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Abstract

The Selmer varieties of a hyperbolic curve X over QQ are refinements of
the Selmer group arising from replacing the Tate module of the Jaco-
bian with higher quotients of the unipotent étale fundamental group.
It is hoped that these refinements carry extra arithmetic information.
In particular the nonabelian Chabauty method developed by Kim uses
the Selmer variety to give a new method to find the set X (Q).

This thesis studies certain local and global properties of the Selmer
varieties associated to finite dimensional quotients of the unipotent
fundamental group of a curve over Q. We develop new methods to
prove finiteness of the intersection of the Selmer varieties with the set
of local points (and hence of the set of rational points) and new meth-
ods to implement this explicitly, giving the first examples of explicit

nonabelian Chabauty theory for rational points on projective curves.
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Chapter 1

Introduction

A basic goal of arithmetic geometry is to give some kind of additional algebraic
or geometric structure to the set of rational points of a variety X over Q. For
example, let X be a curve of genus g > 1 over QQ, with a fixed rational point

x € X(Q). This choice of a basepoint determines a Kummer map
k:X(Q) — H}(GT, V)

of X(Q) into a vector space of extensions of Galois representations (here, and
throughout, V := HL(X,Q,)*, and p is be a prime of good reduction) satisfying
certain finiteness conditions. These finiteness conditions arise from the commuta-

tive diagram

X(@Q)

HY(Gr,V)

loc,

HveTX<@v) L I1 Hl(Gw V)

The theorem of Chabauty [17] says that if the rank of the span of x is less than g,
then the intersection loc,(H;(G7,V)) N ky(X(Qy)) is finite, and given by analytic
equations which can often be computed explicitly [22]. The underlying principle
may be summarised as reducing understanding the set X (Q) to an analytic ques-
tion (that of describing k,), and a ‘motivic’ question (that of understanding loc,
).

The nonabelian Chabauty method, introduced in [41] and developed in [42],
proposes to study the set of points X (Q) by assigning to a point z a family of
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Galois equivariant torsors P,(z, z) over a unipotent group U, (z) coming from the
geometric fundamental group of X. These P,(x,y) are étale incarnations of spaces
of homotopy classes of paths from x to z on X (C). This determines a sequence of

unipotent Kummer maps
X(Q) = Hj (G, Up(x))

from rational points on X to the sets H;(Gr,U,(x)) of isomorphism classes of
Galois equivariant torsors satisfying certain local conditions [4]. In fact these

set have the structure of the Q,-points of a variety, giving a sequence of Selmer

= H} (G, Us) H} (Gr,Us) H: (Gr, U7)

varieties of X:

where j¢ can be identified with x via U; ~ V. Again we have a ‘Chabauty

principle’: there is a commutative diagram

X(@Q —"— H}o(Gr.U)

h ‘locp n
Jnp

X(@) H}(Gy, U)

and an analytic characterisation of jf;fp via p-adic Hodge theory guarantees that the
image of j{' is Zariski dense and given by Coleman functions [42]. The ‘motivic’
story is more complicated, but assuming conjectures on the cohomology of geo-
metric Galois representations [39] [15] the localisation map loc,, , will be non-dense
for all n > 0, giving a finite intersection loc,(H}(Gr,Uy)) N jq,X(Q,) (denoted
X(Qp)n) containing the set of rational points.

1.1 Understanding the Selmer variety

The price of replacing abelian cohomology with nonabelian cohomology is the loss

of a group structure, which introduces two subtleties to the theory. The first is
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the question of how to determine when the localisation map is not dense (and
hence when the nonabelian Chabauty method defines a finite set containing the
set of rational points) and the second is the question of explicitly describing the
sets X(Qp)n-

There are several instances where the first problem has been solved. The
starting point of Kim’s work, in [41], was the case of the set of S-integral points
of P! —{0,1,00} over Z, using Soulé’s results on the Galois cohomology of Tate
motives. In [38], Hadian gave a modification of Kim’s method which enabled a
proof of Siegel’s theorem over totally real fields (for an alternative approach, see
[44]). In [20], Coates and Kim use results of Greenberg on the Galois cohomology
of CM fields to prove that X(Q,), is finite for large n when X is a hyperbolic
curve with Jacobian isogenous to a product of CM abelian varieties.

For the second problem, explicit equations were given in work of Kim and Bal-
akrishnan, Kedlaya and Kim in [43] and |7] in the case of the set of integral points
on an elliptic curve of rank 0 ot 1. In [24] Dan-Cohen and Wewers treat explicit
Chabauty theory for certain quotients of the fundamental group of P! minus three
points. In [45] a general approach is outlined to describing the localisation maps
on nonabelian cohomology.

In this thesis we describe new results in both directions. For the first problem,
new methods are developed to prove non-density of the localisation map in situa-
tions where it cannot be seen for dimension reasons. For the second problem, the
same global results can be used to describe equations satisfied by the localisations
of global nonabelian cohomology classes. We also introduce new local results. De-
veloping on the characterisation of the local unipotent Kummer map at primes of
bad reduction given by Kim and Tamagawa [46], Oda’s method is used to give a
description in terms of the dual graph of a semistable model. It is then proved
that the local unipotent Kummer map factors through the irreducible components
of the special fibre of a semistable model. Using new explicit formulae proved at
p, together with the global methods developed earlier in the thesis, we are able
to produce the first examples of explicit non-abelian Chabauty theory for rational
points on projective curves in situations where Chabauty’s theorem doesn’t apply.

We focus on what is perhaps the simplest nontrivial case: that of a genus 2 curve



with Jacobian isogenous to a product of elliptic curves each of rank at least 1. See

the last chapter for the precise definitions involved.

Theorem 1. Let X be a genus 2 curve with Jacobian isogenous to a product of

two elliptic curves By and E5. Define

P X(QP) — Qp
2205 (f1(2)) — 2%@1(21)_

Ap iz (f2(2) = (0,1)) = Ay, (fa(2) + (0, 1)) (1.1)
log s, (f2(2) — (0,1))* +log, (f2(2) + (0, 1))
+ B hE2<2’2>
log g, (22)
Then X (Q,)2 is finite, and is contained in the finite set of z in X(Q,) such that

p(z) = 6

veTH

where 3, ranges over the finite set of possible values of
22, 0(2(f1(2)) = Amo(2(f2(2)) +(0,1)) = Ao (2(f2(2)) — (0,1))
for z in X(Q),.
Theorem 2. Let X be a genus two curve of the form
vy = 2%+ azt +az? + 1
such that
E:y=2*+ar’ +ar+1

15 an elliptic curve of rank 2. Define
Fl(Z) :/ (Wle — wle)
b

Fy(z) =2 /bz(—wgwg + awws + 2wiwy) + %(aj(b) —z(2))

([ [ vat [Con ([ o[

Then X(Q) is contained in the set of z in X(Q,) satisfying

REE - 3w [ o) = BEEE - 5[ w([ w)



1.2 Outline

The approach taken in this thesis is to replace the nonabelian torsors P, (b, z) by
a filtered Galois representation obtained from P, (b, z) by twisting. Equivalently,
for any unipotent lisse Q, sheaf 7 on X, one obtains for each rational point x a
Galois representation x*F, which is filtered, with graded pieces independent of z,
and it is this parametrisation which is studied. The approach is similar in spirit
to the work of Dan-Cohen and Wewers mentioned earlier, but with categories of
mixed Tate motives replaced by extensions of Galois representations coming from
the Tate module of the Jacobian of X. We specialise almost exclusively to the
case where n = 2, so that U,, will be a central extension of a vector group V' by a
vector group A2V. To give an oversimplified sketch of the approach, we introduce

maps, which we denote by U,
U Qy[X(Q)] = QylH) £(Gr,U2)] = Hyp(Gr, E(V, [L, L]))

from Q,-divisors of rational points to abelian cohomology classes. Here E(V, [L, L])
is a filtered Galois representation, with A2V as a subobject.

There are also local analogues

Uy QX (Q)] = Qu[H(G,, Ua)] = Hy(G,, Ey(V, [L, L))

Roughly, we identify conditions under which an element »_ j;(¢;) in

Qp[H} £ (Gr,Uy)] defines an element of H}(Gr, A2V). In situations where
H}(Gr,A\?V) is smaller than H (G, A2V), this is then used to identify conditions
under which an element of H}(G),U) comes from a global class.

The structure of the thesis is as follows. In chapter 2 foundational results on
fundamental groups and Selmer varieties are recalled, and the basic ‘linearisation’
process is described. It produces a map © (or rather various versions of a map )
which reduces a description of the localisation map to some multilinear algebra.
Although the construction is quite elementary, it produces some surprising new
results, and is applied to prove non-density of the localisation map in situations
where non-density cannot be seen on graded pieces. At the end of the chapter we

prove relations between the unipotent Kummer map for ‘Q,(1)-quotients’ of the
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fundamental group and p-adic heights, following previous results of Balakrishan
and Besser [6] and Balakrishnan, Besser and Muller [5] for the local unipotent
Kummer map at p for affine elliptic and hyperelliptic curves, and work of Balakr-
ishnan, Dan-Cohen, Kim and Wewers [4] for the local unipotent Kummer map at
primes away from from p for affine elliptic curves. Our approach is cohomological,
and amounts to identifying Beilinson’s description of the extensions arising from
the unipotent Kummer map [27| with Nekovar’s description of the height pairing
[50].

The next chapter discusses the local theory. We review the method of Oda for
studying the action of inertia on the fundamental group at primes of bad reduction,
and then describe how to use this to compute the local unipotent Kummer map.
This is then used to give conditions under which the local unipotent Kummer
map at depth 2 distinguishes the irreducible components of the special fibre of a
semistable model, and examples where the local unipotent Kummer map at depth
2 is trivial even though the dual graph is not. The rest of the chapter is devoted
to explicit computation of the local unipotent Kummer map at p. We recall the
description of this map given in [42], and then introduce methods to compute the
Hodge filtration and the local version of the map © introduced in the first chapter.

In the final chapter, we describe joint work with Jennifer Balakrishnan on the
explicit non-abelian Chabauty method for bi-elliptic genus two curves, and give
examples. These computations depend on several results on the global and local

structure of the unipotent Kummer map established in previous chapters.



Chapter 2

Global Structure

In this chapter we prove the main results on the global structure of Selmer varieties.
In the first two sections we review the foundational definitions and results on
unipotent fundamental groups and Selmer varieties. We also note some cases
not currently mentioned in the literature where X (Q,) is finite. In section 3 we
introduce some new ideas for studying the depth 2 Selmer variety. This is then used
to prove non-density of the localisation map in situations where it cannot be seen
on the level of the Galois cohomology of the graded pieces. The last section, which
is largely independent of the preceding two sections, proves a relation between
p-adic heights and certain pieces of the unipotent Kummer map, which is used in

the explicit formulae for bielliptic curves obtained in the last chapter.

2.1 Galois representations arising from fundamen-
tal groups

We first define some elementary notation. For a vector space W over a field F
define W* to be the dual vector space. Define T'(WW) to be the tensor algebra
Dn>oW®". Define A2W to be the second exterior product. Define Gg to be the
Galois group of Q. For a finite set of primes S of Q define G to be the maximal
quotient of G unramified outside S. For S a set of primes of Q and K a finite
extension of Q define Gx g to be the maximal quotient of G'x unramified outside

all primes of K lying above an element of S.



We recall some constructions and notation in the continuous Galois cohomology
of profinite groups (see [59]). Let G be an arbitrary profinite group, U a G-group
(in the category of topological groups). Let V' be a continuous representation of
GG, with an equivariant action of U. Then, for any G-equivariant left U-torsor P,
we may form the twist of V' by P, defined as follows:

Let ~ denote the equivalent relation on V' x P given by

(v, p) ~ (vu,u”"p)

for all v € Vju € Up € P. Then V x P/ ~ has a natural continuous G-

representation structure, and we denote this G-representation by V().

Definition 1. For representations V;,...,V,,, we define a mixed representation

with graded pieces Vi, ...,V to be a Galois representation W admitting a filtration
M=My>DM; D...OM,=0

and isomorphisms

Mi—l/Mi ~V;

For finite dimensional continuous Q,-representations W5, W5, we shall frequently
identify
HY(G,W; @ Wy) with Ext! (W, W3) as follows: given

0—->Wy —=W3—->W; —0

take Wy to be the pull-back of W5 @ W7 by Q, — W} @ W;:

0

Wy @ W, W, Qp 0

Wi & Wy

0

Wi e Ws

Wi @ W,

This gives a well-defined map

Eth(Wl, Wg) — Hl(G, Wl* X Wg)



which is an isomorphism with inverse given by sending an extension W, of Q, by
Wi @ Wy by the pushforward of Wy @ Wy by Wi @ Wy — Q,.

A group G below shall always be either Gk 1 for a number field K and a finite
set of primes T (i.e. the maximal quotient of Gal(K|K) unramified outside T') or
Gk, for v a prime of K. For Q,- representations W, and W, of Gg,, we say that
[Ws] € Ext! (W, W,) is crystalline if the induced extension of W, ® Be, by Wy ® By,
admits a splitting. The subspace of such extensions is denoted Ext}(Wl,Wg).
Similarly for Q, representations W and W; of Gy = G r we write Ext}(Wl, Ws)
for the space of classes of extensions which are crystalline at p and which split
when restricted to the intertia group at v for all other primes.

We denote by H;(Gr, W) C H'(Gp, W) the space of G cohomology classes
which are crystalline at p (with no hypotheses at v € T'—{p}), and similarly define
Ext%T(Wl, Ws).

Finally we define H; (G}, W) to denote the kernel of

H)(Gp, W) — H)(G,, W & Bar)
and H}(Gp, W) to denote the kernel of the composite

HYGp,W) = H) (G, W) = H})(G,, W @ Byg).

2.1.1 Qp-local systems and Malcev Completions

We briefly recall the definition and basic properties of the QQ,-unipotent funda-
mental group of a scheme X, as developed in [26]. The Q,-unipotent fundamental
group of a scheme X is an object that can be viewed as coming from the étale
fundamental group, but which admits more structure than the étale fundamental
group:

The category of Q, local systems, (or locally constant Q, sheaves), on X has
the structure of a rigid tensor category, with the obvious definition of tensor prod-
uct and unit object. The fibres of a locally constant @, sheaf naturally have the
structure of QQ, vector spaces, hence for each point x of W we have an associated
fibre functor w,. Hence, noting that (as explained below) the groups of endomor-

phisms of the constant sheaf Q,, is isomorphic to QQ,, we obtain a neutral Tannakian



category of Qp-local systems on X. This thesis will only consider unipotent lo-
cal systems on X - that is, Q,-local systems on X equipped with filtration all
of whose graded pieces are constant sheaves. Let Un® (X) denote the category
of unipotent étale @, local systems on X. The Q,-unipotent étale fundamental
group Wft’Q”(X, x) at a fibre functor x is then defined to be the Tannakian funda-
mental group of the category Un® (X) with fibre functor w, defined above. The
relationship between this category and the étale fundamental group is as follows
(see [30]):

Theorem 3. We have an equivalence of categories between the category of Q,-local

systems on X and the category of continuous Q,-representations of 7{'(X, x)

Hence for any = € X, Un®(X) is equivalent to the category of continuous
unipotent @, representations of the profinite fundamental group 7¢'(X,z). In
particular, it is a neutral Tannakian category, and any point z of X defines a fibre
functor, corresponding to the forgetful functor for 7¢* (X, x). Hence the unipotent
étale fundamental group is simply the universal (pro-)object in the category of
continuous homomorphisms from 7¢*(X, x) to unipotent algebraic groups. In order
to ‘compute’ the Tannakian fundamental group, it is be enough to find a functor
from profinite groups to unipotent pro-algebraic groups which is universal for group
homomorphisms to unipotent pro-algebraic groups in the appropriate sense. Such
a functor is given by Malcev completion [55]. We sketch how this works in our
case of interest below:

Unless otherwise stated X will henceforth be an arbitrary smooth projective
curve over Q of genus g > 1 with good reduction at p. Ty will be the set of
primes of bad reduction and T := T, U {p}. We work not with the unipotent étale
fundamental group of X but that of the X, the base change to Q. For rational
points x and y the profinite set 7¢*(X; 2, ) has a continuous action of Gg. For all

primes [ of good reduction, the Gg-action on
ét,(l) <7 ét,(l) <7 6t
V(X 2,y) =1 O(X2) %o 71X 2,y)
is unramified at /. Hence the Gg-action on

m Xz, y) =m0 (G 2) Xz 11 (X5 7, 9)
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is unramified at all primes outside 7" and hence the Gg-action factors through

Gr. Qur""(X;z,y)] denote the Gr-representation freely generated by the G-

set 5"7(X; x,y). The left action of 70""(X, z) induces a Gp-equivariant left action

Qp[wft,p(Y’ I)] ® Qp[ﬂ-ft’p(y§ €T, y)] — @p [Wftp(y; x, y)]

Let I denote the kernel of the augmentation map
Qp [Wftvp(7> )] = Qp

PR PP

We obtain an nilpotent Q,-algebra object
Ap(z) = @p[ﬂft(ya CL’)]/I”H

in the category of Q,-Galois representations, and a finite dimensional Q, Galois

representation

An(z,y) = An(2) O Qprét? (X )] @p[ﬂ'ft’p(7§ ,y)]

which will be referred to in this thesis as a path space. A, (x,y) has the structure of
a Gp equivariant rank 1 A,(z)-module. It may also be viewed as the fibre at y of
a Q,-local system \A,,, which corresponds to the 7% (X, z) representations A, ()
via Tannakian duality. The I-adic filtration gives an associated graded gr®A,(z),
which is naturally a quotient of T(V)/V®™*D and is canonically isomorphic to

gr*A,(z,y). We similarly have
I'A,(z,y) = ker(A,(2,y) — Ai_i(z,y))

and
Aln)(z,y) == 1" Ay (x,y) = (I"/T")

By the above A[n](x,y) is naturally a summand of V®".
We have the following cohomological description of A, (z,y) [27].

11



Theorem 4 (Beilinson). Let X; C X" denote the divisor
{(z1,...,2n) € X" 10y = @11}

Then

~n—1

Anle) = HZ(X " (e x XTHUE <y u (X)) e,

and if x #y

——n—1

Ag(z,y) ~ HE X (a2 x X HuX ' xyu(l | X))

=1

~.

We define A () to be the inverse limit of the A, (z). A () is isomorphic to
the completion of a free associative algebra on 2¢g generators modulo the two-sided
ideal generated by one quadratic relation (which can be viewed as coming from
the quadratic relation in the standard presentation of the fundamental group of a
surface of genus g) by the augmentation ideal.

The Tannakian fundamental group of the category of locally constant Q,
sheaves on X at the fiber functor z, Wft@p (X,)(Q,), has an explicit description

X

as the subgroup of A (x)* of grouplike elements [26], and its Lie algebra L. (x)
has an explicit description as a sub-Lie algebra of primitive elements in the Lie
algebra A, (x) (where the Lie bracket is the commutator). The finite dimensional
quotients U, (z) are naturally subgroups of A, (x)*. We recall the following results
which are explained in [42] (see section 1 for the de Rham version, and section 2
for the étale version):

Hom(b*, 2*) ~ A (b, 2)
Iso(b*, z") ~ Ax(b, 2) — TAx (D, 2)
Iso?(b*, 2*) ~ Py (b, 2)

In particular
Po(b,2) C Ax(b, 2) (2.1)

Define Lo (2)) := [Loo(7), Loo ()], Uso(2)V) 1= [Uso(w), Us(z)], and extend
this inductively by
LOO(ZL')(H) 1= [Loo (), Lm(x)(n_l)]

12



Uw(x)(n) = [Us(z), Uw(x)(n_l)]

Our main objects of interest will be the finite dimensional quotients and subquo-

tients
Ly(z) = Lm(x)/LOO(x)(n)

Un(2) := Use () /Us ()™

We also define
Uln] .= Ker(U, = U,_1)

and
Aln] := Ker(4,, — A,-1)

The action of U,(z) on A,(x) allows us to associate to any Gr-equivariant left-
U,(z)-torsor P a Galois representation A, (z)") which will again have a canoni-
cal Gp-filtration with associated graded isomorphic to gr*A, (x). When P is the

pushout Py (z,y) := Un(x) X 0% 0 7 (X; z,y) there is a canonical isomorphism
Ap(b, 2) =~ A, (b)Frb2)

hence the twisting construction may be thought of as giving a generalisation of
A, (x,y) for the ‘virtual path’ associated to an arbitrary nonabelian cohomology
class. (P,(b, z) is a left U, (b)-torsor as we write composition of paths from left to
right). For another (similar) characterisation of the sheaves A, see [1]

Note that as a corollary of equation (2.1) P,(b, z) is naturally a subvariety of
An(b, 2).

When we want to distinguish the objects A,, P,, U, defined above from their
other motivic realisations (i.e. de Rham, crystalline, Betti) we will denote them
by as A%, PE U¢. When comparing the fundamental groups of different curves X
and Y, we write A%(X) (w1, z2), AZ(Y)(y1,92), ete.

2.1.2 The universal enveloping algebra at depth 2

When n =1 the map
z > [Aq(b, 2)]

13



is exactly the parametrisation of points z given by the étale Abel-Jacobi map
k: DivY(X)(Q) — H}(GT, V)
To describe the case n = 2 we introduce some notation.

Definition 2. Define A2V and V®2 to be the quotients of A2V and V®2 respec-
tively by the image of the Weil pairing

Q,(1) = NV C V&2

The representation A,(b, z) is an extension of A;(b,z) by V&2, Define the
representation A, (b, z) to be the quotient of Ay(b, 2) by Sym?*(V). Hence Ay(b, 2)

has graded pieces Q,, V and A%V, and there are short exact sequences
0 — A2V — Ay(b,2) — Ai(b,2) = 0

0 — TAy(b,2) = Ay(b,2) - Q, — 0

Ay (b, z) satisfies the following properties:

Lemma 1. (i): Ay(b, 2) is the fibre at z of a locally constant sheafxgét on X.
(i3): Ay(b) is an algebra object in the category of continuous crystalline Qp
-representations of Gr.

(111): There are Gp-equivariant inclusions

Us(b) — Ag(b)*
Py(b, 2) — Ay(b, 2)
Ly(z) = TAy(D)

(iv): As(b, 2) is isomorphic to the twist of Ay(b) by the Uy(b)-torsor Py(b, z).

Proof. (i) and (ii) are induced from the corresponding properties of A5 and A (b)
respectively. The injectivity results in (iii) follow from the fact that Uy(b) acts
faithfully on Ay (b). O
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This thesis shall mostly consider quotients of Us(b). Let U be a quotient of Us
such that U?® = V. Let L denote the Lie algebra of U. Then U sits in an exact
sequence

1= [LL]-U—-V—>1

Let A = A(b) denote the quotient of Ay(b) by ker(A2V — [L,L]). Then A is
a nilpotent algebra object in the category of p-adic Galois representations, with
maximal ideal . We may similarly define A(b, z) to be the quotient of Ay(b, z) by
ker(A2V — [L, L]), and define

P(z) = P(b,z) := U(b) xu,u) Pa(b, 2)
As before we obtain exact sequences
0—[L,L] = A(b,z) = Ai(b,z) — 0
0— TA(b,z) = A(b,2) - Q, — 0
and the analogue of Lemma 1 holds (with the same proof):

Lemma 2. (i): A(b,z) is the fibre at z of a locally constant sheaf A% on X.
(it): A(D) is an algebra object in the category of continuous crystalline Q,
-representations Gr.

(111): There are Gp-equivariant inclusions

U(b) — A(x)™
P(b,z) = A(b, z)
L(b) < TA(b)

(iv): A(b, 2) is isomorphic to the twist of A(b) by the U(b)-torsor P(b,z).

2.1.3 Basic properties of A(b, z)

We now describe the Ext'(V, [L, L]) class associated to A(b, z). As in the previous
section U is taken to be a Galois stable quotient of U, whose abelianisation equals
V.
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Definition 3.
7:V — Hom(V,[L, L])

to be the homomorphism coming from the left action of V on A2V
v (w— v Aw)

Note that this differs by a factor of a half from the commutator homomorphism
v (w e [v,w])

Define
V*® [L, L] := coker(7)

In the case U = Us, 7 is an injection and the map V' — V*® A2V splits, giving

a decomposition
HY G, V'@ N2V) ~ H' (G, V)& H (Gr, V* ® [L, L])

Definition 4. For a rational point z, define ¢,(z) € HY(Gr,V) and cy(z2) €
HY(Gr,V* @ [La, Ls]) by

[[As(2,2)] = (e1(2), 2(2))

via the decomposition above. When we want to specify the basepoint we will write

these as ¢;1(b, z) and cz(b, z) respectively.

