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Abstract—The analyticity of the entropy and relative entropy
rates of continuous-state hidden Markov models is studied here.
Using the analytic continuation principle and the stability proper-
ties of the optimal filter, the analyticity of these rates is established
for analytically parameterized models. The obtained results
hold under relatively mild conditions and cover several useful
classes of hidden Markov models. These results are relevant for
several theoretically and practically important problems arising
in statistical inference, system identification and information
theory.

Index Terms—Hidden Markov Models, Entropy Rate, Relative
Entropy Rate, Log-Likelihood, Optimal Filter, Analytic Contin-
uation.

I. INTRODUCTION

Hidden Markov models are a powerful and versatile tool for
statistical modeling of complex time-series data and stochastic
dynamic systems. They can be described as a discrete-time
Markov chain observed through imperfect, noisy observations
of its states. Proposed in the seminal paper [1] over five
decades ago, hidden Markov models have found many ap-
plications in very diverse areas such as acoustics and signal
processing, image analysis and computer vision, automatic
control, economics and finance, computational biology, genet-
ics and bioinformatics. Owing to their theoretical and practical
importance, various aspects of hidden Markov models have
been thoroughly studied in a number of papers and books;
see, e.g., [2], [6], [8] and references therein.

The entropy and relative entropy rates of hidden Markov
models can be considered as an information-theoretic charac-
terization of the asymptotic properties of these models. The
entropy rate of a hidden Markov model can be interpreted as
a measure of the average information revealed by the model
through noisy observations of the states. The relative entropy
rate between two hidden Markov models can be viewed as a
measure of discrepancy between these models. The entropy
rates of hidden Markov models and their analytical properties
have recently gained significant attention in the information
theory community. These properties and their links with sta-
tistical inference, system identification, stochastic optimization
and information theory have been studied extensively in sev-
eral papers [10] — [13], [14], [19], [20], [22], [23]. However, to
the best of our knowledge, the existing results on the analytical
properties of the entropy rates of hidden Markov models apply
exclusively to scenarios where the hidden Markov chain takes
values in a finite state-space. We establish here analytical
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properties of the entropy rates of continuous-state hidden
Markov models.

For example, such results are useful when analyzing algo-
rithms for parameter inference in hidden Markov models. In
online settings, the unknown parameter is typically assessed
using the recursive maximum likelihood method [23], [21]. In
[23], it has been shown that the convergence and convergence
rate of recursive maximum likelihood estimation in finite-state
hidden Markov models is closely linked to the analyticity of
the underlying average log-likelihood, i.e. of the underlying
relative entropy rate. In view of recent results on stochastic
gradient search [25], a similar link is expected to hold for
continuous-state hidden Markov models. However, to apply
the results of [25] to recursive maximum likelihood estimation
in continuous-state hidden Markov models, it is necessary to
establish the analyticity of the average log-likelihood for these
models. Hence, one of the first and most important steps to
carry out the asymptotic analysis of recursive maximum like-
lihood estimation in continuous-state hidden Markov models
is to show the analyticity of the entropy rates of such models.
The results presented here should provide a theoretical basis
for this step.

In this paper, we study analytically parameterized
continuous-state hidden Markov models (i.e., the models
whose state transition kernel and the observation conditional
distribution are analytic in the model parameters). Using
mixing conditions on the model dynamics, we construct a
geometrically ergodic analytic continuation of the state tran-
sition kernel and an exponentially stable analytic continuation
of the optimal filter. Relying on these continuations and their
asymptotic properties, we demonstrate that the entropy and
relative entropy rates are analytic in the model parameters.
The obtained results hold under relatively mild conditions
and cover a broad and common class of state-space and
continuous-state hidden Markov models. Moreover, these re-
sults generalize the existing results on the analyticity of en-
tropy rates of finite-state hidden Markov models. Additionally,
the results presented here are relevant for several important
problems related to statistical inference, system identification
and information theory. In [26], we use them to analyze
the asymptotic properties of recursive maximum likelihood
estimation in non-linear state-space models.

The rest of this paper is organized as follows. In Section
II, the entropy rates of hidden Markov models are specified.
In he same section, the main results are presented. Examples
illustrating the main results are provided in Sections III and
IV. In Sections V — VII, the main results are proved.



II. MAIN RESULTS

To define hidden Markov models and their entropy rates, we
use the following notations. (2, F, P) is a probability space.
d; > 1and d, > 1 are integers, while X' C R% and Y C R%
are Borel sets. P(x,dz’) is a transition kernel on X, while
Q(z, dy) is a conditional probability measure on ) given = €
X'. Then, a hidden Markov model can be defined as the X' x )-
valued stochastic process {(X,,,Y},)}n>0 which is defined on
(Q, F, P) and satisfies

P((Xn-i-l?Yn—i-l) S B‘XO:n7YO:n)
— [ 15,00 dy) P(X,. di)

almost surely for n > 0 and any Borel set B C X x ).
{Xn}n>0 are the unobservable states, while {Y; },>o are
the observations. Y;, can be interpreted as a noisy measure-
ment of state X,,. States {X,,},>0 form a Markov chain,
while P(x,dx’) is their transition kernel. Conditionally on
{X, }n>0, state-observations {Y},},,>¢ are mutually indepen-
dent, while Q(X,,dy) is the conditional distribution of Y,
given Xj.,,. For more details on hidden Markov models, see
[2], [6] and references therein.

Besides the model {(X,,Y,)}n>0, we also consider a
parameterized family of hidden Markov models. To define
such a family, we rely on the following notations. Let d > 1
be an integer, while © C R? is an open set. P(X) is the set
of probability measures on X. u(dx) and v(dy) are measures
on X and Y (respectively) while py(2’|z) and gy(y|z) are
functions which map 6 € O, z,2’ € X, y € Y to [0,00) and
satisfy

/mmwmwﬂszwmmmzl
X Yy

for all # € ©, x € X. A family of hidden Markov models
can then be defined as a collection of X’ x Y-valued stochastic
processes { (XX, Y./} _ on (9, F, P), parameterized by
6 €O, A€ P(X) and satisfying

P v e B) = [ [ 1t pantulon)

0,2 0,2 O\ y0,\
Vi ((Xn+1’ Yn+1) € B‘ XO:n7Y0:n )
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almost surely for n > 0 and any Borel set B C X X
VA{X2?},>0 are the hidden states of this model, while
{Y,92},,>0 are the corresponding observations. py(2’|z) is
the transition density of the Markov chain {X%*},>0, while
o(y| X?*) is the conditional density of Y, given X2,
In the context of the identification of stochastic dynami-
cal systems and parameter estimation in time-series models,
{(Xn,Yn)}n>0 is interpreted as the true system (or true
model), while {(Xz*)‘,Y,f’/\)}nzo is viewed as a candidate
model for {(X,,Y:)}n>o0.

To define the entropy rates, we introduce the transition
density 7¢(y, z'|x) of {(Xfl”\,Yf”\)}nZO, ie.,

ro(y, 2’ |z) = qo(y|z")pe(2'|2),

and the density gJ (y1.,|\) of Y77

Lo 1€,
a5 (y1:n|A) :/// (H Te(yk,fﬂk|$k—1)>
k=1
-p(dxy) - - p(dey) A(dzo)

where y1., = (y1,...,yn) € Y™ for n > 1. The (average)
DN .
entropy of Y. is given by

1
hn(0,\) = —F <nlog qZ}(YﬁfP‘)) ; @

and the expected (average) log-likelihood [,,(0, ) given the
model {(X{*,Y,?*) is given by

1
The entropy rate of model {(Xg)‘,Y?f’)‘)}n>0

tropy rate of stochastic process {Yf”\}nm) can then be
defined as the limit Bl

(i.e., the en-

Hm A, (6, A).

n— oo

Similarly, the relative entropy rate between models
{(X,(’L'*A,Yn(/")‘)}n>0 and {(X,,Y,)}n>0 (.e., the relative
entropy rate between stochastic processes {Y;!'}}
{Ya},,>0) can be defined as the limit

n>0 and

where h is the entropy rate of {Y;,},>0 (provided h exists).
In this context, the limit
nh_)ngo 1,(0,))

can be viewed/referred to as the log-likelihood rate of
{V,}n>o given the model {(XZ*, Yf’/\)}”m. Entropy
rate lim,_,oo hpn(f,\) can be considered as a measure of
the information revealed by the model {(Xf*,V?*)}
through its state-observations {Y,f’)‘}nzo. Relative entropy
rate — lim,,_, o (1,,(0, ) + h) can be interpreted as a measure
of discrepancy between the models {(X,‘Z’>‘,1/;‘L9’>‘)}n>0 and
{(Xn,Y5)}n>0. The entropy rates of hidden Markov models
are closely related to a number of important problems arising
in engineering and statistics such as system identification,
parameter estimation, model reduction and data compression.
For example, in the recursive maximum likelihood approach
to the identification of stochastic dynamical systems and
parameter estimation in time-series models, the candidate
model {(X9*,Y; ’A)}nzo providing the best approximation
to the true model {(X,,Y,)}n>0 is selected through the
minimization of —lim,_,o(l,(0,\) + k) (i.e., through the
maximization of lim, . 1,,(f, A)). For more details on the
entropy rates and their applications, see [7], [9] and references
therein.

We study here the rates lim,, o by, (6, A), lim, o0 1, (6, \)
and their analytical properties. To formulate the assumptions
under which these rates are analyzed, we rely on the following



notations. For n € C4, |n|| denotes the Euclidean norm of 7.
For v € (0,1), V,(©) is the open v-vicinity of © in C4, i.e.,

Vy(©)={neC’:30€0,|n—10|| <~}
Our analysis is based on the following assumptions.

Assumption 2.1. There exists a real nhumber € € (0,1) and
foreach 6 € ©, y € Y, there exists a finite measure \g(dx|y)
on X such that

Xo(Bly) < [ rofy.allop(as’) < 2

for all x € X and any Borel set B C X.

Assumption 2.2. ry(y, a'|z) is real-analytic in 0 for each 6 €
O, z,2' € X, y € Y. Moreover, r¢(y,z’'|x) has a complex-
valued continuation i, (y, «'|x) with the following properties:

(i) #y(y, 2'|z) maps n € C4, z,2’ € X, y€ Y to C.

(ii) Po(y,a'|x) = ro(y,2’|x) for all 6 € O, z,2’ € X,
ye

(iii) There exists a real number § € (0,1) such that
7y (y, &' |x) is analytic in n for each n € V5(©), xz, 2" € X,
ye .

(iv) There exists a function ¢, (y) which maps n € C¢,
y € Y to C, is analytic in 1 for each n € V5(©), y € Y and
satisfies

en(y) # 0, [Py(y, 2'[x)] < [y (y)

forallm e Vs(©), x,2' € X, y € ).
(v) There exist functions ¢, : Y — (0,00) such that
J o(y)v(dy) < oo and

lon ()] < B(y),
Sforall n € V§(©), y € ).

Assumption 2.3. There exists a real number y € (0,1) such
that

[log [n (Y] < ¥(y)

[ rotw. ' lentae’) = 2lon(o)
foralle®, ze X, ye ).
Assumption 2.4. [ ¢(y)¢(y)v(dy) < oo.

Assumption 2.5. There exists a real number K € [1,00) such
that

/@@W@Jng

for all x € X. Moreover, there exist a probability measure
m(dx) on X and a real number p € (0,1) such that

|P"(x,B) —m(B)| < Kp" 3)

for all x € X, n > 0 and any Borel-set B C X.

Assumption 2.1 is related to the stability of the hidden
Markov model {(X2*,v? )\)}nZO and its optimal filter. This
assumption ensures that the Markov chain {(X4*,Y,?%)}
is geometrically ergodic (see Lemma 5.4) and that the op-
timal filter for the model {(X/*,Y,?*)} _ = forgets initial
conditions at an exponential rate (see Lemma 6.2). In this or
similar form, Assumption 2.1 is an ingredient of a number of

asymptotic results on optimal filtering and maximum likeli-
hood estimation in hidden Markov models (see [4], [5], [16],
[17].

Assumption 2.2 is an assumption on the parameterization of
the model {(X2*,Y,%"*)} _ . Tt requires the transition kernel
and density of the chain {(X%*,V,%*) }n> , to be real-analytic
in parameter 6. Together with Assumption 2.1, Assumption 2.2
ensures that an analytic continuation of this kernel exists and
is geometrically ergodic (see Lemma 5.4).

Assumption 2.3 is also related to the parameterization of
the model {(X2*,V,9*)} This assumption ensures that

. n>0"
the ratio

ro(y, '|z)
Jroly, 2" |x)p(dz")

is uniformly bounded in 6, x,z’. Together with Assumptions
2.1 and 2.2, Assumption 2.3 ensures that an analytic contin-
uation of the optimal filter for the model {(X/*,Y,9%)} _
exists and forgets initial conditions at an exponential rate (see
Lemma 6.6).

Assumption 2.4 corresponds to the bounding functions ¢(y),
¥ (y) (introduced in Assumption 2.2). It requires the product
of these functions to be integrable with respect to the measure
v(dy). Together with Assumption 2.2, Assumption 2.4 ensures
that the entropy h,(6,)\) (defined in (1)) exists and has an
analytic continuation in 6 (see Lemma 7.2).

Assumption 2.5 ensures that the Markov chain
{(Xn,Yn)},>o 1is geometrically ergodic (see Lemma
5.1). Together with Assumption 2.5, Assumption 2.2 also
ensures that the log-likelihood I,,(6, \) (defined in (2)) exists
and admits an analytic continuation.

The following two theorems are the main results of the
paper.

Theorem 2.1. Let Assumptions 2.1 — 2.3 and 2.5 hold. Then,
there exists a function | : © — R such that 1(0) is real-analytic
for each 0 € © and 1(0) = lim,, 00 1,(0, \) for all 6 € ©,
A €PX).

Theorem 2.2. Let Assumptions 2.1 — 2.4 hold. Then, there
exists a function h : © — R such that h(0) is real-analytic
for each 6 € © and h(0) = lim, o0 hy (0, X) for all 6 € O,
A € P(X).

Remark. As © can be represented as a union of open balls,
it is sufficient to show Theorems 2.1 and 2.2 for the case
where © is convex and bounded. Therefore, throughout the
analysis carried out in Sections V — VIII, we assume that ©
is a bounded open convex set.

Theorems 2.1 and 2.2 are proved in Section VII. Ac-
cording to these theorems, for all § € O, A\ € P(X),
rates lim,,—, oo 1y (0, A) and lim,, o 1,,(0, A) are well-defined.
Moreover, for each 8 € ©, the rates lim,, o h,(6,\) and
lim;, 00 15, (0, \) are independent of A and real-analytic in 6.

