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Abstract

We use game semantics to show that program equivalence and program approximation in a second-
order fragment of Idealized Algol are PSPACE-complete. The result relies on a PSPACE construction
of deterministic finite automata representing strategies defined by second-order programs and is an
improvement over the at least exponential space bounds implied by the work of other authors in which
extended regular expressions were used.

The approach makes it possible to study the contribution of various constructs of the language to
the complexity of program equivalence and demonstrates a similarity between call-by-name game
semantics and call-by-name interpreters.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Game semantics views computation as an exchange of moves between two players, who
represent respectively the program under evaluation and the environment in which the
program is evaluated. Programs can then be interpreted as strategies for the first player.
This approach has led to the construction of fftdly abstractmodels for a variety of
programming languages, i.e. models in which the interpretations of two programs coincide
if and only if the programs are equivalent [3,13,4,5,12,16,2,7]. The game models provide a
semantic characterization of program equivalence and make it possible to recast questions
about equivalence of programs as semantic problems. However, reasoning about programs
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with game models is not so easy, especially if one has automation in mind. Firstly, to
achieve full abstraction, equivalence classes of strategies need to be considered instead
of strategies, and in general the relation involved (the so-caiteiisic preorder) is very
intricate. Secondly, positions arising in game semantics are not merely sequences of moves.
In addition, they are endowed with pointers that connect moves subject to a number of
combinatorial constraints.

The case of Idealized Algol in which expressions may have side effects is much more
satisfying. There, the above-mentioned quotient set admits a direct characterization based
oncompleteplays—plays that correspond to terminating computations. Consequently, the
firstobstacle isremoved: questions about program equivalence (respectively approximation)
can be restated as equivalence (respectively containment) queries for the induced sets of
complete positions. Moreover, when one restricts the language to second order, positions
can be treated as strings of moves, because the pointer structure is uniquely reconstructible
and hence redundant. Then it turns out that complete plays generated by second-order
programs form regular languag@®], which immediately implies decidability of second-
order program equivalence and approximation, because the problems of equivalence and
containment of regular languages are decidable.

Two expositions of the regular game semantics exist [1,10], both employing a class of
semi-extended regular expressions with intersections to describe the sets of complete plays
generated by programs. Because the equivalence and containment problems for such ex-
pressions are known to be EXPSPACE-complete, one might suspect that the corresponding
problems concerning programs will inherit this complexity (intersections are crucial for
modelling state). In this paper we show that this is not the case: program approximation as
well as program equivalence in the fragment of Idealized Algol considered in these papers
are in fact both PSPACE-complete.

Our approach consists of a direct construction of deterministic automata which represent
the game semantics of programs. In order to avoid the use of exponential space this process
has two stages: first we construct the automaton corresponding to programs in which state
changes are not observed; then we refine it so that state changes are respected. Because the
construction is conducted in polynomial space, and both equivalence and containment of
deterministic automata are NL-complete, one can obtain a PSPACE algorithm for program
approximation and equivalence by combining the two in a careful way.

To our knowledge this is the first time a complexity result like this has been proved using
a denotational model.

1.1. Idealized Algol

Idealized Algol (A) is the canonical language combining functional and imperative pro-
gramming. We shall concern ourselves with its fragment, céfledn which free identifiers
are of base type or (first-order) function type and arguments to procedures are of base type.
IA; types (denoted by) are generated by the following grammar:

B:= com | exp | var T:= B | B—>T.

Those generated froml are called base typesomis the type of commandsxpis the type
of expressions. We assume that values of ypeare taken from a finite initial segment



A.S. Murawski / Theoretical Computer Science 343 (2005) 207-236 209

1e{0,---,max }
I' F skip: com ' - d:exp ' - Qp: B

' = M: exp ' M: exp
Fe:T k2T I' + succ(M) : exp I' - pred(M) : exp
'-M:exp ' Ng:B I' N, :B
I' + ifzero MNyN; : B

' M:com ' - N:B ' M:exp T' = N:com

' -M;N:B I' = while M do N : com
' v M: var ' M:var T'F N:exp
I' = IM: exp I' - M:=N:com
I''X:var W M: B ' M:exp—com T'F N:exp
'Fnew X in M : B I' v mkvar(M,N) : var
z:B - M:T r-M:B—-T I'"'- N:B
' X M:B—T ' MN:T

Fig. 1. Syntax ofAj.

{0, ..., max} of natural numbersjax > 0). var is the type of mutable variables in which
only values of typeexpcan be stored. In what follows we will continue to i&#& we want
to stress that a certain type is a base type; otherwise we will.use

IA> typing judgments are of the forii - M : T wherel’ = {x1 : T1, ..., x, : T, }. All
the typing rules are shown in Fig. GivenI' - M : T whereT = By — --- — By — B
we will say that thearity of M is k (which will be written asar(M) = k). |M| will denote
the size oM. WhereXis a set] X| means its cardinality; §is a sequence of characters (or
moves)/s| isits length. F\(M) will denote the set of free identifiers bf, i.e.{ x1, ..., x, }.

We consider thactivevariant of Idealized Algol in which commands may be combined
with other terms of base types to generate side effects (the more restrictive version in which
expressions cannot have side effects cannot be characterized using complete plays [7]). Itis
also possible to generate variable objects wiktvar so that they have non-standard writing
and reading ‘methods’. We assume that the initial value of a mutable celpie@0) and
sucamax) are undefined but other conventions (guged(0) = 0, sucadmax = 0) can be
accommodated with ease. The operational semantics of the full language is based on call-
by-name evaluation and can be found in [4]. For instance, in order to evidheateM No N1
one must evaluathl first and if the result i$, N; moq2 should be evaluated next to yield
the final result foiifzero M NoN1. We write M |} if M is a closed term of typeomwhich
evaluates takip.

Definition 1. Two termsIl’ - M1, M, : T areequivalent(I’ - M1 = M) if for any context
C[-]suchthatC[M1], C[M2] are closed terms of typmm we haveC[M1] | if and only
if C[M2] |. Similarly, M; approximatesvi, (I' - M1 & Ms) iff for all contexts satisfying
the properties above whenew€fM;] terminates so doas[Ma].
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Note that the contexts may come from outdidlg, which is necessary to test procedures.
It turns out that the presence wikvar in the context does not make a difference as far as
equivalence is concerned, but it does affect program approximiafign

1.2. Game semantics

We give a brief overview of the game modell&f[4] focussing on the elements relevant
to modellinglA> (for a more complete tutorial introduction we recommend [6]).

The games used to modid types are two-player games between O (Opponent) and
P (Proponent) in which the players make moves alternately. Opponent is the player to be
associated with the environment (he begins), whereas Proponent makes moves representing
actions of the program. There are two kinds of mogestion@ndanswersEach question
comes with a set of possible answers. Whenever an answer-move is played, it must be an
answer to the latest unanswered question—this is calledd¢heoracketingcondition. The
games corresponding A types are built from the games interpreting base types using the
product and function space constructions. In the g&ooen], interpreting the command
type, O can playun to which P may only reply witllone In [exp] after O plays the initial
questiong, P can play any € {0, ..., max} as an answer. lfivar] there are two kinds
of plays:write(i) ok andread j (i, j = O, ..., maX which are used to model assignment
and dereferencing respectively. In general, in order to define positions and various game
constructions one needs to use justification pointers (from each non-initial move of one
player to a previous move of the other), but in the second-order case they are uniquely
reconstructible and can be omitted.

Function types are interpreted using the function space gamg B, which involves
moves from bothA andB as a disjoint sum: those frol are still assigned to the same
players, those fromA change owners (any O-moveAnbecomes a P-move i = B and
vice versa). Each play of = B begins inB and consists of a play iB intertwined with
plays ofA, but it is only P who can switch between the play®ior between a play ir
and a play irB. Product games are used for modelling contextst irn B all moves from
A andB are available (again as a disjoint sum). They belong to the same players as in the
original games. Plays iA x B are either plays from or plays fromB. It is the initial move
that decides in which subgame the play will proceed. However, in the gameé = C,
many plays fromA x B may already occur: some of them may be frérand some from
B. The gamest x B = C andA = (B = C) are actually identical.

