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Abstract

Reinforcement Learning (RL) is a promising framework for solving se-
quential decision making problems emerging from agent-environment in-
teractions via trial and error. Off-policy learning is one of the most im-
portant techniques in RL, which enables an RL agent to learn from agent-
environment interactions generated by a policy (i.e, a decision making
rule that an agent relies on to interact with the environment) that is
different from the policy of interest. Arguably, this flexibility is key to
applying RL to real-world problems. Off-policy learning, however, often
leads to instability of RL algorithms, if combined with function approx-
imation (i.e., using a parameterized function to represent quantities of
interest) and bootstrapping (i.e., recursively constructing a learning target
for an estimator by using the estimator itself), two arguably indispens-
able ingredients for large-scale RL applications. This instability, resulting
from the combination of off-policy learning, function approximation, and

bootstrapping, is the notorious deadly triad in RL.

In this thesis, we propose several novel RL algorithms theoretically ad-
dressing the deadly triad. The proposed algorithms cover a wide range
of RL settings (e.g., both prediction and control, both value-based and
policy-based methods, both discounted and average-reward performance
metrics). By contrast, existing methods address this issue in only a few RL
settings, where our methods also exhibit several advantages over existing
ones, e.g., reduced variance, improved asymptotic performance guarantee.
These improvements are made possible by the use of several advanced tools
(e.g., target networks, differential value functions, density ratios, and trun-
cated followon traces). Importantly, the proposed algorithms remain fully
incremental and computationally efficient, making them readily available

for large-scale RL applications.

Besides the theoretical contributions in breaking the deadly triad, we also

make empirical contributions by introducing a bi-directional target net-



work that scales up residual algorithms, a family of RL algorithms that

break the deadly triad in some restricted settings.
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Chapter 1

Introduction

Arguably, an agent with artificial general intelligence should be able to sequentially
make decisions towards certain goals in an efficient, scalable, and stable way. Re-
inforcement Learning (RL, Sutton and Barto (2018)) is a framework for studying
sequential decision making problems via trial and error and has made tremendous
success in various domains (see, e.g., Mnih et al. (2015); Silver et al. (2016); Jumper
et al. (2021); Vinyals et al. (2019); Bellemare et al. (2020); Mirhoseini et al. (2021);
Bastani et al. (2021); Degrave et al. (2022)). Different from many other frameworks
that can be used for sequential decision making (e.g., dynamic programming (Bell-
man, 1966), optimal control (Kirk, 2004), and search (Russell and Norvig, 2002)), RL
does not assume to know the internal dynamics of the environment, which makes RL
readily applicable to a wide range of real-world problems, e.g., vehicle parking.

RL considers an agent-environment interface. At each time step, an agent makes
a decision (i.e., an action) according to a policy, which is a mapping from the agent’s
current state (i.e., the set of the information that the agent currently has) to a proba-
bility distribution of available actions. The environment receives this action, emits a
reward, and leads the agent to a successor state. Here the reward is a scalar signal. It
is assumed, in the RL framework, that this reward signal is predesigned and faithfully
conveys the goal we want the agent to achieve (Sutton, 2004). Consequently, all the
agent needs to do is to adapt its policy to maximize the received reward signals in
a long run. In the vehicle parking example, the state could be sensor data such as
images from the backup camera and the velocity of the vehicle. The action could be
to steer, to brake, or to accelerate. The reward could be a negative constant every
second until the vehicle is successfully parked. It is worth mentioning that design-
ing a reward signal to faithfully convey human intention is nontrivial, especially in
real-world scenarios. For instance, in the vehicle parking example, one might also

want to reflect safety constraints in the reward signal. And additional techniques



such as supervised learning might be necessary to determine whether the vehicle is
properly parked. Reward design itself is an active research area (see, e.g., Abbeel
and Ng (2004); Abel et al. (2021)), which, however, deviates from the main topic of
this thesis. In this thesis, we assume that the desired reward signal is available and
focus on the maximization of this reward signal. The RL community has developed
numerous exciting ideas for this reward-maximization process. Arguably, bootstrap-
ping, function approximation, and off-policy learning are among the most important
ones.

The idea of bootstrapping (Sutton, 1988) is to recursively construct a learning tar-
get for an estimator by using the estimator itself. In the RL context, bootstrapping
is an efficient method to address the credit assignment problem, i.e., to determine
which actions should be credited for delayed rewards in the future. Temporal Dif-
ference learning (TD, Sutton (1988)) is an example of bootstrapping methods. In
TD, the estimate of the value of a state, i.e., the estimate of the expected aggregated
future rewards after visiting a state, is updated towards the summation of the imme-
diate reward and the estimate of the value of the successor state. Since the successor
state is immediately available in the next time step, TD is able to update the estimate
every time step in an online manner. By contrast, without bootstrapping, it would
not be possible to update the estimate of the value of a state until all future rewards
are received, which could possibly take a long time. In the vehicle parking example,
we might want to know the rewards an agent can receive starting at some position
following some policy. Without bootstrapping, one straightforward way is to wait
until the end of this trial of parking. With bootstrapping, we can, however, get an
estimate immediately at the next second via summing up the immediate reward that
the agent have received and our estimate of the rewards that the agent could receive
in the future starting from the new position.

The idea of function approximation is to use a parameterized function to rep-
resent quantities of interest, e.g., the values of different states, in a compact way.
A straightforward method to store the values of different states is to use a look-up
table to store them separately. This tabular method is, however, memory-expensive
when there are too many states. Even worse, this tabular method cannot easily pro-
vide generalization, i.e., it is hard to deduce the value of a new state based on the
look-up table storing the value of known states. By contrast, function approximation
adopts a feature function that maps each state to several numerical features. Those
numerical features serve as the inputs to a parameterized function. And we adapt

the parameters such that the parameterized function is able to approximate well the



quantities of interest, e.g., the values of states. As features are usually much less
than states and parameters are shared across all states, function approximation ex-
hibits great memory efficiency. More importantly, as features are usually correlated
across states, function approximation easily provides generalization to unseen states.
Consider, again, estimating the rewards a parking agent can receive starting from dif-
ferent positions in the vehicle parking example. If the states are the images from the
backup camera, maintaining a look-up table using the image as key and the estimated
reward as value is impractical because there are too many possible images. A more
practical way might be to train a neural network (LeCun et al., 2015) to approximate
the mapping from the images to the estimated rewards.

The idea of off-policy learning is to decouple the policy being learned (target
policy) from the policy used for interaction with the environment (behavior policy)
and thus allows them to be different from each other. By contrast, another learning
paradigm, called on-policy learning, restricts the policy being learned to be the one
that the agent uses to interact with the environment. This flexibility of off-policy
learning helps improve the sample complexity of RL. For example, with off-policy
learning, one can reuse existing experiences generated by other policies to learn the
policy of interest, without requiring additional interaction with the environment.
One can also learn multiple policies of interest simultaneously while interacting with
the environment following a single behavior policy (cf. Sutton et al. (2011)). This
flexibility is also key to solving the exploration and exploitation dilemma. On the one
hand, we want the agent to interact with the environment in an exploratory way such
that more information can be obtained. On the other hand, we also want the agent
to interact with the environment in an exploitative way such that it can maximize
the received rewards. With on-policy learning, it is nontrivial to require the policy to
be both exploratory and exploitative. With off-policy learning, one can, however, use
an exploratory behavior policy for interacting with the environment while learning an
exploitative target policy. Consider again the vehicle parking example. We might have
some premature parking policies and want to know its outcome. Off-policy learning
allows us to evaluate those premature parking policies without actually deploying
them, possibly with data from a single human driver. This greatly reduces the risk
in the evaluation process.

It thus would be desirable if an RL algorithm can simultaneously combine all the
three ingredients above. Such an algorithm, unfortunately, is usually not theoretically
guaranteed to be stable, i.e., the output of such an algorithm can easily go to infinity.

This instability is known as the notorious deadly triad (Chapter 11.3 of Sutton and



discounted average reward
performance metric performance metric
Sutton et al. (2008, 2009)
value prediction Sutton et al. (2016) Ours
Ours
density ratio prediction Nachum et al. (2019) Ours
Ours
value-based control with Maei et al. (2010) Ours
a fixed behavior policy Ours
value-based control with
. . . Ours Ours
a changing behavior policy
policy-based control with
a fixed behavior policy Ours N/A
policy-based control with
a changing behavior policy N/A N/A

Table 1.1: Solution methods of the deadly triad issue in different RL settings. This
table is an arguably exhaustive taxonomy of RL settings regarding the deadly triad.
The exact definition of each setting is deferred to Chapter 2 for the ease of presenta-
tion.

Barto (2018)). When it comes to the deadly triad, we limit our discussion to RL al-
gorithms that are computationally efficient, i.e., algorithms that have linear per-step
computational and memory complexity w.r.t. the number of input features. There
are indeed algorithms with squared complexity that can address the deadly triad,
which are, however, hard to use in large scale applications due to the high demand
of computation resources. Though there have been works theoretically addressing
this deadly triad in a computationally efficient way (Sutton et al., 2008, 2009; Maei
et al., 2010; Sutton et al., 2016), they consider only a few RL settings, namely, value-
based methods under a discounted performance metric. The major contribution
of this thesis is to theoretically address the deadly triad issue in a wide
range of RL settings, including both policy- and value-based methods and
under various performance metrics. Table 1.1 details how the settings this the-
sis considers differ from the settings previous works consider. Importantly, in the
settings where solutions already exist, our methods also exhibit various advantages
over existing ones, e.g., reduced variance, improved asymptotic performance guaran-
tee. Furthermore, all our proposed convergent algorithms are also computationally
efficient. Their per-step computation and memory complexity are linear with respect
to the number of input features, making them readily available for large-scale RL

applications.



The theoretical advances presented in this thesis are made possible via the use of
several advanced tools, including target networks, differential value functions, density
ratios, and truncated followon traces. The target network (Mnih et al., 2015) is a
technique widely used by practitioners to empirically stabilize RL algorithms (e.g.,
Lillicrap et al. (2016); Fujimoto et al. (2018); Haarnoja et al. (2018)). The idea is
to keep a slowly changing copy of the estimator, which is referred to as the target
network, and use the copy to construct an update target for the estimator in boot-
strapping. This thesis is the first to theoretically identify target networks
as effective tools for addressing the deadly triad. Differential value functions
are key to credit assignment when it comes to the average reward performance met-
ric. This thesis proposes the first convergent algorithm to learn differential
value functions in the context of the deadly triad. In RL, agents following
different policies have different state distributions. The density ratio is the ratio
between the state distribution under the target policy and that under the behavior
policy. The density ratio is an effective tool for correcting the discrepancy between
the target policy and the behavior policy and thus addressing the deadly triad. This
thesis proposes the first convergent algorithm to learn the density ratio
in the context of the deadly triad and the average reward performance
metric. This thesis also proposes the first convergent algorithm to learn a
generalization of the density ratio for addressing the deadly triad. Followon
traces are first introduced by Sutton et al. (2016) in emphatic TD methods to ad-
dress the deadly triad in value prediction problems. Followon traces, however, suffer
from large variance and the convergence analysis of emphatic TD methods is only
asymptotic (Yu, 2015). By introducing the truncated followon traces, this
thesis is the first to address the large variance of the followon trace in a
theoretically grounded way. This thesis also provides both asymptotic and
nonasymptotic convergence analysis for the resulting truncated emphatic
TD methods for both prediction and control settings, in the context of the
deadly triad.

Besides theoretically breaking the deadly triad, we also make empirical contribu-
tions. In particular, we design a novel bidirectional target network that scales up
residual algorithms (Baird, 1995). Residual algorithms are a class of RL algorithms
that are able to theoretically address the deadly triad issue in some restricted settings
and have been widely studied before the emergence of deep RL (i.e., the combination
of RL and deep neural networks, c¢f. Mnih et al. (2015)). By using the bidirec-



tional target network, this thesis provides the first empirical success of

residual algorithms in the context of deep RL.



Chapter 2

Background

2.1 Mathematical Conventions

In this section, we discuss the mathematical conventions we follow in this thesis.

All vectors are column. A matrix M (not necessarily symmetric) is said to be
positive definite (p.d.) if there exists a constant A\ > 0 such that z" Mz > Xz "z holds
for any x. It is well known that M is p.d. if and only if M + M T is p.d. M is negative
definite (n.d.) if and only if —M is p.d. We overload 0 to denote the scalar zero, an
all-zero vector, and an all-zero matrix. The notation 1 is also similarly overloaded.
For a vector x and a p.d. matrix M, we use ||z||,, = VT Mz to denote the vector

norm induced by M. We also use ||-||,, to denote the corresponding induced matrix

norm, i.e., for a matrix X, ||.X||,, = max,-o Hﬁ;ﬂﬁ” We use ||-|| as shorthand for ||-||,
where I is the identity matrix, i.e., ||-|| is the standard ¢y-norm. We use diag(x) to

denote a diagonal matrix whose diagonal entry is = and write ||-||, as shorthand for
/| giag(x) When diag(x) is p.d.. We use [|-|| , and |[-[|; to denote the standard infinity
norm and ¢;-norm respectively. We use (-, -) to denote the inner product in Euclidean
spaces, i.e., (z,y) = x'y. We use functions and vectors interchangeably when it does
not confuse, e.g., if f is a function from S to R, we also use f to denote a vector in
RIS whose s-th element is f(s).

2.2 Markov Decision Process

In this section, we discuss the mathematical model we use for RL in this thesis.

We consider an infinite horizon Markov Decision Process (MDP, see, e.g., Puter-
man (2014)) consisting of a finite state space S, a finite action space A, a bounded
reward function r : § X A — R such that Vs € S;a € A, |r(s,a)| < rpes < 00, a



transition function p: S x S x A — [0,1], a policy 7 : A x S — [0,1], and an initial
distribution py : S — [0, 1].

At time step 0, an initial state Sy is sampled according to po(-). Here po(+) repre-
sents a probability distribution on & whose probability mass function is py. At time
stept =0,1,..., an action A, is sampled according to m(-|S;). Here 7 (-|S;) represents
a probability distribution on A, where the probability mass for a € A is w(a|S;). Then
a reward Ryyq = (S, A;) is emitted and a successor state Sy, is sampled according
to p(+|St, Ay). Here p(:|S;, Ay) represents a probability distribution on S, where the
probability mass for s € S is p(s|S;, A;). We consider two different settings for study-
ing this MDP: the discounted setting and the average-reward setting. They differ
from each other in how the performance of the policy 7 is measured.

In the discounted setting, we consider a discount factor v € [0,1) to trade off
the importance of long term and short term rewards. To summarize the possible
future rewards starting from a state s following the policy 7, we define the state value

function v, as
U(8) = Er |G| Sy = s],

where
G, = Z’YiRtHH
i=0

is the return at time step t. Similarly, we use the action value function g, to summa-
rize the possible future rewards starting from a state-action pair (s, a) following the

policy
0r(s,a) = E; ,[Gi|S: = s, Ay = al.
The two value functions are related to each other as

Ue(s) = Z m(als)q(s,a).

a

We now arrive at our first performance metric, the discounted total rewards J,, which
is the expectation of the summation of the discounted future rewards starting from

time step 0:

Jr = Bsnpo([vn(8)]-



In the average-reward setting, we consider another performance metric, the aver-
age reward J, (a.k.a. gain, see, e.g, Puterman (2014)), which is the average of the

received rewards in a long run:

lim — Y E,
= Jim 7 Z ol
The average reward exists and is independent of pq if the following assumption holds:

Assumption 2.1. The Markov chain in S induced by the policy 7 is ergodic.

Assumption 2.1 is sufficient but not necessary. Weaker conditions (e.g., the Markov
chain in S induced by the policy 7 is a unichain) can also be used. In this thesis, we
use Assumption 2.1 for the ease of presentation. We similarly define the differential
state value function v, (see, e.g., Sutton and Barto (2018), a.k.a. bias, see, e.g.,

Puterman (2014)) and the differential action value function G, as

Ur(8) = Erp Z(RtJri - jﬂ)’St =S
i=1
and
x(s,0) = Erp Z(Rt+z’ — TS =5, A =al,
i=1

which summarize the possible future excessive rewards between the immediate reward
and the average reward. Both v, and ¢, are well-defined under Assumption 2.1. The

two differential value functions are related to each other as

Ua(s) = > _m(als)ge(s, a).
a
We consider both prediction and control problems in both discounted and average-
reward settings. The prediction problem refers to estimating the performance of a
policy, i.e., computing Jx,vx, ¢x, Jx; Ur, Gr. The control problem refers to finding a

policy maximizing J, or J.

2.3 Bellman Equations

In this section, we discuss dynamic programming, one origin of RL.
Bellman equations (Bellman, 1966; Puterman, 2014) are powerful tools to study

the prediction and control problems in both discounted and average-reward settings.



For the prediction problem in the discounted setting, we consider the following

Bellman equation:
v =1+ 7Py, (2.1)

where v € Rl is the free variable, -, € RISl is the reward vector induced by the policy
7, i.e., the s-indexed element of 7 is 7.(s) = Y, 7(a|s)r(s,a), and P, € RSS! jg
the state transition matrix induced by the policy, i.e., Pr(s,s") = > m(als)p(s'|s, a).
The state value function v, is the unique solution to (2.1). Similarly, we also have

the Bellman equation for action value:
q=r+7Pxq, (2.2)

where g € RIS*Al is the free variable, P, € RIS*AXISXAl is ogverloaded to denote the
state-action transition matrix as well for simplifying notations, i.e., Pr((s,a), (s, a")) =
m(a'|s")p(s'|s,a). The action value function g, is the unique solution to (2.2). Once
vy O @, is known, computing .J, becomes straightforward using samples from py.

For the control problem in the discounted setting, we have two Bellman optimality

equations:
q(s,a) =r(s,a) +~ %p(S’\s, a)maxq(s',a’) V(s,a), (2.3)
v(s) =maxr(s,a) —i—’yZp(s']s,a)v(s’) Vs, (2.4)
s'eS

where ¢ € RIS*4 and v € RIS are the free variables. (2.3) has a unique solution,
which we refer to as ¢.. (2.4) also has a unique solution, which we refer to as v,

Importantly, for any (7, s,a), we have

(s, a) 2qx(s, a),
V«(8) >0, ().
It is then easy to see that J; is maximized if the policy 7 is greedy w.r.t. g.(s,a), or
equivalently, r(s,a) + >, p(s'|s, a)v.(s').
For the prediction problem in the average reward setting, we consider the following

differential Bellman equation:

v=ry—Jl+ P, (2.5)
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where v € RISl and J € R are free variables. Since (2.5) has |S| + 1 free variables but
only |S| constraints, it does not have a unique solution. It is well known (see, e.g.,
Puterman (2014)) that all the solutions to (2.5) form a set

{(v,j)\vzﬂﬂ—l—cl,ceR,j:jﬁ},

i.e., the solution to .J is always the average reward, but the solutions to v can differ
from the differential value function v, by an arbitrary constant offset. Similarly, we

also have the differential Bellman equation for action value:
q=1—Jl+ P, (2.6)

where ¢ € RIS*4l and J € R are free variables. The solution to J is always the reward
rate J,, but the solutions to ¢ can differ from the differential action value function g
by an arbitrary constant offset.

For the control problem in the average reward setting, we consider the following

differential Bellman optimality equation:
Q(sva) = T’(S,CL) - j+ Zp(s/|s,a) maxq(s’,a’), \V/(S,CL), (27)
- a’eA

where ¢ € RIS*4l and J € R are free variables. Similarly, the only solution to .J is
J. = sup, J and all the solutions to ¢ differ from each other by a constant offset.

Now it becomes clear that both the prediction and control problems can be ad-
dressed by solving Bellman equations (2.1), (2.2), (2.3), (2.4), (2.5), (2.6), and (2.7).
One classical approach for solving Bellman equations is Dynamic Programming (DP,
Bellman (1966)). For example, to solve (2.1), DP considers the Bellman operator
T, : RISl — RIS defined as

It is well-known that 7, is a contraction mapping and v, is its unique fixed point
according to the Banach fixed point theorem. Consequently, repeatedly applying 7,
to any initial vector v € RISl converges to v;. To solve (2.2), DP considers the action
value Bellman operator 7, : RIS*Al — RISXAl defined as

Trq=1+vP:q.

Here we have overloaded 7, for simplifying notations. The action value Bellman

operator is a contraction mapping as well, and repeatedly applying 7, to any initial

11



vector ¢ € RIS*Al converges to ¢. To solve (2.3), DP considers the action value

optimal Bellman operator 7T, : RIS*AIZISXAl defined as

_ / / /
(TkQ>(S7 a) - 7"(8, a) + Y Zp(s |S> a) g}eaj(Q<S , )
s'eS
T, is a contraction mapping as well, and repeatedly applying 7, to any initial vector
g € RIS*Al converges to ¢,. Similarly, to solve (2.4), DP considers the state value
optimal Bellman operator 7, : RISl — RIS defined as

(Tov) (s) = max r(s,a) + vzp(s’|s, a)v(s'), (2.8)
where we have overloaded 7, for simplicity. Repeatedly applying 7, to any initial
vector v € RIS converges to v,.

It is, however, worth mentioning that applying 7, and 7, requires to know the
transition function p, which is usually unknown in practice. Reinforcement Learning
(RL, Sutton and Barto (2018)) is a framework to address this challenge. Instead of
requiring knowing p(s'[s,a) for any s’ given (s,a), RL requires only a sample from
p(+]s,a), which is usually readily available in practice. We use Temporal Difference
learning (TD, Sutton (1988)) as a representative RL algorithm to demonstrate the
difference between RL and DP. To solve (2.1), at time step ¢, TD updates a single

element of v as
v(St) = v(Sy) + ap (Rep1 +yv(See1) — v(S)),

where {a;} is a sequence of learning rates. This TD update differs from the DP
update of applying 7, to v mainly in the following aspects: (1) TD only updates a
single element of v at each time step (i.e., v(S;)), while DP updates all the elements
of v at each iteration. (2) TD updates the element v(S;) incrementally towards
Riy1 + yv(Siy1), controlled by the learning rate oy, while DP completely rewrites v
with 7,v. (3) The computation of T,v in DP requires to know Py, while TD requires
only Siy1, a sample from p(-|S;, A;). To summarize, RL provides an incremental and

stochastic way for implementing DP.

2.4 Bootstrapping

In this section, we discuss the first ingredient of the deadly triad.
Bootstrapping is perhaps the most important idea in RL. Consider, for example,

computing v,. By definition, v.(s) = E[G;|S; = s], so the most straightforward way

12



is to update v(S;) towards a realization of the random variable Gy, which is known as
the Monte Carlo method. Obtaining a realization of GG, is, however, nontrivial. Recall
that G; is the summation of all possible futures rewards (3 ;o) 7' Retit1). So in an
infinite horizon MDP, we have to wait for sufficiently long time, say T', to make sure
~T is sufficiently small such that we can truncate the summation as Z;TFZO V' Ryyis
without incurring large bias, or wait for a time step T such that R, =0 for all t > T
Since T' can be very large, the update to v(S;) is likely to be heavily delayed. Even
worse, the variance of G; can be very large.

Instead of waiting for a realization of Gy to construct an update target for v(S;),
TD uses Riy1 + 7v(Si+1) as the update target for v(S;), which is readily available at
time step t+1. The TD update target is recursively constructed by using the estimate
v itself, which is the central idea of bootstrapping (Sutton, 1988). The difference term
Rivq + yv(Siy1) — v(S;) is usually referred to as the TD error. Moreover, since the
randomness of the TD update target comes from only time step t+1, it usually enjoys
lower variance than the Monte Carlo update target GG;. Obviously there is no free
lunch, the TD update target is biased since v is only an estimate of v,. However,
under mild conditions, one can prove that v converges to v, almost surely (a.s.) under
the TD update (Bertsekas and Tsitsiklis, 1996).

The idea of bootstrapping has been widely used in RL. For example, SARSA
(Rummery and Niranjan, 1994) for prediction updates updates ¢ as

q(St, Ar) < q(St, Ar) + ae(Rir1 + vq(Ses1, Avrr) — q(Se, Ar)),

where ¢ converges to ¢, a.s. (Bertsekas and Tsitsiklis, 1996). To compute .J,, differ-
ential TD (Sutton and Barto, 2018) updates v and J as

j — j+ at(Rt+1 — j),
U(St) < U(St) + Oét<Rt+1 — j+ U(SH—I) — U(St))

where J converges to J, and v converges to one solution of (2.5) (Zhang et al., 2021e).

Similarly, differential SARSA for prediction updates ¢ and J as

j — j+ Oét(Rt+1 — j),
Q(St, At) «— Q(Stu At) + at(Rt+1 —J+ Q(St—i-lu At+1) - Q(Sta At))v

where J converges to J, and q converges to one solution of (2.6) (Zhang et al., 2021e).
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2.5 Function Approximation

In this section, we discuss the second ingredient of the deadly triad.

When the state space S is too large, maintaining a look-up table (i.e., a vector
v € RI¥l) as an estimate of v, becomes intractable. Even worse, such a look-up table
v cannot easily provide generalization across states. For example, even if we have
good estimates for all states except for so, i.e., v(s) = v,(s) holds for all s € S\ {so},
it is still nontrivial to deduce the value of the state sy. To cope well with large state
spaces and provide generalization across different states, function approximation is
introduced.

Function approximation adopts a feature mapping x : S — RX, which maps each
state s into a K-dimensional vector. In the case of linear function approximation, a

weight vector w € R¥ is then adapted such that
z(s) w ~ v (s), Vs.

As K is usually much smaller than |S|, function approximation exhibits great memory
efficiency when the state space is large. As xz(s) is usually correlated for different
s € §, function approximation naturally provide generalization across different states.

With linear function approximation, TD updates the weight w iteratively as
Wiy = wy + ay(Reyq + ”yx;rlwt — z]wy)xy, (2.9)

where we use z; = x(5;) as shorthand. The almost sure convergence of {w;} is
obtained by Tsitsiklis and Roy (1996a) under mild conditions.

Let X € RISIXK he the feature matrix, each row of which is z(s)", and d, € RISl
be the stationary state distribution of the Markov chain induced by 7, assuming it
exists. We define a projection I _: RIS — RISI such that

I, v = X arg min || Xw — ol .
;. rg min [|Xw — ol

It is easy to see that Il;_ is the projection onto the column space of X w.r.t. the
norm induced by d,.. With simple algebraic manipulation, it is easy to verify that

IT,, is linear and
Iy, = X(X'D.X)'X"D,,

where D, = diag(d,) € RISl and we assume the inversion exists for now. Under
mild assumptions, Tsitsiklis and Roy (1996a) show that the iterate {w;} generated
by linear TD (2.9) satisfies

lim w; = w, a.s.,
t—o0
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where w, is the unique solution to
T, T (Xw) = Xwl|lz, =0, (2.10)

the LHS of which is known as the Mean Squared Projected Bellman Error (MSPBE).

Linear function approximation can also be combined with many other RL algo-
rithms and some of the combinations remain convergent as well. For example, to
approximate ¢, (s,a), linear SARSA for prediction updates the weight w iteratively

as
Wiy1 = Wi + oy (Repr + yog o we — o) wi)zy, (2.11)

where we have overloaded x to also denote a state-action feature mapping: S x A —
RE and z; = z(S;, A;). We overload d, € RIS*Al to denote the stationary state-
action distribution of the chain induced by 7 as well, assuming it exists. Similarly,
D, € RIS*AXISxAl ig gverloaded to denote a diagonal matrix whose diagonal entry is
d. € RIS*A X ¢ RISXAXK ig gverloaded to denote the state-action feature matrix,
each row of which is z(s,a)". The projection II; is also overloaded accordingly.
Under mild conditions, the results in Tsitsiklis and Roy (1996a) can be used to show
that the {w,} generated by linear SARSA for prediction (2.11) converges to the unique
solution of (2.10) (with overloaded notations).

Linear differential TD (Tsitsiklis and Roy, 1999) updates the weight w and a

scalar estimate J of the reward iteratively as

jt+1 = J + ar(Riyq — jt),

Wiy = wy + oy (Repq — Jp + x;lwt —x]w,).
To study the behavior of linear differential TD, we make the following assumption:
Assumption 2.2. For any c € R,w € R, Xw # cl.

Under Assumptions 2.1, 2.2, and other mild conditions, Tsitsiklis and Roy (1999)
prove that

lim J, = J,,

t—o0
lim w; = wy,
t—o0

where w, is the unique solution of

|, (e = Je1 + PrXw) — Xuw|), =0.
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Linear differential SARSA for prediction and its convergence are the same as linear
differential TD (with overloaded notations) and are thus omitted.

Besides linear function approximation, nonlinear function approximation can also
be used, where the estimate v is a nonlinear w.r.t. the feature x(s). We use vy(s)
and ¢, (s, a) to denote state value estimate and action value estimate parameterized

by w respectively.

2.6 Off-Policy Learning

In this section, we discuss the third ingredient of the deadly triad.

So far we have considered only a single policy 7, which is both the policy used
for action selection and the policy whose value function is to be estimated. This
learning paradigm is called on-policy learning. One could of course consider two
policies instead: one policy p is used for action selection, and we estimate the value
function of another policy 7. This learning paradigm is called off-policy learning,
and the policies © and 7 are referred to as the behavior policy and the target policy
respectively.

Arguably, off-policy learning is more flexible than on-policy learning. For example,
while a single policy p is used for action selection, one could learn the value function
of multiple target policies 7y, 7o, ... simultaneously (see, e.g., Sutton et al. (2011)),
which would be impossible in the on-policy learning setting. In some settings, action
selection based on the target policy may not be able to cover the whole state space
efficiently. So one might also want to consider off-policy learning and use a different
behavior policy for action selection to explore the state space more efficiently.

In this thesis, we consider two different off-policy learning settings, the Markovian

setting and the i.7.d. setting.

Definition 2.1 (The Markovian setting). The learning algorithm is presented with
an infinite sequence (So, Ag, R1,S1, A1, Ry, Sa, .. .), where

So ~po(+), Ae ~ pu(|St), Rer =1 (Se, At), S ~ p(+[S, Ar) (E=0,1,...).
Here {p} is a sequence of behavior policies for action selection.
In its simplest form, the behavior policy is fixed.

Definition 2.2 (The Markovian setting with a fixed behavior policy). The learning
algorithm is presented with an infinite sequence (Sy, Ao, R1,S1, A1, Ra, Sa, .. .), where

So ~ p0<')7 Ay~ M('|St)7 Ry = T’(Sm At)7 St+1 ~ p("St; At) (t =0,1,... )
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We use d,, € RIS! to denote its stationary state distribution. If the behavior policy
is fixed, we simply use d,, € RIS|.

Besides the Markovian setting, we sometimes work on the i.i.d. setting, which
has two variants. When working with state value function v, or v,, we consider the

following i.i.d. setting:

Definition 2.3 (The i.i.d. setting). The learning algorithm is presented with an
infinite sequence of tuples {(Sk, Ax, Rk, S) }p—q .., where

Sk~ dyu (), Ax ~ p(-[Sk), By, = r(Sk, Ax), Sy, ~ p(-[ Sk, Ak)-
Here d,, is the stationary distribution of the chain induced by the behavior policy fi.

When working with action value function ¢, or ¢, we consider the following i.i.d.

setting:

Definition 2.4 (The behavior agnostic i.i.d. setting). The learning algorithm is pre-
sented with an infinite sequence of tuples {(Sy, Ay, Sk, Ak, Riy Spy A%) o 1., where

Sy~ o), AL ~ w(-|SD), (Sk, Ax) ~ d,(-), Ry, = r(Sk, Ag),
Si ~ (-|Sk, Ar), Ay ~ 7(-|Sy).

Here d, : S x A — (0,1) is an arbitrary probability distribution on S x A that has
full support. For simplifying notations, we sometimes use dy,. to denote the joint
distribution of (S§, A}) and d,. to denote the joint distribution of (Sk, Ay, Si, A},).

In the Markovian setting in Definition 2.2, after the chain induced by g has mixed,
it reduces to the i.i.d. setting in Definition 2.3. In other words, if an algorithm
is convergent in the i.i.d. setting in Definition 2.3, it is usually also convergent in
the Markovian setting in Definition 2.2 (see, e.g., Sutton et al. (2009) and Wang
et al. (2017a)). The convergence proof in the Markovian setting is, however, usually
more involved. In this thesis, we study those two settings separately for the ease of
presentation.

Thei.i.d. setting in Definition 2.4 is usually referred to as the behavior agnostic off-
policy learning setting (Nachum et al., 2019a) since it does not impose any condition
on how d,, is obtained: it can be the stationary state-action pair distribution of a single
known behavior policy; it can also result from multiple unknown behavior policies.
In practice, this d, is usually the marginal state-action pair distribution in a large
dataset consisting of previously logged tuples {(s, ax, 7%, s})} (see, e.g., Levine et al.

(2020)).
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The i.i.d. settings can be viewed as the batch RL setting (Levine et al., 2020) with
infinitely many data. It is straightforward to extend the results in those settings to the
canonical batch RL setting with a finite dataset, see, e.g., Nachum et al. (2019a). The
results in the Markovian settings typically require an infinite trajectory. Extending
those results to the batch RL setting is nontrivial, which we leave for future work.

We now give some examples of off-policy algorithms. We first consider the Marko-

vian setting in Definition 2.2. Off-policy TD updates the look-up table v as

v(Sy) + v(St) + aypi( Rt + yu(Sea1) — v(Sy)), (2.12)
where
. (A St)
T ALS)

is the importance sampling ratio. It is proven that under mild conditions, v converges
to v, a.s. (Bertsekas and Tsitsiklis, 1996). Off-policy SARSA for prediction updates
the look-up table g as

Q(Sta At) <~ Q(St7 At) + at(RtH + 7Pt+1Q(St+17 At—H) - Q(St7 At))- (2-13)

Off-policy expected SARSA for prediction updates the look-up table ¢ as

q(St, Ar) < q(Si, Ar) + oy (Rt—H + 'YZW<G|St+1)Q(St+1, a) — q(St, At)) -(2.14)

It is proven that under mild conditions, ¢ converges to ¢, a.s. (Bertsekas and Tsitsiklis,
1996). Differential off-policy TD updates v and J as

(St < Rt+1 — j+ U(St+1) — 'U(St),
j < j+ oztpt(st,
U(St) — 'U(St) + Oétptét.

It is proven that .J converges to J, a.s. and v converges to one solution of (2.5) (Wan
et al., 2021). Differential off-policy SARSA for prediction updates ¢ and .J as

O <= Ryp1 — J + per1q(Seer, Aepr) — q(Si, Ay, (2.15)
j — j+ at5t7
q(St, Ar) < q(Sy, Ar) + aidy.

The results in Wan et al. (2021) can be used to show that J converges to J; a.s. and

q converges to one solution of (2.6).
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We then consider the Markovian setting (Definition 2.1) with changing behavior
policies. @Q-learning (Watkins, 1989) updates ¢ as

q(St, At) < q(St, Ar) + o <Rt+1 + 7 max q(Sig1,a) — q(St, At)) . (2.16)

where ¢ converges to ¢, a.s. (Bertsekas and Tsitsiklis, 1996). Comparing (2.16) and
(2.14), one can see that the Q-learning is essentially using a greedy policy w.r.t.
the current g as the target policy in the off-policy expected SARSA for prediction.
Since the estimate ¢ keeps changing, the target policy changes every time step in
@-learning. In practice, the behavior policy p; in @-learning also changes every time
step. A common choice is an e-greedy policy w.r.t. the current g, i.e., it selects a
random action w.p. € and selects a greedy action w.r.t. ¢ w.p. 1 — €. Differential
Q-learning (Wan et al., 2021) updates ¢ and J as

8 — Ry — J + méauxq(SHl7 a) — q(Sy, Ay), (2.17)
j — j“— Oét(st,
q(St, Ay) < q(Sy, Ay) + audy,

where J converges to J, a.s. and ¢ converges to one solution of (2.7) a.s. (Wan et al.,
2021). The behavior policy of differential Q-learning is usually an e-greedy policy as

well.

2.7 The Deadly Triad

Given the benefits of bootstrapping, function approximation, and off-policy learn-
ing, it would be desirable if one single algorithm can simultaneously adopt all those
three ingredients. Such an algorithm, unfortunately, is usually not guaranteed to be
convergent, which is the notorious deadly triad (Chapter 11.3 of Sutton and Barto
(2018)).

For example, in the Markovian setting in Definition 2.2, off-policy linear TD up-

dates the weight w iteratively as
Wy = wy + aypr(Res1 + thTHwt — x]wy) . (2.18)

The divergence of (2.18) is, however, well-documented (Baird, 1995; Tsitsiklis and
Roy, 1996a; Sutton and Barto, 2018). In the on-policy setting, the linear TD update

(2.9) can be rewritten as

Wiy — Wy = Oy (xt(7$t+1 - SCt)th + Rt+1It) : (2.19)
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Since the chain is assumed to be ergodic, asymptotically, S; will be distributed accord-
ing to the stationary distribution d,. Consequently, in the long run, the expectation

of the terms x;(ywy 1 — 2;)" and Ry, a2y are

A= Z dr(s)x(s) (’y Z Pr(s,s)z(s") — :c(s)) = X'"D,(vP, — X
and

b= du(s)x(s)rx(s) = X Dyrs.

If the learning rate «; decays properly, the system described by (2.19) approximates
the following Ordinary Differential Equation (ODE) in the long run:

dqﬁ—it) = Aw(t) + b. (2.20)
The system in (2.19) is discrete-time and stochastic. The ODE in (2.20) is continuous-
time and deterministic. Studying the convergence of RL algorithms like (2.19) via
studying the corresponding ODEs like (2.20) is a common practice in the RL com-
munity, see, e.g., Tsitsiklis and Roy (1996a, 1999); Sutton et al. (2008, 2009); Yu
(2015), where theoretical results from the stochastic approximation community (e.g.,
Kushner and Yin (2003); Borkar (2009)) are usually used to formally connect the RL
algorithms and the corresponding ODEs. Technically speaking, if the RL algorithm
satisfies some conditions (e.g., the iterates generated by the RL algorithm is bounded
almost surely, the learning rates used by the RL algorithm decays properly), then
the iterates generated by the RL algorithm converge to an invariant set of the ODE
almost surely. We refer the reader to Section A.2 for an example of such theoretical
results, which we repeatedly use in this thesis, and to Kushner and Yin (2003); Borkar
(2009) for more discussion in depth. In the following we provide some intuition about
why this line of research is fruitful. First, the ODE is deterministic via averaging
out the randomness of RL algorithms from the policy and the transition function. A
deterministic system is usually easier to analyze than a stochastic system. Second,
the ODE community exists much longer than the RL community. Via connecting RL
algorithms with ODEs, the RL community can make use of powerful existing results
in the ODE community.

It is well-known that an ODE like (2.20) is globally asymptotically stable if A
is negative definite (see, e.g., Vidyasagar (2002)). Such negative definiteness of A
is confirmed by Tsitsiklis and Roy (1996a) with the help of an important property
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of stationary distribution d! P, = d!. Consequently, the convergence of (2.19) is

expected. In the off-policy setting, the corresponding A matrix of (2.18) is
X"D,(vP, — DX,

where D, = diag(d,). Such an A matrix is, however, not guaranteed to be negative
definite because dZP7r = dPTL usually does not hold. Consequently, the off-policy
linear TD update (2.18) can possibly diverge. This lack of negative definiteness of
the expected limiting update is the root cause of the deadly triad. Similarly, linear

(-learning updates the weight iteratively as
Wiy = Wy + ay <Rt+1 + 7 max 2(Sig1,a) "wy — xtth> Xy, (2.21)

whose divergence is documented in Baird (1995).
One attempt to address the deadly triad is to reweight the off-policy update, e.g.,

(2.18), with the products of importance sampling ratios

PopP1 - - - Pt

instead of a single importance sampling ratio p;. Assuming the variance of all such
products is bounded, Precup et al. (2001) confirm the convergence of the correspond-
ing update rule. Such an assumption about the bounded variance is, however, re-
strictive and may not hold for many behavior and target policies especially in infinite
horizon MDPs we consider in this thesis.

Residual gradient algorithms (Baird, 1995) address the deadly triad by perform-
ing gradient descent on TD errors directly. Consider, e.g., the off-policy prediction
problem with linear function approximation in the i.i.d setting (Definition 2.3). One
could define the Mean Squared Bellman Error (MSBE) for w as

MSBE(w) = ||rr + 7 PrXw — Xuw|y .
Computing the gradient of MSBE(w) yields

V»MSBE(w)
=2(ry + P, Xw — Xw) " D,(vP, X — X)

=2 Z d,(s) (Z P(s,8")(re(s) +yz(s") Tw — a:(s)Tw)>
X (Z P.(s, ") (yz(s") — x(s))T> :
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If we could get an unbiased estimate of V,,MSBE(w), standard stochastic gradient
descent algorithms can be applied to minimize MSBE(w), and the convergence of
the resulting algorithm follows directly from standard optimization theories. Such an
unbiased gradient estimate, however, requires two independently sampled successor
states s’ and s” from a single state s, which is not available in the RL setting we
consider. This is the notorious double sampling issue.

It is important to note that when it comes to the deadly triad, we limit our discus-
sion to only computationally efficient algorithms, i.e., algorithms that are incremental
and have linear per-step computational and memory complexity w.r.t. the feature di-
mension K. If we relax this requirement, the deadly triad can be addressed via least
square TD (LSTD) methods (Bradtke and Barto, 1996; Boyan, 1999; Lagoudakis
and Parr, 2003; Peters and Schaal, 2008; Yu, 2010). If off-policy linear TD (2.18)

converged, the weight w would converge to w, satisfying
Aw, +b =0,
where

A=X"D,(vP, — D)X,
b=X"D,r,.

Thus one straightforward way to compute w, is to estimate both A and b directly and
then use matrix inversion to compute w,, which is the central idea of LSTD meth-
ods. LSTD methods, however, in general exhibit O(K?) per-step computational and
memory complexity, which is prohibitive in large-scale applications. When additional
sparsity assumption is imposed on the features, Geramifard et al. (2006) reduce the
per-step computational complexity of LSTD methods to O(K + K?), where K is the
maximum nonzero features for any state. The memory complexity, however, remains
O(K?).

Nevertheless, several computationally efficient algorithms have been developed to

address the deadly triad in some settings, which we detail in the following sections.

2.8 Gradient Temporal Difference Learning

In this section, we discuss the first family of algorithms that address the deadly triad.
The idea presented in this section is repeatedly used in Chapters 4, 6, 8, and 12 for

deriving different learning objectives and computing their gradients.
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Linear TD (2.9) can be regarded as performing gradient descent on the following

objective
2
(Rt+1 + wctTHw — xtTw)

w.r.t. w, pretending x;rlw is independent of w. Such a method is usually referred
to as a semi-gradient method since the gradient of :EtTHw is ignored. If this gradient
of xtTHw is not ignored, one would end up with a true stochastic gradient method,
i.e., residual gradients. As discussed before, residual gradient remains stable even
if under off-policy training. Residual gradient, however, suffers from the notorious
double sampling issue, yielding implementation challenges in many practical settings.
It thus would be desirable if one could have a true stochastic gradient descent method
while avoiding the double sampling issue. Fortunately, Gradient Temporal Difference
(GTD, Sutton et al. (2008, 2009); Maei (2011)) learning methods achieve such a goal.
We study GTD2 (Sutton et al., 2009) as a representative of GTD methods. The
on-policy linear TD (2.9) converges to the minimizer of the on-policy MSPBE

L, T (Xw) — Xl .

Consider the i.i.d. setting in Definition 2.3. Since the data is sampled from the
stationary distribution d,,, one natural objective for learning the weight w, in analogue
to the MSPBE in the on-policy setting, is the off-policy MSPBE:

MSPBE(w) = [|Tl,, T(Xw) — Xuwlf; (2.22)

Similar to residual gradient methods, which compute the gradient of MSBE(w) di-
rectly, GTD2 computes the gradient of MSPBE(w) directly. We first rewrite the
off-policy MSPBE(w) as

MSPBE (w) (2.23)
=|[|TT, (T2 (Xw) = Xw),

=(Tx(Xw) — Xw)) ', DIy, (T (Xw) — Xw))

=(Ta(Xw) = Xw)) ' D, X(X "D, X) "' X ' Dy(To(Xw) — Xw))

(Using T, = X (XD, X)X D,)

=|| X" Du(To(Xw) — Xw)) H (XTD,x)-1
=||X"Du(rs + vPrXw — Xw) }| (XTD,X)-1

—HAWHMUJ + bm#HC;l,
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where

Ap,=X"D,(vP, — X,
br,=X"D,ry,
C,=X'D,X.

According to Fenchel’s duality, for any positive definite matrix M € RE¥*X and any

vector y € R¥, we have

y My =max2y'v—v' M. (2.24)

vERK

We can then continue expanding MSPBE(w) as
MSPBE(w) = max 2(Ap w4 bey) v —v O
Let
L(w,v) = 2(A, w + by ) 'v— v Cuy,
we have

min MSPBE(w) = min max L(w, v).

w v

Since L(w, v) is concave in v and convex in w, the original problem of minimizing w for
MSPBE(w) now becomes a convex-concave saddle-point (CCSP) problem. One can
use primal-dual methods to solve this CCSP problem, i.e., update w and v following
—VyLru(w,v) and V, L., (w,v):

VuLly(w,v)
:2VTA,W
=20 (XD, (vPr — I)X)
=2 " du(s)(x(s) ) Y Pe(s, 8) (ya(s') — x(s)) ",

VoL, (w,v)
=2((Aruw +bry) ' =17 C)
=2((rx + P Xw — Xw) ' D, X —v'X"D,X)
=2 Z d(s)z(s)" Z m(als)p(s'|s, a) (r(s,a) +ya(s) w—z(s) 'w —2(s) V).

a,s’
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GTD2 updates w and v iteratively as

. T T T
Vi1 = Vg + appr( Ry + y2, W, — Ty W — Ty Vk) Tk,

. / T
Wiyt = Wi + gpr(x) — yT3,) Ty Uk,

:Eﬁzg’;;, z(Sk), and z(S}). Under mild con-
ditions, Sutton et al. (2009) prove that {wy} in GTD2 converges to the unique min-
imizer of the off-policy MSPBE(w) a.s. GTD2, therefore, solves the deadly triad in

the discounted setting for the prediction problem.

where py, xy, and zj, are shorthand for

The derivation of GTD2 presented here using the Fenchel’s duality is due to Liu
et al. (2015); Macua et al. (2015) and is different from the original derivation in Sutton
et al. (2009). Besides GTD2, TDC (Sutton et al., 2009) can also be used to minimize
the off-policy MSPBE(w). Moreover, there also exists GTD(0) (Sutton et al., 2008)
that optimizes an objective that is slightly different from the off-policy MSPBE(w).
GTD(0), GTD2, and TDC are all in the family of GTD algorithms and solve the
deadly triad in the discounted setting for the prediction problem. In this thesis, for
easing presentation, we use GTD to indicate the GTD2 algorithm unless otherwise
specified. Though we consider the i.i.d. setting in Definition 2.3 here, GTD can also
be used in the Markovian setting in Definition 2.2, see, e.g., Wang et al. (2017a).
GTD methods have also been extended to estimate the action-value function ¢,, see,
e.g., Maei and Sutton (2010).

Maei et al. (2010) extend the idea of GTD methods to the control setting in
Greedy-GQ. Consider the i.i.d. setting in Definition 2.4, Greedy-GQ considers the
following MSPBE objective

T8, T (Xw) = Xl

where X is the state-action feature matrix, 7, is the action value Bellman operator,
and T, is some policy parameterized by w, e.g., m,, can be a greedy policy w.r.t. to the
action value estimate Xw. Arguably, optimizing this MSPBE is more involved than
optimize (2.22) since this MSPBE is non-convex and can even be non-differentiable
due to the dependence of 7, on the weight w. Fortunately, Greedy-G(Q managed to
optimize this MSPBE and is proven to converge to some stationary points of this
MSPBE objective, making it a solution for the deadly triad in the discounted setting

for the control problem.
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2.9 Emphatic Temporal Difference Learning

In this section, we discuss the second family of algorithms that address the deadly
triad. This section introduces a new quantity, emphasis, which is repeatedly used in
Chapters 4, 5, 11 and 12. This new quantity plays a key role in the design of many
novel convergent off-policy algorithms in this thesis and motivates the introduction
of the retrospective knowledge.

