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1 Introduction

The observed distribution of galaxies on the sky provides a plethora of cosmological informa-
tion, both on the evolution of the Universe, large-scale structure (LSS), and on the formation
mechanism of primordial fluctuations [1–3]. To interpret these observations however, we need
to relate the observed galaxy sky positions (denoted by ñ) and redshifts (denoted by z̃) to the
underlying space-time and matter distribution, a relation which is non-trivial even on very
large scales: apart from galaxy bias, this includes selection effects (e.g. the large-scale structure
effects on observability) and the mapping from the galaxy rest frame to observed sky positions
and redshifts [see 4, for a detailed review of all these contributions]. On large scales, the latter,
commonly known as “relativistic effects” as they are not captured by Newtonian physics, are
not necessarily suppressed relative to the commonly included galaxy bias and redshift-space
distortion contributions [see 5, for a review of the linear-order relativistic effects].

Since relativistic effects are only important on large scales, where perturbations are small,
we can adopt a perturbative expansion in the space-time and matter sectors. The formalism
for studying relativistic effects at linear order was developed originally in refs. [6–10]; these
include the contributions from gravitational lensing (leading to magnification of light flux and
distortions of the galaxy clustering), peculiar velocities, and wide-angle effects, which have
all been incorporated [11–37]. At second order, however, many additional contributions exist,
due to quadratic terms as well as post-Born terms in the solution of the geodesic equation.
While the second-order expression for, e.g., the cosmological distance-redshift relation remains
compact [38–41], the corresponding results for the observed galaxy over-density field δobs

g

are significantly more complex, typically resulting in hundreds of terms in expressions for
δobs

g [42–47]; a direct comparison between different expressions in the literature is highly
non-trivial and has not yet been performed. Nevertheless, given a proper definition of the
density and observer’s co-ordinates, a well-defined prediction for δobs

g exists to which all
calculations must converge.

Given the complexity of the expressions, validation tests are highly desirable. One
important such test is the invariance of δobs

g under perturbative transformations of the space-
time co-ordinates, so-called gauge transformations [47]. Other tests include symmetric setups
where independent, simpler derivations are possible, such as a curved FLRW space-time. The
linear-order relativistic expression for δobs

g has been shown to pass these tests [10], but no
such tests on the full second-order δobs

g have been presented in the literature.
Clearly, approaches that simplify and make the calculation more transparent are highly

desirable in this case. One option is to choose suitable co-ordinates, such as the geodesic
light-cone gauge, which has been applied to the calculation of redshift and luminosity distance
at linear and second order [48–54]. An alternative route is by simplifying the observables
themselves, employing the “cosmic rulers” and the “cosmic clock” introduced in refs. [5, 55, 56].
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The cosmic ruler and the cosmic clock refer to putative objects with in-principle knowable
intrinsic shape and proper age, respectively. Cosmic rulers, in particular, provide an efficient
and fully relativistic approach to derive key observables relevant for large-scale structure,
such as magnification, shear, and the volume element corresponding to an observed solid
angle and redshift interval. The central idea is to consider two space-time events near the
source, separated by a known infinitesimal space-like distance in the source’s rest frame.
By mapping this separation to angular and redshift differences as measured by a distant
observer, one can isolate the relevant relativistic distortions, be they shear/magnification,
line of sight, or mixed between transverse and line-of-sight components. These rulers describe
the distortion of shapes and time-keeping devices between the source’s rest frame and the
observer’s past light-cone, making them observable, gauge-invariant, and consistent with
the equivalence principle.

The cosmic rulers can be classified uniquely, in terms of their transformation properties
under rotations around the line of sight, into scalars, vectors, and tensors. In this paper,
we calculate the scalar cosmic rulers and the cosmic clock, at second order in cosmological
perturbation theory; these pertain to the distortion along the line of sight, denoted by C, the
magnification, denoted by M, and the distinction between age as inferred from the observed
redshift (via a fiducial FLRW background), and the proper age of the source, as measured
locally in its rest frame, denoted by T .

Ref. [57] established a fully covariant (relativistic), non-linear relation between the
observed galaxy over-density, δobs

g , and the cosmic rulers and clocks (see section 2.3). The
ruler observables computed here are sufficient to obtain a second-order expression for the
volume-element, an ingredient for the observed galaxy over-density field, while vector and
tensor cosmic rulers are only needed explicitly at first order. Besides the volume element,
δobs

g requires (1) a boost from source’s rest-frame to a fixed observed-redshift frame [5], and
(2) the galaxy bias expansion in the source’s rest-frame [58]. It is worth noting that, ranking
by the number of independent contributions, the volume element is the most complicated
ingredient of δobs

g .
The practical advantage of the approach proposed in ref. [57] is that δobs

g is broken up
into many smaller gauge-invariant components, each of which is individually observable. We
are then able to test the expression for each of the rulers individually — these expressions
are much simpler than the full expression for δobs

g .
The calculation of the cosmic rulers and clock is kinematical in the sense that we only

need a given space-time gµν(x) which, following the discussion above, is assumed to be
perturbatively close to an FLRW background. We neither need to make assumptions about
the matter content of the Universe, nor about the validity of GR. Nevertheless, for all
numerical results we will assume a ΛCDM background.

The lengthy (yet manageable) calculation can be further divided into several steps, which
are reflected in the sections of the paper:

• We define the cosmic clock T and, for computational purposes, introduce two different
definitions of the cosmic rulers based on the pull-back of the spatial metric to the
observer’s light-cone (section 2). The first recovers the original proposal by [55], while the
second definition, following [57], is more computationally convenient. Both definitions
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are related by a unique, gauge-invariant, non-linear relation, and furthermore agree at
linear order in perturbations.

• We then solve the null geodesic equation, to find the trajectory of light from the source
to the observer (section 3), which also yields the observed redshift (section 4.1). We
also derive the time-like geodesics of the source and the observer, and their proper
times at the moments of emission and observation (section 5). Given the solution for
the null geodesic, all quantities of interest can be expressed in terms of the observed sky
position and redshift (which we phrase more conveniently via an “inferred position”).

• The redshift and the proper age of source and observer allow us to find an expression
for the cosmic clock (section 5), which is complete up to second order in perturbations.

• The cosmic clock and rulers are computed at second order in perturbations (section 6).
The resulting expressions for the cosmic rulers and clock are all written in terms of
inferred co-ordinates.

• In section 7 we describe how one can practically use the results of this paper, by
providing a Mathematica notebook where they are implemented.

A key element of this work is a sequence of validation tests of our expressions for T ,
C and M, individually. We test the expressions for the following three distinct cases; the
symbols below refer to the perturbed FLRW metric defined in eq. (1.1).

1. Spatially and temporally constant potential (scalar space-time perturbation) at second
order: a constant potential can be absorbed by a global co-ordinate re-definition, and
hence cannot affect the observable rulers and clocks. We verify explicitly that this is the
case. This test validates all contributions that involve terms such as Φ,Φ2,Ψ,Ψ2, . . . as
well as integrals thereof.

2. Gradient mode at second order: by performing a co-ordinate transformation up to
O(x2, η2) on an unperturbed space-time, we obtain a non-trivial perturbed metric
which, at linear order in perturbations, essentially corresponds to a pure-gradient
mode Φ(x) = A · x. We show that all scalar rulers indeed remain zero for such a
space-time perturbation. This complex test validates all contributions that involve
spatial derivatives, such as ∂iΦ, ∂iΦ∂iΦ, . . ., of which there is a large number.

3. Curved FLRW background (separate universe): thanks to the highly symmetric space-
time, it is straightforward to compute the perturbation to the cosmic-ruler quantities
that result when interpreting a curved FLRW space as a deviation from a flat FLRW
background, with Euclidean spatial geometry. Conversely, in the small-curvature
limit, a curved FLRW background can be expanded around the Euclidean background,
resulting in a specific perturbed background with time-dependent potentials Φ(η),Ψ(η).
Specialising the ruler perturbations to this perturbed background should yield agreement,
order by order in curvature, with the curved-background calculation. We show our
second-order expressions also pass this test case, which probes in particular time
derivatives of the potentials, or their time integrals.
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The Mathematica notebook we provide with publication of this paper performs all three
tests. We summarise the results and discuss them in section 8.

Symbols and special notations used in this paper are listed in the table in appendix G.
Our perturbed FLRW metric is given by

ds2 = a(η)2
[
−(1 + 2Ψ)dη2 + 2ωidηdxi +

(
δij − 2Φδij + 1

2hij

)
dxidxj

]
≡ gµνdxµdxν ,

(1.1)

expressed in terms of the co-moving co-ordinates xi and the conformal time, which is related
to the cosmic time t by dt = adη. Here, the scalar potentials Ψ and Φ include both first-
and second-order contributions, while we take ωi and hij to be purely second order. That is,
any primordial vector and tensor modes are treated only to linear order throughout. Note
that we do not require the metric to be in Poisson gauge, i.e. ωi and hij need not necessarily
be transverse and transverse-traceless at second order.

2 Cosmic clock and ruler observables

Before embarking on the calculations involved in the solution of the geodesic equations, let
us first describe the two relevant co-ordinate systems for this work. Let gµν be the metric
tensor, uµ be the 4-velocity field of the source (where we assume that the source and the
observer are co-moving with the galaxies) and kµ be the wave 4-vector of the light travelling
from the source to the observer.

Suppose that we have a global co-ordinate system xµ = (η,x) on a space-time manifold
M. A source emits light at xµ

e = (ηe,xe), which is received by the observer at xµ
o = (ηo,xo).

For convenience, we say that the observer assigns to the source an inferred space-time position

x̃µ(ñ, z̃) = (η̃, x̃) = (ηo − χ̃, χ̃ñ) (2.1)

based on the observed redshift z̃ and sky position ñ via a putative FLRW background
described by the metric a2(η̄)

(
−dη̄2 + γijdxidxj

)
. The spatial metric γij is non-trivial if

one does not use Cartesian co-ordinates, even for a flat FLRW background. This defines
the observer’s inferred co-moving co-ordinates x̃i = χ̃ñi, where χ̃ ≡ χ(z̃) is the co-moving
distance inferred from a measurement of z̃.

We reserve an over-line to denote the background relation between cosmic time and
conformal time: η(t) is the background cosmic-time-to-conformal-time relation, and t(η) is
its inverse. For simplicity, we keep the background scale factor a as either a function of
conformal time η, or of cosmic time, i.e.

a(t) = a(η(t)). (2.2)

Throughout, we denote the proper time of co-moving observers by τ , and the proper time
of the observer at observation as τo. We normalise the scale factor via the condition that
the observer makes measurements at a(τo) = a(ηo) = 1 where ηo ≡ η(τo). Additionally,
derivatives with respect to η will be denoted by a prime, i.e. df(η)/dη = f ′(η), while
cosmic-time derivatives are denoted by a dot: df(t)/dt = ḟ(t).

– 5 –
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Note that x̃µ are space-time co-ordinates on the observer’s past light cone Στo and,
therefore, only three components of x̃µ are independent, since ηo − x̃0 = |x̃|. For the
calculation in terms of global co-ordinates, we define the total displacements ∆xµ via [5]

∆xµ ≡ xµ
e − x̃µ . (2.3)

We also use the source’s freely-falling reference frame, where we require the transformation
between how lengths (and time-intervals) are measured in that frame, and how they would
be interpreted by the observer, in the inferred co-ordinate system x̃µ. We do so by utilising
the cosmic rulers and the cosmic clock introduced by refs. [5, 55, 56], whose non-linear
definitions we give now.

2.1 Cosmic clock

The cosmic clock is defined, non-linearly, as [56, 57]

T = ln
(
a(η(τe))

ã

)
, (2.4)

where a(η(τe)) is the background scale-factor-to-time relation evaluated at the proper time of
the source at emission. We can conveniently separate T into two contributions, by introducing
ae = a(ηe) = a

(
x0

e

)
, the co-ordinate time at the space-time location of emission,

T = ln
(
a(τ)
a (x0

e)

)
+ ln

(
a
(
x0

e

)
ã

)
≡ ln (1 + ∆a,τ ) + ln (1 + ∆a,e) (2.5)

where
ã =

(
1 + z̃

)−1 (2.6)

is the scale factor inferred by the observer, and ∆a,τ ≡ a(τ)/a
(
x0

e

)
−1 and ∆a,e ≡ a

(
x0

e

)
/ã−1

have been introduced to streamline subsequent calculations. Note that only the sum of the
two contributions is co-ordinate invariant and observable, and that T → 0 in the limit in
which the source coincides with the observer; this reflects the fact that the scale factor is
normalised such that a(τo) ≡ 1.

A cautionary remark is in order here: at the conformal time co-ordinate ηo of the
observer’s position, the scale factor a(ηo) ̸= 1 in general because the observer’s proper time τo

is different from the proper time read off from the conformal time co-ordinate: τo ̸= t(ηo). This
will become fully clear once the source and observer geodesics are discussed in section 3 below.

Additionally, note that a(η(τe)) is not the same as a(η), because the latter is the
background function a(η) evaluated at the global co-ordinate η, rather than at the proper
time τe of the source at emission. These two differ, because η(τe) depends on the past
time-like geodesic of the source, while η is just its current co-ordinate position.

2.2 Cosmic rulers

Ref. [55] defined the cosmic rulers by considering the induced metric gs on constant-proper-
time surfaces, intersecting the source’s geodesic. By definition, these are orthogonal to the
source 4-velocity uµ. The mapping of infinitesimal distances in the source’s rest frame (i.e. on
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a fixed-proper-time-surface) to those estimated by a distant observer can be conveniently
derived by defining suitable differential forms. These will help us to translate the physically
intuitive picture of bridging together local, infinitesimal rulers without the need for an explicit
ruler length. Concretely,

1. We introduce the embedding map i : Στo → M, which defines the pull-back i∗ of
differential forms.

The pull-back of the spatial metric for the source is key to the implementation of the local,
infinitesimal ruler approach. We can proceed in two distinct ways. The first option generalises
the approach taken by ref. [55] at linear order in perturbations:

2. We pull the spatial metric gs ≡ (gµν + uµuν)dxµ ⊗ dxν back to Στo ,

i∗gs =
(
gµν + uµuν

)∂xµ

∂x̃i

∂xν

∂x̃j
dx̃i ⊗ dx̃j (2.7)

≡ g̃ij dx̃i ⊗ dx̃j ,

where x̃i denote the observer’s inferred co-moving co-ordinates and ⊗ is a tensor product.

3. We decompose dx̃i ⊗ dx̃j onto directions parallel and perpendicular to ñi, using the
basis (ñ, ẽ1, ẽ2), which is orthonormal with respect to the metric γij : γijñ

iñj = 1,
γij ẽ

i
I ẽ

j
J = δIJ and γijñ

iẽj
I = 0 etc., where I, J ∈ {1, 2} and ẽi

I is the ith (contravariant)
component of ẽI in the co-ordinate basis ∂̃i ≡ ∂/∂x̃i. Introducing the 1-forms dx̃∥ ≡
ñidx̃i and dx̃I ≡ γij ẽ

i
Idx̃j , we arrive at

i∗gs = g̃∥∥ dx̃∥ ⊗ dx̃∥ + 2g̃∥I dx̃∥ ⊗ dx̃I + g̃IJ dx̃I ⊗ dx̃J . (2.8)

Alternatively, one could also project dx̃i ⊗ dx̃j onto a complex (helicity) basis.

