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Abstract

Incremental sheet forming (ISF) is a novel metal shaping technology that is economically
viable for low-volume manufacturing, customisation and rapid-prototyping. It uses a small
tool that is controlled by a computer-numerically controlled sequence and the path taken
by this tool over the sheet defines the product geometry. Little is currently known about
how to design the tool-path to minimise geometric errors in the formed part. The work here
addresses this problem by developing a model based tool-path optimisation scheme for ISF.

The key issue is how to generate an efficient model for ISF to use within a path optimisa-
tion routine, since current simulation methods are too slow. A proportion of this thesis is
dedicated to evaluating the applicability of the rigid plastic assumption for this purpose.
Three numerical models have been produced: one based on small strain deformation, one
based on limit analysis theory and another that approximates the sheet to a network of rods.

All three models are formulated and solved as second-order cone programs (SOCP) and the
limit analysis based model is the first demonstration of an upper-bound shell finite element
(FE) problem solved as an SOCP. The models are significantly faster than commercially
available FE software and simulations are compared with experimental and numerical data,

from which it is shown the rigid plastic assumption is suitable for modelling deformation
in ISF.

The numerical models are still too slow for the path optimisation scheme, so a novel lin-
earised model based on the concept of spatial impulse responses is also formulated and
used in an optimal control based tool-path optimisation scheme for producing axisymmet-
ric products with ISF. Off-line and on-line versions of the scheme are implemented on an
ISF machine and it is shown that geometric errors are significantly reduced when using the
proposed method. This work provides a new structured framework for tool-path design in
ISF and it is also a novel use of feedback to compensate for geometrical errors in ISF.
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K Curvature
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u,v  In-plane sheet velocities in limit analysis model

Upoundary Subset of deformation field in contact with clamping frame



Usoor  Subset of deformation field in the region of the tool

v Current rate of change of deformation, or sheet velocity,

w Transverse velocity field

X, Y, Z Coordinates in global cartesian frame in FEM

x, y, z Coordinates in a cartesian frame - local coordinates in FEM

Abaqus A commerically available software package for finite element analysis
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IfM  Institute for Manufacturing, Cambridge university

ISF  Incremental sheet forming

KE  Kinetic energy

LIF  Laser incremental forming

LMI Linear Matrix Inequality

LP  Linear program
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R&AE Research and Advanced Engineering, Ford Motor Co., Deaborn, USA
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SDP Semi-definite program
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TPBVP Two-point boundary value problem
TPIF Two-point incremental forming
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Yalmip A Matlab optimisation problem parser, stands for ‘Yet Another Linear Matrix
Inequality Parser’



Chapter 1

Introduction

1.1 Review of ISF Processes

Incremental deformation is a process that applies a series of small deflections to a material
that accumulate to produce a large final deformation. The procedure has been employed by
sheet metal workers for centuries through traditional manually operated craftsman’s tools
such as the English Wheel [103]. The modern interest in incremental forming originates
from a patent published in 1967 by Leszak [69], which described a technique for automating
the process; an excerpt of this is shown in figure 1.1. Modifications to the method over
the years have resulted in a range of novel manufacturing techniques that automate the
incremental deformation process and all of these are collectively referred to as incremental
sheet forming (ISF). Two newer adaptations of the process are described in patents held
by Amino Corporation [88] and Luttgeharm [72].

Despite the date of the earliest patent, most published research in ISF is relatively recent
and dates back less than two decades. For instance, Powell and Andrew’s [95] description of
incremental techniques for flanging dates to the early 1990’s, as does an early publication
by Kitazawa [65] that describes an ISF process using a modified CNC cutting machine.
Several reviews of the current state of affairs have been published since then by Shima in
2001 [110], Hagan and Jeswiet in 2003 [45], Jackson in 2005 [57], Jeswiet et al also in 2005

[60] and most recently by Cao et al [27] in 2008. Of these [60] is the most comprehensive.
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Figure 1.1: Excerpt from ISF patent published by Lezak [69] in 1967. Of particular interest
are the alternative tool arrangements in FIG. 2 and FIG. 8§ and the example product in
FIG. J/. The tool in FIG. 8 appears very similar to the one used on the Cambridge ISF
machine [5].

1.1.1 Single-point incremental forming and variations

Several configurations of ISF are available that display various differences, for instance in
terms of the machinery, the type and number of moving tools used, the number of fixed
support tools and the mechanism for holding the work-piece in place. Often the latter is
achieved by a blank that holds the edge of the sheet fixed, whereas in traditional manual
incremental deformation methods, where the clamping ‘tool’ may even be a hand, the
clamping arrangement is flexible and can be moved to allow the sheet to be formed up to
the edges. The configuration determines the degrees of freedom available in the process
and the complexity of the parts that can be produced. Many of the issues in this thesis
apply to the general ISF forming process, but when specific data is required, data from the
single point incremental forming (SPIF) machine housed in the Institute for Manufacturing

at Cambridge University (IfM) is used [5].

Single point incremental forming

A single point incremental forming (SPIF) machine, such as the one at Cambridge, works

by pressing a small indenter into the metal and drawing it over the surface to form a layer
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* _ sheet-blank

Figure 1.2: Image of the Cambridge ISF machine. Enlarged on the bottom left is an image
of the indenting tool in contact with the sheet. The load cell labelled is one of six that are
used to measure tool-sheet contact forces.
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Figure 1.3: Schematic of the SPIF process.
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of the desired product. The indenting tool can be seen in the photograph of the machine in
figure 1.2. The tool path is applied by a computer numerically controlled (CNC) sequence
that often follows the contour of the target product. A simple schematic of SPIF is displayed
in figure 1.3 by the sequence a)-c), where the tool indents the sheet by a small amount
and tracks along to form one pass over the sheet. After each individual pass, the indenter
is pressed in further before tracing the next contour into the metal and so on until the
full product is formed. Although SPIF is now the agreed label for this ISF process, it
has previously been used interchangeably with the terms ‘asymmetric incremental sheet
forming’ (AISF) and ‘CNC incremental [sheet] forming’ in literature [45, 11]. SPIF is
considered to be the most general ISF technique since it uses no specialised tooling, such
as costly dies or casts that would have to be specifically manufactured for a particular
product.

There are several techniques available for measuring the deformation of the sheet. For
the earlier deformation measurements presented in this project, the dimensions of parts
formed by SPIF were laboriously measured using a manually operated coordinate measuring
machine (CMM) at the end of the process, after the part was removed from the clamping
arrangement. The more recent installation of a stereo-vision camera has greatly facilitated
this task and it also allows measurements to be taken ‘on-line’ during the process. The
arrangement with the camera in place is shown in figure 1.4. The camera has to be kept
on the opposite side of the sheet to the tool because the surface of the sheet facing the
camera currently has to be sprayed with a matt grey paint to avoid reflections and image
saturation. Also, since SPIF is a cold forming process, a lubrication gel is applied on the
side of the sheet that is worked by the tool to reduce friction induced heating, which is
another reason why the bottom surface is imaged.

An example of a part formed on the Cambridge SPIF machine is given in figure 1.5.
The product is shown after a post-forming stage where the ceramic based lubricant was
removed from the product and the unformed regions of the sheet were cut away by a water
jet cutter. It is theoretically possible to produce any convex shaped part by SPIF that can
be formed by a conventional die and cast process, although careful design of the tool path

is required for complex shapes [60].
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Load cell

Figure 1.4: Side view of the ISF machine with a stereo vision camera in place.

Figure 1.5: Asymmetric part formed on the Cambridge ISF machine.
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Figure 1.6: English wheel manufactured by Irvan-Smith, Inc. [1].

Brief descriptions of four other variations of the ISF process are now provided. These
processes are not explored in detail in this thesis, but a brief review of them is considered
appropriate to provide a better overview of the field and to demonstrate the flexibility of

ISF.

Two point incremental forming

In two point incremental forming (TPIF), the sheet metal is supported by a second tool,
which can be fixed or moving and operates on the side opposing the primary tool. If the
second tool is a moving tool, it is usually identical to the primary tool [77], whereas the
fixed tool can come in several guises, such as a male or female die [72], a partial die or
a support post. Full dies have been used to make parts with a high degree of geometric
accuracy [28], but the production of such backing dies is costly, so more economical polymer
dies made by rapid manufacturing processes have also been investigated [48]. However, the
use of the specific tool removes a key attraction of ISF, since its flexibility is reduced by
the need to manufacture a full die. As a compromise, a partial die that covers only the
more complex regions of a product, or a support post that has no specialised shape [75],
may perform a similar role for certain shapes.

There are several TPIF processes that are known as incremental curving [112, 119] and
they can all be considered as an extension of the traditional ‘English wheel’ (see figure 1.6),
or three-roll bending processes [84] for curving sheet metal. The English wheel remains

popular with low volume sports car manufacturers that have resisted process automation,
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Center punch

Support punch

Figure 1.7: Punch set for incremental curving [119].

primarily in order to supply a niche market for unique hand-crafted products. During this
process, a sheet of metal is held between the two wheels shown in figure 1.6 and rolled back
and forth to incrementally curve the metal sheet. The method is highly flexible and allows
the metal to be formed up to the edges. At the IfM in Cambridge, some researchers are
analysing the mechanics of the English wheel and hope to either automate it or replicate
its features in a new design of an ISF machine.

Other examples of incremental curving include Tanaka et al’s [112] process that uses
a pair of elastic tools to repeatedly press the blank and Yoon et al's [119] method, which
sandwiches the metal between the moving upper tool and four fixed lower tools shown in
figure 1.7. To model the process, an empirical relationship for the curvature of the sheet
metal was produced by Yoon et al, which was used to modify inaccurate finite element
simulations, although some circumstances were found where spring-back was too significant
for accurate predictions [119]. The ability to form sheet metal up to the edges, which is
not possible in SPIF because of the clamping frame, is beneficial in reducing the amount
of waste material produced and this is a key attraction of incremental curving, which does

not typically restrain the sheet over all the edges.

Incremental forming using water-jets

In order to improve surface finish and to remove the need for lubrication, investigations have
been conducted on the application of high speed water-jets in place of a hard indenting
tool [55, 62]. The process has been modelled and experimentally evaluated on a water-

jet forming machine by Iseki [55]. It was found that in order to control the depth of
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Figure 1.8: Microforming tool [106].

indentation, which is referred to as the bulging depth [55], the process could not be used
without a support die on the underside of the tool. One could question the extent to which
water-jet ISF differs from the more established hydro-forming [116], but comparatively,
this process produces more localised deformation and although it needs a backing support,

unlike hydro-forming a full backing die is not necessary.

Incremental hammering

In incremental hammering the moving tool oscillates at a high frequency with a small
amplitude, which produces a noisy but effective hammering motion that reduces the tool-
sheet reaction forces and places lower tolerances on the machine stiffness. Schéfer and
Schraft have investigated its behaviour when the tool is controlled by a robot arm [107],
where a high rigidity of the machinery is difficult to achieve. An ISF process that uses a
robot arm is attractive because the robot arm is a non-specialised tool that removes the
need to custom design an ISF machine. It is also possible to allow space for sensors to
measure deformation in real-time and also, there may be ways to utilise the greater degrees
of motion that a robot arm provides over basic CNC sequences. Hammering tools have
been observed to give more localised deformation than standard tools in ISF, prompting
some researchers to demonstrate their use in the incremental ‘micro-forming’ of foil [106].
The micro-forming tool, shown in figure 1.8, has a tip that is 10 gm in diameter and it
is suggested in [106] that it can be used to produce parts for micro-structures or even

micro-robots.
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Laser incremental forming

Laser incremental forming (LIF) uses a laser to produce deformation through localised
heating. Initial investigations into the process have involved an analysis of the effect of
the tool path on the final deformed shape [90] and in this respect, LIF differs significantly
from other ISF techniques because the relationship between the resulting shape and the
tool-path taken is not intuitive. For example, in [90] a grid laser scanning path was found
to produce an elliptical shell structure, whereas a radial path produces a spherical structure
and a concentric path of uniform intensity was found to produce a saddle like structure,
as opposed to the cone shape that would be obtained by other ISF techniques. LIF is also
different in the sense that relative to other ISF techniques, the forming depth tends to be
small. A laser forming system has recently been developed to produce very shallow parts
of forming depths in the range of 1 cm [76] with a view to using it to remove distortion in
parts made by other manufacturing processes [38].

More recently, an interesting combination of LIF with SPIF has been described by
Duflou et al [33, 34], in which a laser is used to heat the region of the sheet near to the
SPIF tool. The resulting deformation mechanism is more localised to the tool than for

standard SPIF, with less material spring-back.

1.2 Developments and research focus in the ISF community

All of the ISF processes described above are very recent and they offer exciting directions for
research. ISF holds promise as an economical method for making some components that
are currently formed by existing manufacturing techniques, but it should be noted that
ISF may develop to the point where it is able to produce components that are currently
unfeasible and extend the scope of the process.

Allwood et al [6] state the importance of tracking advances within ISF and assessing
applications in a well defined manner, so that important directions for development that
would expand the range of applications can be identified. Their particular study is a
structured analysis of 28 potential applications, all at UK based companies, where ISF
could replace the current manufacturing practice. The paper builds on previous analysis

based only on economical markers [46], such as the cost of machinery and tools, by factoring
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in the effects that switching to ISF could have on productivity, part quality, flexibility
and speed. These factors give optimistic results, even more so than those based only on
economical factors, and they have provided the main motivation for devoting this thesis,
or specifically the period of research that it describes, to ISF.

Much of the existing research in ISF stems from the need for a better understanding of

the limits of the process in order to:

1. assess the suitability of ISF for forming novel materials and manufacturing particular

parts
2. explore methods for improving the current limitations in ISF

An example of point 1 is the work of Jackson et al [59] in assessing the applicability of ISF
for forming sandwich panels. This also highlights the statement above regarding extending
the scope of ISF, since sandwich panels are difficult to form by many existing forming
technologies, yet they have been found to be compliant under ISF [59]. A further example
is Houssain and Gao’s [51] initial study on the forming of titanium sheets using ISF. For
point 2, an interesting example is Allwood and Shouler’s [7] new design of a high-frequency
rotating ‘paddle’ shaped tool for ISF that can form sheet metal to greater limits without
tearing than standard indenting tools can.

Much of the other current research in ISF focuses on either conducting experimental
tests or developing computational models for ISF in order to understand the mechanics
of the process better. A review of the performance of commercially available modelling
software packages when applied to ISF is provided in §1.5. However, before that the
following two sections present some background on the research path taken in this thesis,
which is concerned mainly with point 2 above, where the process limitation of interest is

the dimensional accuracy of parts formed by ISF.

1.3 Problems with ISF

Currently, the economic advantages and the increased flexibility of ISF are coupled with
a compromise in geometric accuracy when compared to processes such as stamping. The

removal of geometric errors in ISF is considered to be an important requirement if ISF is to

10
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compete effectively in industry against existing higher precision manufacturing techniques.

One of the questions that remains to be resolved is:

To what extent can the choice of tool-path affect the geometric accuracy of parts
manufactured by ISF, and how can the tool-path trajectory be designed to im-

prove the geometric accuracy?

The design of the tool-path is challenging and little has been done so far on the subject.
The current practice is to simply use a ‘contour following tool-path’ that follows the shape
of the target product by tracking out contours of the product layer by layer into the sheet.
However, there are several reasons why a contour following tool path may be sub-optimal,

such as:

e excessive stretching of the SPIF machine
e clastic spring-back in the sheet metal

e unpredictability of the final plastic deformation due to non-linear and non-localised

deformation
e excessive localised stresses that could result in tearing or weak-spots

e unidirectional actuation in the z axis (the vertical axis defined in figure 1.2), assuming
there are no tools or support posts on the underside of the sheet to push in the opposite

direction to the primary tool

The aim of this project is to improve upon existing knowledge in tool-path design by
demonstrating how trajectory optimisation techniques, such as optimal control, can be
used to optimise the tool-path. In recent years, some other researchers have also begun
to address the issue of tool-path design, but mostly by suggesting trial-and-error based
methods. For instance, in [18] Attanasio et al tested how the size of the indentation step
between layered passes of the tool, using a contour following tool-path, affects the surface
quality and part geometry in a TPIF process using a full die. The test product, which was
axisymmetric, was formed with a number of different step sizes and the experimental data
was used to suggest that the ‘optimal’ tool-path should take the smallest indentation steps

possible.

11
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Mori et al [83, 81] were among the first ISF researchers to use numerical optimisation
algorithms in tool-path design. In their work, a genetic algorithm was used to optimise
the sequence of blows from the hammering tool, but the underlying process model used in
the optimisation routine was very unrealistic and the final results were far from convinc-
ing, because the method was applied to a tool-path that consisted of merely three blows.
More recently, another computer based tool-path optimisation method was described by
Bambach et al [19], aimed at improving the sheet thickness distribution rather than the
part geometry. As with Mori et al’s method [83], process modelling for the numerical opti-
misation routine was a key issue. Finite element (FE) models are too slow to place inside
an optimisation routine, so instead Mori et al used simple polynomial equations with ex-
perimentally measured coefficients to predict the change in curvature over the sheet after a
blow from the tool. Bambach et al’'s method was more effective; they built a database from
162 finite element (FE) simulations and produced a ‘metamodel’ using linear interpolation
between the data. This method was applied to axisymmetric products formed in four lay-
ers and it gave encouraging results, suggesting that the same method could be extended
to a more realistic product, which is typically formed in over thirty layered passes of the
tool. In that case however, it may take a very long time to produce the database for the
meta-model. Ambrogio et al [11] avoided modelling by simply assuming what the ideal
deformation shape would be at intermediate stages of ISF for their test part, a truncated
pyramid, but the applicability of their method to general shapes is limited. Filice et al [41]
have worked on the control of sheet thickness distributions by using tool-force measure-
ments to modify the ISF parameters in real-time, to prevent excessive sheet thinning or
tearing.

A review of the literature shows that research into the tool-path trajectory optimisation
problem is very underdeveloped, especially for the correction of the product geometry. Fur-
thermore, nobody has published results where their numerically optimised tool-paths have
been applied to a full ISF product, preferring to test their methods on smaller simplified
shapes instead. The aim in this thesis is to compute an optimal tool-path by solving a
path planning algorithm off-line and then to implement it on the Cambridge ISF machine.

This method is then combined with the sensing capabilities built into the machine as a

12
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feedback signal, thus demonstrating the first use of feedback in regulating geometry in ISF.
In this sense, the Cambridge SPIF machine is unique because its design incorporates load
cells for measuring tool forces and a stereo-vision camera for measuring sheet deformation,
both of which may be used in a feedback loop. SPIF machines created by adapting CNC
cutting machines do not have these capabilities, with access to the underside of the sheet
for deformation sensors being a particular issue. The following section (§1.4) provides an
overview of optimal control theory since, in this thesis, the path-planning problem is ad-
dressed under the optimal control framework. Next, an overview of existing techniques
for modelling ISF is presented in §1.5, before concluding the chapter with a report on the

research contributions made in this thesis (§1.6).

1.4 Path optimisation

There is a wealth of literature on trajectory optimisation methods in the field of control
engineering, yet none of these have previously been applied to the tool-path design problem
in ISF. The method of interest in this thesis is the optimal control problem, so a summary

of optimal control is now provided in this section.

1.4.1 The optimal control problem

Having developed during the 1950s and 1960s, optimal control theory was one of the earliest
approaches to modern control. Of the many books written on the subject, two that are
notable are by Lee [67], which was published in 1964 and gives an overview of the early
development of optimal control and the more comprehensive text by Bryson and Ho [25].

In optimal control, the control objectives are mathematically defined by a function

called a performance index [67]. A statement of the optimal control problem is:

Given a description of the dynamic system in terms of state variables and control
variables, find values of the control variables that minimise the performance

index subject to constraints on the state and/or control variables.

For the general nonlinear case, this minimisation must be performed numerically and this

is often not straightforward [22]. The performance index is usually given the symbol J,

13
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the state variables are x and the control variables are p. In continuous time, the above

statement translates mathematically to

ty
min J = ¢(z(ts)) +/ L(x,p,t)dt
p(t) to

s.t. &= f(x,p,t)

Y(x(ty),pty),ty) =0, (1.1)

where only equality constraints on the states and control variables, 1 (z(ts), p(ty),tr) =
0, are considered for now. The function f(z,p,t) describes the dynamic system to be
controlled, typically in the form of a process model (see §1.5). The cost function J, which
is known as the Bolza type, is a trade-off between a terminal cost ¢(z(¢;)) that must be
minimised in order to achieve a control objective at the final time ¢; and a trajectory cost
acting over the whole period ¢ = {¢,,ts}. There are two approaches to solving this problem,
known as the indirect method and the direct method [22]. The direct approach is to solve
the problem as it is stated above numerically, whereas the indirect approach solves the
equations related to the first order necessary conditions for optimality, but both approaches
lead to a two-point boundary value problem (TPBVP) [25]. Although the direct method is
usually favoured for nonlinear problems [22], the indirect approach is advantageous under
certain conditions. For instance, for linear time invariant systems with quadratic cost
functions, the indirect approach leads to an optimal feedback control law with a closed form
solution. The necessary optimality conditions are presented here using the classical calculus
of variations and its extension by the Pontryagin principle. The alternative formulation,
which uses a dynamic programming argument that leads to the Hamilton-Jacobi-Bellman

equation, will not be discussed but it is covered in [25].
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1.4.2 Pontryagin principle

In a similar manner to the Lagrangian function for constrained optimisation problems, an

augmented performance index J can be defined and minimised instead of equation 1.1,

J= o+ vyl + / " Lia.p.t) — MO — fla.p.t)] dt,
— a0, + / () - A0 dr,

tf .
=& — Atp)z(ty) + Mto)x(t,) + / H(t) + A(t)x dt, (1.2)
to
where H(t) is the Hamiltonian. The minimum of the integrand function in (1.2), F', where
F=H(t)+ \t)z, (1.3)

must satisfy the FEuler-Lagrange equations from the calculus of variations,

oF doF
oF doF
oF doF

and the augmented performance index must also satisfy

o.J
=0and — =0 1.

oJ

o.J a.J
— 0 _
T Ox

v 7 o

t=to t=t;

at a minimum. From (1.4) the first necessary condition for optimality is obtained,

: OH
A=—— 1.
(1.5) provides the second necessary condition for optimality,
OH
— =0 1.9
ap Y ( )
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and (1.6) states that the equations of the dynamic system must be satisfied,

S = Fale). (o)), (1.10)

These necessary conditions are subject to boundary conditions at both ¢t = ¢, and t = t;
obtained from (1.7),
0P

P =0, )\(tO):O, )‘(tf):%

, and {8—®+H} = 0. (1.11)
t=tf

t=tf ot

This is a TPBVP because the boundary conditions are defined at two different times, ¢, and
ts. The Pontryagin principle essentially modifies the results obtained from the calculus of
variations, specifically the necessary condition in (1.9), to the case where the control input
is bounded so that p € P, where P is the domain of feasible control inputs. Although the

theory is quite involved, the result can be stated neatly as a generalisation of (1.9) to

min H = 0. (1.12)

peEP

Hence the optimal control law must minimise the associated Hamiltonian. Under certain
situations, such as for linear time-invariant systems with a quadratic cost function, this
provides both necessary and sufficient conditions for optimal control as explained in [67],
but for the more general case this condition is only necessary and the other conditions for

optimality must also be considered.

1.5 Numerical modelling of incremental sheet forming

The constraint,

T = f(x,p,t), (1.13)

in the optimal control problem in (1.1) describes the dynamic system that is under control
and it predicts how the system will respond to changes in the control input. The function
typically takes the form of a numerical model, analytical process equations or a black-
box model built from experimental data. For metal forming processes, the deformation

behaviour is highly non-linear and the only reliable modelling methods are based on finite
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Figure 1.9: An ISF simulation produced in Abaqus using the tool-path in figure 1.10.

element analysis (FEA) software, which are very accurate but so slow that they connot
realistically be placed inside an iterative optimiser to solve the optimal control problem.
A large portion of this thesis reports the development of simplified models for ISF, which
assess whether approximations can be introduced to the material constitutive equations
to improve the computational efficiency of ISF models, without significant losses in the
accuracy of the predictions. In order to provide a benchmark for the models presented
in this thesis, several simulations were produced using FEA software and they are now

presented.

1.5.1 Benchmark models for incremental forming

A number of authors have reported that finite element modelling (FEM) of ISF is compu-
tationally inefficient. For example, Hirt et al [47] observed 16 days for the solution of their
finite element model and the model displayed in figure 1.9, which was produced using the
commercial FEA package Abaqus [2], took appoximately 24 hours to solve on a desktop
computer!. The model used the tool-path displayed in figure 1.10 and it was discretised
over a uniform mesh of 4900 square elements of which 3600 were free and the remaining
were constrained by a backing frame. The target shape in figure 1.9 is described in [21]; it
uses wall angles of 35° and 55°, has a base of 120x120 mm and is formed with a clamping
frame of the same dimensions as the base.

A much larger simulation is shown in figure 1.12, which was produced using the explicit

!Data courtesy of Markus Bambach, RWTH Aachen University, Germany
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1.5. Numerical modelling of incremental sheet forming

Figure 1.12: Simulation product in figure 1.11 produced using a contour following tool-path
with a regular FE mesh in LS-Dyna.

elasto-plastic solver in LS-Dyna, another commercial FEA software package [31]. The
target shape for the model is of a cone shaped part with a 45° wall angle produced using a
basic contour following tool-path, shown in figure 1.11. The LS-Dyna model used a fixed
regular mesh of 39200 elements and it took 33 hours to complete when run on a parallel
processing cluster of 16 Sun Workstations running Linux?. Figure 1.13 was also produced
in LS-Dyna and it is a simulation of the product shown in figure 1.14, which was formed
on the Cambridge ISF machine using 5251-H22 aluminium alloy of 1 mm thickness by the
CNC tool-path displayed in figure 1.15, using a hemispherical tool with a radius of 10 mm.
The tool was tracked along at 10 mm s™! over a 175 mmx 175 mm sheet that was clamped
over a 140 mmx140 mm region.

For both of the simulations in figures 1.12 and 1.13 the closest material match to Al
5251-H22 in the LS-Dyna library was used, which was for a 5100 series aluminium alloy. A
quadrangular fully integrated shell element with 4 in-plane nodes and 5 through thickness
nodes, based on the Belyschko-Tsay element, was used for the simulation. Since the model
with the regular mesh was so slow, adaptive re-meshing was applied in figure 1.13, with
the smallest allowable element size being 0.7 mm? and largest being 5 mm?. This time,
the model took 8 hours to solve when run on the parallel processing cluster of 16 Sun
Workstations. It should be noted that the final shape does not replicate the mild contour

lines made by the tool on the surface of the sheet, seen in figure 1.14, although further

2 Access kindly provided by Research and Advanced Engineering (RA&E), Ford Motor Co., Dearborn,
USA.
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Figure 1.13: Simulation of test product in figure 1.14 produced using adaptive re-meshing
in LS-Dyna. The superimposed black dots are measured points from the real product.

Figure 1.14: Photograph of 5251-H22 Al alloy test product formed on the Cambridge ISF
machine.

Now
? 2 °

£ ueliecuor (rim)

[uny
?

20
y length from 40 40 x length from

Figure 1.15: The CNC tool path used to produce the product in figure 1.14
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1.5. Numerical modelling of incremental sheet forming

tests showed that contour lines can be seen in models that were run with larger indentation
depths. This demonstrates that there is a limit to the surface resolution that can be
replicated by the discrete model. Superimposed upon the simulation in figure 1.13 are a
set of 255 measurements taken from the product using a coordinate measuring machine
(CMM). The root-mean-square (RMS) vertical difference between these points and the
model is 0.998 mm, and the variance is 0.9902 mm?. Interestingly, the maximum difference
between the model and the product at any one point is 3.7 mm, which is over 7% of the
maximum forming depth of 50 mm and is arguably quite large. More importantly, the

results here provide a benchmark for evaluation purposes later in this thesis.

1.5.2 Second-order cone programming

A definition of a second-order cone program (SOCP) is provided here for future reference
because SOCPs are used to solve the models presented in this thesis. An SOCP is an
optimisation problem with a linear cost function and quadratic conic constraints, of which
linear and quadratic constraints are a subset [71]. A general statement of the SOCP problem

is given by

min f'x
s.t. Ax>0
Bx =0

x; € 0, 1=1,...,NC, (114)

where x € R" are the optimisation variables, f € R", A € R**" B € R**", O, are second-
order cones, X; is a vector containing a subset of elements contained the vector x, and NC'
is the number of conic constraints. The second-order cone O, is defined as the set of values
of x; that satisfy

xi € 0; & {x; | x| <%V} (1.15)

where the superscripts denote elements of x;.

21



1.6. Contributions and thesis outline

1.6 Contributions and thesis outline

This section concludes this chapter with a summary of the contributions made during the
period of this DPhil with regards to the tool-path planning problem in ISF. There are two

areas of contribution in this thesis:
e numerical modelling of ISF
e impulse response based tool-path optimisation for axisymmetric shapes

These are both linked in that they both focus on different aspects of the part accuracy
problem in ISF. Automatic tool-path optimisation of part geometry based on feedback has
received relatively little attention in the ISF research community and as such, the work here
has generated interest at the IfM in Cambridge and it is currently being is being pursued
further both there and at Oxford. It hoped that as other researchers begin to address this
problem, both of the areas investigated here will be merged into a single product that forms
a complete solution for tool-path design in ISF.

The specific contributions made in each area are discussed separately in the subsections

below in the order in which they appear in this thesis followed by a summary.