The analytical properties of the entropy rates of hidden
Markov models have already been extensively studied in
several papers [10] — [14], [19], [20], [22], [23]. However,
the results presented therein apply exclusively to models with
finite state-spaces. To the best of our knowledge, Theorems 2.1



and 2.2 are the first results on the analyticity of the entropy
rates of continuous-state hidden Markov models. These theo-
rems also generalize the existing results on the analyticity of
the entropy rates of finite-state hidden Markov models.More
specifically, [12] can be considered as the strongest existing
result of this kind. Theorem 2.2 includes, as a particular case,
the results of [12] and simplifies the conditions under which
these results hold (for details, see Appendix 2). Theorems 2.1
and 2.2 are relevant for several theoretically and practically
important problems arising in statistical inference and system
identification. In [26], we rely on these theorems to analyze
recursive maximum likelihood estimation in non-linear state-
space models. The same theorems can also be used to study
the higher-order statistical asymptotics for maximum likeli-
hood estimation in time-series models (for details on such
asymptotics, see [27]).

III. EXAMPLE: MIXTURE OF DENSITIES

In this section, the main results are applied to the case when
po(2’|x) and gy(y|z) are mixtures of probability densities, i.e.

N Ny )
pola'le) = S @), aolyl) = 3 by ()
i=1 =1
“)

forf € ©,z,2 € X,y €Y (O, X, have the same meaning
as in the previous section). Here, N, > 1 and N, > 1 are
integers. {v;(7)}i<i<n, and {w;(y)}1<j<n, are functions
which map z € X, y € Y to [0,00) and satisfy

[ est@ntan) = [ vy =1

for each 1 < ¢ < N, 1 < j < N, (u(de),
v(dy) have the same meaning as in the previous section).
{aj(x)}1<i<n, and {bj(z)}1<j<n, are functions which map
0 €0, ze X to|0,00) and satisfy

N Ny ‘
> ap(x) =D bj(x) =1
i=1 j=1

Under these conditions, v;(x) and w;(y) are probability den-
sities on X' and Y (respectively), while a)(x) and b (z) are
probability masses in ¢ and j (respectively). Hence, in 2/,
y, po(x’|x) and gg(y|x) are mixture of probability densities.
v;(z) and w;(y) are the components of these mixtures, while
aj(x) and b)(z) are the corresponding weights.

The entropy rates of hidden Markov model specified in (4)
are studied under the following assumptions.

Assumption 3.1. X is a compact set.

Assumption 3.2. a}(z) > 0 and b)(z) > 0 for all 6 € 6,
r€ X, 1<i< N, 1<j <N, Moreover, a})(x) and by(z)
are real-analytic in (0, x) foreach 6 € ©, x € X, 1 <i < N,,
1<j <N

Assumption 3.3. There exists a real number € € (0,1) such
that e <wv;(xz) < 1/e forall x € X, 1 <i < N,.

Assumption 3.4. [ |logwy(y)lw;(y)v(dy) < oo for each
1<j k<N,

Assumption 3.5. There exists a real number K € [1,00) such
that

/ [ og wi ()] Q(z, dy) < oo

forallz € X, 1 < k < N,. Moreover, there exist a probability
measure mw(dx) on X and a real number p € (0,1) such that
(3) holds for all x € X, n > 0 and any Borel-measurable set
BCX.

Assumptions 3.1 — 3.5 cover several classes of hidden
Markov models met in practice. These assumptions indeed
hold if gg(y|z) is a mixture of Gamma, Gaussian, Pareto and
logistic distributions, and if pg(z’|z) is a mixture of the same
distributions truncated to a compact domain.

Using Theorem 2.1 and Theorem 2.2, we obtain the follow-
ing results.

Corollary 3.1. Let Assumptions 3.1 — 3.3 and 3.5 hold. Then,
all conclusions of Theorem 2.1 are true.

Corollary 3.2. Let Assumptions 3.1 — 3.4 hold. Then, all
conclusions of Theorem 2.2 are true.

Corollaries 3.1 and 3.2 are proved in Section VIIIL.

IV. EXAMPLE: NON-LINEAR STATE-SPACE MODELS

In this section, the main results are used to study the
entropy rates of non-linear state-space models. We consider
the following parameterized state-space model:

X0N =Ap(X0N) + Bo(XIMV,, 5)
VI =Cy(X0M) + Do(XIMW,, n>0.  (6)

Here 6 € ©, A\ € P(X) are the parameters indexing the state-
space model (5), (6) (©, P(X) have the same meaning as
in Section II). Ag(z) and By(zx) are functions which map
6 € ©, z € R% (respectively) to R% and R%*% (d, has
the same meaning as in Section II). Cy(x) and Dy(x) are
functions which map 6 € ©, x € R% (respectively) to R%
and R% *dy (dy has the same meaning as in Section II). Xg A
is an R%-valued random variable defined on a probability
space (92, F,P) and distributed according to A. {V,},>0
are R% -valued i.i.d. random variables which are defined on
(Q, F, P) and have (marginal) probability density v(x) with
respect to the Lebesgue measure. {W,,},>0 are R%-valued
i.i.d. random variables which are defined on (€2, F, P) and
have (marginal) probability density w(y) with respect to the
Lebesgue measure. We also assume that Xg)‘, {Va}n>0 and
{W,}n>0 are (jointly) independent.

We also use the following notations. For § € O, z, 2’ € Ré=,
y € R, fg(2'|z) and Gg(y|z) are the functions defined by

v (By (2) (&' — Ag(2)))
|detBg ()] ’

w (Dy ' (x)(y — Co(x)))
|detDy ()]

Po(@'|z) =

Go(ylx) =



(provided that By(z), Dy(x) are invertible) while py(z’|x) and
qo(y|z) are defined by

oy 2 (B @)~ Ag(a)) 1a()
PN = By @@ — A de
w(Dy U@ Coe) 1y(5)
wl) = B @ — oo dy P

It is straightforward to show that py(«’|z) and Go(y|z) are

the conditional densities of Xz’j‘l and Y% (respectively)
given X% = x. py(2'|z) and gy(y|r) can be interpreted

as truncations of py(z’|x) and Gp(y|x) to domains X and
Y (i.e., the hidden Markov model specified in (7), (8) can
be viewed as a truncated version of the original model (5),
(6). po(«’|x) and gg(y|z) accurately approximate pg(x’|z) and
Go(y|lx) when domains X and ) are sufficiently large (i.e.,
when X, ) contain balls of sufficiently large radius). This
kind of approximation is involved (implicitly or explicitly) in
any numerical implementation of the optimal filter for state-
space model (5), (6) (for details see e.g., [2], [3], [6]).

The entropy rates of the hidden Markov model (7), (8) are
studied under the following assumptions.

Assumption 4.1. X and Y are compact sets with non-empty
interiors.

Assumption 4.2. v(z) > 0 and w(y) > 0 for all v € R,
y € R%. Moreover, v(z) and w(y) are real-analytic for each
z € R, y € R,

Assumption 4.3. By(z) and Dgy(x) are invertible for all 0 €
0, = € R%. Moreover, Ag(x), Bo(x), Co(x) and Dy(x) are
real-analytic in (0,z) for each 0 € ©, x € R,

Assumption 4.4. There exist a probability measure w(dzx) on
X and a real number p € (0,1) such that (3) holds for all
x € X, n >0 and any Borel-measurable set B C X.

Assumptions 4.1 — 4.3 are relevant for several practically
important classes of non-linear state-space models. E.g., these
assumptions cover stochastic volatility and dynamic probit
models and their truncated versions. For other models satisfy-
ing (5), (6) and Assumptions 4.1 — 4.3, see [2], [3], [6] and
references cited therein.

Using Theorems 2.1 and 2.2, we get the following results.

Corollary 4.1. Let Assumptions 4.1 — 4.3 and 4.4 hold. Then,
all conclusions of Theorem 2.1 are true.

Corollary 4.2. Let Assumptions 4.1 — 4.3 hold. Then, all
conclusions of Theorem 2.2 are true.

Corollaries 4.1 and 4.2 are proved in Section VIII.

V. RESULTS RELATED TO KERNELS OF {(X,,,Y,)}n>0
AND {(X9*, Yf’A)}n>0

In this section, an analytical (complex-valued) continua-
tion of the transition kernel of {(XZ’)‘,Y,?)‘)}REO is con-
structed, and its asymptotic properties (geometric ergodicity)
are studied. The same properties of the transition kernel of
{(Xn,Y,)}}n>0 are studied, too. Throughout this and later
sections, the following notations is used. Let W/ be any Borel

set in R9, where d,, is any positive integer. Then, B(W)
denotes the collection of Borel sets in W. P(W) is the
collection of probability measures on W, while M, (W) is
the set of positive measures on W. M.(W) is the collection
of complex measures on W, while P.(WV) is the set defined
by

Pc(W) ={¢ € Mc(W): ¢(W) =1}

For ( € M.(W), ||C|| denotes the total variation norm of ¢,
while |(|(dw) is the total variation of {(dw). For w € W,
dw(dw') is the Dirac measure centered at w (i.e., §,,(B) =
Ip(w) for B € B(W)).

We also need to introduce additional notations. Z is the set
defined by Z = Y x X. §,(x) and 7, (y, «'|x) are the functions

defined by
™) = / / Py, 2" ) (dy ) p(dz"), ®)
3 oy ) Py @l|) /sy (x), i §y(x) #0
T'n(ywr |.'L') - {0’ otherwise (10)

forn € C4 z,2' € X, y € Y. 1(z) is the function defined by
b(z) = 1+ 9(y), (11)

where z = (y, z). u"(:c():n,yl;n) is the function defined by

n

it

7 (0, Y1:n) (Vs Tr|Tr—1), (12)

where 2o, ..., 2n € X, Y1,...,yn € Y, n > 1. o(dz) is the

measure defined by

=//@mwm

for B € B(Z). S(z,dz’), Sy(%,dz’) are the kernels defined
by

S8 = [ [ 1at. )
Sy(z, B) ://IB(y',x’)Fn(y’,x’|x)u(dy’)u(d:}:') (14)

(notice that z = (y,z)). {S™(2,dz")}n>0, {5} (2,d2") }nx0
are the kernels recursively defined by S°(z, B) = S)(z, B) =
J,(B) and

x, dy)m(dz)

2, dy')P(x,dz’), (13)

Sn+1(Z,B) :/Sn(Z/,B)S(Z,dZ/),
Sy H(z,B) = / S™(2, B)Sy(z,d2').

{(S}¢)(dz) }n>0 are the measures defined by

— [ st B)c(az),
where ¢ € M (2).

Remark. S(z,dz") and o(dz) are the transition kernel
and the invariant distribution of {(X,,Yn)}n>0. When
6 € O, Se(z,dz") boils down to the transition kernel of

{(X;OL”\,Yr?”\)}nZO. Hence, for n € C%, S,(z,dz') can be



considered as a complex-valued continuation of the transition
kernel of {(X2*,Y)} Kernel S} (z,dz") admits the
representation

n>0"

/ //IB ynaxn ($On7yl n)

(v X p)(dyn, dxp) -~ - (v x p)(dyr, dzq)
- ¢(dyo, dxo). (15)

This representation is used to show that S, (z,dz") is geomet-
rically ergodic (see Lemma 5.4 and its proof). It is also used
to show the analyticity of integral (111) (see Lemma 7.2 and
its proof).

Remark. Throughout this section and later sections, the
following convention is applied. Diacritic” is used to denote a

locally defined quantity, i.e., a quantity whose definition holds
only within the proof where the quantity appears.

Lemma 5.1. Let Assumption 2.5 hold. Then, there exists a
real number Cy € [1,00) such that

o)

forall z € Z, B € B(Z),
denotes the total variation of S™(z,dz") —
specified in Assumption 2.5).

Proof. Let C7 = 2K (K is specified in Assumption 2.5).
Moreover, let z, y be any elements of X', ) (respectively),

S(z,dz') < Cy, |S™ —o0|(z,B) <Cyp"

— o|(z,dz")
o(dz"), while p is

while z = (y,z) (notice that z is any element of Z). Then,
we have
[oensean = [ [a+ow)ae.a)ped)

<1+ K < (4.
We also have

15" (2, B) — o(B)|

(z,B)
]//Igyx (o, dy) (P"

g//IB@,x>cz<x7dy>|P"—w\<x,dx'>
<2Kp" < Cip"

—7)(z,dx’)

for B € B(Z),n>0. O
Lemma 5.2. Let Assumption 2.2 hold. Then, the following is
true:

(i) 7oy, 2’ |x) = ro(y,2'|x) for all 6 € ©, x,2' € X,
ye

(ii) There exists a real number 6; € (0,0] such that
Ty (y, &' |x) is analytic in 1) and satisfies

|Tn Y,z /|x)‘ < 2|‘Pn( B

//m,y 2 x)v(dy )pu(dz") =1

forall n € V5, (©), v,2’ € X, y € Y (J is specified in
Assumption 2.2).

Remark. As a direct consequence of Lemma 5.2 (Part (ii)),
we have S)C € P.(2) (i.e., (S)0)(2) = 1) for n € V5, (O),
CEPAZ), n>1.

Proof. Due to Assumption 2.2, we have

[ [ etwmtanutiz) =l [ otwidy) < .

Then, using Assumption 2.2 and Lemma Al.1 (see Appendix
1), we conclude that §,, (x) is analytic in 1 for each ) € V5(©),
x € X. Relying on the same arguments, we deduce

//||

do(y)lln’ —n

2'[) — oy (3,2 |2)| <=2 (16)

|7:T]’ (ya

for n',n" € V5(0), z,2’ € X, y € Y (here, d denotes the
dimension of vectors in ©, V5(©)).

Throughout the rest of the proof, the following notations is
used. C’, 01 are the real numbers defined by

5 _ dllpll : 1
C= d 5 = 5, —¢.
[ otwwta), 6 =min {6,
n, ', " are any elements in Vs, (©), while 6 is any element
of O satisfying ||n — 0| < d1. x, ' are any elements of X,

while y is any element in ).
Using (16), we conclude

’/ / (P (y, 2" |2) — oy (y, @' |2)) v (dy) p(da’)
: / / [P (g, @) = P (y, 2 0) [ v (dy) p(da’)
ﬂMMQ;il/¢

Consequently, we have

7| = ] [ [t iewtdnnta)
> / / oy, a'[)v(dy)u(da’)

’//’W%|x—w@,m»(@>um

>1 — CHn 0|l > -

=Cln —7"|.

