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The understanding of non-equilibrium dynamics in many-body quantum sys-
tems is a fundamental issue in statistical physics. Experiments that probe uni-
versal properties of these systems can address such foundational questions.
Here we report the measurement of universal dynamics triggered by a quench
from the superfluid to normal phase across the Berezinskii-Kosterlitz-Thouless
transition in a two-dimensional (2D) Bose gas. We reduce the density by split-
ting the 2D gas in two and probe the subsequent relaxation dynamics. We mea-
sure local phase fluctuations, by matter-wave interferometry, to determine the
phase correlation function and vortex density, and show that their time evo-
lution obeys universal scaling laws. This conclusion is supported by classical-

field simulations and interpreted using real-time renormalization group the-



ory.
Link to the final published version
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One-sentence Summary

A quenched 2D quantum gas shows universal non-equilibrium vortex dynamics in agreement

with real-time renormalization-group theory.

Main Text

The relaxation dynamics of a many-body system that is quenched out of equilibrium displays a
wide range of scenarios, from simple exponential decay to relaxation via metastable or prether-
malized states (/, 2), including phenomena such as pattern formation (3), and the absence of
thermalization (4). Systems that are quenched across a phase transition are particularly intrigu-
ing because of their universal self-similar behavior, expected in systems as diverse as superfluid
helium (5), liquid crystals (6), biological cell membranes (7), the early universe (8), and cold
atoms (9, 10). There are numerous theoretical challenges in the treatments of non-equilibrium
dynamics, see e.g. (/7), and this motivates in-depth experimental studies to guide and test the-
ories.

For this purpose, ultracold gases have emerged as a platform of unprecedented control and
tunability, which serve as quantum simulators for the investigation of many-body dynamics.
This has led to the observation of Kibble-Zurek (KZ) scaling (/2—15) and universal scaling
laws (16—-18) following a quench. Despite theoretical interest (/9-21), universal critical dy-
namics in non-equilibrum continuous 2D quantum gases remain elusive because of the lack of
precise experimental probes. We show how fluctuations of the many-body 2D system can be

probed directly through the extension of local matter-wave interferometry (22), similar to that
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previously utilised to probe the local phase fluctuations of near-integrable 1D systems (/, 2).
A feature of 2D is that, unlike 1D systems, they exhibit phase transitions with associated criti-
cal phenomena. An especially interesting case is the critical dynamics across the Berezinskii-
Kosterlitz-Thouless (BKT) transition (23—-25) when the system is quenched from the super-
fluid to the normal phase, the opposite of commonly employed quenches from disordered to
ordered phase. Real-time renormalization-group (RG) theory and truncated Wigner simula-
tions (/9) predict that the relaxation occurs via a reverse-Kibble-Zurek type mechanism in
which delayed vortex proliferation results in a metastable supercritical phase. For equilibrium
systems, the BKT transition is driven by the unbinding of vortex-antivortex pairs (22, 26), un-
derscoring the topological nature of the transition. This transition is characterized by a change
of the functional form of the correlation function from a power law deep in the superfluid
regime, g(r,7") = (U(r)'W(r")) x |r — /|77, to exponential deep in the normal regime
gi(r,7") oc e”I"='I/70 where W(r) is the bosonic field operator at position vector , 7 is the
algebraic exponent and r is a correlation length. A similar change of the functional form of the
single-particle correlation function is also expected for the dynamical BKT transition. However,
it is expected to occur as a smooth crossover between the two phases (19, 27).

Here, we study the critical dynamics across the BKT transition by quenching a 2D Bose
gas from the superfluid to the normal phase by splitting it in two. Using spatially-resolved
matter-wave interferometry, we measure the first-order correlation function and vortex density
to analyze their relaxation dynamics. We find that relaxation occurs via a two-step process,
involving phonon relaxation and then dynamical vortex proliferation. We demonstrate universal
scaling laws for the algebraic exponent and vortex density by performing measurements at
different initial conditions. Both real-time RG theory (19, 28) and classical-field simulations
are in good agreement with our measurements.

Our experiments begin with a single pancake-shaped quasi-2D Bose gas in the superfluid



regime, consisting of N &~ 9 x 10* atoms of 3"Rb at reduced temperatures in the range 7' =
0.34 — 05. T = T /T, is the ratio of the initial temperature 7" and the critical temperature
Ty = V6N (hw, /7kp) ~ 120 nK of a non-interacting trapped gas (29), where w, /27 = 11 Hz
is the radial trapping frequency and kg is the Boltzmann constant. The quench is implemented
by a rapid splitting of the system in a multiple-RF dressed potential (27, 30-32), as illustrated
in Fig. 1A, which results in a pair of decoupled clouds each with atom number N = N/2
trapped in the two minima of a double-well potential. Each well has a vertical trap frequency of
w, /27 = 1 kHz hence the dimensionless 2D interaction strength is ¢ = V8ma, [ty = 0.076 (27),
where a; is the 3D scattering length and ¢y = \/A/(mw.) is the harmonic oscillator length
along z for an atom of mass m. The initial reduced temperature 7" is chosen to be close to
the equilibrium critical point at T. ceq = 0.53 so that the value after splitting, T’ / T = 1.67,
corresponds to the normal phase (27). To investigate the dynamics, we let each cloud evolve
independently for time ¢ before performing a time-of-flight expansion of tror = 16 ms after
which we detect the matter-wave interference that encodes the in situ relative phase fluctuation
¢(z) of two clouds along a line that goes through the center of the cloud. Interference images
and histograms of spatial phase fluctuations A¢ show stronger fluctuations at long evolution
times (Fig. 1C). The dynamics across the BKT transition is expected to be scale-invariant until
the bound vortex-antivortex pairs dissociate to disrupt the phase coherence (Fig. 1D).

