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Supplementary Note 1: Maximum Rényi entropy and information geometry

The maximum entropy principle (MEP) is a framework for building parsimonious models consistent with obser-
vations, being particularly well-suited for the statistical description of systems in contexts of incomplete knowl-
edge [38, 39]. The MEP uses entropy as a fundamental tool to quantify the degree of structure present in a given
model. Accordingly, the MEP suggest to adopt the model with the maximal entropy — i.e. the least amount of
structure — that is consistent with selected features of the data (for example, their first- and second-order statistics),
following the idea that no additional regularities should be introduced beyond the ones specified by those.

Maximum entropy models are particularly well-suited for the study of neural systems. By abstracting neurons into
binary variables x; representing the presence or absence of action potentials, the MEP provides a powerful approach
to model collective neural activity. In this approach, the Ising model emerges from the maximisation of Shannon
entropy under constraints on activity rates of individual neurons and pairwise correlations:

p? = argmax H(x) s.t. (i) —
a(@) {wizj) = nij,
where H(x) denotes the Shannon entropy of @ = {1, ..., 2z, } under distribution ¢(x). It can be shown that
1
PP (x) = — OXP Zgﬂh + gﬁijzixj , (S1.1)
i 1<j

with Z being a normalising constant. Hence, this model encapsulates observed information up to second-order
statistics, represented in how 0;, ;; depend on the constraints n;,n;;. Furthermore, the dynamics of the Ising model
can be investigated via exact solutions, approximations (encompassing mean-field and Bethe approximations), and
simulations, thereby providing a rich set of insights and analytical tools. The Ising model has been instrumental in
the development of recurrent neural networks, leading to Hopfield networks and Boltzmann machines.

What if the observations that one is to model require us to consider statistics beyond pairwise interactions? Follow-
ing the same principle, one can construct models with third- and higher-order interactions [29] resulting in distributions
of the following type:

p®)(x) = % exp > or]]a (S1.2)
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with the summation going over all subsets of k or less variables. Above, the argument within the exponential is an
energy function Ej(x), with the index k highlighting the highest order of interactions considered. It is important to
notice that the number of terms in the Hamiltonian grows exponentially with k£, making it unfeasible in practice to
construct models including high orders k > 1.

1. Capturing high-order interactions via non-Shannon entropies

While traditional formulations of the MEP are based on Shannon’s entropy [40], more recent work has expanded it
to include other entropy functionals, including the entropies of Tsallis [41] and Rényi [42]. Here we argue that some
high-order interdependencies can be efficiently captured by the deformed exponential family (2), which arises as a
solution to the problem of maximising non-Shannon entropies — as explained below.

By starting from a conventional MEP model with few degrees of freedom tuned to account for low-order interac-
tions, one can enhance its capability to account for higher-order interdependencies by the inclusion of a deformation
parameter, defined as an extension of the Rényi’s index (or Tsallis’s ¢ or Amari’s «), with clear geometrical inter-
pretation, i.e. the scalar curvature of the manifold [42]. Concretely, let’s consider the Rényi entropy with parameter
v > —1, given by

H, - _% IS p(a) . (S1.3)

This definition adopts the shifted indexing convention introduced in Ref. [43], thereby referring to v = o — 1 as the
order of Rényi’s entropy, with a > 0 corresponding to the order in the standard definition. Rényi entropy recovers
the standard Shannon entropy at the limit v — 0. The maximisation of the Rényi entropy can be performed by
extremisation of the Lagrangian:

L
L= —% lnzp(ﬂf)l—F’Y + 0o (Zp(:l:) — 1) + 90’752@ (Zp(az)fz(:c) — ci> , (S1.4)

which also consider constraints ) _ p(z) = 1 and ) _ p(x)fi(x) = ¢; with i = 1,..., L, whereas the first ensures
p(x) to be a probability mass function and the second fixes the average of f;(x) on a desired value ¢;. Note that the
coefficient [ is introduced to keep v dimensionless, corresponding to the inverse temperature in statistical physics.
This results in the maximum entropy condition

_ oL 1A +9)p(x)”
op(x) Y Do ()t

The family of probability distributions meeting the above condition is known as the deformed exponential family,
which is given by

0 + 00+ 0078 Oafa(). (SL.5)

1/
py(x) = exp(—py) [1 +98> Gafa(w)] (S1.6)
a +
where ¢, is a normalising constant
1/~
%:mZP+wZ%mﬁ : (S1.7)
x a +

Above, we use the square bracket [-], operator to set negative values to zero, so that [z], = max{0,z}. In the next
sections, to solve the steepest descent step of mean field calculations, we will assume that the content of the [-]
operator is always possible. This assumption is reasonable under an adequate normalisation of ~.

Importantly, Rényi’s entropy is closely related to Tsallis’ entropy

H,(YTS) = —% <1 — ?p(ag)l'i'"/) i (Sl.S)

It can be shown that the Tsallis and Rényi’s entropies can be deformed into one another by a monotonically increasing
function. This fact brings both divergences, from the geometrical perspective, to the same equivalence class generating
the same geometry, see Ref. [42]. In particular, by maximising Tsallis entropy, one recovers the same deformed
exponential family, p,, using ¢ = 1 — [44].

We also note that maximising Rényi’s entropy with constraints from the expectation given by the escort distribution
leads to a similar distribution, but with the exponent replaced by —1/v (see Theorem 3.15 in [45]).



Supplementary Note 2: Glauber rule

Glauber dynamics is a Markov Chain Monte Carlo algorithm that is popular for simulating neural activity according
to Hopfield networks and Ising models. In this method, one samples the activity of each neuron conditioned on the
activity of other neurons according to the following conditional distribution:

P () = Py (Tr, Bg) Py (Tk, A1) B 1
k) — - - )
VIR pr(@u) D@ @) oy~ ) 4 I

Py (Th,®\ 1)

(S2.1)

where @\ denotes the state of all neurons except the k-th one. This sampling procedure is carried out for all neurons
in an iterative manner.

Let us construct Glauber dynamics for a curved neural network. The deformed exponential family distribution
states that the distribution of x is given by

py(@) = exp (—¢,) [1 — BB ()]}, (S2:2)

where the energy function E(x) is given by
1
E(x) = — Z Hizi — 5 Z Jijri; (S2.3)
i 7

with J;; = 0 and J;; = Jj;. The deformed exponential family distribution can be rewritten as

P (i, i) = exp (=) [1 — 7B (B(x) + 2z h)]” (S2.4)

with hy, = H, + & >~ Jkjzj. Under the assumption of 1 —yBE(z) > 0 (and the same for the state resulting from
flipping the k-th spin), a direct derivation shows that

_ P - 1/7\ !
Py (zilzyg) = <1+ (1 7? (—EW(B;;(_;) khk)) )

- (1+0- ’}/QB/CBkhk)lM)_l

= (1 +exp, (—268'aphy)) " (S2.5)
;o B
B = m (52.6)
ey(@) = [1+ 2]} 1/[1+e,(-AE)Y”
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FIG. S1. (Left) The deformed exponential functions, e~ (z) = [1 +~z]]. (Right) The activation function of a neuron as a
function of input AE.
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where expv(-) stands for the deformed exponential. Note that these equations recover the classical Glauber rule for
Ising models at v = 0. Fig. S1 shows the deformed exponential function and the activation function p, (zy = 1|z\)
as a function of input AE = 2’hy, representing the deformed nonlinearity of a neuron. Note that to have a smooth
activation function, the input must satisfy 1 +yAE > 0, resulting in AE > —1/~vif vy >0 and AE < —1/yif v < 0.
For implementing the sampling strategy, the selection of neurons can be sequential, using random permutations, or
using probabilistic methods (according to non-zero probabilities assigned to each neuron).