By comparing the left and right actions of U, on A, the relation between

TA(b, z) for varying b and z is as follows:

Lemma 3. The H}(Gr,V* ® [Ly, Lo]) class c(2) associated to 1Ay (b, z) is inde-

pendent of b and z. For rational points x1, 2, 21, 22,
c1(z1, 1) — 122, 12) = Tuki(21 + 21 — 29 — T2)
Proof. First suppose x1 = z5. Then

[TA(x1,21)] = [TA(21, 29)"*722)].
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By definition of the twisting construction
[TA(21, 20)"*1 )] = [T A(1, 22)] + Tubi(21 — 22).
Similarly
[TA(x1,21)] = [[A(22, 21)"@17)] = [[A(22, 21)] 4+ Tuki(z1 — T2).
O]

In general cy(z) can be nontrivial [25]. One special case where ¢y is trivial is

that of a projective hyperelliptic curve
Xyt = f(z) =%+ Zaixi
of genus g.

Lemma 4. Let ay,...,00542 be the roots of f. Let D denote the Q-divisor
gi—lzi(ai,O). Then the extension class is [[A(b, z)] is given by the image of
k(z + b — D) under the natural map

HY(Gr,V) — Ext!(V,A2V)
coming from the nilpotent left action of V on V & A2V

Proof. First note that it will be enough to prove that the two classes are equal in
HY Ggr,V*®@A2V), for K some finite extension of Q, since the restriction map is
injective. Let K be an extension containing all roots of f. For any ¢, j, the divisor

(0;,0) — (aj,0) is torsion, and so in particular
IiK((Oéi, 0) - (ij,O)) = 0.

Hence it is enough to show that the H'(Ggr,V* ® A2V) class obtained from
Ay (b, z) agrees with that of z + b — 2(ay,0) for some i. We prove this in three
stages:

(i): Suppose z = b = («;,0). Then the hyperelliptic involution gives an action of
7./27. on Ay(b). This acts on the V-graded piece as —1 and on the A2V-graded
piece as the identity. Hence we obtain a splitting of As(b).
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(ii): Now let b be arbitrary. By the Lemma 3 the extension class of I A(b) is just
the twist of [ As(a;) by the HY(G7, V) class of b— (i, 0). Since this twist is via the
conjugation action of U on A, the corresponding extension class is 2k(b — («, 0)).
(iii): Now we consider the general case. Now consider the right action of V
on IAs(b). The representation IAs(b,z) is simply obtained by twisting by the
H'(Gr,V) torsor associated to z — b. Hence the class is z + b — 2(a, 0). O

2.2 Selmer varieties and conjectures on the unipo-
tent Kummer map

In this section we recall the notion of the Selmer variety and its key properties. We
also recall some basic properties of nonabelian Galois cohomology [59]. For con-
venience everything below will be described for the case of QQ-rational basepoints,
and we will not assiduously mention the analogous results over local fields, see [41]

and [42| for more details.

2.2.1 Cohomology varieties and Selmer varieties

Fix a basepoint b € X(Q). In this subsection U will denote an arbitrary Galois
stable quotient of U,,. The unipotent fundamental group allows us to define the

following refinement of the Kummer map:
Definition 5. Let U be as above. Define
j:X(Q) — H'Y(Gp,U)

z = [P(z)]
where
HY(Gp,U) == U\Z*(G7,U)
is the pointed set of isomorphism classes of U-valued Gr-cocycles. In the case

U =U,, we write j = j,.

Recall that P(b,x) is not merely a G-equivariant torsor, but a G-equivariant
bitorsor (with a left action of U(b) and a right action of U(z)), giving an identifi-
cation of the Galois cohomology spaces of U(by) and U (by):
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Lemma 5. Let by, by be Q-points of X. Then we obtain an isomorphism
Hl(G, U(bl)) ~ Hl(G, U(bg))
defined by sending a left U(by)-torsor P to the left U(by) -torsor P(ba, by) Xy, P

Proof. See Serre,|59|, Proposition 35. O]

One of the fundamental insights of the theory of Selmer varieties is that the
cohomology spaces H'(G,U(b)) carry a much richer structure than merely that of
a pointed set, and that this extra structure has Diophantine applications. For the

following theorem we take G to be either G, or Gr:

Theorem 5 (Kim, [41] ). Let U be a finite dimensional unipotent group over Q,,
admitting a continuous action of G. Suppose H*(G,U'/U™)(Q,) = 0 for all i.
Then the functor

R HY(G,U(R))
is represented by an affine algebraic variety over Q,, such that the six term ezxact

sequence in nonabelian cohomology is a diagram of schemes over Q.

In this thesis we will never distinguish between a cohomology variety and its
Q,-points. Note that since the abelianisation of U(Q,) has weight —1, it satisfies
the hypotheses of the Theorem, and hence H'(G, U) has the structure of the Q,-
points of an algebraic variety over Q.

To go from the cohomology varieties H'(Gr,U) to Selmer varieties, one must

add local conditions. For each v # p, there is a local unipotent Kummer map
jo : X(Q,) — HY(G,,U)

x — P(x)

which is trivial when v is a prime of good reduction and has finite image in general
[46]. For v = p, the assignment = — [P(x)] lands inside the subspace of crystalline
torsors H}(Gp, U) (see the next chapter), and we define j, to be the map

X(Q) = Hi(Gy,U)
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There is then a commutative diagram
HY(Gr, Un(x))

[]loc,
[loer X(Qv) — [loer H' (G, Un(2))

X(@Q)

It is also shown in [41] that the localisation morphisms are morphisms of varieties,
and the set of crystalline cohomology classes has the structure of the Q, -points of
a variety. Since at any prime [ # p the image of X (Q;) in H'(G;, U,(z)) is finite
([46]) we may define a subvariety H; (Gp,Un(x)) of H'(Gp, Uy(x)) to be the set

of cohomology classes ¢ satisfying
e loc(c) comes from an element of X (Q;) for all [ # p
e loc,(c) is crystalline.
e The projection of ¢ to H'(Gr, V) lies in the image of Jac(X)(Q) ® Q,

We have included the last condition to avoid any finiteness of III assumptions in
the statement of our results. Of course from a computational perspective all the
methods we outline in this paper depend on finding the Mordell-Weil rank of the

Jacobian, and hence on knowing finiteness of I1I.

2.2.2 Diophantine applications of Selmer varieties

To use the Selmer variety constructed above to study the set of rational points of

X, one needs to understand the diagram

it
X(Q) ——— Hjo(Gr, Un(@))
‘ loc,
Jnip

X(Qp) ULE F

It is hoped that, in a very general context, the Selmer variety is a sufficient re-

finement of the Selmer group of the Jacobian to detect the finiteness of the set of
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rational points X (Q) of a hyperbolic curve. It follows from the finiteness of the
kernel of the étale Abel-Jacobi map

k1 Jac(X)(Q,) — HY(G,,V)
that this would be implied by finiteness of the image of X(Q) in H}(G),U).

Definition 6. Define X(Q,), C X(Q,) to be the preimage under j,, of the
intersection of j, ,(X(Q,) with loc, Hf »(Gr,Uy,) in Hi(Gp, Uy).

This gives a decreasing of subsets of X (Q,)

X(Qp)1 2 X(Qp)2D ...

Note that by construction, X(Q) C X(Q,), for all n, hence one may hope that
the additional nonabelian information contained in X (Q,), for n large may be

sufficient to detect arithmetic properties of the set X (Q). For example:

Conjecture 1. [Kim, [42]] Let X be a curve of genus greater than 1. For n > 0,
X(Qyp)n is finite.

In fact, in [4] it is conjectured that for n large enough, one can recover X (Q)
from X (Q,),.

Conjecture 2. [Kim, [/]] For n > 0,

X(Qp)n = X(Q)

As is explained in [42], Conjecture 1 is implied by the following conjecture,
which is a special case of part of the Bloch-Kato conjectures on the Galois coho-

mology of motives:

Conjecture 3 (Bloch,Kato [15], Conjecture 5.3). For any smooth projective vari-
ety Z over Q, any n >0 and 2r — 1 # n,

P K3 (2) @ Qp 5 HN G, HY(Z,Qy (1))

18 an 1somorphism.
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On the other hand, the relationship between Conjecture 2 and other conjectures
on Galois cohomology is more mysterious. For instance, although in appearance it
is very similar to Grothendieck’s section conjecture there is no obvious implication
in either direction.

To pass from controlling the size of global Galois cohomology inside local co-

homology to obtaining finiteness of X (Q,),, one needs to understand the maps
Jnp : X(Qp) — H}(Gp, Upn)

Theorem 6 (Kim,[42]). The local unipotent Kummer maps j,, are Zariski dense,

and on each residue disc are given by p-adic power series.

An immediate consequence is that whenever the localisation map
H; (Gr,Uy) = Hp (G, Uy,)

is not Zariski dense, then the intersection of H} .(Gr,U,) with X(Q,) is finite, as
on each residue disc it is given by the zeroes of a non-unital p-adic power series,

which have only have finitely many zeroes by p-adic Weierstrass preparation.

Corollary 1 (Kim,[42]). Conjecture 1 holds whenever
loc, Hy (G, U) = H(Gy,U)
s not Zariski dense.

Hence it is known that the nonabelian Chabauty method gives an analytic
description of a finite set containing the set of rational points of X whenever one
can show that the image of the global Selmer variety in the local Selmer variety is
small.

This motivates the following definition:

Definition 7. Say that a finite dimensional Gr-stable quotient U’ of Wft’Qp (X,b)
satisfies the dimension hypothesis if the graded pieces U'[i] satisfy

tk Jac(X)(Q) + Y dimg, H}(Gr, U'[i]) < Y dimg, H}(G,, U'li])
i>1 >0
where U'[i] denotes the ith graded piece of the central series filtration of U’ (so

U] = U, U'[2] = [U", U")/[U, [U", U] ete).
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We recall a standard method for proving non-density of the localisation map.

Proposition 1. Conjecture 1 holds for U whenever U satisfies the dimension

hypothesis.

Proof. Recall the sequence of pointed varieties
H}(GT7 U[Z]) — H}(GT, Uz) — H}(GT, Ui—l)
is exact, hence
dim Hj(Gy,U) <Y dim H}(Gr, U[i)) (2.2)

Since the local conditions at primes away from p define a finite subset of

[loer, H'(Gy, U), the dimension of H}(Gr,U) equals that of H} (G, U). On the
other hand, the dimension of H}(Gp, U) will be equal to that of its graded pieces
(see [42], or [15] for the abelian analogue ). O

2.2.3 Diophantine Application of H}7£(GT, Us)

Before introducing new methods to study the localisation map on Selmer variety,
we pause to record some examples where one can prove non-density of the locali-
sation map for the Selmer variety using the dimension hypothesis. This subsection
will only concern the unipotent Kummer map at depth 2, and below U will denote
a quotient of Us. As this thesis is almost entirely concerned with the fundamental
group at depth 2, we briefly note that, as well as predicting that for a fixed curve
X, X(Qp)y, is finite for n large, the Bloch-Kato conjectures also predict that for
a given X one can find a suitably large [-primary cover X’ for which X'(Q,), is

finite. In fact rather more is true. Recall that given a finite étale cover
X' — X,
Galois with group I'; we have a surjection
U X' (Q) — X(Q)
where a is an H'(Gg,T') class coming from a rational point on X via
X(Q) + H'(Gg.1),
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and X'(® is the twist of X’ by a. Hence the problem of describing X(Q) is
subsumed in the problem of describing X' (*)(Q) for all a coming from X (Q). We
show that there is a cover X’ such that the Bloch-Kato conjectures predict that
X'(@)(Q,), is finite for all « - so that taking the union over all a gives a finite set
containing X (Q). The depth 1 version of this - i.e. applying Chabauty’s theorem
to covers of X -is used in by Flynn and Wetherell in [63], [33],[34] to study X (Q) in
situations where Chabauty’s theorem cannot be applied, hence the generalisation

to studying X (Q) via nonabelian Chabauty on covers is a natural approach.

Proposition 2. Let (X,b) be a smooth pointed curve over Q, of genus g > 1. Fiz
a prime | not equal to p, and let K be the fized field of J[l], where J denotes the
Jacobian variety of X. Let r = dimg, H' (G rupy, Z/1Z). Let

(X',0") — (X,b)

be an unramified Galois cover (defined over Q) of degree 1%, for some b > 0. Then
the Bloch-Kato conjectures imply that X' (Q,) N H}’L(GTUl, Us) is finite whenever
2r —1
g—1

>

To prove this Proposition it will be useful to recall some more implications of
the conjecture of Bloch and Kato above. Our reference is the article of Fontaine
and Perrin-Riou [35]. In particular we make use all the following corollary of
Fontaine and Perrin-Riou (see [35], Remark 2.2.2, following Proposition 2.2.1)

Proposition 3. Let W be a finite dimensional Q,-representation of Gp. Then
dim@p (HO(GT, W)) - dim@p (H}(GT, W)) + dime(H}<GT, W*(1>>>

— dimg, (H}(Gr, W*(1))) = — dimg, (Dar(W)/F”) + dimg, (H"(R, W)).

For the ease of the reader we note that the terminology is somewhat different
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from that used in Fontaine Perrin-Riou: in their notation

HYF,V)=H(FV),
HH(F,V)=H}(F,V),
H}(F.V) = (H{(F,V*(1)))",
H}(F,V) = (H(F,V*(1)))"
t, = Dar(W)/F".

Lemma 6. The conjecture of Bloch and Kato (conjecture [15]) implies
H}(Gp, N2V (1)) = 0.

Proof. Since A2V is a direct summand of HY (X, Q,)%®? it is enough to prove this

for
H;t (Ya Qp)®27

which by the Kunneth formula is a direct summand of HZ(X x X,Q,). The
conjecture of Bloch and Kato implies that H;(GT, H%(X x X,Q,)) is isomorphic
to K(_ll) (X) ® Qp, which is zero. Hence Hj(Gp, Hz (X x X,Q,)) is zero. O

The formula of Fontaine and Perrin-Riou imply the following;:
Corollary 2. The dimensions of H}(Gp,ﬁ) and H}(GT,ﬁ) satisfy the inequality
dimg, H}(G,, A2V) — dimg, H{(Gr, \2V) > g(g — 1) (2.3)
Proof. By the formula of Fontaine and Perrin-Riou above we have

dimg, H;(Gp, N*V) — dimg, H;(Gp, A°V) = dim H?(Gg, A*V)
— dim H%(Gr, A*V) + dim H*(Gr, A*V*(1)) 4 dim H{ (G, A*V*(1))

By Lemma 6 conjecture of Bloch and Kato implies H}(Grp, A\’V*(1)) = 0. By

Poincaré duality the dimension of H°(Gg, V) is equal to the dimension of the minus
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eigenspace of V' under complex conjugation, hence they both have dimension g.
This implies that
dimg, H(Gr, A*V) = g(g — 1)
For weight reasons dim H°(Gr, A?V') = 0, and since Q,(1) is a direct summand of
N2V,
dim H°(Gr, A*V*(1)) > 1
Hence
dimg, H}(G,, A*V) — dimg, H;(Gr,A*V) > g(g—1) +1
Finally note that
dim H}(G,, A2V) = dim H(G,, A*V) — 1

and
dim H;(Gp, A2V) = dim H;(Grp, A*V)
again using the decomposition A2V ~ A2V & Q,(1). ]

Proof of Proposition 2. Let V' := H}(X’,Q,)*. As X has good reduction outside
T and the cover X’ — X is [-primary the curve X' has good reduction outside
T U{l}. We want to show that X’ as in the Theorem satisfies the dimension
hypothesis

dim H}(Gp, A2V') — dim H}(Grugy, A2V') > rk Jac(X') — dim H (G, V')

The key step is the bound on the Mordell-Weil rank of the Jacobian of an
[-primary cover, given by Ellenberg in [31]. We recall the argument: first note
for that any finite Gg-stable quotient T' of 7¢"(X,b), the central series gives a
descending filtration whose graded pieces I'[i] are abelian Gg-representations fac-
toring through Gal(Q|Q) factoring through Gal(K|Q).

To bound the Mordell-Weil rank of X’ over Q, it is enough to bound the
Mordell-Weil rank over K, and to bound this it is enough to bound
HY(Grropy, HY(X, ). Since HY(X', ) =~ ni"" (X', 0/)** @ Z/I1Z, and 75 (X', 1)
is a subgroup of 7¢"'(X,b) (as the degree of the cover is a power of 1), using the
Jordan-Holder series for the pro-I group ﬂft’l(Y, b), we see that Hl(yl, ) admits
a filtration whose associated graded gr H 1(7/, 1) has a Gk action which factors

through the action of Gx on H'(X, 1), and is hence trivial.
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Lemma 7. The rank of the group Jac(X')(Q) is bounded by 2g'r.

Proof. In fact we will show that that the larger group Jac(X’)(K) satisfies this
inequality. By the Kummer map for Jac(X’) we have, for any field extension F' of

Q the inequality
rkz, Jac(X")(F) < dimy, H' (Gg roqy, Jac(X')[1]) (2.4)
is satisfied. Arguing as above
dimg, H' (G roqy, Jac(X)]) < (dimg, Jac(X")[]).r (2.5)
Putting all these together proves the lemma. O]
To complete the proof of the Proposition it is sufficient to prove

g (g —1) > 2¢'r —dim H}(Gp, V)

=2¢'r — ¢
and hence to prove that
g >2r
which follows from the fact that, by Riemann-Hurwitz, ¢’ = (*(g — 1) + 1. n

The rest of this section contains examples where one can prove finiteness of
X (Q,)2 unconditionally. Hence we restrict attention to curves admitting quotients
U of U, for which bounding the size of H}(Gr,[U,U]) is tractable.

Definition 8. For a weight —2 Galois representation W, a quotient U of Us is
said to be a W-quotient of Us if [L, L] ~ W.

Since H(Gr,Qy(1)) = 0, and H(G,,Qy(1)) = 1, Q,(1)* -quotients are a
natural source of examples of curves where the non-abelian Chabauty method
refines Chabauty’s method. Q,(1)®" quotients of U arise from the Jacobian of X

having extra endomorphisms.

Lemma 8. Let V = HL(X,Q,(1)). Then
dimg, Home,. (Q,(1), V¥?) > dimg Endg(Jac(X), Jac(X)) ® Q
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Proof.

Homg,.(Q,(1), V¥?) ~ Homg, (Q,, V* ® V)
~ Endg, (V, V)

and we have an inclusion
Endg(Jac(X), Jac(X)) ®q Q, — Ende, (V, V)

]

Of course, by Faltings’ theorem this inclusion is an isomorphism, but we won’t

need this. To study the Selmer variety, we actually want to calculate
HOHIGT (Qp(l)a /\2V)

Lemma 9. Suppose Jac(X) is isogenous over Q to A7* x ... x A" where the A;

m

are polarised abelian varieties. Then

dim Homg, (Qp(1), A*V) > > ni(n; +1)/2

Proof. Let V; := T,A;®Q,. The polarisation shows Homg,.(Q,(1), A?V) is nonzero
[49]. Since
@i /\2 (‘/Z@nl) SN /\2‘/'7

and
AQ(‘/;EBm) ~ (A2‘/i)69m(m+1)/2 D (Sym2 V;)@n(nfl)/Q

the result follows. 0

2.2.4 Non-Q,(1)-examples

In general it is hard to find examples of Galois representations of weight -2 whose
Galois cohomology can be bounded that are not Artin-Tate. One example is
Sym? Vj, where Vi = T,E ® Q, is the Q,-Tate module of an elliptic curve over
Qp, by the following theorem:
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Theorem 7 (Flach, [32]). Let E be an elliptic curve, and let p be a prime of good
reduction for which
Go — GL(E[p])

is surjective. Then dim H} (G, Sym? V) = 0.

Note that by Serre’s open image theorem all but finitely many primes satisfy

the hypotheses of the theorem.

Corollary 3. Let X be a curve with Jacobian isogenous over Q to E™ x [[ A},
with E an elliptic curve over Q whose mod p Galois representation has full image,
and A; a polarised abelian variety. Suppose the Mordell-Weil rank of X is less than
n(2n—1)/24 > n;(n;+1)/2. Then the localisation map for the Selmer variety of

Us is not dense.

Proof. This follows from the arguments of the previous subsection, together with
Flach’s theorem, and the fact that

dim@p H}(Gp, Sym2 VE) == dim@p DdR(Sym2 VE>/FO =2
and hence there is a quotient of U, satisfying the dimension estimate. O]

Remark 1. In fact, we shall show in section 2.4 that for X as above, it is possible to
prove non-density of the Selmer variety in situations where the dimension estimate

is not satisfied for U.

2.3 Universal extensions and linearisation of Selmer
varieties

In this section we explain how can relate the nonabelian cohomology varieties
defined above with objects of linear algebra. This amounts to replacing the unipo-
tent torsor P(z, b) with the Galois representation A(b, z). We construct a nontrivial
morphism

v H}v’g(GTa U(b)) — H},T(GT7 E(V7 [L7 LD)

of the nonabelian cohomology variety H; »(Gr,Us(b)) into a vector space
Hjr(Gr, E(V,[L, L]))
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of abelian cohomology classes, giving a way to add nonabelian cohomology classes.
The space E(V,[L,L]) has a [L,L] as a subobject, giving a way to construct
elements of H;,(Gr,[L, L]) by taking suitable linear combinations of W(z;) whose
image in H;(Gr, E(V,[L, L])/[L, L]) is trivial. This will then be used to define a

map

© :(H; (G, U) x H H'(G,,U)) X HY(Gy,V) Hi(Gr,V)

veTH

— H{(Gy, [L, L)) x [] H'(Go, [L, L))

v€TH

such that
© o (loc xm,)H} (Gr,U) C loc Hy 1(Gr, [L, L])
2.3.1 Definitions and basic properties

Lemma 10. Let Wy and Wy be finite dimensional continuous Q,-representations
of G, such that
Homg(Wl, Wg) == Homg(Wg, Wl) = 0.

Then there is a universal extension E(Wl, W3) in the category of finite dimensional

representations of Qp-representations of G, such that:

. E(Wl, Wy) lies in an exact sequece

0 — Wy — E(Wy, Wa) — Wi ® Ext' (Wy, Wa) — 0

e For an extension
0—>W2—L>W3L>W1—>O

there is a unique morphism egy, .~ = ew, : Wz — E(Wy,Ws) fitting in a

commutative diagram of Galois representations

0 W Wi W, 0
H ‘ L, ® (W
0 W,y E(Wy, W) W, @ Ext!(Wy, W) —— 0
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° E(Wl,Wg) is unique up to unique isomorphism - that is, for any other E’

satisfying the above two conditions, there is a unique isomorphism E' —

E(Wy, W) which is the indentity on the subspaces Wy and the quotients
Ext! (W, W) @ W1.

Proof. The construction is standard: take E(W;, Ws) to be a representative of the
class [E] in Ext'(W; ® Ext' (W, W), W) corresponding to the identity via

Ext!(W; @ Ext' (W, W), Wy) ~ Ext!' (W, Wy)* @ Ext! (W, W)
O

We shall repeatedly make use of a minor variant of the space E(Wy, W3), which
keeps track of extra endomorphisms in the Jacobian of X: let R be a finite Q,-
algebra, and W) a continuous Gp-representation with a commuting left action of
R. For any continuous Grp-representation Wy, we define a right action of R on
Wy @ Wy = Hom(W;, Ws) by taking ¢.r to be the homomorphism

w — P(raw)

Lemma 11. Let W, W5 and R be as above. There is a Galois representations

E’R(Wl, Ws), sitting in a short exact sequence
0 — Wy — Er(Wy, Wa) — W1 @ Ext!(Wy, W) — 0
such that for any short exact sequence of Galois representations
0—->Wy —=W3—>W; =0
there s a unique morphism
CR(Wum) = CRWy - Wi — Er(Wy, Wa)

extending to a commutative diagram of Galois representations

0 W, W W, 0
H h L, ® (W]
0 W, Er(Wy, W) Wy @r Ext!(Wy, Wy) ——— 0

where the short exact sequences are as before.
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Proof. The proof is exactly as in the previous Lemma: take ER(WI, W3) to be a
representative of the class [E] in Ext' (W) ®pg Ext!' (W1, Wy), Wa) corresponding to
the identity via

Ext' (W) ®@g Ext' (Wi, W), W) ~ Ext' (W, Wy)* @r Ext! (W, Ws)
O

The extension ER(Wl, W5) contains representations which do not come from

geometry, so it will be convenient to replace it with a subobject.

Definition 9. Define Eg(W7,W3) to be the extension of Ext}(Wl, Wy) ® Wi by
W, obtained by pulling Er(Wy, Ws) back by

Ext (Wi, W) @ Wi — Ext! (W, Ws) @ W)

Replacing G by Gg,, one may similarly construct an extension of H}(Gp, Wi ®
Wg) X W1 by W27 which will be denoted by EP,R(Wh Wg)

In fact the map eg is independent of =, in the following sense. Let R be a
subalgebra of Endg.,.(W1). Let W3 be an extension of Wy by Wh:

and let o be an element of R*. Then « induces a new short exact sequence
0—>W2—L>W3Q—M>W1—>O (27)

Lemma 12.