Hence, we get

1
@ =| [ [ = 5. a
Therefore, we have
- / fn(y,x'|x)
Py, o' |z) = 222" 2 (13)
77( | ) 8»,7(.1')

As $,(x) is analytic in 7 for each n € V5, (©), we conclude
from Assumption 2.2 and (17), (18) that (i), (ii) are true. [

Lemma 5.3. Let Assumption 2.2 hold. Then, the following is
true:

(i) wy(To:m,Y1:n) is analytic in n for all n € V5 (O),
g, .- xn € X, y1,...,yn € Y, n > 1 (61 is specified in
Lemma 5.2).



(ii) There exists a non-decreasing sequence {K,},>1 in
[1,00) such that

|U xOnvyln <K <H¢yk>

|U:71/ (xO:ny yl:n) - UZ// (ZCO ns Y1: n)|

a1 (fL o)

k=1

3

for all n,n',n" € V5,(©), xo,...,
n > 1.

Tp EX; Yis---3Yn ey;

Proof. Throughout the proof, the following notations is used.
{K, }n>1 are the real numbers defined by K,, = 2"d/d; for
n > 1 (here, d denotes the dimension of vectors in O, V5(©)).
n, n', n”" are any elements of V5, (0). {2 }n>0, {Un}n>1 are
any sequences in X, ) (respectively).

Owing to Lemma 5.2, uy(%0:n,Y1:n) is analytic in 7 for
each ) € Vs, (0). Due to Assumption 2.2 and the same lemma,
we have

|u Zo: nayln < 2" (H ‘@n' Yk ) <K, (H d)(yk))
k=1

for n > 1. Consequently, Lemma A1.1 (see Appendix 1) yields

|U" (To:ns Y1:m) — un” (m()'nayl'n)|

< 2l ] "'@j¢w)=wa—wn01wm0

k=1
for n > 1. O

Lemma 5.4. Let Assumptions 2.1, 2.2 and 2.4 hold. Then, the
following is true:

(i) There exist real numbers 02 € (0,61], Co € [1,00) such
that

Sy = Syr| (2, B) < Calln’ = 1",
/1/7(2’) [Snl (2,d2") < Cy

for all n,n', 0" € V5,(0), z € 2, B € B(Z) (here,
|Syy — Syrr| (2, d2") denotes the total variation of Sy (z,dz")—
Sy (2,dz"), while 0, is specified in Lemma 5.2).

(ii) For each n € V5, (0), there exists a complex measure
oy(dz) on Z such that o, (B) = lim, o S} (2, B) for all
z € Z, B e B(2).

(iii) There exists a real number v1 € (0,1), such that

|S? — o] (2,B) < Con}!

for all n € V5,(©), 2z € Z B € B(Z), n > 0
(here, ‘Sﬁ — oy| (2,d2’) stands for the total variation of

Sp(z,d2") — oy(d2")).

Proof. Throughout the proof, the following notations is used.
C1, C5 are the real numbers defined by

qfwm/w v(dy), @fwm/¢

while ng is the integer defined as

— log 4

" [ Tlog(1 —¢2)
(e, #(y), ¥(y), are specified in Assumptions 2.1, 2.3).
{K,}>1 are the real numbers defined by K,, = (1+C’2) n

for n > 1, while 025 V1, C’3, (5 are the real numbers defined
as 9y = 01/(4Kp, ), 71 = 2-1/n0 and

03 = ffl + 01 + 02, CQ = ].603’)’_"0

(01, K,, are specified in Lemmas 5.2, 5.3). 1, i/, n’/ are any

elements in Vs,(©), while 6 is any element of © satisfying

ln — 6| < 6. z, y are any elements of X, ) (respectively),

while z = (y, ). ¢, (', " are any elements of P.(Z), while

B is any element of B(Z). n > 1, k > 0 are any integers.
Relying on Assumption 2.4 and Lemma 5.2, we deduce

[oesiean < [ [avow)
vy s
<2l [ 1+ 0)
=C1+Cy <Oy

|7 (y', 2’ |2)]
ey )v(dy')

(as C’l + C~’2 < C~’3 < (5). Moreover, using Lemma 5.3, we
conclude

)(B)|

S//
/ //IB ynaxn |u xOnayln -

(v x p)(dyn, dxy) - -+ (v x p)(dyy, dz1)|C|(dyo, dxo)

< Knllpl™ISHln" ="l (H /¢(yk)l/(dyk)>
k=1

< Kall¢llln" "1

Therefore, we get

’/ (xO:na yl:n) |

15¢ = Secll < Knli€llln’ = 0" (19)
Hence, we have
S = Syl (2 B) =S,y — Sy (B)
<K [|0][[ln" — "]
<Calln" —n"|
(as K, < C3 < Oy).
Let 79(dz) be the measure defined by
= [ [ 150 na(dslypias).
Owing to Assumption 2.1, we have
1= [ [ratw e tdyntas’) < 2 [ da(@lypwtan)

Hence, we get

7%2%:/Adewwas.



Moreover, due to Assumption 2.1 and Lemma 5.2, we have
$1(2.8) = [ [ a0/ 5 roly' o) (dy )
> [ [ 1t oty i) = emo(B)

Then, standard results in Markov chain theory (see e.g., [18,
Theorem 16.0.2]) imply that there exists a probability measure
og(dz) on Z such that

1S5 (2,B) — 09(B)| < (1 —e79(Z2))" <
Consequently, we get

(S3¢)(B) — (S3¢")(B)|
/ (S — 09) (= B)(C' — (")(dz)

< [185 = ool . B - ¢"I(d2)
< (1=e)"¢ =<l
(as 09g(B)(¢'(Z) — ¢"(Z)) = 0). Hence, we have
1S5¢" = Sg¢"Il < (1 =€*)"I¢" = <"l (20)

Since Sj(z,dz") is an element of P(Z), we conclude
[1S5¢Il < |I<]|- Then, owing to (19), we have

Isncll <lisgcl+ (S5~ s3) <
< (1+ Kalln—o1l) Ic]
<(1+ Knda) <]l < 2]i<]| 1)

when n < ng (as ||n — 0| < o, K, 0y < f(noég =§,/4 <
1/4). Moreover, due to (19), (20), we have

(1—¢e*)m

IS¢ = sc| <US3¢" = S3¢"ll+ (5 = )¢ = ¢
< (=2 + Kalln o1} 1" = ¢
<(a-ereg) o=

when n < ng. Setting n = ng, we conclude

e

(as (1 — %)™ < 1/4). Since S}'¢ € P.(Z) (see Lemma 5.2
and the remark immediately after its statement), we have
HS7(7]€+1)7L0 (CI _ CN) _ HSnO (Sknoc/ _ SSTLOCH) ||
<5 NS¢ — ¢ (22)
Iterating (22), we get
! /! ]‘ / /
1857 (" = ¢l < e lic" = ¢l (23)
Using (21), (23), we conclude
|s8+0rec = sirec| = ISy (spo¢ =)
1 n,
527 1S5°¢ =<
<o (IS¢l + 1¢1)
el o

—2k 2

Hence, we get

i HS7(7k+1)nOC _ S,’f""(j

D%
Let (Sp°C)(dz) be the measure defined by
)+ Z (Dm0 (B) - (Sk™)(B))

Then, due to (25), (S;°¢)(dz) is well-defined and satisfies
S°C € Pe(Z). Moreover, owing to (24), (25), we have

= 8[I¢] < o0 (25)

(5,°0(B

HS:;TLOC — S;;OCH = Z (Sf]j-’—l)noc _ S%nOC)

j=k

HS(J-l-l)noC SJ"OC

_ ldl

T 9k-3

(26)

Combining this with (23), we get

726 =S¢ < g7 = s37C'| + [siec -
+ HSknOCI o SknOCHH
15 o (e S

2k—3

Therefore, Sp°¢’ = Sp°¢” for any (’,¢"” € P.(Z). Con-
sequently, there exists 0, € P.(Z) such that Sp°C =
for any ¢ € P.(Z). Hence, Sy°(S;¢) = o, (notice that
S, ¢ € Pe(Z)). Then, (21), (26) imply

1536 - 0| = 158755 4700) -
1 n—KNg
<oz ISi 7|l

<l
<ord

when (k + 1)”0 > n > kng (notice that 2~ (F=49) = 16450 <

Sy d|

Sy (gm0

< ot i<l @27)

(167, ™)} < Cav). Thus, we get
| —on| (2,B) = |Spd. — oy| (B
<878z = o
<Co1[|0:]] = Con?
(set k= | (n —m)/ng| in (27)). O

VI. RESULTS RELATED TO OPTIMAL FILTER

In this section, an analytic (complex-valued) continuation of
the optimal filter is constructed, and its asymptotic properties
(exponential forgetting) are studied. Here, we rely on the
following notations. B(X'), P(X), M, (X) and M.(X) have
been defined at the beginning of Section V. For z € X,
& € M (X), |I€]l, 1€](dz’) and d,(dx’) are the norm and
measures specified at the beginning of Section V, too. For

€ (0,1), V4 (P(X)) is the open ~y-vicinity of P(X), i.e.,

V3 (P(X)) = {€ € Mc(X) : 3N € P(X), [|€ = All <7}



R, ,(dz|¢) is the measure defined by

Roy(BI6) = [ [ 18702 le)ulds)g(do) 29

for n € C4, ¢ € M (X), B € B(X),y €Y 7y 2'|z) is
specified in Lemma 5.2). ®,, ,(§) is the function defined by

log R, ,(X|&), if R, ,(X 0
‘I’n,y(f) _ g 777J( 1€) nyy.( 1) # _ (29)
0, otherwise
vt " (Zpm.m) and @y are the functions defined by
vt @men) =[] Foweswlor),  (30)
k=m+1
era =TI @nlwe), (31)
k=m+1
Ty (2'|z) is the function defined by
77l n |.’I/‘ // // m: TL xm n
o (dxp ) p(den—1) -+ p(dam11)0, (dzyy),
(32)

where z,7" € X. R™(dz[§) and R%(dw|€) are the
measures defined by R;"."(B|{) = {(B) and

Ry 819 = [ [ 1aty

o (@), gpt (@ |z, §), hytlt(z]a

(2'|x)pu(dz")€(dx).  (33)

&) are the functions de-

fined by
/ rvn (@l |@) [ Ry (XE), if Rm:”()(\ﬁ)#o
ooy (21 )= {0» " otherwise
(34
7 ale) = [ g ala” €, 39

B (a2, €) = — frn (o |E) / g (o, €) pu(da”
g (al|a, ©). 36)

Fyrim(de)€) and Fyt(dz|§) are the measures defined by
me(Blé) §(B) and

Fy (B16) = [ 1n(0) 5 wlOutde).

Throughout this and later sections, measures R;""(dz[§),
Fy(dz|§) are also denoted by Ry'.*(§), Fyit(€) (short-
hand notations), while (R}":*(€)), (F;5"(€)) are defined by

(Ryy(€)) = Ry(XIS),  (Fy" () = Fl (X]6).
(38)

Remark. When 0 € ©, A € P(X), Fyi" () is the optimal
filter for the model {(X2*Y,%*)} ie.,

(37)

n>0’
Felyzg(Bl)\) =P (Xg’k c B[ ylf{;j — ylm) )

Hence, for n € C¢, ¢ € M.(X), F"N(€) can be consid-
ered as a complex-valued continuation of the optimal filter.

Consequently, fg"s'(|€) can be viewed as a complex-valued
continuation of the optimal filtering densiry. hml'l"( 2’|z, &) can
be described as the Gateaux derlvanve of foy(]§) with
respect to § (see (74) — (76)). hy',, ( N, &) is used to show
that F}"" (&) forgets initial condition & at an exponential rate
(see Lemmas 6.5, 6.6 and their proofs).

Lemma 6.1. Let 1, & be any elements of C% M,(X)
(respectively), while y = {yn}tn>1 is any sequence in Y.
Moreover, let n, m, k be any integers satisfying n > k > m.
Then, the following is true:

() Ry (€) = Ry (R ()

i) (Rp©) = (R (Frh©) (B ©) if
(R (€)) #0.

(iii) F}" (&)
(R (€)) 0.
Proof. (i) When k = m or k = n, (i) is trivially satisfied. In
what follows in this part of the proof, we assume n > k > m.

Owing to (28), we have

= FFn (Fmk©) if (RIF€)) # 0 and

O (Tin) = Vo (T ) U oy (Tt

for xp,,...,z, € X. Combining this with (32), it is easy to

show
T;r,b;b(‘r/lm) :/Tk n( ‘l’ ) :]nyk(xll|x)u(dx//)

for z, 2’ € X. Then, using (33), we conclude

R (BE) ///IB &2 ) ()

il da" (e >§< )
/ [ 16e @) R (da"|€)a(da)
k™ (BIRD, (>)

for B € B(X). Hence, (i) holds when n > k > m.
(i) We assume (R;"F(£)) # 0 (e, Ry (X[E) # 0).
Then, using (34), (35), (37), we conclude

. Rm:k(é)
Fm,.k — mnYy . 39
O = (39)
Consequently, we have
Rk HO) F7m k _ < m, y n, y
(as <R’f] Z(& > is linear in &). Comblmng this with (i), we get
(Riy (€)= (Ryy (R (D))
= (R (F55(€)) (B (€)). (40)
Thus, (ii) is true.
(iii) We assume (R;":F(€)) # 0, (R;*(€)) # 0. Therefore,

(ii) implies <Rk m (Fm F()) # o. Then using the same
arguments as in (11) we deduce

. B Rm n( )
F,hy (5) <Rm 71(§)>7

o REm (Fmik (&)
Foy (F135°©) = T EF%’“(&)§>



Combining this with (i) and (39), (40), we get

717

B ) = (R (e ) (@)

REn ()
Z (

<R§ (ka§)>> Fj]C (ka(f))
(use again that RF: g(g) is linear in &). Hence, (iii) holds. [J

Lemma 6.2. Let Assumption 2.1 hold. Then, there exist real
numbers 03 € (0,01], v2 € (0,1), C3 € [1,00) such that

| R (0) = Fysr V]| < Cang ™™ IX = X

forall0 € ©, X X' € Vs, (P(X))NMp(X), n >m >0 and
any sequence Yy = {yn}n>1 in Y (61 is specified in Lemma
5.2).

