linear TD with ridge regularization

(cf. setting θt ≡ wt in Algorithm 1); the curves marked as “ours” correspond to the

canonical off-policy linear TD with both ridge regularization and a target network

(cf. Algorithm 1 without projection). All curves are averaged over 30 independent

runs with shaded regions indicating one standard derivation. Figure 3.4 shows that

even with η = 0, i.e., no ridge regularization, our algorithms with target network still

converge in the tested domains. By contrast, without a target network, even when

mild regularization is imposed, standard off-policy algorithms still diverge. This

empirically confirms the importance of the target network.
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Chapter 4

Prediction with Learned Emphasis

In this chapter, we discuss one approach for addressing the large variance of ETD,

one classical method to address the deadly triad for prediction. Our new approach

is based on learning the emphasis with a secondary function approximator. Inspired

by this new approach, we also develop the reverse RL framework for representing

retrospective knowledge.

4.1 The Curse of Variance

Though ETD is proven to be convergent, the followon trace Ft usually has a large,

possibly infinite, variance, making it hard to use directly. Sutton et al. (2016) provide

a concrete example where the variance of the followon trace is infinite. Sutton and

Barto (2018) also report that in Baird’s counterexample, a commonly used benchmark

for testing off-policy RL algorithms, “it is nigh impossible to get consistent results in

computational experiments” (Chapter 11.9 of Sutton and Barto 2018) for ETD.

There are several attempts to address this variance. Hallak et al. (2016) propose

to replace Ft with Ft,β, which is computed recursively as

Ft,β
.
= i(St) + βρt−1Ft−1,β, (4.1)

where β ∈ (0, 1) is an additional hyperparameter. The resulting ETD(0, β) then

updates {wt} iteratively as

wt+1
.
= wt + αtFt,βρt(Rt+1 + γx>t+1wt − x>t wt)xt. (4.2)

Theorem 1 of Hallak et al. (2016) states that there exists a problem-dependent con-

stant βupper such that β ≤ βupper implies that the variance of Ft,β is bounded. Further,

Proposition 1 of Hallak et al. (2016) states that there exists a problem-dependent
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constant βlower such that β ≥ βlower implies that the expected update corresponding

to (4.2) is contractive, which plays a key role in bounding the performance of the

fixed point of (4.2), assuming (4.2) converges. Unfortunately, there is no guarantee

that βlower ≤ βupper always holds, i.e, the desired β that is both sufficiently small

and sufficiently large does not always exist. Jiang et al. (2021) propose to clip the

importance sampling ratio ρt when computing the followon trace Ft to reduce vari-

ance. However, nothing can be said about the convergence of the resulting algorithm

due to the bias introduced by clipping. Despite these attempts, it remains an open

problem to reduce the variance of emphatic TD methods introduced by the followon

trace in a theoretically grounded way. In this chapter, we present a new algorithm

that partially addresses this variance.

4.2 Gradient Emphasis Learning

In ETD (2.26), we use the followon trace Ft for reweighting the update, which suffers

from a large variance. It is, however, the emphasis mπ,µ, that contributes directly

to the negative definiteness of the corresponding A matrix in (2.28). It is, therefore,

desirable to update {wt} directly with mπ,µ as

wt+1
.
= wt + αtmπ,µ(St)ρt(Rt+1 + γx>t+1wt − x>t wt)xt. (4.3)

Since the emphasis mπ,µ is unknown, we propose to use a secondary function approx-

imator to learn an estimate, based on the following important observation. For a

vector y ∈ R|S|, we define an operator T̂ as

T̂π,µy .
= i+ γD−1

µ P>π Dµy. (4.4)

Proposition 4.1. T̂π,µ is a contraction mapping w.r.t. some weighted maximum norm

and mπ,µ is its unique fixed point.

The proof provided in Section B.4 involves arguments from Bertsekas and Tsitsiklis

(2015), where the choice of the weighted maximum norm depends on γD−1
µ P>π Dµ.

Given Proposition 4.1 and the recursive definition of Ft in (2.25), it is tempting

to compose a semi-gradient update rule for learning mπ,µ analogously to TD but

in a backward direction. To be more specific, let Xν be our estimate for mπ,µ,

where ν ∈ RK is the learnable weight vector. Consider the Markovian setting in

Definition 2.2, one can update ν iteratively as

νt+1
.
= νt + αt(it+1 + γρtx

>
t νt − x>t+1νt)xt+1. (4.5)
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This semi-gradient update (4.5), however, can possibly diverge for the same reason as

the divergence of off-policy linear TD. To see this, we can compute the corresponding

A matrix of (4.5) as

A
.
=Eµ

[
xt+1(γρtxt − xt+1)>

]
=
∑
s,a,s′

dµ(s)µ(a|s)p(s′|s, a)x(s′)

(
γ
π(a|s)
µ(a|s)x(s)− x(s′)

)>
=
∑
s,a,s′

dµ(s)π(a|s)p(s′|s, a)γx(s′)x(s)> −
∑
s′

dµ(s′)x(s′)x(s′)>

=γ(PπX)>DµX −X>DµX

=X>(γP>π − I)DµX.

This A matrix is simply the transpose of the A matrix of (2.18). Since both A matrices

are not guaranteed to be negative definite, neither (4.5) nor (2.18) is guaranteed to

be convergent.

Motivated by the success of GTD methods, we instead aim to find an ν such that

Xν = Πdµ T̂π,µXν

via minimizing the following objective:

L(ν)
.
=
∥∥∥Πdµ T̂π,µ(Xν)−Xν

∥∥∥2

dµ
. (4.6)

This objective is akin to the MSPBE objective in (2.22) but is induced by the new

operator T̂π,µ instead of the Bellman operator Tπ.

Similar to (2.23), we can expand L(ν) as

L(ν) =
∥∥∥X>Dµ

(
T̂π,µ(Xν)−Xν

)∥∥∥2

C−1

= max
κ

2κ>X>Dµ

(
T̂π,µ(Xν)−Xν

)
− κ>Cκ.

Then the optimization problem we seek to solve becomes

min
ν

max
κ

L(ν, κ),

where

L(ν, κ)
.
=2κ>X>Dµ

(
T̂π,µ(Xν)−Xν

)
− κ>Cκ

=2κ>X>Dµ

(
i+ γD−1

µ P>π DµXν −Xν
)
− κ>Cκ.
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Since L(ν, κ) is convex in ν and concave in κ, we can similarly use primal-dual meth-

ods to solve this CCSP problem, i.e., we update ν and κ following −∇νL(ν, κ) and

∇κL(ν, κ):

∇νL(ν, κ) =2κ>X>Dµ

(
γD−1

µ P>π DµXν −Xν
)

=2κ>X>(γP>π − I)DµX

=2Eµ
[
κ>xt+1(γρtxt − xt+1)>

]
,

∇κL(ν, κ) =2
(
i+ γD−1

µ P>π DµXν −Xν
)>
DµX − 2κ>X>DµX

=2i>DµX + 2ν>X>Dµ(γPπ − I)X − 2κ>X>DµX

=2Eµ
[(
it+1 + γρtx

>
t ν − x>t+1ν

)
xt+1 −

(
x>t+1κ

)
xt+1

]>
.

We call the resulting algorithm Gradient Emphasis Learning (GEM). Algorithm 2 is

an instance of GEM in the i.i.d. setting in Definition 2.3. GEM can of course be

used in the Markovian setting in Definitions 2.1 and 2.2, which we discuss later in

Chapter 12. The following theorem confirms the convergence of GEM.

Algorithm 2: Gradient Emphasis Learning

k ← 0
while True do

Sample Sk ∼ dµ(·), Ak ∼ µ(·|Sk), Rk
.
= r(Sk, Ak), S

′
k ∼ p(·|Sk, Ak)

xk ← x(Sk), x
′
k ← x(S ′k), ρk ← π(Ak|Sk)

µ(Ak|Sk)
, i′k ← i(S ′k)

δk ← i′k + γρkx
>
k νk − x′>k νk

κk+1 ← κk + αk
(
δk − x′>k κk

)
x′k

νk+1 ← νk + αk(x
′
k − γρkxk)x′>k κk

k ← k + 1
end

Theorem 4.2. Let Assumptions 2.3 and 2.4 hold. Assume X>(γP>π − I)DµX is

nonsingular. Then the iterates {νk} generated by Algorithm 2 satisfy

lim
k→∞

νk = ν∗ a.s.,

where ν∗ is the unique solution to L(ν) = 0.

The convergence proof of Theorem 4.2 is similar to that of GTD2 in Sutton et al.

(2009) and is provided in Section B.5. We now study the performance of ν∗ in terms

of approximating mπ,µ. Since ν∗ is the minimizer of L(ν), which shares a similar spirit

to the off-policy MSPBE objective (2.22), ν∗ also suffers from a similar problem of
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the minimizer of the off-policy MSPBE objective, as documented in Kolter (2011).

Namely, we are able to bound ‖Xν∗ −mπ,µ‖dµ only when the behavior policy is not

too different from the target policy in the following sense:

Assumption 4.1. The matrix[
C X>P>π DµX

X>DµPπX C

]
is positive semidefinite.

This assumption is from Kolter (2011) and prescribes that µ is not too far from π.

Proposition 4.3. Let Assumptions 2.3 and 4.1 hold. Assume X>(γP>π − I)DµX is

nonsingular. Then

‖Xν∗ −mπ,µ‖dµ = O
(∥∥Πdµmπ,µ −mπ,µ

∥∥
dµ

)
.

The proof of Proposition 4.3 is provided in Section B.6.

We are now able to replace the emphasis mπ,µ(St) in (4.3) with x(St)
>ν∗. Since the

estimate ν∗ is learned with GEM without eligibility trace, we refer to the resulting

algorithm for prediction as GEM-ETD(0) (Algorithm 3). The following theorem

confirms the convergence of GEM-ETD(0) provided that the estimate ν∗ is good

enough.

Algorithm 3: GEM-ETD(0)

S0 ∼ p0(·)
t← 0
while True do

At ∼ µ(·|St)
Execute At, get Rt+1 and St+1

ρt ← π(At|St)
µ(At|St) , xt ← x(St), xt+1 ← x(St+1)

δt ← Rt+1 + γx>t+1wt − x>t wt
wt+1 ← wt + αt(x

>
t ν∗)ρtδtxt

t← t+ 1
end

Theorem 4.4. Let Assumptions 2.3, 2.4 and 2.7 hold. Then there exists a constant

ε > 0 such that

max
s

∣∣x(s)>ν∗ −mπ,µ(s)
∣∣ < ε
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implies that the iterates {wt} generated by Algorithm 3 satisfy

lim
t→∞

wt = w∞,

where

w∞
.
=−

(
X>DµDν∗(γPπ − I)X

)−1
X>DµDν∗rπ,

Dν∗
.
=diag(Xν∗).

Further,

‖Xw∞ − vπ‖ = O (ε) +O
(∥∥Πfπ,µvπ − vπ

∥∥
fπ,µ

)
.

The proof of Theorem 4.4 is provided in Section B.7. Importantly, when the es-

timation of the emphasis is good enough, Theorem 4.4 also provides a bound on

the performance of its solution w∞. It is worth mentioning that the convergence of

GEM-ETD(0) is based on the good quality of the GEM solution ν∗. As shown by

Proposition 4.3, a performance bound of the GEM solution is, however, only available

when µ is not too far away from π, which is the major limit of GEM-ETD(0).

4.3 Empirical Results

In this section, we empirically investigate how well GEM approximates the emphasis

and how well GEM-ETD(0) approximates the value function.

We still consider Baird’s counterexample in Figure 3.1. But this time we test four

different sets of features: original features, one-hot features, zero-hot features, and

aliased features. Original features are the features used by Sutton and Barto (2018),

which are documented in Section 3.1. This set of features is, however, uncommon as

in practice the number of states is usually much larger than the number of features.

One-hot features use one-hot encoding, where each feature lies in R7, which indeed

degenerates to a tabular setting. Zero-hot features are the complements of one-hot

features, e.g., the feature of the state 1 is [0, 1, 1, 1, 1, 1, 1]> ∈ R7. The quantities of

interest, e.g., mπ and vπ, can be expressed accurately under all three sets of features.

In the fourth set of features, we consider state aliasing. In Baird’s counterexample,

the states 1-6 are equivalent. We therefore alias the state 7 to the state 6. Namely,

we still consider the original features, but now the feature of the state 7 is modified

to be identical as the feature of the state 6. The last two dimensions of features then

become identical for all states, and therefore we removed them, resulting in features

lying in R6. Now the quantities of interest may not lie in the feature space.
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Figure 4.1: Averaged emphasis approximation error in last 1000 steps for the followon
trace and GEM with different features. Learning rates used are bracketed.

In this chapter, we propose to approximate the emphasis with GEM while ETD

essentially approximates the emphasis with the followon trace Ft directly. We first

compare those two approaches. At time step t, the emphasis approximation error is

computed as |Ft−mπ,µ(St)| and |ν>t x(St)−mπ,µ(St)| for the followon trace and GEM

respectively, where mπ,µ is computed analytically, F−1 = 0, and ν0 is drawn from a

unit normal distribution. For GEM, we consider a fixed learning rate α and tune it

from {0.1× 21, . . . , 0.1× 2−6}. We consider two target policies: π(solid|·) = 0.1 and

π(solid|·) = 0.3.

As shown in Figure 4.1, the GEM approximation enjoys lower variance than the

followon trace approximation and has a lower approximation error under all four sets

of features.
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Figure 4.2: Averaged RMSVE in recent 1000 steps for GEM-ETD(0) and ETD(0)
with four different sets of features.

We now compare ETD and GEM-ETD(0). To make it fair comparison, we run
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GEM and GEM-ETD(0) simultaneously. In other words, in GEM-ETD(0), instead

of using ν∗, which is not available during training, we use νt, the weight vector of

GEM at the current step.

We consider a target policy π(solid|·) = 0.05. We report the Root Mean Squared

Value Error (RMSVE ) at each time step during training in Figure 4.2. RMSVE is

computed as ‖Xwt − vπ‖dµ , where vπ is computed analytically. We use constant

learning rates. For ETD, we tune the learning rate α from {0.1× 20, . . . , 0.1× 2−19}.
For GEM-ETD(0), we set α1 = 0.025 (the learning rate for updating {νt}) and tune α2

(the learning rate for updating {wt}) in the same range as α. For both algorithms, we

report the results with learning rates that minimized the area under the curve (AUC)

in the solid lines in Figure 4.2. In our policy evaluation experiments, GEM-ETD(0)

has a clear win over ETD under all four sets of features. Note the AUC-minimizing

learning rate for ETD is usually several orders smaller than that of GEM-ETD(0),

which explains why ETD curves tend to have smaller variance than GEM-ETD(0)

curves. When we decrease the learning rate of GEM-ETD(0) (as indicated by the red

dashed lines in Figure 4.2), the variance of GEM-ETD(0) can be reduced, and the

AUC is still smaller than that of ETD.

GEM-ETD(0) is indeed a way to trade off bias and variance. If the state fea-

tures are heavily aliased, the GEM emphasis estimation may be heavily biased, as

will GEM-ETD(0). We do not claim that GEM-ETD(0) is always better than ETD.

For example, when we set the target policy to π(solid|·) = 1, there was no ob-

servable progress for both GEM-ETD(0) and ETD with reasonable computation re-

sources.1 When it comes to the bias-variance trade-off, the optimal choice is usually

task-dependent and our empirical results suggest that GEM-ETD(0) is a promising

approach for this trade-off.

4.4 Beyond Emphasis: Reverse Reinforcement Learn-

ing

In the on-policy setting, the followon trace Ft can be expanded as

Ft = it + γit−1 + γ2it−2 + . . . .

1This target policy is problematic for GEM-ETD(0) mainly because the magnitude of δt in
Algorithm 2 varies dramatically across different states, which makes the supervised learning of κ
hard.
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Recall that the return Gt is defined as

Gt = Rt+1 + γRt+2 + γ2Rt+3 + . . . .

The return accumulates rewards in the future while the followon trace accumulates

interests in the past. The expectation of the return is the value function, which is

a fundamental quantity in RL. The conditional expectation of the followon trace is

the emphasis, which is less explored compared with the value function. Since there is

no fundamental difference between the interest and the reward, one natural question

arises: can we accumulate rewards in the past? In this section, we describe the reverse

RL framework that focuses on past rewards and show that reverse RL is useful for

representing retrospective knowledge.

L1 L2

L4 L3

Figure 4.3: A microdrone doing random walk among four different locations. L4 is
a charging station where the microdrone’s battery is fully recharged.

Much knowledge can be formulated as answers to predictive questions (Sutton,

2009), for example, “to know that Joe is in the coffee room is to predict that you

will see him if you went there” (Sutton, 2009). Such knowledge is referred to as

predictive knowledge (Sutton, 2009; Sutton et al., 2011). General Value Functions

(GVFs, Sutton et al. 2011) are commonly used to represent predictive knowledge.

GVFs are essentially the same as canonical value functions (Puterman, 2014; Sutton

and Barto, 2018). However, the policy, the reward function, and the discount function

associated with GVFs are usually carefully designed such that the numerical value of

a GVF at certain state matches the numerical answer to certain predictive question.

In this way, GVFs can represent predictive knowledge.

Consider the concrete example in Figure 4.3, where a microdrone is doing a ran-

dom walk. The microdrone is initialized somewhere with 100% battery. L4 is a power

station where its battery is recharged to 100%. Each clockwise movement consumes

2% of the battery, and each counterclockwise movement consumes 1% (for simplicity,
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we assume negative battery levels, e.g., -10%, are legal). Furthermore, each movement

fails with probability 1%, in which case the microdrone remains in the same location

and no energy is consumed. An example of a predictive question in this system is:

Question 1. Starting from L1, how much energy will be consumed in expectation

before the next charge?

To answer this question, we can model the system as an MDP. The policy is uniformly

random and the reward for each movement is the additive inverse of the correspond-

ing battery consumption. Whenever the microdrone reaches state L4, the episode

terminates. Under this setup, the answer to Question 1 is the expected cumulative

reward when starting from L1, i.e., the state value of L1. Hence, GVFs can represent

the predictive knowledge in Question 1. As a GVF is essentially a value function,

it can be trained with any data stream from agent-environment interaction via RL,

demonstrating the generality of the GVF approach. Importantly, the most appealing

feature of GVFs is their compatibility with off-policy learning, making this repre-

sentation of predictive knowledge scalable and efficient. For example, in the Horde

architecture (Sutton et al., 2011), many GVFs are learned in parallel with GTD

methods. In the microdrone example, we can learn the answer to Question 1 under

many different conditions (e.g., when the charging station is located at L2 or when

the microdrone moves clockwise with probability 80%) simultaneously with off-policy

learning by considering different reward functions, discount functions, and polices.

GVFs, however, cannot answer many other useful questions, e.g., if at some time

t, we find the microdrone at L1, how much battery do we expect it to have? As such

questions emphasize the influence of possible past events on the present, we refer to

their answers as retrospective knowledge. Such retrospective knowledge is useful, for

example, in anomaly detection. Suppose the microdrone runs for several weeks by

itself while we are traveling. When we return at time t, we find the microdrone is

at L1. We can then examine the battery level and see if it is similar to the expected

battery at L1. If there is a large difference, it is likely that there is something wrong

with the microdrone. There are, of course, many methods to perform such anomaly

detection. For example, we could store the full running log of the microdrone during

our travel and examine it when we are back. The memory requirement to store the

full log, however, increases according to the length of our travel. By contrast, if we

have retrospective knowledge, i.e., the expected battery level at each location, we

can program the microdrone to log its battery level at each step (overwriting the

record from the previous step). We can then examine the battery level when we are
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back and see if it matches our expectation. The current battery level can be easily

computed via the previous battery level and the energy consumed at the last step,

using only constant computation per step. The storage of the battery level requires

only constant memory as we do not need to store the full history, which would not be

feasible for a microdrone. Thus retrospective knowledge provides a memory-efficient

way to perform anomaly detection. Of course, this approach may have lower accuracy

than storing the full running log. This is indeed a trade-off between accuracy and

memory, and we expect applications of this approach in memory-constrained scenarios

such as embedded systems.

To know the expected battery level at L1 at time t is essentially to answer the

following question:

Question 2. How much energy do we expect the microdrone to have consumed since

the last time it had 100% battery given that it is at L1 at time t?

Unfortunately, GVFs cannot represent retrospective knowledge (e.g., the answer to

Question 2) easily. GVFs provide a mechanism to ignore all future events after reach-

ing certain states via setting the discount function at those states to be 0. This mech-

anism is useful for representing predictive knowledge. For example, in Question 1, we

do not care about events after the next charge. For retrospective knowledge, we, how-

ever, need a mechanism to ignore all previous events before reaching certain states.

For example, in Question 2, we do not care about events before the last time the

microdrone had 100% battery. Unfortunately, GVFs do not have such a mechanism.

In this section, we propose Reverse GVFs to represent retrospective knowledge.

Using the same MDP formulation of the microdrone system, let the random variable

G̃t denote the energy the microdrone has consumed at time t since the last time

it had 100% battery. To answer Question 2, we are interested in the conditional

expectation of G̃t given that St = L1. We refer to functions describing such conditional

expectations as Reverse GVFs, which we propose to learn via Reverse Reinforcement

Learning. The key idea of Reverse RL is still bootstrapping, but in the reverse

direction. It is easy to see that G̃t depends on G̃t−1 and the energy consumption from

t− 1 to t. In general, the quantity of interest at time t depends on that at time t− 1

in Reverse RL.

Inspired by the return Gt, we define the reverse return G̃t, which accumulates

previous rewards:

G̃t
.
= Rt + γ(St−1)G̃t−1, G̃0

.
= 0.
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Here we have considered a state-dependent discount factor γ : S → [0, 1] following

Sutton et al. (2011). In the reverse return G̃t, the discount function γ has different

semantics than in the return Gt. Namely, in Gt, the discount function down-weights

future rewards, while in G̃t, the discount function down-weights past rewards. In an

extreme case, setting γ(St−1) = 0 allows us to ignore all the rewards before time t

when computing the reverse return G̃t, which is exactly the mechanism we need to

represent retrospective knowledge.

Let us consider the microdrone example again (Figure 4.3) and try to answer

Question 2. Assume the microdrone was initialized at L3 at t = 0 and visited L4 and

L1 afterwards. Then it is easy to see that G̃2 is exactly the energy the microdrone has

consumed since its last charge. In general, if we find the microdrone at L1 at time t,

the expectation of the energy that the microdrone has consumed since its last charge

is exactly E[G̃t|St = L1, π, p, r]. Note the answer to Question 2 is not homogeneous in

t. For example, suppose the microdrone is initialized at L4 at t = 0. If we find it at

L1 at t = 1, it is trivial to see the microdrone has consumed 2% battery. By contrast,

if we find it at L1 at t = 100, computing the energy consumption since the last time it

had 100% battery is nontrivial. It is inconvenient that the answer depends the time

step t but fortunately, we can show the following:

Assumption 4.2. The chain induced by π is ergodic and (I − P>π Γ)−1 exists, where

Γ
.
= diag(γ).

Theorem 4.5. Under Assumption 4.2, the limit limt→∞ E[G̃t|St = s, π, p, r] exists,

which we refer to as ṽπ(s). Furthermore, we define the reverse Bellman operator T̂π
as

T̂πy .
= D−1

π P̃>π D̃πr +D−1
π P>π ΓDπy,

where Dπ
.
= diag(dπ) ∈ R|S|×|S| with dπ being the stationary distribution of the chain

induced by π, P̃π ∈ R|S×A|×|S| is the transition matrix, i.e., P̃π((s, a), s′)
.
= p(s′|s, a),

and D̃π
.
= diag(d̃π) ∈ R|S×A|×|S×A| with d̃π(s, a)

.
= dπ(s)π(a|s). Then T̂π is a contrac-

tion mapping w.r.t. some weighted maximum norm, and ṽπ is its unique fixed point.

We have ṽπ = D−1
π (I − P>π Γ)−1P̃>π D̃πr.

The proof of Theorem 4.5 is provided in Section B.8. Assumption 4.2 can be fulfilled

in the real world as long as the problem we consider has a recurring structure. Theo-

rem 4.5 states that the numerical value of ṽπ(L1) approximately answers Question 2.
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When Question 2 is asked for a large enough t, the error in the answer ṽπ(L1) is arbi-

trarily small. We call ṽπ(s) a Reverse General Value Function, which approximately

encodes the retrospective knowledge, i.e., the answer to the retrospective question

induced by π, r, γ, t and s.

Canonical RL algorithms for learning the value function vπ can be easily adapted

to learn the reverse value function ṽπ. For example, let us consider an on-policy

setting and use Xw as our estimate for ṽπ. Reverse TD updates w iteratively as

wt+1
.
= wt + αt(Rt + γ(St−1)x>t−1wt − x>t wt)xt. (4.7)

Proposition 4.6. Let Assumptions 2.3 and 4.2 hold. Then the iterates {wt} gener-

ated by (4.7) satisfy

lim
t→∞

wt = −Ã−1b̃ a.s.,

where

Ã
.
=X>(P>π Γ− I)DπX,

b̃
.
=X>P̃>π D̃πr.

The proof of Proposition 4.6 is provided in Section B.9. Similar to TD(λ) in Sutton

(1988), we can also extend Reverse TD to Reverse TD(λ), which updates w iteratively

as

wt+1
.
= wt + αt

(
Rt + γ(St−1)

(
(1− λ)x>t−1wt + λḠt−1

)
− x>t wt

)
xt.

With λ = 1, Reverse TD(λ) reduces to supervised learning. There are also off-policy

reverse RL algorithms and distributional reverse RL algorithms, which, however,

deviate from the main topic of this thesis and we refer the reader to Zhang et al.

(2020e) for more details.

Besides Reverse RL, there are other approaches we could consider for answering

Question 2. For example, we could formalize it as a simple regression task, where the

input is the location and the target is the power consumption since the last time the

microdrone had 100% battery. This regression formulation is a special case of Reverse

RL, similar to how Monte Carlo is a special case of TD(λ). Alternatively, answering

Question 2 is trivial if we have formulated the system as a partially observable MDP.

We could use either the location or the battery level as the state and the other as the

observation. In either case, however, deriving the conditional observation probabilities

is nontrivial. We could also model the system as a reversed chain directly as Morimura
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et al. (2010) in light of reverse bootstrapping. This, however, creates difficulties in off-

policy learning. First, assume the initial distribution p0 is the same as the stationary

distribution dπ. We can then compute the posterior action distribution given the next

state and the posterior state distribution given the action and the next state using

Bayes’ rule as

Pr(a|s′) =

∑
s dπ(s)π(a|s)p(s′|s, a)

dπ(s′)
,

Pr(s|s′, a) =
dπ(s)π(a|s)p(s′|s, a)

dπ(s′)
.

We can then define a new MDP with the same state space S and the same action

space A. But the new policy is the posterior distribution Pr(a|s′) and the new tran-

sition kernel is the posterior distribution Pr(s|s′, a). Intuitively, this new MDP flows

in the reverse direction of the original MDP. Samples from the original MDP can

also be interpreted as samples from the new MDP. Assuming we have a trajectory

{S0, A0, S1, A1, . . . , Sk} from the original MDP following π, we can interpret the tra-

jectory {Sk, Ak−1, . . . , A0, S0} as a trajectory from the new MDP, allowing us to work

on the new MDP directly. For example, applying TD in the new MDP is equivalent

to applying the Reverse TD in the original MDP. As TD should converge in this new

MDP as it would on any MDP, we can expect the convergence of Reverse TD in the

original MDP. However, in the new MDP, we no longer have access to the policy, i.e.,

we cannot compute Pr(a|s′) explicitly as it requires both dπ and p, to which we do

not have access. This is acceptable in the on-policy setting but renders the off-policy

setting infeasible, as we do not know the target policy at all. We, therefore, argue

that working on the reversed chain directly is only feasible for on-policy learning.

Overall, we argue that reverse RL is a scalable and efficient framework for repre-

senting retrospective knowledge. We refer the reader to Zhang et al. (2020e) for more

empirical results.
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Chapter 5

Prediction with Truncated
Followon Traces

In Chapter 4, we introduce a secondary function approximator for learning the empha-

sis to address the large variance of the followon trace. The quality of the emphasis

approximation, however, heavily depends on the quality of the features thus con-

vergence is not always guaranteed. In this chapter, we propose a new method for

reducing the variance of the followon trace without introducing a secondary function

approximator.

5.1 Less Is More

The original followon trace Ft in (2.25) can be expanded as

Ft = it + γρt−1Ft−1 (5.1)

= it + γρt−1it−1 + γ2ρt−1ρt−2Ft−2

= it + γρt−1it−1 + γ2ρt−1ρt−2it−2 + γ3ρt−1ρt−2ρt−3Ft−3

= . . .

=
t∑

j=0

γjρt−j:t−1it−j,

where

ρj:k
.
=

{
ρjρj+1 · · · ρk j ≤ k

1 j > k

is shorthand for the product of importance sampling ratios. Clearly, Ft depends on

all the history from time steps 0 to t. The followon trace Ft has a large variance

because the product of the importance sampling ratios ρt−j:t−1 has a large variance,
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especially for earlier steps (i.e., when j is large). However, the motivation of the

introduction of the followon trace Ft is to ensure the corresponding A matrix in ETD

to be negative definite, which depends on only the expectation of Ft, not the variance

of Ft (cf. (2.28)). It can be easily seen that the expectation of the product of the

importance sampling ratios is well bounded. Consequently, the term γjE [ρt−j:t−1it−j]

is negligible when computing E [Ft] if j is large. Earlier steps contribute little to

the expectation but are the major source of the large variance. One straightforward

idea to reduce the variance of the followon trace is then to truncate its computation,

perhaps up to a window of size n.

The idea of truncated followon traces, introduced in Yu (2012, 2015, 2017), is, for

a fixed length n, to compute the followon trace Ft as if Ft−n−1 was 0. More specifically,

let Ft,n be the truncated followon traces of length n; we have

Ft,n
.
=

{∑n
j=0 γ

jρt−j:t−1it−j t ≥ n

Ft t < n
. (5.2)

For example, if n = 2, we then compute Ft,2 for any t as

Ft,2 = it + γρt−1it−1 + γ2ρt−1ρt−2it−2.

It is worth mentioning that Yu (2012, 2015, 2017) introduces the truncated traces as

an intermediate mathematical tool in proofs to understand the asymptotic behavior of

some LSTD methods (e.g., off-policy LSTD(λ) in Yu 2012, emphatic LSTD(λ) in Yu

2015) and gradient TD methods (e.g., GTD(λ) in Sutton et al. 2009) for prediction.

In this thesis, we instead use truncated followon traces algorithmically as a tool for

variance reduction for both prediction (in this section) and control (in Section 11).

Moreover, Yu (2015) shows only asymptotic convergence of the original ETD, while

we provide both asymptotic and nonasymptotic convergence analysis for our proposed

algorithms.

5.2 Truncated Emphatic Temporal Difference Learn-

ing

In this section, we propose to replace Ft with Ft,n in ETD(0). Apparently, for a

fixed n, the variance of Ft,n is guaranteed to be bounded. By contrast, Sutton et al.

(2016) show that the variance of Ft can be infinite. The resulting algorithm, truncated

emphatic TD, is given in Algorithm 4, where we adopt the convention that it = ρt = 0

for any t < 0.
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Algorithm 4: Truncated emphatic TD

S0 ∼ p0(·)
t← 0
while True do

Sample At ∼ µ(·|St)
Execute At, get Rt+1, St+1

ρt ← π(At|St)
µ(At|St)

Ft,n ← 0
for k = 0, . . . , n do

Ft,n ← it−n+k + γρt−n+k−1Ft,n
end
wt+1 ← wt + αtFt,nρt(Rt+1 + γx>t+1wt − x>t wt)xt
t← t+ 1

end

To compute Ft,n, one needs to store 2n extra scalars: ρt−1, . . . , ρt−n, it−1, . . . , it−n.

Such memory overhead is inevitable even for naive on-policy multi-step TD methods

(Chapter 7.1 of Sutton and Barto 2018). The computation of Ft,n can indeed be done

incrementally at the cost of maintaining one more extra scalar:

∆t
.
=

ρtit
ρt−n−1it−n−1

∆t−1,

Ft,n
.
= it + γρt−1Ft−1,n −∆t.

Overall, we argue that compared with ETD in Sutton et al. (2016), the additional

memory and computational cost of truncated emphatic TD is negligible. We now

proceed to analyzing truncated emphatic TD.

When analyzing the original ETD, we have to consider the chain {(Ft, St, At)}
evolving in the space R × S × A (see, e.g., Yu 2015). The space R is not even

countable, making it hard to analyze the chain {(Ft, St, At)} even with Assump-

tion 2.8. With the truncated followon trace Ft,n, we only need to consider the chain

{(St−n, At−n, . . . , St, At)} which evolves in a finite space (S ×A)n. The ergodicity of

this chain follows immediately from Assumption 2.8. Once the ergodicity is estab-

lished, we can analyze the limiting update matrix under the corresponding stationary

distribution.

The additional hyperparameter n in (5.2) defines a hard truncation. By contrast,

the additional hyperparameter β in (4.1) defines a soft truncation. As discussed in

Section 4.1, a desired β does not always exist since we require β to be both sufficiently

large and sufficiently small. By contrast, we will show soon that a desired n always
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exists because we only require n to be sufficiently large. Further, to analyze ETD(0, β)

with the soft truncation, we still need to work on the chain {(Ft,β, St, At)}, whose

behavior is hard to analyze. Consequently, though the asymptotic convergence of

ETD(0, β) in prediction may be established similarly to Yu (2015) for certain β, so

far no finite sample analysis is available for ETD(0, β) in prediction. Nevertheless,

we believe the soft truncation and the hard truncation are two different directions for

variance reduction. The soft truncation is analogous to computing the return Gt with

a discount factor different from γ (see, e.g., Romoff et al. 2019); the hard truncation

is analogous to computing the return Gt with a fixed horizon (see, e.g., Asis et al.

2020). It is straightforward to combine the two techniques together. For example, we

can consider Ft,β,n defined as

Ft,β,n
.
=

{∑n
j=0 β

jρt−j:t−1it−j t ≥ n

Ft,β t < n
.

This combination, however, deviates from the main purpose of this section and is

saved for future work.

We now study the truncated trace Ft,n. Similar to (2.27), we study the limit of

the conditional expectation of the truncated followon trace and define

mπ,µ,n(s)
.
= lim

t→∞
E [Ft,n|St = s] .

We refer to mn as truncated emphasis for a finite n.

Lemma 5.1. Let Assumption 2.8 hold. Then

mπ,µ,n =
n∑
j=0

γjD−1
µ (P>π )jDµi,

lim
n→∞

mπ,µ,n = D−1
µ (I − γP>π )−1Dµi.

The proof of Lemma 5.1 is provided in Section B.10. By definition, the weighting

vector fπ,µ in (2.29) involved in the A matrix of the ETD update (2.26) satisfies

fπ,µ = Dµmπ,µ. Similarly, we define

fπ,µ,n
.
= Dµmπ,µ,n. (5.3)

Lemma 5.2. Let Assumption 2.8 hold. Then

‖mπ,µ,n −mπ,µ‖1 ≤ γn+1dµ,max
dµ,min

‖mπ,µ‖1,

‖fπ,µ,n − fπ,µ‖∞ ≤ γn+1
d2
µ,max

dµ,min
‖mπ,µ‖1,

where dµ,max
.
= maxs dµ(s) and dµ,min

.
= mins dµ(s).
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The proof of Lemma 5.2 is provided in Section B.11. The A matrix of the ETD

update (2.26) is X>Dfπ,µ(γPπ − I)X. Similarly, it can be shown that the A matrix

of truncated emphatic TD (Algorithm 4) is

X>Dfπ,µ,n(γPπ − I)X,

where Dfπ,µ,n
.
= diag(fπ,µ,n). Lemma 5.2 asserts that fπ,µ,n approaches fπ,µ geomet-

rically fast. Consequently, we can expect X>Dfπ,µ,n(γPπ − I)X to be n.d. if n is not

too small.

Lemma 5.3. Let Assumptions 2.3 and 2.8 hold. If

γn+1 <
λmindµ,min

d2
µ,max‖γPπ − I‖‖mπ,µ‖1

, (5.4)

then X>Dfπ,µ,n(γPπ − I)X is n.d., where λmin is the minimum eigenvalue of

1

2

(
Dfπ,µ(I − γPπ) + (I − γP>π )Dfπ,µ

)
.

Sutton et al. (2016) prove that λmin > 0. The proof of Lemma 5.3 is provided in

Section B.12. Since the LHS of (5.4) diminishes geometrically as n increases, we

argue that in practice we do not need a very large n. Recall that the motivation

of using the followon trace Ft is to ensure the limiting update matrix to be n.d.

Lemma 5.3 shows that to ensure this negative definiteness, we do not need to use all

history to compute Ft. Earlier steps contribute little to this negative definiteness due

to discounting but introduce large variance due to the products of importance sampling

ratios. As suggested by (5.4), the desired value of n depends on the magnitude of

the emphasis mπ,µ, which is determined together by the behavior policy µ, the target

policy π, the structure of the MDP, and the magnitude of the interest i. In general,

when the magnitude of the emphasis increases, the desired truncation length also

increases. In practice, we propose to treat the truncation length n as an additional

hyperparameter, as estimating the desired n without access to the transition kernel

p can be very challenging, which we leave for future work.

We can now show the asymptotic convergence of truncated emphatic TD using

the standard ODE-based approach.

Theorem 5.4. Let the assumptions and conditions of Lemma 5.3 hold. Let Assump-

tion 2.4 hold. Then the iterates {wt} generated by truncated empathic TD (Algorithm

4) satisfy

lim
t→∞

wt = w∗,n a.s., where

w∗,n
.
= −A−1

n bn, An
.
= X>Dfπ,µ,n(γPπ − I)X, bn

.
= X>Dfπ,µ,nrπ.

69



The proof of Theorem 5.4 is provided in Section B.13, which, after the negative

definiteness of An is established with Lemma 5.3, follows the same routine as the

convergence proof of on-policy TD in Proposition 6.4 of Bertsekas and Tsitsiklis

(1996).

We now give a finite sample analysis of projected truncated emphatic TD (Algo-

rithm 5). Algorithm 5 is different from Algorithm 4 in that it adopts an additional

projection ΠR when updating the weight wt. Here ΠR denotes the projection onto the

ball of a radius R centered at the origin w.r.t. `2 norm. Introducing such a projection

is common practice in finite sample analysis of TD methods (Bhandari et al., 2018;

Zou et al., 2019). This projection is mainly used to control the errors introduced by

Markovian samples. If i.i.d. samples are used instead, such projection can indeed be

eliminated (Bhandari et al., 2018; Dalal et al., 2018).

Algorithm 5: Projected Truncated Emphatic TD

S0 ∼ p0(·)
t← 0
while True do

Sample At ∼ µ(·|St)
Execute At, get Rt+1, St+1

ρt ← π(At|St)
µ(At|St)

Ft,n ← 0
for k = 0, . . . , n do

Ft,n ← it−n+k + γρt−n+k−1Ft,n
end

wt+1 ← ΠR

(
wt + αtFt,nρt(Rt+1 + γx>t+1wt − x>t wt)xt

)
t← t+ 1

end

Theorem 5.5. Let the assumptions and conditions of Lemma 5.3 hold. Let R ≥
‖w∗,n‖. With proper learning rates {αt}, for sufficiently large t,

E
[
‖wt − w∗,n‖2] = O

(
ln3 t

t

)
.

The proof of Theorem 5.5 is omitted to avoid verbatim repetition since it is just

a special case of a more general result in the control setting (Theorem 11.5). The

conditions on learning rates and the constants hidden by O (·) are also similar to

those of Theorem 11.5. We now analyze the performance of w∗,n.
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Lemma 5.6. Let κ
.
= mins

dµ(s)i(s)

fπ,µ(s)
. Let Assumptions 2.3 and 2.8 hold. If

γn+1 <
κdµ,min mins i(s)dµ(s)

d2
µ,max‖I − γP>π ‖∞‖mπ,µ‖1

, (5.5)

then Πfπ,µ,nTπ is a
√
γ-contraction in ‖·‖fπ,µ,n and

‖Xw∗,n − vπ‖fπ,µ,n ≤
1√

1− γ
∥∥Πfπ,µ,nvπ − vπ

∥∥
fπ,µ,n

. (5.6)

The proof of Lemma 5.6 is similar to Hallak et al. (2016) and is provided in Section

B.14. Again, the LHS of (5.5) diminishes geometrically. So in practice, n might not

need to be too large.

Lemma 5.6 characterizes the performance of the fixed point of truncated ETD

methods in prediction settings. In particular, the
∥∥Πfπ,µ,nvπ − vπ

∥∥
fπ,µ,n

term in (5.6)

is the representation error resulting from the limit of the capacity of the linear function

approximator. With different truncation length, we use different norm (i.e., ‖·‖fπ,µ,n)

to measure the representation error. The multiplicative factor 1√
1−γ , however, does

not depend on n. In other words, as long as n is sufficiently large in the sense

of (5.5), the exact value of n, including n = ∞ (i.e., no truncation), does not seem

to affect the performance of the fixed point much. The intuition is straightforward.

Comparing (5.2) and (5.1), it is easy to see that by using the truncation, we discard the

term
∑t

j=n+1 γ
jρt−j:t−1it−j corresponding to earlier transitions from steps 0 to t−n−1.

This term has a large, possibly infinite, variance because of the product of importance

sampling ratios. The expectation of this term is, however, negligible because the

expectation of the importance sampling ratios are well bounded (see the proof of

Lemma 5.2) and the multiplicative factor γj is negligible. It is the expectation, not

the variance, of the trace that determines the performance of the corresponding fixed

point. Consequently, the truncation proposed in this work does not seem to yield

a compromise in the performance of the fixed point. Different truncation lengths

(including n = ∞, i.e., no truncation) lead to different fixed points. We, however,

argue that those fixed points are in general equally good since their performances

can all be bounded by the representation error and the truncation length has little

effect on ‖·‖fπ,µ,n when n is large (see Lemma 5.2). By contrast, the performance of

the fixed points of GTD methods minimizing dµ-induced MSPBE can be arbitrarily

worse, no matter how small the representation error is (Kolter, 2011).
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n =∞ n = 0 n = 2 n = 4 n = 8 β = 0.8

π(dashed = 0|s) - - - - - -
π(dashed = 0.02|s) - - - 104 1014 -
π(dashed = 0.04|s) 107 - 101 101 109 109

π(dashed = 0.06|s) - - 102 100 104 104

π(dashed = 0.08|s) - - 10−1 100 107 107

π(dashed = 0.1|s) - - 10−11 100 102 104

Table 5.1: Average variance of curves in Figure 5.1. Each curve in Figure 5.1 consists
of 100 data points. The average variance of those data points is reported in this table.
Here we consider only successful configurations whose averaged prediction error at the
end of training is smaller than 5. The average variance of other curves are not included
and denoted as “-”.

5.3 Empirical Results

In this section, we empirically compare truncated emphatic TD (Algorithm 4), ETD,

and ETD(0, β).

We use Baird’s counterexample as the benchmark (Figure 3.1) and consider a

behavior policy µ(solid|s) = 1
7

and µ(dashed|s) = 6
7
, which is the same as the

behavior policy used in Sutton and Barto (2018). We consider different target policies

from π(dashed|s) = 0 to π(dashed|s) = 0.1. We benchmark Algorithm 4 with

different selection of n. When n = ∞, Algorithm 4 reduces to the original ETD.

When n = 0, Algorithm 4 reduces to the naive off-policy TD. We use a fixed learning

rate α, which is tuned from Λα
.
= {0.1× 20, 0.1× 2−1, . . . , 0.1× 2−19} for each n, with

30 independent runs. We report learning curves with the learning rate minimizing

the value prediction error at the end of training. Additionally, we also benchmark

ETD(0, β), where we replace the Ft,n in Algorithm 4 with the trace Ft,β computed

via (4.1). We tune β in {0.1, 0.2, 0.4, 0.8}. For each β, we tune the learning rate α in

Λα as before. The interest is 1 for all states (i.e., i(s) ≡ 1∀s). We report the learning

curves with the best β. All curves are averaged over 30 independent runs with shaded

regions indicating standard errors, unless otherwise specified.

As shown by Figures 5.1 with n = 0, the naive off-policy TD makes no progress

in this prediction setting. The curve is almost flat because the best learning rate is

0.1× 2−19; using any larger learning rate simply accelerates divergence. As shown by

the curves with n =∞, naive ETD does make some progresses when π(dashed|s) >
0, though the final prediction errors at the end of training are usually large. By

contrast, using n = 4 leads to quick convergence in all the tasks with π(dashed|s) > 0.
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Reducing n from 4 to 2 also works when π(dashed|s) ≥ 0.04 and increasing n from 4 to

8 significantly increases the variance. Obviously increasing n leads to a larger variance,

so in practice we want to find the smallest n. Moreover, though ETD(0, β) converges

when π(dashed|s) ≥ 0.04, it usually exhibits larger variance than our truncated ETD

with n = 2 or n = 4 (Table 5.1). We conjecture that this is because the trace

(4.1) still relies on all the history. Consider, e.g., π(dashed|s) = 0.02: the maximum

importance ratio is ρmax = 0.98 × 7 = 6.86. If βρmax > 1, there is still a chance

that the trace in (4.1) goes to infinity since it depends on all the history. However,

requiring βρmax < 1 would require using a small β, which itself could also lead to

instability. By contrast, with truncation, Ft,n is always guaranteed to be bounded.