€R,(Ws,,m) = ER,(W3,.,a0m)

Proof. The short exact sequence 2.6 is exactly the pull-back of 2.7 by the morphism
a. Hence

[(Ws, 0, m)] = [(Ws, 1, a0 m)]a
This gives the identity in H (G, W ® Wy) @ Hom(Wy, W)

(W3, 0, 7)] @r 1w, = [(W3, 1,0 7)]a @p 1w,
= [(W37 L, o ﬂ-)] ®R alWl
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Let g, denote the composite of ep yy, with the projection
Er(W1, Ws) — Ext (Wi, W) @ Wy
Then by commutativity

ER,(Wg,L,onTr) = ([<W37 L, & o ﬂ_)] QR 1W1) oCxoT

((Ws,t,a0om)] Qg aly,) o

[<W37 [’7 ﬂ—)] ®R 1W1) o= ER,(Wgﬂ,,ﬂ')

Hence by uniqueness of the lift of €g (1, , ) to W3 the two homomorphisms are
equal.
n

Remark 2. The case of interest for this thesis is where W) is taken to be the
representation V' = T, Jac(X)®Q,. Suppose that the Jacobian of X is isogenous to
ATt x .. x Al owhere A; is simple with endomorphism algebra an order in K, and
the A; are pairwise non-isogenous. Let V; := Q,®7,(A;). Then we may take as our
algebra R the associative algebra [, Mat,,(K; ® Q,). H'(Gr,V*®|[L,L]) @V
is then isomorphic to &%, H(Gr,V;) ®k,e0, H' (Gr, V;* ®[L, L]), by the following

lemma:

Lemma 13. Let V and W be K-vector spaces. Then
V@n ®Matn(K) W@n ~V XK W
and the contraction morphism

Ve @i WO Vin L W~V @i W

sends

(U1, ..y 0n) @K (W1, ... wy) (2.8)
to Z” v; @ W;.
Proof. By definition
yen OMat, (K) W = VO @) WO/ Z
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where Z is the span of vM @ w — v ® Mw, where v € V& w € W®" and
M € Mat,(K). Let m; denote the projections V" — V and W% — W to the
1th factor, and ¢; the inclusions into the ¢th factor, and let e;; denote the n by n
matrix with 7, j-th entry equal to 1 and all others equal to 0. Then Z is spanned

by the images of the morphisms
Vg W — Vg W
VW (Lv)er @ Lyw — (1v) @ ey (Ljw)
It’s easy to see that this is spanned by the images of the maps
Li®Lj:V®KW—>V@"®KW@”

for i # j and
Li®bi—bj®LjCV®KW—>V®n®KW€Bn

which completes the proof. O

In this thesis Wy = V, and Wy = [L, L], and the extensions of V' by [L, L]
coming from the twists of IA(b) by equivariant V-torsors. This motivates the

following definition:

Definition 10. Let Wy, Wy, W5 be crystalline Gp-representations such that
Hom (W5, W5) = Hom(Ws, Wi) = 0. Let

7 : Wy — Hom (W, Wa)
be a homomorphism of Galois representations. Define the extension
0 — Wy — E(r, W1, W) — H}(Gp, Wo) @ W1 — 0
to be an extension corresponding to
T, H}(G%WO) — H}(GT,Hom(Wl,Wz))
via
EX‘B}(H}(GT, Wy) @ Wy, Wa) =~ Hom(H}(GT, Wo), H}(GT, Hom (W75, Ws)))

34



As before, E(7,W;,Ws) has the property that for any ¢ in H}(G, Wh), and
extension
0—->Wy —=W3—>W; =0

such that [Ws] = 7.(c) for ¢ in H}(Gp, W), there is a commutative diagram

0 W2 Wg Wl 0
H h Ly, @ [d
0 WQ E(,T,Wl,WQ) W1®H}(GT,W()) — 0

We similarly define the G, -representation £, (7, W, W3) to be the correspond-
ing extension of H}(Gy, Wo) @ Wi by Ws.

2.3.2 Linearising Selmer varieties

The use of the universal extension E(Wy, W) is that it gives a way to linearise
the algebra of mixed objects with fixed graded pieces. Suppose we are given a

representation M, admitting a G'p-stable filtration
M = My D M; D My D M;=0
and isomorphisms
ay : My/M; ~Q,
Q9 . Ml/Mz ~ W1
Qs . MQ ~ W2

Such a datum will be referred to as a mixed representation with graded pieces
Qp, Wi and Wy. The isomorphisms «; will be referred to as the frames of the mixed
extension M. The first isomorphism determines an element [M] of H'(G, M;). On

the other hand, the other isomorphisms define a map
eny t M1 — E(Wl,WQ)

Hence this determines a class ey, [M] in H'(G, E(Wy, W53)). This will often simply
be denoted by [M]. The image in H}(Gr, W1) ® Ext(Wy, W) will be denoted by
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[M]. Recall that by Lemma 2.6, the extension class [M] is independent of avy, and
only depends on a; and az. In the formalism of [36] we may say that [M] is an
invariant of M as a ‘2-framed object’.

These constructions are now applied in the case Wi = V,W, = A2V. Each
‘universal extension’ E defined above will give maps ¥ and ¥, from H;(Gp,U) to
H{(Gr, E) and H{(G,,U) to H}(G), E) respectively.

Lemma 14. The extension [[Ay(b)] in Ext'(V, A2V) is crystalline at p and splits

at all v not equal to p.

Proof. For v = p this is proved by Olsson [53]. For v in Tp, it follows from the

weight monodromy conjecture for curves, since V* ® A2V has weight -1. O

Hence for any P in H} (G, U), [A(b)")] defines an element of
HY (G E(V, L. 1))

Definition 11. Define
v QP[H},L(GT’ U(b))] — H},T(GTv E(V) [Lv L]))

P [A(b)"]

If the cohomology class is the torsor of paths from b to z then W(P) will be denoted
W(z), or sometimes by W(b, z). Define W to be the composite

QH} o(Gr. U] = H}p(Gr. BV, (L, L)) = H}(Gr.V) ® H}(Gr.V* © L. L)
Similarly define
Uy 0 Qu[H}(Gy, U)] = H(GE(V,[L, L]))

and
U, Qp[H (G, U)] = Hi (G, V) @ Hy (G, V* @ [L, L))

We have similar definitions for the modified versions of E:
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Definition 12. For a unital Q,-algebra R C Endg, (V'), define
\ QP[H},E(GT7 U)} — H},T<GT7 ER(V7 [La L]))

P = [A(b)"]

Vg Qp[H; (Gr,U)] = Hi(Gp, V) @ Hy (G, V* @ [L, L))
P W

Ury: QlH(Gy, U)] = Hy(G,, Er(V, [L, L]))

P = [A(b)"]

Urp : QlH{(G,, U)] = Hy(Gy, V) @ H(Gy, V" ® L, L])
P W

Recall that when X is a hyperelliptic curve the extension class [IA(b)] was

in the image of H;(Gp,V) under 7.. Hence in this situation E(IA(b)) may be
replaced by the subspace E(,V,[L, L]).

Definition 13. Suppose U is such that there is ¢q in H}(GT, V') such that
[LA(b)] = 7(c)

Then define
qu : QP[H},L(GT’ U)] — H},T(GTv E(Ta Vva [L’ L])) (29)

U, : QH; (Gr,U)] = Hy(Gr,V) ®@ Hy(Gr, V) (2.10)

P GT,[A(b)*[A(b)(P)]
\Ijﬂp : QP[H}<GP7U)] — H}(GIHE(TJV; [L7L])) (2]‘1)
P eT,IA(b)*[A(b)(P)]

oyt Q[HH(Gy, U)] = HH(Gy, V) @ Hi(Gy, V) (2.12)

P~ 67-,],4(1,)*[/4(19)(13)]
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Lemma 15. Suppose V ~VE" @ ... @ VE™, and R = [[I_, Mat,,,(Q,). Let
Lij Vi =V
T V=V
be the inclusions and projections for the jth copy of Vi, so that Z” Lij o my; = 1.

Then
Ta(c) = Y (miju(m(P)) @, (1iju ([TA(D)] + 7 (P)))

.3
in Hi(Gr,V) ®@r BExty(V,[L, L)) ~ &;H}(Gr, Vi) @ Ext' (V;, [L, L]). In particular,
iof for all 7,
D _(Tise(me(P)) Rq, (1= ([TAWD)] + 7u(m(P)))) = 0

in H}(Gr,V;) ® Ext'(V;, [L, L]), then
Ur(c) € Hy(Gr, [L, L])
Proof. By definition,
Vr(c) = m(P) @r ([TA(D)] + 77 (P))

By Lemma 13, this equals
Y T (P) ©q, tige([AD)] + 7. (P))
i,
as required. O

2.3.3 Construction of other mixed extensions

In this section we construction some other mixed extensions, which are used to give
further modifications to the maps ¥ above. The intuition behind the construction
comes from the theory of height pairings: one may view p-adic height pairings
(as constructed in [50]) on the group H}(G7,V) as arising from obstructions in
Sym® H}(Gr,V) to the construction of H}(Gr,Q,(1)) cohomology classes. In the
previous section the obstruction to constructing a Q,(1)-cohomology class (or an
A2V cohomology class in the hyperelliptic case) came from H;(Gp,V)®2. This
subsection gives a precise way to remove the A*H;(Gp,V)-component. This is

used later to give explicit formulae for the image of H} (Gp,U) in Hj(G), U).
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Definition 14. Let W;, W, be extensions of Q, by V. Define W;W; to be the
quotient of W7 @ Wy by ker(V @V — A2V). Then W;W, is a mixed representation
with graded pieces Q,, V¥? and A2V.

An easy computation shows:
Lemma 16. The image [WiWs] in H}(Gp, V)®? is given by
(W1 @ [Wa] — [Wy] @ [W1]
In particular, it lies in the image of /\QRH}(GT, V), and the induced morphism
Hi(Gr,V)® Hy (G, V) = NpH i (Gr, V)
18 onto.

Proof. The extension classes in Ext'(Q,,V @ V) is equal to ([Wy], [W3]), and via
the inclusion
Vo V@A)

the extension class in Ext!(V @V, A2ZV) is identified with ([W;], —[W5]), completing
the proof. O

The mixed extensions W;W5 arise when comparing the different path spaces

that can be obtained from three points on X:

Lemma 17.

Proof. This follows from the composition of paths morphism

As(z,7) ® Ag(x,y) — As(z,9)

Let
0=V —=E—-0Q,—0

i = 1,2 be extensions of Q, by V. Then E; ® F, is mixed with graded pieces Q,,
V2 and V ®@V. Via the isomorphism above, VV ® V' admits a surjective morphism
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Q,(1), hence by pushing out we obtain a mixed extension with graded pieces Q,,
V2 and Q,(1), and hence an element of H'(Gr, E(V,Q,(1))), which is easily

seen to given a well-defined function
H'(Gr,V)® H'(Gr,V) = H'(Gr, E(V,Qy(1)))

denoted
(+)

€1 & cy = €162
The projection 7 : V@ V — Q,(1) defines a map
Ext'(V,V @ V) — Ext'(V,Q,(1))
There are two natural maps
HY(G7,V) = Ext/(V,V @ V)
The following lemma is proved as in 16:

Lemma 18. Suppose the projection © : V@V — Q,(1) factors through N*V.
Then under the map

HY(Gr,E(V.Qy(1))) = H'(Gr,V) ® H'(Gr, V)
@6\ ) mapsto ¢ ® ¢y — o @ 1.
Definition 15. Let U be a Q,(1)®" quotient of Us,. Define
I':Hy(Gr,V)— H' (Gr,V)*?

to be the map
c—c@p TAD)

By definition we have the identity

U(c) = [(m.(P)) (2.13)

for any P € H}(G’T, U).
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Definition 16. Define H}(Gr, E(V,Q,(1)))*™ to be the pull-back of H (G, E(V,Q,(1)))
by Sym® H}(Gr, Vg) — H'(Gp, Vg)®? :

0 = H'(Gr,Q,(1)) = H'(Gr, E(VE,Qy(1)))>™ — Sym® H{(Gr, Vi) = 0

Define
W™ HY (G, U) = HHGr, B(V,Qy(1))>™
1 (+)
P Up(P) = 5 > Wiz
where

T(P)=> Wi®Z

2.3.4 Equations for the localisation map

We now use the above to produce equations for loc H} (G, U) C H;(G)p,U). The
construction described in this subsection is entirely tautological, but it is useful
for the more subtle questions of non-density of localisation maps and of computing
the sets X(Q,),, defined in section 2. Define s to be a section of

H} o (Gr, E(V,[L, L])) = Im(H} (G, E(V, [L, L])) = Hi(Gr, V)@Ext;(V, [L, L))
Define

O :(Hj(G,,U) x [[ H'(G,,U)) X 1y ) T (Hp (G, U))

v€eTH

— H{(G,, [L, L]) x [] H'(G.[L, L))

v€eTH
((Pp, (Po)), €) = (Up(Pp), (Wo(P))) — loc(s(P(c))) (2.14)
Here the fibre product is via the maps
loc, : Hi(Gr,V) = H(G,, V)
and

m. x 0: Hi(G,,U) x [ H(G,,U) = H}(G,,V)

veTyH

(B, (Py)) = . P,

41



Lemma 19. (i): The composite map

©o (loc,m,) : H (Gr,U) — (H{(G,p,U) x H HY(G,,U)) XK1y V) Hi(Gr,V)

v€Ty

— H}(G,, [L, L]) x [[H (G, [L. L))

lands inside the image of H(Gr,[L, L)) in H(G), L, L]) x [], H' (G, [L, L]).

(i1): In particular, when
J(Q) ®Q, — Hy(Gy,V) (2.15)
15 an tsomorphism, the image of the localisation map
loc Hj +(Gr,U) C Hj(G,,U) x [ [ H'(G., U) (2.16)
is contained inside the subvariety of (P, (P,)) satisfying
O((Py (P.)). m.(P)) € loc Hi (G [L, L))

where © s viewed as a map with source Hy(Gy,U) X [[,cq, H(Gy,U) via the
isomorphism (2.15).

Proof. By construction the image of [A3(b)](P) — s oI o 7, (P) in Hi(Gp,V) ®
Ext}(V, [L, L]) is zero, hence [A3(b)](P) — s o T o m,(P) defines an element of
H(Gr,[L, L]), whose localisation is then given by © o (loc,I')(P). O

2.4 Application to proving non-density

Recall that, as described in the introduction, the crucial global input in the non-

abelian Chabauty method is the non-density of the morphism
H} o (Gr.Uy) = HNG,u Uy)

There are at present two contexts in which such non-density can be proved. The

first is when U satisfies the dimension estimate

> " dimg, Hj(Gr, Uli]) < Y dimg, H{(G,, Uli])

i=1 i=1
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The second, developed in [44], is when one can prove non-density of the map on

(abelian) Galois cohomology
Hi(Gr, L(2)) = Hp(Gyp, Ln(2))

(recall that L, (z) denotes the Lie algebra of U, (z)). This is used in [44] to prove
non-density of the localisation map for Selmer varieties of P! — {0,1,00} over
totally real fields, and uses crucially the non-triviality of the boundary maps from
HY(Gr,L,1) to H'(Gr, L[n]), which may make it of limited applicability for
curves over Q.

In this section we describe situations in which linearisation of the Selmer variety
can be used to give a new method for proving non-density in certain situations

where the dimension estimate is not satisfied.

2.4.1 Genus 2 bielliptic curves

Let X be a genus 2 curve with Jacobian isogenous to E x E where E is an elliptic

curve of Mordell-Weil rank 2. We take p to be a prime for which
Go — GL(E]p])

is onto. Write Vi := Tp E®Q,, so that V =~ V;?. Then A2V ~ Sym? Vo Q,(1)%2.
Let U be the quotient of Uy with [L, L] ~ Sym? V. As explained above we may
replace E(V,Sym? Vp) with the extension

0 = Sym* Vg — E(V,Sym?Vg) = Hj(Gr,V) @rV =0

which is universal for extensions of V' by Sym? Vi coming from H }(GT, V).

The main theorem of this subsection is

Theorem 8. Suppose E has Mordell-Weil rank 2. Then
loc, : Hi(Gr,U) = H(G,,U)

18 not dense
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Remark 3. Note that U does not satisfy the dimension hypothesis: by Flach’s theo-
rem the dimension of H}(GT, U) is 4, and by p-adic Hodge theory H}(Gp, Sym? V)
and rk £(Q) both have dimension 2. Looking tangentially, at a point z we have a

commutative diagram

0 0 H}(T, U) H}(T, V) 0
0 —— H}(G,, Sym? Vi) Hi(Gy, L(2)) Hi(G,, V) 0

where L is the Lie algebra of U. (technically it appears we are assuming that
H(Gr,V) is the closure of Jac(X)(Q) in H'(G7,V), but this is just notational
convenience, as out actual interest is in the variety HJ{ +(Gr,U), which we have
defined to consist of elements in whose image in H;(Gp,V) comes from the Ja-
cobian). Hence one approach to proving the non-density stated in the theorem

might be to compute the boundary map
ker(H}(Gp, V) — H(Gp,V)) = H}(Gp, Sym® V)

directly. The approach taken here is more convoluted, but has the advantage
of giving explicit equations for X (Q,) N H}L(GT, U), which are used in the last
chapter to give computational bounds on the number of points of X as in the

theorem

Let
f17f2:X_>E

be independent morphisms inducing an isogeny
Jac(X) > Ex E
and hence an isomorphism V ~ Vg & Vg. This induces
Mats(Q,) ~ R < Endg, (V)
If we take R to be Maty(Q,), then
Er(V,Sym* Vi) ~ Eg, (Vi, Sym® Vi)
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where the latter is defined to be the subspace of E(Vg, Sym* Vg) corresponding to

extensions of Vi by Sym? Vi coming from the natural map
5 Vg — Vi @ Sym® V.
v = (W= vw).
Lemma 20. The map
U : Hi(Gr,V) = Hy(Gr, Vi)
15 given by
U(c) = (fiele + £(20 = D)) @ (fau(c)) = (faxle + £(2b — D)) ® (fr(c))

where b is the basepoint of X, D is the hyperelliptic rational divisor defined in

Lemma 4 and the maps
fi* : H}(GT, V) — H}(GT, VE)

are induced from the maps

Proof. By Lemma 4, the extension class [IA(b)] is equal to 7,(c + k(20 — D)),

where 7 denotes the homomorphism
V — V*® Sym? Vg
v (W= v Aw).
Recall that Sym? V5 is identified as a direct summand of A2V via the isomorphism
NVe®VE) 2NV ANV ® Ve ® V.

Via the isomorphism V* ®@ Sym?* Vp ~ (Vi ® Sym? Vi)®2, 7(v) is then identified
with the (7(f1.(v), — f2«(v)). Hence
U(c) = c®p (c+ k(20 — D))
is identified with
(f1:(c), fax(c)) @R (filc + k(20 — D)), — fau(c + K(20 — D))).

The result now follows from Lemma 13. ]
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2.4.2 Constructing other elements of H}(Gr, E(Vg, Sym® Vi)

Recall that when U was a Q,(1) quotient, ¥ could be modified to give a map W5™
such that U™ has target Sym? H}(GT, V). In the case of X and U as above, we
may define a modification of ¥, denoted ¥, such that T lands in N H(Gr, V).

Definition 17. Given two representations F;, F» in extensions
0=Ve—E —-Q,—0

let ElEg(_) be the quotient of F; ® E, by A2Vg. Hence ElEQ(_) defines an ele-
ment of H'(Gp, E(Vg,Sym® Vg)) and by projection an element of H}(Gr, Vg) ®
HY(Gr, V).

The reason for the minus sign is as follows:
Lemma 21. The image ofTEg(_) in Hi(Gr,Vp) ® Hi(Gr, Vi) is
[E1] ® [Es] 4 [Eo] ® [E4]
This motivates another definition:

Definition 18. Define H}(Gr, E(Vg, Sym® V)™ to be the pull-back of
H} (GT, E(VE, Sym2 VE)) by /\QH}(GT, VE) — I{1 (GT7 VE)®2 :

0 — H'(Gr,Sym*Vg) — H'(Gr, E(Vg, Sym® Vi)™ — A*H{(Gr, Vi) — 0

For a mixed extension W with image Y [W;] ® [Z,] in H}(Gr, V)®?, define [IW]*
in H}(Gr, E(Vg, Sym® Vg))™ to be

Hence we have a morphism

vt Y Gy, U) — HYGp, E(Vg, Sym? Vi)t
f f

P [AD) P = [A®) ]~ ST 0 )20~ D) or@) 45 or 0 )2~ D) @)
whose image in A*H (G, Vi) is given by
FralPY A fouP) 4 5 (a0 m) (2D = D) A o) (P) = 5(faw0m) 20— D) A fuu(P) (2.17)

For the map © defined in the next section, we compare W2 with its local analogue:
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Definition 19. As with ¥, we have a local version of U which will be de-
noted \IIZ“. The construction is exactly the same, only with H}(GT, .) replaced
everywhere with H}(G),.). Note that since Hj(G,, A*Vp) is one-dimensional,
N*H}(Gp, V) = 0, and hence W2 is a map

Hi(G,, U) — Hi(G,, Sym* Vi)

2.4.3 Definition of ©
To construct the morphism O, we first have to choose a splitting s of
Hi(Gr, E(Vp,Sym® V)™ — A’ H}(Gr, Vi) (2.18)

Note that since A\*H (G, Vi) is one dimensional, such a spliting can be achieved
by finding a rational point z € X (Q) such that

Fre (AT (1 (2)) 5 (Freom) 2= D)A o) G ()~ (Form) (26 DIA 1o (s () # 0
(2.19)

Definition 20. Define

I': Hy(Gr,U) = NH'(Gr,Vg) (2.20)

P [(PYAfou( P+ 5 (re0m) (20— DIA fo(2(2)) = 5 (o 0m)(2b= D) A (i (2)

and define
© : Hi(Gr,p) x N°H}(Gr, Vi) = H{(G,, Sym® Vi)

(P,c) — W2(P) — locos(c)
Lemma 22. O is surjective.

Proof. Hj(G),U) admits an action of H (G, Sym? Vi), and © is equivariant with

respect to this action. O

Theorem 9. The codimension of the image of
loc XTI : Hy(Gr,U) = Hy(G,, U) x N°Hy(Gr, V)
is at least two. In particular, loc(H(Grp,U)) is not Zariski dense in H (G, U).
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Proof. By construction,
© o (loc xI') € loc,(H{(Gr, Sym?® Vi))

which is zero by Flach’s theorem. Hence by the previous Lemma (and noting that
H}(Gy, Sym®* V) ~ Dyr(Sym*V)/F° is two dimensional) the codimension is at

least two. O

2.4.4 2nd example

Suppose X is a hyperelliptic curve with Jacobian isogenous to A7™!, with A,
a polarised abelian variety of dimension d. Then, as in section , the depth 2
fundamental group of X contains a Q,(1)"™+%/2. Hence in order to apply the
dimension estimate to prove finiteness of X (Q,)2 one needs that the Mordell-Weil
rank is (roughly) smaller than n/2+d. In this section we show that the maps W5y™
(applied to various Q,(1)-quotients of the fundamental group) give a refinement
of this.

Theorem 10. Suppose X is a hyperelliptic curve with Jacobian isogenous to
AT x Ay, with Ay a polarised abelian variety of Mordell-Weil rank n. Then

loc: Hy(Gr,U) — H(G,,U)
18 non-dense.

Note that the hypotheses mean we can apply the Manin-Demyanenko theorem
to find X (Q) [58]. The goal of this section is to suggest that curves satisfying
the Manin-Demyanenko hypotheses may have enough structure in their Selmer
varieties to enable one to prove non-density of the localisation map even when the
dimension of the global Selmer variety is large. The main reason for restricting to
hyperelliptic curves is to allow us to ignore the abelian variety A,. One obvious
limitation of this result is that curves with lots of independent maps to simple
abelian varieties are rather rare, and when they do arise in nature (e.g. the towers
of modular curves Xy(p")) there is no reason to expect them to be hyperelliptic.
Hence it is natural to wonder whether it is possible to modify these methods so

they also apply in this context.
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2.4.4.1 A modification of j

Before proving the theorem, it will be convenient to introduce a small modifica-
tion of the function j for U a Q,(1)-quotient of U,. Recall that, by the weight

monodromy conjecture for curves, for all v not equal to p
H'(G,,V)=H’G,,V)=0

Hence the map
HY(G,,[U,U]) = H'(G,,U)

is an isomorphism, so HvGTO J» may canonically be viewed as a function with target

[Toer, H'(Gy, Qu(1)). For any (c,) in [],eq, H'(Go, Qu(1)), there is a unique lift
to cin H'(Gr,Q,(1)) which is crystalline at v. We use this lift to define a modified
version of j which lands in H(Gr, U,), rather than merely H; .(Gp,Us).

Definition 21. Define
js : X(Q) — Hy(Gr,Us)

to be the function sending = € X (Q) to j2(z) — ¢, where (jo,(x))ver, = (cv) above.

