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Abstract

We theoretically investigate measurement-based feedback control over the motional degrees of
freedom of an oblate quasi-2D atomic Bose—Einstein condensate (BEC) subject to continuous
density monitoring. We develop a linear-quadratic-Gaussian model that describes the multi-mode
dynamics of the condensate’s collective excitations under continuous measurement and control.
Crucially, the multi-mode cold-damping feedback control we consider uses a realistic
state-estimation scheme that does not rely upon a particular model of the atomic dynamics. We
present analytical results showing that collective excitations can be cooled to below single-phonon
average occupation (ground-state cooling) across a broad parameter regime, and identify the
conditions under which the lowest steady-state phonon occupation is asymptotically achieved.
Further, we develop multi-objective optimization methods that explore the trade-off between
cooling speed and the final energy of the cloud, and provide numerical simulations demonstrating
the ground-state cooling of the lowest ten motional modes above the condensate ground state. Our
investigation provides concrete guidance on the feedback control design and parameters needed to
experimentally realize a feedback-cooled BEC.

1. Introduction

The cooling of atomic systems into or near their motional ground state underpins quantum science
experiments, enabling critical advances in quantum information processing [1-6], optical clocks [7-9],
quantum-enhanced sensing [10-12], analogue quantum simulators [13—17], and tests of fundamental
science [18-21]. The needed motional control is well-established in single atom [22] and single-mode
optomechanical systems, including those engineered by placing a cold-atom ensemble in a high-finesse
cavity [23, 24]. However, multi-mode motional control of quantum many-body systems such as degenerate
quantum gases remains an open theoretical and experimental challenge.

One pathway to motional control of many-body atomic systems is offered by closed-loop feedback
control, wherein motional excitations are damped by optical forces chosen based upon information gained
through real-time monitoring of the system. This approach has been exceptionally successful in the
ground-state cooling of trapped ions [25, 26], nanoparticles [27-29], and mechanical resonators [30-35].

The application of feedback cooling to quantum gas experiments holds great potential, offering avenues
for generating ultra-large Bose—Einstein condensates (BECs) beyond the capabilities of evaporative
cooling [36], preparing highly non-equilibrium many-body steady states [37, 38], and generating
entanglement between motional modes [39]. The basic elements required to implement real-time feedback
control in quantum gases have been well-established experimentally—namely, spatially-resolved
non-destructive imaging [40—42] and high-bandwidth spatiotemporal optical potentials [43—46]. In order to
leverage these technological capabilities towards real-time motional control of quantum gases [47],
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comprehensive theoretical models are needed to support experimental efforts and motivate control schemes.
This is the primary motivation and focus of this work.

Although there have been a number of theoretical studies into the feedback control of ultracold atomic
gases [37, 39, 48-59], a complete theoretical understanding of measurement-based feedback cooling in these
systems remains lacking. This is partially due to the inherent difficulty in faithfully modeling
continuously-monitored quantum gases, which are many-body systems with complex multi-mode structure
and non-trivial quantum correlations. Although substantial progress has been made in numerically
simulating the full-field dynamics for modest atomic ensembles [54, 59], these computationally-intensive
techniques cannot easily be used for exploring the large parameter spaces of control and measurement
variables, and can thus only provide limited insight into the intricate interplay of native atomic dynamics,
quantum measurement, state estimation, and spatially-resolved feedback. There is thus a critical need for a
modeling approach that delivers immediate yet quantitatively-accurate insights into the viability of a
feedback-cooled BEC across a broad parameter regime.

In this work, we develop an analytically-tractable linear quadratic Gaussian (LQG) theory of the
low-energy motional dynamics of a BEC under both (1) continuous density monitoring and (2) control via a
spatiotemporal potential. Our theoretical framework extends previous LQG models of controlled BECs [39,
55, 56, 60] that employed highly-idealized state estimation models, which are not reflective of how feedback
control would be implemented in a real experimental system, making them incapable of drawing firm
conclusions on the realistic limits of feedback cooling and the stability of the control loop. We build upon
these models by explicitly accounting for real-time filtering of the measurement signal in an
experimentally-realistic control scheme, which enables us to assess the viability of controlling the motion of a
multi-mode BEC system.

Specifically, we apply our quantum LQG framework to investigate the feasibility of feedback cooling the
low-energy motional modes of a cylindrically-symmetric ‘pancake’ BEC to their motional ground state. Our
analysis, largely analytical and semi-analytical, reveals a trade-off between cooling speed and the final energy
of the feedback-cooled system due to the competition between measurement backaction, signal-to-noise of
the measurement signal, and the temporal bandwidth of the control loop. We develop a semi-analytical
optimization procedure which allows this trade-off to be balanced by choice of measurement and control
parameters, revealing a broad parameter range in which collective excitations can be controlled to their
motional ground state in tens of trap periods. Our analysis demonstrates that multi-mode ground-state
cooling in BEC systems is achievable with parameters accessible in modern ultracold-atomic experimental
apparatus, strengthening the conclusions of prior investigations [36, 53, 54, 59] and providing a theoretical
framework to support experimental efforts towards multi-mode feedback cooling of an atomic BEC [47].

2. Background theory: dispersively-monitored BECs

We consider a realistic feedback control scheme based on dispersive optical imaging of an oblate (quasi-2D)
BEC [36, 52, 53], represented in figure 1. In this scheme, weak measurements of the atomic density are
performed by stroboscopically illuminating the atomic cloud along its tightly-trapped axis (taken to be the z
direction) by pulses of coherent light far-detuned from atomic resonance. An estimate of the atomic density
can be extracted from the phase of the scattered light, which is used to inform a real-time controller aimed at
damping observable density of the atomic cloud. The physical parameters of this scheme are summarized in
table 1.

Below we briefly review the theory of BECs subject to continuous dispersive monitoring. We begin with a
brief review of the semiclassical description of dispersive imaging (where the optical field is treated
classically), which illustrates the measurement process conceptually. We then review the full-field quantum
measurement theory, which includes key effects arising from the quantization of the probe field:
measurement backaction (heating) of the BEC system, and quantum projection noise in the measurement
output. Both of these effects are crucial in order to make quantitative predictions of feedback control in
low-energy quantum gases [36, 52, 53].

2.1. Dispersive imaging: semiclassical description

Treating the light field classically, we can describe this measurement protocol in terms of the complex
polarisability of an ensemble of two-level atoms with excited-state linewidth I', which gives the following
refractive index for the atomic cloud [61]:

oA i 1
100 (1t ) ®
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Figure 1. Schematic of the feedback control loop. (a) Non-destructive imaging of the atomic density is performed by continuous
illumination of the atomic cloud with a coherent light field far detuned from resonance, i.e. A > I'. (b) Measured fluctuations of
the atomic density are decomposed onto a finite basis of mode functions, m;(r) (see equation (21)). (c) The projected
measurement current associated with the jth mode, y;(t), is constructed from the time series of many measurements (red).
High-frequency noise is removed from the measurement current associated with each mode, using a low-pass filtered with
bandwidth ©; (grey shading indicates a temporal averaging window of 1/€2;). (d) The derivative of low-pass-filtered
measurement current, I;(t), is used to inform the control, which is actuated by a high-bandwidth spatiotemporal optical-dipole
potential (green). Specifically, we consider a multi-mode cold-damping protocol realized by choosing the spatiotemporal control

potential to be linear combinations of the Bogoliubov f]+ (x) functions (see equation (35)) with gain proportional to the time

derivative of the filtered measurement current, I;(#).

Table 1. Physical parameters used in this work.

Variable Meaning

Atomic cloud

wo Harmonic trapping frequency

m Atomic mass

R, Transverse width of the atomic cloud

as Scattering length (s-wave)

H Chemical potential

Wa Atomic transition frequency 27 ¢/
Measurement system

Wlaser Measurement laser frequency

A Measurement laser detuning wa — Wigser

P Measurement laser flux (photons/time/area)

¥ Excited state linewidth

oo Optical absorption cross-section 3\?/(27)

where p(r) is the atomic density, oo = 3\*/(27) is the resonant absorption cross-section of the light field
given an atomic transition frequency w, = 2w ¢/, and § = A/(y/2) is the dimensionless detuning of the
light field with respect to the atomic transition—i.e. A = w, — Wyaser- The real and imaginary parts of
equation (1) respectively describe dispersion and absorption of scattered light by the atomic medium. For
far-detuned light, i.e. § > 1, the dispersive term dominates in equation (1) such that the scattered light field
accumulates a spatially-dependent phase in the xy plane: ¢(x) ~ 7i(x)0y/(25), where 7i(x) = [ dzp(x,z) is
the two-dimensional column density in terms of the 2D coordinates x = (x,y). The 2D atomic density 7(x)
can then be estimated by a spatially-resolved measurement of the optical phase, which can be achieved by
interfering the scattered and unscattered components of the light field. This forms the basis of
well-established dispersive imaging techniques which have been used to take multiple in situ images of a
single condensate and track its motion in real time with minimal disturbance due to spontaneous
emission [40, 45, 62—64]. In this manuscript we will focus on the phase-contrast imaging technique, which
can be modeled as homodyne detection of the scattered light, where the unscattered light is treated as a local
oscillator for the homodyne detection.

Although the above semiclassical description of dispersive imaging is insightful, it neglects quantum
correlations of the optical field as well as the multi-mode nature of the atomic cloud, which are essential in
order to describe the backreaction on the atomic cloud from each measurement. In order to correctly model
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these effects, and their impact on the spatiotemporal control of the BEC system, we must use a full-field
quantum theory of dispersive measurements.

2.2. Quantum theory of a continuously-monitored BEC
The full-field theory of non-destructive dispersive measurements in a BEC system has been well-developed
using the framework of quantum continuous measurements [52, 53, 65]. Here the optical field is treated
quantum mechanically as a Markovian reservoir, after formally eliminating the atomic and optical degrees of
freedom along the imaging axis (z) and making typical rotating-wave and Born-Markov approximations [52,
53, 66]. The result is a stochastic master equation (SME) describing the conditional evolution of the
many-body atomic state associated with a particular measurement record.

We consider the case of quasi-continuous monitoring, wherein the rate of stroboscopic probing is taken
to be much faster than the atomic dynamics, such that the record of measurement results can be described in
terms of the measurement current (in Ito form) [52, 66]:

dy (x,1) = 2\/an(M (x))dt + dW (x, 1) 2)

where x = {x, y} are coordinates in the imaging plane, « is a positive real number that parameterizes the
strength of the measurement (units of area/time), and n € (0, 1] is the measurement detection efficiency:
1 =1 corresponds to the case of perfect detection, and 77 = 0 corresponds to no detection of the scattered
light.

The measurement current, equation (2), has two contributions. First, a deterministic term that is
proportional to the phase of the scattered light, which gives a ‘blurred’ estimate of the atomic density

i(x) = ’LZJT(X)lzl(X), ie.

M (x) :/dzx’ i(x)K(x—x'), (3)
where the convolution with the kernel function
1 . 4
K(X) _ . /de elk~xe—\rpk\ /16 (4)
(2m)

encodes blurring of the atomic density that arises due to the minimum divergence of the light field over the
cloud’s spatial extent along the imaging axis. This sets a minimum achievable imaging resolution scale

o = \/R./ko [52, 65, 66], where kg is the wavevector of the imaging laser and R, is the 20 width of the gas
along the imaging axis. In this work, we will study the control of low-energy excitations above the BEC
ground state, which have characteristic lengthscales (~ 1 — 10 um) much larger than rp (< 1 um). As a
result, the blurring of the measured atomic density can be neglected in the effective low-energy theory we
will derive in the following section (see equations (20) and (21)).

The second term in equation (2) describes the quantum projection noise associated with continuous
measurement of the scattered light’s phase. The Wiener process dW(x, ) is a field of real-valued Gaussian
noises with zero mean and correlations E[(dW(x, t)dW(y, t))] = 6®*) (x — y)dt. Should the measurement
strength « or detection efficiency 1 be made vanishingly small, the measurement current itself approaches a
Wiener process—that is, if « = 0 or 1 = 0, the measurement record contains no information of the atomic
state.

Given a particular measurement record, dy(x, t), the conditional dynamics of the many-body atomic
system is described by the (It6) SME [52, 53, 66]:

i

dp. =
Pe="%

[H,p] dt+ o / d*xD [M(x)] pedt + v/an / dxH [M(x)] pedW (x,1) . (5)

In addition to the ‘native’ Hamiltonian evolution given by H, equation (5) describes measurement-induced
motional dephasing (i.e. decoherence) at a rate proportional to « in terms of the Lindbladian superoperator:

AL A | PP Az A
D[L] pe=LpcL" — 5 (L'Lpe+ peL L), (6)
as well as ‘innovations’ due to the knowledge obtained from the measurements record, with:

H[L) pe=Lpc+pl —Tr [(L+L1) o] . (7)
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The innovations term in equation (5) is additionally a function of the measurement efficiency n € [0, 1]—if
1 =0, the innovations term vanishes as there is no ‘information’ with which to update the conditional
quantum state. Note that dW(x, ) in this equation is precisely the same quantum projection noise process as
in equation (2).