Strategiedor a given gam@e\ (written aso : A) are prefix-closed subsets of plays which
indicate P’s responses. Héronly deterministic strategies need to be considered: whenever
sp1, sp2 € aandp1, p» are P-moves, we hayg = p». Incontrast, all possible O-moves are
taken into account in the specification of a strategydfo, |s| is even andcan be extended
(to a valid play) with an O-move, thenso € o. IAtermsxy : T4, ..., x, : T, F M : T are
interpreted by strategies (denofed : 71, ...,x, : T, F M : T])forthegamd 7] x - - - x
[T.] = [T]. We present most of the special strategies used to intdfprét Fig. 2, where
mq, mg Stand for any question—answer pair available in the relevant game.

Games and strategies form a category where morphisms between twoAjand3 are
strategies for the gamé = B. The identity strategid4 : A = A simply tells P to copy
moves made by O between the two copied@§ince the first move can only occur on the
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right, P will then copy it to the left instance 8). An interaction sequencef two strategies

g: A= Bandr: B = Cisasequence of moves frofp B andC such that when moves
from A are erased one gets a position frorand when moves fror@ are erased one gets

an interleaving of several positions frasm The strategy; t : A = C is then defined by
positions that arise from interaction sequences after erasing moveBirdime product
game indeed defines products: pairig,(t) : C = A x B) of two strategies : C = A

andzt : C = B amounts to taking + 7. Similarly, the function space construction makes
the category cartesian closed. Becadse B = C andA = (B = C) are identical, the
currying and uncurrying operations are essentially identities. With the structure outlined
above A, terms can be interpreted compositionally by using the identity strategies for free
identifiers and interpreting other constru¢t$ op(Msi, ..., My) by

([I'FMa],....[T'+ M]); [op]

where[op] is a suitable strategy from Fi@. Forwhile, one uses the strategwhile] :
[exp] x [com]; = [com], with positions of the shape

max *
run (q (Zz) runy donq) g 0 done

i=1
where the subscripts refer to the origin of the moyiesm]; or [com]s.

Example 2. Any IAtermI’, X : var + M : B defines a strategy fa& = [I'] x [var] =
[B]. Each play ofG, restricted to thevar] subgame, is a sequence wfite(i) ok and
read j segments and there is no connection betwead's and precedingyrite’s. Variable
binding (ew) is interpreted by constraining”, X : var - M : B] to sequences in which
eachread is followed by the value used in the most recemite(i) move (or O if nowrite
has taken place yet) and subsequently hiding (erasing) alétttk i, write(j), ok moves.

A non-empty positiors is calledcompletdf all questions ins are answered (for games
generated byA types this is equivalent to maximality). Given a strategye denote its
subset of complete positions kgmp (¢). As we have mentioned at the very beginning,
such positions characterit& program approximation and equivalence.

Theorem 3(Abramsky and McCusk4]). Supposd” + M1, Mo : T. Then we have

I't Mi% My iff comp ([I'+ M1]) € comp ([I' + M2]),
't My=M; iff  comp ([I'+ M1]) = comp ([I' F M2]).

If we can represent positions as words of a language, then program approximation and
equivalence correspond to the well-studied problems of language containment and equiv-
alence. Complete plays induced #» programs turn out to be representable by regular
language§l0]. Hence] A, program approximation (respectively equivalence) can be shown
to be decidable by a reduction to the containment (respectively equivalence) problem for
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[skip] : [com] [i] - [exp] [Q5] : [B]
O U q my
P done i
[succ] : [ezp] = [exp] [pred] : [exp] = [exp]
O q q
P q q
O 1 1+1
P 141 i
[ifzerog] :
[exp] x [B] x [B] = [B] [ezp] x [B] x [B] = [B]
0) my my
I q q
O 0 141
P Mg Mg
@) mg My
P my mg
[:5] : [com] = [B] = [B] ['] : [var] = [exp]
0] my q
P TUun read
O done i
p Mg {
@) my
P Mg
[:=]: [var] = [exp] = [com]
@) TUn
p q
O i
p write (1)
@) ok
P done

Fig. 2. Strategies used to interptdp and their maximal positions. Note that P does not reply to the initial question
in [Qp ]. Similarly, because we assumed thatqmax andpred(0) are undefined, P will not respondde max
andg ¢ 0 when following[succ| and[pred] respectively.

a class of extended regular expressifih40]. In order to estimate the complexity of the
algorithms implied by these papers, we review the relevant results about regular languages
([8] contains a compendium of such results and original references).
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Theorem 4. The language containment and equivalence problenms are
e NL-complete for deterministic finite automata

PSPACE-complete for nondeterministic finite automata
PSPACE-complete for regular expressipns

EXPSPACE-complete for regular expressions with intersection
EXPSPACE-complete for regular expressions with squailfg= L - L).

The PSPACE and EXPSPACE bounds for equivalence of regular expressions are proved
by following standard automata constructions. For regular expressions they produce au-
tomata of linear size with respect to the size of the interpreted expression. However, inter-
section requires the use of a product automaton whose size is the product of sizes of the two
component automata. Similarly, automata must be duplicated to interpret squaring. As both
constructions need access to all states of the component automata, the components must
be stored in their entirety for the sake of future constructions (this should be contrasted
with the constructions for concatenation, Kleene star and sum, which can be conducted
using just the initial and final states). Thus, nested occurrences of intersections or squaring
will require exponential space. Indeed, that use of strictly superpolynomial space cannot
be eliminated, as the equivalence problems are EXPSPACE-complete and it is known that
PSPACEAEXPSPACE20].

1.3. Earlier work and outline of the new results

Now we are ready to estimate the complexity of algorithms obtained by following the
recursive assignments of extended regular expressidAsterms presented in [1,10]. Both
papers use intersections to enforce the causality between reads and writes to variables, which
seems rather unavoidable. In addition, a number of auxiliary operations such as substitution,
restriction and various homomorphic images are employed. If we want to accouApfor
terms, squaring must also be handled because

comp ([(Ax.x; x)M]) = comp ([M]) - comp ([M])

(this is done as a special case of intersectiofi]h Thus, assuming that all the auxiliary
operations do not make complexity worse, we can extract an exponential space algorithm
provided the size of the extended regular expressions is linear in the size of the analyzed
term. It turns out however that some care is still needed here, because even the natural
descriptions in [10] yield expressions of exponential size. For instance, any of the two rules
below (used iteratively) can produce this effect:

( if M thenNg elseN1); = (M - (No) + (M) - (N1)
(while M do N) = ((M)y - (ND)* - (M)

becaus@ M| occurs twice on the right. The translation fr¢bhdoes give rise to expressions
whose size is linear in the size of the program, but the induced automata are often larger
than one could expect. For example, because products are used to model any application, the
size of the automaton representiifigero M NoN1 or f My - -- M, is equal to the product

of the sizes of the automata being combined, although intuitively it should be closer to
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their sum. In any case, an EXPSPACE algorithm is implicftlijhand due to EXPSPACE-
completeness of containment and equivalence for extended regular expressions one might
suspect that program equivalence and approximation share this complexity.

This turns ouhotto be the case. We will prove thi@, program approximation as well as
program equivalence are PSPACE-complete, which shows that regular expressions are not
the ideal way to represent game semantics if intuitions about complexity are to be conveyed.
The discrepancy seems to come from the fact that game semantics is deterministic whereas
regular expressions can also account for nondeterminism.

Our results can be seen as a continuation of Jones and Muchnick’s work on finite memory
programs (FMPs) [14]. FMPs were considerably simpler ti#gnprograms. They lacked
type structure, did not allow for function definitions and their relation to finite deterministic
automata was more apparent. Moreover, the notion of equivalence considered in [14] was
rather crude and, like for automata, based on equivalence of accepted inputs.

The approach we take consists of several steps. First, given &tevewill find another
term P’ whose game semantics can be thought of as a symbolic representation of state
changes caused 1B Roughly, P’ will be obtained fronP by ignoring the occurrences of
new (thereby eliminating some problematic product constructions). In general this does not
yield an equivalent program and Section 2 shows how to mend the defects so that a ‘correct’
P’, without any occurrences ofew, can be found.

