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Abstract

The study of scattering is a fundamental aspect of mathematical physics. In the
second half of the 20th century, mathematical tools were developed by Penrose,
Friedlander, Lax, Phillips, and others that have revealed an intriguing underlying
geometry of scattering theories.

In the first part of this thesis we study the conformal scattering of Maxwell
potentials on a class of asymptotically flat asymptotically simple spacetimes. We
construct scattering operators as isomorphisms between Hilbert spaces on past and
future null infinity, and (in the flat case) explore the structure of these Hilbert
spaces with respect to the symmetries of the spacetime.

In the second part we study the Maxwell-scalar field system on de Sitter space.
We prove small data peeling estimates at all orders, and construct bounded and
invertible, but nonlinear, scattering operators. We discover that sufficiently regular
solutions decay exponentially in time and disperse as linear waves, and find a
curious asymptotic decoupling of the scalar field.

In the third part of this thesis we study the Yang—Mills—Higgs equations on
the Einstein cylinder. By localizing Eardley & Moncrief’s famous L™ estimates,
we extend them to the Einstein cylinder, and remove a small data restriction in
a classical theorem of Choquet-Bruhat and Christodoulou from 1981. By using
conformal transformations, we deduce large data decay rates for Yang—Mills—-Higgs
fields on Minkowski and de Sitter spacetimes.
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Nathan Rosen and 1 arrived
at the interesting result that
gravitational waves do not exist.

— Albert Einstein, [63]

Introduction

1.1 General Relativity and Asymptotic Structure of
Spacetime

In 1915 Albert Einstein wrote down the equations of general relativity (GR) and proposed
three tests of his theory: the precession of the perihelion of Mercury, gravitational lensing
of light by the Sun, and gravitational redshift. The amount the orbit of Mercury precesses
had been known to be approximately 43 arcseconds per century more than predicted
by Newtonian theory, with many ad-hoc fixes failing to consistently account for the
discrepancy. Einstein’s calculations showed that in the framework of his new theory,
the precession of the perihelion of Mercury should be corrected by 42.98" per century
due to the effects of spacetime curvature'. Gravitational lensing effects in line with the
predictions of GR were confirmed in 1919, whereas sensitive gravitational redshift effects
were measured by 1954. This started a programme of increasingly stringent tests of
various predictions of GR, including Shapiro’s measurement of relativistic time delay,
the E6tvos experiment, and tests of local Lorentz invariance, all of them confirming the
predictions of GR to a stunning degree of accuracy [124].

This programme culminated on 14 September 2015, almost exactly a hundred years
after the birth of GR, in a remarkable observation? by the gravitational wave detector
LIGO in Livingston, WA. Efforts to detect gravitational waves—dubbed the last remaining
test of general relativity—had been ongoing for more than half a century, their effects
being so minuscule that Einstein himself had doubted that they could ever be observed.
A cataclysmic event approximately a light-year away, lasting a mere 0.2 seconds, of
two black holes inspiralling and merging had been observed by LIGO. With masses
approximately 36 and 29 times the mass of the Sun, the two black holes accelerated
from about 30% the speed of light to about 60% the speed of light across the 0.2-second

!Einstein’s theory also correctly accounted for a smaller discrepancy of 8.6" per century in the precession
of the perihelion of Venus.
2Codename GW150914.
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duration of the detectable signal, and merged into a Kerr? black hole of 62 solar masses.
The enormous impact of the merger released the 3 missing solar masses of energy, which
was radiated away in the form of gravitational waves. During the final 20 milliseconds
of the event, the power of the radiated gravitational waves peaked at about 3.6 x 10%9
watts—approximately 50 times greater than the combined power of the light radiated
by all the stars in the observable universe [1, 2]. Yet—despite the magnitude of the
astrophysical event leading to GW150914—the resulting ripple in spacetime reaching the
Earth changed the length of a 4-kilometre LIGO arm by just a thousandth of the width
of a proton. Still, the instruments of LIGO observed a characteristic waveform of the
merger which was satisfyingly consistent with large-scale numerical relativity simulations,
thereby laying general relativity’s last test to rest [1].

The discovery of gravitational waves was heralded as the beginning of a new era
of gravitational wave astronomy [120, 121]. And although gravitational waves were
predicted by the theory of general relativity back in 1916, there is much that is not yet
well-understood mathematically about GR, as Einstein’s equations

1
Rap — §Rgab + Agap = =81y Tap (111)

have proven extraordinarily difficult to study. Omnly a handful of exact solutions of
Einstein’s equations are known to date, most others being constructed from small
perturbations of known initial data sets [24, 26, 27, 29, 30]. The reason understanding GR
is difficult is that, unlike other physical theories, GR does not have a well-defined dynamical
variable evolving on a fixed background. In Newtonian theory, for example, the background
is Fuclidean space and the dynamical variable describing the physics is the Newtonian
potential. In GR, on the other hand, the spacetime metric is both; the evolution of the
metric and the spacetime on which the metric lives must therefore be constructed at the
same time. Indeed, in appropriate coordinates* the equations (1.1.1) in vacuum become

Oggab = Qab(9)(0g, 0g). (1.1.2)

Without a non-dynamical reference point, extracting physical meaning from dynamical
fields is much more difficult [39]. What is more, the notion of an isolated system (a
system that at some rate approaches an ‘empty’ solution at infinity), fairly trivial in other
theories, becomes much more blurred in GR without a non-dynamical reference point.

The key idea underpinning most of the work in this thesis, that in one stroke takes
care of both of these difficulties, is due to Penrose [93, 94]. Since ‘infinity is metrically far
away’, consider the replacement of the physical metric g, with a new, rescaled metric
Gab = Q%gap. Such a transformation is called a conformal transformation, since it preserves
angles® between intersecting curves. The purpose of the function Q—the conformal
factor—is to ‘bring infinity to a finite region’ by approaching zero asymptotically at an
appropriate rate. For a class of spacetimes called asymptotically simple, this procedure

3The post-merger object was found to be a rotating sub-extremal Kerr black hole with the angular
momentum parameter |a| &~ 2M /3, for M the mass of the resulting black hole [119].

4The wave coordinates z® satisfying O,z = 0. These are the Lorentzian analogue of harmonic
coordinates in Euclidean space. The nonlinearity Q. appearing on the right-hand side of (1.1.2) is
quadratic in dg.

5As a result, a conformal transformation preserves causal structure: a timelike (null, spacelike) curve
with respect to gas remains timelike (null, spacelike) with respect to gas.
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turns out to be possible and well-behaved. In these cases one can attach to the original
spacetime Jl a boundary .# := {Q = 0}—called null infinity—consisting of the set of
points which are infinitely distant with respect to the physical metric gu;, and define
a new spacetime M= M U 7. With respect to the rescaled metric g,;, one requires
that the attached points .# are appropriately smooth, which results in a definition which
at the same time avoids any consideration of separate components of the metric or its
curvature tensors, and replaces asymptotic considerations in J{ with local differential
geometry near .# in the rescaled spacetime M.

Physical processes occurring in 4l imbue the boundary .# with various forms of
radiation, at which point one can detach .# and make it into an abstract manifold, stripping
away everything non-asymptotic. Various fields in 4l are found to yield corresponding
fields on this abstract manifold .#, which provides a sort of summary of all the available
asymptotic information in J(. One finds that the fields so defined on .# split, on the
grounds of being mathematically distinct, into two classes. The first class is that of
universal (or geometrical) fields, which are at least locally the same no matter what the
original physical spacetime 4. The second class is that of physical fields, which are
not. That as soon as such a distinction becomes available one adopts it is unsurprising,
as many of the difficulties in GR arise from the metric being both a geometrical and
a physical object. On .#—in the asymptotic limit—then, GR begins to look like other
physical theories, and one is able to separate the geometry from the physics. In the case
of zero cosmological constant A, if the metric g4, is asymptotically flat, the universal fields
give rise to the BMS group 93, the asymptotic symmetry group of the spacetime, which is
the group of all diffeomorphisms of .# which leave the universal fields invariant. As one
might expect, B is similar to the Poincaré group, the group of symmetries of Minkowski
space consisting of the Lorentz group £ and spacetime translations, but turns out to not
quite be identical to the Poincaré group. The group of translations becomes enlarged
in the asymptotic limit, and is replaced by an infinite dimensional group of so-called
supertranslations S of .#. The BMS group then takes the form 8 =S x £ [5, 39]. In the
case of positive cosmological constant A, for asymptotically de Sitter spacetimes, it turns
out that the largest possible symmetry group of .# is simply the de Sitter group SO(4,1)
[3]. In this case, however, .# may be curved and have no symmetry group at all.

By adopting Penrose’s conformal framework, in this thesis we study the asymptotic
behaviour of fields in both the asymptotically flat and asymptotically de Sitter regimes.

1.2 Scattering

1.2.1 Scattering in Quantum Field Theory

Relativistic quantum field theory (QFT) is a tremendously successful theoretical framework
of the mechanics of elementary particles. Boasting impressive agreement with experiments,
its crowning achievement is the Standard Model of Particle Physics, fundamentally an
SU(3) x SU(2) x U(1) gauge theory, which includes leptons, the photon, the W* and
ZY force bosons, quarks and gluons, and the most recently discovered Higgs boson. The
Standard Model for short, it was discovered through scattering experiments: the practice of
throwing building blocks of nature at one another and observing how they break apart. The
observables which encode the likelihood of a given scattering process taking place are the
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so-called scattering amplitudes. To a quantum field theorist, these scattering amplitudes
come as terms in a perturbation expansion of a functional called an S-matriz [38, 113].

Despite the immense experimental success of the Standard Model, however, the
perturbation expansion of a quantum S-matrix famously does not exist due to both
infrared (low energy) and ultraviolet (high energy) divergences. It has been known since
Dyson’s argument back in 1952 that large oscillations are expected to arise in terms of high
order (typically beyond order n = a~! a2 137)% and overwhelm the successful lowest order
terms on which most conventional wisdom of quantum field theory rests [35]. In general,
therefore, the perturbation expansion is mathematically unreliable, although it should
be stressed that the theoretical predictions of perturbative quantum electrodynamics
(QED) are in extraordinary’ agreement with experiments. The curious conflict between
the predictive success of relativistic quantum field theories and the divergence of the
(renormalized) perturbation expansions of their S-matrices require a non-perturbative
approach to QFT. Unfortunately, to date no non-trivial non-perturbative quantum field
theory is known in four spacetime dimensions [113].

Nonetheless, one may try to take a classical approach. The terms in the perturbation
expansions of S-matrices are computable using Feynman diagrams, which can be divided
into tree-level and loop-level diagrams. At the tree-level, an expansion in terms of Feynman
diagrams corresponds to classical scattering of the underlying fields. On top of this one has
loop-level diagrams, which encode quantum corrections to classical scattering and become
important at higher energies, but which may reasonably be ignored at lower energies.
Non-perturbative classical scattering therefore corresponds to tree-level scattering in QFT,
and can shed light on non-perturbative aspects of the quantum S-matrix.

1.2.2 Infrared Divergences and the Memory Effect

At the classical level, the infamous infrared divergences [72, 86] in interacting quantum
field theories correspond to the so-called memory effect [17, 105]. In the case of gravity,
the memory effect is the permanent relative displacement of an array of test particles
that results from the passage of a burst of gravitational radiation (gravitational waves).
To make this precise, one integrates the geodesic deviation equation, and defines the
memory tensor as the map taking the initial deviation of the test particles (at t = —o0)
to their final deviation (at t = 4+00). It turns out that the memory tensor decomposes
into two parts, called ordinary memory and null memory. Further, it turns out that
null memory comes from a supertranslation of null infinity—an asymptotic symmetry of
the spacetime. The memory tensor then enters the charge-flux conservation law from
past null infinity to future null infinity associated with this supertranslation. On the
quantum side, what this means is that, in a scattering theory from a Hilbert space of
in-states H;, to a Hilbert space of out-states Hoyut, the memory tensor introduces a w=!
term at low frequencies w in the Fourier transform of the field as it evolves from past
null infinity to future null infinity, which of course diverges at w = 0. The effect is

SHere a is the fine structure constant, a = (4weofic) ~te?. It is directly related to the coupling constant
determining the strength of the interaction between electrons and photons.

"Up to the 11th significant figure, to be precise, based on the current state-of-the-art calculations of QED
diagrams up to four loops [49, 50]. Other quantum field theories, like QCD (quantum chromodynamics),
have large coupling constants, meaning that more terms in the perturbative expansion need to computed
to achieve a comparable level of precision.
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also present in electromagnetism: one can replace the metric tensor with the Maxwell
potential and study a corresponding electromagnetic memory effect [17]. In this case,
the memory effect is not a displacement of test particles, but rather a momentum kick
(a residual velocity) to charges in a detector after an electromagnetic wave has passed
through it. If Maxwell’s equations have a non-zero right-hand side, a similar divergent
low frequency term shows up in the electromagnetic case.

A complete understanding of how these infrared divergences are related to classical
aspects of field theory calls for a thorough study of classical scattering theories from
past null infinity to future null infinity. This is in large part the motivation for the work
presented in this thesis, however these issues remain to be understood.

1.2.3 Classical Scattering

Perhaps the most famous treatment of classical scattering on flat space was developed by
Lax and Phillips in the 1960s [73, 74]. Much like one imagines quantum field theoretic
scattering comparing the incoming particles before the interaction with the outgoing
particles afterwards, the scattering theory of Lax and Phillips was developed to compare
the asymptotic behaviour of an evolving system in the far past with its asymptotic
behaviour in the far future, after having been scattered by a disturbance.

