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such that A(—g~'A,) € I on M; these latter results require
no assumption on ,u,lf and are new when (1,0,...,0) € 9T
© 2025 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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1. Introduction

In their classical work [51], Loewner & Nirenberg established (among other results)
that a smooth bounded domain in R™ (n > 3) admits a smooth complete conformally flat
metric with constant negative scalar curvature. Aviles & McOwen [6] later extended this
result to compact Riemannian manifolds with boundary. Since [6,51] there have been a
number of related works addressing questions such as asymptotics of solutions, existence
in non-smooth domains and applications to mathematical physics; for a partial list of
references see Allen et al. [1], Andersson et al. [4], Aviles [5], Finn [17], Gover & Waldron
[20], Graham [21], Gursky & Graham [22], Han et al. [32], Han & Shen [33], Hogg &
Nguyen [34], Jiang [38], Li [43], Mazzeo [53] and Véron [56].

A natural question is whether these results can be extended to other notions of
negative curvature. Since the pioneering works of Caffarelli, Nirenberg & Spruck [7],
Viaclovsky [57] and Chang, Gursky & Yang [9], a central problem has been to prescribe
certain symmetric functions of the eigenvalues of the Schouten tensor within a conformal
class. Recall that the Schouten tensor of a Riemannian metric g is defined by

1 , R,
49 = m(Rl%—mg)v

where Ric, and R, denote the Ricci curvature and scalar curvature of g, respectively.
More precisely, suppose that f and I' satisfy the following properties:
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I' ¢ R™ is an open, convex, connected symmetric cone with vertex at 0, (1.1)
IF={AeR": N, >0V1<i<n}CTCI{={AeR": \j+---+ X\, >0}, (1.2)

f e C>=()nC%T) is concave, homogeneous of degree one and symmetric in the \;,
(1.3)

f>0inl, f=00ndl'y fy,>0inlforl<i<n. (1.4)

When convenient we may also assume without loss of generality that f is normalised so
that

fle)=1, e=(1,...,1). (1.5)

One is then led to the following generalisation of the Loewner-Nirenberg problem:

The fully nonlinear Loewner-Nirenberg problem: Given a smooth compact Riemannian
manifold (M, go) of dimension n > 3 with smooth non-empty boundary, and given (f,T")
satisfying (1.1)~(1.5), does there exist a conformal metric g, = u~2go which is complete
in the interior of M and satisfies

_ 1 _
fM(=g,"4y,)) = 5 Ao '4,,)€T on M (1.6)
and

. u(x)

1 _— 0 . 1.7
dyo(z,lg]%/[)%o dg,(x, OM) €(0,00) (L7)
Typical examples of (f,T") satisfying (1.1)—(1.5) are given by (ca,i/k, I‘:) forl <k<n,
Z)_l/k, or : R — R is the k’th elementary symmetric polynomial
and I‘z is the Garding cone:

where ¢ = ¢, 1 = (

O’k()\l,...,An): Z )\11)\% and

1<i; < <ipg<n

IFf={ANeR":0;(\)>0forl<j<k}

In these cases the fully nonlinear Loewner-Nirenberg problem is also referred to as the
ok-Loewner-Nirenberg problem. Note that, since the trace of the Schouten tensor is
a positive multiple of the scalar curvature, the oj-Loewner-Nirenberg problem is the
original problem considered by Loewner & Nirenberg on Euclidean domains.

The fully nonlinear Loewner-Nirenberg problem is a type of uniformisation problem
within a fixed conformal class, well-motivated from both a geometric and a PDE per-
spective. Indeed, the Schouten tensor arises as the trace part of the Riemann curvature
tensor in the so-called Ricci decomposition:
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Riemg =W, + A4, B g. (1.8)

Here, W, is the (0,4)-Weyl tensor of g (which is trace-free) and @ is the Kulkarni-
Nomizu product. In light of the conformal invariance of g='W,, (1.8) demonstrates that
the conformal transformation properties of Riem, are completely determined by those
of A,. Moreover, as shown by Li & Li in [42], the Schouten tensor plays a central role in
the characterisation of conformally invariant operators on R™ (see also [44,45]). From a
PDE point of view, if g, = w™?go then A, and A,, are related by

Ay, =w V2w — %w_Q\dwEO 9o+ Ag, (1.9)
and thus (1.6) is a fully nonlinear, non-uniformly elliptic equation, similar in structure
to the Hessian equations that have received significant attention since the seminal work
of Caffarelli, Nirenberg & Spruck [7]. Due to the lower order terms in (1.9), (1.6) is
also recognised as an augmented Hessian equation. In the study of these equations, the
so-called MTW condition, introduced by Ma, Trudinger & Wang in [52], has played an
important role (see e.g. [35-37] in the Euclidean setting and the references therein). We
point out that (1.6) does not satisfy the MTW condition when f # coy due to the minus
sign in front of the gradient term in (1.9). For some recent work on augmented Hessian
equations on Riemannian manifolds, see e.g. Duncan [12], Guan [24,25] and Guan & Jiao
[26,27].

When M C R™ is a domain with smooth boundary and gy is the Euclidean metric,
the fully nonlinear Loewner-Nirenberg problem was solved by Gonzalez, Li & Nguyen
[19]. However, current existence results on general Riemannian manifolds are sensitive
to the value ,uff, defined by Li & Nguyen [47] to be the quantity satisfying

(—pf,1,...,1) € OT.

Indeed, on an arbitrary compact Riemannian manifold with non-empty boundary, the
existence of a solution to the fully nonlinear Loewner-Nirenberg problem is only known
when pit > 1, due to previous work of the authors in [14]. See also the combination
of results of Yuan [59,60] for related work in the case yui: > 1 under the additional
assumption (1,0,...,0) € I'. Note that ulfz = "T_k and hence MIJ:,T, > 1 if and only if

k < Z. More generally, by (1.1) and (1.2), y* is well-defined, uniquely determined by I
and satisfies u;t € [0,n — 1].

The main result of this paper (see Theorem 1.2 below) extends our existence result
in [14] to the case pff = 1 without any further assumption on the cone I'. This is of
significance on both geometric and analytical grounds. Geometrically, the case I' = FI /2
in even dimensions is particularly interesting due to the relation between the o, /o-
curvature, the Pfaffian of the curvature form and the Chern-Gauss-Bonnet formula —
see e.g. the pioneering work of Chang, Gursky & Yang [8,9] in the context of positive
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curvature, and the more recent work of Graham & Gursky [22] in the negative curvature
setting. There is also a close relationship between the constraint A(£¢g~*A4,) € I' when
,uff < 1 and the sign of the Ricci curvature of g — see e.g. [28,30,46]. The case uff =1 also
presents analytical challenges due to the recently observed failure of certain estimates.
In [10], Chu, Li & Li observed the failure of local interior gradient estimates depending
on one-sided C° bounds and the failure of the Liouville theorem on R™ precisely when
pi- = 1. More recently, the authors observed in [15] that local boundary C° estimates
fail when ,u'r" < 1, and the statement of the Liouville theorem on R’ is fundamentally
different in the cases uff <1 and ,ulf > 1. In particular, the hyperbolic metric is the
unique solution to the fully nonlinear Loewner-Nirenberg problem on R} if and only if
p > 1.

In fact, rather than just addressing the case ,uff = 1, we prove a more quantitative
statement. Given a Riemannian manifold (M,g) with non-empty boundary OM, we
let i(pr,9) denote the injectivity radius of (M, g), i(anr,g) the injectivity radius of dM
equipped with the induced metric (which we also denote by g), ié’M’g) the boundary
injectivity radius of (M, g) (see e.g. [2, Section 3] for the definition) and H the mean
curvature of OM.

Definition 1.1. For Ry, Sy > 0, i9,dp > 0 and o € (0,1), let M2(Rq, 40, So,dy) denote
the set of smooth n-dimensional Riemannian manifolds (M, g) with non-empty boundary
OM such that

—Rog < Ricr,g) < Rog and — Rpg < Rican,g) < Rog, (1.10)
i(,g) = B0, i(onrg) =do and iy > g, (1.11)
| H||co.oanr,g) < So (1.12)
and
diam(M, g) < dp. (1.13)

Our first main result is as follows:

Theorem 1.2. Let n > 3, Ry, Sq > 0, ig,do > 0 and o € (0,1). There exists a constant
d = d(n, Ro, 9, So,do, o) > 0 such that for any (M, gy) € M?%(Ry,io,S0,do) and any
(f.T) satisfying (1.1)~(1.5) and pf > 1 — 6, there exists a mazimal locally Lipschitz
viscosity solution g, = u~2gy to (1.6) satisfying

lim u(@)

— =1. 1.14
dgo (2,0M)—0 dg, (2, 0M) ( )
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In particular, g, is complete’ in the interior of M. Moreover, if (1,0,...,0) € T, then
u s smooth and it is the unique solution in the class of continuous viscosity solutions
satisfying u =0 on OM.

Remark 1.3. For fixed Ry, i, S0, dp and o, there are only finitely many diffeomorphism
types of manifolds M with non-empty boundary M admitting metrics g such that
(M, g) € M%(Ry,i0,S0,do) — see Remark 2.7.

