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Abstract Springback of prismatic beams following inelastic bending is a classical problem in engineering
plasticity, with benchmark closed-form solutions available for canonical cross sections under elastic—perfectly
plastic assumptions. Here, the same bending—unloading problem is reformulated systematically within the
eigenstrain framework by treating the plastic strain accumulated during loading as a retained inelastic strain
source after unloading. This recasts the post-unloading configuration as a residual stress problem driven by
retained inelastic strains, yielding a unified analytical route to residual curvature, residual elastic strain, and
self-equilibrated residual stress distributions. Closed-form expressions are derived for rectangular, circular,
and I-shaped sections and implemented in MATLAB to compare moment—curvature response, springback
magnitude, and residual-field characteristics across geometries. The closed-form results are verified against
an independent classical beam-plasticity benchmark based on piecewise elastic—perfectly plastic stress blocks
integrated over the section and elastic unloading via sectional stiffness, showing excellent agreement in both
the elastic and post-yield regimes. The formulation embeds classical springback results within an eigenstrain-
based residual-stress viewpoint and provides a transparent analytical baseline for geometry comparisons and
future extensions through more general eigenstrain inputs.

Keywords Closed-form solution - Eigenstrain theory - Springback - Beam bending - Residual stress -
Moment—curvature relationship

1 Introduction

Residual stresses are the internal stresses locked into a material after its fabrication, existing in the absence of
any external load [1, 2]. They arise from nonuniform inelastic deformation and/or thermal gradients introduced
during processes such as forming [3-5], welding [6—12], machining [13, 14], or heat-treatment [15-18]. In
general, tensile residual stresses can be detrimental by promoting crack initiation and reducing fatigue life
[19-22], whereas compressive residual stresses are often beneficial by inhibiting crack growth and improving
fatigue resistance [23-26]. Residual stresses can also affect dimensional stability [27—-30], corrosion resistance
[31-34], distortion [35-38], crack delamination [39, 40], and other performance aspects [41-44]. They are self-
balanced (self-equilibrating) within the body [8, 45], so that tensile regions are compensated by compression
elsewhere [46]. Residual stresses are commonly classified by scale into Type I (macro-scale), Type II (inter-
granular), and Type III (intragranular) components [47-50]. In addition, their sign (tensile vs. compressive) is
critical because it strongly influences fatigue and fracture behaviour.

F. Uzun (X)
Department of Engineering Science, University of Oxford, Oxford, UK
e-mail: fatihuzun @me.com; fatih.uzun @eng.ox.ac.uk

A. M. Korsunsky
Trinity College, Oxtford, UK

Published online: 10 April 2026


http://crossmark.crossref.org/dialog/?doi=10.1007/s00419-026-03071-y&domain=pdf

86 Page2of ?? F. Uzun, A. M. Korsunsky

Analytical modelling remains a cornerstone of engineering mechanics because it provides tractable, closed-
form insight into problems ranging from beam bending [51] and torsion [52, 53] to thermal expansion [54-56]
and stress concentrations [57-60]. Classical formulations such as Euler—Bernoulli and Timoshenko beam
theories are still widely used to predict load—deflection and stress—strain responses under elastic or piecewise
linear elastic—plastic assumptions [61], and they continue to underpin applications in civil structures [62, 63],
aerospace components [64], layered composites [65, 66], and coatings [67]. Beyond direct structural response,
analytical approaches are also valuable for interpreting and bounding residual stress fields [68] and their
mechanical consequences [69, 70], and for describing unloading and recovery effects in inelastic deformation
problems [71], including strain recovery phenomena such as springback [72].

Eigenstrain theory [73], first introduced by Mura [74], provides a rigorous framework for representing
residual stress as the elastic response to incompatible inelastic strains (eigenstrains) that are locked in after
processing. In the forward setting, prescribed eigenstrain distributions can be used to predict residual stress
fields produced by a wide range of inelastic mechanisms [75-80]. In the inverse setting, eigenstrain offers
an efficient basis for reconstructing residual stress from partial measurements by identifying the underlying
eigenstrain field [§1-87]. This combination, physically transparent internal sources together with a compact
mathematical representation, has made eigenstrain approaches attractive for residual-stress analysis across
diverse applications.

The problem of springback in beams subjected to inelastic bending has a long history in engineering
plasticity, with early and continuing treatments of elastic—plastic bending and unloading [88, 89]. Under
simplifying material assumptions, closed-form solutions describing moment—curvature response and post-
unloading curvature have been developed and consolidated in classical works [90, 91]. For common cross
sections, such as rectangular beams, circular rods, and I-sections, explicit expressions for springback curvature
and related quantities are available [92, 93], and they remain standard references in engineering plasticity [92].

Despite the maturity of the classical literature, springback is typically presented as a plastic-
bending/unloading calculation rather than as an eigenstrain-driven residual-field problem [94-96]. Meanwhile,
eigenstrain methods are widely used for residual-stress modelling and reconstruction, and bending is often
discussed as a convenient setting for illustrating eigenstrain concepts [97, 98]. However, the specific springback
problem is not treated in a systematic, beam-theory, closed-form manner within a unified eigenstrain formu-
lation. This leaves a gap between classical springback solutions for canonical sections and eigenstrain-based
residual-stress mechanics where the link is conceptually natural, unloading is elastic with internal inelastic
sources, but it is not usually made explicit as a consistent analytical workflow that yields residual curvature,
residual elastic strain, and residual stress in one framework.

Building on the classical springback literature, this study formulates beam springback within an explicit,
systematic eigenstrain workflow that is readily reusable. The eigenstrain viewpoint separates the generation
of inelastic strain during loading from the elastic residual problem after unloading. Once the retained inelastic
strain field is known whether from a closed-form plasticity model, a finite-element simulation [99], or inverse
identification from measurements [100, 101], the unloading stage is treated not as a separate recovery calcu-
lation, but as a direct consequence of the retained field. This unifies the determination of residual curvature
and stress into a single consistency check. In doing so, plastic strain generated during loading is treated as
an eigenstrain field that persists upon unloading, so the post-unloading configuration is obtained from elastic
equilibrium and compatibility with internal sources.

The specific contributions of this paper are fourfold. A compact beam-level eigenstrain workflow for
springback is presented with explicit compatibility and equilibrium statements. Closed-form expressions are
derived for residual curvature, residual elastic strain, and residual stress for three canonical cross sections,
that are rectangular, circular, and I-shaped, under elastic—perfectly plastic response. A geometry-consistent
comparison is provided of plastic penetration, elastic recovery, and residual-field magnitudes under identical
assumptions. The closed-form eigenstrain results are verified against an independent classical elastoplastic
benchmark, together with a yield-strain parametric sensitivity study.

The remainder of the paper proceeds as follows. Section 2 formulates inelastic bending and springback
within the eigenstrain framework by identifying the loading-stage plastic strain as a retained eigenstrain field
and posing the unloaded configuration as an elastic equilibrium problem with internal strain sources, yielding
closed-form expressions for the moment—curvature response and for residual curvature, strain relaxation, and
residual stress for rectangular, circular, and I-shaped cross sections under elastic—perfectly plastic response.
Section 3 implements these expressions to compare geometry effects on plastic penetration, elastic recovery,
and residual-field characteristics under consistent assumptions. Section 4 verifies the closed-form eigenstrain
results against an independent classical benchmark based on standard piecewise stress distributions and elastic
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unloading via sectional stiffness, and presents a yield-strain parametric sensitivity study. Section 5 summarizes
the main findings, key limitations of the present assumptions, and avenues for extension through more general
eigenstrain inputs.

2 Eigenstrain formulation for inelastic bending and springback

This section formulates inelastic bending and springback within the eigenstrain framework, specializing the
general results to rectangular, circular, and I-shaped cross sections. By identifying the plastic strain generated
during loading as a locked-in eigenstrain field, the derivation yields closed-form expressions for the resulting
residual curvature, residual elastic strain, and self-equilibrated stress distributions. In eigenstrain theory, an
eigenstrain is any permanent inelastic strain that is not itself stress-producing, but which generates residual
elastic strains and stresses through compatibility and equilibrium constraints. In the present bending problem,
the eigenstrain is taken to be the plastic strain distribution accumulated during loading. This viewpoint does
not replace classical elastoplastic bending; rather, it recasts springback as residual-stress mechanics. Once
the eigenstrain is prescribed, the post-unloading state is obtained from elastic relations plus the requirement
that internal forces and moments satisfy equilibrium in the absence of external loading. This is particularly
convenient for prismatic beams, where geometry allows analytical integration and direct comparison across
different cross sections.