To analyze the relaxation dynamics, we use the interference pattern to determine both the
correlation function and the vortex density (22). The phase correlation of the system between
two points at locations x — /2 and x + T /2, with spatial separation 7, is determined by C'(x —
T/2,2 4+ T/2) = Re|x- Zjvz’l el#i(z=/2)=¢;(@+2/2)]| " where the index j runs over N, = 45
experimental repeats; C'(x — T/2,x + T/2) = 1 indicates perfect correlation of phases while
C(x —T/2,x + T/2) = 0 denotes uncorrelated phases. For quantitative analysis, we average

C(x —T/2,x + T/2) over z within the region of clear interference fringes to obtain C'(%) (33).



In our previous work Ref. (22), we identified that C'(Z) of equilibrium 2D Bose gases decays
algebraically with spatially-varying exponent for inhomogeneous 2D gases in the superfluid
regime, in agreement with the prediction based on local correlation approximation in Ref. (34),
while in the normal regime it shows exponential decay.

In Fig. 2A, we show the time evolution of C'(¥) after the quench at ¢ = 0. Initially, there is
almost no spatial correlation decay because the two clouds have nearly identical phases; their
phases decouple within ~ 100 ms (27). After this, we observe a temporal decay of C'(Z) for
all z. At longer times, we observe rapid spatial decay of correlation, indicating vanishing co-
herence at large distances. To determine the nature of this dynamic transition, we fit C'(Z) with
the algebraic and exponential functions which are used to characterize the equilibrium BKT
transition (22). As the system relaxes from the initial superfluid state to the normal state, it
is expected that C'(Z) will evolve smoothly from algebraic to exponential scaling in the short-
and long-time limits, respectively. At intermediate times, both power-law and exponential fit-
ting can be used to extract physical properties of the non-equilibrium state; within the real-time
RG picture, non-equilibrium systems in the crossover region are away from the fixed point
where there is no direct correspondence to equilibrium systems (/9, 35). Indeed, at short and
intermediate times the spatial decay of the correlation function is compatible with algebraic
scaling, including the effect of inhomogeneity of the system, and with exponential scaling for
long times (27). We identify the crossover time ¢, as the time at which the correlation function
becomes better described by exponential scaling rather than algebraic; see Fig. 2B. Even after
t., the x? values for the power-law model remain small, supporting the description of the system
with the power-law exponent 7 beyond ¢, (27).

For the dynamic BKT transition, we expect self-similar dynamics with a length scale that
depends linearly on time (19, 36, 37). Motivated by this, in Fig. 2B we plot the correlation

functions with rescaled length 2’ = 7t /t. using t. ~ 0.5 s. This shows convincingly that the



fluctuations in the system only depend on the rescaled parameter x’ through a universal function,
which we find to be close to the expected function at the equilibrium BKT crossover (Fig. 2B).
We find the same behavior independent of the initial condition (temperature) of the system,
demonstrating the robustness of the scale-invariant behavior near the critical point (27).

At long times, scale invariance is broken by vortex excitations, which results in an emergent
length scale o ~ 1/,/n, where n, is the vortex density (27). To demonstrate this, in Fig. 2C
we plot the correlation function at long times against the rescaled distance 7 = 7,/n, (37).
We obtain n, from the occurrence of sudden jumps of phases which indicate the presence of a
vortex core (22, 26, 27). These transformed correlation functions are nearly time independent,
showing that the system can be characterized by the vortex density deep in the normal regime.

Having verified the behavior of the dynamic BKT transition, we now analyze its universal
characteristics by varying 7'. The time evolution of the algebraic exponent 7, determined via an
algebraic fit to C'(T), exhibits a linear increase where the increase is faster for higher T (Fig.
3A). This shows that the dynamics is accelerated at higher T and the system quickly crosses
over to the normal phase. This is also reflected in the measurements of the vortex density n,,
showing a faster growth at higher T (Fig. 3B). We find the vortex growth follows a power-law
scaling as expected from the RG predictions (27). We compare the measurements of 1 and
n, with the corresponding results of classical-field simulations which give consistent dynamics
(Fig. 3, A and B).

To confirm universal scaling, we show 1 and n, as a function of scaled time ¢/t. in Fig.
3, C and D. The time evolutions for various initial values of T collapse onto a single curve,
showing the robustness of dynamical scaling. We find a linear increase of 7 across t = t.. In
equilibrium theory, 7 scales approximately linearly with temperature in the superfluid regime,
i.e. n o< T'/4Tgkr (25), thus connecting the temperature scale with phase fluctuations. From

this linear estimate, we obtain the critical exponent 1. = 0.13(1) at ¢/t. = 1, close to the value



n. = 0.17(3) found for a finite-size equilibrium system with similar experimental parameters
(22), and different from the value of ngxr = 0.25 for the equilibrium BKT transition in the
thermodynamic limit. The linear increase of 7 after ¢/t. = 1 is a precursor of non-equilibrium
superheated superfluid (28) as a consequence of a delayed vortex proliferation. From the vortex
growth after ¢ /t. = 1 we obtain universal power-law scaling n,, o t* with v ~ 1; this agrees
with the RG prediction, as shown below.