The results suggest that our hard truncation also has empirical advantages over the

soft truncation in Hallak et al. (2016), besides the theoretical advantages of enabling

finite sample analysis for both prediction and control settings. It can be analytically

computed that for all π(dashed|s) ∈ {0, 0.02, 0.04, 0.06, 0.08, 0.1}, the desired n as

suggested by Lemma 5.3 is around 700. The n we use in the experiments is much

smaller than the suggested one. This is because Lemma 5.3 has to be conservative

enough to cope well with all possible MDPs. In this chapter, we focus on establishing

the existence of such an n and giving an initial but possibly loose bound. We leave

the improvement of Lemma 5.3 for future work. For computational experiments, we

recommend to treat n as an additional hyperparameter.

When π(dashed|s) = 0, which is used in the original Baird’s counterexample, no

selection of n or β is able to make any progress. The failure of ETD with this target

policy is also observed by Sutton and Barto (2018). This target policy is particularly

challenging because its off-policyness is the largest in all the tested target policies,

making it hard to observe progress in computational experiments. Though truncation

is not guaranteed to always reduce the variance to desired levels while maintaining

convergence, our experiments in the prediction setting do suggest it is a promising

approach. We leave a more in-depth investigation of this target policy for future

work.
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Figure 5.1: Truncated emphatic TD and ETD(0, β) in the prediction setting.
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Part II

Off-Policy Prediction for Average
Reward
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In this part, we focus on the prediction problem in the average reward setting.

In particular, our goal is to estimate either the scalar performance metric J̄π or

the differential value functions v̄π and q̄π, in the context of the deadly triad. For

estimating the average reward J̄π, we describe a new method based on learning the

density ratio. Though this new method is designed for the average reward setting, it

also works in the discounted setting as a special case. For estimating the differential

value functions, we describe two new methods. The first one using target networks is

a natural extension of the methods in Section 3. The second one is an extension of

GTD methods to the average reward setting.
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Chapter 6

Prediction with Density Ratios

In this chapter, we propose a new method for estimating the average reward J̄π based

on learning the density ratio. Though it is designed primarily for the average reward

setting, it also works for the discounted setting as a special case.

6.1 Less Is More

As discussed in Section 2.10, when our goal for prediction is to estimate the scalar

performance metric Jπ or J̄π, the density ratio

τγ(s, a) =
dπ,γ(s, a)

dµ(s, a)
.

is a useful quantity. For estimating Jπ, we consider γ < 1; for estimating J̄π, we

consider γ = 1. In either case, τγ is a solution to the linear system

Dµτ = (1− γ)dp0π + γP>π Dµτ, (6.1)

where τ ∈ R|S×A| is the free variable. Solving (6.1) is, therefore, a natural approach

to finding τγ. For the discounted setting with γ < 1, it is easy to see that τγ is the

unique solution to (6.1). For the average reward setting with γ = 1, (6.1) degenerates

to

Dµτ = P>π Dµτ,

which, unfortunately, has infinitely many solutions and τγ is merely one of them. It

is thus desirable to add additional constraints to ensure that τγ is the unique solution

to (6.1) even with γ = 1. There are two natural constraints. First, τγ is nonnegative.

Correspondingly, we have the constraint

τ(s, a) ≥ 0,∀s, a. (6.2)
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Second, τγ is properly normalized. Correspondingly, we have the constraint

d>µ τ = 1. (6.3)

It is easy to see that for any γ ∈ [0, 1], τγ is the only τ that satisfies (6.1), (6.2),

and (6.3) simultaneously. Existing works such as Zhang et al. (2020a); Mousavi et al.

(2020), therefore, consider both (6.2) and (6.3) when solving (6.1). To fulfill (6.2),

positive nonlinearity such as exp(·), (·)2 is applied in function approximation (Zhang

et al., 2020a; Mousavi et al., 2020). To fulfill (6.3), self-normalization is applied in

function approximation (Mousavi et al., 2020). Those techniques, however, make the

problem of solving (6.1) nonconvex. Consequently, even with tabular representation,

there is no convergence guarantee for the algorithms proposed by Zhang et al. (2020a);

Mousavi et al. (2020), much less convergence to τγ. In this chapter, we instead make

the following important observations:

Lemma 6.1. For any γ ∈ [0, 1], τγ is the unique τ that satisfies (6.1) and (6.3)

simultaneously.

The proof of Lemma 6.1 is provided in Section B.15. In other words, to ensure

the uniqueness of the solution to (6.1), adding (6.3) is already sufficient. We argue

that considering both constraints unnecessarily introduces additional obstacles in

optimization. In this thesis, we, therefore, design our algorithm based on only (6.1)

and (6.3).

6.2 Gradient Stationary Distribution Correction

Estimation

Consider the i.i.d. setting in Definition 2.4. To solve (6.1) subject to (6.3), we consider

the following optimization problem:

min
τ∈R|S×A|

L(τ)
.
=

1

2

∥∥(1− γ)dp0π + γP>π Dµτ −Dµτ
∥∥2

D−1
µ

+
λ

2
(d>µ τ − 1)2, (6.4)

where λ > 0 is a constant. Readers may find the first term of this objective similar

to the MSBE. However, while in MSBE the norm is induced by Dµ, we consider a

norm induced by D−1
µ . This norm is carefully designed and provides expectations

that we can sample from, which will be clear once L(τ) is expanded (see (6.5) below).

Remarkably, we have:

Theorem 6.2. τ is optimal for (6.4) i.f.f. τ = τγ.
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Theorem 6.2 follows immediately from Lemma 6.1. We now expand L(τ). With

δ
.
= (1− γ)dp0π + γP>π Dµτ −Dµτ,

we have

L(τ)
.
=

1

2
E(s,a)∼dµ(·)

[(
δ(s, a)

dµ(s, a)

)2
]

+
λ

2
(d>µ τ − 1)2 (6.5)

= max
f∈R|S×A|

E(s,a)∼dµ(·)

[
δ(s, a)

dµ(s, a)
f(s, a)− 1

2
f(s, a)2

]
+ λmax

η∈R

(
E(s,a)∼dµ(·) [ητ(s, a)− η]− η2

2

)
,

where the equality comes also from the Fenchel’s conjugate and the interchangeability

principle as in Zhang et al. (2020a) and DualDICE (cf. (2.31)). We, therefore, consider

the following problem

min
τ∈R|S×A|

max
f∈R|S×A|,η∈R

L(τ, η, f), (6.6)

where

L(τ, η, f)

.
=E(s,a)∼dµ(·)

[
δ(s, a)

dµ(s, a)
f(s, a)− 1

2
f(s, a)2

]
+ λ

(
E(s,a)∼dµ(·) [ητ(s, a)− η]− η2

2

)
.

We expand the first term as

E(s,a)∼dµ(·)

[
δ(s, a)

dµ(s, a)
f(s, a)− 1

2
f(s, a)2

]
=E(s,a)∼dµ(·)

[
(1− γ)dp0π(s, a) + γ

(
P>π Dµτ

)
(s, a)− (Dµτ)(s, a)

dµ(s, a)
f(s, a)− 1

2
f(s, a)2

]

=(1− γ)E(s,a)∼dp0π(·) [f(s, a)] + γ
∑
s,a

(
P>π Dµτ

)
(s, a)f(s, a)

− E(s,a)∼dµ(·) [τ(s, a)f(s, a)]− 1

2
E(s,a)∼dµ(·)

[
f(s, a)2

]
=(1− γ)E(s,a)∼dp0π(·) [f(s, a)] + γE(s,a,s′,a′)∼dµpπ(·) [τ(s, a)f(s′, a′)]

− E(s,a)∼dµ(·) [τ(s, a)f(s, a)]− 1

2
E(s,a)∼dµ(·)

[
f(s, a)2

]
.
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Consequently, we have

L(τ, η, f)

=(1− γ)E(s,a)∼dp0π(·) [f(s, a)] + γE(s,a,s′,a′)∼dµpπ(·) [τ(s, a)f(s′, a′)]

− E(s,a)∼dµ(·) [τ(s, a)f(s, a)]− 1

2
E(s,a)∼dµ(·)

[
f(s, a)2

]
+ λ

(
E(s,a)∼dµ(·)[ητ(s, a)− η]− η2

2

)
.

The optimization problem (6.6) is an unconstrained optimization problem and L is

convex (linear) in τ and concave in f, η. Assuming τ, f is parameterized by w, κ

respectively and including ridge regularization for w for reasons that will soon be

clear, we consider the following problem

min
w

max
η,κ

L(τw, η, fκ) +
ξ

2
||w||2, (6.7)

where ξ ≥ 0 is a constant. When a linear architecture is considered for τw and fκ, the

problem (6.7) is CCSP. Namely, it is convex in w and concave in κ, η. Recall that X

is the state-action feature matrix. Assuming

τw
.
= Xw, fκ

.
= Xκ,

we perform gradient descent on w and gradient ascent on η, κ in the i.i.d. setting

in Definition 2.4. As we use techniques similar to Gradient TD methods to prove

the convergence of our new algorithm, we term it Gradient stationary DIstribution

Correction Estimation (GradientDICE, Algorithm 6). We now proceed to analyzing

Algorithm 6: GradientDICE

k ← 0
while True do

Sample S0
k ∼ p0(·), A0

k ∼ π(·|S0
k)

Sample (Sk, Ak) ∼ dµ(·), Rk
.
= r(Sk, Ak), S

′
k ∼ p(·|Sk, Ak), A′k ∼ π(·|S ′k)

x0,k ← x(S0
k , A

0
k), xk ← x(Sk, Ak), x

′
k ← x(S ′k, A

′
k)

δk ← (1− γ)x0,k + γx>k wkx
′
k − x>k wkxk

κk+1 ← κk + αk(δk − x>k κkxk)
ηk+1 ← ηk + αkλ(x>k wk − 1− ηk)
wk+1 ← wk − αk

(
γx′>k κkxk − x>k κkxk + ληkxk + ξwk

)
k ← k + 1

end

the convergence of GradientDICE with the following assumption.
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Assumption 6.1. The matrix A = X>Dµ(γPπ − I)X is nonsingular or ξ > 0.

When γ < 1, it is common to assume A is nonsingular (Maei, 2011), the ridge

regularization (i.e., ξ > 0) is then optional. When γ = 1, A can easily be singular

(e.g., in a tabular setting). We, therefore, impose the extra ridge regularization.

Theorem 6.3. Let Assumptions 2.3, 2.4, and 6.1 hold. Then the iterates {wk}, {κk}, {ηk}
generated by Algorithm 6 satisfy

lim
k→∞

κkwk
ηk

 = −G−1g a.s.,

where

G
.
=

−C A> 0
−A −ξI −λX>dµ
0 λd>µX −λ

 , g .
=

(1− γ)X>dp0π

0
−λ

 .
See Section B.16 for the proof of Theorem 6.3, which is inspired by Sutton et al.

(2009). One key step in the proof is to show that the real parts of all eigenvalues of

G are strictly negative. The G in Sutton et al. (2009) satisfies this condition easily.

However, for our G to satisfy this condition when γ = 1, we must have ξ > 0, which

motivates the use of ridge regularization.

With simple block matrix inversion expanding G−1, we have

lim
k→∞

wk = w∞,ξ,

where

w∞,ξ
.
= −(1− γ)ΞAC−1X>dp0π + λβ−1z

(
1 + (1− γ)z>AC−1X>dp0π

)
Ξ
.
= (ξI + AC−1A>)−1,

z
.
= ΞX>dµ, β

.
= 1 + λd>µXΞX>dµ.

The maximization step in (6.7) is quadratic (with linear function approximation)

and thus can be solved analytically. Simple algebraic manipulation shows that this

quadratic problem has a unique optimizer for all γ ∈ [0, 1]. Plugging the analytical

solution for the maximization step in (6.7), the KKT conditions then state that the

optimizer w∗,ξ for the minimization step must satisfy A∗,ξw∗,ξ = b∗, where

A∗,ξ
.
= AC−1A> + λX>dµd

>
µX + ξI,

b∗
.
= −(1− γ)AC−1X>µ0 + λX>dµ.
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Assumption 6.1 ensures A∗,ξ is nonsingular. Using the Sherman-Morrison formula

(Sherman and Morrison, 1950), it is easy to verify w∗,ξ = w∞,ξ. In other words,

GradientDICE is able to solve the problem (6.7).

To ensure convergence, we require ridge regularization in (6.7) when γ = 1. The

asymptotic solution w∞,ξ is therefore biased. We now study the regularization path

consistency when γ = 1, i.e., we study the behavior of w∞,ξ when ξ approaches

0. We start with a simple setting where τγ ∈ col(X). Here col(·) indicates the

column space. As X has linearly independent columns, we use w∗ to denote the

unique w satisfying Xw = τγ. When γ = 1, A can be singular. Hence both w∞,0

and A−1
∗,0 can be ill-defined. We now show under some regularization, we still have

the desired consistency. As AC−1A> is always positive semidefinite, we consider

its eigendecomposition AC−1A> = Q>ΛQ, where Q is an orthogonal matrix, Λ
.
=

diag([λ1, · · · , λr, 0, · · · , 0]), r is the rank of A>C−1A, and λi > 0 are eigenvalues. Let

u
.
= QX>dµ. We have

Proposition 6.4. Assuming XC−1X> is positive definite, ||ur+1:Nsa|| 6= 0, then

lim
ξ→0

w∞,ξ = w∗,

where ui:j denotes the vector consisting of the elements indexed by i, i+1, . . . , j in the

vector u.

The proof of Proposition 6.4 is provided in Section B.17. The assumption ||ur+1:Nsa || 6=
0 is not restrictive as it is independent of learnable parameters and mainly controlled

by features. Requiring XC−1X> to be positive definite is more restrictive, but it

holds at least for the tabular setting (i.e., X = I). The difficulty of the setting γ = 1

comes mainly from the fact that the objective of the minimization step in the problem

(6.7) is no longer strictly convex when ξ = 0 (i.e., A∗,0 can be singular). Thus there

may be multiple optima for this minimization step, only one of which is w∗. Extra

domain knowledge (e.g., assumptions in the proposition statement) is necessary to

ensure the regularization path converges to the desired optimum. We provide a suf-

ficient condition here and leave the investigation of necessary conditions for future

work. When τγ /∈ col(X), it is not clear how to define w∗. We leave the investigation

of this scenario for future work.

6.3 Empirical Results

In this section, we present empirical results comparing GradientDICE with baseline

algorithms. In particular, we consider DualDICE and GenDICE (Zhang et al., 2020a)
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as baselines. DualDICE is convergent only in the discounted setting. GenDICE is

designed for both the discounted and average reward settings. GenDICE, however,

considers all the three constraints (6.1), (6.2), (6.3) and is thus not convergent in

either setting. All the curves in this section are averaged over 30 independent runs

and shaded regions indicate one standard derivation.

12 11 10 2 1 0……

Figure 6.1: Two variants of Boyan’s Chain. There are 13 states in total with two
actions {a0, a1} available at each state. The initial distribution p0 is uniform over
{s0, . . . , s12}. At a state si(i ≥ 2), a0 leads to si−1 and a1 leads to si−2. At s1, both
actions leads to s0. At s0, there are two variants. (1) Episodic Boyan’s Chain:
both actions at s0 lead to s0 itself, i.e., s0 is an absorbing state. (2) Continuing

Boyan’s Chain: both actions at s0 lead to a random state among {s0, . . . , s12} with
equal probability.

We first benchmark the algorithms in terms of learning the density ratios. We

consider two variants of Boyan’s Chain (Boyan, 1999) as shown in Figure 6.1. In

particular, we use Episodic Boyan’s Chain when γ < 1 and Continuing Boyan’s

Chain when γ = 1. We consider a uniform sampling distribution, i.e., dµ(s, a) =
1
26
∀(s, a), and a target policy π satisfying π(a0|s) = 0.1∀s. We design a sequence of

tasks by varying the discount factor γ in {0.1, 0.3, 0.5, 0.7, 0.9, 1}.
We train all compared algorithms for 3×104 steps. We evaluate the Mean Squared

Error (MSE) for the predicted τ every 300 steps, computed as

MSE(τ)
.
=

1

26

∑
s,a

(τ(s, a)− τγ(s, a))2,

where the ground truth τγ is computed analytically. We use fixed learning rates α for

all algorithms, which is tuned from {4−6, 4−5, . . . , 4−1} to minimize the MSE(τ) at the

end of training. For the setting γ = 1, we additionally tune ξ from {0, 10−3, 10−2, 10−1}
(for a fair comparison, we also add this ridge regularization for GenDICE and DualDICE).

For the penalty coefficient, we set λ = 1 as recommended by Zhang et al. (2020a).

We find λ has little influence on the learning process in this domain.

We report the results in both tabular (Figure 6.2) and linear (Figure 6.3) settings.

In the tabular setting, we use lookup tables to store τ, f and η. In the linear setting,
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Figure 6.2: Density ratio learning in Boyan’s Chain with a tabular representation.

we use the same state features as Boyan (1999):

x(s12)
.
= [1, 0, 0, 0]>

x(s11)
.
= [0.75, 0.25, 0, 0]>

x(s10)
.
= [0.5, 0.5, 0, 0]>

x(s9)
.
= [0.25, 0.75, 0, 0]>

x(s8)
.
= [0, 1, 0, 0]>

x(s7)
.
= [0, 0.75, 0.25, 0]>

x(s6)
.
= [0, 0.5, 0.5, 0]>

x(s5)
.
= [0, 0.25, 0.75, 0]>

x(s4)
.
= [0, 0, 1, 0]>

x(s3)
.
= [0, 0, 0.75, 0.25]>

x(s2)
.
= [0, 0, 0.5, 0.5]>

x(s1)
.
= [0, 0, 0.25, 0.75]>

x(s0)
.
= [0, 0, 0, 1]>

We use two independent sets of weights for the two actions. As GenDICE requires
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Figure 6.3: Density ratio learning in Boyan’s Chain with a linear architecture.

τ(s, a) > 0∀(s, a), we use the nonlinearity (·)2 for its τ prediction as suggested by

Zhang et al. (2020a). We do not apply any nonlinearity for GradientDICE and

DualDICE. Our results show that GradientDICE reaches a lower prediction error

at the end of training than GenDICE in 5 (4) out 6 tasks in the tabular (linear) set-

ting. Moreover, the learning curves of GradientDICE are more stable than those of

GenDICE in all the 6 tasks in both tabular and linear settings. Although DualDICE

performs the best for the task γ = 0.1, it becomes unstable as γ increases, which is

also observed in Zhang et al. (2020a).

We then benchmark DualDICE, GenDICE, and GradientDICE in an off-policy

prediction problem. We consider Reacher-v2 from OpenAI Gym (Brockman et al.,

2016). We consider policies in the form of πd(s, a)+N (0, σ2), where πd is a determin-

istic policy trained via TD3 (Fujimoto et al., 2018) for 106 steps and N is Gaussian

noise. For the behavior policy, we set σ = 0.1 and run the policy for N = 105 steps to

collect transitions, which form the dataset used across all the experiments. For the

target policy, we set σ = 0.05.

We use neural networks to parameterize τ and f , each of which is represented by

a two-hidden-layer network with 64 hidden units and ReLU (Nair and Hinton, 2010)
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Figure 6.4: Off-policy prediction in Reacher-v2 with neural network function ap-
proximators.

activation function. For GenDICE, we add (·)2 nonlinearity for the τ prediction by

the network. For GradientDICE and DualDICE, we do not have such nonlinearity in

their τ prediction. Given the learned τ , the performance Jπ,γ is approximated by

Ĵπ,γ
.
=

1

N

N∑
i=1

τ(si, ai)ri.

Here Jπ,γ denotes the normalized discounted total rewards (1 − γ)Jπ when γ < 1

and the average reward J̄π when γ = 1. We train each algorithm for 103 steps and

examine

MSE
.
=

1

2

(
Ĵπ,γ − Jπ,γ

)2

every 10 steps, where the ground truth Jπ,γ is computed from Monte Carlo methods

via executing the target policy π multiple times. We use SGD to train the neural

networks with batch size 128. The learning rate α and the penalty coefficient λ are

tuned from {0.01, 0.005, 0.001} and {0.1, 1} with grid search to minimize MSE at the

end of training.
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The results are reported in Figure 6.4. Although prediction errors of Gradient-

DICE and GenDICE tend to be similar at the end of training, the learning curves of

GradientDICE are more stable than those of GenDICE, which matches the results in

the tabular and linear settings. Although DualDICE tends to be more stable than

both GradientDICE and GenDICE, it learns slower and does not work for the set-

ting γ = 1, which also matches the results in Zhang et al. (2020a). To summarize,

GradientDICE combines the advantages of both DualDICE (stability in discounted

setting) and GenDICE (compatibility with the average reward setting).
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Chapter 7

Prediction with Target Networks

Though approximating the average reward J̄π is already sufficient in some scenarios, in

many other cases, learning the differential value functions v̄π and q̄π is also necessary,

for example, when we want to consider the more ambitious control problems. In

this chapter, we extend the target-network-based approach in Section 3 from the

discounted setting to the average reward setting for learning the differential value

functions.

7.1 Divergence of Differential Temporal Difference

Methods

In this section, we motivate the introduction of target networks by showing that the

straightforward semi-gradient method can possibly diverge. Consider, for example,

the problem of estimating q̄π and J̄π in the i.i.d. setting in Definition 2.4. One

natural approach is to equip (2.15) with linear function approximation. Let Xw be

our estimate for q̄π and r̂ be our estimate for J̄π. We update w and r̂ iteratively as

wk+1
.
= wk + αkδk(wk, r̂k)xk, (7.1)

r̂k+1
.
= r̂k + αkδk(wk, r̂k),

where

δk(w, r̂)
.
= Rk − r̂ + x′>k w − x>k w

is the temporal difference error. We refer to the updates (7.1) as differential semi-

gradient Q-evaluation, or Diff-SGQ. If Diff-SGQ converged, the expected updates

must vanish. In other words, the limiting point (w, r̂) must verify

E [δk(w, r̂)xk] = 0, (7.2)

E [δk(w, r̂)] = 0. (7.3)
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We refer to (w, r̂) that verifies (7.2) and (7.3) as TD fixed points in the average reward

setting. Writing (7.3) in a vector form yields

r̂ = d>µ (r + PπXw −Xw). (7.4)

Replacing r̂ in (7.2) with (7.4) yields

X>Dµ(r + PπXw −Xw)−X>Dµ1d>µ (r + PπXw −Xw) = 0,

or equivalently,

Āw + b̄ = 0.

We recall that Ā and b̄ are defined in Section 2.13. Depending on the structure of Ā,

there could be no TD fixed point, one TD fixed point, or infinitely many TD fixed

points. Unfortunately, the following example demonstrates that the naive differential

temporal difference method (7.1) does not necessarily converge, even if there is a

unique TD fixed point.

Figure 7.1: An example showing the divergence of naive differential temporal differ-
ence methods.

Example 7.1. (From Zhang et al. (2021c)) Consider a two-state MDP (Figure 7.1).

The expected per-step update of (7.1) in this MDP can be written as[
r̂k+1

wk+1

]
=

[
r̂k
wk

]
+ α

[
−1 6
−2 6

][
r̂k
wk

]
.

Here, we consider α a constant learning rate. The eigenvalues of A =

[
−1 6
−2 6

]
are

both positive. Hence, no matter what positive learning rate is used, the expected update

diverges. The sample update (7.1) using standard stochastic approximation learning

rates, therefore, also diverge. Furthermore, because both eigenvalues are positive, A

is an invertible matrix, implying the unique existence of the TD fixed-point.
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7.2 Differential Expected SARSA for Prediction

with A Target Network

Motivated by the success of target networks in addressing the deadly triad in the

discounted setting, we in this section seek to use target networks to address the

deadly triad in the average reward setting as well.

In the average-reward setting, we need to approximate J̄π and q̄π with r̂ and Xw

respectively. Hence, we consider target networks θr and θw for r̂ and w respectively.

Plugging θr and θw into (7.1) for bootstrapping yields differential off-policy linear

expected SARSA for prediction with a target network (Algorithm 7), where {Bi} are

now balls in RK+1 (cf. (3.3)). In Algorithm 7, we impose ridge regularization only

on w as r̂ is a scalar and thus does not have any representation capacity limit.

Algorithm 7: Differential off-policy linear expected SARSA for prediction
with a target network

Initialize θ0 ∈ B1

S0 ∼ p0(·)
t← 0
while True do

At ∼ µ(·|St)
Execute At, get Rt+1 and St+1

δt ← Rt+1 − θrt +
∑

a′ π(a′|St+1)x(St+1, a
′)>θwt − x>t wt

wt+1 ← wt + αtδtxt − αtηwt
r̂t+1 ← r̂t + αt(Rt+1 +

∑
a′ π(a′|St+1)x(St+1, a

′)>θwt − x>t θwt − r̂t)[
θrt+1

θwt+1

]
← ΓB1

([
θrt
θwt

]
+ βt

(
ΓB2

([
r̂t
wt

])
−
[
θrt
θwt

]))
t← t+ 1

end

Theorem 7.1. Let Assumptions 2.1, 2.3, 2.4, 2.5, 2.6, and 2.8 hold. For any ξ ∈
(0, 1), there exist constants C0 and C1 such that for all

‖X‖ < C0, C1 < RB1 , RB1 − ξ < RB2 < RB1 ,

the iterates {r̂t} and {wt} generated by Algorithm 7 satisfy

lim
t→∞

r̂t = r̂∗η,

lim
t→∞

wt = w∗η a.s.,
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where

r̂∗η
.
= d>µ (r + PπXw

∗
η −Xw∗η)

and w∗η is the unique solution to

(Ā− ηI)w + b̄ = 0.

If features are zero-centered (i.e., X>dµ = 0), then

∥∥Xw∗η − q̄cπ∥∥ ≤ ( σmax(X)2

σmin(X)4σmin(Dµ)2.5
‖q̄cπ‖η +

∥∥Πdµ q̄
c
π − q̄cπ

∥∥) /ξ,
|r̄∗η − J̄π| ≤

∥∥d>µ (Pπ − I)
∥∥ inf

c

∥∥(Xw∗η − q̄cπ)
∥∥,

where q̄cπ
.
= q̄π + c1.

We defer the proof to Section B.18. As the differential Bellman equation (2.6) has

infinitely many solutions for q, all of which differ only by some constant offsets, we

focus on analyzing the quality of Xw∗η w.r.t. q̄cπ in Theorem 7.1. The zero-centered

feature assumption can be easily fulfilled in practice by subtracting all features with

the estimated mean. In the on-policy case (i.e., µ = π), we have d>µ (Pπ − I) = 0,

indicating r̄∗η = J̄π, i.e., the regularization on the differential value estimate does not

pose any bias on the average reward estimate in the on-policy setting.

It is worth mentioning that target networks can also be used in learning the

differential state value function v̄π. We in this section focus on learning the differential

action value function q̄π mainly to prepare us for the control setting in later sections.
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Chapter 8

Prediction with Gradient Temporal
Difference Methods

In Chapter 7, we introduce a target-network-based algorithm for learning the differen-

tial value functions, which, however, requires to have a sufficiently large regularization.

In this chapter, we introduce a new algorithm that relaxes this constraint.

8.1 A New Mean Squared Projected Bellman Er-

ror Objective

Motivated by the success of GTD methods in the discounted setting, we, in this

chapter, introduce gradient temporal difference methods in the average reward setting.

The first step is to define an MSPBE objective. Consider approximating q̄π with Xw.

In the on-policy setting, finding an MSPBE objective for w is straightforward. One

can, in analogue to (2.10), consider

‖Πdπ (r − r̂1 + PπXw)−Xw‖2
dπ
,

where w is the free variable and r̂ is a known estimate of the average reward J̄π (Tsit-

siklis and Roy, 1999). This MSPBE objective is feasible because it is straightforward

to get a decent r̂ in the on-policy setting. For example, the empirical average of the

received rewards when executing π is a good estimate for the average reward J̄π. It

is attempting to similarly define an MSPBE objective for the off-policy setting in

analogue to (2.22) as ∥∥Πdµ (r − r̂1 + PπXw)−Xw
∥∥2

dµ
.

This MSPBE is, however, no longer feasible because obtaining a good estimate r̂ for

the average reward J̄π is nontrivial in the off-policy setting. The empirical average
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of the received rewards is no longer a good estimate because they are obtained from

following the behavior policy µ instead of the target policy π. One has to resort to

other complicated methods such as density ratio learning in Section 6 to get such an

estimate.

To address this challenge, we replace r̂ with d>µ (r + PπXw − Xw) as suggested

by (7.4), yielding the following MSPBE objective:

MSPBE(w)
.
=
∥∥Πdµ

(
r − d>µ (r + PπXw −Xw)1 + PπXw

)
−Xw

∥∥2

dµ
. (8.1)

Here we have borrowed the idea from Schwartz (1993); Singh (1994); Wan et al. (2021)

that the TD error is a good estimate for the average reward.

8.2 Two-Stage Differential Gradient Q-Evaluation

We now proceed to designing a new gradient temporal difference method for the new

MSPBE objective. In particular, we consider the following objective

L(w)
.
=
∥∥Πdµ

(
r − d>µ (r + PπXw −Xw)1 + PπXw

)
−Xw

∥∥2

dµ
+ η‖w‖2, (8.2)

where we have added an additional ridge regularization term with a weight η ≥ 0 to

the MSPBE objective (8.1). Denote δ̄w
.
= r + PπXw −Xw, we have

L(w)

=
∥∥Πdµ(δ̄w − d>µ δ̄w1)

∥∥2

dµ
+ η‖w‖2

=
∥∥X>Dµ(δ̄w − d>µ δ̄w1)

∥∥2

(X>DµX)−1 + η‖w‖2 (cf. (2.23))

= max
ν

2ν>X>Dµ(δ̄w − d>µ δ̄w1)− ν>Cν + η‖w‖2 (Using (2.24)) .

We, therefore, consider the following optimization problem:

min
w

max
ν

L(w, ν)

where

L(w, ν)
.
= 2ν>X>Dµ(δ̄w − d>µ δ̄w1)− ν>Cν + η‖w‖2.

In other words, minimizing L(w) now becomes finding the saddle point of L(w, ν),

which is convex in w and concave in ν. We then use primal-dual methods to find the
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saddle point, i.e., we perform gradient ascent for ν following ∇νL(w, ν) and gradient

descent for w following −∇wL(w, ν). It can be computed that

∇νL(w, ν)

=2
(
X>Dµ(δ̄w − d>µ δ̄w1)

)> − 2ν>X>DµX

=2E
[(
r(s1, a1) + x(s′1, a

′
1)>w − x(s1, a1)>w

)
x(s1, a1)>

]
−

2E
[
x(s1, a1)>

]
E
[
r(s2, a2) + x(s′2, a

′
2)>w − x(s2, a2)>w

]
−

2E
[
ν>x(s1, a1)x(s1, a1)>

]
,

∇wL(w, ν)

=2E
[(
ν>x(s1, a1)

)
(x(s′1, a

′
1)− x(s1, a1))

>
]
−

2E
[(
ν>x(s1, a1)

)
(x(s′2, a

′
2)− x(s2, a2))

>
]

+ ηw,

where (s1, a1, s
′
1, a
′
1) ∼ dµpπ(·) and (s2, a2, s

′
2, a
′
2) ∼ dµpπ(·). Now it becomes clear

that in the i.i.d. setting in Definition 2.4, we would require two i.i.d. samples

(Sk,1, Ak,1, Rk,1, S
′
k,1, A

′
k,1) and (Sk,2, Ak,2, Rk,2, S

′
k,2, A

′
k,2) from dµpπ at the k-th iter-

ation for a single gradient update. This is not the notorious double sampling issue

in minimizing MSBE, where two successor states s′1 and s′2 from a single state action

pair (s, a) are required, which is not possible in the function approximation setting.

Sampling two i.i.d. tuples from dµpπ is completely feasible (e.g., we can perform one

update every two steps). We now arrive at Algorithm 8 for the i.i.d. setting in Defi-

nition 2.4. Since in Algorithm 8, the average reward estimate r̂ cannot converge until

the differential action value estimate w has converged, we term Algorithm 8 two-

state differential gradient Q-evaluation, or Diff-GQ2. We now proceed to analyzing

the convergence of Diff-GQ2.

Assumption 8.1. There exists at least one TD fixed point, i.e., the linear equa-

tions (7.2) and (7.3) have at least one solution.

Theorem 8.1. Let Assumptions 2.1, 2.3, 2.4, and 2.5 hold. Let η > 0. Then almost

surely, the iterates {wk}, {r̂k} generated by Diff-GQ2 (Algorithm 8) satisfy

lim
k→∞

wk = w∗η,

lim
k→∞

r̂k = d>µ (r + PπXw
∗
η −Xw∗η),

where

w∗η
.
= −(ηI + Ā>C−1Ā)−1Ā>C−1b̄
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Algorithm 8: Two-state differential gradient Q evaluation

t← 0
while True do

Sample (Sk,1, Ak,1, Rk,1, S
′
k,1, A

′
k,1)

Sample (Sk,2, Ak,2, Rk,2, S
′
k,2, A

′
k,2)

xk,1 ← x(Sk,1, Ak,1), x′k,1 ← x(S ′k,1, A
′
k,1)

xk,2 ← x(Sk,2, Ak,2), x′k,2 ← x(S ′k,2, A
′
k,2)

δk,1 ← Rk,1 + x′>k,1wk − x>k,1wk
δk,2 ← Rk,2 + x′>k,2wk − x>k,2wk
νk+1 ← νk + αk(δk,1 − δk,2 − x>k,1νk)xk,1,
wk+1 ← wk + αk(xk,1 − x′k,1 + (xk,2 − x′k,2))x>k,1νk − αkηwk,
r̂k+1 ← r̂k + βk

(
δk,1+δk,2

2
− r̂k

)
t← t+ 1

end

is the unique minimizer of L(w) in (8.2). Define

w∗0
.
= lim

η→0
w∗η,

we then have ∥∥w∗η − w∗0∥∥ = O (η) .

Further, if Assumption 8.1 holds, then Āw∗0 + b̄ = 0, and if Ā is invertible, then for

η = 0, {wk} and {r̂k} converge almost surely to the unique solution of (7.2) and (7.3).

The proof of Theorem 8.1 is provided in Section B.19. Theorem 8.1 confirms that

Diff-GQ2 converges to an η-regularized TD fixed point and the regularization bias

is proportional to η. Bounding the performance of w∗0, a TD fixed point, is then

sufficient for bounding the performance of w∗η.

To understand the quantity of TD fixed points, we have to first assume its ex-

istence. Let Assumption 8.1 hold and let (w∗, r̂∗) be one TD fixed point. We are

interested in bounding the difference between the estimated average reward and the

true average reward, i.e.,
∣∣r̂∗ − J̄π∣∣, and the minimum distance between the estimated

differential value function to the set {q̄π + c1 | c ∈ R}. In general, as long as there

is representation error, the performance of TD fixed points can be arbitrarily poor

even in the discounted setting (Kolter, 2011). We, therefore, in this section study

the bounds only when dµ is close to dπ, in the sense of the following assumption. Let

ξ ∈ (0, 1) be a constant.
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Assumption 8.2. The matrix[
X>DµX X>DµPπX

X>P>π DµX ξ2X>DµX

]
.

is positive semidefinite.

A similar assumption is also used by Kolter (2011) in the analysis of the performance

of the MSPBE minimizer in the discounted setting. Kolter (2011) uses ξ = 1 while

we use ξ < 1 to account for the lack of discounting. Furthermore, we consider the

bounds for zero-centered features.

Assumption 8.3. X>dµ = 0.

This can easily be done by subtracting each feature vector sampled in our learning

algorithm by some estimated mean feature vector, which is the empirical average of

all the feature vectors sampled from dµ. Note without this mean-centered feature

assumption, a looser bound can also be obtained. Our intention here is to show that

bounds of our algorithms are on par with their counterparts in the discounted setting

and thus one does not lose these bounds when one moves from the discounted setting

to the average-reward setting.

Proposition 8.2. Let Assumptions 2.1, 2.3, 8.1 - 8.3 hold. Then

inf
c∈R
‖Xw∗ − qcπ‖dµ ≤

‖Pπ‖dµ + 1

1− ξ inf
c∈R

∥∥Πdµq
c
π − qcπ

∥∥
dµ
,

|r̂∗ − J̄π| ≤
∥∥d>µ (Pπ − I)

∥∥
D−1
µ

(‖Pπ‖dµ + 1)

1− ξ inf
c∈R

∥∥Πdµq
c
π − qcπ

∥∥
dµ
,

where qcπ
.
= qπ + c1.

We defer the proof to Section B.20. As a special case, there exists a unique TD fixed

point in the on-policy case (i.e., dµ = dπ) under Assumptions 2.1 and 2.2. Then we

have |r̂∗− J̄π| = 0 since d>π (Pπ−I) = 0. A tighter bound for the estimated differential

value function can also be obtained (see, e.g., Tsitsiklis and Roy (1999)).

We are now ready to compare the target-network-based approach Algorithm 7 in

Chapter 7 and Diff-GQ2. Algorithm 7 requires a sufficiently large ridge regularization.

Diff-GQ2 also requires the presence of a ridge regularization term but it can be

arbitrarily small. This indicates that Diff-GQ2 suffers less from the bias introduced

by the regularization. However, the performance of the Diff-GQ2 fixed points can

be bounded only when dµ is sufficiently close to dπ. By contrast, the performance of

the fixed points of Algorithm 7 can always be bounded regardless of the difference

between the behavior policy and the target policy. To summarize, there is no clear

winner between Algorithm 1 and Diff-GQ2.
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8.3 Yet Another Mean Squared Projected Bell-

man Error Objective

In this chapter, we propose a new off-policy MSPBE objective for the average re-

ward setting and develop the corresponding Diff-GQ2 algorithm. In the discounted

setting, there is only one off-policy MSPBE. In the average reward setting, besides

the off-policy MSPBE introduced in this chapter, there also exists yet another off-

policy MSPBE objective. The corresponding algorithm optimizing the other MSPBE

objective is referred to as one-stage differential gradient Q-evaluation, or Diff-GQ1.

We refer the reader to Zhang et al. (2021c) for more details. In the following, we

briefly discuss the difference between the MSPBE objective proposed in this chapter

(referred to as MSPBE2) and the other MSPBE objective in Zhang et al. (2021c)

(referred to as MSPBE1), as well as the difference between Diff-GQ2 in this chapter

and Diff-GQ1 in Zhang et al. (2021c).

• MSPBE2 has only one free variable w corresponding to the action value function

estimation; MSPBE1 has two free variables w and r̂ corresponding to the action

value function estimation and the average reward estimation respectively.

• Diff-GQ2 requires two i.i.d. samples per update; Diff-GQ1 requires only one

i.i.d. sample per update.

• For Diff-GQ2 to converge, we require only Assumption 2.3; for Diff-GQ1 to

converge, we require a stronger Assumption 2.2.

• Diff-GQ2 is two-stage in the sense that it learns q̄π first then J̄π; Diff-GQ1 is

one-stage in the sense that it learns both q̄π and J̄π simultaneously.

There are, however, also several similarities.

• Both MSPBE2 and MSPBE1 share the same minimizer.

• If the ridge regularization is not in effect (i.e., η = 0), Diff-GQ2 and Diff-GQ1

converge to the same fixed point.

In the next section, we further provide some empirical results comparing Diff-GQ1

and Diff-GQ2.
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8.4 Empirical Results

In this section, we empirically compare four different algorithms for estimating the av-

erage reward J̄π: Diff-SGQ, Diff-GQ1, Diff-GQ2, and GradientDICE. We use Continuing

Boyan’s Chain in Figure 6.1 as our testbed. Since we are interested in the predic-

tion problem, we add a nonzero reward for each action. Namely, the action a0 always

generates a reward +2 and the action a1 always generates a reward +1. We con-

sider target policies of the form π(a1|si) = π0 for all si, where π0 ∈ [0, 1] is some

constant. The sampling distribution we consider has the form dµ(si, a1) = µ0

13
and

dµ(si, a1) = 1−µ0

13
for all si, where µ0 ∈ [0, 1] is some constant. Note that even if

µ0 = π0, the problem is still off-policy. We consider linear function approximation

and use the same state features as Boyan (1999). We use a one-hot encoding for

actions. Concatenating the state feature and the one-hot action feature yields the

state-action feature we use in the experiments.

Figure 8.1: Boyan’s chain with linear function approximation. We vary π0 in
{0.1, 0.3, 0.5, 0.7, 0.9}. In the first row, we use µ0 = π0; in the second row, we use
µ0 = 0.5; in the third row, we use µ0 = 1− π0. ¯̂r is the average r̂ of recent 100 steps.

We use constant learning rates α for all compared algorithms, which is tuned

in {2−20, 2−19, . . . , 2−1}. For Diff-GQ1 and Diff-GQ2, besides tuning α in the same

way as Diff-SGQ, we tune η in {0, 0.01, 0.1}. For GradientDICE, besides tuning
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(α, η) in the same way as Diff-GQ2, we tune λ, the weight for a normalizing term, in

{0, 0.1, 1, 10}. we perform a grid search with 30 independent runs for hyperparameter

tuning in all our experiments. Each curve corresponds to the best hyperparameters

minimizing the error of the average reward prediction at the end of training and is

averaged over 30 independent runs with the shaded region indicating one standard

deviation.

We run each algorithm for 5× 103 steps. Diff-GQ2 updates are applied every two

steps as one Diff-GQ2 update requires two samples. The results in Figure 8.1 suggest

that the three differential-value-based algorithms perform similarly and consistently

outperform the density-ratio-based algorithm GradientDICE in the tested domain.
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Part III

Value-Based Off-Policy Control
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In this part, we focus on control problems with value-based methods. The general

idea is to learn the action value function with function approximation and derive a

policy from the approximated action value function. We discuss mainly the discounted

setting with some coverage of the average reward setting. We extend the use of target

networks and truncated followon traces from the prediction setting in the previous

parts to the control setting. We also propose a new bi-directional target network for

improving residual algorithms.
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Chapter 9

Control with Target Networks

In Chapters 3 and 7, we use target networks for addressing the deadly triad in pre-

diction settings. In this chapter, we extend those ideas to the control settings.

9.1 Q-Learning with A Target Network

Target networks are first introduced in DQN as an empirical trick for stabilizing Q-

learning with deep networks, similar to other tricks such as dropout, layer norm for

deep learning. In this section, we show that target networks are more than an ad-hoc

trick for Q-learning.

Algorithm 9: Q-learning with a target network

Initialize θ0 ∈ B1

S0 ∼ p0(·)
t← 0
At ∼ µθ0(·|St)
while True do

Execute At, get Rt+1 and St+1

Sample At+1 ∼ µθt(·|St)
δt ← Rt+1 + γmaxa′ x(St+1, a

′)>θt − x>t wt
wt+1 ← wt + αtδtxt − αtηwt
θt+1 ← ΓB1

(
θt + βt(ΓB2(wt)− θt)

)
t← t+ 1

end

We consider the Markovian setting in Definition 2.1 and analyze linear Q-learning

with a target network (Algorithm 9). Here ΓB1 and ΓB2 are projections defined in

(3.3). Similar to the prediction setting in Chapter 3, we add ridge regularization

when updating the main network w. The behavior policy µθ depends on the target
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network θ through the action value estimate Xθ and can be any policy satisfying the

following two assumptions.

Assumption 9.1. Let Λµ be the closure of
{
Pµθ ∈ R|S×A|×|S×A| | θ ∈ RK

}
. For any

P ∈ Λµ, the Markov chain evolving in S ×A induced by P is ergodic.

Assumption 9.2. µθ(a|s) is Lipschitz continuous in Xsθ, where Xs ∈ R|A|×K is the

feature matrix for the state s, i.e., its a-th row is x(s, a)>.

A similar assumption to Assumption 9.1 is also used by Marbach and Tsitsiklis (2001)

in their analysis of on-policy actor-critic methods. When the behavior policy µ is fixed

(independent of θ), the induced chain is usually assumed to be ergodic when analyzing

the behavior of Q-learning (see, e.g., Melo et al. (2008); Chen et al. (2019); Cai et al.

(2019)). In Algorithm 9, the behavior policy µθ changes every step, so it is natural

to assume that those behavior policies, as well as their limits, induce ergodic chains.