As discussed in Section 2.7, the root cause of the deadly triad is that the matrix
X'D,(vP, — X

is not guaranteed to be negative definite. One possible solution is to replace D,
with some other distribution (e.g., by reweighting the update at each time step) to
regain negative definiteness. This is the central idea of Emphatic Temporal Difference
learning methods (ETD, Sutton et al. (2016)). In its simplest form, considering
the Markovian setting in Definition 2.2, ETD introduces the followon trace F; for

reweighting the updates, which is defined recursively as

Ft = Z(St) -+ ")/ptletfl (t Z O) (225)
Fo,=0,

where i : § — (0, +00) is the interest function specifying users’ preference of different

states (i(s) = 1 is usually used). ETD then updates the weight w iteratively as
Wiy = Wy + a Fipe( Ry + fyx;rlwt —z]wy)x,. (2.26)

It can be shown (Sutton et al., 2016; Zhang et al., 2019, 2020d) that under mild

conditions, the limit

My u(s) = tlgcr}o E,[F;|S; = s] (2.27)
exists and

My = DI —~yP]) "D,

In this thesis, we refer to m, , as emphasis. Then the limiting A matrix of ETD (2.26)
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can be computed as

A= lim B, [Fpay (v — )] (2.28)

= lim du(8)Eu[Fupiy(yaes — ) 'Sy = ]

= lim d.(s)E,[F,|S; = s|E,[pixi(yai — :Et)T|St = 9]

t—o00

= Zdu(s)mmu(s) tlgono Eulprze(y2i — l"t)T’St = 3]

= 3" dy(s)mn()2(s) (Z Pa(s, s )ya(s) T - x<s>T>
— XDy (P, - DX,

where Dy, is a diagonal matrix such that
Dfmu(sa s) = ffr,u(S) = du(3>mﬂ,u(5)~
In other words, we have defined f; , as
frnw= (I =P )'Dyi (2.29)

Sutton et al. (2016) prove that such an A matrix is negative definite. Consequently,
the convergence of ETD (2.26) is expected. This negative definiteness is the moti-
vation for introducing the weighting scheme F;. The rigorous convergence proof of
ETD (2.26) is given by Yu (2015), making ETD another solution for the deadly triad

in the discounted setting for the prediction problem.

2.10 Density Ratio Learning

In this section, we discuss the third family of algorithms that address the deadly triad
issue. This section introduces the concept of density ratio, which is be repeatedly used
in Chapter 6. Different from value function, density ratio provides a new perspective
for off-policy policy evaluation and is a key quantity to be learned by several proposed
algorithms.

When the goal is to estimate the discounted total rewards J., density ratio can
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be used. By definition,
Jr = Eopo() [vr(5)]

=E Zrytr(staAt) |p0ap77r

t=0

= Z ZPr(St = s, Ay = alpo, p, ™)V (s, a).

s,a t=0

If we define
drry(s) = (1=9)> ' Pr(S, = slpo.p.7) (v <1)
t=0
and also overload it as

dr (5, a) = dry(s)m(als),

we can then express the discounted total rewards as
Jo= o5 0)r(s.a)
= r~(S8,a)r(s,a).
1 - fy Ss,a K

This d  is usually referred to as the normalized discounted state action pair occupancy

and it is easy to see
Zdﬂﬂ(s,a) = 1.
s,a

Consider the i.i.d. setting in Definition 2.4, we can alternatively express J, as

1 dr~(s,a)
Jp=—— d,(s,a) =" 2r(s,a).
— — M(S a’) du(s,a) T(S CL)
If the density ratio
. dr(s,0)
5= (0
is known, we can simply use
1

T (Sk, Ax) R
_,Yv(k k) Bi

as an unbiased estimator for J,.
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One standard approach in the machine learning community for learning the density
ratio 7, (see, e.g., Sugiyama et al. (2012)) is to make use of the fact that 7, is the

unique minimizer of the following optimization problem:

in L
o, L),
where
o1
L(Z) = §E(57G)Ndu(.)[z(s, a)Q] — ]E(&a)wdw(.)[z(s, a)]

Consequently, the problem of learning the density ratio becomes the problem of mini-
mizing L(z). Typically, SGD is used for such a minimization problem, which requires
to obtain unbiased samples of V,L(z). Getting such unbiased samples, however, re-
quires to sample from both the denominator distribution (i.e., d,,) and the nominator
distribution (i.e., d, ). In standard machine learning settings, access to samples from
both distributions are usually assumed. In our off-policy learning setting, however,
we have only samples from d,, and obtaining samples from d , is usually impractical.

To address this problem, Nachum et al. (2019a) use a change of variable trick.

Since
dr~(s,a)
:(1 - 7) Z'yt Pr(St = S7At =a | Do, P, 7()
t=0
:(1 - V)dpoﬂ'(“s? (1,) + (1 - ’}/) Zf)/t Pr<St =S, At =a ’ Po, P, ﬂ-)
t=1
=(1- '7)dpo7r(5a a)+ (1 —7) 7t+1 Pr(Si1 =5, Avy1 = a | po,p,m)
t=0
=(1 - v)dpm(s,a)
+ (1 - 7) Z'yt—i_l Z Pr(St = §, At =a | Do, D, W)Pﬂ((& (I), (37 a))
t=0 5,a

+’7 - PF((§7 d)v (S,(l))(l - ’7) Z’yt Pr(St = 57 At =a | Po, D, 7T>

t=0

|

=(1 = 7)dpon(s, @) +7 ) Pel(5,a), (s, 0))dr (5, @),

5,4

we then have, in a matrix form, that

dm’)/ = (1 - V)dpmr + '7P7;rd7r,va
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implying
Ay = (1= 7)(I = ¥P )" dpyr.
Let
v=(I—-7P) "z (2.30)
It is then easy to see that
E(s o) () [2(5,0)] =2 dor

=(1 =)z (I =P ) dyye

:(1 - V)Vpooﬂ

:(1 o 7>E(Sva)Ndpo7r(')[V<S7 a’)]

It is also easy to see that

z(s,a) = (I —vPr)v)(s,a) = v(s,a) — ’yz P((s,a),(s',a"))v(s',a").

Consequently,
1
L(z) = §E(s,a,s/,a/)~dwﬁ(-)[(V(3> a) —yv(s',a))? + (1 - VE(s,a)~dpy () [V (5, @)].

Since (I —~vP,)~! has full rank, we have
. L — . L/
et 1O = R, PO

where

L(v) = %E@,a,s',a%dm(-)[(V(éu a) = (s, a))’] + (1 = VEsajmdy (0 [V (5, 0)].

In other words, to find the minimizing z of L(z), we can proceed by finding the
minimizing v of L'(v) and then compute the minimizing z (i.e., the density ratio)
with (2.30).

Though we have access to samples from d,, and d,,., optimizing L'(v) via SGD
is still impractical: obtaining an unbiased sample of V,L'(v) runs into the double
sampling issue again, just like residual algorithms. To address this issue, Nachum
et al. (2019a) further expand L'(v) as

L'(v) = E(&a,s/,a/)wdum(‘)[I;leafé((l/(s, a) —yv(s,a))T — =7 (2.31)

+ (1 = V)E(s.a)~dyy- () V(855 )]
1

_ o o _ = 2
= max E(s,0,5" a')~dppe () [(V(8, @) — v (8", ")) T (5, a) 27’(8,(1) ]

+ (1 = ME s a)mdyy- () [V(85 @),
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where the first equality results from Fenchel’s duality and the second equality results
from the interchangeability principle (Shapiro et al., 2014). Consequently, we have

min L'(v)= min max L(v,71), (2.32)
VG]R\SX.A\ V6R|S><A\ TGR\SX.A\

where

1
L(v,T) iE(57a78/7a/)Ndum(.)[(V(s, a) —yv(s',ad"))r(s,a) — 57’(3 a)2]

+ (1 = VEsa)~dyo- () [V (5, a)]-

Since L(v,T) is convex in v and concave in 7, the minimax problem in (2.32) is a
standard CCSP problem, and primal-dual methods can take over. Nachum et al.
(2019a) show that 7, is in the saddle point of L(v, 7) and refer to the algorithm that
uses primal-dual methods to solve this CCSP problem as Dual stationary DIstribution
Correction Estimation (DualDICE).

DualDICE can be combined with function approximation easily. For example,
when 7(s,a) and v(s,a) are parameterized by w, and w, respectively, DualDICE

considers the objective

. 1
L'(w,,w,) :E(&a’sl,a/),\,d”pﬂ_(.)[(V(S’ a) —yv(s',a"))r(s,a) — 57’(5 a)Q]

+ (1 = V)E(s.a)~dpy- () [V(8; )]

and updates w, and w, following —V,, L'(w,,w,) and V,_L'(w,,w,) respectively.
Importantly, when 7 and v are linear in w, and w,, respectively, the objective L' (w,,, w, )
is convex in w, and concave in w,, i.e., DualDICE with linear function approximation
solves a CCSP problem with primal dual algorithms. Its convergence is, therefore,
expected (similar to the convergence proof of GTD in Sutton et al. (2009)), making
DualDICE a solution for the deadly triad in the discounted setting for the prediction
problem.

It is worth mentioning that Nachum et al. (2019a) exploits Fenchel’s duality for
solving the double sampling issue in DualDICE. Similarly, Fenchel’s duality can also
be used to solve the double sampling issue in residual gradient algorithms, which,
however, will recover GTD.

In the average reward setting, it is easy to show (see, e.g., Puterman (2014)) that

I —Zd s,a)r(s,a) Zd ;T(s,a).
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In other words, if the density ratio % is known, estimating the average reward
123 ’

J. becomes trivial in the i.i.d. setting in Definition 2.4. In the rest of this thesis, we
define

dr ~(s,a)
7(s,a) = 4 G (v <1)
Y\ dr(s,a) ( _ 1)
du(s,a)’ v

for unifying notations in discounted and average reward settings. When v < 1, recall

that we have
dery = (1 =) dpyr + VP, dr . (2.33)
When v = 1, by the property of stationary distributions, we have

der = Pld

7Y

i.e., (2.33) holds for v =1 as well. Plugging d, . = D, in (2.33) yields
Dty = (1= 7)dpr + 'YPwTDuTw

which is another useful equation for learning 7.

2.11 Target Network

In this section, we discuss target networks, a commonly used empirical technique
for mitigating the deadly triad. We theoretically study target networks in different
settings in Chapters 3, 7, and 9 as a tool for breaking the deadly triad, providing
theoretical understanding for the conventional wisdom that target networks stabilize
learning. We also extend target networks to bidirectional target networks in Section 10
for residual gradient algorithms.

The core idea of bootstrapping is to construct an update target for the estimate
recursively by using the estimate itself. The estimate is updated every step, and so
does the update target. Consequently, the update target becomes nonstationary and
instability arises. The idea of the target network (Mnih et al., 2015) is to slow down
the change of the update target, thus the instability from the nonstationarity of the
update target can be reduced. To achieve this, Mnih et al. (2015) keep a copy of
the parameters of the function approximator and construct update targets with that
copy, instead of the original parameters. The copy is synchronized with the original

parameters only periodically. It thus changes much slower. Since the copy is mainly
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used to construct update targets, it is usually referred to as target network. In this
thesis, we refer to the original parameters as main network.

We use Deep-Q-Networks (DQN, Mnih et al. (2015)) to demonstrate how a target
network works. Let ¢,(s,a) be our estimate for ¢.(s,a). Here ¢, indicates that the
function ¢ is parameterized by a weight vector w. In the case of linear function
approximation,

)T

Gu(s,a) = 2(s,0)Tw.

In general, g, does not have to have a linear form. Consider the Markovian setting

in Definition 2.1, DQN updates w iteratively as

Wiy = W + (RtJrl + ’Ymng th(StH, a) - qwt(St7 At)) quwt(Sta At),

- {wt, t%T == 0
W1 =

— . )
wy, otherwise

where [ is a hyperparameter, i.e., the target network w is synchronized every I steps.
Note we have removed many other ingredients of DQN, e.g., experience replay, in
the above equation for easing presentation. Besides this periodic target network
update, Lillicrap et al. (2016) proposes a Polyak-averaging target network update,

which updates w as
Wi = (1 = B)wy + Puy, (2.34)

where [ is a hyperparameter determining the portion of the target network to be
updated at each step.

Overall target networks have achieved great empirical success when ¢, is deep net-
works and the conventional wisdom is that target networks stabilize training (Mnih
et al., 2015; Lillicrap et al., 2016; Haarnoja et al., 2018). Lee and He (2019a) study
target networks theoretically in the on-policy setting with linear function approxima-
tion for prediction problems. van Hasselt et al. (2018) empirically study the role of a
target network in the deadly triad setting in deep RL. However, a theoretical study

of target networks in the context of the deadly triad is still missing.

2.12 Actor Critic Methods

In this section, we discuss policy-based methods for the control problem to prepare

us for the methods discussed in Chapter 12.
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So far we have considered only value-based methods for the control problem, i.e.,
we first estimate the action-value function and then derive a policy from the action-
value function, e.g., an e-greedy policy. Policy-based methods is another family of
methods for solving the control problem, where the policy 7 is parameterized by
parameters 6 directly. We then update 6 directly to improve certain performance
metrics of m. We use my(als) to denote the parameterized policy. In the rest of the
thesis, when it does not confuse, we drop the subscript ¢ in 7y for easing presentation.

REINFORCE (Williams, 1992) is perhaps the earliest policy-based control method
in RL. In the discounted setting, REINFORCE updates # in the direction of Vy.J,,
which is computed by the policy gradient theorem (Sutton et al., 1999a) as

Vodr  Esa)md, - ()[ax(s,a) Vo log me(als)].

Consider the Markovian on-policy setting where a trajectory (Sp, Ag, R, Sa, ..., S7) is
obtained by executing the policy my and 7" denotes a time step that the rewards are all
zero afterwards. At time step ¢, Vg log mp, (A¢|S;) is immediately available and G} is an
unbiased estimator of ¢, (S;, A;). REINFORCE then updates 6 for t =0,1,...,7 —1

as
0 — 0 + "G, Vylog mo(Ae|Sy).

REINFORCE, however, has at least two main disadvantages. First, the return G,
usually has a large variance, making the overall update unstable. Second, such an
update cannot be performed until G, is available, which might take a long time if 7" is
large. To address those issues, besides using a parameterized function for representing
the policy m, Sutton et al. (1999a) use another parameterized function to estimate
the action-value function ¢, as well. Here the policy 7 is referred to as the actor, the
action-value function is referred to as the critic, and the whole algorithm is referred
to as an actor-critic method. Let g,(s,a) be the function parameterized by w to

estimate ¢,, the canonical actor-critic algorithm updates 6 and w iteratively as

Wi = Wy + Oy (Rt+1 + quwt(st+17 At+1) - qwt(St7 At)) quwt(st7 At)?
9t+1 =0, + ﬁt’Ytht(St, At)ve log T, (At’St)u (235)

where A; ~ mp,(+|S:) and G, is another sequence of learning rates such that the update
to w is much faster than the update to . Consequently, the actor is quasi-stationary
from the critic’s view. When ¢,(s, a) is linear in w, under mild conditions and with

additional adaptive learning rates, the convergence of (2.35) is given by Konda and
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Tsitsiklis (1999). The critic iterates {w;} track the action-value function of the actor

7 in the sense that

lim HHd”et Tro, (Xw;) — Xwy

t—o00

=0 a.s.,

and the actor iterates {6, } visit a neighborhood of the stationary points of J, infinitely

often.

2.13 Overloaded Notations and Common Assump-
tions

In this thesis, we need to learn both state value and action value functions. To ease
presentation, we have overloaded several notations. In this section, we summarize
the overloaded notations used in the rest of the thesis for clarity and list several

commonly used assumptions.
Definition 2.5. (Notations regarding state value functions)
o 1:S — RE, state feature function

X € RISKKE " state feature matriz, whose s-th row is z(s)"

o P. c RISXISI state transition matriz under a policy =,
Pr(s,s") = >, m(als)p(s']s, a)

e d, € Rl stationary state distribution under a policy 7

® d. € RIS normalized discounted state occupancy measure
® d,c RIS!, stationary state distribution under a policy p

e D, =diag(d,) € RIS™ISI D, = diag(d,) € RIS*ISI

o Il;x : RIS — RISl projection onto the column space of a matriz X under the

norm induced by the vector d,
Iy xv = X arg mlgn | Xw — | = X (X "diag(d) X)X "diag(d)v.
When it does not confuse, we suppress the subscript X.
o 7. € RISl reward vector under a policy w, r.(s) = >, m(a|s)r(s,a)

T, : RISl = RISl state value Bellman operator, Tov = 1y + vPrv
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e i:S — (0,400), state interest function

[ J
Ap, =X"D,(vPr — DX,
by iXTDuT,r,
C,=X"D,X,
Avp =X (Dy — dud) ) (Pr — 1) X,
by =X (D, — dyudy )rz
When it does not confuse, we suppress the subscripts m, ju
o 1, = x(5)
o i, =1i(5)

Definition 2.6. (Notations regarding action value functions)
e 7:S8 x A — RE, state-action feature function
)T

o X € RISXAXK " state-action feature matriz, whose (s,a)-th row is x(s,a

o P, € RISXAXISXAl " state transition matriz under a policy T,
Pr((s;a),(s',a")) = p(s'|s, a)m(d| ')

o d, € RIS*Al stationary state-action distribution under a policy ™
® d. € RIS*Al normalized discounted state-action pair occupancy measure

e d,c RIS*Al - stationary state-action distribution under a policy pi; an arbitrary

state-action distribution with full support in the i.i.d. setting in Definition 2.4
e D, = diag(d,) € RIS*AXISXA D = diag(d,) € RIS*AXISxAl

o Il;x: RIS*Al — RISXAl - projection onto the column space of a matriz X under

the norm induced by the vector d,
Iy xg = X argmin | Xw — q||3 = X (X diag(d)X) "' X "diag(d)q.
When it does not confuse, we suppress the subscript X.

o r € RIS*Al reward vector
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o T, RIS 5 RISXAL " getion value Bellman operator, Trq = 1 + v Prq

e i:SxA— (0,+00), state-action interest function

Ar, =X"D,(vPr — DX,
be, =X "D,
C,=X"D,X,
Arp =X (D, — dud) ) (Pr — I)X,
by =X (D, — dyudy)r

When it does not confuse, we suppress the subscripts m,
® T = .I'(St, At)
[ ] it = i(St, At)
Remark 1. When we inevitably need to consider both state and action value functions
simultaneously, we add an additional” for the notations of action value functions. For

example, X € RISXK s the state feature matriz and X € RIS*AXE s the state action

feature matriz.

In the following, we collect several commonly used assumptions in the rest of the

thesis for clarity.

Assumption 2.3. X has linearly independent columns.

Assumption 2.4. {a,} is a deterministic positive nonincreasing sequence satisfying

Ztozt:oo,ztoz? < 0.

Assumption 2.5. {f;} is a deterministic positive nonincreasing sequence satisfying

Ztﬁtzooaztﬁf < 0.

Assumption 2.6. There exists some d > 0 such that >_,(8;/ax)? < oo.
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The sequences {a,} and {5;} in Assumptions 2.4 - 2.6 are typically used as learning

rates. Those assumptions can be easily fulfilled. For example, one can consider

. 1
QG =,
T+ 1)
. 1
Bt _m7

where a € (0.5, 1], 8 € (0.5, 1] are some constants satisfying o < . Assumptions 2.4 -
2.6 are mainly used to obtain almost sure convergence for proposed algorithms and
are common in RL literature (see, e.g., Tsitsiklis and Roy (1996a); Sutton et al.
(2008); Yu (2015, 2017)). If constant learning rates are considered, which are more
common in empirical study, obtaining almost sure convergence is typically impossible.
However, weaker convergence can usually be established, see, e.g., Yu (2015); Zou
et al. (2019); Wu et al. (2020). In this thesis, we perform theoretical analysis with
decaying learning rates for simplicity but use constant learning rates for experiments
to facilitate our empirical investigation. The empirical results with constant learning
rates are indicative. If an RL algorithm with a sufficiently small constant learning
rate diverges, it is also expected to diverge with decaying learning rates as long as the
decaying learning rates make enough updates (i.e., the decaying learning rates sum up
to infinity). In this case, using a decaying learning rate can only delay the divergence
but cannot make it convergent. This intuition is widely used in the RL community
(see, e.g., Chapter 11.2 of Sutton and Barto (2018)). We, however, leave a formal
proof of this intuition, as well as empirical investigation with decaying learning rates,
for future work.

Regarding the Markovian settings in Definitions 2.1 and 2.2 and the i.i.d. setting
in Definition 2.3, we make the following assumptions for state value functions and

action value functions respectively.

Assumption 2.7. The Markov chain in S induced by ps V't or p is ergodic.

Assumption 2.8. The Markov chain in S induced by pu, vVt or u is ergodic and
we(als) > 0V(s,a) or p(als) > 0VY(s,a).

The ergodicity in Assumptions 2.7 and 2.8 can sometimes be relaxed to irreducibility.
Since we consider a finite state space S, irreducibility immediately implies that the
chain is positive recurrent. We are then safe to claim the existence and uniqueness of a
stationary distribution, which is sufficient for many results in this work. We choose to

assume ergodicity for easing presentation. In this thesis, we consider finite state action

38



spaces for simplicity. This is indeed restrictive as many real-world problems have
continuous and thus infinite state spaces. However, many concepts in this thesis have
been extended to Markov chains with general state spaces. For example, Section 3.4
of Meyn and Tweedie (2012) details how the transition probability can be defined on
a general state space. Part III of Meyn and Tweedie (2012) details different notions of
ergodicity for a Markov chain with a general state space. Working on a general state
space is typically considerably harder than working on a finite state space. We believe
the results presented in this thesis with a finite state space can be a stepping stone for
the more ambitious investigation with a general state space but leave this extension
for future work. So far we have discussed ergodicity only for state spaces, which is
sufficient when we are concerned only with state-value function. When it comes to
state-action value function, we typically need to work on both state and action spaces.
In this case, a common practice is to work on a new augmented Markov chain where
the new state space is S x A. If both § and A are finite, then the ergodicity of the
original Markov chain with S as the state space translates easily into the ergodicity
of the augmented Markov chain with S x A as the state space. If either S or A is
infinite, we would need to consider the augmented Markov chain as a general state

space Markov chain, which we leave for future work.
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Part 1

Off-Policy Prediction for
Discounted Total Rewards
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In this part, we focus on the prediction problem in the discounted setting. In
particular, our goal is to estimate either the scalar performance metric J, or the
value functions v, and ¢, in the context of the deadly triad. For estimating the value
functions v, and ¢, this part discusses three new methods and compares them with
GTD and ETD. For estimating the scalar performance metric .J,, we propose in this
thesis a new method based on estimating the density ratio. This new method is a
side product of a new algorithm originally designed for the average reward setting.
We, therefore, defer the full exposition of this algorithm and its comparison with
DualDICE to Section 6.
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Chapter 3

Prediction with Target Networks

In this chapter, we discuss how target networks can be used as a tool to address the

deadly triad issue theoretically.

3.1 Beyond Deep Reinforcement Learning

As discussed in Section 2.11, target networks have enjoyed great success in deep RL
as a technique to empirically stabilize the training of deep networks and the use of
target networks is mostly limited to deep RL in previous works. Surprisingly, we find
target networks are also capable of stabilizing the training of RL algorithms even with

linear function approximation.

Figure 3.1: Baird’s counterexample from Chapter 11.2 of Sutton and Barto (2018).
There are two actions available at each state, dashed and solid. The solid action
always leads to state 7. The dashed action leads to one of states 1 - 6, with equal
probability. The discount factor is v = 0.99. The reward is always 0. The initial
state is sampled uniformly from all the seven states.

We benchmark off-policy linear TD (2.18) and its target network variant in Baird’s
counterexample (Figure 3.1). We consider linear function approximation for approxi-

mating the value function v,. The feature function is the same as that of Sutton and
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Barto (2018), i.e.,

we [ Y
where the last row of X corresponds to the feature vector of the seventh state. The
initial weight vector wy is initialized as [1,1,1,1,1,1,10,1]" as suggested by Sutton
and Barto (2018). The behavior policy p always selects the dashed action w.p. g and
the solid action w.p. % The target policy 7 always selects the solid action w.p. 1. For
off-policy linear TD (2.18), we use a constant learning rate a; = 0.01 as used by Sutton
and Barto (2018). As shown by Figure 3.2, off-policy linear TD diverges quickly within
the first few steps. It is worth mentioning that as long as the constant learning rate
is positive or the summation of a sequence of decreasing learning rates is infinite,
off-policy linear TD always diverges in Baird’s counterexample eventually. Reducing
the learning rates only slows down the divergence. By using a target network, we

instead update w recursively as

Wipy = Wy + oypy(Rigr + 37t119t - 'Ttth>'rt7 (3.1)

Ors1 < O + Bi(we — 6,),

where we set 0y = wg, oy = ; = 0.01 in our experiments. As shown by Figure 3.2,
off-policy linear TD with a target network converges well in Baird’s counterexample.
This success of a target network in RL with linear function approximation suggests
that target networks might not be merely an ad-hoc empirical trick for deep RL.
In this chapter, we make contributions towards understanding how and why target

networks work theoretically, in the context of the deadly triad.
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3.2 Analysis of A Target Network Update

We first propose and analyze a novel target network update rule:

01 =Tp, (0 + B(Tp, (we) — 61)). (3.2)

In (3.2), w denotes the main network and 6 denotes the target network. I'p, : RE —
R¥ is a projection to the ball By = {z € R¥ | ||z|| < Rp, }, i.e.,

KL ”iL‘H < RBI

lll

I'p, is a projection onto the ball By with a radius Rp,. While (3.2) specifies only how
0 is updated, we assume for now w is updated such that w can track 6 in the sense
that

Assumption 3.1. There exists w* : RE — RE such that

tlg& |lwy — w*(0)|| =0 a.s..

After making some additional assumptions on w*, we arrive at our general convergent

results regarding our new target network updates.

Assumption 3.2. sup, [|[w*(0)| < Rp, < Rp, < o©.
Assumption 3.3. w* is a contraction mapping w.r.t. ||-||.

Theorem 3.1. (Convergence of Target Networks) Under Assumptions 2.5, 3.1 - 3.5,
the iterate {6;} generated by (3.2) satisfies

lim w; = lim 6, = 6* a.s.,
t—o00 t—o00
where 0% is the unique fixed point of w*(-).

The proof of Theorem 3.1 is provided in Section B.1. Assumptions 3.1 - 3.3 are
assumed only for now. Once the concrete update rules for the main network w are
specified in the algorithms in later sections, we will prove that those assumptions
indeed hold. Assumption 3.1 is expected to hold because we will later require that
the target network to be updated much slower than the main network. Consequently,
the update of the main network will become a standard least-square regression, whose

solution w* usually exists. Assumption 3.3 is expected to hold because we will later
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apply ridge regularization to the least-square regression. Consequently, its solution
w* will not change too fast w.r.t. the change of the regression target.

The target network update (3.2) is the same as that in (3.1) except for the two
projections, where the first projection I'p, is standard in optimization literature (see,
e.g., Nemirovski et al. (2009)) to ensure the iterates are bounded. The second pro-
jection I'p,, however, appears novel and plays a crucial role in our analysis. First, if

we have only I'p,, the iterate {6;} would converge to the invariant set of the ODE

d ]
0(8) = w(0(t)) — 0(t) + (1), (3.4)
where ((t) is a reflection term that moves 6(t) back to By when 6(¢) becomes too

large. To see this, consider the updates in (3.2) without I'p,, i.e.,

01 =I'p, <9t + Bi(wy — 9t))~

If 0, + Bi(wy — 6;) was always inside the ball By, then the projection I'p, is just an
identity mapping and we have ((t) = 0, i.e., the corresponding ODE would be

%Q(t) =w*(0(t)) — 0(1).

However, there is no guarantee that 6, + ;(w; — 6;) always lies in the ball B;. When
it is outside the ball By, the projection I'p, moves it back to the ball B; and gets 0,1
via the projection operation. Consequently, there must be an additional term in the
ODE corresponding to the projection operator when it is not an identity mapping.

We denote this additional term as (). Formally speaking, we have
((t) € =N, (6(1)),

where Np, (6(t)) denotes the normal cone of By at 6(t). We refer the reader to Section
4.1 of Yu (2015) and Section 5 of Kushner and Yin (2003) for more details about this
reflection term. Due to this reflection term, it is possible that 6(t) visits the boundary
of By infinitely often. It thus becomes unclear what the invariant set of (3.4) is even if
w* is contractive. By introducing the second projection I's, and ensuring Rp, > Rp,,
we are able to remove the reflection term and show that the iterate {6} tracks the
ODE

d *

30 = w(6(2)) - 0(t),

whose invariant set is a singleton {6*} when Assumption 3.3 holds. See the proof based
on the ODE approach (Kushner and Yin, 2003; Borkar, 2009) for more details. Second,
to ensure the main network tracks the target network in the sense of Assumption 3.1,

it is crucial that the target network changes sufficiently slowly in the following sense:
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Lemma 3.2. ||6,11 — 6;]| = O (5y).

Lemma 3.2 would not be feasible without the second projection I'p, and we defer its
proof to Section B.2

In this thesis, we provide several applications of Theorem 3.1 in both discounted
and average reward settings, for both prediction and control. We consider a two-
timescale framework, where the target network is updated more slowly than the main
network. In other words, let {a;} be the learning rates for updating the main network

w, we assume Assumption 2.6 holds.

3.3 Expected SARSA for Prediction with A Tar-
get Network

We are now ready to present our first successful application of target networks in
breaking the deadly triad. In particular, we analyze a variant of off-policy linear
expected SARSA for prediction (cf. (2.14)) as an example to demonstrate how a
target network addresses the deadly triad theoretically. The analysis presented in
this section applies to other prediction algorithms as well (cf. (2.12), (2.13)). We
choose off-policy linear expected SARSA for prediction to prepare us for the analysis
of control algorithms in later sections.

Consider the Markovian setting in Definition 2.2. Using a target network for
bootstrapping in (2.14) and adding linear function approximation yield the following

update to the main network w:

Wiy1 = Wy + (Rt-H +7 Z m(a|Si41)2(Sp41, ) "0y — m:“’t) L.
Since 6, is quasi-stationary for w; in the sense of Lemma 3.2 and Assumption 2.6,
this update becomes similar to least squares regression. Motivated by the success of
ridge regularization in least squares (Tikhonov et al., 2013) and the widespread use
of weight decay in deep RL (see, e.g., Lillicrap et al. (2016)), which is similar to ridge

regularization, we add ridge regularization to this least squares, yielding Algorithm 1.
Theorem 3.3. Under Assumptions 2.3, 2.4, 2.5, 2.6, and 2.8, for any £ € (0,1), let

oo 2000V . ]
WPy, maxea Vi) 2607

+1,
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Algorithm 1: Off-policy linear expected SARSA for prediction with a target
network
Initialize 6y € B
So ~ po(')
t< 0
while True do
Ay~ (-] Sh)
Execute A, get Ry 1 and Si;q
O = Ryyr +v >, m(d|Sig1)x (S, a0, — x]w,
Wig1 — Wy + by — oy
Or+1 < U, (0 + Be(D, (we) — 61))

t—t+1
end

then for all | X|| < Co,Cy < Rp,, Rp, —& < Rp, < Rp, the iterate {w,} generated by
Algorithm 1 satisfies

lim w; = w’

a.s.
t—o00 N ’

where wy, is the unique solution to
(A—nlHw+b=0,

and

O-max()()2
O-min(X)40-min(Du)

3w ool < ( sl + [Mo0c — e ) /¢

where omax(+) and owin(+) denote the largest and minimum singular values of a matriz

respectively.

We recall that A and b in Theorem 3.3 are defined in Section 2.13. We defer the proof
to Section B.3. Theorem 3.3 requires that the balls for projection are sufficiently
large, which is completely feasible in practice. Theorem 3.3 also requires that the
feature norm ||.X|| is not too large. Similar assumptions on feature norms also appear
in Zou et al. (2019); Du et al. (2019); Chen et al. (2019); Carvalho et al. (2020);
Wang and Zou (2020); Wu et al. (2020) and can be easily achieved by scaling down
the features beforehand.

The solutions to Aw + b = 0, if they exist, are TD fixed points for off-policy
prediction in the discounted setting (cf. (2.22)), which are also solutions found by
GTD. Theorem 3.3 shows that Algorithm 1 finds a regularized TD fixed point wy,
which is also the solution of LSTD methods. LSTD maintains estimates for A and
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b (referred to as A and l;) in an online fashion, which requires O(K?) computational
and memory complexity per step. As A is not guaranteed to be invertible, LSTD
usually uses (121 —nl )*113 as the solution and 7 plays a key role in its performance
(see, e.g, Chapter 9.8 of Sutton and Barto (2018)). By contrast, Algorithm 1 finds the
LSTD solution (i.e., wy) with only O(K) computational and memory complexity per
step. Moreover, Theorem 3.3 provides a performance bound for wy. Let wg = —A~ 1
denote the TD fixed point, assuming A is nonsingular. Kolter (2011) shows with a
counterexample that the approximation error of the TD fixed point (i.e., || Xw§ — ¢x||)
can be arbitrarily large if p is far from 7, as long as there is representation error
(i.e., HHdqu — q7rH > 0). By contrast, Theorem 3.3 guarantees that HXw; — q7rH is
bounded from the above, which is one possible advantage of regularized TD fixed
points.

In Algorithm 1, both the target network and the ridge regularization are at play.
The reader may wonder what if only one of them is in effect. We defer the discussion
about this question from a theoretical perspective to Section 9.5 when our analysis
of target networks for all settings are ready, though in the next section we shed light

on this question empirically.

3.4 Empirical Results

In this section, we empirically investigate the asymptotic and nonasymptotic behavior
of using target networks and ridge regularization for prediction.
For the asymptotic behavior, we focus on how 7 influences the performance of the

*

5. To this end, we consider Kolter’s example (Kolter, 2011). Kolter’s

0.5 0.5} The

fixed point w

example is a simple two-state Markov Reward Process with P, = [0. 5 05

reward is set in a way such that the state-value function is v, = 1 25] . The feature
matrix is X = [1 051_|_ e]' Kolter (2011) shows that for any € > 0,Cy > 0, there

exists a D, = diag( [g“gilﬂ) such that
n\°22

HHdHUW — U7rH <e and || Xw;— v > Cy,

where wy; is the TD fixed point. This suggests that as long as there is representation
error (i.e., € > 0), the performance of the TD fixed point can be arbitrarily poor. We

vary the sampling probability of one state (d,(s1)) and compute the corresponding
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regularized TD fixed point wj analytically. Figure 3.3 shows that with n = 0, the
performance of w; becomes arbitrarily poor when d,(s1) approaches around 0.71.
With n = 0.01, the spike exists as well. If we further increase n to 0.02 and 0.03, the
performance for w; becomes well bounded. This confirms the potential advantage of

the regularized TD fixed points.

10 .
- wr/ZO
1044 . i
= 1081 Wy=0.01
—— w’_
T 1021 270.02
:i: 104 R M
' 0]
= 107 &= s R
1071<
1072

0 1
dy(s1)

Figure 3.3: Effect of regularization in Kolter’s example.

For the nonasymptotic behavior, we use Baird’s counterexample to investigate
how the ridge regularization affects the training. The curves in Figure 3.4 marked as
“standard” correspond to the canonical off-policy linear TD with ridge regularization
(cf. setting 0, = w; in Algorithm 1); the curves marked as “ours” correspond to the
canonical off-policy linear TD with both ridge regularization and a target network
(cf. Algorithm 1 without projection). All curves are averaged over 30 independent
runs with shaded regions indicating one standard derivation. Figure 3.4 shows that
even with n = 0, i.e., no ridge regularization, our algorithms with target network still
converge in the tested domains. By contrast, without a target network, even when
mild regularization is imposed, standard off-policy algorithms still diverge. This

empirically confirms the importance of the target network.
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Chapter 4

Prediction with Learned Emphasis

In this chapter, we discuss one approach for addressing the large variance of ETD,
one classical method to address the deadly triad for prediction. Our new approach
is based on learning the emphasis with a secondary function approximator. Inspired
by this new approach, we also develop the reverse RL framework for representing

retrospective knowledge.

4.1 The Curse of Variance

Though ETD is proven to be convergent, the followon trace F; usually has a large,
possibly infinite, variance, making it hard to use directly. Sutton et al. (2016) provide
a concrete example where the variance of the followon trace is infinite. Sutton and
Barto (2018) also report that in Baird’s counterexample, a commonly used benchmark
for testing off-policy RL algorithms, “it is nigh impossible to get consistent results in
computational experiments” (Chapter 11.9 of Sutton and Barto 2018) for ETD.
There are several attempts to address this variance. Hallak et al. (2016) propose

to replace F}y with F; 5, which is computed recursively as

Fig =1i(S5) + Bpr-1Fi-1,5, (4.1)

where 5 € (0,1) is an additional hyperparameter. The resulting ETD(0, #) then

updates {w;} iteratively as
Wiy = Wi + OétFt,BPt(RtH + ’YiUtTHwt - xtth>$t- (4-2)

Theorem 1 of Hallak et al. (2016) states that there exists a problem-dependent con-
stant Bypper such that 8 < Bypper implies that the variance of F} 5 is bounded. Further,
Proposition 1 of Hallak et al. (2016) states that there exists a problem-dependent
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constant Sower Such that g > Bower implies that the expected update corresponding
to (4.2) is contractive, which plays a key role in bounding the performance of the
fixed point of (4.2), assuming (4.2) converges. Unfortunately, there is no guarantee
that Biower < Bupper always holds, i.e, the desired 3 that is both sufficiently small
and sufficiently large does not always exist. Jiang et al. (2021) propose to clip the
importance sampling ratio p, when computing the followon trace F; to reduce vari-
ance. However, nothing can be said about the convergence of the resulting algorithm
due to the bias introduced by clipping. Despite these attempts, it remains an open
problem to reduce the variance of emphatic TD methods introduced by the followon
trace in a theoretically grounded way. In this chapter, we present a new algorithm

that partially addresses this variance.

4.2 Gradient Emphasis Learning

In ETD (2.26), we use the followon trace F; for reweighting the update, which suffers
from a large variance. It is, however, the emphasis m, ,, that contributes directly
to the negative definiteness of the corresponding A matrix in (2.28). It is, therefore,

desirable to update {w;} directly with m, , as
wt+1 = Wt ‘I— Oztmﬂ,u(st)pt(RHl + 7$:+1wt — x:wt)l‘t. (43)

Since the emphasis m, , is unknown, we propose to use a secondary function approx-
imator to learn an estimate, based on the following important observation. For a

vector y € RIS, we define an operator 7 as

Teny =i+vD;'PID,y. (4.4)

A

Proposition 4.1. 7T, is a contraction mapping w.r.t. some weighted mazimum norm

and My, s its unique fized point.

The proof provided in Section B.4 involves arguments from Bertsekas and Tsitsiklis
(2015), where the choice of the weighted maximum norm depends on vD;,' P,/ D,,.
Given Proposition 4.1 and the recursive definition of F; in (2.25), it is tempting
to compose a semi-gradient update rule for learning m, , analogously to TD but
in a backward direction. To be more specific, let Xv be our estimate for m,,,
where v € R¥ is the learnable weight vector. Consider the Markovian setting in

Definition 2.2, one can update v iteratively as
Vg1 = vy + ay(iger + ypiz] vy — xtTHVt)xtH. (4.5)
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This semi-gradient update (4.5), however, can possibly diverge for the same reason as
the divergence of off-policy linear TD. To see this, we can compute the corresponding
A matrix of (4.5) as

A =E, [z (vprwy — $t+1)T]
- Z d,.( (§'|s,a)x(s") (’yﬂ(als)x(s) - w(s/))

s,a,s’

—Zd p(s'|s, a)yx(s’ Zd (s)"

:ﬂy(PﬂX)TDuX -X'D,X
=X"(yP! - I)D,X.

This A matrix is simply the transpose of the A matrix of (2.18). Since both A matrices
are not guaranteed to be negative definite, neither (4.5) nor (2.18) is guaranteed to
be convergent.

Motivated by the success of GTD methods, we instead aim to find an v such that
Xv =1y, T, Xv
via minimizing the following objective:

) = [, 7o p(30) — X0 i (4.6)

dy

This objective is akin to the MSPBE objective in (2.22) but is induced by the new
operator 7;’“ instead of the Bellman operator 7.

Similar to (2.23), we can expand L(v) as

2

V) :HXTDu <ﬁw(xy) - Xu)

Cc-1
=max2x' X'D, (’f}y“(Xy) - Xl/) — k' Ok.

K

Then the optimization problem we seek to solve becomes

min max L(v, k),
v K

where
L(v,k) =2k XD, (’i;w(Xu) - Xl/) — k' Ck

=2k'X'D, (i + ’VD;IPJDuXV - Xv) — k' Ck.
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Since L(v, k) is convex in v and concave in x, we can similarly use primal-dual meth-
ods to solve this CCSP problem, i.e., we update v and & following —V,L(v, k) and
V.L(v,K):

VoL(v,k) =26' XD, (yD,'P! D, Xv — Xv)
=2k X" (yP] —I)D, X
=2E, [k ze1(vpere — x41) ']

ViL(v, k) =2 (i+~D;'PI D, Xv — Xv)' D,X — 25" XD, X
=2 D, X +2v' X 'D,(vP, — X —2x' XD, X

=2E,, [(irr1 +vpex) v — 2/ V) 21 — (2)1K) T4 ] T

We call the resulting algorithm Gradient Emphasis Learning (GEM). Algorithm 2 is
an instance of GEM in the i.i.d. setting in Definition 2.3. GEM can of course be
used in the Markovian setting in Definitions 2.1 and 2.2, which we discuss later in

Chapter 12. The following theorem confirms the convergence of GEM.

Algorithm 2: Gradient Emphasis Learning

k<0

while True do

Sample Sk ~ dﬂ(~>, Ak ~ ,U«(|Sk)7 Rk = T’(Sk, Ak), S]{C ~ p(-\Sk, Ak)
w(Ag|S . .

xy < x(Sk), @) < x(S}), px < W,z; —i(S},)

Ok < i + YPuT Vi — T U,

Khi1 < K + (5k — xgﬁk) x

Vi1 <= Vg + ap(x), — yprar) Ty, ki

kE+—k+1

end

Theorem 4.2. Let Assumptions 2.5 and 2.4 hold. Assume X' (yP! — I)D,X s
nonsingular. Then the iterates {vy} generated by Algorithm 2 satisfy

lim v, = v, a.s.,
k—o00

where v, is the unique solution to L(v) = 0.

The convergence proof of Theorem 4.2 is similar to that of GTD2 in Sutton et al.
(2009) and is provided in Section B.5. We now study the performance of v, in terms
of approximating m, ,. Since v, is the minimizer of L(r), which shares a similar spirit

to the off-policy MSPBE objective (2.22), v, also suffers from a similar problem of
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the minimizer of the off-policy MSPBE objective, as documented in Kolter (2011).
Namely, we are able to bound || Xv, —my || 4, only when the behavior policy is not

too different from the target policy in the following sense:

Assumption 4.1. The matriz

C XTPID,X
X"D,P. X C

18 positive semidefinite.
This assumption is from Kolter (2011) and prescribes that p is not too far from .

Proposition 4.3. Let Assumptions 2.3 and 4.1 hold. Assume X" (vP) —I)D,X is

nonsingular. Then

HXV* - mmu”du =0 <Hﬂdum”’“ o mﬂ’”“%) '

The proof of Proposition 4.3 is provided in Section B.6.

We are now able to replace the emphasis m, ,(S;) in (4.3) with 2(S;) "v.. Since the
estimate v, is learned with GEM without eligibility trace, we refer to the resulting
algorithm for prediction as GEM-ETD(0) (Algorithm 3). The following theorem
confirms the convergence of GEM-ETD(0) provided that the estimate v, is good

enough.

Algorithm 3: GEM-ETD(0)
So ~ po(*)
t+ 0
while True do
Ap ~ pu(-|Sh)
Execute A, get Ryy1 and Spyq

Pt 3= Z&Zg&xt — 2(St), T 2(Se41)

5t — Rt+1 + ’Y.T;Erl’u}t — x:wt
Wey1 < Wy + ozt(actTV*)pt5txt
t—t+1

end

Theorem 4.4. Let Assumptions 2.3, 2.4 and 2.7 hold. Then there exists a constant
€ > 0 such that

max |z(s) v — mag,(s)| < e
S

95



implies that the iterates {w;} generated by Algorithm 3 satisfy

lim w; = W,
t—o00

where

Weo = — (XT DD, (vPr — )X) " XTD,D, 1y,
D,, =diag(Xv,).

Further,
[Xtse = vell = O (€) + O (||, 00 = val ) -

The proof of Theorem 4.4 is provided in Section B.7. Importantly, when the es-
timation of the emphasis is good enough, Theorem 4.4 also provides a bound on
the performance of its solution ws,. It is worth mentioning that the convergence of
GEM-ETD(0) is based on the good quality of the GEM solution v,. As shown by
Proposition 4.3, a performance bound of the GEM solution is, however, only available

when p is not too far away from 7, which is the major limit of GEM-ETD(0).

4.3 Empirical Results

In this section, we empirically investigate how well GEM approximates the emphasis
and how well GEM-ETD(0) approximates the value function.

We still consider Baird’s counterexample in Figure 3.1. But this time we test four
different sets of features: original features, one-hot features, zero-hot features, and
aliased features. Original features are the features used by Sutton and Barto (2018),
which are documented in Section 3.1. This set of features is, however, uncommon as
in practice the number of states is usually much larger than the number of features.
One-hot features use one-hot encoding, where each feature lies in R”, which indeed
degenerates to a tabular setting. Zero-hot features are the complements of one-hot
features, e.g., the feature of the state 1 is [0,1,1,1,1,1,1]" € R”. The quantities of
interest, e.g., m, and v,, can be expressed accurately under all three sets of features.
In the fourth set of features, we consider state aliasing. In Baird’s counterexample,
the states 1-6 are equivalent. We therefore alias the state 7 to the state 6. Namely,
we still consider the original features, but now the feature of the state 7 is modified
to be identical as the feature of the state 6. The last two dimensions of features then
become identical for all states, and therefore we removed them, resulting in features

lying in RS. Now the quantities of interest may not lie in the feature space.
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Figure 4.1: Averaged emphasis approximation error in last 1000 steps for the followon
trace and GEM with different features. Learning rates used are bracketed.

In this chapter, we propose to approximate the emphasis with GEM while ETD
essentially approximates the emphasis with the followon trace F; directly. We first
compare those two approaches. At time step ¢, the emphasis approximation error is
computed as |F; —my ,(S;)| and |, 2(S;) — m ,(St)| for the followon trace and GEM
respectively, where m, , is computed analytically, F_; = 0, and v is drawn from a
unit normal distribution. For GEM, we consider a fixed learning rate o and tune it
from {0.1 x 2',...,0.1 x 275}, We consider two target policies: 7(solid|-) = 0.1 and
m(solid|-) = 0.3.

As shown in Figure 4.1, the GEM approximation enjoys lower variance than the
followon trace approximation and has a lower approximation error under all four sets

of features.

300 Original OneHot ZeroHot Aliased
/ l\ —— = Gem-ETD(0)(as = 0.1 x 2°7)
S N Gem-ETD(0)(az = 0.1 x 27%)
ETD(0)(a = 0.1 x 271)
L
>
(98]
s e
o | W . N | 4
—%— Gem-ETD(0)(ay = 0.1 x 27°) —v— Gem-ETD(0)(ay = 0.1 x 27°) —v— Gem-ETD(0)(ay = 0.1 x 27°)
Gem-ETD(0)(a2 = 0.1 x 27%) Gem-ETD(0)(a2 = 0.1 x 2°9) Gem-ETD(0)(as = 0.1 x 277)
ETD(0)(a = 0.1 x 2°1%) ETD(0)(a = 0.1 x 2°1%) ETD(0)(a = 0.1 x 2°12) .
0 T S e e e o 3
0 00 10° 0 10° 0 10°
steps steps steps steps

Figure 4.2: Averaged RMSVE in recent 1000 steps for GEM-ETD(0) and ETD(0)
with four different sets of features.

