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Abstract

Living systems are inherently stochastic and operate in a noisy environ-

ment: in single cells, reactions that involve low numbers of molecules gen-

erate stochastic fluctuations that propagate to all dependent processes.

Such a noise can be a disturbance, for example by disrupting cell cy-

cle control, or could be advantageous by enabling probabilistic strategies

when favourable. Unfortunately, the underlying principles behind these

probabilistic phenomena are still not well understood. This also limits

our capacity to engineer reliable synthetic biological circuits.

In this thesis we study Chemical Reaction Networks (CRNs) with a stochas-

tic semantics as a probabilistic model for biochemical systems. In the

first part of the thesis we consider probabilistic model checking of CRNs,

which enables rigorous quantitative analysis of stochastic CRNs against

a fragment of Continuous Stochastic Logic (CSL) with reward operators.

Classical numerical algorithms for CSL model checking are hindered by

the state space explosion problem. Here, we employ a continuous-space

approximation of the stochastic model of a CRN in terms of a Gaussian

process through the Central Limit Approximation (CLA). We then de-

velop efficient and scalable approximate model checking algorithms on the

resulting Gaussian process, where we restrict the probabilistic reachability

problem to convex target regions. This allows us to derive an abstraction

in terms of a time-inhomogeneous discrete-time Markov chain (DTMC),

whose dimension is independent of the number of species on which model

checking is performed, thus alleviating the state space explosion problem.

We prove the correctness of our approach by demonstrating the conver-

gence in distribution of our algorithms.

In the second part of the thesis we employ mathematical analysis and

the previously developed model checking techniques to reverse engineer

molecular systems. We investigate how CRNs propagate and reduce the



noise. Inspired by the concept of low-pass filters in electronics, we intro-

duce the concept of molecular filter, which is a CRN that can reduce the

noise of an input signal while still maintaining certain features of its time

evolution. We investigate three different molecular noise filtering mecha-

nisms, study their noise reduction capabilities and limitations, and show

that non-linear dynamics, such as complex formation, are necessary for

efficient noise reduction. We further suggest that the derived molecular

filters are widespread in gene expression and regulation and, particularly,

that microRNAs can serve as such noise filters.
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Chapter 1

Introduction

Molecular interactions are inherently stochastic and biochemical systems operate in

a noisy environment. Yet, despite all these uncertainties, one of the main features

of natural systems is robustness [100]. Many biochemical systems have evolved to

reduce noise in order to perform complex functions in a reliable way [144, 159], and

others are able to take advantage of the noise in order to perform their computation

[67]. However, the natural mechanisms used by biological systems to control noise

are still unclear. As a result, many biological mechanisms, particularly when some

of the interacting agents are in low numbers, are still not well understood. This gap

of knowledge also limits our ability to engineer quantitative molecular systems that

can perform computation reliably [157]. Such synthetic systems have the potential to

offer tremendous benefits in the areas of health, energy, and the environment [125].

Recent advances in single cell measurements have enabled us to observe molecular

interactions and measure variability at the single cell level [126, 122]. Consequently,

to integrate such measurement techniques, effective automated methods that permit

in-silico analysis of molecular systems are needed. These would allow one to reverse-

engineer molecular systems from available data, and to support synthetic biologists to

considerably reduce the cost of in vivo or in vitro experiments [27, 125]. As molecular

interactions are probabilistic, such automated techniques must be able to capture the

stochastic nature of biochemical systems. Unfortunately, existing formal approaches

for biological systems are hindered by the state space explosion problem. That is,

the dimension of the state space of the mathematical model of a biochemical system

is exponential in the number of species or, more commonly, not finite [59]. Thus,

obtaining reliable statistics or even performing simulations tends to be very time-

consuming, and often not even feasible. As a result, stochasticity is often neglected,

and deterministic or non-quantitative models are generally employed [37, 142].
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Aims of the thesis. The general aim of this thesis is to obtain a deeper understand-

ing of the underlying principles of how molecular systems perform their functions in a

noisy environment and with probabilistic interactions. Since existing approaches for

quantitative analysis of global properties of a stochastic biochemical system tends to

be very time consuming and often unfeasible, we aim to fill this gap and develop a

framework that allows one to perform scalable analysis of biochemical systems accord-

ing to a stochastic model. The resulting methods are then used to reverse-engineer

natural systems and study how these control noise. We aim to identify fundamental

and general mechanisms that, at the molecular level, can reduce noise, and to un-

derstand their properties and limitations. This will provide new insights into how

biochemical networks control noise and illuminate why some reoccurring molecular

network modules may have been selected by evolution.

Approach. Biochemical systems, under the well-mixed assumption [9], are dis-

tributed systems that can be modeled as Chemical Reaction Networks (CRNs). CRNs

are a language for modelling biochemical interactions, which is equivalent to Petri

Nets [132], Process Algebras [48], and Vector Addition Systems [97], and can be

given semantics in terms of Continuous-Time Markov Chains (CTMCs) [69, 79].

Computing the probability distribution of the species of a CRN over time is achieved

by solving the Kolmogorov equation, also known in the biochemical literature as the

Chemical Master Equation (CME) [161]. Unfortunately, numerical solution methods

of the CME based on uniformisation [17] are often infeasible. In fact, in the CME we

have an ordinary differential equation (ODE) for each state in the state space of the

resulting CTMC and the dimension of the state space is at least exponential in the

number of species in the CRN, and infinite when species populations are unbounded.

A more scalable transient analysis can be achieved by employing statistical model

checking [78], but to obtain good accuracy large numbers of simulations are needed.

Those are usually very time-consuming and often infeasible.

In this thesis, our approach is to approximate the CTMC induced by a CRN as a

continuous state space stochastic process by means of the Central Limit Approxima-

tion (CLA) [69], also known in statistical physics as the Linear Noise Approximation

(LNA). That is, a Gaussian process is derived to approximate the original CTMC

[161]. As a Gaussian process is fully determined by its expectation and covariance

matrix, its complete characterization requires solving a number of differential equa-

tions that is quadratic in the number of species and independent of the population
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size. As a consequence, the CLA is generally much more scalable than a discrete-

state stochastic representation and has already been successfully used for the analysis

of biochemical systems [40, 165]. To enable scalable model checking of CRNs with

respect to properties expressed in Continuous Stochastic Logic (CSL) [13], we use

the CLA and develop efficient model checking algorithms for the resulting Gaussian

process. Since a Gaussian process is a stochastic process evolving in continuous space

and time, analysis of its temporal properties cannot be computed in closed form and

requires a numerical approach. Thus, we discretize time and space and derive abstrac-

tions of Gaussian processes in terms of Discrete-Time Markov Chains (DTMCs). The

resulting abstractions have the property that their dimension is independent of the

number of molecular species in the system, hence alleviating the state space explosion

problem. By making use of known inequalities for Gaussian processes, such as the

Dudley’s entropy integral [65] and the Borell-TIS inequality [3], and of the theory of

weak convergence [31], we establish the convergence in distribution of the resulting

abstractions.

In order to obtain general principles underlying molecular computation we use the

model checking techniques developed in this this thesis to study how CRNs propa-

gate and attenuate noise, accounting for intrinsic as well as extrinsic noise. In fact,

it is well known that molecular processes must integrate mechanisms that, directly

or indirectly, reduce noise or otherwise confine it. Examples include signaling cas-

cades, which have been shown to reduce extrinsic fluctuations [159], and the role that

microRNA plays in attenuating noise of protein expression [144]. To derive general

principles for these phenomena, we formalize the concept of a molecular filter, that is,

a CRN that reduces noise at the molecular level. Using mathematical analysis based

on the CLA and the underlying CTMC, we introduce different classes of molecular

filters, study their properties and limitations, and show that these are ubiquitous in

natural systems.

1.1 Contributions

The main contributions of this thesis are briefly summarized below.

• We consider probabilistic model checking for Continuous-Time Markov Chains

(CTMCs) induced from CRNs against a time-bounded fragment of Continu-

ous Stochastic Logic (CSL) extended with reward operators. We employ a

continuous-space approximation of the CTMC in terms of a Gaussian process

based on the CLA. We then develop efficient and scalable approximate model
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checking algorithms on the resulting Gaussian process, where we restrict the

target regions for probabilistic reachability to be convex polytopes. This allows

us to derive an abstraction in terms of a time-inhomogeneous DTMC, whose

dimension is independent of the number of species of the CRN on which model

checking is performed. Using results from probability theory, we prove the con-

vergence in distribution of our algorithms to the corresponding measures on the

original CTMC. We demonstrate that this approach allows us to overcome the

state space explosion problem, while still correctly characterizing the stochastic

behaviour of the system. In fact, the resulting algorithms, at the price of intro-

ducing an approximation, have a complexity that is polynomial in the number

of species and is independent of the initial number of molecules. The CLA is

introduced in Section 4.4, while model checking for probabilistic and reward

properties based on the CLA is presented in Chapter 5.

• We study how biochemical systems control noise, accounting for intrinsic as

well as extrinsic noise. We make use of analytical and numerical techniques,

included those developed in this thesis (see, e.g. Figure 6.2), and investigate

three molecular noise filtering mechanisms, study their noise reduction capa-

bilities and limitations, and show that non-linear dynamics, such as complex

formation, is necessary for efficient noise reduction. We further show that the

derived molecular filters are widespread in gene expression and regulation and,

particularly, that microRNAs can serve as such noise filters. This gives new

insight into the fundamental principles used by natural systems to deal with

noise. Molecular filters are the subject of Chapter 6.

1.2 Thesis Structure

Chapter 2 reviews related works, and in Chapter 3 we give the technical background

and introduce the mathematical models used in this thesis. In Chapter 4 we formally

introduce Chemical Reaction Networks (CRNs) and the different semantics of CRNs.

The main theoretical contributions are presented in Chapters 5-6. Chapter 7 summa-

rizes our work and highlighting possible future directions. We conclude with Section

8 which reports the proofs not included Chapters 5-6.
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1.3 Publications

The work presented in this thesis has been previously published in jointly authored

papers. In particular, the thesis covers [35, 36, 110] essentially completely, and it

also discusses some results from [49, 109] partially. In [35] we study probabilistic

reachability for CRNs using the CLA, while in [36] these results are extended to

perform CSL model checking for CRNs using the CLA, also extended with reward

operators. I collaborated in the conception of these papers and in the derivation of

the results. I further contributed by performing the numerical evaluation. In [109] we

study how continuous stochastic processes can be discretized and abstracted in terms

of DTMCs for the purpose of formal analysis. I derived the error bounds for the

time-discretization process. Synthesis for CRNs is the object of [49]. I contributed to

the definition of sketches for CRNs and developed a semantics for the sketches using

the CLA. Finally, in [110] we develop the concept of molecular filters, derive different

molecular filters, and study their properties and limitations. I collaborated in the

conception of the research ideas published in the paper and performed the research.

Further, I derived all the technical details and performed numerical analysis.

The following co-authored papers have also been published but not included in

this thesis. In [52], journal version of [50], a first study of the CLA and how this

can be used to perform formal analysis of CRNs is presented. One of the limitations

of the CLA is addressed in [53]. In fact, since the CLA is a Gaussian process, this

does not allow one to represent multi-modal distributions. In [53] we tackled this

issue by developing a stochastic hybrid process semantics for CRNs. Stochastic hy-

brid processes are then studied in [111], where a theoretical framework and a scalable

computational method for formal analysis and control synthesis for stochastic hybrid

systems against safety specifications is presented. In [1] we formalized the syntax

of a core protocol language, which provides a unified description for the models of

biochemical systems being experimented on, together with the discrete events repre-

senting the liquid-handling steps of biological protocols. We present a deterministic

and a stochastic semantics to this language, both defined in terms of hybrid processes.

In [51] and in the corresponding journal paper [54], the class of distributions that can

be ”programmed” with CRNs is explored.
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1.4 Tools

CLA analysis of CRNs has been implemented in the tool Microsoft Visual GEC

(https://www.microsoft.com/en-us/research/project/genetic-engineering-of-living-cells/).

I have been involved in the implementation of the CLA and of the derivative matching

algorithm for moment equations.
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Chapter 2

Related Works

Chemical Reaction Networks (CRNs) is a language for modelling the behaviour of

real-world chemical systems that has been used for analysis of bio-chemical interac-

tions since the 19th century [164, 86]. CRNs have found versatile application in areas

ranging from biological systems to sensor networks as a model of a distributed sys-

tems with asynchronous interactions [11, 48], and have been shown to be equivalent

to stochastic Petri Nets [132], Vector Addition Systems (VAS) [97] and population

protocols [12]. Fundamental for the development of the field has been the work of

Feinberg, Horn and Jackson [70, 93]. They explored the relationship between the

structure of a CRN and its underlying semantics, modelled as a set of autonomous

ordinary differential equations (ODEs), the so-called deterministic semantics or rate

equations. For many years, such a deterministic model has been considered as the

universal model of CRNs. However, as the field developed, greater emphasis has

been given to probabilistic models of CRNs. This was motivated by the inherently

stochastic nature of molecular interactions, which requires a probabilistic model.

In Section 2.1 we give a general overview of current literature on Chemical Re-

action Networks (CRNs); first, we consider existing works on the deterministic se-

mantics associated to this language, then we focus on the stochastic models of CRNs

and principal implications. Then, in Section 2.2 we review the main papers about

the Central Limit Approximation (CLA), also called the Linear Noise Approximation

(LNA), which models CRNs in terms of Gaussian processes. Section 2.3 presents an

overview of the key results and applications of Probabilistic Model Checking meth-

ods for biochemical systems. Finally, Section 2.4 gives an overview of the current

understanding about molecular computation. We show how, for low-number counts,

natural systems attenuate noise (stochastic fluctuations) and have evolved to deal

with it.
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2.1 Chemical Reaction Networks

Mass action kinetics is a commonly used kinetic scheme for CRNs, which assumes that

the rate of a chemical reaction is proportional to the product of the concentrations of

the reacting chemical species [87]. Deterministic semantics and mass action kinetics

have been traditionally used for the analysis of biochemical systems and CRNs, for

example for studying oscillations [127] or multiple equilibria systems [61]. However,

when the number of molecules is not large enough, one needs to take into account the

stochastic behaviour of a biochemical system and this may lead to substantially differ-

ent results. For instance, in [149], Feinberg and Shinar showed that, for a restricted

class of CRNs, the equilibrium solution of these CRNs presents absolute indepen-

dence robustness. That is, according to the deterministic semantics, the value of the

equilibrium of the system is independent of the initial number of molecules of each

species. However, in [8] it is shown that, for the same initial conditions and assuming

conservation of the number of molecules, the stochastic model predicts a behaviour

that is different, and for t→∞ there is an event of extinction with probability 1.

Stochastic Semantics of CRN If the number of molecules in a CRN is not large,

then there is a need to take into account the stochasticity of molecular interactions.

The stochastic semantics of a CRN, in its more common form, is given in terms

of a CTMC, whose transient evolution is described by the Kolmogorov Equations,

also called the Chemical Master Equation (CME) in the bio-physics literature [162].

An intuitive derivation of the CME is also given by Gillespie [79], where he shows

that the CME is exact for any gas-phase chemical system that is kept well-mixed

and thermally equilibrated. An equivalent stochastic characterization of the resulting

Markov process in terms of the summation of independent unit Poisson processes,

one for each reaction, has been considered by Kurtz [10]. The relationship between

deterministic and stochastic models of CRNs has been discussed by Either and Kurtz

[69]. In [69] they derive the deterministic semantics of a CRN as an approximation

of the stochastic semantics, in the limit of an infinitely large count of molecules, thus

showing how the deterministic semantics is a correct model only for molecular counts

large enough.

The drawback of the stochastic models is their computational complexity. Indeed,

the solution of the CME can require the solution of a large or even infinite number

of differential equations, which is also dependent on the initial number of molecules.

Therefore, solving the CME for real systems is generally infeasible (see [155] for an
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overview). An important step towards a solution of this problem is the work of

Gillespie; in [78] Gillespie introduces a stochastic method, the Gillespie’s stochastic

simulation algorithm, which is exact and much more scalable than the solution of the

CME. The idea is to simulate a single realization of the CTMC modelling the system,

instead of solving the CME, thus obtaining an exact stochastic simulation of the

CRN for a given initial condition. This approach is much more efficient than solving

the CME. However, if many simulations are required, for example to compute some

properties on the temporal behaviour of a subset of the species, even this approach

becomes infeasible. Improved versions of Gillespie’s algorithm have been proposed,

for example by Bruck et al. [77], and by Gillespie himself [81].

A stochastic equation, which is an approximation of the CME, has been developed

by Gillespie [80]; this equation is called the Chemical Langevin Equation (CLE). The

accuracy of the CLE can be checked by considering two conditions on the propensity

rates of the reactions of the CRN, namely the leap conditions. Interesting is also

the work of Hespanha and coauthors [150, 151], where they develop a set of moment

closure techniques to study the time evolution of the moments of the CME up to a

pre-determined order.

In some applications the focus is on the behaviour of the CTMC induced by a

CRN at the equilibrium. In this setting, the work of Cracium et al. [7] is important.

They show that if the conditions for the Deficiency Zero Theorem hold then the

network admits a product-form stationary limit distribution. This is an important

result: indeed, it permits the characterization of limit behaviour of the stochastic

process by considering structural properties without any need of state space analysis.

This result remains valid even in the case of infinite state spaces.

2.2 Central Limit Approximation

In Van Kampen’s most famous work [162], the CME is Taylor expanded in the size of

the system. The first order truncation of this expansion is given by the rate equations,

while the second order truncation of the CME is the LNA. The LNA has also been

derived by linearising the two-term-truncated chemical Kramers-Moyal equation [74].

In [165], a further derivation of the LNA has been presented. The authors showed

that the LNA can be derived as an approximation of the Chemical Langevin Equation

(CLE), and therefore is valid if the two leap conditions are satisfied. The multi-

dimensional solution of the LNA has been derived by Elf and Ehrenberg [68]; in

their work, the authors also present a modified version of the LNA to improve the
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behaviour near the critical points. An alternative derivation of the LNA can be

obtained using the central limit theorem [69]. Thus, the LNA, in the mathematical

community, is also called Central Limit Approximation (CLA). Such a derivation

has been presented in [69], where the authors derived an equivalent representation

of the LNA using the central limit theorem as a correction term of the deterministic

semantics. This work is of particular interest to us, because the authors prove the

convergence in distribution [31] of the CLA to the CTMC model of a CRN for a large

number of molecules. This mathematically establishes the correctness of the CLA in

the framework of convergence in distribution. To emphasize the relationship with the

central limit theorem, in this thesis we will use the term CLA. Analysis of the CLA

with applications can be found, for example, in the following review papers [84, 83].

2.2.1 Limitations of the CLA

The CLA gives a semantics to a CRN which is a Gaussian process. Thus, the CLA

inherits not only the advantages, but also the limitations of Gaussian processes [138]:

Gaussian processes are fully characterized by their first two moments (mean and co-

variance), and the resulting distribution is symmetric and uni-dimensional. Moreover,

a Gaussian process takes values in a continuous space. As a result, the CLA is not

accurate for multi-modal dynamics or for very small molecular populations. Unfortu-

nately, these scenarios are not uncommon in biochemical systems (see, e.g. [75, 115]).

To solve this issue stochastic hybrid approaches have been developed [90, 34, 53]. In

these approaches only the species with relatively large molecular counts are approxi-

mated with a continuous space process. For instance, in [53] the author of this thesis

and his co-authors presented a stochastic hybrid model for CRNs, where a subset of

species and reactions is treated with the CLA, while the remaining species are treated

as a discrete state-space stochastic process. The resulting approach, although accu-

rate for multi-modal distributions, is still computationally very expensive compared

to the CLA.

2.3 Probabilistic Model Checking

Model checking is a set of techniques to automatically verify properties of systems

specified usually in temporal logic. The model checking approach to automated ver-

ification has been pioneered by Clarke, Emerson, and Sifakis [58]. For the analysis

of systems whose behaviour can be represented by a CTMC, Aziz et al. introduced

Continuous Stochastic Logic (CSL) [13]. CSL has then been extended with rewards
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and it permits both transient and steady state analysis [104]. The steady state oper-

ator of CSL involves solving a set of linear equations, assuming a finite state space.

Transient evolution of the CTMC requires instead the solution of a matrix exponen-

tial. However, in [16] the authors show that the time bounded until operator, and

so transient analysis of the CTMC, can be solved by a technique called uniformiza-

tion. Uniformization (or standard uniformization) is a numerical integration method

introduced in 1953 by Jensen [95], which calculates the transient probabilities of a

finite-state CTMC by approximating the process with a DTMC. For systems with

very different time scales, such as biochemical reaction networks, uniformization is

computationally expensive, and therefore a variant, the adaptive uniformization, has

been introduced to reduce the number of iterations required in these cases [163]. Then,

in [118], adaptive uniformization has been improved by introducing fast adaptive uni-

formization (FAU) method. CSL and uniformization variants have been implemented

in the probabilistic model checker PRISM [106]. PRISM also permits model checking

of DTMCs and Markov Decision Processes (MDPs) [134]. In the context of molecular

programming, PRISM and CSL have already been used with success in [107], where

the authors use PRISM for the verification of DNA strand displacement devices ex-

pressing properties using CSL. This work shows the usefulness of probabilistic model

checking in the design phase of molecular systems. The drawback is that their ap-

proach is not scalable. PRISM and CSL have also been used for the verification of

DNA walkers [63], employing also FAU.

Standard uniformization is not able to compute transient probabilities on infinite

state space systems, which are likely to arise in biochemical systems. The sliding

window abstraction method has been introduced to take into account this problem

[89]. In the sliding window abstraction the authors suppose the probability mass

is centered in a restricted region of the state space, so they consider only a subset

of the (possibly infinite) state space to compute the transient probabilities. The

sliding window approach relies on a partial exploration of the state space, and for

biochemical systems can be useful only for relatively low number of molecules and

quite compact CRNs (with small number of species and reactions) because of the

state space explosion problem.

An alternative to uniformization techniques is that of statistical model check-

ing. Statistical model checking solves the model checking problem by simulating the

CTMC under analysis for finitely many executions, and use those simulations to infer

whether the samples provide a statistical evidence for the satisfaction or violation

of the specification [60, 168]. Statistical model checking for CTMCs is currently
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supported by many tools such as PRISM [106], COSMOS [23], U-check [42], and

PLASMA [44]. Statistical model checking for parametric CTMCs is discussed in [43],

where a Gaussian process is built from observation data to approximate the satis-

faction of a MITL formula. Note that in [43] a Gaussian processes is derived from

observation data to describe the behavior of the Markov process under test against a

given specification. This is a different approach than the one of the CLA, where the

Gaussian Process is obtained directly as an approximation of the CTMC.

For the analysis of real time systems, Signal Temporal Logic (STL) has been intro-

duced as a temporal logic variant tailored to specify desired properties of continuous

signals [116]. STL extends Metric Interval Temporal Logic (MITL) [5] for the verifi-

cation of real-valued signals. STL has been recently extended to STL* in [47], where

the authors introduce the freeze operator, which enables freezing the value of a signal

and then reusing it for the verification of a formula. The Boolean satisfaction value

of an STL formula can be enriched by a quantitative measure of the robustness of the

satisfaction of the formula. In [64] the authors present several variants of robustness

measures that indicate how far a given trajectory lies, in space and time, from sat-

isfying or violating a property. STL with its quantitative measure can then be used

in order to analyze deterministic or hybrid systems. Robustness of STL properties

for stochastic models has been studied in [26], where the authors address the system

design problem. That is, the authors optimise some control parameters of a stochastic

model in order to maximise the robustness of the desired specifications.

2.4 Noise in Biochemical Systems

Biochemical processes are inherently stochastic and must deal with noise, which

presents itself as stochastic fluctuations. These fluctuations can be extrinsic, aris-

ing from interactions occurring with other processes in the environment, or intrinsic,

resulting from the random timing of the reactions themselves [69, 119, 67, 22, 135, 96].

Molecular processes transform noisy input signals from the environment into output

signals through a number of stages, with signals represented by chemical species

and each stage implemented by a molecular reaction network. Since each stage can

compound the noise, in order to obtain a reliable final output natural systems must

integrate mechanisms that, directly or indirectly, reduce noise or otherwise confine

it. Examples of such noise controlling mechanisms include signaling cascades, which

have been shown to reduce extrinsic fluctuations [159], and the role microRNA plays

in attenuating noise of protein expression [144].
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Noise reduction has been studied extensively in electronics [146] and certain noise

filtering principles have been successfully applied to molecular systems [141, 45, 169].

For instance, negative feedback and feed-forward loops have been shown to reduce

noise [117, 28], and fundamental limits for noise suppression of feedback loops have

been derived using techniques from control and information theory [112]. Analogues

of mechanisms from signal processing such as low-pass filters, which transduce low-

frequency signals while attenuating high-frequency signals, have also been observed

in biochemical systems [136]. This low-pass filter mechanism, both theoretically and

experimentally, has been shown to reduce stochastic fluctuations in gene expression

[158, 32].

As illustrated by Eldar and Elowitz in their review paper [67], noise can also

be functional for molecular systems, allowing the system to execute randomized al-

gorithms and maximize chances of survival. One of the most commonly observed

mechanisms in this sense is that of stochastic state switching, in which cells, ran-

domly, switch their state. Theoretical and experimental analysis has shown that ran-

dom switching between states can be advantageous in unpredictable environments

[103, 166]. For instance, Escherichia coli switch spontaneously in and out of a slow-

growing state in which they are insensitive to antibiotics [21]. At the same time, it has

been established that positive feedback loops can generate such switching transitions

[75].
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Chapter 3

Preliminaries

In this chapter we introduce the technical background material, summarizing known

results that we employ in this thesis. We first review the models of stochastic systems

that we use. In Section 3.1.1 we introduce DTMCs. CTMCs are discussed in Section

3.1.2, while Gaussian processes are the subject of Section 3.1.4. Section 3.3 is ded-

icated to reviewing previously known results on model checking of CTMCs against

Continuous Stochastic Logic (CSL) [14].

3.1 Probabilistic Models

Denote by P(Q) the powerset of a set Q. A measurable space (Q,Q) is such that

Q ⊆ P (Q) is a sigma-algebra of Q. That is, Q ∈ Q and Q is closed under complement

and countable unions. Given measurable spaces (Q,Q) and (E, E), a function f :

Q → E is (Q, E)-measurable (or simply measurable if the context is clear) if, for

all e ∈ E , f−1(e) ∈ Q, that is, f preserves measurability. A probability space is a

tuple (Q,Q, P r), where Q is the the sample space, Q is a sigma-algebra of Q, and

Pr : Q → [0, 1] is a probability measure, which assigns a real between 0 and 1 to

each set in Q. Given a probability space (Q,Q, P r), and a measurable space (E, E),

a random variable is a (Q, E)-measurable function V : Q→ E, where E is the space

where the random variable takes values.

We now introduce stochastic processes. In this thesis, we are interested in dy-

namical systems. Hence, we restrict ourself to stochastic processes taking values in

T ⊆ Rm,m > 0. As a consequence, sometimes we refer to T as a collection of time

instants.

Definition 1. (Stochastic Process) Let (Q,Q, P r) be a probability space and T a

topological space. Then a Rm-valued stochastic process for m > 0 is a measurable
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Figure 3.1: Single trajectory of Poisson process X : Q× T → R≥0, where T = [0, 50]
and for each t ∈ T , X(t) is distributed according to a Poisson distribution with mean
100.

function X : Q× T → Rm.