2.3. Conditional and unconditional expectation values

Equation (5) describes the evolution of the conditional atomic state p.—that is, the atomic state associated
with a particular measurement record (i.e. a single experimental run). Correspondingly, we will use the
notation (x) to refer to expectation values with respect to the conditional state, i.e.

(A) =Tr [A;sc} (8)

for some operator A. In order to obtain the unconditioned expectation value, we must take an ensemble
average over a large number of experimental realizations. We denote this ensemble averaging using E[*],
such that the unconditional expectation value of some operator A is given by

Ns

E[()] = Nis S (A0, 9)

i=1

where (A)() denotes the conditional expectation value of the ith experimental run, and Ns >> 1 is the
number of samples in the ensemble.

2.4. Hamiltonian evolution of a quasi-2D BEC

Consider the case where the system Hamiltonian H is independent of the measurement record—i.e. does not
include a feedback term. Then, ensemble averaging over conditional trajectories gives a Lindbladian master
equation for the unconditional state p = E[p,], i.e.

d N R
=3l +a [ @xD )5, (10

=t

where we have used the property that p, is a non-anticipating function of t to compute
E[p.dW(x,1)] = pE[dW(x,1)] = 0. However, the equivalence between the ensemble-averaged SME and
Lindbladian evolution is broken in the case of closed-loop feedback, where the system is controlled by a term
in the Hamiltonian that depends explicitly on the conditional state. In this case, E[[H, ]| # [H, 5], such that
equation (10) no longer describes the average dynamics of the atomic system—instead, there will be
additional terms describing the mean value of the control.

In this work, we consider Hamiltonian evolution described by H= Hyom + Hfb(t), which contains
contributions from the dimensionally-reduced atomic dynamics in the xy plane

Flaom = [ & (08 G0 ()99 + 207 (07 0" (1

as well as a general control term H,(£), which is a function of the conditional quantum state of the atoms.
Here, hy(x) = —h*V3p/(2m) + mwi (x> 4+ y*) /2 is the single-particle Hamiltonian for a
cylindrically-symmetric 2D harmonic oscillator, and gp is the effective 2D interaction strength related to the
inter-atomic scattering length a; and the gas width R,:

&p=— (12)

2v/2nha;
R
This result is consistent with assuming the atomic density profile along the tightly-trapped axis is well
approximated by a Gaussian of the form e~ (*/ R:)* [67].
In reporting numerical quantities, we work in a natural system of units set by the harmonic oscillator
frequency—specifically, energies are expressed in units of Ey = fiwy, and length scales in units of

l() = 4/ h/(ﬂ’l(,Uo)



10P Publishing Quantum Sci. Technol. 10 (2025) 045059 Z Mehdi et al

Table 2. Natural parameters of the LQG model for a harmonically confined quasi-2D Bose—Einstein condensate.

Variable Meaning
Atomic cloud
Eo Harmonic oscillator energy scale fiwo
Iy Harmonic oscillator length scale /% / (mwo)
oD 2D atom-atom interaction strength v/87h%as/ (mR;)
wj Eigen-frequency of the jth collective mode
M Measurement-induced coupling coefficient between
modes j and k, equation (25)
Measurement system
e Measurement strength ® (g7y/A)?/16 [66]
n Detection efficiency
I Mode-dependent measurement rate oM
~j Dimensionless measurement rate I Jwo
Control parameters
G Control filter gain (mode dependent)
Q; Control filter frequency (mode dependent)

3. LQG Theory of a feedback-controlled BEC

In this section, we develop an analytically and numerically-tractable model of continuous measurement and
feedback of a Bose gas in the low-energy regime. This model is constructed using a perturbative approach,
where equation (5) is linearized in terms of fluctuations around the BEC ground state—in the absence of
measurement, this reveals the collective excitation spectrum of a quasi-2D BEC. We find that the
linearization of measurement process describes continuous monitoring of each collective excitation, with
correlated noises between different phonon modes. Then, under a Gaussian approximation, the dynamics of
continuously monitored and controlled system can be written in terms of a discrete set of equations for first-
and second-order moments of the collective excitations. The parameters defined as part of this model are
summarized in table 2.

3.1. The conditional Bogoliubov approach
In order to linearize the SME (5), we adopt the symmetry-breaking Bogoliubov approach, where the field
operator is decomposed as

b (%) = o (x) + 3 (x) (13)

where ¢ (x) is identified as the condensate ground-state wavefunction (normalized to the number of
condensate atoms N,) and §(x) describes fluctuations about this ground-state. In our analysis we will restrict
ourselves to the low-energy regime, where (x) is treated as small with respect to ¢ ().

Typically in Bogoliubov analysis, the condensate wavefunction is defined by the mean of the field

operator, ¢y (x) = (¥(x)), immediately implying (d(x)) = 0. However, for conditional quantum state
evolution, we instead have

b () =E () ()] . (14)

where E[x] denotes an average over conditional trajectories, i.e. over many experimental runs. In this case,

the conditional expectation of the fluctuation operator will in general be non-zero (4 (x)) # 0. Note that
equation (14) neglects the contribution of the thermal cloud to E[(t)(x))], which is appropriate for the
low-energy regime considered in this work, which is characterized by weak fluctuations around the
condensate mode.

Substituting equation (13) into equation (11) and retaining terms up to quadratic order in ) gives an

approximate atomic Hamiltonian that is diagonalized by the Bogoliubov transformation

bx) =¥, (uj(x)éj - v;(x)éj) [67]:
Hyom ~ Y _ (E]Tz;ﬁ;). (15)
j

The operators Z;]- and l;;[ describe the annihilation and creation of quasi-particle (collective) excitations,

satisfying the bosonic commutation relation [Ej, l;,t] = 0j. The corresponding energies fiw; and eigenmodes
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uj(x),vj(x) are determined by solving the Bogoliubov-de-Gennes equations [67]:

Lep + g2p10 (X) —gndo (%)’ ui(x)\ _ o w(x)
* 2 = Wj ) (16)
095 (%) Lep + gono (x)) \ Vi (x) —vj (%)
where Lgp = ho(x) + g2pn0(x) — p. Here n9(x) = |¢o(x)|? is the condensate density, and y is the
corresponding zero-temperature chemical potential. In general, these modes are not exactly orthogonal to
@0 (x), however this can be achieved with the appropriate projector (see [68]).

For the linearization of the measurement terms in equation (5), it will be more convenient to work with
quadratures of the quasi-particle operators:

Y. — b bt

Xj_T(b +6f) (17a)

5 1 Aa

=5 6-5).
which satisfy the (dimensionless) position-momentum commutation relation: [X;, Yy] = i6j. The

quadratures X and Y can be interpreted as the amplitudes of density and phase fluctuations, respectively, for
the jth collectlve mode (see equation (21), below). The mode functions corresponding to these quadratures

are given by j]i (x) = % (uj(x) v (x)) , in terms of which the linearized atomic Hamiltonian (15)

becomes:
Hyom=hS 2 (%2 4 12 (18)
=0 (5747).
i=1

3.2. Linearization of the measurement operator

To derive a linearized form of the conditional SME (5), we first note that equation (5) is invariant under the
transformation M(x) — M(x) — f(x) in the measurement terms, where f(x) is an arbitrary real-valued
function. This allows us to write the SME as

dp. = —% [H,p] dt+ o / d’xD [6M (x)] pedt + /am / d*xH [0M (x)] pdW (x,1) , (19)

where §M(x) = M(x) — no(x) is the operator describing measured density fluctuations around the
condensate density profile 11y(x). Then, substituting the decomposition of the field operator and retaining
only those terms linear in 0(x), we find

22

x) ~ (95 (x)6 (x) + 60 (x) 61 (x)) + K (x)
Z( X)X+ imt ()fvj)*K(x), (20)
j

Q

where m]i (x) = ¢*(x) f]i( ) F c.c. and we have employed the shorthand for the 2D convolution

F(x) % G(x) = [d*x’ F ")G(x — x’). For a harmonically-trapped gas, the condensate wavefunction and the
mode functlons ﬁt can be taken to be real (due to the symmetry of the potential, V(x) = V(—x)), which
implies m;r (x) = 0. Furthermore, the mode functions m;(x) vary slowly across the spatial extent of the
condensate, and thus characteristic lengthscales for low-energy excitations (~ 1 — 10 um) can be assumed to
be much larger than the imaging resolution scale rp (< 1 pm). We may therefore take the limit of rp — 0 in
equation (4), in which case we have K(x) = 4(x). Therefore, the measurement term may be expressed to
linear order as

V(x)~ Y mi(x)X;, (21)
j

where m;j(x) = m;” (x) = 2¢o(x)f;” (x) is the mode function describing density fluctuations of the jth mode.
Substituting this decomposition into equation (2) then provides the linearized measurement current:

dy(x,1) Nz\ﬁzmj X;) +dw(x,1), (22)
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which can be represented in the collective mode basis by projecting dY(x, t) onto the basis {;(x)} and
integrating out spatial degrees of freedom, i.e.

dyy (1) z/dzx my (x) dY (x, 1) (23)
=2/am Y My(X;) +d& (1) . (24)
j

Here we have defined the vector of Gaussian random noises, d&(t) = [ d*xmy(x)dW(x,t), which have zero
mean (as dW has zero mean) and colored correlations d&;(#)d&i(t) = M dt, where

M = /dzx m; (x) mg (x) , (25)

are coefficients describing measurement-induced couplings between modes j and k. These couplings can be
succinctly written in terms of the matrix M,

[M]jk = <'Agjk 8) ) (26)

allowing us to express the projected measurement signal as
dy () = 2\/anM(x)dr+ Ldw () . (27)

Here the vector x = (Xl, Y1,%,Y,,. .. )T describes the means of the mode quadratures, L is the Cholesky
decomposition of the measurement-coupling matrix M (i.e. M = LLT), and

dw (£) = (dw, (1),0,dw, (1),0...)T (28)

is a vector of real-valued Gaussian random variables with zero mean and correlations

E[dw;(t)dwi(t")] = dixd(t — t')dt, representing the quantum projection (backaction) noise driving each
mode. Equation (27) demonstrates that, in the linear regime, continuous monitoring of the atomic density is
equivalent to continuous ‘position’ monitoring of the quasi-particle modes.

3.3. Multi-mode quantum Gaussian states
Although the linearization described above significantly simplifies the evolution of the quantum state, we
have not yet placed any constraints on the quantum state itself. Therefore, to further simplify our model, we
treat the quantum state of the quasi-particle modes as a quantum Gaussian state; one fully characterized by
its means and covariances [69]. This is an appropriate assumption for our analysis, as we will be considering
control of an initial state of thermally-populated quasi-particle modes with the aim of driving the system
towards its multi-mode ground state. Both the initial state and the target final state are well-approximated
quantum Gaussian in the near-equilibrium regime where the symmetry-breaking Bogoliubov approach,
equation (13), is valid.

Under the assumption of a quantum Gaussian state, the system is fully characterized by the conditional
means of the mode quadratures, (%), and the symmetrized covariance matrix:

V= (8T 4 ()T - (R)(£). (29)

| =

We also introduce the block-diagonal symplectic matrix

M
=D <01 (1)) ’ (0
j=1

which encodes the canonical commutation relations between the quadratures ([)A(j, f’k] =i and
[}A(]-,}A(k] = [f/], f’k] = 0) via the relation XXT —xTx =i 3.

We can then find equations of motion for (xX) and V directly from equation (5), using the linearized
measurement operator (21). The full details of this calculation are provided in appendix A; here we will
provide only the final result.
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Defining the following matrices,

=0 ) o
j=1 !
D=3XMXT, (31b)

we may express the evolution of the means and covariances under continuous measurement in vectorized

form as:
d(x) = BA(X)dr+ 2,/anVLdw (32a)
V= (ZA)V+V(ZA)" +aD —4anVMV. (32b)

This is the standard form for LQG systems subject to continuous monitoring—see, for example,
chapter 6 of [70]. Note that the evolution of the covariance matrix is deterministic, taking the form of a
differential Riccati equation that is amenable to analytic treatment. In comparison, the evolution of the
means is explicitly stochastic, conditioned on the measurement record by the vector of white noise processes
dw—precisely the same quantum projection noise process as in the measurement signal, equation (27).

In the case of a single mode, equation (32) describes the dynamics of a continuously-monitored
quantum harmonic oscillator, which has been studied in great depth, both for atomic [71] and
optomechanical systems [72]. This close correspondence allows us to adapt well-established control schemes
for these single-mode systems to the cooling and motional stabilization of the multi-mode BEC system.