4. The components of the pulled-back metric tensor i∗gs are given by

g̃∥∥ = g̃ijñ
iñj (2.9)

≡ ã2(1 − C
)2 ;

g̃∥I = g̃ijñ
iẽj

I

≡ −ã2BI ;
g̃IJ = g̃ij ẽ

i
I ẽ

j
J

≡ ã2 (δIJ − 2AIJ) ,

where AIJ is a 2 × 2 symmetric matrix. The parametrisation (2.9) is chosen for
consistency with ref. [55]. The rulers (C,BI ,AIJ) can be used by the observer to
measure deviations from the putative FLRW background on Στo .

Alternatively,

2. We introduce an orthonormal tetrad sα = sµ
α∂µ at the source such that the co-tetrad

sα = s
α
µdxµ satisfies s0

µ ≡ uµ. Therefore, the spatial part of the metric, in the source
co-moving frame, is given by gs = δij s

i ⊗ sj .

– 7 –



J
C
A
P
1
0
(
2
0
2
5
)
1
0
5

3. Given a null geodesic that connects the source and the observer, the co-tetrad fields
si can be decomposed onto directions parallel and perpendicular to the photon wave-
vector of that geodesic at the source, ks = kµ

s ∂µ, before we pull back gs. Concretely,
we define s∥ ≡ n̂sis

i through the requirement s∥(ks) =
√
gs(ks, ks). We introduce also

sI ≡ δij ŝ
i
I s

j , where I = 1, 2 and ŝ
j

I are determined by sI(k) = 0 and the conditions
that the co-tetrad fields s∥, sI are orthonormal. The spatial metric becomes

gs = s∥ ⊗ s∥ +
∑

I

sI ⊗ sI . (2.10)

The advantage of this decomposition with respect to ks lies in the fact that the parallel
transport of the tetrad fields (s∥, s1, s2) along the photon geodesic can always be
arranged to yield tetrad fields aligned with (ñ, ẽ1, ẽ2) at the observer’s position.

4. We pull the spatial metric back to Στo :

i∗gs =
(
i∗s∥)⊗

(
i∗s∥)+

∑
J=1,2

(
i∗sJ)⊗

(
i∗sJ) ; (2.11)

and we decompose the 1-forms (i∗s∥) and (i∗sI) onto directions parallel and perpendic-
ular to ñi. This defines the cosmic rulers C, DI , D̂I and AI

J :

i∗s∥ ≡ ã
[
(1 − C)dx̃∥ − DJdx̃

J ] (2.12)

i∗sJ ≡ ã
[

− D̂Jdx̃∥ +
(
δJ

K − AJ
K

)
dx̃K]

where again J,K = 1, 2 label the two independent directions transverse to ñ. We
remark that the capitalised upper index J in the second equation above can be lowered
trivially — by the Euclidean metric δIJ — so henceforth we will make no distinction
between AJ

K and AJK , or D̂J and D̂J .

Substituting the relations (2.12) into equation (2.11) and comparing with the parametri-
sation (2.9), we find(

1 − C
)2 =

(
1 − C

)2 +
∑

J

D̂JD̂J

BI =
(
1 − C

)
DI +

∑
J

(
δIJ − AIJ

)
D̂J

AIJ = 1
2

[
δIJ − DIDJ −

∑
K

(δIK − AIK) (δJK − AJK)
]
.

(2.13)

These relations hold non-linearly, and all variables appearing here are individually gauge-
invariant. To first order, we therefore find

C = C,

BI = DI + D̂I ,

AIJ = AIJ ,

(2.14)

while the two sets of rulers differ at second order. In particular, AJK is not symmetric
at second (and higher) order.
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We further decompose AIJ (respectively AIJ) into its trace, M ≡ tr AIJ (respectively
M ≡ trAIJ) and tensor parts, viz.

AIJ ≡

M/2 + γ1 γ2

γ2 M/2 − γ1

 , (2.15)

and similarly for its 1-form counterpart. Let us remark here that while AIJ is necessarily
a symmetric matrix — because it is a reduced metric — AIJ is not necessarily symmetric
(see [52] and the discussion in section 6). Finally, we introduce the symmetrised combination
of DI and D̂I via

BI ≡ DI + D̂I . (2.16)

Therefore, BI = BI at linear order.
The two implementations of the cosmic rulers presented above are completely equivalent.

The advantage of the first implementation is the direct connection of the “metric rulers”
(C,BI ,AIJ) to the observables (see below). The advantage of the second implementation and
its set of rulers (C,BI ,AIJ), the “1-form rulers”, is simpler calculations, as will shortly be
apparent from the volume form induced by i∗gs (see section 2.3).

The ruler observables can be calculated in any chosen co-ordinate system. For example,
in the geodesic light-cone gauge, they become particularly simple, as, in the notation of [48],
we have, essentially, (i∗gs)∥∥ = (Υ + U)2, (i∗gs)∥I = −UI , (i∗gs)IJ = γIJ . In the following,
we proceed directly in terms of an FLRW space-time perturbed by scalar perturbations
at second order.

Let us comment on the relation to the Sachs formalism [59, 60]. That formalism usually
relies on a fully null basis (as also done in ref. [57]), and thus differs from the tetrad used
here. Nevertheless, both approaches give the same result for the transverse rulers (because
just as a complex helicity basis can be used in place of ẽI , a null one is also suitable). This
equivalence is shown in ref. [52, around equation (2.5)]. The advantage of the ruler formalism
is that it also naturally incorporates line-of-sight observables.

2.3 Relation to galaxy number counts and magnification

The cosmic rulers defined above are directly related to a number of cosmological observables.
In particular, ref. [57] expressed the relativistic observed galaxy over-density field δobs

g in
terms of the cosmic rulers. Their equation (3.26) shows that, to determine the volume
distortion contribution to δobs

g at second order, only T , C and M (or C and M) are required
at second order, viz.

1 + δobs
g

1 + δor
g

=
[
1 + T Θ(ã)

H̃
+ T 2

2

([Θ(ã)
H̃

]2
+ d

d ln ã
Θ(ã)
H̃

)]
det (i∗gs) , (2.17)

where Θ(ã) is defined as the rate of change (with respect to the source’s proper time) of
the logarithm of the volume V0 of an infinitesimal ruler,

Θ(ã) ≡ 1
V0

dV0
dτ , (2.18)
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δor
g is the galaxy over-density on constant-observed-redshift hyper-surfaces, and the deter-

minant det (i∗gs) reads

det
(
i∗gs

)
= ã3

∣∣∣∣∣∣∣∣∣det


1 − C −D1 −D2

−D̂1 1 − A11 −A12

−D̂2 −A21 1 − A22


∣∣∣∣∣∣∣∣∣

= ã3

∣∣∣∣∣∣∣∣∣det


(1 − C)2 −B1 −B2

−B1 1 − 2A11 −2A12

−B2 −2A21 1 − 2A22


∣∣∣∣∣∣∣∣∣
1/2 (2.19)

in the co-ordinates (x̃∥, x̃I). This makes clear that BI (or DI , D̂I) need only be known at
first order to derive the second-order galaxy number counts (they do not appear in the boost
from rest-frame to constant-observed-redshift frame, or the rest-frame bias expansion).

Another important example is the magnification µ, which measures the change of an
infinitesimal area element perpendicular to the photon wave-vector kµ. It is generally given by

µ−2 = det(δIJ − 2AIJ) (2.20)

= (1 − M)2 − 4
(
γ2

1 + γ2
2

)
.

At first order, this simplifies to µ = 1 + tr AIJ ≡ 1 + M, and the relation given in [5].

3 Geodesic equation

Having defined the observer’s inferred co-ordinate system (on the past light-cone), the cosmic
clock and the cosmic rulers, we now proceed to derive explicit expressions for (T , C,BI ,AIJ)
to second order in perturbations, after solving the geodesic equation for the observer, the
source, and the propagation of light from the source to the observer.

3.1 Perturbed FLRW space-time

Our physical metric is given in eq. (1.1). Null geodesics, in particular the light path from
the source to the observer, can be obtained equivalently (and more simply) by integrating
the geodesic equation for the conformally-transformed metric

ds2
conformal = −(1 + 2Ψ)dη2 + 2ωidηdxi +

(
δij − 2Φδij + 1

2hij

)
dxidxj . (3.1)

Without loss of generality, we can describe both source and observer geodesics as being
described by a 4-velocity field

uµ = a−1(1 − Ψ + δu, vi) . (3.2)

Here,

δu = v2 + 3Ψ2

2 (3.3)

follows from the normalisation condition: u · u = −1.
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3.2 Photon geodesic

Let λ be the affine parameter of the 4-trajectory xµ
lc(λ) of light from the source to the observer,

so that kµ = dxµ
lc/dλ becomes its wave-vector. To match existing first-order calculations

in the literature [5, 10, 55, 56], we choose λ to be the radial co-moving co-ordinate χ = |x|
(whence dx0

lc/dλ < 0). Furthermore, we fix χ = 0 at the observer’s position. The geodesic
equation is thus given by

d2xµ
lc

dχ2 ≡ dkµ

dχ = −Γµ
αβk

αkβ , (3.4)

where the Christoffel symbols of the conformally-transformed metric (3.1) are listed to second
order in appendix A. One benefit of using the conformally equivalent metric (3.1) is that the
Christoffel symbols are zero at the zeroth (background) order, and only begin to contribute
from the first (linear) order onward. This allows us to solve equation (3.4) iteratively. At
zeroth order, the solution is

xµ
lc,(0)(χ) =

(
η0 − χ, ñiχ

)
. (3.5)

We shall parametrise the higher-order contributions as

kµ ≡ (−1 + δν, ñi + δni) . (3.6)

Up to second order in the perturbations, the geodesic equation is

dkµ
[2]

dχ = −Γµ,(1)
αβ kα

[1]k
β
[1] − Γµ,(2)

αβ kα
(0)k

β
(0) , (3.7)

where we denote by Q[n] or Q[n] the evaluation of a quantity Q up to order n included,
whereas Q(n) or Q(n) denotes the order n term in Q.

To obtain the photon trajectory from the source to the observer, we must integrate the
geodesic equation (3.4), which is a set of 4 equations for δν(χ) and δni(χ). We describe
the boundary conditions for these equations in section 3.3 and section 3.4, before writing
them down and formally integrating them in section 3.5.

3.3 Source and observer geodesics

Both the source and the observer are assumed to be co-moving with the same time-like
velocity field uµ, given by equation (3.2). The final condition for the geodesic equation
is that the source emitted its signal at xµ

e , which is received by the observer at proper
time τo, with observed redshift z̃ and from a sky-direction ñ; the observer is situated at
a global-co-ordinate position xµ

o ≡ (η0,0).
Let us start with the proper time of the source at emission, i.e. the proper age of the

source: the proper age increment is

dτ =
√

−gµν
dxµ

dη
dxν

dη dη , (3.8)
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with

−gµν
dxµ

dη
dxν

dη = a2
[
(1 + 2Ψ) − 2ωiv

i

1 − Ψ + δu
− v2(1 − 2Φ)

(1 − Ψ + δu)2 − 1
2hij

vivj

(1 − Ψ + δu)2

]
≈ a2

(
1 + 2Ψ − v2

)
(3.9)

to second order. Let xs(η) ≡ xe + δxs(η) be the source’s geodesic, where xµ
e ≡ (ηe,xe)

is the source’s position (in the global co-ordinate system) at emission. To first order,
x ′

s = v(xs, η) ≈ v(xe, η), whence

δxs(η1) =
∫ η1

0
v(xe, η2)dη2 −

∫ ηe

0
v(xe, η2)dη2 , (3.10)

assuming 0 ≤ η1 ≤ ηe. The second term on the right-hand side encapsulates the boundary
condition xs(ηe) = xe, i.e. the source is at the global co-ordinate position xe at the (conformal)
time of emission. Summarising,

τ(ηe,xe) =
∫ ηe

0

(
1 + Ψ(xe, η) + ∂iΨδxi

s(η) − 1
2Ψ2(xe, η) − 1

2v
2(xe, η)

)
a(η)dη (3.11)

is the source’s proper time at emission to second order in perturbations.
Specialising the above to the observer, we can find the difference between τo and t0 ≡ t(η0).

Defining δτo ≡ τo − t0, we have

δτo =
∫ η̃0+∆η

(1)
0

0

(
Ψ(0 + ∆x(1)

0 , η′) + ∂iΨδxi
o(η′) − 1

2Ψ2(0, η′) − 1
2v

2(0, η′)
)
a(η′)dη′ .

(3.12)
The displacement of the space-time co-ordinates of the observer is defined, as in equation (2.3),
by ∆xµ

o ≡ xµ
o −x̃µ

o ; and δxi
o(η) is the (first-order) displacement of the observer’s past trajectory

relative to their spatial co-ordinate position xo = 0. To first order, δxi
o(η) is given by

δxo(η1) =
∫ η1

0
v(0, η2)dη2 −

∫ η0

0
v(0, η2)dη2 , (3.13)

where the second term ensures that δxo(η0) = 0, and we chose the spatial origin of co-ordinates
as xo = 0. The expression for δτo seems, prima facie, to contain terms that have not yet been
calculated, viz. ∆xµ

(1), and whose values depend on δτo itself. However, they only appear at
second order, and themselves are required only to first order, so in fact equation (3.12) is not
circular. Furthermore, this procedure has already been followed in refs. [5, 55] to first order,
so one may simply use their expressions for ∆xµ

(1) (or all other first-order quantities) here.