Assuming the chain induced by a uniformly random policy is ergodic, which we argue

is a fairly weak assumption, Assumptions 9.1 and 9.2 can be easily fulfilled. For

example, one can use a softmax policy with a temperature ι ∈ (0,∞):

µθ(a|s) =
exp
(
x(s, a)>θ/ι

)∑
b∈A exp(x(s, b)>θ/ι)

. (9.1)

Theorem 9.1. Under Assumptions 2.3, 2.4, 2.5, 2.6, 9.1, and 9.2, for any

ξ ∈ (0, 1), RB1 > RB2 > RB1 − ξ > 0,

there exists a constant C0 such that for all ‖X‖ < C0, the iterate {wt} generated by

Algorithm 9 satisfies

lim
t→∞

wt = w∗η a.s.,

where w∗η is the unique solution of

(Aπw,µw − ηI)w + bµw = 0 (9.2)

inside B1. Here πw denotes the greedy policy w.r.t. Xsw with random tie breaking.

We defer the proof to Section B.21. Analogously to the prediction setting, if we

call the solutions to Aπw,µww + bµw = 0 TD fixed points for control in the discounted

setting, then Theorem 9.1 asserts that Algorithm 9 finds a regularized TD fixed point.

Algorithm 9 and Theorem 9.1 are significant in two aspects. First, in Algorithm 9,

the behavior policy is a function of the target network and thus changes every time
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step. By contrast, previous work on Q-learning with function approximation (e.g.,

Melo et al. (2008); Maei et al. (2010); Chen et al. (2019); Cai et al. (2019); Chen

et al. (2020a); Lee and He (2019b); Xu and Gu (2020); Carvalho et al. (2020); Wang

and Zou (2020)) usually assumes the behavior policy is fixed. Though Fan et al.

(2020) also adopt a changing behavior policy, they consider bi-level optimization. At

each time step, the nested optimization problem must be solved exactly, which is

computationally expensive and sometimes infeasible. To the best of our knowledge,

we are the first to analyze Q-learning with function approximation under a changing

behavior policy and without nested optimization problems. Compared with the fixed

behavior policy setting or the bi-level optimization setting, our two-timescale setting

with a changing behavior policy is more closely related to actual practice (e.g., Mnih

et al. (2015); Lillicrap et al. (2016)).

Second, Theorem 9.1 does not enforce any similarity between µθ and πw; they

can be arbitrarily different. By contrast, previous work (e.g., Melo et al. (2008);

Chen et al. (2019); Cai et al. (2019); Xu and Gu (2020); Lee and He (2019b)) usually

requires the strong assumption that the fixed behavior policy µ is sufficiently close

to the target policy πw. As the target policy (i.e., the greedy policy) can change

every time step due to the changing action-value estimates, this strong assumption

rarely holds. While some work removes this strong assumption, it introduces other

problems instead. In Greedy-GQ, Maei et al. (2010) avoid this strong assumption by

computing sub-gradients of an MSPBE objective

MSPBE(w)
.
= ‖Aπw,µw − bµ‖2

C−1
µ

(9.3)

directly. If linear Q-learning (2.21) under a fixed behavior policy µ converged, it con-

verged to the minimizer of (9.3). Greedy-GQ, however, converges only to a stationary

point of (9.3). By contrast, Algorithm 9 converges to a minimizer of our regularized

MSPBE (cf. (9.2)). In Coupled Q-learning, Carvalho et al. (2020) avoid this strong

assumption by using a target network as well, which they update as

θt+1
.
= θt + αt((xtx

>
t )wt − θt).

This target network update deviates much from the commonly used Polyak-averaging

style update, while our (3.2) is identical to the Polyak-averaging style update most

times if the balls for projection are sufficiently large. Coupled Q-learning updates

the main network w as usual, replacing the x(St+1, a)>wt with x(St+1, a)>θt in (2.21).
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With the Coupled Q-learning updates, Carvalho et al. (2020) prove that the main

network and the target network converge to w̄ and θ̄ respectively, which satisfy

Xw̄ = XX>DµTπw̄Xw̄, Xθ̄ = ΠdµTπw̄Xw̄.

It is, however, not clear how w̄ and θ̄ relate to TD fixed points. Yang et al. (2019) also

use a target network to avoid this strong assumption. Their target network update

is the same as (3.2) except that they have only one projection ΓB1 . Consequently,

they face the problem of the reflection term ζ(t) (cf. (3.4)). They also assume the

main network {wt} is always bounded, a strong assumption that we do not require.

Moreover, they consider a fixed sampling distribution for obtaining i.i.d. samples,

while our data collection is done by executing the changing behavior policy µθ in the

MDP.

Other convergence results of Q-learning with function approximation include Tsit-

siklis and Roy (1996b); Szepesvári and Smart (2004), which require special approxi-

mation architectures, Wen and Roy (2013); Du et al. (2020), which consider determin-

istic MDPs, Li et al. (2011); Du et al. (2019), which require a special oracle to guide

exploration, Chen et al. (2020a), which require matrix inversion every time step, and

Wang et al. (2019); Yang and Wang (2019, 2020); Jin et al. (2020), which consider

linear MDPs (i.e., both p and r are assumed to be linear).

Achiam et al. (2019) characterize the divergence of Q-learning with nonlinear

function approximation via Taylor expansions and use preconditioning to empirically

stabilize training.

9.2 Gradient Q-Learning with A Target Network

One limit of Theorem 9.1 is that the bound on ‖X‖ (i.e., C0) depends on 1/RB1

(see the proof in Section B.21 for the analytical expression), which means C0 could

potentially be small. Though we can use a small η accordingly to ensure that the

regularization effect of η is modest, a small C0 may not be desirable in some cases.

To address this issue, we propose gradient Q-learning with a target network, inspired

by Greedy-GQ. We first equip (9.3) with a changing behavior policy µw, yielding the

following MSPBE objective

‖Aπw,µww − bµw‖2
C−1
µw
.

We then use the target network θ in place of w in the non-convex components, yielding

L(w, θ)
.
= ‖Aπθ,µθw − bµθ‖2

C−1
µθ

+ η‖w‖2, (9.4)
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where we have also introduced a ridge term. At time step t, we update wt with

primal-dual methods similar to GTD, GradientDICE, and Diff-GQ2 and update the

target network θt as usual. Details are provided in Algorithm 10, where ΓB1 and ΓB2

are projections defined in (3.3).

Algorithm 10: Gradient Q-learning with a target network

Initialize θ0 ∈ B1

S0 ∼ p0(·)
t← 0
At ∼ µθ0(·|St)
while True do

Execute At, get Rt+1 and St+1

Sample At+1 ∼ µθt(·|St)
δt ← Rt+1 + γ

∑
a′ πθt(a

′|St+1)x(St+1, a
′)>wt − x>t wt

ut+1 ← ut + αt(δt − x>t ut)xt
wt+1 ← wt + αt (xt − γ

∑
a′ πθt(a

′|St+1)x(St+1, a
′))x>t ut − αtηwt

θt+1 ← ΓB1

(
θt + βt(ΓB2(wt)− θt)

)
t← t+ 1

end

In Algorithm 9, the target policy πθ is a greedy policy, which is not continuous

in θ. This discontinuity is not a problem there but requires sub-gradients in the

analysis of Algorithm 10, which complicates the presentation. We, therefore, impose

Assumption 9.2 on the target policy as well.

Assumption 9.3. πθ(a|s) is Lipschitz continuous in Xsθ.

Though a greedy policy no longer satisfies Assumption 9.3, we can simply use a

softmax policy (cf. (9.1)) with small temperature to approximate a greedy policy.

Theorem 9.2. Under Assumptions 2.3, 2.4, 2.5, 2.6, 9.1, 9.2, and 9.3, there exist

positive constants C0 and C1 such that for all

‖X‖ < C0, RB1 > RB2 > C1,

the iterate {wt} generated by Algorithm 10 satisfies

lim
t→∞

wt = w∗η a.s.,

where w∗η is the unique solution of

(A>πw,µwC
−1
µwAπw,µw + ηI)w + A>πw,µwC

−1
µw bµw = 0.
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We defer the proof to Section B.22. Importantly, the C0 here does not depend on

RB1 and RB2 . Define

w∗0
.
= lim

η→0
w∗η.

If we further assume Aπw∗0 ,µw∗0
is invertible, we can then show similarly to Theorem 8.1

that

Aπw∗0 ,µw∗0
w∗0 + bµw∗0

= 0,

indicating w∗0 is a TD fixed point. The fixed point w∗η can therefore be regarded as a

regularized TD fixed point, though how the regularization is imposed here (cf. (9.4))

is different from that in Algorithm 9 (cf. (9.2)).

9.3 Differential Q-Learning with A Target Network

In this section, we extend the success of target networks for control from the dis-

counted setting to the average reward setting. Similar to Algorithm 9, introducing a

target network and ridge regularization in (2.17) yields differential Q-learning with a

target network (Algorithm 11). Similar to Algorithm 7, {Bi} are now balls in RK+1

(cf. (3.3)).

Algorithm 11: Differential Q-learning with a target network

Initialize θ0 ∈ B1

S0 ∼ p0(·)
t← 0
At ∼ µθw0 (·|St)
while True do

Execute At, get Rt+1 and St+1

Sample At+1 ∼ µθwt (·|St)
δt ← Rt+1 − θrt + maxa′ x(St+1, a

′)>θwt − x>t wt
wt+1 ← wt + αtδtxt − αtηwt
δ′t ← Rt+1 + maxa′ x(St+1, a

′)>θwt − x>t θwt − r̂t
r̂t+1 ← r̂t + αtδ

′
t[

θrt+1

θwt+1

]
← ΓB1

([
θrt
θwt

]
+ βt

(
ΓB2

([
r̂t
wt

])
−
[
θrt
θwt

]))
t← t+ 1

end
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Theorem 9.3. Let Assumptions 2.3, 2.4, 2.5, 2.6, 9.1, and 9.2 hold. Let Lµ denote

the Lipschitz constant of µθw . Then for any

ξ ∈ (0, 1), RB1 > RB2 > RB1 − ξ > 0,

there exist constants C0 and C1 such that for all

‖X‖ < C0, Lµ < C1,

the iterate {wt}, {r̂t} generated by Algorithm 11 satisfies

lim
t→∞

wt =w∗η,

lim
t→∞

r̂t =d>µw∗η

(
r + Pπw∗ηXw

∗
η −Xw∗η

)
a.s.,

where w∗η is the unique solution of

(Āπw,µw − ηI)w + b̄µw = 0

inside B1. Here πw is a greedy policy w.r.t. Xsw.

We defer the proof to Section B.23. Theorem 9.3 requires µθ to be sufficiently smooth,

which is a standard assumption even in the on-policy setting (e.g., Melo et al. (2008);

Zou et al. (2019)). It is easy to see that if (2.17) with linear function approximation

converged, it converged to a solution of

Āπw,µww + b̄µw = 0,

which we call a TD fixed point for control in the average reward setting. Theorem 9.3,

which shows that Algorithm 11 finds a regularized TD fixed point, is to the best of

our knowledge the first theoretical study for linear Q-learning in the average-reward

setting.

9.4 Empirical Results

In this section, we empirically study Algorithm 9 as a representative of the target-

network-based algorithms introduced in this chapter.

We still use Baird’s counterexample (Figure 3.1) as our testbed. We construct the

state-action feature in the same way as the Errata of Baird (1995), i.e.,

X
.
=

[2I 0 1
0> 1 2

]
0>0

0>0 I

 ∈ R14×15.
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The first 7 rows of X are the features of the solid action; the second 7 rows are

the dashed action. The weight w is initialized as [1, 1, 1, 1, 1, 1, 10, 1, 1, 1, 1, 1, 1, 1, 1]>.

The standard linear Q-learning (with ridge regularization) updates wt as

wt+1 ← wt + α(Rt+1 + max
a′

x(St+1, a)>wt − x>t wt)xt − αηwt, (9.5)

where we set α = 0.01. The variant of Algorithm 9 we use in this experiment updates

wt as

wt+1 ← wt + α(Rt+1 + max
a′

x(St+1, a)>θt − x>t wt)xt − αηwt, (9.6)

θt+1 ← θt + β(wt − θt),

where we set α = 0.01, β = 0.001, θ0 = w0. We consider both a fixed behavior pol-

icy and a changing behavior policy. The results are reported in Figures 9.1 and 9.2

respectively. For Figure 9.1, the behavior policy is the same as the one used in Sec-

tion 3.1, which we refer to as µ0. For Figure 9.2, the behavior policy is 0.9µ0 + 0.1µw,

where µw is a softmax policy w.r.t. Xsw. For our algorithm with a target network,

the softmax policy is computed using the target network as shown in Algorithm 9.

The curves are averaged over 30 independent runs with shaded regions indicating one

standard deviation. The curves marked with “standard” and “ours” correspond to

the updates (9.5) and (9.6) respectively.
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Figure 9.1: Linear Q-learning and its target network variant in Barid’s counterexam-
ple with a fixed behavior policy.

Similar to what we have observed in Section 3.1, Figures 9.1 and 9.2 show that

even with η = 0, i.e., no ridge regularization, our algorithms with target networks still

converge in the tested domains. By contrast, without a target network, even when

mild regularization is imposed, standard off-policy algorithms still diverge. This

confirms the importance of the target network.
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Figure 9.2: Linear Q-learning and its target network variant in Barid’s counterexam-
ple with a changing behavior policy.

9.5 Discussion about Target Networks

For all the target-network-based algorithms we propose in Chapters 3, 7 and this

chapter, both the target network and the ridge regularization are at play. One may

wonder if it is possible to ensure convergence with only ridge regularization without

the target network. In the prediction setting, the answer is affirmative. Applying

ridge regularization in off-policy linear TD (2.18) directly yields

wt+1
.
= wt + αtρt(Rt+1 + γx>t+1wt − x>t wt)xt − αtηwt. (9.7)

The expected update of (9.7) is

δw
.
= b+ (A− ηI)w

= b−X>DµXw + γX>Dµ(PπXw)− ηw.

If its Jacobian w.r.t. w, denoted as∇wδw, is negative definite, the convergence of {wt}
is expected (see, e.g., Section 5.5 of Vidyasagar (2002)). This negative definiteness

can be easily achieved by ensuring

η > ‖X‖2‖Dµ(I − γPπ)‖,

see Diddigi et al. (2020) for similar techniques. This direct ridge regularization,

however, would not work in the control setting. Consider, for example, linear Q-

learning with ridge regularization (9.5). The Jacobian of its expected update is

∇w(bµw + (Aπw,µw − ηI)w). It is, however, not clear how to ensure this Jacobian to

be negative definite by tuning η. By using a target network for bootstrapping, PπXw
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becomes PπXθ. So ∇wδw becomes −∇w(X>DµXw + ηw), which is always negative

definite. Similarly, ∇w(bµw − (Aπw,µw + η)w) becomes −∇w(X>DµθXw + ηw) in Al-

gorithm 9, which is always negative definite regardless of θ. The convergence of the

main network {wt} can, therefore, be expected. The convergence of the target net-

work {θt} is then delegated to Theorem 3.1. Now it is clear that in the deadly triad

setting with linear function approximation, the target network stabilizes training by

ensuring the Jacobian of the expected update to be negative definite.

One may also wonder if it is possible to ensure convergence with only the target

network without ridge regularization. The answer is unclear. In our analysis, the

conditions on ‖X‖ (or equivalently, η) are only sufficient and not necessarily necessary.

We do see in Figures 3.2, 9.1, and 9.2 that even with η = 0, our algorithms still

converge in the tested domains. How small η can be in general and under what

circumstances η can be 0 are still open problems, which we leave for future work.

In the prediction settings in Chapters 3 and 7, the introduction of the ridge regular-

ization results in performance guarantees for the points that the proposed algorithms

converge to. In the control settings in this chapter, we, however do not have any

performance guarantee even with ridge regularization. This lack of optimality is one

major limit of this thesis and we refer the reader to Section 14 for more discussion.

Consequently, for practitioners, we recommend to treat η as an additional hyperpa-

rameter and tune η using standard hyperparameter tuning techniques to maximize

the performance when computational budget is allowed. Otherwise we recommend

to prioritize small η to minimize the introduced bias. The radius RB1 and RB2 are

also new hyperparameters. The theoretical results prescribe that the radius should be

larger than some threshold, which is usually problem-dependent and unknown. We,

therefore, recommend practitioners to not use projection (i.e., the radius is infinite)

unless divergence occurs.
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Chapter 10

Control with Bidirectional Target
Networks

Residual algorithms are a family of RL algorithms that address the deadly triad

in limited settings and is an active research area before deep networks are widely

used for function approximation in RL. In this chapter, we revisit residual algorithms

and design a novel bidirectional target network, which gives rise to a few successful

empirical applications of residual algorithms in deep RL settings.

10.1 Residual Gradients and Temporal Difference

Learning

As discussed in Chapter 2, residual gradient algorithms use stochastic gradient descent

to minimize the MSBE objective. This is in contrast to temporal difference methods,

which use stochastic semi-gradient descent and minimizes the MSPBE objective. In

this section, we review conventional wisdom about residual gradients (RG) and TD.

We start with comparing their objectives MSBE and MSPBE. To this end, we first

recall that in the on-policy setting, we have

MSBE(w)
.
= ‖TπXw −Xw‖2

dπ
,

MSPBE(w)
.
= ‖ΠdπTπXw −Xw‖2

dπ
.

We further define the Mean Squared Value Error (MSVE) as

MSVE(w)
.
= ‖vπ −Xw‖2

dπ
,

which is the ultimate objective we want to minimize in the prediction problems.

MSBE is considered inferior to MSPBE in the following sense.
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• Sutton and Barto (2018) argue that MSBE is not learnable. Sutton and Barto

(2018) show that different MDPs may have different distributions of sampled

transitions due to state aliasing but the minima of MSBE can still be different.

This questions the learnability of MSBE as sampled transitions are all that

is available in model-free RL where we do not have access to the transition

function p. By contrast, the minima of MSPBE are uniquely determined by the

distribution of sampled transitions.

• Empirically, optimizing MSBE can lead to unsatisfying solutions. For example,

in the A-presplit example (Sutton and Barto, 2018), the value of most states

can be represented accurately by the function approximator but the MSBE

minimizer does not do so, while the MSPBE minimizer does. Furthermore,

empirically the MSBE minimizer can be further from the MSVE minimizer

than the MSPBE minimizer (Dann et al., 2014).

MSBE is also considered superior to MSPBE in the following sense.

• Williams and Baird (1993) show MSBE can be used to bound MSVE (up to a

constant). By contrast, at a point where MSPBE is minimized, MSVE can be

arbitrarily large due to the capacity limit of the linear architecture (Bertsekas

and Tsitsiklis, 1996).

• MSBE is an upper bound of MSPBE (Scherrer, 2010), indicating that optimizing

MSBE implicitly optimizes MSPBE.

We then proceed to comparing RG and TD. RG is considered inferior to TD in the

following sense.

• Due to the double sampling issue, it is usually hard to apply RG if the transi-

tion function is stochastic, while TD is compatible with both deterministic and

stochastic transition functions.

• RG is usually slower than TD. Empirically, this is observed by Baird (1995), van

Hasselt (2011), Gordon (1995) and Gordon (1999). Theoretically, Schoknecht

and Merke (2003) prove TD converges faster than RG in a tabular setting.

• Lagoudakis and Parr (2003) argue that TD usually provides a better solution

than RG, even though the value function is not as well approximated. The

TD solution “preserves the shape of the value function to some extent rather

than trying to fit the absolute values”. Thus “the improved policy from the
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corresponding approximate value function is closer to the improved policy from

the exact value function” (Lagoudakis and Parr, 2003; Li, 2008; Sun and Bagnell,

2015).

RG is also considered superior to TD in the following sense.

• RG is a true gradient algorithm and enjoys convergence guarantees in most set-

tings under mild conditions. By contrast, the divergence of TD with off-policy

learning or nonlinear function approximation is well documented (Tsitsiklis and

Roy, 1996a). Empirically, Munos (2003) and Li (2008) show that RG is more

stable than TD.

• Schoknecht and Merke (2003) observe that RG converges faster than TD in the

four-room domain (Sutton et al., 1999b) with linear function approximation.

Scherrer (2010) shows empirically that the TD solution is usually slightly better

than RG but in some cases fails dramatically.

Moreover, Li (2008) proves that TD makes more accurate predictions (i.e., the pre-

dicted state value is close to the true state value), while RG yields smaller temporal

differences (i.e., the value predictions for a state and its successor are more consistent).

To summarize, previous insights about RG and TD, as well as their objectives,

are mixed. TD has enjoyed great success in deep RL problems. There is, however,

little study for RG in deep RL problems, which motivates our empirical investigation

in this chapter.

10.2 Backward and Forward Bootstrapping

Since residual gradients suffer from the double sampling issue, we in this section focus

on the setting where we aim to learn deterministic policies for tasks with deterministic

transition functions. In this setting, the double sampling issue naturally disappears.

In particular, we focus on a family of simulated robot manipulation tasks in MuJoCo

(Todorov et al., 2012) and DeepMind Control Suite (DMControl, Tassa et al. (2018)).

One effective method for those robot manipulation tasks is Deep Deterministic

Policy Gradient (DDPG, Lillicrap et al. (2016)). DDPG considers a deterministic

policy πθ : S → RNa , parameterized by θ, for those robot manipulation tasks, the

action spaces of which are typically Na-dimensional vectors. Let qw(s, a) parameter-

ized by w be the estimation of the action value function. In the Markovian setting in
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Definition 2.1, DDPG updates θ and w iteratively as

wt+1
.
= wt + αt (Rt+1 + γqw̄t(St+1, πθ̄t(St+1))− qwt(St, At)))∇wqwt(St, At),

θt+1
.
= θt + βt∇aqwt(St, a)|a=πθt (St)

∇θπθt(St),

where w̄t, θ̄t are the target networks of wt, θt respectively and the behavior policy µt is

typically π(St) with some random noise. Both target networks are updated similarly

to (2.34). If one applies TD directly for learning the action value without a target

network, one would update w as

wt+1
.
=wt + αt (Rt+1 + γqwt(St+1, πθt(St+1))− qwt(St, At))) (10.1)

×∇wqwt(St, At).

If one applies RG directly for learning the action value, one would update w as

wt+1
.
=wt − αt (Rt+1 + γqwt(St+1, πθt(St+1))− qwt(St, At))) (10.2)

× (γ∇wqwt(St+1, πθt(St+1))−∇wqwt(St, At)) .

To take the advantages of both TD and RG, Baird (1995) uses an additional hyper-

parameter η ∈ [0, 1] to unify (10.1) and (10.2) as

wt+1
.
=wt − αt (Rt+1 + γqwt(St+1, πθt(St+1))− qwt(St, At))) (10.3)

× (γη∇wqwt(St+1, πθt(St+1))−∇wqwt(St, At)) .

When η = 0, (10.3) recovers (10.1); when η = 1, (10.3) recovers (10.2). It, how-

ever, remains an open problem that whether and how we should use target networks

in (10.3).

In semi-gradient algorithms like (10.1), value propagation goes backwards in time.

The value estimate of a state depends on the value estimate of its successor through

bootstrapping, and a target network is usually used to stabilize this bootstrapping.

Residual gradients like (10.3) instead allow value propagation both forwards and

backwards. The value estimate of a state depends on the value estimate of both

its successor and predecessor. Therefore, we need to stabilize the bootstrapping in

both directions. To this end, we propose the bidirectional target network technique.

Employing this in DDPG yields Bi-Res-DDPG, which updates w as

wt+1
.
=wt − αt (Rt+1 + γqw̄t(St+1, πθ̄t(St+1))− qwt(St, At)))
× (−∇wqwt(St, At))

− αt (Rt+1 + γqwt(St+1, πθt(St+1))− qw̄t(St, At)))
× γη∇wqwt(St+1, πθt(St+1)).
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Figure 10.1: AUC improvements of Bi-Res-DDPG over DDPG on 28 DMControl
tasks and 5 Mujoco tasks, computed as AUCBi-Res-DDPG−AUCDDPG

AUCDDPG
.

The update to θ remains unchanged.

We compared Bi-Res-DDPG to DDPG in 28 DMControl tasks and 5 Mujoco tasks.

Our DDPG implementation uses the same architecture and hyperparameters as Lill-

icrap et al. (2016), which are inherited by Bi-Res-DDPG (and all other DDPG vari-

ants in this chapter). For Bi-Res-DDPG, we tune η over {0, 0.05, 0.1, 0.2, 0.4, 0.8, 1}
on walker-stand and use η = 0.05 across all tasks. We perform 20 deterministic

evaluation episodes every 104 training steps and generate the evaluation curves over 5

independent runs. We report the improvement of AUC (area under the curve) of the

evaluation curves in Figure 10.1. AUC serves as a proxy for learning speed (e.g., see

Example 8.2 in Sutton and Barto (2018)). Bi-Res-DDPG achieves a 20% (41%) AUC

improvement over the original DDPG in terms of the median (mean). Our DDPG

baseline reaches the same performance level as the DDPG baseline in Fujimoto et al.

(2018) and Buckman et al. (2018) in Mujoco tasks.

To further investigate how target networks affect residual gradients, we study

several variants of DDPG. Those variants have the same generic form that updates
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w as

wt+1
.
= wt + αt (Rt+1 + ∆) (γη∇wqwt(St+1, πθt(St+1))−∇wqwt(St, At))

but differ in how ∆ is computed. We use “T” and “O” to denote the target network

and the online network respectively and have the following variants

Res-DDPG: ∆
.
= γqwt(St+1, πθt(St+1))− qwt(St, At),

TO-Res-DDPG: ∆
.
= γqw̄t(St+1, πθ̄t(St+1))− qwt(St, At),

OT-Res-DDPG: ∆
.
= γqwt(St+1, πθt(St+1))− qw̄t(St, At),

TT-Res-DDPG: ∆
.
= γqw̄t(St+1, πθ̄t(St+1))− qw̄t(St, At).

Res-DDPG is a direct combination of residual gradient and DDPG without a target

network. TO-Res-DDPG simply adds a residual gradient term to the original DDPG.

OT-Res-DDPG stabilizes the bootstrapping for the forward value propagation. TT-

Res-DDPG stabilizes bootstrapping in both directions but destroys the connection

between prediction and error. By contrast, Bi-Res-DDPG stabilizes bootstrapping in

both directions and maintains the connection between prediction and error.
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Figure 10.2: Performance of Bi-Res-DDPG variants on walker-stand, focusing on
the role of target networks.
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Figure 10.3: A selection of the best parameters η from Figure 10.2. Note that residual
updates stabilize performance as much as the introduction of target networks.

Figure 10.2 compares these variants on walker-stand. The main points to note

are: (1) Both Bi-Res-DDPG(η = 0) and TO-Res-DDPG(η = 0) are the same as

vanilla DDPG. The curves are similar, verifying the stability of our implementation.

(2) Res-DDPG(η = 0) corresponds to vanilla DDPG without a target network, which

performs poorly. This confirms that a target network is important for stabilizing

training and mitigating divergence when a nonlinear function approximator is used

(Mnih et al., 2015; Lillicrap et al., 2016). (3) Increasing η moderately improves

Res-DDPG’s performance. This complies with the argument from Baird (1995) that

residual gradients help semi-gradients converge. All variants fail with a large η (e.g.,

0.8 or 1). This complies with the argument from Baird (1995) that pure residual

gradients are slow. (4) TO-Res-DDPG(η = 0) (i.e., vanilla DDPG) is similar to Res-

DDPG(η = 0.4), indicating a naive combination of residual gradients and DDPG

without a target network is ineffective. (5) For TO-Res-DDPG, η = 0 achieves the

best performance, indicating adding a residual gradient term to DDPG directly is

ineffective. To summarize, these variants confirm the necessity of the bidirectional

target network. To better understand the role of residual updates, we summarize the

results of Figure 10.2 in Figure 10.3. Res-DDPG does not have a target network and

outperforms DDPG without a target network. Res-DDPG also increases the stabil-

ity. Bi-Res-DDPG has target networks and also outperforms DDPG with a target

network, as well as increases the stability. This comparison confirms the importance

of residual updates.
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10.3 Discussion

We also evaluated a Bi-Res version of DQN in three Arcade Learning Environments

(ALE, Bellemare et al. (2013a)). The performance was similar to the original DQN.

One of the many differences between DMControl and ALE is that rewards in ALE

are much more sparse. This might indicate that the forward value propagation in

residual gradients is less likely to yield a performance boost with sparse rewards.

We do not expect residual gradients to improve the performance of semi-gradient

algorithms in all tasks. However, our results do show that the residual gradients

together with the bidirectional target network is beneficial in many settings. Despite

the popularity of semi-gradient methods, we do believe residual gradients have long

been underestimated and deserve more study by the community.

There are of course many other studies on residual methods. We name a few in

the following. Geist et al. (2017) show that for policy-based methods, maximizing

the average reward is better than minimizing the Bellman residual. Schoknecht and

Merke (2002) show RG converges with a problem-dependent constant learning rate

when combined with certain function approximators. Dabney and Thomas (2014)

extend RG with natural gradients. However, this chapter appears to be the first to

contrast residual gradients and semi-gradients in deep RL problems and demonstrate

the benefits of residual gradients in deep RL .
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Chapter 11

Control with Truncated Followon
Traces

In this chapter, we extend the use of truncated followon traces from prediction in

Chapter 5 to control.

11.1 Emphatic Approximate Value Iteration

The study of the canonical approximate value iteration (De Farias and Van Roy, 2000)

is essential to the study of the on-policy control algorithm SARSA (Melo et al., 2008;

Zou et al., 2019). Similarly, in this section, we study approximate value iteration

from an off-policy perspective, which prepares us for the off-policy control algorithm

in the next section.

In dynamic programming, one classical method for finding v∗ is value iteration,

which applies the optimal Bellman operator (2.8) repeatedly. For a vector v ∈ R|S|,
let πv denote a greedy policy w.r.t. r(s, a) +

∑
s′ p(s

′|s, a)v(s′). Then value iteration

can be regarded as applying the Bellman operator Tπ with π = πv to v. Or more

precisely, at the k-th iteration, we have value estimation vk. We then compute the

value estimation at the next iteration as

vk+1
.
= Tπvkvk.

When linear function approximation is considered, vk is represented asXwk. However,

the new value Tπvkvk may not lie in the column space of X. To this end, we use an

additional projection operator to compute wk+1 such that

Xwk+1 = ΠdπXwk
TπXwkXwk,
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or equivalently,

vk+1 = Πdπvk
Tπvkvk.

This scheme for computing the sequence {vk}, or {wk}, is referred to as approximate

value iteration (De Farias and Van Roy, 2000). Unfortunately, if πv is the aforemen-

tioned greedy policy, the approximate value iteration operator

H(v)
.
= ΠdπvTπvv

does not necessarily have a fixed point. However, if πv is continuous in v, De Farias

and Van Roy (2000) show that H has at least one fixed point. SARSA with linear

function approximation is an incremental and stochastic way for implementing H.

The canonical approximate value iteration operator H is in a sense on-policy in

that the projection operator is defined w.r.t. a norm induced by the policy at the

current iteration. To develop control algorithms for the off-policy setting, we in this

section study approximation value iteration from an off-policy perspective, i.e., with

a projection operator defined w.r.t. a different norm. Let πw and µw be target and

behavior policies respectively. They depend on w, the parameters used for estimating

the value function, through the value function estimate v = Xw ∈ R|S|, e.g., they can

be softmax policies such as

πw(a|s) .
=

exp
((
r(s, a) + γ

∑
s′ p(s

′|s, a)x(s′)>w
)
/ι
)∑

s0,a0
exp

((
r(s0, a0) + γ

∑
s1
p(s1|s0, a0)x(s1)>w

)
/ι
) ,

with different temperatures ι. We consider the iterates {vk .
= Xwk} generated by

vk+1
.
= Πfπwk ,µwk ,n

Tπwkvk,

where fπw,µw,n is defined in (5.3). We call this scheme emphatic approximate value

iteration as the projection operator is defined w.r.t. the norm induced by the (trun-

cated) followon trace. In the rest of this section, we show that emphatic approximate

value iteration adopts at least one fixed point. With Λµ denoting the closure of{
µw | w ∈ RK

}
and Λπ denoting the closure of

{
πw | w ∈ RK

}
, we make the follow-

ing assumptions.

Assumption 11.1. Both πw and µw are continuous in w.

Assumption 11.2. For any µ ∈ Λµ, the Markov chain induced by µ is ergodic and

µ(a|s) > 0 holds for all (s, a).
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Assumption 11.1 appears to be necessary in analyzing approximate value iteration.

If πw is not continuous in w, even the canonical approximate value iteration can fail

to have a fixed point (De Farias and Van Roy, 2000). The ergodicity assumption of

all the policies in the closure in Assumption 11.2 is similar to Assumption 9.1.

We now define two helper functions to understand how n should be selected in

emphatic approximate value iteration.

n1(π, µ)
.
=

ln(λmin,π,µdµ,min)− ln
(
d2
µ,max‖γPπ − I‖‖mπ,µ‖1

)
ln γ

− 1,

n2(π, µ)
.
=

ln (κπ,µdµ,min mins i(s)dµ(s))− ln
(
d2
µ,max

∥∥I − γP>π ∥∥∞‖mπ,µ‖1

)
ln γ

− 1.

Here we write κ defined in Lemma 5.6 as κπ,µ to explicitly acknowledge its dependence

on π and µ. Similarly, λmin,π,µ refers to λmin defined in Lemma 5.3. It is easy to see

that n1 and n2 correspond to the conditions of n in Lemmas 5.3 and 5.6 respectively.

Assumption 11.2 ensures that n1 and n2 are well defined on Λπ × Λµ. The invariant

distribution dµ is continuous in µ (see, e.g., Lemma C.3). The minimum eigenvalue

λmin,π,µ is continuous in the elements of the matrix (see, e.g., Corollary 8.6.2 of

Golub and Loan 1996) and thus is also continuous in µ and π. And both Λµ and

Λπ are compact. We, therefore, have supµ∈Λµ,π∈Λπ max {n1(π, µ), n2(π, µ)} < ∞ by

the extreme value theorem. This allows us to select n as suggested by the following

lemma.

Lemma 11.1. Let Assumptions 2.3, 11.1, and 11.2 hold. If

n > sup
µ∈Λµ,π∈Λπ

max {n1(π, µ), n2(π, µ)}, (11.1)

then there exists at least one w∗ such that

Xw∗ = Πfπw∗ ,µw∗ ,n
Tπw∗Xw∗.

The proof of Theorem 11.1 is provided in B.24, which follows the same steps of

De Farias and Van Roy (2000) but generalizes their results from (on-policy) approx-

imate value iteration to emphatic approximate value iteration.

11.2 Truncated Emphatic Expected SARSA

We now present our control algorithm, truncated emphatic expected SARSA. In this

section we mainly work on the action value so we use the overloaded notations for
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action value functions defined in Section 2.13. The followon trace Ft is now defined

as

Ft
.
= it + γρtFt−1,

which is the same as the followon trace used in ELSTDQ(λ) in White (2017). Corre-

spondingly, the truncated trace is defined as

Ft,n
.
=

{∑n
j=0 γ

jρt−j+1:tit−j t ≥ n

Ft t < n
.

The truncated emphasis mπ,µ,n is now in R|S×A| and defined as

mπ,µ,n(s, a)
.
= lim

t→∞
E[Ft,n|St = s, At = a].

Other notation is also overloaded accordingly, e.g.,

mπ,µ
.
= lim

n→∞
mπ,µ,n, fπ,µ,n

.
= Dµmπ,µ,n, fπ,µ

.
= Dµmπ,µ.

Previous theoretical results also hold with the overloaded notations for state-action

pairs. In particular, we have

Lemma 11.2. Let Assumptions 2.3, 11.1, and 11.2 hold. Define

n1(π, µ)
.
=

ln(λmin,π,µdµ,min)− ln
(
d2
µ,max‖γPπ − I‖‖mπ,µ‖1

)
ln γ

− 1,

n2(π, µ)
.
=

ln (κπ,µdµ,min mins,a i(s, a)dµ(s, a))− ln
(
d2
µ,max

∥∥I − γP>π ∥∥∞‖mπ,µ‖1

)
ln γ

− 1,

where λmin,π,µ is the minimum eigenvalue of

1

2

(
Dfπ,µ(I − γPπ) + (I − γP>π )Dfπ,µ

)
,

dµ,min
.
= mins,a dµ(s, a), dµ,max

.
= maxs,a dµ,max(s, a), κπ,µ

.
= mins,a

dµ(s,a)i(s,a)

fπ,µ(s,a)
. If

n > sup
µ∈Λµ,π∈Λπ

max {n1(π, µ), n2(π, µ)}

holds, then

(i). For any µ ∈ Λµ, π ∈ Λπ, X>Dfπ,µ,n(γPπ − I)X is n.d.,

(ii). For any µ ∈ Λµ, π ∈ Λπ, Πfπ,µ,nTπ is a
√
γ contraction in ‖·‖fπ,µ,n,
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(iii). There exists at least one w∗ such that

Xw∗ = Πfπw∗ ,µw∗ ,n
Tπw∗Xw∗. (11.2)

We use W∗ to denote the set of all such w∗.

The proof of Lemma 11.2 is omitted since it is a verbatim repetition of the proofs of

Lemmas 5.3, 5.6, and 11.1.

The iterative update scheme (11.2) is emphatic approximate value iteration ap-

plied to action-value estimation. To implement this scheme incrementally in a learning

sense, we propose truncated emphatic expected SARSA (Algorithm 12). When com-

puting Ft,n, we require that the previous importance sampling ratios be recomputed

with the current weight wt. This requirement is mainly for the ease of asymptotic

analysis and is eliminated in projected truncated emphatic expected SARSA, for

which we provide a finite sample analysis.

Algorithm 12: Truncated emphatic expected SARSA

S0 ∼ p0(·)
A0 ∼ µw0(·|S0)
t← 0
while True do

Execute At, get Rt+1, St+1

At+1 ∼ µwt(·|St+1)

ρt ← πwt (At|St)
µwt (At|St)

Ft,n ← 0
for k = 0, . . . , n do

Ft,n ← it−n+k + γ
πwt (At−n+k|St−n+k)

µwt (At−n+k|St−n+k)
Ft,n

end
wt+1 ← wt + αtFt,n(Rt+1 + γ

∑
a πwt(a|St+1)x(St+1, a)>wt − x>t wt)xt

t← t+ 1

end

We can now present our asymptotic convergence analysis of Algorithm 12. We

first study the properties of the possible fixed points. We can rewrite (11.2) as

Aw∗w∗ + bw∗ = 0,

where

Aw
.
= X>Dfπw,µw,n(γPπw − I)X,

bw
.
= X>Dfπw,µw,nr.

124



Consequently,

w∗ = A−1
w∗bw∗ .

Since Λµ and Λπ are compact, both πw and µw are continuous in w, the RHS of the

above equation is bounded from above by the extreme value theorem. Consequently,

there exists a constant R <∞ such that

sup
w∗∈W∗

‖w∗‖ ≤ R.

We then make several regularization conditions on the policies πw and µw. For the

analysis of on-policy SARSA with linear function approximation, it is commonly

assumed that the policy πw is Lipschitz continuous in w and the Lipschitz constant is

not too large (Perkins and Precup, 2002; Zou et al., 2019). This technical assumption

is mainly used to ensure that a small change in the value estimate does not result in

a big difference in the policy thus enforces certain smoothness of the overall learning

process. Without such assumptions, even on-policy linear SARSA can chatter and

fail to converge (Gordon, 1996, 2001). In this section, we adopt similar assumptions

in our off-policy setting.

Assumption 11.3. Both µw and πw are Lipschitz continuous in w, i.e., there exist

constants Lµ and Lπ such that for any s ∈ S, a ∈ A,

|πw(a|s)− πw′(a|s)| ≤ Lπ‖w − w′‖,
|µw(a|s)− µw′(a|s)| ≤ Lµ‖w − w′‖.

The Lipschitz continuity of the policies immediately implies the Lipschitz continuity

of Aw and bw governing the expected updates of Algorithm 12.

Lemma 11.3. Let Assumptions 11.2 and 11.3 hold. There exist positive constants

C1, C2, C3, and C4 such that for any w,w′

‖Aw − Aw′‖ ≤ (C1Lµ + C2Lπ)‖w − w′‖,
‖bw − bw′‖ ≤ (C3Lµ + C4Lπ)‖w − w′‖.

The proof Lemma 11.3 is provided in Section B.25. Under the conditions of Lemma 11.2,

for any w, the matrix

M(w)
.
=

1

2

(
X>Dfπw,µw,n(I − γPπw)X +X>(I − γP>πw)Dfπw,µw,nX

)
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is p.d. For a symmetric positive definite matrix M , let λ(M) denote the smallest

eigenvalue of M . For any w ∈ RK , we have λ(M(w)) > 0. By the continuity of

eigenvalues in the elements of the matrix, the compactness of Λµ and Λπ, and the

extreme value theorem, we have

inf
w∈RK

λ(M(w)) > 0.

This allows us to make the following assumptions about the Lipschitz constants Lµ

and Lπ, akin to Perkins and Precup (2002); Zou et al. (2019).

Assumption 11.4. Lµ and Lπ are small enough such that

λ′min
.
= inf

w∈W
λ(M(w))− ((C1Lµ + C2Lπ)R + C3Lµ + C4Lπ) > 0.

With these regularizations on πw and µw, we can now present a high probability

asymptotic convergence analysis for Algorithm 12.

Theorem 11.4. Let the assumptions and conditions in Lemma 11.2 hold. Let As-

sumptions 2.4, 11.3, and 11.4 hold. Then for any compact set W ⊂ RK and any

w ∈ W, there exists a constant CW such that for any w∗ ∈ W∗, the iterates {wt}
generated by Algorithm 12 satisfy

Pr
(

lim
t→∞

wt = w∗ | w0 = w
)
≥ 1− CW

∞∑
t=0

α2
t . (11.3)

This immediately implies that W∗ contains only one element (under the conditions of

this theorem).

In (11.3), CW depends on the compact set W from which the weight w0 is selected.

For (11.3) to be nontrivial, the learning rates have to be small enough, depending on

the choice of initial weights. The proof of Theorem 11.4 is provided in Section B.26

and depends on Theorem 13 of Benveniste et al. (1990).1

We now analyze the convergence rate of projected truncated emphatic expected

SARSA (Algorithm 13). Unlike Algorithm 12, when computing Ft,n in Algorithm

13, we do not need to recompute previous importance sampling ratios. Similar to

Assumption 11.4, we make the following assumption about the Lipschitz constants

Lµ and Lπ for analyzing Algorithm 13.

1It might be possible to obtain an almost sure convergence of Algorithm 12 like Theorem 5.4 by
invoking Theorem 17 of Benveniste et al. (1990). Doing so requires verifying (1.9.5) of Benveniste
et al. (1990). If how Melo et al. (2008) verify (1.9.5) was documented in the context of on-policy
SARSA with linear function approximation, it is expected that (1.9.5) can also be similarly verified
in the context of Algorithm 12.
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Algorithm 13: Projected truncated emphatic expected SARSA

Initialize w0 such that ‖w0‖ ≤ R
S0 ∼ p0(·)
A0 ∼ µw0(·|S0)
t← 0
while True do

Execute At, get Rt+1, St+1

At+1 ∼ µwt(·|St+1)

ρt ← πwt (At|St)
µwt (At|St)

Ft,n ← 0
for k = 0, . . . , n do

Ft,n ← it−n+k + γρt−n+kFt,n
end

wt+1 ← ΠR

(
wt + αtFt,n(Rt+1 + γ

∑
a πwt(a|St+1)x(St+1, a)>wt − x>t wt)xt

)
t← t+ 1

end

Assumption 11.5. Lµ and Lπ are not too large such that

λ′′min
.
= inf

w∗∈W∗
λ(M(w∗))− ((C1Lµ + C2Lπ)R + C3Lµ + C4Lπ) > 0.

When defining λ′min in Assumption 11.4, the infimum is taken over all possible w.

When defining λ′′min in Assumption 11.5, the infimum is taken over only W∗. This

improvement is made possible by the introduction of the projection ΠR.

Theorem 11.5. Let the assumptions and conditions in Lemma 11.2 hold. Let As-

sumptions 11.3 and 11.5 hold. Set the learning rate {αt} in Algorithm 12 to

αt
.
=

1

2αλ(t+ 1)
, (11.4)

where αλ ∈ (0, λ′′min) is some constant. Then for any w∗ ∈ W∗, for sufficiently large t

(in the sense that t−O(ln t) > n), the iterates {wt} generated by Algorithm 13 satisfy

E
[
‖wt − w∗‖2] = O

(
ln3 t

t

)
.

This immediately implies that W∗ contains only one element (under the conditions of

this theorem).

The proof of Theorem 11.5 and the constants hidden by O(·) are detailed in Section

B.27. The proof follows the same steps as Zou et al. (2019) but generalizes the analysis

127



of the on-policy SARSA in Zou et al. (2019) to the off-policy setting and includes

backward traces, which are not included in Zou et al. (2019).