1.6.1 Numerical modelling of ISF

Due to the slow computation times involved in FEA, previous work on path-planning in
ISF has either been based on inaccurate simple models for ISF, or on no models at all.
The examples of this mentioned in this chapter include Mori et al’s [83] simple empirical
equations and Bambach et al’s [19] metamodel based on a large database of FE simula-
tions. Hirt et al [47] suggested a simplified model using spline functions to describe surface
geometry in ISF, but the method is limited because it requires prior knowledge of the lo-
cation of certain points over the surface of the sheet. Attanasio et al [18] experimentally
evaluated several tool-paths in a two-point ISF process that uses a full product die, but this
trial-and-error approach is not appealing because it is time consuming for complex parts.
Several approaches for modifying existing elasto-plasitc FE codes to improve efficiency have
been reported, for instance by using adaptive remeshing [68], altering the incrementation

method for elasto-plastic strain [104] or by using domain decomposition [44], but the speed
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1.6. Contributions and thesis outline

improvements using these approaches are not sufficient for tool-path optimisation.

Having observed these limitations, it was agreed early on in this DPhil that more work
needs to be done if an efficient and accurate method for modelling ISF is to be found.
The numerical modelling work conducted here is essentially a feasibility study to evaluate
one possible method for producing fast simulations of ISF. The models presented here
assess whether firstly, the use of approximations in the constitutive equations describing
material deformation and secondly, the use of recent numerical algorithms can result in a
fast numerical model for ISF. The key assumption made in the material model is that the
sheet behaves in a rigid plastic manner. The motivation for investigating this assumption
draws from its successful application in efficiently modelling several other metal forming
processes in the late 1980’s and 1990’s [108]. Under rigid plastic behaviour, it is assumed
that there is no elasticity in the deformation of a material, or that elasticity forms a very
small component of the overall deformation and it can be ignored. This is illustrated by
plot ¢) of the example tensile test stress-strain curves in figure 1.16, where deformation
only occurs if the applied stress, o, is above a threshold, which is the yield stress. If the
yield stress remains constant for any strain as in figure 1.16 d), there is no material work-
hardening and the material is referred to as rigid perfectly plastic. For comparison, plots
a) and b) show examples of elasto-plastic materials.

Three different approaches to the modelling problem are described in chapters 2, 3
and 4, all of which use the rigid plastic assumption and all of which are previously unex-
plored methods for modelling ISF. The models exploit recent developments in optimisation
software to solve the model equations and where appropriate, the models are compared
with the benchmark FEA models described in §1.5.1 and also with parts formed on the
Cambridge ISF machine.

In chapter 2, the classical linearised equations of plate and shell theory, comprehensively
described in [43], are used to produce a description of the ISF process. These equations
are then discretised using the finite difference (FD) method and solved numerically, al-
though some limitations of the linearised equations are observed and the model is found
to be memory intensive. Along with the rigid plastic assumption, this model also assumes

that only stretching of the sheet and deformation along the primary axis of the tool are
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Figure 1.16: Example yield curves for metal with: a) typical elasto-plastic behaviour; b)
linear elasticity and perfectly plastic yielding; c) rigid plastic behaviour; d) rigid perfectly
plastic behaviour.

significant factors in the model, thus ignoring bending deformation and horizontal motions.
A simulation of a tool tracking along a straight line over a sheet is performed using this
model [102].

A different modelling approach is described in chapter 3 that was inspired by more
recent developments in solving the non-linear large scale optimisation problems that occur
in the field of limit analysis using FEM. This work builds upon a wealth of recent literature
in sequential limit analysis and in particular, the use of second-order cone programming
(SOCP) to solve problems in limit analysis. Previous implementations of the SOCP method
have been for single step 2D problems in limit analysis, such as the initial transverse
deformation of a flat sheet in plate theory. In this thesis, an extension of the method to
the case of a general 3D shell under a time varying load is described, where sequential
limit analysis is used to describe the time varying behaviour. Initially, the plate problem
is implemented and a hybrid simulation between this plate model and the FD model in
chapter 2 is produced and used to simulate the tool tracking a line along a sheet [98].

The plate model is then extended to the shell problem, where the difficulty of combining
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the stretching and bending components of the sheet deformation in shells is addressed
here by using Ilyushin theory, defined in chapter 3. Two methods for deriving the SOCP
problem using Illyushin theory are described, referred to as the ‘one cone’ and ‘two cone’
models respectively, and both of them were implemented by simulating the full ISF process
and validating the results against experimental data. The tool-sheet contact state can
be implemented as a sliding constraint and both material work-hardening and anisotropy
can be included without placing any further computational burdens on the model; these
methods are described in the chapter.

As well as the derivation of the ‘limit analysis FE model’, further contributions in this
chapter are made by reporting some results from running full process simulations with both
the one cone and the two cone models. Validation tests using the benchmark simulations
in §1.5.1 show that both of these limit analysis FE models can be used to simulate the final
sheet deformation for SPIF to a similar degree of accuracy as LS-Dyna. The models are also
found to solve faster than LS-Dyna and the behaviour of the models in terms of accuracy
and simulation time for various mesh sizes and types is described, including a remeshing
strategy that was tested to reduce the number of model variables. The derivation of the
one cone model and its performance in modelling the product in figure 1.14 were described
in [97, 99, 100].

The third and final model developed during this DPhil is described in chapter 4, which
was produced by combining what were considered to be the most positive aspects of the
previous two models, whilst also introducing some alternative concepts to overcome some
of their limitations. In particular, this model relates the sheet deformation problem to that
of a network of rods; an approach inspired by a review of methods that pre-date finite
element analysis [111]. The method also uses the rigid plastic assumption and it is solved
as an SOCP, although the derivation of the SOCP is more involved than for the previous
cases. The model is found to predict both the final deformation shape and intermediate
deformation states during ISF to a good level of accuracy and it is significantly faster
than both of the previous models. As well as the benchmark SPIF simulations, further
simulations for a TPIF process with two moving tools are performed to demonstrate the

capabilities of the model.
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1.6.2 Tool-path optimisation using impulse responses

The numerical models produced during this research show improvements in computational
speed, but they are still too slow to use in solving the optimal control problem. For this
reason, rather than using numerical modelling, a new approach was taken in chapter 5
based on experimentally measured spatial impulse responses, which were used to predict
the deformation of the sheet in the path optimisation routine.

Chapter 5 begins with a description of how the tool-path problem would be solved
in conjunction with a numerical ISF model and likens the procedure to a discrete multi-
stage process optimisation problem. The problem is then solved numerically using the
spatial impulse response method and, unlike previous path optimsiation techniques in ISF,
the tool-paths here are optimised for a complete product. This chapter is restricted to
axisymmetric shaped parts to reduce the number of tool-paths parameters to the radius
and depth at each layer of the process. It is shown the optimised tool paths outperform
standard contour following tool-paths with respect to geometric accuracy.

The method is very efficient and typically solves for the optimal tool-path in less than
a minute, opening up the possibility of implementing a fixed end time on-line tool-path
optimisation scheme. An implementation of such a method is described using deformation
data from the stereo camera for feedback and it is shown that the use of feedback results in
further improvements in the geometry. These outcomes are important because they form
the first complete demonstration of how automated tool-path optimisation can reduce the

geometric errors in ISF.

1.6.3 Summary of Contributions

With the finite difference model in Chapter 2 the novelty factor is limited to the approach
taken in its conception, since the data obtained from implementing the model is limited.
This chapter should be regarded as a report of an avenue that was investigated for modelling
ISF and was subsequently abandoned after discovering several limitations.

In contrast, Chapter 3 provides a more significant contribution through merging several
concepts in the field of limit analysis, such as sequential limit analysis, second order cone

programming and upper bound limit load analysis to form a new method for modelling
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shells. There is currently an active interest in these areas, so this work has been recognised
and published in a good journal [100]. Furthermore, this model is used to achieve one
of the initial aims of this research, to demonstrate it is possible to model ISF using the
rigid plastic assumption. The performance of the model is evaluated against experimental
data and elasto-plastic FEA under two criteria, the ability to predict the sheet deformation
accurately and the actual computation time involved. Several extensions to the model are
also described and evaluated.

Chapter 4 provides a novel approach to modelling ISF that is based on a simple but
effective concept. The model is evaluated under the same criteria as that in Chapter 3
and it gives unexpectedly good results. The results provide a strong case for modelling
deformation in ISF in this way as an alternative to FEA for some applications. The model
also fulfills another initial aim of this research, to gain an idea of the computation speed
that can currently be achieved with the rigid plastic assumption.

Chapter 5 completes the third and final aim of this thesis by demonstrating that the
tool-path trajectory can automatically be optimised to improve the geometric accuracy
of products formed by ISF. The work here shows for the first time how this can be done
by using automatic model based control and experimental data is provided to show how
effective the method is. The criteria used for evaluating the path optimisation scheme is the
reduction in RMS error between the target shape and actual product when compared to an
unoptimised tool-path. This path optimisation work is limited to axisymmetric products
only so that the experimental impulse response model can be used to predict the sheet
behaviour. It provides an effective solution for this class of shapes and has formed the
basis of two journal papers [4, 101].

As discussed in the chapter this work should be differentiated from recent work by other
researchers that may be considered to use feedback, but which require human input during
the process unlike the automatic feedback method developed here. These works are less
systematic because they are based on trial and error or intuitive rules and also, the results
reported tend to be for one or two shapes. This is awkward in two ways, firstly it is difficult
to understand how generally applicable the methods are, which is avoided here by focusing

on a particular class of shapes and secondly, it is less straightforward to see how to analyse
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or extend the work. For instance, it is not possible to analyse the robustness of these
methods, whereas the model based method described here would lend itself to established
techniques for doing this.

In order to extend the method to a general class of shapes, for which the deformation
observed is significantly more non-linear than for axisymmetric shapes, the models in either
Chapters 3 or 4 would have to be used in combination with the path optimisation scheme
in Chapter 5. Hence although this step has not been performed here, these chapters should
be viewed as two components that provide a step towards a complete solution to the part

geometry problem in ISF, for any class of shapes.
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Chapter 2
Finite difference small strain model

2.1 Finite Difference Model - Membrane Work

During ISF, the rectangular metal sheet is clamped at the edges and deformed by the
indentation of a small spherical tool that follows a CNC sequence. The requirements of the
deformation model are to predict the geometry, u(t), of a sheet in ISF at time ¢ resulting
from a known shape of the sheet, u(0), at an initial time ¢ = 0 and a change in the tool
path vector over some time period t € [0,¢;]. The model may also predict the force on
the tool during this period and must obey displacement constraints due to the boundary
conditions imposed by the tool and the clamping frame.

The model described here was developed using Hamilton’s principle and in order to do

this the Lagrangian, L, in the context of classical mechanics is defined as
L(u,u,t) = KE — PE 4+ TW, (2.1)

where KE is potential energy, PE is potential energy and TW is the non-conservative, or
external, work done by the system, such as the work done by traction forces [37]. By
assuming that inertia effects are negligible and contact between the tool and the sheet is
frictionless, there are no KE or TW terms in the Lagrangian. The PE is the internal work

given by the integration of specific work over the volume of the sheet €2, so that

Lu,1,t) = /Q & (u, i, t)e(u, i, t)dS2, (2.2)



2.1. Finite Difference Model - Membrane Work

where & are the material effective stresses, € are equivalent strains and 2 is the volume of
the sheet. Hamilton’s Principle states that the dynamical path taken by a system is that

which leads to a stationary value of a functional known as the J-integral [37],

/ 7 L.yt (2.3)

From the calculus of variations, it can be shown that this minimum must satisfy the Euler-
Lagrange equation,

=%, (2.4)

The Euler-Lagrange equation is in fact satisfied by all extreme points of a functional, but
since the J-integral is derived from an energy based problem it can be assumed that the
only extremal point is the minimum. Under the rigid plastic assumption, the internal work
is independent of the current deformation state of the sheet, u, because no residual stresses

remain in the sheet after loading. Hence L(u,u,t) = L(4,t), so that

oL

5 =0 (2.5)

Furthermore, if € is the effective strain rate, then the Euler-Lagrange equation suggests
that the dynamical path of the system is that which minimises the internal work rate, W,
with respect to @, since the necessary condition for minimising (2.3) reduces to

doL oL o [ _. . OW

which is satisfied when W is minimal with respect to @. The model can therefore be
written as an optimisation function that instantaneously minimises the internal work rate

with respect to the rate of deformation, usually termed the velocity v, of the sheet,
min W = min / geds?, (2.7)
v(t) o) Ja

where

a(t) = v(t). (2.8)
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Figure 2.1: Change in orientation of element from time ¢ to time ¢ + dt.

By assuming the material is isotropic and pressure-independent, the von Mises criterion can
be used to describe the yielding behaviour of the sheet. Furthermore, under the assumption
of perfectly rigid plastic behaviour as defined in §1.6.1, the equivalent stress & is constant
and equal to the yield stress of the material, 6(u,,t) = 0,. The integration over the

volume of the sheet in (2.7) becomes

/ 50 = o, / (0. (2.9)
Q Q

A number of further approximations are made as follows [113, 43, 116]:
e Volume is conserved throughout the deformation, so the sheet is incompressible.
e The sheet has uniform thickness at initial time ¢t = 0.

e Vectors normal to the middle surface remain normal throughout the deformation,
where the middle-surface is defined as the surface half-way through the thickness of

the sheet. This is sometimes referred to as Kirchhof’s assumption [61].

e The in-plane strain rates are found by considering the stretch and shear of a first-
order infinitesimal element from time ¢ = 0 to time ¢ = ty, assuming that any
point in the sheet displaces vertically only throughout the deformation, if the original

configuration of the sheet is horizontal.

The first three of these are standard assumptions that are assumed to hold for all of the

models in this thesis. The final assumption is used here to reduce the number of model
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2.1. Finite Difference Model - Membrane Work

variables and is considered to be satisfactory because in practice, most of the deformation
appears to occur in the vertical direction [57]. The above assumptions are sufficient to
obtain equations for the strain rate components that are required to calculate the equivalent

strain rate,

) 2
€= \/g(eﬁ + €3y + €5y + 267, + 2¢l5 + 2€35), (2.10)

where €11, €55 and €33 are strain rates in mutually perpendicular directions and é5 is half the
value of the shear strain rate in the plane defined by é1; and égs. Also, €15 = éo1, €13 = €31
and éy3 = €35. Note that the benefit in using equivalent strain rate is that it combines six
different strain rate terms into a single scalar. Figure 2.1 labels these directions as vectors
e1 for €11, e for €99, and ez for é33. The infinitesimal element shown in figure 2.1 is initially
orientated in the (x, y) plane and by a time t+dt¢ in the future it has deformed into the
plane given by e; and ey, which lie in the (z,2) and (y, z) planes respectively. The strain

rate values for €13, €3 and €33, which follow from the above assumptions, are

6'13 - 0, (211)
6'23 - 0, (212)

and due to conservation of volume,
€33 = —€11 — €9o. (2.13)

From figure 2.1 the following vectors are obtained:

dx

du
o dx

b, (2.15)

I
s
<
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dz
A gt — 0 (216)

ou ov
%da: + %dtd:c

0
bt+dt — dy (217)

ou v

The strain rates in the e; and e4 planes are then given by

eyt = 12l = 134l (2.18)
||
b —|b
Eadt [Devar] | t', (2.19)
by
and
. 1
€ppdt = a(arg(atmt, bira) — arg(ay, by)), (2.20)

where arg(p, q) denotes the angle between any two vectors p and q. One can define a and

f as,

ou?
=4/14+ — 2.21
and
ou?
=¢/1+ = 2.22
so that from figure 2.1,
a —ade,  [b] = fAdy. (2.23)
Substituting this into (2.18) gives
\/(dx)2 + (dzd* + %d:zcdt)2 — adx
élldt = )
adx
B ozdx\/l + (2%%&5 + %—fdﬁ) — adr
N adx ’
1 ou v ov?
=4/1+—=(2——dt + —dt? ) — 1. 2.24
\/Jroz?(@x@x +8x ) (2.24)
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The difficulty with (2.24) is that strain is a non-linear function of the optimisation variable
in (2.7), v(t). A linear relationship between strain and sheet velocity would be preferable,
firstly because it would simplify the spatial discretisation of the problem and secondly,
because it would provide a greater choice of methods for performing the energy minimisation
in (2.7). The expression in (2.24) can be approximated by applying a binomial expansion

and ignoring terms of the order dt? and higher, leading to,

1 Ou v
. _ Loudv 2.9
U= 291 0 (2.25)
and similarly from (2.19),
1 Oudv
gy = —5 2.26
€44 32 8y Oy ( )

These equations confirm those given in the classic text by Fliigge [43], where a similar

analysis is performed resulting in

. ov , ov .
€n =5 sin & cos ¢, €qy = ay sin ¢ cos ¢, (2.27)

where £ is arg(e;, e,) and ¢ is arg(es, e,). From figure 2.1, it can be seen that these

equations are equivalent to (2.25) and (2.26), since

) 1 0u 1 i 10u 1
smg—a%, Cosf—a, smgb—ﬁa—y, cosgb—ﬁ. (2.28)

The corresponding expression for shear strain also involves the use of first order approxi-

mations. Let 6 = arg(ay, byyg) and 0 + 60 = arg(asqr, brrar), then
. 1
€1qdt = 559 = arg(asia, brrar) — arg(ay, by). (2.29)

Fliigge derives the following expression for 66,

30 = L (% cos® Esin ) + g—ZCOS3GSin £) , (2.30)

sin 6

where only the sin @ term is not known. By taking cross products of the vectors in (2.14)
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2.1. Finite Difference Model - Membrane Work

and (2.15), this is

. ¢
- > 2.31
sin 6 op (2.31)
where
ou?  ou’
=4/14+ — — . 2.32
¢ \/+8x+8y (2.32)

When combined with equations 2.28, these expressions give

€14

1 <18u81) 18u81})

= — (2.33)

a2dzrdy 20y ox
Since e; and ey are not mutually perpendicular, (2.10) cannot simply be applied to the
non-orthogonal strain rates ¢;; and é44. A transformation derived from [43] is therefore
applied to €44 to give éo5, which does form a perpendicular pair with éq,

) 1 ou?\ . 1 Ou?,
€29 — <1 — Og_ga_{[ ) €44 + ﬁ_g’ﬁ_y €11, (234)

and a similar transformation is also applied to give €5 from €4,

(644 — éll) 8’& 8u

€12 =

2.1.1 Boundary conditions

During SPIF, the sheet is clamped by a flat continuous frame around its edges with one
perfectly rigid tool moving along a known tool path on the upper surface of the sheet. The
shape of the tip of the tool is convex, therefore its surface can be described by a normal unit
vector which always points out of the tool. The function T'(z,y,t) is used to describe the
contact boundary conditions at the tool. The function T'(x,y,t) gives the vertical position
of the surface of the tool at (x,y) at time ¢, so that if indentation is in the positive z

direction, the constraint for contact at the tool is

u(z,y,t) > T(x,y,t), (2.36)
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2.1. Finite Difference Model - Membrane Work

and if u(x,y,t) = T(x,y,t) at any point (z,y), the tool and sheet are in contact. If it is
required to account for the thickness of the sheet, (2.36) must be modified to incorporate
the distance between the middle surface and the upper surface of the sheet. If upoungary C u
and Vpoundary C v describe sheet deformation and velocity in regions (z,y) that are in

contact with the clamping frame, the constraints are

Uboundary = 07 (237)

Uboundary = 0. (2 . 38)

2.1.2 Summary

A statement of the problem that needs to be solved in the ISF model is provided in (2.7)
and subsequent equations give the components of strain rate that allow the calculation of
equivalent strain rate. It is not possible to solve these non-linear PDEs analytically and
therefore numerical solution techniques must be explored. The first numerical problem that
will be addressed is the discretisation of the continuous strain rate equations, after which
some numerical optimisation methods available for performing the minimisation in (2.7)

are described.

2.1.3 Spatial discretisation

The finite difference method (FDM) is a natural starting point for discretisation due to
its simplicity and, often, computational efficiency over a finite element method (FEM)
implementation. The sheet is discretised over a unform grid with regions of size AXAY
where the values of the variables v and v were stored only at the nodes. As shown in figure
2.2, Region(m,n) is defined as the mth region from the global origin in the e,-direction and
the nth region from the global origin in the e,-direction, where e, and e, are perpendicular
unit vectors in the plane of the middle-surface of the sheet at time ¢t = 0. The gradient
of each Region(m,n) in the e, and e, directions is uniform and assumed to approximate
the gradient of a point in the centre of the region, labelled Point(m,n) in figure 2.2 and
hence all components of strain rate across each Region(m,n) are constant. The boundary

conditions for the model were discretised in the same way as the sheet. According to these
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Middle surface ]
at time t = 0 Point(m,n)

Region(m,n) at
time ¢

€y

Region(m,n) at
time t =0

Figure 2.2: Structure of global mesh.

assumptions, (2.7) can be written as the minimisation of the discretised internal work rate

M N
W= glmm ey > Y émms (2.39)

where the sheet is discretised over a M x N grid and €2, is the volume of an element of
area AXAY.

The gradient at each Point(m,n) is assumed to be equal to the gradient at the edges
of Region(m,n), which were computed using the following first order forward difference

equations:

% N ~ ﬁ(umﬂ,n ), (2.40)
g_Z y ~ ﬁ(ummﬂ ~ ), (2.41)
g‘_; s ﬁ(vm-f—lm ~ Umn), (2.42)
g_z y ~ ﬁ(”m,nﬂ o). (2.43)

The indicies m and n in (2.43) indicate the nodal position of the deformation variables u

and v that are of interest.
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2.1.4 Time integration

Discrete time integration was performed using the explicit forward difference method to

update the deformation at the ith time step, u(t;), over a fixed time step At as
um,n(ti—i—l) = um,n(tz) + Umm(ti)At. (244)

This allows a work function that is to be optimised to be written as the change in work

from time t; to t;1 as follows,

M,N

AW = min Quoy > Emn(tman(ti), Vnn(ti) AL, (2.45)

Um,n(ti) mon
b}

The only unknowns in (2.45) at time ¢; are the nodal velocities vy, ,(¢;) and the scalar
increment of work, AW, must be minimised with respect to them. However, the deformed
state at time ¢;,; must continue to satisfy the boundary conditions at the tool as described
above, which can be achieved by assuming a contact state at time ¢;,1, so that for nodes
that are destined to be in contact, U, ,(tiv1) — Tn(tis1) = 0 and the corresponding V;,, ,
are no longer unknown. The minimisation problem in (2.45) is optimised for all remaining
nodes and the contact state of the predicted deformed shape at time ¢;,; is then tested for

consistency, by explicitly applying the constraint
U (tiv1) = Tmn(tiv1) >0, (2.46)

in the optimisation routine.

2.1.5 Implementation of the process model

Equations (2.14-2.20) were combined with the transformations in (2.34) and (2.35) and
directly coded into Matlab to compute the change in work in (2.45). This was coupled
with the tool and boundary constraints and the change in the deformation field, v = {v,.,,
Y (m,n)}, was computed by minimising the change in work using the Matlab Optimisation
Toolbox function for constrained optimisation, fmincon. It is noted that other solvers for

general constrained optimisation problems are available that are considered to be more
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2.1. Finite Difference Model - Membrane Work

Indentstion depth (om )

Figure 2.3: Solution: indentation of a single point by a tool with a spherical tip.

reliable. The simulation over a 20 x 20 grid of an indentation by the tool at one point
using a large spherical tool-tip is shown in figure 2.3. This program took almost one hour
to complete the optimisation on a desktop computer, highlighting the need for a more
sophisticated solution method for the process model, especially when considering that the
final model would require a spatial resolution equivalent to at least a 50 x 50 grid. In order
to demonstrate the evolution of the deformation field, figure 2.4 was produced to show
the explicit time stepping of a small indenter, which is in contact with only one node at a
time and is tracked along a straight line at a height of 1 mm over a more computationally
tractable 10x10 grid.

To improve computational speed, the aim is to form a linear relationship between the
optimisation variables and the strain rates by using the linearised approximations of the
strain rate equations (2.25), (2.34) and (2.35). It will be demonstrated below that such
a relationship allows a more sophisticated second-order cone programming optimisation
scheme to be utilised for the energy minimisation.

Before proceeding, a limitation of the linearised strain equations at the first time-step of
the ISF process, when the initial orientation of the sheet is flat, must be overcome. In this
case, the spatial derivatives of w,,,(ty) are zero and so (2.25), (2.34) and (2.35) are zero,
resulting in a zero objective function, which corresponds to a spurious zero energy mode.
This is because the above formulation assumes the initial configuration of the sheet to be
non-flat. If one redraws figure 2.1 to analyse the deformation of a point in the metal sheet

from an initially flat configuration, the strain rate equations for time ¢t = 0 are derived [115]

39



2.2. SOCP formulation

Figure 2.4: Solution: small indenter tacking along a straight line, solved by directly coding
(2.14-2.20) and solving using fmincon

as

1 /ov\”

€1 = 3 (8—2) ; (2.47)
. 1 /v\?

€90 — 5 (a—y) y (248)
Ov Jv

12 = %a—y, (2.49)

which can be used for the first time-step of the ISF process and then replaced by (2.25),

(2.34) and (2.35) for subsequent steps. Figure 2.5 displays a solution of (2.47-2.49) for a

point load over a 50x50 grid and a further example displaying the time stepping scheme

is shown in figure 2.6. These were solved in 1 hr 8 mins and 1 hr 36 mins respectively

using fmincon, so the need for recasting the optimisation problem for computational speed

remains.

2.2 SOCP formulation

In order to improve optimisation speed, the minimisation problem is recast into a second-

order cone programme (SOCP), as defined in §1.5.2, which has a convex structure that

makes it more efficient to solve than a general non-linear optimisation problem. Let Av(t),
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(2.47-2.49) with a 50x50

(2.50)

vnr%Ln(t)'_ Unun(t)

(2.51)

vm,n-l—l (t) - 'Um,n (t)

(2.52)

PlA'U(t)a: + QlAv(t)ya

(2.53)

PZA'U(t)a: + QZA'U(t)ya

(2.54)

P3;Av(t), + QsAv(t),,

(2.55)

PiAv(t), + QsAv(t),,

1misation

(2.25) one can write

)

- um,n

um+1,n - um,n

(

(2.56)

)2Av(t)mAt,

uerl,n

_|_
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Figure 2.5

mesh. Solved in 1 hr 8 mins on a desktop computer using fmincon.

and Awv(t), denote the following

Av(t),

Av(t),

For each time step At, the linearised equations for strain rate can be approximated by

strain increments of the form

Ae1 1lm,n (t)

AE12m,n (t)

A‘522m,n (t)

A‘533m,n (t)

1,...,4}, contain all the terms that are independent of the
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iables and hence, P, and @); are constant with respect to the opt

where P, and @), for

1imisation var

opt

iscretising

tance, by d

1ms
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problem

Ae11m,n(t)




2.2. SOCP formulation

Figure 2.6: Deformation field due to a point load tracking along a straight line. Solved
over a 20x20 mesh using (2.47-2.49) for the first time step and (2.25), (2.34) and (2.35)
for the remaining time steps. Total solution time 1 hr 36 mins (290 seconds per time step)
on a desktop computer using fmincon.

hence by comparing this with (2.52),

(um-i-l n— Um n)
P = : : = 0. 2.57
1 AXQ + (Um+17n _ U/m7n)27 Ql ( )

The other terms P, and @, for {{ = 2,...,4}, are obtained in a similar manner and it

follows that (2.10) is equivalent to

Abpn = | Y (PAV(t), + QiAv(t),)?. (2.58)

=1

Note that the equivalent strain rate can be replaced by a strain increment due to the
discretisation of time in the problem, so that A&, , = €,,At.

Nodes at the edge of the sheet are in contact with the clamping frame and are known
to have zero deformation and velocity, so they do not contribute to the objective function

! !
RM'N" where

and can be omitted from the vector of optimization variables. Hence, let v €
M' =M — 2 and N' = N — 2, be a column vector containing all velocity terms for nodes
that are not in contact with the frame. Also, let A € R¥”M'N' he a matrix that comprises

of rows containing zero terms except for constants at appropriate locations related to the

nodal velocities V11, (1), Vinnt1(t), and Vj, ,(t). The equivialent strain increment can be

42



2.2. SOCP formulation

written as
e = [ AxV]l. (2.59)
from which (2.45) is
M,N
AW = Jnin Q.0 > AW, (2.60)

where k = 1,..,M’'N’. This is a sum of norms optimisation problem which can be converted

into an SOCP [24] by introducing a vector of slack variables y € RM'N" with elements
defined such that

Uk > Nemn. (2.61)

If > yi is now minimized in place of ) A€, ,, whilst subject to the constraint in (2.61),
then at the solution point the inequality in (2.61) becomes an equality, allowing (2.60) to

be written as the following SOCP,

min [1...1 0...0] Y

A%

subject to  |[[O Ay] Y < [ci 0...0] Y ) (2.62)

A% A%
2

where ¢, € RM'N contains zeros except for a 1 in the kth element and O is a 4 x M’ N’ zero
matrix. The tool boundary conditions can be incorporated as a further linear constraint

within the optimization problem without loss of the SOCP structure.

2.2.1 Implementation

The equations for the initial indentation of the sheet in (2.47-2.49) are more difficult to
rearrange as an SOCP, because there is a second order relationship between the strain rate
and the spatial derivative of sheet velocity in these equations. Hence, to test the SOCP
problem in (2.62), the first indentation step of the problem was solved as before using
fmincon and subsequent steps were solved with the SOCP formulation. Since wm, ,(t1)
is non-zero after the first indentation step, the constraint matrices A, are non-zero and

the problem in (2.62) is solvable. The problem was solved using the open source SOCP

43



2.3. Discussion

Q
QOO0
OO0
N
SO
X
0%

X
&%
X
5
R
SO
’::0’ X
%

9
B
9
200,90,
s
%
%

K

Q
2
L0

’0’.’“

5
%

Q
OO
KRR
X

&
X

&
&
X

9,
9

4
&
'o:o:no
K
3
0
%
:
%

Figure 2.7: Produced by solving (2.47-2.49) for the first time step using fmincon and then
solving the SOCP in (2.62) for subsequent steps.

solver SDPT3 [80], which typically required 20 iterations, or 5 seconds, to complete the
minimisation at each step. The solver was called by using an optimisation problem parser,
YALMIP, which contains a Matlab interface. The SOCP problems in later sections of this
thesis were solved using direct calls to the more sophisticated commercial SOCP software

package Mosek [80, 14, 85].