In the present paper, the material response during loading is taken as isotropic linear elasticity with elas-
tic—perfectly plastic yielding. This choice is made deliberately to keep the subsequent eigenstrain-driven
unloading stage fully analytical and to isolate the central conceptual point. Once the inelastic strain field is
fixed, springback and residual stresses follow from elastic compatibility and equilibrium with internal strain
sources. In this setting, the eigenstrain framework does not compete with classical incremental plasticity;
rather, it provides a clear residual-stress interpretation of the unloading problem while retaining the well-
known closed-form benchmark character of beam solutions.

It is important to note that strain hardening primarily affects the shape of the accumulated inelastic strain
distribution through the section during loading. In an eigenstrain formulation, this influence enters through
the prescribed eigenstrain field. If hardening leads to a nonlinear or non-piecewise-linear eigenstrain distri-
bution, the same unloading relations remain valid, but the resulting sectional integrals may no longer admit
compact closed-form expressions. Therefore, hardening is not excluded by the framework; rather, it shifts the
problem from closed-form evaluation to numerical quadrature, or symbolic evaluation where possible, once
the eigenstrain field is specified.

Accordingly, the present work focuses on the elastic—perfectly plastic case as a canonical baseline that per-
mits closed-form expressions for residual curvature, residual elastic strain, and residual stress across common
section geometries. More general constitutive behaviour, including hardening, anisotropy, and rate dependence,
can be incorporated at the level of the eigenstrain input, either from an incremental constitutive model, from
numerical simulation, or from inverse identification, while the unloading stage remains an elastic eigenstrain
problem governed by the same equilibrium constraints.

2.1 Governing assumptions, compatibility, and equilibrium

The analysis assumes prismatic beams in small-strain kinematics under pure bending in the sense of
Euler-Bernoulli theory that state plane cross sections remain plane and perpendicular to the neutral axis,
and shear deformation is neglected. The material is modelled as isotropic linear elasticity combined with elas-
tic—perfectly plastic response during loading. Symmetry about the neutral axis is used for the presented cross
sections so that the neutral axis remains at the geometric mid-plane, unless stated otherwise, and the plastic
zones develop symmetrically about the line parallel to z-axis where y is O.

Compatibility in Euler—Bernoulli bending implies a linear total axial strain field through the thickness,
eT(y) o y. In the eigenstrain setting, the total strain is decomposed into elastic strain and an inelastic
(eigenstrain) part. The eigenstrain field is allowed to be piecewise, elastic core plus plastified zones, but the
total strain remains linear along the beam height, y, so the residual elastic strain that produces residual stress
is whatever is required to reconcile the linear total strain with the prescribed eigenstrain distribution.

Equilibrium is enforced through the standard sectional resultants. During loading, the stress distribution
over the cross section must generate an internal bending moment that balances the applied moment. During
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Four-Point
Bending Load

Fig. 1 Schematic of a beam subjected to bending and subsequent unloading. Plastic strains accumulate near the outer regions
during loading and upon unloading, elastic recovery produces springback while the locked-in plastic strain field leaves a permanent
curvature and a self-equilibrated residual stress state

unloading (springback), the applied moment is removed; therefore, the residual stress field must be self-
equilibrated so that it produces no net bending moment. For the symmetric sections considered here under
pure bending, the axial force resultant also vanishes by symmetry. For asymmetric sections, enforcing zero
axial force provides an additional condition that is required to determine the neutral axis position and the
residual curvature in a consistent manner.

In the general three-dimensional eigenstrain theory, a prescribed eigenstrain field is in general incompatible
with a globally continuous displacement field and may be represented through incompatibility measures, via
an incompatibility tensor, and/or stress-function approaches. In the present study, the treatment is intentionally
specialized to the one-dimensional Euler—Bernoulli beam setting, where the relevant compatibility requirement
is the linear through-thickness total strain and the residual elastic field is determined by enforcing sectional
equilibrium, zero net moment after unloading, and zero net axial force where applicable. Thus, the beam
formulation used here may be viewed as the reduced, sectional form of the general eigenstrain concept,
expressed directly in terms of compatibility of the beam kinematics and equilibrium of resultants.

The bending problem is formulated by decomposing the total strain into elastic and inelastic (eigenstrain)
components, as illustrated in Fig. 1. During the loading phase, total axial strain varies linearly through the
thickness, generating piecewise plastic strains in the outer regions where the yield limit is exceeded. Upon
unloading, these plastic strains are retained as a permanent eigenstrain field. The beam relaxes elastically to a
new equilibrium curvature, visualized in the schematic as the transition from the loaded shape to the springback
shape, governed by the internal balance of residual stresses.

The total axial strain, &7 (y), distribution in a beam subjected to pure bending is given by Eq. 1, where
the strain at any vertical position, y, within the cross section is assumed to vary linearly. Here, k¥ denotes the
curvature during loading, such that the total strain varies proportionally with the distance from the neutral
axis. This expression reflects the classical assumption of plane sections remaining plane and perpendicular to
the neutral axis, a fundamental principle of Euler—Bernoulli beam theory. The total strain is decomposed into
elastic £¢(y) and £” (y) plastic components, thereby providing a foundation for analysing both the recoverable
and irreversible parts of the deformation during inelastic bending.

el (y) = e(y) + el (y) = ky (1)

The elastic strain component, which governs stress generation through Hooke’s law, is obtained by sub-
tracting the plastic strain from the total strain, as expressed in Eq. 2 in terms of the residual curvature, «;.
Accordingly, in regions where plasticity develops, the elastic strain and the stress is reduced. This formulation
is central to identifying the stress distribution during the loading phase and directly influences the resulting
internal bending moment.

e(y) =ky —e’(y) (2)

The distribution of plastic strain across the beam height, regarding the elastic-core height, 4., is defined in
piecewise form in Eq. 3, distinguishing between the elastic core and plastified outer zones. Within the central
region |y| < h,, the material remains elastic, while in the outer regions |y| > h,, plastic strain accumulates
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linearly. This representation ensures continuity and symmetry about the neutral axis and is consistent with an
elastic-perfectly plastic material model under bending.

k(y +h,), y < —he
e?(y) =10, —he <y < he 3)
K(y - he)’ y 2 he

The curvature, «, at the onset of yielding is related to the material’s yield strain, €, and the elastic-core
height, h., via Eq. 4. This relationship provides a direct geometric-material link, establishing how increased
curvature reduces the size of the elastic region as yielding progresses. This expression is particularly important
for tracking the plastic front and quantifying the evolution of plasticity with increasing applied moment.

gy
K= —= 4
he

To model unloading within eigenstrain theory, the eigenstrain, £*(y), is introduced as a stress-free inelastic
strain field that remains in the material after removal of external loads. Eigenstrain does not generate stress by
itself; instead, residual stresses arise from the elastic strain required to accommodate a prescribed eigenstrain
distribution while satisfying equilibrium and compatibility. Under the present elastic—perfectly plastic bending
model, the retained inelastic strain is the plastic strain accumulated during loading. Accordingly, the eigenstrain
in the unloaded configuration is identified with the plastic strain distribution, £” (y), obtained from the loading

solution given in Eq. 3.

e*(y) = e’ (y) o)

Although eigenstrain is stress-free by definition, it is generally not compatible with the kinematics of the
unloaded beam. After unloading, the beam must satisfy Euler—Bernoulli kinematics, so the total axial strain
varies smoothly and linearly through the thickness. In contrast, the retained inelastic strain left by plastic
bending is typically nonuniform and can change form across elastic and plastified regions. This mismatch
cannot be accommodated by a single compatible displacement field, so an additional elastic strain must
develop to enforce compatibility and equilibrium, which in turn produces a self-equilibrated residual stress
field.