In the case of large systems in which E(x) is extensive, then a normalisation of the curvature parameter in the
form 4" = 7 is required. This makes the value of yz1hy tend to zero as N — oco. In this case, calculating the limit
of exp., (—28'zhi) as v — 0, one finds that

-1 _ oxp (B'zihy) (52.7)

p7($k|x\k) = (1+exp (_Qﬂlxkhk)) ~ 9cosh (5lhk)’

with effective temperature 8’ given by

B

TR (S2.8)
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Supplementary Note 3: The mean-field theory of curved neural network
1.

Derivation of general mean-field solution
In this section, we study a curved neural network composed of N neurons that stores M patterns £€* = (£§,
as described by the deformed exponential family distribution given by

€8,
P(@) = exp (=)

1/~
1+w3<HZ§“a:z NZ zgmyﬂ

, (S3.1)
a,i<j +
where ¢, is the normalising potential and 7 is the deformation parameter. In the following sections, we assume that
parameters are scaled so that the content of the brackets []  is always positive to avoid non-differentiable values
We start the analysis by Computing the value of exp (¢) in the large N limit, which can be done employing a delta
integral substituting the value of 4 Y, @;:

exp (pq) = Z

x

a,1<j

1/~
1+75(H2w % D e %)1

+

J
_Zexp —In|1+4+~8 HnglerZQN((ngxz —N )
x a,i a 4
where the second equality uses (>, x;)? —

=2 ; zizj. Additionally, by replacing
function under an integral, and then using the delta function’s integral form ¢ (z — a)
expression above can be re-written as

(83.2)

L
N i

> &8x; by a Dirac delta
1 f°°

27

© e @A) d¢ the
exp(goﬁz%j/dml?[&(ma—Jbzi:ﬁfo)exp( ln<1+7NﬁZ<Hma+ ( m2 ))))
:W/dmdﬁzzw:exp <iln <1+7N5;<Hma+‘;(m§—]lv)>> Za:lma( ‘;Xi:f?fﬁi))

Let us now introduce a scaling rule for the deformation parameter

(S3.3)
~ given by
!/

i
= -, S3.4
7= 3N (S3.4)
where ' is a constant independent of N, which is motivated by subsequent results for the mean-field solution that
suggest this relationship between v and N in order to maintain scale-invariant properties. Then, the potential ¢, can
be expressed in terms of 7/ as

exp (py) = ® 1) /dmdmexp (Nﬂln (1 ++ Z <Hma + ‘2] (m2 - ;)))

1

- za: 1M + Z In (2 cosh (N Za: ggima> )) . (S3.5)
Under this condition, the exponent in the equation above goes to infinity as N — oco. In this limit, the integral can
be evaluated by the method of the steepest descent (a.k.a. the saddle-point method), yielding

exp (25) :exp{]\;ﬁ <1+v’za: (Hma+‘2] (mi - 1)))

N

_ Z imgma + Z In (2 cosh (;f Z ff‘ima>> }

(93.6)



where the content of the brackets set to the values of m, 7 that extremises (i.e. maximise or minimise) its content.
To obtain their values we find the values that make the derivative of the expression inside the brackets equal to zero.
By differentiating the exponent by m,, we find the saddle point must satisfy

1 a 1 be o«
-+ Zg tanh (N Eb:gilmb> : (S3.7)
Similarly, differentiating by m, yields
= B'N(H + Jma), (S3.8)

where we introduced the effective inverse temperature 3':

B
1+9%, (Hmb-i- %mg)'

g = (S3.9)

From these equations, we find the mean-field solution in the limit of large NV:

= %Zfﬁ tanh (ﬁ’ Zfi—’(H + me)> ; (S3.10)
i b

which recovers the classical mean field solution at 4" = 0. This solution confirms that v has to be scaled by the system
size to maintain the scale-invariant properties.
The normalising potential in the large N limit is obtained as

0y = BVJ,V h«%’ —> ma'N(H+ Jma)+ Y In (2 cosh (ﬁ’ > EHH + Jm))) : (S3.11)

2. A single pattern: explosive phase transitions

When embedded memory contains only a single pattern (M = 1), the equations above result in

BN . B

Oy = g NB'(H + Jm)m + N ln (2cosh (8 (H + Jm))), (S3.12)

with
m = tanh (8'(H + Jm)), (S3.13)
g = b (S3.14)

N 1++'(Hm+ %mQ)'

Under the limit of small v given by the scaling (S3.4), the derivative of the normalisation potential ¢, w.r.t. H yields
the corresponding expected value, similarly to the exponential family distribution. Then, 7' = 0 yields the classical
result. This can be verified by

dpy BN OB , om 0B’ (H + Jm) 0B (H + Jm)
om = g~ VO Iy g = N N
[3N op’ om
T BH NB'(H + Jm) o, (S3.15)
where
op =By (m+ or (H + Jm)) 21 ( om )
e = + —(H+J S3.16
oH (1+7(Hm+5m2)) R 8H( " ( )
leading to
a(p _ / om om
aT} = Np ( + 6—H(H + Jm)) NB'(H + Jm)— 5 (S3.17)
= Ng'm. (S3.18)

The result recovers the classical relation, ﬁ = SNm for the case 7' = 0.



a. Behaviour at criticality

Now, we compute the critical exponents of the mean-field parameter for H = 0. In the thermodynamic limit with
v=+"/(BN), one finds that

m = tanh 5‘]7,772 . (S3.19)

Since tanh (%) = am — (a®/3 + ab)m? 4+ O(m*), by expanding the r.h.s. around m = 0 up to the third order, one

can find that
m = BJm — %(,BJ) (2(8J)% + 3J7") m® + O(m*), (S3.20)

which yields a trivial solution at m = 0 and two non-trivial solutions given by

m4 = =+ BJ—1
- 187 (2(81)2 +3J7)’

(S3.21)

which yields a mean-field universality class critical exponent ‘beta’ (not to be confused with the inverse temperature)
of 1.