Thus, a stochastic process can either be seen as a collection of random variables, one

for each point in T , or as a random variable on the space of the trajectories of the

process [30]. That is, for each t ∈ T , X(t) is a random variable, while for q ∈ Q,

X(q) is a function representing a trajectory of X. Hence, according to the latter

perspective, a stochastic process can be seen as a random variable over the space of

the trajectories of X. Often, viewing stochastic processes as random variables on a

functional space can be advantageous. For instance, this is the case when studying the

notion of convergence between stochastic processes, as we will do in Chapter 5. An

example of stochastic process is shown in Figure 3.1 where a trajectory of a Poisson

process [73] is shown.

3.1.1 Discrete-Time Markov Chain (DTMC)

The simplest class of stochastic processes we consider are DTMCs. A DTMC mod-

els a system as a countable set of discrete states, each representing a configuration

of the system, together with transitions between states, which are determined via

probability distributions depending only on the current state and on time, in case of

time-inhomogenous processes. Transitions between states occur in discrete-time.

Definition 2. (Discrete-time Markov chain) A (time-inhomogeneous) discrete-time

Markov chain (DTMC) D is uniquely defined by a tuple (Q, T , γ) where Q is a count-
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able set of states, γ : Q → [0, 1] is the initial distribution, and T : Q × Q × N →
[0, 1] is the transition kernel and it is such that T (xk+1, xk, k) is the probability that

D(k + 1) = xk+1 given D(k) = xk.

Thus, in our definition, a DTMC is a countable set of random variables evolving

according probabilistic laws. A path of a DTMC ω = x0x1x2... is a (possibly infinite)

sequence of states of Q such that, for all k ≥ 0, T (xk+1, xk, k) > 0. We denote the sets

of finite and infinite paths of a DTMC D respectively as Ωfin and Ω. To reason about

the probabilistic behaviour of a DTMC D, we need to define a probability measure

over its infinite paths. We can do that by using the sigma-algebra generated by the

cylinder sets of finite paths Ωfin , where the cylinder set of a finite path ω ∈ Ωfin is the

set of infinite paths with prefix ω. In what follows we give the intuitions behind this

construction. For further details see [99]. Let F(Ωfin) be the smallest sigma-algebra

on Ωfin which contains for all ω ∈ Ωfin its cylinder set Cyl(ω). On the measurable

space (Ω,F(Ωfin)), for ω = x0...xn, we can define the probability measure

Pr(Cyl(ω)) = γ(x0)
n∏
k=1

T (xk, xk−1, k − 1),

where γ ∈ D(Q) and D(Q) is the set of distributions on Q. We can now quantify

the probability that, given an initial distribution, D behaves in a specified fashion by

identifying the set of paths which satisfy a specification and, assuming that this set

is measurable, using the measure Pr.

3.1.1.1 Reachability for DTMCs

Given a path ω = x0x1..., we call ω(k) = xk the state of the path at time k. We say

that a subset of states K ⊆ Q is reachable from x0 ∈ Q if there exists a path ω and

k > 0 such that ω(k) ∈ K and ω(0) = x0. Computing reachable sets is one of the

key properties for analysis of DTMCs. In fact, model checking of DTMCs against

most commonly used logics such as the Linear Temporal Logic (LTL) or Probabilistic

Computation Tree Logic (PCTL) reduces to computing the probability of reachable

sets [104]. In what follows, we consider DTMCs with finite state spaces (i.e. |Q| is

finite) and show how the probability of the reachable sets can be computed on such

DTMCs.

Definition 3. ( Bounded Reachability Property) Let D = (Q, T , γ) be a DTMC with

the set of infinite paths Ω. Assume γ(x) = 1 if x = x0 and 0 otherwise. Then, given

K ⊆ Q, [ni, nf ] ⊆ N, we define the Probabilistic Reachability problem as

Preach(D, K, ni, nf , x0) = Pr(∃k ∈ [ni, nf ] s.t. ω(k) ∈ K|ω ∈ Ω)
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Figure 3.2: Graphical Representation DTMC D in Example 3.1.1.

Preach(D, K, ni, nf , x0) is the probability that D reaches a measurable set K during

[ni, nf ] given that the initial state is x0. Then the probabilistic reachability problem

is measurable for finite DTMCs, and can be computed as follows. For k ∈ N, we have

Re(D, K, ni, nf , x0, k) =


1 if x0 ∈ K∑

x∈Q T (x, x0, k)Re(D, K, ni, nf , x, k + 1) if k < nf

0 if k ≥ nf
(3.1)

Then, it follows that Preach(D, K, ni, nf , x0) = Re(D, K, ni, nf , x0, 0).

Example 3.1.1. Consider the time-inhomogeneous DTMC D represented graphically

in Figure 3.2 for T = 10 and k ∈ [0, T ]. The initial state is c0 and T is such that

T (c0, c2, k) = k
T
, T (c0, c1, k) = T−k

T
, T (c1, c0, k) = T (c2, c2, k) = 1 for all k ∈ [0, T ]

and 0 otherwise. We consider the property Preach(D, {c2}, 0, 5, c0). We obtain

Preach(D, {c1}, 0, 5, c0) =

0 + 1(Re(D, {c1}, 0, 5, c1, 1)) =

0 + 1(Re(D, {c1}, 0, 5, c0, 2)) =

0 + (0.2 + 0.8Re(D, {c1}, 0, 5, c1, 3)) =

0 + (0.2 + 0.8Re(D, {c1}, 0, 5, c0, 4)) =

0 + (0.2 + 0.8(0.4 + 0.6Re(D, {c1}, 0, 5, c1, 5)) =

0 + (0.2 + 0.8(0.4)) = 0.52.

Note that Algorithm (3.1) is valid only for finite-time horizon. Extensions to

infinite-time horizon exist and are well studied in the time-homogeneous case and

they reduce in solving linear equation systems [104].
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3.1.2 Continuous-Time Markov Chain (CTMC)

CTMCs generalize DTMCs to a continuous-time setting. A CTMC models a system

as a countable set of states, each representing a configuration of the system, together

with transitions between states, which are determined via probability distributions

depending only on the current state. Transitions between states occur according to

an exponential distribution.

Definition 4. (CTMC) A (time-homogeneous) Continuous-Time Markov Chain X
is uniquely defined by a tuple (Q,R, γ), where Q is a countable set of states, γ :

Q → [0, 1] is the initial distribution, and R : Q × Q → R≥0 is the rate transition

matrix such that for x ∈ Q it holds that
∑

xk∈Q R(x, xk) = 0. Given x1, x2 ∈ Q,

the probability that a transition between x1 and x2 occurs in the first t seconds is

1− e−tR(x2,x1). Given x ∈ Q, the time spent in x is exponentially distributed with rate

r(x) =
∑

xk 6=x R(xk, x), and, when a transition occurs, the probability of jumping to

state x′ is R(x′,x)
r(x)

.

A probability measure for a CTMC X can be defined in a similar as that for

DTMCs using cylinder sets [17]. A path of a CTMC X is defined as ω = x0t0x1t1...

where xk ∈ Q, tk ∈ R≥0 and such that for all k ≥ 0 we have R(sk+1, sk) > 0.

That is, ω is a sequence of states with the residence time in that state. A path

ω = x0t0x1t1...xn is finite if xn is absorbing. That is, there are no outgoing transitions

from xn. Let Ω be the set of all (finite and infinite) paths of X , and Ωx the set of

paths starting from x. Call ω(t) the state of the path at time t (i.e. ω(t) = xn

where
∑n

k=0 tk ≤ t ≤
∑n+1

k=0 tk) and ω@k = tk is the residence time in the k-th

state. Let x0, x1, ..., xn ∈ Q such that R(xi, xi−1) > 0 and I0, I1, ..., In−1 ⊆ R≥0 non-

empty time intervals. Then, Cyl(x0, I0, ..., xn−1, In−1, xn) is the cylinder set consisting

of all paths ω ∈ Ω such that for i ≤ n we have ω@i ∈ Ii and ω(t) = xk where∑k
j=0 tj ≤ t ≤

∑k+1
j=0 tj. Let F(Ω) the smallest sigma-algebra on Ω which contains all

cylinder sets Cyl(x0, I0, ..., xn−1, In−1, xn) for x0, ...xn ranging over all states, I0, .., In−1

ranging over all non-empty intervals over R≥0. The probability measure Pr is the

unique probability measure Pr(Cyl) such that Pr(x0) = γ(x0) and for n > 0 defined

inductively as follows

Pr(Cyl(x0, I0, ..., xn, I
′, x′)) = Pr(Cyl(x0, I0, ..., xn))

R(x′, xn)

r(xn)
(e−ar(xn) − e−br(xn))

for I ′ = [a, b].
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3.1.2.1 Transient-State and Steady-State probability

Transient probabilities consider the behaviour of the system for a given finite time t,

while steady-state probabilities concern the long-run behaviour of the system. For-

mally, for CTMC X , the transient probability

πX (t, x, γ) = Pr(ω(t) = x|ω ∈ Ω) (3.2)

is the probability that X is in state x at time t given initial distribution of states

γ. We call πX (t, γ) = (πX (t, x1, γ), ..., πX (t, x|Q|, γ)) the vector of all the transition

probabilities for all states. The transient probabilities can be computed by solving a

system of differential equations known as Chapman-Kolmogorov differential equations :

dπX (t, γ)

dt
= πX (t, γ)Q, πX (0, γ) = γ, (3.3)

where Q = R−diag(E) is the infinitesimal generator matrix with diag(E) : Q×Q→
R≥0 such that in the diagonal entries diag(E)(x, x) = r(x) and 0 otherwise. Eqn (3.3)

is a system of autonomous ODEs in number equal to |Q|, the size of Q.

Steady-state probabilities are defined as:

π∞X (x, γ) = lim
t→∞

πX (t, x, γ) (3.4)

The above limit always exists for finite-space CTMCs [17], and can be computed by

solving a system of linear equations [104, 17].

3.1.3 Discrete-Time Markov Process (DTMP)

Discrete-Time Markov Processes (DTMPs) are Markov processes evolving in discrete-

time and continuous-space. They represent a generalization of DTMCs to general and

possibly uncountable state spaces. In this thesis, DTMPs will be used as abstraction

models for continuous-time, continuous-space stochastic processes.

Definition 5. A (time-inhomogeneous) discrete-time Markov process (DTMP) (M(k),

k ∈ [0, I] ⊆ N) is a stochastic process uniquely defined by a triple (S,B(S), T ), where

(S,B(S)) is a measurable space and T : B(S)× S × N→ [0, 1] is a transition kernel

such that, for any x ∈ S, A ∈ B(S) and k ∈ N, T (A, x, k) is the probability that

M(k + 1) ∈ A conditioned on M(k) = z.

From Definition 5, it follows that for [0, I] ⊆ NM is a discrete-time Markov stochastic

process defined on the sample space given by the product space Ω = SI+1, and can be
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endowed with the sigma-algebra B(Ω) generated by the product topology, and with

a probability measure Prh, which is uniquely defined by the transition kernel T . We

will not discuss further the measure theoretical properties of DTMPs in here. For

additional details we refer to [29].

Example 3.1.2. An example of time-inhomogenous DTMP is given by the solution

of the following stochastic difference equation

M(k + 1) = FM(k) +Gω(k),

where F,G ∈ R and for k ∈ N, ω(k) is a random variable with Gaussian distribution

with mean µ(k) and variance σ2(k). Then, for any measurable set A ⊆ R and x ∈ R
we have

T (A, x, k) =

∫
A

N (z |Fx+Gµ(k), G2σ2(k))dz,

where N (z |Fx+Gµ(k), G2σ2(k)) is the normal distribution with mean Fx+Gµ(k)

and variance G2σ2(k).

3.1.4 Gaussian Processes

A Gaussian process (GP) is a stochastic process such that, for every finite collection of

time instants, the resulting random variables have a multivariate normal distribution,

i.e. every finite linear combination of them is normally distributed. Gaussian processes

will be widely used in this thesis. As we will see in Section 4.4, this is because, due

to the CLA [69], CTMCs can be approximated in terms of Gaussian processes.

In order to formally define Gaussian Processes, we have to introduce the concept

of finite-dimensional distributions. Let (Q,Q), (E, E) be measurable spaces, and Y :

Q×R≥0 → E be a stochastic process. Let t1 < t2 < ... < tn be a countable sequence

of times, and A1, A2, ..., An a sequence of elements of E . Let F be the event

F = {∀i ∈ {1, ..., n},Y(ti) ∈ Ai} (3.5)

Then, assuming the existence of a probability measure Pr for Y(t1), ...,Y(tn), we have

Pr(F ) =

∫
A

f(x; t1, ..., tn)dx,

where x ∈ E × ....× E = EN and A = A1 × ...× An. f is called a finite-dimensional

distribution of Y of order n.
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Definition 6. Let (Q,Q), (E, E) be measurable spaces, and Y : Q × R≥0 → E be a

stochastic process. Assume E ⊆ Rm. Then, we say that Y is a Gaussian process if all

its finite-dimensional distributions (i.e. of any finite order n ∈ N) have a multivariate

normal distribution. That is, assuming |Σ| 6= 0, we have

Pr(F ) =

∫
A

exp
(
−1

2
(x− µ)TΣ−1(x− µ)

)√
(2π)k| Σ|

dx, (3.6)

where µ = E[Y(t1), ...,Y(tn)] is the expectation, Σ : nk × nk → R is the covariance

matrix such that Σ(tk, tj) = E[(Y(tk) − E[Y(tk)])((Y(tj) − E[Y(tj)]))
T ], Σ−1 is the

inverse of matrix Σ, and |Σ| its determinant.

Definition 6 completely defines a Gaussian process by considering only a countable

number of time points. However, note that Y evolves in continuous-time. Thus,

many path properties depend on uncountable many time instants, and thus may not

be measurable for the probability measure Pr as defined in Definition 6 [30]. A

classic example is the supremum of the process. However, these issues can be solved

under the assumption of separability of the process [30]. This assumption guarantees

that the behavior of the system is completely characterized by a countable number

of points. Thus, properties like the supremum of the process become measurable.

Separability of the process is guaranteed, for example, under the assumption that all

sample paths are continuous, so that they are determined by their values at all rational

times (see [30] for a detailed discussion). Throughout this thesis, we implicitly assume

the separability of the stochastic processes under consideration. As discussed in [3]

this is not at all a strong assumption and automatically resolves many measurability

issues of interest to us.

3.1.4.1 Properties of Gaussian processes

Eqn (3.6) is completely characterized by its mean and covariance matrix. Thus, a

key property of Gaussian processes is that they are fully characterized by their mean

and covariance matrix. This is a very important property of Gaussian processes, and

is the key for many other properties.

Proposition 1. (Closure wrt Linear Combinations) Let B ∈ Zm×n be a matrix and Y
a Gaussian process with values in Rn. Then, Z = B · Y is a m-dimensional Gaussian

process. For any t ∈ R≥0 we have that Z(t) is characterized by the following mean

and covariance:

E[Z(t)] = B E[Y(t)] (3.7)

ΣZ(t) = B ΣY(t) B
T (3.8)
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Another key property of Gaussian processes and Gaussian random variables is

that for jointly normal-distributed random variable their conditional distribution is

still Gaussian

Proposition 2. (Closure with respect to conditioning) Let [Y(t1),Y(t2)] a jointly

normal distributed random variable with mean µ =

[
E[Y(t1)]
E[Y(t2)]

]
=

[
µ1

µ2

]
and covariance

matrix Σ =

[
E[(Y(t1)− Y(t1))(Y(t1)− Y(t1))T ] E[(Y(t1)− Y(t1))(Y(t2)− Y(t2))T ]
E[(Y(t1)− Y(t1))(Y(t2)− Y(t2))T ] E[(Y(t2)− Y(t2))(Y(t2)− Y(t2))T ]

]
=[

Σ1,1 Σ1,2

Σ2,1 Σ2,2

]
. Then, the random variable [Y(t1)|Y(t2) = x] is still a normal distributed

random variable with mean and covariance matrix given by

E[Y(t1)|Y(t2) = x] = µ1 + Σ1,2Σ−1
2,2 (x− µ2) (3.9)

Σt1|t2 = Σ1,1 − Σ1,2Σ−1
2,2ΣT

2,1. (3.10)

Gaussian processes are continuous-time and continuous-space stochastic processes.

Thus, in this thesis, in order to develop general techniques for analysis of Gaussian

processes, we need to bound the supremum of a Gaussian process. Given Y and

T ⊂ R≥0 the supremum of Y is defined as

YTsup = supt∈T |Y(t)|, (3.11)

where | · | is a proper metric. A key property of Gaussian processes is that their

supremum is still Gaussian distributed. This is due to the Borell-TIS inequality

[33, 57], which is one of the most important results in all the theory of Gaussian

processes.

Theorem 1. (Borell-TIS inequality) Let Y be a zero-mean unidimensional Gaussian

process with covariance matrix Σ : R≥0 → R≥0. Assume E[supt∈TY(t)] < ∞. Then,

for any u > E[supt∈TY(t)] it holds that

Pr(supt∈TY(t) > u) ≤ e
(u−E[supt∈TY(t)])2

2σ2
T , (3.12)

where σ2
T = supt∈TΣ(t).

E[supt∈TY(t)] can be bounded using the notion of entropy [4]. Thus, Theorem 1 offers

a sharp bound for the supremum of the process.
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3.2 Frequency Analysis of Stochastic Processes

Consider a stochastic process X(t), t ∈ R≥0, with values in R≥0. The autocorrelation

function of X at time t, for τ ∈ R≥0, is defined as

RX(t, τ) = E[X(t)X(t+ τ)].

Note that RX(t, 0) is the second moment of X at time t. Under the assumption that

X is stationary, RX(t, τ) does not depend on t, so we write directly RX(τ). Provided

that RX(τ) is absolutely integrable, the Power Spectral Density (PSD) of X is defined

for each angular frequency ω in R as

SX(ω) =

∫ +∞

−∞
RX(τ) exp−iωτ dτ.

That is, the PSD of a signal is the Fourier transform of its autocorrelation function.

From the definition of PSD the following dual relation can be derived

Rx(τ) =
1

2π

∫ +∞

−∞
SX(ω) expiωτ dω.

Setting τ = 0, we have

Rx(0) = E[X2(t)] =
1

2π

∫ +∞

−∞
SX(ω)dω.

If X is zero mean, we have that Rx(0) = E[X2(t)] = 1
2π

∫ +∞
−∞ SX(ω)dω is the variance

of X at time t. This implies that the variance of X(t) is given by the summation of all

the frequency components of its spectrum. As a result, given two stochastic processes

X1(t), X2(t) with the same spectrum up to frequency ω∗, but with all frequencies

ω̄ > ω∗ such that SX1(ω̄) < SX2(ω̄), then, necessarily, the first signal has a smaller

variance han the second one. Therefore, attenuating some frequency components of

a signal without introducing any amplification at the other frequencies automatically

reduces the variance.

3.3 Probabilistic Model Checking

Probabilistic model checking aims to, given a probabilistic model, automatically verify

statements such as: ”The system remains safe within 10000 seconds, with a proba-

bility of at least 99.999”. Using a probabilistic model checking software, the user,

after constructing the model, only has to specify the statement in a temporal logic,
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and a model checking algorithm validates if the statement holds or not. In this way,

the user does not have to make manual adjustments to their model to compute the

desired properties. In this thesis, we employ probabilistic model checking to perform

automated analysis of biochemical systems. In this section we review Continuous

Stochastic Logic (CSL), which is the prevalent logic for describing continuous-time

probabilistic systems, and discuss the state space explosion problem, which limits the

applicability of classical model checking algorithms for biochemical systems. This

motivates the results introduced in Chapter 5.

3.3.1 Continuous Stochastic Logic (CSL)

The prevalent logic to describe temporal properties for CTMC models is Continuous

Stochastic Logic (CSL), an extension of Computation Tree Logic (CTL) [13]. CSL

expresses three types of properties, which can be summarized as

• Time-bounded properties that reason about behaviour up until to a finite time

T . For instance, P>0.9[AU [0,T ] B] is true if the probability of B becoming true

before or at time T , while A is true until B is true, is greater than 0.9.

• Time-unbounded properties that reason about unbounded behavior. An example

is P=?[F A], which is the probability of A eventually being true.

• Steady-state properties. For example, S<0.5[A] is true if, at steady-state, the

probability of being in a state where A holds is less than 0.5.

In this thesis we consider only time-bounded properties.

We will define CSL for stochastic process X . Since X takes values in the real

numbers, we will work with predicates over reals, similarly to how real-time signals

are verified in Signal Temporal Logic (STL) [116], instead of the conventional atomic

propositions defined over states of the Markov chain [105].

Definition 7. (CSL Syntax) Given a CTMC X with values in E ⊆ Rm,m > 0, we

define the syntax of CSL as

Ψ ::= ¬Ψ |Ψ1 ∧Ψ2 |P∼p(F [t1,t2] η) |P∼p(η1U
[t1,t2]η2)

where η, η1, η2 : Rm → {true, false} are predicates and ∼∈ {<,>}

The above definition differs from the usual definition of CSL in that we do not

consider nested CSL properties or unbounded time intervals [104]. Unbounded time
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intervals are not considered due to the CLA, whose convergence is guaranteed only

for finite time. Instead, nested formulae do not present any theoretical challenge and

could be implemented as an extension of the methods presented in this thesis. In

Chapter 5, using the CLA, we develop an approximate model checking algorithm for

CSL, as presented in Definition 7 and extended with reward operators, which allow

us to obtain an exponential speed up compared to existing algorithms.

Definition 8. (Semantics of CSL.) Let Ωx be the set of all paths of CTMC X with

initial state x. Then, the semantics of CSL is defined as follows

X , x |= ¬Ψ ↔ X , x 6|= Ψ

X , x |= Ψ1 ∧Ψ2 ↔ X , x |= Ψ1 ∧ X |= Ψ2

X , x |= P∼p(F
[t1,t2]η) ↔ Pr(∃t ∈ [t1, t2] s.t. η(ω(t))|ω ∈ Ωx) ∼ p

X |= P∼p(η1U
[t1,t2]η2) ↔ Pr(∃t ∈ [t1, t2] s.t. η2(ω(t)) ∧ ∀t′ ∈ [0, t)η1(ω(t′)|ω ∈ Ωx)) ∼ p

Additionally, in the style of probabilistic model checking [92], ∼ can be replaced with

=?, indicating the probability of satisfaction. Note that F , the reachability operator,

can be expressed with the until. For example, P>0.9[F [0,1]A] = P>0.9[(1 > 0)U [0,1]A].

Example 3.3.1. Given a CTMC X consider the property P=?[(X1 < 100)U [0,100] (X2
2 >

20)], which computes the probability that in the first 100 unit of times we reach a state

where the second component of X square is greater that 20 and until then the first

component of X remains bounded by 100.

Definition 9. (CSL Model Checking) Given a CSL specification Ψ, CTMC X , initial

state x, decide if X satisfies Ψ, that is, if

X , x |= Ψ

Model checking algorithms for CSL have been widely investigated [17, 19, 104],

and reduce to computing the probability of the reachable sets. We illustrate model

checking algorithms for the until operator, U , in the next example.

Example 3.3.2. Consider the CSL formula introduced in Example 3.3.1, then model

checking for the considered formula for a CTMC X taking values in Q ⊆ N|m| can be

performed as follows.

• Sat is the set of states defined as Sat = {x ∈ Qs.t. x2
2 > 20}

33



• X̄ is the CTMC that is equal to X except that is absorbing for all x ∈ Sat. That

is, for each x ∈ Sat, R(x, x′) = 0 for x′ 6= x. Also X̄ has an additional state

xdead such that, for all x ∈ Q-Sat satisfying x1 ≥ 100, R(x, x′) = 1 if x′ = xdead

and 0 otherwise, where notation Q− Sat represents all the states in Q that are

not in Sat.

• P=?[(X1 < 100)U [0,100] (X2
2 > 20)] is equal to the transient probability of X̄

being in Sat at time 100. That is, given γ, the initial distribution of X , we

have P=?[ (X1 < 100)U [0,100] (X2
2 > 20) ] = πX̄ (100, γ), where

dπX̄ (t, γ)

dt
= πX̄ (t, γ)Q, πX̄ (0, γ) = γ,

for Q being the Infinitesimal Generator Matrix of X̄ .

3.3.1.1 State Space Explosion Problem

As shown in Example 3.3.2, model checking CSL requires the computation of Eqn

(3.3), namely a system of ODEs in number equal to |Q|, the number of states of the

CTMC. Although efficient algorithms exist to solve Eqn (3.3) [140], still the dimension

of the problem is at least quadratic in |Q|, as we need to compute Q. For many

applications, |Q| is already exponential in some of the components of the systems.

For instance, in Markov population models, |Q| is exponential in the number of agents

and often infinite [37], which makes Eqn (3.3) not tractable in practice. This is the

so-called state space explosion problem. This problem motivates us to develop novel

model checking routines, which, at the price of introducing an approximation, allow

us to evaluate properties without relying on solution of Eqn (3.3), thus guaranteeing

much greater scalability.

3.4 Summary

In this chapter we presented the principal stochastic models that we use in this thesis.

We introduced time-inhomogeneous DTMCs and discussed reachability analysis for

such processes. CTMCs were the subject of Section 3.1.2, where we discussed tran-

sient and steady state analysis for CTMCs. We showed that computing the transient

distribution for CTMCs requires solving a set of ODEs in number quadratic in the

dimension of the state space. Since in many of the applications considered in this the-

sis the state space dimension is already exponential in some of the dimensions of the

problem, solving the transient evolution may be time consuming, or even infeasible,
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for many practical applications. Gaussian processes were introduced in Section 3.1.4.

We showed that Gaussian processes have many convenient analytic properties, which

make them very convenient to use in practice. Finally, in Section 3.3, we discussed

current approaches and limitations for probabilistic model checking of CSL formulae

for CTMCs.
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Chapter 4

Chemical Reaction Networks

We define Chemical Reaction Networks (CRNs) and describe the most commonly

used semantics for CRNs. We discuss deterministic models in Section 4.2, while

stochastic models in terms of CTMCs are considered in Section 4.3. In Section 4.4,

we discuss the Central Limit Approximation (CLA), which is a Gaussian model for

CRNs. In this thesis CRNs are used to model molecular systems under the well-mixed

assumption [9].

4.1 Syntax

A chemical reaction network (CRN) C = (Λ, R) is a pair of finite sets, where Λ is a

set of chemical species, |Λ| denotes its size, and R is a set of reactions. Species in Λ

interact according to the reactions in R. A reaction τ ∈ R is a triple τ = (rτ , pτ , kτ ),

where rτ ∈ N|Λ| is the source complex, pτ ∈ N|Λ| is the product complex and kτ ∈
R>0 is the coefficient associated to the rate of the reaction; rτ and pτ represent the

stoichiometry of reactants and products. Often, we equivalently write reactions in

a more intuitive arrow-based notation. For example, for Λ = {λ1, λ2, λ3}, given a

reaction τ1 = ([1, 0, 1]T , [0, 2, 0]T , k1) where ·T is the transpose of a vector, we can

refer to it as τ1 : λ1 + λ3 →k1 2λ2. The net change associated to a reaction τ is

defined by υτ = pτ − rτ . For example, for τ1 as above, we have υτ1 = [−1, 2,−1]T .

Given CRNs C = (Λ, R) and C ′ = (Λ′, R′), we define the union of C and C ′ as the

CRN C ∪ C ′ = (Λ ∪ Λ′, R ∪ R′). That is, the union of two CRNs is the CRN given

by the union of the species and reaction sets. A chemical reaction system (CRS)

C = (Λ, R, x0) is a tuple where (Λ, R) is a CRN and x0 ∈ N|Λ| represents its initial

condition. Since a CRS is a CRN with an initial condition, we sometimes use these

terms interchangeably.
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Example 4.1.1. Consider the CRN C = ({λ1, λ2, λ3}, R), where R = {([1, 1, 0]T , [0, 2,

0], 10), ([0, 1, 1]T , [0, 0, 2], 10)}. Then C can be expressed as

λ1 + λ2 →10 λ2 + λ2

λ2 + λ3 →10 λ3 + λ3

Well-Mixed Assumption For all the CRNs considered in this thesis, we assume

that the system is well-mixed, that is, the probability of the next reaction occurring

between two molecules is independent of the location of those molecules, at fixed

volume V and temperature. Under these assumptions a configuration or state of

the system x ∈ N|Λ| is given by the number of molecules of each species. Given a

configuration x we define x̂ = x
N

, where N = V · NA is the volumetric factor where

V is the volume and NA Avogadro’s number. Then, for λ ∈ Λ, xλ represents the

number of molecules of λ in the configuration x and xλ
N

= x̂λ is the concentration of

λ in the same configuration.

