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Let (Mn, g0) be a smooth compact Riemannian manifold of 
dimension n ≥ 3 with smooth non-empty boundary ∂M . Let 
Γ ⊂ Rn be a symmetric convex cone and f a symmetric 
defining function for Γ satisfying standard assumptions. 
Denoting by Agu the Schouten tensor of a conformal metric 
gu = u−2g0, we show that the associated fully nonlinear 
Loewner-Nirenberg problem

{︄
f(λ(−g−1

u Agu)) = 1
2 , λ(−g−1

u Agu) ∈ Γ on M\∂M
u = 0 on ∂M

admits a solution if μ+
Γ > 1 − δ, where μ+

Γ is defined by 
(−μ+

Γ , 1, . . . , 1) ∈ ∂Γ and δ > 0 is a constant depending 
on certain geometric data. In particular, we solve the σk
Loewner-Nirenberg problem for all k ≤ n

2 , which extends 
recent work of the authors to include the important threshold 
case k = n

2 . In the process, we establish that the fully 
nonlinear Loewner-Nirenberg problem and corresponding 
Dirichlet boundary value problem with positive boundary 
data admit solutions if there exists a conformal metric g ∈ [g0]
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such that λ(−g−1Ag) ∈ Γ on M ; these latter results require 
no assumption on μ+

Γ and are new when (1, 0, . . . , 0) ∈ ∂Γ.
© 2025 The Authors. Published by Elsevier Inc. This is an 

open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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1. Introduction

In their classical work [51], Loewner & Nirenberg established (among other results) 
that a smooth bounded domain in Rn (n ≥ 3) admits a smooth complete conformally flat 
metric with constant negative scalar curvature. Aviles & McOwen [6] later extended this 
result to compact Riemannian manifolds with boundary. Since [6,51] there have been a 
number of related works addressing questions such as asymptotics of solutions, existence 
in non-smooth domains and applications to mathematical physics; for a partial list of 
references see Allen et al. [1], Andersson et al. [4], Aviles [5], Finn [17], Gover & Waldron 
[20], Graham [21], Gursky & Graham [22], Han et al. [32], Han & Shen [33], Hogg & 
Nguyen [34], Jiang [38], Li [43], Mazzeo [53] and Véron [56].

A natural question is whether these results can be extended to other notions of 
negative curvature. Since the pioneering works of Caffarelli, Nirenberg & Spruck [7], 
Viaclovsky [57] and Chang, Gursky & Yang [9], a central problem has been to prescribe 
certain symmetric functions of the eigenvalues of the Schouten tensor within a conformal 
class. Recall that the Schouten tensor of a Riemannian metric g is defined by

Ag = 1 
n− 2

(︃
Ricg −

Rg

2(n− 1)g
)︃
,

where Ricg and Rg denote the Ricci curvature and scalar curvature of g, respectively. 
More precisely, suppose that f and Γ satisfy the following properties:

http://creativecommons.org/licenses/by/4.0/
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Γ ⊂ Rn is an open, convex, connected symmetric cone with vertex at 0, (1.1)

Γ+
n = {λ ∈ Rn : λi > 0 ∀ 1 ≤ i ≤ n} ⊆ Γ ⊆ Γ+

1 = {λ ∈ Rn : λ1 + · · · + λn > 0}, (1.2)

f ∈ C∞(Γ) ∩ C0(Γ) is concave, homogeneous of degree one and symmetric in the λi,

(1.3)

f > 0 in Γ, f = 0 on ∂Γ, fλi
> 0 in Γ for 1 ≤ i ≤ n. (1.4)

When convenient we may also assume without loss of generality that f is normalised so 
that

f(e) = 1, e = (1, . . . , 1). (1.5)

One is then led to the following generalisation of the Loewner-Nirenberg problem:

The fully nonlinear Loewner-Nirenberg problem: Given a smooth compact Riemannian 
manifold (M, g0) of dimension n ≥ 3 with smooth non-empty boundary, and given (f,Γ)
satisfying (1.1)--(1.5), does there exist a conformal metric gu = u−2g0 which is complete 
in the interior of M and satisfies

f(λ(−g−1
u Agu)) = 1

2 , λ(−g−1
u Agu) ∈ Γ on M (1.6)

and

lim 
dg0 (x,∂M)→0

u(x) 
dg0(x, ∂M) ∈ (0,∞). (1.7)

Typical examples of (f,Γ) satisfying (1.1)--(1.5) are given by (cσ1/k
k ,Γ+

k ) for 1 ≤ k ≤ n, 
where c = cn,k =

(︁
n
k

)︁−1/k, σk : Rn → R is the k’th elementary symmetric polynomial 
and Γ+

k is the Gårding cone:

σk(λ1, . . . , λn) =
∑︂

1≤i1<···<ik≤n

λi1 . . . λik and

Γ+
k = {λ ∈ Rn : σj(λ) > 0 for 1 ≤ j ≤ k}.

In these cases the fully nonlinear Loewner-Nirenberg problem is also referred to as the 
σk-Loewner-Nirenberg problem. Note that, since the trace of the Schouten tensor is 
a positive multiple of the scalar curvature, the σ1-Loewner-Nirenberg problem is the 
original problem considered by Loewner & Nirenberg on Euclidean domains.

The fully nonlinear Loewner-Nirenberg problem is a type of uniformisation problem 
within a fixed conformal class, well-motivated from both a geometric and a PDE per
spective. Indeed, the Schouten tensor arises as the trace part of the Riemann curvature 
tensor in the so-called Ricci decomposition:
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Riemg = Wg + Ag ⃝ ∧ g. (1.8)

Here, Wg is the (0, 4)-Weyl tensor of g (which is trace-free) and ⃝ ∧ is the Kulkarni
Nomizu product. In light of the conformal invariance of g−1Wg, (1.8) demonstrates that 
the conformal transformation properties of Riemg are completely determined by those 
of Ag. Moreover, as shown by Li & Li in [42], the Schouten tensor plays a central role in 
the characterisation of conformally invariant operators on Rn (see also [44,45]). From a 
PDE point of view, if gw = w−2g0 then Agw and Ag0 are related by

Agw = w−1∇2
g0
w − 1

2w
−2|dw|2g0

g0 + Ag0 (1.9)

and thus (1.6) is a fully nonlinear, non-uniformly elliptic equation, similar in structure 
to the Hessian equations that have received significant attention since the seminal work 
of Caffarelli, Nirenberg & Spruck [7]. Due to the lower order terms in (1.9), (1.6) is 
also recognised as an augmented Hessian equation. In the study of these equations, the 
so-called MTW condition, introduced by Ma, Trudinger & Wang in [52], has played an 
important role (see e.g. [35--37] in the Euclidean setting and the references therein). We 
point out that (1.6) does not satisfy the MTW condition when f ̸= cσ1 due to the minus 
sign in front of the gradient term in (1.9). For some recent work on augmented Hessian 
equations on Riemannian manifolds, see e.g. Duncan [12], Guan [24,25] and Guan & Jiao 
[26,27].

When M ⊂ Rn is a domain with smooth boundary and g0 is the Euclidean metric, 
the fully nonlinear Loewner-Nirenberg problem was solved by González, Li & Nguyen 
[19]. However, current existence results on general Riemannian manifolds are sensitive 
to the value μ+

Γ , defined by Li & Nguyen [47] to be the quantity satisfying

(−μ+
Γ , 1, . . . , 1) ∈ ∂Γ.

Indeed, on an arbitrary compact Riemannian manifold with non-empty boundary, the 
existence of a solution to the fully nonlinear Loewner-Nirenberg problem is only known 
when μ+

Γ > 1, due to previous work of the authors in [14]. See also the combination 
of results of Yuan [59,60] for related work in the case μ+

Γ ≥ 1 under the additional 
assumption (1, 0, . . . , 0) ∈ Γ. Note that μ+

Γ+
k

= n−k
k and hence μ+

Γ+
k

> 1 if and only if 
k < n

2 . More generally, by (1.1) and (1.2), μ+
Γ is well-defined, uniquely determined by Γ

and satisfies μ+
Γ ∈ [0, n− 1].

The main result of this paper (see Theorem 1.2 below) extends our existence result 
in [14] to the case μ+

Γ = 1 without any further assumption on the cone Γ. This is of 
significance on both geometric and analytical grounds. Geometrically, the case Γ = Γ+

n/2
in even dimensions is particularly interesting due to the relation between the σn/2
curvature, the Pfaffian of the curvature form and the Chern-Gauss-Bonnet formula -- 
see e.g. the pioneering work of Chang, Gursky & Yang [8,9] in the context of positive 
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curvature, and the more recent work of Graham & Gursky [22] in the negative curvature 
setting. There is also a close relationship between the constraint λ(±g−1Ag) ∈ Γ when 
μ+

Γ ≤ 1 and the sign of the Ricci curvature of g -- see e.g. [28,30,46]. The case μ+
Γ = 1 also 

presents analytical challenges due to the recently observed failure of certain estimates. 
In [10], Chu, Li & Li observed the failure of local interior gradient estimates depending 
on one-sided C0 bounds and the failure of the Liouville theorem on Rn precisely when 
μ+

Γ = 1. More recently, the authors observed in [15] that local boundary C0 estimates 
fail when μ+

Γ ≤ 1, and the statement of the Liouville theorem on Rn
+ is fundamentally 

different in the cases μ+
Γ ≤ 1 and μ+

Γ > 1. In particular, the hyperbolic metric is the 
unique solution to the fully nonlinear Loewner-Nirenberg problem on Rn

+ if and only if 
μ+

Γ > 1.

In fact, rather than just addressing the case μ+
Γ = 1, we prove a more quantitative 

statement. Given a Riemannian manifold (M, g) with non-empty boundary ∂M , we 
let i(M,g) denote the injectivity radius of (M, g), i(∂M,g) the injectivity radius of ∂M
equipped with the induced metric (which we also denote by g), ib(M,g) the boundary 
injectivity radius of (M, g) (see e.g. [2, Section 3] for the definition) and H the mean 
curvature of ∂M .

Definition 1.1. For R0, S0 ≥ 0, i0, d0 > 0 and σ ∈ (0, 1), let ℳn
σ(R0, i0, S0, d0) denote 

the set of smooth n-dimensional Riemannian manifolds (M, g) with non-empty boundary 
∂M such that

−R0g ≤ Ric(M,g) ≤ R0g and −R0g ≤ Ric(∂M,g) ≤ R0g, (1.10)

i(M,g) ≥ i0, i(∂M,g) ≥ i0 and ib(M,g) ≥ i0, (1.11)

∥H∥C0,σ(∂M,g) ≤ S0 (1.12)

and

diam(M, g) ≤ d0. (1.13)

Our first main result is as follows:

Theorem 1.2. Let n ≥ 3, R0, S0 ≥ 0, i0, d0 > 0 and σ ∈ (0, 1). There exists a constant 
δ = δ(n,R0, i0, S0, d0, σ) > 0 such that for any (M, g0) ∈ ℳn

σ(R0, i0, S0, d0) and any 
(f,Γ) satisfying (1.1)--(1.5) and μ+

Γ > 1 − δ, there exists a maximal locally Lipschitz 
viscosity solution gu = u−2g0 to (1.6) satisfying

lim 
dg0 (x,∂M)→0

u(x) 
dg0(x, ∂M) = 1. (1.14)
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In particular, gu is complete2 in the interior of M . Moreover, if (1, 0, . . . , 0) ∈ Γ, then 
u is smooth and it is the unique solution in the class of continuous viscosity solutions 
satisfying u = 0 on ∂M .