2

The magnetic susceptibility, x = g—’}’}, of the deformed Ising model can be calculated using (S3.14). Hence, we have

om 8m> op’

o = (- m?) (5' (1 o ) o H+ Jm)) : (S3.22)

Using (S3.16), we obtain

om

OH OH

=1-m?)(f (1 + Jam) - 8718 (m Ly Jm)> (H + Jm))
=(1-m?p (1 + Ja—m - B—/w’ (m + g—Z(H + Jm)) (H + Jm))
(

I 'm(H + Jm) + g—z (J - %/7'(11 + Jm)2>> : (53.23)

Then, we obtain

om (1—m?2)p’ (1 — %"y’m(H + Jm))

— = / . (S3.24)
OH - —m2)p (J = G/ (H + Tm)?)
The susceptibility g—’Hn at m=0is
om _ B / (53.25)
OH 1—5(J—%7’H2)
_ﬁﬁc
_ ’ $3.26
ﬁ - 50 ( )

where the critical inverse temperature is given by . = 1/(J — %7’ H?). Thus, the susceptibility results in the

universality class ‘gamma’ exponent of 1 (not to be confused with the deformation parameter) near the critical
temperature. At H =0, 8. =1/J.
Furthermore, at 7/ = 0, we recover

om  (1—-m?)p

OH 1—(1—-m?)BJ’ (83.27)



3. Two correlated patterns

Here we study an exemplary case in which two patterns are embedded in the deformed associative network, with
L3, €12 = C. Thus, the fraction of terms for which £}¢2 = +1 is equal to 3£€. We seck solutions for (S3.10) and
(11), which can be further simplified for the case of two correlated patterns. We note that the content of the tanh
and cosh terms can only take two values for the two patterns ' = £1. In the case of the tanh terms

% > & tanh (5’ > &(H + me>> :% > tanh (B’ > & (H + me)>
7 b i b

1+C 1-C
D)

tanh (8'(2H + J(H + J(m1 + ma2))) + tanh (8'J(m1 —ma)).

(S3.28)
Hence, by replacing terms, one can find that
1 1-
my = e tanh (8’ (2H + Jmy + Jms)) + ¢ tanh (8'(Jmy — Jma)), (S3.29)
1 1-
me = +C tanh (8’ (2H + Jmy + Jma)) — ¢ tanh (8 (Jmy — Jma)) . (S53.30)

The normalising potential then becomes

N /
o = 57, In = N (H -+ Jma) = ' N (H -+ Jmo)

+ 71 J; CNln (2cosh (B'(2H + Jmy + Jmy))) + %Nln (2cosh (B (Jmy — Jms))) . (S3.31)




Supplementary Note 4: Dynamical mean-field theory

Let us now describe the statistics of temporal trajectories of the system. For this, let’s consider the trajectory
xo.r = (@o, .. .,x7), whose probability can be computed as

mOT Hp,y .’Bt|$t 1 (841)
where the probability of the transition between x;_1 and x; can be expressed as

Py (@e|@i—1) pr (i t|@—1) H 8z, 56-1] (54.2)
J:g#i

using the Kronecker delta, d[x,y]. For large system sizes, individual transitions (see (52.7)) can be expressed as

"ihi
Py(Tiles—1) = m, (54.3)
Zt—Zﬁ“(H + 5 D & 1> (S4.4)
J J#
B = 4 (S4.5)

1y (% w01 0 €8 (Ha+ 2y Dy 501 )

As before, the above derivation assumes that the content of the [], operator in the definition of the deformed
exponential family is non-negative.
Using the integral form of the Kronecker delta function, the above transition probability can be rewritten as

Py (x| Ti—1) pr (i ¢]ai—1) H O,z 4xj-1]
JigFu
1 2 , , .
= W Z d¢t exp thiﬂghi,t —1In (2 cosh (Bthi,t)) + Z ld)j,t(l — a:j7t3:j,t_1) . (846)
i 70 i
Let k; € (1,...,N) be a uniform independent random variable. Namely, at each time step ¢, the index k; is drawn
independently and uniformly from the set {1,2,..., N}. Then, the sequence {k;}]_; constitutes auxiliary variables

to keep track of which spin is being updated at each time step. Using k;, the average over the spin in the equation
above can be replaced by an average over the uniform k: 3 vazl — Zth:1 4. Using this, the probability of the
trajectory @o.; can be rewritten as

Dy (@oir) = (N MZ / dpexp (Bl ehie — In (2 cosh (Biha ) 8li, ki

t

)

= > gl = wjamip1) (1 = 6l ki)
jii

1 27 , , )
‘W% | dexp > | (Biwishis —In(2cosh (Bihiy))) o[i, ki)

i,t

by

— (N — 1)i¢i,t(1 — xi7tmi7t_1)(1 — (5[2, kt])

= lim %Zexp S | (Biwishis —In(2cosh (Bihis))) 6li, ke] = AN = 1)(1 = i 425,0-1)(1 = 0[i, ke]) | |,

k it
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where the second equality switches 7, 7 indices and the third equality can be justified by the I'-convergence of the log
probability functionals
1 27
limsup (—=AC(1 — 2y)(1 — §)) > In — d¢ exp (—i¢p C(1 — zy)(1 — §)), (54.8)
A— 00 2T 0

which substitutes the oscillatory delta integral by a soft exponential penalty with a large parameter A, ensuring that
the minimizers of the soft-penalized functional converge to those of the original constrained system.

As (with 6 € [0,1]) we have lim)_,o Incosh(k + A(1 — §)) = limy_,o0 (In cosh(k)d + A(1 — §)), we can simplify the
equation above as follows:

py(Tor) = /\hn;o W Zexp lzt: ( T th’\ F_In (2 cosh (ﬁgh;\,’tk"))) , (54.9)
nye =g | Ha+ Z i | + BN = Dy 1 (1 — o[i, k). (54.10)
a ] JFi

This operation absorbs the second term in (S4.7) related to “the spin 4 not chosen” (d[i, k] = 0) into the effective
field hf‘tk’, ensuring the strong coupling of the current state x;; with the previous state z; ;1 using large A. One can
verify that it recovers (S4.7) by noting that if §[¢, k] = 1 (spin ¢ chosen), then hf‘,’tkt = h; ¢, recovering the first term
in the exponent of (S4.7), and that if §[¢, k:] = 1 (spin ¢ not chosen), we have h;\”tk" ~ B INN — 1)ai ¢ for large A,
which yields

By, thA Rt 1n (2 cosh (Béhifﬁ) ~ AN =D xi—1 — AN = D1 = MN = 1)(1 — z240-1), (54.11)
recovering the second term in (S4.7).