In this section, we present (projected) truncated emphatic expected SARSA as

a convergent off-policy control algorithm with linear function approximation. Im-

portantly, in Algorithms 12 and 13, the behavior policy is a function of the current

action-value estimates and thus changes every time step and can be very different

from the target policy. These two features are common in practice (see, e.g. Mnih

et al. (2015)) but rarely appreciated in existing literature. For example, in Greedy-

GQ (Maei et al., 2010; Wang and Zou, 2020), a control algorithm in the family of the

gradient TD methods, the behavior policy is assumed to be fixed. In the convergent

analysis of linear Q-learning (Melo et al., 2008; Lee and He, 2019b), the behavior pol-

icy is assumed to be sufficiently close to the policy that linear Q-learning is expected

to converge to.

11.3 Empirical Results

In this section, we empirically investigate Algorithm 13 and its β-variant using (4.1).

We first use Baird’s counterexample (Figure 3.1) as our testbed. In particular, we

consider two settings: control with a fixed behavior policy and control with a changing

behavior policy. The hyperparameter tuning protocol and the reporting protocol are

the same as that of Section 5.3.

In the control setting with a fixed behavior policy, we benchmark Algorithm 13

with different selection of n, as well as its β-variant (cf. (4.1)). In particular, we

set the radius of the ball for projection to be infinity (i.e., the projection is now an

identity mapping). Consequently, when n = ∞, our implementation of Algorithm

13 becomes a straightforward extension of ETD to the control setting. We use the

same behavior policy as the prediction setting in Section 5.3. The target policy is a

softmax policy with a temperature τ :

π(dashed|s) .
=

exp (q(s, dashed)/τ)

exp (q(s, dashed)/τ) + exp (q(s, solid)/τ)
.

We test three different temperatures τ ∈ {0.01, 0.1, 1}. When τ approaches 0, the

target policies become more and more greedy. Consequently, Algorithm 13 approaches

Q-learning with truncated traces. As shown in Figure 11.1, neither the naive off-policy

expected SARSA (i.e., n = 0) nor the naive extension of ETD(0) (i.e., n =∞) makes

any progress in this setting. By contrast, our truncated empathic expected SARSA

consistently converges, with lower variance than its β-variant (Table 11.1).
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n =∞ n = 0 n = 2 n = 4 n = 8 β = 0.8

τ = 0 - - 104 103 106 1011

τ = 0.01 - - 104 103 106 1011

τ = 0.1 - - 104 103 106 1011

Table 11.1: Average variance of curves in Figure 11.1. Here n = 4 has smaller
variance than n = 2 because the former converges slightly faster. We follow a similar
reporting protocol as Table 5.1.

n =∞ n = 0 n = 2 n = 4 n = 8 β = 0.8

τ = 0 - - 103 102 106 106

τ = 0.01 - - 103 102 106 106

τ = 0.1 - - 103 102 106 106

Table 11.2: Average variance of curves in Figure 11.2. Here n = 4 has smaller
variance than n = 2 because the former converges slightly faster. We follow a similar
reporting protocol as Table 5.1.

In the control setting with a changing behavior policy, we still benchmark Algo-

rithm 13 with a different selection of n and its β-variant. The target policy is still

the softmax policy with a temperature τ . The behavior policy is now a mixture pol-

icy. At each time step, with probability 0.9, the behavior policy is the same as the

behavior policy used in the prediction setting in Section 5.3; with probability 0.1, the

behavior policy is a softmax policy with temperature 1. As shown by Figure 11.2

and Table 11.2, the results in this setting are similar to the previous setting with a

fixed behavior policy but the variance with n ∈ {2, 4} is reduced. This is because the

behavior policy is now related to the target policy, i.e., the off-policyness is reduced.

We further evaluate truncated emphatic expected SARSA in the CartPole domain

(Figure 11.3), which is a classical nonsynthetic control problem. We use tile coding

(Sutton, 1995) to map the four-dimensional observation (velocity, acceleration, angu-

lar velocity, angular acceleration) to a binary vector in R1024 and then apply linear

function approximation. In particular, we use the tile coding software recommended

in Chapter 10.1 of Sutton and Barto (2018). We benchmark Algorithm 13 and its

β-variant (cf. (4.1)), following the same hyperparameter tuning protocol as in Baird’s

counterexample. We use γ = 0.99 and i(s) = 1. The target policy is a softmax policy

with temperature τ = 0.01. The behavior policy is a ε-softmax policy with ε = 0.95

and τ = 1. In other words, at each time step, with probability 0.95, the agent selects

an action according to a uniformly random policy; with probability 0.05, the agent
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selects an action according to a softmax policy with temperature τ = 1. We grant

large randomness to the behavior policy to enlarge the off-policyness of the prob-

lem, making it more challenging. We evaluate the agent every 5 × 103 steps during

the training process for 10 episodes and report the averaged undiscounted episodic

return. Figure 11.4 (Left) investigates the effect of different truncation length. We

recall that the learning rate α is tuned from Λα maximizing the evaluation return at

the end of the training. With n = ∞ (i.e., no truncation), the agent barely learns

anything. With n = 0 (i.e., naive off-policy expected SARSA without followon trace),

the agent reaches a reasonable performance level but using n = 4 performs better.

Using n = 2 performs better than using n = 4 in the middle of the training but

the performance drops near the end of the training. We conjecture that this may

suggest that a truncation length of 2 is not enough to stabilize the off-policy training

in the tested problem. Figure 11.4 (Right) further investigates the soft truncation

using (4.1). We recall that β is tuned from {0.1, 0.2, 0.4, 0.8}. Using the soft trunca-

tion with β = 0.2 performs similar to using the hard truncation with n = 4. It can,

however, be computed that the data points of the curve with β = 0.2 has an average

variance around 1.8 × 104 while that of n = 4 is around 7 × 103. This suggests that

our proposed hard truncation might be a better option for variance reduction than

the existing soft truncation for the tested problem.

130



0 5× 105

Steps

0

5

10

15

20

25

30

||Xwt − q∗||

τ = 0.01

n =∞ (α = 0.1× 2−19)

n = 0 (α = 0.1× 2−19)

n = 2 (α = 0.1× 2−2)

n = 4 (α = 0.1× 2−3)

n = 8 (α = 0.1× 2−5)

β = 0.4 (α = 0.1× 20)

0 5× 105

Steps

0

5

10

15

20

25

30

||Xwt − q∗||

τ = 0.1

n =∞ (α = 0.1× 2−19)

n = 0 (α = 0.1× 2−19)

n = 2 (α = 0.1× 2−2)

n = 4 (α = 0.1× 2−3)

n = 8 (α = 0.1× 2−5)

β = 0.4 (α = 0.1× 20)

0 5× 105

Steps

0

5

10

15

20

25

30

||Xwt − q∗||

τ = 1

n =∞ (α = 0.1× 2−19)

n = 0 (α = 0.1× 2−19)

n = 2 (α = 0.1× 2−2)

n = 4 (α = 0.1× 2−3)

n = 8 (α = 0.1× 2−5)

β = 0.4 (α = 0.1× 20)

Figure 11.1: Truncated emphatic expected SARSA and its β-variant in the control
setting with a fixed behavior policy. The shaded regions are invisible for some curves
because their standard errors are too small.
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Figure 11.2: Truncated emphatic expected SARSA and its β-variant in the control
setting with a changing behavior policy.
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Figure 11.3: CartPole. At each time step, we observe the velocity, acceleration,
angular velocity, and angular acceleration of the pole and move the car left

or right to keep the pole balanced. The reward is +1 every time step. An episode
ends if a maximum of 1000 steps is reached or the pole falls.
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Figure 11.4: Truncated emphatic expected SARSA and its β-variant in the CartPole
domain.
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Part IV

Policy-Based Off-Policy Control
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In this part, we focus on control problems with policy-based methods, where we

optimize a parameterized policy directly in the context of the deadly triad, instead

of deriving a policy from the estimation of the action value function.
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Chapter 12

Control with Learned Emphasis

In this chapter, we consider optimizing the excursion objective, a widely used by rarely

correctly optimized objective, with actor critic methods. We also extend the excursion

objective to a more general average value objective and provide a corresponding policy

gradient theorem.

12.1 Incomplete Gradient Estimators of the Ex-

cursion Objective

In the Markovian setting in Definition 2.2, one commonly used objective for off-policy

control is the excursion objective (Degris et al., 2012; Ghiassian et al., 2018)

Jπ,µ
.
=
∑
s

dµ(s)i(s)vπ(s). (12.1)

We briefly describe the motivation behind this objective. In the off-policy setting we

consider, states are obtained by following the behavior policy µ. At a particular state

s, an agent might want to do an excursion by following the target policy for next

steps. The performance of this excursion is indicated by the value function of the

target policy vπ(s). The performance of such excursions, weighted by both the state

visitation dµ(s) and the user’s preference i(s), is exactly the excursion objective.

Assuming the policy π is parameterized by θ ∈ RK3 , Imani et al. (2018) compute

the policy gradient of the excursion objective via the off-policy policy gradient theorem

as

∇θJπ,µ = Es∼dµ(·),a∼µ(·|s)[mπ,µ(s)qπ(s, a)ρθ(s, a)∇θ log π(a|s)],

where ρθ(s, a)
.
= πθ(a|s)

µ(a|s) . One direct approach for optimizing Jπ,µ is therefore to per-

form stochastic gradient ascent following∇θJπ,µ. At time step t, ρθ(At|St)∇θ log π(At|St; θ)
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is immediately available; qπ(St, At) could be estimated by a parameterized function

qw(St, At) trained with GTD or ETD. It is, however, not straightforward to obtain

an estimate for mπ,µ(St).

Existing works usually deal with this mπ,µ in two ways. In Off-Policy Actor-Critic

(Off-PAC, Degris et al. (2012)), this mπ,µ is ignored and θ is updated as

θt+1
.
= θt + βtρtqw(St, At)∇θ log π(At|St; θt).

This naive approach has been widely used and great empirical success has been wit-

nessed (Silver et al., 2014; Lillicrap et al., 2016; Wang et al., 2017b; Ciosek and

Whiteson, 2020; Fujimoto et al., 2018; Espeholt et al., 2018). We, however, do not

have any convergence guarantee for this naive approach under the presence of func-

tion approximation. In Actor-Critic with Emphatic weightings (ACE, Imani et al.

(2018)), this mπ,µ(St) is approximated by the followon trace Ft and θ is updated as

θt+1
.
= θt + βtFtρtqw(St, At)∇θ log π(At|St; θt).

The motivation behind this approximation is (2.27). However, Ft is an unbiased

estimation for mπ,µ(St) only in the limiting sense assuming the target policy π is fixed.

In actor critic algorithms, the policy π changes every step. It is unclear whether the

followon trace Ft can adapt quickly enough to the new policy. After all the followon

trace is always a scalar while the emphasis is a vector of size |S|. It might be too

ambitious to approximate a vector with a scalar. Further, as discussed in Section 4.1,

the followon trace Ft can have possibly unbounded variance. Consequently, so far we

do not have any convergence guarantee for ACE either.

It thus remains an open problem to optimize the excursion objective with conver-

gence guarantees, in the context of the deadly triad.

12.2 Backward and Forward Critics

In this thesis, we propose to learn the emphasis mπ,µ with GEM (Algorithm 2) and

use the approximated emphasis for computing the gradient of the excursion objective.

Instead of using Algorithm 2 directly, we additionally add ridge regularization to

account for the fact that the policy changes every step. It can be seen soon that

this additional ridge regularization plays a key role in the convergence analysis. It is

also worth mentioning that the weight of the introduced ridge regularization can be

arbitrarily small, indicating that the bias introduced by ridge regularization can be

arbitrarily small. We similarly use GTD to learn the action value function qπ, with
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additional ridge regularization. We refer to the resulting algorithm as Convergent

Off-Policy Actor-Critic (COF-PAC, Algorithm 14).

Algorithm 14: Convergent off-policy actor critic

t← 0
S0 ∼ p0(·), A0 ∼ µ(·|S0)
while True do

Execute At, get Rt+1, St+1

Sample At+1 ∼ µ(·|St+1)
xt ← x(St), xt+1 ← x(St+1)
κt+1 ← κt + αt(i(St+1) + γρtx

>
t wt − x>t+1wt − x>t+1κt)xt+1

wt+1 ← wt + αt
(
(xt+1 − γρtxt)x>t+1κt − ηwt

)
x̃t ← x̃(St, At), x̃t+1 ← x̃(St+1, At+1)
κ̃t+1 ← κ̃t + αt(Rt+1 + γρt+1x̃

>
t+1ut − x̃>t ut − x̃>t κ̃t)x̃t

ut+1 ← ut + αt
(
(x̃t − γρt+1x̃t+1)x̃>t κ̃t − ηut

)
θt+1 ← θt + βtΓ1(wt)Γ2(ut)ρt(w

>
t xt)(u

>
t x̃t)∇ log πθ(At|St)

t← t+ 1

end

In Algorithm 14, we train w ∈ RK1 such that x(s)>w approximates mπ,µ(s) simi-

larly to GEM (Algorithm 2) with the help of an auxiliary weight κ, where x : S → RK1

denotes the state feature function. We train u ∈ RK2 such that x̃(s, a)>u approx-

imates qπ(s, a) similarly to GTD with the help of an auxiliary weight κ̃, where

x̃ : S × A → RK2 denotes the state-action feature function. The hyperparameter

η is the weight for the ridge regularization. We additionally use adaptive learning

rates Γ1 : RK1 → R and Γ2 : RK2 → R to ensure θ changes slowly enough and make

the following assumption.

Assumption 12.1. For i = 1, 2,

1. 0 < Γi(d) <∞,∀d

2. For all ‖d‖ < C1, there exists C2 > 0 such that Γi(d) ≥ C2

3. Γi is Lipschitz continuous.

Konda (2002) provides an example for satisfying Assumption 12.1. Let C0 > 0 be

some constant. Konda (2002) defines

Γi(d)
.
=

{
1, ‖d‖ < C0

1+C0

1+‖d‖ , ‖d‖ ≥ C0

.
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In Algorithm 14, the weight u is the canonical critic which is in a forward sense

in that it summarizes future rewards. The weight w plays a similar role to u but

summarizes previous interests as discussed in Section 4.4. We, therefore, refer to

w as a backward critic. We now proceed to analyzing the limiting behavior of the

iterates θt in Algorithm 14. To this end, we first analyze the behavior of the two

critics.

Proposition 12.1. Let Assumptions 2.3, 2.4, 2.5, 2.6, 2.8 and 12.1 hold. Then the

iterates {κt} and {wt} generated by Algorithm 14 satisfy

sup
t
‖κt‖ <∞,

sup
t
‖wt‖ <∞,

lim
t→∞

∥∥∥∥[ Cµ −A>πθt ,µ
Aπθt ,µ ηI

][
κt
wt

]
−
[
X>Dµi

0

]∥∥∥∥ = 0 a.s. .

The proof of Proposition 12.1 is provided in Section B.28. We recall that theAπ,µ, Cµ, X,Dµ, i

in Proposition 12.1 are introduced in Definition 2.5. By simple block matrix inversion,

it is easy to see that Proposition 12.1 implies

lim
t→∞

∥∥w∗θt,η − wt∥∥ = 0,

where

w∗θ,η
.
= −

(
Aπθ,µC

−1
µ A>πθ,µ + ηI

)−1
Aπθ,µC

−1
µ X>Di.

If η = 0 and Aπθ,µ is nonsingular, it can be easily computed that

Xw∗θ,0 = Πdµ T̂πθ,µXw∗θ,0.

In other words, the backward critic {wt} is able to track the minimizer of the MSPBE-

like objective (4.6) induced by the current policy πθt , up to regularization bias. Con-

sequently, when we analyze the behavior of {θt}, we can approximately use w∗θt,η in

place of wt. We prove Proposition 12.1 with a convergence result about stochastic

approximation algorithms from Konda (2002), which is provided in Section A.1 for

completeness. One important step in the proof is to verify that the matrix multiply-

ing

[
κt
wt

]
in Proposition 12.1 is strictly positive definite, which is impossible if η = 0.

This motivates the introduction of the ridge regularization. This ridge regularization

is essential in the convergence of GEM under a slowly changing target policy.

Similarly, for the canonical forward critic u, we have
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Proposition 12.2. Let Assumptions 2.3, 2.4, 2.5, 2.6, 2.8 and 12.1 hold. Then the

iterates {κ̃t} and {ut} generated by Algorithm 14 satisfy

sup
t
‖κ̃t‖ <∞,

sup
t
‖ut‖ <∞,

lim
t→∞

∥∥∥∥∥
[
C̃µ −Ãπθt ,µ
Ã>πθt ,µ ηI

][
κ̃t
ut

]
−
[
X̃>D̃µr

0

]∥∥∥∥∥ = 0 a.s. .

The proof of Proposition 12.2 is identical to that of Proposition 12.1 up to change of

notations and is thus omitted. We recall that the Ãπ,µ, C̃µ, X̃, D̃µ, r in Proposition 12.2

are introduced in Definition 2.6 and Remark 1. Similarly, by matrix inversion, we

have

lim
t→∞

∥∥u∗θt,η − ut∥∥ = 0,

where

u∗θ,η
.
= −

(
Ã>πθ,µC̃

−1
µ Ãπθ,µ + ηI

)−1

Ã>πθ,µC̃
−1
µ X̃>D̃µr.

If η = 0 and Aπθ,µ is nonsingular, it can be easily computed that

X̃u∗θ,0 = Π̃d̃µ
T̃πθX̃u∗θ,0.

In other words, the forward critic {ut} is able to track the minimizer of the MSPBE (4.6)

induced by the current policy πθt , up to regularization bias. Consequently, when we

analyze the behavior of {θt}, we can approximately use u∗θt,η in place of ut.

Having established the trackability of both critics, we are now ready to analyze

the behavior of the policy parameters {θt}. Since both critics use linear function

approximation, it is inevitable to have bias due to the limited capacity of the linear

architecture. In other words, the best approximation Xw∗θ,0 is not necessarily equal

to mπθ,µ and the best approximation X̃u∗θ,0 is not necessarily equal to qπθ . The ridge

regularization also introduces extra bias, though it can be arbitrarily small. Overall,

we use the following term

b(θ) (12.2)
.
=E(s,a)∼d̃µ(·)

[(
mπ,µ(s)qπ(s, a)−

(
x(s)>w∗θ,η

) (
x̃(s, a)>u∗θ,η

))
ρθ(s, a)∇θ log πθ(a|s)

]
to characterize the bias we have introduced when estimating the gradient ∇θJπθ,µ.

After making the following assumption on how the policy π is parameterized by θ,

we arrive at the convergence of Algorithm 14.
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Assumption 12.2. There exists a constant C0 <∞ such that ∀(s, a, θ, θ′),

‖∇θπθ(a|s)‖ ≤C0,∣∣∣∣∂2πθ(a|s)
∂θi∂θj

∣∣∣∣ ≤C0,

|πθ(a|s)− πθ′(a|s)| ≤C0‖θ − θ′‖,
‖∇θπθ(a|s)−∇θπθ′(a|s)‖ ≤C0‖θ − θ′‖.

Theorem 12.3. Let Assumptions 2.3, 2.4, 2.5, 2.6, 2.8, 12.1, and 12.2 hold. Then

the iterates {θt} generated by COF-PAC (Algorithm 14) satisfy

lim inf
t

(∥∥∇θJπθt,,µ
∥∥− ‖b(θt)‖) ≤ 0 a.s.,

i.e., the iterates {θt} visit small neighborhoods of the set {θ : ||∇J(θ)|| ≤ ||b(θ)||}
infinitely many times.

The proof of Theorem 12.3 is provided in Section B.30. According to Theorem 12.3,

COF-PAC reaches the same convergence level as the canonical on-policy actor-critic

(Konda, 2002). Together with the fact that ∇θJπθ,µ is Lipschitz continuous and βt

is diminishing, it is easy to see θt will eventually remain in the neighborhood of

{θ : ‖∇θJπθ,µ‖ ≤ ‖b(θ)‖} for arbitrarily long time. In other words, the policy param-

eters will eventually visit the neighborhood of the stationary points of the excursion

objective, depending on function approximation and regularization bias.

The bias b(θ) involves the difference between the minimizer of the MSPBE and

the true action value function. As discussed in Kolter (2011), it is in general hard to

bound such a difference. We can, however, provide a bound for b(θ) assuming that

the behavior policy is not too far from the target policies in the following sense:

Assumption 12.3. For any θ, the following two matrices[
Cµ X>P>πθDµX

X>DµPπθX Cµ

]
and

[
C̃µ X̃>P̃>πθD̃µX̃

X̃>D̃µP̃πθX̃ C̃µ

]
are positive semidefinite.

Proposition 12.4. Let Assumptions 2.3 and 12.3 hold. Assume for any π, Aπ,µ and

Ãπ,µ are nonsingular. Then we have

‖b(θ)‖dµ = O (η) +O
(

1 + γ‖Pπθ‖dµ
1− γ

∥∥mπθ,µ − Πdµmπθ,µ

∥∥
dµ

)

+O

1 + γ
∥∥∥P̃πθ∥∥∥

d̃µ

1− γ
∥∥∥qπθ − Π̃d̃µ

qπθ

∥∥∥
dµ

 .
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The proof of Proposition 12.4 is provided in Section B.31 and is a natural extension

of Proposition 4.3.

12.3 Compatible Features

Although Proposition 12.4 gives a bound for the bias, it is restrictive in that it applies

only if the target policies are not too far away from the behavior policy. The reason is

that we use linear function approximation but mπ,µ and qπ might not lie in the column

space of the feature matrix. However, if there is flexibility in what features we use, it

is indeed possible that the bias diminishes, even if mπ,µ and qπ still do not lie in the

column space. Those features are usually referred to as compatible features(Sutton

et al., 1999a; Konda, 2002) and we in this section develop compatible features in the

context of Algorithm 14.

Let m̂θ, q̂θ be estimates for mπ,µ, qπ. The bias introduced by using those estimates

is essentially

b(θ) = E(s,a)∼d̃µ(·) [(mπ,µ(s)qπ(s, a)− m̂θ(s)q̂θ(s, a)) ρθ(s, a)∇θ log πθ(a|s)] .(12.3)

The definition of bias in (12.2) is a special case of (12.3) where the estimates are made

based on the features X and X̃. We can expand b(θ) as

b(θ) =E(s,a)∼d̃µ(·) [(mπ,µ(s)qπ(s, a)−mπ,µ(s)q̂θ(s, a)) ρθ(s, a)∇θ log πθ(a|s)]
+ E(s,a)∼d̃µ(·) [(mπ,µ(s)q̂θ(s, a)− m̂θ(s)q̂θ(s, a)) ρθ(s, a)∇θ log πθ(a|s)]

=
∑
s,a

dµ(s)mπ,µ(s)µ(a|s) (qπ(s, a)− q̂θ(s, a)) ρθ(s, a)∇θ log π(a|s)︸ ︷︷ ︸
b1(θ)

+
∑
s

dµ(s) (mπ(s)− m̂θ(s))
∑
a

∇θπ(a|s)q̂θ(s, a)︸ ︷︷ ︸
b2(θ)

.

Since

ρθ(s, a)∇θ log π(a|s) ∈ RK3 ,

for i ∈ {1, 2, . . . , K3}, we can define xθ1,i to be a vector in R|S×A| whose (s, a)-indexed

element is the i-th element of ρθ(s, a)∇θ log π(a|s) ∈ RK3 . Or more intuitively, xθi,i is

the i-the row of the matrix

ρθ(·, ·)∇θ log π(·|·) ∈ RK3×|S×A|.
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Consequently, the i-th element of b1(θ) can be expressed as

b1,i(θ) =
∑
s,a

dµ(s)mπ,µ(s)µ(a|s) (qπ(s, a)− q̂θ(s, a))xθ1,i(s, a)

=
〈
qπ − q̂θ, xθ1,i

〉
Ψ1
,

where we use Ψ1 to denote the subspace in R|S×A| spanned by
{
xθ1,i
}
i=1,...,K3

and

〈·, ·〉Ψ1
denotes an inner product in the subspace Ψ1 defined as

〈y, y′〉Ψ1

.
=
∑
s,a

dµ(s)mπ,µ(s)µ(s, a)y(s, a)y′(s, a).

This inner product also induces a norm, which we denote as ‖·‖Ψ1
, as well as a

projection onto this subspace, which we denote as ΠΨ1 . Then we can further expand

b1,i(θ) as

b1,i(θ) =
〈
qπ − ΠΨ1qπ, x

θ
1,i

〉
Ψ1

+
〈
ΠΨ1qπ − q̂θ, xθ1,i

〉
Ψ1

=
〈
ΠΨ1qπ − q̂θ, xθ1,i

〉
Ψ1
,

where the last equality results from Pythagoras. This indicates that if our estimate

satisfies

q̂θ = ΠΨ1qπ,

then the bias term b1(θ) vanishes, even if q̂θ is still not equal to qπ. One way to learn

such an estimate q̂θ is to use linear function approximation with features
{
xθ1,i
}
i=,...,K3

,

using ETD(λ) (Sutton et al., 2016) with λ = 1.

Similarly, for i ∈ {1, 2, . . . , K3}, we can define xθ2,i to be a vector in R|S| whose

s-indexed element is the i-th element of
∑

a∇θπ(a|s)q̂θ(s, a). Or more intuitively, xθ2,i

is the i-the row of the matrix∑
a

∇θπ(a|·)q̂θ(·, a) ∈ RK3×|S|.

Consequently, the i-th element of b2(θ) can be expressed as

b2,i(θ) =
〈
mπ − m̂θ, x

θ
2,i

〉
Ψ2
,

where we use Ψ2 to denote the subspace in R|S| spanned by
{
xθ2,i
}
i=1,...,K3

and 〈·, ·〉Ψ2

denotes an inner product in the subspace Ψ2 defined as

〈y, y′〉Ψ2

.
=
∑
s

dµ(s)y(s)y′(s).
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The corresponding induced norm and projection are denoted as ‖·‖Ψ2
and ΠΨ2 . We

similarly conclude that if

m̂θ = ΠΨ2mπ,µ,

then the bias term b2(θ) vanishes. One way to learn such an estimate m̂θ is to use

linear function approximation with features
{
xθ2,i
}
i=1,...,K3

, using GEM(λ) with λ = 1.

Here GEM(λ) is an analogue of GTD(λ) in Yu (2017).

The compatible features xθ1,i and xθ2,i depend on the policy parameter θ thus change

every time step. Ideally, an off-policy actor critic should use those compatible features

and train the backward and forward critics with GEM(1) and GTD(1) respectively to

eliminate the bias due to the capacity limit of the linear architecture. We, however,

leave the investigation of such an algorithm for future work.

12.4 Beyond the Excursion Objective: A New Av-

erage Value Objective

The excursion objective (12.1) can be regarded as an average value objective in the

sense that it measures the value function of the target policy with the state distri-

bution of the behavior policy and the interest function. Using the state distribution

of the behavior policy to compose an objective for off-policy learning is a common

practice, see, e.g., the off-policy MSPBE (2.22). In on-policy settings, where π = µ,

the excursion objective degenerates to∑
s

dπ(s)i(s)vπ(s), (12.4)

akin to the on-policy MSPBE (2.10). This objective (12.4) is usually referred to as

the alternative life objective (Ghiassian et al., 2018). It measures the value function

of the target policy with the state distribution of the target policy, which is available

only if the agent had an alternative life such that it follows the target policy instead

of the behavior policy. The alternative life objective can be regarded as an extension

of the average reward objective. To see this, consider the setting where i(s) ≡ ic for
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some constant ic. We then have∑
s

dπ(s)i(s)vπ(s) =icd
>
π vπ

=icd
>
π (rπ + γPπvπ)

=icd
>
π rπ + γicd

>
πPπvπ

=icd
>
π rπ + γicd

>
π vπ

=⇒ d>π rπ =
1− γ
ic

icd
>
π vπ.

In other words, if the interest function is constant, the excursion objective degener-

ates to the average reward, up to some constant multiplier. This degeneration also

requires that the discount factor γ is constant. When γ is a function of (s, a, s′) (see,

e.g., White (2017)), this degeneration does not hold even if the interest function is

constant. In this section, we focus on the setting where γ is a constant for simpli-

fying presentation and refer the reader to Zhang et al. (2019) for the treatment of a

transition-dependent discount factor.

We have introduced Algorithm 14 for optimizing the excursion objective in previ-

ous sections. It is, however, remain an open problem to optimize the alternative life

objective in the off-policy setting, similar to optimizing the on-policy MSBPE (2.10)

in the off-policy setting. We, in this section, make progress towards this open problem

via providing a new unifying average value objective with an additional hyperparam-

eter γ̂ ∈ [0, 1] such that this new unifying objective recovers the excursion objective

and the alternative life objective when γ̂ = 0 and γ̂ = 1 respectively. We then provide

the corresponding off-policy policy-gradient theorem for γ̂ ∈ [0, 1).

To this end, we first seek to unify dπ and dµ. We borrow ideas from Gelada and

Bellemare (2019), who define a new transition matrix

Pγ̂
.
= γ̂Pπ + (1− γ̂)1d>µ .

Following this transition matrix, an agent either proceeds to a successor state accord-

ing to Pπ w.p. γ̂ or gets reset to a state according to dµ w.p. 1 − γ̂. Gelada and

Bellemare (2019) show that the chain induced by Pγ̂ is ergodic under mild conditions.

Let dγ̂ denote its ergodic distribution, Gelada and Bellemare (2019) show that

dγ̂ =

{
(1− γ̂)(I − γ̂P>π )−1dµ, γ̂ < 1

dπ, γ̂ = 1
.
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With the help of dγ̂, we now introduce our new average value objective

Jγ̂
.
=
∑
s

dγ̂(s)i(s)vπ(s).

It can be easily seen that Jγ̂ recovers the excursion objective when γ̂ = 0 and the alter-

native life objective when γ̂ = 1. Thanks to the continuity of the ergodic distribution

w.r.t. the transition matrix, we have

lim
γ̂→0

Jγ̂ =
∑
s

dµ(s)i(s)vπ(s),

lim
γ̂→1

Jγ̂ =
∑
s

dπ(s)i(s)vπ(s).

This indicates that Jγ̂ is a good interpolation between the excursion objective and

the alternative life objective. The following theorem gives the gradient of Jγ̂.

Theorem 12.5. Let Assumptions 2.1 and 2.7 hold. For γ̂ < 1, we have

∂

∂θi
Jγ̂ =

∑
s

dµ(s)h(s)
∑
a

qπ(s, a)
∂

∂θi
π(a|s) +

∑
s

dµ(s)i(s)vπ(s)gi(s),

where

h
.
=D−1

µ (I − γP>π )−1diag(dγ̂)i,

gi
.
=γ̂D−1

µ (I − γ̂P>π )−1

(
∂

∂θi
P>π

)
dγ̂.

The proof of Theorem 12.5 is provided in Section B.32. Inspired by Imani et al.

(2018), where the followon trace is used to estimate the gradient of the excursion

objective, we now provide a trace-based method to estimate ∇θJγ̂. Consider the

Markovian setting in Definition 2.2. Fix the target policy π. Define

τγ̂(s)
.
=
dγ̂(s)

dµ(s)
,

F
(1)
t

.
=i(St)τγ̂(St) + γρt−1F

(1)
t−1,

F
(2)
t

.
=τγ̂(St−1)ρt−1∇θ log π(At−1|St−1) + γ̂ρt−1F

(2)
t−1,

Zt
.
=ρtF

(1)
t qπ(St, At)∇θ log π(At|St) + γ̂i(St)vπ(St)F

(2)
t .

Then we have

Proposition 12.6. Let Assumptions 2.1 and 2.7 hold. Assume µ and π are fixed.

Then

lim
t→∞

E [Zt] = ∇θJγ̂.
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The proof of Proposition 12.6 is provided in Section B.33. Proposition 12.6 asserts

that Zt can be used as an estimate for ∇Jγ̂, provided that both µ and π are fixed.

Though Zt is biased for any finite t, it is consistent when t goes to infinity. For

computing Zt, one need to know vπ, qπ, τγ̂. The value functions vπ and qπ can be

learned using standard off-policy learning methods. The ratio τγ̂ can be learned

with reverse RL methods and we refer the reader to Gelada and Bellemare (2019)

for details. When computing Zt, F
(1)
t is simply the canonical followon trace with a

specifically designed interest function i(s)τγ̂(s). F
(2)
t also has the same structure as

the followon trace. F
(2)
t is, however, a vector instead of a scalar. This is because the

“interest” τγ̂(St−1)ρt−1∇θ log π(At−1|St−1) is now a vector.

Though Theorem 12.5 computes the gradient of Jγ̂ and Proposition 12.6 gives a

practical way to estimate the gradient, so far we do not have any convergent algorithm

for optimizing Jγ̂, which we leave for future work. A practical algorithm that uses Zt

for optimizing Jγ̂ and the corresponding empirical investigation are available in Zhang

et al. (2019), which we do not include in this thesis since we believe they deviate from

the main topic of this thesis.

12.5 Other Off-Policy Actor-Critic Algorithms

Instead of the excursion objective, Maei (2018) proposes the Gradient Actor-Critic

algorithm under a different objective,∑
s

dµ(s)vw(s),

for off-policy learning with function approximation. This objective differs from the

excursion objective in that it replaces the true value function vπ with an estimate vw.

Consequently, the optimal policy under this objective depends on the features used to

approximate the value function, and this approximation of the excursion objective can

be arbitrarily poor. Maei (2018) tries to show the convergence of a GTD critic under

a slowly changing target policy with results from Konda (2002). In this thesis, we

show that GTD has to be regularized before the results from Konda (2002) can take

over. Furthermore, the policy gradient estimator Maei (2018) proposes is also based

on the followon trace. That estimator tracks the true gradient only in a limiting sense

under a fixed π (Maei, 2018, Theorem 2) and has potentially unbounded variance,

similar to how Ft tracks mπ,µ(St). It is unclear if that policy gradient estimator can

track the true policy gradient under a changing π or not. To address this issue, we

instead use function approximation to learn the emphasis directly.
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A line of policy-based off-policy algorithms involves reward shaping via policy en-

tropy. In particular, SBEED (Dai et al., 2018) is an off-policy actor-critic algorithm

with a finite-sample analysis on the statistical error. The convergence analysis of

SBEED (Theorem 5 in Dai et al. (2018)) is conducted within a bi-level optimization

framework, assuming the exact solution of the inner optimization problem can be ob-

tained. With function approximation, requiring the exact solution is usually impracti-

cal due to representation error. Even if the exact solution is representable, computing

it explicitly is still expensive (cf. solving a least-squares regression problem with a

large feature matrix exactly). By contrast, our COF-PAC adopts a two-timescale

perspective, where we do not need to exactly solve the optimization problems for the

two critics every step. Other works in this line of research include Nachum et al.

(2017); O’Donoghue et al. (2017); Schulman et al. (2017a); Nachum et al. (2018);

Haarnoja et al. (2017, 2018), which are mainly developed in a tabular setting and do

not have a convergence analysis under function approximation.

Liu et al. (2019) propose to reweight the Off-PAC update via the density ratio τγ.

As discussed in previous sections, many methods can be used to learn this density

ratio. The convergence of those density ratio learning algorithms under a slowly

changing target policy is, however, unclear. For GradientDICE with linear function

approximation, it is possible to employ our arguments for proving Theorem 12.1 to

prove its convergence under a slowly changing target policy and thus give a convergent

analysis for this reweighted Off-PAC in a two-timescale form. We leave this for future

work.

In AlgaeDICE, Nachum et al. (2019b) propose a new objective for off-policy actor-

critic and reformulate the policy optimization problem into a minimax problem.

Primal-dual algorithms can then take over. Nachum et al. (2019b) show the pri-

mal variable works similarly to an actor, and the dual variable works similarly to a

critic. It is possible to provide a two-timescale convergent analysis for AlgaeDICE

when the dual variable is linear and the primal variable is nonlinear using arguments

from this paper, which we also leave for future work.
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Chapter 13

Related Work

13.1 Interest, Emphasis, Density Ratio, and Im-

portance Sampling Ratio

Though the interest function i is introduced by Sutton et al. (2016) to specify user’s

preference to different states, it is usually trivially set to i(s) ≡ 1 (Sutton et al.,

2016). Section 12.4 instead provides examples of nontrivial interest functions, even

vector interest functions.

One important observation to make is that if the interest function is set to be

i(s) = (1− γ)
p0(s)

dµ(s)
, (13.1)

then according to Proposition 4.1, the emphasis mπ,µ can be computed as

mπ,µ =(1− γ)(I − γD−1
µ P>π Dµ)−1D−1

µ p0 (13.2)

=(1− γ)D−1
µ (I − γP>π )−1p0

=D−1
µ dπ,γ,

=⇒ mπ,µ(s) =
dπ,γ(s)

dµ(s)
.

In other words, the emphasis is a generalization of the density ratio in the discounted

setting. Unfortunately, since dµ(s) is in general unknown, the interest function (13.1)

is not available in practice. Consequently, GEM (Algorithm 2) cannot be used to

learn the density ratio directly. We leave the use of (13.2) for density ratio learning

for future work.

For emphasis learning, our operator T̂π,µ in (4.4) is a generalization of the dis-

counted COP-TD operator Tγ̂ in Gelada and Bellemare (2019) defined as

Tγ̂y .
= (1− γ̂)1 + γ̂D−1

µ P>π Dµy.
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By setting γ = γ̂ and i(s) ≡ 1 − γ̂, our T̂π,µ recovers Tγ̂. Gelada and Bellemare

(2019) show Tγ̂ is contractive only for small enough γ̂ while Proposition 4.1 proves

contraction of T̂π,µ for any γ < 1. The algorithm in Gelada and Bellemare (2019) for

learning
dγ̂(s)

dµ(s)
based on Tγ̂ is not convergent while our GEM based on T̂π,µ is proven

to be convergent.

Learning the density ratio with function approximation dates back to Hallak and

Mannor (2017); Liu et al. (2018), both of which require trajectories generated by a

single known behavior policy. Nachum et al. (2019a); Uehara et al. (2020) relax this

constraint to work with transitions from multiple unknown behavior policies. The

methods of Nachum et al. (2019a); Uehara et al. (2020), however, apply to only the

discounted setting. Zhang et al. (2020a); Mousavi et al. (2020) propose algorithms for

learning the density ratio for the discounted and the average reward settings. How-

ever, neither of Zhang et al. (2020a); Mousavi et al. (2020) is provably convergent

with linear function approximation. By contrast, GradientDICE (Algorithm 6) is

compatible with transitions from multiple known behavior policies, applies to both

discounted and average reward settings, and is provably convergent with linear func-

tion approximation. Besides learning the density ratio as a whole, Xie et al. (2019)

attack the density ratio learning problem in finite horizon MDPs via learning the

nominator and the denominator separately with tabular methods.

Many density ratio learning algorithms, as well as our emphasis learning algo-

rithms, belong to the family or reverse RL in the sense that they require bootstrap-

ping backwards in time. This backward bootstrapping has three origins. The first

origin is the followon trace which is the basis of many algorithms proposed in this

thesis. The second origin is related to learning the stationary distribution of a policy,

which dates back to Wang et al. (2007a,b) in dual dynamic programming for stable

policy evaluation and policy improvement. The third origin is an application of RL in

web page ranking (Yao and Schuurmans, 2013) to learn the authority score function

for a web page.

Instead of using density ratios, products of important sampling ratios can also be

used for off-policy prediction, see, e.g., Precup et al. (2001); Thomas et al. (2015);

Jiang and Li (2016) and Chapter 3 of Thomas (2015). Those methods, however, in

general suffer from the deadly triad. The followon trace is also essentially products of

important sampling ratios. It, however, properly gates the products with γl where l

is the length of the products. Consequently, the resulting emphatic TD methods are

convergent.
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13.2 Regularization

Ridge regularization is a key ingredient in many algorithms proposed in this thesis.

It is used mainly for three purposes. First, ridge regularization is used to ensure the

solution to least squares does not change too fast. See, for example, the algorithms

based on target networks. Second, ridge regularization is used to account for the

potential singularity of Aπ,µ with γ = 1 and Āπ,µ to ensure the uniqueness of the so-

lutions. See, for example, GradientDICE and Diff-GQ2. This is especially important

for the average-reward setting because of the lack of contraction of the differential

Bellman operators. Third, ridge regularization is used to help establish the uniform

positive definiteness of the critic updates and thus establish its ability to track the

changing policy. See, for example, COF-PAC.

Regularization is indeed widely used in RL. For example, Kolter and Ng (2009);

Johns et al. (2010); Petrik et al. (2010); Painter-Wakefield et al. (2012); Liu et al.

(2012) use Lasso regularization in policy evaluation, mainly for feature selection.

There also previous works that introduce regularization in MSPBE objectives. Ma-

hadevan et al. (2014) introduce the proximal GTD learning framework to integrate

GTD algorithms with first-order optimization-based regularization via saddle-point

formulations and proximal operators. Yu (2017) introduces a general regularization

term in MSPBE objectives for improving robustness. Du et al. (2017) introduce

ridge regularization to improve the convexity of MSPBE. However, the analysis of

Mahadevan et al. (2014); Yu (2017); Du et al. (2017) is conducted with the saddle-

point formulation of the GTD objective (Liu et al., 2015; Macua et al., 2015) and

requires a fixed target policy, which is impractical in control settings. We are the

first to establish the tracking ability of GTD-style algorithms (i.e., the updates of the

backward and forward critics in COF-PAC) under a slowly changing target policy by

introducing ridge regularization. Without this ridge regularization, we are not aware

of any existing work establishing this tracking ability.

13.3 Differential Value Functions

As a performance metric, the average reward receives far less attention than the dis-

counted total rewards. One reason might be that the differential Bellman equations

(e.g., (2.5)) are not contractive. Consequently, solving them is fundamentally harder

than solving the canonical Bellman equations. Another reason might be that the ap-

plications of the average reward is much less than the applications of the discounted
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total rewards. It is, however, worth mentioning that there is indeed argument that

the discounted total rewards should be deprecated when function approximation is

at play and the average reward should be more promoted (Chapter 10.3 of Sutton

and Barto (2018)). Nevertheless, few methods exist for learning differential value

functions. These are either on-policy methods with linear function approximation or

off-policy methods. For example, Tsitsiklis and Roy (1999) prove the convergence

of differential linear TD in the on-policy setting, which is later on used by Konda

and Tsitsiklis (1999); Bhatnagar et al. (2009) in on-policy actor-critic algorithms for

training the critic. Yu and Bertsekas (2009) provide a least-squares style algorithm

for learning the differential value function in the on-policy setting and prove its con-

vergence. This algorithm is later on extended by Abbasi-Yadkori et al. (2019). In

the off-policy setting, early tabular methods without convergence guarantees include

Schwartz (1993); Singh (1994). Convergent tabular methods are later on developed

by Abounadi et al. (2001); Wan et al. (2021). By contrast, the algorithms presented

in this thesis are all convergent with off-policy learning and linear function approxi-

mation.
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Chapter 14

Conclusions

Bootstrapping, function approximation, and off-policy learning are three arguably

indispensable techniques for any large scale RL application. Their combination, how-

ever, can result in instability of the resulting algorithms. This is the notorious deadly

triad. In this thesis, we have proposed many new algorithms that theoretically address

the deadly triad. In many RL settings, we are the first to address the deadly triad.

In settings where we are not the first, our proposed algorithms exhibit many benefits

over existing ones. That being said, there are still many open problems regarding the

deadly triad. In the following we name a few.

• The deadly triad is still not addressed in many RL settings, e.g., policy-based

control under the average-reward performance metric and policy-based con-

trol with a changing behavior policy. For the former, one possible approach

could be to use the density ratio learned via GraidentDICE to reweight the

average-reward on-policy actor-critic in Konda and Tsitsiklis (1999). The anal-

ysis should be analogous to the analysis of COF-PAC, where the backward

critic will be GradientDICE instead of GEM. For the latter, techniques used in

analyzing Algorithms 13 and 9 should be helpful.

• Most convergence analysis presented in this thesis is asymptotic, which confirms

the stability of the proposed algorithms but provides little information regarding

their efficiency. One straightforward future work is to provide finite sample

analysis for those algorithms. Existing analysis of temporal difference methods

in Dalal et al. (2018); Lakshminarayanan and Szepesvári (2018); Bhandari et al.

