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Wave drift responses at low frequencies and springing at high frequencies
can both be modelled as second order processes� involving terms propor�
tional to the square of the wave elevation in irregular seas� Although the
models of both these phenomena share many common features� spring�
ing introduces several additional complexities� These concern both the
second order hydrodynamic analysis� and the probabilistic modelling of
the resulting �rst plus second order responses� This article highlights
these in the context of springing� which is particularly relevant to the
design of Tension Leg Platforms and o�shore structures susceptible to
lightly damped resonant responses� at periods in the range from around
� to � seconds� The three closely linked aspects of hydrodynamics�
spectral analysis and probabilistic modelling are considered� and sam�
ple numerical results discussed�

� Introduction

Despite the undoubted successes achieved in the design of o�shore struc�
tures on the basis of linear hydrodynamics� it is now generally understood
that the model o�ered by linear theory is often inadequate� There are
important physical phenomena� having impact on the design of �xed and
�oating structures� which can only be modelled by accounting for non�linear
wave loading e�ects� The most important are wave drift forces� springing�
ringing and wave slam� The �rst two are very di�erent in their physical
manifestation� though their origin can be traced to a common theoretical
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model� It is found that both can be well explained by incorporating a �rst
correction to linear theory� namely� the inclusion in a consistent manner of
terms which depend on both linear and quadratic powers of wave elevation�
Such a non�linear theory can be described as second order� and this forms
the subject of this article�

Second order wave theory was �rst applied to modelling low frequency
drift forces and responses� It is very clear that if an irregular wave elevation
is modelled as a superposition of components at di�erent frequencies� then
quantities �e�g� forces and responses	 proportional to the square of that
elevation will contain terms at both the sums and di�erences of the ele�
mentary wave frequencies� It is the low �di�erence	 frequency components
which are found to excite the resonant response of �oating platforms� such
as semisubmersibles and �oating production systems� in their horizontal
modes �surge� sway and yaw	
 this is the phenomenon of wave drift re�
sponses� The related phenomenon at the sum frequencies is now generally
known as springing� Arising at frequencies substantially higher than wave
frequencies� springing becomes an important design issue on the context
of lightly damped resonant responses in the �sti�� modes of certain types
of o�shore platform� notably the vertical modes �heave� pitch and roll	 of
Tension Leg Platforms �TLPs	� and the cantilever modes of slender towers�

As second order e�ects can be demonstrated to be important in exciting
resonant responses of sti� structures� one can imagine that higher order
e�ects than second might also be relevant in certain circumstances� The
phenomenon of �ringing� appears to be just such a case� When a steep�
fronted wave encounters a large diameter vertical cylinder� it is found that
high frequency load components are generated which cannot be adequately
modelled by second order theory �either from the point of view of frequency
content� or the nature of the statistics in random waves� which imply terms
of at least cubic order in wave elevation	� The e�ect of this wave�structure
interaction has some similarities with an impulsive loading� and in a slender
tower or TLP this can excite a sharp transient response similar to that
resulting from an impact �hence the terminology� after �ringing� a bell	�
Slamming is more obviously an impulsive load e�ect� arising when a body
accelerates through the air sea interface and its water plane area changes
rapidly during the process� As such this is highly non�linear� To model
slamming� and indeed the phenomenon of ringing� it seems necessary to
undertake fully non�linear transient analyses� usually involving numerical
time marching� The second order problems� however� are amenable to
solution in the frequency domain� on the basis of the Stokes expansion
technique� Where relevant� such solutions have several advantages over
time domain analyses� computation of the hydrodynamic loading should be
less expensive �and more reliable	
 and tools are available for both spectral






and probabilistic analyses of second order processes� It is these processes
which form the subject of this article�

While the phenomena of springing and wave drift responses can both be
modelled on the basis of second order hydrodynamic analysis and poten�
tial �ow theory� there are of course very important di�erences in modelling
them� The former is signi�cantly more di�cult than the latter� for two rea�
sons� Firstly� it is found that at the di�erence frequencies relevant to wave
drift excitation� the second order loading due to the second order velocity
potential is generally very small in relation to the second order term arising
from products of �rst order potential e�ects� Hence whereas the e�ect of
the second order potential must be modelled in springing� it may generally
be ignored in calculating wave drift forces �except in special cases such
as shallow water	� The evaluation of drift forces is then routine� as long
as a reliable �rst order di�raction�radiation analysis is available �though
the phenomenon of wave drift damping adds a degree of complexity to the
analysis	� Calculation of springing excitation� however� is not straightfor�
ward� because of the di�culty of evaluating the e�ects of the second order
potential�

A second important di�erence in the second order modelling of wave
drift and springing concerns the statistical treatment� Analytical expres�
sions may be obtained for probability distributions and extreme value
statistics of the second order low frequency processes� The treatment of
second order sum frequency processes� however� is more complex�

In view of these di�erences� it is unrealistic to attempt to review both
low frequency and high frequency second order phenomena within the com�
pass of this article� We concentrate therefore on the high frequency spring�
ing problem� although of course a signi�cant part of what is described below
is also relevant to the wave drift phenomenon�

Further details on the phenomenon of springing� in the context of TLP
design� have been given by Petrauskas � Liu �����	� Kim � Yue �����	�
Eatock Taylor �����	� Marthinsen � Muren �����	� and Natvig �����	�
The subject matter in the present article is arranged as follows� In the
next section we review certain matters relating to the modelling of second
order hydrodynamic e�ects in the frequency domain� This requires analysis
in bichromatic waves �and� for modelling behaviour in spread seas� in bidi�
rectional waves
 but for simplicity we here restrict attention to behaviour
in long�crested seas� The extension to two directions is algebraically more
involved� but conceptually not much di�erent	� This review in section 

includes both fully numerical treatment for bodies of arbitrary geometry

and semi�analytical solutions for various con�gurations of cylinders�

In section � we examine the spectral analysis of second order� non�linear
processes� Analytical expressions are obtained for the spectra of simple
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second order processes� These are used as benchmarks in illustrating the
performance of discrete time simulation and associated FFT based spec�
tral analysis of such processes� Finally� section � reviews the probabilistic
treatment relevant to springing responses� This requires examination of
processes which include both �rst and second order components� An ex�
tensive list of cited references is provided in each section to enable the
reader to �nd further details of a subject which can only be treated at best
super�cially in what follows�

� Second Order Hydrodynamics

��� General formulation

Tautly moored compliant o�shore structures such as tension leg platforms
are composed of large elements whose characteristic dimension� D� is typ�
ically large relative to the incident water wave length� L� If the incident
wave height� H� is small relative to this characteristic dimension� such that
H
D
� �� the motions of the water particles are small relative to the struc�

ture and the resulting drag forces developed are negligible� A discussion of
the nature of wave loading under various �ow r�egimes is given by Sarpkaya
� Isaacson �����	� Inertial e�ects� proportional to the acceleration of the
�uid� dominate the �ow r�egime for this type of structure� Under these
conditions the �ow can be described in terms of a velocity potential and
the incident and scattered or di�racted waves are expressed in terms of this
potential� A mathematical formulation is presented for the problem of long
crested incident waves interacting with a �oating body� We use a Carte�
sian coordinate system in which the x�y plane is positioned at the level of
the quiescent free surface with the z�axis pointing vertically upwards� The
�uid domain� �� is bounded by the body surface� SB � the free surface� SF �
the sea bed� SS � and a boundary at in�nity S��

As the �uid is assumed to be in irrotational motion the �ow can be
described by a scalar velocity potential� ��x� y� z� t	� which satis�es the
Laplace equation in the domain� �
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Rigid� impermeable boundary conditions are applied on SS � and SB �
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�n
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where n is the unit normal to the surface� Two boundary conditions are
applied over the free surface as neither the value of the potential� �� at the
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surface nor the position of the free surface are known� If the equation of
the free surface is de�ned as

z � ��x� y� t	� ��	

the dynamic boundary condition at the free surface is �c�f� Sarpkaya �
Isaacson ���� and Mei ���
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which implies that the pressure is constant
 and the kinematic boundary
condition is
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Equations ��	 and ��	 are both applied at z � �� Finally� to ensure a
physically realisable solution is obtained� a radiation condition must be
imposed at the in�nite boundary� S�� requiring that the scattered wave
approach the form of a radially propagating wave at great distances from
the body�

The pressure� p� at a point in the �uid can be found from Bernoulli�s
equation�

p � ��
�
��

�t
� g� �
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in which � is the �uid density�
As a result of the nonlinearities in the free surface condition� the velocity

potential � can be expanded in a perturbation series in terms of the wave
slope parameter� � � H

� � where � is the wave length and �� �� Thus�

� � ��
���

� ���
���

� ���� ��	

The surface elevation� �� can similarly be written�

� � ����� � ������ � ��� � ��	

The free surface boundary conditions are expanded in Taylor series about
the mean position� z � �� and equations ��	 and ��	 are substituted into
the resulting expansions� Upon collection of like terms of the expansion pa�
rameter� �� ����	� ����	� ���	� the dynamic and kinematic free surface bound�
ary conditions can be combined to eliminate ���� and ����� The �rst order
combined free surface boundary condition at z � � is then
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and the second order combined free surface condition is
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see Ogilvie �����	 for example� It may be noted that the free surface
condition for ���� is inhomogeneous� and this causes considerable di�culties
in developing solutions for the second order problem�

If the body is freely �oating or able to move subject to some mooring
restraint� it will undergo rigid body motions� In a general case the structure
will have six degrees of freedom� three translational and three rotational�
and each will generate a wave �eld which can be described by a velocity
�radiation	 potential� This problem is simpli�ed at each order of analysis by
assuming that the di�racted wave �eld can be computed from the incident
waves interacting with a �xed body� and that the added mass and radiation
damping e�ects due to the body motions can be decoupled from the incident
wave �eld� Equation ��	 can therefore be expressed in terms of incident
��I	� di�racted ��D	 and radiated potentials ��R	

� � ���
���

I � �
���

D � �
���

R 	 � ����
���

I � �
���

D � �
���

R 	 � ��� � ���	

Here �
���

D describes the �rst order scattered waves due to the presence of

the �xed body
 and �
���

R represents the six wave systems generated by the
body describing unit amplitude oscillations in the three translational and
three rotational rigid body modes separately� in quiescent water �it is the
sum of the six radiation potentials	� The second order di�racted potential�

�
���

D � represents the scattering of the second order incident waves� in the
presence of the inhomogeneous boundary condition on the free surface�

The second order radiated potentials� �
���

R � can be de�ned as representing
the waves generated by the body as it describes second order motions in
quiescent water subject to a homogeneous free surface condition�

We consider now the case when a body is placed in long crested bichro�
matic waves with frequencies ��� �� and amplitudes A�� A�� in water of
depth d� Bichromatic waves are considered� so that second order e�ects
arising from wave components of di�erent frequencies can be assessed� In
particular� one can anticipate e�ects at 
��� 
��� ��� ���	� ������	 and
a mean component� For a bichromatic incident wave �eld the total �rst
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order velocity potential can be decomposed in the form�
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The second order velocity potential is the superposition of the sum and
di�erence frequency terms

�
���

�x� t	 � �
�

�

�X
j��

�X
l��

	��x	 e�i�
�t � 	��x	 e�i�

�t

��
� ���	

where �� � �j � �l and �� � �j � �l� The sum frequency potential� 	��
includes double frequency components at �� � 
�j� 
�l and the compo�
nent at the sum frequency� �j � �l� The di�erence frequency component
is composed of terms at frequency �j � �l� The �rst order incident wave
potential is written

	
���

Ij �
�X

j��

�igAj

�j

cosh kj�z � d	

cosh kjd
exp�ikjx	 ���	

where �j and the wave number� kj� are related by the dispersion relation�
ship

��j � gkj tanh�kjd	 ���	

for j � �� 
 and where g is the gravitational acceleration� The second order
potential for bichromatic incident waves is given as �e�g� Bowers ����	

	�I �r� 
� z	 �
�



���jl � ��lj 	

cosh�k��z � h		

cosh k�h
exp�ik�x	� ���	

where

��jl �
�igAjAl


�j

k�j ��� tanh� kjh	� 
kjkl��� tanh kjh tanh klh	


� � k� tanh k�h
� ���	

��lj � ��lj � ��lj � ���lj � k� � kj � kl� 
� � ��
�

�g�

The �rst order body disturbance potential� 	
���

B �� 	
���

D �	
���

R 	� in a wave
of frequency �j� satis�es the following boundary conditions�

�	
���

Bj

�n
� ��	

���

Ij

�n
� i�jn � ��j

���

��j
��� � r	 on SB � ���	
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� ��j	
���

Bj � g
�	

���

Bj

�z
� � on SF � z � �� ���	

where �j
���

���
���

xj � �
���

yj � �
���

zj 	 and �j
���

���
���

xj � �
���

yj � �
���

zj 	 are the translational
and rotational complex displacements �i�e� without the time factor
exp��i�jt		� The position vector on the body surface is denoted by the
vector r� A Sommerfeld radiation condition is also speci�ed at the in�nite
boundary� S�

lim
R��

p
R

�
�	

���

Bj

�R
� ikj	

���

Bj

�
� � �
�	

in which R is the radial distance from the origin�
The second order solution requires that the �rst order solution be avail�

able� in order to compute the inhomogeneous term of the free surface
boundary condition on the right hand side of equation ���	 and the forc�
ing terms at second order� As sum frequency e�ects are the focus of this
article� the second order boundary value problem is formulated in terms of
the sum frequency potential� 	

�

D� The boundary conditions for this second
order potential problem are

� ��
�

	
�

D � g
�	

�

D

�z
� q� on SF � z � �
 �
�	
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�

D

�z
� � on SS 
 �
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D

�n
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I

�n
� B� on SB 
 �
�	

and a radiation condition at the in�nite boundary� S�� Here SB is now the
mean position of the moving body� and B� is a second order forcing term
associated with the motions of the body� The free surface forcing term� q��
in equation �
�	 is written� c�f� Kim � Yue �����	�

q� �
�



�q

�

jl � q
�

lj	 �
�	

where

q
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jl �
�i�l
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j � r	���

l � q
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In this� q
�

IIjl corresponds to the quadratic forcing term composed solely of

incident wave potentials� The body forcing term� B�� is similarly expressed
as

B� �
�
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�

jl � b
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lj	 �
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where

b
�

jl �
�



n � ������l ��

���

l � r	 � r	r	���

j � �
�	

The sum frequency second order radiation potentials� 	
���

R � must satisfy a
boundary condition on the body surface� similar to that in equation ���	
without the incident wave term�

Once the velocity potentials have been obtained� the hydrodynamic
forces acting on a body are found by integrating the pressure over the
body surface

F �

Z Z
SB

pndS �
�	

where the pressure p is found from Bernoulli�s equation ��	� The �rst order

force� F ���� is found from

F ��� � ��
Z Z

SB

�����

�t
ndS� �
�	

The second order force� F ���� is found� following Ogilvie �����	� from

F ��� � � �

�Z
z��

�g



�����	�ndl �

�




Z Z
SB

�r����	�ndS

�

Z Z
SB

�����

�t
ndS

�
���	

where
R
z�� dl represents a line integral around the body at mean water

level� The second order force acting on the body is composed of a term�

F
���
Q � involving quadratic components of the �rst order potentials as in

the �rst two terms on the right hand side of equation ���	
 and a term

due to the second order potential� F
���
P � If the body is freely �oating� a

component� F ���
BB � due to the motions is also found�

��� Numerical solution

����� A boundary integral formulation

The �rst and second order boundary value problems can be solved by
boundary integral equations formulated by applying Green�s theorem to
the �uid domain� Such methods for solution of the �rst order di�rac�
tion�radiation problem are now widely used in industry� The second order
problem is signi�cantly more di�cult to implement� and rather few at�
tempts have been made� Examples may be found in the work of Chen
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� Molin �����	� Matsui et al� �����	� Lee et al� �����	� Eatock Taylor �
Chau ����
	 and Lee � Newman �����	� In what follows we summarise the
methodology adopted by Eatock Taylor � Chau ����
	� which di�ers from
most other work in two signi�cant respects� quadratic rather than constant
boundary elements are implemented
 and a modi�ed integral equation is
used� Both of these features are aimed at improving the numerical e�ciency
of the calculation�

At �rst order� applying Green�s theorem in the conventional way leads
to

C�x�		
���

Bj�x�	 �

Z Z
SB

�
	
���

Bj�x	
�Gj

�n
�Gj

�	
���

Ij �x	

�n

�
dS

�

Z Z
SB

GjV
���

j �x	dS ���	

in which� 	
���

Bj�x�	� is the unknown disturbance potential due to the incident

waves and a normal velocity V
���

j �x	 on the body surface� Gj�x�x�	 is the
Green function corresponding to an oscillating source at frequency �j � The
function C�x�	 has the value � when x� is in the �uid domain and �

� if x� is
on SB � The discontinuous behaviour of C�x�	 normal to the body surface
can lead to di�culties in solving equation ���	 near to the body and the
integrand has a singularity associated with it� Chau � Eatock Taylor
�����	 showed that this can be overcome by applying Green�s theorem to
the region interior to the body� �

�

� as suggested by Noblesse �����	� This
leads to the modi�ed integral equation

	
���

Bj�x�	�� � 
j

Z Z
S
F
�

GjdS �

Z Z
SB

�
�	

���

Bj�x	� 	
���

Bj�x�	 
�Gj

�n

� Gj

�	
���

Ij �x	

�n

�
dS �

Z Z
SB

GjV
���

j �x	dS� ��
	

The intersection of the region interior to the body with the free surface

is denoted by SF � � and 
j �
��j
g � In this representation C�x�	 has been

removed from the equation and the integrand is now non�singular� as shown
by Chau �����	�

Solution of the sum frequency� second order boundary value problem for
the velocity potential� 	

�

D� is achieved by again applying Green�s identity
to the �uid domain� This leads in a imilar way to

	
�

D�x�	�� � 
�
Z Z

S
F
�

G�dS	

��



�

Z Z
SB

�
�	

�

D�x	� 	
�

D�x�	 
�G�

�n
� G� �	

�

I �x	

�n

�
dS

�

Z Z
SF

q�G�dS �

Z Z
SB

B�G� dS� ���	

as shown by Eatock Taylor � Chau ����
	� A corresponding equation for
	�R may similarly be formulated� in which the free surface integral term
in 	� is absent� and the right hand side is the second order equivalent of
the right hand side of Eq� ��
	� It should be noted that the Green func�
tion appearing in both equations ��
	 and ���	 satis�es the homogeneous
boundary condition on the free surface� the only di�erence between them
is that in the former case it corresponds to a wave source at �j while in
the latter it is at the sum frequency ���

Equations ��
	 and ���	 are the foundations for determining a numer�
ical solution to the hydrodynamic model of bichromatic potential �ows
described in this article� They have been implemented in a suite of com�
puter programs called DIFFRACT� In the discretised models adopted in
this boundary element solution� the body surface and internal water plane
�and free surface for a second order analysis	 are discretised into a number
of panels or elements and the integrations are performed over each indi�
vidually� An approximate form of the discretised integral equation is then
derived as a sum of the contributions from each element� Collectively these
form a linear algebraic set of equations which can be solved using well es�
tablished matrix techniques� Elements of di�erent order may be used in
the analysis in which the function is assumed to be constant� or vary in
some manner over the element� In DIFFRACT the variation of the geom�
etry and the scattered potential over each element is modelled by ��node
quadrilateral� and ��node triangular isoparametric quadratic elements� In
this way� the potential or elemental geometry as de�ned in Cartesian space
are mapped into a normalised local space associated with each element by
the use of shape functions� Zienkiewicz �����	 describes the concepts and
theory of isoparametric transformations� Use of the shape functions allows
the potential at a general point in an element to be related to the nodal
values of the potential� Quadratic boundary elements have the advantage
over lower order elements as the variation of typical body geometries may
often be described exactly� Panels in which a quantity is assumed to be
constant lead to a discontinuous description of geometry of a curved body
although with ever increasing computing power� more elements can be em�
ployed thereby reducing the e�ect of discontinuities� However� Liu et al
�����	 suggest that for bodies with sharp corners� di�culties may be en�
countered when using a constant panel method�

In DIFFRACT the integration over each element in the normalised local
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space is performed by two�dimensional� ��point Gaussian quadrature� Chau
�����	 notes that lower order derivatives in the integrand may still contain
some singularities� and describes a triangular polar coordinate transforma�
tion which has the e�ect of concentrating the integration points around the
singular node�

In the second order analysis� it can be seen that the problem as de�
�ned in equation ���	 requires the evaluation of an integral over the entire
free surface� The integrand� q�G�� involves the products of derivatives of
the �rst order potential and is highly oscillatory� Furthermore� it may be
shown that it only decays algebraically with increasing distance from the
body� Clearly truncation of this integral near to the body may introduce
errors into the analysis� so it is convenient to divide the free surface into
three regions over which the integral is treated entirely di�erently� In the
immediate vicinity of the body the integral can be evaluated numerically�
e�g� using quadratic elements� A far��eld region can be de�ned in which
all of the evanescent� local� components of the scattered wave are assumed
to have died away and all that remains is a radially propagating wave� In
this region the scattered potential can be approximated by an asymptotic
expansion� An adaptive middle region can then be de�ned� extending from
the outer limit of the region of numerical quadrature� and in which are in�
cluded a �nite number of evanescent modes� The extent of this region can
be calculated adaptively by comparing the value computed at its outer limit
with the value computed at that position from the asymptotic analysis�

����� Convergence of the higher order boundary element formulation

In the boundary element approach� the homogeneous free surface con�
dition is strictly satis�ed by the Green function
 the inhomogeneous free
surface condition is satis�ed by means of the free surface integral
 and
the body surface mesh determines the accuracy in satisfying the boundary
condition on the body surface� Convergence of the method will depend
crucially on the adequacy of the discretisation on these surfaces� the accu�
racy of the numerical integrations� and the number of terms in the series
representing the far �eld behaviour� The second order problem is the more
critical� because of the di�cult free surface integral and its dependence on
the discretised solution of the �rst order potentials�

We �rst illustrate the convergence characteristics of the �rst order so�
lution� distinguishing between two aspects which determine the required
�neness of the the body�surface mesh� ��	 the �rst order total force calcu�
lation
 �
	 the �rst order potential calculation at some representative points
on the free�surface� It is the latter which will in�uence the reliability of the
free surface integral in the second order analysis� Several examples are now
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Table �� E�ect of circumferential mesh number on accuracy of computation of

non�dimensional horizontal force j 	F ���
x j

ka ���� ���� ���� ��
� ���� 
���
Nc � � ������ ������ ������ ������ ������ ������

j !F ���
x j Nc � 
 ���
�� ������ ������ ������ ������ ������

Nc � � ������ ������ ����
� ������ ������ ������
Nc � � ������ ������ ������
Analytical ������ ������ ������ ������ ������ ������

Table �� E�ect of circumferential mesh number on accuracy of computation of

non�dimensional vertical force j 	F
���
z j

ka ���� ���� ����
Nc � � ������ ������ ���

�

j !F ���
z j Nc � 
 ������ ������ ���

�

Nc � � �����
 ������ ���

�
Analytical ������ �����
 ���

�

given� based on quadratic boundary elements� to illustrate the in�uence of
the body surface mesh on the convergence� The structure examined is a
�xed truncated vertical cylinder of radius a� draught b � �a and in water
of depth d � 
�a� The attraction of this example is that� for both �rst and
second order problems� analytical solutions are available for comparison
with the numerical results �see below� and Huang � Eatock Taylor ����	�

Example ��� In�uence of mesh density on the �rst order force calculation

We de�ne the total non�dimensional surge and heave forces in a wave of
amplitude A� after factoring the time dependence� as

!F ���
x �

F
���
x

��ga�A
� !F ���

z �
F
���
z

��ga�A

� We use the notations Nc and Nz to represent circumferential and vertical
numbers of elements in one quadrant of the cylinder surface� Tables � and

 concern the convergence characteristics when Nc is varied� while Nz is
kept as Nz � �
 results for the non�dimensional surge and heave forces are
given over a range of wave numbers� These demonstrate that Nc � � gives
satisfactory results for the �rst order force calculations in this case�
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Table 
� E�ect of vertical mesh number on accuracy of computation of

non�dimensional horizontal force j 	F ���
x j

ka ���� ���� ���� ��
� ���� 
���
Nz � 
 ���
�� ������ ������ ������ ������ �����


j !F ���
x j Nz � � ���
�� ����
� ������ ������ ������ ������

Nz � � ������ ������ ����
�
Analytical ������ ������ ������ ������ ������ ������

Table �� E�ect of vertical mesh number on accuracy of computation of

non�dimensional vertical force j 	F
���
z j

ka ���� ���� ���� ��
�
Nz � 
 ������ ������ ���

� ������

j !F ���
z j Nz � � ������ ������ ���

� ������

Analytical ������ �����
 ���

� ������

Table �� Convergence characteristics of the vertical mesh for b�a � 


ka ��
� ���� ���� ��
� ����

j !F ���
x j Nz � � ������ ������ ������ ����
� ���
��

Nz � � ����
� ����
� ������ ���
�� ���
��

j !F ���
z j � ��� Nz � � ������ ���
�� ���
�
 ������ ������

Nz � � ������ �����
 ���
�� ������ ����
�

The in�uence of the vertical mesh on the force calculation is shown
in tables � and �� The circumferential mesh number is kept at Nc � ��

Example ��� In�uence of draught b�a on the convergence characteristics
of the vertical mesh

A deeper draught body� of b�a � �� is now considered� The circumferential
mesh is �xed at Nc � �� The calculated horizontal and vertical forces for
two di�erent vertical meshes are listed in table �� This indicates that even
for this deep draught � Nz � � is su�cient to obtain an accuracy of �� "
over this range of frequencies�
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Table �� Convergence of body surface mesh in calculating the �rst order

potential on the free surface

r�a ��� 
�� ��� ��� �
��
Re mesh � �������� �������� ������� �������
 ������

mesh 
 �������� �������� ������
 �������� ������
mesh � �������� �������� ������� �������� ������
mesh � �������� �������� ������� �������� ������
Analytical �����
�� �������� ������� �������� ������

Im mesh � ������� ����
�� ������ ������� �������
mesh 
 ������� ������� ������ �����
� �������
mesh � ������
 ������� ������ ������� �������
mesh � ������� ������� ������ ������� �������
Analytical ������� ������
 ������ ������� �������

Example ��� E�ect of body mesh on the di�raction potential on the free�
surface

As discussed above� in relation to obtaining second order results a more
convincing test of the convergence characteristics of the body surface mesh
would be to compare the results for the �rst order potential on the free
surface� Table � gives a comparison of this potential at �ve points on the
free surface at 
 � � �i�e� the upwave side	� r�a � �� 
� �� �� �
 for four dif�
ferent body meshes on a truncated cylinder with draught b � 
a� in water
of depth d � 
�a� at dimensionless wave number ka � ���� �The potential
tabulated is in fact dimensional� based on a � ��m	� The di�erent body
meshes are� mesh �� Nc � Nz � 
 � 

 mesh 
� Nc � Nz � � � �
 mesh
�� Nc � Nz � � � �
 and mesh �� Nc � Nz � � � �� In each case the
number of elements radially on the bottom of the cylinder� Nb� was equal
to Nc� The analytical solution is also listed for comparison� One can see
that the largest error in the calculation of the potential using the bound�
ary element simulation occurs on the body surface� Even a fairly coarse
mesh can produce an acceptable accuracy for potentials at r�a � 
� For
a high accuracy on the body surface� a relatively �ne mesh is required� In
the present case� a � � � body mesh �mesh 
	 yields a satisfactory accu�
racy� This is consistent with the previous analysis for the force calculations�

��



Example ��� In�uence of the outer radius of the free surface mesh on
convergence of the second order force calculations

Solution of the second order problem involves the free surface integral�
which is calculated by two dimensional quadrature in an inner domain
bounded externally by a circle of radius RJ � Outside that domain the in�
tegral is expressed as a Fourier series� and the circumferential integration
is performed in closed form� The value of the outer radius RJ � and the dis�
cretisation within it� are clearly likely to have important in�uences on the
accuracy of the second order results� We illustrate this by examining results
for second order forces on a truncated cylinder� The time�independent sum
frequency forces are non�dimensionalised as�

!F�
x �

F�
x

�gaA�A�
� !F�

z �
F�
z

�gaA�A�
�

We use RJ�d as the parameter for examining the convergence charac�
teristics� in considering a truncated cylinder of b�a � �� d�a � �� in a
monochromatic wave �eld� The second order surge and heave forces� for
di�erent RJ�d� are listed in tables � and � for three dimensionless wave
numbers� The body mesh in one quadrant was de�ned by� Nc�Nz �Nb �
� � � � �
 and the free surface meshes in one quadrant corresponded to�
Nc � Nr � � � � for RJ�d � 

 � � �� for RJ�d � �
 and � � �� for
RJ�d � �� �Nr is the number of elements radially on the free surface
 Nc

is the number of elements circumferentially on both the body and the free
surface	�

The conclusion to be drawn from these and many other results in an
extensive convergence study is that the linear and second order calcula�
tions have rather di�erent requirements in terms of the boundary element
discretisation� This is perhaps not surprising� For linear ��rst order and
homogeneous part of second order	 analysis� even a very coarse mesh on the
body surface can yield suprisingly high accuracy� The second order analysis
is� on the other hand� very sensitive to the mesh on both the body surface
and free surface� and insu�cient mesh density may result in substantial
computational errors�

��� Semi�analytical solutions for �xed vertical cylinders

Although many numerical investigations have been carried out for second
order wave di�raction problems� complete semi�analytical solutions� which
are capable of calculating both hydrodynamic forces and free surface ele�
vations� are desirable� These can serve the following purposes�

��



Table �� In�uence of RJ�d on convergence of second order surge force for a

truncated cylinder with b�a � 


ka ��� ��� ���
RJ�d Re Im Re Im Re Im

�� ������ ����
� ������ ����
� 
����� ������

��� ������ ������ ������ ������ 
����� �������
��� ������ ������ ����
� ������ 
����
 �������
Analytical ������ ������ ����
� ������ 
����� �������

Table 
� In�uence of RJ�d on convergence of second order heave force for a
truncated cylinder with b�a � 


ka ��� ��� ���
RJ�d Re Im Re Im Re Im

�� ������
 ������� ���
��� ���
��� ������� �����

��� ������� ������� ���
��� ���
��� ������� ������
��� ������� ������� ���
��� ���
��� ������� ������
Analytical ������� ������
 ���
��� ���
��� ������� ������

	 To provide a tool to check the accuracy and convergence of the nu�
merical calculations�

	 To gain a better understanding of the physical nature of the second
order wave�structure interaction problem�

	 To provide an e�cient algorithm for fast evaluation of the second
order wave loads on TLPs� by combining with the boundary element
method�

The �rst reliable semi�analytical solutions for second order di�raction forces
were based on an indirect formulation proposed independently by Lighthill
�����	 and Molin �����	� In this� a reciprocal theorem �in e�ect Green�s
identity	 is used to express the force by integration of products of �rst or�
der quantities� thereby avoiding explicit determination of the second order
potential� This indirect method has been used to compute second order
loads on a single vertical cylinder �Eatock Taylor � Hung ����	 and arrays
of vertical cylinders in monochromatic waves �Ghalayini � Williams ����	
and in bichromatic waves �Moubayed � Williams ����	� The implemen�
tation of the single cylinder formulation was improved by Newman �����	
through use of the Weber transform� leading to results in agreement with
those of Eatock Taylor � Hung �����	�

��



The disadvantage of the indirect method is that it does not readily
provide the second order wave elevation and kinematics� This problem
was addressed by Chau � Eatock Taylor ����
	 and Kriebel ����
	� who
independently obtained semi�analytical expressions for the second order
potential itself� associated with di�raction of regular waves by a vertical
cylinder� Results could then be obtained for such quantities as the second
order run�up around the cylinder� Teng � Kato �����	 sought an improved
method of computing the second order potential� based on the same basic
idea� Huang � Eatock Taylor �����	 extended the direct formulation to ob�
tain semi�analytical expressions for the second order potential in the case of
a truncated cylinder in regular waves
 and Eatock Taylor � Huang �����a	
showed how this could be used in combination with a numerical near��eld
approach to solve the analogous problem for an arbitrary axisymmetric
body in monochromatic waves� The extension of the semi�analytical direct
formulation to bichromatic waves was given by Eatock Taylor � Huang
�����b	�

Application of the direct solution method to obtain the second order
potential around groups of vertical cylinders is rather less straightforward
�Huang � Eatock Taylor ����� Malenica ����	� A summary of the approach
is presented here for the bichromatic wave case� The starting point is
the exact interaction theory of Linton � Evans �����	 for the �rst order
potentials� The free surface integrals are performed in terms of local polar
coordinate systems which coincide with the individual cylinders� and are
transformed into one dimension by using the Fourier expansion method�

We consider therefore the di�raction of a plane bichromatic wave by
a group of vertical circular cylinders of radius a and draught b� As before�
we decompose the �rst and second order velocity potentials as follows�

	
���
j � 	

���
Ij � 	

���
Dj� 	� � 	�I � 	�D� ���	

We divide the �uid domain into two parts� an exterior region which is
de�ned as the region outside the cylinders when they are extended to the
seabed
 and an �interior� region consisting of Nc sub�regions �Nc being the
number of cylinders	� with the kth sub�region de�ned by�

�x� xck	� � �y � yck	� � a�
 �d � z � �b�

�xck� yck	 are the horizontal coordinates of the axis of the kth cylinder�
In the exterior region� we express the velocity potentials in terms of

local coordinate systems �rk� 
k� z	� using an approach similar to that of

��



Linton � Evans �����	�

	
���
Ij � Ck

�X
n���

Jn�kjrk	ein�������ein�kf��z	� Ck � eikj�xck cos��yck sin ��

���	
where kj is the �rst order wavenumber corresponding to wave frequency
�j
 � is the angle of incidence of the wave
 and

	
���
Dj �

�X
n���

NcX
s��

fAs
j�n

Hn�kjrs	

H�
n�kja	

fj�z	 �
�X
m��

Bs
j�nm

Un�kjmrs	

U �n�kjma	
Z
���
jm�z	gein�s

���	
where

fj�z	 �
cosh�kj�z � d		

cosh kjd
� ���	

Un�kjmr	 �

�
Hn�kjr	 m � �
Kn�kjmr	 m � ��

���	

and

Z
���
j� �z	 �

�p
N�

cosh�kj�z � d		� N� �
d



�� �

sinh�
kjd	


kjd
	 ���	

Z
���
jm�z	 �

�p
Nm

cos�kjm�z � d		 Nm �
d



�� �

sin�
kjmd	


kjmd
	� m � ��

���	
kj� kjm �m � �� 
� � � �	 are the real roots of the corresponding dispersion
equations�

kj tanh�kjd	 � 
j� km tan�kjmd	 � �
j�
As
j�n are the coe�cients corresponding to the �rst order wave di�raction

by multiple bottom�seated cylinders� and Bj�nm are the coe�cients taking
into account the truncation of the cylinders �we restrict our analysis here
to cylinders with the same size and the same draught	�

The �rst order di�raction potential in the vicinity of cylinder k can
be expressed in terms of the coordinate system �rk� 
k� z	� based on Graf�s
addition theorem for Bessel functions�

Xm��rs	e
im�s �

�X
n���

Xm�n��Rks	e
i�m�n���jk���Jn��rk	ein�k � rk � Rks

���	

��



Xm��rs	e
im�s �

�X
n���

Jm�n��Rks	e
i�m�n���jk���Xn��rk	ein�k � rk � Rks

��
	
where � is a wave number and Xm�x	 denotes Hm�x	�Km�x	 or Jm�x	
according to the circumstances� Rks is the length of the vector joining the
centres of cylinders k and s� and �ks is its angle to the x axis�

Upon using the addition theorem� 	
���
Dj can be expressed as�

	
���
Dj �

�X
m���

NcX
s��

f
�X

n���

�As
j�n

Hn�m�kjRks	

H�
n�kja	

Jm�kjrk	fj�z	 �

�X
q��

Bs
j�nq

Un�m�kjqRks	

U �n�kjma	
Z
���
jq �z	Im�kjqrk	 ei�n�m���ks��� geim�k�

r � Rks� ���	

As stated above� the coe�cients As
j�n correspond to the �rst order di�rac�

tion of waves by bottom�seated cylinders� with the boundary condition at
rk � a�

�	
���
D

�rk
jrk�a � ��	

���
I

�rk
jrk�a� �d � z � ��

This condition leads to the following expression for As
j�n�

Ak
jm �

NcX
s���s ��k

�X
n���

As
jn

Hn�m�kjRks	

H�
n�kja	

J �m�kja	ei�n�m��ks�ks

� �Cke
im�������J �m�kja	� ���	

The coe�cients Bk
j�mn are determined using the continuity condition for

the normal velocity on the interface of the interior�exterior regions�

�
�	

���
D�

�rk
�
�	

���
D�

�rk
�
�	

���
I

�rk
	jrk�a �

�
� �b � z � �
�	

���
kj

�rk
jrk�a �d � z � �b ���	

where 	
���
D� is the di�raction potential corresponding to a group of bottom�

seated cylinders� 	
���
D� is the correction term due to the truncation of the

cylinders� and 	
���
kj is the �rst order potential in the kth interior region�


�



Inside the kth interior region� the velocity potential can be expressed
as�

	
���
kj �rk� 
k� z	 �

�X
m���

�X
q���

�kj�mqVm��qrk	 cos �q�z � h	eim�k ���	

where

Vm��qr	 �

�
����r�a	m q � �
Im��qr	�Im��qa	 q � �

���	

with
�q � q��d� ���	

Im is the mth modi�ed Bessel function of the �rst kind� By applying the
continuity equation for the normal velocity on the kth interface� involving
the use of orthogonality of the eigenfunctions� we can derive the following
expression for the unknown coe�cients Bk

j�mn in equation ���	�

Bk
j�mq �

NcX
s���s ��k

�X
n���

Bs
j�nq

Hn�m�kjqRks	

H�
n�kjqa	

J �m�kjqa	ei�n�m��ks�ks

� gj�k�m� q	 ���	

where

�ks� �ks �

�
tan����yck � ycs	��xck � xcs	 � � xck � xcs
� tan����yck � ycs	��xck � xcs	 � ���	m�n xck � xcs

gj�k�m� q	 �

Z �b

�d

�X
p��

�kj�mpV
�
m��pa	 cos�p�z � d	Z

���
jq �z	�kjqdz�

The coe�cients �kj�mq in equation ���	 can be determined using the
potential continuity condition on the interfaces between the regions� This
leads to�

�kj�mqVm��qa	 �
d




Z �b

�d

�	
���
Im�a� z	 � 	

���
Dm�a� z	 cos�q�z � d	dz ���	

where 	
���
Im�a� z	 and 	

���
Dm�a� z	 are respectively the mth Fourier mode of

the incident and di�raction potentials in the exterior region on the kth
interface� For bottom�seated cylinders� the terms corresponding to the
evanescent waves will vanish� and we only need to consider the terms asso�
ciated with the coe�cients Ak

jm�


�



The second order di�raction potential in the exterior region is decom�
posed into three parts�

	�D�x� y� z	 � 	�D��x� y� z	 � 	�D��x� y� z	 � 	�D��x� y� z	� ���	

	�D� and 	�D� satisfy the homogeneous free surface condition� Eq� �
�	 with
q� � �� 	�D�� the locked wave potential� satis�es the full inhomogeneous
free surface condition� At the interfaces between the interior and exterior
regions� the following conditions are speci�ed for the three components�

�	�D�

�rk
� ��	�I

�rk
� at rk � a��d � z � �
 ��
	

�	�D�

�rk
� � at rk � a��d � z � �
 ���	

�	�D�

�rk
�

�
�� rk � a �b � z � �
�	�k ��rk� rk � a �d � z � �b ���	

	�D��a� 
� z	 � 	�k �a� 
� z	� �d � z � �b� ���	

Here 	�k is the second order potential in the interior region below the kth
truncated cylinder�

The solution for 	�D� may be obtained in a straightforward manner�
in the same way as for the linear free wave di�racted by a �xed cylinder
extending to the seabed� The procedure for obtaining the solution to the
second order di�racted potential 	�D�� which satis�es the inhomogeneous
boundary condition� is the same for both bottom�seated and �xed truncated
cylinders� Based on Green�s second identity� 	�D� can be expressed as�

	�D��rk� 
k� z	 �
�


�

Z Z
SF

q��s	G��rk� 
k� z
 s	ds� ���	

where SF is the entire quiescent free surface excluding the cross�sections of
the cylinders where they intersect the free surface� We now expand both
q���k� 
k	 and G��rk� 
k� z
 �k� 
k	 into Fourier components� and apply an
eigenfunction expansion in z� We have�

q���k� 
k	 �
�X

m���

q�m��k	eim�k � ���	

and

G��rk� 
k� z
 �k� 

�
k� �	 �

�X
m���

�X
n��

G�
mn�rk� z
 �k� �	eim��k��

�
k�
 ���	







where for �k � rk

G�
mn�rk� z
 �k� �	 �

�
�
� Jm�k�� rk	Z�

� �k�� z	Z�
� ��	Hm�k�� �k	 n � �

Im�k�� rk	Z�
� �k�� z	Z�

� ��	Km�k�� �k	 n � ��
���	

and for �k � rk

G�
mn�rk� z
 �k� �	 �

�
�
� Jm�k�n �k	Z�

� �k�n z	Z�
� ��	Hm�k�n rk	 n � �

Im�k�n �k	Z�
� �k�n z	Z�

� ��	Km�k�n rk	 n � ��
���	

The vertical eigenfunctions for the second order problem are de�ned sim�
ilarly to the �rst order equivalents in Eq� ���	 and ���	� and the wave
numbers k�� and k�m are real roots of the dispersion equations�

k�� tanh k�� d � 
�� k�m tan�k�md	 � �
�� ���	

Integrating with respect to 
�k� we can reduce the two�dimensional free
surface integral into one dimension� This leads to�

	�D��rk� 
k� z	 �
�X

n���

ein�kf
�X
m��

Z�
m��	Z�

m�z	

Z �

ak

�q�n ��	G�
mn�rk� �	d�g�

��
	
Finally we consider the free wave component 	�D� in the exterior region�

and the total second order potential 	�k in the kth interior region� An
appropriate form for this second order free wave component� satisfying the
homogeneous boundary condition on the free surface� is�

	�D� �
NcX
l��

�X
n���

�X
q��

Cl
nqUn���q rl	Z

�
q �z	ein�l � ���	

This also satis�es appropriate conditions at rk � a� obtained from Eq� ���	�
The procedure for obtaining the coe�cients by exploiting the orthogonality
of the vertical eigenfunctions is similar to that employed for the �rst order
problem in Eq� ���	�

The most challenging part of the analysis concerns the evaluation of
the free surface integral in the expression for 	�D�� Eq� ��
	� One possible
approach is as follows �Huang � Eatock Taylor ����	� The intervals of the
free surface integrals� in terms of the kth local polar coordinate system� are
divided into three parts� the near��eld region rk � Rmin �where Rmin �
minfRjkg� j� k � �� 
� � � �Nc	
 the intermediate part� and the far��eld
part� In the near��eld region� the free surface forcing function q�n possesses

a simple form� due to the simple expression for 	
���
j � resulting from the
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Table � Comparison of forces �N� for two bottom�seated cylinders� separated

downwave by a distance �a �a � �m�A � �m�� in two water depths� First row�

boundary element results from DIFFRACT� second row� semi�analytical results

Total �st order force 
nd order potential force
d�a ka � ��� ka � ��� ka � ��� ka � ���
� 
����E�� �����E�� �����E�� 
����E��


����E�� ���
�E�� ���
�E�� 
��
�E��
� ����
E�� �����E�� 
����E�� �����E��

���
�E�� �����E�� 
��
�E�� �����E��

addition theorem of Bessel functions� This form� however� is not valid in the
intermediate and far��eld regions� For the intermediate region� one can use
a Fourier expansion in the circumferential direction and an interpolation in
the radial direction to separate the variables �r� 
	 in the forcing functions�
In the far��eld region� the local evanescent terms in the velocity potentials
can be neglected� and the free�surface integrals performed analytically �Kim
� Yue ����� Eatock Taylor � Chau ���
	�

To illustrate the semi�analytical solution� we compare the results it gives
with those produced by the computer program DIFFRACT� We consider a
con�guration of two cylinders separated by a distance �a in the direction of
wave propagation� Results for this case were given by Chau �����	� Table
� shows a comparison of results for the �rst and second order horizontal

forces �F ���
x and F

���
Px 	 from the semi�analytical and numerical methods�

for two frequencies �as represented by ka	 and two water depths� The
agreement is seen to be satisfactory�

��� Concluding remarks

Second order analyses of even simple structures show that the forces are
highly sensitive to the frequencies of the wave components� This implies
that in order to achieve a satisfactory accuracy for second order wave loads
in irregular waves� the calculations need to be done for a large number
of frequency pairs� This is especially crucial for multi�column structures
such as TLPs� where the interactions between columns lead to very rapid
variations with frequency� Furthermore� it has been shown �e�g� Chen et al�
����� Kim ����	 that the pontoons of a TLP make a signi�cant contribution
to second order di�raction� This e�ect can not be neglected� especially for
heave� pitch and roll excitations� This makes the second order analysis of
TLPs a heavy computational burden� Fortunately� for springing analysis
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in the wave frequency band of practical interest� the lower part of the TLP�
namely the pontoons� does not make much contribution to the �rst order
di�racted potentials on the free surface� This suggests an e�cient way of
combining the semi�analytical and numerical solutions� The multi�column
analytical theory can be used to obtain the �rst order potentials on the
free surface� based on which one can obtain the particular solution of the
second order potential �the locked wave component� 	�D�	� The locked wave
potentials on the body surface can thus be evaluated e�ciently by using the
semi�analytical solutions� Once these are known� the free wave component
and the subsequent second order wave forces can be obtained using the
standard boundary element numerical approach�

� Spectra of Second Order Processes

��� Volterra series representation

We now consider an input�output system characterising linear plus second
order forcing and response of o�shore structures in random waves� based
on the assumption that the second order forces in bichromatic waves can
be obtained using methods such as described in the previous section� The
response of the second�order system� y�t	� to an input function� x�t	� can
be represented by the functional expansion �Schetzen� ����	�

y�t	 �

Z �

��

h��� 	x�t � � 	d� �

Z �

��

Z �

��

h���� �
�	x�t � � 	x�t� � �	d�d� �

���	
where

hn��� � �	 � � for �� � � � � ���	

are the Volterra kernels and ���	 is the Volterra �functional	 series expan�
sion� The forms of the Volterra kernels are impulsive in nature� being the
nth order impulse response functions� Equation ���	 represents a second�
order approximation to the nonlinear process�

The associated Fourier transforms are de�ned by

H���	 �

Z �

��

h��� 	e�i�
d�� ���	

H���� �
�	 �

Z �

��

Z �

��

h���� �
�	e�i��
��

�
 ��d�d� �� ���	

where H���	 is the Linear Transfer Function �LTF	 at the input frequency
�� and H���� �

�	 is the Quadratic Transfer Function �QTF	 corresponding
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to a bichromatic input at frequencies � and ��� In the case where y�t	 is
the force on an o�shore structure� the QTF is the �complex	 amplitude of
the second order force acting at the sum frequency ���� due to the simul�
taneous incidence of two waves of frequencies � and ��� We consider the
case of long crested seas� It may then be shown �Schetzen ����	 that if the
input x�t	 is a Gaussian process� the two�sided spectrum of the response�
Syy��	� may be written in terms of the input spectrum� Sxx��	� as

Syy��	 � jH���	j�Sxx��	 �

Z �

��

jH���
�� � � ��	j�Sxx���	Sxx�� � ��	d���

���	
The application of this to springing is discussed by Eatock Taylor �����	�

��� Square law devices

In order to illustrate the form of second order spectra� and to provide a
simple case for testing spectral estimation procedures� we now focus atten�
tion on the perfect squarer� Thus in this arti�cial case the linear transfer
function is ignored� and the input�output process is de�ned by

y�t	 � x��t	� ���	

We see that in this case the quadratic impulse response function is

h���� �
�	 � ��� 	��� �	� ���	

and the corresponding QTF is

H���� �
�	 � �� ���	

It is clear from Eq� ���	 that the spectrum of the squared Gaussian process�

here called S�
�
��	� can be found from the convolution of the spectrum of

the input with itself�

S�
�

��	 �

Z �

��

S���	S�� � ��	d�� ��
	

The squared signal x��t	 has a mean component� #y� which can be dealt
with in the usual way� The auto�covariance� Cyy�� 	� of a random variable
y is

Cyy�� 	 � h�y�t	 � y	�y�t � � 	� y	i� ���	

Furthermore�

Cyy�� 	 � hy�t	y�t � � 	� y�t	y � y�t � � 	y � y�i
� hy�t	y�t � � 	i � yhy�t	i � yhy�t � � 	i � hy�t	i�
� Ryy�� 	� hy�t	i�� ���	
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Hence the spectrum of the signal is

Syy��	 �
�


�

Z �

��

Cyy�� 	e�i�
d� �
�


�

Z �

��

y�e�i�
d�

or

Syy��	 �
�


�

Z �

��

Cyy�� 	e�i�
d� � y����	� ���	

Thus the mean value of the non zero�mean process can be subtracted from
the sample without detriment�

��� Analytical spectra

We next consider a square law device operating on various input spectra�
In the context of waves� it is common to de�ne the input by means of
a one�sided spectrum� We therefore �rst convolve a one�sided spectrum
with itself� and then consider the implications for a double�sided spectrum�
Further details are given in Kernot �����	� We consider the integral

G�
�

��	 �

Z �

��

G���	G�� � ��	 d�� ���	

where G��	 is a single�sided spectral density� We examine three cases� the
�rst being an input having a rectangular spectrum de�ned by

G���	 �

�

�

� �� � ��
G� �� � �� � �� �I	
� �� � ���

���	

Similarly

G�� � ��	 �

�

�

� � � �� � ��
G� �� � � � �� � �� �II	
� � � �� � ���

���	

The bandwidth is $ � �� � ��� The integrand will only be nonzero when
conditions �I	 and �II	 are satis�ed� which leads to 
�� � � � 
��� It is
easy to show that

G�
�

��	 � G�
� �� � 
��	 where 
�� � � � �� � ��� ���	

G�
�

��	 � G�
� �
�� � �	 where �� � �� � � � 
��� ���	

This convolution of the single sided spectrum with itself� leading to a func�
tion which is nonzero over the frequency band 
�� � � � 
��� can be
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thought of as the sum frequency portion of the output spectrum� This is
the primary concern here� but for completeness we can also cover the physi�
cally important low� or di�erence frequency region of the output spectrum�
by posing the problem in terms of the equivalent two�sided input spectrum
having the same variance� The convolution of the two�sided spectrum with
itself results in the two�sided form of the output spectrum� S�

�
��	� which

is symmetrical about � � � with a central peak between � � �$ and
� � $ of the same shape� but twice the height as that occurring where

�� � � � 
��� The two�sided spectrum S�

�

��	 has a variance equal to

that of G�
�
��	� namely

�� � G�
�$

�� ���	

Next we consider the convolution of a single sided triangular spectrum�
speci�ed by the following

G���	 �

���

���

� �� � ��
G�

�
��� � ��	 �� � �� � �� �I	

G�

� ��� � ��	 �� � �� � �� �II	
� �� � ��

��
	

G�� � ��	 �

���

���

� � � �� � ��
G�

� ��� � �� � �	 �� � � � �� � �� �III	
G�

� �� � �� � ��	 �� � � � �� � �� �IV 	
� � � �� � ���

���	

$ � �� � �� � �� � �� is the half bandwidth� The integral in equation
���	 can be evaluated for conditions �I� II	 with �III� IV 	 from which it is
found that

G�
�

��	 �

�
G�

$

���
��

�
� ���

� � 
���� �
�

�
���

�
� ���	

where 
�� � � � �� � ��
 and

G�
�

��	 �

�
G�

$

��

f���



� ��� � 
��	�

�

�
�
���� � ����� � ���� � ����

�
� �

�

�
���� � ���	

� ������ � ��	 �
�



������ � ��	� ������g ���	

where �� � �� � � � 
��� The curve G�
�
��	 is symmetric about � � 
���

The variance �� is given by

�� �
�
G�

�

�� �

�	� � ����� � ����� � ������

�
� � ��������

������� � �������� � 
����� � ��	�
�
�

���	
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The third case considered here is an input de�ned by the ISSC wave
spectrum �Price � Bishop� ����	

Gxx��	 �
���H�

s

T 	
z �



exp

�����

T 	
z �

	