In Section 3 we define a procedure called IA2DFA which produces a deterministic au-
tomaton fomew-freelA; terms. The size of the automaton can still be exponential (because
nested applications of &abstraction can cause the squaring effect) but we will show how
to carry out the computation on a PSPACE transducer.

Definition 5. A transduceiis a Turing machine equipped with aread-only input tape, write-
only output tape, and readable and writable work tape. A PSPACE transducer never uses
more thanp(|s|) work space on any inpig for some polynomiap.

PSPACE transducers terminating on all inputs may still produce output of exponential
size but that is the limit since each computation must end after an exponential number of
steps.

Section5 describes how the automaton produced in the previous round can be refined by
taking state changes into account. The outcome will be a deterministic automaton accepting
precisely the complete plays induced by the analyzed term. Since we want the resultant
algorithm to be implementable by a PSPACE transducer as well, the integration of IA2DFA
must be carried out with caution so as to avoid the storage of the full output tape.

Finally, for approximation or equivalence testing we need to submit the two PSPACE
computable descriptions of automata to the containment or equivalence checking algo-
rithms. As we recalled in Theorem 4 this check can be implemented in nondeterminis-
tic logarithmic space, but since the input is actually of exponential size with respect to
the size of the initial program ‘logarithmic’ means ‘polynomial’. As before, the problem
of storing the intermediate result (which may be of exponential size) must be addressed
but once this is done we get a nondeterministic PSPACE verification procedure. Since
NPSPACE=PSPACE (see e.g. [20]) the approximation and equivalence problets for
terms are in PSPACE.
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In Section6 we show that they are also PSPACE-hard and hence PSPACE-complete.
Finally, we discuss the complexity of equivalence for a number of fragmen#,adnd
conclude with some optimizing suggestions.

2. Moving variable bindings

This section begins the description of a PSPACE algorithm which, givdAatyping
judgmentxy : Ty, ...,x, : T, F P : T, produces an automaton acceptiegnp([x1 : T1,
..., xp - T, F P : T]). From now on we will always usto refer to the original program.

In order to simplify the computation of the automaton we will first movaali~bindings
to the topmost level (consequently losing all information about local scope). This must be
done in such a way that program equivalence is preserved. In particular the following two
problems must be addressed.

Firstly, moving bindings outwards is not always a well-defined operation on the syntax
(which only allows terms of the shapew X in M if M is of base type). Therefore, we
need to define whatew X in M means wheM is of function type: giverlM : T/ — T”,
new X in M will be shorthand foix”".new X in Mx. Itworth noting that, regardless of
[I'+new X in M : T]is actually calculated in the same way as for base types, by cutting
down|[TI', X :var - M : T] to sequences with the ‘good variable’ behavior in which the
write(i), ok, read, i moves are hidden.

In many cases the expansion of scope produces equivalent terms as shown in Fig. 3.
In fact, the terms displayed on the left-hand side in the figure are interpreted by the same
strategies as those on the left. Unfortunately some desirable equivalences fail:

while (new X in M)do N % new X in while M do N
while M do (new X in N) % new X in while M do N
Mmew X in N) 2 newXin MN,

because the expression in scope of the variablen the left might be evaluated sev-

eral times. Then the terms on the right behave differently, because the second evaluation
would inherit the state from the first one (in the third case this is due to call-by-name
evaluation).

Example 6. Here is a concrete example illustrating the difference:

(x.ifzeroxxx)(new X in (X :=ifzero!X10);!X) =~ 1,
new X in (Ax.ifzeroxxx)((X :=ifzero!X10); !X) =~ O.

We will address the failures by explicit initialization and replace each subteRotithe
formnew X in M with new X in (X :=0; M). Obviously the addition of the (redundant)
explicit initializations yields an equivalent program. This syntactic operation should be
carried out as a preprocessing pass and combined with renaming identifiers in order to
avoid name clashes when the bindings are removed. The former might double the size of
the program in the worst case, the latter may add a logarithmic factor, but in any case
the new term can be stored in polynomial space (with respect to the original s®e of
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succ(new X in M) =~ new X in succ(M)
pred(new X in M) = new X in pred(M)

ifzero (new X in M)NyN; = new X in (ifzero M NyN;)
ifzero M (new X in Ny)N; = new X in (ifzero M NyN;)
ifzero M Ny(new X in N;) = new X in (ifzero M NyN;)

M:=(mnew X in N) Znew X in M =N
(new X in M):=N X new X in M:=N

Fig. 3. Some equivalences.

After explicit initialization the removal ofiewto the outermost level turns out to preserve
equivalence.

Definition 7. Aterm-in-context’’, X : var - M : T is explicitly initializedwith respect to
Xiiff in each position of[ ", X : var F M : T] the first move made in the designafear]
subgame isvrite(0).

Lemma 8. Supposd’, X :var - M : T is explicitly initialized with respect to X and,
[-1: T F C[-]: T isanlA, context(in particular this means that X does not occur in
C[-]). Then

(i) C[M]is explicitly initialized with respect to X

(i) [Clnew X in M]] = [new X in C[M]].

Proof. (i) holds because of the way strategies are composed. (ii) can be proved by induction
on the structure o€ using (i). For the cases shown in Fgjand

[Ax.(new X in C[M])] = [new X in Ax.C[M]]
[(new X in C[M])N] = [new X in (C[M]N)]
[mkvar (M, new X in C[N])] = [new X in mkvar (M, C[N])]
[mkvar (new X in C[M], N)] = [new X in mkvar (C[M], N)]

the assumption thadl (and consequentlgZ[M]) is explicitly initialized is irrelevant. How-
ever, it is essential to turning the inequivalences identified on the previous page into equiv-
alences. O

Example 9. We revisit Examplé after adding explicit initialization:
(Jx.ifzeroxxx)(new X in (X :=0; X :=ifzero!X10;'X)) =~ 1,
new X in (Ax.ifzeroxxx)(X :=0; X :=ifzero!X10;'X) =~ 1.

By the above lemma, sindg X : var I (X :=0; M) : B is explicitly initialized we have
[Clnew X in (X:=0; M)]] = [new X in C[X :=0; M]]. If we apply this fact for each
occurrence ohewin P we arrive at
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Corollary 10. For anylAs termI" + P : T there exists aew-freelAs term I, X1 : var,
..., Xmy :varF P’ : T such that

[F'rP]=[IFnewXi,...,Xyin P],
m<|P|and|P'| = O(|P| log|P]).

The corollary amounts to a simple proof of the factorization theoremAgmwithout
the need to encode positions as in the general gejoWe are going to use it to sim-
plify the generation of an automaton acceptiognp ([I" - P : T]): we will construct an
automaton forP’ and convert it to one foP. In the language of regular expressions, this
corresponds to moving the intersections correspondingwao the outermost level, which
greatly simplifies their translation. The automaton fdrmay still have exponential size
though.

Remark 11. The globalization of variables conducted fAp programs cannot be extended
to full IA. Let M1, M7 be the termg. fC0M>C€OM £( £ skip) and respectively

X:=0; x; X:=sucq!X); ifzero (pred(!X)) (skip) Qcom.
ThenM1(Ax°Mnew X in My) ~skipbutnew X in M1(1x®°™ M2) =~ Qcom.

3. Algorithm for new-free programs

From now on, for brevity, we shall writgl" - M : T] meaningcomp ([I" + M : T]).
Assuming” = B1 — --- — By — B, [I'+ M : T] can be decomposed in one of the
following ways depending oB and the initial and final moves:

B=com: [...] =run-(...)-done
max

B=exp: [...] =q-§)(ﬂ...[)i'i),

B=var: [...] =read: Z((l...l){-i)+n§x(write(i)-q...l);”)-ok.
i=0 i=0

We make a few auxiliary definitions: fab = expwe define(...) = > %0 .. );, for
B = varwelet(...)" = Z?‘za(’,‘q ...DI. The generated automata will represént. ),
(...D", (...D} respectively in a way to be specified soon. The alphabeill consist of
moves defined by the types occurring in the typing judgment. We use identifier names to
‘implement’the disjoint sums inherentin the constructiof[df_, [7;]) = [7 ]: the names
will be attached to moves of the component base type games and in addition, for function
types, we will add numerical indices to moves originating from the types of arguments.
Supposdl; = B;; — ---— Biy, > B/ (i=1,...,n)andT = By — --- — By — B.
Then we set

ki

A=L_Jl< Ufex,jlee ABi )} U {eylece AB)) )

j=1

k
U Ufcilce ABi)} U A(B)
i=1
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where

A(exp = {q,0,..., max},
A(com) = {run, done},
A(var) = {read, 0, ..., max write(0), ..., write(max), ok}.

