
S2 Predictive coding optimizes an infinitely loose
bound on the marginal log-likelihood ln p(y; θ)

Our results suggest that predictive coding fails to learn accurate generative
models. This result could be explained by a theoretical shortcoming of predictive
coding which is also present in a range of other theories of learning in the brain
as discussed below.

Predictive coding learns a generative model by changing its model parameters
to maximize the marginal likelihood:

p(y; θ) =

∫
p(y, x; θ)dx

Predictive coding uses the variational expectation-maximization algorithm to
optimize this marginal which is intractable [1–4]. This algorithm employs the
variational distribution q(x;ϕ), parametrized by ϕ, to estimate the posterior
p(x|y; θ). It then establishes the free energy F as an upper bound on the negative
log-likelihood:

F(ϕ, θ) = −Eq{ln p(y, x; θ)}+ Eq{ln q(x;ϕ)}
= − ln p(y; θ) +DKL(q(x;ϕ)∥p(x|y; θ)) ≥ − ln p(y; θ),

(1)

with DKL the KL divergence which is always positive.

The variational expectation-maximization algorithm learns by iterating over two
steps. First, it minimizes the free energy F w.r.t. ϕ for the current parameters
θ. In other words, it finds an approximation q(x;ϕ) for the posterior. Second,
the algorithm minimizes the free energy w.r.t. θ for the parameters ϕ inferred
in the first step.

Predictive coding uses the Dirac delta distribution q(x;ϕ) = δ(x − ϕ) as vari-
ational distribution [3], enabling an implementation of predictive coding using
local computation and plasticity. Importantly, the entropy −Eq{ln q(x;ϕ)} for
this variational distribution is equal to minus infinity, causing a divergence in
the weights of the model [5].

Additionally, the free energy F minimized by predictive coding is therefore
also infinite, making it an infinitely loose bound on the marginal likelihood.
This infinitely loose bound raises doubts about the significance of the objective
minimized by predictive coding. This theoretical shortcoming may explain the
observed poor learning performance of predictive coding in this study despite
the application of weight normalization to prevent diverging weights. Moreover,
a range of theories for learning in the brain [6–8] are based on a similar energy
function as PC’s variational free energy, importing the problem of implicitly
ignoring an infinite entropy. Future work could therefore explore whether these
other learning algorithms exhibit similar suboptimal learning capabilities to
those observed in predictive coding.
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