�
���	

where Hs is the signi�cant wave height and Tz the mean zero crossing
period� �The parameters used for the results below were Hs � ����m and
Tz � ���� sec�	 It is not convenient to obtain the convolution in analytical
form� but it is simple to evaluate it numerically�

��� Spectra of discrete simulations

The analytical spectra obtained above are now used to illustrate the reli�
ability of spectral estimates from discrete time series of second order pro�
cesses� First we review the simulation of the Gaussian process x�t	 where
the spectrum Gxx��	 is prescribed� We then consider discrete estimates of
the spectra of the simulated processes x�t	 and x��t	�

The random process x�t	 can be represented as follows

x�t	 �

Z �

�

p

Gxx��	 ei�tB�d�	 ���	

where Gxx��	 represents the one�sided power spectrum of x�t	� and the
real part of the right hand side here and below is implied� The variable
B��	 is de�ned as a random orthogonal �complex	 Gaussian measure�

Equation ���	 can now be expressed in discretised form as follows�

x�t	 �
NX
i��

� 
Gxx��i	$�  
�
� Bi e

i�it ���	

where � � �� � �� � ��� � �N and are equidistant discretisations of the
positive frequency axis� Also

$� � �i�� � �i

and fBig is a set of independent complex Gaussian numbers with indepen�
dently distributed real and imaginary parts� having mean zero and unit
variance�

The generation of the time history can then utilise the highly e�cient
inverse FFT algorithm to perform the required summation� An alternative
method of simulation has been quite widely used� in which the amplitudes
are chosen deterministically� but the phases are random
 in e�ect� Bi in
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Figure �� Time history where x�t	 has a rectangular spectrum� a	 x�t	

b	 x��t	�

Eq� ���	 is given unit modulus but uniformly distributed random phase�
As noted by Tucker et al� �����	� however� the spectrum estimated from an
input simulated in this manner has no random variability
 furthermore� the
higher order statistical moments of processes in which the input is so sim�
ulated are incorrectly predicted �Langley ����	� It is appropriate therefore
to base the following simulations on Eq� ���	 with fBig taken as Gaus�
sian variables with independent real and imaginary parts� As described by
Kernot �����	� we create time series x�t	 corresponding to the prescribed
rectangular� triangular and ISSC spectra described above� The spectra es�
timated from simulations of x�t	� and from the squared process x��t	� are
compared with the analytical spectra�

����� Rectangular spectrum

The discrete form of the problem studied here used an N � 
��� point sig�
nal and a Nyquist frequency �ny � ��rad sec�� �see� for example� Newland
����	� The spectrum was de�ned by Eq� ���	� with �� � ��� rad sec���
�� � ��� rad sec�� and G� � � m� rad�� sec� The corresponding variance
is �� � �m�� Figure � shows a sample of the time history and its square�
Figure 
 shows the e�ect of frequency smoothing of the raw spectrum� The

��



process of frequency smoothing can be thought of in terms of positioning
a template at the spectral ordinate to be smoothed and �nding the sum
of all the points covered by the template� The smoothing template is de�
�ned as extending �j ordinates either side of the central ordinate� the total
width being termed aa where aa � 
j � �� A smoothed spectral estimate�
!Gxx��k	� is found from

!Gxx��k	 �
�


j � �

jX
l��j

Gxx��k�l	� ���	

When smoothing adjacent spectral estimates care must be taken to ensure
that the width of the smoothing template is not made too large relative
to the rate of change of the spectrum with respect to �� If the template
is too large the smoothing process can result in the arti�cial redistribu�
tion of spectral energy by �attening local extrema� A second problem to
arise when smoothing a raw spectral estimate occurs when dealing with a
discontinuous function� If the template is placed at �or near	 a point of
spectral discontinuity� the smoothing process can result in the smearing of
spectral energy to regions of the spectrum where� in view of the prescribed
spectrum� there should not be any� This can be circumvented by using an
adaptive template with narrower widths from 
j down to j�� at frequency
abscissae adjacent to or at the discontinuity� In the subplots of �gure 

the frequency smoothing is performed with template widths of �� �� � and
�� points respectively
 aa � � corresponds to the raw spectral estimate�
In this and subsequent �gures the analytical spectra are also shown for
comparison�

The e�ect of ensemble averaging spectrum of the squared process is
presented in �gure �� These are based on averaging over �� ensembles� and
the subplots indicate the further e�ect of frequency smoothing� aa � �
corresponds to �� ensembles with no frequency smoothing� and the other
subplots show the e�ect of template widths of �� � and �� points� Very close
agreement is achieved between the analytically and numerically generated
curves in this latter case�

����� Triangular spectrum

A discrete signal length of N � ��
� �� 
��	 points was used here along
with a Nyquist frequency of �ny � �
 rad sec��� The spectrum was de�ned
by Eq� ��
	� with �� � �� �� � 
� �� � � rad sec��� and G� � � m� rad��

sec� The corresponding variance is � � �m� Figure � shows the raw spectral
estimate of the squared time history �aa � �	� Ensemble averaged estimates
of the spectrum with ��� ensembles are shown in �gure �� together with
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Figure 
� Frequency smoothed spectra of the squared process
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Figure �� Frequency smoothed and ensemble averaged spectra of the
squared process

�




frequency smoothed estimates using aa��� � and �� points� The estimated
spectra from the discrete simulations of the squared process are again seen
to agree very closely with the analytical results�
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Figure �� Frequency smoothed spectra of the squared process
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Figure �� Frequency smoothed and ensemble averaged spectra of the
squared process
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Figure �� Frequency smoothed spectra of the squared process
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Figure �� Frequency smoothed and ensemble averaged spectra of the
squared process
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����� ISSC spectrum

For this example� based on the spectrum de�ned in ���	 and the parame�
ters stated thereafter� a series length of N � ���
 �� 
��	 was used and
the Nyquist frequency taken as �ny � � rad sec��� Figure � illustrates
the e�ect of frequency smoothing with aa ��� �� �� and 
� points in the
smoothing template� Figure � shows the e�ect of this smoothing when used
in conjunction with averaging over ��� ensembles� As the frequency reso�
lution was much �ner than used in the previous examples� a much wider
smoothing template could be employed without causing undue smearing of
the peaks�

The FFT�based squared spectral estimation procedure is seen to be
able to represent the spectrum of a square law device very accurately once
appropriate smoothing techniques have been employed�

� Probabilistic Descriptions of Second Or�

der Forces and Responses

��� Introduction

The early development of the theory for describing the response of a general
second order system to a Gaussian input is remarkably disjointed� in that
gaps of many years pass between successive advances� The breakthrough
upon which almost all subsequent works are based was made in ���� by
Kac and Siegert �����a� b	� They obtained an analytical means for deter�
mining the characteristic function of a random variable represented by a
sum of Gaussian and squared Gaussian random variables� by �nding the
eigensolution to an integral equation� �The characteristic function is the
inverse Fourier transform of the probability density function �PDF	 of the
random variable�	 This classical work� developed for application to �uc�
tuating voltages in radio receivers� was �rst applied to nonlinear problems
in ocean engineering by Neal �����	� He assumed the nonlinear response
of a system could be described by a two term Volterra expansion� and
applied the Kac�Siegert analysis to determine a closed form for the char�
acteristic function of the response� Neal examined the second order slow
drift horizontal motion of a body in waves� A di�culty remained� though�
in inverting the characteristic function to obtain the PDF� Surprisingly�
almost ten years elapsed before Neal�s advances were further developed�
Vinje �����	 determined an asymptotic form of the PDF of response of a
second order process and also presented a general formulation for the PDF
though did not implement it�
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Naess �����	 presented a theory for estimating the extreme value and
up�crossing frequency of low frequency drift response based on an asymp�
totic expansion� He notes that the method is applicable when the quadratic
�second order	 response exceeds the linear response� which is often the case
for low frequency responses to second order wave drift forces� The response
of a moored system to the second order excitation was modelled as the out�
put from a linear dynamic single degree of freedom system� This e�ectively
assumes that the mooring of the structure behaves linearly� Langley �����	
notes that this is a reasonable assumption given that slow drift motions are
lightly damped and the responses near Gaussian�

This analysis was then extended by Naess �����	 who derived a closed
form of the PDF for the slow drift response in long crested seas� under the
assumption that the forcing was purely quadratic and the high frequency
components could be ignored� A simpli�ed model for the combined �rst
and second order extreme slow drift response of a linearly moored �oating
structure based on the drift period� variance and relative damping was
subsequently obtained by Naess �����	� In doing so he also investigated
di�erent methods of combining the �rst and second order responses�

Kato et al �����	 developed an approximate method for estimating the
statistics of a total low frequency second order response� including a lin�
ear component� They showed that the response can be represented by a
Laguerre expansion� the �rst term of which has the form of an exponen�
tial �Gamma	 PDF� Kato et al found that the e�ect of coupling between
the �rst order and slow drift motions on the PDF varied with the level of
damping in the linear dynamic response model�

The Kac�Siegert analysis was extended to multidirectional� short crested
seas by Naess �����	 leading to a rather complex formulation for the pre�
diction of slow drift motions� This of course encountered the signi�cant
di�culty of estimating the bidirectional quadratic transfer function� which
Naess circumvented by various approximations� The theory was extended
to investigate the sum frequency springing responses by Naess � Ness
����
	� A sum frequency approximation was employed to exclude the low
frequency response components� and the PDF was evaluated by a numerical
integration procedure� They found that the forcing and response statistics
were approximately exponentially distributed leading to much greater es�
timated probabilities at extremes than would be predicted by a Gaussian
distribution� Langley � McWilliam �����	 tackled the problem of deter�
mining the joint PDF of the �rst order and slow drift motions based on the
Kac�Siegert analysis solution� and obtained a closed form expression for the
joint PDF in the form of a series involving the eigenvalues of the matrix
approximating the integral equation in the Kac�Siegert formulation� This
approach was extended by McWilliam � Langley �����	 to investigate the
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extreme statistics of combined �rst and second order slow drift motions of
a body in waves�

Attempts have been made to examine the statistics of nonlinearly moored
o�shore structures by considering the response to be a Markov random pro�
cess �the basic theory for which can be found in Lin ����	� Computation
of the PDF of a Markov process requires the solution of the Fokker�Planck�
Kolmogorov �FPK	 equation� an early attempt at which in a marine context
was made by Roberts �����	� The excitation was assumed to be Gaussian
white noise� which does facilitate a solution but has practical limitations�
More recently Naess � Johnsen �����	 applied a numerical path integration
scheme to the FPK equation to investigate the slow drift motion of a non�
linearly moored structure� For the purely quadratic excitation which they
investigated� they found their numerical approach yielded highly accurate
results� McWilliam � Langley �����	 considered the combined response
of a system and applied a complex functional expansion technique to the
solution of the FPK equation� The nonlinearity in the mooring system
was modelled by introducing a cubic sti�ness term into the linear dynamic
response equation�

Scarcity of sum frequency QTF data has forced the emphasis of previ�
ous statistical investigations of second order processes to focus largely on
the slow drift behaviour of a compliant o�shore structure� As a result of
this� the statistics of high frequency vertical resonant responses of a ten�
sioned buoyant platform are comparatively unknown� However� obtaining
a probabilistic description of the second order springing response is of im�
portance if accurate assessment of the fatigue life of the tethers is to be
made� It can also lead to an estimate of the extreme response behaviour
of a compliant structure to second order high frequency loading� Large
displacements in the sti� response modes that may occur at resonance of a
tautly moored compliant structure may a�ect the operational performance
of the structure� In the rest of this section we review the application of
the Kac�Siegert analysis to high frequency springing� We then compare the
results with statistics generated from Monte Carlo simulations using the
method of generating wave records described in the previous section� This
is illustrated in the context of a Tension Leg Well Control Station� The
wave excitation was computed from the nonlinear wave di�raction program
DIFFRACT described in Section 
� leading to LTF and QTF data tailored
to a speci�c springing problem �unlike other published Kac�Siegert analy�
ses� which generally have been concerned with highly idealised problems	�
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��� Discretised Kac�Siegert analysis

The Fourier transform of second order output is related to the Fourier
transform of the input through the QTF

Y ��� ��	 � H���� �
�	X��	X���	� ���	

Analogous to Eq ���	 we can write a time domain simulation of second
order output as

y�t	 �

Z �

��

Z �

��

H�������	
p
Gxx�j�j	Gxx�j��j	 ei������tB�d�	B�d��	��

��
	
noting B�d���	 � B�d� �� This is based on the sum frequency approxi�
mation

H�������	 � � for � � �� � ��

and implies that all di�erence frequency components of the second order
excitation forces are neglected and only sum frequency terms retained�
As before� Gxx is the one sided input spectrum� and in what follows we
designate this G�� to indicate that wave elevation ��t	 is the input� We
also replace y�t	 by f��t	 to designate the second order force�

Equation ��
	 can then be expressed in discretised form

f��t	 �
MX

i��M

MX
j��M

�G��j�ij	G��j�jj	 
�
� $�H���i���j	 BiB

�
j e

i��i��j �t�

���	
in which the summations over the frequency ordinates i and j omit zero�
Also� the complex Gaussian numbers Bi satisfy

B�i � B�i i � �� ����M�

and
hBiB

�
j i � �ij �

where i� j � �M� ������� �� ����M � For calculating the response of the struc�
ture� ���t	� to the second order excitation� we adopt a linearised equation
of motion� We thus write �using the �rst term in the Volterra series	

���t	 �

Z �

��

!h��� 	f��t � � 	 d� ���	

in which !h��� 	 is the linear impulse response function of the dynamic system
linking response ��t	 to force f�t	� �The lower limit of integration may be
set to zero for a causal system�	

��



The quadratic impulse response function� k���� � �	� linking response to
wave input may be de�ned as

k���� �
�	 �

Z �

�

!h��s	h��� � s� � � � s	 ds� ���	

whence the second order response is

���t	 �

Z �

�

Z �

�

k���� �
�	 ��t� � 	 ��t� � �	d�d� �� ���	

The QTF corresponding to k���� � �	 can be shown to be �e�g� Naess �
Johnson ����	

K���� �
�	 � !H��� � ��	H���� �

�	� ���	

where !H���	 is the linear transfer function for the dynamic systemm� the

Fourier transform of !h��t	 in Eq� ���	� It follows from Eq� ��
	 and Eq�
���	 that

���t	 �

Z �

��

Z �

��

K�������	
q
G��j�j	G��j��j	 ei������tB�d�	B�d��	��

���	
Equation ���	 can be re�written

���t	 �

Z �

��

Z �

��

%��� ��	 ei����
��tB�d�	B�d��	� ���	

where the kernel function %��� ��	 has been introduced such that

%��� ��	 �
q
G��j�j	K�������	

q
G��j��j	� ����	

We now develop the analysis in discretised form� The response to the sum
frequency excitation can be expressed as

���t	 �
MX

i��M

MX
j��M

�



�G��j�ij	G��j�jj	 

�
� $�

� H���i � �j	H���i���j	 BiB
�
j e

i��i��j �t� ����	

Equation ����	 can be written

%ij �
�



�G��j�ij	G��j�jj	 

�
� $� K���i���j	� ���
	

��



and substituting this expression into equation ����	 leads to

���t	 �
MX

i��M

MX
j��M

%ij BiB
�
j e

i��i��j�t� ����	

From this point onwards the focus of the analysis will be directed towards
the second order response but the results could easily be applied to second
order forces�

As in the di�erence frequency problem �Langley ����� Naess ����	� we
now seek to express ���t	 as a single summation� by using the eigenvalues
and eigenvectors of the appropriate matrix of QTFs� The sum frequency
problem is slightly more complex� and we follow the development given by
Naess � Ness ����
	� Considering the symmetries of the quadratic transfer
function K�������	 shows that the discretised form of the kernel satis�es

%ij � %�
ji

����	

where i� j � �M� ������� �� ����M � The discretised form of the sum fre�
quency approximation introduced previously leads to

%ij � � for i � j � �� ����	

We now apply a transformation to the kernel %ij� so that the quadratic
form in ����	 can be expressed by means of a single summation� Hence we
examine an eigenvalue problem in the form

MX
j��M

%ijv��j	 � �v��i	 ����	

where the summation excludes the term corresponding to zero frequency�
This can be written in matrix form as

Tv � �v ����	

where the matrix T � of order 
M � 
M � is

T �

�
� S

SH �

�
� ����	

Here � is a square null matrix of order M �M and the terms of S are

Sij � %�M���i�j� ����	
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SH � �S�	T is the Hermitian conjugate of S� It is assumed that S and
therefore T are non�singular matrices� In equation ����	� �� and v� denote
the eigenvalues and orthonormal eigenvectors of T � that is

v� � �v���M � ���� v����� v���� ���� v��M	T and � � ��M� ������� �� ����M 	�

The elements of the eigenvectors are written as v���i	�
In order to �nd the eigenvalues of the matrix T Naess and Ness ����
	

note that the matrix SHS is a Hermitian non�negative matrix� which im�
plies that all the eigenvalues are non�negative� Also� it can be shown that
if � is an eigenvalue of SHS� then �p� must be eigenvalues of T � This in
turn implies that if � is an eigenvalue of T then so is �� and further� that
� is real� Therefore if ��� � � �� ����M � are the eigenvalues of SHS� then
��� � � �M� ������� �� ���M � de�ned by

�� � �p�j�j � � �M� ������ ����	

�� �
p
�� � � �� ����M ����	

are the eigenvalues of T � The eigenvector v��i	 corresponds to the eigen�
value � in equation ����	� A vector quantity !v��i	 is now de�ned as the
eigenvector corresponding to the eigenvalue ���

!v��i	 � ���i	v��i	� ���
	

and Naess and Ness ����
	 show that

���i	 �
p�� for �i � �

���i	 � �p�� for �i � ��
����	

The eigen decomposition then leads to

%ij �
MX
���

�� fv���i	 v���j	
� � v����i	 v����j	

�g ����	

where v����	 � !v���	� This may now be substituted into equation ����	 for
the second order response to give

���t	 �
MX
���

��
�
W��t	� � W���t	�

�
����	

where

W��t	 �
MX

i��M

v���i	Bi e
i�it� ����	

��



W��t	 are zero mean Gaussian processes� �� � �M� ������� �� ���M 	� that
are both real and stationary� Equation ����	 is equivalent to equation
����	� following the eigen transformation�

The nth order cumulant of the process� kn� is given by Kato et al �����	�
as

kn �
X
�


n���n � �	&�n
�
� ����	

In particular� the �rst four cumulants� kn� n � �� ���� � of the process can
be determined from equation ����	 as�

h���t	i � k� �
MX

���M

�� � �� ����	

h����t	i � k� � �
MX
���

��
�
� ����	

k� � �
MX

���M

��
�

� �� ��
�	

k	 � ��
MX
���

�	
�
� ��
�	

The kurtosis� �� is de�ned as

� �
k	
k��
� ��

	

and for a Gaussian distributed variable� � � ��
In general the response ��t	 contains both �rst and second order com�

ponents� It is possible and convenient to express the �rst order component
also in terms of the eigenprocesses� W��t	� Thus ���t	 is �rst written in a
form analogous to equation ����	� as

���t	 �
MX

i��M

H���i	

r
�



G��j�ij	$�Bie

i�it� ��
�	

Here H���	 is the linear transfer function between wave elevation ��t	 and
response ��t	�

We next use the orthonormal vectors v� to write

H���i	

r
�



G��j�ij	$� �

MX
���M

c�v���i	� ��
�	

�




where the coe�cients c� are obtained by taking advantage of the orthonor�
mality of the eigenvectors� Thus

c� �
MX

i��M

H���i	

r
�



G��j�ij	$� v���i	� ��
�	

If equation ��
�	 is substituted into equation ��
�	 and the de�nition of
W� recalled from equation ����	� the following representation is found�

���t	 �
MX

���M

c�W��t	� ��
�	

The random variable ��t	 representing the combined �rst and second order
response is thus

� �
MX
���

f���W �
�
�W �

��
	 � c�W� � c��W��g� ��
�	

The random process � can be described by its characteristic function�
M��
	 �see for example Papoulis ����	�

M��
	 � hei��i �

Z �

��

p��x	 ei�x dx� ��
�	

where ��x	 is the probability density function� Consider �rst just one of
the � processes� A random process U can then be written

U � �W � � cW ��
�	

which has the characteristic function� MU�
	� de�ned as

MU�
	 �

Z �

��

pU�u	 ei�u du

� hei�ui �

Z �

��

ei���w
��cw� pW �w	 dw� ����	

in which u and w are the state variables corresponding to the random
processes U and W respectively� If the probability density function of the
unit Gaussian process W �

pW �w	 �
�p

�

�e�
w�

� �

��



is substituted into equation ����	� we obtain

MU�
	 �
�p

�

Z �

��

exp��w��
�



� i�
	 � ic
w dw� ����	

The integral in equation ����	 is rewritten in line with the approach
described by Kac and Siegert �����	�

MU�
	 �
�p

�

Z �

��

expf�
�
�w

r
�



� i�
 � ic




q

�
� � i�


�
A

�

� c�
�

���
�
� i�
	

g dw

�
�p

�

exp

� �c�
�
���� � i�
	

�

�
Z �

��

exp

��

���

�
�w

r
�



� i�
 � ic




q

�
� � i�


�
A

�
���
�� dw ���
	

With the change of variable

� � w

r
�



� i�
 � ic




q

�
� � i�


� ����	

Eq� ���
	 becomes

MU�
	 �
�p

���� i
�
	
exp

� �c�
�

��� i
�
	

�Z �

��

exp����	 d�� ����	

The integral in Eq� ����	 has the form of the error function and over the
in�nite limits has the value

p
�� Thus the characteristic function MU �
	

reduces to

MU�
	 �
�p

�� i
�

� exp

� �c�
�

��� i
�
	

�
� ����	

A similar analysis for a random process V � de�ned by V � ��W ��!cW �
leads to the characteristic function

MV �
	 �
�p

� � i
�

exp

� �!c�
�


�� � i
�
	

�
� ����	

The characteristic function of a random process which is itself the sum of
two independent random processes is found by taking the product of the

��



characteristic functions of the two processes� The characteristic function
of a process resulting from the sum of U and V is hence found from

MU�V �
	 � MU�
	 �MV �
	

�
�p

� � ���
�
exp

�
� c�
�


��� i
�
	
� !c�
�


�� � i
�
	

�
�����	

Recalling now the de�nition of the random process � in equation ��
�	�
which is the sum of such processes U� and V�� we see that the characteristic
functionM��
	 can be obtained from the product of the individual functions
MU�V �
	�

M��
	 �
Y
�

�
�p

� � ���
�

�

exp

�
� c�

�

�


��� i
��
	
� c���


�


�� � i
��
	

��
�

����	
The probability density function� p���	 of the random process � is then

given by the inverse Fourier transform of the characteristic function M��
	�

p���	 �
�


�

Z �

��

M��
	 exp��i
�	 d
� ����	

Upon substitution of the characteristic function M��
	 from Eq� ����	 into
Eq� ����	� this becomes

p���	 �
�


�

Z �

��

exp��i
�	
Y
�

�p
� � ���

�

�

� exp

�
� c�

�

�


��� i
��
	
� c���


�


�� � i
��
	

�
d
� ����	

It is noted here that

�� � ���
�	�
�
� � exp

h
lnf�� � ���
�	�

�
� g
i

� exp

�
��



ln�� � ���
�	

�
�

����	
and if the substitution s � i
 is made� the characteristic function can be
rewritten as follows�

M��s	 �
Y
�

�
exp

�
��



ln�� � ���

�
s�	 �

c�
�
s�


��� 
��s	
�

c�
��
s�


�� � 
��s	

��
�

���
	
The PDF can then be written

p���	 �
�

i
�

Z i�

�i�

exp��s�	
Y
�

exp

�
��



ln��� ���

�
s�	

�
c�
�
s�


��� 
��s	
�

c���s
�


�� � 
��s	

�
ds� ����	

��



The product in the integrand of Eq� ����	 can now be replaced by a
summation and leads to

p���	 �
�

i
�

Z i�

�i�

exp ��s� �
X
�

�
��



ln��� ���

�
s�	

�
c�
�
s�


��� 
��s	
�

c�
��
s�


�� � 
��s	

�
 ds� ����	

This integral may then be evaluated by the method of steepest descent and
numerical integration through the saddle point� as described by Naess �
Ness ����
	 and Kernot �����	�

This concludes the Kac�Siegert analysis� It shows that computation of
the required PDF is based upon determining the eigensolution of the Her�
mitian matrix� T � in Eq� ����	� The level of discretisation needed over the
bifrequency plane is governed by how rapidly the QTF is varying and also
how �nely tuned the response of the system is� as de�ned by the equation
for H���� � ��	� The �ner the resolution the greater the computational
task involved in determining the eigensolution of T � Langley � McWilliam
�����	 note that� in general� of the order of one hundred frequency compo�
nents are typically required to describe accurately the kernel function %ij
of Eq� ���
	�

��� Numerical experiments for a taut moored platform

The method described above has been implemented for a tension leg well
control station �TLWCS	� which is a novel form of compliant structure�
The TLWCS comprises a water�tight� cylindrical�sectioned hull connected
to the sea bed by a single tether� The top and bottom tether connections
are made by use of �ex�joints which help to alleviate the bending moment
generated at the base of the hull as the buoy heels� The tension in the
tether is developed by the excess buoyancy resulting from pulling the hull
down below its free �oating equilibrium position in the same way that
TLP tethers are tensioned� The use of a single tether in the TLWCS
means that the hull is hydrostatically restrained in pitch�roll but� unlike
the TLP� it does not have the restraint associated with di�erentially loaded
separated tethers� Heeling motion then has to be restrained by hydrostatic
sti�ness and inertia alone� Greater explanation of the operational and
design characteristics of the TLWCS are described in Brooking � Je�erys
�����	� For the case studied here� the hull below the water line is cylindrical
with a diameter of ���m to a depth of 
�m and then tapers linearly down
to the �ex�joint at a depth of 
�m� where it is attached to the tether� The
hull has a mass of �������kg in air� and the TLWCS is designed to operate
in a range of depths from ���m to ���m�

��



The persistent vertical resonance associated with springing may be of
great signi�cance to the TLWCS in terms of the expected tether fatigue�
If this second order e�ect were not accounted for in the design process�
a serious underprediction of the wear on the tether could be made� The
basic methodology employed here is one of direct simulation of the various
quantities involved such as wave elevation� sum frequency heave force and
vertical response The hydrodynamic analysis of the TLWCS� including the
calculation of �rst and second order forces� was performed with the bound�
ary element program DIFFRACT discussed above� Time histories of �rst
and second order response in simulated random waves were created� from
which statistics of the response were obtained using standard techniques�
The linear and quadratic transfer functions were also used in a probabilistic
Kac�Siegert analysis along the lines presented here� to yield analytical es�
timates of the corresponding probability densities for the responses� From
the statistical analysis� estimates of the cumulants were also obtained� and
compared with estimates from the eigenvalues derived from the Kac�Siegert
analysis�

Results for the cumulants are shown in table ��� Values are given
relating to the second order heave force on the TLWCS� and the total heave
responses corresponding to two levels of damping of heave motions� ����"
and ����" of critical damping respectively� �These values are assumed
to account for damping of both mechanical and hydrodynamic origin � a
discussion of the relative contributions to damping in vertically tethered
o�shore structures may be found in Kim � Yue� ���� and Kernot� ����	�
These and subsequent results were calculated for a sea state having an
ISSC spectrum with Hs � ��� m and Tz � ��� sec� which causes signi�cant
sum frequency excitation at the heave resonance of this structure� �The
heave resonant frequency was ���� rad sec��� corresponding to a period
of ���� sec�	 The quadratic transfer functions were evaluated over the
ranges ��� � �� � �� � ���� rad sec�� and � � �� � �� � ��� rad sec���
This covered the range over which most of the second order excitation was
concentrated� The simulations were based on time series of �
��� points�
with a time step $t � ������ sec� corresponding to a record length of
almost three hours�

Table �� also lists the largest eigenvalue� �max� from the Kac�Siegert
analysis for the second order process� For the second order force this is
found to be approximately 
�" of the standard deviation� For the heave
response the largest eigenvalue is approximately �" of the standard devia�
tion for the more lightly damped case and around �" for the more heavily
damped case� The estimates of the kurtosis� �� in table �� show that the
second order force is distinctly non�Gaussian� with a value substantially
greater than the Gaussian result � � �� The lightly damped response has a
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Table ��� Cumulant data for second order force and total response

F��N ���m �����"	 ���m �����"	
k� simulated ����e�� ����e��� ����e���
k� Kac�Siegert ����e�� ���
e��� ��
�e���
k	 Kac�Siegert 
�
�e�� ����e��� ����e���

�max ����e�
 ����e��� ���
e���
� � k�

k��
���� ���� ����

Table ��� Eigenvalues and weighting parameters� second order heave force

� ���N 	 c��N 	 c���N 	
� ������
e��
 �������e��
 �����

e��
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��e��� �
����
�e��
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�
���
e��
 �������e��
 �����
��e��
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e��
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e��
 ��������e���
� �������e��
 
������e��
 �������e��

� �������e��
 �������e��� ��
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�e��

� �������e��
 ����
��e��� 
���
�
e��

�� �������e��
 �������e��
 �������e��


kurtosis closer to �� and there is a slight increase with damping indicating
that the distribution is becoming less Gaussian with increasing damping�

Stansberg �����	 has developed a model based on a similar form of eigen
transformation� for low frequency second order forces and motions� He
investigated a large range of damping values and found that for very heavy
damping the set of eigenvalues obtained was dominated by one very large
eigenvalue� On the other hand� for lightly damped responses the eigenvalues
obtained were approximately equal� A comparison of the weighting factors�
c�� and ��� describing the �rst and second order components of heave force
as de�ned in equation ��
�	 is presented in table ��� The eigenvalues� ��� in
the table are the largest ten found in the analysis and it is seen that there is
no one dominant value� the largest being approximately 
�" greater than
the second largest� The corresponding weighting factors of the �rst order
process� c�� are generally of the same order of magnitude as the coe�cients�
���

Table �
 presents the coe�cients of the �rst and second order response
process where the damping is c�� � ����"� The eigenvalues� ��� for this

��
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analysis are seen to be approximately equal� This �nding agrees with that
of Stansberg �����	 when the response of the system is very lightly damped�
Also of note are the very small �rst order response weighting factors which
result from the extremely low value of the frequency response function�
!H���	� at typical wave frequencies well away from the resonant frequency�

The weighting coe�cients for the response with a damping level of c�� �
����" are presented in table ��� Greater variation is seen in the eigenvalues�
��� the largest being approximately ��" greater than the second largest�
Once again� the �rst order coe�cients� c�� are very small relative to the
second order weighting coe�cients� Similar conclusions may be drawn from
results obtained for greater damping�

The PDFs for heave force and response computed by direct numerical
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simulation can be compared with the PDFs obtained from the Kac�Siegert
analysis� The numerically generated and analytically based PDFs are pre�
sented on semi�logarithmic axes and compared with a Gaussian distribution
in Figure � for heave force� and in Figures � to �� for heave response for
three levels of damping ������ ���� and ��
� "	� The results for second order
force show good agreement between the simulated and analytically gener�
ated PDFs� The heave response results show increasingly close agreement
as the assumed damping is increased� A similar conclusion was reached by
Stansberg �����	 in the case of low frequency drift responses� he found that
his simpli�ed model o�ered close agreement with simulated PDFs at high
levels of damping� but performed less well for lightly damped responses�

In conclusion� this section has described a methodology for estimating
the probability density function of second order forcing or response by rep�
resenting the process as a weighted sum of sub�processes which themselves
are the squares of mean zero� unit variance Gaussian processes� Compar�
isons have also been made with statistics estimated from direct simulations�
Further work is required to clarify the reliability of the statistics thereby
obtained�
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