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Abstract

Estimating camera motion and recovering scene geometry from monocular
imagery are fundamental problems in computer vision and robotics. Learning-
based approaches to visual odometry and depth estimation have shown promising
performance, yet they often suffer from limitations in estimation accuracy, cross-
domain generalization, and training stability. We hypothesize that a key factor
underlying these challenges lies in the choice of representation. We support this
hypothesis with an analysis showing that dense ray-based representations, instead
of the widely used minimal 6-DoF', provide perturbation robustness, Lipschitz
continuity, and information preservation—properties that directly target these
three challenges.

This thesis progressively explores ray-based representations as an alternative
formulation, starting from camera motion modeling and extending to full scene
understanding. First, we revisit visual odometry from the perspective of camera
representation and introduce a ray-bundle formulation for supervised learning,
where motion is modeled as a spatially distributed set of rays that better aligns
with spatial patch-level features. Extensive experiments demonstrate that this
representation improves pose estimation accuracy, enhances generalization, and
achieves more stable optimization.

Building on this, we extend the ray-based formulation to self-supervised
visual odometry, where learning relies on implicit geometric constraints through
a coupled pose—depth framework. By replacing conventional 6-DoF regression
with ray-based representations in the pose branch, the proposed approach reduces
trajectory drift, improves training dynamics, and enhances robustness across
domains. As pose and depth are jointly optimized, the improved pose estimation
also leads to more accurate monocular depth prediction.

Finally, we generalize the formulation from camera motion to the joint
representation of motion and scene geometry. We introduce a length-aware ray-
based representation that unifies pose and depth into a single spatially structured
form, and propose a ray-space self-supervised optimization strategy that operates
directly in this domain, enabling joint optimization of motion and geometry
within a unified space. This approach avoids the information loss associated
with converting dense representations into lower-dimensional pose—depth forms,
leading to improved accuracy and robustness across diverse environments.

Experiments on multiple benchmark datasets demonstrate that ray-based
representations consistently improve motion and depth accuracy, generaliza-
tion under domain shift, and training stability. These results suggest that
modeling visual geometry in a spatially distributed ray-based form provides
a principled and effective foundation for learning-based visual odometry and
3D scene understanding.
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Abstract

Estimating camera motion and recovering scene geometry from monocular im-
agery are fundamental problems in computer vision and robotics. Learning-
based approaches to visual odometry and depth estimation have shown promising
performance, yet they often suffer from limitations in estimation accuracy, cross-
domain generalization, and training stability. We hypothesize that a key factor
underlying these challenges lies in the choice of representation. We support this
hypothesis with an analysis showing that dense ray-based representations, instead
of the widely used minimal 6-DoF, provide perturbation robustness, Lipschitz
continuity, and information preservation—properties that directly target these
three challenges.

This thesis progressively explores ray-based representations as an alternative
formulation, starting from camera motion modeling and extending to full scene
understanding. First, we revisit visual odometry from the perspective of camera
representation and introduce a ray-bundle formulation for supervised learning,
where motion is modeled as a spatially distributed set of rays that better aligns
with spatial patch-level features. Extensive experiments demonstrate that this
representation improves pose estimation accuracy, enhances generalization, and
achieves more stable optimization.

Building on this, we extend the ray-based formulation to self-supervised visual
odometry, where learning relies on implicit geometric constraints through a coupled
pose-depth framework. By replacing conventional 6-DoF regression with ray-based
representations in the pose branch, the proposed approach reduces trajectory drift,
improves training dynamics, and enhances robustness across domains. As pose
and depth are jointly optimized, the improved pose estimation also leads to more
accurate monocular depth prediction.

Finally, we generalize the formulation from camera motion to the joint repre-
sentation of motion and scene geometry. We introduce a length-aware ray-based
representation that unifies pose and depth into a single spatially structured form,
and propose a ray-space self-supervised optimization strategy that operates directly
in this domain, enabling joint optimization of motion and geometry within a
unified space. This approach avoids the information loss associated with converting
dense representations into lower-dimensional pose—depth forms, leading to improved

accuracy and robustness across diverse environments.



Experiments on multiple benchmark datasets demonstrate that ray-based repre-
sentations consistently improve motion and depth accuracy, generalization under
domain shift, and training stability. These results suggest that modeling visual
geometry in a spatially distributed ray-based form provides a principled and effective
foundation for learning-based visual odometry and 3D scene understanding.
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2 1.1. Motivation

1.1 Motivation

Understanding the three-dimensional structure of the world and estimating motion
within it are fundamental capabilities for intelligent systems operating in real
environments. Visual odometry (VO) and 3D scene understanding form the
geometric backbone of numerous modern technologies, enabling machines to perceive
spatial layout, reason about motion, and interact safely and autonomously with
their surroundings.

Visual odometry addresses the problem of estimating the relative camera
pose between consecutive frames from sequential visual observations, enabling
incremental reconstruction of the camera trajectory over time. Here, the relative pose
refers to a rigid transformation in SE(3) that maps points from the coordinate frame
at time step k—1 to that at time step k, typically denoted as Ty _;_,x. By composing
these transformations, the full camera trajectory Cy., can be recovered, as illustrated
in Figure [I.1] It serves as a key component in larger systems such as Simultaneous
Localization and Mapping (SLAM), autonomous navigation, augmented and virtual
reality, robotics, and embodied Al. In this thesis, embodied Al refers to intelligent
agents whose perception, reasoning, and decision-making are grounded in continuous
interaction with a physical or simulated three-dimensional environment. Such agents
operate through a perception—action loop: they observe their surroundings, estimate
their own state and the structure of the environment, select an action, and update
their internal representation from subsequent observations. Accurate and robust
pose estimation supports this loop by enabling localisation, obstacle avoidance,
spatial memory, navigation, manipulation, and the association of observations across
time. These capabilities underpin applications ranging from drone flight stabilisation
and autonomous driving to mobile robotics and real-time augmented-reality overlays.

Complementary to motion estimation, 3D scene understanding seeks to recover
the spatial structure of the environment, including depth and geometric layout, and,
in some cases, semantic interpretation. While 3D scene understanding encompasses

a broad range of tasks—such as semantic segmentation, object recognition, and scene
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Camera pose at Camera coordinate i Estimated camera Eg Relative pose
time step C), frame Fj, trajectory Ti—1-k € SE(3)

Figure 1.1: Visual odometry through relative pose estimation. The camera
trajectory is incrementally reconstructed by estimating the relative camera pose between
consecutive frames. At each time step k, the camera pose C}, is associated with a coordinate
frame Fj. The relative transformation Tj_1_x € SE(3) maps points from frame Fj_; to
Fi, as illustrated by the dashed arrows. By composing these transformations over time,
the full camera trajectory Cp., (blue curve) is recovered from a sequence of local motions.

labeling—this thesis focuses specifically on the geometric aspect of the problem,
namely depth estimation.

Depth estimation refers to the process of inferring the distance between
the camera and points in the scene from visual observations, providing a dense
representation of scene geometry. Inferring such geometry from images enables a
wide range of downstream applications, including obstacle avoidance, path planning,
manipulation, and spatial reasoning. In augmented reality and robotics, coherent
3D understanding allows systems to anchor virtual objects in the physical world,
navigate complex environments, and interact with previously unseen scenes.

In this thesis, we focus on the joint estimation of camera motion and scene
geometry—pose and depth—which together provide the geometric foundation upon
which higher-level semantic reasoning can be built.

Among the sensing modalities available for spatial perception, different sensors
exhibit complementary strengths and limitations. Inertial measurement units
(IMUs) measure motion through integration of acceleration and angular velocity,
which can lead to rapid drift accumulation over time due to sensor noise and
bias. Wheel encoders rely on reliable wheel-ground contact and may fail on

bumpy terrain or slippery surfaces. Global Navigation Satellite Systems (GNSS)
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provide global positioning but often perform poorly indoors or in environments with
significant signal occlusion. LiDAR sensors offer accurate range measurements but
may experience reflection or transparency issues when encountering glass or highly
reflective surfaces. Sonar sensors provide low-cost scalar distance measurements for
challenging environments like underwater, but are sensitive to surface material and
orientation, suffer from cross-sensor interference, and have low angular resolution
and scan rate. Cameras provide dense, high-resolution observations together with
rich geometric and photometric cues, making them attractive for estimating both
camera motion and scene structure using compact and widely available hardware.
They are not without limitations: cameras degrade under adverse conditions such
as fog, rain, snow, low illumination, and motion blur—conditions that affect visual
sensing in general rather than any particular camera configuration. Rather than
weakening the case for vision-based estimation, these limitations make robustness
a central design criterion, one this thesis examines explicitly through controlled
perturbation studies of image noise and motion blur—the degradation most prevalent
in practice—in Chapters [4] and [3]

In particular, this thesis focuses on the monocular setting, a choice that
is deliberate rather than a matter of convenience. First, monocular cameras
constitute the minimal and most ubiquitous sensing configuration: smartphones,
aerial platforms, wearable devices, and the overwhelming majority of existing and
internet-scale video are monocular. For learning-based approaches, which form the
core of this thesis, this ubiquity is decisive, as it determines the scale and diversity
of available training data. For example, recent monocular depth foundation models
have been trained on tens of millions of unlabeled single-view images harvested from
heterogeneous sources [1]. Second, while stereo rigs provide per-frame depth, their
accuracy is fundamentally bounded by the physical baseline: depth uncertainty grows
quadratically with range, and at scene depths much larger than the baseline, stereo
estimation effectively degenerates to the monocular case. Moreover, many platforms
of practical interest—micro aerial vehicles, head-mounted displays, and endoscopic

devices—simply cannot accommodate a meaningful baseline, making monocular
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estimation unavoidable rather than optional. Third, monocular visual odometry is
the more general scientific problem: methods developed under monocular constraints
transfer naturally to multi-camera configurations, whereas the converse does not
hold. Finally, the central question investigated in this thesis—how camera motion
should be represented for learning—is independent of whether depth is directly
observed, and the monocular setting provides the cleanest experimental conditions
in which to isolate and study it. Although monocular perception introduces
inherent challenges, such as scale ambiguity and the ill-posed nature of single-
view depth recovery, advances in geometric modeling and learning-based approaches
have demonstrated that reliable pose and depth estimation can be achieved from
monocular imagery alone. Motivated by these developments, this thesis focuses
on improving the accuracy and robustness of pose and depth estimation from
monocular visual input, with an emphasis on the geometric aspects of visual

odometry and 3D scene understanding.

1.2 Challenges

Despite significant progress in learning-based monocular visual odometry and 3D
scene understanding, estimating camera motion and scene geometry from monocular
imagery remains challenging. FExisting approaches often struggle with limited
estimation accuracy, poor generalization to unseen environments, and instability
during training. These challenges hinder reliable deployment in real-world scenarios
and motivate the research presented in this thesis. The following sections outline

three key challenges that guide the development of the proposed methods.

1.2.1 Performance: Accuracy Constraints

A primary challenge in visual odometry is the accumulation of motion estimation
errors over time. Even small inaccuracies in frame-to-frame pose estimation can
accumulate across long trajectories, leading to pose drift. This problem becomes
particularly pronounced under complex motion patterns, such as sharp turns, rapid

accelerations, or large viewpoint changes [2], where strong perspective variations,
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motion blur, or reduced feature overlap make reliable correspondence estimation
more difficult. As a result, small local estimation errors can grow rapidly, causing
significant deviations in the estimated trajectory and propagating errors into
the reconstructed scene geometry. Although classical SLAM systems attempt
to mitigate drift through loop closure detection, relocalization, and global bundle
adjustment, these mechanisms mainly provide post-hoc corrections based on long-
range constraints. The overall performance of such systems still fundamentally
depends on the accuracy of the underlying visual odometry estimates, making
robust and accurate motion estimation a central challenge in learning-based VO.

In addition to pose estimation, accurate recovery of scene geometry—typically
represented as depth—is equally important for many downstream tasks. In monoc-
ular settings, obtaining large-scale ground-truth depth annotations is expensive,
making fully supervised training difficult in practice. Consequently, many recent ap-
proaches adopt self-supervised learning, where depth and camera motion are jointly
optimized from image sequences. While this paradigm enables scalable learning
from unlabeled data, the joint optimization of pose and depth remains sensitive to
inaccurate motion estimation and challenges in the underlying optimization process,

which can limit the accuracy and robustness of the recovered depth.

1.2.2 Robustness: Generalization Gaps

Another critical challenge in visual odometry is the limited ability of learned models
to generalize across diverse environments. While many approaches achieve strong
performance on training datasets or visually similar scenes, their performance often
degrades when applied to unseen domains with different appearance statistics.
Variations in lighting, weather, scene structure, and sensor characteristics can
significantly alter image formation, making it difficult for learned models to maintain
consistent performance.

A key difficulty arises from the strong reliance of many learning-based VO
methods on appearance-based cues. In particular, self-supervised approaches

typically depend on photometric consistency to jointly optimize depth and camera
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motion. Although this formulation enables scalable training without ground-truth
supervision, it inherently ties the learning process to appearance similarity, making
the learned representations sensitive to domain-specific visual characteristics.
As a result, models may capture dataset-specific biases rather than learning
domain-invariant geometric relationships, leading to degraded pose estimation
accuracy and unstable trajectories in unseen environments. While recent methods
have explored strategies to improve robustness, such as data augmentation and more
sophisticated training objectives, achieving reliable generalization across diverse

real-world conditions remains an open challenge.

1.2.3 Optimization: Training Instability

Training stability remains another major challenge in learning-based motion estima-
tion. Camera motion lies on the nonlinear manifold of rigid-body transformations,
and predicting such transformations using gradient-based learning can introduce opti-
mization difficulties. Different motion parameterizations may exhibit discontinuities,
ambiguities, or poorly conditioned gradients, which can hinder stable training [3].

In practice, these optimization difficulties often manifest as unstable training
dynamics. For example, the training loss may decrease irregularly with significant
fluctuations across iterations, indicating unstable gradient updates. In some cases,
the loss may continue to decrease while evaluation metrics such as the Relative
Pose Error (RPE) show little or no improvement, suggesting that the optimization

objective is not well aligned with the quality of the estimated motion.

1.3 Hypothesis

While the above challenges may arise from multiple factors, including network
architecture [4], loss design [5], and optimization strategies [6], this thesis takes a
different perspective by focusing on the underlying representation for visual odometry
and depth learning. Specifically, we investigate the hypothesis that modeling
camera motion and scene geometry as per-pixel, length-aware ray bundles provides

a richer and more learning-efficient representation for neural networks, as shown
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6-DoF Representation Depth Map

(a) Conventional pose and depth representation. Camera
motion is parameterised as a global 6-DoF vector £ € s¢(3), encoding
translation p and rotation ¢, while scene geometry is represented
independently as a per-pixel depth map D. This formulation
compresses spatially distributed geometric information into a low-
dimensional vector and enforces only implicit coupling between
motion and geometry.

+ Depth
(=) 2=
Ray Bundle Length-aware Ray Bundle

(b) Proposed ray-based representation. Camera motion is first
represented as a spatially distributed ray bundle, where each pixel
defines a ray through the camera center. This is further extended to
a length-aware ray bundle by associating each ray with a scalar length
such that its endpoint lies on the scene surface. This progressive
formulation yields a unified representation that jointly captures
camera motion and scene geometry, preserving spatial structure and
improving representational expressiveness.

Figure 1.2: From conventional to ray-based representation. (a) Conventional
methods represent motion and geometry separately using a global 6-DoF pose and a
depth map, leading to information compression and implicit coupling. (b) Our approach
progressively reformulates this into a spatially distributed ray-based representation,
culminating in length-aware ray bundles that unify motion and geometry in a single
representation.

in Figure [I.2] The motivation analysis for this proposed representation, including
its robustness to perturbations, continuity properties, and improved information
preservation, will be discussed in Chapter [3] This hypothesis is investigated across
supervised and self-supervised settings from Chapter [ to [6] where ray-based
representations are shown to improve pose estimation accuracy, training stability,
and generalization performance.

In particular, conventional approaches represent camera motion using minimal
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6-DoF' parameterizations, which compress spatially distributed visual information
into a low-dimensional vector. This compression can introduce a representational
bottleneck, limiting both expressiveness and learning efficiency, as formally an-
alyzed in Chapter [3

To address this limitation, one possible direction is to model motion in a spatially
distributed form. Instead of regressing a single global pose vector, camera motion
can be represented as collections of rays associated with image regions, allowing
geometric information to remain explicitly distributed across the image domain.

Building on this perspective, we further consider whether rays, which already
encode the spatial structure of viewing geometry, can also represent scene geometry
directly. This motivates extending ray-based motion representations to incorporate
ray lengths, enabling a unified formulation that jointly captures camera motion
and scene structure.

This thesis progressively investigates this idea through a series of ray-based
formulations. We first explore representing camera motion using per-patch or
per-pixel ray bundles in Chapter [4 and [5| under different learning paradigms, which
preserve spatially distributed geometric information that is otherwise collapsed
in conventional vector-based representations. We then extend this formulation to
jointly model camera motion and scene geometry through length-aware ray bundles

in Chapter [6] by assigning each ray a length that encodes scene depth.

1.4 Research Questions

Based on the hypothesis stated in Section [1.3] which posits that ray-based rep-
resentations can address the challenges identified earlier, this section formulates
a set of research questions to investigate how these representations benefit visual
odometry and depth estimation under different learning settings. Specifically,
we first study ray-bundle representations for supervised visual odometry, then
extend the formulation to self-supervised learning settings for visual odometry,
and finally introduce length-aware rays to jointly model camera motion and scene

geometry in a self-supervised setting. Through this sequence of studies, the thesis
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Figure 1.3: Research Question 1: Ray-based representation for supervised
visual odometry. Given a pair of consecutive frames (source at t—1 and target at t),
conventional methods regress a global 6-DoF pose £ € se(3), which compresses spatially
distributed geometric information into a low-dimensional vector. In contrast, this work
investigates representing camera motion as a ray bundle, where each pixel defines a ray
passing through the camera center, preserving spatial structure across the image. The
figure illustrates the transition from a global pose representation to a dense, spatially
distributed formulation. This research question evaluates whether such a representation
improves pose estimation accuracy, optimization stability, and generalization in supervised
learning, while mitigating the representational bottleneck of 6-DoF parameterization.

demonstrates how the intrinsic properties of ray-based representations help alleviate

the challenges identified earlier in this thesis.

1.4.1 Research Question 1: Can ray-based representation
improve supervised visual odometry?

Following the progressive development outlined in the Hypothesis [I.3] we first focus
on camera motion representation in a supervised setting. This provides a controlled
environment to evaluate the proposed ray-based formulation. Accordingly, this
research question investigates whether the traditional 6-DoF pose representation
limits the performance of supervised learning-based visual odometry methods. In
particular, it examines whether a dense, ray-based representation can improve pose
estimation accuracy, enhance cross-domain generalization, and stabilize optimization
during training, as highlighted in the challenges discussed in Section [I.2] The ray
bundle can be trained either using ground-truth rays or by converting predictions
back to the conventional 6-DoF representation and supervising with its ground

truth. The study further examines how different training strategies—ray-based loss,



1. Introduction 11

6-DoF loss, and a hybrid of ray-based and 6-DoF losses—affect the accuracy and
robustness of pose estimation within a supervised framework, providing empirical
evidence for the information preservation property of the ray-based representation
(Section . In addition, a series of ablation studies are conducted to analyze key
design choices of the ray-based representation, including whether camera intrinsics
can be predicted from rays and what number of patches should be used for ray
construction. It further evaluates how the increased representational complexity
impacts computational efficiency compared to the conventional 6-DoF formulation.

To further evaluate the effectiveness of this representation, the study explores the
correlation between ray prediction errors and pose estimation errors, analyzing how
inaccuracies in ray directions and moments relate to rotational and translational
errors. This provides empirical evidence for the continuity properties of the ray-
based representation discussed in Section [3.2} In addition, the study examines the
robustness of the representation under perturbations applied to the inputs, model,

and outputs, validating the robustness analysis presented in Section [3.1]

1.4.2 Research Question 2: Can ray-based representation
improve self-supervised visual odometry?

Having established the effectiveness of ray-based representations in supervised
visual odometry in Research Question 1, we extend the investigation to a more
advanced question: how such representations can be integrated into self-supervised
visual odometry frameworks.

In particular, this research question explores whether incorporating ray-based
representations can lead to more stable optimization and reduced trajectory drift,
which are persistent challenges in self-supervised methods as discussed in Section[1.2]
As self-supervised visual odometry frameworks typically include a depth estimation
branch, this study further examines whether improvements in pose representation
can benefit related tasks, such as monocular depth estimation. It also investigates

the generalization capability under diverse domain shifts.
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Figure 1.4: Research Question 2: Ray-based representation for self-supervised
visual odometry. In self-supervised settings, visual odometry jointly estimates camera
motion and depth using separate network branches. While depth provides dense geometric
information, camera motion is still represented as a global 6-DoF vector, leading to an
imbalance in representation density. This figure illustrates the integration of ray-based
representations into self-supervised frameworks, where camera motion is reformulated
as a ray bundle while depth remains explicitly predicted. This research question
investigates whether replacing 6-DoF pose regression with ray-based representations
improves optimization stability, reduces trajectory drift, and enhances generalization,
while also benefiting depth estimation through improved geometric consistency.

In addition, the study provides empirical validation of key properties of the
ray-based representation—mnamely perturbation robustness and representational
continuity—as discussed in Section [3.I] and Section [3.2] Finally, it compares the
computational efficiency of the proposed dense representation with the conventional
6-DoF formulation. Overall, this research question aims to determine whether
ray-based representations offer a more effective alternative to conventional 6-DoF

regression in self-supervised visual odometry.

1.4.3 Research Question 3: Can ray-based representation
improve self-supervised visual odometry and 3D scene
understanding?

Building on Research Question 2, which demonstrated that ray-based representations
can improve the accuracy of self-supervised visual odometry and, through improved
pose estimation, also benefit depth estimation, we note that pose and depth are

still predicted in separate branches. Given that depth can provide a comparable
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Figure 1.5: Research Question 3: Unified length-aware ray representation
for motion and scene geometry. Building upon ray-based motion representations,
this work further extends the formulation to length-aware ray bundles, where each ray
is associated with a scalar length such that its endpoint lies on the scene surface. This
enables a unified representation that jointly encodes camera motion and scene geometry,
eliminating the need for separate pose and depth branches. The figure illustrates how
rays not only capture viewing directions but also directly model 3D structure through
their endpoints. This research question investigates whether operating directly in ray
space, without predicting or optimizing in pose—depth representations, improves accuracy
and generalization for both visual odometry and 3D scene understanding.

level of geometric density to a ray bundle, this raises a natural question: can rays
and depth be unified into a single representation, namely a length-aware ray bundle,
that can be predicted within a single branch?

This research question investigates whether such a unified ray-based represen-
tation can jointly improve self-supervised visual odometry and broader 3D scene
understanding tasks. A straightforward approach is to convert predicted rays
into 6-DoF poses and depth maps for supervision; however, this may introduce a
representational bottleneck by collapsing dense geometric information into lower-
dimensional forms, as formally analyzed in Chapter

In particular, this question explores whether operating directly in ray space—
without converting rays into pose and depth—can improve both accuracy and
generalization for motion and depth estimation by better preserving geometric
structure and providing more informative supervision during self-supervised learning.
Specifically, it investigates whether enforcing multi-view consistency directly on
rays—such as appearance, geometric, and semantic consistency—can jointly enhance

motion estimation and scene reconstruction across diverse domains.
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Overall, this research question aims to determine whether direct optimization
in ray space offers advantages over indirect supervision via pose-depth conversion
for jointly learning visual odometry and 3D scene understanding, while providing
empirical evidence for the information preservation property of the ray-based

representation (Section .

1.5 Contributions
1.5.1 Formal Analysis of the Ray-based Representation

In Chapter [3| we contribute a formal analysis of the ray-based representation
introduced in Section [2.6] The analysis establishes three properties: perturbations
are averaged over spatially distributed degrees of freedom, reducing estimator
variance; the pose-to-ray mapping is Lipschitz continuous on bounded pose domains,
extending recent continuity results for rotation representations from SO(3) to
the full SE(3) pose space and yielding bounded, well-conditioned gradients; and
supervising directly in ray space preserves geometric information that is provably
lost when predictions are first projected to a minimal pose. These properties
explain why ray-based formulations should improve accuracy, generalization, and
training stability, and they define the empirical predictions tested in the three

contribution chapters that follow.

1.5.2 Supervised Ray-based Visual Odometry

In Chapter [4] we investigate how ray-based representations can improve supervised
visual odometry. We introduce RayVO, a dense and distributed representation that
models the relative camera pose as a bundle of rays rather than a conventional
6-DoF' parameterization, enabling richer geometric parameterization and stronger
spatial associations with image features. We further explore multiple training
strategies for ray representations and systematically compare ray-based and 6-DoF
formulations within the same framework, and we find that directly training with
ray representations yields the highest accuracy. In addition to demonstrating

state-of-the-art pose estimation performance across diverse datasets, we empirically
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validate how the theoretical properties proposed in this thesis—namely robustness
to perturbations, continuity of the ray-based representation, and information
preservation—contribute to improved accuracy and generalization performance,
and more stable optimization across different domains.

This contribution will be discussed in Chapter |4 and has been published in the
2025 IEEE/RSJ International Conference on Intelligent Robots and Systems (IROS).

1.5.3 Self-supervised Ray-based Visual Odometry

Building upon the supervised visual odometry study, this research question extends
the ray-based formulation to self-supervised visual odometry. In Chapter [5| we
replace the conventional minimal 6-DoF regression in the pose branch of a self-
supervised VO-depth framework with the proposed ray-based pose formulation.
Through empirical evaluation, we demonstrate that the ray-based formulation
exhibits perturbation robustness and improved representational continuity compared
to conventional 6-DoF pose parameterizations. Together, these properties enable
a spatially distributed motion representation that leads to more stable and well-
conditioned optimization, at the same time improving pose estimation accuracy
and generalization ability. Experiments on public datasets demonstrate significant
reductions in trajectory drift. Moreover, the improved pose estimation leads to
consistent improvements in monocular depth estimation. Despite the additional
representation complexity, the model maintains near real-time performance.

This contribution will be explained in Chapter [5| and has been accepted for
publication at the 2027 IEEE/CVF Winter Conference on Applications of Computer
Vision (WACV).

1.5.4 Self-supervised Ray-based Visual Odometry and 3D
Scene Understanding

Building upon the previous studies that progressively extend ray-based camera
representations for visual odometry from supervised learning to self-supervised

learning, this research question further generalizes the formulation to jointly
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represent both the camera and the scene. In Chapter [6] we introduce a length-
aware ray-bundle representation that jointly models camera motion and scene
geometry using dense per-pixel ray segments and propose a ray-space self-supervised
fine-tuning strategy that optimizes models directly in the ray domain without
converting rays to explicit 6-DoF poses during training, avoiding the information
bottleneck introduced when collapsing ray bundles into conventional pose-depth
representations. Through empirical evaluation, we demonstrate that operating
directly in ray space improves both pose and depth estimation accuracy and
provides more robust generalization under domain shift.

This contribution will be discussed in Chapter [6] and has been accepted for

publication at the 2026 British Machine Vision Conference (BMVC).

1.6 Thesis Outline

Chapter |2| provides the necessary background and context for this work. It
introduces the fundamentals of visual odometry and 3D scene understanding,
including both supervised and self-supervised paradigms. The chapter also reviews
conventional pose parameterizations and their properties, followed by an introduction
to ray-based representations. Finally, it surveys ray-related work in camera
calibration, absolute pose estimation, and novel view synthesis.

Chapter [3| presents the first contribution of the thesis: a formal analysis of the
fundamental properties that make the ray-based representation suitable for learning-
based visual odometry and depth estimation. The analysis shows that, compared to
the widely used 6-DoF representation, ray-based representations exhibit perturbation
robustness, representational continuity, and information preservation, and explains
how these properties address the core challenges of accuracy, generalization, and
training stability identified in Section [I.2] The chapter concludes by mapping each
property to the experiments that validate it in the subsequent chapters.

Chapter 4] addresses Research Question 1 and presents a supervised visual
odometry framework based on ray bundle representations. This chapter details

the formulation of ray-based pose regression, training strategies, and architectural
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design. A comprehensive experimental evaluation is conducted to compare ray-based
and conventional 6-DoF representations under identical settings, demonstrating
improvements in accuracy, generalization, and optimization stability.

Chapter 5| investigates Research Question 2 by extending the ray-based
formulation to self-supervised visual odometry. The proposed approach replaces the
conventional 6-DoF regression branch in a self-supervised VO—depth framework with
a ray-based representation. This chapter analyzes how ray-based parameterization
improves training dynamics, reduces trajectory drift, and enhances depth estima-
tion both within and across domains, while maintaining computational efficiency.
Although the chapter is titled Self-supervised Ray-based Visual Odometry and
does not explicitly refer to 3D scene understanding-since the ray representation
is introduced only in the pose estimation branch—it nevertheless contributes to
improved 3D understanding by increasing pose accuracy, which in turn leads to
more accurate depth estimation.

Chapter [6] addresses Research Question 3 by generalizing the ray-based
formulation to jointly represent camera motion and scene geometry. It proposes
a general mechanism that can be flexibly applied across ray-based frameworks to
improve optimization without requiring ground truth. Specifically, it introduces a
length-aware ray-bundle representation and a ray-space self-supervised fine-tuning
strategy. The chapter demonstrates that operating directly in ray space avoids the
information bottleneck introduced by converting predictions into 6-DoF poses and
depth maps, improves accuracy for both pose and depth estimation, and enables
more robust adaptation under domain shift.

Unlike Chapter [5] where rays are incorporated only into the pose estimation
branch—improving pose and indirectly benefiting depth—this chapter employs rays
as a unified representation for both motion and geometry. In this formulation,
pose and depth are jointly modeled as a single output within a shared ray-based
structure, rather than being predicted as separate outputs from different branches.
This unified design leverages the inherent spatial compatibility between rays and

depth, enabling more effective joint optimization.
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Chapter (7| concludes the thesis by summarizing the key contributions and
findings, and reflecting on the role of ray-based representations as a novel framework
for robust visual odometry and 3D scene understanding. It also discusses the

limitations of the proposed approaches and outlines directions for future work.
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This chapter reviews the fundamental methods and formulations for visual
odometry and depth estimation, spanning classical geometric approaches and
modern learning-based techniques. It begins with the preliminaries in Section [2.1]
where the core concepts of visual odometry, depth estimation, their geometric
relationship, common representations for machine learning, and standard datasets
and evaluation metrics are introduced.

Section presents classical geometric approaches, including geometry-based
monocular visual odometry, depth inference, and joint optimisation of motion and
structure. Sections and then review deep learning-based methods under
supervised and self-supervised paradigms, covering visual odometry, depth estima-
tion, and their joint estimation. Section further discusses hybrid approaches
that integrate geometric principles with learning-based models.