3.4. Feedback control from spatiotemporal optical-dipole potentials
Thus far, we have not included the feedback in our description of the linearized atomic dynamics under
measurement. In our proposed feedback scheme, the atomic cloud is controlled by a spatiotemporal
optical-dipole potential actuated by a high-bandwidth spatial-light modulator (SLM), e.g using a digital
micromirror device [43, 44], painted potentials [46], or holographic techniques [73]. Experimentally, optical
control has been demonstrated with submicron spatial resolution and switching speeds up to 20 kHz [43,
44]. The spatiotemporal structure of low-energy excitations in typical BEC experiments falls well within the
bandwidth of the imaging, with relevant lengthscales of tens of microns, and timescales of tens to hundreds
of Hz. We are therefore justified in neglecting the bandwidth limits of the control actuation on the control of
low-energy excitations, which we will assume for the remainder of this work.

We consider a feedback control actuated by a general spatiotemporal potential, Uc(x, t), described by the
Hamiltonian term:

Hy, (1) = / d*x U (x,8) T (x) ¢ (x) . (33)

In the feedback we will consider in the next section, the control potential will be proportional to the
derivative of the measurement signal, which in turn will be approximately linear in the quadrature operators
(see equation (27)). Thus, to ensure the Hamiltonian remains quadratic in the quadrature operators and
their expectation values, g (f) should only be expanded to linear order in §(x) upon substitution of
equation (13) [74]. This gives a control Hamiltonian of the form (discarding non-operator valued shifts to
H, which may be time-dependent):

Hg, (1) = ZZ)A(j/dzx Uc (x,t) ¢o (x)f; (x) - (34)
j

In order to facilitate individual control of each mode, we will take our control potential to be of the
following form [55]:

ff(x)
do(x)’

M
Uc(x,t) = —Zuk (1) (35)
k=1

which exploits the orthogonality of the mode functions—i.e. 2 [ dzxf; (x)f;f (x) = d—to separately address
each collective mode, i.e.

Hy () = > _ui(1)X;. (36)
j

9



10P Publishing

Quantum Sci. Technol. 10 (2025) 045059 Z Mehdi et al

Defining the vector of control coefficients, u(t) = {u(1),0,...,4(t),0,... }T, equation (36) can be written in
matrix form as

Hyp = —X"ZBu(t) , (37a)

where the matrix B encodes the constraint that the control potential may not be chosen to give a
Hamiltonian term proportional to the momentum quadratures Yj:

M
B_@G 8) (38)
]

Notably this matrix is not of full row rank, nor is it invertible, implying that the feedback scheme we consider
cannot implement optimal Markovian control as described in [75].

The addition of the feedback Hamiltonian in equation (37) results in a modified equation of motion for
the means [70]:

d(x) = ZA(X)dt+ Bu () dt+ 2./anV (t) Ldw (¢) . (39)

Importantly, the equation of motion for the covariance matrix V remains unchanged. This means that the
evolution of the covariances depends solely on the measurement, independent of the choice of control, which
only needs to be effective in controlling the quadrature means, (X). In this sense, the design of an effective
control is essentially a classical problem—though the heating effects of measurement backaction, which is an
inherently quantum effect, will define the constraints on the control optimization as we will see later in
section 5.

4. State estimation for ground-state cooling

The primary control objective we consider in this work is the ground-state cooling of low-energy excitations
in a BEC system. We will consider the reduction of energy of each quasi-particle mode as a convenient metric
for effective cooling. Specifically, we define the primary objective of the feedback control scheme to be to
reduce the (unconditional) mean ‘phonon’ occupation of each quasi-particle mode below unity, i.e.

i =E {(éjéﬁ} <1. (40)

In optomechanical and micromechanical systems, this is known as ground-state cooling [72]. The
unconditional phonon occupation can equivalently be expressed in terms of the quadrature operators (cf
equation (18)), i.e.
2 +1=E [<X}+i’f>] :
— Cov (1) + Cov (1, ) + B [(4)?] +E [(7)?]. )

quantum classical

Here we have separated out two contributions to the phonon occupation: first, from the quantum
correlations of the system, described by the mode covariances—that are driven only by the measurement (see
equation (32b)) — and second, from classical fluctuations in the conditional means of the quadrature
operators, which are driven by both the feedback and measurement backaction (see equation (39)).

4.1. The multi-mode cold-damping control

Next, we must consider how the information obtained from the measurements are used to inform the
controlling potential, equation (35), in order to achieve efficient cooling of the system. As the unmonitored
dynamics of the collective BEC excitations behave as uncoupled quantum harmonic oscillators (see
equation (18)), this suggests the optimal choice of the control coefficients in equation (37) should be

proportional to the (conditional) mean of the phase quadratures, i.e. u;(t) o< (Y;). However, the question
remains how <f/]> should be estimated from the measurement record equation (27), which encodes only
information about (X;).

One approach is to construct a Bayesian estimate of the full quantum state in real time, i.e. a quantum
filter, that is continuously updated with the new information obtained from the measurement [70]. For LQG
systems, as we consider here, quantum filtering of this type can be achieved using Kalman filtering methods

adapted from classical control [70, 76], which enables optimal control; such an approach has recently been
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applied to demonstrate ground-state cooling of an optically-trapped nanoparticle in a room temperature
environment [28, 29]. In the present case of a feedback-controlled BEC, implementing quantum state
filtering in real-time is a significant technical challenge, even within the LQG theory. For example, processing
the spatially-resolved measurement results and decomposing them into the Bogoliubov basis may pose a
technical challenge to efficiently implement, possibly resulting in significant time delays that will, in general,
degrade the stability and efficacy of the control protocol. Moreover, the quantum filtering approach requires
a reliable model of the underlying dynamics, for which our perturbative LQG model may not be sufficient as
the underlying many-body dynamics of a BEC are in general neither linear nor necessarily quantum
Gaussian.

Here we take a more direct approach, where we will apply feedback proportional to the derivative of the
density quadrature of each mode, u;(t) ~ 9,(X;), estimated directly from the measurement current
equation (27) without necessitating an estimate of the full quantum state. This follows the ‘cold damping’
approach developed in the context of feedback-cooled optomechanical systems [72], where the measurement
current is low-pass filtered to remove high-frequency fluctuations such that its time derivative becomes well
defined [77]. This is related to the approach of [37], where a similar estimation procedure is considered for
the control of momentum fluctuations in a homogeneous BEC system with periodic boundary conditions
under a mean-field approximation.

4.2. The derivative current
We will construct the estimate of the velocity (0;(X;)) of each mode—henceforth referred to as the ‘derivative
current’ — by first low-pass filtering each element of the measurement current dy;, i.e.

Li(1) Z/OO g (t—s)dyi(s), (42)

for some filter kernel g;(t), and then taking the temporal derivative of I;(t). Specifically, we consider a simple
digital RC filter that can be implemented in real-time, described by the causal filter kernel [72]:

g =0 (t—ee ¥, (43)

where €); is the bandwidth of the low-pass filter for the jth mode, and the Heaviside step function O(¢)
ensures the control at time ¢ cannot depend on future measurements. We have additionally included a
technical time delay of the feedback loop, € (common to all modes), in order to ensure causality of evolution
under equation (39) — for any finite value of ¢, the state of the system at time ¢ + dt should depend only on
the measured system observables up to time #. In this work we will take this technical time delay to be
negligible within the bandwidth of the filter (i.e. ¢! >> max;{€2;}), such that we operate in the Markovian
limit e — 0T [78].

The properties of the filter kernel, equation (43), are best assessed in the frequency domain, where it
takes the form [79]:
i 'w

e J

(44)

Vg (w) = —

_lfiw/ﬂj_ /1_'_0)2/9]2.

This expression demonstrates two features of the low-pass filter: first, frequencies larger than the filter
bandwidth, w >> ; are suppressed by a factor proportional to €2;/w; and second, the filtered time series for
the jth mode will have a (mode-dependent) time delay of 2 j_l as compared to the raw measurement data.
Both of these features vanish as we take the bandwidth to be arbitrarily large, and the effect of the filter
becomes increasingly negligible. In the limit ); — oo, the filtered current reduces to the stochastic
measurement record—i.e. I;(t) — dy;(t). Note we have chosen the normalization of gj(t) such that
low-frequency (w < §;) contributions to dy;(t) are unaffected by the filtering, i.e. | fooo gi(t) =1

The derivative current, S(t) = (51,0,S,,...)T, is then given by the time derivative of the low-pass
filtered measurement current, equation (42), i.e.

dr

S(1) = — éit) _ /_ T hyt— 9 dy(s) (45)

where in the second line we have defined the effective kernel of the derivative filter,
hi(t) = —0g; (t) = — Qe (5 (1) — 0 (1)) . (46)
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Note we have deliberately chosen the sign of the derivative current to be negative, such that its deterministic
component (i.e. the ‘signal’) is proportional to 8t<f(j> upon integrating equation (45) by parts.
Experimentally, the derivative can be constructed from finite-differencing the experimental time series on an
interval At much shorter than the temporal bandwidth of the filter, i.e. At < min{7;}. Alternatively, the
derivative filter, equation (45), can be applied in frequency space to the Fourier transformed measurement
current (on a discretized time grid), where the derivative kernel is (cf equation (44)):

~ iw

This kernel takes the form of a standard derivative high-pass filter, and the ideal derivative limit is recovered
in the high-bandwidth limit [72] (i.e. h(t) — —d'(¢) as £; — 00), although a finite value of ©2; is required in
order for the derivative of dy;(t) to be well defined.

5. Steady-state ground-state cooling: analytical theory

A powerful advantage of the LQG theory developed above is that it is analytically tractable, and can thus
provide broad insights into the key physics of feedback-cooled BECs. In this section we develop an analytic
theory describing the steady-state of BEC collective excitations under continuous measurement and
feedback, within the approximation of vanishing measurement-induced couplings between different

modes [55]. The aim of this analysis is to identify parameter regimes of effective cooling, focusing primarily
on the steady-state phonon occupation. This will lay the groundwork for the calculations performed in
section 7, where we will demonstrate the feasibility of multi-mode feedback cooling through direct
numerical simulations.

5.1. The decoupled modes approximation

In previous work by Wade et al [39, 55], a ‘decoupled modes’ approximation was employed to analytically
solve a related LQG model of a quasi-1D BEC subject to stroboscopic dispersive measurements. In this
approximation scheme, measurement-induced couplings between different quasi-particle modes are
neglected, i.e.

Mjk ~ 5jk/\/l]‘j, (48)

in which case the matrix M becomes block diagonal:
_m(Mi O
u=@ (0 q)- ()
i

If we then restrict the control coefficients for each mode, u;(t), to be a function of only the measurement
current for that mode, dy;(t)—that is, if we choose 1;(t) to be independent of dyy(t), for k # j—then the
dynamics of each mode described by equations (39) and (320) become completely independent. This
significantly reduces the complexity of the system dynamics to that of Mp independent quantum harmonic
oscillators, each subject to continuous monitoring and feedback.

In figure 2, we present the collective mode structure for a cylindrically-symmetric 2D BEC with Ny = 10°
condensate atoms, based on numerical diagonalization of equation (16) following the methods outlined in
section 3.6 of [80]. From figure 2(ii), we can see that the off-diagonal elements of M are far weaker than the
diagonal elements, providing an empirical justification of the decoupled modes approximation. An
alternative motivation for the decoupled modes approximation can be found by considering the analytical
solutions to equation (16) for quasi-1D systems in the Thomas-Fermi regime [81]:

ny (%) = - (1-2) (50a)
81D

. ~1/2
f;(x)::,/fgﬁiﬁz (;22(1&?)) Pi(%) (500)

where X = x/Rrr is the coordinate with respect to the Thomas-Fermi radius Rrg = 1/24¢/m and Pj(x) is the
jth Legendre polynomial. Note that both of these functions are defined in the range |%| < 1, and are zero
elsewhere. Then, using m;(x) = 2\/nof;” (x) and M = | dxmj(x)my(x), we can analytically compute the
couplings:

Mwﬂm/&m@ﬁ®ﬁ® (51)
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Figure 2. Collective mode structure for the first ten excitations of a quasi-2D cylindrically symmetric BEC, with Ny = 10°
condensate atoms and gop = 0.035E, /2. (a) Mode functions describing density fluctuations, m;(x), cf equation (21). (b)
Measurement induced couplings, M, for each mode (diagonals) and between modes (off-diagonals). Note that while diagonal
terms dominate, there are non-negligible cross-mode couplings between modes 8 and 9.

= jki ) (52)
81D

where in the last line we have used the orthogonality of the Legendre polynomials, i.e.
J dxP;(x)Px(x) = 6/ (j+ 1/2). Given that the Thomas-Fermi approximation becomes exact in the large Ny
limit, the weak off-diagonal couplings should be understood as finite-size effects.

5.2. Quantum correlations and the ‘weak measurement’ regime

The quantum correlations of the continuously-monitored system are captured by the symmetrized
covariance matrix V, which depends only on the strength of the measurement. The steady state of this
matrix, denoted as Voo, is straightforwardly obtained by setting V = 0 in its dynamical equation of motion,
equation (320), i.e.