Proof. Due to [17, Proposition 4.1, Corollary 4.2] (or [24,
Theorem 3.1]) and Lemma 5.2, there exist real numbers 5 €
(0,1), C3 € [1,00) such that

CS,YTL m

| E5" ( Fgrt (W) < (41)

H Y IA”II

forall @ € ©, N, \" € M,(X), n > m > 0 and any sequence
Yy = {yn}n>1 in Y (notice that Fy"(A) = Fg" (A/[|A]]) for
each A\ € M, (X)).

Let 035 = min{1/2,6;}, while y = {y,}n>1 is any
sequence in ). Then, we have ||[A|| > 1 — 63 > 1/2 for
Ae Vs, (P(X))N ./\/lp()() Consequently, (41) implies

15" (V) = Fgry ()]

< sz ‘ A (Y IIX’I)H

4 A A
Carg "IN = A"l

- 2[|A]|

< Cyyy "IN =X

for 6 € ©, N, X' € V5, (P(X)) N Mp(X), n > m >0
(notice that 2|[X'[| > 1, [|A”/IA"][] = 1 =1l <
(I = \). O

Lemma 6.3. Let Assumptions 2.2 and 2.3 hold. Then, the
following is true:

(i) <R;“y"(§)> is analytic in n for all n € V5, (0), £ €
Vs, (P(X)), n > m > 0 and any sequence y = {Yn}tn>1
in Y (81 is specified in Lemma 5.2).

(ii) There exists a non-decreasing sequence {L,,},>1 in [1,00)
such that

Big @)
2

<Rm‘n(§ )> St y (") >|
90:7”72 (Pn”,y

< Lo—m (In" ="l + 1" = €"1I)

forall n,n',n" € V5,(0), {,¢,§" € Vs, (P(X)), n>m >0
and any sequence Yy = {yn}n>1 in Y.

(iii) There exists a non-increasing sequence {cu, }n>1 in (0, 61]
such that

Re ()} _ 1
|‘P7973 7 T Lym

foralneV, (0),&eV, .

any sequence Y = {yn tn>1 in V.

(iv) There exists a non-decreasing sequence {Mpy}n>1 in
[1,00) such that

(P(X)), n>m >0 and

max{‘ |h \x,f)’} < Mp_m,
7 x\ﬁ o y($|§'/)|

< Mn—m(HW ="+ 11§ = €"I)
e, €) — iy . €7)

< My—w(ln" = n"[l + 1€ = €"11)

for all n,n',n" € Va, . (0), &8 € Vi, . (P(X)),
z, € X, n > m > 0 and any sequence Yy = {yn}n>1

in)y.
Proof. (i) and (ii) Throughout these parts of the proof, the

following notations is used. {-il}IZL {L;};>1 are the real
numbers defined by

~ 9l+14 1l _
L=t (e l) L n=add
1 Y

(42)

for [ > 1 where v, K are specified in Assumption 2.3 and
Lemma 5.3. m, n are any integers satisfying n > m > 0.
In what follows in the proof of (i), (ii), both m, n are kept
fixed. n, o', 0’ are any elements in Vs, (©). &, &, £ are any
elements of Vs, (P(X)). x, 2’ are any elements of X, while
Y = {yn}n>0 is any sequence in Y.

Using (32), (33), (38), it is straightforward to verify

e / e =
907” S%myn
w(dxy) - p(dem+1)€E(day,). (43)
Moreover, Lemma 5.2 yields
U77 Y (1‘"" n) — ﬁ Fn(yk? ,Ik|$k_1) < 2n7m. (44)
@ ©n(Yx) -

k=m+1

Then, Assumption 2.2 and Lemma Al.l (see Appendix 1)
imply that <RZ7’7“ )/ @iyt is analytic in 7 for each 7 €
Vs, (©) (notice that due to Assumption 2.2, vyt (Tmen) [Pt
is analytic in n for each n € V5,(0), Zm,...,zn € X).
Consequently, ( Ry"(£)) is analytic in 1) for each ) € V5, (©).
Hence, (i) holds.

Owing to (43), (44), we have

L1

pw(day) - - (d$m+1)‘€|(dxm)
<277l TIEN

m

ATy ANS/T

(pm

Uny (ZTmin)

(45)



(notice that ||¢|| <14 61 <2 due to € € Vs, (P(X))). Using
similar arguments, we have

(Ry(€) <Rm”(€”)>‘ (R (€ 5”)>‘
Py’ Py’ Py’
e
<Loy-mll€ =€"ll. (46)
Combining Lemma A1l.1 and (45), we also get
(Byy©)  (Byi©)| _2nmdllul"= €l — "l
Py ity | o

Sin—m\ln' - 77//”

(notice that (Ry":(£)) /@y is analytic in 7 for each n €
Vs, (©)). Then, we have

(B75E)
Pty

(Ry3)

(R (€")) |
(pn",y
(Rmm (€))

m:n
Py

{ nny<f“)>‘

(pn”«,y

Lo (I ="l + 11€" = €"11) -

Using (45), (47), we conclude that (ii) is true.

(iii) and (iv) Throughout these parts of the proof, we use the
following notations. {L:}:1>1 has the same meaning as in (42),
while {oq }i>1, {M;}1>1, {M;}1>1 are the numbers defined by

1
4L’

(47)

= M; =10L}, My =5M? (||| +1).

m, n are any integers satisfying n > m > 0. In what follows
in the proof of (iii), (iv), both m, n are kept fixed. 1, 0/, "
are any elements of V,, _ (©), while 6 is any element of ©
satisfying [|n — 0| < ap—m. & &, £ are any elements of
Ve (P(X)), while A is any element of P(X) satisfying

An—m

€ = All < n—m. @, 2’ are any elements of X, while y =

{Yn}n>1 is any sequence in ).
Using Lemma 5.2 and (32), it is straightforward to verify

(RGN / // (/7“9 Yh+1, Tt 1| Th ) 10 (d$k+1)>

0 (@) p(d) - - (A gr ) A (dy)
for £ > m. Consequently, Assumption 2.3 yields

(R Tt ) =710 (yr I/ //vey Tonite)

p(dag) - p(dam 1) A(day,)
=Y|eo(Yr11)] <R0,y (V)

The same arguments also imply

(R )= ([ ot emalen i) o)

2716 (Yma ) IA = vIeo (Ym+1)]-

(48)

Then, iterating (48), we get

k+1
<Rg77,yk+1()\)> ZPYk_m_l <

11 |<P0(yl)|> (Rg™ )
l=m+2
k1

Z’Ykm< H |509(yl)> oA 7]
I=m+1

Hence, we have

(R (V) 1

m:n Z T
|(pt9,. | Lnfm
(as Ly_pm > fy*("’m)). Combining this with (47), we get
Re {(R}5'(©)} _(Riy' (V) | (R15'(©) _(Rgy' ()
lop I ol o
> Ly—m (Iln = 01l + 1€ = All
1 -
me,m —2Lnp man—m
1 1
> > (49)
2Ln7m 2Ln7m
(notice that || — 8| < ap—m, [|£ = Al < ap—m)-
Using (32), it is straightforward to Verify
llx 7” ’VL xm 'n,
<pm, / / / / Oy
O (drp) p(dapn—1) - - - p(dzms1)0z (dTm).
(50)

Then Assumption 2.2, Lemma Al.l and (44) imply that
e (a ’\x)/gom " js analytic in 7 for each € Vj,(0).
Consequently, ny (#'|x) is analytic in 7 for all n € V5, (©).
Combining this with (34), (49), we conclude that g;"." (2’|, §)
is analytic in n for each n € V5, (©) (notice that <«; m(E))
is non-zero and analytic in 7 for all € Vj, (©)).
Owing to (44), (50), we have
/
Ty (&]2)

T zmn

‘P%"y"
<Oy (dap ) p(day—1) -

(pm

my

cpw(dxm41)05 (day,)

<216 [[18a ™ € Le. (D)
Then, (34), (49) imply
mn(’r/‘x) -
/ 7] 2
g (2, )| = - <2I2 < Mym (52
" (R y(£>>

(as [(Ry(€))| > Re ((Ryy

yields
o (x]6)| / g (

<My p€]| < 2Mnfm < My

@', €)]€](dz")

(53)
(notice that ||| <1+ ap_m <2 dueto £ €V,, . (P(X))).

Similarly, we have -

s

|2, 8)| p(dz’) < My_p||pell. (54)



Combining this with (36), (52), (53), we get

o)) < L@ [ oo, )| o)
+ |gn,y |z, €)|
<My + 2M2_ ] € My (55)

Due to Lemma Al.1 and (52), we have
2dL7 . |ln" —n"|

g (2 |z, €) — gmim (|2, €)| <

anfm

SMn—m”n/ ="l (56)
(notice that g;"
V.

QAn—m

o (7|7, €) is analytic in 7 for each n €
(© )) Moreover (46), (49), (52) yield

|gny' (@2, €) = gy (2|, 7))

~ g o] | EHE)

< 2L, ll€ = €'l < Maoil€' — €.
Combining (56), (57), we get
9y Iw &) — gty (|2, €")]
< Ig a'|z, &) — gty (2|2, &)
+ Ignn y(@'|2, &) — gty (2|, "))
< Mum(lln" ="l + 1€ = €"II)-
Consequently, (35), (52) imply

’ mn(l.|£/) n’, y(‘r|£//)|

/|g (z]a',€

/|g (ala’, )| €' — €"|(dx)

< M€ Il = 0" | +11E" = €71 + M- i€ — €]
< 3Mo—m ([l =" +1I€" = €"11)
< M (0" =" + 11€" = €"11)

(notice that ||'|| < 1+ ap_m < 2). Similarly, we get
[lazistal1o€) = gy ', )| e

< M|l (I = 1" + 11€" = €"1))-
Combining this with (36), (53), (54), (58), (59), we get

(57)

(58)

m:n
g,r]// y

") 1€’ (da)

(]2,

(59)

| (! |2, &) — hin (o |2, )]
§|g, v'|z,€) - gn//y< 2'lz,€")]
H i @€ — £ |s”|/|g (2", ") i(da")
(' |€") |/‘gm o (@ |z, &) =gt (2|, £")| u(dz")

< (Mnfm +5M7 D (ln’ =" + 1€ = €"11)

< My—w(l0" = 0" [l + 1€ = €"1)). (60)

Using (49), (53), (55) — (60), we conclude that (iii), (iv) hold.
O

Lemma 6.4. Let Assumptions 2.2 and 2.3 hold. Then, the
following is true:

(i) There exists a real number 6, € (0,01] such that
Re (R (XI)} > 0 for all 1 € V5, (0), € € Vs, (P(X)),
y € Y (01 is specified in Lemma 5.2).

(ii) There exists a real number Cy € [1,00) such that

@y ()] < Ca(1+9(y)),

|‘I)n’7y(fl) - q’n”yy(f””

< Ca(L+2@) (In" = 0"l +11€" = €"1D)
Jor all n,n',n" € V5,(0), §,¢,¢" € V5,(P(X)), y € V.
Proof. Throughout the proof, the following notations is used.
84, Oy are the real numbers defined by 6, = a1, Cy = 4L3?
(a1, Ly are specified in Lemma 6.3). 1, ', y’/ are any elements
of V5,(©), while &, &, £ are any elements in Vs, (P(X)). y

is any element of ).
Using Lemma 6.3, we conclude

Re{R, (X[} > M;

T (61)
1

|Rn,y(X|f)| < Ll‘%”n(y)‘v (62)
|Ryy (XE) — Ry (XIEN] < Laln()IIE" — €7 (63)

(notice that R, ,(X|y) = (RYL(£)) when y = {yn}n>1
is a sequence in ) satisfying y = y1). We also deduce
that R, ,(X[€) is analytic in n for each n € V;,(©). As
©n(y) # 0 (owing to Assumption 2.2), (61) implies that (i)
holds. Consequently, (29) yields that ®,, ,(§) is analytic in n
for all n € V5, (©). Moreover, due to (61), (62), we have

log | Ry, (X[€)] < log Ly + log |, (y)] < L1 (1 +¥(y)),
log| Ry, (X[€)| > —log Ly + log [y (y)| = —L1 (1 +4(y)) .
Therefore, we get

|y (&) = [log Ry, (X]E)| < |log | Ry, (X]E)]| + 7
<4Ly (1+9(y))

<Cs(1+4(y)). (64)
Then, Lemma A1l.1 implies
4dL1(1 +
‘¢7}’}y(§) _ ¢77”,y(§)| < 1( ¢54) Hn ||
<Ca(L+@)ln =n"l. 65
Let ¢, ,(t|¢',£") be the function defined by
¢n,y(t|fla f/,) = log (tRn,y(X|£/) +(1- t)Rn,y(X|§H))
for ¢ € [0, 1]. Due to Assumption 2.2 and (61), we have
[tRyy (X]E) + (1 — ) Ry (X]E")]
> tRe { Ry, (X[} + (1 — t)Re { Ry, (X]€")}
o ()]
> I >0 (66)

for ¢ € [0,1]. Hence, ¢, ,(t|¢',£") is well-defined and
differentiable in ¢ for each ¢ € [0,1]. We also have

0
¢;77y (t|£l7 5”) :aqbn,y (t|£/7 5”)

__ Re{Ry,(X|¢)} — Re{Ry, (X|¢")}
tRe { Ry, (X[€)} + (1 = )Re { Ry, (X[¢")}




Consequently, (63), (66) yield
| (H1E, €M < L3I = €"|.

Thus, we get
|¢n,y(§/) - (I)n7y(£”)| = |¢n,y(1|§/a§//) - ¢n,y(0|€lvfﬂ)|
1
=\ [ ot e
<Li|lE" - &"|| < Culle’ — €"|.
Consequently, (65) implies
‘(I)n’,y(gl)_q)n”yy(f”)| <‘(I)n y( ) 77” y( )‘
+ |(I)n” y(E ) n” y(fl/)|
<Ca(14+9 () (I =n" I+ 1€ —=€"11) -
(67)
Using (64), (67), we deduce that (ii) is true. O

Lemma 6.5. Let Assumptions 2.1 — 2.3 hold. Then, the
following is true:

(i) There exist real numbers 05,06 €  (0,d4],
C5 € [l,00) and an integer ng > 1 such that
Re {(RME))} > 0 ErME) e Vs (PX)),
Fm m+n0 (5) c ‘/56 (P(X)) and
HFm n Fm n //)H S CSH{ _ EHH (68)
/ "
HF:;:L m+n0 Frr]:l ‘m—+ng //) || H§ 5 || (69)

for all n € V5,(0), £,¢,¢" € Vs, (P(X)), m+mnog > n >
m > 0 and any sequence y = {ynn>1 in Y (4 is specified
in Lemma 6.4).