We now compare the experimental results with predictions based on the real-time RG equa-
tions (19, 28). These equations describe the time evolution of parameters characterizing the sys-
tem from arbitrary non-equilibrium states flowing towards fixed points which represent possible

equilibrium states. For the dynamic BKT transition, the real-time RG equations are (19, 27, 28)

do_ (- 1)9 (1)
dt 2n ) t
dn g
an _ 2
dt  16nt M @

where the vortex fugacity ¢ is related to the vortex density by n,(t) = ng exp[(21n(g/2))/(2 —
1/(2n))]. n is the mean density within the region of interest used for fringe analysis and g
is the interaction strength as defined previously; these parameters also determine the healing
length £ = 1/4/ng, characterizing the length scale of the vortex cores (27, 38). This RG flow
derives from the dynamical sine-Gordon model, serving as a dual model for describing the BKT
transition and we have added a phenomenological heating term ~y to account for the slow trap-
induced heating of the system (27). For < 1/4, the fugacity is strongly suppressed, resulting
in a linear dispersion wy, = ck. As n increases in time, the vortex fugacity becomes relevant
and increases, resulting in a dispersion wy, = c\/W/r%(t) . As argued above, this is indeed
supported by the two-step scaling behavior demonstrated above. Furthermore, at long times,
we have 1/(2n) < 2, therefore n,, o< g o< t2, as observed in Fig. 3D.

In Fig. 4, we plot the experimental observations together with the RG flow diagram of Egs.
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1 and 2. For this representation, we define z = 1/(2n) — 1/(2n.) and y = /2mg. This
ensures x. = 0 at 7 = 7, independent of system sizes, where 1. = 0.13(1) for our finite-sized
system and 7. = npgT = 1/4 is the theoretical prediction in the thermodynamic limit. Our
results follow a universal trajectory in the flow diagram. The quenched system begins at large
x, where vortex excitations are suppressed and fugacity is small. Later on, non-equilibrium
phonon creation drives the system towards smaller x, however still with suppressed y. As the
system approaches the critical point z. = 0, the onset of vortex excitation drives the transition.

Our work provides a comprehensive understanding of non-equilibrium dynamics across the
BKT transition. The experimental measurements support the real-time RG picture of the univer-
sality out of equilibrium indicating that it is an excellent starting point for the theoretical study
of a wide range of many-body dynamics within the framework of RG. The results also show
that our matter-wave interference technique is ideally suited for further in-depth investigation of
universal dynamics in 2D systems, such as the Kibble-Zurek scaling (8) and non-thermal fixed

points (39).
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Figure 1: Observation of non-equilibrium dynamics in 2D Bose gases via matter-wave in-
terferometry. (A) A 2D superfluid is split into two daughter clouds, thereby quenching through
the BKT transition. The two clouds evolve for time ¢ and are released to produce matter-wave
interference after a time-of-flight (TOF). Local phase fluctuations are observed by optically
pumping the slice (red sheet) and then performing absorption imaging. (B) Equilibrium phase-
diagram of trapped 2D Bose gases (27). The quench forces the system out of equilibrium
towards the normal phase. (C) Examples of interference images (top). Phase dislocation caused
by a vortex is visible in the image at 510ms. The histograms (bottom) show the phase differ-
ences A¢ = ¢(x) — (') at |x — 2’| = 5 um from 45 experimental runs. The decreasing height
and increasing width indicate increased phase fluctuations. (D) (left) Free energies F;(n,) and
F¢(n,) (continuous lines) in equilibrium, for the initial and final conditions of the quench with
their minima indicated by red points (38). Following the quench, the system relaxes towards
the state with nonzero free vortex density n,. (right) Illustration of the dynamics showing the
transition between a scale-invariant phase supported by bound vortex-antivortex pairs and the
broken scale-invariant phase characterized by free vortices with the mean vortex-vortex distance
L, where t. is the crossover time.
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Figure 2: Non-equilibrium scaling dynamics of the correlation function. (A) Relaxation
dynamics of the phase correlation function C'(Z) measured after the quench for the initial re-
duced temperature 7 = 0.34, where C' (Z) is an average over 45 realizations or more, and the
error bars denote standard error. The data immediately after the critical time ¢, is indicated by
the red curve. For comparison, measured data for equilibrium 2D gases (22) are shown by the
gray curves: T = 041 (top) in the superfluid regime and T = 0.61 (bottom) in the normal
regime. (B) Linear scaling of length ' = 7t /t, according to time t/t. results in a collapse
towards a common curve for time evolution up to ¢ ~ 1 s. This universal function is compat-
ible with the expected behavior at the crossover in equilibrium (red dashed line), including the
effect of inhomogeneity (27). At long times, deviations are observed (green points), indicating
the breaking of scale invariance. Inset shows the x? values for the algebraic and exponential
fit functions (27). (C) Rescaling of the distance & = T+/n,(t) according to the vortex density
n,(t) results in a collapse of the curves for times ¢t > 1 s. Scaling behavior is compatible with
an exponential decay (black solid line). Inset shows n,,(t).
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Figure 3: Universal behavior across the dynamic BKT transition. (A) Measured algebraic
exponent 7)(t) after the quench at different initial T (filled circles), where the equilibrium critical
temperature T. = 0.53 is crossed by the quench (22). Open circles are the corresponding
simulation results. Solid lines are linear fits to the experimental data and error bars denote
standard fit errors. (B) Time evolution of the measured (filled circles) and simulated (open
circles) vortex density n,(t). The solid lines are power-law fits to the experimental data. Error
bars are statistical, given by the square root of observed vortex number. (C) Time evolution
n(t/t.) scaled according to the T-dependent crossover time t.. The horizontal error bars arise
from the uncertainty in ¢.. This universal behavior is used to determine the critical exponent
n. = 0.13(1) (horizontal dotted line) at ¢ /t. = 1. The gray shaded curve indicates the simulation
result at 7 ~ 0.4 and the solid line is a guide to the eye. (D) Scaled time evolution n,,(t/t.),
plotted on a log-log scale, displays a universal growth after ¢.. Black solid line is the fit with
power-law n,, o< t* which yields v = 1.1(1). The inset shows the dependence of ¢. on T with

a solid line as a guide to the eye.
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and Ref. (27). These are compared with the experimental data for six different initial temper-
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simulation at 7" = 0.47 are shown as black crosses, where the deviation from experimental data
at small z is attributed to the slow trap-induced heating (27).
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Preparation of non-equilibrium 2D systems