0=(XA) Voo + Voo (XA)T + aD — 4anVooMV o - (53)

This is an algebraic Riccati equation and may be analytically solved in the decoupled-mode approximation,
yielding the block diagonal matrix solution [55]:

Vm:@i 2(aj—1) aj—1 | (54)

j 477Fj ajfl aj 2((1]'71)

where I'; = aM; is the mode-dependent measurement rate, and a; = /47/(I;/w;)? + 1. For sufficiently
weak measurement, i.e. I'; = I} / wj K 1, the covariances may be approximated as:

1 —1/2 f _
Voo =D3 (’7 : 77“]/2) +0(12), (55)

In the limit of perfect detection, 1 = 1, the leading contribution to V. is precisely the covariance matrix
describing the ground state of each mode (i.e. the quasi-particle vacuum). Furthermore, the
measurement-induced quantum correlations only contribute to the phonon occupation equation (41) at
second order in f‘j; it is in this sense that fj < 1 defines the ‘weak measurement’ regime. Generalizing to the
case of finite detection inefficiency, i.e. 0 < ) < 1, the steady-state phonon occupation is bounded by

1
iy > fin = (77—1/2 . 1) . (56)

This bound becomes an equality only if there are no residual classical fluctuations in the quadrature means,
which can only be achieved with a perfectly-convergent quantum state filter, i.e. one that drives the
conditional mode quadrature means to zero (i.e (X) — 0). Thus equation (56) describes the minimum
phonon occupation due to unavoidable decoherence of the quantum covariances for imperfect detection
efficiencies np < 1.
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5.3. Spectra of classical fluctuations under feedback
The goal of the feedback is to eliminate the dynamics of the conditional means of the quadratures, i.e. we will
aim to design a control that achieves <X1> = (ff]) = 0 as closely as possible in the steady state. Such a
steady-state analysis is most conveniently performed in the frequency domain, which enables us to
incorporate the time delay induced by the filter kernel equation (46), following the approach developed for
optomechanical systems in [72].

We start with the equations of motion for the conditional means of a mode j, using the Stratonovich
form of equation (39):

X = w2/ Vg (1) 57
= (~wX +w (6) + 2V (1) 59

where &;(t) is the Stratonovich noise corresponding to the Wiener increment dw;(t), and we have adopted the
shorthands: X; := (X;), Y:= (Y}), V¥ := [V¥]; and V;” := [V}”];.. The control term u;(t) corresponds to the
filtered derivative of the measurement current equatlon (45), Wthh can be expressed in the frequency

domain as:
i () = =Gy () (2V/nT%; (@) + & (w)) (59)

where X;(w) and §;(w) denote the Fourier transforms of X;(t) and &(t), respectively, and G;(w) is the
feedback transfer function (cf equation (47)) [72]:

—WwG

Gj(w):m~

(60)
Here we have absorbed a factor of Mj; into the control gain, i.e. ¢;Mj; — ¢;. As a result, ¢; has units of
(time)'/2, and has the dimensionless form ¢ = ;. /.

Using equation (60), we can solve the equations of motion for the means completely in Fourier space:

Xj(w) = x;(w (Zz\ﬁ(V’“w—&-szyw])—f—w] i(w ))51( ), (61)
7 (@) = x5 (@) (2v/T5 (V) + Vi) = (i =40,V G (@) ) & (@) (62)

In analogy to the theory of controlled optomechanical systems [72], we have defined the effective mechanical
susceptibility of the collective mode:

Xj(w) = [wz — w]»z —2/TjwiG; (w)} - : (63)

Thus a feedback-cooled collective mode of a BEC behaves as a damped harmonic oscillator with damping
parameter I';. In contrast to mechanical oscillators, however, I'; in the LQG model is a tunable parameter
determined by the coupling of the optical field (i.e. the measurement laser) to low-energy density
fluctuations of the atomic cloud (see table 2).

Following [72], we can identify the (frequency-dependent) cooling rate ;(w) by writing the transfer
function explicitly in terms of its real and imaginary components:

(@) = [ — @) — i) (64)

where w]eff = wj — 24/I'jRe[Gj(w)]wj/w is the effective oscillator frequency, and

) = 2/Fotm [G )]y = 25V 1) (65)

1+w2/Q2

is a frequency-dependent damping rate. The shift to the effective frequency of the oscillator may be neglected
in the regime of large filter bandwidth, where the feedback transfer function equation (60) is dominated by

its imaginary component, i.e. [Im[G;j(w)]/Re[G;(w)]| = w;/€j < 1 for ©; > w;. This is demonstrated in
figure 3, where the shift to the resonance frequency is shown to be 1n51gn1ﬁcant for filter bandwidths as low
as ; ~ 3wj.

Next, we compute the power spectral density (PSD) of each quadrature:

@ =5 [ BTG %), (66a)

2
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Figure 3. Steady-state fluctuation spectra of a continuously-monitored and feedback-cooled mode with frequency wj, in the case
of perfect detection (1 =1). (a) Absolute value of the mechanical susceptibility, equation (63), for fj = G /Wj = wj /2 =0.1
(b)—(c). (b) Power spectral densities (PSDs) of each quadrature, for the same parameters as (a). (c) Quadrature PSDs for a highly
non-thermal steady-state, associated with the parameters f‘j = 0.4, w;/Q = 0.35,and ¢/wj = 0.75. For both sets of parameters,
the shift in the effective resonance frequency due to the control is negligible, i.e. wj?ff R wj.

S (w) = ;ﬁ/oo dw'E [¥ ()" T ()] | (66b)

— 00

which are defined such that [ dw S¥(w) = E[X?], and similarly for S} (w). This calculation is simplified by the
nature of our measurement noise being uncorrelated in time, E[gj* (w)€ i(w’)] = 0(w—w"), giving the result

Sf»y :f];.(’y(w) |xj(w)]*/2m, where:

cfwzo.)j2 — 4cj\/ﬁ-ij2 (V;‘x + ny%’])
2 2 ’
14 w? /8

£ (w) =ar?  (v) wﬁ(v;‘y)z +

Ay w? T
2, wa4_4€1‘\@ij2(V}“+V/m+4v;“vj‘y;;)
f (@) =any (V) w4

2 2
+(v) 15 (w2 (4 26vT)')

+ l—i-cuz/Qj2

(67)

An interesting consequence of the continuous measurement and feedback protocol is an asymmetry to the
above spectra, which violates the equipartition theorem. The steady state of this system is therefore a
non-thermal state, as is well established for cold-damping schemes in optomechanical systems [72]. This can
be seen in figure 3, which demonstrates that the PSD peak for the momentum quadrature of each mode is
both broader and higher amplitude than the monitored position quadrature if the gain (¢;) is ‘too large’, as
compared to its optimum value (see equation (69) below).

5.4. Steady-state phonon occupation

Integrating the PSDs, equation (67), over all frequencies yields the steady-state values of E[X?] and E[Y?],
which we can use to find control parameters that minimize the steady-state phonon occupation from
equation (41). Although this optimization is trivial to implement numerically, we can gain analytic insight in
the weak-measurement limit, f‘j < 1, in which the leading-order contribution to the spectra are given by:

2 dwiw? — 4 \/ITjijZV’-”‘
£ () mary (V) w4 ey (68a)
j
2
c2w4f4c'\/f‘ww2\/’-‘x+4 V) Tw?
oy — (7) (68b)

2/02 ’
14 w? /€

noting V;-Cy x fj, from equation (55) — we will further take the variances of each mode to be given by the
diagonal elements of equation (55).

In order to analytically integrate over the PSDs over all frequencies to obtain the steady-state quadrature
variances, we develop an approximation scheme in appendix B that retains only the leading-order
contributions in the small parameters, I'; / Wj» cj\/lT‘j / wj, and cf / wj, which are all of order f‘j under the

assumption that the control gain satisfies ¢; = O(,/I'j). Employing this approximation scheme, we find the
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leading-order contribution to the quadrature variances for f]‘ <1
G4y

E[Yﬂ’“EP(fFZ(HW'

(69a)

This expression demonstrates that the equipartition result E[()A(]zﬂ = E[(?f}] remains violated even in the
weak measurement regime, despite being satisfied by the steady-state covariances equation (55). We attribute
this effect to the time delay of the feedback loop, which induces residual classical fluctuations in the
momentum quadrature. The magnitude of this grows quadratically with the control gain, i.e.

E[X?] — E[Y?] o ¢, and can be minimized by a judicious choice of control gain ¢, as we will discuss in the
following section.

Using the above result, equation (69), and substituting equation (55) into equation (41), we arrive at the
expression for the steady-state phonon occupation in the weak-measurement regime:

1 <2Fj+6f%‘—29m>+ 59

4¢; /T \ nwj 1+w? /0 4(1—|—wj2/sz> 7

where #1,i, is the minimum achievable phonon occupation given by equation (56). This expression is a key
result of this work.

Leading corrections to equation (70) are of order O ([¢; VTi/ wj]*) and are described in appendix A. In
the following section we will show the optimal control gain satisfies ¢ < /T (see equation (72)), which

ﬁj 2 Nmin 1

(70)

suggests the leading corrections to equation (70) are O(ff )< 1.

5.5. Optimizing the control: gain and bandwidth

Equation (70) demonstrates that there are three ‘control parameters’ that characterize the steady state of the
system for each mode: the control gain (¢;), the filter bandwidth (£2;), and the mode-dependent
measurement rate (I';). By inspection of equation (70), the steady-state phonon occupation decreases
monotonically with I';/—we will see in section 6.1 that the key role of I'; is to determine the rate at which the
controlled system converges to its steady state. Thus, we treat it as a fixed parameter here, and will determine
the optimal choices of ¢; and {); that minimize ;. Unfortunately, analytic minimization of equation (70)
cannot be done exactly, even in this reduced two-dimensional parameter space.

To tackle this problem, we will optimize the two variables separately, optimizing the control gain first
while neglecting terms involving the filter bandwidth, then treating those terms perturbatively. In the first
step, we will neglect the time-delay contribution, ¢7§}; ~ 0 and further assume the filter bandwidth is
sufficiently large, i.e. ;> wj, such that [1 +w?/Q7] ™" &~ 1. In this case, the steady-state phonon occupation
is approximated by:

oW +ﬁ 1

n~ - —. 71
! 4,/ 4w 2 1)
This expression is minimized by the following choice of control gain:
T
C]' = 7]2 5 (72)
UEH

which scales inversely with the trapping strength (¢ oc w, ') and detection efficiency (¢; oc p~/2), and
monotonically increases with the strength of the measurement (¢j o a!'/2).

Substituting equation (72) into equation (71) yields the ideal result, 71; = 1, in the absence of control
noise. This indicates that the filtering of the measurement signal to construct the control is the limiting factor
to feedback cooling—a critical result that has not been taken into account in many previous analyses that
have focused on the steady-state fluctuations due to quantum backaction [53-55]. Despite the present
approximation scheme neglecting these crucial fluctuations, we will find below that equation (72) provides
an accurate estimate of the true optimal control gain (see figure 4).

Next, we will consider the contribution of the finite bandwidth to the steady-state phonon occupation.
Given that the filter bandwidth must necessarily be larger than the mode frequency for an effective control,
we may expand equation (70) to second order in (w;/€2;), additionally substituting in equation (72), giving

wi 09 ( wj ) ’
8y Awin Q

16

1 = Nimin + (73)




10P Publishing

Quantum Sci. Technol. 10 (2025) 045059 Z Mehdi et al

10" 10!

10°

Lj/w;

Figure 4. Steady-state phonon occupation of a single mode, 7;, for a quantum efficiency of n = 0.5—using equation (56), this sets
the bound #; > #imin ~ 0.08. Empty spaces indicate parameter regimes of large steady-state phonon occupations, i.e. 77; > 10. In
(a) the filter bandwidth is fixed as a function of I';, by the analytical result, equation (74). Similarly, in (b) the optimal control
gain is chosen using equation (72) for each value of I';. Dashed (orange) lines indicate the analytical results for (a) the optimal
control gain, equation (72), and (b) the optimal filter bandwidth, equation (74).

This expression clearly demonstrates the trade-off in choosing the filter bandwidth. As €;/w; becomes larger,
the effect of time delay vanishes quadratically (the second term), while the residual noise due to
high-frequency fluctuations increases linearly (the third term). This trade-off is minimized by the choice:
o} 1/6
=1 (74)

. 173
Wj Fj/

or equivalently, w;/Q; = (I';/\/7)"/?. Using this result, and the optimal control gain given by equation (72),
we arrive at the final result for the analytically optimized steady-state phonon occupation from
equation (70):

~2/3

3% -

i = i+ 175+ O (57 (75)
Given that this expression monotonically decreases sublinearly with f‘j, the measurement rate can always be
chosen such that the steady state of the feedback achieves the goal of ground-state cooling, 7; < 1, provided
fimin < 1. From equation (56) we find that this merely requires > 1/9 ~ 11%, which is readily achievable in
existing cold-atom experiments.

Together with the optimal control gain equation (72) and filter bandwidth equation (74), equation (75)
is a central result of this work, demonstrating that the feedback control scheme under present consideration
is not only effective in damping the motional dynamics of a BEC, but can asymptotically approach the
theoretical limits of cooling, equation (56) — albeit strictly only in the case of idealized quantum-state
estimation. The cost of achieving near-ideal steady-state cooling, by taking I'; to be asymptotically small, is
that the cooling timescale becomes asymptotically large. Exploring this trade-off is the focus of the following
section, where we will show that the rate at which the system converges to its steady state is proportional to I';.