2.3 Discussion

In this chapter, a method has been described for producing a finite difference model of
the incremental sheet forming process based on classical small strain shell theory. It has
been shown that the model can be written as an SOCP and it has been solved for the case
of a tool moving along a straight line over the sheet. This result was presented in [102],

although the model does also present a number of disadvantages:

e Small time steps are required to avoid instability in the model
e The forward differencing method used for spatial discretisaion is asymmetric

e A different set of strain rate equations are required for the first indentation step,

whereas a scheme that is uniform over the whole process would be more appealing.

e Only stretching, or membrane, work is considered, whilst the contribution of bending

work to the overall deformation field is ignored
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2.3. Discussion

e The problems solved thus far are too small to compare quantitatively against bench-
mark FEA data in §1.5.1 or real measurements and they can therefore only be eval-

uated qualitatively.

At this point there are two options: the first is to search for methods to improve the
current formulation of the ISF model and the second is to develop an alternative scheme
for modelling ISF. The latter approach has the advantage that it provides an opportunity
to expand on the depth of literature investigated thus far and furthermore, if successful, it
would result in a second model that can be evaluated against the first one. This is therefore
the route taken in the following chapter, where a more rigorous FE shell model for ISF
based on limit analysis is developed that addresses the above problems. In particular, it
results in a model that can be used to simulate the whole ISF process and can therefore
be compared against the data in §1.5.1. The model combines both bending and stretching
effects, but it maintains the rigid plastic assumption and again, it is formulated as an

SOCP.
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Chapter 3

Finite element sequential limit

analysis models

3.1 Overview

This chapter presents a new method for setting up a shell model for incremental deformation
and evaluates it against experimental data and numerical data from commercially available
finite element software. The chapter begins with a description of bending energy in the
model by formulating the upper bound plate problem as an SOCP, which builds on the
work of Hodge and Belytschko [49] and Anderson et al [15]. A comparison is made between
data from the formulation in [15] and the plate model presented here. Next, the membrane
component and coupling between membrane and bending work based on Ilyushin theory
[54] is described, which extends the plate problem to the full shell model. Two alternative
methods for deriving the SOCP problem for shells are presented. The model is evaluated
against products formed by the SPIF process and also compared to the benchmark data

provided in §1.5.1 from full FE simulations using commercial software.

3.2 The plate problem

The rigid plastic assumption was often applied to metal stamping models in the 1980s
and early 1990s [108], but in recent years, the dramatic improvements in processing power
have prompted metal forming researchers to switch to standard elasto-plastic FEA models.

However, the rigid plastic deformation assumption is still commonly used in the field of limit



3.2. The plate problem

analysis in civil engineering and it is there that it has seen the most recent development
[29]. Limit analysis is a basis for computing an estimate of the value of a multiplier that
must be applied to a load distribution over a solid in order to cause collapse, under the
assumption of rigid plastic deformation [15]. Since the exact value of this multiplier is
difficult to compute, the upper and lower bound methods are often used to provide the
range of values it may take.

For metal forming, the aim is to ensure that the material will collapse and deform, hence
it is more appropriate to overestimate the collapse multiplier and guarantee collapse using
the upper bound method, rather than underestimate it with the lower bound method, so
the upper bound method is applied here. It is noted that unlike most applications in civil
engineering, the deformation field, or collapse mechanism, of the material is of a greater
interest here, rather than the accurate computation of the value of the load multiplier.

We begin by discussing the plate problem, because this allows the method for computing
bending energy in the shell model to be described separately from the rest of the model.
More detailed descriptions of the problem can be found in Hodge and Belyscho [49] and
in Anderson et al [15]. Generally, plate theory is concerned with analysing the behaviour
of a thin flat sheet material under transverse loading. T'wo important assumptions will be
made in accordance to Kirchoff thin plate theory: firstly, stresses normal to the surface of
the sheet are considered to be negligible; secondly, only the global deformation normal to
the surface of the sheet is considered to be significant. The stress states within the plane
of the sheet are denoted o, 0y, 7y, and the strain rates are €., €,, and 7,,. The internal

energy dissipation within the material is given using these stresses and strains as
D, = / Oy + Oyéy + 270y Yuy A€, (3.1)
Q

where (2 is the volume of the sheet. The strain rates are related to u and v, the in-plane

velocities in the x and y directions respectively, by

ouw . Ov 1<8u 8@). (3.2)

emzaa Eyza_ya ’mezé 8_y+8_x

For a thin sheet of thickness h, the velocities u and v can be approximated in terms of the
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3.2. The plate problem

transverse velocity w only by

5} 5}
u= —z%, v = —za—t;, (3.3)
where z € [—%h, %h] Hence
. _z82w . _28210 o, 0w
= TPz VT oy?’ Ty = Oxdy

To avoid through thickness integration, the stress resultant moments M,, M, and M,, are

defined as

M, = _/zaxdz, M, = —/zaydz, M, = —/zawydz (3.4)

and defining the curvature rates K, £, and &, as work conjugate to the stress resultants,

0*w Pw . 0*w

PN R Ty = a5 9 Ty — ) 3.5
" az2’ Oy? iy 0xy (3:5)
the dissipation may be written as an integration over area,
D, = / Myky + Myky + Myyfy, dA. (3.6)
A

It is assumed that the non-linearity in material behaviour can be described using J; plas-

ticity [37], so that the stresses are bound by the von Mises yield surface,
[0z, 0ys Tay) = o2 — 0,0y + OZ + 37'§y —02<0, (3.7)

where 0, is the material yield stress and f(o,, 0y, 7,,) = 0 at yield. If rigid plastic material
behaviour is considered, it is possible to replace the above stresses by their corresponding
stress resultants, since the stress distributions are rectangular during yield [30]. Hence, the

stress resultants take the constant scalar values
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3.2. The plate problem

and
f(My, My, Myy) = M7 — My M, + M + 3Mz, — Mg, (3.9)
or by normalising the stress resultants by My, so that m, = % ete,

2 2 2
f(ma, my, myy) = my — memy, +my, + 3mg, — 1

1 -3 0 My
:[mgc my, mxy} —% 10 m, | —1
0 03 Mgy
=m’Hm — 1. (3.10)

If required, anisotropic material behaviour can be included by modifying H using Hill
anisotropy [120]. In either case, H is symmetric in structure and for the value of H in

(3.10) the factorisation H = C™'C™7 is defined, where for instance

V3 00
1

C:—3 1 2 0 |- (3.11)

0 01

From the principle of maximum plastic work the dissipation, D., when constrained by the

yield function in (3.10), is

D; = MO/ d;dA, (3.12)
A
where
d;= max m!k,
mTHm<1
= max m'k, (3.13)
[C~"m|<1

and the subscript [ is used instead of e to emphasise that the allowable stress state is bound

by the yield criterion. The dual of (3.13), in terms of dual variables ), is

. L orrr
d[—l’)I\lzlgl oF H 'k + A, (3.14)
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3.2. The plate problem

which is minimised by setting the derivative with respect to A to zero, giving
1 1
A= (K"H k)2 = Z||Ck]. (3.15)

By back substituting the expression into equation (3.14),

2 kTH 'k

="
4 |Cx|

1
—|C
+5lCsl,

=[ICkll; (3.16)

where H™' = CTC, so the internal dissipation under von Mises plasticity can be written

as the integration over area of the norm of a linear function with respect to curvature,
A

Equation (3.17) was discretised by Anderson et al [15] using integration by parts and
then using bilinear quadrilateral finite elements to discretise both the stress resultant mo-
ments and the transverse velocity field. This leads to a solution that is not strictly an
upper bound, since it is possible for the method to underestimate the value of the limit
load multiplier [74]. The solution does however tend to the upper bound with increasing
mesh density. An alternative solution method is employed here, which is motivated by the
need to maintain a strict upper bound scheme and to avoid discretising the stress resul-
tants. The latter is important for the development of the shell problem. The transverse
velocity, w(x,y), is discretised by a cubic field in the form of the 9 degrees of freedom
triangular, non-conforming BCIZ element, which is described in detail in [122]. There are
several other choices of elements that have the required characteristics for discretising the

model, although it is not the purpose of this thesis to compare these. The element has

ow;
Oy

ow;
oz’

nodes only at the vertices, with three variables, w;, and —

being stored at each
node, where i refers to the node number, 1, 2, or 3 and Hermitian interpolation is used to
approximate the value of w(z,y) at any point within the element. The interpolation field is
cubic with additional bubble functions and is given by the shape functions provided in [40].

Through differentiation of the appropriate shape functions, a linear matrix relationship is
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3.2. The plate problem

established between the curvature and the nodal variables w. For a particular node ¢ where
(1 =1,...,3) within an element (e) where {e = 1,..., NE} and NFE is the total number

of elements, the curvature is given by
k9 =BOw, (3.18)

where Bp,; € R¥>*NV contains the coefficients of this relationship, NV is the number of
variables and w € RV contains all the degrees of freedom over the sheet. The subscript P is
used to emphasise that B is derived from plate theory and superscripts (e) refer to element
number. The expression for curvature in equation (3.18) can be used to calculate the
integrand in equation (3.17) at the nodes, since ||Ck;|| = [[CBp,;w|. An exact integration
of ||Ck|| over the area of the element would be costly and is avoided by applying an
approximate integration that is calculated using the values of the integrand, ||[Ck||, at the

nodes and restricting it to vary linearly over the element,
|Ck|| = L[| Ckal| + La|[Cral| + Ls||Crs, (3.19)

where (Ly, Lo, L3) are element coordinates using the area coordinate convention for tri-
angular elements [123] defined in (3.22), so that the integration of equation (3.19) over the

element becomes

A
[ 1exlan~ Saicw + [Crall + [Cral) (3.20)

where A is the area of the triangular element, given by

I 21
1
A= 5 det 1 9 Ya | (321)
I z3 ys

where (z1,41), (22, y2) and (z3,y3) are the cartesian nodal coordinates of the element. With
reference to figure 3.1, the L; coordinate of a point P within an element can be defined as
the ratio of the area of the shaded region areaP23 to that of the whole element A, and

similarly for L, and L, so that
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3.2. The plate problem

(l'lvyl) I',»(x3ay3)

Figure 3.1: Area coordinates [123].

B areaP23 B areaP31 B areaP12

1 —Tu 2—T7 3 — A (322>

To visualise this, several loci of constant L; have been drawn as dotted lines over the
element in figure 3.1.

The assumption in (3.20) is suitable for this formulation since, as has been shown by
Makrodimopoulos and Martin [73, 74] in the context of 2D plane strain problems, equation
(3.20) always results in a value greater than or equal to the true value of the integration, thus
guaranteeing an upper bound solution. The discretised expression for internal dissipation

over the sheet is a sum of norms,

NE 3

My
Dy == > ) ACBpw|, (3.23)

e 1=1

where NFE is the total number of elements in the finite element mesh. By the principle
of virtual work, the velocity field that minimises the internal dissipation provides the dy-
namical path of the system. For the first step of an incremental sheet forming process, the

sheet metal is clamped at the edges and a tool of spherical surface indents the sheet at a
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3.2. The plate problem

single point, leading to the following formulation:

min Dy
w
S.t. Wit = ¢

Wooundary = 0 (324)

Whoundary CONtains elements from w that form the set of variables that are constrained
at the boundaries. These can be implemented implicitly by removing the corresponding
variables from the optimisation. The tool surface function describes the tool height at the
tool position (x,y) and produces a vector t € RNT of heights at positions over the tool
surface that coincide with nodes of the finite element mesh. The deformation variables in
W01, Which are taken from the vector w, also correspond to these nodes. Strictly, the tool

constraint above should be stated as
Wtool + Wtooldt Z t7 (325)

where wy, is the height of the nodes before the load is applied and dt is the time period
over which the tool acts. Taking the plane of the sheet as reference, all points over the
sheet are initially at zero height, hence wy,,; = 0. Also, in the context of limit analysis
the plate problem is static and independent of the period over which the load is applied,
as long as the tool-path is discretised by small enough steps to remain sufficiently smooth.
Hence, under this condition it will be assumed dt = 1 without loss of generality.

The above sum of norms problem can be rearranged into an SOCP. Firstly, (3.24) is

restated as

NE 3
min fY > A|CBpw|
e =1
st. Ew >t
Wooundary = 07 (326)
where the clamping constraints are implicit, f = % and Ew = wy,,;. Two vectors of slack
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variables, n € R*VF and z € R3V¥ are introduced such that

z > |[CBpwl|, n; = CBp,;w, (3.27)

where n; = [n1+3(i,1), N243(i—1), n3+3(i,1)], n; are individual elements of their corresponding
vectors and the element area A in (3.26) has been incorporated into Bp. The optimisation

problem in (3.26) can be expressed in terms of these slack variables as

min 'z
st. Ew >t
CBPW =1n
where at the optimum, 2z, = ||n;|| = ||CBp,;w||. In (3.28), the matrices B,; have been

conveniently stacked into a single stiffness matrix B, € R™WEXNV and the vector f =
[f f-..f]- The resulting problem is an SOCP with respect to the optimisation variables,
z, n and w, where the third set of constraints in (3.28) are second-order cone constraints,

since from equation (1.15),

(n;,2;) € 0; < {(n;, ) | ||ni]| <z} (3.29)

The model was scripted in Matlab using the optimiser Mosek [85] to solve the SOCP.
A solution of the problem when applied to a pinned square sheet of unit dimensions with
a central point load is displayed in figure 3.2. When the problem is set up in the form
of (3.28), the solution time is approximately 5 minutes using NE = 5000 on a standard

desktop computer, but this is significantly reduced to just 8 seconds by exploiting the
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strong duality of the problem and solving the dual optimisation problem,

opt o opt _ T
Dl,dual - Dl,primal =max t' A

st. EEA-BLC p =0,

f—p=0,
A >0,
(pisis) €60;, i=1,....3NE, (3.30)

where p, p and A are the dual optimisation variables. In the dual problem, a general
conic set, ©;, becomes the conic conjugate, ©;. However, as a result of the self-duality
property of second-order cones the conjugate of a second-order cone is the cone itself,
hence ©; = O©F where ©; is the set defined in equation (3.29). Inspection of equation (3.30)
shows that the number of variables in the objective function is equal to the length of the
tool constraint vector, N'T', which is much lower than the number of variables in the primal
problem. Indeed, for the point loaded case with NE = 5000, the dual objective function
contains only one variable since NT' = 1 as opposed to 3NE = 15000 variables in the
primal problem, which explains the significant reduction in solution time when solving the
problem using the dual.

Figure 3.3 provides a comparison of the limit load multiplier for the problem in figure
3.2 predicted by the model presented in this paper to that of Anderson et al [15]. As
described in [15], the plate formulation by Anderson et al applied integration by parts
to the constitutive equation in (3.6). This resulted in first order differential terms with
respect to the stress state, m and the sheet velocity w, both of which were then discretised
using linear finite elements, but as a result strict upper boundedness is lost [15]. The
formulation in [15] was re-coded in Matlab for the purpose of comparing it with the plate
model presented here. In doing so, our implementation differed from the original description
in two minor aspects. Firstly, the finite element discretisation was performed using linear
simplex, or triangular, elements rather than the original bilinear quadrilateral elements used
by Anderson et al; an alteration described as insignificant in [15]. Secondly, the original

sum-of-norms formulation in [15] was rewritten as an SOCP, so that MOSEK could be used
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Figure 3.2: Deformation field of point loaded sheet obtained by solving an upper bound
plate problem as an SOCP

for solution.

The computations were performed to the capacity of the desktop computer used. As
expected, both plots converge towards the same upper bound limit load with increasing
mesh density but from different directions. It is apparent that the method presented in
this paper always overestimates the limit load and it therefore yields a true upper bound
solution. This overestimate reduces with increasing mesh size towards a minimum upper
bound.

As an interesting side investigation, it is noted that a better estimate of the minimum
upper bound may be obtained by enforcing compatibility along the edge of each finite
element as well as at the nodes. This would remove the possibility of solutions with spurious
energy modes, which may be difficult to detect if, for instance, they are present in only
a few elements. Such modes have not actually been observed here but no guarantee has
been provided either here or in [15] that they do not exist. An investigation into locking

mechanisms in the finite element mesh may also be beneficial to this extent.

3.3 Some solutions using the plate model
3.3.1 Alternative boundary conditions

Before proceeding to the shell problem, a short diversion is provided here to demonstrate
how the plate model behaves under different boundary conditions to those of the basic SPIF
process. Nine solutions of the plate problem for different tool and boundary conditions are

shown in figure 3.4. These include the conditions for the incremental curving setup in
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Figure 3.3: Comparison with [15] of limit loads for a point loaded pinned sheet of unit
dimensions. Limit loads obtained by an implementation of [15] are labelled ‘Anderson et
al simplex elements’ and from the model in this thesis, ‘Cubic elements’.

figure 1.7 (top left of figure 3.4) with unconstrained edges, a uniformly loaded clamped
plate (bottom left of figure 3.4) and a sheet with two edges rotated (bottom middle of
figure 3.4). By using an irregular FE mesh, it is also possible to model different shaped
clamping supports. For instance in figure 3.5, the deformation field for a point loaded plate

constrained by a circular clamping frame is displayed.

3.3.2 Brief return to the finite difference model

The FD model in §2.1 is also briefly revisited in this section. This model was solved using
one set of equations for the initial indentation of the sheet and another set, in the form of an
SOCP, for the remaining tool position increments. Here, the solution of the plate bending
problem in (3.30) is used to provide the first update w,, (1) in the deformation field before
proceeding with the solution of the finite difference problem in (2.62) for subsequent time
steps. This appears to introduce an inconsistency because the first indentation step assumes
only bending work is contributing to deformation, whereas subsequent steps deform due
to pure stretching work. However, since the whole problem has an SOCP structure, this
investigation allows (2.62) to be tested on a larger problem with a finer mesh compared to

the one previously used.
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3.3. Some solutions using the plate model

Figure 3.4: Solutions of the plate problem under different boundary conditions ranging
from pinned, clamped or free edges to uniform loading and multiple tools.
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Figure 3.5: Deformation of a point loaded circular plate discretised with approximately
6900 triangluar elements with pinned boundary constraints at the edges.

Figure 3.6 shows an example of the the initial step, for an indentation of a spherical tool
into a flat sheet. The dimensions of the sheet are 100 mmx100 mm with a thickness of 1
mm and yield stress of o, = 15 MPa. The number of nodes in the FD model in the x and
y directions, M and N, are chosen to be 50 and a time-step of At = 0.001 seconds is used.
The spherical tool-tip is 10 mm in radius with an indentation depth of 10 mm. The tool is
tracked along in a straight line with a velocity of 0.4 ms™' in the [—1 0] direction within
the (z,y) plane and the solution of the model after 60 time steps is shown in figure 3.7.
Although the general deformation field appears as expected, there are some fluctuations

in height along the line of the tool-path, which were not previously observed using the
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Figure 3.6: Example of the initial deformation field w,, ,(¢;) due to indentation by a spher-
ical tool obtained by solving the plate problem.
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Figure 3.7: First test case: tool path along the = direction solved with 60 time-steps.

coarser mesh. A second test case is also shown using the same parameters as before, but
with a tool velocity of 0.45 ms™! in the [1 -2] direction in the (x, y) plane. This test case
is of interest because it shows the deformation field that is obtained when the tool-path is
not aligned with the grid used for spatial discretisation. The solution, which is shown in
figure 3.8 after 100 time increments, provides similar results to figure 3.7, with a smooth
deformation field and some fluctuations in height as before.

This fluctuation was found to reduce with decreasing time step size, At, suggesting
that the ratio between the step size and mesh density is a significant parameter. The likely
explanation for this is due to the small angle approximations made in formulating the
problem in §2.1, since such approximations only hold for small changes in the deformation

field and hence small increments in the tool position. However, reducing At is undesirable in
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Figure 3.8: Second test case: diagonal tool paths solved with 100 time-steps.

terms of computational efficiency, so a compromise must be made between model accuracy
and solution time when selecting a suitable time step. This example of combining the limit

analysis model with the FD model was presented in [98].

3.4 Membrane work and coupling

In order to apply the limit analysis approach to a forming process such as ISF, two factors
are considered: the dynamic loading problem and the extension from plates to shells.
To address the first issue, the single step limit analysis problem is extended using the
sequential limit analysis method to handle the effect of dynamic loading caused by a moving
tool. This intuitive method involves progressively solving a limit analysis problem for a
structure, updating the deformation field and loading conditions by explicit time-stepping,
then solving the next limit analysis problem using the updated configuration. Sequential
limit analysis has gained interest in recent years as a method for analysing the evolution
of the deformation mechanism of a structure after initial collapse and has been discussed
by several authors including Yang [118], Hwan [53] and Leu [70]. More recently Kim and
Huh [63] have introduced the concept of dynamic limit analysis and applied it to two
impact problems. During sequential limit analysis, the non-linear effect of material work
hardening can be incorporated in the analysis by updating local yield stress of a finite

element in relation to its deformation history [70]. This section presents an investigation
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of the application of the technique of sequential limit analysis to modelling the incremental

deformation of sheet metal.

3.4.1 Transformation between local and global frames

To extend the analysis from plates to shells, it is necessary to allow for the fact that the
finite elements that lie within a shell do not all share a common plane, but can instead be
oriented arbitrarily in space with nodes at the global coordinates (X;,Y;, Z;), for i = 1,2, 3.
The bending work for a particular element can be computed using the plate formulation in
the previous section by defining velocities that operate within a local in-plane coordinate
frame with respect to the element concerned. A transformation is then performed to align
these velocities to the global reference frame. The coordinates in the local frame will be
expressed by the lower case equivalents of the global system.

The desired transformation is shown in figure 3.9, where a convention has been chosen
whereby the line joining node 1 and 2 is defined as the local x axis and the origin of the

local axes is at node 1 [122]. If the vector Vo is defined as

Voi = [Xo1 Yor Zo1]”, (3.31)

and similarly for vector V3; where X;; = X; — X etc, then the unit vector along the x axis

is given by
Vo
V, = , 3.32
Vo (3.32)
the unit vector along the z axis is
Vo XV Vo x 'V
v, = 2 31 _ Vo 3 (3.33)
|V21 X V31| 2A
and along the y axis, it is
Vy =V, X V. (3.34)
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Element in global coordinates
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Element in local coordinates
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Figure 3.9: An element shown in a global and a local coordinate frame.

The transformation matrix from global coordinates is given by

x; cos(z, X) cos(z,Y) cos(x,2) X;
yi | = | cos(y,X) cos(y,Y) cos(y,Z) Y |
2 cos(z, X) cos(z,Y) cos(z Z) Z;

A1 A A3 Xi
- )\4 )\5 )\6 Y; )
A7 Ag Ag Z;

Vg Xi
- VZ; i )
VZ Zz
p, = AP, (3.35)

where cos(x, X') denotes the cosine of the angle between the local x axis and global X axis.
Since the local axis is in the plane of the element, the local z coordinate at each node is
zero, and indeed the only non-zero coordinates are zo, 3 and y3. It is also noted that since

A is orthogonal, i.e. At = AT, the inverse transformation is straightforward.
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3.4.2 Membrane work

The membrane, or in-plane stretching, work component in a shell is considered indepen-
dently to the plate bending effects. Firstly, three further normalised stress resultants n,,

n, and ng, are introduced, which are defined as,

1 1 2
e = = /axdz, ny =N /aydz, Moy = 57 /axydz, (3.36)
where N, = o,h and o, is the material yield stress. The dissipation due to in-plane

stretching is then given by
D; = NO/ Ny + Ny€y + Ny Vuy dA, (3.37)
A

where the strain rates are calculated from the in plane velocities u and v using the ex-
pressions in equation (3.2). A simple shell finite element is produced by superimposing a
bending element, such as the BCIZ element [122], with a membrane element [30]. Note that
it has been assumed that the shell geometry can be suitably approximated by flat, rather
than curved, triangular elements. In this case, the Allman element [3] is used to discretise
the in-plane velocity fields and to compute membrane strains. As with the BCIZ element,
this element has 9 degrees of freedom and three nodes, one at each vertex. The in-plane
velocities u;, v;, and in-plane rotations 6, ;, are stored at each node ¢ = 1,2, 3. Within the
local coordinate frame, the in-plane strains are related to these nodal velocities via a linear

matrix relationship, so that for a node 7 of an element e within a finite element mesh,
e’ = B}y, (3.38)

where € = [€,; €0 27wyl Bl(\f[)l € R¥>*N can be obtained from [3], and u € RYY con-
tains all of the in-plane variables for the element. Combining the plate and membrane

components of strain [30],

Ki Bff)i O w
= ’ ) (3.39)
€; O Bl(\/e[)l u
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In order to relate the local variables w and u to a global coordinate frame, W and U, a
transformation matrix T is computed for each element from the terms in A in (3.35).

Equation (3.39) can then be written as

K B O W
€ O By, U

For the plate problem, the von Mises criterion was represented by the bending stress resul-
tants only, but now the membrane components must also be incorporated, which can be

achieved by using Ilyushin theory [54]. By defining the vectors,

M :Mo[mm ey mmy]T - [Mg: My M:By]Tu
N :No[nm Ty nmy]T == [Nm Ny N:By]Tu

s =[M"NT]",

the Ilyushin criterion can be stated in terms of the quadratic stress intensities, Qp, Qs

and QMP)

Qp =m2 —mym, + mz + 3miy, (3.41)

Qu =n2 — nyn, + ”32; + 3niy, (3.42)
1

Qup =ngmy — é(nxmy + nymy) + nymy, + 31y Myy, (3.43)

or

1 1

1
= —_M"HM = —NTHN = NTHM = M7 HN
QP Mg ; QM Ng ) QMP NOMO N(]M(] )
(3.44)
where, as with (3.10), for the von Mises criterion,
1 -1 0 1 0 0 1 —3 0
H=| 1 10|=|-1% o 0 ¥ o |=CTCT (3.45)
0 0 3 0 0 V3 0 0 V3
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The Ilyushin criterion requires that stress resultants must lie within the surface defined by
the inequality [26]

Qurp < QrQu, (3.46)

which becomes an equality at yield and is usually approximated by a linear equation that

was also provided by Ilyushin [26],

QP""%MQMP‘ +Qu < 1. (3.47)

Equation (3.47) can be written in the form of two intersecting ellipsoids

sTQs <1, sTQ,s<1, (3.48)
where Q, is
% (_1)1_1% MHN
= 0 s Moo 1 i =1,2. 3.49
Q, 1yt " (3.49)
2v/3 MoNo Ng

From the principle of maximum plastic work,

d; = max s’ ®
S
s.t. STle <1

sTQ,s < 1, (3.50)

where ® = [K,T GT}T. The form of equation (3.50) is similar to the equivalent expression
for the plate problem in equation (3.13), except for the additional complication of two
constraints representing the yield function rather than one. Two alternative derivations of
the numerical minimisation problem are now presented, both of which derive from (3.50).
The first is described in §3.5, where the SOCP is derived directly from (3.50) without
making any changes to the Ilyushin criterion. In §3.6, a relaxation technique is applied to

reduce the two constraints to one.
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3.5 The ‘two cone’ model: derivation using full linearised Ilyushin

criterion

The maximum plastic work expression in (3.50) can be restated as

d; = max s’ ®
S
s.t. ||Pys]| <1

[Pos|| < 1, (3.51)

where Q; = P! P; and i = 1,2. From the Lagrangian of (3.51),

L=—-s"®d— anPls -7 — nngs — 7o,

= —s"(® + Pin, + Pg"?z) — 71— T2 (3.52)
the dual of (3.51) in terms of the Lagrange multipliers n,, 15, 1 and 5 is formed,

d[ = min T+ T2
71,2,71,2

st. ® = —PTn, — Pln,
o[ < 7

72| < 72 (3.53)

For the minimisation in (3.53), the strain resultants in ® are effectively constant, because

when considering the overall energy minimisation problem their value is set by the outer

minimisation term,

min min /7’1 +ry dA

® 712,70
st. ® = -Pln, — Py,
[l || < 71,
72l < 72,

boundary constraints. (3.54)
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Note that the integration over area has been placed inside both minimisation terms and the
inner minimisation is equivalent to the one in (3.53). Since ® is constant within this term,
performing the minimisation over s is equivalent to calculating the dissipation for a given
value of ®. However, if ® is allowed to vary whilst the inner minimisation is performed,
the value of the dissipation d; computed would be the minimum over all possible values of
®. Essentially, this means that there is an independence between the variables ® and s so

that (3.54) can be written as

min / r+ry dA

r1,2,M1,2,®

st. ® = —Pln, — Pln,

[l < 74,
72| < 72,
boundary constraints. (3.55)

After spatial discretisation, the integration over area in (3.55) becomes a summation over

the nodes i of the finite elements e, so that (3.55) can be expressed as an SOCP,

NE 3

min ZZATU

T1,2,M, 2,® 1 =1

st. Kx = —PTn, — PIn,,

Ex > t,
In{|l < nf,
lnSHl < 7S, (3.56)

where 77](:2 = [Mt6(i1)s- -, M) for k=1,2, x = [W" U'|T and K is

ABY, O
K, = e T, (3.57)
O ABY),
hence ® = Kx. As with the plate problem, x;,,;, = Ex C x and t is generated by the tool

surface function. The boundary variables are set to zero directly and removed from the
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optimisation. As with the plate problem presented here, the solution in terms of the dual

of (3.56) was found to be more efficient than the primal problem.