Our next main result demonstrates that if M is a domain inside a closed Riemannian
manifold, then one may remove the dependence of § in Theorem 1.2 on bounds for

Ric(an,g)s t(om,g), i?M,g) and ||H||C"(8M7g)-

Definition 1.4. For Ry > 0 and ig,dy > 0, let M”(Ro, i0,do) denote the set of smooth
closed n-dimensional Riemannian manifolds (N, g) such that

—Rog < Ricn,g) < Rog, in,g) =i and diam(N,g) < do.
We prove:

Theorem 1.5. Let n > 3, Ry > 0 and iy, do > 0. Suppose (N, g) € M"(Ro,io, dp) and let
Q be a non-empty open subset of N. Then there exists e = e(n, N, ), Ro,i0,do) > 0 such
that (1.6) admits a maximal locally Lipschitz viscosity solution g, = u~2go satisfying
(1.14) whenever M C N\ is the closure of a domain with smooth non-empty boundary
and (f,T) satisfies (1.1)~(1.5) and pfr > 1—e. In particular, g,, is complete in the interior
of M. Moreover, if (1,0,...,0) € ', then u is smooth and it is the unique solution in
the class of continuous viscosity solutions satisfying u =0 on OM.

Let us now discuss some previous results on the fully nonlinear Loewner-Nirenberg
problem to put Theorems 1.2 and 1.5 into context. The ox-Loewner-Nirenberg problem
was first studied for k& > 2 by Mazzeo & Pacard in [54], where they established perturba-
tive existence results and studied links with the existence of Poincaré-Einstein metrics.
The first general existence result for the fully nonlinear Loewner-Nirenberg problem was
obtained by Gonzélez, Li & Nguyen in [19], where they showed (among other results)
that any smooth bounded Euclidean domain 2 admits a complete conformally flat lo-
cally Lipschitz metric solving (1.6) in the viscosity sense, and moreover the solution
is unique in the class of continuous viscosity solutions. In later work of Li & Nguyen
[48] and Li, Nguyen & Xiong [50], it was shown that the solution of [19] is not CL_ if
I' C I‘z+ and 0f) contains more than one connected component; this is in stark contrast
to the case f = coq, where solutions are always smooth in the interior. Recently, Wu

2 Here and henceforth, when gu 1is non-smooth, by completeness of g,, we mean completeness of the metric
space on the interior of M induced by g,,.
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[58] showed that solutions to the oi-Loewner-Nirenberg problem are smooth away from
a set of measure zero if k =n, or if k > 5 and go is Euclidean.

In the Riemannian setting, Guan [23] proved existence of smooth solutions to a re-
lated problem in which the Schouten tensor is replaced by the Ricci tensor, under the
assumption that there exists a smooth metric g € [go] satisfying A\(—g~* Ricy) € I on
M. Such equations involving the Ricci tensor can be recast as special instances of (1.6)
in which (1,0,...,0) € T and g% < 1 (see Remark 3.2). Guan’s existence results were
subsequently extended by Yuan [59], who proved the existence of a smooth complete
metric g, = w™2gg solving (1.6), assuming (1,0,...,0) € I and the existence of g € [go]
satisfying A\(—g~'4,) € I'. In [59], Yuan also proves uniqueness of solutions and the
asymptotics in (1.7) under a further technical assumption on I'. We point out that the
condition (1,0,...,0) € T fails in many cases of interest, in particular the ox-Loewner-
Nirenberg problem when k > 2.

To gain a more complete understanding of the fully nonlinear Loewner-Nirenberg
problem, it is therefore of significant interest to determine whether the aforementioned
assumptions on conformal flatness, the cone I' and/or the existence of certain metrics
g € [go] can be removed. In this direction, Gursky, Streets & Warren [29] obtained the
same existence result of Guan [23] without assuming the existence of g € [go] satisfying
A(—g~1 Ricy) € T'; they also proved uniqueness and asymptotics of solutions. In [14], the
present authors proved the existence of a maximal Lipschitz viscosity solution to the fully
nonlinear Loewner-Nirenberg problem provided ,uli' > 1, without any assumption on the
existence of g € [go] satisfying A(—g~'4,) € I'. Therein, we also proved asymptotics of
solutions, and showed that solutions are smooth and unique (in the class of continuous
viscosity solutions) when (1,0,...,0) € I". We point out that some of the estimates in
[14] do not hold when it < 1 (see our recent work [15] for a further discussion). Using
Morse-theoretic methods, Yuan [60] independently proved the existence of a smooth
metric g € [go] satisfying A\(—g~'4,) € I in the following three cases: (1) n = 3, (2)
n >4 and gt > 1, and (3) n >4, gt > 1 and (1,0,...,0) €T.

We now make some remarks on the proof of Theorem 1.2 (the proof of Theorem 1.5
follows similar ideas). The approach can be split into two main steps:

1. First, we show that there exists a constant § = d(n, Ry, ig, So,do,o) > 0 such that
whenever (M, go) belongs to M™(Ry, 9, So,do) and I satisfies (1.1), (1.2) and p;t >
1 — 4, there exists a smooth metric g € [go] satisfying A\(—g~*A,) € T

2. Second, we show that the fully nonlinear Loewner-Nirenberg problem admits a max-
imal locally Lipschitz viscosity solution (which is smooth and the unique continuous
viscosity solution when (1,0,...,0) € I') satisfying (1.14) whenever there exists
g € [go] satisfying A(—g~1Ay) € T on M.

The approach in Step 1 is to use a global auxiliary function to obtain a metric g € [go]
satisfying A(—g~'A,) € T'. The idea of constructing a suitable auxiliary function to
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obtain an admissible metric was used by Gursky, Streets & Warren in [29], who gave an
explicit construction involving the distance function to a point outside the manifold. We
instead borrow ideas from Yuan [60], who used a non-explicit auxiliary Morse function
to construct a smooth metric g € [go] satisfying A(—g~1A,) € ' when pf" > 1, or when
,u;“ > 1 under the additional assumption (1,0,...,0) € I". We show that Yuan’s choice of
g in fact satisfies A\(—g~'4,) € I whenever uli' > 1, without any further assumptions on
I'. We then appeal to the C*?-compactness theory on compact manifolds with boundary
under suitable curvature bounds, following the methods of Anderson et al. [2], to obtain
the improvement uff > 1 — §(Ro, 0, S0, do, o). For later reference, we state the main
result in Step 1 as a separate result:

Theorem 1.6. Let n > 3, Ry, Sy > 0, i9,dg > 0 and o € (0,1). There exists a con-
stant § = d(n, Ro, 10, S0,do,0) > 0 such that the following holds. Suppose (M, go) €
M(Rg,i9, So, do) and T satisfies (1.1), (1.2) and p > 1—38. Then there exists a smooth
metric g € [go] such that A(—g=*A,) €T on M.

For Step 2, we prove the following slightly more general theorem which does not require
g to be smooth. This provides a unified result that yields locally Lipschitz viscosity
solutions when (1,0,...,0) € JT', unique smooth solutions when (1,0,...,0) € T, and
asymptotics in either case:

Theorem 1.7. Suppose that (f,T') satisfies (1.1)—(1.5), and let (M, go) be a smooth com-
pact Riemannian manifold of dimension n > 3 with smooth non-empty boundary M .
Suppose that there exists a continuous metric g, = w~2gy satisfying

f()‘(_gilAgw)) >e>0, )‘(_g;lAgw) el

in the viscosity sense on M for some € > 0. Then (1.6) admits a maximal locally Lip-
schitz viscosity solution g, = u~2go satisfying (1.14). In particular, g, is complete in
the interior of M. Moreover, if (1,0,...,0) € T, then u is smooth and il is the unique
solution in the class of continuous viscosity solutions satisfying u =0 on OM.

Proof of Theorem 1.2. This follows immediately from Theorem 1.6 and Theorem 1.7. O

Remark 1.8. Uniqueness of the Lipschitz viscosity solution to (1.6) is also known to hold
when (1,0,...,0) € OI' on Euclidean domains — this is due to Gonzilez, Li & Nguyen
[19], who used a comparison principle established by Li, Nguyen & Wang in [49]. Tt is
not currently known whether such a comparison principle holds in the non-Euclidean
setting when (1,0,...,0) € JT', and thus uniqueness remains an open question in these

cases.
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Remark 1.9. As an immediate consequence of Theorem 1.7 and the aforementioned ex-
istence result of Yuan [60] when n = 3, the fully nonlinear Loewner-Nirenberg problem
is now solved when n = 3.

In the proof of Theorem 1.7, the existence of a smooth solution to the fully nonlinear
Loewner-Nirenberg problem when (1,0,...,0) € T is achieved by first obtaining for each
constant § > 0 a solution us to (1.6) satisfying us = § on OM, and then taking a
limit as § — 0. Our locally Lipschitz viscosity solution to the fully nonlinear Loewner-
Nirenberg problem when (1,0,...,0) € JT is then obtained as a limit of solutions to
the fully nonlinear Loewner-Nirenberg problem on cones satisfying (1,0,...,0) € T.
For this purpose, it is important to have interior C! estimates (depending on two-sided
C° bounds) which are stable under perturbations of (f,I') and include both the cases
(1,0,...,0) € T and (1,0,...,0) € OT'. Such an estimate has recently been established
in a general setting by Chu, Li & Li [10]. The validity of such a local gradient estimate
also allows us to apply our estimates near the boundary in [14, Section 4] verbatim,
yielding the desired asymptotics of solutions. We refer the reader to Section 3.5 for the
details.

As indicated in the previous paragraph, the existence of a locally Lipschitz viscos-
ity solution to the fully nonlinear Loewner-Nirenberg problem when (1,0,...,0) € oT
does not require the existence of solutions to (1.6) with positive boundary data when
(1,0,...,0) € OT'. However, the existence of solutions to (1.6) with positive boundary
data when (1,0,...,0) € JT is of independent interest, and requires us to establish a
new boundary gradient estimate (see Proposition 3.7). The existence result is as follows:

Theorem 1.10. Assume the same hypotheses as in Theorem 1.7 and let ¢ € C*°(OM) be
positive. Then (1.6) admits a Lipschitz viscosity solution g, = u~2go satisfying u = ¢
on OM. Moreover, if (1,0,...,0) € T, then u is smooth and it is the unique solution in
the class of continuous viscosity solutions satisfying u = ¢ on OM.