4.2 Deterministic Semantics

Often, CRNs are given a semantics in terms of a deterministic model given by a

set of ordinary differential equations (ODEs). This is called deterministic or fluid

semantics. Such deterministic semantics corresponds to the so called rate equations.

Let C = (Λ, R) be a CRN, then the rate equations, modelling the concentration of

the species in Λ over time, are given by a set of autonomous polynomial first order

ODEs:
dΦ(t)

dt
= F (Φ(t)), (4.1)

where F (Φ(t)) =
∑

τ=(rτ ,pτ ,kτ )∈R υrᾱτ (Φ(t)) is called the drift term and ᾱτ (Φ(t)) is

the propensity rate of reaction τ expressed in terms of concentrations. Here, we

assume ᾱτ : R|Λ| → R≥0 are real analytic functions [37]. That is, they possess

derivatives of all orders and agree with their Taylor series in a neighborhood of every

point. This guarantees that Φ exists and is unique [69]. This is general and includes

all the most commonly used kinetics. A general and very common kinetics used in

this thesis is mass action. According to mass action kinetics we have ᾱτ (Φ(t)) =

kτ
∏|Λ|

i=1 Φi(t)
rτ,i . That is, the propensity rate of a reaction is proportional to the

product of the concentrations of the reactant species. Φ : R≥0 → R|Λ| describes

the concentration of the species over time, therefore Φ(t) ∈ R|Λ|≥0 is the vector of the
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Figure 4.1: The figure plots the time evolution of the deterministic semantics of CRN
C of Example 4.2.1. For each species the figure plots NΦi(t) for t ∈ [0, 20] .

species concentrations at time t. Assuming t0 = 0, the initial condition is Φ(0) = x0

N
,

where x0 is the initial configuration of the system and N is the volumetric factor.

A formal definition of the deterministic model (or semantics) of a CRN can be

given as follows.

Definition 10. (Deterministic Semantics) Let C = (Λ, R) be a CRN, x0 ∈ R|Λ|≥0,

N > 0 be respectively initial molecular counts and the volumetric factor. Let F :

R|Λ| → R|Λ| be the drift term for C. Then, the deterministic semantics of the CRS

(Λ, R, x0), for the volumetric factor N and time horizon T ∈ R≥0 ∪ {∞},

[[·]] : (CRS × R≥0)→ R≥0 ∪ {∞} → R≥0 → R|Λ|≥0

is defined as

[[((Λ,R, x0), N)]](T )(t) = Φ(t)

where Φ : [0...T )→ R|Λ| is the solution of Φ(t′) = x0

N
+
∫ t′

0
F (Φ(s))ds.

In Definition 10 we have explicitly introduced a dependence on a time horizon T ,

because it may happen that the solution of the rate equations is defined only for a

finite time horizon [69].

Example 4.2.1. Consider the CRN introduced in Example 4.1.1 and defined by the

following reactions:

λ1 + λ2 →10 λ2 + λ2

λ2 + λ3 →10 λ3 + λ3
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as introduced in Example 4.1.1. Consider the initial state x such that xλ1 = 98,

xλ2 = 1 and xλ3 = 1, for a system with N = 1000. Assume mass action kinetics,

then the deterministic semantics of C is given by the following set of ODEs:

dΦ1(t)

dt
= −10Φ1(t)Φ2(t)

dΦ2(t)

dt
= 10Φ1(t)Φ2(t)− 10Φ2(t)Φ3(t)

dΦ3(t)

dt
= 10Φ2(t)Φ3(t)

whose time evolution is represented in Figure 4.1.

4.3 Stochastic Model

In order to define a stochastic model for CRNs, given a reaction τ, we define its

stochastic propensity rate (or simply propensity rate if the context is clear) ατ as

a function of the current configuration of the system x such that ατ (x)dt is the

probability that a reaction event occurs in the next infinitesimal interval dt. We

make the simplifying assumption that for x ∈ R|Λ|≥0, ατ (x) = Nᾱτ (
x
N

), where ᾱτ is the

propensity of τ expressed in terms of concentration, as introduced in the preceding

section. This property allows us to obtain simpler equations and holds for all the

kinetics used in this thesis and for real-world biochemical systems [82]. However, as

shown in [69], similar results can be obtained even for different scaling. Assuming

fixed volume, N , the volumetric factor, is a constant factor. Therefore, sometimes in

the rest of the paper, for the sake of a simpler notation, N is considered embedded

inside the coefficient k for any reaction.

Under these modelling assumptions CRNs are well represented by continuous-time

Markov processes (CTMCs) (see Section 3.1.2).

Definition 11. Given a CRN C = (Λ, R) and the volumetric factor N , we define a

time-homogeneous CTMC (X (t), t ∈ R≥0) with discrete state space Q ⊆ N|Λ|. Given

x0 ∈ Q, the initial configuration of the system, then Pr(X (0) = x0) = 1. The transi-

tion rate from state xi to state xj is defined as R(xi, xj) =
∑
{τ∈R|xj=xi+vτ} ατ (xi).

X (t) describes the stochastic evolution of the molecular populations of each species

in C at time t. For x ∈ Q, we define P (t)(x) = Pr(X (t) = x|X (0) = x0), where x0 is

the initial configuration. The Kolomogorov Equations, also called Chemical Master

Equation (CME) (Eqn 3.3), describes the time evolution of X as:

d

dt

(
P (t)(x)

)
=
∑
τ∈R

{ατ (x− υτ )P (t)(x− υτ )− ατ (x)P (t)(x).} (4.2)
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Figure 4.2: The figure plots a realization of the CTMC derived from the CRN C of
Example 4.2.1 from t ∈ [0, 20].

The CME can be equivalently defined in terms of the infinitesimal generator matrix

Q as
d

dt
P (t)(x) = P (t)(x)Q

where Q is defined as in Section 3.1.2. Note that |Q| can be countably infinite. This

representation admits computing approximations of the CME using, for example, the

sliding window method [89].

Example 4.3.1. Consider the CRN of Example 4.2.1 with the same initial condition

x0 as in the referenced example. Figure 4.2 plots a trajectory of the resulting CTMC.

Definition 12. Given a CRN C = (Λ, R) and λ ∈ Λ, we define expectation, variance

and Fano factor of λ at time t as

Eλ(t) = E[Xλ(t)]; Vλ(t) = E[(Xλ(t)− E[X 2
λ (t)])2]; Fλ(t) =

Vλ(t)

Eλ(t)
.

Expectation, variance and Fano factor of λ at steady state are defined as

E∞λ = lim
t→∞

Eλ(t); V∞λ = lim
t→∞

Vλ(t); F∞λ = lim
t→∞

Fλ(t)

E∞λ ,V∞λ , F∞λ always exist if X has a finite state space, but may not be well defined

for certain degenerate CRNs, such as the one given by the single reaction τ : λ+λ→1

λ + λ + λ. In this thesis, we do not consider such degenerate cases and we assume

E∞λ ,V∞λ , F∞λ exist and are well defined.
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4.3.1 Moment Equations

Computing the transient evolution of the CTMC induced by a CRN requires solving a

system of ODEs whose size is equal to the number of possible states or configurations

of the system (Eqn (4.2)). The number of possible states grows exponentially with

the number of species if the species counts are bounded, and is infinite when the

species counts are unbounded. As a consequence, obtaining a solution of the CME

is generally infeasible, even numerically. This is the state space explosion problem

described in Section 3.3.1.1. Given a CRN C = (Λ, R) and a polynomial function

G : N|Λ| → R over the species of Λ, it is possible to show that the evolution of the

expectation of G over time can be described by the following system of ODEs, which

can be derived directly from the CME [150]

d(E[G(X (t))])

dt
=
∑
τ∈R

E[ατ (X (t))(G(X (t) + υτ )− G(X (t)))]. (4.3)

Eqn (4.3) can be used to describe the moments of X . For instance, for λ ∈ Λ and

G(X (t)) = X 2
λ (t), where Xλ is the component of X relative to species λ, Eqn (4.3)

describes the time evolution of the second moment of Λ according to its stochastic

model. If all the reactions in R are at most uni-molecular, then the equations for the

kth moment depend on moments of order smaller than or equal to k. This leads to

a system of ODEs in number polynomial with respect to the number of species, and

independent of the molecular counts, ensuring much greater scalability with respect

to solving the CME. If, instead, there is at least one multi-molecular reaction (at least

two reagents are present in a reaction), then the equations for the kth moment may

depend on the higher-order moments. This leads to an infinite system of ODEs, which

cannot be solved. However, approximations of the moments can still be obtained

by using moment closure techniques [150], additionally guaranteeing much greater

scalability with respect to numerical solutions of the CME even for non-linear systems.

4.3.2 Relationship between Deterministic and Stochastic Mod-
els

We define the CTMC (X (t)
N
, t ∈ R≥0) with discrete state space Q ⊆ R|Λ|. If x̂0 ∈ Q is

the initial state, then Pr(X (0)
N

= x̂0) = 1. The transition rate from state x̂i to x̂j is

defined as R(x̂i, x̂j) =
∑
{τ∈R|x̂j=x̂i+ vτ

N
} ατ (Nx̂i).

X (t)
N

is the random vector describing

the system at time t in terms of concentrations. In [69] it is proved that, assuming
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the propensity rate of each reaction remains finite up to a finite time T ∈ R≥0, it

holds that

lim
N→∞

sup
t≤T
|X (t)

N
− Φ(t)| = 0 (4.4)

almost surely for every finite time t. This explains the relationship between the two

different semantics: the stochastic model converges to the deterministic model when

the number of molecules tends to infinity. Therefore, it can be used as an approx-

imation of the system when the number of molecules is large enough to attenuate

stochastic fluctuations.

4.4 Central Limit Approximation

Eqn (4.4) illuminates the relationship between deterministic and CTMC models for

CRNs: when the molecular population is large, the stochasticity averages out and

a deterministic models becomes an appropriate model. However, the CTMC model,

due to the state space explosion problem, can be analyzed only in limited cases,

where all species are in low population and the state space is finite. Consequently,

there is a need for an alternative stochastic model, which remains scalable at the

price of introducing some approximations. This is exactly the case of the CLA, which

approximates the CTMC induced by a CRN in terms of a Gaussian process. The

CLA is a continuous state space approximation of the CTMC in terms of a Gaussian

process and is based on the central limit theorem [161, 69].

Given a CRN C = (Λ, R) the CLA at time t approximates the distribution of the

induced CTMC X (t) with the distribution of the random vector Y(t) such that

X (t) ≈ Y(t) = NΦ(t) +N
1
2G(t) (4.5)

where G(t) = (G1(t), G2(t), ..., G|Λ|) is a random vector, independent of N , repre-

senting the stochastic fluctuations at time t around Φ(t), the solution of Eqn (4.1).

The probability distribution of G(t) is then given by the solution of a linear Fokker-

Planck equation [165]. As a consequence, G is a Gaussian process and, for any time

instant t, G(t) has a multivariate normal distribution whose expected value E[G(t)]

and covariance matrix ΣG(t) are the solution of the following differential equations:

dE[G(t)]

dt
= JF (Φ(t))E[G(t)] (4.6)

dΣG(t)

dt
= JF (Φ(t))ΣG(t) + ΣG(t)J

T
F (Φ(t)) +W (Φ(t)) (4.7)
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where W (Φ(t)) =
∑

τ∈R υτυτ
T ᾱτ (Φ(t)), JF (Φ(t)) is the Jacobian of F (Φ(t)), JTF (Φ(t))

its transpose, and Fj(Φ(t)) the jth component of F (Φ(t)). We assume X (0) = x0

with probability 1. As a consequence, E[G(0)] = 0 and ΣG(0) = 0|Λ|×|Λ|, which implies

EG(t) = 0 for every t.

The following theorem illustrates the nature of the approximation in using the

CLA.

Theorem 2. [69] Let C = (Λ, R) be a CRN and X the discrete state space Markov

process induced by C. Let Φ(t) be the solution of Eqns (4.1) and G be the Gaussian

process with expected value and variance given by Eqns (4.6) and (4.7). Then, for

any ∈ R≥0

N
1
2

∣∣∣∣X (t)

N
− Φ(t)

∣∣∣∣⇒N→∞ G(t). (4.8)

In the above, ⇒N→∞ indicates convergence in distribution when increasing pa-

rameter N [31]. The CLA is exact in the limit of high populations, but has also been

successfully used in many different scenarios showing surprisingly results [85, 165].

To compute the CLA is necessary to solve O(|Λ|2) first order differential equations,

and the complexity is independent of the initial number of molecules of each species.

Therefore, one can avoid the exploration of the state space that methods based on

uniformization rely upon, making an important step towards the scalable stochastic

analysis of reaction systems.

By Eqn (4.5), we have that the distribution of Y(t) is Gaussian with expected

value and covariance matrix given by

E[Y(t)] = NΦ(t)

ΣY(t) = N
1
2 ΣG(t)N

1
2 = NΣG(t).

Example 4.4.1. Consider the CRN of Example 4.2.1 with the same initial condition

x0 as in the referenced example. Figure 4.2 plots a path of the resulting CTMC.

The CLA is an approximation of the CTMC induced by a CRN in terms of a Gaussian

process. The resulting Gaussian process is completely characterized by expectation

and covariance matrix. It is possible to show that expectation and covariance matrix

as estimated by the CLA and those computed by using Eqn (4.3) are identical for any

possible initial condition for linear systems (i.e. systems with at most uni-molecular

reactions) [85]. Instead, in case of non-linear CRNs, they may differ, as the CLA does

not depend on the correction terms given by higher order moments. In fact, since Y
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Figure 4.3: The figure plots expectation and standard deviation for the species of
CRN C in Example 4.2.1 for t ∈ [0, 20]. The LNA is plotted using the tool Microsoft
Visual GEC [130].

is a Gaussian process, the CLA can be not accurate when some of the species have

a multi-modal distribution. To overcome this modelling issue, in different works not

included in this thesis, we proposed stochastic hybrid models based on the CLA [53].

As the CLA depends only on mean and variance, it can be thought of as a moment

closure technique (see Section 4.3.1). That is, higher order moments are approximated

as a function of the lower order moments. Moment closure techniques have been

widely studied in the context of CRNs [91, 150] to approximate the moments of a

subset of the species of the CRNs, and efficient algorithms, like derivative matching

[152], have been proposed to approximate Eqn (4.3) for non-linear systems for any

order of moment. However, in this thesis, we will mostly use the CLA. In fact,

although other moment closure techniques may be more precise on some specific

examples and are not limited by 2nd order moments, the theoretical basis behind

the CLA guarantees the convergence in distribution of the resulting Gaussian process

to the original CTMC. Similar convergence results are generally missing in other

moment closure techniques, whose correctness is typically guaranteed by heuristics.

Moreover, many moment closures techniques, such as derivative matching [91], tend

to be numerically more unstable than the CLA, especially when some of the species

have molecular counts close to 0.
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4.5 CRNs with unspecified variables

Often the knowledge of a modeller about a molecular process is partial, with little

information about the reactions and the rates known. We extend CRNs to model

such scenarios by introducing CRN sketches. CRN sketches are defined in a similar

fashion to concrete CRNs, with the main difference being that species, stoichiometric

constants and reaction rates are specified as unknown variables. The use of variables

considerably increases the expressiveness of the language, allowing the modeller to

specify additional constraints over them. Constraints facilitate the representation of

key background knowledge of the underlying network, e.g. that a reaction is faster

than another, or that it consumes more molecules than it produces.

Another important feature is that reactants and products of a reaction are lifted

to choices of species (and corresponding stoichiometry). In this way, the modeller

can explicitly incorporate in the reaction a set of admissible alternatives.

Further, a sketch distinguishes between optional and mandatory reactions and

species. These are used to express that some elements of the network might be

present and that, on the other hand, other elements must be present. CRN sketches

will be used in Chapter 6 when studying molecular filters, when we will be interested

in leaving part of the network unspecified to show properties that hold for all possible

instantiations of the sketch.

Definition 13 (Sketching language for CRNs). A CRN sketch is a tuple S = (Λ, R,

Var,Dec, Ini,Con), where:

• Λ = Λm ∪ Λo is a finite set of species, where Λm and Λo are sets of mandatory

and optional species, respectively.

• Var = VarΛ ∪ Varc ∪ Varr is a finite set of variable names, where VarΛ, Varc and

Varr are sets of species, coefficient and rate variables, respectively.

• Dec is a finite set of variable declarations. Declarations bind variable names to

their respective domains of evaluation and are of the form x : D, where x ∈ Var

and D is the domain of x. Three types of declaration are supported:

– Species, where x ∈ VarΛ and D ⊆ Λ is a finite non-empty set of species.

– Stoichiometric coefficients, where x ∈ Varc and D ⊆ N is a finite non-

empty set of non-negative integers.

– Rate parameters, where x ∈ Varr and D ⊆ R≥0 is a bounded set of non-

negative reals.
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• Ini is the set of initial states, that is, a predicate on variables {Λ0}Λ∈Λ describing

the initial number of molecules for each species.

• Con is a finite set of additional constraints, specified as quantifier-free formulas

over Var.

• R = Rm∪Ro is a finite set of reactions, where Rm and Ro are sets of mandatory

and optional reactions, respectively. As for a concrete CRNs, each τ ∈ R

is a triple τ = (rτ , pτ , kτ ), where in this case kτ ∈ Varr is a rate variable;

the reaction complex rτ and the product complex pτ are sets of reactants and

products, respectively. A reactant R ∈ rτ (product P ∈ pτ ) is a finite choice

of species and coefficients, specified as a (non-empty) set R = {ciΛi}i=1,...,|R|,

where ci ∈ Varc and Λi ∈ VarΛ.

We denote with frτ the uninterpreted choice function for the reactants of τ , that

is, a function frτ : rτ → Varc×VarΛ such that frτ (R) ∈ R for each R ∈ rτ . The

choice function for products, fpτ , is defined equivalently.

As an example, reaction τ = ({{c1λ1, c2λ2}, {c3λ3}}, {{c4λ4, c5λ5}}, k) is preferably

written as {c1λ1, c2λ2} + c3λ3 →k {c4λ4, c5λ5}, using the shortcut c3λ3 to indicate

the single-option choice {c3λ3}. A possible concrete choice function for the reactants

of τ is the function frτ = {{c1λ1, c2λ2} 7→ c1λ1, {c3λ3} 7→ c3λ3} that chooses option

c1λ1 as the first reactant.

Holes and syntactic sugar. Unknown information about the network can also be

expressed using holes, i.e. portions of the model left “unfilled” and resolved by the

synthesiser. Holes, denoted with ?, are implicitly encoded through sketch variables.

To correctly interpret holes, we assume default domains, Dr ⊆ R bounded andDc ⊆ N
finite, for rate and coefficient variables, respectively. We also support the implicit

declaration of variables, as shown in Example 4.5.1.

Example 4.5.1. (Bell shape generator)

For a given species K, our goal is to derive a CRN such that the evolution of

K, namely the expected number of molecules of K, has a bell-shaped profile during a

time interval [0, 0.5], i.e. during an initial interval the population K increases, then

reaches the maximum, and finally decreases, eventually dropping to 0. Table 4.1 (left)

defines a sketch for the bell-shape generator inspired by the CRN in Example 4.2.1.

This sketch reflects our prior knowledge about the control mechanism of the produc-

tion/degradation of K. It captures that the solution has to have a reaction generating
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Λm = {K},Λo = {A,B},Rm = {τ1, τ2},
Ro = {τ3}, Dec = {c1, . . . , c4 : [0, 2],

k1, k2, k3 : [0, 0.1], λ1, λ2 : {A,B}},
Con = {λ1 6= λ2, c1 < c2, c3 > c4},
Ini = {K0 = 1 ∧A0 ∈ [0, 100] ∧B0 ∈ [0, 100]}

τ1 = λ1 + c1K
k1−→ c2K

τ2 = {0, 1}λ2 + c3K
k2−→?λ2 + c4K

τ3 = ∅ k3−→ {λ2, [1, 2]K}

A+K →56 2K; K +B →43 2B
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Time

0
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Table 4.1: Left: The sketch for bell-shape generator, with Volume N = 100. Right:
CRN producing the bell-shape profile (species K) synthesized by the algorithm pre-
sented by the author of this thesis as a co-author in [49]

K (τ1) and a reaction where K is consumed (τ2). We also know that τ1 requires a

species, represented by variable λ1, that is consumed by τ1, and thus τ1 will be blocked

after the initial population of the species is consumed. An additional species, λ2, dif-

ferent from λ1, may be required. However, the sketch does not specify its role exactly:

reaction τ2 consumes either none or one molecule of λ2 and produces an unknown

number of λ2 molecules, as indicated by the hole ?. There is also an optional re-

action, τ3, that does not have any reactants and produces either 1 molecule of λ2

or between 1 and 2 molecules of K. The sketch further defines the mandatory and

optional sets of species, the domains of the variables, and the initial populations of

species. We assume the default domain Dc = [0, 2], meaning that the hole ? can take

values from 0 to 2. Note that many sketch variables are implicitly declared, e.g. term

[1, 2]K corresponds to c′λ′ with fresh variables c′ : [1, 2] and λ′ : {K}.
Table 4.1 (right) shows a CRN that satisfies the constraints.

4.5.1 Synthesis of CRN sketches

Our sketching language is also very well suited for synthesis of biological networks: it

allows expressing key domain knowledge about the network, and, at the same time,

it allows for network under-specification (holes, choices and variables). Given a CRN

sketch, a specification in a given temporal logic, and eventually a cost constraint, the

optimal synthesis problem seeks to find a concrete instantiation of the sketch (i.e. a

CRN) that satisfies a given property and has a minimal cost. This problem has been

consider by the author of this thesis in a jointly authored paper in [49]. The problem
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has been encoded using satisfiability modulo ODEs [72] and algorithm schemes for

its solution have been presented. As this argument will not be part of this thesis, we

refer the interested reader to [49].
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Chapter 5

Model Checking Chemical
Reaction Networks

In this chapter we derive fast and scalable approximate model checking algorithms for

CTMCs induced by CRNs against a time-bounded fragment of CSL extended with

reward operators. The resulting algorithms are numerical and explore the continuous-

space approximation of the CTMC in terms of the Gaussian process given by the CLA.

One of the key results of this chapter is a novel scalable algorithm for computing

probabilistic reachability for Gaussian processes over target regions of the state space

that are assumed to be convex polytopes, i.e. intersections of a finite set of linear

inequalities. More specifically, for a CTMC approximated as a Gaussian process, the

resulting algorithm computes the probability that the system falls in a given target

region within a specified time interval. Given that the target region is defined by a

set of m > 0 linear inequalities, and relying on the fact that a linear combination of

the components of a Gaussian distribution is still Gaussian, we discretize time and

space for the resulting m-dimensional stochastic process. This allows us to derive an

abstraction in terms of a time-inhomogeneous discrete-time Markov chain (DTMC),

whose dimension is independent of the number of species in the CRN, since a linear

combination is a one-dimensional entity. The method ensures scalability, as in general

we are interested in a small number, i.e., one or at most two, of linear inequalities.

To compute the resulting abstraction, the most delicate aspect is to derive equations

for the transition kernel of the resulting DTMC. This is formulated as the conditional

probability at the next discrete-time step given the system in a particular state.

Reachability probabilities are then computed by making the target set absorbing.

Reachability properties are then used to perform model checking of time-bounded

CSL properties [105, 18].
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We then extend CSL with the reward operators as in [105]. We derive approximate

reward measures using the CLA, and prove the convergence in distribution of our

algorithms to the original measures when the size of the system (number of molecules)

tends to infinity. We show the effectiveness of our approach on a set of case studies

taken from the biological literature, also in cases where existing numerical model

checking techniques are infeasible.

This chapter is structured as follows. In Section 5.1 we revise the syntax of

Continuous Stochastic Logic (CSL) and restrict the operators to be defined on convex

sets. Probabilistic model checking algorithms for CSL are the subject of Sections 5.2

and 5.3. In Chapter 5.2 we introduce numerical routines for approximate model

checking reachability properties that are then extended in Section 5.3 to perform

model checking of the Until operator. Correctness of the presented model checking

algorithms is established in Chapter 5.4. CSL is then extended with rewards in Section

5.5, where approximate algorithms for rewards based on the CLA are presented. Two

case studies are the subject of Section 5.6. Proofs of the statements of this chapter

are reported in Chapter 8, while in Section 5.7 further related works are discussed.

We conclude with a summary of the main results.

Notation. Since the CLA is correct in the limit of diverging system size N , given

a CRN C = (Λ, R), in this chapter, we will make explicit the dependence on N

of the CTMC induced by C. That is, the stochastic semantics of C will be called

XN . Similarly, we will call the Gaussian process derived from the CLA of XN , YN .

Moreover, in order for the scaling processes to make sense in the limit of diverging N ,

in this chapter, we will work with the normalized processes X̂N = XN
N

and ŶN = YN
N
,

which describe the evolution of the species in Λ in terms of concentrations. Note that

X̂N is still a CTMC taking values in R|Λ|≥0. A path of X̂N is defined as ω = x̂0t0x̂1t1...

where x̂k ∈ R|Λ|≥0, tk ∈ R≥0 and for all k ≥ 0 there exists τ ∈ R such that ᾱ(x̂k) > 0

and x̂k + υτ
N

= x̂k+1, where ᾱτ is the density dependent reaction rate and υτ is the net

change associated to reaction τ . Thus, a probability measure Pr over cylinder sets of

the paths of X̂N , as defined in Section 3.1.2, can be associated to X̂N .

We stress that working in terms of concentrations instead of population counts

is not a limitation: if we are interested in a fixed value of N , population densities

can always be rescaled to population counts, and vice versa, by multiplying or di-

viding them by N . In the following, we will thus refer to states and concentrations

interchangeably without loss of generality.
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5.1 Continuous Stochastic Logic (CSL)

Since X̂N takes values in R|Λ|≥0, we will work with predicates over concentrations.

Definition 14. (Convex Predicate). Let η : R|Λ| → {true, false} be a predicate. We

call η a convex predicate if there exist B1, ..., Bm ∈ Z|Λ|, l1, ..., lm ∈ R,m > 0, such

that for x̂ ∈ R|Λ| it holds that:

η(x̂) = (B1 · x̂ ≤ l1) ∧ ... ∧ (Bm · x̂ ≤ lm).

Hence, convex predicates are true for concentration x̂ belonging to a, not necessarily

bounded, convex polytope. We denote by Θ the set of all convex predicates with

domain in R|Λ|≥0.

We now define a time-bounded fragment of CSL for stochastic CRNs. We do not

consider time-unbounded properties because of the nature of the convergence of CLA,

which is guaranteed just for finite time. In Section 5.5 we extend this fragment with

reward operators.

Definition 15. (CSL Syntax) Given a CTMC X̂N induced by CRN C = (Λ, R), we

define the syntax of CSL as:

Ψ ::= ¬Ψ |Ψ1 ∧Ψ2 |P∼p(F [t1,t2] η) |P∼p(η1 U
[t1,t2] η2)

where η, η1, η2 ∈ Θ, t1, t2 ∈ R≥0, ∈ [0, 1] and ∼∈ {<,>}.