3.4 Boundary conditions at observer

The boundary conditions δνo, δni
o to the photon geodesic equation (3.4) are set by requiring,

at all orders in perturbation theory, that photons have an observed in-coming direction ñ on
the sky, and a certain observer-frame frequency. The value of the latter is irrelevant, as only
the ratio between emitted (in the source rest frame) and observed frequency matters, which is
1 + z̃. Hence, we can simply set the observed frequency to unity. We can construct a normal
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Fermi tetrad by using the observer’s four-velocity as the time-like component, eµ
0 = uµ, and

orthogonal spatial unit vectors eµ
i . In terms of this tetrad, the boundary conditions are

1 = (gµνe
µ
0k

νa−2)o (3.14)

ñi = (gµνe
µ
i k

νa−2)o , (3.15)

(the conversion from a tetrad index to a co-ordinate index for ñ is trivial) where the components
eµ

a are calculated explicitly in appendix B. These boundary conditions thus become a system
of linear equations in δνo and δni

o, which we can write as

A

 δνo

δni
o

 = b , (3.16)

with solution A−1b. The 4-vector b starts at first order, while the 4 × 4 matrix A starts
at zeroth order. Since A−1 is multiplying a first-order perturbation, we need only evaluate
it at first order. Explicitly, we have

A−1 =

 1 − Ψ −vj

vj −δk
j − Φδk

j

 , (3.17)

and

b =

 (1 + 2Ψ)e0
0 + ω∥ + (1 − 2Φ)v∥ − ao

(1 + 2Ψ)e0
i − ωi + (1 − 2Φ)ek

i ñk + 1
2hikñ

k − ñiao

 . (3.18)

Here and throughout, ξ∥ ≡ ñiξi for any 3-vector ξi. Upon setting δao ≡ ao−1, where ao ≡ a(ηo)
(recall that in general the observer’s global co-ordinate ηo is different from η(τo)), we obtain

δνo = (A−1b)0 = Ψo − δao + vo,∥ − 3Ψ2
o + δuo − Φovo,∥ + ωo,∥ − v2

o − vo,∥Ψo (3.19)
+ δao(Ψo + vo,∥)

δijδn
j
o = (A−1b)i = (Ψo + vo,∥ − δao)vo,i − (1 − Φ)aoe

k
i ñk + ñi(1 + Φo) + (1 + Φo)ñiδao

−
(
aoe

0
i + (Φo + 2Ψo)vo,i − ωo,i − 2Φ2

oñi + 1
2ho,ikñ

k
)

(3.20)

= −vi − viδao + 1
2viv∥ − 1

4h
k
i ñk + Φñi + 3

2Φ2ñi + δaoñi(1 + Φ)

after substituting eµ
i from appendix B to second order.

To parametrise the scale factor a with the cosmic time t, we define a(t) = a(t̄(τ) − δτ)
with t̄(τ) ≡ τ and δτ = τ − t and arrive at the expansion

a(t)
a(τ) = 1 −H(τ)δτ + ä(τ)

2a(τ)δτ
2 + . . . , (3.21)

where H(τ) ≡ H(η(τ)), and H is the background Hubble constant. This can be used to
find an explicit expression for the perturbation δao to the scale factor upon setting t = to
and τ = τo in equation (3.21), viz.

δao = H(τo)(to − τo) + ä(τo)
2 (to − τo)2 + . . . . (3.22)
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3.5 Second-order shifts

We solve the geodesic equation (3.4) perturbatively to second order. The linear (first) order
perturbation solution has been presented in the literature, for example in ref. [55]. To find
the second-order solution, we have to collect all second-order quantities on the right-hand side
of equation (3.7), which requires xlc and kα only to first order, since the Christoffel symbols
Γµ

αβ are already first order. We do, however, need the Christoffel symbols to second order,
including the linear-order terms evaluated along the first-order path x

[1]
lc . A line-of-sight

integration then yields kµ to second order.
A direct calculation for µ = 0 yields
dδν
dχ = −Ψ′(1 − 2Ψ)

(
1 − 2δν(1)(χ)

)
+ 2∂iΨ(1 − 2Ψ)

[
ñi
(
1 − δν(1)(χ)

)
+ δni

(1)(χ)
]

−
h′

∥
4 + ∂∥ω∥ + Φ′(1 − 2Ψ)

(
1 + 2ñiδn

(1)
i (χ)

)
, (3.23)

where we have shortened ∂∥ = ñi∂i. All fields Ψ, Φ, ωi, hij and vi are evaluated at
xµ

lc,[1](χ) = xµ
lc,(0)(χ) + xµ

lc,(1)(χ). This renders the right-hand-side of the above equation
an explicit function F 0

[2](χ) of the affine parameter, which may be integrated to yield, up
to corrections at third order,

δν(χe) − δνo =
∫ χe

0
F 0

[2]

(
xµ

lc,(0)(χ) + xµ
lc,(1)(χ)

)
dχ . (3.24)

Likewise, for µ = i, the equation of motion for δn̂ evaluates to
dδni

dχ = −Φ′
(
2ñi + 4ñiΦ − 2ñiδν(1)(χ) + 2δni

(1)(χ)
)

− δij∂jΨ
(
1 + 2Φ − 2δν(1)(χ)

)
− ω′i

+ ∂∥ω
i − δij∂jω∥ + 1

2 ñ
jh′i

j − (1 + 2Φ)
(
δij∂jΦ − 2∂∥Φñi

)
− 1

4
(
2ñj∂∥h

i
j − δij∂jh||

)
− 2δij∂jΦδn(1)

∥ (χ) + 2ñiδnj
(1)(χ)∂jΦ + 2δni

(1)(χ)∂∥Φ . (3.25)

Defining the right-hand side, which is evaluated on the first-order light trajectory xµ
lc,[1](χ),

as F i
[2](χ), we can recast the solution for µ = i into

δni(χe) − δni
o =

∫ χe

0
F i

[2]

(
xµ

lc,(0)(χ) + xµ
lc,(1)(χ)

)
dχ . (3.26)

These solutions to the geodesic equation (3.4) will enable us to evaluate the change in
frequency and direction along the null geodesic from the source to the observer. However,
we have yet to relate it to the observed quantities z̃ and ñ; we will do so now.

4 Relating the inferred and the actual source positions

Let xµ
e ≡ xµ

lc(χe) be the space-time position of the source, where χe is the affine parameter at
emission. By equation (3.5), we thus have xµ

e = xµ
lc,(0)(χe) at zeroth order. The solutions δν

and δni in equations (3.24) and (3.26) are expressed, as yet, in terms of the global source
co-ordinates xµ

e , which are not observables. The observer uses the measured redshift z̃ and
incoming photon direction ñ to assign to each source a position x̃µ which is derived from
the background FLRW metric expressions as in equation (2.1). To relate x̃µ and xµ

e , we first
need the scale factor at emission, expressed in terms of the observed redshift z̃.
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4.1 Observed redshift

By definition, the observed redshift is

1 + z̃ =
(
kph

µ uµ
)

e(
kph

ν uν
)

o

, (4.1)

where
(
kph

µ

)
e
,
(
uµ
)

e
,
(
kph

µ

)
o

and
(
uµ

g

)
o

are the physical (not the conformal) photon wave-vector
and 4-velocity of source and observer, respectively. The boundary condition

(
kph

ν uν
)

o
=

1 implies

1 + z̃ = (kph
µ uµ)e = 1

ae
kµu

µ = 1
ã
, (4.2)

where ae = a(ηe) is the background scale factor evaluated at the co-ordinate conformal
time of emission (that is, at the source). The last equality, which defines the inferred
scale factor at emission, follows from a(τo) = 1. Hence, to second order in perturbations,
equation (4.2) becomes

ae

ã
= 1 + δu+ Ψ − 2Ψ2 − δν(1 + Ψ) + v∥(1 − 2Φ) + viδn

i + ωiñ
i

≡ 1 + ∆a,e .
(4.3)

At first order, ∆[1]
a,e is equal to the quantity refs. [5, 55, 56] denoted by ∆ ln a. To determine

∆a,e, and thus the redshift, to second order, all we need is δni to first order (as it is dotted
with a v, which is already first order), and δν to second order, as given by equation (3.24).

4.2 Total displacements

We introduce the perturbation to the photon geodesic

δxµ(χ) ≡ xµ
lc(χ) − xµ

lc,(0)(χ) , (4.4)

such that

∆xµ = xµ
lc,(0)(χe) + δxµ(χe) − x̃µ(χ̃) (4.5)

= (η0 − χ̃, ñiχ̃) + (−1, ñi)δχ+ δxµ(χ̃) + dδxµ

dχ̃ δχ− x̃µ(χ̃)

= δxµ(χ̃) + kµ(χ̃)δχ .

Here,
δχ ≡ χe − χ̃ (4.6)

and the second equality is valid to second order, because xlc,(0)(χ) is linear in χ.
Following [5], we require a(x0

lc(χe)) = (1 + ∆a,e)ã, or

a
(
η̃ + ∆η

)
= ã× (1 + ∆a,e) , (4.7)

(since x0
lc(χe) = η̃ + ∆η) to determine the total time shift ∆x0 = ∆η at second order.

From this we find

∆η = ∆a,e

H̃
− ã′′

2ã
∆2

a,e

H̃3 . (4.8)
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Setting µ = 0 in equation (2.3) and using k0(χ̃) = −1 + δν(χ̃), equation (4.8) implies

[
1 − δν(χ̃)

]
δχ = δη(χ̃) −

(
∆a,e

H̃
− ã′′

2ã
∆2

a,e

H̃3

)
(4.9)

=
∫ χ̃

0
δν(χ)dχ−

(
∆a,e

H̃
− ã′′

2ã
∆2

a,e

H̃3

)

at second order.
Likewise, on setting µ = i in equation (4.5) and using ki(χ̃) = ñi + δni(χ̃) along with

δχ given by equation (4.9), the total spatial displacements are given by

∆xi =
[∫ χ̃

0
δν(χ)dχ−

(
∆a,e

H̃
− ã′′

2ã
∆2

a,e

H̃3

)]
ñi + δni(χ̃)
1 − δν(χ̃) +

∫ χ̃

0
δni(χ)dχ (4.10)

=
[∫ χ̃

0
δν(χ)dχ−

(
∆a,e

H̃
− ã′′

2ã
∆2

a,e

H̃3

)] [(
1 + δν(1)(χ̃)

)
ñi + δni

(1)(χ̃)
]

+ χ̃δni
o

+
∫ χ̃

0
dχe

∫ χe

0
dχ

[
− Φ′

(
2ñi + 4ñiΦ − 2ñiδν(1)(χ) + 2δni

(1)(χ)
)

− ω′i + ∂∥ω
i

+
ñjh′i

j

2 − δij∂jω∥ − δij∂jΨ
(
1 + 2Φ − 2δν(1)(χ)

)
−
(
1 + 2Φ

)(
δij∂jΦ − 2∂∥Φñi)

+ 2δni
(1)(χ)∂∥Φ − 1

4
(
2ñj∂∥h

i
j − δij∂jh||

)
− 2δij∂jΦδn(1)

∥ (χ) + 2ñiδnj
(1)(χ)∂jΦ

]
.

At this point, we have all the ingredients to write down the cosmic clock and cosmic ruler
observables at second order in perturbations.

5 Cosmic clock at second order

To compute T , we need to know the proper age (i.e. the proper time) of the source at
emission, which we already found in section 3.3, in equation (3.11). All that is left to do
now is to relate the source’s space-time co-ordinates xµ

e = xµ
lc(χe) = (ηe,xe) to the inferred

co-ordinates χ̃ and ñ, and then insert equation (3.11) into the argument of the function a.
The last stage is carried out through the Taylor expansion

a(τ)
a(t) ≡ 1 + ∆a,τ

= 1 +H(t)(τ − t) + a′′(t)
2a(t)(τ − t)2 + . . . ,

(5.1)

where t = t(η) =
∫ η

0 a(η′)dη′. As a result,

Hδτ ≡ H(t)(τ − t) (5.2)

= H

∫ ηe

0

(
Ψ(xe, η

′) + ∂iΨδxi
s(η′) − 1

2Ψ2(xe, η
′) − 1

2v
2(xe, η

′)
)
a(η′)dη′ .

Since this expression is already first order, it needs to be evaluated at a co-ordinate xµ
e which

is correct only to first order, i.e. at ηe = η̃ + ∆η(1) and xe = x̃ + ∆x(1) (cf. equation (2.3)),
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where the expressions for ∆x(1)
µ are first-order ones (which, as mentioned above, can be found

in the literature [e.g. 5]). Thus, to the appropriate order,

δτ =
∫ η̃+∆η(1)

0

[
Ψ(x̃ + ∆x(1), η′) + ∂iΨδxi

s(η′) − 1
2Ψ2(x̃, η′) − 1

2v
2(x̃, η′)

]
a(η′)dη′, (5.3)

where ∆x(1) is evaluated at (x̃, η̃), i.e. it is a constant with respect to the η′ integration.
On using equation (3.21), this implies

1 + ∆a,τ =
(

1 −H(τ)δτ + ä(τ)
2a(τ)δτ

2
)−1

+ . . .

= 1 +H(τ)δτ +
(
H(τ)2 − ä(τ)

2a(τ)

)
δτ2 + . . . ,

(5.4)

where δτ is now given by equation (5.3). Substituting equations (5.4) and (4.3) for the first
and second summand of equation (2.5), respectively, we arrive at

T = H(τ)δτ + 1
2

(
H̃2 − ä(τ)

a(τ)

)
δτ2 (5.5)

+ δu+ Ψ(x) − 2Ψ2 − δν(1 + Ψ) + v∥(x)(1 − 2Φ) + viδn
i + ωiñ

i − 1
2
[
Ψ − δν + v∥

]2
= H̃

∫ η̃

0

[
Ψ(x̃, η′) + ∂iΨ(x̃, η′)

(
δxi

s + ∆xi
(1)

)
− 1

2
(
Ψ2(x̃, η′) + v2(x̃, η′)

)]
a(η′)dη′ (5.6)

+
[

(H̃′ − H2)
ã2

(
ã∆η(1) +

∫ η̃

0
Ψ(x̃, η′)a(η′)dη′

)] ∫ η̃

0
Ψ(x̃, η′)a(η′)dη′

+ H̃∆η(1)Ψ(x̃) + 1
2

(
H̃2 − ä(τ)

a(τ)

)(∫ η̃

0
Ψ(x̃, η′)a(η′)dη′

)2
− 1

2
(
δν2 + v2

∥

)
+ viδn

i + ωiñ
i

+ δu+ Ψ + ∂µΨ∆x(1)
µ − 5

2Ψ2 − δν(1 − v∥) + v∥(1 − 2Φ − Ψ) + ∂µv∥∆x(1)
µ

to second order in perturbations, where the second equality follows from expanding some
of the quantities in equation (5.5) and substituting in equation (5.3).

Notice that T vanishes at the observer’s position, where ∆a,e = δao and

(∆a,τ )o = H(τo) (τo − to) +
(
H̃2

0 − ä(τo)
2a(τo)

)
(τo − to)2 . (5.7)

Therefore, by equation (3.22) we get eT =
[
1 + (∆aa,e)o

] [
1 + (∆aa,τ )o

]
= 1 to second order.

Appendix C gives an expression for T with the conformal Hubble parameter.

6 Cosmic rulers at second order

While the metric rulers (C,BI ,AIJ) defined by [5, 55, 56] are more closely related to ob-
servables, the 1-form rulers (C,BI ,AIJ) are calculationally more convenient. Therefore, we
adopt the second definition outlined in section 2 for practical computations, but the two
are inter-convertible via equations (2.13). Let us now repeat some of the steps involved
in their construction in more detail. Concretely, we define an orthonormal tetrad sµ

α at
the source, in exact analogy to the observer tetrad eµ

α. On setting sµ
0 = uµ, the spatial
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metric gs for the source is given by gs = si ⊗ si, where the tetrad indices i are raised and
lowered by the canonical metric δij .

