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Keywords: Residual stresses are stresses present in a body in the absence of loads. They are found universally in
Nonlinear mechanics biological systems and play a key role in many industrial applications as they alter a body’s effective material
Biomechanics properties. Typically, in biomechanics, they are the result of growth, remodeling, or other active processes.
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In industry, they are the consequence of manufacturing processes such as welding, cooling, or quenching. To
study the response of materials with residual stresses, their initial values must be known, and neglecting their
contribution may lead to wrong predictions, even at the qualitative level. It is therefore crucial to estimate
them. Residual stresses can be obtained by simulating the underlying physics using numerical methods,
or using experimental setups. The former approach is limited by the amount of constitutive models and
associated phenomenological parameters needed in the simulation. In the latter approach, residual stress
quantification is restricted to a certain region and its accuracy is affected by noisy measurements. In this
paper we propose an inverse approach to reconstruct residual stress fields using domain displacements as an
input. This displacement field is measured during the motion of the sample when it is sectioned (divided) into
different regions through cutting experiments that partially relieve stresses. We demonstrate through various
examples that residual stress recovery is possible both for linear and nonlinear solids while the formulation is
independent of the physics of the residual stress source. Our findings show accurate reconstructions of residual
stress when sufficiently many cuts have been performed, with errors below 10% and 20% for the linear and
nonlinear examples, respectively, even for high input errors in the strain field (©(40%)). This unique mixed
numerical-experimental approach is also valid to improve the quantification of residual stress fields in existing
experimental methods.

1. Introduction of the entire drop into fine powder, due to the stored elastic energy
causing crack propagation [3]. It is for this remarkable combination of

Residual stresses are defined as the stresses present in a material in extreme hardness and fragility that these glass drops attracted attention
the absence of external loads or body forces [1]. The most dramatic around 1660 when they were introduced by Prince Rupert of the Rhine
and earliest description of a material with residual stresses is likely (1619-1682), a nephew of King Charles I of England. Although he
to be found in the Prince Rupert’s drops first mentioned in 1625 in did not invent the drop, he introduced it to the English court around
Mecklenburg [2]. These are glass structures formed by rapidly cooling 1660, where it became an object of curiosity. Remarkably, the basic

a molten drop of glass in cold water. This quenching process creates
distinctive tadpole-shaped objects with a bulbous head and a long,
thin tail, and it endows them with remarkable mechanical properties
due to extreme residual stress distributions. The outer surface of the
drop cools and solidifies quickly, forming a compressive shell. The
interior cools more slowly and contracts, inducing high tensile stresses
within the core and balanced compressive stresses on the exterior. This
compressive shell gives the head of the drop an extraordinary resistance
to impact; it can withstand hammer blows without breaking. However,
the structure is highly sensitive. Any small damage or breakage at the
tail releases the internal tensile stress, resulting in rapid disintegration

mechanism leading to their behavior was already understood by Robert
Hooke who studied them and provided beautiful illustrations of them
in Micrographia [4].

Simpler everyday objects also inherit their mechanical properties
from residual stresses. For instance, the spoke of a bicycle wheel are in
tension, hardening the entire structure, and so are the strings of a tennis
racquet. These examples were already given by Frank Cilley in 1901
when he developed one of the first theory of linear elasticity with initial
stresses [5]. At a much bigger scale, initial stresses are also key in un-
derstanding the stability of solid planets and it is only recently that such
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stresses have been properly taken into account [6]. More generally,
these initial stressed states can implicate instability or accelerate the
failure in structures [7]. On the engineering side, residual stresses are
typically found in solids in all industrial applications involving cooling
or quenching; as well as manufacturing and fabrication processes, such
as joining techniques, i.e. welding, and surface treatments [8-10].

In biology, plant physiologists already understood early the role in
internal forces in stabilizing stems. For instance, Sachs in 1875 [11]
already described the importance of growth-induced longitudinal tissue
tension in a stalk of rhubarb to improve its rigidity [12,13]. Similarly,
it was well appreciated that residual stresses are important in shaping
tissues and organs during morphogenesis [14], but it is through the
seminal contribution of Y.C. Fung that physiologists started to fully
appreciate the importance of residual stresses [15] and realized that
they are the hallmark of living systems.

Given the importance of residual stresses both in industry and
biology, it is no surprise that they have been studied extensively
both theoretically (numerically) and experimentally [16,17]. The most
popular method to quantify experimentally residual stresses in indus-
trial structures is the hole-drilling technique. This method was first
introduced by Mathar in 1934 [18] and is based on the localized stress
release after a portion of the material is removed (drilled). This relief
produces a reconfiguration (deformation) around the drilled hole which
is usually measured by strain gauge rosettes [19-21] or digital image
correlation (DIC) techniques [22-27]. The experimentally measured
strain field is used as the input of analytical (linear and infinitesimal
elasticity) solutions available for thin specimens [28]. Semianalytical
solutions, complemented by finite elements simulations, are used when
the analytical solution is not possible (e.g. thick specimens) [20,29,30].
Since its introduction in 1934, many advances and developments of
the drill-hole test have been proposed [31] and the literature is vast
(see the excellent review [32] and references therein where additional
techniques for residual stress quantification are exposed, including
nondestructive methods such as diffraction methods, i.e. X-ray, neu-
tron, synchrotron radiation, ultrasound, and magnetic methods). The
American Society for Testing Materials (ASTM) established a standard
(ASTM E837-1981) in 1981 which, after several revisions, was finally
accepted as a standardized testing method (ASTM E837-08) for the
drilling measurement of residual stress [33].

Residual stresses in metallic solids and structures are usually high,
so plastic deformations caused by the stress concentration induced by
the hole can occur. This could lead to stress calculation errors and
this issue has been addressed in several papers [34,35]. Furthermore,
the principles of the hole-drilling test have been used as a standard to
measure the stress state in loaded structures, or to estimate unknown
external loads in a number of applications, including ancient struc-
tures [36]. However, damage induced during drilling, i.e. deterioration
of mechanical properties of the material around the hole, has not been
taken into consideration in drilling-hole analysis.

Recently, residual stress quantification has attracted the attention of
many researchers, as it is present in novel additive manufacturing tech-
niques, 3D printing of structures, and high performance alloys [37,38].
In particular, titanium powder metallurgy and additive manufacturing
have emerged as a cost-efficient solution to build lightweight aerospace
structures [39]. In these applications, the drilling-hole method is also
applied to estimate residual stresses [40-42]. An alternative approach
is to use the finite element analysis to simulate the physics of heat trans-
fer phenomena in a given manufacturing technique, and subsequent
computation of residual stress. For instance, Yang et al. [43] modeled a
moving Gaussian laser heat source to obtain temperature distributions
of Ti6Al4V alloys by means of a transient thermal analysis. In the same
context, residual stresses were numerically obtained in Ti6Al4V using
coupled thermal-mechanical finite element simulations [44-46]. There
is also a vast literature dedicated to the numerical analysis and simula-
tion of temperature-induced residual stresses such as welding [47-51]
or forming processes [52,53]. The numerical methodology to compute
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residual stresses by modeling the physics involved in the process is
referred in this paper as the direct or forward approach.