We begin with an ultracold Bose gas of approximately 9 x 10* 8’Rb atoms in the F' = 1
hyperfine ground state, at temperatures 7' = 40 — 70 nK loaded adiabatically into a cylindrically
symmetric, single-well quasi-2D potential as described in detail in Refs. (31,41, 43). The trap
is created by a multiple-radiofrequency-dressed potential (22, 30) with three RF components
(f1, f2, f3) = (7.14, 7.2, 7.26) MHz. The static quadrupole field B(r) = b(ze, + ye, — 2ze,)
has field gradient of b = 145G cm ™. The single-well potential has anisotropic confinement
for radial and axial directions w,. /27 = 13 Hz and w, /27 = 1 kHz, experimentally determined
by the measurement of dipole oscillation in the trap. These experimental conditions give the
dimensionless 2D interaction strength § = /8ma,/ly = 0.076, where a, is the 3D scattering
length and ¢, = \/h/(mw,) is the harmonic oscillator length along z for an atom of mass
m. These parameters satisfy a quasi-2D condition kg7 < hw, for the parameters used in this
paper: the presence of small excited state populations in the z direction at /ww, ~ kg7 results in
a small reduction of the 2D interaction strength by ~ 15% (48) however this changes the BKT
critical temperature by less than 4 % as a result (42,47). We perform thermometry of the system
before the quench (in equilibrium) in the single-well, by measuring the radial expansion of the
far wings of density distribution following the release from the trap (22).

After holding the gas for 400 ms in the single trap (22, 26), we split the cloud into two
daughter clouds by changing the vertical trap geometry from single- to double-well potential
over 12 ms, thereby splitting the gas as illustrated in Fig. 1A and Fig. S1. This duration is
chosen to be much shorter than the typical timescale for the radial dynamics ~ 27 /w, ~ 80
ms. Following the splitting, each well confines N ~ 4.5 x 10* atoms and final vertical trap
frequency is w,/2m = 1kHz for both trap minima, satisfying the quasi-2D condition. We
ensure equal population of the two wells by maximizing the measured contrast of matter-wave
interference patterns. Shortly before the splitting, we change the radial trapping frequency to
w,/2m = 11Hz by the change of b over 10 ms; this prevents the quench from exciting the
monopole (radial breathing) mode by matching the radial density profiles before and after the
splitting as much as is possible. This process, as well as the splitting procedure, are performed
with duration much longer than characteristic timescale for the atomic motion in the vertical
direction, 7., ~ 27/w, ~ 1 ms such that the system remain 2D. Following the splitting,
the static quadrupole field has field gradient of b = 94 G em™'. We confirmed that there is
no heating from the splitting procedure itself, by measuring the expansion dynamics before and
after splitting, of a cloud above quasicondensation point (22), which gives the same temperature
within uncertainties. The spatial separation of the double-well is d = 7 um > ¢, which ensures
the decoupling of the two clouds for the temperature range and trap parameters used in this

work. The speed of sound in the 2D Bose gas is given by ¢ = hiy/ng/m ~ 0.5 um ms™!,

Quench across the critical point

From our previous interferometric measurements of the first-order correlation function and vor-
tex density for a system at equilibrium (22), we determine that the equilibrium BKT critical
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Figure S1: The splitting procedure. (A) The experimental procedure to transform the potential
from single- to double-well. RF amplitudes are expressed in terms of Rabi frequencies €2; =
gritpB;/2h for components i = 1,2,3, where B; is the RF magnetic field amplitude at f;,
gr is the Landé g-factor and pp the Bohr magneton. (B) The eigenenergy F, for atoms in
trapped dressed eigenstate /. = 1, which form the trapping potential (3/). We obtain position-
dependent eigenenergies I, using the Floquet numerical simulation (31, 43) for the static field
gradient b and RF amplitudes €2; for each RF components ¢ = 1, 2, 3 and the plotted potentials
include the effect of gravity which acts in the direction of —e,. The red curve indicates the
trap before the splitting sequence and the times for other colors are indicated by vertical dashed
lines with corresponding colors in the left panel. The position z is defined relative to the center
of the trap. To realise 2D confinements for the two wells w, /27 = 1kHz, we further modify
the trap shape following the complete decoupling of the two wells (9-11.5 ms in left panel).

temperature 1s T, ceq = 0.53(1) for the parameters used in this work: trap frequencies, interac-
tion strength and atom number. Thus, the initial conditions of the system 7" is chosen to satisfy
T < Tyeqand T > T,y where the value after the quench, T; ~ 1.677, is higher because of
the change of atom number and radial trapping frequency. T has a one-to-one mapping to the
peak phase-space density D = n\?, where A = h//2nmkgT is the thermal de Broglie wave-
length, of the trapped gas as shown below. Thus T can be used to identify whether the system
should lie in the superfluid regime of the BKT transition if the system was in equilibrium, with
T, ., being the critical value.

To demonstrate the mapping, we have obtained the theoretical predictions of density dis-
tribution in a harmonic trap by the application of classical-field simulation results in Ref. (44)
for uniform systems to inhomogeneous systems within the local density approximation (LDA).
The applicability of LDA in this method was confirmed by experiments in Ref. (45) for the
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range of interaction strengths which includes the value we use. To complement the simula-
tion in (44) which was performed only in the fluctuation region around the superfluid critical
point, we have used the Hartree-Fock prediction (46) deep in the normal regime (45). These
predictions smoothly connect at local phase-space density D ~ 2.5 to give the complete density
distribution.