The crucial step in the derivation of (C,BI ,AIJ) consists in projecting the “shadow”
of the photon 4-trajectory on the spatial hyper-surface in the source rest frame. For this
purpose, we introduce a new co-tetrad field s∥ ≡ n̂si s

i and constrain n̂si from the requirement
s∥(ks) =

√
gs(ks, ks), i.e.

n̂sis
i
µk

µ
s =

√
(kµ

s s
j
µ)(ksνsν

j ) , (6.1)

where gs(ks, ks) is proportional to the proper-length increment along the light beam, as
measured in the source’s rest-frame. The particular choice

n̂si =
ksµs

µ
i√

(kµ
s s

j
µ)(ksνsν

j )
(6.2)

implies the relation

s∥(s∥) = s∥(n̂i
sei) = n̂i

sn̂si = 1 , (6.3)

which constrains the tetrad field s∥ = n̂
i
ssi along the “direction” of s∥. Next, we introduce

two additional co-tetrad fields sI = êIjs
j and fix êIj from the requirement

s∥(sI) = 0 = n̂siê
i
I , (6.4)

where sI is the tetrad field dual to sI . Likewise, the orthonormality condition sI(sJ) ≡
δI

J implies

êIi ê
i
J = δIJ . (6.5)

The relation

δ
i
j = n̂i

sn̂sj + ê
i
1ê1j + ê

i
2ê2j (6.6)

enables us to write the spatial metric gs for the source as

gs = s∥ ⊗ s∥ +
∑

I

sI ⊗ sI , (6.7)

which is equation (2.10). Furthermore, it allows us to define a projection operator

P
ij
s = δij − n̂i

sn̂
j
s = ê

i
1ê

j

1 + ê
i
2ê

j

2 , (6.8)

which project onto the plane transverse to n̂
i
s. Incidentally, one could also define tetrad

elements “perpendicular” to n̂i
s, as sµ

⊥,i ≡ P ij
s s

µ
j . Likewise, the matrix

P ij ≡ γij − ñiñj (6.9)

defines a projection operator at the source, such that x̃i
⊥ ≡ P i

j x̃
j is the component of x̃

in the plane transverse to ñ.
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Pulling back gs onto the observer’s past light cone Στo and using i∗dxµ = ∂xµ

∂x̃i dx̃i leads
to equation (2.11), where

i∗s∥ = n̂sis
i
µ

∂xµ

∂x̃k
dx̃k = n̂sis

i
µ

∂xµ

∂x̃k

(
ñkdx̃∥ +

∑
I

ẽk
I dx̃I

)
,

i∗sI = êIis
i
µ

∂xµ

∂x̃k
dx̃k = êIis

i
µ

∂xµ

∂x̃k

(
ñkdx̃∥ +

∑
J

ẽk
Jdx̃J

)
;

(6.10)

here, all the quantities in the right-hand side are now functions of the inferred co-ordinates
x̃i. These give the 1-form cosmic rulers, because from the definition (2.12), one obtains
the relations

ã
(
1 − C

)
= n̂sis

i
µ

∂xµ

∂x̃k
ñk

ãDI = −n̂sis
i
µ

∂xµ

∂x̃k
ẽk

I

ãD̂I = −êIis
i
µ

∂xµ

∂x̃k
ñk

ã
(
δIJ − AIJ

)
= êIis

i
µ

∂xµ

∂x̃k
ẽk

J ,

(6.11)

which are valid at any order in perturbations. The 9 degrees of freedom encoded in the
functions C, DI , D̂I and AIJ emerge from the asymmetric nature of the 3 × 3 matrix
s

i
µ

∂xµ

∂x̃k . The 3 degrees of freedom of the anti-symmetric component are the 3 Euler angles
characterising the rotation between a set of rulers defined at the source and the set defined
by the observer.1 In the Born approximation (valid at first order), this rotation reduces to
the identity. We show that D̂

(1)
I = D

(1)
I in this limit (at first order), in appendix D.

We can now proceed to compute C and M ≡ δJ
I A

I
J at second order from the expressions

given in section 2. Our definition (2.3) of the total displacements ∆xµ implies

∂xi

∂x̃k
= δi

k + ∂∆xi

∂x̃k
, (6.12)

and also
∂x0

∂x̃k
= −ñk + ∂∆x0

∂x̃k
, (6.13)

upon using the light-cone condition. To compute C, we need

gµν
∂xµ

∂x̃k
sνiñk = gjν

(
ñkδj

k + ñk ∂∆xj

∂x̃k

)
sνi + g0ν

(
−1 + ñk ∂∆x0

∂x̃k

)
sνi , (6.14)

which, on inserting the metric (1.1), becomes

gµν
∂xµ

∂x̃k
sνiñk = a2

[
ωjs

0i +
(
δjk − 2Φδjk + 1

2hjk

)
ski
](

ñj + ∂∆xj

∂χ̃

)
(6.15)

+ a2
[

−
(
1 + 2Ψ

)
s0i + ΩKs

ki
](

−1 + ∂∆x0

∂χ̃

)
.

1The observer could, in principle, reconstruct these angles from the measured position on the sky and
knowledge of the perturbations along the line of sight.
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Upon substituting the expressions for the tetrad sµi (which are the same as in appendix B,
but evaluated at the source instead of the observer), writing a = ã (1 + ∆a,e) and keeping
terms only to second order, the contraction of the previous expression with n̂si yields

1 − C = (1 + ∆a,e)
[
n̂i

svi + (Ψ − Φ)v∥ +
h∥
4 +

v2
∥
2 − v∥

∂∆η[1]

∂χ̃
(6.16)

+
(

1 − Φ − Φ2

2

)(
n̂i

sñi + n̂i
s

∂∆xi

∂χ̃

)]
.

Likewise, the same procedure applied to M eventually gives

2 − M = (1 + ∆a,e)
[
P ij

s Pij

(
1 − Φ − Φ2

2

)
+ P ijhji

4 + viP j
i vj

2 (6.17)

−vjP
ij ∂∆η[1]

∂x̃i
⊥

+ (1 − Φ)P i
s,j

∂∆xj

∂x̃i
⊥

]
.

The second-order expressions for C and M follow directly from substituting equations (6.16)
and (6.17), along with the first-order expressions for BI given in refs. [5, 55], into the
relations (2.13) between the different sets of rulers. The observant reader may notice
that equations (6.16) and (6.17), when truncated at first order, are not identical to, e.g.,
equation (51) of ref. [5]. We explain why there is no disagreement in appendix E.

7 Tests and implementation

7.1 Test cases

The expressions for T , M, C are quite lengthy and involved. Furthermore, there are subtleties
in the calculation, such as the boundary conditions at source and observer. For this reason, we
devise tests that we subject our results for T , M, C to. There are two kinds of tests: null tests
and consistency tests. Null tests employ a metric obtained by a co-ordinate transformation
from an unperturbed background space-time; since the results have to be independent of
co-ordinates, we expect all observables to yield null values (or their expected values in an
unperturbed universe). In the second kind, a consistency test, we map a known solution,
namely a curved FLRW space-time, to a non-trivial perturbation about a Euclidean FLRW
space-time, and compare the results to the expected results for a curved universe, based on
the definition of the ruler observables. For each case, we calculate the cosmic rulers using the
formulæ derived above, and then compare them with the expected values. The calculations
are summarised in section 7.1.1 and in appendix F.

For reasons of convenience, we test the 1-form scalar rulers, C and M, as their expressions
are simpler. For corresponding test results for the rulers C and M (as well as all others)
at linear order, see ref. [55].

7.1.1 Null test: constant potential

This test considers constant, non-zero Bardeen potentials Ψ = Φ = const on top of an
Einstein-de-Sitter (EdS) background space-time. It is straightforward to see by a co-ordinate
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transformation (x 7→ x
√

1 − 2Φ, η 7→ η
√

1 + 2Ψ) that the full space-time is in fact an
EdS space-time, so we expect that all cosmic rulers vanish at all orders in cosmological
perturbations. We remark, that for consistency, the background must be EdS, for otherwise
constant-in-time Bardeen potentials might not solve the Einstein equations.

The primary effect of such a metric enters through gravitational-redshift terms in the
geodesic equation, leading to corrections to the line-of-sight length in C and M, and to
gravitational redshift (or Sachs-Wolfe effects) in T . Additionally, the perturbations do not
vanish at the observer’s position, so this test checks the cancellation of observer terms, which
is a prerequisite for gauge invariance. This is the simplest of the three tests, and we include
it in the main text for illustration; the other two tests, discussed below, are more involved
and are described in appendix F, in sections F.1–F.2, respectively.

Let us start with the cosmic clock T . By equation (3.23), F 0
[2](χ) = 0, whence δν(χ) = δνo,

and likewise δni(χ) = δni
o. Equation (3.19), gives

δνo = Ψ − δao(1 − Ψ) − 3
2Ψ2 , (7.1)

whence equation (4.3) yields

∆a,e = −Ψ2

2 + Ψ − δνo(1 + Ψ) , (7.2)

while

∆a,τ = Ht

(
Ψ − Ψ2

2

)
+ ä(t)

2a(t) t
2
(

Ψ − Ψ2

2

)2

. (7.3)

In EdS, we have H(t) = 2/(3t), and ä/a = −2/(9t2), so that

∆a,τ = 2
3

(
Ψ − Ψ2

2

)
− 1

9

(
Ψ − Ψ2

2

)2

= 2
3Ψ −

(2
3Ψ
)2

, (7.4)

and δao = −2
3Ψ + 8

9Ψ2, where we have used H(τ) = H(1 − Ψ) [61]. Hence, equation (7.1)
becomes

δνo = 5
3Ψ − 55

18Ψ2 . (7.5)

The other component of T is ∆a,e, which, in this special case, reduces to

∆a,e = Ψ − Ψ2

2 − δνo(1 + Ψ) = −2
3Ψ + 8

9Ψ2 (7.6)

to second order in the perturbations. Therefore, we find

exp T = (1 + ∆a,τ )(1 + ∆a,e) = 1 + 4
9Ψ2 +

(
−2

3Ψ + 8
9Ψ2

)(2
3Ψ − 4

9Ψ2
)

= 1 (7.7)

whence T = 0 to second order; that is, the cosmic clock is unaffected by a constant potential,
as it should be.

Let us now move on to the cosmic rulers. The change in ki is proportional to ñi since
there is no other direction in the constant potential case. As a result, ni

s = ñi and we find

δni = δni
o =

(
31Ψ2

18 + Ψ
3

)
ñi , (7.8)
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and
∂δχ

∂χ̃
= 4Ψ

3 − 4Ψ2

9 . (7.9)

This gives ∆x∥ = χ̃
(

31Ψ2

18 + 5Ψ
3

)
, whence

C = 1 − (1 + ∆a,e)
√

1 − 2Ψ
(

1 +
∂∆x∥
∂χ̃

)
= O(Ψ3) . (7.10)

Furthermore, P ij
s

∂∆xi

∂xj
⊥

= 2
χ̃∆x∥ because the rest of the terms vanish by symmetry, whence

M = 2 − (1 + ∆a,e)
√

1 − 2Ψ
(

2 + 2
χ̃

∆x∥

)
= O(Ψ3) . (7.11)

All of this demonstrates that the cosmic clock and 1-form rulers are invariant under a constant
potential shift, up to, and including, second order.

7.1.2 Null test: pure gradient mode at second order

We now construct a specific second-order gauge-mode which corresponds to a generalisation
of what in linear theory would be a pure gradient mode: Φ,Ψ ∝ k · x, for some constant
vector k. We obtain the perturbed space-time by performing a general second-order large
gauge-transformation on an unperturbed FLRW background, which is at most quadratic
in the space-time position (see appendix F.1 for details). The components of the resultant
metric are:

Ψ =ψ0k ·x +
(5

6 +3a1

)
ψ2

0(k ·x)2 +3a2ψ
2
0k

2x2 +
(

5a3 − 1
18

)
ψ2

0k
2η2

Φ =ψ0k ·x −
(

2a1 − 77
54 + 5

3b1 + 2
3b4

)
ψ2

0(k ·x)2 −
(

2a2 + 25
27 + 5

3b3 + 1
3b4

)
ψ2

0k
2x2

−
(

2a3 − 1
54 +b2 + 1

3b5

)
ψ2

0k
2η2 (7.12)

ωi

ψ2
0

=
(

−11
9 −2a1 +2b5

)
(k ·x)ηki +

(5
9 −2a2 +2b2

)
k2ηxi

hij

ψ2
0

=
(

−2
9 +4b5

)(
kikj − δij

3 k2
)
η2 +

(50
9 +4b4

)(
kikj − δij

3 k2
)
x2

+
(50

9 +8b3

)(
xixj − δij

3 x2
)
k2 +k ·x

(
4b1 +4b4 − 50

9

)[
kixj +xikj − 2δij

3 (k ·x)
]
.

The coefficients a1,2,3 and b1,...,5 are parameters, which we keep free;2 the three components
of k are also kept free. This metric describes an FLRW space-time for any values of the
parameters ai, bi, whence we expect all cosmic rulers to vanish to second order in ψ0.3

We perform this test in appendix F.1. Given the complexity of the metric, the fact that
our ruler perturbations indeed yield zero on this metric constitutes a non-trivial confirmation

2They could be constrained by requiring that the metric be in Poisson gauge, or that hij vanish at η = 0.
We will not require these restrictions here, as hij and ωi are considered second-order anyway.

3This metric differs from the one described in [62, equations (5.16)–(5.19)]; there, e.g. the Kretschmann
and Ricci scalars do not assume their FLRW values for every value of the parameters.
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of the expressions for T , C and M. Among other things, it checks velocity-dependent
contributions to the cosmic rulers and corrections to the direction of light propagation due
to the special spatial direction — namely k — inherent in the metric. It also tests the
intricate cancellations between derivative terms at linear order in k, and, because the metric
is time-dependent at second order, effects such as the integrated Sachs-Wolfe effect.

7.1.3 Constant-curvature (separate universe) test case

While the previous two test cases were null tests, that dealt with a flat FLRW metric expressed
in non-standard co-ordinate systems, here we consider a curved FLRW space-time, on scales
smaller than its radius of curvature, which is an example of a consistency test. This case
is equivalent to an isotropic long mode via the separate-universe picture, where the local
over-density mimics a non-zero spatial curvature and induces a slightly different local Hubble
parameter [61]. Unlike the other two test cases, we do not expect T , C or M to vanish in
this case. Therefore, we first compute them from their definitions, and then compute them
again using our second-order expressions, in order to compare the two results.