In biomechanics, residual stresses are the consequence of growth
and remodeling processes, and they are known to be crucial to the
proper function of tissues and organs and are precisely tuned and main-
tained through life [1]. As in industrial applications, residual stresses
in tissues have been quantified both experimentally and numerically.
The most popular method to experimentally measure residual stresses
is the opening angle test, and was introduced by Fung in arteries
more than three decades ago [54,55]. Since then, this assay, and slight
modifications of this test, have been used to estimate uniform pre-
stresses which feed growth models. For instance, measured residual
stresses were used as input to study the effect of viscoleastcity in aortic
soft tissues [56]. Diaz et al. [57] introduced measured residual stresses
in a computational model to capture the whole aorta response under
uniaxial and biaxial stress states and to reproduce the response of
the whole aorta to internal pressure. Similarly, residual stresses from
ring opening tests were used to numerically investigate how stress
patterns change when the artery is subjected to standard physiologi-
cal pressures [58]. Moreover, forward computation of residual stress
and strains by means of simulations is also routine in computational
biomechanics. To cite a few, Mastrofni [59] computed residual strains
to perform a stress analysis of patient-specific atherosclerotic carotid
vessels. This line of research concluded that the incorporation of resid-
ual strains is fundamental to obtain proper distribution of stress across
the atherosclerotic wall. Rausch and Kuhl [60] also highlighted the
importance of considering prestrain and residual stress in the study
of soft biological membranes. The impact of growth, remodeling and
derived residual strains have been investigated in a number of tissues,
namely, growing skin [61-64], tumors [65-67], tendons [68,69], brain
tissue [70,71], and cardiovascular tissues [72-83], and plants [12,84,
85].

Experimental and forward computation of residual stress have a
number of limitations. First, both drilling-hole and opening angle meth-
ods assume residual stress as homogeneous and restrict its quantifica-
tion to the region around the hole(s) or ring(s) of the setup. Therefore,
acquiring distribution patterns of residual stress fields along the spec-
imen/tissue is extremely difficult from an experimental perspective.
Second, forward computation of residual stress needs a number of
additional constitutive models and associated phenomenological pa-
rameters. For instance, temperature-induced residual stress in solids in-
volves modeling the heat source and plasticity mechanisms. Most of the
related phenomenological parameters are temperature-dependent, and
they are usually poorly fitted or barely estimated from the literature.
On the other hand, growth and remodeling models of tissues require
kinematic and kinetic equations of growth [1], which also include
phenomenological parameters. In this case, most of these parameters
are unmeasurable and have to be fitted indirectly if experimental
data are available. For this reason, the predictive capability of such
growth models is quite limited, and they have been used instead to test
theories and hypothesis to generate knowledge about the implications
of mechanics in biophysical processes.

Experimental outcomes from drilling-hole tests have been combined
with numerical algorithms to improve the quality of the data. For
instance, Gore and Nobre [86] used an inverse formulation based
on Tikhonov regularization to obtain more accurate residual stress
fields. Barile et al. [87] implemented a Gaussian process regression to
quantify uncertainty and to smoothen residual stress fields without the
need for further regularization. Although these studies refer to inverse
approaches fed by experimental hole-drilling outcomes, they are not
suited to obtain spatial residual stress field distributions along the
tested specimen. Similarly, in biomechanics, very few studies combine
experimental results with numerical methods to estimate residual stress
distributions. Among the few, Badel et al. [88] tracked the opening
motion of an incised piece of arterial tissue by means of DIC, and used
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this data as input in a mixed computational-experimental approach to
estimate 3D residual stress fields.

Inspired by the inverse formalisms to compute traction forces by
cells in artificial substrates [89-100], and elastography [101-103]; we
previously proposed an inverse approach to compute residual stress
fields [104]. In this work, data regarding to biaxial testing, i.e. domain
displacement fields and biaxial loads, were synthetically generated and
used as input in an inverse algorithm. Results showed accurate residual
stress for noisy input displacements. However, this methodology is
limited to solids that exhibit a nonlinear behavior.

Here, an alternative approach to [104] is presented in order to
address this limitation. We propose sectioning residual stressed sam-
ples and tracking the displacements to the cut (relief) configuration
using DIC, for example. Then, using this information as input of the
developed inverse algorithm, we show that residual stresses can be
recovered. The methodology is tested synthetically, i.e. no experimental
data were used, although noisy displacement fields were considered;
and it was implemented in a couple of examples of application: (i)
growth in a nonlinear tissue and (ii) a surface heat treatment in a linear
Ti6Al4V alloy specimen. Results show that the accuracy of recovered
residual stress fields improves when the number of cut regions (sec-
tions) increases. However, precise residual stress profiles were already
obtained along the line of the incision for a single cut. This approach
demonstrates the possibility to recover complex residual stress fields
independently of the source of residual stress in linear/nonlinear solids.

The paper is structured as follows: The rationales of the proposed
inverse formulation, numerical elaboration and computer implementa-
tion, are detailed in Section 2. The different examples of application
devised to demonstrate the capability of the methodology to recover
residual stresses at different conditions, are introduced in Section 3.
Details about the model, simulation and additional results regard-
ing the second case of study are given in an Appendix. Results are
then presented in Section 4 and discussed in Section 5. Finally, some
conclusions are drawn at the end of the paper in Section 6.

2. Inverse approach

We start with a simply/multiply connected elastic body that en-
joys a residual stress state ¢° in the reference configuration 5. This
residual stress state is partially released by means of a cutting or
opening operation in B, which yields to the cut configuration B.
Configuration B can be multiply connected (e.g. drill hole test), simply
connected (e.g. opening angle test) or non connected (e.g. fully cut,
divided domains). Although the formulation is generic for any of these
configurations, the numerical examples are restricted to the latter case
(see Fig. 1).