(ii) There exist real numbers 67 € (0,05), ds € (0, Jg]
such that Fy(€) € Vi (P(X)) for all m € V5. (),
£ € Vs, (P(X)), m+ng >n >m >0 and any sequence
Y= {Yn}n>1in Y.

Proof. (i) Throughout this part of the proof, the following
notations is used. ng is the integer defined by

[ log(4cs>w
ng=|-——=-

| log 72|

while C5, 05, dg are the real numbers defined by

min{a,,,d4}

16C2 s 66 = 20565

(70)

Cs = M, (1 +[lull), 05 =

(v2, Cs3, an, M, are specified in Lemmas 6.2, 6.3). 1, 7,
7' are any elements in Vs, (©), while 6§ is any element of
O satisfying ||n — 0|| < 05. &, &', & are any elements in
Vs, (P(X)), while A is any element of P(X) satisfying || —
A < 6. x is any element of X, while y = {yp}n>1 is
any sequence in ). B is any element of B(X). m, n are any
integers satisfying m +ng > n >m > 0.

Owing to Lemma 6.3, we have Re { (R":"(£)) } > 0 (notice
that 65 < 06 < ap, < ap—m as 1 —m < ng). Hence, we get

Re {(R" (16" + (1 —)€"))}
=tRe {(RM(E))} + (1 —t)Re {(Ry(€"))} > 0 (71)

for ¢t € [0, 1]. On the other side, using Lemma 6.3, we conclude
[ 1506) Gy €)= 1 0l €) e

s/mww$wms>

< My mllpll (" =" || + 1€
<Cs (0" =n"ll +11€" = &"[l)

(notice that Cs > M,,, > M,,_,, as n —m < ng >). Relying
on the same lemma, we deduce

i (@ |z, )| p(da')

- 5”||)
(72)

|Eyry (BIE') — Fyi, (BIE")|
< [ (@) |55 le) - el o)
< My—llell (0" = 0" + 11€" = €"11)
< Cs(lln" ="l + 1€ = €"I)
Hence, we have
By (€)= Fpig (€N < Cs (ln' ="l + 1€" = €"1))

(73)

(notice that || — 0| < d5, ||€ — A|| < d6). Consequently, (68)
holds (set ' =, n”” = n in (73)). We also get

[F (&) = F5y (V| <Cs (I — 0l + 1€ = All)

<C5(05 + dg) < 04

Therefore, 7" (&) € V5, (P(X)) for m +mng >n >m >0
(notice that F§"." () € P(X)).
Let ¢y (¢, x\g’ &") be the function defined by

Oy (L xl€ €)= L7 (@t + (1= 1)8")

for t € [0,1], m +mng > n > m > 0. Then, due to (71), we
have

(74)

my (6 2l€, &)
f?“ (z|2") (€ + ( t)€")(dx’)
<R’” P (€ + (1 —1)8"))
(@) (de ) (1—1) [ryg(zla’)€" (da')
- t(Ryan(€) + (1— 1) (R (€))
Thus, we get
0 M fr (z]z")( §")(dx")
i K§)<HMM’(—ﬁW
— foy (@lte + (1 = 1)¢")
(B ) — (R ()
<Rmrn(t§’ (1—1)&"))
fr (z|") (& —&")(dx")
_<m$w'<fxm
m:"(x\tﬁ’ + (1 -)¢")
ffT («"2")p(da")(§'—£") (da")
<R”f Pt + (1 - 1))



Consequently, (34) — (36) imply Consequently, (72) yields
a : ! " 7nn /
2 el € [ 1nte g @l utar'
/ g (ala 1€+ (1 - €N (€ - €")(da') ‘ [ ot mi e Nt
my (@t + (1= 1)§")
/ / o o 1+ (1 )" (") (€ — €)(dr')

- /IB(x’) (hyry (|2, €) — g’y (2|2, X)) puldar’)
<Oy "+ Cs (Iln =0l + 11§ - A||)

L R R I B (R O+ L
Hence, we have (notice that || — ]| < &, ||€— || < d6, C5d5 < Csd6 < 1/8).
m:n(xlgl) m n( € Combining this with (77), we get
ny (L fC|§ 5")— iy (0,2(€", ") |Ey( Blf — E(BIE)|
/ / htat(la! 1 4 (1= 4)¢") (&' — &")(da’)dt (76) Ip(@ )R (@ |z, € + (1 — )€ )u(da’)
Therefore, (37) yields f”| (dx)dt
Fy (BIE) - Fyy (BIE") (C:w" ")l -l
- / Ip(x) (fiy (@) — g (x]€")) p(dx) (notice that t&'+(1—t)¢” € Vi, (P(X)) as £, & € Vi, (P(X))
and Vj, (P(X)) is convex). Therefore, we have
/// Ip(@) i (el 1€ + (1~ )¢”) |
F'mn an 1" < C n—m = Il .
e oy | €l < (eng+ ) I -1

Consequently, we have Hence, we get

1
m "(B\)\—l—ozé ) m n(BI)\) HFnL 7rL+n0 F’rn m+n0 //)H S (03'7;10 + ) H§I _é-//”
! 11
_a// Ip(z o'\, A+ atd,)u(de’)dt  (78) E=&M f I &1
for a € (0,0¢) (notice A\ + atd, € Vs, (P(X)) when a € (notice that C3y5° < 1/4). Consequently, (69) holds. More-
(0,d6), t € [0, 1]). Moreover, Lemma 6.2 yields over, (73) implies
|Fyn (BIA + ad,) — Fyu"(BIA)| HF,;@;WMO (&) — Fyum+mo(x H
<C oM (5 =aCsy)™™ 79 m:m-+n m:m-+n
372 adz || = aCsys (79) SHFTMJ 0(¢) — F + o(
Combining (78), (79), we thus get + HFm:erno () — Fm.m+no(/\)H
‘// Ip(z (@' |z, A+ atdy ) u(dr’ )dt‘ < Csvyy™™. ||§ Al + Cslln — 0|
(30)

06
<?+C555:66

Using (72), (80), we conclude
(notice that ||n—0]| < d5, [[—Al| < J6,). Thus, F"mFm0 (&) €
’/IB (|2, \)u(dz') Vs (P(X)) for m > 0 (notice that mem+"°( ) € P(X)).
(i) Let 67, g be the real numbers defined by d7 = Js,
i dg = 05 (J5 is specified in (70)). Moreover, let 6, A, y have the
‘// Ip(2")hgy' (@'le, A + atdy)u(de )dt‘ same meaning as in (i), while 7, £ are any elements of Vj,(©),
Vs, (P(X)) (respectively). Consequently, when ||n — 0| < d7,
+/ € = \|| < 05, (73) yields
0
< G373 "+ Csax [ Eyy (€)= Fgy " (V)| <Cs (Il — ol + [1€ = All)
<C5(§7 + 58) < g

Ig(2) (hgy) (@' |z A+ atdy) —hg'y (2! |2,N)) p(da’) | di

for o € (0,06) (as ||atdy| < @). Letting @ — 0, we deduce

for m +mng > n >m > 0. Therefore, """ (§) € Vs, (P(X))
[ 1ot e '

<Csyy™™. form+mng>n>m > 0. O




Lemma 6.6. Let Assumptions 2.1 — 2.3 hold. Then, the
following is true:

(i) Re {(RyM(€))} # 0, Epir(€) € Vi, (P(X)) for all
n € Vs, (0), 3 E V(se(’P(X)), n > m > 0 and any sequence
Y = {Yn}n>1 in Y (04, 05, d¢ are specified in Lemmas 6.4,
6.5).

(ii) There exist real numbers v3 € (0,1), Cs € [1,00) such
that

Han an //)H < C6W§z—mH§/_§//”

for all n € V5, (©), £',&" € V5, (P(X)), n > m > 0 and any
sequence Y = {yp}tn>1 in Y.

Proof. (i) Let ng(m) be the integer defined by ng(m) = m+
kngy for m,k > 0 (ng is specified in Lemma 6.5). Moreover,
let y = {yn}n>1 be any sequence in Y.

First, we show

(82)

Re {(R7""(£))} #0, (83)
F(€) € Vs, (P(X)), (84)
Eyem(m)(€) € Vs, (P(X)) (85)

for each 1) € Vi, (0), § € Vs, (P(X)), ng(m) > n >m >0,
k > 0. We prove this by induction in k.

We have RJUM(E) = & Fyt(§) = € for n € V5,(0),
€ € V5 (P(X)), ng(m) > n >m > 0 (notice that ng(m) =
n =m when ng(m) > n > m > 0). Hence, (83) — (85) hold
for k = 0 and n € V. (0), € € V5, (P(X)), n(m) > n >
m > 0. Now, the induction hypothesis is formulated: Suppose
that (83) — (85) are true for some k& > 0 and any n € V;,(0O),
€ € Vs, (P(X)), ng(m) > n >m > 0. Then, to show (83) —
(83) for 1 € Vs, (8), & € Vi, (P(X)), niey1(m) = n > m >
0, it is sufficient to demonstrate (83) — (85) for n € V5, (0),
£ € Vs, (P(X)), nggr1(m) > n > ng(m), m > 0.

In the rest of the proof of (i), n, £ are any elements of
V5. (©), Vs, (P(X)) (respectively). Owing to Lemma 6.5, we

{(BE™7©)} > 0. Fiy™ 7€) € Vo, (P(Y)),

Fly ™ (€) € Vig (P(X) for micy (m) = n > ng (m),
m > 0. Combining this with the induction hypothesis, we get

e (i (e3ia) o,
Fpamn (Eym(&)) € Vs, (P(X)),
F e (B ) € Vi (PEY))

have Re

(86)
(87)

)

for ngti(m) > n > ng(m), m > 0 (notice that
Framm ¢y e Vs, (P(X)) follows from the induction hy-
pothesis). Then, the induction hypothesis and Lemma 6.1 (Part
(ii)) imply
(R ©) = (R ©) (R (B @)

#0 (88)

for ngii(m) > n > ng(m), m > 0 (notice that
(R ™ (€)) # 0 results from the induction hypothesis).

Therefore, Lemma 6.1 (Part (iii)) and (86), (87) yield
Fyrat(€) = By (Bt (6)) € Vs, (P(X),  (89)
GRS i CHERIG)

Vs (P(X)) (90)

for ngri(m) > n > ng(m g m > 0 (notice that
(RO (€)) 0, (™ () o 0, ) g) €
Vs, (P(X)) are a consequence of the induction hypothesis and
(88)). Combining (88) — (90) with the induction hypothesis, we
deduce that (83) — (85) hold for ng41(m) >n >m, m > 0.
Then, relying on the principle of mathematical induction, we
conclude that (83) — (85) are satisfied for each n € Vs, (0),
€ € Vs (P(X)), ng(m) >n >m >0, k > 0. As a direct
consequence of this, we have that (i) is true.

(ii) Let 73, Cg be the real numbers defined by 3 = 2~1/no,
Cs = C57v3 ™ (Cs, ng are specified in Lemma 6.5), while
nk(m), y have the same meaning as in (i). Moreover, let 7
be any element of Vj,(©), while &', £” are any elements in
Vi, (P(X)).

Owing to Lemmas 6.1, 6.5 and (83) — (85), we have

m: nk+1 _ m:nkJrl(M) 1
_ H Fnk(m) g1 (m) ( Fmin(m) (5/))

_Frxz(m) ng41(m) (mem(m) (5”)) H

1 Mme(m m:ng(m
<5 |[Fmmmiey - B )

for m, k > 0. Consequently, we have

HFm nk(m) F;?’!’:Ink(m) (5//)

Epam() = Fpy™ (€)= 7" g - ¢

Combining this with Lemma 6.5 and (83) — (85), we get

<5

Han an //)H
— HFnk(m n(%nm)(f/))_pw m):n (F;zynam)(g ))H
< Cs Hank(m) (f/) _ Fnr?ynk(m) (g//)
T = €M < Cors T lIE" = £

for ngr1(m) > n > ng(m), mk > 0 (notice that
C5’Y§Lk(m)_m (C "}/nk(m) n),_yg—m < (05,7—7“))7;1 mo_
Cey5~ ™). Thus, (82) holds for each n > m > 0 (set
k= |(n—m)/no| in (91)). O

< Coyprtm= 1)

VII. PROOF OF MAIN RESULTS

In this section, Theorems 2.1 and 2.2 are proved. The
proofs of these theorems crucially depend on the results related
to the kernels S(z,dz’), S,(z,dz’) and the optimal filter
F%"(g) (i.e., on Lemmas 5.1, 5.4, 6.6). As the properties of
S(z,dz"), Sy(z,dz") are very similar, the proofs of Theorems
2.1 and 2.2 have many elements in common. In order not
to consider these elements twice (and to prove Theorems
2.1 and 2.2 as efficiently as possible), we introduce a new



kernel T,(z,dz"), where n € C?%, z € Z.! Its purpose is to
capture all common features of S(z,dz’), S,(z,dz") which
are relevant for the proof of Theorems 2.1 and 2.2. Using
T,(z,dz"), we recursively define kernels {T” (z,d2")} >0 by

T9(z,B) = 6.(B) and
T;H'l(z,B) = /T;L(z’,B)Tn(,&dZ/)7

where B € B(Z).
Regarding T;,(z,dz’), we assume the following.

Assumption 7.1. For each 0 € ©, z € Z, Ty(z,d?') is a
probability measure.

Assumption 7.2. (i) There exist real numbers o € (0,4], L €
[1,00) such that

|T77’ — Ty (z,B) < L\W - 77””’
[oGmea) <
for all n,y',n" € Vo(©), z € Z, B € B(Z) (here,
T,y — Ty |(2,dz") denotes the total variation of T,y (z,dz") —
Ty (2,dz"), while 8, 1(2) are specified in Assumption 2.2 and
(11)).

(ii) For each n € V,(©), there exists a complex measure
7y (dz) such that lim,, o T} (2, B) = 7,(B) for all z € Z,
B e B(2).

(iii) There exists a real number 3 € (0,1) such that

|T,’,1 - 7'77| (z,B) < Lp"

for al n € Vu0O), z € 2, B € B(2Z), n > 1
(here, |TT;L*T7,‘ (2,dz") stands for the total variation of

Ty (z,d2") — 1, (dz")).

Remark. According to Lemmas 5.1 and 5.4, both kernels
S(z,d2"), Sy(z,dz") satisfy Assumptions 7.1 and 7.2. These
assumptions capture all common properties of S(z,dz’),
Sy(z,dz") relevant for the proof of Theorems 2.1 and 2.2.

