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Abstract

This thesis focuses on properties of finite quotients in certain families
of groups which fibre algebraically.

In the first part of this thesis we study subgroup separability. We
show that free-by-cyclic subgroups of free-by-cyclic groups are separa-
ble. Moreover, we give a characterisation of subgroup separability for
free-by-cyclic groups with polynomially-growing monodromies. Our
methods show that many free-by-cyclic groups contain an embedded
non-subgroup-separable 3-manifold subgroup.

We also study subgroup separability in random deficiency-one groups.
We develop a Brown-type algorithm to deduce when a deficiency-one
presentation admits a homomorphism which is contained in the Bieri–
Neumann–Strebel invariant ΣpGq of the corresponding group G, and
in its complement ΣpGqc.

The second part of this thesis is focused on profinite rigidity in groups.
We show that many properties of free-by-cyclic groups are invariants
of their profinite completion, including admitting a finite-order mon-
odromy and being hyperbolic. In the case of hyperbolic free-by-cyclic
groups with first Betti number equal to one, we are able to extract dy-
namical information about the monodromy map and its inverse. As a
consequence, we show that irreducible free-by-cyclic groups with first
Betti number equal to one can be distinguished from each other up
to finite error using the isomorphism type of their profinite comple-
tion. We can also show that generic free-by-cyclic groups are almost
profinitely rigid in the class of all free-by-cyclic groups.



The third part of this thesis begins with a chapter on exotic subgroups
of hyperbolic groups. We give a general criterion for constructing non-
hyperbolic subgroups of hyperbolic groups with strong finiteness prop-
erties via fibring, using a criterion of Fisher. We construct an infinite
family of quasi-isometry classes of such examples.

The final chapter studies Friedl–Lück’s L2-polytopes in the setting of
free-by-cyclic groups. We explain how to construct the polytopes using
topological representatives of the monodromy. We relate the shape of
the L2-polytope to cyclic splittings of the corresponding free-by-cyclic
group G and explore the connection between the polytope and the
group OutpGq of outer automorphisms of G.
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Chapter 1

Introduction

Groups are algebraic objects which encode symmetries. In many areas of science,
symmetries are useful for predicting the structure and behaviour of an object or
a system on which they act. The motivating idea of geometric group theory is to
reverse this process; that is, to learn about groups by studying the geometry and
topology of the spaces associated to them.

It is generally agreed that some of the most natural topological objects in math-
ematics are manifolds. A particularly tractable class of manifolds are those which
admit the structure of a fibre bundle over the circle. A famous problem posed by
William Thurston in the 1980s, which became known as the Virtual Fibring Con-
jecture, asks whether every hyperbolic 3-manifold admits such a structure, possibly
after passing to a finite degree cover. The recent resolution of this conjecture by
Agol [Ago13] not only contributed to a significant increase in our understanding
of the class of 3-manifolds, but also led to a new paradigm for the study of infinite
groups which has been prevalent in geometric group theory ever since.

Motivated by this, the main focus of this thesis is a phenomenon known as alge-
braic fibring of groups, which is the group theoretic analogue of fibration over the
circle for manifolds. A leitmotif of this work is to exploit the fibring phenomenon
in order to reveal hidden structure in groups.

The importance of fibring is well illustrated by the recent groundbreaking work
of Italiano–Martelli–Migliorini [IMM23] who produced the first example of a hy-
perbolic 5-manifold that fibres over the circle. The main consequence of this is the
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first construction of a hyperbolic group with an exotic subgroup: one that is itself
non-hyperbolic, but has strong finiteness properties. The existence of such a group
has been a well-known open problem in group theory since the 1980s. Motivated
by this work, in Chapter 8 of this thesis we construct the first infinite family of
such exotic subgroups of hyperbolic groups, and these arise from algebraic fibring.

A special case of the algebraic fibring construction arises when the fibre is a
free group of finite rank; a group which admits a presentation with no relations.
In that case, the resulting group is called free-by-cyclic. Such groups form a rich
and well-studied class which has often been used as a fertile testing ground for
conjectures in geometric group theory.

There is a well-documented analogy between OutpFnq, the group of outer au-
tomorphisms of the free group, and mapping class groups of surfaces (see, for ex-
ample, the introduction to [Far06, Chapter 20]). This is often exploited to study
outer automorphisms of free groups which are typically harder to understand than
elements of the mapping class group. The main idea of this thesis is to naturally
extend this analogy to free-by-cyclic and fibred 3-manifold groups; in particular
focusing on their finite quotients.

The study of profinite rigidity of groups aims to determine how much global
data about a group can be encoded in its set of finite quotients. It has become a
very active area of group theory research in the past 10 years, with a large body of
work on the profinite properties of 3-manifolds [BRW17, WZ10, WZ19, Wil18b],
as well as the celebrated results concerning absolute profinite rigidity of certain
groups due to Bridson–McReynolds–Reid–Spitler [BMRS20].

In this thesis, we will study the problem of profinite rigidity within the class
of free-by-cyclic groups. We will see that many properties of free-by-cyclic groups
are invariants of their profinite completions; that is, can be detected in their finite
quotients. This will allow us to conclude that generic free-by-cyclic group are
almost profinitely rigid, amongst all free-by-cyclic groups. Previous work on this
subject by Bridson–Reid–Wilton shows relative profinite rigidity in the special
case when the free group has rank two [BRW17]. The work in this thesis is able
to bypass the low-rank requirement, by adapting the powerful methods developed
by Yi Liu in his recent work on the profinite rigidity of hyperbolic 3-manifolds
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[Liu23a]. As such, this work provides a template for showing profinite rigidity
results for free-by-cyclic groups, as well as a wider class of fibred groups.

In theme with this subject, the first part of this thesis investigates the problem
of subgroup separability of groups, which is concerned with deciding whether sub-
groups of a given group can be ‘separated’ from elements which are not contained
in the subgroup, in some finite quotient. This is a key property which has been
shown to hold for various families of groups, including many 3-manifold groups. In
Chapter 4, we will see a link between the dynamics of the map associated to the
fibring structure, and the existence of a non-separable subgroup in a free-by-cyclic
group. This is the first systematic study of subgroup separability in arbitrary
free-by-cyclic groups.

A key difficulty in the study of free-by-cyclic groups, or indeed any groups which
admit algebraic fibrations, is that often the fibring structure is non-unique. In
other words, a given group can be realised as a free-by-cyclic group in multiple
different ways, and often it is difficult to decide when two apparently different
free-by-cyclic group presentations correspond to isomorphic groups.

The visionary work of William Thurston from the 1980s, shows that differ-
ent surface bundle structures of a given 3-manifold can be organised and studied
using a gadget called the Thurston polytope [Thu86]. The Thurston polytope
parametrises all the different ways in which a single 3-manifold can fibre over the
circle and encodes information about the nature of those fibrings.

Recently, Kielak [Kie20a] showed that it is possible to organise algebraic fibrings
of other groups, including free-by-cyclic groups, in a similar fashion. Combined
with the earlier work of Friedl–Lück [FL17], Kielak’s results prove that one can
study different fibring structures of free-by-cyclic groups using the so-called L2-
polytope, which is an analogue of the Thurston polytope.

The final part of this thesis studies the L2-polytope for free-by-cyclic groups.
We discuss connections between the L2-polytope and graph-of-groups splittings
of free-by-cyclic groups, as well as the outer automorphisms of these groups. We
compute examples of L2-polytopes for certain families of free-by-cyclic groups. We
also discuss the conjecture made by Gardam–Kielak in [Obe20], which predicts that
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the seminorm on HompG;Rq induced by the L2-polytope encodes the complexity
of dual splittings of the free-by-cyclic group.

1.1 Subgroup separability

A subgroup H ď G is separable if for any g P GzH, there exists a finite quotient
π : G Ñ Q such that πpgq R πpHq. We say a group G is residually finite if the
trivial subgroup 1 ď G is separable. A group G is said to be subgroup separable if
every finitely generated subgroup of G is separable.

In this thesis we study the problem of subgroup separability for two families
of groups. First, we give a complete classification of subgroup separability for
free-by-cyclic groups with polynomially growing monodromies.

Theorem 4.0.1. Let Φ P OutpFnq be a polynomially growing outer automorphism.
Then G “ Fn ¸Φ Z is subgroup separable if and only if Φ is periodic.

Subgroup separability is a property which passes to subgroups. We show
that subgroup separability in polynomially growing free-by-cyclic groups is char-
acterised by the existence of a “poison” subgroup GNW given by the presentation

GNW “ xi, j, k, l | ri, js, rj, ks, rk, lsy.

Theorem 4.1.4. Let Φ P OutpFnq be a polynomially growing outer automorphism
and G “ Fn ¸Φ Z. Then, the following are equivalent:

1. The outer automorphism Φ has growth of order d “ 0;

2. G is virtually a direct product Fn ˆ Z;

3. G is subgroup separable;

4. G does not contain GNW .

On the other hand, we construct many separable subgroups of free-by-cyclic
groups:
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Proposition 4.2.1. Let G be a free-by-cyclic group and let H ď G be a finitely
generated subgroup. If H ď G is free-by-cyclic then H is separable in G.

In another direction, we study the problem of subgroup separability of deficiency-
one groups.

Theorem 5.0.1. Let G be a random group of deficiency one with respect to the
few-relator model (see Section 5.0.1). Then, with positive asymptotic probability
G is not subgroup separable.

Our main tool in proving Theorem 5.0.1 is a geometric condition for deciding
if a character φ : G Ñ Z of a deficiency-one group is semi-fibred ; that is φ is an
element of the BNS invariant ΣpGq, but ´φ is not. Another application of this is
a generalisation of a result of Dunfield–Thurston [DT06]:

Theorem 5.0.2. Let G be a random group of deficiency one with respect to the
few-relator model. Then G is free-by-cyclic with asymptotic probability bounded
away from 1.

1.2 Profinite rigidity

Let FGRF denote the class of all finitely generated residually finite groups. Let
C Ď FGRF be a sub-collection. A group G is almost profinitely rigid amongst the
groups in C if there are at most finitely many isomorphism types of groups in C
with the same finite quotients as G.

In this thesis, we study the problem of profinite rigidity within the class of
free-by-cyclic groups. A free-by-cyclic group is said to be irreducible if it admits
irreducible monodromy (see Section 3.1). We prove:

Theorem 6.6.4. Let G be an irreducible free-by-cyclic group. If b1pGq “ 1 then G
is almost profinitely rigid amongst irreducible free-by-cyclic groups.

We are also able to prove a stronger profinite rigidity result for generic free-
by-cyclic groups (see Section 6.1.1):

Corollary 6.6.6. Let G be a random free-by-cyclic group. Then G is almost
profinitely rigid amongst free-by-cyclic groups with asymptotic probability 1.
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In order to obtain our profinite rigidity results, we show that many properties
of free-by-cyclic groups are invariants of their profinite completion:

Theorem 6.5.7. Let G “ F ¸Φ Z be a free-by-cyclic group with induced character
φ : G Ñ Z. If b1pGq “ 1, then the following properties are determined by the
profinite completion pG of G:

1. The rank of F ;

2. The homological stretch factors tν`
G , ν

´
Gu;

3. The characteristic polynomials tCharΦ`,CharΦ´u of the action of Φ on
H1pF ;Qq;

4. For each representation ρ : G Ñ GLpn,Qq factoring through a finite quotient,
the twisted Alexander polynomials t∆φ,ρ

n ,∆´φ,ρ
n u and the twisted Reidemeister

torsions tτφ,ρ, τ´φ,ρu over Q.

Moreover, if G is conjugacy separable, (e.g. if G is hyperbolic), then pG also deter-
mines the Nielsen numbers and the homotopical stretch factors tλ`

G, λ
´
Gu.

1.3 Structure of fibred groups and polytopes

1.3.1 Hyperbolic groups

Let G be a torsion-free hyperbolic group which fibres algebraically with hyperbolic
kernel. Then G splits as a semidirect product

G » pFn ˚ Σ1 ˚ . . . ˚ Σkq ¸ Z,

where Fn is a free group of finite rank n and each Σi is a closed surface group. In
particular the cohomological dimension of G satisfies cdpGq ď 3. In Chapter 8 we
exploit this fact to construct exotic subgroups of hyperbolic groups. In particular,
we show:

Corollary 8.0.2. There exist infinitely many quasi-isometry classes of finitely gen-
erated subgroups of hyperbolic groups which are of type FPpQq and which are not
hyperbolic.
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In order to do this we give a general condition for constructing such exotic
subgroups, using the fibring criterion of Kielak [Kie20b] and its generalisation due
to Fisher [Fis21]:

Theorem 8.0.1. Let G be a torsion-free hyperbolic virtually special group with
cdQpGq ě 4. Suppose that the L2-Betti numbers of G satisfy b

p2q

i pGq “ 0 for
all i ď n. Then G contains a non-hyperbolic subgroup N ď G of type FPnpQq

and cdQpNq P tcdQpGq ´ 1, cdQpGqu. Moreover, if cdQpGq ď n then cdQpNq “

cdQpGq ´ 1.

1.3.2 L2-polytopes

The L2-polytope of a free-by-cyclic group is an invariant which encodes data about
algebraic fibrings. It is calculated via Friedl–Lück’s universal L2-torsion. In the
final chapter of this thesis we study the L2-polytope of free-by-cyclic groups. We
begin by explaining how to calculate the polytope of a free-by-cyclic group from
a topological representative of the monodromy. We also study the relationship
between cyclic splittings of a free-by-cyclic group and the structure of the poly-
tope, and the action of the outer automorphism group of a free-by-cyclic group
G on various subsets of characters of G. Finally, we calculate specific examples
of polytopes for free-by-cyclic groups and study free-by-cyclic groups which admit
polytopes of a particular shape. We study polytopes of free-by-cyclic groups with
finite order monodromy, as well as those which admit rank 2 and 3 fibres.

1.4 Organisation

This thesis is split into three parts. Part I is concerned with subgroup separability
of groups. In Chapter 4 we investigate subgroup separability of free-by-cyclic
groups. Chapter 5 studies subgroup separability in random deficiency-one groups.

Part II investigates profinite invariants of groups. In Chapter 6 we consider the
problem of profinite rigidity within the class of free-by-cyclic groups. We show that
many properties of free-by-cyclic groups are invariants of the profinite completion
and use this to deduce profinite rigidity results for certain classes of free-by-cyclic
groups.
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The final Part III is about the structure of groups which fibre and the L2-
polytope. In Chapter 8 we use a characterisation of hyperbolic groups that fibre
with hyperbolic kernel to produce exotic subgroups of hyperbolic groups. In Chap-
ter 9 we study the L2-polytope of free-by-cyclic groups.
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Chapter 2

Preliminaries

2.1 Bass–Serre theory

A (combinatorial) graph Γ consists of a tuple of sets pV pΓq, EpΓqq, together with
a fixed point free involution ´ : EpΓq Ñ EpΓq and a pair of maps

i, τ : EpΓq Ñ V pΓq,

such that ipēq “ τpeq for every e P E. We call elements in V pΓq the vertices of
Γ and elements in EpΓq the oriented edges of Γ. For each e P EpΓq, the vertex
ipeq is called the initial vertex of e and the vertex τpeq is the terminal vertex.
An orientation E`pΓq of Γ is a subset of edges E`pΓq Ď EpΓq such that the sets
E`pΓq and ĞE`pΓq together form a partition of the edge set EpΓq.

A morphism of graphs f : Γ Ñ Γ1 from Γ to Γ1 consists of a pair of set maps

fV : V pΓq Ñ V pΓ1
q and fE : EpΓq Ñ EpΓ1

q

such that fE ˝ i “ i ˝ fV and fEpēq “ ĘfEpeq, for all e P EpΓq. An isomorphism of
graphs is a morphism f : Γ Ñ Γ1 such that the maps fV and fE are bijective.

Fix an orientation E`pΓq of Γ. The topological realisation of the graph Γ

is a one-dimensional CW complex T pΓq constructed as follows. The 0-cells of
T pΓq are identified with the elements in V pΓq. The 1-cells of T pΓq are identified
with the elements of EpΓq` and the attaching maps are determined by the maps
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i, τ : EpΓq Ñ V pΓq. Any two choices of orientations of Γ give rise to homeomorphic
topological realisations. A graph Γ is said to be a tree if its topological realisation
T pΓq is simply connected.

A (topological) graph is a one-dimensional CW complex. By the discussion in
the previous paragraph, any combinatorial graph has a topological representative.
Moreover, isomorphic graphs give rise to homeomorphic topological representa-
tives. Conversely, any topological graph is a topological representative of a combi-
natorial graph and such a graph is well-defined up to isomorphism. As a result, we
will use the two points of view interchangeably, omitting the terms “combinatorial”
and “topological” when it is clear from the context which type of graph is meant.

A graph of groups G is a triple pΓ,G‚, ι‚q where Γ is a graph, G‚ encodes the
assignment of a group Gv to every vertex v P V pΓq and a group Ge to every edge
e P EpΓq so that Ge “ Gē, and ι‚ determines monomorphisms ιe : Ge ãÑ Gτpeq for
all edges e P EpΓq.

Let G “ pΓ,G‚, ι‚q be a graph of groups. Let F pEpΓqq denote the free group
with a free basis identified with the edges of Γ and define FG to be the free product

FG “ ˚
vPV pΓq

Gv ˚F pEpΓqq.

Let N Ĳ FG be the normal subgroup of FG given by the normal closure

N “ ⟪teē, @e P EpΓqqu Y teιepaqe´1
pιēpaqq

´1, @e P EpΓq, @a P Geu⟫.

Finally, let us fix a spanning tree T of the graph Γ. Then the fundamental group
of the graph of groups G with respect to the spanning tree T is the quotient group

π1pG, T q “ pFG{Nq {⟪te P EpT qu⟫.

Note that for any two different choices of spanning trees T and T0 of the graph
Γ, there exists an isomorphism between the corresponding fundamental groups of
graphs of groups, π1pG, T q » π1pG, T0q. We will sometimes suppress the choice of
spanning tree and write π1pGq to denote the fundamental group of the graph of
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groups G with respect to a spanning tree T . If G “ π1pGq then we say that G
admits a graph-of-groups splitting G.

Crucially, for any x P V pΓqYEpΓq the homomorphism Gx Ñ π1pGq is injective.

Example 2.1.1 (HNN extensions). Let G “ pΓ,G‚, ι‚q be a graph of groups where
Γ is a graph which consists of a single vertex and a single edge. Then there is a
unique spanning tree T of Γ which is given by the unique vertex. If G “ π1pG, T q

then G admits a presentation of the form

G “ xGv, t | t ιepaq t´1
“ ιēpaq @a P Gey.

We will often identify Ge with a subgroup of Gv via the monomorphism ιē, suppress
the notation for ιē, and define a homomorphism

θ : Ge Ñ Gv
a ÞÑ ιepaq.

We write G “ Gv ˚Ge,θ to denote the resulting group,

Gv ˚
Ge,θ

“ xGv, t | t´1at “ θpaq, @a P Gey.

We say Gv ˚Ge,θ is an Higman–Neumann–Neumann (HNN) extension of Gv over
Ge. Moreover, if Ge “ Gv then we say that Gv ˚Ge,θ is an ascending HNN extension,
and it is proper if the map θ : Gv Ñ Gv is not surjective.

For a group G, we define a G-tree T to be a tree T with an action

G Ñ AutpT q

g ÞÑ σg

which is without inversion, meaning that for all e P EpΓq, σgpeq ‰ ē. We will often
abuse notation by using the symbol g to denote the automorphism σg of T induced
by the element g P G. For any x P V pT q Y EpT q, we will write Gx to denote the
stabiliser of x under the action of G.
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An action of a group G on a tree T is said to be minimal if there are no proper
G-invariant subtrees. If g P G is an element which fixes a point in a G-tree T then
we say that g is elliptic, and otherwise we say that it is hyperbolic. If the element
g is hyperbolic then there exists a unique embedded line in T which is preserved
by the cyclic group generated by g. We call such a line the axis of g, and denote
it by Axispgq. A hyperbolic element g P G acts on its axis by translation.

Lemma 2.1.2. Let G be a group and T a G-tree. Let H Ď G be the subset of
hyperbolic elements in the G-tree T . If H is non-empty then there exists a unique
minimal G-invariant subtree T0 Ď T which is the union of the axes of hyperbolic
elements in G,

T0 “
ď

hPH
Axisphq.

Lemma 2.1.3. Let G be a finitely generated group and T a G-tree without a global
fixed point. Then G contains a hyperbolic element.

By combining Lemma 2.1.3 and Lemma 2.1.2, we deduce that for any finitely
generated group G and a G-tree T , there exists a minimal G-invariant subtree
T0 Ď T .

Lemma 2.1.4. Let G be a group and T a minimal G-tree. Let N be a non-trivial
normal subgroup of G and G1 ď G a finite-index subgroup. Then the induced
actions of N and G1 on T are minimal.

Let us also record the following elementary lemma which will be used through-
out.

Lemma 2.1.5. Let G be a group and suppose that G acts transitively on a set X.
Let N ď G be a normal subgroup and write π : G Ñ G{N to denote the quotient
map. Then for any element x P X, the set of orbits of x under the induced action of
N on the set X is in bijection with the set of cosets of πpstabGpxqq in the quotient
group G{N .

We associate to any G-tree T the quotient graph of groups GT “ pΓ,G‚, ι‚q

as follows. Let q : T Ñ GzT be the natural quotient map corresponding to the
identification of orbits under the action of G on T . Note that since G acts on T
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without inversion, the quotient GzT is indeed a graph. We let Γ “ GzT denote
the quotient graph. Now let us fix a spanning tree S of Γ and let f : S Ñ T be a
lift of S to T ; explicitly, f is a morphism such that q ˝ f “ idS. Fix an orientation
E`pΓq of Γ. For every e P E`pΓqzEpSq, let ê be the unique lift of e in EpT q such
that ipêq “ fpipeqq, and let te be an element of G such that te ¨ τpêq “ fpτpeqq.
We extend the assignment e ÞÑ te to all edges of EpΓq so that tē “ t´1

e and
te “ 1 for all e P EpSq. Finally, we extend the map f : EpSq Ñ EpT q to a map
f : EpΓq Ñ EpT q so that for every e P E`pΓq, fpeq “ ê and such that f commutes
with the involution map.

For each vertex v of Γ, we define the group Gv to be the stabiliser stabGpfpvqq

of the vertex fpvq in the G-tree T , and for each edge e P EpΓq we define Ge to
be the stabiliser Gfpeq of fpeq. For any e P EpΓq, the edge map ιe : Ge ãÑ Gτpeq is
defined by sending a ÞÑ t´1

e ate.
By construction, the inclusions Gx ãÑ G of the edge and vertex groups extend

to a homomorphism π1pGT , Sq Ñ G. Moreover, one can show that this homomor-
phism is surjective.

We summarise the above discussion with the following theorem:

Theorem 2.1.6 (Serre [Ser03, Theorem 13, Section 5.4]). Let G be a group and
T a G-tree. Let GT “ pGzT,G‚, ι‚q be the quotient graph of groups associated to
the action of G and the choice of spanning tree S Ď GzT (as defined above). Then
G admits a graph-of-groups splitting,

G “ π1pGT , Sq.

There is a useful converse to the above theorem:

Theorem 2.1.7 (Serre [Ser03, Section 5.3]). Let G “ π1pG, T q be a graph-of-
groups decomposition of G. Then there exists a minimal G-tree T such that G is
the quotient graph of groups for the action of G on T .

We will refer to the tree T obtained in Theorem 2.1.7 as the Bass–Serre tree
corresponding to the splitting G “ π1pG, T q.

Let G “ pΓ,G‚, ι‚q be a graph of groups. A subgraph-of-groups G1 of G is a
graph of groups pΓ1,G 1

‚, ι
1
‚q such that Γ1 is an induced subgraph of Γ, the assignment
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G 1
‚ is a restriction of G‚ to the subgraph Γ1 and ι1e “ ιe for all e P EpΓ1q. A subgraph-

of-groups is said to be proper if the defining graph is a proper subgraph. Let T
be a spanning tree of Γ such that T X Γ1 is a spanning tree of Γ1. Then the
fundamental group of the subgraph-of-groups G1 with respect to the spanning tree
T X Γ1 naturally embeds in the fundamental group of the graph of groups G with
respect to T .

A graph-of-groups splitting G “ π1pGq is said to be minimal, if there does not
exist a proper subgraph-of-groups G1 ď G so that G » π1pG1q.

Lemma 2.1.8. Let G be a group and T a G-tree. If the action of G on T is
minimal then the corresponding quotient graph of groups is minimal. Conversely,
if G admits a minimal graph-of-groups splitting, then the corresponding Bass–Serre
tree is a minimal G-tree.

2.2 Homological invariants

2.2.1 Ring and module theory

Remark 2.2.1. Every ring in this thesis is assumed to be associative and unital.

Let G be a group and R a ring. The (untwisted) group ring RG is defined to
be the set of all finite linear combinations of elements in G with coefficients in R,

RG :“

#

ÿ

gPG

λg g | finitely many λg P R are non-zero

+

.

The set RG admits the structure of a ring with the following addition and
multiplication operations

ÿ

gPG

λg g `
ÿ

gPG

µg g :“
ÿ

gPg

pλg ` µgq g and p
ÿ

gPG

λg gq ¨ p
ÿ

gPG

µg gq :“
ÿ

gPG
g1g2“g

pλg1 ¨ µg2q g

Let M be an R-module. A projective resolution P‚ of M over R, denoted by
P‚ Ñ M , is an exact sequence of projective R-modules

¨ ¨ ¨ Ñ Pn`1 Ñ Pn Ñ Pn´1 Ñ ¨ ¨ ¨ Ñ M Ñ 0.
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The resolution P‚ is said to be finite if there exists a finite integer n such Pn ‰ 0

and Pi “ 0 for all i ą n, and we call such n the length of the resolution.

Definition 2.2.2 (Ore condition). Let R be a ring and S Ď R a multiplicative
subset. The ring R satisfies the right Ore condition for S, if for any r P R and
s P S, there exists some u P R and v P S such that rv “ su. A ring R is a right
Ore domain if R is a domain and satisfies the right Ore condition with respect to
R ´ t0u.

Suppose that R satisfies the right Ore condition with respect to S. We define
an equivalence relation „R on the Cartesian product RˆS so that pr, sq „R pr1, s1q

if and only if there exist elements t, t1 P R such that rt “ r1t1 and st “ s1t1. The
Ore localisation of R with respect to S is the set of equivalence classes

OrepR, Sq “ pR ˆ Sq{„R

When R is an Ore domain and S “ R ´ t0u, we simply write

OrepRq :“ OrepR,R ´ t0uq.

Definition 2.2.3. A division ring R is a ring such that for any r P R´ t0u, there
exists s P R such that sr “ 1 and rs “ 1. Note that if such an element s exists
then it is unique. We call s the inverse of r and denote it by the symbol r´1.

For a division ring R and a subset S Ď R, we define the divison closure of S
in R to be the smallest subset S̄ Ď R such that if s P S̄ then s´1 P S̄.

Lemma 2.2.4. If R is an Ore domain then the Ore localisation OrepRq is a
division ring.

Let π : G↠ H be a group epimorphism with kernel K. Let ZK ˚H be the set
of all finite linear combinations

ř

hPH λh ˚ h of elements in H with coefficients in
the group ring ZK. Define addition to be pointwise as above. Fix a set-theoretic
section s : H Ñ G of π. Multiplication on ZK ˚H is defined by linearly extending
the operation

pλg ˚ gq ¨ pλh ˚ hq :“ λgadspgqpλhqspgqsphqspghq
´1

˚ gh,

15



where for any x P G, adx : ZK Ñ ZK is the function defined by linearly extending
the conjugation action by x on K, k ÞÑ xkx´1 for all k P K.

Lemma 2.2.5. The set ZK ˚ H is a ring and it is isomorphic to the (untwisted)
group ring G via the map ZG Ñ ZK ˚ H defined by linearly extending

g ÞÑ gps ˝ ϕqpgq
´1

˚ πpgq.

2.2.2 (Co)homology of groups

Definition 2.2.6. Let G a group and let P‚ be a projective resolution of R over
RG-modules. The group homology of G with coefficients in the left RG-module
M is defined to be

HnpG;Mq :“ HnpP‚ bRGMq.

The group cohomology of G with coefficients in the right RG-module N is

Hn
pG;Nq :“ Hn

pHomRGpP‚, Nqq.

Remark 2.2.7. For any two projective resolutions P‚ Ñ M and Q‚ Ñ M of
a given S-module M , there exists a chain homotopy equivalence P‚ » Q‚. In
particular, the isomorphism types of the homology and cohomology groups defined
above are independent of the choice of the projective resolution.

The cohomological dimension cdRpGq of a group G over the ring R is the
smallest integer n such that there exists an RG-projective resolution of the trivial
module R of length at most n. Equivalently, it is the smallest n such that the
cohomology of G with coefficients in any RG-module M vanishes in degree i for
all i ą n. We will sometimes write cdpGq to denote the cohomological dimension
of G over the ring Z.

There exists a characterisation of groups with cohomological dimension equal
to one, which is due to Stallings in the finitely generated case and later Swan in
the general case:

Theorem 2.2.8 (Stallings [Sta68], Swan [Swa69]). Let G be a group and R a ring.
Then G is free if and only if cdRpGq ď 1.
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A group G is said to be of type FPn over R, or of type FPnpRq, for some
n P N Y t8u if there exists an RG-projective resolution P‚ Ñ R such that the
first n terms P0, . . . , Pn´1 are finitely generated. It is said to be of type FP over
R, or FPpRq, if there exists a finite RG-projective resolution of R such that all
the terms are finitely generated. Again, if the ring R is not specified then the
finiteness properties are assumed to be over Z.

We will often use the following theorem to compare cohomological dimension
of groups in a short exact sequence. The first part of the theorem is a simple
application of the Lyndon–Hochschild–Serre spectral sequence, whereas the second
part is due to Fel’dman [Fel71].

Theorem 2.2.9. Let R be a ring. Consider a short exact sequence of groups

1 Ñ N Ñ G Ñ Q Ñ 1.

The cohomological dimensions of the groups in the short exact sequence over R
satisfy

cdRpGq ď cdRpNq ` cdRpQq. (2.1)

Moreover, if N is of type FPpRq and HnpN ;RNq is R-free, where n “ cdRpNq,
and if cdRpGq is finite then

cdRpGq “ cdRpNq ` cdRpQq.

We will now discuss how to compute group cohomology and homology using
graph-of-groups splittings. We will be using the same notation as in Section 2.1.

Theorem 2.2.10 (Chiswell [Chi76]). Let G be a group, R a ring and M an
RG-module. Suppose that G splits as a graph of groups G » π1pG, T q where
G “ pΓ,G‚, ι‚q and T Ď Γ is a spanning tree. Then there are exact sequences in
cohomology
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¨ ¨ ¨ H ipG;Mq
ś

vPV pΓq
H ipGv;Mq

ś

ePEpΓq
H ipGe;Mq

H i`1pG;Mq ¨ ¨ ¨

and in homology

¨ ¨ ¨
À

ePEpΓq
HipGe;Mq

À

vPV pΓq
HipGv;Mq HipG;Mq

À

ePEpΓq
Hi´1pGe;Mq ¨ ¨ ¨

We will refer to the sequences obtained in Theorem 2.2.10 as the Mayer–
Vietoris exact sequence in cohomology, resp. homology, for the graph-of-groups
splitting G » π1pG, T q.

Let G be a group of type FPpQq. The Euler characteristic of G is defined to
be the alternating sum

χpGq :“
ÿ

iě0

p´1q
i

¨ rankQHipG;Qq.

The following proposition follows immediately from the Mayer–Vietoris exact se-
quence:

Proposition 2.2.11. Suppose that G is the fundamental group of a finite graph
of groups pΓ,G‚, ι‚q where the vertex and edge groups are all of type FPpQq. Then
G is of type FPpQq and

χpGq “
ÿ

vPV pΓq

χpGvq ´
ÿ

ePEpΓq

χpGeq.

Definition 2.2.12. The classifying space, or a K(G,1) complex, for a group G is
a connected CW-complex X such that π1pXq » G and πipXq “ 1 for all i ě 2.

A group G is said to be of type Fn if there exists a classifying space for G with
a finite n-skeleton. The group G is of type F if there exists a finite classifying
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space for G. Any group of type Fn is also of type FPnpRq for any ring R, however
the converse does not hold in general (see [BB97, Section 6]).

2.2.3 L2-invariants, Linnell division ring and the Atiyah con-

jecture

The aim of this subsection is to give a brief introduction to the theory of L2-
invariants of groups. In certain settings it is possible to realise L2-Betti numbers
of groups as ranks of free modules over certain division rings. This is the approach
that will be taken in this thesis. As a result, we will not elaborate on the functional
analytic definitions. For full details the interested reader is advised to consult
Lück’s excellent book on the subject [Lüc94].

Let G be a discrete group. We write L2pGq to denote the Hilbert space of
square-summable formal sums over G with coefficients in C,

L2
pGq :“

#

ÿ

gPG

λgg, λg P C :
ÿ

|λg|
2

ă 8

+

.

The group von Neumann algebra N pGq of G is the algebra of G-equivariant
bounded operators from L2pGq to L2pGq. It has a natural N pGq-ZG-bimodule
structure.

LetX be a CW-complex with a cellularG-action, and let pC‚pXq, B‚q denote the
corresponding cellular ZG-chain complex. Define the L2-homology of the complex
X to be

Hp2q
p pX;Gq :“ HppN pGq bZG C‚pXqq “ ker Bp

L

cl pim Bp`1q ,

where clpim Bp`1q denotes the closure of im Bp`1 in the Hilbert space ker Bp.
The p-th L2-Betti number bp2q

p pX;Gq of X is defined to be

bp2q
p pX;Gq :“ dimN pGqpH

p2q
p pX;Gqq,

Here dimN pGqp ¨ q denotes the extended von Neumann dimension of an N pGq-
module in the sense of Lück [Lüc02, Definition 6.20].
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The p-th L2-Betti number of a group G is defined to be the p-th L2-Betti
number of any classifying space X for G,

bp2q
p pGq :“ bp2q

p pX;Gq.

As observed above, elements of G act as bounded operators L2pGq Ñ L2pGq

and hence there is a natural embedding QG Ď N pGq. We define the Linnell
ring DpGq of a group G to be the division closure of QG in the Ore localisation
OrepN pGq, Sq, where S is the set of non-zero divisors of N pGq (see Section 2.2.1
for the definitions). The Ore localisation OrepN pGq, Sq is indeed a division ring
as a result of Lemma 2.2.4 combined with the following theorem:

Theorem 2.2.13 (Lück [Lüc02, Theorem 8.22]). The group von Neumann algebra
N pGq satisfies the Ore condition with respect to the set S of non-zero divisors in
N pGq.

The Atiyah conjecture predicts rationality of the von Neumann dimension of
the kernel of any bounded operator L2pGqn Ñ L2pGqm. For the sake of brevity,
we will omit the precise definition and instead use the following characterisation
which follows from the work of Linnell:

Definition/Theorem 2.2.14 (Linnell [Lin93]). A torsion-free group G satisfies
the strong Atiyah conjecture over Q if the Linnell ring DpGq is a division ring.

We will hereafter abuse terminology and say that a torsion-free groupG satisfies
the Atiyah conjecture when we mean that G satisfies the strong Atiyah conjecture
over Q as in Definition/Theorem 2.2.14.

Example 2.2.15. The following classes of groups satisfy the Atiyah conjecture:

1. Extensions of direct unions of free groups by elementary amenable groups
(Linnell [Lin93]);

2. Virtually compact special groups in the sense of Haglund–Wise [HW08]
(Schreve [Sch14]); and
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3. Subgroups of torsion-free groups which satisfy the Atiyah conjecture (Lück
[Lüc02, Lemma 10.4]).

Theorem 2.2.16 (Lück [Lüc02, Lemma 10.28(3)]). Let G be a torsion-free group
which satisfies the Atiyah conjecture. Then the L2-Betti numbers of G satisfy

b
p2q

i pGq “ rankDpGqHipG;DpGqq.

We record a useful theorem:

Theorem 2.2.17 (Lück [Lüc02, Theorem 1.39]). Let G be a group which admits
a normal subgroup N Ĳ G which is of type F and such that G{N » Z. Then all
of the L2-Betti numbers of G vanish.

2.3 Profinite completions of groups

An inverse system of groups consists of a directed poset pJ,ĺq, an indexed system
of groups pHiqiPJ and a family of homomorphisms ϕij : Hj Ñ Hi for i ĺ j which
satisfy the following properties: for any i P J , ϕii is the identity homomorphism,
and for any triple i, j, k P J with i ĺ j ĺ k, we have that ϕik “ ϕjk ˝ ϕij.

The inverse limit of an inverse system of groups pHj, ϕijq, denoted by lim
ÐÝjPJ

Hj,
is defined to be the set

lim
ÐÝ
jPJ

Hj :“ tphiqiPJ | ϕijphjq “ hi whenever i ĺ ju Ď
ź

iPJ

Hi.