2.4.4.2 Proof of Theorem 10

Let f; : X — Ay (i=0,...,n) be n independent morphisms inducing the isogeny
Jac(X) — AT x Ay

For 0 <17 <mn, let
fis : HY(Gp, V) = Hy(Grp, V1) (2.21)

be the induced pushforward morphism (V; = 7,4, ®Q,). We also use f;. to denote
the pushforward

H}(GT, U) — H}(GT, ‘/1>

Since A; has rank n, for any z there will be a linear relation between the ( fi.0751)(2)
(for 0 <4 <n). The morphism

H} (GT, U) — S
is supposed to remember the linear relation.
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Definition 22. Define S := (A"H}(Gr, V1))*™ ) and
G =(Go,...,Gn): H(Gp, V) = S

by

—_—

Gi(c) = (1) fou() Ao A fin(Q) AL A fru(€)
By elementary linear algebra, this satisfies

Lemma 23. For any ¢ in H;(Grp,V),
6 ® fule) = 0

in (\"H}(Gr, V1) ® Hi(Gr,V2).

We now need to keep track of all the mixed representations with graded pieces
Q,, Ve and Q,(1) we can build out of A(b)P), for P a U-torsor. Write V as
@ o fiVi. Let

p: AV = Q1)

be the surjection induced from the polarisation on A;. Then the product homo-
morphism
VeV — Qp(l)n(n-i-S)/Q

is given by
(o, -+, vn)®(wo, - - -, wn) = ((P(virw;) —p(voAwo) )1<i<n, (P(ViAW;—WiAV;))o<ici<n)

Note that our computation of the extension I A(b) means that we can henceforth
assume A, is trivial, as if we take the quotient U as above, then V, = T),(A42) ® Q,

is a Galois stable central subgroup of U.

Definition 23. For i < j let U%9) be the quotient of U with product V@V —
Q,(1) given by po (fix ® fjs — fix @ f;x) and for 1 <4 < n let UG be the quotient
corresponding to p o (fix @ fix — for @ for). Let A®)(b) denote the corresponding

mixed extension. Define
V) Hi(Gr,U) = Hj(Gr, E(V,Qy(1)))
P [A(i,j)(b)(P)]
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Note that we are imposing the local conditions that P is trivial away from p,

so W) gives a function on rational points by composition with j°, not j.

Lemma 24. Fori # j,

T(P) = (£ P)+(fr08) (20— D)@ f1.(P) + (f3.(P)+(f;05)(2b— D)) ® fiu (P)
For1<n,

'(P) = (i P)+ (Jir0 ) (2= D)) @ fis (P) — (fis(P) +(fon0r) (2b— D)) ® fou(P)

Proof. This follows from the fact that the endomorphism

@(%,

RN VAN

describing the commutator on U9 is given by f; fj + f;fi when i # j and
I# fix — [ fox when i = j (via the isomorphism V*(1) ~ V induced by p). O

We also define
WO L (G, U) = HYGr, B(V, Qy(1)))5™
P s [AGD) () (Psym
and
GO Y (G, U) = Sym® HY(Gr, )

Hence, rearranging Lemma 24
Lemma 25. For i # j,
GV (PY = 98, (P)£5.(P) + (fiw 0 £)(2b — D) £ (P) + (fj. 0 )(2b — D) £ (P)

= 2(f3(P) + 5(fi 0 ®)(2 = D)(f5(P) + 3£ 0 0)(20 = D)

— 5 (i 0 R)(2 = D) (3 0 8)(2b — D) + 1(for 0 #)(2b — D)’
For1<i<n,
TEPY = (£ P) + (fir 0 8)(20 = D)) e P) = (for(P) + (for © 5)(2b — D)) fou (P)

= (Ju(P) + 5 (i 0 820 = D))? = (fooP) + 3 (fos 0 8)(2b — D)
(2.22)

1
2

1 2 1 2
- Z(fi* o k)(2b — D)? + Z(fo* o k)(2b — D)
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Define
r: H}(G, U)— S

P G(m(P) + (b~ )
Definition 24. Define
O : Hi (G, U) x S — AN"H} (G, Vi) @ Hi(Gy, V1)
Ou(P.(3) = SN ® (fulm(P) + w6 — D)
i=0
Note that by Lemma 23,
©p o (locxI') =0 (2.23)
so in particular the localisation map factors through ker(©g)
H}(GT, U) — ker(0g) — H}(Gp, U)

Hence we want to show that the codimension of H;(Gp,U) in ker(©), is bigger
than n — g. As before, let s be a splitting of

Hj(Gr, B(V1,Qy(1)))¥™ — Sym® Hy(Gr, V1)

and let
WS HY Gy, U) = HH Gy Vi, Qy(1)™

be the local analogue of W(%7)Sym

Theorem 11. For 1 <1 <n, the map
0, : Hj(Gy,U) x S — N"H}(Gr, Vi)™ @ H} (G, E(V,Q,(1)))>™
sending (P, (Mo, ..., \n)) to

A @A ® \IJ(”)(P) + Z Aj @A ® \If(i7j)(P) — Z A ® A ® \p(OJ)(p)
JF#i J#0

n

F2 N ® @ s(fie 0 hlb— 5)) = do @ s(fon 0 k(b 2))

Jj=0

sends ker(0g) to Hj(Gp, Qy(1)), and sends (loc xI')(H (G, U)) to zero.
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Proof. Recall that by definition of the \;,

S0 ® (ful(m(P) + (b — 2))) = 0

2
Hence
7 ® X ® (fulmP) + b~ DN (ulm(P) +sb— D)) (224)
3 ® 20 ® (fon(me(P) 56— ) foumlP) + (6 )
#3200 h0 () (0 - DN (P) + (b~ )
=D NON (P + - N Uos(ma(P) 4 56— 2)
=0

Finally note that by Lemma 25, this means that the image of ©; in /\”H} (G, V)*"®
Sym? H}(Gp, V1) is zero. The same computation guarantees that if (P, ();)) lies
in (loc xT')(H(Gr,U)), then ©;(P, (\;)) defines an element of H(Gr,Q,(1)) =
0. O

Define
© = (01,...,0,) : ker(0g) = A"H;(Gr, V1)** @ H(G,,Q,(1)) (2.25)
Theorem 12. O s surjective, and
© o (loc xI') : Hi(Gr,U) = N"Hj(Gr,V1)®* @ H (G, Qy(1))
18 zero.

Proof. For surjectivity, it again suffices to note that H}(Gp, [L, L]) acts on ker(©y)
and A"H (G, V1)®? ® H (G, Q,(1)) in a natural way. For triviality of the global
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map, note that by the lemma above, for P in H(Gr,U)

A ® A @ WEIS(P) 13 "N @ A @ U (P)

J#i
—ZAJ'(@)\()@\D(OJ)(P)
J#0
D D
1= ZA@ i@ s(fr0 k(b= ) = Ao @ s(for 0 k(b — 7))

is zero in A"H}(Gp,V1)®* @ Hj(Gp,Vh). This implies ©(loc(P),T'(P)) is the lo-

calisation of a global Q,(1)®" class, and is hence zero. O

2.5 Q,(1)-quotients and p-adic heights

This section is concerned with giving an explicit description of the mixed extensions
arising from Q,(1)-quotients, and their relation to the mixed extensions arising
from the theory of motivic height pairings as developed by Nekovar and Scholl
[56],[50]. Such relations have been established in the case of fundamental groups
of affine elliptic curves in work of Balakrishnan and Besser [6] and Balakrishnan,
Dan-Cohen, Kim and Wewers [4] and in the case of affine hyperelliptic curves in

work of Balakrishnan, Besser and Muller [5].

2.5.1 Mixed motives related to the height pairing on X

In this subsection we review the motivic construction of mixed extensions associ-
ated to height pairings as developed by Nekovar and Scholl, and in the next we
prove the relation with fundamental groups. .

Let W, and Ws be elements of Div’(X) with disjoint support. We have an

exact sequence
0— H'(X) = H(|Wa|) = H'(X; [Ws]) = H'(X) = 0
and via the isomorphisms
Hijy, (X [Wa) = Hiyy (X)
H*(X;W,) ~ H*(X)
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we have an exact sequence
0 — H' (X;|Wy|) = HY(X — |[Wy; |[Ws]) — H|2W1‘(7) — H*(X) =0
The 0-divisors W; and W5 defines maps
7y : coker (H(X) — HO(|Ws])) — Q

and
t1: Q(—1) — ker (H|2W1‘(7) — H*(X))

Definition 25. For null homologous cycles W, and W on X (i.e. zero divisors)
we define H(Wy, W) = H(X)(Wy, Ws) to be the subquotient of

HY (X — [WA]; [ Wal)

obtained by first pulling back by ¢ to get a new representation H;

H, Qi(-1)

| |

H1(7_|W1‘3’W2D H,

and then pushing out H; by ms:

HO(|[Wal) Ey
Q Ei s

Note that [H(Wy, W)| defines an element of H'(Gr, E(V,Q,(1)). Recall
[H(Wy, Wy + W3)] = [H(Wy, Wa)| + [H(W;, W3)] (2.26)
and for f: X’ — X a morphism of curves, and divisors D on X and D’ on X',
[H(X)(D', f*D)] = [H(X)(f.D', D)] (2.27)
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2.5.1.1 Nekovar’s height functions and relation to other theories of
p-adic heights

Nekovar constructs local heights from mixed extensions as follows: Fix a splitting
s+ Hyp(Xo,)/F' Hig(Xq,) = Hir(Xq,)

of the Hodge filtration isotropic with respect to Poincaré duality (i.e. for all v, w in
Hip(Xq,)/F"', s(v)Us(w) = 0). Let M be a Gr-representation with graded pieces
Qp,V and Q,(1) which is de Rham at p. At v # p, by the weight monodromy
conjecture for curves

HY(G,,V)=HG,,V)=0,

hence
HY(G,, My) =~ HY(G,,Q,(1))

At the prime p, Nekovar defines a function
1
Hy()

using p-adic Hodge theory and the splitting s. The p-adic logarithm map defines

a function
H'Y(G,, Q1) ~Q ®Q, — Q,
given by
x> log,(v).v(z)
at v # p and

x + log, ()

at v = p. Hence, at each prime v we obtain a function A, defined on pairs of
elements of Div®(X) with disjoint support.
Nekovar proves that, for y1; € Q,, E; and D; in Div®(X), if 3 pus(D;, E;) satisfy

> pik(Dy)K(E;) =0

in Sym? H;(Gr,V), then
ZNMU(Di, E;) =0
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hence > A, factors through the map to Pic’(X) x Pic’(X).

There is an alternative definition of a p-adic height pairing on curves given by
Coleman and Gross in [23]. See [14] for the relation between Nekovar’s height and
the Coleman-Gross p-adic height, [51] Proposition 2.16 or [56] section 4 for the
relation between these extensions and local heights at primes away from p, and
[6] for the relation to p-adic sigma functions in the case of an elliptic curve In the
case of an elliptic curve F = (E, O) the relation with more classical local heights
allows us to canonically extend the \, to divisors with non-disjoint support, and

in this case we define
Ao(P) := X (P—0O,P—0,).

2.5.2 Height pairings and Q,(1)-quotients of the fundamen-
tal group

We now explain how to relate this to fundamental groups. Via Beilinson’s coho-
mological characterisation of the path-space As(b, z), this is reduced to relating
subquotients of H'(X — |Z1|;|Z,]) to subquotients of H?(X x X;|Z|), where the
divisors Z arise from Beilinson’s theorem.

Let b and z be distinct. Define X; := {b} x X and X, := X x {z} and inclusions

1: X1 > X xX

19 Xog = X x X

i3ZA"—>XXX
Let

7T1,7722XXX—>X

denote the projection maps. The particular cohomology group we are interested
in is H?(X x X; X; UX,UA), which is a mixed representation with graded pieces
Q,, H'(X) and

ker(H'(X)®? =4 H?*(X))
(dual to As(b, z)). For any element £ of Hom(Q,(—1), H) we get, by pulling back,

an extension
0— H' (X;{z1} U{2}) = E: — Q,(-1) =0
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We can characterise this construction cohomologically.
Let Z, be a divisor of X x X intersecting X7, X, and A properly. Let

clz, : Qy(—1) = HZ(X x X)
denote the cycle class of Zj, and let
£ Q1) = Hy(X x X)
denote the composite
Q,(—1) T8 H2(X x X) = HL(X)® =5 HA(X x X; X, U Xa)

where the last map is the isomorphism induced by

H*(X x X; X1 UXy) = H* (X x X)
Suppose that £ lands in the kernel of the cup product. Note that this condition is
equivalent to requiring that 7, ha trace zero as an endomorphism of H!.
Theorem 13. The extension

HY(X;bUz2) = Ez — Q,(—=1) =0
obtained from pulling back As(b, z) by & is isomorphic to Hx (z—b, i3 Zy—i Zo—i5Z0)

Proof. For any cycle Z we have a commutative diagram with exact columns and

rows

(YXY;XlquLJA)

Hilg\Z|(X§ {byu{z}) ——— H},

2 HE, (X x X X, U Xa)

HI(Y,{b}U{Z}) H2(YXY;X1 UXQUA) H2(YXY;X1UX2)

HY X —i3|Z|;{b}u{z}) —— H* (X x X — |Z|; X1 UXo UA) —— H*(X x X —|Z]; X1 U X5)

Let 73iZy denote the divisor obtained by fibering the divisor i7Z of X with X
(so that if %7y = > nx;, then m3iiZy = > nw; x X. Similarly define 7745 7,.
Define

Z =Ly — 1L —iyZ

o8



Corresponding to Z we have a homomorphism
cl: Qy(-1) = HY, (X x X)

intermediate between the homomorphism to H|2Z| and the cycle class to H2. By
construction the pullback of cl to H2(X; x Xs) is zero, hence a((@p(l)) lies in the
image of

Hiz (X x X; X1 U Xp) = Hiy (X x X)

so we henceforth think of cl as a homomorphism to H\QZo\(Y x X; X1 UX>). Note
that the image of cl in H?(X x X;X; U X5) equals &, and so in particular the
image of ¢ in H2(X x X — |Z|; X; U Xy) is zero.

The map

HY (X, Qu{b}u{z}) = H* (X x X; X; UX,UA)

is injective, hence it will be enough to show that the image of the class of %
in H2(X x X — |Z]; X1 U X5 UA)/HY(X;{b} U {z}) equals that of the class of
1520 — 1 Zo — 15 2.
Hence the result follows from general diagram chasing:
Let
W= Ker(H*(X x X; X;UXy) — H*(X;bU 2))

Let
d : Ker(y) — Coker(«)

denote the connecting homomorphism of the six-term exact sequence associated

to

H'(X;bUz) H?(X x X; X{UX5UA) w 0

a 153 Y

0 — HY(X —i}|Z];bUz) — H>(X x X — |Z]; X1UX2UA) — H?2(X x X — |Z]; X1UX?)
Let W' := Ker(H|2Z|(7 x X; X, UXy) — H*(X;bU z)) Then the map

W5 B2, (XbU2)
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factors as
W’ — Ker(y) - Coker(a) — H2,(X;bU )

This identification completes the proof of the theorem. n

We note a similar affine version of this result. Let Y = X —z. Then Ay(Y)(b, 2)
has graded pieces Q,, V and V®2. Hence for any correspondence Z C X x X not
cohomologous to zero, intersecting X7, Xo, A,z X X, X X z and (b,0) and (z, 2)
properly, we get a mixed extension E, with graded pieces Q,(—1), V and Q,.
(from the pulling back A5(Y)(b,2)* by Z. In a similar manner to the theorem

above, we obtain the following characterisation of E.

Theorem 14. The mized extension Ez is isomorphic to Hx(z — b,i5Z — 17 —
i5Z + mx), where m is the intersection number of Z with X; + Xy — A.

Proof. The argument is as before, with the six term exact sequence used in the

previous proof replaced by

HY(Y;bUz)

H2(Y xY; X1UXoUA) —— H}2(Y x X —2; X1 U X2) — 0
a/ Bl ,.y/

0— HYY —i3|Z|;0Uz) — H2(Y XY — |Z|; X1UX3UA) — HYX(Y x Y — |Z]; X1UX))

and the identification of 75 with the connecting morphism replaced by the identi-

fication of the connecting morphism of the new six term exact sequence with

HEZ‘(Y—ZE x X —x; X, UXyp) — H%‘Z‘(X x— 13| Z];bU 2)
O

Note that in the case Z.(X; + Xy — A) = 0, we recover the formula for pulling
back A, of X by a trace zero correspondence. Note also that we recover the formula
for the extension class [ A(b, z)] given in [25], where A(b, z) = E% is the quotient
of As(b, z) dual to E.
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2.5.3 Some examples in genus 1 and 2

This subsection contains two examples that will be used in the last chapter. For x

a point on an elliptic or hyperelliptic curve, we denote by x~ its image under the

hyperelliptic involution.

Ezample 1. Let E be an elliptic curve. Let x be a point of E. Let b and z be points
not in F[2] or equal to x. Let Z be the cycle A~ = {(x,27)}. Then iiZ = b,

i5Z =z~ and i5Z = E[2]. Hence
[A(E —O)(b,2)] =H(z—b,E]2] —b~ — 2~ —2x)
Example 2. Let X be a genus 2 curve of the form
y* = 2%+ axt + ba? + 1

Define
Ei:y*=23+ar*+b+1
Ey:y? =2+ b’ +ax+1

and
fl X — El

(z,y) = (2, y)
(z,y) = (272, y2 ™)
Define Z; C X x X to be the graph of the automorphism
g1 : (':E7y) = (_ﬂj,y)

and Z5 to be the graph of

g2 : (x,y) = (_‘Ta _y)

(2.28)

Then Z, — Z, satifies the hypotheses of Theorem 13 , hence we get a Q,(1) quotient

U of the fundamental group, and corresponding mixed extension A(b, z). Let V}

and V5 denote the Q,-Tate modules of F; and Es, so that
V=Viel
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For any point by and z; on E; [A(E; — O)(by, z1)] naturally defines an element
of H'(Gr, E(V,Q,(1))), and similarly for Ey. In the case where b is an integral
tangential basepoint, it is shown in [4] that these extensions are closely related to
local heights. In this section we show that these mixed extensions are also related
to mixed extensions on X: for ¢ = 1,2 we denote by x; the Kummer map for the

elliptic curve F;.

Proposition 4. Let t1 and ty be integral tangent vectors at the origins of Fy and Fs

respectively.

[A(b, )] = [A(Ey ~ 0)(t, fi(2))] ~ 5[A(E: — O)(t, () + (0, 1)

— SIAE; = O)(t, f(2) = (0,1))] + SA(E; — O)(t, f(8) + (0,1))]
+ 51AE = 0)(t, £20) — (0,1)] + o)l F2 )

[A(00™, 2)] = [A(E1 = O)(t, f1(2))] — %[A(EQ — O)(t2, f2(2) +(0,1))]

SIAGE: = 0)(ts, fo(2) — (0,1))] + 3[A(E — O)(1,2(0, 1)

+r2((0,1))r2(f2(2))-

Proof. Let cot and oo™ denote the two points of X at infinity. Theorem 13 gives
the identity

A(b,z) ~ H(z—b, g1(2) — ga(2)+91(b) — g2(b) — (0, 1) — (0, = 1)+ 00" +007) (2.29)

Note that
fix(27) =gal2) + 27
fox(27) =aq1(2) + 2~
fiE 2] = f3(E2] — O) =6D
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Hence

(b, 2)]

[H(z = b,91(2) — g2(2) + g1(b) — g2(b) — (0,1) — (0, —1) + 00T 00™)
[H(X)(z = b, f{(z7) = f5(z7) + fi(b7) = f5(b7) + D =D —(0,1) = (0, 1) + 0000™)
[

H(X)(z = b, F5(2(2)7) + (b)) = 8D — 50+ L F5((0,1) + 3 73((0,~1))]
~[HXO)(G b, (1)) + F(AB)) ~ 3D)]

[A(B: — O)(F1(0), £i(2))] ~ 5 [A(Ez — (0, 1)(0). S(2))] ~ 3A(E> — (0. -1), o0, fo(2)
= [A(B: — O) (A1), fi(2))] ~ 5 [A(Bz — O)(f(6) + (0,1), fo(2) + (0, 1))

— A~ 0)(H0) ~ (0,1), S(z) — (0,1))]

S
>

—_

1

— N

\)

Finally, recall the composition of paths formula for ¥ (Lemma 17)

[A(z1, x3)] = [A(21, 22)] + [A22, 73)] + k(22 — 21)K(T5 — 21)]

Applying this to [A(E; — O)(f2(b) +(0,1), fa(2) + (0,1))] and [A(E; — O)(f2(b) —
(0,1), f2(2) = (0,1))] gives

[A(E> = O)(f2(0) + (0, 1), fa(2) + (0, )] + [A(E2 = O)(f2(b) = (0, 1), fa(2) — (0, 1))]
=[A(Ey — O)(t, f2(2) + (0, 1))] + [A(Ey — O)(t, f2(2) — (0,1))]
— [A(E2 = O)(t, f2(b) + (0, 1))] = [A(E2 — O)(t, f2(b) — (0,1))]
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Chapter 3

Local structure

The previous chapter gives a means to compute equations satisfied by the cohomol-
ogy varieties H} (G, U) via embedding into an affine space H; (Gr, E(V,[L, L])).
To utilise this for the explicit nonabelian Chabauty method, we need to be able

to compute the local unipotent Kummer maps
Jnw - X(Qy) = HY(G,, Uy)

for primes v € T'. In this chapter this computation is discussed in detail (as before,
the emphasis will be on U, and its quotients). For v € Tj, several new results are
obtained. A refinement on the bound in [46] on the size of 7, ,(X(Q,)) is given.
This refinement further describes a method for computing j, ,, given a regular
semistable model. We implement this method to prove that j,, distinguishes
irreducible components of the special fibre of a regular semistable model when the
Jacobian of X has good reduction. Further we use it to give an example to show
that this need not hold without the assumption on the Jacobian of X.

At the prime p, the focus of this chapter is on explicit formulae for the map
Jnp- Some foundational material on the unipotent rigid and de Rham fundamen-
tal groups is recalled in sections 3 and 4, along with the relation to the étale
fundamental group. In section 3 we sketch an algorithm for computing the Hodge

filtration, and hence a formula for the local unipotent Albanese map

i X(Q,) — UM /FO
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This enable us to give explicit formulae for local analogues of the maps © and ¥
at the prime p in section 5. This is used in the next chapter to describe explicit

formulae for the maps © and the finite sets they produce.

3.1 Local structure at v # p
We describe the local unipotent Kummer map
Ing s X(Qi) — Hl(Gl, Un)

at a prime [ # p of bad reduction. By the weight monodromy arguments of
chapter 1 this amounts to computing the action of inertia on A, (b) and A, (b, 2).
Our method for computing this map follows the paper of Oda [52]. In loc. cit.,
Oda uses the deformation theory of curves, together with Abhyankar’s Lemma,
to replace mixed characteristic with equal characteristic (0,0). The question then
becomes of a combinatorial topological nature, similar to the argument of [52]
and Oda and collaborators [3]. A contrast between these works and the material
of this thesis is that Oda focuses on the computation of the outer action of the
Galois group on the fundamental group, which forgets basepoints and simplifies
the description of the monodromy action. By contrast, our interest is in the how
the monodromy varies with the basepoint. Hence we need to modify arguments
slightly to keep track of basepoints, which introduces some cumbersome arguments
(even though conceptually they are natural extensions of Oda’s work). At the end
of the section we give a few examples illustrating how to implement this method

in practice for the map
jl . X(@l) — Hl(Gl, U)

where U is a quotient of Us,.

3.1.1 Galois cohomology

To describe j,.,, we use the fact that

HY(Gq,,U,) — H'(H,U,)
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is injective for any finite index subgroup H. We henceforth fix an extension Ly|Q,

over which X has a minimal regular semistable model
Xo,, — Spec(Or,)

Remark 4. The semistability condition is a natural one to impose as it makes the
action of inertia unipotent. The reason for imposing regularity is that we want to
be able to characterise the torsor of paths between two points purely in terms of
their reduction to the special fibre. When the model is not regular, there may be
points of bad reductions Z in the special fibre such that z; and 2z, reduce to z, but

the torsor of paths from z; to 25 is nontrivial.

Let Yi,..., Y, denote the irreducible components of X x Spec(k) (where k is
the residue field of Lg). Let g; denote the genus of Y;. Then V| restricted to Gy,

admits a monodromy filtration
0:W3VCW2VCW1VCWOV:V

such that inertia acts trivially on the graded pieces, and Gy acts on V;/V;,; with

weight —i. We obtain an induced weight filtration
U, =WyU, D WU, D WU, D...D W2n+1Un =1

As the conjugation action of U, on itself respects the weight filtration, this is a
filtration by normal subgroups. If we are interested in the unipotent Kummer

map, the information contained in W3U,, can be ignored:
Lemma 26. For all n, the map

HY(G,,U,) — H'(G,,U,/WsU,)
18 an 1somorphism

Proof. Tt is sufficient to prove that H'(G,, W3U]i]) and H?*(G,, W3U[i]) are zero

for all 4, which follows from the fact that for weight reasons

H"(Gy, Uli]) = H*(G,, U[i]"(1)) = 0

66



We henceforth work with a quotient U of U,, for which W3U = 1.