5.6. Parameter space for optimal cooling of a single mode

In figure 4 we explore the dependence of steady-state phonon occupation as a function of control gain ¢j,
measurement rate I';, and filter bandwidth 2. #; is computed numerically from the quadrature spectra [82],
equation (67), i.e.

n]./Zdw(sf(w)+sf(w>)+;(V}”VJ”1)' 7o

The matrix elements Vi* and V?” in the above expression are computed using the analytic solution for the
steady-state covariances in the decoupled-modes approximation, equation (54). In figure 4(a), we find the
analytic estimate for the optimal gain coefficient—equation (72) — is in good agreement with the
numerically-identified optimum values of ¢; in the weak measurement regime, fj < 1. In this plot, we have
taken the filter bandwidth to be given by the analytic result, equation (74), for each value of fj. This confirms

that the optimal control gain should scale with the measurement rate as ¢; o T'/?. The parameter space
spanned by the measurement rate and the filter bandwidth (see figure 4(b)) shows more interesting
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behaviors. First, we find the analytic result for the filter bandwidth, equation (74), agrees closely with the
numerical optimum in the range f‘j ~ 1072 — 10°. The analytic result diverges from the
numerically-identified optimum for fj < 1072, which are close to the resonance frequency. This divergence
arises due to higher-order contributions in (w;/€2;) neglected in equation (74). Secondly, figure 4(b)
demonstrates that the use of equation (72) to determine the control gain fails to realize an effective control
outside of the weak-measurement regime—that is, there is no choice of filter bandwidth that enables
ground-state cooling for fj 2 1. This is to be expected, as equation (72) is explicitly formulated in the weak
measurement regime.

For very weak measurements in the regime f‘j <1072, figure 4(b) demonstrates the optimal choice of €);
is larger than predicted by the analytic result, equation (74). This suggests the possibility of realizing
ground-state cooling in the fast-feedback regime of €); > wj, where time delays induced by the feedback loop
vanish and the Markovian nature of the system dynamics is recovered, at the cost of significantly reducing
the cooling rate (proportional to I';; see equation (88) below). This is appealing as a potential strategy to
mitigate the effect of technical time delays (e.g those induced by electronics and computations in the
feedback loop) which will be exacerbated for low bandwidth filters 2; 2 w;. Indeed, figure 4(b) reveals a
broad range of {T';,2;} for which cooling to 7; = O(10~") is achievable, suggesting robust schemes can be
identified for realistic experimental constraints and technical challenges.

6. Multi-objective control: steady-state or speed?

In addition to the steady-state energy, we are interested in the rate at which the system approaches its steady
state under feedback, as the ultimate goal is to use feedback cooling as part of the initial-state preparation for
quantum gas experiments. In order to realize this goal, the convergence of the control to its steady state must
be significantly faster than the typical coherence times of cold-atom systems—which can be as large as a few
seconds for all-optical traps.

6.1. Analytic estimation of cooling rates
In order to determine the rate of cooling, we must consider the rate at which both the quadrature covariances
and classical correlations converge to their steady-state values. The calculations presented below are adapted
from the single-mode analysis presented in [71].

We will begin with the covariance matrix V, as its evolution is governed by the differential Riccati
equation (32b), which is deterministic, and is independent of the feedback. Defining the difference matrix
V =V -V, where Vo, is the steady-state covariance matrix, and using equation (32b) and 9;V., = 0, one
can write

V=V=AV+VA" —2a7VMV, (77)
where A = 3 A — 2anV oo M. This is also a differential Riccati equation, which has a solution of the form
~ e ~ 4 A~ ~ e e
V=e (Vo —2am / dse_ASVMVeAS> e A (78)
0

with initial condition Vo = V(¢ = 0). Then, provided there exists a steady-state solution to the Riccati
equation equation (32b), we will have V — 0 in the large time limit. In this limit, we may approximate the
above equation as

vV~ e’it\foe_&. (79)

As A must be negative-definite in order for a steady state to exist, the right-hand side of the above equation is
bounded by the real part of the slowest decaying eigenvalue of A, i.e.

V ~ eMCe A < exp (—2 max Re {)\ [A} } t) , (80)

where A[G] notates the eigenvalues of the matrix G. Therefore we may take the rate of convergence of the
covariance matrix to steady state to be given by the slowest decaying eigenvalue: r¥ = 2 max (Re {)\[A} })
Using the weak-measurement result for the covariances, equation (55), we find that the quantum
correlations of the jth mode exponentially converge to their steady-state values at the rate:

ry = /L. (81)
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We may follow a similar approach to determine the rate of convergence for the conditional quadrature
means in in terms of the correlation matrix

H(t) =E[(x) (1) X7) (1)] (82)

This matrix encodes classical correlations of the system, which the feedback control aims to eliminate (cf
equation (41)). The rate of cooling is thus determined by the rate at which H converges to its steady state.
Although an approximate Riccati equation describing the evolution of this matrix may be derived, doing so is
highly involved due to the non-Markovian effects induced by the filtering—specifically, non-negligible
temporal correlations in the filtered measurement current, equation (45). Furthermore, a complete
dynamical description of H is unnecessary for this analysis, which requires only a description of the
deterministic evolution of the quadrature means (i.e. the ‘drift’ term in the Riccati equation), described by
(cf equation (39)):

d(x) 0 W O~ Gl
dt@(wj 2cj\/JFanj>< ) = G(x), (83)

]

where we have defined G as the block-diagonal matrix given in the first equality. We then assume the
equation of motion for the correlation matrix takes the form of a differential Riccati equation, i.e.

H=GH+HG™ +Q, (84)

where we have included a general diffusion term, Q, which represents the net effect of all noises—that is,
both backaction and control noise—driving the conditional means (see equation (39)). We will assume the
covariances are in their steady state for this calculation, i.e. V() — V,,—this is a prerequisite condition for
the correlations between the quadrature means to approach a steady state (see equation (39)). We need not
make any particular assumption regarding the form of Q in order to extract the convergence rate as

M =2 max (Re {\[G]}), following the same argument as for the covariance matrix. From equation (83), the

eigenvalues of G for the jth mode are w;(—c¢j\/I'jn £ /c}nf‘j — 1), from which we have:

assuming 776]31“]- < 1. Then, substituting the optimal control gain—equation (72) — we obtain rf = 2I';. Note
that the system does not converge to a steady state if the gain is chosen to be too large, i.e. c]2 > 1/(nly).

We note the above result assumes the convergence is not significantly affected by time delays due to the
finite bandwidth of the control. We can account for this by replacing the control gain ¢; with the gain of the
feedback transfer function, given by the imaginary component of equation (60) evaluated on resonance, i.e.

m[Gw)] g
wj N 1+wj2/Q]? ' (86)

C]‘—>

Substituting this into equation (85), we then arrive at the general expression for the convergence rate of the

control:
ij‘ CZF]77
A B (87)

202
1+w? /¢

Then, using the optimal bandwidth given by equation (74), we find the convergence rate for the classical
correlations of the jth mode to be:

2T, r, \*?
,f:—] )Z/Szzrj<1—(\/ﬁ]wj) > (88)

1+ (fj/\/ﬁ

This result demonstrates that in the weak measurement regime fj < 1 the cooling rate is not affected by the
time delay associated with an optimally-chosen filter bandwidth, to leading order in fj. This further solidifies
the feasibility of feedback cooling the motion of a BEC without necessitating real-time quantum-state
estimation.

We note that H will not reach its steady state until the covariance matrix has converged to its own steady
state, as the equations of motion for the means, equation (A3), explicitly depend on V(¢). Nevertheless, we
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Figure 5. Pareto front characterizing the family of optimal solutions to the cost function, equation (91), for a single mode of
frequency wj. Each point along the Pareto front represents the minimum of equation (91) for a particular weighting, w, for both
perfect detection (black line) and imperfect detection (blue lines, decreasing opacity with n)). For each value of n) < 1, the
horizontal dashed lines give the theoretical minimum achievable phonon occupation #imin, given by equation (56). For n =1,
7imin = 0. The shaded region indicates 7 < 1, i.e. the regime of ground-state cooling.

can always consider the covariances to be in their steady state when analyzing the efficacy of the feedback
control, as we can choose to do a period of measurement with no feedback to establish the steady-state
quantum correlations prior to the initialization of the feedback control. In any case, feedback-less
measurement must be done for a minimum duration of a few delay periods (with 7; = Q;l the
mode-dependent delay time), in order to realize the low-pass filtering of the measurement current.

6.2. Multi-objective optimization: exploring the trade-off between cooling rate and steady-state energy
To determine the optimal control parameters, we numerically optimize the control parameters within the
decoupled-modes approximation in the parameter space spanned by the vector of control parameters
a=(a,c,Q1,6,Q,...)". Although our primary goal here is to reduce the steady-state energy of the system,
we must also include some cost to the cooling timescale, ¢, to avoid control solutions with arbitrarily slow
convergence. This can be achieved by defining a multi-objective cost function that contains weighted
contributions from the total steady-state energy of the controlled modes,

« 1
Eo :h;wj <Hj+2> : (89)

and the timescale of the cooling, tc. The steady-state phonon occupation for each mode is computed within
the decoupled-modes approximation from equation (41), integrating over the quadrature PSDs given by
equation (66) to obtain the steady-state classical correlations of the quadrature means (as in section 5.4).

For a single mode, we may estimate the cooling timescale from the convergence of correlations between
the conditional quadrature means, i.e. tc &~ 1/r. Generalizing to the multi-mode case, we will estimate the
cooling timescale based on the slowest of these convergence rates, i.e.

1+w?/Q?
tc = max 4 , (90)
] 2&]1‘1 /CjZOlej
using I'; = aM;. The total cost function describing our optimization problem may then be written as:
Ja,w] = wEe [a] + (1 —w) tca], (91)

where w € [0, 1] is the weight that determines the importance of the steady-state energy against the cooling
timescale. This defines a family of optimal solutions parameterized by w, aoy (W), i.e.

main][a,w] = [aopc (W), W] . (92)

In figure 5, we present the Pareto front representing the family of optimal solutions for the case of a single
mode, which qualitatively demonstrates the tradeoff between fast cooling and low steady-state energy for
different values of . We find that, for modest values of 1 = 0.2, parameters can be identified that achieve
steady-state phonon occupations below unity (i.e. ground-state cooling) on timescales of O(1) trap periods.
Interestingly, figure 5 demonstrates that while lower steady-state energies can be achieved at the cost of
slower cooling, there are diminishing returns beyond wjtc ~ 10, asymptotically approaching the theoretical
limit, equation (56), for large #¢.
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7. Dynamical simulations of multi-mode cooling

To conclude this manuscript’s investigation, we present numerical simulations of the multi-mode system
dynamics within the LQG theory developed in section 3. This is necessary to validate the decoupled-modes
approximation, developed in section 5.1, by quantifying the contribution of measurement-induced
cross-mode couplings to the steady state of the system. Furthermore, numerical simulations allow us to go
beyond the intuitive steady-state analysis to model the transient dynamics of the controlled system, which is
required to establish the stability and efficacy of the control.

7.1. Numerical methods and parameter values

In* this section, we present numerical simulations of the lowest 10 collective excitations for the quasi-2D
BEC parameters considered in figure 2: Ny = 10°, gop = 0.035E, /2, and oy = 0.05/3. For the optimization of
the measurement and control parameters, we will use MATLAB’s constrained local optimization tool, FMINCON,
to minimize the cost function equation (91). Our target will be to cool to below the ground-state criterion,
#; < 1 for each j, within a few tens of trap periods—cooling on significantly longer timescales cannot be
described by numerical simulations of our LQG model, which is inherently perturbative. We will restrict
ourselves to the case of perfect detection, i.e. n = 1, which will bound the efficacy of feedback cooling for this
system.

The system dynamics will be modeled under the assumption that the mode covariances begin in their
steady state (justified previously in section 6.1). The steady-state solution for the covariance matrix, Voo, is
numerically found as the stabilizing solution to equation (53), using the ICARE package in MATLAB. The use of
the steady-state values of V allows the efficacy of the control over the conditional quadrature to be assessed in
isolation from the transient dynamics of the quantum correlations between modes, which depends only on
the strength of the measurement process (equation (320)) and is independent of the choice of control.

In this case, the system evolution is described purely by the equation of motion for the conditional
quadrature means, equation (39), which we numerically integrate using a simple first-order Euler algorithm,
with dimensionless timesteps in the range woAt = 10~* — 10~. Initial conditions of the conditional
quadrature means are sampled from a normal distribution of zero mean and variance r_szE(T) +1/2,1e.
X;(0), Y;(0) ~ N(0,7%(T) 4 1/2), where

1

nJBE (T) = T T 1 (93)
is the Bose—Einstein distribution. This ensures that the classical contribution to the initial phonon
occupation follows Bose—Einstein statistics, i.e. E[X;(0)?] + E[Y;(0)*] = ZE;%E(T) + 1. In the simulations
presented below, we will consider a relatively high-temperature initial condition, kT ~ 72.9Fw,—for
wo/(2m) = 20 Hz, this corresponds to T'=70 nK and ﬁfE(T) = O(10%).