Note also that, in Definition 14, we restrict predicates to sets that are convex

polytopes. This does not limit the expressivity of the logic. However, it is a funda-

mental requirement for our model checking algorithms, which allows us to obtain an

exponential speed up compared to existing algorithms.

Example 5.1.1. As a running example we consider the following simple model of

gene expression [148], where the mRNA is produced by an always active promoter,

and then catalyzes the production of the protein. We have Λ = {mRNA,Pro} and

the following set of reactions R:

→0.5 mRNA; mRNA→0.0058·mRNA mRNA+ Pro

mRNA→0.0029·mRNA ; Pro→0.0001·Pro .

Fix N = 100, then the property “is the probability that the concentration of Pro

remains below 0.1 until there is a concentration of mRNA of at least 0.3 in the first

50 time units greater than 0.6?” can be expressed as:

P>0.6[( ˆPro < 0.1)U [0,50] ( ˆmRNA > 0.3)],
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where, with an abuse of notation, we call ˆPro and ˆmRNA the components of vector

X̂N relative to species Pro and mRNA. Obviously, this property is equivalent to the

following one, but expressed on the rescaled process XN :

P>0.6[(Pro < 10)U [0,50] (mRNA > 30)].

Model checking procedures for CTMCs against CSL specifications are well known

(see Section 3.3). They reduce to computing the probability of reaching a given set,

and hence to solving Eqn (4.2), albeit resulting in the well known state space explosion

problem. Here, we explore the usage of the CLA to derive approximate model checking

procedures that converge to the original CTMC values but do not suffer from the

state space explosion problem, therefore enabling fast stochastic characterization of

the system.

5.2 The Reachability Operator

In this section we define our CLA-based algorithm to verify the probabilistic reacha-

bility operator P∼p(F
[t1,t2]η), which is the key procedure for model checking of more

complex CSL properties. As η is a convex predicate, in order to check this property, for

a convex polytope A defined as A = {x ∈ R|Λ|≥0 s.t. Bx ≤ b} where B ∈ Zm×|Λ|, b ∈ Rm,

we need to compute:

PA
reach(x̂0, t1, t2) = Pr(∃t ∈ [t1, t2] s.t. ω(t) ∈ A |ω ∈ Ωx̂0),

where Ωx̂0 is the set of paths of X̂N starting from x̂0 as defined in Section 3.3.1.

We will compute such a probability for ŶN , the CLA of X̂N , and then show

how the computed measure converges to the original process, but guaranteeing much

greater scalability. Computing the reachability probability for ŶN is not straightfor-

ward, because the system evolves in continuous-time and analytic solutions cannot

be derived in general. As a consequence, we need to devise numerical algorithms and

prove their correctness. Here, we derive a scalable numerical algorithm based on time

and space discretization of linear projections of ŶN , and, using properties of Gaussian

processes, we then prove the convergence of the algorithm to the original measure.

In order to exploit the CLA, we first discretize time for the Gaussian process

given by the CLA, with a fixed (or adaptive) step size h, which we can do effectively

owing to the Markov property and the knowledge of its mean and covariance. As a

result, we obtain a discrete-time, continuous-space, Markov process with a Gaussian

transition kernel. Then, by resorting to state space discretization with parameter
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∆z > 0, we compute the reachability probability on this new process, obtaining

an approximation in terms of time-inhomogeneous DTMC converging to the CLA

approximation uniformly, when h and ∆z go to 0. At first sight, there seems to be

little gain, as we now have to deal with a |Λ|-dimensional continuous state space.

Indeed, for general regions this can be the case. However, if we restrict to convex

polytopes, we can exploit properties of Gaussian distributions (i.e. their closure with

respect to linear combinations), reducing the dimension of the continuous space to

the number of different linear combinations defining the polytope (in fact, the same

hyperplane can be used to fix both an upper and a lower bound). As we are generally

interested only in one or few projections, the complexity will then be dramatically

reduced.

5.2.1 Time Discretization Scheme

Given ŶN , the CLA of X̂N expressed in terms of concentrations, and matrix B ∈
Zm×|Λ|, we introduce an exact time discretization scheme for ẐN = BŶN . For sim-

plicity we assume m = 1, but all the results extend to m > 1. Fix a small time step

h > 0. By sampling ŶN at step h and invoking the Markov property,1 we obtain

a discrete-time Markov process (DTMP) Ŷh,N(k) = ŶN(kh) on continuous space.

Applying the linear projection mapping ẐN to ŶN(k), and leveraging its Gaussian

nature, we obtain a process Ẑh,N(k) = ẐN(kh) which is also a DTMP, though with

a kernel depending on time through the mean and variance of YN .

From Definition 5 in the preliminaries, it follows that, for [0, I] ⊆ N, Ẑh,N is a

discrete-time stochastic process with a probability measure Prh, which is uniquely

defined by the transition kernel T [29]. Thus, in order to characterize Ẑh,N , we need to

compute its transition kernel, T . This is equivalent to computing fẐN (t+h)|ẐN (t)=z̄(z),

i.e. the density function of ẐN(t+ h) given ẐN(t) = z̄.

Consider the joint distribution (ŶN(t), ŶN(t+h)), which is Gaussian. Its projected

counterpart (ẐN(t), ẐN(t+ h)) is thus also Gaussian, with covariance function:

ΣẐN (t),ẐN (t+h) = B ΣŶN (t),ŶN (t+h) B
T =

1

N
B ΣYN (t),YN (t+h) B

T ,

where ΣYN (t),YN (t+h) is the covariance matrix of YN at times t and t+h. It follows by

the closure properties of Gaussian processes that (ẐN(t+ h)|ẐN(t) = z̄) is Gaussian

1The Gaussian process obtained by the Central Limit Approximation is Markovian, as it is the
solution of a linear Fokker-Planck equation (stochastic differential equation) [161].
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too, and thus fully characterized by its mean and variance. Hence, we need to derive

ΣYN (t),YN (t+h). Following [69], we introduce the following matrix differential equation:

dΥ(t, s)

dt
= JF (Φ(t))Υ(t, s) (5.1)

with t ≥ s and initial condition Υ(s, s) = Id, where Id is the identity matrix of

dimension |Λ| and JF is the Jacobian of matrix F as introduced in Eqn (4.1). Then,

as illustrated in [69], we have:

ΣYN (t),YN (t+h) =

∫ t

0

Υ(t, s)W (Φ(s))[Υ(t+ h, s)]Tds, (5.2)

where W is the matrix introduced in Eqn (4.7). This is an integral equation, which

has to be computed numerically. To simplify this task, we derive an equivalent

representation in terms of differential equations. This is given by the following lemma.

Lemma 3. Solution of Eqn (5.2) is given by the solution of the following differential

equations:

dΣYN (t),YN (t+h)

dt
=W (Φ(t))ΥT (t+ h, t) + JF (Φ(t))ΣYN (t),YN (t+h)

+ ΣYN (t),YN (t+h)J
T
F (Φ(t+ h)) (5.3)

with initial condition ΣYN (0),YN (t) computed as the solution of:

dΣYN (0),YN (s)

ds
= ΣYN (0),YN (s)J

T
F (Φ(s)).

Proof. Applying the general form of the Fundamental Theorem of Calculus to Eqn

(5.2) with respect to t we get:

dΣYN (t),YN (t+h)

dt
= Υ(t, t)W (Φ(t))Υ(t+ h, t)T +

∫ t

0

d

dt
(Υ(s, t)W (Φ(s))Υ(t+ h, s)T )ds

= Id ·W (Φ(t))Υ(t+ h, t)T +

∫ t

0

dΥ(s, t)

dt
W (Φ(s))Υ(t+ h, s)Tds

+

∫ t

0

Υ(s, t)W (Φ(s))
dΥ(t+ h, s)

dt

T

ds.

As dΥ(t,s)
dt

= JF (Φ(t))Υ(t, s), we get

dΣYN (t),YN (t+h)

dt
=W (Φ(t))Υ(t+ h, t)T + JF (Φ(t))

∫ t

0

Υ(t, s)W (Φ(s))Υ(t+ h, s)Tds

+

∫ t

0

Υ(s, t)W (Φ(s))Υ(t+ h, s)TdsJF (Φ(t+ h))T .

By substituting Eqn (5.2) into the expression above we have the result. Similarly, to

derive the initial condition ΣYN (0),YN (t) we can apply the Fundamental Theorem of

Calculus to Eqn (5.2), but with respect to h.
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Υ(t+h, t) can be computed by solving Eqn (5.1). Knowledge of ΣYN (t),YN (t+h) allows

us to directly compute:

ΣẐN (t),ẐN t+h) =
1

N
B ΣYN (t),YN t+h) B

T .

Then, by using the law for conditional expectation of a Gaussian distribution, we

finally have:

E[ẐN(t+ h)|ẐN(t) = z̄] = E[ẐN(t+ h)] + ΣẐN (t+h),ẐN (t)(ΣẐN (t))
−1(z̄ − E[ẐN(t)])

(5.4)

ΣẐN (t+h)|ẐN (t)=z̄ = C[ẐN(t+ h)]− ΣẐN (t),ẐN (t+h)(ΣẐN (t))
−1ΣẐN (t),ẐN (t+h). (5.5)

As the kernel is Gaussian, for A′ ⊆ R, k ∈ N, z ∈ R we have that

T (A′, z, k) =

∫
A′
N (s |E[ẐN(kh+ h)|ẐN(kh) = z̄],ΣẐN (kh+h)|ẐN (kh)=z̄)ds,

where N (s |E,C) is the normal distribution with mean E and covariance C. Note

that the resulting kernel is time-inhomogeneous. The dependence on time is via the

mean and covariance of YN , which are functions of time and define completely the

distribution of YN . The following result guarantees the correctness of the approxi-

mation.

Theorem 4. Given vector B ∈ Z|Λ|, b ∈ R, measurable set A = {x ∈ R|Λ|≥0 s.t. Bx ≤ b}
and process ẐN = BŶN with initial condition z0 = Bx̂0, call

P Ŷ
N ,A

reach (x̂0, t1, t2) = PrŶ
N

(∃t ∈ [t1, t2] s.t. ŶN(t) ∈ A | ŶN(0) = x̂0),

where ProbŶ
N

is the Gaussian probability measure of ŶN . Further, let Ẑh,N be the

DTMP obtained by discretizing ẐN at time step h > 0. Then, for t1, t2 ∈ R≥0, it holds

that

|P Ŷ
N ,A

reach (x̂0, t1, t2) − Prh(∃k ∈ [bt1
h
c, dt2

h
e] s.t. Ẑh,N(k) ≤ b)| →h→0 0,

uniformly.

Proof of Theorem 4 is reported in Section 8.2, where error bounds are also derived.

It uses properties of Gaussian processes to bound the probability that ZN reaches a

particular region of the state spaces during a sampling interval (t, t+h) ⊆ R≥0. Since

[t, t + h] is a continuous-time interval, this is a very difficult property to compute in

general. However, for Gaussian processes this can be bounded using the Borell-TIS

inequality [3].

55



5.2.2 Space Discretization

In order to compute the reachability probability for the DTMP Ẑh,N , we partition

its continuous state space into a countable set of non-overlapping cells (regions) of

constant size ∆z > 0 (except for at most regions of measure 0, i.e. the boundaries

of the cells), obtaining an abstraction in terms of a DTMC Ẑ∆z,h,N with state space

S∆z. Specifically, given S, the state space of Ẑh,N , and the target set A = {x ∈
R|Λ| s.t. Bx ≤ b}, we partition S\A into a grid of cells of length 2∆z, where ∆z defines

how fine our space discretization is. For each of the resulting regions we consider a

representative point, given by the median of the set. We call the set of representative

points Ŝ∆z. Then, we have S∆z = Ŝ∆z ∪ {zAd }, where zAd is the state representing

the target set. Theorem 5 guarantees that for ∆z → 0 the error introduced by the

space discretization tends to zero. However, for a fixed N, a possible choice of ∆z

is ∆z = 0.5
N

, which means that the rescaled process NẐ∆z,h,N takes values in Z.

Nevertheless, when the population is of the order of hundreds or thousands, it can be

beneficial to consider ∆z > 0.5
N

, since a coarser state space aggregation is reasonable.

Similarly to the previous section (see Definition 5), as Ẑ∆z,h,N is a discrete-time

stochastic process, given [0, I] ⊆ N we can associate to Ẑ∆z,h,N a probability space

with sample space given by the product space (S∆z)I+1, and with a probability mea-

sure Pr∆z,h uniquely defined by T ∆z, the transition kernel of Ẑ∆z,h,N , which is defined

as follows (see Section 3.1.1 for further details on the measure theoretic properties of

DTMCs). For z′d, zd ∈ Ŝ∆z, T ∆z(z′d, zd, k) is defined as:

T ∆z(z′d, zd, k) =

∫ z′d+∆z

z′d−∆z

fẐN (hk+h)|ẐN (hk)=zd
(x)dx, (5.6)

where h is the discrete-time step, assumed to be fixed to simplify the notation, and

fẐN (hk+h)|ẐN (hk)=zd
is the normal density function of ẐN(hk+h) given |ẐN(hk) = zd.

For zd ∈ Ŝ∆z, we have:

T ∆z(zAd , zd, k) =

∫
A

fẐN (hk+h)|ẐN (hk)=zd
(x)dz, (5.7)

and for the last case, we have:

T ∆z(zd, z
A
d , k) =

{
1 if zd = zAd
0 otherwise

.

That is, zAd is made absorbing. Finally, we define:

P∆z,h,A
reach (zd, t1, t2) = Pr∆z,h(∃k ∈ [bt1

h
c, bt2

h
c] s.t. Ẑ∆z,h,N(k) ∈ zAd | Ẑ∆z,h,N(0) = zd).
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The following theorem, which has been proved in [2] (Theorem 2), guarantees that

the error introduced by the state space approximation tends to zero, decreasing ∆z.

Theorem 5. Let Ẑh,N be a DTMP, and Ẑ∆z,h,N the DTMC obtained by space dis-

cretization of Ẑh,N with space discretization step ∆z > 0. Call z0 the initial state of

Ẑh,N and zd,0 ∈ S∆z the discrete state representing the region containing z0. Then,

for t1, t2 ∈ R≥0, and convex polytope A,

|Prh(∃k ∈ [bt1
h
c, dt2

h
e] s.t. Ẑh,N(k) ∈ A|Ẑh,N(0) = z0)− P∆z,h,A

reach (zd,0, t1, t2)| →∆z 0,

uniformly.

5.2.3 Correctness

To prove the correctness of our numerical algorithm we need to show that, for any

measurable set, the reachability measure computed on X̂N converges to that com-

puted on ŶN . This is guaranteed by the following theorem.

Theorem 6. Let C = (Λ, R) be a CRN with induced CTMC X̂N and Ẑ∆z,h,N be the

DTMC obtained by space and time discretization of BŶN . Assume X̂N(0) = x̂0 and

the corresponding initial state for Ẑ∆z,h,N is zd,0. Then, for t1, t2 ∈ R≥0, B ∈ Rm×|Λ|

and b ∈ Rm and A = {x ∈ R|Λ|≥0 s.t. Bx ≤ b}, it holds that:

lim
N→∞

lim
h→0

lim
∆z→0

|PA
reach(x̂0, t1, t2)−P∆z,h,A

reach (zd,0, t1, t2)| = 0.

The proof of Theorem 6 is detailed in the Section 8.1. The main idea is to use

Theorems 5 and 4 to show that the numerical model checking algorithms on the

Gaussian process ŶN are sound. Then, we employ Theorem 2 and the theory of

weak convergence to show the convergence in distribution of the reachability measure

on X̂N to that on ŶN . The proof is complicated by the fact that both ŶN and

X̂N depend on N . As we discussed in the previous sections, error bounds would

be a viable companion to quantify the error introduced by our approach. However,

although they can be computed for both space and time discretization of Gaussian

processes (see Chapter 8), we are not aware of any explicit bound to quantify the

convergence of a CTMC to the CLA.
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Algorithm 1 Compute Time-Bounded Probabilistic Reachability

Input: CRN C = (Λ, R) with initial concentration x̂0, B ∈ Z|Λ|, H ⊆ R, a finite time
interval [t1, t2], a partition of the real numbers with the set of representative
points P∆z, a target set A = {x ∈ R s.t. Bx ∈ H} and a threshold Th.

Output: PA
reach(x̂0, t1, t2).

Set t = 0, k = 0, S = {B · x̂0} with Pr∆z,h(Ẑ∆z,h,N(0) = B · x̂0) = 1
while t < t1 do

Compute time step h
S ← {zd ∈ P∆z s.t. Pr

∆z,h(Ẑ∆z,h,N(k + 1) = zd) ≥ Th where

Pr∆z,h(Ẑ∆z,h,N(k + 1) = zd) =∑
z′d∈S

Pr∆z,h(Ẑ∆z,h,N(k + 1) = zd|Ẑ∆z,h,N(k) = z′d)Pr
∆z,h(Ẑ∆z,h,N(k) = z′d)}

t← t+ h
k ← k + 1

end
while t < t2 do

Compute time step h
S ′ ← S \H
S1 ← {zd ∈ P∆z \H s.t. Pr∆z,h(Ẑ∆z,h,N(k + 1) = zd) ≥ Th, where

Pr∆z,h(Ẑ∆z,h,N(k + 1) = zd) =∑
z′d∈S′

Pr∆z,h(Ẑ∆z,h,N(k + 1) = zd|Ẑ∆z,h,N(k) = z′d)Pr
∆z,h(Ẑ∆z,h,N(k) = z′d)}

S2 ← {zd ∈ P∆z ∩H s.t. Pr∆z,h(Ẑ∆z,h,N(k + 1) = zd) ≥ Th, where

Pr∆z,h(Ẑ∆z,h,N(k + 1) = zd) =

Pr∆z,h(Ẑ∆z,h,N(k) = zd)

+
∑
z′d∈S′

Pr∆z,h(Ẑ∆z,h,N(k + 1) = zd|Ẑ∆z,h,N(k) = z′d)Pr
∆z,h(Ẑ∆z,h,N(k) = z′d)}

S ← S1 ∪ S2

t← t+ h
k ← k + 1

end

return PA
reach(x̂0, t1, t2) =

∑
zd∈S∩H Pr

∆z,h(Ẑ∆z,h,N(k) = zd)
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5.2.4 Computation of Reachability Probabilities

Our approach for computing reachability probabilities is summarized in Algorithm

1. Intuitively, we use Definition 3 to compute probabilistic reachability on DTMC

Z∆z,h,N .

In Line 1, we initialize the system at time 0. In the context of the algorithm, S is

a set containing the states at a particular time with probability mass greater than the

threshold Th. In our implementation we partition R with a grid of cells of constant

size ∆z > 0. Then, for each cell we select a representative point, and denote the set of

representative points P∆z. S, for any time t > 0, will be a subset of this set. Th equals

10−14 in all our experiments. The use of a threshold guarantees that the algorithm

always terminates in finite time. This introduces a truncation error, which can be

easily estimated at the run-time as shown in [167]. Initially, we have that S contains

only one state B · x̂0. Then, in Lines 3 − 7, we propagate the probability for any

discrete step while t < t1, according to Definition 3. For generality, we assume that

the time step h is chosen adaptively, according to the system dynamics. Propagating

probability is possible, as for any z′d ∈ S, Pr∆z,h(Ẑ∆z,h,N(k + 1) = z′d|Ẑ∆z,h,N(k) =

zd) = T ∆z(z′d, zd, k). From Line 8 to 15, we compute the probabilistic reachability,

PA
reach(x̂0, t1, t2), by propagating the probability only for states that are not in A.

In fact, states in A are made absorbing. When we reach t ≥ t2, we have that

PA
reach(x̂0, t1, t2) ≈

∑
z∈S∩H Pr

∆z,h(Ẑ∆z,h,N(d t2
h
e) = z|Ẑ∆z,h,N(0) = zd,0).

Example 5.2.1. We return to the CRN introduced in Example 5.1.1, and, for N =

100, we consider the following reachability property:

P=?(F
[0,T ] m̂RNA > P̂ro+ 0.2), T ∈ [0, 100]

where =?, in the style of PRISM [106] or PEPA [56], represents the quantitative

value of a property. The above formula asks for the probability that, during the first

100 seconds, the system reaches a state where the mRNA concentration exceeds the

protein concentration by more than 0.2. In Figure 5.1 we compare the probability

value computed by Algorithm 1 with the same property computed on the CTMC X̂N

using PRISM for different values of h. We assume ∆z = 0.5
N
, which is justified by the

fact that the number of molecules is an integer.

5.3 Until operator

We show how to generalize the computation of the reachability probabilities of the

previous section to the until operator. For x̂ ∈ R|Λ|≥0, let η1(x̂) = B1x̂ ≤ l1 and
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Figure 5.1: Comparison of the evaluation of P=?(F
[0,K]mRNA > Pro + 20), K ∈

[0, 100], on the CTMC as estimated by PRISM [106], and on the CLA approximation
for a fixed ∆z and four different values of h.

η2(x̂) = B2x̂ ≤ l2, then, by definition we have:

X̂N , x̂ |= P∼p(η1U
[t1,t2]η2) ⇐⇒ Pr(∃t ∈ [t1, t2] s.t. η2(ω(t))∧∀t′ ∈ [0, t), η2(ω(t))|ω ∈ Ωx̂),

where Ωx̂ is the set of paths of X̂N starting in x̂. To solve this problem we can

construct the following stochastic process:

ẐN = BŶN

where B = (B1, B2)T , and ŶN is the CLA of X̂N . By the properties of multivariate

Gaussian distribution, ẐN is still a Gaussian process with mean and covariance matrix

given by

E[ẐN(t)] = BE[YN(t)] ΣẐN (t) =
1

N
B ΣYN (t) B

T , t ∈ R≥0.

Note that ẐN is again a time-inhomogeneous Markov process, as its kernel depends on

the statistics of YN . Following the approach of the previous section, we can discretize

time and space for ẐN , and thus obtain a DTMC Ẑ∆z,h,N . At this point, the problem

reduces to computing the probability for the until operator on the DTMC. Algorithms

for computing the resulting measure on a time-inomhogeneous DTMC exist and are

well studied (See Section 3.1.1 and [55]). In fact, to compute P∼p(η1U
[t1,t2]η2), we can

simply make the regions that do not satisfy η1 and those for which η2 holds absorbing,
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and then compute the probability of reaching a region for which η2 is satisfied. This

can be computed by resorting to Algorithm 1, as presented in the previous section.

Theorem 6 then guarantees the following proposition.

Proposition 3. Let η1(x̂) = B1x̂ ≤ l1, η2(x̂) = B2x̂ ≤ l2, and B =

[
B1

B2

]
. For

x̂0 ∈ R|Λ|≥0, let zd,0 be the state in the state space of Z∆z,h,N corresponding to the region

containing Bx̂0. Define

Puntil((x̂0, η1, η2, X̂N , t1, t2)) =

Pr(∃t ∈ [t1, t2] s.t. η2(ω(t)) ∧ ∀t′ ∈ [0, t), η1(ω(t)) |ω ∈ ωx̂0),

P∆z,h
until ((zd,0, η1, η2, Ẑ∆z,h,N , t1, t2)) =

Pr∆z,h(∃k ∈ [bt1
h
c, bt2

h
c] s.t. η2(Z∆z,h,N(k))

∧ ∀k′ ∈ [0, k − 1], η1(Z∆z,h,N(k′)) | Z∆z,h,N(0) = zd,0).

Then, it holds that

lim
N→∞

lim
h→0

lim
∆z→0

|Puntil(((x̂0, η1, η2, X̂N , [t1, t2]))− P∆z,h
until ((zd,0, η1, η2, Ẑ∆z,h,N , [t1, t2]))| = 0.

Example 5.3.1. Let us return to the CRN introduced in Example 5.1.1. We consider

the following quantitative property:

P=?[(Pro < 10)U [0,T ] (mRNA > 30)], T ∈ [0, 100],

which is satisfied for those paths in which the mRNA population becomes greater

than 30 before the protein population hits 10 molecules. In Figure 5.2 we evaluate

the property for different values of h and fixed N = 100. Already for h = 5 the

property is surprisingly close to the same measure computed on the original CTMC

using uniformization techniques as implemented in PRISM [106]. Note that here the

property is expressed in terms of the number of molecules, rather than concentrations.

In fact, as we explained in Section 5.1, for the CSL properties considered in here the

two representations are equivalent.

5.4 Correctness

The method we present is approximate. In particular, errors are introduced in two

ways: by resorting to the CLA and by discretisation of time and space of the CLA.

The quality of these two approximations is controlled by three parameters: (a) N , the

system size, which influences the accuracy of CLA, (b) h, the time step size, and (c)
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Figure 5.2: Comparison of the evaluation of P[0,T ][(Pro < 10)U [0,T ] (mRNA > 30)] on
a CTMC as estimated by PRISM [106], and on the CLA approximation for ∆z = 0.5

N

and three different values of h.

∆z, the space discretization step, which influences the quality of the approximation

of the reachability probability of the CLA. Then, we have the following result.

Theorem 7. Let Ψ be a CSL formula as defined in Definition 15, x̂ ∈ R|Λ|≥0 and

z0,d be the state in Z∆z,h,N corresponding to the region containing x̂0. Then, for N

sufficiently large and h and ∆z sufficiently small it holds that:

X̂N , x̂ |= Ψ ↔ Ẑ∆z,h,N , zd0 |= Ψ,

except for a set of thresholds of Lebesgue measure 0.

Proof. The proof is by induction on the terms in Definition 15. The interesting

cases are Ψ = P∼p(F
[t1,t2]η) and Ψ = P∼p(η1 U

[t1,t2] η2). Theorem 6 guarantees that,

for N → ∞, h → 0,∆z → 0, the difference between the probability of the above

properties computed on ŶN , the CLA of X̂N , and on X̂N is equal to ε → 0. As-

sume Pr(∃t ∈ [t1, t2] s.t. η(ω(t))|ω ∈ Ωx̂) = q, and consider the reachability property

P∼q(F
[t1,t2]η). In this case, no approximation algorithm can guarantee to give the

right answer, as the threshold is exactly the value of the reachability property. How-

ever, the point q is a set of Lebesgue measure zero with respect to the set of all

possible thresholds, which is a subset of the reals. The same reasoning can be applied

to the until case.

The convergence stated in Theorem 7 means that, since N is fixed for a given CRN,

then, even if we have control over h and ∆z, the quality of the approximation de-

pends on how well the CLA approximates the CRN. Error bounds would be a viable
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companion to estimate the committed error, and although these could be extimated

for time and space discretization following the approaches in [2, 109], we are not

aware of any explicit formulation of them for the convergence of the CLA. However,

experimental results in Section 5.6 show that the error committed is generally limited

also for moderately small N and quite large h.

5.4.1 Complexity

Complexity of the method depends on the following: (a) the equations we need to

solve, (b) the time step size h, and (c) the space discretization step ∆z. Algorithm 1

requires solving Eqns (5.3) and (4.7), that is, a set of differential equations quadratic

in the number of species. In fact, solving these equations requires computing JF , the

Jacobian of F . However, the number of equations we need to solve is independent

of the number of molecules in the system. This guarantees the scalability of our

approach. An important point is that Eqn (5.3) requires solving Eqn (5.2) once for

each sampling point of the numerical solution of Eqn (5.3). A possible way to avoid

this is to consider approximate solutions to Eqn (5.2), which are accurate in the limit

as h → 0. However, to keep this approximation under control, h has to be chosen

really small, slowing down the computation. Moreover, for any sample point, Eqn

(5.2) is solved only for a small time interval (between t and t+h). As a consequence,

in practice, the computational cost introduced in solving Eqn (5.2) is under control.

A smaller value of h implies that, for a given time interval, we have a greater

number of discrete-time steps, which can slow down the computation in some cases.