(2018); Srikant and Ying (2019); Zou et al. (2019), of actor-critic methods in

Wu et al. (2020); Xu et al. (2020); Qiu et al. (2021); Huang and Jiang (2021);

Xu et al. (2021), and of general stochastic approximation algorithms in Chen

et al. (2020b, 2021); Zhang et al. (2021a) should be helpful.
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• Optimality is not well addressed in this thesis. Due to the use of linear function

approximation, the exact value function is usually not representable. Conse-

quently, for prediction settings, MSPBEs and their variants are used as the ob-

jectives for many proposed algorithms in this thesis. There are, however, many

different MSPBEs, e.g., the on-policy MSPBE (2.10), the off-policy MSPBE (2.22),

and the MSPBEs induced by fπ,µ and fπ,µ,n. It is not clear which one should

be used to define optimality. We argue that if we have to use an MSPBE, then

the ideal one should be the on-policy MSPBE. This is because we believe that

off-policy learning should be considered as a solution technique to achieve some

goal. Consequently, it should not be in the goal itself. We, however, do not

have any off-policy algorithms that are able to optimize the on-policy MSPBE,

which is a possibility for future work. MSPBE is of course not the only objec-

tive for prediction. Investigating other objectives and designing corresponding

algorithms are also possible future work. For value-based control, algorithms

presented in this thesis aim to find TD fixed points or their variants. However,

bounding the performance of those TD fixed points is a long-standing open

problem, even for the on-policy setting. Even worse, those TD fixed points do

not necessarily exist especially when the behavior policy is changing. Inves-

tigating their existence under relaxed assumptions is also an important open

problem. The optimality of first-order policy-based control methods has been

well studied recently in tabular settings (Agarwal et al., 2020; Mei et al., 2020;

Laroche and Tachet, 2021; Zhang et al., 2021a). This optimality in the context

of the deadly triad is, however, less understood.

• Finite horizon MDPs are not covered. In this thesis, we consider only infi-

nite horizon MDPs. However, many problems are typically modeled as finite

horizon MDPs, e.g., Atari games (Bellemare et al., 2013b) and many robot

manipulation tasks (Brockman et al., 2016). Finite horizon MDPs are consid-

erably harder than infinite horizon MDPs due to the lack of a discount factor

and the dependence of the policy on the time step. And the undiscounted total

rewards (Puterman, 2014), instead of the discount total rewards or the average

reward, is the dominant performance metric in finite horizon MDPs. Extending

the results in this thesis from infinite horizon MDPs to finite horizon MDPs

is nontrivial and may require new techniques, which we leave for future work.

It is, however, worth mentioning that many algorithms designed for infinite

horizon MDPs empirically work well for problems with finite horizon, see, e.g.,
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Mnih et al. (2015, 2016); Schulman et al. (2017b). Any many problems with

finite horizon can now be alternatively modeled as infinite horizon MDPs via ex-

ploiting a transition-dependent discount function instead of a constant discount

factor (White, 2017). White (2017); Yu et al. (2018) pioneer the theoretical

study of RL algorithms with a discount function. We leave the extension of the

results in this thesis to transition-dependent discount functions for future work.

Deep networks have recently been widely used in RL and have enjoyed great empirical

success. This thesis, however, considers the deadly triad limited to linear function

approximation, which is indeed restrictive. Perhaps the most challenging and fruitful

future work is to break the deadly triad with deep networks. Wai et al. (2020)

pioneer this direction via analyzing a combination of GTD and an over-parameterized

two-layer ReLU (Nair and Hinton, 2010) network, making use of recent advances in

over-parameterized networks in the deep learning community (Neyshabur et al., 2018;

Allen-Zhu et al., 2019; Allen-Zhu et al., 2019; Zou et al., 2018; Cao and Gu, 2019).

GTD is, however, only one of the many algorithms that break the deadly triad in the

linear setting. This thesis has proposed several other algorithms that are superior to

GTD in various aspects. It is then natural to ask: can those algorithms be combined

with deep networks? Cai et al. (2019) provide a hint to this question by combining

on-policy TD with an over-parameterized two-layer ReLU network. Central to the

analysis of Cai et al. (2019) is a local linearization of the over-parameterized network.

Investigating such local linearization in off-policy setting for algorithms proposed in

this thesis is therefore a promising research direction. We hope the study in this

thesis with linear function approximation can provide useful insight for the local

linearization. Cai et al. (2019); Wai et al. (2020) consider only over-parameterized

two-layer networks. Practitioners, however, usually use deeper networks with finite

width. Investigating the deadly triad with those networks requires new tools to

analyze their dynamics, which is a challenging but impactful direction for future

work. Besides this theoretical direction, empirically investigating the techniques in

this thesis in the context of deep RL is also a possible future work. For example, Jiang

et al. (2021) verify the effectiveness of the emphatic methods in deep RL settings. One

natural extension would be to use truncated emphatic methods for variance reduction

in deep RL settings.

The deadly triad is a long-standing fundamental issue in RL with many open

problems from different perspectives. We hope this thesis can serve as a stepping

stone towards the ultimate victory against the deadly triad.
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Appendix A

Stochastic Approximation

A.1 Results from Konda (2002)

Consider a stochastic process {Yt} taking values in a finite space Y . Let Pθ ∈ R|Y|×|Y|

be a parameterized transition kernel in Y , parameterized by θ. Consider iterates {wt}
evolving in RK according to

wt+1
.
= wt + αt(hθt(Yt)−Gθt(Yt)wt), (A.1)

where hθ : Y → RK and Gθ : Y → RK×K are vector- and matrix-valued functions

parameterized by θ.

Assumption A.1.

Pr(Yt+1|Y0, θ0, w0, . . . , Yt, θt, wt) = Pr(Yt+1 = y|Yt, θt) = Pθt(Yt, Yt+1)

Assumption A.2. The learning rate sequence {αt} is deterministic, non-increasing,

and satisfies ∑
t

αt =∞,
∑
t

α2
t <∞

Assumption A.3. The (random) sequence of parameters {θt} satisfies

‖θt+1 − θt‖ ≤ βtHt,

for some nonnegative process {Ht} with bounded moments and deterministic sequence

{βt} such that ∑
t

(
βt
αt

)d
<∞

for some d > 0.
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Assumption A.4. For each θ, there exist

h̄(θ) ∈ RK , Ḡ(θ) ∈ RK×K , ĥθ : Y → RK , Ĝθ : Y → RK×K

such that for each y ∈ Y,

ĥθ(y) = hθ(y)− h̄(θ) +
∑
y′

Pθ(y, y
′)ĥθ(y

′),

Ĝθ(y) = Gθ(y)− Ḡ(θ) +
∑
y′

Pθ(y, y
′)Ĝθ(y

′).

Assumption A.5. supθ
∥∥h̄(θ)

∥∥ <∞, supθ
∥∥Ḡ(θ)

∥∥ <∞
Assumption A.6. For any y ∈ Y, max

{∥∥∥ĥθ(y)
∥∥∥, ‖hθ(y)‖,

∥∥∥Ĝθ(y)
∥∥∥, ‖Gθ(y)‖

}
<∞

Assumption A.7. h̄(θ) and Ḡ(θ) are Lipschitz continuous in θ

Assumption A.8. For any y ∈ Y, hθ(y), ĥθ(y), Gθ(y), Ĝθ(y) are Lipschitz continuous

in θ

Assumption A.9. There exists some C0 > 0 such that for all w and θ,

w>Ḡ(θ)w ≥ C0‖w‖2

Theorem A.1. Under Assumptions A.1 - A.9, the iterates {wt} generated by (A.1)

satisfy

lim
t→∞

∥∥h̄(θt)− Ḡ(θt)wt
∥∥ = 0 a.s..

Theorem A.1 is a simplified version of Theorem 3.2 in Konda (2002) and we refer the

reader to Konda (2002) for the detailed proof. In this thesis, we further provide the

following corollary for simplifying our proofs.

Assumption A.10. Let ΛP be the closure of
{
Pθ | θ ∈ RK

}
. For any P ∈ ΛP ,

the Markov chain induced by P is ergodic. We use dP to denote the corresponding

stationary distribution and write dθ as shorthand for dPθ . We define

Ḡ(θ)
.
=
∑
y∈Y

dθ(y)Gθ(y),

h̄(θ)
.
=
∑
y∈Y

dθ(y)hθ(y).
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Assumption A.11. supθ∈RK ,y∈Y max {‖hθ(y)‖, ‖Gθ(y)‖} <∞

Assumption A.12. There exists some constant C0 such that ∀θ, y, y′,

‖hθ(y)− hθ′(y)‖ ≤ C0‖θ − θ′‖,
‖Gθ(y)−Gθ′(y)‖ ≤ C0‖θ − θ′‖,

‖Pθ − Pθ′‖ ≤ C0‖θ − θ′‖.

Corollary A.2. Let Assumptions A.1 - A.3, A.9, and A.10 - A.12 hold. Then the

iterates {wt} generated by (A.1) satisfy

lim
t→∞

∥∥h̄(θt)− Ḡ(θt)wt
∥∥ = 0 a.s..

Proof. It suffices to prove that Assumptions A.10 - A.12 imply Assumptions A.4 -

A.8. In this proof we focus on verifying h-related properties. The verification of those

G-related properties is the same up to change of notations and is therefore omitted.

For any θ ∈ RK and any i ∈ {1, . . . , K}, consider a Markov Reward Process

(MRP) with a transition matrix Pθ and a reward function hθ(y)i, where hθ(y)i denotes

the i-th element of hθ(y) ∈ RK . Then the average reward of this MRP is

h̄(θ)i
.
=
∑
y

dθ(y)hθ(y)i.

In this way, we have defined a vector h̄(θ) ∈ RK whose i-th element is h̄(θ)i. We then

define

ĥθ(y)
.
= E

[ ∞∑
k=0

hθ(Yk)− h̄(θ) | Y0 = y, Yk+1 ∼ Pθ(Yk, ·)
]
.

It is then easy to see that ĥθ(y)i, the i-th element of ĥθ(y), is exactly the differential

value function of this MRP. By the differential Bellman equation, we have

ĥθ(y)i = hθ(y)i − h̄(θ)i +
∑
y′

Pθ(y, y
′)ĥθ(y

′)i.

Assumption A.4 is then verified.

Assumption A.5 follows immediately from the definition of h̄(θ) and Assump-

tion A.11.

The differential value function is related to the reward function as

ĥθ,i = (I − Pθ + 1d>θ )−1(I − 1d>θ )hθ,i, (A.2)
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see, e.g., (8.2.2) in Puterman (2014) for a proof. Here ĥθ,i denotes a vector in R|Y|

whose y-th element is ĥθ(y)i and hθ,i denotes a vector in R|Y| whose y-th element is

hθ(y)i. Assumption A.10 ensures ĥθ,i is well defined for each Pθ ∈ ΛP . Since ΛP is a

compact set, the extreme value theorem asserts that

sup
θ

∥∥(I − Pθ + 1d>θ )−1(I − 1d>θ )
∥∥ <∞,

which, together with Assumption A.11, verifies Assumption A.6.

Assumption A.7 follows immediately from Assumptions A.12 and A.10 and Lem-

mas C.1 and C.3.

By the extreme value theorem, we have

sup
P∈ΛP

∥∥(I − P + 1d>P )−1
∥∥ <∞.

Then Lemmas C.1, C.2, and C.3 confirm the Lipschitz continuity of (I −Pθ + 1d>θ )−1

in θ. The Lipschitz continuity of ĥθ(y) in Assumption A.8 then follows easily from

(A.2), which completes the proof.

A.2 Results from Borkar (2009)

Consider iterates {wt} evolving in RK according to

wt+1
.
= wt + αt (h(wt) +Mt+1 + εt) . (A.3)

Assumption A.13. The map h : RK → RK is Lipschitz continuous

Assumption A.14. The learning rates {αt} are positive scalars satisfying∑
t

αt =∞,
∑
t

α2
t <∞

Assumption A.15. {Mt} is a martingale difference sequence w.r.t. the increasing

family of σ-fields

Ft .= σ(w0,M1, . . . ,Mt),

i.e.,

E[Mt+1|Ft] = 0 a.s. ∀t > 0

Further, {Mt} is square-integrable with

E[‖Mt+1‖2|Ft] ≤ L(1 + ‖wt‖2) a.s., ∀t > 0

for some constant L.
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Assumption A.16. limt→∞ ‖εt‖ = 0 a.s.

Assumption A.17. supt ‖wt‖ <∞ a.s.

Theorem A.3. (The third extension of Theorem 2 in Chapter 2 of Borkar (2009))

Under Assumptions A.13 - A.17, almost surely, the sequence {wt} generated by (A.3)

converges to a compact connected internally chain transitive invariant set of the ODE

d

dt
w(t) = h(w(t)).

In this thesis, we further provide the following corollary for simplifying our proofs.

Consider iterates {wt} evolving in RK according to

wt+1
.
= wt + αt (Gtwt + ht + εt) , (A.4)

where
{
Gt ∈ RK×K}

t=0,1,2,...
,
{
ht ∈ RK

}
t=0,1,2,...

are two sequences of i.i.d. random

variables. Define

Ḡ
.
= E [Gt] , h̄

.
= E [ht] .

Assumption A.18. There exists a constant C0 such that

max
{
E
[∥∥Gt − Ḡ

∥∥2
]
,E
[∥∥ht − h̄∥∥2

]}
< C0.

Assumption A.19. The real part of every eigenvalue of Ḡ is strictly negative.

Corollary A.4. Under Assumptions A.14, A.16, A.18, and A.19, almost surely,

lim
t→∞

wt = −Ḡ−1h̄.

Proof. The updates in (A.4) can be rewritten as

wt+1 = wt + αt (h(wt) +Mt+1 + εt) ,

where

h(w)
.
=Ḡw + h̄,

Mt+1
.
=Gtwt + ht − Ḡwt − h̄.

We then proceed via invoking Theorem A.3.
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Assumption A.13 follows immediately from the definition of h.

For Assumption A.15, we have

E [Mt+1|Ft] =E
[
(Gt − Ḡ)wt|Ft

]
+ E

[
ht − h̄|Ft

]
=E

[
Gt − Ḡ|Ft

]
wt (wt is adapted by Ft)

=0.

E
[
‖Mt+1‖2 | Ft

]
≤2E

[∥∥(Gt − Ḡ)wt
∥∥2 | Ft

]
+ 2E

[∥∥ht − h̄∥∥2 | Ft
]

≤2E
[∥∥Gt − Ḡ

∥∥2
]
‖wt‖2 + 2E

[∥∥ht − h̄∥∥2
]

≤2C0‖wt‖2 + 2C0.

To verify Assumption A.17, we define for c ≥ 1

hc(w)
.
=
h(cw)

c
,

h∞(w)
.
=Ḡw.

Then we have hc(w)→ h∞(w) when c→∞. Assumption A.19 ensures that the ODE

dw(t)

dt
= h∞(w)

has 0 as its unique globally asymptotically stable equilibrium (see, e.g., Section 5.5

of Vidyasagar (2002)). Theorem 7 in Chapter 3 of Borkar (2009) then asserts that

Assumption A.17 holds.

Theorem A.3 then asserts that the iterates {wt} generated by (A.4) converge to

a compact connected internally chain transitive invariant set of the ODE

d

dt
w(t) = h(w(t)).

Assumption A.19 also ensures that the invariant set of the above ODE is a singleton{
−Ḡ−1h̄

}
(see, e.g., Section 5.5 of Vidyasagar (2002)), which completes the proof.

A.3 Results from Bertsekas and Tsitsiklis (1996)

Consider the iterates {wt} evolving in RK defined as

wt+1
.
= wt + αt (A(Yt)wt + b(Yt)) ,

where {Yt} denote a Markov chain in a space Y , {αt} is a sequence of learning rates,

A and b are functions from Y to RK×K and RK respectively.
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Assumption A.20. {αt} is a deterministic, positive, nonincreasing sequence such

that ∑
t

αt =∞,
∑
t

α2
t <∞.

Assumption A.21. The chain {Yt} is ergodic. We use dY to denote its stationary

distribution and define

Ā
.
=Ey∼dY (·) [A(y)] ,

b̄
.
=Ey∼dY (·) [b(y)] .

Assumption A.22. The matrix Ā is n.d.

Assumption A.23. supy∈Y ‖A(y)‖ <∞, supy∈Y ‖b(y)‖ <∞

Theorem A.5. Let Assumptions A.20 - A.23 hold. Then

lim
t→∞

wt = −Ā−1b̄ a.s..

Theorem A.5 is a simplified version of Proposition 4.8 of Bertsekas and Tsitsiklis

(1996) and we, therefore, refer the reader to Bertsekas and Tsitsiklis (1996) for a

detailed proof. We note that Assumption 4.5(e) in Bertsekas and Tsitsiklis (1996)

results directly from our Assumption A.21 (see, e.g., Theorem 4.9 of Levin and Peres

(2017)).

A.4 Results from Benveniste et al. (1990)

Consider the iterates {wt} evolving in RK defined as

wt+1
.
= wt + αtH(wt, Yt+1), (A.5)

where
{
Yt ∈ RL

}
are random variables, {αt} is a sequence of learning rates, H is

a function from RK × RL to RK . We use Ft to denote the σ-field generated by

{w0, Y0, Y1, . . . , Yt} and make the following assumptions:

Assumption A.24. {αt} is a deterministic, positive, nonincreasing sequence such

that ∑
t

αt =∞,
∑
t

α2
t <∞.
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Assumption A.25. There exists a family
{
Pw | w ∈ RL

}
of parameterized transition

probabilities Pw on RL such that for any B ∈ B(RK),

Pr(Yt+1 ∈ B|Ft) = Pwt(Yt, B).

Additionally, for any function f defined on RL, we define (Pwf)(y)
.
=
∫
f(x)Pw(y, dx).

Here B(·) denotes the Borel sets.

Assumption A.26. Let D be an open subset of RK. For any compact subset Q of

D, there exists constants C1, q1 (depending on Q), such that for any w ∈ Q and any

y, we have

‖H(w, y)‖ ≤ C1(1 + ‖y‖q1).

Assumption A.27. There exists a function h : D → RK, and for each w ∈ D, a

function νw : RL → RK, such that

(i) h is locally Lipschitz continuous on D

(ii) νw(y)− (Pwνw)(y) = H(w, y)− h(w) holds for all w ∈ D, y ∈ RL

(iii) for all compact subsets Q of D, there exist constants C2, C3, q2, q3 (depending on

Q), such that for all w,w′ ∈ Q, z ∈ RL,

‖νw(y)‖ < C2(1 + ‖y‖q2),

‖(Pwνw)(y)− (Pw′νw′)(y)‖ ≤ C3‖w − w′‖(1 + ‖y‖q3).

Assumption A.28. For any compact subset Q of D and any q > 0, there exists

constant C4 (depending on Q, q) such that for all t, y ∈ RL, w ∈ RK,

E [I({wk ∈ Q, k ≤ t})(1 + ‖Yt+1‖q) | Y0 = y, w0 = w] ≤ C4(1 + ‖y‖q),

where I is the indicator function.

Assumption A.29. There exist a function U ∈ C2(RK) and w∗ ∈ D such that

(i) U(w)→ C ≤ +∞ if w → ∂D or ‖w‖ → ∞

(ii) U(w) < C for all w ∈ D

(iii) U(w) ≥ 0, where the equality holds i.f.f. w = w∗
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(iv)
〈

dU(w)
dw

, h(w)
〉
≤ 0 for all w ∈ D, where the equality holds i.f.f. w = w∗.

Theorem A.6. (Theorem 13 of Benveniste et al. (1990) (p. 236)) Let Assumptions

A.24 - A.29 hold. For any compact Q ⊂ D, there exist constants C0, q0 such that for

all w ∈ Q, y ∈ RL, the iterates {wt} generated by (A.5) satisfy

Pr
(

lim
t→∞

wt = w∗ | Y0 = y, w0 = w
)
≥ 1− C0(1 + ‖y‖q0)

∞∑
t=0

α2
t .

We now consider a special case of Theorem A.6 where the chain is finite. Consider

the iterates {wt} evolving in RK defined as

wt+1
.
= wt + αtH̄(wt, Yt+1), (A.6)

where {Yt} are random variables evolving in a finite space Y , {αt} is a sequence of

learning rates, H̄ is a function from RK × Y to RK . Without loss of generality, let

Y .
= {1, 2, . . . , N} ⊂ R. We make the following assumptions.

Assumption A.30. {αt} is a deterministic, positive, nonincreasing sequence such

that ∑
t

αt =∞,
∑
t

α2
t <∞.

Assumption A.31. There exists a family
{
P̄w ∈ RN×N | w ∈ RK

}
of parameterized

transition matrices such that the random variables {Yt} evolve according to

Yt+1 ∼ P̄wt(Yt, ·).

Let Λw be the closure of
{
P̄w | w ∈ RK

}
, for any P ∈ Λw, the Markov chain in Y

induced by the transition matrix P is ergodic. We use dP to denote the invariant

distribution of the chain induced by P . In particular, dw denotes the invariant distri-

bution of the chain induced by P̄w. We define

h(w)
.
=
∑
y∈Y

dw(y)H̄(w, y).

Assumption A.32. P̄w is Lipschitz continuous in w. For any compact Q ⊂ RK and

any y ∈ Y, H̄(w, y) is Lipschitz continuous in w on Q.

Assumption A.33. There exist function U ∈ C2(RK) and w∗ ∈ RK such that
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(i) U(w)→∞ when ‖w‖ → ∞

(ii) U(w) <∞ for all w ∈ RK

(iii) U(w) ≥ 0, where the equality holds i.f.f. w = w∗

(iv)
〈

dU(w)
dw

, h(w)
〉
≤ 0 for all w ∈ RK, where the equality holds i.f.f. w = w∗.

Corollary A.7. Under Assumptions A.30 - A.33, for any compact set Q ⊂ RK, there

exists constants C0 (depending on Q) such that for all w ∈ Q, y ∈ Y, the iterates {wt}
generated by (A.6) satisfy

Pr
(

lim
t→∞

wt = w∗ | Y0 = y, w0 = w
)
≥ 1− C0

∞∑
t=0

α2
t .

Proof. We proceed by expressing (A.6) in the form of (A.5) and invoking Theorem

A.6. Let

H(w, y)
.
=

{
H̄(w, y) y ∈ Y
h(w) y /∈ Y .

Then (A.6) can be rewritten as

wt+1
.
= wt + αtH(wt, Yt+1),

which has the same form as (A.5). Here the L in RL is 1 and we consider D to be

RK .

Assumption A.24 is identical to Assumption A.30. Assumption A.29 is implied

by Assumption A.33 via considering C =∞.

To verify Assumption A.25, let

Pw(y,B)
.
=

{∑
y′ δy′(B)P̄w(y, y′) y ∈ Y

N (B) y /∈ Y ,

where δy′(B) is the Dirac measure, N (·) denotes the normal distribution (we can

use any well-defined distribution on R here). Then Assumption A.25 follows from

Assumption A.31.

We now verify Assumption A.26. From Assumption A.32 and the finiteness of Y ,

for any compact Q, H̄(w, y) is bounded on Q. So h(w) is also bounded on Q. Then

the boundedness of H(w, y) on Q follows immediately.
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We now verify Assumption A.27(i). First, for any compact Q ⊂ RK , H̄(w, y)

is Lipschitz continuous in w and bounded on Q. dw(y) is apparently bounded. By

Assumption A.31, for any P ∈ Λw, the chain induced by P is ergodic. It can be

easily seen from Lemma C.3 that dw is also Lipschitz continuous in w. The Lipschitz

continuity of h(w) on Q then follows immediately from the fact that the product of

two bounded Lipschitz functions are still bounded and Lipschitz. Since we are free

to choose any Q, h(w) is locally Lipschitz continuous in RK .

We verify Assumption A.27(ii) by constructing auxiliary Markov Reward Pro-

cesses (MRPs) and using standard properties of MRPs. To construct the i-th MRP

(i = 1, . . . , K), let Hw,i denote a vector in RN whose i-th element is Hi(w, y), the

i-th element of H(w, y). For any w ∈ RK , y ∈ Y , we define a vector ν̄w(y) in RK by

defining its i-th element ν̄w,i(y) as

ν̄w,i(y)
.
= E

[ ∞∑
k=0

[Hw,i(Yk)− hi(w)] | Y0 = y, Yk+1 ∼ Pw(Yk, ·)
]
,

where hi(w) is the i-the element of h(w). By definition, ν̄w,i is the differential value

function of the MRP induced by P̄w in Y with the reward vector being Hw,i. Since

P̄w induces an ergodic chain under Assumption A.31, ν̄w,i is always well defined.

Moreover, hi(w) is the average reward of this MRP. It follows from Chapter 8.2.1 of

Puterman (2014) that for any w ∈ RK and y ∈ Y ,

ν̄w,i(y) = Hw,i(y)− hi(w) +
∑
y′

ν̄w,i(y
′)P̄w(y, y′) (A.7)

ν̄w,i = HP̄wHw,i,

where HP
.
= (I−P +1d>P )−1(I−1d>P ) is the fundamental matrix of the chain induced

by a transition matrix P . Define

νw(y)
.
=

{
ν̄w(y) y ∈ Y
0 y /∈ Y .

It is then easy to verify that for y ∈ Y ,

(Pwνw)(y) =

∫
νw(x)Pw(y, dx) =

∫
νw(x)

∑
y′

δy′(dx)P̄w(y, y′) =
∑
y′

νw(y′)P̄w(y, y′).

For y /∈ Y , (Pwνw)(y) = 0. For y ∈ Y , Assumption A.27(ii) holds since it is just

(A.7). For y /∈ Y , Assumption A.27(ii) holds as well since since both LHS and RHS

are 0.
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We now verify Assumption A.27(iii). Since dP is Lipschitz continuous in P for all

P ∈ Λw and Λw is compact, we have supP∈Λw

∥∥(I − P + 1d>P )−1
∥∥ <∞ by the extreme

value theorem. Using the ergodicity of the chain induced by P and Lemma C.2, it is

then easy to see that HP̄w is bounded and Lipschitz continuous in w. Consequently,

for any compact Q ⊂ RK , w ∈ Q,w′ ∈ Q, νw is bounded on Q and

‖ν̄w,i − ν̄w′,i‖ ≤
∥∥HP̄w −HP̄w′

∥∥‖Hw,i‖+
∥∥HP̄w′

∥∥‖Hw,i −Hw′,i‖
≤ C1‖w − w′‖+ C2‖w − w′‖,

where the constant C1 results from the Lipschitz continuity of HP̄w and the bound-

edness of H(w, y) on Q, the constant C2 results from the Lipschitz continuity of

H(w, y) on Q and the boundedness of HP̄w . Since by Assumption A.32, P̄w in Lip-

schitz continuous in w, the Lipschitz continuity of Pwνw in Q follows immediately,

which completes the verification of Assumption A.27(iii).

Assumption A.28 is trivial since Y is finite, which completes the proof.

186



Appendix B

Proofs

B.1 Proof of Theorem 3.1

Proof. Similar to Chapter 5.4 of Borkar (2009), we consider Γ̇B1 , the directional

derivative of ΓB1 . At a point x ∈ RK , given a direction y ∈ RK , we have

Γ̇B1(x, y)
.
= lim

δ→0

ΓB1(x+ δy)− ΓB1(x)

δ

=


y, x ∈ int(B1)

y, x ∈ ∂B1, y ∈ Fx(B1)

−xx>y

‖x‖3 + y
‖x‖ , otherwise

where int(B1) is the interior of B1, ∂B1 is the boundary of B1,

Fx(B1)
.
=
{
y ∈ RK | ∃δ > 0, s.t. x+ δy ∈ B1

}
is the feasible directions of B1 w.r.t. x. The first two cases are trivial and are easy to

deal with. The third case is complicated and is the source of the reflection term ζ(t)

in (3.4). However, thanks to the projection ΓB2 , we succeeded in getting rid of it.

By (3.2), θt ∈ B1 always holds. With the directional derivative, we can rewrite

the update rule of {θt} as

θt+1 = ΓB1

(
θt + βt(ΓB2(wt)− θt)

)
= θt + βt

ΓB1

(
θt + βt(ΓB2(wt)− θt)

)
− ΓB1(θt)

βt

= θt + βt
(
Γ̇B1(θt,ΓB2(wt)− θt) + o(βt)

)
(Definition of limit) .

We now compute Γ̇B1(θt,ΓB2(wt) − θt). We proceed by showing that only the first

two cases in Γ̇B1(x, y) can happen and the third case will never occur.
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For θt ∈ int(B1), we have

Γ̇B1(θt,ΓB2(wt)− θt) = ΓB2(wt)− θt. (B.1)

For θt ∈ ∂B1, we have

〈θt,ΓB2(wt)− θt〉 = 〈θt,ΓB2(wt)〉 −R2
B1
≤ RB1RB2 −R2

B1
< 0. (B.2)

Let y0
.
= ΓB2(wt)− θt, (B.2) implies that we can decompose y0 as y0 = y1 + y2, where

〈θt, y1〉 = 0 and 〈θt, y2〉 = −‖θt‖‖y2‖. Here y2 is the projection of y0 onto θt, which

is in the opposite direction of θt because their inner product is negative and y1 is the

remaining orthogonal component. By Pythagoras’s theorem, for any δ > 0,

‖θt + δy0‖2 = ‖δy1‖2 + ‖θt + δy2‖2

= δ2‖y1‖2 + ‖θt‖2 − 2δ‖θt‖‖y2‖+ δ2‖y2‖2.

For sufficiently small δ, e.g., δ2‖y1‖2 − 2δ‖θt‖‖y2‖+ δ2‖y2‖2 < 0, we have

‖θt + δy0‖2 < ‖θt‖2 = R2
B1
,

implying ΓB2(wt)− θt ∈ Fθt(B1). So we have

Γ̇B1(θt,ΓB2(wt)− θt) = ΓB2(wt)− θt. (B.3)

Combining (B.1) and (B.3) yields

θt+1 = θt + βt
(
ΓB2(wt)− θt + o(βt)

)
= θt + βt (ΓB2(w∗(θt))− θt + (ΓB2(wt)− ΓB2(w∗(θt))) + o(βt))

= θt + βt ((w∗(θt)− θt + (ΓB2(wt)− ΓB2(w∗(θt))) + o(βt))

(Assumption 3.2)

= θt + (h(θt) + εt) ,

where

h(θ)
.
= w∗(θ)− θ,

εt
.
= ΓB2(wt)− ΓB2(w∗(θt)) + o(βt).

We now proceed by invoking Theorem A.3. Assumption A.13 is verified by Assump-

tion 3.3. Assumption A.14 is verified by Assumption 2.5. Assumptions A.15 hold

immediately because in this setting we consider we have Mt ≡ 0. Assumption A.16
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hold thanks to Assumption 3.1 and the continuity of ΓB2 . Assumption A.17 is verified

directly by the projection in (3.2). By Theorem A.3, we then have, almost surely, the

iterates {θt} converge to a compact connected internally chain transitive invariant set

of the ODE

d

dt
θ(t) = w∗(θ(t))− θ(t).

Under Assumption 3.3, the Banach fixed-point theorem asserts that there is a unique

θ∗ satisfying w∗(θ∗) = θ∗, i.e., θ∗ is the unique equilibrium of the ODE above. We now

show θ∗ is globally asymptotically stable. Consider the candidate Lyapunov function

V (θ)
.
=

1

2
‖θ − θ∗‖2.

We have

d

dt
V (θ(t)) =

〈
θ(t)− θ∗, d

dt
θ(t)

〉
=〈θ(t)− θ∗, w∗(θ(t))− θ(t)〉
=〈θ(t)− θ∗, w∗(θ(t))− θ(t)− w∗(θ∗) + θ∗〉
≤%‖θ(t)− θ∗‖2 − ‖θ(t)− θ∗‖2,

where % < 1 is the Lipschitz constant of w∗. It is easy to see

• V (θ) ≥ 0

• V (θ) = 0 ⇐⇒ θ = θ∗

• d
dt
V (θ(t)) ≤ 0

• d
dt
V (θ(t)) = 0 ⇐⇒ θ = θ∗

Consequently, θ∗ is globally asymptotically stable, and the invariant set of the ODE

is a singleton {θ∗}. We, therefore, have

lim
t→∞

θt = θ∗,

lim
t→∞

wt = lim
t→∞

w∗(θt) = w∗(θ∗) = θ∗.
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B.2 Proof of Lemma 3.2

Proof. By (3.2), θt ∈ B1 holds for all t. So

‖θt+1 − θt‖
=
∥∥∥ΓB1

(
θt + βt(ΓB2(wt)− θt)

)
− ΓB1(θt)

∥∥∥
≤βt‖ΓB2(wt)− θt‖ (Nonexpansiveness of projection)

≤βt(RB1 +RB2).

B.3 Proof of Theorem 3.3

Proof. Consider the Markov process Yt
.
= (St, At, St+1) involving in the space

Y .
= {(s, a, s′) | s ∈ S, a ∈ A, s′ ∈ S, p(s′|s, a) > 0}.

By Assumption 2.8, Yt adopts a unique stationary distribution, which we refer to as

dY . We have dY(s, a, s′) = dµ(s)µ(a|s)p(s′|s, a). We define

hθ(s, a, s
′)
.
=

(
r(s, a) + γ

∑
a′

π(a′|s′)x(s′, a′)>ΓB1(θ)

)
x(s, a),

Gθ(s, a, s
′)
.
= x(s, a)x(s, a)> + ηI.

As θt ∈ B1 holds for all t, we can rewrite the update of {wt} in Algorithm 1 as

wt+1 = wt + αt(hθt(Yt)−Gθt(Yt)wt).

The asymptotic behavior of {wt} is then governed by

h̄(θ)
.
= E(s,a,s′)∼dY (·)[hθ(s, a, s

′)]

= X>Dµr + γX>DµPπXΓB1(θ),

Ḡ(θ)
.
= E(s,a,s′)∼dY (·)[Gθ(s, a, s

′)]

= X>DµX + ηI.

Define

w∗(θ)
.
= Ḡ(θ)−1h̄(θ) = (X>DµX + ηI)−1X>Dµ(r + γPπXΓB1(θ)). (B.4)

We now verify Assumptions 3.1, 3.2, and 3.3 to invoke Theorem 3.1.
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We first verify Assumption 3.1 via invoking Corollary A.2. The Pθ in Section A.1

is now a constant function in our prediction setting defined as

Pθ((s1, a1, s
′
1), (s2, a2, s

′
2))

.
=

{
µ(a2|s2)p(s′2|s2, a2), s′1 = s2

0, otherwise
.

Assumption A.1 follows from the definition of Algorithm 1. Assumption A.2 follows

from Assumption 2.4. Assumption A.3 follows from Assumption 2.5 and Lemma 3.2.

Assumption A.9 holds because Assumption 2.3 and η > 0. Assumption A.10 holds

because LP is now a singleton. Assumptions A.11 and A.12 is self-evident according

to the definition of hθ and Gθ. Invoking Corollary A.2 then verifies Assumption 3.1.

To verify Assumption 3.3, we use SVD and get

D
1
2
µX = U>ΣV,

where U, V are two orthogonal matrices and Σ
.
= diag([. . . , σi, . . . ]) is a diagonal

matrix. Assumptions 2.8 and 2.3 imply that σi > 0. We have∥∥∥(X>DµX + ηI)−1X>D
1
2
µ

∥∥∥ (B.5)

=
∥∥V >(Σ2 + ηI)−1ΣU

∥∥
=
∥∥(Σ2 + ηI)−1Σ

∥∥
=

∥∥∥∥diag([· · · , σi
σ2
i + η

, · · ·
])∥∥∥∥

= max
i

1

σi + η/σi

≤ 1

2
√
η

According to (B.4), it is then easy to see

‖w∗(θ1)− w∗(θ2)‖
≤ γ

2
√
η

∥∥∥D 1
2
µPπ

∥∥∥‖X‖‖ΓB1(θ1)− ΓB1(θ2)‖

≤ γ

2
√
η

∥∥∥D 1
2
µPπ

∥∥∥‖X‖‖θ1 − θ2‖

≤ γ

2
√
η

∥∥∥D 1
2
µPπD

− 1
2

µ

∥∥∥∥∥∥D 1
2
µ

∥∥∥‖X‖‖θ1 − θ2‖

=
γ

2
√
η
‖Pπ‖dµ

∥∥∥D 1
2
µ

∥∥∥‖X‖‖θ1 − θ2‖ (Using (C.3)) .

Take any ξ ∈ (0, 1), assuming

‖X‖ ≤ 2(1− ξ)√η
γ‖Pπ‖dµ maxs,a

√
dµ(s, a)

, (B.6)
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then

‖w∗(θ1)− w∗(θ2)‖ ≤ (1− ξ)‖θ1 − θ2‖.

Assumption 3.3, therefore, holds.

We now select proper RB1 and RB2 to fulfill Assumption 3.2. Plugging (B.5) and

(B.6) into (B.4) yields

‖w∗(θ)‖ ≤ 1

2
√
η

∥∥∥D 1
2
µ r
∥∥∥+ (1− ξ)RB1

= RB1 − ξ + (
1

2
√
η

∥∥∥D 1
2
µ r
∥∥∥+ ξ − ξRB1)

For sufficiently large RB1 , e.g.,

RB1 ≥
1

2ξ
√
η

∥∥∥D 1
2
µ r
∥∥∥+ 1, (B.7)

we have supθ ‖w∗(θ)‖ ≤ RB1 − ξ. Selecting RB2 ∈ (RB1 − ξ, RB1) then fulfills As-

sumption 3.2.

Now Theorem 3.1 then implies that there exists a unique θ∞ such that

w∗(θ∞) = θ∞ and lim
t→∞

θt = lim
t→∞

wt = θ∞.

Next we show what θ∞ is. We define

f(θ)
.
= (X>DµX + ηI)−1X>Dµ(r + γPπXθ).

Note this is just the right side of equation (B.4) without the projection. (B.5) and

(B.6) imply that f is a contraction. The Banach fixed-point theorem then asserts

that f adopts a unique fixed point, which we refer to as w∗η. We have

∥∥w∗η∥∥ =
∥∥f(w∗η)

∥∥ ≤ 1

2
√
η

(‖r‖+ γ‖Pπ‖dµ
∥∥∥D 1

2
µ

∥∥∥‖X‖∥∥w∗η∥∥)

≤ ‖r‖
2
√
η

+ (1− ξ)
∥∥w∗η∥∥ (Using (B.6))

=⇒
∥∥w∗η∥∥ ≤ ‖r‖

2ξ
√
η

Then for sufficiently large RB1 , e.g.,

RB1 ≥
‖r‖

2ξ
√
η
, (B.8)
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we have w∗η = ΓB1(w∗η), implying w∗η is a fixed point of w∗(·) (i.e., the right side of

(B.4)) as well. As w∗(·) is a contraction, we have θ∞ = w∗η. Rewriting f(w∗η) = w∗η
yields

Aw∗η − ηw∗η + b = 0.

In other words, w∗η is the unique (due to the contraction of f) solution of

(A− ηI)w + b = 0

Combining (B.6), (B.7), and (B.8), the desired constants are

C0
.
=

2(1− ξ)√η
γ‖Pπ‖dµ maxs,a

√
dµ(s, a)

,

C1
.
=
‖r‖

2ξ
√
η

+ 1.

We now bound
∥∥Xw∗η − qπ∥∥. For any y ∈ R|S|, we define the ridge regularized

projection Πη
dµ

as

Πη
dµ
y
.
= X arg min

w

(
‖Xw − y‖2

Dµ
+ η‖w‖2

)
(B.9)

= X(X>DµX + ηI)−1X>Dµy.

Πη
dµ

is connected with f as Πη
dµ
Tπ(Xw) = Xf(w). We have∥∥Xw∗η − qπ∥∥ ≤ ∥∥∥Xw∗η − Πη

dµ
qπ

∥∥∥+
∥∥∥Πη

dµ
qπ − qπ

∥∥∥
=
∥∥∥Xf(w∗η)− Πη

dµ
qπ

∥∥∥+
∥∥∥Πη

dµ
qπ − qπ

∥∥∥
=
∥∥∥Πη

dµ
Tπ(Xw∗η)− Πη

dµ
Tπqπ

∥∥∥+
∥∥∥Πη

dµ
qπ − qπ

∥∥∥
=
∥∥∥Πη

dµ
γPπXw

∗
η − Πη

dµ
γPπqπ

∥∥∥+
∥∥∥Πη

dµ
qπ − qπ

∥∥∥
=
∥∥∥γΠη

dµ
Pπ(Xw∗η − qπ)

∥∥∥+
∥∥∥Πη

dµ
qπ − qπ

∥∥∥
≤
∥∥γX(X>DµX + ηI)−1X>DµPπ

∥∥∥∥Xw∗η − qπ∥∥+
∥∥∥Πη

dµ
qπ − qπ

∥∥∥
≤ (1− ξ)

∥∥Xw∗η − qπ∥∥+
∥∥∥Πη

dµ
qπ − qπ

∥∥∥ (Using (B.5) and (B.6)) .

The above equation implies∥∥Xw∗η − qπ∥∥ ≤ 1

ξ

∥∥∥Πη
dµ
qπ − qπ

∥∥∥ ≤ 1

ξ

(∥∥∥Πη
dµ
qπ − Πdµqπ

∥∥∥+
∥∥Πdµqπ − qπ

∥∥) .
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We now bound
∥∥∥Πη

dµ
− Πdµ

∥∥∥.∥∥∥Πη
dµ
− Πdµ

∥∥∥ ≤ ‖X‖∥∥(X>DµX + ηI)−1 − (X>DµX)−1
∥∥∥∥X>Dµ

∥∥ (B.10)

=
∥∥∥D− 1

2
µ D

1
2
µX
∥∥∥∥∥V >((Σ2 + ηI)−1 − Σ−2

)
V
∥∥∥∥∥X>D 1

2
µD

1
2
µ

∥∥∥
≤
∥∥∥D− 1

2
µ

∥∥∥‖Σ‖∥∥(Σ2 + ηI)−1 − Σ−2
∥∥‖Σ‖∥∥∥D 1

2
µ

∥∥∥
≤
∥∥∥D− 1

2
µ

∥∥∥‖Σ‖∥∥∥∥diag([. . . , η

σ2
i (η + σ2

i )
, . . .

])∥∥∥∥‖Σ‖∥∥∥D 1
2
µ

∥∥∥
≤
∥∥∥D− 1

2
µ

∥∥∥‖Σ‖max
i

η

σ2
i (η + σ2

i )
‖Σ‖

∥∥∥D 1
2
µ

∥∥∥
≤
∥∥∥D− 1

2
µ

∥∥∥‖Σ‖2 max
i

η

σ4
i

∥∥∥D 1
2
µ

∥∥∥
≤
∥∥∥D− 1

2
µ

∥∥∥σmax(Σ)2

σmin(Σ)4

∥∥∥D 1
2
µ

∥∥∥η
(σmax(·) and σmin(·) indicate the largest and smallest singular values)

=
σmax(D

1
2
µX)2

σmin(D
1
2
µX)4

σmax(D
1
2
µ )

σmin(D
1
2
µ )
η

≤ σmax(X)2

σmin(X)4σmin(Dµ)2.5
η

(Using σmax(XY ) ≤ σmax(X)σmax(Y );σmin(XY ) ≥ σmin(X)σmin(Y ) )

.

Finally, we arrive at∥∥Xw∗η − qπ∥∥ ≤ 1

ξ

( σmax(X)2

σmin(X)4σmin(Dµ)2.5
‖qπ‖η +

∥∥Πdµqπ − qπ
∥∥),

which completes the proof.

B.4 Proof of Proposition 4.1

Proof. First, T̂π,µmπ,µ = mπ,µ follows directly from (4.4).

Given any two square matrices A and B, the products AB and BA have the same

eigenvalues (see, e.g., Theorem 1.3.22 in Horn and Johnson (2012)). Let ρ(·) denote

the spectral radius. We then have

ρ(γD−1
µ P>π Dµ) = ρ

(
(γP>π Dµ)D−1

µ

)
= ρ(γP>π ) = ρ(γPπ) < 1.

Clearly γD−1
µ P>π Dµ is a nonnegative matrix. Then Lemma C.4 implies that T̂π,µ is a

contraction mapping w.r.t. some weighted maximum norm.
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B.5 Proof of Theorem 4.2

Proof. Define

wk
.
=

[
κk
νk

]
,

Gk
.
=

[
−x′kx′>k x′k(γρkxk − x′k)>

(x′k − γρkxk)x′>k 0

]
,

hk
.
=

[
i′kx
′
k

0

]
.

Then the updates to {κk}, {νk} in Algorithm 2 can be expressed as

wk+1 = wk + αk(Gkwk + hk).

We now proceed via invoking Corollary A.4. It can be easily computed that

Ḡ
.
=E [Gk] =

[
−Cµ A>π,µ
−Aπ,µ 0

]
,

h̄
.
=E [hk] =

[
X>Dµi

0

]
.

Assumption A.18 holds because we consider a finite MDP so

sup
k

max {‖Gk‖, ‖hk‖} <∞.

It remains to verify Assumption A.19. To this end, we follow the routine of Sutton

et al. (2009). According to Lemma C.6, we have

det
(
Ḡ
)

= det(Cµ) det
(
Aπ,µC

−1
µ A>π,µ

)
6= 0.

This means that all eigenvalues of Ḡ are nonzero. Let λ ∈ C be an eigenvalue of

Ḡ and y =

[
y1

y2

]
∈ C2K be the corresponding normalized eigenvector, i.e., yHy = 1,

where yH denotes the complex conjugate of y. We then have

λ =yHy = yHḠy

=− yH1 Cµy1 − yH2 Aπ,µy1 + yH1 A
>
π,µy2.

Let Re(·) denote the real part of a complex number. We then have

Re
(
yH2 Aπ,µy1

)
= Re

((
yH2 Aπ,µy1

)H)
= Re

(
yH1 A

>
π,µy2

)
.
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Consequently, we have

Re(λ) = Re(−yH1 Cµy1) ≤ 0.