We now compare ETD and GEM-ETD(0). To make it fair comparison, we run
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GEM and GEM-ETD(0) simultaneously. In other words, in GEM-ETD(0), instead
of using v,, which is not available during training, we use 14, the weight vector of
GEM at the current step.

We consider a target policy m(solid|-) = 0.05. We report the Root Mean Squared
Value Error (RMSVE) at each time step during training in Figure 4.2. RMSVE is
computed as || Xw; — v, a0 where v, is computed analytically. We use constant
learning rates. For ETD, we tune the learning rate o from {0.1 x 2°,...,0.1 x 2719},
For GEM-ETD(0), we set a3 = 0.025 (the learning rate for updating {7, }) and tune as
(the learning rate for updating {w;}) in the same range as a. For both algorithms, we
report the results with learning rates that minimized the area under the curve (AUC)
in the solid lines in Figure 4.2. In our policy evaluation experiments, GEM-ETD(0)
has a clear win over ETD under all four sets of features. Note the AUC-minimizing
learning rate for ETD is usually several orders smaller than that of GEM-ETD(0),
which explains why ETD curves tend to have smaller variance than GEM-ETD(0)
curves. When we decrease the learning rate of GEM-ETD(0) (as indicated by the red
dashed lines in Figure 4.2), the variance of GEM-ETD(0) can be reduced, and the
AUC is still smaller than that of ETD.

GEM-ETD(0) is indeed a way to trade off bias and variance. If the state fea-
tures are heavily aliased, the GEM emphasis estimation may be heavily biased, as
will GEM-ETD(0). We do not claim that GEM-ETD(0) is always better than ETD.
For example, when we set the target policy to m(solid|-) = 1, there was no ob-
servable progress for both GEM-ETD(0) and ETD with reasonable computation re-
sources.! When it comes to the bias-variance trade-off, the optimal choice is usually
task-dependent and our empirical results suggest that GEM-ETD(0) is a promising
approach for this trade-off.

4.4 Beyond Emphasis: Reverse Reinforcement Learn-
ing
In the on-policy setting, the followon trace F; can be expanded as

Fy =i+ i1 +Via+ .. ..

IThis target policy is problematic for GEM-ETD(0) mainly because the magnitude of &; in
Algorithm 2 varies dramatically across different states, which makes the supervised learning of s
hard.
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Recall that the return G, is defined as
Gy = Risi + YR + 7V Rips + ...

The return accumulates rewards in the future while the followon trace accumulates
interests in the past. The expectation of the return is the value function, which is
a fundamental quantity in RL. The conditional expectation of the followon trace is
the emphasis, which is less explored compared with the value function. Since there is
no fundamental difference between the interest and the reward, one natural question
arises: can we accumulate rewards in the past? In this section, we describe the reverse
RL framework that focuses on past rewards and show that reverse RL is useful for

representing retrospective knowledge.

@—@

Figure 4.3: A microdrone doing random walk among four different locations. L4 is
a charging station where the microdrone’s battery is fully recharged.

Much knowledge can be formulated as answers to predictive questions (Sutton,
2009), for example, “to know that Joe is in the coffee room is to predict that you
will see him if you went there” (Sutton, 2009). Such knowledge is referred to as
predictive knowledge (Sutton, 2009; Sutton et al., 2011). General Value Functions
(GVFs, Sutton et al. 2011) are commonly used to represent predictive knowledge.
GVFs are essentially the same as canonical value functions (Puterman, 2014; Sutton
and Barto, 2018). However, the policy, the reward function, and the discount function
associated with GVFs are usually carefully designed such that the numerical value of
a GVF at certain state matches the numerical answer to certain predictive question.
In this way, GVF's can represent predictive knowledge.

Consider the concrete example in Figure 4.3, where a microdrone is doing a ran-
dom walk. The microdrone is initialized somewhere with 100% battery. L4 is a power
station where its battery is recharged to 100%. Each clockwise movement consumes

2% of the battery, and each counterclockwise movement consumes 1% (for simplicity,
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we assume negative battery levels, e.g., -10%, are legal). Furthermore, each movement
fails with probability 1%, in which case the microdrone remains in the same location

and no energy is consumed. An example of a predictive question in this system is:

Question 1. Starting from L1, how much energy will be consumed in expectation

before the next charge?

To answer this question, we can model the system as an MDP. The policy is uniformly
random and the reward for each movement is the additive inverse of the correspond-
ing battery consumption. Whenever the microdrone reaches state L4, the episode
terminates. Under this setup, the answer to Question 1 is the expected cumulative
reward when starting from L1, i.e., the state value of L1. Hence, GVF's can represent
the predictive knowledge in Question 1. As a GVF is essentially a value function,
it can be trained with any data stream from agent-environment interaction via RL,
demonstrating the generality of the GVF approach. Importantly, the most appealing
feature of GVFs is their compatibility with off-policy learning, making this repre-
sentation of predictive knowledge scalable and efficient. For example, in the Horde
architecture (Sutton et al., 2011), many GVFs are learned in parallel with GTD
methods. In the microdrone example, we can learn the answer to Question 1 under
many different conditions (e.g., when the charging station is located at L2 or when
the microdrone moves clockwise with probability 80%) simultaneously with off-policy
learning by considering different reward functions, discount functions, and polices.
GVFs, however, cannot answer many other useful questions, e.g., if at some time
t, we find the microdrone at L1, how much battery do we expect it to have? As such
questions emphasize the influence of possible past events on the present, we refer to
their answers as retrospective knowledge. Such retrospective knowledge is useful, for
example, in anomaly detection. Suppose the microdrone runs for several weeks by
itself while we are traveling. When we return at time ¢, we find the microdrone is
at L1. We can then examine the battery level and see if it is similar to the expected
battery at L1. If there is a large difference, it is likely that there is something wrong
with the microdrone. There are, of course, many methods to perform such anomaly
detection. For example, we could store the full running log of the microdrone during
our travel and examine it when we are back. The memory requirement to store the
full log, however, increases according to the length of our travel. By contrast, if we
have retrospective knowledge, i.e., the expected battery level at each location, we
can program the microdrone to log its battery level at each step (overwriting the

record from the previous step). We can then examine the battery level when we are
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back and see if it matches our expectation. The current battery level can be easily
computed via the previous battery level and the energy consumed at the last step,
using only constant computation per step. The storage of the battery level requires
only constant memory as we do not need to store the full history, which would not be
feasible for a microdrone. Thus retrospective knowledge provides a memory-efficient
way to perform anomaly detection. Of course, this approach may have lower accuracy
than storing the full running log. This is indeed a trade-off between accuracy and
memory, and we expect applications of this approach in memory-constrained scenarios
such as embedded systems.

To know the expected battery level at L1 at time ¢ is essentially to answer the

following question:

Question 2. How much energy do we expect the microdrone to have consumed since
the last time it had 100% battery given that it is at L1 at time t?

Unfortunately, GVFs cannot represent retrospective knowledge (e.g., the answer to
Question 2) easily. GVFs provide a mechanism to ignore all future events after reach-
ing certain states via setting the discount function at those states to be 0. This mech-
anism is useful for representing predictive knowledge. For example, in Question 1, we
do not care about events after the next charge. For retrospective knowledge, we, how-
ever, need a mechanism to ignore all previous events before reaching certain states.
For example, in Question 2, we do not care about events before the last time the
microdrone had 100% battery. Unfortunately, GVFs do not have such a mechanism.

In this section, we propose Reverse GVFs to represent retrospective knowledge.
Using the same MDP formulation of the microdrone system, let the random variable
G, denote the energy the microdrone has consumed at time ¢ since the last time
it had 100% battery. To answer Question 2, we are interested in the conditional
expectation of G, given that S; = L1. We refer to functions describing such conditional
expectations as Reverse GVFs, which we propose to learn via Reverse Reinforcement
Learning. The key idea of Reverse RL is still bootstrapping, but in the reverse
direction. It is easy to see that G; depends on G,_; and the energy consumption from
t —1 to t. In general, the quantity of interest at time ¢ depends on that at time ¢ — 1
in Reverse RL.

Inspired by the return G;, we define the reverse return G,, which accumulates

previous rewards:

ét =R, + ’Y(St—l)ét—h C~T10 = 0.
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Here we have considered a state-dependent discount factor v : & — [0, 1] following
Sutton et al. (2011). In the reverse return G;, the discount function ~ has different
semantics than in the return GG;. Namely, in Gy, the discount function down-weights
future rewards, while in G, the discount function down-weights past rewards. In an
extreme case, setting 7(S;_1) = 0 allows us to ignore all the rewards before time ¢
when computing the reverse return Gy, which is exactly the mechanism we need to
represent retrospective knowledge.

Let us consider the microdrone example again (Figure 4.3) and try to answer
Question 2. Assume the microdrone was initialized at L3 at ¢t = 0 and visited L4 and
L1 afterwards. Then it is easy to see that Gs is exactly the energy the microdrone has
consumed since its last charge. In general, if we find the microdrone at L1 at time ¢,
the expectation of the energy that the microdrone has consumed since its last charge
is exactly E[G’t|5t = L1, 7, p,r]. Note the answer to Question 2 is not homogeneous in
t. For example, suppose the microdrone is initialized at L4 at t = 0. If we find it at
L1 at t = 1, it is trivial to see the microdrone has consumed 2% battery. By contrast,
if we find it at L1 at t = 100, computing the energy consumption since the last time it
had 100% battery is nontrivial. It is inconvenient that the answer depends the time

step t but fortunately, we can show the following:

Assumption 4.2. The chain induced by 7 is ergodic and (I — PIT)™1 ewists, where
' = diag(7).

Theorem 4.5. Under Assumption 4.2, the limit limy_,o E[G4|S; = 5,7, p, 7| exists,
which we refer to as U,(s). Furthermore, we define the reverse Bellman operator T.

as

Ty = D;'PI Dor 4+ D' PITD,y,
where D, = diag(d,) € RISXISI with d,. being the stationary distribution of the chain
induced by m, P, € RIS*AXIS is the transition matriz, i.e., Py((s,a),s") = p(s'|s, a),
and D, = diag(d,) € RIS*AXIS<Al with d. (s, a) = d.(s)n(a|s). Then T, is a contrac-
tion mapping w.r.t. some weighted mazximum norm, and U, s its unique fived point.
We have ©, = D-Y(I — PIT)"'P D,r.

The proof of Theorem 4.5 is provided in Section B.8. Assumption 4.2 can be fulfilled
in the real world as long as the problem we consider has a recurring structure. Theo-

rem 4.5 states that the numerical value of ©,(L1) approximately answers Question 2.
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When Question 2 is asked for a large enough ¢, the error in the answer o, (L1) is arbi-
trarily small. We call 0,(s) a Reverse General Value Function, which approximately
encodes the retrospective knowledge, i.e., the answer to the retrospective question
induced by m,7,v,t and s.

Canonical RL algorithms for learning the value function v, can be easily adapted
to learn the reverse value function v,. For example, let us consider an on-policy

setting and use Xw as our estimate for v,. Reverse TD updates w iteratively as
W41 = Wt + Olt(Rt + ’V(St—l)x;r_lwt — x:wt)xt. (47)

Proposition 4.6. Let Assumptions 2.3 and 4.2 hold. Then the iterates {w;} gener-
ated by (4.7) satisfy

limw, = —A"'0  a.s.,
t—o00

where

A=X"(PIT -1D,X,
b=X"P!D,r.

The proof of Proposition 4.6 is provided in Section B.9. Similar to TD()) in Sutton
(1988), we can also extend Reverse TD to Reverse TD(\), which updates w iteratively

as
Wi1 = Wi + Qi (Rt + ’Y(St—l) ((1 — )\)LU;F_IU)t + Aét—l) — xtth> Tt.

With A = 1, Reverse TD(\) reduces to supervised learning. There are also off-policy
reverse RL algorithms and distributional reverse RL algorithms, which, however,
deviate from the main topic of this thesis and we refer the reader to Zhang et al.
(2020e) for more details.

Besides Reverse RL, there are other approaches we could consider for answering
Question 2. For example, we could formalize it as a simple regression task, where the
input is the location and the target is the power consumption since the last time the
microdrone had 100% battery. This regression formulation is a special case of Reverse
RL, similar to how Monte Carlo is a special case of TD(\). Alternatively, answering
Question 2 is trivial if we have formulated the system as a partially observable MDP.
We could use either the location or the battery level as the state and the other as the
observation. In either case, however, deriving the conditional observation probabilities

is nontrivial. We could also model the system as a reversed chain directly as Morimura
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et al. (2010) in light of reverse bootstrapping. This, however, creates difficulties in off-
policy learning. First, assume the initial distribution py is the same as the stationary
distribution d,. We can then compute the posterior action distribution given the next
state and the posterior state distribution given the action and the next state using

Bayes’ rule as

Pr(als’) :Es dw(s)gic(llf))p(s’\s, a) |
dy(s)(als)p(s]s, )
dx(s) '

We can then define a new MDP with the same state space & and the same action

Pr(sls’,a) =

space A. But the new policy is the posterior distribution Pr(a|s’) and the new tran-
sition kernel is the posterior distribution Pr(s|s’, a). Intuitively, this new MDP flows
in the reverse direction of the original MDP. Samples from the original MDP can
also be interpreted as samples from the new MDP. Assuming we have a trajectory
{So, Ao, S1, A1, ..., Sk} from the original MDP following 7, we can interpret the tra-
jectory {Sk, Ak—1,..., Ao, So} as a trajectory from the new MDP, allowing us to work
on the new MDP directly. For example, applying TD in the new MDP is equivalent
to applying the Reverse TD in the original MDP. As TD should converge in this new
MDP as it would on any MDP, we can expect the convergence of Reverse TD in the
original MDP. However, in the new MDP, we no longer have access to the policy, i.e.,
we cannot compute Pr(als’) explicitly as it requires both d, and p, to which we do
not have access. This is acceptable in the on-policy setting but renders the off-policy
setting infeasible, as we do not know the target policy at all. We, therefore, argue
that working on the reversed chain directly is only feasible for on-policy learning.
Overall, we argue that reverse RL is a scalable and efficient framework for repre-
senting retrospective knowledge. We refer the reader to Zhang et al. (2020e) for more

empirical results.
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Chapter 5

Prediction with Truncated
Followon Traces

In Chapter 4, we introduce a secondary function approximator for learning the empha-
sis to address the large variance of the followon trace. The quality of the emphasis
approximation, however, heavily depends on the quality of the features thus con-
vergence is not always guaranteed. In this chapter, we propose a new method for
reducing the variance of the followon trace without introducing a secondary function

approximator.

5.1 Less Is More

The original followon trace F; in (2.25) can be expanded as

Fi =i 4+vpi_1Fi (5.1)
=iy + Ypr-1it—1 + YV pi—1pr—2Fy—o
=1 + YPr—1t—1 + ’VQPt—lpt—zit—Q + 73Pt—1pt—2pt—3Ft—3

t
_E J . T
- Y Pt—jit—1tt—j,
=0
where

by JPIPIELT P J<k
g 1 i>k

is shorthand for the product of importance sampling ratios. Clearly, F; depends on
all the history from time steps 0 to ¢t. The followon trace F}; has a large variance

because the product of the importance sampling ratios p;—;;—1 has a large variance,
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especially for earlier steps (i.e., when j is large). However, the motivation of the
introduction of the followon trace F; is to ensure the corresponding A matrix in ETD
to be negative definite, which depends on only the expectation of F}, not the variance
of Iy (cf. (2.28)). It can be easily seen that the expectation of the product of the
importance sampling ratios is well bounded. Consequently, the term 7/ [P1—jit—101—5]
is negligible when computing E [F}] if j is large. FEarlier steps contribute little to
the expectation but are the major source of the large variance. One straightforward
idea to reduce the variance of the followon trace is then to truncate its computation,
perhaps up to a window of size n.

The idea of truncated followon traces, introduced in Yu (2012, 2015, 2017), is, for
a fixed length n, to compute the followon trace F; as if F;_,,_; was 0. More specifically,

let F},, be the truncated followon traces of length n; we have

Fin = 2ij=o VPl t2 (5.2)
F; t<n

For example, if n = 2, we then compute F}, for any ¢ as

Fio =i +ypi1is_1 + V2 pr_1pi—2it_2.

It is worth mentioning that Yu (2012, 2015, 2017) introduces the truncated traces as
an intermediate mathematical tool in proofs to understand the asymptotic behavior of
some LSTD methods (e.g., off-policy LSTD(A) in Yu 2012, emphatic LSTD()) in Yu
2015) and gradient TD methods (e.g., GTD(A) in Sutton et al. 2009) for prediction.
In this thesis, we instead use truncated followon traces algorithmically as a tool for
variance reduction for both prediction (in this section) and control (in Section 11).
Moreover, Yu (2015) shows only asymptotic convergence of the original ETD, while
we provide both asymptotic and nonasymptotic convergence analysis for our proposed

algorithms.

5.2 Truncated Emphatic Temporal Difference Learn-
ing

In this section, we propose to replace F; with F;, in ETD(0). Apparently, for a
fixed n, the variance of F,, is guaranteed to be bounded. By contrast, Sutton et al.
(2016) show that the variance of F; can be infinite. The resulting algorithm, truncated
emphatic TD, is given in Algorithm 4, where we adopt the convention that 7, = p, = 0

for any ¢ < 0.

66



Algorithm 4: Truncated emphatic TD
So ~ po(+)
t<+0
while True do

Sample A; ~ u(:|St)

Execute A, get Ryi1, Siia

w(A¢|St)
2 w(A¢|St)

Fin<+0
for k=0,...,ndo
‘ E,n — it—n—l—k + f)/pt—n—&—k—lFt,n

end
T T
Wiyl < Wy + OétFt,nPt(RtH T YTy W — Ty W) Ty
t+—t+1
end
To compute Fi,,, one needs to store 2n extra scalars: pi_1, ..., Pr—n; t—1,- - - tt—n.

Such memory overhead is inevitable even for naive on-policy multi-step TD methods
(Chapter 7.1 of Sutton and Barto 2018). The computation of F},, can indeed be done
incrementally at the cost of maintaining one more extra scalar:

ptit
Pt—n—10t—n—1
Fon =i +ypiaFioin — Ay

At = At—h

Overall, we argue that compared with ETD in Sutton et al. (2016), the additional
memory and computational cost of truncated emphatic TD is negligible. We now
proceed to analyzing truncated emphatic TD.

When analyzing the original ETD, we have to consider the chain {(F}, S, A;)}
evolving in the space R x & x A (see, e.g., Yu 2015). The space R is not even
countable, making it hard to analyze the chain {(F}, S, A:)} even with Assump-
tion 2.8. With the truncated followon trace F},, we only need to consider the chain
{(St=n, At—n, ..., St, A¢)} which evolves in a finite space (S x .A)". The ergodicity of
this chain follows immediately from Assumption 2.8. Once the ergodicity is estab-
lished, we can analyze the limiting update matrix under the corresponding stationary
distribution.

The additional hyperparameter n in (5.2) defines a hard truncation. By contrast,
the additional hyperparameter 5 in (4.1) defines a soft truncation. As discussed in
Section 4.1, a desired [ does not always exist since we require 5 to be both sufficiently

large and sufficiently small. By contrast, we will show soon that a desired n always
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exists because we only require n to be sufficiently large. Further, to analyze ETD(0, 3)
with the soft truncation, we still need to work on the chain {(F; s, S, A¢)}, whose
behavior is hard to analyze. Consequently, though the asymptotic convergence of
ETD(0, 8) in prediction may be established similarly to Yu (2015) for certain 3, so
far no finite sample analysis is available for ETD(0, 5) in prediction. Nevertheless,
we believe the soft truncation and the hard truncation are two different directions for
variance reduction. The soft truncation is analogous to computing the return G; with
a discount factor different from v (see, e.g., Romoff et al. 2019); the hard truncation
is analogous to computing the return G, with a fixed horizon (see, e.g., Asis et al.
2020). It is straightforward to combine the two techniques together. For example, we

can consider F; 3, defined as
Fipn = Z?:o BIpi—ji1it—j t>n
o Fip t<n

This combination, however, deviates from the main purpose of this section and is
saved for future work.
We now study the truncated trace Fy,. Similar to (2.27), we study the limit of

the conditional expectation of the truncated followon trace and define
My pn(8) = lim E [F},|S; = s].
t—o0
We refer to m,, as truncated emphasis for a finite n.

Lemma 5.1. Let Assumption 2.8 hold. Then
Moy = > 7' D (PLY Dy,
=0

Tm me = D NI —~yP])™'Dyi.
The proof of Lemma 5.1 is provided in Section B.10. By definition, the weighting
vector fr, in (2.29) involved in the A matrix of the ETD update (2.26) satisfies

frp = Dymy,,. Similarly, we define

fﬂ,u,n = D,umﬂ,,u,n- (53)
Lemma 5.2. Let Assumption 2.8 hold. Then
d
M pumn = Maull, < ’Y”“MHWWHD
w,min
n+1 d/QJ,,max
[ frpn = frulloo <V 7= lImzull,
min

where d,, mar = maxs d,(s) and dy, min, = ming d, ().
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The proof of Lemma 5.2 is provided in Section B.11. The A matrix of the ETD
update (2.26) is X "Dy, (vP, — I)X. Similarly, it can be shown that the A matrix
of truncated emphatic TD (Algorithm 4) is

XTDfﬂ',u,n (’Y‘Pﬂ— - I)X7

where Dy = diag(fr,n). Lemma 5.2 asserts that fr,, approaches fr, geomet-
rically fast. Consequently, we can expect X ' Dy, (yPr —I)X to be n.d. if n is not

too small.

Lemma 5.3. Let Assumptions 2.3 and 2.8 hold. If

n+1 minu,min
< , (5.4)
3y maz |V Pr = L[l pully

then XDy, (yPr — )X is n.d., where Apy, is the minimum eigenvalue of

 (Dyo (I =P+ (1 —~P)Dy.,)
Sutton et al. (2016) prove that A, > 0. The proof of Lemma 5.3 is provided in
Section B.12. Since the LHS of (5.4) diminishes geometrically as n increases, we
argue that in practice we do not need a very large n. Recall that the motivation
of using the followon trace F; is to ensure the limiting update matrix to be n.d.
Lemma 5.3 shows that to ensure this negative definiteness, we do not need to use all
history to compute F;. Farlier steps contribute little to this negative definiteness due
to discounting but introduce large variance due to the products of importance sampling
ratios. As suggested by (5.4), the desired value of n depends on the magnitude of
the emphasis m, ,, which is determined together by the behavior policy p, the target
policy 7, the structure of the MDP, and the magnitude of the interest 7. In general,
when the magnitude of the emphasis increases, the desired truncation length also
increases. In practice, we propose to treat the truncation length n as an additional
hyperparameter, as estimating the desired n without access to the transition kernel
p can be very challenging, which we leave for future work.

We can now show the asymptotic convergence of truncated emphatic TD using
the standard ODE-based approach.

Theorem 5.4. Let the assumptions and conditions of Lemma 5.3 hold. Let Assump-
tion 2.4 hold. Then the iterates {w:} generated by truncated empathic TD (Algorithm

4) satisfy

lim w; = wy,, a.s., where
t—o00 ’

Wi, = —A;lbm An = XTDfmu,n (IYPW - ]>X7 b” = XTDfW,u,nTW'
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The proof of Theorem 5.4 is provided in Section B.13, which, after the negative
definiteness of A,, is established with Lemma 5.3, follows the same routine as the
convergence proof of on-policy TD in Proposition 6.4 of Bertsekas and Tsitsiklis
(1996).

We now give a finite sample analysis of projected truncated emphatic TD (Algo-
rithm 5). Algorithm 5 is different from Algorithm 4 in that it adopts an additional
projection Iz when updating the weight w,. Here II1x denotes the projection onto the
ball of a radius R centered at the origin w.r.t. /, norm. Introducing such a projection
is common practice in finite sample analysis of TD methods (Bhandari et al., 2018;
Zou et al.; 2019). This projection is mainly used to control the errors introduced by
Markovian samples. If i.i.d. samples are used instead, such projection can indeed be
eliminated (Bhandari et al., 2018; Dalal et al., 2018).

Algorithm 5: Projected Truncated Emphatic TD
So ~ po(*)
t<« 0
while True do

Sample A; ~ pu(-|S:)

Execute Ay, get Ryy1, Siiq

w(A¢|St)
P &= w(At|St)

Fyp 0
for k=0,...,ndo

| Fin < tngk T YPt—nik—1Ftn
end
wiyr < g (wt + Fypnpr(Regr + vl we — %th)ﬁt)
t—t+1
end

Theorem 5.5. Let the assumptions and conditions of Lemma 5.3 hold. Let R >
|wanl||. With proper learning rates {c:}, for sufficiently large t,
In®¢
B [l - weall] =0 ().
The proof of Theorem 5.5 is omitted to avoid verbatim repetition since it is just
a special case of a more general result in the control setting (Theorem 11.5). The

conditions on learning rates and the constants hidden by O (-) are also similar to

those of Theorem 11.5. We now analyze the performance of w,,.
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Lemma 5.6. Let r = min, 29" - Lot Assumptions 2.5 and 2.8 hold. If

)
du,maw”‘[ - ’YPW ||oo||m7r7u||1
then 1y, ... Tx 1s a \/7-contraction in |-, and
1
HXU}*,n — ’Uﬂ-wa’mn S \/1—_—,}/“1_[]0#7#’”?]77 — Uﬂllfﬂ',[,t,’n' (56)

The proof of Lemma 5.6 is similar to Hallak et al. (2016) and is provided in Section
B.14. Again, the LHS of (5.5) diminishes geometrically. So in practice, n might not
need to be too large.

Lemma 5.6 characterizes the performance of the fixed point of truncated ETD
U”wa,ﬂ,n term in (5.6)

is the representation error resulting from the limit of the capacity of the linear function

methods in prediction settings. In particular, the HH Frpm U —

approximator. With different truncation length, we use different norm (i.e., ||| fw,n)
to measure the representation error. The multiplicative factor ﬁ, however, does
not depend on n. In other words, as long as n is sufficiently large in the sense
of (5.5), the exact value of n, including n = oo (i.e., no truncation), does not seem
to affect the performance of the fixed point much. The intuition is straightforward.
Comparing (5.2) and (5.1), it is easy to see that by using the truncation, we discard the
term Zizn 1 o pt—j—11¢—j corresponding to earlier transitions from steps 0 to t—n—1.
This term has a large, possibly infinite, variance because of the product of importance
sampling ratios. The expectation of this term is, however, negligible because the
expectation of the importance sampling ratios are well bounded (see the proof of
Lemma 5.2) and the multiplicative factor 77 is negligible. It is the expectation, not
the variance, of the trace that determines the performance of the corresponding fixed
point. Consequently, the truncation proposed in this work does not seem to yield
a compromise in the performance of the fixed point. Different truncation lengths
(including n = oo, i.e., no truncation) lead to different fixed points. We, however,
argue that those fixed points are in general equally good since their performances
can all be bounded by the representation error and the truncation length has little
effect on |||, when n is large (see Lemma 5.2). By contrast, the performance of
the fixed points of GTD methods minimizing d,-induced MSPBE can be arbitrarily

worse, no matter how small the representation error is (Kolter, 2011).
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‘n:oo n=0 n=2 n=4 n=8 (=08

m(dashed = 0]s) - - - - - -
m(dashed = 0.02]s) - - - 10* 10 -
m(dashed = 0.04]s) | 107 - 10 10 10° 10°
7(dashed = 0.06|s) - - 102 10° 10 10*
7(dashed = 0.08|s) - - 0=t 100 107 107
m(dashed = 0.1]s) - - 10~ 100 102 10*

Table 5.1: Average variance of curves in Figure 5.1. Each curve in Figure 5.1 consists
of 100 data points. The average variance of those data points is reported in this table.
Here we consider only successful configurations whose averaged prediction error at the
end of training is smaller than 5. The average variance of other curves are not included
and denoted as “-”.

5.3 Empirical Results

In this section, we empirically compare truncated emphatic TD (Algorithm 4), ETD,
and ETD(0, 3).

We use Baird’s counterexample as the benchmark (Figure 3.1) and consider a
behavior policy p(solid|s) = + and j(dashed|s) = 2, which is the same as the
behavior policy used in Sutton and Barto (2018). We consider different target policies
from m(dashed|s) = 0 to w(dashed|s) = 0.1. We benchmark Algorithm 4 with
different selection of n. When n = oo, Algorithm 4 reduces to the original ETD.
When n = 0, Algorithm 4 reduces to the naive off-policy TD. We use a fixed learning
rate o, which is tuned from A, = {0.1 x 2°,0.1 x 271 ... 0.1 x 2719} for each n, with
30 independent runs. We report learning curves with the learning rate minimizing
the value prediction error at the end of training. Additionally, we also benchmark
ETD(0, ), where we replace the Fy,, in Algorithm 4 with the trace F; g computed
via (4.1). We tune § in {0.1,0.2,0.4,0.8}. For each (3, we tune the learning rate « in
A, as before. The interest is 1 for all states (i.e., i(s) = 1Vs). We report the learning
curves with the best 5. All curves are averaged over 30 independent runs with shaded
regions indicating standard errors, unless otherwise specified.

As shown by Figures 5.1 with n = 0, the naive off-policy TD makes no progress
in this prediction setting. The curve is almost flat because the best learning rate is
0.1 x 2719; using any larger learning rate simply accelerates divergence. As shown by
the curves with n = oo, naive ETD does make some progresses when m(dashed|s) >
0, though the final prediction errors at the end of training are usually large. By

contrast, using n = 4 leads to quick convergence in all the tasks with 7(dashed|s) > 0.
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Reducing n from 4 to 2 also works when 7(dashed|s) > 0.04 and increasing n from 4 to
8 significantly increases the variance. Obviously increasing n leads to a larger variance,
so in practice we want to find the smallest n. Moreover, though ETD(0, 5) converges
when m(dashed|s) > 0.04, it usually exhibits larger variance than our truncated ETD
with n = 2 or n = 4 (Table 5.1). We conjecture that this is because the trace
(4.1) still relies on all the history. Consider, e.g., m(dashed|s) = 0.02: the maximum
importance ratio is ppe: = 0.98 X 7 = 6.86. If Bpmae > 1, there is still a chance
that the trace in (4.1) goes to infinity since it depends on all the history. However,
requiring Bpme: < 1 would require using a small 8, which itself could also lead to
instability. By contrast, with truncation, Fi, is always guaranteed to be bounded.
The results suggest that our hard truncation also has empirical advantages over the
soft truncation in Hallak et al. (2016), besides the theoretical advantages of enabling
finite sample analysis for both prediction and control settings. It can be analytically
computed that for all w(dashed|s) € {0,0.02,0.04,0.06,0.08,0.1}, the desired n as
suggested by Lemma 5.3 is around 700. The n we use in the experiments is much
smaller than the suggested one. This is because Lemma 5.3 has to be conservative
enough to cope well with all possible MDPs. In this chapter, we focus on establishing
the existence of such an n and giving an initial but possibly loose bound. We leave
the improvement of Lemma 5.3 for future work. For computational experiments, we
recommend to treat n as an additional hyperparameter.

When 7(dashed|s) = 0, which is used in the original Baird’s counterexample, no
selection of n or ( is able to make any progress. The failure of ETD with this target
policy is also observed by Sutton and Barto (2018). This target policy is particularly
challenging because its off-policyness is the largest in all the tested target policies,
making it hard to observe progress in computational experiments. Though truncation
is not guaranteed to always reduce the variance to desired levels while maintaining
convergence, our experiments in the prediction setting do suggest it is a promising
approach. We leave a more in-depth investigation of this target policy for future

work.
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Figure 5.1: Truncated emphatic TD and ETD(0, /) in the prediction setting.
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Part 11

Off-Policy Prediction for Average
Reward

5



In this part, we focus on the prediction problem in the average reward setting.
In particular, our goal is to estimate either the scalar performance metric J, or
the differential value functions v, and ¢,, in the context of the deadly triad. For
estimating the average reward .J., we describe a new method based on learning the
density ratio. Though this new method is designed for the average reward setting, it
also works in the discounted setting as a special case. For estimating the differential
value functions, we describe two new methods. The first one using target networks is
a natural extension of the methods in Section 3. The second one is an extension of

GTD methods to the average reward setting.
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Chapter 6

Prediction with Density Ratios

In this chapter, we propose a new method for estimating the average reward J, based
on learning the density ratio. Though it is designed primarily for the average reward

setting, it also works for the discounted setting as a special case.

6.1 Less Is More

As discussed in Section 2.10, when our goal for prediction is to estimate the scalar
performance metric J, or J,, the density ratio

dr(S,a)

7,(s,a) = d,(s.0)

is a useful quantity. For estimating .J., we consider v < 1; for estimating J., we

consider v = 1. In either case, 7, is a solution to the linear system
Dyr = (1= 7)dpyr + PYPWTD/JT’ (6.1)

where 7 € RI$*4l is the free variable. Solving (6.1) is, therefore, a natural approach
to finding 7,. For the discounted setting with v < 1, it is easy to see that 7, is the
unique solution to (6.1). For the average reward setting with v = 1, (6.1) degenerates

to
D,m = P!D,T,

which, unfortunately, has infinitely many solutions and 7, is merely one of them. It
is thus desirable to add additional constraints to ensure that 7, is the unique solution
to (6.1) even with v = 1. There are two natural constraints. First, 7, is nonnegative.

Correspondingly, we have the constraint

7(s,a) > 0,Vs,a. (6.2)

7



Second, 7, is properly normalized. Correspondingly, we have the constraint
T _
d,m=1. (6.3)

It is easy to see that for any v € [0,1], 7, is the only 7 that satisfies (6.1), (6.2),
and (6.3) simultaneously. Existing works such as Zhang et al. (2020a); Mousavi et al.
(2020), therefore, consider both (6.2) and (6.3) when solving (6.1). To fulfill (6.2),

2 is applied in function approximation (Zhang

positive nonlinearity such as exp(-), (+)
et al., 2020a; Mousavi et al., 2020). To fulfill (6.3), self-normalization is applied in
function approximation (Mousavi et al., 2020). Those techniques, however, make the
problem of solving (6.1) nonconvex. Consequently, even with tabular representation,
there is no convergence guarantee for the algorithms proposed by Zhang et al. (2020a);
Mousavi et al. (2020), much less convergence to 7,. In this chapter, we instead make

the following important observations:

Lemma 6.1. For any v € [0,1], 7, is the unique T that satisfies (6.1) and (6.3)

simultaneously.

The proof of Lemma 6.1 is provided in Section B.15. In other words, to ensure
the uniqueness of the solution to (6.1), adding (6.3) is already sufficient. We argue
that considering both constraints unnecessarily introduces additional obstacles in
optimization. In this thesis, we, therefore, design our algorithm based on only (6.1)

and (6.3).

6.2 Gradient Stationary Distribution Correction
Estimation

Consider the i.i.d. setting in Definition 2.4. To solve (6.1) subject to (6.3), we consider

the following optimization problem:

1 A
min  L(7) = Z||(1 = ¥)dpor + VP, D7 — DMTHQD;1 + §(dTT —1)%,  (6.4)

TERISXA] 2 K

where A > 0 is a constant. Readers may find the first term of this objective similar
to the MSBE. However, while in MSBE the norm is induced by D,, we consider a
norm induced by D;l. This norm is carefully designed and provides expectations
that we can sample from, which will be clear once L(7) is expanded (see (6.5) below).

Remarkably, we have:
Theorem 6.2. 7 is optimal for (6.4) i.f.f. T =1T,.
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Theorem 6.2 follows immediately from Lemma 6.1. We now expand L(7). With
0 = (1= 9)dpyn +YP7 Dyt = Dy,

we have

- %(d} — 1y (6.5)

L(7) = %E(Sﬂ)Ndu(') [(;f:;))y

(s, 1
= max E(a)~d,() [d/jig’o;))f(s, a) — §f(s, a)ﬂ

fe]R\Sx.A\

2
U
+ Amax <E<s,a)~du<~> 7 (s,a) —n] = 3 ) )

where the equality comes also from the Fenchel’s conjugate and the interchangeability
principle as in Zhang et al. (2020a) and DualDICE (cf. (2.31)). We, therefore, consider
the following problem

Jnin fewrnxagﬁ%RL(n n, 1), (6.6)
where
L(7,n, f)
. 0(s,a 1 2
“Bsa)dn() { d:(S, i)f (s,0) = 5 (s, a)Q} +A (E(smwdu(.) (s, a) —n)] — %) ,
We expand the first term as
i(s,a) 1 5
Bleara | oo 6sa) = 3o
(1 = 9)dpor(s,a) + v (P7 D7) (8,0) — (Du)(s,0) 1
=E(s0)~d () = (d 17) - f(s,0) = 5 (s, 0)?
L(s,a)

:(1 - V)E(s,a)wdpow(ﬂ [f(S, CL)] +7 Z (P;D#T) (57 a)f(sv CL)

1

— E(sa)nd, () [T(5,0) f(s,a)] — iE(S,a)Ndu(~) [f(s,a)?]
:(1 - V)E(s,a)wdmw(ﬂ [f(87 CL)] + /YE(S,(I,S/7G/)NC£MPW(') [T(S’ a)f(8,7 a,)]
1
o ]E(Sva)“’du(') [T(Sv CL)f(S, a)] - éE(SVa)Nd”(.) [f(S, a)ﬂ .
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Consequently, we have

L(7,n, f)
:(1 - V)E(s,a)wdpoﬁ(-) [.f(37 a)] + W/E(s,a,s/,a’)wd#pﬂ(-) [T($> a)f(sla a/>]

1
— E@ o)) [T(s:a) f(s,a)] — §E(5:a)~du(') [f(s,a)?]
2

n
+ A (Ecs,awdu(o[m(s, a) —n) — 5) :

The optimization problem (6.6) is an unconstrained optimization problem and L is
convex (linear) in 7 and concave in f,n. Assuming 7, f is parameterized by w, s
respectively and including ridge regularization for w for reasons that will soon be

clear, we consider the following problem

min max L(7, 1, £) + 2wl (6.7)

w K 2

where £ > 0 is a constant. When a linear architecture is considered for 7, and f,, the
problem (6.7) is CCSP. Namely, it is convex in w and concave in x,7n. Recall that X

is the state-action feature matrix. Assuming
Tw = Xw, fo = XK,

we perform gradient descent on w and gradient ascent on 7, in the i.i.d. setting
in Definition 2.4. As we use techniques similar to Gradient TD methods to prove
the convergence of our new algorithm, we term it Gradient stationary DlIstribution

Correction Estimation (GradientDICE, Algorithm 6). We now proceed to analyzing

Algorithm 6: GradientDICE

k<0

while True do

Sample S ~ po(-), A2 ~ 7(:|S?)

Sample (Sk, Ak) ~ dﬂ(')7 Rk = T(Sk7 Ak), Sl/c ~ p(-|Sk, Ak), Az, ~ 7T(|S,/€)
zo g <+ x(S}, AY), xy <+ x(Sk, Ap), x), < (S}, A})

(Sk — (1 — ’y)QZOJC + ’YZB;kaZ;C — xzwkxk

Kk+1 < Kg + ak(ék — l’;—lﬁkl’k)

M1 M + apA(zwp — 1 — )

Wiy ¢ Wy — Qg ('yngikxk — 1] Kpag + Ay + ka)
k< k+1

end

the convergence of Gradient DICE with the following assumption.
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Assumption 6.1. The matriz A= X"D,(yP, — I)X is nonsingular or £ > 0.

When v < 1, it is common to assume A is nonsingular (Maei, 2011), the ridge
regularization (i.e., & > 0) is then optional. When 7 = 1, A can easily be singular

(e.g., in a tabular setting). We, therefore, impose the extra ridge regularization.

Theorem 6.3. Let Assumptions 2.3, 2.4, and 6.1 hold. Then the iterates {wg}, {xx}, {nx}
generated by Algorithm 6 satisfy

Rk
lim |wy| = -G g as.,
k—oco
Mk
where
-C AT 0 (1 =) X Tdpyn
G=|-A =¢1 —/\XTdu g = 0
0 /\dZX - .

See Section B.16 for the proof of Theorem 6.3, which is inspired by Sutton et al.
(2009). One key step in the proof is to show that the real parts of all eigenvalues of
G are strictly negative. The G in Sutton et al. (2009) satisfies this condition easily.
However, for our G to satisfy this condition when v = 1, we must have £ > 0, which
motivates the use of ridge regularization.

With simple block matrix inversion expanding G~!, we have

lim w, = w
k—o0 00,6

where

Woog = —(1 = NZACT'X Tdpyr + AB 2 (14 (1 —7)2TACT' X Td,,. )
E= I+ ACTTAT Y
z=EX"d,, B=1+X,XEX"d,.

The maximization step in (6.7) is quadratic (with linear function approximation)
and thus can be solved analytically. Simple algebraic manipulation shows that this
quadratic problem has a unique optimizer for all v € [0, 1]. Plugging the analytical
solution for the maximization step in (6.7), the KKT conditions then state that the

optimizer w, ¢ for the minimization step must satisfy A, cw, ¢ = b,, where

Ave = ACTTAT + XX Td,d, X + €1,
be = —(1 —9)AC X Tpg + XX "d,.
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Assumption 6.1 ensures A, ¢ is nonsingular. Using the Sherman-Morrison formula
(Sherman and Morrison, 1950), it is easy to verify w.¢ = wse. In other words,
GradientDICE is able to solve the problem (6.7).

To ensure convergence, we require ridge regularization in (6.7) when v = 1. The
asymptotic solution w ¢ is therefore biased. We now study the regularization path
consistency when v = 1, i.e., we study the behavior of wy ¢ when £ approaches
0. We start with a simple setting where 7, € col(X). Here col(-) indicates the
column space. As X has linearly independent columns, we use w, to denote the
unique w satisfying Xw = 7,. When v = 1, A can be singular. Hence both ws
and A, o can be ill-defined. We now show under some regularization, we still have
the desired consistency. As AC7'AT is always positive semidefinite, we consider
its eigendecomposition AC7'AT = QTAQ, where Q is an orthogonal matrix, A =
diag([M, -+, A\, 0,--+,0]), 7 is the rank of ATC™!A, and )\; > 0 are eigenvalues. Let
u=QX"d,. We have

Proposition 6.4. Assuming XC~'XT is positive definite, ||u,41.n.,|| # 0, then
lim wee ¢ = wy,
£—0
where w;.; denotes the vector consisting of the elements indexed by i,i+1,..., 7 in the

vector u.

| #

0 is not restrictive as it is independent of learnable parameters and mainly controlled

The proof of Proposition 6.4 is provided in Section B.17. The assumption ||u,41.x,,

by features. Requiring XC~'X T to be positive definite is more restrictive, but it
holds at least for the tabular setting (i.e., X = I). The difficulty of the setting v =1
comes mainly from the fact that the objective of the minimization step in the problem
(6.7) is no longer strictly convex when £ = 0 (i.e., A, can be singular). Thus there
may be multiple optima for this minimization step, only one of which is w,. Extra
domain knowledge (e.g., assumptions in the proposition statement) is necessary to
ensure the regularization path converges to the desired optimum. We provide a suf-
ficient condition here and leave the investigation of necessary conditions for future
work. When 7, ¢ col(X), it is not clear how to define w,. We leave the investigation

of this scenario for future work.

6.3 Empirical Results

In this section, we present empirical results comparing Gradient DICE with baseline
algorithms. In particular, we consider DualDICE and GenDICE (Zhang et al., 2020a)
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as baselines. DualDICE is convergent only in the discounted setting. GenDICE is
designed for both the discounted and average reward settings. GenDICE, however,
considers all the three constraints (6.1), (6.2), (6.3) and is thus not convergent in
either setting. All the curves in this section are averaged over 30 independent runs

and shaded regions indicate one standard derivation.

Figure 6.1: Two variants of Boyan’s Chain. There are 13 states in total with two
actions {ag,a;} available at each state. The initial distribution pgy is uniform over
{s0,...,812}. At a state s;(i > 2), ag leads to s;_1 and a; leads to s;_. At s1, both
actions leads to so. At sg, there are two variants. (1) Episodic Boyan’s Chain:
both actions at sg lead to sg itself, i.e., so is an absorbing state. (2) Continuing
Boyan’s Chain: both actions at sq lead to a random state among {so, ..., s12} with
equal probability.

We first benchmark the algorithms in terms of learning the density ratios. We
consider two variants of Boyan’s Chain (Boyan, 1999) as shown in Figure 6.1. In
particular, we use Episodic Boyan’s Chain when v < 1 and Continuing Boyan’s
Chain when v = 1. We consider a uniform sampling distribution, i.e., d,(s,a) =
> (s, a), and a target policy 7 satisfying m(ao|s) = 0.1Vs. We design a sequence of
tasks by varying the discount factor ~ in {0.1,0.3,0.5,0.7,0.9,1}.

We train all compared algorithms for 3 x 10* steps. We evaluate the Mean Squared

Error (MSE) for the predicted 7 every 300 steps, computed as

MSE(T) = oo 3 (r(5,0) — 735, 0))"

where the ground truth 7, is computed analytically. We use fixed learning rates a for
all algorithms, which is tuned from {475 47 ... 471} to minimize the MSE(7) at the
end of training. For the setting v = 1, we additionally tune £ from {0,1073,1072, 1071}
(for a fair comparison, we also add this ridge regularization for GenDICE and DualDICE).
For the penalty coefficient, we set A\ = 1 as recommended by Zhang et al. (2020a).
We find A has little influence on the learning process in this domain.

We report the results in both tabular (Figure 6.2) and linear (Figure 6.3) settings.

In the tabular setting, we use lookup tables to store 7, f and n. In the linear setting,
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0 3 x 10t 0 3 x 10t 0 3 x 10*
v =0.7 v=0.9 vy=1
44 4 — .
10.0 \
3 W
" H 42 75 \\ . (-2
= —¥— GradientDICE(av = 477%) \, —¥— GradientDICE(ar = 47%)
u GenDICE(a = 479) A GenDICE(a = 479)
g \ —— DualDICE(a = 479) 5.0 —— DualDICE(a = 4°9)
1 O —— Gradientli)ICE((\' =47°¢6=0)
\\ 2.5 GenDICE(a = 4°%,¢ = 10%)
= —— DualDICE(a = 473, = 10°})
T ST 1.6 =~
0 4 0.0 1 1
0 3x 10 0 3 x 10 0 3 x 10
Steps Steps Steps

Figure 6.2: Density ratio learning in Boyan’s Chain with a tabular representation.

we use the same state features as Boyan (1999):

x(s12) = [1,0,0,0]"

z(s11) = [0.75,0.25,0,0] "
x(s10) = [0.5,0.5,0,0] "
z(s9) = [0.25,0.75,0,0] "
z(sg) = [0,1,0,0]"

x(s7) = [0,0.75,0.25,0] "

0,0.25,0.75,0] "
0,0,1,0]"
0,0,0.75,0.25] "
0,0,0.5,0.5] "
0,0,0.25,0.75] "
0,0,0,1]"

I\ S5

T\ Sy
T\S3
IS

IS

T\So

) = |
) =
) =
(s9) = |
(ss) =]
(s7) =
z(sg) = [0,0.5,0.5,0]
(ss) = |
(s4) =
(s3) = |
(s2) =
(s1) =]
(so) = |

We use two independent sets of weights for the two actions. As GenDICE requires
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Figure 6.3: Density ratio learning in Boyan’s Chain with a linear architecture.

7(s,a) > 0V(s,a), we use the nonlinearity (-)? for its 7 prediction as suggested by
Zhang et al. (2020a). We do not apply any nonlinearity for GradientDICE and
DualDICE. Our results show that GradientDICE reaches a lower prediction error
at the end of training than GenDICE in 5 (4) out 6 tasks in the tabular (linear) set-
ting. Moreover, the learning curves of GradientDICE are more stable than those of
GenDICE in all the 6 tasks in both tabular and linear settings. Although DualDICE
performs the best for the task v = 0.1, it becomes unstable as v increases, which is
also observed in Zhang et al. (2020a).