The value of ∆z determines the number of states of the resulting DTMC. However,

we stress that we discretize ẐN(t), a uni-dimensional distribution (or m-dimensional

in the case we have m > 1 linear inequalities). As a consequence, the number of

reachable states with significant probability mass is generally limited and under con-

trol. Obviously, if the number of molecules is large and ∆z extremely small, then this

is detrimental to performance.

5.5 Rewards

We extend CSL properties with reward operators as in [105]. As for probabilistic

reachability, we will define the reward structure on the normalised process X̂N . For-

mally, we define the state reward function ρ : R|Λ| → R, which associates a real-valued

reward with any point of the normalised state space of X̂N(t), t ∈ R≥0. In this paper,

we make a few assumptions about the regularity of ρ:
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• ρ is bounded, i.e. there exists a constant C > 0 such that ρ(x̂) ≤ C for each

x̂ ∈ R|Λ|;

• ρ is Lipschitz continuous on R|Λ|, i.e. there is a constant Lρ such that, for each

x̂, x̂′ ∈ R|Λ|, |ρ(x̂)− ρ(x̂′)| ≤ Lρ|x̂− x̂′|.

These requirements are important to show the convergence of rewards computed on

X̂N with the same measure but computed on the normalised CLA ŶN . Moreover,

they do not limit the expressiveness of our framework: for a fixed N , we are interested

only in the value of ρ at a finite number of points. Such a function can always be

extended to a Lipschitz continuous one. Boundedness is also not problematic, as

we can always assume an upper bound on a physically meaningful population size,

meaning that we can restrict ourselves to a compact set and define ρ to be constant

outside such a set.

Given a reward structure ρ, we consider the following three kinds of rewards.

• Instantaneous Rewards up to finite time T . ρI(x̂0, X̂N , T ) is the expectation

of ρ(X̂N(T )), i.e., the expectation of the reward structure at time T over all the

trajectories of X̂N that start from state x̂0. More precisely, for Ωx̂0 , the set of

paths of X̂N starting from x̂0:

ρI(x̂0, X̂N , T ) =
∑
x̂∈R|Λ|

ρ(x̂)Pr(ω(T ) = x̂|ω ∈ Ωx̂0). (5.8)

• Cumulative Rewards up to a finite time T . Given ω : R≥0 → N|Λ|, a path of

X̂N , the cumulative reward for ω is defined as:

ρC(ω, T ) =

∫ T

0

ρ(ω(t))dt =

|jumps(ω)|∑
i=1

ρ(ω(ti−1))(ti − ti−1)+

ρ(ω(T ))(T − t|jumps(ω,t)|)

where jumps(ω, t) ⊂ R≥0 is the set of time instants at which ω changes state

between 0 and T . Then, we define:

ρC(x̂0, X̂N , T ) = E[ρC(ω, T ) |ω(0) = Ωx̂0 ],

where the expectation is intended over the trajectories of X̂N starting from

state x̂0.
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• Bounded Reachability Rewards. Given a target set A ∈ R|Λ|, for the nor-

malized process X̂N , define ρreach(x̂0,XN , A, T ), the cumulative reward until we

enter the target setA within time T . Formally, we can define ρreach(x̂0,XN , A, T )

as the cumulative reward until time T for the modified process X̄N where all

states in A are made absorbing, and where we consider the modified state re-

wards:

ρ̄(x̂) =

{
0 if x̂ ∈ A
ρ(x̂) otherwise

Remark 1. Note that here ρ is a state reward, that is, a function that associates a

real value with any given state of the process. An alternative reward structure could

be based on the transition reward function [38], which can be used for checking how

many times a given reaction fires up to a certain time. However, in the context of

CRNs, such a quantity can be easily expressed with an additional species counting how

many times a subset of the transitions fire. Then, instantaneous rewards can be used

to ”read” its value. For instance, in Example 5.1.1, if we want to count the number

of times a mRNA molecule is produced, we can consider an additional species C and

modify the CRN such that:

→0.5 mRNA+ C.

Then, for x̂ ∈ R|Λ|≥0 we have ρ(x) = x̂C , where x̂C is the component of vector x̂ relative

to species C, and NρI(x̂0, X̂N , T ) will give the desired measure at time T for x̂0, the

initial concentration of the species.2.

5.5.1 Extending CSL with Rewards

In order to incorporate rewards in our framework, given a CRN C = (Λ, R) and the

induced CTMC XN , we extend CSL with the following formulae, whose semantics

will depend on the particular reward structure ρ:

R∼r[C
[≤T ]
ρ ] | R∼r[I

=T
ρ ] | R∼r[F

≤T
ρ η]

where η : R|Λ| → {true, false} is a convex predicate over X̂N , T ∈ R≥0, r ∈ R≥0, and

∼∈ {>,<}. For x̂ ∈ R|Λ|≥0, the semantics of such formulae is as follows:

X̂N , x̂ |= R∼r[C
[≤T ]
ρ ] iff ρC(x̂, X̂N , T ) ∼ r

X̂N , x̂ |= R∼r[I
=T
ρ ] iff ρI(x̂, X̂N , T ) ∼ r

2The multiplication of ρI by N is needed to convert from the normalized process back to the
integer population count.
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X̂N , x̂ |= R∼r[F
≤T
ρ η] iff ρreach(x̂,XN , A, T ) ∼ r,

where A = {x̂′ ∈ R|Λ| s.t. η(x̂′)}.

5.5.2 Computing Expectation and Variance Using Reward
Operators

Two of the most common statistics needed when studying stochastic processes are

expectation and variance (or covariance) of some set of variables. Suppose we have

a CTMC XN with values in R|Λ|, and we want to compute expectation and variance

of one of its components XN
i at time t. Then, for x̂ ∈ R|Λ|, we define the following

reward structures on the normalised process:

ρsize(x̂) =

{
x̂i if x̂i < K

K if x̂i ≥ K
ρsize

2

(x̂) =

{
x̂2
i if x̂i < K

K2 if x̂i ≥ K,

where K ∈ R can be any real number, typically an upper bound on the physically

admissible population size. For instance, for biochemical processes, we can choose K

to be of the order of 1080, the estimated number of atoms of the universe. Then, we

have

E[XN
i (t)] = NR=?[I

=t
ρsize

]

ΣXNi (t) = N(R=?[I
=t
ρsize2

]− (R=?[I
=t
ρsize

])2).

Since T is finite and K non-negative, the above equality holds for any CRN whose

species count remains finite at least for a finite time interval. Note that, as rewards

are defined for the normalised process, we need to rescale them back to population

counts to compute variance and average of the non-normalised process.

5.5.3 Computing Rewards through Central Limit Approxi-
mation

Computing reward properties over X̂N is generally not possible because of the state

space explosion problem. As a consequence, we compute such properties using ŶN ,
the CLA of X̂N . We show that the values computed on ŶN converge (weakly) to

those computed on X̂N .

We stress again how working in terms of the normalised processes is not a limi-

tation. For instance, consider the reward for expectation. If we are interested in the

expectation of population counts for a fixed N , we can either define the reward for x̂

in the normalised space as ρ(x) = Nx̂, for N fixed, or rescale the computed reward

as done in the previous section.
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5.5.3.1 Instantaneous Rewards

Given a reward structure ρ, instantaneous rewards can be computed on ŶN as:

ρCLAI (x̂, ŶN , t) = E[ρ(ŶN(t))] ≈
∫
K

ρ(z)N (z|E[ŶN(t)], cov[ŶN(t)]])dz,

whereN (z|E[ŶN(t)], cov[ŶN(t)]]) is the normal distribution with mean and covariance

matrix respectively, E[ŶN(t)], cov[ŶN(t)]] for ŶN(0) = x̂. Furthermore, K ⊆ R|Λ| is

a compact set in which we restrict integration for numerical purposes. The choice

of K is such that the error we commit is bounded by a chosen tolerance level. The

following proposition guarantees that ρCLAI (x̂, ŶN , t) converges to ρI(x̂, X̂N , T ).

Proposition 4. Let T ∈ R≥0, then it holds that:

lim
N→∞

ρI(x̂, X̂N , T ) = lim
N→∞

ρCLAI (x̂, ŶN , t).

Proof. We want to prove that, for fixed T > 0, E[ρ(X̂N)] converges to E[ρ(ŶN(T ))]

as N tends to infinity. Using the triangular inequality, it holds that:

|E[ρ(X̂N(T ))] − E[ρ(ŶN(T ))]| ≤

|E[ρ(X̂N))]− E[ρ(Φ(T ))]| + |E[ρ(Φ(T ))]− E[ρ(ŶN(T ))]|,

where ρ(Φ(T )) is the reward ρ evaluated on the fluid limit Φ(T ), solution of the rate

equations. Invoking the fluid approximation theorem [39], it holds that X̂N(T )⇒N→∞

Φ(T ) (as convergence in probability implies weak convergence). Furthermore, by The-

orem 2

ŶN(T ) =
G(T )√
N

+ Φ(T )⇒N→∞ Φ(T ),

asG is independent ofN and it has a bounded covariance matrix for each T (which im-

plies convergence in probability). Therefore, recalling that ρ is bounded and continu-

ous by assumption, both terms on the right hand side of the triangular inequality con-

verge to zero by virtue of the Portmanteau theorem [31] stating that, for any contin-

uous and bounded functional f on D, the space of R|Λ|−valued Cadlag functions (i.e.

right continuous functions with left limit) [31], it holds that E[f(XN)]→N→∞ E[f(X)]

whenever XN ⇒ X. Thus, we can conclude:

ρI(x̂, X̂N , T )→N→∞ ρCLAI (x̂, ŶN , T ).
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Figure 5.3: NρI(X̂N , T ), T ∈ [0, 100] for reward structure ρmRNA−P .

Example 5.5.1. We consider the CRN introduced in Example 5.1.1. We are inter-

ested in knowing the expectation and variance of mRNA− P over time. This can be

computed using the following reward structures:

ρmRNA−P (x̂) =

{
x̂(mRNA)− x̂(P ) if x̂(mRNA)− x̂(P ) < 1080

1080 otherwise

ρ(mRNA−P )2

(x̂) =

{
(x̂(mRNA)− x̂(P ))2 if (x̂(mRNA)− x̂(P ))2 < 1080

1080 otherwise
.

Then, we have:

E[XN
mRNA(t)−XN

P (t)] = NR=?[I
=t
ρmRNA−P ], t ∈ [0, 100],

Σ(XNmRNA(t)−XNP (t)) = N(R=?[I
=t
ρ(mRNA−P )2 ]− (R=?[I

=t
ρsize])

2), t ∈ [0, 100],

where the rewards are computed on the normalised process X̂N . The resulting expec-

tation and variance is plotted in Figure 5.3. Note that, in this case, the resulting

variance and expectation, as estimated by the CLA, are guaranteed to be exact for

any N . This is because the CRN is linear [85]. It is easy to observe that our al-

gorithms are exponentially faster than the computation of the same measures on the

original CTMC, because of the continuous nature of the CLA.
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5.5.3.2 Cumulative Rewards

Cumulative rewards can also be computed exploiting ŶN , the CLA approximation of

X̂N , as shown in the following proposition

Proposition 5. Let T ∈ R≥0. Then, ρCLAC (x̂, ŶN , T ), the cumulative reward for ŶN

starting from ŶN = x̂, can be computed as follows.

ρCLAC (x̂, ŶN , T ) =

∫ T

0

ρCLAI (x̂, ŶN , s)ds.

Proof. Let ω : R≥0 → R|Λ| be a path of ŶN . Then, we have that

ρCLAC (x̂, ŶN , T ) = E [ρC(ω, T )|ω(0) = x̂] = E
[∫ T

0

ρ(ω(t))dt |ω(0) = x̂

]
.

Now, in order to conclude, we can apply Fubini’s theorem [143], which allows us to

compute a double integral using iterated integrals, thus, switching the order of integra-

tion. A sufficient condition for application of Fubini’s theorem is that E[
∫ T

0
|ρ(ω(t))|dt]

is finite. Owing to boundedness of ρ, there is an M > 0 such that, for all x ∈ R|Λ|,
we have that |ρ(x)| ≤M . Thus, we have,

E
[∫ T

0

|ρ(ω(t))|dt
]
≤ E

[∫ T

0

Mdt

]
= MT,

which is finite as T and M are both finite.

The following proposition, for x̂ ∈ R|Λ|, guarantees that ρCLAC (x̂, ŶN , T ) converges

to ρC(x̂, X̂N , T ).

Proposition 6. Let T ∈ R≥0, then it holds that

lim
N→∞

ρC(x̂, X̂N , T ) = lim
N→∞

ρCLAC (x̂, ŶN , T ).

Proof. For a path ω : R≥0 → R|Λ|, define the following functional RC(T, ω) =∫ T
0
ρ(ω(t))dt, which is defined on D, the space of R|Λ|−valued Cadlag functions (i.e.

right continuous functions with left limit) [31]. ρC(x̂, X̂N , T ) = E[RC(T, ω)], where

the expectation is taken over Ωx̂, the paths of X̂N starting from x̂. As T and ρ are

bounded, for each ω, RC(T, ω) is bounded. It is also continuous, due to the continuity

of ρ. Thus, we can apply same reasoning as in the proof of Proposition 4, applying

Portmanteau theorem to conclude.
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Figure 5.4: We plot NρC(X̂N , T ), T ∈ [0, 500], for reward structure ρmRNA−P .

Example 5.5.2. We consider the CRN introduced in Example 5.1.1. We are inter-

ested in knowing the expected cumulative reward of mRNA−P to understand if during

the time interval there have been, on average, more mRNA or more P molecules in

the system. This can be computed using the reward structure ρmRNA−P introduced in

Example 5.5.1, and the following cumulative reward:

NR=?[C
≤T
ρmRNA−P

], T ∈ [0, 500],

where R=?[C
≤T
ρmRNA−P

] is intended to be computed on X̂N . The resulting expectation

and variance are plotted in Figure 5.4. We stress again how in this case, since the

CRN is linear, the measure estimated by the CLA is exact for any N.

5.5.3.3 Bounded Reachability Rewards

Bounded reachability rewards can be computed efficiently on the CLA under a further

assumption on the reward structure ρ. Specifically, for x̂ ∈ R|Λ|≥0, consider the predi-

cate η(x̂) = Bx̂ ≤ b, b ∈ (R ∪ {∞})m, m > 0. We assume that the reward structure

is defined on the projection of X̂N spanned by the colums of the matrix defining the

η predicate, namely ρ : Rm → R assigns a reward to each state of BX̂N . Consider

the CSL reward property R∼r[F
≤T
ρ η]. That is, R∼r[F

≤T
ρ η] is the bounded reachability

reward until reaching a state in A = {x̂ ∈ R|Λ| s.t.∀i ∈ {1, .., k}, (Bx̂)i ≥ bi} during

the time interval [0, T ]. Such a reward can be computed by exploring the approxi-

mation of the CLA in terms of the DTMC Ẑ∆z,h,N , which is obtained by time and

70



space discretization of the process ẐN = BX̂N . We call ρreach(x̂0, Ẑ∆z,h,N , bT
h
c, A) the

bounded reachability reward computed on Ẑ∆z,h,N for a number of discrete steps bT
h
c,

where h > 0. Then ρreach(x̂0, Ẑ∆z,h,N , bT
h
c, A) can be computed by considering the

modified process Ẑ∆z,h,N where the target states are made absorbing, and modifying

the reward structure ρ to ρ̄ such that ρ̄(x̂) = 0 for all absorbing states. Then, for

x̂0 ∈ R|Λ| and zd,0, the state in the state space if Ẑ∆z,h,N corresponding to the region

containing x̂0, cumulative rewards can be computed with the following algorithm for

n > 0:

ρreach(x̂0, Ẑ∆z,h,N , n, A) =∑
z∈S∆z

ρ̄(z)Prob(Ẑ∆z,h,N(n− 1) = z|Ẑ∆z,h,N(0) = zd,0)h+ ρreach(Ẑ∆z,h,N , x̂0, n− 1, A)

(5.9)

and such that ρreach(Ẑ∆z,h,N , x̂0, 0, A) = 0

Proposition 7. For T ∈ R≥0 and B ∈ Rm×|Λ|×k let A be the set defined as A = {x ∈
R|Λ| s.t.∀i ∈ {1, ..,m}, (Bx)i ≥ bi}. Then, for x̂0 ∈ R|Λ| and zd,0, the state in the

state space of Ẑ∆z,h,N corresponding to the region containing x̂0, it holds that:

lim
N→∞

lim
h→0

lim
∆z→0

|ρreach(x̂0, X̂N , T, A)− ρreach(zd,0, Ẑ∆z,h,N , bT
h
c, A)| = 0.

Proof of Proposition 7 can be found in the Chapter 8. Intuitively, we use Theorem

4 and Theorem 5 to show the convergence of the numerical algorithms in the limit

of h → 0 and ∆z → 0. Then, we use the convergence of the XN to its CLA for

increasing N to conclude.

Example 5.5.3. We consider the CRN introduced in Example 5.1.1. We are inter-

ested in knowing the expected cumulative reward of mRNA − P for all those paths

for which the mRNA does not reach 30 individuals within [0, T ] for T ∈ [0, 50]. We

consider the reward structure ρmRNA−P (x) introduced in Example 5.5.1, and the fol-

lowing cumulative reward ρreach(XN , T,mRNA < 30) = Nρreach(X̂N , T,mRNA <
30
N

), T ∈ [0, 50]. To compute such a reward we explore the CLA approximation of XN .

We consider B1 = [1, 0], B2 = [−1, 1] and B = [B1, B2], where we assume the first

component of XN represents the number of protein molecules in that state. Then, we

consider ẐN , the projection of the CLA of X̂N over B, namely, ẐN = BŶN . At this

point we discretize ẐN with sampling time h > 0 and a grid of cells of size dz > 0,

and compute the above rewards using Eqn (5.9). The solution to Eqn (5.9) is ap-

proximate, and errors are introduced by two factors: firstly, by the usage of the CLA
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Figure 5.5: We plot the bounded reachability reward ρreach(x0, T ), T ∈ [0, 35], for
reward structure ρmRNA−P . We compare the CLA approximation for different values
of h and dz = 0.5 with the same measure estimated on the original CTMC using
10000 simulations.

approximation of XN , and, secondly, by the discretization of the resulting Gaussian

process. Thus, we compare our reward value with the value computed on XN using

10000 simulations for each time point. The resulting values are plotted in Figure 5.5.

To perform a further comparison we employ the following metrics, εrelmax and εrelavg,

defined as follows:

εrelmax = maxT∈Σh

|RewCLAT −RewT )|
|Rew|

, εrelavg =
∑
T∈Σh

|RewCLAT −RewT )|
|Rew|

1

|Σh|

where Σh is the set of sampling points for sampling time h, RewCLAT = ρmRNA−Preach

(Ẑ∆z,h,N , x̂0, bTh c, A) and RewT = ρmRNA−Preach (X̂, x̂0, T, A). The calculated metrics are

summarised in the table below for three different values of h.

h εrelavg εrelmax
5 1.5468 7.96
3 0.196 0.88
1.5 0.041 0.24

It is possible to observe how the two measures converge very fast. In fact, already for

h = 1.5, which corresponds to 25 sampling times, the two measures have an average

relative error of less than 0.041.
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5.6 Experimental Results

We implemented our algorithms in Matlab and evaluated them on two case studies.

All the experiments were run on an Intel Dual Core i7 machine with 8 GB of RAM.

The first case study is a Gene Expression Network as introduced in Example 5.1.1.

We use this example to demonstrate that our approach is more powerful than existing

approximate techniques. Specifically, we show how our CLA approach, based on a

Gaussian process approximation, is able to correctly evaluate properties that methods

based on Fluid Limit Approximation [37] cannot, while still guaranteeing comparable

scalability. The second example is a Phospohorelay Network with 7 species. We use

this example to show the trade-off between the different parameters and the molecular

population. More precisely, we show that the accuracy of our approach increases as

the number of molecules grows, but can still give fast and accurate results when the

molecular population is relatively small. We validate our results by comparing our

method with statistical model checking (SMC) as implemented in PRISM [106]. In

fact, for both examples, exact numerical computation of the reachability probabilities

using uniformisation techniques on the induced CTMC is not feasible because of state

space explosion.

5.6.1 Gene Expression

We consider the following gene expression model, as introduced in Example 5.1.1 with

initial counts of all the species equal to 0. We consider the property P=?(F
[0,T ime]

(mRNA ≥ 175), which quantifies the probability that at least 175 mRNA molecules

are produced during the first Time seconds, for Time ∈ [0, 1000]. This is a particu-

larly difficult property because the trajectory of the mean-field of the model, and so

the expected value of the CLA, does not enter the target region. As a consequence,

approximate approaches introduced in [69] and [41], which are based on the hitting

times of the mean-field model, fail and evaluate the probability as always equal to 0.

Conversely, our approach is able to correctly evaluate such a property. Figure 5.6

compares the value computed by our method with statistical model checking of the

same property as implemented in PRISM over 30000 simulations for each time point

and confidence interval 0.01. In Figure 5.6 we consider h = 1.8 and ∆z = 0.5 and

demonstrate that our approach is able to correctly estimate such a difficult property.

Note that, as the mean-field does not enter the target region, for each time point the

probability to enter the target region depends on a portion of the tail of the Gaussian

given by the CLA. As a consequence, the accuracy of our results strictly depends on
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Figure 5.6: The figure plots P=?(F
[0,T ime] (mRNA ≥ 174) for h = 1.85 and ∆z = 0.5.

The x-axis represents the value of Time and the y-axis the quantitative value of the
formula for that value of Time.

how well the CLA approximates the original CTMC, much more than for properties

where the mean-field enters the target region. In the following table, we evaluate our

results for two different values of h and ∆z = 0.5. In order to compare the accuracy

we consider the following metrics as defined in Example 5.5.3, εrelavg and εrelmax. The

comparison is shown in the table below.

Property Ex. Time h εrelavg εmaxavg

P=?(F
[0,T ime] (mRNA ≥ 174)), Time ∈ [0, 100] 298 sec 1.85 0.0075 0.022

P=?(F
[0,T ime] (mRNA ≥ 174)), Time ∈ [0, 100] 152 sec 5 0.0147 0.13

5.6.2 Phosphorelay Network

We now consider a three-layer phosphorelay network consisting of 7 species given by

the following reactions:

L1 +B →
0.01
N
·L1·B B + L1p; L2 + L1p→

0.01
N
·L2·L1p L1 + L2p;

L3 + L2p→
0.01
N
·L3·L2p L3p+ L2; L3p→0.1·L3p L3;

L2p→0.01·L2p L2; L1p→0.01·L1p L1.

There are 3 layers, (L1, L2, L3), which can be found in phosphorylate form (L1p, L2p, L3p),

and the ligand B. We consider the initial condition x0 ∈ N7 such that x0(L1) =

x0(L2) = x0(L3) = 0.25N , x0(L1p) = x0(L2p) = x0(L3p) = 0 and x0(B) = 0.15N .

In Figure 5.7, we compare the estimates obtained by our approach for two different

74



(a) (b)

Figure 5.7: Comparison of the evaluation of P=?(F
[0,T ime] (L3p > 80)) (a) with N =

400 and P=?(F
[0,T ime] (L3p > 180)) (b) with N = 800 using statistical model checking

as implemented in PRISM and our approach. In both figures we considered h = 0.1,
∆z = 0.5.

initial conditions (N = 400 and N = 800) with statistical model checking as imple-

mented in PRISM [106], with 30000 simulations and confidence interval equal to 0.01.

In both experiments we set ∆z = 0.5.

In Figure 5.7a we can see that, if we increase the time interval of interest, the

error tends to increase. This is because, for N = 400, the CLA and CME do not

have perfect convergence. As a consequence, at every step of the discretized DTMC,

a small error is introduced. This source of error is present until we enter the target

region with probability 1. If we increase N the error disappears, and the inaccuracies

are due to the finiteness of h and ∆z. However, already for h = 0.1 and N = 800, the

CLA produces a fast and reasonably accurate approximation. In the following table

we compare our approach and PRISM evaluations for different values of N and h and

∆z = 0.5
N

in the normalised space, which implies the resulting discrete state process

takes values in Z.

Property Ex. Time h N εrelavg εmaxavg

P=?(F
[0,T ime] (L3p > 80)), Time ∈ [0, 10] 97 sec 0.1 400 0.0088 0.11

P=?(F
[0,T ime] (L3p > 180)), Time ∈ [0, 10] 130 sec 0.1 800 0.0015 0.0217

P=?(F
[0,T ime] (L3p > 80)), Time ∈ [0, 10] 28 sec 0.5 400 0.0381 0.24

P=?(F
[0,T ime] (L3p > 180)), Time ∈ [0, 10] 39 sec 0.5 800 0.0289 0.14

The results show that the best accuracy is obtained for h = 0.1 and N = 800, where

h = 0.1 induces a finer time discretization, whereas the worst are for h = 0.5 and

N = 400. We comment that the numerical solution of the CME using PRISM is

75



not feasible for this model, and our method is several orders of magnitude faster than

statistical model checking with PRISM (30000 simulations for each time point), which

takes several hours for each property.

5.7 Further Related Works on CSL Model Check-

ing

Algorithms for model checking CSL properties for continuous-time Markov chains

have been introduced and then improved with techniques based on uniformization

[16] (essentially a discretisation of the original CTMC), and reward computation

[105]. The analysis typically involves computing the transient probability of the sys-

tem residing in a state at a given time, or, for a model annotated with rewards,

the expected reward that can be obtained. Despite improvements such as symmetry

reduction [88], sliding window [167] and fast adaptive uniformisation [62], their prac-

tical use for chemical reaction networks is severely hindered by state space explosion

[88], which in a CRN grows exponentially with the number of molecules when finite,

and may be infinite, in which case finite projection methods have to be used [123].

As a consequence, approximate but faster algorithms are appealing. The mainstream

solution is to rely on simulations combined with statistical inference to obtain es-

timates [106, 43]. These methods, however, are still computationally expensive. A

recent trend of works explored as an alternative whether estimates could be obtained

by relying on approximations of the stochastic process based on mean-field [37] or

linear noise [41, 40, 52]. However, CSL and reward properties, like those considered

here, are very challenging. In fact, most approaches consider either local properties

of individual molecules [37], or properties obtained by observing the behaviour of

individual molecules and restricting the target region to an absorbing subspace of

the (modified) model [40]. The only approach dealing with more general subsets,

[41], imposes restrictions on the behaviour of the mean-field approximation, whose

trajectory has to enter the reachability region in a finite time. Our approach, as

shown in the case study in Section 5.6.1, does not suffer from this problem. Another

interesting approach has been developed in [145, 121], where model checking of time-

bounded properties for CTMCs is expressed as a Bayesian inference problem, and

approximated model checking algorithms are derived. However, no guarantees on the

convergence of the resulting algorithms are given.
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5.8 Summary

We presented a framework for approximate model checking of a time-bounded frag-

ment of CSL extended with rewards for CTMCs that are induced from chemical

reaction networks. Our approach employs an abstraction based on the Central Limit

Approximation to approximate the CTMC as a Gaussian process. Then, numerical

procedures for model checking CSL formulae on the resulting Gaussian process are

derived. We demonstrate that our approach does not suffer from the state space

explosion problem, thus enabling formal analysis of CTMCs that cannot be anal-

ysed using classical methods based on uniformization and with infinite state space

[62, 167]. Deriving model checking algorithms was challenging because the CLA

yields a continuous-time stochastic process with an uncountable state space. As a

consequence, existing methods that rely on finite state spaces cannot be used directly

and discretizing the uncountable state space induced by the CLA naturally leads to

state space explosion. In order to overcome these issues, we considered reachability

regions defined as polytopes. Using the fact that the CLA is a Gaussian Markov

process, for a given linear combination of the species of a CRN we are able to project

the original, multi-dimensional Gaussian process onto a uni-dimensional stochastic

process. We then derived an abstraction in terms of a time-inhomogeneous DTMC,

whose state space is independent of the number of the species of a CRN, as it is

derived by discretizing linear combinations of the species. This ensures scalability.