The essentials of the Lax—Phillips scattering theory are most easily understood by
considering the free scalar wave equation on flat space [91],

D2 — Ap =0, (1.2.1)

for which one expects no scattering to occur as there is no disturbance. By rewriting
it in Hamiltonian form as 0;® = —iH®, where

B 0] (01
Q)_(aﬂb) and H——Z(A 0),

one associates to the equation (1.2.1) the operator H, which is self-adjoint on the space
H'(R3)®L?(R?). The spectrum of H is the whole real line R, and for each eigenvalue o € R
the operator H has a 2-sphere® of plane wave eigenfunctions indexed by (o,w) € R x S2.
By taking the H' ¢ L? inner product with these eigenfunctions, one obtains a map

(t, z) — P(o,w)

that is an isometry from H'(R?) @ L*(R?) to L?(R x S?). This map provides a spectral
representation of H and its propagator, H® — o® and e*7® — e!“®. Taking the Fourier
transform of ® in o, one obtains a new representation T+® of ®, which satisfies

T D) (r,w) = (TT0)(r — t,w).

This is the famous Lax—Phillips translation representation, which is an isometry from
H'(R®) @ L*(R3) to L*(R x S?). The existence of a translation representation for the
equation (1.2.1) can in a sense be interpreted as a no scattering condition: the evolution
of the scalar field is described simply as a translation of the initial data.

8Except for o = 0, in which case the 2-sphere collapses to a point and there is only one eigenfunction
—ioxTw —iox-w
).

(1,0). In general they have the form (e ,ioe
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The Lax—Phillips scattering theory goes further, expressing T+® in terms of Radon
transforms of the initial data for ®, and, using the inverse Radon transform, constructing
the inverse of T+. Performing a similar construction for —H instead of H, Lax and
Phillips construct the past translation representation T~ and its inverse (T being the
future translation representation), and define the scattering operator as

S =T o (T)L.
A key element of this construction is the asymptotic profile property,

(TTD)(s,w) = — TEI_POOT((?@)(r, (r+s)w), (1.2.2)

which, as we shall see shortly, essentially reinterprets the translation representation as
Friedlander’s radiation field [45]. Moreover, the explicit inversion of €% provides a formula
for the solution ¢ in terms of its translation representation via
1
/ (TF0) (2w + t,w) dvay, (1.2.3)

o(t,2) = 5-

which, as it turns out, is exactly Whittaker’s formula for solutions to (1.2.1) [123]. The
theory of Lax—Phillips constructs a complete scattering theory in the sense that the
solution to (1.2.1) is completely characterized by its asymptotic profiles via (1.2.3).
In other words, the scattering operator .# is invertible. The reliance on spectral
techniques, however, requires that the background geometry of a Lax—Phillips scattering
theory be flat and static.

In 1980 Friedlander explained the underpinning geometry of the Lax—Phillips approach
in terms of Penrose’s null infinity [45, 94], and constructed the first genuinely conformal
scattering theory for a free (conformal) wave equation on a static asymptotically flat
spacetime with sufficiently fast decay at infinity—fast enough to allow a smooth conformal
compactification. Friedlander’s construction relied on his previous work on the wave
equation in curved space, and crucially on his result that the solution could be recovered
from the radiation fields [42, 43, 44]

qb+uw \/1+u2 hm ro(r 4+ u,r,w),
w) = \/1+7)2 lim ro(—r +v,r,w).

The radiation fields (1.2.4) are equivalent to the Lax—Phillips asymptotic profiles (cf.
(1.2.2)), and are simply the restrictions of the rescaled solution ¢ to .#%. Friedlander
rephrased the Lax—Phillips scattering theory as the well-posedness of a characteristic
Cauchy problem from .#, so that knowledge of the radiation fields qgi determined
the solution in the interior of the spacetime®. It seems, however, that Friedlander’s
aim was to recover the full richness, in particular the translation representation, of
the Lax—Phillips theory in curved space. This is perhaps what motivated his choice
of a static background, since the existence of a translation representation requires a
timelike Killing vector field that extends as a null generator of null infinity [91]. This
requirement is purely technical, however. The relevant information for the development
of a scattering theory—particularly the invertibility of the scattering operator .—is the
asymptotics of the physical fields, and it is the method of extraction of these asymptotics
from the field equations by spectral techniques that is incompatible with generic time
dependence. On the other hand, the techniques of conformal scattering are geometrical,
and therefore insensitive to time dependence.

(1.2.4)

9Friedlander’s construction was subsequently adapted, on flat space, for a wave equation with a cubic
nonlinearity [10, 11, 12, 13, 14] by Baez, Segal and Zhou.
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1.2.4 Conformal Scattering

Short of the re-interpretation of the asymptotic profiles as the translation representation,
Friedlander’s conformal scattering construction can be performed on a large class of non-
stationary backgrounds on which the Lax—Phillips theory is unavailable. It is therefore
suitable for handling scattering in time-dependent settings. In 1990 Hormander [58]
presented a general method for resolving the characteristic Cauchy problem for linear
wave equations on generic spatially compact backgrounds, which eventually allowed Mason
and Nicolas to construct scattering theories'® for Maxwell, wave, and Dirac equations
[78, 79] on a large class of asymptotically flat non-stationary spacetimes constructed by
Corvino, Schoen, Chrusciel, Delay, Klainerman, Nicolo, and others [26, 27, 29, 30, 67, 68,
69]. Since then Joudioux has extended their results to include a wave equation with a
cubic nonlinearity [60, 61]. At the same time, there has been much interest in conformal
scattering of linear theories on black hole spacetimes [56, 62, 82, 89, 122]!!,

On the other hand, even though the cosmological constant is experimentally known
to be positive [98, 97, 99, 106], there has been less work on conformal scattering theories
on asymptotically de Sitter spacetimes. In part, this is because for linear equations the
requisite energy estimates are well-known, and consist only of the resolution of a regular
Cauchy problem. Mostly, however, the experimental verification of the positivity of the
cosmological constant has only come in the last few decades, and has only sparked a
resurgence of interest in the quantum field theory and gravity with A > 0 recently. For

nonlinear systems such as the Maxwell-scalar field system

, (1.2.5)
DAa + L1(¢)Aa = Q(¢7 aa(ls)a

much more work is required to establish even the most basic of estimates that allows the
construction of a conformal scattering theory. The system (1.2.5), of physical interest in
its own right, is also a background-decoupled semi-linear model for Einstein’s equations
(1.1.2), as it has a similar nonlinearity structure. It is therefore of considerable interest—
as outlined in section 1.1 and earlier in section 1.2—to study conformal scattering,
especially of the equations (1.2.5) and related systems, on both asymptotically flat and
asymptotically de Sitter spacetimes. Indeed, perhaps unsurprisingly, the two avenues
are closely related mathematically.

To introduce the details of the subject, we present conformal scattering constructions

for the linear wave equation on Minkowski and de Sitter spacetimes in section 2.4.

100\ fason and Nicolas also proved that conformal scattering is equivalent to conventional scattering—in
the sense of Lax—Phillips—in the cases addressed in [78].

17t should be mentioned here that there have been plenty of works studying relativistic scattering
theory without employing the conformal method, notably by Dimock and Kay in the 1980s [33, 34] and
later by Bachelot [7, 8] and collaborators, a programme that eventually led to rigorous proofs of the
Hawking effect [9, 80]. More recently, a definitive scattering theory for linear waves on the exterior of a
Kerr black hole was constructed by Dafermos, Rodnianski and Shlapentokh-Rothman [32].
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1.3 Outline of Thesis

In this thesis we study the conformal scattering and asymptotic properties of several
incarnations of the Yang—Mills—Higgs equations. In chapter 2 we introduce our conventions,
outline the complete conformal compactifications of Minkowski and de Sitter spacetimes,
describe in detail the various fields—linear and nonlinear—studied in the following chapters,
and present an introductory conformal scattering construction for the linear wave equation.

In chapter 3 we study the conformal scattering of Maxwell potentials, first on Minkowski
space and subsequently on curved spacetimes. In the case of Minkowski space, we

construct an explicit conformal factor which is equal to 7!

near spatial infinity %, so
that spatial infinity remains a singular point of the spacetime. We find a complete
gauge fixing condition which allows us to convert the natural energies for Maxwell’s
equations into norms on the potential on both the initial surface and null infinity,

and construct the trace operators

TE H '@ L? — HY(IY),
(A,A) — 43,

where flét are the S? components of the Maxwell potential on .#*. We therefore find that
characteristic data for Maxwell potentials consists of one complex function on null infinity.
To solve the characteristic Cauchy problem, we find a reduction on . of the complete
gauge fixing condition, and use it to reconstruct a missing component of the data on null
infinity. We then solve the characteristic Cauchy problem using the techniques outlined
in appendix A.2.2 to show that the trace operators T+ are invertible.

In the case of curved space, the complete gauge fixing condition used in Minkowski
space does not extend, and we have to use a slight modification of the argument and
the scattering theory of Mason and Nicolas [78] for Maxwell fields. A key feature here is
reconstructing the data for the potential from the data for the field, both on the initial
surface and on null infinity. The main theorem of chapter 3 is the following.

Theorem. On a large class of curved non-stationary spacetimes there exist linear
isomorphisms

TE H'o L? — HY(IY),
(A,A)— AF,
called the future (past) Mazwell trace operators which map finite energy initial data for
the Mazwell potential to finite energy characteristic data for the Mazwell potential. The
associated conformal scattering operator
S HY I ) — HY (I,
S =T o ()7

is then a linear isomorphism of Hilbert spaces mapping past characteristic data for the
Mazwell potential to its future characteristic data.
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Furthermore, in the flat case we briefly study the effects of different choices of timelike
vector field on the domains and co-domains of the operators T+ and .7, and spell out the
implications for the decay of the initial and characteristic data. Our construction extends
the results of [78], and touches for the first time on the different flavours of conformal
scattering obtained by different choices of timelike vector field.

In chapter 4 we consider the nonlinear Maxwell-scalar field system on de Sitter space
and prove small data energy estimates of the peeling type!?. These estimates rely crucially
on the subcritical nature of the nonlinearity of the Maxwell-scalar field system in four
dimensions. We find that, using a careful choice of gauge, it is possible to control all
components of the Maxwell potential and the scalar field, and close the estimates using a
nonlinear Gronwall inequality. The results of chapter 4 are the following.

Theorem. For anym € N, the H™ @ H™ ! norm on null infinity of the rescaled solution
of the Mazwell-scalar field system is equivalent to the H™ & H™™ ! norm of the initial
data, provided the initial data is sufficiently small.

The estimates also allow us to define a sequence of bounded and invertible trace and scat-
tering operators; however, these operators are nonlinear, and we do not prove them continu-

ous.

Corollary. For any m € N, m > 2, there exist bounded, invertible, but nonlinear,
trace operators T,fl mapping small H™ @ H™ ' Mazwell-scalar field initial data to small
H™ @ H™ ! Mazwell-scalar field data on Z*. Furthermore, for each m > 2 there exists
a bounded invertible nonlinear scattering operator given by

I =T 0 (T

For data possessing sufficiently many derivatives, we deduce that the physical fields decay
exponentially along timelike geodesics approaching null infinity, extending the results of
Melrose, Sa Barreto and Vasy [81]. In addition to their interpretation in terms of peeling
and conformal scattering, our results may also be seen as a fixed background stability
result in the spirit of Friedrich, Svedberg and Ringstrom [47, 48, 100, 114].

Theorem. Small data solutions to the Mazwell-scalar field system on de Sitter space
decay exponentially in proper time along timelike curves approaching & .

Finally, at the end of chapter 4 we examine the implications of the initial data having a
specified number of derivatives on the asymptotic form of the solution. In particular, we
show that the slowest-decaying component of the scalar field asymptotically decouples
from the Maxwell potential. This chapter forms the basis of the material published in [117].

In chapter 5 we study large data solutions to the Yang—Mills-Higgs equations. Using
a conformal patching construction, we extend Eardley and Moncrief’s L estimates
for the Yang-Mills—Higgs equations [36] to the Einstein cylinder, and use them to
extend Choquet-Bruhat and Christodoulou’s small data well-posedness result on the
Einstein cylinder [23] to large data.

12See section 2.4.2 for a description of peeling in de Sitter space.
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Theorem. For H? x H' initial data on the Einstein cylinder there exists a unique global
solution to the Yang—Mills—Higgs equations which is uniformly bounded on any compact
subset of the Finstein cylinder.

By conformally embedding Minkowski and de Sitter spaces in the Einstein cylinder, we
then deduce large data decay rates for solutions to the Yang—Mills—Higgs equations on
both spacetimes. This settles the question of whether large data solutions to the Yang—
Mills-Higgs equations can form singularities or disperse as linear waves, and improves
on our earlier result for small data in chapter 4.

Theorem. For H? x H' initial data on Minkowski space (de Sitter space) there exists a
global unique solution which decays polynomially (exponentially) along timelike and null
(timelike) curves approaching % .

Chapter 5 contains the material published in [118].