In equilibrium systems, the partition function retrieves their statistical moments. A nonequilibrium equivalent
function is a generating functional or dynamical partition function [59]. Let us now define the generating functional

:ZeXP Zgi,txi,t py(To:1), (54.12)
T 1,t

such that the following relationship is satisfied:

dZ(0)
= (x;4). S4.13
. (wit) ( )
Then, one can find an analytical expression for the functional by introducing delta integrals. Defining
W= & (Ha + mag—1) + B (N — DAz -1 (1 = 0[i, k), (S4.14)
z p
Bi= : S4.15
K ]- + 7, Za (Hama,t—l + %mzytfl) ( )
we obtain
: 1 t 2 t
Z(g) = AILH;Q NT Z Zexp Z (zz t(git + th h k )—In (2 cosh (B;hif)))
x k 7,
= lim 7w NT (2 VT Z/dmdmZeXp > (sm(gzt + BhF) —In (ZCObh (@ B k*)))
it
_Zimat Ma,t — iZg{lx”
a,t , 7 N % ' ,
. . 1 Lk
= )\ILOO (27r B /dmdm exp | — Zlma,tma,t +1In NT Ze , (S4.16)

a,t x,k
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where L¥ is given as

— (g“ + BN+ Zg;limw) S (2 cosh (thi;kt)) . (S4.17)
1, a 7t
One can solve the mean-field equations via steepest descent, obtaining

1
Mat =737 Zﬁf (Tit) e s (S4.18)

g, = € <<xt — tanh (thﬁ;kt) ) >Lk (S4.19)

with
1 L
—1; NT Zm,k f(w)e
(F@) e = lim S (S4.20)
For g = 0, we obtain i, = 0 and ﬁ Zm,k L
Let us also define as
L
(f(a)), —2ed @) sian

Ymel
where L is defined

L= Z Tit (glt + Bt it T Zf 1My t) — Z In (2 cosh (B{BLO) , (54.22)
it

it

using

hie =Y & (Ho +mas1)- (94.23)

One can relate L with L¥ via the following equation,

lim e —eLH 1 —0[4, ke])O[ms 1i 1—1] (S4.24)

A—00
forcing spins not to change sign when §[i, k; ;] = 0. Note that, when k; # 4, spin x;, takes the value of the spin at

the previous step x;¢—1.
The mean field behaviour is recovered for g = 0, which we will assume from now on. This results in

(Tit) e = hn;oﬁzxme

wfk:
= lim L Z x»teLk —&—L Z J:<teLk
A—oo | Nt—1 ) b Nt—1 . n
xik:kiF#i xik:ki=1
:(1 — 1> (@it—1) e + = (i) (54.25)
N 7, Lk N Wt/

because of the effect of the § function in (S4.14).
We also find that

(x14), = tanh (B;ﬁi,t) . (S4.26)

This results in

1 1 1 I
Mat =% Zgg (@ie) o = My (1 - N) + 52 Zgg tanh (,B;h,,t) . (S4.27)



The expression above can be rearranged in the form similar to a differential equation

Ma,t — Ma,t— 1 a ~
¢N7_1t1 == M1+ > & tanh (5; > &(H, + mb7t_1)> .
i b

Under large N and for an adequate time re-scaling, this leads to the following differential equation:

My = —Mg + %Zf? tanh <ﬂ' gff(ﬂb + mb)) )

ﬁ/ _ 6 .
1+ ’7/ Ea (Hama + %mg)

12

(S4.28)

(S4.29)

(54.30)
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Supplementary Note 5: Replica analysis near saturation

Here we analyse a curved neural network with an extensive number of patterns, M = N in (5). The model involves
integrals over a large number of variables, making the steepest descent method inapplicable. Instead, we adopt the
approach reported in Ref. [62], and average the free energy over the distribution of patterns using the replica trick.

For Z = exp(y,), the replica trick is applied as follows:

() = (n Z) = lim n(<<Z">> - 1), (S5.1)
which can be equivalently written as
(nZ) = lim ~ n(2") (85.2)

with (f(x)) =2"M~ >_¢ f(z) being the configurational average over different combinations of the systems’ parame-
ters.

1. General derivation

To calculate the encoding of patterns, we introduce {£,} with a = 1,..., M where the first [ patterns are given —
called ‘nominated’ patterns — and we average over the M — [ rest. Again, assuming as in Supplementary Note 3 that
the content of the [], is positive, we calculate

(z™y = m Z Zexp Zln 1448 ZH;, Zm“fl’ ZZm?{f Jry . (S5.3)

ga>l b<l a i<j

We want to compute the configurational average of a network with M memories with N, M — oo and M/N = «,
introducing a pair of delta integrals

n 1 ~ -~ coA U u 1 u
(z™) = NI (27 n /dmdmdudu Z Zexp - Z 1my, <mb N in 55))

) gl @ w,b<l i
2
_Zluu<uu—z<fzxu&> )
1 L JIN o Ja
;zu:m 1478 ;(NHbmb+ 5 (mb))+Juu NZ , (S5.4)

where the NV "2—0‘ comes from substracting the diagonal. This leads to

n 1 . N 1 w JN w2 Ja
(z >)/dmdmdudu;exp ;gln 1++8 Z(NHbmb +7(mb) ) +Juqu7

I+1)n
(277)( 1) b<l

- (i £ S-St v b S (D15 (£ 0) )

u,b<l u a>l

(85.5)

To compute the last term, we can integrate over disorder by factorising over patterns a and introducing a Gaussian
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integral ([ Dzexp (az) = exp (a?/2)) to obtain

BENEC U ZZ( \/I/Tuz U£a> :anexp<;;<@zmgéf>g>

ga>l a>l u >l go
= /Dzexp (Zzu\/ Muz “E“)
>l
M

= 1 D 1 sh b, o
= SNGI=) zZ exp Z n 2 cos Z N i

— M-l
— (e
= (/Dzexp(?lncosh (; N%@)))

M-l
= (/ Dz exp (;Zzuzv\/iﬂuiﬂvi] foxf)) , (85.6)

—1

where the Incosh term was approximated assuming a large N (Incoshz ~ In(1 + 2%/2) ~ 22/2 for < 1). By
introducing an additional delta integral for order parameters g,, (assuming ¢,, = 1) and applying expIn, one can
re-express the last term (assuming M — [ &~ N« near saturation) as

1 1
exp Nozln/Dzexp §Zzu2v\/iﬂuiﬂvﬁz:xfx“
u,v 7

1 . 1 — o .
= W /dqdq exp Na IH/DZJ exXp 5 Zzuzv 11 oy Qo - Z 1quv (qu - Zxﬂ U)

( ™ 2 u,v u<v
-1 /dqdq exp | — 1Noz In|A| — Z 1Guv | Guo — Zx“ Y (S5.7)
(o) 77 : s\ |

where Ay = 0o (1 — ViftuifinGuo) + (1 — Ouo) (—\/iﬂuiﬂvqm}) = duv — Vifluifluquy. Then, the configurational average
is found to be

1 1 JN Ja
(zm) = TG /dﬂ’ZeXp = (1498 (> (NHbm;; +5 (m;j)2> +Jpy = N
(2m) T © T b<l
SAU u 1 u b CS 1 O 1 u,v
- Zlmb mb—NZzifi —Zluupu—iNaln|A|—Zlqw qm,—Ninxi
u,b<l A u u<v i
1 1 JN Ja
= dmexp | — In|1+ NHymy + — (my + Jpy — N—
(271_)(l+1)n+7"("2—1) / P ~ Zu: B % ( 5% 2 (my) ) Hu 2
1
= > inmgmy = g — ;Naln Al = iGuuqus +In Y expL |, (S5.8)
u,b<l u u<v x

where dm = dmdmdudfidqdg has been adopted for readability, with

L= imb— Zx“gb + Zlquv Zx“ v (S5.9)

u,b<l u<v
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carrying all remaining x; dependent terms to be summed. The saddle-node solution is given by

imy = NB.,(H, + JmY),
1fby = ﬁ;‘L

u o 1 a /. u az eXpL
maiNgg’L <'T’L>L' Nzg eXpL )