In Fig. S2, we show the peak PSD for various atom numbers and temperature in 2D har-
monic trap. The peak PSD depends only on the reduced temperature 7', confirming the descrip-
tion above. AtT = T, c.eq> the peak PSD is ~ 20, as observed in Ref. (22). The phase diagram
in equilibrium (Fig. 1B) was also obtained using this method and gives the phase boundary
T = T~c7eq on the 7' — N plane. We note that, as studied in Refs. (47, 48), the ideal-gas con-
densation, which accompanies the divergence of peak PSD (48), is suppressed at the interaction
strength used in this work and we can neglect its effect on the dynamics (47).
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Figure S2: Phase-space density (PSD) as a function of the reduced temperature 7. The
peak PSD of harmonically-trapped 2D gases in equilibrium are plotted for w,. /27 = 13 Hz for
the temperatures and atom numbers indicated by the symbols and colors on the inset. Points
with smaller markers represent the peak PSD we expect after the quench from the initial param-
eters indicated by larger markers.

Image analysis

After variable time ¢ following the quench, we abruptly turn off the trap and image matter-
wave interference patterns with a spatially-selective repumping technique to obtain the local
fluctuation of relative phases, as described in detail in Ref. (22). In this method, we apply a
spatially-modulated laser beam that optically pumps a thin slice through the cloud of atoms
from F' = 1 hyperfine state to F' = 2, which we subsequently detect by absorption imaging.
The repumping beam is a thin sheet of thickness L, = 5um, which goes through the centre of
the cloud and the sheet is normal to the imaging light, as illustrated in Fig. 1A.
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Figure S3: Interference analysis and region of interest. (A) An example of interference
image recorded after the quench, where pixel size in the image plane corresponds to (pixel =
1.67pm. The density distribution along the pixel column x = 0 is shown on the right with
the fitted curve (red). (B) Density distribution recorded after the TOF, integrated along z. Red
line denotes the fit with the bimodal model Eq. S1. Dash-dotted lines indicate the 80% of the
central Thomas-Fermi peak, which is also shown in A and corresponds to the region where clear
interference fringes are observed. (C) Obtained phase profile ¢(x) from the fits at each pixel
column x. We only analyze the phases within 80% of the central peak.

In the images, the density distributions along x (the radial density distribution, obtained
by integrating the image along z) are bimodal, with a narrow central Thomas-Fermi density
profile (inverted parabola) and a broad thermal cloud with Gaussian profile, as observed in
equilibrium (22, 49). It is within the central Thomas-Fermi distribution that interference fringes
are clearly observed. The observed density distribution, integrated along z, is fitted well with
the bimodal model

f(z) = nrp max(0,1 — T2/RQ> + nThe_T2/2”?L, (S1)

where nrg, R, nmy, 0, are the fit parameters, as shown in Fig. S3B. During the TOF with dura-
tion tror < 27/w, ~ 100 ms that we use in the experiments, o,, increase due to the ballistic
expansion of the thermal component while the Thomas-Fermi peak shows negligible expansion
and R stays constant. For the density distribution along z direction, we evaluate the phase pro-
file () of interference patterns by fitting the column density distributions at each pixel column
x with

f(2) = nyexp(—2z%/20%) [1 + co cos(kz + ¢)] (S2)

where n,, 0, ¢, k, ¢ are the five fit parameters (see Fig. S3A; red box in the left panel shows
the distribution that is being fitted on the right panel) and we perform the fit at each x within
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the 80% of the Thomas-Fermi region of the cloud as illustrated in Fig. S3A: for each image, we
repeat the fitting at varying z (red box shown in Fig. S3A). The obtained phase profiles ¢(z),
such as shown in Fig. S3C, encodes the in situ relative phases of two gases along a line that
goes through the centre (22) and reveals the phase fluctuation in non-equilibrium 2D systems.
This would no longer hold for systems with a much shorter correlation length 7, than L, but
from the parameters used in this work and measurement results in equilibrium (22), we expect
the system to satisfy L, < ry. Further details of the phase correlation analysis is described in
detail in (22). To obtain the atom number N, we repeat measurements with a large repumping
beam that covers the entire density distribution following TOF. The detectivity of the absorption
imaging for the measurement of N was calibrated using the known Bose-FEinstein condensation
critical point of 3D gases, as described in detail in (22).

Phase correlation function

At each time and initial condition, we make N, = 45 observations of fringes to measure the
spatial phase fluctuations. We compute the phase correlation function C(x — /2, x + T/2) as
defined in the main text and average over = where both © — 7 /2 and = + 7 /2 fall within the
80 % of the Thomas-Fermi peak of the density distribution along . The region of interest for
the correlation analysis is defined so that we analyze the phase data only within 80% of the
Thomas-Fermi peak of the density distribution (22). In Fig. S4, we show the time evolution
of correlation functions at three temperatures to demonstrate the robustness of the universal
behaviour reported in the main text (Fig. 2).

The extraction of 7 in the inhomogeneous 2D system relies on the local correlation approx-
imation (LCA) (34), which is the local density approximation of the correlation properties in
the system. We have previously demonstrated the applicability of LCA on the phase correla-
tion function of 2D Bose gases in equilibrium, in Ref. (22) by comparing to experimentally
observed phase correlation functions. Essentially, the LCA in Ref. (34) amounts to the re-
placement of 7 with a position-dependent one, resulting in the first-order correlation function
in the superfluid regime of the form g (r,7’) o |r — ¢/|770/V")n(™) where n(r) is the 2D
density at location r and ng is the peak density. To fit the spatially averaged phase correla-
tion function C(Z), we define fi(z — T/2,2 + 7/2) = y/n(x — T/2)n(x + T/2) and average
over = within the 80 % of the Thomas-Fermi peak to obtain 72(Z). We then fit the correlation
function C'(T) with f.e(T) = a7~ 2@ with a(7) = % where a and 7) are fit parame-
ters. The obtained 7 represents the averaged value within the region of interest (22). We use
this model to obtain the expected correlation function at the crossover in equilibrium, shown
in Fig. 2B, for n = 1. = 0.13 and assuming Thomas-Fermi density distribution of the form
n(x) = max(0,1 — 2%/ R?) with R = 25 um which is close to the experimental values of R.