For each i P J , let pi : lim
ÐÝjPJ

Hj Ñ Hi denote the natural projection onto the
Hi-coordinate. Then, for any group K which admits a family of surjective homo-
morphisms tqi : K Ñ HiuiPJ such that whenever i ĺ j, we have that ϕij ˝ qj “ qi,
there exists a unique homomorphism f : K Ñ lim

ÐÝjPJ
Hj, so that the following

diagram commutes for all i ĺ j,
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K

lim
ÐÝjPJ

Hj

Hj Hi

f

qj qi

pj pi

ϕij

We call this the universal property of the inverse limit lim
ÐÝjPJ

Hj.
A profinite group H is a group which can be realised as the inverse limit of an

inverse system pHi, ϕijq of finite groups. We equip each finite group Hi with the
discrete topology and

ś

iPJ Hi with the product topology. Then the inverse limit
lim
ÐÝjPJ

Hj is endowed with the subspace topology coming from the inclusion

lim
ÐÝ
jPJ

Hj Ď
ź

iPJ

Hi.

Proposition 2.3.1. The profinite group H with the subspace topology coming from
the inclusion H Ď

ś

iPJ Hi is a compact Hausdorff topological group.

Proof. Since each Hi is compact, by Tychonoff’s theorem we have that the product
ś

iPJ Hi is compact. Moreover, lim
ÐÝjPJ

Hj is closed since it is the intersection of
closed subsets,

lim
ÐÝ
jPJ

Hj “
č

iĺj

tphiqiPJ : ϕijphjq “ hiu.

Since lim
ÐÝjPJ

Hj is a closed subspace of a compact space, it follows that it is compact.
Moreover, the product

ś

iPJ Hi is Hausdorff and hence lim
ÐÝjPJ

Hj is also Hausdorff.
Note that the product

ś

iPJ Hi is a group with binary operation defined by
coordinate-wise multiplication. It is trivial to check that lim

ÐÝjPJ
Hj is non-empty

and furthermore it forms a subgroup of
ś

iPJ Hi. Moreover,
ś

iPJ Hi is a topological
group and thus so is lim

ÐÝjPJ
Hj.

In practice, when working with the topology on a profinite group H we will
often use the following result:
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Lemma 2.3.2. Let H “ lim
ÐÝiPJ

Hi be a profinite group. For any element h P H

where h “ phiqiPJ , there is a basis of open neighbourhoods of h which is given by
tp´1

i phiq : i P Ju.

We also need to record the following fact:

Lemma 2.3.3. Let H be a profinite group. Then a subgroup of H is open if and
only if it is closed and of finite index.

In fact, we can say more. A profinite group H is said to be topologically finitely
generated if there exists a finite collection of elements γ1, . . . , γn P H such that

H “ xγ1, . . . , γny.

Theorem 2.3.4 (Nikolov–Segal [NS07]). Let H be a topologically finitely generated
profinite group. Then every finite-index subgroup of H is open.

Corollary 2.3.5. Let H a topologically finitely generated profinite group and K a
profinite group. Then any group homomorphism ϕ : H Ñ K is continuous.

Let G be a discrete group and tNiuiPJ the family of all finite-index normal
subgroups of G. There is a natural poset structure on J given by i ĺ j whenever
Nj ď Ni. If i ĺ j, define ϕij : G{Nj ↠ G{Ni to be the natural quotient. Then
pG{Ni, ϕijq forms an inverse system of groups. The profinite completion pG of G is
the inverse limit of the inverse system pG{Ni, ϕijq,

pG :“ lim
ÐÝ
iPJ

G{Ni.

The universal property of the inverse limit lim
ÐÝiPJ

G{Ni implies that there is a
natural map

ι : G Ñ pG

g ÞÑ pπipgqqiPJ .

Lemma 2.3.6. The image ιpGq of the map ι is a dense subgroup of pG.
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Proof. For contradiction, suppose that there exists an open subset U of pG which
is disjoint from ιpGq. By Lemma 2.3.2, U contains an open subset of the form
p´1
i pgiq, for some gi P G{Ni. Choose a lift g P G of the element gi P G{Ni. Then
pipιpgqq “ gi and thus g P p´1

i pgiq X ιpGq. This is a contradiction.

In particular, we see that if G is finitely generated then the profinite completion
pG is topologically finitely generated.

For a group G, the profinite topology on G is the topology induced by the map
ι : G Ñ pG. Concretely, it is the coarsest topology on G so that the map ι : G Ñ pG

is continuous. It is not difficult to see that the profinite topology admits a basis
of open sets given by the set of cosets of finite-index normal subgroups of G. Let
N ď G be a finite-index normal subgroup and tx1, . . . , xku a collection of coset
representatives. Then each coset

xiN “ G ´
ď

j‰i

xjN

is the complement of an open subgroup, and thus is closed.

Remark 2.3.7. Note that for any subgroup H of G of finite index, there exists
a normal subgroup of finite index N Ĳ G which is contained in H. Hence, the
profinite topology on G admits a basis of open sets given by left cosets of finite-
index subgroups of G.

Lemma 2.3.8. Let G be a group and H ď G a subgroup. Then, the following are
equivalent.

1. H is separable in G.

2. H is the intersection of normal finite-index subgroups.

3. H is the intersection of finite-index subgroups.

Definition 2.3.9. The group G is said to be residually finite if the trivial subgroup
1 ď G is closed in the profinite topology on G.

Lemma 2.3.10. The map ι is injective if and only if G is residually finite.
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Proof. If g P G is such that ιpgq “ 1 then g is contained in the intersection of
all finite-index normal subgroups of G. On the other hand, the trivial subgroup
1 ď G is closed in the profinite topology exactly when it is the intersection of a
sub-collection of finite-index normal subgroups.

Let G be a residually finite, finitely generated group. There is a one-to-one
correspondence

tH ďf G finite-index subgroupu Ñ tK ďo
pG open subgroupu

H ÞÑ ĘιpHq
(2.2)

so that

1. H Ĳ G is a normal subgroup if and only if ĘιpHq Ĳ pG;

2. the index of H in G satisfies rG : Hs “ r pG : ĘιpHqs; and

3. if H is normal in G, then G{H » pG{ĘιpHq.

We say a subgroup H of G is separable in G if it is closed in the profinite
topology on G. A subgroup H is fully separable in G, if every finite-index subgroup
H 1 ď H is closed in the profinite topology on G.

Proposition 2.3.11. Let G be residually finite and suppose that H ď G is a fully
separable subgroup. Then there exists an isomorphism

ĘιpHq » pH.

Proof. Since G is residually finite, the map ι is injective and thus we may identify
H with its image ιpHq. Hence ĘιpHq is equal to the inverse limit

ĘιpHq “ lim
ÐÝ
jPJ

pjpHq.

Thus there exists an epimorphism

pH ↠ ĘιpHq
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given by projecting onto the coordinates which correspond to the finite-index nor-
mal subgroups of H of the form H{pHXNiq, where Ni ď G is a finite-index normal
subgroup of G. Clearly the epimorphism is injective if for every finite-index normal
subgroup Hi ď H, there exists a finite-index normal subgroup Ni ď G such that
H XNi ď Hi. But Hi is closed in the profinite topology on G and thus it is equal
to the intersection of some collection of finite-index subgroups of G.

Finally, we encode the following useful lemma:

Lemma 2.3.12. If G and H are finitely generated abelian groups and pG » pH then
G » H.

Corollary 2.3.13. Let G and H be finitely generated groups and suppose that
pG » pH. Then Gab » Hab and in particular b1pGq “ b1pHq.
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Chapter 3

OutpFnq and free-by-cyclic groups

Let Fn denote the free group of rank n. An automorphism of Fn is said to be
inner if it acts by conjugation by a fixed element of Fn. The set of all inner
automorphisms InnpFnq forms a normal subgroup of AutpFnq called the inner
automorphism group. The outer automorphism group of Fn is the quotient

OutpFnq “ AutpFnq{InnpFnq.

The group OutpFnq of outer automorphisms of the free group Fn is a natural
and widely studied object in geometric group theory. A range of powerful tools has
been developed to study OutpFnq. As a result, much is known about its geometry,
cohomological properties, subgroup structure and actions on measure spaces, see
e.g. [CV86, BFH00, BFH05, GH21b].

In this thesis we will be studying free-by-cyclic groups, which are mapping
tori of elements in OutpFnq. We will investigate how the structure of a free-by-
cyclic group is impacted by the properties of its monodromy maps. To that end,
we will begin this chapter by recalling the definitions of dynamical properties of
elements in OutpFnq, such as growth and irreducibility, as well as the theory of
their topological representatives including relative train tracks. In the second part
of this chapter, we will discuss known facts about free-by-cyclic groups which will
be used throughout the thesis.
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3.1 Growth and irreducibility

Let X be a free basis of the free group Fn. For any g P Fn, we denote by |g|X

the length of the reduced word representative of g. We write |ḡ|X to denote the
minimal length of a cyclically reduced word representing a conjugate of g.

An outer automorphism Φ P OutpFnq acts on the set of conjugacy classes of
elements in Fn. Given a conjugacy class ḡ of an element g P Fn, we say that ḡ
grows polynomially of degree d under the iteration of Φ, if there exist constants
A,B ą 0 such that for all k ě 1

Akd ď |Φk
pḡq|X ď Bkd.

We say g grows exponentially if there exists a a constant µ ą 1 such that for all
k ě 1

µk ď |Φk
pḡq|.

For any two free generating sets X and Y of Fn, the word metrics with respect
to X and Y are bi-Lipschitz equivalent. It follows that the growth of a conjugacy
class under Φ does not depend on the specific choice of free basis for Fn.

We say the outer automorphism Φ P OutpFnq grows polynomially of degree d if
there exists an element g P Fn whose conjugacy class grows polynomially of degree
d and such that every other conjugacy class grows polynomially of degree ď d.
We say Φ grows exponentially if there exists an exponentially-growing conjugacy
class.

Proposition 3.1.1. Let Φ P OutpFnq be an outer automorphism which grows
polynomially of degree d. Then, the following hold:

• d ď n ´ 1;

• d “ 0 if and only if Φ has finite order in OutpFnq.

We say an outer automorphism Φ P OutpFnq is atoroidal if there does not exist
a non-trivial conjugacy class of elements of Fn which is periodic or , equivalently,
grows polynomially of degree 0 under the iterations of Φ.
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Definition 3.1.2. A free factor system of Fn is a non-empty collection of conju-
gacy classes trrF 1ss, . . . , rrF kssu of subgroups of Fn such that F 1 ˚ ¨ ¨ ¨ ˚F k is a free
factor of Fn. If each F i is non-trivial then it is said to be a non-trivial free factor
system. A free factor system is said to be proper if it is not equal to trrFnssu.

Given an outer automorphism Φ P OutpFnq and a free factor system F “

trrF 1ss, . . . , rrF kssu, we say that F is Φ-invariant if Φ permutes the conjugacy
classes in F .

An outer automorphism Φ is said to be reducible if there exists a non-trivial
proper Φ-invariant free factor system. If Φ is not reducible then it is irreducible.
An automorphism Φ is fully irreducible if Φk is irreducible for all k ě 1.

Theorem 3.1.3 (Dowdall–Kapovich–Leininger [DKL15, Corollary B.4]). Let Φ P

OutpFnq be atoroidal. Then Φ is irreducible if and only if Φ is fully irreducible.

3.2 Topological representatives for elements in OutpFnq

Let Rn denote the graph which consists of a single vertex and n edges, and call
it the rose with n petals. We identify the fundamental group of Rn with the free
group Fn by fixing an orientation on edges and labelling the edges by the elements
of the free basis X of Fn. Then, an automorphism ϕ P AutpFnq defines a homotopy
equivalence ρ : Rn Ñ Rn which fixes the unique vertex of Rn and expands each
edge labelled by the generator x P X to an edge path labelled by the reduced word
in X representing φpxq. We call such ρ the standard topological representative of
φ.

A topological representative of an outer automorphism Φ P OutpFnq is a tuple
pf,Γq, where Γ is a connected graph and f : Γ Ñ Γ is a homotopy equivalence
which induces Φ. More precisely, there exists a homotopy equivalence α : Rn Ñ Γ

such that the following diagram commutes up to homotopy,

Rn Rn

Γ Γ

α

ρ

α

f
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Here, ρ : Rn Ñ Rn is the standard topological representative of an automorphism
ϕ which represents Φ.

We will also always assume that f preserves the set of vertices of Γ and is
locally injective on the interiors of the edges of Γ.

Irreducible representatives

Fix an orientation E`pΓq of Γ and an ordering of the edges in E`pΓq. The incidence
matrix A of f is the matrix with entries aij, where aij is the number of occurrences
of the unoriented edge ej in the edge-path fpeiq. Recall that a non-negative integral
n-by-n square matrix M is said to be irreducible if for any i, j ď n, there exists
some k ě 1 such that the pi, jq-th entry ofMk is positive. We say that a topological
representative pf,Γq is irreducible if its incidence matrix A is an irreducible matrix.

By the Perron–Frobenius Theorem (see Chapter 2 in [Sen06]), if the topological
representative pf,Γq is irreducible then the spectral radius ρpAq of its incidence
matrix A is equal to an eigenvalue λ of A, which is known as the Perron–Frobenius
eigenvalue. Furthermore, ρpAq ě 1 and equality holds exactly when A is a permu-
tation matrix. We will call λ the stretch factor of f .

We say that a subgraph of a graph is non-trivial if it has a component which
is not a vertex.

Proposition 3.2.1 (Bestvina–Handel [BH92]). An outer automorphism Φ P OutpFnq

is irreducible if and only if every topological representative pf,Γq of Φ, where Γ has
no valence-one vertices and no non-trivial f -invariant forests, is irreducible.

The stretch factor of an irreducible outer automorphism Φ is the infimum of
the stretch factors of the irreducible topological representatives of Φ. By the proof
of Theorem 1.7 in [BH92], the infimum is realised. We will write λpΦq to denote
the stretch factor of Φ.

Lemma 3.2.2. Let n ě 2 and C ą 1. There exist at most finitely may conjugacy
classes of irreducible elements in OutpFnq with stretch factor at most C.

Proof. We mimic the proof of the analogous result is the setting of mapping class
groups of surfaces from [FM12, Theorem 14.9].
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Let CVn denote the Culler–Vogtmann Outer space. For ϵ ą 0, write CVnpϵq

to denote the thick part of CVn, which is defined as the set of all metric graphs Γ
in CVn such that the length of every loop α in Γ satisfies ℓΓpαq ě ϵ. We consider
CVn as a metric space with the Lipschitz metric.

Let tΦiuiPI be a collection of irreducible elements in OutpFnq which are non-
pairwise conjugate, and such that λpΦiq ď C for each i P I. Suppose first that
λpΦiq “ 1 for all i P I. Then each Φi has finite order in OutpFnq. Every finite
order element in OutpFnq is induced by a periodic automorphism of a graph with
no valence-one and valence-two vertices. In particular, there are finitely many
finite order elements in OutpFnq and hence I is finite.

Suppose now that some Φi has infinite order. Without loss of generality, we
may assume that every Φi has infinite order. Let ϵ “ 1{pp3n´ 3qpC ` 1q3n´2q. By
[FMS21, Proposition 2.14], each axis of Φi is contained in the ϵ-thick part CVnpϵq.

Since action of OutpFnq on the thick part CVnpϵq is cocompact, there exists
some compact subset K Ď CVnpϵq such that

Ť

gPOutpFnq
g ¨K “ CVnpϵq. Thus, for

each i P I there is an element Ψi P OutpFnq which is conjugate to Φi and such
that AxispΨiq XK ‰ H. Let NlogCpKq denote the plogCq-neighbourhood of K in
CVnpϵq. Then, Ψi ¨ NlogCpKq X NlogCpKq ‰ H for all i P I. Since the thick part
CVnpϵq is proper, we have that NlogCpKq is a compact subset. Hence, since the
action of OutpFnq on CVnpϵq is proper, it must be the case that I is finite.

The general case

Let pf,Γq be a topological representative. A filtration of length l of pf,Γq is a
sequence of subgraphs

H “ Γ0 Ď Γ1 Ď . . . Ď Γl “ Γ, (3.1)

so that fpΓiq Ď Γi for all i. The closure Si “ ClpΓizΓi´1q is called the i -th stratum
of the filtration. We reorder the edges in E`pΓq so that whenever i ă j, the edges
in Γi precede the edges in Γj. The filtration is said to be maximal if the square
submatrix Ai of the incidence matrix A which corresponds to the i-th stratum is
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either the zero matrix, or it is irreducible. It is a standard fact that any topological
representative admits a maximal filtration which is unique up to reordering of the
strata. Note that pf,Γq is irreducible if and only if it admits a maximal filtration
of length one.

A non-zero stratum Si of a filtration is said to be an exponentially-growing stra-
tum if the Perron–Frobenius eigenvalue of the incidence matrix Ai of f restricted
to Si is strictly greater than one, and otherwise it is called a non-exponentially-
growing stratum. For a topological representative pf,Γq, we write λf (or λ if there
is no risk of confusion) to denote the maximal Perron–Frobenius eigenvalue taken
over all the non-zero strata of the maximal filtration of pf,Γq, and we call it the
(homotopical) stretch factor of f .

For an outer automorphism Φ, we define the stretch factor λpΦq of Φ to be
the infimum, taken over all the bounded topological representatives pf,Γq of Φ,
of λmax, where λmax denotes the maximum stretch factor of the non-zero strata
in a maximal filtration of pf,Γq. A bounded topological representative pf,Γq of
Φ P OutpFnq is a topological representative where the number of exponentially-
growing strata is bounded by 3n ´ 3, and each exponential stratum has stretch
factor which is the Perron–Frobenius eigenvalue of an irreducible square matrix
of dimensions bounded above by 3n ´ 3. This condition ensures that, for any
constant C, there are finitely many values of the maximal stretch factor λmax ď C

which can be realised by a bounded topological representative. It follows that the
infimum ΛpΦq is realised, and moreover it is realised by a bounded relative train
track representative pf,Γq.

(Relative) train tracks

A topological representative pf,Γq is said to be a train track if every positive power
of f is locally injective on the interiors of edges.

Theorem 3.2.3 (Bestvina–Handel [BH92]). Every irreducible outer automorphism
Φ P OutpFnq admits a train track representative.

Define a map Df on the set of (oriented) edges of Γ, so that for each edge
e P EpΓq, Dfpeq is the first oriented edge in the edge-path fpeq. A turn in Γ
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is a set of edges te1, e2u in Γ such that the initial vertices of e1 and e2 coincide.
The turn te1, e2u is degenerate if e1 “ e2 (as oriented edges), and non-degenerate
otherwise. The map Df induces a map on the set of turns defined by

Dfte1, e2u “ tDfpe1q, Dfpe2qu.

A turn is said to be legal if its image under Dfk is non-degenerate for every k ě 0.
A locally injective path γ : I Ñ Γ is said to be legal, if for any two consecutive
oriented edges pe1, e2q in the image of γ, we have that te´1

1 , e2u is a legal turn.
Let tSiu denote the strata of a maximal filtration of pf,Γq as in (3.1). The

topological representative pf,Γq is a relative train track if the following conditions
are satisfied for every exponentially-growing stratum Si:

1. For every edge e in Si, Dfpeq is also an edge of Si.

2. For any locally injective path γ in Γi´1 with endpoints in Γi´1 XSi, the path
f ˝ γ also has endpoints in Γi´1 XSi and f ˝ γ cannot be homotoped relative
its endpoints to the trivial path.

3. For any locally injective legal path γ in Hi, f ˝γ is locally injective and does
not contain illegal turns in Hi.

A useful consequence of the definition of relative train tracks is the following,
which is Lemma 5.10 in [BH92].

Lemma 3.2.4. Let pf,Γq be a relative train track map. Fix an exponentially-
growing stratum Si of pf,Γq and let λi denote its stretch factor. Then there exists
a map defined on the edge set of Γ,

Li : EpΓq Ñ Rě0,

such that for every edge e in Si, Lipeq ą 0 and Lipfpeqq “ λi ¨ Lipeq.

A periodic Nielsen path in pf,Γq is a locally injective path γ : I Ñ Γ such that
for some k ą 0, the map fk ˝ γ is homotopic to γ relative endpoints. The least
such integer k is called the period of γ. A periodic Nielsen path is indivisible if it
cannot be realised as a concatenation of non-trivial periodic Nielsen paths.
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Theorem 3.2.5 (Bestvina–Handel [BH92]). Every outer automorphism Φ P OutpFnq

admits a topological representative which is a relative train track.

Moreover, it is possible to obtain greater control of the Nielsen paths if one
allows passing to a power of the outer automorphism:

Theorem 3.2.6 (Bestvina–Feighn–Handel [BFH00]). For every outer automor-
phism Φ P OutpFnq, there exists integer k ą 0 such that Φk admits a topological
representative which is a relative train track and such that every periodic Nielsen
path has period one, and each exponentially-growing stratum intersects at most one
indivisible Nielsen path.

Representatives for polynomially growing automorphisms

We call a topological representative pf,Γq upper triangular if f fixes every vertex
of Γ and if pf,Γq admits a maximal filtration

H “ Γ0 Ď Γ1 Ď . . . Ď Γl “ Γ,

such that the following two properties hold:

1. Each graph Γi is obtained from Γi´1 by adding a single edge ei.

2. For each i, the map f sends ei to the concatenation eipi, where pi is either
trivial or an immersed loop contained in Γi´1.

Moreover, we will assume that f fixes each vertex of Γ.
Recall that a matrix A P GLnpRq is unipotent if it is conjugate in GLnpRq to

an upper triangular matrix with 1’s on the diagonal.

Definition 3.2.7. An outer automorphism Φ P OutpFnq is unipotent polynomially
growing (UPG) if it is polynomially growing and the induced automorphism Φab

in GLnpZq is unipotent.

Theorem 3.2.8 (Bestvina–Feighn–Handel [BFH00]). Any UPG outer automor-
phism Φ P OutpFnq admits a relative train track representative which is upper
triangular.
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Lemma 3.2.9. Any polynomially growing outer automorphism Φ P OutpFnq ad-
mits a positive power Φk which is UPG.

3.3 Free-by-cyclic groups

A group G is said to be free-by-cyclic if it fits into a short exact sequence

1 Ñ F Ñ G
φ
ÝÑ Z Ñ 1, (3.2)

where F is a non-trivial free group of finite rank and Z is an infinite cyclic group.
Abusing notation, we identify F with its image under the monomorphism in the

short exact sequence (3.2). Let us fix a free generating set of the subgroup F , F “

xx1, . . . , xny, and let t P G be an element which is mapped to the positive generator
of Z under φ. The conjugation action of t on F ď G induces an automorphism
ϕ P AutpF px1, . . . , xnqq, and G admits the structure of a semidirect product

G » F ¸ϕ xty :“ xx1, . . . , xn, t | xti “ ϕpxiq @iy. (3.3)

We will call ϕ the monodromy, F the fibre and t P G the stable letter associated
to the splitting (3.3). We call the map φ : G Ñ Z the standard fibring associated
to the splitting.

Note that for any two elements t1, t2 P φ´1p1q, the monodromies of the corre-
sponding semidirect product splittings F ¸ xt1y and F ¸ xt2y differ by an inner au-
tomorphism. Conversely, if ϕ, ψ P AutpFnq are such that ϕ “ adx˝ψ for some inner
automorphism adx P AutpFnq, then there is an isomorphism Fn¸ϕxt1y Ñ Fn¸ψxt2y

which acts as the identity on the fibre and sends t1 ÞÑ t2x. Moreover, the stan-
dard fibrings corresponding to the two splittings are equal. Thus, for an element
Φ P OutpFnq, we write GΦ “ Fn¸ΦZ to denote the isomorphism class of the group
Gϕ, for any representative ϕ of Φ.

Moreover, different choices of free generating sets of the fibre F give rise to con-
jugate monodromies. We summarise the previous observations with the following
lemma:
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Lemma 3.3.1. Let Φ,Ψ P OutpFnq be outer automorphisms with representatives
ϕ P Φ, ψ P Ψ. Let Gϕ “ Fϕ ¸ϕ xty and Gψ “ Fψ ¸ψ xsy and χϕ : Gϕ Ñ Z,
χψ : Gψ Ñ Z be the standard characters. Then the following are equivalent:

1. The outer automorphisms Φ and Ψ are conjugate in OutpFnq.

2. There exists an isomorphism f : Gϕ Ñ Gψ such that χϕ “ χψ ˝ f .

3. There exists an isomorphism f : Gϕ Ñ Gψ such that fpFϕq “ Fψ and fptq P

sFψ.

Proof. p1q ñ p2q Let Φ and Ψ be conjugate elements of OutpFnq with representa-
tives ϕ and ψ, respectively. Let ω P AutpFnq and x P Fn be such that ϕω “ adxψ.
We define a map f : Gϕ Ñ Gψ such that fptq “ sx and fpaq “ ω´1paq for all
a P Fϕ. Then

fpt´1atq “ x´1s´1ω´1
paqsx “ adxψω

´1
paq “ ω´1ϕpaq “ fpϕpaqq,

for all a P Fϕ. Hence f is a homomorphism and furthermore it is clear that f is
bijective.
p2q ñ p3q We have that fpkerχϕq “ kerχψ and thus fpFϕq “ Fψ. Also

χψ ˝ fptq “ χϕptq “ 1.

Hence fptq P χ´1
ψ p1q “ sFψ.

p3q ñ p1q Let x P Fψ be such that fptq “ sx. Then

fpϕpaqq “ fpt´1atq “ adxψfpaq

for all a P Fϕ. After identifying Fn » Fψ and Fn » Fϕ, the map f when restricted
to Fϕ induces an element of AutpFnq.

We will record some basic facts about free-by-cyclic groups which will be used
throughout this thesis:

Lemma 3.3.2. If G is free-by-cyclic then G has the following properties:
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1. It is torsion free;

2. It is one ended;

3. It is of type F;

4. The cohomological dimension of G is equal to two.

Proof. Item 1. Note that if G is free-by-cyclic then it is an HNN extension of a
torsion free group and thus by the normal form theorem for HNN extensions it is
torsion free.

Item 2. Suppose that G is not one ended. If G is two ended then G is virtually
infinite cyclic. This contradicts the fact that G contains an infinite normal sub-
group F of infinite index. Hence G must be infinitely ended. Since G is torsion
free by Item 1, it follows that G splits as a free product G “ G1 ˚ G2, where G1

and G2 are non-trivial groups. Let T be the Bass–Serre tree corresponding to the
free splitting. Let F Ĳ G be the fibre of a free-by-cyclic splitting of G. The action
of G on T is minimal, and hence since F is a normal subgroup of G, Lemma 2.1.4
implies that the induced action of F on T is also minimal. Since F is finitely
generated, it must be the case that the quotient graph F zT is finite. In particular,
the induced action of F on T has finitely many orbits of edges. However, since the
G-stabiliser of each edge is trivial, the number of orbits of edges under the action
of F must be infinite by Lemma 2.1.5. This is a contradiction.

Item 3. Fix a free-by-cyclic splitting G “ F ¸ϕ Z of G for some ϕ P AutpF q.
Let ρ : Rn Ñ Rn be the standard topological representative of ϕ. Recall that the
mapping torus of ρ is defined as the quotient space

Mρ :“
Rn ˆ r0, 1s

pρpxq, 0q „ px, 1q
.

Applying Seifert-Van Kampen’s Theorem, we see that π1pMρq » Fn ¸ϕ Z. More-
over, the universal cover ĂMρ of Mρ deformation retracts onto a point. Hence, Mρ

is a finite classifying space for G and thus it is of type F.

Item 4. By the proof of Item 3, it follows that G admits a two-dimensional
classifying space and thus cdpGq ď 2. Since G is one ended by Item 2 and hence
not free, by the Stallings–Swan Theorem 2.2.8 it follows that cdpGq ą 1.

37



Lemma 3.3.3. Let G be a free-by-cyclic group and φ : G Ñ Z a homomorphism
with finitely generated kernel. Then kerφ is free.

Proof. By the Stallings–Swan Theorem 2.2.8 it suffices to prove that kerφ has
cohomological dimension equal to one, cdRpkerφq “ 1, for some ring R.

We start by showing that kerφ is of type FP2. This follows by Feighn–Handel’s
Theorem 3.3.5, which shows that all finitely generated subgroups of a free-by-cyclic
groups are finitely presented and thus of type FP2. We choose to take a more direct
approach here, inspired by the work of Kochloukova [Koc06]. For the convenience
of the reader we sketch the proof of [Koc06, Theorem 1] in our particular case.

By Sikorav’s Theorem 5.0.5, in order to show that kerφ is of type FP2 it suffices
to prove that the Novikov homology (see Section 5.0.2) vanishes in degree two,

H2pG, xZG
˘φ

q “ 0.

Since kerφ is finitely generated, by Sikorav’s Theorem we have that for i “ 0, 1,

HipG, xZG
˘φ

q “ 0.

By the proof of Lemma 3.3.2, the presentation complex of G with respect to
any free-by-cyclic presentation gives rise to a free resolution of Z over ZG-modules,
which is of the form

0 Ñ ZGn B2
ÝÑ ZGn`1 B1

ÝÑ ZG B0
ÝÑ Z

for some n ě 1. After tensoring the chain complex by the Novikov ring xZG
φ
, we

obtain a chain complex

0 Ñ p xZG
φ

q
n idbB2

ÝÝÝÑ p xZG
φ

q
n`1 idbB1

ÝÝÝÑ xZG
φ idbB0

ÝÝÝÑ 0,

which is exact in dimensions 0 and 1. It then follows that id b B2 maps onto an
n-dimensional direct summand of the module p xZG

φ
qn`1. Hence,

id b B2 : p xZG
φ

q
n

Ñ Impid b B2q

38



can be represented by a square matrix M with coefficients in the ring xZG
φ

which
is onto. Then by [Koc06, Theorem 3], M is also injective. It follows that

H2pG, xZG
˘φ

q “ kerpid b B2q “ 0.

Since the cohomological dimension of a free-by-cyclic group is equal to 2 by
Item 4 in Lemma 3.3.2, and kerφ is of type FP2, by Fel’dman’s Theorem 2.2.9 it
follows that cdQpkerφq “ 1 and thus kerφ is free.

3.3.1 Subgroups of free-by-cyclic groups

We start with a simple observation:

Lemma 3.3.4. Let G be a free-by-cyclic group. Then any finite-index subgroup
G1 ď G is also free-by-cyclic.

Proof. Let φ : G Ñ Z be the standard fibring of G corresponding to a free-by-cyclic
splitting. There is an induced homomorphism from G1 to Z obtained by restricting
φ to the subgroup G1 ď G. Let k P Z denote the positive generator of φpG1q ď Z.
Define a homomorphism φ1 : G1 Ñ Z by sending x ÞÑ 1

k
¨ φpxq for every x P G1.

Then the map φ1 is surjective and

kerφ1
“ kerφ X G1

ď kerφ.

Since G1 ď G is a finite-index subgroup, it follows that kerφ1 ď kerφ is a finite-
index subgroup and thus it is free of finite rank.

In [FH99], Feighn–Handel determine the structure of all finitely generated sub-
groups of ascending HNN extensions of free groups. The following theorem sum-
marises their results, which we state only for free-by-cyclic groups.

Theorem 3.3.5 (Feighn–Handel [FH99]). Let G “ F ¸ϕ Z be a free-by-cyclic
group and let φ : G Ñ Z be the character associated to this fibring, and t the stable
letter. Let H be a finitely generated subgroup of G.

1. If H ď kerφ then H is free.

39



2. Otherwise, the cyclic subgroup φpHq is generated by some k ą 0 and there
exist finite subsets A,B Ď F and x P F such that adxϕkpAq ď xA,By, and

H “ xA,B, s | s´1as “ adxϕ
k
paq, @a P Ay,

where s “ xtk.

The Feighn–Handel structure theorem implies that free-by-cyclic groups satisfy
a strong form of coherence:

Corollary 3.3.6. If G is free-by-cyclic then every finitely generated subgroup H ď

G is of type F.

Free-by-cyclic groups are L2-acyclic by Theorem 2.2.17, and thus by the work
of Gaboriau–Nous [GN21] every infinite-index subgroup of a free-by-cyclic group
has vanishing second L2-Betti number. Combining this with the characterisation
of Feighn–Handel, we get the following dichotomy for subgroups of free-by-cyclic
groups:

Proposition 3.3.7. Let G be a free-by-cyclic group and H a finitely generated
subgroup. Then either,

1. χpHq “ 0 and b
p2q

1 pHq “ 0, in which case H is free-by-cyclic or infinite
cyclic; or

2. χpHq ă 0 and bp2q

1 pHq ą 0, in which case H is an HNN extension of a finite
rank free group over a proper free factor.

3.3.2 Cyclic splittings

In this subsection we will record some facts about splittings of free-by-cyclic groups.
We start with the following general lemma. We say a graph of groups pΓ,G‚, ι‚q is
admissible if it satisfies the following.

1. For any edge e in Γ with distinct endpoints, the edge inclusions ιe and ιē are
non-surjective.
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2. If Γ has a single (oriented) edge e then the edge inclusions ιe and ιē are
non-surjective.

Lemma 3.3.8 (Cashen–Levitt [CL16, Proposition 2.5]). Let G be a group and
φ : G Ñ Z a homomorphism with finitely generated kernel. Suppose that G admits
an admissible graph-of-groups splitting G “ π1pΓ,G‚, ι‚q. Then φpGeq ‰ 0 for every
edge e P EpΓq.

Let G be free-by-cyclic and suppose that G is the fundamental group of an
admissible graph of groups G “ pΓ,G‚, ι‚q with infinite cyclic edge groups. It
follows that each vertex group is finitely generated and by Corollary 3.3.6, it is of
type F. Hence by Proposition 2.2.11 the Euler characteristic of G is equal to

χpGq “
ÿ

vPV pΓq

χpGvq.

By Proposition 3.3.7, each vertex group satisfies χpGvq ď 0. Then since χpGq “ 0,
it must be the case that the Euler characteristic of every vertex group vanishes.
Thus Proposition 3.3.7 implies that each vertex group is infinite cyclic or free-by-
cyclic.

Now write G “ F ¸ xty and let φ : G Ñ Z be the fibring corresponding to
this splitting. Consider the induced action of the fibre F on the Bass–Serre tree
T corresponding to the graph of groups G “ pΓ,G‚, ι‚q with infinite cyclic edge
groups above. The action is minimal by Lemma 2.1.4. The fibre F intersects each
edge group trivially by Lemma 3.3.8. Hence the action of F on T induces a free
splitting of F . Moreover, the quotient group G{F acts on the quotient F zT and
the resulting quotient is the graph Γ,

pG{F q z pF zT q » Γ.

The following theorem summarises the discussion above:

Theorem 3.3.9. Let G be a free-by-cyclic group with an admissible graph-of-
groups splitting G “ π1pΓ,G‚, ι‚q where the edge groups are infinite cyclic. Let
φ : G Ñ Z be a homomorphism with finitely generated kernel kerφ and monodromy
Φ P Outpkerφq. Then the following hold.
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1. Every edge group Ge intersects the kernel kerφ trivially.

2. The collection trrkerφ X Gvss | v P V pΓqu forms a Φ-invariant free factor sys-
tem for kerφ.

We end this chapter with the following simple observation:

Proposition 3.3.10. Let G be a free-by-cyclic group which admits an admissible
graph-of-groups splitting pΓ,G‚, ι‚q where each edge group is infinite cyclic. Then
for every edge e P EpΓq and vertex v P V pΓq, the maps

H1pGe, Rq Ñ H1pG,Rq and H1pGv, Rq Ñ H1pG,Rq

induced by subgroup inclusion Ge Ñ G and Gv Ñ G are non-trivial, for R P tZ,Ru.

3.3.3 Polynomially growing monodromy

In Section 3.2, we saw that unipotent polynomially growing outer automorphisms
admit relative train track representatives which are upper triangular. This has
strong consequences on the algebraic structure of the corresponding free-by-cyclic
groups.

Indeed, using the notation from Section 3.2, let f : Γ Ñ Γ be an upper trian-
gular representative of Φ P OutpF q with corresponding maximal filtration

H “ Γ0 Ď Γ1 Ă . . . Ď Γl “ Γ,

such that Γi “ Γi´1 Y teiu and fpeiq “ eipi.
Suppose that the topmost edge el is separating. Then Γl´1 is partitioned into

Γl´1 “ Γ1
n´1 Y Γ2

n´1 and fpΓil´1q Ď Γil´1 for each i. We have that π1pΓq » F and
the fundamental group of each Γil´1 can be identified with a free factor F i of F
such that F “ F 1 ˚ F 2. We write fi to denote the restriction of f to Γin´1, and Φi

the restriction of Φ to F i. Let Mf and Mfi denote the mapping tori of f and fi.
Let bi be the endpoint of the topmost edge el contained in Γil´1, for each i, and let
ti be the unique edge in Mf which is based at bi and which is not contained in Γ.
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By Seifert-Van Kampen’s Theorem,

π1pMf , b1q » π1pMf1 , b1q ˚xt1y“xt2p
´1
n y π1pMf2 , b2q

» pF 1
¸Φ1 xtyq ˚xty“xsρ´1y pF 2

¸Φ2 xsyq,
(3.4)

where we fix a path joining b1 to b2 and thus identify π1pMf2 , b2q with a subgroup
of π1pMf , b1q, so that ρ is the image of pn under this identification.