Since λ 6= 0, we have

Re(λ) < 0.

Assumption A.19 is then fulfilled.

Invoking Corollary A.4 then asserts that

lim
k→∞

wk = −Ḡ−1h̄ a.s. .

Using block matrix inversion yields

lim
k→∞

νk = −
(
A>π,µ

)−1
X>Dµi.

It is easy to verify that

L(v) = 0

⇐⇒ X>Dµ

(
i+ γD−1

µ P>π DµXν −Xν
)

= 0

⇐⇒ A>π,µν +X>Dµi = 0,

which completes the proof.

B.6 Proof of Proposition 4.3

Proof. The proof follows a similar routine as the proof of Theorem 2 in Kolter (2011).

We include the full proof for completeness. First notice that∥∥ΠdµD
−1
µ P>π DµXν

∥∥
dµ
≤ ‖Xν‖dµ

⇐⇒ ν>X>DµPπXC
−1
µ X>P>π DµXν ≤ ν>Cµν

⇐⇒ ν>
(
X>DµPπXC

−1
µ X>P>π DµX − Cµ

)
ν ≤ 0. (B.11)

Assumption 4.1 and a property of Schur complement ensure that (B.11) holds for any

ν. We then have

‖Xν∗ −mπ,µ‖dµ
≤
∥∥Xν∗ − Πdµmπ,µ

∥∥
dµ

+
∥∥Πdµmπ,µ −mπ,µ

∥∥
dµ

=
∥∥∥Πdµ T̂π,µ(Xν∗)− Πdµ T̂π,µmπ,µ

∥∥∥
dµ

+
∥∥Πdµmπ,µ −mπ,µ

∥∥
dµ

=γ
∥∥ΠdµD

−1
µ P>π Dµ(Xν∗)− ΠdµD

−1
µ P>π Dµmπ,µ

∥∥
dµ

+
∥∥Πdµmπ,µ −mπ,µ

∥∥
dµ

≤γ
∥∥ΠdµD

−1
µ P>π Dµ(Xν∗)− ΠdµD

−1
µ P>π DµΠdµmπ,µ

∥∥
dµ

+ γ
∥∥ΠdµD

−1
µ P>π DµΠdµmπ,µ − ΠdµD

−1
µ P>π Dµmπ,µ

∥∥
dµ

+
∥∥Πdµmπ,µ −mπ,µ

∥∥
dµ
.
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For the first term, there exists a ν̄ such that Xν̄ = Πdµmπ,µ. Consequently, we have∥∥ΠdµD
−1
µ P>π Dµ(Xν∗)− ΠdµD

−1
µ P>π DµΠdµmπ,µ

∥∥
dµ

=
∥∥ΠdµD

−1
µ P>π DµX(ν∗ − ν̄)

∥∥
dµ

≤‖X(ν∗ − ν̄)‖dµ
=
∥∥ΠdµXν∗ − Πdµmπ,µ

∥∥
dµ

≤‖Xν∗ −mπ,µ‖dµ .

For the second term, we have∥∥ΠdµD
−1
µ P>π DµΠdµmπ,µ − ΠdµD

−1
µ P>π Dµmπ,µ

∥∥
dµ

≤
∥∥D−1

µ P>π Dµ

∥∥
dµ

∥∥Πdµmπ,µ −mπ,µ

∥∥
dµ
.

Putting them together yields

(1− γ)‖Xν∗ −mπ,µ‖dµ
≤
(

1 +
∥∥D−1

µ P>π Dµ

∥∥
dµ

)∥∥Πdµmπ,µ −mπ,µ

∥∥
dµ

=
(

1 + ‖Pπ‖dµ
)∥∥Πdµmπ,µ −mπ,µ

∥∥
dµ

(Lemma C.11) ,

which completes the proof.

B.7 Proof of Theorem 4.4

Proof. Define Yt
.
= (St, At, St+1) and

Y .
= {(s, a, s′) | s ∈ S, a ∈ A, s′ ∈ S, µ(a|s) > 0, p(s′|s, a) > 0}.

It is easy to see that the chain {Yt} is ergodic and its stationary distribution is

dY(s, a, s′)
.
= dµ(s)µ(a|s)p(s′|s, a). The the update of {wt} in Algorithm 3 can be

expressed as

wt+1 = wt + αt (A(Yt)wt + b(Yt)) ,

where

A((s, a, s′))
.
=
(
x(s)>ν∗

) π(a|s)
µ(a|s)x(s) (γx(s′)− x(s))

>

b((s, a, s′))
.
=
(
x(s)>ν∗

) π(a|s)
µ(a|s)x(s)r(s, a).
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It can then be computed that

Ā
.
=E(s,a,s′)∼dY (·) [A((s, a, s′))] = X>DµDν∗(γPπ − I)X,

b̄
.
=E(s,a,s′)∼dY (·) [b(s, a, s′)] = X>DµDν∗rπ.

We now proceed via invoking Theorem A.5, which requires to verify Assumption A.22.

Under Assumption 2.3, Ā is n.d. if and only if

DµDν∗(γPπ − I)

is n.d. The above matrix is n.d. if and only if

DµDν∗(γPπ − I) + (γP>π − I)Dν∗Dµ

is n.d. Sutton et al. (2016) show that Dfπ,µ(γPπ − I) is n.d.. Consequently, by the

definition of fπ,µ, we know that

DµDmπ,µ(γPπ − I)

is n.d., where Dmπ,µ
.
= diag(mπ,µ). This implies that

DµDmπ,µ(γPπ − I) + (γP>π − I)Dmπ,µDµ

is n.d. Let λmin > 0 denote the minimum eigenvalue of

DµDmπ,µ(I − γPπ) + (I − γP>π )Dmπ,µDµ.

We then have, for any z,

z>
(
DµDmπ,µ(I − γPπ) + (I − γP>π )Dmπ,µDµ

)
z ≥ λmin‖z‖2.

Consequently,

z>
(
DµDν∗(I − γPπ) + (I − γP>π )Dν∗Dµ

)
z

=z>
(
DµDmπ,µ(I − γPπ) + (I − γP>π )Dmπ,µDµ

)
z

+ z>
(
Dµ(Dν∗ −Dmπ,µ)(I − γPπ) + (I − γP>π )(Dν∗ −Dmπ,µ)Dµ

)
z

≥λmin‖z‖2 − 2‖Dµ‖‖I − γPπ‖
∥∥Dν∗ −Dmπ,µ

∥∥‖z‖2

≥
(
λmin − 2 max

s
dµ(s) max

s

∣∣x(s)>ν∗ −mπ,µ(s)
∣∣‖I − γPπ‖) ‖z‖2.

This implies that as long as

max
s

∣∣x(s)>ν∗ −mπ,µ(s)
∣∣ < ε1

.
=

λmin
2 maxs dµ(s)‖I − γPπ‖

,
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the matrix DµDν∗(I − γPπ) + (I − γP>π )Dν∗Dµ is p.d., i.e., Assumption A.22 holds.

Theorem A.5 then asserts that

lim
t→∞

wt = w∞.

We now proceed to bounding ‖Xw∞ − vπ‖. We have

‖Xw∞ − vπ‖ ≤‖Xw∞ −Xw∗‖+ ‖Xw∗ − vπ‖,

where

w∗
.
= −

(
X>DµDmπ,µ(γPπ − I)−1X

)
X>DµDmπ,µrπ.

Hallak et al. (2016) show that

‖Xw∗ − vπ‖ = O
(∥∥Πfπ,µvπ − vπ

∥∥
fπ,µ

)
.

It thus remains to bound ‖w∞ − w∗‖. Define

Λ
.
= γPπ − I.

We have

‖w∞ − w∗‖
≤
∥∥∥(X>DµDmπ,µΛX

)−1 −
(
X>DµDν∗ΛX

)−1
∥∥∥∥∥X>DµDmπ,µrπ

∥∥
+
∥∥∥(X>DµDν∗ΛX

)−1
∥∥∥∥∥X>DµDmπ,µrπ −X>DµDν∗rπ

∥∥
≤
∥∥∥(X>DµDmπ,µΛX

)−1
∥∥∥∥∥∥(X>DµDν∗ΛX

)−1
∥∥∥‖X‖2‖Dµ‖‖Λ‖

∥∥Dmπ,µ −Dν∗

∥∥
×
∥∥X>DµDmπ,µrπ

∥∥
+
∥∥∥(X>DµDν∗ΛX

)−1
∥∥∥‖X‖2‖Dµ‖

∥∥Dmπ,µ −Dν∗

∥∥‖rπ‖ (Lemma C.2)

=
∥∥∥(X>DµDν∗ΛX

)−1
∥∥∥O (ε1) .

To bound
∥∥∥(X>DµDν∗ΛX

)−1
∥∥∥, we use Corollary 8.6.2 of Golub and Loan (1996),

which states that for any two matrices Y1 and Y2,

|σmin(Y1 + Y2)− σmin(Y1)| ≤ ‖Y2‖,

where σmin(·) denotes the minimum singular value. Define

ε2
.
=
σmin

(
X>DµDmπ,µΛX

)
2‖X‖2‖Dµ‖‖Λ‖

> 0.
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If

max
s

∣∣x(s)>ν∗ −mπ,µ(s)
∣∣ < ε2,

we have ∥∥∥(X>DµDν∗ΛX
)−1
∥∥∥

=
1

σmin (X>DµDν∗ΛX)

=
1

σmin
(
X>DµDmπ,µΛX +X>Dµ(Dν∗ −Dmπ,µ)ΛX

)
≤ 1

σmin
(
X>DµDmπ,µΛX

)
−
∥∥X>Dµ(Dν∗ −Dmπ,µ)ΛX

∥∥
≤ 1

σmin
(
X>DµDmπ,µΛX

)
− ‖X‖2‖Dµ‖‖Λ‖maxs |x(s)>ν∗ −mπ,µ(s)|

≤ 2

σmin
(
X>DµDmπ,µΛX

) .
Setting ε

.
= min {ε1, ε2} then completes the proof.

B.8 Proof of Theorem 4.5

Proof. The proof is a combination of the proof of Theorem 4.1 and the proof of

Lemma 5.1 up to change of notations and is thus omitted to avoid verbatim repetition.

B.9 Proof of Proposition 4.6

Proof. The proof is a simplified version of the proof of Proposition 4.4 and is thus

omitted to avoid verbatim repetition.

B.10 Proof of Lemma 5.1

Proof. Let τj
.
= (sj, aj, sj−1, aj−1, . . . s1, a1), Γj

.
= (St−j, At−j, . . . , St−1, At−1),

mt,n(s)
.
= E[F n

t |St = s] (B.12)

=
n∑
j=0

γjE [ρt−j:t−1it−j|St = s]

=
n∑
j=0

γj
∑

τj∈(S×A)j

Pr(Γj = τj|St = s)E[ρt−j:t−1it−j|Γj = τj, St = s]
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(Law of total expectation)

=
n∑
j=0

γj
∑

τj∈(S×A)j

Pr(Γj = τj, St = s)

Pr(St = s)
E[ρt−j:t−1it−j|Γj = τj, St = s]

(Bayes’ rule)

=
n∑
j=0

γj
∑

τj∈(S×A)j

Pr(Γj = τj, St = s)

Pr(St = s)
i(sj)ρ(sj, aj) · · · ρ(s1, a1)

=
n∑
j=0

γj
∑

τj∈(S×A)j

Pr(St−j = sj)Pπ(sj, sj−1) · · ·Pπ(s2, s1)Pπ(s1, s)

Pr(St = s)
i(sj)

=
n∑
j=0

γj
∑
sj

Pr(St−j = sj)P
j
π(sj, s)

Pr(St = s)
i(sj)

Assumption 2.8 implies

lim
t→∞

Pr(St = s) = dµ(s).

Consequently,

mπ,µ,n(s) = lim
t→∞

mt,n(s)

=
n∑
j=0

γj
∑
sj∈S

dµ(sj)P
j
π(sj, s)

dµ(s)
i(sj).

In a matrix form,

mπ,µ,n =
n∑
j=0

γjD−1
µ (P>π )jDµi,

lim
n→∞

mπ,µ, = D−1
µ (I − γP>π )−1Dµi.

B.11 Proof of Lemma 5.2

Proof.

mπ,µ,n −mπ,µ =
∞∑

j=n+1

γjD−1
µ (P>π )jDµi

= D−1
µ

( ∞∑
j=n+1

γj(P>π )j

)
Dµi

= D−1
µ γn+1(P>π )n+1(I − γP>π )−1Dµi

= γn+1D−1
µ (P>π )n+1Dµmπ,µ,
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implying

‖mπ,µ,n −mπ,µ‖1 ≤ γn+1
∥∥D−1

µ

∥∥
1
‖Dµ‖1‖mπ,µ‖1 (Using

∥∥P>π ∥∥1
= ‖Pπ‖∞ = 1)

= γn+1dµ,max
dµ,min

‖mπ,µ‖1,

‖fn − f‖∞ ≤ ‖Dµ‖∞‖mπ,µ,n −mπ,µ‖∞ ≤ dµ,max‖mπ,µ,n −mπ,µ‖1

≤ dµ,max‖mπ,µ,n −mπ,µ‖∞
= γn+1

d2
µ,max

dµ,min
‖mπ,µ‖1

B.12 Proof of Lemma 5.3

Proof. In this proof, we use fn and f as shorthand for fπ,µ,n and fπ,µ for easing

presentation. Let Dfn be a diagonal matrix whose diagonal entry is fn and Dfn−f be

a diagonal matrix whose diagonal entry is fn − f . We have

y>Dfn(γPπ − I)y = y>Dfn−f (γPπ − I)y + y>Df (γPπ − I)y

≤ ‖y‖2‖Dfn−f‖‖γPπ − I‖+ y>Df (γPπ − I)y

≤ ‖y‖2‖fn − f‖∞‖γPπ − I‖+ y>Df (γPπ − I)y

Similarly,

y>(γP>π − I)Dfny ≤ ‖y‖2‖fn − f‖∞
∥∥γP>π − I∥∥+ y>(γP>π − I)Dfy.

Combining the above two inequalities together, we get

1

2
y>
(
Dfn(γPπ − I) + (γP>π − I)Dfn

)
y

≤‖fn − f‖∞‖γPπ − I‖‖y‖
2 +

1

2
y>
(
Df (γPπ − I) + (γP>π − I)Df

)
y

(Invariance of `2 norm under transpose)

≤(‖fn − f‖∞‖γPπ − I‖ − λmin)‖y‖2

(Eigendecomposition of real symmetric matrices)

≤(γn+1
d2
µ,max

dµ,min
‖m‖1‖γPπ − I‖ − λmin)‖y‖2 (Lemma 5.2)
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As long as the condition (5.4) holds, the above inequality asserts that

Dfn(γPπ − I) + (γP>π − I)Dfn

is n.d., implying Dfn(γPπ − I) is n.d.. This together with Assumption 2.3 completes

the proof.

B.13 Proof of Theorem 5.4

Proof. In this proof, we use fn as shorthand for fπ,µ,n for easing presentation. Let

Yt
.
= (St−n, At−n, . . . , St, At, St+1) be a sequence of random variables generated by

Algorithm 4. Let yt
.
= (st−n, at−n, . . . , st, at, st+1) and define functions

A(yt)
.
=

(
n∑
j=0

γj

(
t−1∏
k=t−j

π(ak|sk)
µ(ak|sk)

)
i(st−j)

)
π(at|st)
µ(at|st)

x(st)
(
γx(st+1)> − x(st)

>) ,
b(yt)

.
=

(
n∑
j=0

γj

(
t−1∏
k=t−j

π(ak|sk)
µ(ak|sk)

)
i(st−j)

)
π(at|st)
µ(at|st)

x(st)r(st, at).

Here yt is just placeholder for defining A(·) and b(·). Then the update for {wt} in

Algorithm 4 can be expressed as

wt+1 = wt + αt (A(Yt)wt + b(Yt)) .

We now proceed to confirming its convergence via verifying Assumptions A.20 - A.23

thus invoking Theorem A.5.

Assumption A.20 is identical to Assumption 2.4. Assumption A.21 follows directly

from Assumption 2.8. And it is easy to see the invariant distribution of {Yt} is

dY(yt) = dµ(st−n)µ(at−n|st−n)p(st−n+1|st−n, at−n) · · · p(st+1|st, at). (B.13)

Moreover,

Ā
.
=EYt∼dY (·) [A(Yt)]

=EYt∼dY (·)
[
Ft,nρtxt(γx

>
t+1 − x>t )

]
=
∑
s,a,s′

dµ(s)µ(a|s)p(s′|s, a)E
[
Ft,nρtxt(γx

>
t+1 − x>t )

∣∣St = s, At = a, St+1 = s′]

(Law of total expectation)

=
∑
s,a,s′

dµ(s)π(a|s)p(s′|s, a)E [Ft,n|St = s]x(s)(γx(s′)> − x(s)>)
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(Conditional independence and Markov property)

=
∑
s,a,s′

dµ(s)π(a|s)p(s′|s, a)mπ,µ,n(s)x(s)(γx(s′)> − x(s)>) (Using (B.12) and (B.13))

=
∑
s,a,s′

fn(s)π(a|s)p(s′|s, a)x(s)(γx(s′)> − x(s)>) (Definition of fn)

=X>Dfn(γPπ − I)X.

In the above equation, we have abused the notation slightly to use Yt to denote

random variables sampled from dY . Similarly, it can be shown that

b̄
.
= EYt∼dY (·) [b(Yt)] = X>Dfnrπ.

Lemma 5.3 confirms that Ā is n.d., verifying Assumption A.22. Assumption A.23 is

obvious since |S|, |A|, n are all finite, which then completes the proof.

Note this procedure cannot be used to verify the convergence of the original

ETD(0), where we would need to consider Yt = (Ft, St, At). Since Ft involves in

R, Assumption A.23 cannot be verified.

B.14 Proof of Lemma 5.6

Proof. In this proof, we use f, fn,m,mn as shorthand for fπ,µ, fπ,µ,n,mπ,µ,mπ,µ,n for

easing presentation. Since i(s) > 0 holds for any s and Pπ is nonnegative, from

Lemma 5.1 it is easy to see for any n1 > n2,

mn1(s) > mn2(s)

always holds. Then by the definition of fn,

fn1(s) > fn2(s)

holds as well. In particular, for any n ≥ 1,

f(s) > fn(s) > f0(s) = dµ(s)i(s) > 0.
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For any v, we have

γ‖Pπv‖2
fn

= γ
∑
s

fn(s)

(∑
s′

Pπ(s, s′)v(s′)

)2

≤ γ
∑
s

fn(s)
∑
s′

Pπ(s, s′)v2(s′) (Jensen’s inequality)

= γ
∑
s′

v2(s′)
∑
s

fn(s)Pπ(s, s′)

= v>diag(γP>π fn)v

= v>diag
(
fn − (I − γP>π )fn

)
v

= v>diag
(
fn − (I − γP>π )f + (I − γP>π )(f − fn)

)
v

= ‖v‖2
fn
− v>diag

(
(I − γP>π )f

)
v + v>diag

(
(I − γP>π )(f − fn)

)
v

= ‖v‖2
fn
− ‖v‖2

f0
+ v>diag

(
(I − γP>π )(f − fn)

)
v

(Using (I − γP>π )f = (I − γP>π )(I − γP>π )−1Dµi = f0)

≤ ‖v‖2
fn
− ‖v‖2

f0
+
∥∥(I − γP>π )(f − fn)

∥∥
∞‖v‖

2

(Property of `2 norm of a diagonal matrix)

≤ ‖v‖2
fn
− ‖v‖2

f0
+
∥∥(I − γP>π )

∥∥
∞γ

n+1
d2
µ,max

dµ,min
‖m‖1‖v‖

2 (Lemma 5.2)

≤ ‖v‖2
fn
− ‖v‖2

f0
+ κmin

s
i(s)dµ(s)‖v‖2 (Using (5.5))

≤ ‖v‖2
fn
− ‖v‖2

f0
+ κ‖v‖2

fn
(Using min

s′
i(s′)dµ(s′) ≤ f0(s) < fn(s) )

= (1 + κ)‖v‖2
fn
− ‖v‖2

f0

= (1 + κ)‖v‖2
fn
−
∑
s

v(s)2dµ(s)i(s)

= (1 + κ)‖v‖2
fn
−
∑
s

v(s)2f(s)
dµ(s)i(s)

f(s)

≤ (1 + κ)‖v‖2
fn
− κ

∑
s

v(s)2f(s) (Definition of κ and f(s) > 0)

≤ (1 + κ)‖v‖2
fn
− κ

∑
s

v(s)2fn(s) (Using f(s) > fn(s))

= ‖v‖2
fn

Consequently,

‖Tπv1 − Tπv2‖2
fn

= γ2‖Pπ(v1 − v2)‖2
fn
≤ γ‖v1 − v2‖2

fn
,
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implying that Tπ is a
√
γ-contraction in ‖·‖fn . Since Πfn is nonexpansive in ‖·‖fn , it

is easy to see that ΠfnTπ is a
√
γ contraction in ‖·‖fn as well.

For the fixed point w∗,n, we have

Anw∗,n = bn (B.14)

⇐⇒ X>Dfn(γPπ − I)Xw∗,n = X>Dfnrπ

⇐⇒ X>Dfn(rπ + γPπXw∗,n) = X>DfnXw∗,n

⇐⇒ X(X>DfnX)−1X>Dfn(rπ + γPπXw∗,n) = X(X>DfnX)−1X>DfnXw∗,n

⇐⇒ ΠfnTπ(Xw∗,n) = Xw∗,n.

Then,

‖Xw∗,n − vπ‖2
fn

= ‖Xw∗,n − Πfnvπ‖2
fn

+ ‖Πfnvπ − vπ‖2
fn

(Pythagorean theorem)

= ‖ΠfnTπ(Xw∗,n)− ΠfnTπvπ‖2
fn

+ ‖Πfnvπ − vπ‖2
fn

≤ γ‖Xw∗,n − vπ‖2
fn

+ ‖Πfnvπ − vπ‖2
fn
.

Rearranging terms completes the proof.

B.15 Proof of Lemma 6.1

Proof. Obviously, for any γ ∈ [0, 1], τγ is a solution. For γ < 1, τγ is the unique

solution to (6.1) because I − γP>π is nonsingular. We now proceed to showing the

uniqueness of τγ when γ = 1.

Let τ be a solution to (6.1) and (6.3), i.e., Dµτ = P>π Dµτ . This means that Dµτ is

a left eigenvector of Pπ associated with the Perron-Frobenius eigenvalue 1. Note dπ,γ is

also a left eigenvector of Pπ associated with the eigenvalue 1. According to the Perron-

Frobenius theorem for nonnegative irreducible matrices (Horn and Johnson, 2012),

the left eigenspace of the Perron-Frobenius eigenvalue is 1-dimensional. Consequently,

there exists a scalar α such that Dµτ = αdπ,γ. We then have

α = α1>dπ,γ = 1>Dµτ = d>µ τ = 1,

implying Dµτ = dγ, i.e., τ = τγ, which completes the proof.
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B.16 Proof of Theorem 6.3

Proof. Let

dk
.
=

κkwk
ηk

.
We can then rewrite the GradientDICE updates in Algorithm 6 as

dk+1
.
= dk + αt(Gk+1dk + gk+1)

where

Gk+1
.
=

 −x>k xk −(xk − γx′k)x>k 0
xk(x

>
k − γx′>k ) −ξI −λxk

0 λx>k −λ

 ,
gk+1

.
=

(1− γ)x0,k

0
−λ

 .
We now proceed via invoking Corollary A.4. It can be computed that

G
.
= E[Gk] =

−C A> 0
−A −ξI −λX>dµ
0 λd>µX −λ

 ,
g
.
= E[gk] =

(1− γ)X>dp0π

0
−λ

 .
Assumption A.17 immediately holds because we consider finite MDPs. It remains to

verify Assumption A.19.

We first show that the real part of any nonzero eigenvalue of G is strictly negative.

Let ζ ∈ C, ζ 6= 0 be a nonzero eigenvalue of G with normalized eigenvector x, i.e.,

xHx = 1,

where xH is the complex conjugate of x. Hence xHGx = ζ, x 6= 0. Let

x
.
=

x1

x2

x3

,
where x1 ∈ CK , x2 ∈ CK , x3 ∈ C. It is easy to verify

ζ = −xH1 Cx1 − xH2 Ax1 + xH1 A
>x2 − ξxH2 x2 + λxH3 d

>
µXx2 − λxH2 X>dµx3 − λxH3 x3.
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As A is real, A> = AH . Consequently, (xH2 Ax1)H = xH1 A
>x2, yielding

Re(xH2 Ax1 − xH1 A>x2) = 0,

where Re(·) denotes the real part. Similarly, we can show

Re(λxH3 d
>
µXx2 − λxH2 X>dµx3) = 0.

Consequently, we have

Re(ζ) = Re(xHGx) = −xH1 Cx1 − ξxH2 x2 − λxH3 x3.

According to Assumption 2.3, xH1 Cx1 ≥ 0, where the equality holds i.f.f. x1 = 0.

When γ < 1, we have ξ = 0. Then ζ 6= 0 implies at least one of {x1, x3} is nonzero.

Consequently, we have Re(ζ) < 0. When γ = 1, we have ξ > 0. Then ζ 6= 0 implies

at least one of {x1, x2, x3} is nonzero. Consequently, we have Re(ζ) < 0.

We then show 0 is not an eigenvalue of G, which completes the proof. It suffices

to show det(G) 6= 0. Applying Lemma C.6 to G yields

det(G) =− λ det

([
−C A>

−A −ξI

]
+ λ−1

[
0 0
0 −λ2X>dµd>µX

])
=(−1)2K+1λ det

([
C −A>
A ξI + λX>dµd>µX

])
=(−1)2K+1λ det(C) det

(
ξI + λX>dµd

>
µX + AC−1A>

)
.

Note λX>dµd>µX is always positive semidefinite. Assumption 6.1 ensures at least one

of {ξI, A>C−1A} is strictly positive definite, which ensures det(G) 6= 0 and completes

the proof.

B.17 Proof of Proposition 6.4

Proof. According to the Perron-Frobenius theorem (cf. the proof of Theorem 6.2), it

suffices to show

L1

(
lim
ξ→0

w∞,ξ

)
= L2

(
lim
ξ→0

w∞,ξ

)
= 0,

L1(w∞,ξ)
.
= d>µXw∞,ξ − 1,

L2(w∞,ξ)
.
=
∥∥DµXw∞,ξ − P>π XDµw∞,ξ

∥∥2

XC−1X>
,
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as w∗ is the only w satisfying L1(w) = L2(w) = 0. With the eigendecomposition of

A>C−1A, we can compute Ξ explicitly. Simple algebraic manipulation then yields

L1(w∞,ξ) =
λu>Λξu

1+λu>Λξu
− 1,

L2(w∞,ξ) =
λ2u>Λξu

(1+λu>Λξu)2 +
λ2ξu>Λ2

ξu

(1+λu>Λξu)2 ,

where Λξ
.
= diag([ 1

ξ+λ1
, . . . , 1

ξ+λr
, 1
ξ
, · · · , 1

ξ
]). The desired limits then follow from the

L’Hopital’s rule.

B.18 Proof of Theorem 7.1

Proof. The proof is similar to the proof of Theorem 3.3 in Section B.3. We, therefore,

highlight only the difference to avoid verbatim repetition. Define

θ
.
=

[
θr

θw

]
, u

.
=

[
r̂
w

]
,

hθ(s, a, s
′)
.
=

[
r(s, a)

x(s, a)r(s, a)

]
+

[
0

∑
a′ π(a′|s′)x(s′, a′)> − x(s, a)>

−x(s, a) x(s, a)
∑

a′ π(a′|s′)x(s′, a′)>

]
ΓB1(θ),

Gθ(s, a, s
′)
.
=

[
1 0
0 x(s, a)x(s, a)> + ηI

]
.

We can then rewrite the update of r̂ and w in Algorithm 7 as

ut+1 = ut + αt(hθt(Yt)−Gθt(Yt)ut).

Similarly, we define

h̄(θ)
.
= E(s,a,s′)∼dY (·)[hθ(s, a, s

′)] = h̄1 + H̄2ΓB1(θ),

h̄1
.
=

[
d>µ r

X>Dµr

]
, H̄2

.
=

[
0 d>µ (Pπ − I)X

−X>dµ X>DµPπX

]
Ḡ(θ)

.
= E(s,a,s′)∼dY (·)[Gθ(s, a, s

′)] =

[
1 0
0 X>DµX + ηI

]
,

u∗(θ)
.
= Ḡ(θ)−1h̄(θ).

We proceed to verifying Assumptions 3.1, 3.2, and 3.3 to invoke Theorem 3.1.

Assumption 3.1 can be verified with Corollary A.2 in the same way as the proof

of Theorem 3.3 in Section B.3.

209



For Assumption 3.3 to hold, note∥∥Ḡ(θ)−1
∥∥ = max

{
1,
∥∥(X>DµX + ηI)−1

∥∥} ≤ max

{
1,

1

η

}
∥∥H̄2

∥∥2
= max
‖u‖=1

∥∥H̄2u
∥∥2

= max
‖u‖=1

∥∥∥∥[ d>µ (Pπ − I)Xw
−X>dµr̂ +X>DµPπXw

]∥∥∥∥2

= max
‖u‖=1

∥∥d>µ (Pπ − I)Xw
∥∥2

+
∥∥−X>dµr̂ +X>DµPπXw

∥∥2

≤ max
‖u‖=1

∥∥d>µ (Pπ − I)X
∥∥2‖w‖2 + 2

∥∥X>dµ∥∥2‖r̂‖2 + 2
∥∥X>DµPπX

∥∥2‖w‖2

≤ max
{∥∥d>µ (Pπ − I)X

∥∥2
+ 2
∥∥X>DµPπX

∥∥2
, 2
∥∥X>dµ∥∥2

}
=⇒

∥∥H̄2

∥∥ ≤ ‖X‖max
{∥∥d>µ (Pπ − I)

∥∥+
√

2‖DµPπ‖,
√

2‖dµ‖
}
.

The above bounds together with Lemmas C.1 and C.2 suggests that

‖u∗(θ1)− u∗(θ2)‖

≤max

{
1,

1

η

}
‖X‖max

{∥∥d>µ (Pπ − I)
∥∥+
√

2‖DµPπ‖,
√

2‖dµ‖
}
‖θ1 − θ2‖.

Take any ξ ∈ (0, 1), assume

‖X‖ ≤ 1− ξ
max

{
1, 1

η

}
max

{∥∥d>µ (Pπ − I)
∥∥+
√

2‖DµPπ‖,
√

2‖dµ‖
} , (B.15)

we then have

‖u∗(θ1)− u∗(θ2)‖ ≤ (1− ξ)‖θ1 − θ2‖.

Assumption 3.3, therefore, holds.

We now select proper RB1 and RB2 to fulfill Assumption 3.2. Using (B.15), it is

easy to see

‖u∗(θ)‖ ≤ max

{
1,

1

η

}∥∥h̄1

∥∥+ (1− ξ)RB1 .

For sufficiently large RB1 , e.g.,

RB1 ≥ max

{
1,

1

η

}∥∥h̄1

∥∥
ξ

+ 1, (B.16)

we have supθ ‖u∗(θ)‖ ≤ RB1−ξ. Selecting RB2 ∈ (RB1−ξ, RB1) then fulfills Assump-

tion 3.2.

Invoking Theorem 3.1 then implies that there exists a unique θ∞ such that

u∗(θ∞) = θ∞ and lim
t→∞

θt = lim
t→∞

ut = θ∞.
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Next we show what θ∞ is. We define

f(θ)
.
= Ḡ(θ)−1(h̄1 + H̄2θ).

Note this is just u∗(θ) without the projection. Under (B.15), it is easy to show f is

a contraction. The Banach fixed-point theorem then asserts that f adopts a unique

fixed point, which we refer to as u∗η. Using (B.15) again, we get

∥∥u∗η∥∥ =
∥∥f(u∗η)

∥∥ ≤ max

{
1,

1

η

}∥∥h̄1

∥∥+ (1− ξ)
∥∥u∗η∥∥

=⇒
∥∥u∗η∥∥ ≤ max

{
1,

1

η

}∥∥h̄1

∥∥
ξ

.

Then for sufficiently large RB1 , e.g.,

RB1 ≥ max

{
1,

1

η

}∥∥h̄1

∥∥
ξ

, (B.17)

we have u∗η = ΓB1(u∗η), implying u∗η is a fixed point of u∗(·) as well. As u∗(·) is a

contraction, we have θ∞ = u∗η. Writing u∗η as

[
r̂∗η
w∗η

]
and expanding f(u∗η) = u∗η yields

r̂∗η = d>µ (r + PπXw
∗
η −Xw∗η),

(X>DµX + ηI)w∗η = X>Dµr −X>dµr̂∗η +X>DµPπXw
∗
η.

Rearranging terms yields (Ā − ηI)w∗η + b̄ = 0, i.e., w∗η is the unique (due to the

contraction of f) solution of (Ā− ηI)w + b̄ = 0.

We now bound
∥∥Xw∗η − q̄cπ∥∥. Recall the regularized projection defined in (B.9).

We have∥∥Xw∗η − q̄cπ∥∥
≤
∥∥∥Xw∗η − Πη

dµ
q̄cπ

∥∥∥+
∥∥∥Πη

dµ
q̄cπ − q̄cπ

∥∥∥
=
∥∥∥X(X>DµX + ηI)−1(X>Dµr −X>dµr̂∗η +X>DµPπXw

∗
η)− Πη

dµ
q̄cπ

∥∥∥
+
∥∥∥Πη

dµ
q̄cπ − q̄cπ

∥∥∥
=
∥∥∥Πη

dµ
(r + PπXw

∗
η)− Πη

dµ
(r + Pπ q̄

c
π)
∥∥∥+

∥∥∥Πη
dµ
q̄cπ − q̄cπ

∥∥∥ (Using X>dµ = 0)

=
∥∥∥Πη

dµ
Pπ(Xw∗η − q̄cπ)

∥∥∥+
∥∥∥Πη

dµ
q̄cπ − q̄cπ

∥∥∥
≤
∥∥X(X>DµX + ηI)−1X>DµPπ

∥∥∥∥Xw∗η − q̄cπ∥∥+
∥∥∥Πη

dµ
q̄cπ − q̄cπ

∥∥∥
≤1

η
‖X‖2‖DµPπ‖

∥∥Xw∗η − q̄cπ∥∥+
∥∥∥Πη

dµ
q̄cπ − q̄cπ

∥∥∥.
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Assuming

‖X‖2 ≤ (1− ξ)η
‖DµPπ‖

, (B.18)

we have∥∥Xw∗η − q̄cπ∥∥ ≤1

ξ

∥∥∥Πη
dµ
q̄cπ − q̄cπ

∥∥∥
≤1

ξ

(
σmax(X)2

σmin(X)4σmin(Dµ)2.5
‖q̄cπ‖η +

∥∥Πdµ q̄
c
π − q̄cπ

∥∥) (cf. (B.10)) .

It is then easy to see

|r̂∗η − r̂π|
≤
∥∥d>µ (Pπ − I)(Xw∗η − q̄cπ)

∥∥
≤1

ξ

∥∥d>µ (Pπ − I)
∥∥( σmax(X)2

σmin(X)4σmin(Dµ)2.5
‖q̄cπ‖η +

∥∥Πdµ q̄
c
π − q̄cπ

∥∥).
Taking infimum for c ∈ R then yields the desired results.

Combining (B.15), (B.16), (B.17), and (B.18), the desired constants are

C0
.
= min

 1− ξ
max

{
1, 1

η

}
max

{∥∥d>µ (Pπ − I)
∥∥+
√

2‖DµPπ‖,
√

2‖dµ‖
} ,
√

(1− ξ)η
‖DµPπ‖

,

C1
.
= max

{
1,

1

η

}∥∥h̄1

∥∥
ξ

+ 1,

which completes the proof.

B.19 Proof of Theorem 8.1

Proof. With

κk
.
=

[
νk
wk

]
,

we rewrite the updates to {wk}, {νk} in Algorithm 8 as

κk+1 = κk + αk(Gkκk + hk),

where

Gk
.
=

[ −xk,1x>k,1 xk,1(x′>k,1 − x>k,1)− xk,1(x′>k,2 − x>k,2)
−(xk,1 − x′k,1)x>k,1 + (xk,2 − x′k,2)x>k,1 −ηI

]
,

hk
.
=

[
rk,1xk,1 − rk,2xk,1

0

]
.
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The asymptotic behavior of {κk} is governed by

Ḡ
.
= E[Gk] =

[
−C Ā
−Ā> −ηI

]
h̄
.
= E[hk] =

[
b̄
0

]
.

We now proceed by invoking Corollary A.4. Assumption A.14 is satisfied by our

requirement on {αk}. Assumption A.16 holds immediately because in our setting we

have εk ≡ 0. Assumption A.18 holds immediately because we consider a finite MDP.

To verify Assumption A.19, we first show det
(
Ḡ
)
6= 0. Using the rule of block matrix

determinant, we have

det
(
Ḡ
)

= det(C) det
(
ηI + Ā>C−1Ā

)
.

Assumption 2.3 ensures that C is positive definite and Ā>C−1Ā is positive semidef-

inite, implying ηI + Ā>C−1Ā is positive definite. Consequently det
(
Ḡ
)
6= 0. Let

λ ∈ C be an eigenvalue of Ḡ. det
(
Ḡ
)
6= 0 implies λ 6= 0. Let z 6= 0 ∈ CK be the

corresponding normalized eigenvector of λ, i.e., zHz = 1, where zH is the conjugate

transpose of z. Let z =

[
z1

z2

]
, we have

λ = zHḠz = −zH1 Cz1 − zH2 Ā>z1 + zH1 Āz2 − ηzH2 Iz2.

As (zH2 Ā
>z1)H = zH1 Āz2, we have Re(−zH2 Ā>z1 + zH1 Āz2) = 0, where Re(·) denotes

the real part. So

Re(λ) = −zH1 Cz1 − ηzH2 Iz2 ≤ 0.

Because λ 6= 0, we have Re(λ) < 0. Assumption A.19 then holds. Invoking Corol-

lary A.4 yields

lim
k→∞

κk = −Ḡ−1h̄ a.s. .

It can be easily seen when Ā is invertible, even if η = 0, det
(
Ḡ
)
6= 0 still holds.

Consequently, the convergence of {κk} remains. Let w∗η be the lower half of −Ḡ−1h̄,

we have by matrix multiplication that

w∗η
.
= −(ηI + Ā>C−1Ā)−1Ā>C−1b̄.

From (8.2), we can rewrite L(w) as

L(w) =
∥∥Āw + b̄

∥∥2

C−1 + η‖w‖2.
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It is easy to verify (e.g., using the first order optimality condition of L(w)) that w∗η
is the unique minimizer of L(w).

We can also rewrite the update to {r̂k} in Algorithm 8 as

r̂k+1
.
= r̂k + βk

(1

2

2∑
i=1

(rk,i + x′>k,iw
∗
η − x>k,iw∗η)− r̂k + o(1)

)
.

Similar to the convergence proof of {κk}, we can obtain

lim
k→∞

r̂k = d>µ (r + PπXw
∗
η −Xw∗η).

Assumption 8.1 implies there exists w such that,

Āw + b̄ = 0,

or equivalently,

C−
1
2 Āw + C−

1
2 b̄ = 0

has unique or infinite manly solutions. From standard results of system of linear

equations, this is equivalent to

C−
1
2 Ā(C−

1
2 Ā)†C−

1
2 b̄ = C−

1
2 b̄,

where (·)† denotes the Moore-Penrose pseudoinverse, which always exists for any

matrix. By the property of the Moore-Penrose pseudoinverse, it is easy to see

w∗0
.
= lim

η→0
w∗η = −(C−

1
2 Ā)†C−

1
2 b̄.

Consequently, we have

C−
1
2 (Āw∗0 + b̄) = −C− 1

2 Ā(C−
1
2 Ā)†C−

1
2 b̄+ C−

1
2 b̄ = 0,

implying

Āw∗0 + b̄ = 0.

Applying SVD to C−
1
2 Ā and using σ to denote its minimum nonzero singular

value, it is easy to see ∥∥w∗η − w∗0∥∥ ≤ η

σ3

∥∥∥C− 1
2 b̄
∥∥∥, (B.19)

which completes the proof.
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B.20 Proof of Proposition 8.2

Proof. Plugging w∗, r̂∗ into (7.2) and (7.3) yields

r̂∗ − d>µ (r + PπXw
∗ −Xw∗) = 0,

X>D(r − r̂∗1 + PπXw
∗ −Xw∗) = 0.

So we have ∥∥X>D(r − r̂∗1 + PπXw
∗ −Xw∗)

∥∥2

C−1 = 0,

implying ∥∥Πdµ(r − r̂∗1 + PπXw
∗ −Xw∗)

∥∥2

dµ
= 0.

Using the Schur complement, Assumption 8.2 implies (see Kolter (2011) for more

details) ∥∥ΠdµPπXw
∥∥
dµ
≤ ξ‖Xw‖dµ

holds for any w ∈ RK . We then have

‖Xw∗ − qcπ‖dµ
≤
∥∥Xw∗ − Πdµq

c
π

∥∥
dµ

+
∥∥Πdµq

c
π − qcπ

∥∥
dµ

=
∥∥Πdµ(r + PπXw

∗ − r̂∗1)− Πdµ(r + Pπq
c
π − rπ1)

∥∥
dµ

+
∥∥Πdµq

c
π − qcπ

∥∥
dµ

≤
∥∥ΠdµPπXw

∗ − ΠdµPπq
c
π

∥∥
dµ

+
∥∥Πdµ(r̂∗1− rπ1)

∥∥
dµ

+
∥∥Πdµq

c
π − qcπ

∥∥
dµ

=
∥∥ΠdµPπXw

∗ − ΠdµPπq
c
π

∥∥
dµ

+
∥∥X(X>DµX)−1(X>Dµ1)(r̂∗ − rπ)

∥∥
dµ

+
∥∥Πdµq

c
π − qcπ

∥∥
dµ

=
∥∥ΠdµPπXw

∗ − ΠdµPπq
c
π

∥∥
dµ

+
∥∥Πdµq

c
π − qcπ

∥∥
dµ

(Using X>dµ = 0)

≤
∥∥ΠdµPπXw

∗ − ΠdµPπΠdµq
c
π

∥∥
dµ

+
∥∥ΠdµPπΠdµq

c
π − ΠdµPπq

c
π

∥∥
dµ

+
∥∥Πdµq

c
π − qcπ

∥∥
dµ

≤ξ
∥∥Xw∗ − Πdµq

c
π

∥∥
dµ

+ ‖Pπ‖dµ
∥∥Πdµq

c
π − qcπ

∥∥
dµ

+
∥∥Πdµq

c
π − qcπ

∥∥
dµ

=ξ‖Xw∗ − qcπ‖dµ + (‖Pπ‖dµ + 1)
∥∥Πdµq

c
π − qcπ

∥∥
dµ
.

From the above derivation we have

‖Xw∗ − qcπ‖dµ ≤
‖Pπ‖dµ + 1

1− ξ
∥∥Πdµq

c
π − qcπ

∥∥
dµ
.

Taking the infimum then yields the desired bound:

inf
c∈R
‖Xw∗ − qcπ‖dµ ≤ inf

c∈R

‖Pπ‖dµ + 1

1− ξ
∥∥Πdµq

c
π − qcπ

∥∥
dµ
.
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For the average reward, we have, for all c ∈ R,

|rπ − r̂∗| =
∣∣d>µ (Pπ − I)(Xw∗ − qcπ)

∣∣
=
∣∣∣d>µ (Pπ − I)D

− 1
2

µ D
1
2
µ (Xw∗ − qcπ)

∣∣∣
≤
∥∥d>µ (Pπ − I)

∥∥
D−1
µ
‖Xw∗ − qcπ‖dµ ,

where the inequality is due to the Cauchy-Schwarz inequality. This completes the

proof.

B.21 Proof of Theorem 9.1

Proof. The proof is similar to the proof of Theorem 3.3 in Section B.3 but is more

involving. Consider the stochastic process Yt
.
= (St, At, St+1) involving in the space

Y .
= {(s, a, s′) | s ∈ S, a ∈ A, s′ ∈ S, p(s′|s, a) > 0}.

We define

hθ(s, a, s
′)
.
=
(
r(s, a) + γmax

a′
x(s′, a′)>θ̄

)
x(s, a),

Gθ(s, a, s
′)
.
= x(s, a)x(s, a)> + ηI,

where θ̄
.
= ΓB1(θ) is shorthand. As θt ∈ B1 holds for all t, we can rewrite the update

of wt in Algorithm 9 as

wt+1 = wt + αt(hθt(Yt)−Gθt(Yt)wt).