To recover the residual stress field ¢, we propose the following
constrained and regularized inverse formulation:

argmin l||uC —u)2 + 4 / 1Voe°|2dv ¢))
Jo’uc 2 2 BO
s.t.
W06, 5¢%) :/ o 5edv=0 2
By
WE W, 6, 6¢€) = / 6€wC,6% -66Cdv =0, 3)
Be

where WY represents the virtual work developed by the residual stress
6 with virtual strain field §¢° in the reference configuration 3.
Similarly, W€ represents the virtual work developed by real internal
(remaining) stress € with virtual strain §¢€, in the cut configuration
Bc. Note that the absence of body and external forces in both (2)
and (3), and hence the absence of external virtual work, ensure that
the residual stress fields 6, ¢€ are self-balanced in their respective
configurations. A represents the regularization parameter which multi-
plies a first-order Tikhonov term in (1). As 6€°, 6¢€ are identified as
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Cut configuration
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Fig. 1. Configurations used in the problem statement and numerical algo-
rithm. The reference configuration B, is incised/divided into a number of non
connected domains (cuts in dashed lines) which yields the cut configuration
B, as the result of the (partial) release of residual stresses from o’ to ojc.
The motion of a material point X° in the reference configuration to X¢ in
the cut configuration is characterized by the displacement field u®* (assumed
as noisily measured). The illustration is represented for iteration j of the
developed numerical scheme.

Lagrangian fields in Egs. (2)-(3), W° and W€ can be directly incorpo-
rated to the optimization Eq. (1) and then, its gradient obtained within
the framework of a minimization searching algorithm (see additional
details in [104]). However, this strategy yields complex and non-
standard derivatives [104]. To circumvent this problem, we propose
instead an iterative numerical algorithm divided into the following
two subproblems: In the first subproblem, the input motion from the
reference to the cut configurations is applied, while searching for
a physically consistent stress field in this configuration. Conversely,
in the second subproblem, the cut configuration is sent back to the
reference configuration searching for a physically consistent stress field
in the reference configuration. Both subproblems are solved recursively
until convergence is achieved as follows.

Subproblem 1
First, we search for a physically consistent stress field €, while at

the same time we minimize the distance between the computed and
measured cut configurations, as follows:

1. ¢ ~C( Cx Oy2 4 A c 2
arg;nln E”o-j_H -9 (u 76]')“2 + 5 5 ”vCO-/_H |I2dl) (4)
6/+1 C
s.t.
C(-C C \_ c c _
w (aj+l,6ej+1)—L 04 -6£j+ldu—0, (5)
C

where 6'].C is a stress field that originates from the motion of the ref-
erence configuration (with residual stresses field ¢ from a previously
converged iteration j, see overall algorithm in Box 1) to the cut con-
figuration through measured displacement field u“* (see Fig. 1). Note
that the stress field 6'I.C is out of self-balance in the cut configuration,
so the purpose of Eq. (4) is minimizing the distance from this field
to a searched one cr.c+l which satisfies this condition through Eq. (5).
Similarly to Eq. (1), A represents a first order Tikhonov regularization
parameter.

5£.C+1 in (5) can be interpreted as a Lagrangian field, so (5) can be
incluc{ed into Eq. (4) as follows:

argmin n'=%||o‘c—6'c||§+§/ ||vcac||§du+/ € - 5eCdv.  (6)
Bc Bc

oC
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Note that Eq. (6) is written for iteration j, and this index is omitted to
simplify the notation.

The continuum fields 6¢ and 6u€, being this quantity the virtual
displacement field derived from 6€€, are discretized and interpolated
within each FE element as 6 ~ N¢ - 6€ and 6u® ~ NC - 6u€. 6 and
5u[.c are discrete node-valued vectors, which contains the components
of each (discrete) variable at the nodes i of the element. Ng and
NC are the corresponding shape (interpolating) functions within the
element referred to the discretized cut configuration. Introducing this
discretization into (6) yields,

. 1 ~ ~
argmin 7= =(6¢ - 69" - (6© -6+

NE
+iz / B - 6T - BE - 6S)dv | +WC(6C, 5uC), %)
2 frt BC'k (2 1 o 1 1 1

where BE is the gradient matrix of interpolating shape function matrix
NJC of the element k in the cut (discretized) configuration B ;. NE is
the number of elements of the FE mesh. In addition, we have
NE
WE (6, 6uf) = Z < / (NS - 6€ -BSdo)" - su€ ) = (FT . 5uC, (8)
k=1 \/ Bc
where F"tC is the internal global vector of forces, after FE assembly
operation. 6u€ is a node-valued global vector which contains the
components of the variables at each FE node of the mesh. Furthermore,
assembly of (7) and introduction of (8) in (7) yields,

argmin 7z = l(r)'C 69T (6 -6+
o€ 2

%(Bg 6T -BS - 6C + (1) - 5uC, @

where B¢ is the global gradient matrix after assembly of element
matrix BS. ¢ and 6C are node-valued global vectors which contain
the components of the variables at each FE node of the mesh. Eq. (9)
has a minimum stationary solution at §z(c€, 5u€) = 0. Hence,

int,C T
aC+<"§ - ) ouC, =0 (10)
o

o€ -6+ (BS) -BS.
FintC = ¢, 11)

Egs. (10)-(11) are written in matrix form as:

BCT . BC RCT 9 &€

1+48, B, B, ] %1 ={ 5 } a2
B 0 5uj 1 0

where BC is the global gradient matrix after assembly of element

matrices in (8). Note that Eq. (12) is linear with respect to € and su®
so it is solved in a single step.

Subproblem 2
Analogous to the first subproblem, we search here for a physi-

cally consistent stress field ¢°, minimizing the distance between the
computed and measured cut configurations:

| N A
argmin E||a5?+1- ?(uc*,af)||§+§/3 ||VC0'?+1||§dv (13)
o'H_] 0
s.t.
0,0 0 _ 0 0 —
w (o-j.H,SejH)—/B 0 ~5£j+1du—0. a4
0

6? is the stress field resulting from the motion of the cut configuration
(with remaining stress field jS from a previously converged iteration
j in subproblem 1, see additionally overall algorithm in Box 1) to the
reference configuration through measured displacement field —u®* (see
Fig. 1). Analogously to subproblem 1, the stress field 6';.) is not in self-
balance in the reference configuration, so the purpose of Eq. (13) is to
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minimize the distance from this field to a searched one o-? ol which sat-
isfies this condition through Eq. (14). 4 is the regularization parameter,
assumed as the same than that of subproblem 1. This parameter will be
calibrated in our study following the L—curve criterion [105].

Eq. (14) is introduced into Eq. (13) for a fixed iteration j as follows:

argmin = 1”60 - 6'0||§ + i/ ||V00'0||§dv+/ 6" - 5e0dw. (15)
&0 2 2 By By
Analogously to subproblem 1, the continuum fields in (15) are
discretized and interpolated within each FE element as 6° ~ N? - o-f.’
and 5u® ~ NO-su?. Then, the FE discretization and assembly procedures
shown in subproblem 1 are performed here. So, the following system
is obtained:

ROT . RO RO 0 50
A BMT].{ o }:{ °j } (16)
B, 0 5uj+1 0

where Bg and BS are global gradient matrices obtained after assembly
of element matrices analogous to subproblem 1. Again, Eq. (16) is
linear, so it is solved in a single step.