Background Material

2.1 Conventions and Notation

Our conventions will for the most part be consistent with Penrose & Rindler [95, 96]. In
particular, we will be using their abstract index notation, whereby indices on tensor fields
will not refer to any particular chart but merely serve as markers for the type of tensor field
being considered. A 4-dimensional Lorentzian manifold A will be called a spacetime if it is
connected, orientable, time-orientable, admits a Lorentzian metric g4, contains no closed
timelike curves, and satisfies the Einstein equations (1.1.1) for some T,,. We will work
exclusively on 4-dimensional spacetimes and our metric signature shall be (+, —, —, —).
We will denote the Riemann and Ricci curvature tensors by Rupeq and Rgp, and the scalar
curvature by R. The Riemann curvature tensor will be defined in Penrose conventions:
2V, VyX© = —RcdabXd. We will denote by A the cosmological constant, and by A the
multiple iR of the scalar curvature. The Weyl tensor shall be denoted by Cgpeq, and g
will denote the trace-free part of the Ricci tensor. We will take the connection V to be
the Levi—-Civita connection of the spacetime metric g, and will denote by O = V*V,, the
corresponding covariant wave operator. For Riemannian metrics hqp (such as the metric
induced by g, on a Cauchy surface ¥ of M), if ¥ is non-compact we will denote the
Levi—Civita connection in bold, V, and the corresponding Laplace—Beltrami operator by
A. If ¥ is compact, we will instead denote the connection by Y, and the Laplace-Beltrami
operator by A. Symmetrizations and anti-symmetrizations of indices will be weighted
by the number of permutations of the indices, for example Tiap) = %(Tab — Tha)-

The letters 6 and ¢ will denote the standard coordinates on the unit 2-sphere S?,
while the standard metric on S? will be denoted by s». The Levi-Civita connection
on S? will be denoted by Vg2, with the corresponding Laplace-Beltrami operator Agz.
More generally, S™ will denote the standard unit n-sphere with metric s,,. The metric
on Minkowski space will be denoted by 74. The symbol & will denote the Einstein
cylinder R x S? with its natural metric ¢ = 1 @ (—s3).

Much of this thesis involves the usage of conformal transformations gu, = Q%gas of
the spacetime metric. Denoting by g, the ‘rescaled’ metric, we will also denote by \Y

11
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the Levi-Civita connection of .5, and by O the wave operator of ;. More generally,
unhatted quantities will be physical, whereas hatted quantities will refer to the rescaled
spacetime. We will depart slightly from this convention in chapter 4, where, for ease
of notation, we will denote physical quantities with a tilde, and the rescaled quantities
plainly. The tensor Y, will denote the quantity 0, log {2, which will appear frequently
in conformal transformation laws of curvature tensors. Null infinity will be denoted
by #, and equality on .# will be denoted by =.

Finally, we will denote by < inequality up to a constant, so that f < g will mean
f<Cg. If f<gandg=< f, we will write f ~ g. For a coordinate x, we will frequently
use the shorthand 9, for the vector field 0/0z. The standard Sobolev and Hoélder spaces
will be denoted by W™P and C™° and are defined in appendix A.3.

2.2 Physical Fields

In this section we work on a generic spacetime (Jl, g) and introduce the various physical
fields that we will be studying throughout this thesis. All of the following field equations
will come from the principle of least action and a choice of Lagrangian density £, and
be given by the Euler-Lagrange equations

5 0L g (L)
o 9 \A(Vay)
Each theory will have a canonical stress-energy tensor
oL
Tw =2— —ga ’
b 5gab g b£

however we will sometimes modify it to fit our purposes.

2.2.1 Maxwell’s Equations

The Lagrangian for Maxwell’s equations is

L= —i wF e, (2.2.1)

where F = F,; dz® A da? is a real 2-form called the Maxwell field. The Euler-Lagrange
equations for (2.2.1) are

VeFup =0 <= d* F =0, (2.2.2)

where * is the Hodge-star operator associated to the metric g4, along with the Bianchi iden-
tity

VieFypg =0 < dF =0. (2.2.3)
The equation (2.2.3) states that the 2-form F' is closed, so by the Poincaré lemma F
is locally exact: there exists a real 1-form A = A,dz® such that

F=dA.

The 1-form A is called the Maxwell potential. Since d? = 0, the Maxwell potential is
only determined by the Maxwell field F' up to exact 1-forms dy, so that the potentials A
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and A + dy give rise to the same Maxwell field. The freedom of adding any such dy to
A is called the gauge freedom in the Maxwell potential, and the addition of dy to A is
called a gauge transformation of A. In indices, gauge transformations are

Ay~ Ay + Vax, (2.2.4)
and the Maxwell field is given in terms of the Maxwell potential by
Fop = Qa[aAb] = VaAb — VbAa.

The Bianchi identities (2.2.3) reduce to a triviality when written in terms of the potential,
while the equation of motion (2.2.2) becomes

OA, — Vb(VaA“) + RapA? = 0. (2.2.5)

The stress-energy tensor for (2.2.1) is given by

1
Top = _Fachc + ZgachdFCd7 (2'2'6)
and satisfies
3
VT = (V*Foe) I + §F6dv[chd]- (2.2.7)

If the field equations (2.2.2) and (2.2.3) are satisfied, then of course the stress-energy tensor
is conserved,

VT = 0.
Furthermore, the stress-energy tensor T, is manifestly trace-free,

T, = 0.

Conformal invariance

Consider a conformal transformation §a, = Qg of the spacetime (UM, g) for some smooth
strictly positive function 2. The covariant derivative of a 1-form 3 on M then transforms
as

@aab = Vaay — Yoo, — Tyag + gap L,

where T, = 0,log{. From this we observe that
@aab - ﬁbaa = V.o — Vpag,

so that if we set

A

Aq = Aq, (2.2.8)

then

A

Ey = Fy. (2.2.9)

That is, if the Maxwell potential is taken to have conformal weight zero (Aa =0%4,),
then the Maxwell field is also conformally covariant with conformal weight zero. This
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choice of conformal weight has the feature that the field equations remain conformally
invariant. Indeed, the Lagrangian (2.2.1) then transforms as

1 1 A A A
L=— WwF® = —ZQ4FabF“b =Q'L,
where £ = —iﬁabﬁ @ (the indices of Foy being raised and lowered with §u), so the
action S transforms as
S:/ L’dv:/ LO*Q4dv =S, (2.2.10)
V/A J

where § = [ o £ dv, and where we have used the fact that dv = Q~4dv. The Euler—
Lagrange equations of S are thus equivalent to the Euler-Lagrange equations of S,

(VaFab =0, V[anC] = 0) <~ (@aﬁab =0, ﬁ[aﬁbc] = 0).

Moreover, it is simple to check that the stress-energy tensor (2.2.6) has conformal weight
—2,

T = QT (2.2.11)
where Tab = —f’a cﬁbc + %gabﬁcdﬁ ¢d  The rescaled stress-energy tensor rj_‘ab satisfies an

identity of the form (2.2.7) with all the relevant quantities hatted, and is of course
conserved as a consequence of the rescaled field equations Vel =0 and @[aﬁ'bc] = 0.

Popular gauge choices

The gauge freedom (2.2.4) allows one to impose various gauge conditions on the Maxwell
potential A,. The appropriate choice of gauge is often dictated by the particular problem
at hand, and we shall make use of various gauge conditions throughout this thesis.
To mention the most popular ones, we suppose for a moment that 4 is Minkowski
space and that t is the standard time coordinate on Jl. The first important gauge
condition is the Lorenz' gauge, in which

V.A* = 0. (2.2.12)
On Minkowski space this may be expanded as
Bta —V-A= 0,

where a is the component of A, in the direction of J;, and A are the remaining (spatial)
components of A,. Given any (sufficiently smooth) instance of the potential A/, one
imposes the Lorenz gauge on A, = A/, + V,x by solving

Oy = —V,A4"™

! Although the Lorenz gauge has the welcome feature of being Lorentz invariant, it is named after the
19*® century Danish mathematician Ludvig Lorenz, not the Dutch 1902 Nobel Prize physicist Hendrik
Lorentz. The scientific legacies of the two seem to have blended more than once, as they also claim
the eponymous Lorentz—Lorenz equation relating the refractive index of a substance to its polarizability,
discovered by Lorenz in 1869, and independently by Lorentz in 1878.
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on Jl. The gauge is then fixed up to solutions Y es. of the free wave equation [y es. = 0.
The gauge condition (2.2.12) generalizes easily to curved spacetimes.
Another important gauge condition is the temporal gauge

a=0, (2.2.13)

which is imposed on A, = A/, + V,x by choosing any function x such that dyxy = —A;.
The residual gauge freedom Xyes. in the temporal gauge is rather substantial (O xyes. = 0,
but the spatial dependence of xyes. is allowed to be arbitrary), so the temporal gauge
is frequently termed an incomplete gauge fixing condition.

A third important gauge condition is the Coulomb gauge

V-A=0. (2.2.14)

The Coulomb gauge is imposed by solving Ay = —V - A’, and has the residual gauge
freedom of Axyes. = 0. Both the temporal and the Coulomb gauges require a choice of a
timelike vector field or a foliation by spacelike hypersurfaces to generalize to curved space.

2.2.2 The Conformal Wave Equation

As we will be studying primarily conformally invariant theories, we will be interested in
the wave equation with a particular zeroth order perturbation. Consider the Lagrangian

L= %vaqsv% — 1—12R¢2, (2.2.15)
where ¢ is a real scalar field on M. The Euler-Lagrange equation for (2.2.15) is
O¢ + éRgf) =0, (2.2.16)
and the canonical stress-energy tensor for (2.2.15) is
Ou = VadVi — L0uVedV°6 — Gard?, (2.2.17)

which (for metrics with an appropriately signed Einstein tensor Ggp) is positive-definite
and symmetric. The tensor ®,, satisfies the conservation law

1 1
VIO, — (w + 6R¢>) Vi6 — 30RwYS,

so is conserved whenever (2.2.16) is satisfied and the background Jl is vacuum with
zero cosmological constant. To have a conserved stress-energy tensor T,, on more
general backgrounds, one may choose

1 1
Tap = Va®Vod ~ 59aVedV 0 + 15 0aR%, (2:2.18)
which is also positive-definite and symmetric, and which satisfies the conservation law
1 1
VOTyp = (m + 6R¢) Vo + Egb?va.

For (2.2.18) to be conserved, the background spacetime need only satisfy VR = 0 instead
of Rgp = 0. Neither Ty, nor @, is trace-free, however, with

1 1
T, = —V,pVeh + gR<z>2 and ©,% = —V,pV% + 6R¢2.
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Conformal invariance

If under the conformal transformation ., = Q2g, the scalar field ¢ is chosen to have weight
~1,
$=0"¢,

then, as a result of the identity (B.1.3), the Lagrangian (2.2.15) transforms as
L=0'+ 0T,

where £ = %@ag?)@“g?) — %qu The action then transforms as
S=258+ ;/M VP ,) dv. (2.2.19)

For compactly supported scalar fields ¢ € C2°(Al), one may integrate the second term in
(2.2.19) by parts to see that it vanishes. Since the Euler-Lagrange equation (2.2.16) arises
from a local variation of the action, it follows that (2.2.16) is conformally invariant?,

(D¢+éR¢—O) — (ﬁ$+éf{$—0>.

The term R/6 is sometimes called the conformal mass, in reference to the massive
Klein—Gordon equation

O¢ 4+ m?¢ = 0.

Remark 2.2.1. Unlike in the case of Maxwell’s equations, neither the canonical stress-
energy tensor (2.2.17) nor the alternative stress-energy tensor (2.2.18) for ¢ is conformally
covariant. There does exist a ‘new-and-improved’ conserved stress-energy tensor which s
conformally covariant,

1 1 1
w = Va®Vod = 192V OV°S = SOVaVod + Agapd® — [ Rapd”, (2.2.20)

which is moreover symmetric and trace-free when the field equation (2.2.16) is satisfied
[96]. However, T/, is not positive-definite and is also second order in derivatives of ¢,
making it unhelpful for performing low regularity energy estimates. In flat space T/,
differs from T, by the spacetime divergence V¢(¢g,5V¢). The problem of finding a
symmetric, first order, positive-definite stress-energy tensor for the scalar field (2.2.16)
which is also conserved, trace-free and conformally covariant seems to be related to the
slightly garbled conformal transformation rule (2.2.19) of its action, and consequently the
asymptotics of ¢. We do not wish to clutter the presentation with unnecessary discussion,
but include the following perhaps curious observation.

Klainerman and Machedon’s [66] null form Qo (¢, ¢) for the wave equation ¢ = 0, at
least on flat space, is given by

Qu(6.9) = & ~ IV = VsV = J0(6?).

’One can in fact show that ¢ + tR¢ = Q° (I/:\Ig% + %f{qg)
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One notices that, up to factors of 2, Qo(¢, ¢) is in fact equal to the Lagrangian £ on flat
space, which is moreover equal to the trace of the canonical stress-energy tensor,

0, = -V, Ve = —%D(gs?) =-2L.

This observation extends to the conformal wave equation ¢ + (R/6)¢ = 0 on any
spacetime, so long as we redefine the null form Qg (¢, ¢) to be

Qu(6.9) = J0(8%) = Vag¥'p — (R = 0,0 = ~aL.