We then benchmark DualDICE, GenDICE, and GradientDICE in an off-policy
prediction problem. We consider Reacher-v2 from OpenAl Gym (Brockman et al.,
2016). We consider policies in the form of 74(s,a) + N (0, 0?), where 74 is a determin-
istic policy trained via TD3 (Fujimoto et al., 2018) for 10° steps and A is Gaussian
noise. For the behavior policy, we set o = 0.1 and run the policy for N = 10° steps to
collect transitions, which form the dataset used across all the experiments. For the
target policy, we set o = 0.05.

We use neural networks to parameterize 7 and f, each of which is represented by
a two-hidden-layer network with 64 hidden units and ReLU (Nair and Hinton, 2010)
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Figure 6.4: Off-policy prediction in Reacher-v2 with neural network function ap-
proximators.

activation function. For GenDICE, we add (-)? nonlinearity for the 7 prediction by
the network. For GradientDICE and DualDICE, we do not have such nonlinearity in

their 7 prediction. Given the learned 7, the performance J; , is approximated by

1 N
w,'y_NEITswaz
i

Here J, . denotes the normalized discounted total rewards (1 — )/, when v < 1
and the average reward J, when v = 1. We train each algorithm for 103 steps and

examine
A 2
MSE = 2 (Jny = Jrs )

every 10 steps, where the ground truth J; . is computed from Monte Carlo methods
via executing the target policy = multiple times. We use SGD to train the neural
networks with batch size 128. The learning rate o and the penalty coefficient \ are
tuned from {0.01,0.005,0.001} and {0.1, 1} with grid search to minimize MSE at the

end of training.
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The results are reported in Figure 6.4. Although prediction errors of Gradient-
DICE and GenDICE tend to be similar at the end of training, the learning curves of
GradientDICE are more stable than those of GenDICE, which matches the results in
the tabular and linear settings. Although DualDICE tends to be more stable than
both GradientDICE and GenDICE, it learns slower and does not work for the set-
ting v = 1, which also matches the results in Zhang et al. (2020a). To summarize,
GradientDICE combines the advantages of both DualDICE (stability in discounted
setting) and GenDICE (compatibility with the average reward setting).
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Chapter 7

Prediction with Target Networks

Though approximating the average reward .J; is already sufficient in some scenarios, in
many other cases, learning the differential value functions v, and ¢, is also necessary,
for example, when we want to consider the more ambitious control problems. In
this chapter, we extend the target-network-based approach in Section 3 from the
discounted setting to the average reward setting for learning the differential value

functions.

7.1 Divergence of Differential Temporal Difference
Methods

In this section, we motivate the introduction of target networks by showing that the

straightforward semi-gradient method can possibly diverge. Consider, for example,

the problem of estimating ¢, and J, in the ii.d. setting in Definition 2.4. One

natural approach is to equip (2.15) with linear function approximation. Let Xw be

our estimate for ¢, and 7 be our estimate for .J,. We update w and 7 iteratively as
Why1 = Wy + (Wi, Tr) Tk, (7.1)
Pra1 = Tr 4 apdp(we, 7r),

where

Sp(w, ) = Ry, — 7 + 2} w — 2] w

is the temporal difference error. We refer to the updates (7.1) as differential semi-
gradient ()-evaluation, or Diff-SGQ. If Diff-SGQ converged, the expected updates
must vanish. In other words, the limiting point (w,7) must verify

E [6x(w,7)] = 0. (7.3)
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We refer to (w, ) that verifies (7.2) and (7.3) as TD fized points in the average reward
setting. Writing (7.3) in a vector form yields
P =d (r+ P, Xw— Xw). (7.4)
Replacing 7 in (7.2) with (7.4) yields
X'D,(r+ PrXw— Xw) — X" D,1d, (r + PrXw — Xw) =0,
or equivalently,
Aw+b = 0.

We recall that A and b are defined in Section 2.13. Depending on the structure of A,
there could be no TD fixed point, one TD fixed point, or infinitely many TD fixed
points. Unfortunately, the following example demonstrates that the naive differential
temporal difference method (7.1) does not necessarily converge, even if there is a

unique TD fixed point.

a,
aq
— > r(-,-)=0
a

ma|-)=1

x(sp,ap) = x(sp,a)) =1 d(s1,a1) = d,(s5,a;) = 6/13
x(sZ, al) - 14 dl‘(sZ, al) == 1/13

Figure 7.1: An example showing the divergence of naive differential temporal differ-
ence methods.

Example 7.1. (From Zhang et al. (2021c¢)) Consider a two-state MDP (Figure 7.1).
The expected per-step update of (7.1) in this MDP can be written as

Thal _ Tk Lo —1 6|7 '
W41 Wy —2 6] |wy
-1 6

Here, we consider o a constant learning rate. The eigenvalues of A = _9 ¢l e

both positive. Hence, no matter what positive learning rate is used, the expected update
diverges. The sample update (7.1) using standard stochastic approximation learning
rates, therefore, also diverge. Furthermore, because both eigenvalues are positive, A

s an tnvertible matrix, implying the unique existence of the TD fized-point.
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7.2 Differential Expected SARSA for Prediction
with A Target Network

Motivated by the success of target networks in addressing the deadly triad in the
discounted setting, we in this section seek to use target networks to address the
deadly triad in the average reward setting as well.

In the average-reward setting, we need to approximate J, and @, with # and Xw
respectively. Hence, we consider target networks 6" and 6" for 7 and w respectively.
Plugging 6" and 6% into (7.1) for bootstrapping yields differential off-policy linear
expected SARSA for prediction with a target network (Algorithm 7), where {B;} are
now balls in RE*! (cf. (3.3)). In Algorithm 7, we impose ridge regularization only

on w as 7 is a scalar and thus does not have any representation capacity limit.

Algorithm 7: Differential off-policy linear expected SARSA for prediction
with a target network
Initialize 6y € B
So ~ po(‘)
t<« 0
while True do
Ay ~ p(-|Se)
Execute A, get Ryy1 and Spyq
& R — 07 + >, m(d|Sp1) (S, a) 10 — ]l wy
Wy & Wy + 0Ty — Qynwy
TAt+1 — f't + Oét(Rt+1 + Za’ W(a/’5t+1)x<5t+1, CL,)TQ;U — :1::9}” — f‘t)

i o ([t oo (v (1)) - )

t—t+1
end

Theorem 7.1. Let Assumptions 2.1, 2.3, 2.4, 2.5, 2.6, and 2.8 hold. For any & €
(0,1), there exist constants Cy and Cy such that for all

|X] < Co,Cy < Rp,, R, —& < Rp, < Rp,,
the iterates {7} and {w;} generated by Algorithm 7 satisfy

P
lim 7y =77,
t—o0

lim wy = w, a.s.,
t—00
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where
Pr=d, (r+ PrXw) — Xw})

and wy, is the unique solution to

(A—nl)w+b=0.
If features are zero-centered (i.e., X'd, =0), then

* —C 0max<X )2 —C —C —C
HXwTI - qﬂH S (O-min(‘Xv)zlo-min(D,U‘)Z.5 ||q71'||77 " HHquﬂ' - qﬂH) /57

7y Jel < (P — D) in |5, — )

where @& = @ + cl.

We defer the proof to Section B.18. As the differential Bellman equation (2.6) has
infinitely many solutions for ¢, all of which differ only by some constant offsets, we
focus on analyzing the quality of Xw; w.r.t. ¢; in Theorem 7.1. The zero-centered
feature assumption can be easily fulfilled in practice by subtracting all features with
the estimated mean. In the on-policy case (i.e., u = m), we have d| (P, — I) = 0,
indicating 7, = Jg, i.e., the regularization on the differential value estimate does not
pose any bias on the average reward estimate in the on-policy setting.

It is worth mentioning that target networks can also be used in learning the
differential state value function ;. We in this section focus on learning the differential

action value function ¢, mainly to prepare us for the control setting in later sections.
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Chapter 8

Prediction with Gradient Temporal
Difference Methods

In Chapter 7, we introduce a target-network-based algorithm for learning the differen-
tial value functions, which, however, requires to have a sufficiently large regularization.

In this chapter, we introduce a new algorithm that relaxes this constraint.

8.1 A New Mean Squared Projected Bellman Er-
ror Objective

Motivated by the success of GTD methods in the discounted setting, we, in this
chapter, introduce gradient temporal difference methods in the average reward setting.
The first step is to define an MSPBE objective. Consider approximating g, with Xw.
In the on-policy setting, finding an MSPBE objective for w is straightforward. One

can, in analogue to (2.10), consider
1Mo, (r = 71+ PrXw) = Xuwl7,

where w is the free variable and 7 is a known estimate of the average reward J,. (Tsit-
siklis and Roy, 1999). This MSPBE objective is feasible because it is straightforward
to get a decent 7 in the on-policy setting. For example, the empirical average of the
received rewards when executing 7 is a good estimate for the average reward J,. It
is attempting to similarly define an MSPBE objective for the off-policy setting in
analogue to (2.22) as

Ly, (r — 71+ PrXw) — Xw| .

This MSPBE is, however, no longer feasible because obtaining a good estimate 7 for

the average reward .J, is nontrivial in the off-policy setting. The empirical average
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of the received rewards is no longer a good estimate because they are obtained from
following the behavior policy p instead of the target policy 7. One has to resort to
other complicated methods such as density ratio learning in Section 6 to get such an
estimate.

To address this challenge, we replace 7 with d; (r + PrXw — Xw) as suggested
by (7.4), yielding the following MSPBE objective:

MSPBE(w) = ||y, (r — d} (r + PrXw — Xw)l + P,Xw) — Xuw|) . (8.1)

Here we have borrowed the idea from Schwartz (1993); Singh (1994); Wan et al. (2021)

that the TD error is a good estimate for the average reward.

8.2 Two-Stage Differential Gradient ()-Evaluation

We now proceed to designing a new gradient temporal difference method for the new

MSPBE objective. In particular, we consider the following objective
L(w) = || g, (r —d, (r + PrXw — Xw)1l 4+ P, Xw) — Xsz +nljw|®, (8.2)

where we have added an additional ridge regularization term with a weight n > 0 to
the MSPBE objective (8.1). Denote &, = r + P Xw — Xw, we have

L(w)
|11, (5. = A7, 1)[[;, + nllw]?
—| XD, (8, — d;5w1)||fXTD#X)_1 Follw|? (cf. (2.23))
=max2v' X' D, (8, — dd,1) —v Cv+ nllwl®  (Using (2.24))

v

We, therefore, consider the following optimization problem:
min max L(w, V)

w v

where
L(w,v) = 20" X D, (6, — d;gwl) — v Cv +n|lwl|.

In other words, minimizing L(w) now becomes finding the saddle point of L(w,r),

which is convex in w and concave in v. We then use primal-dual methods to find the
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saddle point, i.e., we perform gradient ascent for v following V, L(w, v) and gradient

descent for w following —V,,L(w, v). It can be computed that

V,L(w,v)

=2(X"Du(8y — d}6,1)) —207XTD,X

=2E [(r(s1,a1) + 2(s}, @) "w — z(s1,a1) "w) z(s1,a1) "] —
2F [z(s1,a1) | E [r(s2, az) + 2(sh, ay) "w — z(s2, a2) "w] —
2E [v" 2(s1,a1)z(s1,a1) '],
VuwL(w,v)

=2E [(I/T:L’(Sl,dl)) (x(s],a}) — x(sl,al))T] -
2F [(yTx(sl,al)) (z(sh, ay) — x(s2, ag))T] + nw,

where (sq,a1,5),a]) ~ dup-(-) and (s, ag, s5,a5) ~ dypr(-). Now it becomes clear
that in the ii.d. setting in Definition 2.4, we would require two i.i.d. samples
(ks Ak, Brp, Spps Aiq) and (Sk2, A2, Ri2, i g, Ay o) from dypr at the k-th iter-
ation for a single gradient update. This is not the notorious double sampling issue
in minimizing MSBE, where two successor states s} and s, from a single state action
pair (s,a) are required, which is not possible in the function approximation setting.
Sampling two i.i.d. tuples from d,,, is completely feasible (e.g., we can perform one
update every two steps). We now arrive at Algorithm 8 for the i.i.d. setting in Defi-
nition 2.4. Since in Algorithm 8, the average reward estimate 7 cannot converge until
the differential action value estimate w has converged, we term Algorithm 8 two-
state differential gradient )-evaluation, or Diff-GQ2. We now proceed to analyzing
the convergence of Diff-GQ2.

Assumption 8.1. There exists at least one TD fixed point, i.e., the linear equa-

tions (7.2) and (7.3) have at least one solution.

Theorem 8.1. Let Assumptions 2.1, 2.3, 2.4, and 2.5 hold. Letn > 0. Then almost
surely, the iterates {w}, {7x} generated by Diff-GQ2 (Algorithm 8) satisfy

. *

lim wy, = wy,
k—o0

. ~ 9T * *
I}Lrilork =d, (r+ P Xw, — Xwy),

where
w, = —(nl + ATCTTA)TTATC
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Algorithm 8: Two-state differential gradient () evaluation

t< 0

while True do

Sample (Sk1, A1, Rr1, Sk 15 Ak1)

Sample (Sy2, Ar2, Br2, Sy.2, Ap.2)

Tra = (e, Ara), vy < (Sy 1, AL )

Tk < 'T(Skﬂa Ak72)7 x;i’,Q A x<SI/§,27 2:,2)

5k,1 < Rk71 + a:glwk — xg—’lwk

Oko < Rio+ mQka — ZE;ka

Vi1 < Vg + o (Op1 — Opo — xlle)$k,la

W1 — Wi + ag (T — 96271 + (22 — 96272))332,1% — QENWg,

~ ~ 5k,1+5k,2 ~
7’k+1<—7"k+5k<—2 — Tk

t—t+1
end

is the unique minimizer of L(w) in (8.2). Define
wp = lim wy,

we then have

=0(n).

* *
Hwn—wo

Further, if Assumption 8.1 holds, then Aw} +b =0, and if A is invertible, then for
n =0, {w} and {7} converge almost surely to the unique solution of (7.2) and (7.3).

The proof of Theorem 8.1 is provided in Section B.19. Theorem 8.1 confirms that
Diff-GQ2 converges to an n-regularized TD fixed point and the regularization bias
is proportional to 7. Bounding the performance of wg, a TD fixed point, is then
sufficient for bounding the performance of wy.

To understand the quantity of TD fixed points, we have to first assume its ex-
istence. Let Assumption 8.1 hold and let (w*,7*) be one TD fixed point. We are

interested in bounding the difference between the estimated average reward and the

true average reward, i.e., |7* — jﬂ|, and the minimum distance between the estimated
differential value function to the set {g, + ¢l | ¢ € R}. In general, as long as there
is representation error, the performance of TD fixed points can be arbitrarily poor
even in the discounted setting (Kolter, 2011). We, therefore, in this section study
the bounds only when d,, is close to d,, in the sense of the following assumption. Let

€ €(0,1) be a constant.
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Assumption 8.2. The matrix
X'D,X X'D,P.X
X'"PI'D,X &X'D,X|
is positive semidefinite.

A similar assumption is also used by Kolter (2011) in the analysis of the performance
of the MSPBE minimizer in the discounted setting. Kolter (2011) uses £ = 1 while
we use ¢ < 1 to account for the lack of discounting. Furthermore, we consider the

bounds for zero-centered features.
Assumption 8.3. XTdH =0.

This can easily be done by subtracting each feature vector sampled in our learning
algorithm by some estimated mean feature vector, which is the empirical average of
all the feature vectors sampled from d,. Note without this mean-centered feature
assumption, a looser bound can also be obtained. Our intention here is to show that
bounds of our algorithms are on par with their counterparts in the discounted setting
and thus one does not lose these bounds when one moves from the discounted setting

to the average-reward setting.

Proposition 8.2. Let Assumptions 2.1, 2.3, 8.1 - 8.3 hold. Then

mmﬂﬁ—q|<yﬂﬂiimM[C—w
ceR U dy — 1 _5 R duqﬂ' qr dy’
4} (Pr = D)l s (1Pl + 1)

7 — Ja| < inf ||Tg, ¢ — ¢&

1-¢ c€R Hdu’

where ¢S = qr + cl.

We defer the proof to Section B.20. As a special case, there exists a unique TD fixed
point in the on-policy case (i.e., d, = d,) under Assumptions 2.1 and 2.2. Then we
have |#* — J,| = 0 since d) (P, —1I) = 0. A tighter bound for the estimated differential
value function can also be obtained (see, e.g., Tsitsiklis and Roy (1999)).

We are now ready to compare the target-network-based approach Algorithm 7 in
Chapter 7 and Diff-GQ2. Algorithm 7 requires a sufficiently large ridge regularization.
Diff-GQ2 also requires the presence of a ridge regularization term but it can be
arbitrarily small. This indicates that Diff-GQ2 suffers less from the bias introduced
by the regularization. However, the performance of the Diff-GQ2 fixed points can
be bounded only when d,, is sufficiently close to d,. By contrast, the performance of
the fixed points of Algorithm 7 can always be bounded regardless of the difference
between the behavior policy and the target policy. To summarize, there is no clear
winner between Algorithm 1 and Diff-GQ2.
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8.3 Yet Another Mean Squared Projected Bell-
man Error Objective

In this chapter, we propose a new off-policy MSPBE objective for the average re-
ward setting and develop the corresponding Diff-GQ2 algorithm. In the discounted
setting, there is only one off-policy MSPBE. In the average reward setting, besides
the off-policy MSPBE introduced in this chapter, there also exists yet another off-
policy MSPBE objective. The corresponding algorithm optimizing the other MSPBE
objective is referred to as one-stage differential gradient @)-evaluation, or Diff-GQ1.
We refer the reader to Zhang et al. (2021c) for more details. In the following, we
briefly discuss the difference between the MSPBE objective proposed in this chapter
(referred to as MSPBE,) and the other MSPBE objective in Zhang et al. (2021c)
(referred to as MSPBE;), as well as the difference between Diff-GQ2 in this chapter
and Diff-GQ1 in Zhang et al. (2021c).

e MSPBE; has only one free variable w corresponding to the action value function
estimation; MSPBE; has two free variables w and 7 corresponding to the action

value function estimation and the average reward estimation respectively.

o Diff-GQ2 requires two i.i.d. samples per update; Diff-GQ1 requires only one

i.i.d. sample per update.

e For Diff-GQ2 to converge, we require only Assumption 2.3; for Diff-GQ1 to

converge, we require a stronger Assumption 2.2.

e Diff-GQ2 is two-stage in the sense that it learns g, first then J,; Diff-GQ1 is

one-stage in the sense that it learns both ¢, and .J, simultaneously.
There are, however, also several similarities.
e Both MSPBE,; and MSPBE; share the same minimizer.

e If the ridge regularization is not in effect (i.e., n = 0), Diff-GQ2 and Diff-GQ1

converge to the same fixed point.

In the next section, we further provide some empirical results comparing Diff-GQ1
and Diff-GQ2.
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8.4 Empirical Results

In this section, we empirically compare four different algorithms for estimating the av-
erage reward J,: Diff-SGQ, Diff-GQ1, Diff-GQ2, and GradientDICE. We use Continuing
Boyan’s Chain in Figure 6.1 as our testbed. Since we are interested in the predic-
tion problem, we add a nonzero reward for each action. Namely, the action aqy always
generates a reward +2 and the action a; always generates a reward +1. We con-
sider target policies of the form 7(a;|s;) = mo for all s;, where my € [0, 1] is some
constant. The sampling distribution we consider has the form d,(s;,a1) = £2 and

13

d,(si,a1) = £ for all s;, where pg € [0,1] is some constant. Note that even if

1o = o, the problem is still off-policy. We consider linear function approximation

and use the same state features as Boyan (1999). We use a one-hot encoding for
actions. Concatenating the state feature and the one-hot action feature yields the

state-action feature we use in the experiments.

7o =0.1,pp=0.1 o = 0.3, 4o = 0.3 o = 0.5, o = 0.5 o = 0.7, 0 = 0.7 o = 0.9, o = 0.9
2.0

15

1.0

0.5

0.0
5% 10%

7o =0.1, 0 =05 o = 0.3, o = 0.5

2.0

5x100 0 5x 10%
o= 0.9, pto = 0.5

151§\

1.0
0.5

0.5

"1 oo —— GradientDICE

5x10° 0 5 x 10° Diff-SGQ 0 5x10° 0 5x 10%
o = 0.3, o = 0.7 —— Diff-GQl o = 0.7, o = 0.3 o= 0.9, 40 =0.1

—— Diff-GQ2 L5

=01 =0.9
20 o > Ho 20

151\

0.5

=| 00{

0 5x10° 0 5x 103
Steps Steps

Figure 8.1: Boyan’s chain with linear function approximation. We vary my in
{0.1,0.3,0.5,0.7,0.9}. In the first row, we use po = mo; In the second row, we use
1o = 0.5; in the third row, we use pg = 1 — 7. 7 is the average 7 of recent 100 steps.

We use constant learning rates « for all compared algorithms, which is tuned

in {2720 2719 " 2711 For Diff-GQ1 and Diff-GQ2, besides tuning « in the same
way as Diff-SGQ, we tune 1 in {0,0.01,0.1}. For GradientDICE, besides tuning
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(a,m) in the same way as Diff-GQ2, we tune A, the weight for a normalizing term, in
{0,0.1,1,10}. we perform a grid search with 30 independent runs for hyperparameter
tuning in all our experiments. Each curve corresponds to the best hyperparameters
minimizing the error of the average reward prediction at the end of training and is
averaged over 30 independent runs with the shaded region indicating one standard
deviation.

We run each algorithm for 5 x 10? steps. Diff-GQ2 updates are applied every two
steps as one Diff-GQ2 update requires two samples. The results in Figure 8.1 suggest
that the three differential-value-based algorithms perform similarly and consistently

outperform the density-ratio-based algorithm GradientDICE in the tested domain.
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Part I1I
Value-Based Off-Policy Control
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In this part, we focus on control problems with value-based methods. The general
idea is to learn the action value function with function approximation and derive a
policy from the approximated action value function. We discuss mainly the discounted
setting with some coverage of the average reward setting. We extend the use of target
networks and truncated followon traces from the prediction setting in the previous
parts to the control setting. We also propose a new bi-directional target network for

improving residual algorithms.
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Chapter 9

Control with Target Networks

In Chapters 3 and 7, we use target networks for addressing the deadly triad in pre-

diction settings. In this chapter, we extend those ideas to the control settings.

9.1 (@-Learning with A Target Network

Target networks are first introduced in DQN as an empirical trick for stabilizing Q-
learning with deep networks, similar to other tricks such as dropout, layer norm for
deep learning. In this section, we show that target networks are more than an ad-hoc

trick for @-learning.

Algorithm 9: ()-learning with a target network
Initialize 6y € B,
So ~ po(‘)
t<+0
A ~ g, (- S)
while True do
Execute A, get R, 1 and Si44
Sample Ay ~ Mez('|5t>
5t — Rt+1 + ymaxgy JI(St+1, CL,)TQt — x:wt
W1 +— Wy + 0y — cunwy
041 < U, (0 + B (T, (wy) — 6,))

t—t+1
end

We consider the Markovian setting in Definition 2.1 and analyze linear ()-learning
with a target network (Algorithm 9). Here I'p, and I'p, are projections defined in
(3.3). Similar to the prediction setting in Chapter 3, we add ridge regularization

when updating the main network w. The behavior policy gy depends on the target
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network 6 through the action value estimate X6 and can be any policy satisfying the

following two assumptions.

Assumption 9.1. Let A, be the closure of {PM) € RISXAXISxAl 1 g ¢ RK}. For any
P e A, the Markov chain evolving in S x A induced by P is ergodic.

Assumption 9.2. y(als) is Lipschitz continuous in X0, where X, € RAXE js the

feature matriz for the state s, i.e., its a-th row is x(s,a)".

A similar assumption to Assumption 9.1 is also used by Marbach and Tsitsiklis (2001)
in their analysis of on-policy actor-critic methods. When the behavior policy p is fixed
(independent of #), the induced chain is usually assumed to be ergodic when analyzing
the behavior of )-learning (see, e.g., Melo et al. (2008); Chen et al. (2019); Cai et al.
(2019)). In Algorithm 9, the behavior policy ps changes every step, so it is natural
to assume that those behavior policies, as well as their limits, induce ergodic chains.
Assuming the chain induced by a uniformly random policy is ergodic, which we argue
is a fairly weak assumption, Assumptions 9.1 and 9.2 can be easily fulfilled. For

example, one can use a softmax policy with a temperature ¢ € (0,00):

_ exp(z(s,a)"6/1)
Holals) = S yeaexp(z(s, b)T0/1)’

Theorem 9.1. Under Assumptions 2.3, 2.4, 2.5, 2.6, 9.1, and 9.2, for any

(9.1)

56(0,1),R31 >RB2 >R31—£>0,

there exists a constant Cy such that for all || X|| < Cy, the iterate {w;} generated by
Algorithm 9 satisfies

lim wy = w, a.s.,
t—00
where wy, is the unique solution of
(Aﬂ—w,/»lw - T]I)w + b,ufw - 0 (92)

inside By. Here m,, denotes the greedy policy w.r.t. Xsw with random tie breaking.

We defer the proof to Section B.21. Analogously to the prediction setting, if we
call the solutions to A, ., w4+ b,, = 0 TD fixed points for control in the discounted
setting, then Theorem 9.1 asserts that Algorithm 9 finds a regularized TD fixed point.

Algorithm 9 and Theorem 9.1 are significant in two aspects. First, in Algorithm 9,

the behavior policy is a function of the target network and thus changes every time
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step. By contrast, previous work on ()-learning with function approximation (e.g.,
Melo et al. (2008); Maei et al. (2010); Chen et al. (2019); Cai et al. (2019); Chen
et al. (2020a); Lee and He (2019b); Xu and Gu (2020); Carvalho et al. (2020); Wang
and Zou (2020)) usually assumes the behavior policy is fixed. Though Fan et al.
(2020) also adopt a changing behavior policy, they consider bi-level optimization. At
each time step, the nested optimization problem must be solved exactly, which is
computationally expensive and sometimes infeasible. To the best of our knowledge,
we are the first to analyze (-learning with function approximation under a changing
behavior policy and without nested optimization problems. Compared with the fixed
behavior policy setting or the bi-level optimization setting, our two-timescale setting
with a changing behavior policy is more closely related to actual practice (e.g., Mnih
et al. (2015); Lillicrap et al. (2016)).

Second, Theorem 9.1 does not enforce any similarity between py and m,; they
can be arbitrarily different. By contrast, previous work (e.g., Melo et al. (2008);
Chen et al. (2019); Cai et al. (2019); Xu and Gu (2020); Lee and He (2019b)) usually
requires the strong assumption that the fixed behavior policy u is sufficiently close
to the target policy m,. As the target policy (i.e., the greedy policy) can change
every time step due to the changing action-value estimates, this strong assumption
rarely holds. While some work removes this strong assumption, it introduces other
problems instead. In Greedy-GQ, Maei et al. (2010) avoid this strong assumption by
computing sub-gradients of an MSPBE objective

MSPBE(w) = || Ar, w0 = byll¢ (9.3)

directly. If linear ()-learning (2.21) under a fixed behavior policy p converged, it con-
verged to the minimizer of (9.3). Greedy-GQ, however, converges only to a stationary
point of (9.3). By contrast, Algorithm 9 converges to a minimizer of our regularized
MSPBE (cf. (9.2)). In Coupled @Q-learning, Carvalho et al. (2020) avoid this strong

assumption by using a target network as well, which they update as
9t+1 = et + at((:vtxtT)wt — Qt)

This target network update deviates much from the commonly used Polyak-averaging
style update, while our (3.2) is identical to the Polyak-averaging style update most
times if the balls for projection are sufficiently large. Coupled @-learning updates

the main network w as usual, replacing the z(S;11, @) "w; with x(Si,1,a)"6; in (2.21).
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With the Coupled Q-learning updates, Carvalho et al. (2020) prove that the main

network and the target network converge to @w and 6 respectively, which satisfy
Xw=XX"D, T, Xw, X0=11,7T,, Xw.

It is, however, not clear how w and 6 relate to TD fixed points. Yang et al. (2019) also
use a target network to avoid this strong assumption. Their target network update
is the same as (3.2) except that they have only one projection I'g,. Consequently,
they face the problem of the reflection term ((¢) (cf. (3.4)). They also assume the
main network {w;} is always bounded, a strong assumption that we do not require.
Moreover, they consider a fixed sampling distribution for obtaining i.i.d. samples,
while our data collection is done by executing the changing behavior policy py in the
MDP.

Other convergence results of ()-learning with function approximation include Tsit-
siklis and Roy (1996b); Szepesvari and Smart (2004), which require special approxi-
mation architectures, Wen and Roy (2013); Du et al. (2020), which consider determin-
istic MDPs, Li et al. (2011); Du et al. (2019), which require a special oracle to guide
exploration, Chen et al. (2020a), which require matrix inversion every time step, and
Wang et al. (2019); Yang and Wang (2019, 2020); Jin et al. (2020), which consider
linear MDPs (i.e., both p and r are assumed to be linear).

Achiam et al. (2019) characterize the divergence of @-learning with nonlinear
function approximation via Taylor expansions and use preconditioning to empirically

stabilize training.

9.2 Gradient ()-Learning with A Target Network

One limit of Theorem 9.1 is that the bound on || X]| (i.e., Cy) depends on 1/Rp,
(see the proof in Section B.21 for the analytical expression), which means Cy could
potentially be small. Though we can use a small 1 accordingly to ensure that the
regularization effect of 1 is modest, a small Cy may not be desirable in some cases.
To address this issue, we propose gradient ()-learning with a target network, inspired
by Greedy-GQ. We first equip (9.3) with a changing behavior policy ., yielding the
following MSPBE objective

2
||A7rw,uww - b;m”c;é-
We then use the target network 6 in place of w in the non-convex components, yielding

L(w, 8) = ||A7F07#9w - bue”é’;; + T]HUJHQ, (9'4)

105



where we have also introduced a ridge term. At time step ¢, we update w; with
primal-dual methods similar to GTD, GradientDICE, and Diff-GQ2 and update the
target network 6; as usual. Details are provided in Algorithm 10, where I'g, and I'p,

are projections defined in (3.3).

Algorithm 10: Gradient Q)-learning with a target network
Initialize 6y € B
So ~ po(')
t< 0
Ay~ iy (190)
while True do
Execute Ay, get Ry, 1 and Si;q
Sample A1 ~ g, (+|St)
O  Rivr + 7> mo,(a/|Sp1)2(Si41, ) Twy — x) wy
Upyy < up + (0 — v ug)my
Wiyr < Wi+ o (20 — 7 3 o T, (/[ Sp41) 2 (S, @) 2wy — aynuog
011 < T, (00 + (T, (wy) — 60,))

t—t+1
end

In Algorithm 9, the target policy 7y is a greedy policy, which is not continuous
in . This discontinuity is not a problem there but requires sub-gradients in the
analysis of Algorithm 10, which complicates the presentation. We, therefore, impose

Assumption 9.2 on the target policy as well.
Assumption 9.3. wy(als) is Lipschitz continuous in X0.

Though a greedy policy no longer satisfies Assumption 9.3, we can simply use a

softmax policy (cf. (9.1)) with small temperature to approximate a greedy policy.

Theorem 9.2. Under Assumptions 2.3, 2.4, 2.5, 2.6, 9.1, 9.2, and 9.3, there exist

positive constants Cy and Cy such that for all
| X|| < Co, Rg, > Rp, > C4,
the iterate {w;} generated by Algorithm 10 satisfies
tliglo wy =w, a.s.,

where wy, is the unique solution of

(Ar i Cot Ay + 0w + AL

Tw ,Hw Tw ,Hw

C1b,, = 0.
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We defer the proof to Section B.22. Importantly, the Cy here does not depend on
Rp, and Rp,. Define

* s *
wh = lim w?.
0 70 n

If we further assume A, . , . is invertible, we can then show similarly to Theorem 8.1
’LUO I ’LUO
that

* —_—
Aﬂ_wé 7.‘1'103 wo + b.u’wg - O’

indicating wg is a TD fixed point. The fixed point w; can therefore be regarded as a
regularized TD fixed point, though how the regularization is imposed here (cf. (9.4))
is different from that in Algorithm 9 (cf. (9.2)).

9.3 Differential ()-Learning with A Target Network

In this section, we extend the success of target networks for control from the dis-
counted setting to the average reward setting. Similar to Algorithm 9, introducing a
target network and ridge regularization in (2.17) yields differential Q-learning with a
target network (Algorithm 11). Similar to Algorithm 7, {B;} are now balls in R¥*!
(cf. (3.3)).

Algorithm 11: Differential ()-learning with a target network
Initialize 6y € B;
So ~ po(-)
t<« 0
A ~ gy (|St)
while True do
Execute A, get R;y1 and Siiq
Sample Ay ~ MG;U("St)
8 < Rip1 — O + maxy x(S;41,a") 0Y — 2] w,
W1 — Wy + 0y — cynwy
8 < Riy1 + maxy 2(Siy1,a) 0 — z] 0% — 7
72,5_;,_1 < 7§t + Oztég

or A 7y 0;
] e (] o (o ([0) - 4E])
t—t+1

end
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Theorem 9.3. Let Assumptions 2.3, 2.4, 2.5, 2.6, 9.1, and 9.2 hold. Let L, denote
the Lipschitz constant of pgw. Then for any

¢€€(0,1),Rg, > R, > Rp, —& >0,
there exist constants Cy and Cy such that for all
| X < Co, L,, < Ch,
the iterate {w;}, {7} generated by Algorithm 11 satisfies

lim w; =w’

t—o00 m
lim 7, :dz X <7" + Pr, . Xwy — Xw;) a.s.,
t—o0 Wy n

where wy, is the unique solution of

(Aﬂ'wy/»l«w - T]I)w + l_),U«w = O
inside By. Here m,, is a greedy policy w.r.t. Xsw.

We defer the proof to Section B.23. Theorem 9.3 requires py to be sufficiently smooth,
which is a standard assumption even in the on-policy setting (e.g., Melo et al. (2008);
Zou et al. (2019)). It is easy to see that if (2.17) with linear function approximation

converged, it converged to a solution of
flﬂw,uww + Buw =0,

which we call a TD fixed point for control in the average reward setting. Theorem 9.3,
which shows that Algorithm 11 finds a regularized TD fixed point, is to the best of
our knowledge the first theoretical study for linear ()-learning in the average-reward

setting.

9.4 Empirical Results

In this section, we empirically study Algorithm 9 as a representative of the target-
network-based algorithms introduced in this chapter.

We still use Baird’s counterexample (Figure 3.1) as our testbed. We construct the
state-action feature in the same way as the Errata of Baird (1995), i.e.,

2 0 1 -
R

OT 1 92 c R14X15.

070 I
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The first 7 rows of X are the features of the solid action; the second 7 rows are
the dashed action. The weight w is initialized as [1,1,1,1,1,1,10,1,1,1,1,1,1,1,1]".

The standard linear ()-learning (with ridge regularization) updates w; as
Wiy — wy + ( Ry + max x(Sii1, a)th — w?wt)a:t — anwy, (9.5)

where we set a = 0.01. The variant of Algorithm 9 we use in this experiment updates

w; as

Wi — wy + o Reyq + max 2(Sip1,0) "0 — ) wy)x, — anwy, (9.6)
Opi1 < 0 + B(w, — 0y),

where we set o = 0.01, 8 = 0.001, 0y = wy. We consider both a fixed behavior pol-
icy and a changing behavior policy. The results are reported in Figures 9.1 and 9.2
respectively. For Figure 9.1, the behavior policy is the same as the one used in Sec-
tion 3.1, which we refer to as ug. For Figure 9.2, the behavior policy is 0.9 + 0.1 14,
where 11, is a softmax policy w.r.t. Xsw. For our algorithm with a target network,
the softmax policy is computed using the target network as shown in Algorithm 9.
The curves are averaged over 30 independent runs with shaded regions indicating one
standard deviation. The curves marked with “standard” and “ours” correspond to
the updates (9.5) and (9.6) respectively.

_ 10°
> —+— standard, n =0
é standard, n = 0.01
= —— standard, n = 0.1
-1t -
200 T
—— ours,n =0
S ours, n = 0.01
—— ours, n=0.1
03 5% 10°

Steps

Figure 9.1: Linear @)-learning and its target network variant in Barid’s counterexam-
ple with a fixed behavior policy.

Similar to what we have observed in Section 3.1, Figures 9.1 and 9.2 show that
even with n = 0, i.e., no ridge regularization, our algorithms with target networks still
converge in the tested domains. By contrast, without a target network, even when
mild regularization is imposed, standard off-policy algorithms still diverge. This

confirms the importance of the target network.
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Figure 9.2: Linear @)-learning and its target network variant in Barid’s counterexam-
ple with a changing behavior policy.

9.5 Discussion about Target Networks

For all the target-network-based algorithms we propose in Chapters 3, 7 and this
chapter, both the target network and the ridge regularization are at play. One may
wonder if it is possible to ensure convergence with only ridge regularization without
the target network. In the prediction setting, the answer is affirmative. Applying

ridge regularization in off-policy linear TD (2.18) directly yields
Wiy = wy + aypr(Re + ’y:ctTHwt — ) wy)x, — . (9.7)
The expected update of (9.7) is

6w = b+ (A—nlw
=b—X'D,Xw+~vyX"D,(P.Xw) — nw.

If its Jacobian w.r.t. w, denoted as V4, is negative definite, the convergence of {w;}
is expected (see, e.g., Section 5.5 of Vidyasagar (2002)). This negative definiteness

can be easily achieved by ensuring
0> | XIPIDu( =Pl

see Diddigi et al. (2020) for similar techniques. This direct ridge regularization,
however, would not work in the control setting. Consider, for example, linear Q-
learning with ridge regularization (9.5). The Jacobian of its expected update is
Vo (buy + (Ary pw — nl)w). It is, however, not clear how to ensure this Jacobian to

be negative definite by tuning 7. By using a target network for bootstrapping, P, Xw
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becomes P, X60. So V0, becomes —V,,(X "D, Xw + nw), which is always negative
definite. Similarly, V,,(b,, — (Ar, 4 + n)w) becomes —V (XD, Xw + nw) in Al-
gorithm 9, which is always negative definite regardless of . The convergence of the
main network {w,} can, therefore, be expected. The convergence of the target net-
work {6;} is then delegated to Theorem 3.1. Now it is clear that in the deadly triad
setting with linear function approximation, the target network stabilizes training by
ensuring the Jacobian of the expected update to be negative definite.

One may also wonder if it is possible to ensure convergence with only the target
network without ridge regularization. The answer is unclear. In our analysis, the
conditions on || X|| (or equivalently, n) are only sufficient and not necessarily necessary.
We do see in Figures 3.2, 9.1, and 9.2 that even with n = 0, our algorithms still
converge in the tested domains. How small 7 can be in general and under what
circumstances 1 can be 0 are still open problems, which we leave for future work.

In the prediction settings in Chapters 3 and 7, the introduction of the ridge regular-
ization results in performance guarantees for the points that the proposed algorithms
converge to. In the control settings in this chapter, we, however do not have any
performance guarantee even with ridge regularization. This lack of optimality is one
major limit of this thesis and we refer the reader to Section 14 for more discussion.
Consequently, for practitioners, we recommend to treat n as an additional hyperpa-
rameter and tune 7 using standard hyperparameter tuning techniques to maximize
the performance when computational budget is allowed. Otherwise we recommend
to prioritize small  to minimize the introduced bias. The radius Rp, and Rp, are
also new hyperparameters. The theoretical results prescribe that the radius should be
larger than some threshold, which is usually problem-dependent and unknown. We,
therefore, recommend practitioners to not use projection (i.e., the radius is infinite)

unless divergence occurs.
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Chapter 10

Control with Bidirectional Target
Networks

Residual algorithms are a family of RL algorithms that address the deadly triad
in limited settings and is an active research area before deep networks are widely
used for function approximation in RL. In this chapter, we revisit residual algorithms
and design a novel bidirectional target network, which gives rise to a few successful

empirical applications of residual algorithms in deep RL settings.

10.1 Residual Gradients and Temporal Difference
Learning

As discussed in Chapter 2, residual gradient algorithms use stochastic gradient descent
to minimize the MSBE objective. This is in contrast to temporal difference methods,
which use stochastic semi-gradient descent and minimizes the MSPBE objective. In
this section, we review conventional wisdom about residual gradients (RG) and TD.
We start with comparing their objectives MSBE and MSPBE. To this end, we first

recall that in the on-policy setting, we have

MSBE(w) = || T, Xw — Xwl|f3 |
MSPBE(w) = ||y, T, Xw — Xwl|3 .

We further define the Mean Squared Value Error (MSVE) as
MSVE(w) = [[vx — Xwlf3 ,

which is the ultimate objective we want to minimize in the prediction problems.
MSBE is considered inferior to MSPBE in the following sense.
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e Sutton and Barto (2018) argue that MSBE is not learnable. Sutton and Barto
(2018) show that different MDPs may have different distributions of sampled
transitions due to state aliasing but the minima of MSBE can still be different.
This questions the learnability of MSBE as sampled transitions are all that
is available in model-free RL where we do not have access to the transition
function p. By contrast, the minima of MSPBE are uniquely determined by the

distribution of sampled transitions.

e Empirically, optimizing MSBE can lead to unsatisfying solutions. For example,
in the A-presplit example (Sutton and Barto, 2018), the value of most states
can be represented accurately by the function approximator but the MSBE
minimizer does not do so, while the MSPBE minimizer does. Furthermore,
empirically the MSBE minimizer can be further from the MSVE minimizer
than the MSPBE minimizer (Dann et al., 2014).

MSBE is also considered superior to MSPBE in the following sense.

e Williams and Baird (1993) show MSBE can be used to bound MSVE (up to a
constant). By contrast, at a point where MSPBE is minimized, MSVE can be
arbitrarily large due to the capacity limit of the linear architecture (Bertsekas
and Tsitsiklis, 1996).

e MSBE is an upper bound of MSPBE (Scherrer, 2010), indicating that optimizing
MSBE implicitly optimizes MSPBE.

We then proceed to comparing RG and TD. RG is considered inferior to TD in the

following sense.

e Due to the double sampling issue, it is usually hard to apply RG if the transi-
tion function is stochastic, while TD is compatible with both deterministic and

stochastic transition functions.

e RG is usually slower than TD. Empirically, this is observed by Baird (1995), van
Hasselt (2011), Gordon (1995) and Gordon (1999). Theoretically, Schoknecht
and Merke (2003) prove TD converges faster than RG in a tabular setting.

e Lagoudakis and Parr (2003) argue that TD usually provides a better solution
than RG, even though the value function is not as well approximated. The
TD solution “preserves the shape of the value function to some extent rather

than trying to fit the absolute values”. Thus “the improved policy from the
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corresponding approximate value function is closer to the improved policy from
the exact value function” (Lagoudakis and Parr, 2003; Li, 2008; Sun and Bagnell,
2015).

RG is also considered superior to TD in the following sense.

e RG is a true gradient algorithm and enjoys convergence guarantees in most set-
tings under mild conditions. By contrast, the divergence of TD with off-policy
learning or nonlinear function approximation is well documented (Tsitsiklis and
Roy, 1996a). Empirically, Munos (2003) and Li (2008) show that RG is more
stable than TD.

e Schoknecht and Merke (2003) observe that RG converges faster than TD in the
four-room domain (Sutton et al., 1999b) with linear function approximation.
Scherrer (2010) shows empirically that the TD solution is usually slightly better

than RG but in some cases fails dramatically.

Moreover, Li (2008) proves that TD makes more accurate predictions (i.e., the pre-
dicted state value is close to the true state value), while RG yields smaller temporal
differences (i.e., the value predictions for a state and its successor are more consistent).

To summarize, previous insights about RG and TD, as well as their objectives,
are mixed. TD has enjoyed great success in deep RL problems. There is, however,
little study for RG in deep RL problems, which motivates our empirical investigation

in this chapter.

10.2 Backward and Forward Bootstrapping

Since residual gradients suffer from the double sampling issue, we in this section focus
on the setting where we aim to learn deterministic policies for tasks with deterministic
transition functions. In this setting, the double sampling issue naturally disappears.
In particular, we focus on a family of simulated robot manipulation tasks in MuJoCo
(Todorov et al., 2012) and DeepMind Control Suite (DMControl, Tassa et al. (2018)).

One effective method for those robot manipulation tasks is Deep Deterministic
Policy Gradient (DDPG, Lillicrap et al. (2016)). DDPG considers a deterministic
policy mp : S — RN« parameterized by 6, for those robot manipulation tasks, the
action spaces of which are typically N,-dimensional vectors. Let ¢, (s, a) parameter-

ized by w be the estimation of the action value function. In the Markovian setting in
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Definition 2.1, DDPG updates 6 and w iteratively as

Wiy1 = wi + o (Reg1 + Yqw, (Str1, 74, (St41)) — Guy (St5 At))) ViwGu, (S, At),
01 = 0, + 5tanwt(Sta a)|a:7r9t(5t)v97ret(5t)a

where w,, 0, are the target networks of wy, 6, respectively and the behavior policy p; is
typically m(S;) with some random noise. Both target networks are updated similarly
to (2.34). If one applies TD directly for learning the action value without a target

network, one would update w as

Wiyt =ws + o (Rt + Yquw, (Seq1, 7o, (St41)) — Guy (S, Ar))) (10.1)
X quwt (Sta At)

If one applies RG directly for learning the action value, one would update w as

Wiyt =w — @ (Reg1 + Yquw, (St41, 70, (St41)) — Qe (S, Ar))) (10.2)
X (’vawaStJrla 7T9t<St+1)) - quwt (St’ At)) .

To take the advantages of both TD and RG, Baird (1995) uses an additional hyper-
parameter 7 € [0, 1] to unify (10.1) and (10.2) as

Wiy =W — & (Rep1 + YGu, (Sa1, 70, (Se41)) — @, (St Ar))) (10.3)
X (’anwqwt(st-‘rl? Wet(st-‘rl)) - vawt(Sta At)) .

When 1 = 0, (10.3) recovers (10.1); when n = 1, (10.3) recovers (10.2). It, how-
ever, remains an open problem that whether and how we should use target networks
in (10.3).

In semi-gradient algorithms like (10.1), value propagation goes backwards in time.
The value estimate of a state depends on the value estimate of its successor through
bootstrapping, and a target network is usually used to stabilize this bootstrapping.
Residual gradients like (10.3) instead allow value propagation both forwards and
backwards. The value estimate of a state depends on the value estimate of both
its successor and predecessor. Therefore, we need to stabilize the bootstrapping in
both directions. To this end, we propose the bidirectional target network technique.
Employing this in DDPG yields Bi-Res-DDPG, which updates w as

W1 =wp — ap (Re1 + V¢, (Set1, 75, (St41)) — Guy (St Ar)))
X (= Vuu, (St; Ar))
— g (Rer1 + Yuw, (Ser1, 0, (S141)) — ¢, (St Ar)))
X YNV, (Sti1, 7o, (Se41))-
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Figure 10.1: AUC improvements of Bi-Res-DDPG over DDPG on 28 DMControl

tasks and 5 Mujoco tasks, computed as AUCBiRespppc—AUCDDRG
AUCppra

The update to 8 remains unchanged.

We compared Bi-Res-DDPG to DDPG in 28 DMControl tasks and 5 Mujoco tasks.
Our DDPG implementation uses the same architecture and hyperparameters as Lill-
icrap et al. (2016), which are inherited by Bi-Res-DDPG (and all other DDPG vari-
ants in this chapter). For Bi-Res-DDPG, we tune 1 over {0,0.05,0.1,0.2,0.4,0.8,1}
on walker-stand and use n = 0.05 across all tasks. We perform 20 deterministic
evaluation episodes every 10* training steps and generate the evaluation curves over 5
independent runs. We report the improvement of AUC (area under the curve) of the
evaluation curves in Figure 10.1. AUC serves as a proxy for learning speed (e.g., see
Example 8.2 in Sutton and Barto (2018)). Bi-Res-DDPG achieves a 20% (41%) AUC
improvement over the original DDPG in terms of the median (mean). Our DDPG
baseline reaches the same performance level as the DDPG baseline in Fujimoto et al.
(2018) and Buckman et al. (2018) in Mujoco tasks.

