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The way in which the macroscopic description of the 

interaction of the electromagnetic field with matter is 

related to the microscopic viewpoint has "been known for many 

years. Two distinct steps are necessary to establish the 

connection. Firstly one has to develop a descriptive scheme 

that accounts for the dynamical behaviour of microscopic systems 

qua matter under the influence of the field which involves the 

construction of a model of matter, and secondly there is the 

problem of calculating the averages over a large number of 

microsystems of th.e quantities predicted by the dynamical scheme. 

The latter problem is essentially one of statistical mechanics.

This thesis is concerned with the first aspect of the 

problem, that is the construction of a dynamical scheme to 

describe the interaction of the electromagnetic field with 

matter which we view as being composed of spatially separated 

aggregates of point charges called 'molecular systems 1 . The 

theory is illustrated with some examples of the type of 

calculations that are possible within this scheme. We make no 

attempt to discuss the associated problems im statistical 

mechanics*

The conventional theory of the interaction of radiation 

with molecules has been standardized for many years. There are 

however some unsatisfactory features about it which very largely 

stem from the problems associated with the invariance of the
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hamiltonian under gauge transformations and the consequent 

freedom of choice of gauge. As shown "by Power and Zienau (Phil. 

Trans. Hoy. Soc. 1959, A231, 42?) there exists a unique unitary 

transformation which eliminates the difficulties and casts the 

hamiltonian into a form in which the molecular multipoles are 

explicitly displayed. They also showed the extent to which 

earlier versions of the multipole hamiltonian were inexact about 

the definition of the fields involved. Power and Zienau however 

considered only dipolar and quadrupolar terms explicitly and 

it io desirable to extend the thoory to oncompaoc multipoloa of 

arbitrary order. Moreover a proper account of the functional 

dependence of the canonical variables implied by the existence 

of the gauge transformations seems to be lacking in the case of 

molecular quantum electrodynamics.

The first part of the thesis therefore is concerned 

with the problem of deriving in a consistent non-relativistic 

approximation the modified hamiltonian for general electric 

and magnetic multipolar interactions with the electromagnetic 

field. We start from the microscopic Maxwell-Lorentz theory 

of charged particles which we develop in a form that is in 

close analogy to the macroscopic theory of dielectrics. Ue 

then postulate a lagrangian from which the field and particle 

equations of motion may be recovered under suitable assumptions 

using the calculus of variations. This procedure however forces 

us to introduce the electromagnetic field 4-potential and thus 

there are more dynamical variables than degrees of freedom. To
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proceed to the hamiltonian therefore requires a discussion of 

the singular (degenerate) nature of the lagrangian and we use 

the theory first developed by Dirac (Can. J. Hath. 1950, 2, 14?) 

since this is the most direct way of performing calculations 

with lagrangians that exhibit degeneracy. Essentially the 

procedure consists of eliminating the dynamical variables that 

are not required in the account of the dynamical behaviour of the 

system, and when this is done the originally singular canonical 

scheme becomes regular as required. With a suitable lagrangian 

and the use of the Coulomb gauge condition to define a specific 

Lie algebra for the dynamical variables, the hamiltonian that 

finally emerges is the required generalization of the multipole 

hamiltonian. The importance of the Coulomb gauge condition is 

that it enables us to identify the canonical momentum with the 

transverse electric field strength operator to within a constant. 

The gauge condition is therefore an integral part of the theory. 

Having started from a non-relativistic classical lagrangian, the 

spin interaction terms are naturally absent from the hamiltonian 

and must be added, if required, in an ad hoc fashion.

The second section of the thesis is concerned with the 

use of the theory within the context of perturbation theory 

based on an expansion of the resolvent operator of the complete 

hamiltonian. In Chapter 3 we give a detailed account of the 

calculation of the optical rotation angle of a molecule in terms 

of the properties of its constituent groups which we assume are 

electronically isolated. For simplicity at this stage the
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interaction potential is limited to the dipole approximation. 

Diagrammatic perturbation theory is used to simplify the 

calculation as much as possible. The final results of the 

calculation are in general agreement with those in the literature 

but the method seems to give a particularly clear account of 

the physical processes involved. In Chapter 4 we consider the 

complete multipole hamiltonian and examine the properties of 

its matrix elements in order to assess the feasibility of 

extending calculations in the dipole approximation to include 

higher multipoles. Some interesting new integral representations 

of the interaction terms are developed which may be useful in 

calculations, tte conclude that there is no difficulty in 

generalizing calculations if the process in question involves 

real photons, but that in general 'virtual 1 photon processes 

may only be dealt with if a cut-off for the field energy is 

introduced, tfe note that if the theory is to be consistent 

witk our original restriction to the non-relativistic case then 

a cut-off is required but we do not analyse such a theory.

Finally in the Discussion, we attempt to assess our 

formulation of the multipole hamiltonian in relation to other 

versions and find agreement only with Power (introductory 

Quantum Electrodynamics, 1964) though of course our final 

hamiltonian is not limited to quadrupolar terms. By extending 

the analysis of the integral representation of the electric 

multipole term in the harailtonian, which we developed in 

Chapter 4, we are able to give a fully quantum mechanical



justification of the unitary transformation operator employed 

by Power and Zienau,(1959) and Power (1964). Our argument 

follows from the recognition that the phase of probability 

amplitudes may be altered in the presence of an electromagnetic 

field ( f Bohm-Aharonov1 effect). In short the multipole 

hamiltonian is related to the conventional hamiltonian by a 

unitary operator that changes the phase of the state vectors of 

the two descriptions by an amount that corresponds to formally 

moving every particle of a molecular aggregate to the centre of 

mass of the aggregate (or vice versa to go from the multipole 

description to the conventional one) in the presence of an 

electromagnetic field described by a given vector potont.ial. 

We conclude by diccussing some of the difficulties inherent in 

the current theory of molecular quantum electrodynamics which 

appear to be of a fundamental nature since they arise from our 

manner of describing charged particles*
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"Au terme dernier, vous m'apprenez que cet univers 

prestigieux et bariole se reduit a 1'atome et que 1'atome 

lui-meme se reduit a I 1 electron. Tout ceci est bon et 

j'attends que vous continuiez. I-'iais vous me parlez d f un 

invisible systome planetaire ou des electrons gravitent autour 

d'un noyau. Vous m'expliquez ce monde avec une ima^e. Je 

reconnais alors que vous en etes venus a la poesie: je ne

A
connaitrai jamais. Ai-je le temps de m f en indigner? Vous 

avez deja change de theorie. Ainsi cette science qui devait 

tout m'apprendre finit dans I'hypothese, cette lucidite sombre 

dans la metaphore, cette incertitude se resout en oeuvre d'art."

Albert Camus »Le Mythe de Sisyphe 1 1942.
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CHAPTER 1

INTRODUCTION:



The conventional formulation of the non-covariant 

quantum theory of the interaction of radiation with matter- 

is in terms of the electromagnetic potentials [l, 2J in 

contrast to the semi-classical theories in which 

molecular multipoles and the field strengths are introduced 

explicitly (see, for example (3~\ ). Nevertheless, it is 

well known that it is possible to develop a quantum theory 

that involves the field strengths and which is in close 

correspondence with the semi-classical theory: the new 

hamiltonian which may be obtained from the usual 

hamiltonian by a unitary transformation, [4-6} , has 

several significant advantages over the latter.

In the usual formulation of the interaction, of 

radiation with bound charges, the covariant Lorentz gauge 

leads to difficulties and is given up in favour of the 

Coulomb gauge, since one may then dispense with the 

longitudinal part of the electric field strength and use 

instead the electrostatic interaction energy of the charges. 

The propagation function for the vector potential in this 

gauge however, contains false static precursor signals, 

which arise because a neutral atom or molecule still acts as 

a source of an electrostatic field even after the removal 

of the Coulomb interaction between the charges, and this 

feature may require special attention in calculations. The 

canonical transformation developed by Power and Zienau is 

designed, to remove just these spurious terms from the theory.



and as a consequence when the new harailtonian is used in 

conjunction with perturbation theory, considerable 

simplification occurs in calculations since there are no 

longer any falsa terms of this type to be eliminated \J> ~

Power and Zienau emphasized the importance of 

considering the field and matter as a closed dynamical 

system, but treated only dipolar and quadrupolar terms 

explicitly: later attempts,[12 - 14Ji to extend the 

formalism to include multipolar interactions of higher order 

have not conformed, withi this requirement and to this extent 

these derivations are unsatisfactory. Furthermore the 

redundancy of the field variables is handled by using a 

Coulomb gauge condition just as, in Fermi's original solution 

of the canonical formulation of electrodynamics [I\[ , and" 

it would be desirable to remove this device. ¥e note also 

that there is more than purely theoretical interest in 

multipolar interactions, especially in the context of 

interpreting birefringence phenomena [15, 16_| .

In view of this we have re-examined the problem of 

deriving in a consistent non-relativistic framework th.e 

modified harailtonian for general electric and magnetic 

multipolar- interactions with the radiation field. We start 

from a classical action principle and the associated 

lagrangian, proceed canonically to the hamiltonian, and 

quantize the latter in the normal way. Such a route is



still probably fundamental to any quantum procedure [l7, 18J : 

the hamiltonian is required because it seems to be essential 

for even the simplest systems, and because quantization 

procedures that avoid a harailtonian are apparently of limited 

generality; the lagrangian is required to express the action 

principle, and to provide the link with the hamiltonian.

In electrodynamics it is a familiar difficulty that 

the momentum conjugate to the scalar potential vanishes, so 

that the method of passing from the lagrangian to the 

hamiltonian is not unique. Thus, since the electromagnetic 

potentials are to some extent arbitrary, their use as 

dynamical variables gives rise to more variables than degrees 

of freedom. Historically it has been the practice to impose 

gauge conditions on the potentials in a way that enables 

the normal transition from the lagrangian to the hamiltonian 

to be made: the gauge condition has then to be used as a 

supplementary condition in the theory [ij .

A more general and powerful hamiltonian theory in. 

which the supplementary conditions arise as a consequence 

of the formalism has however been devised £l7 - 22J , and 

this theory is ideal for the problem at hand. In the first 

part of this thesis we shall show how a proper- 

consideration of the degeneracy of a particular lagrangian 

leads quickly to a hamiltonian for the interaction of 

molecules with the electromagnetic field. With;, a suitable



choice of lagrangian, the hamiltonian that finally emerges is 

the desired generalization of the multipolar hamiltonian of 

Power, tfe shall see that the role of the Coulomb gauge condition 

is merely to define a particular Lie algebra for the essential 

dynamical variables.

The second section of the thesis is devoted to a 

detailed account of an example of the usual type of calculation 

that is performed in electrodynamics using perturbation theory. 

Vfe use the multipole hamiltonian in conjunction with the 

S-matrix theory described by Atkins and Barren JJ?J to calculate 

the optical rotation angle of a molecule in terms of the 

properties of its constituent groups which are assumed to be 

electronically isolated, i.e. we neglect exchange effects. 

This model of an optically active molecule has been used by 

many authors and our results are in general agreement with 

those in the literature |j23 - 26J . lie restrict ourselves to 

the simplest case where the groups interact in pairs, and 

where the individual subsystems are non-identical. The 

calculation is sufficient, however, to illustrate the physical 

processes involved in a way that is not possible with some 

other methods.

In Chapter 4 we recall briefly some details of 

perturbation theory based on the resolvent operator and thus 

show how calculations of energy shifts in electrodynamics (e.g 

) are related to the S-matrix theory calculations. We



next examine the complete multipole hamiltonian in some detail 

and illustrate its use in the context of the calculation on 

optical activity described in the previous chapter. In 

particular we examine the details of calculating the isotropic 

spatial average of the probability amplitudes derived from 

the S-matrix theory, and the problems associated with including 

higher multipolar interactions in virtual photon processes. Vfe 

conclude that the generalization of calculations involving real 

photons so as to take account of higher multipoles is 

straightforward, but that some care is required with calculations 

that involve virtual photons.

We then discuss the physical content of the general 

theory and the relationship of the multipole hamiltonian to
 

the more usual one. In particular we find a new form for the 

unitary transformation, operator constructed by Power and 

Zienau [6>] which permits some clarification of the physical 

ideas behind their argument. Finally we attempt to assess 

the current status of molecular quantum electrodynamics in 

relation to the accepted methods of quantum theory and 

spectroscopy*



CHAPTER 2

TH3 MULTIPOLS HAMILTONIM :
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2;.l The Maxwell-Lorentz Theory«

The essential conceptual framework of the classical 

theory of charged particles is due to Lorentz who developed 

a microscopic theory of electrodynamics in which the 

interaction between the charges is mediated, by the 

electromagnetic field L27J   If suitable statistical 

averaging procedures ara invoked, the known macroscopic 

laws of electrodynamics, for example the Harwell equations, 

may be deduced from the Lorentz theory. The main feature 

of the theory is the important role of the electromagnetic
*

field, and although Lorentz found difficulties with 

notions such, as the* structure of.the charged particles, 

his theory is the precursor of all modern classical and 

quantum theories of electrodynamics |_28, 29J   We shall 

therefore begin, witht an account of the essentials of the 

Maxwell-Lorentz theory.