Finally, Sections [2.6] and introduce ray-based representations and their
applications in computer vision tasks, including camera calibration, pose estimation,

and novel view synthesis, followed by a summary of the chapter in Section [2.8

2.1 Preliminaries: Visual Odometry and 3D Scene
Geometry

This Section introduces the fundamental concepts underlying visual odometry and
3D scene geometry that are essential for the methods discussed in this thesis. It
first presents the core principles of visual odometry in Section [2.1.1] and depth
estimation in Section [2.1.2] followed by an examination of the geometric relationship
between camera motion and scene depth in Section [2.1.3] The chapter then
outlines common representations for camera pose and scene depth, i.e., how they
are parameterised for learning and estimation, including their joint formulations
in Section 2.1.4] Finally, widely used datasets and evaluation metrics for visual
odometry and depth estimation are reviewed to establish a consistent basis for

experimental analysis in Section [2.1.5
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2.1.1 Visual Odometry

Incremental motion estimation refers to the computation of the relative pose
between consecutive sensor frames, describing the step-by-step motion of the system.
By composing these estimates from an initial state, the global trajectory can be
reconstructed. This process, known as odometry or ego-motion estimation,
plays a fundamental role in robotic perception and control, particularly in the
absence of a prior map.

Odometry methods can be broadly classified according to the sensing modality
employed, including inertial odometry based on inertial measurement units (IMUs),
LiDAR-based odometry using laser scanners, sonar or ultrasonic-based odometry,
and camera-based visual odometry (VO). Inertial and LiDAR-based approaches
can provide accurate motion estimates under certain conditions, such as when using
navigation-grade systems; however, they are subject to limitations such as drift
in IMUs and the cost and hardware complexity associated with LIDAR systems.
Sonar-based odometry provides range measurements to surrounding surfaces, from
which sensor motion can be inferred over time by aligning successive observations;
however, it is limited by sensitivity to surface material and orientation, susceptibility
to interference in multi-sensor configurations, and low angular resolution and scan
rates. In contrast, visual odometry leverages the rich geometric and photometric
information in image sequences to estimate motion without requiring specialized
or expensive hardware, making it a flexible and widely applicable approach across
diverse environments.

Visual odometry can be implemented using monocular, stereo, omnidirectional,
RGB-D, and event-based camera configurations, each with distinct advantages
and limitations. Stereo systems exploit geometric relationships between multiple
viewpoints to improve motion estimation, but require accurate calibration and a
sufficient baseline, and can degrade to monocular visual odometry when the scene
depth is significantly larger than the baseline. Omnidirectional systems provide a
wide field of view, which can enhance robustness, but increase system complexity

due to multi-camera calibration and synchronization. RGB-D cameras provide



22 2.1. Preliminaries: Visual Odometry and 3D Scene Geometry

direct depth measurements, enabling more straightforward and well-constrained
motion estimation, but are limited in sensing range. Event cameras offer low latency
and high dynamic range, yet produce asynchronous data that requires specialized
processing and are less compatible with standard frameworks. Monocular systems,
in contrast, are low-cost, lightweight, and easy to deploy. Their main limitation
is scale ambiguity, as depth is not directly observable; however, scale can be
recovered through scene constraints or sensor fusion. As this thesis investigates a
new scene representation for visual odometry, we focus on the monocular setting,
which provides a simple yet fundamental benchmark without relying on additional
depth sensors or specialized hardware.

Formally, consider a moving agent equipped with a rigidly attached monocular
camera that captures images at discrete time steps k. Let the image sequence be
denoted as Z = {1y, I1,...,I,}. The objective of visual odometry is to estimate the
relative transformations T, between consecutive frames I;,_; and Iy, and to compose
these transformations to recover the full camera trajectory Cy.,. This formulation
highlights the incremental nature of visual odometry, where the trajectory is
reconstructed pose by pose.

However, composing relative transformations leads to error accumulation over
time, resulting in drift and degradation of global localization accuracy. As each
pose estimate depends on previous ones, even small frame-to-frame errors can cause
significant deviations from the true trajectory. While SLAM systems mitigate this
effect through loop closure and global optimization, improving odometry itself
remains essential, as it directly affects the accuracy and stability of subsequent

estimation and mapping processes.

2.1.2 Depth Estimation

Depth estimation can be achieved using a variety of sensing modalities, including
active sensors such as LiDAR, RGB-D cameras, and sonar, as well as passive
vision-based approaches. Active sensors directly measure distance by emitting

signals (e.g., laser, infrared, or acoustic waves) and observing their return. LiDAR
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provides accurate and long-range depth measurements but is often expensive and
hardware-intensive. RGB-D cameras provide dense depth measurements at short
range, making them well-suited for indoor environments; however, they are sensitive
to surface properties (e.g., reflective or textureless materials), often produce noisy or
incomplete depth observations, and perform poorly in outdoor settings due to strong
ambient illumination and limited effective range. Sonar-based depth estimation
provides a viable and often indispensable solution for underwater environments where
optical sensing is ineffective. However, its performance is fundamentally constrained
by the physics of acoustic propagation, environmental variability, and sensor-specific
limitations, including noise, low resolution, and geometric ambiguities.

Among passive methods, stereo vision estimates depth through triangulation
from multiple viewpoints, but its effectiveness is constrained by geometric and
calibration requirements, and it is sensitive to low-texture regions, occlusions,
and reflective or repetitive surfaces, which can lead to ambiguous or missing
depth estimates. In contrast, monocular depth estimation seeks to infer scene
geometry from a single image without direct depth measurements. As a passive
sensing approach, it relies on visual cues such as perspective, texture, and learned
priors to predict depth. While inherently ambiguous due to the loss of scale and
three-dimensional information, monocular methods offer a lightweight and flexible
alternative that does not require specialized hardware, making them particularly
attractive for resource-constrained settings and integration with monocular visual
odometry systems.

Motivated by these properties, this thesis focuses on monocular depth estimation
as a fundamental and flexible framework for studying scene geometry, enabling a
unified treatment with monocular visual odometry without relying on additional
sensing modalities. In the remainder of this thesis, unless otherwise specified, visual

odometry and depth estimation refer to the monocular setting.
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2.1.3 Coupling between Visual Odometry and Depth Es-
timation

From a geometric perspective, visual odometry is inherently a joint estimation
problem over camera ego-motion and scene structure. Although many approaches
primarily emphasize motion estimation, their performance is fundamentally depen-
dent on the quality of the underlying scene geometry. Both classical methods, such
as 3D-to-2D pose estimation [7], and more recent self-supervised frameworks that
jointly learn ego-motion and depth [8], explicitly rely on this geometric coupling
between motion and structure.

In this context, depth estimation can be understood as the process of explicitly
recovering the scene geometry that underpins accurate motion estimation. By
providing a direct representation of 3D structure, depth serves as an important
source of geometric constraints. Conversely, temporal motion cues across image
sequences offer complementary information that can be exploited to improve depth
prediction through multi-view consistency.

Taken together, this strong interdependence suggests that visual odometry and
depth estimation should not be treated as isolated problems. Instead, they are more
naturally formulated within a unified framework, where jointly modeling motion

and structure can lead to improved robustness and accuracy for both.

2.1.4 Pose and Depth Representations

Representations of 3D scenes are fundamental to computer vision, enabling machines
to perceive, model, and interact with complex environments. The choice of repre-
sentation for camera pose and depth is governed by factors such as interpretability,
computational efficiency, and dimensionality, and more recently, by its suitability
for learning-based methods. In neural network regression with gradient-based
optimization, the selected representation can significantly affect training stability
and generalization performance [3]. Therefore, identifying representations that
are both geometrically meaningful and learning-friendly is essential for building

robust and accurate models.
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Table 2.1: Common representations of camera pose in SE(3) and their implications for
learning-based methods.

Pose | Component | Representation Constraint / Property in
learning
Translation |t € R? No explicit constraint
Rotation matrix R € R3*3 Orthogonality constraints:
SE(3) | Rotation R'R =Tand det(R) =1
(SO(3)) Quaternion q € R* Unit-norm constraint; antipodal

ambiguity since q and —q give
the same rotation

Euler angles (a, 3,7) € R? Susceptible to singularities such
as gimbal lock

Axis-angle/Lie algebra w € R3| Minimal parameterization; com-

monly used in pose regression
known as 6-DoF

In this section, we first introduce existing representations for camera pose and

scene depth. The proposed ray-based representation is presented in Section

Pose Representation. Camera pose is commonly represented as a rigid body
transformation in 3D space, composed of a rotation and a translation. Formally,
it lies in the Special Euclidean group SE(3), which can be decomposed into a

rotation in SO(3) and a translation vector in R3:

T = [? ﬂ , R€S0(3), t e R (2.1)

The translation component is uniquely represented as a 3D vector describing
the camera position relative to a reference frame. In contrast, the rotation
component admits multiple parameterizations. Although these representations are
mathematically equivalent and can be converted into one another, their properties
have an important impact on optimization and learning-based methods.

A rotation matrix R € SO(3) provides a direct geometric representation,
but it requires maintaining orthogonality constraints, namely R'TR = I and
det(R) = 1. Enforcing these constraints during optimization is nontrivial and often
requires additional normalization or projection steps, which can complicate gradient-

based learning. Alternatively, rotations can be represented using quaternions
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Target View of t

Figure 2.1: 6-DoF camera pose estimation in learning-based visual odometry. Given a
pair of consecutive frames (source at t—1 and target at t), a pose network predicts the
relative camera motion represented in the Lie algebra as € € se(3). This 6-DoF vector is
defined as & = [p', ¢T]T € RS, where p € R? encodes translation and ¢ € R? encodes
rotation (axis—angle). The six degrees of freedom correspond to three translational and
three rotational components describing the relative pose between the two frames.

q € R* subject to the unit-norm constraint ||q|| = 1. Quaternions provide smooth
interpolation and strong numerical stability. However, since they form a double
cover of SO(3), the two antipodal representations q and —q correspond to the
same rotation, which can introduce sign ambiguity during training. In addition, the
unit-norm constraint must be explicitly enforced, typically through normalization.

Euler angles parameterize rotation as a sequence of three angles, but they suffer
from singularities such as gimbal lock, where the representation becomes locally
degenerate and gradients may become unstable. The axis—angle representation
expresses a rotation by a unit axis u € R? and an angle 6, and is closely related
to the Lie algebra s0(3), where rotations are represented as a 3D vector w = fu.
This representation is minimal and avoids gimbal lock. Although the rotation axis
is formally undefined at # = 0, this case corresponds to the identity rotation and
does not usually cause practical difficulties, since it can be handled robustly using
the exponential map and small-angle approximations.

In practice, camera pose is represented as a rigid-body transformation in the
Special Euclidean group SE(3). A pose T € SE(3) is defined as

T = Eﬁ ﬂ , R eS0(3), t € R, (2.2)

where R denotes rotation and t denotes translation.
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In learning-based methods, camera pose is commonly parameterized using
its Lie algebra representation & € se(3), which corresponds to a 6-degree-of-
freedom (6-DoF) representation, as shown in Figure 2.1 Specifically, £ is a

6-dimensional vector given by

P

| € R, (2.3)

&=

where p € R3 represents translation and ¢ € R? represents rotation in axis-angle
form. The term 6-DoF reflects the three degrees of freedom for translation and
three degrees of freedom for rotation.

For clarity, we denote by t(T) € R® and R(T) € SO(3) the translation and
rotation components of a transformation T € SE(3), respectively. Similarly, for & =

[p",¢"]" € se(3), we denote its translational and rotational components by p and ¢.

Depth Representation. Depth representation, on the other hand, captures the
distance between the camera and points in the scene. The most common form

is a depth map, defined as a function
D:Q— R, (2.4)

where 2 C R? denotes the image domain, and D(p) represents the depth value at

pixel p € €1, corresponding to the distance along the camera’s optical axis.
Depth can be represented in different forms, including metric depth, inverse

depth, and disparity. Metric depth directly corresponds to physical distance.

Inverse depth is defined as

1

Do) (2.5)

DiHV(p) =

and is often preferred in learning-based estimation and optimisation, where model
parameters are updated by minimising a loss function. Compared to metric depth,
inverse depth maps large distances to values close to zero, effectively transforming
an unbounded depth range into a more compact and well-behaved space, which

leads to more balanced gradients and improved numerical stability during training,
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particularly for distant points. Disparity, commonly used in stereo vision, encodes
depth indirectly through pixel displacement between rectified image pairs and is
inversely proportional to depth.

The existing approaches reviewed in Sections and [2.4) build upon these

fundamental representations of pose and depth.

Joint Representation of Pose and Depth. Importantly, pose and depth are
often jointly modeled due to their strong geometric interdependence. In simultaneous
localization and mapping (SLAM) systems, camera poses and 3D scene structure
are optimized together to ensure global consistency. Modern neural approaches
further extend this paradigm by learning continuous scene representations. For
example, neural radiance fields (NeRF) and differentiable rendering techniques
model scene geometry and appearance in a unified framework, where geometry
is implicitly encoded through volumetric density, and depth can be recovered as
the expected distance along camera rays via volume rendering, enabling high-
quality novel view synthesis. While the original NeRF formulation assumes known
camera poses, subsequent works enable the joint optimization of camera poses
and scene representation within a unified framework, giving rise to NeRF-based
SLAM and pose estimation methods. These approaches achieve high-quality scene
reconstruction and view synthesis by jointly refining pose and geometry through
differentiable rendering. However, compared to classical SLAM or learning-based
pose estimation methods, they typically involve higher computational cost and
are less suited for real-time applications.

More recent approaches aim to explicitly model pose and depth in a unified
manner. For instance, DiffusionSfM [9] departs from traditional two-stage Structure-
from-Motion (SfM) pipelines, which typically combine pairwise geometric reasoning
with subsequent global optimization. Instead, it adopts a data-driven multi-view
reasoning framework that directly infers both 3D scene geometry and camera poses
from multi-view images. Specifically, the method parameterizes scene geometry

and camera poses as pixel-wise ray endpoints and origins in a global coordinate
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frame, respectively, and employs a transformer-based denoising diffusion model to
jointly predict them. This formulation enables the simultaneous estimation of scene
structure (via ray endpoints) and camera configuration (via ray origins), providing

a fully integrated representation of pose and depth.

2.1.5 Datasets and Metrics

The performance of visual odometry and depth estimation methods is evaluated using
standard quantitative metrics that measure the discrepancy between predictions
and ground truth. The objective is to minimise these errors on benchmark
datasets, thereby improving the accuracy of the estimated camera motion and
scene geometry. In what follows, we describe the specific datasets and metrics

used to evaluate each task.

Datasets. This work evaluates visual odometry and depth estimation methods
on three widely used benchmark datasets: KITTI [|10], Oxford RobotCar [11],
and ScanNet [12]. These datasets provide complementary coverage of outdoor
and indoor environments, enabling evaluation across diverse scene structures and
imaging conditions. It should be noted that these datasets are not uniformly used
across all experiments; instead, each dataset is employed where appropriate to the
specific task, training paradigm, or evaluation setting.

KITTI [10] is a large-scale outdoor driving dataset collected using a vehicle
platform equipped with stereo cameras, LIDAR, and GPS/IMU sensors. It is
widely adopted for benchmarking both depth estimation and visual odometry. For
depth evaluation, the standard Eigen train/test split [13] is used. For odometry
evaluation, sequences 00-08 are used for training, while sequences 09-10 are
reserved for testing [14]. The dataset captures real-world urban driving scenarios,
including dynamic objects, illumination changes, and large-scale motion, making
it suitable for evaluating motion estimation accuracy and depth prediction in

outdoor environments.
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Oxford RobotCar [11] is an outdoor dataset collected in Oxford, UK, over
repeated traversals of the same routes under varying weather, lighting, and seasonal
conditions. It provides synchronized multi-sensor data, including stereo imagery
and LiDAR. Compared to KITTI, RobotCar introduces substantial appearance
variations across time, making it particularly useful for evaluating robustness and
generalization of visual odometry and depth estimation methods under changing
environmental conditions.

ScanNet [12] is a large-scale indoor RGB-D dataset consisting of approximately
2.5 million views across 1,513 sequences. It provides reconstructed 3D scenes along
with ground-truth camera poses and depth maps. Following the standard split [6],
the first 1,413 sequences are used for training, while 2,000 image pairs from the
remaining 100 sequences are selected for testing. The dataset contains cluttered
indoor scenes with complex geometry, occlusions, and textureless regions, providing
a complementary setting to outdoor datasets for evaluating depth estimation and
scene understanding.

Together, these datasets enable evaluation across a range of conditions, from
large-scale outdoor driving to indoor scene reconstruction, supporting a compre-
hensive analysis of both motion estimation and depth prediction. Their selective
use across different experimental settings reflects the varying requirements of the
tasks considered in this thesis. Specifically, KITTI and Oxford RobotCar are used
in Chapters [AH6, while ScanNet is used in Chapter [4

Metrics for Visual Odometry. In this section, we describe the evaluation
protocol for visual odometry. We first introduce the scale alignment procedure
required when the predicted motion is defined up to an unknown scale, as in self-
supervised settings. We then present the metrics used to evaluate visual odometry
performance, including relative pose and trajectory evaluation.

Scale Alignment for Self-Supervised Pose Estimation. In the monocular

self-supervised setting, such as the methods presented in Chapters [5] and [0}, the
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predicted camera motion is inherently defined up to an unknown scale. Conse-
quently, scale alignment is required prior to evaluation. In contrast, the supervised
formulation considered in Chapter [] does not suffer from scale ambiguity and
therefore does not require such alignment.

Let {€2}Y, and {€2}Y, denote the predicted and ground-truth relative poses
in se(3), where §;, = gl , as defined in Eq. (2.3). Since monocular estimation
recovers translation onl}; up to scale, a single global scale factor s is estimated
by matching the average translation magnitude:

1 N
s—NZ‘ et (2.6)
N Zz 1 1p§ St”2

The scaled relative pose is then defined as

5P
gi - [¢est] ) (27)

(2
where only the translational component is scaled, while the rotational component
remains unchanged.

The corresponding scaled transformations are obtained via
T = exp(€]), (2.8)

which are then composed to form a metrically consistent trajectory for evaluation.

Relative Pose Evaluation. Relative pose evaluation measures the drift of
motion estimation over short trajectory segments. For a segment of length A, the
relative motion between frames ¢ and i + A is first computed for both ground-truth

and estimated trajectories as
Tz—>z+A = (Tft) Tz—i—A? Tiia = (TeSt) Ta- (2.9)
The Relative Pose Error (RPE) is then defined as
EY = (T, ) T (2.10)

The translational and rotational errors for the segment are given by

race A —
, ef(@'):cos1<t (R(QEZ ) 1). (2.11)

20 = o],
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To enable comparison across segments of different lengths, these errors are
normalised by the segment length. The translational error is reported as a percentage
(%) of the segment length, and the rotational error is reported in degrees per 100 m.
In practice, the mean relative pose error is computed over all valid segments and
reported as Trans (%) and Rot (deg/100m).

Trajectory Evaluation. Trajectory evaluation measures the global consistency
of the estimated camera motion after composing the relative poses. Let {ngt N
and {T¢}Y || with T; € SE(3) (as defined in Eq. (2.2))), denote the ground-truth
and estimated trajectories, respectively.

The Absolute Trajectory Error (ATE) evaluates the accumulated drift over

the entire trajectory and is defined as

2

1 N
ATE, = J v > . (2.12)

=1

t ((T§t>_1 Tgst>

In addition to the translational error, the rotational component is evaluated as

trace (R((T?t)_l Tgst>) 1

2

(2.13)

1 N
ATE, = N ;cos’1

The translational ATE is reported in meters (m), and the rotational ATE is
reported in degrees (deg), reflecting the absolute discrepancy between the estimated
and ground-truth trajectories.

Specifically, the RPE and ATE of the predicted poses are reported in Tables
4.2 and .3 in Chapter 4 Tables [5.1I] and [5.3] in Chapter [} and Tables [6.1], [6.2]
and in Chapter [6]

Metrics for Depth. Depth estimation performance is evaluated using a set
of standard quantitative metrics. Similar to visual odometry, we first introduce
the scale alignment procedure required when the predicted depth is defined up to
an unknown scale, as in monocular self-supervised settings. We then present the
metrics used to evaluate depth estimation accuracy, including both error-based

and threshold-based measures.
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Table 2.2: Summary of depth evaluation metrics and their characteristics.

Metric Measures Sensitivity

Abs Rel Relative error Sensitive to small depths

Sq Rel Squared relative error Sensitive to large errors/outliers
RMSE Absolute error (m) Penalises large errors

RMSE log Log-space error Focus on relative differences

0 < 1.25 Strict accuracy threshold Fine accuracy

§ < 1.252  Moderate threshold Mid-level accuracy

§ < 1.25°  Loose threshold Coarse correctness

Unlike visual odometry, this thesis does not consider supervised depth estimation;
all depth predictions are obtained from monocular self-supervised settings, where
depth is inherently defined only up to an unknown scale. Consequently, scale
alignment is required for all depth evaluations in this thesis.

Scale Alignment for Monocular Depth Estimation. In the monocular
self-supervised setting, such as the methods presented in Chapters [5] and [0}, the
predicted depth is defined up to an unknown scale. To enable fair evaluation, a
per-image scale factor is applied using median ground-truth scaling. Specifically,

for each image, a scale factor s is computed as

medianpeq (D8 (p))

5= - : 2.14
medianpeq (D(p)) (2.14)

The scaled prediction is then given by
D(p) = s- D(p), (2.15)

which is used for all metric computations. For methods that predict metric-scale
depth directly, no alignment is applied and D = D.

Absolute Relative Error (Abs Rel) |: This metric measures the aver-
age relative error between prediction and ground truth, normalised by the true
depth. It emphasises proportional accuracy and is particularly sensitive to errors
at small depths.

1 |D) - D*(p)

AbsRel =
Q% De(p)

(2.16)
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Squared Relative Error (Sq Rel) |: This metric penalises large depth
errors more heavily due to the squared term, making it sensitive to outliers and

large deviations.

T LAl

9] o Dst(p)

(2.17)

Root Mean Squared Error (RMSE) |: This metric measures the absolute

error in metric units (meters), providing a direct interpretation of depth accuracy.

1

o 2 (D) - De(p))”. (2.18)

PEN

RMSE = J

Root Mean Squared Log Error (RMSE log) |: This metric evaluates
errors in logarithmic space, reducing sensitivity to large depth values and focusing

on relative differences.

RMSEg = \l ’;2’ > (log D(p) — log Dgt(p))Q. (2.19)
pPeQ

Threshold Accuracy (0 < 1.25) 1: This metric measures the percentage of
pixels where the predicted depth is within a factor of 1.25 of the ground truth.

_ 1 . D(p) D#(p)
01 =7 {pGQ.maX (Dgt(p)’ Bp) ) < 1.25}‘. (2.20)

Threshold Accuracy (§ < 1.25%) 1: This extends the tolerance to a factor

of 1.252, capturing a broader notion of acceptable predictions.

Threshold Accuracy (6 < 1.25%) 1: This further relaxes the threshold to
1.253, measuring coarse-level correctness.

These threshold-based metrics provide an interpretable measure of the proportion
of predictions within different accuracy bounds.

Specifically, depth evaluation results, reported using all or a subset of the
aforementioned metrics, are presented in Table in Chapter [5], as well as in
Tables[6.4 and [6.6] in Chapter[6] It is also important to note that depth evaluation is
not included in Chapter [4, which focuses solely on supervised visual odometry

without depth.
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2.2 (Geometric Approaches

A typical monocular geometric approach to visual odometry consists of several
interconnected components. First, image information is processed to establish
correspondences between frames, either through sparse feature matching or direct
pixel-wise alignment. These correspondences are then used to estimate the relative
camera pose, while simultaneously enabling depth inference through multi-view
geometric principles, such as triangulation or epipolar search, where photometric
consistency serves as the matching criterion for correspondence search and geometric
reconstruction. Finally, both camera motion and scene structure are jointly
refined through optimisation techniques, ranging from local windowed bundle
adjustment to global pose graph optimisation, each offering different trade-offs
between computational efficiency and global consistency.

In the following, we describe the core components of this pipeline, including
geometry-based visual odometry methods in Section the underlying multi-view
geometric principles for depth inference in Section 2.2.2] and joint optimisation

strategies for motion and structure estimation in Section

2.2.1 Geometry-based Visual Odometry

Visual odometry methods can be broadly categorised according to how image
information is used for motion estimation: feature-based, direct, and semi-direct
approaches. Each reflects different trade-offs between robustness, computational

efficiency, and sensitivity to environmental conditions.

Feature-based Approaches. Feature-based methods detect and match dis-
tinctive keypoints across frames to enable camera pose estimation, making them
robust to noise and moderate illumination changes [15]. In monocular settings,
these correspondences are used to estimate relative camera motion through epipolar
geometry (2D-2D) during initialisation, and through reprojection error minimisation
(3D-2D) in subsequent frames once scene structure has been triangulated (see

Section [2.2.2). Direct 3D-3D alignment is generally not employed in monocular
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VO, as consistent and independently reconstructed 3D structure across frames is
not available without additional constraints or sensing modalities.

Early detectors such as Harris [16] and FAST [17] provide efficient corner
detection, while more robust alternatives such as SIFT [18] and ORB [19] achieve
scale and rotation invariance. Due to its real-time efficiency, ORB has become
the foundation of mainstream VO systems, most notably ORB-SLAM [20] and
its successors. Feature correspondences are established either through descriptor
matching or sparse optical flow tracking such as KLT [21], with outliers removed via
RANSAC [22] prior to pose estimation. The estimated poses are then incrementally
composed to recover the camera trajectory. However, performance can degrade in

low-texture or highly repetitive scenes where reliable feature detection is difficult.

Direct Approaches. Direct methods estimate camera motion without explicit
feature extraction by minimising photometric error between pixel intensities across
frames [23|. By operating directly on raw image data, they are better suited
to texture-poor environments and can leverage a larger portion of the image.
Correspondences are not established explicitly through feature matching; instead,
they are implicitly defined through image warping based on the current pose
and depth estimates, and are iteratively refined during photometric optimisation.
Depending on the density of pixels used, direct methods can be further divided
into dense, semi-dense, and sparse variants. DTAM [24] performs dense whole-
image alignment against a volumetric scene representation. LSD-SLAM [25]
operates semi-densely on regions with sufficient image gradient, enabling real-
time CPU performance. DSO [23] selects a sparse set of high-gradient pixels
and jointly optimises poses, inverse depths, and photometric calibration within a
sliding keyframe window. A key limitation of direct methods is their sensitivity to
illumination changes and the non-convexity of the photometric objective, which

necessitates a good initial pose estimate for convergence.
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Semi-direct Approaches. Semi-direct methods combine the strengths of both
paradigms by employing direct image alignment for initial motion estimation
and feature-based reprojection error minimisation for refinement. SVO [26] is
the representative method of this category: it first aligns sparse pixel patches
photometrically to obtain an initial pose, then refines it by minimising reprojection
error, achieving real-time performance on CPU. This hybrid formulation avoids
the full descriptor pipeline of feature-based methods while retaining geometric
precision, making it particularly suitable for resource-constrained platforms such

as micro aerial vehicles.

Summary. Feature-based, direct, and semi-direct approaches constitute the core
categories of classical geometric visual odometry methods. Despite differences
in how image information is processed—whether through explicit feature corre-
spondences, direct photometric alignment, or a combination of both—all these
methods ultimately aim to estimate the relative camera pose between frames. This
pose is typically represented as a rigid-body transformation T € SE(3), defined
i FEquation , which serves as the standard representation in geometric VO
systems. In the monocular setting, however, the estimated pose is only recoverable
up to an unknown scale factor, since both camera motion and scene depth are
inferred from relative geometric constraints without any absolute metric reference.
Further details are discussed in Section 2.2.2

In this thesis, these classical approaches are used as a reference group for
comparison. In particular, ORB-SLAM [20] is adopted as a representative geometry-
based method and is compared with the proposed approaches in Chapter (Table
and Chapter (Table . To ensure a fair comparison with learning-based methods
that operate without global optimisation, loop closure and global bundle adjustment
are disabled, such that ORB-SLAM [20] reflects a pure odometry setting aligned

with the scope of this work.
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2.2.2 Depth Inference in Monocular Systems

Although depth is not directly observed in monocular VO, it can be recovered
through multi-view geometry. This section describes the core mechanisms by which
geometric methods infer scene structure from image sequences, as well as the

fundamental challenges that arise in the monocular setting.

Triangulation. Triangulation is the primary mechanism for depth recovery in
feature-based monocular systems. Given correspondences across multiple frames
and known relative camera poses, 3D points are estimated from the intersection
of back-projected rays. As noted in [15], this process is sensitive to image noise,
calibration errors, and correspondence uncertainty, with depth estimates becoming
unreliable at small baselines and improving with larger camera displacement. In
practice, triangulation is first performed during system initialisation using 2D-2D
correspondences and an estimated essential matrix [7], providing the initial scene

structure required for subsequent 3D-2D pose estimation via PnP [27].

Epipolar Search and Depth Filters. In direct monocular methods, depth
cannot be obtained from explicit feature matches. Instead, for a given pixel in the
reference frame, the fundamental epipolar constraint restricts its corresponding
projection in a new frame to lie on a one-dimensional epipolar line. A photometric
search along this line identifies the position of minimum intensity difference, yielding
a depth hypothesis via geometric triangulation. Since individual hypotheses are
inherently noisy, direct methods maintain a probabilistic depth filter per pixel that
accumulates hypotheses across multiple frames and refines the depth estimate as a
probability distribution over inverse depth until convergence [28]. This mechanism
is central to both LSD-SLAM |[25] and SVO [26], and allows depth to be gradually

built up alongside pose tracking without requiring explicit correspondences.
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Scale Ambiguity. A fundamental challenge in monocular depth inference is scale
ambiguity: since all depth estimates are derived from relative camera motion, the
absolute metric scale of the scene cannot be recovered from image data alone. Both
triangulation and epipolar search yield structure that is geometrically consistent
but defined only up to an unknown scale factor. This ambiguity propagates into
all downstream estimates, including trajectory and map reconstruction, and is a
primary source of drift in long-sequence monocular VO. LSD-SLAM [25] addresses
this by tracking on Sim(3) to explicitly represent and correct scale drift, while
metric scale recovery generally requires external information such as an IMU, a

known object size, or a stereo baseline.

Summary. In monocular visual odometry, depth is not directly observed but
is instead inferred from multi-view geometric constraints, such as triangulation
and epipolar search. These methods recover scene structure by exploiting corre-
spondences across frames and the relative camera motion, enabling the estimation
of scene depth at image locations. The resulting geometry can be represented as
a depth map D : Q — R*, as defined in Equation (2.4)), where depth values are
defined over image locations along the corresponding camera rays.

However, due to the absence of absolute metric reference in monocular ob-
servations, the recovered depth is only defined up to an unknown global scale.
This inherent ambiguity propagates to all downstream estimates, including camera
motion and trajectory reconstruction, and remains a fundamental challenge in

monocular visual odometry.

2.2.3 Joint Optimisation of Motion and Structure

Joint optimisation methods explicitly model depth and camera motion as coupled
variables within a unified framework, refining both simultaneously to ensure geo-
metric consistency between structure and trajectory. This coupling is fundamental
in monocular systems, where errors in pose directly affect triangulated depth

and vice versa.
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Bundle Adjustment. Bundle adjustment (BA) [29] is the canonical joint opti-
misation technique in geometric VO. It minimises the sum of reprojection errors

over a set of camera poses and 3D landmarks:

win 3 g(X' Ck)H (2.21)
where p}, is the observed 2D projection of landmark X in frame k, and g(X*, Cy) is
its reprojection under camera pose Cj. Full BA over all frames and landmarks is
computationally prohibitive for real-time systems. Local windowed BA restricts
optimisation to a sliding window of recent keyframes and their co-visible landmarks,

as employed in ORB-SLAM [20], providing a practical balance between accuracy

and computational cost.