The existence of solutions to the fully nonlinear Loewner-Nirenberg problem on gen-
eral compact Riemannian manifolds with non-empty boundary remains an interesting
open problem for values of ,ulf closer to zero when n > 4.

The plan of the paper is as follows. In Section 2 we prove Theorem 1.6. In Section 3
we prove Theorems 1.7 and 1.10. In Appendix A we prove Theorem 2.4, a result used in
Section 2 concerning C*?-compactness of manifolds with non-empty boundary.

2. Proof of Theorem 1.6: existence of admissible metrics when uif >1—-6
The goal of this section is to carry out the procedure outlined in Step 1 of the proof

of Theorem 1.2 given in the introduction, i.e. to prove Theorem 1.6. It will be useful to
introduce the following quantity:
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(M, [go]) = inf {px > 0: for all T satisfying (1.1), (1.2) and pi > p, there exists a
smooth metric g € [go] satisfying A\(—g~'A,) € T on M}. (2.1)

It is then clear that Theorem 1.6 is equivalent to:

Theorem 1.6’. Let n > 3, Ry, Sy > 0, ig,dg > 0 and o € (0,1). Then there exists a
constant § = 6(n, Ry, 10, S0, do, o) > 0 such that (M, [go]) < 1 — 6 whenever (M, go) €
M (Ro, 10, S0, do)-

2.1. A key lemma and admissible metrics when uli' >1

In this subsection, we prove that p(M,[g]) < 1 —n < 1 for an arbitrary smooth
compact Riemannian manifold (M, g) with non-empty boundary, where n > 0 depends
on an upper bound for the Schouten tensor of g and the C' norm of the metric and
inverse metric components with respect to a given open covering of charts on M. This
is the content of the following lemma, which is a key tool in the proof of Theorem 1.6.

Lemma 2.1. Let M be a smooth compact manifold of dimension n > 3 with smooth non-
empty boundary OM and let U be any smooth finite open covering of charts on M. Then
for any Cy,Co > 0, there exists n = n(M,U, Cy, Cs) > 0 such that if g is any Riemannian
metric on M with components gqp in local coordinates determined by U satisfying

|9ab| + 19°°| + 1Bagec| < C (2.2)
and

Ag < 0297 (23)
then p(M, [g]) <1 —n.

Before giving the proof of Lemma 2.1, we note that it has the following immediate
consequence:

Corollary 2.2. Let (M, go) be a smooth compact Riemannian manifold of dimensionn > 3
with non-empty boundary. Then uw(M,[go]) < 1. In particular, if T satisfies (1.1), (1.2)
and pft > 1, then there exists a smooth metric g € [go] such that A(—g~1A,) € T on M.

We recall that for ul'f > 1, the last assertion in the corollary was obtained indepen-
dently by the authors [14] and Yuan [60]. Our proof of Lemma 2.1 is inspired by the
approach of Yuan. In the course of the proof, we make use of a good term that was
dropped in Yuan’s argument — see the sentence following (2.8) below.

Proof of Lemma 2.1. We start by fixing a smooth function v > 1 on M with no critical
points, so that dv # 0 on M — note that such a function exists since M is a smooth
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compact manifold with non-empty boundary. In what follows, our constants may depend
on v, although such dependence is implicit through dependence on M. From this point
onwards, all computations are carried out in a single chart where ¢ is used as a local
reference metric, and | X|s; denotes the norm of a vector field X with respect to d. Note
that by (2.2), there exists a constant Cy > 1 depending only on n and C; such that

Co " (0ab) < (9ab) < Co(ban) (2.4)

in the sense of matrices. Note that (2.4) is equivalent to Cy'|X |2 < | X2 < Co| X[} for
all vector fields X . Additionally, after enlarging Cj if necessary, the Christoffel symbols
I'¢,, of the Levi-Civita connection for g satisfy

IT%| < Co, (2.5)

which follows from (2.2) and the fact that I'¢, can be expressed in terms of the inverse
metric components and first order partial derivatives of the metric components.

For N > 0, denote g%V = e2¢"" g. We will show that there exists N = N(M,U,Cy,Cy)
such that if pff > 1 — i, then A(—g~'A ~) € I'. To this end, we first observe

eN maxpr vy

1
—g 'AN = NeN”gAVZU + N2eNv(1 — eN)g ™ (dv ® dv) + §N262N”|dv|§ Id—g 'A,.

(2.6)
Now,
A(NzeN”(l — Mg Hdv @ dv) + %NQEQN”MU@ Id)
:%NZeQNU|dU|§<—1+e%,1,...,1) (2.7)
and (interpreting inequalities of vectors componentwise)
M=g t4,) > —(Cy,...,0%)
= _%NQeQN”|dU|§ (Nzeig’idv@ ey N2622]€’2|dv|§)
> LNl ( Nﬁf;f';v@ . Nziggﬁzvlg) (2.8)

We point out that the term e% in the first component on the bottom line of (2.7) was
dropped at this point in Yuan’s argument [60].

We next consider NeN”A(g™'V2v), which is the only remaining term coming from
(2.6). Recalling
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(V20)ap = 0aOpv — Ty, Ocv
and (2.5), we see that there exists a constant C3 = C3(M,U,Cy) > 0 such that

NeN“)\(g_lvgv) > NNV (Cs, ..., C3)

1 20 20
—_ *—NQ 2Nv d 2 3 3

Ve v NeNv[do2 " NeNv|du]2

1 2C,C 2C,C.
> ——N2e2VY|dy)? 08 . 03 ). 2.9
= e [dvlg NeNvidv|2" "7 NeNv|dv|? (2:9)

By (2.6)—(2.9), we therefore have

1
)\(—g_lAgN) > §N262N”|dv|§(xl, X2y -5 X2)

where
L 2CCy _ 2GCy
X2 = N2e2Nv|dy|2  NeNv|dv|?
and
L, 226G 200G
X = eNv  N2e2Nv|du|2 NeNv|do|?
2 4C()C2 4COC3
= _X2 —|— —_—

eNv N2e2Nv|dy|2 B NeNvidv|2'

Now observe that we may fix N = N (M, U, Cy, Cs) such that 3 < o < Land 1 > —xa2+
— - Therefore, if p° > 1 — —vm+, we have x1 > —puf x2 and hence A(—g~*Ayv) €T

on M. O

2.2. Tools concerning C*?-compactness of Riemannian manifolds with boundary

In this subsection we introduce two theorems that will be used in the proof of The-
orem 1.6 alongside Lemma 2.1. The first result (Theorem 2.4) is a minor variation of a
theorem of Anderson et al. [2] concerning the harmonic radius under suitable curvature
bounds on compact manifolds with non-empty boundary. The second result (Theo-
rem 2.6) concerns pre-compactness in the C*%?-topology.

We begin by introducing the space N™(¢ + o, p, Q) for manifolds with boundary:

Definition 2.3. Let n > 3, £ € N U {0}, 0 € (0,1), p € (0,00) and Q > 1. We define
N™(£+ a,p,Q) to be the set of n-dimensional Riemannian manifolds (M, g) with non-
empty boundary OM, where M is smooth and g is of class C*?, such that for each
peEM:
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1. If dg(p,OM) > %p, there exists a neighbourhood U of p contained in the interior of
M and a chart ¢ : U = R™ with p(U) = B% (0) and ¢(p) = 0 such that

Q72(05) < (9i) < Q*6y3) m U and p*7 > [0°gijlcorwy <Q—1, (2.10)
|B]=¢

where

8%a.:(x) — 0%a. ;
[8ﬁgij]COvU(U) = sup | Yij (J?) Gij (y)|
r#yeU |'T - y‘g

(2.11)

is the C%“-seminorm of 9” gi; measured with respect to the coordinates induced by
@, and |z — y| is the Euclidean distance between z and y.

2. If dy(p,0M) < p, there exists a unique ¢ € OM such that dy(p,q) = dg4(p, 0M), and
there exist a neighbourhood U of p in M and a chart ¢ : U — M with p(U) =
B;QP(O) = {x, > 0} N Bag,(0), p(OMNU) = {z,, = 0} N Bag,(0) and ¢(g) = 0 such
that (2.10) holds.

We further define:

e N2, (U +0,p,Q) C N™(£+ 0,p,Q) by imposing the additional restriction that the
coordinate functions in the above two statements are harmonic (i.e. Ayp® = 0 for
each 7).

o N*(0 + 0,p,Q,dy) C N™({ + o,p,Q) by imposing the additional restriction
diam(M, g) < dp.

The following theorem concerns the relationship between the spaces M%(Ry, ig, So, 00)
(see Definition 1.1 in the introduction) and N (1 + 0,0, Q) for suitable p. It roughly
corresponds to [2, Theorem 3.2.1] (more precisely, it is the counterpart to [2, Equation

(3.1.3)]), but requires slightly less regularity:

Theorem 2.4. Let n > 3. Given Ry, Sy > 0, i9g > 0, 0 € (0,1) and Q > 1, there exists
0 = o(n, Ry, 10,50, Q,0) > 0 such that

MZ(R(),Z.O, SOa OO) C N}?ar(l + g, 0, Q)

The only difference between Theorem 2.4 and the analogous result [2, Equation (3.1.3)]
is that we assume a Holder bound on the mean curvature rather than a Lipschitz bound
— as a consequence, we obtain a slightly weaker compactness statement which suffices
for our purposes. The proof of Theorem 2.4 is along the lines of [2], and is given in
Appendix A rather than the main body of the paper to improve the exposition.