Remark 1.3. For fixed R0, i0, S0, d0 and σ, there are only finitely many diffeomorphism 
types of manifolds M with non-empty boundary ∂M admitting metrics g such that 
(M, g) ∈ ℳn

σ(R0, i0, S0, d0) -- see Remark 2.7.

Our next main result demonstrates that if M is a domain inside a closed Riemannian 
manifold, then one may remove the dependence of δ in Theorem 1.2 on bounds for 
Ric(∂M,g), i(∂M,g), i

b
(M,g) and ∥H∥Cσ(∂M,g).

Definition 1.4. For R0 ≥ 0 and i0, d0 > 0, let ˜︂ℳn(R0, i0, d0) denote the set of smooth 
closed n-dimensional Riemannian manifolds (N, g) such that

−R0g ≤ Ric(N,g) ≤ R0g, i(N,g) ≥ i0 and diam(N, g) ≤ d0.

We prove:

Theorem 1.5. Let n ≥ 3, R0 ≥ 0 and i0, d0 > 0. Suppose (N, g) ∈ ˜︂ℳn(R0, i0, d0) and let 
Ω be a non-empty open subset of N . Then there exists ε = ε(n,N,Ω, R0, i0, d0) > 0 such 
that (1.6) admits a maximal locally Lipschitz viscosity solution gu = u−2g0 satisfying 
(1.14) whenever M ⊂ N\Ω is the closure of a domain with smooth non-empty boundary 
and (f,Γ) satisfies (1.1)--(1.5) and μ+

Γ > 1−ε. In particular, gu is complete in the interior 
of M . Moreover, if (1, 0, . . . , 0) ∈ Γ, then u is smooth and it is the unique solution in 
the class of continuous viscosity solutions satisfying u = 0 on ∂M .

Let us now discuss some previous results on the fully nonlinear Loewner-Nirenberg 
problem to put Theorems 1.2 and 1.5 into context. The σk-Loewner-Nirenberg problem 
was first studied for k ≥ 2 by Mazzeo & Pacard in [54], where they established perturba
tive existence results and studied links with the existence of Poincaré-Einstein metrics. 
The first general existence result for the fully nonlinear Loewner-Nirenberg problem was 
obtained by González, Li & Nguyen in [19], where they showed (among other results) 
that any smooth bounded Euclidean domain Ω admits a complete conformally flat lo
cally Lipschitz metric solving (1.6) in the viscosity sense, and moreover the solution 
is unique in the class of continuous viscosity solutions. In later work of Li & Nguyen 
[48] and Li, Nguyen & Xiong [50], it was shown that the solution of [19] is not C1

loc if 
Γ ⊆ Γ+

2 and ∂Ω contains more than one connected component; this is in stark contrast 
to the case f = cσ1, where solutions are always smooth in the interior. Recently, Wu 

2 Here and henceforth, when gu is non-smooth, by completeness of gu we mean completeness of the metric 
space on the interior of M induced by gu.
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[58] showed that solutions to the σk-Loewner-Nirenberg problem are smooth away from 
a set of measure zero if k = n, or if k > n

2 and g0 is Euclidean.

In the Riemannian setting, Guan [23] proved existence of smooth solutions to a re
lated problem in which the Schouten tensor is replaced by the Ricci tensor, under the 
assumption that there exists a smooth metric g ∈ [g0] satisfying λ(−g−1 Ricg) ∈ Γ on 
M . Such equations involving the Ricci tensor can be recast as special instances of (1.6)
in which (1, 0, . . . , 0) ∈ Γ and μ+

Γ ≤ 1 (see Remark 3.2). Guan’s existence results were 
subsequently extended by Yuan [59], who proved the existence of a smooth complete 
metric gw = w−2g0 solving (1.6), assuming (1, 0, . . . , 0) ∈ Γ and the existence of g ∈ [g0]
satisfying λ(−g−1Ag) ∈ Γ. In [59], Yuan also proves uniqueness of solutions and the 
asymptotics in (1.7) under a further technical assumption on Γ. We point out that the 
condition (1, 0, . . . , 0) ∈ Γ fails in many cases of interest, in particular the σk-Loewner
Nirenberg problem when k ≥ 2.

To gain a more complete understanding of the fully nonlinear Loewner-Nirenberg 
problem, it is therefore of significant interest to determine whether the aforementioned 
assumptions on conformal flatness, the cone Γ and/or the existence of certain metrics 
g ∈ [g0] can be removed. In this direction, Gursky, Streets & Warren [29] obtained the 
same existence result of Guan [23] without assuming the existence of g ∈ [g0] satisfying 
λ(−g−1 Ricg) ∈ Γ; they also proved uniqueness and asymptotics of solutions. In [14], the 
present authors proved the existence of a maximal Lipschitz viscosity solution to the fully 
nonlinear Loewner-Nirenberg problem provided μ+

Γ > 1, without any assumption on the 
existence of g ∈ [g0] satisfying λ(−g−1Ag) ∈ Γ. Therein, we also proved asymptotics of 
solutions, and showed that solutions are smooth and unique (in the class of continuous 
viscosity solutions) when (1, 0, . . . , 0) ∈ Γ. We point out that some of the estimates in 
[14] do not hold when μ+

Γ ≤ 1 (see our recent work [15] for a further discussion). Using 
Morse-theoretic methods, Yuan [60] independently proved the existence of a smooth 
metric g ∈ [g0] satisfying λ(−g−1Ag) ∈ Γ in the following three cases: (1) n = 3, (2) 
n ≥ 4 and μ+

Γ > 1, and (3) n ≥ 4, μ+
Γ ≥ 1 and (1, 0, . . . , 0) ∈ Γ.

We now make some remarks on the proof of Theorem 1.2 (the proof of Theorem 1.5
follows similar ideas). The approach can be split into two main steps:

1. First, we show that there exists a constant δ = δ(n,R0, i0, S0, d0, σ) > 0 such that 
whenever (M, g0) belongs to ℳn

σ(R0, i0, S0, d0) and Γ satisfies (1.1), (1.2) and μ+
Γ >

1 − δ, there exists a smooth metric g ∈ [g0] satisfying λ(−g−1Ag) ∈ Γ.
2. Second, we show that the fully nonlinear Loewner-Nirenberg problem admits a max

imal locally Lipschitz viscosity solution (which is smooth and the unique continuous 
viscosity solution when (1, 0, . . . , 0) ∈ Γ) satisfying (1.14) whenever there exists 
g ∈ [g0] satisfying λ(−g−1Ag) ∈ Γ on M .

The approach in Step 1 is to use a global auxiliary function to obtain a metric g ∈ [g0]
satisfying λ(−g−1Ag) ∈ Γ. The idea of constructing a suitable auxiliary function to 
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obtain an admissible metric was used by Gursky, Streets & Warren in [29], who gave an 
explicit construction involving the distance function to a point outside the manifold. We 
instead borrow ideas from Yuan [60], who used a non-explicit auxiliary Morse function 
to construct a smooth metric g ∈ [g0] satisfying λ(−g−1Ag) ∈ Γ when μ+

Γ > 1, or when 
μ+

Γ ≥ 1 under the additional assumption (1, 0, . . . , 0) ∈ Γ. We show that Yuan’s choice of 
g in fact satisfies λ(−g−1Ag) ∈ Γ whenever μ+

Γ ≥ 1, without any further assumptions on 
Γ. We then appeal to the Cℓ,σ-compactness theory on compact manifolds with boundary 
under suitable curvature bounds, following the methods of Anderson et al. [2], to obtain 
the improvement μ+

Γ > 1 − δ(R0, i0, S0, d0, σ). For later reference, we state the main 
result in Step 1 as a separate result:

Theorem 1.6. Let n ≥ 3, R0, S0 ≥ 0, i0, d0 > 0 and σ ∈ (0, 1). There exists a con
stant δ = δ(n,R0, i0, S0, d0, σ) > 0 such that the following holds. Suppose (M, g0) ∈
ℳn

σ(R0, i0, S0, d0) and Γ satisfies (1.1), (1.2) and μ+
Γ > 1−δ. Then there exists a smooth 

metric g ∈ [g0] such that λ(−g−1Ag) ∈ Γ on M .

For Step 2, we prove the following slightly more general theorem which does not require 
g to be smooth. This provides a unified result that yields locally Lipschitz viscosity 
solutions when (1, 0, . . . , 0) ∈ ∂Γ, unique smooth solutions when (1, 0, . . . , 0) ∈ Γ, and 
asymptotics in either case:

Theorem 1.7. Suppose that (f,Γ) satisfies (1.1)--(1.5), and let (M, g0) be a smooth com
pact Riemannian manifold of dimension n ≥ 3 with smooth non-empty boundary ∂M . 
Suppose that there exists a continuous metric gw = w−2g0 satisfying

f(λ(−g−1
w Agw)) ≥ ε > 0, λ(−g−1

w Agw) ∈ Γ

in the viscosity sense on M for some ε > 0. Then (1.6) admits a maximal locally Lip
schitz viscosity solution gu = u−2g0 satisfying (1.14). In particular, gu is complete in 
the interior of M . Moreover, if (1, 0, . . . , 0) ∈ Γ, then u is smooth and it is the unique 
solution in the class of continuous viscosity solutions satisfying u = 0 on ∂M .

Proof of Theorem 1.2. This follows immediately from Theorem 1.6 and Theorem 1.7. □
Remark 1.8. Uniqueness of the Lipschitz viscosity solution to (1.6) is also known to hold 
when (1, 0, . . . , 0) ∈ ∂Γ on Euclidean domains -- this is due to González, Li & Nguyen 
[19], who used a comparison principle established by Li, Nguyen & Wang in [49]. It is 
not currently known whether such a comparison principle holds in the non-Euclidean 
setting when (1, 0, . . . , 0) ∈ ∂Γ, and thus uniqueness remains an open question in these 
cases.
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Remark 1.9. As an immediate consequence of Theorem 1.7 and the aforementioned ex
istence result of Yuan [60] when n = 3, the fully nonlinear Loewner-Nirenberg problem 
is now solved when n = 3.

In the proof of Theorem 1.7, the existence of a smooth solution to the fully nonlinear 
Loewner-Nirenberg problem when (1, 0, . . . , 0) ∈ Γ is achieved by first obtaining for each 
constant δ > 0 a solution uδ to (1.6) satisfying uδ = δ on ∂M , and then taking a 
limit as δ → 0. Our locally Lipschitz viscosity solution to the fully nonlinear Loewner
Nirenberg problem when (1, 0, . . . , 0) ∈ ∂Γ is then obtained as a limit of solutions to 
the fully nonlinear Loewner-Nirenberg problem on cones satisfying (1, 0, . . . , 0) ∈ Γ. 
For this purpose, it is important to have interior C1 estimates (depending on two-sided 
C0 bounds) which are stable under perturbations of (f,Γ) and include both the cases 
(1, 0, . . . , 0) ∈ Γ and (1, 0, . . . , 0) ∈ ∂Γ. Such an estimate has recently been established 
in a general setting by Chu, Li & Li [10]. The validity of such a local gradient estimate 
also allows us to apply our estimates near the boundary in [14, Section 4] verbatim, 
yielding the desired asymptotics of solutions. We refer the reader to Section 3.5 for the 
details.