Subproblems 1 and 2 are iteratively solved as explained in Box 1.

Box 1: Two-step algorithm for residual stress recovery.
0. Initialize variables:

0 _
G = 0.

0 _ -0 0
WHILE ||6?, - 6Il/ll?]| < TOL

1. SUBPROBLEM 1

m Compute 6-].C by applying the motion u®* to
the reference configuration (incised) mesh.
This mesh is obtained by duplicating nodes
along the cut lines. This reference configura-
tion is pre-stressed with residual stresses ¢
obtained from previous step of subproblem 2.

m Assemble matrices BS and BC in the cut con-
figuration (Eq. (12)).

m Build the system (12) and solve to obtain °'/C+1'

2. SUBPROBLEM 2

m Compute 6;.) by applying the motion —u
from the cut to the reference configuration
meshes. This cut configuration is pre-stressed
with residual stresses € obtained from previ-
ous step of subproblem 1.

m Assemble matrices B? and B? in the reference

configuration (non-incised mesh) (Eq. (16)).

Cx

m Build the system (16) and solve to obtain o-? op

END WHILE
3. Obtain the final configuration and displacement field u®
by applying a relaxation step in the reference configuration

(incised mesh), with an initial (converged) pre-stress ¢°.

Note that in the algorithm above the computation of stresses (first
item of subproblems 1 and 2, as well as point 3) requires the use of the
constitutive law considered for the solid. The algorithm shown in Box
1 was implemented in Matlab. Point 3 of Box 1 was carried out using
Abaqus Simulia.

3. Applications

To highlight the versatility of the methodology, and also the fact
that recovery does not depend on the source of residual stress, we
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consider two different applications. The first one is related to residual
stresses in a tissue appearing as a consequence of development/growth
and remodeling. The second example arises in surface heat treatments
carried out in alloys during manufacture. The simulations to obtain the
ground truth solution were carried out using Abaqus Simulia.

3.1. Growth in nonlinear tissues

As previously noted residual stresses in biological tissues arise from
growth and remodeling under physiological or pathological conditions.
Although existing phenomenological models are available in the litera-
ture to simulate growth in tissues, and subsequent residual strains and
stresses; here, we use the following naive approach to compute ground
truth residual stress distributions in order to get the input data of our
algorithm.

First, a random (smooth) growth region is defined (Fig. 2(a)). In
this region, an inhomogeneous and isotropic nonlinear growth process,
characterized by a deformation gradient tensor F® in 2D Cartesian
coordinates, is defined:

1+y 0]

F& =
0 1+y

a7

where the function y is inhomogeneous and decays exponentially from
the center to the boundary of the growth region (see Fig. 2(b)). Then,
the initial configuration (Fig. 2(a)) is subject to a deformation defined
by the multiplicative decomposition of the deformation gradient F¢- F¢,
where F? is the motion from an intermediate stress-free configuration
to the final configuration. The new reference configuration (deformed
after growth) is shown in (Fig. 2(c)). Likewise, residual (Cauchy)
stresses in the reference configuration (see Fig. 1) are obtained as:

0 2 a a'{’(C) aT
== .pa |2 . FT, 18
T [ 0C oo e

with the right Cauchy-Green strain tensor C* = F°T . F% and J* =
det(F“). In our study, we restrict our attention to 2D deformations
by enforcing a plane-stress condition leading to an incompressible
plane-stress neo-Hookean 2D law.

After growth, the reference configuration is opened through cuts.
It is assumed that no damage is induced during sectioning. Moreover,
since the solid is assumed to be elastic, and hence free of inelastic
deformations, the deformations and stresses are independent of the
order the cuts are made. Different cases, i.e. number of cuts, are
considered in our study to check the performance and ability of our
methodology to recover residual stress based on this procedure. These
different cases are shown in Figs. 2(d)-(g). Note that, to avoid dealing
with different meshes at the initial and reference configurations after
growth, straight cuts were defined in the undeformed (initial) config-
uration (Fig. 2(a)), resulting into non-straight cut lines after growth in
the reference configuration (Figs. 2(d)—(g)).

After cutting, the reference domain is divided into different regions
where the residual stresses have been partially released. The associated
Von Mises stresses, for the different considered cases, are shown in
Fig. 3 in the deformed cut configuration. An inhomogeneous remaining
stress distribution is observed with high values along the cuts. As
expected, the amount of released stress increases with the number of
cuts. Finally, the motion associated with the deformation state from
the opened reference configuration to the cut configuration is shown in
Fig. 4. Note that this motion, i.e. displacement field, is the key input in
our recovery algorithm and needs to be obtained from the experimental
setup (for instance by means of DIC). Therefore, this displacement field
is assumed to be noisy and is modified as follows:

u€* = uCOT & HuC,GTH’ (19)

Cx C,GT

where u“* and u are the noisy and ground truth displacement
vectors, respectively, that contain the different components of the
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displacement field at each node of the FE mesh, & is a randomly val-
ued vector that follows a Gaussian distribution N(0, s), with standard
deviation s. Two different levels of noise are considered, referred to as
high and low noise levels in the study. The corresponding strain fields
are shown in Figs. 5 and 6.

3.2. Surface treatments in alloys

As a second example, we consider the heat treatment of surface
as the source of residual stresses. Such a residual stress state usu-
ally arises in alloys as a consequence of manufacturing processes. In
particular, we consider a thin plate made of Ti6Al4V alloy subjected
to a heat source for a given time interval, see Fig. 7(a). A coupled
thermal-mechanical transient simulation is performed to obtain both
temperature and strain/stress distributions in the plate. Moreover,
plasticity is accounted for and mechanical properties of the alloy are
assumed to be temperature-dependent. Details of the model, simulation
and additional results are given in Appendix.

As a consequence of the nonlinear expansion due to heat, and
the development of plastic strains, a residual stress state develops in
the plate that is computed by means of the forward simulation from
first principles as outlined above. Then, this new reference (residual
stressed) configuration is cut repeatedly as in the previous example
(again we assume that no damage is induced during sectioning). The
different cases are shown in Figs. 7(b)-(e).

Equivalent Von Mises stresses, for the different considered cuts and
cases, are shown in Fig. 8 in the divided regions of the reference
domain. As in the previous example, an inhomogeneous remaining
stress distribution is observed along the cut regions in this figure, and
the amount of released stress increases with the number of cut (opened)
sections. The deformation state originating from opening the reference
configuration to the cut configuration is represented in Fig. 9. This
displacement field, which is the input of the recovery algorithm, is
assumed also to be noisy in this example, and is corrupted according
to (19). Likewise, two different levels of noise are considered, referred
to as high and low noise levels in the study. Corresponding noisy strain
fields are plotted in Figs. 10 and 11.