For anylA; term our algorithm will generatesemantic automatgmvhich is essentially a
partial deterministic automaton withtransitions.

Definition 12. A = ( Q, s, 0, L ) is asemantic automatoproviding
e O CN,s e Q,Lisalist of states fron@ (called thefinal list), and
e (0,0 can be decomposed & = Q4 + Q. anddo = J 4 + I, respectively such that

oA 04 x A— Qandd,: Q. x{e} — Q.

Note that whenever there is aitransition, it is unique and no other transitions involving
characters from the alphabet are possible.

Definition 13. Let A = ( Q, s, 0, L ) be a semantic automaton and suppdse- B; —

...—> By —> B.

e If B = comwe say thaA acceptq]'F M : T) if L = [s']and( Q, s, J, {s'}) accepts
(' M : T) in the standard sense.

e If B = expwe say thatA accepts(I' - M : T)) if L = [sg,...,smax] and for any
0<i <maxthe automatori Q, s, 9, {s; } ) accepts|I' + M : T));.

e If B = var we define the acceptance ¢f + M : T')" like for expand that of each
(I'-M :T)P (0<i<ma like for com

Given semantic automata f@r. . . )) it is very easy to construct those acceptjng. | by
following the decomposition patterns.

Semantic automata will be generated by scanning the input program, in the opposite
order to that normally used for evaluation. This leads to quite a concise procedure, shown
in Fig. 5, which does not generate any unnecessdrgnsitions for stitching the automata
resulting from recursive calls. The automata will be generated back-to-front: we specify the
list of final states first, then pass it as an argument to the generating procedure IA2DFA and
wait for the initial state to be returned (recall that states are natural numbers). The alternative
approach to output the final states given the initial state is more problematic: in order to
interpretifzero M NoN1 we would have to ‘unify’ the final states resulting fraviy and Nq
either by adding-transitions and effectively merging the states, or by maintaining sets of
final states (which might grow exponentially large).

IA2DFA takes two arguments, dA, term and a list of states (meant to be the final list),
and returns the initial state of the semantic automaton corresponding to the analyzed term.
ForI'+ P’ : T suchthafl = B; — --- — By — B, the initial call will depend orB:

e for B = comwe call IA2DFA(P’, [0]),
o for B = expwe call IA2DFA(P’, [0, ..., max),
o for B = var we can call either IA2DFAP’, [0, ..., max))" (to get(...)") or IA2DFA

(P, [0D} (to get(...)}) for any 0<i <max
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ARGS(i) =[]  ARGS(skip) =[]  ARGS(Qs) =]

ARGS(.fz) = [(fza 1)7 Tt (fza ar(f))]
ARGS(\z.M) = (z : ARGS(M))

ARGS(MN) = (h:t) = ARGS(M);
DEFINE(arg(h) = N);
[] = ARGS(N);
RETURN ¢

ARGS(mkvar(M, N)) = [h] = ARGS(M) h is the write parameter
ARGS(N)
RETURN |]

Fig. 4. Computingarg.

Transitions of the automaton will be output at runtime by PRINT instructions aS> so,
wheresi, s2 € Nande € AU{¢}. To simplify proofs we assume that is of base type. This
is aninsignificant restriction: instead Bf we can always considé, y1 : By, ..., yi : Br
P’y1---y; : Binstead. The game semanticsisfy; - - - y, and P’ are almost identical (the
n-law is valid) except that the moves labelled wjttfor P’y1 - - - y, should be labelled with
i for P’. This distinction can be easily integrated into our procedure later and does not affect
complexity since the typing judgments submitted for analysis contain type information
about free and bound variables anyway.

IA2DFA relies on certain information about function argument®inwhich should be
extracted before IA2DFA is called. IA,, functions can be defined eitheraabstractions
or as first-order identifiers. Therefore, each argument to a function can be associated either
with an occurrence of. or with an occurrence of a first-order varialfleand an index
1<i<ar(f). We will differentiate between occurrences of the same first-order variable
f by annotating them with subscriptgi( f2, f3,...). Similarly, we assume that no two
bound variables have the same name. Thus, for a given term, each function argument can be
specified either by the name of a base-type identifier or by & paiy), where 1< j <ar(f)
and f; is an occurrence dfin P’. The functionarg will assign the actual argument to each
such specification if possible (some functions may not be applied inside the teriv,ia.g.
mkvar (M, N)). We can definarg by running the procedure ARGS shown in Mg ] is
the empty list; denotes concatenation). In all other cases not mentioned in the figure the
call to ARGS should be propagated so that all subterms are examined. Valagsawé
defined only inside the rule for application.

Example 14. Supposef : com— com— comt M : comwhereM is of the shapéx.Ay.
f1((Az. foM1M>2) M3) for someMq, Mo, M3. Then we have ARGR/) = [x, y, (f1,2)]
and

arg(f1, 1) = (Az. faM1Mp) M3 arg(z) = M3
arg(f2, 1) = Mz arg(f2, 2) = M».
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[A2DFA(skip, [s]) =
TA2DFA(i, [0, * , Smaz)) =
IA2DFA(Qp, 1) =

TA2DFA(succ(M), [s,

; ...’Smm]):
'7SmaxD =

TA2DFA(pred(M), [so, - -

IA2DFA(ifzero M NyNy, 1) =

TA2DFA(while M do N, [s]) =

IA2DFA(M; N, 1) =

TA2DFA(M =N, [s]) =

IAQDFA('M, [80, ety SmaacD =

TA2DFA(MN, 1) =
IA2DFA(A\z. M, 1) =

TA2DFA (mkvar(M, N), [s, -

TA2DFA (mkvar (M, N), [s])¥ =

RETURN s
RETURN s;
RETURN oo

TA2DFA(M, [s1, -, Smaz, OO))
TA2DFA (M, [00, S0, * * * » Smaz—1))

so = IA2DFA(N,, 1)

s; = IA2DFA(N, 1)

IA2DFA (M, [sg, 51, - 51])
———

maxr

fresh(sy)

S1 — 1A2DFA(N7 [SN])

Sy = IAQ]:)FA(]\f7 [87 Sty 81})
maz

RETURN SM

s = IA2DFA(N, 1)
TA2DFA(M, [s])

for i =0 to maz do
s; = TA2DFA(M, [s])¥

7

Ty Smaz])T =

IA2DFA(N, [s0, - -, Smaa))
TA2DFA (M, [0, -+, Smaa))"
IA2DFA (M, 1)

IA2DFA (M, 1)

TA2DFA(N, [$0, - - - Smaz))

let h be the associated
write parameter

DEFINE(arg(h) = 1)
s =TA2DFA(M, [s])
UNDEFINE (arg(h))
RETURN &'

Fig. 5. IA2DFA.
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arg(z) defined

IA2DFA(x : com, [s]) = IA2DFA(arg(z), [s])
TA2DFA(z : exp, (S0, ", Smaz)) = TA2DFA(arg(x), [50, “ Smaz))
TA2DFA(x : var, [So, -, Smaz])” = TA2DFA (arg(x), [So, -+, Smaz))
IA2DFA(z : var, [s])¥ = TA2DFA (arg(z), [s])¥

arg(z) undefined (then z € FV(P’) by Lemmas 17, 21)

[IA2DFA(z : com,[s]) = fresh(s',s")
PRINT(s' 225 o7 ¢ 2% )
RETURN &

IA2DFA(z : exp, [So," -, Smaz)]) = fresh(s',s”)
PRINT(s" =25 s)
for i =0 to max do
PRINT(s" % s;)
RETURN ¢

TA2DFA(z : var, [So, -+, Smaz])" = fresh(s’, ")
PRINT(s' % §")
for i =0 to max do
PRINT(s" —%5 s;)
RETURN &

IA2DFA(z : var, [s])¥ = fresh(s',s")
PRINT (s )= gn g ohe, o

Fig. 6. Interpretation of base-type identifiers.