As indicated in the previous paragraph, the existence of a locally Lipschitz viscos
ity solution to the fully nonlinear Loewner-Nirenberg problem when (1, 0, . . . , 0) ∈ ∂Γ
does not require the existence of solutions to (1.6) with positive boundary data when 
(1, 0, . . . , 0) ∈ ∂Γ. However, the existence of solutions to (1.6) with positive boundary 
data when (1, 0, . . . , 0) ∈ ∂Γ is of independent interest, and requires us to establish a 
new boundary gradient estimate (see Proposition 3.7). The existence result is as follows:

Theorem 1.10. Assume the same hypotheses as in Theorem 1.7 and let φ ∈ C∞(∂M) be 
positive. Then (1.6) admits a Lipschitz viscosity solution gu = u−2g0 satisfying u = φ

on ∂M . Moreover, if (1, 0, . . . , 0) ∈ Γ, then u is smooth and it is the unique solution in 
the class of continuous viscosity solutions satisfying u = φ on ∂M .

The existence of solutions to the fully nonlinear Loewner-Nirenberg problem on gen
eral compact Riemannian manifolds with non-empty boundary remains an interesting 
open problem for values of μ+

Γ closer to zero when n ≥ 4.

The plan of the paper is as follows. In Section 2 we prove Theorem 1.6. In Section 3
we prove Theorems 1.7 and 1.10. In Appendix A we prove Theorem 2.4, a result used in 
Section 2 concerning Cℓ,σ-compactness of manifolds with non-empty boundary.

2. Proof of Theorem 1.6: existence of admissible metrics when 𝝁+
Γ > 1 − 𝜹

The goal of this section is to carry out the procedure outlined in Step 1 of the proof 
of Theorem 1.2 given in the introduction, i.e. to prove Theorem 1.6. It will be useful to 
introduce the following quantity:
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μ(M, [g0]) = inf
{︁
μ ≥ 0 : for all Γ satisfying (1.1), (1.2) and μ+

Γ > μ, there exists a 

smooth metric g ∈ [g0] satisfying λ(−g−1Ag) ∈ Γ on M
}︁
. (2.1)

It is then clear that Theorem 1.6 is equivalent to:

Theorem 1.6′. Let n ≥ 3, R0, S0 ≥ 0, i0, d0 > 0 and σ ∈ (0, 1). Then there exists a 
constant δ = δ(n,R0, i0, S0, d0, σ) > 0 such that μ(M, [g0]) ≤ 1 − δ whenever (M, g0) ∈
ℳn

σ(R0, i0, S0, d0).

2.1. A key lemma and admissible metrics when μ+
Γ ≥ 1

In this subsection, we prove that μ(M, [g]) ≤ 1 − η < 1 for an arbitrary smooth 
compact Riemannian manifold (M, g) with non-empty boundary, where η > 0 depends 
on an upper bound for the Schouten tensor of g and the C1 norm of the metric and 
inverse metric components with respect to a given open covering of charts on M . This 
is the content of the following lemma, which is a key tool in the proof of Theorem 1.6.

Lemma 2.1. Let M be a smooth compact manifold of dimension n ≥ 3 with smooth non
empty boundary ∂M and let 𝒰 be any smooth finite open covering of charts on M . Then 
for any C1, C2 > 0, there exists η = η(M,𝒰 , C1, C2) > 0 such that if g is any Riemannian 
metric on M with components gab in local coordinates determined by 𝒰 satisfying

|gab| + |gab| + |∂agbc| ≤ C1 (2.2)

and

Ag ≤ C2g, (2.3)

then μ(M, [g]) ≤ 1 − η.

Before giving the proof of Lemma 2.1, we note that it has the following immediate 
consequence:

Corollary 2.2. Let (M, g0) be a smooth compact Riemannian manifold of dimension n ≥ 3
with non-empty boundary. Then μ(M, [g0]) < 1. In particular, if Γ satisfies (1.1), (1.2)
and μ+

Γ ≥ 1, then there exists a smooth metric g ∈ [g0] such that λ(−g−1Ag) ∈ Γ on M .

We recall that for μ+
Γ > 1, the last assertion in the corollary was obtained indepen

dently by the authors [14] and Yuan [60]. Our proof of Lemma 2.1 is inspired by the 
approach of Yuan. In the course of the proof, we make use of a good term that was 
dropped in Yuan’s argument -- see the sentence following (2.8) below.

Proof of Lemma 2.1. We start by fixing a smooth function v ≥ 1 on M with no critical 
points, so that dv ̸= 0 on M -- note that such a function exists since M is a smooth 
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compact manifold with non-empty boundary. In what follows, our constants may depend 
on v, although such dependence is implicit through dependence on M . From this point 
onwards, all computations are carried out in a single chart where δ is used as a local 
reference metric, and |X|δ denotes the norm of a vector field X with respect to δ. Note 
that by (2.2), there exists a constant C0 ≥ 1 depending only on n and C1 such that

C−1
0 (δab) ≤ (gab) ≤ C0(δab) (2.4)

in the sense of matrices. Note that (2.4) is equivalent to C−1
0 |X|2δ ≤ |X|2g ≤ C0|X|2δ for 

all vector fields X. Additionally, after enlarging C0 if necessary, the Christoffel symbols 
Γc
ab of the Levi-Civita connection for g satisfy

|Γc
ab| ≤ C0, (2.5)

which follows from (2.2) and the fact that Γc
ab can be expressed in terms of the inverse 

metric components and first order partial derivatives of the metric components.

For N > 0, denote gN = e2eNv

g. We will show that there exists N = N(M,𝒰 , C1, C2)
such that if μ+

Γ ≥ 1 − 1 
eN maxM v , then λ(−g−1AgN ) ∈ Γ. To this end, we first observe

−g−1AgN = NeNvg−1∇2
gv + N2eNv(1 − eNv)g−1(dv ⊗ dv) + 1

2N
2e2Nv|dv|2g Id−g−1Ag.

(2.6)

Now,

λ

(︃
N2eNv(1 − eNv)g−1(dv ⊗ dv) + 1

2N
2e2Nv|dv|2g Id

)︃
= 1

2N
2e2Nv|dv|2g

(︃
− 1 + 2 

eNv
, 1 , . . . , 1

)︃
(2.7)

and (interpreting inequalities of vectors componentwise)

λ(−g−1Ag) ≥ −(C2, . . . , C2)

= −1
2N

2e2Nv|dv|2g
(︃

2C2

N2e2Nv|dv|2g
, . . . ,

2C2

N2e2Nv|dv|2g

)︃
≥ −1

2N
2e2Nv|dv|2g

(︃
2C0C2

N2e2Nv|dv|2δ
, . . . ,

2C0C2

N2e2Nv|dv|2δ

)︃
. (2.8)

We point out that the term 2 
eNv in the first component on the bottom line of (2.7) was 

dropped at this point in Yuan’s argument [60].

We next consider NeNvλ(g−1∇2
gv), which is the only remaining term coming from 

(2.6). Recalling
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(∇2
gv)ab = ∂a∂bv − Γc

ab ∂cv

and (2.5), we see that there exists a constant C3 = C3(M,𝒰 , C1) > 0 such that

NeNvλ(g−1∇2
gv) ≥ −NeNv(C3, . . . , C3)

= −1
2N

2e2Nv|dv|2g
(︃

2C3

NeNv|dv|2g
, . . . ,

2C3

NeNv|dv|2g

)︃
≥ −1

2N
2e2Nv|dv|2g

(︃
2C0C3

NeNv|dv|2δ
, . . . ,

2C0C3

NeNv|dv|2δ

)︃
. (2.9)

By (2.6)--(2.9), we therefore have

λ(−g−1AgN ) ≥ 1
2N

2e2Nv|dv|2g(χ1, χ2, . . . , χ2)

where

χ2 = 1 − 2C0C2

N2e2Nv|dv|2δ
− 2C0C3

NeNv|dv|2δ

and

χ1 = −1 + 2 
eNv

− 2C0C2

N2e2Nv|dv|2δ
− 2C0C3

NeNv|dv|2δ

= −χ2 + 2 
eNv

− 4C0C2

N2e2Nv|dv|2δ
− 4C0C3

NeNv|dv|2δ
.

Now observe that we may fix N = N(M,𝒰 , C1, C2) such that 12 < χ2 < 1 and χ1 > −χ2+
1 

eNv . Therefore, if μ+
Γ ≥ 1− 1 

eN maxM v , we have χ1 > −μ+
Γχ2 and hence λ(−g−1AgN ) ∈ Γ

on M . □
2.2. Tools concerning Cℓ,σ-compactness of Riemannian manifolds with boundary

In this subsection we introduce two theorems that will be used in the proof of The
orem 1.6 alongside Lemma 2.1. The first result (Theorem 2.4) is a minor variation of a 
theorem of Anderson et al. [2] concerning the harmonic radius under suitable curvature 
bounds on compact manifolds with non-empty boundary. The second result (Theo
rem 2.6) concerns pre-compactness in the Cℓ,σ-topology.

We begin by introducing the space 𝒩n(ℓ + σ, ρ,Q) for manifolds with boundary:

Definition 2.3. Let n ≥ 3, ℓ ∈ N ∪ {0}, σ ∈ (0, 1), ρ ∈ (0,∞) and Q > 1. We define 
𝒩n(ℓ + σ, ρ,Q) to be the set of n-dimensional Riemannian manifolds (M, g) with non
empty boundary ∂M , where M is smooth and g is of class Cℓ,σ, such that for each 
p ∈ M :
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1. If dg(p, ∂M) ≥ 3ρ
4 , there exists a neighbourhood U of p contained in the interior of 

M and a chart φ : U → Rn with φ(U) = B 3ρ 
4Q

(0) and φ(p) = 0 such that

Q−2(δij) ≤ (gij) ≤ Q2(δij) in U and ρℓ+σ
∑︂
|β|=ℓ

[∂βgij ]C0,σ(U) ≤ Q− 1, (2.10)

where

[∂βgij ]C0,σ(U) = sup 
x̸=y∈U

|∂βgij(x) − ∂βgij(y)|
|x− y|σ (2.11)

is the C0,σ-seminorm of ∂βgij measured with respect to the coordinates induced by 
φ, and |x− y| is the Euclidean distance between x and y.

2. If dg(p, ∂M) ≤ ρ, there exists a unique q ∈ ∂M such that dg(p, q) = dg(p, ∂M), and 
there exist a neighbourhood U of p in M and a chart φ : U → Rn

+ with φ(U) =
B+

2Qρ(0) ··= {xn ≥ 0}∩B2Qρ(0), φ(∂M ∩U) = {xn = 0}∩B2Qρ(0) and φ(q) = 0 such 
that (2.10) holds.

We further define:

• 𝒩n
har(ℓ + σ, ρ,Q) ⊂ 𝒩n(ℓ + σ, ρ,Q) by imposing the additional restriction that the 

coordinate functions in the above two statements are harmonic (i.e. Δgφ
i = 0 for 

each i).
• 𝒩n(ℓ + σ, ρ,Q, d0) ⊂ 𝒩n(ℓ + σ, ρ,Q) by imposing the additional restriction 

diam(M, g) ≤ d0.

The following theorem concerns the relationship between the spaces ℳn
σ(R0, i0, S0,∞)

(see Definition 1.1 in the introduction) and 𝒩n
har(1 + σ, ϱ,Q) for suitable ϱ. It roughly 

corresponds to [2, Theorem 3.2.1] (more precisely, it is the counterpart to [2, Equation 
(3.1.3)]), but requires slightly less regularity:

Theorem 2.4. Let n ≥ 3. Given R0, S0 ≥ 0, i0 > 0, σ ∈ (0, 1) and Q > 1, there exists 
ϱ = ϱ(n,R0, i0, S0, Q, σ) > 0 such that

ℳn
σ(R0, i0, S0,∞) ⊂ 𝒩n

har(1 + σ, ϱ,Q).