Since our ultimate aim -is to describe the interaction! 

of light with molecular systems we confine ourselves to a 

non-relativistic approximation throughout; that is, the 

theory is appropriate for particles with velocities of
r\

magnitudes v that satisfy the inequality (v/c) « 1, where 

a is the velocity of light. This approximation is a 

necessary consequence of the fact that there is no known 

covariant extension of the Dirac equation to molecular 

systems. The microscopic Maxwell-Lorentz equations



however have no non-relativist ic reduction since the, 

velocity of light is involved explicitly in the Newtonian 

inequality, so that a theory of charged particles in 

interaction with the electromagnetic field can have a 

non-relativistic approximation only im so far as the 

particles are concerned. ¥e shall, find moreover that the 

tensor notation and the natural units system (c » l) 

employed in covariant electrodynamics may "be usefully 

maintained in. parts of the non-relativistic theory, since 

they afford a particularly concise notation.

The electromagnetic field is described "by the 

4-potential a^ s a « cb , the scalar potential, and the a 

(r « 1, 2, 3) constitute the vector potential a. As is 

well known, it is possible to construct the skew- symmetric 

tensor field

=» a - a (2.1)

.where an index preceded by a comma denotes the 

differentiation: y « (dy/3x^), with x a t, the time

variable, and (x_, x2 , x^) = r , the spatial variable, and 

we employ the metric tensor g^v with g =» 1, g = g- = g;

« -1, g^ = 0 if ̂ v   In terms of the tensor f , j?he 

microscopic Maxwell-Lorentz equations for the free field are 

written,

0 (2.3)
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where if the electric field strength £ with the three 

components e , and the magnetic induction b, with the 

three components b are introduced,

e -G bs (2.4) r-

being the Levi-Civita tensor density but with

C. « 0.cors

In order to describe the interaction of the 

electromagnetic field with matter- we introduce the 

current- charge 4- vector j ; j » ̂  the charge density and 

j (r = 1, 2, 3) the current density. Thus we may write

vv - - (2 - 5)
for a field in interaction with a given charge-current 

distribution. Note that the antisymmetry of the tensor

leads at once to the result that the 4-divergence of jr*~

vanishes, so that equation (2.5) is consistent with the 

law of conservation of charge. When closed, non-conducting 

systems are. considered, it is convenient to introduce a 

tensor field p which describes the polarization of
/AV

matter by the electromagnetic field, and instead of equation 

(2.5) write

m ° (2 - 6)
which is the microscopic analogue of the Maxwell equation 

of a dielectric. By inspection we see that for consistency 

we must have
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(2.7)  >*-

The components of the tensor p , which is skew- symmetric, 

are given "by

V "

where the p are the components of the electric 

polarization f p, of the matter, and the m are the 

components of its magnetization: nu

We suppose that an elementary charge has no 

structure and so may "be taken to "be a point particle. 

characterized solely by its charge e, and its mass ra. If 

we introduce the position vector r, and the momentum ]P of 

the charge then its equation of motion in a specified 

electromagnetic field (e, b) is given by Newton's second 

law with the Lorentz force,

(2.9)

which in the non-re!Lativistic approximation reduces to 

the familiar form

mr - e f a{r) + r A, b(rH . (2.10) L^~ ~~~J

Equations (2.5)> or equivalently (2.6), and (2.10) 

together constitute the basic equations of the Maxwell  

Lorentz theory. It is important to realize that these 

equations are strictly valid only for specified charge 

distributions and fields respectively, for it is clear 

that the sources and fields must in. fact be driven through
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each, others motion. The 'radiation damping 1 corrections 

that should be added to equation (2.10) are however 

0 }(v/c) j and so may be legitimately neglected im a 

nori-relativistic theory

It is of course well known that when the coupled 

equations of motion. (2,6), (2.10) are generalized to th.e 

many particle case, stable solutions that correspond to the 

aggregates of charged particles which we characterize as 

molecular systems, cannot be found. This fact was of great 

importance in the development of the quantum theory. We 

shall, nevertheless at this point introduce certain features 

that pertain to molecular systems in the expectation that the 

resultant internal inconsistency of the theory so produced 

will. be eliminated, by the introduction of the quantum 

theoretical axioms (the existence of acceptable solutions 

in the resulting quantum theory is of course another question 

altogether!). And when we speak of 'molecules' in the 

following (classical) theoretical development it will be 

with tacit appeal to this expectation.

We shall restrict our considerations to neutral 

molecular systems treating the molecules and electromagnetic 

field as a closed dynamical system, and take equations (2.6) 

and (2,10) as the basic equations of the theory. These 

equations are not however in the most convenient form for 

obtaining a quantum theory, but given an explicit
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representation of the components of the tensor p , itrv

should be possible to derive both equations from a single 

variational principle, and so reformulate the theory in the 

framework of canonical classical mechanics. We may then 

obtain at once a quantum theory in the Heisenberg 

representation,

Let us assume that the molecules are sufficiently 

stable for" the designation of their component particles to 

be meaningful: molecule a will be supposed to consist of

n (n >l) particles of charge e . and mass m . situated a a ai ai

at the positions R . (t-)i i « 1, 2,........n . Thus wa may^ a 

now introduce the following mass weighted coordinates

Z m .   r » J V m .R . 1 (2.11.) ai -a 1 / 1 ai  ai | v '

(2.12)

Clearly, £ is the position vector of the centre of mass of

molecule a and q . is the position, of i in a relative to - -*ai * - -

this centre^ The condition of electrical neutrality of

each molecule is expressed by e 5 / e . « 0.. a ta ai
I

The charge and current densities for the system 

are? [30] ,

a,i
j-( £f t) = *ai 4i S(4i - ^) (2-14)

Since we may use the expression:
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Sai .§)S(ra -r) (2.15)

where O « ^/dr, we may write

exp (- q,..fc)&(r - r) (2.16) 
ai ~ai a

(r f t) - e (q . + r ) exp ( -q . d) &(r - r) . (2.1?) , «k *   » ax »a/i «a  ai **  a.   

These have the form of multipole series (when the 

exponentials are expanded), except that the molecular 

raultipole moments are defined in a coordinate system in 

which the molecule is instantaneously at rest. In the 

non-relativistic theory this condition: is obtained at once, 

since q .}} r and the galileiana transformation may be used, 

to write R . /^* q .. This transformation, is assumed, to be 

valid, and the q . will thus be regarded as the dynamical 

coordinates of the particles.

Prom the definition of j and p_ we obtain the 

familiar expressions

(2.18)
O r(r,t) = Pr '°(r,t) + e^^m^r.t) (2.19) 

and so from equations (2.16) and (2. 13)

The form of the vector field jn(r,t) may be determined from 

equations (2.18) and (2-19) since in the non-relativistic
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approximation the time dependence of the polarization field 

p is due solely to the

a>i n

*(q ..d^S^-r) (2.21) •cii. » "^«* **•

and so

- P'°)
P a, n

in which the dynamical variables are the q ., the a f and^ai p^
their time derivatives q . and a,,' 0 , when used ini••ai A^

conjunction with Hamilton's principle. [_3lJ , leads to the 

Maxwell equation (2.6), and to the Lorentz force law in the 

form

Consequently, from equation (2.19) we find that

S(r,t).
ai n

X (q aiAqai )6(r - r) (2.23) «>ai *»s.i ~a *»

and equations (2.20) and (2.23) constitute the required 

non-relativistic multipole expansions for the polarization 

and magnetization of the system (c.f. |T29] )•

¥e now assert that the following- lagrangian

(2;24)
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m .cr . = e . ai

provided that we make independent variations of the field 

and particle variables -(see Appendix I for a detailed 

account). Equation (2.24) is therefore a suitable, 

though not unique, lagrangian from which to develop the 

theory. It has the usual structure of lagrangians for 

coupled systems in that the first two terms refer to 

separate parts of the total system (particles and field 

respectively) whilst the last term accounts for the 

coupling- between the particles and the field. An 

apparently disadvantageous feature of this last terra is 

that it involves derivative coupling* In a non-relativistic 

theory however the principle of minimal electromagnetic 

coupling loses> the important physical significance which: 

it bears in the covariant quantized field theory [32J for 

the difficulties associated with derivative coupling no 

longer appear.

In order to proceed to a quantum theory one must 

now construct a harailtonian, but since this lagrangian. is 

independent of the velocities a ' , the normal procedures 

cannot be invoked: such a situation corresponds to a 

theory involving a degenerate lagrangian, and so the 

canonical procedures first devised by Dirac ri9t 20J must 

be used*

(2-25)



17 

2.2 Degenerate Lagrangians and the Canonical Formalism.

The theory of degenerate lagrangians was first studied 

by Dirac (JL9J and though more rigorous and comprehensive 

theories have since beem developed ^18, 2l| we shall employ 

his procedure since it is the most direct method of 

calculation for the problem at hand. For the sake of 

simplicity we shall discuss dynamical systems with a finite 

number (n) of degrees of freedom that may be described by 

a lagrangian Lr=L(q,q,t): the extension n-* oo is

straightforward [l7J •

Prom the variation of the action principle one may 

deduce the Euler-Lagrange equations,

(d/dtXdL/i^) « (dL/dq ) i = 1, 2,.....n. (2.26)

In the familiar case of elementary dynamics, these 

equations may be solved for the accelerations q. in terms 

of the coordinates and velocities, and one is led to the 

Hessian matrix J:

£ q = B (2.27) 

where

J = IUVaq.dq.li (2.28)•*• J

B = L/ q - (L$t) - (Ldq.q.)q. (2.29) 
•*• x •*• •»• J J

and ^ and q are n x 1 column matrices. It is possible 

for the Hessian matrix to have a rank less than n, in which
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case L is said to be degenerate. Degeneracy reduces the 

differential order of some of the Lagrange equations and 

introduces the possibility that some equations may no longer 

be independent of the others: the remaining second order 

Lagrange equations can no longer be solved for all the 

accelerations. Ifhereas for physical systems of finite n the 

usual theory is sufficient, field theories almost invariably 

involve degenerate lagrangians and the concomitant degenerate 

variational problem \_1.8, 21, 22J . The dynamical 

consequences of the degeneracy may most conveniently be 

examined in the canonical formalism; furthermore in this way 

one also obtains a basis for quantization because the 

Poisson brackets of the canonical dynamical variables define 

a. Lie algebra suited to the quantization procedure.

Initially the domain of the lagrangian is taken> to 

be the space R of (2n + l)-dimensions : R = (t, q.q )•

The momentum conjugate to the coordinate q. is defined in 

the normal manner- by

P-^iL/dq^ i = 1, 2,.......n (2.30)

and this expression may be regarded as a mapping of R into 

the (2n + l)-diraensional phase space P = (t, a , p ). In 

the usual case the Hessian matrix, which now may be

written ||^p./bq.| I , has rank n' and the mapping is onei j •»

to one, at least locally. In the degenerate case the rank 

of J; is reduced from m to n. - zr, and so there must exist^^•^ ™ • ••• ^^
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r distinct relations of the form

<|>,(t, q, p) = 0 V= 1, 2,.....r. (2.31) 

In this case the mapping of R into P is many to one 

(degenerate) and the whole of R is mapped on to the points of 

a (2n + 1 --r)-diraensional hypersurface, 3, embedded in P. 

The equations ^^ 0 are the 'constraint equations 1 of Dirac's 

theory £19] , and since they are valid only in S they are called 

'weak equations' and the equality = is replaced by ^ to imply 

this restricted validity; equations that are true irrespective 

of these conditions are 'strong equations 1 and written with the 

normal equality sign. Thus equation (2.3l) is written

q, p)^?0 (2.31a)

The hamiltonian, H, may still be defined by the 

normal relation,

H(p, q) ~ pq - L (2.32) 

but the relation must be written as a weak equation because 

the coordinates and momenta are restricted by equations (2.31a). 

In Dirac's theory one seeks the further relations that ensure 

that the <|> are true for all times: these conditions may 

further delimit the dimensions of the hypersurface to which 

the actual physical motion is; confined; this new space we

write S'. Thus one is led to a set of coherence conditions 
i

1» 2,..........s; n^s^r) which satisfy

Cp *°i^;i Cp^fHJ ~ 0, and which enable one to define the 

harailtonian in S 1 as a strong equation. The resulting
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hamiltonian may however contain a number (not greater- than

of arbitrary terms which: arise because not all the 

canonical dynamical variables are independent and so they 

cannot determine uniquely the state of the system.

A fundamental classification of the dynamical 

variables is into the sets 'first class 1 and 'second class 1 : 

a dynamical variable v(p, q) is first class if its Poisson 

brackets with all the constraints vanish at least weakly, 

otherwise it is second class. It may be shown that 

constraints that are themselves first class are relations 

that generate invariance groups of the system; that is, 

their importance is that they may be used as generating 

functions of contact transformations that leave unaltered 

the physical state of the system. It is just these 

quantities that give rise to the arbitrary terras in. the 

total hamiltonian since the existence of invariant 

relations is closely related to the functional dependence 

of the dynamical variables. Finally we note that a 

dynamical variable may only correspond to a physical 

observable if it belongs to the set of first class observables.
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2.3 The Hamiltonian.