3.6 The ‘one cone’ model: relaxation to linearised Ilyushin cri-

terion

An alternative method for deriving a minimisation problem is to simplify (3.50) using a
relaxation technique to reduce the two constraints to a single one. This single constraint
was chosen so that it optimally approximates the solution space given by the original two
constraints. This was done by seeking an ellipsoid function of the form s”Qs < 1 that best
fits the intersection of above two ellipsoids. The value of the approximation Q is found
by computing the ellipsoid of smallest volume that contains the intersection of the above
constraints. If ¢ = {s|s”Qs < 1} and ¢; = {s|s7Q;s < 1} for i = 1,2, then ¢é is the smallest
ellipsoid that satisfies,

2
e2 (e (3.58)
=1

In this case, é is the minimum outer ellipsoid. An alternative was also implemented, where é
was approximated as the maximum inner ellipsoid and it will also be discussed below. Both
problems were cast as maximum determinant linear matrix inequality (LMI) optimisation
problems using the procedure described by Boyd et al in [23], and solved for Q using the
semidefinite program solver, SeDuMi, details of which can be found in [80]. To describe

how this was done, a standard semidefinite program is defined [114] as

min c¢’'x

s.t. F(x) =0, (3.59)

where the objective function is a linear function of the optimisation variables x and F(x) is
a matrix that must be positive semi-definite under the above constraint, which is known as
an LMI. Hence, F(x) must satisfy z” F(x)z > 0 for all vectors z of appropriate dimensions,

or equivalently eig(F) > 0. An alternative representation of the ellipsoids defined above
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can be made as

e ={s|[s" 1] <0 (3.60)
0 -1 1

and for € to be an outer ellipsoid of the intersection of e; and es, it is required that

0 Q 0
@ 9<0 & 9 e 9<0p =9 @ 9 <0, (3.61)
0 -1 0 -1 0 -1

ﬁT

where 97 = [s” 1]. This means that if s satisfies the condition to lie within in the inter-
section of sets e; and ey, then this implies that the condition for belonging in set é is also
satisfied. The problem of finding the minimum é for which this is true is NP complete [23],
but a reasonable suboptimal solution, which in the case of the Illyshin criterion appears to
be optimal, can be found by using the S-procedure. As explained in [24], this states that

(3.61) is satisfied if there exist positive scalars 7, and 75 such that

~

0 0 0
@ _— @ — T @ < 0. (3.62)

0 —1 0 -1 0 -1
The S-procedure only guarantees optimal solutions for constraints of the form in (3.62) that
have only one scalar variable 7, thus the solution to this problem may be conservative [23].
The optimisation problem is formed by minimising the volume of é subject to the above
[ -1
condition using the property that the volume of the ellipsoid is proportional to 1/ det@Q

which gives

min deth1 = min log deth1
s.t. Q > 0,

Q =qQ

7120, 220,

~

Q@0 . @ 0 — T ©L 0, (3.63)

0 -1 0 -1 0 -1
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a) b) c)

Figure 3.10: Approximate solution for the NP complete problem of finding the smallest
ellipsoid é (dashed line) enclosing the intersection of other ellipsoids e; and ey (solid lines)
for two dimensions. This was computed by solving an LMI problem using semidefinite
programming. For example, in a) the optimal solution was found whereas b) and ¢) display
suboptimal solutions.

This was solved as a semidefinite programme in Matlab using SeDuMi [80] and the resulting

solution for the minimum outer ellipsoid is

~

Q=105(Q, +Qy). (3.64)

This is closely related to approximations to the Ilyushin condition applied by other re-
searchers, as discussed in [120]. Q is six dimensional and therefore it cannot be visualised
on a plot, so to demonstrate the way the formulation works, solutions for some two dimen-
sional ellipsoids are shown in figure 3.10. Of the three examples, the underlying ellipsoids
in figure 3.10 a) have a structure that is most similar Q, and Q,. They are defined by

e; = {s\sTQZ@D)s < 1} for i = 1,2, where

Qe _ 16 11.1547 (3.65)
111547 11

N 16 —1L15T | (3.66)
~11.1547 11

Interestingly, the solution é for these ellipsoids is optimal, whereas in figure 3.10 b) and

¢) the minimum outer ellipsoid is suboptimal. Although this does not guarantee that the
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U

c)

a)

Figure 3.11: Largest inner ellipsoid (dashed line) within the intersection of other ellipsoids
(solid line) in two dimensions. This was computed by solving an LMI problem using
semidefinite programming.

solution in (3.64) is optimal, it does suggest that it is likely to be optimal due to the
symmetry of Q; and Q,.

An alternative approximation to the Ilyushin criterion was also implemented for which
an optimal solution is guaranteed. In this case ¢ was computed as the maximum inner
ellipsoid, where the volume of the ellipsoid was maximised by minimising detQ and from
the S-procedure, the equivalent constraints to (3.62) were

.0 3 0
@ @ <0, i=1.2, (3.67)

0 -1 0 -1
with 7, > 0. Since each constraint only contains one variable 7; the solution is optimal,
as visualised by example solutions for both 2 dimensional and 3 dimensional ellipsoids in

figures 3.11 and 3.12. For the Ilyushin criterion the optimal inner ellipsoid was found to be

~

Q =1.552(Q, + Q,), (3.68)

hence no difference in the deformation mechanism would be observed whether (3.64) or

(3.68) is used to approximate the yield surface since they are just a scaled forms of each
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Figure 3.12: Largest inner ellipsoid (coloured) within the intersection of three other ellip-
soids in three dimensions. This was computed by solving a linear matrix inequality problem
using semidefinite programming.

other.

The relaxed form of the principle of maximum plastic work is

d; = max s’ ®
S

st. sTQs < 1. (3.69)

This can now be treated the same way as the plate problem and the internal dissipation
can be cast as the integration over area of a norm by following the steps in equations
(3.13-3.16), which can then be formulated as an SOCP after spatial discretisation. The

final optimisation problem is

. NE
D; = min ; gzl
s.t. n = PKx,
|ni|| <z i=1,..,3NE,
Xtool = T,

Xpoundary = 0. (370)
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where n; = [n1463-1, - - -, i, PP = Q and K and x were defined in §3.5. As with the
plate problem, the edge boundary conditions can be implemented implicitly and the tool
constraints can be written as Ex > t. In practice, it is more efficient to solve the dual form

of the problem.

3.7 Time integration, tool contact and scaling

The time evolution for both derivations (§3.5 and §3.6) of the model follows a sequential
limit analysis scheme [118] that depends only on the change in position of the tool at each
time step. This can be considered as explicit time integration using a forward difference
scheme to update the deformation field at each time step [98].

When applying the model to SPIF, an assumption about the contact condition between
the nodes of the finite element mesh and the tool is made for the t+1 time step. Specifically,
if 7 is the radius of the spherical tool-tip, only nodes that fall within the region of the tool
at time step t, defined as the projection of a circular area onto the sheet of radius r centred
at the (z, y) position of the tool tip belong to the subset X;,,;, which is subject to the tool
constraints until time step ¢ + 1.

For now, these nodes will be constrained to only move vertically, but in §3.10.1 a
method for relaxing this constraint whilst maintaining the SOCP structure is described.
This permits sliding between the tool and the sheet, although as before, only the subset
of nodes in xy,, are constrained by the tool surface, so it is possible during a time step
for a node that falls just outside of the constrained region to slide into the tool region but
not be constrained by the tool. In practice, the consequence of this is negligible because
little sideways motion of the nodes was observed in comparison to vertical motion, both in
these models and in the benchmarks in §1.5.1. Frictionless contact states are considered
here when sliding is permitted, but it is possible to include friction effects by applying a
traction force term in the objective function. One paper that discusses friction within the
context of sequential limit analysis is [52].

The initial simulations of the SPIF process provided in §3.8 use the perfectly plastic
assumption, although it is straightforward to modify this to include work-hardening. To

incorporate non-linear work-hardening in the model, the cost coefficients f associated with
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an element should be made variable with respect to time and should be increased at time
step t+ 1 appropriately in relation to the degree of equivalent strain the element underwent
at time step t. This is discussed in further detail in §3.11.
Given that the stress resultant yield constants My and Ny have been defined as
h2

MO = CTOZ, NO = O'Oh, (371)

where o, is the material yield stress and h is the sheet thickness, for a general choice of
units for length measurement, M, differs to N, by several orders of magnitude due to the
extra thickness multiplier, leading to ill-conditioning of the problem in equation (3.70).
Indeed, the problem is only stable if mm are used, since h = 1 mm. In order remove this
dependency on length scale, the stress resultant moments were redefined in a generalised

form [120] as

1
m; = YA /Zzaidz =, Yy, 1Y (3.72)
and similarly
1
n; = Noh /Zaidz i=x, Yy, 1Y, (3.73)

so that My = %, Ny = 0,. A corresponding generalised strain vector was also defined that

is work conjugate to the redefined stress resultants,

- IZ',Z hI O K;
P, = = =7, (3.74)
éi (@) I €;
and the optimisation problem was modified appropriately. The resulting optimisation prob-

lem was found to be stable for a large range of length units.

3.8 Results

In this section the two cone and one cone models were applied to two cases: The first
simulates a series of point loads applied along a straight line to an initially flat, clamped
sheet; the second test simulates a full ISF product and compares the predicted deformation

to data from LS-Dyna and measurements from the actual part. As with the plate problem,
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Figure 3.13: Deformation of one cone model for tool sequentially applying point loads along
a straight line.

the models were solved using the SOCP software package Mosek [85] on a standard desktop

computer running MS Windows.

3.8.1 Plate subjected to a sequence of loads

The one cone and two cone models were used to simulate the deformation of an initially
flat sheet subjected to a load that was applied sequentially at a series of equally spaced
points along a straight line. Since this line test is fairly simple, it is commonly used in ISF
research. For instance, in [68] it is used to evaluate a re-meshing strategy for an elasto-
plastic FEA model for ISF and in [86] it is used to experimentally compare ISF with several
other metal forming processes.

The deformation field for both the one cone and two cone simulations are very similar,
so only the results from the one cone model are displayed in figure 3.13 at four equally
spaced periods of the process. The indentation depth of the tool was 10 mm and the one
cone model used NE = 4802 whereas the two cone model used NE = 3042, since for this
value of NFE, the two cone model was close to the memory capacity of the computer used,
because of the need to define two second-order cone constraints per node rather than one.
In terms of solution time, the two cone model took an average of 38.84 sec and the one cone
model took an average of 33.4 sec to solve the limit analysis problem at each increment of
the tool position, including both the set-up time in Matlab and the solver time. In total
this amounts to 53 mins and 45 mins 37 sec respectively, hence the two cone model was
slower than the one cone model despite having a coarser mesh.

Figure 3.14 shows the actual difference between the two models at the four stages in
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Figure 3.14: Comparison of vertical differences in mm between the one cone and two cone
models. RMS = root mean square difference and v = variance.
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Figure 3.15: Simulation of test product in figure 1.14 produced by solving the rigid plastic
shell problem using SOCP for a regular finite element mesh. The superimposed black dots
are measured points from the real product.

figure 3.13. These differences are mostly within 1% of the the overall indentation depth,
suggesting that the consequence of the approximation to the Ilyushin criterion made in the
one cone model is minor. Due to the similarity in the deformation fields for the two cone
and the one cone models, the results in the following sections are presented using only the

one cone model.

3.8.2 Simulation of ISF part

In this section the one cone model was verified against a part produced on the Cambridge
SPIF machine [5]. The boundary conditions matched those above and the solution was
compared with the CMM measurements from the real product. These were superimposed
over the model and an interpolation field within each element was used to find the predicted
deflection directly below, or above, each of the measured points.

The result for the one cone model using NE = 5000 is shown in figure 3.15, where the
RMS vertical difference between measured and simulated data is 0.88 mm, with a variance
of 0.69 mm? and maximum difference of 3.17 mm. The simulation took approximately 18
hours, or 39 seconds per time step, with 60% of the time spent in the SOCP solver. The
remaining period was spent in Matlab and could be reduced by using a compiled script.
The solution times for other mesh sizes and types are displayed in figure 3.21, where a

distinction is made between the solver time and assembly time.
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Mesh size Error measures
No. of elements, NE | RMS (mm) | Var. (mm?) | Max. diff. (mm)
800 1.95 2.39 5.21
1250 1.48 1.57 4.20
1800 1.16 1.05 3.22
2450 1.03 0.88 2.98
3200 0.95 0.77 3.09
4050 0.91 0.73 3.15
5000 0.88 0.69 3.17

Table 3.1: Error measures displayed against mesh density.

In table 3.1, a comparison of RMS error, variance and maximum difference between
the rigid plastic finite element model and measured data is displayed for increasing values
of NE, the number of elements. All tests used the same regular triangular mesh and the
RMS error and variances both decreased as the mesh density increased. The errors display
a common trend, which is easier to see when plotted, as done in figure 3.16, where the
error decreases towards a plateau beyond which increasing the mesh density has no effect
on the accuracy of the solution. The plot for maximum difference is different because it
appears to increase after NE = 2500, although very slightly. This is likely to be because
the plateau for maximum deflection has been reached at a value of about 3 mm, in which
case the solutions are simply oscillating about this value. However, although the maximum
error is useful because it provides the bounded domain within which all measured errors
lie, it is less important than the RMS error and variance because the latter two provide
information about the distribution of errors, rather than a value from one single point on
the sheet.

As well as measured data, the model has also been compared with data computed
from commercial finite element software. Figure 3.17 shows the differences over the sheet
between the current model for NE = 5000 and the LS-Dyna models in figures 1.12 and
1.13. The simulation time per time-step for the standard cone was the same as for the
twisted cone shape. For both cases the error measures between the two models displayed
in table 3.2 appear satisfactory.

The rigid plastic models and LS-Dyna appear to disagree most at the base of the
product, as seen the by the red regions in figure 3.17. However, when comparing against

the real product for the twisted cone shape, both models show greater discrepancies in
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Figure 3.16: A comparison of selected error measures between the rigid plastic finite element
model and measured data for different numbers of elements (from the data in table 3.1).

Error measures
Shape RMS (mm) | Var. (mm?) | Max. diff. (mm)
strandard cone 0.39 0.13 1.38
twisted cone 0.64 0.36 1.77

Table 3.2: Error measures of difference between one cone model and LS-Dyna from the
plots in figure 3.17.

the midrange between the base and the maximum depth. Since the twisted cone product
was removed from its clamping frame so that it could be measured on the CMM, it was
expected that elastic recovery, which is not accounted for in the rigid plastic model and is
also not computed in the explicit solver in LS-Dyna, would result in larger differences at
base regions of the product yet this appears not to be the case.

When it comes to addressing the control problem of reducing errors between the model
and the target product, which are different to the errors used to verify the model above, the
greatest differences between the two lie at the base region of the product. Since LS-Dyna
and the current model appear to predict the deformation in this region equally well, either

of the two models ought to perform similarly if used for this purpose.

3.8.3 Irregular meshes and mesh refinement

The results provided so far are the first evaluation of the rigid plastic assumption for

modelling ISF and the use of recent SOCP methods in solving a shell problem. However, it
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Figure 3.17: Difference in mm between deformation field predicted by the one-cone model
and LS-Dyna models (standard cone in figure 1.12 and twisted cone in figure 1.13).

80



3.8. Results

Mesh size Error measures
Hmaz (mm) | No. of elements, NE | RMS (mm) | Var. (mm?) | Max. diff. (mm)
7 1208 1.24 1.23 3.60
5.6 1954 0.94 0.82 2.94
4.67 2832 0.83 0.65 3.26
4 3854 0.83 0.65 3.28
3.5 5226 0.79 0.61 3.32
3.11 6586 0.79 0.60 3.40
2.8 8412 0.77 0.57 3.4

Table 3.3: Mesh sizes and corresponding simulation error measures for irregular meshes
produced using initmesh.

is believed that further work could be done to maximise the benefits that can be obtained
from applying the rigid plastic assumption in terms of computation time. One possibility is
to use adaptive re-meshing, whereby the overall number of simulation variables is reduced
by using small elements only in regions of the sheet that are of interest. The four meshes in
figure 3.18 were tested using the rigid plastic finite element model for ISF and two of these
use mesh refinement. Figure 3.18(a) shows the regular mesh used in the previous section.
This mesh can be created by writing a simple script or by using the poimesh function in
the Matlab PDE toolbox. The initmesh function from the same toolbox is used to create
the mesh in figure 3.18(b) and was also used for the one in figure 3.5. A result using the
irregular mesh is shown in figure 3.19, for which the RMS difference between the model
and the simulation was 0.79 mm, the variance was 0.60 mm? and the maximum difference
was 3.40 mm.

As with the regular mesh, a test was performed to see how the simulation errors varied
with mesh size. The number of elements NFE cannot be directly controlled in initmesh, so
this was manipulated indirectly by attempting to limit the maximum size of the triangles
generated, or specifically the maximum edge length of any element by using the built-in
property Hmaz. As shown in table 3.3, the resulting NE do not vary linearly with this
parameter because there is no lower size limit on the triangular element, but the range of
NFE covered is satisfactory. The corresponding error measures are also shown in the table
3.3.

So that the regular and irregular meshes can be compared to each other, a parameter
must chosen against which the prediction errors for the two can be plotted. The natural

candidates for this are either the maximum edge length, Hmaz, or the number of elements,
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Figure 3.20: A comparison of RMS error and variance between the rigid plastic finite
element model and measured data for regular meshes (dashed) and irregular meshes (solid).

NE. In figure 3.20 the RMS error and variances from tables 3.1 and 3.3 are compared
against both of these measures over a suitable range of values. It is interesting that for
a given value of Hmax or NFE, the irregular mesh outperforms the regular mesh. This is
especially clear in the plot of errors against NE.

It has been observed that most of the material deformation appears to occur within a
reasonably local region surrounding the tool. Therefore, for the refined regular mesh in
figure 3.18 c), the idea is to use a coarse mesh that was refined within a region localised
to the tool. As the tool moves the region of refinement is moved with it. The underlying
mesh was formed from a regular mesh with one degree of mesh refinement computed by
using the quadtree algorithm, which is implemented in the open source mesh generator
QMG [79]. It is possible to produce further degrees of mesh refinement but as discussed
below this provides little further benefit. For figure 3.18 ¢) the model used a base mesh
that was generated over a 30x30 grid from which the localised region was refined to the

equivalent of a 60x60 mesh. In figure 3.18 d) the open source Matlab script DistMesh [93]
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Figure 3.21: Comparison of computing times for simulations of the product in figure 1.14
against mesh size, for irregular (top) and regular meshes (bottom). Total time is broken
into solver time (dark grey) and set-up time (light grey). The average time for each SOCP
solved is obtained by dividing the above times by 1664, the number discrete tool position
increments.
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Figure 3.22: Simulation of test product in figure 1.14 produced by solving the rigid plastic
shell problem using SOCP and mesh refinement around the tool. The tool is shown under
the sheet in its final position.

was used to refine the irregular mesh using the same idea of producing smaller elements in
the region surrounding the tool.

By using the mesh in figure 3.18 ¢) the solution time for the model was reduced by
50% by halving the number of elements to NE = 2528 when compared to NE = 5000
for a regular 50x50 mesh, without affecting the predicted geometry. Specifically, a RMS

2 and maximum

vertical difference of 0.81 mm was observed with a variance of 0.65 mm
deflection of 3.23 mm when compared to the measured data. The deformation field is shown
in figure 3.22, where the tool is displayed underneath the mesh in its final position. The
mesh displays poor element quality at the edge of the refinement region, but it was found
to be better at maintaining the shape of the product during remeshing when compared
to the irregular refined mesh. For instance, the corners in the product became smoother
with each refinement step using an irregular mesh. It was found that finer degrees of mesh
refinement could be used for the regular mesh but occassionally this also led to difficulties
in maintaining the product shape when updating the mesh at each time step. For ease

of comparison, the error measures for the remeshing strategy are shown in table 3.4 along

with the corresponding results for the 50x50 regular mesh and LS-Dyna model.

3.8.4 Strain (‘stretch’) comparison

It was outlined previously that the main purpose of the rigid plastic model was to predict

deformation and so accuracy of stress and strain prediction was not of great concern.
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Model Cone | RMS (mm) | Var. (mm?) | Max. diff. (mm) | Comp.
shape Comparison with measured data time (hrs)
reg. mesh | twisted 0.88 0.69 3.17 11 (1 PC)
remeshing | twisted 0.81 0.65 3.23 55 (1 PC)
LS-Dyna | twisted 0.998 0.99 3.7 8 (16 CPUs)
Comparison with LS-Dyna
reg. mesh | twisted 0.64 0.36 1.77 11 (1 PC)
reg. mesh | standard 0.39 0.13 1.38 6.7 (1PC)

Table 3.4: Summary of error measures of models compared against measured data and
LS-Dyna for regular meshes.

However, the strain distribution in the one cone model and LS-Dyna for the benchmark
shape of figure 1.12 is briefly studied here. In order to do this the major and minor
logarithmic principle stretches [86] were computed for the two models and displayed in
figures 3.23 and 3.24 respectively. Logarithmic principle stretches were chosen because
they provide an estimate of the strain distribution using only the initial and final states
of the sheet and they were also used for the analysis of ISF experiments and Abaqus
simulations by Music and Allwood [86]. One limitation of this approach is that the strain
path taken is not known, but due to its simplicity the technique is commonly used in many
areas of metal forming and indeed, it is the standard calculation for producing forming
limit diagrams [66]. In ISF in particular, the technique has been used experimentally by a
number of other researchers [65, 56, 109, 64, 42].

The experimental method typically involves imprinting a grid onto the sheet on the
opposite side to the one worked by the tool, using an etching or printing method and
comparing the final distorted grid to the initial one. With the numerical models here a
regular FE mesh was used, so the nodal coordinates readily provided the grid arrangement
of the data required for the calculation. The algorithm used to compute the stretches was
the same one used in [86] and the distribution of stretches was plotted in figures 3.23 and
3.24.

The major stretches for both models in figure 3.23 follow a similar pattern of increas-
ing in value with forming depth. This trend has been observed experimentally and it is
discussed in [58], where it is suggested that the reason why the strains are not constant, as
might be expected for a uniform tool path, is that as the process progresses the deformation

transforms from being a widely distributed deformation across the sheet to being localised
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Figure 3.23: Distribution of major stretches over the sheet

to the contact area of the tool. This is because as the sheet assumes a 3D shape it becomes
more rigid and hence resists widely spread deformation, therefore restricting the deforming
area and increasing the strains in the regions that do deform.

The trend in the strain distributions is the main factor to observe, but it should be
noted in figures 3.23 a) and 3.23 b) the maximum major stretch value differs by about one.
This could be due a number of factors, such as the finer grid available for calculating the
stretch in the LS-Dyna simulation, or the parameters used for the material properties and
tool-sheet contact state. The minor stretches in figure 3.24 are also similar in the sense that
they are typically much smaller than the major stretches. This is more apparent in figure
3.25, which is a plot of major stretches against the minor stretches for each element in the
grid. Hence, the darker regions in the plot represent the more frequently occurring major-
minor stretch combinations over the sheet. This plot is referred to as a stretch spectrogram
and as with the ones produced in [86], the distributions here are both in the direction of the
major axis. This agrees with the statements in [55, 91, 86] that the deformation mechanism

during ISF is largely that of plain strain stretching.

3.8.5 Approaches taken by other researchers

Since ISF presents several challenges in terms of numerical modelling, it is the subject of
extensive work in a number of ISF research groups around the world. Most of this work

is concerned with reducing simulation times, so to help put this work into context it is
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worth considering some of the other approaches that are being taken before continuing
with further analysis of the ISF model presented here.

Bambach et al’s [19] metamodel based on a database of FE simulations and Hirt et al’s
[47] geometric model for ISF have already been discussed in §1.6. More recently, Lequesne
et al [68] have reported that they are developing a method for adaptive mesh refinement
and de-refinement in elasto-plastic FE simulations of ISF. The main issue here is how to
maintain accuracy in the strain histories during the de-refinement step, but this work is still
in need of further development. In [68] only some results for a line test with and without
the adaptive meshing scheme are presented, but no indications of the computation times
involved have been given yet. Robert el al [104] also recently produced a simplified elasto-
plastic scheme based on incremental deformation theory. This requires fewer iterations than
the standard flow rule method used in elasto-plastic FEA, but in practice an improvement
in computation time of only 4.2% was observed over Abaqus Explicit when run on a single
CPU.

Hadoush and van den Boogaard [44] have developed a more successful domain decompo-
sition strategy for modelling ISF, which is based on recent work in modelling conventional
spinning [96] and extrusion [92] processes. The idea is to separate the sheet into an ‘elasto-
plastic domain’ localised to the tool and an ‘elastic domain’ that covers the rest of the
sheet. A full elasto-plastic implicit FE model is solved in the elasto-plastic domain and it
is matched to the elastic domain by appropriate boundary conditions. A quicker elastic
simulation is performed in the elastic domain, which provides the extra computational ben-
efit. In [44] a mesh of 1600 finite elements is used to simulate a flattened pyramid shaped
product formed by 24 layered passes of the tool. The domain decomposition method took
just over six hours to solve for this, as opposed to 12 hours using a standard implicit simu-
lation, hence an improvement of almost 50% was achieved. In the model presented in this
chapter, an emphasis is placed on predicting deformation, but the domain decomposition
approach allows for elasticity in the model, which makes it more accurate for predicting
forces and internal stresses. However, if the rigid plasitc model is solved under the same
conditions as [44] with the same number of elements, it would be expected to take only

about 30 minutes.
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(a) 3D image of product taken on a stereo camera

depth (mm)
L

0 1 1 1 1 1 |
0 10 20 30 40 50 60
distance from centre of sheet (mm)

(b) Profile of (a) after post-processing

Figure 3.26: Data from a shallow product formed on the Cambridge ISF machine using
140x140x1 mm Al 5251-H22 sheet metal and a spherical tipped tool with a 7.5mm radius.

The ISF model presented here is therefore much faster than the above models, and
indeed than most of the other known models used in ISF, but because of the approximations
it makes it is also only suitable for a certain range of applications. For a number of
research areas, speed is less of an issue and for these researchers continue to use commercial
explicit FEA codes, such as LS-Dyna by Dejardin et al [32] and Abaqus by Bambach et al
[21], although often mass scaling is applied and implicit codes are still avoided to prevent
excessive computation times. An attempt to analyse the use of commercial FEA for ISF
has been made in [20] and also, in [21], it is explained that a careful input of the tool

trajectory in Abaqus is required to avoid unrealistic dynamics over the sheet.

3.9 Intermediate stages of the ISF process: the ‘dip’

In the simulation results presented so far, only the final deformation shape of the ISF prod-
ucts were considered, but here some observations are made of the deformation behaviour at

intermediate stages of the forming process. Figure 3.26 a) displays a 3D image taken from
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3.9. Intermediate stages of the ISF process: the ‘dip’
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Figure 3.29: Average forming depth from the centre to the edge of the sheet predicted by
the limit analysis model at four stages (25%, 50%, 75% & 100%) of the forming process for
different types of mesh.

the Cambridge SPIF machine after tracking several circular passes over the sheet, each 1
mm below the previous one. The image was taken using a stereo camera just after the tool
completed a pass at a depth of 5 mm. A Matlab script was written to process the point
cloud data, the details of which are described further in §5.2 and it was used to produce
the plot in figure 3.26 b), which shows the average depth over the sheet from the centre
out to 60 mm. A ‘dip’ is observed over the central unformed region of the sheet such that
the centre of the sheet is ~0.75 mm below the maximum forming depth.

This ‘dip” also occurs in numerical simulations, where it is more pronounced as observed
in the snap-shots in figures 3.27 and 3.28, which were taken at four stages of a simulation
and are identical except for the meshing strategy used. In addition to these 3D images, the
meshing strategies can be compared directly in the 2D plot in figure 3.29, where the average
depth is plotted at four stages of the simulation process. The plot shows that the observed
‘dip” appears to vary with the type of meshing strategy used, although for a similar test
comparing mesh densities, it was found the level of ‘dip’ remains constant provided that
the mesh is reasonably dense. For example, figure 3.30 is a plot of the ‘dip’ simulated by
using regular meshes with densities of 800, 1800, 3200 and 5000 elements, showing that for
the three denser meshes the solutions are similar.

The one cone and two cone models were also compared in terms of the ‘dip’ they predict
and they were both found to be similar, as displayed in figure 3.31. The agreement between
the two plots provide further justification for the relaxation applied to the Ilyushin function

in the one cone model.
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Figure 3.30: Level of dip predicted by the one cone model after completing 25% of the
forming process for a twisted cone shaped part. Regular meshes of four different densities
are compared, showing that the solution settles down above 1800 elements (30x30 mesh).
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Figure 3.31: Level of dip predicted after completing 25% of the forming process for a twisted
cone shaped part. The one cone and two cone models are compared for a 40x40 mesh.

A mismatch in the ‘dip’ between simulation and experiment is not an issue if only
final deformation shape is of interest, particularly if the tool-path covers the whole region
of the target product. However, when simulating products with tool paths that do not
cover the whole surface of the target shape, such as the one in figure 1.10, large differences
might be observed between the simulated product and actual product. It is therefore
important to isolate any conditions that can reduce the ‘dip’ in simulations, to ensure that
the model matches the observed behaviour accurately. From the plot in figure 3.29, the
first observation is that a regular mesh should be used, since it gives the smallest ‘dip’ out
of the meshing strategies applied here. Further observations can be made by comparing the
model with an elasto-plastic explicit model that was produced in Abaqus using a frictionless
tool-sheet contact condition.

Two Abaqus simulations were produced for this comparison and the results are plotted
in figure 3.32, which was created in the same way as figure 3.29. Both of the Abaqus
models used the same tool path, but with different indentation step sizes, and they took

approximately 15 hrs 30 mins on a Linux CPU to reach the stage in the simulation displayed
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Figure 3.32: Average forming depth in Abaqus simulation using frictionless contact condi-
tions. The two plots used the same tool-path but with different indentation depths between
each pass of the tool.

in figure 3.32. The models used 4500 triangular shell elements with five through-thickness
nodes per element.