Under a stereographic projection, a 3-sphere of curvature K (or radius of curvature
1/

√
K) can be described by the 3-metric

ds2
3 = δijdxidxj(

1 + 1
4K|x|

)2 ≃
(

1 − 1
2K|x|2 + 3

16K
2|x|4

)
δijdxidxj (7.13)

where |x|2 = δijx
ixj and, in the second equality, the metric has been expanded to second

order in K in order to identify

Φ ⊇ 1
4K|x|2 − 3

32K
2|x|4 = 1

4Kχ
2 − 3

32K
2χ4 . (7.14)

While the co-moving distance-to-redshift relation χ(z) remains the same, the presence of
non-zero spatial curvature alter the co-moving angular diameter distance according to

dA(z) = sinK χ(z) =


χ(z) K = 0
K−1/2 sin

[
K1/2χ(z)

]
K > 0

(−K)−1/2 sinh
[
(−K)1/2χ(z)

]
K < 0

. (7.15)

The full metric is

ds2 = −dt2 + a2
K

δijdxidxj(
1 + 1

4K|x|
)2 . (7.16)

where the dependence of the scale factor aK(t) on K arises through the Friedmann equations.
In this paper, the fiducial background adopted by the observer is always a flat FLRW

metric. Therefore, a curved-space FLRW space-time differs from the background, leading to
non-zero deviations at both first and second orders. The reasons are twofold: first of all, the
time-dependence of a is not the same as in the flat case, so when we convert equation (7.16)
from cosmic time to conformal time via dt = aKdη, this will create a non-zero Ψ; secondly,
the spatial slice is itself curved, manifesting in a non-zero Φ. Another option for defining
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the conformal time is to define conformal time with the background scale factor, denoted
a0, i.e. by setting dt = a0dη. In this case, one obtains Ψ = 0. We consider both options
in this paper, when performing this test in appendix F.2, as they represent algebraically
distinct tests of our expressions for the cosmic rulers. As remarked above, we also need to
compute the expected ruler observables directly in a curved background. As an example,
in the afore-mentioned case of dt = a0dη, we have

exp T = a0(t)aK(τo)
aK(t) . (7.17)

(Recall that the background scale-factor is normalised to unity at τo, i.e. a0(τo) = 1, so
aK(τo) ̸= 1 in general.) C and M are calculated in appendix F.2.2 (equations (F.59)
and (F.65)). This separate-universe test probes both the space-dependent terms involving
derivatives in the formulæ for the cosmic rulers and clock, as well as the time-dependent
terms arising from the difference between the functions a0 and aK .

7.2 Numerical results

Since the computation of the rulers is a challenging numerical task for a viable ΛCDM
cosmology, we shall plot, as an example, the cosmic rulers for the simplest possible space-time:
an EdS background where Φ = Ψ = φ0ℜ exp(ik · x), with the remaining metric components
set to zero, and the velocity field given by the first-order relations in FLRW. For simplicity,
our calculation will assume that the observer knows what the actual background is, although
the observer could also use a background defined by local measurements [57].

We compute the cosmic clock T and 1-form rulers C and M as functions of the inferred
co-ordinates from equations (5.6), (6.16) and (6.17) — using the Mathematica file provided
(see subsection 7.3 below). We then decompose each ruler, collectively denoted by X, in
spherical harmonics, viz.

X(z, ñ) ≡
∞∑

l=0

l∑
m=−l

Xlm(z)Ylm(ñ) . (7.18)

As a proxy for the correlation function

⟨Xlm(z)Xl′m′(z)⟩ = δll′δmm′Cl(z) (7.19)

we calculate the average E(Xl0Xl0) over φ0, of Xl0Xl0, for a normally-distributed amplitude
φ0, with standard deviation ⟨φ2

0⟩1/2 = 10−4; this amplitude is motivated by the typical
amplitude of potential perturbations in the Universe. The results are shown in figures 1–2
for the monopole (ℓ = 0) and the quadrupole (ℓ = 2), respectively. For the particular
choice made here, the l = 1, dipole, term vanishes because both Φ and Ψ are even functions
of x. Similarly, if k is aligned with the ẑ-axis, there is no dependence on the azimuthal
number and the m ≠ 0 terms vanish as well. Therefore, the only non-vanishing multipole
moments are those with m = 0.

At low k, E(Xl0Xl0) ∝ k4, as expected from the arguments emphasised in this paper —
the constant and linear terms (in k) do not contribute to the cosmic rulers, as demonstrated
by the two corresponding test cases. At the level of the large-scale-structure observables,
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Figure 1. Plots of E(Xl0Xl0), for X ∈ {T ,C,M}, for potentials described by a pure sinusoidal mode.
Here, l = 0, z̃ = 1 and σ(k) = 10−4. The left panel shows low k and the right panel shows larger values
of k, where the second-order correction starts to dominate over the first order. Dashed lines show
the pure first-order contribution in the top row, and the pure second-order part is plotted as full lines.
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Figure 2. Plots of E(Xl0Xl0), for X ∈ {T ,C,M}, for potentials described by a pure sinusoidal mode.
Here, l = 2, z̃ = 1 and σ(k) = 10−4. The left panel shows low k and the right panel shows larger values
of k, where the second-order correction starts to dominate over the first order. Dashed lines show
the pure first-order contribution in the top row, and the pure second-order part is plotted as full lines.

this behaviour ensures that the monopole of these observables does not diverge in the limit
k → 0 [see 57, 63–65]. The second-order contributions become comparable to the first-order
ones for k ≳ 0.1 Mpc−1 in all three rulers. For the specific background and perturbations
considered here, these are largest for C. Adding up contributions from other modes is likely
to reduce the amplitude of the oscillations.

We remark that E(Xl0Xl0) is not sufficient to compute Cl, because the full expression
for Cl (for cosmological perturbations which are Gaussian random fields) would couple two
wave-vectors, with a kernel prescribed by the full expressions for the cosmic rulers. Instead,
E(Xl0Xl0) simply selects the single-wave-vector contributions, and should be viewed as a
qualitative proxy for the amplitude of the ruler observable at scale k.
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7.3 Mathematica notebook

Additionally, we provide with this paper a Mathematica notebook that evaluates the ex-
pressions for the rulers and the clock, with three special cases corresponding to the three
test cases.4

The file requires the metric components and the velocity field as inputs, as functions
of (η,x), and the background scale factor a, which should be normalised to unity at the
observer’s position (to all orders in cosmological perturbation theory), i.e. a(τo) = 1. At
present, the integrations are performed analytically, and while they may not be tractable for
a realistic metric, they still yield integral expressions for the rulers. The test cases described
in this section are included in the notebook and can be computed directly there.

To use the notebook, input the velocity field, the perturbations of the metric, and
the background function in the section titled Input perturbations, velocity field and
background function. To do so, it is necessary to uncomment the first part of the section.
Evaluating the entire notebook will go through the calculations in this paper, and the final
results for T , C and M should appear at the end. To run the three test cases, simply
uncomment the corresponding part of the Input... section and then run the notebook,
rather than inserting a new metric. In the Mathematica notebook, we systematically write
functions of χ and ñi when calculating M and C. Derivatives with respect to x̃i can be
evaluated using the identity

∂

∂x̃i
= ñi

∂

∂χ̃
+ 1
χ̃
P k

i

∂

∂ñk
, (7.20)

which simplifies to

∂

∂x̃i
⊥

= P ij 1
χ̃

∂

∂ñj
(7.21)

when the derivative is taken with respect to x̃i
⊥.

8 Conclusions

8.1 Summary

In this paper, we have outlined a calculation of the scalar cosmic rulers at second order in
cosmological perturbation theory. This calculation was performed by solving the geodesic
equation, and re-expressing the solution in terms of the observer’s inferred co-ordinate
system, x̃µ, i.e. in terms of z̃ and ñ. Then, we tested our expressions in three non-trivial
configurations, where the results were known beforehand based on physical principles, such
as the equivalence principle.

The first two tests we performed were null tests: an FLRW metric (in fact, an EdS
metric) in non-standard co-ordinates. Being observable, and hence independent of the choice
of co-ordinate system, the cosmic rulers must vanish in these test cases. We confirmed
that indeed, both for the constant potential test case, and for the metric (7.12), all of the

4Link here: https://github.com/byg3/GR_effects, presently containing the test cases; the general notebook
will be released after publication.
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terms in equations (5.6), (6.16)–(6.17) are non-vanishing but cancel among themselves to
give the desired result.

The third test we performed was an FLRW space-time with non-zero ΩK and Ωm. This,
again, is an FLRW metric, and therefore the required values for T , C and M are known in
principle. We confirmed that, when these are expanded to second order in ΩK , and then
expressed in terms of the inferred co-ordinates of an observer using a flat FLRW space-time
as a background, they match the perturbative expressions in equations (5.6), (6.16)–(6.17).
The expressions in appendix F.2 provide an illustration for how complicated these become at
second order, even for such a simple space-time. Passing all of these checks lends credence
to our expressions for the scalar cosmic rulers.

Furthermore, we have estimated the importance of second-order contributions for a
single plane wave perturbation. While a thorough investigation of relativistic second-order
contributions in a realistic cosmological model — which would be relevant, for example,
to galaxy-bispectrum constraints on inflation [see 66–69, for recent results] — is beyond
the scope of this paper, we expect the order of magnitude to be preserved: second-order
contributions become comparable to first-order ones on mildly non-linear scales.

Finally, following equation (2.17), equations (5.6), (6.16)–(6.17) constitute a key, and
the most complex, component of the second-order expression for the observed relativistic
galaxy over-density δobs

g . The remaining part, computing the galaxy density contrast δor
g in

the constant-observed-redshift gauge, can likewise be validated using the test cases presented
here, at it is separately observable. Moreover, it can be further broken down into the bias
expansion in the galaxy rest-frame, and the boost from rest-frame to constant-observed
redshift frame. We leave these developments to future work.

8.2 Relation to other works

A comprehensive comparison of our results with second-order GR calculations available in the
literature is a challenging task, because the latter mainly focus on the observed number counts
δobs

g and not on the individual ruler components. We hope that our work will motivate direct
calculations of the cosmic rulers themselves, as these should allow for a simpler comparison
between different calculations. In what follows, we briefly review a few related studies and
contrast them to our work.

The authors of refs. [42–44, 70, 71] computed δobs
g to second order for a ΛCDM model

including all general-relativistic effects (this was extended by [45] to flux-limited surveys)
albeit without explicit validation on test cases. By contrast, ref. [47] explicitly validated
their second-order expressions by comparing their gauge-transformation properties using two
independent methods: a first check based on their expressions in terms of metric perturbations,
and a second based on their non-linear relations. Our null tests can be seen as special cases
of (large) gauge transformations as considered by ref. [47]. In addition, we propose tests
with non-vanishing results such as the separate-universe test case.

Ref. [72] focused on the dominant terms proportional to (∂i∂jΦ)2/(aH)4 and presented
a formalism to compute leading contributions at any perturbative order (including explicit
third-order expressions). In principle, this allows for the computation of one-loop corrections
to the correlation function and power spectrum of observed number counts. The dominant
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contributions stem from density fluctuations, redshift-space distortions (Newtonian terms),
and gravitational lensing. The other, sub-dominant terms, require a careful treatment, which
could be carried out with the formalism introduced in this work.

Finally, a self-consistent prediction of galaxy number counts should also include relativistic
corrections to the galaxy perturbative bias expansion at second order. However, these do
not yield new bias parameters, but instead modify the existing bias parameters through
GR corrections to the matter density evolution [58].5

8.3 Future work

There are several pathways for extending the results of this paper. The first is to calculate the
other, non-scalar, cosmic ruler observables at second order, namely BI and the rest of AIJ .
These are relevant, for example, for lensing. Another direction is to use the result for the
second-order galaxy density to derive relativistic predictions for galaxy bispectrum estimators
on the full sky [74]; these results are relevant for primordial non-Gaussianity measurements,
e.g. using SPHEREx [2]. Other possible generalisations of the treatment of cosmic rulers
presented here include accounting for a biased fiducial cosmology via the Alcock-Paczynski
effect [75], and for magnification bias (for e.g. flux-limited surveys of emission line galaxies).
The latter is immediate, since we have already computed M at second order here.

Furthermore, given the results in figures 1–2, it would be interesting to compare the
relativistic second-order contributions with their Newtonian counterparts as functions of
scale, that is, by keeping only the leading (k/aH)4 and sub-leading (k/aH)3 contributions.
We plan to perform such a comparison in a future work.
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A Christoffel symbols

The non-zero Christoffel symbols of the metric (3.1) are

Γ0
00 = Ψ′(1 − 2Ψ) , (A.1)

Γ0
0i = ∂iΨ(1 − 2Ψ) , (A.2)

Γ0
ij = 1

4h
′
ij − ∂iωj + ∂jωi

2 − Φ′(1 − 2Ψ)δij , (A.3)

Γi
00 = ∂iΨ(1 + 2Φ) + ω′

i , (A.4)

Γi
0j = ∂jωi − ∂iωj

2 + 1
4h

′i
j − Φ′(1 + 2Φ)δi

j , (A.5)

Γi
jk = (1 + 2Φ)

(
∂iΦδjk − ∂jΦδi

k − ∂kΦδi
j

)
+ 1

4 (∂khij + ∂jhki − ∂ihjk) , (A.6)

where, as usual, a prime denotes a derivative with respect to conformal time.

B Observer’s orthonormal tetrad

As in [55] we define the observer’s orthonormal tetrad eµ
a by

gµνe
µ
ae

ν
b = ηab , (B.1)

with
eµ

0 = uµ
o = 1

a
(1 − Ψ + δu, vi) , (B.2)

the observer’s 4-velocity, and δu is defined in equation (3.2).
The requirement 0 = gµνe

µ
0e

ν
i , implies that

e0
i = (1 − Φ)vi + ωi

a(1 + Ψ + δu− 2Ψ2) . (B.3)

The other components of eµ
i are found from the equations δij = gµνe

µ
i e

ν
j , which yield

a−2δij = −vivj + (1 − 2Φ)δkle
k
i e

l
j + 1

2hij . (B.4)

This equation is solved by

ek
i = 1

a
√

1 − 2Φ

(
δk

i − 1
4h

k
i + 1

2viv
k
)
. (B.5)

C Another derivation of T

We can also calculate equation (2.4) to second order in the perturbations as follows. Expanding
a(τ) around t̄(z̃), we find

T = H̃
ã

(
τ − t̄(z̃)

)
+ 1

2ã2

(
H̃′ − H̃2

) (
τ − t̄(z̃)

)2 + . . . (C.1)

– 29 –



J
C
A
P
1
0
(
2
0
2
5
)
1
0
5

where τ − t̄(z̃) is the perturbation to the source proper time on slices of constant observed
redshift. Using the background time-redshift relation

t̄(z̃) =
∫ η̃

0
a(η′) dη′ =

∫ ∞

z̃

dz′

(1 + z′)H(z′) , (C.2)

this becomes

τ(z̃,x) − t̄(z̃) = ã
(
1 + Ψ

)
∆η + 1

2 ãH̃∆η2 +
∫ η̃

0
a(η′)Ψ dη′ − 1

2

∫ η̃

0

(
Ψ2 + v2) dη′ . (C.3)

The perturbation ∆η to the time co-ordinate follows from expanding ae = a(η̃ + ∆η) in
equation (4.3) at second order in ∆η,

ae ≈ ã

[
1 + H∆η + 1

2
(
H̃′ + H̃2

)
∆η2

]
. (C.4)

Solving for ∆η yields

H̃∆η = δu+ Ψ − 2Ψ2 − δν(1 + Ψ) + v∥(1 − 2Φ) + viδn
i + ωiñ

i

− 1
2

(
1 + H̃′

H̃2

)(
Ψ − δν + v∥

)2 (C.5)

at second order in the perturbations. Therefore,

T = δu+ Ψ − 2Ψ(1)2 − δν(1 + Ψ(1)) + v∥(1 − 2Φ(1)) + viδn
i + ωiñ

i + Ψ(1)H̃∆η(1)

− 1
2
(
Ψ(1) − δν(1) + v

(1)
∥

)2
+ H̃
ã

∫ η̃

0
a(η′) Ψ dη′ − H̃

2ã

∫ η̃

0
a(η′)

(
Ψ(1) 2 + v(1) 2

)
dη′

+ 1
ã

(
H̃′ − H̃2

)
∆η(1)

∫ η̃

0
a(η′)Ψ(1) dη′ + 1

2ã2

(
H̃′ − H̃2

)(∫ η̃

0
a(η′)Ψ(1) dη′

)2
,

(C.6)

where it is understood that Ψ = Ψ(x, η) = Ψ(x̃, η̃) + ∂µΨ ∆xµ and v∥ = v∥(x, η) = v∥(x̃, η̃) +
∂µv∥ ∆xµ. It can be verified straightforwardly that this expression is equal to that in
equation (5.6).