We further fit C(Z) with f.,,(F) = be~2%/7, which models the correlation function decay
deep in the normal regime of the BKT transition; in the normal regime, the correlation length
is typically shorter than the slow variation of inhomogeneous density within the analysis region
and we expect almost purely exponential behaviour as we have shown using numerical simu-
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Figure S4: Correlation function and scale-invariant behavior. The left column shows the
correlation functions at times ranging from O s to 4¢., where ¢, are the temperature-dependent
crossover time. Because of the smaller region used for the correlation analysis (performed
within Thomas-Fermi region with temperature-dependent size), bottom left panel shows smaller
number of data points. Middle column shows the rescaled correlation functions in which we
perform the rescaling of the distance by 2’ = Tt/t., in the same way as Fig. 2B. Also as for Fig.
2B, we exclude data at ¢ < 200 ms for this plot, which are affected by the initialization of the
relative phase in the coherent splitting and expected to deviate from the universal behavior. We
include here the horizontal error bars that arise from the uncertainties of ¢.. Finally, right panels
show the correlation functions in the crossover to normal regime (¢ > t.), with distance scaled
by the mean vortex-vortex distance 1/,/n,. Black solid line is the exponential function (same
as Fig. 2C) to guide the eye and horizontal error bars originate from uncertainties of n,,.

lation in Ref. (22). Since r cannot exceed the system size, the value of r( is bounded by the
TF diameter, the approximate system size where BKT physics is observed (50). From fits of
measured C(Z) with f,, and fe, and the uncertainties of the data points, we obtain the Y2
statistic which describes the goodness of fit; lower x? values indicate better fit. x? values that
are too low, such as x? < 4 for the degree of freedom for the fits performed in this work, indi-
cate incorrect estimation of errors rather than a better fit however the y? values we obtained are
comfortably above this threshold. At short times, Xilg is lower than ngp however as the system
evolves towards the normal regime, ngp becomes lower than X?xlg’ shown in Fig. 2B inset as
an example. We determine the crossover time, at which the correlation function become better
described by the exponential model, from the crossover of Xilg and ngp. For the typical degree
of freedom for the fit procedure, a model is accepted if x? < 40 at 5% level of significance.
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The functional form of correlation functions across the non-equilibrium BKT crossover

For a system at thermal equilibrium, the BKT transition can be viewed in the RG picture as
process that sweeps across fixed points of the RG flow corresponding to different initial con-
ditions (25). This case assumes equilibration, at infinite time, and gives a sharp transition: the
fixed points for 7' < T, correspond to complete suppression of vortices, while for 7' > T, the
fixed points have a large vortex fugacity corresponding to complete unbinding of vortex pairs.
The non-equilibrium case studied here is distinctly different in nature; within the real-time
RG picture the time evolution is not limited to the fixed points (28). From a non-equilibrium
initial condition, the system follows the real-time RG flow as time progresses, eventually reach-
ing a fixed point after long evolution time. As such, the physical picture is different from that
for a system at equilibrium and only at times ¢ = 0 and ¢ — oo is there a direct correspon-
dence with equilibrium theory. During the critical dynamics, the system evolves smoothly from
power-law to exponential correlation functions as the vortex-antivortex pairs unbind (/9). We
fit the correlation functions with power-law and exponential functions and use the x? statistic
to identify the characteristic time at which the correlations become better described by an ex-
ponential function. However, the power-law model and an analysis based on the values of 7 is
expected to be valid even after time ¢., since vortex excitations are yet to completely destroy
the algebraic order of the system especially at shorter length scales compared to typical vortex
separations. Indeed, while the power-law model gives worse fits than exponential models for
t > t,, the x? values remain comparable with the value at 5 % threshold even for longer times
t > t.. Complete breakdown of the power-law description of the correlation functions (and
rapid increase of the errors of fitted values of 7) is typically observed for ¢t = 3t for our system.

Checking the consistency of scaling in Fig. 2B and Fig. 3C

According to Fig.2B, within the scale-invariant regime the correlation function C'(7,t) should
have the form

C(z,t) ~ Cy(z)) = ('), (S3)

up to t ~ 2t., where ' = Tt/t.. At the same time, the linear increase of 7 in Fig. 3C implies
that

C(T,t) ~ Co(T, t) = T Tet/te, (S4)
To show that these two expressions are consistent, we define a function that is the ratio
Cl (ZE’) t\ e
(T, 1) = — gt/ () $5
FE = g =7 e (55)

fort/t. € [0,2]. The time evolution of this function is plotted in Fig. S5 and shows that f.(Z, t)
is close to unity for the values of Z relevant for our experiment; the experimental measurements
of C(T) typically have an uncertainty of ~ 15%, and we find that the consistency of scaling
demonstrated in Figs. 2B and 3C holds around the critical time, |t — t.| < 0.7%..
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Figure S5: The consistency of the scaling in the power-law regime. The time evolution of
the function f.(r,t) defined in Eq. (S5) times ¢/t. € [0, 2] at various lengths .