There are several methods for reducing computation times or altering the material
behaviour in Abaqus, such as mass scaling, but these were not explored in detail here.
Indeed, although it was not observed in figure 3.32 it is possible to simulate a large ‘dip’ in
Abaqus under certain conditions, as shown in figure 3.33. This was taken from a simulation
produced in Abaqus 6.5 by Otegi et al [89], but the details of this simulation were not
provided so it was not possible to compare them with the Abaqus simulations in figure
3.32. The difference between figures 3.32 and 3.33 serves as yet further evidence of the
degree of variability that can exist in metal forming simulations, even when the same
software package is used. For this reason, the metal forming research community is annually
challenged to simulate a set of benchmark processes or shapes and the results are published
as a supplement to the proceedings of the Numisheet! conferences.

Otegi et al refer to the ‘dip’ as a ‘pillow effect’ and interestingly, they argue that this
effect causes geometric inaccuracies in their TPIF process, which uses a negative die and
one moving tool. They believe that the ‘dip’ is caused by the accumulation of material
in the centre of the sheet and proceed to design a multi-pass tool-path that attempts to
spread material from the centre of the sheet outwards. This results in an improvement in
geometrical accuracy, suggesting that their theory could be correct. Aside from this, it is
also interesting that Otegi et al approximate the tool shape to a rigid body sphere.

Despite the above suggestion, it is unlikely that material accumulation is the cause

!The full title for Numisheet is The International Conference and Workshop on Numerical Simulation
of 3D Sheet Metal Forming Processes. The latest benchmarks are published in [50].
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Figure 3.33: The pronounced ‘dip’ observed in Abaqus simulations by Otegi et al [89],
where it is called the ‘pillow effect’.

of the ‘dip’ in either the rigid plastic model or Abaqus because to simulate material flow
accurately, solid element models should be used rather than the shell approximations used
here. The causes of the pronounced ‘dip’ in the rigid plastic limit analysis model, or the
lack of it in our Abaqus simulations, are likely to be due to a number of interacting factors,
several of which are now considered. The main approach in this discussion is to break
down any assumptions that were made in the new model that were not present in the
Abaqus model and to assess whether any of these could have an effect in forming the ‘dip’.
Furthermore, the level of the ‘dip’ is assumed to be directly related to the localisation of
deformation around the tool. The assumptions in the model made fall into the following

categories:
e The material description
e The material geometry

e The tool-sheet contact state

Material description

Several materials have been observed that give a more pronounced ‘dip’ than the aluminium
5251-H22 alloy sheet metal used in the experiments. Ambrogio et al [9] and Micari et al
[78] observed this phenomenon, which they also refer to the as a ‘pillow effect’, in their
experiments with the annealed aluminium alloy AA1050-O and so did Otegi et al [89], with

low-carbon steel FeP04 sheets. Figures 3.34 and 3.35 display examples of two other such
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Figure 3.34: Brass musical drum produced on the Cambridge ISF shown prior to trimming.
The ‘dip’ in the unformed central point of the sheet is enlarged on the bottom left of the
image.

Figure 3.35: Cross section through incrementally formed pure copper (top) and annealed
copper (bottom). Both specimens are 0.25 in thick and were subjected to the same tool-
path.

materials that were formed on the Cambridge ISF machine for some experiments described
in [58]. The first part is a brass sheet that has been formed over the whole surface except
for the centre and the second shows two small thick sheets of copper; one untreated and
one annealed. The annealed copper displays a ‘dip’ during forming, whereas in its pure
form it remains flat because annealed cooper, like brass and indeed annealed aluminium,
are softer materials that deform relatively more locally to the tool.

As an aside, one could question why Al 5251-H22 was used for the previous model
validation tests instead of brass, which displays a significant ‘dip” and so can be considered

to be described more accurately in the numerical model. This is because it is the standard
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sheet metal used on the Cambridge ISF machine and also, other than the brass product
in figure 3.34, which was produced at the IfM during an investigation into methods for
manufacturing steel drums with improved musical qualities, the scope of applications for
incrementally formed brass is limited when compared to aluminium alloys and in particular
Al 5251-H22, which is designed for sheet metal working. Steel is also commonly used and
it would also be a good test material, although it requires relatively higher forming loads
than aluminium.

The aluminium alloy Al 5251-H22 undergoes a large degree of work-hardening compared
to the softer materials described above, but this factor has been neglected in the material
description so far. In particular, one effect of work hardening could be to increase the
area of deformation caused by the tool at later stages of the process, thus reducing the
localisation of deformation. This is because previously work-hardened regions of the sheet
near the tool may be more resistant to deformation when compared to non work-hardened
regions further away from the tool. A method for incorporating this effect is described in
§3.11 and the effect this has on the ‘dip’ is also discussed.

Another factor in the material description, which is the key difference between Abaqus
and the formulation here, is the rigid-plastic assumption. The inclusion of elasticity in
Abaqus has the effect of providing an ‘energy-free’ mechanism for the shrinkage of previously
formed regions of the sheet. This is considered to be a factor that could reduce the ‘dip’
because a shallow region over a sheet occupies less surface area than a region with a
large ‘dip’ and during elastic spring-back, the surface area of the sheet reduces. To test
this concept using the current formulation, the rigid plastic assumption would have to be
converted into an elasto-plastic one, which would be inefficient to solve because it cannot
be cast as an SOCP. However, it would be expected that the simulation times would be
similar to standard elasto-plastic solvers such as Abaqus.

In the 1980s and early 1990s, when there was more interest in the rigid plastic as-
sumption, some work was done on combining simplified elasticity descriptions with the
rigid plastic method to avoid the computing times needed for a full elasto-plastic scheme.
Elastic-springback occurs when the residual stress that builds up in a material during

loading is released, but such residual stresses do not develop when using the rigid plastic
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Figure 3.36: Variation of ‘dip’ using a regular mesh with increasing thickness from case C
to case A. By increasing thickness, greater emphasis is placed on bending energy, explaining
the reduction in curvature over the sheet with increasing thickness.

assumption. In [87], as a rough predictor for spring back, it is suggested that the stress
field computed at the final time-step of a rigid plastic simulation can be transferred to an
elasto-plastic solver and used to compute the change in deformation that would result from
releasing this stress. In [82], an alternative method is described that can adaptively switch
between rigid plastic and elasto-plastc elements so that the elasto-plastic formulation is
only used on the relevant elements. Those elements that are expected to undergo large
strains are converted to rigid plastic elements and the greater the proportion of rigid plas-
tic elements, the faster the simulation. For future research, it may prove to be productive

to investigate incorporating either of these two methods into the model developed here.

Material geometry

In terms of material geometry, the thickness of the sheet, h, is of particular interest because
it can alter the ratio of stretching work against bending work in the model. As sheet
thickness increases the bending work becomes more significant, because the plastic bending
work increases as h?, whereas stretching work varies linearly with thickness. The plot in
figure 3.36 labelled Case A uses h=8 mm, Case B uses h=4 mm and Case C uses h=1
mm. The figure shows that the effect of increasing the thickness and therefore the bending
energy is to reduce the amount of curvature over the sheet. This in turn reduces the ‘dip’,

but also causes more splaying in the outer regions of the sheet, especially for h=8 mm. A
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Figure 3.37: Product formed by using a ‘discrete’ tool-path on the Cambridge ISF machine.

sheet of 8 mm thickness would actually be too thick to form on the Cambridge ISF machine
because of the greater forming forces that would be needed, but if it were possible, a solid
element model would probably be more appropriate than the shell formulation used here.
There is no definitive method for knowing when a solid or a shell model is more suitable,
although a ratio defined in [30] can be used to help make the decision. If the smallest radius
of curvature over the sheet is defined as R,,;, and the sheet thickness is h, the ratio states

that ideally,
Rmin
h

> 20 (3.75)

should be satisfied when using a shell model. This is described as a heuristic condition in
[30] so it is not strictly necessary, but it is almost always satisfied for the thin sheets used
in ISF.

So far, the sheet thickness has been kept constant during the process, whereas in reality
sheet-thinning will occur as process progresses. Owing to the observed effect in figure
3.36 that altering the sheet thickness can have on the model, it is important to adaptively
update the thickness of each element in the model at each time-step. A simple method for

doing this is described and implemented in §3.11.
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Figure 3.38: Simulation of test product in figure 3.37 using the one cone rigid plastic FE
model, with a ‘discrete’ tool path.

Figure 3.39: Difference in mm between the product in figure 3.37 and the one cone sim-
ulation, showing how large the ‘dip’ in the simulation is compared to the actual part.
RMS=1.510 mm, Variance=2.248 mm?, Max. difference=6.278 mm.
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Figure 3.40: The possible effect of a rough contact state on the ‘dip’.

Tool-sheet contact state

The final factor discussed in this section is the tool-sheet contact condition because in some
respects, this is currently crudely implemented. Since the tool path is discretised in the
limit analysis model, the continuous tool path is represented by a series of point loads.
This is like applying the tool vertically during ISF and then lifting it away from the sheet
before moving it to the next point in the tool-path and then repeating the process. The
product in figure 3.37 was produced using a more representative ‘discrete’ tool-path of this
form. However, even with this tool-path the simulation of the same product using the one
cone model, as shown in figure 3.38, displays a much larger ‘dip’ than the actual product
does. The large difference between the actual part and the simulation is shown in figure
3.39. This could be because of a more significant underlying issue with the tool constraints,
such as for instance the fact that the nodes in the region of the tool are only allowed to
move vertically, which is a restriction that invokes a full friction, or rough, contact state
because no sliding over the tool is permitted.

The reason why a rough contact state may further increase the ‘dip’ is given by con-
sidering the 2D example of a rigid plastic cord, such as the one drawn in figure 3.40 a),
where point b on the cord has been displaced upwards by a tool. The tool is then moved

to point a where it indents the cord again. If point @ is not permitted to slide over the
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tool, the distance between a and b is reduced as shown in figure 3.40 b). For a rigid plastic
material, the only way that the element can expend no work under loading is if it does not
deform, either by stretching or bending, so in terms of the energy minimisation problem
under the rigid plastic assumption, it would not be cost effective for the cord between a and
b to completely shorten, resulting in a ‘dip’ in the cord. In an elasto-plastic model, some
shortening between a and b would occur from elastic recovery but also, with the contact
state, if a was allowed to slide way from the point of contact, as shown in 3.40 ¢), a minimal
energy configuration might be found that displays a reduced dip. An ISF model in Abaqus
was run with a ‘discrete’ tool path under both frictionless and rough contact conditions.
The result, shown in figure 3.41, confirms that point loading can cause a ‘dip’ and that it
increases for a rough contact state, but only if the indentation depth is large.

The contact state is therefore unlikely to be a large factor causing the ‘dip’, but for
completeness the current description of the tool-sheet contact state is improved in the
following section (§3.10) to permit sliding. As expected, it is found that this improvement
does not significantly reduce the ‘dip’ produced during a simulation of the part in figure
3.37, but in §3.11 it is then shown that thickness changes and work-hardening are the
more significant factors and by including their effects in the model the ‘dip’ is significantly
reduced. Furthermore, having considered the key mechanisms that could affect the ‘dip’,
it is concluded that the small deficit that remains in the ‘dip’ between some of the elasto-
plastic simulations and this model, after including work hardening and thickness effects, is

due to the lack of elasticity.

3.10 Improved tool constraint description

In previous treatments of the tool constraint in the rigid plastic FEM model, nodes within
the vertical projection of the tool onto the sheet were constrained such that they could only
move vertically. The location of these nodes were stored in the vectors Xioor, Yoo a0d Ziool

and their velocities were Uspor, Vieor and Wy, respectively. The tool constraints in terms of
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Figure 3.41: Average forming depth in a simulation of a tool path defined as a sequence of
point loads. The deeper shape used the same tool-path as the shallower shape, but with
larger indentation steps between each pass of the tool. The dashed lines used a frictionless
contact condition and the solid lines a rough contact state.

these variables were

Uiool = 07 (376>
Viool = 07 (377>
Wioodt > t = Zyo, (3.78)

where t was the tool surface function and dt could be set to 1.

In practice, the velocities u, and vy, are non-zero but they were small enough to
be considered insignificant in the model. However, it would be preferable to relax this
restriction and to allow the sheet to slide over the tool. A method for doing this is described
here that does not compromise the structure of the model or add any significant burden
on the computational demands of the model.

The initial approach one might take is to exploit the spherical shape of the tool surface,
which can be described as a norm, by attempting to write the contact state as a second-

order cone constraint. For a point (z,y, z) on the surface of the tool the equality,

Il =2p y—yp, 2=zl =1, (3.79)

is satisfied, where ¢, is the tool radius and (x,,y,, 2,) is the position of the centre of the

tool. Hence, for a node within the region of the tool, the tool constraint in terms of (3.79)
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3.10. Improved tool constraint description

y direction x direction

Figure 3.42: Gradients at each node.
is

Xitool + utooldt — Tp

Yiool + Vtooldt —Yp Z t?“' (380)

Ziool + Wtooldt — Zp

Sliding is permitted by allowing u;,, and vy, to vary, but due to the direction of the
inequality in (3.80), the constraint is not a second-order cone constraint; it is also non-
convex and cannot easily be implemented, so further thought is required to construct a

feasible sliding constraint.

3.10.1 Sliding contact using linear constraints

The approach taken here is to linearise the tool surface about each node position in (Xm0,

Yioor) a0d to define linear tool constraints for each node. By rearranging (3.79) to,

t= gt 12— (5,2 — (v - 4)?, (3.81)
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3.10. Improved tool constraint description

Feasible region

(xtool y Ztool )

Figure 3.43: Example of linear sliding constraint in 2D with only one node within the tool
region at (Zyool, Ztool)-

the derivatives of the tool surface in the x and y directions are obtained,

0z —(x — a:p)
de B (@~ (4 ) 352
0z —(y — yp) (3.83)

o E—(r—2)— (-

In the figure 3.42, these derivatives are evaluated and displayed as tangential lines at a set
of regularly spaced points over the tool surface. If these points refer to nodal positions,
the tool constraint is defined such that the nodes are constrained by the plane defined by
the two tangents (3.82) and (3.83) at each node. This tool constraint can be written in the

linear form

0z 0z
Zool + Wtooldt Z t+ — utooldt + a_ Vtooldta (384)
x Ztool Ytool
or, by placing all the variables on the left hand side,
Utool v Ltool » Ytool s € Xtool s Yool
0z 0z
de |- a_l, - 8_ 1 Vtool Z t— Ztool s Ztool y Utool s Vtool € Zool y Utool s Viool,
Ttool y Ytool
Wrool Weool t e Wiool t.
(3.85)
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3.11. Incorporating work-hardening and thickness changes

As long as Uz and vy, remain small, this constraint is similar to approximating the
tool surface by a set of linear facets. The diagram in figure 3.43 provides a further visual
representation of the tool constraint, where it is reduced to 2D for simplicity and only one

node at (Zo01, Zt00) is displayed. The 2D equivalent of the tool constraint in (3.85) is

d U 00
dt [— & 1] R - (3.86)
Ztool

Weool

which permits the variables w0, and w,, to take values that move the node anywhere

within the area labelled ‘feasible region’ in the figure.

3.10.2 Results

The one cone model was modified to incorporate the new sliding constraints and used to
simulate the product in figure 3.37. A comparison between the simulation and the actual
part was made in the same way as figure 3.39, as shown in figure 3.44, from which it
appears that the sliding contact state has made very little difference to the solution. The
error measures for this simulation are in fact slightly worse than for figure 3.39.

For the simulation of a SPIF process, one can conclude that the previous description
of the contact state without sliding was adequate. However, there may be other situations
a sliding contact state is more significant, so it is still useful to have a prescribed method

such as the one described here for doing this.

3.11 Incorporating work-hardening and thickness changes

The effects of work-hardening and thickness changes in the sheet were briefly touched on
in §3.9 and they are now addressed in detail here. Some modifications to the ISF model
are made to incorporate these effects and some simulation results are presented. Both
modifications can be implemented within an existing loop in the Matlab code so they do

not place any extra demands on the processor and the computing time is not compromised.
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3.11. Incorporating work-hardening and thickness changes

.

Figure 3.44: Difference in mm between the product in figure 3.37 and the one cone simula-
tion with a sliding contact state, showing how large the ‘dip’ in the simulation is compared
to the actual part. RMS=1.630 mm, Variance=2.632 mm?, Max. difference=6.748 mm.

3.11.1 Thickness changes

The sheet thickness h is currently treated as a constant that is defined at the beginning of
the simulation and then used in (3.71) and (3.74), but a more realistic description of the
state of the sheet would be to allow the thicknesses to vary. A simple method for doing
this without affecting numerical efficiency is to replace h in (3.71) and (3.74) by a variable
h(©) that is updated for each element e at each time-step i.

Assuming the material is incompressible and using the principle of the conservation of
volume, if Al is the initial area of an element and A is the initial thickness of the sheet,
which is assumed to be uniform, then at some time-step 7, the ratio (hASf) : hz(.e)Age)) is
preserved, where Az(e) is the area of element e at the current time-step. The value of Az(e) is

not known at the beginning of time-step ¢ since its value is computed over the time-step,

so instead the area A§?1 and the corresponding thickness value, hge_)l, where

(3.87)

is used to calculate ®, from (3.71) and to update My and Ny from (3.71) at the beginning
of step 7. These values are then kept constant until the end of the time-step when they are

recalculated using the new area Al(-e).
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3.11. Incorporating work-hardening and thickness changes

Si Fe | Cu |Mn | Mg | Cr | Zn | Ti | Others
Min 0.10 | 1.70 Each | Total
Max | 0.40 | 0.50 | 0.15 | 0.50 | 2.40 | 0.15 | 0.15 | 0.15 0.03 0.15

Table 3.5: Percentage of alloy present in Al 5251-H22.

3.11.2 Work-hardening

The basic composition of Al 5251-H22 is listed in table 3.5 and it shows that the quantities
of the impurities added to form the alloy are very small, yet it displays very different
properties to pure aluminium during yielding. For instance, at o, = 130 MPa the yield
stress of the alloy is higher than pure aluminum and it exhibits significant non-linear work-
hardening up to a final tensile strength of 200-240 MPa. This work-hardening effect has not
been represented in the model so far, but it is possible to incorporate it by modifying the
cost function at each time step. Specifically, the cost coefficient for the energy associated
with a particular element can be increased according to the amount of strain it underwent

in the previous time step. This amounts to modifying the cost function in (3.70) to

3NE

Z %f(et_u)zi, (388)

where, given the strain state ¢,_; ; of an element associated with node 4, the function f(e;_1 ;)
computes the increase in the yield stress due to work hardening relative to the initial yield
stress. The strain measure €, could be chosen to be the equivalent strain € so that with
reference to figure 3.45, f(e—1,) returns a scalar corresponding to the vertical axis in the
plot, which displays the ratio of equivalent stress ¢ against the yield stress o,. Under the
rigid perfectly plastic assumption the equivalent stress was set to a constant value of o,
as shown by the straight line in the figure whereas the curve displays an example of how &

could vary non-linearly with € in a modified work hardening model.

3.11.3 Results

The version of the one cone model that was used in §3.10, with the sliding contact state,
was modified again to include the thickness variations as described in §3.11.1. As before,
the product in figure 3.37 was simulated using a regular mesh with NE = 4802 and the

difference between the simulation and the actual product was computed. The result in
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rigid plastic work-hardening

o

Qla

rigid perfectly plastic material

€
Figure 3.45: Perfectly plastic stress-strain yield curve against one displaying working hard-
ening.

Figure 3.46: Difference in mm between the product in figure 3.37 and the one cone simula-
tion with thickness variation and a sliding contact state, showing a reduced ‘dip’ compared
to figure 3.44. RMS=1.0742 mm, Variance=1.1028 mm?, Max. difference=3.2960 mm.
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3.11. Incorporating work-hardening and thickness changes

Figure 3.47: Simulation of the product in figure 3.37 using the one cone model modified to
include thickness variation, a sliding contact state and linear work hardening.

figure 3.46 shows that the ‘dip’ has been almost halved from over 6 mm to 3.3 mm, so one
may conclude that thickness variation is one factor that must be included in the model in
order to describe the intermediate stages of the ISF process appropriately.

The model was then modified further to include work hardening as outlined in §3.11.2.
The major stretches over the sheet were used as the strain measure for the work hardening
function and, as a simple demonstration of the method, a linear model was chosen where
the yield stress over the sheet was increased by a one-to-one ratio with the magnitude
change in the major stretches from one time-step to the next. For comparison with figure
3.38 an image of the resulting simulation is shown in figure 3.47 and the difference between
the two is displayed in figure 3.48. The ‘dip’ in this model has been reduced to just 1.81
mm, although to the slight detriment of the fit over the rest of the shape, which is likely
to be because the the work-hardening model chosen is not entirely appropriate for this
material. The key conclusion drawn from this result is that as well as thickness variations,
work-hardening can also significantly affect the ‘dip’. From this investigation it appears
that these two factors along with elasticity, which has been purposefully omitted here,
explain why such a pronounced ‘dip’ was observed in the initial formulation of the rigid
plastic limit analysis FE model. All the error measures for the simulation of the product
in figure 3.37 in this chapter have been included in table 4.2 (§4.4.1) with further results

from the next chapter.
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1.812
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Figure 3.48: Difference in mm between the product in figure 3.37 and the one cone simula-
tion with thickness variation, a sliding contact state and work hardening, showing a reduced
‘dip” compared to the simulation in figure 3.44. RMS=1.3503 mm, Variance=1.0990 mm?,
Max. difference=2.8056 mm.

3.11.4 Failure of the sheet

When simulating the standard cone (figure 1.12) and twisted cone (figure 1.13) benchmark
shapes, the thickness at some points approached zero indicating that the sheet had torn. It
would of course be expected that the sheet should tear after significant straining, but this
failure occurs earlier in the simulation than it does in practice. Only the results for simulat-
ing the standard cone shape are presented here, since they were similar for the twisted cone
shape. Figure 3.49 displays the deformation field along with a colour plot representing the
thicknesses over the sheet for a simulation that used no work-hardening, but a similar tear
also occurred in a simulation that included work-hardening. The simulation was continued
to the end of the process even though the tear occurred earlier, when the tool was at about
the depth of the failed region of the sheet represented by the hole in figure 3.49.

As an indication of the behaviour at intermediate stages of the process, the deformation
field along the black line drawn on figure 3.49 is plotted in figure 3.50 at four equally
spaced periods of the process. Similar plots for the original model with sliding contact, the
simulation that also included work-hardening and the LS-Dyna standard cone model (figure
1.12) are also shown in figure 3.50. A comparison with the LS-Dyna data demonstrates
that the deficit in the ‘dip’ has been significantly reduced but not completely eliminated

and this, as discussed previously, is likely to be due to the lack of elasticity in the one

111



3.11. Incorporating work-hardening and thickness changes

N
o

i ,4»1
'4‘4 4»!»", B
e PR %‘
s I
L e

depth (mm)
N
o

i 7
r M'ﬂim‘ﬂ}

“ g iy G
A ‘%

140 hn

60

40 100
x direction (mm) 120 y direction (mm)

0 140

Figure 3.49: Simulation of cone shape with element thicknesses in mm indicated by the
color plot. The failed region is displayed as a hole.

cone model. It should be noted that for the work-hardening model, to prevent excessive
work-hardening, the stress factor in this model was increased by one tenth of the increase
in stretch, rather than the one-to-one ratio used in the previous example in figure 3.47.
The reason why the sheet fails for the deeper standard and twisted cone shapes is not
fully understood yet, but because the real product does not fail under these conditions,
further work should be conducted to address this problem. One possibility is that the
method used here for calculating thickness needs to be changed. For instance, a number of
authors have suggested the ‘sine law’ [116] for shear deformation can be used as a measure
for the thickness change in ISF and more recently, a detailed study in [58] shows that the
actual thinning behaviour is a combination of shear and stretching. Other options that may
be investigated are to avoid keeping the thickness constant over each time-step, to check
for numerical instabilities, to test different mesh types and densities and to try different
methods for computing strain in the sheet. Further studies of these possibilities are kept

for future research.
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Figure 3.50: Deformation field along the black line in figure 3.49 at four stages of the
process. The four models compared are: the original model with sliding contact (dotted);
with thickness change added (solid); with work-hardening too (dashed); the LS-Dyna model
(dash-dot).

3.12 Linear programming vs SOCP

In general, a linear program (LP) is simpler and faster to solve than an SOCP problem
with a similar number of optimisation constraints and variables [24]. Tt is therefore worth
considering whether an LP version of the sequential limit analysis model can be formulated.
The idea of using linear programming in FEA has been around for sometime [12] and the
typical approaches for doing this are to use a linear yield criterion or to approximate the
yield surface by a set of linear facets. The latter is now considered here, where the constraint
space defined by the intersection of the ellipsoids Q; and Q, in the SOCP model in (3.50)
is replaced by a set of linear facets.

In order to produce the approximation to the yield surface, a method for generating

facets from point cloud data must be described. Given N points located in J dimensional

space, the coordinates (z,1,...,%,.s) of each point can be stacked into a matrix,
1 1
Tpy e Tpy
X, = oo . (3.89)
N N
Ty e Ty

If N = J, a unique linear equation f(x) = agx can be defined that passes through all N
points. In 3D, this is the equation of a planar facet that intersects with three points in

the space and for higher dimensions, the facet is a hyperplane. In general, for any J the
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Figure 3.51: Intersection of two 3D ellipsoids approximated in (a) by 8 facets with corners
that lie on one of the three principle axes and in (b) by 1872 randomly placed facets.

equation of the hyperplane is given by

f(x) = agx = ag 21+, ..., +ag. 75 = bg, (3.90)

where by = det(X,,) and if f(x) < bg, the point x lies on one side of the hyperplane. The
coefficients in (3.90) are given by agx = det(X, ), where X, 4 is a square matrix containing

elements :i’g ;= !

7 (with reference to (3.89)) if & # j, and ) ; = 1 when k = j, where

nk=1,...,J.
By representing the yield surface by a point cloud, a facet can be defined for every set
of J points in the point cloud. This results in a set of vectors ag and scalars by that are

joined up to form a matrix Ay and vector by, defined as

(1) (1)
a9 by
Ag=1| © |, bo=1 @ |, (3.91)
(») (»)
a9 by

where p is the total number of facets. By appending the appropriate 4 sign to each element

114



3.12. Linear programming vs SOCP

in Ag and bg, the inequality

AQS S bQ

can describe any point within the space enclosed by the facets.

(3.92)

The Ilyushin function is six dimensional and cannot be plotted, so in figure 3.51, two 3D

ellipsoids are used to demonstrate the above method. In figure 3.51 a), the smallest possible

number of facets p of 8 were used, resulting in a poor approximation to the intersection

of the two ellipsoids. For the six dimensional case of the Ilyushin function the minimum

possible value of p is 2° = 64. A much more accurate description of the intersection of the

two 3D ellipsoids is provided in figure 3.51 b), where p = 1872.

Using (3.92), the equation for the principle of maximum plastic work in (3.50) becomes

d; = max s’ ®
S

s.t. AQS S bQ.
The Lagrangian of (3.93),
L=s"(®+ALN) —b{A,
is minimised with respect to the primal variables s to give the dual of (3.93),

d; = m}%n bg)\
T
st. —ApA =@,

A >0,
in terms of the dual variables A. The overall energy minimisation problem is

D; = min / min bg)\ dA
E3 4 A
T

A>0,

(3.93)

(3.94)

(3.95)

(3.96)
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or after discretisation using BCIZ and Allman elements as previously,

D; = mm

NE 3 NE 3
D> minboX ] - lmgn 2.2 bSAEG’]

e=1 i=1 7. e=1 i=1
st —ADAY = Kw,
A9 >0,

Ew > t, (3.97)

where, as previously, ® = Kw and E and t describe the tool boundary conditions. Due to

the independence between A and w,

NE 3

D; = mvin ZZbg)\

e=1 i=1
s.t. —ALA, = Kw,
A >0, k=1,...,3NE,

Ew > t. (3.98)

The problem in (3.98) was coded in Matlab and parsed into Mosek, because as well as the
SOCP solver, it has an algorithm for large scale LPs that is more efficient than the Matlab
Optimisation Toolbox function linprog. However, memory problems were encountered using
meshes with NE > 800 because the yield surface matrix Ay is repeated 3N E times in the
optimisation constraint matrix in (3.98) and the solver was very slow even for smaller
problems. The size of Ag depends on the number of facets p that are used to approximate
the Ilyushin yield surface, hence in theory p should be chosen to be large enough to represent
the yield surface sufficiently well without making Ag too large. In practice, even when the
smallest possible value of p = 64 was used the size of the constraint matrix was too large.
From this work, one can conclude that too many constraints are required in the LP problem
to provide any benefit over the SOCP problem, because only one or two SOCP constraints
are required for the one cone and two cone models respectively, to perform that same job
as p > 64 LP constraints. A further advantage with the SOCP is that the yield function

does not have to be approximated if the two cone model in §3.5 is used.
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Chapter 4
Networked rod structure model

4.1 Grid model

The rigid plastic finite element model in chapter 3 requires a very large number of variables
to be defined at each node in the discretised mesh. This is one of the reasons why the full
potential increase in computation speed by using the rigid plastic assumption has not been
observed. In order to reduce the number of model variables, a third model is presented here,
which is developed using some ideas from both chapters 2 and 3, whilst also introducing
some new ones. As with (2.7), the formulation begins with the minimisation of internal

power dissipation,

W = min /UédQ, (4.1)
Q

v(t)
where v(t) is the rate of change of deformation, 4, & = o, is the material yield stress, €

is material strain rate and () is the volume of the sheet. Considering only the stretching

work, the equivalent strain rate is given by

.20 L.
€= g”[em €y 2€5y]l2, (4.2)
and so under the rigid plastic assumption,
. . 2 C g
W = min ay—/ |[€x € 2€4y]||2d€2. (4.3)
v(t) 3 Ja

The next step is to compute the strain rates in (4.3), which is done at both an infinitesimal



4.1. Grid model

node 1 node 2
element
dy
node 4 Iz node 3 : ' L??’