2.2.3 The Maxwell-Scalar Field System

One may couple the conformal wave equation (2.2.16) to Maxwell’s equations (2.2.2)
by writing down the Lagrangian

1 1. — 1
L=—"F,F*%4+ "D, ¢sD% — —R|o|? 2.2.21
4 ab + 2 a¢ ¢ 12 ’¢’ ) ( )

where ¢ is a complex scalar field, and the Maxwell field is, as before, the real 2-form
Fap = 2V, Ay The coupling is effected via the differential operator

Dy =V, +i4,

called the gauge covariant derivative. That is, the gauge covariant derivative of the
scalar field ¢ is Dy = V¢ + 1 Aq¢, with the term 7A,¢ interpreted as the coupling of
a scalar field ¢ with unit electric charge with the electromagnetic potential A,. The
Euler-Lagrange equations for (2.2.21) are

- 1
VPF,, = Im(¢D,p) and DD, + équ =0, (2.2.22)
along with the Bianchi identity
ViaFrg = 0. (2.2.3)

The Maxwell-scalar field system (2.2.22) is the simplest classical field theory exhibiting a
non-trivial gauge dependence. Indeed, as in the case of pure Maxwell’s equations, the
Maxwell field Fy; is invariant under gauge transformations of A, of the form

Ay~ Ay + Vax.
These gauge transformations then effect
D¢ = Vad + iAot ~ Vad +i(Aa + Vax)¢ = e XDy (™),
so that if one makes the corresponding transformation
¢~ e X,

the Lagrangian (2.2.21), and consequently the field equations (2.2.22), remain unchanged
under gauge transformations. Note that the gauge covariant derivative D, is a connection
on a principal bundle P — Jl with fibre U(1). This connection is represented by the real
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1-form A, on Jl in any trivialisation of P, where the factor of ¢ in D, comes from the
Lie algebra of U(1) being u(1) = iR. The scalar field ¢ is a section of a complex line
bundle over Jl associated to P by the representation eX of U(1).

A stress-energy tensor for (2.2.22) is

1

- 2
SoaRIoE, (2.2.23)

1 1 -
Tab[¢7 A] = _Fachc + zgachdFCd + D(a¢Db)¢ - igach(ZSDCd) +
which is written down by adding the stress-energy tensors (2.2.6) and (2.2.18), and
employing the change V, — D,. The tensor T satisfies the conservation law

_ 1 _
VT, = F,° (VcFac —Im (¢Da¢)) +Re ((DaDaqs + 6R¢> Db¢>
3 1,2
+ §FGCV[1)FGC} + E’¢‘ va
If the field equations (2.2.22) and the Bianchi identity (2.2.3) are satisfied, then
1
VT = |6 ViR, (2.2.24)
and T,y is conserved if the background spacetime has constant scalar curvature.

Conformal invariance and gauge choices

The conformal transformation rule for the Lagrangian (2.2.21) is the same as for the confor-
mal wave equation. That is, if the fields (A, ¢) are taken to have conformal weights (0, —1),

Aa = Aa, QE = Q_1¢’

then the action satisfies (2.2.19). This may be seen by computing the conformal
transformation of the Lagrangian (2.2.21) directly, by using the conformal transformation
rules (B.1.6) and (B.1.3) for the Christoffel symbols I'f. and the scalar curvature R. As
before, the field equations (2.2.22) remain conformally invariant.

As in the case of the free Maxwell’s equations (section 2.2.1), various gauge choices are
possible for the system (2.2.22). In the case of flat space (as well as most other spacetimes)
all three of the most popular gauge choices (Lorenz, Coulomb, and temporal) are allowed
individually. However, unlike in the case of the free Maxwell’s equations on flat space, no
two of these are allowed simultaneously. In chapter 4 we shall define and use a certain strong
Coulomb gauge on the Einstein cylinder; this is a complete gauge fixing condition that
resembles as much as possible the simultaneous imposition of the Coulomb and temporal
gauges in flat space, and will allow us to perform very precise estimates on the potential.

2.2.4 The Yang—Mills—Higgs Equations

Finally, we introduce the full Yang—-Mills—Higgs equations, a non-commutative version
of Maxwell’s equations coupled to a nonlinear scalar field. For an appropriate choice of
the gauge group (G = U(1)) the Yang-Mills equations reduce to Maxwell’s equations,
whereas the Yang—Mills—Higgs equations reduce to the Maxwell-scalar field system.
Let G be a connected matrix Lie group with a compact semi-simple Lie algebra g.
In particular, we assume that g is represented by a subalgebra of the algebra of real
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matrices equipped with the usual matrix commutator, and admits a positive-definite
Ad-invariant scalar product (-,-) given by

(X,Y)=-Tr(XY) VX,Yeg

Let {6,} be the generators of g in such a representation and let foéﬁ7 be the structure
constants of g, so that

(00 05] = £.,5705.

Since g is semi-simple, f,3, can be chosen to be totally antisymmetric in its indices, and
the generators can be chosen to be real antisymmetric matrices satisfying

(0a,08) = 6ap.

Let P — Jl be a principal G-bundle over M. The Yang-Mills potential A is defined
to be a connection on P, and in any trivialization of P over a coordinate patch U of
A is given by a g-valued 1-form on U,

A= A,(x)dz?, Ay(z) = Ag(x)0, € 9

for some real-valued functions A% on U. The curvature of A (or the Yang-Mills field)
is then the g-valued 2-form

F = Fy(z) dz® Ada® = (FS(2)0,) dz® A da?
given by
Fop = VaAy — VpAa + [Aa, Ay

in U, where V, is the Levi-Civita connection on M. We define the Higgs field ¢
to be a section of the real® vector bundle associated to the representation {f,}. We
denote the inner product of such sections by ¢ - ¥ = ¢a1s, and write, for example,
|62 = ¢ - ¢ = pada. The gauge-covariant derivative D, of ¢ is defined to be

D¢ = Vad + Aut. (2.2.25)
The Yang—Mills field is then the commutator of two gauge-covariant derivatives:
Fap¢ = [Dqg, Dy
Under a gauge transformation

Ay~ UAU Y+ U0, UL,
Fop ~ UFaU™",
¢~ Ug¢p, and
D¢ ~» UDg9

3Note that ¢ being a section of a real vector bundle does not preclude it being a complex scalar field,
as in the case of section 2.2.3, since C is a (two-dimensional) vector space over R.
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for any smooth G-valued function U on Jl. The gauge transformation U here is related
to the gauge transformation y in the abelian case by exponentiation. Notice that in
contrast to the abelian case of the Maxwell-scalar field system of section 2.2.3, the fields
F,, and D, ¢ are not gauge-invariant. Furthermore, the gauge-covariant derivative D,¢
here seemingly differs from the gauge-covariant derivative we defined in section 2.2.3 by a
factor of ¢; this is only because there we made the i (as in u(1) = iR) explicit to make
the Maxwell potential A, a real function. Note also that D, acts on ¢ by (2.2.25) since
¢ belongs to the fundamental representation of G (¢ ~» U¢). Since Fyp belongs to the
adjoint representation (Fy, ~ UF,U™1Y), the operator D, acts on F,, by

Danc = va,F1bc + [Am Fbc]-

The Lagrangian for the conformally invariant Yang-Mills—Higgs equations is

_ ! aby 4 1 (D) — LRI62 - Laglolt
£ = = (Fun ) 4 5(Dag) - (D) = 5RIGI = Jholdl (2:2:26)

where \g > 0 is a constant. The Euler-Lagrange equations associated to (2.2.26) are

1
D Fop = =((Dag) - a0)0e and  D*Daip+ <R+ Ao’ =0, (2:2.27)
along with the Bianchi identity
DioFpe = 0. (2.2.28)

If A\g # 0, there is a new cubic interaction term in the equation for ¢ that is absent in
the Maxwell-scalar field system (2.2.22). From a PDE point of view, however, this cubic
nonlinearity is of the same type as the forcing term Im(¢D,¢) in the equation for the
Maxwell field. Note moreover that since A\g > 0, the equation for ¢ is a defocussing
nonlinear wave equation [110].

The canonical stress-energy tensor for (2.2.26) is

1
Gab == _<Faca Fbc> + Zgab<ch7 FCd>

1 1 , 1 , (2.2.29)
+ (Da¢) ’ (Db¢) - igab(chb) ’ (Dc¢) - 6Gab|¢‘ + Z)‘Ogab|¢’ )
with an alternative choice being
1
Tab = _<Faw Fbc> + Zgab<ch7 FCd)
(2.2.30)

+ (Dad) - (Dy9) — 500(Ded) - (D) + 2o garRIS + Jhogunlo'

As a consequence of the field equations (2.2.27), @, and T, satisfy the conservation laws
1 1
ViOu = —sRa¢ - V¢ and VT, = ﬁ\<z>|2va.

As in the case of the Maxwell-scalar field system, it can be checked that the equa-
tions (2.2.27) are conformally invariant under g,, ~ gap = 22gs. That is, the con-
formally rescaled fields

A A

Aa = Aa; Fop = Fab; (Zg = Qil(b-



2. Background Material 21

satisfy the rescaled field equations

A A A A~

PN A A 1.4 NN
D Fop = =((Da9) - 0a)0a D*Dad + cRé + Xolo*¢ = 0

if and only if the physical fields (Ag, Fap, ¢) satisfy the equations (2.2.27). As in the
case of the Maxwell-scalar field system, neither of the stress-energy tensors @, or Ty
are a conformally covariant quantity.

2.3 Two Conformal Compactifications

As we shall be making extensive use of these, in this section we introduce the well-
known natural conformal compactifications of 4-dimensional Minkowski and de Sitter
spacetimes in detail.

2.3.1 Minkowski Space

Four dimensional Minkowski space (Ml = R* 7) is the maximally symmetric solution
to the vacuum Einstein equations (1.1.1) with zero cosmological constant. The metric
n in the usual spherical coordinates is given by

n = dt® — dr? — r2sy,

where s§9 is the standard metric on the 2-sphere Sé & We consider a conformal trans-

formation of the metric / = Q%n, where
2
Q= . 2.3.1
VI+({E—r)2y1+({t+7)? ( )
Defining
T := arctan(t + r) + arctan(t — r) € (—m,7) and
¢ := arctan(t +r) — arctan(t — r) € [0, 7),
the conformal factor becomes
Q) = 2cos (T;C) cos (T;C) ,
and the rescaled Minkowski metric 7 reads
fj = dr? — d¢% — (sin? () so. (2.3.2)

In the new coordinates (7, () physical Minkowski space is given by the diamond
M= {(7,¢) : 7|+ ¢ <m ¢ =0} xS, (2.3.3)

as shown in fig. 2.1. Quotienting the metric (2.3.2) by the symmetry group SO(3) of the
s9 factors also gives the Penrose diagram of Minkowski space, fig. 2.2.
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Z+ Z-_|_ T
I+ ¢
Z'O
Ve
1 1
Figure 2.1: Compactified Minkowski Figure 2.2: The Penrose diagram for
space. Minkowski space.

Identifying 0 ~ 7 for the variable ¢, ( € [0, 7]/~, one sees that the spacelike part of the
metric 7 coincides with the standard metric s3 on the 3-sphere S?, d¢? + (sin?() 5o =
s3. It is then clear that the metric

fj=dr? —s3 (2.3.2)

extends smoothly for all 7 € R and Sgﬁ? & and in fact represents the Finstein cylinder
(¢,¢) = (RxS3 7). The manifold (2.3.3) has a boundary (as a submanifold of (€, ¢)) given
by

oM ={Q=0}={(r,¢) : |[7|+(=m (>0} xS* = .7, (2.3.4)

known as null infinity. The hypersurface .# is the union of the past and future sections
IE={(1,¢) : £7+(=m, ¢ € (0,m)} x S (2.3.5)

and the three points
it = (%7,0) (2.3.6)

and
i¥ = (0, 7). (2.3.7)

The surfaces #* are called future (past) null infinities, the points it are called future
(past) timelike infinities, and i is called spatial (or spacelike) infinity. The motivation
for this nomenclature may be seen by examining the behaviour of geodesics in physical
Minkowski space: if an inextendible geodesic is timelike, it intersects .# at i~ and iT
only; if it is null, it intersects .# at a point on .#~ and a point on ., and if it is
spacelike, it is a closed curve through % [94]. Coincidentally?, the hypersurfaces .#+
are null with respect to the metric 7, with null generators 0. £ 0.

4This is a consequence of Minkowski space being a solution to Einstein’s equations with a vanishing
cosmological constant. Null infinity .# is only null in the case of A = 0.
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Furthermore, the timelike infinities i* and spacelike infinity i° are genuine points,
not 2-spheres, since the 2-sphere factors have radius sin{. They are the endpoints of
I 0% =i Ui’ One sees that i*, i® and the hypersurfaces .#* are all smooth
with respect to the metric (2.3.2), and that M == M U 7 is a genuine smooth compact
manifold with boundary called compactified Minkowski space. The embedding of (ﬂ?t, 7))
into the Einstein cylinder (€,¢) = (R x S?,%) may be visualised as in fig. 2.3.

TN

Figure 2.3: The conformal embedding of Minkowski space in the Einstein cylinder may be
visualised as a diamond wrapped around a cylinder.

Figure 2.3 shows that the future null cone .~ of the point i~ is refocused at the point
i, which is situated antipodally to i~ on the cylinder. Similarly, the future null cone .#+
of ¥ is refocused at i*. In fact one may regard the union .#+ U .#~ as the null cone of a

single point, i, with .#* representing the future cone and .# ~ representing the past cone.