4. Results

Residual stress reconstructions, following the algorithm detailed in
Box 1, are shown in this section for the two examples of applications
of the study (see Section 3). For each case, the input of the algorithm
is the tracked displacement field u®* of the motion from the stressed
reference configuration to the cut configuration. The error associated
to these displacement fields, assumed to be noisy, are computed using
the following formula:

Err E (%)

2 2 2
NE (sc‘qT - sc*.) + (EC’G.T - EC*.) + <£C‘(.;T - eC*.)
XX,1 XX,1 yyst Yyl Xyt Xyt
=100+ Z 2 2 2
i=l (EC’G.T) + (eC*GT) + (eC’QT)

XX,i yy,i Xy,i

>

(20)

where eng,eyCy’fT, efy‘fT and sfx’fi,eycy’;, sfy’;. are the components of the
strain tensor at each element i, derived from the ground truth and
noisy displacement fields, respectively. N E is the number of elements
of the FE mesh. The logarithmic strain tensor is used in (20) for the
first example of application (Section 3.1), and the infinitesimal strain
tensor for the second example of application (Section 3.2). These errors
are shown in Tables 1 and 3 for the first and second examples of
application, respectively. As can be seen, the order of magnitude of
the input error in strains for the low noise case is 20%, and 40% for
the high noise level case in both examples. To test the convergence of
recovered stresses to the ground truth solution an input noise free case
is also considered.



J.A. Sanz-Herrera and A. Goriely

+9.990e-01

(a) (b)
Y
L T +0v000e+00
~ Nonlinear
growth
L

(d) ’/',77‘7""

e) LT_\*
i

= o

International Journal of Mechanical Sciences 309 (2026) 111002

N

Fig. 2. First case: growth in nonlinear tissues. (a) Initial configuration and growth region. (b) Nonlinear growth function y (see Eq. (17)). (c) Reference
configuration obtained after growth. Then, this configuration is opened for study in a number of cases: (d) 2, (e) 4, (f) 16 and (g) 64 cut sections. Cuts are
straight vertical and horizontal lines in the reference configuration leading to deformed pieces in the cut configuration.
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Fig. 3. Dimensionless equivalent Von Mises stresses (normalized by the
Young’s modulus) for the different considered cut cases in Figs. 2(d)—(g): (a)
2, (b) 4, (c) 16 and (d) 64 cut sections. Stresses are plot along the deformed
cut regions and they represent partially released residual stress fields. Note
the scale changes, showing a drastic reduction in stresses from a single cut to
multiple cuts. Note that different color-scale limits are used in contour maps
legends.

Reconstructed residual stresses corresponding to the first example
of application are shown in Fig. 12 using noise free displacement fields
(associated strain fields plot in Fig. 4), in Fig. 13 using the low noise
case displacement fields (associated strain fields plot in Fig. 5), and in
Fig. 14 using the high noise case displacement fields (associated strain
fields plot in Fig. 6). Quantitative residual stress recovery output errors
are given in Table 1, based on the following formula:

Err S (%)

2 2 2
NE ( 0.6T -0 ) +(0'0’G.T—0'0 ) +<60’G.T—0'0 )
100 Z xx,i XX,i i i Xy, Xy

2 2 2
= 0.GT 0.GT 0.GT
(O-xx.i + 0-yy,i + o-xy.i
21
0.GT _0.GT _0.GT 0 40
where Oi *Oyyi + Oy and axm,ayw, 2y are the components of the

Cauchy’s residual stress tensors at each element i, of the ground truth

el 0y &l!
Stawge: o

Fig. 4. Components of the logarithmic strain tensor for the different con-
sidered cut cases in Figs. 2(d)-(g): 2 (first row), 4 (second row), 16 (third
row) and 64 (fourth row) cut sections. Strains are plot along the deformed
cut sections. Note that different color-scale limits are used in contour maps
legends.

and recovered from input displacement fields, respectively. Note that
the parameters regarding the iterative algorithm, such as number of
iterations, CPU time, as well as the regularization parameter set in the
simulations, are shown in Table 2.

Fig. 12 and Table 1 demonstrate that using noise free input displace-
ments, the recovered stresses converge to the ground truth solution as
the number of cuts increases. The same qualitative trend is observed
in reconstructed stresses when the low noise level displacements (Fig.
13 and Table 1) and the high noise level displacements (Fig. 14 and
Table 1) are used as inputs. It can be observed that outstanding/very
good residual stress recovery are obtained using 64/16 cut regions (see
Figs. 12-14), with reconstruction errors below 20% for the worst noise
case. However, fair approximations are found for four cut regions case,
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Fig. 6. Components of the logarithmic strain tensor, after adding noise to the
ground truth displacement field (Eq. (19)), for the different considered cut
cases in Figs. 2(d)—(g): 2 (first row), 4 (second row), 16 (third row) and 64
(fourth row) cut sections. Strains are plot along the deformed cut sections.
High noise level case. The overall error, versus the ground truth solution in
Fig. 4, is shown for each case in Table 1. Note that different color scale limits
are used in contour maps legends.

whereas residual stress reconstructions provide high errors (> 30%)
when the sample is cut in two sections under the presence of noise in
the input displacements (see Table 1).

Reconstructed residual stresses corresponding to a surface heat
treatment in a Ti6Al4V plate are shown in Fig. 15, using noise free

International Journal of Mechanical Sciences 309 (2026) 111002

(a) Heat source

Ti6A14V plate

(b) (c)

(d) (e)

Fig. 7. Second example of application: surface heat treatment in alloys. (a)
A heat source is applied on the surface of Ti6Al4V alloy plate. Subsequent
residual stresses are computed by means of numerical simulation (details
provided in Appendix). Then, this configuration is opened for study in a
number of cases: (b) 2, (c) 4, (d) 16 and (e) 64 cut sections.
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Fig. 8. Equivalent Von Mises stresses (Pa) for the different considered cut
cases in Figs. 7(b)—(e): (a) 2, (b) 4, (c) 16 and (d) 64 cut regions. Stresses are
plot along the cut sections and they represent partially released residual stress
fields. Note that different color-scale limits are used in contour maps legends.

displacement fields (associated strain fields plot in Fig. 9), in Fig. 16
using the low noise case displacement fields (associated strain fields
plot in Fig. 10), and in Fig. 17 using the high noise case displacement
fields (associated strain fields plot in Fig. 11). Quantitative residual
stress recovery output errors are given in Table 3, associated to the
formula (21). Parameters regarding the iterative algorithm are shown
in Table 4.