D Vector 1-form rulers at first order

At first order, equation (6.11) implies that

DI = −n̂[0]
si

(
si

µ

∂xµ

∂x̃k

)[1]
ẽk

I − n̂
(1)
si

(
si

µ

∂xµ

∂x̃k

)[0]
ẽk

I , (D.1)

and
D̂I = −ê[0]

Ii

(
si

µ

∂xµ

∂x̃k

)[1]
ñk − ê

(1)
Ii

(
si

µ

∂xµ

∂x̃k

)[0]
ñk. (D.2)

The first two terms on both equations are equal, because at zeroth order, êIi = ẽIi and
n̂k

s = ñk, and also the matrix
(
s

i
µ

∂xµ

∂x̃k

)[1]
is symmetric.

Comparing the second terms, we find that si
µ

∂xµ

∂x̃k = δ
i
k, which turns the second terms into

−n(1)
si ẽ

k
Iδ

i
k and −êIiñ

kδ
i
k, respectively. These are equal by the exchange symmetry between

the observer and the source. Together, we find that at first order D̂I = DI .
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E Comparison of ruler expressions with first-order results in the
literature

If we keep only the first-order terms in equation (6.16), we find

C = C = ñiδn
i
s − v|| + Φ −

∂∆x||
∂χ̃

− ∆ ln(a) . (E.1)

This is similar to the equation (51) of ref. [5], under the assumption (as we make here)
that the cosmic ruler does not evolve with time. However, we have an extra term ñiδn

i
s

where δni
s ≡ ni

s − ñi — an apparent discrepancy. Since both ni
s and ñi are unit vectors,

their first-order difference should be orthogonal to each one of them at first order. Indeed,
the photon’s 4-momentum is

ki = g00(−1 + δν)s0
i + g0j(−1 + δν)sj

i + gj0(ñj + δnj)s0
i + gjk(ñj + δnj)sk

i (E.2)

where all the quantities are evaluated at the source position. Recalling that s0
i and sk

i − δk
i

are purely first-order quantities, we can write (at first order)

ki = ñi + δni (E.3)

where δni is a first-order quantity, whence

ni
s = ñi + δni√

1 + 2ñjδnj

(E.4)

= ñi + δni − ñiñjδnj . (E.5)

Therefore, we obtain

δni
sñi = 0 , (E.6)

thereby resolving the discrepancy. The same issue arises with M and is resolved in the
same manner.

F Test cases

The two test cases below were described in section 7, and are now laid out in detail. Ultimately,
the evaluation of the rulers was done with the Mathematica notebook published together
with this work, as described below. We encourage readers who implement the equations given
in this paper to also apply the test cases to their implementation.

F.1 Pure gradient mode

At second order a gradient mode Ψ = Φ = ψ0k · x is not a pure gauge mode, as it induces
a second-order quadrupole. However, one can correct for this, and we do so by starting
with an EdS space-time

ds2 = a2(η′)
(
−dη′2 + δijdx′idx′j

)
(F.1)
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with a(η′) = η′2/η2
0. Next, we perform the following co-ordinate transformation — the most

general quadratic transformation in xµ: xµ′ 7→ xµ, where

η′ = η

[
1 + 1

3ψ0k · x + ψ2
0

(
a1(k · x)2 + a2x

2k2 + a3k
2η2
)]
. (F.2)

x ′ = x
(

1 − 5
3ψ0k · x

)
+ 5

6ψ0x
2k + ψ0

η2

6 k

+ ψ2
0

[
b1(k · x)2x + b2η

2k2x + b3k
2x2x + b4x

2(k · x)k + b5η
2(k · x)k

]
. (F.3)

The coefficients a1,2,3 and b1,...,5 are parameters, which we keep free. Thus, the second-order
velocity-field is

v = −ψ0
η

3k − ψ2
0

[(5
9 + 2b2

)
k2ηx +

(
2b5 − 1

3

)
η(k · x)k

]
. (F.4)

This transformation turns the metric into

Ψ =ψ0k ·x +
(5

6 +3a1

)
ψ2

0(k ·x)2 +3a2ψ
2
0k

2x2 +
(

5a3 − 1
18

)
ψ2

0k
2η2

Φ =ψ0k ·x −
(

2a1 − 77
54 + 5

3b1 + 2
3b4

)
ψ2

0(k ·x)2 −
(

2a2 + 25
27 + 5

3b3 + 1
3b4

)
ψ2

0k
2x2

−
(

2a3 − 1
54 +b2 + 1

3b5

)
ψ2

0k
2η2 (F.5)

ωi

ψ2
0

=
(

−11
9 −2a1 +2b5

)
(k ·x)ηki +

(5
9 −2a2 +2b2

)
k2ηxi

hij

ψ2
0

=
(

−2
9 +4b5

)(
kikj − δij

3 k2
)
η2 +

(50
9 +4b4

)(
kikj − δij

3 k2
)
x2

+
(50

9 +8b3

)(
xixj − δij

3 x2
)
k2 +

(
4b1 +4b4 − 50

9

)
(k ·x)

[
kixj +xikj − 2δij

3 (k ·x)
]
.

Checking the vanishing of the rulers up to order ψ2
0 is computationally intensive and cannot

be done by hand. Therefore, we have implemented this test in a Mathematica notebook
(see section 7.3). The main steps are listed below.

We begin with the frequency-shift to order ψ2
0. Equation (3.23) returns

δν = −ψ0
3 (η0 − 6χ̃)k · ñ − 1

9ψ
2
0

[
(9a1 + 2)χ̃(2η0 − 7χ̃)(k · ñ)2

]
+ 1

9ψ
2
0k

2
[

− 6η0χ̃(3a2 + 21a3 − 2) + 21χ̃2(3a2 + 3a3 − 1) + (63a3 − 1)η2
0

]
.

(F.6)

Besides, the perturbation δao = ao − 1 is given by

δao = −2a3ψ
2
0k

2η2
0 , (F.7)

and the first-order total displacements are

∆xi
(1) = 1

3ψ0
(
5ñiχ̃2k∥ + η0k

iχ̃− 3kiχ̃2
)
, (F.8)

and
∆η(1) = 1

3ψ0χ̃(χ̃− η0)k∥ . (F.9)
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These yield, from equation (4.3),

∆ ln a = −2
3ψ0χ̃k · ñ − ψ2

0

[(
2a1 + 7

9

)
χ̃2(k · ñ)2 (F.10)

+ 2
9k

2
(
χ̃(9a2χ̃+ η0 − 3χ̃) + 9a3(η0 − χ̃)2

) ]
,

while, for ∆a,τ (defined in equation (5.4)), we obtain

∆a,τ = 2
3ψ0χ̃k · ñ + ψ2

0

[(
2a1 + 11

9

)
χ̃2(k · ñ)2 (F.11)

+ 2
9k

2
(
χ̃(9a2χ̃+ η0 − 3χ̃) + 9a3(η0 − χ̃)2

) ]
with η̃ = η0 − χ̃. Together, these expressions imply that exp T = 1 + O(ψ3

0), as expected
from a space-time that was derived from an FLRW universe by a co-ordinate transformation.

Additionally, we have

δχ(2) = 2ψ2
0χ̃

27

{
18a3

(
81τ2

o − 9τoχ̃+ χ̃2)k2 + χ̃
[
26ñ1k1χ̃

(
ñ2k2 + ñ3k3

)
+ 9τo

(
k2

2 + k2
3
)

+ k2
1

(
χ̃
(
7 − 13ñ2

2 − 13ñ2
3
)

+ 9τo

)
+ χ̃

((
13ñ2

2 − 6
)
k2

2 + 26ñ2ñ3k2k3 +
(
13ñ2

3 − 6
)
k2

3

)]} (F.12)

and consequently, the total displacements are found to be

∆x(2)
1 = −ψ2

0χ̃

9
{
k2ñ1

[
−9τ2

o (90a3 −9b2 −9b5 +1)+ χ̃2
(
−9b1

(
ñ2

2 + ñ2
3 −1

)
+9b2 +9b3

+9b4 +9b5 +50ñ2
2 +50ñ2

3 −11
)

−9τoχ̃(6b2 +6b5 +1)
]
− χ̃2

[
ñ2k2

(
k1
(
2(9b1 −50)ñ2

3

−18b1 −9b4 −9b5 +76)+2(50−9b1)ñ1ñ3k3)+ ñ1
(
k2

2

(
(50−9b1)ñ2

3 +9b1 +9b4

+9b5 −26)+k2
3

(
2(50−9b1)ñ2

3 +9b1 +9b4 +9b5 −26
))

+ ñ3k1k3
(
2(9b1 −50)ñ2

3

−18b1 −9b4 −9b5 +76)−(9b1 −50)ñ2
2

(
ñ1
(
2k2

2 +k2
3

)
−2ñ3k1k3

)
+2(9b1 −50)ñ3

2k1k2
]
+9(9b5 −1)τ2

o

[
−ñ1

(
k2

2 +k2
3

)
+ ñ2k1k2 + ñ3k1k3

]
−6(9b5 −1)τoχ̃

[
−ñ1

(
k2

2 +k2
3

)
+ ñ2k1k2 + ñ3k1k3

]}
, (F.13)

∆x(2)
2 = −ψ2

0χ̃

9
{

−9τ2
o

[
(90a3 −9b2)k2ñ2 +(1−9b5)k2(ñ ·k)

]
− χ̃2

[
k2ñ2

(
9b1

(
ñ2

2 + ñ2
3 −1

)
−9b2 −9b3 −50ñ2

2 −50ñ2
3 +35

)
+ ñ2k2

(
k2
(
2(50−9b1)ñ2

2 +(50−9b1)ñ2
3 +9b1 −9b4

−9b5 −74)+2(50−9b1)ñ1ñ2k1)+ ñ3k3 (−2(9b1 −50)ñ2(ñ1k1 + ñ2k2)

−3k2(3b4 +3b5 +8))−
(
(9b1 −50)ñ2k

2
3

(
ñ2

2 +2ñ2
3 −1

))
−3ñ1k1k2(3b4 +3b5 +8)

]
−3τoχ̃

[
(18b2 +5)k2ñ2 +2(9b5 −1)k2(ñ ·k)

]}
, (F.14)

∆x(2)
3 = −ψ2

0χ̃

9
{

−9τ2
o

[
(90a3 −9b2)k2ñ3 +(1−9b5)k3(ñ ·k)

]
− χ̃2

[
k2ñ3

(
9b1

(
ñ2

2 + ñ2
3 −1

)
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−9b2 −9b3 −50ñ2
2 −50ñ2

3 +35
)

−k3
(
2(9b1 −50)ñ2

3 +9b4 +9b5 +24
)

(ñ1k1 + ñ2k2)

+ ñ3k
2
3

(
(50−9b1)ñ2

2 +2(50−9b1)ñ2
3 +9b1 −9b4 −9b5 −74

)
−(9b1 −50)ñ3k2

(
2ñ1ñ2k1 +k2

(
2ñ2

2 + ñ2
3 −1

))]
−3τoχ̃

[
(18b2 +5)k2ñ3 +2(9b5 −1)k3(ñ ·k)

]}
, (F.15)

∆η[2] = −ψ0
9 (3τo − χ̃)

{
χ̃
[
k2ψ0(9a1χ̃+9a2χ̃+3τo + χ̃)−(9a1 +4)k2χ̃ψ0

(
ñ2

2 + ñ2
3

)
+(9a1 +4)χ̃ψ0

(
2ñ1k1(ñ2k2 + ñ3k3)+k2

2

(
2ñ2

2 + ñ2
3 −1

)
+k2

3

(
ñ2

2 +2ñ2
3 −1

)
+2ñ2ñ3k2k3)+3ñ ·k]+9a3k

2ψ0
[
27τ2

o −6τoχ̃+ χ̃2
]}

. (F.16)

Inserting these formulæ and their derivatives (with respect to χ̃ and ñ) into equations (6.16)
and (6.17) yields, miraculously, that C = O(ψ3

0) and M = O(ψ3
0). Furthermore, M[2] and

C[2] only depend on the first-order non-scalar rulers, which satisfy Di = D̂i = Bi/2. Ref. [55]
already tested the expression for B[1]

i for a pure gradient mode, that is, B[1]
i = O(ψ2

0); and
similarly A

[1]
IJ = O(ψ2

0). Therefore, by equation (2.13), M = C = O(ψ3
0).

Some of these calculations were performed with the aid of the xPand package6 for
Mathematica [76].

F.2 Separate universe (spatial curvature perturbations)

For this test case, we use an FLRW universe with constant spatial curvature, with the
understanding that its expansion history differs from that of the fiducial background used for
comparison when evaluating the cosmic rulers — that is, the fiducial background is assumed
to be a flat space-time (section F.2.1). Fixing a positive spatial curvature does not completely
determine the space-time metric; to fully specify it, one must also provide the expansion
history, i.e., the conformal time as a function of cosmic time. In this appendix, we will
consider two different definitions of the conformal time:

1. Section F.2.1, where we use an EdS universe without curvature to define the relation
between the global conformal time co-ordinate and the global cosmic time co-ordinate.
This approach is used to test the consistency of T .

2. Section F.2.2, where the conformal time is defined using the curved expansion history.
Here, we test T as well as C and M. The relevant Mathematica notebook is published
with this paper (see section 7.3).

Since the purpose of the test cases is primarily mathematical — to verify the validity of the
second-order formulæ for the cosmic rulers — we adopt both approaches here.