On different case studies, we showed that our approach outperforms existing methods

and permits fast and scalable probabilistic analysis of CRNs. The accuracy depends

on parameters controlling space and time discretization, as well as on the accuracy of

the CLA. Using the theory of convergence in distribution we proved the convergence

of our algorithms in the limit of high populations. A viable companion to estimate

the committed error would be error bounds, but we are not aware of any explicit

formulation of them for the convergence of the CLA.

As discussed in Section 2.2.1, one of the limitations of CLA, and thus of the model

checking routines presented in this chapter, is that multi-modal dynamics cannot be

represented. This may be limiting for applications where low number of molecules

are involved. Nevertheless, when small counts are involved, an exact analysis based

on the CTMC may be possible due to the fact that the dimension of the state space

would be under control. Moreover, even in these limiting scenarios, our approach

based on the CLA can still be useful to obtain a fast stochastic characterization of

77



the system, which will then require further validation, for instance via stochastic

simulations.
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Chapter 6

Molecular Filters for Noise
Reduction

In this chapter we study how CRNs propagate and attenuate noise. We are inter-

ested in identifying fundamental and general mechanisms that, at the molecular level,

could reduce noise and in understanding their properties and limitations. This would

provide new insights into how biochemical networks control noise and illuminate why

some reoccurring molecular network modules may have been selected by evolution.

In Section 6.1 we introduce and formalize the concept of a molecular filter, as

a CRN that reduces the noise of a given biochemical signal while still maintaining

certain features of its time evolution, and overview the results of this chapter. In Sec-

tion 6.2 we discuss linear filters (molecular filters composed by at most uni-molecular

reactions), and show their properties and limitations. Then, in Section 6.3 and 6.4

we discuss two non-linear filters, the annihilation module and the annihilation filter,

and show that non-linear dynamics, such as complex formation, are necessary for

efficient noise reduction. Finally, in Section 6.6, we discuss how the proposed filters

are widespread in natural systems, and could give new insights into the mechanisms

of gene expression.

The techniques presented in Chapter 5 are central for the derivation of the results

presented in this chapter. In fact, as illustrated in Figure 6.2, the design of molecular

filters relies on effective tools and automated model checking techniques for model

selection of CRNs with an appropriate set of species and reactions. As a result,

without a usable tool such as VisualGEC [108], which allowed us to compare different

CRNs against complex reward properties in few seconds and while taking into account

their stochastic behaviour, selecting the right morphology for our filters would have

been a much more difficult and time consuming task.
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Notation. In this chapter we always consider mass action kinetics, assume system

size N = 1, and work in terms of molecular numbers. Thus, we consider the following

shortcut when writing reactions: for bi-molecular reactions when we write τ : λ1 +

λ2 →k ..., for λ1 6= λ2, we assume a propensity rate ατ (x) = kxλ1xλ2 , while for λ1 = λ2

we have ατ (x) = k
xλ1

(xλ1
−1)

2
. Similarly, for uni-molecular reactions, for τ : λ →k ...,

we have ατ (x) = kxλ1 . Instead, for τ :→k ..., we have ατ (x) = k.

6.1 Molecular Filters

To model biological networks we focus on the underlying molecular interactions rep-

resented as Chemical Reaction Networks (CRNs). Given a CRN, we assume there

are two species, whose time evolution represents input and output signals. In this

thesis, species A will always represent the input signal/species, while species O the

output. We assume A is a noisy input, with the noise identified by its Fano factor,

FA. Thus, a molecular filter is a CRN with input A and whose output has a reduced

Fano factor compared to A, but still maintains certain features of its time evolution.

In this thesis, we focus on filters that maintain the same long term behaviour of A.

Formally, we define molecular filters as follows

Definition 16. Let C = (Λ, R) and F = (Λ′, R′) be two CRNs such that Λ ∩ Λ′ =

{A}∪Λ′′, where Λ′′ is a possibly empty set of species. Assume {A,O} ⊆ Λ′ and that,

for any τ ∈ R′, υτ,A = 0. That is, A is not changed by reactions in F . Then, F is

called a molecular filter for C ∪ F , if, at steady state, O has a smaller Fano factor

compared to A and they have the same mean. That is,

F∞O < F∞A , E∞O = E∞A . (6.1)

In this chapter, we propose three different molecular filters, shown in Figure 6.1.

First, we consider linear filters (Figure 6.1A), implemented by means of at most

uni-molecular reactions, and we show that, in case of positive correlation between

the elements of the network, they are limited by Poisson levels, that is, the variance

of the output signal is lower bounded by its mean (F∞O ≥ 1). We then show how

the presence of feedback loops may improve the performance of linear filters below

Poisson levels. The limitations in the noise suppression capabilities of linear filters

motivate us to consider non-linear filters. Therefore, we introduce a non-linear filter

mechanism given by the co-expression of two species that then bind together, called

the annihilation module (Figure 6.1B), which we demonstrate is able to reduce the
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noise to below Poisson levels. We then propose the annihilation filter (Figure 6.1C ),

which combines the properties of the linear filter and annihilation module. We show

how the annihilation filter in particular can greatly reduce molecular noise. We ob-

serve that co-expression and non-linear degradation are key requirements for such

noise reduction.

6.2 Linear Filters

We start this section with an illustrative example to show the noise reduction capa-

bilities of linear filters.

Example 6.2.1. Consider an input signal given by the following CRN sketch

→kp A + A; A→kd , (6.2)

where kp, kd are rate variables with values in R≥0. This may model a noisy signal A

from the environment, with production rate kp and degradation rate kd. The expecta-

tion and variance of A at steady state can be derived by solving Eqn (4.3) at steady

state, and we get

E∞A = 2
kp
kd

; V∞A = 3
kp
kd
.

Note that the fact that expectation and variance stops changing does not imply that

a stochastic realization of A will eventually stop changing. We ask if it is possible to

somehow generate a noiseless version of A, that is, a copy of the A signal preserving

the mean but with reduced variance. In order to answer this question, consider the

following CRN, which we call FL

FL : A→k1 A + O O→k1 ,

where k1 is the rate constant. That is, A catalyzes the production of O, which is then

degraded with the same rate. Then, composing F and C, we have

E∞O = 2
kp
kd

; V∞O =
kp(5k1 + 2kd)

kd(k1 + kd)
.

The steady state expectation of O does not depend on the choice of k1: it is always

equal to E∞A . However, V∞O does depends on k1. As a consequence, we ask if there

are values of k1 for which O has less variance than A. This would yield a molecular

filter according to Definition 16. It is easy to show that

If 2k1 < kd then V∞O < V∞A .
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Figure 6.1: Molecular filters (Top row) along with biological examples where such
components can be found (Middle row). We stress that for many of these exam-
ples it has yet to be verified experimentally that those systems behave as our filters.
We simply present them here to facilitate understanding (see Section 6.6). Dashed
arrows represent catalytic production/activation effects and continuous arrows molec-
ular transitions. (A) First-order low-pass filter implemented by means of slow produc-
tion and degradation reactions (linear filter, Eqn (6.3)). These networks are present
both at the translation and transcription level to increase robustness of gene expres-
sion. (B) annihilation module (Eqn (6.10)) given by co-expression of two species
that are then degraded together. These networks arise in microRNA regulated gene
expression. (C ) annihilation filter (Eqn (6.16)) based on the annihilation module.
Such a system may be a suitable model for the c-Myc—E2F1—hsa-miR-20a circuit
with its extension to E2F2 [139] under the assumption that E2F1 activates E2F2,
except for the feed-forward loop between A and C which has no influence on noise
reduction (see Section 6.6). We stress that this assumption needs further experiments
to be confirmed. (D) Biological systems where the filters may play a role in reducing
noise.
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Figure 6.2: Comparison of FL for different values of k1 (k1 = 0.025 and k1 = 0.15)
for an input process A generated by reactions in (6.2) for kp = 30 and kd = 1.
(A) we plot EA(t) and EO(t), t ∈ [0, 200] for different values of k1. (B) We plot
FA(t) − FO(t), t ∈ [0, 200] for two different values of k1. Both rewards are obtained
using the CLA approximation of instantaneous rewards presented in Section 5.5.3.
FL works as a low pass filter: the more delay it introduces in tracking the mean, the
more noise reduction it introduces in the system.

An interesting question is what is the minimum value of V∞O that can be obtained. By

minimizing V∞O with respect to k1 we have

inf
k1∈R≥0

(V∞O ) = 2
kp
kd
,

which is obtained for k1 → 0. This means that the best that we can achieve with FL
is to produce an output species with variance equal to expectation, hence behaving as

a Poisson process [160]. In Section 6.2.2 we will show that this is general for FL, and

holds for all CRNs such that A and O are positively correlated.

We can also derive an analytic solution for the transient evolution of the expecta-

tion of A and O. For A we have that for t ∈ R≥0

EA(t) = 2
kp
kd

(1− expkdt),

while for O

EO(t) = 2
kp

kd(k1 − kd)
(−kd + kdexp

−k1t + k1 − k1 exp−kdt).

As expected, for t → ∞ we have EO(t) = EA(t). Moreover, k1 and kd control how

fast EO(t) tracks EA(t). This shows a trade-off between how fast O keeps tracking A

and the quantity of noise that is filtered out. FL acts as a buffer, which introduces a
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delay to filter the fast dynamics of A. FL is indeed a molecular implementation of

a first-order low-pass filter, that is, a molecular circuit that enables attenuating the

high frequency components of a signal by introducing a delay [146].

To illustrate this point more clearly, we consider the following reward structures

ρA1 (X ) = XA ρO1 (X ) = XO ρA2 = X 2
A ρO2 = X 2

O.

Then, we have

EA(t) = R=?[I
=t
ρA1

] FA(t) =
R=?[I

=t
ρA2

]− (R=?[I
=t
ρA1

])2

R=?[I=t
ρA1

]
,

and similarly for O. In Figure 6.2, by making use of the techniques developed in

Chapter 5, we compute those rewards and compare the action of FL for different

values of k1 over time. We observe that, to obtain a smaller Fano factor in O, a

greater delay is needed.

Despite its simplicity, the performance of FL is limited by Poisson noise. By

using a more complex filter with non-linear dynamics (in the form of bi-molecular

reactions), we can obtain much better performance in term of noise reduction at the

cost of a more complex circuit. For instance, consider CRN FA, given by the following

reactions

FA : A→r1 A + λB + λD λD →r1 λE λB + λE →r2

λB + A→r3 A + O λE + O→r3 ,

where λB, λD, λE are auxiliary species initialized at 0 molecules. FA will be discussed

in detail in Section 6.4. Here, in Figure 6.3, we compare the performance of FL and

FA for k1 = 0.025, r1 = 1, r2 = 10, r3 = 0.0008. This shows that FA can achieve a

much better noise reduction at the price of a more complex structure with non-linear

dynamics.

We define the following CRN, which we call a linear filter and is composed of a

production and a degradation reaction with output species O.

Definition 17. A CRN FL is called linear filter if, for some k1, k2 ∈ R>0, FL is

composed from the following reactions

F : A→k1 A + O O→k2 , (6.3)

84



Figure 6.3: Comparison of the actions of FL and A on CRN C for k1 = 0.025,
r1 = 1, r2 = 10, r3 = 0.0008. Plots compare expected value and variance of A with
species O in F (A) and with species C in A (B). (C and D) Stochastic simulation
plots of A (red) with O (blue) and C (green).

We consider the general scenario, shown in Figure 6.4, where FL is embedded

within an arbitrarily complex, possibly non-linear, reaction network with the only

constraint that the output species O is changed only by the reactions in F . We allow

O to act as a catalyst in arbitrarily many reactions, and A to interact with the larger

network with no constraint. This scenario is very general and includes the case where

A is a function of O with feedback loops.

6.2.1 Classical Frequency Analysis of Linear Filters

The transfer function of FL is obtained by applying the Fourier transform to the mass

action rate equation corresponding to O

dΦO(t)

dt
= k1ΦA(t)− k2ΦO(t),

where ΦA and ΦO are the deterministic signals modeling the time evolution of A and

O. In the frequency domain, we get

iωΦ̂O(ω) = k1Φ̂A(ω)− k2Φ̂O(ω)
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Figure 6.4: The linear filter (Eqn (6.3)) is embedded within an arbitrary reaction
network. A can interact with any other species of the network with no restrictions,
while O production is catalyzed by A, and O may act as a catalyst in arbitrarily
many reactions.

where ω is the angular frequency, and Φ̂O(ω), Φ̂A(ω) are the Fourier transforms of

signals ΦO and ΦA. For k1 = k2, we obtain

Φ̂O(ω)

Φ̂A(ω)
=

1

1 + iω
k1

, (6.4)

Eqn (6.4) is the transfer function of a first-order low-pass filter [154]. This network

attenuates frequencies higher than the cutoff frequency by introducing a delay and

integrating the fast dynamics. From Eqn (6.4) the cutoff frequency is exactly ω̄ = k1.

This means that, the higher the value of k1, the less noise is filtered out, but the

faster O tracks A.

6.2.2 Stochastic analysis

The classical frequency analysis of FL, based on the Fourier transform of the rate

equations, does not take into account the intrinsic noise introduced by the reactions

firing in F : it only considers the extrinsic noise modeled as fast fluctuations of the

input. However, the intrinsic noise cannot be simply neglected, as it may drive the

behavior of biological systems [136]. This is the case in gene expression, where low

molecular counts are often involved, and deterministic modeling is generally unsatis-

factory [120, 69]. Thus, a deterministic analysis, clearily, cannot guarantee a certain

reaction network is a molecular filter. To resolve this, we need to consider the CTMC

induced by FL. In the following theorem we compute expectation and variance of
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O in the general scenario shown in Figure 6.4. That is, Theorem 8 holds indepen-

dently of what happens in the rest of the network and includes the cases where A is

a non-linear function of O with feedback loops.

Theorem 8. Let C = (Λ, R) and FL = (Λ′, R′) be CRNs. Assume A ∈ Λ ∩ Λ′ and

that O is changed only through F . That is, υτ,O = 0 for τ 6= R′. Then, for C ∪ FL it

holds that

E∞O =
k1

k2

E∞A (6.5)

V∞O = E∞O +
k1

k2

Cov[A,O]∞, (6.6)

where Cov[A,O]∞ = E∞A·O−E∞AE∞O is the covariance of A and O at steady state with

E∞A·O expectation of A ·O at steady state.

Proof. The steady state solution of the kth moment of O can be derived solving Eqn

(4.3) at steady state. Thus,

0 = E[
∑
τ∈R

ατ (X )((XO + υτ,O)k −X k
O)]∞ =

E[
∑

τ∈Rs.t. υτ,O 6=0

ατ (X )((XO + υτ,O)k −X k
O)]∞ + E[

∑
τ∈Rs.t. υτ,O=0

ατ (X )(X k
O −X k

O)]∞ =

E[k1XA((XO + 1)k −X k
O)]∞ + E[k2XO((XO − 1)k)−X k

O]∞.

where the notation E[f((X ))]∞ indicates that the expectation is taken for X at steady

state. For k = 1, we obtain exactly Eqn (6.5). The second moment of O at steady

state can be derived for k = 2. Moreover, as E∞O = k1

k2
E∞A , we have

E∞O2 =
k1

k2

E∞A·O + E∞O ,

which leads to the following form for the variance of O at steady state

V∞O = E∞O2 − (E∞O )2 = E∞O +
k1

k2

Cov[A,O]∞ (6.7)

Note that in Theorem 8 we do allow the use of O as a catalyst in arbitrarily many

reactions.

Eqn (6.5) guarantees that the expected value of O always tracks the expectation of

A, no matter which biochemical system is producing A and what happens in the rest
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of the system. Perhaps more interesting is Eqn (6.6), which shows that, for any input

signal, the filtered signal O has variance that is equal to its mean plus the covariance

between A and O. Assuming A and O are non-negatively correlated, then we have

E∞A·O ≥ E∞AE∞O . As a result, in case of non-negative correlation between A and O, for

any k1, k2 ∈ R≥0, the following lower bound holds

FO ≥ 1. (6.8)

A and O being non-negatively correlated is natural since A catalyzes the produc-

tion of O. For instance, this is the case in Example 6.2.1. However, if a negative

feedback loop between O and A is present, this may change the sign of their corre-

lation, potentially leading to noise reduction to below Poisson levels, as shown in the

next subsection.

Example 6.2.2. We consider the following CRN where there is a feedback between

A and O and λL is an auxiliary species.

→1 λL λL →100 λL + A + A; A→0.1

A→0.01 A + O; O→0.01; O + λL →kf O, (6.9)

where kf > 0 is a rate constant. That is, a feedback between A and O is present.

The strength of the feedback can be controlled by changing the rate kf . O can be

thought as a protein that inhibits its expression. The above CRN meets the condition

of validity of Eqns (6.5) and (6.6). Thus, Eqn (6.5) guarantees that for any possible

initial condition and value of kf

E∞A = E∞O ,

while Eqn (6.6) guarantees that F∞O = E∞A + Cov[A,O]∞. Thus, to compute the

Fano factor of O at steady state we need to estimate Cov[A,O]∞. The system is

non-linear. As a consequence, Cov[A,O]∞ cannot be computed exactly, but can be

estimated using the CLA. We obtain

Cov[A,O]∞ =

10
(
− 2.2231415 · 109 + 541202.2407982067√

kf
+ 9.282074699360052 · 1010

√
kf
)

121− 1.9802 · 109kf + 4.84 · 1014k2
f

+
10
(
4.4027 · 1014kf − 8.362894235849215 · 1014k

3
2
f

)
121− 1.9802 · 109kf + 4.84 · 1014k2

f

.

We obtain that, for kf > 0.277368, Cov[A,O]∞ < 0. Thus, F∞O < 1. This shows how

strong feedback can reduce the Fano factor of O to below Poisson levels. However,
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Figure 6.5: For the CRN in Eqn (6.9) we plot a stochastic simulation of O for three
different values of kf and assuming initial condition of all the species are 0. In all the
plots λP is a signal with Poisson noise and such that E∞λP = E∞A . When the feedback
is weak (kf = 0.00277) the Fano factor of O is greater than one. For kf = 0.277 our
analysis predicts a Fano foctor for O of approximately 1. When the the feedback is
strong (kf = 20.277) the Fano factor of O is smaller than 1, but there is also a strong
repression of E∞B .

strong feedback means strong repression of the mean of B and A by Eqn (6.5). To

confirm the mathematical analysis, in Figure 6.5, for different values of kf , we plot

a single stochastic simulation of B compared with a signal with the same mean of B

but affected by Poisson noise.

6.2.3 Higher Order Linear Filters

A possible way to improve first-order filters could be to consider second or higher

order filters. That is, filters with transfer function of the type

c

(iω + a)(iω + b)
.

In fact, these filters are known to guarantee better performance because of their

sharper attenuation of the higher frequencies [154]. Second or higher order filters

(in case non real and non-positive roots) can be implemented as a cascade of linear

filters. For instance, for the CRN given by the following reactions

A→k1 A + λC λC →k1 λC →k2 λC + O O→k2 ,

in the Fourier domain we have

Φ̂O(iω)

Φ̂A(iω)
=

k1 · k2

(iω + k1)(iω + k2)
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However, a frequency characterization of such systems does not take into account

the intrinsic noise introduced by the filter itself. As a result, each linear filter in the

cascade is still limited by Poisson noise (Theorem 8). Therefore, higher-order filters,

if linear, do not improve the performance of first-order filters.

An example of such a mechanism can be found in multi-step models of gene ex-

pression [131], where protein expression is a sequence of linear reactions, thus limited

by Eqn (6.6). Another example can be observed in signaling cascades, such as the

mitogen-activated protein kinase (MAPK) cascade [147], where non-linear filtering

mechanisms are necessary in order to reduce stochastic fluctuations of a downstream

process below Poisson levels [159].

6.3 Annihilation Module

The noise filtering capability of linear filters can be improved by using higher-order

reactions. The simplest second-order reaction is complex formation. We show how

complex formation of two molecules that are positively correlated in their expression

can indeed work as an efficient molecular filter. The following CRN, which we call

annihilation module (Figure 6.1B), is based on binding and degradation of two par-

allel synthesized molecules. Thus, the annhilation module, FM , is composed of the

following reactions

FM : A→r1 A + O + λC ; O + λC →r2 , (6.10)

where λC is an auxiliary species. In this module, O and λC are co-expressed and then

they inhibit each other. To study how the annihilation module behaves with respect

to intrinsic and extrinsic noise, we consider a general birth-death process A affected

by Poisson noise. That is, A is generated and removed by the following CRN, which

we call A and composed by the following two reactions for kp, kd ∈ R≥0

→kp A; A→kd .

Thus, we have EA(t) = VA(t), t ∈ R≥0. Since FM is non-linear, a general and exact

analysis, as in the linear case, cannot be performed, as the moment equations cannot

be solved. Consequently, in the following theorem we make use of the CLA and derive

analytic solution for the expectation and Fano factor of O at steady state for such an

input process.

90



Theorem 9. Let C = FM ∪A be the CRN union of CRNs FM and A. Then, it holds

that

E∞O =

√
r1E∞A
r2

(6.11)

F∞O =
2r

3/2
1

√
r2kpkd + 4r1r2kp − r1k

2
d − k3

d

8r1r2kp − 2k3
d

. (6.12)

Proof. Solving Eqn (4.6) we obtain the following relation for the expectation

r1E∞A = r2E∞OE∞λC . (6.13)

In order to obtain a finite number of solutions we introduce the following additional

constraint, which holds assuming O and λC start from the same initial condition

E∞O = E∞λC .

Solving these togheter we obtain (6.11). For the variance, solving Eqn (4.7) at steady

state, we obtain the following equations

− E∞OCov[A, λC ]∞r2 − E∞λCCov[A,O]∞r2 + V∞A r1 − Cov[A,O]∞kP = 0

− E∞OCov[A, λC ]∞r2 − E∞λCCov[A,O]∞r2 + V∞A r1 − Cov[A, λC ]∞kP = 0

E∞A r1 + E∞OE∞λCr2 − E∞OV∞O r2 − E∞OV [C]∞r2−

E∞λCV
∞
O r2 − E∞λCCov[O, λC ]∞r2 + Cov[A,O]∞r1 + Cov[A, λC ]∞r1 = 0

E∞A r1 + E∞OE∞λCr2 − 2E∞OCov[O, λC ]∞r2 − 2E∞λCV
∞
O r2 + 2Cov[A,O]∞r1 = 0

E∞A r1 + E∞OE∞λCr2 − 2E∞OV∞λCr2 − 2E∞λCCov[O, λC ]∞r2 + 2Cov[A, λC ]∞r1 = 0

In order to derive a system of ODEs with a finite number of solutions we need to

introduce an additional constraint, which will depend on the initial conditions. Since

initially all the variances and covariances are 0 (we start from a known initial condi-

tion), from Eqn (4.7) we can add the following constraint

2V∞O = Cov[O, λC ]∞ + E∞λC .

Solving the resulting system of equations, we obtain (6.12).

Corollary 9.1. Assume r1 = rγ and r2 = r, with r, γ ∈ R>0, then it holds that

lim
r→0

F∞O =
1

2
, (6.14)

lim
r→∞

F∞O =
2 + n

4
, (6.15)

where n =
E∞O
E∞A

.
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Figure 6.6: Comparison of the PSD of the input signal A affected by Poisson noise for
different implementations of the annihilation filter, varying the parameter rates, and
for E∞A = E∞O . The power spectrum is estimated using the Blackman-Tukey Spectral
Estimate algorithm with frequency deep resolution, as implemented in Matlab, over
300000 data points with sampling time of 0.1 seconds. In all the different cases, the
annihilation module attenuates the low frequency components of the input signal,
while it can amplify the high frequency if the rates are faster than those of the input
signal.

Corollary 9.1 guarantees that in the limit of an arbitrarily long delay introduced

F∞O converges to 1
2
, halving Poisson values. Perhaps, Eqn (6.15) may appear more

surprising. It guarantees that for n = 1, that is, E∞O = E∞A (perfect tracking of the

mean), the Fano factor is always smaller than 1 for arbitrarily large values of r1 and r2.

Thus, FM can act as a molecular filter and reduce the noise even without introducing

a delay in its buffering action. This can be justified because this architecture, where

O and λC are co-expressed, enables attenuation of the low-frequency components

of the input signal. Therefore, we obtain noise reduction even if the high-frequency

components are not necessarily attenuated (Figure 6.6), where we compare the Power

Spectral Density (PSD) of A with that of O of the annihilation filter, for different

rate parameters. The relationship between the PSD and the Fano factor of a signal

is explained in Section 3.2. We select r1, r2 such that E∞O = E∞A . For any choice of r1

we have that O attenuates the low frequency components of the input signal. This

causes a reduction of the Fano factor independently of the value of r1. However, if r1

is large, the high frequency components tend to be more amplified, while for r1 small

enough these are attenuated. This explains why noise attenuation is greater for small

rates. Therefore, the annihilation module reduces the noise by attenuating the low

frequency components of a signals, and, if its dynamics are slow enough, it reduces

the noise further by integrating the fast dynamics.

We note that, in the annihilation module, the steady-state value of the output
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signal is proportional not to the steady-state value of the input signal, but to its

square root (Eqn (6.11)). This may be beneficial in molecular networks, where it

may help maintain regulatory stability under changes in initial conditions. However,

this mechanism would not be appropriate in cases where the long-term evolution of

the upstream component should be followed, because changes to the input would not

be followed proportionally (Figure 6.7B).

6.4 Annihilation Filter

We propose a general architecture, called the annihilation filter, which is based on

the annihilation module but also guarantees E∞O = sE∞A for a given constant s ≥ 0,

independently of E∞A (in what follows, without any loss of generality, we assume

s = 1). We show how the annihilation filter can asymptotically reduce molecular

noise to zero, that is, for appropriate limiting values for the rates, the Fano factor of

the output converges to zero (Eqn (6.22)).

Our annihilation filter, FA, is illustrated in Figure 6.7C. FA is composed of the

following reactions

A→r1 A + λB + λD λD →r1 λE λB + λE →r2

λB + A→r3 A + O λE + O→r3 (6.16)

A is the input species and O is the output filtered species. The first three reactions

are similar to the annihilation module, but with an additional delay introduced by

the reaction λD →r1 E. Eqn (6.5) guarantees that λD is a copy of A, and the number

of times that λD molecules have been produced or destroyed is stored respectively in

λB and λE. As the role of these reactions is to act as a sensor, high values of r1 are

more informative than small ones. If r2 is large enough, the count of O is modified

not any time a λB or λE molecule is produced, but just by their difference. The fourth

and fifth reactions increase or decrease O. The rate r3 controls the delay introduced

by the filter, and thus also the noise reduction.

Since the system is non-linear, to study the noise reduction capabilities of the

annihilation filter we make use of the CLA. We assume A is a general input process,

with extrinsic noise modeled by a Poisson process. That is, A is generated by the

CRN S, which is composed by the following reactions

→kp A; A→kd .

