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A snap-through bifurcation occurs when a bistable structure loses one of its stable states and moves
rapidly to the remaining state. For example, a buckled arch with symmetrically clamped ends can snap
between an inverted and a natural state as the ends are released. A standard linear stability analysis suggests
that the arch becomes unstable to asymmetric perturbations. Surprisingly, our experiments show that this is
not always the case: symmetric transitions are also observed. Using experiments, numerics, and a toy
model, we show that the symmetry of the transition depends on the rate at which the ends are released, with
sufficiently fast loading leading to symmetric snap-through. Our toy model reveals that this behavior is
caused by a region of the system’s state space in which any initial asymmetry is amplified. The system may
not enter this region when loaded fast (hence remaining symmetric), but will traverse it for some interval of
time when loaded slowly, causing a transient amplification of asymmetry. Our toy model suggests that this
behavior is not unique to snapping arches, but rather can be observed in dynamical systems where both a
saddle-node and a pitchfork bifurcation occur in close proximity.
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The rapidity of elastic snap-through is striking: just as
the snapping shut of the venus flytrap’s leaves catches its
prey by surprise [1], the jumping disc and variants remain
popular toys [2–4]. Nevertheless, detailed analysis has
shown that the early dynamics of snap-through may be
slower, and last longer, than naively expected—critical
slowing-down is observed as the threshold for snap-through
is approached [5,6], while dynamic changes close to
threshold lead to a “delayed” snap-through [7].
The surprising features of dynamic snap-through result

from the underlying bifurcation structure, which is itself
sensitively dependent on the underlying symmetries of
the problem, particularly the imposed boundary conditions
[8,9]. The symmetry (or asymmetry) of the snap-through
transition has also been shown to be controlled by
geometrical parameters such as the aspect ratio (thick-
ness-to-length) of a buckled beam [4,10]. However, recent
experiments that used the rapidity of snap-through to

initiate jumping in an insect-sized robot [11] also suggested
that whether snap-through occurs symmetrically or
asymmetrically may vary within the same experimental
system (i.e., with the same geometrical and mechanical
properties). This contradicts standard linear stability
analyses, which suggests that snap-through should happen
asymmetrically [12]. Understanding the origins (or
absence) of asymmetry has important implications for
controlling the jumps of these robots (e.g., whether they
jump vertically or sideways), but is more generally impor-
tant in applications of dynamic snap-through [13].
In this Letter, we study the snap-through that powered

the jumping of insect-scale robots using a model system:
a strip of spring steel (wear-resistant 1095 Spring Steel
strip, modulus E ≈ 200 GPa, thickness b ¼ 0.05 mm,
width w ¼ 25 mm) of length L ¼ 108 mm was formed
into an arch by clamping its ends symmetrically at an angle
α ¼ π=12 rad to the horizontal and imposing an end-
shortening ΔL on one side [see Fig. 1(a)]. Given a
clamping angle α > 0 and sufficiently large values of
ΔL=L the arch can exist in one of two (symmetric) states:
the “natural” state (resembling a “Λ”) and an “inverted”
state (resembling an “M”)—it is bistable [12]. However, as
ΔL decreases, the inverted state ceases to exist and the
system is forced to snap to the natural state. We vary ΔL
experimentally by fixing one clamp while the other is
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attached to a motorized linear stage. The speed jΔ̇Lj can be
controlled in the range 1 mms−1 ≤ jΔ̇Lj ≤ 300 mms−1.
“Snap-through” is captured via a high-speed movie

(taken at 2245 fps) [14]. The images in Fig. 1(b) show
that, at least in some circumstances, the arch may snap-
through asymmetrically: the inclination angle at the center,

θðtÞ, differs visibly from zero. Quantitative plots of θðtÞ are
shown in Fig. 2(a) and highlight that when ΔL is changed
slowly, an initially small θ is significantly amplified close
to the snap-through transition. Surprisingly, however, this is
different when the motion is driven “quickly”: for larger
jΔ̇Lj, θ does not increase significantly.
As a first indication of the root of this rich phenom-

enology, a bifurcation analysis [14] reveals several impor-
tant insights. First, for sufficiently small values of α > 0,
the behavior of the system is controlled by the parameter