F.2.1 Curved background: cosmic time

Let us consider the case where the space-time is simply an FLRW metric with non-vanishing
Ωm and ΩK , such that the expansion history differs from that of the fiducial, flat universe

6Documentation available on http://www.xact.es/xPand/.
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with the same value of Ωm. The metric is

ds2 = −dt2 + a2
K

δijdx
idxj(

1 + 1
4K|x|

)2 . (F.17)

Here, aK denotes the true scale factor, to be contrasted with the scale factor a0 of an assumed
flat background. To compare the expansion histories of these two backgrounds, we expand
the metric of the curved space-time to second order in K|x|2 and write

ds2 = −dt2 + a2
0

(
1 − 1

2K|x|2 + 3
16K

2|x|4
)
a2

K

a2
0
δijdxidxj . (F.18)

We perform the test case twice: in this section, using cosmic time, which does not allow a fully
explicit test;7 and in the next section, using conformal time as defined in the curved space-time.

In this space-time, we choose to normalise a(τo) = 1, i.e. a0(τo) = 1, because cosmic time
coincides with proper time (age). Therefore, aK(τo) ̸= 1, and we have

exp T = a0(t)aK(τo)
aK(t) . (F.19)

Here aK(t) is given implicitly in terms of the eccentric anomaly θ by

aK(θ) = A(1 − cos θ) ,
H0t(θ) = B(θ − sin θ) ,

(F.20)

where B = 1−ΩK

2|ΩK |3/2 . The ratio A/B is determined by requiring that at early times, this

should match a matter-dominated universe with the same Ωm, viz. A =
(
B/

√
2
)2/3

.
Solving Kepler’s equation for θ(t) we find

θ = |ΩK |3/2
[
H0t

5 −
(2

3

)2/3
3
√
H0t

]
+ 22/3

√
|ΩK | 3

√
3H0t

+ |ΩK |5/2
[(2

3

)5/3
3
√
H0t+ 1

175
3√2(3H0t)5/3 − H0t

5

]
+ O

(
Ω3

K

) (F.21)

Therefore, to second order in ΩK the cosmic clock is given by

exp T = 1 + ΩK

1 − a0
+

[
3√6
(
45 3√2(H0t)2/3 − 91 3√3

)
(H0t)2/3 + 122

]
Ω2

K

1050 + O
(
Ω3

K

)
. (F.22)

Let us now check that this equation is satisfied by the second-order expression (5.5) for the
cosmic clock. To this end, we define the conformal time with the background scale-factor,
i.e. dt = a0dη, whence Ψ = 0, hij = 0, ωi = 0, v = 0 and

Φ = T − T 2 − δaK,o + 2δaK,oT −
δa2

K,o

2 + K

4 x
2 − K

2 T x2 + K

2 x
2δaK,o − 3

32K
2x4, (F.23)

where δaK,o ≡ aK(τo) − 1. Therefore, δτ = 0 and T = −δν − δν2/2.
7This is not fully explicit because the metric itself involves the ratio aK/ao, which in turn depends on T .
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By equation (3.23),

F 0
[2] = Φ′

(
1 + 2ñiδn

i
(1)

)
; (F.24)

and the first-order shift in the photon momentum is given by [55]

δni
(1) =

(
2T + K

4 x
2 − δaK,o

)
ñi. (F.25)

Therefore, we have

F 0
[2] = T ′(1 + 2T ) (F.26)

and, since δνo = 0 from equation (3.19),

δν =
∫ χe

0
T ′(1 + 2T )dχ =

∫ ηe

η0

T ′(1 + 2T )
−1 + δν(1) dη ≈ −

∫ ηe

η0
T ′(1 + T )dη = −T − T 2

2 . (F.27)

The second equality follows from the fact that F 0
[2] depends on χ only through η = x0

lc. This
immediately gives δν(1) = −T (1), which was used in the third equality. Hence equation (5.5)
satisfies this test case since

T =
(5.5)

−δν − δν2

2 =
(F.27)

T (F.28)

as required.

F.2.2 Curved background: conformal time

Here we perform the test using the conformal time η defined in the actual space-time, i.e.
via dt = aKdη. The metric is

ds2 = a2
K(η)

−dη2 + δijdxidxj(
1 + 1

4Kx
2
)2

 , (F.29)

where aK is the scale-factor in the curved space-time. The calculation consists of three
parts: first, we compute the values that the rulers should take in a curved FLRW space-time,
based on their non-linear definitions, and expand them to second order in the curvature
K; then, we calculate the analogous results using the perturbative approach developed
in this paper; and finally, we compare the two by matching both the expansions and the
parameterisations appropriately.

Calculation of the perturbations of the metric. Before going any further, let us express
the metric (F.29) in the form of equation (1.1). To do so, we need to define the conformal
time, as above, and express aK in terms of the conformal time η, defined this time via
dt = aKdη. The solution is as above

aK(t) = aoΩo

2(Ωm − 1)
(
1 − cos θ

)
,

Hot = Ωo

2(Ω0 − 1) 3
2

(
θ − sin θ

)
,

(F.30)
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where ao and Ho are the modified scale factor, and the Hubble constant at ηo. The con-
formal time is

η(θ) =
∫ θ

0

dθ′

aoHo(Ω0 − 1) 1
2

= θ

aoHo(Ωm − 1) 1
2
. (F.31)

From Friedmann’s equation Ωm + ΩK = 1, we have

aK(η) =
aoH

2
o

(
1 + K

H2
o

)
2K

[
1 − cos(ao

√
Kη)

]
. (F.32)

The Hubble parameter Ho is related to ηo via

H2
o = 2K

1 − cos
(
ao

√
Kηo

) −K (F.33)

since aK(ηo) = ao. Inserting that expression back into (F.32), we get

aK(η)
ao

=
1 − cos

(
ao

√
Kη

)
1 − cos

(
ao

√
Kηo

) . (F.34)

Without loss of generality, we will hereafter take ηo to be independent of K.
The dependence of ao on K is determined by the initial condition a0(η(τo)) = 1, where

a0(η) = (η/ηo)2 is the background scale factor. Since we decided to fix ηo, we need to express
this condition in terms of ηo. We have:

τo =
∫ ηo

0
aK(η)dη , (F.35)

whence by equation (F.34),

τo = 1
cos

(
aoηo

√
K
)

− 1

sin
(
aoηo

√
K
)

√
K

− aoηo

 . (F.36)

Using η(t) =
(
3tη2

o

) 1
3 , this yields

ηo = 3

1
2aoηo csc2

(1
2aoηo

√
K

)
−

cot
(

1
2aoηo

√
K
)

√
K

 , (F.37)

which we need only solve to second order in K. Expanding this equation at second order
in K, we find8

1 = (aoηo)2/3

η
2/3
o

+ 19a4
oη

10/3
o K2(aoηo)2/3

28350 + 1
45a

2
oη

4/3
o K(aoηo)2/3 . (F.38)

8We remark that ao is bounded near 0, which follow from the fact that aK simply converges towards the
function a0, as K → 0.
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Let aK(ηo) ≡ 1 + δKao where δKao = O(ΩK) is small relative to unity.9 Substituting this
definition into the previous equation and expanding to second order in δKao, we obtain

0 = (δKao)2 (209η4
oK

2 + 1800η2
oK − 4050

)
36450

+ δKao
(
19η4

oK
2 + 360η2

oK + 4050
)

6075 + 19η4
oK

2

28350 + η2
oK

45 .

(F.39)

By solving this equation for δKao at second order in ΩK , we determine the explicit dependence
of aK on K at second order, to be

aK(η) =
(

1 − η2
oK

30 + 3η4
oK

2

1400

) 1 − cos
[(

1 − η2
oK
30 + 3η4

oK2

1400

)√
Kη

]
1 − cos

[(
1 − η2

oK
30 + 3η4

oK2

1400

)√
Kηo

] . (F.40)

Given that the function aK(η) is known explicitly, we can expand the metric (F.29)
at second order in K to find, finally,

ds2 = a2
0(η)

[
−(1 + 2Ψ)dη2 + (1 − 2Φ)δijdxidxj

]
, (F.41)

with

Ψ = η4K2

160 − 1
360η

2η2
oK

2 − 13η4
oK

2

16800 − η2K

12 + η2
oK

20 , (F.42)

Φ = −η4K2

160 + 1
360η

2η2
oK

2 + 13η4
oK

2

16800 − 3
32K

2x4 − 1
24η

2K2x2 , (F.43)

+ 1
40η

2
oK

2x2 + η2K

12 − η2
oK

20 + Kx2

4
for the Bardeen’s potentials.

Calculation of the expected value of the cosmic rulers. Unlike the other test cases,
in this case, the value of the cosmic rulers is non-zero. We will calculate the expected values
for the different rulers based on their definitions, starting with T , which is defined by

T (x) = ln
[
a0(η(τ))
a0(x̃0)

]
= ln

[
a0(η(τ))aK(ηo)

aK(x0)

]
, (F.44)

where ã = a0(x̃0). Note that, since this space-time is an FLRW space-time, τ is simply
the cosmic time, t. Using the expressions of η, τ , a0, and aK(η) given equation (F.40), we
proceed to calculate T at second order in K. The result is

T (xµ) = K2

16800
(
11η4 − 56η2η2

o + 45η4
o

)
+ K

20
(
η2 − η2

o

)
. (F.45)

Notice that T vanishes at xµ = xµ
o by definition.

We now turn to the calculation of the expected values of M and C. We begin by solving
the geodesic equation for a photon in a curved FLRW universe. In this paper, we choose the
radial co-moving co-ordinate χ as the affine parameter (cf. section 3), but here we must specify

9δKao is not to be confused with δao in the main body of the paper. There, we had δao = a0(ηo) − 1
(which is actually zero here with the initial conditions we chose) whereas here, δKao = aK(ηo) − 1.
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that the latter refers to the χ of the flat fiducial background, not the χ of the actual FLRW
space-time. To compare the values of the rulers found in this section with those calculated
using the perturbative approach presented in this article, we need to establish a second-order
relation between these two parametrisations. To distinguish between the background’s χ and
that of the FLRW space-time considered here, we will denote the latter by χK .

With the metric (F.41), the only non-zero Christoffel symbols for the conformally re-
scaled metric — equation (F.29) divided by a2

K — are

Γi
jk = K

2
(
1 + 1

4Kx
2
) (δjkx

i − δi
jxk − δi

kxj

)
. (F.46)

Substituting this expression into the photon geodesic equation, the photon 4-trajectory is

x0(χK) = ηo − χK , (F.47)

xk(χK) = ñk
(
χK + 1

12Kχ
3
K + 1

120K
2χ5

K

)
, (F.48)

at second order in χ2
KK. The orthonormal tetrad sµ

α defined at the source is given by

sµ
0 = a−1

K (1,0) , (F.49)

sµ
j = a−1

K

(
0, δi

j

[
1 + Kx2

4

])
. (F.50)

Since this space-time is isotropic, we can set n̂s = ñ in what follows. We now proceed to
calculate the cosmic rulers using equation (6.10). For C and Bi, we need

i∗s|| = gµν(xβ)∂x
µ

∂x̃k
dx̃ksν

i ñ
i = aK(xβ)

(1 + 1
4Kx

2)
ñi
∂xi

∂x̃k
dx̃k . (F.51)

On writing x(χK) = χK + Kχ3
K

12 + K2χ5
K

120 , the term ñi
∂xi

∂x̃k involving the Jacobian becomes

ñi
∂xi

∂x̃k
= ñi

(
ñk

∂

∂χ̃
+ 1
χ̃
P j

k

∂

∂ñj

) [
ñix(χK)

]
(F.52)

= ñk
dx

dχ̃K
(F.53)

and, consequently,

i∗s|| = aK(xβ)
(1 + 1

4Kx
2)

dx
dχ̃K

dx̃|| . (F.54)

Using the definition of the 1-form rulers (2.12), we read off

Bi = 0 , (F.55)

1 − C = aK(x0(χK))
a0(ηo − χ̃K)(1 + 1

4Kx(χK)2)
dx(χK)

dχ̃K
. (F.56)
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To express the cosmic rulers as functions of χ̃K defined via the observed redshift,10 we
use the relation

1
a0(ηo − χ̃K) ≡ aK(ηo)

aK(x0(χK)) , (F.57)

which can be solved for χK order by order. At second order, the solution is

χK = K2

23040
(
χ̃K − ηo

)(
63χ̃4

K − 252ηoχ̃
3
K + 284η2

o χ̃
2
K − 64η3

o χ̃K

)
+ K

24
(
χ̃K − ηo

)(
χ̃2

K − 2ηoχ̃K

)
+ χ̃K .

(F.58)

Using the second-order solution to the geodesic equation, equations (F.47) and (F.48), we
eventually obtain

1 − C = K2

89600
(
192η4

o + 875χ̃4
K − 3500ηoχ̃

3
K + 4480η2

o χ̃
2
K − 1960η3

o χ̃K

)
+ K

40
(
2η2

o + 5χ̃2
K − 10ηoχ̃K

)
.

(F.59)

Likewise, the starting point for the derivation of M is

i∗sJ = gµν(xβ)∂x
µ

∂x̃k
dx̃ksν

jP
ij êJ,i = aK(xβ)

1 + 1
4Kx

2P
ij ∂xj

∂x̃k
dx̃kêJ,i . (F.60)

The computation of the projection P ij ∂xj

∂x̃k gives

P ij ∂xj

∂x̃k
= P ij

(
ñk

∂

∂χ̃
+ 1
χ̃
P l

k

∂

∂ñl

)
[ñjx(χK)] (F.61)

= P i
k

x(χK)
χ̃K

. (F.62)

As a result, we have

i∗sJ = aK(xβ)
1 + 1

4Kx
2
x(χK)
χ̃K

dx̃i
⊥êJ,i . (F.63)

Using the definition (2.12) of the rulers, we read off

2 − M = 2aK(x0(χK))
a0(ηo − χ̃K)(1 + 1

4Kχ
2
K)

x(χK)
χ̃K

(F.64)

After expressing χK as a function of χ̃K and substituting the solution to the geodesic
equation, we eventually obtain

M = K2

403200
(
11025χ̃4

K − 1728η4
o − 51975ηoχ̃

3
K + 24080η2

o χ̃
2
K + 8820η3

o χ̃K

)
− K

20
(
2η2

o − 5χ̃2
K − 5ηoχ̃K

)
.

(F.65)

10Notice, that this is not χ̃, because the affine parameter is χK , not χ.
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Calculation of the rulers with a perturbative approach. We now turn to the calculation
of T using the formula in equation (C.6).