To further investigate how target networks affect residual gradients, we study

several variants of DDPG. Those variants have the same generic form that updates
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Wip1 = Wy + ap (Rev1 + A) (vVwu, (St41, 70, (St41)) — ViuGus, (St At))

but differ in how A is computed. We use “T” and “O” to denote the target network

and the online network respectively and have the following variants

Res-DDPG: A = vy, (St+1, 70, (S41)) — G, (S, Ar),
TO-Res-DDPG: A = vqg, (St41, 75, (St41)) — Gu, (St, Av),
OT-Res-DDPG: A = vqu, (St11, 70, (Se41)) — G, (Si; Ar),
TT-Res-DDPG: A = vqg, (Si41, 75,(S141)) — qw, (St, As)

Res-DDPG is a direct combination of residual gradient and DDPG without a target
network. TO-Res-DDPG simply adds a residual gradient term to the original DDPG.
OT-Res-DDPG stabilizes the bootstrapping for the forward value propagation. TT-
Res-DDPG stabilizes bootstrapping in both directions but destroys the connection
between prediction and error. By contrast, Bi-Res-DDPG stabilizes bootstrapping in

both directions and maintains the connection between prediction and error.

1000, Bi-Res-DDPG Res-DDPG TT-Res-DDPG
: | —
3 750 — -
Y n=02
e — 17 =04
-3 —
8 n=1
o w ﬁ*u’l";"é R
0 106 0 106
OT-Res-DDPG Steps
c
5
5]
o
[0}
Q
S
2 |
- S R NEhm e,
O 106
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Figure 10.2: Performance of Bi-Res-DDPG variants on walker-stand, focusing on
the role of target networks.
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Figure 10.3: A selection of the best parameters 1 from Figure 10.2. Note that residual
updates stabilize performance as much as the introduction of target networks.

Figure 10.2 compares these variants on walker-stand. The main points to note
are: (1) Both Bi-Res-DDPG(n = 0) and TO-Res-DDPG(n = 0) are the same as
vanilla DDPG. The curves are similar, verifying the stability of our implementation.
(2) Res-DDPG(n = 0) corresponds to vanilla DDPG without a target network, which
performs poorly. This confirms that a target network is important for stabilizing
training and mitigating divergence when a nonlinear function approximator is used
(Mnih et al., 2015; Lillicrap et al., 2016). (3) Increasing n moderately improves
Res-DDPG’s performance. This complies with the argument from Baird (1995) that
residual gradients help semi-gradients converge. All variants fail with a large 7 (e.g.,
0.8 or 1). This complies with the argument from Baird (1995) that pure residual
gradients are slow. (4) TO-Res-DDPG(n = 0) (i.e., vanilla DDPG) is similar to Res-
DDPG(n = 0.4), indicating a naive combination of residual gradients and DDPG
without a target network is ineffective. (5) For TO-Res-DDPG, n = 0 achieves the
best performance, indicating adding a residual gradient term to DDPG directly is
ineffective. To summarize, these variants confirm the necessity of the bidirectional
target network. To better understand the role of residual updates, we summarize the
results of Figure 10.2 in Figure 10.3. Res-DDPG does not have a target network and
outperforms DDPG without a target network. Res-DDPG also increases the stabil-
ity. Bi-Res-DDPG has target networks and also outperforms DDPG with a target
network, as well as increases the stability. This comparison confirms the importance

of residual updates.
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10.3 Discussion

We also evaluated a Bi-Res version of DQN in three Arcade Learning Environments
(ALE, Bellemare et al. (2013a)). The performance was similar to the original DQN.
One of the many differences between DMControl and ALE is that rewards in ALE
are much more sparse. This might indicate that the forward value propagation in
residual gradients is less likely to yield a performance boost with sparse rewards.

We do not expect residual gradients to improve the performance of semi-gradient
algorithms in all tasks. However, our results do show that the residual gradients
together with the bidirectional target network is beneficial in many settings. Despite
the popularity of semi-gradient methods, we do believe residual gradients have long
been underestimated and deserve more study by the community.

There are of course many other studies on residual methods. We name a few in
the following. Geist et al. (2017) show that for policy-based methods, maximizing
the average reward is better than minimizing the Bellman residual. Schoknecht and
Merke (2002) show RG converges with a problem-dependent constant learning rate
when combined with certain function approximators. Dabney and Thomas (2014)
extend RG with natural gradients. However, this chapter appears to be the first to
contrast residual gradients and semi-gradients in deep RL problems and demonstrate

the benefits of residual gradients in deep RL .
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Chapter 11

Control with Truncated Followon
Traces

In this chapter, we extend the use of truncated followon traces from prediction in

Chapter 5 to control.

11.1 Emphatic Approximate Value Iteration

The study of the canonical approximate value iteration (De Farias and Van Roy, 2000)
is essential to the study of the on-policy control algorithm SARSA (Melo et al., 2008;
Zou et al., 2019). Similarly, in this section, we study approximate value iteration
from an off-policy perspective, which prepares us for the off-policy control algorithm
in the next section.

In dynamic programming, one classical method for finding v, is value iteration,
which applies the optimal Bellman operator (2.8) repeatedly. For a vector v € R!SI,
let 7, denote a greedy policy w.r.t. r(s,a)+ >, p(s']s,a)v(s"). Then value iteration
can be regarded as applying the Bellman operator 7, with 7 = 7, to v. Or more
precisely, at the k-th iteration, we have value estimation v,. We then compute the
value estimation at the next iteration as

Vk+1 = 7;% Vg

When linear function approximation is considered, vy, is represented as Xw,. However,
the new value 7;% v, may not lie in the column space of X. To this end, we use an

additional projection operator to compute wy; such that

Xwgy1 = HdWka T, X Wi
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or equivalently,

This scheme for computing the sequence {v;}, or {wy}, is referred to as approximate
value iteration (De Farias and Van Roy, 2000). Unfortunately, if 7, is the aforemen-

tioned greedy policy, the approximate value iteration operator
H(v) =g, Trv

does not necessarily have a fixed point. However, if 7, is continuous in v, De Farias
and Van Roy (2000) show that 7 has at least one fixed point. SARSA with linear
function approximation is an incremental and stochastic way for implementing H.
The canonical approximate value iteration operator H is in a sense on-policy in
that the projection operator is defined w.r.t. a norm induced by the policy at the
current iteration. To develop control algorithms for the off-policy setting, we in this
section study approximation value iteration from an off-policy perspective, i.e., with
a projection operator defined w.r.t. a different norm. Let 7, and p, be target and
behavior policies respectively. They depend on w, the parameters used for estimating
the value function, through the value function estimate v = Xw € RISl e.g., they can

be softmax policies such as

exp ((r(s,a) + 73, p(s'ls, a)a(s') "w) /1)
Z80,ao exp ((T(SOv ao) + 7 >_,, P(s1/s0, ao)$(81)Tw) /L) ’

with different temperatures . We consider the iterates {vy = Xwy} generated by

Tw(als) =

Uk+1 = Hfﬂ'wk sHawp, 1 7;1”]@ Uk,

where fr, .. is defined in (5.3). We call this scheme emphatic approxzimate value
iteration as the projection operator is defined w.r.t. the norm induced by the (trun-
cated) followon trace. In the rest of this section, we show that emphatic approximate
value iteration adopts at least one fixed point. With A, denoting the closure of
{ o | w € RE } and A, denoting the closure of {7rw | w e RE }, we make the follow-

ing assumptions.

Assumption 11.1. Both 7, and ., are continuous in w.

Assumption 11.2. For any p € A, the Markov chain induced by p is ergodic and
w(als) > 0 holds for all (s,a).
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Assumption 11.1 appears to be necessary in analyzing approximate value iteration.
If 7, is not continuous in w, even the canonical approximate value iteration can fail
to have a fixed point (De Farias and Van Roy, 2000). The ergodicity assumption of
all the policies in the closure in Assumption 11.2 is similar to Assumption 9.1.

We now define two helper functions to understand how n should be selected in

emphatic approximate value iteration.

ln(Amin,w,udu,min) —1In (d2 ||7P7T - IH ||m7r,u

)

ni(m, p) = 1n“§m —1,
In (Kr ,d, min ming i(s)d,(s)) — In (d? I —~P! M
no (7, 1) = (il (5)du(5)) ( Wna:vH ks ||oo|| ully) 1

In~y

Here we write x defined in Lemma 5.6 as s, to explicitly acknowledge its dependence
on m and p. Similarly, Apin x . refers to Api, defined in Lemma 5.3. It is easy to see
that ny and ny correspond to the conditions of n in Lemmas 5.3 and 5.6 respectively.
Assumption 11.2 ensures that n; and ny are well defined on A, x A,. The invariant
distribution d,, is continuous in p (see, e.g., Lemma C.3). The minimum eigenvalue
Amin,ru 15 continuous in the elements of the matrix (see, e.g., Corollary 8.6.2 of
Golub and Loan 1996) and thus is also continuous in g and 7. And both A, and
A are compact. We, therefore, have sup,ey, rea, max {n(m, p), na(m, p)} < oo by
the extreme value theorem. This allows us to select n as suggested by the following

lemma.

Lemma 11.1. Let Assumptions 2.3, 11.1, and 11.2 hold. If

n> sup max{n(m, u),na(m, 1)}, (11.1)
HEA,, TEAS

then there exists at least one w, such that
Xw, = Hf‘frw*,uw*,nf];w* Xw,.

The proof of Theorem 11.1 is provided in B.24, which follows the same steps of
De Farias and Van Roy (2000) but generalizes their results from (on-policy) approx-

imate value iteration to emphatic approximate value iteration.

11.2 Truncated Emphatic Expected SARSA

We now present our control algorithm, truncated emphatic expected SARSA. In this

section we mainly work on the action value so we use the overloaded notations for
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action value functions defined in Section 2.13. The followon trace F} is now defined

as
Fy =1 +ypi by,

which is the same as the followon trace used in ELSTDQ(\) in White (2017). Corre-

spondingly, the truncated trace is defined as

E,, = Z;'lzo Vpi—jrrai—; t>n
" Fy t<mn’

The truncated emphasis m. ., is now in RI*4l and defined as
m7r’u’n(s,a) = hm E[Ft,n|St = S,At = (I].
t—o00
Other notation is also overloaded accordingly, e.g.,

My = nhjgo Mo s Jrpn = DuMens frop = Dy .

Previous theoretical results also hold with the overloaded notations for state-action
pairs. In particular, we have

Lemma 11.2. Let Assumptions 2.3, 11.1, and 11.2 hold. Define

ln()‘min,ﬂ,udu,min) —In (di,max|’7pfr - IH ||m7r,uH1)

-1
In~y

nl(ﬂ-a :u) =

’

I (Ko min Ming 4 4(s, a)d,(s,a)) — In (dzmaaj”[ — ’yP;HOOHm,WHl)

7’1,2(71'7[L) = - L

In~y

where Apin .y 95 the minimum eigenvalue of

(for,u ([ - PYPW) + (I - fyPﬂ—'r)for,u) )

N | —

dy(s,a)i(s,a) . ]f

d,u,mz'n = Mg 4 du(s’ CL), du,maa: = MaXg q d,u,ma:z:<87 a)7 Ry = Mg g Frn(s,0)

n> sup max{ny(m u),no(m, 1)}
MEA#,TI'EAW

holds, then
(i). For any p € Ny,m € Ay, XDy, (vPr — )X is n.d.,
(ii). For any p € Ny, m € A, Iy, Tris a /7 contraction in |||, .
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(111). There exists at least one w, such that

Xw, =1y - Tr, X, (11.2)

We use W, to denote the set of all such w,.

The proof of Lemma 11.2 is omitted since it is a verbatim repetition of the proofs of
Lemmas 5.3, 5.6, and 11.1.

The iterative update scheme (11.2) is emphatic approximate value iteration ap-
plied to action-value estimation. To implement this scheme incrementally in a learning
sense, we propose truncated emphatic expected SARSA (Algorithm 12). When com-
puting F;,,, we require that the previous importance sampling ratios be recomputed
with the current weight w;. This requirement is mainly for the ease of asymptotic
analysis and is eliminated in projected truncated emphatic expected SARSA, for

which we provide a finite sample analysis.

Algorithm 12: Truncated emphatic expected SARSA
S ~ po(')
Ag ~ g (-150)
t<« 0
while True do
Execute A, get Ryy1, Siiq

At+1 ~ th('|5t+1)
T, (At|St)
Pt ST, (AdlSh)

Fip <0
for k=0,...,ndo

‘ F;f,n — it—n—i—k + Y

Twy (At7n+k ‘Stf'rH»k)

Hwy (At—”H-k'St—yH_k) t,n
end
Wis1 < W+ By (Rest + 7Y, T (@l Spa1) 2 (Siv1, @) Twy — 2] wy)wy
tet+1
end

We can now present our asymptotic convergence analysis of Algorithm 12. We

first study the properties of the possible fixed points. We can rewrite (11.2) as
Ay, ws + by, =0,
where
A,=X'"Dy . (YPn, — DX,

by =X Dy, . T
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Consequently,
W, = A;ibw*.

Since A, and A, are compact, both 7, and p,, are continuous in w, the RHS of the
above equation is bounded from above by the extreme value theorem. Consequently,

there exists a constant R < oo such that

sup |lwi]] < R.
wx EW

We then make several regularization conditions on the policies 7, and pu,. For the
analysis of on-policy SARSA with linear function approximation, it is commonly
assumed that the policy 7, is Lipschitz continuous in w and the Lipschitz constant is
not too large (Perkins and Precup, 2002; Zou et al., 2019). This technical assumption
is mainly used to ensure that a small change in the value estimate does not result in
a big difference in the policy thus enforces certain smoothness of the overall learning
process. Without such assumptions, even on-policy linear SARSA can chatter and
fail to converge (Gordon, 1996, 2001). In this section, we adopt similar assumptions

in our off-policy setting.

Assumption 11.3. Both u,, and m, are Lipschitz continuous in w, i.e., there exist

constants L, and L, such that for any s € S,a € A,

7w (als) = mur(als)] < Laflw —w'l],

| (als) = pur(al )] < Lullw —w'f|.

The Lipschitz continuity of the policies immediately implies the Lipschitz continuity
of A, and b,, governing the expected updates of Algorithm 12.

Lemma 11.3. Let Assumptions 11.2 and 11.3 hold. There exist positive constants
C1,Cy, C3, and Cy such that for any w,w’

[Aw — Awll < (C1Ly, + CoLyg) lw — w',
1bw = burl| < (CsLy + CaLr) 0 — /]|

The proof Lemma 11.3 is provided in Section B.25. Under the conditions of Lemma 11.2,

for any w, the matrix

M(w) = 5 (X'Dy,, n I =vPr, )X + X (I =P, )Dy,., ... X)

1
2
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is p.d. For a symmetric positive definite matrix M, let A(M) denote the smallest
eigenvalue of M. For any w € RE we have \(M(w)) > 0. By the continuity of
eigenvalues in the elements of the matrix, the compactness of A, and A;, and the
extreme value theorem, we have

inf A(M(w)) > 0.

weRK

This allows us to make the following assumptions about the Lipschitz constants L,
and L, akin to Perkins and Precup (2002); Zou et al. (2019).

Assumption 11.4. L, and L, are small enough such that
Min = 0 XM (w)) = (CrLy + CoLa) R + Cs Ly, + CaLir) > 0.
we
With these regularizations on m, and pu,,, we can now present a high probability

asymptotic convergence analysis for Algorithm 12.

Theorem 11.4. Let the assumptions and conditions in Lemma 11.2 hold. Let As-
sumptions 2.4, 11.3, and 11.4 hold. Then for any compact set W C RE and any
w € W, there ezists a constant Cyy such that for any w, € W, the iterates {w;}

generated by Algorithm 12 satisfy
Pr(tlirglowt:w* | w0:w> > 1—C’Wtz;af. (11.3)

This immediately implies that W, contains only one element (under the conditions of
this theorem).

In (11.3), Cy depends on the compact set W from which the weight wy is selected.
For (11.3) to be nontrivial, the learning rates have to be small enough, depending on
the choice of initial weights. The proof of Theorem 11.4 is provided in Section B.26
and depends on Theorem 13 of Benveniste et al. (1990).!

We now analyze the convergence rate of projected truncated emphatic expected
SARSA (Algorithm 13). Unlike Algorithm 12, when computing F;,, in Algorithm
13, we do not need to recompute previous importance sampling ratios. Similar to
Assumption 11.4, we make the following assumption about the Lipschitz constants

L, and L, for analyzing Algorithm 13.

Tt might be possible to obtain an almost sure convergence of Algorithm 12 like Theorem 5.4 by
invoking Theorem 17 of Benveniste et al. (1990). Doing so requires verifying (1.9.5) of Benveniste
et al. (1990). If how Melo et al. (2008) verify (1.9.5) was documented in the context of on-policy
SARSA with linear function approximation, it is expected that (1.9.5) can also be similarly verified
in the context of Algorithm 12.
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Algorithm 13: Projected truncated emphatic expected SARSA

Initialize wq such that ||wg| < R
So ~ po(')

Ag ~ fiw, (-] S0)

t« 0

while True do

Execute Ay, get Ryy1, Sii1

At+1 ~ ("St-H)

Tw, (At]St)
Pt ST e, (AdlSe)
Fin<+0

for k=0,...,ndo
| Fin < Gk + VPt—ntkFin
end

w1 < g (wt + atFt,n(Rt—H + v Za th(a|5t+1)$(5t+1, G)th - x:wt)ft)

t—t+1
end

Assumption 11.5. L, and L, are not too large such that

NCo= inf A(M(w,)) — ((C1Ly, + CoLr)R + CsL, + C4Ly) > 0.

min
wx EW

When defining X\ . in Assumption 11.4, the infimum is taken over all possible w.

man

When defining \”

min

in Assumption 11.5, the infimum is taken over only W,. This

improvement is made possible by the introduction of the projection Ily.

Theorem 11.5. Let the assumptions and conditions in Lemma 11.2 hold. Let As-
sumptions 11.3 and 11.5 hold. Set the learning rate {cay} in Algorithm 12 to

1

= — 11.4

where ay € (0, N . ) is some constant. Then for any w, € W, for sufficiently large t

)’ Ymin

(in the sense that t —O(Int) > n), the iterates {w;} generated by Algorithm 13 satisfy

E [[lw —w.|*] = O (m—t) :

t

This immediately implies that W, contains only one element (under the conditions of
this theorem,).

The proof of Theorem 11.5 and the constants hidden by O(-) are detailed in Section
B.27. The proof follows the same steps as Zou et al. (2019) but generalizes the analysis
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of the on-policy SARSA in Zou et al. (2019) to the off-policy setting and includes
backward traces, which are not included in Zou et al. (2019).

In this section, we present (projected) truncated emphatic expected SARSA as
a convergent off-policy control algorithm with linear function approximation. Im-
portantly, in Algorithms 12 and 13, the behavior policy is a function of the current
action-value estimates and thus changes every time step and can be very different
from the target policy. These two features are common in practice (see, e.g. Mnih
et al. (2015)) but rarely appreciated in existing literature. For example, in Greedy-
GQ (Maei et al., 2010; Wang and Zou, 2020), a control algorithm in the family of the
gradient TD methods, the behavior policy is assumed to be fixed. In the convergent
analysis of linear @-learning (Melo et al., 2008; Lee and He, 2019b), the behavior pol-
icy is assumed to be sufficiently close to the policy that linear ()-learning is expected

to converge to.

11.3 Empirical Results

In this section, we empirically investigate Algorithm 13 and its -variant using (4.1).
We first use Baird’s counterexample (Figure 3.1) as our testbed. In particular, we
consider two settings: control with a fixed behavior policy and control with a changing
behavior policy. The hyperparameter tuning protocol and the reporting protocol are
the same as that of Section 5.3.

In the control setting with a fixed behavior policy, we benchmark Algorithm 13
with different selection of n, as well as its S-variant (cf. (4.1)). In particular, we
set the radius of the ball for projection to be infinity (i.e., the projection is now an
identity mapping). Consequently, when n = oo, our implementation of Algorithm
13 becomes a straightforward extension of ETD to the control setting. We use the
same behavior policy as the prediction setting in Section 5.3. The target policy is a

softmax policy with a temperature 7:

exp (q(s,dashed)/7)

7(dashed|s) = exp (q(s, dashed) /) + exp (¢(s, solid)/T).

We test three different temperatures 7 € {0.01,0.1,1}. When 7 approaches 0, the
target policies become more and more greedy. Consequently, Algorithm 13 approaches
@-learning with truncated traces. As shown in Figure 11.1, neither the naive off-policy
expected SARSA (i.e., n = 0) nor the naive extension of ETD(0) (i.e., n = co) makes
any progress in this setting. By contrast, our truncated empathic expected SARSA

consistently converges, with lower variance than its S-variant (Table 11.1).
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n=occ n=0 n=2 n=4 n=8 =08

T=0 - - 10 103 10° 101
7 =0.01 - - 10 103 10° 101
7=0.1 - - 10* 103 106 10M

Table 11.1:  Average variance of curves in Figure 11.1. Here n = 4 has smaller
variance than n = 2 because the former converges slightly faster. We follow a similar
reporting protocol as Table 5.1.

‘n:oo n=0 n=2 n=4 n=8 (=08

= - 10 102 106 109

7=20.01 - - 103 102 10° 108
= - 103 102 10° 108

N
|

(e
1

ﬂ

&

—
1

Table 11.2:  Average variance of curves in Figure 11.2. Here n = 4 has smaller
variance than n = 2 because the former converges slightly faster. We follow a similar
reporting protocol as Table 5.1.

In the control setting with a changing behavior policy, we still benchmark Algo-
rithm 13 with a different selection of n and its S-variant. The target policy is still
the softmax policy with a temperature 7. The behavior policy is now a mixture pol-
icy. At each time step, with probability 0.9, the behavior policy is the same as the
behavior policy used in the prediction setting in Section 5.3; with probability 0.1, the
behavior policy is a softmax policy with temperature 1. As shown by Figure 11.2
and Table 11.2, the results in this setting are similar to the previous setting with a
fixed behavior policy but the variance with n € {2,4} is reduced. This is because the
behavior policy is now related to the target policy, i.e., the off-policyness is reduced.

We further evaluate truncated emphatic expected SARSA in the CartPole domain
(Figure 11.3), which is a classical nonsynthetic control problem. We use tile coding
(Sutton, 1995) to map the four-dimensional observation (velocity, acceleration, angu-

R1924 and then apply linear

lar velocity, angular acceleration) to a binary vector in
function approximation. In particular, we use the tile coding software recommended
in Chapter 10.1 of Sutton and Barto (2018). We benchmark Algorithm 13 and its
B-variant (cf. (4.1)), following the same hyperparameter tuning protocol as in Baird’s
counterexample. We use 7 = 0.99 and i(s) = 1. The target policy is a softmax policy
with temperature 7 = 0.01. The behavior policy is a e-softmax policy with € = 0.95
and 7 = 1. In other words, at each time step, with probability 0.95, the agent selects

an action according to a uniformly random policy; with probability 0.05, the agent
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selects an action according to a softmax policy with temperature 7 = 1. We grant
large randomness to the behavior policy to enlarge the off-policyness of the prob-
lem, making it more challenging. We evaluate the agent every 5 x 10? steps during
the training process for 10 episodes and report the averaged undiscounted episodic
return. Figure 11.4 (Left) investigates the effect of different truncation length. We
recall that the learning rate « is tuned from A, maximizing the evaluation return at
the end of the training. With n = oo (i.e., no truncation), the agent barely learns
anything. With n = 0 (i.e., naive off-policy expected SARSA without followon trace),
the agent reaches a reasonable performance level but using n = 4 performs better.
Using n = 2 performs better than using n = 4 in the middle of the training but
the performance drops near the end of the training. We conjecture that this may
suggest that a truncation length of 2 is not enough to stabilize the off-policy training
in the tested problem. Figure 11.4 (Right) further investigates the soft truncation
using (4.1). We recall that g is tuned from {0.1,0.2,0.4,0.8}. Using the soft trunca-
tion with # = 0.2 performs similar to using the hard truncation with n = 4. It can,
however, be computed that the data points of the curve with 5 = 0.2 has an average
variance around 1.8 x 10* while that of n = 4 is around 7 x 10%. This suggests that
our proposed hard truncation might be a better option for variance reduction than

the existing soft truncation for the tested problem.
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Figure 11.1:

7=0.01

— n=o0(a=0.1x2"")
— n=0(a=01x2"1)
— n=2(a=01x272)
— n=4(a=01x27%)
n=28(a=0.1x27)
— B=04(a=0Tx2)

5% 10°
Steps
7=0.1

— n=o0(a=0.1x2"")
— n=0(a=01x271)
— n=2(a=01x272)
— n=4(a=01x27%)
n=8(a=0.1x27)
— f=0d(a=01x2)

5 x 10°
Steps
T=1

— n=oc0(a=0.1x2"1)
— n=0(a=01x271)
— n=2(a=01x27?
— n=4(a=01x27%)
n=8(a=0.1x27)
— f=04(a=01x2

L

5 x 10°
Steps

Truncated emphatic expected SARSA and its S-variant in the control
setting with a fixed behavior policy. The shaded regions are invisible for some curves

because their standard errors are too small.
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5 x 10°
Steps

Figure 11.2: Truncated emphatic expected SARSA and its S-variant in the control
setting with a changing behavior policy.
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Figure 11.3: CartPole. At each time step, we observe the velocity, acceleration,
angular velocity, and angular acceleration of the pole and move the car left
or right to keep the pole balanced. The reward is +1 every time step. An episode
ends if a maximum of 1000 steps is reached or the pole falls.

10001 — n=oo(a=0.1x212) — B=02(a=01x2"%)
— n=0(a=0.1x27%) 800_ — n=00(a=01x271?)
— n=2(a=0.1x27) — n=0(a=01x27%)
8001 n=4(a=01x2"1) — n=4(a=01x2"1)
n=8(a=0.1x2"") 600
600 1
Return Return
400+
400+
200- 2001
01 01, '
0 5 x 10°
Steps Steps

Figure 11.4: Truncated emphatic expected SARSA and its f-variant in the CartPole
domain.
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Part IV
Policy-Based Off-Policy Control
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In this part, we focus on control problems with policy-based methods, where we
optimize a parameterized policy directly in the context of the deadly triad, instead

of deriving a policy from the estimation of the action value function.
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Chapter 12

Control with Learned Emphasis

In this chapter, we consider optimizing the excursion objective, a widely used by rarely
correctly optimized objective, with actor critic methods. We also extend the excursion
objective to a more general average value objective and provide a corresponding policy

gradient theorem.

12.1 Incomplete Gradient Estimators of the Ex-
cursion Objective

In the Markovian setting in Definition 2.2, one commonly used objective for off-policy

control is the excursion objective (Degris et al., 2012; Ghiassian et al., 2018)
Top =Y _ du(s)i(s)vx(s). (12.1)

We briefly describe the motivation behind this objective. In the off-policy setting we
consider, states are obtained by following the behavior policy pu. At a particular state
s, an agent might want to do an excursion by following the target policy for next
steps. The performance of this excursion is indicated by the value function of the
target policy v,(s). The performance of such excursions, weighted by both the state
visitation d,,(s) and the user’s preference i(s), is exactly the excursion objective.
Assuming the policy 7 is parameterized by § € R Tmani et al. (2018) compute

the policy gradient of the excursion objective via the off-policy policy gradient theorem

as
VGJW,,u = Eswdu(-),awu(-|s) [mﬂ,u(s>qﬂ(s7 a)p9(57 a)VQ lOg 77(@’3)],
where py(s,a) = % One direct approach for optimizing J, , is therefore to per-

form stochastic gradient ascent following Vg Jr ,. At time step ¢, pg(A¢|St) Ve log m(As]St; 0)
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is immediately available; ¢.(S;, A;) could be estimated by a parameterized function
Guw(St, Ay) trained with GTD or ETD. It is, however, not straightforward to obtain
an estimate for m, ,(S).

Existing works usually deal with this m, , in two ways. In Off-Policy Actor-Critic
(Off-PAC, Degris et al. (2012)), this m, , is ignored and 6 is updated as

011 = 01 + Bipiqu(Si, Ar) Vo log m( A Sy; 6:).

This naive approach has been widely used and great empirical success has been wit-
nessed (Silver et al., 2014; Lillicrap et al., 2016; Wang et al., 2017b; Ciosek and
Whiteson, 2020; Fujimoto et al., 2018; Espeholt et al., 2018). We, however, do not
have any convergence guarantee for this naive approach under the presence of func-
tion approximation. In Actor-Critic with Emphatic weightings (ACE, Imani et al.
(2018)), this m ,(S;) is approximated by the followon trace F; and @ is updated as

011 = 0 + BiFipequ(St, Ay) Vo log m( A4 St; 0r).

The motivation behind this approximation is (2.27). However, F; is an unbiased
estimation for m, ,(S;) only in the limiting sense assuming the target policy 7 is fixed.
In actor critic algorithms, the policy m changes every step. It is unclear whether the
followon trace F; can adapt quickly enough to the new policy. After all the followon
trace is always a scalar while the emphasis is a vector of size |S|. It might be too
ambitious to approximate a vector with a scalar. Further, as discussed in Section 4.1,
the followon trace F; can have possibly unbounded variance. Consequently, so far we
do not have any convergence guarantee for ACE either.

It thus remains an open problem to optimize the excursion objective with conver-

gence guarantees, in the context of the deadly triad.

12.2 Backward and Forward Critics

In this thesis, we propose to learn the emphasis m, , with GEM (Algorithm 2) and
use the approximated emphasis for computing the gradient of the excursion objective.
Instead of using Algorithm 2 directly, we additionally add ridge regularization to
account for the fact that the policy changes every step. It can be seen soon that
this additional ridge regularization plays a key role in the convergence analysis. It is
also worth mentioning that the weight of the introduced ridge regularization can be
arbitrarily small, indicating that the bias introduced by ridge regularization can be

arbitrarily small. We similarly use GTD to learn the action value function ¢, with
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additional ridge regularization. We refer to the resulting algorithm as Convergent
Off-Policy Actor-Critic (COF-PAC, Algorithm 14).

Algorithm 14: Convergent off-policy actor critic
t<« 0
So ~ pol(-), Ao ~ pu(+[S0)
while True do
Execute A, get Ryy1, Sia
Sample A; 1 ~ p(-[Se1)
xp — x(Sy), xpy1 < x(Spy1)
Kig1 Ky + ap(i(Sep1) + yprx] wy — x;rlwt — $I+1/‘it)l’t+1
Wig1 < Wy + ((:L"t+1 — VDT T K — nwt)
i’t < i’(St, At), jt—f—l <— i’(St—i-la At+1)
Fr1 < Re + ap(Rip1 + YTl ue — ) wp — T Fy) Ty
U & U + Oy ((ft — VPr+1Za41) T, Ry — TIUt)
Or1 < 00+ L1 (we)Ta(ue) pe(w] @) () 7,)V log mo(As]S,)
t+—t+1
end

In Algorithm 14, we train w € R such that z(s)"w approximates m ,(s) simi-
larly to GEM (Algorithm 2) with the help of an auxiliary weight #, where z : S — R¥1
denotes the state feature function. We train u € RX2 such that Z(s,a) u approx-
imates ¢r(s,a) similarly to GTD with the help of an auxiliary weight &, where
7 : 8 x A — RX2 denotes the state-action feature function. The hyperparameter
1 is the weight for the ridge regularization. We additionally use adaptive learning
rates I'; : Rt — R and I'y : RE2 — R to ensure # changes slowly enough and make

the following assumption.

Assumption 12.1. Fori=1,2,
1. 0 < Ty(d) < oo, Vd
2. For all ||d|| < C, there exists Cy > 0 such that I';(d) > Cy
3. T'; 1s Lipschitz continuous.

Konda (2002) provides an example for satisfying Assumption 12.1. Let Cy > 0 be
some constant. Konda (2002) defines

1, lld|l < Co
s {— Il > Gy’
1+[|d] =0
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In Algorithm 14, the weight u is the canonical critic which is in a forward sense
in that it summarizes future rewards. The weight w plays a similar role to u but
summarizes previous interests as discussed in Section 4.4. We, therefore, refer to
w as a backward critic. We now proceed to analyzing the limiting behavior of the
iterates 6, in Algorithm 14. To this end, we first analyze the behavior of the two

critics.
Proposition 12.1. Let Assumptions 2.3, 2.4, 2.5, 2.6, 2.8 and 12.1 hold. Then the
iterates {r¢} and {w;} generated by Algorithm 1/ satisfy
sup ||kl < oo,
t
sup |Jwy|| < oo,
t

8| e e

oo ||| Amy 0l ] [wr o |7V o

The proof of Proposition 12.1 is provided in Section B.28. We recall that the A, ,,C,,, X, D,,,i

in Proposition 12.1 are introduced in Definition 2.5. By simple block matrix inversion,

T,

it is easy to see that Proposition 12.1 implies

tllgg} ||w;t,"7 - wt” = 07
where
w;m = - (AﬂevlLC;lAIg“u + 77])_1 AWG,ALO;IXTD”L..

If n =0 and A, , is nonsingular, it can be easily computed that
Xw;,o = Hduﬁre,uXw;,@

In other words, the backward critic {w;} is able to track the minimizer of the MSPBE-
like objective (4.6) induced by the current policy my,, up to regularization bias. Con-
sequently, when we analyze the behavior of {f;}, we can approximately use wy, , in
place of w;. We prove Proposition 12.1 with a convergence result about stochastic
approximation algorithms from Konda (2002), which is provided in Section A.1 for

completeness. One important step in the proof is to verify that the matrix multiply-

ing [:}t} in Proposition 12.1 is strictly positive definite, which is impossible if n = 0.
t

This motivates the introduction of the ridge regularization. This ridge regularization

is essential in the convergence of GEM under a slowly changing target policy.

Similarly, for the canonical forward critic u, we have
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Proposition 12.2. Let Assumptions 2.3, 2.4, 2.5, 2.6, 2.8 and 12.1 hold. Then the
iterates {R¢} and {u;} generated by Algorithm 14 satisfy

sup ||f | < oo,
t

sup ||lug| < oo,
¢

_ C, —flﬂgt,u Ry X"D,r
tlggo /Uret# nl ur| 0 =0 as

The proof of Proposition 12.2 is identical to that of Proposition 12.1 up to change of
notations and is thus omitted. We recall that the flm#, C’#, X, D#, r in Proposition 12.2
are introduced in Definition 2.6 and Remark 1. Similarly, by matrix inversion, we
have

: . _
Jim [|45, , = wl| =0,

where

~ ~ ~ -1 _ ~ o~
= = (A1,,C0 Argyu 1) AL LG XDy

o, o

If n =0 and A, , is nonsingular, it can be easily computed that

Xu;p = ﬁ({uﬁreX“;p'
In other words, the forward critic {u;} is able to track the minimizer of the MSPBE (4.6)
induced by the current policy my,, up to regularization bias. Consequently, when we
analyze the behavior of {6;}, we can approximately use ug, , In place of ;.

Having established the trackability of both critics, we are now ready to analyze
the behavior of the policy parameters {6;}. Since both critics use linear function
approximation, it is inevitable to have bias due to the limited capacity of the linear
architecture. In other words, the best approximation Xwyj is not necessarily equal
t0 My, and the best approximation X ug o is not necessarily equal to ¢r,. The ridge
regularization also introduces extra bias, though it can be arbitrarily small. Overall,

we use the following term
b(6) (12.2)
iE(&a)NJH(.) [(mﬂ’,,u(s)qw(sa CL) - (x(s)ngm) (‘%(Sa a)Tu;,n)) p9<87 a)ve IOg 7T9(CL|S>]

to characterize the bias we have introduced when estimating the gradient VoJ, ..
After making the following assumption on how the policy m is parameterized by @,

we arrive at the convergence of Algorithm 14.
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Assumption 12.2. There exists a constant Cy < oo such that ¥(s,a,0,0'),

IVomo(als)| <Co,
0?me(als)
00,00,

|mo(als) — o (als)] <Coll6 — '],
IVomo(als) — Voo (als)|| <Coll6 —0'||.

SC(%

Theorem 12.3. Let Assumptions 2.3, 2.4, 2.5, 2.6, 2.8, 12.1, and 12.2 hold. Then
the iterates {0} generated by COF-PAC (Algorithm 14) satisfy

limirtlf (Hv9‘]ﬂ9t,:#H —6(8)]]) <0 as.,
i.e., the iterates {0} wvisit small neighborhoods of the set {6 : ||VJ(0)|| < [|b(0)|]}

infinitely many times.

The proof of Theorem 12.3 is provided in Section B.30. According to Theorem 12.3,
COF-PAC reaches the same convergence level as the canonical on-policy actor-critic
(Konda, 2002). Together with the fact that VyJ, , is Lipschitz continuous and f;
is diminishing, it is easy to see #; will eventually remain in the neighborhood of
{0 : [|Vodryull < 1/0(0)||} for arbitrarily long time. In other words, the policy param-
eters will eventually visit the neighborhood of the stationary points of the excursion
objective, depending on function approximation and regularization bias.

The bias b(0) involves the difference between the minimizer of the MSPBE and
the true action value function. As discussed in Kolter (2011), it is in general hard to
bound such a difference. We can, however, provide a bound for () assuming that

the behavior policy is not too far from the target policies in the following sense:
Assumption 12.3. For any 0, the following two matrices
TpT A vTPTH ¥
T C, X'"P! D, X and | - ¢, X P, DX
X'D,P,, X c, X'D,P., X Cy

are positive semidefinite.

Proposition 12.4. Let Assumptions 2.3 and 12.5 hold. Assume for any w, A, and

Ay, are nonsingular. Then we have

1+ Pr,y
16(O)l, = O () + O ?Ilmm,u = Mg, g |
1+ fy‘ ]5”9 p .
+0 T N try — 11, G, .
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The proof of Proposition 12.4 is provided in Section B.31 and is a natural extension

of Proposition 4.3.

12.3 Compatible Features

Although Proposition 12.4 gives a bound for the bias, it is restrictive in that it applies
only if the target policies are not too far away from the behavior policy. The reason is
that we use linear function approximation but m , and ¢, might not lie in the column
space of the feature matrix. However, if there is flexibility in what features we use, it
is indeed possible that the bias diminishes, even if m, , and g, still do not lie in the
column space. Those features are usually referred to as compatible features(Sutton
et al., 1999a; Konda, 2002) and we in this section develop compatible features in the
context of Algorithm 14.

Let 1y, o be estimates for my ,,, g-. The bias introduced by using those estimates

is essentially

0(0) = E (s ayny () [(Mru(8)gn (5, @) = 1019(5)do(s, @) po(s, @)V log my(als)] . (12.3)

The definition of bias in (12.2) is a special case of (12.3) where the estimates are made
based on the features X and X. We can expand b() as

+E (g aynd, () (M u(8)G0(s, @) = 19(s5)do (s, @) po(s, a) Vg logm(als)]

i

=3 A5 ()u(als) (g(s, @) — dols,0)) po(s, )V log w(als)

~

b1(0)

+ ) du(s) (ma(s) —1ig(s)) D Veom(als)do(s, a).

J/

-~

ba(6)
Since
po(s,a)Vglogm(als) € R™?,
fori € {1,2,..., K3}, we can define 2 ; to be a vector in RIS*4l whose (s, a)-indexed
element is the i-th element of py(s,a)Vylogm(als) € R®3. Or more intuitively, 2¥; is

the i-the row of the matrix

po(+,)Vologm(:|-) € RE3xISxAl

142



Consequently, the i-th element of b;(f) can be expressed as
01,40 Zd $)mru(s)plals) (gx(s, @) — Go(s, @) 1 4(s, @)

:<Q7T - QH; x?7i>\y17

where we use W, to denote the subspace in RIS*Al spanned by {x%i}izl K, and

(-, ->\I,1 denotes an inner product in the subspace ¥, defined as
Zd $)Mx i ($) (s, a)y(s, a)y' (s, a).

This inner product also induces a norm, which we denote as |||y , as well as a

projection onto this subspace, which we denote as Ily,. Then we can further expand

b1:(0) as
0 ~ 0
b1i(0) =(gr — Muydr, 21 :)y, + (Moydr — o, 21,4) g,
s
:<H\I!1Q7r — 4o, x17i>‘1’17
where the last equality results from Pythagoras. This indicates that if our estimate

satisfies

qu = H\Ill Qr,

then the bias term b, (6) vanishes, even if gy is still not equal to ¢,. One way to learn
such an estimate ¢y is to use linear function approximation with features {xl l}
using ETD(A) (Sutton et al., 2016) with A\ = 1.

Similarly, for i € {1,2,..., K3}, we can define asgvi to be a vector in RIS whose

K3’

s-indexed element is the -th element of >~ Vym(als)gs(s, a). Or more intuitively, x4,

is the i-the row of the matrix
> Vor(al-)go(-, a) € RIS,
Consequently, the i-th element of by(0) can be expressed as

b2,i(9) - <m7r - m07$g7¢>%7

where we use Uy to denote the subspace in RIS spanned by {x%i}i:l x, and 5 ),

denotes an inner product in the subspace W, defined as

Voo = D du(s)y(s)y/(s).
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The corresponding induced norm and projection are denoted as |||y, and Ily,. We

similarly conclude that if
my = Iy, my ,,

then the bias term bo(6) vanishes. One way to learn such an estimate my is to use

linear function approximation with features {mgl} Ky’ using GEM(\) with A = 1.

Here GEM()) is an analogue of GTD(\) in Yu (26117)

The compatible features x%i and :L'g,i depend on the policy parameter 6 thus change
every time step. Ideally, an off-policy actor critic should use those compatible features
and train the backward and forward critics with GEM(1) and GTD(1) respectively to
eliminate the bias due to the capacity limit of the linear architecture. We, however,

leave the investigation of such an algorithm for future work.

12.4 Beyond the Excursion Objective: A New Av-
erage Value Objective

The excursion objective (12.1) can be regarded as an average value objective in the
sense that it measures the value function of the target policy with the state distri-
bution of the behavior policy and the interest function. Using the state distribution
of the behavior policy to compose an objective for off-policy learning is a common
practice, see, e.g., the off-policy MSPBE (2.22). In on-policy settings, where m = pu,

the excursion objective degenerates to
> da(s)i(s)va(s), (12.4)

akin to the on-policy MSPBE (2.10). This objective (12.4) is usually referred to as
the alternative life objective (Ghiassian et al., 2018). It measures the value function
of the target policy with the state distribution of the target policy, which is available
only if the agent had an alternative life such that it follows the target policy instead
of the behavior policy. The alternative life objective can be regarded as an extension

of the average reward objective. To see this, consider the setting where i(s) = i, for
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some constant i.. We then have

> " dr(s)i(s)ve(s) =icd]vn

:icd,f(r7r + vPrvy)
:’icdzr7r + yichPﬁvW
:Z.cd;lr—TTr + Vicd;rrvw

1 —
== dIr7T = 7iccllvﬂ.

C

In other words, if the interest function is constant, the excursion objective degener-
ates to the average reward, up to some constant multiplier. This degeneration also
requires that the discount factor « is constant. When + is a function of (s, a, ') (see,
e.g., White (2017)), this degeneration does not hold even if the interest function is
constant. In this section, we focus on the setting where v is a constant for simpli-
fying presentation and refer the reader to Zhang et al. (2019) for the treatment of a
transition-dependent discount factor.

We have introduced Algorithm 14 for optimizing the excursion objective in previ-
ous sections. It is, however, remain an open problem to optimize the alternative life
objective in the off-policy setting, similar to optimizing the on-policy MSBPE (2.10)
in the off-policy setting. We, in this section, make progress towards this open problem
via providing a new unifying average value objective with an additional hyperparam-
eter 4 € [0, 1] such that this new unifying objective recovers the excursion objective
and the alternative life objective when 4 = 0 and 4 = 1 respectively. We then provide
the corresponding off-policy policy-gradient theorem for 4 € [0, 1).

To this end, we first seek to unify d. and d,. We borrow ideas from Gelada and

Bellemare (2019), who define a new transition matrix
Py = 4P+ (1—-4)1d,.

Following this transition matrix, an agent either proceeds to a successor state accord-
ing to P w.p. 9 or gets reset to a state according to d, w.p. 1 —4. Gelada and
Bellemare (2019) show that the chain induced by P; is ergodic under mild conditions.
Let ds denote its ergodic distribution, Gelada and Bellemare (2019) show that

{(1 (I —4P)d,, 4 <1
ds = T
d, y=1
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With the help of ds, we now introduce our new average value objective
Ty =) ds(s)i(s)vx().

It can be easily seen that J; recovers the excursion objective when 4 = 0 and the alter-
native life objective when 4 = 1. Thanks to the continuity of the ergodic distribution

w.r.t. the transition matrix, we have

lim J5 =~ d,,(s)i(s)vx(s),

4—0

lim J5 = dq(s)i(s)va(s).

—1

This indicates that J; is a good interpolation between the excursion objective and

the alternative life objective. The following theorem gives the gradient of J.

Theorem 12.5. Let Assumptions 2.1 and 2.7 hold. For 4 < 1, we have
0 0 .
20,07 = > du($)h(s) Y axls, a) g m(als) + > du(s)i(s)vr(s)gi(s),

where

h =D, (I —yP) " diag(dy)i,

0
- 2 —1 A~ pTy—1 T

The proof of Theorem 12.5 is provided in Section B.32. Inspired by Imani et al.
(2018), where the followon trace is used to estimate the gradient of the excursion
objective, we now provide a trace-based method to estimate VjyJ;. Consider the

Markovian setting in Definition 2.2. Fix the target policy 7. Define

L dsy(s)
75(5) “a(s)

FY =i(80)75(S0) + vpea P,
F® =1(S1)pe1 Vo log m(Ari1|Si1) + Ap1 F),
Zy =p FY 4 (Sy, A) Vg log (A Sp) + 4i(Si)ve (S, F2.

Then we have

Proposition 12.6. Let Assumptions 2.1 and 2.7 hold. Assume p and w are fized.
Then

lim E [Zt] == V@J@.

t—o00
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The proof of Proposition 12.6 is provided in Section B.33. Proposition 12.6 asserts
that Z; can be used as an estimate for V.J;, provided that both ;1 and 7 are fixed.
Though Z; is biased for any finite ¢, it is consistent when ¢t goes to infinity. For
computing Z;, one need to know v., ¢, 75. The value functions v, and ¢, can be
learned using standard off-policy learning methods. The ratio 75 can be learned
with reverse RL methods and we refer the reader to Gelada and Bellemare (2019)
for details. When computing Z;, Ft(l) is simply the canonical followon trace with a
specifically designed interest function i(s)7s(s). F® also has the same structure as
the followon trace. Ft(Q) is, however, a vector instead of a scalar. This is because the
“Interest” 75(Si—1)pt—1Velogm(Ai_1]S:—1) is now a vector.

Though Theorem 12.5 computes the gradient of J; and Proposition 12.6 gives a
practical way to estimate the gradient, so far we do not have any convergent algorithm
for optimizing J;, which we leave for future work. A practical algorithm that uses Z,
for optimizing J5 and the corresponding empirical investigation are available in Zhang
et al. (2019), which we do not include in this thesis since we believe they deviate from

the main topic of this thesis.