μ ¼ 1

α2
ΔL
L

; ð1Þ

which compares the typical angle induced by compression,
ðΔL=LÞ1=2, to the clamping angle, α. A static analysis
reveals that for μ < μ� ≈ 0.247… the natural state remains
as an equilibrium but the inverted state vanishes via a
saddle-node bifurcation at μ ¼ μ�. A standard linear
stability analysis [12,14] also shows that at μ ¼ μA ¼
1=4 > μ� the inverted state becomes unstable and, further,
that (linear) instability progresses via a growing asymmet-
ric mode. This behavior, summarized in Fig. 1(c), leads us
to hypothesize that paths in phase space may be symmetric
or asymmetric depending on the loading rate [shown
schematically in Fig. 1(c)].
To test the robustness of the speed-dependent symmetry

or asymmetry observed experimentally, we use numerical
experiments with the planar discrete elastic rod method
[17–19]. The physical parameters in simulations are
selected to correspond to physical experiments; typical
results are shown in Fig. 2(b) and confirm that significant
asymmetry can be observed with perfectly symmetrical

A

S

Relax

A: Asymmetric S: Symmetric

Stopper
Linear Guide

Initial

t = 0 s

t = 2.64 s

t = 3.28 s

Inverted

Snap-through

Natural

(a) (c)

(b)

FIG. 1. (a) Experimental setup in which the ends of a steel
strip (length L) are clamped at angle α to the horizontal. The
clamp on the right is fixed while that on the left is moved along
a linear guide by a motorized stage. (The stopper prevents
overstretching after snap-through.) (b) Three snapshots of
snap-through: an initial end-end compression ΔL is applied,
allowing buckling in the inverted state (top). As ΔL is slowly
decreased, the arch snaps from the inverted state to the natural
state (bottom). The angle of inclination at the center θðtÞ
highlights asymmetry. (c) Bifurcation diagram showing stable
equilibria as solid curves: the natural state (black) always exists
while the inverted state (brown) vanishes at μ ¼ μ� ≈ 0.247 but
becomes unstable (dashed curve) for μ� ≤ μ < μA ¼ 1=4 be-
cause of the presence of an unstable asymmetric mode (cyan
dashed line). This complexity gives two routes to snap-through
from the inverted to natural states: a symmetric path (blue
arrow) and an asymmetric path (gold arrow).

FIG. 2. Transient asymmetry in the snap-through of a symmetric arch. (a) Both the experimental (top) and simulation (bottom) results
show that the central angle θ grows close to the snap-through transition at t ¼ 0 (vertical dashed line), but only when the loading rate
jΔ̇Lj is small enough. (In the slow case, jΔ̇Lj ¼ 1.8 mm=s; in the fast case, jΔ̇Lj ¼ 246.6 mm=s). The shaded region in each dataset
shows the envelope of oscillations before and after snap-through. (b) Numerical simulations highlight the role of loading protocol: when
both ends are moved with the same acceleration (dashed black line) the system remains perfectly symmetrical. With only one end moved
(as in experiments), asymmetric oscillations are excited at low (green), medium (red), and high (blue) accelerations, and thus symmetry
is broken. In each case, while the raw values of θ vary with the driving acceleration, plotting the amplification, collapses the curves (see
inset). (c) The maximum amplification, defined in (2), shows a sensitive dependence on the loading rate jΔ̇Lj and its dimensionless
equivalent, μ̇, in both experiments and simulations.
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boundary conditions, but only with sufficiently small jΔ̇Lj.
Moreover, numerics show that small oscillations in θ
are observed before snap-through; we call these precursor
oscillations.
The numerical experiments show that small precursor

oscillations are vital to asymmetry: when moving both
ends perfectly symmetrically, no precursor oscillations are
observed and the arch remains symmetric throughout snap-
through [horizontal line in Fig. 2(c)]. However, moving just
one end introduces small asymmetric precursor oscillations
in the arch shape (despite the symmetric boundary con-
ditions); these are then amplified during snap-through.
Different accelerations excite precursor oscillations of
different magnitude (and hence different raw asymmetries
during snap-through), as might be expected. However,
rescaling by the size of the oscillations before snap-
through, θb ¼ maxt<0 jθðtÞj, where t ¼ 0 is defined such
that μð0Þ ¼ μ�, allows us to collapse these data [see inset of
Fig. 2(c)]. This motivates measuring the amplification of
asymmetry, defined as