Similarly, if en is non-separating then Γn´1 is connected and fpΓn´1q Ď Γn´1.
Let b1 and b2 be the endpoints of en, and t1 and t2 be the edges in Mf ∖ Γ based
at b1 and b2, respectively. Fix a path γ joining b1 to b2 in Γn´1 and let ρ be
the element of π1pMf , b1q corresponding to the concatenation of paths γpnfpγq´1.
Then Fn » F 1 ˚ xsy with ΦpF 1q “ F 1, and

π1pMf , b1q » π1pMf1 , b1q ˚
xt1y„xt2p

´1
n y

»
`

F 1
¸Φ1 xty

˘

˚
xty„xtρ´1y

.
(3.5)

Let C be a collection of groups. A C-hierarchy for a group G is an iterated
sequence of graph-of-groups splittings such that the edge groups are in C. We say
a group G is in VZH if it has a subgroup of finite index which admits a finite
Z-hierarchy which terminates in groups from Z, where Z is the class of infinite
cyclic subgroups of G.

Theorem 3.3.11. Let G be a free-by-cyclic group. Then G admits polynomially
growing monodromy Φ if and only if G is contained in VZH.

Proof. If G admits polynomially growing monodromy, then by Lemma 3.2.9 there
exists a finite-index subgroupG1 ď G which is a free-by-cyclic group with unipotent
polynomially growing monodromy. Then, by the discussion above, G1 admits a Z-
hierarchy.

Conversely, suppose that G is free-by-cyclic and G1 ď G is a finite-index sub-
group which admits a Z-hierarchy. By Lemma 3.3.4, G1 is also free-by-cyclic. Let
F Ĳ G1 be the fibre of a fibration and ϕ P AutpF q an automorphism so that
G1 “ F ¸ϕ Z.
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By the discussion in Section 3.3.2, at each level of the hierarchy, the vertex
groups Gv are infinite cyclic or free-by-cyclic and of the form

Gv “ pF X Gvq ¸adx¨ϕk Z,

for some x P F and k ‰ 0.
By restricting the action of G on the Bass–Serre tree corresponding to the Z-

splitting at each level of the Z-hierarchy, we obtain a hierarchy over the trivial
subgroup for the fibre F . The automorphism ϕ acts periodically on the conjugacy
classes of the vertex groups at each level, and thus induces a topological represen-
tative f which permutes the edges and the vertices of the graph of groups at each
level of the hierarchy.

Hence, there is a graph Γ with π1pΓq » F , and a topological representative
f : Γ Ñ Γ, together with a filtration of Γ coming from the hierarchy, so that for a
sufficiently high iterate fN of f , we have that pfN ,Γq is upper triangular in the
sense of Section 3.2.

Note that the outer automorphism Φ is polynomially growing if and only if ΦN

is polynomially growing. Moreover, induction on the length of the filtration shows
that any outer automorphism with upper triangular topological representative is
polynomially growing.

In particular, Theorem 3.3.11 shows that if there exist outer automorphisms
Φ P OutpFnq and Ψ P OutpFmq such that

Fn ¸Φ Z » Fm ¸Φ Z,

then Φ is polynomially growing if and only if Ψ is polynomially growing. More
generally, Macura shows that the growth of the monodromy is an invariant of the
quasi-isometry class of a free-by-cyclic group [Mac02].
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3.4 Geometry of free-by-cyclic groups

Let G be a group with a finite generating set S. Recall that G is said to be
hyperbolic, if the Cayley graph of G with respect S has slim triangles ; that is,
there exists some number δ ě 0 such that for any triangle τ , each side of τ is
contained in the δ-neighbourhood of the union of the remaining sides.

Let H be a collection of of subgroups of G. The coned-off Cayley graph
CaypG,S;Hq of G with respect to H, is defined as

CaypG,S;Hq :“ Cay

˜

G,S Y
ď

HPG
H

¸

.

A group G is relatively hyperbolic with respect to a peripheral system of sub-
groups H, if the coned-off Cayley graph CaypG,S;Hq is hyperbolic and satisfies
the bounded coset penetration property (see [Far98, Section 3.3]).

The geometry of the free-by-cyclic group GΦ :“ Fn ¸ΦZ is intimately linked to
the dynamics of the monodromy Φ, as illustrated by the following theorem which
combines results by multiple authors:

Theorem 3.4.1 (Brinkmann [Bri00a], Dahmani–Li [DL20], Hagen [Hag19], Genevois–Hor-
bez [GH21a]). Let Φ P OutpFnq be an outer automorphism.

1. The mapping torus GΦ is hyperbolic if and only if Φ is atoroidal.

2. The mapping torus GΦ is relatively hyperbolic if and only if Φ is exponentially
growing.

3. The mapping torus GΦ is acylindrically hyperbolic if and only if Φ has infinite
order in OutpFnq.

We say an outer automorphism Φ P OutpFnq is geometric if it is induced by a
homeomorphism of a surface of finite type.

Theorem 3.4.2 (Mutanguha [Mut21, Theorem A.4], Dicks–Ventura [DV93]).
Suppose that Φ P OutpFnq is an irreducible outer automorphism and that Φ is
not atoroidal. Then the mapping torus GΦ is isomorphic to the fundamental group
of a compact 3-manifold M with boundary. If Φ has infinite order in OutpFnq then
M is hyperbolic and otherwise it is Seifert fibred.
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Theorem 3.4.3 (Mutanguha [Mut21]). An element Φ P OutpFnq is atoroidal and
irreducible if and only if G has no infinite-index free-by-cyclic subgroups.

An important corollary of the above theorem which will be used throughout
this thesis is the following:

Corollary 3.4.4 (Mutanguha [Mut21]). Let Φ P OutpFnq and Ψ P OutpFmq be
outer automorphisms such that Fn ¸Φ Z » Fm ¸Ψ Z. Then Φ is irreducible if and
only if Ψ is irreducible.

The following table encodes the results discussed in this section. Any two
properties in a given row are equivalent to each other and G “ Fn¸ΦZ is assumed
to be a free-by-cyclic group throughout.

Geometry Dynamics Algebra

CaypGq is hyperbolic Φ is atoroidal G contains no Z2 subgroups
CaypGq is relatively hyperbolic Φ is exponentially growing G R VZH

G admits a non-elementary acylindrical Φ has infinite order in OutpFnq G has trivial center
action on a hyperbolic space

G admits a geometric action ? ?
on a CAT(0) space

? Φ is irreducible G contains no infinite-index
and atoroidal free-by-cyclic subgroups

G is the fundamental group Φ is irreducible ?
of a geometric 3-manifold and not atoroidal

Figure 3.1: Table encoding the relationships between the geometry and algebra of a
free-by-cyclic group and the dynamics of its monodromy.
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Part I

Subgroup separability
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Chapter 4

Subgroup separability of
free-by-cyclic groups

A group G is said to be subgroup separable if every finitely generated subgroupH ď

G is closed in the profinite topology on G. Subgroup separability initially gained
prominence through its applications to low-dimensional topology and specifically
3-manifold theory, as it allows for certain immersions to be lifted to embeddings
in finite degree covers. It has since become useful in a much wider group-theoretic
setting, in particular in studying profinite rigidity of groups. For instance, Hughes–
Kielak [HK22] showed that algebraic fibring is a profinite invariant of subgroup
separable groups.

By a classical result of M. Hall [Hal49], finitely generated free groups are known
to be subgroup separable. More recently, D. Wise [Wis00] showed that if G is the
fundamental group of a finite graph of finite rank free groups with cyclic edge
groups, then G is subgroup separable if and only if it is balanced ; that is, there
does not exist a non-trivial element g P G such that gn is conjugate to gm, for some
n ‰ ˘m. Any free-by-cyclic group is balanced, and furthermore, if it admits a
linearly growing UPG monodromy then it can be realised as a mapping torus of a
cyclic splitting of a finite-rank free group [AM22, Proposition 5.2.2]. It is therefore
tempting to conjecture that such free-by-cyclic groups are subgroup separable. In
this chapter we will show that this is almost never true.
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Theorem 4.0.1. Let Φ P OutpFnq be a polynomially growing outer automorphism.
Then G “ Fn ¸Φ Z is subgroup separable if and only if Φ is periodic.

Since the property of being subgroup separable passes to subgroups, Theo-
rem 4.0.1 combined with standard results on polynomial subgroups of free-by-cyclic
groups (see e.g. [Lev09, Proposition 1.4]), implies the following corollary:

Corollary 4.0.2. Let Φ P OutpFnq and let G “ Fn ¸Φ Z.

1. If Φ acts periodically on every conjugacy class of elements in Fn (equivalently,
if Φ is a finite-order outer automorphism) then G is subgroup separable.

2. If there exists a conjugacy class ḡ in Fn which grows polynomially of order
d ą 0 under the action of Φ then G is not subgroup separable.

Leary–Niblo–Wise construct examples of hyperbolic free-by-cyclic groups which
are not subgroup separable, by realising such groups as ascending, non-descending
HNN extensions of finitely generated free groups [LNW99]. It is interesting to note
that whilst the failure of subgroup separability in the Leary–Niblo–Wise examples
is due to the non-symmetric nature of the BNS invariant, free-by-cyclic groups
with polynomially growing monodromies have symmetric BNS invariants [CL16].

In the other direction, we will see that there is a class of subgroups of free-by-
cyclic groups which are always separable.

Proposition 4.2.1. Let G be a free-by-cyclic group and H ď G a free-by-cyclic
subgroup. Then H is separable in G.

4.1 Polynomially growing automorphisms

Recall that an outer automorphism Φ P OutpFnq is said to be unipotent polyno-
mially growing (abbreviated to UPG), if it is polynomially growing and its image
in GLpn,Zq is unipotent. It is a well-known fact that every polynomially growing
Φ P OutpFnq has a positive power Φk which is UPG.

The aim of this section is to prove that mapping tori of polynomially growing
outer automorphisms are non-subgroup separable, unless the outer automorphism
has finite order. We will reduce the problem to studying linearly growing UPG
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outer automorphisms. The mapping tori of such automorphisms are analogous to
fundamental groups of graph manifolds. More precisely,

Proposition 4.1.1. Let Φ P OutpFnq be a linearly growing UPG element and
G “ Fn ¸Φ Z. There exists a simplicial G-tree T with maximal Z2-edge stabilisers
and maximal Fm ˆ Z vertex stabilisers, where 2 ď m ď n.

The above proposition follows from the Parabolic Orbits Theorem in [CL95,
CL99] (see also [AM22, Theorem 2.4.9] and the discussion which follows it).

Inspired by the work of Niblo–Wise [NW01] on subgroup separability of graph
manifolds, we will show show that the mapping torus of every linearly growing
UPG element Φ P OutpFnq contains a non-subgroup separable “poison” subgroup.
Since subgroup separability is a property which passes to subgroups, this will be
enough to conclude that Fn ¸Φ Z is not subgroup separable.

Our poison subgroup arises as the fundamental group of a link compliment
given by the presentation

GNW “ xi, j, k, l | ri, js, rj, ks, rk, lsy.

Niblo–Wise proved that it is not subgroup separable in [NW01, Theorem 1.2],
building on the work of Burns–Karrass–Solitar [BKS87].

The proof of the following proposition is strongly inspired by the argument
used to prove Lemma 4.1 and Theorem 2.1 in [NW01].

Proposition 4.1.2. Let Φ P OutpFnq be a linearly growing UPG element and
G “ Fn ¸Φ Z. The group GNW embeds as a subgroup of G.

Proof. Let T be the simplicial tree obtained in Proposition 4.1.1 and identify G

with the fundamental group of the quotient graph of groups, G » π1pT {G, vq.
Note that since Φ has growth of order greater than zero, it must be the case that
the vertex v admits at least one incident edge e.

Suppose first that e “ rv, ws has distinct endpoints v ‰ w. Note that the
stabilisers Gv and Gw of the vertices v and w, respectively, have infinite cyclic
centers. Let tv P Gv and tw P Gw be the generators of the centers of Gv and Gw,
respectively.
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Suppose that tv P ZpGwq. Then tv “ tkw for some integer k ‰ 0. It follows that
the subgroup of G generated by Gv and Gw has infinite cyclic center generated by
tv. Since every subgroup of a free-by-cyclic group is free-by-cyclic, where the free
fibre possibly has infinite rank, and since xGv,Gwy is finitely generated, we deduce
that it is of the form F ˆ Z where F is finite-rank free. But this contradicts the
maximality of Gv. Hence tv is not contained in the center of Gw, and so there exists
an element gw P Gw which does not commute with tv. Similarly, there exists an
element gv P Gv which does not commute with tw.

Let K “ xgv, tv, tw, gwy ď G. We have that rgv, tvs “ rtv, tws “ rtw, gws “ 1,
and so there exists an epimorphism

GNW Ñ K

i ÞÑ gv, j ÞÑ tv, k ÞÑ tw, l ÞÑ gw.

Normal forms show that the epimorphism is injective.
Suppose now that the endpoints of the edge e coincide. Let s P G be the

element of G corresponding to the loop e. Then, the subgroup of G generated by
the stabiliser Gv of v and its conjugate Gsv :“ s´1Gvs, is isomorphic to xGv,Gsvy »

Gv˚Ge
ĎGv, where ĎGv » Gsv denotes a copy of Gv. Observe now that the same argument

as above proves that GNW embeds into xGv,Gsvy, and thus into G.

The following result will be used to reduce to the case of linearly growing
outer automorphisms. It exists in the literature in various forms (see e.g. [Mac02],
[Hag19]). The proof of the exact statement below can be found in [AHK22, Propo-
sition 2.5].

Proposition 4.1.3. Let Φ P OutpFnq be UPG with growth of order d ě 2. Then
G “ Fn ¸Φ Z splits as the fundamental group of a graph of groups with vertex
groups isomorphic to mapping tori Fk ¸Ψ Z with Ψ P OutpFkq a UPG element
with growth of order at most d ´ 1; moreover, there exists a vertex group with
polynomially growing monodromy of order exactly d ´ 1.

We are now ready to state and prove our main theorem:

Theorem 4.1.4. Let Φ P OutpFnq be a polynomially growing outer automorphism
and G “ Fn ¸Φ Z. Then, the following are equivalent:
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1. The outer automorphism Φ has growth of order d “ 0;

2. G is virtually a direct product Fn ˆ Z;

3. G is subgroup separable;

4. G does not contain GNW .

Proof. The equivalence of p1q and p2q follows from Proposition 3.1.1. The im-
plication p2q ñ p3q follows from the well-known fact that direct products of the
form Fn ˆ Z are subgroup separable (see e.g. [AG73]), and the fact that sub-
group separability is a commensurability invariant. Niblo–Wise show that GNW

is not subgroup separable in [NW01, Thoerem 1.2], and thus any subgroup which
contains GNW is not subgroup separable, which gives the implication p3q ñ p4q.

It remains to show p4q ñ p1q. Suppose that Φ has growth of order d ą 0. We
recall that for every outer automorphism Φ P OutpFnq there exists some integer
k ą 0 such that Φk is UPG. The element Φk has the same polynomial growth rate
as Φ, and G1 :“ Fn ¸Φk Z is isomorphic to a finite-index subgroup of G “ Fn ¸ΦZ.
Since subgroup separability is a commensurability invariant, it follows that there
is no loss of generality in assuming that Φ is UPG.

The proof now follows by induction on the degree of growth. The base case
d “ 1 is exactly Proposition 4.1.2. For the inductive step, apply Proposition 4.1.3
to deduce that if Φ has growth of order d ě 2, then it splits as a graph of groups
where some vertex group is a mapping torus of an UPG outer automorphism with
growth of order d ´ 1.

4.2 Separable subgroups of free-by-cyclic groups

Proposition 4.2.1. Let G be a free-by-cyclic group and let H ď G be a finitely
generated subgroup. If H ď G is free-by-cyclic then H is separable in G.

Proof. Fix a fibred character φ : G Ñ Z ofG. Let F “ kerφ be the fibre, t P φ´1p1q

the stable letter and let ϕ P AutpF q be the automorphism corresponding to the
conjugation action of t on F in G. Let H ď G be a free-by-cyclic subgroup and
g P GzH an element in the complement.

52



By Theorem 3.3.5, there exist a finitely generated subgroup A ď F , an element
y P F and a positive integer k such that ϕkpAq “ yAy´1, and

H “ xA, tkyy » A ¸ xtkyy.

The element g can be expressed as g “ btm, for some b P F and m P Z. Suppose
that m is not a multiple of k. Let Ck denote the finite group of order k and
consider the epimorphism π : G Ñ Ck, which maps each element of F to 0, and
which sends t to a generator of Ck. It follows that πpHq “ 0 and πpgq ‰ 0.

Suppose now that m “ kl for some l P Z. Then g “ b1ptkyql, for some b1 P F ,
and since g R H it must be that b1 R A. By Marshall Hall’s theorem, there exists
a finite-index subgroup F 1 ď F such that b1 R F 1 and A ď F 1. Let N “ rF : F 1s.
Let ady denote the inner automorphism of F which acts by conjugation with y.
Note that ady ¨ ϕk : F Ñ F permutes the subgroups of F of index N . Hence
there exists some positive integer M such that pady ¨ ϕkqMpF 1q “ F 1. Let F 2 “
ŞM´1
i“0 pady ¨ ϕkqipF 1q. Then ady ¨ ϕkpF 2q “ F 2 and A ď F 2. Furthermore, since

F 2 ď F 1, we have that b1 R F 2. Thus G1 “ xF 2, tkyy – F 2 ¸ xtkyy is a finite-index
subgroup of G, such that g R G1 and H ď G1. The result now follows.

Corollary 4.2.2. Let G be a free-by-cyclic group. If H ď G is a free-by-cyclic
subgroup then H is fully separable in G. In particular H̄, the closure of H in pG,
is isomorphic to pH.

Proof. Every finite-index subgroup of G is free-by-cyclic by Lemma 3.3.4 and thus
separable by Proposition 4.2.1. The result now follows from Proposition 2.3.11.

We will need the following proposition later. It is a special case of [BR20,
Lemma 2.2] but we include a proof for completeness.

Proposition 4.2.3. Let G be a finitely generated, residually finite group and
φ : G Ñ Z an epimorphism. If N “ kerφ is finitely generated, then N is fully
separable in G.

Proof. By Proposition 2.3.11, it suffices to prove that every finite-index subgroup
N 1 ďf N of N is closed in the profinite topology on G. Note that since N is finitely
generated, for any such subgroup N 1 ďf N there exists a finite-index subgroup
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G1 ďf G such that φ induces an epimorphism φ1 : G1 Ñ Z with N 1 “ kerφ1. Since
G1 has finite index in G, every subset of G1 which is closed in the profinite topology
on G1 is also closed in the profinite topology on G. Hence it suffices to show that
N is closed in the profinite topology on G. To that end, fix t P φ´1p1q and let
g P GzN . Then φpgq “ k, for some k ‰ 0. Let C|k|`1 denote the cyclic group of
order |k| ` 1. Define a homomorphism π : G Ñ C|k|`1 which sends t to a generator
of C|k|`1 and all the elements of N to 0. Then πpgq ‰ 0, whereas N ď kerπ.
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Chapter 5

Generic behaviour of deficiency-one
groups

This chapter studies the problem of subgroup separability in random deficiency-one
groups. It is a general fact that if a group G has an integral character φ : G Ñ Z
which is contained in the Bieri–Neumann–Strebel (BNS) invariant, and ´φ is
not contained in the BNS invariant, then G is not subgroup separable. We will
leverage this fact to prove that many random groups which admit deficiency-one
presentations are not subgroup separable:

Theorem 5.0.1. Let G be a random group of deficiency one with respect to the
few-relator model (see Section 5.0.1). Then, with positive asymptotic probability
G is not subgroup separable.

Kielak–Kropholler–Wilkes show that a random few-relator deficiency-one group
is free-by-cyclic with positive asymptotic probability [KKW22]. Our methods for
proving Theorem 5.0.1 imply that such a group is not free-by-cyclic with positive
probability, generalising a result of Dunfield–Thurston [DT06] who prove this for
2-generator 1-relator groups.

Theorem 5.0.2. Let G be a random group of deficiency one with respect to the
few-relator model. Then G is free-by-cyclic with asymptotic probability bounded
away from 0 and 1.

55



A random 2-generator 1-relator group is virtually free-by-cyclic, almost surely
[KKW22, Corollary 2.10]. The analogous result in the deficiency-one case is not
known.

The key technical tool in this chapter is Lemma 5.0.9 which characterises the
maps φ : G Ñ Z which are not contained in the BNS invariant of G, in terms of
the minima of φ evaluated at the suffixes of the relators. This approach is similar
in flavour to that of Brown’s algorithm [Bro87], a classical tool used to calculate
the BNS invariant of 2-generator 1-relator groups. However, as we are (in general)
no longer in the realm of 1-relator groups, the characterisation that we obtain is
less clean than that in [Bro87], and the methods used to prove it are completely
different.

5.0.1 Random groups

Let k P Z. A deficiency k presentation is a presentation of the form

xx1, . . . , xm | r1, . . . , rny,

where m ´ n “ k, and r1, . . . , rn are non-empty reduced words in the alphabet
tx˘

1 , . . . , x
˘
mu. A group G is said to be of deficiency k if it admits a deficiency k

presentation and it does not admit a deficiency k1 presentation, for any k1 ě k.
In this article, we will use the few-relator model for random groups. After fixing

n ě 1 and m ě 1, and for every l ě 1, we write Rl to denote the set of group
presentations of the form xx1, . . . , xm | r1, . . . , rny, where each ri is a cyclically
reduced non-empty word in the alphabet tx˘

1 , . . . , x
˘
mu of length ď l. For any

given property P of groups, we say that a presentation satisfies the property P if
the corresponding group satisfies it. The property P is said to hold with asymptotic
probability p, for some 0 ď p ď 1, if

#tpresentations in Rl which satisfy Pu

#Rl

Ñ p as l Ñ 8.
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The property P is said to hold with positive asymptotic probability if

lim inf lÑ8

#tpresentations in Rl which satisfy Pu

#Rl

ą 0.

The probability is said to be bounded away from 1 if it holds with asymptotic
probability p ă 1. Finally, we say that the property P holds almost surely if it
holds with asymptotic probability p “ 1.

A random presentation on m generators and n relators, with m ´ n “ k, will
correspond to a deficiency k group, almost surely [Wil19b]. Hence, it makes sense
to talk of a random deficiency k group.

5.0.2 Bieri–Neumann–Strebel invariants and the Novikov

ring

Definition 5.0.3 (Bieri–Neumann–Strebel [BNS87]). The Bieri–Neumann–Strebel
invariant (also known as the BNS invariant) ΣpGq of a group G, is the set of non-
zero homomorphisms φ : G Ñ R such that the monoid tg P G | φpgq ě 0u is
finitely generated.

Let G be a group and φ : G Ñ Z a homomorphism. The Novikov ring yQG
φ

of G with respect to φ, is the set of all formal sums x “
ř

gPG λgg where λg P Q,
such that for any r P R, the intersection supppxq X φ´1pp´8, rsq is a finite set.
Multiplication and addition in yQG

φ
are defined in the obvious way, so that the

natural inclusion QG ď yQG
φ

is an embedding of rings.

Lemma 5.0.4. Let G be group and φ : G Ñ Z a homomorphism. Then, for
infinite-order elements g P G and α P Qˆ, g ´ α is a unit in yQG

φ
if and only if

φpgq ‰ 0.

Proof. Suppose φpgq ‰ 0. If φpgq ą 0 then the formal sum

h “ α´1
¨

8
ÿ

i“0

pα´1gq
i

is an element of yQG
φ
, and pα´ gqh “ hpα´ gq “ 1. If φpgq ă 0, then φpg´1q ą 0

and since g is a unit in yQG
φ
, it follows that g ´ α “ αgpα´1 ´ g´1q is also a unit.
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Suppose that φpgq “ 0. For contradiction, assume that there exists some
h P yQG

φ
such that pg ´ αqh “ 1. Write h “

ř

kPG λkk, where the coefficients
λk P Q are such that for any r P R, there are only finitely many elements k P G

with φpkq ď r and λk ‰ 0. Since pg ´ αqh “ 1, we have that for all n ą 0,
λgn “ α´n ¨ λ1G and λg´n “ αn´1pα ¨ λ1G ` 1q. Hence λgn ‰ 0 for all n ą 0,
or λg´n ‰ 0 for all n ą 0. However φpgnq “ n ¨ φpgq “ 0 for all n P Z. Since
g P G has infinite order, it follows that suppphq X φ´1pp´8, 0sq is infinite. This is
a contradiction.

The significance of the Novikov ring lies in its relation to the Bieri–Neumann–
Strebel invariant of a group G. The original version of the following theorem,
where the coefficient ring is equal to xZG

φ
, is attributed to Sikorav and can be

found in his PhD thesis [Sik87]. The proof of the result over Q is outlined in
[Kie20b, Theorem 3.11].

Theorem 5.0.5. Let G be a finitely generated group and φ : G Ñ Z an epimor-
phism. Then φ is an element of the BNS invariant ΣpGq of G if and only if
H1pG;yQG

φ
q “ 0.

5.0.3 A Brown-type algorithm

Let R be a ring and t a formal symbol. We write Rpptqq to denote the set of Laurent
power series over R with a single variable t,

Rpptqq “

#

ÿ

iěk

ait
i

| ai P R, k P Z

+

.

Let α be an automorphism of R. The ring of twisted Laurent series is the set Rpptqq,
with the obvious summation and multiplication defined by linearly extending

r1t
n1 ¨ r2t

n2 :“ r1α
n1pr2qt

n1`n2 ,

for all r1, r2 P R and n1, n2 P Z. The t-order of a Laurent series f P Rpptqq, denoted
ordtpfq, is the lowest power of t with a non-zero coefficient in the expansion of f .
We define ordtp0q “ 8.
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Let G be a group and φ : G Ñ Z a homomorphism. Let t P G be an element
such that φptq generates Z. Let K “ kerpφq and let QKpptqq denote the ring of
twisted Laurent series, where the twisting automorphism α is obtained by extend-
ing the automorphism of K induced by the conjugation action of t on K in G.
Then there is a natural identification yQG

φ
» QKpptqq. Given a subset S Ď Z, we

say that x P yQG
φ

is supported over S if x “
ř

iPS ait
i, for some ai P QK.

Lemma 5.0.6. Let G be a group and φ : G Ñ Z a homomorphism. Then, the
group ring QG is a domain if and only if the Novikov ring yQG

φ
is a domain.

Proof. Since QG embeds as a subring of yQG
φ
, it is clear that if yQG

φ
is a domain

then so is QG.
Suppose now that there exist non-zero elements x, y P yQG

φ
such that xy “ 0.

Let K “ kerpφq and let t P G be such that φptq “ 1. Let x “
ř

iěk ait
k and

y “
ř

jěl bjt
j where ai, bj P QK, and ak ‰ 0, bl ‰ 0. Then the coefficient of tk`l

in xy is akbl. Since xy “ 0, we must have that akbl “ 0. Hence QG is not a
domain.

Lemma 5.0.7. Let G be a group such that the group ring QG has no zero-divisors.
Let B and P be nˆn matrices over QG. Suppose that B “ diagpk1t

ρ1 , . . . , knt
ρnq,

where ki P QK and ρi P Z for every 1 ď i ď n. Assume that ki P K for i ą 1 and
that k1 is not a unit in yQG

φ
. Suppose that all the elements in the ith row of P are

supported over Z X rρi ` 1,8q. Then the matrix A “ B ` P is not invertible over
yQG

φ
.

Proof. Since tρ1 and kit
ρi for i ą 1 are units in QG, it follows that they are also

units in yQG
φ

and the matrix

M “ diagptρ1 , k2t
ρ2 , . . . , knt

ρnq

is invertible over yQG
φ
. Hence A is invertible if and only if A1 “ M´1A is invertible.

The diagonal elements of A1 other than the element in the first row are of the form
1 ` pii, for some pii P yQG

φ
supported over a positive subset of the integers. Such

elements are invertible over yQG
φ

and the inverse p1`piiq
´1 is an element supported

over non-negative integers. Hence by applying elementary column operations over
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yQG
φ
, we may transform A1 into an upper triangular matrix A2 where the first

element on the diagonal is given by k1 ` p1
11, with k1 P QK a non-unit, and

p1
11 P yQG

φ
, an element supported over the positive integers. Since elementary

column operations are invertible, again A2 is invertible if and only if A1 is invertible.
Suppose now that A2 is invertible over yQG

φ
and let C “ pcijq be the inverse.

Then c11pk1 ` p1
11q “ 1. Since QG does not have non-trivial zero-divisors, neither

does yQG
φ

by Lemma 5.0.6. Hence for any elements p, q P yQG
φ
ordtppqq “ ordtppq`

ordtpqq. Suppose that ordtpc11p
1
11q ą 0. Then ordtpc11k1q “ ordtp1 ´ c11p

1
11q “ 0.

Hence
0 “ ordtpc11k1q “ ordtpc11q ` ordtpk1q “ ordtpc11q.

Let d P QK be the coefficient of the t0 term in c11. Note that d ‰ 0. Then dk1 “ 1

and thus k1 is a unit. Hence ordtpc11p
1
11q ď 0.

Suppose that ordtpc11p
1
11q ă 0. Then

ordtpc11k1q “ ordtp1 ´ c11p
1
11q “ ordtpc11p

1
11q.

Hence ordtpc11k1q “ ordtpc11p
1
11q. Thus

0 “ ordtpk1q “ ordtpp
1
11q ą 0.

Hence, it must be the case that ordtpc11p
1
11q “ 0. But then ordtpc11q ă 0 and

thus ordtpc11k1q ă 0. But then ordtp1 ´ c11p
1
11q ă 0, which is impossible since

ordtpc11p
1
11q “ 0. In all cases we get a contradiction, and thus A2 is not invertible.

Given a cyclically reduced word w “ w1 ¨ ¨ ¨wm in the alphabet tx˘
1 , . . . , x

˘
n`1u

and k ď |w|, we let rwsk “ w1 . . . wk be the prefix of w of length k. Let Cw denote
the cyclic graph of length |w|, with a marked vertex ˚ and labelled edges, such
that consecutive edges of Cw, starting at the vertex ˚ and moving in the clockwise
direction, spell out the word w. Assign labels to vertices of Cw so that the vertex
v is labelled by the word which is spelled out by the embedded path joining ˚ to
v, in the clockwise direction. Let φ : F px1, . . . , xn`1q Ñ Z be a homomorphism.
There is an induced map φ̃ : Cw Ñ R defined by linearly extending the map φ
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from the labels of the vertices to the whole graph. We define the lower section of
w to be the preimage

Lφpwq “ φ̃´1
pmintφ̃ppq | p P Cruq.

Let pr1, . . . , rnq be a collection of cyclically reduced words in the alphabet
tx˘

1 , . . . , x
˘
n`1u. Let φ : F px1, . . . , xn`1q Ñ Z be a homomorphism. The tuple

ppr1, . . . , rnq, φq is said to satisfy the unique minimum condition if, after possible
re-ordering, the following conditions are satisfied.

1. We have that φpxiq ě 0 for each i ď n and φpxn`1q ă 0.

2. The homomorphism φ vanishes on each ri.

3. The lower section Lφpriq consists of exactly one of the following:

• A single vertex such that one of the adjacent edges is labelled by x˘
i

and the other is labelled by x˘
n`1.

• A single edge labelled by x˘
i such that the adjacent edges are labelled

by x˘
n`1.

The tuple ppr1, . . . , rnq, φq satisfies the repeated minimum condition if it satisfies
the unique minimal condition, except at a single relator rj, for some 1 ď j ď m,
where Lφprjq consists of two occurrences of a vertex, or two occurrences of an edge
as in the unique minimum condition. In that case, we call rj the relator with a
repeated minimum.

Let G be a group given by the deficiency-one presentation

G “ xx1, . . . , xn`1 | r1, . . . , rny.

Let φ : G Ñ Z be a homomorphism with kernel K, and t P G an element such that
φptq generates Z.

Lemma 5.0.8. Suppose that ppr1, . . . , rnq, φq satisfies the repeated minimum con-
dition, where r1 is the relator with a repeated minimum. Then for each i ď n, there
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exists some integer Pi P Z, and for every j ď n and k ě Pi, there exist elements
uij,k P QK, such that the Fox derivatives of ri are of the form

Bri
Bxj

“
ÿ

kěPi

uij,kt
k,

such that for any i ‰ j, the element uij,Pi “ 0, and uii,Pi P K for i ‰ 1, and u11,P1

is a non-unit in yQG
φ
.

Proof. For every relator ri and generator xj, the partial derivative Bri
Bxj

is the sum
of prefixes of ri of the form ux´1

j and v, where v immediately precedes an instance
of xj in ri. For each i, let Pi “ φ̃pLφpriqq P Z. Hence, for every summand u of
Bri
Bxj

P ZG, we have that φpuq ě Pi and φpuq “ Pi if and only if u is the label of
a vertex of Cri contained in Lφpriq. Any such vertex has adjacent edges labelled
by x˘

i and x˘
n`1. In particular, either the prefix u has x˘

i as its last letter and is
followed by x˘

n`1 in ri, or the same holds but with the roles of xi and xn`1 reversed.
This implies that for every summand u of Bri

Bxj
, if i ‰ j then φpuq ą Pi.

Now suppose that i ą 1. Let A “ tuαu be the collection of summands of Bri
Bxi

such that φpuαq “ Pi. Each element of A must be the label of a vertex in Lφpriq.
Suppose that Lφpriq is a single vertex with label u. Since each φpxiq ě 0, either
u is followed by xi in ri, or the final letter of u is x´1

i . In either case, u P A and
thus A contains exactly one element. Suppose instead that Lφpriq consists of two
vertices u and ux˘

i . Exactly one of these words is a summand of Bri
Bxi

, depending
on whether we choose xi or x´1

i . Hence, it follows in this case also that A contains
exactly one element, and this element can be expressed as ktPi , for some k P K.

Finally we consider Br1
Bx1

. Defining A as above, A has exactly two elements given
by the reduced words u and uv, where φpuq “ Pi and φpvq “ 0, where u is the
label of the path joining the marked vertex ˚ to the first minimum vertex which
is a summand of Br1

Bx1
, and v is the label of the path joining the two minima. Then

u “ ktPi and uv “ kv1tPi , for some k, v1 P K. Note that the element 1 ` v1 P ZG
is not invertible over yQG

φ
by Lemma 5.0.4, and thus kp1 ´ v1q is not a unit in

yQG
φ
.
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Lemma 5.0.9. Let G be a group given by the deficiency-one presentation

G “ xx1, . . . , xn`1 | r1, . . . , rny.

Suppose that QG has no non-trivial zero-divisors. Let φ : G Ñ Z be a homomor-
phism.

1. If ppr1, . . . , rnq, φq satisfies the unique minimum condition then φ P ΣpGq.

2. If ppr1, . . . , rnq, φq satisfies the repeated minimum condition then φ R ΣpGq.

Proof. The first statement follows from [KKW22, Theorem 3.4].
For the second statement, by Theorem 5.0.5 it suffices to show thatH1pG;yQG

φ
q

is non-trivial whenever ppr1, . . . , rnq, φq satisfies the repeated minimum condition.
To that end, consider the chain complex of QG-modules

C2
B2
ÝÑ C1

B1
ÝÑ C0. (5.1)

Here, the QG-module C2 is the free module of rank n with an ordered basis iden-
tified with the relators pr1, . . . , rnq. The QG-module C1 is the free module of
rank n` 1 with an ordered basis identified with the generators px1, . . . , xn`1q and
C0 “ QG. The boundary map B1 is given by the column vector with entries
xi ´ 1, for 1 ď i ď n ` 1, and the boundary map B2 is the matrix A of Fox
derivatives

´

Bri
Bxj

¯

. After possible re-ordering, we may assume that r1 is the relator

with the repeated minimum. We tensor the chain complex (5.1) with yQG
φ

and
let pe1, . . . , en`1q be the resulting free generating set of C1 b yQG

φ
. We write A1 to

denote the matrix obtained from A by restricting the image of the boundary map
to the subspace spanned by te1, . . . , enu. We claim that

H1pG,yQG
φ

q “ cokerpA1
q.

Since QG has no non-trivial zero-divisors, the element xn`1 has infinite order in
G. By the definition of the repeated minimum condition, φpxn`1q ‰ 0 and thus
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by Lemma 5.0.4, the element xn`1 ´ 1 is invertible over yQG
φ
. Let us define a map

C1 b yQG
φ

Ñ kerpB1 b idq

n`1
ÿ

i

λiei ÞÑ

n
ÿ

i“1

λiei ` λ1
n`1en`1,

where λ1
n`1 “ ´

řn
i“1 λipxi ´ 1qpxn`1 ´ 1q´1. This map is clearly onto and every

element of impA1q is sent to impAq. This proves the claim.
Combining Lemma 5.0.8 with Lemma 5.0.7 shows that A1 is non-invertible over

yQG
φ
. Thus H1pG,yQG

φ
q ‰ 0.

We are now ready to prove the key lemma of the section, inspired by [KKW22,
Proposition 5.1].

Lemma 5.0.10. Let G be a random group of deficiency one. Then, with positive
probability, there exists a character φ : G Ñ Z such that φ satisfies the unique
minimum condition and ´φ satisfies the repeated minimum condition.