Photometric Bundle Adjustment. In direct methods, the joint optimisation
objective replaces geometric reprojection error with photometric error, simultane-
ously refining poses and inverse depths. DSO [23] exemplifies this approach by
jointly optimising camera poses 7', inverse depths p, and photometric calibration

parameters within a fixed-size sliding window of active keyframes:

fglngH[ (m(Tij - P(u, )l (2.22)

)j
This formulation tightly couples depth and motion estimation, allowing both to be

corrected jointly as new observations arrive, and achieves state-of-the-art accuracy

among sparse direct methods without requiring feature descriptors.

Pose Graph Optimisation. When landmarks are discarded and only pose-to-
pose transformations are retained, BA reduces to pose graph optimisation [30]. In
the pose graph, nodes represent camera poses and edges encode relative motion
constraints estimated from VO, including both consecutive and non-adjacent frame
pairs identified through loop closure. Optimisation minimises the inconsistency

across all constraints:
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min Y _ ||C; — T,y (2.23)
4]

where C;, C; are camera poses at times ¢ and j, and Tj; is the relative transformation
between them. Pose graph optimisation is computationally more efficient than full
BA since landmarks are not included, making it well suited for global consistency cor-

rection and drift reduction over long sequences, as demonstrated in LSD-SLAM [25].

Summary. Joint optimisation methods in monocular visual odometry aim to
refine camera motion and scene structure simultaneously within a unified optimisa-
tion framework. In particular, camera poses, typically represented as rigid-body
transformations T € SE(3), as defined in Equation , and scene geometry,
represented through depth D, as defined in Equation , are jointly optimised to
ensure geometric consistency across observations. This coupling allows errors in pose
and structure to be corrected together, leading to improved accuracy and robustness.

However, despite being optimised jointly, pose and depth are defined in fun-
damentally different representation spaces: camera motion lies on the nonlinear
manifold SE(3), while depth is defined over the image domain as scalar values.
As a result, their interaction is enforced only implicitly through reprojection or
photometric constraints, rather than through a shared geometric representation,

as explored in Chapter [0]

2.3 Supervised Deep Learning Approaches

In recent years, deep learning-based approaches have been extensively explored for
visual odometry and depth estimation, aiming to learn geometric understanding
directly from image data. Unlike classical geometric methods that rely on explicit
correspondence estimation and optimisation, these approaches formulate motion
and structure estimation as data-driven learning problems, enabling improved
robustness under challenging conditions such as illumination changes, dynamic

scenes, and low-texture environments.
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Figure 2.2: DeepVO: a pioneering supervised learning-based visual odometry
framework [14]. Given a sequence of monocular images, consecutive frames are stacked
and fed into a deep Recurrent Convolutional Neural Network (RCNN), which consists of
convolutional layers for feature extraction and recurrent layers (e.g., LSTMs) for modelling
temporal dependencies. The network directly regresses the relative camera motion between
frames as a 6-DoF pose vector. Unlike classical geometric pipelines, DeepVO learns an
end-to-end mapping from raw consecutive RGB image pairs to camera poses without
explicit feature extraction, correspondence matching, or geometric optimisation. As a
supervised visual odometry method, the network is trained using ground-truth camera
poses, enabling it to implicitly learn motion dynamics and geometric structure from data.

Deep learning methods in this domain can be broadly categorised into supervised,
unsupervised, and self-supervised approaches, depending on the availability of
ground truth signals during training. Among these, supervised methods leverage
labelled data to directly learn mappings for motion and depth estimation, often
achieving high accuracy under controlled conditions. In this section, supervised deep
learning-based approaches for visual odometry in Section [2.3.1] depth estimation

in Section [2.3.2 and their joint formulation are reviewed in Section [2.3.3

2.3.1 Visual Odometry

Supervised monocular visual odometry (VO) estimates camera motion from image
sequences using ground-truth pose annotations, and has evolved from direct pose
regression toward more structured and geometry-aware formulations. DeepVO |[14]
is one of the earliest end-to-end approaches, replacing the traditional VO pipeline
with a recurrent convolutional network that directly regresses camera motion and

implicitly learns scale from data, as shown in Figure 2.2
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Research Theme Key Question

Pose regression and temporal re- How can temporal modeling improve direct
finement pose regression?

Geometry-aware representations How can geometric representations enhance
and matching motion estimation?

Generalization, dynamics, and How can robustness be improved across do-
prior-driven learning mains and dynamic scenes?

Table 2.3: Overview of supervised visual odometry methods aligned with the main
thematic categories discussed in Section m

Pose regression and temporal refinement. FEarly supervised methods focus
on improving direct pose regression by better exploiting temporal information.
GFS-VO [31] introduces a memory mechanism to retain global context and a
refinement module to iteratively improve pose estimates. [32] further enhances
motion estimation by separating rotation and translation learning and using
attention mechanisms to select motion-relevant features. [33] improves efficiency by
transferring knowledge from a large teacher network to a lightweight student model
while preserving pose accuracy. These approaches demonstrate that incorporating
temporal context and structured feature learning improves the stability and accuracy

of supervised VO.

Geometry-aware representations and matching. Another line of work im-
proves supervised VO by introducing intermediate geometric representations. Flow-
dometry [34] leverages optical flow as a motion representation, enabling more robust
pose estimation compared to raw image inputs. VOLDOR [35] formulates visual
odometry using dense optical flow residuals and jointly estimates camera motion,
depth, and confidence through a probabilistic framework. DPVO [36] adopts a patch-
based formulation with differentiable bundle adjustment, allowing the model to track
sparse correspondences and refine pose estimates over time. DeMoN [37] jointly
estimates depth and motion, providing explicit geometric constraints that improve
pose estimation. These methods highlight that incorporating geometric structure

and correspondence information significantly enhances supervised VO performance.
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Generalization, dynamics, and prior-driven learning. Recent work focuses
on improving robustness and generalization under diverse environments and dynamic
scenes. TartanVO [38] improves generalization by training on large-scale synthetic
datasets, enabling better transfer to real-world scenarios. PVO [39] incorporates
panoptic scene understanding to improve pose estimation by reasoning about
semantic and instance-level structure. DytanVO [40] jointly refines visual odometry
and motion segmentation, reducing the impact of dynamic objects on pose estimation.
ForestVO [41] adapts supervised VO to forest environments using domain-specific
priors, while DINO-VO [42] leverages pretrained foundation features to improve
robustness and matching quality. These approaches show that integrating semantic
understanding, domain priors, and pretrained representations can significantly

improve pose estimation in challenging conditions.

Summary. In summary, supervised visual odometry methods have evolved from
direct pose regression to more structured formulations that incorporate temporal
refinement, geometric representations, and prior-driven learning. Early approaches
improve pose estimation by exploiting temporal context and refining predictions over
time, while subsequent methods introduce intermediate geometric representations,
such as optical flow, depth, and correspondence structures, to provide stronger
constraints for motion estimation. More recent work further enhances robustness
by integrating semantic understanding, domain priors, and large-scale pretrained
features, enabling improved generalization under challenging conditions.
Despite these advancements, the above deep learning-based supervised meth-
ods predominantly rely on a minimal parameterisation of camera motion using
& € se(3), which corresponds to a 6-degree-of-freedom (6-DoF') representation, as
defined in Equation in Section [2.1.4] This representation compresses spatially
distributed visual information into a low-dimensional vector, which may introduce

a representational bottleneck and limit the effective use of geometric structure.
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In this thesis, DPVO [36] is selected as a representative state-of-the-art supervised
visual odometry method for comparison with the proposed representation introduced

in Chapter [l with quantitative results reported in Table [4.2]

2.3.2 Depth Estimation

Monocular depth estimation aims to recover dense scene geometry from a single
RGB image, an inherently ill-posed problem due to scale ambiguity and the loss
of 3D information during projection. Supervised learning has been the dominant
paradigm, leveraging ground-truth depth from datasets such as KITTI [43] and
NYU Depth V2 [44] to learn direct mappings from images to depth.

Research Theme Key Question

Foundations of supervised depth learning How can depth be directly predicted
from images?

Structured modeling & geometric priors How can spatial structure and geometry
improve depth quality?

Cross-domain generalization How can models generalize across
datasets and environments?
Scale-aware learning How can scale ambiguity be resolved
and metric depth recovered?
Generative modeling paradigms Can depth estimation benefit from gen-
erative or sequential modeling?
Large-scale & Foundation models How does large-scale data and pretrain-

ing improve generalization?

Table 2.4: Overview of major research themes in supervised monocular depth estimation.

Foundations of supervised depth learning. Early deep learning approaches
formulated monocular depth estimation as a regression problem. Eigen et al. [43]
introduced a multi-scale convolutional neural network that jointly captures global
context and local details, establishing the foundation for subsequent supervised
methods. Building upon this, Liu et al. [45] proposed Deep Convolutional Neural
Fields (DCNF), integrating convolutional neural networks with conditional random
fields (CRFs) to enforce spatial consistency. Later, fully convolutional residual
networks 46| further improved performance by enabling deeper architectures and

more effective feature learning.
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Structured modeling and geometric priors. To address limitations in direct
regression, subsequent works explored alternative formulations and structural
modeling. AdaBins [47] introduced adaptive discretization of depth values, im-
proving prediction accuracy by dynamically allocating resolution across depth
ranges. Other methods incorporated explicit geometric priors to better model scene
structure. For instance, multi-scale local planar guidance [48] and P3Depth [49)
enforce piecewise planar constraints, which are particularly effective in structured
environments. Similarly, Sparse-to-Continuous methods [50] enhance dense depth
prediction from sparse representations, while Neural Window Fully-Connected CRFs
(NeWCRFs) [51] improve depth refinement through attention-based CRF reasoning,

achieving strong local-global consistency.

Generalization and cross-domain learning. Despite these advances, a major
limitation of supervised methods lies in their poor generalization across datasets.
Models trained on specific domains often fail when applied to unseen environments
due to variations in scene layout, camera parameters, and depth distributions.
To mitigate this issue, several works explored cross-domain learning strategies.
Cross-domain distillation methods [52] transfer knowledge from stereo networks,
while dataset mixing approaches [53] improve robustness by training on hetero-

geneous data sources.

Scale awareness and zero-shot generalization. More recent research fo-
cuses on addressing scale ambiguity and improving zero-shot generalization. Ze-
roDepth [54] introduces scale-aware training strategies that explicitly model camera
geometry, enabling improved cross-dataset transfer. Metric3D [55] further advances
this direction by learning metric depth representations from mixed datasets, allowing
accurate scale recovery in unseen domains. UniDepth [56] extends these ideas by
proposing a universal depth estimation framework capable of generalizing across

diverse environments and camera settings.
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Generative and alternative modeling paradigms. In parallel, emerging
approaches explore new modeling paradigms beyond conventional supervised learn-
ing. Diffusion-based methods such as ECoDepth [57] leverage generative processes
with semantic conditioning to refine depth predictions, while SharpDepth [5§]
combines diffusion distillation with supervised learning to enhance both accuracy
and sharpness. Marigold [59] demonstrates that pretrained diffusion models can
be adapted for depth estimation, achieving strong generalization through large-
scale synthetic data. Additionally, autoregressive approaches such as DAR [60]
reformulate depth estimation as a sequential prediction task, offering a novel

perspective on depth modeling.

Large-scale and foundation models. A significant recent trend is the shift
toward large-scale and foundation-style models. Depth Anything [1] exemplifies this
paradigm by leveraging massive pseudo-labeled datasets to improve generalization,
demonstrating that data scaling can be as important as architectural design.
Building on this idea, prompt-based methods such as Prompt Depth Anything [61]
incorporate auxiliary signals (e.g., sparse LiDAR) to enhance metric accuracy,

particularly in high-resolution settings.

Summary. Supervised monocular depth estimation has evolved from direct
regression-based formulations to more structured approaches that incorporate
geometric priors, domain generalization strategies, and large-scale pretraining. Early
methods focus on learning direct mappings from images to depth, while subsequent
work improves spatial structure and consistency through geometric modeling
and attention-based refinement. More recent approaches address limitations in
generalization and scale estimation by leveraging cross-domain learning, scale-aware
training, and foundation-style models trained on large and diverse datasets.
Although improving depth estimation in a supervised setting is beyond the
scope of this thesis, we briefly review this line of work for completeness, as it
provides important context for understanding the challenges and limitations of

depth representation.
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2.3.3 Joint Visual Odometry and Depth Estimation

Recent work shows that foundation models for visual geometry are becoming
increasingly popular for multi-task estimation, where depth, camera pose, and other
3D attributes are predicted jointly within a unified framework. Representative
examples include VGGT [62] and Depth Anything 3 (DA3) [63], which learn a
shared geometric representation to simultaneously infer depth, camera parameters,
and scene structure from a small set of input views. However, these models are
primarily designed for short, unordered image sets, typically processing only a
limited number of frames at once and predicting absolute camera poses rather
than sequential relative motion. As a result, they are not directly suitable for
long-sequence, forward-facing visual odometry settings such as KITTT [10], where
temporal consistency and drift accumulation are critical.

To bridge this gap, recent work focuses on adapting or developing foundation
models for sequential VO and scene understanding. VGGT-World [64] reformulates
VGGT as an autoregressive geometry model, enabling sequential prediction over
longer horizons. DynamicVGGT [65] extends this line by modeling dynamic scenes
through 4D point maps, allowing joint reasoning over motion and scene changes.
DVGT [66] proposes a multi-task foundation model to driving scenarios which
supports the ego-motion and point clouds estimation, improving robustness under
forward-facing motion and structured environments. Similarly, DA3-Streaming |63,
67) introduces a chunk-based streaming mechanism that enables memory-efficient
inference over long videos, making DA3 applicable to sequential settings. These
adaptations do not fundamentally change the foundation-model paradigm, but
augment it with temporal modeling, memory, or domain-specific constraints to

better support visual odometry.

Summary. Recent foundation models for visual geometry aim to jointly estimate
depth, camera pose, and scene structure within a unified learning framework. These
methods leverage large-scale pretraining and shared representations to improve

generalization and enable multi-task inference from limited input views. While
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originally designed for short and unordered image sets, recent extensions incorporate
temporal modeling, memory mechanisms, and domain-specific adaptations to
support sequential visual odometry and long-horizon scene understanding.

However, despite performing joint estimation, these approaches still rely on
separate representations for motion and geometry. In particular, camera pose is
typically parameterised as a rigid-body transformation T € SE(3), as defined in
Equation (2.2)), while scene structure is represented as a depth map D, as defined
in Equation . These quantities are predicted through distinct output branches
and supervised using separate objectives, leading to an implicit coupling between
pose and depth rather than a unified geometric representation.

In this thesis, Depth Anything 3 (DA3) [63] is selected as a representative
foundation model for visual geometry and is compared with the proposed method

in Chapter [0 with quantitative results reported in Table [6.1] and Table [6.2]

2.4 Self-supervised Deep Learning Approaches

Self-supervised learning for visual odometry and depth estimation aims to learn
geometric relationships directly from unlabeled image sequences, removing the
need for ground-truth annotations. Instead of relying on explicit supervision, these
methods exploit multi-view geometric constraints, such as photometric consistency,
to jointly estimate camera motion and scene structure.

This section reviews self-supervised approaches for joint visual odometry and
depth estimation in Section [2.4.1] followed by methods that focus specifically on
either visual odometry in Section or depth estimation in Section [2.4.3] The
joint formulation is presented first because early self-supervised frameworks, such
as StM-Learner [8], model depth and motion as two interconnected components
within a unified architecture, as shown in Figure [2.3] Building on this foundation,
subsequent work has increasingly focused on improving either the motion or depth

branch, while still relying on their underlying geometric coupling during training.
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Figure 2.3: SfM-Learner: a foundational self-supervised framework for joint
depth and visual odometry learning [8]. Given a target image I; and its neighbouring
source views (e.g., [;—1 and I;41), the depth network predicts a per-pixel depth map D,
from the target view, while the pose network estimates the relative camera motions Tt_>t_1
and Tt—>t+1 from image pairs. The predicted depth and poses are then used to warp
the source images into the target frame via differentiable view synthesis, reconstructing
I;. Training is driven by a photometric reconstruction loss between the observed and
synthesised target views, enabling supervision without ground-truth pose or depth. This
formulation establishes the core principle of self-supervised visual odometry: jointly
learning motion and scene structure by enforcing multi-view geometric consistency through
image reconstruction.

2.4.1 Joint Visual Odometry and Depth Estimation

Most self-supervised approaches for joint visual odometry and depth estimation
rely on view synthesis, where a target image is reconstructed from adjacent frames
using the predicted depth and relative camera pose. The resulting photometric
reconstruction error serves as a unified supervisory signal that tightly couples the
two tasks. Consequently, improvements in depth prediction enhance pose estimation,
while more accurate pose estimation leads to better reprojection and refined depth,

forming a mutually reinforcing optimization framework.

Foundations of joint depth and ego-motion learning. Early work established
the core paradigm of jointly learning depth and ego-motion from monocular video.
Zhou et al. |8 introduced SfM-Learner supervised by photometric consistency, while
subsequent methods incorporated stronger geometric constraints. For example,
Mahjourian et al. enforced 3D consistency across frames, reducing both depth

noise and pose drift. These works demonstrate that aligning predictions in 3D
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Research Theme Key Question

Foundations of joint depth and How can depth and camera motion be jointly
ego-motion learning learned from monocular video?

Geometric coupling and cross- How can geometric constraints improve the
task consistency consistency between depth and motion?
Robustness to dynamics and oc- How can joint learning remain robust in
clusions dynamic scenes and occlusions?

Scale consistency and temporal How can scale ambiguity and temporal incon-
coherence sistency be addressed?

Representation learning, unified How can shared representations and large-
modeling, and foundation models scale pretrained models improve joint geomet-
ric learning?

Table 2.5: Overview of self-supervised joint visual odometry and depth estimation
methods aligned with the main thematic categories.

space improves the shared geometric structure, benefiting both depth and camera

motion simultaneously.

Geometric coupling and cross-task consistency. Later approaches strength-
ened the interaction between depth and pose through multi-task geometric reasoning.
GeoNet [69] jointly models depth, optical flow, and ego-motion, while DF-Net [70]
enforces consistency between rigid flow induced by depth and pose and learned
optical flow. Competitive Collaboration |71] decomposes the problem into co-
operating sub-tasks, including static scene reconstruction and dynamic motion
segmentation with optical flow, which are jointly optimized through a competitive
yet collaborative framework. Further analysis of this interaction is provided by
TCSIM [6], which studies the coupling between depth and ego-motion networks and
demonstrates that explicitly modelling their interdependence leads to more stable
and accurate joint estimation. By introducing additional geometric constraints,
these methods reduce ambiguity in motion and structure estimation, leading to

improved accuracy in both tasks.

Robustness to dynamics and occlusions. Dynamic objects and occlusions
violate static-scene assumptions and can degrade both depth and pose estimation.

To address this, masking-based strategies have been proposed. Methods such as
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Monodepth2 [72] introduce auto-masking to ignore inconsistent pixels, while hybrid
masking approaches [73| explicitly model dynamic regions. GANVO [74] further
improves robustness through adversarial training combined with geometric supervi-
sion. By refining the shared supervision signal, these methods prevent corrupted

gradients from affecting the joint optimization, thereby improving both outputs.

Scale consistency and temporal coherence. Scale ambiguity and temporal
inconsistency remain critical challenges in monocular settings. To cope with the
scale ambiguity of monocular VO, stereo-based methods such as Depth-VO-Feat [75]
exploit stereo pairs during training to recover metric scale. SC-SfMLearner [5]
enforce scale consistency across frames to reduce drift in VO and stabilize depth
predictions. Cycle-SfM [76] introduces cycle consistency over sequences to ensure
global geometric coherence. These methods highlight that enforcing long-range
consistency improves both trajectory estimation and depth reconstruction, as the

two tasks rely on a shared, globally consistent geometry.

Representation learning, unified modeling, and foundation models. Re-
cent advances shift from hand-crafted constraints toward stronger representations
and unified formulations that inherently couple depth and pose estimation. |77]
shows that geometry-aware features learned via large-scale pretraining improve
both tasks after self-supervised finetuning. In challenging domains, 78| introduces
latent priors that regularize the solution space, stabilizing both depth and motion
estimation. [79] further unifies depth, camera motion, and object motion within a
shared representation, reducing inconsistencies in dynamic scenes. More recently,
foundation-model-based approaches such as GPA-VGGT [80] leverage pretrained
geometry models to provide strong priors for joint depth and pose estimation, im-
proving generalization and reducing ambiguity in complex scenes. These approaches
demonstrate that stronger shared representations and large-scale priors directly

enhance both depth and pose through tighter coupling at the feature level.
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Summary. Self-supervised joint learning of visual odometry and depth estimation
is fundamentally driven by the geometric coupling between motion and structure
through view synthesis. Early work establishes a unified formulation based on
photometric reconstruction, while subsequent research progressively strengthens this
framework by improving geometric consistency, robustness to real-world challenges,
and temporal coherence. More recent approaches shift toward learning stronger
shared representations and leveraging large-scale priors, further enhancing the
interaction between depth and motion. Across these developments, a consistent
trend emerges: tighter and more principled coupling between the two tasks leads
to improved performance in both, highlighting the importance of joint modeling
in self-supervised geometric learning. However, all of the above methods esti-
mate the camera pose using its Lie algebra representation & € RS as defined
in Equation (2.3) in Section , and the inverse depth Dy,,, as defined in
Equation in Section .

As a result, TCSfM [6], which explicitly enforces tight coupling between ego-
motion and depth, is selected as a representative self-supervised method. It serves
as the foundation for the self-supervised ray-based visual odometry framework
developed in Chapter [5 where it is adapted to incorporate the proposed ray-based
representation while maintaining a consistent backbone for pose estimation.

Specifically, in Chapter 5 the performance of TCStM is evaluated for both pose
estimation (Table[5.1]) and depth estimation (Table[5.2), alongside SC-SfMLearner [5]
and Monodepth2 [72]. In addition, its pose estimation performance is further
compared with the supervised visual odometry method proposed in Chapter [4]
(Tables and , providing a consistent benchmark across both supervised

and self-supervised settings.

2.4.2 Focusing on Visual Odometry

Self-supervised monocular visual odometry aims to estimate camera motion without
ground-truth pose annotations, typically by leveraging depth, optical flow, or

geometric constraints as auxiliary supervision. The difference between this section
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Research Theme Key Question

Scale recovery and metric supervision = How can metric scale be recovered in
monocular visual odometry?

Temporal modeling and adaptation How can temporal structure and online
adaptation improve motion estimation?

Geometric consistency and structured How can geometric constraints and struc-

learning tured representations improve pose estima-
tion?

Efficient modeling and prior-guided How can efficiency and pretrained priors

learning enhance visual odometry performance?

Table 2.6: Overview of self-supervised visual odometry methods aligned with the main
thematic categories.

and the previous Section [2.4.1| is that this section focuses on improving pose
estimation by introducing additional techniques in the pose branch. A fundamental
challenge in self-supervised monocular VO is scale ambiguity. Early work such
as UnDeepVO [81] addresses this by using stereo image pairs during training to
recover metric scale, while still enabling monocular inference at test time. Under
this stereo supervision, depth and pose are jointly learned with metric constraints,
demonstrating that stronger geometric supervision directly improves the accuracy

and stability of visual odometry.

Temporal modeling, scale recovery, and online adaptation. Beyond stereo-
based solutions, several methods improve VO by enhancing temporal modeling
and adaptability. [82] introduces an online meta-learning strategy that enables
the model to continuously adapt to unseen environments, improving robustness
under domain shift. [83] incorporates sequential frame correlation and adversarial
training to refine motion estimation and reduce drift. [84] further improves pose
estimation by modeling long-range temporal dependencies using recurrent structures
and enforcing cycle consistency across distant frames. These methods highlight
that exploiting temporal structure beyond adjacent frames leads to more globally

consistent trajectory estimation.
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Geometric consistency and cross-task structure. Another important direc-
tion focuses on strengthening pose estimation through explicit geometric reasoning
and feature structuring. [85] introduces attention mechanisms to emphasize geometry-
relevant features for motion estimation. [86] progressively fuses appearance and
structural cues to improve pose estimation. [87] enforces consistency across adjacent
and non-adjacent frames to enhance supervision. GraphAVO [88] further introduces
graph-based geometric constraints to regularize motion estimation, while ORB-
SftMLearner |89] integrates classical feature correspondences with selective online
adaptation to improve robustness. These methods demonstrate that incorporating
stronger geometric priors and structured representations significantly improve

pose estimation.

Efficient modeling and prior-guided VO. Recent work explores efficient
architectures and the use of pretrained priors to improve VO performance. Lite-
SVO [90] proposes a lightweight self-supervised VO framework that exploits multi-
feature sharing and semantic cues to achieve efficient yet accurate motion estimation.
AnyCam [4] extends self-supervised VO to unconstrained videos by jointly estimating
camera pose and intrinsics using pretrained depth and flow priors along with
uncertainty-aware supervision. These approaches show that integrating prior
knowledge and efficient representations can significantly enhance pose estimation

while maintaining scalability.

Summary. Self-supervised VO methods have evolved from addressing scale ambi-
guity with stereo supervision to leveraging temporal modeling, geometric consistency,
and pretrained priors. While auxiliary tasks such as depth and optical flow are
often introduced, their primary role is to provide stronger supervision for motion
estimation. Consequently, the most effective approaches are those that tightly
couple these cues to improve the accuracy, robustness, and consistency of visual
odometry. However, despite these advances, most methods still parameterize camera

motion using the same Lie algebra representation & as defined in Equation ({2.3]).
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Research Theme Key Question

Foundations of self-supervised How can depth be learned from images with-
depth learning out ground-truth supervision?

Contextual and semantic feature How can contextual and semantic features
learning improve depth prediction?

Temporal modeling and geomet- How can temporal information improve geo-
ric consistency metric consistency and stability?

Spatial detail and geometric pri- How can spatial structure and geometric
ors priors improve depth quality?

Robustness and generalization How can depth estimation generalize across

domains and real-world conditions?

Table 2.7: Overview of self-supervised monocular depth estimation methods aligned
with the main thematic categories.

2.4.3 Focusing on Depth Estimation

Self-supervised monocular depth estimation (SS-MDE) aims to predict dense depth
maps without requiring ground-truth annotations, instead leveraging geometric
constraints from monocular video sequences or stereo image pairs. Most approaches
rely on view synthesis, where depth and camera pose are jointly optimized by mini-
mizing photometric reconstruction error between adjacent frames. This paradigm
significantly reduces dependence on expensive depth sensors and enables training
on large-scale unlabeled data. The difference between this section and the previous
two sections, Section and Section [2.4.2] is that the methods in this section

focus on improving the depth branch.

Foundations of self-supervised depth learning. Farly work explored different
supervision mechanisms for learning depth from monocular inputs. To alleviate the
need for ground-truth depth, Godard et al. [91] proposed a self-supervised framework
using stereo image pairs, where the known relative pose between left-right cameras
allows the network to predict disparity from a single image by reconstructing its
stereo counterpart. This formulation provides a strong geometric constraint while
still enabling monocular inference at test time. Subsequent methods extended
this idea to monocular video by jointly estimating depth and camera motion. For

example, Wang et al. [92] simplified training by removing explicit pose estimation,
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while GAN-based approaches introduced adversarial objectives to improve the
realism of predicted depth maps. Gordon et al. [93] further relaxed assumptions
by jointly learning camera intrinsics, enabling training on unconstrained video
data. In parallel, architectural improvements such as PackNet [94] enhanced feature

representation through 3D packing operations that preserve spatial details.

Contextual and semantic feature learning. Building on these foundations,
subsequent work focused on improving feature representation and contextual rea-
soning. Semantic-guided approaches incorporated high-level cues to mitigate errors
caused by dynamic objects and ambiguous regions |95 96]. Attention mechanisms
further enhanced feature aggregation, including self-attention-based models [97,
98] and channel-wise attention networks [99]. More recently, CNN-Transformer
hybrid architectures such as Lite-Mono [100] and fully transformer-based models
like MonoViT [101] and TransDSSL [102] demonstrated the effectiveness of global

context modeling for improving generalization.

Temporal modeling and geometric consistency. Another important research
direction focuses on enforcing temporal consistency across frames. By leveraging
longer temporal contexts, methods such as ManyDepth [103] and DepthFormer [104]
reduce noise and improve geometric consistency through multi-frame constraints.
These approaches enhance stability and robustness by explicitly modeling inter-
frame relationships and motion cues. Building on this idea, recurrent formulations
have also been explored to better capture temporal dependencies. For example, R-
MSFMX3 [105] introduces a recurrent multiscale feature modulation mechanism that
iteratively refines depth predictions across frames, improving geometric consistency

and temporal stability.

Spatial detail and geometric priors. Complementary to temporal model-
ing, other works aim to improve spatial fidelity and structural reasoning. High-
resolution approaches such as HR-Depth [106] explicitly preserve fine-grained spatial
details, while methods like SQLDepth [107] focus on learning fine-structured depth
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representations with improved generalization across scenes. Additionally, recent
approaches incorporate explicit geometric priors, such as planar constraints (e.g.,
GeoDepth [108]), to move beyond point-wise estimation and better capture scene
structure. Furthermore, leveraging richer prior information has been shown to
improve depth precision. For instance, RPrDepth [109] introduces a framework
that integrates rich-resource priors to enhance depth accuracy, demonstrating that
incorporating additional structural and semantic cues can significantly improve

fine-grained depth estimation.

Robustness and generalization in real-world scenarios. Recent advances
have emphasized robustness under challenging conditions and improved domain
generalization. To address dynamic environments, pseudo-supervision strategies
have been proposed to better handle moving objects |110], along with geometric
priors such as ground-contact constraints [111]. Environmental robustness has
been improved through domain-aware modeling, including weather-adaptive meth-
ods [112] and techniques such as DaCCN [113] that reduce sensitivity to direction
and appearance variations. Additionally, synthetic-to-real transfer approaches
leverage motion and structural priors to improve performance in complex outdoor
scenarios. More recently, hybrid frameworks such as Hybrid-Depth [114] integrate
foundation model features (e.g., CLIP [115] and DINO [116]) to enhance both

semantic understanding and spatial representation.

Summary. Self-supervised monocular depth estimation has evolved from early
stereo-based supervision to more advanced frameworks incorporating temporal
modeling, contextual feature learning, geometric priors, and large-scale pretrained
representations. These methods consistently rely on view synthesis as the super-
visory signal, with most approaches predicting the inverse depth Dj,,(p), where
p denotes a pixel location in the image, as defined in Equation , which
is subsequently converted to the metric depth D(p) in Equation (2.4]). Across
these developments, improvements are largely driven by enhancing geometric

consistency, feature representation, and robustness under real-world conditions.
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Research Theme Key Question

Supervised hybrid methods How can learning improve motion esti-
mation, perception, and scale recovery
within classical VO pipelines?

Self-supervised hybrid methods How can geometric priors (e.g., depth,
flow, uncertainty) be learned without la-
bels and integrated into pose estimation?