Figure 4.1: Labelling convention for a square region in the plane of the sheet. The nomen-
clature Ly’ denotes the length of the connection from node ¢ to j at time t.

scale and at a finite scale when the model is discretised, by considering the sheet metal as
being built up of square elements as shown in figure 4.1. To reduce the number of variables
used in the model, each node is assumed to only move in the vertical direction as in §2.1,
with a velocity v;, where i is the node number.

It is postulated that the in plane strain rates in the x and y direction, ¢, and ¢€,,
and the shear strain é,, can be approximated by the deformation of a set of six bars
that connect nodes 1-2, 2-3, 3-4, 1-4, 1-3 and 2-4 together in each element. The energy
related to these strains is equated to the membrane stretching work that is minimised
subject to the tool and clamping boundary constraints, resulting in the complete model
that will now be referred to as the ‘grid model’. The approach taken here was inspired
by a discussion in [111], where it is noted that the use of a network of bars and indeed
the finite difference method in material deformation, were both featured prominently in
academic literature prior to the developments in computational power that lead to the
widespread uptake of FEA packages. It is further noted in [111] that such methods have
now become sidelined and should receive more attention, especially in applications where
FEA can be an over complication. Recent evidence of the effective use of bar networks
is in the physical modelling of cloth deformation [121], where although the analysis is
predominantly performed in the elastic domain, material non-linearity is also present due
to differing behaviour under tension and compression. An application of such cloth models
is for the prediction of regions of compression and subsequent wrinkling that lead to weak-

spots in the engineering structures that the cloths are used in.
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Using a networked bar approach, €, is given by

(4.4)

1 (Lﬁdt - L Ly — L?A‘)
2 M

€odl = E T

where the lengths of the bars ij at time t 4 dt, Lzr d and time ¢, L?, as shown in figure

4.1, are calculated by

g dx
Ll = : (4.5)
(Uj + Ujdt) — (Ul + Uldt)

i dx
Ly = . (4.6)
L Uyt 2

Similarly to (4.4), if the transformation that would need to be applied to make €, and ¢,

perpendicular to each other is neglected, then

car =1 Litg —Li* | LEy - L¥
Y Lt14 L%?;

: (4.7)

The work done due to in-plane shear strain is the energy required to distort, or skew, the
shape of the element, so the shear strain rate has been approximated by the changes in
length of the diagonal bars 13 and 24 in the element, hence

1 L13 _ L13 L24 _ L24
%, dt = = t+dt t t+dt t . 4.8
vt =g ( 5 T (4.8)

After spatial discretisation, dz — Az and dy — Ay, and the integration over volume, (4.3)

becomes a summation over the square elements in figure 4.1,

NE
W =min 0,07 ; el €5 2B, (4.9)

where v is a vector that contains the vertical velocities of each node, €. is the volume of an
element and NF is the total number of elements. After temporal discretisation, dt — At

and the above expressions for strain rates become strain increments because €,,At ~ Ae,,,
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4.2. SOCP formulation

so (4.9) can be modified to compute the change in work from time ¢ to time ¢ + At,
o NE
AW =min 0,02 D AL A 24|, (4.10)
k=1

which can then be solved for the nodal velocities v using an appropriate optimisation routine
subject to tool and boundary constraints. As with the previous models, the deformation

field is updated at the end of each time step using an explicit forward differencing scheme,
Ui Ar = Uy + vAL. (411)

The sheet movement is not dependent on time, in the sense that there are no time varying
components such as vibration in the model. The only dynamic component is therefore the
tool position as each increment, so the variable At above can be set to 1 without loss of
generality. This is equivalent to scaling the tool velocity such that each position increment

in the discretised tool-path occurs within a time period of At = 1.

4.2 SOCP formulation

The problem was written as an SOCP by introducing slack variables that, as with the
previous models, are defined as inequality constraints that should become equalities at the
optimal point. However, as will be seen, the required equality does not always occur and
an extra penalty term is added to the energy term in the cost function to help overcome
the effect this has. The first set of slack variables are stored in a vector y € RV% which is
defined such that

[[Aelk) Aez(f) ZAE;@)]HQ <y k=1,...,NE, (4.12)

RGNE

and a further set of variables m € are defined that are bounded by the constraints

dx g
= LV

Uoa<m, 1=1,... 4NE+2VNE. (4.13)

uj+vj—uz~—vi
2

Each pair of node numbers, ij € {12,23,34,14,13,24} associated with an element k is

allocated by a number I, where [ € {6(1 — k) +1,...,6k)}. If v.€ R¥N where NN is the
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total number of nodes, the above can be written as

IGOv + gD, <my, 1=1,....,4NE +2VNE, (4.14)

where GO picks the relevant variables v; and v; from v and

dz
gl = . (4.15)

uj—ui

The change in strain terms in (4.12) can be written as linear functions of the variables
m € {my,...,MyNp,o/nE ) For instance, for a particular element with index value k = 1,

the strains are computed by

Ac! 27 omm 00 0 0| |m 1
B = | AdD | =1 0 i o= O 0 ol 1], (416)

1
| 2Achy 0 0 0 0 oo || me 1

where Lij is known and is constant for the current time step. Overall,
€ =Am — b, (4.17)

and the complete optimisation problem is

o NE
m‘jn UngQ];yk’

k=1

s.t. €e=Am — b,

1€® 2 < i, k=1,...,NE,

GOV +gP)|y <my,  1=1,...,ANE+2VNE,

Viool = t,

Vooundary = 0, (4.18)

where two sets of second-order cone constraints are defined and t describes the tool surface

as a function of the tool position. The variables Vioundary C V are in contact with the
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0 :
140 120 100 80 60 40 20 0

Figure 4.2: An example of shortening from the initial indentation depth of 10 mm as the
tool tracked along from i to j (plot a)) and the same test when the penalty function was
applied with p = 0.01 (in b)), which does not display shortening. The units used in the
axes are mm.

clamping frame and are set to zero. Since there is no bending component here, it is not
neccessary to enforce a zero gradient condition at the frame. Note that the strain variables
in one set of second-order cone (SOC) constraints are a function of the variables m, which
are defined by the second set of SOC constraints. The inequality terms in both sets of cones
must become equalities to give the correct solution, but the equality is only enforced for the
SOC constraints associated with the variables y; above. For m;, which should be equal to
the length of the rod numbered [, if the equality does not hold, the length of the rod will be
less than the value of m; and therefore shorter than it ought to be for the minimum energy
cost. This would, and indeed does, manifest itself during simulation through a shortening
of certain bars as the tool progresses over the grid network.

For example, in figure 4.2 a), the tool was tracked along as a constant height of 10
mm from point ¢ to point j, yet a shortening of the bars near point ¢ occurs resulting in
a reduction in indentation depth as the tool progresses. One may think that this can be
corrected by simply constraining the sheet velocities to be positive only but firstly, this
would not be physically correct and secondly, the modification would only work for the
current ISF configuration. For instance, the simulation of a two point forming process
whereby two tools work both above and below the sheet would not be possible. A better

approach is to try to enforce the equality in the cone constraints and this has been done
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4.3. Incorporation of bending work

by introducing a penalty term in the objective function in (4.18), which becomes

9 NE NN
k
o3 ;Qeyﬁp;m, (4.19)

in which the variables n; are associated with an extra set of cone constraints, n; > ||v|2,
where vy € vand [ = 1,..., NN. Minimising n; is equivalent to minimising the magnitude
of the velocity at a node [, so the new cost function is a trade-off between the original energy
minimisation and an inertia-like term that essentially resists sheet velocity, although the
constant p has a small value typically in region of p = 0.01. Since p is small, the inertia
term has a negligible effect on areas of the sheet that undergo significant straining and
therefore have a large work component. However, for regions where the movement of nodes
is purely due to the equality not holding in the conic constraints in (4.18), there is no
strain energy term and only the second term in the objective function in (4.19) becomes
significant, countering the non-work related movement of the relevant nodes. Figure 4.2(b)
displays the result of using this scheme in the line tracking simulation, where the spurious
shortening observed in figure 4.2(a) has been eliminated. Although it is not attempted
here, it is noted that instead of using the inertia term it may also be possible to achieve a
similar result by placing a penalty on m instead.

Examining the deformed regions in figures 4.2 a) and b) that have not yet been formed
by the tool, such as the region from 0-40 mm, there is no difference between the plots,
providing confidence that adding the extra term in (4.19) has had a negligible effect. Of
course, if the value of p were to be increased this would not be the case, so care must be
taken in choosing its value. Figure 4.3 shows this by displaying how the deformation field
varies with p for a single indentation of the tool at the centre of the sheet. This highlights
a further benefit in using p because its value can be tuned against experimental data to fit

a particular material, as will be demonstrated later.

4.3 Incorporation of bending work

For completeness, it is important to briefly consider how one can incorporate bending work

into the grid modelling scheme. One possible way of doing this would be to superimpose
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Figure 4.3: If p is too large it has a significant and undesireable effect on the deformation
field by preventing the internal energy from being correctly minimised. The effect of varying
p for the indentation of a single point by a spherical tool is shown. The solution with p =0
shows the desired deformation field.

the plate bending model from §3.2 over the square element in figure 4.1. The nodes of the
square element can also be used to define two triangular finite elements (1,2,3) and (1,3,4)
over which the plate bending work component can be computed using exactly the same
finite element formulation discussed in §3.2. The bending contribution can then be added
to the stretching work due to the deformation of bars over the nodes (1,2,3,4) as described
by the grid model, resulting in a hybrid FE-grid model. If W describes the total rate of

energy dissipation for an FE-grid element e, then
2
0 =l 40 W 20
i=1

where x, and y, are weighting factors, e; and e, are the triangular subsections of e and the
subscripts s and b refer to the stretching and bending components respectively. The first
query arising from (4.20) is to ask how W, is modified if e;, where i = {1,2}, is not flat.
This is answered by considering a horizontal element and a vertical element in a velocity
field constrained to the vertical direction. The bending work is assumed to be related to
the sheet velocities that are perpendicular to the plane of the sheet. For a horizontal sheet
the work contribution due to bending is at a maximum whereas in the case of a vertical

sheet under vertical loading, all the deformation is due to stretching. A modification to
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(4.20) to describe this behaviour naturally follows as

2
Wi — XSWS(G) + X Z Wb(e") cos b;, (4.21)

i=1

where 6; is the angle between the plane of element e; and the horizontal. Hence for a flat
horizontal sheet when 6; = 0 and cos #; = 1 the bending component is at its maximum and
when the sheet is vertical, ; = 0.57, so cos#; = 0 and the bending work component is
removed.

A second concern also arises from (4.20) in how one might determine the value of the
factors x, and x;. In the rigid plastic sequential limit analysis model, this problem was
avoided by using the Ilyushin condition, which provided a natural method for combining the
bending and membrane components of work in the model. The approximate formulation
of the model provided here is less rigorous than the sequential limit analysis model and
it has no framework in which to easily incorporate a similar yield condition. The best
approach here may be to use a set of systematic trials against experimentation to determine
suitable values for the weighting factors. This could be a significant undertaking and is
not considered worthwhile unless it is absolutely necessary to compute bending work in
the gridwork model. In this thesis, the results obtained using the gridwork model were
considered to be suitable for an approximate model for ISF, so the incorporation of bending

work is not considered sufficiently important to explore further here.

4.4 Results

The optimisation problem in (4.18) was solved using the Mosek toolbox with NE = 4900,
which corresponds to a 70 x 70 square grid, using the twisted cone tool-path shown in
figure 1.15 and the resulting deformation field is displayed in figure 4.4. The set-up time
was significantly faster than for the finite element (FE) model due to the reduced number of
variables, corresponding to significantly reduced matrix sizes. The dual SOCP problem was
briefly investigated but unlike for the rigid plastic limit anlysis FE model, it appeared to
give no benefit regarding the efficiency of the solution and so it was not explored in further

detail. The model was also solved for other values of NFE using the same tool-path and
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Mesh size Error measures
No. elements, NE | RMS (mm) | Var. (mm?) | Max. diff. (mm)
841 0.9237 0.8055 3.5912
1521 0.9132 0.7731 3.5935
2401 0.9101 0.7655 3.7454
3481 0.8986 0.7439 3.6586
4761 0.9064 0.7506 3.6465
6241 0.9076 0.7526 3.6561
7921 0.9031 0.7430 3.6675

Table 4.1: Error measures displayed against mesh density.

the resulting RMS vertical differences, variances and maximum deflections are displayed
in table 4.1 for different mesh sizes. These values are also plotted in figure 4.5 and the
corresponding solution times are shown in figure 4.6.

The images in figure 4.7 were taken at different stages of the forming process and they
show that this model is better at simulating unformed regions when compared to the FE
model, since the dip that was observed in the FE model is not present here. The reason
why this ‘dip” does not occur here remains unclear, but it is likely to be a consequence of
shortening in some of bars despite the presence of the penalty function in the objective
function. The lack of ‘dip’ allows this model to be used to simulate the product shown
in figure 1.9, for which the tool-path does not cover the whole region of the sheet leaving
an unformed square region in the centre of the sheet. Hence, a further simulation was
produced using the tool path in figure 1.10 and the resulting deformation field is shown in
figure 4.8 along with a comparison between the Abaqus model and the grid method model
in figure 4.9. The greatest differences between the two models are along the steepest edge
of the product, where the maximum vertical difference is 5.08 mm. The fit over the rest
of the product is much better, with an overall RMS error of 1.59 mm and variance of 0.55
mm?.

From the fit between the simulations in figures 4.4 and 4.9, one can conclude that
the more significant contribution to deformation in ISF originates from stretching work
rather than bending work, which has been neglected here. This is related to the principle
of conservation of volume and is not unexpected, considering that the material is tightly
clamped at the edges so that any deformation must a involve a large degree of stretching.

As an aside on the subject of stretching, a forming process that undergoes stretching can

126



4.4.

Results

40
E]
g
=30 "(’..v'-'v‘ Oh
H LPLIRES
S ey I W
= L s e
g G A A R
N T R e R e
° o . lll[[,,h,,l:,#..&““‘\ e
S N S e e
S AL LT LR K T e R R e
S L L R e S e e
0 ....:.:%?;:ega-,;s;:,'.zééa;z;?;2;%;;;%‘%"%3’3%}3‘3‘8‘3&3“&‘3%%:%%%§s§§§§sé.s;xs;sgt 0
e eas s oy aes, g A iy by L e R e
0 e S e e e
IS T
20 e A S R SRR SRS S e
S s s e,
“ Cossi e
o S e b sos e o 60
e
EEmea
SEeeimas s
007 e 100
e
SEEs

!
R
i

e
&

140" 140 x length (mm)
y length (mm)

Figure 4.4: Simulation of test product in figure 1.14 produced by solving the rigid plastic
shell problem using the grid model for a regular square mesh. The superimposed black
dots are measured points from the real product.
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Figure 4.5: Plot of RMS errors (triangles) and variances (cirlces) between the grid model
and CMM measured data for the product in figure 1.14. The data for these plots is given
in table 4.1.

Figure 4.6:

[N
e

grid model comp. time (hours)

1000 2000 3000 4000 5000 6000 7000
no. of elements
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Plot of the computation times related to figure 4.5. The total time is broken
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Figure 4.7: Simulation of test product in figure 1.14 at different stages of the process. Left
to right: 25%, 50%, 75% and 100% through the process.
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Figure 4.8: Simulation of test product in figure 1.9 produced by solving the rigid plastic
shell problem using the grid model for a regular square mesh.

Figure 4.9: Difference in mm between the simulation in figure 4.8 and the Abaqus model
in figure 1.9. The origin when compared to figure 4.8 is at the bottom left corner. The
greatest discrepancies between the two simulations are observed on one face of the product.
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be prone to excessive thinning which can then lead to tearing; the forming limit is defined
by the amount of deformation that can take place before this occurs. To prevent tearing
and therefore to improve the forming limit, processes such as deep drawing use draw beads
within the blanks which allow some material to be drawn in during the forming process
[116]. If excessive material flow occurs wrinkling can take place which sets a limit to
the amount of draw permitted. Such methods have not yet been investigated in detail
for ISF, but it has been observed that even under tight clamping ISF can lead to greater
forming limits than deep drawing [109, 8]. This is attributed to the incremental deformation
mechanism in ISF, which results in a more uniform distribution of sheet thickness when

compared to drawing, as well as an increased level of through thickness shear forces.

4.4.1 Effect of varying the parameter p

Another product that can be simulated more effectively using the grid model is the one in
figure 3.37, so this was done using the same tool-path that was used to produce the original
part with N £=4900. This time the model was run with three different values of p in order
to see what the effect this had on the deformation field. An image of the simulated shape
for p = 0.01 is shown in figure 4.10(a) and it looks similar for the other two simulations.
The difference between the model and the actual part, along with error measures, are given
in figures 4.10(b), 4.10(c) and 4.10(d), showing that if the RMS error is the error measure
of interest, then a value of p = 0.1 is most appropriate, whereas if variance is considered to
be of greater importance then it is better to use p = 0.01. This procedure of testing p is
simple and it can be repeated for any new materials that are used on the ISF machine in
order to tune p such that it improves the effectiveness of the model. The error measures
obtained with the grid model are repeated in table 4.2 along with those from the FE model

so that they can be easily compared.

4.4.2 Two point incremental forming simulations

Since the grid model does not display a ‘dip’, it gives a more convincing deformation
field when compared to the finite element model in chapter 3 at intermediate stages of the

process, as well as with certain shapes like the one in §4.4.1. As such, it can be used to model

129



4.4. Results

p=0.001

(a) Simulation of product in figure 3.37 using(b) RMS=0.945 mm, var.= 0.495 mm?, max.
p = .001. diff. =2.427 mm.

p=0.01 p=0.1

(c) RMS=0.892 mm, var.= 0.471 mm?, max.(d) RMS=0.740 mm, var.= 0.517 mm?, max.
diff.=2.378 mm. diff.=2.142 mm.

Figure 4.10: Difference between the actual product and gridwork model in a) for p = 0.001,
p=0.01 and p =0.1.

Mesh size Error measures
Model used NE RMS (mm) | Var. (mm?) | Max. diff. (mm)
one cone (O) 4802 1.510 2.248 6.278
one cone (S) 4802 1.630 2.632 6.748
one cone (S & TC) 4802 1.074 1.103 3.296
one cone (S, TC & WH) 4802 1.350 1.099 2.806
grid, p = 0.001 4900 0.945 0.495 2.427
grid, p = 0.01 4900 0.892 0.471 2.378
grid, p =0.1 4900 0.740 0.517 2.142

Table 4.2: Error measures obtained when simulating the product in figure 3.37 using the
grid model and one cone model (from §3.9, §3.10 and §3.11.3). O=original, S=sliding
contact state, TC=thickness variation and WH = linear work hardening.
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Upper tocl

positions — — - Target shape

Lower tool
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(a) The upper tool follows lower one while maintaining a contact angle of
45°. The resulting deformation field is shown in figure 4.12.

Upper taol

position — — - Target shape

Lower tool

positions S

(b) The upper tool continually follows the base contour of the target prod-
uct whilst the lower tool follows same path as a). The resulting deformation
field is shown in figure 4.13.

Figure 4.11: Two different tool paths for TPIF for the target shape in figure 1.11 shown at
four stages of the process.
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Figure 4.12: Simulated deformation field resulting from the tool path in figure 4.11 a) for
a 50x5H0 grid.
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Figure 4.13: Simulated deformation field resulting from the tool path in figure 4.11 b) for
a 50x5H0 grid.

alternative configurations of the ISF process rather than just the single point incremental
forming (SPIF) process used so far. One possibility is to model a two point incremental
forming (TPIF) process that consists of two identical tools that work on opposite sides of the
sheet. The main advantage of this configuration is that it allows actuation in two directions,
but this configuration complicates the path planning problem because two optimised tool-
paths have to be constructed. TPIF was not adopted on the Cambridge ISF machine
because the space that the second tool would occupy was needed for a stereo vision camera.
However, during a visit to Ford Motor Company’s Research and Advanced Engineering
facilities in Dearborn, Detroit, the early development of a TPIF process was observed and
it was suggested at that time that an effective method for modelling TPIF would be useful.
For this reason, an example of the application of the grid model in modelling a TPIF
process is now provided.

The target shape chosen for this simulation was the benchmark cone shaped product
displayed in figure 1.11. Since it is not known how to design the two tool-paths for the

part, the heuristic of following the contour of the part was used for the lower tool. Two
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different paths were used for the upper tool, firstly where it followed the lower tool whilst
maintaining an angle of 45° at point of closest contact between the two tools and secondly
where it continually circled the base of the part to restrain any movement in that region.
These tool-paths are displayed in figure 4.11 a) and 4.11 b) respectively. It can be seen
from 4.11 a) that the upper tool indented the sheet in the reverse direction for the first
few layers of the process. This has little effect on the final deformation field, which is very
similar to the one that would be obtained if only the lower tool was used. Figure 4.12
displays the simulated deformation field resulting from this tool-path and figure 4.14 a)
displays the vertical difference between the simulation and the target shape, from which
an RMS difference of 2.30 mm, a variance of 2.65 mm? and a maximum error of 6.17 mm?
were calculated.

The aim of the tool-path figure 4.11 b) is to try to reduce the maximum error that
occurs in the flanging around base region of the product when using the tool-path in figure
4.11 a). The aim of upper new tool-path is to continually push back any deformation that
occurs in the based region of the product while the lower tool-path produces the shape. The
resulting simulated deformation is displayed in figure 4.13 and the difference between this
and the target shape is displayed in figure 4.14 b). This example shows a clear improvement
compared to the first tool-path, with an RMS error of 0.89 mm, a variance of 0.55 mm?
and a maximum deflection of 3.78 mm. Overall there were 975 tool position increments in
the discretised tool-path and the model took 4.42 hours, which is an average of about 16
seconds solution time for each step. Large position increments were used for the upper tool
because the velocity of the upper tool was increased so that it completed each circuit in
the same time as the lower tool despite covering a greater distance. However, these large
steps appear to have caused dents in the upper surface of the sheet, which were removed
by reducing the speed of the tool as shown in figure 4.15, by using twice the number of
position increments. To the eye, the deformation in this more accurate simulation appears
be a much better fit to the target shape in figure 1.11, with the only discrepency being a
slight bulge along the cone faces closest to the corners. From figure 4.16, it can be seen

that the greatest errors are observed on these four faces and the resulting error measures

are: an RMS difference of 0.96 mm, a variance of 0.62 mm? and a maximum deflection of
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Figure 4.14: Difference in mm between a) figure 4.12 and the target shape in figure 1.11,
b) figure 4.13 and figure 1.11.

4.08 mm.

4.4.3 Simulation of a hood part

The products simulated so far have all been rather simple shapes that are only used in
academic research, so a brief demonstration is provided here of the application of the
grid-work model in simulating a more realistic hood part for a car. The tool-path was a
contour following tool-path provided by Ford R&AE that used a combination of TPIF with
two moving tools and SPIF. Figure 4.17 shows the target shape and the deformation field
predicted by the grid model and the difference between the two is displayed in figure 4.18.
No measurement data is available from the actual process, so no further analysis of the part
is performed, except for the qualitative observation that realistic parts can be simulated

by the gridwork model.

4.4.4 Summary

In this section, some results that were obtained using the grid model described in this
chapter were presented, from which at least three conclusions can be drawn. Firstly, the
current model appears to give reasonable results when simulating the SPIF process used
on the Cambridge ISF machine and in particular, it fits the experimental data better than

the FE limit analysis model for tool-paths in which a ‘dip’ is observed in the latter model.
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Figure 4.15: Simulated deformation field resulting from the tool path in figure 4.11 b) for
a 50x50 grid using smaller time steps compared to figure 4.13.
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Figure 4.16: Difference in mm between figure 4.15 and figure 1.11 using shorter time steps
than figure 4.14 b).
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(a) traget shape (b) simulation

Figure 4.17: Simulation of hood part using gridwork model.
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Figure 4.18: Difference between simulation and target shape.
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A simulation of the two-point incremental forming (TPIF) process was also successfully
performed and the resulting deformation field appears sensible. This leads to the second
conclusion: the extra actuation offered by the second tool allows an intuitive tool-path to
be designed that produces, in simulation at least, a far closer match to the target product
when compared to SPIF. This is because the second tool can be used to resist deformation
in the regions of the sheet where the greatest errors are observed in the SPIF process, which
is around the base region of the product. This evidence should be used to open up a debate
about the requirements of a control system for ISF; for instance, whether a second tool
is necessary to achieve suitable controllability in the process, or more generally whether
more work should be done in optimising the mechanical design of the ISF process, so as
to improve the predictability of the process and to ease the task of the controller. The
third and final conclusion is that, although the second tool or some other improvement to
the process is likely to remove much of the burden on the control system, some errors will
inevitably remain between target product and the finished product, so there is still a need

for a controller that removes these errors by optimising the tool-path(s).
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Chapter 5

Tool-path optimisation

The majority of this thesis has been concerned with modelling ISF with the intention of
producing a fast approximate model to use for tool-path optimisation. The models pro-
duced have been found to predict the deformation behaviour adequately and they are faster
to solve than the available commercial FEA packages. The gridwork model in particular,
being the fastest, also holds some potential in becoming used for the purpose of path
optimisation in the future.

However, none of the models are currently fast enough to apply in the optimal control
problem, especially without access to powerful processors. To give an idea of the compu-
tation time required for the model, one may estimate that the path-optimisation routine
would require at least one hundred iterations, or one hundred runs of the model. If one
day is permitted for computing an optimal tool-path, the model would have to simulate
the complete process in approximately six minutes, which allows 0.3 seconds per time-step.
Hence, an order of magnitude improvement in computation time is required over what has
been reported here, but it is noted that the results provided here have been obtained on
a desktop computer and with the current rate of increase in computational speeds it is
reasonably likely that even with desktop PCs, the limitation on computation speed will
not remain for long. Another one possibility that has not been explored here is to exploit
the parallel processing options available in Mosek for solving the SOCP problem in the
model. In [13], the developers of Mosek described how the interior point algorithm was
extended to exploit parallel computing. Although this paper is now slightly dated, it re-

ports significant improvements in computation time for a number of test cases, which were
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solved on a parallel cluster of just four inexpensive PCs.

If successful, the approach of using a model based path optimisation scheme to reduce
geometric errors would be a significant contribution to the ISF community. It is therefore
important to provide some discussion about how this would be performed once suitable
computing resources for the models become available.

The optimal control problem is outlined in this chapter and a numerical method that
could be used for solving it is discussed. Some optimal tool paths are then generated by
introducing a novel impulse response based method for predicting the process behaviour
because numerical modelling is not currently feasible for this purpose. Experimental results
are provided here that show that this impulse response based method is highly effective
in the optimisation of the tool-path for axisymmetric parts, opening up the possibility
of extending the method for asymmetric parts as future research. The approach is very
promising and with further development, it may also by-pass the need for numerical process

modelling in the path optimisation problem.

5.1 Formulation of optimal path problem for ISF

The path optimisation problem is treated as a multi-stage discrete time process control
problem [25] by defining each ‘stage’ as the application of the tool-path at a constant
depth, or layer, before proceeding to the next stage, or layer, of the ISF process. A set
of control variables are subsequently chosen from the set of parameters that define the
tool-path at each stage.

For instance, considering an axisymmetric product that is produced in M layers, at
each layer the tool moves along a circular tool-path of radius r; at a height Az, = z; — 2z;_1
above the previous layer, where {i = 1,..., M}, as displayed in figure 5.1. Here, Az; are
kept constant and the control inputs at each stage are r; and the control variables over

T

all the stages are p = [r1,r9,...,7ry|". These inputs are chosen to satisfy a multi-stage
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stage tool-path depth
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Figure 5.1: Typical tool-path for an axisymmetric product. Each layer of the tool-path
is assigned a stage number ¢ = 1,..., M. The tool-path at layer i is characterised by the
forming depth, z; and the radius, r;, of the circular path that the tool follows at that layer.

optimal control problem of the form,

M
min (xpr) pizl (x4, 7;)
S.t. Xi+1 :fi(xiari—i—l) :XZ'+WZ‘+1(XZ‘,TH_1), 1= 0,...,M— 1, (5].)

where x; is the deformation field and w; is the output of a model of the process with a
known initial state xo = co. Generally, the terms in ¢y are the initial (z,y) locations of
nodes over a flat sheet with the 2z coordinates approximately equal to zero. For any of
the ISF models described in this thesis, w; would be the change in deformation in the
simulation from stage ¢ — 1 to stage ¢ of the forming process.

The first term in the cost function in (5.1) is defined as

D(xar) = xar — X2, (5.2)

which is a measure of the error between the final deformation field of the system x,,; and
the target shape x. A trade-off in the control objective is posed by the second term,

L;(x;,7;), which places a penalty over the whole period of the process and is scaled by a
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factor, p, that is defined by the designer. This can be chosen to penalise the length of
the tool-path by, for instance, minimising the actual length of the tool-path, in which case
L(r;) = ||[[Az Ar;]T||s + 27r;. In practice, a jittery tool-path can cause more problems

than a long tool path by causing the sheet to tear, so here the performance index

L(r;) = [I[Az A"l (5.3)

is chosen to smooth the tool-path by preventing excessive variations in the input between
two adjacent layers.