Proof. For each positive integer l, let Rl denote the set of n-tuples pr1, . . . , rnq

of cyclically reduced words in the alphabet tx˘
1 , . . . , x

˘
n`1u of positive length ď l.

We define R1
l to be the subset of n-tuples pr1, . . . , rnq in Rl, such that the group

G “ xx1 . . . , xn`1 | r1, . . . , rny has first Betti number equal to 1. We let T denote
the set of all deficiency-one presentations such that the resulting group admits a
homomorphism to Z which satisfies the hypotheses. To prove the lemma, it suffices
to construct an injective map f : R1

l Ñ T X R1
l`12. Then,

|T X R1
l`12|

|R1
l`12|

ě
|R1

l|

|R1
l`12|

ą ε,

where ε ą 0 depends only on n. The result follows by noting that |R1
l|{|Rl| Ñ 1

as l Ñ 8.

Now for each n-tuple pr1, . . . , rnq P R1
l, there exists a non-trivial map φ : F px1, . . . , xn`1q Ñ

Z such that φpriq “ 0 for every i. After possibly re-ordering and inverting the
generators xi, we can assume that φpxiq ě 0 for all i, and φpxn`1q ă 0. Our
strategy for defining f is to alter the n-tuple pr1, . . . , rnq so that φ still vanishes on
each element of the tuple, and such that it has a unique minimum and repeated
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maxima. We do this by inserting commutators. We follow the convention where
rx, ys “ xyx´1y´1.

For each relator ri, form a new relator r1
i by inserting a commutator rxn`1, x

ϵ
is

at the first φ-minimal vertex along Cri , where ϵ “ ´1 if φpxiq ą 0 and ϵ “ 1

otherwise. Now for each i ą 1, form a new relator ri2 by inserting the commutator
rx´1
n`1, x

´ϵ
i s at the first φ-maximal vertex along Cr1

i
. Form r2

1 by inserting the square
rx´1
n`1, x

´ϵ
1 s2 of the commutator at the first φ-maximal vertex along Cr1

1
. The lower

section Lφpr2
i q of each r2

i consists of a single vertex or an edge labelled by the
element xi. The upper section Uφpr2

1q of r2
1 consists of two vertices or two edges

labelled by x1, and for i ą 1 the upper section Uφpr2
i q of r2

i consists of a single
vertex or edge labelled by xi. Hence ppr2

1, . . . , r
2
nq, φq satisfies the unique minimum

condition and ppr2
1, . . . , r

2
nq,´φq satisfies the repeated minimum condition. The

map f is injective since there exists a left inverse g : impfq Ñ Rl of f which acts
by removing the commutators at the φ-minimal and φ-maximal vertices or edges
of the r2

i . This completes the proof.

Theorem 5.0.11. Let G be a random group of deficiency one. Then with positive
asymptotic probability, ΣpGq X H1pG;Zq is non-symmetric.

Proof. A random deficiency-one presentation satisfies the C2p1
6
q condition, almost

surely [Gro93]. Combining the work of Wise [Wis04] and Agol [Ago13], it follows
that such a group is virtually special and thus satisfies the Atiyah conjecture by
[Sch14]. Hence QG has no non-trivial zero-divisors. By Lemma 5.0.10, a random
deficiency-one group admits a character φ such that φ satisfies the unique mini-
mum condition and ´φ satisfies the repeated minimum condition, with positive
asymptotic probability. Thus by Lemma 5.0.9, φ P ΣpGq and ´φ R ΣpGq.

The non-symmetric nature of the BNS invariant provides a useful criterion for
detecting when a group is not subgroup separable.

Lemma 5.0.12. If the set ΣpGq XH1pG;Zq of integral characters of G which are
contained in the BNS invariant is non-symmetric under the antipodal involution,
then G is not subgroup separable.
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Proof. Let φ P ΣpGq X H1pG;Zq be such that φ R ´ΣpGq. Proposition 4.1 in
[BNS87] implies that there exists a finitely generated subgroup A ď G and an
injective, non-surjective endomorphism θ : A Ñ A, such that G » A˚θ. A standard
argument (see e.g. [LNW99, Proposition 4]) shows that if G contains subgroups
B ď A which are conjugate in G, then B cannot be separated from any g P AzB

in any finite quotient of G. Hence impθq is a non-separable subgroup of G.

Corollary 5.0.13 (Theorem 5.0.1). Let G be a random group of deficiency one.
Then with positive asymptotic probability, G is not subgroup separable.

Proof. Combine Theorem 5.0.11 with Lemma 5.0.12.

Corollary 5.0.14 (Theorem 5.0.2). Let G be a random group of deficiency one.
Then G is free-by-cyclic with asymptotic probability that is positive and bounded
away from 1.

Proof. A random deficiency-one group has first Betti number b1pGq equal to 1,
almost surely. Hence HompG,Zq » Z » xφy. By Theorem 5.0.11, ΣpGqXH1pG;Zq

is non-empty and non-symmetric, with positive asymptotic probability. Hence
ΣpGq “ tλφ | λ P Rą0u or ΣpGq “ tλφ | λ P Ră0u. In particular ΣpGq X ´ΣpGq “

H and thus G does not fibre algebraically. Hence the asymptotic probability that
a random deficiency-one group is free-by-cyclic is bounded away from 1. The fact
that it is greater than 0 follows from [KKW22, Theorem A].
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Part II

Profinite invariants
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Chapter 6

Profinite invariants of free-by-cyclic
groups

There exists a large body of work investigating profinite rigidity of 3-manifold
groups. For example, deep work of Bridson–McReynolds–Reid–Spitler shows that
there are hyperbolic 3-manifolds which are profinitely rigid amongst all finitely
generated residually finite groups [BMRS20], with more examples constructed in
[CW22] and [BR22]. On the other hand, there exist Anosov torus bundles and
periodic closed surface bundles with non-isomorphic but profinitely isomorphic
fundamental groups [Ste72, Fun13, Hem14].

Significant progress has been made on the problem of profinite rigidity within
the class of 3-manifolds. A key step in showing that various classes and prop-
erties of 3-manifolds are invariants of the profinite completion is to establish the
profinite invariance of fibring. In this vein, and in order to deduce results about
the profinite completion of knot groups, Bridson–Reid studied profinite invariants
of compact 3-manifolds with boundary and first Betti number equal to one, in
particular showing that fibring and the rank of the fibre is a profinite invariant of
such 3-manifolds [BR20]. At the same time, Boileau–Friedl tackled the problem
of profinite invariants of knot groups by showing that fibring is an invariant of
3-manifolds whose profinite completions are related by a particular type of iso-
morphism, called a regular isomorphism [BF20]. Finally, Jaikin-Zapirain showed
that being fibred is a profinite invariant of all 3-manifold groups [JZ20], and this
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was generalised to all subgroup separable groups in [HK22].
Another crucial element is the work Wilton–Zalesskii on profinite detection of

Thurston geometries [WZ17a] and of Wilkes and Wilton–Zalesskii on profinite in-
variance of various decompositions of 3-manifolds [Wil18a, Wil18b, WZ19]. The
case of Seifert fibred manifolds was entirely solved by Wilkes, who proved that
these are almost profinitely rigid in the class of all 3-manifold groups [Wil17].
Graph manifolds have received much attention too [WZ10, Wil18b, Wil19a]. Most
recently, Liu proved the spectacular theorem that finite volume hyperbolic 3-
manifold groups are almost profinitely rigid [Liu23a]. Other results have also
been obtained, e.g. [BRW17, WZ17b, BF20, Zal22, Liu23b].

The goal of this chapter is to investigate profinite rigidity amongst free-by-
cyclic groups. The study of profinite invariants of free-by-cyclic groups saw its
inception in the work of Bridson–Reid [BR20]. Although the aim of their work
was to prove results about fibred knot complements, their methods apply more
generally and are later used by Bridson–Reid–Wilton [BRW17] to show profinite
rigidity amongst the groups of the form F2 ¸ Z.

Whilst we draw inspiration from the results in the 3-manifold setting, the
problem for free-by-cyclic groups is significantly more subtle. This stems in part
from the lack of a sufficient OutpFnq-analogue of the Nielsen–Thurston decompo-
sition for homeomorphisms of finite-type surfaces. One artefact of this is that we
frequently have to restrict our attention to the class of irreducible free-by-cyclic
groups, that is free-by-cyclic groups which admit irreducible monodromy. Recall
that by the work of Mutanguha [Mut21], for any two realisations of G as a free-
by-cyclic group, G » Fn ¸Φ Z » Fm ¸Ψ Z, the monodromy Φ is irreducible if and
only if Ψ is.

Our first result is analogous to Liu’s theorem with the additional hypotheses
that b1pGq “ 1 and restricting to the class of irreducible free-by-cyclic groups.
The first hypothesis is due to the fact that we do not have a method to establish
pZ-regularity (see Section 6.3 for a definition) without an analogous result to the
main theorems in [FV08, FV11] — this is one of the main technical steps in Jaikin-
Zapirain’s and Liu’s results. The second hypothesis arises since, although we can
show that hyperbolicity of free-by-cyclic groups is a profinite invariant, we are
currently unable to show the same holds true for irreducibility.

69



Theorem 6.6.4. Let G be an irreducible free-by-cyclic group. If b1pGq “ 1, then
G is almost profinitely rigid amongst irreducible free-by-cyclic groups.

The next theorem is somewhat more technical. The definitions of the invariants
can be found in Section 3.1. Note that the result actually holds in the more general
setting of a pZ-regular isomorphism (the specific results stated throughout the paper
comprising Theorem 6.5.7 are stated in this generality).We point out the general
fact that the first Betti number of any discrete group is an invariant of its profinite
completion.

Theorem 6.5.7. Let G “ F ¸Φ Z be a free-by-cyclic group with induced character
φ : G Ñ Z. If b1pGq “ 1, then the following properties are determined by the
profinite completion pG of G:

1. the rank of F ;

2. the homological stretch factors tν`
G , ν

´
Gu;

3. the characteristic polynomials tCharΦ`,CharΦ´u of the action of Φ on
H1pF ;Qq;

4. for each representation ρ : G Ñ GLpn,Qq factoring through a finite quotient,
the twisted Alexander polynomials t∆φ,ρ

n ,∆´φ,ρ
n u and the twisted Reidemeister

torsions tτφ,ρ, τ´φ,ρu over Q.

Moreover, if G is conjugacy separable, (e.g. if G is hyperbolic), then pG also deter-
mines the Nielsen numbers and the homotopical stretch factors tλ`

G, λ
´
Gu.

We note that Item 1 of our Theorem 6.5.7 was already known by the work of
Bridson–Reid [BR20, Lemma 3.1].

The reason for obtaining a set of invariants corresponding to Φ and Φ´1 is that
the dynamics of Φ and Φ´1 can be different. Indeed, this is somewhat a feature of
free-by-cyclic groups rather than a bug. A large technical hurdle in this work was
overcoming this phenomenon which cannot occur for surface bundles.

We also obtain a complete geometric picture à la Wilton–Zalesskii in the case
of hyperbolic free-by-cyclic groups.
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Theorem 6.1.6. Let GA and GB be profinitely isomorphic free-by-cyclic groups.
Then GA is Gromov hyperbolic if and only if GB is Gromov hyperbolic.

Next we apply Theorem 6.6.4, Theorem 6.5.7, and Theorem 6.1.6 in order
to obtain strong profinite rigidity phenomena for various classes of free-by-cyclic
groups.

We say that a free-by-cyclic group G is super irreducible, if G » Fn ¸Φ Z and
the matrix M : H1pFn;Qq Ñ H1pFn;Qq representing the action of Φ on H1pFn;Qq

satisfies the property that no positive power of M maps a proper subspace of
H1pFn;Qq into itself. Note that this impliesG is irreducible by [GS91, Theorem 2.5]
and that b1pGq “ 1.

An example of a super irreducible free-by-cyclic group is whenever the char-
acteristic polynomial of M is a Pisot–Vijayaraghavan polynomial, namely, it is
monic, it has exactly one root (counted with multiplicity) with absolute value
strictly greater than one, and all other roots have absolute value strictly less than
one [GS91].

Corollary 6.6.5. Let G be a super irreducible free-by-cyclic group. Then, every
free-by-cyclic group profinitely isomorphic to G is super irreducible. In particular,
G is almost profinitely rigid amongst free-by-cyclic groups.

The key observation is that super irreducibility is a generic phenomenon amongst
elements of OutpFnq (see Section 6.1.1 for the relevant definitions of genericity and
random free-by-cyclic groups). As a consequence of Corollary 6.6.5, we obtain the
following result:

Corollary 6.6.6. Let G be a random free-by-cyclic group. Then, asymptotically
almost surely G is almost profinitely rigid amongst free-by-cyclic groups.

When the fibre of the free-by-cyclic group has rank two or three we are able to
obtain rigidity statements within the class of all free-by-cyclic groups.

Corollary 6.6.7. Let G “ F3 ¸ Z. If G is hyperbolic and b1pGq “ 1, then G is
almost profinitely rigid amongst free-by-cyclic groups.
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Note in the next statement we see that G is uniquely determined.

Corollary 6.6.8. Let G “ F2¸Z. If b1pGq “ 1, then G is profinitely rigid amongst
free-by-cyclic groups.

Finally, we investigate conjugacy in Outp pFnq. We say two outer automorphisms
Ψ and Φ of Fn are profinitely conjugate if they induce a conjugate pair of outer
automorphisms in Outp pFnq. In this setting we have no assumption on the action
of Ψ or Φ on the homology of Fn.

Theorem 6.7.2. Let Ψ P OutpFnq be atoroidal. If Φ P OutpFnq is profinitely
conjugate to Ψ, then Φ is atoroidal and tλΨ, λΨ´1u “ tλΦ, λΦ´1u. In particular, if
Ψ is additionally irreducible, then there are only finitely many OutpFnq-conjugacy
classes of irreducible automorphisms which are conjugate with Ψ in Outp pFnq.

6.0.1 Structure

In Section 6.1 we recall the necessary background on free group automorphisms
and free-by-cyclic groups and prove a number of results we will need throughout
the chapter.

Section 6.2 establishes a number of facts about twisted Alexander polynomials.
In Section 6.3 we recall the notion of a matrix coefficient module and a pZ-regular
isomorphism. The main reason for this section is to allow us to work in the
generality of a pZ-regular isomorphism. This means that if one established a positive
answer to Question 10.0.5 then one could apply the results in this chapter without
any further modifications.

In Section 6.4 we set out to prove profinite invariance of Reidemeister torsion
over Q twisted by representations of finite quotients for GA and GB. Our strategy
is parallel to that of Liu [Liu23a, Section 7], however due to the extra complexity
of free-by-cyclic groups we have to invoke extra results about twisted Alexander
polynomials of free-by-cyclic groups established in Section 6.2.

In Section 6.5, under the assumption of conjugacy separability of GA and GB

we prove that the homotopical stretch factors tλA, λ
´
Au and tλB, λ

´
Bu are equal.
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Again our strategy is largely motivated by [Liu23a, Section 8]. The key difference
is that for a fibred character φ on a finite volume hyperbolic 3-manifold the stretch
factors of φ and φ´1 are the same. This is not true for free-by-cyclic groups where
we must deal with both directions at once and so our main work is resolving this
issue. Combining the major results up to this point proves Theorem 6.5.7.

In Section 6.6 we prove Theorem 6.6.4 and then go on to deduce Corollar-
ies 6.6.5-6.6.8. Section 6.7 is concerned with Theorem 6.7.2 on detecting profinite
conjugacy classes.
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6.1 Preliminaries

6.1.1 Generic elements of AutpFnq

Fix a finite generating set S of AutpFnq. For each l ě 1, let Wl,n denote the set of
reduced words of length l in S. We say that a random element of AutpFnq satisfies
property P with probability p, if

#tw P Wl,n | w satisfies P u

#Wl,n

Ñ p as l Ñ 8.

We say that a generic element in AutpFnq has property P , if a random element
satisfies property P with probability p “ 1.

An automorphism ϕ P AutpFnq is said to be super irreducible if no positive
power of the induced map ϕab P GLpn,Qq maps a proper subspace of H1pFn;Qq

into itself. A free-by-cyclic groupG is super irreducible if there exists some splitting
G » Fn ¸ϕ Z such that ϕ is super irreducible.

The following theorem is a consequence of the results in Section 7 of [Riv08],
which hold verbatim after replacing SLpn,Zq by GLpn,Zq in all the statements.

Theorem 6.1.1 ([Riv08]). A generic element in AutpFnq is super irreducible.

Proposition 6.1.2. For a generic element in AutpFnq, the first Betti number of
its mapping torus is equal to one.

Proof. Write ϕab to denote the image of ϕ under the natural map induced by the
action on the abelianisation of Fn,

AutpFnq Ñ GLpn,Zq

ϕ ÞÑ ϕab.

The free abelianisation of Fn ¸ϕ Z is isomorphic to Z if and only if ϕab has no
eigenvalue equal to 1 [BMV07, Theorem 2.4]. By Theorem 6.1.1, for a generic
element in AutpFnq which represents the automorphism ϕ, ϕab has characteristic
polynomial that is irreducible over Q. Hence the result follows.
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Write Hl,n to denote the set of free-by-cyclic presentations

Hl,n :“
␣

xx1, . . . , xn, t | t´1xit “ ϕpxiq, 1 ď i ď ny | ϕ P Wl,n

(

.

We say that a generic Fn-by-cyclic group satisfies property P with probability p, if

#tG P Hl,n | G satisfies P u

#Hl,n

Ñ 1 as l Ñ 8.

Proposition 6.1.3. A generic Fn-by-cyclic group has first Betti number equal to
one and is super irreducible.

6.1.2 Nielsen fixed point theory

Let X be a connected compact polyhedral complex and f : X Ñ X a continuous
self-map. An m-periodic point p P X is a fixed point of the map fm. Let Orbmpfq

be the set of orbits of m-periodic points of X under the action of f . Each orbit
O P Orbmpfq determines a free homotopy class of loops in the mapping torus Mf ,
and thus a conjugacy class in π1pMf q, which we denote by cdpOq. Furthermore,
every O P Orbmpfq admits an index indmpf ;Oq P Z, which is the fixed point index
of fm at any point p P O (see [Jia96, Section 1.3]). A periodic orbit of a point in
X under the action of f is said to be essential if it has non-zero index. Note that
if X is a graph then an isolated fixed point x has index zero, if and only if f is not
locally injective at x.

Definition 6.1.4. The m-th Nielsen number of f , denoted by Nmpfq, is the num-
ber of essential m-periodic orbits of f .

It is a standard fact from Nielsen fixed point theory (see e.g. [Jia83, Chapter 1]
and [Jia96]), that each Nielsen number is independent of the choice of topological
representative of Φ P Outpπ1pXqq. Hence, we may write N8pΦq to denote

N8pΦq “ lim supmÑ8Nmpfq
1{m,

where pf,Γq is any topological representative of Φ.
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Proposition 6.1.5. Let Φ P OutpFnq be an outer automorphism with stretch factor
λ ą 1. Then N8pΦq is equal to λ.

Proof. By Theorem 3.2.6, there exists a positive integer k such that Φk admits a
topological representative pf,Γq which is a relative train track and such that every
periodic Nielsen path has period one and each exponentially-growing stratum in-
tersects at most one indivisible Nielsen path. Let A be the corresponding incidence
matrix and fix a maximal filtration of Γ. Let tSiuiPI be the set of exponentially-
growing strata of Γ and write Ami to denote the submatrix of Am spanned by the
edges of Si.

For each exponentially-growing stratum Si, there exists a length assignment

L : EpΓq Ñ Rě0

on the edges of Γ, such that Lpeq ą 0 and Lpfpeqq “ λi ¨ Lpeq, for every edge e in
Si. Hence the number of fixed points of fm contained in the interior of the edge
e of Γi is given by the number of times the edge path fmpeq crosses the edge e in
either direction. This is precisely the element on the diagonal of the matrix Am

corresponding to the edge e.
The number of Nielsen fixed point classes which intersect the non-exponentially-

growing strata non-trivially or which contain a vertex is uniformly bounded as m
goes to infinity. Hence, there exists some constant C such that

lim sup
mÑ8

Nmpfq
1{m

“ lim sup
mÑ8

˜

C `
ÿ

iPI

trpAmi q

¸1{m

.

For each matrix Ai, let ni denote the order of Ai and let λi,j be its eigenvalues, for
1 ď j ď ni. Then

trpAmi q “
ÿ

1ďjďni

λmi,j.

Let λ be the stretch factor of Φ. Then |λi,j{λ|
m

ď 1 for each i P I, j ď ni and
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m P N, and

lim supmÑ8Nmpfq
1{m

“ λ ¨ lim sup
mÑ8

˜

C{λm `
ÿ

iPI

ÿ

1ďjďni

pλi,j{λq
m

¸1{m

“ λ ¨ 1

where the second equality follows from the fact that C{λm Ñ 0 as m Ñ 8 since
λ ą 1. Thus, N8pΦkq is equal to the stretch factor of Φk.

By [FM21, Corollary 7.14], if λ is the maximal stretch factor of a relative train
track representative of Φk, then λ1{k is the maximal stretch factor associated to Φ.
Note also that N8pΦkq “ N8pΦqk. The result follows by combining the arguments
in the previous paragraphs.

6.1.3 Detecting atoroidal monodromy

In this section we will prove that hyperbolicity (equivalently the property of ad-
mitting atoroidal monodromy) is determined by the profinite completion.

Theorem 6.1.6. Let GA and GB be profinitely isomorphic free-by-cyclic groups.
Then GA is Gromov hyperbolic if and only if GB is Gromov hyperbolic.

Proof. Let GA and GB be free-by-cyclic groups such that pGA » pGB. Suppose that
GA is Gromov hyperbolic. By [HW15], GA is a cocompactly cubulated and thus
virtually special. Hence we may apply [WZ17a, Theorem D] to deduce that pZ2

is not a subgroup of pGA. By Corollary 4.2.2, the Z2 subgroups of GB are fully
separable and since pGB contains no pZ2 subgroups, it follows GB contains no Z2

subgroups. In particular, by [Bri00a, Theorem 1.2] GB is Gromov hyperbolic.
Suppose conversely that GA is not Gromov hyperbolic. Then by [Bri00a], GA

has a Z2 subgroup and so by Corollary 4.2.2, pGA contains a pZ2 subgroup. Suppose
now GB is not Gromov hyperbolic, then by the argument in the previous paragraph
pGB does not contain pZ2 subgroups. This contradiction completes the proof.
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6.1.4 Goodness

A group G is said to be cohomologically good, or good for short, if for every n ě 0

and every finite ZG-module M , the map

Hn
p pG;Mq Ñ Hn

pG;Mq

induced by the natural homomorphism of G into its profinite completion pG is an
isomorphism.

The following is a special case of [Lor08, Corollary 2.9]:

Lemma 6.1.7. If G is free-by-cyclic then G is cohomologically good.

6.2 Some properties of twisted Alexander polyno-

mials and Reidemeister torsion

In this section we will collect a number of facts about twisted Alexander polyno-
mials and twisted Reidemeister torsion that we will use later on. Our main con-
tribution is a complete computation of the zeroth Alexander polynomials twisted
by representations factoring through finite groups over fields of characteristic zero
(Lemma 6.2.6).

Remark 6.2.1. Let R be a unique factorisation domain. Unless otherwise stated,
we will use the dotted equality symbol .“ to denote equality of rational functions
over R up to monomial factors with coefficients in FracpRqˆ.

Definition 6.2.2 (Alexander modules and polynomials). Let R be a unique fac-
torisation domain and let G be a finitely generated group. Let φ be a non-trivial
primitive class in H1pG;Zq considered as a homomorphism G↠ Z and let ρ : G Ñ

GLnpRq be a representation. We define a representation ρϕ : G Ñ GLnpRrtsq by
g ÞÑ tϕpgq¨ρpgq. Now we consider Rnrt˘1s equipped with the RG-bimodule structure
given by

g.x “ ρϕpgqx, x.g “ xρϕpgq
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for g P G, x P Rnrt˘1s. For n P Z, we define the kth twisted Alexander module of
φ and ρ to be HkpG;Rnrt˘1sq, where Rnrt˘1s has the right RG-module structure
described above. Observe that HkpG;Rnrt˘1sq is a left Rrt˘1s-module. If G is of
type FPkpRq, then the kth twisted Alexander module is a finitely generated Rrt˘1s-
module. Moreover, it is zero whenever k ă 0 or k is greater than the cohomological
dimension of G over R.

Since R is UFD so is Rrt˘1s. Let M be an Rrt˘1s-module. The order of M is
the greatest common divisor of all maximal minors in a presentation matrix of M
with finitely many columns. The order of M is well-defined up to a unit of Rrt˘1s

and depends only on the isomorphism type of M .
Suppose that G is of type FPkpRq. The kth twisted Alexander polynomial

∆φ,ρ
k,Rptq over R with respect to φ and ρ is defined to be the order of the kth twisted

(homological) Alexander module of φ and ρ, treated as a left Rrt˘1s-module.

We will now collect a number of facts about twisted Alexander polynomials.
Let R be a unique factorisation domain. Given any polynomial cptq P Rrt˘1s

where cptq “
řr
i“0 cit

i we write c‹ptq for the polynomial
řr
i“0 cr´it

i.
The following lemma is a triviality.

Lemma 6.2.3. Let G be a group of type FPnpRq, let φ : G↠ Z, and let ρ, σ : G Ñ

GLnpRq be representations of G over a UFD R. If ρ and σ are conjugate repre-
sentations, then

∆φ,ρ
n ptq

.
“ ∆φ,σ

n ptq.

Lemma 6.2.4. Let G be a group of type FPnpRq, let φ : G↠ Z, and let ρ, σ : G Ñ

GLnpRq be representations of G over a UFD R. Then,

∆φ,ρ‘σ
n ptq

.
“ ∆φ,ρ

n ptq ˆ ∆φ,σ
n ptq.

Proof. This follows from the fact that homology commutes with taking direct sums
of coefficient modules.

The following lemma is a triviality
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Lemma 6.2.5. Let R be a UFD. Let G be a group, let φ : G↠ Z, and let ρ : G Ñ

GLkpRq be a representation. Then,

p∆φ,ρ
n q

‹
ptq

.
“ ∆´φ,ρ

n ptq
.
“ ∆φ,ρ

n pt´1
q

up to monomial factors with coefficients in Rˆ.

The next lemma will be a key step in proving profinite rigidity of twisted
Reidemeister torsion for our class of free-by-cyclic groups. For a G-module M
being acted on via α : GˆM Ñ M we write Mα when we wish to make clear the
G-module structure.

Lemma 6.2.6. Let G be a finitely generated group, let φ : G↠ Z be algebraically
fibred, and let ρ : G↠ Q Ñ GLkpQq be a representation factoring through a finite
group. Then,

∆φ,ρ
0 ptq

.
“ p1 ´ tqmP ptq,

where m ě 0 and P ptq is a product of cyclotomic polynomials, up to multiplication
by monomials with coefficients in Qˆ. In particular,

∆φ,ρ
0 ptq

.
“ ∆φ,ρ

0 pt´1
q.

Proof. Let F denote the kernel of φ. We need to compute M – H0pG;Qkrt˘1sq

which is naturally isomorphic to the coinvariants pQkrt˘1sqG.
By Maschke’s Theorem we may write the representation ρ of Q as a sum

‘ℓ
i“1ρi : Q Ñ

śℓ
i“1GLkipQq, where

řℓ
i“1 ki “ k, of irreducible Q-representations

of L. We may now write

M “

ℓ
à

i“1

pQkirt˘1
sqG.

For each i there are three possibilities:

Case 1: ρipQq ‰ t1u but ρipF q “ t1u.
In this case ρi has image a non-trivial finite cyclic group L. We quickly recap

the Q-representation theory of Z{n for n ě 2. Recall that QrZ{ns “ QrXs{pXn´1q

so the irreducible representations of Z{n are exactly the cyclotomic fields Qpχdq
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for each d dividing n. These representations are exactly given by the quotient
map πd : QrZ{ns Ñ Qpχdq. Note that in this case for a generator g of Z{n the
characteristic polynomial of πdpgq is the cyclotomic polynomial χd.

Since ρi is irreducible it follows that we are in the situation of a cyclotomic
representation. Consider the tail end of the standard resolution for Z over ZG

C1 C0 “ a0ZG ‘ ¨ ¨ ¨ ‘ am´1ZG ‘ tZG ZGB B

where a0, . . . , am´1 is a generating set for F , where t is the generator of Z viewing
G “ F ¸ Z, and where

B “

”

1 ´ a0, . . . , 1 ´ am´1, 1 ´ t
ı

. (6.1)

We need to compute the order of the presentation matrix

B bZG idQrΦdsrt˘1s “

”

0, . . . , 0, id´ρiptqt
ı

.

But this is the same as computing an order of the square matrix id´ρiptqt.
Now,

ordpid´ρiptqtq
.
“ detpid t´1

´ ρiptqt ¨ t´1
qtp´1 .

“ detpid t´1
´ ρiptqq (6.2)

but this is exactly the characteristic polynomial of ρiptq with respect to t´1.
Namely, it is the cyclotomic polynomial χdpt´1q but this is palindromic of even
degree, t ´ 1, or t ` 1 so we have that ∆φ,ρi

0 ptq
.
“ χdptq. ˛

Case 2: ρipF q ‰ t1u.
We start by again by viewing G as F ¸ Z. In particular, we have a differential

B as in (6.1) such that ∆φ,ρi
0 is given by an order of

Di :“ B bZG idQki rt˘1s “ rid´ρipa0q, . . . , id´ρipam´1q, id´ρiptqs.

To this end we define D to be the set of cofactors of Di. So ∆φ,ρi
0

.
“ gcdD.

We first conjugate ρi so that ρiptq is in block diagonal form. Since the image of
t is cyclic, say of order n, we obtain a block structure where the non-identity blocks
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are matrices corresponding to non-trivial Q-representations of various subgroups
H ď Z{n. Thus, arguing as in (6.2) we see that

p1 ´ tqn
1

¨

ℓ
ź

j“1

χnjptq P D,

where n1 is dimension of the fixed subspace of ρiptq and χnjptq is the cyclotomic
polynomial of order nj such that nj divides n.

Now, ∆φ,ρi
0 divides every element ofD and is a polynomial defined over Qrts (up

to multiplication by tℓ for some ℓ ě 0) and χnjptq is the minimal polynomial for all
primitive njth roots of unity. In particular, any non-trivial polynomial dividing and
not equal to χnjptq is not defined over Qrt˘1s. It follows that ∆φ,ρi

0 “ Piptq¨p1´tqn
2

where Piptq is a product of cyclotomic polynomials and n2 is a non-negative integer
less than or equal to ki. ˛

Case 3: ρipGq “ t1u.
In this case we are computing pQrt˘1sqG where G acts trivially on Q. Clearly,

this is isomorphic to Qrt˘1s{p1 ´ tq which is additively isomorphic to Q. ˛

By Lemma 6.2.4 we have that ∆φ,ρ
0 ptq

.
“
śℓ

i“1∆
φ,ρi
0 ptq

.
“ p1 ´ tqnP ptq where n

is some non-negative integer and P ptq is a product of cyclotomic polynomials.
The “in particular” now follows from the fact cyclotomic polynomials are palin-

dromic (provided d ‰ 2) or equal to t ´ 1 and an easy computation: Write
P ptq “ pt ´ 1qm

1

P 1ptq where m1 is the number of pt ´ 1q factors of P ptq. Let δ
denote the degree of P ptq and let ϵ “ 1 if exactly one of m and m1 are non-zero,
and let ϵ “ 0 otherwise. Now,

∆φ,ρ
0 pt´1

q
.
“ p´1q

ϵtm`m1`δ
p1 ´ t´1

q
m

pt´1
´ 1q

m1

P 1
pt´1

q

.
“ p1 ´ tqmpt ´ 1q

m1

P 1
ptq

.
“ ∆φ,ρ

0 ptq.

Remark 6.2.7. The previous lemma easily generalises to any field F of charac-
teristic zero with the modified conclusion that ∆φ,ρ

0 ptq
.
“ QptqP ptq, where Qptq is a

82



product of polynomials p1´ ζitq such that ζi is some root of unity in F, and where
P ptq is a product of cyclotomic polynomials whose roots do not lie in F.

Let R be a unique factorisation domain. A polynomial cptq P Rrt˘1s is palin-
dromic if cptq “

řr
i“0 cit

i and ci “ cr´i. Recall that given any polynomial
cptq P Rrt˘1s where cptq “

řr
i“0 cit

i we write c‹ptq for the polynomial
řr
i“0 cr´it

i.
Note that cptq ¨ c‹ptq is palindromic.

For a group G we let 1 denote the trivial homomorphism G↠ t1u.
The following lemma is well known to experts. We include a proof for com-

pleteness.

Lemma 6.2.8. Let F be a field. Let G be a group of type FPnpFq. If φ : G Ñ Z is
an FPnpFq-fibring, then

deg∆φ,1
G,nptq “ bnpkerφ;Fq,

where the Alexander polynomial is taken over F.

Proof. We may write G as kerφ¸ xty and ∆φ,1
G,nptq as the characteristic polynomial

of the F-linear transformation Tn : Hnpkerφ;Fq Ñ Hnpkerφ;Fq and T n : Hnpkerφ;Fq Ñ

Hnpkerφ;Fq, where T is the induced map of t on (co)homology. Hence,

H1
pkerφ;Fq » Frt˘1

s{p∆φ,1
G,nptqq.

Lemma 6.2.9. Let R be a UFD. Let G be a group of type F admitting a compact
KpG, 1q of dimension n, let φ : G ↠ Z, and let ρ : G Ñ GLkpRq be a representa-
tion. If ∆φ,ρ

n ‰ 0 over R, then ∆φ,ρ
n

.
“ 1.

Proof. Consider the head end of the cellular chain complex for G, namely,

0 Cn Cn´1 ¨ ¨ ¨
Bn´1

tensoring withRkrt˘1s and taking homology we see thatHnpG;Rkrt˘1sq “ ker Bn´1b

idRkrt˘1s. In particular, it is a submodule of a free Rrt˘1s-module and so cannot
be Rrt˘1s-torsion unless it is 0. But since ∆φ,ρ

n ‰ 0 by assumption, we have that
HnpG;Rkrt˘1sq is Rrt˘1s-torsion. The result follows.
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We now wish to define the twisted Reidemeister torsion τφ,ρG,Rptq of φ twisted
by ρ over R. Rather than give the original definition which we will not need, we
instead use the following lemma which recasts the invariant in terms of twisted
Alexander polynomials as our definition. The lemma can be deduced by standard
methods, for example, it is an immediate corollary of [Tur86, Lemma 2.1.1].

Lemma 6.2.10. Let R be a UFD. Let G be a group of type F, let φ : G↠ Z have
kernel of type F, and let ρ : G Ñ GLkpRq be a representation. Then,

τφ,ρG,Rptq
.
“

ź

ně0

`

∆φ,ρ
G,nptq

˘p´1qn`1

up to monomial factors with coefficients in FracpRqˆ.

This allows us to easily compute the Reidemeister torsion of free-by-cyclic
groups.

Proposition 6.2.11. Let R be a UFD. Let G “ Fn ¸φ Z be a free-by-cyclic group
and let ρ : G Ñ GLkpRq be a representation. Then,

τφ,ρG,Rptq “
∆φ,ρ
G,1ptq

∆φ,ρ
G,0ptq

up to monomial factors with coefficients in FracpRqˆ.

Proof. This follows from Lemma 6.2.9 and Lemma 6.2.10.

The final well known lemma is elementary.

Lemma 6.2.12. Let R be a UFD. Let G be a group of type F admitting a character
φ : G ↠ Z which has kernel of type F. If ρ1 and ρ2 are conjugate representations
of G into GLkpRq, then τφ,ρ1G,R ptq

.
“ τφ,ρ2G,R ptq.

6.3 Regularity

In this section we will introduce the definition of a pZ-regular isomorphism. We
will prove that in the case where G has b1pGq “ 1 every profinite isomorphism is
pZ-regular and deduce some consequences.
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Definition 6.3.1 (Matrix coefficient modules). LetHA andHB be a pair of finitely
generated Z-modules. Let Θ: xHA Ñ xHB be a continuous homomorphism of the
profinite completions. We define the matrix coefficient module

MCpΘ;HA, HBq

(or simply MCpΘq if there is no chance of confusion) for Θ with respect to HA and
HB to be the smallest Z-submodule L of pZ such that ΘpHAq lies in the submodule
HB bZ L of xHB. We denote by

ΘMC : HA Ñ HB bZ MCpΘq

the homomorphism uniquely determined by the restriction of Θ to HA.
For a finitely generated group G let Gfab denote the free part of the abelianisa-

tion Gab. That is, the quotient of the abelianisation of G by its torsion elements.
Given groups GA and GB and a continuous homomorphism Θ: pGA Ñ pGB we

have an induced continuous homorphisms Θ˚ : pGfab
A Ñ pGfab

B and Θ˚ : H1pGB,Zq Ñ

H1pGA,Zq. We define MCpΘq :“ MCpΘ˚, G
fab
A , Gfab

B q.