The next result needed in the proof of Theorem 1.6" concerns the following notion of
C*?-convergence:
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Definition 2.5. A sequence of Riemannian manifolds {(Mj, gx)} converges in the C*7-
topology to (M, g) if M is a smooth manifold, g is a C*“ Riemannian metric on M,
and there exist a sequence of diffeomorphisms Fj : M — M), for k sufficiently large and
a locally finite collection of charts on M with respect to which (F}gx)i; — ¢i; in the
C*?-topology.

Theorem 2.6. Letn >3, e NU{0},0< o' <o <1, pe(0,00) and Q > 1. Then for
each dg > 0, N"({ + o,p,Q,do) is precompact in the CZ"’,—topology.

Proof. A detailed proof in the case of manifolds without boundary may be found in
[55, Theorem 11.3.6]. As observed in [2], the proof extends to the case of non-empty
boundary simply by allowing for charts of type 2 as introduced in Definition 2.3. O

2.8. Proof of Theorem 1.6

We now give the proof of Theorem 1.6" (equivalently Theorem 1.6):

Proof of Theorem 1.6’. Recall the definition of (M, [g]) from (2.1) and suppose for
a contradiction that no such § = d(n, Ryg,i0,50,do,0) > 0 exists. By [14,60],
w(M,[g]) <1 and hence there exists a sequence of Riemannian manifolds {(M;, ¢g;)} C
M2 (R, o, So,do) such that p(M;, [g;]) — 17. Let 0 = o(n, Ro,i0,S0,3,0) > 0 be as
in Theorem 2.4 with @ = 2. Then (M;,g;) € N"(1+0,%,3,dp) for each i and hence,
by Theorem 2.6, there exists a subsequence (still indexed by 7), a smooth manifold M,
and a C1° Riemannian metric go, on My, such that (M, goo) € N(1 + o, g, %,do)
and (M, g;) = (Mss, goo) in the C17'-topology for any o’ < o. In particular, the M;
are eventually diffeomorphic to M., and so we may assume without loss of generality
that M; = M, for each ¢. Then by definition of cho’ convergence, there exists a finite

1 - .
— g} componentwise in

open covering U, with respect to which g; = g and g;
C19". Moreover, after a refinement of Us, if necessary (using Theorem 2.4), the bounds
in Definition 2.3 are satisfied with respect to Uy, with Q = 2 and g = g; for any i < oc.
Therefore the metrics g; satisfy the bound in (2.2) in local coordinates determined by
Uso with Cy depending only on Q = 2. Moreover, since (M;,g;) € M?%(Ro, %0, S0, do),
each g; also satisfies the bound (2.3) with Cy depending only on Ry and n. Therefore
w(M;, [gi]) < 1 —n(My,Uso, C1,C2) independently of ¢, where 7 is the constant in
Lemma 2.1. This contradicts pu(M;, [¢:]) = 1. O

Remark 2.7. As a consequence of Theorems 2.4 and 2.6, it is easy to see that given
Ry, So > 0, ig,dg > 0 and o € (0,1), there are finitely many diffeomorphism types of
compact manifold M with non-empty boundary admitting a Riemannian metric g such
that (M, g) S MZ(RO, 10,50, do)
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2.4. A counterpart to Theorem 1.6 for domains in closed manifolds

The following result is a counterpart to Theorem 1.6" (equivalently Theorem 1.6)
which is used in the proof of Theorem 1.5 (we refer the reader back to Definition 1.4 for
the definition of M™(Ry, 9, do)):

Theorem 2.8. Let n > 3, Ry > 0 and ig,dg > 0. Suppose (N, g) € M"(Ro,io,do) and
is a non-empty open subset of N. Then there exists € = e(n, N,Q, Ro,i0,do) > 0 such
that f(N\Q, [g|ne]) <1 —e.

Proof of Theorem 1.5. This follows immediately from Theorem 2.8 and Theorem 1.7. 0O

For the proof of Theorem 2.8 we will need the following variant of Lemma 2.1 for
manifolds with boundary arising as domains inside a closed manifold:

Lemma 2.9. Let N be a smooth closed manifold of dimension n > 3, U a smooth fi-
nite open covering of charts on N and € a non-empty open subset of N. Then for
any C1,Cy > 0, there exists n = n(N,Q,U,Cy,C2) > 0 such that if g is any metric
N satisfying (2.2) (with respect to local coordinates determined by U) and (2.3), then
PN\, [glmmel) <1 —1n.

Proof. We start by fixing a smooth function w > 1 on N with no critical points in N\,
so that dw # 0 on N\Q — note that such a function exists since N\ is a compact
manifold with non-empty boundary. The rest of the proof then proceeds as in the proof
of Lemma 2.1, taking v therein to be equal to w|y\o. O

We now define A’ (L+0,p,Q), N7 (l+0,p,Q,dp) and Nﬁ‘ar ({40, p, Q) in an analogous
manner to the definitions in Section 2.2, but in the class of closed n-dimensional Rie-
mannian manifolds (so that charts of the second type in Definition 2.3 no longer occur).
Then we have the following counterparts to Theorems 2.4 and 2.6, respectively:

Theorem 2.10. Let n > 3. Given Ry > 0, ig > 0, 0 € (0,1) and Q > 1, there exists
0 = o(n, Ry, i0,Q) > 0 such that

Mvn(ROa Z.Ov OO) C N,l?ar(l + g, 0, Q)
Proof. The proof of Theorem 2.4 applies verbatim here with Case 1 being the only

possibility. Indeed, bounds for Ric(aM)g),i(aM,g),i?M 9) and || H||co.-anr,9) are not used
in Case 1 in the proof of Theorem 2.4. O

Theorem 2.11. Let n >3, L e NU{0},0< o' <o <1, p€ (0,00) and Q > 1. Then for
each dy > 0, N"(£ + 0,p,Q,dy) is precompact in the C%" ~topology.
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Proof. As in the proof of Theorem 2.6, we refer to [55, Theorem 11.3.6]. O

Proof of Theorem 2.8. Suppose for a contradiction that no such € = &(n, N,Q, Ry, io,
do) > 0 exists, and recall from [14,60] that pu(N\, [g|amq]) < 1. It follows that there
exists a sequence of Riemannian metrics ¢g; with (N, g;) € MVn(Ro,io,do) such that
w(N\Q, [gi|N\Q])~*> 17. Let 0 = o(n, Ry, o, %) > 0 be as in Theorem 2.10 with Q = %
Then (N, g;) € N"(1+0,%,32,dy) for each i and hence, by Theorem 2.11, there exists
a subsequence (still indexed by i) and a C*“ Riemannian metric go, on N such that
(N, gs) €€ ./\7”(1 +0,%, %,do) and (N,g;) — (N, gs) in the O’ topology for any
o’ < o. Therefore, there exists a smooth finite open covering U, of N with respect to
which g; = g and g, e g3} componentwise in C1'. Moreover, after a refinement
of Uy if necessary (using Theorem 2.10), the bounds in (2.10) are satisfied with @ = 2
and g = g; for any ¢ < oo. Therefore the metrics g; satisfy the bound in (2.2) in local
coordinates determined by U,, with C; depending only on ¢ = 2. Moreover, since
(N, g;) € M™(Ry, o), each g; also satisfies the bound (2.3) with C, depending only on
Ry and n. Therefore (N, [gi|n\o]) <1 —n(N,Q,Us, C1,Cs2) independently of i, where
7 is the constant in Lemma 2.9. This contradicts u(N\$Q, [gi|xme]) = 1. O

3. Proof of Theorems 1.7 and 1.10: solutions from admissible metrics
3.1. An equivalent formulation of Theorem 1.7

We first give an equivalent formulation of Theorem 1.7, which will be more conducive
to our method of proof. Given (f,T") satisfying (1.1)—(1.5), a number 7 € [0,1] and a
vector A € R™, we define

1
A=A+ (1— Ne, fTA) = ——— (A7), T"={r:\" €T}
AT (=D ) = s 00, 7= )
It is then routine to verify that (f7,T'7) also satisfies (1.1)—(1.5). Moreover, it is known
(see [13, Appendix A]) that T satisfies (1.1), (1.2) and (1,0,...,0) € T if and only if
there exists a cone T" satisfying (1.1) and (1.2), and a number 7 < 1 such that T' = (T')".
We are therefore led to consider the equation

(3.1)

fT()‘(_gglAgu)) = %7 )‘(_galegu) el'™ on M\OM
u=20 on OM.

An equivalent formulation of Theorem 1.7 is as follows:

Theorem 1.7°. Suppose that (f,T) satisfies (1.1)=(1.5) and (1,0,...,0) € IT', and let
(M, go) be a smooth compact Riemannian manifold of dimension n > 3 with non-empty
smooth boundary OM . Suppose for some 79 < 1 and constant € > 0 that there exists a
continuous metric g, = w2gy satisfying
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I ()\(—gilAgw)) >e>0, A(—QJIAgw) erm

in the viscosity sense on M. Then for each T < 19, (3.1) admits a mazimal locally
Lipschitz viscosity solution g, = u;2go satisfying

lim dg (z, 0M)u=t(z) = 1.
o Jdmdy( OM ()
Moreover, if T < 1 then u. is smooth and it is the unique solution in the class of
continuous viscosity solutions satisfying u, =0 on OM.

Remark 3.1. It is known that (3.1) exhibits better ellipticity properties when 7 < 1,
see e.g. [13,31]. From this point of view, (3.1) for 7 < 1 can be viewed as an elliptic
regularisation of (3.1) for 7 = 1.

Remark 3.2. It is routine to verify that for 7 = 2=2 one has (a;/k)T()\(—g*IAg)) =

n—1’
ﬁoi/ k()\(—g_l Ricy)). Therefore, the equations mentioned in the introduction that

were considered by Guan [23] and Gursky, Streets & Warren [29] fall within the scope
of (1.6).