For a finite dimensional system the momentum

conjugate to the coordinate q . is defined in the normalai

way to "be (dL/^q . ) j for an infinite dimensional field the
ai

momentum densities are the coefficients ofSq(x)" in the 

variation of the lagrangian with respect to the velocities:

n°. (2-33)

Consequently, if we employ the lagrangian of equation 

(2,24)1 the momentum conjugate to a which, is written TT , 

is defined by the relation

£ L a I cL^TX £a** f ° = I <A*-(f •*• TD irSa^** 0 (2 34.)

so that

n^= fro + P̂ o (2.35)
The field potential and its conjugate momentum satisfy the 

equal time Poisson bracket relations (x « x^ x2 , x..),

- 0 (2.36) 

(2.37)

Since bothi p and f, are antisymmetric it
^AV /***

follows from equation (2,35) that

0 (2.38)

which is an equation of the type (2.31a) and is, there f ore r 

a constraint equation. The remaining momenta ("ft ) and the 

equations of motion derived from the Euler-Lagrange equations
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must now be written as weak equations \19» 20j .

In order to determine p . it should be observed that 

the velocity q . occurs in the relation defining the 

magnetization and in the first term in L; thus the expression, 

for- p . may be written

J<
and for brevity S^Cr)! has been written O^Cr ).

•* -a

The fundamental Poisson brackets for the particle variables 

are

s i
J

and we note that in rectangular cartesian coordinates gs

i s equal to Srs

With these results the harailtonian may be written as

withi

n 

where we have employed the relation

Idx f(x) (d/dx)n §(x - x«) = (-l)n |(d/d2:)n f(x)l & , (2.4l)
^» »J

(2.43)
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The bar over p signifies that it still contains the

velocities cr : it is convenient to eliminate these at a ~ai
later stage. If the weak equations (2.35) and (2.39) are 

inserted, and the relations

The velocities are now eliminated from ?„• Firstrs

we observe that p » p and p = p because no 

velocities occur in the first row and column of the matrix 

p || . Combining equations (2.23) and (2.39) we obtain

a n

and observe that

The second term in m(r) contributes to this integral the 

quantity

r (2.45)

>ra° (2.46)

are employed, the hamiltonian may be written;

(2.47)

f
- dtm.b . (2.49)
\y



x (q . /^ Q. . ).b(r) &(r - r \2ai «Cai -*•-»' v~a —

! (q . .^^(q . AQ .).b(r •*ai ~ ^ai ^-ai ^x^

a f i

The first terra in m(r) contributes what we shall call*** *»f
f > or -tiiXra'.b, and so the hamiltonian may bers j •** -».

written entirely in terras of the canonical variables as

- - f P ai ai « " rs rs

(2.51)
J

The consistency relations imposed by equation (2.38) 

must now be determined: the condition required is that which

ensures that TT vanishes at all times. Since theo

equation of motion of a dynamical variable Sc may be written 

$V ^1^'^J we raa>y &ed-uce that

(2.52)

and the latter terra must vanish at least weakly for consistency. 

Now the Maxwell-Lorentz equations may be written as the weak 

equations

' (2>53)
and since TT ^ t •*• p it follows that the constraint
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7S ' r» 0 (2.54)
r

is consistent with the field equations. Since this equation 

too must be true for all times y MR >r ,Hjmust vanish: in 

Appendix II we give the proof that this bracket reduces to 

0=0, and so adds no further information, but is consistent 

as required. Equations (2.38) and (2.54) are the only 

constraint equations, and it is simple to show using the 

fundamental Poisson bracket relations (2.36, 2.3?) that

« o , (2.55)

that is the constraints are first class. According to the 

general theory the total hamiltonian,!!1 , may be obtained 

by adding alL the first class constraints witk arbitrary 

coefficients to the hamiltonian H (because the first class 

constraints commute with all physical observables and so 

the motion generated by H? remains in S 1 )* ^ne new 

hamiltoniam is therefore defined in S' by the strong equation

H« - H 4Jdtu(x)no(x) +JdTv(x)7Cr ' r(x), (2.56)

u(x) and v(x) being arbitrary functions of space and time. 

When this hamiltonian is used the equation of motion of a 

dynamical variable J v may be written as the strong 

equation

. (2.57)
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If ST. is chosen to be a°, the equation of motion 

(2.57) implies that the time variation of a° is arbitrary, 

since

a°'°U) =[a°, H.Q = u(x) (2.58)

and u(x) is an arbitrary function. Now we have already 

seen that n "^ 0 always, and so neither a nor 7\ are 

of interest in describing the system and may therefore be 

discarded from the theory. If a new arbitrary coefficient 

w(x) = v(x) - a (x) is introduced, the hamiltonian may be 

rewritten in the form

2 \ I j /i rs 
^ai'^ai ai ^ I rs rs J

- propro ) + f dT: w(x)Kr ' r . (2.59)

This hamiltonian is sufficient to give the equations of 

motion for all the variables of physical interest: the 

variables a and T\ no longer appear1 or play any role 

in the theory. Since, however, the field variable a

appears in H 1 only through its curl (in f ) there remainsrs
the possibility of a general gauge transformation, in which

a is replaced by a + X i ^> being any scalar function r r ,r
of x.

In a quantum theory one has no rules for the 

construction of the function w(x), but it may be 

eliminated by a procedure first ingeniously prescribed by 

Dirac (1.9J and rationalized in later theories L21J . ¥e
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recall that the terra involving w(x) appears because the 

constraint equation TK ' ^ 0 was first class and so could 

be used as a generator of infinitesimal transformations in 

the surface S 1 that left the physical state unchanged. If a

supplementary condition on the potentials a is introduced
'• / \ 

it may be writtem as a further constraint equation CvHa )^0,

and if <p is chosen so that its Poisson bracket with "fif ' is

not zero, then the latter constraint is no longer first class

/ \ «— • i r and we must eliminate the terra in w(xj since »\ ' may now

induce migrations away from S 1 . Thus the terra in w(x) must 

be discarded and we shall be left with the problem of

quantizing a canonical system involving two second class

t
-\ 

19J was

the first to solve: the essential point of his theory is the 

redefinition of the Poisson brackets of the dynamical 

variables so that the new Poisson bracket, of a dynamical 

variable with the (now) second class constraints vanishes. 

This enables us to write the second class constraints as 

strong equations. The new Poisson brackets (the Dirac brackets) 

still lead to the required equations of motion and preserve 

the Lie algebra of the dynamical variables.

In the present theory we shall study the use of the

Coulomb gauge condition a '^0 , although it is evident 

that a less comprehensive supplementary condition such as

a,' £ZO would suffice to make K >r ^0 a second class 1 r

constraint: any gauge condition may be introduced at this
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point and the subsequent analysis modified accordingly. 

Let us write the two second class constraints as

O 0(x) a a ' S~ 0 (2.60) • <i s

and so construct the elements of a matrix c(x, x") from 

the Poisson brackets

(x, x") -TcL.U), 4>j(x")| i, 0 -It 2. (2.61)
V L ^ V-1 ^*^

This matrix has non—zero elements of the form

: - x") (2.62)

c.10

which follows from the definition of the fundamental 

Poisson brackets, equation (2.3?)« The unique inverse of 

the matrix, c exists in S* and is defined by

(2.63)
i J

From equations (2.62) and (2.63) one obtains the elements 

of the inverse matrix as

• C22 = °

', x") » -c(x«, x») = (I/4T()\^ - x"!" (2.64)

Following Dirac |JL9j we now define the *Dirac f bracket of

C ~i •& 
f, gj as

[f, g]* - [f, g] -

- [?, e] -
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It is easy to verify that the Dirac bracket of a dynamical
t j 

variable f with either Cp or O ? vanishes, and so

equations (2.60) may be written as strong equations. 

Furthermore using equation (2.65) it is obvious that the 

brackets in equation (2.36) are unchanged but that

* - x« ) - (1/4TX) o x -

and so

ar(x) , IT (x' ) » fftx - *• ) (2.66

where g is the metric tensor form of the transverse delta»+

S_^ . 4p^* ^"^ \ 
(see t for example, |j_|>.

At this point we may summarize: the new harailtonian 

is given by

H" -iJCdA -)(p2 - + Q2 -) + f fdt (if frs *2 - x ' /x -^ 7 2 v V2 rs

(2.67)

together with the conditions 

[ar(x), *

j*

r* """•' t
[ar(x),7TSU')j* « glx-x')*, (2.68)

and

a ' S(x) - TV ' r(x:) = 0. (2.69)
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These equations constitute the desired classical canonical 

description of the field in interaction -with a distribution 

of 'molecules 1 in a form in which the redundant dynamical

variables a and 17 have been discarded* o o

In order to make the transition to a quantum theory

the conventional steps may be taken: the variables q ., p .,—ax ~»an.

jt.(x), and "2(x) are reinterpreted as operators, and the 

non-zero Poisson brackets ( or in this case, the Dirac 

brackets) of the classical theory are replaced by their 

quantum counterparts, the commutators

sA &i34 (2.70)
[ar( X),TX s(x')] = Mfckx-x')*. (2.71-)

This introduces the usual ambiguities into the theory in 

connection with the ordering of the operators: the 

magnetization operator in* suffers in this way, and the 

simplest manner in which, its Herraiticity may be ensured is 

to symmetrize it and write it as

The equations (2.69) become operator identities in the 

quantum theory and there are no supplementary conditions 

on the state vector. Finally the hamiltonian may be cast

into a familiar form if fif , the conjugate of ar ins

equation (2.7l)i is replaced by - i. e~ and equations (2.4)

£« -£>• f2.72)

o s
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and (2.8) used to write IT 1 as

-_. . „..„ „-„, *(£••£" * o^.t)

7+ (1/2 € n )d<<:p - T m« .b - 4
Ol S "• •"*• 8 ~ •• .vl J J a,i

(2.73)

Factors of c and £ v the vacuum permittivity, have been 

written explicitly/ and the multipolar interaction is 

apparent in the last three terms. The identification of TJ 

with e^ to within a multiplicative factor follows as a 

consequence of equation (2.68), c.f. \^\ •

In the preceding sections we have developed a 

non-relativistic quantum mechanical hamiltonian for 

molecules in interaction with the electromagnetic field: 

the hamiltonian in equation (2.73) is the desired 

generalization of the multipole harailtonian of Power \_7_1 • 

From this point one may proceed in the conventional 

manner- to the applications of the type discussed by Power

and Zienau for spectral line shapes l,6J , the applications
r* ~" 

to molecular interactions discussed by Power ̂ 7 J tand the

application to the photon scattering description of optical 

birefringence and ellipsometry described by Atkins et al.

T 33J . The extension of these calculations to the 

description of the interaction of multipoles of arbitrary 

order- may be developed! in a simple and analogous manner*

In the following chapter we shall give a detailed
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account of the application of the method of Atkins and 

Barren ^9_j to the description of the optical activity of a 

molecule in terms of the properties of its constituent group 

He shall confine the discussion to the same approximations 

as were made in the author 1 s published account of this 

calculation |_llj 7 and defer until chapter 4 "the discussion 

of the modifications required when the complete raultipole 

expansion is used.
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CHAPTER 3

ON TH3 THEORY OP OPTICAL ACTIVITY
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3*1 Introduction.

Optical rotation and circular dichroism are "both. 

manifestations of optical activity. The former, familiar 

phenomenon occurs when a plane polarized beam of light 

passes through a medium and reappears with, a different 

plane of polarization.; frequently the emergent beam has 

acquired some degree of elliptical polarization as a result 

of absorptions by the medium and this phenomenon is circular 

dichroism. The quantum mechanical theory of optical 

rotation was first formulated by Rosenfeld (_34j who used a 

semi-classical argument to calculate- the interaction 

between an. electromagnetic wave and a molecule. In this 

formalism the optical activity is a consequence of the 

retardation of the radiation field over the space occupied 

by the active molecule. The rotation angle, Q , for unit 

pathi lengthi of a solution containing N molecules per unit 

volume is

9 ~ (2/3)Nilui;Jbe (^)vv v = 1, 2, 3. (3.1)

where yi is the vacuum permeability and the gyration 

tensor g(cj) is defined as

eKv- Im£«f(s2f - s2"2 )'1
where d and jn are the electric and magnetic dipole operators, 

m the molecular ground state, f the molecular excited states, 

and E ~ E - E , their energy separation^ Equation (3.l)
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should be modified to accommodate a local field correction: 

usually one assumes that this is related to the refractive 

index of the medium through, for example, the Lorentz 

correction. Prou the pseudo-scalar nature of (p(w) the 

restriction of optical activity to molecules lacking 

reflection and inversion symmetry is immediate and well 

known.