Tightly integrated learning and geometry How can learning and geometric optimi-
sation be jointly formulated to improve
accuracy, robustness, and convergence?

Table 2.8: Overview of major research themes in hybrid approaches combining geometric
and learning-based approaches.

In this work, representative state-of-the-art methods, including ManyDepth [103],
DaCCN [113], R-MSFMX3 [105], and RPrDepth [109], are selected for comparison

in Chapter [5 (Table [5.2).

2.5 Hybrid Geometric and Deep Learning Ap-
proaches

In addition to purely geometric, supervised, and self-supervised approaches intro-
duced above, hybrid visual odometry methods combine learning-based components
with classical geometric pipelines. These methods aim to leverage the robustness and
expressiveness of learned representations while retaining the accuracy, interpretabil-
ity, and strong geometric constraints of optimization-based estimation. Depending
on the type of learning employed, hybrid approaches can be broadly categorized
into supervised-based and self-supervised-based methods.

Early supervised hybrid methods [117-120] typically use classical techniques,
such as KLT tracking, to generate intermediate representations (e.g., optical flow),
which are then mapped to camera motion using neural networks. For example,
P-CNN VO [121] proposes a CNN architecture that extracts robust features from
dense optical flow, enabling the model to learn effective strategies for frame-to-
frame pose estimation under challenging conditions such as blur and illumination

changes. To address the scale ambiguity in monocular VO, several works [122-124]
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incorporate supervised depth prediction. For instance, Yin et al. [122] estimate
coarse depth maps using a ConvNet and refine them with conditional random fields,
enabling scale recovery by aligning predicted depth with observed geometry.

Beyond depth estimation, supervised hybrid methods also exploit learning for
improving perception. For example, [125] employs neural networks to enhance
images in high dynamic range (HDR) environments, improving the robustness
of downstream VO systems such as ORB-SLAM and DSO. Similarly, VSO [126]
incorporates semantic information as an invariant scene representation, introducing
semantic consistency constraints into the VO pipeline to reduce drift under challeng-
ing appearance changes. In addition, learning can be used to assist optimization
within classical pipelines. For example, DDVO [127] augments a direct visual
odometry framework with a learned pose network to improve initialization and
tracking robustness, while retaining photometric error minimization as the core
optimization mechanism.

In the self-supervised setting, hybrid methods often learn geometric priors with-
out requiring ground-truth labels. Methods such as DF-VO [128] and D3VO [129
use deep networks to estimate depth, optical flow, and uncertainty, which are
then integrated into geometric optimization. DF-VO [128] leverages self-supervised
depth and flow predictions to establish robust correspondences for pose estimation,
while D3VO jointly models depth, pose, and photometric uncertainty, using learned
uncertainty to weight residuals in direct VO. In addition, learning can be used to
refine pose estimates: [130] proposes a self-supervised pose correction network that
improves classical VO outputs by regressing residual pose updates.

More recent hybrid approaches further explore tighter integration between
learning and geometry. DROID-SLAM [131] introduces a differentiable bundle
adjustment framework that integrates learned dense correspondence estimation
with iterative geometric optimization, enabling end-to-end training while preserving
the structure of classical SLAM systems. NeRF-VO [132] combines self-supervised
NeRF optimization with classical visual odometry and learned depth priors, using

geometry-derived supervision to train a neural implicit scene representation while
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maintaining an optimization-based pose estimation pipeline. Similarly, [2] proposes
a self-supervised framework that predicts geometric priors to initialize and stabilize
classical VO, demonstrating that learned initialization can significantly improve
robustness in challenging scenarios. Recent transformer-based approaches such as
BRIGHT-VO [133] further extend this paradigm by incorporating multi-modality
feature learning and geometry-aware refinement, combining learned representations
with structured constraints to improve robustness under challenging lighting and

appearance variations.

Summary. Hybrid visual odometry methods integrate learning-based components
with classical geometric pipelines, combining the robustness and expressiveness
of learned representations with the accuracy and interpretability of optimization-
based estimation. These approaches evolve from loosely coupled frameworks using
learned intermediate representations to tightly integrated systems that embed
learning within geometric optimization, such as differentiable bundle adjustment and
neural implicit representations. Despite these advancements, most hybrid methods
estimate camera motion either as the transformation T defined in Equation (2.2
or its equivalent Lie algebra representation £ defined by Equation , while
depth is represented either as the metric depth D in Equation (2.4]) or the inverse
depth D;,, in Equation .

In this work, representative state-of-the-art hybrid methods, including NeRF-
VO [132], DDVO [127], DF-VO [128], BRIGHT-VO [133], and DROID-SLAM [131]
(without bundle adjustment), are selected for comparison with the proposed

method. Their performance is evaluated in Chapter 4| (Tables and and
Chapter [5| (Table [5.1)).

2.6 Ray-based Representation

In the work so far, the representation for pose and depth is the one mentioned in
Section [2.1.4] in this thesis, we explore the alternative of representation which

we present here.
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Figure 2.4: Ray representation and visualization. (a) Each ray r is represented in
Pliicker coordinates as r = (d, m), where d € R? denotes the ray direction and m = o x d
is the moment vector with respect to the camera origin o. (b) Uniformly sampled image
pixels corresponding to rays passing through the camera center. (¢) 3D visualization of ray
directions d, where the horizontal and vertical axes correspond to image width (W) and
height (H), respectively. The curved surface arises from normalizing the ray directions to
unit length, mapping them onto a portion of the unit sphere. (d) 3D visualization of ray
moments m, where the axes correspond to spatial coordinates. The apparent curvature
is induced by the cross product m = o x d and the normalization of d, resulting in a
nonlinear embedding of the rays in 3D space.
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Existing visual odometry methods estimate camera motion as elements of
SE(3), providing a minimal and computationally efficient representation of rigid
body transformations. However, such parameterizations may limit geometric
expressiveness and generalization under complex scene variations. This thesis
explores ray-based pose representations as an alternative formulation, investigating
whether increased geometric richness can improve accuracy and robustness, and

analysing the associated computational trade-offs.

2.6.1 Definition

We parameterize the camera ray bundle R = {ry,...,r,} using the Pliicker formu-
lation [134], following |135]. Each ray originates from the camera center o and
intersects a specific pixel point u on the image (see Figure [2.4a]), which is uniformly
distributed across the image, as shown in Figure Each ray r in this bundle
can be interpreted as a 3D line, uniquely defined by its origin o and direction d,
denoted as r = (0,d). According to the Pliicker coordinates, a line is represented
as 7 = (d,m), where the moment vector m is given by m = o x d.
Consequently, each ray in the bundle is described as a 6-dimensional vector, with
the first three components corresponding to the direction d (Figure and the last
three to the moment m (Figure 2.4d)). Thus, the ray bundle has shape h x w x 6,
where h and w denote the height and width of the image grid. Compared with the
traditional 6-DoF representation, which has shape 1 x 6, this formulation provides
a much denser representation. The motivations for using this dense representation,

including its continuity and robustness properties, are discussed in Section [3]

2.6.2 Equivalence to SE(3) Pose and Depth

In this section, we establish the equivalence between the proposed ray-based
representation and the SE(3) pose with depth by showing that they can be

transformed into one another.
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From SE(3) Pose and Depth Map to Ray Bundle. Let the camera pro-

jection matrix be
P =K[R | t], (2.24)

where K denotes the intrinsic matrix and (R,t) € SE(3) the camera pose. The

camera center in world coordinates is
c=-R't. (2.25)

Given a pixel u € P?, the corresponding 3D ray in Pliicker coordinates (d, m) is

given by
d=R'K'uy, m=cxd (2.26)

To incorporate scene depth, we augment each ray with a scalar depth value D;
from the depth map. While a scaled Pliicker ray can be represented by (d;, m;, \;),
this parameterization is redundant for our purpose. Instead, we adopt a simpler
and more direct origin—endpoint representation, which is naturally aligned with
the depth map.

For each pixel u; with depth D;, the corresponding 3D point in world coordinates
is

x; = RTK ' (Dyu;) + c. (2.27)

This defines a length-aware ray with origin and endpoint given by

0; = C, e; = X;. (228)

From Ray Bundle to SE(3) Pose and Depth Map. Conversely, given a set
of rays R = {(d;, m;)}", we recover the projection matrix P = K[R. | t].
First, we estimate the projection matrix by minimizing
hxw

P =argmin Y _ |[Hd; x u| . (2.29)
[HlI=1 =1
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The intrinsic K and rotation matrices R are obtained via R() decomposition of
the left 3 x 3 block of P. Alternatively, the camera center can be directly recovered

from Pliicker geometry as the point closest to all rays:

c=argmin Y [pxd—m|’. (2.30)

PER?® (g m)er

The translation is then recovered as
t = —Rec. (2.31)

A ray (d;, m;) defines only a viewing direction and is invariant to scale. To encode

depth, we associate each ray with a scalar \; € R, yielding a 3D point along the ray:

where the camera center c¢ satisfies m; = ¢ x d;.
This scaled ray representation is equivalent to an origin—endpoint parameteriza-
tion:

0, =cC, e, =x; =c+ \d,, (2.33)

with ray direction d; = e; — o;.

The scalar \; represents the distance along the ray. However, depth used in
standard benchmarks is defined along the camera optical axis. Let rz denote
the optical axis (the third row of R). Depth is then obtained by projecting

the ray onto this axis:
D; = (e; — 0;) 'rs. (2.34)
Substituting e; = ¢ + \;d; gives
D; = \;d, rs. (2.35)
In the canonical camera frame (R = I), this reduces to
D; = (e —0;), =\ d;.. (2.36)

Collecting all D; over pixels yields the depth map D.
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Metrics. Since the proposed ray-based representation is equivalent to the SE(3)
pose and depth, it can be evaluated by first transforming it to the camera pose
using Equations , , and , and then applying the metrics defined
in Section m Depth is obtained via Equation and evaluated using the
metrics defined in Section R2.1.5l

2.7 Ray-based Approaches

Ray-based representations have been explored in prior work; however, their ap-
plications differ from the focus of this thesis. In this work, we investigate the
use of ray-based representations for visual odometry and depth estimation. In
contrast, existing approaches primarily apply ray-based formulations to tasks such
as camera calibration, absolute camera pose estimation, novel view synthesis,
and scene reconstruction.

We organize the discussion into three main directions. First, ray-based for-
mulations for camera calibration are introduced in Section [2.7.1] where rays
are used to model pixel-wise viewing directions and implicitly encode camera
intrinsics. Second, ray-based approaches for camera pose estimation are reviewed,
highlighting methods that infer pose from distributed ray representations rather
than explicit parameterization in Section [2.7.2] Finally, ray-based methods for
novel view synthesis and scene reconstruction are presented, where rays serve as a
unified interface for modeling scene geometry and appearance across multiple

views in Section [2.7.3l

2.7.1 Camera Calibration

Ray-based representations provide a flexible formulation for intrinsic estimation
by modeling each pixel as an individual viewing ray rather than relying on a
fixed parametric camera model. Early work, such as Grossberg and Nayar [136],
introduced a general imaging model where each pixel is associated with a ray,
enabling the representation of arbitrary camera systems. Building on this idea,

Kannala and Brandt [137] proposed a generic camera model for conventional and
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Subsection Role of Rays

Camera Calibrations Rays model pixel-wise viewing directions,
enabling flexible representation of camera
intrinsics beyond fixed parametric models.

Camera Pose Estimation Rays provide a distributed representation of
camera geometry, allowing pose to be inferred
from per-pixel ray bundles instead of global

parameters.
Novel View Synthesis and Scene Rays serve as a unified geometric primitive
Reconstruction for modeling scene structure and appearance,

enabling view synthesis, reconstruction, and
multi-view reasoning.

Table 2.9: Summary of ray-based methods aligned with the corresponding subsections
and their roles in different 3D vision tasks.

wide-angle lenses, showing that ray-based formulations can effectively capture
complex lens distortions beyond the pinhole assumption. However, these methods
rely on explicit calibration procedures and known patterns, making them less
practical in unconstrained settings.

More recent approaches revisit ray-based modeling from a learning perspective.
Neural Ray Surfaces [138] represent cameras as continuous ray fields by predicting
pixel-wise rays directly from images, implicitly encoding camera intrinsics without
requiring explicit calibration. This formulation enables more flexible and data-driven

intrinsic estimation, particularly when calibration patterns are unavailable.

Summary. Ray-based intrinsic estimation shifts from explicit parameter fitting
toward pixel-wise geometric modeling, where each pixel is associated with a viewing
ray to capture complex camera optics. These methods primarily use rays to represent
camera intrinsics and imaging geometry, focusing on intrinsic calibration rather
than motion or scene understanding. In contrast, this work leverages rays for
visual odometry and depth estimation, where rays are not used to model camera
intrinsics, but to represent per-pixel geometry in forward-facing, long-sequence

settings, enabling sequential motion estimation and depth prediction.
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2.7.2 Absolute Camera Pose Estimation

Recent work explores alternative formulations of camera pose estimation by rep-
resenting cameras as collections of rays rather than explicit extrinsic parameters,
which is particularly effective in central-facing and sparse-view settings. Traditional
approaches estimate pose through a global rotation and translation: the network
must infer a single 6-DoF vector holistically from the entire image, and in sparse,
wide-baseline captures with little view overlap—typical of unstructured, casually
collected image sets—the geometric constraints available for this global inference
are weak, so both correspondence-based structure-from-motion and direct pose
regression become unstable. RayDiffusion [135] instead reformulates the camera
as a bundle of per-patch rays and learns to predict them directly from images
using a transformer-based architecture. This distributed representation is better
suited to such settings for three reasons. First, it decomposes one ill-constrained
global estimate into many local ones: each ray is anchored to the image patch
it passes through, so it can be predicted largely from local appearance evidence,
and the output rays align one-to-one with the patch tokens of the transformer
backbone. Second, the classical camera is recovered from the bundle by a least-
squares fit over all rays, so the estimate benefits from redundancy: errors on
ambiguous patches, such as textureless or occluded regions, are averaged out rather
than corrupting the entire pose, whereas a single 6-DoF vector offers no such
redundancy—a robustness mechanism formalized in Chapter [3] Third, with only a
few views the pose is often genuinely ambiguous (for instance, for near-symmetric
objects), and a deterministic regressor is forced to average between incompatible
hypotheses; by casting ray prediction as denoising diffusion, RayDiffusion instead
models a distribution over ray bundles and can sample distinct, internally coherent
pose hypotheses, naturally capturing this uncertainty.

Building on this idea, DiffusionSfM [9] extends ray-based representations to a
unified framework for joint structure and motion estimation. Instead of predicting
pose or depth separately, it represents both scene geometry and cameras as pixel-

wise ray origins and endpoints in a global frame, and employs a diffusion model to
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infer them from multi-view images. This formulation enables end-to-end multi-view
reasoning, replacing the traditional two-stage SfM pipeline with a single model that
jointly predicts depth and camera pose. By modeling uncertainty and enforcing
global consistency through diffusion, DiffusionSfM achieves improved robustness in
sparse-view settings, especially when viewpoints are limited or ambiguous.
Similarly, Depth Anything 3 [63] investigates whether a minimal set of geometric
prediction targets is sufficient for general 3D reconstruction, formulating the problem
as dense prediction of per-pixel depth and ray maps across multiple views. Given a
set of NV input images, the model jointly predicts N corresponding depth maps and
ray representations, each aligned with its input view, effectively encoding both scene
geometry and camera information in a unified form. The architecture builds on a
pretrained vision transformer backbone and introduces an input-adaptive cross-view
self-attention mechanism, which dynamically enables information exchange across
arbitrary numbers of views. A dual DPT head is further designed to jointly regress
depth and ray values from shared features, while an optional camera encoder allows
incorporation of known poses when available. This design results in a clean and
scalable framework that directly leverages pretrained representations, suggesting
that dense prediction of depth and rays alone can serve as a sufficient and general

interface for multi-view 3D understanding.

Summary. Overall, these methods shift camera modeling from explicit pose
parameterization to ray-based representations, progressively extending from central-
facing to forward-facing settings and from object-centric to full scene-level under-
standing. However, despite these advances, they primarily focus on estimating
absolute camera poses or globally anchored geometry, and are typically formulated
over a fized set of N wviews rather than long temporal sequences, regardless of
whether the views are sparsely sampled in central-facing setups or consecutively
captured in forward-facing scenarios. As a result, they do not explicitly model

relative pose evolution or enforce sequential consistency over extended trajectories.
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Although recent models such as DepthAnything3 [63] report strong performance,
they are not included in our experiments except the zero-shot evaluation, as
their training pipeline is not publicly available for modification. To ensure a
fair and controlled comparison, we instead build upon methods with accessible
and reproducible training frameworks. As a result, in Chapter [0, we build on
DiffusionSfM [9] as a representative ray-based foundation model and propose a
general ray-space optimization mechanism that can be flexibly integrated into
existing ray-based frameworks. Rather than introducing a specific architecture,
our goal is to develop a representation-level approach that improves optimization
without requiring ground-truth supervision. This mechanism enhances accuracy
through direct optimization in ray space and is not tied to any particular model
design, making it broadly applicable across different ray-based methods. Specifically,
we evaluate its zero-shot performance in forward-facing, long-sequence settings for

visual odometry and depth estimation in Chapter [0, with results reported in

Tables [6.2] [6.3) and [6.4]

2.7.3 Novel View Synthesis and Scene Reconstruction

Beyond camera calibration and pose estimation, recent works explore ray-based
formulations as a general representation for 3D scene modeling, enabling tasks such
as reconstruction, generation, and novel view synthesis. These approaches treat
rays as the fundamental primitives for encoding scene geometry and appearance,
rather than relying on explicit 3D structures or discretized volumes.
Parameterizing viewpoints using camera rays has been a central idea in the
novel view synthesis community. Instead of rendering an entire image holistically,
these methods model pixel-wise appearance conditioned on individual rays. Early
works such as NeRF [139] represent scenes as continuous radiance fields queried
along rays, enabling high-quality view synthesis from sparse observations. Light
Field Networks [140] further extend this idea by directly learning a mapping from

rays to radiance with a single evaluation, bypassing volumetric integration. More
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recently, diffusion-based approaches [141] incorporate generative modeling into
ray-conditioned rendering, enabling stochastic and diverse novel view synthesis.
Building on these foundations, recent methods explore ray-based representations
as a unified interface for broader 3D tasks. Matrix3D [55] introduces a structured
representation that organizes scene information directly in a ray-aligned manner,
enabling efficient reasoning over multi-view observations while maintaining geo-
metric consistency. GCRayDiffusion [142] extends diffusion-based modeling to ray
space, incorporating geometric constraints to guide the generation of consistent
ray distributions across views, thereby improving stability and coherence in 3D
reconstruction and synthesis tasks. Rayzer [143] further explores scalable ray-based
representations for large-scale scene modeling, focusing on efficient encoding and
querying of ray-aligned features. E-Rayzer [144] enhances this formulation with
improved efficiency and expressiveness, enabling more accurate modeling of complex

scenes while reducing computational overhead.

Summary. Overall, these methods demonstrate that ray-based representations
can serve as a unified abstraction for diverse 3D tasks, bridging reconstruction,
generation, and rendering within a common framework. By operating directly in
ray space, they naturally align with image formation and multi-view geometry,
facilitating view-consistent reasoning and scalable learning across scenes.
Importantly, these approaches differ fundamentally from ray-based formulations
used in visual odometry and depth estimation. While the latter focus on recovering
camera motion or per-view geometry (often in the form of relative pose or depth maps
tied to individual frames), ray-based scene modeling methods aim to represent the
entire scene in a globally consistent manner, enabling synthesis and reasoning across
arbitrary viewpoints. As such, they emphasize holistic scene representation and ren-

dering, rather than sequential motion estimation or single-view geometric prediction.
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2.8 Summary

This chapter first introduces the fundamental concepts of visual odometry and depth
estimation, together with their representations for machine learning in Section [2.1
It then reviews the principal approaches to visual odometry and depth estimation,
including classical geometric methods (Section , supervised and self-supervised
learning-based frameworks (Sections and , and hybrid approaches that
integrate both geometric and learning paradigms (Section. Despite differences in
methodology, most of these approaches share a common representational foundation:
camera motion is modeled as a transformation T € SE(3) (Equation ([2.2))) or its Lie
algebra representation £ € RS (Equation (2.3))), while scene structure is represented
as metric depth D(p) (Equation (2.4)) or inverse depth Dy, (p) (Equation (2.5)),
where p denotes a pixel at which depth is estimated.

The chapter then introduces ray-based representations (Section , where each
pixel is modeled as an individual ray, providing an alternative geometric formulation
to conventional pose and depth representations. Building on this formulation, ray-
based approaches are reviewed in Section [2.7, demonstrating the effectiveness of rays
for tasks such as camera calibration, pose estimation from sparse views, and novel
view synthesis. However, these methods are primarily designed for static or multi-
view settings, rather than sequential estimation over long forward-facing trajectories.

This contrast reveals a key gap in the literature: while ray-based representations
provide a geometrically grounded formulation that directly encodes the underlying
viewing geometry (Section , they have not been explored for visual odometry
and depth estimation, where the goal is to recover camera motion and scene
structure over time. Motivated by this gap, the central objective of this thesis is to
investigate ray-based representations as an alternative to conventional 6-DoF and
depth-based formulations. Specifically, this thesis explores how rays can be used
to represent camera motion and scene geometry in forward-facing, long-sequence
settings under different learning paradigms, enabling a unified formulation of visual

odometry and depth estimation. To the best of our knowledge, prior to this work,
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there has been no systematic exploration of ray-based representations for pose

and depth estimation in this context.
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In this chapter, we analyze the properties of the ray-based representation
introduced in Section [2.6| and establish why it provides a more suitable formulation
for learning-based visual odometry and depth estimation than the conventional
6-DoF pose and depth parameterizations reviewed in Section [2.1.4] The analysis
is motivated by the three challenges identified in Section [I.2}—limited estimation
accuracy, weak cross-domain generalization, and unstable training—and its purpose

is to explain, before any experimental evidence is presented, why a change of
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representation should help with each of them.

A key intuition behind the ray-based representation lies in its spatially distributed
structure and its natural alignment with the image formation process, where each
pixel corresponds to a viewing ray in 3D space. Instead of compressing camera
motion into a single global 6-DoF vector, rays associate geometric information
with individual image locations, forming a dense representation of the scene.
Furthermore, rays provide a unified representation for both camera motion and
scene geometry: by extending rays to be length-aware, each ray encodes not only
its position and direction but also a distance along it, directly corresponding to
a 3D point (Section 2.6.1)). As a result, motion and geometry can be jointly
predicted and optimized within a single head rather than as separate outputs,
which is particularly beneficial in self-supervised settings, where pose and depth
are typically estimated by separate branches.

While this intuition suggests that rays are a natural choice, it must be established
that they provide measurable advantages for learning, rather than merely repa-
rameterizing the same problem in a more complex form. Rather than introducing
new theoretical constructs, we therefore formally analyze the representation itself
and show, under the stated assumptions, that it exhibits three desirable properties,

each treated in its own section:

« Robustness to perturbations (Section : ray-based representations
distribute motion across many spatial locations, so that noise—whether it
enters through the input, the model, or the prediction itself—is averaged over
the image domain rather than concentrated in a single global vector. This
reduces the variance of the resulting motion estimate and mitigates the impact

of localized perturbations.

« Continuity of the representation (Section [3.2): the mapping from camera
pose to ray representation is Lipschitz continuous, avoiding the discontinuities
and double-cover ambiguities inherent in minimal pose parameterizations.

The regression target therefore varies smoothly with the underlying motion,



3. Analysis and Motivation for the Ray-Based Representation 77

the optimization is better conditioned, and training dynamics become more

stable.

o Information preservation (Section : ray bundles retain spatially
distributed geometric information, whereas projecting rays back to a pose is
a many-to-one operation that discards information and degrades gradients.
Supervising directly in ray space therefore provides a richer and better-
conditioned learning signal, particularly in self-supervised settings where pose

and depth are jointly estimated.

Importantly, these properties operate at different stages of the learning pipeline.
Perturbation robustness and continuity characterize the behavior of the represen-
tation at prediction time, explaining why ray-based formulations produce more
accurate and more stable estimates. Information preservation instead governs
the supervision stage, explaining why optimizing directly in ray space leads to
improved learning compared to projecting predictions back to conventional pose—
depth representations before computing the loss. This distinction is critical for
understanding the advantages of the proposed formulation, and it determines where

each property is validated empirically in Chapters [AH6]

Setup and notation. Throughout this chapter, 2 denotes the image domain,
i.e., the set of pixel (or patch) locations u at which rays are constructed, and
Q| denotes its cardinality (the number of rays, h x w in Section [2.6.1)). We
compare two representations of the same relative camera motion T = (R,t) €
SE(3) (Equation (2.2))): (i) the minimal 6-DoF representation € € RS, the Lie-
algebra parameterization of Equation ; and (ii) the ray-based representation
R = {(d,, m,) },ecq, the bundle of per-pixel Pliicker rays defined in Section m
and obtained from the pose through Equation . Where scene geometry is
also represented, each ray additionally carries a length, equivalently expressed
through the origin—endpoint form (o,,e,) of Section ; the analysis below
applies unchanged to this length-aware form. We write r(-) for the pose-to-ray

mapping, so that r(T) denotes the ray bundle induced by pose T, and T'(-) for
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the inverse operation of Section which recovers the pose from a ray bundle
by aggregating all rays in a least-squares sense.

The remainder of the chapter analyzes each property in turn: Section
quantifies robustness to perturbations, Section establishes the continuity of
the pose-to-ray mapping, and Section analyzes the choice of supervision space.

Section summarizes the results and states the scope of the analysis.

3.1 Perturbation Robustness of Ray-Based Rep-
resentation

The conventional 6-DoF representation constitutes a minimal parameterization in
which the motion components are tightly coupled within a low-dimensional manifold:
the geometry of every pixel depends on the same six numbers. Under additive
perturbations, noise is injected directly into this constrained parameter space and
affects all motion components globally. In contrast, the ray-based representation
adopts a high-dimensional and spatially distributed formulation, where motion is
encoded across per-pixel ray parameters, so that a disturbance at one location
need not corrupt the others.

In a learned system, such perturbations are unavoidable and arise from at least
three sources, which the empirical studies of Chapters [4] and [5| probe separately:
(i) input perturbations, such as sensor noise, illumination change, or appearance
shift between domains; (ii) model perturbations, such as uncertainty or noise in the
network weights; and (iii) output perturbations, i.e., residual prediction errors of the
network head. Whatever their source, these disturbances manifest as additive error
on the predicted representation, and the question addressed in this section is how
each representation propagates such error to the final motion estimate.

To formalize the distinction, consider an additive perturbation applied to each

representation. For the 6-DoF parameterization, the perturbed prediction is

g =€+ 6¢, 5¢ € RS, (3.1)
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where 0 directly alters the global transformation. Because all pixels depend on the
same pose, this single perturbation induces a coherent, global deformation of the
reconstructed geometry: there is one error vector, and it is shared by the entire image.

For a ray bundle R = {(d,, m,)}.cq, perturbations instead act per ray,
d, =d, +¢e m, =m, + e, u €, (3.2)

where €? and €™ denote the perturbations to the direction and moment of the ray
at location u and, crucially, may vary independently across locations. We write
g, = (€2,&™) for the stacked per-ray error. The resulting error in the representation
is therefore decomposed over |€2| degrees of freedom, rather than concentrated

in a single vector as in Equation (3.1).

Assumptions. For the variance analysis below, we assume that the per-ray
errors €, (i) have zero mean, (ii) have variance at most ¢ in each component,
and (iii) are uncorrelated across locations, i.e., Cov(g,,&,) = 0 for u # v. These
are idealizations—the prediction errors of a neural network exhibit some spatial
correlation—and Section discusses how the conclusions degrade gracefully
when they are relaxed.

The reason spatial averaging matters is that no downstream quantity depends
on a single ray in isolation. Both the training losses used in Chapters [4Hg] and the
pose-recovery operation 7'(-) of Section aggregate residuals over all rays: the
recovery is a least-squares fit to the full bundle, so each ray contributes only one
of || terms to the estimate. The quantity that governs the downstream error is
therefore not an individual €, but the spatial average of the errors, and its variance
can be computed explicitly. Using the scaling property Var(aX) = a* Var(X)
in the first step, and assumption (iii)—under which all cross-covariance terms
vanish—in the second, we obtain

Var<m| > su) = W\/ar(z su) aF > Var(e,)

ueN u€e) u€eS)

1 o2
< = — .
= jap 1 =g O(m) (3:3)
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where the inequality uses assumption (ii). The effective noise level of the aggregated
representation therefore decreases as the number of rays grows.

In contrast, for the minimal 6-DoF parameterization, the perturbation 6§ of
Equation is the error of the estimate: it is not averaged over anything, its
variance is independent of the image resolution, and the representation offers no ana-
logue of Equation (3.3)). Perturbations are concentrated in a low-dimensional space

and affect all pixels simultaneously, without any mechanism for spatial averaging.

3.1.1 Implications for Prediction Accuracy

The variance reduction of Equation translates into estimation accuracy as
follows. Let T = T(R’) denote the pose recovered from a perturbed bundle R/,
and let T* denote the true pose, so that T(R) = T* for the unperturbed bundle.
Since the recovery operation is smooth in the ray parameters, a first-order Taylor

expansion around the unperturbed bundle gives
T-T" ~ Jy(RR—R), so E|T-T?* « Var(R)), (3.4)

where Jr is the Jacobian of the recovery mapping evaluated at R; more precisely, the
expected squared pose error is bounded by ||J7||* times the variance of the perturbed
bundle. Reducing the variance of the representation therefore directly reduces the
expected squared error of the recovered motion. Because Equation shows
that this variance shrinks with |2| for the ray bundle—while, by Equation , it
remains constant for the minimal parameterization—perturbations of comparable
strength are expected to degrade a ray-based estimator less than a 6-DoF one.
The practical significance is that perturbations arising from all three sources
identified above—input noise, model-parameter uncertainty, and output predic-
tion error—are absorbed and averaged across spatial locations before they reach
the final motion estimate. Their impact on the estimated trajectory is thereby
attenuated, yielding more accurate pose estimation and reduced trajectory drift.
In minimal 6-DoF representations, by contrast, the same perturbations propagate

globally, producing a coherent deformation of the entire motion estimate and larger
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accumulated errors over time. This difference in error propagation provides a
unified explanation for the improved robustness observed under input, model, and
output perturbations in Section of Chapter [4 and Section of Chapter 5]
We further hypothesize that this mechanism is a key factor behind the improved
pose accuracy of ray-based methods, as supported by the quantitative results in
Chapter [4f (Tables and and Chapter |5| (Table , where ray-based methods

consistently achieve lower trajectory errors across datasets.

3.1.2 Implications for Cross-Domain Generalization

Beyond robustness to noise, the same mechanism supports generalization across
domains. In visual odometry and depth estimation, domain shift typically manifests
as a structured perturbation of appearance: changes in lighting, weather, scene
layout, or sensor characteristics. It can therefore be analyzed with the same
tools as unstructured noise.