Definition 6.3.2 (pZ-regular isomorphism). The isomorphism Θ: pGA Ñ pGB is
pZ-regular, if there exists a unit µ P pZˆ and an isomorphism Ξ: Gfab

A Ñ Gfab
B such

that Θ˚ is the profinite completion of the map given by the composite

Gfab
A Gfab

B
yGfab
B .Ξ ¨ˆµ (6.3)

We sometimes write Θ1{µ
˚ : Gfab

A Ñ Gfab
B to denote the map Ξ in (6.3) and Θ˚

1{µ : H
1pGB,Zq Ñ

H1pGA,Zq to denote its dual. Let φ P H1pGB;Zq and ψ P H1pGA;Zq. We say ψ
is the pullback of φ via Θ, if ψ “ Θ˚

1{µpφq.

We say a pair pG,ψq is a P-by-Z group for some group property P if G admits
an epimorphism ψ : G Ñ Z such that the kernel has property P .

Proposition 6.3.3 (pZ-regularity). Let GA and GB be ttype FP8u-by-Z groups
satisfying b1pGAq “ b1pGBq “ 1. If Θ: pGA Ñ pGB is an isomorphism, then there
exists a unit µ P pZˆ such that MCpΘq “ µZ.
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Proof. By [Liu23a, Proposition 3.2(1)], the Z-module MCpΘq is a non-zero finitely
generated free Z-module spanned by the single entry of the 1 ˆ 1 matrix pµq over
pZ. By [Liu23a, Proposition 3.2(2)] we obtain a homomorphism Ξ: Gfab

A Ñ Gfab
B

such that Ψ˚ “ µpΞ. Moreover, µ is a unit because Θ is an isomorphism. Hence,
MCpΘ˚q “ µZ.

Proposition 6.3.4 (Fibre closure isomorphisms). Let pLA, ψq and pLB, φq be ttype
FP8u-by-Z groups. Suppose Θ: pLA Ñ pLB is a pZ-regular isomorphism and ψ is the
pullback of φ via Θ with unit µ. If FA is the fibre subgroup of LA, then FA projects
isomorphically onto FB, the closure of the fibre subgroup of LB, under Θ.

Proof. Our proof essentially follows [Liu23a, Corollary 6.2]. Write LA “ FA¸ΨZA

and GB “ FB¸ΦZB with ZA » ZB » Z. Identify, HA with Gfab
A and HB with Gfab

B .
By hypothesis the map Θ˚ is the completion of an isomorphism Θµ : HA Ñ HB

followed by multiplication by µ in pHB “ HB bZ
pZ. Thus, ψ is the composite

HA HB bZ µZ HB bZ Z HB Z.Θµbµ 1bµ´1
“ φ|ZB

We obtain that Θ˚pkerψ˚q “ µFµpkerφ˚q “ µ kerpφ˚q in pHB. Since kerφ˚ is a
Z-submodule of HB, the closure of pHB is invariant under multiplication by a unit.
Hence, Θ˚kerψ˚ “ µ kerφ˚ “ µkerφ˚ “ kerφ˚. This completes the proof of the
first case.

Note that the following proposition would be trivial if the unit µ equalled 1.
However, the definition of pullback we are using (Definition 6.3.2) only assumes
the existence of a unit.

Proposition 6.3.5 (Isomorphism of fibre subgroups). Let pGA, ψq and pGB, φq be
free-by-cyclic groups. Suppose Θ: pGA Ñ pGB is a pZ-regular isomorphism. If ψ is
the pullback of φ via Θ, then the fibre subgroup FA of GA and the fibre subgroup
FB of GB are isomorphic.

Proof. We will show that the degree of the first Alexander polynomials of GA and
GB are equal. By Lemma 6.2.8 this computes the rank of the Fp-homology of

86



FA and FB which determines their rank. Since FA and FB are free groups this
determines them up to isomorphism.

Let ψn and φn denote the modulo n reduction of ψ : GA ↠ Z and φ : GB ↠ Z
respectively, namely the composites

GA Z Z{n and GB Z Z{n.
ψ φ

We endow MA,n :“ FprZ{ns with the GA-module structure given by ψn and
MB,n :“ FprZ{ns with the GB-module given by φn. Since GA and GB are coho-
mologically good (Lemma 6.1.7), by [BF20, Proposition 4.2] we have isomorphisms
HkpGA;MA,nq » HkpGB;MB,nq for all k, n ě 0. In particular, dimFp HkpGA;MA,nq “

dimFp HkpGB;MB,nq. Now, by applying [BF20, Proposition 3.4] twice we get

deg∆ψ,1
GA,1

ptq “ max
nPN

␣

dimFp H1pGA;MA,nq ´ dimFp H0pGA;MA,nq,
(

“ max
nPN

␣

dimFp H1pGB;MB,nq ´ dimFp H0pGB;MB,nq,
(

“ deg∆φ,1
GB ,1

ptq.

6.4 Profinite invariance of twisted Reidemeister tor-

sion

The goal of this section is to establish profinite invariance of twisted Reidemeister
torsion (Corollary 6.4.9) for free-by-cyclic groups with first Betti number equal to
one. We do this by first establishing invariance of the twisted Alexander poly-
nomials in a more general setting. Finally, in Section 6.4.3 we establish profinite
invariance of homological stretch factors.

6.4.1 Twisted Alexander polynomials

Definition 6.4.1 (Corresponding quotients). Let GA and GB be residually finite
groups. Suppose there exists an isomorphism Θ: pGA Ñ pGB. Let Q be a finite
group. A pair of quotient maps γA : GA ↠ Q and γB : GB Ñ Q is said to be
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Θ-corresponding, if γA is given by the composite

GA
pGA

pGB Qi Θ pγB (6.4)

Here, i : GA Ñ pGA denotes the natural inclusion and xγB denotes the (profinite)
completion of γB.

Proposition 6.4.2 (Profinite invariance of twisted Alexander polynomials). Let
pGA, ψAq and pGB, φBq be residually finite tgood type Fu-by-Z groups. Let Θ: pGA Ñ

pGB be a pZ-regular isomorphism and suppose ψA is the pullback of φB via Θ with
unit µ. Let ψB P H1pGB,Zq be a primitive fibred class. Let ψA P H1pGA,Zq be the
fibred class Θ˚

µpψBq. Fix a Θ-corresponding pair of finite quotients γA : GA Ñ Q

and γB : GB Ñ Q. Suppose ρ : Q Ñ GLpk,Qq is a representation and ρA : GA Ñ

GLpk,Qq and ρB : GB Ñ GLpk,Qq the pullbacks. Then,

∆ψA,ρA
GA,n

ptq ¨ ∆ψA,ρA
GA,n

pt´1
q
.
“ ∆φB ,ρB

GB ,n
ptq ¨ ∆φB ,ρB

GB ,n
pt´1

q

holds in Qrt˘1s up to monomial factors with coefficients in Qˆ.

Before proving Proposition 6.4.2 we will collect a number of facts. The following
criterion is due to Ueki [Uek18, Lemma 3.6].

Theorem 6.4.3 (Ueki). Let aptq, bptq P Zrts be a pair of palindromic polynomials
and µ P pZ be a unit. If the principal ideals paptµqq and pbptqq of the completed
group algebra pZJtpZK are equal, then aptq

.
“ bptq holds in Zrt˘1s.

Definition 6.4.4 (µ-powers). Let G be a profinite group, let g P G, and let µ P pZ.
We define the µ-power of g to be gµ “ lim

ÐÝN
gn mod N where N ranges over the

inverse system of open normal subgroups of G and n P Z is congruent to µ modulo
|G{N |. Note that hgµh´1 “ phgh´1qµ for all h P G.

The following fact is classical, for convenience we cite Liu.

Lemma 6.4.5. [Liu23a, Lemma 7.6] Let L be a finite group. If ρ : L Ñ GLkpQq

is a representation, then ρ is conjugate to the representation σQ over Q given by
extension of scalars of some representation σ : L Ñ GLkpZq.
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Remark 6.4.6. Combining Lemma 6.4.5 and Lemma 6.2.3 we may assume with-
out loss of generality that the representation ρ is equal to the extension of scalars
of some integral representation σ : Q Ñ GLkpZq. We denote by σA : GA Ñ GLkpZq

the pullback γ˚
Apσq and similarly write σB for γ˚

Bpσq.

By Proposition 6.3.4 and Proposition 4.2.3 we have a commutative diagram
with exact rows

1 FA GA Z 1

1 pFA pGA
pZ 1

1 pFB pGB
pZ 1

1 FB GB Z 1,

ψA

ΘF

pψA

Θ µ

pφB

φB

(6.5)

where ΘF “ Θ|FA and ΘF , Θ, and µ are isomorphisms.
We now write GA “ FA ¸ xtAy with ψAptAq “ 1 and GB “ FB ¸ xtBy with

φBptBq “ 1. Now (6.5) is implies that ΘptAq is conjugate to the µ-power tµB of
tB in pGB. Let MA be Zk equipped with the FA-module structure given by σA|FA

and similarly for MB. Note that ψA and φB induce automorphisms ΨA of FA and
ΦB of FB (up to choosing an inner automorphism). Moreover, ΨA induces a Z-
linear isomorphism ψA,n : HnpFA;MAq Ñ HnpFA;MAq. We note that the choices
made here for picking group automorphisms ΨA and ΦB only depend on the outer
automorphism class. This is sufficient for us since these induce the same action on
HnpFA;´q resp. HnpFB;´q It follows that ψA,n only depends on σ and ψA. We
obtain a commutative diagram of Z-modules with exact rows

0 HnpFA;MAqtors HnpFA;MAq HnpFA;MAqfree 0

0 HnpFA;MAqtors HnpFA;MAq HnpFA;MAqfree 0.

ψtors
A,n ψA,n ψfree

A,n

(6.6)
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Note that after fixing bases we may consider ψfree
A,n as a matrix in GLpHnpFA;MAqfreeq.

Define
PA,nptq :“ det

Zrt˘1s

`

1 ´ t ¨ ψfree
A,n

˘

(6.7)

and
PB,nptq :“ det

Zrt˘1s

`

1 ´ t ¨ φfree
B,n

˘

. (6.8)

The following lemma is [Liu23a, Lemma 7.7]. The proof goes through verbatim
once one assumes the kernels of ψA and φB are type F.

Lemma 6.4.7. [Liu23a, Lemma 7.7] Adopt the notation from Proposition 6.4.2,
Remark 6.4.6, (6.7), and (6.8). We have ∆ψA,ρB

GA,n
ptq

.
“ PA,nptq and ∆φB ,ρB

GB ,n
ptq

.
“

PB,nptq in Qrt˘1s up to monomials with coefficients in Qˆ.

The following lemma is [Liu23a, Lemma 7.8]. The proof goes through verbatim
once one assumes that the kernels of ψA and φB are type F, that FA and FB are
fully separable in GA and GB respectively (this is given by Proposition 4.2.3), and
that FA and FB are good.

Lemma 6.4.8. [Liu23a, Lemma 7.8] Adopt the notation from Proposition 6.4.2,
Remark 6.4.6, (6.7), and (6.8). For all n we have an equality of principal ideals
pPA,nptµqq “ pPB,nptqq in pZJtpZK.

Proof of Proposition 6.4.2. This follows from Lemmas 6.4.7 and 6.4.8 and Theo-
rem 6.4.3 after observing that the polynomials ∆ψA,ρA

GA,n
ptq¨∆ψA,ρA

GA,n
pt´1q and ∆φA,ρB

GB ,n
ptq¨

∆φB ,ρB
GB ,n

pt´1q are palindromic by Lemma 6.2.5.

6.4.2 Twisted Reidemeister torsion

We now prove profinite invariance of twisted Reidemeister torsion for free-by-cyclic
groups with first Betti number equal to one.

Corollary 6.4.9 (Profinite invariance of twisted Reidemeister torsion). Let pGA, ψAq

and pGB, φBq be free-by-cyclic groups. Let Θ: pGA Ñ pGB be a pZ-regular isomor-
phism. Let φB P H1pGB;Zq be a primitive fibred class and suppose ψA is the
pullback of φB via Θ. Fix a Θ-corresponding pair of finite quotients γA : GA Ñ Q
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and γB : GB Ñ Q. Suppose ρ : Q Ñ GLpk,Qq is a representation and ρA : GA Ñ

GLpk,Qq and ρB : GB Ñ GLpk,Qq the pullbacks. Then,

tτψA,ρAGA
ptq, τ´ψA,ρA

GB
u “ tτφB ,ρBGB

ptq, τ´φB ,ρB
GB

u.

Proof. By Proposition 6.4.2, unique factorisation in Qrt˘1s, and Lemma 6.2.5 we
obtain

SA,n “ t∆ψA,ρA
GA,n

ptq,∆´ψA,ρA
GA,n

ptqu “ t∆φA,ρB
GB ,n

ptq,∆´φB ,ρB
GB ,n

ptqu “ SB,n.

By Proposition 6.2.11 the relevant Alexander polynomials are concentrated in de-
grees 0 and 1. By Lemma 6.2.6 the sets SA,0 and SB,0 contain exactly one element
up to .

“-equivalence. Finally, the result follows from Proposition 6.2.11.

6.4.3 Profinite invariance of homological stretch factors

Theorem 6.4.10 (Profinite invariance of homological stretch factors). Let pGA, ψq

and pGB, φq be free-by-cyclic groups. If Θ: pGA Ñ pGB is a pZ-regular isomorphism
and ψ is the pullback of φ via Θ, then tν`

ψ , ν
´
ψ u “ tν`

φ , ν
´
φ u.

Proof. Denote the non-trivial primitive characters of GA by ψ˘
A and the non-trivial

primitive characters of GB by φ˘
B. By Proposition 6.4.2 we have

∆
ψ`
A ,1

GA,1
ptq ¨ ∆

ψ´
A ,1

GA,1
ptq

.
“ ∆

φ`
A,1

GB ,1
ptq ¨ ∆

φ´
B ,1

GB ,1
ptq

over Qrt˘1s. Normalise the polynomials so that every term is a non-negative power
of t and the lowest term is 1, and note that each of the four terms has the same
degree. Now, by unique factorisation in Qrt˘1s we obtain the equality of sets

SA “ t∆
ψ`
A ,1

GA,1
ptq,∆

ψ´
A ,1

GA,1
ptqu “ t∆

φ`
A,1

GB ,1
ptq,∆

φ´
B ,1

GB ,1
ptqu “ SB.

Now, since we are working over Q the set SA [resp. SB] is the set of characteristic
polynomials for pψ˘

Aq1 [resp. pφ˘
Bq1], that is, the set of characteristic polynomials

for the induced maps on degree 1 homology of the respective fibres. In particular,
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the sets
tν`
ψ , ν

´
ψ u and tν`

φ , ν
´
φ u

can be computed by taking the modulus of the largest root of the Alexander
polynomials in SA and SB. The desired equality follows.

6.5 Profinite invariance of Nielsen numbers

Let X be a connected, compact topological space that is homeomorphic to a finite-
dimensional cellular complex, with a finite number of cells in each dimension, and
let f : X Ñ X be a self-map. Recall from Section 6.1.2 the definitions of the fixed
point index indmpf ;Oq of fm at any point p P O, and the m-th Nielsen number
Nmpfq of f .

We will write Mf to denote the mapping torus

Mf “
X ˆ r0, 1s

pfpxq, 0q „ px, 1q
.

Let x0 P X and fix a path α from fpx0q to x0 in X. We identify X with the
fibre X ˆ t0u in Mf and write x̄0 denote the image of x0 in Mf . We define
t P π1pMf , x̄0q to be the loop obtained by concatenation of paths η ¨ α, where
ηs “ px0, sq for s P r0, 1s. The induced character φ : π1pMf q Ñ Z maps every loop
in X based at x0 to zero, and φptq “ 1.

Let ζ : π1pMf q Ñ Q be any map that is constant on conjugacy classes. Then
the m-th twisted Lefschetz number of f with respect to ζ is

Lmpf ; ζq “
ÿ

OPOrbmpfq

ζpcdpOqq ¨ indmpf ;Oq. (6.9)

For a finite-dimensional representation ρ : π1pMf q Ñ GLpk,Rq of π1pMf q, let
χρ : π1pMf q Ñ R denote the trace map. We write expp¨q to denote the formal
power series,

exppxq “

8
ÿ

k“0

xk

k!
.
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Theorem 6.5.1 ([Jia96], [Liu23a, Lemma 8.2]). Let φ : π1pMf q Ñ Z denote the
induced character. Suppose that F is a commutative field of characteristic 0 and
ρ : π1pMf q Ñ GLpk,Fq a finite-dimensional linear representation of π1pMf q. Then

τ ρ,φ
π1pMf q,Frt˘1sk

.
“ exp

ÿ

mě1

Lmpf ;χρq
tm

m
,

where the equality holds as rational functions in t over F, up to multiplication by
monomial factors with coefficients in Fˆ.

Let Q be a finite group. We say two elements g1 and g2 in Q are pZ-conjugate if
the cyclic groups xg1y and xg2y are conjugate in Q (note that this is equivalent to
the notion of pZ-conjugacy defined in [Liu23a]). This gives rise to an equivalence
relation on the set OrbpQq of conjugacy classes of Q. We write ΩpQq to denote
the resulting set of equivalence classes. For ω P ΩpQq, we let χω : OrbpQq Ñ Q
denote the characteristic function of ω.

Lemma 6.5.2 ([Liu23a, Lemma 8.5]). Fix m P N. Let γ : π1pMf q Ñ Q be a
quotient of π1pMf q onto a finite group Q. Then,

Nmpfq ě #tω P ΩpQq | Lmpf ; γ˚χωq ‰ 0u.

Note that by (8.1), for every ω P ΩpQq such that Lmpf, γ˚χωq ‰ 0, there exists
some O P Orbmpfq such that indmpf,Oq ‰ 0 and

γ˚χωpcdpOqq “ χω ˝ γpcdpOqq

‰ 0,

which holds if and only if γpcdpOqq P ω. Hence the number of such elements in
ΩpQq is bounded above by the number of essential m-periodic orbits of f , which
is exactly Nmpfq.

The following lemma is a strengthening of Lemma 8.6 in [Liu23a], however the
proof follows from Liu’s proof with only a slight modification. We provide a sketch
for the convenience of the reader.
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Lemma 6.5.3. Suppose that π1pMf q is conjugacy separable. Then, for any m P N
there exists a finite quotient Qm of π1pMf q such that

Nmpfq “ tω P ΩpQmq | Lmpf ; γ˚χωq ‰ 0u, and

Nmpf´1
q “ tω P ΩpQmq | Lmpf´1; γ˚χωq ‰ 0u.

(6.10)

Proof. LetG “ π1pMf q and write φ : G Ñ Z to denote the induced character, t P G

the stable letter and K “ kerφ the fibre subgroup as before. Since G is conjugacy
separable, for each m ě 1 there exists a finite quotient π̃m : G Ñ Q̃m, such that for
all m-periodic orbits of f and f´1, the corresponding distinct conjugacy classes in
G are mapped to distinct conjugacy classes in Q̃m.

By the discussion directly following the statement of Lemma 6.5.2, the inequal-
ity provided by Lemma 6.5.2 is achieved when the conjugacy classes corresponding
to the essential m-periodic orbits of f are mapped to distinct pZ-conjugacy classes
in the finite quotient. Hence, it suffices to find a finite quotient πm : G Ñ Qm

such that π̃m factors through πm, and which satisfies the following property. If x1
and x2 are two elements of G which correspond to m-periodic orbits of f , or of
f´1, and if xπmpx1qy and xπmpx2qy are conjugate in Qm, then in fact the elements
πmpx1q and πmpx2q are conjugate in Qm. This will then imply that π̃mpx1q and
π̃mpx2q are conjugate in Q̃m, since π̃m factors through πm. Hence x1 and x2 are
conjugate in G, showing that the required property holds for πm.

To construct Qm note that the m-periodic orbits of f correspond to elements
in the coset Ktm of G, and the m-periodic orbits of f´1 to the elements in the
coset Kt´m. If sK and t̄ are the images of K and t in a finite quotient of G, then
the coset sKt̄m is invariant under conjugation by elements in the quotient group.
Hence, it suffices to find Qm such that that the cyclic subgroups generated by x̄1
and x̄2, for any x1, x2 P Ktm, intersect sKt̄m exactly at x̄1 and x̄2, respectively. It
will then follow that if xx̄1y and xx̄2y are conjugate, then x̄1 and x̄2 are conjugate.
The details of this construction are spelled out in the proof of Lemma 8.6 in
[Liu23a].

We will also need the following proposition from representation theory of finite
groups (see e.g. [Ser77, Section 12.4]). We refer the reader to [Liu23a, Lemma 8.4]
for the proof of this result rephrased in the language of pZ-conjugacy classes.
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Proposition 6.5.4. Let K be a finite group. The set of irreducible finite-dimensional
characters of K over Q forms a basis for the space of maps OrbpKq Ñ Q which
are constant on pZ-conjugacy classes of K.

Let XA and XB be topological spaces as before, with self-maps fA : XA Ñ

XA and fB : XB Ñ XB. We write GA “ π1pMfAq and GB “ π1pMfBq, and let
ψA : GA Ñ Z and φB : GB Ñ Z be the induced characters.

Lemma 6.5.5. Suppose that GA and GB are conjugacy separable. Let Θ: pGA Ñ

pGB be an isomorphism such that for any finite group Q, some Θ-corresponding
pair of quotients γB : GB ↠ Q and γA : GA ↠ Q (see Definition 6.4.1), and some
representation ρ : Q Ñ GLpk,Qq, we have

tτψA,ργAGA
, τ´ψA,ργA
GB

u “ tτφB ,ργBGB
, τ´φB ,ργB
GB

u.

Then, for every m P N,

tNmpfAq, Nmpf´1
A qu “ tNmpfBq, Nmpf´1

B qu.

Proof. Let m P N. Invoke Lemma 6.5.3 to obtain a finite quotient γB : GB Ñ Qm

such that
Nmpf˘

B q “ #tω P ΩpQmq | Lmpf˘
B ; γ

˚
Bχωq ‰ 0u.

By Proposition 6.5.4, for every ω P ΩpQmq, χω can be expressed uniquely as a Q-
linear combination χω “

ř

i λiχρi , where each ρi : Qm Ñ GLpki,Qq is an irreducible
representation, and λi P Q. Hence

LmpfB; γ
˚
Bχωq “

ÿ

i

λiLmpfB; γ
˚
Bχρiq.

Let γA be the map obtained by composing

GA
ι

ÝÑ pGA
xγB

ÝÑ Q,

where ι : GA Ñ pGA is the natural inclusion. In particular, γA and γB are Θ-
corresponding, and thus by our assumption, for every representation ρi : Qm Ñ
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GLpki,Qq we have that

tτψA,ρiγAGA
, τ´ψA,ρiγA
GA

u “ tτφB ,ρiγBGB
, τ´φB ,ρiγB
GB

u.

By Theorem 6.5.1 it follows that, up to multiplication by monomials in t,

τψA,ρiγAGA
ptq

.
“ 1 ` L1pfA; γ

˚
Aχωqt `

8
ÿ

i“2

ait
i,

where for every i ě 2, the coefficient ai is of the form

ai “
1

i
LipfA; γ

˚
Aχωq ` Ci,

with Ci a constant term obtained from the numbers LkpfA; γ
˚
Aχωq, k ă i. Similarly,

τ´ψA,ρiγA
GA

ptq
.
“ 1 ` L1pf´1

A ; γ˚
Aχωqt `

8
ÿ

i“2

bit
i,

bi “
1

i
Lipf

´1
A ; γ˚

Aχωq ` Di,

and each Di is a constant term which only depends on the numbers Lkpf´1
A ; γ˚

Aχωq,
k ă i. Note that the coefficients ai and bj are non-zero for only finitely many
values of i and j. Furthermore, the analogous equalities hold true for τφB ,ρiγBGB

and
τ´φB ,ρiγB
GB

.

Hence, by comparing the coefficients of the powers of t in the expansions of the
Redemeister torsions, it follows that for each ρi,

tLmpfB; γ
˚
Bχρiq, Lmpf´1

B ; γ˚
Bχρiqu “ tLmpfA; γ

˚
Aχρiq, Lmpf´1

A ; γ˚
Aχρiqu.

Thus,

LmpfB; γ
˚
Bχωq ` Lmpf´1

B ; γ˚
Bχωq “ LmpfA; γ

˚
Aχωq ` Lmpf´1

A ; γ˚
Aχωq, and

LmpfB; γ
˚
BχωqLmpf´1

B ; γ˚
Bχωq “ LmpfA; γ

˚
AχωqLmpf´1

A ; γ˚
Aχωq.
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Solving the above equations, we obtain

tLmpfB; γ
˚
Bχωq, LmpfB; γ

˚
Bχωqu “ tLmpfA; γ

˚
Aχωq, Lmpf´1

A ; γ˚
Aχωqu.

Now,

NmpfBq ` Nmpf´1
B q “ #tω P ΩpQmq : LmpfB, γ

˚
Bχωq ‰ 0u

` #tω P ΩpQmq : Lmpf´1
B , γ˚

Bχωq ‰ 0u

“ #tω P ΩpQmq : LmpfA, γ
˚
Aχωq ‰ 0u

` #tω P ΩpQmq : Lmpf´1
A , γ˚

Aχωq ‰ 0u

ď NmpfAq ` Nmpf´1
A q,

where the last inequality follows from Lemma 6.5.2. The same argument shows
that NmpfAq ` Nmpf´1

A q ď NmpfBq ` Nmpf´1
B q. Hence NmpfAq ` Nmpf´1

A q “

NmpfBq `Nmpf´1
B q. Similarly, we get that NmpfBq ¨Nmpf´1

B q “ NmpfAq ¨Nmpf´1
A q.

It follows that
tNmpfAq, Nmpf´1

A qu “ tNmpfBq, Nmpf´1
B qu.

Combining Corollary 6.4.9 with Lemma 6.5.5 and Proposition 6.1.5, we obtain
the following theorem.

Theorem 6.5.6 (Profinite invariance of Nielsen numbers and stretch factors).
Let GA and GB be conjugacy separable free-by-cyclic groups with a pZ-regular iso-
morphism Θ: pGA Ñ pGB. Let φB P H1pGB,Zq be primitive and fibred, and let
ψA P H1pGA,Zq be the primitive fibred class which is the pullback of φB via Θ.
Let pf˘

A ,ΓAq and pf˘
B ,ΓBq be the corresponding relative train track representatives

with stretch factors λf˘
A

and λf˘
B
, respectively. Then, for all m P N,

tNmpfAq, Nmpf´1
A qu “ tNmpfBq, Nmpf´1

B qu, and

tλfA , λf´1
A

u “ tλfB , λf´1
B

u.

We now have everything we need to prove Theorem 6.5.7.
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Theorem 6.5.7. Let G “ F ¸ΦZ be a free-by-cyclic group with induced character
φ : G Ñ Z. If b1pGq “ 1 then following properties are determined by the profinite
completion pG of G:

1. the rank of F ;

2. the homological stretch factors tν`
G , ν

´
Gu;

3. the characteristic polynomials tCharΦ`,CharΦ´u of the action of Φ on
H1pF ;Qq;

4. for each representation ρ : G Ñ GLpn,Qq factoring through a finite quotient,
the twisted Alexander polynomials t∆φ,ρ

n ,∆´φ,ρ
n u and the twisted Reidemeister

torsions tτφ,ρ, τ´φ,ρu over Q.

Moreover, if G is conjugacy separable, (e.g. if G is hyperbolic), then pG also deter-
mines the Nielsen numbers and the homotopical stretch factors tλ`

G, λ
´
Gu.

Proof. Let GA be a free-by-cyclic group and let GB :“ G. Suppose that there
exists a profinite isomorphism Θ: pGA Ñ pGB. Then the first Betti number of GA

is b1pGAq “ 1 and hence by Proposition 6.3.3, the profinite isomorphism Θ is
pZ-regular.

Let ψ : GA Ñ Z be a surjective character. It follows that ψ is the pullback of φ
or φ´1 via Θ. With this setup we have that Item 1 is given by Proposition 6.3.5;
Item 2 is given by Theorem 6.4.10; Item 3 follows from (4) and the fact that we
can identify CharΦ˘ with ∆˘φ,1

1 ; Item 4 is given by Proposition 6.4.2. The final
statement follows by Theorem 6.5.6.

6.6 Almost profinite rigidity for free-by-cyclic groups

The aim of this section is to prove Theorem 6.6.4. We reproduce the statement
below. Before we prove the theorem we collect some facts.

Lemma 6.6.1. Let GA and GB be free-by-cyclic groups with finite and infinite
order monodromies respectively. Then, pGA is not isomorphic to pGB.
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Proof. Suppose for contradiction that such an isomorphism exists. Note that since
the monodromy of GB has infinite order, the center ZpGBq of GB is trivial. Let
GA “ Fm ¸ϕ Z where ϕ represents a finite order outer automorphism. Clearly
m ě 2, otherwise GA is virtually abelian and GB is a virtually abelian free-by-
cyclic group, which contradicts the fact that GB has trivial center.

Let G1
A ď GA be a finite-index subgroup of GA so that G1

A » Fm ˆ Z. Then
pG1
A » pFmˆ pZ. Let H be the image of pG1

A under the isomorphism pGA » pGB. Then,
H » sG1

B » pG1
B, for some finite-index subgroup G1

B ď GB. Since ZpG1
Bq “ t1u we

have Zp pG1
Bq{ZpG1

Bq “ Zp pG1
Aq » pZ. By [Lüc94, Theorem 7.2] we have bp2q

1 pG1
Bq “

b
p2q

1 pG1
Aq “ b

p2q

1 pFmˆZq “ 0, where bp2q

1 denotes the first ℓ2-Betti number. It follows
that the dense projection π of G1

B to pFm ď pG1
A is not injective. Indeed, otherwise,

by [BCR16, Corollary 3.3], we have

0 “ b
p2q

1 pG1
Bq ě b

p2q

1 pFmq “ m ´ 1 ě 1,

which is a contradiction. It follows that G1
B intersects kerπ ď Zp pG1

Bq non-trivially.
But then, ZpG1

Bq ‰ t1u contradicting our original hypothesis.

Proposition 6.6.2. Let G be a free-by-cyclic group with finite order monodromy
and b1pGq “ 1. Then, G is almost profinitely rigid amongst free-by-cyclic groups
and every free-by-cyclic group in the profinite genus of G has finite order mon-
odromy.

Proof. Let GA be a free-by-cyclic group with finite order monodromy and first
Betti number equal to one, and suppose GB is a free-by-cyclic group profinitely
isomorphic to GA. By Lemma 6.6.1 we may assume GB has finite order mon-
odromy. Note b1pGBq “ 1. Now, Theorem 6.5.7(1) implies that the (uniquely
defined) fibre subgroups of GA and GB have the same rank — say n. Since, by
[CV86], OutpFnq has only finitely many conjugacy classes of torsion subgroups,
there are only finitely many possibilities for the isomorphism type of GB.

Recall, an outer automorphism Φ P OutpFnq is said to be atoroidal if there
does not exist a non-trivial element x P Fn and n ě 1 such that Φn preserves the
conjugacy class of x.
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The following proposition is a folklore result which can be traced back to the
work of Bestvina–Handel, who proved it for fully irreducible elements of OutpFnq

[BH92, Theorem 4.1]. A careful proof in the more general setting of expanding
free group endomorphisms can be found in the paper of Mutanguha [Mut21, The-
orem A.4].

Proposition 6.6.3. Let Φ P OutpFnq be an outer automorphism of Fn. Suppose
that Φ is infinite-order irreducible and not atoroidal. Then Φ is induced by a
pseudo-Anosov homeomorphim of a once-punctured surface.

Theorem 6.6.4. Let G be an irreducible free-by-cyclic group. If b1pGq “ 1, then
G is almost profinitely rigid amongst irreducible free-by-cyclic groups.

Proof. Let GA be a free-by-cyclic group with b1pGAq “ 1 and irreducible mon-
odromy Φ. Let GB be another free-by-cyclic group with irreducible monodromy
Ψ and suppose that pGA » pGB. If the monodromy Ψ has finite order, then we are
done by Proposition 6.6.2.

Assume Ψ has infinite order. Note that by Theorem 6.1.6, Φ is atoroidal if and
only if Ψ is atoroidal.

If Ψ is not atoroidal, then by Proposition 6.6.3, both Φ and Ψ are induced
by pseudo-Anosov homeomorphisms of compact surfaces. Thus, GA and GB are
fundamental groups of compact hyperbolic 3-manifolds and the result holds by
[Liu23a, Theorem 9.1].

Finally, suppose that Φ is atoroidal. Hence GA and GB are Gromov hyperbolic
free-by-cyclic groups. By [HW15], GA and GB are virtually compact special, and
thus by [Min06] they are conjugacy separable. Furthermore, b1pGBq “ 1 since
Betti numbers are invariants of profinite completions. Thus by Proposition 6.3.3,
the isomorphism pGA Ñ pGB is pZ-regular. Hence by Theorem 6.5.6, the sets of
stretch factors tλΦ, λΦ´1u of Φ˘1 and tλΨ, λΨ´1u of Ψ˘1 are equal. The result now
follows from Lemma 3.2.2.
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6.6.1 Applications

We conclude this section with the applications of Theorem 6.6.4, Theorem 6.5.7
and Theorem 6.1.6.

Corollary 6.6.5. Let G be a super irreducible free-by-cyclic group. Then, every
free-by-cyclic group profinitely isomorphic to G is super irreducible. In particular,
G is almost profinitely rigid amongst free-by-cyclic groups.

Proof. Let H be a free-by-cyclic group and suppose pH » pG. As explained in
[GS91, Section 2] G being super irreducible is a property of the characteristic
polynomial of the matrix M : H1pFn;Qq Ñ H1pFn;Qq representing the action of Φ
on H1pFn;Qq. Thus, by Theorem 6.5.7 we see H is super irreducible. The result
follows from Theorem 6.6.4.

Corollary 6.6.6. Let G be a random free-by-cyclic group. Then, asymptotically
almost surely G is almost profinitely rigid amongst free-by-cyclic groups.

Proof. By Proposition 6.1.3, every generic free-by-cyclic group G is super irre-
ducible and has b1pGq “ 1. The result follows from Corollary 6.6.5.

Corollary 6.6.7. Let G “ F3 ¸ Z. If G is hyperbolic and b1pGq “ 1, then G is
almost profinitely rigid amongst free-by-cyclic groups.

Proof. We first prove G is irreducible. Suppose that this is not the case. Then
G has a subgroup isomorphic to either Z ¸ Z or F2 ¸ Z. But both possibilities
would imply G contains a Z2 subgroup contradicting hyperbolicity. Now let H be
a free-by-cyclic group and suppose that pH » pG. By Theorem 6.1.6 we see H is
hyperbolic and by Theorem 6.5.7 we see that H splits as F3¸Z. Thus, the previous
paragraph implies H is irreducible. The result follows from Theorem 6.6.4.

Corollary 6.6.8. Let G “ F2 ¸ Z. If b1pGq “ 1, then G is profinitely rigid
amongst free-by-cyclic groups.

Proof. Let H be a free-by-cyclic group and suppose pH » pG. By Theorem 6.5.7 we
see that H » F2 ¸ Z. But each F2 ¸ Z is profinitely rigid amongst groups of the
form F2 ¸ Z by [BRW17].
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Remark 6.6.9. In fact, Theorems A - C apply within a wider class of groups
than stated in the hypothesis; namely, we can consider the class of mapping tori
of (possibly infinite rank) free group automorphisms (imposing irreducibility if the
fibre is finitely generated). The key point is that by [FH99] any finitely generated
group G in this class is finitely presented and has χpGq ď 0 with equality if and
only if the fibre subgroup is finitely generated. Now, χpGq ă 0 if and only if
b

p2q

1 pGq ą 0 by [Lüc02, Theorem 6.80], but the first ℓ2-Betti number is a profinite
invariant amongst finitely presented groups [BCR16, Corollary 3.3]. It follows no
{infinitely generated free}-by-cyclic group G is profinitely isomorphic to a {finitely
generated free}-by-cyclic group.

6.7 Profinite conjugacy in OutpFnq

In this section we show that the stretch factors of atoroidal elements of OutpFnq

are profinite conjugacy invariants.

Definition 6.7.1 (Profinitely conjugate). Let Ψ,Φ P OutpFnq. We say Ψ and Φ

are profinitely conjugate if they induce a pair of conjugate outer automorphisms
in Outp pFnq.

Theorem 6.7.2. Let Ψ P OutpFnq be atoroidal. If Φ P OutpFnq is profinitely
conjugate to Ψ, then Φ is atoroidal and tλΨ, λΨ´1u “ tλΦ, λΦ´1u. In particular, if
Ψ is additionally irreducible, then there are only finitely many OutpFnq-conjugacy
classes of irreducible automorphisms which are conjugate with Ψ in Outp pFnq

Proof. The first result follows from applying Theorem 6.1.6, Theorem 6.5.7, and
Proposition 6.7.4, the latter of which is proved below. The “in particular” then
follows from Lemma 3.2.2.

Definition 6.7.3 (Aligned isomorphism). Let Ψ,Φ P OutpFnq. Write GA “ Fn¸Ψ

Z and GB “ Fn ¸Φ Z and let ψ : GA Ñ Z and ψ : GB Ñ Z be the induced
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characters. We say that an isomorphism Θ: pGA Ñ pGB is aligned if the following
diagram commutes

pGA
pZ

pGB
pZ.

pψ

Θ id

pφ

Note that an aligned isomorphism realises ψ as the pullback of φ with respect to
Θ with unit 1 in the sense that Θ˚pφq “ ψ.