1 - YoerialexpL
q“”_Nzixxi“’ﬂL NZ expL ’

1Guo = Na/ifiyifiy <Zuzv>* = NaJQﬂuﬂvrm,,
(S5.10)

7NO‘ Z quv Zuzv>* = %NQJ Z ﬂ;ﬁg%ulruua
g, = o
b 1+yNp3; (Zb<l(2Hb+me)mb +aJ?), Bl GuvTuw — Ja)
1 1 | Dzzy,z, exp (% Zu,v Zuzo (v ﬂ{ﬁv/f]qm;))
Tw = — F— <Zuzv>* =
J V 51/16'{) J f Dz exp (% Zuﬂ, Zu Ry (\/ B&ﬁ{ﬁ]qu)>

where the operator (f(x)), defined above coincides with regular averages once integration is performed. This results
in

/

1 JN J
In{Z") = > {1498 (NHbm;; +5- (m;:)2> + i — N7a

u b<lI

— Y NB,(H,+ Jmi)m Zﬁ J g — fNaln|A| — Y " NaB,B, T usuo
u,b<l u<v

+In > expL (S5.11)

with L being given (due to (S5.9)) by

L= B,(Hy+Jmy) Zx“5b+J2aZﬁ B, rwzaz“ 7. (S5.12)

u,b<l u<v

2. Replica symmetry

The replica symmetry ansatz allows us to simplify order parameters my, ¢uv, uo (for u # v), and 7y, to homogeneous
values mp, ¢, 7, and R (note that g,, = 1). Assuming a normalised curvature parameter v = -1, we obtain

NB>
1 ny _ Nﬂ / J 2 J Ja
—In(Z2") = i 147 ;(Hbmb+2(mb))+Nu >
1
- ZNﬁ;(Hb + Jmy)my, — ' Ty — Q—Na In|A]
b<l n
1 12 12 1
—5(n—1Nap?J*rq + — lnzw:exp L, (S5.13)

where JB3'pu = Na(JB')?(R+ (n— 1)gr) and

L=p"Y" (Hy,+ Jm) Zx“§b+25’2J2arzx“ (85.14)

u,b<l u<v
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We obtain
aneXpL aneXp Z@ Hy + Jmy) Zfla:er QQTZZ:E;LI?
u,b<l i u<v
? 1
=1 H - ! 1\2
nHZexp Buzb;l b+ Jmy)ebat 4 = <,6’J\/ar2x> 2n(ﬁJ) ar
1
=1 D (H R EAY ¢ = sn(B'J)?
nH/ zZeXp Buzb;l b+ Jmy)Elay + 5T arzzu:mt 2n(ﬂJ) ar
—Zln/DzeXp nln | 2 cosh ,BZH;,—Fme)fb—&—,BJ\/ rz —fn(ﬁ,]) ar
b<l
1
—Z /Dzln 2cosh | B (Hy + Jmy)E) + BT\ arz —§nN(ﬁJ) (S5.15)
b<l

where in the last step we assum a small value of n (as we will apply later the limit n — 0).
Overlaps corresponding to non-nominated patterns To apply the replica symmetry argument near the n — 0
limit, we know from (S5.10) that the covariance matrix of 3’'Jr,, corresponds to the inverse of A (with A,, =
= B'T(0up + (1 = 6ur)q) = duu(1 — B'J(1 — q)) — 8/ Jq). Under the replica symmetry assumption, the inverse is
given via the Sherman-Morrison formula,

_ 1 B'Jq
At = ————— (6w , S5.16
(e ( A —nB’Jq> (53:16)
evaluating the limit n = 0,
1-8'J(1 - 29) 8'Jq
"Iy = Ouo 1-96 . S5.17
BT ut (1 — ﬁ/J(l _ q))g + ( uv) (1 _ BIJ(l — Q))2 ( )
Identifying R and r as the respective diagonal and off diagonal parts of r,,, we can determine
n 1
AN 2Naﬁ J(R—qr). (S5.18)
This leads to an effective inverse temperature,
B
B = . (S5.19)
L+9'3 (Zb<l(2Hb + Jmy)my + o (78 Zg; - 1))
Replica symmetric solution We have
1 Np J 2 J Ja
—In(Z")=—MIn |1+~ H =z Sl e
a2 = (1 (3 (s G o) ¢
— Np’ Z(Hb + Jmy)my, — BT — iNoz In|A| — 1Noz(n —1)(JB')*rq
= 2n 2
+ Z/Dzln 2cosh [ B Z Hy + Jmy)&b + B I/ arz - §N (8 J) ar. (S5.20)

b<l
Near the limit of n — 0, we can approximate
InjAl=In(1-8J(1-q)—8Jm)+n—-1In(1-3J(1-q))

=n <1n(1 - p'J1—q))— 1_;:}%) . (S5.21)
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Using the approximation in (S5.21), extremisation of (S5.20) with respect to H, yields:

mg = %Zf?/Dz tanh B’Z(Hb + Jmp)&l + BT arz | . (S5.22)

b<l

Similarly, extremisation with respect to r yields

'2J2 1
p Na(l—gq) = Nﬁljiﬁ / % /Dzztanh B’ Z(Hb + Jmy)eb + B Iarz |, (S5.23)
b<I
which, by applying the partial integration, results in
q= / Dztanh?® [ B | Y (H, + Jmy)¢ + Jarz | | . (S5.24)

b<l

We can observe that for o = 0, we recover previous results in (53.10). In addition, we obtain Egs. 21 and 22 for one
memory pattern (I = 1) given by all positive unity values and Hj, = 0. Further, for v = 0, 5/ = 8, and the solution
corresponds to the Hopfield model near saturation [58, 62].

Notice that in the limit J — 0 and H = 0, we obtain

BJ = %NJa(l +8J(1 —¢?) - NJQ—O‘, (S5.25)
r=gq, (S5.26)
g b (S5.27)

T 1+ NBLaf (1 - ¢?)

For a scaled value of spin coupling strength, defined as J such that o = 1 and v = yNg %, the equations above
recover the solution for the curved Sherrington-Kirkpatrick model in Egs. (S6.17-S6.19).

3. AT-instability line

This section probes how the deformation of the statistics modifies the boundary below which we may no longer
rely on replica symmetry. Following [58] let us then consider small fluctuations 7,, around the replica symmetric
expressions for ¢, and its conjugated pair.