Remark 15. Itis worth observing that the value afg(x) is a subterm which occurs to the
right of any occurrence ofin P’. This ensures that recursive definitions using(x) will
not be circular.

Given a term of aritk ARGS returns a list of lengtk(corresponding to thearguments).
The lemma below makes this precise. Consequently, ARG $ the rule for application
always returns the empty list and ARG®), for mkvar (M, N), returns a singleton list
[12]. We callh the associatedrite parameterof the occurrence ahkvar. The set of write
parameters occurring iR’ will be referred to as WPARP').
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B = com : IA2DFA(f., [s]) = fresh(s', s")
PRINT(s' ™24 57, 5" " )
goto REST

B = exp: TA2DFA(f., S0, " s Smaz]) = fresh(s',s")
PRINT(s' -5 5")
for k=0ton do
PRINT(s” 2N Sk)
goto REST
B = wvar : TA2DFA(f., [S0,* " Smaz])" = fresh(s',s")
PRINT(s' 4 &)
for k=0 to n do
PRINT(s" s s,)

goto REST

TA2DFA(f., [s])¥ = fresh(s',s")
PRINT(s' "8 g g1 21, )
goto REST

REST :
for j=1to ar(f) do

Bj = com : fresh(u?)
s/ = TA2DFA(arg(f., j), [v'])

. Onef Tu’n.f
PRINT (v/ —" §",s" —%' /)

Bj=exp: for k=0 to maz do fresh(uk)
s/ = TIA2DFA(arg(f., ), [ud, - - -, u) ])

for k =0 to maz do PRINT(u,; -5 ")
PRINT(s" 2, )

Bj =wvar: for k=0 to maz do freshl(u,;)
s? =TA2DFA(arg(f., 7), [ud, - - ,u{,m})T
for k =0 to maz do PRINT(u] % s")
PRINT(s" "% 5i)
fresh(u?) ‘
for k =0 to maz do sj, = [A2DFA (arg(f., j), [v’])}

write(k) . ; j

for £ =0 to maz do PRINT(s"  —"" s})
PRINT(u/ %4 ")
RETURN &'

Fig. 7. Interpretation of first-order identifiefs: By — -+ — Bar(y) — B.
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Lemma 16. LetI' - M : T such that atM) = m. Then ARG&M) = [y1,..., yu] and
for somed </ <m we have

e y; is a base-type identifier for all <i </,

e there existg € N such thaty; = (f;,ar(f) +i —m) forall [ <i<m.

Because we assumed thtis of base type, ARGE') =[].

Lemma 17. Let M be a subterm of’.

e If y € ARGSM) then either argy) is defined after ARG®’) is complete ory €
WPARP’) (the firste means list membership

o If x € FV(M) then either argx) is defined after ARGP®’) is completeor x €
WPARP’), or x € FV(P').

The statically gathered information suffices to generate automata for all elements of the
syntax excepinkvar . Each occurrence ofikvar comes with an associated write parameter,
which cannot be defined statically. Instead aitg value will be determined at runtime as
necessary.

Note that ARGS runs in polynomial time and the generatgdunction can be stored in
polynomial space for future referen@g contains information about function arguments
and will be used in IA2DFA to transfer control to them once they have to be processed.
In this respect IA2DFA operates very much like a call-by-name evaluator. Thanks to the
ability to make ‘jumps’to arguments, IA2DFA will not have to use exponential space, even
though the generated automaton might be of exponential size.

The definition of IA2DFA for constants and composite terms is presented in5Fig.
Note that hardly any transitions get printed out since moves correspond to free identifiers.
IA2DFA for identifiers is defined in the next two figures (Figs. 6 and 7) respectively for base
and first-order types. The clause fokvar (M, N) will ensure that arg for y € WPAR(P’)
will always be defined before it is needed. States of semantic automata are natural numbers.
We usefresh(s) to generate a yet unused natural number. This can be implemented via
a global natural number which is incremented during each cditeth fresh(s1, ..., s,)
will be shorthand fofresh(sq), . . ., fresh(s,, ). We useso to denote a special state from which
no transitions will be possible. The definitions of IA2DEA. , 1)", IA2DFA(..., 1)} for
ifzero M NoN1, M; N, M N, Jx.M (although not shown explicitly in the figure) are identical
to those presented there for IA2DEA. , I).

4. Analysis of the algorithm

IA2DFA never diverges because each recursive branch it generates could be viewed as a
left-to-right scan ofP’: at each call a subterm of the currently analyzed term is visited or
a jump is made followin@rg. By Remark15 the jump is always to the right and visiting
subterms also correspond to proceeding righ?'inThus the depth of the recursive stack is
bounded by P’| and we can reason by induction on the depthasssis not always defined
for write parameters it is important to show that alfj values are defined when they are
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needed. After settling this, we will prove that IA2DFA generates a semantic automaton
and, finally, that the automaton represents the game semanti’s lof what follows we

shall often make statements about IA20BA /) meaning all the various types of call like
IA2DFA(M, )" and IA2DFAM, 1)}

Definition 18. Let M be a subterm of” and FMM) \ FV(P’) = {v1, ..., vt }. Suppose
that for_any write parametérif arg(h) is defined therarg(h) € {0, ..., max}. Then we
defineM to beM[arg(v1)/v1, ..., arg(vy)/vi].

Note that the definition depends on valuesacg for write parameters and/ might
change wherarg is modified. By Remarld5 and the fact thaarg(h) € {0, ..., max} for
write parameters, the definition is not circular. We consitleto be undefined if some
arg(v;) is not defined.

Lemma 19. Let M be a subterm aP’. Then FMM) C FV(P/).

Definition 20. Let M be a subterm of’. Recall thalARGS(M)| = ar(M). DefineM as
M arg(ARGS(M)[1]) --- arg(ARGS(M)[ar(M)]).

Note that/ is also dependent on valuesarfj for write parameters.

Lemma 21. After the initial call IA2DFAP’, 1), whenever IA2DFAM, 1) is called M
is defined. Moreoverwhen I1A2DFAM, [) returns arg is the same as at the moment
IA2DFA(M, [) was called

Proof. We start from the second statement. Note that only a call to IA2D#&ar (M, N),
[s])}” can modifyarg. Because of our initial remark in this section about the algorithm
working like a left-to-right scan, only one call for the same occurrencenkfar can
be active at the same time. Hence, when the valuargf:) is undefined at the end of
IA2DFA (mkvar (M, N), [s])}’, the uniquely determined previous definition is reversed.
This ensures that executing IA2DBAkvar (M, N), [) leavesarg unchanged.

For the first part we use induction on the order determined by the tree of recursive calls
to IA2DFA following IA2DFA(P’, 1), where the root corresponds to the base case. For the

initial call we haveP’ = P’. For the inductive step, we assume that when IA2DHA!) is
calledM is defined and we shall prove (by case analysigpthat the immediate recursive
calls made from IA2DFAM, [) also have this property.

For (occurrences of) base-type identifiers B, x is defined by induction hypothesis.
Thus, eitherc € FV(P’) andx = x, orx ¢ FV(P’) andarg(x) is defined. In the first case
there is nothing to prove because no recursive calls are made, in the second case there is a
call for arg(x), but then we hava/rg(T) =2X.

Forfirst-orderidentifierg : By — --- — Bar(y) — Bweknow by induction hypothesis
thatf: farg(f,1)---arg(f, ar(f)) is defined. Therefore, so&r@) =arg(f, i) for
1<i<ar(f) (note that the calls foarg( f, i) do not affectarg so we can still appeal to the
induction hypothesis).