Although our model of the feedback-cooled BEC assumes a continuous measurement scheme, in practice
such a scheme will be realized by stroboscopic measurements at a rate faster than the low-energy dynamics of
the atomic cloud. Thus, we will treat the discretized timestep of our numerical simulations, At, as the
duration of a single non-destructive measurement. This allows us to treat our simulations as numerical
experiments, wherein we explicitly conduct the signal filtering on a discrete time series of measurement
results, separated by At. Note the low-pass filtering of the multi-mode feedback signal means that the control
potential need not be updated with every measurement, with the control actuation needing to be fast only
with respect to the control filter latency 1/€2; > At. This ensures compatibility with state-of-the-art
cold-atom experiments, where fast pulsed measurement (at MHz rates) can be combined with SLM
switching speeds of tens of kHz [43, 44].

At each timestep of the simulation, the measurement noise dw(¢) is sampled from a normal distribution
with variance At, i.e. as a Wiener increment. This noise not only appears as a driving term in the evolution of
the conditional means, equation (39), but also in the multi-mode measurement current, equation (27),
which is constructed at every timestep. We explicitly model the filtering of this time-discretized measurement
current to construct the control, following a procedure that closely mimics its experimental implementation:
for each mode j, the low-pass filter kernel (equation (43)) is represented on the discretized time grid on a
temporal window of width 37;. That is, the exponential tail of g;(#) is truncated, such that the filtering of the
measurement signal (equation (45)) becomes a weighted sum over 3 [max;{7;} /At| points in the time series

4 The confidence interval in the total energy is estimated by combining the 2o error of each mode in quadrature, where o is the standard
error in the ensemble average over 100 ‘numerical experiments’. This assumes the noise in each mode is independent, which is approxim-
ately satisfied within the decoupled modes approximation.
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Figure 6. Numerical simulation of feedback cooling, for the lowest 10 modes of a quasi-2D BEC (parameters in the main text). (a)
Phase-space trajectories of the conditional quadrature means, for a single numerical experiment (i.e. a single measurement
record). (b) Unconditional evolution of the phonon occupations of each mode, 7;(t), averaged over an ensemble of 100 numerical
experiments—the shaded region denotes a 95% confidence interval for each data set, estimated as twice the standard error in the
mean. Dotted lines show the analytic estimate of the steady-state phonon occupation, equation (70). The regime of ground-state
cooling, 71; < 1, is shaded grey. (c) Relative energy deviation from the zero-point energy €, i.e. E = (E — €y) /€9, with long-time
evolution within the system’s steady state shown in the inset. Blue shading denotes a 95% confidence interval, though this is only
visible in the inset. Black and red dashed lines display the semi-analytical predictions for the steady-state energy, equation (89),
and cooling timescale, equation (90), respectively.

of dy;(t) [83]. Furthermore, the time derivative of the measurement signal is approximated by a first-order
finite difference between neighboring timesteps to obtain the derivative current, equation (45), which is then
re-scaled to construct the control coefficient, u;(t), for the following timestep (to ensure causality of the
dynamics). Taking {#,} to represent the discretized temporal grid, this procedure can be summarized by the
expression:

dy(tm) - d)/(tmfl)
At ’

uj(tat1) = —kj Z & (tn — tm) (94)

tw € [ta—37]

where we have defined the unscaled control gain k; = ¢j/Mj;, where ¢; are corresponding optimization
variables (cf equation (91)).

To find optimal control coefficients using the multi-parameter optimization approach described above
(see equation (92)), we will take the weighting in equation (91) to be w = 0.7, thereby placing significant (yet
secondary) importance on the fast cooling while ensuring all modes are cooled to the ground-state regime,
#1; < 1. For the ten-mode system under consideration, we find the corresponding optimal control parameters
to be: a2 0.012, ¢j,/wj = 0.5 — 0.2 (roughly decreasing in magnitude with mode frequency), and
Qj/wj ~ 3 — 4 (roughly increasing with mode frequency).

7.2. Exemplary cooling demonstration

In figure 6, we present the conditional dynamics of the means for a single ‘numerical experiment’

(figure 6(a)) — that is, for a single measurement record characterized by the time series of random numbers,
dw(t)—as well as the unconditional phonon occupation, computed from equation (41) by ensemble
averaging over 100 numerical experiments. Figure 6(a) demonstrates that, for a single experimental run, the
conditional means of the quadrature operators for each mode converge towards zero. This suggests the
feedback-cooling scheme considered in this work is effective in stabilizing the multi-mode motion of a BEC
in real time, despite non-negligible time delays induced by relatively low filter bandwidths.
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Figure 7. Final mean occupation of each phonon mode from numerical simulations in figure 6 compared against the analytic
prediction equation (70), and the semi-analytic prediction equation (89) (which involves numerical integration over the
steady-state spectra, equation (76)). Error bars indicate a 95% confidence interval for the simulated values as in figure 6.

The unconditional dynamics of the system, shown in figures 6(b) and (c), demonstrates feedback cooling
of the system close to its ground-state energy, with the steady-state mode occupations for each mode well
within the ground-state regime (figure 6(b)). In the transient dynamics of the system, the energy decays
exponentially (figure 6(c)), with the decay timescale in excellent agreement with the semi-analytic estimate
of the cooling timescale, equation (90), which gives wytc = 3.5 for the parameters of figure 6. Figure 6(c) also
shows that the total energy of the system converges to within 30% of the zero-point energy of the system, in
excellent agreement with the semi-analytic prediction, equation (89) (computed using equation (76)).

The close agreement between numerical and analytic results is further illustrated in figure 7, which
demonstrates excellent quantitative agreements between the final phonon occupations obtained numerical
simulations with the semi-analytic estimate, equation (76). Figure 7 also compares the simulated results to
the approximate analytic result, equation (70), indicating the true (numerical) result is generally smaller than
equation (70) by roughly a factor of two. Note the final distribution of phonon occupations does not follow a
Bose—Einstein distribution, as the steady state of the system under continuous measurement and control is
non-thermal (see equation (67) and figure 3).

The strong agreement between the numerical and semi-analytic results supports the use of the
decoupled-modes approximation for studying and optimizing the feedback control of BEC motion, and
validates the analytical results for the steady-state mode occupation and cooling rates derived in section 5.

8. Discussion and outlook

In this work, we have theoretically investigated the feedback cooling of quantum-degenerate Bose gases, in
the near-equilibrium regime where low-energy collective excitations dominate over particle-like excitations
in their contributions to the quantum-statistical properties of the atomic ensemble. We developed an
analytically-tractable LQG theory of feedback-cooled BECs, and applied it to study the viability of cooling a
quasi-2D BEC to its multi-mode motional ground state without necessitating real-time estimation of the full
multi-mode quantum state. Our findings revealed a broad parameter landscape in which simultaneous
cooling of many low-energy BEC modes is achievable, which is well captured by straightforward analytical
and numerical calculations. The analytic theory developed in this work provides insight into the multi-mode
open-quantum system dynamics of feedback-controlled BECs, and is well suited to guide future
experimental design, development and analysis.

The LQG theory developed in this work is based on assumptions of linearized atomic dynamics and weak
fluctuations of the quantum field above the condensate mode. These assumptions are valid for short
timescales (tens of oscillation periods) and near-equilibrium BEC initial states far below the critical
temperature of condensation (T < T¢), which limits the applicability of our model to certain regimes of
interest. A concrete example is the inability to describe long-timescale re-thermalization of the atomic
sample due to the truncation of higher-order terms in the many-body Hamiltonian (i.e. beyond quadratic
order in 4). Furthermore, the Gaussian quantum state assumption breaks down for large thermal
fluctuations at temperatures near the critical point of condensation T ~ T¢, which precludes the use of the
LQG model to describe feedback-induced phase transitions as the gas is cooled through a critical point.
Correctly capturing these effects in realistic experimental environments requires non-perturbative
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simulation techniques, e.g based on phase-space representations of dynamical quantum fields [59, 68].
Benchmarking the LQG theory against non-perturbative quantum field simulations will be an important
avenue for future theoretical investigations.

8.1. Outlook

Although we have focused on the case of cylindrically-symmetric harmonic trapping potentials, the LQG
theory developed in this work can be straightfowardly applied to more general traps; the different spatial
structure of quasiparticle excitations in different trapping potentials is encoded in the couplings M, and do
not appear elsewhere in our theory. Therefore, it would be interesting to apply the LQG theory developed
here to study the feedback control of BECs in other quasi-2D systems, such as optical lattices, or toroidal
BECs. The latter may play an important role in emerging quantum technologies based on ‘atomtronic’
circuits, where measurement-based feedback control may provide avenues for enhanced coherence and
robustness of atomtronic devices against motional heating and dephasing.

Multi-mode feedback control over the motional degrees of freedom of ultracold atomic gases also offers
interesting prospects for quantum sensing applications, where open-loop quantum control techniques are
already being applied [84—86]. A concrete example could be the application of the feedback scheme
considered in this work to BEC interferometry experiments in the Cold Atom Lab aboard the International
Space Station [84, 87], for which enhanced motional stabilization provided by closed-loop feedback
promises to directly translate into gains in precision and sensitivity. In a similar vein, linear quantum
feedback could also be applied to Earth-based atom inteferometers, where motional stabilization of the
initial atomic sample could mitigate the effect of spurious inertial accelerations and rotations [88, 89]. A
closely related application is the generation of metrologically-useful entanglement in large cold-atom
ensembles using spin-spin interactions and quantum-non-demolition (non-destructive) measurements [11],
the realization of which requires ultrastable BEC initial states with carefully controlled initial conditions [10,
90, 91]. In principle, closed-loop feedback could be employed in these systems to eliminate unwanted
motion of the initial atomic sample.

An important avenue for future theoretical investigations will be to apply the insights gained in this work
to study the prospect of feedback-cooled condensation—that is, the creation of a BEC from a thermal cloud
purely through control of its motional degrees of freedom [36]. This will require non-perturbative
treatments of the multi-mode atomic dynamics under quasi-continuous measurement and feedback in order
to correctly capture the critical fluctuations of the system near the critical temperature of condensation, Tt.
We have recently developed numerical tools capable of handling the high-dimensional quantum field
dynamics based on phase-space representations of the unconditional atomic dynamics under measurement
and feedback [59]. Although preliminary simulations of a quasi-1D BEC indicate the viability of
feedback-cooled condensation, detailed theoretical modeling will also need to incorporate decoherence and
heating due to spontaneous emission, which is expected to be the dominant heating source in the thermal
regime [36]. An interesting aspect of this research will be to compare the multi-mode control scheme
developed in this work, where low-lying collective modes are independently controlled, to existing proposals
which consider an ‘energy damping’ control that addresses density fluctuations within the bandwidth of the
measurement and optical control with spatially-homogeneous gain [36, 58, 59].
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Appendix A. Derivation of LQG theory

Here we elaborate on the derivation of the LQG model, equation (32), from the SME equation (5) after the
approximate diagonalization of the atomic Hamiltonian in equation (15) and linearization of the
measurement operator in equation (21).

First we note that, for a general operator O, we have:

d(0) = Tr{édﬁc} : (A1)

where p, is the conditional quantum state. This calculation is further simplified by our Gaussian state
assumption, for which expectation values can be factorized into first-order correlates, e.g

(010,03) = (01)(0,05) + (0,)(0,05) + (03)(0,0,) — 2(01){0,)(03) , (A2)

using which we find the evolution of the conditional means
d(X;) = wi(V;)dt + z,ﬁZcOv LX) d& (1), (A3a)
d(Y;) = —w;(X;)de + z.ﬁz Cov (Y3, X)) d& (1), (A3b)
and the one-body correlators
Wi o o o fn
d(X;%,) = (3J<Xky- IR + %(Xij + Yka)) dt

+ 2\/72 ( COV Xk,Xl) + <Xk>COV ()A(],)A(l)) d¢§; (t) , (Ada)

A(T7) = — (%szk + 1K) + 2" (KT + 1?,Xk>) dt+ aMjd

+2y/an Z( VCov (Y1, X)) + (Vi) Cov (¥, X)) d&i (1) (A4b)
d<XJ?k> (wJ<Y Yk XX )
+2FZ ((X;)Cov (Yi, Xi) + (Vi) Cov (X, X1)) d& (1) - (Adc)

Furthermore, the Gaussian factorization equation (A2) only affects the innovations terms for
equations (A4a)—(A4c). Finally, since the RHS of equation (A4c) is real, this implies that

A1) = (a(%) " = d(% 7). (A3)
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The equations of motion for the symmetrized covariances are obtained by applying Ito’s product rule:

dCov (01,0, = %d(()léz) 4 %d(()z()ﬁ — d(0)(03) — (01)d(0s) — d(01)d ().