Besides the notations introduced in the previous sections,
we rely here on the following notations, too. u;(zo.,) and

n " (&, z1.n,) are (respectively) the function and the complex
measure defined by

Fg(& Zl:n)

for n € C4, &€ € Mc(X), 2o,...,Tn € X, Yo, Yn € V,
n > 0and z0 = (Yo0,%0),---2n = (Yn,Tn), Where y =
{y), }n>1 is any sequence in Y satisfying y; = yi for n >
k> 12 ®,(&, 2) is the function defined by

D,(&,2) = Py y(6),

up (20m) = U (Tom, Yim), = Fa(6) 92

lT77 (z,dz") can be considered as a mapping with the following properties:
(1)Tn(zB)maps77€(C,z€ Z, B € B(Z) to C, (ii) Ty(2, B) is
measurable in (7, z) for each B € B(Z), and (iii) Ty (z, B) is a complex
measure in B for each n € Ce, z e Z.

2Here, y1.0, 1.0 denote empty sequences (i.e., sequences without any
element). up (0:n, Y1:n), FO:"(f) are specified in (12),(37). Notice that

ny
FOn(g) depends only on yi,...,y and is independent of other elements

.Y
of y.

where x € X, y € Y and z = (y,z) (®,,,(&) is specified in
(29)).3 oy (&, 2) is the function defined by

/ / (€, Z1m)s Zna1)

Ty (2n, dan) Ty (2,dz1) (93)

for n > 0. A2(¢), AEm(¢,2), Bp(&,2) are the functions
defined by

/ S ] ot )

(I)n Fn 1(£a22 n) Zn-l—l))
w(Zn, dzni1) - - - Ty (20, dz1) Ty (d20),

Abn(e,2) / S [ @ (B ) 2n)

(p Fnik(€72k+l:n)azn+l))
Ty (2n,dzn41) - - ~Tn(zk,dzk+1)(T,’f— Ty)(2,dzk),

BI(.2) = / B, (6,2) (T — ) (2, ')

forn >k > 1.
Under the notations introduced above, we have

(€, 2)

n—1
log g (y1:m|A) = Z Do (Ff (N, z10), 2041)  (94)

k=0

for0 € ©, A e P(X),21,...,2np EX, Y1,y Yn €EV,n >1

and z1 = (y1,21),. -+, 2n = (Yn, Zn). We also have

‘I)Z(fv Z/) - @2(57 ZN) = Z (A'lf]’n(fa Z/) - Aln67n(£7 Z”))
k=1
+ By (&, 2') - BI,’(&Z”), 95)
n+1

Py 2) — @€, 2) ZA’“ mHE 2) ZA’”‘ (€.2)

+A:IL+1(§) +B:7L+1(§7 )_32(57 )
(96)

forn € Vo(0), £ € M (X), 2,72/,2" € Z,n > 1.

Lemma 7.1. Let Assumptions 2.1 — 2.3, 7.1 and 7.2 hold.
Then, there exist a function ¢, mapping n € C? to C and real
numbers dg,v4 € (0,1), C7 € [1,00) such that

“I):l,(f,z) - ¢n| < Cinvyy
for all n € Vs, (©), £ € V5, (P(X)), z€ Z, n> 1.

o7)

Proof. Throughout the proof, the following notations is used.
74, 09 are the real numbers defined by v, = max{3'/?, 7§/2},
d9 = min{dr,ds, (1 —~4)/L} (B, 7, ds, 73, L are specified
in Assumption 7.2 and Lemmas 6.5, 6.6). 7 is any element in
Vs, (©), while 6 is any element of © satisfying ||n — || < .
&, &, ¢ are any elements of Vs, (P(X)), while z, 2/, 2" are
any elements in Z. B is any element of B(Z). n, k are any
integers satisfying n > k > 1.

3Notice that upy (20:n), F"({,zl n), ®n(€,2) are just another nota-
tions for w’ (zo:n, Y1:n), Fn v (£)s @,y (&). However, notations uj (20:n),
Fp (g, 21;,3, D, (&, z) is more suitable (than the original one) for measure-
theoretic arguments which the analysis carried out in this section is based
on.



Owing to Assumptions 7.1 and 7.2, we have
Tyl (2, B) <Ty(z, B) + |T, — Tyl(2, B)
<1+ Lijn - 0|

1
<1+ Lég < —
V4

(98)

(as Log < 1—4 <1/v4—1). Consequently, Assumption 7.1
yields

1
ITl(B) < [Ty = 7|z, B) + [Tyl(2, B) < L+ = (99)

Let C; = 4C4Cs (Cy4, Cg are specified in Lemmas 6.4,
6.6). Then, due to to Lemmas 6.1, 6.4, 6.6, we have

’(I)’V] (Fﬁ_k+1(§7 Zk:n)a Zn+1) _q)n (Fg_k(fa Zk:-‘rl:n)a Zn—i—l) |
< O4¢(Zn+1) Han—k—O—l(g’ Zk:n) - F17_k(§7 Zk+1:n)

2041;(*271—1-1 HF;L_k (Fé (f, Zk)7 Zk:-l—l:n) —Fﬁ_k(& Zk—i—l:n) H
<CyCsvys~ k¢(2n+1) HF;(&%) - f”
< Ciy " () (100)

for z1,...,2p+1 € z4 Similarly, owing to Lemmas 6.4, 6.6,
we have
|<I)77 (F;L(glv Zl:n); ZnJrl) - cI)n (Fr?(gl/a zl:n)a ZnJrl)!

S 041;(Zn+1) ||F7;L(E/a Zl:n) -
< CyCery3h(zns1) € = &7l
< C17f" ) (zn11)- (101)

Let Cy = 26’1L2/'yff. Then, using Assumption 7.2 and (98),
(101), we conclude

£I7Z) _(b:;( sz)‘ Sél’yz%n//d;(znjtl)

’ |T77|(Zn7 dzn+1) e |T77|(Z’ le)
<Cy Ly} < Oy (102)

Frzl(fua Zl:n) H

|25

Similarly, relying on Assumption 7.2 and (98), (100), we
deduce

e )| <0 [ [ [ o)

Ny (2ns dzngr) - -+ [Tyl (28 dzit1)
’ |Tvl; — 7| (, dzx)

<CiL*BMy; % < Cony. (103)

Moreover, using Assumption 7.2 and (99), (100), we get

430 <0 [ [ [dtensn)

Tyl (20, dzny1) - - - [Ty |(20, d21) |7 | (d20)

~ 1
<C,L <L 5 > o 2 < 0274 (104)
4

4To get the first two relations in (100), use Lemmas 6.1, 6.4, and
notice that inclusions € Vs, (©), F#7k+1(§’,zk;n) € Vs, (P(X)),
Fy~ B zpi1im) € Vs, (P(X)) follow from Lemma 6.6 and n €
V59(®) C Vs (0), &,¢" € V5o (P(X)) C Vgﬁ(P(X)) To get the third
relation in (100) use Lemma 6.6 and notice that F (& z) € V5s(P(X))
follows from Lemma 6.4 and 1 € V5, (©) C V57( ), & € Vs (P(X)) C
Vs (P(X)) To get the last relation in (100), notice that HF (& zk)—¢&] <
IFL(E, z)ll + [1€]l < 2+ 86 + 8o < 4.

Let C3 = C4L? C, = 4(Cy + C3). Then, owing to
Assumption 7.2 and Lemma 6.4, we have

IBr(¢,2)] <C4 / / T\ d2")TD = ) (2, d2')

<C4LPB™ < Cavy. (105)
Consequently, (96), (103), (104) yield
‘(I)n+1 57 Z) - (I)n(§7 Z)|
n+1
<Z|Akn+1§, ’+Z’Akn£’
+ \AZ“ )|+ IB”+1 5» )| + B (8, 2)|
< 2C~’2(n + 1)y + 20374 < C4n’y4. (106)
Hence, we have
Z }(I):]hLl(f? Z) - @;}L(g’ Z)|
<Cy — . 107
< Zn% < 74) < 00 (107)

Now, combining (95), (103), (105), we get

OIS AT )|+ _|Aym (e )
k=1 k=1

+|By(& )| + | By (&, 2"
<2Coma} +2Cs75.

‘(I):;(g? Z/) -

Then, (102) implies
@7, 2")— @) (¢".2")| <[@ (¢, ) — (", )]
+‘(I):;< N,Z) (I)"( 1" //)|
<Cy(2n + 1)YE+2C5y% §C’4n'yff.
(108)

Let C7 = 04/(1 — ’)/4)2

+ Z ((I):yl+1(£7 Z) -
n=0

Then, due to (107), ¢, (&, 2) is well-defined. Now, (106)
implies

. Moreover, let

Pn(&:2) = Py(§, 2) ) (6,2)) -

|P1(€,2) — dy(€,2) <Z|¢>’€“ (€,2) = @5(€,2)|
s@Zkvi” < Cmyy.  (109)
k=n
Consequently, (108) yields
|6n(€',2") — oy (€",2")] < | @7 (€, 2) — @7y (€7, 2")]
+O3(E.2) - 6n(€, )
4 }@Z( //721/) (bn( 1 I/)|
<3C7nyy
Therefore, ¢,(¢',2) = ¢,(¢",2") for any &, €

Vs, (P(X)), 2',2" € Z. Hence, there exists a function ¢,
which maps 7 € C¢ to C and satisfies ¢,, = ¢,(&, 2) for all



n € V5, (0), € € Vs, (P(X)), z € Z. Then, using (109), we
conclude that (97) holds for n € V5, (0), £ € V5, (P(X)),
z € Z. O

Lemma 7.2. (i) Let Assumptions 2.1 — 2.3 and 2.5 hold. Then,
integral

IR

is analytic in 1 for all n € V5, (©), A€ P(X), 2 € Z, n > 1
(05 is specified in Lemmas 6.5, 6.6).
(ii) Let Assumptions 2.1 — 2.4 hold. Then, integral

[ ]

is analytic in n for all n € V5,(0), A€ P(X), z€ Z, n > 1.

S(z,dz1)
(110)

>\ 21: n) Zn+1) S(Zn7 dzn+1) e

Sy(z,dz1)
(111)

>\ 21: n) Zn+1) Sn(zn,7 dzn+1) te

Proof. Throughout the proof, the following notations is used.
¢(z) is the function defined by ¢(z) = $(y) forz € X,y € Y
and z = (y,x). n is any element of Vs (©), while A is any
element in P(X). {z,}n>0, {Yn}tn>0 are any sequences in
X, Y (respectively), while {z,},>0 is the sequence defined
by zn, = (Yn,xn) for n > 0 (notice that {z,},>0 is any
sequence in Z). n > 1 is any integer.
Using Lemmas 6.1, 6.6, we conclude
D) (BN 21m)s Zng1) =Pryops (Frig(V)
_ log <Rn m+1 (FO n()\))>

(B )
o ( Ry ) ) ’

where y = {y}. }x>1 is any sequence in ) satisfying y; = yx
for 1 < k < n+1. Combining this with Lemmas 5.3, 6.3, 6.6,
we deduce that ,, (F,?()\, 21m)s an), uy (20.n) are analytic
in n for each n € V;,(©). On the other side, due to Lemmas
5.3, 6.4, 6.6, we have

|(I)77 (FTT()‘? Z1in); Zn+1)| < C41E(Zn+1), (112)
|up (z0:n)| < K [ 0(20) (113)
k=1

(1)(2) is specified in (11)).
Owing to Assumption 2.5, we have

/.../q;(zn+1)8(zn,dzn+1)~-~S(20,d21)

// /H'wy"“ )Q(Tnt1, dYnt1)

P(zp,dxniq1) - P(xo,dzy)
<K+1l<o

(notice that zx = (y, zx)). Consequently, Lemma Al.1 (see
Appendix 1) and (112) imply that integral (110) is analytic in
n for each n € V. ().

Relying on (15), it is easy to show

Jfo
/ / W (zoms1)

(v x m<dzn+1> (v x p)(d2)
On the other side, due to Assumptions 2.2, 2.4, we have

n+1
[ [ o) (H <Z><zk>>
k=1
(v x p)(dznyr) - (v x p)(de)
— ( Ja +¢<yn+1>>¢<yn+1>v<dyn+1>)

: (H / ¢<yk>u<dyk>>

< 0

Consequently, Lemma A1.1 (see Appendix 1) and (112), (113)
imply that integral (111) is analytic in 7 for n € V;,(0). O

Proof of Theorem 2.1. Let 7},(z,dz’) be the kernel defined
by T,,(z,B) = S(z,B) forn € C%, z € 2, B € B(2)
(S(z,dz") is specified in (13)). Moreover, let T (z,dz2’),
@7 (A, 2) have the same meaning as in (93). Then, owing to
Lemma 7.2, ®(), 2) is analytic in 5 for each n € V;,(0),
A € P(X), z € Z, n > 1. On the other side, due to Lemma
5.1, kernel T;,(z, dz") (defined here) satisfies Assumptions 7.1,
7.2. Combining this with Lemma 7.1, we deduce that there
exist a function ¢, mapping 7 € C? to C and real numbers
dg € (0,65], 74 € (0,1), C7 € [1,00) such that (97) holds for
n € V5(0), A € P(X), z € Z, n > 1. Since the limit
of uniformly convergent analytic functions is also analytic
(see e.g., [28, Theorem 2.4.1]), ¢, is analytic in 7 for each
ne V59(@)'

In what follows in the proof, 6, A\, z are any elements of
O, P(X), Z (respectively), while n > 1 is any integer. It is
straightforward to verify

(I)g(/\a Z) =F (CI)Q (Fél()\v Zl:n)’ ZTL+1)| Zy = Z) ,
where Z,, = (Y,,, X,,). Therefore, (94) yields

n—1

=Y E(P5(\ %))

A 21: n) Zn+1) Sn(zna dzn-‘rl) o Sn(zm le)

)\ 21 n) Zn—i—l)

E (log g5 (Y1:n|)))

k=0
Then, Lemma 7.1 implies
1 14
El-1 . — <= k _
‘ <n ogqe(Yl.nm) o| <= DB |5\ Zo) — oo
k=0
n—1

SN

Consequently, there exists a function / : © — R with the
properties specified in the statement of the theorem. O

Proof of Theorem 2.2. Let T),(z,dz") be the kernel defined
by T,(2,B) = S,(z,B) forn € C¢, 2 € Z, B € B(2)
(Sy(2,d2") is specified in (14)). Moreover, let T)'(z,dz"),



@7 (), z) have the same meaning as in (93). Then, due to
Lemma 7.2, (), 2) is analytic in n for each n € V;,(©),
A€ P(X), z € Z, n > 1. On the other side, Lemma 5.4
implies that Assumptions 7.1, 7.2 hold for kernel T),(z,dz")
(defined here). Combining this with Lemma 7.1, we conclude
that there exist a function ¢, mapping n € C? to C and real
numbers d9 € (0,d5], 74 € (0,1), C7 € [1,00) such that
(97) holds for € V5,(0), A € P(X), z € Z, n > 1. As
the limit of uniformly convergent analytic functions is also
analytic (see e.g., [28, Theorem 2.4.1]), ¢, is analytic in 7 for
each 1 € V5,(©).