The computation! of p(<*0 can. be performed in practice 

only by using a limited, basis set, and this has been the 

scheme used in such, calculations (see, for example, L?5j >

[_36j ). One may distinguish two distinct classes of optically
C* "^ 

active molecules '37'. • & ^ew molecules, such as hexahelicene,

are 'inherently dissymmetric* and must be discussed in terms of 

a Rosenfeld type equation; the majority of molecules, however, 

owe their activity to the dissymmetric juxtaposition of 

symmetric (i.e. inherently optically inactive) subsystems* 

These molecules are commonly discussed on the basis of two
4*

models: the 'coupled oscillator' theory initiated by 

Kirkwood [£3J , and the 'one-electron' theory of Condon,
\

^* *"*3

Altar and Eyring !.3$] • These theories emphasize different 

aspects of the coupling between the subsystems (groups) that 

arise because each group experiences the electric fields of 

tha others. A general first order- perturbation treatment 

of the Rosenfeld equation has shown the two mechanisms to be 

complementary, and both should be considered in a full 

treatment of a molecule's optical activity |24] ,
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The subject of a recent series of papers [_9a » L10 J > 

has been the formulation of the theory of optical 

birefringence phenomena on a fully quantum mechanical model. 

The phenomena were treated in terms of the scattering of 

polarized photons from molecules in a fluid medium. This 

'natural 1 description of the process was expressed 

quantitatively in terms of the scattering matrix (S-raatrix) 

and the- reaction matrix (H-matrix). The polarizations of 

the incident and emergent beams of light were expressed in 

terms of the Stokes parameters S , which were, evaluated 

as the expectation, values of the Stokes operators 2;^. In 

this way the elements of the Rp-matrix may be related to the 

polarization characteristics of the light beam. The 

structure of the R-raatrix may conveniently be recalled by 

using- diagrammatic perturbation theory j_8J , 19-1 •

Just as the Rosenfeld equation has been extended 

to the computation of the activity of molecules in the 

manner already described, it is interesting to see whether 

the scattering formalism may be extended in a similar way. 

Recent work of the author's published elsewhere has shown 

that this is in fact possible \_llj ,, |p9j , and in the 

following we shall relate this calculation to the general 

theory described in the previous chapter.

Vie follow the philosophy of Kirkwood's original 

paper J-23J and assume that a molecule may be divided into
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a number of electronically independent groups. This 

approximation (the neglect of electron exchange between the 

groups) is implicit in all current theories of optical activity 

and in the absence of accurate molecular wave functions appears 

to be unavoidable. Without the use of this approximation 

moreover we would not be able to avail ourselves of the 

multipole hamiltonian derived in the preceding chapter in 

view of the assumptions necessary to obtain a representation

of the tensor p . Vie shall see that within the context of>v
the perturbation theoretic version, of non-relativistic quantum 

electrodynamics, the optical activity of a molecule arises 

as a result of the exchange of virtual photons between the 

molecular subsystems that are involved in the scattering of 

a photon from the external field. As discussed by Power 

the use of the multipole hamiltonian enables one to describe 

all electromagnetic interactions in terms of the exchange 

o^ fully retarded transverse photons, and calculations are 

simplified in so far as the Coulomb interaction between the 

groups is automatically accommodated in the new interaction 

potential.
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3.2 The Quantum Llechanical Model.

7.<r e assume that the molecules are in an infinitely 

dilute fluid solution, so that the solvent is important only 

through the appearance of its refractive index in the local 

field correction, and its effect on the conformation of the 

solute. The molecule is divided into n electronically 

independent groups, and the electron exchange "between the 

groups is assumed to be negligible, so that the groups can 

only interact with each other through space via the 

electromagnetic field. If we transform the system 

hamiltonian in to the interaction, representation, then 

provided the coupling between electrons in different groups 

is much weaker than that between electrons in the same 

group we may write
!»

H = HQ + V (3.3)

where H is the sum of all isolated, group and external field 

hamiltonians, and V is the interaction of the groups with the 

field. In this representation th.e operators referring to 

the separate parts of the total system formally obey 

uncoupled equations of niotior^ and so we are able to obtain 

explicit representations of the field operators. The only 

difference between our expansion: of the field variables and 

earlier ones jjf - 9j is the trivial modification due to the 

choice of different units (we use S.I. rather than: Gaussian
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units).

l.Te shall retain initially only the leading terms of 

V which from equations (2.20), (2.23) and (2.73) may be 

written^

• V =^jV(s) =2a-£( s ) •£"*"( s ) ~ m(s).bCs) (3.4)

where d(s) and n(s) are. the electric- and magnetic dipole 

moment operators of group s defined as

./m . )(q .^\p .) (3.6) / sj/^si isi

respectively. The fields are evaluated at the centre of 

mass of group s because of the delta functions in p and 

the spatial integrations in equation (2.73). It is clear- 

that this approximation for V is valid only if the 

retardation, over the extension of the group is such that 

the field may be assumed to be; uniform and thus have 

negligible spatial derivatives.. We defer to chapter 4 

consideration, of the more general case when these conditions 

are, no longer valid, for example when the inequality {q^^^^ 

where ^q\ is the 'radius 1 of a group and 5^ is the reduced 

vacuum wavelength of the radiation, no longer holds. No 

suck dimensional limitation is applied to the separation 

of the group centres, and the difference in retardation! at 

different groups is an. essential requirement for optical 

activity if the individual groups are not themselves active.
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The state vector I O/ for the ground state of the, 

molecular system may be written: as a product of isolated 

group state vectors:

n" riir.s>.s=l

where \m \ is the ground state of the group s. In the* s —

zero-order Born-Oppenheimer- approximation! 140J the groups 

are placed at their equilibrium separation. The total state 

of the field and molecule in the remote past is, in the 

notation of Atkins and Barren

(3.8) 

with

(Ho - Eo)r(-oo) = o. (3.9)

For the optical activity calculation: we require the amplitude 

of the probability that a photon originally (at t = -co) 

polarized along the H(l) direction will be found polarized 

along "£(2), the direction.! orthogonal to *?(!), long after it 

has been scattered from a molecule (i.e. at t =- -t-cfj).

The original state vector^f(-OO) evolves in time 

according- to the structure of the S-matrix. If the S-matrix 

is replaced by its definition in terms of the R-matrix and 

only processes involving; two external field photons (one in, 

one out) are considered, then after' an infinite time interval 

the state vector\sf(-°o) will have evolved into the state

from this tite optical rotation angle per unit
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path length is found to be

= (NV/honf) Im S.\°' (3.10) * AX

where

o(°)
(3.11)

In deriving this expression for 0 , one uses the fact that 

the rotation angle due to each molecular scattering event 

is independent of the initial polarization parameters of 

the light beam| so that the total angle from N scattering 

events is just N x the rotation angle due to one event. The 

matrix element RV* contains all the information relating to

the scattering process and to the interaction between the 

groups. An exact evaluation of H\/* is not however possible 

since the total system is .described by the hamiltonian of 

equation (2,73) which cannot be diagonalized, and so we resort 

to perturbation theory and the adiabatic theorem.

shall consider the simplest case which occurs 

when the energy of the. field is far from a molecular 

resonance, and when the constituent groups of the molecule 

are non-identical. Then R is related to the retarded Green 

function Cr by the equation

R - V + VG°R (3.12) 

which may be solved by iteration:

R = V + VG°V + VG°VG°V 4- VG°VG°VG°V +....... (3.13)
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G° - (E - H° + i)""1 (3.H)

The positive infinitesimal in G ensures that all the 

interactions preserve causality and are fully retarded. In 

terras of diagrams, this means that the photon propagator 

lines are all directed forward in; time, and if this 

requirement is kept in; mind we may drop the positive imaginary 

infinitesimal since it is only important near' a molecular 

resonance. The series in equation (3.13) is then essentially 

a Rayleigh-Schrodinger perturbation expansion. We shall 

only continue the perturbation series up to fourth' order, 

which corresponds to the retention of only those diagrams 

that contain no more than four vertices. Since two of the 

vertices are involved in the description of the scattering 

of the light beam, this means that we limit ourselves to 

pair-wise interactions between groups.

The molecules move randomly in solution, and so the 

optical rotation angle is determined, by the isotropic spatial 

average of the R-matrix. This has the following consequences: 

since the processes are limited to those involving two real 

photons, one of the external field vertices must be 

associated with the field operator e and the other with

• Thus we shall have to consider diagrams that have the 

generic form shown in Figure la, where the horizontal lines
r

represent the evolution in time of the groups labelled a and b, 

and within the box all chronological orderings of the
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a ———————————
b ——'——————I—— (a)

J )
^_________ ^-,——————— (r>.

(b)
\ 5

\\ •
0

\ 
\

N 

\

Figure 1

a) schematic form of diagrams that contribute to optical activity,

b) typical second-order diagrams that contribute to 0- . -, •

c) a typical fourth-order renormalization diagram.
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interaction! vertices are implied. When the groups are 

themselves optically active we may have diagrams based on 

the generic structures shown in Figure Ib. Such systems 

involve no photon transfer, and have essentially been 

considered already [_9j • Their contribution to the rotation 

angle corresponds to the internal activity of an isolated 

group, and vanishes unless the group is dissymmetric:

internal ' s=

where p( s ,io) is the gyration tensor of group s. In fourth 

order these graphs may be modified by self-energy 

contributions, for example that shown in Figure Ic. Ue 

shall, however, assume that all fundamental quantities have 

their experimental values, and not deal with the 

renorraalization programme explicitly*

the groups are not intrinsically active, rotation 

can occur only if photons are transferred between, groups, 

and so a transfer vertex must be introduced on each line in 

all possible chronological sequences. The convention 

concerning the polarization of the external photon lines, 

that those with, polarization along §(l) are drawn above 

the molecular line and those with polarization^ along e(2) 

below it, will not be maintained for the internal, virtual 

photons since we shall, later sum over their polarizations.

Two types of diagrams may be distinguished:
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figure

The molecular coordinate system,
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Type A: diagrams with two vertices on each group line (as in 

Figure 2a) ;

Type B: diagrams with three vertices on one line and only 

one on the other (as in Figure 2b).

We shall see that the^ Type A diagrams give rise to what are 

usually called the 'coupled oscillator 1 or the 'dynamic; 

coupling' terms, whereas Type B diagrams generate the 

'one-electron' or 'static-coupling' terms [24 J » l^lj • »Q 

emphasize however that the total rotation: angle is the 

observable, whereas although the separation of the matrix 

element R into contributions from different diagrams is

computationally useful, the individual diagrams have in 

general no physical meaning.

The coordinate system that we shall use to specify 

the relative disposition of the groups is shown in Pigure 3 

and is essentially the one used in the previous chapter: a, b, 

... label the groups and i, j... label the electrons in the 

groups. The incident light beam has a circular frequency CO , 

whilst, the exchanged photon has a wave vector k and hence a 

circular frequency- kc. To calculate the R-matrix to a given 

order all. topologically inequivalent diagrams of that order 

are constructed, and Wallace's algorithm is used to interpret 

them
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3*3 Evaluation of Type A Diagrams^

It -is easy to deduce that there are forty eight 

topologically inequivalent diagrams of Type A which must be 

evaluated, but the properties of the operators involved -Hill 

enable them to be reduced to only two .types of matrix 

elements in the algebraic interpretations of the diagrams. 

Moreover, the energy factors may be grouped into two types, 

which pair specifically with the numerators to give only 

two terms ultimately. Thera are three types of vertex to 

consider-:

(s) V: : an entry vertex on line s

(s)VJl ' : a transfer vertex on line s

. : an exit vertex on line s. out -

The existence of forty eight fundamental diagrams is based
(a)on the observation that if V. occurs on line a then V^,in - T

must occur either before or after the vertex, and project a

(a)photon forward in time onto line b. If V,^ ' occurs before

V> a ' the vertex V^ may occur either between v( a ' and V> a in T T in
or after V; whereas if V occurs after V V may

(a)occur only after VI '. Therefore ini each case time is

divided into four ordered segments, and V^ ^ may occur in
out

any one of those. This is illustrated in Figure 4. The 

twelve diagrams so generated must be doubled, because either 

V. or V . may be a magnetic vertex, and then doubled again
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Figure 4

The "ordered time intervals in the fourth-order diagrams.
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because V. may occur on line b, in which case V must be
1H — OUu

on line a.

As an illustration we interpret the diagram shown
•S A 

in Figure 5» According to the algorithm the numerator, J\. ,

is given by

Af = B kd(a)m(bL, :
k f,f m± x m (3.1?)

and the denominator,^^/,

_ -

.
The constant B has the ' value

where 1 is the unit dyadic and k =* k/k« Next, we recognize 

that whilst the electric and magnetic dipole moment 

operators are referred to an axis system fixed in the

B « Hwcn/4V. (3.19)
O

In equation. (3.1?) we have not retained- the 

exponential factors associated with the external field 

interaction vertices because exp(^-ir/X)'^'l,c,f . page 39 : 

the corresponding factors for the internal photon vertices 

must be retained because all values of k are encountered. 

The summation over the polarization states of the 

transferred photon is carried out by means of the formula

-"kk (3.20)
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molecule, the unit vectors e(l) and e(2) are referred to a 

system; fixed in space by the properties of the light beam. 