To formalize this intuition, let x4 and x; denote source- and target-domain inputs,
and write the domain shift as z; = x5 + dgom. With a slight abuse of notation,
let 7(z) denote the ray representation computed from input z. Anticipating the
continuity result established in Section the mappings involved are Lipschitz, so

the induced change in the representation is bounded by the size of the shift,
() = 7(z) |l < Lr [|daomll; (3.5)

where L, denotes the corresponding Lipschitz constant. If, in addition, the prediction
function f and the loss ¢ are locally Lipschitz with constants Ly and L,, then
the change in loss under the domain shift is bounded by the product of the

three constants:

[(F (), ) — L(f((22)).9)] < Le L L o]l (3.6)

In words: the degradation in performance under domain shift is controlled by the
stability of the representation. A representation with a small effective Lipschitz

constant cannot be arbitrarily damaged by a bounded appearance change.
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Two structural facts make the ray-based representation favorable in this bound.
First, because it preserves spatially distributed geometric information rather than
compressing it into a global parameter vector, domain-dependent variations affect
individual rays locally and are averaged out by Equation (3.3) rather than biasing
a single global estimate. Second, because supervision and prediction are tied to
geometric quantities rather than appearance-specific cues, the learned model relies
less on correlations that fail to transfer. This theoretical picture is consistent with the
empirical results reported in Section [f.4.3]of Chapter[dand Section [5.4.3|of Chapter 5]
where ray-based methods demonstrate stronger cross-domain generalization than

their 6-DoF counterparts.

3.2 Continuity of the Ray-Based Representation

For gradient-based learning, it matters not only how noise propagates through a
representation but also how smoothly the representation depends on the underlying
pose. Recent analysis of rotation representations shows that parameterizations using
three parameters (e.g., Euler angles or exponential coordinates) or four parameters
(quaternions) inevitably introduce discontinuities or double-cover ambiguities in the
regression target, which impede gradient-based learning due to the non-Lipschitz
behavior of the mapping from SO(3) to the representation space [3]. A representation
intended to serve as a regression target should therefore be continuous—ideally
Lipschitz—in the pose. In this section, we show that the pose-to-ray mapping
has exactly this property, and we extend the analysis from rotations alone to
the full SE(3) pose space.

To analyze this property, consider two camera poses Tq, Ty € SE(3), defined as
in Equation and representing relative camera transformations as encountered
in visual odometry. Denoting T; = (R, t;) for i € {1,2}, we study how the corre-

sponding ray representations vary as the pose changes. For a fixed image point u, let

x =K u (3.7)
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denote the corresponding viewing direction in camera coordinates, where K is
the intrinsic matrix. By Equation (2.26)), the ray induced by pose T; at this

pixel has direction and moment
d; = RZTX, m; =¢; X di, Cc;, = —RZTtZ, 1€ {]_, 2}, (38)

where c¢; denotes the camera center. The goal is to bound the change in the ray
parameters (d, m) by the change in the pose (R, t). Three standard inequalities
are used repeatedly: the matrix—vector bound [[Ax| < ||Allr|x]||; the cross-
product bound ||a x b|| < ||a]| ||b||; and the fact that rotations preserve Euclidean

norms, [Rx| = [x|.

Step 1: the ray direction. Subtracting the two directions and factoring out

the common vector x,
d-d;=R/x-R,x=(R; - Ry)'x. (3.9)

Taking norms and applying the matrix—vector bound (noting that ||AT||r = [|A]|r)
gives

[di — dof| < [[R1 — Ra||F [Ix]. (3.10)
The ray direction therefore varies Lipschitz-continuously with the rotation, with

constant ||x||; the translation does not enter at all.

Step 2: the ray moment. The moment couples the camera center and the
direction, so we first separate the two effects. Adding and subtracting the in-
termediate term c; x ds,
m; —my =c; Xxd; —cy X d
= <01 x d; — ¢ xd2)+(c1 ><d2—c2><d2)
=c; x (dy —dsy) + (c; — ¢c2) X da. (3.11)
The first term captures the change due to the direction (at a fixed center); the

second captures the change due to the center (at a fixed direction). Applying the

triangle inequality and then the cross-product bound to each term,

[y —my, | < je ][ f|dy — daff + [ler — ¢z [|da]]- (3.12)
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Step 3: the camera center. It remains to bound |c; — ca||. Substituting
c, = —RiT t; and using the same add-and-subtract device, this time with the

intermediate term R to,

Ci — Cy = —Rirtl + R;—tg

= R/ (t; —t2) — (R; — Ry) "ts. (3.13)

By the triangle inequality, norm preservation under rotation for the first term,

and the matrix—vector bound for the second,
ler = call < Ity — tof| + [[Ry — Ra|r [[ta]- (3.14)
Norm preservation also supplies the two remaining ingredients for Equation (3.12]):

Idaf| = IR x| = [Ix[l,  ller] = [R] 1] = [[tall. (3.15)

Step 4: combining the bounds. We now substitute the direction bound (3.10)),
the center bound (3.14)), and the norm identities (3.15) into the moment in-

equality (3.12)):

lmy — || < | [ Ry = Rolle 1]l + (lIt1 = tall + [Ry = Rallr[lt2]]) [x]

= [l (e + i) 1Rs = Rl + 1 — tal ). (3.16)

Measuring the joint change in a ray with the sum norm, ||(d, m)|| := ||d|| + ||m||,
and adding Equation (3.10) to Equation (3.16]), all terms can be collected under

a single constant:
[(dy, my) — (do, my)|| < L ([[R1 — Raflr + [It1 — t2]) , (3.17)

with L = [|[K tul| (1 + [[t1]] + ||t2||): the coefficient multiplying [|[R; — Ry||p is
1x|(1 + [[t1]] + |[t2]]) and the coefficient multiplying [[t; — tof is ||x]||, both of
which are at most L.

If the pose space is restricted to a compact domain—as is the case for relative
poses between consecutive frames, whose translation magnitude is bounded—then

|t1]| and ||t2|| are bounded, and the constant L can be chosen uniformly over the
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domain. Equation thus shows that the pose-to-ray mapping is Lipschitz
continuous on bounded pose domains. The structure of the derivation also explains
why: ray directions depend linearly on the rotation (Step 1), ray moments depend
bilinearly on rotation and translation (Steps 2-4), and translation contributes only
bounded factors to the constant. It is important to clarify that the analysis in [3]
is restricted to mappings on SO(3); Equation extends the conclusion to
the full SE(3) pose space. The ray bundle therefore provides a continuous and
well-conditioned embedding of camera pose for gradient-based learning, free of the

discontinuities and double-cover ambiguities of minimal parameterizations.

3.2.1 Implications for Prediction Accuracy

The Lipschitz bound of Equation guarantees that small errors in the estimated
pose correspond to proportionally small deviations in ray space, and—because
the target itself varies smoothly—that the network is asked to fit a well-posed,
continuous regression problem. Minimal parameterizations, by contrast, can exhibit
points where arbitrarily close poses map to distant targets; near such points, small
representation errors correspond to large pose errors and vice versa, amplifying
estimation error in an input-dependent way. The bounded sensitivity of the ray
representation removes this failure mode and preserves the geometric structure of
the underlying motion in a stable manner. This effect is reflected in the empirical
results of Chapters [4] and 5] where ray-based methods achieve consistently lower

trajectory errors than 6-DoF formulations.

3.2.2 Implications for Optimization Stability

Continuity also governs the training dynamics, because the smoothness of the loss
with respect to the model parameters is inherited from the smoothness of the

mappings it composes. Let the training loss be

L) = £(fo(r(2)), y), (3.18)

where 7(-) denotes the ray-based representation computed within the model (for

example, rays constructed from intermediate pose or geometry estimates), fp the
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prediction head operating on it, and ¢ the training loss; the essential point is that
wherever the pose-to-ray mapping appears in the computation graph, its Jacobian
is bounded by the Lipschitz constant established above. The sensitivity of the loss

to parameter updates is characterized by the chain rule,

ot df or ox

VoL = 5% or 0z 90"

(3.19)

and since Equation (3.17) implies that ||0r/0z|| is bounded by L,, the overall

gradient is bounded whenever the remaining factors are:

ox

< LyL¢L, |55
oLl < Le Ly Ly | 55

, (3.20)

where L,, Ly, and Ly are the Lipschitz constants of the representation, predictor,
and loss, respectively. Boundedness ensures that small perturbations of the input
or the parameters cannot produce large fluctuations in the gradient. Moreover,
because the ray mapping is built from linear and bilinear operations, the composed

loss also satisfies a Lipschitz-gradient (smoothness) condition on bounded domains,
IVL(01) = VL) < Ly |61 — b, (3.21)

the standard condition under which gradient descent with step size at most 1/L,
decreases the loss monotonically. Together, Equations and support
smoother and more stable optimisation under these smoothness assumptions and
prevent abrupt gradient changes between iterations.

In contrast, the discontinuities of minimal pose parameterizations make the
corresponding Jacobian ill-conditioned near the problematic regions of the pose
space: gradient magnitude and direction can vary sharply between nearby iterates,
which manifests as unstable updates and fluctuating loss curves across epochs.

The spatial structure of the representation adds a second, independent stabilizing
mechanism. Writing the loss as a mean of per-location terms, £ = ﬁ >uea Lus
the gradient decomposes accordingly,
S

Vok = 1qy

> VoL, (3.22)

u€ef)
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where each term reflects a local geometric contribution. Under the same uncorrelat-

edness assumption as in Section [3.1] the variance of the gradient then satisfies

Var(VyL) = |Q|

2> Var(VeL,) < (3.23)

|Q| u€ef)
where v bounds the per-location gradient variance. Gradient fluctuations are
thus reduced by spatial averaging, exactly as the representation errors were in
Equation . The 6-DoF formulation, by comparison, aggregates all errors into a
single low-dimensional output, where gradient noise directly affects the entire update.

Taken together, the boundedness of the gradients and their spatially distributed

structure provide a mathematical explanation for the smoother loss evolution and

improved training stability observed empirically in Section [.4.4] of Chapter [4]
and Section of Chapter [5]

3.3 Information Preservation in Ray-Based Su-
pervision

The first two properties concern the representation at prediction time. The third
concerns the supervision stage: given a network that predicts a ray bundle, in which

space should the training loss be computed? Two routes are possible.

1. Pose—depth-space supervision. Convert the predicted bundle into an
explicit pose (and depth map) using the recovery operation 7'(+) of Section[2.6.2]
and then apply a conventional loss in pose-depth space—for example, a
comparison against a ground-truth pose, or a photometric reconstruction loss

driven by the recovered pose and depth.

2. Ray-space supervision. Compare the predicted rays directly against target
rays (or enforce ray-native consistency objectives), without collapsing the

bundle to a pose during training.

Both routes are available precisely because of the equivalence established in
Section [2.6.2] and the first may appear the more natural choice, since it reuses

standard losses. This section shows, however, that the conversion step in the first
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route is not free: it passes the learning signal through a many-to-one projection and

an ill-conditioned inverse problem, discarding information and degrading gradients.

3.3.1 The Many-to-One Nature of the Ray-to-Pose Mapping

Consider the recovery mapping
T : R — SE(3), (3.24)

which takes a ray bundle to the pose that best explains it. The bundle has on
the order of |2 degrees of freedom—each of the || rays contributes its own
parameters—while the recovered pose lies in a 6-dimensional space. For any || > 1,
the dimensions differ, so the mapping cannot be injective. To make this precise,

linearize T around a bundle R:
T(R+R)~T(R)+ Jr(R)IR, (3.25)

where Jr is the Jacobian of the recovery mapping: a linear map from the high-
dimensional space of bundle perturbations to R. A linear map into R® has rank
at most 6; by the rank—nullity theorem, its null space therefore has dimension at
least dim(0R) — 6 > 0. Consequently, there exist nonzero perturbations that

the recovery cannot see:
JOR #0 st. Jp(R)IR =0, hence T(R+R)~T(R). (3.26)

Distinct ray bundles are thus mapped to (approximately) the same pose: the
projection is inherently many-to-one, and whatever distinguishes two bundles within
the null space is invisible after the conversion. The consequence for learning is
immediate: a loss computed after the conversion cannot penalize—and therefore

cannot correct—error components of the prediction that lie in this null space.

3.3.2 Information Loss and Optimization Conditioning

The geometric argument has an information-theoretic counterpart. Let y denote

the supervision signal (for example, ground-truth geometry, or the photometric
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target in self-supervised learning), and let I(-;-) denote mutual information—the
reduction in uncertainty about one variable obtained by observing the other. Because
T(R) is a deterministic function of R, the three variables form a Markov chain
y — R — T(R), and the data-processing inequality states that further processing

cannot create information:
I(R;y) = I(T(R); v), (3.27)

with strict inequality whenever T'(R) is not a sufficient statistic of R for y—which,
by the null-space argument of Section [3.3.1] it generally is not. Supervision that
only observes T'(R) therefore operates on a strictly weaker signal than supervision
that observes the bundle itself.

The conversion is harmful not only for what it removes, but also for how it
transmits what remains. Recovering a pose from rays—or, in the photometric
case, from image residuals—is a least-squares problem. Writing € for the stacked
residual vector, J = de/0€ for its Jacobian with respect to the pose parameters,
and W for a positive-definite weighting matrix, the Gauss-Newton update solves

the normal equations [29]:
&= (J W) T We. (3.28)

When the training loss is computed after this conversion, backpropagated gradients
pass through the solve—that is, through the inverse (J "W .J)~1. Under low parallax,
small baselines, or degenerate motion—conditions common in forward-facing driving
sequences—the approximate Hessian J' W .J has some very small eigenvalues; its
condition number (the ratio of its largest to smallest eigenvalue) becomes large,
and the inverse amplifies exactly those components of the residual, and of the
gradient, that lie along the poorly constrained directions. The learning signal that
reaches the network is then dominated by amplified noise in some directions and
vanishing sensitivity in others: the gradients are, in effect, filtered through an

ill-conditioned inverse.
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3.3.3 Ray-Space Supervision

Ray-space supervision avoids both failure modes by optimizing the predicted
rays directly, without projecting to pose space. The loss decomposes over the

image domain,

L= 1 > L, (3.29)

19 i
where each term L, compares the predicted ray at location u against its target
(in either the Plicker or the length-aware form). No many-to-one compression is
applied, so no error component is projected away—the full residual field remains
visible to the loss and all geometric residuals are preserved. And no ill-conditioned
inverse stands between residuals and gradients: each VL, reflects a local geometric

discrepancy, so the optimization inherits the bounded, spatially distributed gradient

structure established in Section [3.2.2]

3.3.4 Implications for Learning and Supervision

By preserving spatially distributed geometric information, ray-space supervision
provides a richer and more informative learning signal than pose—depth super-
vision: Equation guarantees at least as much task-relevant information,
the null-space argument shows that no error direction is rendered invisible, and
Equation (3.29)) shows that the resulting gradients bypass the ill-conditioned inverse
of Equation . This reduces ambiguity in the learning process and enables
more accurate estimation of both motion and geometry. Moreover, since supervision
is defined directly on physically meaningful geometric quantities, the learned
model depends less on appearance-specific correlations and more on invariant
scene structure, which supports transfer under domain shift, whereas pose-space
supervision must additionally pass domain-specific noise through the amplifying
inverse of Equation (3.28)).

Therefore, ray-space supervision provides a better-conditioned learning sig-
nal that can preserve task-relevant residual information that is not visible after

pose—depth conversion than pose-depth supervision. This analysis directly motivates
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the ray-space self-supervised fine-tuning strategy of Chapter [, where optimizing
in ray space achieves lower trajectory errors and stronger cross-domain robustness

than the pose-depth alternative, as shown in Tables and

3.4 Summary

This chapter analyzed three properties of the ray-based representation and traced
each to a stage of the learning pipeline and to one of the challenges identified
in Section [[.2] Perturbations are averaged over spatially distributed degrees of
freedom rather than concentrated in a single global vector, reducing estimator
variance and improving accuracy and cross-domain robustness (Section . The
pose-to-ray mapping is Lipschitz continuous on bounded pose domains, yielding
a continuous regression target, bounded gradients, and smoother, more stable
optimization, and extending recent continuity results from SO(3) to the full SE(3)
pose space (Section . Finally, supervising directly in ray space avoids the many-
to-one projection and the ill-conditioned inverse inherent in pose—depth supervision,
preserving a higher-information, better-conditioned learning signal (Section .
These properties are validated empirically in the following chapters: robustness and
stability in the supervised setting of Chapter 4], their persistence in the coupled
self-supervised setting of Chapter [5 and the supervision-space analysis in the
ray-space fine-tuning of Chapter [6]

A few idealizations deserve explicit mention. First, the variance-reduction
arguments of Sections [3.1] and assume zero-mean, uncorrelated per-ray errors;
in practice, prediction errors exhibit spatial correlation, in which case the averaging
occurs over the number of effectively independent regions rather than over ||
itself. This weakens the constants in Equations and but preserves their
direction so long as the errors are not perfectly correlated—the fully correlated limit
being precisely the 6-DoF case, in which the representation offers no redundancy at
all. Second, the accuracy and stability arguments rely on first-order expansions and
on the smoothness of the predictor and loss; the resulting constants are not claimed

to be tight, and the conclusions are directional rather than quantitative. Third, the
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analysis addresses representational effects in isolation and deliberately abstracts
away architecture, loss design, and data; the experimental chapters therefore hold
these factors fixed and vary only the representation, so that any measured difference
can be attributed to the property under study. Finally, the analysis says nothing
about computational cost, which the dense representation increases; this trade-off

is measured empirically in the efficiency studies of each contribution chapter.
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4.1 Overview

This chapter presents the first of the three contribution studies of this thesis and
addresses Research Question 1 (Section: can a ray-based representation improve
supervised visual odometry? Chapter [2 established the ray-based representation of
camera motion (Section and Chapter |3|argued analytically that its perturbation

robustness, continuity, and information preservation should make it better suited

93
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to neural learning than the minimal 6-DoF parameterization. Here we subject
that argument to its first empirical test. We instantiate the representation in a
supervised framework, RayVO, and construct a controlled comparison in which an
otherwise identical network predicts either ray bundles or 6-DoF poses, trained under
ray-based, 6-DoF, and hybrid losses. Across indoor (ScanNet), outdoor (KITTI),
and long-trajectory (Oxford RobotCar) benchmarks, the ray-based formulation
consistently improves accuracy, robustness, and optimization stability, providing the

empirical foundation on which the self-supervised studies of Chapters [f] and [6] build.

4.2 Introduction

Section [2.6|introduced the ray-based representation of camera motion and showed
that it is mathematically equivalent to the SE(3) pose. Section |3| then argued,
through the analyses of perturbation robustness, continuity, and information
preservation, that this representation should be better suited to neural learning
than the minimal 6-DoF parameterization: perturbations are averaged over spatially
distributed degrees of freedom rather than concentrated in a single global vector
(Section ; the pose-to-ray mapping is Lipschitz continuous, yielding bounded
gradients and smoother optimization (Section ; and supervising in ray space
avoids the information loss incurred by projecting onto the minimal parameterization
(Section . These arguments, however, are so far only theoretical. This chapter
provides their first empirical test, addressing Research Question 1 (Section .

We deliberately begin in the supervised setting, following the principle that a new
representation should first be evaluated under the simplest and most interpretable
conditions. With ground-truth rays available, supervision acts directly on the
network output: the training objective measures exactly the quantity under study,
and the comparison between representations involves the fewest possible confounding
factors—no jointly trained depth network, no assumptions about scene appearance,
and no scale ambiguity inherited from monocular self-supervision. Under these
conditions, any systematic difference in performance can be attributed to the

representation and its associated loss rather than to interactions with auxiliary
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tasks. In the self-supervised settings of Chapters 5] and [6] by contrast, pose is
learned through surrogate objectives—photometric reconstruction together with
structural-similarity, smoothness, and masking terms—whose gradients reach the
pose network only indirectly, mediated by a jointly trained depth network or other
auxiliary tasks [6]. Establishing the effect of the representation in isolation here
therefore provides a reference point against which the entangled self-supervised
results of the later chapters can be interpreted.

To this end, we instantiate the ray-based formulation as RadeH, a supervised
framework that models the relative camera pose between consecutive frames as a
bundle of rays, one per image patch, as shown in Figure[4.1l The central experimental
question is whether the representation itself is responsible for any performance
difference. We therefore construct a controlled comparison in which the same
encoder and decoder are trained under the same framework but adjusted to predict
6-DoF poses, so that the two variants differ only in their output representation.
To further decouple the choice of representation from the choice of supervision,
we compare three training strategies: a ray-based loss, a 6-DoF-based loss, and
a hybrid loss combining both. Beyond aggregate accuracy, the experiments are
designed to probe the two remaining properties predicted in Chapter [3} we evaluate
robustness under perturbations applied to the inputs, the model, and the outputs
(Section 7 and we analyze training dynamics and the correlation between ray
errors and pose errors as empirical evidence of continuity (Section . Ablation
studies examine key design choices, including the ray resolution and the recovery
of camera intrinsics, and an efficiency analysis quantifies the computational cost
of the dense representation relative to the 6-DoF baseline—a cost dimension we
revisit in a corresponding section of each contribution chapter.

The remainder of this chapter presents the RayVO architecture (Section and
training strategies (Section , a comprehensive evaluation covering accuracy

(Section 4.4.2)), robustness (Section [4.4.3)), optimization stability (Section [4.4.4]),
and ablations (Section [4.4.5) on indoor (ScanNet [12]), outdoor (KITTI [10]),

!The code is available at https://github.com/fanqgixucs/RayV0.
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and long-trajectory (Oxford RobotCar ) benchmarks, a computational-cost
analysis (Section {4.4.6)), and a concluding discussion that relates the findings to
the self-supervised setting developed in Chapter |5| (Section .

Single Vector

Ray Bundle

(b) Proposed ray-based approach.

Figure 4.1: Novel Dense Ray Bundle and Feature Association

4.3 Method
4.3.1 Ray-based Pose Predictor

For ray-based VO training, we propose three training strategies, including a ray-
based loss, a 6-DoF loss, and a hybrid loss combining both.

Given two consecutive images, {1, [, € RI*W>31 e first use DINOv2
with patch size 14 to extract patch features, resulting in a pair of feature maps
{f1, fo € RP*wx381) " where h = H/14,w = W/14.

To ensure that each ray is associated with the corresponding patch feature, two
VO bundles with the same dimensions h X w are required as output for these two
feature maps. For training these two VO bundles, we can use either identity and
forward pose as ground truth or inverse and forward pose as ground truth. Here,
we opt for the inverse and forward pose, as it maintains consistency, leading to

more accurate VO estimation (see Table and Figure [4.5)).



4. Supervised Ray-based Visual Odometry 97

Noisy Direction and Moments
of Forward VO Rays

I
i
Predicted Direction and Momenl.&} |
of Forward VO Rays

> Forward 6-DoF VO
i
|
|

t-1 " Features

e -

| A
Diffusion -
Noisy Direction and Moments T f Predicted 6-DoF VO
of Inverse VO Rays {Transtormer

t ) Features

|
i
b
|
i
by
[
e X 1
S |
i
|
DINOv2 | T
Predicted Direction and Moments| !
|
b
|
|

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 4.2: Ray Diffusion Conditioned on Image Features. For each image in the pair
of images, we denoise the noisy rays, either inverse or forward pose, conditioned on its
features from DINOv2. Rather than outputting the noises, here we predict the rays
directly.

Therefore, following DINOv2, we utilize a decoder [146] to jointly process the
h x w feature tokens from both images and predict the corresponding ray for each

patch (detailed decoding process shown in Figure :

A

Riny = Decoder(f1),
A (4.1)
Riwa = Decoder( f3),
where ﬁinv and ﬁfwd denote the predicted ray bundles encoding the inverse and
forward relative pose.
When training ray bundles with ray-based loss, we first need to generate the
ground truth for the ray bundle using the provided traditional camera parame-

ters [135], which include both the intrinsic matrix K and the extrinsic parameters

(R, t) of the relative pose, as defined in Eq. ([2.26)):
d=R'K'w, m=cxd, c=-R't, (4.2)

where ¢ denotes the camera centre. We then train the decoder by minimizing a

least-squares objective between the predicted ray bundles and their ground truth:

Ry~ R (4.3)

‘Cray_loss = Z

be{inv, fwd}
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where R, denotes the ground-truth bundle generated by Eq. (4.2).

When training ray bundles with 6-DoF loss, we need to first convert each
predicted ray bundle into a transformation matrix [135]. Given the directions d;
and moments m; of a predicted ray bundle 7@, we first calculate the rotation R
and intrinsic K by looking for the optimal projection matrix P that best aligns
the predicted ray directions to those of an ‘identity’ camera, where the intrinsic

matrix K = I and the rotation matrix R = I:

hxw )
P =argmin Y [Pdf” x u,). (4.4)
IPl=1 =1

Then we can decompose P to get K and R as defined in Eq. (2.29). After that,
we need to determine the camera centre ¢ by finding a 3D point p that is closest
to the intersection of all rays in the bundle:

c=argmin » [pxd—m|> (4.5)
p€R3 A
(d,m)eR

Finally, we can get t by using Eq. (2.30)):
t = —Rec. (4.6)

We then train the decoder by optimizing a least-squares objective between the
ground-truth transformation matrix and the one converted from each predicted bun-

dle:

»CG—DoFiloss - Z HlOgSE [Gngb}
be{inv, fwd}

, (4.7)

where Gy, is the ground-truth transformation and T, = [f{b | fb] is the transformation
recovered from the predicted bundle R, via Equations (4.4)—(4.6).
When training rays with hybrid loss, we use a combination of half ray-based

loss and half 6-DoF loss:

_ 1 1
Ehybridiloss Y Erayiloss + 2 £6-DOFiloss- (48>

During inference, the two predicted bundles ﬁinv and ﬁfwd are converted into

transformations Ty, and Tgeq via Equations ([{@.4)-([.6), yielding two independent
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estimates of the relative motion. We express these in the Lie algebra as éinv =
loggp Tiny and &g,q = loggy Thva, following the notation of Section 2.1.4 The
two estimates are related through the true poses: since the inverse and forward

transformations satisfy Ty,, = TgL, taking the logarithm map gives

loggp Tiny = loggp (Tf_wld> = —loggp Thwa- (4.9)

Equation (4.9)) implies that —éinv is a second estimate of the forward motion, which
we fuse with éfwd by averaging. The final estimate of the relative pose, denoted

é to distinguish it from the two constituent estimates, is therefore

~ 1 /- A ~ ~
£= 2 (Efwd - €inv> ’ T = expgp (5) , (4.10)
where expgp denotes the exponential map from se(3) back to SE(3).

4.3.2 6-DoF-based Pose Predictor

To ensure a fair comparison between our ray representation and 6-DoF, we adopt
the same framework as outlined in Section [4.3.1] incorporating DINOv2 and a
decoder [146]. However, we modify the output to the 6-dimensional Lie algebra vector
€ € s¢(3) defined in Section [2.1.4] The network is optimized using the loss function
defined in Equation , while inference is performed according to Equation (4.10)).

4.4 Experiments
4.4.1 Experimental Setup

We evaluate our method using three datasets of varying scenarios: the KITTI-
odometry (outdoor) [10], the Oxford RobotCar (long trajectory) |11], and the
ScanNet (indoor) [12].

We compare our method with three state-of-the-art (SOTA) monocular algo-
rithms: ORB-SLAMS3 [147], DROID-SLAM [131] and TCSfM [6]. To fairly compare
the odometry performance, we turn off the final global bundle adjustment optimiza-
tion in DROID-SLAM and the loop closure detection in ORB-SLAMS3. Also, we

run TCSfM without the parameter fine-tuning. Following [6], we align the unscaled
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trajectories from other baselines with the ground truth by applying a constant scale
factor to the translation values of the estimated trajectory before evaluation.

Regarding training details, we rescale the image to a resolution of 192 x 640,
resulting in a ray shape of 13 x 45 when using a patch size of 14 from DINOv2. For
KITTI, we use sequences 00-08 for training and sequences 09 and 10 for testing.
In the case of Oxford RobotCar, we train on four sequences: 2015-08-12-15-04-18,
2015-08-17-10-42-18, 2015-08-28-09-50-22, and 2015-11-12-11-22-05, while testing is
conducted on another two different sequences: 2014-11-18-13-20-12 and 2015-07-08-
13-37-17. For ScanNet, training is performed on all scans except for the designated
test scans: 0000, 0059, 0106, 0169, 0181, and 0207. Following the guidance outlined
in [148] of diffusing the low-resolution image, specifically the ray representation
here, we adopt the cosine noise schedule and set (ﬁt)thl as increasing constants
between 5 = 107* and By = 2 - 1072, where 7' = 1000. The training uses the
Adam optimizer with a learning rate of 5 x 1074

We use Relative Trajectory Error (RTE) and Absolute Trajectory Error (ATE)
as evaluation metrics. RTE, the mean Segment Error here, reports the average
translational and rotational error over possible sub-sequences of length (100, 200,

..., 800) metres.

Table 4.1: Performance On Oxford RobotCar and KITTI

2014-11-18-13-20-12 2015-07-08-13-37-17
m-ATE m-Seg-Error m-ATE m-Seg-Error
Trans(m) Rot(deg) | Trans(%) Rot(deg/100m) | Trans(m) Rot(deg) | Trans(%) Rot(deg/100m)
ORB-SLAM3 (w/o LC) [147 423.25 74.56 17.34 10.26 582.08 167.64 15.43 9.42
DROID-SLAM (w/o GBA) |131] | 574.33 96.23 18.02 8.07 485.56 128.41 16.07 7.98
TCSIM |6 504.43 87.08 19.87 11.24 415.71 115.25 14.79 7.29
RayVO_ray_loss 239.36 43.62 9.48 4.45 230.02 39.39 8.76 4.13
09 10
m-ATE m-Seg-Error m-ATE m-Seg-Error
Trans(m) Rot(deg) | Trans(%) Rot(deg/100m) | Trans(m) Rot(deg) | Trans(%) Rot(deg/100m)
ORB-SLAM3 (w/o LC) 147 52.65 28.85 14.56 0.87 16.39 10.63 8.65 0.74
DROID-SLAM (w/o GBA) |131] 64.62 30.24 21.52 0.75 45.25 8.74 18.73 0.68
TCSIM |6 31.46 2.96 3.42 0.66 20.09 5.69 3.34 1.11
RayVO_ray loss 13.33 4.08 1.43 0.64 8.83 2.14 1.09 0.60

4.4.2 Performance Evaluation

On KITTI, the results in Table demonstrate that RayVO with ray-based
loss achieves the best overall performance across both sequences in terms of m-

ATE and m-Seg-Error. RayVO consistently yields the lowest translational and
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Table 4.2: ATE RMSE [cm)] of ScanNet

Methods 0000 0059 0106 0169 0181 0207
ORB-SLAM3 (w/o LC) [147] 64.35 25.34 8.51 26.45 22.50 8.89
DROID-SLAM (w/o GBA) [131]|12.30 13.89 8.00 12.32 13.407.21

TCSfM [6] 11.2510.02 9.25 22.51 14.37 9.28
DPVO |[36] 13.1 19.2 124 133 8.8 8.9
NeRF-VO [132] 12.7 19.0 124 132 9.0 8.6
RayVO__ray_loss 11.56 12.19 20.2511.58 12.20 8.26

rotational errors, significantly reducing m-ATE compared to other 6-DoF approaches.
Specifically, on sequence 09, RayVO’s translational error is 2.4x lower than TCSfM
and 4x lower than ORB-SLAMS3, while on sequence 10, it further improves, reducing
the error by more than 50% compared to TCSfM. Although TCSfM achieves the
lowest rotational error in sequence 09, RayVO offers a more balanced trade-off
between translational and rotational errors across both sequences, reinforcing its
effectiveness in VO estimation. For a clearer comparison, we visualize only the
trajectory from RayVO and the top-performing result from SOTA, specifically
TCSfM, in Figure [4.3bl

On Oxford RobotCar, the results in Table show that RayVO steadily
outperforms other three VO methods, achieving up to 2x lower mean ATE and
significantly reduced mean segmentation error, highlighting the effectiveness of ray-
based modeling. These findings validate RayVQO’s superior accuracy in long-distance
VO estimation, exhibiting its potential as a robust alternative to conventional 6-
DoF approaches. The trajectory comparison between RayVO and TCSfM can
be found in Figure [£.3¢

On ScanNet, the results shown in Table indicate that RayVO with ray-
based loss performs competitively when compared to other 6-DoF methods in
indoor scenarios. Although DROID-SLAM and TCSfM surpass RayVO in some
sequences, RayVO consistently maintains low translational errors across most

sequences, particularly achieving a 12.20 cm error in sequence 0181.
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Figure 4.3: Trajectories on KITTI and Oxford RobotCar.