Thus, we have EA(t) = VA(t), t ∈ R≥0. Using the CLA equations we can derive the

following theorem.
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Figure 6.7: Comparison of the actions of FL (linear filter, CRN (6.3)), FM (annihi-
lation module, Eqn (6.10)), and FA (annihilation filter, Eqn (6.16)) on noisy input
A generated by reactions →kp A + A; A →kd . (Top row). (Middle row) Plots
of expectation and standard deviation of the respective species until time 1200, as
estimated by the CLA. (Bottom row) Plots of the effect of each filter obtained from
a single stochastic simulation until time 4000. (A)The linear filter (Eqn (6.3)), for
k1 = 0.0064, k2 = 0.0064, introduces a delay to buffer stochastic fluctuations and
reduce the noise, but only to Poisson levels. (B) For r1 = 0.005, r2 = 0.00005, the
annihilation module (Eqn (6.10)) improves noise reduction performance but cannot
proportionally follow changes in the input. In fact, Eqn (6.11) predicts that the ex-
pectation of the output of the annihilation module changes with the square root of
input. Thus, changes on the average value of the input are attenuated in the output.
(C) For r1 = 100, r2 = 1000, r3 = 0.000055, the annihilation filter (Eqn (6.16)) not
only improves the noise reduction capabilities compared to the other modules, but
also proportionally follows changes in the input.
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Theorem 10. Let C = FA ∪ A be the CRN union of CRNs FA and A. Assume

EλB(0) = EλE(0). Then, it holds that

E∞A = E∞O .

Moreover, assume r2 = γ
r
, r3 = r, where γ, r are constants. Then,

lim
r→0

F∞O =
kp

kp + r1

.

Proof. Using the CLA equations for the mean (Eqn (4.6)) we obtain the following

ODEs

dEλD(t)

dt
= r1EA(t)− r1EλD(t)

dEλB(t)

dt
= r1EA(t)− r2EλB(t)EλE(t)− r3EλB(t)EA(t)

dEλE(t)

dt
= r1EλD(t)− r2EλB(t)EλE(t)− r3EλE(t)ΦC(t)

dEO(t)

dt
= r3EλB(t)EA(t)− r3EλE(t)EO(t).

From these equations we can derive the following relations at steady state

E∞A = E∞λD (6.17)

E∞O = E∞λD
E∞λB
E∞λE

(6.18)

0 = r1E∞λD − r2E∞λBE
∞
λE
− r3E∞λEE

∞
O . (6.19)

It is easy to see that we have an infinite number of possible solutions depending on

the initial conditions. By integrating the differential equations for EλB(t) and EλE(t),

we get

EλB(t)− EλE(t) =(EλB(0)− EλE(0)) +

∫ t

0

r1EA(s)− r1EλD(s)ds−∫ t

0

r3EλB(s)EA(s)− r3EλE(t)EO(s)ds,

which, assuming EλB(0) = EλE(0), leads to the following relation

EλB(t)− EλE(t) = EλB(0)− EλE(0) + EλD(t)− EO.(t) (6.20)

By solving Eqn (6.20), Eqn (6.17), Eqn (6.18), and Eqn (6.19) at steady state for

E[B(0)]− E[E(0)] = 0, we obtain that E∞λD = E∞O = E∞A .
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Now, from the moment equations (Eqn (4.3)), we get the following exact expres-

sion for EO(t),

dEO(t)

dt
= r3E[XλB(t)XA(t)]− r3E[XλE(t)XO(t)]],

where E[XλB(t)XA(t)] and E[XλE(t)XO(t)]] are the expectation of the components of

X (t) relative to respectively species λB and A and λE and O. The above relation, at

steady state, for EλD(0) = EO(0) = EλB(0) = EλE(0) = 0, togheter with Eqn (6.18),

leads to

Cov[B,A]∞ = Cov[E,C]∞. (6.21)

Solving (6.21) with Equations (4.7) for CRN FA, we can derive a closed form for the

Fano factor of O at steady state. However, the resulting expression is too complex

to be directly useful. Nevertheless, we can assume r2 = T
r
, r3 = r, where T, r are

constants. Then, for r → 0, we obtain

lim
r→0

FO =
kp

kp + r1

.

Corollary 10.1. Under the assumptions of Theorem 10 it holds that

lim
r1→∞

(lim
r→0

F∞O ) = 0. (6.22)

Thus, Theorem 10 guarantees that, under appropriate scaling of the rate con-

stants, FA can always work as a molecular filter. Moreover, increasing r1, and for

r2 large compared to r3, the noise can be made arbitrarily small, showing how this

architecture has ideal noise reduction capabilities: independently of the intrinsic noise

introduced the total noise can be made arbitrarily close to 0.

Note that in the CRN (6.16) it is assumed that some reactions have same rates.

This assumption allows us to obtain simpler analytic results. In order to show that

the above analysis remains valid also in the more general scenario where the reactions

have different rates, we consider the following CRN, F ′A, modifying FA

A→r1,1 A + λB + λD λD →r1,2 λE λB + λE →r2

λB + A→r3,1 A + O λE + O→r3,2 (6.23)

In Figure 6.8 we compute F∞O and E∞O for different values of r1,1, r1,2 and r3,1, r3,2.

It is easy to observe that Eqn (6.22) is confirmed: if r1,1, r1,2 are big enough compared
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Figure 6.8: For the CRN (6.23), the figure shows how the Fano factor of O,F∞O , and
the mean value of C at steady state, E∞O depends on r1,1, r1,2 and r3,1, r3,2. For all
figures we consider an input species A such that E∞A = 100 and A affected by Poisson
noise. It is possible to observe that, as predicted by the theoretical analysis, F∞O
tends to decrease either when both r1,1, r1,2 increase or when both r3,1, r3,2 decrease.
Interestingly, note that F∞O tends to be smaller when there is a strong suppression
of the mean. Thus, when a low number of molecules is involved, the noise has more
influence on the behaviour of the system. (A,C) We plot F∞O and E∞O for r1,1 = r1,2 =
10 and r2 = 100. The non-linearity of the reactions involved is such that F∞O and
E∞O are robust with respect to parameters variation. (B,D) We plot F∞O and E∞O for
r3,1 = r3,2 = 0.001 and r2 = 100. In this case, E∞O changes linearly with the rates. FC
tends to increase when there is a strong amplification of E∞O .
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Figure 6.9: (A) Annihilation filter for an input process A affected by Poisson noise.
(B) Generalization of the annihilation filter where co-expression of molecules requires
more intermediate steps. Reaction rates are chosen such E∞A = E∞O . We can observe
that the Fano factor of the output remains constant for both networks.

to r3,1, r3,2 the Fano factor will decrease converging to a value of 0. Nevertheless, if

r1,1 6= r1,2 or r3,1 6= r3,2, the noise will still be reduced, but this will affect E∞O , which

may be different from E∞A .

The first two reactions of the annihilation filter (Eqn (6.16)) can be thought as a

model for co-expression of molecules λB and λE at different rates. Such a model of co-

expression can be generalized, having λB and λE co-expressed, and then interacting

after a pathway of linear reactions. For instance, this is the case of mRNA and

microRNA that, when co-expressed, undergo a series of maturation steps before of

interacting [131, 24]. In Figure 6.9 we show that these auxiliary reactions do not

influence the noise reduction capabilities of the annihilation filter.

6.5 Numerical Analysis

While the mathematical analysis performed on linear filters is exact and general, for

the annihilation module and annihilation filter, since they are non-linear, our claims
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are based on the CLA and for birth-death input processes. Thus, we need to support

our results about the noise suppression capabilities of such networks with stochastic

simulations for different classes of input. In order to do that, in Figure 6.7, we

consider a step-like perturbation, and in Figure 6.10 we consider oscillatory inputs.

In both cases, the annihilation filter outperforms the other filters: for the same delay

introduced it suppresses more noise at the high frequencies while still maintaining

similar long-term behaviour. Instead, the annihilation module does not follow the long

term behaviour of the input proportionally (it works as a high-pass filter). In Figure

6.10, the Fano factor of A is due to two components: phase and amplitude of the

oscillations, which may change at any oscillation period, and the fast fluctuations that

corrupt the oscillatory behaviour. In this case, the goal of the filtering process should

be to produce an output process with the same oscillatory behaviour of A, but with

reduced fast fluctuations. Therefore, the annihilation module cannot perform well for

such a goal. In fact, we showed that the annihilation module reduces the low frequency

components of the spectrum of A. This implies that the output of the annihilation

module will have attenuated oscillations compared to A. The annihilation filter,

instead, correctly reduces the fast fluctuations while still maintaining similar profile

to the oscillations and not introducing any other noise, as it happens for the linear

filter.

To further confirm the mathematical analysis, using stochastic simulations we

compare the power spectral density (PSD) (see Section 3.2) of the input species

affected by Poisson noise with the PSD of the output species of the annihilation filter

(Eqn(6.16)), and of the linear filter (Eqn(6.3)), both for the same input (see Figure

6.11A). We can see that both filters are indeed low-pass filters in the sense that

they attenuate the high frequencies. However, although they behave similarly at the

high-frequencies, the linear filter is less robust to intrinsic noise, and such intrinsic

noise amplifies the low frequencies, resulting in noise reduction being lower bounded

by Poisson dynamics. That is, the reactions of the linear filter introduce slow and

medium time variations of the output leading to an amplification of the low frequency

components of its spectrum. The annihilation filter enables a much better reduction

of the intrinsic noise, leading to a smaller amplification of the low frequencies. The

connection between the noise of a process and its PSD is explained in detail in the

Section 3.2.

In Figure 6.11B, we consider again input species A affected by Poisson noise,

and, on this input, we compare the action of the annihilation filter (Eqn (6.16)),

annihilation module (Eqn (6.10)), and linear filter (Eqn (6.3)). In order to reduce the
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Figure 6.10: Comparison of linear filter for k1 = 0.0064, k2 = 0.0064 (A), annihilation
module for r1 = 0.005, r2 = 0.00005 (B), and annihilation filter for r1 = 100, r2 =
1000, r3 = 0.000055 (C) for an oscillatory input A. In the second row we plot the
expectation and standard deviation of input and output of each filter according to
the CLA. In the third row we show a stochastic simulation of input and output of
each filter.
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number of free variables in the system, we constrain the output of the filters to have

the same mean as A. Then, we plot the Fano factor as a function of the remaining free

rate parameters. As expected, our key observations are that the annihilation module

is the only mechanism that guarantees noise reduction for any value of the parameter

rate, confirming the theoretical result of Eqn (6.12) that it is able to reduce the noise

even without introducing a delay in its buffering action. Also, for an arbitrarily long

delay, the annihilation filter converges to a Fano factor of 0, showing the ability of

this network to remove all the noise (variance tends to 0 when delay tends to infinity).

On the other hand, the linear filter converges to a Fano factor of 1, corresponding to

Poisson levels, thus confirming Eqn (6.8).

6.6 Molecular filters are widespread in gene ex-

pression

To motivate the study of molecular filters, we show how these are widespread in gene

expression and have a role in increasing the robustness of the system.

6.6.1 Gene and protein expression can work as linear filters

Gene expression is often modeled as a two or three-stage process, where mRNA is

transcribed from a transcription factor TF, and the protein P is translated from the

mRNA [148]

TF →km TF +mRNA; mRNA→dm ;

mRNA→kP mRNA+ P ; P →dP ;

Under this modeling assumption, the linear filtering mechanism (CRN (6.3)) may be

present both at the transcription (top two reactions) and translation level (bottom

two reactions) to buffer noise and increase robustness by slowing down transcription

or translation. At the transcription level, inefficient transcription that follows fast

promoter activation is a mechanism that has been widely observed to buffer fluctua-

tions in the mRNA time evolution [137]. At the translation level, the linear filtering

mechanism reduces the noise in protein expression, as supported by experimental

evidence on B. subtilis and S. cerevisiae [129, 32]. Eqn (6.6) guarantees that, inde-

pendently of the presence of arbitrarily many feed-forward or feedback loops between

P and transcription factor or mRNA, we have

V∞P = E∞P +
kP
dP
Cov[mRNA,P]∞. (6.24)
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Figure 6.11: (A) Power Spectral Density (PSD) of input affected by Poisson noise
(green), compared with the output of the linear filter (Eqn (6.3)) applied on such
input (blue), and of the annihilation filter (Eqn (6.16)) (red). For the linear filter we
fix the following parameters k1 = k2 = 0.008, while for the annihilation filter we have
r1 = 1, r2 = 10, r3 = 0.00008. Poisson input is generated by the following reactions:
→100 Input; Input→1. The power spectrum is estimated using the Blackman-Tukey
Spectral Estimate algorithm with frequency deep resolution [156], as implemented
in Matlab, over 300000 data points with sampling time of 0.1 seconds. For each
system, we plot the 99% confidence interval (CI). (B) Fano factor of annihilation
module (blue), annihilation filter (yellow), and linear filter (red) for an input affected
by Poisson noise (dotted line). Outputs of the filters are constrained to have the
same expectation as the input species at steady state. Plots are of the function of
the remaining free rate parameters. Fano factor is estimated by means of the CLA.
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Thus, if mRNA and protein are positively correlated, then the stochastic fluctuations

in protein expression cannot be reduced below Poisson levels, and this limit is ap-

proached for slow translation. Hence, Eqn (6.24) may explain why in yeast and E.

coli the translation rates tend to be slower than the transcription rates [71, 137], and

also suggests that mechanisms to induce a negative correlation between protein and

mRNA may have been selected to enhance robustness. This is the case for negative

feedback, which may thus enable noise reduction below Poisson levels, as again con-

firmed by experimental evidence [28]. We note that a more realistic model of gene

expression requires representation of transcription and translation as multi-step pro-

cesses. However, since such processes can still be modeled as a sequence of first-order

reactions [131], our analysis and the linear filter mechanism still applies.

6.6.2 MicroRNAs can serve as annihilation filters

Slow translation/transcription is a very simple mechanism of noise reduction. Since

gene expression involves low molecular counts and highly stochastic signals, different

(and more complex) network architectures may have been selected to deal with sce-

narios where greater noise reduction is needed [94]. A simple example can be found

in microRNA-regulated post-transcriptional regulation. MicroRNAs (miRNAs) are

short RNAs that are widely conserved in biological networks [25]. In animals, it is

common that miRNAs and their target mRNAs are co-expressed or positively corre-

lated in their expression [139, 66, 133]. For example, c-myc induces the expression

of the microRNAs miR-17-5p and miR-20a together with their target E2F1 [128].

Furthermore, the system where miRNAs repress gene expression by binding with the

target mRNAs, and either inhibiting translation of mRNA or promoting mRNA decay

[6, 102], leads to a pattern that can be modelled with the annihilation module (Figure

6.1B). Although it is well accepted that microRNAs confer robustness on gene ex-

pression [66, 144, 98], it is still not clear what aspects of their inhibitory mechanisms

are used to gain efficient noise reduction [20], and previous analysis has focused on

microRNAs that are not co-expressed with the target proteins [144].. One hypoth-

esis is that co-expression of microRNAs with their targets has a role in increasing

robustness of gene expression [94]. This is also supported by experimental evidence

[157]. Our mathematical analysis confirms such a hypothesis, and shows that corre-

lated expression of microRNAs and mRNA, followed by translational repression of

the mRNA when bound to the microRNA, may lead to noise reduction below Pois-

son levels. This result suggests that microRNA regulation may have been selected

to post-regulate highly noisy genes. One specific example of such a pattern can be
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Figure 6.12: The network controlling sensory organ precursor (SOP) fate [113]. miR-7
participates in an annhilation module highlighted in black. The annhilation module
is also interconnected with a double-negative feedback loop between Ato and E(spl),
with miR-7 as an effector of Ato, and E(spl) directly inhibiting Ato.

found in the Drosophila eye, where miR-7 and its target protein are co-expressed,

and experimental studies have suggested the role of miR-7 in buffering fluctuations

[113, 133]. A particular network involving miR-7 and verified experimentally in

[113] is shown in Figure 6.12. This network is responsible for sensory organ precursor

(SOP) fate. An annihilation module between Ato, miR-7, and E(slp) genes may have

a role in increasing robustness. We stress that it has yet to be verified experimentally

that miR-7 works as an annihilation filter, especially due to the lack of experiments

concerning the joint degradation of micro-RNA and mRNA in different organisms

[15].

We have also found that the annihilation filter (Eqn (6.16)) may be a suitable

model for the c-Myc/E2F1/hsa-miR-20a circuit, with its extension to E2F2 in the

case when E2F1 activates E2F2 [139, 128] (Figure 6.1C ). This may suggest that

miR-20a, by repressing both E2F1 and E2F2, confers greater robustness on E2F2

expression. We note, however, that there is no experimental evidence yet for whether

E2F1 activates or represses E2F2. Note that the annihilation filter link between A

(c-Myc) and C (E2F2) is not present here: its role is to regulate the mean of the

output, but it has no influence on noise reduction.
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6.7 Related Molecular Motifs

Noise reduction has been studied extensively in electronics [146] and certain noise

filtering principles have been successfully applied to molecular systems [141, 45, 169].

For instance, negative feedback and feed-forward loops have been shown to reduce

noise [117, 28], and fundamental limits for noise suppression of feedback loops have

been derived using techniques from control and information theory [112].

Specific models of linear filters have already been studied in the context of closed

models of gene expression [158, 124]. FL, the linear filter, generalizes such a networks

taking also into account the more general and common case where the dynamics of

the other components of the networks are left unspecified, and possibly involving

non-linearity and feedback loops. Thus, our analysis, while being exact and based on

the CME, derives bounds that hold for the rest of the network left unspecified.

The fact that linear filters are limited by Poisson noise (Eqn (6.8)) has already

been observed and studied in the context of specific closed models of gene expression

for which mRNA and protein are positively correlated [131, 158, 124]. However, in

the more general scenario we consider, we can observe that Eqn (6.8) holds only

in the case of non-negative correlation of the species, meaning that a simple birth-

death process of a downstream component cannot reduce the noise of an input signal

below Poisson levels. Thus, our analysis gives a further explanation of why negative

feedback regulation in gene expression is a widely selected mechanism to reduce noise

and increase robustness. Such evidence has been confirmed by experiments [28].

The annihilation module is closely related to the incoherent Feed Forward Loop

motif (iFFL) [117], where two species are co-expressed and one inhibits the other.

However, it is possible to show that an iFFL with mass action kinetics cannot reduce

the noise below Poisson levels [52], hence, showing how the non-linear degradation of

the species is essential for efficient noise reduction.

The annihilation module and the annihilation filter (see next section) are also

related to the antithetical integral feedback motif [45]. The main similarity lies in the

fact that all these modules have an annihilation reaction, thus suggesting a key role

for such a reaction in dealing with noisy dynamics. However, we stress here how the

mechanisms differ: a key requirement of both our filters for efficient noise reduction

is the co-expression of the molecules that will participate in the annihilation reaction.

This requirement cannot be implemented in the antithetical integral feedback schema.

Moreover, the antithetical integral feedback motif is known to increase the noise of

the controlled network [46]. In fact, we argue that one of the reasons why in the
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Figure 6.13: We consider two networks with the same rate equations that differ only
in how λB and λD are expressed. For both figures we plot a stochastic simulation of
an input signal A affected by Poisson noise with the output of the filter. (A) considers
the annihilation filter (Eqn (6.16)). (B) considers a network that is identical to the
one in Figure A, except for the fact that λB and λD are not co-expressed.

antithetical integral feedback the noise increases is that the species that undergo an

annihilation reaction are not co-expressed. In order to illustrate this point, in Figure

6.13, we compare two networks: one is the annihilation filter, the other is identical to

the annihilation filter except for the fact that B and D are not co-expressed, but only

positively correlated in their expression. The two networks, deterministically, behave

identically (they have same rate equations). However, interestingly, the stochastic

behavior is completely different, thus demonstrating the importance of co-expression.

6.8 Summary

In this chapter we formalized the notion of molecular filters, that is, CRNs that are

able to reduce the noise of a molecular signal while still maintaining certain features
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of its time evolution. We introduced three different molecular filters and derived their

properties and limitations. To motivate the study of molecular filters, we related the

introduced filters to biological mechanisms, and show how these can give new insights

about the fundamental principles about how natural systems perform their functions.

We show, for example, that gene expression with slow translation/transcription can

reduce noise, but only down to Poisson levels (Eqn (6.24)), even when considering

linear multiple-step models [131]. In contrast, the annihilation module (Eqn (6.10)),

which relies on co-expression and joint degradation, can drive the noise below Pois-

son levels. Such mechanisms can be seen in microRNA regulated systems, where a

key requirement for effective noise reduction is the co-expression of mRNA with its

microRNAs.
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Chapter 7

Conclusions

In this thesis we focused on noise in biochemical systems. In order to enable au-

tomated probabilistic analysis of stochastic CRNs we presented a framework for ap-

proximate model checking of a time-bounded fragment of CSL extended with rewards.

Our approach employed an abstraction based on the CLA to approximate the CTMC

induced by a CRN as a Gaussian process. Then, numerical procedures for model

checking CSL formulae on the resulting Gaussian process were derived. We demon-

strated that our approach does not suffer from the state space explosion problem.

Thus, it enables formal analysis of CTMCs that cannot be analyzed using classical

methods based on uniformization and with infinite state space [62, 167]. The devel-

oped techniques can then be used to reverse engineer biochemical systems and study

how natural systems deal with noise. While biological systems deal with noise in a va-

riety of ways, in this thesis we focused on scenarios where noise should be controlled.

We introduced the concept of molecular filter, and studied three different molecular

filters, which we showed are used to reduce the noise at the molecular level. To derive

our results we employed mathematical analysis and model checking algorithms based

on the CLA. It remains an interesting endeavor to similarly discover and analyze

the basic principles that allow biological systems to exploit noise functionally and

use it to their benefit [67]. We believe that a systematic analysis of noise reduction

in molecular systems, together with evidence of widespread noise reduction capabili-

ties in biological systems, such as in gene expression, are fundamental to obtain new

insights into the structure and evolutionary origin of noise reduction mechanisms.

7.1 Future Work

Several directions for future research arise from the results of this thesis. In this

section, we highlight some directions of particular relevance.
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Gaussian Processes Model Checking. The techniques developed in Chapter 5

are general and can be employed to perform formal analysis of Gaussian processes

and Gaussian Random Fields (GRFs) [3]. As future work we target computation of

probabilistic safety (the probability that the output of the system changes less than a

given threshold for small variations of the input) for these processes. Such a property

can be computed locally, without the need to rely on numerical approaches, and could

be used to guarantee the safety of those applications where Gaussian processes are

widely employed, such as cyber-physical systems and machine learning [138].

Spatial Molecular Filters. In both unicellular and multicellular organisms the

well-mixed assumption often does not hold. Thus, there is a need to explicitly

model the space location of the molecules in the system, taking also into account

how molecules may diffuse in different locations. A mathematical model that takes

into account all of these components may have a very different behaviour compared

to one where space is not considered. For instance, spatial patterns can form and it

has been shown that a diffusion component between cells can greatly influence the

noise at the single cell level [153]. The underlying principles of how noise is controlled

are still unknown. To fill this gap, we plan to develop a theory for molecular filters

including also a spatial component in the mathematical model underlying a CRN.

The resulting filters would represent a natural extension of the results in Chapter 6.

Experimental Evaluation. We plan to implement the molecular circuits derived

in Chapter 6 in synthetic circuits or living cells. In particular, the biological analysis

performed in Chapter 6 suggests that microRNA can work as an annihilation module

and filter, and can further infer robustness to gene expression in case of co-expression

with its target gene and joint degradation. To validate this hypothesis we plan to col-

laborate with experimental biologists to perform experiments in synthetic organisms

and in living cells.

109



Chapter 8

Proofs

8.1 Proofs of Chapter 5

Theorem 6 Let C = (Λ, R) be a CRN with induced CTMC X̂N and Ẑ∆z,h,N be the

DTMC obtained by space and time discretization of BŶN . Assume X̂N(0) = x̂0 and

the corresponding initial state for Ẑ∆z,h,N is zd,0. Then, for t1, t2 ∈ R≥0,B ∈ Rm×|Λ|

and b ∈ Rm, and A = {x ∈ R|Λ|≥0 s.t.∀i ∈ {1, ...,m}(Bx)i ≤ bi}, it holds that:

lim
N→∞

lim
h→0

lim
∆z→0

|PA
reach(x̂0, t1, t2)−P∆z,h,A

reach (zd,0, t1, t2)| = 0.

Proof. Without any loss of generality, we assume t1 = 0, t2 = T . Call

P h,A
reach(x̂0, 0, T ) = Prh(∃k ∈ [0, dT

h
e] s.t. Ẑh,N(k) ≤ b | Ẑh,N(0) = Bx̂0),

and

P Ŷ
N ,A

reach (x̂0, 0, T ) = PrŶ
N

(∃t ∈ [0, T ] s.t. ŶN(t) ∈ A | ŶN(0) = x̂0),

where PrŶ
N

is the probability measure of the Gaussian process ŶN as defined in

Section 3.1.4.

By application of the triangular inequality we have that:

|PA
reach(x̂0, 0, T )− P∆z,h,A

reach (zd,0, 0, T )| ≤

|PA
reach(x̂0, 0, T )− P Ŷ

N ,A
reach (x̂0, 0, T )|+

|P Ŷ
N ,A

reach (x̂0, 0, T )− P h,A
reach(x̂0, 0, T )|+

|P h,A
reach(x̂0, 0, T )− P∆z,h,A

reach (zd,0, 0, T )|.

The convergence of the third and second components is a consequence of Theorems

5 and 4. We need to show that:
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lim
N→∞

|PA
reach(x̂0, 0, T )− P Ŷ

N ,A
reach (x̂0, 0, T )| = 0.

Note that we removed the limits for ∆z and h, as this term is independent of time

and space discretization. In what follows we assume that BXN is a uni-dimensional

process. Generalization for m > 1 follows from this case. Intuitively, this holds due

to the convergence of XN to its CLA YN . A formal proof requires a more involved

machinery. In fact, Theorem 4.8 states that:

√
N
(
X̂N(t)− Φ(t)

)
⇒ G(t),

hence, to rely on it, we need to reason on the modified stochastic model:

GN(t) =
√
N
(
X̂N(t)− Φ(t)

)
,

rather than on the original CTMC X̂N(t). Now, consider the reachability objective

BX̂N ≤ b; rephrasing it in terms of GN we get:

BX̂N(t) ≤ b iff BGN(t) ≤
√
N(b−BΦ(t)) = bN(t).

As we can see, the reachability problem for GN has a different nature: the thresh-

old b becomes both N dependent and time dependent! In addition, we see that

for the CLA, BYN(t) ≤ b iff BG(t) ≤ bN(t). Let’s look at this reachability prob-

lem from the point of view of the trajectory space, i.e. the space of cadlag func-

tion ω : R≥0 → R. Both GN and G can be seen as probability measures over

this space. The reachable set in the trajectory space depends on N , precisely be-

ing RN = {ω | ∃t ∈ [0, T ] : ω(t) ≤ bN(t)}. We also consider the complement

of this set, Rc
N = {ω | ∀t ∈ [0, T ] : ω(t) > bN(t)}, and the boundary of the set

∂RN = {ω | ∀t ∈ [0, T ] : ω(t) ≥ bN(t) ∧ ∃t ∈ [0, T ] : ω(t) = bN(t)}.
Before proceeding further, we need to understand how the set RN changes as N

goes to infinity. Consider the threshold bN(t) =
√
N(b − BΦ(t)). There are three

cases:

1. if b > BΦ(t), then bN(t)→ +∞;

2. if b < BΦ(t), then bN(t)→ −∞;

3. if b = BΦ(t), then bN(t) = 0.
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In the first case, the reachable set at time t converges to R, in the second case to the

empty set, in the third case to (−∞, 0]. Therefore, the limit reachable set R in the

trajectory space will be the union for each t of one of these three kind of sets.

By the assumption that rate functions are real analytic, it follows that Φ(t) is also

a real analytic function, and therefore BΦ(t) will equal b only in a finite number of

points of [0, T ], or in the whole interval (a degenerate case which is easily tractable)

[101]. It then follows that b(t) = limN→∞ b
N(t) changes value a finite number of times,

say at times t1, . . . , tn, where it equals zero. Outside these points, it is either plus or

minus infinity. The reachable set R, in the limit of infinite N , is thus a finite union

of sets of the form ti × (−∞, 0] at times ti and either ∅ or R for each t in between

ti−1 and ti.