Following unloading, the total strain distribution is again assumed to be linear and is described by Eq. 6,
where «, denotes the residual curvature. This total strain is the sum of the residual elastic strain, &"(y),
and the eigenstrain, £*(y). With eigenstrain prescribed by Eq. 5, the unloaded state is solved as an elastic
equilibrium/compatibility problem with internal strain sources. This formulation captures the final strain state
of the beam and is key to characterizing the springback response resulting from elastic recovery.

el =& () +e* () =Kry (6)

The residual elastic strain, ¢” (y), that gives rise to self-equilibrated residual stresses in the unloaded beam is
isolated in Eq. 7. This expression quantifies how the beam internally accommodates the eigenstrain distribution
after removal of external loads, and is essential for computing the internal moment and stress profiles in the
unloaded configuration.

e"(y) =Ky —€°(y) (7)

To quantify the extent of elastic strain released, d&(y), during unloading, the strain relaxation is defined
in Eq. 8 as the difference between the elastic strain, £°(y), during loading and the residual elastic strain, &"
(v), after unloading. This measure characterizes the transition between the loaded and unloaded states and
provides insight into the redistribution of internal stresses due to elastic recovery.

Se(y) =€°(y) — () (8

By substituting the definitions of ¢°(y) and " (y), and noting the identity given in Eq. 5, the strain relaxation
simplifies to Eq. 9. This result confirms that the difference in curvature before and after unloading governs
the elastic recovery profile, and that the strain relaxation maintains a linear variation through the beam height.
This equation sets the stage for deriving expressions for springback and residual moment in later sections.

de(y) = (K — &)y )
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Fig. 2 Rectangular, circular, and I-shaped cross sections with the geometric parameters used in the closed-form eigenstrain-based
bending and springback expressions

Equation 9 shows that the strain relaxation is linear through the thickness and depends only on the curvature
recovery. This is useful because, once the residual curvature is determined for a given cross section, the released
elastic strain and the residual stress distribution follow directly without additional incremental modelling and
the geometry enters only through the sectional integrals used to enforce the unloaded equilibrium condition.

The relations above provide a general eigenstrain-based backbone for inelastic bending and springback
that are a piecewise eigenstrain field is prescribed from the loading stage, the unloaded state is expressed
as a linear total strain combined with the retained eigenstrain, and the residual curvature is determined from
moment equilibrium in the unloaded configuration. The following subsections apply this strategy to rectangular,
circular, and I-shaped cross sections illustrated in Fig. 2. In each case, the elastoplastic state is parameterized
by the elastic-core height and the resulting expressions connect curvature, yield strain, and geometry to the
moment—curvature response, springback, and residual elastic strain distributions.

2.2 Rectangular beam

Rectangular beams provide the simplest setting for illustrating the eigenstrain interpretation of springback,
because the cross-sectional partitions cleanly into an elastic core and two symmetric plastified layers. The
closed-form solution clarifies how the penetration of the plastic front governs both the nonlinear moment—cur-
vature response during loading and the residual curvature after unloading. Moment expressions are derived by
integrating the stress resultants over the elastic and plastified regions, and then obtains springback by enforcing
zero net internal moment in the unloaded configuration.

Equation 10 represents the general expression for the internal bending moment, M, in a rectangular beam
cross section subjected to inelastic deformation, formulated within the eigenstrain framework. The moment
is calculated by integrating the product of stress and moment arm across the entire cross-sectional area. Since
the stress is described by Hooke’s law, and the moment arm, y, the integrand becomes E (sT — 8*) y where
E is the elastic modulus. The cross section is partitioned into three regions that are the upper plastic zone,
the central elastic core, and the lower plastic zone. Accordingly, the total moment is expressed as the sum of
three double integrals, each accounting for the elastic strain contribution in its respective region. The variable
eT denotes the total strain during loading, and &* represents the eigenstrain field, which equals the plastic
strain and remains locked-in after unloading. The integral boundaries reflect the geometry of the rectangular
section, with the constant width, 2 b, along the height, 2A. This formulation sets the foundation for deriving
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closed-form expressions for moment—curvature relations by evaluating each integral over its defined domain
using the appropriate strain expressions.

hob —he b
M= Ef/ ydxdy+E//(8T—8*>ydxdy+E//<8T—8*)ydxdy (10)
—he —b he —b Zh =b

2.2.1 Rectangular beam loaded

Equation 11 provides the explicit formulation of the internal bending moment in a rectangular beam during the
loading phase, where the material undergoes elastic-perfectly plastic deformation. The derivation is based on
the superposition of stress contributions from three distinct regions within the cross section that are the central
elastic core and the symmetric plastic zones located at the top and bottom regions. In the elastic region, where
no plastic deformation occurs, |y| < h,, the total strain is entirely elastic and varies linearly with the vertical
coordinate, y, contributing to the moment through the integral of E«xy?. In the outer plastic regions (k. < |y|),
the strain includes both elastic and plastic components, but since the plastic strain is not associated with stress
during loading, the elastic part still dominates the stress calculation. However, to maintain accuracy, the plastic
strain contribution, defined as £*(y) = k (|y| — he), is subtracted from the total strain in the stress expression.
The resulting moment expression consists of five integrals that are three for the elastic contributions and two
corrective integrals that subtract the moment effect due to the plastic strain in the outer zones. These integrals
are evaluated across the appropriate limits of the beam height, with each term scaled by the beam width and
the curvature. The formulation reflects the distribution of strain and stress during pure bending and prepares
the groundwork for closed-form moment and curvature relations.

he h h —h, —h,
M =2Ebk / yzdy +2Ebk f yzdy —2Ebk /(y — he)ydy +2Ebk / yzdy —2Ebk / (v + he)ydy
—h, he he —h —h

(In

Equation 12b gives a simplified closed-form expression for the internal bending moment in a rectangular
beam during loading by analytically evaluating the three integrals in Eq. 11 over the elastic core and the two
outer plastic regions. The integration is performed region-by-region because the strain and eigenstrain (plastic
strain) fields are piecewise that are within the central elastic core the eigenstrain is zero, so the stress is purely
elastic and the moment contribution is governed by the familiar quadratic weighting with distance from the
neutral axis. In the yielded outer regions, the total strain still varies linearly with the thickness coordinate, but
only the elastic portion of that strain can generate stress and the remaining part is permanent plastic strain and is
introduced as an eigenstrain. As a result, the moment contribution of each plastic region can be interpreted as an
elastic-like contribution associated with the total strain field minus a corrective contribution that subtracts the
stress-free eigenstrain component. Combining the three regional contributions produces a compact nonlinear
moment—curvature relation that reflects the progressive growth of the plastic zones as loading increases.

4Eb 4Eb 2Eb
M== “nd+ ; S0 = 02y — =25 203 = 302, + ) (12a)
2Ebich
M= %(3;12 — 1) (12b)

A key point is that the elastic—plastic boundary position, /., is not an independent parameter. It is tied to the
applied curvature through the yield condition at the boundary. Therefore, the limiting case of vanishing elastic
core corresponds physically to increasing curvature while maintaining the yield condition, not to shrinking the
elastic core at fixed curvature. Under the physically relevant fully plastic limit, the stress distribution approaches
the yield stress over almost the entire cross section, in tension on one side and compression on the other, and the
bending moment approaches a finite plastic limit rather than collapsing to zero. This interpretation resolves the
apparent contradiction when one inspects the expression while holding curvature, «, constant, and it clarifies
how Eq. 12 captures the transition from elastic bending to partially and fully plastic bending, forming the basis
for the subsequent springback and residual-stress analysis.
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2.2.2 Rectangular beam unloaded

The mathematical formulation in Eq. 13 describes the internal moment in a rectangular beam during the
unloading phase, following inelastic bending. In this state, the external bending moment, M, has been fully
removed, and the remaining internal stresses arise solely due to the incompatibility introduced by the locked-
in eigenstrain field. The total strain at any vertical position, y, now comprises the residual elastic strain and
the permanent eigenstrain. The moment is therefore obtained by integrating this stress multiplied by the
moment arm, y, across the beam’s cross section. The expression is decomposed into five integrals where three
representing the residual elastic contributions in the elastic core and the formerly plastified outer zones, and
two compensating for the effect of the eigenstrain in the plastic regions. Specifically, the elastic terms involve
K,y as the strain, while the eigenstrain terms retain the same piecewise form as in the loading case. Importantly,
the plastic strain remains fixed during unloading and is treated as an internal strain source that induces self-
equilibrated residual stresses. Each integral is scaled by the beam width, 2b, the elastic modulus, E, and the
curvature, k,, which now represents the residual curvature after springback. This integral formulation lays the
foundation for determining the residual stress state and permanent deformation geometry of the beam after
unloading.