4.4.3 Robustness Evaluation

Perturbation Sensitivity. We evaluate robustness under four complementary

perturbation sources, shown in Figure [£.6] Dashed curves denote nominal (clean)
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Figure 4.5: Moment Drifts in XY-Plane for Different Ground Truths for Training.

conditions, while solid curves correspond to perturbed cases. Across all experiments,

orange indicates the 6-DoF formulation and blue the ray-based representation.

(a) Input Perturbation (Gaussian Noise): Gaussian noise is added directly

to the input images at inference time. The ray-based method maintains closer

agreement between clean and noisy trajectories, whereas the 6-DoF predictions

exhibit more pronounced drift. This suggests that the ray parameterization better

preserves geometric consistency under visual degradation.

(b) Input Perturbation (Motion Blur): While Gaussian noise provides

a standard synthetic benchmark, it is not the degradation most likely to occur

in visual odometry: since the camera is, by definition, in motion, motion blur
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arising from camera movement during exposure is the most probable form of image
corruption in practice, particularly during the fast rotations and rapid accelerations
where drift is already most severe. Motion blur is also a qualitatively harder
test than Gaussian noise. It is spatially structured rather than independent per
pixel—convolving the image with a directional kernel attenuates precisely the high-
frequency texture along the direction of motion that visual odometry relies on for
correspondence—and this spatial correlation violates the independence assumption
underlying the variance-averaging analysis of Section [3.1] so robustness under blur
cannot simply be assumed from the Gaussian result. To evaluate this empirically,
we convolve the input images at inference time with a deterministic horizontal
linear motion-blur kernel of length 11 pixels. For forward-facing driving imagery
such as KITTI, ego-motion blur is well approximated by a line-spread blur in the
image plane, with the horizontal component dominant; a fixed, deterministic kernel
makes the perturbation simple and exactly reproducible, leaves the image size,
camera intrinsics, and pose labels unchanged, and isolates the effect of blur itself
from the randomness that stochastic augmentation would introduce. As shown in
Figure [£.6D] the conclusion of the Gaussian experiment carries over: the ray-based
trajectory under blur remains close to its clean counterpart and to the ground truth,
whereas the 6-DoF trajectory departs substantially from both. The redundancy
of the ray bundle still provides a benefit even when the corruption is structured:
although rays whose supporting patches lie along the blur direction are degraded,
the least-squares conversion from rays to pose (Equations ({.4)-(4.6))) aggregates
evidence over the full bundle, so locally corrupted estimates are outvoted by the
remaining rays. The global 6-DoF vector offers no such mechanism, and errors
induced by the blur propagate directly into the pose.

(c) Model Perturbation: Zero-mean Gaussian noise, scaled by each pa-
rameter’s standard deviation, is injected into network weights during evaluation.
Under this disturbance, the ray-based formulation again shows smaller deviations
from its nominal trajectory compared to the 6-DoF model, indicating greater

resilience to parameter uncertainty.
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Figure 4.6: Empirical perturbation-sensitivity analysis comparing the proposed dense ray
representation and the conventional 6-DoF formulation. (a) Input perturbation—Gaussian
noise added to input images during pose evaluation; (b) input perturbation—deterministic
horizontal linear motion blur (kernel length 11 pixels) applied to input images, simulating
ego-motion blur during exposure, the degradation most likely to occur in practice; (c)
model perturbation—relative Gaussian noise injected into network weights; (d) output
perturbation—Gaussian noise applied to predicted poses.

(d) Output Perturbation: Noise is applied directly in the predicted pose space,
based on the estimated output distributions of each representation. The resulting
trajectories reveal that perturbations in the minimal SE(3) parameterization lead
to larger accumulated errors, while the ray-based representation better absorbs and

redistributes the noise, yielding more accurate trajectories overall.

Cross-Domain Generalization. To further evaluate robustness under distri-
bution shift, we conduct cross-domain generalization experiments by training on
one dataset and testing on another, as summarized in Table [£.3] This setting

introduces substantial variations in scene layout, motion dynamics, and environ-
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mental conditions, thereby providing a challenging benchmark for assessing the
generalizability of learned representations.

Across both transfer directions (Oxford — KITTI and KITTI — Oxford), the
proposed RayVO consistently outperforms the conventional 6-DoF VO baseline by
a significant margin. When trained on Oxford and evaluated on KITTI, RayVO
reduces translational ATE from 123.18 m to 82.62m (32.9%) on Seq. 09 and from
100.95m to 76.22m (24.5%) on Seq. 10. Rotational errors are also substantially
reduced, with improvements of approximately 33.2% and 13.6%, respectively.
In addition, segment errors decrease notably, indicating improved local motion
consistency under domain shift.

In the reverse setting (KITTI — Oxford RobotCar), the performance gains
remain consistent. On sequence 2015-08-12-15-04-18, RayVO reduces translational
ATE from 542.91m to 397.75m (26.7%) and rotational error from 76.15° to 53.91°
(29.2%). Similar improvements are observed on sequence 2015-07-10-10-01-59, with
reductions of 24.4% in translational error and 23.7% in rotational error. Segment-
level metrics also exhibit significant improvements, reflecting enhanced trajectory
stability over long distances.

The consistent performance gains across both datasets and evaluation directions
indicate that the ray-based formulation generalizes more effectively under domain
shift compared to the standard 6-DoF representation. This improved robustness
can be attributed to the spatially distributed nature of the ray representation,
which encodes motion in a per-pixel aligned manner and introduces redundancy
that mitigates sensitivity to noise and dataset-specific biases. In contrast, the
compact 6-DoF parameterization concentrates errors globally, making it more
susceptible to domain-specific variations.

Overall, these results demonstrate that the proposed RayVO maintains stable
and reliable performance even under substantial domain discrepancies, highlighting
its robustness and suitability for deployment in real-world scenarios where training

and testing conditions are inherently mismatched.
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Table 4.3: Cross-Domain Generalizability Evaluation of RayVO
Oxford RobotCar — KITTI
09 10
m-ATE m-Seg-Error m-ATE m-Seg-Error
Trans(m) Rot(deg) | Trans(%) Rot(deg/100m) | Trans(m) Rot(deg) | Trans(%) Rot(deg/100m)
6-DoF_VO 123.18 27.84 12.17 5.45 100.95 20.51 12.27 5.68
RayVO 82.62 18.61 9.26 3.42 76.22 17.72 9.14 3.35
KITTI — Oxford RobotCar
2015-08-12-15-04-18 2015-07-10-10-01-59
m-ATE m-Seg-Error m-ATE m-Seg-Error
Trans(m) Rot(deg) | Trans(%) Rot(deg/100m) | Trans(m) Rot(deg) | Trans(%) Rot(deg/100m)
6-DoF_VO | 54291 76.15 17.93 10.71 492.84 66.16 16.42 8.02
RayVO 397.75 53.91 13.46 6.27 372.77 50.51 12.29 5.46

4.4.4 Optimization Evaluation

The training stability of the proposed method is illustrated in Figure 4.7, where
both the training loss and relative pose error (RPE) are evaluated across epochs. As
shown in the loss curves, both methods exhibit rapid convergence during the early
training stage; however, RayVO demonstrates a significantly smoother and more
stable decay compared to the 6-DoF VO baseline. In particular, the zoomed-in view
highlights that the 6-DoF formulation suffers from noticeable oscillations in the low-
loss regime, whereas RayVO maintains a monotonic and consistent decrease. This
improved stability is further reflected in the RPE trends, where RayVO achieves
a steady and substantial reduction in error, while the 6-DoF approach exhibits
slower convergence and higher variance.

Importantly, the relationship between training loss and RPE reveals a stronger
correlation for RayVO, indicating that the optimization objective is more faithfully
aligned with the downstream geometric accuracy. This behavior can be interpreted
through the lens of Lipschitz continuity: a smoother and more well-conditioned
loss landscape leads to more predictable and stable updates, thereby ensuring that
small changes in the optimization variables result in bounded variations in the
output error. In contrast, the weaker correlation observed in the 6-DoF formulation
suggests a less regular loss surface, where local fluctuations in loss do not consistently
translate to improvements in RPE. Overall, these results demonstrate that RayVO
not only converges faster but also exhibits superior training stability and a more

reliable coupling between loss minimization and pose accuracy.
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Figure 4.7: Training stability study. Left: training loss evolution. Right: RPE
comparison across epochs. RayVO demonstrates more stable convergence and lower final
error compared to 6-DoF_VO.

4.4.5 Ablation Studies

In this section, we will analyze the inference process with and without intrinsic
parameters, training ground truth for two ray bundles being identity pose and
forward pose or inverse and forward poses, and the impact of ray patch numbers

on VO estimation.

Training Strategy. In this section, we evaluate performances of the three different
training strategies for RayVO mentioned in Section [£.3]and compare the trajectories
of RayVO with 6-DoF VO.

The results in Table .4 and Figure demonstrate that RayVO with ray-based
loss consistently outperforms other training strategies across both sequences 09 and
10 on KITTT in terms of ATE and RPE. This indicates that directly optimizing
ray-based representations enhances VO’s accuracy.

While RayVO with 6-DoF loss surpasses traditional 6-DoF VO, it remains less
effective than other training strategies for rays, showing the limitations of directly
optimising the VO poses in the 6-DoF space.

Overall, these findings validate the effectiveness of RayVO with ray-based loss,
reinforcing that modeling camera poses as a bundle of rays significantly improves
VO performance compared to traditional 6-DoF methods.

To demonstrate why directly training rays can yield accurate VO, we analyze

the correlation between RPE and the ray loss (error) by comparing predicted rays
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with ground-truth rays. Our findings reveal a strong correlation between the RPE
rotation error and the error of direction in rays (Figure , as well as between the
RPE translation error and the moment error of the rays (Figure . Therefore,
when we are training the ray bundles by optimizing the least-square error for both

directions and moments, we are getting more accurate rotations and translations.

Table 4.4: Case Study of Training Strategies

m-ATE m-Seg-Error

Seq Methods Trans(m) Rot(deg)|Trans(%) Rit(deg/lOOm)
RayVO__ray_loss 13.33 4.08 1.43 0.64
09 |[RayVO_ 6-DoF_loss| 27.83 8.12 2.98 1.91
RayVO hybrid loss| 19.55  4.12 2.59 1.14
6-DoF VO 44.02 12.15 6.87 2.31
RayVO_ray_loss 8.83 2.14 1.09 0.60
10 [RayVO_ 6-DoF__loss| 24.79 5.08 3.94 1.59
RayVO_ hybrid_loss| 9.35 4.66 2.49 1.26
6-DoF_VO 32.35 7.32 5.81 2.65

Training Target. During the training process, as discussed in Section [4.3.1]
both identity and inverse pose can be one of two targets. When the ray bundles
are trained with identity and forward pose, only the forward ray will be used
for inference using Equations (4.4)—(4.6). As shown in Table [1.5 incorporating
inverse rays leads to approximately a twofold improvement in both ATE and RPE.
This significant enhancement may be attributed to the consistency achieved by
training with both poses, which helps refine the accuracy of the VO predictions.
Furthermore, as shown in Figure [£.5] the predicted moments exhibit significantly
more drift from ground-truth points when using identity and forward rays compared

to inverse and forward rays.

Intrinsic Usage. During inference, we have two options: we can either use only
the predicted rays (i.e., without intrinsic) to predict VO using Equations f
in Section or we can use both the predicted rays and the intrinsic (i.e., with
intrinsic) simultaneously, while disregarding the K calculated from Equation (4.4)).
As Table and Figure show, inference without intrinsic yields competitive
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Table 4.5: Ray Targets Ablation

Seq Methods m-ATE m-Seg-Error
Trans(m) Rot(deg)|Trans(%) Rot(deg/100m)
Identity + Forward| 28.29 5.93 3.91 1.66
09 | Inverse + Forward | 13.33  4.08 1.43 0.64
Identity + Forward| 14.39 5.65 3.76 2.03
10 |Inverse + Forward | 8.83 2.14 1.09 0.60

Table 4.6: Intrinsic Ablation

Seq| Methods m-ATE m-Seg-Error
Trans(m) Rot(deg)|Trans(%) Rot(deg/100m )

w/o intrinsic| 15.17 6.58 2.59 1.14

09 | w/ intrinsic | 13.33 4.08 1.43 0.64

w/o intrinsic| 9.30 4.66 2.49 1.26

10 | w/ intrinsic | 8.83 2.14 1.09 0.60

results to using intrinsic, suggesting that ray bundles can effectively predict both
intrinsic and extrinsic parameters simultaneously. Since this paper primarily focuses

on VO, we compare RayVO with the SOTAs by using intrinsic during inference.

Ray Resolution. We also conducted an ablation study to evaluate different ray
resolutions while using the same training parameters. Our findings in Table
show that rays with medium resolution yield the best results. This could be because
lower resolution provides less information, while higher resolution requires more
epochs, making the training process more time-consuming. This is the reason we
opt to predict rays from DINOv2’s patch-level features rather than directly from

raw per-pixel image data, as the latter would be computationally prohibitive.

4.4.6 Efficiency Analysis

Table compares the computational efficiency of RayVO under different ray
resolutions and the proposed 6DoF VO formulation. Notably, all configurations
share the same number of parameters (409.28M). This is because both RayVO and
6DoF VO adopt the same backbone architecture, consisting of a frozen DINOv2
feature extractor and a DiT-based diffusion model. Changing the ray resolution

or switching to a 6DoF representation only affects the input/output tensor shapes,
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Table 4.7: Ray Resolution Ablation

m-ATE m-Seg-Error

Seq|Patch Number Trans(m) Rot(deg)|Trans(%) Rot(deg/100m)
8 x 32 29.17 7.48 3.08 1.34
09 13 x 45 13.33 4.08 1.43 0.64
18 x 60 21.52 6.84 3.72 1.75
8 x 32 14.47 6.79 5.43 2.46
10 13 x 45 8.83 2.14 1.09 0.60
18 x 60 16.66 6.72 3.76 1.96

while the transformer depth, hidden size, and attention layers remain unchanged.
Therefore, the model capacity is identical across all variants.

Despite varying ray resolutions, the GPU memory usage remains nearly constant
(within 150 MB). This is because the total memory is dominated by the model
weights ( 6.8 GB), while the activation memory contributes only a small fraction.
Although increasing the ray resolution increases the number of tokens, the use of
memory-efficient attention significantly mitigates the quadratic memory growth,
resulting in only marginal differences in peak memory usage.

The 6DoF VO variant exhibits slightly higher GPU memory consumption
compared to RayVO. This is primarily due to differences in runtime tensor allocations
rather than model size. In particular, the 6DoF formulation introduces additional
operations related to global feature aggregation (e.g., CLS token extraction) and
tensor reshaping, which can slightly increase peak memory due to intermediate
buffers and CUDA memory management behavior.

In contrast, the 6DoF VO achieves a substantially higher runtime (37.5 FPS
vs. 8.6 FPS for RayVO). This improvement stems from the reduction of the
prediction target from a dense ray field (H x W x 6) to a single 6D pose vector
(1 x 1 x 6). Consequently, the transformer operates on significantly fewer effective
tokens (i.e., a single global token instead of a spatial grid), leading to much
lower computational complexity in both attention and feed-forward layers. This
reduction in token count directly translates to faster inference while preserving

the same backbone architecture.
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Table 4.8: Estimated efficiency comparison for ray-based and 6DoF-based VO. Runtime is
measured per image pair. GPU memory denotes peak allocated memory during inference.

Runtime | GPU Memory | Params

Method | Resolution | (FPS) (MB) (M)
32 x 8 8.68 6851 409.28
RayVO 45 x 13 8.63 6918 409.28
60 x 18 8.55 7020 409.28
6-DoF VO 1 x1 37.51 6986 409.28

4.5 Conclusion

This chapter provided the first empirical test of the hypothesis set out in Section
in the setting where the effect of the representation can be observed most directly.
Within an otherwise identical framework, the ray-based formulation outperformed
the 6-DoF formulation in accuracy, robustness, and generalization regardless of
the loss used—ray-based, 6-DoF, or hybrid—and RayVO trained with the ray
loss surpassed the 6-DoF state of the art by 50-70% across indoor, outdoor, and
long-trajectory benchmarks. As a by-product of the geometric calibration linking
rays to image points, the predicted bundles simultaneously recover both intrinsic
and extrinsic parameters. Research Question 1 can therefore be answered in
the affirmative.

The results also map directly onto the three properties analyzed in Chapter [3]
The perturbation experiments of Section confirmed that errors injected into
the inputs, model weights, and outputs degrade the ray-based predictor more
gracefully than the 6-DoF predictor, consistent with the variance-averaging argument
of Section [3.1} notably, this held not only for i.i.d. Gaussian noise but also for
motion blur, the spatially structured corruption most likely to occur in practice,
and the cross-domain experiments of Section [4.4.3] extended the same conclusion
to distribution shift. The smoother loss evolution and the strong correlation
between ray errors and pose errors observed in Section [£.4.4] support the Lipschitz-
continuity analysis of Section [(3.2] Finally, the ordering of the three training
strategies—the ray-based loss outperforming the hybrid and 6-DoF' losses within

the same architecture—provides evidence for the information-preservation argument
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of Section |3.3} projecting the prediction onto the minimal parameterization before
supervision discards useful learning signal.

The value of this chapter within the thesis lies in what its design isolates. With
ground-truth rays supervising the network output directly, the comparison measured
the representational effect free of confounds; the studies that follow remain equally
controlled—in every chapter, the ray-based and 6-DoF systems share the same
framework, objectives, and data, differing only in their representation—but they
necessarily measure the representation together with its interactions within a coupled
learning system. Two observations from this chapter therefore shape the work that
follows. First, the advantages demonstrated here were obtained with direct ground-
truth supervision, which is precisely what large-scale deployment lacks. Whether
the benefits survive when the training signal is indirect—mediated by photometric
surrogates and a jointly trained depth network, where pose and depth errors can
compensate for one another—is a distinct and harder question, and it is the subject
of Chapter 5] The robustness and continuity properties validated here are, if
anything, more valuable in that setting, since noisy and biased surrogate gradients
place greater demands on the conditioning of the representation. Second, the rays
in this chapter encode camera motion only, while scene geometry played no explicit
role; likewise, although the decoder jointly processes the patch features of both
images, the correspondences between them are not modelled explicitly. The natural
extension—assigning each ray a length so that motion and geometry are captured
in a single representation, and supervising directly in ray space—is developed in
Chapter [0} Finally, the dense representation carries a computational cost relative to
the 6-DoF baseline, quantified in Section the corresponding efficiency sections
of Chapters o and [6] track how this trade-off evolves as the formulation is extended,
and remaining limitations, including the restriction to the pinhole camera model,

are discussed together with directions for future work in Chapter
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5.1 Overview

This chapter presents the second contribution study of the thesis and addresses
Research Question 2 (Section : can a ray-based representation improve self-
supervised visual odometry? Chapter 4| answered Research Question 1 in the
affirmative, but it did so under direct supervision, where ground-truth rays act on

the network output and the representational effect can be measured in isolation.

115
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Practical deployment, however, rarely offers ground-truth poses; the dominant
training paradigm is self-supervision, in which pose is learned jointly with depth
through photometric surrogate objectives. This chapter therefore tests the stronger
claim: that the advantages of the ray-based representation persist when supervision
is indirect and the pose network is coupled to a jointly trained depth network. To
isolate the representation, we replace the PoseNet of a state-of-the-art self-supervised
framework with a network predicting per-pixel Pliicker rays—RayNet—while keeping
the depth network, training objective, and data unchanged. Experiments on KITTI
and Oxford RobotCar demonstrate 30-45% drift reduction and, although the ray
representation is introduced only in the pose branch, consistent depth improvements
as well, since more accurate motion provides a more reliable geometric training
signal to the shared photometric objective. The chapter closes by identifying the
aspect of the hypothesis that this design deliberately leaves untested—supervision
itself still operates in pose—depth space—which motivates the unified, ray-space

formulation developed in Chapter [6]

5.2 Introduction

Chapter [4] established, under direct supervision, that replacing the minimal 6-DoF
parameterization with a ray-based representation improves the accuracy, robustness,
and optimization stability of learned visual odometry, empirically confirming the
perturbation-robustness and continuity analyses of Chapter [3] That result was
obtained under deliberately favourable conditions: ground-truth rays supervised
the network output directly, so the training objective measured exactly the quantity
under study. This chapter asks whether the advantage survives the transition to the
setting in which learned visual odometry is most useful in practice—self-supervised
learning, where no ground-truth pose is available and the training signal must
be constructed from the images themselves.

The transition is not trivial, because self-supervision changes both how gradients
reach the pose network and what can corrupt them. As reviewed in Section [2.4.1]

self-supervised frameworks jointly train a pose network and a depth network through
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Figure 5.1: Replacing minimal 6-DoF regression with ray-based pose modeling. Unlike
conventional PoseNet, which predicts a global 6-DoF vector, our RayNet produces a
spatially dense ray representation of the underlying SE(3) pose within the self-supervised
depth and ego-motion framework.

a photometric reconstruction objective, so pose gradients arrive only indirectly,
mediated by the predicted depth and by auxiliary smoothness, masking, and
consistency terms @ Despite steady progress driven by improved architectures
and refined objectives @, two challenges identified in Section remain
persistent in this setting: trajectory drift under complex motion patterns, such as
sharp turns or rapid acceleration [2], and training instability, with results highly
sensitive to initialization, inconsistent convergence, and optimization that stalls
at suboptimal local minima.

There is an additional imbalance specific to this setting. In the standard
self-supervised architecture, the depth branch already produces a dense, per-pixel
output, while camera motion is still collapsed into a single global 6-DoF vector. Both
quantities enter the same photometric objective, yet one retains its spatial structure
and the other discards it. From the perspective of Chapter (3 this collapse forces
dense convolutional feature maps through a low-dimensional, poorly conditioned

bottleneck, which can adversely affect optimization conditioning and plausibly
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contributes to the drift and instability observed in practice.

To test this, we introduce a ray-based pose representation into the self-supervised
framework, as shown in Figure [5.1. Rather than predicting a global 6-DoF pose, the
proposed RayNet regresses per-pixel rays parameterized using Pliicker coordinates
(Section , yielding a high-dimensional, spatially distributed motion represen-
tation that preserves geometric structure and naturally aligns with convolutional
feature learning. Because the ray bundle and the conventional SE(3) pose are
mathematically equivalent (Section , the predicted rays can be converted to a
transformation matrix and used within the existing photometric objective without
any other modification. This design mirrors the controlled comparison of Chapter [4;
the framework, depth network, training objective, and data are held fixed, and only
the pose representation changes, so that any observed difference can be attributed to
the representation itself. It also means, deliberately, that supervision still operates
in pose-depth space; testing the information-preservation property of Section [3.3]
which concerns the supervision stage, is deferred to Chapter [0

The remainder of this chapter is organized as follows. Section details RayNet
and its integration into the self-supervised framework. Section reports the per-
formance, robustness, optimization, and efficiency evaluations. Section [5.5] discusses

the findings and motivates the unified ray-space formulation developed in Chapter [6]

5.3 Method
5.3.1 Preliminaries

Self-supervised depth and ego-motion estimation estimates the camera motion Ty; €
SE(3) between a source image I and a target image ;. A pose network predicts the
transformation Ty, while a depth network estimates the depth map D, of the target
image. The two networks are jointly trained using a photometric reconstruction

loss, regularized by smoothness [91] and geometric consistency terms [5]:

L=MXpLp(I., 1) + AsLs(I;, D;) + A\¢La(Dy, Dy, T), (5.1)
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where I/ is obtained by warping the source image using the predicted depth

D; and pose Ty:
L) = L(u), u=n(Tyr ' (u/,Dy)), (5.2)

where v’ is the pixel in the target image, u is the corresponding location in the
source image, 7 is the pinhole projection and 7! (u) denotes the inverse projection.

Instead of directly regressing a global 6-DoF pose within the above unsupervised
framework, we propose to predict motion with rays. As theoretically motivated
in Chapter [3], this formulation alleviates the limitations inherent to global 6-DoF
pose regression. Concretely, we replace the standard PoseNet with a novel RayNet,

which is described in the following section.

5.3.2 RayNet

RayNet consists of two components: the Ray Predictor, which predicts per-pixel
rays; and the Ray-to-SE(3) transformer, which converts the ray representation

into conventional SE(3) pose for training.

Ray Predictor. We propose a Ray Predictor that estimates per-pixel ray represen-
tations for relative pose prediction. The network adopts a ResNet18-based encoder
to extract hierarchical features from stacked image pairs, leveraging pretrained
weights. The encoded features are fed into two symmetric decoder branches—one
predicting ray directions (Direction Decoder) and the other predicting ray moments
(Moment Decoder). Each decoder follows a U-Net—style upsampling architecture
with skip connections from the encoder to preserve spatial detail. The two 3x H x W

outputs are concatenated to produce the final 6 x H x W ray representation.

Ray to SE(3) Transformer. When training within the SSL framework, the
predicted ray bundle is converted into a camera transformation matrix [135] using
Eq. and Eq. (2.30). From the resulting (R,t), we construct T} for use in
the training loss defined in Equation (5.1). Although K can also be recovered
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via Eq. (2.29), we adopt the dataset-provided ground-truth intrinsics since our

focus is ego-motion estimation.

Important Design Choice. The training loss remains unchanged, although
the loss could be formulated in ray space. By keeping the objective fixed and
modifying only the pose representation, we isolate the effect of the proposed ray-
based parameterization. This controlled design allows us to determine whether any
improvements in performance or training stability stem from the representation

itself rather than from other changes.

5.4 Experiments
5.4.1 Experimental Setup

To evaluate the effectiveness of RayNet, we replace the original PoseNet in the
state-of-the-art self-supervised depth and ego-motion framework TCSfM [6] with
our proposed module.

We evaluate our method on KITTI [10] and Oxford RobotCar [11]. For ego-
motion on KITTI, we follow the standard split using sequences 00-08 for training
and 09-10 for testing. On Oxford RobotCar, four traversals are used for training and
two for evaluation. For depth estimation, we adopt the Eigen train/test split [13].

Models are trained using Adam (f; = 0.9, 82 = 0.999) with a fixed learning
rate of 1 x 107, For trajectory evaluation, predicted translations are aligned to
ground truth using a single scale factor [6]. We report Absolute Trajectory Error
(ATE) and Relative Trajectory Error (RTE). Depth performance on KITTI is

evaluated using per-image median scaling [72].

5.4.2 Performance Evaluation

In this section, we present a comprehensive evaluation of the proposed ray-based
self-supervised learning framework on two core tasks: visual odometry and monoc-
ular depth estimation. Experiments are conducted on the KITTI and Oxford

RobotCar datasets to assess both motion estimation accuracy and depth prediction
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quality. These evaluations aim to demonstrate the effectiveness of the proposed
ray-based representation in improving both ego-motion estimation and geometric
reconstruction, providing a consistent and robust learning signal within a unified

self-supervised framework.

Visual Odometry Evaluation. As shown in Table [5.1] the proposed ray-based
SSL consistently outperforms geometric-based methods as well as supervised and
self-supervised learning approaches across KITTI and Oxford RobotCar sequences,
achieving lower translational and rotational errors. On KITTI Seq. 09, translational
segment error is reduced by approximately 35-45%, and rotational error by about
30-40%. Similar gains are observed on Seq. 10 and the Oxford sequences, with
consistent reductions in m-ATE and cumulative drift. Qualitative trajectories in
Figure further show closer alignment with ground truth and reduced long-term
drift. These improvements are consistent with our theoretical analysis: the high-
dimensional ray representation exhibits better Lipschitz behavior and conditioning,
leading to smoother gradient propagation and more stable optimization. Moreover,
its spatially aligned per-pixel formulation distributes perturbations across redundant
degrees of freedom, reducing sensitivity to noise. Together, these properties explain
the improved robustness and accuracy of ray-based ego-motion estimation under
identical supervision.

A comparison of Table with the supervised results of Chapter {4 (Table
reveals an apparent paradox: on KITTI Seq. 09, the self-supervised system achieves
lower errors (m-ATE 9.57m, segment error 1.29%) than the fully supervised
RayVO (13.33m, 1.43%), despite learning without any ground-truth poses. This
is counterintuitive only if the two chapters are read as a comparison of learning
paradigms, which they are not: each chapter is a controlled comparison between
representations within a fixed system, and the two systems differ in almost every
other respect. Two differences account for the reversal. First, the granularity of the
ray bundle differs by more than two orders of magnitude: RayVO predicts one ray
per DINOv2 patch (13 x 45, i.e., 585 rays), whereas RayNet predicts one ray per
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Table 5.1: Quantitative ego-motion evaluation on the Oxford RobotCar and KITTI

5.4. Ezxperiments

datasets.
09 10
m-ATE m-Seg-Error m-ATE m-Seg-Error
Trans(m) Rot(deg) | Trans(%) Rot(deg/100m) | Trans(m) Rot(deg) | Trans(%) Rot(deg/100m)
ORB-SLAM3 (w/o LC) [147] 52.65 28.85 14.56 0.87 16.39 10.63 8.65 0.74
DDVO [127 15.02 0.20 8.76 0.66
DFVO [128 - - 2.40 0.24 - - 1.82 0.38
DROID-SLAM (w/o GBA) [131 64.62 30.24 21.52 0.75 45.25 8.74 18.73 0.68
TCSIM [6] | 31.46 2.96 3.42 0.66 20.09 5.69 3.34 1.11
BRIGHT-VO |[133 - - 1.31 0.76 - - 1.27 0.99
Ours 9.57 1.67 1.29 0.43 8.44 1.46 1.20 0.45
2015-08-12-15-04-18 2015-07-10-10-01-59
m-ATE m-Seg-Error m-ATE m-Seg-Error
Trans(m) Rot(deg) | Trans(%) Rot(deg/100m) | Trans(m) Rot(deg) | Trans(%) Rot(deg/100m)
ORB-SLAM3 (w/o LC) 147 412.98 72.88 15.12 8.92 578.24 95.23 17.98 11.23
DROID-SLAM (w/o GBA) [131] | 565.35 93.32 15.98 10.12 487.11 85.66 14.12 8.18
TCSIM |6 404.43 75.08 13.23 8.57 313.76 62.87 12.78 7.12
Ours 252.86 40.23 7.05 4.21 196.63 43.78 6.12 3.10
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Figure 5.2:
ground truth.