Let L denote the maximal unramified extension of Lj.

Lemma 27. The map
H1<GLO,U) — HI(GL,U)

18 tnjective.
Proof. 1t is sufficient to prove that for all ¢,
HY(Gal(k|k), Uli]") =0

which follows from the weight monodromy conjecture for curves. O]

3.1.2 Log smooth deformations of X

By the above the study of the unipotent Kummer map for a curve X over Q is
reduced to its study over L, where L is the maximal unramified extension of a
finite extension Lo of Q; over which X admits a regular semistable model. Let 7

be a uniformiser of L, and let
X — Spec(Oy)

also denote the base change of this model to Op.
Let R denote the Henselisation of Of[t] at the prime ideal (¢). We recall the
version of Abhyankar’s Lemma used by Oda:

Proposition 5. [37] Let K denote the field of fractions of the strict Henselisation
of R at the prime ideal (t). Let

p:R[1/t] - L
denote the specialisation at t = w, and let
i:R[1/t] - K

denote the natural inclusion. Let b and i denote the induced composite morphisms
to algebraic closures

L—L
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and

Then
p. i (Spec(R[1/4],p)" — Gal(L|L)"

and

iy - T (Spec(R[1/t],7)Y — Gal(K|K)®
are isomorphisms (where V) denotes the mazimal prime to | quotient).
To use this result, we need to construct a regular semistable deformation of
X to R. The construction of such a deformation is standard in the literature on
monodromy operators for curves [21] [1]

The existence of such a deformation is proved in two steps, following [21]. First,

we need the following result, which is a consequence of [40]:

Theorem 15 (Kato). There exists a compatible family of deformations
fo X = OL[T)/(T)"

of X — Op such that for each n every singular point of X,, has an étale neigh-

bourhood isomorphic to
OL['Ta y,T]/(fy - T)

Taking the limit over n we obtain
X = OL[T]

whose fibre at a T' = 7 is isomorphic to X (shifting co-ordinates by 7), and whose
singularities are étale locally of the form xy — T. We extend the sections b and z

to sections
b,% : Spec(OL[T]) — X

For the second step, by Artin’s approximation theorem |2], fis the pullback under
Ry — OL[T] of some
7 : T — Ro

where Ry is some finite cover of Op[T] unramified along (7"), contained inside the

Henselisation R.
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By Hensel’s Lemma, the sections b and z come from sections
b,z : Spec(Ry) — X

The sections b and Z induce, for any geometric point s : Ry[1/T] — F, an
action of m¢*(Spec(Ro[1/T], s) on mé (X x  F,s0b), 7 (X x, F,s0%) and 7 (X x,
F;s0b,50%).

By Abhynakar’s Lemma, taking the geometric points

p:R[1/T) — L
i:R[1)T] - K
we can identify the Gal(Z|L) and ﬂft’(l)(Spec(R[l/T]),ﬁ) actions on
7T(1ét7p<? Xﬁfvz_j o 5)7

and we can also identify the Gal(K|K) and 75" (Spec(R[1/TY)),7) actions on

Choosing a path from P to i, we get a commutative diagram

Gal(T|L)® Gal(B| )0

Aut 7P (X x5 L) ——— Aut 78" (X x; K)

Choosing an embedding j : L < C, we get a regular family of semistable algebraic

curves over C:

y Xor C— Spec(Ro ®(9L (C)

and sections
bx 1,2 x 1:Spec(Ry ®p, C) = X xp, C
The maps 7¢*(Spec(R®7C[1/T],5) — 7 (Spec(R[1/T], so(1x 7)), m{{(X x3) —
(X x &) and Gal(K @7 C|K ®7 C) — Gal(K|K) are isomorphisms. We fix a
path between
Ry C[1/T] - K
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and a tangential basepoint, ¢, at 7' = 0 Pick a prime p, in Ry ®0, C lying between
(t) and the maximal ideal of R x; C under

Clt] € Ry®o, CC R@; C

Let U > py be a contractible neighbourhood of py in the complex analytification
of Spec(Ry ®p, C) with a fixed isomorphism of pointed complex analytic spaces

(U,po) = (D, 0)
where D is the open unit disc. Let
X* ¢ (F xo, C)™
denote the preimage of D under
(X xp, C)™ — Spec(Ry ®0, C)
giving a family
X" =D
of complex analytic spaces, and sections
b 2 D — X

Let B = Spec(Ry ®0, C) — pp. Let t be a tangential basepoint at py. Let
t*" denote the corresponding basepoint of D — 0. Choose a path from t to the
algebraic closure of the generic point of B.

Applying the Riemann Existence Theorem the topological closure of the natural
map from 71 (D —0,t*") to w1 (B, t) is identified with the inertia group at py, which
is equal to the image of Gal(K ®7 C|K ®1 C). Pick a point nin D — 0, and a path
from ** to n. This then identifies 71 (X" 6™, ™) X, (xan pon) (X X, K®7:C, b)

with 7{/(X xg, K ®7 C;b,z). We get a commutative diagram:

Gal(? XF C|K F C)

(D — 0, ™) (B, 1)

Aut (7P (X b, 22) ——— Aut 7 (X xp, K @7 C; b, 2)
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which, putting everything together, identifies the Lgl) action on Wft’p(X x L;b,2)
with the m (D — 0,7) action on m (X", 2).

3.1.2.1 Computing topological monodromy

We now describe how to compute the action of m*(D — 0,7) on 7" (X" b, z),

following Oda. Henceforth  will denote a fixed generator of ©;°>(D — 0, 7).
Let (U4 )1<a<n De the vertex set of the dual graph of the special fibre, and (ep)
the edge set, corresponding to a set of singular points (z3). At each 23, fix an open

neighbourhood U > 25 in X*" and isomorphism of complex analytic spaces over
D

wfgiU/BéM

Let where M = {(zy = t)|||z||* + ||y||* < 1}. Fix sections
S1, 82 : D—M

such that the 71 (D —0)-equivariant torsor of paths from nos; to noss is nontrivial:
Let 6y be a generator of m(M,,n o s1) and py a path in M, from 7 o s; to
n o sg such that ypyr = dppar. The isomorphisms g give associated paths on Ug,
determining an orientation for each edge eg. Let 3 be the loop in 71 (Ug,,, nosi01g)
corresponding to dy,. This gives a recipe for computing the ~-action on a path

I?m

as follows: any path p on X" induces a path efll e

in the dual graph (where
k. € {£1}. Decompose p as py ... pm, so that p; corresponds to efjj. Then

,}/(p) = 5i1p1 L 5i77zpm

Below we show how to use this in explicit examples.

3.1.2.2 Computing the unipotent Kummer map for Heisenberg quo-
tients

We fix a curve X over a finite extension of Q; with semistable reduction, and a
basepoint b. Let U’ = U’(b) be a quotient of Uy(b) such that [L', L'] is self-dual (i.e.
(L', L] ~ [L/,L']*(2)). T will henceforth denote either the prime-to-/ part of the
inertia subgroup of G, or (D — 0,n). Let U be a quotient of U’ with W3U = 1.
Let A be the quotient of the universal enveloping algebra with graded pieces Q, V
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and [L, L]/W3[L, L]. Let I be the augmentation ideal. So A is isomorphic to the
quotient of the universal enveloping algebra by the ideal generated by I, Sym? I
and Wsl.

Let L denote the Lie algebra. The maps

L— A
and
U— A"
gives isomorphisms
L= 1TA
U—1+1A

Lemma 28. Let U be as above. Then a I'-equivariant U-torsor P is trivial if and

only if the exact sequence of I'-modules
0—TAP) 5 AP T, Q, =0
splits
Proof. There is a I'-equivariant isomorphism
1)~ P

Hence P is trivial if and only if 77%(1) has a I'-fixed point, which happens if and

only if the exact sequence splits. O

3.2 Examples

In this section we illustrate some features of the local unipotent Kummer map j at
a prime of bad reduction. Unsurprisingly, the structure of j depends on properties
of the dual graph of the special fibre of a semistable model. We show that in the
case Oda originally considered (where the Jacobian has potentially good reduction
but X doesn’t) the map j can distinguish irreducible components of a minimal
semistable regular model. This need not hold in general, and in the subsequent

subsection a totally degenerate genus 2 counterexample is given.
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3.2.1 V has potential good reduction

Suppose the action of I; on V is finite, but X doesn’t have potential good reduction.
Recall that by the theorem of Serre and Tate [60] this means that the Jacobian of
X has potential good reduction, hence we are in the situation considered in [52].
Let L|Q, be a finite extension over which V' is unramified. Then the dual graph of

a stable model of X is a tree.
Lemma 29. A is unramified.

Proof. Recall
A~TADQ,

as a Galois module, so it is enough to show that [ A is unramified. This can be
seen for weight reasons: V and [L, L] (the graded pieces of I A) are unramified and

pure of weights -1 and -2 respectively, so there are no ramified extensions of V' by
(L, L]. O

Hence in order to show that the torsor of paths from a basepoint b to z is

nontrivial, it is enough to find a path from b to = which is not fixed by ~.

Theorem 16. Let X be a smooth proper curve over a local field K as above, with
a minimal reqular semistable model X. Suppose b and z in X(K) lie on distinct

irreducible components of the special fibre of X. Then jo(b, z) is non-trivial.

Proof. Let X;" be the fibre at n of the family of semistable complex analytic
spaces X*" defined above, and let b = v*" and z = z®" denote the corresponding
section. By the above it is enough to show that the action of m(D — O) on the
depth 2 torsor of paths from b*" to z®" is nontrivial. The idea of the proof is
very simple. When the two points are on adjacent irreducible components it is
essentially immediate. In general, we pick an irreducible component b’ inbetween
and show that the torsors from b to b and &’ to z must be distinct. The result
then follows by induction on the number of irreducible components between b and
z. Below we spell this argument out in detail:

Since the dual graph of the special fibre is a tree, there is a unique minimal path
from the irreducible component of b to the irreducible component of z. Decompose

this path as e,, ...e,, where e,, is a directed edge from v,, , to v,,, and for
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i # J Va; # Vo, by minimality. Let vg,,...vs, be the subsequence of irreducible
components of genus bigger than 0. Hence the irreducible components connecting
B; and B are a chain of P's. We prove the theorem by induction on m. In fact
we prove slightly more. Recall that for each edge e we have a neighbourhood U,
in X such that

X - U U, ~U,Cx x D

where C is the Riemann surface obtained from the irreducible component of the
special fibre v by removing small neighbourhoods of the singular points.

Given a nonrepeating path P = ey ... e, on the dual graph with vertices vg . .. v,
let Xp be the topological space fibered over D obtained by contracting all C* x D
for v not in P, and contracting all U, for e not in P. Hence Xp admits a map of

spaces over D
X — Xp

Since the dual graph is a tree the fundamental group of Xp has 2, g; generators,
where g; is the genus of v;.

Any nonrepeating path P on the dual graph can be extended to a larger non-
repeating path whose end vertices have positive genus. To see this, note that by
Castenuovo’s criterion, if v is an irreducible component of genus zero which only
intersects one other component then A admits a blow-down contracting v, hence
by minimality of the model the claim follows.

Given a nonrepeating path P, let P’ be a minimal extension to a path whose
end vertices have positive genus. Let v,,,..., v, be the subsequence of vertices
of P of positive genus.

We claim that the image of the torsor of paths from b to z in the fundamental
group of Xp: is nontrivial.

This can be seen by induction on m. First suppose m is zero. Then as in [52]
the Dehn twist associated to the path from v,, to v,, is nontrivial in Xp/, and
hence so is the action of v on P in Xp.

Now suppose m > 0. Then there is a vertex v in P of positive genus. Decom-
pose P as P, P», where P, and P, both have v as an end vertex. Let P| and Pj be
extensions to paths with end vertices of positive genus. If the torsor of paths P

were unramified, then the action of v on P; would have to be inverse to the action
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on P,. But the image of P, in Xp, is trivial, whereas the image of P; is ramified,

hence the actions cannot be inverse. O

3.2.2 Totally degenerate genus 2 curves

In this section we give an example to show that in general the map js need not

distinguish the irreducible components of a minimal regular semistable model.

Theorem 17. Let X be a genus two curve admitting a stable reqular model with
special fibre isomorphic to two genus zero curves intersecting transversally at three
points zi, 29, z3. For all x,y in X(K), P(x,y) is a trivial Gg-equivariant Us(z)

torsor.

Ezample 3. The modular curve X((37) has genus two, and by the theorem of

Deligne and Rapoport has a model over Zs; as above [28|.

Proof. As before we deform X and replace it with a family of semi-stable (and in

this case actually stable) curves
X" =D

and sections
it gt e D — X

Let z1, 29 and 23 denote the three singular points, with corresponding neighbour-
hoods Uy, Uy and Us in X**. X — (U; U Uy U Us) is isomorphic to
DxY

where Y is a disjoint union of two copies of P! minus three disjoint discs. Let
p1,p2 and ps be three paths from xi" to 25", such that p; meets U; and none of the
other U;. Define ¢ = pipy ' and d = psp, ' (recall we are composing paths from
left to right, so c is a loop with basepoint z{". Fix an orientation of X identifying
H?*(X,Q) with Q.

Choose loops ¢, ¢2, g3 based at x, such that

e ¢; loops once around the missing point z;
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e none of the ¢; meet the U;

e Taking {c,d,q1,qs} as a basis of Hy, the dual basis {c¢*,d*, ¢}, ¢;} satisfies

UG =d"Ug =1 (3.1)

e The loop ¢ satisfies
(1] + (2] + [g3] =0
in Hl-
By the description of v given in the previous section, there are ¢; € {41} such
that, for 1 <17 < 3,
v.pi = G;' -pi
Note that since ¢;, g2 and ¢z all lie in W5, they commute in U.
Let C, D, @ and @3 denote the logarithms of ¢,d, Q; and Q3 in L. Let A(x;)

be the quotient of the enveloping algebra described above. It follows from the

definitions above that A is isomorphic to

QaVe&ANV/{CAQ +DAQs,Q1AQs)
As above, we identify U with 14+ A C A*. So

1C) =7(1+C) -1
=(1+ea@)(1+0)(1+e(@+@3)—1 (3.2)
=C + (61 + 62)@1 + 62@3 + (EQ — 61)0 A Ql + 620 N Qg (33)

and similarly
Y(D) =D + (e3+ €2)Q3 + €2Q1 + (€2 — €3) D N Q3 + 62D A @y

By Lemma 28, to prove that [P(z1, 25)] is trivial it is sufficient to prove that A
splits. We may write an element of A®) as a sum of paths from z; to x5, with
a left action of A. A®) is generated by the path p, defined above, which has ~

action

Yp2 — P2 = —€2(Q1 + Q3).p2
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To construct a splitting of A, it is hence enough to show that (Q, + @Q3).ps lies
in (v —1)IA. So we compute the action of v on elements of [ A:

v(C.p2) — C.ps
= ((e1 +€2)Q1 + Q3+ (2 — 1) C N Q1 + &0 AN Q3)(1 + €2(Q1 + Q3))p2
= [(e1 + €2)Q1 + €2Q3 — e1C A Q1]p2

Similarly
Y(D.p2) — D.ps = [(€3 + €2)Q3 + €2Q1 — €3D A Q3]p2

Hence

es(y—1)C.ps + €1(y — 1)D.py
= [(€162 + €163 + €263)(Q1 + Q3) — €163(C' AN Q1 + D A Q3)].p2
€ ((Q1+ Q3).p2)

since C' A\ Q1 + C' A Q3 = 0 This completes the proof of the theorem. H

3.3 The de Rham fundamental group

The remainder of this chapter describes the local structure of the unipotent Kum-
mer map, and the local version of U, at the prime p.

By p-adic Hodge theory, this amounts to describing maps
J X (@) = UM

and
cr . 7r7dR 0 cr 0
Ve UIRIFO 5 BV, (L, L)) F

which replace the Gg,-structure of P¥(b,z) with the compatible structure of a
Hodge filtration (coming from the theory of the de Rham fundamental group and
Frobenius action (coming from the theory of the crystalline fundamental group).
The next few sections will be spent preparing the definition of ES¥(V,[L, L])/F°
and U<,
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In this section we describe the de Rham analogues of U P and AR as
constructed in [26]. In order to describe these objects for a projective curve X, it
will be convenient to describe the theory in the more general setting of a a curve
Y over a field K of characteristic zero, contained inside a projective curve X with
(possibly empty) complement D. Denote by C4#(Y') the category of unipotent flat
connections on Y. An object of C?#(Y) is then a vector bundle V on Y, together
with

V:iV=Ve
satsifying V(fv) =df @ v+ f @ V(v) f € O(U),v € V(U), U C X, satistying the

flatness condition V2 = 0, and such that there exist a decreasing filtration
YVoViD...oV,=0

by subconnections, such that V;/V;,; is isomorphic to a direct sum of copies of the
trivial connection (O,d). A morphism in C*#(Y) is a morphism of vector bundles

that is horizontal with respect to the connections: that is, a morphism
V1, V1) = (Va, Va)
is a morphism of vector bundles
Vi =W

such that

Vi

Vs

Vi
1® f

Vs

A'eon Q'@ )V,

commutes. The reason for allowing the case of an affine curve is that in this
case any vector bundle admits a trivialisation, and hence a connection on an n-

dimensional vector bundle is (up to isomorphism) given as

OF" = ()"
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We may view the category of connections on X as a subcategory of C%(Y). Al-
though the subcategory of vector bundles on X is not full in the category of vector
bundles on Y, by Deligne’s theorem (see below) the category C*#(X) is a full
subcategory of C4Z(Y).

For any point z on Y we have a fibre functor z* from C??(Y) to the category
of K-vector spaces. C*(Y) obtains the structure of a neutral Tannakian category,

and similarly to before we obtain the following objects:

e finite dimensional n-step unipotent groups U (z) over K satisfying

m(CH(Y), x) = hm Uy,

e n-step nilpotent Lie algebras L (z) over K corresponding to U, via the

exponential map.

e A family of nilpotent K-algebras A% (z) such that Jim A,dR(x) is isomorphic
to the universal enveloping algebra of the pro-nilpotent Lie algebra lgn L,(x).

dR

n,T?

alence of Tannakian categories between modules for lim A, (x) and CIE(Y).

e Flat connections A% L3R corresponding to A,(x) and L, (z) via the equiv-

A family PI%(b, z) = P (2) of left U (b)-torsors.

Where there is no risk of confusion we shall frequently omit the superscript and
write simply A, A, (b, z) etc. Where this ambiguity about the underlying curve
we write the universal connection A,, as A,(Y). In the case where |D| = d > 0,

we can give an explicit formula for V as follows:

Definition 26. Fix a set wy . .., wyg4q—2 of global differentials on an affine open Y
forming a basis of Hj,(Y). Let K(Ty, ..., Thyrq—2) denote the free associative K-
algebra generated by 2g+d—1 variables Ty, . . ., T5,_; and denote by I the two-sided

ideal (7o, ..., Thg+a—2). Define the universal connection to be the inverse system
of connections with trivial bundle K (T, ..., Togia—2)/I"" ® R, and connection
given by

V(v@l)»—)—ZTﬂ)@wi

79



In [42], Kim shows that (K(To,...,Thy+a—2)/I" ® Oy), is universal for unipo-

tent connections:

Theorem 18 (Kim,[42]). (i): Let V € C%, z € Y(K), and v € z*V. For all

n > 0, there exists a unique morphism of connections
f : K<To, R ,ng+d_2>/1n QR—YV

such that
l’*f : K<T0, c. ,T29+d,2>/1n — 'V

sends 1 to wv.

(i1): There is a canonical isomorphism of connections
f : K<T0, “e ,T29+d,2>/[n+l & O~ AiR

We shall henceforth identify the fibres of A, with A, := K(Ty, ..., Toyra—2)/I" .
As explained in loc. cit., this theorem identifies the category of flat connections
on Y with the category of finite K (T, ..., Thy+4—2)-modules.

Our principal interest is actually in computing the the universal connection for
the projective curve X, rather than an affine open. However as in the étale case

this will be a quotient of the universal connection of an affine open

Remark 5. In the case when D is empty, one can describe the de Rham enveloping
algebra of X as follows. By removing a nonempty divisor D, one may choose
differentials of the second kind wy, .. . ,ws,—1 forming a basis of Hj,(X). As above,
use these to define a connection on the trivial (pro-) vector bundle over Y with
fibre isomorphic to a free (pro-) associative algebra on 2g generators. The graded
pieces of this are isomorphic to (H}5(X)®")*. As in the étale case, one quotients
by the two-sided ideal generated by an element of I2. We know that modulo I3

*

this element can be taken to be the image of H3,(X)* in H},(X)®? arising from

the map
Hip(X)" — (Hap(X)™?)"

dual to the cup product. By Serre’s residue formula for the cup product in de

Rham cohomology [57], an equivalent description is that one take the maximal
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quotient of A5(Y') which extends to a connection without singularities on X. We

write this as
AQ(X)’Y ~ K<T0, e ,ng,1>/([3, HQ(X)*)

where H?(X)* is identified as a linear combination of T; ® T; by viewing the T; as
the dual basis of the w; and H?(X)* is viewed as a submodule of (H!(X)*)®? via

HY (X)L (HY(X)")®?

The following notation will be used to describe the universal connection of a

projective curve in a relatively concrete fashion.

Definition 27. Let X be a smooth projective curve of genus g > 1 over a field K
of characteristic zero. Let wy, ... ,wae—1 be a set of differentials of the second kind
giving a basis of HAR(X). The w; are also taken to be a basis such that wy, ..., wy—1
form a basis of H(X, Q). Let Y C X be an open affine such that w,,...,wsy 1
are without poles on Y. Define Ajog , to be the bundle K (T, ..., To,—1)/I" " @Oy
with connection

Vo f=vedf - Tw® fu;
Definition 28. We refer to the isomorphisms
Alogn (b, 2) = K(Tp, ..., Tog_1)/1""!

as the affine trivialisation of Ao ,, at z. Given a choice of differentials wy, . .., way—1
of the second kind without poles on Y C X, giving a basis of Hj,(X), we will
frequently identify basis of the abelianisation of the de Rham fundamental group
dual to the w; with the free vector space generated by T, ..., Ty,—1. When there is
no risk of confusion with its étale analogue, we shall write Hi,(X)* as V, so that
the graded pieces of Ao, are identified with V®*. Similarly, for an open affine Y’

we write Hg (Y)* as Vy.

We now return to considering A,, = A4,,(Y). Kim’s theorem gives an explicit
description of the group of endomorphisms of the connections A%F as follows. Let
Endgr(A,) denote the algebra of endomorphisms of A, in the category of flat
connections. For b € X(K) let b* denote the fibre functor at b.
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Lemma 30. For f € A, we may construct a endomorphism ~(f) of the connection
A, by sending g € H(Y, A,) ~ A, @ H(Y,Oy) to g.f.

Proof. Clearly this defines a morphism of vector bundles, hence it suffices to check

that the diagram

A v(f) A
T
91®An1®7<f)91®fln

commutes. As we are in the affine situation it is sufficient to check this on global

sections. Let g be a global section in A,,. Then the diagram commutes as

Vory(f)lg) =v(f)oVig) = - w @ Tigf.

This lemma allows us to obtain the following corollary of Kim’s theorem:

Corollary 4. Let
= : Endgr(A,) — A,

be the map sending an endomorphism « to b*(«)(1). Then = is a bijection, and

hence every endomorphism of A, is of the form v(f) for some f in A,.

Proof. The fact that the map is bijective follows immediately from Kim’s theorem,
which says that there for any f in A, there is a unique morphism of connections
A, — A, sending 1 to f (via the isomorphism b*A, ~ A,). By the previous

Lemma this unique morphism is v(f). O

In the projective case we similarly associate to an element f of K(Tp,...,T55 1)
an endomorphism v(f) of the connection with log singularities Ajog ,,, and obtain
an isomorphism

~

EnddR(Alog,n> — An
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3.3.1 The Hodge filtration

The connection A4, is enriched with an additional structure of a Hodge filtration
by sub-bundles FA,,. Pulling these sub-bundles back gives a Hodge filtration on
the A, (zo, 2), which is one half of the filtered ¢-module structure utilised in previ-
ous sections. In all documented examples of explicit nonabelian Chabauty theory
the isomorphism A, (zo, z) ~ @A[i] has respected the Hodge filtration ([43],[24]),
which reduces the description of the extension of the filtered ¢-module structure of
A, (20, 2) to a description of the action of Frobenius. The fact that the vector space
isomorphism respects the Hodge filtration for P! — {0, 1, 0o} is elementary, and in
[43] the fact that it respects the Hodge filtration in the case Y = E — O, n =2 is
proved analytically using (archimedean) Hodge theory. In general, the trivialisa-
tion will not respect the Hodge filtration (see subsection 3.3.3 below), and hence
in order to describe the localisation of W(z) explicitly a new method to compute
the Hodge filtration is needed. In this subsection we recall the characterisation
in [38] of the Hodge filtration on the de Rham fundamental group, and use it to
produce an algorithmic description of the Hodge filtration. Hadian characterises
the Hodge filtration by replacing connections on an affine curve with connections
with log singularities on the projective curve, using the following theorem, which

is a special case of Deligne’s canonical extension theorem [29]:

Theorem 19 (Deligne). Let K be a field of characteristic zero. Let X be a smooth
curve over K, and D a divisor of X. Let C*(X — D) denote the Tannakian
category of flat connections on X — D. Let C4%(X (log[D))) denote the Tannakian
category of vector bundles on X with connections with log singularities along D.
Then the forgetful functor

C™(X (log[D])) — C*(X — D)
s an equivalence of categories.