he h h —he —he
M = 2FEbk, / y2a’y +2Ebk, / yzdy —2Ebk /(y — he)ydy +2Ebk, / yzdy —2Ebk / (y+ he)ydy
—he he he —h “n

(13)

Equation 14b provides the closed-form expression for the internal bending moment, M, in the unloaded
rectangular beam, derived by analytically evaluating the integrals outlined in Eq. 13. The moment is expressed
as a combination of two principal contributions that are the elastic recovery due to the residual curvature,
kr, and the counteracting moment, M, induced by the locked-in eigenstrain field, which remains unchanged
from the plastic strain developed during loading. The first term represents the elastic moment contribution
integrated across the entire height of the beam, taking into account the residual curvature after unloading.
The second term accounts for the internal moment generated by the eigenstrain field that drives the residual
stress state. Since the beam is no longer externally loaded, these two effects must balance, and the net internal
moment must be zero to satisfy equilibrium. By enforcing this zero-moment condition, the residual curvature
is isolated in terms of the applied curvature, the yield strain, and the geometry of the cross section, particularly
the extent of the plastified region. This relationship captures the essence of springback, quantifying the elastic
recovery in curvature that occurs after removal of the applied bending moment, M, and highlights how the
residual curvature depends nonlinearly on both the material response and the progression of plastic deformation
through the cross section.

4Ebk,

AED 2ED
= h+ s (P = he) - TK(2h3 —3h%he+h,) =0 (14a)
4ED 2ED
M === Sl a “(2h% = 312h, + 1Y) = 0 (14b)

Equation 15 presents the final closed-form expression for the residual curvature as a function of the applied
curvature, the beam half-height, /, and the elastic-core height, /1., which marks the boundary between the central
elastic region and the plastified outer layers. This result follows from the moment equilibrium condition in
Eq. 14 where after unloading, the bending moment associated with the residual elastic strain field, represented
through the residual curvature, must exactly balance the self-equilibrated moment produced by the retained
eigenstrain distribution. Equation 15 therefore expresses the residual curvature as being proportional to the
curvature, multiplied by a nonlinear geometric factor that depends on the relative size of the elastic core. The
structure of the expression reflects how both the elastic-core contribution and the plastic-zone contribution enter
the equilibrium through thickness-weighted moment terms where the terms involving the elastic-core depth
capture the progressive reduction of the elastic core and the corresponding increase in the retained eigenstrain,
while the normalization by the full section height ensures a consistent scaling with cross section geometry. As
plastic deformation penetrates deeper into the section as the elastic-core depth decreases, a larger portion of the
total curvature is stored as eigenstrain and cannot be recovered elastically, so the recovered curvature increases
and the residual curvature becomes a smaller fraction of the applied curvature, indicating greater springback.
In the opposite limit, as the elastic-core height, /., approaches the beam half-height, 4, plastic penetration
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vanishes and the eigenstrain tends to zero and with the external moment removed, moment equilibrium then
requires the residual stress resultants to vanish, which is satisfied by a vanishing residual curvature, «,. Thus,
Eq. 15 predicts as the residual curvature goes to zero in the purely elastic limit, maximal recovery, while it
predicts the residual curvature approaching the curvature when plasticity is extensive and elastic recovery is
small. This closed-form relation provides a direct link between the elastic—plastic bending state during loading
and the final unloaded beam shape, enabling practical prediction of residual curvature in bending-dominated
forming and springback-sensitive design.

213 —3h%h, + h,>
2h3

Equation 16 quantifies the strain relaxation, d¢(y), across the total beam height, 2k, following unload-
ing, representing the difference between the elastic strain during loading and the residual elastic strain after
springback. This quantity is essential for characterizing the redistribution of internal stresses once the external
moment is removed. As derived, the strain relaxation is linearly proportional to the vertical coordinate, y,
scaled by the difference between the applied, «, and residual, «,, curvatures. By substituting the expression for
the residual curvature from Eq. 15, the strain relaxation is reformulated explicitly in terms of the yield strain,
the beam half-height, %, and the elastic-core height, /.. The resulting expression reveals that the amount of
elastic strain released during unloading is greatest at the outermost regions and diminishes linearly towards
the neutral axis. This behaviour is consistent with the classical assumption of linear strain distribution in bend-
ing and highlights how the extent of plastic deformation influences the residual stress field. Importantly, the
strain relaxation provides a direct measure of the self-equilibrating elastic response induced by the eigenstrain,
offering insights into the residual stress gradients that persist within the beam after forming operations.

213 —302h, +h\  (3h2 —hoP)eyy
203 y= 203

15)

Kr = K

(16)

de(y) = (kK —kp)y = (K —K

2.3 Circular beam

Circular beams require the same eigenstrain logic as rectangular beams, but the sectional integration changes
because the effective strip width varies with the vertical coordinate, y. This introduces the characteristic radial
weighting from the circular area element, and it leads to closed-form expressions containing trigonometric
terms that reflect the geometry of the remaining elastic core. The following derivation retains the same structure,
moment from elastic strain minus eigenstrain corrections, while adapting the integrals to cylindrical geometry.

Equation 17 formulates the general expression for the internal bending moment, M, in a circular cross-
sectional beam within the eigenstrain framework, explicitly incorporating the geometric weighting that is
unique to cylindrical sections. Unlike the rectangular case, where the cross-sectional integration uses a constant
width in Cartesian coordinates, the circular geometry requires accounting for the fact that the width of a
horizontal strip varies with its vertical position. As a result, the moment is evaluated as an area integral of
the axial stress multiplied by the moment arm, y, with the local strip area weighted by the corresponding
chord length that is related with the radius, r, of the cross section. This introduces a characteristic square-
root dependence in the through-thickness integration, reflecting the reduction of available material area as the
strip approaches the outer boundary of the circle. Consistent with axisymmetry and elastic—perfectly plastic
bending, the formulation is evaluated by decomposing the section into an elastic core and two outer plastic
zones and in the plastic zones, the stress is obtained from the elastic response to the total strain after subtracting
the eigenstrain contribution. This integral formulation serves as the starting point for the subsequent closed-
form moment—curvature and springback expressions for circular beams and enables direct comparison with
the rectangular case under the same constitutive assumptions.

() 5 0 5 () 5

r -2 h ’ _)’ —he r —y
M=E / / ydxdy + E/ [ ydxdy +E / / ydxdy (17
“he ,-,yZ)OS (r—y (- yz)os

2.3.1 Circular beam loaded

Equation 18 presents the detailed formulation of the internal bending moment, M, for a circular beam under
loading, incorporating the effects of elastic—plastic deformation using the eigenstrain-based approach. The
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beam is subjected to a pure bending moment that induces curvature, «, resulting in a strain distribution that
varies linearly with the vertical coordinate, y, across the cross section. To evaluate the internal moment, the
stress, in the elastic region and adjusted for plastic strain in the plastic zones, is multiplied by the moment
arm, y, and integrated over the entire cross-sectional area. Due to the circular geometry, the width of an

infinitesimal horizontal strip at height, y, is 2(r? — yz)o's, which leads to a weighted integrand of the form

0.5 Lo . . . .
y? (r2 — y2) . The expression is separated into five integrals, corresponding to the upper plastic zone, the
elastic core, and the lower plastic zone, with additional correction terms that subtract the contribution of
the plastic strain. Specifically, the eigenstrain correction terms account for the reduction in stress-carrying

capacity in the plastified regions by integrating (y % k) y(r2 - y2)0'5 over the plastic domains. Each term is
scaled by the elastic modulus, E, and the curvature, k, and the integration bounds are chosen to reflect the
geometry and symmetry of the circular cross section. This integral structure captures the composite nature of
the stress distribution in the beam during loading and serves as the foundation for obtaining a closed-form
moment—curvature relationship under inelastic bending conditions.