Trajectory comparison between SSL-PoseNet and SSL-RayNet against

pixel (192 x 640, i.e., roughly 1.2 x 10° rays). By the variance-averaging argument of
Section[3.1] the estimator error contracts as the number of rays || grows, so the least-
squares ray-to-pose conversion at test time benefits from a far stronger averaging
effect in this chapter. Second, the underlying systems are not matched: RayVO
couples a frozen general-purpose DINOv2 encoder to a 409M-parameter diffusion
decoder whose training is computationally constrained (Section , whereas
RayNet is a lightweight task-specific network embedded in a mature self-supervised
framework whose auxiliary losses are tuned to driving data. The comparison that
carries the claim of this thesis is unaffected by these differences: within each
chapter, under identical conditions, the ray-based representation outperforms its
6-DoF counterpart, and it is the consistency of that ordering across paradigms—mnot

the absolute numbers—that supports the hypothesis of Section [I.3
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Table 5.2: Quantitative comparison of self-supervised monocular depth estimation on
the Eigen test split.

Method Abs Rel | | Sq Rel (m) | | RMSE (m) | [RMSE log | | § <1251 |46 < 1.2521 | § < 1.25% ¢
SC-SfMLearner [5] 0.128 1.047 5.234 0.208 0.846 0.947 0.976
MonoDepth2 [72] | 0.115 0.903 4.863 0.193 0.877 0.959 0.981
ManyDepth [103] |  0.090 0.713 4.261 0.170 0.914 0.966 0.983

TCSIM |6/ | 0.097 0.791 4.383 0.178 0.896 0.961 0.982

DaCCN [113] |  0.099 0.661 4.316 0.173 0.897 0.967 0.985
R-MSFMX3 [105] |  0.111 0.775 4.666 0.190 0.879 0.960 0.981
RPrDepth [109] |  0.097 0.658 4.279 0.169 0.900 0.967 0.985
Ours 0.094 0.646 4.130 0.144 0.910 0.980 0.994

Monocular Depth Evaluation. As shown in Table the proposed method
achieves competitive performance among recent self-supervised approaches on the
Eigen split. Compared with the strong ManyDepth baseline, our method reduces
Sq Rel by approximately 9.4% (0.713—0.646), RMSE by 3.1% (4.261—4.130), and
RMSE log by 15.3% (0.170—0.144), while improving § < 1.25? and § < 1.253
by 1.4% and 1.1%, respectively. These improvements indicate that the ray-based
pose branch not only enhances ego-motion estimation but also provides more
stable geometric supervision for depth learning, leading to improved reconstruction
accuracy and loss reduction during training, even without any modification to

the depth network architecture.

5.4.3 Robustness Evaluation

Perturbation Sensitivity. We evaluate robustness under four sources of per-
turbation—Gaussian input noise, input motion blur, model weight perturbations,
and output disturbances. Collectively, the results demonstrate that the ray-based
high-dimensional parameterization yields reduced drift and smoother optimization
behaviour compared to the minimal 6-DoF pose representation.

(a) Input Perturbation (Gaussian Noise): Gaussian noise is injected
into the input images during the pose evaluation to assess the robustness of each
representation to input perturbations. In Figure[5.3a] dashed lines denote evaluation
with clean inputs, while solid lines correspond to noisy inputs. Orange represents
the predicted 6-DoF poses, and blue represents the ray-based formulation. Under
identical perturbations, the ray-based representation exhibits reduced drift compared

to the 6-DoF formulation, as indicated by the smaller deviation between trajectories
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Figure 5.3: Empirical perturbation-sensitivity analysis comparing the proposed dense
ray representation and the conventional 6-DoF formulation in the self-supervised
setting. (a) Input perturbation—Gaussian noise added to input images during pose
evaluation; (b) input perturbation—deterministic horizontal linear motion blur (kernel
length 11 pixels) applied to input images, following the protocol of Section (c)
model perturbation—relative Gaussian noise injected into network weights; (d) output
perturbation—Gaussian noise applied to predicted poses.

obtained from clean (dashed) and noisy (solid) inputs. (b) Input Perturbation
(Motion Blur): As argued in Section[4.4.3| motion blur—rather than i.i.d. Gaussian
noise—is the degradation most likely to occur in visual odometry, since the camera
is by definition in motion, and its spatially structured nature makes it a more
demanding test of the variance-averaging analysis of Section [3.1f The concern
is arguably sharper in the self-supervised setting: RayNet is trained purely on
sharp KITTT frames through a photometric objective, so blur at test time degrades
exactly the appearance cues the training signal was built on. We therefore repeat
the evaluation using the same protocol as in the supervised study, convolving the

input images at inference time with a deterministic horizontal linear motion-blur
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kernel of length 11 pixels, which approximates ego-motion blur for forward-facing
driving imagery while keeping the image size, intrinsics, and pose labels unchanged.
As shown in Figure [5.3b] the finding transfers to the self-supervised setting: the
ray-based trajectory under blur remains close to its clean counterpart and to the
ground truth, whereas the 6-DoF trajectory drifts substantially, mirroring the
supervised result in Figure [£.6D That the per-pixel ray formulation—with a
bundle two orders of magnitude denser than the per-patch bundles of Chapter [d}—
absorbs structured corruption at least as gracefully is consistent with the averaging
effect strengthening as the number of rays grows. (c) Model Perturbation:
Gaussian noise is injected into the model weights during evaluation by adding
zero-mean perturbations scaled to each parameter’s standard deviation. The same
protocol is applied to both the 6-DoF-based PoseNet and the ray-based RayNet
(see Section . As shown in Figure , under weight perturbations, the
ray-based formulation exhibits smaller drift—i.e., a reduced deviation between
nominal (dashed) and perturbed (solid) curves—compared to the 6-DoF model,
demonstrating the superior robustness of the ray-based representation to model
perturbations; (d) Pose Perturbation: We first estimate the output distributions
of both the 6-DoF and ray representations, then inject corresponding Gaussian
noise into their predicted poses. The results in Figure show that the ray-based
representation yields higher trajectory accuracy compared to the 6-DoF formulation,
indicating that noise injected in the minimal SE(3) space is harder to absorb and

redistribute, leading to more persistent trajectory errors.

Cross-Domain Generalization. To further evaluate the robustness of the
proposed representation, we conduct cross-domain generalization experiments by
training on one dataset and testing on another, as summarized in Table |5.3] This
setting introduces significant domain shifts, including variations in scene structure,
lighting conditions, camera motion patterns, and sensor characteristics, thereby

providing a stringent test of model generalizability.
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When trained on Oxford RobotCar and evaluated on KITTI, the ray-based
formulation consistently outperforms the conventional 6-DoF PoseNet across all
metrics. In Seq. 09, the translational ATE is reduced from 101.25m to 78.16 m
(22.8%), and the rotational error decreases from 15.56° to 10.63° (31.7%). Similar
improvements are observed on Seq. 10, where both translational and rotational errors
are reduced by approximately 30-35%. Notably, segment errors also exhibit substan-
tial reductions, indicating improved local motion consistency under domain shift.

A similar trend is observed in the reverse setting (KITTI — Oxford RobotCar),
where the ray-based model achieves significant performance gains across both evalu-
ated sequences. For instance, on sequence 2015-08-12-15-04-18, the translational
ATE decreases from 539.89 m to 420.51 m (22.1%), while rotational error is reduced
by 27.3%. Improvements in segment-level metrics further confirm enhanced stability
and reduced drift accumulation over long trajectories.

From a theoretical perspective, this improved cross-domain robustness can
be attributed to the intrinsic properties of the ray-based representation. As
discussed in Section [3.2] the mapping from pose space to the ray representation
exhibits more favorable Lipschitz continuity and conditioning compared to the
6-DoF parameterization. This results in smoother gradients and a more stable
optimization landscape, reducing the risk of overfitting to domain-specific patterns
during training. Consequently, the learned model captures more generalizable
geometric relationships rather than dataset-dependent correlations.

Furthermore, the per-pixel, spatially aligned formulation distributes motion
information across a high-dimensional representation, introducing redundancy that
mitigates the impact of noise and domain-specific perturbations as presented in
Section [3.1] This contrasts with the compact 6-DoF representation, where errors
are more tightly coupled and can propagate globally. As a result, the ray-based
model demonstrates improved resilience to variations in appearance and motion
statistics, leading to better generalization across datasets.

Overall, these results provide strong empirical evidence that the proposed

representation enhances robustness under domain shift, making it more suitable for
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Table 5.3: Cross-Domain Generalizability Evaluation of RayNet
Oxford RobotCar — KITTI
09 10
m-ATE m-Seg-Error m-ATE m-Seg-Error
Trans(m) Rot(deg) | Trans(%) Rot(deg/100m) | Trans(m) Rot(deg) | Trans(%) Rot(deg/100m)
TCSfM w. PoseNet 101.25 15.56 14.89 5.12 108.08 27.64 15.44 5.03
TCSfM w. RayNet 78.16 10.63 9.23 3.01 70.56 13.87 9.08 3.23
KITTI — Oxford RobotCar
2015-08-12-15-04-18 2015-07-10-10-01-59
m-ATE m-Seg-Error m-ATE m-Seg-Error
Trans(m) Rot(deg) | Trans(%) Rot(deg/100m) | Trans(m) Rot(deg) | Trans(%) Rot(deg/100m)
TCSfM w. PoseNet | 539.89 69.12 18.56 12.70 490.16 78.48 16.83 13.17
TCSfM w. RayNet | 420.51 50.24 12.05 9.52 374.89 50.35 10.12 9.10
251
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Figure 5.4: Training Stability Analysis between 6-DoF and Ray-based Representation.
(a) Convergence comparison—training loss evolution during optimization. Across all cases,
the ray-based representation exhibits reduced drift and more stable optimization behavior
compared to the 6-DoF formulation. (b) Training RPE evolution across epochs, where
the ray-based model exhibits smoother and more stable convergence compared to the
fluctuating behavior of the 6-DoF formulation.

real-world applications where training and deployment environments are inher-

ently mismatched.

5.4.4 Optimization Evaluation

We compare the convergence behaviour: We record the training loss throughout
optimization as shown in Figure [5.4al The dense ray representation achieves lower
loss values and demonstrates smoother, more stable convergence, whereas the 6-DoF
formulation exhibits noticeable fluctuations in training.

Although both models are trained using the same SE(3)-based supervision loss
L(T) defined in Eq. , optimization is performed in the pose representation

space. Considering only the pose branch parameters 6,, the gradient is
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Figure 5.5: Empirical validation of the Lipschitz and optimization properties of the
representations. (a) Ray representation: /{9 distance in representation space versus
chordal distance in SE(3), showing an approximately linear relationship. (b) 6-DoF
representation: the same analysis reveals a scattered and nonlinear relationship, indicating
poorer conditioning.
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where z denotes either the 6-DoF parameters or the ray representation. The

(5.3)

Jacobian %—Z therefore directly affects gradient conditioning. If this mapping is
ill-conditioned, as in the minimal 6-DoF case, small pose errors can induce amplified
or unstable gradients, leading to oscillatory optimization. Consistently, the ray-
based model exhibits smoother RPE reduction (Figure and more stable
loss convergence (Figure , whereas the 6-DoF formulation shows fluctuations
during training. These results empirically support that the high-dimensional ray
representation provides a better-conditioned and smoother optimization landscape,

despite identical SE(3) supervision.

Lipschitz Continuity Study. To empirically validate the Lipschitz property
and demonstrate why replacing 6-DoF prediction with a ray-based representation
can yield stable prediction, we analyze the relationship between representation error

and the induced SE(3) pose error. Specifically, we measure the ¢» distance between
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Table 5.4: Efficiency comparison between SSL-PoseNet and the proposed SSL-RayNet.

Runtime|GPU Memory[Params
Method (FPS) (MB) (M)
TCSIM w. PoseNet| 26.5 692 1.59
TCSfM w. RayNet| 16.9 838 18.01

predicted and ground-truth representations and compare it to the chordal distance
between the corresponding SE(3) transformations. As shown in Figure and
Figure 5.5 the ray representation exhibits an approximately linear relationship,
indicating a near-Lipschitz mapping from pose to representation. In contrast, the
minimal 6-DoF parameterization shows a scattered and nonlinear trend, where small
pose deviations may correspond to disproportionately large coordinate changes,

reflecting poor conditioning.

5.4.5 Efficiency Analysis

As shown in Table SSL-RayNet introduces higher computational cost compared
to SSL-PoseNet, with runtime decreasing from 26.5 FPS to 16.9 FPS and parameters
increasing from 1.59M to 18.01M. GPU memory usage increases moderately from
692MB to 838MB. Despite the additional overhead, the model remains real-time
capable while delivering significant improvements in robustness and accuracy,

indicating a favorable performance—efficiency trade-off.

5.5 Conclusion

This chapter extended the empirical test of the thesis hypothesis (Section
from the supervised setting of Chapter || to self-supervised learning, answering
Research Question 2 in the affirmative. Holding the framework, depth network,
objective, and data fixed, replacing 6-DoF regression with per-pixel ray prediction
reduced drift by 30-45% on KITTI and Oxford RobotCar and improved depth
estimation on the Eigen split by up to 15%, even though the depth branch was
never modified. The results again map onto the properties analyzed in Chapter [3}

the perturbation experiments of Section confirmed the variance-averaging
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prediction of Section |3.1] under noisy surrogate gradients, and the smoother loss
evolution together with the near-linear representation-to-pose error relationship
supported the Lipschitz-continuity analysis of Section [3.2] That these advantages
not only persist but remain substantial when supervision is indirect strengthens the
central claim: the representation itself, not the supervision regime, is a key design
factor in learned visual odometry. The improvement in depth—obtained purely by
changing how motion is represented—further illustrates how tightly motion and
geometry are coupled through the shared photometric objective.

Two limitations of the present design directly shape the final contribution
chapter. First, although the pose network now predicts rays, the training objective
still operates in pose—depth space: the predicted ray bundle is collapsed to an
SE(3) transformation before the photometric loss is computed. By the information-
preservation argument of Section [3.3] this many-to-one projection discards part of
the learning signal at precisely the supervision stage—the one property of Chapter
that the controlled design of this chapter deliberately could not test. Second,
motion and geometry remain separate outputs: rays represent the camera motion
while depth is still predicted by an independent branch, leaving the unification
promised by the hypothesis incomplete. Chapter [6] addresses both limitations at
once by adopting length-aware ray segments that jointly encode motion and scene
structure, and by formulating the self-supervised objectives directly in ray space, so
that supervision no longer passes through the lossy pose-depth bottleneck. The
computational cost of the dense formulation, quantified in Section [5.4.5] remains
moderate here—RayNet stays near real-time—but tracking this trade-off becomes

increasingly important as the representation grows richer in the next chapter.
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6.1 Overview

This chapter presents the final contribution study of the thesis and addresses
Research Question 3 (Section [1.4): can a ray-based representation improve self-

supervised visual odometry and 3D scene understanding? It completes the progres-

131
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sion set out in the hypothesis (Section by resolving the two aspects that the
previous chapters deliberately left open. Chapter [4 established the advantage of
ray-based motion representation under direct supervision, and Chapter |5 showed
that the advantage persists under self-supervision; in both, however, rays encoded
camera motion only, with scene geometry handled by a separate depth output,
and in Chapter [5| the training objective still operated in pose-depth space after
converting rays to SE(3). This chapter removes both restrictions. Motion and
geometry are unified in length-aware ray segments (Section , in which each per-
pixel ray terminates at the scene surface, and self-supervision is formulated directly
in ray space through three ray-native objectives enforcing cross-view consistency in
appearance, geometry, and semantics. This provides the first self-supervised test
of the information-preservation property analyzed in Section 3.3} collapsing rays
to poses and depths before computing the loss is a lossy, many-to-one projection,
and supervising in ray space should therefore retain a richer learning signal. The
prediction is borne out empirically: on KITTI and Oxford RobotCar, ray-space
self-supervised fine-tuning reduces odometry translational error by 65.9% and 45.1%
respectively, and improves depth estimation (AbsRel) by 7.1% and 23.9%, over the

pose—depth fine-tuning baseline, with stronger cross-domain generalization.

6.2 Introduction

The two preceding chapters demonstrated that representing camera motion as a
bundle of rays improves learned visual odometry under both direct supervision
(Chapter [)) and self-supervision (Chapter [f]). Yet in both studies the hypothesis of
Section [I.3] was tested only in part. Rays encoded motion alone: scene geometry was
either absent from the model (Chapter {4)) or delegated to a separate depth branch
(Chapter |5)), so the density imbalance between a spatially distributed geometry
output and the motion representation was corrected, but the two quantities remained
disjoint predictions. More fundamentally, the training objective in Chapter
still operated in pose—depth space: the predicted rays were collapsed into an

SE(3) transformation before the photometric loss was evaluated. According to the
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Figure 6.1: Comparison between the conventional pose-depth representation and our
length-aware ray representation for self-supervised (SSL) motion—depth learning.
Left: a typical SSL architecture predicts a depth map for the target view together with
a 6-DoF relative pose between source and target, which are jointly optimized using a
photometric loss. Right: our proposed representation predicts per-pixel ray segments
for consecutive views, expressed in a common reference (source) frame. Each ray segment
is defined by an origin and a 3-D endpoint that terminates at a scene surface. Because ray
segments from nearby frames are represented in the same coordinate frame, their endpoints
may overlap, explicitly revealing shared scene coverage (highlighted; see sampled-ray
inset).

information-preservation analysis of Section[3.3] this many-to-one projection discards
part of the supervision signal—a property that, unlike perturbation robustness and
continuity, concerns the supervision stage itself and therefore could not be tested
by the controlled designs of the previous chapters. This chapter addresses both
open questions, guided by Research Question 3: whether rays can serve as a single,
unified representation of motion and geometry, and whether self-supervising directly
in ray space outperforms supervising in the converted pose—depth space.

The vehicle for this investigation is the length-aware ray representation intro-
duced in Section 2.6 in which each per-pixel ray is augmented with a scalar length
so that its endpoint lies on the scene surface, jointly encoding camera motion

and scene structure in one prediction space. This formulation has recently gained
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independent momentum in geometry foundation models, as reviewed in Section [2.7}
ray bundles are increasingly adopted for camera parameterization |9, 135, and
Depth Anything 3 (DA3) [63] represents cameras and scene geometry using depth-
augmented ray segments, avoiding the task entanglement of multi-output designs
such as VGGT [62], whose separately predicted poses, depths, point maps, and
feature tracks can degrade optimization stability and generalization. The emergence
of such models sharpens the question this chapter asks: given a model that predicts
length-aware rays, how should it be adapted to a new domain by self-supervision—in
the native ray space, or in the converted pose—depth space?

Despite these advantages, a critical challenge remains in out-of-domain adap-
tation. A natural and commonly adopted strategy is to convert predicted ray
segments into explicit 6-DoF camera poses and depth maps (as shown in Figure ,
followed by self-supervised fine-tuning using photometric consistency losses [8].
However, this conversion collapses dense, per-ray geometric predictions into a
small set of pose parameters, substantially reducing the representational richness
available for optimization. We hypothesize that such a mapping discards valuable
geometric information encoded in ray space, thereby limiting the effectiveness of
self-supervised learning, particularly under domain shift. Moreover, pose conversion
can introduce additional bias and optimization instability, as local geometric errors
in ray predictions can propagate into global motion estimates.

To address this limitation, we propose to perform self-supervised optimization
directly in the ray space, without converting ray bundles into 6-DoF pose representa-
tions. Our key insight is that ray-based models should be optimized using ray-native
constraints that preserve their dense geometric structure. To this end, we introduce
three ray-space self-supervised objectives. Ray Photometric Consistency enforces
appearance agreement across views along corresponding rays. Ray-Flow Geometric
Consistency, derived from the motion-field equation, aligns observed ray flow with
the ray-induced motion implied by predicted ray segments. Finally, Ray Semantic

Consistency enforces cross-view semantic agreement in the ray space. Together,
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these losses enable effective self-supervised adaptation while fully retaining the
expressiveness of ray-based representations.

Extensive experiments demonstrate that ray-space optimization substantially
improves both camera motion estimation and depth prediction compared to pose-
space optimization. Qualitative visualizations further show that optimizing in
the ray space accurately recovers scene geometry and produces coherent 3D
reconstructions. Moreover, ray-space learning exhibits faster convergence and
stronger cross-domain generalization.

In summary, this chapter makes four contributions, corresponding to Research
Question 3. First, to our knowledge, it is the first to explicitly optimize length-aware
ray segments in ray space for self-supervised motion—depth learning, reformulating
geometric learning directly in ray space without explicit pose-depth estimation, as
shown in Figure [6.1 Second, it proposes and compares two ways of integrating
length-aware ray segments into self-supervised architectures—one converting ray
segments into 6-DoF poses and depth maps to enable conventional photometric
supervision, the other supervising ray segments directly in ray space (Figure —a
comparison that constitutes a direct empirical test of the information-preservation
argument of Section [3.3l Third, it introduces a ray-centric self-supervised learning
paradigm that augments the ray-based photometric loss with ray-flow geometric
and ray semantic consistency (Figure . Fourth, it empirically shows that ray-
space optimization outperforms pose—depth fine-tuning for both visual odometry
and depth estimation on KITTI and Oxford RobotCar, and further improves
cross-dataset generalization, enabling more robust adaptation under domain shift.

The remainder of this chapter is organized as follows. Section formulates
the three ray-space objectives and the test-time ray-to-pose-and-depth conversion.
Section [6.4] reports the performance, robustness, ablation, and efficiency evaluations.

Section [6.5] concludes the chapter and leads into the overall synthesis of Chapter [7]
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Figure 6.2: Ways of integrating the proposed length-aware ray representation into
SSL motion—depth learning architectures. Top: the conventional SSL pipeline, which
directly predicts a depth map and a 6-DoF relative pose and optimizes them using a
photometric reconstruction loss. Middle: a ray-based variant where a ray representation is
first predicted and then converted into depth and motion, enabling the use of conventional
photometric losses. Bottom (ours): a ray-based SSL architecture that treats rays as
the primary representation, introducing direct supervision and photometric losses
on ray segments without converting them back to depth or pose.

6.3 Method

Given a source image I, and a target image [;, ray-based models such as Diffu-
sionStM ﬂgﬂ predict two ray bundles of both views in the same reference frame,

as shown in Figure [6.1]
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6.3.1 Ray Photometric Consistency

Dense pixel correspondences between the source image I, and the target image I;
are obtained by projecting the predicted ray endpoints from the target view into
the source view. Specifically, for each target pixel u;, the corresponding source

pixel u, is obtained via perspective projection,
Us = K(Tt%s ﬁt(ut) K_lﬁt) = Ket, (61)

where ﬁt and Tt_m denote the depth map and 6-DoF camera transformation
predicted by conventional self-supervised pipelines, and e; denotes the predicted
ray endpoint for the target view, expressed in the source-view coordinate frame.
Equation highlights that a single ray-endpoint prediction subsumes the joint
estimation of depth and camera motion, collapsing the traditional multi-task
formulation into a unified geometric representation.

Using the projected locations, the target image is reconstructed by sampling

the source image,
[é(”l%) = W(IS, us) = W(Is, Ket), (62)

where W(-) denotes differentiable bilinear sampling. We then adopt a standard

photometric reconstruction objective [91],
Lrpc = (1 —a) |]L{ — It| + OZESSIM<I£7 It), (63)

where « balances pixel-wise appearance fidelity and structural similarity (SSIM).

Discussion. The Ray Photometric Consistency loss emphasizes that image warp-
ing is performed directly using predicted ray endpoints, without explicit depth or
pose estimation. While it enforces appearance consistency induced by ray geometry,
it does not explicitly constrain camera motion, which is addressed by the Ray-Flow

Geometric Consistency loss described next.
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6.3.2 Ray-Flow Geometric Consistency

Ray flow. Although rays are observed at different time steps, normalization by
the camera intrinsics maps them into a common camera-centered ray space. Their
difference therefore provides a discrete approximation of the ray-direction time
derivative. Ray flow captures changes in viewing direction rather than point motion,

since ray directions are defined in a consistent space across frames.

Observed ray flow from optical flow. Given a source image I and a target
image [;, with known camera intrinsics K, we first construct an observed ray flow
using a pre-trained optical flow estimator. Let p; denote a pixel in homogeneous
coordinates of the target view. The corresponding ray direction with regard to

the target frame is given by
dt - K_lﬁt7 (64)

where homogeneous normalization is applied implicitly. Given the optical flow

correspondence p,, the observed ray flow is computed as
I"obs = K_lﬁt - K_1p~s‘ (65>

This provides a discrete approximation of the inter-frame ray velocity in nor-

malized ray space.

Ray-based depth and direction prediction. Our ray-based model predicts, for
each pixel, a ray origin o, and a ray endpoint e;, both expressed in the source-view

coordinate frame. The predicted ray direction is therefore
at = €t — Oy, (66)

which is fy-normalized prior to further processing. The corresponding depth is

obtained by converting the predicted ray endpoint to z-depth,

Di=al(e,—o0,), a, =1[0,0,1]". (6.7)
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Figure 6.3: Augmenting the ray-based self-supervised architecture with auxiliary
branches and losses. The ray-based geometric foundation model (branch (a)), which
is the only trainable component, predicts length-aware ray segments and enables Ray
Photometric Consistency. This core representation is supplemented by an optical flow
branch (branch (b)), where a frozen optical flow model provides observed ray flow as
pseudo-supervision to enforce Ray-flow Geometric Consistency, and by a semantic
branch (branch (c)), where a frozen semantic model supplies semantic pseudo-labels to
enable Ray Semantic Consistency. While the ray-based foundation model defines
the primary self-supervised learning architecture and is optimized during training, the
auxiliary flow- and semantic-based losses act as complementary supervision signals that
further improve geometric accuracy and robustness.

Ray-consistent rigid motion estimation. To estimate camera motion in a
ray-consistent manner, we first recover rotational motion by aligning the observed
ray directions with the predicted ray directions. Specifically, we seek a rotation
R, € SO(3) such that R,d; ~ d,. This alignment is solved using a differentiable

SVD-based Procrustes procedure. Let
H=Y>d"ad"", (6.8)

where the summation is over valid pixels. We compute the singular value decomposi-
tion

U,qXV. = SVD(H), (6.9)
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and obtain the rotation matrix

R; = VDU, (6.10)
where
D = diag(1,1,det(VavaULy)) (6.11)
enforces det(R;) = 1. Similarly, we can calculate R;. Then the relative rota-
tion is defined as
R.. = R/R,. (6.12)

Angular and translational velocity estimation. Assuming constant camera
motion over the frame interval, the angular velocity w € R? is extracted from the

relative rotation using the matrix logarithm. Let

Tr(Rye) — 1
0 = arccos (10(21)> : (6.13)
then the corresponding skew-symmetric matrix is
[w]y = b (Rea — Ry (6.14)
2sin 0 rel

The translational velocity v is approximated from the change in camera centers,

estimated as the mean of predicted ray origins across pixels,

v = mean(o;) — mean(0y). (6.15)

Ray motion-field prediction. Given the angular velocity w, translational
velocity v, per-pixel depth ﬁt, and ray direction d;, we predict the ray flow
using the standard motion-field equation [149],

. 1
Tpred = [dt}xw + B (dtd;r — I) Vv, (616)

t

where [d;]x denotes the skew-symmetric matrix of d; and I is the identity matrix.
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Ray-flow geometric consistency loss. Finally, we enforce geometric consistency

by minimizing the discrepancy between observed and predicted ray flows,

ERFGC = Hi‘obs - I"preng . (617)

This loss enforces that the dense per-pixel ray predictions (o, €;) are jointly
explainable by a single rigid camera motion, parameterized by angular velocity w
and translational velocity v, together with per-pixel depth through the motion-

field equation.

Discussion. This supervision is applied entirely in the ray space rather than
pixel or pose space. Although a rigid motion is estimated analytically from ray
correspondences to parameterize the motion field, camera poses are neither predicted
nor optimized. All supervision and gradients are applied exclusively to ray origins
and endpoints, avoiding the collapse of dense ray predictions into sparse 6-DoF

parameters and yielding improved optimization.

6.3.3 Ray Semantic Consistency

Semantic ray features. For each pixel, in addition to predicting a ray endpoint in
the source-view reference frame, we associate a semantic feature vector. Specifically,
each ray r, = (0,,e,) is augmented with a per-pixel semantic embedding s, € R,

yielding an augmented ray representation

r, = (Om €y, Su)-

We obtain per-pixel semantic embeddings from dense semantic feature maps
S, € RITXWXC and S, € REXWXC extracted from the source and target images
respectively, such that s, = S(u). Concretely, we obtain semantic feature maps

using a frozen, language-aligned dense encoder,

Ss = ¢(]5)7 St = ¢(]t)7 (618)

where ¢(-) is an off-the-shelf pretrained model that produces task-agnostic, open-set

dense semantic embeddings. Following the design choice in RayFronts [150], we
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instantiate ¢(-) with a pretrained RADIO-based image encoder and keep it frozen

throughout training and evaluation.

Ray semantic warping. Given the ray correspondences established in Eq. (6.1),
we propagate semantic information across views by warping source-view semantic
features into the target view along predicted rays. Specifically, for each target pixel

us, we sample the source semantic feature map at the projected ray endpoint,
Si(ur) = W(S;, Key), (6.19)

where e; denotes the predicted target-ray endpoint expressed in the source coordinate
frame. Here, W (-) denotes differentiable bilinear sampling, which interpolates Sg
at the (generally non-integer) projected location Ke;. By construction, S}(u;) and
Si(u;) are encouraged to correspond to the same 3D scene point observed from two

viewpoints, and should therefore share consistent semantic representations.

Semantic consistency loss. We enforce agreement between semantic features
of corresponding rays using a cosine-distance objective. After 5 normalization

(denoted by *), the ray semantic consistency loss is defined as

1 _ _
Lrs = 7 2(1 — (Sy(uy), sg(ut)>), (6.20)
where the summation is taken over all target pixels and N denotes the total number

of pixels. This objective encourages semantically corresponding rays, originating

from different viewpoints, to share consistent semantic embeddings.

Full loss. The final training objective is a weighted combination of ray photometric,

ray-flow geometric, and ray semantic consistency, as shown in Figure [6.3}
Etotal = )\rpc ‘cRPC + )\rfgc ERFGC + >\rsc ['RSCa (621>

where Arpe, Artee, and Agge control the relative contributions of photometric, geometric,

and semantic supervision.
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Photometric, geometric, and semantic constraints act at complementary lev-
els—appearance, motion, and meaning—providing dense supervision that jointly
regularizes ray geometry across views. The resulting objective directly supervises
ray origins and endpoints in ray space: photometric consistency enforces appearance
agreement induced by ray geometry, ray-flow geometric consistency constrains rays
to be explainable by a single rigid camera motion, and semantic consistency enforces
view-invariant alignment across corresponding rays. Together, these signals enable

robust ray-space fine-tuning without explicit depth or pose supervision.