The following proposition follows [Liu23b, Proposition 3.7].

Proposition 6.7.4. Let Φ,Ψ P OutpFnq. The following are equivalent:

1. the profinite completions of the free-by-cyclic groups GA “ Fn ¸Ψ Z and
GB “ Fn ¸Φ Z are aligned isomorphic;

2. the outer automorphisms Φ and Ψ are profinitely conjugate.

Proof. In constructing GA and GB we have implicitly picked lifts of Φ and Ψ

to AutpFnq which abusing notation we have also denoted by Φ and Ψ. Write
GA “ Fn ¸Ψ xtAy and GB “ Fn ¸Φ xtBy. Denote the images of tA and tB is
OutpFnq by τA and τB. Note pGA “ pFn ¸ yxtAy and similarly for GB. Denote the
images of τA and τB in Autp pFnq by pτA and pτB respectively.

We now prove that (1) implies (2). Suppose there is an aligned isomorphism
Θ: pGA Ñ pGB and denote its restriction to pFn by ΘF . We have ΘptAq “ tBh for
some h P pFn. Since gtA “ tAt

´1
A gtA “ tApτApgq we have ΘF pgqtBh “ tBhΘ0ppτApgqq.

Let Ih denote the inner automorphism given by conjugation by h. We have
ΘF pgqtB “ tBIhpΘF ppτApgqq, and hence, tBpτBpΘF pgqq “ tBIhpΘF ppτpgqqq for all
g P pFn. Hence, pτB “ IhΘFpτAΘ

´1. It follows that pτA and pτB are conjugate when
projected to Outp pFnq. Hence, Φ and Ψ are profinitely conjugate.

To show (2) implies (1) we reverse the previous calculation to obtain a group
isomorphism pGA Ñ pGB.
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Chapter 7

Profinite rigidity of {universal
Coxeter}-by-cyclic groups

Let n ě 2 be an integer. The universal Coxeter group of rank n is the free product
Wn of n copies of Z{2,

Wn “
n
˚
i“1

Z{2.

The group OutpWnq of outer automorphisms of the universal Coxeter group Wn

is related to the better-understood groups of outer automorphisms of free groups
OutpFnq and the general linear groups GLpn,Zq, with isomorphisms between all
of these groups in the lowest ranks

OutpWn`1q » OutpFnq » GLpn,Zq for n P t1, 2u.

There has recently been increased interest in studying the properties of OutpWnq

in analogy with the group OutpFnq of outer automorphisms of free groups, includ-
ing the work of Guerch on the automorphisms and commensurations of OutpWnq

[Gue20, Gue21] and Gaboriau–Guerch–Horbez on computing the L2-Betti numbers
of OutpWnq [GGH22].

In this chapter we study elements of OutpWnq one at a time by considering
their mapping tori, which we also refer to as tuniversal Coxeteru-by-cyclic groups,

G “ Wn ¸Φ Z for Φ P OutpWnq.
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Such groups are virtually free-by-cyclic and thus residually finite. In this chap-
ter we study the profinite rigidity within the class of such groups. We say that
a universal Coxeter group is fully irreducible, if it admits fully irreducible mon-
odromy (see Section 7.0.2 for definitions).

Theorem 7.0.10. Let G be a fully irreducible {universal Coxeter}-by-cyclic group.
Then G is almost profinitely rigid amongst the class of fully irreducible {universal
Coxeter}-by-cyclic groups.

Let K ď Wn be the unique torsion-free subgroup of index 2. For any choice
of free basis for Wn, K is the kernel of the homomorphism Wn Ñ Z{2 which
maps every free generator of Wn to 1. We note that K is characteristic and it is
isomorphic to the free group of rank n ´ 1.

Fix a free basis of the free group Fn of rank n, and let ι P AutpFnq, denote
the automorphism which inverts each basis element. Let rιs be the image of ι in
OutpFnq. Following [BF18], we define the group of hyperelliptic outer automor-
phisms of Fn, denoted by HOutpFnq, to be the centraliser of rιs in OutpFnq.

Theorem 7.0.9. Let G “ Wn ¸Z be a {universal Coxeter}-by-cyclic group. Then
the rank n of the fibre Wn is an invariant of pG.

Suppose that all free-by-cyclic groups with monodromy in HOutpFn´1q are con-
jugacy separable. Then pG determines the the stretch factors tλ`, λ´u associated
to the monodromy of the splitting Wn ¸ Z.

7.0.1 More on graphs of groups

Recall in Section 2.1 we defined a graph of groups G “ pΓ,G‚, ι‚q to be a graph
Γ, an assignment G‚ of groups to vertices and edges of Γ, and a collection of
monomorphisms ιe : Ge ãÑ Gτpeq. For the remainder of this section, we will assume
that all the edge groups Ge are trivial. The vertex v is said to be essential if Gv is
non-trivial.

To every graph of groups with trivial edge groups G “ pΓ,G‚, ι‚q we associate
a graph of spaces XG constructed by attaching a KpGv, 1q with a unique vertex v0
to the corresponding vertex v of Γ.
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A morphism F between graphs of groups G “ pΓ,G‚, ι‚q and H “ pΛ,H‚, κ‚q

consists of a pair of maps pf, fXq with the following properties. The first map
f : Γ Ñ Λ sends vertices to vertices, and edges to edge paths. The second map
fX : XG Ñ XH is a map of spaces such that the following diagram commutes,

XG XH

Γ Λ

fX

f

The vertical maps are the retractions obtained by collapsing the vertex spaces to
their basepoints.

A homotopy from the morphism pf, fXq : G Ñ H to pf 1, f 1
Xq : G Ñ H is a

collection of morphisms

tpfs, fX,sq : G Ñ H : s P r0, 1su,

such that tfsu is a homotopy from f to f 1, and tfX,su is a homotopy from fX to
f 1
X .

A morphism F : G Ñ H is a homotopy equivalence, if there exists a morphism
F 1 : H Ñ G such that F ˝F 1 and F 1 ˝F are homotopic to the identity morphisms.
Any homotopy equivalence H : G Ñ H induces an isomorphism H˚ : π1pGq Ñ

π1pHq.
For further detail and careful proofs of the claims made in this section, the

interested reader is referred to [Lym22b].

7.0.2 Topological representatives for elements in OutpWnq

and Nielsen numbers

For each n ě 2, define the thistle with n prickles to be the graph of groups Tn, where
the underlying graph is a tree with one vertex of degree n and n vertices of degree
1, and where each edge and the central vertex are labelled by the trivial group,
and where the leaves are labelled by Z{2. Once and for all, fix the basepoint ˚ of
Tn to be the central vertex. Then, there is a natural identification π1pTn, ˚q » Wn,
so that each standard generator of Wn is identified with the path in Tn given by
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the concatenation e ¨ x ¨ ē, where e is an edge in Tn with ipeq “ ˚ and x is the
generator of the group associated to the vertex τpeq.

Let Φ P OutpWnq. The standard topological representative of Φ is the homotopy
equivalence ρ : pTn, ˚q Ñ pTn, ˚q determined by Φ and the identification π1pTn, ˚q »

Wn as above. A topological representative of Φ is a pair pF,Gq where G is a graph
of groups together with a homotopy equivalence α : Tn Ñ G, and F : G Ñ G is a
homotopy equivalence, such that the following diagram commutes up to homotopy

Tn Tn

G G

α

ρ

α

F

where ρ : Tn Ñ Tn is the standard representative of Φ. We assume that f is locally
injective on the interiors of the edges of Γ. When we talk of the transition matrix,
maximal filtration and exponential strata of pF,Gq, we are referring to those objects
associated to the underlying graph map pf,Γq (see Section 3.2). In particular, the
topological representative pF,Gq is said to be irreducible if the maximal filtration
of the underlying graph map pf,Γq has length one.

Let pF,Gq be a topological representative of Φ P OutpWnq. An invariant forest
is a subgraph Γ0 of the underlying graph Γ such that each component C of Γ0

is a tree, and the fundamental group of the sub-graph of groups corresponding
to C acts with a global fixed point on its Bass–Serre tree. A forest is said to be
non-trivial if it contains at least one edge.

The outer automorphism Φ P OutpWnq is said to be irreducible, if every topo-
logical representative pF,Gq of Φ, where the underlying graph Γ has no inessential
valence-one vertices and no invariant non-trivial forests, is irreducible. The stretch
factor of Φ is the infimum of the stretch factors of irreducible topological repre-
sentatives of Φ. The outer automorphism Φ is fully irreducible if Φk is irreducible
for every k ě 1.

There exists a theory of (improved) relative train track representatives for el-
ements of OutpWnq [Lym22a] (see also [CT94], [FM15] and [Lym22b] for earlier
results on train tracks on graphs of groups), which is completely analogous to that
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for elements in OutpFnq. As in the case of OutpFnq, the stretch factor of an irre-
ducible outer automorphism Φ P OutpWnq, as defined in the previous paragraph,
coincides with the stretch factor of any train track representative. The stretch
factor of a general element Φ P OutpWnq is defined to be the stretch factor of any
relative train track representative.

The proof of the following lemma is completely analogous to the proof of Propo-
sition 6.1.5.

Lemma 7.0.1. Let Φ P OutpWnq be an outer automorphism of Wn with stretch
factor λ. Let pF,Gq be a topological representative of Φ, with underlying graph
map f . Then

λ “ lim supmÑ8Nmpfq
1{m.

Before proceeding further, we take a detour to discuss irreducibility of matrices
and graphs.

Let A P MnpZq be a matrix with non-negative integer entries aij. We construct
a (directed) graph ΓA associated to A, so that ΓA has n vertices tv1, . . . , vnu and
there exist aij (directed) edges from vi to vj, for every i, j ď n. The graph ΓA is
said to be irreducible, if for any two vertices u and v of ΓA, there exists a directed
path from u to v. The following is an elementary exercise.

Lemma 7.0.2. The non-negative integer matrix A is irreducible if and only if the
associated graph ΓA is irreducible.

We now prove a crucial lemma on the irreducibility of degree-two covers of
directed graphs. In what follows, when we say path from u to v, we will always
mean a directed path. Given an oriented edge e in an oriented graph Γ, we write
ipeq to denote the initial vertex of e in Γ and tpeq the terminal vertex.

Lemma 7.0.3. Let Γ be a directed graph on n vertices, and let Γ1 be a degree-two
cover of Γ. If Γ is irreducible then either Γ1 is irreducible, or it has two connected
components and each is isomorphic to Γ.

Furthermore, if Γ1 is irreducible then the Perron–Frobenius eigenvalues of AΓ1

and AΓ are equal.
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Proof. Let tv1, . . . , vnu be the vertex set of Γ. Let v1i and v2i be the two lifts of
vi in Γ1, and write V1 “ tv1i | 1 ď i ď nu and V2 “ tv2i | 1 ď i ď nu. Let N be
the number of edges e in Γ1 such that ipeq P V1 and tpeq P V2. We call such edges
special. We prove our result by induction on N .

If N “ 0 then the lemma is clearly true, since Γ1 has two connected components
and each is isomorphic to Γ.

Let N ě 1 and suppose the lemma is true whenever the number of special
edges is at most N ´ 1. Let Γ1 Ñ Γ be a degree-two cover with N special edges.
Note that since Γ is irreducible, for any vertices vi and vj of Γ, there exists a path
γ from vi to vj. This path has two lifts γ1 and γ2 in Γ1 such that either

i) γ1 joins v1i to v1j and γ2 joins v2i to v2j ; or

ii) γ1 joins v1i to v2j and γ2 joins v2i to v1j .

Hence to prove the lemma it suffices to show that there exists a path in Γ1 from
v1k to v2k, and a path from v2k to v1k, for all k.

Let e1 be a special edge and suppose that ipe1q “ v1i and tpe1q “ v2j , for some i
and j. Then Γ1 contains an edge e2 such that ipe2q “ v2i and tpe2q “ v1j . Construct
a graph Γ2 from Γ1 by replacing e1 with the edge e1

1 which joins v1i to v1j , and
replacing e2 with the edge e1

2 which joins v2i to v2j . Note that Γ2 is a degree-two
cover of Γ with N ´ 1 special edges.

Suppose first that N “ 1 and fix index k ď n. Since Γ is irreducible, there
exists a path in Γ from vk to vi. Let γ be a shortest such path. Then γ has two
lifts γ1 and γ2 in Γ2. Since Γ2 has zero special edges, γ1 only crosses edges with
both endpoints in V1 and γ2 only crosses edges with both endpoints in V2 (possibly
after swapping γ1 and γ2). Also by minimality of the length of γ, the lifts of γ do
not cross the edges e1

1 and e1
2. Hence the path γ1 descends to a path in Γ1 joining

v1k to v1i . Similarly one constructs a path from v2j to v2k in Γ1. The concatenation
of these two paths and the edge e1 gives a path from v1k to v2k.

Now assume N ě 2. Then Γ2 is irreducible and thus there exists a shortest
path η1 in Γ2 from v1k to v1i , and a shortest path η2 from v2j to v2k. Since ipe1

1q “ v1i ,
any shortest path from v1k to v1i does not contain e1

1. Similarly, any shortest path
from v2j to v2k does not contain e1

2. Hence η1 and η2 descend to paths in Γ1. The
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concatenation of these paths, together with the edge e1 give rise to a path from v1k
to v2k. Similarly, one constructs a path from v2k to v1k. Hence the statement holds
for Γ1. This proves the first part of the lemma.

To prove the statement about equality of Perron–Fobenius eiganvalues, suppose
that Γ1 is irreducible. Relabel the vertices of Γ1 so that for each i ď n, the vertices
labelled by i and i` n in Γ1 are the two lifts of the ith vertex of Γ. Let aij and a1

ij

denote the pi, jqth elements of AΓ and AΓ1 , respectively. Since Γ1 is a degree-two
cover of Γ, it follows that for every i, j ď n,

aij “ a1
ij ` a1

ipj`nq “ a1
pi`nqj ` a1

pi`nqpj`nq. (7.1)

Let vpf denote the Perron–Frobenius eigenvector of AΓ and let λ be the Perron–
Frobenius eigenvalue. Let v1

pf be the vector obtained by concatenating two copies
of vpf . Then by (7.1),

AΓ1v1
pf “ λ ¨ v1

pf .

Hence the Perron–Frobenius eigenvalue of AΓ1 is λ.

Let Wn be the universal Coxeter group with a free basis ta1, . . . , anu. There
exists a homomorphism Wn ↠ Z{2 which maps each generator ai to the non-trivial
element of Z{2. The kernel K ď Wn is the unique torsion-free index-two subgroup
of Wn and thus it is independent of the choice of the free basis. Moreover, K is
isomorphic to the free group of rank n ´ 1.

Fix a preferred free basis X of the free group Fn´1. Let ιX P AutpFn´1q denote
the automorphism which acts by inverting each element of X. We call ιX the
hyperelliptic involution of Fn´1 with respect to X. We will write ι to denote ιX
when X is clear from the context. Let rιs be the image of ι in OutpFn´1q.

Remark 7.0.4. For any two choices of free generating sets X and Y of the free
group F , the outer classes of the hyperelliptic involutions rιXs and rιY s are conju-
gate in OutpF q [BF18, Lemma 6.1].

Definition 7.0.5 ([BF18]). The hyperelliptic automorphism group HAutpFn´1q

is the centraliser of ι in AutpFn´1q. The hyperelliptic outer automorphism group
HOutpFn´1q of Fn´1 is the centraliser of rιs in OutpFn´1q.
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There is a homomorphism ρ : AutpWnq Ñ AutpFn´1q induced by restricting
each automorphism of Wn to the characteristic subgroup K ď Wn´1. By [Krs92,
Section 2 ], the map ρ restricts to an isomorphism

ρ : AutpWnq Ñ x´1HAutpFn´1qx,

for some x P AutpFn´1q. Furthermore, the image of the subgroup InnpWnq of
inner automorphisms of Wn under ρ is contained in the subgroup InnpFn´1q ¨ xιy X

HAutpFn´1q. Hence there is an isomorphism

AutpFn´1q{InnpFn´1q Ñ HAutpFn´1q{ pInnpFn´1q ¨ xιy X HAutpFn´1qq

Moreover, it is easy to see that HAutpFn´1q X InnpFn´1q “ 1, and hence there is
an injective map

OutpWnq ãÑ HOutpFn´1q{xrιsy.

It follows that each outer automorphism Φ in OutpWnq defines a coset Φ̄ ¨ xrιsy

in the quotient OutpFn´1q{xrιsy. Hence, there is a well-defined map OutpWnq Ñ

OutpFn´1q which sends Φ to the outer automorphism Φ̄2, which we label by ΦK P

OutpFn´1q, and call the outer automorphism of Fn´1 induced by Φ P OutpWnq.

Proposition 7.0.6. Let n ě 3 and Φ P OutpWnq be an outer automorphism with
stretch factor λpΦq. Then, the stretch factor of the induced outer automorphism
ΦK P OutpFn´1q is equal to λpΦq2.

Furthermore, if Φ is fully irreducible then so is ΦK.

Proof. Let pF,Gq be a bounded relative train track representative of Φ2 P OutpWnq,
where G “ pΓ,Gq is a graph of groups as before, with the vertex v0 in Γ acting as
a basepoint, and F “ pf, fXq. Let ta1, . . . , anu be a free basis of Wn so that each
vertex of the underlying graph Γ of G is labelled by some xaiy » Z{2 or the trivial
group. Note that Γ is simply connected. Let K “ xa1a2, a1a3, . . . , a1any.

As before, let XG denote the graph of spaces associated to G. In particular, we
identify Wn with π1pXG, v0,Γq. Let π : Y Ñ XG be the cover of XG corresponding
to the subgroup K. Let rX be a connected lift of XG to Y with ṽ0 P rX a lift of the
basepoint v0.
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Since K is a characteristic subgroup, there is a lift of the map fX to a map
fY : Y Ñ Y which represents the induced outer automorphism ΦK .

Since each ai is not an element ofK, the unique length-one loop inXG contained
in the free homotopy class of ai P π1pXGq lifts to an edge in Y with distinct
endpoints. The endpoints are the two vertices of Y which project down to the
essential vertex labelled by ai.

Note that the morphism f preserves the set of essential vertices. Let Y 1 be
the space obtained from Y by collapsing the edges which join the two lifts of each
essential vertex, and the lifts of the two-cells. Then Y 1 is homotopy equivalent
to Y , and there is a map fY 1 : Y 1 Ñ Y 1 which is homotopic to fY . It follows
that pfY 1 , Y 1q is a topological representative of ΦK P OutpFn´1q. Then, Y 1 is a
(combinatorial) graph which is obtained by doubling the underlying graph Γ of G
along the essential vertices. In particular, the incidence matrix of fY 1 gives rise to
a directed graph which is an index-two cover of the directed graph associated to
the incidence matrix of f .

The relative train track structure of f lifts to a relative train track structure of
fY 1 . If S is a non-zero stratum of G with stretch factor λ, then by Lemma 7.0.3, its
lift to Y 1 is either an irreducible stratum with stretch factor λ or two irreducible
strata, each with stretch factor λ. Then λpΦKq “ λpΦ2q “ λpΦq2.

Suppose now that Φ is fully irreducible. For contradiction, suppose that ΦK is
not fully irreducible. Then there exists some positive integer N and a free splitting
Fn´1 “ A ˚ B such that A ‰ 1 and B ‰ 1, and ΦN preserves the conjugacy class
of A.

Then it is possible to choose f to be an irreducible train track. Then either
fY 1 is irreducible, or Y 1 “ ΓYΓ˚ is the double of a simply-connected graph Γ, and
fY 1 preserves Γ and Γ˚. Let Y 2 be the graph obtained from Y 1 by collapsing the
subgraph Γ˚ Ď Y 1 to a single point. Then Y 2 is homotopy equivalent to Y 1 and
there is an induced map fY 2 : Y 2 Ñ Y 2 which is homotopic to fY 1 . Then since fY 2

is a train track map, it follows that ΦK is irreducible. Similar argument works for
showing irreducibility of Φi

K for all i ě 1.

Corollary 7.0.7. Let n ě 3 and C ą 1. There exists at most finitely many
conjugacy classes of elements in OutpWnq with stretch factor at most C.
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Proof. This is an immediate consequence of Proposition 7.0.6 and Lemma 3.2.2.

7.0.3 Profinite invariants and almost rigidity of {universal

Coxeter}-by-cyclic groups

A group G is said to be tuniversal Coxeteru-by-cyclic if it fits into the short exact
sequence

1 Ñ Wn Ñ G Ñ Z Ñ 1.

For the remainder of this section, we let pGA, φq and pGB, ψq denote {universal
Coxeter}-by-cyclic groups with fibred characters φ : GA Ñ Z and ψ : GB Ñ Z. We
write GA “ Wn ¸Φ Z and GB “ Wm ¸Ψ Z to denote the splittings of GA and GB

induced by the characters, and let KA ď GA and KB ď GB be the unique torsion-
free index-two subgroups of the fibres. Recall that there is a well-defined map
OutpWnq Ñ OutpFn´1q which sends an outer automorphism class Φ represented
by ϕ P AutpWnq, to the the outer automorphism class of ϕ2|K , where K ď Wn is
the unique torsion-free index-two subgroup. We write ΦK to denote the image of
Φ under this map, and call it the outer automorphism of Fn´1 induced by Φ.

Fix some t P φ´1p1q and s P ψ´1p1q, and let

HA “ xKA, t
2
yGA » KA ¸ΦKA

Z,

HB “ xKB, s
2
yGB » KB ¸ΨKB

Z.
(7.2)

We write φ̄ to denote the character φ : GA Ñ Z restricted to the subgroup HA,
and define ψ̄ similarly. We note that the characters φ̄ and ψ̄ induce the splittings
(7.2).

For a group G and prime p we denote its pro-p completion by pGp. Note this is
exactly the inverse limit of the system of finite quotients of order a power of p.

Proposition 7.0.8. Let pGA, φq and pGB, ψq be {universal Coxeter}-by-cyclic
groups, and suppose Θ: pGA Ñ pGB is an isomorphism. The following conclusions
hold:

1. Θ is pZ-regular;
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2. GA and GB have isomorphic fibres;

3. the profinite isomorphism Θ restricts to a pZ-regular isomorphism Θ
pHA

: pHA Ñ

pHB and φ̄ is the pullback of ψ̄ via Θ|
pHA

4. GA and GB are good.

Proof. It is easy to see that GA and GB satisfy b1pGAq “ b1pGBq “ 1. Thus, Item 1
follows from Proposition 6.3.3. Note that b1pWn;F2q “ n. We may prove Item 2
by an identical argument to Proposition 6.3.5 but taking the twisted Alexander
polynomials over F2 instead of an arbitrary prime.

The subgroups HA ď GA and HB ď GB have finite index in their respective
overgroups, and are free-by-cyclic. Since goodness passes to finite-index overgroups
this proves Item 4.

Now, the group HA is the kernel of a map α : GA ↠ Z{2. We see that HA

is torsion-free and so its pro-2 completion has finite cohomological dimension,
whereas GA has 2-torsion so cd2p pG

2
Aq “ 8 (see [Wil98, Section 1.1. and Proposi-

tion 11.1.5] for the definition of cd2 and the relevant facts). Completing the map
α to pGA we obtain an induced map pGB ↠ Z{2 and hence a map β : GB ↠ Z{2.
Now ker β is torsion-free since ker pβ » ker pα and cd2pker pα

2q is finite. We have
shown that HA and HB are profinitely isomorphic free-by-cyclic groups. Since Θ

is pZ-regular by Item 1, it follows that φ̄ is the pullback of ψ̄ via Θ|
pHA

. This proves
Item 3.

Theorem 7.0.9. Suppose that all free-by-cyclic groups with monodromy contained
in HOutpFnq (see Definition 7.0.5) for some n, are conjugacy separable.

Let pGA, φq and pGB, ψq be profinitely isomorphic {universal Coxeter}-by-cyclic
groups. Let tλ`

A, λ
´
Au and tλ`

B, λ
´
Bu be the stretch factors of pGA, φq and pGB, ψq,

respectively. Then
tλ`

A, λ
´
Au “ tλ`

B, λ
´
Bu.

Proof. The groups pGA, φq and pGB, ψq have isomorphic fibres by Proposition 7.0.8
Item 2. By Proposition 7.0.8 Item 3, the character φ̄ : HA Ñ Z is the pullback
of ψ̄ : HB Ñ Z under a profinite isomorphism pHA Ñ pHB. Also, by assumption,
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pHA, φ̄q and pHB, ψ̄q are conjugacy separable free-by-cyclic groups. Hence by The-
orem 6.5.6, the stretch factors associated to pHA, φ̄q and pHB, ψ̄q are equal. Thus
by Proposition 7.0.6 the stretch factors of pGA, φq and pGB, ψq are equal.

A {universal Coxeter}-by-cyclic group is said to be fully irreducible if it admits
monodromy Φ such that Φk is irreducible for all k ě 1.

Theorem 7.0.10. Let G be a fully irreducible {universal Coxeter}-by-cyclic group.
Then G is almost profinitely rigid amongst the class of fully irreducible {universal
Coxeter}-by-cyclic groups.

Proof. Let GA and GB be fully irreducible {universal Coxeter}-by-cyclic groups
with index-two free-by-cyclic groups HA ď GA and HB ď GB as before. Suppose
that there exists a profinite isomorphism pGA Ñ pGB, and for a fixed character
ψ : GB Ñ Z, let φ : GA Ñ Z be the pullback of ψ. By Proposition 7.0.8, there
exists an isomorphism pHA » pHB, and the induced character φ̄ : HA Ñ Z is the
pullback of ψ̄ : HB Ñ Z. Hence by Theorem 6.1.6, HA is hyperbolic if and only if
HB is hyperbolic.

Suppose first that HA and HB are hyperbolic. Then they are virtually special
by [HW15] and thus conjugacy separable by [Min06]. Now arguing as in the proof
of Theorem 7.0.9, the sets of stretch factors of pGA, φq and pGB, ψq coincide. Thus
by Corollary 7.0.7, GB can take on at most finitely many different isomorphism
types.

Assume now that HA “ KA ¸ΦKA
Z, and thus also HB “ KB ¸ΨKB

Z, are
not hyperbolic. Then ΦKA and ΨKB are not atoroidal. By Proposition 7.0.6,
ΦKA and ΨKB are irreducible. Now apply the same argument as in the proof of
Theorem 6.6.4.
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Part III

Structure of fibred groups and
polytopes

116



Chapter 8

Exotic subgroups of hyperbolic
groups

A finitely generated group G is said to be hyperbolic, if the Cayley graph of G
with respect to a finite generating set S has slim triangles ; that is, there exists
some number δ ě 0 such that for any triangle τ , each side of τ is contained
in the δ-neighbourhood of the remaining two sides. Since their introduction by
Gromov in [Gro87], hyperbolic groups have been of fundamental importance in
geometric group theory, providing a template to study wider classes of groups
[Far98, Osi16, BHS17].

It is well known that the class of hyperbolic groups is not closed with respect
to taking subgroups. Indeed, the free group of rank two F2 contains a copy of
the free group of infinite rank F8, which is not hyperbolic since it is not finitely
generated. Note that every torsion-free hyperbolic group admits a finite classifying
space given by the Rips complex [BH99, p.468]. Hence, a natural question to ask
is whether the only obstruction for a subgroup of a hyperbolic group G to be
hyperbolic arises from its failure to satisfy sufficiently strong finiteness properties
(see Section 2.2.2 for definitions).

The study of this question has a long history, starting with the work of Rips who
constructed the first examples of non-hyperbolic subgroups of hyperbolic groups
which are finitely generated [Rip82]. Then Brady produced a non-hyperbolic sub-
group of a hyperbolic group which is finitely presented but not of type FP3pZq
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[Bra99]. The existence of non-hyperbolic subgroups of hyperbolic groups with
higher finiteness properties was established by Isenrich–Martelli–Py [IMP21] and
Fisher [Fis21]. Most recently, Isenrich–Py, using methods from complex geometry,
produced non-hyperbolic subgroups of hyperbolic groups of type Fn but not Fn`1,

for every n ě 1 [IP22, Corollary 3].
A natural question that follows is whether one can obtain non-hyperbolic sub-

groups of hyperbolic groups of type FPpRq for some ring R. Italiano–Martelli–
Migliorini recently obtained the first such known example, which is moreover of
type F [IMM23]. To do so, they constructed a topological fibring of a finite-volume
hyperbolic 5-manifold M ; the resulting fibre is a finite-volume 4-manifold N such
that the outer automorphism group Outπ1pNq is infinite. They argue further that
one can fill the cusps inM to obtain a negatively curved pseudo-manifoldM 1 which
still fibres, and such that the new fibre N 1 is aspherical and has Outπ1pN

1q infi-
nite. If π1pN 1q were to be hyperbolic, Paulin’s theorem [Pau91] would imply that
π1pN 1q splits over an infinite cyclic subgroup. However, a simple Mayer–Vietoris
argument shows that π1pN 1q cannot split over Z.

In the first part of this chapter, we give a general criterion for constructing non-
hyperbolic subgroups of hyperbolic groups which satisfy strong finiteness proper-
ties. A group G is said to be special if it is the fundamental group of a special
cube complex in the sense of Haglund–Wise [HW08]. A group G is L2-acyclic if
its L2-Betti numbers bp2q

i pGq vanish in every degree.

Theorem 8.0.1. Let G be a torsion-free hyperbolic virtually special group which is
L2-acyclic and such that cdQpGq ě 4. Then G contains a non-hyperbolic subgroup
N ď G of type FPpQq.

The proof of the criterion crucially uses the main result of Fisher in [Fis21]
which shows how to obtain homomorphisms to Z with kernels that have strong
finiteness properties. We note that it was already observed by Fisher [Fis21] and
Isenrich–Martelli–Py [IMP21] that such an approach can be used to construct
non-hyperbolic subgroups of hyperbolic groups of type FPnpQq but not FPn`1pQq.

The main application of the criterion in Theorem 8.0.1 is the construction of
infinitely many non-hyperbolic subgroups of hyperbolic groups which are of type
FPpQq:
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Theorem 8.2.1. For every integer n ě 2, there exists a non-hyperbolic subgroup N
of a torsion-free hyperbolic group, such that N is of type FPpQq and cdQpNq “ 2n.

Let F denote the family of discrete countable groups with finite cohomological
dimension over Z. By the work of Sauer [Sau06, Theorem 1.2], cohomological
dimension over Z is a quasi-isometry invariant amongst groups in F . Hence we
get the following corollary:

Corollary 8.0.2. There exist infinitely many quasi-isometry classes of finitely
generated subgroups of hyperbolic groups which are of type FPpQq and which are
not hyperbolic.

Recall that a group G is said to be locally hyperbolic if every finitely generated
subgroup of G is hyperbolic. As another application of our methods, we show
that local hyperbolicity and algebraic fibring are mutually exclusive phenomena
in groups of higher cohomological dimension:

Corollary 8.0.3. Let G be a finitely generated, locally hyperbolic, torsion-free
group. Suppose that G fibres algebraically. Then

G » pFn ˚ Σ1 ˚ . . . ˚ Σkq ¸ Z,

where Fn is a free group of rank n, and each Σi is a closed surface group. In
particular, cdZpGq ď 3.

Furthermore, if cdQpGq “ 3 then G contains a closed surface subgroup.

8.1 A criterion for exotic subgroups of hyperbolic

groups

The aim of this section is to prove a general criterion for constructing exotic
subgroups of hyperbolic groups:

Theorem 8.1.1. Let G be a torsion-free hyperbolic virtually special group with
cdQpGq ě 4. Suppose that the L2-Betti numbers of G satisfy bp2q

i pGq “ 0 for all
i ď n. Then G contains a non-hyperbolic subgroup N ď G of type FPnpQq.
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Moreover, cdQpNq P tcdQpGq ´ 1, cdQpGqu and if cdQpGq ď n then cdQpNq “

cdQpGq ´ 1.

Note that if a group N is of type FPnpQq and its cohomological dimension
satisfies cdQpNq ď n, then N is of type FPpQq. Hence Theorem 8.1.1 implies
Theorem 8.0.1 from the introduction to this chapter.

We delay the proof of Theorem 8.1.1 to Section 8.1.2. First in Section 8.1.1 we
study the structure of hyperbolic kernels of infinite quotients G ↠ Q, where G is
a hyperbolic group. As an application, we prove Corollary 8.0.3 on the structure
of locally hyperbolic groups which fibre.

8.1.1 Hyperbolic subgroups of hyperbolic groups

Lemma 8.1.2. Let H be a one-ended torsion-free hyperbolic group. If H is not
the fundamental group of a surface then H ¸ Z contains a subgroup isomorphic to
Z2.

Proof. Suppose that H is one-ended torsion-free hyperbolic and that it is not the
fundamental group of a closed surface. Paulin’s theorem [Pau91] (see also [BS94])
shows that if OutpHq is infinite then H acts on an R-tree with cyclic arc stabilisers.
It then follows from the work of Rips that H admits such an action on a simplicial
tree, i.e. it splits over Z; see [BF95].

Hence if H does not split over Z then OutpHq is finite. In particular, there
exists m ě 1 such that ϕm is an inner automorphism of H. It follows that there
exists some x P G such that xH, xtmy » H ˆ Z, and so G contains a subgroup
isomorphic to Z2.

Suppose now that H splits over Z. Since H is not a surface group, it admits a
non-trivial JSJ decomposition [Sel97, Theorem 1.7]. The JSJ splitting is canonical,
and thus ϕ permutes the conjugacy classes of edge stabilisers. Hence, for every
edge of the splitting, there exists some x P G and m ě 1 such that the generator
of the edge stabiliser commutes with tmx, and thus G contains a Z2 subgroup.
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Proposition 8.1.3. Let G be a group with no Z2-subgroups. Suppose that G fits
into the short exact sequence of groups

1 Ñ H Ñ G Ñ Q Ñ 1,

where Q is infinite. If H is torsion-free hyperbolic, then H splits as a free product
of finitely many fundamental groups of compact hyperbolic surfaces.

In particular, the cohomological dimension of H over Z satisfies cdZpHq ď 2.

Proof. The quotient Q is hyperbolic and thus contains an element of infinite order
by [Mos96, Theorem A]. Let γ denote the lift of such an element to G. Then G

contains a subgroup xH, γy » H ¸ Z. If H is one-ended, then by Lemma 8.1.2 H
is the fundamental group of a closed hyperbolic surface and cdZpHq “ 2.

If H is two-ended then it is isomorphic to the infinite cyclic group and G »

Z ¸ Z. But then G is virtually Z2 and thus it cannot be hyperbolic.
Suppose that H is infinitely-ended. Let H “ H1 ˚ . . . ˚Hn ˚Fk be the Grushko

decomposition of H. Fix a lift t P G of a generator of the infinite cyclic group.
Let ϕ P AutpHq be the automorphism of H induced by the conjugation action of
t on H in G. Then ϕ permutes the conjugacy classes of the subgroups Hi. Hence
for all i, there exists xi P G such that

xHi, t
mxiy » Hi ¸Adxiϕ

m Z,

where Adxi denotes the inner automorphism of G which acts by conjugation with
xi. Note that each Hi is one-ended, torsion-free hyperbolic. If there exists some Hi

which is not a surface group, then by Lemma 8.1.2 G is not hyperbolic. Moreover,
if H “ H1 ˚ . . . ˚ Hn ˚ Fk then the cohomological dimension of H satisfies

cdZpGq ď maxtcdZpHiq, cdZpFkqu ď 2.

We note that the special case of Proposition 8.1.3 when Q » Z was observed
by Peter Brinkmann in his thesis [Bri00b]. The author would like to thank Daniel
Groves for pointing this out.
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We end this subsection by outlining the proof of Corollary 8.0.3. Let G be a
locally hyperbolic torsion-free group which fibres algebraically. Then the kernel
H of the fibration of G is hyperbolic and thus by Proposition 8.1.3, it is a free
product of closed surface groups and a free group. Arguing as in the proof of
Proposition 8.1.3, cdZpHq ď 2 and by (2.1),

cdZpGq ď cdZpHq ` cdZpZq ď 3.

This proves the first part of Corollary 8.0.3.
For the second part, note that H is of type FPpQq and thus by Fel’dman’s

Theorem 2.2.9, cdQpGq “ cdQpHq ` 1. The cohomological dimension of H over
Q is bounded above by 2, and it is exactly equal to 2 when at least one of the
components of the free product decomposition of H is a closed surface group. This
proves the second part of Corollary 8.0.3.

8.1.2 Proof of the criterion

The key tool for proving the criterion is the following theorem of Fisher:

Theorem 8.1.4 (Fisher [Fis21]). Let G be a group of type FPnpQq. Suppose that
G is RFRS and its L2-Betti numbers satisfy b

p2q

i pGq “ 0 for i ď n. Then there
exists a finite-index subgroup G1 ď G and an epimorphism φ : G1 Ñ Z such that
kerφ is of type FPnpQq.