he h h
M =2Ek / yz(r2 — yz)o'sdy +2Ex / yz(r2 — yz)O‘sdy —2E«k /(y - he)y(r2 — yg)O.de
_he he he
—he —he
2.2 2105 2 210.5
+2E«k / y (r -y ) dy —2E«k /(y+he)y(r -y ) dy (18)
—h —h

Equation 19 presents a rearranged formulation of the internal bending moment, M, for a circular cross-
sectional beam undergoing elastic—plastic bending, expressed using the eigenstrain-based approach. The deriva-
tion consolidates the five integrals from Eq. 18 into three principal terms by exploiting symmetry and combining
regions with analogous mathematical structures. The first integral in Eq. 19 corresponds to the total elastic
contribution from the entire cross section, incorporating both the elastic core and the plastified regions, and is

represented by integrating y> (r2 — y2)0'5 over the total beam height, 2/. The second and third terms introduce
corrective contributions from the locked-in eigenstrain fields present in the plastified outer zones. These terms
subtract the stress-free eigenstrain influence from the total moment expression, ensuring that only the recov-
erable elastic stress contributes to the internal bending resistance. Each of these correction terms is weighted
by both the eigenstrain function and the radial area element, reflecting the geometrical dependence of stress
distribution in cylindrical coordinates.

h h —h,
0.5 0.5 0.5
M:2El</y2(h2—y2) dy—ZEK/(y—he)y(hz—yz) dy —2E«k f(y+he)y(h2—y2) dy
—h he —h

19)

Equation 20b provides the closed-form analytical expression for the internal bending moment, M, of a
circular cross-sectional beam subjected to inelastic bending, derived from the integral formulation of Eq. 19.
The solution incorporates the contributions of both the elastic and plastically deformed regions using cylin-
drical geometry, where the radial weighting function naturally arises from the circular cross-sectional area
element. The first term represents the full elastic contribution of the entire circular cross section assuming a
linear strain distribution with curvature. The subsequent terms subtract the moment contributions due to the
eigenstrain field, which corresponds to the locked-in plastic strain in the outer regions beyond y =+ h,. These
subtractions involve sinusoidal and polynomial terms that account for the geometry-specific distribution of
plastic strain and its impact on bending resistance. The presence of sin~! (h./ h) reflects the angular extent of
the elastic—plastic boundary in polar coordinates, while the remaining terms capture the volumetric influence of
the plastified zones. The entire expression is scaled by the elastic modulus, E, the curvature, x, and geometric
factors involving the radius, r, and the elastic-core height, &, thereby linking the moment, M, directly to the
progression of plastic deformation within the cross section. This closed-form result is critical for accurately
predicting the nonlinear moment—curvature response of circular beams and provides a basis for evaluating
residual stress and curvature in the subsequent unloading analysis.

M= %[371;14] = % [3nh4 — 6h*sin™! (%) — (10h,h? — 4n3) (n* — hez)o's] (20a)
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E h
M= 1_’2‘ |:6h4sin_1 (f) + (10h,h? — 413) (h? — h})o's} (20b)

2.3.2 Circular beam unloaded

Equation 21 presents the integral formulation of the internal bending moment for a circular cross-sectional
beam, with a radius of r, in the unloaded state, following inelastic deformation. In this phase, the external
bending moment has been fully removed, and the internal moment arises solely from the residual elastic
stresses induced by the eigenstrain field, which represents the irreversible plastic strains retained within the
material. The expression is composed of three integrals. The first term accounts for the elastic recovery

. . . . . 0.5 .

associated with the residual curvature, integrating y? (r2 — yz) across the full cross section to capture the
self-equilibrated internal moment arising from residual elastic strain. The second and third integrals represent
the correction terms due to the eigenstrain field that remains in the plastified regions, |y| > &.. These eigenstrain

contributions, weighted by the product (y + h,) y(r2 - yz)o's, reflect the locked-in plastic strains and their
influence on internal moment redistribution. The integrals are carefully structured to capture the asymmetry
introduced by the plastic zones while maintaining the overall balance of internal forces and moments. As no
external loading exists in this state, the total internal moment must satisfy the equilibrium condition of zero
moment, which provides the foundation for deriving the residual curvature and characterizing the springback
behaviour of the beam. This integral framework links material response, plastic deformation, and geometric
properties, enabling an exact analytical evaluation of residual bending effects in axisymmetric geometries.

h —he
0.5

h

0.5 0.5 .

M =2Ek, / y2(h* — y?) "dy — 2Ek /(y — he)y(h* — y*) "dy — 2Ex / v +he)y(h* —y*) "dy
—h he —h

(21)

Equation 22 provides the closed-form analytical expression for the internal bending moment in the unloaded
circular beam, derived by explicitly evaluating the integrals defined in Eq. 21. The formulation reflects the
mechanical equilibrium condition in the absence of external moments, where the internal moment generated
by the residual elastic strain must be exactly balanced by the moment induced by the locked-in eigenstrain
field. The first term represents the moment contribution from the residual curvature, «,, distributed over the

. . . . . . . 0.5
entire circular cross section with radial weighting accounted for by the term y? (r2 — y2) . The second term,

which is subtracted, captures the internal moment due to the eigenstrain field preserved in the plastified regions.
This eigenstrain-induced moment is expressed as a sum of trigonometric and polynomial terms involving the
elastic-core height, /., the beam radius, r, and geometric parameters that describe the angular and volumetric
extent of plastic deformation. Specifically, the sin~! (. / i) term quantifies the angular reach of the elastic core
in cylindrical coordinates, while the polynomial expressions involving the elastic-core height, /., and radius, r,
model the nonuniform distribution of eigenstrain within the outer plastified zones. By setting the total moment
to zero, this equation implicitly defines the residual curvature in terms of the initial curvature, «, thereby
establishing a direct link between the imposed inelastic deformation during loading and the elastic recovery
upon unloading. This equilibrium-based formulation is essential for predicting springback and residual stress
fields in circular structural components subjected to plastic bending.

Ex,
12

M =

[37h*] - %[371}14 — 6h*sin™! (%) — (10heh* — 4h}) (h* — hez)“} =0 (22

Equation 23 presents the closed-form expression for the residual curvature, «;, of a circular cross-sectional
beam after unloading, expressed in terms of the initial curvature, «, the beam radius, and the elastic-core height,
he. This result is obtained by solving the equilibrium condition established in Eq. 22, where the internal moment
due to residual elastic strain must exactly counterbalance the moment generated by the locked-in eigenstrain
field. The numerator of Eq. 23 encapsulates the contribution of the plastified zones through a combination of
trigonometric and algebraic terms where the sin~! (k. / k) term accounts for the angular span of the remaining
elastic core, while the remaining polynomial terms quantify the volumetric effect of the plastically deformed
outer regions. Specifically, the expressions involving 10k.4> and 4h3 reflect the geometric amplification of
the eigenstrain effect as plastic deformation progresses further from the neutral axis. The entire numerator
is scaled by the initial curvature, «, indicating that residual curvature, «,, is fundamentally driven by the
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original bending deformation. The denominator, 377 h*, corresponds to the fully elastic flexural rigidity of the
circular cross section and serves to normalize the expression. As the plastified region expands as the elastic-
core height, h., decreases, the numerator increases in magnitude, resulting in a greater discrepancy between
the initial curvature and the residual curvature, which corresponds to increased springback. Conversely, in
the purely elastic limit, the eigenstrain terms vanish and the residual curvature tends to zero, indicating full
recovery upon unloading. Thus, Eq. 23 offers a physically meaningful and geometrically precise prediction of
residual curvature in inelastically bent circular beams.

3kt — 6hsin~! () = (1082 = 4md) (% = 1 2)"
3wht

Equation 24 provides the expression for the strain relaxation across the height, d&(y), of a circular cross-
sectional beam following unloading, quantifying the change in elastic strain resulting from the release of the
external bending moment. This formulation directly follows from Eq. 9 and builds upon the previously derived
expression for the residual curvature, «,, in Eq. 23. Substituting the residual curvature into the relaxation
formula, Eq. 24 expresses the strain relaxation explicitly in terms of the initial curvature, the yield strain, the
beam radius, r, and the elastic-core height, /.. The numerator encapsulates the effect of inelastic deformation
through the combination of a sinusoidal term, sin~! (. /), and polynomial terms in the elastic-core height,
he, and the beam half-height, %, reflecting the spatial and volumetric influence of the plastic zones. These
terms together describe how the locked-in eigenstrain field reduces the residual elastic strain, especially in
regions farther from the neutral axis. The entire expression is scaled by the coordinate, y, preserving the
linear variation of strain through the height of the beam, consistent with the assumptions of classical beam
theory. The denominator normalizes the strain relaxation by the beam’s elastic flexural stiffness and the size
of the elastic core. Overall, Eq. 24 enables a detailed characterization of the residual elastic strain field, which
is critical for predicting self-equilibrated stress distributions and understanding how geometric and material
factors influence springback and residual stress gradients in axisymmetric components.