First, let us check that equation (5.5) gives the correct result at first order. At this
order in perturbations, T reduces to

T (1) = −δν + Ψ + H(η(τ))
a0(η(τ))

∫ x0

0
a0(η)Ψ(η)dη , (F.66)

with vi = v∥ = 0 owing to the homogeneity and isotropy of this space-time. We use (3.23)
to calculate δν. We get

dδν(1)

dχ = −Ψ′|η=ηo−χ + Φ′
xi=ñiχ,η=ηo−χ , (F.67)

in which the arguments of the Bardeen potentials involve the zeroth order trajectory since
Φ and Ψ are already first-order quantities. Substituting expressions (F.42) and (F.43)
for the Bardeen potentials and integrating the resulting equation with the initial condi-
tion (3.19) yields

δν(1)(χ) = − 1
30η

2
oK + 1

3ηoKχ− 1
6Kχ

2 (F.68)

or, since χ = ηo − x0 (this is a background co-ordinate relation),

δν(1) = 1
3ηoK

(
ηo − x0)− 1

6K
(
ηo − x0)2 − 1

30η
2
oK . (F.69)

In equation (F.66), the integral involves the first-order quantity Ψ, so we can just take the
zeroth-order value of x0 and η(τ) = x0. Using the expression for δν(1) and the zeroth-order
value of η(τ), we finally have at first-order:

T (1)(xµ) = K

20
((
x0)2 − η2

o

)
, (F.70)

which matches the expected result.
At second order, the cosmic clock follows from equation (5.5) upon setting vi = ωi = 0,

T = −δν + Ψ − Ψ2 − δν2

2 + H(η(τ))
a(η(τ))

[∫ x0

0
a(η′)

(
Ψ(x⃗, η′) − Ψ2(x⃗, η′)

2

)
dη′
]

+
[

H(η(τ))2

a(η(τ))2 − 1
2
a′′(η(τ))
a(η(τ))2

] [∫ x0

0
a(η′)Ψ(x⃗, η′)dη′

]2

.

(F.71)

Here again, we calculate δν to second order with equation (3.23). We have

dδν(2)

dχ = −Ψ′
(
1 − 2Ψ − 2δν(1)

)
+ Φ′

(
1 − 2Ψ + δijñ

i(δnj)(1)
)
, (F.72)

where Ψ and Φ are evaluated on the first-order trajectory (in the post-Born approximation).
To integrate this equation, we thus need to calculate the photon 4-trajectory at first order.
For this purpose, we need

η(1)(χ) =
∫ χ

0

(
−1 + δν(1)(χ′)

)
dχ′ . (F.73)
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On inserting the first-order value of δν from (F.68) under the integral sign and the initial
condition η(1)(0) = ηo, η(1)(χ) becomes

η(1)(χ) = ηo + χ

(
− 1

30η
2
oK − 1

)
+ 1

6ηoKχ
2 − 1

18Kχ
3 . (F.74)

Likewise, we use the first-order equation (15) from [5] to find x(1). In our case, the former
translates into

d
dχ
[(
δni)(1) − 2Φñi

]
= −∂iΨ − ∂iΦ , (F.75)

in which zeroth-order values of the photon 4-trajectory are used in the argument of Φ and Ψ.
The initial condition is given by equation (20) of the same paper and, in our case, simplifies to

(δni
o)(1) = Φ(ηo, 0)ñi . (F.76)

On integrating equation (F.75) and expanding the result at first-order in η2
oK etc., we obtain

(δni)(1)(χ) = 1
60K

(
2η2

o ñ
i − 20ηoñ

iχ+ 25ñiχ2) . (F.77)

A second integration over χ, with the initial condition (xi)(1)(0) = 0, yields

(xi)(1)(χ) = K

180
(
6η2

o ñ
iχ− 30ηoñ

iχ2 + 25ñiχ3
)

+ ñiχ (F.78)

and, since ñi is of unit norm,

x(1)(χ) = K

180
(
6η2

oχ− 30ηoχ
2 + 25χ3

)
+ χ , (F.79)

which is our final expression for the first-order x(1).
Knowing the first-order trajectory of the photon and using the initial condition (3.23),

we can integrate equation (F.72) to find

δν(2)(χ) = K2

75600
(
78η4

o + 420η3
oχ− 9450η2

oχ
2 + 10220ηoχ

3 − 2555χ4
)

+ K

30
(

− η2
o + 10ηoχ− 5χ2

)
.

(F.80)

To find δν at emission, we need to get the first-order χ at emission, which satisfies η(1)(χe) = x0.
Here, we want to express quantities as functions of x, not x̃, which is why we do not apply the
method presented in section 3, as it requires of the redshift and thus x̃. Using the expression
we derived for η(1)(χ), the condition η(1)(χe) = x0 becomes

ηo + χe

(
− 1

30η
2
oK − 1

)
+ 1

6ηoKχ
2
e − 1

18Kχ
3
e = x0. (F.81)

Again, this equation is complicated to solve but we can simplify it by recalling that we
only need a first-order expression in K for χe. Expanding the latter around its zeroth order
value ηo − x0, we find

χe = ηo + 1
90K

(
7η3

o + 5
(
x0)3 − 12η2

ox
0
)

− x0 . (F.82)
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On inserting this result into equation (F.80), we obtain the second-order frequency shift
δν(2) at emission,

δν[2] = K2

25200
[
−429η4

o − 385
(
x0)4 + 840η2

o

(
x0)2]+ K

30
[
4η2

o − 5
(
x0)2] . (F.83)

The last ingredient we need is the first-order value of η(τ). Using η(t) =
(
3tη2

o

) 1
3 as well

as equation (3.11), we get

η(τ) = 1
60Kx

0
[
η2

o − (x0)2
]

+ x . (F.84)

After combining all the partial results into equation (F.71), we ultimately obtain the expression

T (x) = K2

16800
[
11(x0)4 − 56

(
x0)2η2

o + 45η4
o

]
+ K

20
[ (
x0
)2

− η2
o

]
(F.85)

for the second-order cosmic clock, which matches the expected result equation (F.45)!
We can now calculate M and C using equations (6.16) and (6.17). For the test case

considered here, we get

1 − C =
(

1 − δν + Ψ − Ψ2

2 − Ψδν
)(

1 − Φ − Φ2

2 + ñk

(
1 − Φ

)∂∆xk

∂χ̃

)
(F.86)

for C, and

2 − M =
(

1 − δν + Ψ − Ψ2

2 − Ψδν
)(

2 − 2Φ − Φ2 + P lj ∂∆xj

∂x̃l

(
1 − Φ

))
(F.87)

for M. To evaluate the second bracket of both equations, we first need to calculate the photon
4-trajectory using the results of section 3. For this purpose, we iterate the first-order result
obtained at the beginning of this section. We shall skip the details of this calculation here
since it follows the first-order derivation quite closely (but goes to second order). We find

η[2](χ) = ηo +K2
(

13η4
oχ

12600 + η3
oχ

2

360 − η2
oχ

3

24 + 73ηoχ
4

2160 − 73χ5

10800

)

+K

(
−η2

oχ

30 + ηoχ
2

6 − χ3

18

)
− χ; (F.88)

(xi)[2] = ñi

[
K2

(
−13η4

oχ

12600 − η3
oχ

2

360 + η2
oχ

3

20 − 163ηoχ
4

2160 + 313χ5

10800

)

+K
(
η2

oχ

30 − ηoχ
2

6 + 5χ3

36

)
+ χ

]
. (F.89)

Finally, to get the displacements ∆xi to second order, we need the second-order δχ. We have

δχ[2] = K2

604800
(
1296η4

o χ̃− 2940η3
o χ̃

2 + 1960η2
o χ̃

3 − 735ηoχ̃
4 + 147χ̃5

)
+ K

360
(
18η2

o χ̃+ 15ηoχ̃
2 − 5χ̃3

)
, (F.90)
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whence

∆xi(χ̃, ñi) = ñi

[
K2

5760
(
16η4

o χ̃− 132η3
o χ̃

2 + 344η2
o χ̃

3 − 315ηoχ̃
4 + 135χ̃5

)
+K

24
(
2η2

o χ̃− 3ηoχ̃
2 + 3χ̃3

)]
.

(F.91)

Inserting all of these into equations (F.86) and (F.87), we find

1 − C = 3K2

22400
(
16η4

o − 280η3
o χ̃+ 840η2

o χ̃
2 − 700ηoχ̃

3 + 175χ̃4
)

+ K

40
(
2η2

o − 10ηoχ̃+ 5χ̃2
)

+ 1 ,
(F.92)

and
2 − M = K2

100800
(
432η4

o − 3780η3
o χ̃+ 280η2

o χ̃
2 + 7875ηoχ̃

3 − 1575χ̃4
)

+ K

20
(
2η2

o − 5ηoχ̃− 5χ̃2
)

+ 2 .
(F.93)

Comparison of the values of C and M to the expected ones. As expected, the
expressions we just found for M and C, equations (F.92) and (F.93), do not agree with those
derived previously, equations (F.59) and (F.65), unless one accounts for the difference between
χ and χK . To compare these results, we need to determine the relation between the two
parametrisations of the geodesic equation, which we obtain by comparing equations (F.47)
and (F.88) with (F.48) and (F.89), viz.

χK = χ−K

(
−η2

oχ

30 + ηoχ
2

6 − χ3

18

)

−K2
(

13η4
oχ

12600 + η3
oχ

2

360 − η2
oχ

3

24 + 73ηoχ
4

2160 − 73χ5

10800

)
.

(F.94)

To express χ as a function of χ̃, we rely on equations (F.88) and (F.89) instead of (F.47)
and (F.48), whence

1
a0(ηo − χ̃) = aK(ηo)

aK(x0(χ)) . (F.95)

This yields

χ = K2

604800
(
147χ̃5 − 735ηoχ̃

4 + 1960η2
o χ̃

3 − 2940η3
o χ̃

2 + 1296η4
o χ̃
)

+ K

360
(

− 5χ̃3 + 15ηoχ̃
2 + 18η2

o χ̃
)

+ χ̃ .

(F.96)

Substituting this expression into equations (F.56) and (F.64), we get the expected values
of C and M,

1 − C = 3K2

22400
(
16η4

o − 280η3
o χ̃+ 840η2

o χ̃
2 − 700ηoχ̃

3 + 175χ̃4
)

+ K

40
(
2η2

o − 10ηoχ̃+ 5χ̃2
)

+ 1 ,
(F.97)
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and
2 − M = K2

100800
(
432η4

o − 3780η3
o χ̃+ 280η2

o χ̃
2 + 7875ηoχ̃

3 − 1575χ̃4
)

+ K

20
(
2η2

o − 5ηoχ̃− 5χ̃2
)

+ 2 .
(F.98)

which, this time, is the result we expected from the second-order formula we derived,
i.e. equations (F.92) and (F.93).

This concludes the constant-curvature test case. We have verified that, when both the
rulers and the co-ordinates in which they are evaluated are expanded to second order in K

and matched appropriately, our perturbative results for T , C and M agree with the expected
values. As in the other test cases, since C, BI and AIJ are known to satisfy this test at first
order, the results of this appendix imply that C and M also do so at second order.

G List of symbols

Symbol Meaning Defined Calculated
a(η) background scale factor Section 3
ã 1/(1 + z̃)

a(τ) scale factor evaluated at source proper time τ (2.2)
ao a(ηo) Section 3 (3.22)

AIJ transverse cosmic ruler (metric pull-back) (2.8) (2.13)
AIJ transverse cosmic ruler (1-form pull-back) (2.12)
BI vector cosmic ruler (metric pull-back) (2.8)
BI DI + D̂I (2.16)
C longitudinal cosmic ruler (metric pull-back) (2.8) (2.13)
C longitudinal cosmic ruler (1-form pull-back) (2.12) (6.16)
χ global co-moving radial co-ordinate Section 3
χe global co-moving radial co-ordinate at source Section 3.5
χ̃ χ(z̃), the inferred co-moving distance to redshift z̃

DI , D̂I vector cosmic rulers (1-form pull-back) (2.12)
δao ao − 1 above (3.19) (3.22)
δχ χe − χ̃ Section 4.2 (4.9)
δni perturbation to light propagation direction (3.6) (3.26)
δni

o δni at the observer Section 3.4 (3.20)
δν perturbation to light propagation direction (3.6)
δνo δν at the observer Section 3.4 (3.19)
δobs

g observed galaxy over-density Section 1 (2.17)
∆a,e perturbation to a (4.3) (4.3)
∆a,τ perturbation to proper age (5.1) (5.4)
δτ τ − t at the source (5.2) (5.3)
δτo τo − to above (3.12) (3.12)
δu perturbation to time component of u (3.2) (3.3)
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δxµ solution to the geodesic equation (4.4)
∆xµ difference between actual and inferred co-ordinates (2.3) (4.8)–(4.10)
δxs(η) perturbation to source’s time-like geodesics Section 3.3 (3.10)
δxo(η) perturbation to observer’s time-like past geodesics Section 3.4 (3.13)
eµ

α, eµ
α observer Fermi tetrad Section 3.4 Appendix B

η conformal time co-ordinate (3.1)
ηo conformal time at observer below (2.2)
η̃ inferred conformal time Section 2 (2.1)
η(t) background cosmic-to-conformal-time relation below (2.2)
F 0

[2] dδν/dχ to 2nd order below (3.23) (3.23)
F i

[2] dδni/dχ to 2nd order below (3.25) (3.25)
gs inferred metric below (2.8)

Γα
βγ Christoffel symbol (3.4) Appendix A

γ1, γ2 shear (components of AIJ) (2.15)
hij tensor metric component (3.1)
H̃ background expansion rate evaluated at ã
H̃ background conformal Hubble rate evaluated at ã

H(τ) H (η(τ)) below (3.21)
i Embedding of the observer’s light-cone in M Section 2

i, j, . . . spatial indices ∈ {1, 2, 3}
I, J, . . . transverse indices ∈ {±} below (2.8)
K FLRW spatial curvature (for test case) Section 7 Appendix F.2
kµ light wave-vector (3.6) Section 3.5
λ light-ray affine parameter (solves equation (3.4)) (3.4) λ = χ

M space-time Section 2
M tr AIJ (2.15)
M trAI

J (6.17)
ñ observed sky direction Section 1
n̂s ray propagation direction measured at source (6.2)
ωi vector metric component (3.1)
Ψ ‘temporal’ Bardeen potential (3.1)
Φ ‘spatial’ Bardeen potential (3.1)

Στo
observer’s past light-cone Section 2

t cosmic time Section 3
to cosmic time co-ordinate of observer below (2.2)
T cosmic clock
τo proper age of observer (age of the Universe) Section 3 (3.12)
τ , τs proper time of the source, as measured by it
θ eccentric anomaly for separate-universe test (F.20) (F.21)
Θ Ruler-size intrinsic growth rate (2.18)
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uµ source 4-velocity (3.2) (3.2)
v source spatial velocity field (3.2)
x̃ inferred position Section 2 (2.1)
xµ global co-ordinate (3.1)
xµ

e source co-ordinate position
xµ

lc(χ) solution to geodesic equation above (3.4) Section 3.5
x̃µ inferred source position Section 2 (2.1)
z̃ observed redshift Section 1
L[n] evaluation of a quantity L up to order n Section 3
L(n) order n term of some quantity L Section 3
L′ dL/dη Section 2
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