Remark 2.3.1. Such a complete compactification which produces a completely non-singular
# (including 7+ and 4°) is unique to flat space (in the case of A = 0). The situation is
less forgiving in curved space: it turns out, for example, that the points i and i® of the
Schwarzschild solution are all necessarily singular, as the eigenvalues of the Weyl tensor of

the compactified spacetime blow up at these points [94]. Indeed, they are proportional to

m
302’

which is unbounded in the neighbourhood of each of i* and i® for any plausible choice of
) that brings the relevant point to a finite distance (for example Q = r~2 for ). This will

be relevant in chapter 3, where we shall work on curved spacetimes and use an incomplete

0

conformal compactification which will leave ¢° a singular point of the rescaled metric.
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2.3.2 De Sitter Space

Four dimensional de Sitter space dS4 is the maximally symmetric solution to the vacuum
Einstein equations (1.1.1) with positive cosmological constant A > 0, and the positive
scalar curvature analogue® of Minkowski space. It may be defined as the hyperboloid®

of? — a8 = 713
in (4 + 1)-dimensional Minkowski space

s = daf — d|z|* — |z|’ss,

where |z| = \/x%—l—x% + 23 + 22, If we set

1 1
To = 4 sinh(Ha), |x| = i cosh(Ha)
so that « is a coordinate on dS4, the metric 15 descends to the metric § on dSy,

1
2 - — cosh?(Ha) s3. (2.3.8)

g =da 7

This provides a global coordinate system on dS4 and is known as the closed slicing of
de Sitter space. These coordinates make manifest the R x S? topology of dS,: the
metric (5.5.1) can be visualized as a compact spacelike slice expanding in time «,

as depicted in fig. 2.4.

—
! |

Figure 2.4: The closed slicing of dSy.
To conformally compactify dS4, we need a further change of coordinates

tan <T) = tanh (Ha)
2) 2 )

®The maximally symmetric solution to the vacuum Einstein equations with negative cosmological
constant is called anti-de Sitter space AdS4, which we do not study in this thesis. Anti-de Sitter space
has a timelike .#, and therefore fails to be globally hyperbolic. It is also expected to be a dynamically
unstable solution of Einstein’s equations [18, 31, 84, 85].

SNote that the parameter H corresponds to the Hubble constant in vacuum.
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In terms of 7 the metric § becomes

1

g = m(d’]’z — 53), (239)

where 7 € (—n/2,7/2). The conformal factor
Q=HcosTt
therefore conformally embeds dS4 in the Einstein cylinder (&,e),
V2G=dr? —s3=c¢.

In this conformal scale the hypersurfaces {r = +m/2} are regular, in contrast to the
physical metric (2.3.9). We thus identify compactified de Sitter space dS, with the
subset [—7/2, /2] x S? of the Einstein cylinder & by attaching to ((—7/2,7/2) x S3,¢)
the boundary .# := {Q = 0} = {|r| = n/2}. This boundary is the union of two
disjoint smooth surfaces

JJF:{T:;T} and f_:{T:—;T},

which we call future null infinity and past null infinity respectively, analogously to the
case of compactified Minkowski space. All inextendible null geodesics in dS4 acquire
two endpoints in (/154, one on #~ and one on .#t. Note, however, that here #*
are spacelike hypersurfaces of (&, e).

er
g —

Figure 2.5: Compactified de Sitter space a§4 embedded in the Einstein cylinder €.

Remark 2.3.2. The fact that .# is spacelike is a consequence of dS4 being a solution to the
vacuum Einstein equations ((1.1.1) with T, = 0) with a positive cosmological constant
A,

Rap = )‘galr
Indeed, in general the norm squared on .# of the normal to .# is
1
(Vo) (VIQ) ~ g)\.

In the case of dS4, A = 3H?, so that V,QV*Q ~ H? > 0.
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Writing the 3-sphere metric as s3 = d¢2+(sin? ¢) s for ¢ € [0, 7]/~ and quotienting the
metric ¢ by the SO(3) symmetry group of s9, we obtain the Penrose diagram for dSy, fig. 2.6.

j-i—

North Pole I < I South Pole

Figure 2.6: The Penrose diagram for dSy.

The coordinate ¢ varies from 0 to 7 going from left to right, with the vertical lines {{ = 0}
and {¢ = 7} representing the North Pole and the South Pole of the 3-spheres respectively.
The coordinate 7 varies from —7/2 to 7/2 going up, with the horizontal lines {7 = —7/2}
and {r = 7/2} representing past and future null infinities .#*, as remarked earlier. The
dashed lines are the past and future cosmological horizons for an observer at the South
Pole: a classical observer sitting at {{ = 7} can never observe the region ITUIII, and can
never send a signal to the region IIT U IV. Thus region I is the region of communications
for an observer at the South Pole, while region III is completely inaccessible.

2.4 Two Conformal Scattering Constructions

To introduce the details of conformal scattering, we sketch the construction for the linear
wave equation on compactified Minkowski and de Sitter spacetimes.

2.4.1 The Wave Equation on Minkowski Space
Consider the free wave equation
¢ =0 (2.4.1)

on Minkowski space (Ml = R* 7), and consider its complete conformal compactification
i) = Q%n = ¢ as outlined in section 2.3.1. Since for 7 the scalar curvature vanishes and for
¢ it is equal to 6, it follows that (2.4.1) is satisfied if and only if the rescaled solution

b=0Q"1¢ (2.4.2)
satisfies

Uo+9=0 (2.4.3)
(see section 2.2.2 for a description of the conformal wave equation). Consider initial
data (¢,0:0)|s = (¢o, ¢1) on a Cauchy surface ¥ = {t = 0} x R3 in Minkowski space.
The conformal transformation (2.4.2) induces initial data

do=(1+00, b= 047
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on the Cauchy surface 3 = {7 = 0} x §* = £ U ®, which we assume extends’ as a pair
of H' @ L? functions on S®. The stress-energy tensor for (2.4.3) on € is

ab = a¢vb¢ - eabvcﬁbv Qb + *eabQZﬁ s (244)
which is symmetric and satisfies the conservation law
ﬁaTab = (ﬁg?) + Qg)@bﬁg

As a result of (2.4.3), Tab is conserved, and gives rise to the conserved current jb =T a’i‘ab,
where 7% = 9. is a timelike Killing vector field with respect to e. By integrating
VbJ, = 0 over the compact region bounded by S and #* and using the divergence
theorem, one obtains an energy estimate

”(fsouip(g) + Hél”iz(g) = H@ZA)JF||%{1(<¢+)7 (2.4.5)

where the norm H'(.#71) is the natural norm on .#* involving only derivatives which are
tangent to #t, and ¢ is the restriction to T of the solution ¢ to (2.4.3).

2\

Figure 2.7: We obtain the basic energy estimate (2.4.5) by integrating VpJ? = 0 in the compact
region bounded by ¥ and .# .

It is classical that for initial data (¢, ¢1) € H'() @ L*(3) there exists a finite energy
solution ¢ to (2.4.3) which has a well-defined restriction ¢t € H'(#T) on #; this

defines a bounded linear operator
T H(D) @ L2(2) — HY (I,

FUN . 2.4.6
(¢o, P1) —> T ( )

called the future trace operator. This operator is injective by the estimate (2.4.5), and in
fact surjective as a consequence of the fact that one can resolve the characteristic Cauchy
problem from the data ¢+ € HY(#1) on £ to recover the full finite energy solution ¢—
this is Héormander’s construction for general weakly spacelike Cauchy problems [58], the
details of which are given in appendix A.2.2. The operator T+ is therefore an isomorphism

"This involves an assumption on the rate of decay of the initial data (¢o, ¢1), but we do not wish to
explore this point at this time. The details of these decay assumptions may be found in chapter 5.
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between H'(3) @ L*(X) and H'(.#*). Performing the same construction to the past
gives the past trace operator €, and one defines the conformal scattering operator . by

S HYI™) — HY(IT),
S =% o ()7L,

If the rescaled solution ¢ happens to be sufficiently smooth, the scaling d =019
by the conformal factor (2.3.1) allows one to deduce decay rates of the physical solution
¢ along null and timelike directions. Indeed, if ¢ is at least C° (ﬂ?t), then it is bounded
on .#, and the physical solution ¢ satisfies

6] = Q9.

For u =t —r or v =t + r fixed, this leads to decay along null directions in the form

7"lgnrolo ro(r +u,rw) =

V14 u?

1 ~
_ +(
I _ !
Ti}rgorqﬁ(—r—i-v,r,w) =

U,W),
v
1+ 02

¢ (v,w)

for some continuous functions ¢* € C° (R x S?)—exactly the characterstic data on £+
(cf. the radiation fields (1.2.4)). Along timelike directions, keeping r fixed leads to

Ly 20k
tlg:noo Qt ¢(t,T,W> - ¢(Z )7
where ¢(i%) are the values, finite as ¢ € CO(JMl), of the rescaled solution at timelike infinities
4
i+,
If the initial data is more regular, one can commute the Killing field 7% = 9. into
the equation (2.4.3) and derive higher order estimates for the solution ¢,

16012 sy + 161 12m sy = D2 1T B30 (24.7)
=0

These estimates are in fact a reincarnation of the peeling property, originally termed
the peeling-off of principal null directions, discovered by Sachs for zero rest mass spin-1
and spin-2 fields [103, 104]. More generally, a zero rest mass field of spin s may be
represented as a symmetric rank 2s spinor, which possesses 2s principal null directions
(see proposition 3.5.18 of [95]). Consider the expansion of such a spin-s field in powers of
1/r along an outgoing null geodesic; the peeling property is the statement that the part
of the field decaying like r=™ (1 < m < 2s) has 2s — m of its principal null directions
aligned with the null geodesic along which the original expansion was performed [91]. The
peeling behaviour of zero rest mass fields was further studied by Newman and Penrose
[87] using what is now known as the Newman—Penrose formalism, as well as the conformal
method [93, 94]. It has been shown that the peeling property is generic [77, 78, 88],
and in fact equivalent simply to regularity at null infinity in the conformal picture [91],
as per the estimates (2.4.7). This equivalence may be seen by expanding $ina Taylor
series around .#*: the order to which one can perform the expansion depends on the
number of transverse-to-.# T derivatives that qAS admits, which is precisely what the norm
HT%”?{l(, s+) measures. One makes the following definition.
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Definition 2.4.1. The physical solution ¢ to (2.4.1) on Minkowski space Jl is said to
peel at order m € N towards .# T if

m
10012
DT 0l oty < 0,
1=0
where ¢ is the rescaled solution on the Einstein cylinder (2.4.2).

The estimate (2.4.7) then shows that the optimal function space of initial data on )y giving
rise to peeling of order m is precisely the pair of Sobolev spaces H™T1(X) @ H™(%).

2.4.2 The Wave Equation on de Sitter Space

A similar construction may be carried out on de Sitter space, where one considers
the conformal wave equation on dSy

O¢ + 2H%) = 0. (2.4.8)

As we have seen, the conformal factor @ = H cos T embeds (dSy4, §) into the Einstein cylin-
der (&,e),

e = 023,
and with the associated rescaling of the solution to (2.4.8),
b=0"19, (2.4.9)

the equation (2.4.8) becomes the conformal wave equation (2.4.3) on €, as in the case
of compactified Minkowski space. Natural initial data (¢g,$1) on ¥ ~ {a = 0} x S5
for (2.4.8) in fact defines initial data for (2.4.3) on & = {7 = 0} x $* without any
modification, on account of the fact that the Cauchy surface 3 in dS, is already a
3-sphere, {a = 0} = {7 = 0}, and the conformal factor  is initially just a constant,

Q| _,=H

We again use the stress- -energy tensor (2.4. 4) on the Einstein cylinder, and define the same
conserved current .J, = 7 Tab By integrating Vb = 0 over the region of compactified
de Sitter space bounded by 3 and .#*, we obtain the energy estimate

180012 5 + 181125y = 167 3 oy + 1(TB) 22 (24.10)

where ¢t and (T'¢)T are the restrictions of ¢ and T'¢ = d-¢ to I .

Figure 2.8: We obtain the basic energy estimate (2.4.10) by integrating Vi = 0 in the compact
region bounded by ¥ and .#T.
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In contrast to the case of compactified Minkowski space where .#T is null, here the
estimate (2.4.10) picks up a time derivative term in the energy on .# . This is simply
a consequence of the fact that here .#T is spacelike, and the correct set of data on &+
includes both (;AS and (‘ng. The reason for why 87(;5 is absent in the null case can be seen
in the construction in appendix A.2.2, where one finds that the measure carrying 67qu
degenerates as a spacelike hypersurface is taken to approach a null hypersurface.

Resolving the Cauchy problem from both S and F71 is trivial in this case, and
one constructs the future trace operator

Tt H (D) 0 L2(2) — HY () e LX),
($Oaﬁg1) — (€5+, (T$)+)

as before. The operator T is then clearly an isomorphism of Hilbert spaces, its invertibility
requiring only the resolution of a regular Cauchy problem from .#* backwards in time.

(2.4.11)

Constructing T~ similarly, we define
S HY I o L*(F7) — HY (I ) L*(I),
S =%t o ()7L
If ¢ is CO(&&), then the conformal scaling ¢ = Q(% gives rise to decay rates of ¢

towards .# as before. Since .# is spacelike here, it is natural to consider decay along
timelike directions approaching .#. One finds that

lim e(a,w) = 2HGHT (w)

a—+oo

for some functions® ¢ € C°(S?), which are exactly the restrictions of the rescaled solution
¢3 to S*.