Now, if in such a union the set (ti−1, ti) × R is present at least once, then the

reachability probability in the limit equals exactly one. This is because any trajectory

ω will enter the set R in that subregion. In this case, convergence is easily shown.

In fact, being the Skorokhod space a Polish space, any converging sequence GN ⇒ G

of random variables in that space is uniformly tight, meaning that for each ε there

is a compact space Kε such that, outside it, all random variables and the limit have

probability less than ε. In particular, a compact set of trajectories is bounded in

[0, T ] with respect to the sup norm [3], meaning that for each ε there is a kε > 0

such that the probability that a trajectory ω has modulus |ω(t)| ≤ k uniformly in

[0, T ] is more than 1 − ε for all N . Now, consider the time interval (ti−1, ti) where

the reachable set converges to (ti−1, ti)×R in the limit. As the threshold bN(t) is an

analytic function of t, removing a region of length ∆ near ti−1 and ti (i.e. restricting

to [ti−1 + ∆, ti −∆]), we can find an N0 such that, for N > N0, bN(t) is greater than

kε uniformly in [ti−1 + ∆, ti−∆]. Then the limit of the reachability for GN is greater

than 1 − ε for any epsilon, that is, it equals one. The case in which the limit region

R is the empty set for every t is easily proved along the same lines.

The interesting case is the one in which there are some ti’s where bN(ti) = 0

for all N , but it is always negative outside them, implying the reachable region R

converges to the empty set everywhere but in the ti’s, where it equals (−∞, 0]. This

corresponds to the scenario in which the fluid limit Φ(t) is tangent to the reachable

set, but never enters it, a scenario known to cause trouble in the use of mean field to

estimate hitting times [34].

To deal with this last case, let us denote with PN the probability in the trajectory

space for BGN , and with P the probability for BG.
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As before, denote with RN the reachability set for GN and with R the limit set,

taking the threshold bN to infinity. We now introduce a set which over-approximates

RN for N large. This set is defined as follows: invoking uniform tightness, we fix

a large value kε as before, so that trajectories of BGN and of BG are contained in

[−kε, kε] with probability 1 − ε, uniformly for t ∈ [0, T ]. Furthermore, we consider

points ti where bN(ti) is zero, and take a small neighborhood B∆
i of width ∆ around

them. Define the set Rε in the trajectory space as:

Rε = {ω(t)|ω(t) ≤ 0, for t ∈ B∆
i , ω(t) ≤ −kε elsewhere in [0, T ]}.

By relying on the continuity of the set R for G, we can choose ∆ small enough so

as to enforce that |P (Rε) − P (R)| ≤ ε. The continuity of R for G follows from the

fact that ω ∈ R if and only if ω(ti) ≤ 0 for i = 1, . . . , n, i.e. R is a finite dimensional

projection on ti’s. Therefore, its boundary is a set of topological dimension less than

n in Rn, which has probability zero under the finite dimensional projection of G on

ti’s (which is Gaussian). Now, using triangular inequality, we get:

|PN(RN)− P (R)| ≤ |PN(RN)− PN(R)|+ |PN(R)− P (R)|

≤ |PN(Rε)− PN(R)|+ |PN(R)− P (R)|

≤ |PN(Rε)− P (Rε)|

+ |P (R)− P (Rε)|+ 2|PN(R)− P (R)|.

The second inequality above follows from the monotonic behaviour of probability

distributions, as for each ∆ and kε there is an N0 such that, for all N ≥ N0, R ⊂
RN ⊂ Rε, hence |PN(RN)− PN(R)| ≤ |PN(Rε)− PN(R)|.

Furthermore, |PN(R)−P (R)| → 0, by the continuity of the set Y . In R, by virtue

of Lemmas 1 and 2 below, if also follows that |PN(Rε)− P (Rε)| → 0, and hence:

lim sup
N→∞

|PN(RN)− P (R)| ≤ ε,

which holds for any ε > 0, allowing us to conclude that:

lim
N→∞

|PN(RN)− P (R)| = 0,

as desired.

Lemma 1. Let b ∈ R, and consider the reachable set R = {ω|∃t : ω(t) ≤ b}. Then

PN(R)→ P (R), with PN , P as above.
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Proof. The boundary of the reachable set R is the set of trajectories ω such that

inft∈[0,T ] ω(t) = b. In order to conclude, we need to show that this set has measure

0. As G is a Gaussian process, assuming the covariance function is non-zero, we have

that the distribution of the infimum (or equivalently the supremum) is absolutely

continuous with respect to the Lebesgue measure [114], which implies that the set of

trajectories for which inft∈[0,T ] ω(t) = b has measure 0. Hence, R is a continuity set

for G, which prove the thesis due to the Portmanteau theorem.

Lemma 2. Consider a reachable set R defined by a piecewise constant threshold.

Hence, fix 0 = t1, . . . tn+1 = T ∈ [0, T ], and bi ∈ R, for i = 1, . . . , n, and let R =

{ω|∃i ∈ {1, . . . , n},∃t ∈ [ti, ti+1] : ω(t) ≤ bi}. Then PN(R) → P (R), with PN , P as

above.

Proof. We proceed by induction on j, showing that R is a continuity set for G.

The case for j = 1 follows from Lemma 1 above. Suppose we proved it up to j − 1.

Then, conditioned on an initial trajectory ω from time zero to tj, with ω(tj) = y, G

restricted in [tj, tj+1] is a Gaussian process, and we can apply Lemma 1 to show that

the probability of ∂R, restricted in this time span, is zero. Now, the probability of

∂R restricted to [0, tj+1] can be bounded by the sum of two terms. The first is the

probability of ∂R in [0, tj] , which is zero, the second is probability of ∂R ∪ Rc up

to time tj times the probability of ∂R in [tj, tj+1], conditional on being in ∂R ∪ Rc

up to time tj. Also this second term is zero, as the conditional probability is zero

for any initial trajectory ω. The bound on the probability of ∂R follows because any

trajectory in ∂R up to time tj+1 is either touching bj between [tj, tj+1] (second term),

or before tj (first term). The second case overlaps with the first for all trajectories

that touch the threshold both before tj and between [tj, tj+1].

Proposition 7. For T ∈ R≥0 and B ∈ Rm×|Λ| let A be the set defined as A = {x ∈
R|Λ| s.t.∀i ∈ {1, ..,m}, (Bx)i ≤ bi}. Then, for x̂0 ∈ R|Λ| and zd,0, the state in the

state space of Ẑ∆z,h,N corresponding to the region containing x̂0, it holds that:

lim
N→∞

lim
h→0

lim
∆z→0

|ρreach(x̂0, X̂N , T, A)− ρreach(zd,0, Ẑ∆z,h,N , bT
h
c, A)| = 0.

Proof. In order to prove the convergence, we start by introducing some notation.

First of all, BX̂N and BŶN are the CTMC and its CLA projected on the inequalities

defining the region A. Additionally we denote by Ẑh,N the DTMP obtained by time

discretization of BŶN), and Ẑ∆z,h,N is the space discretization of Ẑh,N .

We now introduce the following stopping times, which are random variables on

R≥0 denoting the random time in which a certain event happens. In particular, we
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are interested in the stopping times corresponding to the event of entering into the

region A, usually known as hitting times, for the different processes we consider:

• TN is the hitting time for X̂N ;

• T̄N is the hitting time for ŶN ;

• TN,h is the hitting time for Ẑh,N ;

• TN,h,∆z is the hitting time for Ẑ∆z,h,N .

Hitting times are strictly related to the reachability probability. For instance, Pr{∃t ≤
T : X̂N(t) ∈ A} = Pr{TN ≤ T}. Furthermore, we introduce also the stopping time

TG, which is the hitting time for the Gaussian process G(t) to enter the rescaled region

A∞, which is the limiting region, similarly to what we do in the proof of the Theorem

6. We have the following weak convergence relationships for such hitting times:

• TN,h,∆z ⇒ TN,h as ∆z → 0;

• TN,h ⇒ T̄N as h→ 0;

• T̄N ⇒ TG as N →∞;

• TN ⇒ TG as N →∞;

To show these relationships, one just has to use the correspondence of hitting times

with the reachability probability, and the convergence of the latter by virtue of the

proof of Theorem 4. For instance Pr{TN ≤ T} = Pr{∃t ≤ T : X̂N(t) ∈ A} →N→∞

PrG{∃t ≤ T : G(t) ∈ A∞} = PrG{TG ≤ T}, where PrG is the Gaussian probability

measure of G. The pointwise convergence of the cumulative distributions function of

TN to that of T implies weak convergence by the Portmanteau theorem [31].

In order to prove the convergence of rewards, given a reward structure ρ on Rm

and a path ω : R≥0 → Rm,m > 0, we define the functional R(ω, T ) =
∫ T

0
ρ(ω(s)))ds.

In order to evaluate the desired reward, we need to stop the integration as soon as the

process enters the target region A, hence ρreach(X̂N , T, A) = E[R(X̂N , TN)], where the

expectation is taken with respect to both XN and TN . Then, by triangular inequality,

we have:

|E[R(X̂N , TN)]−E[R(Ẑ∆z,h,N , TN,h,∆z)]| ≤

|E[R(BX̂N , TN)]− E[R(BŶN , T̄N)]|+

|E[R(BŶN , T̄N)]− E[R(Ẑh,N , TN,h)]|+

|E[R(Ẑh,N , TN,h)]− E[R(Ẑ∆z,h,N , TN,h,∆z)]|.
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We will prove the proposition by showing that all three terms on the right hand

side of the above inequality converge to zero. In particular, the third term can be

sent to zero for only ∆z → 0, and the second term by sending only h → 0, as both

are related to the discretization of BŶN . Instead, the first term depends only on N .

We will start with the second term. First, Corollary 11.1, in the Appendix, implies

that Ẑh,N → BŶN in probability as h → 0. Furthermore, Theorem 4 gives us weak

convergence of the hitting times: TN,h ⇒ T̄N . The challenge in the second term lies

in the fact that it depends on two random variables, so we need to rely again on

triangular inequality to separate them:

|E[R(BŶN , T̄N)]− E[R(Ẑh,N , TN,h)]| ≤

|E[R(BŶN , T̄N)]− E[R(Ẑh,N , T̄N)]|+

|E[R(Ẑh,N , T̄N)]− E[R(Ẑh,N , TN,h)]|

Consider now a term appearing in the right hand side, e.g. E[R(BŶN , T̄N)]. As the

expectation is taken with respect to both BŶN and T̄N , we can rely on the following

conditional expectation decomposition:

EBŶN ,T̄N [R(BŶN , T̄N)] = ET̄N [EBŶN [R(BŶN , t) | T̄N = t]].

Furthermore, recall that:

EBŶN [R(BŶN , t)] =

∫ t

0

E[ρ(BŶN(s)]ds.

Now, consider the term |E[R(BŶN , T̄N)] − E[R(Ẑh,N , T̄N)]|. Applying the previous

decomposition, we can upper bound it by:

ET̄N

[∫ t

0

|E[ρ(BŶN(s) | T̄N = t]− E[ρ(Ẑh,N(s) | T̄N = t]|ds
]
,

where we assume that Ẑh,N(s) is a piecewise constant function in between each step

at distance h, to write its cumulative reward as an integral.

We have that sups≤t |BŶN(s)−Ẑh,N(s)| converges to zero in probability as h→ 0

[109]. From this, we can deduce that E[sups≤t |BŶN(s) − Ẑh,N(s)|] converges to

zero. This proof presented in [109] is consequence of the Borell-TIS inequality [3],

which guarantees that the supremum of a Gaussian process is still normally dis-

tributed. Hence: |E[ρ(BŶN(s) | T̄N = t]− E[ρ(Ẑh,N(s) | T̄N = t]| ≤ E[|ρ(BŶN(s))−
ρ(Ẑh,N(s))| T̄N = t] ≤ LρE[|BŶN(s) − Ẑh,N(s)| T̄N = t] ≤ LρE[sups≤T |BŶN(s) −
Ẑh,N(s)| T̄N = t] = Lρ∆h, which converges to zero by the discussion above. In the
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above Lρ is the Lipschitz constant of rewards ρ Hence we can bound the first term

by E[
∫ t

0
∆hds] ≤ ∆hT , which goes to zero as h→ 0.

Consider now the term |E[R(Ẑh,N , T̄N)] − E[R(Ẑh,N , TN,h)]|: it tends to zero by

application of the Portmanteau theorem, owing to the weak convergence of TN,h to

T̄N , and the fact that R(Ẑh,N , t) is a bounded and continuous function of t (being

the cumulative reward up to time t of a bounded function ρ).

The third term in the main inequality, |E[R(Ẑh,N , TN,h)]−E[R(Ẑ∆z,h,N , TN,h,∆z)]|,
can be shown to converge to zero using a similar approach, owing to the convergence

of the space discretization to the DTMP Ẑh,N , and the convergence of the hitting

times.

What is left is the first term of the main inequality of the theorem, namely

|E[R(BX̂N , TN)]− E[R(BŶN , T̄N)]|, which has to converge to zero as N diverges.

To simplify the notation below, let us define:

• gN(t) = E[R(BX̂N , t)] is the cumulative reward for BX̂N up to time t

• γN(t) = E[R(BŶN , t)] is the cumulative reward for BŶN up to time t.

Then the first term can be bounded by:

|E[gN(TN)]− E[γN(T̄N)]| ≤ |E[gN(TN)]− E[g∞(TN)]|

+ |E[γ∞(TN)]− E[γ∞(T)]|

+ |E[γ∞(T)]− E[γ∞(T̄N)]|

+ |E[γ∞(T̄N)]− E[γN(T̄N)]|

where g∞ = γ∞ is the cumulative reward for the fluid limit BX̂∞ = BΦ.

Consider the first term in the above inequality:

|E[gN(TN)]− E[g∞(TN)]| ≤ Et∼TN
[
E
[∫ t

0

|ρ(X̂N(s))− ρ(Φ(s))ds|
]]

≤ Et∼TN
[∫ t

0

LρE[|XN(s)− Φ(s)|]ds
]

≤ Et∼TN
[∫ t

0

Lρ sup
s≤T

E[|XN(s)− Φ(s)|]ds
]
.

Now sups≤T E[|XN(s)− Φ(s)|] converges to zero by virtue of a corollary of the fluid

approximation theorem on the rate of convergence of expectations [76], meaning that

there is N1 such that, for N ≥ N1, it is less than ε/(4T ). For all such N , it follows

that |E[gN(TN)]− E[g∞(TN)]| ≤ ε/4.
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Le us deal with the fourth term:

|E[γ∞(T̄N)]− E[γN(T̄N)]| ≤ Et∼T̄N [|γ∞(t)− γN(t)|].

For a fixed t, we have that |γ∞(t)− γN(t)| ≤
∫ t

0
E[|ρ(Φ(s) +G(s)/

√
N)− ρ(Φ(s))|] ≤∫ t

0
E[Lρ|G(s)/

√
N |] = Lρ

∫ t
0
E[sups≤T |G(s)|]/

√
N . Now, as G(t) has bounded conva-

riance matrix in [0, T ], E[sups≤T |G(s)|] is finite, say equal to MG, hence |γ∞(t) −
γN(t)| ≤ LρMGt/

√
N , and so |E[γ∞(T̄N)]− E[γN(T̄N)]| ≤ LρMGT/

√
N which is less

than ε/4 for N ≥ N4, for some N4 > 0.

Terms two and three in the inequality above, instead, converge by virtue of the

Portmanteau theorem and of the weak convergence of TN or T̄N to TG, hence there is

N2 such that they are less that ε/4 for N ≥ N2. It then follows that:

lim sup
N→∞

|E[gN(TN)]− E[γN(T̄N)]| < ε

for an arbitrary ε, implying:

lim
N→∞

|E[gN(TN)]− E[γN(T̄N)]| = 0.

Thus, we showed that |E[R(BX̂N , TN)]−E[R(Ẑ∆z,h,N , TN,h,∆z)]| converges to zero

for ∆z, h tending to zero and N diverging, as so do all the three terms bounding it.

8.2 Time discretization of continuous stochastic

processes

In this section we consider the time discretization of Gaussian processes into DTMPs

introduced in Section 5.2.1. We compute error bounds and prove the convergence for

the discretization process.

Given a Gaussian process Z taking values in Rm,m > 0 and a sampling time

h > 0, we consider the discretization of Z into the DTMP Zh, as described in Section

5.2.1, and compute error bounds for such a discretization process with respect to

probabilistic reachability properties. As reachability probabilities are dual to safety

properties [2], we consider bounds with respect to the following property

Psafe(Z, A, [0, T ], z0) = PrZ(∀t ∈ [0, T ], Z(t) ∈ A | Z(0) = z0),

where A ⊆ Rm and PrZ is the Gaussian probability measure associated to Z.

For i ∈ {1, ...,m}, define the pseudometric di as

di(t1, t2) =
√
E[(Z̄i(t2)− Z̄i(t1))2],
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where Z̄i is the centered Gaussian process with zero mean and variance equals to Zi,
the i-th component of Z. Fix a set of sampling times Σ = {k1, ..., k|Σ|} ⊂ [0, T ], with

fixed step distance h > 0. Then, call Kd the constant such that for all k ∈ Σ and

t1, t2 ∈ [k, k + h]

max
i∈{1,...,m}

di(t1, t2) ≤ Kd · |t2 − t1|.

For ε > 0 define the set:

Aε = {x ∈ A : |x− ∂A|1 ≥ ε},

where ∂A is the boundary of A and

|x− ∂Aε|1 = min{|x− x̄|1 s.t. x̄ ∈ ∂Aε}

is the L1 norm between a point and a set. That is Aε is a subset of A where all the

points are distant at least ε from ∂A. Define the events:

Aε = {∀ki ∈ Σ, Z(ki) ∈ Aε}

and

B = {∃t ∈ [0, T ] s.t. Z(t) 6∈ A}.

That is, Aε is the probability that the system is in Aε at the sampling times, and B is

the probability to reach an unsafe state within the time interval of interest. Clearily,

it holds that

Psafe(Z, A, [0, T ], z0) ≥ PrZ(Aε ∧ ¬B); Psafe(Z, A, [0, T ], z0) = lim
ε→0

PrZ(Aε ∧ ¬B)

and similarly by the definition of PrZ
h
, the probability space of Zh (see Definition

5), it holds that

Psafe(Zh, A,Σ, z0) ≥ PrZ(Aε) Psafe(Zh, A,Σ, z0) = lim
ε→0

PrZ(Aε),

where

Psafe(Zh, A,Σ, z0) = PrZ
h

(∀ki ∈ Σ, Zh(i) ∈ A | Zh(0) = z0).

For a finite ε > 0, PrZ(Aε ∧ ¬B) is the lower bound for the safety probability

computed on A, since it requires the system to be inside Aε ⊆ A at sampling times

in Σ. Call E the non-negative constant defined as

E = max
k∈Σ

sup
z0∈A

sup
t∈[ki,ki+h]

|E[Z(t)]− E[Z(0)]|1
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where E[Z(0)] = z0. For instance, if E[Z] is a Lipschitz continuous with Lipschitz

constant LE, that is, for t ∈ R≥0 we have that

|E[Z(t+ h)]− E[Z(t)]|1 ≤ LEh,

for E[Z(0)] ∈ A, then we have E ≤ LEh.

We are now ready to state the following result

Theorem 11. Introduce constant

Γ = 12

∫ Kdh

0

√
ln

(
2Kdh

x
+ 1

)
dx.

Assume Z is almost surely bounded and that ε−E
m
− Γ > 0. Then, under the further

assumption that

|2mT
h

exp
− ( ε−Em −Γ)2

2σ2
I | ≤ 1,

it holds that

PrZ(Aε) ≥ PrZ(Aε ∧ ¬B) ≥ PrZ(Aε) ·

(
1− 2mT

h
exp

− ( ε−Em −Γ)2

2σ2
I

)
.

where σ2
T = maxki∈Σ maxj∈{1,...,m} supt∈[0,h] V[Zj(t)].

Proof. For each i ∈ {1, ...,m}, Zi is an almost surely bounded and uniformly con-

tinuous Gaussian process (GP) in [0, T ], time interval of interest. Using the rules of

probability we get

PrZ(Aε ∧ ¬B) = PrZ(Aε) · (1− PrZ(B|Aε))

Then, by definition of probability we have that

0 ≤ PrZ(B|Aε)

≤ PrZ(∃ki ∈ Σn sup
t∈[ki,ki+h]

|Z(t)−Z(ki)|1 > ε)

≤ PrZ(∃ki ∈ Σn s.t. sup
t∈[ki,ki+h]

|Z̄(t) + E[Z(t)]− Z̄(ki)− E[Z(k1)]|1 > ε)

≤ PrZ(∃ki ∈ Σn s.t. sup
t∈[ki,ki+h]

|Z̄(t)− Z̄(ki)|1 > ε− E),

where the first inequality holds because all paths ω of Z that are in B|Aε necessarily

are such that supt∈[ki,ki+h] |ω(t)− ω(ki)|1 > ε for some ki ∈ Σ (note that ω(ki) ∈ Aε).
By the properties of closure of Gaussian processes with respect to linear combinations
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we have that Z(t) = Z̄(t)+E[Z(t)], where Z̄(t) is a Gaussian process with zero mean

and same covariance matrix of Z(t). The last inequality above holds because the

covariance matrix of Z(t) is independent of the initial state. Then, it follows that

PrZ(∃ki ∈ Σn s.t. sup
t∈[ki,ki+h]

|Z̄(t)− Z̄(ki)|1 > ε− E) (8.1)

≤
|Σn|∑
i=1

PrZ

(
sup

t∈[ki,ki+h]

|Z̄(t)− Z̄(ki)|1 > ε− E

)
(8.2)

=

|Σn|∑
i=1

PrZ

(
sup

t∈[ki,ki+h]

m∑
j=1

|Z̄j(t)− Z̄j(ki)|1 > ε− E

)
(8.3)

≤
|Σn|∑
i=1

PrZ

(
∃j ∈ {1, ...,m} s.t. sup

t∈[ki,ki+h]

|Z̄j(t)− Z̄j(ki)|1 >
ε− E
m

)
(8.4)

≤ m

|Σn|∑
i=1

max
j∈{1,...,m}

PrZ

(
( sup
t∈[ki,ki+h]

|Z̄j(t)− Z̄j(ki)|1) >
ε− E
m

)
(8.5)

≤ 2m|Σn|max
ki∈Σ

max
j∈{1,...,m}

PrZ

(
sup

t∈[ki,ki+h]

(Z̄j(t)− Z̄j(ki)) >
ε− E
m

)
,

where (8.2) and (8.5) come from the union bound and (8.3) is the definition of L1

norm. Being Z̄j a centered uni-dimensional GP, we can make use of the Borell-TIS

inequality [3, 4]. Given an interval I = [0, h] with σI = supt∈I(σ(t)), supremum of

the standard deviation of the process, the Borell-TIS inequality guarantees that

Prob

(
sup
t∈I
Z̄i(t) > u

)
≤ exp

− (u−E[supt∈I Z̄i(t)])
2

(σ2
I)

Applying this result to our case for intervals of the type [ki, ki + h] and assuming

Z(ki) has zero variance, we have that

PrZ

(
sup

t∈[ki,ki+h]

(Z̄j(t)− Z̄j(ki)) >
ε− E
m

)

≤ exp
−

( ε−Em −E[supt∈I (Z̄j(t))])
2

σ2
I .

At this point, we need to bound E
[
supt∈[ki,ki+h](Z̄i(t))

]
from above. We can do that

by making use of the Dudley’s entropy integral [3]. The Dudley entropy integral

guarantees that

E[ sup
t∈[ki,ki+h]

Zj(t)] ≤ 12

∫ diam([ki,ki+h])

2

0

√
ln(N([ki, ki + h], d, η))dη,
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where N([ki, ki + h], d, η) represents the smallest number of balls of radius η which

covers [ki, ki+h], under pseudo-metric d. That is, the maximum number of partitions

of [ki, ki + h] such that in each set d(t1, t2) ≤ η. diam([ki, ki + h]) is defined as

diam([ki, ki + h]) = supt′,t∈[ki,ki+h]d(t′, t)

and with our assumptions, it is possible to show that for each ki ∈ Σ

diam([ki, ki + h]) ≤ Kd · h

Moreover, we have

N([ki, ki + h], d, ε) ≤ 2Kdh

ε
+ 1,

This can be easily understood thinking at the geometry of the problem. In fact,

[ki, ki + h] can be divided in 2h
r

+ 1 balls of radius r, and r ≥ ε
Kd
. As a consequence,

we have that for each ki ∈ Σ

max
j∈{1,...,m

E

[
sup

t∈[ki,ki+h]

(Ẑ(t))

]
≤ 12

∫ Kdh

0

√
ln

(
Kdh

2ε
+ 1

)
dε = Γ

Corollary 11.1. Under the assumptions of Theorem 11 it holds that

Psafe(Z, A, [0, T ], z0) = lim
h→0

Psafe(Zh, Aε,Σ, z0).

Proof. For n ∈ N, such that n > 3, select ε = 2−log(n) and h = 2−n. As expectation

and variance of Z are Lipschitz continuous (they are a solution of ODEs with bounded

terms by assumption), we have that E ≤ LEh and σ2
T ≤ Lσh for certain constants LE

and Lσ. For such an h we have that Γ ≤
√

2Kdh. Thus, we obtain

lim
n→∞

2mT

2−n
e
− (

2−log(n)−LE2−n
m −

√
2Kd2−n)2

Lσ2−n = 0.
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[49] Luca Cardelli, Milan Češka, Martin Fränzle, Marta Kwiatkowska, Luca Lau-

renti, Nicola Paoletti, and Max Whitby. Syntax-guided optimal synthesis for

chemical reaction networks. In International Conference on Computer Aided

Verification, pages 375–395. Springer, 2017.

[50] Luca Cardelli, Marta Kwiatkowska, and Luca Laurenti. Stochastic analysis of

chemical reaction networks using linear noise approximation. In Computational

Methods in Systems Biology, pages 64–76. Springer, 2015.

[51] Luca Cardelli, Marta Kwiatkowska, and Luca Laurenti. Programming discrete

distributions with chemical reaction networks. In International Conference on

DNA-Based Computers, pages 35–51. Springer, 2016.

[52] Luca Cardelli, Marta Kwiatkowska, and Luca Laurenti. Stochastic analysis

of chemical reaction networks using linear noise approximation. Biosystems,

149:26–33, 2016.

[53] Luca Cardelli, Marta Kwiatkowska, and Luca Laurenti. A stochastic hybrid

approximation for chemical kinetics based on the linear noise approximation. In

International Conference on Computational Methods in Systems Biology, pages

147–167. Springer, 2016.

[54] Luca Cardelli, Marta Kwiatkowska, and Luca Laurenti. Programming discrete

distributions with chemical reaction networks. Natural Computing, 17(1):131–

145, 2018.

127



[55] Taolue Chen, Tingting Han, Joost-Pieter Katoen, and Alexandru Mereacre. Ltl

model checking of time-inhomogeneous markov chains. Automated Technology

for Verification and Analysis, pages 104–119, 2009.

[56] Federica Ciocchetta and Jane Hillston. Bio-pepa: A framework for the mod-

elling and analysis of biological systems. Theoretical Computer Science, 410(33-

34):3065–3084, 2009.

[57] BS Cirel’soN, IA Ibragimov, and VN Sudakov. Norms of gaussian sample func-

tions. In Proceedings of the Third JapanUSSR Symposium on Probability The-

ory, pages 20–41. Springer, 1976.

[58] Edmund M Clarke and E Allen Emerson. Design and synthesis of synchroniza-

tion skeletons using branching time temporal logic. Springer, 1982.

[59] Edmund M Clarke, William Klieber, Miloš Nováček, and Paolo Zuliani. Model
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