_For ifzero, ifzeAr@Nl is defined (at call time). Becauia‘eero/moNl — ifzero M
NoN1, each ofM,Ng,N; is also defined then. Since the inner calls to IA2DFA do not
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changearg all these values are also defined when IA2DFA is called on each of them. The
argumentfosucg pred, ifzero, while, M; N, M := N,!M and IA2DFA(mkvar (M, N), [)"
is analogous. - R

For application it suffices to observe thatN = M and appeal to the inductive hy-
pothesis. For-abstraction note thadr(ix.M) = ar(M) + 1 and ARGS/x.M)[1] =
x. By inductive hypothesim is defined, saVf; is defined for any i <ar(ix.M),
where M; denotesarg(ARGS(/x.M)[i]). Besides, we have ARGH)[j] = M1 for
1< j<ar(M), so

—

Ax.

= (Ax.M)M1M> - -- Mar(),x.M)*
MMy - My (if defined)

R

Therefore, to show that! is defined, we need to demonstrate thatis defined. Let
{wg,...,w } =FVWM)\ {x}. Then

Ax.Mlarg(w1) /w1, ..., arg(w;)/w],
= Mlarg(w1)/w1, ..., arg(w;)/w;][arg(x)/x] (if defined).

?i)
SIS

Now note thafi.x. M is defined (s@rg(w;) is defined for X j <) and so isarg(x) (because
arg(x) = My and M is defined). Hence) and M are defined when IA2DF&VM, 1) is
called from IA2DFA(Ax. M, I).

Finally, for IA2DFA(mkvar (M, N), [s]);, we know from the induction hypothesis that
M is defined, becausekvar (M, N) is defined anenkvar (M, N) = mkvar (M, N).Since
ARGS(M)[1] = h andarg(h) = i, when IA2DFAM, [s]) is called, we have! = Mi.

Il

The theorem shows in particular that IA2DFA never blocks because of undefinability of
some value ofrg. Therefore, having printed out a set of transitions, it always terminates
and returns a state as a result.

Lemma 22. IA2DFA(P’, ) produces a semantic automat(we take the returned state as
the initial one and | as the final lixt

Proof. First we show that during the execution of IA2D&A, /) no transitions from the

final states inl are generated. Let us first look at the interpretatiofiedidentifiers.

run don
Forx : comwe gets’ — s” il

For x : expthe result iss’ LA LN si, where 0<i <max
Forx : var, IA2DFA(x, [so. . . ., Smax])” and IA2DFA(x, [s])}" produce

yready ;o Jx

write(i) ok
st =" s and s — s =

respectively.
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Forf,: B1 — --- — Bu(y) — Boneofthe following groups of transitions is generated
first as for base-type identifiers (dependingB)n

, rung donef qf if
s — s s =" s
,read; iy , write(i), oky
s — 5 —> 5 s — 57 —> .

After that, Ioops of one of the shapes below are created for each<lar(f).

s’ =TA2DFA (arg(f.,7), [u’])

S//

qr.j / ky;
_ , ;

sl = IAQDFA(CL’/’(/(]Z,?)/ [U{)a ey Uyttt 7quLaz])
sl = IA2DFA(‘”y(fz7j)v [Uév Tt ui'/ e 7uZnaz])r

read ;

wthe / ‘M

s1. = IA2DFA (arg(f., J

In each of the above cases only transitions ending in the final state are produced and for
the other cases a simple recursive argument suffices. Hence, IA2DFA can produce
transitions involving the states frohor ‘fresh’ states but no outgoing transitions from the
states irl will be printed out at this stage. In particular, there will be no outgoing transition
from oco.

Now we can prove by induction on the order defined by the recursive tree of calls to
IA2DFA (where leaves correspond to the base cases) that the generated automata are deter-
ministic in the sense of Definitioh2. It is clear that the automata generated for constants
(no transitions) and base-type free identifiers are deterministic. The cases relying on a single
recursive call are easy too, because a single appeal to the induction hypothesis will suffice.

For first-order identifiers the recursive calls produce disjoint automata because the final
lists passed as arguments are disjoint. Because of the way the automata are combined (see
diagrams above) nondeterminism will never arise.

For ifzero, the first two calls have access to the same final list but, since the recursive
calls do not define transitions leading from final states, the two automata put together still
define a deterministic automaton. For the same reason the third callsusamgnot break
determinacy. Virtually the same argument appliedftoN andM := N.

Forwhile, the two calls might shareandsy (if sy = s1) but like before no transitions
from s or sy are then defined. Consequently, the automaton produced in the two calls
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is deterministic. Finally, the-transition is deterministic (in the sense of the definition of
semantic automata) because no transitions fsgncould have been defined in previous
stages. [

In order to formulate an invariant applicable to intermediate IA2DFA calls we will need
to suppress some optimizations in the code from bidgrhis is necessary to specify the
meaning of the results for terms of typ&p To be able to describe it precisely we have
to make sure that when IA2DFA is called, the final list contaimex+ 1 different states.

It should be clear that with the new definitions given in Fig. 8 the initial call to IA2DFA
(for P’) will produce an automaton which is equivalent to that generated by the original
IA2DFA. Recall that the shape of the initial call to IA2DFA dependsin

Proposition 23. Following the initial call to IA2DFA

e IA2DFA(M, [) outputs an automaton acceptigd 1\711),

o IA2DFA(M, [)" outputs an automaton acceptifg + IVID’,
o IA2DFA(M, 1)} outputs an automaton acceptifg - Ml)}”,

as explained in Definitiod3. MLS to be calculated at the moment when IA2DFA ) is
called(but we already know tha will remain the same until IA2DFAY, 1) is completell

Proof. We use induction on the order determined by the tree of recursive céllss i con-
stantthe resultis obvious.M is a free base-type identifier the generated automaton is shown
in the proof of Lemma 22 (and can be seen to be correct by comparison with [1, M]3k &
base-type identifier but is not free, then by Lemma®&{(x) is defined when IA2DFAx, 1)

is called. Then we havé = e@ so the theorem holds by induction hypothesis.starg

pred, ifzero, while, M; N, M := N, 'M and first-order variables the result follows from

the induction hypothesis and the fact that the composite automata are combined in the right
way (see [1,10] for comparison; for first-order identifiers use the figures in the proof of
Lemma 22) For application a direct appeal to the induction hypotheS|s does the jOb since
MN = M. For-abstraction the proof of Lemma 21 shows thatM is p-equivalent tal.
Because the game semanticgfeéquivalent terms is identical, it suffices to appeal to the
induction hypothesis again. Finally, sin¢g + mkvar (M, N))" = (I" + N, the defining
clause for IA2DFAmkvar (M, N), )" is correct. Similarly, agI" - mkvar (M, N))} =

(I' F Mi) holds, it suffices to verify that IA2DF&V, [s]) produces an automaton for

(I' + Mi). By induction hypothesis this is indeed the case, becarg@) = i will hold
throughout its runtime and s will be equal toMi when IA2DFAM, [s]) is called. O

Theorem 24(Correctnesp Supposd - P’ : B

e For B = com IA2DFA(P’, [0]) outputs a semantic automaton accept{dgl P’).

e For B = exp IA2DFA(P/, [0, ..., max) outputs a semantic automaton accepting
'+ P').

e For B = var, IA2DFA(P’, [0, ..., max)" and IA2DFAP’, [0])}” (0<i <maX) produce
semantic automata acceptifd’ - P’)" and(I" - P}’ (0<i<max) respectively

Proof. SinceP’ = P/, it suffices to appeal to the preceding propositiohl
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IA2DFA(succ(M), [so, - -+, Smaz]) = fresh(sso)
PRINT (85 — 00)
TA2DFA (M, [$1, ", Smazs Soo])

TA2DFA (pred (M), [So, -+, Smaz]) = fresh(ss)
PRINT (55 — 00)
IAQDFA(]\/L [8007 S0, Smaz—l])

IA2DFA (ifzero MNoN,, [) = 5o = IA2DFA(N, 1)
fre‘Sh(ulv U, -+, umaz)

for ¢ =1 to maz do
PRINT (u; — s)
IAQDFA(AL [807 Uy, Uy -y umuw])

TA2DFA(while M do N, [s]) = fresh(sy)
S1 = IAQDFA(N, [SN])
fresh(ua, -+ Upag )

for i =2 to maz do
PRINT (u; — s1)
Sy =
IA2DFA(M, [s, s1, U, -+ Umaz))
PRINT(SN LN 8]\,[)

TA2DFA(M := N, [s]) = for i =0 to maz do
s; = IA2DFA (M, [s])¥
fresh(uq, -+ Umaz)

for i =1 to max do
PRINT (u; — s;)
LAQ]:)FxA(]V7 [S()-, Uy -, umaz])

Fig. 8. Less efficient IA2DFA.