[6sin=" (%) + (10142 — 412) (2 = 1 2)" Jey v
3mh*h,

(23)

Kr = K

de(y) = (kK —kp)y = (24)

2.4 I-beam

I-beams exhibit strong geometric non-uniformity that is most bending stiffness resides in the flanges, while
the web carries relatively less moment but couples the flanges and controls the section depth. This geometry
requires a region-wise treatment of yielding because the plastified zones typically develop in the flanges first
and evolve differently from the web. The eigenstrain approach remains the same as before, plastic strain
generated during loading is retained as eigenstrain after unloading, but the sectional integrals must be written
as a sum over web and flange subdomains.

Equation 25 presents the general integral formulation of the internal bending moment M for an I-beam cross
section undergoing inelastic deformation, based on the eigenstrain framework. Due to the complex geometry
of the I-beam, the cross section is partitioned into five distinct regions that are the central web, the upper
and lower flanges, and their respective plastified zones. The bending moment is computed by integrating the
product of stress and moment arm, y, over the entire cross-sectional area, with stress determined through
Hooke’s law. Each integral in Eq. 25 corresponds to a different region of the cross section, accounting for
both the elastic contribution and the locked-in plastic strain through eigenstrain. The integrals are expressed
in terms of Cartesian coordinates, x and y, with integration limits tailored to the geometry of the I-beam
flanges and web. In the flanges, where the width is greater and bending stresses dominate, the eigenstrain
plays a significant role in generating residual moment. In the web region, the contribution is narrower but
more centrally located. This decomposition enables precise treatment of the asymmetric plastic deformation
typically observed in I-beams under bending. Equation 25 thus establishes the foundational moment expression
necessary for evaluating both the loading and unloading behaviour of the I-beam by incorporating geometric
segmentation and inelastic strain localization within a unified eigenstrain-based framework.

M:E// dxdy+E// dxdy

—w — w —a
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—w a

+E// dxdy+Ef/ dxdy+Ef/ dxdy+ (25)

_he —a —h —a
2.4.1 I-beam loaded

Equation 26 provides the expanded formulation of the internal bending moment for an I-beam during the
loading phase, incorporating the effects of elastic—plastic deformation within the eigenstrain framework. The
expression decomposes the total moment into contributions from both the web and flange regions, each of
which may contain elastic and plastified zones depending on the applied curvature. The first term accounts for
the elastic moment contribution from the central web, integrating Exy? across the web height and thickness.
The subsequent four terms represent the contributions from the upper and lower flanges that are the second and
third integrals capture the elastic response of the flange material, while the fourth and fifth integrals introduce
correction terms for the eigenstrain field in the plastified outer regions. These correction terms subtract the non-
recoverable plastic strain (eigenstrain) from the total strain to isolate the stress-producing elastic component.
The notation 2 Eax reflects the dependence on the elastic modulus, the flange width, 2 @, and the applied
curvature, k, while integration is carried out over the corresponding limits in the vertical coordinate, y, ensuring
accurate modelling of both the symmetric elastic core and plastified boundary zones. This formulation captures
the nonuniform stress and strain distribution characteristic of I-beam geometries, particularly where flanges
dominate the bending resistance. The explicit inclusion of eigenstrain corrections ensures that the moment
calculation properly accounts for irreversible inelastic deformation during loading, laying the groundwork for
obtaining a closed-form moment—curvature relationship.

w he —w h
M =2Ebk f yzdx+2EaK/y2dy+2EaK / yzdy+2Ea/</y2dy
—w w —h, he
—he —he
—2FEak /(y — he)ydy +2Eax / yzdy —2Eax / (y + he)ydy (26)
he —h —h

Equation 27 presents the closed-form analytical expression for the internal bending moment, M, in an I-
beam subjected to inelastic bending under an applied curvature, «, derived by explicitly evaluating the integrals
in Eq. 26. The formulation incorporates the contributions from both the web and flanges, while accounting
for the development of plastified regions and the associated eigenstrain field. The first three terms represent
the elastic contributions from the central web, the partially plastified flange region, and the fully plastified
outer flange region. These terms scale with the elastic modulus, the beam width, either web width, 2 b, or
flange width, 2 a, and the applied curvature, k, and are each weighted by their respective geometric parameters
through cubic powers of height. The final term introduces the correction due to the eigenstrain, which subtracts
the bending moment contribution of the plastified, non-recoverable, strain field. This correction term involves
a combination of linear and cubic functions of the elastic-core height, 4., and total flange height, 2 &, and
captures the reduction in elastic restoring moment due to permanent deformation. The simplification of the full
expression yields the compact form, reflecting the nonlinear evolution of the moment—curvature relationship
as plasticity progresses. This final form demonstrates how the inelastic response of the I-beam is governed
not only by the applied curvature but also by the extent of plastic penetration into the cross section, offering a
rigorous foundation for predicting structural behaviour during the loading phase.

4Ebk s4Eak 4Fax (h3 _ he3) 2Eak

3 w T+(he3—w3)+
4Eb 2E
== K3+ 3‘“‘ (3h2h, — h,* — 2w?) 27b)

M =

~———(2h* = 3h%h, + h.?) (27a)

2.4.2 I-beam unloaded

Equation 28 defines the total internal bending moment, M, in an I-beam cross section during the unloading
phase, where the externally applied moment has been removed and the stress state arises solely from the
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residual elastic response to the locked-in eigenstrain field. The formulation is based on integrating the product
of residual stress and the moment arm, y, over the entire cross-sectional area, which is subdivided into distinct
geometric regions corresponding to the web and flanges. Specifically, the I-section is partitioned into the central
web region and the top and bottom flanges, each contributing independently to the total internal moment. The
residual elastic strain is associated with the residual curvature, «,, while the eigenstrain, originating from the
permanent plastic deformation developed during loading, remains unchanged. The total moment is expressed
as the sum of multiple integrals that are three corresponding to the elastic contributions from the web and
both flanges, and two additional integrals representing the counteracting moment generated by the eigenstrain
in the plastified regions of the flanges. The subtraction of these eigenstrain terms reflects the reduction in
internal elastic stress due to irreversible plastic flow. The expression retains geometric parameters such as the
web height, 2 w, the total cross-sectional height, 2 %, and flange width, 2 a, and includes the elastic modulus,
E, and beam width, 2 b. This comprehensive integral structure captures the complex interaction between
geometry, material behaviour, and residual curvature, providing the groundwork for deriving a closed-form
expression for springback in [-beam structures.

w he w h
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Equation 29b presents the simplified closed-form expression for the internal bending moment, M, in the
unloaded I-beam, derived by analytically evaluating the integrals introduced in Eq. 28 and enforcing the
condition of static equilibrium. In the absence of an external moment, the internal moment generated by the
residual elastic strain must be exactly balanced by the opposing moment produced by the locked-in eigenstrain
field. The first term represents the total elastic moment associated with the residual curvature, «,, integrated
across the composite cross section of the web and flanges. This term aggregates the elastic contributions of the
I-beam geometry into a single, curvature-dependent moment expression. The second term corresponds to the
internal moment resulting from the eigenstrain distribution developed during loading, expressed in terms of the
initial curvature, «, total beam height, 2 &, and the elastic-core height, /.. By setting the net internal moment to
zero, this equation establishes a balance between the elastic recovery and the permanent inelastic deformation,
enabling a direct solution for the residual curvature. This formulation encapsulates the key physical mechanisms
governing springback in I-beams and provides a basis for quantifying residual deformation in terms of material
properties and cross-sectional geometry.