In the rest of the proof, 6, A\, z are any elements of ©,
P(X), Z (respectively), while n > 1 is any integer. It is easy

to show
D5\ 2) = B (@0 (Fy (A 200), 200 ‘ 7 =),
where Z2* = (Y, X%*). Then, (94) yields

E (log g (v{;)|V)) = nzlE(@k (\2Z0M).

Therefore, Lemma 7.1 implies

n—1
1
’E< logqe(Yl“\A)> GSEZE’@’g()\,Zg’A)—%’

274_

Consequently, there exists a funct10n h : © — R with the
properties specified in the statement of the theorem. O

1—7’4)

VIII. PROOF OF COROLLARIES 3.1 —4.2

Proof of Corollaries 3.1 and 3.2. Let © be any non-empty
bounded open set satisfying cl® C O©. As clO, X are compact
sets, Assumption 3.2 and Lemma A1.2 (see Appendix 1) imply
that there exist functions {a}(z)}i<i<n,. {B{](x)}lngNy
with the following properties:

@) {d;(l‘)}lﬁiSNw {bz](l‘)}lgjgjvy map 7 € Cd, x € C=
to C.

(i) ah(z) = aj(x), bj(z) = bl(z) for 6 € O, z € X,
1<i <N, 1<5 <N,

(iii) There exists a real number a; € (0,1) such that a; (x),
537@) are analytic in (n,z) for n € Val((:)) x € Val(X),
1<i<N,, 1<j<N,,. 4

Owing to Assumption 3.2, {dé (m)}lgiSNw, {IA)?, (:r:)}lngNy
are positive and uniformly bounded away from zero for 6 €
e, z e X. Then, due to (iii), there exist real numbers o €
(0,1), B € (0,1) such that

Re {ai(z)} > B, la(z) <

1
Ea
Re{bja)} 258, i)l <

for n € Vo (0), € Vo (X), 1 <i < N,, 1 <j < N,
Let p,(z'|x), G,(y|z) be the functions defined by

forn € C4, z,2' € X, y € Y, while

7’9(1/7517/|$) = q(a(y|$/)p0($/|$)a
oy, ') = 4y (yla")py (')

for the same 7, x,2’,y and @ € ©. Then, owing to (ii), (iii),
7, (y,2'|2) is analytic in 7 for each n € V,(0), z,2’ € X,
y € Y. Due to the same reasons, 7y (y,z’|x) = ro(y, 2’|z) for
the same z,z’,y and 0 € ©. On the other side, Assumption
3.3 and (114) imply

Ny
|y (2'|2)] > ZRe {a}(z)} vi(z') > BeN,, (116)
i=1
N. N
[y (2 2)] < [l (2)|vs(2') < % (117)
i=1
for ) € Vo(O), 2,2’ € X. Similarly, (115) yields
N, N,
(o) = > Re b (@) fwi(y) = 8 wily), (118)
=1 =1
]Ny % j
|Gn(ylz)| < D by (2)|w;(y) < 3 w;(y) (119)
j=1 j=1

for the same 7,z and y € y ~
Let Cy = 872c71N,, Cy = C1N,, v = *2. Moreover,
let ¢(y), ¥ (y) be the functions defined by

Ny
=0 ij(y), b(y) =

for y € Y. Then, combining (116) — (119), we get
o(y)
Y

Co | 1+ [oguw;(y)

Yp(y) < |y (y, 2'|2)] < (120)

for n € Va((:)), z, 2’ € X,y €Y. We also get

< N, .
log ¢(y) <log(C1Nz) + max log w;(y)

Ny

1+ [logw;(y)l | ,
j=1

> 5 i ,
log ¢(y) > log(C1N,) +  Jnin log w;(y)

SélNz

Therefore, we have

[log &(y)| < ¥(y)- (121)

Since [ ¢(y) = (1N, < oo, (120), (121) imply that
Assumptlons 21 — 2.3 follow from Assumptions 4.1 — 4.3
when O is restricted to © (i.e., when O is replaced with ©).
Owing to Assumption 3.5, we have
Ny
[ow —Co+ 3 llogw; (4)|Q(x, dy)
j=1
<Cy + KN, < 0.

Q(x,dy)
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Hence, Assumption 2.5 results from Assumption 3.5. More-
over, due to Assumption 3.4, we have

[ owol

v(dy) 0102Z/|logwg Y (y)v(dy)

7,k=1
+0102Ny < oQ.

Thus, Assumption 2.4 results from Assumption 3.4.

Using Theorems 2.1, 2.2, we conclude that there exist
functions 7, : © — R such that [(6), h(6) are real-analytic
in 6 and satisfy lim, o0 (0, \) = 1(0), limp,_yo0 1 (6, A) =
h(6) for each § € ©, A\ € P(X) (.(0,)), hn(h,\) have
the same meaning as in (1)). Consequently, Corollaries 4.1,
4.2 hold (notice that © can be represented as the union
e =U", O,,, where {©,},>1 are non-empty open balls
satisfying cl(:)n C O for n > 1). O

Proof of Corollaries 4.1 and 4.2. Let © be a non-empty
bounded open set satisfying cl® C ©. As cl©, X, )V are
compact sets, Assumption 4.3 implies that there exists a real
number r € [1,00) such that
1By () (2" = Ao(@))|| <

3 et

z)(y—Cola))|| <

(122)

for § € cl®, z,2' € X, y € Y (notice that Ap(x), B;l(m),
Cy(x), D, *(x) are continuous in (0, z)).

Let # = {z € Rl : al| <7}, ¥ = {y € R : [yl <
r}. Since clé, X, X , 5) are compact sets, Assumptions 4.2,
4.3 and Lemma A1.2 (see Appendix 1) imply that there exist
functions A, (z), B,(z), Cy(x), D,(z) and 9(z), w(y) with
the followmg propertles

(1) A, (x ) B,(z), Cy(x), Dy(x) map n € C% x € C% to
Cd= Cd Xda Cdy, Cdv*dy (respectively), while 9(x), (y)
map x € (de, y € C% to C.
() Ap(z) = Ag(x), Bo(x) = By(z), Co(x)
Dg(x) = Dy(z) for 0 € ©, z € X, and 9(v) = v(z
w(y) forx e X,y €Y.

(iii) There exists a real number o; € (0,1) such that A, (z),
E,](JU), C’n(x), D, (x) are analytic in (n,z) for ) € V,, (0),
x € Vo, (X).

(iv) There exists a real number oo € (0,1) such that o(z)
w(y) are analytic in x, y (respectively) for = € Vo (X), y €

Owing to Assumption 4.3 and (iii), there exists a real num-
ber a3 € (0,1) such that detB,(z) # 0, detD, (x) # 0 for
N € Vo (0), € V,, (X) (notice that |detBy(z)|, [detDy(z)|
are uniformly bounded away from zero for 6 € cl®, z € X).
Therefore,

= Cy(z),
)s w(y) =

are well-defined and analytic in (1, z,2’,y) for n € V,,(0),
x € Vo (X), 2’ € Cd=, y € Cd. Consequently, there exists a

)

B () <+ 2.
(a5
(ny’n x)g} <r+72,

Qg
< P—
<3

for n € Vo (), z,2" € Vo, (X), y € Vo, () (notice that
clo®, X, Y are compact sets and use (122)). Hence, we have

B @) (o = Ag(@)) € Ve D),
Dy (@) (y = Col@)) € Vau ()
for the same 7, x, z’, y. Then, (iv) implies that

? (B,;l(x) (x - An(x))) " (D;l(x) (y - C’n(x)>)
(123)

are analytic in (1, z,2’,y) for n € Vo, (0), z,2' € Va, (X),
y € Vo, ()). Combining this with Assumption 4.2, we deduce
that there exist real numbers « € (0, a4), 8 € (0, 1) such that

Re {v (B,;l(x) ( (x)))} >8,  (124)
p (Bn—l( (q;’ Ay (@ ))‘ 1, (125)
Re {w (D L) ( () ))} (126)
i (D7) (v - Cy(@) ) g% (127)

for n € Vo(0), z,2/ € Vyo(X), y € Vo(Y) (notice that
functions (123) are positive and uniformly bounded away from
zero for n € cl®, z,2’ € X, y € V).

Owing to (124), (125), we have

/X b (B;l(x) (x’ - fln(x))) dx’
> /XRe {@ (B;l(x) (x - An(a:))> } dz' > fm(X) > 0,

(128)
/X 0 (B;l(x) (m’ — /1,7(1:))) dx’

< [ [o (8570 (o= Au0)) [ <

for n € Vo(0), z € V,(X), where m(X) is the Lebesgue
measure of X. Similarly, due to (126), (127), we have

/yﬁ) (E;l(x) (y - c”y,(z))) dy‘

m(X)

(129)




for the same 7, 2, where m())) is the Lebesgue measure of ).
On the other side, Lemma Al.1 (see Appendix 1) and (125),
(127) imply that

/X b (B;l(x) (m’ - A,,(x))) dx’,
[ 5 (05w (v - o)) )

are analytic in (1, z) for n € V,(0), z € V,(X).

In the rest of the proof, the following notations is used.
Pn(2'|2), ¢y(y|x) are the functions defined by p,/(z'|z) = 0,
Gy (yl2) = 0 and

(132)

(133)

S e (e e
- ) (ﬁ;l(m) (y — Cy(a) )
Gy (ylz) fyw (ﬁ;l(ﬂc) (y' _ An(x)>> dy’

for n € Va((:)), n € C4\ Va((:)), r,r’ € X,y € ), while
ro(y,x'|x), #,(y, x'|x) are the functions defined by

ro(y, ' |z) = qo(ylz")pe(z'|x),
fn(y7x/|x) = Qn(y|x/)ﬁn($l‘x)

for the same z,2’,y and § € ©, n € C%.

As functions (123) and integrals (132), (133) are analytic
in (n,z,2',y) for n € V,(0), x,2" € Vo (X), y € Vo (D),
it follows from (128), (130) that 7, (y,z’|z) is well-defined
and analytic in 7 for the same 7, z,x’,y. Similarly, (128) —
(131) imply that there exists a real number v € (0,1) such
that v < |f,(y,2'|z)] < 1/ for n € V,(0), z,2’ € X,
y € Y. On the other side, (ii) yields 79 (y,2'|x) = ro(y, 2'|z)
for the same z,2’,y and 6 € ©. Consequently, Assumptions
2.1 — 2.5 follow from Assumptions 4.1 — 4.4 when O is
restricted to © (i.e., when © is replaced with é). Then,
using Theorems 2.1, 2.2, we conclude that there exist function
I,h : © — R such that [(6), h(#) are real-analytic in § and
satisfy 1imy, o0 In (0, A) = (), limy, o0 hn (0, X) = h(6) for
0 €0, \eP(X) (1,(0,\), hn(6,)) have the same meaning
as in (1)). Consequently, Corollaries 4.1, 4.2 hold (notice that

© can be represented as the union © = UZO:L@n, where
{On}n>1 are non-empty open balls satisfying ¢cl0,, C © for
n>1). O

APPENDIX 1

This section contains some auxiliary results which are rele-
vant for the proof of Lemmas 5.2, 5.3, 6.3, 7.2 and Corollaries
3.1 — 4.2. Here, we rely on the following notations. d,, > 1
and d, > 1 are integers, while A is a bounded convex set in
C%. F(w, 2) is a function mapping w € C%, z € R% to C,
while \(dz) is a measure on R%. f(w) is the function defined
by

Fw) = / Flw, 2)\(d2)

for w € Cw,
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Lemma Al.1. Assume the following:

(i) There exists a real number § € (0,1) such that F(w, z)
is analytic in w for each w € V5(A), z € R%.

(ii) There exists a function ¢ : R% — [1,00) such that
|F(w,2)| < ¢(2) for all w € V5(A), z € R%.
Then, we have

du )
Pt 2)— B, ) < 20~ ']

for all w',w" € V5(A), z € R=. Moreover, if [ ¢p(2)A(dz) <
oo, then f(w) is well-defined and analytic for all w € V5(A).

Proof. Owing to Cauchy’s inequality (see e.g., [28, Proposi-
tion 2.1.3]) and (i), (ii), we have

dw(2)
5

for w € V5(A), z € R%. Consequently, we get
‘F(wlv Z) - F(’LUN, Z)|

Vo F(w, 2)|| <

(134)

/ 1 (Vo F(tw' + (1 —t)w”, 2))" (v — w")dt
0

1
< / [V F(tw + (1 —t)w”, 2)|| [[w — w"||dt
0

< dwo(z)||w’ — w"|
- 0
for w',w” € V5(A), z € R% (notice that tw’ + (1 — t)w” €
Vs(A) for t € [0, 1] since V5(A) is convex). On the other side,
if [ ¢(2)A(dz) < oo, then the dominated convergence theorem
and (134) imply that f(w) is well-defined and differentiable
for w € V5(A). Consequently, f(w) is analytic for w € V5(A).
O

In the rest of this appendix, we use the following notations.
B is a compact set in R%, while g(w) is a function mapping
w € R% to R (d, is specified at the beginning in the
appendix).

Lemma A1.2. Assume that there exists an open set C' in R%
such that B C C and g(w) is real-analytic on C. Then, there
exists a function §(w) with the following properties:

(i) §(w) maps w € C* to C.

(ii) g(w) = g(w) for all w € B.

(iii) There exists a real number § € (0,1) such that §(w)
is analytic on V(B).

Proof. First, we assume that B is connected (latter, this
assumption is dropped). As g(w) is real-analytic on C, g(w)
has an analytic continuation in an open vicinity of any point
in C. Hence, there exist functions g§(w,v), 6(v) with the
following properties:

(iv) g(w,v), 6(v) map w € C, v € C to C, (0,1)
(respectively).

V) g(w,v) = g(w) for w € Vi) (v) NR¥*, v € C.