In a solution in the absence of an external field the 

molecules tumble, and so we may make use of the isotropic 

averages :

If equations (3.17), (3.20) and (3.2l) are used, the 

average of the numerator may be written

% f ' f (3.22)

where Rab = Sa - Sb is "k*16 vector displacement of the group 

a from group b (see Figure 3). The summation, over k is 

replaced by an integration using the density of states factor,

. (3.23)

Therefore the entire integral over k may be written<v> «•• "

Lvt, - dk d£l(k)k3(l - kk) exp(-ik.Rab ) (3.24)
VJ w

4-T\ In
Jo

\Im I dk T^CgabJk) (3.25) 

where the tensor ̂ (R^Jk) is defined by

i(Rab*k) — (^ -i^2 )(ellCRab/4TT 0̂RaiD )i (3.26)

yv
. T(Ra^;k) is the Fourier transform of the

tensor T(Rab$ /c) which is defined through the commutator of 

tha electric field strength, operators,
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and is the singular function governing the propagation of 

the transverse electric field strength, and corresponds to 

the retarded electric field of a classical dipole 

oscillator L-^J • This result is obtained from equation 

(3.24) by performing the angular integral and then noting that 

exp(ikR)/R is the Green function at infinity of the wave 

equatiom, so that we may replace k by - & 142 J • tie also 

note that the imaginary part of the tensor T(Ra-b;k), which 

is a generalized susceptibility tensor, determines the energy 

dissipation that occurs when one of the groups is perturbed 

by the other (c.f. [l3j , |43j ). Collecting together 

equations (3.19)» (3.22 - 3.25) we obtain

ft* 1 J
dk

x Im TR^jk). (3.28)

A close examination of the structure of the diagrams 

enables one to devise the relation that is illustrated in 

Figure 6a. A broken line (———) connecting the diagrams 

implies that the time orderings within, the boxes, although 

arbitrary, is the same in each case. As an example of this 

rule we have the connexion shown in Figure 6b. This rule 

means that we may combine two diagrams as shown in Figure 6c, 

and so define the imaginary part of a diagram, indicated by
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double vertical lines. Furthermore the numerators of various 

types of diagram are connected as shown in.Figure 7a» where the 

"broken horizontal line implies that any relative ordering 

"between the molecular lines may be taken, but the time 

ordering on a particular line must be as depicted. The diagrams 

may also be divided into cis and trans types, depending on

whether V. and V , occur on the same side of the two Vm in out T
vertices, or whether V. and V , occur on opposite sides off in out • *~
the Vrp-Vfp connexion. This division enables the two relations 

shown in Figures 7"b and Jc to be used. For all types of 

diagram the denominators are connected by the rule shown in 

Figure 8: this relation, together with the two preceding, 

enables the magnetic vertex to be transferred between the lines.

If these symmetry relations are used to collect the 

numerators and denominators, the R-matrix element for the 

pair of groups, (a, b) is found to be

' x -o

Im TUjk) (3.29)

with the definitions

= u"(a,b) d(a)Id(bVj; (3.30)fta x 'm 

-i-
u (a,b) = d.(a)raf.ra(b) flm ± ra(a)mf.^(b) f (3.31)



± E(T>)mfl}

2
raf

2
mf 1

(3.32)

mThe integral over k may be written

A

dk G (k) Im T(Rab ;k)

-k) 

(3.33)

where the singularity in the integrand is avoided "by the 

prescription of taking the principal part of the integral. 

The integral may be expressed in terms of the sine and cosine 

integrals L44J > &&& we find

•EC fE(a)2 - 
L mf mf

In this expression! we write

and define the tensor t, through: the following scheme:

\(a,b5x) - G1 (x) 1 ~

(3.35)

(3.36)

(3.37)

G2(x) (3.39)
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J (x) = sinxCix — cosxsix - Ttcosx (3«43)

K (x) = cosxCix + sinxsix 4-TTsinx (3-4l)

where
c

The integral I may now be inserted i£to the 

expression for the R-matrix element, and if we sum over all 

groups in the molecule, we obtain, in view of the Hermiticity 

of the operators, the expression;

_ _ _____. *•

2 0 ' ^C. tmf ~ ^ W

x ^ - - mi . j - - ma: - - rra - - mi • • "i*m ~ • •

(3.42)

Therefore using equation (3»10) we obtain the rotation angle 

for unit path_length of solution containing. N molecules per 

unit volume as

/-> 'C*"M ^-i

(3.43)

The tensors A and P are defined by,^fc ^^0

\ os > • 2
-.f

S a\s; jft(s)' 
, .—"~—~% (3 -45)

and may be related to the polarizability and gyration tensors



Let us now examine the behaviour of the tensor 

;x) defined through equations (3.36) to (3.4l)« 

functions si x, and Ci x may be expressed as follows [44j

60

of the groups (of,g) if we express the operators £_ and jn in 

coordinate systems centred on the individual groups (c.f. ^23] )• 

Under a spatial translation by an amount It, the operators 

transform as follows:

(3.46)
•

11 Tl / i \ ^** ^T "f" „_ ™ ____^ ^^ ̂ ^ .^ / • / ̂ ^te? -» A ̂ j^ t*1^ "O /3 f^/'Vi

mf mf' mf uvt ".irif 

so that

A(s)uv—* °<U)UV (3.48)

P(s) —> P(s) - (l/4n"c)6, R««(s) . (3.49) uv v uv tuw i vw

The rotation angle may therefore be written as,

'i
vt

(3-50)

six - -(7</2) -i.Zu(-l)ns:2n"i'1/(2n-H)(2n-hl)i (3.51)
n=0

Cix » Jf + Inx -*-2.(-l)nx2n/2n(2n)l (3.52)

where X is Buler's constant and so in the limit of small x 

we find
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C (0) H lira G1

C?2 (0) S lira G2 (x) »

and therefore we may write 

JV(a,b;x) =

Tt/2 (3.53)

(3-54)

(3.55)

where the ^*. are defined as

« 2G1 (x)/Tf 

S 2G2(x)/37T

and clearly have the property

lira Jf ]_(x) . lira # 2 (x) -S 1

The importance of retardation effects may be most easily

seen from the magnitudes of the deviations of the . from 

unity: we write O^". = % . - 1 and illustrate the variation 

of &ft. for small arguments in Figure 9» It is clear that 

over the intergroup distances that are physically important, 

the retardation corrections are essentially negligible. For 

example with Rab«^1.0nra»'V>^300nm we obtain x~0.02, and 

thus Sff^x) = -2.1 x 10"4 and Sjf2(x) =. +8.6 x 10"3 , so 

that we may replace C by its classical counterpart T.
^^ ^^*

T =

The first terra of equation (3.50) thus corresponds to the 

term g derived by Kirkwood l23J whilst the second terra is

(3.56)

(3.57)

(3.58)

(3-59)
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Figure 9

The behaviour ofoX.x) for small values of the retardation 

parameter
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his 'polarizability 1 formula for the rotation angle. If 

the subsystems are optically inactive, O(s) = 0, so tha 

the first term does not contribute. In general however when 

higher multipoles are considered this term will not vanish 

(see, for example [45] )•



3.4 Evaluation of Type B Diagrams.

The diagrams to be considered now are those with 

unequal numbers of vertices on the group lines. It is clear 

that if the photon scattering occurs om line a then V^ ' 

must correspond to the diagonal elements of the interaction 

potential. A discussion similar to that used in the 

preceding section shows that there are also forty eight 

topologically ^equivalent diagrams of Type B that must be 

considered. We shall assume that the scattering takes place 

from group a: alternative possibilities are taken into account 

automatically in the final sum over groups. The manipulations 

follow through analogously to those in §3, and as an 

example we state the final interpretation of the diagram 

shown in Figure 2b:

.. -_ .. j.
mf' f f fin mm

-1 T £/„ , x (3.60)

where

S f / \ I/ / \ ") f / % "} ff' " lE(a)mf + *wJlB(a)mf' * *« - ^ iE^ aW« + *"j

(3.61)

The summation over f and f! is restricted by the 

requirement that no two complete intermediate states 

(molecule •*• field) in an R-raatrix element be the same.
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The set of diagrams may again= be divided into cis

and trans types, depending on whether V. and V , occur on
(a) the same side or opposite sides of V,i . The position of the

two external field-molecule vertices relative to V^ is 

immaterial. Using the properties of the R-matrix elements 

under the interchange of the labels f and f' we obtain the 

rules shown in Figure 10. In the diagram the box signifies 

that the order of absorption1 and emission, polarization., and 

type of transition (electric or magnetic) of the external 

interaction vertices, although arbitrary, is the same in 

both cases. The interchange of the boxes in Figure lOb 

indicates that the two diagrams are related by interchanging 

the external, magnetic and electric field vertices: the other 

features of the interactions (polarization and chronological 

order) remain the same. The diagrams thus have similar 

properties to those used in the S-matrix description of the 

Faraday effect JJLOJ > an^- a similar regrouping procedure is 

used here.

Far from resonance the R-matrix is pure imaginary 

and after some simple but tedious algebra we obtain the

R-matrix element as
>-oo f ^'fd(b)Lu~(a ' 4)* f,f

a(a)v.,d(b)'t v~(a,a)» ,
mf rara l Im ?(R;lc) (3-62)vt

E(a)
mf
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where u~(a,a) is defined through equation 3.31 and

— / \ —— / \ i f \ j I \ ~*f~\ f "Z £l\v~ va,aj si J2> a 'ff»•£.^ a ^ f "" ji> a 'ff«'SU^'mf* \j.oj;

The integral over k may be written
,00

I . « I dk k"1 Ira T(Ra-b;k) , (3.64) vt I au vt

k k" sin(kRab)

-(1/2 S 

tl

\ 
- Syt &S«*>j 0.65)

J

c . 
In this equation. <j (£ab/ ^ s ^e longitudinal delta function^

and it represents the longitudinal (static) part of the 

singular dyadic field. For Ra^ •£ 0, a physical constraint in

C», xthe context of our theory, Q (£ab/ yields the instantaneous 

electrical field strength, at S^ due to an electric dipole at 

the origin. Therefore equation 3.65 becomes, ̂ 4^J »

(3.66)

where T(a,b) is the classical dipole coupling tensor defined 

in. equation 3«59« This result does not contradict our remarks 

after equation 3.27 "but is a consequence of the special form 

of the integral over k in which the external field frequency 

does not appear. Substitution of equation 3.66 into equation 

3. 62 | summation over all the groups in, the molecule, and use 

of equation 3.10 yields the rotation angle per unit path 

length through a solution containing N molecules per unit 

volume as
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(3.6?) 

The symbol * is the usual symbol for the complex:

conjugation operation.

We must now invoke the restriction on the allowed 

complete intermediate states, since as it stands equation (3.67) 

contains forbidden terms. A close examination of the diagram 

interpretations shows that the terms to be excluded are of 

two types: those that are singular because one of the 

intermediate state propagators vanishes, and those that are 

finite but involve two identical complete intermediate states. 

We discard the singular terms immediately, and obtain the 

finite contribution: in the following way. The restriction 

amounts to deciding what states the label f f may refer to, 

and we find that we must exclude the contribution when 

= | m} from the first terra in equation (3.67)» whilst we must 

exclude the contribution when ( f '} « \ f^ from the second term. 

For non-degenerate states we may always choose real 

wavefunctions so that the diagonal elements of the operator ra 

vanish, and the term to be subtracted reduces to,

A .

X
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We now introduce the permanent moments of the groups 

defined by jjx(s) EE (n\ ^( s )| n} » and- subtract equation (3.68) 

from equation (3.67) and so obtain the rotation angle as,

~va"fta '

If we now use equations (3.46) and (3.47) we obtain B as a 

sum of terms identical in form to equation (3.69) with, the 

operators referred to their respective groups, plus the

C3.69)

following origin-dependent terms:
21 -]

x R- .

(3.70)

where we have introduced the notation

(3.71)

It is clear that the coordinate transformation has eliminated 

the energy dependence on the state J f *\ so that we may use 

closure, with respect to this state, on the terms in braces 

in equation (3.7°)« If we now make use of our freedom to 

choose reai wavefunctions for non-degenerate states then
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we may write d(s) . « d(s)_ since d(s) is a real operator J ~x raf — fm ~

and it is a simple matter to show that the entire expression 

for 0(2) vanishes identically ([llj , whence ©„ is translation 

invariant as required. Thus the total rotatiorj. angle is the 

sum of the expressions in equations (3«5°) and (3.69) in 

which the operators are referred to coordinate systems fixed 

in the individual groups and this sum agrees with the result 

of Tinoco l_24j y when the tiny retardation terms are 

neglected and the dipole approximation is used.

In the following chapter we shall examine the use 

of the complete multipole interaction potential in the 

perturbation theoretic formulation of calculations in 

non-covariant quantum electrodynamics, and in particular 

illustrate some of the difficulties that are encountered 

when one attempts to generalize the above calculation on 

optical activity. We shall see that there are difficulties 

associated with virtual photon processes and so we believe 

it to be worthwhile to demonstrate briefly how the 

calculations of Power et al. {jj i \_47j on long range 

interraolecular forces, which involve the exchange of two 

virtual photons between molecular systems, fit in to the 

framework of diagrammatic perturbation theory based on Wallace's 

algorithm [8j , and the reaction operator R,, defined in 

equation (3-12).