The only difference between Theorem 2.4 and the analogous result [2, Equation (3.1.3)] 
is that we assume a Hölder bound on the mean curvature rather than a Lipschitz bound 
– as a consequence, we obtain a slightly weaker compactness statement which suffices 
for our purposes. The proof of Theorem 2.4 is along the lines of [2], and is given in 
Appendix A rather than the main body of the paper to improve the exposition.

The next result needed in the proof of Theorem 1.6′ concerns the following notion of 
Cℓ,σ-convergence:
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Definition 2.5. A sequence of Riemannian manifolds {(Mk, gk)} converges in the Cℓ,σ
topology to (M, g) if M is a smooth manifold, g is a Cℓ,σ Riemannian metric on M , 
and there exist a sequence of diffeomorphisms Fk : M → Mk for k sufficiently large and 
a locally finite collection of charts on M with respect to which (F ∗

k gk)ij → gij in the 
Cℓ,σ-topology.

Theorem 2.6. Let n ≥ 3, ℓ ∈ N ∪ {0}, 0 < σ′ < σ < 1, ρ ∈ (0,∞) and Q > 1. Then for 
each d0 > 0, 𝒩n(ℓ + σ, ρ,Q, d0) is precompact in the Cℓ,σ′-topology.

Proof. A detailed proof in the case of manifolds without boundary may be found in 
[55, Theorem 11.3.6]. As observed in [2], the proof extends to the case of non-empty 
boundary simply by allowing for charts of type 2 as introduced in Definition 2.3. □

2.3. Proof of Theorem 1.6

We now give the proof of Theorem 1.6′ (equivalently Theorem 1.6):

Proof of Theorem 1.6′. Recall the definition of μ(M, [g]) from (2.1) and suppose for 
a contradiction that no such δ = δ(n,R0, i0, S0, d0, σ) > 0 exists. By [14,60], 
μ(M, [g]) ≤ 1 and hence there exists a sequence of Riemannian manifolds {(Mi, gi)} ⊂
ℳn

σ(R0, i0, S0, d0) such that μ(Mi, [gi]) → 1−. Let ϱ = ϱ(n,R0, i0, S0,
3
2 , σ) > 0 be as 

in Theorem 2.4 with Q = 3
2 . Then (Mi, gi) ∈ 𝒩n(1 + σ, ϱ

2 ,
3
2 , d0) for each i and hence, 

by Theorem 2.6, there exists a subsequence (still indexed by i), a smooth manifold M∞
and a C1,σ Riemannian metric g∞ on M∞ such that (M∞, g∞) ∈ 𝒩n(1 + σ, ϱ

2 ,
3
2 , d0)

and (Mi, gi) → (M∞, g∞) in the C1,σ′-topology for any σ′ < σ. In particular, the Mi

are eventually diffeomorphic to M∞, and so we may assume without loss of generality 
that Mi = M∞ for each i. Then by definition of C1,σ′ convergence, there exists a finite 
open covering 𝒰∞ with respect to which gi → g∞ and g−1

i → g−1
∞ componentwise in 

C1,σ′ . Moreover, after a refinement of 𝒰∞ if necessary (using Theorem 2.4), the bounds 
in Definition 2.3 are satisfied with respect to 𝒰∞ with Q = 2 and g = gi for any i < ∞. 
Therefore the metrics gi satisfy the bound in (2.2) in local coordinates determined by 
𝒰∞ with C1 depending only on Q = 2. Moreover, since (Mi, gi) ∈ ℳn

σ(R0, i0, S0, d0), 
each gi also satisfies the bound (2.3) with C2 depending only on R0 and n. Therefore 
μ(Mi, [gi]) < 1 − η(M∞,𝒰∞, C1, C2) independently of i, where η is the constant in 
Lemma 2.1. This contradicts μ(Mi, [gi]) → 1. □
Remark 2.7. As a consequence of Theorems 2.4 and 2.6, it is easy to see that given 
R0, S0 ≥ 0, i0, d0 > 0 and σ ∈ (0, 1), there are finitely many diffeomorphism types of 
compact manifold M with non-empty boundary admitting a Riemannian metric g such 
that (M, g) ∈ ℳn

σ(R0, i0, S0, d0).
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2.4. A counterpart to Theorem 1.6 for domains in closed manifolds

The following result is a counterpart to Theorem 1.6′ (equivalently Theorem 1.6) 
which is used in the proof of Theorem 1.5 (we refer the reader back to Definition 1.4 for 
the definition of ˜︂ℳn(R0, i0, d0)):

Theorem 2.8. Let n ≥ 3, R0 ≥ 0 and i0, d0 > 0. Suppose (N, g) ∈ ˜︂ℳn(R0, i0, d0) and Ω
is a non-empty open subset of N . Then there exists ε = ε(n,N,Ω, R0, i0, d0) > 0 such 
that μ(N\Ω, [g|N\Ω]) < 1 − ε.

Proof of Theorem 1.5. This follows immediately from Theorem 2.8 and Theorem 1.7. □
For the proof of Theorem 2.8 we will need the following variant of Lemma 2.1 for 

manifolds with boundary arising as domains inside a closed manifold:

Lemma 2.9. Let N be a smooth closed manifold of dimension n ≥ 3, 𝒰 a smooth fi
nite open covering of charts on N and Ω a non-empty open subset of N . Then for 
any C1, C2 > 0, there exists η = η(N,Ω,𝒰 , C1, C2) > 0 such that if g is any metric 
N satisfying (2.2) (with respect to local coordinates determined by 𝒰) and (2.3), then 
μ(N\Ω, [g|N\Ω]) < 1 − η.

Proof. We start by fixing a smooth function w ≥ 1 on N with no critical points in N\Ω, 
so that dw ̸= 0 on N\Ω -- note that such a function exists since N\Ω is a compact 
manifold with non-empty boundary. The rest of the proof then proceeds as in the proof 
of Lemma 2.1, taking v therein to be equal to w|N\Ω. □

We now define ˜︁𝒩n(ℓ+σ, ρ,Q), ˜︁𝒩n(ℓ+σ, ρ,Q, d0) and ˜︁𝒩n
har(ℓ+σ, ρ,Q) in an analogous 

manner to the definitions in Section 2.2, but in the class of closed n-dimensional Rie
mannian manifolds (so that charts of the second type in Definition 2.3 no longer occur). 
Then we have the following counterparts to Theorems 2.4 and 2.6, respectively:

Theorem 2.10. Let n ≥ 3. Given R0 ≥ 0, i0 > 0, σ ∈ (0, 1) and Q > 1, there exists 
ϱ = ϱ(n,R0, i0, Q) > 0 such that

˜︂ℳn(R0, i0,∞) ⊂ ˜︁𝒩n
har(1 + σ, ϱ,Q).

Proof. The proof of Theorem 2.4 applies verbatim here with Case 1 being the only 
possibility. Indeed, bounds for Ric(∂M,g), i(∂M,g), i

b
(M,g) and ∥H∥C0,σ(∂M,g) are not used 

in Case 1 in the proof of Theorem 2.4. □
Theorem 2.11. Let n ≥ 3, ℓ ∈ N ∪ {0}, 0 < σ′ < σ < 1, ρ ∈ (0,∞) and Q > 1. Then for 
each d0 > 0, ˜︁𝒩n(ℓ + σ, ρ,Q, d0) is precompact in the Cℓ,σ′-topology.
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Proof. As in the proof of Theorem 2.6, we refer to [55, Theorem 11.3.6]. □
Proof of Theorem 2.8. Suppose for a contradiction that no such ε = ε(n,N,Ω, R0, i0, 
d0) > 0 exists, and recall from [14,60] that μ(N\Ω, [g|N\Ω]) ≤ 1. It follows that there 

exists a sequence of Riemannian metrics gi with (N, gi) ∈ ˜︂ℳn(R0, i0, d0) such that 
μ(N\Ω, [gi|N\Ω]) → 1−. Let ϱ = ϱ(n,R0, i0,

3
2 ) > 0 be as in Theorem 2.10 with Q = 3

2 . 
Then (N, gi) ∈ ˜︁𝒩n(1 + σ, ϱ

2 ,
3
2 , d0) for each i and hence, by Theorem 2.11, there exists 

a subsequence (still indexed by i) and a C1,σ Riemannian metric g∞ on N such that 
(N, g∞) ∈∈ ˜︁𝒩n(1 + σ, ϱ

2 ,
3
2 , d0) and (N, gi) → (N, g∞) in the C1,σ′ -topology for any 

σ′ < σ. Therefore, there exists a smooth finite open covering 𝒰∞ of N with respect to 
which gi → g∞ and g−1

i → g−1
∞ componentwise in C1,σ′ . Moreover, after a refinement 

of 𝒰∞ if necessary (using Theorem 2.10), the bounds in (2.10) are satisfied with Q = 2
and g = gi for any i < ∞. Therefore the metrics gi satisfy the bound in (2.2) in local 
coordinates determined by 𝒰∞ with C1 depending only on Q = 2. Moreover, since 
(N, gi) ∈ ˜︂ℳn(R0, i0), each gi also satisfies the bound (2.3) with C2 depending only on 
R0 and n. Therefore μ(N, [gi|N\Ω]) < 1 − η(N,Ω,𝒰∞, C1, C2) independently of i, where 
η is the constant in Lemma 2.9. This contradicts μ(N\Ω, [gi|N\Ω]) → 1. □
3. Proof of Theorems 1.7 and 1.10: solutions from admissible metrics

3.1. An equivalent formulation of Theorem 1.7

We first give an equivalent formulation of Theorem 1.7, which will be more conducive 
to our method of proof. Given (f,Γ) satisfying (1.1)--(1.5), a number τ ∈ [0, 1] and a 
vector λ ∈ Rn, we define

λτ ··= τλ + (1 − τ)σ1(λ)e, fτ (λ) = 1 
τ + n(1 − τ)f(λτ ), Γτ = {λ : λτ ∈ Γ}.

It is then routine to verify that (fτ ,Γτ ) also satisfies (1.1)--(1.5). Moreover, it is known 
(see [13, Appendix A]) that Γ satisfies (1.1), (1.2) and (1, 0, . . . , 0) ∈ Γ if and only if 
there exists a cone ˜︁Γ satisfying (1.1) and (1.2), and a number τ < 1 such that Γ = (˜︁Γ)τ . 
We are therefore led to consider the equation{︄

fτ (λ(−g−1
u Agu)) = 1

2 , λ(−g−1
u Agu) ∈ Γτ on M\∂M

u = 0 on ∂M.
(3.1)

An equivalent formulation of Theorem 1.7 is as follows:

Theorem 1.7′. Suppose that (f,Γ) satisfies (1.1)--(1.5) and (1, 0, . . . , 0) ∈ ∂Γ, and let 
(M, g0) be a smooth compact Riemannian manifold of dimension n ≥ 3 with non-empty 
smooth boundary ∂M . Suppose for some τ0 ≤ 1 and constant ε > 0 that there exists a 
continuous metric gw = w−2g0 satisfying
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fτ0(λ(−g−1
w Agw)) ≥ ε > 0, λ(−g−1

w Agw) ∈ Γτ0

in the viscosity sense on M . Then for each τ ≤ τ0, (3.1) admits a maximal locally 
Lipschitz viscosity solution guτ

= u−2
τ g0 satisfying

lim 
dg0 (x,∂M)→0

dg0(x, ∂M)u−1
τ (x) = 1.

Moreover, if τ < 1 then uτ is smooth and it is the unique solution in the class of 
continuous viscosity solutions satisfying uτ = 0 on ∂M .

Remark 3.1. It is known that (3.1) exhibits better ellipticity properties when τ < 1, 
see e.g. [13,31]. From this point of view, (3.1) for τ < 1 can be viewed as an elliptic 
regularisation of (3.1) for τ = 1.