The expected update given θ is then controlled by

h̄(θ)
.
= E(s,a)∼dµθ (·),s′∼p(·|s,a)[hθ(s, a, s

′)]

= X>Dµθr + γX>DµθPπθ̄Xθ̄,

Ḡ(θ)
.
= E(s,a)∼dµθ (·),s′∼p(·|s,a)[Gθ(s, a, s

′)]

= X>DµθX + ηI,

where Assumption 9.1 ensures the existence of dµθ and πθ is the target policy, i.e. a

greedy policy with random tie breaking defined as follows. LetAmax
s,θ

.
= arg maxa x(s, a)>θ

be the set of maximizing actions for state s, we define

πθ(a|s) .
=

{
1

|Amax
s,θ |

, a ∈ Amax
s,θ

0, otherwise
.
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Similar to the proof in Section B.3, we define

w∗(θ)
.
= Ḡ(θ)−1h̄(θ) = (X>DµθX + ηI)−1X>Dµθ(r + γPπθ̄Xθ̄) (B.20)

and proceed to verifying Assumptions 3.1 - 3.3 to invoke Theorem 3.1.

For Assumption 3.1, we resort to Corollary A.2. Assumption A.1 follows immedi-

ately from the update rule of Algorithm 9. Assumption A.2 is identical to Assump-

tion 2.4. Assumption A.3 holds thanks to Lemma 3.2 and Assumption 2.6. Thanks

to Assumption 2.3, we have ∀w, θ,

w>Ḡ(θ)w ≥ w>X>DµθXw + η‖w‖2 ≥ η‖w‖2.

Assumption A.9 is then verified. Assumption A.10 follows immediately from As-

sumption 2.8. Assumption A.11 holds thanks to the projection in the definition of

h̄. Assumption A.12 holds thanks to Assumption 9.2. Invoking Corollary A.2 then

verifies Assumption 3.1.

For Assumption 3.3, Lemma C.7 shows that w∗(θ) is Lipschitz continuous in θ

with

Cw
.
=η−1‖X‖‖r‖LD + η−2‖X‖3‖r‖LD + γη−1L0‖X‖2

+ γUP‖X‖RB1(η−1‖X‖LD + η−2‖X‖3LD)

being a Lipschitz constant. Here LD, L0, and UP are positive constants detailed in

the proof of Lemma C.7. Assuming

‖X‖ ≤ 1 and γUP‖X‖RB1 ≤ 1, (B.21)

we have

Cw ≤ η−2‖X‖(η‖r‖LD + ‖r‖LD + γηL0 + ηLD + LD).

Take any ξ ∈ (0, 1), assuming

‖X‖ ≤ (1− ξ)η2(η‖r‖LD + ‖r‖LD + γηL0 + ηLD + LD)−1, (B.22)

it then follows that Cw ≤ 1− ξ. Assumptions 3.3, therefore, holds.

We now select properRB1 andRB2 to fulfill Assumption 3.2. Similar to Lemma C.7

(see, e.g., the last three rows of Table C.1 in the proof of Lemma C.7), we can easily

get

‖w∗(θ)‖ ≤ η−1‖X‖‖r‖+ γη−1‖X‖UP‖X‖RB1 .
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Using (B.21) yields

‖w∗(θ)‖ ≤ η−1‖X‖(‖r‖+ 1).

For sufficiently large RB1 , e.g.,

RB1 > η−1‖X‖(‖r‖+ 1) + ξ, (B.23)

we have supθ ‖w∗(θ)‖ < RB1 − ξ. Taking RB2 ∈ (RB1 − ξ, RB1) then fulfills Assump-

tion 3.2.

Invoking Theorem 3.1, we then get that there exists a unique θ∞ such that

w∗(θ∞) = θ∞ and lim
t→∞

θt = lim
t→∞

wt = θ∞.

We now show what θ∞ is. We define

f(θ)
.
= (X>DµθX + ηI)−1X>Dµθ(r + γPπθXθ)

and consider a ball B0
.
=
{
θ ∈ RK | ‖θ‖ ≤ RB0

}
with RB0 to be tuned (for the

Brouwer fixed-point theorem). We have

‖f(θ)‖ ≤ η−1‖X‖‖r‖+ γη−1‖X‖2UP‖θ‖

Assuming

γη−1‖X‖2UP < 1− ξ, (B.24)

we have

‖f(θ)‖ ≤ η−1‖X‖‖r‖+ (1− ξ)‖θ‖
= RB0 − (RB0 − (1− ξ)‖θ‖ − η−1‖X‖‖r‖).

Then for sufficiently large RB0 , e.g.,

RB0 ≥
‖X‖‖r‖
ηξ

,

we have

θ ∈ B0 =⇒ f(θ) ∈ B0.

The Brouwer fixed-point theorem then asserts that there exists a w∗η ∈ B0 such that

f(w∗η) = w∗η. For sufficiently large RB1 , e.g.,

RB1 > RB0 , (B.25)
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we have ΓB1(w∗η) = w∗η, i.e., w∗η is also a fixed point of w∗(·). The contraction of w∗(·)
then implies θ∞ = w∗η. Rewriting f(w∗η) = w∗η yields

Aπw∗η ,µw∗ηw
∗
η − ηw∗η + bµw∗η = 0.

In other words, w∗η is the unique solution of (Aπw,µw−ηI)w+bµw = 0 inside B1 (due to

the contraction of w∗(·)). Combining (B.21) (B.22) (B.24) (B.23) (B.25), the desired

constant is

C0
.
= min{1, 1

γUPRB1

,
η(RB1 − ξ)
‖r‖+ 1

,

√
η(1− ξ)
γUP

,
RB1ηξ

‖r‖ ,

(1− ξ)η2

η‖r‖LD + ‖r‖LD + γηL0 + ηLD + LD
},

which completes the proof. As RB1 is usually large, in general C0 is O(R−1
B1

). Though

C0 is potentially small, we can use small η as well. So a small C0 (i.e., ‖X‖) does not

necessarily implies a large regularization bias.

B.22 Proof of Theorem 9.2

Proof. Let

κt
.
=

[
ut
wt

]
.

Algorithms 10 implies that

κt+1 = κt + αt(hθt(Yt)−Gθt(Yt)κt),

where

Gθ(s, a, s
′)

.
=

[
x(s, a)x(s, a)> −x(s, a)(γ

∑
a′ πθ(a

′|s′)x(s, a)− x(s, a))>

(γ
∑

a′ πθ(a
′|s′)x(s, a)− x(s, a))x(s, a)> ηI

]
,

hθ(s, a, s
′)
.
=

[
x(s, a)r(s, a)

0

]
.

We define

Ḡ(θ)
.
= E(s,a)∼dµθ (·),s′∼p(·|s,a)[Gθ(s, a, s

′)] =

[
Cµθ −Aπθ,µθ
A>πθ,µθ ηI

]
,

h̄(θ)
.
= E(s,a)∼dµθ (·),s′∼p(·|s,a)[hθ(s, a, s

′)] =

[
X>Dµθr

0

]
,

w∗(θ)
.
= [Ḡ(θ)−1h̄(θ)]K+1:2K (B.26)

= −(ηI + A>πθ,µθC
−1
µθ
Aπθ,µθ)

−1A>πθ,µθC
−1
µθ
X>Dµθr,
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where [·]K+1:2K is the subvector indexed from K + 1 to 2K.

We proceed to verifying Assumptions 3.1, 3.2, and 3.3 thus invoke Theorem 3.1.

Assumption 3.1 can be verified via Corollary A.2 similarly to the proof in Sec-

tion B.21. In particular, for Assumption A.9, consider

κ
.
=

[
u
w

]
,

we have

κ>Ḡ(θ)κ =u>Cµθu+ η‖w‖2

≥λmin(Cµθ)‖u‖2 + η‖w‖2

≥min
{

inf
θ
λmin(Cµθ), η

}
‖κ‖2.

Here λmin(·) denotes the minimum eigenvalue. Assumption 9.1, together with the

extreme value theorem, the continuity of eigenvalues, and Lemma C.3, ensures that

infθ λmin(Cµθ) is always strictly positive.

Lemma C.8 shows that if ‖X‖ ≤ 1, then there exist a constant Lw > 0, which

depends on X through only X
‖X‖ , such that

‖w∗(θ1)− w∗(θ2)‖ ≤ Lw‖X‖‖θ1 − θ2‖.

As w∗(·) is independent of RB1 , so does Lw. So as long as

‖X‖ ≤ C0
.
= min

{
1,

1− ξ
Lw

}
, (B.27)

w∗(·) is contractive and Assumption 3.3 is satisfied. Since Lw depends on X only

through X
‖X‖ , there are indeed X satisfying (B.27). For example, if some X ′ does

not satisfy (B.27), we can simply scale X ′ down by some scalar. In the proof of

Lemma C.8, we show supθ
∥∥C−1

µθ

∥∥ < ∞. It is then easy to see supθ ‖w∗(θ)‖ < ∞.

Consequently, we can choose sufficiently large RB1 and RB2 such that Assumption 3.2

holds.

Invoking Theorem 3.1 then yields that there exists a unique w∗η such that

w∗(w∗η) = w∗η and lim
t→∞

θt = lim
t→∞

wt = w∗η.

Expanding w∗(w∗η) = w∗η yields

w∗η = −(A>πw∗η ,µw∗η
C−1
µw∗η

Aπw∗η ,µw∗η + ηI)−1A>πw∗η ,µw∗η
C−1
µw∗η

bµw∗η ,

which completes the proof.
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B.23 Proof of Theorem 9.3

Proof. The proof is combination of the proofs of Theorem 7.1 and Theorem 9.1. To

avoid verbatim repetition, in this proof, we show only the existence of the constants

C0 and C1 without showing the exact expressions. We define

θ
.
=

[
θr

θw

]
, u

.
=

[
r̂
w

]
,

[
θ̄r

θ̄w

]
.
= ΓB1

([
θr

θw

])
,

hθ(s, a, s
′)
.
=

[
r(s, a)

x(s, a)r(s, a)

]
+

[
0

∑
a′ πθ̄w(a′|s′)x(s′, a′)>θ̄w − x(s, a)>θ̄w

−x(s, a)θ̄r x(s, a)
∑

a′ πθ̄w(a′|s′)x(s′, a′)>θ̄w

]
,

Gθ(s, a, s
′)
.
=

[
1 0>

0 x(s, a)x(s, a)> + ηI

]
.

We can then rewrite the update of r̂ and w in Algorithm 11 as

ut+1 = ut + αt(hθt(Yt)−Gθt(Yt)ut).

In the rest of this proof, we write µθ and πθ as shorthand for µθw and πθw . We define

h̄(θ)
.
= E(s,a)∼dµθ (·),s′∼p(·|s,a)[hθ(s, a, s

′)] = h̄1(θ) + H̄2(θ),

h̄1(θ)
.
=

[
d>µθr

X>Dµθr

]
, H̄2(θ)

.
=

[
0 d>µθ(Pπθ̄w − I)Xθ̄w

−(X>dµθ)θ̄
r X>DµθPπθ̄wXθ̄

w

]
,

Ḡ(θ)
.
= E(s,a)∼dµθ (·),s′∼p(·|s,a)[Gθ(s, a, s

′)] =

[
1 0>

0 X>DµθX + ηI

]
,

u∗(θ)
.
= Ḡ(θ)−1h̄(θ). (B.28)

We proceed to verifying Assumptions 3.1, 3.2, and 3.3 to invoke Theorem 3.1.

Assumption 3.1 can be verified via Corollary A.2 similarly to the proof in Sec-

tion B.21.

For Assumption 3.3, Lemma C.9 suggests that assuming ‖X‖ ≤ 1, Lµ ≤ 1, then

Cu = max
{

1, η−1
}

(O(‖X‖) +O(Lµ)) + max
{

1, η−2
}
O(‖X‖)

is a Lipschitz constant of u∗(θ). Take any ξ ∈ (0, 1), it is easy to see there exists

positive constants C2 and C3 such that

‖X‖ ≤ C2, Lµ ≤ C3 =⇒ Cu ≤ 1− ξ. (B.29)

Assumption 3.3, therefore, holds.
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We now select proper RB1 and RB2 to fulfill Assumption 3.2. Using (B.29), it is

easy to see

‖u∗(θ)‖ ≤ C4 + (1− ξ)RB1

for some positive constant C4. For sufficiently large RB1 , e.g.,

RB1 ≥ max
C4

ξ
+ 1, (B.30)

we have supθ ‖u∗(θ)‖ ≤ RB1−ξ. Selecting RB2 ∈ (RB1−ξ, RB1) then fulfills Assump-

tion 3.2.

Invoking Theorem 3.1 then yields that there exists a unique θ∞ such that

u∗(θ∞) = θ∞ and lim
t→∞

θt = lim
t→∞

ut = θ∞.

We now show what θ∞ is. We define

f(θ)
.
= Ḡ(θ)−1(h̄1(θ) +

[
0 d>µθ(Pπθ − I)X

−X>dµθ X>DµθPπθX

]
θ).

Similar to the proof of Theorem 9.1 in Section B.21, we can use the Brouwer fixed

point theorem to find a u∗η ∈ ΓB1 such that f(u∗η) = u∗η if

RB1 ≥ C5 (B.31)

for some constant C5. Then it is easy to see u∗η is also the fixed point of u∗(·), implying

θ∞ = u∗η. Rearranging terms of u∗η = f(u∗η) then completes the proof. In particular,

the desired constants C0 and C1 can be deduced from (B.29), (B.30), and (B.31).

B.24 Proof of Lemma 11.1

Proof. If (11.1) holds, then Lemma 5.6 implies that for any u ∈ Λµ and π ∈ Λπ,

Πfπ,µ,nTπ is a
√
γ-contraction in ‖·‖fπ,µ,n . We use Xwπ,µ,n to denote its unique fixed

point. Lemma 5.3 ensures that X>Dfπ,µ,n(I − γPπ)X is p.d.. Similar to (B.14), it is

easy to verify that

wπ,µ,n = (X>Dfπ,µ,n(I − γPπ)X)−1X>Dfπ,µ,nrπ,

from which it is easy to see wπ,µ,n is continuous in µ and π since the invariant distri-

bution dµ is continuous in µ.
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Similar to De Farias and Van Roy (2000), we first define several helper functions.

For any policy µ ∈ Λµ, π ∈ ΛΠ, and η > 0, let

gµ,π(w)
.
= X>Dfπ,µ,n(TπXw −Xw)

= X>Dfπ,µ,nX(X>Dfπ,µ,nX)−1X>Dfπ,µ,n(TπXw −Xw)

= X>Dfπ,µ,n(Πfπ,µ,nTπXw −Xw),

g(w)
.
= X>Dfπw,µw,n(TπwXw −Xw)

= X>Dfπw,µw,n(Πfπw,µw,nTπwXw −Xw),

zηµ,π(w)
.
= w + ηgµ,π(w),

zη(w)
.
= w + ηg(w).

We have

zηµ,π(w) = w

⇐⇒ gµ,π(w) = 0

⇐⇒ X>Dfπ,µ,nTπXw = X>Dfπ,µ,nXw

⇐⇒ X(X>Dfπ,µ,nX)−1X>Dfπ,µ,nTπXw = X(X>Dfπ,µ,nX)−1X>Dfπ,µ,nXw

⇐⇒ Πfπ,µ,nTπXw = Xw,

i.e., Xw is a fixed point of Πfπ,µ,nTπ if and only if w is a fixed point of zηµ,π. With the

same procedure, we can also show

zη(w) = w ⇐⇒ Πfπw,µw,nTπw(Xw) = Xw.

This suggests that to study the fixed points of emphatic approximate value iteration

is to study the fixed points of zη with any η > 0. To this end, we first study zηµ,π with

the following lemma, which is analogous to Lemma 5.4 of De Farias and Van Roy

(2000).

Lemma B.1. There exists an η0 > 0 such that for all η ∈ (0, η0), there exists a

constant βη ∈ (0, 1) such that for all µ ∈ Λµ, π ∈ ΛΠ,∥∥zηµ,π(w)− wπ,µ,n
∥∥ ≤ βη‖w − wπ,µ,n‖.

Proof. By the contraction property of Πfπ,µ,nTπ,∥∥Πfπ,µ,nTπXw −Xwπ,µ,n
∥∥
fπ,µ,n

≤ √γ‖Xw −Xwπ,µ,n‖fπ,µ,n .
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Consequently,

(w − wπ,µ,n)>gµ,π(w)

=(Xw −Xwπ,µ,n)>Dfπ,µ,n(Πfπ,µ,nTπXw −Xw)

=(Xw −Xwπ,µ,n)>Dfπ,µ,n

(
Πfπ,µ,nTπXw −Xwπ,µ,n +Xwπ,µ,n −Xw

)
≤‖Xw −Xwπ,µ,n‖fπ,µ,n

∥∥Πfπ,µ,nTπXw −Xwπ,µ,n
∥∥
fπ,µ,n

− ‖Xw −Xwπ,µ,n‖2
fπ,µ,n

(Cauchy-Schwarz inequality)

≤(
√
γ − 1)‖Xw −Xwπ,µ,n‖2

fπ,µ,n
(Property of contraction)

=(
√
γ − 1)(w − wπ,µ,n)>(X>Dfπ,µ,nX)(w − wπ,µ,n).

Since X>Dfπ,µ,nX is symmetric and p.d., eigenvalues are continuous in the elements

of the matrix, Λµ and ΛΠ are compact, by the extreme value theorem, there exists

a constant C1 > 0 (the infimum over the smallest eigenvalues of all X>Dfπ,µ,nX),

independent of µ and π, such that for all y,

y>X>Dfπ,µ,nXy ≥ C1‖y‖2.

Consequently,

(w − wπ,µ,n)>gµ,π(w) ≤ (
√
γ − 1)C1‖w − wπ,µ,n‖2. (B.32)

Moreover, let xi be the i-th column X, we have

‖gµ,π(w)‖2 =
K∑
i=1

(
x>i Dfπ,µ,n(Πfπ,µ,nTπXw −Xw)

)2

≤
K∑
i=1

‖xi‖2
fπ,µ,n

∥∥Πfπ,µ,nTπXw −Xw
∥∥2

fπ,µ,n
(Cauchy-Schwarz inequality)

≤
K∑
i=1

‖xi‖2
fπ,µ,n

(∥∥Πfπ,µ,nTπXw −Xwπ,µ,n
∥∥
fπ,µ,n

+ ‖Xwπ,µ,n −Xw‖fπ,µ,n
)2

≤ (
√
γ + 1)2

K∑
i=1

‖xi‖2
fπ,µ,n
‖Xwπ,µ,n −Xw‖2

fπ,µ,n
(
√
γ-contraction)

≤ (
√
γ + 1)2

(
K∑
i=1

‖xi‖2
fπ,µ,n

)∥∥X>Dfπ,µ,nX
∥∥‖w − wπ,µ,n‖2.
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By the extreme value theorem,

sup
µ∈Λµ,π∈Λπ

(
K∑
i=1

‖xi‖2
fπ,µ,n

)∥∥X>Dfπ,µ,nX
∥∥ <∞.

Consequently, there exists a constant C2 > 0, independent of µ and π, such that

‖gµ,π(w)‖2 ≤ C2‖w − wπ,µ,n‖2. (B.33)

Combining (B.32) and (B.33) yields∥∥zηµ,π(w)− wπ,µ,n
∥∥2

= ‖w + ηgµ,π(w)− wπ,µ,n‖2

= ‖w − wπ,µ,n‖2 + 2η(w − wπ,µ,n)>gµ,π(w) + η2‖gµ,π(w)‖2

≤ (1− 2η(1−√γ)C1 + η2C2)‖w − wπ,µ,n‖2

Then for all η < η0
.
= 2C1(1−√γ)/C2, we have

βη
.
=
√

1− 2η(1−√γ)C1 + η2C2 < 1.

We are now ready to study zη with the previous lemma, analogously to Theorem

5.2 of De Farias and Van Roy (2000). Note W .
= {wπ,µ,n | µ ∈ Λµ, π ∈ ΛΠ} is a

compact set by the continuity of wπ,µ,n in µ and π. Let C3
.
= supw∈W ‖w‖ and take

some η in (0, η0), we have for any w

‖zη(w)‖ ≤ ‖zη(w)− wπw,µw,n‖+ ‖wπw,µw,n‖

(wπw,µw,n denotes the fixed point of Πfπ,µ,nTπ with µ being µw and π being πw.)

=
∥∥zηµw,πw(w)− wπw,µw,n

∥∥+ ‖wπw,µw,n‖
≤ βη‖w − wπw,µw,n‖+ C3

≤ βη‖w‖+ (1 + βη)C3.

Since βη < 1, we define

W2
.
=

{
w ∈ RK | ‖w‖ < 1 + βη

1− βη
C3

}
.

It is easy to verify that

w ∈ W2 =⇒ zη(w) ∈ W2.

The Brouwer fixed point theorem then asserts that zη(w) adopts at least one fixed

point in W2, which completes the proof.
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B.25 Proof of Lemma 11.3

Proof. Recall

Aw = X>Dfπw,µw,n(γPπw − I)X,

fπw,µw,n =
n∑
j=0

γj(P>πw)jDµwi.

According to Lemma C.3, the invariant distribution dµ is Lipschitz continuous w.r.t.

µ in Λµ under Assumption 11.2. Consequently, Assumption 11.3 implies that Dµw

is Lipschitz continuous in w. It is then easy to see from Lemma C.1 that fπw,µw,n is

Lipschitz continuous in w. The Lipschitz continuity of Aw then follows easily, so does

that of bw.

B.26 Proof of Theorem 11.4

Proof. Let yt
.
= (st−n, at−n, . . . , st, at, st+1). Define

δw(s, a, s′)
.
= r(s, a) + γ

∑
a′

πw(a′|s′)x(s′, a′)>w − x(s, a)>w,

H̄(w, yt)
.
=

(
n∑
j=0

γj

(
t∏

k=t−j+1

πw(ak|sk)
µw(ak|sk)

)
i(st−j, at−j)

)
δw(st, at, st+1)x(st, at).

Note here yt is just a placeholder for defining the function g.

Let Yt
.
= (St−n, At−n, . . . , St, At, St+1) be a sequence of random variables generated

by Algorithm 12. Then the update of w in Algorithm 12 can be expressed as

wt+1 = wt + αtH̄(wt, Yt).

We now prove Theorem 11.4 by verifying Assumptions A.30 - A.33 thus invoking

Corollary A.7. Assumption A.30 is identical to Assumption 2.4.

Assumption A.31 is verified by the sampling procedure At+1 ∼ µwt(·|St+1) in

Algorithm 12 and Assumption 11.2. Similar to the proof of Theorem 5.4, it is easy

to compute that the h(w) of Assumption A.31 in our setting is

h(w) = Aww + bw.

For Assumption A.32, the Lipschitz continuity of the transition function is fulfilled

by Assumption 11.3. By Assumption 11.2, there exists a constant C0 > 0 such that
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µw(a|s) ≥ C0 > 0 holds for any w, a, s. Then it is easy to see H̄(w, yt) is Lipschitz

continuous on any compact set Q ⊂ RK .

We now verify Assumption A.33. For any w∗ ∈ W∗, let

U(w)
.
=

1

2
‖w − w∗‖2.

Then Assumption A.33 (i) - (iii) trivially holds. To verify Assumption A.33 (iv), let

w̃
.
= w − w∗. We have〈

dU(w)

dw
, h(w)

〉
=〈w − w∗, h(w)− h(w∗)〉 (Using h(w∗) = 0)

=〈w − w∗, Aww + bw − Aww∗ + Aww∗ − Aw∗w∗ − bw∗〉
=w̃>Aww̃ + w̃>(Aw − Aw∗)w∗ + w̃>(bw − bw∗)
≤w̃>Aww̃ + ‖w̃‖2(C1Lµ + C2Lπ)R + ‖w̃‖2(C3Lµ + C4Lπ)

=
1

2
w̃(Aw + A>w)w̃ + ‖w̃‖2(C1Lµ + C2Lπ)R + ‖w̃‖2(C3Lµ + C4Lπ)

=− w̃ (M(w)− ((C1Lµ + C2Lπ)R + (C3Lµ + C4Lπ)) I) w̃

≤− λ′min‖w − w∗‖2,

where the last inequality results from the positive definiteness of the matrix

M(w)− ((C1Lµ + C2Lπ)R + (C3Lµ + C4Lπ)) I

under Assumption 11.4. Assumption A.33 (iv) then follows immediately.

With Assumptions A.30 - A.33 fulfilled, (11.3) follows immediately from Corollary

A.7. If there is a w′∗ ∈ W∗ and w′∗ 6= w∗, repeating the previous procedure yields

Pr
(

lim
t→∞

wt = w′∗ | w0 = w
)
≥ 1− CW

∞∑
t=0

α2
t .

Using small enough {αt} such that

1− CW
∞∑
t=0

α2
t > 0.5

yields

Pr
(

lim
t→∞

wt = w′∗ | w0 = w
)

+ Pr
(

lim
t→∞

wt = w∗ | w0 = w
)
> 1,

which is a contraction. Consequently, under the conditions of this theorem, W∗
contains only one element, which completes the proof.
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B.27 Proof of Theorem 11.5

Proof. Readers familiar with Zou et al. (2019) should find this proof straightforward.

We mainly follow the framework of Zou et al. (2019) except for some additional error

terms introduced by the truncated followon traces. We include the proof here mainly

for completeness. We, however, remark that it is the use of the truncated followon

trace and Lemma 11.2 that make this straightforwardness possible in our off-policy

setting.

Let yt
.
= (st−n, at−n, . . . , st, at, st+1). For a sequence of weight vectors (zt−n, . . . , zt)

in RK , define

δz(s, a, s
′)
.
= r(s, a) + γ

∑
a′

πz(a
′|s′)x(s′, a′)>z − x(s, a)>z,

g(zt−n, . . . , zt, yt)
.
=

(
n∑
j=0

γj

(
t∏

k=t−j+1

πzk(ak|sk)
µzk(ak|sk)

)
i(st−j, at−j)

)
δzt(st, at, st+1)x(st, at).

Note here both yt and zt−n, . . . , zt are just placeholders for defining the function g, and

we adopt the convention that
∏j

k=i(·) = 1 if j < i. Let Yt
.
= (St−n, At−n, . . . , St, At, St+1)

be a sequence of random variables generated by Algorithm 13. Then the update to

w in Algorithm 13 can be expressed as

wt+1 = ΠR (wt + αtg(wt−n, . . . , wt, Yt)) .

For the ease of presentation, we define

g(z, yt)
.
= g(z, z, . . . , z, yt),

ḡ(z)
.
= Eyt∼µz(·)[g(z, yt)]

as shorthand. By yt ∼ µz(·), we mean

st−n ∼ dµz(·), at−n ∼ µz(·|st−n), st−n+1 ∼ p(·|st−n, at−n), . . . ,

at ∼ µz(·|st), st+1 ∼ p(·|st, at).

It can be easily computed that

ḡ(z) = X>Dfπz,µz,n(γPπz − I)Xz +X>Dfπz,µz,nr.

Consider a w∗ in W∗, we have

ḡ(w∗)
.
= Aw∗w∗ + bw∗ = 0.
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For any τ > 0, we have

‖wt+1 − w∗‖2

≤‖wt + αtg(wt−n, . . . , wt, Yt)− w∗‖2 (ΠR is nonexpansive)

=‖wt − w∗‖2 + α2
t‖g(wt−n, . . . , wt, Yt)‖2 + 2αt〈wt − w∗, g(wt−n, . . . , wt, Yt)〉

=
∥∥wt − w2

∗
∥∥

+ α2
t‖g(wt−n, . . . , wt, Yt)‖2 (B.34)

+ 2αt (〈wt − w∗, g(wt−n, . . . , wt, Yt)〉 − 〈wt−n−τ − w∗, ḡ(wt−n−τ )〉)︸ ︷︷ ︸
errt

(B.35)

+ 2αt〈wt−n−τ − w∗, ḡ(wt−n−τ )− ḡ(w∗)〉, (B.36)

where we adopt the convention that wt−n−τ ≡ w0 if t − n − τ < 0. Using Lemmas

B.2 and B.3 to bound (B.34) and (B.36) yields

E
[
‖wt+1 − w∗‖2] ≤ E

[
‖wt − w∗‖2]+ α2

tU
2
g + 2αtE [errt]− 2αtαλE

[
‖wt − w∗‖2] .

Dividing by 2αt in both sides yields

1

2αt
E
[
‖wt+1 − w∗‖2] ≤ 1

2αt
E
[
‖wt − w∗‖2]+

1

2
αtU

2
g + E [errt]− αλE

[
‖wt − w∗‖2] .

(B.37)

Using the definition of αt in (11.4) yields

αλ(t+ 1)E
[
‖wt+1 − w∗‖2] ≤ αλtE

[
‖wt − w∗‖2]+

1

2
αtU

2
g + E [errt] .

Lemma 1 of Zhang et al. (2021a) asserts that there are constants C0 > 0 and

κ ∈ (0, 1) such that for any w ∈ RK and k ≥ 0, the chain {Sk}k=0,1,... induced by the

policy µw satisfies ∑
s∈S
|Pr(Sk = s)− dµw(s)| ≤ C0κ

k. (B.38)

For some fixed T , let τ0
.
= min {τ : C0κ

τ < αT}. Using the definition of αt in (11.4),

it can be easily computed that

τ0 = d ln (2αλ(T + 1)C0)

lnκ−1
e = O(lnT )

where d·e is the ceiling function. Here we assume T is large enough such that

τ0 < T − n.
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Telescoping (B.37) for t = 0, . . . , T with τ = τ0 yields

αλTE
[
‖wT − w∗‖2]

≤
T−1∑
t=0

1

2
αtU

2
g +

T−1∑
t=0

E[errt]

=
T−1∑
t=0

1

2

1

2αλ(t+ 1)
U2
g +

τ0+n∑
t=0

E[errt] +
T−1∑

t=n+τ0+1

E[errt]

≤ U2
g

4αλ
lnT + (n+ τ0 + 1)4RUg +

T−1∑
t=n+τ0+1

E[errt], (B.39)

where the last inequality results from

T−1∑
t=0

1

t+ 1
≤ lnT

and the first part of Lemma B.4. Using the second part of Lemma B.4 with τ = τ0
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to bound the last term of (B.39) yields

T−1∑
t=n+τ0+1

E[errt]

≤
T−1∑

t=n+τ0+1

(
C5

t−1∑
j=t−n−τ0

αj + C6

t−2∑
k=t−n−τ0

k∑
j=t−n−τ0

αj + C7C0κ
τ0−1

)

=
1

2αλ

T−1∑
t=n+τ0+1

(
C5

t−1∑
j=t−n−τ0

1

j + 1
+ C6

t−2∑
k=t−n−τ0

k∑
j=t−n−τ0

1

j + 1
+ C7C0κ

τ0−1

)

≤ 1

2αλ

T−1∑
t=n+τ0+1

(
C5 ln

t

t− n− τ0

+ C6

t−2∑
k=t−n−τ0

ln
k + 1

t− n− τ0

+ C7C0κ
τ0−1

)

≤ 1

2αλ

T−1∑
t=n+τ0+1

(
(C5 + C6(n+ τ0)) ln

t

t− n− τ0

+ C7C0κ
τ0−1

)

≤ 1

2αλ

T−1∑
t=n+τ0+1

(
(C5 + C6(n+ τ0)) ln

t

t− n− τ0

+
C7

κ
αT

)

=
1

2αλ

T−1∑
t=n+τ0+1

(
(C5 + C6(n+ τ0)) ln

t

t− n− τ0

+
C7

2αλκ

1

T + 1

)

≤ 1

2αλ
(C5 + C6(n+ τ0)) ln

T−1∏
t=n+τ0+1

t

t− n− τ0

+
C7

2αλκ

≤ 1

2αλ
(C5 + C6(n+ τ0)) ln

(T − 1) · · · (T − 1− n− τ0)

(n+ τ0) · · · 1 +
C7

2αλκ

≤ 1

2αλ
(C5 + C6(n+ τ0))(n+ τ0) lnT +

C7

2αλκ
.

Plugging the above inequality back into (B.39) yields

E
[
‖wT − w∗‖2]

≤ U2
g

4α2
λ

lnT

T
+

4RUg
αλ

(n+ τ0 + 1)

T
+

1

2α2
λ

(C5 + C6(n+ τ0))(n+ τ0)
lnT

T
+

C7

2α2
λκT

=O
(

ln3 T

T

)
.

If there is also a w′∗ ∈ W∗, repeating the above procedure yields

E
[
‖wT − w′∗‖2

]
= O

(
ln3 T

T

)
.

Consequently,

‖w∗ − w′∗‖ = E [‖w∗ − w′∗‖] ≤ E [‖wT − w′∗‖] + E [‖wT − w∗‖] = O

√ ln3 T

T

 .
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Letting T approaches infinity yields w∗ = w′∗, i.e., W∗ contains only one element

under the condition of this theorem, which completes the proof.

Lemma B.2. (Bound of (B.34)) There exists a constant Ug such that

‖g(wt−n, . . . , wt, Yt)‖2 ≤ U2
g

Proof. Due to the projection ΠR, we have ‖wt‖ ≤ R holds for all t. By the definition

of g, it is easy to compute that

‖g(wt−n, . . . , wt, Yt)‖ ≤ (n+ 1)ρnmaximax(rmax + (1 + γ)Rxmax)xmax︸ ︷︷ ︸
Ug

,

where imax
.
= maxs,a i(s, a), rmax

.
= maxs,a |r(s, a)|, xmax .

= maxs,a ‖x(s, a)‖,

ρmax
.
= sup

µ∈Λµ,π∈Λπ ,s,a

π(s, a)

µ(s, a)
.

Assumption 11.2 and the extreme value theorem ensures that ρmax <∞.

Lemma B.3. (Bound of (B.36))

〈wt−n−τ − w∗, ḡ(wt−n−τ )− ḡ(w∗)〉 ≤ −αλ‖wt − w∗‖2

Proof. Let w̃
.
= wt−n−τ − w∗, we have

〈wt−n−τ − w∗, ḡ(wt−n−τ )− ḡ(w∗)〉
=
〈
w̃, Awt−n−τwt−n−τ + bwt−n−τ − Aw∗w∗ − bw∗

〉
=
〈
w̃, Awt−n−τwt−n−τ − Aw∗wt−n−τ + Aw∗wt−n−τ − Aw∗w∗ + bwt−n−τ − bw∗

〉
=w̃>Aw∗w̃ + w̃(Awt−n−τ − Aw∗)wt−n−τ + w̃>(bwt−n−τ − bw∗)
≤w̃>Aw∗w̃ + ‖w̃‖2(C1Lµ + C2Lπ)R + ‖w̃‖2(C3Lµ + C4Lπ)

≤− w̃> (M(w∗)− ((C1Lµ + C2Lπ)R + (C3Lµ + C4Lπ)) I) w̃

≤− λ′′min‖w̃‖2

≤− αλ‖w̃‖2.
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Lemma B.4. (Bound of (B.35)) Let

errt
.
= 〈wt − w∗, g(wt−n, . . . , wt, Yt)〉 − 〈wt−n−τ − w∗, ḡ(wt−n−τ )〉.

Then for any t and τ ,

‖errt‖ ≤ 4RUg.

If t− n− τ > 0, there exist positive constants C5, C6, independent of t, such that

E [errt] ≤ C5

t−1∑
j=t−n−τ

αj + C6

t−2∑
k=t−n−τ

k∑
j=t−n−τ

αj + C7C0κ
τ−1.

Proof. If t− n− τ < 0,

‖errt‖ ≤ ‖wt − w∗‖‖g(wt−n, . . . , wt, Yt)‖+ ‖wt−n−τ − w∗‖‖ḡ(wt−n−τ )‖ ≤ 4RUg.

When t−n− τ > 0, similar to Zou et al. (2019), we define an auxiliary Markov chain{
S̃t, Ãt

}
as{

S̃t, Ãt

}
: · · · →︸︷︷︸

µwt−n−τ

St−n−τ+2 →︸︷︷︸
µwt−n−τ

S̃t−n−τ+3 →︸︷︷︸
µwt−n−τ

S̃t−n−τ+4 → · · · ,(
{St, At} : · · · →︸︷︷︸

µwt−n−τ

St−n−τ+2 →︸︷︷︸
µwt−n−τ+1

St−n−τ+3 →︸︷︷︸
µwt−n−τ+2

St−n−τ+4 → · · ·
)

i.e., the new chain is the same as the chain generated by Algorithm 13 (i.e., the chain

(St, At)) before St−n−τ+2, after which the new chain is generated by following a fixed

behavior policy µwt−n−τ instead of the changing behavior policies µwt−n−τ+1 , µwt−n−τ+2 , . . .

as the original chain. Let

Ỹt
.
= (S̃t−n, Ãt−n, . . . , S̃t, Ãt, S̃t+1),

we have

errt =〈wt − w∗, g(wt−n, . . . , wt, Yt)〉 − 〈wt−n−τ − w∗, ḡ(wt−n−τ 〉
=〈wt − w∗, g(wt−n, . . . , wt, Yt)− g(wt, Yt)〉 (B.40)

+ 〈wt − w∗, g(wt, Yt)〉 − 〈wt−n−τ − w∗, g(wt−n−τ , Yt)〉 (B.41)

+
〈
wt−n−τ − w∗, g(wt−n−τ , Yt)− g(wt−n−τ , Ỹt)

〉
(B.42)

+
〈
wt−n−τ − w∗, g(wt−n−τ , Ỹt)− ḡ(wt−n−τ )

〉
. (B.43)
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Using Lemmas B.5, B.6, B.7, and B.9 to bound (B.40), (B.41), (B.42), and (B.43)

yields

E [errt] ≤2nRLg

t−1∑
j=t−n

αj + (2RLg + Ug)Ug

t−1∑
j=t−n−τ

αj

+ 2R|A|LµU2
g

t−2∑
k=t−n−τ

k∑
j=t−n−τ

αj + 2RUgC0κ
τ−1

≤ (2nRLg + (2RLg + Ug)Ug)︸ ︷︷ ︸
C5

t−1∑
j=t−n−τ

αj

+ 2R|A|LµU2
g︸ ︷︷ ︸

C6

t−2∑
k=t−n−τ

k∑
j=t−n−τ

αj + 2RUg︸ ︷︷ ︸
C7

C0κ
τ−1

Lemma B.5. (Bound of (B.40)) There exists a positive constant Lg such that

〈wt − w∗, g(wt−n, . . . , wt, Yt)− g(wt, Yt)〉 ≤ 2nRLg

t−1∑
j=t−n

αj.

Proof. First, for any t′ > t, we have

‖wt′ − wt‖ ≤ Ug

t′−1∑
j=t

αj

by using triangle inequalities with wt+1, wt+2, . . . , wt′−1 and Lemma B.2. It is then

easy to show that g(wt−n, . . . , wt, Yt) is Lipschitz in its first argument:

‖g(wt−n, wt−n+1, wt−n+2, . . . , wt, Yt)− g(wt, wt−n+1, wt−n+2, . . . , wt, Yt)‖

≤ (n+ 1)(Lµ + Lπ)ρnmax(rmax + 2xmaxR)xmax
µ2
min︸ ︷︷ ︸
Lg

‖wt−n − wt‖ ≤ LgUg

t−1∑
j=t−n

αj,

where µmin
.
= infs,a µw(a|s). By the extreme value theorem, Assumption 11.2 implies

that µmin > 0. Similarly, g is also Lipschitz continuous in its second argument:

‖g(wt, wt−n+1, wt−n+2 . . . , wt, Yt)− g(wt, wt, wt−n+2, . . . , wt, Yt)‖ ≤ LgUg

t−1∑
j=t−n+1

αj.
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Repeating this procedure for the third to n-th argument (wt−n+2, . . . , wt−1) and

putting them together with the triangle inequality yields

‖g(wt−n, . . . , wt, Yt)− g(wt, Yt)‖ ≤ nLgUg

t−1∑
j=t−n

αj.

Consequently,

〈wt − w∗, g(wt−n, . . . , wt, Yt)− g(wt, Yt)〉 ≤ 2nRLgUg

t−1∑
j=t−n

αj.

Lemma B.6. (Bound of (B.41))

〈wt − w∗, g(wt, Yt)〉 − 〈wt−n−τ − w∗, g(wt−n−τ , Yt)〉 ≤ (2RLg + Ug)Ug

t−1∑
j=t−n−τ

αj

Proof.

〈wt − w∗, g(wt, Yt)〉 − 〈wt−n−τ − w∗, g(wt−n−τ , Yt)〉
=〈wt − w∗, g(wt, Yt)− g(wt−n−τ , Yt)〉 − 〈wt−n−τ − w∗, g(wt−n−τ , Yt)〉

+ 〈wt − w∗, g(wt−n−τ , Yt)〉
=〈wt − w∗, g(wt, Yt)− g(wt−n−τ , Yt)〉+ 〈wt − wt−n−τ , g(wt−n−τ , Yt)〉
≤2RLg‖wt − wt−n−τ‖+ Ug‖wt − wt−n−τ‖

≤(2RLg + Ug)Ug

t−1∑
j=t−n−τ

αj

Lemma B.7. (Bound of (B.42))

E
[〈
wt−n−τ − w∗, g(wt−n−τ , Yt)− g(wt−n−τ , Ỹt)

〉]
≤ 2R|A|LµU2

g

t−2∑
k=t−n−τ

k∑
j=t−n−τ

αj

Proof. Let Σt−n−τ
.
= (w0, w1, . . . , wt−n−τ , S0, A0, . . . , St−n−τ+1, At−n−τ+1). We have

E
[〈
wt−n−τ − w∗, g(wt−n−τ , Yt)− g(wt−n−τ , Ỹt)

〉]
=E

[
E
[〈
wt−n−τ − w∗, g(wt−n−τ , Yt)− g(wt−n−τ , Ỹt)

〉
| Σt−n−τ

]]
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(Law of total expectation)

=E
[〈
wt−n−τ − w∗,E

[
g(wt−n−τ , Yt)− g(wt−n−τ , Ỹt) | Σt−n−τ

]〉]
(Conditional independence)

≤E
[
‖wt−n−τ − w∗‖

∥∥∥E [g(wt−n−τ , Yt)− g(wt−n−τ , Ỹt) | Σt−n−τ
]∥∥∥]

≤2RE
[∥∥∥E [g(wt−n−τ , Yt)− g(wt−n−τ , Ỹt) | Σt−n−τ

]∥∥∥]
≤2R|A|LµU2

g

t−2∑
k=t−n−τ

k∑
j=t−n−τ

αj,

where the last inequality comes from Lemma B.8.

Lemma B.8.∥∥∥E [g(wt−n−τ , Yt)− g(wt−n−τ , Ỹt) | Σt−n−τ
]∥∥∥ ≤ |A|LµU2

g

t−2∑
k=t−n−τ

k∑
j=t−n−τ

αj

Proof. In the proof of this lemma, all expectations (E) and probabilities (Pr) are

conditioned on Σt−n−τ . We suppress this condition in the presentation for improving

readability. Given t, n, τ,Σt−n−τ , for any time step j such that t− n− τ + 1 ≤ j ≤ t,

we useWj ⊂ RK to denote the set of all possible values of wj. It is easy to see thatWj

is always a finite set depending on t, n, τ,Σt−n−τ . This allows us to use summation

instead of integral to further improve readability. We have∥∥∥E [g(wt−n−τ , Ỹt)− g(wt−n−τ , Yt)
]∥∥∥

=

∥∥∥∥∥∑
yt

(
Pr
(
Ỹt = yt

)
− Pr(Yt = yt)

)
g(wt−n−τ , yt)

∥∥∥∥∥
(Conditional independence of Yt and Ỹt given Σt−n−τ )

≤Ug
∑
yt

∣∣∣Pr
(
Ỹt = yt

)
− Pr(Yt = yt)

∣∣∣ .
In the rest of this proof we bound

∣∣∣Pr
(
Ỹt = yt

)
− Pr(Yt = yt)

∣∣∣. To start,

Pr(Yt = yt)

=
∑

zt−1∈Wt−1

Pr(wt−1 = zt−1, At = at, St+1 = st+1, St−n = st−n, . . . , St = st)
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(Law of total probability)

=
∑
zt−1

Pr

(
At = at, St+1 = st+1 |

St−n=st−n
...

St=st
wt−1=zt−1

)
Pr
(
wt−1 = zt−1 |

St−n=st−n
...

St=st

)
× Pr(St−n = st−n, . . . , St = st)

(Chain rule of joint distribution)

=
∑
zt−1

µzt−1(at|st)p(st+1|st, at) Pr
(
wt−1 = zt−1 |

St−n=st−n
...

St=st

)
Pr(St−n = st−n, . . . , St = st).

Further,

Pr
(
Ỹt = yt

)
=µwt−n−τ (at|st)p(st+1|st, at) Pr

(
S̃t−n = st−n, . . . , S̃t = st

)
(Definition of the auxiliary chain)

=µwt−n−τ (at|st)p(st+1|st, at) Pr
(
S̃t−n = st−n, . . . , S̃t = st

)∑
zt−1

Pr
(
wt−1 = zt−1 |

St−n=st−n
...