Definition 29. Given a flat connection V on X — D, we will denote by V° an

extension of this to a bundle with log connection on X.

We now describe the work of Hadian in characterising the Hodge filtration on

the universal connection A,,.
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Definition 30. By a filtered connection V = (V,V, F'*) we shall mean a vector

bundle V together with a flat connection V and a decreasing filtration
V=F"WOF"™VY>. F'V=0
(for some m < n € Z), satistying the Griffiths transversality condition
V(F'V)Cc Q'@ Fy

for all . We similarly define a filtered connection with log singularities. We

sometimes write a filtered connection as (V, F'*) and sometimes simply as V.
First Hadian proves:

Lemma 31. Let £ and F be filtered connections with logarithmic singularities
along D. Then the group of isomorphism classes of extensions of £ and F (in the
category of filtered flat connections on X with logarithmic singularities along D)

15 1somorphic to the first hypercohomology group of the complex
FUYEQF) S @ F (& ®F)
where V denotes the associated connection on the internal Hom bundle £* @ F.

By computing these hypercohomology groups in the case £ = A,,_; and F =

VE" @ Ox, Hadian proves the following lemma:

Lemma 32 (Hadian [38], Lemma 2.2.6.). There exists a fillration (F'A°), of
vector bundles such that

(i): for all n the sequence of connections
0= O0x@VE" = A2 — A2 | =0

respects the filtrations, where Ox @ V2™ is given the filtration induced by the Hodge
filtration on VE™.

(ii): For all n, the filtration F' satisfies Griffiths transversality, and hence gives
A, the structure of a filtered connection. for all 1.

(iii): The filtration F" is unique up to isomorphism of filtered connections.
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Remark 6. It is easy to see that the analogous theorem for the bundle A, on X — D
(when D is nonempty) is false: since the category of unipotent vector bundles on
X — D is trivial, there will be many ways to lift the Hodge filtration on the graded
pieces and satisfy Griffiths transversality. Hence the content of computing the

Hodge filtration on the A, is contained in computing its canonical extension to
X.

Remark 7. The statement of the Lemma is somewhat weaker than the statement
given in [38]. In loc. cit. the author states that the filtration is unique (without
allowing for automorphisms). This is deduced by inductively determining the from

the computation that the map
EXtéR(An—lﬂ V;@n) — EXt(liR,ﬁl(('An—lv F.An—l)a (V}§H7 F.V}ggn))

is injective. However, this only implies that there is a unique extension class of

filtered connections [(A,,, F'*)] corresponding to the extension class [A4,].

Corollary 5. Let W be any filtered quotient of Vi2™, and let B be the corresponding

quotient of the connection A,. Hence the map
An — Anfl

factors through
A, =B

and B is an extension
0—-TW®® Oy — B

Then there is a unique lift of the filtrations on A2_; and W @ Ox to a filtered

connection structure on B° such that in the fibre at b, 1 lies in b*F°B.

Proof. The category of filtered K-vector spaces is semisimple, so W admits a
filtered complement
VEN W e W

Hence

EXtéR’ﬁl(Vgn ® OX, Anfl) ~ EXttliR,ﬁl(W ® OX, Anfl) @ EthllRJ:il(Wl ® OX, Anfl)
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and
Extip (V37" ® Ox, An_1) ~ Extin(W @ Ox, A, 1) © Extig(W' ® Ox, Ap_1).

Therefore uniqueness of the lift of the filtration on A,_; to A,, given conditions on
b* A, imply uniqueness of the lift of the filtration on A,,_; to B given conditions
on b*B. O

To compute the Hodge filtration on A,, in the projective case we may compute
the Hodge filtration on the universal connection of an open affine Y, and then
take the quotient to get the Hodge filtration on the univeral connection on the

projective curve X.

Corollary 6. Let X be a smooth projective curve with open affine Y, and let
wo, - - -, wag—1 e a set of differentials of the second kind forming a basis of H p(X),
such that all poles of the w; lie in X —Y. Let Ajpg, be the corresponding bundle
defined above, so that the quotient map

A, (Y) = A, (X)

factors through Aig,. Then A, has a filtered connection structure uniquely

determined by the conditions

e The exact sequence

0=VT"R0x = Apyp — Alg 1 = 0

o
log,n

is an exact sequence of filtered connections, where the filtration on V" @ Ox
is induced by the Hodge filtration on Hyp(X).

e with respect to the affine trivialisation
b*Alog,n ~ K<T0, . ,T2971>/In+1

the element 1 € b* A, lies in b*F°A,,.
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Proof. Extend wy, ... ,wyy—1 to a basis wy, .. .,ws,ra—2 of Hiz(Y) and let
A (Y) = K(Tp, ..., Togya—2)/ (To, - -- ’T2g+d72)n+1 ® Oy

denote the corresponding universal connection on Y. Then A, is naturally a

quotient of A,,(Y), with the quotient map being induced by the projection
7 KTy, ..., Togrigo) = KTy, ..., Thy_1)

sending all T; to zero for ¢ > 2g. Let

B, = K(Ty,...,Togra2)/(To, ..., Tagra2)"", Jn)
where J,, is defined to be the kernel of the composite map
K(To, ..., Togra—2) — K(To, ..., Tog1) = K(To, ..., Tog1)/(To, ..., Tog—1)""", J»)
Then B, is naturally a quotient connection of A,,(Y), and sits in an exact sequence

0 — ker(Aiogn = Alogn—1) = Bp = A,21(Y) =0
Another way to characterise B, is as

B,, = ker(Aipgn ® An_1(Y) = Ajogn—1)
where the the map is the difference of the two projections
Alog,n — Alog,nfl

and
An—l (Y) — Alog,n—l (Y) .

So B, is the fibre product of the connections Ajog, and A,_1(Y) over Ajpgn_1. It
follows that any filtrations on A, and A,,_1(Y) which agree on Ajpg,—1 define a
filtration on B,. Hence different lifts of the Hodge filtration from Ajog n—1 to Ajogn
induce different lifts of the Hodge filtration from A,,_1(Y") to B,. The result now
follows from Corollary 5 . O
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3.3.2 Describing the Hodge filtration

We now apply the results of Hadian to describe an algorithm for computing the
Hodge filtration given the explicit description of the connection V in terms of
differentials of the second kind giving a basis of de Rham cohomology. By the

previous section the Hodge filtration is uniquely determined by the exact sequence
0=V ®0x — Alog,n — Ajogn—1 — 0.

The following proposition is essentially an immediate corollary of Hadian’s theo-

rem, and will be useful in computing the Hodge filtration.

Proposition 6. The Hodge fillration on A7, ,, is the unique lift of the filtration

on A7, .1 and VE" @ Ox to a filtered connection structure on A, , such that

e The sequence

0= VTRO0x = Al = Al =0

o
log,n
s an exact sequence of filtered connections.

o With respect to the affine trivialisation
Alogn = @1 V" @ Oy

described above, the element 1 € Ajpgn(b) = b* Ajogn lies in FO Ay, (b) :=
b* FO Ajog .-

Proof. We know by Kim’s theorem (Theorem 18 above) that via the isomorphism
V* Alogn =~ K(Tp, ..., Tog_1)/I"" the element 1 in K(Ty,...,To,—1)/I"" corre-
sponds to the identity element of the quotient of the enveloping algebra. In par-
ticular it lies in F° Az, (), so we know that the filtration on A, satisfies the
property in the statement of the Proposition. Now suppose F* s any filtration on
(Aiogn, F'*) which lifts the filtrations on Ajg,—1 on V" ® Oy with the property
that 1 € Ajpg,(b) lies in b*ﬁOAlogm. Then by Hadian’s theorem there exists an
isomorphism of filtered connections

( o F.)—>( 0 ﬁo)

log,n> log,n»
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which is the identity of V" ® Oy and the identity on Ajpg,—1. On the other hand,
by Corollary 4, since any automorphism of the connection Ajug,, must be of the
form ~(f) for some f in Ay, (b). Since it is identity on Ajgn,—1(b) f must be
equal to 1+ w for some w in I"™/I"*. Since 1 lies in b* F°A)0q,, and in b*ﬁOAbg,n

w must lie in FOV@n, O

We will describe an inductive process for computing the Hodge filtration. We
recall a couple of standard facts whose proof we include for completeness.
The first is the standard description for how a connection V changes under

gauge transformation:

Lemma 33. Let (09", V) be a flat connection on a scheme Z. Let e; : O — O,
(1 < i < n) be the natural basis of O™, Suppose that with respect to the the

trivialisation (e;) the connection V is given by
V=d+Q
for Q € H(Y, Q') ® Mat,,(K). Suppose
U 0% — O

is an automorphism of the vector bundle O®™. Then with respect to the basis U~ te;,

the connection V is given by
d+ QU + U qw.

Proof. Describing the connection V with respect to the trivialisation ¥~1e; amounts

to computing the top horizontal map in the commutative diagram

O@n Ql ® O@n
)\ 1w
d—+ Q)
oon LT o1 g pen,

Hence the lemma follows from the fact that doW(f) = (1QW)(d(f))+(dV)(f). O

The second fact will be used to guarantee uniqueness of lifts of sub-bundles:
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Lemma 34. Let wy,...,ws,—1 be differentials of the second kind on X, without
poles on an affine open Y, forming a basis of Hip(X). As before suppose that
Wos - - -y wy—1 are in HO(X, Q). For each v € X =Y, let t, be a parameter, and let
fiz € K((tz)) (for g < i< 2g) be such that the specialisation of w; to Spec K ((t,))
equals df; .

Suppose there exists a function g € H(Y,Oy), and constants py, ..., p, in K
such that, at all points x in X =Y,

9= pifia € K[t]
Then g is constant and for all g <1 < 2g, p; = 0.

Proof. The differential

dg — Z [iw;

g<i<2g
has no poles on X, hence defines an element of H°(X,Q'), say
dg — Z HiWi = Z Aiwi
g<i<2g 0<i<g

Since the w; form a basis of de Rham cohomology the result follows. m

We now describe an inductive process for computing the Hodge filtration on
A, (b, 2). Suppose we have a trivialised vector bundle ¥V ~ O%" on Y = X — D
with a connection

V:V-oVeo

One then proceeds as follows:
(i): At each x € D, find a parameter ¢, and write w; as an element of K ((t,))dt,.
(ii): Compute Deligne’s canonical extension of A, to a bundle A% with con-

nection (possibly with log singularities) on X: Let i, be the morphism
is + Spec(K (t,) — Spec(K[t.])

and j, the morphism
gz Spec(K((ty)) — Y

To extend (A,, V) to a log connection on X we need to find charts and transition

maps for (A2, V°) at all x in D. Hence it is sufficient to define, for all x in D,
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e A connection (V*,V>) on Spec(K[t]) with log singularities at zero

e A unipotent isomorphism j*(V, V) ~ ¢*(V*, V) of connections on Spec(K ((t))

(in the sense above).

This problem amounts to a question of finding a gauge transformation of (Ajogn, V)
which removes all its poles of order larger than 2 at x. This is described explicitly
by the Lemma 33 above.

(iii): To produce a Hodge filtration, we seek sub-bundles F" Ay, , on X — D and
F'Ajog n[tz] on Spec(KTt,]) each satisfying Griffiths transversality and agreeing
with the Hodge filtration on graded pieces, and which agree on the Spec(K ((t.))).

These may be inductively computed using Hadian’s Lemma, as the explicit de-

o

log.n Tenders explicit the condition of the

of A?

log,n*

scription of the extension of Ay, to A
sub-bundles F'Aj,g,, 0f Apg, extending to sub-bundles F*

log,n
Ezample 4. In this example we determine the Hodge filtration on A; (= Ajeg,1). In
this case the Griffiths transversality condition is empty. We have to determine an
extension of the Hodge filtration on V ® Ox to a filtration on \A{, or a equivalently
a lift of A to a sub-bundle of AJ/(F°V @ Ox). By the description of the universal
connection given above, the affine trivialisation of A¢/(F°V ® Ox) extends to a
trivialisation of A¢/F° at infinity, hence the bundle AS/(F°V ® Ox) is trivial.

Example 5. In this example we sketch how the process works for the bundles
FiAjgo. First consider the problem of lifting F°A; to a sub-bundle of Apygo.
Since FUV®? @ Oy will be a sub-bundle of F° A\, it is enough to consider the
problem of lifting FOA4; to Ajog2/F°V®*® Oy. The constraint will come from the
fact that this extends to a lift of FA{ to Af,,/F'V®? ® Ox. At each missing
point x let ¢, be a parameter. Suppose that the charts defining the bundle A, o

are given at x by
Uyt Ay @ K ((t,) — Ay @ K((t,)

such that
Ue(1) = 1+ZfiTi+ZgijTi®Tj

Vo (Ty) = Ty + Z hiji Ty @ Tj
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for some f;, gi;, hiji in K((t;)). The f; have the property that w; — f; € K[t,]dt,.
The h;j, can be taken to be d, f;. By the previous example, we know that FOA,

has a basis of sections 1,7y, ..., Ty,—1. Suppose these lift to sections
1+ ZaijTi ®Tj,Tk + wale ®Tj

of FOAlog,g. Let x be a point in X — Y. Then with respect to the chart at x, the

sections above are given as
1+ Z il + Z(aij +9:;) L @15, Ty, + Z(bijk + hiji) T @ T

We know that the K((t,))-vector space generated by these elements is of the form
M @kp,1 K((t:)) for some free K[t,] module M. This must then be generated by
the Ty + > (bijr. + hije)Ti @ Tj and by 1+ (ai; + gij — D5 (bijr + hige) f1) Ti @ Tj.
Hence b;;1, + hyji lies in K[t ] for all . Hence b;j; is constant. The fact that the
a;; and the b;j; are uniquely determined is now a trivial application of Lemma 34

: a different choice of global functions a;; and constants b;;, gives the equation
Qij — Qjj = Z(bijk — biji) fi

By Lemma 34, b;j, = gijk and a;; — a;; is constant. However since in the fibre at
b we know 1 lies in b*F O.Alog,g, if both lifts define Hodge filtrations on Ao we

must have a;;(b) = a;;(b) = 0.

Definition 31. For 0 <, 5 < 2¢ such that the minimum of ¢ and j is less than j,
define p;; € H°(Y,Oy) by the property that 1+ > p;;T; ® T; defines an element
of HY(Y, F' Ajpg2).

3.3.3 Example: Hyperelliptic curves

In this subsection we give an example of the universal connection, and of the
above process for the connection Ajgo. The curve we take is a genus 2 curve
with Jacobian isogenous to F x E, as considered in the previous chapter. This
computation will be used in the next chapter to obtain an explicit formula for
X(Qp) N H} (Gp,U). The computation of the Hodge filtration at depth 2 for a

general hyperelliptic curve proceeds similarly.
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Let X be a hyperelliptic curve of the form
v =a2%+azt +az? + 1

To calculate the gauge transformation describing the Hodge filtration, we need
to describe X and the w; at infinity.
At infinity X is again given by

v =uS +aut +au® +1

with the gluing given by

U = a:_l;v = y:r_g

We may define co™ to be the point (u,v) = (0,1) and co™ to be the point (u,v) =
(0,—1).
(i): We now describe the rational differentials w; at co*.

At oo™ : here u is a local parameter, and

v zl—éau—%au —|—§au mod u°
wo = [—%u + %aug}du mod u’du,
wy = [—% + Zaqf]du mod u*du,
wy = [—u™ + (%a — ga2)u]du mod u?, (3.4)
w3 = [—%U_Z + ia]du mod u?. (3.5)

At oo™ : the formulae are identical, but with a sign change:

4 §24

vi= -1+ éau2 + Jau — gatu mod u°
1 1
Wy = [gu - Zau:g]du mod u’du,
1 1
wy = [5 - Zatﬂ]du mod u*du,
1 5
wy = [u™3 — (éa - §a2)u]du mod u?, (3.6)
1 1
w3 = [EU_2 — Za]du mod u?. (3.7)
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(ii): We now compute the canonical extension A, ,.

That is, we want to find a gluing morphism
Uy K(Ty,. . T3 @ K((w) — K(Ty,..., Ts) @ K((u)

IH‘Z MiTri‘Z pij T QT — M0+Z(Mi+fi+ﬂo)ﬂ+2(ﬂij +pogi; +1kh) LT

near oo™ (and similarly W_ near oo™, with power series f;, g;;, hyj;,). such that the

connection V on Ajug 2 extends to a connection with log singularities on the bundle

with trivialisations K (Tp, ..., T3)/I* @ Oy for U = Y, Spec(Ou+ ), Spec(Ono-) and

gluing morphisms W, and W_. Recall that we have already computed the f; :
fo—f1_0f2— _2f3—

Given the description of the w; at co™, we may take f; = —df;". To solve for g%

and h;;k we need to solve the equation
QU+ UdY, =0 mod u'du (3.8)

in End K(Ty,...,T3) ® K((u)), and similarly for ¥_. We now work this out in
detail for ¥, . First note that W' sends T to T}, — > bl T ® T;. Hence (3.8)

may be written more explicitly as

—szT +Z wzf++2h w1 @ T

=Y hh AT e T; +de+T+ng;;T®T_O mod u ™' du

4,5,k

(taking the image of 1) and for 0 < k < 3

- Z%T ® Ty + Z dhi; T ® T; =0 mod u™'du

(taking the image of T). The latter equation implies that for all 4, j, k

dh:

ijk —

=df 6, =0 mod u 'du
where 0;; denotes the Kronecker delta. We take

z]k fz 6Jk
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For the first equation we have already worked out the conditions for the T; coeffi-

cients and hence it suffices to consider T; ® T} coefficients, which gives

—wif + dgf + Z hie(wr +dff) =0 mod utdu
k

Using the description of the f;" and w; above this can be rewritten as

—wiff +dgf; + fif(w; —dff) =0 mod u'du

Hence
0 O 0 0
0 0 0 —dy?
) = 4
(dgzj) 0 iu_z —§u_5 —%u“* - %u—Q du
0 0 —%u“‘ + gu? —}lu_?’
So
0 0 0 0
(QZ) = 8 1O -1 1 0—4 1 _éu‘i —1
_Zu 1 —%u a 1 gu 1+—2§u
At co™ we take
9ij = Yij
(unlike at depth 1 where df;" = —df;”). Having computed the charts, we now

compute the Hodge filtration. First we try to lift F°.A{ to FOAR, ,/(FV®*)@Ox.
Unlike with A;, extending F°A; to a sub-bundle of Ajg2/F'V®? @ Oy via the
affine trivialisation

Ajoga = A1 &V ® Oy

will not extend to a sub-bundle of X as the functions g;, and g5, are nonzero.
However, the free Oy sub-module of Ajog o/ F V92 @ Oy generated by

1
1+ Zm(Tl QT =Ty ®1T),Ty,Ts

does extend to a sub-bundle of A7 ,/FOV®*®@Ox (recallu = z71). Since we know
that in the fibre at the basepoint b, 1 lies in FOAj,2(b), FOApg2/(F'V® @ Oy)
is generated by

1
1 + Z(l’ — Jj(b))(Tl X T2 — T2 (29 Tl),TQ,Tg.
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A priori we can take any lift of the section T3 and T to sections of Ajgo/(FOV®?®
Oy). Having lifted F° it remains to define F'~'Aozo. By Griffiths tranversality,
we know that
V(1) = - Z w; @ T;

is an element of HO(YV, Q' @ F ! Ajg ).

(iii): Finally, we compute the Hodge filtration on Ay. We first compute F°A,
and then explain how F~' Ay, is determined by Griffiths transversality. By Ex-
ample 4 we know that the Hodge filtration on A; is described by

FOAl - Oy]. EB OY-TQ @ Oy.Tg

As explained in Example 5 it will be enough to compute a lift of F°A; to a rank
3 sub-bundle of Ajgo/F°V®? @ Oy. Suppose the sections 1,75 and T3 lift to
sections 1+ > a;;T; @ T; and Ty, + > b Ti @ Tj of FOA g2/ FOV®% ® Oy for some
aij, bijr € H°(Y,Oy). Then, pulling back to the field of fractions K ((u)) of the
formal completion of the local ring at oo™, these sections are given, with respect
to the chart at oo™ , by

1+ Zf;“TZ- + Z(Q:; +ai)T; @ 1j,

The constraint on the a;; and b;j; is that this K (u)) vector space should come from
a K[u] module - i.e. there should exist a K[u] module M such that M ® K ((u))

is the vector space generated by

1+ Z fiTi+ Z(Q:; +ai)T; @ Tj,

and the Ti, 4> (hijr +bijr)T; ®T;. First note that this implies the b, are elements
of H°(Y, Oy) with no pole at co™ and 0o, and hence are constant functions. The
remaining condition is that

Qij +9;§ — fo bij2 — f3 bijs
at oot and

aij + 95 — f2 bij2 — f3 bizs
at oo”. We claim that all b;;, must be zero. To see this first note that taking all

biji equal to zero and a;; equal to §(z — (b)) when (i,7) = (1,2) or (2,1) and zero
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otherwise does give a lift of F'°. Then note that this lift satisfies the property that
1 € Ay ~ b*Ajpgo(b) lies in FOAju9(b). Arguing as in example 5 we see that this
is the unique lift satisfying this property.

Also as in example 5 Griffiths tranversality now uniquely characterises F=! Ay 5.

3.3.3.1 A quotient of Ay(X)

In chapter 4 we will need to work with a quotient of Ay (X).
Let E be the elliptic curve

VP =23+ ar? +ar+1
Define covers

fl X = E; ($7y) = (xQ,y)
for X > E; (z,y) = (272 ya™?)

Then via the maps f; and fo,
Hp(X) =~ Hyg(E)*.
Hence we have a quotient A which is in an exact sequence
0 — Sym®(Hiz(E)") ® Ox — A° = A — 0

Above we describe the w; giving a basis of Hl (X). We now describe Sym? Hl; (E)

in terms of the w;:

Lemma 35. The image of Sym® Hip(E) in A2Hn(X) is spanned by the classes
of the differentials

wO/\wl,WQ/\W3,wO/\CU3+W1 N\ wsy.

Proof. The image of
fi s Hip(E) — Hip(X)

is spanned by the differentials w; and ws, and the automorphism
g (z,y) e (a7 ya™)
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1

sends z'w to —x'~‘w, hence

TW — —W, 3w 2w
In Hl;(Y) the classes of the differentials [z'w] satisfy the relation
(i + 3)[2°Tw] + a(i + 2)[2*T'w] + a(i + 1) [z W] + iz w] = 0.

so on the level of cohomology

3

[2%w] = a[r?w] — 2[z*w]

as required. O

Hence the previous section implies the following proposition which will be used

in chapter 4:

Proposition 7. F°A is spanned by

|+ %(x(z) W) T AT+ Ty ATy),

together with T; and T; N'T; fori,j > 1.

3.4 The crystalline fundamental group

In this section we review the definition of the category of overconvergent isocrystals
on the special fibre Yr, of Y at p, as constructed by Berthelot [12]. This was used
by Chiarellotto and Le Stum in [19]] to define a rigid fundamental group, which
they show is isomorphic to the de Rham fundamental group. Unlike the de Rham
fundamental group, it has a natural action of Frobenius, and this gives the spaces
AR (b, 2) the structure of filtered ¢-modules (see the next section). Berthelot’s
notion of the realization of an isocrystal is based around choosing an additional

structure on Yg,:

Definition 32. A rigid triple over Z, is a triple T = (X, Y, P), where P is a
formal scheme over Spf(Z,), X is a closed F,-subscheme, and ¥ C X is an open

[F,-subscheme of X, such that P is smooth in a neighbourhood of Y.
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As the present work is concerned with the case where we are given a smooth
curve over Z,, our rigid triples will be chosen to be of the form (X, Y, , X)
where X , Y, are the special fibres of smooth curves X', Y over Z, and X is the
corresponding formal scheme over Spf(Z,). Let Xg, and Yy, denote the generic
fibres, ) the formal scheme corresponding to ) and X§' and Y{§" the Raynaud

generic fibres.