Proof of Theorem 8.1.1. If G is torsion-free hyperbolic, then G has a finite classi-
fying space given by the Rips complex (see [BH99, p.468]). In particular, G is of
type FPnpQq for all n ě 1. Hence by Fisher’s Theorem 8.1.4, the hypothesis on
the vanishing of the L2-Betti numbers of G implies that there exists a finite-index
subgroup G1 ď G such that G1 fibres algebraically with kernel N of type FPkpQq

for k ď n.
Consider the Lyndon–Hochschild–Serre spectral sequence for the short exact

sequence
1 Ñ N Ñ G1

Ñ G1
{N Ñ 1.
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It follows that
cdQpG1

q ď cdQpNq ` cdQpG1
{Nq.

Since G1{N » Z, we have that cdQpG1{Nq “ 1. Moreover since G1 ď G is a finite-

index subgroup, [Bie81, Proposition 5.7] implies that the cohomological dimensions
of G and G1 over Q agree.

Combining these facts, we obtain

cdQpNq ě cdQpG1
q ´ 1

“ cdQpGq ´ 1 ě 3.
(8.1)

Hence cdZpNq ě cdQpNq ě 3 and thus by Proposition 8.1.3 the subgroup N is not
hyperbolic.

If cdQpGq is bounded above by n, then

cdQpNq ď cdQpGq ď n.

Since N is of type FPnpQq and satisfies cdQpNq ď n, we conclude that N is of
type FP pQq. Thus by Fel’dman’s Theorem 2.2.9 the first inequality in (8.1) is an
equality.

8.2 Explicit examples

In this section we will construct explicit examples of non-hyperbolic subgroups of
hyperbolic groups with strong finiteness properties.

Theorem 8.2.1. For every integer n ě 2, there exists a non-hyperbolic subgroup N
of a torsion-free hyperbolic group, such that N is of type FPpQq and cdQpNq “ 2n.

The non-hyperbolic subgroups in Theorem 8.2.1 will arise as subgroups of fun-
damental groups of hyperbolic manifolds. Dodziuk shows that it is possible to
extract information about the L2-cohomology of a manifold M from studying the
L2-harmonic forms on M [Dod77]. His explicit calculation of the L2-harmonic
forms for hyperbolic manifolds yields the following result about the L2-Betti num-
bers of such manifolds.
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Theorem 8.2.2 (Dodziuk [Dod79]). Let n ě 1 be odd. If G is the fundamental
group of a closed oriented hyperbolic n-manifold, then for all i ě 0,

b
p2q

i pGq “ 0.

Our criterion in Theorem 8.1.1 combined with Dodziuk’s Theorem 8.2.2 shows
that any odd-dimensional closed hyperbolic n-manifold with n ě 4 whose funda-
mental group is virtually special, will contain a subgroup as in Theorem 8.2.1.

Such examples can be obtained from the work of Bergeron–Haglund–Wise,
who prove that in every dimension n there exist cocompact arithmetic lattices in
SOpn, 1q which are virtually special [BHW11, Theorem 1.10]. After passing to
a subgroup of finite index, we may assume that the lattice G is torsion-free and
special.

Note that in this case there is an alternate way to see that the kernel K
of an algebraic fibration is non-hyperbolic. Mainly, if K is of type FPn´1pQq

then by a theorem of Hillman [Hil02, Theorem 1.19] it is an pn ´ 1q-dimensional
Poincaré Duality group (over Q). Thus, a Mayer–Vietoris argument shows that it
cannot split over Z or over the trivial group. Assuming that K is hyperbolic, it
follows by Paulin’s theorem [Pau91] and the Rips machine [BF95] that the outer
automorphism group of K is finite. Then, arguing as in the proof of Lemma 8.1.2,
we conclude that G virtually splits as a direct product H ˆ Z and thus cannot be
hyperbolic.

Finally, we note that it would be interesting to construct such examples which
do not arise from the world of manifolds. One potential avenue to do so is through
the work of Arenas in [Are22], whose cubical Rips construction is a new tool
for constructing higher dimensional Gromov hyperbolic groups which fibre alge-
braically.
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Chapter 9

The L2-polytope

Following the introduction of the Thurston polytope which controls the fibring of 3-
manifolds, there has been much interest in finding larger classes of groups for which
the Bieri–Neumann–Strebel (BNS) invariant is controlled by an integral polytope.
This has now been shown to be true for many families of groups, including right-
angled Artin groups [MV95], finitely generated nilpotent or metabelian groups
[BG10], pure braid groups [KMM15] and 2-generator, 1-relator groups [Bro87].
Recent work of Kielak using novel group ring techniques shows that many classes of
groups, including free-by-cyclic groups, admit BNS invariants which are controlled
by integral polytopes [Kie20a].

In this chapter we study the L2-polytopes of free-by-cyclic groups. Defined by
Friedl–Lück in [FL17], the L2-polytope is constructed from the so-called universal
L2-torsion of an L2-acyclic ZG-chain complex. A priori, the L2-polytope is a
formal difference of two polytopes. Kielak’s work in [Kie20a] shows that if G is
an ascending HNN extension of a finite rank free group, and in particular a free-
by-cyclic group, then the L2-polytope is indeed a polytope and the construction
is independent of the choice of the chain complex (and thus an invariant of the
group).

The L2-polytope of a group G is a translation-invariant class of integral poly-
topes in the finite-dimensional vector space V , where

V “ H1pG,Zq bZ R » Rb1pGq.
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It encodes information about the L2-Euler characteristic of the kernels of characters
G Ñ Z. In particular, when G is free-by-cyclic and the epimorphism φ : G Ñ Z
has a finitely generated free kernel, then the polytope detects the rank of kerφ.

In this chapter we investigate the basic properties of the L2-polytope for free-
by-cyclic groups. We show how to calculate the polytope from a topological rep-
resentative of the monodromy map. We study the structure of the polytope when
the corresponding group G splits as a graph of groups with cyclic edge groups.
We also study the action of OutpGq on the integral characters G Ñ Z with ker-
nel of finitely generated fixed rank using the polytope. Finally, we calculate the
L2-polytope in certain specific cases.

9.1 Universal L2-torsion

The universal L2-torsion was defined by Friedl–Lück in [FL17] as a way of encom-
passing a number of important invariants from the world of 3-manifold theory and
knot theory, including the L2-torsion and the Thurston norm polytope. Friedl–
Lück use the universal L2-torsion to define the L2-polytope, which coincides with
the dual Thurston norm polytope in the case of 3-manifolds. We will be applying
their tools in the setting of free-by-cyclic groups.

To motivate the definition of the universal L2-torsion we will begin by defining
the classical torsion for an acyclic chain complex. The universal L2-torsion is then
the L2-analogue of the classical notion.

Definition 9.1.1 (K1pGq and WhpGq). We define GL8pGq to be the direct limit
of the sequence

GLp1,ZGq ãÑ GLp2,ZGq ãÑ . . .

where each inclusion GLpk,ZGq ãÑ GLpk ` 1,ZGq is defined by extending each
α P GLpk,ZGq to an element of GLpk ` 1,ZGq given by

α ‘ idZG : pZGq
k`1

Ñ pZGq
k`1.
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The K1-group of G is the abelianisation of GL8pGq,

K1pGq :“ GL8pGq{rGL8pGq,GL8pGqs.

The Whitehead group WhpGq of G is the quotient of K1pGq by the classes of
elements r˘gs for g P G,

WhpGq :“ K1pGq{tr˘gs | g P Gu.

Let C‚ be a finite based chain complex of finitely generated free ZG-modules,

¨ ¨ ¨ Ñ Cn`1
Bn`1
ÝÝÝÑ Cn

Bn
ÝÑ Cn´1 Ñ ¨ ¨ ¨ .

If C‚ is acyclic then there exists a chain contraction, which is a map h‚ : C‚ Ñ C‚`1

such that hB ` Bh “ id. Define Ceven “
À

nC2n and Codd “
À

nC2n`1. Then the
map

B ` h : Ceven Ñ Codd

p. . . , c0, c2, c4, . . .q ÞÑ p. . . , B2pc2q ` h0pc0q, B4pc4q ` h2pc2q, . . .q

is an isomorphism.
Let rK1pGq be the quotient K1pGq{tr˘1su. The (classical) torsion of C‚, de-

noted by ρpC‚q, is defined to be the image of B ` h under the composition

GLmpZGq ãÑ GL8pGq ↠ rK1pGq.

It is an easy exercise to show that the torsion does not depend on the choice of
bases of the terms in C‚, nor on the contraction h‚.

Recall that we write N pGq to denote the group von Neumann algebra associ-
ated to G (see Section 2.2.3 for the definitions). An endomorphism of finite Hilbert
N pGq-modules is a weak isomorphism if it is injective and has dense image. The
weak K1-group Kw

1 pGq of a group G is the abelian group generated by endomor-
phisms ZGk Ñ ZGk which become weak isomorphisms upon tensoring by L2pGq,
with relations given by the usual relations in K1. Note that if G is torsion free and
satisfies the Atiyah conjecture, then an endomorphism M : ZGk Ñ ZGk is a weak
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isomorphism upon tensoring by L2pGq if and only if M becomes an isomorphism
upon tensoring by the Linnell division ring DpGq (see Section 2.2.3). As before,
the group rKw

1 pGq is the quotient Kw
1 pGq{tr˘1su.

Let pC‚, B‚q be a based finite chain complex of finitely generated free ZG-
modules as before. The chain complex C‚ is said to be L2-acyclic if the homology
groups HipN pGq bZG C‚q are trivial for all i. The universal L2-torsion of an L2-
acyclic chain complex C‚ is obtained from a so-called weak chain contraction (see
[FL17, Definition 1.4]) of C‚. It is denoted by ρupC‚q and is an element of the
weak K1-group rKw

1 pGq.

In practice we will not be working with the definition of the universal L2-torsion
and instead we will be using the following key properties:

Lemma 9.1.2 (Friedl–Lück [FL17, Lemma 1.9]). Let B,C and D be finite chain
complexes of free ZG-modules. Suppose that 0 Ñ B Ñ C Ñ D Ñ 0 is a short
exact sequence of chain complexes. If at least two of B b L2pGq, C b L2pGq and
D b L2pGq are L2-acyclic then all three are L2-acyclic and

ρ2upCq “ ρ2upBq ` ρ2upDq.

Lemma 9.1.3. Let C‚ be chain complex of ZG modules which is L2-acyclic and
of the form

. . . Ñ 0 Ñ Ck
Bk
ÝÑ Ck´1 Ñ 0 Ñ . . . Ñ 0.

Then ρpuqpC‚q “ p´1qk`1rBks.

Example 9.1.4 (The circle and the torus). Let G “ xty be infinite cyclic. Let
X » S1 be the CW-complex with a single 0-cell and a single 1-cell. Let X̃ be
the universal cover of X with a free G-action. Then the corresponding ZG-chain
complex C‚pX̃q is of the form

0 Ñ ZG p1´tq
ÝÝÝÑ ZG Ñ 0.

The element p1 ´ tq, considered as an element of DpGq, is non-zero and hence
invertible over DpGq. Thus p1 ´ tq corresponds to an element of rKw

1 pGq and we
have that ρpuqpC‚q “ rp1 ´ tqs.
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Now let G be free abelian of rank 2,

G “ xa, t | rt, asy.

Let X » T be the 2-torus with a cellular structure coming from the identification
of the opposite sides of a square. The ZG-chain complex C‚pX̃q of the universal
cover X̃ is

0 Ñ ZG B2
ÝÑ ZG ‘ ZG B1

ÝÑ ZG Ñ 0.

After fixing appropriate bases for the ZG-modules in the chain complex C‚, the
boundary maps B2 and B1 are represented by the vectors

B2 “ p1 ´ t, a ´ 1q and B1 “

˜

a ´ 1

t ´ 1

¸

We restrict the boundary map B2 so that its image lies in the first coordinate.
Then C‚ fits into an exact sequence of chain complexes 0 Ñ B Ñ C Ñ D Ñ 0.
We have that B‚ is the chain complex given by

0 Ñ ZG pt´1q
ÝÝÝÑ ZG Ñ 0 Ñ 0

and D‚ is
0 Ñ 0 Ñ ZG pt´1q

ÝÝÝÑ ZG Ñ 0.

It follows by Lemma 9.1.2 that

ρpuq
pC‚q “ ρupBq ` ρupDq

“ rt ´ 1s ´ rt ´ 1s

“ 0.

9.2 The L2-polytope

9.2.1 Background on polytopes

Let H be a free abelian group of finite rank n. Define V :“ H bZ R and identify
H with the standard integer lattice in V .
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A polytope P in V is defined to be the convex hull of finitely many points in V .
A polytope is said to be integral if its vertices are contained in the integer lattice
H Ď V . We say P is of full rank if no translate of P is contained in a proper
subspace W Ď V . The codimension of P is the maximal integer k, such that a
translate of P is contained in a subspace W Ď V and k “ rankpV q ´ rankpW q.

A face of a polytope P Ď V is a subset of P of the form

FφpP q :“ tp P P | φppq “ minqPPφpqqu,

for some φ P V ˚.
If F is a face of P , the duals of F are the connected components of

tφ P V ˚ ∖ t0u | FφpP q “ F u Ď V ˚.

We define a marking to be a function of the dual space m : V ˚∖t0u Ñ t0, 1u, such
that m´1p0q is a closed subspace. We say a character φ P V ˚ ∖ t0u is marked if
φ P m´1p0q. For a polytope P Ď V , we say m is a marking of P if it is constant
on duals of faces. A marking m of P is said to be a marking of vertices of P if
m´1p0q consists only of duals of vertices.

The Minkowski sum of two polytopes P,Q Ď V is defined to be the polytope

P ` Q :“ tp ` q | p P P, q P Qu.

The set of non-empty integral polytopes forms an abelian monoid with respect
to the Minkowski sum. We define an equivalence relation on pairs of non-empty
integral polytopes such that pP1, Q1q „ pP2, Q2q whenever P1 `Q2 “ P2 `Q1. Let
PpV q be the resulting set of equivalence classes. Then PpV q is an abelian group
with respect to the operation + defined as

rpP1, Q1qs ` rpP2, Q2qs :“ rpP1 ` P2, Q1 ` Q2qs.

We call PpV q the Grothendieck group of polytopes in V , or polytope group for short.
An element of PpV q is said to be a single polytope it is represented by a pair pP,Qq

where Q is a singleton.
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Two elements P1 and P2 of PpV q are translation equivalent if there exists
representatives pP1, Q1q of P1 and pP1, Q2q of P2, and a singleton tru Ď V , such
that P1 ` Q2 “ P2 ` Q1 ` tru. Note that if this notion is independent of the
choice of representatives. We define PT pV q to be the set of equivalence classes
of polytopes in V under the equivalence relation of translation. Note that the
property of being a single polytope is invariant under translation and thus can be
extended to elements of PT pV q. An element of PT pV q is said to be trivial if it is
represented by a singleton.

If G is a group, we define PpGq :“ PpH1pG;Rqq. A group homomorphism
i : H Ñ G induces a homomorphism i˚ : PpHq Ñ PpGq of the associated polytope
groups.

9.2.2 Polytope of a matrix

Let H be a finitely generated free abelian group and fix a free basis tx1, . . . , xnu

of H so that
H “ x1Z ‘ x2Z ‘ ¨ ¨ ¨ ‘ xnZ.

Identify H with the standard integer lattice Zn in V “ Rn.
Suppose that R is a ring and let RH be a (possibly twisted) group ring with

no zero divisors. Let x P RH be a non-zero element. Then x “
ř

hPH xhh, with
at most finitely many xh P R non-zero. The polytope of the element x P RH is
defined to be the convex hull in V of the elements h P H such that xh ‰ 0,

Ppxq :“ hullth | xh ‰ 0u Ď V.

We define Pp0q to be the empty set.
Suppose that RH is an Ore domain, and let OrepRHq be its Ore localisation

(see Section 2.2.1 for the definitions). Then for any z P OrepRHq, we can realise
z as z “ xy´1, for some x, y P RH. We define

Ppzq “ Ppxy´1
q :“ Ppxq ´ Ppyq P PpHq.

Recall that OrepRHq is a division ring by Lemma 2.2.4.
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Lemma 9.2.1 ([Kie20a, Lemma 3.12]). The map P is well-defined and induces a
homomorphism

P : OrepRHq
ˆ
ab Ñ PpHq.

Moreover, the homomorphism in Lemma 9.2.1 induces a homomorphism to the
translation-invariant polytope group

P : OrepRHq
ˆ
ab{t˘h | h P Hu Ñ PT pHq.

We will use the term polytope homomorphism to describe both maps.
Let D “ OrepRHq and let M be a square matrix with coefficients in D. We will

now describe the procedure of assigning to M an element PpMq of the polytope
group PpHq. To do so, we need to first describe the definition of a determinant of
a matrix over a division ring.

The Dieudonné determinant [Die43] over D is a multiplicative map

detD :MnpDq Ñ Dˆ
{rDˆ,Dˆ

s \ t0u,

defined as follows.
We start by defining a function det : MnpDq Ñ D which assigns to each matrix

A P MnpDq and element of the division ring D. We do so by induction on the
dimension n.

When n “ 1 and A “ pa11q, we define detpAq :“ a11. Now let n ą 1 and
suppose that det has already been defined for pn ´ 1q-by-pn ´ 1q matrices. Let
A P MnpDq. If the rightmost column is zero then we set detpAq “ 0. Suppose now
that ann ‰ 0. For each i, let Ri denote the i-th row of A. Let A1 be the matrix
obtained from A by replacing Ri with Ri´aina

´1
nnRn. Let A1

pn,nq
be the pn, nq-minor

of A. Then detpA1q :“ detpA1
pn,nq

q ¨ ann. Finally, if ann “ 0, pick an index i such
that ain ‰ 0 and let A1 be the matrix obtained from A by swapping rows i and n.
Then detpAq :“ p´1qsgnpσqdetpA1q, where σ is the transposition pi, nq.

Definition 9.2.2 (Dieudonné determinant). The Dieudonné determinant of A,
denoted detDpAq, is the image of detpAq under the natural abelianisation map

D Ñ Dˆ
{rDˆ,Dˆ

s \ t0u.

132



We are now ready to define the Newton polytope:

Definition 9.2.3. Let A P MnpDq be a square matrix. Then the Newton polytope
of A is

PpAq :“ PpdetDAq.

9.2.3 Definition of the L2-polytope

LetG be a torsion free group which satisfies the Atiyah conjecture. Then, the group
ring ZG embeds into the Linell division ring DpGq by Definition/Theorem 2.2.14.

If K is the kernel of the natural quotient map G Ñ Gfab, then by Lemma 2.2.5
the group ring ZG is isomorphic to the twisted group ring ZK ˚ Gfab. The group
ring ZK embeds into the Linnell division ring DpKq of K, which induces a map
ZK ˚ Gfab Ñ DpKq ˚ Gfab. The twisted group ring DpKq ˚ Gfab satisfies the Ore
condition. Moreover, it can be identified with a subring of DpGq, and the inclusion
induces an isomorphism

T : OrepDpKq ˚ Gfabq Ñ DpGq.

Definition 9.2.4 (The L2-polytope). Let G be a torsion free group of type F

which satisfies the Atiyah conjecture. Let X be a finite KpG, 1q-complex which is
L2-acyclic. Let A be a matrix representative of ´ρupXq where ρupXq P Kw

1 pGq is
the universal L2-torsion of X. Then the L2-polytope of X is

PpXq :“ PpT´1
pdetDpGqA b DpGqqq P PT pGfabq.

Theorem 9.2.5 (Kielak [Kie20a]). Let G be an ascending HNN extension of a
finite rank free group and fix a free basis of Gfab. Let X and Y be two finite
L2-acyclic classifying spaces for G. Then the following holds:

1. PpXq “ PpY q, and

2. PpXq is a single polytope (see Section 9.2.1).
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Hence, when G is an ascending HNN extension of a finite rank free group,
and in particular a free-by-cyclic group, then up to the action of AutpGfabq the
L2-polytope is an invariant of the group. We write

PpGq :“ PpXq,

where X is any finite L2-acyclic classifying space for G. Moreover, PpGq is repre-
sented by a translation-invariant class of a single polytope in V .

By the work of Kielak–Sun in [KS21], there is an alternative construction of
the polytope which avoids twisted group rings and which we will briefly outline
below.

Let σ : G Ñ DpGq be the natural embedding. Let q : G Ñ OrepQGfabq be the
map obtained by composing the natural quotient G ↠ Gfab with the inclusion
of Gfab into the Ore localisation of its group ring. Let DpGqGfab denote the (un-
twisted) group ring of Gfab over DpGq. Note that this is an Ore domain and there
is a map

σ bQ q : G Ñ OrepDpGqGfabq

g ÞÑ σpgqqpgq.

Again, let X be a finite classifying space for G and let A be a matrix represen-
tative of the negative universal L2-torsion ´ρupXq. Then the Kielak–Sun polytope
is defined to be

PKSpXq :“ P pdetDGfab
pA b DpGqGfabqq .

Proposition 9.2.6. Let G be an ascending HNN extension of a free group. Then
the L2-polytope and the Kielak–Sun polytope are equal in PT pGfabq.

Example 9.2.7 (The polytope of Z and Z2). Let G be a free abelian group of rank
k and letX “ Tk be the k-torus with the cellular structure coming from identifying
opposite faces of the standard k-cube. Then X is a KpG, 1q-complex. Let C‚pX̃q

be the free ZG-chain complex induced by the action of G on the universal cover
X̃ of X.
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When k “ 2, we saw in Example 9.1.4 that the universal L2-torsion of C‚pX̃q

vanishes. Hence PpZ2q “ Pp1Gq is the translation-invariant class of a single point
in H1pG,Rq » R2.

Suppose now that G “ xty is infinite cyclic. By Example 9.1.4, the universal
L2-torsion of the chain complex C‚pX̃q is ρpuqpC‚q “ rt ´ 1s. Hence

PpGq “ ´Pprt ´ 1sq ”T ´hullt1, tu.

9.3 Constructing the polytope from topological rep-

resentatives

In this section we will show how to calculate the L2-polytope of a free-by-cyclic
group Fn ¸ϕ Z from a topological representative of the monodromy ϕ P AutpFnq.

Let ϕ P AutpFnq and let pΓ, fq be a topological representative of ϕ such that f
permutes the vertices of Γ. Let G “ Fn ¸ϕ Z be the corresponding free-by-cyclic
group. Recall that the mapping torus Mf of the map f is defined to be

Mf :“ Γ ˆ r0, 1s{tpfpxq, 0q „ px, 1q, @x P Γu.

As noted before, the mapping torusMf is the classifying space for the free-by-cyclic
group G.

We let Eh denote the set of edges of Mf which are edges of the graph Γ, and
we call these the horizontal edges. The remaining edges of Mf are denoted by Ev
and are called the vertical edges. Let h denote the number of horizontal edges,
which is equal to the cardinality of the edge set of Γ. Let v denote the number of
vertical edges which also equals the cardinality of the vertex set of Γ.

Let C‚ “ C‚p ĂMf q denote the cellular chain complex of the universal cover ĂMf

of Mf . For each n P t0, 1, 2u, the group G acts freely on the n-cells of ĂMf and
the orbits of the action are in one-to-one correspondence with the n-cells in Mf .
Hence we get an exact sequence of free ZG-modules

0 Ñ ZGh
Ñ ZGv`h

Ñ ZGv
Ñ 0. (9.1)
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Now fix a lift of Mf in ĂMf . Choose bases of the ZG-modules in (9.1) coming
from the cells in the lift. Let tρ1, . . . , ρhu denote the generators coming from the
2-cells, tσ1, . . . , σhu the generators coming from the horizontal 1-cells, tτ1, . . . , τvu

the generators from the vertical 1-cells, and tu1, . . . , uvu the generators from the
0-cells. We fix an orientation on all the cells. If necessary, relabel the horizontal
1-cells so that the oriented cell τi originated at the 0-cell ui.

Let Ch
1 denote the subspace of C1 generated by the horizontal edges and Cv

1 the
subspace generated by vertical edges. Let A be be matrix obtained by restricting
the boundary map C1 Ñ C0 to Cv

1 . Let N be the matrix corresponding to the ZG-
linear map obtained by composing the boundary map C2 Ñ C1 with the projection
C1 Ñ Ch

1 . Let B‚ be the chain complex

0 Ñ 0 Ñ Cv
1

A
ÝÑ C0 Ñ 0,

and D‚ the chain complex

0 Ñ C2
N
ÝÑ Ch

1 Ñ 0 Ñ 0. (9.2)

Then there is a short exact sequence of ZG-chain complexes

0 Ñ B‚ Ñ C‚ Ñ D‚ Ñ 0.

Before proceeding further, we need to prove the following lemma:

Lemma 9.3.1. Let G be a group such that ZG embeds into a division ring D.
Let T “ diagpt1, . . . , tvq, where t1, . . . tv P G are such that no product of elements
in tt1, . . . tvu is equal to the identity element in G. Let P be a v ˆ v permutation
matrix. Then the matrix A :“ TP ´ I is invertible over D.

Proof. We proceed by induction on v. When v “ 1, A “ pt1 ´ 1q is invertible over
D since pt1 ´ 1q P D is non-zero. Suppose v ą 1 and denote the ij-th element of A
by aij. If a11 “ t1´1 then since P is a permutation matrix, the remaining elements
of the first row and column of A are zero. Hence A is a block diagonal matrix with
two blocks. The first block is the 1 ˆ 1 matrix pt1 ´ 1q and the second block is a
pv´1qˆpv´1q matrix A1 of the form A1 “ T 1P 1 ´I, where T 1 “ diagpt2, . . . , tvq, P 1
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is a permutation matrix and I is the identity. The element pt1 ´1q P D is non-zero
and thus invertible, and A1 is invertible by induction. Hence A is invertible.

Suppose now that a11 ‰ t1 ´1. Hence P is a permutation matrix which acts by
sending the first column to the pth-column and the qth-column to the first column,
for some p ą 1 and q ą 1. Hence A is of the form

A “

»

—

—

—

—

—

—

—

—

—

—

—

—

–

´1 0 . . . 0 t1 0 . . .

0
... . . .

0 M

tq
. . .

0
...

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

where t1 is the pth-entry of the first row.
Let A1 be the matrix obtained from A by first adding t1 times the first column

to the pth-column and then adding ti times the first row to the qth-row (note that
the column operation acts by multiplying on the right). The first operation has the
effect of modifying the first row so that it is equal to the row vector p´1, 0, . . . , 0q

and modifying the pth-column so that all of its entries are zero except for the pth-
entry which is equal to ´1, and the qth-entry which is given by tqt1. The second
operation has the effect of modifying the first column so that it is of the form
p´1, 0, . . . , 0qT , and it acts by identity on the rest of the matrix.

Hence A1 is a block diagonal matrix with two blocks. The first block is the
1 ˆ 1 matrix p´1q. The second block is a pv ´ 1q ˆ pv ´ 1q matrix A1

1 of the form
A1

1 “ T 1
1P

1´I, where P 1 is a permutation matrix and T 1
1 “ diagpt2, . . . , tit1, . . . , tvq.

By the original hypothesis, no product of elements in tt2, . . . , tit1, . . . , tvu is equal
to the trivial element in G. Hence by induction, A1

1 is invertible and thus so is A1.
Since A1 was obtained from A by applying elementary row and column operations,
it follows that A is also invertible.

Fix a base vertex x0 and a spanning tree T0 in the graph Γ, which we think
of as being embedded in the mapping torus Mf . For each i with 1 ď i ď v, let ti
denote the element of G which corresponds to the horizontal loop τi.
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The map f permutes the vertices of Γ and thus A “ TP ´ I, where P is the
corresponding permutation matrix and T “ diagpt1, . . . , tvq. Let φ : G Ñ Z be the
natural homomorphism to Z induced by the mapping torus structure of Mf . Then
φ does not vanish on any of the ti. It follows that no product of the elements in
tt1, . . . , tvu is equal to the identity. Hence by Lemma 9.3.1, A is invertible. This
means that B‚ is exact upon tensoring by DpGq and thus it is L2-acyclic. Since C‚

is L2-acyclic by Theorem 2.2.17, by Lemma 9.1.2 we get that D‚ is also L2-acyclic
and

ρ2upCq “ ρ2upBq ` ρ2upDq

“ ´rAs ` rN s.

Hence PpGq “ PpdetDNq ´ PpdetDAq.

Let H “ Γ0 Ď Γ1 Ď . . . Ď Γs “ Γ be a maximal filtration of pΓ, fq and let
Λi “ clpΓi ∖ Γi´1q. Since fpΓiq Ď Γi, N is an upper block triangular matrix
with the matrices N1, . . . , Ns on the diagonal, where Ni is the submatrix of N
corresponding to edges of the i-th stratum Λi. Then

PpGq “

s
ÿ

i“1

PpdetDNiq ´ PpdetDAq.

Note that if Λi is a zero stratum then Ni “ I and thus PpdetDNiq is a vertex.

Algebraic construction

Let ϕ P AutpFnq and let pρ,Rnq be the standard topological representative of ϕ
where Rn is the rose. In this case, we will recover the algebraic construction of the
L2-polytope as in [FK18, Section 3].

Since the mapping torusMρ has a single vertex, the matrixA is one-dimensional
and is given by A “ pt ´ 1q where t is the element of G (and Gfab) corresponding
to the unique vertical loop based at the unique vertex of Mρ. The matrix N from
(9.2) describes the boundary map from the 2-cells of Mρ to the horizontal one-cells
of Mρ, which are identified with the edges of the rose under the obvious embedding
Rn Ď Mf . After identifying the horizontal one-cells of Mρ with an ordered basis
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tx1, . . . , xnu of Fn, we see that the ij-entry nij of the matrix N is of the form

nij “ δij ´ t
Bϕpxiq

Bxj
,

where δij is the Kroenecker delta symbol, and Bϕpxiq
Bxj

the Fox derivative of the
element ϕpxiq P Fn with respect to xj.

Let Foxpϕq denote the matrix of Fox derivatives of ϕ,

Foxpϕq :“

ˆ

Bϕpxiq

Bxj

˙

1ďi,jďv

Hence, by the above discussion we have that

PpGq “ PpdetDpI ´ t ¨ Foxpϕqqq ´ Pp1 ´ tq

“ PpdetDpI ´ t ¨ Foxpϕqqq ´ r0, t̄s,

where r0, t̄s denotes the line segment in H1pG;Rq joining the origin to the image
of t in the abelianisation of G

Polytopes for UPG monodromy

We will now compute the polytope in the case when ϕ P AutpFnq admits an upper
triangular topological representative pf,Γq (see Section 3.2).

Recall, this means that f fixes all the vertices of Γ, and the maximal filtration
of pf,Γq is such that each stratum Λi consists of a single edge, which we label by
σi in order to remain consistent with the notation introduced at the beginning of
this section. Furthermore, we have that fpσiq “ σipi, where pi is either trivial or
an immersed path in Γ which only traverses edges that are strictly lower in the
filtration of Γ.

As before, let ti denote the element of G corresponding to the vertical loop
based at the vertex ui (after fixing a choice of basepoint and spanning tree in the
1-skeleton of the mapping torus Mf ). The matrix A is given by A “ diagpt1 ´
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1, . . . , tv ´ 1q. Hence the Dieudonné determinant of A is simply the product

detDpAq “ p1 ´ t1q ¨ ¨ ¨ p1 ´ tvq.

Each 2-cell ρk in Mf has a boundary path of the form σkτtpσkqp
´1
k σ´1

k τ´1
ipσkq

,
where pi traverses edges in tσ1, . . . , σk´1u. Hence the matrix N is upper triangular
with diagonal entries of the form nkk “ 1 ´ tipσkq.

Note that each 1 ´ tj P ZG is an invertible element of DpGq and hence the
Dieudonné determinant is equal to

detDpNq “
ź

1ďjďv

p1 ´ tjq
dj ,

where dj is the number of horizontal 1-cells in Mf which originate at the vertex
uj.

It follows that

PpGq “ P

˜

ź

1ďjďv

p1 ´ tjq
dj

¸

´ Ppp1 ´ t1q ¨ ¨ ¨ p1 ´ tvqq

“ P

˜

ź

1ďjďv

p1 ´ tjq
dj´1

¸

“

v
ÿ

j“1

pdj ´ 1qPp1 ´ tjq.

Each Pp1´tjq is represented by the line joining the origin to the point in H1pG;Rq

corresponding to the image of tj in the abelianisation of G.

9.4 Link to the BNS invariants and the Thurston

seminorm

For the remainder of this chapter, we will assume that G is a free-by-cyclic group.
We fix a choice of free basis of Gfab and let PpGq be the corresponding L2-polytope.
Recall that PpGq is a translation class of integral polytopes in Gfab bZ R. We fix
a polytope PG which represents PpGq.
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Theorem 9.4.1 (Kielak [Kie20a, Theorem 5.29]). There exists a marking on the
vertices of PG such that for an element φ P H1pG;Rq, φ is contained in ΣpGq if
and only if φ is dual to a marked vertex.

Definition 9.4.2 (Thurston (semi)norm). The Thurston seminorm is a map } ¨

} : H1pG;Rq Ñ R such that for all φ P H1pG;Rq,

}φ} “ maxt|φppq ´ φpqq| : p, q P PGu.

Note that the value of the seminorm does not depend on the choice of representative
PG of PpGq. We will sometimes write } ¨}PpGq to emphasises that we are evaluating
characters on PpGq.

The work of Funke–Kielak in [FK18, Corollary 3.5] confirms that } ¨ } is indeed
a seminorm.

As remarked in [FLT19, Section 6], the results in [FL19] imply the following:

Proposition 9.4.3. Let G be free-by-cyclic and φ : G Ñ Z be an epimorphism.
Then

}φ} “ ´χp2q
pkerφq.

Note that if G is free-by-cyclic and φ : G Ñ Z is an epimorphism with finitely
generated kernel, then the kernel of φ is a finite rank free group. Moreover, in
that case the L2-Euler characteristic and the standard Euler characteristic agree
[Lüc94, Theorem 1.35]. Hence, we have

}φ} “ ´χp2q
pkerφq “ ´χpkerφq “ rankpkerφq ´ 1.

More generally, if φ fibres and Impφq “ kZ ď Z for some positive integer k, then

}φ} “ kprankpkerφq ´ 1q. (9.3)

9.5 Polytopes and group splittings

Let G be a group and suppose that G splits as an amalgamated free product
G “ A ˚C B, or as an HNN extension G “ A˚C . Let iA : A Ñ G, iB : B Ñ G
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and iC : C Ñ G be the inclusion maps. The following combination theorem of
Friedl–Lück allows us to construct the polytopes inductively.

Theorem 9.5.1 (Friedl–Lück [FL17]). Let A,B,C be torsion free L2-acyclic groups,
and suppose that A ˚C B (resp. A˚C) satisfies the Atiyah conjecture. Then A ˚C B

(resp. A˚C) is L2-acyclic and

PpA ˚C Bq “ iA˚PpAq ` iB˚PpBq ´ iC˚PpCq,

resp. PpA˚Cq “ iA˚PpAq ´ iC˚PpCq.

A graph of groups splitting of a free-by-cyclic groups over infinite cyclic sub-
groups impacts the structure of the L2-polytopes:

Proposition 9.5.2. Let G be a free-by-cyclic group that admits a graph of groups
decomposition G “ π1pΓ,G‚, ι‚q where each vertex groups is free-by-cyclic and
not virtually abelian, and each edge group is infinite cyclic. Then PpGq is the
Minkowski sum of |V pΓq| ` |E`pΓq| non-trivial polytopes.

Proof. Let G “ π1pΓ,G‚, ι‚q be as in the statement. Applying Theorem 9.5.1
inductively, we obtain

PpGq “
ÿ

vPV pΓq

i˚PpGvq ´
ÿ

ePE`pΓq

i˚PpGeq,

where each i : G‚ Ñ G denotes the inclusion map.
By Example 9.2.7, if Ge “ xzy ď G then i˚PpGeq “ i˚p´Pp1 ´ zqq “ ´r0, z̄s,

where z̄ denotes the image of z in H1pG;Rq, which is non-trivial by the discussion
in Section 3.3.2. Hence each edge corresponds to a non-trivial line segment in the
Minkowski sum.

Fix a free-by-cyclic splitting G “ F ¸ xty. Each vertex group is free-by-cyclic
and of the form Gv “ Fv¸xxtky for some x P F , k ą 0 and Fv ď F . By assumption,
Gv is not isomorphic to Z2 or the fundamental group of a Klein bottle, and thus
the rank of Fv is at least 2. By the discussion in Section 9.3 it follows that the
polytope PpGvq is non-trivial. It remains to show that i˚PpGvq is also non-trivial.

Indeed, let φ : G Ñ Z be the homomorphism sending each element of F to 0
and such that φptq “ 1. Then the restriction of φ to Gv has a finitely generated
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kernel equal to Fv and its image in Z is generated by k. It follows that the polytope
norm of φ|Gv evaluated on PpGvq is

}φ|Gv}PpGvq “ k ¨ prankpFvq ´ 1q ą 0.

Hence the kernel ker } ¨ }PpGvq of the polytope norm of the group Gv intersects
H1pG;Rq in a proper subset. It follows that i˚PpGvq is non-trivial.