Remark 3.2. It is routine to verify that for τ = n−2
n−1 , one has (σ1/k

k )τ (λ(−g−1Ag)) =
1 

n−1σ
1/k
k (λ(−g−1 Ricg)). Therefore, the equations mentioned in the introduction that 

were considered by Guan [23] and Gursky, Streets & Warren [29] fall within the scope 
of (1.6).

Following the outline given in the introduction, in the proof of Theorem 1.7′ we will 
first consider the problem (3.1) for τ ≤ τ0 but with positive constant boundary data 
δ > 0: {︄

fτ (λ(−g−1
u Agu)) = 1

2 , λ(−g−1
u Agu) ∈ Γτ on M\∂M

u = δ > 0 on ∂M.
(3.2)

If τ0 < 1, the smooth solution to (3.1) will then be obtained as the limit of solutions to 
(3.2) as δ → 0. If τ0 = 1, we obtain smooth solutions for each τ < 1 with zero boundary 
data in the same way, and a locally Lipschitz viscosity solution to (3.1) with τ = 1 is then 
obtained as a (subsequential) limit of these solutions. Although not needed in the proof 
of Theorem 1.7′, it is also of independent interest to establish the existence of a Lipschitz 
viscosity solution to (3.2) when τ = 1. We will therefore prove the following preliminary 
existence result concerning (3.2), which is equivalent to Theorem 1.10 (note that although 
(3.2) concerns only constant boundary data, a conformal change of background metric 
can be used to transform any Dirichlet boundary value problem with positive boundary 
data into one with positive constant boundary data):

Theorem 1.10′. Assume the same set-up as in Theorem 1.7′. Then for each τ ≤ τ0, 
(3.2) admits a locally Lipschitz viscosity solution. Moreover, if τ < 1 then the solution 
is smooth and it is the unique solution in the class of continuous viscosity solutions.

The existence of a smooth solution in Theorem 1.10′ when τ < 1 will be obtained 
using the continuity method with τ as the parameter. The key is to obtain a priori 
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C1 estimates that are uniform with respect to τ ∈ [0, τ0], followed by a priori second 
derivative estimates that are uniform with respect to τ ∈ [0, τ0] when τ0 < 1 and locally 
uniform with respect to τ ∈ [0, 1) when τ0 = 1. In the case that τ0 = 1, the existence 
of a Lipschitz viscosity solution will be obtained in the limit as τ → 1. In view of the 
counterexamples to C1 regularity when τ = 1 in [48,50], one expects some degeneration 
of second derivative estimates as τ → 1. We now carry about this procedure.

3.2. C0 estimates

In this section we first prove the following global C0 estimate on solutions to (3.2):

Proposition 3.3 (Global C0 estimate). Assume the same set-up as in Theorem 1.7′. Then 
there exist constants C1 = C1(g0, f,Γ, δ) and C2 = C2(δ, w, ε) (with both C1 and C2

independent of τ) such that any C2 solution u to (3.2) with τ ≤ τ0 satisfies

0 < C1 ≤ u ≤ C2 on M.

Remark 3.4. It will be clear from the proof of Proposition 3.3 that C2 is non-decreasing 
as a function of δ and hence bounded from above as δ → 0.

We will use the following well-known existence result in the proof of Proposition 3.3
(and also later in the proof of Theorem 1.10′), whose proof we summarise for the conve
nience of the reader:

Lemma 3.5. Let (M, g0) be a smooth compact Riemannian manifold of dimension n ≥ 3
with non-empty smooth boundary ∂M . Then for each δ > 0, there exists a unique smooth 
solution gv = v−2g0 to the Dirichlet boundary value problem

{︄
Rgv = −2n(n− 1) on M\∂M
v = δ on ∂M.

(3.3)

Proof. Suppose first that the first eigenvalue of the conformal Laplacian of g0 is non
negative. Then g0 is conformal to a metric with nonnegative scalar curvature, which we 
assume without loss of generality to be g0 itself. In this case, the direct method of the 
calculus of variations applies (since the Yamabe functional is both coercive and strictly 
convex) to yield a unique solution to (3.3).

If the first eigenvalue of the conformal Laplacian of g0 is negative, then g0 is conformal 
to a metric with negative scalar curvature, which we assume without loss of generality 
to be g0 itself. Recalling that Rgv = vΔg0v− n

2 |∇g0v|2 +Rg0v
2, we consider for t ∈ [0, 1]

the path of equations
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{︄
vtΔg0vt − n

2 |∇g0vt|2 + Rg0v
2
t = −2n(n− 1)t + Rg0δ

2(1 − t) on M\∂M
vt = δ on ∂M.

(3.4)

Since Rg0 < 0, for each fixed t ∈ [0, 1] any solution to (3.4) is unique. In particular, 
v0 = δ is the unique solution when t = 0. Invertibility of the linearised operator also 
follows from the fact that Rg0 < 0. Existence will therefore follow via the continuity 
method once C0 estimates are established that are independent of t.

To this end, let x0 be a maximum point for vt. If x0 ∈ ∂M , then vt ≤ δ. If x0 ∈ M , 
then Δg0vt(x0) ≤ 0 and ∇g0vt(x0) = 0 and hence

−2n(n− 1)t + Rg0(x0)δ2(1 − t) ≤ Rg0(x0)vt(x0)2.

Since Rg0 < 0, this yields an upper bound for vt(x0) which can clearly be made inde
pendent of t. To obtain the lower bound,3 extend M via a collar neighbourhood N such 
that the solution of Aviles & McOwen [6] to the problem{︄

Rgw = −2n(n− 1) − supM |Rg0 |δ2 on (M ∪N)\∂(M ∪N)
w = 0 on ∂(M ∪N)

satisfies w ≤ δ on ∂M . Then the comparison principle implies vt ≥ w on M . □
We now give the proof of the global C0 estimate in Proposition 3.3:

Proof of Proposition 3.3. Let c = c(δ, w, ε) > 0 be a constant such that c2 ≥ 1 
2ε and 

cw ≥ δ on ∂M . Then

fτ0(λ(−g−1
cwAgcw)) = c2fτ0(λ(−g−1

w Agw)) ≥ 1
2

in the viscosity sense on M . By the comparison principle, it follows that u ≤ cw on M .

To obtain the lower bound for u, first observe that by concavity and homogeneity of 
f , and the normalisation f(1, . . . , 1) = 1, we have

f(λ) ≤ f

(︃
σ1(λ)
n 

e

)︃
+ ∇f

(︃
σ1(λ)
n 

e

)︃
·
(︃
λ− σ1(λ)

n 
e

)︃
= f(e)

n 
σ1(λ) = 1 

n
σ1(λ)

for all λ ∈ Γ. Therefore the scalar curvature of gu satisfies Rgu ≤ −2n(n−1) on M in the 
viscosity sense. Letting v denote the smooth solution to (3.3), the comparison principle 
then implies u ≥ v on M . □
3 One can avoid the use of [6] by an ad-hoc but more elementary construction: in the interior one may 

compare vt to a perturbation of a Poincaré metric on a small ball, and near the boundary one may do 
an explicit construction using the distance function to the boundary. We instead appeal to [6] for a more 
concise argument.
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We point out that although the global C0 estimate in Proposition 3.3 will suffice 
in the proof of Theorem 1.10 (where the positive boundary data is fixed), in order to 
obtain a solution to the fully nonlinear Loewner-Nirenberg problem we will also need an 
interior C0 estimate which remains uniform as δ → 0. This is the content of the following 
proposition:

Proposition 3.6. Assume the same set-up as in Theorem 1.7′, let δ0 > 0 and M ′ ⋐
M\∂M . Then there exist constants C3 = C3(g0, f,Γ,M ′) and C4 = C4(δ0, w, ε) (with 
both C3 and C4 independent of τ) such that any C2 solution u to (3.2) with τ ≤ τ0 and 
0 < δ ≤ δ0 satisfies

0 < C3 ≤ u ≤ C4 on M ′.

Proof. By Remark 3.4, the constant C2 in Proposition 3.3 is non-decreasing as a function 
of δ, and hence the existence of C4 with the claimed dependencies is immediate. On the 
other hand, let v denote the smooth solution to (3.3) with δ = 0, which exists by Aviles 
& McOwen [6]. As observed in the proof of Proposition 3.3, Rgu ≤ −2n(n− 1) on M in 
the viscosity sense, and thus for any boundary data δ > 0 we may apply the comparison 
principle to assert u ≥ v on M . This yields a positive lower bound for u on any compact 
subset of M\∂M , as required. □
3.3. Gradient estimates

We next consider gradient estimates on solutions to (3.2). There are two lines of 
work in this direction: gradient estimates depending on two-sided C0 bounds, and the 
more involved gradient estimates depending only on one-sided C0 bounds. In light of 
Proposition 3.3, it suffices in this paper to work with gradient estimates depending on 
two-sided C0 bounds.

Global gradient estimates on closed manifolds depending on two-sided C0 bounds 
were obtained by Gursky & Viaclovsky in [31] for (f,Γ) = (σ1/k

k ,Γ+
k ) when k ≥ 2. Local 

interior and global gradient estimates depending on two-sided C0 bounds were obtained 
by Guan [23] for solutions to (3.2) for (f,Γ) satisfying (1.1)--(1.4) and τ < 1. Recently, 
Chu, Li & Li [10] obtained the local interior gradient estimate depending on two-sided 
C0 bounds for (f,Γ) satisfying conditions even more general than (1.1)--(1.4) and for all 
τ ≤ 1.

For completeness, let us also briefly mention local interior gradient estimates de
pending only on one-sided C0 bounds. These were first proved by Khomrutai [39] for 
(f,Γ) = (σ1/k

k ,Γ+
k ) when k < n

2 , k = n − 1 or k = n. More recently, Chu, Li & Li [10] 
obtained the local interior gradient estimate depending only on a one-sided C0 bound 
whenever μ+

Γ ̸= 1, and gave counterexamples to such estimates when μ+
Γ = 1. In [14], the 

present authors obtained both a local interior and a local boundary gradient estimate 
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depending only on one-sided C0 bounds when μ+
Γ > 1 and for all τ ≤ 1; see [14, Theorem 

1.8] and the proof of [14, Proposition 3.8], respectively. On the other hand, our recent 
result [15, Theorem 1.5] demonstrates the failure of local boundary gradient estimates 
depending on one-sided C0 bounds which are uniform as δ → 0 when μ+

Γ ≤ 1.

The goal of this section is to prove the following:

Proposition 3.7 (Global gradient estimate). Let (M, g0) be a smooth compact Riemannian 
manifold of dimension n ≥ 3 with non-empty smooth boundary ∂M , and suppose (f,Γ)
satisfies (1.1)--(1.4). Fix τ ∈ (0, 1], positive functions ψ ∈ C∞(M) and φ ∈ C∞(∂M), 
and suppose that u ∈ C3(M) satisfies{︄

fτ (λ(−g−1
u Agu)) = ψ, λ(−g−1

u Agu) ∈ Γτ in M\∂M
u = φ on ∂M.

(3.5)

Then

|∇g0u|g0 ≤ C in M,

where C is a constant depending on n, f,Γ and upper bounds for ∥g0∥C3(M), ∥ψ∥C1(M), 
∥φ∥C1(∂M) and ∥ ln u∥C0(M), but independent of τ .

The main new aspect of Proposition 3.7 is the boundary gradient estimate, as interior 
gradient estimates follow from the recent work of Chu, Li & Li [10]. As pointed out above, 
the proof of local boundary gradient estimates depending on one-sided C0 bounds in [14] 
does not work when μ+

Γ ≤ 1. In this paper we provide a variant of the construction in 
[14] that is valid for any value of μ+

Γ , but depends on a two-sided C0 bound near ∂M . 
The main new ingredient is the following counterpart to [14, Proposition 3.4], which will 
serve as an upper barrier for u near ∂M .