Similarly to stress reconstructions for the first example of appli-
cation, the recovered stresses converge to the ground truth solution
as the number of cuts increases (Fig. 15 and Table 3). Again, it can
be observed that outstanding/very good residual stress recovery are
obtained using 64/16 cut regions (see Figs. 15-17). However, in this
example of application, very good results are obtained also for the four
cut regions case with reconstruction errors below 20% for the worst
noise case. (see Figs. 12-14 and Table 3). The recovered stress profile
when the sample is cut in two regions deviates from the ground truth
(see Figs. 15-17), with reconstruction errors of the order of 22%-25%
versus the ground truth solution for different levels of noise (Table 3).
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The analysis of the results provided by residual stress reconstruction
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Table 1

Performance error metrics in the recovery of residual stress fields arising in growth in nonlinear
tissues, for the different considered cut configurations. Err E represents the input error due to
input noisy displacement fields, computed through Eq. (20). Err S represents the output error in
residual stress reconstruction, computed through Eq. (21), using the proposed algorithm.

Noise free Low noise High noise
Err E (%) Err S (%) Err E (%) Err S (%) Err E (%) Err S (%)
64 sections 0 4.84 19.41 10.28 35.25 11.66
16 sections 0 8.02 16.07 16.27 34.01 18.40
4 sections 0 11.59 18.15 23.19 35.43 24.74
2 sections 0 15.22 18.44 33.30 38.68 36.05
Table 2

Parameters and numerical outputs in the simulations used for the recovery of residual stress
fields arising in growth in nonlinear tissues, for the different considered cut configurations. 4 is
the regularization parameter used in the simulations. The second column refers to the number
of passes (iterations) in the algorithm through subproblems 1 and 2 (Box 1). The third column
shows the mean CPU time per iteration during the simulations. FE mesh contains 10012 triangular
elements with linear interpolation and 5151 nodes (without counting duplicates nodes in cuts).
Simulations were run in a laptop PC Intel i7 1.30 GHz, 16 GB RAM.

Noise free Low noise High noise
A Iters Time/iter (s) 4 Iters Time/iter (s) 4 Iters Time/iter (s)
64 sections 2-107 59 34.41 2.10% 9 33.16 3.10* 8 33.02
16 sections 2-107° 61 33.08 2.107% 11 33.04 3-10% 7 34.50
4 sections 2-10 66  33.36 2-10* 15 32.36 7-107% 7 33.33
2 sections 2-107° 109 35.81 2-10* 19  35.80 7-107% 7 34.53
Table 3

Performance error metrics in the recovery of residual stress fields arising in surface treatments
in alloys, for the different considered cut configurations. Err E represents the input error due to
input noisy displacement fields, computed through Eq. (20). Err S represents the output error in
residual stress reconstruction, computed through Eq. (21), using the proposed algorithm.

Noise free Low noise High noise
Err E (%) Err S (%) Err E (%) Err S (%) Err E (%) Err S (%)
64 sections 0 3.54 19.03 5.97 37.23 7.61
16 sections 0 4.94 18.48 7.30 38.90 9.63
4 sections 0 10.27 18.69 11.10 38.50 15.55
2 sections 0 22.56 19.17 23.59 34.61 25.3
Table 4

Parameters and numerical outputs in the simulations regarding the recovery of residual stress
fields arising in surface treatments in alloys, for the different considered cut configurations. 4 is
the regularization parameter used in the simulations. The second column refers to the number
of passes (iterations) in the algorithm through subproblems 1 and 2 (Box 1). The third column
shows the mean CPU time per iteration during the simulations. FE mesh contains 10012 triangular
elements with linear interpolation and 5151 nodes (without counting duplicates nodes in cuts).
Simulations were run in a laptop PC Intel i7 1.30 GHz, 16 GB RAM.

Noise free Low noise High noise
A Iters Time/iter (s) 4 Iters Time/iter (s) 4 Iters Time/iter (s)
64 sections 5-107% 26  18.45 3-1077 9 18.50 5-1077 7 18.55
16 sections 5-107% 78 1853 3-107 23 18.54 5-107 17 18.64
4 sections 5-10°% 88 18.52 5-107 46 18.68 1-10° 24 18.57
2 sections 5.-107% 148 18.47 5-1077 60 18.53 1-107° 36 18.44

19. These plots show that we recovered for the normal residual stresses

for the nonlinear case (growth in nonlinear tissues) and the linear
case (heat treatment in linear Ti6Al4V plate) provide interesting obser-
vations and comparisons. First, the linear case provide overall better
reconstructions that the nonlinear one, as can be seen in Tables 1
and 3. Also, the trends in the recovered residual stresses with level
of noise and number of cut sections are qualitative similar in the
linear and nonlinear cases. For both examples, the reconstruction errors
remain stable with different levels of noise, as seen in Tables 1 and
3. Furthermore, when the sample is cut in just two sections, residual
stress results should only be used qualitatively. However, even in the
worst reconstructions cases (two and four cut regions), we obtain very
good reconstructions along the cut line, as can be seen in Figs. 18 and

along the cut lines for two and four cut regions, respectively. Very good
results are obtained for all the analyzed noise levels for the nonlinear
example, providing even better reconstructions for the linear example.

5. Discussion
Significance of the proposed methodology

The proposed methodology showed the ability to recover complex
residual stress fields using a combined numerical (inverse) and ex-

perimental approach, with application to linear and nonlinear solids.
It also demonstrated, through the selected examples of application,
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Fig. 10. Components of the strain tensor, after adding noise to the ground
truth displacement field (Eq. (19)), for the different considered cut cases in
Figs. 7(b)-(e): 2 (first row), 4 (second row), 16 (third row) and 64 (fourth
row) cut sections. Strains are plot along the cut sections. Low noise level case.
The overall error, versus the ground truth solution in Fig. 9, is shown for each
case in Table 3. Note that different color-scale limits are used in contour maps
legends.

the feasibility to reconstruct residual stress fields independently of the
source of residual stress. This paper also improves the limitations of our
previous work [104] in two ways: (i) it allows the recovery of residual
stress in linear solids, and (ii) it introduces sectioning tests removing
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Fig. 11. Components of the strain tensor, after adding noise to the ground
truth displacement field (Eq. (19)), for the different considered cut cases in
Figs. 7(b)—(e): 2 (first row), 4 (second row), 16 (third row) and 64 (fourth
row) cut sections. Strains are plot along the cut sections. High noise level case.
The overall error, versus the ground truth solution in Fig. 9, is shown for each
case in Table 3. Note that different color-scale limits are used in contour maps
legends.
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Fig. 12. Growth in nonlinear tissue (noise free input displacements): Dimen-
sionless components (normalized by the Young’s modulus) of the Cauchy’s
residual stress tensor in the reference configuration. The first row represents
the ground truth solution for comparison purposes. Note that different color-
scale limits are used in contour maps legends.
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displacements): Components of the Cauchy’s residual stress tensor (Pa) in the
reference configuration. The first row represents the ground truth solution for
comparison purposes. Note that different color-scale limits are used in contour
maps legends.
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displacements): Components of the Cauchy’s residual stress tensor (Pa) in the
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comparison purposes. Note that different color-scale limits are used in contour
maps legends.
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biaxial assays, which is, a priori, a simplified experimental approach
although partially destructive.