Following the outline given in the introduction, in the proof of Theorem 1.7" we will
first consider the problem (3.1) for 7 < 7y but with positive constant boundary data
0> 0:

{fT(A(—gulAgu)) =1 M-gi'A,) €7 on M\OM 52)

u=20>0 on OM.

If 79 < 1, the smooth solution to (3.1) will then be obtained as the limit of solutions to
(3.2) as 0 — 0. If 7o = 1, we obtain smooth solutions for each 7 < 1 with zero boundary
data in the same way, and a locally Lipschitz viscosity solution to (3.1) with 7 = 1 is then
obtained as a (subsequential) limit of these solutions. Although not needed in the proof
of Theorem 1.7’, it is also of independent interest to establish the existence of a Lipschitz
viscosity solution to (3.2) when 7 = 1. We will therefore prove the following preliminary
existence result concerning (3.2), which is equivalent to Theorem 1.10 (note that although
(3.2) concerns only constant boundary data, a conformal change of background metric
can be used to transform any Dirichlet boundary value problem with positive boundary
data into one with positive constant boundary data):

Theorem 1.10°. Assume the same set-up as in Theorem 1.7. Then for each T < 79,
(3.2) admits a locally Lipschitz viscosity solution. Moreover, if T < 1 then the solution
18 smooth and it is the unique solution in the class of continuous viscosity solutions.

The existence of a smooth solution in Theorem 1.10" when 7 < 1 will be obtained
using the continuity method with 7 as the parameter. The key is to obtain a priori
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C! estimates that are uniform with respect to 7 € [0, 7], followed by a priori second
derivative estimates that are uniform with respect to 7 € [0, 79] when 79 < 1 and locally
uniform with respect to 7 € [0,1) when 79 = 1. In the case that 79 = 1, the existence
of a Lipschitz viscosity solution will be obtained in the limit as 7 — 1. In view of the
counterexamples to C! regularity when 7 = 1 in [48,50], one expects some degeneration
of second derivative estimates as 7 — 1. We now carry about this procedure.

3.2. C° estimates

In this section we first prove the following global C? estimate on solutions to (3.2):

Proposition 3.3 (Global C° estimate). Assume the same set-up as in Theorem 1.7. Then
there exist constants C; = C1(go, f,T,0) and Cy = Co(d,w,e) (with both Cy and Co
independent of T) such that any C? solution u to (3.2) with 7 < 1 satisfies

0<Ci<u<Cy; onM.

Remark 3.4. It will be clear from the proof of Proposition 3.3 that C5 is non-decreasing
as a function of § and hence bounded from above as § — 0.

We will use the following well-known existence result in the proof of Proposition 3.3
(and also later in the proof of Theorem 1.10"), whose proof we summarise for the conve-
nience of the reader:

Lemma 3.5. Let (M, go) be a smooth compact Riemannian manifold of dimension n > 3
with non-empty smooth boundary OM . Then for each § > 0, there exists a unique smooth
solution g, = v~2gy to the Dirichlet boundary value problem

{Rgv ==2n(n—1) on M\OM (3.3)

v=24 on OM.

Proof. Suppose first that the first eigenvalue of the conformal Laplacian of gy is non-
negative. Then g is conformal to a metric with nonnegative scalar curvature, which we
assume without loss of generality to be gq itself. In this case, the direct method of the
calculus of variations applies (since the Yamabe functional is both coercive and strictly
convex) to yield a unique solution to (3.3).

If the first eigenvalue of the conformal Laplacian of gq is negative, then gq is conformal
to a metric with negative scalar curvature, which we assume without loss of generality
to be g itself. Recalling that Ry, = vAg v — %|V40[> + Ry,v?, we consider for ¢ € [0, 1]
the path of equations
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{’UtAgo’Ut — 2|Vgoui|* + Rgyvf = —2n(n — 1)t + Ry 6%(1 —t) on M\OM (3.4)

vy =0 on OM.

Since Ry, < 0, for each fixed ¢ € [0,1] any solution to (3.4) is unique. In particular,
vg = ¢ is the unique solution when ¢t = 0. Invertibility of the linearised operator also
follows from the fact that R, < 0. Existence will therefore follow via the continuity
method once C? estimates are established that are independent of ¢.

To this end, let zg be a maximum point for v;. If zg € OM, then vy < d. If g € M,
then Ag v (z0) <0 and Vg v (xo) = 0 and hence

—2n(n — 1)t + Ry, (20)6%(1 — t) < Ry, (w0)ve(wo)?.

Since Ry, < 0, this yields an upper bound for v,(zo) which can clearly be made inde-
pendent of t. To obtain the lower bound,? extend M via a collar neighbourhood N such
that the solution of Aviles & McOwen [6] to the problem

Ry, = —2n(n —1) —sup,; |Ry,[6% on (M UN)\O(M UN)
w=0 on (M UN)
satisfies w < § on M. Then the comparison principle implies v; > w on M. O

We now give the proof of the global C° estimate in Proposition 3.3:

Proof of Proposition 3.3. Let ¢ = ¢(§,w,e) > 0 be a constant such that ¢ > = and

2e
cw > § on OM. Then

N =

FP N gow Age)) = EF(N=05" Ag,,)) =

in the viscosity sense on M. By the comparison principle, it follows that u < cw on M.

To obtain the lower bound for u, first observe that by concavity and homogeneity of

f, and the normalisation f(1,...,1) =1, we have
f) < f(alT()\)e> + Vf(#e) . <)\ - #e) = @Ul()\) = %01()\)

for all A € T'. Therefore the scalar curvature of g, satisfies Ry, < —2n(n—1) on M in the
viscosity sense. Letting v denote the smooth solution to (3.3), the comparison principle
then implies v > v on M. O

3 One can avoid the use of [6] by an ad-hoc but more elementary construction: in the interior one may
compare v: to a perturbation of a Poincaré metric on a small ball, and near the boundary one may do
an explicit construction using the distance function to the boundary. We instead appeal to [6] for a more
concise argument.
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We point out that although the global C° estimate in Proposition 3.3 will suffice
in the proof of Theorem 1.10 (where the positive boundary data is fixed), in order to
obtain a solution to the fully nonlinear Loewner-Nirenberg problem we will also need an
interior C estimate which remains uniform as § — 0. This is the content of the following
proposition:

Proposition 3.6. Assume the same set-up as in Theorem 1.7, let 69 > 0 and M’ &
M\OM. Then there exist constants C5 = Cs(go, f, T, M) and Cy = Cy(dp, w,e) (with
both Cs and Cy independent of T) such that any C? solution u to (3.2) with T < 19 and
0 < 9 < dg satisfies

0<C3<u<Cy onM.

Proof. By Remark 3.4, the constant C5 in Proposition 3.3 is non-decreasing as a function
of 4, and hence the existence of Cy with the claimed dependencies is immediate. On the
other hand, let v denote the smooth solution to (3.3) with § = 0, which exists by Aviles
& McOwen [6]. As observed in the proof of Proposition 3.3, Ry, < —2n(n —1) on M in
the viscosity sense, and thus for any boundary data ¢ > 0 we may apply the comparison
principle to assert u > v on M. This yields a positive lower bound for v on any compact
subset of M\OM, as required. O

3.8. Gradient estimates

We next consider gradient estimates on solutions to (3.2). There are two lines of
work in this direction: gradient estimates depending on two-sided C° bounds, and the
more involved gradient estimates depending only on one-sided C° bounds. In light of
Proposition 3.3, it suffices in this paper to work with gradient estimates depending on
two-sided C° bounds.

Global gradient estimates on closed manifolds depending on two-sided C° bounds
were obtained by Gursky & Viaclovsky in [31] for (f,T') = (a;/ k) I')) when k > 2. Local
interior and global gradient estimates depending on two-sided C° bounds were obtained
by Guan [23] for solutions to (3.2) for (f,T") satisfying (1.1)—(1.4) and 7 < 1. Recently,
Chu, Li & Li [10] obtained the local interior gradient estimate depending on two-sided
C° bounds for (f,T') satisfying conditions even more general than (1.1)—(1.4) and for all
T <1.

For completeness, let us also briefly mention local interior gradient estimates de-
pending only on one-sided C° bounds. These were first proved by Khomrutai [39] for
(f,T) = (U;/k,F;) when k£ < §,k =n — 1 or k = n. More recently, Chu, Li & Li [10]
obtained the local interior gradient estimate depending only on a one-sided C° bound
whenever ,uff # 1, and gave counterexamples to such estimates when ,uff = 1. In [14], the
present authors obtained both a local interior and a local boundary gradient estimate
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depending only on one-sided C° bounds when ﬂlf > 1 and for all 7 < 1; see [14, Theorem
1.8] and the proof of [14, Proposition 3.8], respectively. On the other hand, our recent
result [15, Theorem 1.5] demonstrates the failure of local boundary gradient estimates
depending on one-sided C° bounds which are uniform as § — 0 when u;t < 1.

The goal of this section is to prove the following:

Proposition 3.7 (Global gradient estimate). Let (M, go) be a smooth compact Riemannian
manifold of dimension n > 3 with non-empty smooth boundary OM, and suppose (f,T')
satisfies (1.1)~(1.4). Fiz 7 € (0,1], positive functions ¢ € C*(M) and ¢ € C*(OM),
and suppose that u € C3(M) satisfies

(3.5)

FTA(=g 4g.)) =¥, M—gy'Ag,) €T7  in M\OM
U= on OM.

Then
[Vgotlgy <C in M,

where C'is a constant depending on n, f,T' and upper bounds for ||gol|csnry, [1¥]lcrary,
lelleronry and ||Inu|co(ary, but independent of .