12.5 Other Off-Policy Actor-Critic Algorithms

Instead of the excursion objective, Maei (2018) proposes the Gradient Actor-Critic

algorithm under a different objective,
D> duls)vu(s).

for off-policy learning with function approximation. This objective differs from the
excursion objective in that it replaces the true value function v, with an estimate v,,.
Consequently, the optimal policy under this objective depends on the features used to
approximate the value function, and this approximation of the excursion objective can
be arbitrarily poor. Maei (2018) tries to show the convergence of a GTD critic under
a slowly changing target policy with results from Konda (2002). In this thesis, we
show that GTD has to be regularized before the results from Konda (2002) can take
over. Furthermore, the policy gradient estimator Maei (2018) proposes is also based
on the followon trace. That estimator tracks the true gradient only in a limiting sense
under a fixed © (Maei, 2018, Theorem 2) and has potentially unbounded variance,
similar to how F; tracks my ,(S;). It is unclear if that policy gradient estimator can
track the true policy gradient under a changing 7 or not. To address this issue, we

instead use function approximation to learn the emphasis directly.
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A line of policy-based off-policy algorithms involves reward shaping via policy en-
tropy. In particular, SBEED (Dai et al., 2018) is an off-policy actor-critic algorithm
with a finite-sample analysis on the statistical error. The convergence analysis of
SBEED (Theorem 5 in Dai et al. (2018)) is conducted within a bi-level optimization
framework, assuming the exact solution of the inner optimization problem can be ob-
tained. With function approximation, requiring the exact solution is usually impracti-
cal due to representation error. Even if the exact solution is representable, computing
it explicitly is still expensive (cf. solving a least-squares regression problem with a
large feature matrix exactly). By contrast, our COF-PAC adopts a two-timescale
perspective, where we do not need to exactly solve the optimization problems for the
two critics every step. Other works in this line of research include Nachum et al.
(2017); O’Donoghue et al. (2017); Schulman et al. (2017a); Nachum et al. (2018);
Haarnoja et al. (2017, 2018), which are mainly developed in a tabular setting and do
not have a convergence analysis under function approximation.

Liu et al. (2019) propose to reweight the Off-PAC update via the density ratio .
As discussed in previous sections, many methods can be used to learn this density
ratio. The convergence of those density ratio learning algorithms under a slowly
changing target policy is, however, unclear. For GradientDICE with linear function
approximation, it is possible to employ our arguments for proving Theorem 12.1 to
prove its convergence under a slowly changing target policy and thus give a convergent
analysis for this reweighted Off-PAC in a two-timescale form. We leave this for future
work.

In AlgaeDICE, Nachum et al. (2019b) propose a new objective for off-policy actor-
critic and reformulate the policy optimization problem into a minimax problem.
Primal-dual algorithms can then take over. Nachum et al. (2019b) show the pri-
mal variable works similarly to an actor, and the dual variable works similarly to a
critic. It is possible to provide a two-timescale convergent analysis for AlgaeDICE
when the dual variable is linear and the primal variable is nonlinear using arguments

from this paper, which we also leave for future work.
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Chapter 13

Related Work

13.1 Interest, Emphasis, Density Ratio, and Im-
portance Sampling Ratio

Though the interest function i is introduced by Sutton et al. (2016) to specify user’s
preference to different states, it is usually trivially set to i(s) = 1 (Sutton et al.,
2016). Section 12.4 instead provides examples of nontrivial interest functions, even
vector interest functions.

One important observation to make is that if the interest function is set to be

. po(S)
i(s) =(1—7) , (13.1)
du(s)
then according to Proposition 4.1, the emphasis m, , can be computed as
My =(1—7)(I =D, P D,)"' D, py (13.2)
=(1 =)D, (I =P )"
=D, 'y,
dr(5)
= Mgu(s) ==
() dy(s)

In other words, the emphasis is a generalization of the density ratio in the discounted
setting. Unfortunately, since d,,(s) is in general unknown, the interest function (13.1)
is not available in practice. Consequently, GEM (Algorithm 2) cannot be used to
learn the density ratio directly. We leave the use of (13.2) for density ratio learning
for future work.

For emphasis learning, our operator ’7;’“ in (4.4) is a generalization of the dis-
counted COP-TD operator 75 in Gelada and Bellemare (2019) defined as

Ty = (1 —=A)1+4D, P/ D,y.

149



By setting v = 4 and i(s) = 1 — 4, our 7;,“ recovers 75. Gelada and Bellemare

(2019) show 75 is contractive only for small enough 4 while Proposition 4.1 proves

~

contraction of 7, , for any v < 1. The algorithm in Gelada and Bellemare (2019) for

j"g based on 75 is not convergent while our GEM based on 7, is proven
m

to be convergent.

learning

Learning the density ratio with function approximation dates back to Hallak and
Mannor (2017); Liu et al. (2018), both of which require trajectories generated by a
single known behavior policy. Nachum et al. (2019a); Uchara et al. (2020) relax this
constraint to work with transitions from multiple unknown behavior policies. The
methods of Nachum et al. (2019a); Uehara et al. (2020), however, apply to only the
discounted setting. Zhang et al. (2020a); Mousavi et al. (2020) propose algorithms for
learning the density ratio for the discounted and the average reward settings. How-
ever, neither of Zhang et al. (2020a); Mousavi et al. (2020) is provably convergent
with linear function approximation. By contrast, GradientDICE (Algorithm 6) is
compatible with transitions from multiple known behavior policies, applies to both
discounted and average reward settings, and is provably convergent with linear func-
tion approximation. Besides learning the density ratio as a whole, Xie et al. (2019)
attack the density ratio learning problem in finite horizon MDPs via learning the
nominator and the denominator separately with tabular methods.

Many density ratio learning algorithms, as well as our emphasis learning algo-
rithms, belong to the family or reverse RL in the sense that they require bootstrap-
ping backwards in time. This backward bootstrapping has three origins. The first
origin is the followon trace which is the basis of many algorithms proposed in this
thesis. The second origin is related to learning the stationary distribution of a policy,
which dates back to Wang et al. (2007a,b) in dual dynamic programming for stable
policy evaluation and policy improvement. The third origin is an application of RL in
web page ranking (Yao and Schuurmans, 2013) to learn the authority score function
for a web page.

Instead of using density ratios, products of important sampling ratios can also be
used for off-policy prediction, see, e.g., Precup et al. (2001); Thomas et al. (2015);
Jiang and Li (2016) and Chapter 3 of Thomas (2015). Those methods, however, in
general suffer from the deadly triad. The followon trace is also essentially products of
important sampling ratios. It, however, properly gates the products with 7' where I
is the length of the products. Consequently, the resulting emphatic TD methods are

convergent.
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13.2 Regularization

Ridge regularization is a key ingredient in many algorithms proposed in this thesis.
It is used mainly for three purposes. First, ridge regularization is used to ensure the
solution to least squares does not change too fast. See, for example, the algorithms
based on target networks. Second, ridge regularization is used to account for the
potential singularity of A, , with v =1 and zzlﬂ,u to ensure the uniqueness of the so-
lutions. See, for example, Gradient DICE and Diff-GQ2. This is especially important
for the average-reward setting because of the lack of contraction of the differential
Bellman operators. Third, ridge regularization is used to help establish the uniform
positive definiteness of the critic updates and thus establish its ability to track the
changing policy. See, for example, COF-PAC.

Regularization is indeed widely used in RL. For example, Kolter and Ng (2009);
Johns et al. (2010); Petrik et al. (2010); Painter-Wakefield et al. (2012); Liu et al.
(2012) use Lasso regularization in policy evaluation, mainly for feature selection.
There also previous works that introduce regularization in MSPBE objectives. Ma-
hadevan et al. (2014) introduce the proximal GTD learning framework to integrate
GTD algorithms with first-order optimization-based regularization via saddle-point
formulations and proximal operators. Yu (2017) introduces a general regularization
term in MSPBE objectives for improving robustness. Du et al. (2017) introduce
ridge regularization to improve the convexity of MSPBE. However, the analysis of
Mahadevan et al. (2014); Yu (2017); Du et al. (2017) is conducted with the saddle-
point formulation of the GTD objective (Liu et al., 2015; Macua et al., 2015) and
requires a fixed target policy, which is impractical in control settings. We are the
first to establish the tracking ability of GTD-style algorithms (i.e., the updates of the
backward and forward critics in COF-PAC) under a slowly changing target policy by
introducing ridge regularization. Without this ridge regularization, we are not aware

of any existing work establishing this tracking ability.

13.3 Differential Value Functions

As a performance metric, the average reward receives far less attention than the dis-
counted total rewards. One reason might be that the differential Bellman equations
(e.g., (2.5)) are not contractive. Consequently, solving them is fundamentally harder
than solving the canonical Bellman equations. Another reason might be that the ap-

plications of the average reward is much less than the applications of the discounted
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total rewards. It is, however, worth mentioning that there is indeed argument that
the discounted total rewards should be deprecated when function approximation is
at play and the average reward should be more promoted (Chapter 10.3 of Sutton
and Barto (2018)). Nevertheless, few methods exist for learning differential value
functions. These are either on-policy methods with linear function approximation or
off-policy methods. For example, Tsitsiklis and Roy (1999) prove the convergence
of differential linear TD in the on-policy setting, which is later on used by Konda
and Tsitsiklis (1999); Bhatnagar et al. (2009) in on-policy actor-critic algorithms for
training the critic. Yu and Bertsekas (2009) provide a least-squares style algorithm
for learning the differential value function in the on-policy setting and prove its con-
vergence. This algorithm is later on extended by Abbasi-Yadkori et al. (2019). In
the off-policy setting, early tabular methods without convergence guarantees include
Schwartz (1993); Singh (1994). Convergent tabular methods are later on developed
by Abounadi et al. (2001); Wan et al. (2021). By contrast, the algorithms presented
in this thesis are all convergent with off-policy learning and linear function approxi-

mation.
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Chapter 14

Conclusions

Bootstrapping, function approximation, and off-policy learning are three arguably
indispensable techniques for any large scale RL application. Their combination, how-
ever, can result in instability of the resulting algorithms. This is the notorious deadly
triad. In this thesis, we have proposed many new algorithms that theoretically address
the deadly triad. In many RL settings, we are the first to address the deadly triad.
In settings where we are not the first, our proposed algorithms exhibit many benefits
over existing ones. That being said, there are still many open problems regarding the

deadly triad. In the following we name a few.

e The deadly triad is still not addressed in many RL settings, e.g., policy-based
control under the average-reward performance metric and policy-based con-
trol with a changing behavior policy. For the former, one possible approach
could be to use the density ratio learned via GraidentDICE to reweight the
average-reward on-policy actor-critic in Konda and Tsitsiklis (1999). The anal-
ysis should be analogous to the analysis of COF-PAC, where the backward
critic will be GradientDICE instead of GEM. For the latter, techniques used in
analyzing Algorithms 13 and 9 should be helpful.

e Most convergence analysis presented in this thesis is asymptotic, which confirms
the stability of the proposed algorithms but provides little information regarding
their efficiency. One straightforward future work is to provide finite sample
analysis for those algorithms. Existing analysis of temporal difference methods
in Dalal et al. (2018); Lakshminarayanan and Szepesvari (2018); Bhandari et al.
(2018); Srikant and Ying (2019); Zou et al. (2019), of actor-critic methods in
Wu et al. (2020); Xu et al. (2020); Qiu et al. (2021); Huang and Jiang (2021);
Xu et al. (2021), and of general stochastic approximation algorithms in Chen

et al. (2020b, 2021); Zhang et al. (2021a) should be helpful.
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e Optimality is not well addressed in this thesis. Due to the use of linear function
approximation, the exact value function is usually not representable. Conse-
quently, for prediction settings, MSPBEs and their variants are used as the ob-
jectives for many proposed algorithms in this thesis. There are, however, many
different MSPBES, e.g., the on-policy MSPBE (2.10), the off-policy MSPBE (2.22),
and the MSPBEs induced by fr, and fr ... It is not clear which one should
be used to define optimality. We argue that if we have to use an MSPBE, then
the ideal one should be the on-policy MSPBE. This is because we believe that
off-policy learning should be considered as a solution technique to achieve some
goal. Consequently, it should not be in the goal itself. We, however, do not
have any off-policy algorithms that are able to optimize the on-policy MSPBE,
which is a possibility for future work. MSPBE is of course not the only objec-
tive for prediction. Investigating other objectives and designing corresponding
algorithms are also possible future work. For value-based control, algorithms
presented in this thesis aim to find TD fixed points or their variants. However,
bounding the performance of those TD fixed points is a long-standing open
problem, even for the on-policy setting. Even worse, those TD fixed points do
not necessarily exist especially when the behavior policy is changing. Inves-
tigating their existence under relaxed assumptions is also an important open
problem. The optimality of first-order policy-based control methods has been
well studied recently in tabular settings (Agarwal et al., 2020; Mei et al., 2020;
Laroche and Tachet, 2021; Zhang et al., 2021a). This optimality in the context

of the deadly triad is, however, less understood.

e Finite horizon MDPs are not covered. In this thesis, we consider only infi-
nite horizon MDPs. However, many problems are typically modeled as finite
horizon MDPs, e.g., Atari games (Bellemare et al., 2013b) and many robot
manipulation tasks (Brockman et al., 2016). Finite horizon MDPs are consid-
erably harder than infinite horizon MDPs due to the lack of a discount factor
and the dependence of the policy on the time step. And the undiscounted total
rewards (Puterman, 2014), instead of the discount total rewards or the average
reward, is the dominant performance metric in finite horizon MDPs. Extending
the results in this thesis from infinite horizon MDPs to finite horizon MDPs
is nontrivial and may require new techniques, which we leave for future work.
It is, however, worth mentioning that many algorithms designed for infinite

horizon MDPs empirically work well for problems with finite horizon, see, e.g.,
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Mnih et al. (2015, 2016); Schulman et al. (2017b). Any many problems with
finite horizon can now be alternatively modeled as infinite horizon MDPs via ex-
ploiting a transition-dependent discount function instead of a constant discount
factor (White, 2017). White (2017); Yu et al. (2018) pioneer the theoretical
study of RL algorithms with a discount function. We leave the extension of the

results in this thesis to transition-dependent discount functions for future work.

Deep networks have recently been widely used in RL and have enjoyed great empirical
success. This thesis, however, considers the deadly triad limited to linear function
approximation, which is indeed restrictive. Perhaps the most challenging and fruitful
future work is to break the deadly triad with deep networks. Wai et al. (2020)
pioneer this direction via analyzing a combination of GTD and an over-parameterized
two-layer ReLU (Nair and Hinton, 2010) network, making use of recent advances in
over-parameterized networks in the deep learning community (Neyshabur et al., 2018;
Allen-Zhu et al., 2019; Allen-Zhu et al., 2019; Zou et al., 2018; Cao and Gu, 2019).
GTD is, however, only one of the many algorithms that break the deadly triad in the
linear setting. This thesis has proposed several other algorithms that are superior to
GTD in various aspects. It is then natural to ask: can those algorithms be combined
with deep networks? Cai et al. (2019) provide a hint to this question by combining
on-policy TD with an over-parameterized two-layer ReLLU network. Central to the
analysis of Cai et al. (2019) is a local linearization of the over-parameterized network.
Investigating such local linearization in off-policy setting for algorithms proposed in
this thesis is therefore a promising research direction. We hope the study in this
thesis with linear function approximation can provide useful insight for the local
linearization. Cai et al. (2019); Wai et al. (2020) consider only over-parameterized
two-layer networks. Practitioners, however, usually use deeper networks with finite
width. Investigating the deadly triad with those networks requires new tools to
analyze their dynamics, which is a challenging but impactful direction for future
work. Besides this theoretical direction, empirically investigating the techniques in
this thesis in the context of deep RL is also a possible future work. For example, Jiang
et al. (2021) verify the effectiveness of the emphatic methods in deep RL settings. One
natural extension would be to use truncated emphatic methods for variance reduction
in deep RL settings.

The deadly triad is a long-standing fundamental issue in RL with many open
problems from different perspectives. We hope this thesis can serve as a stepping

stone towards the ultimate victory against the deadly triad.
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Appendix A

Stochastic Approximation

A.1 Results from Konda (2002)

Consider a stochastic process {Y;} taking values in a finite space ). Let Py € RYIxIY
be a parameterized transition kernel in ), parameterized by 6. Consider iterates {w;}

evolving in R¥ according to
W1 = wy + ay(hg, () — Go, (Ye)wy), (A1)

where hy : Y — RE and Gy : Y — REXE are vector- and matrix-valued functions

parameterized by 6.
Assumption A.1l.
Pr()/t—f—ln/()) 007 Wo, - - - 7)/;57 Qta wt) = PT(YtH = y|)/t7 Qt) = Pet ()/757 )/t—i—l)

Assumption A.2. The learning rate sequence {ay} is deterministic, non-increasing,

and satisfies
_ 2
E ap = 00, E a; < 00
t t

Assumption A.3. The (random) sequence of parameters {0} satisfies
[01+1 — 0| < BeH,

for some nonnegative process { H;} with bounded moments and deterministic sequence
{B:} such that

() <=

for some d > 0.
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Assumption A.4. For each 0, there exist
h0) e RE,G(O) e RF*K hy: Y 5 RE Gy Y — REXE
such that for each y € Y,

ho(y) = ho(y) — h(0) + > Paly, v )ho(y/),

Goly) = Go(y) = G(0) + > _ Poly,y)Go(v/).

Assumption A.5. supy ||1(6)]| < co,supy ||G(8)|| < oo

Assumption A.6. For anyy € ), max{Hizg(y)

Nro @) | Gotw) |- 1Gaw)I1} < o0

Assumption A.7. h(0) and G(0) are Lipschitz continuous in 0

Assumption A.8. Foranyy € Y, ho(y), ho(y), Go(y), Go(y) are Lipschitz continuous

in 6
Assumption A.9. There exists some Cy > 0 such that for all w and 0,

wTC_?(G)w > ConH2

Theorem A.1. Under Assumptions A.1 - A.9, the iterates {w;} generated by (A.1)
satisfy

lim Hﬁ(@t) - @(Ht)wt|| =0 a.s.

t—o0

Theorem A.1 is a simplified version of Theorem 3.2 in Konda (2002) and we refer the
reader to Konda (2002) for the detailed proof. In this thesis, we further provide the

following corollary for simplifying our proofs.

Assumption A.10. Let Ap be the closure of {Pg XS RK}. For any P € Ap,
the Markov chain induced by P s ergodic. We use dp to denote the corresponding

stationary distribution and write dg as shorthand for dp,. We define

G(0) = " do(y)Ga(y),

yey

5(9) = Z do(y)ho(y)-

yey
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Assumption A.11. supgegx ,cy max {||he(y)||, [|Go(y)||} < o0

Assumption A.12. There exists some constant Cy such that ¥0,y, v/,

1ho(y) = he ()| < Coll6 — 0],
1Ga(y) — Go ()| < Coll6 — &,
1Po = Pl < Coll6 — 6.

Corollary A.2. Let Assumptions A.1 - A.3, A.9, and A.10 - A.12 hold. Then the
iterates {w;} generated by (A.1) satisfy

lim ||h(6;) — G )w| =0 a.s..

t—00

Proof. It suffices to prove that Assumptions A.10 - A.12 imply Assumptions A.4 -
A.8. In this proof we focus on verifying h-related properties. The verification of those
G-related properties is the same up to change of notations and is therefore omitted.

For any § € RX and any i € {1,..., K}, consider a Markov Reward Process
(MRP) with a transition matrix Py and a reward function hy(y);, where hy(y); denotes
the i-th element of hy(y) € RE. Then the average reward of this MRP is

R(0) =) do(y)ho(y)s-

In this way, we have defined a vector h(#) € R¥ whose i-th element is h(6);. We then
define

ho(y) =B Y ho(Y) = h(0) | Yo =y, Yirs ~ Po(Y, ")
k=0

It is then easy to see that hg(y);, the i-th clement of hy(y), is exactly the differential

value function of this MRP. By the differential Bellman equation, we have
ho(y)i = ho(y)i — h(0); + > Pa(y.v)ho(y):.
y/

Assumption A.4 is then verified.
Assumption A.5 follows immediately from the definition of h(f) and Assump-
tion A.11.

The differential value function is related to the reward function as

ho; = (I — Py +1dy )" (I — 1dy Yhg.;, (A.2)
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see, e.g., (8.2.2) in Puterman (2014) for a proof. Here hg; denotes a vector in R
whose y-th element is fzg(y)i and hy,; denotes a vector in R whose y-th element is
he(y);. Assumption A.10 ensures iLgﬂ‘ is well defined for each Py € Ap. Since Ap is a

compact set, the extreme value theorem asserts that
sup [[(I — Py + 1dy )" (I — 1dy)|| < oo,
G

which, together with Assumption A.11, verifies Assumption A.6.
Assumption A.7 follows immediately from Assumptions A.12 and A.10 and Lem-
mas C.1 and C.3.

By the extreme value theorem, we have

sup ||(I = P+ 1dp)™"| < oo.
PeAp

Then Lemmas C.1, C.2, and C.3 confirm the Lipschitz continuity of (I — Py + 1d, )~*
in . The Lipschitz continuity of Bg(y) in Assumption A.8 then follows easily from
(A.2), which completes the proof. ]

A.2 Results from Borkar (2009)

Consider iterates {w;} evolving in RX according to
Wiy = wp + o (h(wy) + Myyy + €) (A.3)

Assumption A.13. The map h : RF — RE s Lipschitz continuous

Assumption A.14. The learning rates {cu} are positive scalars satisfying

Z = 00, Z a? < 0o

t t

Assumption A.15. {M,;} is a martingale difference sequence w.r.t. the increasing
family of o-fields

Fi = o(wg, My, ..., M),
1.€.,

E[Mi1|F] =0 as. Vi>0
Further, {M,} is square-integrable with
E[| My |*|F) < LA+ Jwe]®)  a.s., V>0

for some constant L.
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Assumption A.16. lim; , ||&] =0 a.s.
Assumption A.17. sup, ||| < oo a.s.

Theorem A.3. (The third extension of Theorem 2 in Chapter 2 of Borkar (2009))
Under Assumptions A.13 - A.17, almost surely, the sequence {w;} generated by (A.3)

converges to a compact connected internally chain transitive invariant set of the ODE

d
aw(t) = h(w(t)).

In this thesis, we further provide the following corollary for simplifying our proofs.

Consider iterates {w;} evolving in R¥ according to
W1 = Wy + oy (Gywy + by + €) (A.4)

where {Gt e RKXK}t:o,LQ,...’ {ht € RK}

variables. Define

=010 are two sequences of i.i.d. random

G=E[Gy,h=E[h].
Assumption A.18. There exists a constant Cy such that

max {E (|G — G|*| E |[|n — 2]]*] } < Co.
Assumption A.19. The real part of every eigenvalue of G is strictly negative.

Corollary A.4. Under Assumptions A.14, A.16, A.18, and A.19, almost surely,

lim Wy = —Gilh.
t—o00

Proof. The updates in (A.4) can be rewritten as
W1 = Wy + i (h(wt) + Mt+1 + €t> s
where

h(w) =Gw + h,
Mt+1 iGt'LUt + ht — th — B

We then proceed via invoking Theorem A.3.
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Assumption A.13 follows immediately from the definition of A.

For Assumption A.15, we have

E (M| F] =E [(G; — G)wy|F] +E [hy — h|F]
=E [Gt — C_}’|}"t} wy  (wy is adapted by F3)
=0.
E (| Mo | 7] <2B||[(Ge = Qe | 7] + 2B ||} = B* | 7]
<2E [|Gy — G|I°] > + 28 ||| e — RJ’
<2Cy|[wi|* + 2Cp.

To verify Assumption A.17, we define for ¢ > 1

hoo(w) =Gw

Then we have h.(w) — hoo(w) when ¢ — co. Assumption A.19 ensures that the ODE

dw(t)
Tar o el)

has 0 as its unique globally asymptotically stable equilibrium (see, e.g., Section 5.5
of Vidyasagar (2002)). Theorem 7 in Chapter 3 of Borkar (2009) then asserts that
Assumption A.17 holds.

Theorem A.3 then asserts that the iterates {w;} generated by (A.4) converge to

a compact connected internally chain transitive invariant set of the ODE

d
—w(t) = h(w(?).

Assumption A.19 also ensures that the invariant set of the above ODE is a singleton
{—@_171} (see, e.g., Section 5.5 of Vidyasagar (2002)), which completes the proof. [

A.3 Results from Bertsekas and Tsitsiklis (1996)
Consider the iterates {w;} evolving in RX defined as
W1 = we + oy (A(Yy)w, + b(Y3))

where {Y;} denote a Markov chain in a space ), {a;} is a sequence of learning rates,

A and b are functions from Y to RE*X and R¥ respectively.
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Assumption A.20. {«;} is a deterministic, positive, nonincreasing sequence such
that

g at:oo,g af < oo.
t t

Assumption A.21. The chain {Y;} is ergodic. We use dy to denote its stationary

distribution and define

A =Eyay) [AW)],
b =Eyay ) [b(y)] -

Assumption A.22. The matriz A is n.d.
Assumption A.23. sup,cy [[A(y)| < oo,sup,cy [|b(y)]] < oo

Theorem A.5. Let Assumptions A.20 - A.23 hold. Then

limw, = —A"'b  a.s..
t—o00

Theorem A.5 is a simplified version of Proposition 4.8 of Bertsekas and Tsitsiklis
(1996) and we, therefore, refer the reader to Bertsckas and Tsitsiklis (1996) for a
detailed proof. We note that Assumption 4.5(e) in Bertsekas and Tsitsiklis (1996)
results directly from our Assumption A.21 (see, e.g., Theorem 4.9 of Levin and Peres
(2017)).

A.4 Results from Benveniste et al. (1990)

Consider the iterates {w;} evolving in RX defined as
Wi1 = Wy + Oth(wt, }/t—l—l)y (A5)

where {Y; € R } are random variables, {a;} is a sequence of learning rates, H is
a function from RE x Rl to RE. We use F, to denote the o-field generated by

{wy, Yo, Y1,...,Y;} and make the following assumptions:

Assumption A.24. {«;} is a deterministic, positive, nonincreasing sequence such
that

E at:oo,g al < o0,
t t
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Assumption A.25. There exists a family {Pw | w e RL} of parameterized transition
probabilities P, on RY such that for any B € B(RX),

Pr(Yi1 € BlF) = Py, (Yi, B).

Additionally, for any function f defined on RY, we define (P, f)(y) = [ f(z)P,(y,dz).
Here B(-) denotes the Borel sets.

Assumption A.26. Let D be an open subset of RX. For any compact subset QQ of
D, there exists constants C1,q1 (depending on Q), such that for any w € Q and any

Yy, we have
15 (w, y)[| < CL(L+ [lyl™).
Assumption A.27. There exists a function h : D — RX, and for each w € D, a
function v, : RF — RE | such that
(i) h is locally Lipschitz continuous on D
(ii) v(y) — (Puvw)(y) = H(w,y) — h(w) holds for all w € D,y € R:

(11i) for all compact subsets QQ of D, there exist constants Cy, Cs, qa, q3 (depending on
Q), such that for all w,w' € Q,z € RE,

[l ()] < Co(X+ [lyll™),
1(Puwr) (y) = (Purvwr ) )| < Csllw — w'[[(1+ |ly[|).

Assumption A.28. For any compact subset Q@ of D and any q > 0, there exists
constant Cy (depending on Q,q) such that for all t, y € R w € RE,
EI({wr € Q. k <t})(1+[[Yeqall") | Yo =y, wo = w] < Ca(1+ [y,

where 1 is the indicator function.

Assumption A.29. There ezist a function U € C*(RX) and w, € D such that
(1) U(w) — C < +o0 if w — ID or ||w| — oo

(1) U(w) < C for allw € D

(111) U(w) > 0, where the equality holds i.f.f. w = w,
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(iv) <%g”), h(w)> <0 for all w € D, where the equality holds i.f.f. w = ws,.

Theorem A.6. (Theorem 13 of Benveniste et al. (1990) (p. 236)) Let Assumptions
A.24 - A.29 hold. For any compact (Q C D, there exist constants Cy, qo such that for
allw € Q,y € RE, the iterates {w;} generated by (A.5) satisfy

Pr(tliglowt —w, | Yo = y,wo = w) >1— Co(1+ [ly]|®) Zoaf.
t=
We now consider a special case of Theorem A.6 where the chain is finite. Consider
the iterates {w;} evolving in R¥X defined as

Wip1 = Wy + Oétﬁ(wm Y1), (A.6)

where {Y;} are random variables evolving in a finite space )V, {y} is a sequence of
learning rates, H is a function from R¥ x ) to RX. Without loss of generality, let
Y ={1,2,...,N} C R. We make the following assumptions.

Assumption A.30. {«;} is a deterministic, positive, nonincreasing sequence such
that

E ozt:oo,g a? < o,
t t

Assumption A.31. There exzists a family {P,, € RN*N | w € RX} of parameterized

transition matrices such that the random variables {Y;} evolve according to
Y;H—l ~ p’wt(Y;f’ )

Let A, be the closure of {Pw | w e RK}, for any P € A, the Markov chain in Y
induced by the transition matrix P is ergodic. We use dp to denote the invariant

distribution of the chain induced by P. In particular, d,, denotes the invariant distri-

bution of the chain induced by P,. We define

Assumption A.32. P, is Lipschitz continuous in w. For any compact Q C R¥ and

anyy € Y, H(w,y) is Lipschitz continuous in w on Q.

Assumption A.33. There exist function U € C*(RY) and w, € RX such that
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(1) U(w) = oo when ||w] — oo
(ii) U(w) < oo for all w € RX
(i1i) U(w) > 0, where the equality holds i.f.f. w = w,

(iv) <d(£—£;”), h(w)> <0 for all w € RX, where the equality holds i.f.f. w = w,.
Corollary A.7. Under Assumptions A.30 - A.33, for any compact set Q C RX, there
exists constants Cy (depending on Q) such that for allw € Q,y € Y, the iterates {w;}
generated by (A.6) satisfy

Pr(tlggwt:w* \ Yozy,wozw> > 1—00;&5.

Proof. We proceed by expressing (A.6) in the form of (A.5) and invoking Theorem
A.6. Let

H(w,y) yey

)= {h<w> ey

Then (A.6) can be rewritten as
Wiy = wy + o H (wy, Yiga),

which has the same form as (A.5). Here the L in R* is 1 and we consider D to be
RE.

Assumption A.24 is identical to Assumption A.30. Assumption A.29 is implied
by Assumption A.33 via considering C' = 0.

To verify Assumption A.25, let

>y 0y (B)Pu(yy) yey

feln B2 {N(B) vy

where d,/(B) is the Dirac measure, N (-) denotes the normal distribution (we can
use any well-defined distribution on R here). Then Assumption A.25 follows from
Assumption A.31.

We now verify Assumption A.26. From Assumption A.32 and the finiteness of ),
for any compact @, H(w,y) is bounded on Q. So h(w) is also bounded on Q. Then
the boundedness of H(w,y) on @ follows immediately.
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We now verify Assumption A.27(i). First, for any compact Q C RX, H(w,y)
is Lipschitz continuous in w and bounded on Q. d,(y) is apparently bounded. By
Assumption A.31, for any P € A,, the chain induced by P is ergodic. It can be
easily seen from Lemma C.3 that d,, is also Lipschitz continuous in w. The Lipschitz
continuity of h(w) on @ then follows immediately from the fact that the product of
two bounded Lipschitz functions are still bounded and Lipschitz. Since we are free
to choose any @, h(w) is locally Lipschitz continuous in R,

We verify Assumption A.27(ii) by constructing auxiliary Markov Reward Pro-
cesses (MRPs) and using standard properties of MRPs. To construct the i-th MRP
(i =1,...,K), let H,; denote a vector in RY whose i-th element is H;(w,y), the
i-th element of H(w,y). For any w € REX y € V, we define a vector 7, (y) in RF by

defining its i-th element 7, ,(y) as

[e.o]

Dwz Z wz Yk z(w>] | Yb = y;Yk—i-l ~ Pw(Yka ) y

k=0

where h;(w) is the i-the element of h(w). By definition, 7, ; is the differential value
function of the MRP induced by P, in ) with the reward vector being H, ;. Since
P,, induces an ergodic chain under Assumption A.31, 7, is always well defined.
Moreover, h;(w) is the average reward of this MRP. It follows from Chapter 8.2.1 of
Puterman (2014) that for any w € RX and y € ),

Ew,i(y) = Hw,z(y) - hz(w) + Z Dw,i(y/)Pw(ya y,) (A7)
Vwi= HPwHw,ia

where Hp = (I — P+ 1d})~*(I —1d},) is the fundamental matrix of the chain induced

by a transition matrix P. Define

L (y) yeY

It is then easy to verify that for y € ),

(Pwyw)(y):/uw( )P(y, dx) / Za (dx)P Zuw y').

Fory ¢ Y, (Pyvw)(y) = 0. For y € ), Assumption A.27(ii) holds since it is just
(A.7). For y ¢ YV, Assumption A.27(ii) holds as well since since both LHS and RHS

are 0.
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We now verify Assumption A.27(iii). Since dp is Lipschitz continuous in P for all
P € A, and A, is compact, we have suppc, ||(I — P + 1d})~*|| < oo by the extreme
value theorem. Using the ergodicity of the chain induced by P and Lemma C.2, it is
then easy to see that Hp  is bounded and Lipschitz continuous in w. Consequently,
for any compact Q C R¥,w € Q,w' € Q, v, is bounded on @ and

|V — D | < HHPw - HPw,{

< Chljw — w'l| + Coffw — '],

[ Hui — Hur 4]

where the constant C) results from the Lipschitz continuity of Hp and the bound-
edness of H(w,y) on @, the constant Cy results from the Lipschitz continuity of
H(w,y) on @ and the boundedness of Hp . Since by Assumption A.32, P, in Lip-
schitz continuous in w, the Lipschitz continuity of P,v, in @ follows immediately,
which completes the verification of Assumption A.27(iii).

Assumption A.28 is trivial since ) is finite, which completes the proof. n
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Appendix B

Proofs

B.1 Proof of Theorem 3.1

Proof. Similar to Chapter 5.4 of Borkar (2009), we consider I'g,, the directional

derivative of I'p,. At a point € R¥, given a direction y € R¥, we have

FBI (ZE + 5y) - FBI (.I‘)

FBI (SC, y) = lim

5—0 )
Y, x € int(By)
=qYs r € 0B,y € F.(B))
—Tﬁﬁ%’ + ﬁ, otherwise

where int(B;) is the interior of By, B is the boundary of By,
Fo(B)) ={yeR"|30>0, st. z+dy€ B}

is the feasible directions of By w.r.t. x. The first two cases are trivial and are easy to
deal with. The third case is complicated and is the source of the reflection term ((t)
in (3.4). However, thanks to the projection I'p,, we succeeded in getting rid of it.

By (3.2), 6, € B; always holds. With the directional derivative, we can rewrite
the update rule of {6,} as

01 =T'p, <9t + Be(U'p, (wr) — et))

—g, 4 BtFBl (6, + BT, (Qg) —0;)) — T, (61)

=0, + 5, (fBl(Qt, U, (w) — 6;) + 0(3)) (Definition of limit)

We now compute I'g, (6;, T'p, (w:) — 6;). We proceed by showing that only the first

two cases in I B, (x,y) can happen and the third case will never occur.
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For 0, € int(B;), we have
L, (05, T, (wi) = 0,) = T, (wy) = . (B.1)
For 0, € 0B;, we have
(0, T, (wy) — 0;) = (04, T, (wy)) — R, < Rp,Rp, — Ry, <0. (B.2)

Let yo = I'p, (w;) — 6;, (B.2) implies that we can decompose yg as yo = y1 + y2, where
(01, 11) = 0 and (04, y2) = —||0]|||y=]|. Here y, is the projection of yy onto 6;, which
is in the opposite direction of #; because their inner product is negative and y, is the

remaining orthogonal component. By Pythagoras’s theorem, for any ¢ > 0,

16: + Syoll* = [16y21I* + 116 + 0|
= 8l + 116:1” — 2010 [2ll + 8% |1

For sufficiently small 8, e.g., 02|[y1]|* — 20/|0|| |ly=]l + 62[|y=]l* < 0, we have
165 + dyoll* < 116:1” = R,
implying I'g, (w;) — 6; € Fy,(B1). So we have
5, (00,5, (w;) — 6;) = T, (wy) — 6. (B.3)
Combining (B.1) and (B.3) yields

01 = 00+ Bi (T, (we) — b; + 0(51))
=0, + B¢ (I'p, (w(6:)) — 0 + (U, (wr) — T, (0™ (61))) + 0(5r))
=0, + B¢ (0" (6r) — 0 + (I'p, (we) — T, (w*(6:))) + 0(5t))

(Assumption 3.2)
= Qt + (h(@t) + Et) y
where

h(0) = w*(0) — 0,
e = I'py(we) — T, (w*(0:)) + o(Br)-

We now proceed by invoking Theorem A.3. Assumption A.13 is verified by Assump-
tion 3.3. Assumption A.14 is verified by Assumption 2.5. Assumptions A.15 hold

immediately because in this setting we consider we have M; = 0. Assumption A.16
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hold thanks to Assumption 3.1 and the continuity of I'p,. Assumption A.17 is verified
directly by the projection in (3.2). By Theorem A.3, we then have, almost surely, the
iterates {0} converge to a compact connected internally chain transitive invariant set

of the ODE

000 = (010) - 61).

Under Assumption 3.3, the Banach fixed-point theorem asserts that there is a unique
0* satisfying w*(0*) = 6%, i.e., 0* is the unique equilibrium of the ODE above. We now
show 0* is globally asymptotically stable. Consider the candidate Lyapunov function

1 .
V(o) = S0 -6,

or={u - o)

((t) = 07, w*(6(1)) — 0(1))
(O(t) = 07, w*(6(1)) — 0(t) — w*(7) +67)
ollt) — 6°|1* = ll6t) — 71",

We have

| N

where o < 1 is the Lipschitz constant of w*. It is easy to see
e V(0)>0
e V(0)=0 < 0=0"
e LV(6() <0
. %V(Q(t)) =0 < 0=06"

Consequently, 6 is globally asymptotically stable, and the invariant set of the ODE
is a singleton {0*}. We, therefore, have

lim 6, = 0",
t—00
tliglo wy = tliglo w*(0;) = w*(0) = 6".
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B.2 Proof of Lemma 3.2
Proof. By (3.2), 6; € By holds for all t. So

101 — 04|
:HI‘B1 <9t + B(I'p, (wy) — 9t>) — ', (0:)

<Bi||T,(w;) — 6;]] (Nonexpansiveness of projection)

<pB:(Rp, + Rp,).

B.3 Proof of Theorem 3.3
Proof. Consider the Markov process Y; = (S;, Ay, Siy1) involving in the space
Y={(s,a,5")|s€S,ae A s €8, p(s|s,a) > 0}.

By Assumption 2.8, Y; adopts a unique stationary distribution, which we refer to as

dy. We have dy(s,a,s") = d,(s)u(als)p(s'|s,a). We define

he(s,a,s') = (r(s, a) + 7 Z m(ad'|s )z (s, a’)TFBl(9)> z(s,a),
Go(s,a,s") = z(s,a)x(s, a)Ta—i- nl.
As 0, € By holds for all ¢, we can rewrite the update of {w;} in Algorithm 1 as
Wey1 = W + ag(hg, (Y2) — Go, (Ye)wy).
The asymptotic behavior of {w;} is then governed by

h(0) = Esa,5)mdy () [P0 (5, a, 87)]
= XD, +yX "D, P XTp,(0),
é<9) = E(s,a,s’)wdy(')[Gg(S, a, 8’)]
=X'D,X +nl.

Define
w*(0) = GO)'h(0) = (X "D, X +n]) ' X" D,(r + yP XT'g,(0)).  (B.4)
We now verify Assumptions 3.1, 3.2, and 3.3 to invoke Theorem 3.1.
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We first verify Assumption 3.1 via invoking Corollary A.2. The Py in Section A.1

is now a constant function in our prediction setting defined as

Py((s1, a1, 5). (59, 2, 51)) = {M(a2|52)p(5’2|82,a2), sy = 2
0, otherwise
Assumption A.1 follows from the definition of Algorithm 1. Assumption A.2 follows
from Assumption 2.4. Assumption A.3 follows from Assumption 2.5 and Lemma 3.2.
Assumption A.9 holds because Assumption 2.3 and > 0. Assumption A.10 holds
because Lp is now a singleton. Assumptions A.11 and A.12 is self-evident according
to the definition of hy and Gy. Invoking Corollary A.2 then verifies Assumption 3.1.
To verify Assumption 3.3, we use SVD and get

DX =U"xV,

where U,V are two orthogonal matrices and ¥ = diag(|...,0,...]) is a diagonal

matrix. Assumptions 2.8 and 2.3 imply that o; > 0. We have

H (XD, X +4I)' XD} (B.5)
=V (Z* +nD)'SU||
=|(Z* + nI) 75|

O'A
=i LA
o[ 7))l
1
=max —
i 0;+n/o;
1
S_
2V
According to (B.4), it is then easy to see
[Jw™(61) — w* ()|
v 1
<Dz P || IX||IT5,(61) — T5,(6
SN [ XL 5, (61) — I, (62)]
y 1
<L \DzP|I1X|I6: — 6
=3 il X116+ — ]|
y 1 _1 1
<g 7 |[DEP-Di | [z 1x 6, — 62
Y 1 .
=gl |[D2 11161 = 1) (Using (C.3))
Take any ¢ € (0,1), assuming
2(1 -8y
X1 < Vi (B.6)

B ’VHPW”du maxs q /dy(s, a)7
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then
[w*(61) — w* () < (1 —&)[6r — 0.

Assumption 3.3, therefore, holds.
We now select proper Rp, and Rp, to fulfill Assumption 3.2. Plugging (B.5) and
(B.6) into (B.4) yields

1 1
0l < 2 [obe] -
Jw @)l < 5 |[pir] + 1= O)8s,
1 1
= Rp, — &+ (ﬁHDﬁT ‘ +&—ERp,)
For sufficiently large Rp,, e.g.,
R L\ pze|| + 1 B.7
> - .

&ﬁmﬂﬂ+, (B.7)

we have supy ||w*(0)|| < Rp, — . Selecting Rp, € (Rp, — &, Rp,) then fulfills As-
sumption 3.2.

Now Theorem 3.1 then implies that there exists a unique 6., such that
W (0s) =0 and lim 6; = lim w; = O.
t—o00 t—o0
Next we show what 0., is. We define
f(0)=(X"D,X +nI)'X"D,(r +vP,X0).

Note this is just the right side of equation (B.4) without the projection. (B.5) and
(B.6) imply that f is a contraction. The Banach fixed-point theorem then asserts

that f adopts a unique fixed point, which we refer to as w;. We have

1
2
Dj

= ;)

[y < —(lIrll + 1P,

1
2/
I« _—
< g+ (1= Olwil (Using (B6))

_ 7l
N

Then for sufficiently large Rp,, e.g.,

1Tl

= |}

(B.8)



*
we have w; = I'p, (

(B.4)) as well. As w*(-) is a contraction, we have ., = w;. Rewriting f(wy)

yields

Awy —nwy +b =0,

In other words, wy is the unique (due to the contraction of f) solution of

Combining (B.6),

We now bound HX w;;

projection ng

as

(A=nlw+b=0

(B.7), and (B.8), the desired constants are

2(1-¢6)vn
Y Prlly, mass.a /du(s, a)’
C, = M + 1.

26/

0:

I,y = X argmin (|| Xw = yll}, +nflw]?)
=X(X'D,X +n)'X"D,y.

IT5, is connected with f as I} 7-(Xw) = X f(w). We have

*
1w

_QWH

Xwy =11 qx +HHd Ir — qr

Xf(wy) =105 gr || + HHd Ir — G

15 To(Xwy) — 115 Trgx +HHd Ir — Gx
HZ v Pr Xwy, —HZ YPrq- || + HHd Gr — Qr
VI Pr(Xw) = gz) +’HZ 4r — Gr

\hX (XTDX + D) XD, B[ Xw; = gel| + |17, 47 — o

1_ HXU} qWH—i_HHd 9r — Qr

(Using (B.5) and (B.6))

The above equation implies

HXU) _QWH < HHd dr — 4rn

(Hnd r — HdMQTF

1
<3 + e —ae])
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wy), implying w; is a fixed point of w*(-) (i.e., the right side of

_ *

— qﬂH. For any y € RIS, we define the ridge regularized

(B.9)



We now bound HHZu — g,

Hngu || < IXN|[(XTDLX +nD) " = (XTD,X) Y| XD, (B.10)

11 1 1

- D,ﬁDﬁX‘ VT (22 +nD)" — E‘Q)VHHXTDELD,E
_1 B B 1

< | D3 ||isil2 + nnt - 5210 i

< || D ||| i R — I=0||D

>~ o g 70_12(77+0_12), L
_1 n H 1

< |22 |12 max ———1—=|ll| D2

< [Jor freimas 2| o2

< || Dz {1212 max || Dz

i 0

L omax(2)? || 13

< |pyz||Zma =) |l pa

(Omax(+) and omin(+) indicate the largest and smallest singular values)

1 1
UmaX(DﬁX)2 UmaX<D/3)
= 1 T 7
Omin(Di X)* omin(Dj7)
Omax(X)2
o O-min()()40-min(l)u)Qﬁ77

(Using omax(XY) < 0max (X)Omax (Y ); 0min(XY) > 0min (X)) omin (V) )

Finally, we arrive at

Omax (X)2
Umin(X)4Umin(Du

which completes the proof. O

1
[, —anll < & szl + [o.ge — ac]).

B.4 Proof of Proposition 4.1

~

Proof. First, Ty My, = my, follows directly from (4.4).

Given any two square matrices A and B, the products AB and BA have the same
eigenvalues (see, e.g., Theorem 1.3.22 in Horn and Johnson (2012)). Let p(-) denote
the spectral radius. We then have

p(yD;'P!D,) = p((vP; D,)D;") = p(vP/}) = p(yPx) < 1.

Clearly 7D;1P7rT D, is a nonnegative matrix. Then Lemma C.4 implies that ﬁr,u is a

contraction mapping w.r.t. some weighted maximum norm. O]
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B.5 Proof of Theorem 4.2

Proof. Define

. | Rk
w =
k U, )
r ! T / IN\T
Q. = LTy, vy (YorTk — T},)
k — / 1T 0 )
_(fk — YPrTk)T),
[er 0
hy = LTy
0

Then the updates to {xy}, {v} in Algorithm 2 can be expressed as
Wit1 = Wi + Oék(Gk’LUk + hk)

We now proceed via invoking Corollary A.4. It can be easily computed that

o T
G =E[Gy] = [—fiﬂu Aa,u}

BiEU%L:{XZ?M}

Assumption A.18 holds because we consider a finite MDP so

sup max {[|Gy|l, [|hx[|} < oo,
k

It remains to verify Assumption A.19. To this end, we follow the routine of Sutton
et al. (2009). According to Lemma C.6, we have

det(G) = det(C,,) det (AW,HC?A;“) # 0.
This means that all eigenvalues of G are nonzero. Let A € C be an eigenvalue of

G and y = Bl] € C2?K be the corresponding normalized eigenvector, i.e., yoy = 1,
2

where y" denotes the complex conjugate of y. We then have

A =y"y =y"Gy
= — 1 Cuyn — y3' Av i + yi ALy

Let Re(-) denote the real part of a complex number. We then have

Re <y2HA7r,uy1) = Re ((ywa,uyl)H> = Re (y{IA;lr—,M?D) .
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Consequently, we have
Since A # 0, we have

Assumption A.19 is then fulfilled.
Invoking Corollary A.4 then asserts that

lim w, = -G 'h as.
k—o00

Using block matrix inversion yields

lim v, = — (AL) " X D,i.

k—o0

It is easy to verify that
L(v) =0
> X'D, (i+~D,"P! D, Xv—Xv) =0
= A, v+ X'D,i=0,

which completes the proof. O]

B.6 Proof of Proposition 4.3

Proof. The proof follows a similar routine as the proof of Theorem 2 in Kolter (2011).