Proposition 3.8. Suppose (f,Γ) satisfies (1.1)--(1.5) and let g0 be a Riemannian metric 
defined on a neighbourhood of the origin in Rn. Fix constants 0 < δ < m. Then there 
exists a constant R = R(g0,m) > 0 such that whenever 0 < R ≤ R(g0,m), r1 =
R
√

1 + δ and r2 = R
√

1 + m, the metric g0 is well-defined on the annulus Ar1,r2 , and 
the conformal metric gv = v−2g0 defined by

v(r) = r2 −R2

R2 (3.6)

satisfies ⎧⎪⎪⎨⎪⎪⎩
f(λ(−g−1

v Agv )) ≥ 1
2 , λ(−g−1

v Agv ) ∈ Γ in Ar1,r2

v(x) = δ on {r = r1}
v(x) = m on {r = r2}.
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Remark 3.9. In the case that g0 is Euclidean, gv is an R-dependent rescaling of the 
hyperbolic metric on the exterior of BR.

Proof. In a fixed normal coordinate system centred at the origin, since v = v(r) > 0 we 
have (see e.g. [14, Appendix B])

(g−1
v Agv)

p
j = v2

(︃
λδpj + χ

xpxj

r2

)︃
+ O(r2)v|vrr| + O(r)v|vr| + O(1)v2 as r → 0,

where

λ = vr
rv

(︃
1 − rvr

2v 

)︃
and χ = vrr

v
− vr

vr

and the big O terms depend only on g0. Therefore

(−g−1
v Agv )pj ≥ −v2

(︃
λδpj + χ

xpxj

r2

)︃
− |Ψ|δpj (3.7)

in the sense of matrices, where |Ψ| = O(r2)v|vrr| + O(r)v|vr| + O(1)v2 as r → 0. Note 
that the eigenvalues of the quantity on the RHS of (3.7) are given by

−(χv2 + λv2 + |Ψ| , λv2 + |Ψ| , . . . , λv2 + |Ψ|). (3.8)

We now compute vr = 2r 
R2 , vrr = 2 

R2 and hence

vr
vr

= 2 
r2 −R2 , 

rvr
2v = r2

r2 −R2 and vrr
v

= 2 
r2 −R2 .

It follows that

λ = − 2R2

(r2 −R2)2 and χ = 0. (3.9)

On the other hand,

|Ψ| ≤ Cr2v|vrr| + Crv|vr| + Cv2 ≤ Cr4

R4 , (3.10)

where here and below C is a constant depending only on g0. Substituting (3.9) and (3.10)
into (3.8), we see that each eigenvalue of −g−1

v Agv satisfies

λi(−g−1
v Agv) ≥ −(λv2 + |Ψ|) ≥ 2R−2 − Cr4

R4 . (3.11)

Now let r1 = R
√

1 + δ and r2 = R
√

1 + m. It is then clear that v = δ on {r = r1}
and v = m on {r = r2}. Moreover, since m is fixed, R may be fixed sufficiently small 
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(depending on g0 and m) so that R ≤ R implies Br2(0) is contained in the region in 
which g0 is defined. Also, by (3.11) we see that in Ar1,r2 each eigenvalue of −g−1

v Agv

satisfies

λi(−g−1
v Agv) ≥ 2R−2 − Cr4

2
R4 = 2R−2 − C(1 + m)2.

Therefore, after taking R smaller if necessary (but in a way that only depends on g0
and m), we have λi(−g−1

v Agv) ≥ 1
2 in Ar1,r2 for each i whenever R ≤ R. Recalling the 

monotonicity of f in (1.4) and the normalisation (1.5), the result then follows. □
We now give the proof of Proposition 3.7, which is a combination of ideas from [10,14]:

Proof of Proposition 3.7. After a conformal change of background metric, we may as
sume without loss of generality that the boundary data φ is equal to a constant δ > 0.

Suppose x0 ∈ M is a point at which the maximum of |∇g0u|g0 is obtained. If x0 is 
an interior point, then one may run the same argument as in the proof of [10, Theorem 
7.1], but instead taking ρ ≡ 1 on M from the outset (note that the function v in [10] 
corresponds to − lnu in our notation). Ultimately, one arrives at equation (62) therein, 
but with all appearances of ρ replaced by 1 and all terms involving derivatives of ρ now 
absent. The crucial point is that the positive term involving |∇v|4 in (62) is unaffected, 
and thus one obtains the desired estimate as in [10].

Now suppose x0 ∈ ∂M . Since u is constant on ∂M , all tangential derivatives of u
vanish on ∂M , and thus we only need to bound ∇νu on ∂M , where ν is the inward 
pointing unit normal to ∂M . As explained in the proof of Proposition 3.3, u ≥ v where 
v is the solution to (3.3), and hence for x ∈ M we have

u(x) − u(x0)
dg0(x, x0) 

= u(x) − v(x0)
dg0(x, x0) 

≥ v(x) − v(x0)
dg0(x, x0) 

,

which implies ∇νu(x0) ≥ ∇νv(x0).

It remains to prove an upper bound for ∇νu, for which we appeal to Proposition 3.8; 
the method is similar to our proof of [14, Proposition 3.3]. First we attach a collar 
neighbourhood N to ∂M such that g0 extends smoothly to a metric on M ∪ N , which 
we also denote by g0. We then let

D = inf 
x∈∂M

dg0(x, ∂(M ∪N))

denote the thickness of N . Fix x0 ∈ ∂M , let δ be as at the start of the proof, let 
m = supM u and take an annulus Ar−,r+(y) such that:

1. y ∈ N ,
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2. r− + r+ < D (i.e. the annulus is contained in M ∪N)
3. Sr−(y) ∩ ∂M = {x0} (i.e. the inner boundary of the annulus touches ∂M at x0),
4. The closed ball Br+(y) is contained in a single normal coordinate chart (U, ζ) mapping 

y to the origin,
5. r−√

1+δ
= r+√

1+m
=·· R, where R ≤ R is sufficiently small so that Proposition 3.8 applies 

(here we are implicitly identifying the annulus with its image under ζ, which is possible 
by Property 4).

In what follows, we continue to implicitly make the identification between Ar−,r+(y)
and its image under ζ. We wish to apply the comparison principle in Ar−,r+(y) ∩ M , 
whose boundary can be decomposed as (Br+(y)∩∂M)∪(Sr+(y)∩M). The function v on 
Ar−,r+(y), as defined in (3.6), satisfies u ≤ v on Br+(y) ∩ ∂M , since v(x0) = δ = u(x0)
and v is radially increasing. Since m = supM u, we also have u ≤ v on Sr+(y) ∩ M . 
The comparison principle then implies that u ≤ v in Ar−,r+(y) ∩ M . Therefore, for 
x ∈ Ar−,r+(y) ∩M we have

u(x) − u(x0)
dg0(x, x0) 

= u(x) − v(x0)
dg0(x, x0) 

≤ v(x) − v(x0)
dg0(x, x0) 

,

which implies ∇νu(x0) ≤ ∇νv(x0), as required. □
3.4. Proof of Theorem 1.10

We now give the proof of Theorem 1.10′ (equivalently Theorem 1.10) using the con
tinuity method:

Proof of Theorem 1.10′. We first consider the case τ0 < 1. Fix α ∈ (0, 1) and define

S = {τ ∈ [0, τ0] : (3.2) admits a solution in C2,α(M)}.

Since (3.2) admits a unique smooth solution when τ = 0 by Lemma 3.5, S is non-empty. 
Moreover, it is well-known (see e.g. [31, Corollary 2.5]) that the linearised operator is 
invertible as a map from C2,α(M) to C0,α(M), and thus S is open. To see that S is closed, 
it suffices to show that solutions to (3.2) admit a C2,α′ estimate for any α ≤ α′ < 1
uniformly in τ ∈ [0, τ0]. The C0 estimate is precisely the assertion of Proposition 3.3. 
We may then apply Proposition 3.7 to obtain the gradient estimate. Since τ0 < 1, we 
may then apply the following global Hessian estimate due to Guan [23, Theorem 3.2] 
(see also the earlier work of Gursky & Viaclovsky [31] in the case (f,Γ) = (σ1/k

k ,Γ+
k ) for 

k ≥ 2): if τ < 1 and u ∈ C4(M) satisfies (3.5) in M , then

|∇2
g0
u|g0 ≤ C in M,

where C is a constant depending on n, f,Γ, (1 − τ)−1 and upper bounds for ∥g0∥C4(M), 
∥ψ∥C2(M), ∥φ∥C2(∂M) and ∥ lnu∥C1(M). See also the proof of [14, Proposition 3.9] for 
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more details. With the C2 estimate established, (3.2) becomes uniformly elliptic, and 
since we assume f is concave in (1.3), we may then apply the regularity theory of Evans
Krylov [16,40,41] to obtain a C2,α′ estimate for any α ≤ α′ < 1. Therefore S is closed 
and hence S = [0, τ0]. Higher regularity follows from classical Schauder theory, and 
uniqueness is a consequence of the comparison principle (see e.g. [14, Proposition 3.7]).

We now consider the case τ0 = 1. In this case, the same argument as above yields 
a unique smooth solution uτ to (3.2) for each τ < 1, and moreover the sequence is 
uniformly bounded in C1(M) by Proposition 3.3 and Proposition 3.7. Therefore, along 
a sequence τi → 1, these solutions converge uniformly to some u ∈ C0,1(M). The fact 
that u is a viscosity solution to (3.2) with τ = 1 follows from exactly the same argument 
as in the proof of [48, Theorem 1.3] -- we omit the details here. □
3.5. Proof of Theorem 1.7

We now give the proof of Theorem 1.7′, from which Theorem 1.7 follows immediately 
as explained at the start of the section.

Proof of Theorem 1.7′. With Theorem 1.10′ established and in view of the recent gra
dient estimates of Chu, Li & Li [10], the proof of Theorem 1.7′ now follows from an 
adaptation of the arguments [14, Section 4], as we describe now.

Let us first consider the case τ0 < 1. For each δ > 0, let uδ denote the smooth solution 
to (3.2) with τ = τ0, whose existence is guaranteed by Theorem 1.10′. We wish to take 
δ → 0 to obtain a smooth solution to (3.1) with τ = τ0. By the comparison principle, 
uδ2 ≤ uδ1 if δ2 < δ1. By Proposition 3.6, ∥ ln uδ∥C0(K) is bounded independently of δ
for any compact K ⋐ M\∂M . With this interior two-sided C0 estimate established, we 
may then appeal to Chu, Li & Li [10, Theorem 7.1] (alternatively one may appeal to the 
earlier gradient estimate of Guan [23, Theorem 2.1], which applies since we are currently 
assuming τ0 < 1) to obtain the gradient estimate on K. The Hessian estimate on K
then follows from Guan [23, Theorem 3.1], which applies since τ0 < 1. Finally, higher 
order estimates follow from the theory of Evans-Krylov [16,40] and classical Schauder 
theory. Therefore, one may send δ → 0 along a subsequence to obtain a smooth positive 
solution to (3.1) (this is the direct counterpart to our existence result [14, Proposition 
4.1]). The existence of a solution satisfying the desired asymptotics (1.14) then follows 
exactly the same proof as [14, Proposition 4.4], and the uniqueness of the solution to 
(1.6) then follows exactly the same proof as [14, Proposition 4.6]. This completes the 
proof of Theorem 1.7′ in the case τ0 < 1.