CHAPTER 4

GENERAL MULTIPOLAR INTERACTIONS IN PERTURBATION THEORY
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4-1 TimeLndependent

In the previous chapter we discussed at length a 

calculation of the optical activity of a molecule that was 

based on diagrammatic perturbation theory and the expansion of 

the reaction operator defined in equation (3»12). In this 

section we wish to indicate how calculations such, as those of 

Power et al. on intermolecular forces fjl » l47J » °an be 

formulated within the same framework y so that the comments 

of the following sections may be taken to apply to perturbation. 

theory calculations in general.

The harailtonian, H, for the total system satisfies the 

Schrodinger equation (H - EjjfL 0, where E is the energy 

eigenvalue, and :x the state vector. ITe assume that H may 

be split into two parts, H = H! + V (c.f, page 38), and that

the eigenfunctions H' , of H are known; (H " - B ) *V = 0. ^ * ' 7 N •a' o ' * o a' •a 

This division of H serves to define the perturbation V. In

the following we limit the discussion: to the case when the

spectrum of both E and H is discrete, and when JU and i*o a

are not orthogonal.

The resolvent operator is defined by the equation

,(E) = (H - E)-1 (4.1)

in which we regard irC(E) as a function of the complex energy 

variable E. JX(E) is a bounded operator in the entire complex 

E-plane except for the points defining the spectrum of H,
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If we set

$? (B) . (H - S)-1 (4.2)

.0

then the use of a simple operator identity yields

The diagonal elements of ,/C(3) in the unperturbed basis 

will be written as,

and if we introduce the notation

^^^ ^ « &

N (4.5)

where the prime indicates that the complete set of unperturbed

states except if is to be inserted in the braces, then bya
calculating the diagonal and off-diagonal matrix elements of 

^J\.(E), and using equation (4.3), it is a simple matter to 

show that,

(B) - -{E - B + F (E)] "X (4.6)
Of I Of O, \ •

In the Schrodinger representation the time

development of the state |^(t ) is described by a unitary 

operator U so that

where

U(t - to ) » expf-iH(t - to )/fij (4.3)

With the aid of the resolvent operator we may write equation
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(4»8) in the form of a contour integral,

t, - t) = -(l/2*i) dE 9?(E) exp-iE(t - t)/fi (4-9)Q
c

where the contour encircles the poles of J\.(E) and is closed 

in an anticlockwise sense, Equation (4^9) will enable us to 

calculate the energy difference between the unperturbed 

ground state and the true ground state of the system.

Suppose that at time t = 0, the ground state of the 

reference system is described by the state vector \ v}^^» 

After a time t has elapsed, in the absence of interaction 

the new state vector will be simply (^f ^ exp <"-iE t/hi. If 

however the perturbation is "switched on" at t = 0, the system

will start to make transitions from the state to all 

possible excited states. The amplitude that the system after 

a time t is still in the (time— developed) ground state, is
»

called the 'vacuum amplitude 1 , A(t), j49J » and is clearly 

given by the inner product A(t) = (ft^exp (-iEot/fij, |^(t)^ ) 

Using equation (4^7) we may write

+ PO (E)

by equations (4^4)» (4-6) and (4»9)« The relevant pole in 

the integrand is at E « EQ - PQ (S)> S[<t)0 ( E)J ~1 = ° J » 

and so using the residue theorem we obtain

(4.11.)

A(t) » exp fiPo (B)t/fi | . (4.12)
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According to a theorem proved by Thouless L.49J i the 

energy .difference &E, between the true and the unperturbed 

ground state energies is given by

E » E - E = itf lVlnA(-b)f (4-13)
0 <- * *--

where € is an infinitesimal chosen so that oo x e =» <X> • 

Prom equations (4.12) and (4.13) we thus obtain the result 

that

AS - - Fo (E). (4-14)

The eigenvalue E which gives rise to a pole in ^J (E), 

equation (4.6), therefore corresponds to the true energy of 

the system. Since the eigenvalues of H are real the poles

of JfJ (E) must lie on the real E-axis, and so we may write o

E -^ C + io where the energy t is now taken as a real 

quantity. Equation (4.2) can thus be written as

( (E) —> (HQ - £ - i<J F1 = -G°(£) (4-15) 

where G is the Green function defined in equation (3.14). 

With this result we may write equation (4.5)

' + VG°V -t- ......

• (To i R lYo> (4.17)

where we have used the definition of the reaction operator, 

equation (3.12), so that finally

AS =t HH • (4.18)

It is evident that the iterative expansion of equation
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(4.17) when evaluated in the (unperturbed) molecule + photon 

vacuum state, I m, Xf^xl/^ea^s a^ once *° ^e results of 

Power et al. jjl , [4T\ , and that if the unperturbed state 

^^ is chosen as ! m, Nl n jT|/> we obtain the perturbation 

energy of a molecule in an electromagnetic field as 

discussed by Atkins and Barren JjM . We thus see that the 

reaction operator R plays the central role in perturbation 

theory calculations.
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4 . 2 The Multipolar Interaction Potential.

"We now wish to generalize our discussion so as to 

include the case when the complete raultipole expansion is 

retained in the interaction potential though we shall neglect 

those terms quadratic in the magnetic induction. ¥e have 

therefore,

-jdbcp.eL -jdxm'.b . (4.19)

If the explicit representations of the polarization fields

p and m are introduced into equation (4.19) and the integrations

performed, we obtain,

n

+ (qai A Pai )(3a -«2) -iCfaM' (4-21)

These equations are rather cumbersome as they stand, but they 

may be cast into a more convenient form in the following way. 

If we note the identity I dy y ^ (l/n+l), then equation

(4»20) may be written as
-I

(4.20a)

as may be verified directly if e (r + yq . ) is expanded as*^r "*»a *^ai

a Taylor series about r and the order of integration and*• a

summation interchanged. This last step must be possible if 

the multipole representation is to have any meaning (c.f.
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Q.2] where a similar integral representation is used "but in a 

different context).

To obtain the corresponding integral expression for 

equation (4.21) we have only to note that the sum over n in this 

equation starts from 0, so that because of the factor of n in . 

the numerator we may write the equation equally well as

eai/2raai,f/ § dy1 ^1 "1 —- x o•%.ai -*••*• a

where we have employed the same argument as above. We may 

write this expression concisely in the forra of an ant i commutator,

and if we note that (q ./\p .) is in fact the angular momentum-*.ai ^.3,1,
operator 1 . . then we obtain ~'

yq ( 4 .21a)
r - 1, 2, 3.

We see that equations (4»20a) and (4.21a) reduce to 

equations (3-5) and (3.6) respectively if the fields have no 

dependence on y so that the y integral is immediate. The 

physical significance of this fact may be exhibited more 

clearly in the case of equation (4.20a) in the following way.

If we make the substitution r o r + yq . . then dr = q .dy+* +-a, "^iai 1 **• **ai
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and so equation (4.20a) may be written as

(4-20b)
f A. ^S1 f*ai -tdxp.e =/4 eai dr/e,C£)>
J a f i J

which is obviously the line integral of the transverse electric 

field strength evaluated along the path from the centre of 

mass r to the particle coordinate Jt ., multiplied by the 

charge of the particle. If the electric field is essentially 

constant over the molecule, je. (r) may be taken out of the 

integrand, so that the integral reduces to the vector 

displacement of R . from r i.e. q ., and the resulting 

expression is just the first term of the' R.H.S. of equation 

(3.4). Presumably a similar argument applies to equation 

(4«21a) though we have not been able to find the corresponding 

line integral.

These results are of course independent of the 

representation we use, but if for definiteness we choose the 

interaction, representation, we may introduce the usual plane 

wave expansions of the fields.^(r) and jb((r) into the expressions 

for the multipole potential. In this case the spatial 

dependence of the fields is of the form A(r )exp(+iyk.q .)

and so if we write q . for the average 'radius 1 of the^ ai
molecular system, it is clear that the dipole approximation

will be valid when \q 'A— ̂ 0> as we noted on page 39» 

If this condition does not obtain, then the earlier 

calculations in the dipole approximation IJ - 10J must be 

suitably modified to take account of the contributions of the
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higher multipoles. The generalization, may be carried out 

quite simply using equations (4«20a) and (4.21a) provided 

that these more general potentials behave suitably under 

spatial averaging, and that virtual photon processes give rise 

to no difficulties. We shall examine these two questions in 

turn in the following sections. Note however that if we use 

equation (4«21a) we must appreciate two points; firstly, 

whilst the introduction of the anticommutator ensures the 

Hermiticity of the operator it is an arbitrary device which 

may not be reliable, and secondly, since in quantum mechanics

the angular momentum operator 1 . in the coordinate•^ai

representation is a differential, operator that acts on q . ,«^ai

we must perform the integral over £ before evaluating the 

anticommutator.
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4*3 On Spatial Averages Involving Multipoles of Arbitrary Order.

The S-raatrix theory of optical birefringence r"9» 1.0J , 

was developed in the dipole approximation with the neglect 

of intermolecular forces. This latter assumption enabled 

the polarization characteristics of the emergent light beam 

to be calculated as the isotropic spatial average of the 

relevant R-matrix element unless molecular orientation was 

induced by the light beam or by an external field, in which 

case a Boltzmann weighted average was required. To extend 

the theory to include multipoles of arbitrary order it is 

however necessary to first re-examine the details of the 

averaging procedure. For simplicity we consider only two 

photon processes as it will become evident that all the earlier 

conclusions still hold in the general case.

Since the photon annihilation and creation operators 

will contribute only numerical factors to the R-matrix element 

.we shall include them in the normalization factors and write 

explicitly only the essential parts of the expansions of the 

field variables,

e^Cr) = B eX7f)exp(+ik.r) (4.22)••• ^. *r ^^

b(r) « C k A e(7?)exp(+ik.r) (4.23) ^t*

where 7\ a 1 or 2, and the vectors e(l), ^(2) and kv form an^ ̂

orthogonal set in the sense that

k = 0
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'•"A

(4-24)

with k. = |]£vl • B and C are the normalization constants 

which need not "be further specified in this analysis.

When considering scattering from a single molecule a, 

we may adopt the position vector of the centre of mass, r ,^**cl

as the coordinate origin, and so combining equations (4»20a) 

and (4.22), and (4«21a) and (4.23), we obtain the interaction 

potentials as,

r* r 1
V(e4 ) ~ B dyV() ; V(b) = C ydyV(b) (4.25)

with.

e^) -He q .e(TOexp(+iyk.q.) (4-26)
^y • -L*^.L ^^i

Let us assume that both photon interactions are caused by 

V(ej4 and are of e(l) polarization; as we shall see the 

results for all other cases may be deduced immediately from 

the analysis of this case. The part of the R-raatrix element 

which is involved in the averaging may be written as (c.f. |jT] )

I - <m|£ei3i .e(l)exp(iyk.5i )(f^
i 0 (4«28)

and as before, the average may be most easily performed with 

the aid of spherical tensors [9J .

We recall that in the spherical basis we have the



84 

following relations for the components of a vector q;

q.£(l) = (i/VaXq1 -f q"1 ) (4.29) 

q.e(2) = -(l/^2)(q1 - q"1 ) (4-30)

(4.31)

We shall also require the transformation rule for spherical 

tensors of rank 3 under rotations,

(4.32)

where i*. specifies the Euler angles of the rotation, and 

D(ft) is a Wigner rotation matrix, and the usual plane-wave 

expansion formula

exp(+ik.r) °^4(.ii)n(2n-fl)o (kr)^^^) . (4-33)"" "*" n

where j (kr) is a spherical Bessel function {50] •

Using equation (4«29) we now transform I to the 

spherical basis, so that

t mm' m 1

j j j 

<fl2e.q-1 exp(-iy'k.q.)|

• (4-34)

Let us examine the third term of equation (4.34) which we 

call lousing equations (4«32) and (4-33);
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n n 1. m..