We include the full proof for completeness. First notice that
|14, D, P/ D, Xv||, <[IXv],,
— uTXTDuPﬂXC;lXTMPﬂT D, Xv<v'Cuw
v (X'D,PXC'X"P!D,X —C,)v<0. (B.11)
Assumption 4.1 and a property of Schur complement ensure that (B.11) holds for any
v. We then have

[ Xvi — mw,u”du

S”XV* - Hdumﬂ':quu * HHdum”:u N m’WHdu

= HHdH’?;T,u(XV*) - Hduﬁr,umﬂ',u

. + HHd,meu - mmquM
:’Y”HduD;lPJDu(XV*) - HduDﬁlpijummquu T ”Hdumﬂ»u - mﬂU#Hdu
<3|, Dy P Dy(Xv.) = Ty, D P Dyl |,

M0, D P DMl = T, D Py Dy, + [Ty = 1,

m
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For the first term, there exists a 7 such that Xv = Iz, m, ,. Consequently, we have

e, D, B Dy(X 1) = T, Dy, Py Dl |,
=||t, D' Py DX (v = D),
<[IX (s = 2)llg,
M1, X0~ T,

<[ Xvi = mrplly,-
For the second term, we have

|y, D, P DIy, may — g, D P Dy || 0

<D P Dol Mgy = -
Putting them together yields

(1= NXve = mall,,
< (14 102 2T D, ) Mg = ],

— (1 + HPdeu) HHdummu — m”vl‘”du (Lemma C.11)

which completes the proof. O

B.7 Proof of Theorem 4.4
Proof. Define Y; = (S, Ay, Siy1) and
Y={(s,a,8)|s€S,ae A, s €8, ulals) > 0,p(s|s,a) > 0}.

It is easy to see that the chain {Y;} is ergodic and its stationary distribution is
dy(s,a,s") = d,(s)u(als)p(s'|s,a). The the update of {w;} in Algorithm 3 can be

expressed as

Wi = Wy + o (A(Yy)we + 0(Yy))

where
Al(sva ) = (a(s) ) T2 (0(s) — (5)”
b((s,a,s")) = (JJ(S)TV*) Zgz;gx(s)r(s,a)



It can then be computed that

A i]E(Sva,s’)Ndy(') [A((s, a, 5/))] = XTDuDV* (vPr—1)X,
b =E(s.0,5)may() [0(s,a,8)] = X ' D,D,, 7.

We now proceed via invoking Theorem A.5, which requires to verify Assumption A.22.

Under Assumption 2.3, A is n.d. if and only if
DDy, (vPr —I)
is n.d. The above matrix is n.d. if and only if
DD, (vPr —1) + (VPWT —1)D,.D,

is n.d. Sutton et al. (2016) show that Dy (vPr — I) is n.d.. Consequently, by the

definition of f; ,, we know that
D,U«'Dm‘rr,/,L (’YPW - [>

is n.d., where D,, . = diag(my,). This implies that

DHDmTr,,u, (fyPﬂ' - [) + (’yPﬂ'T - I)Dm‘/r,p,D;Uf
is n.d. Let \,,;;, > 0 denote the minimum eigenvalue of

DDy, (I —~P)+ (I —vP)D,,. D,
We then have, for any z,

2" (DD, (I = vPy) + (I = YP])Dun . D,) 2 > Aoin|| 2]

Consequently,

2" (DD, (I =vPx) + (I =vP1)D,,D,) z
=2" (DyDy, (I —vP:) + (I —vP)D,,, ,D,) =

+ 2" (Du(Dy. = Dy, ) =7 Pr) + (I =P )(Dy, = Dy, ) D) 2
>Amin|2* = 21 Dll11 = 7Pe ||| Do = D, || 12117
2 (Amm — 2maxd,(s) max |z(s) v — ma ()| - vaH) [Ell

This implies that as long as

)\min

2max, d,(s)||I — vPr|’

max |2(s) v — ma,(s)| < & =
S
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the matrix D, D, (I —~P;) +

(I —yPI)D,.D, is p.d., i.e., Assumption A.22 holds.

Theorem A.5 then asserts that

lim wy = We.
t—o00

We now proceed to bounding || Xw., — v,||. We have

[Xwoo — v <[[Xwoo = Xw.|| + [ Xw, = v,

where

IU* = — (XTD,U,Dmﬂ,p,(’YPﬂ' - ‘[>_1X) XTDH‘DmWaNTﬂ-'

Hallak et al. (2016) show that

R (AT

It thus remains to bound ||w., — w.||. Define

We have

[woo — w.]]

+|| (X" DD Ax)

IN

(X"D,D,,, AX) "
x || X" DDy, x|
+[|(xTDuDLAX)

:H (X"D,D,, AX)""

To bound ||(X7D,D,. AX)~

<|(X"DuDp, AX) " = (XTD,D, AX) "

AN=~P, — 1.

|X " DuDn |
| X" DyDu, 1 — X " DDy r|

(X DD, AX) ™

IXIPIDL AN Do, = D,

IXIPHDul| Do, = D

|7z||  (Lemma C.2)

O (61) .

IH, we use Corollary 8.6.2 of Golub and Loan (1996),

which states that for any two matrices Y; and Y5,

where oy, (+) denotes the minimum singular value. Define

€2

. Omin (XTD,D

i NX)
2
21 X[ Dy Al
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If

max |$(8)TV* — M u(s)] < e,
S

we have
|(x" DD AX) ™
B 1
 Opin (XTD,D, AX)
B 1
 Opin (XTDyDyy, AX + XTD,(D,, — Dy, ,)AX)
_ 1
" Opmin (XTDuDy,, AX) — || XTDu(D,, — Dy, )JAX ||
- 1
" Omin (XT DDy, AX) — [ X[ | D[ [ Al max, [2(5) v — g u(s)]
< 2 .
= Omin (XTD, D, AX)
Setting € = min {€y, €5} then completes the proof. O

B.8 Proof of Theorem 4.5

Proof. The proof is a combination of the proof of Theorem 4.1 and the proof of
Lemma 5.1 up to change of notations and is thus omitted to avoid verbatim repetition.
m

B.9 Proof of Proposition 4.6

Proof. The proof is a simplified version of the proof of Proposition 4.4 and is thus

omitted to avoid verbatim repetition. O]

B.10 Proof of Lemma 5.1
PT’OOf. Let Tj = (sj,aj,sj_l,aj_l, .. .sl,al), F]‘ = (St—j7At—ja . 7St—17At—1)7
men(s) = E[F]S; = s] (B.12)

= ZVjE [Pt—j:t—lit—j| Sy = 3]

=0

=> 9 > Pr(l; =118 = 8)E[pr_jurir4|T; = 75, S = 5]
j=0 TjG(SX.A)j
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(Law of total expectation)

3

Pr(l'; =7;,S: =s
PI'(St = 8)

)E[pt*jitflitfj‘rj = Tj? St — S]

|
2
<.

(Bayes’ rule)

3

Pr(l; =7,5 =s).
Pr(S; = s) i(sj)p(sj, aj) - p(s1,a1)

Pr(Si—; = s5) Pr(sj,8j-1) - -~ Pr(82, 81) Pr(s1, s)i(S')
Pl"(St = 3) ’

j=0 ’T]'E(SX.A)j

Pr(S, . = s )PI(s.;

r(Si- SJ_ W(S]’S)i(sj)
Pr(S; = s)

I

Consequently,

e () = Jim ()

In a matrix form,
Mo pn = Z’WD (P]Y D,
lim g, =D, (I — YPI)'D,i.

n—oo

B.11 Proof of Lemma 5.2

Proof.
My pun — Mgy = Z ’YJD jDﬂ’l
j=n+1
o7 (3 w‘(PJ)j) D,
Jj=n+1

= Dy P (T =P D
= ’7n+1Du1(P7;r)n+1Dum7r,u7
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implying

170 = Mally <A™ DDl Imlly  (Using [|B] |, = 1Pl = 1)
d
=" gl
du,min

o=l < 1Dl 0mm = Timal < et — il
S du,mameﬂ,u,n - vaMHoo

2

n+1Ypmaz

du,min

B.12 Proof of Lemma 5.3

Proof. In this proof, we use f, and f as shorthand for f.,, and f;, for easing
presentation. Let Dy, be a diagonal matrix whose diagonal entry is f,, and Dy, _f be

a diagonal matrix whose diagonal entry is f,, — f. We have
y' Dy, (vPr = D)y =y Dy, —y(vPr = )y +y Ds(vPr — D)y
< NYl* 1Dy, sy Pr = Il + 4" Dy(vPr = Dy
<Nyl fn = Fllo IV Pr = I + 4" Dp(yPr = Dy

Similarly,

vy (vP] = DDgy < |l fu — Flolv Py —I|| +y " (vP] — I)Dyy.

Combining the above two inequalities together, we get

1
§yT (Dy,(vPr =)+ (vP] —I)Dy,) y

1
<l fn = FlloolvPr = Tyl + 59" (Ds(vPr =)+ (yP7 = 1)Dy) y

(Invariance of /5 norm under transpose)

< fn = Flo IV Pr =TI = Apin) l9]]>

(Eigendecomposition of real symmetric matrices)

d2 max
<O [l 1y Pr = I = Amin) yll* - (Lemma 5.2)

d,u,mm
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As long as the condition (5.4) holds, the above inequality asserts that
Dy, (yPr = I) + (yP! = I)Dy,

is n.d., implying Dy, (yPr — I) is n.d.. This together with Assumption 2.3 completes
the proof. O

B.13 Proof of Theorem 5.4

Proof. In this proof, we use f, as shorthand for f: ,, for easing presentation. Let

Y = (Si—n, Aty ..., St, Ar, Si41) be a sequence of random variables generated by
Algorithm 4. Let y; = (S4—n, @t—n, - - -, St, ¢, S¢11) and define functions
o mlaxdse) (] s1)
A = E J ”&zs sl z(sp1) —x(s) "),
(yt) (]07 <k_t_j ﬂ(ak|3k)> ( )) N(at|st) ( t) (’7 ( t"rl) ( t) )
(T m(aslse) m(ais:)
b = E J SRR Y sy il x(8:)r(se, ag).
(yt) (J.:Of)/ (k:tj //L(ak|5k)> ( t ])) //L(at‘st) ( t) ( t t)

Here y; is just placeholder for defining A(:) and b(-). Then the update for {w;} in

Algorithm 4 can be expressed as
W1 = Wy + oy (A(Y})wt + b(m)) .

We now proceed to confirming its convergence via verifying Assumptions A.20 - A.23
thus invoking Theorem A.5.
Assumption A.20 is identical to Assumption 2.4. Assumption A.21 follows directly

from Assumption 2.8. And it is easy to see the invariant distribution of {Y;} is

dy(yt) = du(stfn),u(atfn|5tfn)p(5tfn+1|3t7n7 atfn) . ‘P(3t+1‘3t7 at)- (B-13)
Moreover,

A =By () [AY)]

=Ey,~dy() [Ft nPtTt ’Yﬂft+1 x:)}
= Z d,(s)p(als)p(s'|s, a)E [Ft,nptxt(”yx;rl - x:)‘ S =s,A=a,S1 =5

sas

(Law of total expectation)

= Z d,(s)m(als)p(s'|s, a)E [Fy | S; = s]x(s)(yx(s) " —2(s)")

s,a,s’
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(Conditional independence and Markov property)

= Z d,(s)m(als)p(s']s, a)mr un(s)z(s)(y2(s))" —2(s)") (Using (B.12) and (B.13))

s,a,s’

= 3" fus)mlals)p(s'ls, a)e(s)(va(s)T — 2(s)T)  (Definition of f,)

=X"Dy, (vPr — I)X.

In the above equation, we have abused the notation slightly to use Y; to denote

random variables sampled from dy. Similarly, it can be shown that
b= Eyiay [B(Y)] = XDy 1o

Lemma 5.3 confirms that A is n.d., verifying Assumption A.22. Assumption A.23 is
obvious since |S|, | A|, n are all finite, which then completes the proof.

Note this procedure cannot be used to verify the convergence of the original
ETD(0), where we would need to consider Y; = (F}, S;, A;). Since F; involves in
R, Assumption A.23 cannot be verified. n

B.14 Proof of Lemma 5.6

Proof. In this proof, we use f, f,,, m, m, as shorthand for fr ., fr un, Mx s M pun for
easing presentation. Since i(s) > 0 holds for any s and P, is nonnegative, from

Lemma 5.1 it is easy to see for any n; > nao,
My (8) > My ()
always holds. Then by the definition of f,,

Jni(8) > fny(5)

holds as well. In particular, for any n > 1,

f(s) > ful(s) > fo(s) = d,(s)i(s) > 0.
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For any v, we have

YNPwll}, =7 fals) (Z Pr(s, S’)U(S’)>

<7 Z fn(s) Z Pr(s,8)v*(s")  (Jensen’s inequality)

=7 V()Y fals)Pa(s,s
=v'diag(yP] fu)v
=" diag (fn - (I - fyPWT)fn) v
:Uleag(fn_(]_’YPJ)f—’_ I_IYP;)(f_fn»U
= [v]|3, — v diag (I = yP])f) v+ v'diag (I = yP])(f = fa)) v
= |[oll}, = oI}, + v diag (I = vP1)(f = fa)) v
(Using (I —yP)f = (I =yP1)I =P )" Dyi = fo)

< |lolly, = llollg, + (2 =P = F)l ol

(Property of ¢5 norm of a diagonal matrix)

deax
< Jlollf, = loll7, + [(1 = vBD)| 7™ == ]l Jol*  (Lemma 5.2)

d,umm
< Jlolly, = [loll7, + £ mini(s)d.(s)[[v]*  (Using (5.5))
< l[vlly, = llvll5, + sllolly,  (Using mini(s')du(s') < fo(s) < fa(s) )
= (L+w)lvl7, = Il

= (L+w)lloll}, =D v(s)*du(s)ils)

S

= (4 IR, ~ el
< (L+8)|ol3, —HZ )2f(s) (Definition of x and f(s) > 0)
< (L+m)|ollf, - KZ fal(s) (Using f(s) > fu(s))
= lvll},
Consequently,

1 Tevr = Trvally, = 2211 Pe(or = w2) I}, < vllow = wall
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implying that 7 is a \/7-contraction in [-[|;, . Since IIy, is nonexpansive in ||-||, , it
is easy to see that Ily, T is a /7 contraction in [|-||;, as well.

For the fixed point w, ,, we have

Apw,,, = by, (B.14)
& X'D; (YPr — NXw,, = X Dy 1y
<= XDy (rx + P Xw,,) = X" Dj, Xw, ,
— X(X'Dy,X)'X"Dy, (rr + P Xw,,) = X(X D, X)"' X" Dy, Xw,,
= I, Tr(Xw,,) = Xw,,.

Then,
[ Xwsp — UW”?% = || Xwsp — anvwllffn + [y, vr — Ufr”?fn
(Pythagorean theorem)
= |1y, Te(Xwen) = g, Ty, + 1T, 00 — orll],
<X wen = vlly, + 10 = el
Rearranging terms completes the proof. O

B.15 Proof of Lemma 6.1

Proof. Obviously, for any v € [0,1], 7, is a solution. For v < 1, 7, is the unique
solution to (6.1) because I — P/ is nonsingular. We now proceed to showing the
uniqueness of 7, when v = 1.

Let 7 be a solution to (6.1) and (6.3), i.e., D,7 = P D,7. This means that D7 is
a left eigenvector of P associated with the Perron-Frobenius eigenvalue 1. Note d - is
also a left eigenvector of P, associated with the eigenvalue 1. According to the Perron-
Frobenius theorem for nonnegative irreducible matrices (Horn and Johnson, 2012),
the left eigenspace of the Perron-Frobenius eigenvalue is 1-dimensional. Consequently,

there exists a scalar « such that D,7 = ad, . We then have
a=al'd,,=1"D,r = d;T =1,

implying D, 7 = d., i.e., T = 7,, which completes the proof. O]
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B.16 Proof of Theorem 6.3

Proof. Let

R
dkﬁ Wk | -
Nk

We can then rewrite the GradientDICE updates in Algorithm 6 as

di1 = dip + a4 (Grgrdy + i)

where
[ — Xy, T, —(zx — yxﬁc)xg 0
Gry1 = |ap(x) —ya))) —&1 ATy |,
i 0 )\xg —A
-(1 - 7)3?0 k
Jk+1 = 0
-

We now proceed via invoking Corollary A.4. It can be computed that

-C AT 0
G=E[G]=|-A —¢I —XXTd,|,
0 MIX -\
(1 - V)Xpooﬂ
g =Elg] = 0
)\

Assumption A.17 immediately holds because we consider finite MDPs. It remains to
verify Assumption A.19.
We first show that the real part of any nonzero eigenvalue of G is strictly negative.

Let ¢ € C,( # 0 be a nonzero eigenvalue of G with normalized eigenvector z, i.e.,
rhr =1,

where 2% is the complex conjugate of . Hence 27Gz = (,z # 0. Let

X1
= |22,
Zs3

where z; € CK, 2, € CK, 24 € C. It is easy to verify

(= —28Cr — o Ax; + 2F A2y — €xflzy + )\xngXa:Q — A\t X Td, x5 — Aol 3.
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As Aisreal, AT = A" Consequently, (i Azy) = 2iT ATz, yielding
Re(xl Axy — 2 AT2,) =0,
where Re(+) denotes the real part. Similarly, we can show
Re()w?cl;Xxg — A X Td,x3) = 0.
Consequently, we have
Re(¢) = Re(2"Gx) = -2 Cay — €xll vy — Mol 2.

According to Assumption 2.3, x¥Cz; > 0, where the equality holds i.f.f. x; = 0.
When v < 1, we have £ = 0. Then ¢ # 0 implies at least one of {x, 23} is nonzero.
Consequently, we have Re(¢) < 0. When v = 1, we have £ > 0. Then ¢ # 0 implies
at least one of {1, za, 3} is nonzero. Consequently, we have Re(¢) < 0.

We then show 0 is not an eigenvalue of G, which completes the proof. It suffices
to show det(G) # 0. Applying Lemma C.6 to G yields

—-C AT [0 0
det(G) = — Adet <[—A _51] + A {O —)\QXTdudIX]>
C —AT
_(__1\2K+1
=(=1)7 A det ({A el + /\XTdudZXD
=(—1)* "X det(C) det (£ + AX Tdyd, X + ACT'AT).

Note A X Td#d;X is always positive semidefinite. Assumption 6.1 ensures at least one
of {£1, ATC~1 A} is strictly positive definite, which ensures det(G) # 0 and completes
the proof. O

B.17 Proof of Proposition 6.4

Proof. According to the Perron-Frobenius theorem (cf. the proof of Theorem 6.2), it

suffices to show

Ly (lim woo,f) =Ly (lim wooé) =0,
£—0 £—0
L1 (woo@) = d;Xwooé - 17

Lo(wae) = || DpX e — PT X Dyt
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as w, is the only w satisfying L;(w) = La(w) = 0. With the eigendecomposition of
ATC~'A, we can compute = explicitly. Simple algebraic manipulation then yields
MuT Agu
Li(wseg) = Ti3umics — L

AuTAcu NeuT AZu
Lo(wog) = : :
2\Woo,¢ A uTAw)? 7 A T Agu)2?

where A¢ = diag(] L %7 cee %]) The desired limits then follow from the

1
E+A17 77T A
L’Hopital’s rule. [

B.18 Proof of Theorem 7.1

Proof. The proof is similar to the proof of Theorem 3.3 in Section B.3. We, therefore,
highlight only the difference to avoid verbatim repetition. Define

o= o= o]
g R IR e A L LR

AN -1 O
G0(57a78) - _O x(g,a)$(s,a)T+77]].

We can then rewrite the update of 7 and w in Algorithm 7 as
ut-i—l = Uy + at(het (Yt) - GGt (}/;f)ut)

Similarly, we define

h(0) = E(s.0,5)mdy() [ho(s,a,8')] = hi + HaT'p, (6),
b = {Xﬂgﬂr}’m = [—XOTd“ dé(fﬁfp%}

G(8) = E(s 0,5y () [Go(s, a, 8)] = [(1) XTD“(;( n 771}’

u*(0) = G(0) " h(0).
We proceed to verifying Assumptions 3.1, 3.2, and 3.3 to invoke Theorem 3.1.

Assumption 3.1 can be verified with Corollary A.2 in the same way as the proof
of Theorem 3.3 in Section B.3.
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For Assumption 3.3 to hold, note

7(0) 7| = max T -1 max l
600) | = mas {1, 7D X +u1) |} < mac {1,

2
— 2 — 2
HHQH = max HHQUH = max

{ d} (Pr — I)Xw }

l[ull=1 =1 |-X"d,7+ X"D, P, Xw
— 41, ~ DXl + |~X T + XD, Xl

< max ] (P — D)X [Jwl|* + 2)| X Td|*l|7)* + 2|| X T D, P X || Jw])*
" 2] x4, }

< max {|af (P = DX + 2] X" D, P, X
— ||l < X max {[[d] (Pr = D)]| + V2 DuPrll, V2dy ] }.

The above bounds together with Lemmas C.1 and C.2 suggests that
[ (61) — " (62)]]
1
< {1, b e {1 (P = D+ VEIDL P V2 6~ bl

Take any ¢ € (0, 1), assume
1-¢

1X < 1 ,
max {1, 1} max {| ] (P; = 1)]| + V2IDuPrll, V2, |}

(B.15)

we then have
[u*(01) — u*(62)] < (1 —&)[|61 — Oal|-

Assumption 3.3, therefore, holds.
We now select proper Rp, and Rp, to fulfill Assumption 3.2. Using (B.15), it is

easy to see

lu*(8)|] < max {1, %}H%H +(1—€)Rp,.

For sufficiently large Rp,, e.g.,

Rp, Zmax{l,%}”th +1, (B.16)

3
we have sup, ||u*(0)|| < Rp, —&. Selecting Rp, € (Rp, —&, Rp,) then fulfills Assump-
tion 3.2.

Invoking Theorem 3.1 then implies that there exists a unique 6., such that

U (0x) =0 and lim 0; = lim u; = 0.
t—o0 t—o00
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Next we show what 6., is. We define
f(0) = G(0)  (hy + Hab).

Note this is just u*(d) without the projection. Under (B.15), it is easy to show f is
a contraction. The Banach fixed-point theorem then asserts that f adopts a unique

fixed point, which we refer to as u;. Using (B.15) again, we get

{1,%}“/11\\ (1=

*
n

17

e

Then for sufficiently large Rp,, e.g.,

o2 3,11 o

we have u; = I'p,(uy), implying u; is a fixed point of u*() as well. As u*(-) is a
contraction, we have 0, = u,. Writing u; as {w:%] and expanding f(u;) = u; yields

dT(r+PXw — Xwy),
= X'"D,r— X"d,#; + X' D, P, Xw,.

"
(XD, X +nl)w; =
Rearranging terms yields (A — nl)w} +b =0, ie., wy is the unique (due to the
contraction of f) solution of (A — nl)w + b = 0.

We now bound HX wy — cjfrH. Recall the regularized projection defined in (B.9).
We have

[ Xw;, - a||
< )Xw .

+ HHd q_fT_qﬂ'

_ )X (XTD,X +0I) (X Dyr = XTd, 5 + XD PrXw)) — 117

113, 6z — @z
:)1_[77 (r + Pr Xwy) — 11} L+ Pray)

+ HHd ¢ —@|| (Using X'd, =0)

:)H” (Xwy — )

+ HHd q’JCT_q’]T

<|[X(X"D,X +nI) ' X "D, Pr|| || Xw; — & + Hﬂdﬁfr—qw

< IXIPID, P X = 7| + 02 —
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Assuming

(B.18)

we have

1
| — ael| <g s, — o

1 O-maLx()()2 — . »
SE (a in(X) 40 min (D )245Hq7r‘|77+ HHduqn—qﬂ”> (cf. (B.10))
min min y2

It is then easy to see

|72:; - 727r|
<ld, (Px = D(Xw} = a7

1 O-maX(X)Z —C —~C —~C
Sng;(PW B ])H <Jmin(X)4amin(Du)2'5 Izl + HHd“qﬂ B qﬂH)'

Taking infimum for ¢ € R then yields the desired results.
Combining (B.15), (B.16), (B.17), and (B.18), the desired constants are

1-¢ (1=
max {1, %} max { || 4] (Py = I)|| + V2| D Pill, V2|1 d,||} V I1Pulx]

C, = max{l,l}M +1,
n) &

which completes the proof. O

Co = min

I

B.19 Proof of Theorem 8.1

Proof. With

we rewrite the updates to {wy}, {vx} in Algorithm 8 as

K41 = ki + o (Grkr + hy),

where
T A T T T
G = —Tk1L 1 ZZf/’c,1<xk,1 - xk,l) - xk,l(xm - xk,2)
- / T / T ’
—(Try — @) )Ty + (Tro — T o) Ty —nl
By = Tk1Tk1 — Tk 2Tk,1
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The asymptotic behavior of {k;} is governed by

o-ve-[ 5 4]

e - [[].

We now proceed by invoking Corollary A.4. Assumption A.14 is satisfied by our
requirement on {ay}. Assumption A.16 holds immediately because in our setting we
have ¢, = 0. Assumption A.18 holds immediately because we consider a finite MDP.
To verify Assumption A.19, we first show det (@) # (0. Using the rule of block matrix

determinant, we have
det(G) = det(C) det(nI + ATC™A).

Assumption 2.3 ensures that C is positive definite and ATC~'A4 is positive semidef-
inite, implying nl + ATC~'A is positive definite. Consequently det(@) # 0. Let
A € C be an eigenvalue of G. det(@) # 0 implies A\ # 0. Let z # 0 € CX be the

H

corresponding normalized eigenvector of ), i.e., 2z = 1, where 27 is the conjugate

transpose of z. Let z = {il}, we have
2

AN=2"Gr = 20z — 2T A 2y + 2 A2y — 2l 2.
As (2 AT2)H = 20 Azy, we have Re(—28 ATz + 2 Azy) = 0, where Re(+) denotes
the real part. So
Re(\) = —21Cz —nzi' 12, < 0.

Because A # 0, we have Re(\) < 0. Assumption A.19 then holds. Invoking Corol-
lary A.4 yields

lim k, = —G'h  as.
k—o0

It can be easily seen when A is invertible, even if n = 0, det (G) # 0 still holds.
Consequently, the convergence of {k} remains. Let wy be the lower half of —G~'h,
we have by matrix multiplication that

w) = —(nl +ATCTTA)TTATC M.

From (8.2), we can rewrite L(w) as

L(w) = || Aw + |7, +nllwl|.
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It is easy to verify (e.g., using the first order optimality condition of L(w)) that wy
is the unique minimizer of L(w).

We can also rewrite the update to {7} in Algorithm 8 as
=
Fop1 = T + Br (5 D (rei + @lawy =z ;) — i+ o<1)).

i=1
Similar to the convergence proof of {ky}, we can obtain
Jim iy = d,, (r + P Xwy — Xwy).
Assumption 8.1 implies there exists w such that,
Aw +b =0,
or equivalently,
C~ 3 Aw+C72b =0

has unique or infinite manly solutions. From standard results of system of linear

equations, this is equivalent to

SIS

C 2 A(C 2 A) C2b = C 2,

where (-)" denotes the Moore-Penrose pseudoinverse, which always exists for any

matrix. By the property of the Moore-Penrose pseudoinverse, it is easy to see

wh = limw; = —(C'_%A)TC'_%Z_).

implying

Applying SVD to C2A4 and using o to denote its minimum nonzero singular

value, it is easy to see

<o
o

Hw; — wy; ’, (B.19)
which completes the proof. n
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B.20 Proof of Proposition 8.2

Proof. Plugging w*, 7* into (7.2) and (7.3) yields

P —d (r+ PrXw" — Xuw*) =0,
X'"D(r — 1+ P Xw* — Xw*) = 0.

So we have
|XTD(r — 71+ P Xw* — Xu*)|5o, =0,

implying
Ly, (r — 71 + PoXw* — Xw')||] =0.

Using the Schur complement, Assumption 8.2 implies (see Kolter (2011) for more
details)

o, PrXwl], < €| Xwll,,
holds for any w € RX. We then have

X" —gell,,
§HXw* — 14, q;

I, + a0z — @z,

=|[ UL, (7 + PeXw* = 1) = Ty, (r + Pt — )|, + |[Uauas — g,

<[, PrXw® =T, Prgz |, + [T, (71 = ra D), + [T, 07 — o],

=g, PeXw* — g, Prgt||, + || X(XTD,.X)" (X" D,1)(7*
+ [T,z — gzl

=M, P X — Ty, Prg |, + [Tt~ o

<|| Mg, PeXw* — g, PeIlg, g5

M, ra)lla,

|4, (Using X'd, =0)

g, + 1Ma, Prlla, a7 = Tha, Pegz ], + |[Ta.az = a2,
<el|Xw" —Tqel,, + 1Pl [T — acl,, + Mg, 02 — 2],
=¢[|Xw" =gz, + (1Plly, + D[ e, — gz, -

From the above derivation we have

| Pellg, +

[Xw* =gzl < ﬁ“ 4,87 = 0z -

Taking the infimum then yields the desired bound:

inf [ Xw —gc],, < ggﬂgl—fH e = Gl



For the average reward, we have, for all ¢ € R,
e = 7] = |d, (Pr = I)(Xw”™ — q3)]
— |4} (P = DD D (Xw" )
< [[af (Pe = D)l X = g1l

where the inequality is due to the Cauchy-Schwarz inequality. This completes the
proof.
m

B.21 Proof of Theorem 9.1

Proof. The proof is similar to the proof of Theorem 3.3 in Section B.3 but is more

involving. Consider the stochastic process Y; = (S;, A;, Si41) involving in the space
Y=A{(s,a,5")|s€S,ae A s €S8 p(s|s,a) >0}
We define
= (r(s ’ymaxx(s a')'0)x(s, a),
Gg(s a, s) z(s, a)x( a)’ +nl,

where 6 = I'p, (6) is shorthand. As 6; € B; holds for all ¢, we can rewrite the update

of w; in Algorithm 9 as
Wiy = wy + ay(hg, (Vi) — Go, (Yi)wy).

The expected update given 6 is then controlled by

h(0) = E(s.a)ndyy ()5 ~p(-1s,0) [Po (8, @, 8")]
=X'D,,r+vX'D,, P, X0,

G(9) = E(s.0)~dpgy (),5'~p(-15.0) [Go (8, a, s"]
= XTDMOX + 77[7

where Assumption 9.1 ensures the existence of d,,, and 7y is the target policy, i.e. a
greedy policy with random tie breaking defined as follows. Let AY§* = arg max, x(s, a)'f

be the set of maximizing actions for state s, we define

1 max
mo(als) = { M6 8S S
0, otherwise



Similar to the proof in Section B.3, we define
w*(0) = G(0)'h(0) = (X "D,y X +nl) ' X' D,,(r + P, X0)  (B.20)

and proceed to verifying Assumptions 3.1 - 3.3 to invoke Theorem 3.1.

For Assumption 3.1, we resort to Corollary A.2. Assumption A.1 follows immedi-
ately from the update rule of Algorithm 9. Assumption A.2 is identical to Assump-
tion 2.4. Assumption A.3 holds thanks to Lemma 3.2 and Assumption 2.6. Thanks

to Assumption 2.3, we have Yw, 0,
w'G(O)w > w' XDy Xw +nlw|” = 9wl

Assumption A.9 is then verified. Assumption A.10 follows immediately from As-
sumption 2.8. Assumption A.11 holds thanks to the projection in the definition of
h. Assumption A.12 holds thanks to Assumption 9.2. Invoking Corollary A.2 then
verifies Assumption 3.1.

For Assumption 3.3, Lemma C.7 shows that w*(6) is Lipschitz continuous in
with

Co =0 X Irll Lo + 02| X[l Lo + 7" Lol X1
+UP| X | R, (X | Lo + 07| X L)

being a Lipschitz constant. Here Lp, Lo, and Up are positive constants detailed in

the proof of Lemma C.7. Assuming
|X|| <1 and ~Up||X||Rp, <1, (B.21)
we have
Cuw <0 IXN| (7| Lp + |7l Lp +nLo +nLp + Lp).
Take any & € (0,1), assuming
X1 < (1= On*(llr| Lo + [Irl Lo +ynLo +nLp + Lp) ™", (B.22)

it then follows that C,, <1 — &. Assumptions 3.3, therefore, holds.
We now select proper Rp, and Rp, to fulfill Assumption 3.2. Similar to Lemma C.7
(see, e.g., the last three rows of Table C.1 in the proof of Lemma C.7), we can easily

get

[l @) < o~ IXNIrll + a0~ I XNUP|IX| R,
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Using (B.21) yields
lw @)1 < o~ XNl + 1).
For sufficiently large Rp,, e.g.,
Rp, > n I X[(lr]] + 1) + ¢, (B.23)

we have supy ||w*(0)|| < R, —&. Taking Rp, € (Rp, — &, Rp,) then fulfills Assump-
tion 3.2.

Invoking Theorem 3.1, we then get that there exists a unique 6., such that
W (0s) =0s and lim 6, = lim w;, = .
t—o0 t—o0
We now show what 0., is. We define

f0)= (XD, X +n)'X"D,, (r +~vP,X0)

and consider a ball By = {§ € R¥ | ||0]| < Rp,} with Rp, to be tuned (for the

Brouwer fixed-point theorem). We have
LF @O <o IX 7| +n IX1PUR 0]
Assuming
i XU < 1-¢, (B.24)
we have

LFOI < o~ XN Irll + (1 = &)1]
= Rp, — (R, — (L =0l =0 IX [ [I7])-

Then for sufficiently large Rp,, e.g.,

we have
0 € By = f(0) € By.

The Brouwer fixed-point theorem then asserts that there exists a w; € Bg such that

f(wy) = w;y. For sufficiently large Rp,, e.g.,

R31 > RBO, <B25)
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we have I'p, (wy) = wy, i.e., w; is also a fixed point of w*(-). The contraction of w*(-)
then implies 0, = wy. Rewriting f(w;) = w; yields
Aﬂ-w;’;ﬂ“w;fl w;; - T]w;; —I— b“w;fl = 0

In other words, wj is the unique solution of (Ax,, ., —11)w+b,, = 0 inside B; (due to
the contraction of w*(-)). Combining (B.21) (B.22) (B.24) (B.23) (B.25), the desired

constant 1s

YUpRp," |rll+1 "\ ~Up " ||~

(1-&n s

nllrllLp + Irll Lo +vnLo +nLlp + Lp
which completes the proof. As Rp, is usually large, in general Cj is O(ngll). Though

Co = min{1,

Cy is potentially small, we can use small 7 as well. So a small Cy (i.e., || X]|) does not

necessarily implies a large regularization bias. O

B.22 Proof of Theorem 9.2

. Ut
Ry = .
Wy

Kiy1 = Ky + at(h9t<Yt) - Get(y;f),{/t)7

Proof. Let

Algorithms 10 implies that

where
Go(s,a,s")
i{ z(s,a)x(s,a)’ —x(s,a)(y Y, mo(d|s")z(s,a) — z(s,a))T}
(vYo, mo(d|s)x(s,a) — x(s,a))z(s,a)’ nl ’

ho(s, a, ) = [x“’a)r(s’@)}.

0
We define
G(0) = Egsaymdyy ().5/~p(1s.0) [Go(s, a,8)] = { ACTY“Q _éﬁ”“ﬂ,
o,
W(O) = E(s o)ty ().5/~p(ls,a) [Po (5, @, 8)] = [XTé)“"T] :
w*(0) = [G(0) " h(0)| k112, (B.26)
=—(I + A}, 1, Cot Arya) A 1 Cot X T Dy,
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where [-] k110K 18 the subvector indexed from K + 1 to 2K.
We proceed to verifying Assumptions 3.1, 3.2, and 3.3 thus invoke Theorem 3.1.
Assumption 3.1 can be verified via Corollary A.2 similarly to the proof in Sec-

tion B.21. In particular, for Assumption A.9, consider
| [u]
K= ,
w

kT GO)k =u" Cyu+ nl|w]?
> i (Clag ) [al| + 7w |
> min {Helf )\min(cug)a 77}”’%”2

we have

Here Ain(+) denotes the minimum eigenvalue. Assumption 9.1, together with the
extreme value theorem, the continuity of eigenvalues, and Lemma C.3, ensures that
infy A\nin(C,) is always strictly positive.

Lemma C.8 shows that if || X|| < 1, then there exist a constant L,, > 0, which
depends on X through only \é_ll’ such that

[w*(61) — w*(02)|| < Lu|| X161 — 62]-

As w*(+) is independent of Rp,, so does L,. So as long as

1—

w*(+) is contractive and Assumption 3.3 is satisfied. Since L,, depends on X only
through \é—\l’ there are indeed X satisfying (B.27). For example, if some X’ does
not satisfy (B.27), we can simply scale X’ down by some scalar. In the proof of
Lemma C.8, we show sup, HC’;;H < o00. It is then easy to see supy [|w*(0)| < oo.
Consequently, we can choose sufficiently large Rp, and Rp, such that Assumption 3.2
holds.

Invoking Theorem 3.1 then yields that there exists a unique w, such that

w*(wy) =w, and tli>r£10 0, = tliglo wy = w,.
Expanding w*(wy) = wy yields
wh = —(A! CtA +nl)7tA] Ctb

TC, %k * * )
Nw;‘] wy 7H’wn Ww;fl nu‘w,;“] /J“wff] Mwn

which completes the proof. n
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B.23 Proof of Theorem 9.3

Proof. The proof is combination of the proofs of Theorem 7.1 and Theorem 9.1. To
avoid verbatim repetition, in this proof, we show only the existence of the constants

Cp and C without showing the exact expressions. We define

o[ [o] o] = e (5]

he(S,a,S’)i{ (s, a) }

z(s,a)r(s,a)

. 0 Yo mgu(dl]s)a(s, )"0 —x(s,a) 76"
—x(s,a)0" z(s,a) >, mge(d|s)x(s',a') "0 '
Gals,a,s) =} o
o015 @5 =g z(s,a)x(s,a)’ +nl|

We can then rewrite the update of # and w in Algorithm 11 as
ut-i—l = Uy + Oft(het (Yt) - Get (}/;f)ut)

In the rest of this proof, we write ug and 7y as shorthand for pgw and mgw. We define

h(@) = ]E(S7a)~dﬂg (-),8'~p(-|s,a) [hg(s, a, S/)] = il,l (9) + HQ(Q),

T T fw
o= [ L= Loy 5 5|
G(0) = Esaymaty () mpt 1o [Gol5, 0, 5)] = [}) P ]
g () ; WX+l
w*(0) = G(0) " h(h). (B.28)
We proceed to verifying Assumptions 3.1, 3.2, and 3.3 to invoke Theorem 3.1.
Assumption 3.1 can be verified via Corollary A.2 similarly to the proof in Sec-
tion B.21.
For Assumption 3.3, Lemma C.9 suggests that assuming ||.X|| <1, L, <1, then

Cy = max {1, }(O(|X])) + O(L,)) + max {1, }O(||X]])

is a Lipschitz constant of u*(6). Take any £ € (0,1), it is easy to see there exists

positive constants Cy and C3 such that
X1 <Gy, L, <C3 = C, <1-¢. (B.29)

Assumption 3.3, therefore, holds.
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We now select proper Rp, and Rp, to fulfill Assumption 3.2. Using (B.29), it is

easy to see
[u*(0)] < Ca+ (1 =€) R,
for some positive constant Cy. For sufficiently large Rp,, e.g.,
Rp, > max% +1, (B.30)

we have supy ||[u*(0)|| < Rp, —&. Selecting Rp, € (Rp, —&, Rp,) then fulfills Assump-
tion 3.2.
Invoking Theorem 3.1 then yields that there exists a unique 6, such that
U (0s) =0 and lim 0; = lim u; = 0.
t—o0 t—o0
We now show what 0., is. We define

= 0 d;e(Pﬂe -NX

fO =GO MmO+ | _yrg XD, px |9

Similar to the proof of Theorem 9.1 in Section B.21, we can use the Brouwer fixed

point theorem to find a u; € I'p, such that f(uy) = u; if
Rp, > Cs (B.31)

for some constant Cs. Then it is easy to see u; is also the fixed point of u*(-), implying
0 = u;. Rearranging terms of uy = f(u;) then completes the proof. In particular,
the desired constants Cy and C; can be deduced from (B.29), (B.30), and (B.31). O

B.24 Proof of Lemma 11.1

Proof. 1If (11.1) holds, then Lemma 5.6 implies that for any v € A, and 7 € A,
Iy, .. Tx is a \/y-contraction in [|-|, . We use Xwr,,, to denote its unique fixed
point. Lemma 5.3 ensures that X "Dy, (I —~P;)X is p.d.. Similar to (B.14), it is
easy to verify that

Wepn = (X"Dy, (I —7vP)X) 'X"Dy 70,

from which it is easy to see wy ., is continuous in p and 7 since the invariant distri-

bution d, is continuous in u.
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Similar to De Farias and Van Roy (2000), we first define several helper functions.

For any policy u € Ay, m € A, and 7 > 0, let

Jur(w) = XDy, (T Xw — Xw)
=X"Dy  X(X"Dy, , . X)'X "Dy (ToXw— Xw)
=X"Dy (I T Xw— Xw),
g(w) = XTDfﬁw#w’n('ﬁerw — Xw)
=X'Dy o (O T Xw — Xw),
Zp (W) =W+ ngux(w),
2M(w) = w + ng(w).

We have

zZ,W(w) = w
= gur(w)=0
< X'Dj  T.Xw=X"D; Xuw
<~ X(X'Dy, . X)'X'Dy o Xw=X(X"Dy, , X)'X"Dy . Xw

— Iy, T Xw = Xw,

i.e.,, Xw is a fixed point of Iy, 7 if and only if w is a fixed point of 2] . With the

same procedure, we can also show
MNw)=w = My, T (Xw) = Xw.

This suggests that to study the fixed points of emphatic approximate value iteration
is to study the fixed points of 2" with any n > 0. To this end, we first study 2] = with

the following lemma, which is analogous to Lemma 5.4 of De Farias and Van Roy
(2000).

Lemma B.1. There exists an ng > 0 such that for all n € (0,19), there exists a
constant B, € (0,1) such that for all p € A,,m € A,

sz,w(w) - wmu,nH < 677”“’ - wmum”-

Proof. By the contraction property of Ily, ,  Tx,

[T, TeX w0 = Xwwr |, < VAIX W = Xl -

223



Consequently,

w — wmu,n)—rguﬂr(w)

(
(Xw — X ) Dy, Iy ToXw — Xw)
(X
|

W= Xwepn) Dy (W T X — Xwr iy + Xy — Xw)
(X = Xwrpnlly, ([T T Xw = waan,r L I Xw = Xy,

IN

(Cauchy-Schwarz inequality)

<(v7 -1 Xw — me%n”f% . (Property of contraction)
(VA = D(w = wrypn) (X' Dy, X)W = Wrpyin)-

Since XD frun X 18 symmetric and p.d., eigenvalues are continuous in the elements
of the matrix, A, and Ay are compact, by the extreme value theorem, there exists
a constant C; > 0 (the infimum over the smallest eigenvalues of all X TwaynX ),

independent of p and 7, such that for all y,
y' XDy, . Xy > Cilly|".
Consequently,

(W = Wrpn) " G (0) < (V7 = 1O — wr o (B.32)

Moreover, let x; be the i-th column X, we have

K
ngr(w)H2 = Z ( TDfﬂun(Hfmu,nﬁXw — Xw))2

K
x; H T.Xw— Xw Cauchy-Schwarz inequality
fﬂ. w,n fTr n,n f

K 2
< Z ||13z‘||?cm%n (Hwa,u,nﬁer - meu,anw%n + [ Xwr i — Xw”fm#’n)

i=1
K
2 2 2 :
< (V7v+1) Z H:cinmWHXwﬂ’H,n — Xwawm (y/7-contraction)
i=1

<+ <lexz|!fﬂ,m> X" Dy, X0 = we ol
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By the extreme value theorem,

K
o (Z nwinzm) XDy, X]| <
=1

MGA,’L 77'('6/\7'r

Consequently, there exists a constant Cy > 0, independent of p and 7, such that
g7 (w)[I* < Col|w = wr o nl|. (B.33)
Combining (B.32) and (B.33) yields

2
||ZZ,7r(w) - wW,u,nH = |lw + ngu,w(w) - wmmnHz
= [ = wrpunll* + 20(w = Wr ) G (W) + 7| gy ()]

< (1-20(1 = 7) C1 + 112C) |w — W |

Then for all n < ny = 2C,(1 — /7)/Cs, we have

By = /1= 2(1 = yA)C1 +1PCy < 1.
O

We are now ready to study 2" with the previous lemma, analogously to Theorem
5.2 of De Farias and Van Roy (2000). Note W = {w, ,n|p €A, me A} is a
compact set by the continuity of wy ,, in g and 7. Let C5 = sup,cy ||w|| and take
some 7 in (0,7), we have for any w

127 (w) || < 112" (w) = Wryy i inl| + ([0 o |
(Wry p,n denotes the fixed point of Ily,_ T, with p being j,, and 7 being 7,,.)
= ||ZZw,7rw(w) - wﬂw,uw,n” + Hwﬂwww,nn
< Byllw = Wyl + Cs
< Byllwll + (1+ B)Cs.

Since 3, < 1, we define

1
W = {w e RX | ] < +5"03}.
-3,

It is easy to verify that
weEW, = 2 (w) € Wh.

The Brouwer fixed point theorem then asserts that z”(w) adopts at least one fixed

point in W5, which completes the proof. n
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B.25 Proof of Lemma 11.3
Proof. Recall
Ay=X"Dy  (yP, — D)X,
Foopon = S AP YD,
=0

According to Lemma C.3, the invariant distribution d,, is Lipschitz continuous w.r.t.
p in A, under Assumption 11.2. Consequently, Assumption 11.3 implies that D,
is Lipschitz continuous in w. It is then easy to see from Lemma C.1 that fr, .. » is
Lipschitz continuous in w. The Lipschitz continuity of A,, then follows easily, so does
that of b,,. O

B.26 Proof of Theorem 11.4
Proof. Let y; = (St—n, Gt—n, - - -, St, G4, Sg+1). Define

dw(s,a,s") =r(s,a) +~ Z mo(d'|s) (s, a) w — x(s,a)"w,

a’

Tw(ak|s ,
H(w, ) (Zv ( I1 ﬁ) (515 at_») (51, 0 5051) (50, 01).
—Jj+1
Note here 3 is just a placeholder for defining the function g.
Let Y; = (Si—n, A¢—n, .-, St, Ay, Sii1) be a sequence of random variables generated

by Algorithm 12. Then the update of w in Algorithm 12 can be expressed as
W1 = Wy + atﬁ(wt, }/t)

We now prove Theorem 11.4 by verifying Assumptions A.30 - A.33 thus invoking
Corollary A.7. Assumption A.30 is identical to Assumption 2.4.

Assumption A.31 is verified by the sampling procedure A; i1 ~ fiy,(-]Si11) in
Algorithm 12 and Assumption 11.2. Similar to the proof of Theorem 5.4, it is easy
to compute that the h(w) of Assumption A.31 in our setting is

h(w) = Ayw + by,
For Assumption A.32, the Lipschitz continuity of the transition function is fulfilled

by Assumption 11.3. By Assumption 11.2; there exists a constant Cj > 0 such that
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tw(als) > Cy > 0 holds for any w,a,s. Then it is easy to see H(w,y;) is Lipschitz
continuous on any compact set Q C R¥.

We now verify Assumption A.33. For any w, € W, let

1
Uw) = 5llw—w.

Then Assumption A.33 (i) - (iii) trivially holds. To verify Assumption A.33 (iv), let

W = w — w,. We have

(2 )
=(w — wy, h(w) — h(w,)) (Using h(w,) = 0)

=(W — Wy, Apw + by, — Ayws + Ay, — Ay, Wi — by,,)
=" Apt® + 10" (Ay — Ay, )w, + 0 (by — by,)
<" Ay + ||0||*(C1 L, + CoLg) R + ||| *(Cs L, + CaLy)

1
=50 (Aw + Ay ) + 16| *(C1. L, + CoLr) R+ ||[@)|*(C L, + CyLy)
=—w (M(W) — ((CILM + CQLW)R + (CgLM + C4L7r)) I) W
< - )‘;mnHw - w*H2a
where the last inequality results from the positive definiteness of the matrix

M(U)) - ((ClL“ + OQLT(-)R + (03.[/” + C4Lﬂ-)) 1

under Assumption 11.4. Assumption A.33 (iv) then follows immediately.
With Assumptions A.30 - A.33 fulfilled, (11.3) follows immediately from Corollary
A.7. If there is a w,, € W, and w/, # w,, repeating the previous procedure yields

o0
. / 2
Pr(tlggowt:w* | w0:w> >1-Cy tgoat.