6.3.4 Test-Time Ray-to-Pose-and-Depth Conversion

This transformation is used only for evaluation to report camera poses and depth

maps under standard depth and visual odometry benchmarks.

Depth estimation. Given a predicted ray bundle for frame ¢, with per-pixel
ray origins ogi) and endpoints eii), the depth is defined as the projection of each

ray onto the camera optical axis:

. < N T
D = (e ~of") a 5=10.0.1]" (6.2

Pose estimation. The ray direction is given by d, = e, — o;, and we then
estimate the rotation R and intrinsics K by solving for the optimal projection

P that aligns the predicted rays with those of an identity camera (K = I, R =

I) as defined in Eq. (2.29):

hxw )
P =argmin 3 [Hd x u. (6.23)
[HI=1 =1
From P, we decompose K and R. The camera center at time ¢ is estimated

directly from the predicted ray origins by averaging over pixels:
c; = mean(oy). (6.24)

Then translation follows as t = —Rc;.
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Seq. 09 Seq. 10
Method
evhe m-ATE Seg. Error m-ATE Seg. Error

Trans. (m) Rot. (°) ¢(%) r(°/100m) Trans. (m) Rot. (°) ¢ (%) r (°/100m)
ORB-SLAMS3 (w/o LC) [147] 52.65  28.85 14.56 0.87 16.39  10.63 8.65 0.74
DDVO |127] - - 15.02 0.20 - - 8.76 0.66
DF-VO [128] - - 240 0.24 - - 1.82 0.38
DROID-SLAM (w/o GBA) [131] 64.62  30.24 21.52 0.75 45.25 8.74 18.73 0.68
TCSIM 6] 31.46 2.96 3.42 0.66 20.09 5.69 3.34 1.11
BRIGHT-VO |[133| - - 1.31 0.76 - - 1.27 0.99
DA3 (zero-shot) 63| - - 82.35 39.56 - - 73.38 42.54
DiffSfM (zero-shot) |9) 309.14 130.91 75.47 40.25 278.71 97.81 90.32 30.92
Ours (DiffSfM, Pose-SSL) 41.26 7.93 5.15 2.86 37.54 8.66 4.54 2.25
Ours (DiffSfM, Ray-SSL) 11.91 4.14 2.09 1.22 6.76 4.02 1.21 0.98

Table 6.1: Quantitative ego-motion evaluation on the KITTI Odometry benchmark
(Sequences 09 and 10). m-ATE reports the mean absolute trajectory error; Seg. Error
reports the standard segment-based relative errors over segments of 100-800 m. For
Pose-SSL, we transform the ray segments to 6-DoF pose and depth and fine-tune with
the full conventional pose—depth losses of [6]; Ray-SSL jointly applies the proposed ray
photometric, ray-flow, and ray semantic consistency losses. Entries marked “—” are not
reported by the corresponding method. Best results are in bold.

2015-08-12 2015-07-10
Method
m-ATE Seg. Error m-ATE Seg. Error

Trans. (m) Rot. (°) ¢ (%) r(°/100m) Trans. (m) Rot.(°) ¢ (%) r(°/100m)
ORB-SLAMS3 (w/o LC) [147] 412.98  72.88 15.12 892 57824 95.23 17.98 11.23
DROID-SLAM (w/o GBA) |131] 565.35  93.32 15.98 10.12 487.11  85.66 14.12 8.18
TCSfM 6] 404.43 75.08 13.23 8.57 313.76 62.87 12.78 7.12
DiffSfM (zero-shot) [9] 662.25  94.23 34.49 13.77 763.66 100.36 38.34 16.42
Ours (DiffSfM, Pose-SSL) 454.04  76.15 16.03 9.55 419.62  46.78 17.93 7.07
Ours (DiffSfM, Ray-SSL) 282.42 23.05 10.03 4.67 202.53 29.55 8.63 3.49

Table 6.2: Quantitative ego-motion evaluation on Oxford RobotCar. Columns correspond
to the two unseen evaluation traversals, 2015-08-12-15-04-18 and 2015-07-10-10-01-59.
Best results are in bold.

6.4 Experiments
6.4.1 Experimental Setup

Datasets and Metrics. We evaluate visual odometry and depth estimation
on the KITTI dataset [10] and the Oxford RobotCar dataset [11]. On KITTI,
odometry models are trained on sequences 00-08 and evaluated on 09-10, while
depth estimation follows the standard Eigen split [13]. On Oxford RobotCar,
both depth and odometry are trained on sequences 2015-02-24-12-32-19, 2015-
03-24-13-47-33, and 2015-11-12-11-22-05, and evaluated on two unseen traversals,
2015-08-12-15-04-18 and 2015-07-10-10-01-59. Depth is evaluated using the standard
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Method AbsRel | SqRel | RMSE | RMSE log | ¢ < 1.251 o < 1.252 1 ¢ < 1.25% ¢
SC-SfMLearner (5] 0.128  1.047 5.234 0.208 0.846 0.947 0.976
MonoDepth2 [72] 0.115  0.903  4.863 0.193 0.877 0.959 0.981
ManyDepth [103] 0.090 0.713  4.261 0.170 0.914 0.966 0.983
TCSIM (6] 0.097  0.791  4.383 0.178 0.896 0.961 0.982
DaCCN [113] 0.099  0.661  4.316 0.173 0.897 0.967 0.985
R-MSFMX3 [105] 0.111  0.775  4.666 0.190 0.879 0.960 0.981
RPrDepth [109] 0.097  0.658  4.279 0.169 0.900 0.967 0.985
DiffSfM (zero-shot) [9) 0.230 1.102  5.132 0.214 0.812 0.935 0.970
Ours (DiffSfM, Pose-SSL)  0.098  0.708  4.512 0.171 0.823 0.968 0.980
Ours (DiffSfM, Ray-SSL)  0.091  0.624 4.250 0.154 0.899 0.978 0.984

Table 6.3: Quantitative comparison of self-supervised monocular depth estimation on
the KITTI Eigen test split. Best results are in bold.

Method AbsRel | 0 < 1.25 1
TCSEM [6] 0171 0.740
DA3 (zero-shot) 0.305 0.421
DiffSfM (zero-shot) 0.392 0.345

Ours (DiffSfM, Pose-SSL) 0.176 0.775
Ours (DiffSfM, Ray-SSL) 0.134 0.850

Table 6.4: Comparison on RobotCar for depth estimation.

protocol of [72] with per-image median scaling, and odometry is evaluated by mean
Absolute Trajectory Error (m-ATE; translation in meters and rotation in degrees)
and by the standard segment-based relative errors (¢ in % and r in °/100m, over

segments of 100-800 m), with unscaled predicted trajectories aligned to ground truth.

Baselines and Implementation Details. For visual odometry, we compare
against representative geometry-based and learning-based systems: ORB-SLAMS3
(without loop closure) [147], DDVO [127], DF-VO [12§], DROID-SLAM (without
global bundle adjustment) [131], TCSfM [6], and BRIGHT-VO [133]. For monoc-
ular depth estimation, we compare against SC-SfMLearner [5|, MonoDepth2 [72],
ManyDepth [103], TCSIM [6], DaCCN [113], R-MSFMX3 [105], and RPrDepth |109].

Among recent ray-based foundation models, DiffusionSfM [9] outputs unified
per-pixel ray segments, providing a suitable testbed for studying whether dense
ray predictions should be adapted directly in ray space or through a converted
pose—depth interface; DA3 [63], which predicts depth and rays using separate

heads, is included as a complementary zero-shot reference. We start from the
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Method Seq. 09 Seq. 10
t (%) r (°/100m) t (%) r (°/100m)
Ours (DiffStM, Pose-SSL) 41.31 14.86 38.33 14.61

Ours (DiffSfM, Ray-SSL) 30.66 11.31 31.25 11.43

Table 6.5: Cross-domain odometry from RobotCar to KITTI.

Method AbsRel | 0 < 1.25 1

Ours (DiffSfM, Pose-SSL) 0.161 0.776
Ours (DiffSfM, Ray-SSL)  0.158  0.798

Table 6.6: Cross-domain depth estimation from RobotCar to KITTI.

CO3D-trained DiffusionSfM backbone and evaluate cross-domain adaptation to
KITTI and Oxford RobotCar, whose forward-facing outdoor scenes and ego-
motion patterns differ substantially from the object-centric training domain; this
transfer setting is therefore well suited for assessing joint ray-based refinement
under domain shift. We use DiffusionSfM as the primary backbone for all pose-
space and ray-space fine-tuning ablations. For pose-space fine-tuning (Pose-SSL),
ray predictions are converted to pose and depth and optimized with the full
conventional pose—depth objective of TCSfM [6]—standard photometric, scale-
consistency, and depth/geometric consistency losses—making Pose-SSL a strong
conventional adaptation baseline rather than a photometric-only variant.

During self-supervised fine-tuning of DiffusionSfM, the model is operated in
regression mode with the diffusion timestep fixed to 100, following [9], and optimized
using Adam with a learning rate of 5 x 107, In the full objective, the loss weights
are set to A\ipe = 0.2, A\igge = 0.3, and Ay = 0.2. Unless otherwise stated, we
adopt a lightened backbone with 4 DiT blocks, which offers a more practical
accuracy—efficiency trade-off (see Section [6.4.9)).

6.4.2 Performance Evaluation

Visual Odometry Evaluation. Tables and [6.2) report odometry results on
KITTI and Oxford RobotCar, with qualitative trajectories shown in Figure [6.4]
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Method Seq. 09 Seq. 10

t (%) r (°/100 m) t (%) r (°/100 m)
w/ Pose (Pose-SSL) 5.15 2.86 4.54 2.25
w/ RPC 4.29 1.63 3.49 1.26
w/ RPC + RSC 3.86 1.82 3.01 1.19
w/ RPC + RFGC 3.41 1.74 2.35 1.01
w/ All (RPC + RSC + RFGC) 2.09 1.22 1.21 0.98

Table 6.7: Ablation of the proposed SSL losses for DiffusionSfM on KITTI Odometry.
“w/ Pose” denotes the full conventional Pose-SSL baseline.

Method AbsRel o < 1.251
w/ Pose (Pose-SSL) 0.098 0.823
w/ RPC 0.095 0.858
w/ RPC + RSC 0.094 0.867
w/ RPC + RFGC 0.093  0.871

w/ All (RPC + RSC + RFGC)  0.091  0.899

Table 6.8: Ablation of the proposed SSL losses for DiffusionSfM on KITTT Eigen depth
estimation.

Under the same DiffusionSfM backbone, Ray-SSL consistently improves over Pose-
SSL, indicating that the gain comes from the ray-native supervision interface
rather than from a different pretrained representation. On KITTI, averaged over
Sequences 09 and 10, Ray-SSL reduces ATE translation from 39.40m to 9.34m, a
76.3% relative improvement over Pose-SSL, and reduces ATE rotation from 8.30°
to 4.08°, a 50.8% improvement. Segment-level odometry shows the same trend:
translational error decreases from 4.85% to 1.65%, while rotational error decreases
from 2.55 to 1.10 °/100 m, corresponding to improvements of 65.9% and 56.9%,
respectively. On Oxford RobotCar, where the domain shift from the object-centric
pretraining domain is more severe, Ray-SSL also yields consistent gains: averaged
over the two evaluated traversals, it reduces ATE translation from 436.83m to
242.48 m (44.5%) and ATE rotation from 61.47° to 26.30° (57.2%), while segment-
level translational and rotational errors are reduced by 45.1% and 50.9%, respectively.
The trajectory visualizations in Figure [6.4] further confirm that ray-level supervision

progressively reduces drift, with Ray-SSL producing the most stable trajectories.
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Figure 6.4: Trajectories of DiffusionSfM-SSL on KITTI Odometry.
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Figure 6.5: Qualitative Comparison of Pose-SSL: and Ray-SSL for Depth Estimation.

After adaptation, the ray-based model is also competitive with dedicated visual
odometry systems: on KITTI, Ray-SSL attains the lowest ATE translation among
all compared methods, and on Sequence 10 also the lowest ATE rotation and
segment-level translational error, while on Oxford RobotCar it achieves the best
results across all reported metrics. These results suggest that preserving dense
ray-level residuals during fine-tuning provides a stronger motion adaptation signal
than supervising the same ray predictions through a converted 6-DoF pose-depth
interface. The improvement should therefore be attributed to the proposed ray-
native supervision framework as a whole—including ray photometric, ray-flow, and

ray semantic consistency—rather than to the change of optimization space alone.
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Monocular Depth Evaluation. Tables and report depth estimation
results on the KITTI Eigen test split and Oxford RobotCar, with qualitative
examples shown in Figure [6.5] On KITTI, Ray-SSL substantially improves the
zero-shot DiffusionSfM backbone, reducing AbsRel from 0.230 to 0.091, SqRel
from 1.102 to 0.624, RMSE from 5.132m to 4.250 m, and RMSE log from 0.214
to 0.154. Compared with Pose-SSL under the same backbone, Ray-SSL further
improves all metrics, with AbsRel decreasing by 7.1% and RMSE log by 9.9%; it
also achieves the best SqRel, RMSE, RMSE log, and ¢ < 1.25% among the compared
self-supervised methods. On Oxford RobotCar, Ray-SSL shows the same advantage:
it improves over zero-shot DiffusionSfM by reducing AbsRel from 0.392 to 0.134
and increasing o < 1.25 from 0.345 to 0.850, and it also outperforms Pose-SSL and
TCSEM, improving AbsRel from 0.176 and 0.171 to 0.134, respectively. These results
indicate that refining dense rays directly in ray space is more effective than first
compressing them into a pose—depth representation for self-supervised adaptation.
Here, we do not report the zero-shot performance of DA3 on the KITTI Eigen

benchmark, as the model has been trained on this dataset.

6.4.3 Robustness Evaluation

Cross-Domain Generalization. Tables [6.5] and [6.6] evaluate cross-domain
generalization from Oxford RobotCar to KITTI. For odometry, Ray-SSL reduces the
translational error by 25.8% on Seq. 09 (from 41.31% to 30.66%) and by 18.5% on
Seq. 10 (from 38.33% to 31.25%), while also lowering rotational error by 23.9% and
21.8%, respectively. For depth estimation, Ray-SSL improves o < 1.25 from 0.776
to 0.798 (4-2.8% relative) and reduces AbsRel from 0.161 to 0.158. These results
indicate that ray-space self-supervised fine-tuning exhibits stronger robustness

under domain shift than pose-space SSL.

6.4.4 Ablation Studies

Tables[6.7/and [6.8 present an ablation of the proposed ray-space objectives. Pose-SSL

is a strong conventional self-supervised adaptation baseline: it includes the standard
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photometric, scale-consistency, and depth/geometric consistency objectives of [6].
Ray-SSL does not aim to win by merely adding unrelated auxiliary supervision;
instead, it re-expresses the self-supervised adaptation interface in ray space, where
ray origins and endpoints remain the optimized variables. The comparison therefore
tests whether a ray-based foundation model should be adapted through a converted

pose—depth interface or directly in its native ray representation.

Effect of Ray Photometric Consistency. Replacing the pose—depth supervision
interface with ray-space photometric consistency (RPC) alone already improves
both odometry and depth, reducing the KITTI Seq. 09 translational error from
5.15% to 4.29% and the rotational error from 2.86 to 1.63 °/100 m, while improving
Eigen AbsRel from 0.098 to 0.095. Since RPC and the pose-space photometric
loss exploit the same appearance cue, this comparison isolates the benefit of the

supervision space itself.

Effect of Ray Semantic and Ray-Flow Consistency. Adding ray semantic
consistency (RSC) or ray-flow geometric consistency (RFGC) on top of RPC
further improves the results (e.g., Seq. 09 translational errors of 3.86% and 3.41%,
respectively), indicating that semantic alignment and rigid motion-field regular-
ization provide complementary ray-level constraints. The full RPC+RSC+RFGC
model achieves the best performance across all metrics, reducing the Seq. 09/10
translational errors to 2.09%/1.21% and improving Eigen AbsRel to 0.091. These
results suggest that the gain is not due to a weak Pose-SSL baseline, but to adapting
the ray-based foundation model directly in its native dense ray space, where ray

origins and endpoints remain first-class optimization variables.

6.4.5 Efficiency Analysis

Consistent with the efficiency analyses of the previous contribution chapters

(Sections [4.4.6| and [5.4.5)), we report the computational cost of the length-aware

ray formulation and study whether it can approach the efficiency of conventional

CNN-based self-supervised VO frameworks such as TCSfM [6]. On an NVIDIA
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A10 GPU, a typical CNN-based pose—depth framework runs at around 26 FPS with
approximately 700 MB of GPU memory. We therefore ablate the number of DiT
blocks in the DiffusionSfM backbone, reducing it from 16 to 8 and 4 blocks: the
corresponding inference speed improves from 8.68 FPS to 12.23 FPS and 16.87 FPS,
while GPU memory decreases from 6918 MB to 4523 MB and 3259 MB, respectively.
Most of the efficiency bottleneck therefore comes from the number of DiT blocks
rather than from the ray representation itself, and we adopt the 4-block configuration
in our experiments as a more practical accuracy—efficiency trade-off. This continues
the trend observed across the thesis: as the ray representation grows richer—from
per-patch motion rays (Chapter , to per-pixel motion rays (Chapter , to per-pixel
length-aware ray segments here—accuracy and robustness improve while throughput
remains below that of conventional CNN pipelines. Importantly, the ray-space
objectives proposed in this chapter add cost only during fine-tuning: at test time,
rays are converted to poses and depths in closed form, so the ray-space and pose-
space fine-tuning variants have identical inference complexity. The dominant cost
is the underlying foundation model itself. Strategies for further reducing this cost,

such as coarse ray resolutions or lighter backbones, are discussed in Chapter [7]

6.5 Conclusion

This chapter completed the empirical investigation of the thesis hypothesis (Sec-
tion , answering Research Question 3 in the affirmative. By adopting length-
aware ray segments, camera motion and scene geometry were unified in a single
prediction space—to our knowledge, for the first time in the self-supervised motion—
depth setting—and by formulating Ray Photometric Consistency, ray-flow geometric
consistency, and ray-semantic consistency directly in ray space, supervision no
longer passes through the lossy pose—depth bottleneck. Across KITTI and Oxford
RobotCar, ray-space self-supervision consistently outperformed pose-space self-
supervision, reducing odometry translational error by an average of 65.9% on
KITTI and 45.1% on Oxford RobotCar, and improving depth AbsRel by 7.1%

and 23.9% respectively, with stronger cross-domain generalization. Beyond the
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immediate gains, this result supplies the final piece of empirical evidence for the
analysis of Chapter [3} whereas Chapters [ and [5] validated the perturbation-
robustness and continuity properties at the prediction stage, the superiority of
ray-space over pose-space fine-tuning demonstrated here validates the information-
preservation property at the supervision stage. Taken together with the preceding
chapters, the ray-based representation has now been shown to improve learned
visual odometry under direct supervision, indirect supervision, and unified motion—
geometry learning. Chapter [7] synthesizes these findings, revisits the hypothesis
and research questions, and discusses the remaining limitations—including the
computational cost quantified in Section [6.4.5( and the restriction to pinhole camera

models—together with directions for future work.
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7.1 Conclusion

This thesis investigates the problem of estimating camera motion and scene geometry
from monocular image sequences, with a particular focus on the limitations of
conventional pose-depth representations in learning-based visual odometry and 3D
scene understanding. Despite significant progress in recent years, existing approaches
continue to face challenges in estimation accuracy, generalization performance,
and training stability. We hypothesize that a central factor underlying these

challenges is the use of minimal 6-DoF parameterizations, which compress spatially
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distributed visual information into a low-dimensional representation, introducing
a representational bottleneck for learning-based systems.

To address these limitations, this thesis proposes a fundamentally different
perspective: instead of representing motion and geometry as a 6-DoF vector and
a per-pixel depth map, we model them together using a spatially distributed,
ray-based representation. In particular, we hypothesize that representing camera
motion and scene geometry as per-pixel, length-aware ray bundles provides a
richer, more geometrically faithful, and more learning-efficient formulation. This
representation preserves spatial structure and exhibits robustness to perturbation,
improved continuity, and better information preservation—properties that are
formally established in Chapter [3]

Building on this hypothesis, the thesis first establishes these properties ana-
lytically (Chapter |3), and then develops a unified framework that progressively
extends ray-based representations across three empirical settings: supervised visual
odometry, self-supervised visual odometry, and joint modeling of motion and scene
geometry. Across these stages, the proposed methods consistently demonstrate
improvements in pose estimation accuracy, depth prediction quality, optimization
stability, and robustness to cross-domain generalization. These findings validate the
central hypothesis that ray-based representations provide a principled alternative
to conventional pose-depth formulations for learning-based geometric perception.

Overall, this work establishes ray-based representations as a unifying geometric
foundation for visual odometry and 3D scene understanding, bridging the gap
between spatially distributed image features and global motion estimation, and

enabling more robust and scalable learning in monocular settings.

7.1.1 Analysis of the Ray-based Representation

The first contribution of this thesis is a formal analysis of the ray-based represen-
tation itself. In Chapter [3| we establish three properties that distinguish dense
ray bundles from minimal 6-DoF parameterizations. First, perturbations—whether

arising from the input, the model, or the prediction itself—are averaged over spatially
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distributed degrees of freedom, reducing the variance of the recovered motion
estimate, whereas a 6-DoF vector offers no such redundancy. Second, the pose-to-
ray mapping is Lipschitz continuous on bounded pose domains, extending recent
continuity results for rotation representations from SO(3) to the full SE(3) pose
space and guaranteeing a smooth regression target with bounded, well-conditioned
gradients. Third, projecting rays back to a pose is a many-to-one operation, so
supervising directly in ray space preserves task-relevant geometric information that
pose—depth supervision provably discards.

Beyond motivating the representation, this analysis structures the empirical
work of the thesis: each property maps to a stage of the learning pipeline and
to the experiments that test it. Perturbation robustness and continuity, which
concern the prediction stage, are validated in the supervised and self-supervised
studies of Chapters 4] and o} while information preservation, which concerns the
supervision stage, is validated by the ray-space fine-tuning study of Chapter [6]
The analysis thus provides the falsifiable predictions that the three empirical

contributions subsequently confirm.

7.1.2 Supervised Ray-based Visual Odometry

The second contribution of this thesis investigates the effectiveness of ray-based
representations in a supervised setting. In Chapter [4, we introduce RayVO, a novel
formulation that models relative camera motion as a dense bundle of rays rather
than a conventional 6-DoF pose vector. This representation preserves spatially
distributed geometric information and enables stronger associations between image
features and motion estimates.

Through systematic experiments on benchmark datasets including KITTI,
Oxford RobotCar, and ScanNet, RayVO demonstrates state-of-the-art performance
in pose estimation accuracy. On KITTI, RayVO achieves up to a 2.4x reduction
in translational error compared to TCSfM and more than 50% error reduction
on challenging sequences, while also outperforming classical methods such as

ORB-SLAMS3 by up to 4x in translational accuracy. In cross-domain settings,
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RayVO further reduces translational Absolute Trajectory Error (ATE) by 24—
33% and rotational error by up to 33%, demonstrating strong generalization
capability. On Oxford RobotCar, it achieves up to 2x lower mean ATE compared to
competing methods. In indoor scenarios on ScanNet, RayVO maintains competitive
performance, achieving low translational errors (e.g., 12.20 cm on sequence 0181)
across diverse scenes.

Beyond empirical performance, this contribution provides important insights
into the properties of ray-based representations. Specifically, we show that ray-based
formulations exhibit improved continuity in the mapping from camera pose to repre-
sentation space, enhanced robustness to perturbations, and more stable optimization
dynamics, as evidenced by smoother convergence and stronger alignment between
training loss and pose accuracy. As a result, this work demonstrates that replacing
global pose vectors with spatially distributed ray representations significantly

improves both accuracy and training stability in supervised visual odometry.

7.1.3 Self-supervised Ray-based Visual Odometry

The third contribution extends the ray-based formulation to self-supervised learning
for visual odometry. In Chapter 5, we integrate the proposed ray-based pose repre-
sentation into a self-supervised visual odometry and depth estimation framework
by replacing the conventional 6-DoF regression in the pose branch.
Experimental results on public datasets demonstrate that the ray-based formu-
lation leads to substantial improvements in trajectory estimation. On KITTI, the
proposed method reduces translational segment error by approximately 35-45%
and rotational error by about 30-40% compared to 6-DoF-based self-supervised
baselines, significantly mitigating trajectory drift over long sequences. Consistent
improvements are also observed on Oxford RobotCar, where the proposed method
reduces translational error by approximately 24-27% and rotational error by 24—
29%, confirming its effectiveness in real-world driving scenarios. In cross-domain
settings, the method demonstrates strong generalization capability, achieving 23—

35% reduction in translational error and up to 35% reduction in rotational error when
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transferring from Oxford to KITTI, and 22-30% improvements when transferring
from KITTI to Oxford RobotCar. In addition, the improved motion estimation
provides more consistent geometric supervision for depth learning, resulting in
measurable gains in monocular depth estimation accuracy, including reductions in
Sq Rel by approximately 9.4% and RMSE by 3.1% compared to strong baselines.

From a representation perspective, the ray-based approach addresses key limita-
tions of self-supervised methods. By preserving spatial structure and avoiding the
compression of visual information into a global vector, it enables more stable
and well-conditioned optimization. Empirically, this is reflected in smoother
training dynamics, improved convergence behavior, and greater robustness to
perturbations. Importantly, these improvements are achieved without significant
sacrifice in computational efficiency, as the proposed method maintains near real-
time performance while achieving 30-45% reduction in trajectory drift.

This contribution demonstrates that ray-based representations are not only
effective in supervised settings but also provide a robust and scalable solution for

self-supervised visual odometry, where stability and generalization are critical.

7.1.4 Self-supervised Ray-based Visual Odometry and 3D
Scene Understanding

The fourth contribution further generalizes the ray-based formulation to jointly
represent camera motion and scene geometry within a unified framework. In
Chapter [0, we introduce a length-aware ray-bundle representation, in which each
ray is associated with a scalar length encoding scene depth, enabling motion and
geometry to be represented and optimized in a single spatially structured domain.

Building upon this representation, we propose a ray-space self-supervised
optimization strategy that operates directly in the ray domain, avoiding explicit
conversion to pose and depth during training. To enable effective learning in this
space, we introduce three complementary consistency constraints—ray photometric

consistency (RPC), ray-flow geometric consistency (RFGC), and ray semantic
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consistency (RSC)—which enforce appearance alignment, geometric coherence, and
semantic consistency across views.

Extensive experiments demonstrate that direct optimization in ray space leads
to consistent and significant improvements over conventional pose-depth-based
self-supervised methods. On KITTI, Ray-SSL improves over Pose-SSL under the
same DiffusionSfM backbone, reducing AbsRel from 0.098 to 0.091 and increasing
0 < 1.25 from 0.823 to 0.899. On Oxford RobotCar, AbsRel is reduced from
0.176 to 0.134, while § < 1.25 increases from 0.775 to 0.850. The ablation study
further shows that RPC alone reduces KITTI AbsRel to 0.095; adding RSC or
RFGC on top of RPC reduces it to 0.094 and 0.093, respectively; and the full
RPC+RSC+RFGC model achieves the best result of 0.091.

Overall, this contribution establishes ray-based representations as a fully unified
framework for motion and geometry, enabling direct optimization in a spatially
distributed representation space. By avoiding intermediate conversions and preserv-
ing geometric information throughout the learning process, the proposed approach
provides a principled and effective solution for joint visual odometry and 3D

scene understanding.

7.1.5 Summary

Taken together, the contributions of this thesis demonstrate that ray-based repre-
sentations offer a powerful alternative to conventional pose—depth formulations for
learning-based geometric perception. By preserving spatial structure, improving
representational continuity, and enabling direct modeling of motion and geometry,
they address fundamental limitations in existing approaches.

Beyond visual odometry and depth estimation, the proposed framework has
broader implications for representation learning in computer vision and embodied
perception. In particular, the idea of modeling spatially distributed geometric
information directly in the representation space aligns with emerging directions in

multimodal learning, neural scene representation, and world modeling.
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In summary, this thesis provides both theoretical insights and practical methods
for advancing learning-based visual odometry and 3D scene understanding. It
demonstrates that rethinking the underlying representation—rather than only
improving architectures or loss functions—can lead to significant gains in accuracy,
robustness, and generalization. As such, ray-based representations offer a promising

foundation for future research in geometric perception and embodied Al.

7.2 Limitations and Future Work

The work presented in this thesis demonstrates the effectiveness of ray-based
representations for camera pose estimation and geometric learning. Nevertheless,

several limitations remain, which suggest promising directions for future research.

7.2.1 Extension to General Camera Models

All three works in this thesis adopt a ray-based formulation derived from the
conventional pinhole camera model. In this setting, rays are generated through a
shared optical center using calibrated intrinsic parameters, which simplifies both
representation and optimization. However, this assumption restricts applicability
to idealized camera systems.

In practice, many imaging devices, such as fisheye, omnidirectional, and multi-
camera systems, do not conform to the pinhole model. In such cases, the mapping
between pixels and rays is non-linear or non-central, and cannot be accurately
described using a single projection center. Extending the proposed ray-based frame-
work to general camera models would therefore significantly broaden its applicability.

A potential direction is to relax the central projection assumption and allow pixel-
wise ray parameterization, where each pixel is associated with an independent ray
origin and direction. This would enable modeling of generalized cameras, consistent
with classical formulations for multi-camera systems. Furthermore, instead of relying
on analytic calibration, ray generation could be learned directly from data, allowing

the model to implicitly capture complex imaging geometries. Such an extension
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would enable improved cross-camera generalization and facilitate the application

of ray-based methods in more diverse sensing scenarios.

7.2.2 Improving Efficiency through Coarse Ray Represen-
tations

While ray-based representations offer a dense and expressive formulation of camera
motion, they also introduce increased computational cost as discussed in Section [£.4.6]
in Chapter [4] and Section in Chapter [5] In the proposed methods, pose
estimation is performed using dense ray bundles with per-pixel predictions, resulting
in higher inference time compared to conventional 6-DoF formulations. This suggests
that the current approach may be suboptimal in terms of efficiency, as not all rays
contribute equally to pose estimation.

A promising direction is to explore coarser and more efficient ray representations
that provide a trade-off between minimal pose representations and dense per-pixel
ray modeling. Instead of predicting rays for every pixel, the model could operate on
a reduced set of rays defined over image patches, sparse grids, or selected regions
based on feature saliency or geometric uncertainty. Such a formulation may retain
much of the geometric richness of ray-based representations while significantly
reducing computational overhead.

In addition, a hierarchical strategy could be adopted, where a coarse set of
rays is first used to estimate an initial pose, followed by refinement using a small
number of additional rays in informative regions. This approach would enable
adaptive allocation of computational resources, focusing dense predictions only
where necessary.

Another direction is to exploit redundancy in ray bundles through compact or
low-dimensional representations, such as learning a latent basis for ray distributions
or combining sparse rays with explicit pose estimation. Given the equivalence
between ray bundles and SE(3) pose representations, hybrid formulations could

further improve efficiency while maintaining accuracy.
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Overall, these approaches aim to achieve a more favorable balance between
accuracy and computational cost, making ray-based pose estimation more practical

for real-time applications.
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