X
^ ••»• "•

(4.35)

Here we have chosen Sv as the angle between the (space fixed) 

vector lc f and the (molecule fixed) vectors q«

The spatial average of I 1 may now be written as

<!•} - f l(ft)d$X /("aft . (4.36)

To proceed further we use the contraction rule for the Wigner 

rotation matrices

s("•
\ m s
I

J' 
| are 3-j symbols, and the property

M.

to write

(4-37) 
l M 1 0 mn 0 m

and

K

(4.38)

The conditions that ensure that the 3-j symbols in equations 

(4.37) and (4.38) do not vanish are

ra « — If m_ » —ra 1
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(n - l|4M4 n + 1 , (4-37a)

s = 1, nu = -s 1

' + 1 • (4-38a)

The rotation matrices have the following orthogonality 

property,

and so collecting together all these relations we obtain 

as

(4.39)

n n 1 m m M K 2 \L

( 1 n M \/l n M \ /I nf K\ /I n 1 K

1 0 -L/im, 0 -m,/l-l 0 I I (m 0 -m,^ J. Lf \ / X. nL. t,

m,,
(4-40)

The sum over ra2 is immediate and if we sum over K it is clear 

that for the inequalities in equations (4»3?a) and (4.38a) to 

be satisfied we must have n » n 1 , which reduces the sura over 

n 1 to one term. Noting that the 3-j symbols have the 

following symmetry property

ml

we finally obtain \IV> as

(-D - I - - I (4 . 41 )
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m, / 1 n 14 \ /in

n ra M

ra., .. _ —ran
(4-42)

It is now quite straightforward to calculate the averages of 

the remaining terms in equation (4.34) and we find that the 

first and last terms vanish, whilst the average of the second 

term is exactly the same as the expression given in equation 

(4.42), so that

v1 ^:1 o
l,2j(2n+l) 2 (2M+1)(-1)

n m M

l n M \2 / x n M
I

1 0 -1 / V m 0 -m^

m., . ^ — —m^
(4.43)

We may now summarize the rules for averages of matrix 

elements containing raultipoles of arbitrary order:

i) if both photons have the same polarization then both 

interactions must be mediated by the same type of interaction 

potential i.e. both interactions must be either electric field 

induced, or magnetic field induced. We conclude therefore 

that

ii) for a polarization 'flip 1 to occur i.e. one photon of 

*e\l) polarization and the other of 6^2) polarization, one 

interaction must be associated with the electric field whilst 

the other is associated with, the magnetic field (c.f. page 42),

iii) These rules only apply to isotropic spatial averages
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of R-matrix elements. It is clear that these rules follow 

simply from the form of equations (4.29) and (4.30) which 

determine the signs of those terms that survive the spatial 

averaging, and from equation (4.24) "which leads to rule (ii) 

because after using this equation the resulting quantity to 

be averaged is once more of the form of equation (4.28). 

An important feature of equation (4. 43) is that it consists 

of a product of matrix elements of raultipoles of the same 

order. The calculations of Atkins et al. H), lOJ may thus 

be generalized to include multipoles of arbitary order 

without great difficulty, and as far as these calculations 

are concerned the multipole hamiltonian is in no way inferior 

to the conventional gauge dependent interaction hamiltonian 

(c.v. Il6j, where the opposite opinion is expressed).

If however, we wish to extend the calculation on 

optical activity presented in the previous chapter to take 

account of higher multipoles, we require a slight extension 

of the above analysis. We may introduce the complete multipole 

hamiltonian into the algebraic interpretations of the diagrams 

but since it is no longer permissible to drop the exponential 

factors associated with the external field vertices, we shall 

have to deal with a 'two-centre 1 average. Equation (3. 21) 

must now be modified to read

(4.44)

where CO is the wave- vector of the incident radiation. This
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average may be calculated using the techniques outlined 

above if the exponential factor is expanded using equation 

(4.33) which however introduces an extra summation into the 

calculation. Prom the properties of the spherical Bessel 

functions it is clear that for physically realistic values 

of U)R , this sum will be dominated by the first term since 

0 (wR , ) is^^l, and all higher order Bessel functions are 

*** 0 for small arguments (^.0.3). To this approximation 

therefore the average reduces to the expression we would have 

obtained by neglecting the exponential factor in the first 

place, so that in practice such 'two-centre 1 averages need 

not be considered, and the calculation with the complete 

raultipole hamiltonian proceeds in close correspondence with 

the calculation outlined in Chapter 3.
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4^4 Hultipolar Interaction s and Virtual Photon Processes*

We saw in Chapter 3 that the effect of the electric 

field of a neutral molecular system on a neighbouring group 

could be described in a natural way by means of the exchange 

of a virtual photon. This conclusion, is also evident from 

calculations on long range intermolecular forces in which 

the exchange of two virtual photons accounts for the (retarded) 

dispersion forces between molecules [j~\, J47J . Only the 

dipole-dipole interaction has been considered so far however 

and we must now deal with the more general case when multipoles 

of arbitrary order are involved. ,,r e. shall illustrate the 

extension of the theory in the context of the calculation 

described in Chapter 3.

If we use the multipole hamiltonian of equations 

(4.35) and (4«26), then the relevant part of the algebraic 

interpretation of the diagram shown in Figure 5 may be written. 

as (c.f. page 50)

Q

/.' ^
(k/w-k) dy dy' /fj^e q .S(*)exp(-iyk.qJlmN 

4 J i

exp(-ik.Rab ) (4.45)

where the prime indicates that the appropriate quantity is 

associated with group b. As before we invoke equations (3.20) 

and (3.23) to write Q in the form
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Q = dkdft(k)(k/w - k) Jdy dy« (1^ - 
*

X

f,r

Note that we would obtain the corresponding expression for 

a Type B diagram by putting w = 0 and f • am 1 .

It is very difficult to assess accurately the behaviour 

of this expression, for Q because we know nothing about the 

analytic properties of the molecular integrals and the sum 

over the excited states. If we suppose however that it is 

permissible to interchange the order of the integrations so as 

to perform the k integral first, then it is clear that the 

integrand diverges at large k values and so the calculation 

breaks down. But it may very well be that this manipulation 

is invalid because the integrand does not satisfy the requisite 

conditions of continuity in the variables. Then to effect 

the integral over the photon wave vector we are forced: to use 

the expansion in equation (4-20) instead of equations (4-25) 

and (4«26), and if we do so we finally obtain an expression 

for Q which consists of the sum of the expectation values of 

multipoles of increasing order contracted on to derivatives 

(of the same order) of the coupling tensor Jb(a,b;x) defined 

in equation (3.36), or alternatively when w » 0J derivatives 

of the tensor 0?(a,b) defined in equation (3«59)« The latter

series is clearly an expansion of (e /R..) in inverse powers••• J
of R , (see Figure 3), and its expectation value has been
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evaluated in several simple cases. Jansen, using Gaussian 

and simple exponential basis functions found that the series 

diverged for large values of R and was only asymptotic in the 

sense of Poincare |51| • Presumably the corresponding series 

involving jL(a,b;x) would behave in a similar way.

There is therefore some doubt as to whether it is 

meaningful to extend calculations involving virtual, photons 

in this way. We should however bear in mind that whilst the 

entire theory has beem developed within the framework of the 

non-relativist ic approximation and so cannot be expected to
r

describe high energy phenomena, when dealing with virtual 

photons we are required to consider all values of k from, 0 

to OO . A possible way to circumvent this difficulty in a 

manner consistent with the non-relativistic approximation is

to introduce a finite upper limit, k , into the k integral.max • ••

One usually chooses k to have a value about the Comptonmax

wavelength for an electron (me/ft) \jf^ , but this device can 

hardly be considered, satisfactory in view of its ad hoc 

nature. We shall defer further comment until Chapter 5»
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CHAPTER 5

DISCUSSION.
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In our development of the equations describing the 

coupled system of charged particles and the electromagnetic 

field (Chapter 2) we made the point that in the classical 

theory there were no solutions of these equations that 

corresponded to the aggregates of particles called f molecular 

systems 1 , but we expressed the hope that the introduction 

of the quantum theoretical axioms would change the nature of 

the solutions in the same way as is found for example in the 

elementary discussion of the hydrogen atom, when the transition 

from the classical to the quantum mechanical theory is made.

In Chapter 3 however we stated that the harniltonian 

for the total system of molecules and field could not be 

diagonalized so that we would have to resort to perturbation 

theory to perform calculations. We then gave a detailed 

account of a calculation on the optical activity of molecular 

systems using quantum electrodynamics and the S-matrix theory 

of Atkins and Barren HM within the context of the independent 

group model first introduced by Kirkwood [23j • In the dipole 

approximation we found agreement with the well known results 

of Tinoco l_24~I , but later found in Chapter 4 that if we 

attempted to generalize the calculations to take account of 

higher multipolar interactions between the individual 

subsystems we encountered difficulties associated with virtual 

photon processes.

In the following we wish to examine these problems
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further "but first it "will be useful to indicate the close 

relationship between the multipole harailtonian developed in 

Chapter 2, and the conventional harailtonian expressed in terras 

of the vector potential and the kinetic momentum of the 

particles. Our later comments on the current state of 

molecular quantum electrodynamics will the be of quite general 

application.

Ue have already mentioned that the conventional 

quantum mechanical hamiltonian for the system of charged 

particles plus electromagnetic field is related to the multipole 

hamiltonian by a unitary transformation. This transformation 

has been discussed by several authors |4 - 7» 12 - 14J but 

only the account given by Power lj I can be regarded as 

satisfactory. Power and Zienau |_6J showed that the earlier 

discussions of the transformation 1~4| 5 ( were incomplete 

because they were ambiguous about the exact definition of the 

electric field intensity operator (inter alia this criticism 

may also be made of the other derivations 112 - 14] mentioned 

above), but their account differs from the later published 

version rM in that the two hamiltonians given in reference

I 6J contain a term U(q ) which is supposed to describe the 

intramolecular electron-electron and electron-nuclear 

electrostatic interaction whereas this terra is missing frora 

the later version which we believe to be the correct one for 

the reasons outlined below. Although l^iutak Q.2J and iCielich

|l3~T obtain multipole hamiltonians, both of them regard the
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molecules as prescribed charge distributions interacting 

with an external field and thus their work is merely an 

extension of the earlier work of Goeppert-LIayer and Richards

[4 i 5_| • Furthermore their considerations are restricted 

to a classical electromagnetic field as the external 

perturbation.

In the Coulomb gauge the conventional quantum 

mechanical hamiltonian for a system composed of charged 

particles and the electromagnetic field may be written as,

.)p2 . - 3[Ve ./m . ) p . , a ( R . i'-^ai +~*^ ar ai'-iai -^^a

.)a(R . ) 2 + £4 [<i'c(e.e + c2b.b) (5.1) N~ *- ^ x '*./~ -» «.7 \./ /.a a,i

in the notation employed previously. The only points we 

wish to emphasize here are that e^ is the total electric, 

field intensity operator, and that in the Coulomb gauge the

order of the factors p . and a(R . ) is immaterial since their— ax *" '""

commutator is proportional to Diva. We claim that the 

longitudinal part of the electric field intensity operator 

in this expression describes completely both the intramolecular 

and intermolecular electrostatic interactions. This follows 

from the fact that in this gauge £* is equal to - V^> and 

consequently it is a straightforward matter to demonstrate 

that

; *t "\ 

<kCe^.e = -2lie.e./R. . y R. . = JR. - R .\ 
i>j 1 J 1J X J x "M

(5.2)
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•where the sum is taken over all the particles (c.f. the 

discussion in Landau and Lifshita, section 37- L52J )> so 

that a term of the form U(q ) would seem to be redundant,

Equation (5»l) is to be compared with the multipole 

harailtonian given in equation (2.73) which for convenience 

we repeat here,

c2b.b)•••«•» ai

(5.3)
a,i

In the Heisenberg representation at a given instant 

in time the two hamiltonians are related by a unitary 

transformation induced by the operator A = exp(-iS/n) 

where

S = (dT-o(x).a(x) • (5.4) J ~ ~ ~~
I* / \subject to the condition a ' (x; = 0, so that we may write

H(t)' = A" H(t)A"' (5-5)

(5.6)

A straightforward application of the argument given in 

section 4.2 (page 78) that lead from equation (4. 20) to 

equation (4.20b) enables us to write the transformation 

operator in the form

A = expJ(i/fi)2jeai | dr.a(r)} (5.7)
,.] 

<£*<£> J
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where we have changed the sign of the integral by inverting 

the limits; this is possible with a path integral provided 

always that we traverse the same path (note that Curl a is 

the magnetic induction (b) which is not zero and so the 

value of the integral depends on the path traversed). 

Combining equations (5.6) and (5.7) we therefore obtain

exp <
-i ^a T
>,e . dr.a(r) I-r* ail «•• *- X «~ I
1 T> IIt . J

(5-3)

Equation (5»8) shows that.the unitary transformation 

changes the phase of the state vector | JL(t)/ in obvious 

analogy to the phase change first described by Aharonov and 

Bohm [53J ; in this case the phase changes by an amount that 

would arise from the transfer of each particle in an aggregate

a from its position at R . to the centre of mass r , in the — «**ai - *"*a

presence of the electromagnetic field described by the vector

potential a(r). Since the centre of mass at r is assumed to • M» **a

be at rest, it is clear that in the new description the effects 

that arose from the distribution of charges in each neutral 

aggregate must be incorporated elsewhere; that is, in the 

field. This view is consistent with and provides a physical 

picture of the process of incorporating the entire molecule 

and its fields in redefined modes of the electromagnetic 

field which was the idea that prompted Power and Zienau's 

original considerations jjSj . Now clearly a term of the form 

U(q ) would commute with /\ , but its occurrence in the new
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hamiltonian H 1 would be inconsistent with the above 

interpretation of the transformation since as we have just 

seen this formally eliminates the finite extension of the 

molecular charge distribution a, in favour of a superposition

of point multipoles located at the centre of mass r . Thus*-a

there appears to be no place for this term in either of the 

two hamiltonians.