As before, for sufficiently regular data one can also commute the Killing field 7
into the equation (2.4.3) to derive peeling estimates similar to (2.4.7); here, however,
because £ is spacelike, derivatives transverse to .#* can be re-expressed in terms of
derivatives tangential to .# T using the evolution equation

026~ Ko+ =0.
The peeling estimates then become
H¢0H§{m+1(ﬁ;) + ”€31||§{m(g) = HQSH?{T"H(er) + HTQAS”%{T”(Jer (2.4.12)
and, analogously to the case of Minkowski space, we may make the following definition.

Definition 2.4.2. The physical solution ¢ to (2.4.8) on de Sitter space dS, is said to
peel at order m € N if

1 Frms1 gy + 1T D Frm sy < 00,
where ¢ is the rescaled solution on the Einstein cylinder (2.4.9).

The estimate (2.4.12) then shows that the optimal function space of initial data for which
the solution peels at order m is exactly H™TY(¥) @ H™(%).

8Here w denotes the coordinates on S*.



Conformal Scattering of Maxwell Potentials

3.1 Introduction

For nonlinear gauge theories the field Fy; is insufficient to describe the full dynamics of
the system, and one must work with the potential A,. With the view of approaching
scattering questions for more general gauge theories, in this chapter we tackle the problem
of conformal scattering of free Maxwell potentials.

As mentioned in remark 2.3.1, it turns out that the natural framework in the
Schwarzschild case—or anything that looks like the Schwarzschild solution near i%—
is to forget about a complete compactification of the spacetime, and instead consider
a rescaling of the spacetime by a conformal factor that is asymptotically equivalent
to Q = R := r~!. The solution to the wave equation is then rescaled according to
qg = 0719 ~ r¢, and one recovers exactly the scaling required to obtain Friedlander’s
radiation field (1.2.4) on .#. Indeed, one can see a hint as to why this should be the

correct rescaling by writing out the wave operator in spherical coordinates,

06 =1~ (0 +0,)(0 = 0,)(r9) — 1A (r9))

where the quantity r¢ appears naturally. The conformal factor {2 = R then brings null
infinity to a finite region, but leaves " at infinity. One reason why one might wish to
construct a scattering theory using such a conformal factor even on flat space, where
a complete compactification is available, is to be able to compare the results obtained
there to results on more general spacetimes, for which a complete compactification will
be unavailable. For example, the conformal factor (2.3.1) is not uniformly equivalent

to r—t

near i, which makes comparing asymptotics obtained using the two frameworks
problematic. A conformal scattering theory for the wave equation (as well as Maxwell
and Dirac fields) with 2 = R near i has been constructed by Mason & Nicolas [78, 79].
Here, we study Maxwell’s equations in terms of the potential.

This chapter is divided into two parts. In the first part we construct a complete
conformal scattering theory for Maxwell potentials, using a conformal factor such as the

one described above, on flat space. Spoiled for choice of Killing and conformally Killing

31
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vector fields, here we also investigate the effects of different choices of multiplier vector
fields on spaces of scattering data. We discover, for example, that using the Morawetz
vector field K [83] yields a scattering theory which is in a certain sense a strict subset
of the scattering theory with 0;. In the second part we extend the scattering theory
of Mason & Nicolas [78] to Maxwell potentials on a large class of curved spacetimes
containing matter. Here we must use a strategy similar to the one we employ for the
Morawetz vector field on flat space in the first part, where we must solve an elliptic
PDE and an ODE to reconstruct the potential from the field.

In this chapter we make heavy use of the Newman—Penrose formalism, which we
describe briefly in appendix C.1.

3.2 Geometric and Analytic Framework

3.2.1 Asymptotically Simple and Corvino—Schoen—Chrusciel-Delay
Spacetimes

In (the second part of) this chapter we work on spacetimes constructed by Chrusciel-Delay
[26, 27], Corvino [29], and Corvino—Schoen [30]. These are asymptotically flat, asymptoti-
cally simple spacetimes with null and timelike infinities of specifiable regularity, which
are in addition diffeomorphic to the Schwarzschild or Kerr solution in a neighbourhood
of spacelike infinity. These spacetimes are generically non-stationary and may contain
matter, providing an ideal testing ground for conformal scattering. As a consequence
of their structure near spatial infinity, their conformal compactifications are necessarily
singular at i°. The construction of Chruséciel-Delay permits spacetimes with a C¥ conformal
compactification for any finite k& (however fails to produce spacetimes with a C*° conformal
compactification), and in what follows we shall simply assume that a sufficiently large order
of differentiability k& has been chosen. We will refer to such C* differentiability as smooth.
Smooth asymptotically simple spacetimes are then defined as follows [4, 5, 94, 95, 96].

Definition 3.2.1 (Asymptotically simple spacetimes). Let (/l,g) be a smooth globally
hyperbolic spacetime. We say (M, g) is asymptotically simple if there exists another

A

globally hyperbolic spacetime (Jl, §) such that

1. the spacetime A is a manifold with boundary oM = 7 , and A \ .7 is diffeomorphic
to J,

2. there exists a smooth function Q on J such that Gab = %gap and Q > 0 in JM,
Q=0on ¢, and dQ2 # 0 on .#, and

3. every inextendible null geodesic in M acquires two distinct endpoints on #.

The condition df2 # 0 on .# ensures that {2 can be used as a coordinate on M, in particular
to perform Taylor expansions to capture the decay of fields near .#. The above definition
extends the notion of conformal compactification used in sections 2.3.1 and 2.3.2 to a
much larger class of curved spacetimes. As already alluded to in section 2.3.1, the last
point in the above definition warrants the following terminology.

Definition 3.2.2. The boundary .# of the compactified spacetime A is called null
nfinity.
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If Ml happens to be vacuum (in fact it is enough that the trace of the matter stress-
energy tensor vanishes asymptotically near .#), then as a hypersurface of the unphysical
spacetime JWAL, & is spacelike, null, or timelike, depending on whether the cosmological
constant A is positive, zero, or negative respectively. We focus in this chapter on the case
A = 0. The spacetimes of Corvino—Schoen—Chrusciel-Delay are asymptotically simple,
and in addition to the conditions of definition 3.2.1 satisfy the following.

4. The physical spacetime (ML, g,p) satisfies Einstein’s equations with A = 0,
1
Rap — §R9ab = =81y Tap,

where Q2T has a smooth limit on .#,

5. the boundary .# of AL is the union of three points %, i~, and i*, and two smooth
null hypersurfaces #* and .# ~; the hypersurface £ is the past lightcone of iT,
whereas .#~ is the future lightcone of i,

6. the metric gy is smooth at = and .#*, and

7. the physical spacetime Al is diffeomorphic to the Schwarzschild or Kerr solution
outside the domain of influence of a given compact subset of a Cauchy surface X.

The points i+ are called future and past timelike infinities, the point ¥ is called spacelike
infinity, and the null hypersurfaces .#* are called future and past null infinities respectively.
Spacelike infinity i° will generically be a singular point of the conformally rescaled
metric. Condition 4 ensures that the matter fields in the physical spacetime M decay
sufficiently fast at infinity. We call spacetimes satisfying the above decay condition
for the matter fields asymptotically vacuum.

3.2.2 Orthogonal Decompositions

In order to pose the Cauchy problem for Maxwell’s equations, we perform an orthogonal
3 + 1 decomposition of the physical and rescaled metrics gqp and gqp- Since M is globally
hyperbolic, there exists a smooth time function ¢ : Ml — R such that V? is uniformly
timelike on Jl, where V is the Levi-Civita connection of g. The level sets {¥;}; of
t define a uniformly spacelike foliation of Jl. If J( is diffeomorphic to R*, then each
¥ is diffeomorphic to some ¥ ~ R3, and the flow of the vector field V@ effects the
identification M ~ R; x X. The metric g, then decomposes as

ds? = ggp dz®da® = N2de? — h,
where h is a smooth Riemannian metric on ¥; for each ¢, and N is a smooth non-vanishing
lapse function. The unit normal to the hypersurfaces ¥, is

. 10 ) a
T =N i.e. Tydx® = Ndt,

so the metric can be written as

Gab = TaTb - hab-
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The Levi-Civita connection of g,, decomposes as
Vo=T.V7+Vy,

where V- = —hl V), is the part of V, orthogonal to 7%, T*V}+ = 0. It is the 4-dimensional
covariant derivative V projected onto ¥, and differs from the Levi—Civita connection
V of (X4, h(t)) by the extrinsic curvature kg, of ¥;. Indeed,

VaTy = —hiVeTh = Kap = F(ap),
so that for any X, such that T°X, = 0
VoXy — VX = v, Ty X,
We define the trace of the extrinsic curvature by
Trk =k, = —h®V T,

A similar decomposition may be performed for the conformally rescaled metric §qp, =
02ga. Here we choose a smooth time function 7 such that Vor is uniformly timelike
and such that T(Z’i) = +Tmax, 0 < Tmax < 00, where V is the Levi-Civita connection
of §. The level sets {3}, of 7 define a uniformly spacelike foliation of .l such that
the leaves 3, are transverse to .& , and, as T — *Tmax, shrink to the points i*. With
respect to this foliation the rescaled metric decomposes as

Gab = TaTb - ilab, Gap dz® da? = N2dr2 - i%

where 7 is the unit normal to 3, with respect to §gp, and flab is a smooth Riemannian
metric on 3, for each 7. As before, the Levi—Civita connection V of Jap decomposes as

o = 1hV + VL.

We assume that the functions ¢ and 7 are such that the initial leaf of the rescaled
foliation {3,}, agrees with the initial leaf of the physical foliation {%;:};, 39 = Zo.
The vector fields 7% and T are therefore parallel on flo = Yo =: 2, and the above
decomposition of the metric gives the relation

T = Q71795
We also assume that the time derivative of the conformal factor vanishes on ¥,
atQ’Z X 879’2 =0.

The uniformly spacelike foliation {¥;}; of the physical spacetime extends to an asymptot-
ically null foliation of the rescaled spacetime. Indeed, the unit normal T% with respect
to gap has norm Q? with respect to §up, which tends to zero as 2 — 0. Conversely, the
uniformly spacelike foliation {f]T}T of the rescaled spacetime corresponds to a foliation
of the physical spacetime by hyperboloids which are asymptotically null.
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It It I+ It

7:0
i 1
Figure 3.1: The asymptotically null folia- Figure 3.2: The foliation {&,}, of Jl
tion {X;}; of M. whose leaves are transverse to % .

The foliation {ZA?T}T will be used to pose and solve the Cauchy problem in the rescaled space-
time JL.
We define the projection onto (X, hep) of a 1-form A, on JM by

A, = —-hlA,.
The X¢-covariant derivative V,, applied to Ag is then given by

VoAg = h3hiV Ay = —hBheV 4 (h§A.),

n

and more generally the ¥;-covariant derivative of a tensor field 7%=, is

V'YTalmanBl..ﬂm _ (_1)n+m+1hch041 o hg‘sh%ll .. h%TnvCTal"'anbl...bm'

vral

The factor of (—1)"**1 is included to compensate for the successive changes of signature
each time the projector hj is applied: note that h®hy = —hi = o — T%Iy,. For
tensors on X;, —hj of course acts as d; since all tensors on Y; are orthogonal to 7
with respect to the full metric ggu.

3.2.3 The Schwarzschildean Neighbourhood of Spacelike Infinity

The spacetimes of Corvino—Schoen—Chrusciel-Delay are diffeomorphic to the Schwarzschild
(or Kerr) spacetime in a neighbourhood of . For simplicity, we consider the Schwarzschild
case. The metric near i® is then given by

gap dz® dz® = F(r) dt? — F(r)"1dr? — r2so, (3.2.1)
where F(r) = 1 — 2mr~!, with inverse metric

g0, © 0y = F(r) 10} — F(r) 02 —r 255",
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We define the Eddington—Finkelstein coordinates

u=t—r,, r*:r+2mlog<r —1),
2m
and the inverted radial coordinate
1
R=-.
r

The metric (3.2.1) in the coordinates (u,r,6,$) becomes
Gap dz® dz? = F(r)du® + 2dudr — r’s,,
with the inverse metric
90, © 0, =20, ® 0, — F(r) 97 —r %s; .

For the conformally rescaled metric §,; = €%g4s, we choose the conformal factor €2 so
that it is equal or equivalent to R near i%; with Q = R the rescaled metric becomes

Japdz® dz® = R*F(R) du® — 2dudR — so, (3.2.2)
where F(R) = 1 —2mR = F(r). The rescaled inverse metric is then
G0, © 0y = =20, ©® Op — R*F(R) 0% — s, .

The rescaled volume form is given by dv = du A dR A dvs,.