Definition 33. For X" as above, and z a Q,-point, denote by sp(z) the speciali-
sation to X (IF,). For any subscheme Z C X, let ]Z[C Xg} denote the fibre of Z
under the specialisation map. Define the functor j7 from the category of sheaves

on Y§" to itself sending M to
lim M (U)
U
where the limit is over all strict neighbourhoods U of |Yf,[ in X.

Definition 34. An isocrystal on a rigid triple T is a locally free jT(’)psn—module
P

M on Y{§" together with a connection
V:M— M Q.

An isocrystal F is said to be overconvergent if it comes from a connection on U

for some strict neighbourhood U CJY[.

The trivial isocrystal is (570, d). Clearly, this isocrystal is overconvergent. Say

an isocrystal M is unipotent if it admits a filtration by sub-isocrystals
M=MyD...OM, =0

with M;/ M1 =~ (570, d) for all i. In [19], it is shown that a unipotent isocrystal

is automatically overconvergent:

Theorem 20 (Chiarellotto, Le Stum [19]). Let My, My be overconvergent isocrys-
tals. Let
0= My —= Mz —=M; =0

be a short exact sequence of isocrystals. Then Ms is overconvergent.
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Definition 35. We denote by Crig(KFp) the category of unipotent isocrystals on
Y. C"8(Yy,) has the structure of a neutral Tannakian category over Q,. We may
similarly define a category C"¥(Xp,) on the special fibre of X. For a basepoint
b in Yy, we denote by UZ#(b) the fundamental group of the this category with
basepoint b. As before we have associated objects U"8(b), Pr&(b, z), A's, At (p, 2)
etc. As with the de Rham fundamental group, although our real interest is in
the fundamental group of X, it will often be convenient to work with the larger

category C"8(Yy,) instead.
Given any non-trivial morphism of curves
f . Xl — XQ

we obtain a functor
f* : Crig(XQ) — Crig(Xl)
In particular, the absolute Frobenius on Yy, hence defines a functor

¢* : Crig(Yin) N Crig(YFp)

and hence an action of Frobenius on U, (b), P,(b, z), A, (b, z). As in the étale case,

the action of Frobenius can be defined via
An(b,z) = P(b, 2) XU, (b) An(b).

and on graded pieces of A,,(b) and U,,(b) the action can be identified with the action
of ¢* on (H},(Xr,,Q,)*)®". By using the Riemann hypothesis for the crystalline

cohomology of the curve X, , Besser showed the following:

Lemma 36 (Besser,[13]). Pr8(x,z) has a unique Frobenius invariant point, for
any x,z and n.

3.4.1 Berthelot-Ogus comparison for fundamental groups

Suppose now we have a smooth curve ) over Z, with generic fibre Y, and special
fibre Y, and 2 the associated formal scheme over Spf(Z,). Let Yj" denote the
Raynaud generic fibre of Spf(Z,). Recall the analytification functor

M — M
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sending vector bundles on Yg, to Yg,- Composing the analytification functor with

41 defines a functor
CdR(YQp) — C“g(YFp)

M v jTM™

The following theorem shows that up to equivalence these are all possible over-

convergent isocrystals:

Theorem 21 ([19], Chiarellotto, Le Stum). The functor j7 gives an equivalence
of categories
C"(vg,) — C"8(Y,)

For any Z, points
b,z : Spec(Z,) = Y

we have an isomorphism
Pr(sp(b), sp(z)) = P (z,b)

Via this theorem P42 (b, 2) is equipped with an action of Frobenius. We simi-

larly obtain Frobenius actions on L and A% (b, 2).

Definition 36. Fix a choice of differentials of the second kind defining a universal
connection. Define p™(z) = (p™),, € UE(b) C A (b) to be the unique element
such that p“(z).e is the Frobenius invariant path in P42 (b, z) = (P (b, 2)),,, where
e € P (b, 2) denotes the element corresponding to 1 via the affine trivialisation

of the universal connection given by a choice of differentials of the second kind.

Note that although the Frobenius action on P%(b, 2) is defined via the reduc-
tion of the points b and z mod p, the element p®(z) will still be nontrivial even
when b and z have the same reduction. In this case, it will be given by the canon-
ical parallel transport between horizontal sections of a unipotent overconvergent

connection on an open unit disc.
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3.4.2 The crystalline unipotent Kummer map and p-adic
comparision theorem

The theory described above associates to each p-adic point z a left U (b)-torsor
P (b, z) € A (b, 2), equipped with an action of Frobenius and a Hodge filtration
by subvarieties compatible with the corresponding structures on U%%(h). We shall
henceforth refer to such a datum as a U-torsor with compatible filtered ¢-structure.

Let T be any U® torsor with compatible filtered ¢-structure. Then T(Q,)
contains a unique element ¢ which has trivial ¢-action and an element ¢¥ which
lies in FOT (see [42]). Hence we may associate to T  an element u € U such that
ut™ = t. Since FT is an F°U-torsor, the element u is non-canonical, but the

class w in U/F° is indepedendent of any choices.
Lemma 37 (Kim,[42]). The map

P — uF°U(Q,) (3.9)

defined an isomorphism between the set of isomorphism classes of U-torsors with
compatible filtered ¢-structure and U/F°.

Definition 37. Define
Ji& X(Q,) —» U/F° (3.10)

to be the map sending z to the class of the U-torsor P(b, z).

It follows from the definition of p* that it is related to j;* as follows:

Lemma 38. Let wy,...,wyy be a set of differentials of the second kind without
poles on' Y C X. The morphism j<' is given explicitly on |V, [ by

2 p(2)p" (2)
where p € UE(b)/FO is the unique class such that, identifying fibres via the affine
trivialisation, the image of p™ in P(b, z) C A%R(b, 2) lies in FY

Proof. By Kim [42], j¢" is given by taking the unique frobenius invariant element
p of PIR(b 2) and finding an element u of U,(b), and an element q of F°P,(b, 2)
such that

p=uq
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(one then taken j(z) = uF°U,(b)). We know that with respect to the affine

trivialisation p = p®, completing the proof. m

Recall that at depth 2, p was given by the functions p/] defined in the previous
chapter.

ét
n?p’

Recall Fontaine’s functor D, is a functor from the category of continuous p-adic

The map j; gives an analytic interpretation of j' . via p-adic Hodge theory.
Galois representations to the category of filtered ¢-modules. As explained in [42],

Fontaine’s functor defines a map
H (G, U) = Dar(U)/F°

from isomorphism classes of crystalline G,-equivariant U-torsors to D,,.(U) torsors
with compatible ¢-actions and Hodge filtrations.

Namely, the data of a unipotent group U is equivalent to that of the Hopf
algebra Oy, and a torsor T for an algebraic group U is determined by its co-

ordinate ring Or together with a co-action map
Or = Or ® Oy

In the étale case, these co-ordinate rings are ind-objects in the category of contin-
uous Q,-representations of Gg,, hence applying D., to Oy gives a filtered Hopf
algebra with a Frobenius action, and this determines a unipotent group D.,.(U)
with Frobenius and Hodge filtration. Similarly, applying D, to Or gives a D.,.(U)-
torsor T', with compatible filtered ¢-structure.

By nonabelian p-adic Hodge theory [53] A%%(x,y) is related to AS(z,y) by

Fontaine’s crystalline periods functor:
Theorem 22 (Olsson). There is an isomorphism
Do (A7 (2, 9))) = AL (2, y)

respecting the action of Frobenius and the Hodge filtration, such that the commu-

tative diagram

D (A7 (7)) ® Der (A7 (2,)) De, (A7 (2, y))

~ ~

A (x,y)
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respects the Hodge filtration and action of Frobenius.

This implies that the U%%(b)-torsor with compatible filtered ¢-structure ob-
tained by applying Fontaine’s functor to P (x, 2) is exactly the PE(b, 2).
It is shown in [42] that the function

Y(Q,) — U

z = p(z)

has Zariski dense image, as mentioned in chapter 1. Since x — xp*(2) is invertible

and algebraic, this implies that ;<" has Zariski dense image.

3.4.3 Splitting U/F"

In this section we explain how the choice of differentials of the second kind inducing

a basis of de Rham cohomology gives a splitting of U — U/F°

Lemma 39. Let
L~L/F'°® F°L

be a splitting of the Hodge filtration on L. Then there exists a splitting
spl: U/F" - U
of the quotient by F° map, such that log(spl(U/F°)) = L/F°

Proof. This can be seen by induction on the degree nilpotency of U. If U is abelian
then there is nothing to prove. Now consider a general U, and suppose the result
is known for U/Z, where Z is a subgroup lying in the center of U. Then note that
the exponential and logarithm maps are equivariant with respect to the action of

Z (where we consider Z as acting on L via
(z,x) — log(z) + x

for z € Z, x € L). Hence there is a unique splitting of U — U/F° which agrees
with the splitting of the Hodge filtration on L and Z. O]
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3.4.4 Example

Suppose U = U,. Then

2g—1 2g—1

i=0 i=0

p(z) =1+ pl ()T, ®T;

Hence
Lemma 40. With respect to the splitting U/F° — U defined above, j is given by

g_]- z
Z|—>1+Z/ w;T; + Z /(wiwj—iji)ﬂ/\Tj
i=0 /b

0<i<j<g

+2 Z /wz‘iji NT; — ZPg(Z)Ti ® T}

0<i<g<j<2g

Proof. This follows from the previous section, together with the standard iterated

[t [Cwa= ([ an [ w)

(see e.g. [18]). O

integral identity

3.5 Filtered F-isocrystals

We now want to mimic the approach of chapter 1 in a local context - that is, we
replace the nonabelian torsors P(b, z) with abelian extensions A(b, z), to define a
map

QU /) — By (VR (197, 197)) /9

from compatible U%-torsors to extensions of a filtered ¢-module which is universal
for extensions of V4 by [L4 LF].
Let
p: Y =X

be a lift of the absolute Frobenius on Yx,. By [54] such a lift always exists if Y is
affine. The triple (Y, X, ¢) is referred to in [8] as a syntomic datum.
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Definition 38. A Frobenius structure, or F-structure, on an overconvergent isocrys-

tal M is an isomorphism
®: 6" (M, V) — (M, V)

of overconvergent isocrystals. We denote by CF~"8(Xy,) the Q,-linear abelian
category of F-isocrystals.

We also define an F-isocrystal on Spec(Z,) to be an overconvergent isocrystal
on Spec(Z,) with an isomorphism with its Frobenius pull-back. Hence an F'-
isocrystal is simply a Q,-vector space equipped with an endomorphism, denoted
o

For F-isocrystals M and N, we denote by Exty_ ;. (M, N) the Q,-vector space
of homotopy classes of i-fold extensions of F-isocrystals.

Definition 39. Given a syntomic datum as above, a filtered F'-isocrystal is a 4-
tuple (M,V, F'*,®) where M is a finite dimensional vector bundle on Xg,, V is
a flat connection on M, F'* is a filtration on M satisfying Griffiths transversality
with respect to V, and ® is a Frobenius structure on j7(M®, V). For a filtered
F-isocrystal M, we denote by Hsiyn(X, M) the Q,-vector space of homotopy classes

of i-fold extensions of filtered F-isocrystals.
By the above, (A V, F* ®) is an example of a filtered F-isocrystal.

Definition 40. We may similarly define the notion of an F-isocrystal on Spec(Z,):
namely, a filtered F-isocrystal on Spec(Z,) is defined to be a filtered Q,-vector
space (VI F*) a Q,-vector space with an endomorphism (V< ¢*), and an iso-
morphism of QQ,-vector spaces

VAR ~ e

We shall often regard a filtered F-isocrystal on Spec(Z,) as a vector space with
endomorphism and filtration, and refer to it as a filtered ¢p-module. The filtration
F* will often be referred to as the Hodge filtration, and ¢ as Frobenius. The
category of filtered ¢-modules will be denoted Cfil¢,

Definition 41. Given an F,-point Z, let 2y € X(Z,) denote the Teichmuller lift

corresponding to the Frobenius lift ¢ - hence z, is the unique fixed point of ¢|z.
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For an F-isocrystal M the pull-back z* M may be defined as the fibre of the bundle
M at the point zp. Since zj is ¢-stable, the fibre 25 M admits an action of ¢ via

the F-structure on M, giving a functor
Z": CF_rig(YFp) — Cfilo
Hence associated to any Z, point z, we have the following data
o A filtered Q,-vector space 2, Ad"
e A Q,-vector space zfgpASg
o An endomorphism ¢* : 2 AN — 2 A}

e An isomorphism zj ANS — 25 A% coming from parallel transport on the

residue disc |z|

Note that the affine trivialisation

ZZR(x, y) ~Q, ® VAR @ A2V dR

will in general not respect the Hodge filtration or the action of Frobenius, even
at y = x. Recall the description of extensions of filtered ¢-modules (see e.g. [50],

Proposition 1.21):

Lemma 41. Let
0=-Z—-FE—-Q,—0 (3.11)

be a morphism of filtered p-modules. Suppose Z*=' = 0. Let s* be a ¢-equivariant
splitting of E — Q,, and s" a splitting respecting the Hodge filtration. The map

[E] — s? — s mod F°Z

Exthy o(Qy, Z) — Z/F°

18 a vector space isomorphism.

Concretely, we may describe the action of ¢ as follows:
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Lemma 42. Let zy be a Teichmuller point on the residue disc |z[. View z{A, as
a ¢-module via the pull-back of the F-structure on A,. Then the filtered ¢p-module
associated to A,(z,z) is the filtered vector space A (x,2), the ¢-module z;A,,

and the isomorphism
(A (@, 2) =)= s = 2557 A
defined by parallel transport on a residue disc.

Proof. The filtered ¢-module structure on AR(x, 2) is defined to be the pull-back
of the filtered F-isocrystal AR by

z : Spec(Zy,) — A,.

The statement of the Lemma is then exactly the definition of the pull back of a
filtered F-isocrystal by a Z,-point given in |10|, Definition 4.5. O

At the point = = z, the filtered ¢ module A%%(x) admits a canonical splitting
A (z) = Q, @ TAY (2)

coming from the unit map Q, — A, ().

3.5.1 Characterising the Frobenius pull-back
In this subsection we note the following Lemma:

Lemma 43. The Frobenius pull-back
6 AT A
s uniquely characterised by the fact that, pulling back by
Z : Spec(Fp) — &,
the isomorphism is identified with the ¢-equivariant parallel-transport isomorphism
AR () = A(2, 20)

Proof. Since the de Rham fundamental group is isomorphic to the crystalline fun-

damental group, the group of endomorphisms of the universal isocrystal A™8 [

108



3.5.2 Extensions of F-isocrystals

Fix a basepoint b. Recall the unipotent isocrystal A, (relative to the F,-point
sp(b)) defined in section 2.4.
The theorem of Chiarellotto and Le Stum on the equivalence between the

categories of unipotent isocrystals and unipotent flat connections implies:

Corollary 7. For any n-unipotent isocrystal F and any v € z*F there exists a

unique morphism of isocrystals
A, — 2" F

such that the pull-back
Z* A, — F
sends 1 in 2*A,, ~ A, tov

Recall [11](Corollary A.14) (more details may be found for example in [9])

Theorem 23. The sequence

0— H. (7, H"

syn rig

(X, M) = H" (X, M) = H° (Z,, H'"H(X, M)) = 0

syn syn rig
18 exact

In the case m = 0 we obtain an exact sequence
0— Ethlﬂ—¢(@pa Hyp(M)) — EXt}«“—rig(O7 M) — Homg 4(Qy, Hp(M)) =0

where Ext’

#_rig denotes the ith Ext group in the abelian category of F-isocrystals
on X.

Corollary 8. Let (A% V,) be the isocrystals from definition 35, and let b be a
Teichmuller point of X. There is a unique F-structure on the family of isocrystals

(AR N7,.),, is uniquely determined by by the conditions
e The exact sequence
0= I/PR0 = A% -0 =0 (3.12)

where O has the trivial F-structure and the F-structure on I[/1* @ O is

induced from the Frobenius action on I/I* ~ H},(Xr,,Q,)*.
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e Forn > 1, the exact sequence
0= I"/I" @0 - A" - A% 50 (3.13)

where the F-structure on I" /1" @ O is induced from the Frobenius action

on I" /1" viewed as a quotient of Hy,(Xr,,Qp)*®".
o (AR Y, F* ®) has the structure of a filtered F-isocrystal.

e The filtered ¢p-module obtained from taking the fibre of the filtered F-isocrystal
(AR N7, F*, ®) at the point b admits a splitting of

bANT — 0" AT = Q,
Proof. We prove this by induction on n. For n = 0 there is nothing to prove. For

n > 0 the exact sequence above implies that the set of F-structures on A" lifting
the F-structure on A", and I"/I"t' @ O is a (non-empty) torsor for

Hgy_o(Qp, (I"/ ") @ Hop(AGE)) = Hy_y(Qy, (I"/1"1)" @ (1" /1))
(by Theorem 23 ). The pull-back morphism
bt EXt}J—rig(Oa (In/]n+1)* ® Azljl) — EXt%il(j)(@pa (]n/—fnﬂ)* ® b*AZ}El)

commutes with the action of Hg _4(Q,, (I"/I"*")* ® (I"~'/I")), and hence there
is a unique choice of lift for which the induced Extg, 4(Q,, (1"/I™)) class of b* A%

is trivial. n

3.5.3 Iterated integrals

Definition 42. We now return to the case where Y is affine, so that A, (b) is
free on its generators Ty, ..., The44-2. We define the iterated Coleman integral of
1-forms wy, ...wy, from z to w to be the T, ...T,, coefficient of the image of
1 € z* A% under the unique Frobenius-equivariant isomorphism ([13])

A, — 1A,

Note that fuz) w1 ...w, is independent of the choice of Frobenius lift, as it is defined

in terms of the action of Frobenius on the category of isocrystals. Note further that
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if one takes a smaller open Y’ C Y, one gets the same definition of fj Wny - - - Wiy
hence for X projective we may define iterated Coleman integrals by choosing an

affine open on which all the differentials are defined.

Remark 8. We briefly recall the intuition behind the notation: recall when sp(z) =
sp(w) the Frobenius equivariant isomorphism from A(w) to A(z) is given by par-

allel transport of horizontal sections. Write a horizontal section of A, as
§ = Z Cwa(To, s 7T29+d72>
w

where the sum is over all words of length at most n. Then by definition of the

connection, (see Definition 26 ), s satisfies
AST,w = Sww;

Example 6. Abelian Coleman integrals have a well-known interpretation as rep-
resenting the extension classes of D,,.(AS(z, 2)). Namely, since the affine triviali-
sation of A;(z) will respect the Frobenius filtration, the ¢ equivariant-splitting of

Ai(z,z) = Q, can be given by
Qp, — Ai(z) = Ai(z, 2)

where the first map is the inclusion of filtered ¢-modules and the second is the
Frobenius-equivariant isomorphism. Hence with respect to the affine trivialisation
the Frobenius-equivariant splitting of A;(z,z) — Q, is given by

2g—1

1H1+Z/zwm
i=0 7%

Since the affine trivialisation respects the Hodge filtration on Ay, the corresponding

. . . z
extension class is exactly given > [~ w;T;.

In general, one cannot express a Frobenius equivariant isomorphism
QoV®IL, L] — A(b,2)
purely in terms of iterated Coleman integrals from b to z, as the extension
0—I[L, L] - IA(b) -V =0

can be nontrivial. For this reason we introduce the following notation:
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Definition 43. Define
Gb)=G:V = A2V

v
G 1

. . 1
to be the unique homomorphism such that (
N2V

) defines a Frobenius

equivariant isomorphism

V@AV = TAy(b)
Lemma 44. The Frobenius equivariant section of
AQ(bv Z) — Qp

15 given by

1'—)1—{—2/ wlT,—l—Z/ (wiwj—iji)ﬂ/\ﬂ

Proof. We have a Frobenius equivariant commutative diagram

Ag(b) Ag(b, Z)
Qp - QP

where the vertical maps are the projections coming from quotienting modulo [
and the top horizontal map is given by iterated Coleman integrals as in definition .
However the left vertical map admits a Frobenius equivariant splitting via the affine
trivialisation, hence by composition we get the Frobenius equivariant splitting of
As(b, 2) required. O

One situation in which the function G can be made more explicit is when X is

a hyperelliptic curve.

Lemma 45. Let X be a hyperelliptic curve, and as usual for a point z = (z,y) on
X let z= denote the point (x,—y). Then

2g b
G)=>_ /b wT;
=1
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Proof. For Q, points z; and 2, and a global differential w, denote f;f wby [*77w,
and hence define [ LM for an arbitrary Q-divisor > p;z; of degree zero by
linearity.

Arguing as in Lemma 4,

g—1  9p—D
G(b) / w;T;

2b—D 2b——D
/ W; = —/ Wi

since D is fixed by the hyperelliptic involution, so

2b—D b
.

Finally note that

3.5.4 Universal extensions of filtered ¢-modules

This subsection gives the crystalline analogue of the map ¥ defined in the previous
chapter.

Given a left U-torsor P with compatible filtered ¢-structure, and a filtered
¢-module W with a compatible action of U, define the twist of W by P to be the
filtered ¢-module

WxyP=WxUJ~

where as before ~ is the equivalence relation

(v,p) ~ (vu,u”'p)

forallv € V,u € U,p € P. The ¢-actions and Hodge filtrations on W and P induce
a ¢-action and Hodge filtration on W x P, and compatibility with the U-action
imply this gives a well-defined filtered ¢-module structure on the quotient.

It remains to construct a space which is a target for all twists of A(b) by U-
torsors with compatible filtered ¢-structure. As in the Galois case, we may define
a universal extension of V' by [L, L], denoted E;*(V,[L,L]). Note that given a
filtered ¢-module W, when thinking of W/F? as a filtered ¢-module we give it
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the trivial Hodge filtration and Frobenius action (so it is isomorphic to Q5™ for
some n). The following lemma describing the universal extension of V' by [L, L] is

proved exactly as for the Galois analogue of chapter 2.

Lemma 46. There is a filtered ¢p-module E;r(V, A2V), and an ezact sequence of
filtered ¢-modules

0— [L,L] = ES(V,[L,L]) = (Hom(V,[L, L)) /F°) @ V — 0

satisfying the following universal property for extensions for filtered ¢p-modules: for

any short exact sequence of filtered ¢p-modules
0—[L,L]-W—=V =0
there is a unique commutative diagram of filtered ¢p-modules

00— [L,I] W 1% 0

]

L, L] Eer(V,[L, L]) V 0

0

We similarly define EST(V,[L, L]) for Q,-algebras R acting on V. For X a
hyperelliptic curve this may be replaced by the filtered ¢-module Ef(V,[L, L])
which is is universal for extensions of V by [L, L] coming from V/F°. Recall (see
e.g. [15]) that for any crystalline Gg,-representation W such that D, (W)?=! =0,
the natural map

HY(Gyy W) = Bixth (@, Dur(1)

induced by Fontaine’s functor is an isomorphism. Since V' has weight —1 and

[L, L] has weight —2, we obtain isomorphisms
Do (Ep(V,[L¥, L%)) = E (VR L7, L)) (3.14)

HH(Gy, B (VIR [LAR, L4R))) = B/ (VAR (198, 108 /10
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Definition 44. Define
v U/F — ES(V,[L, L))/ F°
[P] = [P xy A(D)]
and similarly define WS, W™ and so forth.

To obtain explicit equations for global cohomology classes inside
Ec (VAR [LR L)) /FO we need to write down a basis of EST (V4R [L [H]).