We now consider the case τ0 = 1. By our argument above, we first obtain for each 
τ < 1 a smooth solution uτ to (3.1). Since the interior C0 estimate in Proposition 3.6
and the interior gradient estimate of Chu, Li & Li [10] depending on a two-sided C0

bound are uniform with respect to τ ≤ 1, it follows that a subsequence {uτi} converges 
locally uniformly in C0,α to some u ∈ C0,1

loc (M, g0) for each α ∈ (0, 1). The fact that u is 
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a viscosity solution to (3.1) follows from exactly the same argument as in the proof of 
[48, Theorem 1.4]. Finally, the fact that u satisfies the desired asymptotics (1.14) and is 
maximal follows exactly the same argument as given in [14, Section 4.4]. This completes 
the proof of Theorem 1.7′. □
Appendix A. Proof of Theorem 2.4

In this appendix we give the proof of Theorem 2.4, which follows the line of arguments 
in [2]; we also provide some additional details at some points in the proof (in particular 
when controlling the size of the image of the harmonic coordinate charts).

We will need the following notion of harmonic radius:

Definition A.1. Let (M, g) be an n-dimensional (n ≥ 3) Riemannian manifold with 
non-empty boundary ∂M . For ℓ ∈ N ∪ {0}, σ ∈ (0, 1), Q > 1 and p ∈ M , we call 
rℓ+σ
har (p, g,Q) ∈ (0,∞] the Cℓ,σ-harmonic radius of (M, g) at p if it is the largest number 

such that for all ρ < rℓ+σ
har , the two statements in Definition 2.3 hold when restricted 

to harmonic coordinate charts. If M is compact, we define the Cℓ,σ-harmonic radius of 
(M, g) by

rℓ+σ
har (M, g,Q) ··= inf 

p∈M
rℓ+σ
har (p, g,Q) > 0.

Equivalently, rℓ+σ
har (M, g,Q) is the largest number such that (M, g) ∈ 𝒩n

har(ℓ + σ, ρ,Q)
for all ρ < rℓ+σ

har (M, g,Q).

It is by now standard to see that the Cℓ,σ-harmonic radius at a given point p is well
defined and positive; in fact, Theorem 2.4 is essentially a quantitative version of this 
assertion.

We also need to extend Definition 2.5 to the notion of pointed Cℓ,σ-convergence:

Definition A.2. A sequence of smooth pointed Riemannian manifolds {(Mk, gk, pk)} con
verges in the pointed Cℓ,σ-topology to (M, g, p) if M is a smooth manifold, g is a Cℓ,σ

Riemannian metric on M , p ∈ M , and the following holds for sufficiently large k. There 
exist:

1. Radii ρk < σk with ρk → ∞ and compact sets Ωk ⊂ Mk, 𝒱k ⊂ M such that

Bρk
(pk) ⊂ Ωk ⊂ Bσk

(pk), Bρk
(p) ⊂ 𝒱k ⊂ Bσk

(p) for all k,

2. Diffeomorphisms Fk : 𝒱k → Ωk which restrict to diffeomorphisms from 𝒱k ∩ ∂M to 
Ωk ∩ ∂Mk and satisfy F−1

k (pk) → p,
3. A locally finite collection of bounded charts on M , such that on each chart (F ∗

k gk)ij →
gij in the Cℓ,σ-topology.
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Definition A.3. Under the same set-up as Definition 2.3, define 𝒩n
∗ (ℓ + σ, ρ,Q) in the 

same way as 𝒩n(ℓ + σ, ρ,Q) but in the class of pointed Riemannian manifolds.

One then has the following extension of Theorem 2.6 (once again we refer to [55, 
Theorem 11.3.6] for the proof):

Theorem A.4. Let n ≥ 3, ℓ ∈ N ∪ {0}, 0 < σ < σ′ < 1, ρ ∈ (0,∞) and Q > 1. Then 
𝒩n

∗ (ℓ + σ, ρ,Q) is precompact in the pointed Cℓ,σ′-topology.

We now give the proof of Theorem 2.4:

Proof of Theorem 2.4. We suppose for a contradiction that there exists a sequence 
{(Mk, ˜︁gk)} ⊂ ℳn

σ(R0, i0, S0,∞) such that r1+σ
har (Mk, ˜︁gk, Q) =·· εk → 0 as k → ∞. We 

then define the rescaled metrics gk = ε−2
k ˜︁gk, which satisfy

r1+σ
har (Mk, gk, Q) = 1 for all k, (A.1)

∥Ric(Mk,gk) ∥L∞(Mk), ∥Ric(∂Mk,gk) ∥L∞(∂Mk), ∥H(∂Mk,gk)∥C0,σ(∂Mk,gk) −→ 0 as k → ∞
(A.2)

and

i(Mk,gk), i(∂Mk,gk), ib,(∂Mk,gk) −→ ∞ as k → ∞. (A.3)

By (A.1), for each k there exists pk ∈ Mk such that

r1+σ
har (pk, gk, Q) < 3

2 . (A.4)

Now, by Theorem A.4 there exists a subsequence (which we still index by k) and a 
pointed Riemannian manifold (M, g, p) such that (Mk, gk, pk) → (M, g, p) in the pointed 
C1,σ′ -topology for each σ′ < σ. Following [2,3], we then have two possibilities:

1. distgk(pk, ∂Mk) → ∞ as k → ∞, in which case (M, g) is isometric to Rn with the 
Euclidean metric, or

2. distgk(pk, ∂Mk) ≤ K < ∞, in which case (M, g) is isometric to Rn
+ with the Euclidean 

metric.

We refer to [2, Lemma 3.2.2] for the proof of this dichotomy, which builds on an argument 
on pages 434-435 of Anderson [3]. We point out that the proof of this dichotomy in [2] 
only requires ∥H(∂Mk,gk)∥L∞(∂Mk) → 0 as k → ∞, and therefore applies in our setting. 
The rest of the proof of Theorem 2.4 proceeds according to whether we are in Case 1 or 
2, so we now consider these cases separately.
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Case 1. Since distgk(pk, ∂Mk) → ∞ as k → ∞, there exist neighbourhoods Uk of pk in 
Mk identified with B5 ⊂ Rn such that, under this identification, pk = 0 and gk → δ in 
C1,σ′(B5). In what follows, the Ck,α norms of scalar functions are implicitly measured 
using the Euclidean distance. Let {xν}1≤ν≤n denote the Cartesian coordinates on Rn, 
and for each k and 1 ≤ ν ≤ n define uν

k via{︄
Δgku

ν
k = 0 in B5

uν
k = xν on ∂B5.

(A.5)

It follows from (A.5) that {︄
Δgk(uν

k − xν) = fν
k in B5

uν
k − xν = 0 on ∂B5,

where

fν
k
··= −Δgkx

ν = − 1 √
det gk

∂i

(︂√︁
det gk gijk ∂jx

ν
)︂

= − 1 √
det gk

∂i

(︂√︁
det gk giνk

)︂
. (A.6)

Now, since gk → δ in C1,σ′(B5), we see that ∥fν
k ∥C0,σ′ (B5) → 0 as k → ∞. Moreover, 

since the leading order term in the Laplace-Beltrami operator Δgk is gijk ∂i∂j , classical 
Schauder estimates for non-divergence form elliptic equations (see e.g. [18, Theorem 6.6]) 
imply

∥uν
k − xν∥C2,σ′ (B5) → 0 as k → ∞. (A.7)

It follows from (A.7) that for sufficiently large k, uk is a local diffeomorphism from B5
onto its image. Moreover,

|uk(y) − uk(z)| ≥ |y − z| − |(uk − x)(y) − (uk − x)(z)|
≥ |y − z| − ∥uk − x∥C0,1(B5)|y − z|

≥ 1
2 |y − z| (A.8)

for sufficiently large k by (A.7), so uk is injective and hence a diffeomorphism onto its 
image for large k. In particular, {uν

k}1≤ν≤n define harmonic coordinates on B5. To assert 
a lower bound on the harmonic radius later in the proof, we also need to control the size 
of the image of uk. We claim that uk(B5) = B5 (and hence, by the boundary data in 
(A.5), uk(B5) = B5) for large k. To see this, first observe by (A.5) that{︄

Δgk |uk|2 = 2
∑︁

ν(uν
kΔgku

ν
k + |duν

k|2) ≥ 0 in B5

|uk|2 = |x|2 = 25 on ∂B5.
(A.9)
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The strong maximum principle therefore implies uk(B5) ⊆ B5. On the other hand, by 
the boundary data in (A.5), uk(∂B5) = ∂B5. Therefore uk(B5) is both open and closed 
in B5, and since it is non-empty, it is therefore equal to B5 as claimed. In particular, in 
combination with (A.7) we also see that

u−1
k converges to the identity map on B5 as k → ∞. (A.10)

Denoting by gij(k) = g−1
k (dui

k, du
j
k) the components of the inverse metric g−1

k with 
respect to the harmonic coordinates, it follows from (A.7) that

∥gij(k) − δij∥C1,σ′ (B5) → 0 as k → ∞,

and hence the components g(k)
ij of the metric gk with respect to the harmonic coordinates 

satisfy

∥g(k)
ij − δij∥C1,σ′ (B5) → 0 as k → ∞. (A.11)

We now wish to upgrade the convergence in (A.11) to C1,σ convergence on a smaller 
ball, namely we claim that

∥g(k)
ij − δij∥C1,σ(B3) → 0 as k → ∞. (A.12)

Once (A.12) is obtained, it follows from (A.10) that r1+σ
har (pk, gk, Q) ≥ 2 for sufficiently 

large k, which contradicts (A.4) and thus completes Case 1 of the proof.

To prove (A.12), we use the well-known fact (see e.g. [11]) that the components g(k)
ij

of the metric tensor in harmonic coordinates {uν
k}1≤ν≤n satisfy the elliptic equation

Δgk(g(k)
ij − δij) = F

(k)
ij

··= Bij(g(k)
lm ,∇g

(k)
lm ) − 2 Ric(k)

ij ,

where Bij is smooth in both arguments. Now, by (A.11) and the L∞ decay of the Ricci 
curvature in (A.2), we know that ∥F (k)

ij ∥L∞(B5) → 0. It follows from interior W 2,p elliptic 

regularity (see e.g. [18, Theorem 9.11]) that ∥g(k)
ij − δij∥W 2,p(B4) → 0 for any p < ∞, 

and hence by the Morrey embedding theorem ∥g(k)
ij − δij∥C1,s(B3) → 0 for each s < 1. In 

particular, (A.12) holds.

Case 2. Let qk ∈ ∂Mk be the point in ∂Mk closest to pk, which is uniquely defined for 
sufficiently large k due to (A.3). By the pointed convergence of (Mk, gk, pk) to (M, g, p)
(where we recall that (M, g) isometric to Rn

+ with the Euclidean metric), after possibly 
passing to a further subsequence there exists q ∈ ∂M = ∂Rn

+ such that distgk(pk, qk) →
distg(p, q). Fixing L ≥ distg(p, q) + 2, we therefore have neighbourhoods Uk of qk in Mk

identified with B+
L+5 = BL+5 ∩{xn ≥ 0} such that, under this identification, qk = 0 and 
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gk → δ in C1,σ′(B+
L+5). We let {xν}1≤ν≤n denote the Cartesian coordinates on Rn

+, so 
that in particular ∂Rn

+ = {xn = 0}.