This unique mixed numerical-experimental approach complements
existing methods to estimate residual stress in different applications.
Notably, using minimal experimental feedback (i.e. displacement fields
which can be routinely acquired by DIC), complex residual stress distri-
butions can be obtained similar to outcomes provided by forward finite
element simulations. However, as opposed to forward methods to com-
pute residual stress, none phenomenological parameter is used in our
formulation, which is particularly welcomed when complex physics are
behind the computation of residual stress. For instance, computation of
residual stress in the second example of application required 15 param-
eters after removing universal constants (see Appendix). 11 parameters
are phenomenological, being 7 of them temperature-dependent (Ap-
pendix), which points out the difficulty to use forward simulations to
get reliable residual stress fields. However, we believe that forward
simulations are necessary in computation of residuals stress as far as
the process of residual stress formation and related physics can be
interpreted. In this context, our methodology can be used as a mean
to further validate forward methods. It is important to remark at this
point that even though our approach considers the physics of the source
of residual stress as a blackbox, the obtained residual stress is physically
consistent, as universal principles are imposed along the formulation.

The methodology proposed in this paper, established on a contin-
uum framework, could be extended and/or adapted to incorporate ma-
chine learning and artificial intelligence elements, as recently proposed
in different fields of the inverse problem [106,107].

Quality of recovered residual stress fields
As can be seen in Figs. 12-14 and Table 1 the quality of residual

stress is very good, even for high levels of noise in the input displace-
ment data, when 64/16 cut sections are used in the experiment for the

11
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nonlinear example. For the linear example, the quality of residual stress
is also very good for four cut regions as can be seen in Figs. 15-17
and Table 3. It is therefore observed that residual stress recovery offers
better results for the linear example, although the error in residual
stress reconstructions remain stable for different levels of noise for
all cases (see Tables 1 and 3). Reconstructions in which few cuts are
used suffer the ill-posedness nature of inverse problems associated to
noisy input quantities and non-uniqueness of the solution [105]. In the
formulation shown in Section 3, the algorithm is guided by measured
displacement field (equivalently strain field). It can be seen in Fig. 9,
for example, that the input strain field is different depending on the
number of sections, being more aligned with residual stress patterns as
the number of cuts increases. Therefore, the accuracy of reconstructed
residual fields is driven by input strain fields, which in turn, depends
on the incisions and stress release in the cut configuration.

However, the worst case reconstructions, i.e. two and four cut
regions, provided excellent residual stress profiles along the cuts, even
for high levels of noise, as can be seen in Figs. 18 and 19. Since this
is typically the region of highest stress, it suggests that our proposed
methodology can be efficiently used to estimate residual stress profiles
along selected/strategic incisions which, a priori, simplifies the experi-
mental setup. Moreover, it paves the way to be explored in biomedical
applications to analyze stress release in incised tissues, organs or in
vitro setups.

In any case, we showed that the number of cuts influences stress-
reconstruction accuracy suggesting that cut-layouts optimization might
be a subject for future investigation.

Experimental setup

The developed numerical algorithm is driven by input displacement
fields coming from the motion of sectioned samples as a consequence
of the (partial) relief of residual stresses. It is assumed that no damage
is induced in the cutting procedure, as is also assumed in drilling-hole
and opening angle tests. As discussed, the quality of recovered residual
stress fields improves with the number of cuts, something which might
complicate the experimental protocol, requiring some kind of machine
or tool in the setup. Specifically, rigid body motions when cut sections
are put apart may be problematic during the DIC procedure. In this
case, sections can be gripped, and a controlled displacement can be
applied to circumvent this potential drawback. Sectioning experimental
technique has also been implemented in metals as coupons tests (strips)
in which released stress can be quantified [108].

Nonetheless, since our study is purely synthetic, it aims to stimulate
experimentalists to devise methods and protocols in which this method-
ology could be applied. Our formulation could be easily adapted to
single or multiply drilling-holes to improve existing numerical strate-
gies in this test, as an alternative to the proposed experimental setup.
In this case, the reference position is not lost during DIC as the resulting
sample remains multiply connected.

This study was based on 2D samples and residual stress reconstruc-
tions were limited to 2D domains. In general, stresses can be relieved
by 3D deformations after cuts, or can be applied to 3D specimens. In
this context, experimental methods to obtain 3D input displacements
fields are required. These methods rely on the measurement of dis-
placements/deformations due to the release of residual stresses upon
removal of material from the specimen, for example through recursive
sectioning of the 3D specimen. This technique has been extensively
used to study residual stresses in structural steel [109], aluminum [110]
and stainless steel [111]; and it could be adapted here to our approach.
For this purpose, the numerical algorithm shown in Box 1 would need
to be adapted for 3D finite elements and meshes, resulting in an in-
crease of the computational cost and potential mesh distortions during
stress relief and related numerical instabilities. Future work includes
exploration of these 3D environments using input surface displacements
fields coming from the referred setups, and also drilling-holes and/or



J.A. Sanz-Herrera and A. Goriely

Oz — 2 sections

3
(a) Ground truth
o Noise free
2 o Low noise

o High noise

International Journal of Mechanical Sciences 309 (2026) 111002

0. — 2 sections

Ground truth
o Noise free
o Low noise
¢ High noise

-0.25 0 0.25

y/L
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residual stress (Pa) for heat treatment in linear Ti6Al4V plate example (see additionally reconstructed profiles in Figs. 15-17).
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Fig. 19. Normal residual stresses along the cut lines for four cut sections cases for all considered noise levels. (a) Normal residual stress (dimensionless value
normalized by the Young’s modulus) along the vertical cut line (see Fig. 2) for growth in nonlinear tissue example (see additionally reconstructed profiles in Figs.
12-14). (b) Normal residual stress (Pa) along the vertical cut line (see Fig. 7) for heat treatment in linear Ti6Al4V plate example (see additionally reconstructed
profiles in Figs. 15-17). (c) Normal residual stress (dimensionless value normalized by the Young’s modulus) along the horizontal cut line (see Fig. 2) for growth
in nonlinear tissue example (see additionally reconstructed profiles in Figs. 12-14). (d) Normal residual stress (Pa) along the horizontal cut line (see Fig. 7) for
heat treatment in linear Ti6Al4V plate example (see additionally reconstructed profiles in Figs. 15-17).

partially incised specimens, both for industrial and biomechanical ap-
plications. Moreover, this inverse framework can be used to determine
unknown distribution of stress states and loads to improve existing
methods in this context.