Guo = 4o + Mo = Sup + (1 = Su) + Mo (S5.28)

with 7y, = 7y, vanishing diagonal elements, and ), 74, = 0. We are ultimately interested in the free energy
difference,

%A‘P'y = % [So'y (mRS, Quvs Quv) — Py (mRS’ qsvsa QE‘US)] (S5.29)

One should be mindful that 3], may be affected by fluctuations. The effective inverse temperature 5, depends on ,
which is itself a function of both ¢, and §,,. One can anticipate that §,,, and thereby £, , will be a polynomial in
Nuv- The coefficients of the perturbative expansion of /3], are determined by replica-symmetric parameters, and hence
its index structure follows from the properties of 7,, rule out linear contributions. Without loss of generality, we have
up to the second order,

B'= By + B Y ey + O(n°), (5.30)

for some 31 to be determined and 3} being its RS-value, which only distinguishes between diagonal and off-diagonal
components. Let us first recall that 3} at (S5.10) under the RS assumption becomes,

6/ — ﬁ
0 1+%7’(m+a56J2(qur)fJa)

(S5.31)
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with m =23, (Hymy, + %(mb)2) adopted for brevity. Solving for ) from the expression above leads to,

2—Jay ++4'mTF \/(2 — Javy' 4+ ~y'm)* 4 88J2a7/(R — qr)
2ay'(qgr — R) '

Bl = (S5.32)

To resolve how its conjugate, ¢y, transforms, we inspect the two-point functions (z,z,), upon small perturbations of
the order parameter 1,,,

(2a2b)y + 3 Doc.a (Za2b2e2a), Med

u?v a Acal(zazbze a c S5.33
(zuz0). 71y o) A ™~ (za2), Zdj dl(zazbze2a), — (2a%)., (2024).] (55.33)
with

Aca = ByInea + BT D (02 + i) [0ea + a(1 = 6ca))- (95.34)

This implies that 7.4, defined as the change of the two point function, and thereby G, —conjugate to q,,— carries
a dependence of second order in fluctuations parametrised by /.

v = —1Nav/BL5LJT (zyzy),
o i (B + 50 Sl + 2] ) (s +

. . R 1
Here (] can be obtained from the expression for 3, at (55.10) exploring »°, /3 ¢uyTuy under perturbations.
unv (zuzo), Z(QSE + Nuv) ((Zuzo) , + Tuv)

= BEJJ(R - TQ) + Z(Q}}Usﬁuv + <Zuzv>* Nuv + nuvﬁuv)

v

1 1
= B(/)J(R - TQ) + §ﬁj/[ Z qquvsqgjsguvcd(ngs + 77?15) + 56(/) Z GuvedTuvTeds (8536)

v,s,¢,d v,c,d
where the first term results from its RS-valued part and
Jabed = (ZaZbZeZd) . — (Za2b) s (ZcZa), = (ZaZe), (#p2a), + (2a2d) . (20%c). (S5.37)

has been adopted for brevity. The four-point function can be reduced via Wick Theorem to products of two-point
functions. Linear terms in fluctuations coupled to RS-terms vanish with the sum as expected. It should be noted
that unlike the flat case, the ) _17j,s = 0 property no longer holds due to quadratic terms in perturbations.

Let us now evaluate the sums at (S5.36),

Z quv QCd gu’UCd(ncs + nds Z qzlz{vsqgis ZUZC>* <szd>* + <Z’U«Zd>* <Z’U’ZC>*)(T]35 + 7735)

v,8,c,d v,8,¢,d

= (B0)° D aus e (rucrod + rigrie) (02 + i) (85.38)

v,8,¢,d

from here, we break the sums into diagonal and off-diagonal contributions

RS, RS, RS 2 2 RS RS RS RS,.RS
50‘] Z Quv Tuc Tve Nes +2Q(56J) Z quv( Tue Twd + Tud Tve )ncs

v,8,C v,s,c£d
= 4(86J) Y it + 4a(By ) Y0 e rionZ + 4a(B0 )7 Y iz,
v#u,s,c s,c#d
200 (B0 0)° Y (rideid + il (S5.39)

s, v#u,c#£d
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Evaluation of 7R} = Rd,4 + r(1 — §,4) yields a polynomial we will call for the moment f(g, 3,7, R), and so the
expression may be succinctly written as f(q, 8),7, R) Y., n2,. More importantly,

Z GuvedNuvled = (B(/)J)2 Z( 558 Eds + Tud ryc )nuvncd

v,c,d v,c,d
= (B00)® Y (riSrid i Mo led
v#u,c#d
= 2(66‘])2 Z uc vd nuand - 2 ﬂO Z T (Z Tvd nuv)ncd — 0 (8540)
v#u,c#£d c#d vFEU

Now we can solve for 31, expanding the self-consistent equation,

ﬁO + ﬁl Z Mys = ﬂO (1 - ’7 aJ (61 Z quv ch gqud(ncs + nds + BO Z guvcdnuvncd>)

v,8,¢,d v,c,d

ﬁlznvs - '}’Oéjﬂlf(q,ﬁé,'r, R)Zan (8541)
where T is defined as denominator of the expression for 8’ at (24),
1
=1+ 57’ (Jm® + aJ(B'(R— gqr) — 1)) (S5.42)

seeming to imply that 3’ does not seem to be altered at the second order of perturbations, and perhaps the effects
are only seen at higher orders. This greatly simplifies the analysis onwards; §,, and 7j,, are now first order in 7.,
the latter reduced to flyy = B (R — 7)*nuy. The same expression for v = 0 up to a scaled inverse temperature is
recovered. Let us focus on the free energy difference,

1 1 s A ~RS RS\ __ i ~RS ~ RS ~
NASD'Y > ﬁ Z(quwqu lqu'u quv) = 2N Tr [quv nuv] + Oé(ﬁ J) Tr [nuvquy + nuvnuu]

- %a(ﬁ'])Q Tt o). (S5.43)

The trace is understood over replica indices. Notice that despite the seemly different overall coefficient and sign [58],
this is just an artifact of the convention on the introduction of the deltas; these expressions are equivalent. The
diagonal terms are included to make up the trace vanish as constants at the free energy difference.

The determinants transform as,

1 \1—5'@ “S+TI)| 1 5 2
—Ap 1 =————“Trn“+ 773 . 44
N T g 2B - o) (5544

There is a contribution from the L(x;)-function and the logarithm that results from the deformation. First the L-term
contribution

Z:c €xp L(mRSa Quu; unva xz)

1
—Ap, 31 , S5.45
NPT e L(mFS, gBS, G55, ;) (85.45)
which basically amounts to, after expansion,
lnzexp L(m s Quvs Guos T IHHZGXP ARS 1’2 |:1 + OzJ2 Zx nuvx ZﬂOunuvﬂlv
x 7
JQﬂ Z T M@y + a 26y ) Z(zfﬁuuxf)z] . (S5.46)

u,v

However, as we concluded previously, 8!, does not have a second-order term.

lnHZeprRS xz)[l—k —a(BJ) Zm Ny + a 2By )" Z(xfﬁuvxf)ﬂ, (S5.47)

u,v
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where ARS(z;) has been defined as the argument of the exponential at (S5.15). Once again, the trace can be recovered
at the fluctuation terms can be recovered noticing that 7,, = 0. The denominator eventually cancels off the contribu-
tions from ARS(x;), and we are left with the part from the squared brackets. The first term can be recognised as the
average defined at the saddle-node solution for g, (S5.10). Finally, the logarithm that results from the deformation
of the statistics and pu,