3.2.4 Newman—Penrose Tetrads

We will work with two related Newman—Penrose (NP) tetrads, one associated to the
physical spacetime Jl, and another to the rescaled spacetime M. On the physical
spacetime Jl we define an NP tetrad (I,n,m,m) by aligning [* and n* with incoming
and outgoing null congruences respectively such that wherever the metric g, agrees with
the Schwarzschild metric, the tetrad (I,n,m,m) takes the concrete form

19— 9, — %F(T)ar, Iy = %F(r) du + dr, (3.2.3)
n® = 0oy, ng = du, (3.2.4)
1 { T
a _ o= ——= ) Si , 2.
m o (89 + sin08¢> , m \/§<d9 + isin 6 do) (3.2.5)

70 _r

1 i
= O — ——0 ) , m, =
V2r ( *7 sing "’ V2
and extending m® as a C¥-smooth complex null vector everywhere orthogonal to I¢ and
n®. We assume that the vector fields {* and n® are C*-smooth and real. We obtain

the rescaled NP tetrad on Jl by the rescaling

(d6 — isin0do), (3.2.6)

[* =, I, = 2, (3.2.7)
ne =0 2ne, fla = N, (3.2.8)
me = Q 'm?, e = Qmg, (3.2.9)
m® = Q 1m, e = Q. (3.2.10)

"'We secretly assume that the spacetimes J and M admit spinor structures; that is, they admit spin
structures and are space- and time-orientable. This is a mild topological restriction that we do not concern
ourselves with.
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We assume that [% restricted to #7 is a generator of # 1 and that Ve is proportional
to I on .#T. We also assume that the vector fields (and their corresponding 1-forms)
(lA,ﬁ,mm:”L) are all CF-smooth throughout AL Furthermore, we suppose that 7, # 0
on .1, and use it to define a measure on #7:

In the Schwarzschild sector this will of course be given by dv 7+ = du A dvg,. Finally,
we assume that the vector field T* is given by

1
T =al®* + —n" 3.2.11
al® + o-n ( )
for some non-negative function a on M. Note that (3.2.11) is simply the assumption that
T° is independent of the angular vector fields m® and m?, as the coefficient in front of n®
is fixed by normalization. In terms of the rescaled tetrad T is then given by

N 02
7% = al® + —n°,
2a

and becomes proportional to the generator [* of T on #+. In the Schwarzschild sector
we explicitly have that the unit normal to surfaces ¥ of constant t is T = F(r)~'/20,,
which in terms of the physical NP tetrad is given by

T* = F(r) ™10 4 SR () e

In the rescaled Schwarzschild coordinates (u, R, 0, ¢) the rescaled tetrad (Z, fi, 1M, 1) takes
the form

N 1 A 1

“ =0, + 5RQF(R)aR, lo = 5R?F(R) du — dR, (3.2.12)
A% = —dp, Mg = du, (3.2.13)

1 1 1

ne = — — g = —— si : 2.14
m 7 (09 + = 03¢) , m 5 (df + isinfdo) (3 )
~a ]‘ _ i e — _L — 78]

me = 7 (89 sin96¢> , Mg = 2(d9 isinfde). (3.2.15)

Of course, by setting m =0 <= F(r) =1 in (3.2.3)—(3.2.6), one recovers an NP tetrad
for physical Minkowski space. Similarly, setting F((R) =1 in (3.2.12)—(3.2.15) gives an
NP tetrad for rescaled Minkowski space wherever 2 = R.

Maxwell Components

We define the components of the physical Maxwell potential A, and the physical Maxwell
field F,, with respect to the physical NP tetrad (I,n,m,m) by

Ag = laAcu Ay = naAaa Ag = maAa
and

1
Fy = Fablamb, Fy = B ab(lanb + fn“mb), Fs = Fabm“nb.
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We denote
a:=T%A,,
and define the electric and magnetic fields with respect to the foliation (X4, hap) by
E,=TFy, = —h®E, = E,

and

1 1
By = =6,"Fpe = —=€ap,hShy hl Fye = —hSB, = By,

2 2
where €4 is the volume form of h,,. The components of the rescaled Maxwell potential
A, and rescaled Maxwell field ﬁ'ab with respect to (i, ﬁ,m,ﬁz), as well as E, and ]f%a,
are defined in the same way.

One can check that the components of the stress-energy tensor T, with respect
to the tetrad (I,n,m,m) are given by

T 1000 = 2| Fy|?, Tplon° = 2|F1 2, Tpn®n® = 2| )%,

and similarly for the rescaled stress-energy tensor T, with respect to the rescaled
tetrad (I, 7, M, 7). The components of the Maxwell field F,;, are given in terms of the
components of the Maxwell potential A, by

Fo=(b—p)As+ KA — (0+7T)Ag — 0 Ag, (3.2.16)

Fi=g (=0~ pt Ao+ (b p— A1 + (B~ 7~ )y (3217)
— (047 +7)Ag),

Fy=—(' +p)As —vAg+ 0+ 7)A; — Mo, (3.2.18)

3.3 Partially Compactified Minkowski Space
In this simplest case we work on Minkowski space (Ml = R*,n),
n = dt* — dr? — r’s,, (3.3.1)

where the coordinates ¢ and r range over R and [0, 00) respectively. We define the
retarded? Bondi coordinate

u=71t—r.
In terms of the new coordinates (u,r,6,¢) the metric n becomes
n = du® + 2dudr — r’ss. (3.3.2)
We consider the conformally rescaled unphysical metric

ﬁab = 92770,1)7

2The coordinate u is adapted for constructing future null infinity .#+, but a similar construction can
be performed with the advanced coordinate v =t + r to construct .# .



3. Conformal Scattering of Mazwell Potentials 39

where Q is a smooth radial conformal factor such that @ = R near #* and Q = Ry(u)
near it for some smooth rapidly decaying function y(u).

Figure 3.3: We choose a smooth conformal factor € which is equal to R near .#* and brings i*
to a finite distance.

It should be understood that in the white region near .#* in fig. 3.3 the conformal
factor Q interpolates smoothly between R and Ry(u). Near .7 the rescaled met-
ric then takes the form

i1 = x2R%*du® — 2x* dudR — x*so, (3.3.3)

and is now regular (although degenerate) at R = 0, unlike the physical metric n at
r = oo. Clearly the set .# = {R = 0} defines a boundary of the spacetime (JL,7), and
we define Jl = M U .7. By construction, A \ # is diffeomorphic to . Future
null infinity .#* is given by

It =R, x {R=0} x %

which is topologically the open cylinder R x S2. The metric 7 is degenerate on .# %
(it has signature (0,—, —), as can be seen from (3.3.3)), but one may integrate over
7+ with respect to the measure dv ,+ = y2du A dvs,. Since 8, is tangent to .#+ and
7(du, Or) = —X?, the vector field O is transverse to .# . In the (u, R)-plane spacelike
infinity is the point given by i® = (—00,0), and future timelike infinity is given by
i™ = (00,0). The inverse metric to (3.3.3) is

it = —2x20, © 0 — X 2R?0p ® Op — X 255 "
Remark 3.3.1. The purpose of choosing the conformal factor to be
Q= Rx(u) (3.3.4)

near it is to bring i to a finite distance with respect to ) from the interior of . For this
to be true the function y(u) needs to decay sufficiently fast as u — oo, however it is clear
that plenty such functions exist. With it a finite point in J&, 7T is now the backwards
lightcone of it in Jil. This will be crucial for the solution of the Goursat problem.
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A Newman-Penrose tetrad (I,n,m,m) for the metric (3.3.2) is given by setting
F(r) =1 <= m = 01in (3.2.3)-(3.2.6). In this case the normal 7% = 9; = 9, to
the surfaces ¥; of constant ¢ becomes simply

1
T =1 + §na.
We obtain a Newman-Penrose tetrad (I, 7, 772, i) on Jl by the rescaling (3.2.7)-(3.2.10), so

that near .#*

A 1 . 1

*=0,+ §R28R7 lg = §X2R2du . XQdR,

ﬁa - 728}%7 ﬁa == d’LLa

ma_1<a +i8> m _—L(dQ—i—isinquﬁ)
TV V7 sing?)” == 7

~a __ L L X oy

" V2x (69 sin96¢> ’ Mg = ﬁ(de isin 0 de).

3.3.1 A Priori Energy Estimates
The volume form on the rescaled spacetime M s given by
dv =D AR A (i AR,

and, where 2 = Ry, is explicitly given by dv = x*duAdRAdvs,. For the multiplier vector
field

1 A1
K®=0,=0,=1"+;n" =1"+ Q%"

we compute the energy density 3-form
~ — A 1 ~ ~ ~ _ _ —
KT 9, adv = (za + 29%@) T oo (I°0° + 1A% — mm® — mm®)dy, 1 dv
= — (2B + QB P A (i i) + (21 Bl + Q2| By ) 20 A (irn” A oe?
+...,

where the ellipsis represents contractions of dv with either 7 or 7. One immediately
reads off the energy on &7,

A SO2T0 2
Erlb= [ VRPE s = [FollEan, (3.3.5)
Similarly, on the initial surface ¥ = {t = 0} whose unit normal with respect to 7 is

7o = (07 4 j0a)

the energy density 3-form is
K“Tab&, | d/;’z = KaTbTab(T | (/];7)|E
P 1o 1 0\ o —
- (za + 2Q2n“> <sz + 2an> Ty dvs

2 200 P O P
= §’F0| +QQ’F1| +7’F2| dvsy,



3. Conformal Scattering of Mazwell Potentials 41

so that
é’g[ﬁ]:/E(Q_1|F0|2+Q|F1|2+Q3|F2|2> &, (3.3.6)

where dvy = (T J (/i;)lz

Theorem 3.3.2. For smooth compactly supported Maxwell initial data on ¥ one has the
energy estimate
Es+ =Ex. (3.3.7)

Proof. For smooth compactly supported initial data on ¥ the solution Fab = F},; is smooth
on Jl and is supported away from 70 by finite speed of propagation, as depicted in fig. 3.4.

'

It It

Figure 3.4: For compactly supported data the support of the solution remains supported away
from spacelike infinity 4°.

We integrate the divergence
@b(KaTab) = @(bKa) Tab + Ka@brj:‘ab

over the region bounded by ¥ and .# . Since the stress-energy tensor T, is conserved
and K® = 9; is conformally® Killing on the rescaled spacetime (Jl,1), one sees that the
current J, = K%T;, is exactly conserved,

Vb, =0,

as Taa = 0. Although the region is not compact in the i® direction, the solution Fy is
compactly supported, so we have

0= —Ex[F]+ &y [F). (3.3.8)

To be completely rigorous, one may see the above by introducing, say, a null hypersurface
emanating from a point on X outside of the support of the initial data towards .#+
to make the region of integration compact. The restriction of the energy density on
this hypersurface is identically zero, and sending it off towards i returns the identity
(3.3.8). O

3This follows from the fact that K* = 9, is exactly Killing on the physical spacetime J(, and the
identity £xfAay = £x(Q0ap) = (V2L ap = 2(Q210uQ)Aap, where £ denotes the Lie derivative

along K. In fact, K* is also exactly Killing with respect to 7 where 2 = R, since 0,2 = 0 there. However,
this is only true near .#* and where y = 1.
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Conformal Invariance of Energies

On any hypersurface H of M > M the energies induced by the rescaled stress-energy
tensor Ty, and the physical stress-energy tensor T are equal, on account of the conformal
covariance (2.2.11) of Ty. Indeed, for any multiplier vector field K®

/H KT, 20, o dv = /H KT q4ug"dy o dv

) N A N (3.3.9)
= / KOPT,.0%5%0, 0 Q4dv = / KT 9, Jdv.
H H
In particular, the initial energy (3.3.6) is
Ex[F] = / KT, 70 L dv)
b
= / KT T%(T 1 dv)
b
1
— 5 LLUBE + B[ dvs = Ex[F)
b
where dvs = (T 1 dv)|,,. One also notes that dvsy = Q3dv and
Fy = QFy, F = QF, Fy = Q3 [, (3.3.10)

so the expression (3.3.6) can be rewritten as

&W2éWWHHWMWﬁmﬂ%@@Hm%@H%%m2Mﬂ

3.3.2 Equations of Motion and Gauge Fixing
The equations (2.2.5) on Jl read
OA, — Vi(VaA%) =0, (3.3.11)
and, by the conformal invariance (2.2.10) of Maxwell’s equations, are equivalent to
OA, — V(VaA") + Ry A% = 0 (3.3.12)

on Jl. The energies defined by (2.2.6), when written out in terms of the potential A,
contain antisymmetrized derivatives of A, and do not define norms on the potential without
a choice of gauge. To construct the trace and scattering operators of section 1.2.4 as maps
between Hilbert spaces, one thus aims to fix the gauge in such a way that the natural
energies on the initial surface ¥ and #* become norms on the Maxwell potential. We will
impose a gauge on the physical field A,, and show that it leads to an admissible gauge
fixing condition on A, throughout J, all the way up to and on .# . To reduce the natural
energy in the physical spacetime to a norm in A, on 3 ~ R3, the obvious choice of gauge
is the Coulomb gauge

—

4.3.3), since then for a smooth compactly supported potential on 3

I
N = N = N =
— — o

Es|F]

(|E|2 +[B[?) dvs

(|A|2—2A Va+ |Va> + VAP - VinVZ'AJ') dvs,

(|A|2 +|Val? + [VA[) dvs,
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where V is the Levi—Civita connection on 3, A denotes the projection of A, onto X,
A = 9,A, and in the last line we have integrated by parts and used the Coulomb
gauge V- A = 0 = V- A. Now if one contracts (3.3.11) with 7% = §;, one ends
up with the elliptic equation

Aa=0 onX (3.3.13)
for each t € R. We have the following result.
Proposition 3.3.3. On Minkowski space (Ml = R*,n) one may impose the gauges
V-A=0, a=0, and V,4A*=0 (3.3.14)
stmultaneously. We call the gauge (3.3.14) the temporal-Coulomb gauge.