Vortex detection

The method used to obtain the vortex density from the interference patterns is described in de-
tail in Ref. (22), which improves upon the method used in Ref. (26) and takes advantage of
the selective imaging method to obtain the vortex density; vortices are only detected when they
lie within the density slice region, and allows the analysis of vortex density by dividing the
probability of detecting vortices in interference patterns by the well-defined detection area, as
demonstrated in equilibrium by comparing to the classical-field simulation (22). To identify
vortices, we look for sudden jumps of phase ¢(x), and obtain n, from their occurrences in
N, = 45 experimental repeats. In Ref. (22), we found good agreement of the vortex density
in equilibrium across the BKT transition, with the values obtained from the extensive classical-
field predictions performed with the same parameters as in the experiment. To confirm this
further for the non-equilibrium case, we plot in Fig. S6 C the correlation length r, against
1//n; since the mean vortex distance 1/,/n, determines the correlation length in the normal
regime, we expect o = 1/,/n,. The experimental data points are consistent with this predic-
tion, further confirming our vortex detection method. In Fig. 3D, we set the lower bound of the
vertical axis at 10~*um 2. This is because observing only a single vortex in the dataset typically
results in n, ~ 0.9 x 10~*um~2 where statistical uncertainty is large and n,, fluctuates between
zero and finite value.

Real-time RG equations

In Ref. (19, 28), the dynamical sine-Gordon model of the form

T (0:0)*  (0.0)? g
L 8_7r[ 5.2 + 5 ]—l—ﬁcose (S6)
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Figure S6: Vortex detection and correlation length. (A) Vortices are detected by sudden
phase jumps such as those shown in the leftmost panels for single and multiple vortices at
locations indicated by the red dashed lines. The adjacent panels show the phase distributions.
(B) Time evolution of the vortex density n, (circles) and the corresponding power law fit ¢?
(continuous line) are shown for different initial reduced temperature T, which are the same
as in Fig. 3B. Inset shows the obtained exponent 2 with a shaded region as a guide to the
eye. (C) Correspondence of the correlation length r, extracted by an exponential fitting of
the correlation function C'(Z) and the vortex density. The black solid line is the predicted
relationship ry = 1/,/n, (38). The black shaded region denotes ry < 5 um where the extraction
of r¢ is unreliable because C'(7) rapidly decays towards 0 within a few datapoints.

was studied, as a dual model describing the BKT transition. As derived in Ref. (/9), the dy-
namical renormalization group (RG) equations are

dg 2

P _(9_Z

20 ( T> 9, (S7)
dr 7rzg2

A (S8)

These equations describe the relaxation dynamics of the system at long times. ¢ is the flow
parameter, related to real time by ¢ = t,e’ and non-universal constant of the RG equation in (28)
is set so that the numerical prefactor for Eq. S8 is unity. These flow equations coincide with the
flow equations for the static system in equilibrium, see e.g. (57,52). While the flow equations of
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the static system identify which ordered state the system forms, and what the critical properties
of the equilibrium phase transition are, the dynamical flow equations describe the universal
many-body dynamics across the transition. Written in terms of the time ¢ and = 7/4, they are

dg 1\yg

A ) Y A S
dt ( Qn) t’ 59)
d 2.2

a_T9 (S10)
dt  16nt

To motivate these flow equations, we consider the quantity (|6}, |* cos? wy.t), which contributes
to the fluctuations of the real-valued field 6(r, t), the dual field describing the BKT transition
in the sine-Gordon model (/9). For a linear spectrum wy = ck, and for times ¢t < 1/(ck),
the quantity acts like a static quantity with its initial value. For ¢t > 1/(ck), the quantity is
dephased to a new near-static quantity, that acts as a slowly varying correction for the low-
energy modes with ck < 1/t. This motivates the z = 1 scaling that keeps ckt invariant.
The inverse time 1/¢ acts as a cut-off on the mode dynamics of the field, which motivates
the analogy to equilibrium renormalization flow, in which a momentum cut-off is lowered to
improve the low-energy model. At the time ¢, the modes with w; ~ 1/t undergo the dephasing
dynamics, acting as a renormalization on the other degrees of freedom. The non-linear term
~ gcosf takes the modes that undergo the dephasing into account. For 7 increasing above
the critical value, the term becomes relevant, generating an additional length r,, that enters the
dispersion as wy, = ¢y/k? + 1/r3(t). This dynamical emergence of the length scale r, indicates
the dynamical phase transition.

The time evolution of the vortex fugacity is suppressed if the scaling exponent 7 is smaller
than the critical value gk, and increases rapidly if > npkT. As mentioned in the main text, a
finite-size system might be characterized by a modified value of 7. < npkr. The magnitude of n
is increased by vortex-antivortex unbinding, corresponding to the g2 contribution. As mentioned
in the main text, we introduce a phenomenological heating rate 7, to model the heating due to
technical noise:

dg 1\g

A [ pp— A S11
dt ( 27)) t’ (511)
d77 7T292

—L = S12
at  Togt T (512)

In the analysis presented in the main text, we use + = 1/(2n) — 2 and y = /27wg which is
similar to the form used by Kosterlitz in Ref. (53) for equilibrium RG theory of BKT transition.
The resulting RG equations are

dy xy

- 2 1
7 o (S13)
dr (x +2)3y2 )

7 Ve 2v(x +2)°. (S14)

28



For v = 0, we find the conserved quantity 2> — y?> = const. near the critical point z ~ 0,
which allowed the visual inspection of critical behavior in Ref. (53). The phenomenological
term v, added in Eq. S12, models the finite heating of the system in the trap. In Fig. S7 A, we
compare the measured heating in the system with the expected heating in the theoretical model
due to our phenomenological term ~y: from Eq. S12 with the assumption of g < 1, we find the
expected temperature of the system using the linear relationship of 7 and system temperature
in the superfluid regime 7 ~ (T where ¢ = 4 x 1072 nK ™, observed in equilibrium with the
same trap parameters, interaction strength and similar atom number (22). We find reasonable
agreement of the measured heating in the trap with the parameter that we use, v = 0.02s™1.
In Fig. 4, to incorporate the finite-size effect which shifts the critical algebraic exponent, we
use z = 1/(2n) — 1/(2n.) with n. = ngxr = 1/4 for theoretical curves and 7. = 0.13(1) for
experiments, which results in . = 0 at ) = 7). independent of the system size.
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Figure S7: The effect of the finite heating on the RG flow. (A) The points represent the
measured heating in the trap. Lines are the heating described by the term ~ by solving Eq. S12
with (¢t = 0) = 0 and assuming g < 1, at different values of . (B,C) The RG flow diagram
plotted for v = 0 (B) and v = 0.02s~! (C). (D,E) RG flow diagram for v = 0 and v = 0.02s7},
together with experimental data shown in Fig. 4.