/
—A% > ﬁ In ( RS) — B JAL=0 (S5.48)

N B

are up to second order in perturbations, invariant, and hence do not contribute to the free energy difference. Following
the derivation of Ay, for v — 0 at [58], we may determine,

1 1 1 aBl? 1
—Ap, = —— ( — Z[—OQ Tr7]2 + 50(664(R — ’I“)2 T1r172

N Bon 1= 5,1 =q)y
1
- §a2568(R —r)* Z ﬁabnchabcd>, (55.49)
a,b,c,d
where
Gabed = dacObd + 0addpe + Ga(1 — 0ac) (1 — dpa) (1 — 0aq)(1 — Ope)
+ GQ(Jac(l - de) + 5bd(1 - 5ac) + 5ad(1 - ch) + 51)0(1 - 5ad>)7 (S5-50)
with

(S5.51)

G = 1 Z J Dz tanh’ Bol> o<t (Hy + Jmy)E} + zy/ar] cosh” Bo[>p<i (Hy + Jmy)E} + zy/ar]
TN4 J Dz cosh™ B[S <, (Hy, + Jrmy &8 + 2/ar] ‘
leading to a condition
(14 B5(1 —q))? > apf? Zg /Dz cosh™ BO<Z(H1, + Jmp)€P + J\/@z) (S5.52)

b<l

equivalent to that of the flat model (see [58], equation (121)) with a rescaled inverse temperature.
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Supplementary Note 6: Curved Sherrington-Kirkpatrick model

We start with a simple case in which the system is encoding one pattern on a background of zero-average Gaussian
weights. This can be represented by J;; = Jo/N&&; + J/V Nz;j, with z;; random coupling values distributed as
N(0,1). Assuming the content of the [] 4 operator is positive, we want to compute the configurational average

1/~
%07 /DZ lnz <1 + ﬁ(N szgzgjxj f Zzwxzm7>> (S6.1)

1<j 1<]
1/~
NJy (1 I
- [ (108 B (7 E ) -2+ T
where we define Dz = [[,_; dzij\/% exp (—32%).
Defining ¢ = In Z, we can apply the replica method

(¢.) = (WZ) = lm ~((Z") —1)  or,equivalently,  (InZ) = lim ~ In(2Z"), (56.2)

n—0n n—0mn

with

(z™ /DzZeXp Z In |1+ ﬂ(NJ(’(NZx;Lgi)Z‘] \ﬁZzJI“:c> (S6.3)

u 1<yg +

1 1 N Jy m2 Jo
= @ /dzp dedmduduexp 5 ;ln <1 —l—’yﬁ( 2 5 + Juu))

- ; 1171 (mu - % Zg:v“> — ; o, (uu - Z iy ) : (S6.4)

z<]

Recalling that the z couplings are distributed by a centred Gaussian A/(0,1), we can carry out explicit integration of
z;j. Noting that [ Dz = e"T)‘/Z7 the above may be rewritten as,

= ﬁ/dmdmdudﬂz:exp %Zm (1 +3 (NQJO 2 _ % + J,uu>>
2
— Zimu (mu — % Zfix;‘) — Ziﬂu,uu + ﬁ Z <Zluux;‘m;‘> ) (S6.5)

i#j N
The last term in the exponential can be expressed as,

N% > il fio << Zaz ) - ) - Ni Zu: (i)’ (1 — Jb) . (S6.6)

u<v

Furthermore, introducing conjugate pair fields for the average of zz?, {q, §} we have,

(2n) —2n—n(n—1) / dmdmdpdpdgdg

Zw:eXp Zln <1+7ﬁ (NJO - % +Juu)> —NEZ(iﬂuV (1 - ;) = it

u u

_ Zimu (mu — ;Zf&f) Z 1Guw (CJuu N Zx > + N% Z i flogd ey (q?w — ]1[) ) (S6.7)

u<v u<v
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Now we can evaluate the integrals by steepest descent
1 NJy 5 Jo 1 Ca 2 1
= — In(1 —m — — u —N- u 1—-—=
exp ,qu:n< +’75( 5 Mu +J,u >) 4%:(1;;) I
1
_ Zlm“mu Zl,uu/iu Z 1GuoGuo + N Z 1l [y (qw — N) + anexpL . (S6.8)
xT

u<v u<v

The overall 27 factor has been left out as we are ultimately concerned with n — 0. With L corresponding to the
x;-dependant part in the argument of the exponential (55.9). Here, (S6.8) is understood at the saddle-node solution,
which, ignoring the (9(%) terms, corresponds to,

A /
1My, = 6UNJOmu7

Ty = 6;‘]7
My, = <$ZL> ’
Quo = (Ti'T])
iunv = Nl/lulp'vquv =N (6/ J)2 Quwv, (869)
1 .
Uu:Nizlﬂvqiv NJ- Z/Bv Qyovs
/ B _ B

L+9B8 (NLiJom2 +pu)  1+74BNL(Jom2 + J2Y, BLa2,)

Assuming ¢, = 1, we can rewrite (56.8) by evaluating at (S6.9). As we are contemplating the n — 0 limit, N is
taken large but kept at a fixed value, resulting in

Nlo 5 J
- —zln<l+ ﬂ( R e T ))
- / 2 _ N2 72,2 —
n;ﬁuNJomu N4n;ﬁuﬁvj quv—i—nln%:expL. (S6.10)

In the limit v — 0, we recover the replica free-energy of the SK model

Jo ) B2J? 5 1
1 ) =—BN2D —- N ) L. S6.11
lim {py) = -BN 5 1L7nu n Guy T 1In a exp (56.11)

u,v

1. Replica symmetry

The assumption of replica symmetry implies homogeneous couplings among replicas gy = dup + (1 — dup). Also
we will consider m,, = m for the mean field,

{oy) = 1n[1+7ﬁ( Mo e ‘;°+NJ2;ﬁ(1—q2)>L

1
B NJm® = N3B2I2(1— ) + 21 L 12
B'NJom?® — N7 5% T( q>+nn§mjexp (86.12)
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with L carrying the & dependence. We can further simplify evaluating the sum,

anexpL hlZeXp (nﬂ Jngﬁ,x +( Z xfxf)

7, u<v

2
:1nHZexp (Z,B Jomé&;xi + = (ﬁ J\fo > — ;n(ﬁ’J)Qq)
- 1nH/DzZeXp (Z B Joma + B'J\/qz Y at — %n (ﬁ’J)2q>

= Nln/Dz exp (nln (2cosh (8" Jom + ' J\/qz))) — %nN (BJ)q
~ Nn/Dz In (2 cosh (B'Jom + B'J\/qz)) — %nN (BJ)q. (S6.13)

We thus obtain

%<<<p>> :A}Vln(1+N7ﬂ( m® 4+ 2L 501 —q2)>)

— B Jym? — 15/2J2(1 -+ / DzIn (2cosh (8'Jom + 8'J\/qz)) — % (B'J)q. (S6.14)