Equations (A4), and the correlation of d§;(t), therefore give
d NN FE
3:C0v (X, Xk) = wiCov (X, Y;) +wiCov (X, i)

—4an Z Cov Xl ./\/lll/ Cov (Xl/ Xk) (A6a)
1

—Cov (?], k) = —w;Cov (Xj, ?k) wrCov (Xk, ) + OzMJk

—4an Z Cov Xl M”/ Cov (Xp Yk) (A6D)
11

%COV ()A(], ?k) = w;Cov (f’], ?k) — wCov ()A(j,f(k)
—4an Z COV Xl Mll/COV (Xl/ Yk) (A6¢)
NG

These results can be recast in matrix form to obtain equation (32).
Appendix B. Approximation scheme for PSDs

In this appendix we develop an approximation scheme for computing integrals of the form
| ) Pr) B

-1
where y;(w) = {wz - wjeff(w)z - iwvj(w)} is the effective mechanical susceptibility of mode j (cf

equation (64)) and F(w) is some function that scales as |w|* away from resonance for o > 0. For o < 4, the
asymptotic behavior of the integrand is dominated by |x;(w)|*, which decays as w™* away from resonance. In

this case, the integral can be approximated by evaluating F(w) at the mechanical resonance, i.e.

/ dw|x; (w) |*F(w) = F (w; / dw|x; (w)|*. (B2)

To analytically compute the integral on the RHS of this expression, we will employ an approximate form of
the effective mechanical susceptibility wherein we neglect the shift to the collective mode frequency due to
the feedback, and take the damping rate to be its resonant value (cf equation (63)):

—1
Xj (w) = [w2 _ wjz — Wy (wj)} . (B3)

We further approximate the mechanical susceptibility by taking [1 + wjz / QJZ] ~! ~ 1 in the cooling rate (65),
in which case the integral on the RHS of equation (B2) can be computed as:

o0 o0 1
2 o
/ dul; (w) [ ~ / s T (B4)
> 1
=2 dw B5
/0 w‘*—szwf—i—(l—i—4c]4/11j)w]f1 (B5)

s 371'6]‘\/11]‘ 3
= - Wil e B
2¢,/Tiw} 4w? +O {(CJ i) } (B6)

We will retain only the leading order term in this expression, as the prefactor in the RHS of equation (B2),
F (wj), will contains contributions proportional to small parameters, e.g I';, ¢; ﬁ, and CJZ We have assumed
here the optimal control gain satisfies ¢ = O(,/T}), which is the case for the analytic solution given in
equation (72).

26
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The above approximation scheme enables the analytic integration of the quadrature PSDs, with the
exception of the bracketed term proportional to cfw‘1 in equation (68b). This term describes high-frequency
contributions to the steady-state dynamics introduced by the control noise, which have significant
non-resonant contributions to quadrature PSDs. We can account for this by separating out resonant and
non-resonant contributions to the integral of this term over the frequency domain, with the convergence of
the latter dictated by the function flw) = w*/[1 +w?/Q], i.e.

bGP Sfl) (@ e
9wy 4
_4Cj\/E 8 2 ’

where we have taken w*|y;(w)[* & 1 for the non-resonant term in the first line, and substituted in
equation (B6) in the second.

(B8)

References

[1] Wineland D, Monroe C, Itano W, Leibfried D, King B and Meekhof D 1998 J. Res. Natl Inst. Stand. Technol. 103 259

[2] Schmidt-Kaler F et al 2000 J. Mod. Opt. 47 2573

[3] Feng L, Tan W L, De A, Menon A, Chu A, Pagano G and Monroe C 2020 Phys. Rev. Lett. 125 053001

[4] Lee C, Webster S C, Mosca Toba J, Corfield O, Porter G and Thompson R C 2023 Phys. Rev. A 107 033107

[5] Holzl C, Gotzelmann A, Wirth M, Safronova M S, Weber S and Meinert F 2023 Phys. Rev. Res. 5 033093

[6] Fabrikant M I, Lauria P, Madjarov I S, Burton W C and Sutherland R T 2024 Phys. Rev. X 14 041046

[7] Chou C W, Hume D B, Koelemeij J C J, Wineland D J and Rosenband T 2010 Phys. Rev. Lett. 104 070802

[8] Ludlow A D, Boyd M M, Ye J, Peik E and Schmidt P O 2015 Rev. Mod. Phys. 87 637

[9] ChenJ-S, Brewer S M, Chou C W, Wineland D J, Leibrandt D R and Hume D B 2017 Phys. Rev. Lett. 118 053002

10] Szigeti S S, Nolan S P, Close ] D and Haine S A 2020 Phys. Rev. Lett. 125 100402

11] Szigeti S S, Hosten O and Haine S A 2021 Appl. Phys. Lett. 118 140501

12] Cassens C, Meyer-Hoppe B, Rasel E and Klempt C 2025 Phys. Rev. X 15 011029

13] Gaebler J P, Stewart J T, Drake T E, Jin D S, Perali A, Pieri P and Strinati G C 2010 Nat. Phys. 6 569

14] Liao Y-A, Rittner A S C, Paprotta T, Li W, Partridge G B, Hulet R G, Baur S K and Mueller E ] 2010 Nature 467 567

15] Taie S, Ibarra-Garcia-Padilla E, Nishizawa N, Takasu Y, Kuno Y, Wei H-T, Scalettar R T, Hazzard K R A and Takahashi Y 2022 Nat.
Phys. 18 1356

[16] Argiiello-Luengo J, Rivera-Dean ], Stammer P, Maxwell A S, Weld D M, Ciappina M F and Lewenstein M 2024 PRX Quantum

5010328

[17] Bharti V, Sugawa S, Kunimi M, Chauhan V S, Mahesh T P, Mizoguchi M, Matsubara T, Tomita T, de Léséleuc S and Ohmori K 2024
Phys. Rev. Lett. 133 093405

18] Becker D et al 2018 Nature 562 391

19] Tino G M et al 2019 Eur. Phys. J. D 73 228

20] Cacciapuoti L et al 2020 Eur. Phys. J. D 74 164

21] Bassi A et al 2022 npj Microgravity 8 1

22] Kaufman A M, Lester B J and Regal C A 2012 Phys. Rev. X 2 041014

23] Mahajan S, Aggarwal N, Bhattacherjee A B and ManMohan 2013 J. Phys. B: At. Mol. Opt. Phys. 46 085301

24] Kroeger K, Dogra N, Rosa-Medina R, Paluch M, Ferri F, Donner T and Esslinger T 2020 New J. Phys. 22 033020

25] Steixner V, Rabl P and Zoller P 2005 Phys. Rev. A 72 043826

26] Bushev P, Rotter D, Wilson A, Dubin E, Becher C, Eschner J, Blatt R, Steixner V, Rabl P and Zoller P 2006 Phys. Rev. Lett. 96 043003

27] Tebbenjohanns F, Frimmer M, Militaru A, Jain V and Novotny L 2019 Phys. Rev. Lett. 122 223601

28] Tebbenjohanns F, Mattana M L, Rossi M, Frimmer M and Novotny L 2021 Nature 595 378

29] Magrini L, Rosenzweig P, Bach C, Deutschmann-Olek A, Hofer S G, Hong S, Kiesel N, Kugi A and Aspelmeyer M 2021 Nature
595 373

[30] Cohadon P F, Heidmann A and Pinard M 1999 Phys. Rev. Lett. 83 3174

[31] Martin I, Shnirman A, Tian L and Zoller P 2004 Phys. Rev. B 69 125339

[32] Kleckner D and Bouwmeester D 2006 Nature 444 75

[

(

(
[
(
(
[
(
(
[
(
(
[
(

33] Chan J, Alegre T P M, Safavi-Naeini A H, Hill J T, Krause A, Groblacher S, Aspelmeyer M and Painter O 2011 Nature 478 89

34] Schifermeier C, Kerdoncuff H, Hoff U B, Fu H, Huck A, Bilek ], Harris G I, Bowen W P, Gehring T and Andersen U L 2016 Nat.
Commun. 7 13628

[35] Kralj N, Saarinen S A, Langman E, Tsaturyan Y and Schliesser A 2022 2022 45th Jubilee International Convention on Information,
Communication and Electronic Technology (MIPRO) pp 215-8

36] Mehdi Z, Haine S A, Hope ] J and Szigeti S S 2024 Phys. Rev. Lett. 133 073401

37] Yamaguchi E P, Hurst H M and Spielman I B 2023 Phys. Rev. A 107 063306

38] Young]J T, Gorshkov A V and Spielman I B 2021 Phys. Rev. Res. 3 043075

39] Wade A CJ, Sherson J F and Melmer K 2015 Phys. Rev. Lett. 115 060401

40] Andrews M R, Mewes M-O, van Druten N J, Durfee D S, Kurn D M and Ketterle W 1996 Science 273 84

41] Altuntas E and Spielman I B 2022 Quantum back-action limits in dispersively measured Bose-Einstein condensates (arXiv:2209.
04400 [cond-mat, physics:physics, physics:quant-ph])

[42] Altuntas E and Spielman I B 2023 Phys. Rev. Res. 5 023185

[43] Gauthier G, Lenton I, Parry N M, Baker M, Davis M ], Rubinsztein-Dunlop H and Neely T W 2016 Optica 3 1136

[44] Gauthier G, Bell T A, Stilgoe A B, Baker M, Rubinsztein-Dunlop H and Neely T W 2021 Advances in Atomic, Molecular and Optical
Physics (Elsevier) pp 1-101

(
[
(
(
[
(

27


https://doi.org/10.6028/jres.103.019
https://doi.org/10.6028/jres.103.019
https://doi.org/10.1080/09500340008232182
https://doi.org/10.1080/09500340008232182
https://doi.org/10.1103/PhysRevLett.125.053001
https://doi.org/10.1103/PhysRevLett.125.053001
https://doi.org/10.1103/PhysRevA.107.033107
https://doi.org/10.1103/PhysRevA.107.033107
https://doi.org/10.1103/PhysRevResearch.5.033093
https://doi.org/10.1103/PhysRevResearch.5.033093
https://doi.org/10.1103/PhysRevX.14.041046
https://doi.org/10.1103/PhysRevX.14.041046
https://doi.org/10.1103/PhysRevLett.104.070802
https://doi.org/10.1103/PhysRevLett.104.070802
https://doi.org/10.1103/RevModPhys.87.637
https://doi.org/10.1103/RevModPhys.87.637
https://doi.org/10.1103/PhysRevLett.118.053002
https://doi.org/10.1103/PhysRevLett.118.053002
https://doi.org/10.1103/PhysRevLett.125.100402
https://doi.org/10.1103/PhysRevLett.125.100402
https://doi.org/10.1063/5.0050235
https://doi.org/10.1063/5.0050235
https://doi.org/10.1103/PhysRevX.15.011029
https://doi.org/10.1103/PhysRevX.15.011029
https://doi.org/10.1038/nphys1709
https://doi.org/10.1038/nphys1709
https://doi.org/10.1038/nature09393
https://doi.org/10.1038/nature09393
https://doi.org/10.1038/s41567-022-01725-6
https://doi.org/10.1038/s41567-022-01725-6
https://doi.org/10.1103/PRXQuantum.5.010328
https://doi.org/10.1103/PRXQuantum.5.010328
https://doi.org/10.1103/PhysRevLett.133.093405
https://doi.org/10.1103/PhysRevLett.133.093405
https://doi.org/10.1038/s41586-018-0605-1
https://doi.org/10.1038/s41586-018-0605-1
https://doi.org/10.1140/epjd/e2019-100324-6
https://doi.org/10.1140/epjd/e2019-100324-6
https://doi.org/10.1140/epjd/e2020-10167-7
https://doi.org/10.1140/epjd/e2020-10167-7
https://doi.org/10.1038/s41526-022-00229-0
https://doi.org/10.1038/s41526-022-00229-0
https://doi.org/10.1103/PhysRevX.2.041014
https://doi.org/10.1103/PhysRevX.2.041014
https://doi.org/10.1088/0953-4075/46/8/085301
https://doi.org/10.1088/0953-4075/46/8/085301
https://doi.org/10.1088/1367-2630/ab73cc
https://doi.org/10.1088/1367-2630/ab73cc
https://doi.org/10.1103/PhysRevA.72.043826
https://doi.org/10.1103/PhysRevA.72.043826
https://doi.org/10.1103/PhysRevLett.96.043003
https://doi.org/10.1103/PhysRevLett.96.043003
https://doi.org/10.1103/PhysRevLett.122.223601
https://doi.org/10.1103/PhysRevLett.122.223601
https://doi.org/10.1038/s41586-021-03617-w
https://doi.org/10.1038/s41586-021-03617-w
https://doi.org/10.1038/s41586-021-03602-3
https://doi.org/10.1038/s41586-021-03602-3
https://doi.org/10.1103/PhysRevLett.83.3174
https://doi.org/10.1103/PhysRevLett.83.3174
https://doi.org/10.1103/PhysRevB.69.125339
https://doi.org/10.1103/PhysRevB.69.125339
https://doi.org/10.1038/nature05231
https://doi.org/10.1038/nature05231
https://doi.org/10.1038/nature10461
https://doi.org/10.1038/nature10461
https://doi.org/10.1038/ncomms13628
https://doi.org/10.1038/ncomms13628
https://doi.org/10.1103/PhysRevLett.133.073401
https://doi.org/10.1103/PhysRevLett.133.073401
https://doi.org/10.1103/PhysRevA.107.063306
https://doi.org/10.1103/PhysRevA.107.063306
https://doi.org/10.1103/PhysRevResearch.3.043075
https://doi.org/10.1103/PhysRevResearch.3.043075
https://doi.org/10.1103/PhysRevLett.115.060401
https://doi.org/10.1103/PhysRevLett.115.060401
https://doi.org/10.1126/science.273.5271.84
https://doi.org/10.1126/science.273.5271.84
https://arxiv.org/abs/2209.04400
https://arxiv.org/abs/2209.04400
https://doi.org/10.1103/PhysRevResearch.5.023185
https://doi.org/10.1103/PhysRevResearch.5.023185
https://doi.org/10.1364/optica.3.001136
https://doi.org/10.1364/optica.3.001136