The main new aspect of Proposition 3.7 is the boundary gradient estimate, as interior
gradient estimates follow from the recent work of Chu, Li & Li [10]. As pointed out above,
the proof of local boundary gradient estimates depending on one-sided C° bounds in [14]
does not work when ,uff < 1. In this paper we provide a variant of the construction in
[14] that is valid for any value of MF , but depends on a two-sided C° bound near OM.
The main new ingredient is the following counterpart to [14, Proposition 3.4], which will
serve as an upper barrier for u near OM.

Proposition 3.8. Suppose (f,T) satisfies (1.1)—(1.5) and let go be a Riemannian metric
defined on a neighbourhood of the origin in R™. Fix constants 0 < 6 < m. Then there
exists a constant R = R(go,m) > 0 such that whenever 0 < R < R(go,m), 71 =
RV1+6 and ro = RV1+m, the metric go is well-defined on the annulus A, ,,, and
the conformal metric g, = v~2go defined by

2 _ 2
o(r) = =1 (3.6)

satisfies

f()\(_g’l)_lAgv)) > %7 >\(_97J_1Agv) el in Am,m
v(z) =6 on{r=r}

v(z) =m on {r=ra}.
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Remark 3.9. In the case that gy is Euclidean, g, is an R-dependent rescaling of the
hyperbolic metric on the exterior of Bg.

Proof. In a fixed normal coordinate system centred at the origin, since v = v(r) > 0 we
have (see e.g. [14, Appendix B])

Py
P

(g;lAgv)f =2 ()\5? + X ) + O(r*)v|vp,| + O(r)v|v.| + O(1)v? asr — 0,

72

where

A_vr(l_rvr> and oy = U U
TV 2v

and the big O terms depend only on gg. Therefore
A, > o (A ) 3.7
(=9, gv)j_*” j+XTT - |j (3.7)

in the sense of matrices, where |¥| = O(r?)v|v,.| + O(r)v|v,| + O(1)v? as r — 0. Note
that the eigenvalues of the quantity on the RHS of (3.7) are given by

—(xv? M O], ] L, W |, (3.8)

We now compute v, = %, Vpp = % and hence

2 ree g w2
or r2—R2 20 r2— R2 v r2—R2
It follows that
2R?

On the other hand,

Cr
|¥| < Crivlv,,| + Crojv,| + Cv* < TR (3.10)
where here and below C'is a constant depending only on gg. Substituting (3.9) and (3.10)
1A, satisfies

into (3.8), we see that each eigenvalue of —g,
Xi(—gy " Ag,) = —(W + |¥]) > 2R7% — — . (3.11)

Now let 1 = Rv/1+ 6 and 7o = Rv/1 +m. It is then clear that v = § on {r =}
and v = m on {r = r3}. Moreover, since m is fixed, R may be fixed sufficiently small
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(depending on go and m) so that R < R implies B,.,(0) is contained in the region in
which go is defined. Also, by (3.11) we see that in A,, ,, each eigenvalue of —g, 1A,
satisfies
_1 -2 CT% -2 2

)‘i(_gv AQU)Z2R —ﬁZZR —C(1+m) .
Therefore, after taking R smaller if necessary (but in a way that only depends on go
and m), we have \;(—g,'4,,) > % in A, ,, for each i whenever R < R. Recalling the
monotonicity of f in (1.4) and the normalisation (1.5), the result then follows. O

We now give the proof of Proposition 3.7, which is a combination of ideas from [10,14]:

Proof of Proposition 3.7. After a conformal change of background metric, we may as-
sume without loss of generality that the boundary data ¢ is equal to a constant é > 0.

Suppose o € M is a point at which the maximum of |V g ul,, is obtained. If z¢ is
an interior point, then one may run the same argument as in the proof of [10, Theorem
7.1], but instead taking p = 1 on M from the outset (note that the function v in [10]
corresponds to — Inw in our notation). Ultimately, one arrives at equation (62) therein,
but with all appearances of p replaced by 1 and all terms involving derivatives of p now
absent. The crucial point is that the positive term involving |Vo|? in (62) is unaffected,
and thus one obtains the desired estimate as in [10].

Now suppose zo € OM. Since u is constant on M, all tangential derivatives of u
vanish on OM, and thus we only need to bound V,u on OM, where v is the inward
pointing unit normal to OM. As explained in the proof of Proposition 3.3, u > v where
v is the solution to (3.3), and hence for € M we have

w(@) —u(xo) _ u(x) —v(zo) _ v(x) —v(xo)
dgo(xazo) dgo(x,xo) N dgo(x,$0)

which implies V,u(zg) > V,v(z0).

It remains to prove an upper bound for V,u, for which we appeal to Proposition 3.8;
the method is similar to our proof of [14, Proposition 3.3]. First we attach a collar
neighbourhood N to OM such that gg extends smoothly to a metric on M U N, which
we also denote by gg. We then let

D= inf dg,(z,0(MUN))

denote the thickness of N. Fix xy € OM, let & be as at the start of the proof, let
m = sup,,; v and take an annulus A,_ . (y) such that:

1l.yeN,
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2. r_ +ry < D (i.e. the annulus is contained in M U N)
3. S;_(y)NOM = {xo} (i.e. the inner boundary of the annulus touches M at zg),
4. The closed ball B, (y) is contained in a single normal coordinate chart (U, ¢) mapping

y to the origin,

5. \/% = \/% =: R, where R < R is sufficiently small so that Proposition 3.8 applies

(here we are implicitly identifying the annulus with its image under ¢, which is possible
by Property 4).

In what follows, we continue to implicitly make the identification between A,_ .. (y)
and its image under (. We wish to apply the comparison principle in A,_, (y) N M,
whose boundary can be decomposed as (B, (y) NOM)U(S,, (y) " M). The function v on
A,_ . (y), as defined in (3.6), satisfies u < v on B, (y) N OM, since v(xg) = § = u(wo)
and v is radially increasing. Since m = sup,; u, we also have v < v on S, (y) N M.
The comparison principle then implies that v < v in A,_,_ (y) N M. Therefore, for
x € A._ . (y) N M we have

u(z) —u(zg) _ u(@) —v(zg) _ v(z) — v(zo)
d90<$7m0) dgo(l‘,l‘o) N dgo(l’,$0)

which implies V,u(z¢) < V,v(zp), as required. 0O
3.4. Proof of Theorem 1.10

We now give the proof of Theorem 1.10" (equivalently Theorem 1.10) using the con-
tinuity method:

Proof of Theorem 1.10’. We first consider the case 79 < 1. Fix a € (0,1) and define
S = {7 €10,70] : (3.2) admits a solution in C%*(M)}.

Since (3.2) admits a unique smooth solution when 7 = 0 by Lemma 3.5, S is non-empty.
Moreover, it is well-known (see e.g. [31, Corollary 2.5]) that the linearised operator is
invertible as a map from C%%(M) to C%%(M), and thus S is open. To see that S is closed,
it suffices to show that solutions to (3.2) admit a C estimate for any a < o/ < 1
uniformly in 7 € [0,70]. The C° estimate is precisely the assertion of Proposition 3.3.
We may then apply Proposition 3.7 to obtain the gradient estimate. Since 79 < 1, we
may then apply the following global Hessian estimate due to Guan [23, Theorem 3.2]
(see also the earlier work of Gursky & Viaclovsky [31] in the case (f,T") = (0,1/ & I} for
k>2):if 7 <1 and u € C*(M) satisfies (3.5) in M, then

V2, ulgy <C in M,

where C'is a constant depending on n, f,T', (1 — 7)~! and upper bounds for ||gol|lc4(ar),
1Vl c2(ary, lellc2oary and || Inulci(ary. See also the proof of [14, Proposition 3.9] for
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more details. With the C? estimate established, (3.2) becomes uniformly elliptic, and
since we assume f is concave in (1.3), we may then apply the regularity theory of Evans-
Krylov [16,40,41] to obtain a C>*" estimate for any a < o/ < 1. Therefore S is closed
and hence S = [0, 79]. Higher regularity follows from classical Schauder theory, and
uniqueness is a consequence of the comparison principle (see e.g. [14, Proposition 3.7]).

We now consider the case 79 = 1. In this case, the same argument as above yields
a unique smooth solution u, to (3.2) for each 7 < 1, and moreover the sequence is
uniformly bounded in C*(M) by Proposition 3.3 and Proposition 3.7. Therefore, along
a sequence 7; — 1, these solutions converge uniformly to some u € C%1(M). The fact
that w is a viscosity solution to (3.2) with 7 = 1 follows from exactly the same argument
as in the proof of [48, Theorem 1.3] — we omit the details here. O

3.5. Proof of Theorem 1.7

We now give the proof of Theorem 1.7, from which Theorem 1.7 follows immediately
as explained at the start of the section.

Proof of Theorem 1.7'. With Theorem 1.10" established and in view of the recent gra-
dient estimates of Chu, Li & Li [10], the proof of Theorem 1.7" now follows from an
adaptation of the arguments [14, Section 4], as we describe now.

Let us first consider the case 79 < 1. For each d > 0, let us denote the smooth solution
to (3.2) with 7 = 7p, whose existence is guaranteed by Theorem 1.10". We wish to take
d — 0 to obtain a smooth solution to (3.1) with 7 = 7y. By the comparison principle,
us, < ug, if 92 < &1. By Proposition 3.6, || Inus||co(x) is bounded independently of §
for any compact K @ M\OM. With this interior two-sided C° estimate established, we
may then appeal to Chu, Li & Li [10, Theorem 7.1] (alternatively one may appeal to the
earlier gradient estimate of Guan [23, Theorem 2.1], which applies since we are currently
assuming 79 < 1) to obtain the gradient estimate on K. The Hessian estimate on K
then follows from Guan [23, Theorem 3.1], which applies since 7 < 1. Finally, higher
order estimates follow from the theory of Evans-Krylov [16,40] and classical Schauder
theory. Therefore, one may send § — 0 along a subsequence to obtain a smooth positive
solution to (3.1) (this is the direct counterpart to our existence result [14, Proposition
4.1]). The existence of a solution satisfying the desired asymptotics (1.14) then follows
exactly the same proof as [14, Proposition 4.4], and the uniqueness of the solution to
(1.6) then follows exactly the same proof as [14, Proposition 4.6]. This completes the
proof of Theorem 1.7’ in the case 79 < 1.