The advantage of direct comparison on the RG flow diagram, as performed in Fig. 4, is that
no concrete initial conditions and timescales are required to compare the theoretical predictions
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with the experimental findings. To obtain Fig. 4, we find the vortex fugacity g using (38)

n(t) = £ exp (%) : (S15)

where & ~ 1 um is the healing length of the system which we obtain from the mean density of
the system n by £ = 1/y/ng. From Eq. S15, n,, o g for large 7 and thus supports n, ~ g ~ t>
in the main text. In Fig. S7 B and C, we compare the RG flow diagrams with v = 0 and
v =0.02s"1

Scaling for vortex unbinding dynamics

To demonstrate the predicted scaling of the vortex unbinding dynamics n, oc ¢2, we first nu-
merically solve Eqgs. S7 and S8 and obtain the results for the time evolution of vortex density.
We plot the results in Fig. S8 for initial conditions 1 € [0.05, 0.25] with initial vortex fugacity
go = 0.01 (19).

Furthermore, as an approximate solution of Eq. S12, we assume 7(t) = 7o + ~¢, which is
a linear behavior in time as observed in Fig. 3A and 3C. With this time dependence of 7(t), the
flow equation S11 has the analytic solution

£N\2-1/20) / 1o + ~E N 1/(200)
oty = o) () (316)
to Mo + Vo

with the initial value g(0) = go. The long-time limit displays the ~ ¢? behavior:

vty \1/(2m)
H = golt/to)(—) (S17)
o) = ao(t/to) (-2
The vortex density behaves as
1 /go\ 2/ t 2z Mo 4+ Yt \ 70 -
ny(t) = —2<—D)2_2n(t) <—)2_2n(t) <0—> "0 2= 3@y (S18)
£\ 2 to no + Yto
for (t) = no + vt > 1/4. The long time behavior displays * scaling:
Lo\ vt o
ny(t) ~ =g (—) ( ) (S19)
) 27\ty/ \no + 1t

At short times, the time dependence deviates from the t? behavior, similar to the numerically
integrated result shown in Fig. S8.
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Figure S8: Vortex scaling. Time evolution of n, obtained by numerical integration of the
real-time RG equations S9, S10. The slope of solid black line indicates the power-law scaling
t? which all the curves follow at long time.

Classical-field simulations

We simulate the dynamics of two-dimensional (2D) Bose gases using the classical-field method
of Ref. (54). The initial system is described by the Hamiltonian

A ~

o= [ [0 () Vi) + V)i

+ 20N @) () )d)] (520)
where @@ (@/A)T) is the bosonic annihilation (creation) operator, m is the atomic mass, and gop =
gh*/m is the 2D interaction parameter. V (r) = mw?r?/2 describes the harmonic trap potential,
where w, is the trap frequency and r = (22 + y?)/2 is the radial coordinate. We choose the
total atom number N = 9 x 10%, w, /2 = 13Hz and § = 0.076, which are the same as
the experiments. For numerical simulations we discretize space on a lattice with discretization
length [ = 0.5 um. In our methodology we replace the operators 1[1 in Eq. S20 and in the
equations of motion by complex numbers ). We sample the initial states from a grand-canonical
ensemble of a chemical potential 1 and a temperature 7; via a classical Metropolis algorithm.
This corresponds to the initial cloud of the experiment.

To imitate coherent splitting of the initial cloud into two clouds, we consider a second state
1) and initialize it with quantum fluctuations (28). We then use a 7 /2-pulse rotation as a quench
to initialize non-equilibrium states v); and 1), with equal densities, in a similar manner to the
method employed in Ref. (28). Following the quench, v); and )5 evolve under the equations of
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Figure S9: Universal scaling from numerical simulation. (A) Time evolution of algebraic
exponent against rescaled time ¢/t., with temperature-dependent crossover time t.. (B) Time
evolution of vortex density n,. Black solid line is the fit with power-law scaling n,, o< t?, which
yields v = 1.1(1).

motion
0 h?
Zh% = (——V2 + V(’/‘) + 92D|¢1|2>¢1 + Jyho, (S21)
t 2m
0 h?
"h% = <__V2 +V(r)+ 92D|¢2|2>¢2 + Jir, (S22)
t 2m
where we have added a time-dependent tunneling term J; = Jexp(—t/ty) to account for

nonzero coupling of the clouds during and shortly after the splitting. J = h?/(2mi?) is the
single-particle tunneling energy. We set , = 60 ms to capture the rapid decoupling dynamics
of the experiment after the splitting. We use w,./2m = 11 Hz, which is the same as in the ex-
periment, and calculate the time evolution of ¢, (¢) and v),(t) to analyze the dynamics after the
quench at t = 0. From the arguments of complex numbers v () and 12(t), we calculate the
relative-phase correlation function and the vortex density, in the same way as the experiment,
with the effect of density slicing, and average over the initial ensemble. The initial temperature
T; is chosen to be close to the experimental temperature. In Fig. S9, we plot the time evolution
of n and n,, against the rescaled time ¢/¢. where ¢, is the temperature-dependent crossover time,
obtained from the simulation data. We note that the simulation method does not include the
effect of slow trap-induced heating, and result in the deviation from experimental results at long
times when the heating effect becomes sizeable as we observe for small x in Fig. 4.
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