10P Publishing

Quantum Sci. Technol. 10 (2025) 045059 Z Mehdi et al

[45] Gajdacz M, Pedersen P L, Morch T, Hilliard A J, Arlt J and Sherson ] F 2013 Rev. Sci. Instrum. 84 083105
[46] Henderson K, Ryu C, MacCormick C and Boshier M G 2009 New J. Phys. 11 043030
[47] Thomas R J, McMahon J A, Mehdi Z, Szigeti S S, Haine S A, Legge S, Close ] D and Hope J J 2025 Multi-mode feedback cooling of
the collective modes of a bose-einstein condensate (arXiv:2506.19739)
[48] Wiseman H M and Thomsen L K 2001 Phys. Rev. Lett. 86 1143
[49] Thomsen L K and Wiseman H M 2002 Phys. Rev. A 65 063607
[50] Haine S A, Ferris A J, Close ] D and Hope J J 2004 Phys. Rev. A 69 013605
[51] Johnsson M, Haine S and Hope ] J 2005 Phys. Rev. A 72 053603
[52] Szigeti S S, Hush M R, Carvalho A R R and Hope J J 2009 Phys. Rev. A 80 013614
[53] Szigeti S S, Hush M R, Carvalho A R R and Hope J J 2010 Phys. Rev. A 82 043632
[54] Hush M R, Szigeti S S, Carvalho A R R and Hope J J 2013 New J. Phys. 15 113060
[55] Wade A C]J, Sherson ] F and Melmer K 2016 Phys. Rev. A 93 023610
[56] Schemmer M and Bouchoule 1 2018 Phys. Rev. Lett. 121 200401
[57] Hurst HM, Guo S and Spielman I B 2020 Phys. Rev. Res. 2 043325
[58] Goh M L, Mehdi Z, Taylor R L, Thomas R ], Bradley A S, Hush M R, Hope J J and Szigeti S S 2022 Feedback cooling Bose gases to
quantum degeneracy (arXiv:2206.05069 [cond-mat])
59] Zhu K K, Mehdi Z, Hope J ] and Haine S A 2025 Phys. Rev. A 111 013104
60] Bouchoule I, Schemmer M and Henkel C 2018 SciPost Phys. 5 043
61] Knight P L and Allen L 1983 Concepts of Quantum Optics ed P L Knight and L Allen (Pergamon) pp 27-43
62] Bradley C C, Sackett C A and Hulet R G 1997 Phys. Rev. Lett. 78 985
63] Everitt P ] et al 2017 Phys. Rev. A 96 041601
64] Wigley P B, Everitt P ], Hardman K S, Hush M R, Wei C H, Sooriyabandara M A, Manju P, Close ] D, Robins N P and Kuhn CCN
2016 Opt. Lett. 41 4795
65] Dalvit D A R, Dziarmaga ] and Onofrio R 2002 Phys. Rev. A 65 053604
66] Mehdi Z 2024 Superfluid dissipation and feedback cooling in ultracold atomic gases PhD Thesis The Australian National University
67] Pethick CJ and Smith H 2008 Bose—Einstein Condensation in Dilute Gases (Cambridge University Press)
68] Blakie P, Bradley A, Davis M, Ballagh R and Gardiner C 2008 Adv. Phys. 57 363
69] Weedbrook C, Pirandola S, Garcia-Patrén R, Cerf N J, Ralph T C, Shapiro ] H and Lloyd S 2012 Rev. Mod. Phys. 84 621
70] Wiseman H M and Milburn G J 2009 Quantum Measurement and Control (Cambridge University Press)
71] Szigeti S S 2013 Phys. Rev. A 87 013626
72] Genes C, Vitali D, Tombesi P, Gigan S and Aspelmeyer M 2008 Phys. Rev. A 77 033804
73] Gaunt A L and Hadzibabic Z 2012 Sci. Rep. 2 721
74] The next order correction Eq. (36) is suppressed by a factor of N 1/2 \where Ny = [ dx no(x). Thus, the linearization of Hp, () is
justified for typical condensate with Ny > O(10%)
[75] Wiseman H M and Doherty A C 2005 Phys. Rev. Lett. 94 070405
[76] Ma K, Kong J, Wang Y and Lu X-M 2022 Symmetry 14 2478
[77] Low-pass filtering the measurement current eliminates arbitrarily high-frequency components of the noise term in equation (27),
such that it becomes smooth (i.e. differentiable) within the bandwidth of the filter.
[78] Wiseman H M and Milburn G J 1993 Phys. Rev. Lett. 70 548
[79] The factor of v/27 in Eq. (44) arises due to the unitary convention of the Fourier transform, and is cancelled out when g;(#) is
convolved with another function.
[80] Bisset R N 2013 Theoretical study of the trapped dipolar Bose gas in the ultra-cold regime PhD Thesis University of Otago
[81] Petrov D S, Shlyapnikov G V and Walraven J T M 2000 Phys. Rev. Lett. 85 3745
[82] To integrate over the quadrature spectra, we used a discrete frequency grid with step size Aw/wo = 1072, and restrict the domain
t0 |w| < max{10%wy, 10€2;}.
[83] The truncation of gj(t) reduces its normalization from unity. To prevent this from affecting the control gain, we re-normalize the
filter kernel after it is represented on the discretized time grid, such that 3, (,_; i gi(tn) = 1.
[84] Gaaloul N et al 2022 Nat. Commun. 13 7889
[85] Saywell J C et al 2023 Nat. Commun. 14 7626
[86] Rodzinka T, Dionis E, Calmels L, Beldjoudi S, Béguin A, Guéry-Odelin D, Allard B, Sugny D and Gauguet A 2024 Nat. Commun.
1510281
[87] Aveline D C et al 2020 Nature 582 193
[88] d’Armagnac de Castanet Q, Des Cognets C, Arguel R, Templier S, Jarlaud V, Ménoret V, Desruelle B, Bouyer P and Battelier B 2024
Nat. Commun. 15 6406
[89] Ben-Aicha Y et al 2024 Phys. Rev. Lett. 133 263403
[90] Haine S A, Lau J, Anderson R P and Johnsson M T 2014 Phys. Rev. A 90 023613
[91] Corgier R, Gaaloul N, Smerzi A and Pezze L 2021 Phys. Rev. Lett. 127 183401

28


https://doi.org/10.1063/1.4818913
https://doi.org/10.1063/1.4818913
https://doi.org/10.1088/1367-2630/11/4/043030
https://doi.org/10.1088/1367-2630/11/4/043030
https://arxiv.org/abs/2506.19739
https://doi.org/10.1103/PhysRevLett.86.1143
https://doi.org/10.1103/PhysRevLett.86.1143
https://doi.org/10.1103/PhysRevA.65.063607
https://doi.org/10.1103/PhysRevA.65.063607
https://doi.org/10.1103/PhysRevA.69.013605
https://doi.org/10.1103/PhysRevA.69.013605
https://doi.org/10.1103/PhysRevA.72.053603
https://doi.org/10.1103/PhysRevA.72.053603
https://doi.org/10.1103/PhysRevA.80.013614
https://doi.org/10.1103/PhysRevA.80.013614
https://doi.org/10.1103/PhysRevA.82.043632
https://doi.org/10.1103/PhysRevA.82.043632
https://doi.org/10.1088/1367-2630/15/11/113060
https://doi.org/10.1088/1367-2630/15/11/113060
https://doi.org/10.1103/PhysRevA.93.023610
https://doi.org/10.1103/PhysRevA.93.023610
https://doi.org/10.1103/PhysRevLett.121.200401
https://doi.org/10.1103/PhysRevLett.121.200401
https://doi.org/10.1103/PhysRevResearch.2.043325
https://doi.org/10.1103/PhysRevResearch.2.043325
https://arxiv.org/abs/2206.05069
https://doi.org/10.1103/PhysRevA.111.013104
https://doi.org/10.1103/PhysRevA.111.013104
https://doi.org/10.21468/SciPostPhys.5.5.043
https://doi.org/10.21468/SciPostPhys.5.5.043
https://doi.org/10.1103/PhysRevLett.78.985
https://doi.org/10.1103/PhysRevLett.78.985
https://doi.org/10.1103/PhysRevA.96.041601
https://doi.org/10.1103/PhysRevA.96.041601
https://doi.org/10.1364/OL.41.004795
https://doi.org/10.1364/OL.41.004795
https://doi.org/10.1103/PhysRevA.65.053604
https://doi.org/10.1103/PhysRevA.65.053604
https://doi.org/10.1080/00018730802564254
https://doi.org/10.1080/00018730802564254
https://doi.org/10.1103/RevModPhys.84.621
https://doi.org/10.1103/RevModPhys.84.621
https://doi.org/10.1103/PhysRevA.87.013626
https://doi.org/10.1103/PhysRevA.87.013626
https://doi.org/10.1103/PhysRevA.77.033804
https://doi.org/10.1103/PhysRevA.77.033804
https://doi.org/10.1038/srep00721
https://doi.org/10.1038/srep00721
https://doi.org/10.1103/PhysRevLett.94.070405
https://doi.org/10.1103/PhysRevLett.94.070405
https://doi.org/10.3390/sym14122478
https://doi.org/10.3390/sym14122478
https://doi.org/10.1103/PhysRevLett.70.548
https://doi.org/10.1103/PhysRevLett.70.548
https://doi.org/10.1103/PhysRevLett.85.3745
https://doi.org/10.1103/PhysRevLett.85.3745
https://doi.org/10.1038/s41467-022-35274-6
https://doi.org/10.1038/s41467-022-35274-6
https://doi.org/10.1038/s41467-023-43374-0
https://doi.org/10.1038/s41467-023-43374-0
https://doi.org/10.1038/s41467-024-54539-w
https://doi.org/10.1038/s41467-024-54539-w
https://doi.org/10.1038/s41586-020-2346-1
https://doi.org/10.1038/s41586-020-2346-1
https://doi.org/10.1038/s41467-024-50804-0
https://doi.org/10.1038/s41467-024-50804-0
https://doi.org/10.1103/PhysRevLett.133.263403
https://doi.org/10.1103/PhysRevLett.133.263403
https://doi.org/10.1103/PhysRevA.90.023613
https://doi.org/10.1103/PhysRevA.90.023613
https://doi.org/10.1103/PhysRevLett.127.183401
https://doi.org/10.1103/PhysRevLett.127.183401

	Multi-mode cooling of a Bose–Einstein condensate with linear quantum feedback
	1. Introduction
	2. Background theory: dispersively-monitored BECs
	2.1. Dispersive imaging: semiclassical description
	2.2. Quantum theory of a continuously-monitored BEC
	2.3. Conditional and unconditional expectation values
	2.4. Hamiltonian evolution of a quasi-2D BEC

	3. LQG Theory of a feedback-controlled BEC
	3.1. The conditional Bogoliubov approach
	3.2. Linearization of the measurement operator
	3.3. Multi-mode quantum Gaussian states
	3.4. Feedback control from spatiotemporal optical-dipole potentials

	4. State estimation for ground-state cooling
	4.1. The multi-mode cold-damping control
	4.2. The derivative current

	5. Steady-state ground-state cooling: analytical theory
	5.1. The decoupled modes approximation
	5.2. Quantum correlations and the `weak measurement' regime
	5.3. Spectra of classical fluctuations under feedback
	5.4. Steady-state phonon occupation
	5.5. Optimizing the control: gain and bandwidth
	5.6. Parameter space for optimal cooling of a single mode

	6. Multi-objective control: steady-state or speed?
	6.1. Analytic estimation of cooling rates
	6.2. Multi-objective optimization: exploring the trade-off between cooling rate and steady-state energy

	7. Dynamical simulations of multi-mode cooling
	7.1. Numerical methods and parameter values
	7.2. Exemplary cooling demonstration

	8. Discussion and outlook
	8.1. Outlook

	Appendix A. Derivation of LQG theory
	Appendix B. Approximation scheme for PSDs
	References