We now consider the case 79 = 1. By our argument above, we first obtain for each
7 < 1 a smooth solution u” to (3.1). Since the interior C° estimate in Proposition 3.6
and the interior gradient estimate of Chu, Li & Li [10] depending on a two-sided C°
bound are uniform with respect to 7 < 1, it follows that a subsequence {u"} converges
locally uniformly in C%® to some u € C’loo’i(M7 go) for each o € (0,1). The fact that u is
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a viscosity solution to (3.1) follows from exactly the same argument as in the proof of
[48, Theorem 1.4]. Finally, the fact that u satisfies the desired asymptotics (1.14) and is
maximal follows exactly the same argument as given in [14, Section 4.4]. This completes
the proof of Theorem 1.7. O

Appendix A. Proof of Theorem 2.4

In this appendix we give the proof of Theorem 2.4, which follows the line of arguments
in [2]; we also provide some additional details at some points in the proof (in particular
when controlling the size of the image of the harmonic coordinate charts).

We will need the following notion of harmonic radius:

Definition A.1. Let (M,g) be an n-dimensional (n > 3) Riemannian manifold with
non-empty boundary dM. For £ € NU {0}, 0 € (0,1), @ > 1 and p € M, we call
Tﬁ:r" (p,9,Q) € (0,00] the C*?-harmonic radius of (M,g) at p if it is the largest number
such that for all p < Tﬁ:f , the two statements in Definition 2.3 hold when restricted

to harmonic coordinate charts. If M is compact, we define the C“? -harmonic radius of
(M, g) by

Mhar (M9, Q) = inf 117 (p.9,Q) > 0.

Equivalently, rﬁ:r” (M, g,Q) is the largest number such that (M, g) € ML.({ +0,p,Q)
for all p < rﬁ:r”(M,g, Q).

It is by now standard to see that the C'**°-harmonic radius at a given point p is well-
defined and positive; in fact, Theorem 2.4 is essentially a quantitative version of this
assertion.

We also need to extend Definition 2.5 to the notion of pointed C**?-convergence:

Definition A.2. A sequence of smooth pointed Riemannian manifolds { (M, gk, pr)} con-
verges in the pointed C*?-topology to (M, g,p) if M is a smooth manifold, g is a C%°
Riemannian metric on M, p € M, and the following holds for sufficiently large k. There
exist:

1. Radii py < o with pr — oo and compact sets Q. C My, Vi C M such that
B,, (pr) C Qi C By, (pr), B,,(p) C Vi C By, (p) for all k,

2. Diffeomorphisms Fj, : Vj, — Qj, which restrict to diffeomorphisms from Vj, N OM to
Q. N OM, and satisty Fy, ' (px) — p,

3. Alocally finite collection of bounded charts on M, such that on each chart (Fjgx):; —
gij in the C%“-topology.
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Definition A.3. Under the same set-up as Definition 2.3, define N"(£ + o, p, Q) in the
same way as N™(£ + o, p, Q) but in the class of pointed Riemannian manifolds.

One then has the following extension of Theorem 2.6 (once again we refer to [55,
Theorem 11.3.6] for the proof):

Theorem A.4. Letn > 3, { e NU{0}, 0 <o <o’ <1, pe(0,00) and Q@ > 1. Then
NI+ 0, p, Q) is precompact in the pointed C%" -topology.

We now give the proof of Theorem 2.4:

Proof of Theorem 2.4. We suppose for a contradiction that there exists a sequence
{(My,9%)} € M2(Ro,io,So,00) such that v 7 (M, Gk, Q) =: €, — 0 as k — oco. We

har
then define the rescaled metrics g = 5,;2@@, which satisfy

Pt (Mg, gk, Q) =1 for all k, (A.1)
I Ric(az,. i) oo (a10)s I RIC(oM1, g1 |20 (0000): [ H (001, g0) IO (0011 g0) — 0 8 k= 00
(A.2)
and

U(Migx)> UOMig1)s b, (0My,gr) — 00 as k = 00, (A3)

By (A.1), for each k there exists py € M), such that

- 3

Tli:r (pkngan) < 5 (A4)

Now, by Theorem A.4 there exists a subsequence (which we still index by k) and a
pointed Riemannian manifold (M, g, p) such that (Mg, gi, pr) = (M, g, p) in the pointed
C17" topology for each o’ < . Following [2,3], we then have two possibilities:

1. distg, (pk, OMi) — o0 as k — oo, in which case (M, g) is isometric to R™ with the
Euclidean metric, or

2. distg, (pr, OM},) < K < oo, in which case (M, g) is isometric to R} with the Euclidean
metric.

We refer to [2, Lemma 3.2.2] for the proof of this dichotomy, which builds on an argument
on pages 434-435 of Anderson [3]. We point out that the proof of this dichotomy in [2]
only requires ||[H s, g0l Lo (901,) — 0 as k — oo, and therefore applies in our setting.
The rest of the proof of Theorem 2.4 proceeds according to whether we are in Case 1 or
2, so we now consider these cases separately.
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Case 1. Since distg, (pr, OMy) — 0o as k — oo, there exist neighbourhoods Uy, of py in
M, identified with Bs C R™ such that, under this identification, py = 0 and g — ¢ in
C19"(Bs). In what follows, the C*® norms of scalar functions are implicitly measured
using the Euclidean distance. Let {z"}1<,<, denote the Cartesian coordinates on R™,
and for each k£ and 1 < v < n define uj via

{Agkuz =0 inB; A5)

uy, = " on 0Bs.

It follows from (A.5) that

{Agk (uf —a¥) = f in By

up —a¥ =0 on 0Bs,

where

| v __ 1 ) ga v\ 1 ) iv
fr = —-Aga" = M@(Vdetgk g, 0;x ) = 7_detgkal(\/detgkgk ) (A.6)

Now, since gi — & in C17 (Bs), we see that 1f¥llco.o” g,y — 0 as k — oco. Moreover,

since the leading order term in the Laplace-Beltrami operator A, is gzj 0;0;, classical
Schauder estimates for non-divergence form elliptic equations (see e.g. [18, Theorem 6.6])

imply
lug — 2”[|c207 (g — 0 as k — oo. (A7)

It follows from (A.7) that for sufficiently large k, uy is a local diffeomorphism from Bj
onto its image. Moreover,

lur(y) = ur(2)] = |y — 2 = [(ur — 2)(y) = (u, — 2)(2)]

ly = 2| = llur = zllcor(sy)ly — 2]

v

v

1
oly =7l (A8)

for sufficiently large k by (A.7), so uy is injective and hence a diffeomorphism onto its
image for large k. In particular, {u} }1<, <, define harmonic coordinates on Bs. To assert
a lower bound on the harmonic radius later in the proof, we also need to control the size
of the image of uj. We claim that uy(Bs) = Bs (and hence, by the boundary data in
(A.5), up(Bs) = Bs) for large k. To see this, first observe by (A.5) that
Ay luel? = 25, (uf Aguf + duf]?) > 0 in Bs w9)
lup|2 = |z|> = 25 on dBs. '
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The strong maximum principle therefore implies ux(Bs) C Bs. On the other hand, by
the boundary data in (A.5), ug(0Bs) = 0Bs. Therefore uy(Bs) is both open and closed
in Bs, and since it is non-empty, it is therefore equal to Bj as claimed. In particular, in
combination with (A.7) we also see that

u;; ' converges to the identity map on Bj as k — oo. (A.10)

Denoting by gzi) = g;l(du};,dui) the components of the inverse metric g,;l with
respect to the harmonic coordinates, it follows from (A.7) that

ngi) — 6ij||cl,a’(B5) —0 ask— o0,

and hence the components g(k)

i of the metric g with respect to the harmonic coordinates

satisfy
k
Hgi(j) — dijllcrer g,y — 0 as k — oo. (A.11)

We now wish to upgrade the convergence in (A.11) to C1 convergence on a smaller
ball, namely we claim that

gt = bijllcra (g — 0 as k — . (A.12)

Once (A.12) is obtained, it follows from (A.10) that 17 (p, gr, Q) > 2 for sufficiently

har

large k, which contradicts (A.4) and thus completes Case 1 of the proof.
(k)

To prove (A.12), we use the well-known fact (see e.g. [11]) that the components g;;

of the metric tensor in harmonic coordinates {u} }1<,<, satisfy the elliptic equation

Ay (g = 8ij) = F = Bij(giy) Vgik)) — 2 Ric(})

Im ij

where B;; is smooth in both arguments. Now, by (A.11) and the L* decay of the Ricci

curvature in (A.2), we know that HFi(jk) | L (Bs) — 0. It follows from interior W2 elliptic

regularity (see e.g. [18, Theorem 9.11]) that ||gff) -0

and hence by the Morrey embedding theorem ||gz(]k) —0ijllc1s(By) — 0 for each s < 1. In
particular, (A.12) holds.

ij||W2:P(B4) — 0 for any p < 00,

Case 2. Let g € OM}, be the point in OMj, closest to pg, which is uniquely defined for
sufficiently large k due to (A.3). By the pointed convergence of (M, gk, pr) to (M, g,p)
(where we recall that (M, g) isometric to M with the Euclidean metric), after possibly
passing to a further subsequence there exists ¢ € 9M = OR such that distg, (pr,qr) —
disty(p, ¢). Fixing L > disty(p, ¢) + 2, we therefore have neighbourhoods Uy, of g in Mj,
identified with B}f+5 = Brys N{x, > 0} such that, under this identification, g = 0 and
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gr — 0 in Cl’g/(BerrS). We let {2”}1<,<n denote the Cartesian coordinates on R%, so
that in particular OR" = {x, = 0}.