Lemma 47. Choose a splitting
t:V*®[L,L|/F° = V*®|[L, L]

of the Hodge filtration of V* @ [L, L]. Then EJ*(V,[L,L]) admits a splitting of the
Hodge filtration

t" (V*®I[L,L)/F)®V & [L, L] = ES(V,[L, L))
and a splitting of the ¢-action
t: (V*®[L,L)/F)®V & (L, L] — EI(V,|L, L])

such that
ot —1: (V*®[L,L]/F) @V — [L, L]

15 given by
v w — t(v)(w)

Proof. Let M be the extension of V' by [L, L] defined by the property that it has
Frobenius and Hodge splittings t and ¢? as above. It will be enough to show that
M satisfies the universal properties required. Given an extension W of V' by [L, L]

there is a unique choice of Frobenius equivariant splitting
s Va@lL L = M,
by the Weil conjectures. Then there is a unique choice of Hodge splitting of
sV oL, L) — M
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such that
s? — sV = [L, L]

lies in the image of t. Hence
s? — s =t((W])
since their image in V* ® [L, L]/ F° agree. We define
W — M

to be the map sending s (v,w) to t([W] ® v,w). To check that this is ¢-
equivariant we need to check where s®(v,0) is sent. By definition
s(v) = 5" (v) + t(W])(v) = " (v, t((W])(v)),

hence this is sent to t7 ([W]®v, t([W])), which, by definition of M, equals ¢t/ ([W]®
v,0). Uniqueness follows. H

A choice of differential forms wy,...,ws, generating Hj,(X) gives a basis of
ESE(V,A?V) as follows:
Definition 45. Let

s:V/F' =V

be the splitting of the Hodge filtration induced by the basis w;. This induces a
splitting of the Hodge filtration of V*® A2V, and hence the function G decomposes

as G1 + G4, where
G1 == G1<b> € (V* ® /\QV)/FO

and
Gy = GQ(b) € FO(V* & /\ZV).
giving the following explicit description of W*:
Lemma 48. 1. The map
v U/F° — ES(V,[L, L)/ F°
sends
I1+v+u
to
(G1(v) + 7(01)) @ 01 + Ga(v)(v) + 7(v2)(v) +u
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\I/cr G’1 + sz 1 szTz

=0
Z /wzw] wiw;)T; NT;
0<i<j<g
sy Wj_ijz.m/ o) [ w) = plTAT,
0<i<g<j<2g ”? b b
# 3 ([ we
0<i<g

Proof. Let W be a mixed filtered ¢-module in an exact sequence
0—=[L,L]-W—=V =0

equipped with a splitting of the Hodge filtration

. velL L] =W
and a splitting of the ¢-action

Ve[l L —W
Define t € Hom(V, [L, L]) by

o)yt =141
Let t = t; + t5 be the decomposition induced by the splitting
Hom(V, [L, L]) ~ Hom(V, [L, L])/F° @ F° Hom(V, [L, L])

Then the map
W — EX(V, [L, L])

forve V and u € [L, L], is given by
tH(w+u) =t @vdta(v) + u

By definition of G,
Q,eVeaIL, L — Ab)
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(A, v,u) = (A v, G(v))

is p-equivariant (as usual, we are writing A(b) as a direct sum via the affine trivi-

alisation). By definition of Coleman integration,

A(b) > A(b, 2)

2g—1 z
(AN, v,u) — )\v—i—)\Z/ wiTi, v+ ( (/ wi)Ti)/\v—i—Z/ wiw; T; AN Tj)
ij 70

(3.15)
The Lemma then follows from composing these two maps. O
3.5.5 Global formulae

In this subsection we record what this tells us about formulae for rational points.
We return to the global setting: X is defined over Q, p is a prime of good reduction
and U denotes a Gg-stable quotient of Uy (for possibly varying basepoints). T is
the set of primes of bad reduction, and for v € Ty, and b, z in X(Q,), let [ (b, z)]
denote the H'(G,, [L, L]) class corresponding to j(b, z) via the isomorphism

H'(G,,[L, L)) ~ H'(G,, U)
Proposition 8. Suppose > \i(z;) in Q,[X(Q)] satisfies
D iz
in Jac(X) and

in Sym? Jac(X). Suppose that for all v in Ty,

D Alib,z)] = (3.16)
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in HY(G,,[L, L]). Then

g—1 g—1
(Gl -+ ZWH’(T;)) X szﬂ
i=0
Z / wiw; — wjw;)T; NT;
0<i<j<g
DS [/ (s =) + ([ ([ i) = pITAT,
0<i<g<j<2g “b b b
# 3 ([ we
0<i<g

is in the image of Hj(Gr,[L, L]).

Proof. The conditions on the image of > \i(2;) in Jac(X) and Sym?® Jac(X) en-
sure that U(Y_ \;z;) = 0, by Lemma 15. Hence > \;¥(z;) defines an element of
HY(Gr,[L, L]) which is crystalline at p, and by (3.18) is unramified away from p,
hence defining an element of H}(GT,W). Finally, by Lemma 48 its image in
Dyr(A2V)/F° is given by the formula above. O

For hyperelliptic curves, we may use the description of GG given in Lemma 45

to give a more explicit formula:
Proposition 9. Let X be a hyperelliptic curve of genus g. Suppose
Z Ak (2k bk)
in Q,[X(Q) x X(Q)] satisfies
D Mz =) ® (2 + by — D) =0 (3.17)
in Jac(X) ® Jac(X) ® Qp, and, for all v € Ty,
> Aili(br, 2)] = 0 (3.18)
in HY(G,, L, L]). Then

Z/ (wiw; — wiw;)+

1<j,1<g
2k 2k 2k I
Z (/ (Wiwj_wiwj)+(/ Wz)(/ wj) = pi; 1 AT
i<g<j L /0 b ok
c|[L,L]/F°
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lies in the image of Hy(Gr, L, L]).

Proof. Again > N[A(bi, 2;)] lies in H'(Gr,[L, L]), this time by Lemma 4 and
Lemma 15. Equation 3.17 ensures that it lies in H;(Gr,[L, L]). The formula
for its image in [L, L]/ F° follows from Lemma 48, together with the expression for

G given in Lemma 45. O
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Chapter 4

Examples

In this chapter we give some examples where the theory of Selmer varieties can be
implemented to find finite sets containing X (Q). This is joint work with Jennifer

Balakrishnan.

4.1 Bielliptic curves of Mordell-Weil rank 2

In this section we return to the situation of example 2 from the first chapter: recall
X is a bielliptic curve
y* = 2%+ axt + ba? + 1

with morphisms f; and fy down to elliptic curves E; and E,. Vi and V5 are the
Q,-Tate modules of E; and E,, and k; denotes the Kummer map from E;(Q) to
H}(Gr. V).

We aim to give a description of the set of rational points X (Q) in the case where
E; and E5 both have rank 1. The problem of explicitly describing the rational
points of such curves has also been studied (by different methods) by Flynn and
Wetherell in [16], [33], [63], and effective methods have been obtained in many
cases. Their approach is to try to find a cover of X whose Prym variety satisfies
the hypotheses of Chabauty’s theorem.

We give a formula for the set of rational points of X in terms of local heights
on the elliptic curves E; and E,. In our conventions of local heights we follow [4].
This means that our A, is equal to twice the A, of |61], which differs from X; by
1

750(A). At a prime of good reduction, A, is just min{0, v(z)}log,(v)}.
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Suppose F; and Es both have Mordell Weil rank 1, and let z; € E;(Q) and

2y € E5(Q) be Mordell-Weil generators. Let A\g, , and Ag,, denote the local p-
adic heights of E; and E, at the prime v, and denote by hg, = Y Ag , and
= Y ., Am, the global heights. For computational reasons it is simpler to

rewrite the double integrals purely in terms of p-adic heights on E; and Fj.

Theorem 24. Define

p:X(Qp) = Q
s Dy (u(2) — 2 L
M) = (0.1) = A (l2) + (0.1)

, 1085, (f2(2) = (0.1))* + logy, (£2(2) + (0,1))°
logp, (22)?

hE2 (Z2>

Then X(Qy)2 is finite, and is contained in the finite set of z in X(Q,) such that
=25
veT)H

where (3, ranges over the finite set of possible values of

208,,0(2(f1(2))) = A0 (2(f2(2)) + (0,1)) = Ay o (2(f2(2)) = (0, 1))
for z in X(Q),.

Proof. The result is a special case of part (i) of Lemma 19: we work with the
Qp(1)-quotient of the fundamental group introduced in section 2.4.1. and take
basepoint b = oo™, and R = Mat2(Q,). Then via the isomorphism V ~ V; @& V4,

Rz = b) = (k1 (f1(2)), ma(f2(2)) = K2((0,1)))

and

Ur(2)™™ = k1(fu(2))? + Ra(fal2) + (0, 1))w(fo(2) — (0,1))
The points P; and P, form a basis of H}(GT, V'), and a section s is given by sending
(k1 (P1), praka(P2)) to

log, ((0,1))

HilA(EL = O)(ty, P)] = pia(p2 + 2 log s, (P2)

IA(Ey — O)(ta, %))
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Hence for any rational point z, we obtain the two linear relations

logg, (f1(2)) = w1 logp, (P1)
logg, (f2(2)) = p2logg, (P2)

and a quadratic relation

AX)(b,2)] - 22 AE — 0)(t, ()] — 202 — B2 D)y 5 0y, ()

IOgEQ(PQ)
€ H'(Gr, Qy(1))

Finally, [A(X)(b, z)] is related to local heights as follows: recall the formula for
[A(X)(b, 2)] given in chapter 1, Theorem :

[A(b, )] = [A(Ey ~ 0)(t, fi(2))] ~ 5[A(E: ~ O)(t, () + (0, 1)

— SIAE; = O)(t, f(2) = (0,1))] + SA(E; — O)(t, f(8) + (0,1))]
+ 51AE = 0)(t £20) = (0,1))] + o)l F2 )

By [6] in the case v = p and [4] for v # p, for an elliptic curve E and integral

tangential basepoint ,
loc, ([A(E — O)(t, P)]) = Ag.(P)
completing the proof. O

The possible values of 3, can be calculated using Silverman’s algorithmic for-
mula for local heights on elliptic curves [61], on in some cases by finding a nice
model of E; and Es.

4.1.1 First example

Let X denote the genus 2 curve given by

y? = 2% — 4zt + 327 + 1
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Let Ei, Es, f1, and fy be as before. F; and E5 both have Mordell-Weil rank 1.
Since F; and FE, have integral j-invariants, X has potential good reduction away

from 2, and hence the quantity
2050 (2(f1(2))) = Appo(2(f2(2)) + (0,1)) = Agy(z(f2(2)) = (0,1))
is identically zero for v # 2, p, z € X(Q,). Hence
B =2xp,2(2(f1(2))) = Ap,2(2(f2(2)) + (0, 1)) = Ama((f2(2)) — (0,1)).

Computing heights on smooth models of F; and E, over finite extensions of

shows

Proposition 10. The possible values of B are

log(2) if v(z(z)) >0,
B=q-3log(2) if v(x(z)) =0,
21og(2) if v(z(z)) <0,

Proof. Define 5, and (3 in QQ by

2Xg, 2(2(f1(2))) = Bilog(2)
g, 2(2(f2(2)) +(0,1)) + Am,2(2(f2(2)) — (0,1)) = B2 log(2).

As E; and Es have potential good reduction, the local heights may be computed

by finding smooth models over a finite extension L of Q9, and using the formula
Ag; »(P) = minv(z(P)) (4.1)

for the height of a point 2z in E; at a prime v of L of good reduction, where x is
the z-coordinate of a smooth O;-model of F;.
Starting with the model Y? = X3 —4X?2 4+ 3X + 1, put

Y = 2u; 4+ 223w, + 1,
X = 223w, + 1.

This defines a smooth model, which we denote by &;:
u% + 22/3u1w1 +u = w:f — 21/3wf — 22/3w1
which now has good reduction.
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4.1.1.1 An integral model for F,
Given the Q,-model Y? = X3 +3X?% —4X + 1, we put

Y = 2uy + 223w, + B,
X = 2%3w, + 7,

where

o = (1 + 21/2)1/2
6 — (7 o 23/2)1/2
v =22

giving a smooth model &;:
W (T=232) 2023 (142 P ugws = w4213 (14212 ) w2427 1/3(143.21/2— (345.21/2)1/2)w,

which is integral because v(1 + 3.21/2 — (3 4 5.21/2)1/2) > 1/2.

Let A; denote the minimal discriminant of the curve E; at 2 over Q. Then
. 1
Ag,2(P) = min{v(w;(P)), 0} — E’U(Az’)

Note that v(A;) = v(Ag) = 4.

4.1.1.2 Possible values of

B = max{% —va(2(f1(2)) +1),0} — %

If v(z(f1(2))) > 0, then 5, = 0.

If 2(f1(2)) € Z5 then 2|(x(fi(2)) + 1), hence f+ 1 = —2/3.
If v(z) = —n < 0, then B, = 2n.

52 10g(2) = )‘E2<f2(z) + (07 1)) + )‘Ez(fQ(Z) - (07 1))
_ —4a(f2(2)) +2 — 2y(f2(2)) —dz(fo(2)) +2 + 2y(fz( )
~a e ( 272 )

o (2 ) o)

2
3
+max{%—vz(1+21/2(_2x( ()(+1+ u(f2(2) )),o}
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Case 1: v(z(f2(2)) <0. Then fy = —

Case 2: v(z(f2(2)) > 0. Let z(fa(z)) = 2"u, where necessarily n > 2. Then

Hence

A, (fa(2) +

y(fa(2)) =

1
:max{g—vg
1
+max{6—v2
=2n—2

(0,1)) + Ar, (f2(2) —

(0,1))

(1+( 23n13+322n12

=2ty + 1 — 14 27y —

2" u))

mod

24n—2

22nu2

) )

2n+1u+ 3 22n 1

(—2"+1u +141-—

This completes the proof of the proposition.

4.1.1.3 Local heights at p

Searching for solutions in X (Q,) to p(2)

22nu2

o))

0

[GVIN )

H/_/CJJ|[\D

= [ for the three possible values above,

one finds:
Kl x(z) €Zy | z € X(Q) p(z)
(0,£1) O(57) | (0,%1) log(2)
3:54+2-52+42-5%542.51+2.554+2.5640(57) | (3,+£%) | 2log(2)
2:5+2-5°42-5%542.514+2.5542.55 4 O(57) | (-=5,+£%) | 2log(2)
(1,£1) 1+0G6% | (1,41) —%log@)
1+4-524+4-53+2-5Y+3-5°+2-554O(57) — 5 log(2)
(4,£1) 4+4-5+2-52+55+2.50+0(5") — 1 log(2)
4+4-5+4-5244-5°44.-5*+4-5°+4.50+ O(57) | (—-1,+£1) | —3log(2)
4.1.2 Second example
Now take X to be be the bielliptic curve
X:iyP=a%—22"—2%+1

, and E; and F5 to be

Ei=2—222—z+1
Ey=a2>—22—2c+1

126




Again, F; and Es both have Mordell-Weil rank 1 and integral j-invariant. More-
over, F, F5 both have good ordinary reduction at p = 3.

Let
p(2) = 2, (f1(2)) — 2%

N log, (f2(2) — (0, 1))% + logg, (f2(2) + (0, 1))2
log, (22)?

hp,(22) =

Again, one may compute the possible values of S by hand. First note that X (Qy)
has no Q9 points whose x-co-ordinate has valuation zero (e.g. by checking mod 8).

Proposition 11. For all z in X(Qs),

20a(f2(2)) = Xa(fi(2) +(0.1)) = Aa(fi(2) = (0,1)) = { §i§§8§ %8; S0

Proof. We compute local heights on E; using [61]. First, note that the equation
given above for F; isn’t minimal at 2. A minimal equation is given by

V=vP+0vP—20-1

(so x = v+1). Ej has type II reduction, which means that the singular point mod
2 doesn’t lift to a Q point. Hence

A2(f1(2)) = 2max{0, —v(z(2))} log(2)

Now consider F,. Here the original equation given for E5 is minimal, and it
has type IV reduction. The unique point of bad reduction is (0,1). Again by
Silverman [61], the formula for the local height at points (z¢,yo) of bad reduction
is given by

Ao (o, 40)) = —§<1 +v(Yo))

—2x+42+2y
72

The z-co-ordinate of (z,y) + (0,1) is given by . Hence the possible con-

tributions from

—A2(f2(2) +(0,1)) = Aa(f2(2) — (0,1))

are

e v(z(z)) > 0: Then v(z(f2(2))) <0, and
V() = So(a(fa(=))

2
—2a(f2(2))+22y(f2(2)) -
Sowv ( 20 ) > 0, i.e.

Ma(l) + (0.1)) + Dol fol2) — (0,1)) = — log(2)

127

7 e (21) = A (f2(2) = (0, 1)) = Ap s, (f2(2) + (0, 1))



e v(x(z)) < 0: Then v(zg) > 2, where xy := z(f2(2)).

=+ (1—zy—x;) mod 2z;

1 1
y(fa(2)) =+ (1 + E(xg — x5 — 2x0) — g(xg —z2 — 2x0)2) mod 217

Hence one of —2xg—2+2y( f2(2)) has valuation 2, and the other has valuation
1+ 2v(xp). Hence

A2 (f2(2)+(0,1)) + A2 (f2(2) — (0,1)) = —g log(2) +max{0, 1 —v(z(2))} log(2)
Hence
3
2(£22) = alfi(2) + (0.1) = Ml h2) - (0.0) = { T8 2 =0
O
This gives the following set of solutions:
& x(z) €Zy | z € X(Q p(2)
(0, £1) 2.3+32+34+31+3+35+37+03% | (3.£5) | Slog2)
3432433434 +35 436 437+ 0(3%) (—%,2) glog(z)
o) | (0.x1) | g
oot 37T +1+33+2.31+2.37+0(3%) 0
2:3714+142:3+42-324+342-3°+2-354+0(38 0
oo™ oot —%log(Z)

This gives that

X(Q) = {(O,il), (g%) , (—2,%) ,ooi}.

4.1.3 An elementary approach

In this subsection we note that it is possible to give an elementary approach to
proving Theorem 24. Namely, we give an elementary proof of the following propo-

sition:

Proposition 12. For almost all primes [,

2X0(f1(2)) = Mi(fa(2) = (0,1)) = Al fa(2) +(0,1))

s zero, and for all I # p it can only take finitely many values.
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Following the argument of 5], this then gives a finite set of polynomial relations
satisfied by the local heights on FE; and elliptic logarithms. Proof of finiteness
is then reduced to showing directly that the Coleman functions involved in the
equation of Theorem 24 are algebraically independent.

The proof of the proposition will follow straightforwardly from standard facts
about local heights [62].

Theorem 25. Let y?> 4+ axy +asy = 2° +asx? + asx + ag be a Weierstrass equation
with Z;-coefficients.
(i): At all points z of good reduction with respect to this model,

Ay(2) = min{wv(2(2)), 0} log, (1)
(i1): For any z not in E|2],
Mo([2]2) = 4M(2) + 202y (2) + a12(2) + a3) log, (1)

Proof of Proposition 12. First suppose that [ is an odd prime of good reduction
for the models y? = 23 +bx? +ax+1 and y? = 2% +ax? +bx+1. Let z be a rational
point of X, and let w = (z¢,yo) := f2(z) be its image in E,. We want to estimate
the height of the points wy = z — (0,1) and wy = z — (0, —1). Let wy = (x1,y1)
and ws = (z2,y2). Then by a simple application of the addition formula we see
T = bm”m% and zo = bz”x% If xy € Z; then min(v(z1),0) = 0. If 2o has
negative valuation then it is easy to see v;(x1) and v;(x2) are positive. Finally, if
l|zg, then either yo = 1 or yp = —1 mod I. In the first case, v;(x2) = —2u;(zp).
For x1, note that

1 1
Yo =1+ 5(63:0 + axg) — g(bl’g +az3)® mod (x9)?

1 1
=1+ §b$0 - g(b2 — 4a)x,

and hence v;(x3) = 0, since b* —4a is in Z;°. The second case is identical, swapping
z1 and zo.
Hence in all cases

2 max{v(zg),0} + min{v;(x1),0} + min{v;(z2)} =0

It follows that at all primes [ at which y? = 2 4 ax® 4 bx + 1 defines a smooth
Z;-model, (4.2) is identically zero, since

max{v;(zg),0} = — min{wv,(z(f1(2),0}.

Now suppose that the Weierstrass equations y?> = 2® + bz? + ax + 1 and y? =
2® + ax® + br + 1 do not define smooth Z;-models. After passing to a finite
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extension K|Q; we find a new Weierstrass equation over Ok with only finitely
many points of bad reduction, such that the origin is a point of good reduction.
Hence using part (i) of the theorem stated above \(z) — v(xzp(2))log,(l) can
only take finitely many values, where xp(z) denotes the z-coordinate of z with
respect to the new Weierstrass equation F. However, whenver elliptic curves E)
and Fy defined by Weierstrass equations Fj(z1,y1) = 0 and Fy(za,y2) = 0 are
isomorphic, there is an isomorphism of the form

To = axy + [,

Yo = YY1 + 0x1 + €

see [48], Corollary 7.4.33), hence \,(2) — Lv;(zp(2))log, (1) can only take finitely
2 p
many values.
O

4.2 Some bielliptic genus 2 curves of Mordell-Weil
rank 4

Consider the following curves over Q(T'):
Xy =2+ Tat +Ta? +1
E =3 4T®+Tx+1
f17 f2 X = £
(z,y) = (2%, y)
(z,y) = (277, ya™?)
The following results are quoted from [47]:

e The fibres X = X, and F = E, at T = a has good reduction away from
T=-1,3

e The point (0,1) is of infinite order on &
e For a of height larger than 18, (0, 1) has infinite order in £,

The article [47] considers the case where a is chosen such that E has rank 1 and
(0,1) is a Mordell-Weil generator. In this case Demyanenko’s theorem gives an
effective bound on the number of rational points, and the authors extend this to
give a uniform bound for all such a.
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We are interested in the situation where a is such that £ has rank 2. Recall
there is an isomorphism

Vo~V

Take U to be the quotient of U, with [U, U] ~ Sym? Vi, with basepoint b = (0, 1).
By Theorem 8 the localisation map for H;(Gr,U) is non-dense. The results of the
previous chapters may be used to find an explicit formula for X (Q) N H}(GT, U),
via the maps ¥y and U§, where R is taken to be Mato(Q,).

4.2.1 VYpand V3

Let wg = dx /2y denote the canonical differential on E. Recall from section 3.3.3
we have a basis of H},(X) given by the differentials of the second kind

Wy =w, W] =2Iw, Wwy= (2x4 — ax2) W, wsz=aw.

wy and ws are obtained from pulling back differentials of E via f;, and wy and w, are
obtained from pulling back via fo. At the level of cohomology, the automorphism

(z,y) = (7! yz ™)

swaps [wo] and [w] and swaps [w,] and [ws]. Hence Wy, is given by

s ([ e = ([T ( [ w
= ([T o= ([
= ([

- the last equality follows from

b 1 fa2(b)
/ Wy = —/ wp =0
b 2 J a0)

Let Tro and Tg; be a basis of V2 dual to the basis wg and xwp on Hip(E).
Then, using the description of the Hodge filtration given in Lemma 7, the map

Uit X(Qp) — Sym® VAR /FO

is given by

s (Fi(2) — %( /b ") /b )Ty + Fa(2)TeoTe.
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where

z

ks
©
I
@\

(w0w1 - w1wo)

z

(—wows + awiws + 2wiwy) + %(a:(b) —z(2))
([ [y vat (o[ [ [

(see section 3.5.5).

&)
—
N
SN—
I
\)
—

4.2.2 Computing V%' and ©

We take P;, P, to be points in E(Q) generating F(Q) ® Q, such that P, — (0, 1) is
torsion.

Define
(1<i<4)by
logg(f1(2)) = Ai(2)logg(P1) + Aa(2) logp(P2) (4.3)
logg(f2(2)) = A3(2) logg(P1) + A\i(2) logp(P2) (4.4)

For example, \;(zp) is 1 when ¢ = 1 and zero otherwise. We can give an explicit
formula for a finite set containing X (Q) in terms of the functions F3, F) and sz w1.

Theorem 26. Suppose w € X(Q) is such that \i(w)Ag(w) — Aa(w)As(w) # 0.
Then X(Q) is contained inside the set of z in X(Q), satisfying

REE - 3w o) = EEE - 5[ w([ w)

Proof. by section 2.4 the map

alt

UV X(Q) = AEQ eQ,~Q,

is given by
Z = 2)\1/\4 — 2)\2)\3

By section 2.4 whenever 1121 + oz satisfies
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we have

> wiFs(z) =0

SR -5 ([ =0

and

4.2.3 Example

Let X denote the genus 2 curve

y* = 2%+ 312" + 3122 + 1
. The elliptic curve y? = 23+3122+312+1 has Mordell-Weil rank 2. By elementary
computation, the size of X (Q) is at least 16:

1 440
X(Q) D {(0,4£1), (£1,£8), (£7, £440), (i?,i%),ooi}
For the section s we find that w = (—7,440) has \MA\y — A2A3 =4 A3 =1 and
Ay = 3. Hence by Theorem 26, for all z in X (Q),

REE - 3w [ o) = aEEE - 5[ w[ w)

The solutions to this equation are tabulated below:

B HGEL, [ € X(Q)

(0,£1) )| (0,%1)
2.3+2-324+2.3°+37+0(3%)
342:3242-34+2-30 437+ 0(3%)

(1,42) 1+ 0(3%) (1,4£8)
1+2-3+0(3% (71440)

343

243+2-32 4314230437+ 0(3°%) | (-1, +55)
24+2:34+2-32+2-33+2.314+2.334+2-3+2.3"+0(3%) | (- 1i8)

oot 2-37 1 +1+2-3+2-32+2-35+2-31+37+0(3%)

371 4+1+42-3342.30 437+ 038
j:

o3
(3
(3
3
(3

1434233431 +2-34374+0(3%) | (3,+33))

(2, £2) 2+2-324+2.334+2-314+2.3°+2-3°4+2-37+ 0(3%) (7i440)
(3
(3
(3
(3

oot

Hence some of the solutions appear not to come from rational points. It would
be of interest to see if one can further refine the set of solutions by using the the
Q,(1)®2 quotient of Us.
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