Using small enough {a;} such that

1-Cw) of>05

t=0

yields
Pr(lim wy = w, | we = w) +Pr(lim Wy = wy | wo = w) > 1,
t—o00 t—o0

which is a contraction. Consequently, under the conditions of this theorem, W,

contains only one element, which completes the proof. O
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B.27 Proof of Theorem 11.5

Proof. Readers familiar with Zou et al. (2019) should find this proof straightforward.
We mainly follow the framework of Zou et al. (2019) except for some additional error
terms introduced by the truncated followon traces. We include the proof here mainly
for completeness. We, however, remark that it is the use of the truncated followon
trace and Lemma 11.2 that make this straightforwardness possible in our off-policy
setting.

Let yy = (St—n, Qt—ny - - -, St, G4, Se41)- For a sequence of weight vectors (z;_,, .. ., ;)

in RX define

8.(s,a,8) =r(s,a) +~ Z m.(d|sx(s' a') 2 — 2(s,a)" 2,

a
t

. LS 7, (a|s ,
g<zt—m <oy 2ty yt) - (Z ij ( H M) Z(st—ﬁ at—j)) 62t(8t7 Qg St+1)x(8t’ at)'
j=0

Mg ALY

Note here both gy, and z;_,,, ..., z; are just placeholders for defining the function g, and
we adopt the convention that Hfg:l() =1ifj <i. Let Yy = (Si—pn, Aty -+ -, Sty Ar, Sei1)
be a sequence of random variables generated by Algorithm 13. Then the update to

w in Algorithm 13 can be expressed as
w1 = g (W + g(Wip, - .., we, Y1) -

For the ease of presentation, we define

g(’Z?yt) 9(2727"'7273/1‘/)7
g(’z> = EytNuz(')[g(Zv yt)]

as shorthand. By y; ~ p,(+), we mean

St—mn d,uz('>7 At—p ~ Nz("stfn); St—n+1 p<'|5tfn7 atfn)a ceey

ay ~ pz(]se), See1 ~ p([s, ar).
It can be easily computed that
g(z)=X"Dy_ . (vPo,—DXz+X'Dy 1
Consider a w, in W,, we have

g(w,) = Ay, wi + by, = 0.
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For any 7 > 0, we have

lwpsr — .|

<|lwy + g(wWy—n, .., we, Yy) — wy|®  (Ig is nonexpansive)
=|Jw; — w*||2 + a?”g(wt_n, e, Wy Yi)HZ + 20 (Wi — Wa, g( Wi, - -+, W, 7))
S
+ a7 llg(wip, - wr, V)| (B.34)
+ 2at£<wt — Wy, g<wtfn7 <oy Wy, Y;t» - <wtfnf‘r — Wy, g<wt7n*7)>l <B35)
erry
+ 20 (Wy—p—7 — Wi, G(Wi—p—r) — G(wy)), (B.36)

where we adopt the convention that w;_,,_, = wy if t —n — 7 < 0. Using Lemmas

B.2 and B.3 to bound (B.34) and (B.36) yields
E [||wt+1 — w*||2} <E [||wt — w*||2} + a?U; + 204 [err,] — 20pa)\E [||wt — w*||2} .

Dividing by 2a; in both sides yields

1 1 1
—E [||wi1 — w*HQ} < Q—%E [[Jw, — w*HQ} + §oztUg2 + Eerry] — anE [flw; — w*H?} .

QO{t
(B.37)

Using the definition of a; in (11.4) yields
1
an(t+ D)E [[|wir — w*||2] < aptE [[jw, — w*||2] + §atU; +E[err].

Lemma 1 of Zhang et al. (2021a) asserts that there are constants Cy > 0 and

goee

policy p,, satisfies
> Pr(Sk = ) = dy, (s)| < Cor®. (B.38)
seES

For some fixed T, let 79 = min {7 : Cor™ < ar}. Using the definition of oy in (11.4),

it can be easily computed that

In (2(1/)\(T + 1)00)
Ink—t

= 1 =0(nT)
where [-] is the ceiling function. Here we assume 7" is large enough such that

T <T —n.
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Telescoping (B.37) for t = 0,...,T with 7 = 7 yields

a\TE [||wT — w*||2}

T-1

T-1
1
< Z §oztUg2 + ZE[erm]
t=0 t=0
-1 1 To+n T-1
_ 2
=2 Saaenle t L Elernl+ 3 Elerr
t=0 t=0 t=n+10+1
U2 T—1
<L T+ (n+7+1)4RU, + Z Elerr, (B.39)
day t=n+To+1
n—+1o
where the last inequality results from
T-1
1
—— <InT
t+1

t

Il
=)

and the first part of Lemma B.4. Using the second part of Lemma B.4 with 7 = 7
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to bound the last term of (B.39) yields

i Elerr]

t=n+19+1
T-1
<y (05 S oaia S Y Gl )
t=n+19+1 =t—n—1o ktnngtnTo
C —— +C —— + C7Cyr™
mz LS e 33 Aqroce)
t=n+1o+1 j=t—n—10o k=t—n—19 j=t—nm—10
t—2
t k+1
Csln —— + G Z In —————— + CyCor™*
A tmntro+1 t=n—1o k=t—n—70 t—n—m

—nN—"T

t C
(Cs + Cs(n 4 79)) In —+—7aT)

t—n—1g K

(Cs + Cs(n+ 1)) In ot
z ( t )
(
(

tn+‘r+l
T—
t C7 1 >
=5 (C5 4+ Cs(n+ 1)) In +
T—1

1 t 07

— (C-+C |
_204/\( 5+ 6(n+7_0)) nt_nl—:!(ﬁ_lt_n_ro—i_QOé)\/ﬁ

1 (T_l)...(T_l—n—TO) Cr
<—(Cs+C, 1
_204/\( 5+ Cs(n+ 79)) In (n+79)---1 200K

1 C
<~ (C5+ Co(n +m))(n+ 1) InT + 5.

2 Q) A\ KR

Plugging the above inequality back into (B.39) yields

E [[|wr — w.|’]

U InT = 4RU, (n + 7 +1) 1 InT C
g g 0 7
Cs + C —
12 T T 7 TGt Gt m))ntn) T+ oy T
In®*T
=0 .
()
If there is also a w), € W, repeating the above procedure yields
In®*T
] -o(27)
Consequently,
, , , In®*T
Jw, —wl]| = Eflw, —w,|]] <E[lwr —wil] + E [[lwr —w.]] = O T
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Letting T" approaches infinity yields w, = w., i.e., W, contains only one element

under the condition of this theorem, which completes the proof. O

Lemma B.2. (Bound of (B.34)) There exists a constant U, such that

||g<wt—n7 v ey Wy, K)HQ S Ug2

Proof. Due to the projection Ilg, we have ||w;|| < R holds for all ¢. By the definition

of g, it is easy to compute that

|g(Wi—n, ..., w, Y1) || < (n+ 1)p%aximax(rmax + (1 + V)Rzmaw)xma@

Ug

where 4,4, = Max; 4 9(S, @), Tmar = MaAX, 4 |7(S, @)], Tmex = MaX, 4 ||2(s, a)]|,

7(s,a)

Pmax = sup .
HEN,,TEAL 5,0 M(Sa CL)

Assumption 11.2 and the extreme value theorem ensures that p,,.. < 0o. O

Lemma B.3. (Bound of (B.36))

<wt—n—T - w*7g<wt—n—’r) - g(w*» < _O-//\Hwt - w*||2

Proof. Let w = w;_,,_r — w,, we have

(We—p—r — Wi, J(Wen—r) — G(ws))
=(W, Awy_ Wiy + by — A0 — by, )
:<1D, Ay Wipr — A, Wy + A, W—ppr — Ay Wi + by, — bw*>
wenr = A Wiy + 0 (b, . — )
<" Ay, + |0 (CrLy + Co L) R+ @] *(C3 Ly, + CaLy)
<—@" (M(w,) — ((C1L, + CoLr)R + (CsL,, + CyLy)) I)
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Lemma B.4. (Bound of (B.35)) Let
erry = (wy — Wy, G(Wy_py -+, Wi, Y3)) — (Wi—pr — Wi, G(W—p—r))-
Then for any t and T,
|err|| < 4RU,.

Ift —n—7 >0, there exist positive constants Cs, Cg, independent of t, such that

t—1 t—2 k
Elerr <C5 > a;+Cs Y. Y. o+ CrCor™
j=t—n—1 k=t—n—1 j=t—n—7

Proof. Ift —mn—7 <0,
lerrd| < lwe — willllg(wen, ... we, YOI + lwi—n—r — wil[l|g(wi—n—r)|| < 4RU,.

When t —n—7 > 0, similar to Zou et al. (2019), we define an auxiliary Markov chain

{gt,;xt} as

5‘[1}:--- — S = Sin A
{ ty 41t . t—m—714+2 , t—n—7+3 t—n—71+4 )
Hwy 7 Hwy 7 [T
S At = S S S — S %)
<{ ty t} t—n—1+2 t—n—7+3 t—n—71+4
[ —— 'u'wtfn77'+l 'u'wtf'n77'+2

i.e., the new chain is the same as the chain generated by Algorithm 13 (i.e., the chain
(Si, Ay)) before Sy, 19, after which the new chain is generated by following a fixed
behavior policy pt.,,_,,_. instead of the changing behavior policies fiy, .15 tw,_p_rior- - -

as the original chain. Let
ﬁ = (gt—’rw At—’rn ety gh Ata gt-‘rl))
we have

erry =(Wy — Wy, G(Wi—ry -+, Wi, Y)) — (Wi—pp—r — Wi, G(Wy—pp—7)
=(wy — Wy, g(Wi—p, . .., wy, Yy) — g(wy, Yy))
+ (we — w, g(wy, Y1) — (Wimn—r — W, (W7, Y7))
+ <wHH — Wy, J( Wiz, Yy) = (Wi, f/t')>

+ <wt—n—7 — Wy, g(wt—n—ﬂ-u Y/;) - g(wt—n—7>>-
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Using Lemmas B.5, B.6, B.7, and B.9 to bound (B.40), (B.41), (B.42), and (B.43)
yields

t—1 t—1
E [err,] <2nRL, Z a; + (2RL, + Uy)U, Z a;
j=t—m j=t—nm—1

t—2 k
+2RIAILU; Y Y aj+2RU,Cor!
k=t—n—1 j=t—n—7

t—1
<(2nRLy + (2RLy + U))U,) >«

N

Cs j=t—n—T1

t—2 k
+2RIAILU; Y ) a;+2RU,Cor™!
N’ ——

k=t—n—1 j=t—n—7
CG J C?

Lemma B.5. (Bound of (B.40)) There exists a positive constant L, such that

t—1

<wt - w*ag(wt—m ceey Wy, Y%) - g(wt,Yt» <2nRL, Z Q.

j=t—m

Proof. First, for any t' > t, we have

t'—1

[wp —wyf] < UQZ%’

j=t

by using triangle inequalities with w1, wiis,...,wy_1 and Lemma B.2. It is then

easy to show that g(w;_,,...,w;,Y;) is Lipschitz in its first argument:

||g(wt—n7 Wt—n+1, Wt—n+2, - - -, W, Yt) - g(wt, Wt—n+1, Wt—n+2, - - -, Wy, Y;)H

-1
(TL + 1)(L + Lw)pﬁna:p(rmaw + 2xma:pR>xmax :
= . 12 lwi—n —w|] < LyU, Z o,

, j=t—m
~-
Ly

where fimin, = infs , i, (als). By the extreme value theorem, Assumption 11.2 implies

that i, > 0. Similarly, ¢ is also Lipschitz continuous in its second argument:

t—1

||g(wt7wt—n+17wt—n+2'"7wt7}/t) _g(wt7wt7wt—n+27‘"7wt7)/t)H S LgUg Z aj
j=t—m+1
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Repeating this procedure for the third to n-th argument (w;_,42,...,w;—1) and

putting them together with the triangle inequality yields

t—1
(Wi, - we, Y3) — gwe, Vi)l < nLyU, Y- ay.
j=t—mn
Consequently,
t—1
(wy — wy, g(Wi—p, ..., wy, Yy) — g(wy, Yy)) < 2nRLGU, Z a;j.
j=t—m
O
Lemma B.6. (Bound of (B.41))
t—1
<wt — Wy, g(wta Y;i)> - <wt—n—7 — Wy, g(wt—n—Ta Y2)> S <2RLg + Ug)Ug Z Q;
j=t—nm—1
Proof.
<wt — Wy, g(wta Y;f)) - <wt7n71' — Wy, g<wt7n77'7 Y;f))
:<wt — Wy, g(wt7 Y:f) - g(wtfnfrv Y;‘/>> - <wt*n*T — Wy, g(wtfnfra Yl;/>>
+ (wy — wy, g(Wy—n—7, V1))
:<wt — Wy, g(wtu }/t) - g(wt—n—ﬂ }/t)> + <wt — Wi—p—v, g(wt—n—ﬂ Y:‘,)>
SQRLgnwt — Wy || + UgHwt — Wi pr||
t—1
<(Q2RL,+U)U, > o
j=t—n—1
O

Lemma B.7. (Bound of (B.42))

t—2

k
E |:<wt—n—‘r — Wy, g(wt—n—7'7 Y;f) - g(wt—n—ﬂ Y;f)>] S QR‘A|LMU3 Z Z CYj
k=t—n—1 j=t—n—7
Proof. Let ¥y, = (wo, w1, ..., Wi—pn—r, S, Aoy, St—n—rs1, At—n_rs1). We have
E |:<wt—n—7' — Wy, g(wt—n—T7 }/t) - g(wt—n—ﬂ ?t)>i|

=B [E [{winr — w0, gt e, Y5) = 900 nr, V) ) | s
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(Law of total expectation)
=E |:<wt—n—7' — Wy, E [g(wt—n—T7 Y;f) - g(wt—n—ﬂ i/t) | Zt—n—’r] >:|
(Conditional independence)

H

SE [“wt—n—’r - w*”

)E [g(wt—n—ra Yt) - g(wt—n—'ra ﬁ) | Et—n—7’i|

‘]E [g(wtfnf‘ra Y;t) - g(wtfnf‘r? Y/;t) | Etfnf7':| H

t—2 k
SARIAILUZ > Y

k=t—n—1 j=t—n—1

§2RE[

where the last inequality comes from Lemma B.S8. O

Lemma B.8.

t—2 k
’S |A’LMU92 Z Z @

k=t—n—1 j=t—n—7

HE |:g<wt—n—’ra Yt) - g(wt—n—ﬂ Y/t) | Zt—n—T]

Proof. In the proof of this lemma, all expectations (E) and probabilities (Pr) are
conditioned on ¥;_,_,. We suppress this condition in the presentation for improving
readability. Given ¢,n, 7,3 ,_,, for any time step j such that t —n —7+1 < j <¢,
we use W; C R¥ to denote the set of all possible values of w;. It is easy to see that W),
is always a finite set depending on t,n,7,%; ,_ .. This allows us to use summation

instead of integral to further improve readability. We have

I ot <t )|

Z (Pr (fft = yt> —Pr(Y; = yt)> 9(Wi—n—r, Yt)

Yt

(Conditional independence of ¥; and Y, given ¥y )

<Uy

Yt

Pr (Y/t = yt> —Pr(Y; = w)

In the rest of this proof we bound

Pr (ﬁ = yt> —Pr(Y; = w)

. To start,

Pr(Y; = y:)
= Z Pr(w; 1 = 21, At = @, St31 = St41,St-n = St—n, - -+, St = $t)

2t—1€EWr—1
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(Law of total probability)

St—n=st—n St—n=5t—n
= E Pr| Ay = ay, Siy1 = 501 | Si=s; PT(”LUt—l = Zt-1 | )

Si=s
Wi—1=2t—1 t=5t
2t—1

X PI’(St_n = St—my .-y St = St)
(Chain rule of joint distribution)

St—n=8t—n
_ ZuZt_l(at]st)p(stH]st, a) Pr(wt,l =z | tS... k ) Pr(Sin = Stn,---, S = 8¢).

=5t
Zt—1

Further,
Pr (f/t = yt)
=Hw_p_r (at|3t)p(5t+1‘3t> at) Pr <S’tfn = St—ny--- 7§t = St)

(Definition of the auxiliary chain)

~ ~ S—n: —n
:/’Lwt—n—f (a/tlst)p(st+1‘8t7 at) PI” (Stfn == Stfn, e ,St = St) Z PI‘ (wtfl = Z¢—1 ’ t St:zz )

Zt—1
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Consequently,
> |Pr(vi =) — Pr(¥: = u.)
Yt
Stfn:'stfn
S Z Pr (wt_l = A=l | Sp=s¢ )X

St—ms--5St,0t,2¢—1

oz, (ag|se) Pr(Sin, ..y Se = 8t) — fay_,_. (as]s¢) Pr (St_n = Sipyee, S, = st>

St—n=5t—n
< E Pr <wt_1 =21 | e, )x

St—mn;--5St,At, 2t —1

<|/.th_1 (Gt‘st) Pr(St,n, Ceey St = St) — Mwp s (at’8t> Pr(St,n = St—ny .-y St = St)|+

‘Nwt,n,T (at|5t) Pf(St—m sy St = St) — Mwy_ (at|5t) Pr (gt—n = St—ny- -, gt = 5t>

St—n=5t—n
< E Pr <'U)t_1 = Zt—1 | SiZs, ) X

St—mn;--,St,At,2t—1

<|HZt_1(at\$t) - th_n_f(at\st)‘ Pr(Sin = st-n, ..., 5 = si)+

Pr(St,n, ce ,St = St) — Pr(s’t,n = St—ny--- 7§t = St)

/‘Lwt—n—‘r (at ‘ St)

) (B.44)

t—2
21 (ael$) = pru o (ael$)] < Lullzeos = wemnr | S LU, D .

j=t—n—1

Since z;_1 € W;_1, we have
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Plugging the above inequality back to (B.44) yields
> [P =) = Pr(Yi~ )
Yt

< X prwa=aa )

- St=s¢

St—ms--5St,0t,2¢—1

t—2

(Pr(St_n = Stons - Se=s)LUy >t

j=t—m—T1

“wtfnf‘r (at | St)

Pr(St_n, c. 7St = St> — Pr(S’t_n = St—ny--- ,St = St>

t—2

—|A|L,U, e

j=t—n—1 vy

Recursively using the above inequality n + 1 times yields

2.

Yt

t—2 t—n—2
<|A|L,U, ( Z o+ + Z aj) + Z ‘Pr(St_n = St_n) — Pr(S’t_n = st_n)

j=t—n—1 j=t—m—1 St—n

(B.45)

Pr (fi = yt) - Pr(Y; = y)

We now bound the last term in the above equation. We have

Pl"(St_n = St—n)
= Z PI‘(St_n—l =S, St—n = St—n)

= Z Pr(St—n—l = 5) Pr(St—n = 5t—n|St—n—l = S)

= Z PT(Stfnq = 8) Pr(Stfn = St—n, At—n—1 = G|Stfnfl = 3)

s,a

= Z Pr(St—n—l = S)Ewtfnfz [Pr(St—n = St—n, At—n—l = CL|St—n—1 =S, wt—n—Q)]

s,a

= Z PI‘(St_n_l - S)Ewt7n72 |:/"L1Ut7n72 (a|s)p<8t—”’8’ CL)}

s,a

Similarly,

Pr (gt,n = st,n> = Z Pr <§t,n,1 = s) fowy ., (a]$)D(S1—nls, @).

s,a
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Consequently,

Z Pr(S;—p, = s¢—n) — Pr (gt_n = st_n>

St—n

=3 [Pr(Sin 1 = 9B [t a(als)] = Pr(Sent = ), (als)

< Z Pr(St—TL—l - S)Ewtfnfz |:/"Lwt7n72 ((I|S)] —Pr (St—n—l = S) Ewt7n72 [th7n72 ((I|S)]

= Pr(S;_,—1 =s) —Pr (S't,n,l = 3) +
> Pr(Sicir = 8) [Bu s [t a(0l9)] =t ()]
< Z ‘Pr(St_n_l =s)—Pr (gt_n_l = s) ‘ +

> Pr( S =) max [y, [t o(als)] = -, (als)]

S,a

Since
‘Ewt7n72 [luwtfn72 <a|8)] — Hwppr (CL|S>‘
- ’Ewt7n72 [:uwtfnﬂ <a|8) [ S TTe—— (a|s)} ‘
<Ew, ., |:|th77172 (als) = Hwy (a|3)H
t—nm—3
<UL, > o«
j=t—m—1
we have

2.

s

Pr(S;—, =s) —Pr <5’t,n = s)‘

t—n—3

< Z )Pr(St_n_l =s)— Pr(gt_n_l = S>‘ + |A|U,L, Z a;.

j=t—n—1

Applying the above inequality recursively yields

Z ‘Pr(S’t_n =s)—Pr <S’t_n = s)‘ (B.46)

t—n—3 t—n—T1
§|A|U9L# ( Z Oéj+"'+ Oéj)

j=t—n—1 j=t—n
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as

Pr(Si_pn_ri2 =5s)=Pr (St_n_TJrQ = s>

by the construction of the auxiliary chain. Plugging (B.46) back to (B.45) yields

t—2 k
Z PY(Y/;& = yt) —Pr(Y; = w)| <|A|LLU, Z Z Qs

Yt k=t—n—1 j=t—n—T1

which completes the proof. O

Lemma B.9. (Bound of (B.43))

E |:<wt—n—7' - w*,g(wt_n_ﬂf/t) - g(wt—n—7)>:| < ZRUQC’OHT—I

Proof.

E [(winr = e, g0, ¥e) = G0 ))]
= :JE [<wHH — we, g(W—pr, V) — §(wt7n77)> | EHH]:
= [(wenr = w00, B [g(wn 7, Vi) = g0 nr) | Senr] )]
E |9, V) = 9t nr) | Sens |

§2RHE |:g(wt—n—7'7ﬁ) - g(wt—n—T) | Et—n—T]

| S

<E |[|wi—n—r — wi|

We now bound HE [g(wt_n_T, f/t) — g(wi—pn—r) | Zt_n_T] H In the rest of the proof, all
expectations (E) and probabilities (Pr) are conditioned on ¥, ,,_,. We suppress the
condition in the presentation for improving readability. Let Y; = (S;_,,, Ay_n, ..., S, As, Spi1)

be a sequence of random variables such that

Stn ™~ dﬂwz—n_T OF A ~ :uwt—n—r("gt*n)? e 7At ~ th—n—7<'|5t)v gtJrl ~ p(+|St, Ay).
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Then
E [g(wn s V) = glwia )] |

Y PO S )

=3 (Pr(Vi=u) — Pr(¥i=0)) gl ro)

Yt

<Uy ).
Yt

=U, Z )Pr (S’t_n = st_n> — Pr(gt_n = st_n)
Yt

Pr(¥i = u:) — Pr(¥: = )

Py (Qt—n|St—n)D(St—n+1|St—n, G1—n)

gy, (at|5t)p(3t+1 |St> a)

=U, Z Pr (gt—n = st_n> — Pr(gt_n = st_n)

St—n

<U,Cor™ ' (Using (B.38) and the construction of the auxiliary chain)

which completes the proof. O

B.28 Proof of Theorem 12.1

Proof. Consider the stochastic process Y; = (S;, Ay, Syy1) involving in the space
Y=A{(s,a,8") |s€S,ae A s €S8 p(s|sa) >0}

Assumption 2.8 ensures that the chain {Y;} is ergodic. We then use dy to denote its

stationary distribution, i.e.,

dy(s, a, S/) = d#(S)M(a‘S)p(S/B, a)'
Let

Then the updates of {k;}, {w;} in Algorithm 14 can be expressed as
div1 = di + ay(he, (V) — G, (Yi)dr),
where
; / /
tolssa ) =| ],

{ z(s)a(s) 2(s') (2(s) = vpa(s, a)x(s)) ']
— (@(s') = vpo(s, a)a(s)) x(s") " nl

Go(s,a,s") =
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Define

- XD,
hg :E(s,a,s’)Ndy(') [h9(87 a, S/>] - |: 0 ' } ’

= / ) = g 7
Go ZE(s0,5)mdy () [Gols, a, 57)] {Aw nl ]

We now prove the desired convergence via invoking Corollary A.2. Assumption A.1
follows immediately from the sampling rules in Algorithm 14. Assumption A.2 is
identical to Assumption 2.4. Assumption A.3 holds thanks to Assumption 2.6, the
boundedness of Vy(als) in Assumption 12.2, and the two adaptive learning rates I'y

and I'y. To see Assumption A.9, consider any
d= H
w

d"G(0)d =x"Cr +nuw'w
>N (C)[16]1* + ]|
> min { A (C), n} ||,

It is easy to verify that

where \;n(-) denotes the minimum eigenvalue and Assumption 2.3 ensures that
Amin(C) s strictly positive. Assumption A.9 is then verified. Assumption A.10 follows
from Assumption 2.8. Assumption A.11 is obvious because we consider a finite MDP.
Assumption A.12 follows immediately from Assumption 12.2. Invoking Corollary A.4
then completes the proof. O

B.29 Proof of Theorem 12.2

Proof. The proof is the same as the proof of Theorem 12.1 up to a change of notations

and is thus omitted to avoid verbatim repetition. O
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B.30 Proof of Theorem 12.3

Proof. This proof is inspired by Konda (2002). We first define the following short-
hand:

wt :ptV log 7T(At ’St),

* *
Wy =Wg, s
* 0k
Uy _U’@tﬁl’
J(Q) :JTFMU

Ay Zpy(w] ) (u) )V log me( A Sy),
9(0) izdu(&a) (z(s)"wp,) (E(s,a)"ug,) po(s,a)V logmg(als).

We recall that in (12.2), we have
b(0) =VJ(O)— g(6).

We first decompose the incremental update to 6, in Algorithm 14 as

Ty (wy) (w) 2) Do) (u] 30 = ef) + e + g7,
where

e = (Dy(we)wp — Ty (w) wp) "o, Do (u)u] B,

e = Tu(wiywp "ry(Ca(un)ul — To(u)up) T2,

g; = Ta(wy) (@) wi)Ta(u;) (& up ).
Then we have

Ouir = Op + Bret” + Bre” + Bigy + BT (w])Ta(uf) (VI(6:) = §(0:) — b(0r))

Using the second order Taylor expansion and Cauchy-Schwarz inequality, we have

J(Or41) 2T (6:) + Bl (wi) L2 (up) [VI(0) | (VT (6:)]] — 16(0:) ) (B.47)
+ BV I(0:) " (g — Ta(wi)2(u7)g(6r))
+ 5V I(6) e
+BVI(0) e
1
- 500||5trl(wt)r2(ut)At||27
where Cj reflects the bound of the Hessian of J(f) (Lemma C.10). We will prove in

following subsections that all noise terms in (B.47) are negligible. Namely,
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Lemma B.10. lim, ,cel’) =0 a.s. (i=1,2)
Lemma B.11. 3, || 8T (w)Ta(u;) A||* converges a.s.

Lemma B.12. Y, 3,VJ(0,) " (g; — T1(wi)T2(u;)g(0:)) converges a.s.

Same as the section “Proof of Theorem 5.5” in Konda (2002), we now consider a

sequence {k;} such that

k
ko =0, ki =min{k >k |Y B >T}

l=k;

for some constant 7" > 0. Telescoping (B.47) yields

kiJrlfl
+ Y BT w)T2(u) VIO (VT (6] — 6B,
t:ki
where
k‘i+171

6= Y BV (9 — Ta(w))Law))g(6) + BV (6) (el + i)

7

—_

- —CoHﬁtrl(wt)rz(ut)AtHQ]-

[\

Lemmas C.10, B.10, B.11, and B.12 and the selection of {k;} imply
limé; =0 as.
i—00
Theorems 12.1 and 12.2 imply that
sup ma { ] 7} < oc.
Assumption 12.1 then implies that there exists some constant C'; > 0 such that
irtlf min {I'; (wy), Da(wi)} > Ch.
We now proceed by contradiction. If
tim inf [ 7.7(6,)]| — [[5(6)]]] < 0 (B.49)

does not hold, there must exist ¢ty and € > 0 such that V¢ > tg,

VIO = 11b(00)]] > e.
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Then (B.48) implies that
J(Or,y) > J(Ox,) + 6; + TCTE.
Telescoping the above inequality yields that

1—+00
This is impossible because as v < 1 and r is bounded. We, therefore, conclude
that (B.49) must hold, which completes the proof. ]

Proof of Lemma B.10

(1)

Proof. We show only lim;_, ., etl = 0. The convergence of e§2) is the same up to

change of notations. Theorem 12.1 ensures that there exists a compact set W € R¥1

such that almost surely, V¢,
wy €W, wy € W,u, € W.

It is easy to verify that the function w — T'j(w)w is Lipschitz continuous on W.
Consequently, the desired convergence follows immediately from Theorem 12.1, As-

sumption 12.1, and Lemma C.10. O

Proof of Lemma B.11

Proof. Using Lemma C.10, Theorems 12.1 and 12.2, and Assumption 12.1, it is easy

to see that there exists a constant Cy > 0 such that
sup ||y (we) Ta(ur) Ae]| < Co.
t
Consequently,

Z 18,1 (wi)Ta () A || < C2 Zﬂf < o0.

Proof of Lemma B.12

Proof. In this subsection we write wy, as wy for simplifying notation and define

95 (s, a) = Ty (wy)Ta(ug) (x(s) "wy) ((s) "up)pa(s, a)V log m(als).  (B.50)
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So g7 = g5,(S¢, Ay). From Lemma C.10, it is easy to see that
s gl < oc.

We first make a transformation of the original noise using the differential Bellman

equation as in the proof of Corollary A.2. Define

V=S x A,
Y;‘/ i(StaAt)a
y =(s,a).

For every integer i in [1, K3], we consider the MRP with the reward function 9o -

Y — R, where g;;(y) is the i-the element of g;(y). The average reward is therefore

Zd plals)gpi(s; ).

Here we have defined a vector () € R%s by defining its each element g(6);. It is
easy to verify that

§(0) = T (wy)T2(uy)g(0).
The differential value function of this MRP is then
b9, = (I — B, +1d})"'(I — 1d})g; ;- (B.51)

See, e.g., (8.2.2) in Puterman (2014) for a proof. These differential value functions
define a vector-valued function 9y : Y — RE. Namely, the i-the element of 9y(y) is

Ug,;. It is then easy to see that
Sl;p ||0g]| < 0.

According to the differential Bellman equation, we have

Og(s, a) = g5(s,a) — g(0) + Y Pul(s,a). (s',a)) (s, ).

Now we are ready to decompose the noise V.J(0;) " (gF — Ty (w;)To(u})g(0:)) as

VJ(6) (g7 — Tr(wy)Da(uy)§(6r))
:VJ(Ht)T(g;t(St,At) —g(0;)) (Definition of g and g(6;))

=VJ(6,)" (U@t Sy, Ay) Zp "|St, Ar) |s’)'f)gt(s’,a')> (Using (B.51))

4 .
= Z 6§1)7

=1
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where
) = VJ(0t> (Uet Str1; Avyr) ZP 1Sy, A |s')®9t(sl,a’)),

2 . B VI (01)T Uet_l(ShAt)_ﬁtVJ(et) g, (Spy1, Arg1)

o 5, |
= PP 6 b (S ),

D = J(6,) s, (Sy, Ar) — VI (0r_1) e, (Si, Ay).

We now show ), 5te§i) converges almost surely for ¢ = 1,2, 3, 4.

(1) We proceed via a Martingale convergence theorem (Lemma C.5). Let
Fi = (S0, Ao, b, - - -, S, Ar, 01, Sty Argr)

be a g-algebra and M; = Zizo Bteﬁl). It is easy to see that M is adapted to F;. Due

to Lemma C.10 and boundedness of vy, we have

M| < o0,

implying E [|M;|] < oo holds for any fixed | < co. Moreover,

E[Ml+1|ﬂ] = M; + E91+1,Sl+2,Al+2 [ﬁl+1€§—1k)1|ﬂ]
= M, + /Bl+1E9l+1 |:E51+2,Al+2 [Gl(-li-)lwl—i-h ﬂ]]
= M, + fi11Eq,,, [0] = M,

{M,} is, therefore, a Martingale sequence. We now verify that M, has bounded second

moments, then {M;} converges according to Lemma C.5. For any ¢; < t5, we have
1 1 (1
Elef)el))] = E [Blelel} | Fio 1] = E [l Elel}) | 7] | = E [0] = 0.
Consequently,

l o0
v, E[M)=E)>_p(<")]=0 <Zﬁf).
t=0

t=0

Therefore, {M;} and ), BV converges a.s..

(2) S0, Bie® = BoV I (6) T, (S1, AL) — BV J(6) 09, (Sis1, Aryr). The rest fol-
lows from the boundedness of V.J(0) and 0y(s,a) and lim;_,, 5 = 0.
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(3) Notice that

l

2

t=1

Bt Egg)

!
<> 1B = Bical [V T (01=1) "o, (S, Ay
t=1

=0 (Z Bi1 — @) = 0 (By)-

It follows easily that ), ﬁte,@ converges absolutely, thus converges.
(4) Lemma C.10 implies V.J(#) is bounded and Lipschitz continuous in 6, if we

are able to show V(s, a,t), there exists a constant Cj such that
H69t<st> At) - @9t—1(5t7 At)H < COHQt - 9t—l”> (B52)
we will have for some constants C; and Cs,

e < il — O]l = Col| BT 1 (w) Do (u) Ar| < BiCo

Consequently,

By 6154)

l l 00
> <SG B<CY B oas
t=1 t=1 t=1

Thus ), Btef‘) converges. We now proceed to show (B.52) does hold. According
to (B.51), it suffices to show V(s,a,8,6'), there exists a constant Cj such that

lgs (s, a) — g (s, a)|| < Col|6 —0]].

According to Assumption 12.2; py(s,a)V logmy(als) is bounded and Lipschitz con-
tinuous in #. It is easy to verify the function d — I';(d)d is bounded and Lipschitz
continuous in any compact set. According to the definition of gj(s,a) in (B.50) and
the boundedness of w; and wuy, it then suffices to show wj and wj are Lipschitz con-
tinuous in #. This Lipschitz continuity follows easily from Lemma C.2, which then

completes the proof. O

B.31 Proof of Proposition 12.4

Proof. We first decompose b(6) as b(0) = by(0) + ba(6), where

Ve = po(s,a)Vlogmy(als),
b1(0) = ZdM(s) (mﬂw(s) — x(s)Tw;‘m) Z,u(a|s)wg(s, a) (i’(s, a)TuZm)

b2(8) = Y du(8)minyu(s) Y lals)u(s, a) (4ny(5,0) — (s, ) uj,,)
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The boundedness of m, ,(s) and ¥y(s, a) implies

)

Ju) +0 <HXU(’§,7 . X’uzyo

[b:(6)]],, =0 (

:@(

Theorem 2 in Kolter (2011) states

ok
Grg — Xt

ok
Qrg — XUO,O

@) ‘

. 1+ 7‘ ]—T’ﬂg - .
o — XU < ——— |, — g
Qo 9,OJH— 1_,7 Qo Qo i,
Moreover, similarly to (B.19), we have
| X, = Ko, =0,
m

where have used the extreme value theorem for obtaining the constants hidden by
O(+). The term b;(0) can be similarly bounded (cf. Proposition 4.3), which will then
completes the proof.

O

B.32 Proof of Theorem 12.5

Proof. By the definition of J5, we have
9Jy 0ds(s) . L Oug(s)
20, ~ ZS: ( 26, i(s)vr(s) + ds(s)i(s) 20, )

Using the Bellman equation yields

0 (s) :(9 > . 7(als)gr (s, a)

:Z 87T(§ZZ|S)Q (5, a) + v (a Zp (|3, a) ag( )7

or in a matrix form

o, . v,
891 =T+ ,ypﬁa_gi7
where 7 € RIS is defined as
r(s) = %st)qﬁ(s, a).
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We then have

Consequently,

> i) g
=i'diag(ds)(I — yPr)”'7
=i (I —yP) " diag(ds)i
=" D,h

=S () 3 T 5,0,

a

For 4 < 1, we can rewrite (B.38) as
dy = (1= 4)d, + 7P, d;

Taking derivatives in both sides yields

ad; oPT +0d;
=L ds + 4P =1
a6, ~ a6, T 1" Bg
ie.,
ody . —I
=4I — AP ~d:; = D,g;
aez 7( i 7r) aez Y ,ug
Consequently, we have
9d5(s)

s

Combining (B.53) and (B.54) then completes the proof.

B.33 Proof of Proposition 12.6

Proof. Similar to the proof of Lemma 5.1 in Section B.10, we can show that

e [r 15~
= (D,"(I —yP])D,D; diag(ds)i) (s) =
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—op, '(s)vx(s) = Z A, (5)i(s)0x()gi(s).

(B.53)

(B.54)



It can be computed that

- lim > Pr(S, 1 =5 A1 —al| S — s)Ty(s>MEZE;abggg als)
e =L
T

Let Ft(f) denote the i-th element of Ft(z). Similar to the proof of Lemma 5.1 in

Section B.10, we can show that

lim E [F,fj) 1S, = s}

t—00
L apT
~ (D2 =3P 0,0 ) () = )

Let Z;; be the i-th element of Z;. We then have

lim E [Z,,]

—thm Pr(S;=s, A =a)E[Z; | S; = s, A = q]
—00

_Zd s) lim E[Zy; | Sy = 5,4 = d

B Sulals m(als) Na (s a dlogm(als)
—%}%( Julals) o hs)an(s ) == =

+ ) du(s)plals)Fi(s)vx(s)gi(s)
- Z d,(s)h(s) Z qx (s, a)aﬂ(a s) +4 Z d,(5)i(s)vx(5)gi(s),

which completes the proof. n
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Appendix C

Auxiliary Lemmas

Lemma C.1. Let fi(z) and fa(x) be two Lipschitz continuous functions with Lipschitz
constants Cy and Cy. If they are also bounded by Uy, and Us, then their product
fi(z) fa(x) is also Lipschitz continuous with C1Us + CoUy being a Lipschitz constant.

Proof.

1f1(z) fo(x) = fi(y) o)l < I f1(2)(folz) = fo)I + ([ f2(v) (fi(z) — fi(w))]]
< (U0 + U Ch) ||z =y

Lemma C.2. HYfl — Y{l” < ||Yfl||HYl - Y2HHY{1H

Proof.
[yt =Y = v on = )y < (I - vall s
O

Lemma C.3. Let Ap = {P € RIMXIJ’I} be a set of transition matrices. Assume Ap
is compact. For any P € Ap, assume the Markov chain in Y induced by P is ergodic

and use dp € R to denote the corresponding stationary distribution. Then there
exists a constant Cy such that VP, P’ € Ap,

ldp — dp/|| < Col| P — P'||.
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Proof. For any P € Ap, by the definition of stationary distribution, we have

L(P)dp = m

where

[Pt =1
The ergodicity of P and the Perron-Frobenius theorem for nonnegative irreducible
matrices (see, e.g., Horn and Johnson (2012)) ensure that L(P) has full column rank.
Consequently, we have

o = (2P L) L)

It is easy to see that L(P) is Lipschitz continuous in P and we have by the extreme

value theorem

sup [[L(P)]| <00,
PeAp

(L(P)TL(P))’lH <o

sup
PeAp

Lemmas C.1 and C.2 then asserts that (L(P)TL(P))_1 is Lipschitz continuous on
Ap. Using Lemma C.2 again confirms the Lipschitz continuity of dp on Ap. O

Lemma C.4. (Corollary 6.1 in page 150 of Bertsekas and Tsitsiklis (2015))
IfY € RE is a square nonnegative matriz and p(Y') < 1, then there exists some vector
w € RE satisfying w; > 0 such that ||Y||2 < 1. Here p(-) is the spectral radius, w; is

the i-th element of w. For a vectory, its w-weighted maximum norm is

Yi

Iy, = max

i
For a matriz Y,

w

Y
Y = mae 1T ¥
o Tl

Lemma C.5. (Proposition 4.3 in Bertsekas and Tsitsiklis 1996) Assuming {M;}i1....

15 a Martingale sequence and there exists a constant Cy < oo such that VI,
E [|Mi|*] < Gy,

then {M;} converges almost surely.
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Lemma C.6. If A is invertible,
A B _
det ([C D]) = det(A) det(D — CA™'B).
If D is invertible,

det <[é gD = det(D) det(A — BD~'C).

Proof. This is a standard result in linear algebra.

Lemma C.7. The w*(0) defined in (B.20) is Lipschitz continuous in 6.

Proof. Recall
w*(9) = G(0)'h(0) = (X "D, X +nl) ' XD, (r + vPr, X0).
We first show P, X0 is Lipschitz continuous in ¢. By definition of m,
(Pr, X0)(s,a) = Zp(s’\s, a)max z(s’,a') "0

= p(s'ls. )| X8l s

where each row of X, € RHAXK is 1(s' a/)T. Then

(P, X0))(5,0) = (Pr,, X62)(5,0)

> p(s]s,a) (1 Xl = 1 Xobe].)
<D (s, )l Xl = 1 Xl

< Zp(sﬂs, a)|| Xs 01 — Xo0s]| . (Triangle inequality)

<> p(ss,a) |1 Xoll]I6r — Ol

s

<[| XN o161 = b2l -
Consequently,

Pry X601 — Pry, X0o|  <[|X][[[61 — 02 -

o
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The equivalence between norms then asserts that there exists a constant Lo > 0 such
that

It is easy to see Lo||X|| is also a Lipschitz constant of Pr X6 by the property of

Py, X0, — Py, X0,

<Lo|[X|[[|61 — 6.

projection.
Lemma C.3 ensures that D,,, is Lipschitz continuous in 6 and we use Lp to denote
a Lipschitz constant. We remark that if we assume || X|| < 1, we can indeed select
an Lp that is independent of X. To see this, let L, be the Lipschitz constant in
Assumption 9.2, then we have
|no(als) — po(als)| <Ly || X0 — X0l < Lull Xall o160 — 01l
<Ly || X116 = 6]

Due to the equivalence between norms, there exists a constant L;L > ( such that
ko(als) — pe(als)| < L[| X0 = 0] < L, ||0 — ¢. (C.1)

We can now use Lemmas C.1 and C.2 to compute the bounds and Lipschitz
constants for several terms of interest, which are detailed in Table C.1. From Table C.1

and Lemma C.1, a Lipschitz constant of w*(0) is

Cw = (M IX NI Lo + 021X 1PN L) + 07 X v Lol X |
+Up|IX||Rp,(n M| X Lp + 0 2| X[ Lp),

which completes the proof.

Bound Lipschitz constant
D,, 1 Lp
(X"Dyy X +nI)~" n! 21X Lo
X' Dy,r Xl [ X7l Lo
(X Dy X + D) ' X Dyyr | n XL | o "IX A Lo + 0 21X Pl Lo
(XD X +0)'X"Dy, | 7 HIX]] n X Lo + 0 | X P L
VP, X0 VUp|| X || B3, v Lo X |

Table C.1: Up = supy || Pr,||-

Lemma C.8. If || X|| < 1, then w*(0) defined in (B.26) satisfies
[w?(61) — w(62)[] < (| X[ Lo |62 — ol

where Ly, 1s a positive constant that depends on X through only ﬁ
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Proof. We first recall that if || X || < 1, the Lipschitz constants for both py and 7y in
6 can be selected to be independent of X (cf. (C.1)). Recall

w*(0) = -l + Al C 1A, )AL COIXTD, .

oo — Ho oo — Ho

Let

then

w*(0) = =X || (I + 1XI° A7, 11, Cr Aryia) ™ Ary 11y Crag X Dy

oMo — Ho oo — Ho

We now show w*(0)/||X|| is Lipschitz continuous in 6 by invoking Lemmas C.1
and C.2. Let Dp € RIS*AXISxAl he a diagonal matrix whose diagonal entry is the
stationary distribution of the chain induced by P. For any P € A,, Assumption 9.1
(XTDpX)™! H is well defined and
is continuous in P, implying it obtains its maximum in the compact set A, say U,. So
é_l
it is easy to see the bound and the Lipschitz constant of A] - 9Cu 91A7r9 1o depend on
X through only = Tx7- It Is easy to see H nl +||X|PAl C 1A H < 1/n. If we
further assume || X|| < 1, Lemma C.2 then implies that (nl + HXH AT C-1A

ensures that Dp is positive definite. Consequently,

‘ < Uy and importantly, U, depends on X through only ﬁ Using Lemma C.1,

TG, 1o e 779:“6)
o e Mo 7"9“0)

has a Lipschitz constant that depends on X through only = =T It is then easy to see

there exists a constant L,, > 0, which depends on X only through =T such that
[w™(61) = w*(02)|| < Lu[| XT[[|61 — b5,
which completes the proof. O
Lemma C.9. The u*(0) defined in (B.28) is Lipschitz continuous in 6.
Proof. Recall
h(6) = Esaa (mptisaho(s; 0, )] = ha(8) + Ha(6),
O = | P | o= | rn o S e |

1 0"
G(6) = B )iy ().5~p15.0) G5, 0, )] = [0 XD, X+77[}’

w*(0) = G(0)~ R (0).
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We now use Lemmas C.1 and C.2 to compute the bounds and Lipschitz constants
for several terms of interest, which are detailed in Table C.2. From Table C.2 and

Lemma C.1, a Lipschitz constant of u*(#) is
€ = max {1, HOUIXI)) + O(L) + max {1, 72} O(IX)

which completes the proof.

Bound Lipschitz constant
D,, 1 Lp
GO | max{l,p'} | max{ln}O(X]°)
hi(0) | O(IX])) +O(1) O(L,)
H5(0) o X1 o x1
h(0) | O(IX[)+01) |  O(IX]) + O(L,)

Table C.2: Bounds and Lipschitz constants of several terms, assuming || X || < 1,L, <
1.

]

Lemma C.10. Let Assumptions 2.8 and 12.2 hold. Then there exists a constant
C1 < oo such that Y0, ¢,

||VJ7r9,u|| <Cy,
|V T = V Tyl| <C1l10 =],
82J7r0 O Jrp
<Ch.
00,00, =G
Proof. Recall
Tron = Zd 8) My (5)dry (5, a) Vomo(als), (C.2)
mﬂ'eu D ([ ’}/PT) 1Dl‘i7
:<[ - ’V‘P’TI'Q)

Since the space of all policies are compact, sup, | Ver(als)|| < oo (Assumption 12.2),

using the extreme value theorem yields

Sup IV Tyl < 00
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We now proceed to showing the boundedness of the Hessian of J;, ,. We first

9%z || is hounded. To see this, recall that

00;

show ‘

G =1+ 7 Prgr.
Taking derivatives in both sides yields

Consequently, we have
gqe’; = - '7P7r)_188§:%r~

The extreme value theorem and Assumption 12.2 then ensure that

sup H O < 00.

o || 00
We can similarly show that
sup 0m7w < 0.
0 00

Taking gradients w.r.t. 6 in both sides of (C.2) and using the product rule of calculus
then yields

o
00,00,
This bounded Hessian of .J , immediately implies the Lipschitz continuity of VyJ, ,,,

sup < 00.

0

which completes the proof. O]
Lemma C.11. ||P[|, = ||D' I D, ||,
H i

Proof. This proof is inspired by Kolter (2011). For any Y, we have

||Y||d;t: sup “Ydeu: sup \/xTYTDMYx

el =1 g, =1

_1 _1 1 _1
— sup \/yTD,ﬁYTDMYD,ﬁy: HD,%YDNQ

lyll=1

Letting Y = P, yields

1 1
1Py, = | DiPeD | (€.3)

Letting Y = D;lPFTDM yields

|0 P D,|| = ||Da* P D

The rest follows from the well-known fact that ¢5 matrix norm is invariant under

matrix transpose. O
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