A ≔
maxt>0jθðtÞj
maxt<0jθðtÞj

: ð2Þ

(For the experiments, the oscillation amplitude is deter-
mined from the standard deviation of θ for t < 0 [14].) Both
numerical and physical experiments show a distinct effect
of the stretching rate jΔ̇Lj on A: the amount of amplifi-
cation decreases with increasing end-stretching rate jΔ̇Lj
[Fig. 2(d)]. Both also pose a series of questions. First,
why and how does the end-stretching rate determine the
symmetry of the arch as it snaps through? Second, why is
this transition observed as an amplification of an existing
asymmetry?
A simple model to study snap-through instabilities is the

von Mises truss [20,21]. However, the classic von Mises
truss has only 1 degree of freedom and does not admit
asymmetric modes. To capture asymmetry, we introduce
the double-mass von Mises truss in which two masses are
connected (via linear springs) to two rigid end points [see
Fig. 3(a)]. With imposed end shortening, this system
buckles either up or down to reduce the compression of
the springs. To bias the system and ensure that one of these
buckled states is preferred (the natural state), we include
torsional springs between the clamps and the side springs
whose relaxed position is at an angle α with respect to the
horizontal. To stabilize the inverted state, we also include
torsional springs connecting the central spring to its
neighbors, penalizing deviations from flat—this introduces
an effective bending stiffness.
A detailed analysis [14] shows that for small angles

α ≪ 1 the state of the system can be described using two
angles alone: the symmetric and asymmetric parts of the
angles, denoted ψS and ψA, respectively. These angles are
illustrated schematically in Fig. 3(a) (see [14] for formal

definitions); loosely speaking, ψS corresponds to the
height, h, of the corresponding arch while ψA is a measure
of the asymmetry. For simplicity, we argue via symmetry
in the main text, giving details of a formal analysis
elsewhere [14]. Crucially, the angles ψA;ψS ∼ α ≪ 1 while
the relative end-shortening ΔL=L ∼ α2, again motivating
the introduction of μ ¼ ΔL=ðα2LÞ. Moreover, when α ¼ 0
we expect the energy to be even in ψS. However, the bias
introduced by the clamps is linear in ψS (and independent
of ΔL=L); as such, there is an additional linear term in ψS.
Similarly, the energy must be even in ψA, since the system
is left-right symmetric. Thus, to fourth order in small
quantities [i.e., at Oðα4Þ], the energy takes the form

U ¼ U0 − a1ψS þ
1

2
ða2 − a3μÞψ2

S þ
1

4
a4ψ4

S

þ 1

2
fðψS; μÞψ2

A þ 1

4
b4ψ4

A; ð3Þ

where

fðψS; μÞ ¼ b1 − b2μþ b3ψ2
S; ð4Þ

and ai; bi > 0 are constants that depend on the initial
geometry and mechanical properties of the system [14].
The energy in Eq. (3) can be derived from first principles by
summing the energies stored in the linear and torsional
springs as functions of the masses’ positions subject
to a constraint on the total end displacement. Taking
the leading order terms in small clamp angle, α, yields
Eq. (3) [14]. Equation (3) shows that the coefficients of the
two quadratic terms are not constant: the coefficient of ψ2

S

(b)(a)

FIG. 3. (a) A sketch of the double-mass von Mises truss with
torsional spring elements in various states, corresponding to
the inverted arch (top) and the natural arch (bottom). (b) The
evolution of the energy landscape as a function of the end-
shortening parameter μ ¼ ΔL=ðLα2Þ.
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varies with μ (as must be the case for a bifurcation to occur)
while the coefficient of ψ2

A depends on ψS and μ.
The energy U is plotted as a function of μ, ψS, and ψA in

Fig. 3(b). When μ is large, the system has 2 stable equilibria
(black points), corresponding to the natural (global mini-
mum) and inverted (local minimum) symmetric states.
There are three more equilibria corresponding to a sym-
metric local maximum (gray) and two asymmetric saddles
(cyan). As μ decreases, the two asymmetric saddles
annihilate when fðψS; μÞ ¼ 0 at a critical μ ¼ μvMA .
For μ < μvMA , the inverted equilibrium goes from being a
minimum to being a saddle—it becomes susceptible to
asymmetric perturbations. Moreover, when μ ¼ μvM� ¼
a2=a3 þ 3ð2a21a4Þ1=3=2a3, the inverted equilibrium is
annihilated simultaneously with the maximum at ψ�

S ¼
ða1=2a4Þ1=3 in a saddle-node bifurcation; only the natural
symmetric equilibrium exists for μ < μ�. Therefore, as μ
decreases, the inverted equilibrium first becomes unstable
to asymmetric perturbations before ceasing to exist alto-
gether. This model replicates the bifurcation structure of the
continuous arch [see Fig. 1(c)] but does so with only two
variables, ðψS;ψAÞ, rather than the continuous arch shape.
Furthermore, by appropriate choice of two parameters
(corresponding to the stiffness ratio of the torsional and
linear springs and the length ratio of the central and edge
springs), the two bifurcation points can be tuned to match
those of the continuous arch—we ensure that μvM� ¼ μ� ≈
0.247 and μvMA ¼ μA ¼ 1=4 and omit the superscript vM

henceforth.
To understand the dynamic behavior, and further quan-

tify the energetic picture above, we use a variational
approach to derive equations for the evolution of ψS and
ψA. Ignoring higher order terms and rescaling time by the
period of oscillations, tosc½m=ðα2kÞ�1=2, where tosc ¼ 9.477
[14], the kinetic energy of the system can be written as
T ¼ ψ̇S

2 þ 1
4
ψ̇A

2, with differing prefactors between the
translational energy of the center of mass and the rotational
energy [14]. A standard application of the Euler-Lagrange
equations then gives that, for ψA ≪ 1

ψ̈S=t2osc ¼
1

2
a1 −

1

2
ða2 − a3μÞψS −

1

2
a4ψ3

S; ð5Þ

ψ̈A=t2osc ¼ −2fðψS; μÞψA: ð6Þ

The system of equations (5)–(6) yield considerable
insight. First, Eq. (6) illustrates a one-way coupling from
ψS to ψA: the evolution of ψA depends on ψS but ψS evolves
independently of ψA. More importantly, the equilibrium
value of the function fðψS; μÞ, in Eq. (6), changes sign
when μ ¼ μA ¼ 1=4. For μ > μA, any small ψA exhibits
simple harmonic motion; for μ < μA the oscillatory
behavior of ψA changes to exponential growth and the
symmetric equilibrium, ψA ¼ 0, is unstable. Moreover,
Eq. (5) loses a pair of equilibrium solutions (a saddle-node

bifurcation [22]) at μ ¼ μ� ≈ 0.247. This reproduces the
bifurcation picture in Fig. 1(c).
The change in behavior as f changes sign in Eq. (6)

explains our observation that asymmetry in the initial
conditions is amplified. Since amplification only occurs
within the region of parameter space for which
fðψS; μÞ < 0, we refer to this region as the amplification
region—shown as the shaded region in the top panel of
Fig. 4(a). Whether a trajectory enters the amplification
region depends on the evolution of ψS, which is governed
by (5) and depends not only on t and the instantaneous
value of μ, but also on the rate at which μ changes, jμ̇j.
We write

μ ¼ μ� − jμ̇jt

where t is the rescaled time and highlight that
ψS ¼ ψSðt; jμ̇jÞ. For small jμ̇j, the trajectory passes very
close to the equilibrium solution, effectively evolving
quasistatically with only a rapid change in ψS as oscil-
lations in ψA give way to exponential growth. For larger
values of jμ̇j, however, the trajectory passes further off the
equilibrium path and the fast change in ψS associated with
snap-through occurs with μ < μ� ≈ 0.247—a phenomenon
known as “delayed bifurcation” [7,23].
Crucially, the dependence of the trajectory on jμ̇j affects

whether the trajectory enters the amplification region at all:
for small jμ̇j, trajectories do enter the amplification region
[thick portion of the yellow or light trajectory in Fig. 4(a)]
and a small initial value, ψAð0Þ ¼ ψ0