(vi) g(w,v) is analytic in w for w € Vj,(v), v € C.
Since B is compact, there exist an integer M > 1 and points
{Ui}ISiSM such that v; € B for 1 < ¢ < M and B C
U;Vil Voo (vi). Let gi(w) = g(w,vi), Vi = Vi(u,)(vi) for
we Chv, 1<4i< M. As B is connected, for each 1 < i <
M, there exists 1 < j < M, j # i such that V;NV; R £ ().
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On the other side, if V; NV; N Réw # (), then V; N Vin Rw
is a non-empty open set and g;(w) = §;(w) = g(w) for w €
V;NV;NR% . Then, by the uniqueness of analytic continuation
(see e.g., [15, Corollary 1.2.6]), for each 1 < ¢ < M, there
exist 1 < j < M, j # i and a function §;;(w) with the
following properties:

(vii) §i;(w) maps w € C4 to C.

(viii) G;;(w) is analytic on V; U V.

(ix) gij(w) = gi(w) for w € V; and §;;(w)
w e V.
Following these arguments, we conclude that there exists a
function §(w) with the following properties:

(x) g(w) maps w € C4 to C.

(xi) g(w) is analytic on Uivil Vi.

(xii) g(w) = g;(w) forw e V;, 1 <i < M.
Now, we drop the assumption that B is connected (i.e.,
B is any compact set in R%). Since B is compact, there
exist an integer N > 1 and open sets {IW;}1<;<n in Réw
suchthatWCC’BﬂW;é@WﬂW = { for
1<1]<N27éjandBCU11W Let B; = BNW; for
1 <4 < N. Hence, {B;}i<i<n are connected components
of B, and thus, {B;}1<;<n are compact and disjoint. Then,
according to what has already been shown, there exist open
sets {Ui}lgiSN in C% and functions {gi(’w)}lgiSN with the
following properties:

(xiii) B; C Uy, Uy NU; = for 1 <i,j < N, i #j.

(xiv) g;(w) maps w € C% to C for 1 <i < N.

(xv) gi(w) = g(w) for w € B;, 1 <i < N.

(xvi) g;(w) is analytic on U; for 1 <i < N.
Let §(w) be the function defined by §(w) = §;(w) for w € U,
1<i<Nand jw) =0 forw & |J\, Ui. Due to (xiii),
g(w) is well-defined. As B is compact and B C Uf\;l U;
(owing to (xiii)), there exists a real number 6 € (0, 1) such that
B C V5(B) C Uf\il U;. Then, (xv), (xvi) imply that §(w) is
analytic on V5(B) and satisfies §(w) = g(w) forw € B. O

= g;(w) for

APPENDIX 2

In this section, we show how Theorem 2.2 can be applied
to finite-state hidden Markov models. We also provide a link
between Theorem 2.2 and the results of [12]. Here, we assume
that X has a finite number of elements. We also assume

= {1,...,N} and p(x) = 1 for each z € X (in this
case, pg(z’'|x) is the conditional probability of Xgi‘l =1
given X% = ). Further to this, we introduce the following
assumptions.

Assumption A2.1. py(2’|x) and q9(y|z) are real-analytic in
0 for each 8 € O, x,2' € X, y € Y. Moreover, py(z'|z)
and qg(y|x) have complex-valued continuations py(x'|x) and
dn(y|x) with the following properties:

(i) py(2'|z) and G,(y|z) map n € CL, x, 2’ € X, y € Y to

(i) po(a'|z) = po(a'|x) and Go(ylz) = qo(y|x) for all
e, z,2' X, ye).

(iii) There exists a real number § € (0, 1) such that p,(x'|x)
and ¢, (y|x) are analytic in 1 for each n € V5(©), z,2’ € X,
y e

(iv) There exists a real number € € (0,1) such that ¢ <
Dy (2'|)| < 1/e for all n € V5(©), z, &’ € X, y € ).

Assumption A2.2. There exists a real number o € (0, 1) and
a vector 0 € © with the following properties:

(i) qa(ylx) # 0 qoylz)/g(ylr) > o and
ldn(ylz)/qg(ylx)| < 1/a for all § € ©, n € V5(0),
re X, ye).

(ii) [ |log qy(ylz")| a5(yl2)v(dy) < oo for all z,2" € X.

Assumption A2.3. There exists a real number 3 € (0,1),
a vector & € X and functions ¢, : Y — (0,00) with the
following properties:

(i) Gn(ylz) # 0,
Vs5(©), z€ X, ye ). 3

(i1) |4, (y]3)| < Bly) and |log |, (y|#)]| < P(y) for al
n € Vs(0), y €.

(iii) [ (y)v(dy) < oo and [ ¥ (y)

Assumptions A2.1 — A2.3 are a particular case of Assump-
tions 2.1 — 2.4 (see Corollary A2.1 and its proof). At the same
time, Assumptions A2.1 — A2.3 include, as a special case, all
conditions which the results of [12] are based on. Further
to this, Assumptions A2.1 — A2.3 considerably simplify the
conditions adopted in [12].

in(ylx)/dn(y|2)| < 1/8 for all n €

o(y)v(dy) < oc.

Corollary A2.1. Let Assumption A2.1 and one of Assumptions
A2.2, A2.3 hold. Then, all conclusions of Theorem 2.2 are true.

Proof. 1t is sufficient to show that Assumptions 2.1 — 2.4
follow from Assumption A2.1 and one of Assumptions A2.2,
A2.3.

(1) In this part of the proof, we demonstrate that Assump-
tion 2.1 holds under Assumption A2.1. Let \g(dx|y) be the
measure on X defined by

> alyln)Is(@

zeX

for 0 € ©, y € Y, B C X. Then, Assumption A2.1 implies

Y roly.2'fo) (@ )u(z) 2e Y aolyla’) s (2 u(a)

Ao(Bly) = Ju(z)

z'€B z'eB
:/\9(B|y)7
1 / ! 1 1 ! 1
> oy, @' |a)Ip(a ) u(a’) <= > go(yla’) Ip( )u(a')
z'eB € z'eB
_Mo(Bly)
IS

for the same 6, y, B and = € X. Hence, Assumption 2.1 holds.

(ii) In the next part of the proof, we show that Assump-
tions 2.2 — 2.4 follow from Assumptions A2.1, A2.2. Let
Oy = a el v = a2, while 7,(y,2'|z) and @, (y) are

the functions defined by
y)=C1 > qylo)

zeX

Py, 2'|2) = 4y (yla)py (2] ),

SNotice that Assumptions A2.1 and A2.2 follow (respectively) from [12,
Conditions (a), (c.i)] and [12, Conditions (b), (c.iii), Equation (11)]. Notice
also that Assumption A2.3 results from one of [12, Conditions (c.iii), (d.i),
Equation (7)] and [12, Conditions (c.ii), (c.iii), (d.i), Equation (8)].



forn € C%, x,2’ € X,y € V. Then, due to Assumption A2.1,
7y(y,2'|z) and ¢, (y) are analytic in n for each n € V;(0©),
z,2’ € X,y € Y (notice that ¢, (y) is constant in 7). On the
other side, Assumptions A2.1, A2.2 yield ¢,(y) # 0 and

ldn (12| _ 4 (yl2")]
€ - e

|7y (y, 2’ |2)] <

= |n(y)|

for the same 7, x,z’, . Assumptions A2.1, A2.2 also imply

> roly. o’ )>e Y aa(yla’) >ae Y gy(yla’)

' eX r’'eX ' eX
=7|ea(y)]

(135)

(136)

forGENG),IQX,yGy.
Let Cy = (1N, while ¢(y) and v(y) are the functions

defined by
TeEX

U(y) = Cs (1 +> Ilogq@(ylwﬂ)

fory € ). hen,~due to Part (ii) of Assumption A2.2, we have
J ¢(y)v(dy) = C1N < oo and

/w(y)qﬁ( Jr(dy)=C1Cs ) /|10qu yla')lag(ylx)v (dy)

z,x’€X

+C]_C2N < 0. (137)

We also have

log @y (y)| <log(C1N) + maxlog g; (y|)

<CiN (1 +y Ilogqg(ylff)|> ;

xEX
log |¢n(y)| >1log(C1N) + min log qg(ylz)

>N (1 +y logq@(ylivﬂ)

zeX

for n € V5(©), y € . Consequently, we get

len()l < B(y),  [log ey (Y] < P(y)

for the same 7, y. Then, using (135) — (138), we conclude that
Assumptions 2.2 — 2.4 hold.

(iii) In this part of the proof, we show that Assumptions 2.2
— 2.4 follow from Assumptions A2.1, A2.3. Let C = =11,
v = Be?, while 7, (y, 2'|x) and ¢, (y) are the functions defined
by

(138)

= Cy(yl#)
forn € ce, xz,2' € X,y € ). Then, due to Assumption A2.1,
7y (y, 2'|x) and ¢, (y) are analytic in n for each n € V5(©),
z,r’ € X, y € Y. On the other side, Assumptions A2.1, A2.3
yield ¢, (y) # 0 and

Py, @'|2) = 4 (yla")py ('|2),  en(y)

|4n Izl _ 140 (y|2)]
€ - fe

|7 (y, 2'|x)] < =len(y)]  (139)
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for i, z,x’, y. Assumptions A2.1, A2.3 also imply

> roly @' |e)u(x') > qo(y|#)po (@) >eq0(y|#)
r'eX

=Ylpo(y)| (140)
for0eO,zeX, ye).
Let ¢(y) and ¢ (y) be the functions defined by
o(y) = Coly), v(y) =C(1+1(y))
for y € ). Then, Assumption A2.3 yields
loa ()] = Clay(yl2)] < Coly) = d(y)  (141)

for n € V5(©), y € Y. Assumption A2.3 also implies

|log [y (y)]| < log C + [log g, (y|2)|| <C(1+14(y))
=1(y) (142)

for the same 7, y. Then, using Part (iii) of Assumption A2.3,
and (139) — (142), we conclude that Assumptions 2.2 — 2.4
hold. =

In rest of the section, we explain how Theorem 2.2 can
further be extended in the context of finite-state hidden Markov
models. Here, we rely on the following notations. P is the
set of N-dimensional probability vectors, while e is the N-
dimensional vector whose all elements are one. For § € ©,
y € YV, Ro(y) is the N x N matrix whose (2, z)-entry is
ro(y,a'|x), where rg(y,x’|z) has the same meaning as in
Section II. Gy(\,y) and hy(),y) are the functions defined
by

Ro(y)A
el Ry(y)\’

for # € ©, A € PV, y € ). Regarding functions ¢ (y, z’|z),
Go(A,y) and hy(A,y), we assume the following.

Go(Ny) = ho(X,y) = log (e Ro(y)A)

Assumption A2.4. There exist a real number ¢ € (0,1) and
a function sg(y,x) mapping 6 € ©, x € X, y € Y to [0,00)
such that

S0 (y7 J?/)

JJ/) < T@(y,$/|x) <
3

forall € ©, z,2' € X, y € Y.

550(9;

Assumption A2.5. Gy(N,y) and ho(N,y) are real-analytic
in (0,\) for all 0 € ©, A € PN, y € Y. Moreover, Go()\,y)
and ho(\, y) have complex-valued continuations G, (£, y) and

hy (&, y) with the following properties:

(l)G (fy)andh (¢,y) mapn e CL e CN, yeYto
cN and C (respectively). .

(ii) GG(/\’y) = GG()‘vy) and h@(/\’y) = hG(/\’y) for all
00, xePN, ye

(iii) There exists a real number 6 € (0,1) such that Gn(&,y)
and h 2(&,y) are analytic in (1,€) for each n € Vs(© ) €
Va(PN ), y €Y.

(iv) There exist a real number K € [1,00) and a function

1,00)
P2 Y — [1,00) such that [exp (¥(y))(y 1/( y) < oo and

)
1Ga& )l < K, [hy(&0)] < ()
for all n € V5(©), £ € Vs(PN), y € V.
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Assumption A2.4 corresponds to the stability of the hidden
Markov model { (X2, V%) }. 5o and its optimal filter, while
Assumption A2.5 is related to the parameterization of the
model {(X2*,Y,!"})} _ . Assumptions A2.4 and A2.5 are
the same as the (corresponding) assumptions adopted in [23].
Further to this, Assumptions A2.4 and A2.5 include, as a
particular case, all conditions which the results of [12] are
based on.

Theorem A2.1. Let Assumptions A2.4 and A2.5 hold. Then,
all conclusions of Theorem 2.2 are true.

Proof. Let e; be the i¢-th standard unit vector in RY, where
1 < i < N. Moreover, let 7, (y, 2’ |x) be the function defined
by

Py, @'|z) = eflén(em,y) exp (ﬁn(em, v))

forn € C4, z,2’ € X, y € Y, while ¢,(y), ¢(y) and 1(y)
are the functions defined by

en(y) = oly) = Kexp (¥(y)),  ¥(y) = 2Ky (y)

for the same 7,y. Then, it is straightforward to demonstrate
that Assumptions 2.1, 2.2 and 2.4 hold.
Let 5, (x) be the function defined by

@)= X [ s owlay

T’ EX

forn € C4, x € X, while 7, (y, 2'|z) is the function be defined
by

iy (y, &' |x)/5y(x), if §,(z) #0

7 2'|z) =
nly, 7'l) 0, otherwise

for the same 1,z and 2’ € X, y € Y. Moreover, let T),(z, B)
be the kernel defined by

T28) = 3 [ 1l )i ey
z'eX
forn € C4 oz € X,y € Y, aBorel-set B C Y x X and
z = (y,x). Since Assumptions 2.1, 2.2 and 2.4 hold, Lemma
5.4 implies that Assumptions 7.1, 7.2 hold, too.
Let ®,(&, ) be the function defined by

D, (&, 2) = hy(&,y)

forn e CL ¢ e CVN,ve X,y € Yand z = (y,2),
while {F}"" (¢ )}n>m> , are the functions recursively defined
by F(E) =€ and

Ey (&) = Gy (B (€): ynr1)

for the same 7, £ and a sequence y = {yn }»>1 in V. Then, due
to Lemma Al.1, the conclusions of Lemma 6.4 hold. On the
other side, owing to [23, Lemma 3], the conclusions of Lemma
6.6 also hold (provided that elements of CV are interpreted
as complex measures on X).

Combining Assumptions 7.1, 7.2 and the conclusions of
Lemmas 6.4, 6.6, we get the conclusions of Lemmas 7.1,
7.2 (notice that Assumptions 7.1, 7.2 and the conclusions
of Lemmas 6.4, 6.6 are sufficient for the conclusions of

Lemmas 7.1, 7.2 to hold) Then, as a direct consequence of
the conclusions of Lemmas 7.1, 7.2, we get the conclusions
of Theorem 2.2. O
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