4Eb 4E 4E 2E
M= T"ruﬁ% + (12— wd) + 3“’” (n3 = 3) — %(2}? — 312, +h3) =0 (29a)
4ED 4E 2E
M= K3+ 3‘”" (n? = w?) — =225 (2% — 3h2h, + 1) = 0 (29b)

Equation 30 provides the closed-form solution for the residual curvature in an I-beam following unloading,
expressed as a function of the initially applied curvature, «, the total cross-sectional height and the elastic-
core height, h.. This expression is derived directly from the moment equilibrium condition established in
Eq. 29, wherein the moment generated by the residual elastic strain counterbalances the moment induced
by the locked-in eigenstrain. The numerator captures the nonlinear influence of the plastically deformed
regions on the residual curvature. As the plastic region expands as the elastic-core height, %., decreases, the
eigenstrain-induced moment becomes more dominant, resulting in a greater reduction in residual curvature
relative to the initial curvature. Conversely, when the elastic-core height, /., approaches the beam half-height, /,
indicating minimal plastic deformation, the numerator tends towards the total cross-sectional height, 4, and the
residual curvature, ,, asymptotically approaches the applied curvature, indicating negligible springback. The
total cross-sectional height in the denominator, serves as a geometric scaling factor, ensuring the expression
remains dimensionally consistent. This relationship encapsulates the influence of inelastic deformation on
residual shape retention in I-beams and highlights the sensitivity of springback behaviour to both the extent
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Table 1 Geometric and material parameters used in the analytical eigenstrain formulations for rectangular, circular, and I-beam
cross sections

Parameter Rectangular beam Circular beam I-beam
E 100 GPa 100 GPa 100 GPa
h 1.0m 1.0m 1.0m

w - - 0.75m
a - - 0.5m

b 0.125 m - 0.125 m
he 0.8 m 0.8 m 0.8 m

of plasticity and the overall section geometry, making it a critical tool for predictive modelling in forming and
structural applications.

213 —3h%h, + h,>
2[bu)3 +a(h3 — w3)]

(30)

Ky = ak

Equation 31 expresses the strain relaxation in the I-beam cross section as a function of vertical position y,
quantifying the amount of elastic strain released during unloading due to the difference between the applied and
residual curvatures, where k is the curvature under the applied moment and residual curvature, ., is the residual
curvature after unloading. By substituting the expression for residual curvature from Eq. 30, the strain relaxation
is reformulated in terms of beam geometry and material response. Specifically, it incorporates the yield strain
and depends on the relative size of the plastified region. This reflects the nonlinear relationship between the
elastic-core height, /., and the extent of elastic recovery. The expression shows that strain relaxation increases
linearly with the distance from the neutral axis and reaches its maximum at the outermost fibres. As plastic
deformation deepens with smaller the elastic-core height, /., the magnitude of strain relaxation increases,
indicating greater internal stress redistribution. This formulation is crucial for understanding the development
of residual stresses in I-beam structures after bending, and it provides valuable insight into how cross-sectional
geometry and plastic zone progression affect the final strain state, which is essential for accurate predictions
of springback and long-term structural performance.

213 —3h%h, + h,> &yy
[bw3 +a(h® — w3)] he

Se(y) = (k —kp)y = <1 —a3 (31)

3 Results and discussion

To evaluate and compare the inelastic bending responses of different beam geometries, the analytical formu-
lations developed in the preceding sections were implemented using MATLAB. This section demonstrates
how the same eigenstrain-driven workflow yields consistent moment—curvature relations, residual curvature
after unloading, and associated residual elastic strain (strain relaxation) fields for each geometry within a sin-
gle analytical framework. The solutions capture the evolution of total, plastic, and elastic strain distributions
during and after bending, as well as the resulting residual curvature and moment—curvature behaviour. Key
parameters used in the models are listed in Table 1. The analysis focuses on rectangular, circular, and I-beam
cross sections subjected to pure bending, and includes computation of strain profiles, residual stress charac-
teristics, springback magnitudes, and nonlinear moment—curvature responses. The results provide insight into
how geometric factors influence plastic zone development, elastic recovery, and load-bearing performance in
elastoplastic bending regimes, while also providing a transparent basis for cross-checking the closed-form
expressions against independent classical benchmarks.

The top-left plot in Fig. 3 illustrates the through-thickness distribution of total, plastic, and elastic axial
strains in a circular beam during the loading phase under pure bending. The total strain profile exhibits the
expected linear variation with respect to the vertical position within the cross section, consistent with classical
Euler-Bernoulli beam theory. Plastic strain localizes symmetrically at the outermost regions of the beam,
forming distinct plastified zones where the strain exceeds the yield strain. Within these regions, the plastic
strain increases linearly with distance from the neutral axis, as described by the piecewise definition of the
eigenstrain field. In contrast, the central core of the cross section remains purely elastic, where the total strain
is fully recoverable and coincides with the elastic strain. The transition between the elastic and plastic zones is
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Fig. 3 Analytical results for rectangular, circular, and I-beam cross sections modelled with elastic—perfectly plastic behaviour.
(Top left) Decomposition of total, plastic, and elastic strains through the thickness of a circular beam during loading. (Top
right) Residual elastic strain distributions following unloading. (Bottom left) Strain relaxation profiles across the beam height
corresponding to elastic recovery. (Bottom right) Comparison of nonlinear moment—curvature responses for the three geometries

marked by the elastic limit beyond which inelastic deformation becomes dominant. This behaviour reflects the
influence of the circular geometry on the distribution of bending-induced strain, where the curvature-induced
stress and strain vary smoothly across the radius, and highlights how plastic deformation concentrates near
the outer regions under bending-dominated loading. The results confirm the analytical assumption that plastic
strain evolves in the outer regions during loading and can subsequently be treated as an eigenstrain field
responsible for the formation of residual stresses upon unloading.

The top-right plot in Fig. 3 presents the residual elastic strain distributions across the cross sections of
I-beam, rectangular, and circular geometries following unloading, highlighting the self-equilibrated strain
fields that result from locked-in eigenstrains. Notably, the I-beam exhibits the lowest peak residual elastic
strain magnitude among the three geometries, followed by the rectangular beam, while the circular beam
demonstrates the highest residual strain levels. This ordering is primarily attributed to the geometric stiffness
distribution and the extent of plastification within each cross section. Despite exhibiting the largest curvature
after unloading, the I-beam’s wider flanges and deeper web create a highly efficient distribution of stiffness,
enabling it to recover more of its elastic deformation and thus retain lower residual strain. In contrast, the
circular beam, despite having the smallest residual curvature, shows the highest residual elastic strain, owing
to the radial distribution of plastic zones and the limited geometric constraint in the outer regions, where
plastic deformation is most pronounced. The rectangular beam presents intermediate behaviour both in terms of
curvature and residual strain, balancing between the stiffness localization seen in the I-beam and the uniformity
of the circular cross section. These results illustrate the complex interplay between geometry, elastic recovery,
and plastic strain retention, and emphasize how cross-sectional shape fundamentally influences the magnitude
and distribution of residual strains in bending-dominated deformation processes.
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The bottom-left plot in Fig. 3 depicts the strain relaxation profiles across the beam height for the circular,
rectangular, and I-beam cross sections, offering a direct representation of springback behaviour following
unloading. Springback is quantified here as the difference between the elastic strain during loading and the
residual elastic strain after unloading, and it varies linearly with vertical position, consistent with the the-
oretical formulation of springback given at Eq. 9. Among the three geometries, the circular beam exhibits
the highest springback magnitude, reflecting a greater release of stored elastic strain energy upon unload-
ing. This pronounced springback is a result of the circular cross section’s symmetric stress distribution and
its limited geometric stiffness at the outer regions, which allows greater plastic deformation during loading
and subsequently larger elastic recovery. In contrast, the I-beam shows the lowest springback magnitude,
despite having the highest residual curvature, due to its optimized structural geometry with flanges and web
that effectively constrain deformation and limit elastic strain accumulation. The rectangular beam once again
demonstrates intermediate behaviour, with moderate springback levels governed by its uniform stiffness and
more constrained plasticization relative to the circular beam. These findings underscore the importance of
cross-sectional geometry in controlling elastic recovery and have practical implications for the prediction and
compensation of springback in metal forming and structural design applications.