4.1. Complexity

Both ARGS and IA2DFA use subterms Bf as arguments. We can represent each such
subterm by the index of its leftmost characteif) which will require Qlog | P’|) space.

ARGS is based on a simple traversal of the syntactic tre€’pfko the depth of the
recursion cannot exceef’|. To implement it, we need to store the argument (a subterm of
P") and the intermediate result for each recursive call. The former can be dodedn 2'|)
space, for the latter QP’| log|P’|) will suffice, because we need to store a list with up
to | P’| entries each of which is an occurrencexdr (f;, j), where f, is an occurrence
of a first-order identifier (and the occurrences can be representedag |®@’|) space).
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Because QP’| log|P’|) space is needed for each call and the depth of the recursion does
not exceedP’|, ARGS can be implemented to run ir(|(79’|2 log| P’|) space. Additionally,

we must preserve the results of the DEFINE clauses for future use by IA2DFAr@ista
function fromxor ( f;, j) to subterms of’’, so we will be able to do thatin@P’| log | P’|)
space.

We have already remarked that the recursion stack used in IA2DFA never gets deeper than
| P’|. Observe that each call to IA2DFA can makg @) direct recursive calls and generate
O(|P'|) fresh states: the worst case is the code labelled REST ir¥ Mitperear (1) < | P’|
iterations are made; in all other cases the number of calls and new states are both uniformly
bounded by a multiple afnax so they contribute only @) calls and fresh states. Let
be the larger constant implied by the twd|®’|) estimates. Then the tree produced by
recursive calls of IA2DFA has at mo(s«t|P/|)|P’| nodes. Since at mostP’| fresh states
can be created at each node, in total IA2DFA can produce lap|R5|)‘P'|(c|P/|) states.
They are natural numbers sq|@’| log|P’|) space will be needed to store each of them
and to support fresh-name generation. Consequently, one n¢ge{$°Qog | P'|) space to
implement IA2DFA, because the stack will have at mdst frames and for each call we
have to remember the arguments (a subtern?’afequiring Qlog|P’|) space plus a list
of up tomaxstates requiring QP’| log|P’|) space) and sometimes a bounded number of
states generated inside the call for future use (ag&i®'Qlog|P’|) space). Note that the
automaton produced by IA2DFA can be of exponential size but since it is printed out on
the output tape we have

Theorem 25. Recall the notation used in Corolladd0. LetI" = I', X1 : var, ..., X, :
var. The semantic automaton accepti + P’), (I + P')", (I" + P’)?" (where appli-
cablg can be computed by a PSPACE transducer

The automata fof . . . |) can easily be modified to accdpt I- P’]. It suffices to introduce
two new statestart, end € N, which we designate as the initial and final states of the new
automaton, and to add transitions of the following shapes (as appropriate):

run read write(i
start — start -L» start =5 start "%
done L . ok
0 = end i — end i—end 0 — end

The targets of the transitions frostart are the states returned by IA2DFA. F&r

var, before the automata produced by IA2DHEX, [0, ..., max)” and IA2DFA(P’, )
(0<i<maX are combined, one has to make sure that they are disjoint (e.g. by attaching
different tags to states). The resulting (semantic) automaton will be referredAp as

{ Q U {start, end}, start, ¢, [end] ).

5. Producing the stateful automaton
Using Corollary10, we will now show how to construct a deterministic automaton ac-

cepting[I" - P], also in PSPACE. Recall thaP’'| = O(|P| log|P|). Since Apr may
already be of exponential size, it cannot be stored. Instead, each time we need to look up
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a transition fromA p/, we will call IA2DFA from scratch and wait until the relevant infor-
mation is printed out. All the other transitions that are output will be ignored (rather than
stored).

The states ofA p: can be partitioned into those from which O is to move di@te3
and those from which only P-moves can follolR-§tate3, e.g.start is an O-state. Tran-
sitions of A p; always involve states belonging to different players with the exception of
e-transitions, which are between two P-states. Since the strategies we consider are deter-
ministic, at most one transition is available from a P-state. The distinction between O-states
and P-states will help to create the automaton correspondingwoX1, ..., X,, in P’
(m <|PJ), in which state changes are respected and hidden. Recall that the transitions gen-

erated by IA2DFA are of the forny N s2, Wheres1, s2 € O C N. In this section we
will add state information to them, so each new transition will have one of the following
shapes:

m

0 0 y
start —> 55 or  sf —>s5 or  sf —>end
wherex = (x1,...,x,) andy = (y1,..., yn) are elements of0, ..., max}™ andc is

not astate movgby state moves we mearand any ofwrite(i) X ok, ready;, ix; for

1< j <m,0<i<maX.x andy will reflect the state changes caused by playirtdence, the
states of the new automaton will k&art, endandg* for anyqg € Q, x € {0, ..., max}™.
startandendwill remain the initial and final states respectively. In order to define the new
transitions we proceed as follows.

(i) For anyAp/-transitionsy 55 sp, if 51 is an O-state andis not a state move, then for

aI(I))? ; {0,...,max}", PRINT({ - s3) if s1 # start, otherwise PRINT§tart —>
sy,
(i) For all P-statesandx € {0, ..., max}™ callfind(s, x, x, s), where

flnd(S].’ (xl’ AR ] xm)5 ()’l, MR )’m), SZ)

is defined in Fig9. The argumentsz, S» will always be P-states.
5.1. Complexity

find works by following paths ima p.. Its definition is tail-recursive and it can be executed
as aloop. We will show that, like before, the new transitions can be printed out by a PSPACE
transducer. At each state some information abbpit will be needed so we will need to
run IA2DFA. Because we cannot store the whalg in polynomial space, we will only
allocate space for one transition so each PRINT instruction will overwrite the previous
one. In this way we can still observe the output of IA2DFA without violating the PSPACE
bound.

Let us discuss part (i) first. To implement (i), we need to generate the requisite transitions
without repetition, which can be done by calling IA2DFA repeatedly and memorizing the
last transition processed. After IA2DFA prints out a transition starting from an O-state we
simply adorn it with all possible tuples, which can be done in PSPACE wsidgP | nested
loops.
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find(S1, 2,9, Ss) =

Because S, is a P-state, there exists at most one pair (c, S3) such that Sy —
Ss3 is a transition from Ap.. If none exists HALT.

(1) If ¢ is not a state move:
PRINT(S{ —% S¥) if S5 # end,
PRINT(S¥ %+ end) otherwise,
in either case HALT afterwards.
(2) If ¢ = € then find(S1, %, 7, S3).
(3) If ¢ = write(i)y, let Sy be the unique state such that S "y Sy is a
transition in Ap// and call

ﬁ”d(sh '/Zfﬁ (yh Y1, [7 Yjt1,° s ym)7 S4>

Yiv
(4) ¢ = readx;, let Sy be the unique state such that Sy e S, is a transition
of Ap and call find (S, Z, v, S4).

Fig. 9. Thefind procedure.

Part (i) is more complicated. To implement tfied loop for a givers andx, we need to
storeS1, X (which are always equal tg x) andS», y (which do change). QP’| log|P’|)
space is sufficient for the states (see the previous complexity sectiony,@rdbe stored
in O(| P|) space. At each iteration one transition fratp, will be needed, which we can
get by calling IA2DFA and waiting until it is printed out (if it exists). Therefore, for a given
s, X thefind loop can be implemented to run in polynomial space. Unfortunately, the loop
might not terminate in general. However, since the number of all possible configurations
is (max+ 1)"|Q|, divergence can be detected with the help of a counter of polynomial
size (then we simply stop without generating any transition). Timasis implementable
in PSPACE, but we have to iterate the process fof alhd all P-states. The former can be
done via nested loops (as in (i), the latter requires us to memorize the previously processed
P-state in order to avoid repetitions (a P-state is a source of a unique transition).