We now observe that it is possible to invert the
f

above interpretation of the transformation in the sense that 

if we wish to pass from the description afforded by H and 

l^(t)/ to the new description in terms of H 1 and Pt^t)/ ' 

then we need only recognize that a multipole expansion 

replaces the expression for a charge distribution of finite 

extent by an expression that is only defined at the centre

of mass (e.g. r ) so that we are required to- change the^ a

phase of the state vector | j^Ct)/ by an amount (-S/fi) 

since the state vector is the probability amplitude that 

the components of the system will be found in some 

configuration at the time t. This phase change is precisely 

the effect of the unitary transformation induced by the 

operator /S • We have therefore obtained an alternative 

method of finding the required transformation operator to 

the argument put forward by Power and Zienau which followed 

from an examination of the nature of the false static terms 

that occur in the expectation value of the transverse 

electric field intensity operator when the hamiltonian H in
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equation (5«l) is employed

It is of interest that this new interpretation of 

the transformation as a phase shift induced "by the operator 

^\ is purely quantum mechanical in nature f 54J • there is 

clearly no analogous classical interpretation of equations 

(5-6) and (5»7)» We mention this point because the classical 

canonical transformation studied by Fiutak TlSJ is formally 

identical to equations (5.4) and (5.5). On the other hand 

there is a close connection between the classical lagrangians 

that lead to the two hamiltonians, since the lagrangian from 

which the hamiltonian H is derived may be written,

and if we use the definition of j and equations (2.l) andr"
(2.7), it is not difficult to see that equations (2.24) and 

(5.9) differ only by a perfect time differential which is 

irrelevant as far as the variation of the action and the 

equations of motion are concerned. This perfect differential 

is in fact just S'° where S is defined in equation (5«4)« 

Furthermore there is an obvious analogy between the ansatz 

used by Power and Zienau [6J that the transformation should 

be such that A ensures that <S = £ + , and the

(5.9)

•microscopic theory of dielectrics' which we took as one of 

our starting points (c.f. equation (2.6)).

We see from the above discussion that the electromagnetic
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field plays a very important role in the description of the 

system in terms of H 1 and \ jT(t)/ , and that the particles 

are of less importance than in the conventional description. 

The usual Coulomb interaction terms in H (equation 5»2)) are 

in fact contained in the last term in equation (5«3), which is 

overall a self-energy term. Since we have used the Heisenberg 

representation in which, attention is focussed on the operators 

rather than the wave function, and we have aimed at a 

description that exhibits explicitly the multipolar nature 

of the interaction between the electromagnetic field and 

molecular systems, it is hardly surprising that the notion 

of the 'electronic structure 1 of the molecules which forms the 

basis of all discussions of information derived from 

spectroscopy, makes no appearance at all in our formalism. 

Nevertheless we should still be able to relate the observables 

of spectroscopy to the expectation, values of the field and 

particle operators. It is at this point however that, we 

encounter the most important difficulty associated with 

electrodynamics. The fact is that there is no known set of 

basis functions in which the hamiltonian H (or H 1 ) is diagonal, 

so that we have no way of evaluating expectation values, and 

the question arises therefore as to the validity of the system 

of equations derived in Chapter 2.

Successful physical theories are by definition theories 

which when supplemented by the necessary correspondence rules 

describe observable phenomena in a satisfactory fashion.
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Their importance is not that they 'explain 1 observations, an 

attribute which would necessarily involve circularity, but 

in their existence as logical deductive descriptive schemes. 

At first sight therefore it appears that the theory of 

molecular electrodynamics presented in Chapter 2 has a 

somewhat doubtful status, since we are not able to test it 

against observation, and therefore cannot justify the choice 

of the basic equation of the theory, the lagrangian of equation 

(2.24)« T-re may however adopt perturbation theory to perform 

calculations for although there is the serious difficulty 

that we have no way of establishing the relationship of the 

perturbation theory solutions to the true solutions assuming 

that the latter exist, we may hopefully claim that the parent 

theory is satisfactory if the results of the perturbation 

theory are satisfactory.

A consideration of for example the hydrogen atom 

problem however shows that perturbation theory in electrodynamics 

has difficulties of its own. To a very high degree of accuracy 

the solution of the Dirac equation for an electron moving in 

the Coulomb field of a proton is in accord with the observed 

electronic spectrum of hydrogen. There is however a small

splitting between levels of the atom with the same principal
2 2quantum number (e.g. the 23i and 2P 3 levels) which is

2" ~£
observed in the spectrum but not predicted by the theory; 

this is the so called Lamb shift. To account for the removal 

of the degeneracy of the levels one postulates that the electron
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interacts with its own electric field, thereby causing a 

small energy shift. The theory however has now become part 

of electrodynamics since we have introduced the electromagnetic 

field. In the framework of perturbation theory the self- 

interaction may be pictured as the emission and reabsorption 

(or vice versa) of a 'virtual 1 photon. The explicit calculation 

of the energy shift due to this process leads one to divergent 

integrals which may be eliminated by carrying through the 

renormalization program, and in this way a finite splitting 

is predicted, the numerical magnitude of which is in good 

agreement with the observed value ("55j •

One must recognize however that the renormalization 

program implies that the original primitive quantities of

the theory such as the charge e . and mass m . of a particle rf to ai ai
are only parameters and are not to be identified with the 

experimental values, a situation which contrasts strongly 

with the conventional interpretation of the Schrodinger and
•

Dirac equations even though they may be derived formally from 

quantum electrodynamics by making suitable approximations. 

Finally we note the curious way that the theory of 

electrodynamics is formulated: the lagrangian employed in 

Chapter 2 is built up from a term for the 'free' particles, 

a term for the 'free 1 field and a coupling terra; and since 

there is nothing in the theory to determine the charge and mass 

spectrum of the particles involved- in terms of fundamental 

constants, what does such a theory describe?
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There are thus considerable difficulties associated 

with a strict interpretation of the theory of molecular 

electrodynamics. The above analysis shows that it is not 

really valid within the terms of the theory to suppose that 

an electromagnetic field (a light beam for example) can be 

switched on and off thereby causing a temporary perturbation 

of the molecule, though of course 'this is precisely the 

viewpoint of the experimentalist. The example of the hydrogen 

atom however suggests that it is a very good approximation 

to ignore self-interactions and if this is done then the 

perturbation theory becomes regular and reduces to the usual 

type. Vie thus have the situation that if we attempt to take 

account of the electromagnetic field properly we encounter 

physically insignificant but formally divergent quantities, 

whereas if we just regard the field as an external perturbation 

and do not worry about the logical consistency of the theory 

we are able to perform calculations quite successfully.

To conclude the discussion we would like to point out 

two features of the multipole hamiltonian. Firstly, the 

harailtonian of equation (2.73) is gauge dependent in a non 

trivial sense even though it is apparently independent of the 

potentials. The point that is sometimes missed is that the 

canonical momentum and transverse electric field strength 

operators may be identified to within a multiplicative factor 

only because of the form of the commutation relation, equation 

(2.68) which was derived with the aid of the Coulomb gauge
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condition. If we had chosen any other gauge condition in 

our analysis (page 28) we would still have obtained the 

hamiltonian of equation (2.67) but there would no longer be 

a clear interpretation of the canonical momentum operator T[ , 

and it is unlikely that we would be able to find an explicit 

representation of this operator to use in perturbation theory. 

The fact that we nearly always use the perturbation theory 

described in Chapters 3 and 4 to perform calculations, rather 

than using the 'equations of motion 1 method is of course the 

main reason for the priveleged position of the Coulomb gauge 

condition in our theory.

A final point is that just as there is the difficulty

of the gauge dependence of the perturbation terms, p . ._a(2 •)
p ,

and a(li .) which are derived from equation (5«l)i so also^ai

there is the problem of the origin dependence of the 

multipolar interaction potential (c.f. section 4»2). The 

translation invariance of, for example, our results for the 

optical rotation angle, equations (3.50) and (3.69), is a 

consequence of the special form of these equations and could 

not have been guaranteed a priori for as is well known only 

the first non-zero multipole moment of a neutral system is 

origin independent.
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APPENDIX_I

Lagrangian Theory and the Equations of Motion.

'•Je define a quantity S,called the action, by the 

integral relation

t)dt (A.I)

and use the calculus of variations to find the extremum values 

of S for arbitrary variations of the coordinates and velocities. 

We now assert that for a suitable choice of L, the conditions 

that ensure that oS =* 0, (the Euler-Lagrange equations) lead
V

to the equations of motion for the system. For a system with 

a finite number of degrees of freedom the Euler-Lagrange 

equation is (c.f. equation (.2.26) ),

=.0. (A.2)

For systems with an infinite number of degrees of 

freedom such as a field, we modify the formalism slightly, 

and introduce a so called Lagrangian density <x.= oC(V, V 1 ) 

in terras of the field variables.V and their derivatives V . 

The action integral is now written as

3 - L£(V * V'")d5l dft « d3rdt (A.3)
•/X

and the Euler-Lagrange condition is

*- (bo£/bV) o 0. (A.4)

According to equation (2.24) the lagrangian for electrodynamics
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may be taken to be,

(A - 5)
a, i 

in which the dynamical variables for the particles are the q .

and the q . , and we take the 4-potential a as the field •"*ai /*•

variable V. In making the variations of the action, integral

we assume that the field and particle variables are independent.

If we use the definition of the field tensor f^ ixt/*v

terms of the 4-potential, equation (2.l), and combine equations

(A*4) and (A. 5), the field equations (f..^ + P^ ) f = 0r*y rv

follow at once since only the first term in equation (A.4) 

contributes.

The equations of motion for the particles may be 

obtained from the lagrangian L 1 derived from L by omitting 

all terras that are independent of the particle variables and 

inserting the potentials in place of e, e «= -a -bo>c.f.
^* ^* *** I

equation (2.2). When the multipole expansions of p and m 

are introduced by means of equations (2.8), (2. 20) and (2.23) 

and the integrations performed we obtain;

a,x

- S«ai Z, (
a,i n *-

Since
c f f r

U-7)
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and

we may deduce that

^* ( it T ^ ( rr
T»OTk " ""*•*• / V T.., 4 *-Z-' » "^ci T w ^" "*Q -i ~ N —o ' " % ~*o -i " >" —Tk v i.-3x op *»3>j- •*• -^ax «*• ai ^a «*»ai •*• p ^^a

" ^i-^^d^i-iteJi (A.9)/—ai "*" ~p—ai **• a j 

and also

• / *" ^e -L/ ••w'vn. . y -r o • S * \LL/ viiTX y •/ "% v •*-*"" J- y VVl • •*-'y fr- j_ai ai p ^ —ai ai^4 \ ' v 1 L Viai ~ crst 

p ^a^qaiqai ^rpt^ai'—' xai *-a

*) (n(q • -i)^ q - -a(r ) + (q . .^)na (r }[ J I ^al "P^ai •" -"a v=ai *»• p v«-aj

(A. 10)
With the use of the relation in equation (A. 7) these two 

expressions may be combined into an Euler— Lagrange equation of 

tha form

- +d qs .q.br(r ) + 26 (q . .^(fVCr ) = 0. rst p ai ai "-a rsp x— ai ~ ai —a I
J (A.ll) 

But since according to equation (2.2) 0 .b = 0, we may write^** /^

0.
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The proof of this result depends upon the relation

sa that

» o (A. 14)

by virtue of O .b =• 0.«•» «*«

With this result we may replace the terra in braces in 

equation (A. 11.) by the expression.

and so the last terra in equation (A.ll) is equal to

—e . (q ./\ b(R .

and we obtain the Lorentz force law

m .q . a e . < e(R .) •*• q .Ab(R .H / » ai~ai ail^-ai 7 ^ai --^^ai'j CA.15)

in agreement with equation (2.25). We conclude therefore

that the lagrangian. in equation (A. 5) is indeed a suitable 

though not unique classical lagrangian from which we may 

develop the theory.
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APPENDIX II 

On the Consistency of the Constraint Equations.

We seek to prove that TK > £; 0 is true for all times,r
and so we must demonstrate that the Poisson bracket g 

disappears:

8 - (jYr(*), "0 = {7Tr(x), E]' 1" (A.16)

The harailtonian H is given by equation (2.5l)» From the basic 

Poisson bracket relations it is clear that the only terms that 

may contribute to the time variation, of TT are those that
ginvolve a , and so g may be written, as g, •*• gp» with

g.. may be cast into the form

where = Q/x . If O/Ors is written as G and r = x",'^ r a s a
the derivative of the Poisson bracket in g.. may be written.

\*[K (x),fb(r )Aq,.) 1 = € £ +qV dr^'P ^(x), at (x«)| <3 L rv ' v^N ~a *ai/ sj ^suv upt^ai^ v L rx " ^ Cl

' » - €v suv

- -%av<ifeAi' 63(z - ^ = °' (A ' 20) 

because £^x ^ (x - x") vanishes.
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written

with

h. = f + p = -h , . (A.22) ts ts ts st

Using the definition of the field tensor, equation (2.l), we 

obtain the Poisson bracket ijj g0 as

(A.23)

and so g2 itself is

= 0 (A.24)
J. O

since h is antisymmetric. Thus, as both g, and g0 disappear,3?S -L c*
*^^ Y*so too does g t and i\ * "3S 0 remains true for all times. s r p

Q.E.D.
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