6. Conclusion

We proposed a novel mixed numerical-experimental framework,
combining inverse methods and continuum mechanics, for reconstruct-
ing residual stress fields. The approach is applicable to both linear
and nonlinear solids with pre-existing stresses and is independent of
the residual stress origin, as illustrated through diverse examples such

12

as morphoelastic and thermoelastic stresses. Our algorithm uses do-
main displacement data arising from stress-relief processes, obtained
by segmenting the specimen into separate, non-connected regions.
This methodology builds upon established semi-destructive techniques,
including sectioning, hole-drilling, and opening-angle methods; and
it might be extended to incorporate machine learning elements. The
robustness of our technique is demonstrated by examining displace-
ment fields contaminated with varying noise levels, revealing stable
reconstruction performance and enhanced accuracy as the number
of subdivisions increases. Remarkably, precise residual stress profiles
are consistently achieved along the cut interface, even when only a
single incision is performed. Overall, our work opens the way for
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the development of innovative experimental methodologies, thereby
broadening the capabilities and precision of current residual stress
analysis techniques.
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Appendix. Simulation of surface heat treatment in Ti6Al4V plate

A surface heat treatment and subsequent residual stress in a square
L x L plate (L = 5 cm) of Ti6Al4V alloy (Fig. 7(a)) are simulated as
follows, assuming a 2D plane-stress analysis. A heat source (e.g. laser
beam) is placed at the center of the plate, and the (transient) tem-
perature distribution T'(x,7) is obtained after solving the following
equation:

dT(x,1)
oGy ot

+ V. (k- VT(x,1) =—q, — q, + (X, 1) (A.1)

T(x,0)=Ty(x) €V,

where p and C,, are the alloy’s density and specific heat, respectively. k
is the alloy’s thermal conductivity tensor (assumed as isotropic, i.e. k =
k - I). The initial temperature distribution in the plate is assumed to
be homogeneous T'(x,0) = T;,. The right hand side of (A.1) represents
surface fluxes including free (natural) air convection ¢, = h(T — Tj)
(with h being the heat transfer or film coefficient), and radiation flux
q, = oe(T* — TS‘) (with ¢ the Stefan-Boltzmann coefficient and ¢
the emissivity assuming grey body radiation). On the other hand, the
surface heat source g, is modeled as follows [112]:

aar oo |—as ™| <,
RCOER T °"p[ G B A2
0 t> T

where f is a (Gaussian) distribution factor, A the alloy’s surface ab-
sorption (absorptivity), P the heat source power, and d, the heat
source (laser beam) diameter. p, C, k are assumed to be temperature-
dependent and they are taken from Ref. [113]. The rest of parameters
(assumed as constant) are given in Table A.1. The temperature distri-
bution coming from (A.1) was obtained in Abaqus Simulia, using the
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Time 878

+3.827e+02 +2.930e+02

Time 503.4s Time 1000s

Fig. A.1. Temperature distribution (°K) in a square L x L plate (L = 5 cm)
of Ti6Al4V alloy after solving Eq. (A.1) using Abaqus Simulia. The solution is
shown for different time points from heating (time < 400 s) to cooling (time
> 400 s) after removing the heat source at time = 400 s. Note that different
color scale limits are used in contour maps legends.

Table A.1

Parameters used in the heat transfer transient simulation according to
Egs. (A.1)—(A.2). The values and order of magnitude of the parameters were
estimated from Refs. [43,112].

Parameter Value

T, CK) 293

h (W/m?°K) 25

o (W/m?°K*) 5.67-107%
e (-) 0.25
e 2

A () 0.5

P W) 150

d, (m) 5.1072
T, (s) 400

associated conditions and parameters exposed before. It is shown in Fig.
A.1 for different time points from heating to cooling.

The transient heat transfer analysis exposed above was then
(weakly) coupled into a thermal-mechanical problem via strains due
to material’s expansion, according to inhomogeneous temperature dis-
tributions. A linear elastic model, followed by kinematic hardening
plasticity, is assumed for the behavior of the Ti6Al4V alloy. The
plastic regime is defined according to the Von Mises criterion. In
this context, note that internal heat generation associated to plastic
mechanisms were neglected in Eq. (A.1). Ti6Al4V Young’s modulus,
expansion coefficient, Yield stress and Poisson’s ratio are considered
to be temperature-dependent [113], as shown in Fig. A.2. The plate
was free of body/surface forces and was not initially pre-stressed.
The simulation was carried out using Abaqus Simulia. The different
components of the plastic strains and stress tensors are shown in Figs.
A.3-A.8 for different time points from heating to cooling. Note that
residual stress distributions, used as the ground truth problem for this
example of application, are shown at the last snapshot in Figs. A.6-A.8.

Data availability

Data will be made available on request.
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Fig. A.2. Temperature-dependent mechanical properties of Ti6Al4V alloy [113]. (A) Young’s modulus, (B) Poisson’s ratio, (C) yield stress and (D) expansion
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Fig. A.3. Plastic strain component ¢ obtained from a coupled thermal-
mechanical analysis (see temperature distributions shown in Fig. A.1). The
solution is shown for different time points from heating (time < 400 s) to
cooling (time > 400 s) after removing the heat source at time = 400 s. Note
that different color scale limits are used in contour maps legends.
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Fig. A.4. Plastic strain component efy obtained from a coupled thermal-
mechanical analysis (see temperature distributions shown in Fig. A.1). The
solution is shown for different time points from heating (time < 400 s) to
cooling (time > 400 s) after removing the heat source at time = 400 s. Note
that different color scale limits are used in contour maps legends.
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Fig. A.5. Plastic strain component efy obtained from a coupled thermal-
mechanical analysis (see temperature distributions shown in Fig. A.1). The
solution is shown for different time points from heating (time < 400 s) to
cooling (time > 400 s) after removing the heat source at time = 400 s. Note
that different color scale limits are used in contour maps legends.
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Fig. A.6. Stress component af; (Pa) obtained from a coupled thermal-
mechanical analysis (see temperature distributions shown in Fig. A.1). The
solution is shown for different time points from heating (time < 400 s) to
cooling (time > 400 s) after removing the heat source at time = 400 s. Note
that different color scale limits are used in contour maps legends.
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