The augmented performance index for (5.1) is

M—-1
j = q)(XM) + Z [(pLZ+1 + )\,ZTJrle) — }\ZFIXHJ y (54)
1=0

from which the discrete Hamiltonian is
Hi=pLig + X f, i=0,...,M—1 (5.5)

and by changing the summation in (5.4),

M-—1
J=®(xp) = Ayxar + Ho+ Y [Hi — A'xi] . (5.6)

i=1
Similarly to the continuous time case, the variation of J,

M-1

& 8®(XM) T 8H0 8H0 8HZ T 8HZ
dj_{ o — AL dxM+a—X0dx0+a—T1dr1+Z x, pY dxl—i—ﬂdnﬂ ,

(5.7)

is set to zero when the cost is minimised. Defining the value of the Lagrange multipliers

A; so that
Aizgii :paaL;l +AL1§—Z, i=0,...,M—1, (5.8)
with the boundary condition
Ay = 82532”) (5.9)
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5.1. Formulation of optimal path problem for ISF

and substituting these values into (5.7), gives

. of, oom,
dJ = AT=—4q " dr.y. 5.10
1 8X0 o _'_ ; 3ri+1 " + ( )

Since Xy = ¢ is constant, dxy = 0 and so at an extremum of d.J for arbitrary dr;,, it is

required that
0H,; OLi

= A\
67%'+1 pari—i-l T A

of;
87“2‘4_1

=0, i=0,...,M—1, (5.11)

given that (5.8), (5.9) and the equations for the dynamic model are satisfied. This leads to

the optimisation problem,

min H;
p

st. X =fi = %, + Wi (rig),
0L r Of;

Ai - i+1 .
p %, Hl@xi
Xo = Co
8(1)(XM)
Ay =—-—+> 5.12
M aXM ( )
where p = [r1,79,...,7m]%, i = 0,...,M — 1, and the boundary conditions xq = c¢ and

Ay = %’;{IM) are two point boundary conditions.

5.1.1 Indirect method

The indirect method is to solve (5.12) for the optimal control law. If the cost function L;
is chosen such that it is a function of the control variables p only, the problem becomes

min H;
p

st. X = = X + Wig1 (rig),

of;
A=A
Xg = Cp
O (%)
- 1
Ay = (5.13)
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5.1. Formulation of optimal path problem for ISF

where

of; OWiy1
=1 .
8X2‘ + 8XZ-

(5.14)
Hence, the partial differential of f; depends on how the rate of deformation w; varies with
respect to perturbations in the current deformation state of the system. Considering the
large number of state variables, this would be very costly to compute unless some structure
in the ISF model can be utilised.

It is not fully understood what form this may take, but one idea that may prove to
work is to exploit the information carried by the Lagrange multipliers used in the energy
minimisation problem in the ISF models presented previously. The Lagrange multipliers
calculated from the dual optimisation problem give an idea of the sensitivity of the system
[24], because their magnitude at the optimal point can indicate the degree of variation of

the objective function at the optimal point with respect to perturbations in the constraints

corresponding to the multiplier. It is thought that it may be possible to exploit this property

ow;

o0x;

and subsequently 2% but this

of the Lagrange multipliers to find the partial derivative o

has not been attempted here. If it is possible to compute the partial derivative in this way,
it would be obtained as a by-product of the model that would have to be solved for w;
anyway, so the values for both constraints in (5.13) would be calculated in one step. It
is suggested that the viability of this method should be established in a future research
exercise, because if computation times become feasible, then it would be an appealing
reason to choose the indirect method for solving the optimal control equations.

For the spatial impulse response method used in this chapter, it will be seen that
the model consists of a summation of experimentally obtained impulse response shapes,
for which the computation is very quick, so rather than using the indirect method it is

straightforward to solve the optimal control problem via a direct method.

5.1.2 Direct method

The direct approach is to solve (5.1) as it is stated, using a numerical technique such as
the method of shooting [105, 22], which is used for two-point boundary value problems
(TPBVP). A TPBVP requires the solution of a set of differential equations that satisfy

constraints defined at two different times; usually at the initial and final states of the
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5.2. Open loop path planning using impulse responses

system. Using the method of shooting, any boundary conditions defined at the initial time
t, of the system are treated as optimisation constraints and a performance index is written
for the constraints at time t;, which must be minimised for them to be satisfied. In the
case of the optimal control problem, the constraint at time ¢, is an equality xg = ¢, which
can be set explicitly by substituting in the known values ¢ for xg, and the performance
index J to be minimised is already defined in (5.1).

For each iteration in the minimisation routine, the system is integrated from ¢, to ¢y
with the current guess for the control variables, p, to predict the final deformation field,
Xy, which is then used to compute the value of the cost, J. This integration from t,
to t; is equivalent to solving one of the numerical ISF models or summing up a set of
spatial impulse response shapes, as will be seen in the following section. After the cost
function is computed the control variables p are modified using, for instance, a gradient
based optimisation algorithm to compute a new value of p that reduces the cost further.
The procedure is repeated until a termination condition for the minimum cost is satisfied.

It should be noted that the cost function is not necessarily convex and so the minimal
cost J*, and the corresponding inputs p*, may not be unique. The solution as computed
by a gradient based algorithm may indeed correspond to a local minimum that could be a
long way from the global minimum, in which case an alternative so-called intelligent opti-
misation method such a simulated annealing algorithm may perform better [94]. However,
in practice the new tool-paths p* computed by the gradient based algorithms in the Matlab
Optimisation Toolbox have been found to give improvements in the product geometry such
that the products fall within the error tolerances specified by the user. Hence, only gradient
based algorithms are used here, but the importance of making a good initial guess for the
inputs p is stressed and for this, it is found that a tool-path that follows the contour of the
target shape is often a good choice. The contour following tool-path is the best heuristic
tool-path for a target shape, so it is also used as the ‘benchmark’ against which the optimal

tool-paths are measured.
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(a) Measured impulse responses from each layer of the forming process.
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(b) The final deformation, given by the summation of the impulse responses in (a).
Intermediate steps displayed as dotted lines.

Figure 5.2: Impulse responses and deformation field for a cone shaped part produced by a
contour following tool-path.
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5.2 Open loop path planning using impulse responses

To predict the final deformation field of the product, a simulation can be performed using
a computational ISF model with a given tool-path. However, because numerical mod-
elling has been found to be slow, an alternative ‘spatial impulse response’ model has been
investigated and the results are provided in this section.

The idea behind the spatial impulse response method is analogous to the time domain
approach used in control engineering, where a system is characterised by its response to
a set of unit impulses applied sequentially to each of its input variables, with zero initial
conditions. In [35] and [36], Duncan et al describe two methods for thickness control in
the metal processing industry based on continuous time impulse responses, in strip metal
rolling and spray coating respectively. Examples of recent applications of control in metal
forming are Arai’s [16, 17] simple yet effective use of proportional and integral (PI) control
to regulate thickness in conventional spinning, and Endelt and Danckert’s [39] proportional
feedback control scheme to minimise wrinkling in deep-drawing. In Endelt and Danckert’s
work the feedback gain matrix was computed by solving an optimal control problem using
LS-Dyna for the underlying model. This is one of the few examples of FE modelling in the
control of metal deformation and it is feasible because the model is only used in a single
off-line computation, since the gain matrix is fixed during the actual process.

For SPIF, the spatial impulse response is defined as the change in sheet geometry
created by the shortest appropriate application of the controlled tool, where an appropriate
application can be chosen to best suit the target product geometry. For instance, in a
recent example where spatial impulse responses were used to analyse various metal forming
processes [86], the impulses were defined as the change in deformation from tracking the
tool a small distance along a straight line over a flat sheet. This was the convenient choice
in [86] because the required tool motion could be replicated in each of the forming processes
tested.

Since the path optimisation problem here is concerned with the production of axisym-

metric shaped parts, an appropriate application of the tool at layer ¢ is to track a radius r;
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5.2. Open loop path planning using impulse responses

and indentation depth Az; with the tool, so that the change in deformation,

S; = X; — X1, (515)

is the spatial impulse response of the sheet for stage i. For a given target shape the impulses
can be generated from an experiment on a SPIF machine using a predefined tool-path with

(c) (©)

Az; set to 1 mm and r; = r;”’, where r;”" are the contour following tool-path radii for the
part.

This was done for a cone shaped part with a 40 mm base radius and 45° wall angle
by conducting an experiment on the Cambridge ISF machine using the aluminium alloy
H22-5251 of 1 mm thickness, with a 140x140 mm clamping frame and a tool-tip radius of
7.5 mm. These conditions were used for all of the experiments in this section. Figure 5.2 a)
shows the impulse responses obtained with this tool-path on the Cambridge ISF machine
using 40 layers, each 1 mm below the previous one. The stereo camera was used to image
the part after each pass of the tool and since the product is axisymmetric, rather than
displaying 3D images, the plots in figure 5.2 show the average deformation over the sheet
at radial points from 0 to 60 mm from the centre of the sheet. The sum of the impulse
responses in figure 5.2 a) gives the final deformation field that was obtained by the contour
following inputs, as displayed in figure 5.2 b).

The collection of the deformation data was made feasible by the installation of a 3D
camera on the Cambridge ISF machine. The camera is shown in figure 1.4 and it takes
deformation images during the process in the form of point clouds after each layer of a
product in formed. This is a significant improvement over the CMM measurement method
used in the earlier model validation tests in §3.8 for the twisted cone shaped product. In

order to create the plots in figure 5.2, a Matlab script was written to post-process the point

cloud data from the stereo cameras. This performs the following steps:
e imports and samples data to reduce excessively large point cloud arrays

e automatically searches for common markers in each image and uses them to rotate
and align successive images, with the convention that the base of the sheet lies on

the zy plane and the edges are aligned to the x and y axes
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Figure 5.3: The impulse responses in figure 5.2 a) shifted so that the origin coincides with
the radius of the circular tool path that produced the impulse.

e projects images onto a common set of zy coordinates

e computes the mean height, i.e. the z value, at radial points from the centre to the
edge of the sheet, using linear interpolation between data in the point cloud where

necessary
e computes and plots the impulse responses

The impulse response plot, s;, obtained at stage 7 is a discrete set of K values represent-
ing heights at radial points = from zero to 60 mm in figure 5.2 a). However, by interpolating
between sample points this plot can be thought of as a continuous impulse described by
the function, s;(x), that returns a value for any radial point x. The relationship between

this function and the original data is

si = [si(1Ax), s;(2Az),...,s;(KAx)], (5.16)

where Az is the spacing between sample points. The impulse was generated by the contour

following input ri(c) and the spatial impulse response model assumes that the deformation
that results from small deviations from the contour following input can be predicted by

shifting the impulses s; horizontally according to the alternative inputs r;, so that

wi(z) = si(a + 17 —y), (5.17)
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which is sampled to give the predicted impulse w; due to the input 7;,
w; = [w;(1Ax), w;(2Az),...,w;(KAz)]. (5.18)

Hence x; in (5.1) is given by

M
X :ZWi+sf, (5.19)
i=1

where sy is the effect of impulses to the sheet that are not controlled by the tool-path radii.
For instance, the change in deformation due to springback when contact between the tool
and sheet is removed at the end of the process.

The model can therefore be considered as a linearisation of the deformation behaviour
about the contour following tool-path. In figure 5.3, the horizontal coordinates were shifted

(©)

by plotting s; against (z + r;”’) instead of s; against x as shown in figure 5.2 a), for
{i = 1,...,M}. This is equivalent to plotting w;(x) with all r; = 0 in (5.17), and it
aligns the impulse responses making them easier to compare. It appears that most of the
impulses are similar in shape but they vary in height significantly. Some impulses have
a large element of negative deformation, which is due to material spring back, stretching
of the ISF machine and small movements relative to the camera mounting. If the spatial
impulse responses were more uniform, it would be possible to parameterise the response
shape and define a generating function that could produce all of the impulse response

shapes. However, here it is more straightforward to store the impulse response plots and

use them directly.

5.2.1 Measurement errors

Each point in an impulse response plot, at some distance r along the horizontal axis, is the
mean value out of 72 measurements taken over the locus of a circle with a radius r centred
in the middle of the sheet, referred to as the ‘measurement loci’. The 72 values could vary
significantly if, for instance, there are inherent errors in the imaging hardware, if there is
misalignment between the image data and the centre of the sheet, or despite the symmetry

of the product, there are significant variations in the sheet deformation over a particular
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Figure 5.4: Two example plots computed from 3D deformation images where each point
represents the mean value at radial points from the centre to the edge of the sheet. Error
bars are plotted at each point to mark out +2x (standard deviation) of the data.

measurement locus. Hence, before using the impulse responses, an analysis of the errors in
the image plots was conducted by measuring the standard deviations in the data for each
point in the image plots.

It was found that the typical standard deviation between the 72 measurements at each
point was less than 0.6 mm. The standard deviation tends to increase at large values of r, as
some points on the measurement locus approach the edge of the sheet. At these distances,
the deformation at points on the measurement loci towards the corners of the sheet tend
to be significantly higher than at other points. This is because of the mismatch between
the square clamping frame used and the circular tool-path applied in the experiments.

Figure 5.4 provides two examples of these observations and displays two processed
deformation images taken when forming the cone shaped part in figure 5.2 b), after the tool
had completed a pass at 15 mm and 27 mm depth respectively. Error bars are displayed
on these plots to mark out the distance two standard deviations above and below each
point. They show that the deviations are small relative to the mean depths and they tend
to increase as the distance from the centre of the sheet increases towards the edge of the
sheet. The maximum standard deviations were 0.457 mm and 0.230 mm for the 15 mm
and 27 mm plots respectively and overall the errors in the image data plots were considered

small enough to use in the path planning problem.
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5.2.2 Implementation

It has been noted that the summation of the original impulse responses s; gives the sheet
deformation shown in figure 5.2 b), so an alternative summation of the impulses w; might
be found that brings the final product closer to the target shape. A scheme based on this
principle was created in the form of the discrete optimal control problem in (5.1), which was
then coded as a constrained optimisation problem in Matlab and solved using the gradient
based optimisation tool-box algorithm fmincon.

As noted in §5.1.2, the solution space is not convex, as observed by testing the optimiser
with several initial states, from which the routine exits with different, local, minimal costs.
With the tests conducted here, when the contour following tool-path was used as the initial
guess, it often appeared to give the lowest final cost and it usually reached a solution within
a minute. A ‘very close optimal’ solution obtained from a good initial guess is likely to
perform just as well as ‘the optimal’ solution, so the solutions obtained by fmincon are
considered acceptable in practice.

For the first term in the cost function, ®(x,;) = ||xy — X||2, the target shape x was set
to the cone shaped part that was the basis for the contour following tool-path from which
the impulses s; were generated. The optimisation problem was run using a scaling factor of
p =1 with pl© = [7{6), e ,rg\ff)] as the initial guess for the algorithm. The resulting set of
optimal tool-path radii are plotted in figure 5.5 a), along with the original contour following
tool-path for comparison. Initially, an off-line scheme was tested where the optimised r;
were applied directly to the ISF machine without using feedback to modify the tool-path
on-line.

The measured deformation resulting from both the contour and optimal tool-paths are
displayed with the target shape in figure 5.5 b), showing that the optimised tool-path does
improve the fit to the target shape. Since there is no resistance on the side of the sheet
opposing the tool, it is not possible to avoid the ‘flanging’, or raised edges, at the base of the
product by optimising the tool-path alone. However, as discussed in §5.2.5, this flanging
can be removed by simply allowing the flange to form outside of the target region of the
product, or by using a backing plate. By measuring points over the sheet from the centre

out to 40 mm, the root-mean square (RMS) error between the target shape and actual
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Figure 5.5: Optimisation of cone shaped product.

Toolpath | RMS (mm) 0-40 mm | Max. diff. (mm) | Benefit
Contour 2.10 2.53 -
Optimised r; 0.80 1.14 62.0%

Table 5.1: Error measures between target and actual product. Further data for this part is
given in table 5.8 under shape a). Benefit = improvement in RMS error over the contour
following tool-path.

shape was computed. For the contour following tool-path, the RMS error as displayed in
table 5.1 is 2.10 mm, over which the optimised tool-path gives a 62% improvement, with

an RMS error of 0.80 mm.

5.2.3 Application to different test shapes

The above test shows that the experimental impulse responses can be used as a suitable
predictor for generating an optimal tool-path trajectory off-line, and therefore to improve
the shape of the product that generated the impulse responses. It is now possible to
ask an interesting question: can the same impulse response plots be used to predict the
optimal tool-path required for a different axisymmetric shape? In order to test this, a set of
alternative target shapes, X, were chosen such that each introduces one level of complexity
over the previous product. The chosen target shapes are shown in figure 5.6: image a) is
the original cone shaped product; b) is a cone shape with two wall angles; ¢) introduces
a flat-topped region; d) introduces a 2nd order profile rather than the linear profiles used
in the previous three shapes. The contour tool-paths associated with each part are also

shown as dotted lines in the figure.
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Figure 5.6: Target shapes (3D image & solid line) with contour tool-path (dotted line).
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Figure 5.7: Comparison of standard contour toolpath with open loop optimised tool-paths.

Product with two wall angles

The first new target shape tested, shape b), has two wall angles, 55° from the base up to 20
mm of the forming height and 35° for the remaining 20 mm up to the final depth of 40 mm.
As previously, the heuristic tool-path follows the contour of the product in 40 equal layers
of 1 mm indentation steps. Using this tool-path as the initial guess for the optimisation
algorithm, figure 5.7 shows the optimal tool-path obtained as well as the contour following
tool-path for comparison. As with the cone shaped product, the optimal tool-path here
pushes the sheet beyond the perimeter of the target shape to account for springback. In
figure 5.8, the deformation from each tool-path in figure 5.7 is displayed.

When measured out to 45 mm, the contour following tool-path gives an RMS error of
1.72 mm whereas the optimised trajectory gives 1.27 mm. In the most controllable region
of the sheet, up to 35 mm from the centre, the optimised tool-path gave a 76% reduction
in the RMS error between the target shape and actual product, from 1.58 mm to 0.37 mm.
These results are also displayed in table 5.4. The region beyond 35 mm is 'uncontrollable’
in the sense that the flanging that develops at the base of the product cannot significantly

be prevented by changing the input tool-path, p.
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Figure 5.8: Shape of cone with 55° wall angle for the first 20mm and 35° for final 20mm.

Product with a flat top

The next product tested is shape c) in figure 5.6, which is similar to shape b) except for the
flat region at the centre of the product. There are two options for forming the flat region
of the sheet. For the first case, the contour following tool-path left this region unformed
by the tool, although this does result in a small ‘dip’. Only the first 30 impulses in figure
5.3 were used because the product depth was 30 mm. The final shape resulting from the
optimised tool-path is displayed in figure 5.9 a), showing a good fit between 10 mm and
35 mm from the centre of the sheet. The region beyond 35 mm is not expected to fit well
because of the flanging observed in previous parts, but a better fit would be expected over
the flat region of the sheet if the ‘dip’ can be removed. This was done in the second case,
where a simple modification was made to both the countour tool-path and the optimised
tool-path, by forming over the flat region of the product using a tool-path that spiralled
inwards from 10 mm to 0 mm at a depth of 30 mm. The effect of this final step was
treated as an extra impulse to the sheet that could not be altered by the control inputs
and therefore, it was added to sy in the process model in (5.19). The resulting fit to the
target shape is shown in figure 5.9 b) and the RMS errors for both plots in figure 5.9 can

be compared in table 5.2.
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Figure 5.9: Flat topped shape. a) No central forming, b) with central forming.

Product with second order wall profile

The final test shape is the one shown in figure 5.6 d), which has a forming depth of 33
mm and therefore requires only the first 33 impulse response plots in figure 5.3 for the
model. The optimal set of r; were computed in exactly the same way as for the previous
test products and similar deformation plots were produced for comparison, as shown in
figure 5.10. Since the shape is more complex than the previous examples, the fit between
the actual and target product is not expected to be as good as in the previous examples.
The RMS errors shown in table 5.3 provide a quantitative measure for this, which shows
that when measuring out to 45 mm there is little difference between the two tool-paths, but

the optimised tool-path gives an improvement of 58% over the first 35 mm of the product.
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up to 45 mm
Toolpath RMS (mm) | Var (mm?) | Max. diff | Benefit
Contour 1.49 2.28 4.92 -
Optimised r; 1.70 2.75 5.53 -13.9%
Contour with centre formed 1.46 2.18 4.83 -
Optimised r; with centre formed 1.65 2.50 5.45 -12.8
up to 35 mm
Toolpath RMS (mm) | Var (mm?) | Max. diff | Benefit
Contour 0.73 0.03 1.32 -
Optimised r; 0.39 0.06 0.70 46.3%
Contour with centre formed 0.73 0.11 1.39 -
Optimised r; with centre formed 0.24 0.01 0.57 67.2%

Table 5.2: Error measures from the plots in figure 5.9.
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Figure 5.10: Deformation resulting from the contour and optimised tool-path for the target
shape in figure 5.6 d).

up to 45 mm
Toolpath | RMS (mm) | Var (mm?) | Max. diff | Benefit
Contour 1.13 0.89 2.36 -
Optimised r; 1.13 1.15 3.18 0.1%
up to 35 mm
Toolpath | RMS (mm) | Var (mm?) | Max. diff | Benefit
Contour 1.06 0.13 1.66 -
Optimised r; 0.44 0.19 0.84 58.2%

Table 5.3: Error measures from the plots in figure 5.10.
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Figure 5.11: Comparison of standard contour toolpath with open loop optimised tool-paths.

up to 45 mm
Toolpath RMS (mm) | Var (mm?) | Max. diff | Benefit
Contour 1.72 2.02 4.58 -
Optimised r; 1.27 1.11 5.09 26.2 %
Optimised Az; 1.77 0.94 4.41 2.7 %
Optimised Az; & 7; 1.76 3.04 4.86 -2.3 %
up to 35 mm
Toolpath RMS (mm) | Var (mm?) | Max. diff | Benefit
Contour 1.58 0.04 2.11 -
Optimised r; 0.37 0.10 0.91 76.4%
Optimised Az; 1.68 1.90 2.59 -6.0%
Optimised Az; & 7; 1.54 2.43 2.39 3.0%

Table 5.4: Error measures between target and actual product.

5.2.4 Indentation depth as a variable

Having shown the effectiveness of the tool-path radii p = [ry,...,7y] as control in-

puts, one may now consider allowing the indentation depths to vary too, so that p =

(71, ..oy, Az, ..., Azy]. This requires (5.17) in the process model to be modified to
Azi c
w;(x) = N si(x + rl-( ) i), (5.20)

2

where AZZ(C) were the original indentation depths used to generate s;, which were all 1
mm. Two versions of the optimal control routine were solved using this modification,

firstly where both r; and Az; were allowed to vary and secondly where r; were fixed to the

158



5.2. Open loop path planning using impulse responses

40 \ \
- - —target shape
35 toolpath: contour |
—— toolpath: opt. radii
—— toolpath: opt. heights
o 301 ——toolpath: opt. height & rag
E
£ 25 b
Q.
[}
©
520 1
g
.§ 15f b
[}
©
10r b
5F |
0 | | | | 1
0 10 20 30 40 50 60

length along cross section (mm)

Figure 5.12: Shape of cone with 55° wall angle for the first 20 mm and 35° for final 20 mm.
The fit is poor when deformation depth is allowed to vary.

contour following radii. To restrict excessive variations in Az;, the constraints 0.9Azi(c) <
Az < 1.1Azi(c), where {i = 1,..., M}, were also applied. Figure 5.11 shows the optimal
trajectories when using shape b) as the target shape and figure 5.12 shows the resulting
deformation.

The fit to the target shape is very poor, suggesting that it is not possible to use the
heights Az; as control variables, or specifically that, unlike radii, the spatial impulse re-
sponse model is not suitable for predicting the change in process behaviour with respect to
changes in depths. For this reason only r; should be controlled with the impulse responses
defined here, but it may be possible to define an alternative set of impulse response shapes

that can be used for depth optimisation.

5.2.5 Removal of flanging at the base

Due to the lack of restraint on the underside of the sheet, it is not possible to prevent the
flaring in the base regions of the sheet seen in, for instance, figures 5.2 b), 5.5 b) and 5.8.
Hence, a sharp corner cannot be obtained at the base of the target shape by controlling the
tool-path alone unless, for example, a second restraining tool is available as with the TPIF
process described in §4.4.2. For the Cambridge ISF machine, two alternative solutions are

available that do not require a second tool:
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1. to treat the base region as a ‘pre-form’ beyond the range of the target shape.
2. to use a backing plate to restrain the sheet (figure 5.14).

Both of these suggestions are now explored below, where in order to demonstrate the
methods, they are used to optimise the product geometry for the target shape in figure 5.6
b).

Relative error measures

The product error measure minimised so far is the absolute RMS error, but in practice
there is no reason why the product should not be free to shift vertically to improve the
fit, by minimising the relative error between the two shapes. In conjunction with this, the
target shape can be defined so as to allow for flanging to occur outside of the target region
and reduce errors at the base of the product. It is shown here that both of these techniques
can be used effectively along with the path optimisation scheme. This ‘adaptive shifting’
approach is attractive because it requires the no modification to the ISF equipment.

The example part used here is shape b), but this time with a target base radius of 30
mm. The product was formed in 40 layers of 1mm depth, of which the initial layers were
present only to produce a flange that would subsequently be cut away. All the tool-path
radii r;, fori = 1,...,40, including those at the base, remained as variables in the tool-path
optimisation routine.

In order to allow the target shape to shift, a further optimisation variable a was intro-
duced that was added to the depth coordinates of the target shape in the cost function

®(xyr), which was modified to

O (xpr,a) = ||x0r — X+ alfa- (5.21)

This effectively allows the target shape to shift vertically by ¢ mm when computing the
optimal tool-path radii. The resulting radii were run on the Cambridge ISF machine and
the final product was imaged and compared to the target product as previously.

The target shape is shown as the black dotted lines in figure 5.13, with the contour

and optimised tool-paths shown respectively as dashed and solid lines, and the associated
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Figure 5.13: Deformation field when allowing flange to develop (left) and shifting the target
shape vertically (right) for the best fit. The area of the sheet to be cut away is shaded in

gray.

error measures displayed in table 5.5. The left hand plot shows the final deformation as
it was obtained from the camera, whereas the right hand plot displays the deformation
after the plots were shifted vertically so as to minimise the RMS error. As seen in table
5.5, the RMS error over the region is reduced by the optimised tool-path even if a shift is
not applied, but this is reduced further to 0.29 mm when shifted to a = 0.44 mm, which
is a 54% improvement over the contour following tool-path. It should be noted that the
tool-path optimisation routine predicted that at a vertical shift of ¢ = 1.1 mm would be
needed, whereas with the actual product, the best fit was obtained when a = 0.44 mm. It
is also interesting to note from figure 5.13 that the reason why the optimised shape gives
a lower RMS error is that it follows the target profile better than the product formed by
the contour following tool-path, which is too high at the base of the target product and
too low at the peak.

The conclusion that may be drawn from this test is that in order to overcome the issue
of the flanging, one option is to accept that the flange will form and simply allow for it by
ensuring that it will fall outside of the region of the target product. Also, it is beneficial
to allow the target shape to shift vertically, although the actual amount of shift predicted

may differ in the real process.
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Toolpath RMS (mm) | Benefit
Contour 0.65 -
Optimised r; 0.51 21.8%
Contour shifted 0.58 -
Optimised r; & shifted 0.27 54.0%

Table 5.5: Error measures from the plots in figure 5.13.

Using a backing structure

Here, it is demonstrated that the path optimisation scheme can be used in conjunction
with a backing plate that restrains the underside sheet and reduces flanging at the base of
the product. For the axisymmetric products considered here, the backing plate is simply a
frame with a circular cut-out, as shown in figure 5.14, with a radius equal to that of the base
of the product. The test here was conducted on the optimisation of a cone shaped product
with two wall angles and a 50 mm base radius, for which an 18 mm thick wooden backing
frame was readily available. The shape of the impulse responses were expected to be quite
different because of the new restraint, so a new set of impulse response plots had to be
generated, which was done experimentally by using a contour following tool-path. Figure
5.15 shows the impulse response plot, where the increased uniformity when compared to
figure 5.3 is noticeable.

In figure 5.16, the contour and optimal tool-paths are compared, showing very little
difference between the two tool-paths. The main difference is that the optimised tool-path
pushes a little further into the sheet and tapers outwards at the tip in order increase the
depth of the product, which was about 2.5 mm below the target shape when using the
contour tool-path. The deformation fields resulting from the two tool-paths are shown in
figure 5.17. The optimised tool-path showed a smaller improvement against the contour
toolpath than before, which is not unexpected because of the presence of a backing restraint.
However, it is interesting to observe that this path optimisation method still gives some
improvement, even though the configuration of the machinery is altered, demonstrating the
versatility of the method.

Figure 5.18 shows the deformation obtained using the tool-paths in figure 5.16 when
a further error reducing measure was applied to the sheet, by cutting slots into the sheet

around the base of the product before forming with the backing plate. The idea came from
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Figure 5.14: Expanded view of the basic ISF set-up with a backing plate.
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Figure 5.15: The impulse responses obtained when a backing plate is used. The origin for
each impulse is defined such that it coincides with the radius of the tool-path that produced
the impulse.

a visiting masters student’s work at the IfM in Cambridge! on tests to see if reducing the
bending stiffness by cutting slots at the base of the sheet would improve the deformation
field. In this case, the reduction in error is significant, as observed in table 5.6, where the

error measures for the tests in figures 5.17 and 5.18 are displayed.

5.2.6 Multi-pass forming

In §5.2.3, an application of the impulse response path optimisation method was demon-
strated that produced a product that fitted the target shape better than the basic contour
tool-path did. An interesting result was demonstrated; that the impulse responses mea-

sured from a part that was different to the target product could be used to optimise the

!Daniel Braun, masters student at Technische Universitit Dortmund, visitor summer 2008.
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Figure 5.16: Tool-path for test with backing plate.
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Figure 5.17: Deformation with backing.
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Figure 5.19: View from above of slots cut into the sheet for a second test using the backing

plate.

Toolpath RMS (mm) | Benefit
Contour with backing 0.75 -
Optimised r; with backing 0.58 22.4%
Optimised r; & with backing and slots 0.33 55.4%

Table 5.6: Error measures for cone shape with 2 wall angles when using a backing structure

and slots.
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Figure 5.20: Impulse responses for inner shape in multiform test.

tool-path, hence showing that the impulse responses are to some extent transferable. In
particular, it was shown that the impulse responses for a specified tool-path can be used
to optimise the tool-path for several different target shapes.