A, is amplified as the
trajectory passes through the amplification region. For large
jμ̇j, trajectories do not pass through the amplification region

(a) (b)

FIG. 4. (a) Trajectories of ψS and ψA for the double-mass von
Mises truss model for different values of the loading rate jμ̇j with
an initial perturbation ψ0

A ¼ 0.01. (Note that time goes from right
to left here, since μ̇ < 0.) The blue shaded region highlights the
amplification region in which fðψS; μÞ < 0: while a trajectory
crosses this region, any asymmetry is amplified—see (6)—
highlighted by thicker lines in the trajectory. This is observed
only for jμ̇j < jμ̇cj. (b) Numerical results for the fully nonlinear
double-mass von Mises truss model show that results with
different initial asymmetry can be collapsed by considering the
maximum amplification A0 ≔ max jψAj=jψ0

Aj and that amplifi-
cation only occurs for sufficiently slow loading, jμ̇j < jμ̇cj ≈
0.0961 (vertical dashed line).
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and ψA remains small throughout [dark blue trajectories in
Fig. 4(a)]. This explains why there is a sharp change in
behavior: significant asymmetry is observed only for
sufficiently small jμ̇j.
To determine the critical value of jμ̇j, i.e., what we mean

by sufficiently slow or fast, we must determine the value of
jμ̇j for which the trajectory just grazes the amplification
region. The key result of this analysis [14] is that the critical
value jμ̇cj ≈ 0.0961. This is compared with numerical
results for the (full) system in Fig. 4(b)—points show
the numerically observed amplification, while the predic-
tion jμ̇j ¼ jμ̇cj is shown by the vertical dashed line. As
expected, the results show very little amplification for
jμ̇j > jμ̇cj. Moreover, Fig. 4(b) shows that for jμ̇j < jμ̇cj
there is significant amplification of the underlying asym-
metry, and hence an appreciable asymmetry develops.
This can be understood heuristically as resulting from
the transient nature of the amplification: asymmetry is only
amplified while the trajectory passes through the amplifi-
cation region. Trajectories with small jμ̇j spend longer
passing through this region, and hence experience greater
amplification. One subtlety is that the phase of oscillation
as snap-through occurs plays a role in determining the
precise degree of amplification that is observed [14].
Hence, the shaded region in Figs. 2(c) and 4(b) show
the range of amplifications possible as the phase varies.
In this Letter, we have presented experimental and

numerical evidence that elastic snap-through may take
place symmetrically or asymmetrically depending on the
rate at which the system is driven through the snap-through
transition. The double-mass vonMises truss model we have
presented is thus able to capture the key physics that
governs the behavior of a snapping arch observed in
experiments and numerics. In particular, it shows that
the asymmetry observed is caused by the transient ampli-
fication of a small initial asymmetric perturbation. Further,
the model shows that this amplification occurs only when
the dynamic loading is slow enough that the trajectory
of the system passes through an amplification zone, thereby
explaining the sharp transition in behavior that is observed
at a critical loading rate jμ̇cj. Qualitatively the results of this
toy model agree with the experimental and numerical
results [compare Figs. 2(d) and 4(b)].
The behavior we have reported in this Letter is general: it

occurs whenever a system has both a saddle-node and a
pitchfork bifurcation, since then its energy has the structure
of (3), specifically a term quadratic in ψA whose prefactor
depends on ψS. The amplification of the variable associated
with the pitchfork bifurcation (ψA in our example), depends
entirely on f and can be observed provided the analog of
f < 0 at the saddle-node point μ� for some values of ψS.
The behavior of such systems close to the bifurcation
point cannot be understood from a simple linear stability
analysis—how the instability develops depends on funda-
mentally nonlinear phenomena. The generic nature of the

transient amplification of asymmetry suggests the use of
snap-through stimulation rate for control of elastic insta-
bilities. For example, in the snap-induced jumping of
robots [11], the ability to controllably switch snap-through
between symmetric and asymmetric modes may lead to the
ability to switch between vertical and forwards jumps.
Our numerics and toy model focus on the situation in

which the boundary conditions are perfectly symmetric.
However, in any experiment or application, small defects or
imperfections are unavoidable. For small defects, the picture
we have presented here persists, while for larger defects the
rate of loading plays a slightly different role [24].
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