Theorem 26. For anylAz term B, [I" - P : T] is accepted by a deterministic automaton
(withoute-transitiong which is computable by a PSPACE transducer

To test equivalence or approximation we need to port the above transducer with the
Turing machines (from Theore#) that decide respectively equivalence and containment
of deterministic finite automata. Moreover, this should be done in polynomial space, so
the obvious sequencing of the machines will not do. Instead, we will compose the two
machines in the same way as that in which two logarithmic-space reductions are combined
to produce a logarithmic space reduction [19]. We sketch the solution briefly. Obviously we
cannot afford to store the whole output tape of the PSPACE transducer but, since it runs in
PSPACE, it will produce output of size@* ) for somek € N. But the logarithmic space
acceptor must be able to scan the whole tape and, to accommodate that, we can represent
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its input head by a counterof size Q|P|¥). Then, each time the head symbol is needed,
we will rerun the transducer until it outputs th symbol. By composing an NL acceptor
with a PSPACE transducer in this fashion we obtain an NPSPACE acceptor, which can be
converted to a PSPACE acceptor using Savitch’s the¢i&in

Theorem 27. Program equivalence and approximation léf; terms can be decided in
polynomial space

6. Hardness

We show that some classic problems about boolean formulas can be reduced to questions
about program equivalence or approximation in various fragmeidgof et us writel AS""
for the sublanguage ®A; consisting of all constantspcg pred, ifzero, new, assignment
and dereferencindAS"" could be viewed as a minimal language for programming with
state.

Boolean formulas are generated by the grammae X; | FVF | FAF | —=F,where
i € N. We write F(X1, ..., Xp) if the variables occurring iff are amond X1, ..., X }.
Itis well-known that the decision problemauToLOGY (to decide whether a given boolean
formula is a tautology) is coNP-complete (see §0)). _

Given a boolean formul&@ (X1, ..., Xx) let us define a correspondimg5"" term X :
var, ..., Xy :var - Mg : expby

My = ifzero!X01,
MF1VF2 = ifzero MFlMpzl,
Mg nF, = ifzero Mp,OMF,,

M_fr = ifzeroMg10.

Theorem 28. F is a tautology if and only if
x:expknew X, ..., Xgin (X1:=x;---; Xg'=x; Mp) : exp
is equivalent tqor approximates

x:expknew Xy, ..., Xgin (X1:=x;---; Xpi=x;1) : exp

Proof. The encoding relies on the fact that the valuafiay vary in thek assignments,

which can be viewed as repeated evaluations dhe first term corresponds to evaluating

F for an assignment of truth values to its free variables; soa tautology if and only iM

always yields 1. The second term usda the same way as the first one but it will always

return 1 like any tautology would. The argument can easily be formalized using Th8orem
O

Consequently, program equivalence and approximatidn?\g?jl” are coNP-hard. Con-
versely, a close look at IA2DFA reveals that without first-order identifiers, application and
while the generated automaton has linear size and no loops. Thus a trace certifying inequiv-
alence of twdAJ"" terms can be guessed and verified in polynomial time.
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Theorem 29. IA2min program equivalence and approximation a@NP-complete

The inclusion of procedures, first-order identifiers or loops makes the problems PSPACE-
hard.

Definition 30. Let X denote eithe¥X or 3X. Any formula of the shape
OX1.---OXp . F(X1, ..., Xr)
whereF is a boolean formula, is calledtatally quantified boolean formula

A totally quantified boolean formula is either valid or invalid and the probtesr of
deciding validity is PSPACE-complete (see ¢20]). Below we present three reductions of
TQBFto A2 program equivalence. In the first two cases for each totally quantified boolean
formulaG we define a closed terif; : exp Testing validity is then equivalent to checking
whetherM; is equivalent to 1 exp(equivalently, whetheM; approximates 1).

Usingwhile we can extend the previous inductive assignmenfgfterms to formulas
with

Myxg=newX,Zin (Z:=1,X:=2
while (1X) do (X = pred(!X); ifzero Mg (Z := 0)skip);
1Z),

M3xg =newX, Zin (Z:=0; X :=2;
while (1X) do (X :=pred(!X); ifzero Mg skip(Z := 1));
7).

This works because each loop makes two iterations and stores respeGti@Ix G (1)
andG0) v G(1) in Z
A-abstraction and application can be used to replduée:

Myxc =newX, Zin (Z:=1;
(Ax®*Pifzero (X :=0; x)(Z :=0)( ifzero (X :=1; x)(Z :=0)skip)) M¢;
17),

Msxc =newX, Zin (Z:=0;
(Ax®Pifzero (X :=0; x)(ifzero (X :=1; x) skip(Z :=1) )(Z :=1)) Mg;
1Z).

If first-order variables are available yet another reduction is possible, but now it produces
atermf : com— comt Mg : exg

Myxc =newX,Zin (Z:=1, X:=2,
f( X :=pred(!X); ifzero Mg (Z :=0)skip);
ifzero (1X) skipQcom;
'Z),
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Mixg =newX,Zin (Z:=0;, X:=2;
f( X :=pred(!X); ifzero Mgskip(Z :=1) );
ifzero (1X) skipQcom:
7).

As before we force the ‘functioffito investigate its argument precisely twice. In this case a
totally quantified formulas is valid iff f : com— comt Mg =M, or Mg < M, where
My, is the same asf; except that for the outermost quantifleris replaced with 1.

Allthree reductions are of polynomial time (logarithmic space) complexity, because none
of the encodings duplicatéd for modelling quantification. By Theore@v we have

Theorem 31. Program equivalence and approximationliy, are PSPACE-complete

7. Optimizations

The PSPACE algorithm leading to Theoré@m relies on constructions which make it
naive to expect polynomial runtime even for simple programs. This is because at many
stages the generating procedure must be run again and again to save space, which in turn
increases runtime in a significant way (this idea underlies the passage from the automaton
for P’ to that forP, the composition with the nondeterministic verifier as well as Savitch's
Theorem). Therefore, it seems that for practical purposes a possibly exponential space
algorithm should be used. We can suggest several improvements to IA2DRindrsib
that our algorithm leads to better time complexity.

For instance, in the first stage all information about variable scope is forgotten, whereas
it could be recorded and taken advantage of irfittetprocedure. Then one would not have
to generaten-tuples but only tuples corresponding to the variables whose scope actually
extends over the given subterm. In IA2DFA the clausewbile could also be optimized
to detect simple divergences: before the PRINT instrudfieg, = sy then RETURN oo
could be added. This would detect some terms equivalewhtt® 1 do skip without the
need to create a loop in the automatorfitid one could also employ a better mechanism to
detect divergence and try to generate only transitions which are actually reachable. A natural
way to do that seems to be a depth-first search of the automaton produced by IA2DFA.

The automata corresponding to strategies are very sparse. Therefore one can count on
a considerable reduction of space consumption if an economical representation scheme is
used [15].

8. Conclusion

We have investigated the complexity of a simple imperative programming langfiage
using its game model. Our results (Theorems 29 and 31) are summarized in the table below,
where the right column refers to the complexity of program equivalence in the respective
fragment (in each case it turned out that program approximation had the same complexity
as program equivalence).
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Fragment Complexity
IAg coNP
IAT""+while PSPACE

IAJ""+ 7B+ application | PSPACE
IAT""+ first-order identifiers PSPACE
1A PSPACE

One might also ask how the presence of state affects the complexity. For purely functional
programs (without, := or new) our approach still implies a PSPACE algorithm, since the
automata involved can have exponential size because of procedures. Without them however,
a PTIME algorithm can be extracted. On the other hand, it is knowrlAhagnriched with
alet construct for procedures (i.2 with A-abstraction and application extended td Afi
types) can also be captured by regular langu@yEls After inlining thelet's eachlAy+let
term becomes a (potentially exponentially largér) term, so our approach would yield an
EXPSPACE algorithm in this case. We were unable to prove completeness in these cases
though.

As future work we plan to investigate the complexity of call-by-value programs. The
categorical framework for modelling call-by-value [3] is more complicated than that of
call-by-name models and the game model is not understood as well as for call-by-name.
However, call-by-value fragments with regular semantics have already been found in [9]
(for block-allocated variables) and in [18] (for a fragment of ML).
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