The scheme described needs the impulse response data to be generated at some point
prior to forming the part, wasting a sheet of metal in the process. This waste is not an
issue for many applications, but for others, for instance where the material is particularly
costly, it could be disadvantageous. It is worth considering whether it is possible to extend
the method and produce a product in, for instance, two passes over the same sheet. The
first pass would be to generate a set of impulses responses, which can then be used produce
an optimal set of radii r; to apply over the second pass.

As an initial test of this strategy, a small cone shape was produced on a sheet with a
45° wall angle and 36 mm radius using 0.9 mm indentations. This produced the 40 impulse
responses in figure 5.20, which were all scaled in height by a factor of % for the 1 mm steps
used in the second pass. The impulses were then used to predict the optimal tool-path for
the product in figure 5.8. It is noted that due to the preformed inner shape, the impulse
responses that would be observed over the second pass are different to those in figure 5.20,
but a more detailed study than the one conducted here should be pursued to find a method
for generating more suitable impulse response shapes for this multi-pass strategy.

Figure 5.21 shows that the predicted tool path is actually very similar to the one in
figure 5.7, which is repeated in figure 5.21 (labelled ‘normal’) for convenience. The product
shape resulting from the multiform strategy is shown in figure 5.22. Interestingly, the part

does fit the target shape better than the one produced by the contour following tool-path,
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Figure 5.21: Comparison of tool-path generated using impulse responses in §5.2.3 and that
produced by using the multi-pass strategy, for the target product in figure 5.8.

although of course not as well as the r; optimised tool-path in figure 5.8. The results are

summarised in table 5.7 by displaying the error measures between the target and actual

product along with the corresponding test results from §5.2.3. Some of the error in this

method is due to the presence of the inner shape, which is not accounted for in the impulse

responses, so by compensating for the inner shape a further reduction in the errors should

be observed.

up to 45 mm

Toolpath RMS (mm) | Benefit
Contour 1.72 -
Optimised: ‘normal’ 1.27 26.2%
Optimised: ‘multi-pass’ 1.69 1.9%

up to 35 mm

Toolpath RMS (mm) | Benefit
Contour 1.58 -

Optimised: ‘normal’ 0.37 76.4%

Optimised: ‘multi-pass’ 0.69 56.5%

Table 5.7: Error measures between target and actual product.
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Figure 5.22: Shape of cone product with 55° wall angle for the first 20mm and 35° for final
20mm.

5.3 On-line path planning using impulse responses

The model of ISF for axisymmetric parts based on experimental impulse response shapes
clearly has its drawbacks, since it assumes that a shifted summation of impulse responses is
sufficient to describe the deformation due to small changes in the tool-path radii. However,
the model is very quick, which is why it can be used to solve the open-loop tool-path
optimisation problem, as was demonstrated in §5.2.

Despite the rather inaccurate underlying model, the off-line optimised tool-path radii
produce significantly improved part geometries when compared to the contour following
tool-path. This demonstrates that the model is sufficient for path optimisation and also
that the contour following tool-path is a good initial guess for the input to the numerical
optimisation routine. In this section, it is demonstrated that feedback can be used to reduce
the dependence on the impulse response model and as a result, further improvements in
part geometry are observed. This is particularly interesting because there is little evidence
in metal forming literature of the use of feedback to regulate part geometry, even though it
has been used to regulate sheet thicknesses and to control tool forces to prevent tearing, as
cited in §1.3. Even without considering other metal forming techniques, the work described

here is the first successful application of feedback for the control of geometry in an ISF
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process.

5.3.1 Implementation

The method employed is to apply the first input from an off-line optimised tool-path to the
ISF machine, which is computed by using the same routine as in §5.2, and then to measure
the resulting deformation using the stereo camera system. This data is used to replace
the impulse response data up to the current layer and, along with the remaining impulse
response shapes, it is used as a new process model in the path optimisation routine, which
is re-run to re-optimise the tool-path from the current position. The first input from the
newly optimised tool-path is applied as the next input to the process and the procedure is
repeated until the part has been formed. The optimisation procedure at some stage ¢ = [

is,

M
in J=290 + Li(xi, 73

min (xnr) p; (x4, 1)

s.t. X, =m; |+ WZ‘<T2‘), 1= [7 ey ]\4'7 (522)

where m; is the measured deformation after stage ¢ of the process. Hence, the tool-path is
re-optimised M times during the process according to (5.22). Since the optimised tool-path
at each layer is shorter by one input compared to the previous layer, this method will be
referred to as a fixed horizon model predictive control scheme, although some may prefer
the term ‘shrinking horizon’ or ‘fixed end-time’. A schematic of the procedure is displayed
in figure 5.23. To perform the feedback at each layer i, the image data is generated using the
camera software and transferred to Matlab, where it is processed to generate m; and passed
through the path optimisation routine. The first output of this routine is then transferred to
the tool motion software and applied to the machine. In order to demonstrate the method,
this procedure is currently performed manually and it takes between four to six minutes
during which time the machine is at rest. This pause does not effect the deformation
behaviour, so it is not a significant issue, but for an industrial implementation it would be
straightforward to fully automate and quicken the feedback process.

In general, the previous optimal tool-path is used as the initial guess in the optimiser,
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although to avoid getting stuck in local minima several other initial guesses were tried at
some points and the solution with the lowest cost was used. This was a suitable approach for
demonstrating the concept of the proposed on-line optimisation scheme, but it is suggested
that in the future several initial guesses should be used at every step. A systematic method
for generating these initial guesses would need to be developed in order to do this, especially
if the procedure is to be automated.

Four test parts were produced based on the ones in figure 5.6, the exact dimensions
of which are shown in figure 5.24. As before, the impulses used in the model were those
displayed in figure 5.3. The first target shape to be optimised, shape a) in figure 5.24, is the
same as the one that the impulses were generated from. The subsequent shapes from b)-d)
were chosen to analyse how the on-line path optimistion scheme performed as the target
shape deviated from the shape that the impulse responses were generated from, since each
one is considered to add an extra level of deviation over the preceding shape. For instance,
shape b) maintains the profile of shape a) but it is scaled down by a factor of % in both
height and base radius, shape ¢) then adds the complexity of forming two flat wall profiles
of 55° and 35° and finally, target shape d) deviates further with a more complex profile
defined by two quadratic equations.

All of the parts were formed in 40 layers, so to model shapes b)-d), the spatial impulse

responses were scaled by modifying (5.17) to

) c

w;(z) = 632(55 + ri( ) _ Ti). (5.23)
This may appear to contradict the result in §5.2.4, where it was shown that the spatial
impulse responses cannot individually be scaled by different amounts to predict changes
in depth. In (5.23), however, a uniform scaling of the height of all of the response plots is

applied and, as shown below, the resulting model is found to perform suitably.

5.3.2 Results

The final profiles resulting from the new method for the four test shapes a)-d) in figure 5.24
are plotted in figure 5.25 and for comparison, the profiles resulting from the contour follow-

ing tool-path and the off-line optimised tool-path are also displayed. The corresponding
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Figure 5.23: Schematic of the feedback loop used in the on-line path optimisation scheme.
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Figure 5.24: The test shapes used for path optimistion with feedback.

tool-paths are displayed in figure 5.26. The actual tool-paths followed during the forming
process are plotted in black and the gray plots in figure 5.26 show the individual optimised
tool-paths for each layer. For the off-line path optimisation scheme, the tool-path appears
very smooth because the smoothness factor p in the control objective function in (5.1) was
set relatively high, typically to one or two. When lower values of p were tested the resulting
jittery tool-paths occasionally caused material failure but for the online path optimisation
scheme, factors of p = 0.1 and lower were used for all of the optimisation steps in all four
test parts and no tearing was observed.

The error measures corresponding to the plots in figure 5.25 are displayed in table 5.8,
where the percentage benefit is particularly of interest because it shows clearly that for all
four shapes, the use of feedback in the path optimisation scheme significantly reduced the
RMS error when measured out to 45 mm, 40 mm, 35 mm, and 30 mm from the centre of
the sheet. In some cases, the benefit from the on-line scheme is about 80% over the contour

following tool-path and over 60% if compared to the off-line optimised tool-path.
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Figure 5.25: Deformation resulting from the contour tool-paths, the off-line tool-paths and

the on-line optimised tool-paths.
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Figure 5.26: The tool-paths used to generate the profiles in figure 5.25. The gray plots
show the re-optimised toolpaths at each step.
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| | Shape | Toolpath | RMS (mm) | Var (mm?) | Max. diff | Benefit |

Contour 2.1442 2.3172 3.1965 -
a) Off-line 1.20 1.38 3.52 44.1%
On-line 1.29 1.40 4.21 39.6%
g Contour 2.23 4.73 3.68 -
= b) Off-line 1.73 2.18 4.08 22.4%
2 On-line 1.54 1.98 3.71 37.5%
9 Contour 2.2360 4.4028 5.0987 -
a, c) Off-line 2.10 3.65 5.05 6.1%
= On-line 1.86 2.61 4.64 16.6%
Contour 1.13 0.89 2.36 -
d) Off-line 1.13 1.15 3.18 0.1%
On-line 0.88 0.66 2.91 22.3%
Contour 2.1010 0.3894 2.5290 -
a) Off-line 0.80 0.18 1.14 62.0%
On-line 0.60 0.33 1.93 71.6%
g Contour 2.14 3.67 3.68 -
= b) Off-line 1.48 1.80 4.08 30.8%
= On-line 1.34 1.66 3.71 37.5%
9 Contour 2.2360 4.4028 5.0987 -
a, c) Off-line 2.10 3.65 5.05 7.3
P On-line 1.86 2.61 4.64 18.6
Contour 1.03 0.19 1.66 -
d) Off-line 0.70 0.50 2.00 31.9%
On-line 0.40 0.15 1.39 61.5%
Contour 2.2206 0.0200 2.5291 -
a) Off-line 0.82 0.03 1.14 62.9%
On-line 0.36 0.14 0.96 83.6%
g Contour 1.91 1.08 2.27 -
= b) Off-line 0.71 0.47 2.55 62.5%
9 On-line 0.65 0.43 2.23 66.1%
9 Contour 1.7143 3.0162 5.0987 -
a c) Off-line 1.49 2.24 5.05 13.0%
= On-line 1.24 1.46 4.64 27.7%
Contour 1.06 0.13 1.66 -
d) Off-line 0.44 0.19 0.84 58.2%
On-line 0.21 0.05 0.35 79.9%
Contour 2.2388 0.0160 2.5291 -
a) Off-line 0.85 0.025 1.14 61.9%
On-line 0.29 0.085 0.69 86.9%
g Contour 2.01 0.07 2.27 -
g b Off-line 0.38 0.15 0.94 80.9%
= On-line 0.41 0.13 0.92 79.4%
9 Contour 1.0797 0.9705 1.6633 -
a c) Off-line 0.68 0.37 1.32 37.3%
= On-line 0.35 0.12 0.78 67.1%
Contour 0.93 0.077 1.51 -
d) Off-line 0.41 0.13 0.84 55.6%
On-line 0.21 0.05 0.31 77.1%

Table 5.8: Error measures for four test shapes of increasing complexity. Benefit is defined

as the improvement in RMS error over the contour tool-path.
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5.3.3 Summary, review and future experiments

A new method for tool-path planning in ISF based on optimal control has been proposed
and it has successfully been demonstrated to improve the fit between the part geometry
and target geometry for axisymmetric products. All together, four products were produced
using the new method and they all used the same impulse response data for the model in
the optimal control routine. As such, the results confirm that the method remains robust
as the target geometry deviates from the original shape that the impulse responses were
generated from. The impulse response model for prediction is particularly novel since it
avoids the need for solving a highly non-linear material deformation model.

Further tests using the method described here are now underway in Cambridge to
establish a clear relationship for how the degree of compensation varies as the impulse
response data degrades. This study would be of interest to practitioners because low
quality data is generally quick and easy to generate, so an indicator of the sacrifice in
geometry that results from using such data in the on-line optimal path planning scheme is
useful.

One example of data degradation has already been tested here by using the impulses
generated for a cone to produce several alternative geometries, since better quality impulse
response data would have been obtained if they were generated directly for the alternative
geometries in question, but to do this would have been more time consuming. However,
such tests based on better quality data are currently underway as well as another set
of tests based on impulse response data generated from a single LS-Dyna FE simulation
and from the rigid plastic model in §3.6. For the latter two, the impulse response data
would be expected to be of a lower quality than experimental data but it is also more
convenient to generate. The simulations for a cone shape part have been generated and
the related impulse responses have been produced, as displayed in figure 5.27. The impulse
responses from the LS-Dyna plot show more variation than the ones from the one cone
model, although both of them are much more uniform than the original experimental
impulse responses in figure 5.3, so it will be interesting to see how they perform.

A number of ISF researchers have been developing methods for improving geometric

accuracy in ISF, but this result is particularly important because it is the first complete

175



5.3. On-line path planning using impulse responses
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(a) Impulse responses generated from LS-Dyna simulation of a cone shaped part
formed by SPIF with a 45° wall angle.
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(b) Impulse responses generated using the one cone rigid plastic limit analysis model,
with no thickness variation or work hardening.

Figure 5.27: Impulse response shapes obtained from simulation

framework for path planning based on on-line feedback. The approaches taken by other
researchers include Otegi et al’s [89] method introduced in §3.9 for reducing the ‘dip’ during
ISF and a novel laser assisted SPIF technique developed by Duflou el al [33, 34], which
results in deformation that is more localised to the tool and in turn, improved part ge-
ometries. The laser assisted method adds more complexity to the equipment design, but
the results are promising when evaluated for part geometries similar to those used here. A
patent for the process is being filed by Duflou el al. One of the strengths of the impulse
response method is that it can be used in conjunction with the above techniques, simply
by generating an appropriate set of impulse response shapes.

The work of Ambrogio et al described in [11] was published in 2005 but it was only

discovered by the author recently, after the work in this chapter was carried out. It is
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5.3. On-line path planning using impulse responses

worth discussing because, interestingly, it displays some similarity to the work described
here, although there are significant differences. In [11], a truncated pyramid is produced
according to a set of inputs, which would be defined as p, = [r; Az] using the notation of
this chapter, where r; is the edge-length of a square tool-path at stage i and Az; is the change
in depth from the previous stage. These inputs follow the contour of a target shape and
they are variable, because this target shape is adaptively modified at each layer according
to a simple correction rule based on the assumed deformation coordinates (x%, zzl) of the
ideal intermediate shape of the sheet at stage ¢, defined along a line drawn from the centre
to the edge of a the sheet. For some stage i, the target modification scheme also depends
on the actual coordinates of the shape obtained at the previous stage, (z& ;, 22,), which

are measured at the beginning of stage ¢ using a manually operated probe. The correction

rules are

i Ti1 — X
T, = I; + a )
Zi—1 T Fi-1
2

from which the next input p, is defined from the contour following tool-path related to
the modified target shape (zf, zf). This scheme was repeated until all layers were formed
and the final shape was qualitatively compared to that of the contour following tool-path.
For the truncated pyramid test part used, some improvement in geometry was observed,

although as explained in [11] the method is limited because:
1. it only uses information from the previous stage to modify the current one
2. the rules in (5.24) are intuitive and should be refined
3. the general applicability of the method has not been demonstrated

Due to these problems, Ambrogio et al appear to have changed their focus to preventing
part failure using online force measurements [10] and applying statistical analysis to exper-
imental data from SPIF [9]. The aim of the latter is to produce a design tool that can be

used to set some parameters related to the tool trajectory so as to minimise the ‘dip’ and
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5.3. On-line path planning using impulse responses

springback when forming truncated pyramid shaped parts. The impulse response method
described here improves upon point 1 above by using information for the complete process
at each optimisation stage. The main limitation with points 2 and 3 is the need to set the
i

value of (z}, 2}

;), which appears to be done by educated guesswork and is therefore only

likely to work for simple geometries. Point 2 is addressed by this work, since the optimal
control based path optimisation rule is a refinement over using the simple update rule used
by Ambrogio et al. The issue of the applicability of this method, with regards to point 3,
is also avoided by verifying the method for a number of shapes and by using quantitative

error measures rather than the qualitative comparisons made in [11].
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Chapter 6

Conclusions

6.1 Concluding remarks

This thesis reports the work conducted during a research project aimed at reducing geomet-
rical errors in incremental sheet forming (ISF). In chapter 1 several variants of the process
were introduced including single point incremental forming (SPIF), which was the main
process of interest here. This was followed by a general summary of the current research
focus in the ISF community and of the problems addressed in this thesis. In particular, two
problems were identified for which it was considered that further research would benefit
the ISF research community: the numerical modelling of deformation and the improvement
of part geometry in SPIF. The contributions made towards solving these problems in this

thesis were:
e an investigation of the applicability of the rigid plastic assumption in modelling ISF

e a structured method for on-line and off-line tool-path design for axisymmetric parts

so as to reduce geometrical errors
These aspects of the work are summarized in the subsections below before discussing the
link between them.

6.1.1 Numerical modelling summary

In terms of numerical modelling, a number of researchers have taken the approach of mod-

ifying existing elasto-plastic FE codes to improve efficiency, for instance by using adaptive
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remeshing [68], altering the incrementation method for elasto-plastic strain [104] or by
using domain decomposition [44]. However, the speed improvements obtained using these
approaches are not sufficient for the tool-path optimisation problem, which is why the more
drastic approximation of rigid plastic material deformation was investigated here. Three
models that use this assumption were described in chapters 2, 3 and 4 respectively.

In chapter 2, the first attempt was made at using the rigid plastic assumption by de-
veloping a membrane model based on small strain deformation theory. The model was
discretised using finite differences (FDs) and was based on a constrained energy minimi-
sation problem that was initially solved using an algorithm from the Matlab Optimisation
Toolbox. This was found to be very inefficient, so the model was then rearranged into a
second-order cone program (SOCP), which was quicker to solve. Simulations of a ‘line test’
were performed using this model, where the tool tracks a straight line over the sheet at a
constant depth.

The FD model presented a number of disadvantages, such as the need for small time
increments to avoid numerical instability and for an alternative set of equations to describe
the initial indentation of the sheet. A new model was developed in chapter 3 that removed
these disadvantages. The model drew on a number of recent developments in the field of
limit analysis, where the rigid plastic assumption is commonly used. It was found that finite
element (FE) implementations of one step problems in limit analysis such as the initial
deformation of a flat sheet subjected to a point load, referred to as the plate problem,
have previously been solved as SOCPs. A complete shell model for ISF was produced
here by extending current one-step SOCP problems to time evolving problems by using
sequential limit analysis theory. Ilyushin theory was used to combine the bending energy
and membrane energy over the sheet to form a shell problem. This was then arranged as
an SOCP in two different ways, which were referred to as the ‘two cone’ (§3.5) and the ‘one
cone’ (§3.6) models respectively. The two cone model exactly describes the Ilyushin yield
surface whereas the one cone model approximates it to a single 6D ellipsoid. By comparing
line tests from both models (§3.8.1) it was shown that this approximation makes little
difference in terms of predicting deformation.

The ‘one cone’ model is more efficient than the ‘two cone’ model because it uses fewer
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6.1. Concluding remarks

conic constraints in the SOCP problem, so it was used for a number of further validation
tests against the benchmark experimental and LS-Dyna data in §3.8. The computation
times and errors for a number of mesh densities were reported and generally a good fit
between the data and the model was observed for regular meshes, irregular meshes and
also an adaptive meshing strategy. A stretch spectrogram of the model was compared to
one from LS-Dyna, from which it was confirmed that the deformation mechanism in both
models is that of plane strain. Although the rigid plastic assumption is typically used only
in large deformation processes, ISF actually involves the accumulation of a large number
of small deformation steps, yet the results here show that the rigid plastic assumption is
suitable for an approximate model of ISF.

By analysing intermediate stages of the process, a pronounced ‘dip’ was observed in
central unformed regions of the sheet that was far shallower in the actual process. This
led to a review of existing literature on the ‘dip’ and also of the assumptions made in
the model in terms of the tool-sheet contact state, geometry and material description
that could cause the ‘dip’. For each of these respectively, an improvement to the model
was made by incorporating a sliding tool-sheet contact state (§3.10), in-process thickness
variations (§3.11.1) and work hardening (§3.11.2). The latter two modifications to the
model significantly reduced the ‘dip” and so were identified as the most important factors.

The rigid plastic limit analysis model in chapter 3 is significantly faster than existing
elasto-plastic models for ISF, but at 20-30 seconds per time step it is still not fast enough
to use within a tool-path optimisation routine. However, because it uses a large number of
variables, a general conclusion on the speed improvements that can be obtained by using
the rigid plastic assumption cannot be made from this model. In order to do this, the rigid
plastic assumption had to be applied to a model with far fewer variables and this was done
in chapter 4, where a reduced ‘grid’ model was developed that approximated the sheet to
a network of rods. Despite the lack of thickness variation or work-hardening, no ‘dip’ was
observed in the grid model due to the side-effect of an approximation used to formulate the
SOCP problem, where inequality constraints were used for some constraints that strictly
should have been equalities. An inertia-like term was introduced to reduce the effect of this

approximation and a good fit was observed between the model and the benchmark data.
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In terms of computation speed, it can be concluded from this model that for reasonable
mesh sizes, a solution time of approximately 5-10 seconds per time-step can be achieved
on standard desktop PC using the rigid plastic assumption. Due to its speed, this model
was used to simulate a two point incremental forming process (TPIF) for an industrial
automotive product.

A complete tool-path can often take more than one thousand time-steps and since the
model would have to be run many times in a path optimistion routine, it is concluded that
the rigid plastic assumption cannot currently be used for the purposes of path optimisation.
There have been suggestions of other applications where such models can be useful, for
instance for a rapid analysis of tool-paths where detailed elasto-plastic simulations can be
an over-kill. The main outcomes of the numerical modelling component of this research

can be summarised as follows:
e the rigid plastic assumption has been evaluated in modelling ISF

e an approximate numerical model for ISF based on this assumption can be used to

predict deformation

e a new application of SOCP in solving shell problems has been demonstrated using

sequential limit anlaysis

e thickness variations and work-hardening must be accounted for to accurately predict

deformation at intermediate periods of the process and reduce the ‘dip’.

e solutions times within 10 s per time-step can be achieved on current desktop PCs

6.1.2 Path optimisation summary

Since there are no alternative efficient numerical models for the path optimisation problem,
in chapter 5 an experimental model was developed for axisymmetric products. The model
was generated as a shifted summation of experimental spatial impulse responses and then
used in a path optimisation problem based on optimal control. In doing so, a new method
for reducing geometric errors in SPIF was demonstrated and a number of results, as well

as some interesting points, were discovered along the way.
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The path optimisation scheme was used to compute off-line optimal trajectories for
tool-path radii and these radii performed well in reducing geometric errors for several test
shapes. The optimsation routine was set up as a non-convex optimisation problem that
was solved using a gradient based algorithm with a good initial guess, which was typically
chosen as the contour following tool-path. It was shown that the impulse response model
used here is not suitable for optimising the indentation depth at each layer in the tool-
path, so this was fixed. A number of extensions to the scheme were tested, by using a
backing plate, a multipass strategy and adaptive shifting of the target shape and in all
cases, the off-line optimal tool-path performed better than the contour following tool-path.
Furthermore, by using impulse response data generated by forming a simple cone shaped
part, it was shown that impulse responses generated from a single shape could be used to
optimise the tool-path for several alternative target shapes.

An on-line scheme that uses feedback from a stereo camera was also implemented and
again the same impulse response data was used to optimise the tool-path for several shapes.
The on-line scheme was found to perform better than both the contour following tool-path
and the off-line implementation and in some cases, the RMS error was reduced by up to
80% over the contour following tool-path. Since very little is currently known in terms of
tool-path design in ISF, this work is particularly useful and a number of ongoing tests using
the proposed method are currently underway since, unlike trial and error or heuristic rule
based methods, this is the first structured use of automatic feedback control for improving

geometry in ISF.

6.1.3 Discussion

The initial period of work for this DPhil was devoted to numerical modelling because it
was believed at the time that a simpler model would not sufficiently be able to predict the
complex behaviour of the sheet in ISF to demonstrate the benefit of path-optimisation.
However, later on the concept of an experimental impulse response model came about by
focusing on axisymmetric shapes and with this, it was proved that an automatic control
scheme for path design in ISF can be implemented.

The consequent separation between the numerical modelling and control aspects of the
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work described in this thesis could give the impression that they are distinct and unrelated
pieces of work. It is therefore emphasised here that they are linked by the fact that they are
the two key components required for a solution to a single problem; the geometric accuracy
problem in general ISF. The first component shows that it is possible to create simplified
numerical models that describe the deformation behaviour in ISF, whereas with the latter
a method for tool-path optimisation is developed, which provides results that show for the
first time that automatic feedback control can be used to reduce geometric errors in ISF.
In the long term when the scope of this work extends to the production of geometrically
accurate general shapes, these two components will converge to provide a useful solution for
practitioners. Specifically, as and when computation speeds improve to a rate that permits
the online execution of the numerical models, the initial step in the extension to general
shapes will be to replace the impulse response model in the path optimisation algorithm
with the numerical model in either chapter 3 or 4, hence merging this apparently distinct
component with chapter 5 to form a single product.

Finally, it is also noted that in the short term a more immediate link can be formed
that connects these pieces of work by verifying the experimental impulse responses against
those generated from the numerical models. As suggested in chapter 5 this should be done
as future work since this would also provide an additional result of avoiding the need for
an experimental model, therefore demonstrating an extension to the path design scheme

for axisymmetric shapes that is based only on first principle physical modelling of ISF.

6.2 Future directions for research

Several areas of this thesis may be extended in future projects and possible areas for further
research have been noted periodically in the thesis. The limit analysis model in chapter 3
has only been tested with one type of shell finite element, but many elements exist in litera-
ture that could be implemented in the model and their performance analysed. It was noted
in §3.9 that several methods exist for combining simplified elasticity descriptions with the
rigid plastic assumption, which could be incorporated with the limit analysis based model
described here. Further to the linear work-hardening simulations conducted here, non-linear

work-hardening material descriptions should be tested. Also, an explanation is needed for
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why the simulations with thickness variation in chapter 3 predict sheet failure earlier than
found in practice. It would then be possible to compare the final sheet thicknesses with
LS-Dyna or experimental data. The TPIF simulations performed with the grid model in
chapter 4 should be compared to experimental data. It is worth considering relaxing some
of the constraints in the grid model, so long as doing so does not cause further computa-
tional burden. For instance, the nodes in the grid model are currently restricted to move
vertically, so one could consider reformulating the model to allow horizontal movement too.
The SOCP solver used for the numerical models is based on an interior-point algorithm
that, unlike gradient based algorithms, does not permit initial guesses for the value of the
optimisation variables. Efficient SOCP algorithms that exploit the ability to use ‘warm
starts’ are in development [117], but they are not currently available in commercial codes.
For the ISF models described in this thesis the deformation field changes very little from
one time-step to the next, so the previous deformation could be used as an initial guess for
the current deformation. If the appropriate SOCP algorithms become available it would be
interesting to test their performance on the models in this thesis. Similarly, the problems
in this thesis were solved on a single PC, but in [13] the parallel processing capability of
interior-point algorithms is discussed and could be tested on the ISF models described here.
Also, rather than using Matlab a compiled script such as C would be more efficient.
There are many possibilities for further work on the path optimisation problem in
chapter 5. The impulse response shapes used here were generated from experiments, so this
can be compared to impulses generated from numerical simulations. Indeed, the numerical
models in this thesis can be used to verify the impulse responses and to generate new
definitions of process impulse responses. For instance, with the impulse responses defined
here it was found that the radii of the tool-path at each layer could be optimised, but with
further work it is likely that it will be possible to produce a set of impulse responses that
can be used to optimise the tool application depth at each layer too. It is suggested that the
initial step towards this should be to conduct a study of the variation of impulse response
shapes to small changes in the application of the tool, with reference to a control shape,
and this can be done either experimentally or perhaps more efficiently and less wastefully,

by using the models in this thesis.
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In the on-line scheme, the first control input was applied at each step before re-
optimising the tool-path, but with further tests it may be found that adequate compen-
sation is achieved by re-optimisating the tool-path less frequently. As an analysis of the
robustness of the scheme, a relationship for the part accuracy against frequency of tool-
path re-optimisation can be established. A related robustness test suggested in §5.3.3 is
to establish a relationship for the degree of compensation against the quality and type of
impulse response data generated. Such experimental robustness studies would be neatly
complimented with theoretical studies using a host of tools used in control engineering
for robust control. These methods show how to systematically introduce errors into the
model that can be parametrised so that their effect on the tool-path can be analysed. For
instance, with the model in (5.19) one could study the effect of a bounded error e; that
is parametrised by imposing the constraint ||e;|| < €42, Where €, can be varied. The

model in (5.19) would become

M

Xy = Z(WZ +e;) + sy, (6.1)

i=1

which could be used to set up the min-max problem of finding the tool-path that min-
imises the control objective whilst maximising the constrained model error e;. Alternative
optimisation algorithms can be explored for solving this and indeed the path optimisation
problem itself that suit the structure of these problems.

Also, since only axisymmetric products were considered here this research should be
extended to asymmetric parts too and as stated previously, in order to do this it is expected
that the models described in chapters 3 or 4 will be combined with the path optimisation
routine as future work. Another option that could be studied is to attempt to develop a
systematic method for defining the ‘spatial impulse response’ for arbitrary shapes, which
can be used to predict the deformation behaviour in a suitable manner for more general
classes of shapes than axisymmetric ones.

Many further possibilities exist for following on from the work in this thesis and it will
be interesting to see how these develop over time, which approaches succeed or fail and

what other surprises appear from further research.
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