Extremisation with respect to m and ¢ yields:
B Jom = B'Jy / Dz tanh (8'Jom + 8'J/qz), (S6.15)
p ";ﬂ( Q=74 J— / Dztanh (8'Jom + B'J*\/qz) 2, (S6.16)

leading to the solution, for v/ = Nj3:
m = /Dz tanh (8'(Jom + J\/qz)) , (S6.17)
q= /Dz tanh? (8’ (Jom + J\/q2)) , (S6.18)
Y13 ~ (X Jom? féﬁ’ﬂ(l ) (56.19)
a. Critical point
The solution for Jy = 0,J =1 at v/ = 0 has the form

q= / Dztanh® (8J./qz) . (S6.20)

Using a change of variables p = /g, we can expand around p — 0 (tanh’*z = (z — 322 +---)2 =22 — 22t 4 ... for

small z). Noting that [ Dz 2% =1 and [ Dz z* = 3, we obtain

0= [ Detantt (81p2) = (32 - 2(6)'6" + O°)
= (8I)%q = 2(81)*¢" + O(¢°). (S6.21)

This yields a trivial solution ¢ = 0, and a solution

7((B1) = 1) (S6.22)
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for BJ > 1, with a slope of
dqg 1

58 = (2= (B)P) (96.23)

which is equal to 1 near the critical point, 5J = 1.

For ~' # 0, we can recover the critical solution by a change of variables 5 — 3’. For m = 0, the solution of (S6.18)
for an arbitrary 8’ is the same as the solution of (S6.20) for 8 = /. For each pair of 3, ¢ solving (S6.18), we can
recover the corresponding inverse temperature from (56.19) as 8 = /(1 + 379/8'J%(1 — ¢%)).

Following the previous argument, we can show

_ 1
1= 53 0)

(") = 1), (S6.24)
resulting in that, at the critical 3, we must obtain 5’.J = 1 and ¢ = 0. Then we have
1
B+ BRI 5 =B, (S6.25)

which, for 5’J = 1, yields the critical inverse temperature

1
Be=J""+ 57 (S6.26)
The derivative of 8’ yields
!
%(1 + 847 =1 (56.27)
dp’ 1
aw _ (S6.28)

a3~ T+ BT
resulting in a slope of

dg 9q 0B 1 2—(BJ)?
9B 0B’ 0B BEII1+F T 5029

which, for 3’ = J~2, diverges at 7/ = —1, resulting in a second-order phase transition.
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Supplementary Note 7: Glauber dynamics of dense associative memories

The energy of the dense associative memories (a.k.a., modern Hopfield networks) with a state @ = (x1,...,2,) €
{—1,1}" takes the following functional form:

F= —ZF(fo) (S7.1)

where F(-) is a non-linear function. The original formulation of dense associative memories used the rectified poly-
nomial function F(z) = zP - ©(z) with ©(z) being the Heaviside step function [20], and other authors have used the
exponential function F(z) = e* [21].

The deterministic update rule of the dense associative memories can be written using the following conditional
probability as follows:

p(rr|Ty\g) = G(A}'(w)), (S7.2)
where AF(x) = F(—xk, @\) — F(ok,x\). The energy difference AF can be expressed as

AF(z) = ZF(ng) - ZF( £+ Zg;xj)
a a j#k

=> (F( Sogra) - F( - 26 + Zu)) (57.3)

Thus, using the shorthand notation Aef := 2z, (corresponding to the correlation between the k-th element of the
a-th memory and the state) and

AFD = F( Zgam) - F( — A+ Zg;‘xi), (S7.4)

the input to the threshold activation function in Eq. (S7.2) can be expressed as

AF?
AF(x) = M’j Acf = wiAe, where wf =
a k a

AFS
Ae} '

(S7.5)

Above, we are assuming that £ # 0 so that Aej # 0 for simplicity. This implies that, in the dense associative
memories, each neuron has distinct effective weights for each memory: the k-th neuron receives an input >, wiAef,
where wf} weight Aef, which measures the matching of the state x) with the memory £. We can also regard the
process as the gain modulation of the original weight £ attached to the input z; by w{.

Let us now showcase that this effective weight wj is an increasing function of ), £#a; for F'(z) = 2P - ©(z) and also
for F'(z) = e*, and hence it supports the accelerated retrieval of a selected memory.

Let us first consider the case of F(z) = zP - ©(z) with any integer p > 2. If Az > 0, we have

0 2 <0
AF(2)=F(z) — F(z — Az) = { 2P 0<z< Az (57.6)
2P —(z—Az2)P 2> Az

This function is non-negative for all z. It is also an increasing function of z (for z > Az, 0, AF(z) = p(zP~1 — (2 —
Az)P~1) > 0). Similarly, if Az < 0, we have

0 z < Az
AF(z) = ¢ — (2 — Az)?P Az<2<0 (S7.7)
2P —(z—Az)P z2>0

. " . . AF(z) . N . . .
It is a non-positive, decreasing function of z. Hence, Agz) is a non-negative, increasing function of z. Namely, with

AF(z) = AFf(z), z =), &'x; and Az = Aef, wi = AAfga is a non-negative, increasing function of ), {fx;.
Let us now consider the case of F(z) = e*. In this case we have AF(z) = e* — e*~2% which is positive if Az > 0
and negative if Az < 0. The derivative is 9,AF(z) = e* — ¢*~2%, which is positive if Az > 0 and negative if Az < 0.

. AF® . - . . .
This guarantees that Aeg is a positive, increasing function of Zz &y
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The proof can be extended to a differentiable function F(z) if it is increasing F’(z) > 0, and convex F"'(z) > 0.
Let Az > 0. By the fundamental theorem of calculus, we have

Aii” - é / ZAZ P dt. (ST7.8)

Because F(z) is convex, F’(z) is increasing, so the integral average on the right is an increasing function of z. Positivity
follows from F’(z) > 0. Similarly for Az < 0

AF(Z) 1 /z ) 1 z ) 1 /Z+AZ ,
= — Ft)dt = —— Ft)dt=— F'(t)dt S7.9
Az Az z—Az ( ) _|A2| z+|Az| ( ) |AZ| z ( ) ( )

to which the same argument applies. These prove Aiiiz) is a positive, increasing function of z. We note that the proof

can be further extended to non-differentiable convex functions, too.

Therefore, in these systems, as ), &'x; increases (i.e., as the pattern £* = (£7,...,&5%;) is retrieved), the effective
weights related to a (i.e., wf, k =1,...,N) increase. This accelerates the alignment of x; with £f, ensuring positive
feedback. Additionally, retrieval of £* reduces ), €bx; for orthogonal patterns £, lowering their effective weights,
thereby suppressing their recall and minimizing interference. This competitive mechanism highlights the superior
capacity of these models compared to curved neural networks with uniform temperature scaling. Unlike the effective
inverse temperature in the curved networks that depends only on the system’s state or energy, the effective weight in
updating k-th neuron in the dense associative memories additionally depends on the neuron’s state xj, thus no longer
represents a global modulation of neurons.