Lemma 9.5.3. Let G be a torsion free finitely generated group which satisfies the
Atiyah conjecture and splits as an HNN extension G “ A˚C with A and C finitely
generated and L2-acyclic. Then the polytope PpGq has codimension strictly greater
than 0.

Proof. Let G “ A˚C be as in the statement. Let s P G be the stable letter
of the HNN extension. Note that the image s̄ of s in the free abelianisation
of G is non-trivial. Let i : H1pA;Rq Ñ H1pG;Rq be the map induced by the
inclusion A Ñ G. Then H1pG;Rq » ipH1pA;Rqq ‘ s̄R. By Lemma 9.5.1, PpGq “

iA˚PpAq ´ iC˚PpCq Ď ipH1pA;Rqq.

Lemma 9.5.4. Let G be a free-by-cyclic group. Suppose that G “ A ˚C B, where
C » Z and A fi Z, B fi Z. Let φ : G Ñ Z be a primitive character with finitely
generated kernel. Then φ|A : A Ñ Z and φ|B : B Ñ Z have finitely generated
kernels and

rankpkerφq ´ 1 “ aprankpkerφ|Aq ´ 1q ` bprankpkerφ|Bq ´ 1q ` c,

where a, b and c are positive integers which generate the subgroups φpAq, φpBq and
φpCq, respectively.

Proof. Let G “ A ˚C B and φ : G Ñ Z be as in the statement of the lemma. By
Theorem 3.3.9, φ|A : A Ñ Z and φ|B : B Ñ Z have finitely generated kernels. By
Theorem 9.5.1, PpGq “ iA˚PpAq ` iB˚PpBq ` iC˚Pp1 ´ z̄1q, where z1 generates
the image of C in G. Hence,

}φ}PpGq “ }φ}iA˚PpAq ` }φ}iB˚PpBq ` |φpz̄1q|.
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Since the induced maps H1pA;Rq Ñ H1pG;Rq and H1pB;Rq Ñ H1pG;Rq are
injective and the images of the homologies are direct summands in the image, it
follows that iA˚PpAq » PpAq and iB˚PpBq » PpBq. Hence }φ}iA˚PpAq “ }φ|A}PpAq

and }φ}iB˚PpBq “ }φ|B}PpBq. The result follows by (9.3).

Lemma 9.5.5. Let G be free-by-cyclic and suppose G “ A˚C, where C is infinite
cyclic and A fi Z. If φ : G Ñ Z is a primitive character with finitely generated
kernel, then φ|A : A Ñ Z has finitely generated kernel and

rankpkerφq ´ 1 “ aprankpkerφ|Aq ´ 1q ` |φpzq|,

where a is the positive integer which generates φpAq.

Proof. Let G “ xA, s | zs1 “ z2y. As before, if φ : G Ñ Z is a character with finitely
generated kernel then

}φ}PpGq “ }φ}iA˚PpAq ` |φpz̄1q|.

Let t P φ´1p1q and F “ kerpφq. By Theorem 3.3.9, A is conjugate to the subgroup
xFA, yt

ky for FA ď F, y P F and k ‰ 0. Note that z “ z1z
´1
2 is conjugate into FA.

Hence,

H1pG;Rq “
H1pA;Rq

xz̄y

à

sR.

Now let a, b P PpAq Ď H1pA;Rq be such that }φ|A}PpAq “ |φpaq ´ φpbq|. Since
PpAq is an integral polytope and the points a, b P PpAq may be taken to be vertices
of the polytope, it follows that a and b lift to elements of A. In particular, a “ αtm

and b “ βtn for some α, β P F and m,n P Z. Hence |φpaq ´ φpbq| “ |m ´ n| “

|φpiA˚paqq ´ φpiA˚pbqq|.

9.6 Links between the polytope and the outer au-

tomorphism group

In this section we study the action of OutpGq on characters of a free-by-cyclic
group G. Let Gab be the abelianisation of G. There is a natural identifica-
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tion HompG,Rq » HompGab,Rq. The group AutpGq acts on HompG,Rq by pre-
composition. The inner automorphisms act trivially and thus the action descends
to an action of OutpGq.

Let Ψ P OutpFnq and choose a representative ψ of Ψ. Let φ P HompGψ,Zq

be the character associated to the fibring Gψ “ Fn ¸ψ xty. Write stabpφq “

stabOutpGψqpφq to denote the stabiliser of φ under the action of OutpGψq. Let
COutpFnqpΨq be the centraliser of Ψ in OutpFnq.

Each Φ P COutpFnqpΨq induces an outer automorphism class Φ̄ P OutpGψq, as
follows. Let ϕ be a representative of Φ. Then there exists some x P Fn such
that rϕ, ψs “ ιx. Let Φ̄ be the outer automorphism class of the map Gψ Ñ Gψ

which sends t ÞÑ tx and a ÞÑ ϕpaq for all a P Fn. This map is well-defined,
since for any two choices ϕ1 and ϕ of automorphisms representing Φ, the resulting
automorphisms of Gψ will differ by an inner automorphism.

Lemma 9.6.1. Let Gψ “ Fn ¸ψ xty and let φ : Gψ Ñ Z be the character corre-
sponding to the splitting. Then there is a short exact sequence

1 Ñ Z Ñ COutpFnqprψsq Ñ stabOutpGψqpφq Ñ 1,

where Z » xrψsy ď COutprψsq.

Proof. Let Φ P COutpFnqprψsq and fix a representative ϕ of Φ. It is clear that the
automorphism Ψ ÞÑ Φ̄ defined above preserves the fibre and thus is an element of
stabOutpGψqpφq. It is also clear that this map is a homomorphism.

Now let Θ P stabOutpGψqpφq and let θ be an automorphism representative of
Θ. Since φ ˝ θ “ φ, θpkerφq “ kerφ and θptq “ tx for some x P kerφ. Hence θ
restricts to an automorphism of kerφ “ Fn. Furthermore, since θ : Gψ Ñ Gψ is an
automorphism, for any a P kerφ,

θψpaq “ θpt´1atq “ x´1t´1θpaqtx “ ιxψθpaq.

Hence the restriction of θ to kerφ represents an element of COutpFnqprψsq which
maps to Θ. Thus the map is surjective.

Denote by K the kernel of the map COutpFnqprψsq Ñ stabOutpGψqpφq, which
sends Φ ÞÑ Φ̄. It is clear that xrψsy ď K. Let Φ P COutpFnqprψsq be such that

145



Φ̄ “ idOutpGψq. Hence each representative of Φ̄ is an inner automorphism. Let ϕ
be a representative of Φ and y P Gψ be such that ϕ̄ “ ιy. Then y “ tlz for some
l P Z and z P Fn, and

ϕpaq “ ιypaq “ ιzψ
l
paq,

for all a P Fn. Hence ϕ is contained in the outer automorphism class of ψl in
OutpFnq. Thus Φ P xrψsy and K “ xrψsy.

Let G be a free-by-cyclic group and let Xn be the set of homomorphisms
φ : G Ñ Z with finitely generated kernel of rank n. The action of OutpGq preserves
the sets Xn.

Proposition 9.6.2. Suppose that ψ P AutpFnq and G “ Fn ¸ψ xty. Assume that
PpGψq has codimension 0 in H1pG;Rq. Then the quotient COutpFnqprψsq{xrψsy is
isomorphic to a finite-index subgroup of OutpGq.

Hence, for any Φ P OutpFmq such that GΦ » Gψ, COutpFnqprψsq{xrψsy and
COutpFmqpΦq{xΦy are commensurable.

Proof. Suppose that ψ P AutpFnq and G “ Fn ¸ψ xty. Assume that PpGψq has
codimension 0 in H1pG;Rq. Let φ : G Ñ Z be the homomorphism associated to
the splitting G “ Fn ¸ψ xty. Then the set Xn of homomorphisms G Ñ Z with
finitely generated kernel of rank n is non-empty and finite, and φ P Xn. Hence by
the Orbit-Stabiliser Theorem,

rOutpGq : stabOutpGqpφqs “ |Orbpφq| ă |Xn| ă 8.

The result now follows by Lemma 9.6.1.

We can also say something about the general case when the polytope has
codimension ě 0. Fix a basis of H1pG;Rq and take the dual basis for H1pG;Rq.
Let V Ď H1pG;Rq denote the subspace of characters of G which are constant when
evaluated on the polytope PpGq. Since OutpGq preserves PpGq, it also preserves
V . We let sXn be the set of elements of the form φ`V where φ P V K is a character
of G and kerφ is finitely generated and of rank n. Then sXn is a finite set which
admits an action of OutpGq. Hence for any character φ of G with finitely generated
kernel, the stabiliser stabpφ` V q of its coset is a finite-index subgroup of OutpGq.
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We now return to considering the action of OutpGq on the whole set Xn of
characters of G with finitely generated kernel of rank n. If the codimension of the
polytope PpGq is greater than zero then Xn is infinite. By Lemma 3.3.1, the orbits
of elements in Xn under the action of OutpGq correspond to conjugacy classes of
outer automorphisms Φ P OutpFnq such that G “ Fn ¸Φ Z.

Question 9.6.3. When is it the case that there are finitely many orbits of Xn

under the action of OutpGq?

Question 9.6.3 has a positive answer whenever G is a free-by-cyclic group whose
polytope is codimension zero, since in that case Xn is finite for all n, as remarked
above. We are also able to give a positive answer in certain special cases. To that
end, given a group G and a collection H of subgroups of G, the McCool group
McpG;Hq of G with respect to H, is the group of outer automorphisms of G which
admit a representative which restricts to identity on each element of H.

Lemma 9.6.4. Let G be a free-by-cyclic group and suppose that G splits as an
HNN extension G “ xG1, s | zs1 “ z2y. Suppose that for each k ě 1, G1 has
finitely many characters with finitely generated kernel of rank k, up to the action
of McpG1; txz1y, xz1yuq. Then G has finitely many characters with finitely generated
kernel of fixed rank k, for each k, up to the action of OutpGq.

Proof. Let G be as in the statement. Then H1pG;Rq “ i˚H1pG1;Rq ‘ sR, where
i : G1 Ñ G is the inclusion map and PpGq “ i˚PpG1q ` Ppz̄1 ´ 1q Ď i˚H1pG1;Rq.

Fix k ě 1. For any integral character φ P H1pG;Rq, φ “ φ1 ` ms˚ where
φ1 P H1pG1;Zq and m P Z. Thus φ evaluated on points in the polytope PpGq is
equal to φ1. Suppose that φ is a primitive integral character with finitely generated
kernel. By Lemma 9.5.5, φ1 is an integral character of G1 with finitely generated
kernel such that

rankpkerφq ´ 1 “ cprankpkerφ1q ´ 1q ` |φpuq|,

where c is the positive generator of φ1pG1q in Z. In particular, if rankpkerφ1q ě

k ` 1 then rankpkerφq ě k ` 1.
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Let Xk be the collection of primitive integral characters of G with finitely
generated kernel of rank k. For each i ď k, let Yi be the collection of primitive
integral characters of G1 with finitely generated kernel of rank i. By the above,

Xk Ď

k
ď

i“1

tφ1 ` ms˚
| φ1 P Yi,m P Zu.

Define an automorphism θ of G which acts as the identity on G1 and sends
s ÞÑ z1s. Then for any character φ1 of G1 and for any g P G,

φ1 ˝ θpsq “ φ1pz1q and φ1 ˝ θpgq “ φ1pgq.

Hence φ1 ˝ θk “ φ1 ` k ¨ φ1pz1q ¨ s˚ for each k P Z.
By Theorem 3.3.9, z1 is not contained in the fibre of any fibring of G. It follows

that xθy acts on tφ1 `ms˚ | m P Zu with finitely many orbits. Furthermore, each
outer automorphism in McpG1; txz1y, xz1yuq extends to an outer automorphism of
G. Hence the subgroup of OutpGq generated by McpG1; txz1y, xz1yuq Y xrθsy acts
on

Ťk
i“1tφ1 ` ms˚ | φ1 P Yi,m P Zu with finitely many orbits.

Lemma 9.6.5. Let G be a free-by-cyclic group such that G splits as an HNN
extension G “ xG1, s | zs1 “ z2y. Suppose that i˚PpGq has full rank in i˚H1pG1;Rq.
Then for every k, G has at most finitely many characters with finitely generated
kernel of rank k, up to the action of OutpGq.

Furthermore, the number of orbits of characters φ of G with finitely generated
kernel and such that φpz1q “ 1, is at most the number of such characters contained
in the subspace H1pi˚H1pG1;Rq;Rq.

Proof. LetG be as in the statement. As above, we have thatH1pG;Rq “ i˚H1pG1;Rq‘

sR and PpGq “ i˚PpG1q`Ppz̄1´1q Ď i˚H1pG1;Rq. Hence every integral character
φ P H1pG;Rq is of the form φ “ φ1 ` ms˚ where φ1 P H1pi˚H1pG1;Rq;Rq and
m P Z.

Let Xk be the collection of primitive integral characters of G with finitely
generated kernel of rank k. For each i ď k, let Yi be the collection of primitive
characters of G with finitely generated kernel of rank i and which are contained
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in H1pi˚H1pG1;Rq;Rq. Since PpGq has full dimension in i˚pH1pG1;Rqq, each Yi is
finite. By the same argument as in the proof of Lemma 9.6.4, we have that

Xk Ď

k
ď

i“1

tφ1 ` ms˚
| φ1 P Yi,m P Zu.

The automorphism θ of G defined in the proof of Lemma 9.6.4 acts on each tφ1 `

ms˚ | φ1 P Yi,m P Zu with finitely many orbits.
Let φ be a primitive integral character of G with finitely generated kernel and

such that φpz1q “ 1. Then there exists a unique character φ1 P H1pi˚H1pG1;Rq;Rq

such that φ “ φ1 ` ms˚ for some m P Z and φpz1q “ φ1pz1q “ 1. Note that φ1 is
necessarily primitive and integral. Also φ1 ˝ θm “ φ1 ` ms˚.

9.7 Examples

In this section, we calculate examples of polytopes for free-by-cyclic groups.

9.7.1 Free-by-cyclic groups whose polytopes are lines

We start with a simple but important observation:

Proposition 9.7.1. Let G be a free-by-cyclic group. Suppose that there exists
a free-by-cyclic group G1 which is isomorphic to a finite-index subgroup of G. If
PpG1q is a line then PpGq is also a line.

Proof. Firstly, note that if P Ď Rn is a polytope which is a line then for any
automorphism A P GLpn,Rq, the image A ¨ P is also a line. Hence if G is a free-
by-cyclic group with polytope PpGq represented by a line, and H is isomorphic to
G, then PpHq is also represented by a line.

Now suppose that G1 is a finite-index subgroup of G. A primitive integral
character φ : G Ñ R of G induces an integral character φ1 : G1 Ñ R defined by
restriction φ1 “ φ|G1 . Using the multiplicative property of L2-Euler characteristic,
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it follows that

}φ1
}PpG1q “ ´

1

N
χp2q

pkerφ1
q “ ´

1

N
χp2q

pkerφq rkerφ : kerφ1
s

“
1

N
}φ}PpGqrkerφ : kerφ1

s,
(9.4)

where N denotes the positive generator of the image of φ1 in Z.
Hence, }φ}PpGq “ 0 if and only if }φ1}PpG1q “ 0. Since PpG1q is a line joining the

origin to an integral point x in H1pG
1;Rq which corresponds to an element of the

free abelianisation of G1, the kernel ker } ¨ }PpG1q is the annihilator of the subspace
of H1pG1;Rq spanned by x. Hence ker } ¨ }PpGq is the annihilator of the subspace
of H1pG;Rq spanned by the image of x in H1pG;Rq. Note that G is free-by-cyclic
and thus admits an integral character with finitely generated kernel. In particular,
ker } ¨ }PpGq is a proper subspace of H1pG;Rq and the image of x in H1pG;Rq is
non-trivial. Thus PpGq is also a line (and not a point).

Corollary 9.7.2. If Φ P OutpFnq has finite order then PpFn ¸Φ Zq is a line.

Definition 9.7.3. Let F be a free group of rank n and ϕ P AutpF q an auto-
morphism of F . A free basis tx1, . . . , xnu of F is said to be right layered for ϕ
if

• ϕpx1q “ x1, and

• ϕpxiq “ xiwi for every i ą 1, where wi P xx1, . . . xi´1y.

Lemma 9.7.4. If G “ Fn ¸ϕ Z is free-by-cyclic such that ϕ P AutpFnq admits a
right layered basis, then PpGq is a line.

Proof. Suppose that ϕ P AutpFnq admits a right layered basis. Then the matrix
F of Fox derivatives of ϕ with respect to this basis is upper triangular with each
diagonal element equal to 1.

Let G “ Fn ¸ϕ Z and let t P G be a stable letter. By the discussion in
Section 9.3,

PpGq “ PpdetDpI ´ tF qq ´ Pp1 ´ tq

“ Ppp1 ´ tqnq ´ Pp1 ´ tq

“ pn ´ 1q ¨ r0, ts.
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Lemma 9.7.5. Let ϕ P AutpFnq be such that the rank of the fixed subgroup of ϕ
is equal to n. Then PpGq is a line.

Proof. By the work of Collins–Turner [CT96] every automorphism ϕ P AutpFnq

with maximal rank fixed subgroup admits a right layered basis. The result then
follows by Lemma 9.7.4.

At the other extreme, there exist hyperbolic free-by-cyclic groups with non-
cyclic free abelianisation whose polytopes are lines.

Example 9.7.6. Let n ě 3 and F “ F pa0, a1, . . . , an´1q be the free group of
rank n. Define an automorphism ϕ P AutpF q which acts on the generators in the
following way:

a0 ÞÑ a1 ÞÑ . . . ÞÑ an´1 ÞÑ a0a1.

Then ϕ is atoroidal by the work of Gersten–Stallings [GS91]. Let Gϕ “ F¸ϕxty.
Then Gfab

ϕ “ tZ and Gfab
ϕk

“ tZ for all k ě 1. Hence the polytope PpGϕkq is a line.
For k large enough, the automorphism ϕ and the letter a0 satisfy the conditions

of [Bri02, Proposition 2.1]. Hence, if we let F 1 “ F pa0, . . . , an´1, bq and ψ P

AutpF 1q be given by ψpaiq “ ϕpaiq for all i, and ψpbq “ ba0 then Gψ is atoroidal.
Moreover, Gψ splits as an HNN extension

Gψ “ Gϕ ˚xty .

Hence the polytope PpGq is equal to

PpGψq “ i˚pPpGϕqq ` Pp1 ´ tq.

9.7.2 Low rank cases

Given an outer automorphism Φ P OutpFnq, let Φab P GLpn,Zq denote the induced
map on the abelianisation. The case of free-by-cyclic groups with fibre of rank 2
is considerably easier to study by the following useful fact:
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Theorem 9.7.7 (Nielsen). The map induced by abelianisation,

OutpF2q Ñ GLp2,Zq

Φ ÞÑ Φab,

is an isomorphism.

Proposition 9.7.8. Let Φ be an element of OutpF2q. Then the induced map Φab

satisfies exactly one of the following.

1. Φ is the trivial outer automorphism and β1pGΦq “ 3;

2. Φab is conjugate to

˜

1 k

0 1

¸

for some k P Z ∖ 0, and β1pGΦq “ 2;

3. Φab is conjugate to

˜

´1 k

0 1

¸

for some k P Z, and β1pGΦq “ 2; or

4. Φab does not have 1 as an eigenvalue and β1pGΦq “ 1.

Furthermore, the classification preserves conjugacy classes.

Corollary 9.7.9. If Φ P OutpF2q then PpGΦq is a line.

Proof. It suffices to calculate the polytope for one representative of each conjugacy
class in OutpF2q. We use the classification in Proposition 9.7.8. Let G “ F2 ¸ϕ xty.
Let F be the matrix of Fox derivatives of ϕ.

Suppose first that ϕ falls under Item 1 or Item 2 of Proposition 9.7.8. By
Theorem 9.7.7, ϕ is conjugate to the outer automorphism represented by ψ P

AutpF pa, bqq, where ψ acts by sending a ÞÑ a, b ÞÑ bai, for some i P Z. The
matrix of Fox derivatives of ψ is upper triangular with 1s on the diagonal. Hence
detDpI ´ tF q “ p1 ´ tq2. Thus

PpGψq “ PpdetDpI ´ tF qq ´ Pp1 ´ tq

“ Pp1 ´ tq

”T r0, ts.
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If ϕ falls under Item 3 then ϕ is conjugate to ψ P AutpF pa, bqq, where ψ sends
a ÞÑ a´1, b ÞÑ bai for some i P Z. The matrix of Fox derivatives is upper triangular
with ´a´1 and 1 on the diagonal. Since a vanishes in the free abelianiation of Gψ,
it follows that PpGψq “ r0, ts, also.

Finally, if ϕ falls under Item 4 of Proposition 9.7.8 then H1pG;Rq “ tR, and
thus PpGq is necessarily also a line.

Lemma 9.7.10. Let G “ Fn ˆ Z. Then there are finitely many orbits of integral
characters of G with kernel of a given finite rank under the action of OutpGq.

Proof. Let G be a group given by the presentation

G “ xa1, . . . , an, t | ati “ ai @iy.

The abelianisation of G is of the form

Gab “ ā1Z ‘ . . . ‘ ānZ ‘ t̄Z.

The polytope PpGq is represented by a line joining the origin to the vertex corre-
sponding to the element pn ´ 1q ¨ t̄ in H1pG;Rq. Hence, for any primitive integral
character φ of G, the character φ fibres if and only if φptq ‰ 0. In that case,

rankpkerφq “ pn ´ 1q ¨ |φptq| ` 1.

Thus, the integral characters of rank k are exactly the integral characters in the
hyperplanes

H˘
k “ tφ P HompG;Rq | φptq “ ˘

k ´ 1

n ´ 1
u Ď H1

pG;Rq.

For every i ď n, define the automorphism θi P AutpGq which maps ai ÞÑ tai

and fixes the remaining generators. Then the subgroup of AutpGq generated by
the θi acts on each hyperplane H˘

k and there are finitely many orbits under the
action.
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Lemma 9.7.11. If ϕ P AutpF2q then there are finitely many orbits of primitive
characters φ : Gϕ Ñ Z with finitely generated kernel of a given rank, up to the
action of OutpGϕq.

Proof. Let G “ F ¸ϕ xty where F “ F pa, bq is a free group of rank 2. We treat
each case from Proposition 9.7.8 separately. If ϕ falls under Item 4 then Gϕ admits
exactly two characters so there is nothing to check.

Suppose ϕ falls under Item 2 or Item 3. We may assume that ϕpaq “ a˘1

and ϕpbq “ bai, with i P Zzt0u. Then Gϕ splits as an HNN extension, Gϕ “

xa, ty˚t“ta´i . Note that in both cases a vanishes in the free abelianisation of Gϕ

and thus Ppxa, tyq ` Pp1 ´ tq “ r0, ts is full dimensional in i˚H1pxa, ty;Rq » tR.
Hence we can apply Lemma 9.6.5.

If ϕ belongs to Case 1 then the result follows by Lemma 9.7.10.

In [Bri02], Brinkmann classifies the free-by-cyclic groups which split over Z.
Whilst in the general rank case the picture is quite complicated, when the fibre
has rank 3 there are only three types of situations:

Theorem 9.7.12 (Brinkmann [Bri02]). Let ϕ P AutpF3q and suppose that Gϕ “

F ¸ϕ xty splits over Z. Then at least one of the following is true.

1. The group Gϕ splits as an amalgamated free product, Gϕ “ G1 ˚Z G2, and
thus F “ F 1 ˚ F 2, where rankpF 1q “ 2, rankpF 2q “ 1 and for each i “ 1, 2,
ϕpF iq “ F i and Gi “ F i ¸ xtiy, for some ti P Ft.

2. The group Gϕ splits as an HNN extension, Gϕ “ G1˚Z, and

(a) F “ F 1 ˚ xa2y, where ϕpF 1q “ F 1 and ϕpa2q “ wa2v
´1 for some w, v P

F 1, G1 “ F 1 ¸ϕ xty, and

G “ xG1, s | ptwq
s

“ tvy, or

(b) F “ xa0, a1, a2y, where ϕpa0q “ aε01 , ϕpa1q “ a´1
2 aε10 a2, ϕpa2q “ ak0a2 for

some ε0, ε1 P t0, 1u and k P Z. Also, G1 “ xa0, t
2a´1

2 y, and

G “ xG1, s | pt2a´1
2 q

s
“ t2a´1

2 a´k
0 y.
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Note that in general there exist hyperbolic free-by-cyclic groups which split as
HNN extensions and amalgamated free products over Z (see Example 9.7.6).

Corollary 9.7.13. If ϕ P AutpF3q is atoroidal, then Gϕ does not split over Z.

Proof. In Cases 1 and 2a, the map ϕ preserves a subgroup of F isomorphic to the
free group of rank 2. Hence ϕ restricts to an automorphism of F2, which always
preserves the conjugacy class of a commutator of a pair of generators of F2.

In Case 2b, Φ2pa0q is conjugate to a0 or a´1
0 .

Corollary 9.7.14. If ϕ P AutpF3q is atoroidal, then OutpGϕq is finite.

Proof. This follows by Corollary 9.7.13 and Paulin’s theorem [Pau91].

Corollary 9.7.15. If ϕ P AutpF3q is such that Gϕ splits over Z then there exists a
subgroup H ď Gϕ of index at most 2 such that PpHq is less than full dimensional.

Proof. By Lemma 9.5.3, it suffices to check the case where Gϕ splits as an amal-
gamated free product. By Theorem 9.7.12 this happens exactly when the fibre
admits a ϕ-invariant splitting F » F 1 ˚ F 2 where F 2 » Z. Hence

PpF ¸ϕ xtyq “ PpF 1
¸ϕ xtyq ` PpF 2

¸ϕ xtyq ` Pp1 ´ tq.

Note that the polytope PpF 2 ¸ Zq is trivial since F 2 is infinite cyclic. If ϕ acts as
the identity on a generator s of F 2 then the homology of Gϕ splits as H1pGϕ,Rq “

i˚pH1pF
1 ¸ϕ Zqq ‘ sR and PpF ¸ϕ xtyq Ď i˚pH1pF 1 ¸ϕ Zqq. If ϕ maps s ÞÑ s´1

then replace Gϕ by the index-2 subgroup H “ F ¸ϕ xt2y ď Gϕ.

Proposition 9.7.16. Suppose that ϕ P AutpF3q is exponentially growing and Gϕ

splits over Z. Then there are finitely many orbits of characters χ : Gϕ Ñ Z with
kernel of a fixed finite rank under the action of OutpGϕq. There is a single orbit
of characters with kernel of rank 3.

Proof. We use Lemma 9.5.1 and analysis of polytopes for free-by-cyclic groups
with fibres of rank 2 in Corollary 9.7.9 to calculate the polytopes in this case.

Suppose first that Gϕ belongs to Case 1 of Theorem 9.5.1. The factor F 2

is infinite cyclic so PpG2q is a vertex and the abelianisation is either xty if G2
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is the Klein bottle K or Z2 if G2 » Z2. Since ϕ is exponentially growing, it
follows that ϕ restricted to F 1 is exponential and thus it belongs to Case 2 of
Proposition 9.7.8 and Gab

1 “ xty. So either G2 “ K and the free abelianisation of
G is one-dimensional, or G2 » Z2, the free abelianisation of G is freely generated
by t and a2 and PpGϕq is a line of length 2 in the t-axis. In the latter case, the
polytope is not full dimensional but the characters with finitely generated kernels
of constant rank are partitioned into finitely many orbits under the action of the
automorphism φ P AutpGϕq given by φ : t ÞÑ t, a2 ÞÑ a2t and φ|F1 “ idF 1 . Note
that φ is not inner. Furthermore, there is a single orbit of characters χ with
χptq “ 1.

Suppose now thatG belongs to Case 2a. Again ϕ|F 1 is exponential and soGab
1 »

xty and PpG1q is a line of unit length in the t-axis. Then PpGq “ PpG1q´Ppxtwyq,
where w P F 1. But w is mapped to the trivial element in the abelianisation of Gϕ

and thus PpGq “ PpG1q ` Ppt ´ 1q is a line of length 2 in the t-axis. We define
an automorphism φ P AutpGϕq so that a2 ÞÑ a2tv and φ acts as the identity on
G1. It is clear that φ is not an inner automorphism and the characters with fibre
of the same rank again fall into finitely many orbits under the action of xφy.

If ϕ belongs to Case 2b then it is polynomially growing.

Corollary 9.7.17. Let Φ,Ψ P OutpF3q and suppose Φ is exponentially growing
and GΦ splits over Z. If GΦ » GΨ then Φ and Ψ are conjugate in OutpF3q.
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Chapter 10

Questions and further work

Subgroup separability and quasiconvex subgroups

The results in Chapter 4 show that subgroup separability is a rare property for
free-by-cyclic groups. In fact, the only free-by-cyclic groups which are known to
be subgroup separable arise as fundamental groups of geometric 3-manifolds. This
suggests the following question:

Question 10.0.1. Let G be a non-hyperbolic free-by-cyclic group which is subgroup
separable. Then is it the case that G is commensurable to the fundamental group
of a geometric 3-manifold?

If G is a hyperbolic free-by-cyclic group then G acts properly and cocompactly
on a CAT(0) cube complex by the work of Hagen–Wise [HW15]. Hence G is
virtually special in the sense of Haglund–Wise [HW08], and thus every quasiconvex
subgroup H ď G is separable in G. Hence, understanding quasiconvex subgroups
of hyperbolic groups is a key step towards the classification of separable subgroups.

Note that when G is the fundamental group of a hyperbolic 3-manifold of finite
volume, then any finitely generated subgroup H ď G is either a virtual fibre of
G or is geometrically finite and hence quasiconvex. We propose an analogous
classification for subgroups of hyperbolic free-by-cyclic groups. We say a subgroup
A ď G is a virtual semi-fibre if there exists a finite-index subgroup G1 ď G such
that G1 is a proper ascending HNN extension over G1 X A.

157



Conjecture 10.0.2. Let G be a hyperbolic free-by-cyclic group and suppose that
H ď G is a finitely generated subgroup. Then H is quasiconvex unless it is a
virtual fibre or a virtual semi-fibre of a free-by-cyclic subgroup G0 ď G.

If G is hyperbolic and irreducible then by the work of Mutanguha any free-
by-cyclic subgroup G0 ď G has finite index. In that case, Conjecture 10.0.2
predicts that the only possible non-separable subgroups arise from homomorphisms
φ : G1 Ñ Z of finite-index subgroups G1 ď G such that φ : G1 Ñ Z is contained in
the BNS invariant and ´φ is not (as in the argument in Lemma 5.0.12).

Conjecture 10.0.3. Let G be an irreducible and hyperbolic free-by-cyclic group.
Then G is subgroup separable if and only if for every finite-index subgroup G1 ď G

the BNS invariant ΣpGq is symmetric.

Problem 10.0.4. Classify hyperbolic free-by-cyclic groups with a symmetric BNS
invariant.

Profinite rigidity

Whilst the results in Chapter 6 make some progress towards the problem of dis-
tinguishing free-by-cyclic groups through finite quotients, many questions in this
area remain open.

Recall that for any two groups G and H, a profinite isomorphism Θ: pG Ñ pH

is said to be pZ-regular, if the induced isomorphism on the completions of the free
abelianisations

Θfab : pGfab Ñ pHfab

is the composition of the completion of an isomorphism Ψ: Gfab Ñ Hfab and
multiplication by a profinite integer in pZˆ.

In broad terms, the existence of a pZ-regular profinite isomorphism allows us
to show that certain homological information about a group is preserved under
profinite isomorphisms. It is not too difficult to show that when G is a free-by-
cyclic group with first Betti number equal to one, then all profinite isomorphisms
are pZ-regular. In general, we ask:
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Question 10.0.5. If G and H are free-by-cyclic groups which are profinitely iso-
morphic, does there exist a pZ-regular profinite isomorphism pG Ñ pH?

One may hope to answer the previous question as in [Liu23a] using the L2-
polytope (see Chapter 9) in place of the Thurston polytope. The key issue is that
we do not have the TAP1 property for free-by-cyclic groups (for 3-manifolds this
is a deep result of Friedl–Vidussi [FV08, FV11]). The reader is referred to [HK22,
Definition 3.1] for the definition due to its technical nature.

Question 10.0.6. Is every free-by-cyclic group G in TAP1pFq for F P tQ,Fpu with
p prime?

The key step in proving the profinite rigidity results in Chapter 6 involved show-
ing that many properties of free-by-cyclic groups can be detected in the profinite
completion [HK23, Theorem B]. Hence, we ask

Question 10.0.7. Which of the following properties can be detected in the profinite
completion of a free-by-cyclic group G “ Fn ¸Φ Z:

1. the (full) irreducibility of Φ;

2. whether Φ is polynomially or exponentially growing, and the degree of poly-
nomial growth;

3. whether G splits over Z; more generally, the JSJ decomposition of a free-by-
cyclic group;

4. the structure of the BNS invariant and more generally the marked L2-polytope
of G.

The L2-polytope

Let G be a group and φ : G Ñ Z an epimorphism. We say that pG,φq splits with
associated group B ď G, if there exists a finitely generated subgroup A ď kerφ

which contains B, and a monomorphism θ : B Ñ A, such that G splits as an HNN
extension

G » A ˚B,θ .
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Definition 10.0.8. The splitting complexity of the pair pG,φq is

cpG,φq “ mint´χpBq | B is of type F and G splits with associated subgroup Bu.

Remark 10.0.9. If G is the mapping torus of a free group monomorphism, in
particular a free-by-cyclic group, then by the work of Feighn–Handel [FH99], every
finitely generated subgroup of G is of type F . Hence, in Definition 10.0.8 of
splitting complexity for a free-by-cyclic group, we consider all finitely generated
subgroups B such that pG,φq splits with associated subgroup B.

The following conjecture is due to Gardam–Kielak and appears in [Obe20] and
[GK].

Conjecture 10.0.10 (The splitting complexity conjecture). Let G be a free-by-
cyclic group and φ : G Ñ Z an epimorphism. Then

cpG,φq “ ´χp2q
pkerφq “ }φ},

where } ¨ } is the Thurston seminorm as in Definition 9.4.2.

Remark 10.0.11. The argument used by Henneke–Kielak in [HK20, Theorem 6.4]
can be used to show that if G is free-by-cyclic, then for every epimorphism φ : G Ñ

Z,
cpG,φq ě }φ}.

A key consequence of the splitting complexity conjecture is the following:

Theorem 10.0.12 ([GK]). If Conjecture 10.0.10 is true then the first BNS in-
variant of a free-by-cyclic group G is computable.

Note that the work of Cavallo–Delgado–Kahrobaei–Vantura in [CDKV17] im-
plies that the BNS invariant is not computable in the class of all finitely presented
groups.

The following special case of the splitting complexity conjecture itself has a
number of interesting consequences.
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Conjecture 10.0.13 (Vanishing norm conjecture). Let G be free-by-cyclic and
φ : G Ñ Z an epimorphism such that χp2qpkerφq “ 0. Then pG,φq splits with an
associated finitely generated group B ď G such that χpBq “ 0.

From now until the end of this section, we will be working under the assumption
that Conjecture 10.0.13 is true.

Corollary 10.0.14. Let G be free-by-cyclic. Then the following are equivalent.

1. The polytope PpGq has codimension greater than 0;

2. The group G splits as an HNN extensions over an infinite cyclic or a free-
by-cyclic subgroup.

Proof. For p1q ñ p2q, suppose that PpGq has codimension greater than 0. Then,
there exists a character φ : G Ñ Z with }φ}P “ 0. Conjecture 10.0.13 implies that
G splits as an HNN extension over a finitely generated subgroup B with χpBq “ 0.
Then by Proposition 3.3.7, B is infinite cyclic or free-by-cyclic.

The implication p2q ñ p1q is Lemma 9.5.3.

Corollary 10.0.15. Let Φ P OutpFnq be a non-periodic irreducible outer auto-
morphism and G “ Fn ¸Φ Z. Then for every finite-index subgroup G1 ď G, the
polytope PpG1q has codimension 0.

Proof. Suppose that Φ P OutpFnq is not atoroidal. By Theorem 3.4.2, Φ is induced
by a pseudo-Anosov homeomorphism of a punctured surface and thus G is the
fundamental group of a hyperbolic 3-manifold M . In particular, every finite-index
subgroup G1 ď G corresponds to a finite degree cover M 1 Ñ M which is also
a hyperbolic 3-manifold. Since the Thurston seminorm is a norm for hyperbolic
3-manifolds, it follows that the polytope Ppπ1pM

1qq, which has a representative
given by the unit ball of the Thurston norm, has codimension 0.

Now suppose that Φ P OutpFnq is atoroidal and let G “ Fn ¸Φ Z. Note that
every finite-index subgroup G1 ď G has atoroidal and irreducible monodromy by
[Mut21]. Towards a contradiction, assume that there is a finite-index subgroup
G1 ď G such that the polytope PpG1q has codimension greater than 0. By Corol-
lary 10.0.14, G1 splits as an HNN extension over the infinite cyclic or free-by-cyclic
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subgroup. Then by the work of Brinkmann [Bri02], G1 admits a monodromy Φ

which is not fully irreducible. But then by Theorem 3.1.3, the monodromy of G1

is not irreducible. This is a contradiction.
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