We construct harmonic coordinates in B+
L+3 as follows. For r > 0, we decompose the 

boundary of B+
r as

∂B+
r = ∂′B+

r ∪ ∂′′B+
r ,

where ∂′B+
r = B+

r ∩ {xn = 0} and ∂′′B+
r = ∂B+

r \∂′B+
r is a hemisphere. For each k and 

1 ≤ ν ≤ n− 1, we first define harmonic coordinates vνk on ∂′B+
L+5 as in Case 1 via

{︄
Δ∂Mk

vνk = 0 in ∂′B+
L+5

vνk = xν on ∂(∂′B+
L+5).

(A.13)

Analogously to (A.7), we have

∥vνk − xν∥C2,σ′ (∂′B+
L+5)

→ 0 as k → ∞ for 1 ≤ ν ≤ n− 1 (A.14)

and hence by the same reasoning as in Case 1, {vνk}1≤ν≤n−1 do indeed define harmonic 
coordinates on ∂′B+

L+5. For each k and 1 ≤ ν ≤ n−1, we now extend the vνk to functions 
uν
k on B+

L+5 via the boundary value problem:

⎧⎪⎪⎨⎪⎪⎩
Δgku

ν
k = 0 in int(B+

L+5)
uν
k = vνk on ∂′B+

L+5

uν
k = xν on ∂′′B+

L+5.

(A.15)

It follows that {︄
Δgk(uν

k − xν) = fν
k in int(B+

L+5)
uν
k − xν = φν

k on ∂B+
L+5,

where fν
k is defined in (A.6) and satisfies ∥fν

k ∥C0,σ′ (B+
L+5) → 0 as k → ∞, and

φν
k
··=

{︄
vνk − xν on ∂′B+

L+5

0 on ∂′′B+
L+5.

Using (A.14), it follows that

∥φν
k∥C2,σ′ (∂′B+

L+5)
→ 0 and ∥φν

k∥L∞(∂B+
L+5)

→ 0 as k → ∞ for 1 ≤ ν ≤ n− 1.

Elliptic regularity on the Lipschitz domain B+
L+5 therefore implies
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∥uν
k − xν∥L∞(B+

L+5)
→ 0 as k → ∞ for 1 ≤ ν ≤ n− 1

and

∥uν
k − xν∥C2,σ′ (B+

L+4)
→ 0 as k → ∞ for 1 ≤ ν ≤ n− 1. (A.16)

To construct the final harmonic coordinate un
k , we simply solve

{︄
Δgku

n
k = 0 in int(B+

L+5)
un
k = xn on ∂B+

L+5,

from which it follows using arguments as above that (A.16) also holds for ν = n. Com
bining the above, we therefore obtain

∥uν
k − xν∥C2,σ′ (B+

L+4)
→ 0 as k → ∞ for 1 ≤ ν ≤ n, (A.17)

and hence by the same reasoning as in Case 1 (see (A.7), (A.8)), {uν
k}1≤ν≤n do indeed 

define harmonic coordinates on B+
L+4, with {un

k = 0} corresponding to {xn = 0} for large 
k. In particular, for such k, uk is a diffeomorphism from B+

L+4 into its image. Once again, 
we must control the size of the image of uk in order to gain control on the harmonic 
radius later in the proof, and indeed we claim that4

B+
L+3 ⊂ uk(B+

L+4) for sufficiently large k. (A.18)

Recall uk|∂′B+
L+5

= vk by (A.15) and vk is defined via (A.13), which mirrors exactly 
the set-up (A.5) in Case 1. Arguing as in Case 1 (see (A.8) and (A.9)), we see that 
vk(∂′B+

L+5) = ∂′B+
L+5 and v−1

k converges to the identity map on ∂′B+
L+5 as k → ∞. 

It follows that for sufficiently large k, ∂′B+
L+3 ⊂ uk(∂′B+

L+4). To complete the proof of 
(A.18), it therefore remains to show int(B+

L+3) ⊂ uk(int(B+
L+4)), or equivalently

int(B+
L+3) ∩ uk(int(B+

L+4)) = int(B+
L+3) for sufficiently large k. (A.19)

By (A.17) and the fact uk(int(B+
L+4)) ⊂ {xn > 0}, the intersection on the LHS of (A.19)

is clearly non-empty for sufficiently large k, and so to prove (A.19) it suffices to show 
that this intersection is both open and closed in int(B+

L+3) for large k. In what follows, 
we fix k sufficiently large so that uk is a diffeomorphism from B+

L+4 onto its image and 

uk(∂′′B+
L+4) ⊂ Rn\B+

L+3. Openness is clear from the fact that uk is a diffeomorphism. 
To see that it is closed in int(B+

L+3), take a sequence {yi} ⊂ int(B+
L+3) ∩ uk(int(B+

L+4))
converging to y ∈ int(B+

L+3). We wish to show y ∈ int(B+
L+3)∩uk(int(B+

L+4)), for which 

4 It follows immediately from (A.17) that u−1
k (B+

L+3) ⊂ B+
L+4 for large k. The claim in (A.18) is that the 

whole of B+
L+3 belongs to the image.
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we must establish the existence of z ∈ int(B+
L+4) such that y = uk(z). Let zi ∈ int(B+

L+4)
be such that yi = uk(zi) for each i. Then, after possibly passing to a subsequence, we 
have zi → z ∈ int(B+

L+4) = B+
L+4 and y = uk(z). Since uk(z) = y ∈ int(B+

L+3) and 

since we have chosen k large enough so that uk(∂′′B+
L+4) ⊂ Rn\B+

L+3, we must have 
z ̸∈ ∂′′B+

L+4. Likewise, since uk(∂′B+
L+4) ⊂ {xn = 0} and uk(z) = y ̸∈ {xn = 0}, we 

must also have z ̸∈ ∂′B+
L+4. Therefore z ∈ int(B+

L+4), as required.

By combining (A.18) with (A.17), we therefore have the following assertion:

u−1
k |B+

L+3
converges to the natural injection of B+

L+3 in B+
L+4 as k → ∞. (A.20)

Denoting by gij(k) = g−1
k (dui

k, du
j
k) the components of the inverse metric g−1

k with 
respect to the harmonic coordinates, it follows from (A.17) that

∥gij(k) − δij∥C1,σ′ (B+
L+4)

→ 0 as k → ∞ (A.21)

and hence the components g(k)
ij of the metric gk with respect to the harmonic coordinates 

satisfy

∥g(k)
ij − δij∥C1,σ′ (B+

L+4)
→ 0 as k → ∞ (A.22)

As in Case 1, we wish to upgrade the convergence in (A.22) to C1,σ convergence on a 
smaller half-ball, namely we claim that

∥g(k)
ij − δij∥C1,σ(B+

L+1)
→ 0 as k → ∞. (A.23)

Once (A.23) is obtained, it follows from (A.20) and the fact L ≥ distg(p, q) + 2 that 
r1+σ
har (pk, gk, Q) ≥ 2 for sufficiently large k, which contradicts (A.4) and thus completes 

Case 2 of the proof.

We split the proof of (A.23) into two steps, following a slightly different presentation 
to that given in [2].

Step 1:

∥gln(k) − δln∥C1,σ(B+
L+2)

→ 0 as k → ∞ for 1 ≤ l ≤ n. (A.24)

Step 2:

∥gij(k) − δij∥C1,σ(B+
L+1)

→ 0 as k → ∞ for 1 ≤ i, j ≤ n− 1. (A.25)

Once we have carried out Steps 1 and 2, we will have shown

∥gij(k) − δij∥C1,σ(B+
L+1)

→ 0 as k → ∞ for 1 ≤ i, j ≤ n,
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from which (A.23) follows easily.

Proof of Step 1. We start by recalling the well-known fact (see e.g. [11]) that the com
ponents glm(k) of the inverse metric tensor in harmonic coordinates {uν

k}1≤ν≤n satisfy the 
elliptic equation

Δgk(glm(k) − δlm) = F lm
(k) ··= Blm(gab(k),∇gab(k)) + 2 Riclm(k) in B+

L+4, (A.26)

where Blm is smooth in both entries. Now, by (A.21) and the L∞ decay of the Ricci 
curvature in (A.2), we have

∥F ln
(k)∥L∞(B+

L+4)
→ 0 as k → ∞. (A.27)

On the other hand, as derived in the proof of [2, Lemma 2.1.2], gln(k) − δln satisfies the 

following Neumann boundary conditions on ∂′B+
L+4:

∇N (gln(k) − δln) =

⎧⎨⎩−2(n− 1)Hkg
nn
(k) if l = n

−(n− 1)Hkg
ln
(k) + 1 

2
√︂

gnn
(k)

gli(k)∂ig
nn
(k) if 1 ≤ l ≤ n− 1, (A.28)

where N = ∇un
k

|∇un
k |

is the upward pointing unit normal field on ∂′B+
L+4. By (A.1) (which 

implies the metrics g(k) and their inverses are uniformly bounded in C1,σ) and the C0,σ

decay of the mean curvature in (A.2), we have that ∥Hkg
nn
(k)∥C0,σ(∂′B+

L+4)
→ 0 as k → ∞. 

In combination with (A.27), elliptic regularity (see [2, Theorem 5.4.1]) therefore yields

∥gnn(k) − δnn∥C1,σ(B+
L+3)

→ 0 as k → ∞. (A.29)

It then follows that the right hand side in the bottom line of (A.28) also converges to 0 
in C0,σ(∂′B+

L+3) as k → ∞, and hence elliptic regularity [2, Theorem 5.4.1] again implies

∥gln(k) − δln∥C1,σ(B+
L+2)

→ 0 as k → ∞ for 1 ≤ l ≤ n− 1. (A.30)

Combining (A.29) and (A.30), we arrive at (A.24), which completes Step 1.

Proof of Step 2. We only need to show

∥gij(k) − δij∥C1,σ(∂′B+
L+2)

→ 0 as k → ∞ for 1 ≤ i, j ≤ n− 1. (A.31)

Indeed, in light of (A.22) and the equation (A.26) satisfied by the inverse metric compo
nents gij(k) in B+

L+2, once (A.31) is established the desired estimate (A.25) again follows 
from elliptic regularity.

To prove (A.31), we start by writing

∇ui
k = ∇Nui

k + ∇Tu
i
k,
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where N = ∇un
k

|∇un
k |

= ∇un
k√︂

gnn
(k)

is the unit upward pointing normal, ∇Nui
k = gk(N,∇ui

k)N

and ∇T denotes the tangential gradient. Note that

∇Nui
k = gk(N,∇ui

k)N = 1 √︂
gnn(k)

gk(∇un
k ,∇ui

k)N =
gni(k)√︂
gnn(k)

N.

Therefore

∥gij(k)−δij∥C1,σ(∂′B+
L+2)

= ∥gk(∇ui
k,∇uj

k) − δij∥C1,σ(∂′B+
L+2)

≤ ∥gk(∇Tu
i
k,∇Tu

j
k) − δij∥C1,σ(∂′B+

L+2)
+ ∥gk(∇Nui

k,∇Nuj
k)∥C1,σ(∂′B+

L+2)

= ∥gk(∇T v
i
k,∇T v

j
k) − δij∥C1,σ(∂′B+

L+2)
+
⃦⃦⃦⃦
gni(k)g

nj
(k)

gnn(k)

⃦⃦⃦⃦
C1,σ(∂′B+

L+2)
. (A.32)

Now, the gk(∇T v
i
k,∇T v

j
k) are the components of the induced metric on ∂′B+

L+2 with 
respect to the harmonic coordinates, and hence the argument in Case 1 tells us that the 
first term on the last line in (A.32) tends to zero as k → ∞. Finally, the second term on 
the last line of (A.32) tends to zero by Step 1. This proves (A.31), which completes the 
proof of Step 2 and hence the proof of Theorem 2.4. □
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