The bottom-right plot in Fig. 3 illustrates the moment—curvature responses for the I-beam, rectangular
beam, and circular beam geometries under increasing inelastic bending. As shown, the circular beam exhibits
the highest bending moment for a given curvature, followed by the I-beam, while the rectangular beam demon-
strates the lowest moment capacity across the range. This variation is fundamentally governed by the geometric
distribution of material relative to the neutral axis, which directly affects the flexural rigidity of each cross
section. The circular beam, possessing a continuous and symmetric geometry with material distributed uni-
formly about the centre, maximizes the second moment of area, thereby enabling it to sustain higher bending
moments before significant plastic deformation occurs. In contrast, the rectangular beam, while geometrically
simpler, has a comparatively smaller cross-sectional area and a less efficient distribution of material in resisting
bending, particularly in the absence of flanges or structural reinforcements. The I-beam, although featuring
localized stiffness enhancements through its flanges and web, does not achieve the same total cross-sectional
area or radial material distribution as the circular section. However, its tailored geometry allows for high
stiffness-to-weight performance and improved springback control, as shown in the other plots. The observed
differences in moment—curvature behaviour not only reflect the underlying geometric and material assump-
tions of the eigenstrain-based model, but also emphasize the practical implications for structural design, where
maximizing moment capacity, minimizing weight, or controlling residual deformation each necessitate specific
cross-sectional strategies.

Figure 4 presents a parametric sensitivity study of springback with respect to the yield strain, showing the
predicted residual curvature as a function of yield strain for three canonical cross sections, that are rectangular,
circular, and I-shaped, at several fixed applied curvatures . For a given imposed curvature, increasing yield
strain raises the elastic limit and reduces the extent of plasticity, so the permanent curvature decreases and
approaches zero as the response becomes fully elastic. Conversely, decreasing yield strain promotes deeper
yielding, leading to larger retained curvature after unloading. The curves also demonstrate the coupled influence
of geometry and loading level. At higher applied curvature the residual curvature is larger for the same yield
strain, reflecting the increased plastic penetration required to sustain the imposed bending. Differences among
the three geometries arise from their sectional stiffness distribution, which governs how plastic zones develop
and how much elastic recovery is available during unloading; for the I-section, the trends are strongly influenced
by the dominance of the flanges in bending resistance, while the circular section exhibits a comparatively
smoother sensitivity due to its continuously varying width. Overall, the figure provides a compact visualization
of how yield strength and cross-sectional geometry jointly control springback magnitude under consistent
beam-theory assumptions.

4 Verification against an independent classical benchmark

To verify the closed-form solutions based on eigenstrain, an independent benchmark was generated using
classical beam plasticity under the same assumptions as this paper are Euler—Bernoulli kinematics, small strain,
isotropic linear elasticity, elastic—perfectly plastic behaviour, pure bending, and symmetric cross sections [61,
88-92]. Verification is performed through an independent analytical/numerical benchmark under identical
assumptions; direct comparison with finite-element or experimental springback datasets is an important next
step but is outside the present closed-form baseline scope.
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Fig. 4 Parametric sensitivity of springback to yield strain for three beam cross sections, that are rectangular, circular, and I-shaped,
under pure bending. The residual curvature after unloading is plotted as a function of the applied curvature for several yield-strain
values, with all other material and geometric parameters held constant. The curves illustrate how increasing yield strain delays
the onset of plasticity, increases the elastic-core height, /., and therefore increases springback at a given applied curvature, while
lower yield strain promotes earlier yielding and reduces springback

Importantly, the benchmark procedure is independent of the eigenstrain derivation and it constructs the
standard piecewise elastic—perfectly plastic stress field during loading from classical perfectly plastic bending
theory, computes the sectional bending moment by direct integration, and then applies elastic unloading through
the sectional elastic stiffness to obtain curvature recovery and residual curvature. No eigenstrain decomposition
is used in the benchmark and agreement therefore provides an external consistency check rather than a circular
derivation. For a prescribed applied curvature, the elastic-core height, /., was obtained from the yield condition
as the minimum of the beam half-height, &, or the radius, r, for a circular section, and the yield strain divided
by the applied curvature [§8—92]. The loading stress distribution was then constructed using standard perfectly
plastic bending theory where the stress varies linearly with distance from the neutral axis within the elastic
core, while the outer regions are fully yielded with constant magnitude equal to the yield stress, taking the sign
according to tension or compression [8§8-92].

The sectional bending moment was computed by numerically integrating the classical stress resultant over
the cross-sectional area, implemented as a one-dimensional integration over the thickness coordinate using
the appropriate strip-width function; specifically, the strip width is constant for the rectangular section, equals
twice the square root of radius squared minus the thickness-coordinate squared for the circular section, and is
defined piecewise for the I-section to account for the web and flanges [88—92]. Finally, springback was obtained
from purely elastic unloading by removing the applied moment produces an elastic curvature recovery equal
to the applied moment divided by the elastic bending stiffness, so the residual curvature equals the applied
curvature minus this recovery [90-93].

Figure 5 shows that the benchmark and closed-form curves are essentially indistinguishable for both
the moment—curvature response and the springback curvature across the full curvature range investigated
(elastic regime and post-yield regime) for all three geometries, consistent with classical expectations for
elastic—perfectly plastic bending and elastic unloading [88—-93]. This visual overlap is quantified by the relative-
error plot, where errors remain extremely small, on the order of 10~* or below over most of the range, indicating
that differences are dominated by numerical quadrature/discretization in the benchmark integration rather
than any systematic bias in the closed-form expressions. The I-beam case exhibits the largest deviation at
higher curvature, which is expected because the width function is discontinuous at the web—flange junction
and therefore converges more slowly under simple strip integration; increasing the integration resolution
reduces this residual discrepancy. The residual stress profile cross-check for the rectangular section also
shows near-perfect overlap between the stress reconstructed from the closed-form residual curvature and that
obtained using the benchmark curvature, confirming that the agreement extends beyond scalar outputs to
the full residual-field prediction. Overall, these cross-checks provide strong verification that the closed-form
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Fig. 5 Verification of the closed-form eigenstrain model against the independent classical elastoplastic benchmark. (Top left)
Bending moment—curvature response for rectangular, circular, and I-shaped sections. (Top right) Residual curvature after unload-
ing (springback) versus applied curvature. (Bottom left) Relative errors in bending moment and residual curvature calculations.
(Bottom right) Comparison of residual stress distributions across the rectangular section height after unloading

eigenstrain-based formulas reproduce the classical elastoplastic bending and elastic-unloading predictions
under the same modelling assumptions [88-93].

5 Conclusions

This work reformulates the classical springback of inelastically bent prismatic beams within the eigenstrain
framework by treating the plastic strain accumulated during loading as a retained inelastic strain field that
drives the residual elastic response after unloading. Within Euler—Bernoulli kinematics and elastic—perfectly
plastic behaviour, closed-form expressions are obtained for rectangular, circular, and I-shaped cross sections,
providing a unified analytical route to moment—curvature relations during loading and to residual curvature,
strain relaxation, and self-equilibrated residual stress distributions after unloading. Comparative results high-
light how cross-sectional geometry controls plastic-zone development, elastic recovery, and residual-field
magnitudes under pure bending.

The closed-form predictions are verified against an independent classical beam-plasticity benchmark.
Excellent agreement across the elastic and post-yield regimes confirms that the eigenstrain formulation repro-
duces classical springback behaviour while making the residual-stress interpretation explicit and reusable.

The present results are intentionally restricted to prismatic beams in pure bending, small-strain kinematics,
and elastic—perfectly plastic response to preserve compact closed-form evaluation. More general constitutive
effects, such as hardening, anisotropy, rate dependence, can be incorporated through more general eigen-
strain inputs obtained from incremental modelling, numerical simulation, or inverse identification, although
closed-form evaluation may then be replaced by numerical quadrature. In this sense, the study provides a
verified analytical baseline connecting classical springback with eigenstrain-based residual-stress mechanics
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for geometry comparisons and future extensions. Future work should incorporate hardening laws to generate
more realistic eigenstrain distributions during loading and compare the resulting springback and residual-stress
predictions directly with finite-element springback simulations and available experimental bending/springback
datasets.
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