St=st

)
.
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Consequently,∑
yt

∣∣∣Pr(Yt = yt)− Pr
(
Ỹt = yt

)∣∣∣
≤

∑
st−n,...,st,at,zt−1

Pr
(
wt−1 = zt−1 |

St−n=st−n
...

St=st

)
×∣∣∣µzt−1(at|st) Pr(St−n, . . . , St = st)− µwt−n−τ (at|st) Pr

(
S̃t−n = st−n, . . . , S̃t = st

)∣∣∣
≤

∑
st−n,...,st,at,zt−1

Pr
(
wt−1 = zt−1 |

St−n=st−n
...

St=st

)
×(∣∣µzt−1(at|st) Pr(St−n, . . . , St = st)− µwt−n−τ (at|st) Pr(St−n = st−n, . . . , St = st)

∣∣+
∣∣∣µwt−n−τ (at|st) Pr(St−n, . . . , St = st)− µwt−n−τ (at|st) Pr

(
S̃t−n = st−n, . . . , S̃t = st

)∣∣∣)

≤
∑

st−n,...,st,at,zt−1

Pr
(
wt−1 = zt−1 |

St−n=st−n
...

St=st

)
×(∣∣µzt−1(at|st)− µwt−n−τ (at|st)

∣∣Pr(St−n = st−n, . . . , St = st)+

µwt−n−τ (at|st)
∣∣∣Pr(St−n, . . . , St = st)− Pr

(
S̃t−n = st−n, . . . , S̃t = st

)∣∣∣) (B.44)

Since zt−1 ∈ Wt−1, we have

|µzt−1(at|s)− µwt−n−τ (at|s)| ≤ Lµ‖zt−1 − wt−n−τ‖ ≤ LµUg

t−2∑
j=t−n−τ

αj.
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Plugging the above inequality back to (B.44) yields∑
yt

∣∣∣Pr(Yt = yt)− Pr
(
Ỹt = yt

)∣∣∣
≤

∑
st−n,...,st,at,zt−1

Pr
(
wt−1 = zt−1 |

St−n=st−n
...

St=st

)
×(

Pr(St−n = st−n, . . . , St = st)LµUg

t−2∑
j=t−n−τ

αj+

µwt−n−τ (at|st)
∣∣∣Pr(St−n, . . . , St = st)− Pr

(
S̃t−n = st−n, . . . , S̃t = st

)∣∣∣)

=|A|LµUg
t−2∑

j=t−n−τ
αj +

∑
st−n,...,st

∣∣∣Pr(St−n, . . . , St = st)− Pr
(
S̃t−n = st−n, . . . , S̃t = st

)∣∣∣.
Recursively using the above inequality n+ 1 times yields∑

yt

∣∣∣Pr
(
Ỹt = yt

)
− Pr(Yt = yt)

∣∣∣ (B.45)

≤|A|LµUg
(

t−2∑
j=t−n−τ

αj + · · ·+
t−n−2∑
j=t−n−τ

αj

)
+
∑
st−n

∣∣∣Pr(St−n = st−n)− Pr
(
S̃t−n = st−n

)∣∣∣
We now bound the last term in the above equation. We have

Pr(St−n = st−n)

=
∑
s

Pr(St−n−1 = s, St−n = st−n)

=
∑
s

Pr(St−n−1 = s) Pr(St−n = st−n|St−n−1 = s)

=
∑
s,a

Pr(St−n−1 = s) Pr(St−n = st−n, At−n−1 = a|St−n−1 = s)

=
∑
s,a

Pr(St−n−1 = s)Ewt−n−2 [Pr(St−n = st−n, At−n−1 = a|St−n−1 = s, wt−n−2)]

=
∑
s,a

Pr(St−n−1 = s)Ewt−n−2

[
µwt−n−2(a|s)p(st−n|s, a)

]
Similarly,

Pr
(
S̃t−n = st−n

)
=
∑
s,a

Pr
(
S̃t−n−1 = s

)
µwt−n−τ (a|s)p(st−n|s, a).
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Consequently,∑
st−n

∣∣∣Pr(St−n = st−n)− Pr
(
S̃t−n = st−n

)∣∣∣
=
∑
s,a

∣∣∣Pr(St−n−1 = s)Ewt−n−2

[
µwt−n−2(a|s)

]
− Pr

(
S̃t−n−1 = s

)
µwt−n−τ (a|s)

∣∣∣
≤
∑
s,a

∣∣∣Pr(St−n−1 = s)Ewt−n−2

[
µwt−n−2(a|s)

]
− Pr

(
S̃t−n−1 = s

)
Ewt−n−2

[
µwt−n−2(a|s)

]∣∣∣+
∑
s,a

∣∣∣Pr
(
S̃t−n−1 = s

)
Ewt−n−2

[
µwt−n−2(a|s)

]
− Pr

(
S̃t−n−1 = s

)
µwt−n−τ (a|s)

∣∣∣
=
∑
s

∣∣∣Pr(St−n−1 = s)− Pr
(
S̃t−n−1 = s

)∣∣∣+∑
s,a

Pr
(
S̃t−n−1 = s

) ∣∣Ewt−n−2

[
µwt−n−2(a|s)

]
− µwt−n−τ (a|s)

∣∣
≤
∑
s

∣∣∣Pr(St−n−1 = s)− Pr
(
S̃t−n−1 = s

)∣∣∣+∑
s,a

Pr
(
S̃t−n−1 = s

)
max
s

∣∣Ewt−n−2

[
µwt−n−2(a|s)

]
− µwt−n−τ (a|s)

∣∣

Since ∣∣Ewt−n−2

[
µwt−n−2(a|s)

]
− µwt−n−τ (a|s)

∣∣
=
∣∣Ewt−n−2

[
µwt−n−2(a|s)− µwt−n−τ (a|s)

]∣∣
≤Ewt−n−2

[∣∣µwt−n−2(a|s)− µwt−n−τ (a|s)
∣∣]

≤UgLµ
t−n−3∑
j=t−n−τ

αj,

we have ∑
s

∣∣∣Pr(St−n = s)− Pr
(
S̃t−n = s

)∣∣∣
≤
∑
s

∣∣∣Pr(St−n−1 = s)− Pr
(
S̃t−n−1 = s

)∣∣∣+ |A|UgLµ
t−n−3∑
j=t−n−τ

αj.

Applying the above inequality recursively yields∑
s

∣∣∣Pr(St−n = s)− Pr
(
S̃t−n = s

)∣∣∣ (B.46)

≤|A|UgLµ
(

t−n−3∑
j=t−n−τ

αj + · · ·+
t−n−τ∑
j=t−n−τ

αj

)
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as

Pr(St−n−τ+2 = s) = Pr
(
S̃t−n−τ+2 = s

)
by the construction of the auxiliary chain. Plugging (B.46) back to (B.45) yields

∑
yt

∣∣∣Pr
(
Ỹt = yt

)
− Pr(Yt = yt)

∣∣∣ ≤|A|LµUg t−2∑
k=t−n−τ

k∑
j=t−n−τ

αj,

which completes the proof.

Lemma B.9. (Bound of (B.43))

E
[〈
wt−n−τ − w∗, g(wt−n−τ , Ỹt)− ḡ(wt−n−τ )

〉]
≤ 2RUgC0κ

τ−1

Proof.

E
[〈
wt−n−τ − w∗, g(wt−n−τ , Ỹt)− ḡ(wt−n−τ )

〉]
=E

[
E
[〈
wt−n−τ − w∗, g(wt−n−τ , Ỹt)− ḡ(wt−n−τ )

〉
| Σt−n−τ

]]
=E

[〈
wt−n−τ − w∗,E

[
g(wt−n−τ , Ỹt)− ḡ(wt−n−τ ) | Σt−n−τ

]〉]
≤E

[
‖wt−n−τ − w∗‖

∥∥∥E [g(wt−n−τ , Ỹt)− ḡ(wt−n−τ ) | Σt−n−τ
]∥∥∥]

≤2R
∥∥∥E [g(wt−n−τ , Ỹt)− ḡ(wt−n−τ ) | Σt−n−τ

]∥∥∥
We now bound

∥∥∥E [g(wt−n−τ , Ỹt)− ḡ(wt−n−τ ) | Σt−n−τ
]∥∥∥. In the rest of the proof, all

expectations (E) and probabilities (Pr) are conditioned on Σt−n−τ . We suppress the

condition in the presentation for improving readability. Let Ȳt
.
= (S̄t−n, Āt−n, . . . , S̄t, Āt, S̄t+1)

be a sequence of random variables such that

S̄t−n ∼ dµwt−n−τ (·), Āt−n ∼ µwt−n−τ (·|S̄t−n), . . . , Āt ∼ µwt−n−τ (·|S̄t), S̄t+1 ∼ p(·|St, At).
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Then∥∥∥E [g(wt−n−τ , Ỹt)− ḡ(wt−n−τ )
]∥∥∥

=
∥∥∥E [g(wt−n−τ , Ỹt)− g(wt−n−τ , Ȳt)

]∥∥∥
=

∥∥∥∥∥∑
yt

(
Pr
(
Ỹt = yt

)
− Pr

(
Ȳt = yt

))
g(wt−n−τ , yt)

∥∥∥∥∥
≤Ug

∑
yt

∣∣∣Pr
(
Ỹt = yt

)
− Pr

(
Ȳt = yt

)∣∣∣
=Ug

∑
yt

∣∣∣Pr
(
S̃t−n = st−n

)
− Pr

(
S̄t−n = st−n

)∣∣∣µwt−n−τ (at−n|st−n)p(st−n+1|st−n, at−n)

· · ·µwt−n−τ (at|st)p(st+1|st, at)
=Ug

∑
st−n

∣∣∣Pr
(
S̃t−n = st−n

)
− Pr

(
S̄t−n = st−n

)∣∣∣
≤UgC0κ

τ−1 (Using (B.38) and the construction of the auxiliary chain) ,

which completes the proof.

B.28 Proof of Theorem 12.1

Proof. Consider the stochastic process Yt
.
= (St, At, St+1) involving in the space

Y .
= {(s, a, s′) | s ∈ S, a ∈ A, s′ ∈ S, p(s′|s, a) > 0}.

Assumption 2.8 ensures that the chain {Yt} is ergodic. We then use dY to denote its

stationary distribution, i.e.,

dY(s, a, s′) = dµ(s)µ(a|s)p(s′|s, a).

Let

dt
.
=

[
κt
wt

]
.

Then the updates of {κt}, {wt} in Algorithm 14 can be expressed as

dt+1 = dt + αt(hθt(Yt)−Gθt(Yt)dt),

where

hθ(s, a, s
′)
.
=

[
i(s′)x(s′)

0

]
,

Gθ(s, a, s
′)
.
=

[
x(s′)x(s′)> x(s′) (x(s′)− γρθ(s, a)x(s))>

− (x(s′)− γρθ(s, a)x(s))x(s′)> ηI

]
.
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Define

h̄θ
.
=E(s,a,s′)∼dY (·) [hθ(s, a, s

′)] =

[
X>Dµi

0

]
,

Ḡθ
.
=E(s,a,s′)∼dY (·) [Gθ(s, a, s

′)] =

[
Cµ −A>πθ,µ
Aπθ,µ ηI

]
.

We now prove the desired convergence via invoking Corollary A.2. Assumption A.1

follows immediately from the sampling rules in Algorithm 14. Assumption A.2 is

identical to Assumption 2.4. Assumption A.3 holds thanks to Assumption 2.6, the

boundedness of ∇πθ(a|s) in Assumption 12.2, and the two adaptive learning rates Γ1

and Γ2. To see Assumption A.9, consider any

d
.
=

[
κ
w

]
.

It is easy to verify that

d>Ḡ(θ)d =κ>Cκ+ ηw>w

≥λmin(C)‖κ‖2 + η‖w‖2

≥min {λmin(C), η}‖d‖2,

where λmin(·) denotes the minimum eigenvalue and Assumption 2.3 ensures that

λmin(C) is strictly positive. Assumption A.9 is then verified. Assumption A.10 follows

from Assumption 2.8. Assumption A.11 is obvious because we consider a finite MDP.

Assumption A.12 follows immediately from Assumption 12.2. Invoking Corollary A.4

then completes the proof.

B.29 Proof of Theorem 12.2

Proof. The proof is the same as the proof of Theorem 12.1 up to a change of notations

and is thus omitted to avoid verbatim repetition.
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B.30 Proof of Theorem 12.3

Proof. This proof is inspired by Konda (2002). We first define the following short-

hand:

ψt
.
=ρt∇ log π(At|St),

w∗t
.
=w∗θt,η,

u∗t
.
=u∗θt,η,

J(θ)
.
=Jπθ,µ,

∆t
.
=ρt(w

>
t xt)(u

>
t x̃t)∇ log πθ(At|St),

ĝ(θ)
.
=
∑
s,a

d̃µ(s, a)
(
x(s)>w∗θ,η

) (
x̃(s, a)>u∗θ,η

)
ρθ(s, a)∇ log πθ(a|s).

We recall that in (12.2), we have

b(θ) = ∇J(θ)− ĝ(θ).

We first decompose the incremental update to θt in Algorithm 14 as

Γ1(wt)(w
>
t xt)Γ2(ut)(u

>
t x̃t)ψt = e

(1)
t + e

(2)
t + g∗t ,

where

e
(1)
t

.
= (Γ1(wt)wt − Γ1(w∗t )w

∗
t )
>xtΓ2(ut)u

>
t x̃tψt,

e
(2)
t

.
= Γ1(w∗t )w

∗
t
>xt(Γ2(ut)u

>
t − Γ2(u∗t )u

∗
t )
>x̃tψt,

g∗t
.
= Γ1(w∗t )(x

>
t w
∗
t )Γ2(u∗t )(x̃

>
t u
∗
t )ψt.

Then we have

θt+1 = θt + βte
(1)
t + βte

(2)
t + βtg

∗
t + βtΓ1(w∗t )Γ2(u∗t ) (∇J(θt)− ĝ(θt)− b(θt))

Using the second order Taylor expansion and Cauchy-Schwarz inequality, we have

J(θt+1) ≥J(θt) + βtΓ1(w∗t )Γ2(u∗t )‖∇J(θt)‖ (‖∇J(θt)‖ − ‖b(θt)‖) (B.47)

+ βt∇J(θt)
>(g∗t − Γ1(w∗t )Γ2(u∗t )ĝ(θt))

+ βt∇J(θt)
>e(1)

t

+ βt∇J(θt)
>e(2)

t

− 1

2
C0‖βtΓ1(wt)Γ2(ut)∆t‖2,

where C0 reflects the bound of the Hessian of J(θ) (Lemma C.10). We will prove in

following subsections that all noise terms in (B.47) are negligible. Namely,
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Lemma B.10. limt→∞ e
(i)
t = 0 a.s. (i = 1, 2)

Lemma B.11.
∑

t ‖βtΓ1(wt)Γ2(ut)∆t‖2 converges a.s.

Lemma B.12.
∑

t βt∇J(θt)
>(g∗t − Γ1(w∗t )Γ2(u∗t )ĝ(θt)) converges a.s.

Same as the section “Proof of Theorem 5.5” in Konda (2002), we now consider a

sequence {ki} such that

k0 = 0, ki+1 = min{k ≥ ki |
k∑

l=ki

βl ≥ T}

for some constant T > 0. Telescoping (B.47) yields

J(θki+1
) ≥J(θki) + δi (B.48)

+

ki+1−1∑
t=ki

βtΓ1(w∗t )Γ2(u∗t )‖∇J(θt)‖ (‖∇J(θt)‖ − ‖b(θt)‖) ,

where

δi
.
=

ki+1−1∑
t=ki

[
βt∇J(θt)

>(g∗t − Γ1(w∗t )Γ2(u∗t )ĝ(θt)) + βt∇J(θt)
>(e

(1)
t + e

(2)
t )

− 1

2
C0‖βtΓ1(wt)Γ2(ut)∆t‖2

]
.

Lemmas C.10, B.10, B.11, and B.12 and the selection of {ki} imply

lim
i→∞

δi = 0 a.s. .

Theorems 12.1 and 12.2 imply that

sup
t

max {‖w∗t ‖, ‖u∗t‖} <∞.

Assumption 12.1 then implies that there exists some constant C1 > 0 such that

inf
t

min {Γ1(w∗t ),Γ2(w∗t )} ≥ C1.

We now proceed by contradiction. If

lim inf
t

[‖∇J(θt)‖ − ‖b(θt)‖] ≤ 0 (B.49)

does not hold, there must exist t0 and ε > 0 such that ∀t > t0,

‖∇J(θt)‖ − ‖b(θt)‖ > ε.
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Then (B.48) implies that

J(θki+1
) ≥ J(θki) + δi + TC2

1ε
2.

Telescoping the above inequality yields that

lim
i→∞

J(θki) =∞.

This is impossible because as γ < 1 and r is bounded. We, therefore, conclude

that (B.49) must hold, which completes the proof.

Proof of Lemma B.10

Proof. We show only limt→∞ e
(1)
t = 0. The convergence of e

(2)
t is the same up to

change of notations. Theorem 12.1 ensures that there exists a compact set W ∈ RK1

such that almost surely, ∀t,

wt ∈ W , w∗t ∈ W , ut ∈ W .

It is easy to verify that the function w → Γ1(w)w is Lipschitz continuous on W .

Consequently, the desired convergence follows immediately from Theorem 12.1, As-

sumption 12.1, and Lemma C.10.

Proof of Lemma B.11

Proof. Using Lemma C.10, Theorems 12.1 and 12.2, and Assumption 12.1, it is easy

to see that there exists a constant C0 > 0 such that

sup
t
‖Γ1(wt)Γ2(ut)∆t‖ ≤ C0.

Consequently, ∑
t

‖βtΓ1(wt)Γ2(ut)∆t‖2 ≤ C2
0

∑
t

β2
t <∞.

Proof of Lemma B.12

Proof. In this subsection we write w∗θ,η as w∗θ for simplifying notation and define

g∗θ(s, a)
.
= Γ1(w∗θ)Γ2(u∗θ)(x(s)>w∗θ)(x̃(s)>u∗θ)ρθ(s, a)∇ log πθ(a|s). (B.50)
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So g∗t
.
= g∗θt(St, At). From Lemma C.10, it is easy to see that

sup
θ
‖g∗θ‖ <∞.

We first make a transformation of the original noise using the differential Bellman

equation as in the proof of Corollary A.2. Define

Y .
=S ×A,

Yt
.
=(St, At),

y
.
=(s, a).

For every integer i in [1, K3], we consider the MRP with the reward function g∗θ,i :

Y → R, where g∗θ,i(y) is the i-the element of g∗θ(y). The average reward is therefore

ḡ(θ)i
.
=
∑
s,a

dµ(s)µ(a|s)g∗θ,i(s, a).

Here we have defined a vector ḡ(θ) ∈ RK3 by defining its each element ḡ(θ)i. It is

easy to verify that

ḡ(θ)
.
= Γ1(w∗θ)Γ2(u∗θ)ĝ(θ).

The differential value function of this MRP is then

v̂θ,i
.
= (I − P̃µ + 1d̃>µ )−1(I − 1d̃>µ )g∗θ,i. (B.51)

See, e.g., (8.2.2) in Puterman (2014) for a proof. These differential value functions

define a vector-valued function v̂θ : Y → RK . Namely, the i-the element of v̂θ(y) is

v̂θ,i. It is then easy to see that

sup
θ
‖v̂θ‖ <∞.

According to the differential Bellman equation, we have

v̂θ(s, a) = g∗θ(s, a)− ḡ(θ) +
∑
s′,a′

P̃µ((s, a), (s′, a′))v̂θ(s
′, a′).

Now we are ready to decompose the noise ∇J(θt)
>(g∗t − Γ1(w∗t )Γ2(u∗t )ĝ(θt)) as

∇J(θt)
>(g∗t − Γ1(w∗t )Γ2(u∗t )ĝ(θt))

=∇J(θt)
>(g∗θt(St, At)− ḡ(θt)) (Definition of g∗θt and ḡ(θt))

=∇J(θt)
>
(
v̂θt(St, At)−

∑
s′,a′

p(s′|St, At)µ(a′|s′)v̂θt(s′, a′)
)

(Using (B.51))

=
4∑
i=1

ε
(i)
t ,
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where

ε
(1)
t

.
= ∇J(θt)

>
(
v̂θt(St+1, At+1)−

∑
s′,a′

p(s′|St, At)µ(a′|s′)v̂θt(s′, a′)
)
,

ε
(2)
t

.
=
βt−1∇J(θt−1)>v̂θt−1(St, At)− βt∇J(θt)

>v̂θt(St+1, At+1)

βt
,

ε
(3)
t

.
=
βt − βt−1

βt
∇J(θt−1)>v̂θt−1(St, At),

ε
(4)
t

.
= ∇J(θt)

>v̂θt(St, At)−∇J(θt−1)>v̂θt−1(St, At).

We now show
∑

t βtε
(i)
t converges almost surely for i = 1, 2, 3, 4.

(1) We proceed via a Martingale convergence theorem (Lemma C.5). Let

Fl .= σ(S0, A0, θ0, . . . , Sl, Al, θl, Sl+1, Al+1)

be a σ-algebra and Ml
.
=
∑l

t=0 βtε
(1)
t . It is easy to see that Ml is adapted to Fl. Due

to Lemma C.10 and boundedness of v̂θ, we have

sup
t

∣∣∣ε(1)
t

∣∣∣ <∞,
implying E [|Ml|] <∞ holds for any fixed l <∞. Moreover,

E[Ml+1|Fl] = Ml + Eθl+1,Sl+2,Al+2
[βl+1ε

(1)
l+1|Fl]

= Ml + βl+1Eθl+1

[
ESl+2,Al+2

[ε
(1)
l+1|θl+1,Fl]

]
= Ml + βl+1Eθl+1

[0] = Ml

{Ml} is, therefore, a Martingale sequence. We now verify that Ml has bounded second

moments, then {Ml} converges according to Lemma C.5. For any t1 < t2, we have

E[ε
(1)
t1 ε

(1)
t2 ] = E

[
E[ε

(1)
t1 ε

(1)
t2 |Ft2−1]

]
= E

[
ε

(1)
t1 E[ε

(1)
t2 |Ft2−1]

]
= E

[
ε

(1)
t1 0
]

= 0.

Consequently,

∀l, E[|Ml|2] = E[
l∑

t=0

β2
t

(
ε

(1)
t

)2
] = O

( ∞∑
t=0

β2
t

)
.

Therefore, {Ml} and
∑

t βtε
(1)
t converges a.s..

(2)
∑l

t=1 βtε
(2)
t = β0∇J(θ0)>v̂θ0(S1, A1) − βl∇J(θl)

>v̂θl(Sl+1, Al+1). The rest fol-

lows from the boundedness of ∇J(θ) and v̂θ(s, a) and liml→∞ βl = 0.
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(3) Notice that

l∑
t=1

∣∣∣βtε(3)
t

∣∣∣ ≤ l∑
t=1

|βt − βt−1|
∣∣∇J(θt−1)>v̂θt−1(St, At)

∣∣
=O

(
l∑

t=1

βt−1 − βt
)

= O (β0) .

It follows easily that
∑

t βtε
(3)
t converges absolutely, thus converges.

(4) Lemma C.10 implies ∇J(θ) is bounded and Lipschitz continuous in θ, if we

are able to show ∀(s, a, t), there exists a constant C0 such that∥∥v̂θt(St, At)− v̂θt−1(St, At)
∥∥ ≤ C0‖θt − θt−1‖, (B.52)

we will have for some constants C1 and C2,∣∣∣ε(4)
t

∣∣∣ ≤ C1‖θt − θt−1‖ = C1‖βtΓ1(wt)Γ2(ut)∆t‖ ≤ βtC2.

Consequently,

l∑
t=1

∣∣∣βtε(4)
t

∣∣∣ ≤ C2

l∑
t=1

β2
t < C2

∞∑
t=1

β2
t a.s.

Thus
∑

t βtε
(4)
t converges. We now proceed to show (B.52) does hold. According

to (B.51), it suffices to show ∀(s, a, θ, θ′), there exists a constant C0 such that

‖g∗θ(s, a)− g∗θ′(s, a)‖ ≤ C0

∥∥θ − θ̄∥∥.
According to Assumption 12.2, ρθ(s, a)∇ log πθ(a|s) is bounded and Lipschitz con-

tinuous in θ. It is easy to verify the function d → Γi(d)d is bounded and Lipschitz

continuous in any compact set. According to the definition of g∗θ(s, a) in (B.50) and

the boundedness of w∗θ and u∗θ, it then suffices to show w∗θ and u∗θ are Lipschitz con-

tinuous in θ. This Lipschitz continuity follows easily from Lemma C.2, which then

completes the proof.

B.31 Proof of Proposition 12.4

Proof. We first decompose b(θ) as b(θ) = b1(θ) + b2(θ), where

ψθ
.
= ρθ(s, a)∇ log πθ(a|s),

b1(θ)
.
=
∑
s

dµ(s)
(
mπθ,µ(s)− x(s)>w∗θ,η

)∑
a

µ(a|s)ψθ(s, a)
(
x̃(s, a)>u∗θ,η

)
b2(θ)

.
=
∑
s

dµ(s)mπθ,µ(s)
∑
a

µ(a|s)ψθ(s, a)
(
qπθ(s, a)− x̃(s, a)>u∗θ,η

)
249



The boundedness of mπθ,µ(s) and ψθ(s, a) implies

‖b2(θ)‖dµ =O
(∥∥∥qπθ − X̃u∗θ,η∥∥∥

d̃µ

)
=O

(∥∥∥qπθ − X̃u∗θ,0∥∥∥
d̃µ

)
+O

(∥∥∥X̃u∗θ,η − X̃u∗θ,0∥∥∥
d̃µ

)
.

Theorem 2 in Kolter (2011) states

∥∥∥qπθ − X̃u∗θ,0∥∥∥
d̃µ
≤

1 + γ
∥∥∥P̃πθ∥∥∥

d̃µ

1− γ
∥∥∥qπθ − Π̃qπθ

∥∥∥
d̃µ
.

Moreover, similarly to (B.19), we have∥∥∥X̃u∗θ,η − X̃u∗θ,0∥∥∥
d̃µ

= O (η) ,

where have used the extreme value theorem for obtaining the constants hidden by

O(·). The term b1(θ) can be similarly bounded (cf. Proposition 4.3), which will then

completes the proof.

B.32 Proof of Theorem 12.5

Proof. By the definition of Jγ̂, we have

∂Jγ̂
∂θi

=
∑
s

(
∂dγ̂(s)

∂θi
i(s)vπ(s) + dγ̂(s)i(s)

∂vπ(s)

∂θi

)
.

Using the Bellman equation yields

∂vπ(s)

∂θi
=
∂
∑

a π(a|s)qπ(s, a)

∂θi

=
∑
a

∂π(a|s)
∂θi

qπ(s, a) + γπ(a|s)
∑
s′

p(s′|s, a)
∂vπ(s′)

∂θi
,

or in a matrix form

∂vπ
∂θi

= r̂ + γPπ
∂vπ
∂θi

,

where r̂ ∈ R|S| is defined as

r̂(s)
.
=
∑
a

∂π(a|s)
∂θi

qπ(s, a).
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We then have

∂vπ
∂θi

= (I − γPπ)−1r̂.

Consequently, ∑
s

dγ̂(s)i(s)
∂vπ(s)

∂θi
(B.53)

=i>diag(dγ̂)(I − γPπ)−1r̂

=r̂>(I − γP>π )−1diag(dγ̂)i

=r̂>Dµh

=
∑
s

dµ(s)h(s)
∑
a

∂π(a|s)
∂θi

qπ(s, a).

For γ̂ < 1, we can rewrite (B.38) as

dγ̂ = (1− γ̂)dµ + γ̂P>π dγ̂

Taking derivatives in both sides yields

∂dγ̂
∂θi

= γ̂
∂P>π
∂θi

dγ̂ + γ̂P>π
∂dγ̂
∂θi

,

i.e.,

∂dγ̂
∂θi

= γ̂(I − γ̂P>π )−1∂P
>
π

∂θi
dγ̂ = Dµgi

Consequently, we have∑
s

∂dγ̂(s)

∂θi
i(s)vπ(s) =

∑
s

dµ(s)i(s)vπ(s)gi(s). (B.54)

Combining (B.53) and (B.54) then completes the proof.

B.33 Proof of Proposition 12.6

Proof. Similar to the proof of Lemma 5.1 in Section B.10, we can show that

lim
t→∞

E
[
F

(1)
t | St = s

]
=
(
D−1
µ (I − γP>π )DµD

−1
µ diag(dγ̂)i

)
(s) = h(s).
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It can be computed that

lim
t→∞

E
[
τγ̂(St−1)ρt−1

∂ log π(At−1|St−1)

∂θi
| St = s

]
= lim

t→∞

∑
s̄,ā

Pr(St−1 = s̄, At−1 = ā | St = s)τγ̂(s̄)
π(ā|s̄)
µ(ā|s̄)

∂ log π(ā|s̄)
∂θi

=
∑
s̄,ā

dµ(s̄)µ(ā|s̄)p(s|s̄, ā)

dµ(s)

dγ̂(s̄)

dµ(s̄)

π(ā|s̄)
µ(ā|s̄)

∂ log π(ā|s̄)
∂θi

=
∑
s̄

dγ̂(s̄)

dµ(s)

∑
ā

∂π(ā|s̄)
∂θi

p(s|s̄, ā)

=

(
D−1
µ

∂P>π
∂θi

dγ̂

)
(s).

Let F
(2)
t,i denote the i-th element of F

(2)
t . Similar to the proof of Lemma 5.1 in

Section B.10, we can show that

lim
t→∞

E
[
F

(2)
t,i | St = s

]
=

(
D−1
µ (I − γ̂P>π )−1DµD

−1
µ

∂P>π
∂θi

dγ̂

)
(s) = gi(s).

Let Zt,i be the i-th element of Zt. We then have

lim
t→∞

E [Zt,i]

= lim
t→∞

∑
s

Pr(St = s, At = a)E [Zt,i | St = s, At = a]

=
∑
s,a

dµ(s)µ(a|s) lim
t→∞

E [Zt,i | St = s, At = a]

=
∑
s,a

dµ(s)µ(a|s)π(a|s)
µ(a|s)h(s)qπ(s, a)

∂ log π(a|s)
∂θi

+
∑
s,a

dµ(s)µ(a|s)γ̂i(s)vπ(s)gi(s)

=
∑
s

dµ(s)h(s)
∑
a

qπ(s, a)
∂π(a|s)
∂θi

+ γ̂
∑
s

dµ(s)i(s)vπ(s)gi(s),

which completes the proof.
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Appendix C

Auxiliary Lemmas

Lemma C.1. Let f1(x) and f2(x) be two Lipschitz continuous functions with Lipschitz

constants C1 and C2. If they are also bounded by U1 and U2, then their product

f1(x)f2(x) is also Lipschitz continuous with C1U2 + C2U1 being a Lipschitz constant.

Proof.

‖f1(x)f2(x)− f1(y)f2(y)‖ ≤ ‖f1(x)(f2(x)− f2(y))‖+ ‖f2(y)(f1(x)− f1(y))‖
≤ (U1C2 + U2C1)‖x− y‖.

Lemma C.2.
∥∥Y −1

1 − Y −1
2

∥∥ ≤ ∥∥Y −1
1

∥∥‖Y1 − Y2‖
∥∥Y −1

2

∥∥.

Proof. ∥∥Y −1
1 − Y −1

2

∥∥ =
∥∥Y −1

1 (Y1 − Y2)Y −1
2

∥∥ ≤ ∥∥Y −1
1

∥∥‖Y1 − Y2‖
∥∥Y −1

2

∥∥.

Lemma C.3. Let ΛP
.
=
{
P ∈ R|Y|×|Y|

}
be a set of transition matrices. Assume ΛP

is compact. For any P ∈ ΛP , assume the Markov chain in Y induced by P is ergodic

and use dP ∈ R|Y| to denote the corresponding stationary distribution. Then there

exists a constant C0 such that ∀P, P ′ ∈ ΛP ,

‖dP − dP ′‖ ≤ C0‖P − P ′‖.
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Proof. For any P ∈ ΛP , by the definition of stationary distribution, we have

L(P )dP =

[
0
1

]
.

where

L(P )
.
=

[
P> − I

1>

]
.

The ergodicity of P and the Perron-Frobenius theorem for nonnegative irreducible

matrices (see, e.g., Horn and Johnson (2012)) ensure that L(P ) has full column rank.

Consequently, we have

dP =
(
L(P )>L(P )

)−1
L(P )>

[
0
1

]
.

It is easy to see that L(P ) is Lipschitz continuous in P and we have by the extreme

value theorem

sup
P∈ΛP

‖L(P )‖ <∞,

sup
P∈ΛP

∥∥∥(L(P )>L(P )
)−1
∥∥∥ <∞.

Lemmas C.1 and C.2 then asserts that
(
L(P )>L(P )

)−1
is Lipschitz continuous on

ΛP . Using Lemma C.2 again confirms the Lipschitz continuity of dP on ΛP .

Lemma C.4. (Corollary 6.1 in page 150 of Bertsekas and Tsitsiklis (2015))

If Y ∈ RK is a square nonnegative matrix and ρ(Y ) < 1, then there exists some vector

w ∈ RK satisfying wi > 0 such that ‖Y ‖w∞ < 1. Here ρ(·) is the spectral radius, wi is

the i-th element of w. For a vector y, its w-weighted maximum norm is

‖y‖w∞
.
= max

i

∣∣∣∣ yiwi
∣∣∣∣.

For a matrix Y ,

‖Y ‖w∞
.
= max

y 6=0

‖Y y‖w∞
‖y‖w∞

.

Lemma C.5. (Proposition 4.3 in Bertsekas and Tsitsiklis 1996) Assuming {Ml}l=1,...

is a Martingale sequence and there exists a constant C0 <∞ such that ∀l,

E
[
|Ml|2

]
≤ C0,

then {Ml} converges almost surely.
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Lemma C.6. If A is invertible,

det

([
A B
C D

])
= det(A) det

(
D − CA−1B

)
.

If D is invertible,

det

([
A B
C D

])
= det(D) det

(
A−BD−1C

)
.

Proof. This is a standard result in linear algebra.

Lemma C.7. The w∗(θ) defined in (B.20) is Lipschitz continuous in θ.

Proof. Recall

w∗(θ)
.
= Ḡ(θ)−1h̄(θ) = (X>DµθX + ηI)−1X>Dµθ(r + γPπθ̄Xθ̄).

We first show PπθXθ is Lipschitz continuous in θ. By definition of πθ,

(PπθXθ)(s, a) =
∑
s′

p(s′|s, a) max
a′

x(s′, a′)>θ

=
∑
s′

p(s′|s, a)‖Xs′θ‖∞,

where each row of Xs′ ∈ R|A|×K is x(s′, a′)>. Then∣∣∣(Pπθ1Xθ1)(s, a)− (Pπθ2Xθ2)(s, a)
∣∣∣

=

∣∣∣∣∣∑
s′

p(s′|s, a)(‖Xs′θ1‖∞ − ‖Xs′θ2‖∞)

∣∣∣∣∣
≤
∑
s′

p(s′|s, a)|‖Xs′θ1‖∞ − ‖Xs′θ2‖∞|

≤
∑
s′

p(s′|s, a)‖Xs′θ1 −Xs′θ2‖∞ (Triangle inequality)

≤
∑
s′

p(s′|s, a)‖Xs′‖∞‖θ1 − θ2‖∞

≤‖X‖∞‖θ1 − θ2‖∞.

Consequently, ∥∥∥Pπθ1Xθ1 − Pπθ2Xθ2

∥∥∥
∞
≤‖X‖∞‖θ1 − θ2‖∞.
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The equivalence between norms then asserts that there exists a constant L0 > 0 such

that ∥∥∥Pπθ1Xθ1 − Pπθ2Xθ2

∥∥∥ ≤L0‖X‖‖θ1 − θ2‖.

It is easy to see L0‖X‖ is also a Lipschitz constant of Pπθ̄Xθ̄ by the property of

projection.

Lemma C.3 ensures that Dµθ is Lipschitz continuous in θ and we use LD to denote

a Lipschitz constant. We remark that if we assume ‖X‖ ≤ 1, we can indeed select

an LD that is independent of X. To see this, let Lµ be the Lipschitz constant in

Assumption 9.2, then we have

|µθ(a|s)− µθ′(a|s)| ≤Lµ‖Xsθ −Xsθ
′‖∞ ≤ Lµ‖Xs‖∞‖θ − θ′‖∞

≤Lµ‖X‖∞‖θ − θ′‖∞.

Due to the equivalence between norms, there exists a constant L′µ > 0 such that

|µθ(a|s)− µθ′(a|s)| ≤ L′µ‖X‖‖θ − θ′‖ ≤ L′µ‖θ − θ′‖. (C.1)

We can now use Lemmas C.1 and C.2 to compute the bounds and Lipschitz

constants for several terms of interest, which are detailed in Table C.1. From Table C.1

and Lemma C.1, a Lipschitz constant of w∗(θ) is

Cw
.
=
(
η−1‖X‖‖r‖LD + η−2‖X‖3‖r‖LD

)
+ η−1‖X‖γL0‖X‖

+ γUP‖X‖RB1(η−1‖X‖LD + η−2‖X‖3LD),

which completes the proof.

Bound Lipschitz constant
Dµθ 1 LD

(X>DµθX + ηI)−1 η−1 η−2‖X‖2LD
X>Dµθr ‖X‖‖r‖ ‖X‖‖r‖LD

(X>DµθX + ηI)−1X>Dµθr η−1‖X‖‖r‖ η−1‖X‖‖r‖LD + η−2‖X‖3‖r‖LD
(X>DµθX + ηI)−1X>Dµθ η−1‖X‖ η−1‖X‖LD + η−2‖X‖3LD

γPπθ̄X
>θ̄ γUP‖X‖RB1 γL0‖X‖

Table C.1: UP
.
= supθ ‖Pπθ‖.

Lemma C.8. If ‖X‖ ≤ 1, then w∗(θ) defined in (B.26) satisfies

‖w∗(θ1)− w∗(θ2)‖ ≤ ‖X‖Lw‖θ1 − θ2‖,

where Lw is a positive constant that depends on X through only X
‖X‖ .
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Proof. We first recall that if ‖X‖ ≤ 1, the Lipschitz constants for both µθ and πθ in

θ can be selected to be independent of X (cf. (C.1)). Recall

w∗(θ) = −(ηI + A>πθ,µθC
−1
µθ
Aπθ,µθ)

−1A>πθ,µθC
−1
µθ
X>Dµθr.

Let

X̃
.
=

X

‖X‖ , Ãπθ,µθ = X̃>Dµθ(γPπθ − I)X̃, C̃µθ = X̃>DµθX̃,

then

w∗(θ) = −‖X‖(ηI + ‖X‖2Ã>πθ,µθC̃
−1
µθ
Ãπθ,µθ)

−1Ã>πθ,µθC̃
−1
µθ
X̃Dµθr.

We now show w∗(θ)/‖X‖ is Lipschitz continuous in θ by invoking Lemmas C.1

and C.2. Let DP ∈ R|S×A|×|S×A| be a diagonal matrix whose diagonal entry is the

stationary distribution of the chain induced by P . For any P ∈ Λµ, Assumption 9.1

ensures that DP is positive definite. Consequently,
∥∥∥(X̃>DP X̃)−1

∥∥∥ is well defined and

is continuous in P , implying it obtains its maximum in the compact set Λµ, say Ug. So∥∥∥C̃−1
µθ

∥∥∥ ≤ Ug and importantly, Ug depends on X through only X
‖X‖ . Using Lemma C.1,

it is easy to see the bound and the Lipschitz constant of Ã>πθ,µθC̃
−1
µθ
Ãπθ,µθ depend on

X through only X
‖X‖ . It is easy to see

∥∥∥(ηI + ‖X‖2Ã>πθ,µθC̃
−1
µθ
Ãπθ,µθ)

−1
∥∥∥ ≤ 1/η. If we

further assume ‖X‖ ≤ 1, Lemma C.2 then implies that (ηI+‖X‖2Ã>πθ,µθC̃
−1
µθ
Ãπθ,µθ)

−1

has a Lipschitz constant that depends on X through only X
‖X‖ . It is then easy to see

there exists a constant Lw > 0, which depends on X only through X
‖X‖ , such that

‖w∗(θ1)− w∗(θ2)‖ ≤ Lw‖X‖‖θ1 − θ2‖,

which completes the proof.

Lemma C.9. The u∗(θ) defined in (B.28) is Lipschitz continuous in θ.

Proof. Recall

h̄(θ)
.
= E(s,a)∼dµθ (·),s′∼p(·|s,a)[hθ(s, a, s

′)] = h̄1(θ) + H̄2(θ),

h̄1(θ)
.
=

[
d>µθr

X>Dµθr

]
, H̄2(θ)

.
=

[
0 d>µθ(Pπθ̄w − I)Xθ̄w

−(X>dµθ)θ̄
r X>DµθPπθ̄wXθ̄

w

]
,

Ḡ(θ)
.
= E(s,a)∼dµθ (·),s′∼p(·|s,a)[Gθ(s, a, s

′)] =

[
1 0>

0 X>DµθX + ηI

]
,

u∗(θ)
.
= Ḡ(θ)−1h̄(θ).
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We now use Lemmas C.1 and C.2 to compute the bounds and Lipschitz constants

for several terms of interest, which are detailed in Table C.2. From Table C.2 and

Lemma C.1, a Lipschitz constant of u∗(θ) is

Cu = max
{

1, η−1
}

(O(‖X‖) +O(Lµ)) + max
{

1, η−2
}
O(‖X‖)

which completes the proof.

Bound Lipschitz constant
Dµθ 1 LD

Ḡ(θ)−1 max {1, η−1} max {1, η−2}O(‖X‖2)
h̄1(θ) O(‖X‖) +O(1) O(Lµ)
H̄2(θ) O(‖X‖) O(‖X‖)
h̄(θ) O(‖X‖) +O(1) O(‖X‖) +O(Lµ)

Table C.2: Bounds and Lipschitz constants of several terms, assuming ‖X‖ ≤ 1, Lµ ≤
1.

Lemma C.10. Let Assumptions 2.8 and 12.2 hold. Then there exists a constant

C1 <∞ such that ∀θ, θ′,

‖∇Jπθ,µ‖ ≤C1,∥∥∇Jπθ,µ −∇Jπθ′ ,µ∥∥ ≤C1‖θ − θ′‖,∣∣∣∣∂2Jπθ,µ
∂θi∂θj

∣∣∣∣ ≤C1.

Proof. Recall

∇θJπθ,µ =
∑
s,a

dµ(s)mπθ,µ(s)qπθ(s, a)∇θπθ(a|s), (C.2)

mπθ,µ =D−1
µ (I − γP>πθ)

−1Dµi,

qπθ =(I − γP̃πθ)−1r.

Since the space of all policies are compact, supθ ‖∇θπ(a|s)‖ <∞ (Assumption 12.2),

using the extreme value theorem yields

sup
θ
‖∇Jπθ,µ‖ <∞.
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We now proceed to showing the boundedness of the Hessian of Jπθ,µ. We first

show
∥∥∥∂qπ∂θi ∥∥∥ is bounded. To see this, recall that

qπ = r + γP̃πqπ.

Taking derivatives in both sides yields

∂qπ
∂θi

=γ
∂P̃π
∂θi

qπ + γP̃π
∂qπ
∂θi

.

Consequently, we have

∂qπ
∂θi

= γ(I − γP̃π)−1∂P̃π
∂θi

qπ.

The extreme value theorem and Assumption 12.2 then ensure that

sup
θ

∥∥∥∥∂qπ∂θi

∥∥∥∥ <∞.
We can similarly show that

sup
θ

∥∥∥∥∂mπ,µ

∂θi

∥∥∥∥ <∞.
Taking gradients w.r.t. θ in both sides of (C.2) and using the product rule of calculus

then yields

sup
θ

∣∣∣∣∂2Jπ,µ
∂θi∂θj

∣∣∣∣ <∞.
This bounded Hessian of Jπ,µ immediately implies the Lipschitz continuity of ∇θJπ,µ,

which completes the proof.

Lemma C.11. ‖Pπ‖dµ =
∥∥D−1

µ P>π Dµ

∥∥
dµ

Proof. This proof is inspired by Kolter (2011). For any Y , we have

‖Y ‖dµ = sup
‖x‖dµ=1

‖Y x‖dµ = sup
‖x‖dµ=1

√
x>Y >DµY x

= sup
‖y‖=1

√
y>D

− 1
2

µ Y >DµY D
− 1

2
µ y =

∥∥∥D 1
2
µY D

− 1
2

µ

∥∥∥.
Letting Y = Pπ yields

‖Pπ‖dµ =
∥∥∥D 1

2
µPπD

− 1
2

µ

∥∥∥. (C.3)

Letting Y = D−1
µ P>π Dµ yields∥∥D−1

µ P>π Dµ

∥∥ =
∥∥∥D− 1

2
µ P>π D

1
2
µ

∥∥∥.
The rest follows from the well-known fact that `2 matrix norm is invariant under

matrix transpose.
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