We construct harmonic coordinates in Bzr 3 as follows. For r > 0, we decompose the
boundary of B as

OB — 9'BY U BT,

where &' B;f = B;f N{z,, =0} and "B, = dB;F\0'B;! is a hemisphere. For each k and
1 <v <n-—1, we first define harmonic coordinates v} on G/Bz'Jrs as in Case 1 via

v __ : +
Aonvy =0 ind'B} 5 (A13)
v = on 9(0'Bf ;).
Analogously to (A.7), we have
lvg — x”HCw'(a'BLr) =0 ask—>ocoforl<v<n-1 (A.14)

and hence by the same reasoning as in Case 1, {v}}1<,<n—1 do indeed define harmonic
coordinates on 9’ BZ 15 For each £ and 1 < v < n—1, we now extend the v} to functions
uj, on B} ; via the boundary value problem:

Agup =0 1in int(BZ'+5)

[ 2 7 / D+

uy, = vy, on 9'B} - (A.15)
vV __ .V /! R+

up = on O B7 . 5-

It follows that

Ay, (uy —a¥) = fy in int(BL++5)
uZ — ¥ = SDZ on 3Bz'+5,

where f} is defined in (A.6) and satisfies || f}/||co.. (B} .5) — 0 as k — oo, and

v v / R+
o = {vk—x onc‘?BLJr5
k= 1"+

0 on O By 5.

Using (A.14), it follows that
||¢Z||CQ,U,(8,32+5) — 0 and ||@Z||Lw(aBzr+5) —0 ask—ooforl<v<n-1L1

Elliptic regularity on the Lipschitz domain Bz' 5 therefore implies
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||“Z_$V||L°°(Bj+5)_>0 ask—ooforl<v<n-—1
and
[lug — x”||CQ,UI(BZr+4) =0 ask—ooforl<v<n-—1 (A.16)

To construct the final harmonic coordinate uj, we simply solve

Agup =0 in 1nt(BL+5)
up =" on 8BL+5,

from which it follows using arguments as above that (A.16) also holds for v = n. Com-
bining the above, we therefore obtain

lugy — x”||c2,a/(Bz+4) —0 ask —ooforl<v<n, (A.17)

and hence by the same reasoning as in Case 1 (see (A.7), (A.8)), {u¥}1<v<n do indeed
define harmonic coordinates on B}, ,, with {uf = 0} corresponding to {z" = 0} for large
k. In particular, for such k, uy is a diffeomorphism from Bz 44 into its image. Once again,
we must control the size of the image of w; in order to gain control on the harmonic
radius later in the proof, and indeed we claim that*

Bz+3 - uk(B2'+4) for sufficiently large k. (A.18)

Recall uk‘B’BLs = v by (A.15) and vy is defined via (A.13), which mirrors exactly
the set-up (A.5) in Case 1. Arguing as in Case 1 (see (A.8) and (A.9)), we see that
vp(0'Bf ;) = 0'B} 5 and vt converges to the identity map on 0'Bf 5 as k — oc.
It follows that for sufficiently large k, 0'B} 3 C uy (0’ Bf +i 4)- To complete the proof of
(A.18), it therefore remains to show 1nt(BL+3) C uy(int(B},)), or equivalently

int(B} 5) Nug(int(B},,)) = int(B}4) for sufficiently large k. (A.19)

By (A.17) and the fact uk(lnt(Ber)) C {x, > 0}, the intersection on the LHS of (A.19)
is clearly non-empty for sufficiently large k, and so to prove (A.19) it suffices to show
that this intersection is both open and closed in int(B} +3) for large k. In what follows,
we fix k sufficiently large so that uy is a diffeomorphism from B 144 Onto its image and

up(0"Bf,4) C R™\B} 5. Openness is clear from the fact that uy is a diffeomorphism.
To see that it is closed in int(B] ), take a sequence {y;} C int(B} ;) Nux(int(B},,))
converging to y € int(B} ;). We wish to show y € int(B} ;) Nu(int(B},,)), for which

4 Tt follows immediately from (A.17) that uj (Berrs) Bz+4 for large k. The claim in (A.18) is that the
whole of BerS belongs to the image.
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we must establish the existence of z € int(B},) such that y = uy(2). Let 2; € int(B},,)
be such that y; = ug(z;) for each i. Then, after possibly passing to a subsequence, we

have z; — z € int(B},,) = Bf,, and y = u(2). Since ux(z) = y € int(B},,) and

since we have chosen k large enough so that u(9”Bjf,,) C R™\B},,, we must have
z ¢ 8"Bf,,. Likewise, since ugx(8'B},,) C {zn = 0} and up(2) = y & {z, = 0}, we
must also have z & 0'B, ,. Therefore z € int(B}_,), as required.

By combining (A.18) with (A.17), we therefore have the following assertion:

u];1|BZr+3 converges to the natural injection of B'L"_s_3 in BZ'+4 as k — oc. (A.20)

Denoting by gfi) = gkfl(du};,dui) the components of the inverse metric g,;l with
respect to the harmonic coordinates, it follows from (A.17) that

||9ch> - (5ij||01,(,/(32r+4) =0 ask— o0 (A.21)

(k)

and hence the components g;;~ of the metric gx with respect to the harmonic coordinates

satisfy
k
g = Gisllcnor g ) = 0 as k— 00 (A.22)

As in Case 1, we wish to upgrade the convergence in (A.22) to C1° convergence on a
smaller half-ball, namely we claim that

k
gy = disllone s, ) =0 ask— oo (A.23)

Once (A.23) is obtained, it follows from (A.20) and the fact L > dist,(p,q) + 2 that

7"}11;‘7 (Pk, gk, @) > 2 for sufficiently large k, which contradicts (A.4) and thus completes

Case 2 of the proof.

We split the proof of (A.23) into two steps, following a slightly different presentation
to that given in [2].

Step 1:
||géz) - 5ln||claU(B{+2) —0 ask—ooforl<l<n. (A.24)
Step 2:
ity = 8Nl o (s, ) =0 ask— oo for 1 <ij<n—1 (A.25)
Once we have carried out Steps 1 and 2, we will have shown

||gzi) - 5””01*"(32’“) —0 ask—ooforl<ij<n,
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from which (A.23) follows easily.

Proof of Step 1. We start by recalling the well-known fact (see e.g. [11]) that the com-
ponents g% of the inverse metric tensor in harmonic coordinates {u} }1<, <, satisfy the
elliptic equation

A, (g — 0"™) = F{ii == B"™ (g0}, V(i) + 2Ric(iy  in B, (A.26)

where B'™ is smooth in both entries. Now, by (A.21) and the L> decay of the Ricci
curvature in (A.2), we have

||F(l,?)||LOC(BI+4) —0 ask — oo. (A.27)

On the other hand, as derived in the proof of [2, Lemma 2.1.2], géz) — 0™ satisfies the

following Neumann boundary conditions on &’ Bzr 4

. . —2(n — 1) Hyg(j) ifl=n
VN(g(k) —40") = —(n— l)Hkgl" + #géi)aig% if1<i<n-—1,

® " 2 oy

where N = % is the upward pointing unit normal field on 8’B]J—f+4. By (A.1) (which

(A.28)

implies the metrics g(x) and their inverses are uniformly bounded in C19) and the C%°
decay of the mean curvature in (A.2), we have that || Hxg() HCU'U(B’BZ ,) —0ask — oo
In combination with (A.27), elliptic regularity (see [2, Theorem 5.4.1]) therefore yields

g3y — 6" lerast, ) =0 ask = oo (A.29)

It then follows that the right hand side in the bottom line of (A.28) also converges to 0
in C%7(0'B}f +3) as k — oo, and hence elliptic regularity [2, Theorem 5.4.1] again implies

gty = 6"l ora(p,,) =0 ask—ooforl<i<n—1. (A.30)

Combining (A.29) and (A.30), we arrive at (A.24), which completes Step 1.
Proof of Step 2. We only need to show

g, — 0 craopt,,) =0 ask—ooforl<ij<n-—1. (A.31)

Indeed, in light of (A.22) and the equation (A.26) satisfied by the inverse metric compo-
nents ngc) in B} 4o, once (A.31) is established the desired estimate (A.25) again follows
from elliptic regularity.

To prove (A.31), we start by writing

Vu;, = Vyuy, + Vrug,
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where N = % = % is the unit upward pointing normal, Vyu}, = gi(N, Vui)N

and Vp denotes the tangential gradient. Note that

N.

, , 1 , gp
Vi, = gi (N, Vup)N = —=—=gi(Vuj,, Vu )N = —

V9w 9(k)

Therefore
||gzi)_5ij||clyo(af32+2) = ||gk(Vu§€,Vufc) - 5ij||clyo(a/Bg+2)
<N (Vrug, Vrup) =89 crago st ) + lou(Vnvuk, Vvu)llenoss )
i j ij g(nki)gnlg
= ||gk(VTUk, VT’Ui) — 5 ]||C1,a(a/Bzr+2) + ‘ % (A32)
9y Nove(oBi,,)

Now, the gy (Vrul, VTvi) are the components of the induced metric on 9'B} 4o With
respect to the harmonic coordinates, and hence the argument in Case 1 tells us that the
first term on the last line in (A.32) tends to zero as k — oo. Finally, the second term on
the last line of (A.32) tends to zero by Step 1. This proves (A.31), which completes the
proof of Step 2 and hence the proof of Theorem 2.4. 0O
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