Proof. Let A, = (a,A) be any smooth solution to Maxwell’s equations on M. We
impose the Coulomb gauge V - A = 0, which has the residual gauge freedom yyes., Where
Axres. = 0 on X for all ¢. The solutions to Ayes. = 0 are constants on ¥; ~ R3, so a
residual gauge transformation effects

a -~ a+ O Xres.,

where Yres, is a function only of ¢. From (3.3.13), a is also a function only of ¢, so we may
choose Xres. S0 that the gauge transformed component a is identically zero (by choosing
Xres. t0 be the negative of the antiderivative of a). Then V,A4% = 0ya — V - A = 0 follows
automatically. O

To study A, on the rescaled spacetime M (and in particular to ensure that we can solve
for A, up to .#), we must convert the gauge condition (3.3.14) into a gauge condition
on the rescaled Maxwell potential A, and solve the system (3.3.12). Under a conformal
transformation ggp ~ Gap = 2%gap the spacetime divergence V,A? transforms as

VA% = Q% (VA — 27, A%),
so Lorenz gauge in the physical spacetime Jl is equivalent to the gauge condition
VA% = 27, A% = 2071 (VQ) A, (3.3.15)
on Jil. The equation (3.3.12) then reads
04, — 2V(Q 1 (V) A,) + RepA? = 0. (3.3.16)

Here the appearance of the Q~! factor in (3.3.16) is problematic; as it stands, solutions to
(3.3.16) may develop singularities on .# = {2 = 0}. The extra temporal gauge condition
a =0 on J ensures that this cannot haippen: recalling that 7% = [® + %n“ =Jo 4 %QQﬁ“,
the temporal gauge transported to Jl reads

N 1 "
0= Ay + 5Q2Al. (3.3.17)
Now for Q@ = Ryx(u) one computes

. N 1
Vi =—xH*+R (X’ + 2Rx> ne,
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so using (3.3.17), one has

A

Q YV A, = (R+xX'x VAL = Ay,

1

where ¢ := R+ x'x~*, showing that the coefficients of the equation (3.3.16) are in fact

non-singular up to #*. Equation (3.3.16) then becomes
DA, — 2Vy(sAr) + RapA® = 0. (3.3.18)

This will ensure that the solution to (3.3.16) is in fact smooth throughout the partially
compactified spacetime /ﬁ, including on .# . Some further care is needed before the
Cauchy problem for equation (3.3.16) can be solved, however, since the background

spacetime is singular at i®. To circumvent this, we proceed as follows.

For smooth compactly supported initial data (fla, @T/Alaﬂg the putative solution will

have support bounded away from 7", as depicted below.

i+

support of initial data

support of solution

Figure 3.5: The shape of the support of a solution with compactly supported initial data.

With this in mind, we regularize the background spacetime without affecting the solution
in the following way. Keeping it uniformly spacelike, we deform the initial surface X
away from the support of the initial data in such a way that the new deformed initial
surface 3 intersects .# T in the future of i, and the support of the solution in the future
of ¥ remains to the future of the deformed surface . We then cut off and discard the

past of the deformed surface i, as illustrated in fig. 3.6.
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support of initial data

this part is discarded

M«

Figure 3.6: The deformation 3 of the initial surface ¥ avoids i® without affecting the solution.

The part of A lying in the future of ¥ is now a completely regular compact globally
hyperbolic Lorentzian manifold with boundary, and from the point of view of the solution
to (3.3.18) in JT(X) is indistinguishable from . It may be extended to a smooth globally
hyperbolic Lorentzian manifold without boundary, say (ﬂ?ée =R x S?, fz), where h agrees
with 7 on J+(§]) Nl By theorem A.2.2, the original smooth compactly supported data
(Aq, @TAQ)\E gives rise to a unique smooth solution A, on ¢, which solves (3.3.18) in
JT(X) N Al and whose support remains away from i°. In particular, the components
Ag and A, of this solution are smooth up to £, and so the temporal gauge condition
(3.3.17) can be extended smoothly onto T, where it becomes

Ay~ 0. (3.3.19)

With the gauge condition (3.3.17) now satisfied throughout i, the equation (3.3.18) in
fact consists of three, not four independent equations, since the component Ay can be
determined from A;. We have thus proven the following.

Theorem 3.3.4. For smooth compactly supported initial data (Aq, V1 As)|x for Mazwell’s
equations in the temporal-Coulomb gauge aly = V-Alg = V- Alg = 0 there exists a
umque smooth rescaled solution A, on M. The support of A, remains away from 0,
and A, satisfies the gauge conditions (3.3.15) and (3.3.17) throughout . In particular,

Ag~0on 7T,

Proof. First, it is clear that for smooth compactly supported initial data for the field
there exists a unique smooth solution Fj; on A, for example by theorem A.2.2, and that
the initial gauge constraints

a‘E:V~A|2=V~A|2:0

are propagated throughout (. By proposition 3.3.3, we may impose the temporal-
Coulomb gauge on this solution throughout 4. Once rescaled initial data (/Ala, @Tﬁa)]g
is obtained from the physical initial data (A, V7 A,)|s, the above construction goes
through to extend the solution A, = A, to #*, and ensure that the relevant gauge
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conditions are satisfied. The rescaled initial data is easily constructed from the physical
initial data; one has

and
Vipde = TV A, = QT (VA — TpAa — TaAp + 1an® T eAg).

The first of these immediately gives the data for A, in terms of the data for A,, while for
the time derivative restriction to X gives

Vidalg = QN (VrAa + Tan™YeAd) s, (3.3.20)

since T°Yy|s = 0 and a|s = 0. Smoothness and compact support of (A, V7A,)|s then
imply the smoothness and compact support of (Aq, V;A4,)|x. O

Gauge Reduction on .1

In addition to the gauge Ag ~ 0 on £+, the triple gauge fixing condition (3.3.14) in fact
gives rise to a kind of second-order gauge reduction on .# T, as we shall see now. The
Coulomb gauge V - A = 0 on surfaces of constant ¢ in the coordinates (¢,r,6, ¢) reads

2 1
V-AZ@TATJr*AerfQVSQ-ASQ:O,
r T

where Vg2 - Ag2 = 5gbV§2Ab = Vg - Ag is the divergence of A, on the 2-spheres.
Changing coordinates

(ta T, 97 ¢) M (U, R7 97 ¢)7
we note that

1 |
Op = =1+ o = —I" + 59%“. (3.3.21)

It should be noted that the 0, on the left hand side of (3.3.21) denotes the partial
derivative with respect to r while keeping t constant, in contrast to the 0, of (3.2.4), where
the variable u is kept constant (hence the apparent disagreement between (3.3.21) and
(3.2.4) due to the slight abuse of notation). The gauge condition (3.3.17) then shows that

A, = —AO + 3921211 = 921211.

Recalling that near #* the conformal factor is Q = Ryx(u), the temporal-Coulomb
gauge condition becomes

~ 1 ~ ~ ~ ~
V.A- <_D + 292A> (2A)) + 2RQ%A; + RV - Ags

= —D(R?>*A1) + R*Vg - A + O(R?)

= —R%0,(x*A1) + R’V - Aw + O(R?) = 0.
Dividing by R? and taking the limit R — 0, the temporal-Coulomb gauge reduces to the
condition

ou(x*A1) = Vg - Age (3.3.22)

on I,
Remark 3.3.5. One may express the 2-sphere divergence Vg - Age in terms of the NP
components of A, as

Vs - 12182 = (53142 + 814:12 = 2Re 6/:12
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3.3.3 Energies and the Trace Operators

Since Ay ~ 0 and the angular derivatives are tangential to .# ", we have dAg ~ 0. Noting
that in rescaled Minkowski space 4 = 0 = & and p = p (see (C.3.2) and (C.1.1)), the
expansion (3.2.16) for Fj reduces to

FO ~ E)A2 — ﬁx&g
Squaring this we have
|Fol? = [bAs|? — pb(|A2l?) + [p[*[ A2]?.

Since f) is a tangential derivative to .# T, we may integrate the second term in the above
by parts. Since A, is a (1,—1)-scalar, its complex conjugate A, is a (=1, 1)-scalar,
and so |flg\2 is a (0,0)-scalar. For Ay compactly supported on .#+ (that is, supported
away from i’ and i*) we then have

(| Az)?) dv s = /ﬂ+ AD(|As)?) du A dvs,

_ /ﬁ(Dp)MQP du A dve,

g+

= - /j+ (bh +2p+€p)|Aaf* dv s+,

where D ~ 8,. Due to the vanishing of the shear of .#* (6 &~ 0) and the fact that it is
geodetic (& =~ 0), the spin coefficient curvature equation for 15/3 on .+ reduces to*

bp ~ p* + Dgo. (3.3.23)
Thus
Ay dvse = [ (5 + b0 25+ 2l e dv e
Proposition 3.3.6. On rescaled Minkowski space (/ﬁ,ﬁ) the quantity

is non-negative definite on ™+ for an appropriate choice of the function x(u).

Proof. We first note that

T, l% = (8u - ;@) log(r~x(u)) = X +

and so by the transformation rules (C.1.1),

/ /
ézs—i—Tala%X— and ﬁ:p—'ral“%—x—.
X X

“Note that the equation (3.3.23) is one of the Sachs equations with & =~ 0, [103, 104].
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Using the formula (B.1.4) for the conformal change of the trace-free part of the Ricci
tensor, the fact that 4 is Ricci-flat, and the identity DI® = 0 valid on M, we have

Boo = Poo — 19D Tq + (Tal®)? = —D(Tal®) + YToDI* + (Tol®)?

1 X1 X1\ 2¢)? - xx”
——(o,—28,) (X + = X 42| o8 XX
(" 2r><x+2r>+(x+2r) X2

Altogether we therefore have

. - 1
~2 an L Ra N2 "
PT+ P téptépr~ —5 (X)) —xx")-

From here it is clear that there exist many possible choices for x(u). One explicit choice

near it is

which gives

Therefore for Ay € CX(I1)

R e e N (A e

where wi

is a smooth non-negative function which is equal to p?> + 2 = 4u?> + 2 in a
neighbourhood of i*, and where C2°(.# ") is the space of smooth compactly supported
functions on .#* (which are therefore supported away from both i® and i*). Note that it
is always possible to affinely reparametrize .#+ so that é + & ~ 0, and choose the vector
[* = 646" so that the spinor 64 has parallely propagated flag planes, ¢ — & ~ 0. Then

€=~ 0, and f) = D. This would, of course, entail a modification of the conformal factor.

Definition 3.3.7. For the component A of the Maxwell potential we define the function
space H!(.#T) on T by completion of C2°(.#*) in the norm

”AQH’?-H(J-F) = /j+ (’bAQ‘Q +W>2<|A2‘2) dV]+.

The space H'(.#1) will be the space of characteristic data on .#* for the free Maxwell
equations. Note that #!'(.#71) is not quite the usual H' Sobolev space on R x S? as it
does not involve any derivatives in the S? directions.

Remark 3.3.8. Note that because in our setting the value of wi near it is 2 + 4u?, the
finiteness of the norm HAQ”?Hl( s+ imposes a corresponding decay rate on Ay towards it.

This is simply a feature of the compactification and may be relaxed by unfolding the i ™
end of #T a posteriori.

We have already seen that in the temporal-Coulomb gauge the initial energy & as
given in (3.3.6) is neatly expressed in terms of the physical potential A, as

&slF) = 5 [ (IBF +[BP) dv e
= ;/Z (|A‘2 + ‘VAP) dvy =: gz[A] -
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Definition 3.3.9. For the initial data (A, A)|y; for the free Maxwell equations we define
the function space H}:(X) @ L (X) of Coulomb gauge initial data by completion of smooth
compactly supported Coulomb gauge initial data in the norm

(A A gy = [ (IVAP +AR) dvs.

The space H(X) @ L*(X) will be the space of initial data for the free Maxwell equations
on Minkowski space.

Construction of Trace Operators

Let
DX(Y) = {(A,A) €CX(X)@CX(D) : V-A=0=V-A}

be the space of smooth compactly supported Coulomb gauge initial data for the physical
Maxwell equations in the temporal-Coulomb gauge (3.3.14). An element « = (A, A)
of D°(X) defines smooth compactly supported initial data for the rescaled Maxwell
equations (3.3.16) in the temporal-Coulomb gauge as follows. First,

=0, Al =Al,.
For the time derivative part of the initial data, one computes the inverse relation to (3.3.20),

VrAyly, =0 (%Ab LT, Ay + Yo — Tbrafxa)

so since 0,Qy = 0,
cbe 2 .
—hoVi Al = QA

Note that A is supported away from 4°, so that Q! is smooth on its support. Therefore
we can solve (3.3.16) as described in section 3.3.2 (theorem 3.3.4) to get a unique
smooth solution A, satisfying the gauge conditions (3.3.15) and (3.3.17). Using the
smoothness of A,, one may take the trace of this solution on .#* to get a smooth
restriction fla\ s+. Theorem A.2.2 ensures that Aa depends linearly on the initial
data, so one has the linear map

TH:DP(Z) — C®(IT),

. - (3.3.25)
(A,A) — A7,

where A; = A2| s+ is supported away from " and decays towards i* at the rate

described in remark 3.3.8. The energy estimate (3.3.7) implies that there exists a constant

C' > 0 such that for all @ € DX(X)

1T el < Cllellgigre: (3.3.26)
and

el ingre < CIT e/l oty (3.3.27)

By (3.3.26) and the density of D2°(X) in HA(X) @ LZ(X), the bounded linear operator
T+ extends uniquely to a bounded linear operator on H(X) @ L4 (X). Moreover, the
reverse estimate (3.3.27) ensures that T+ is a bijection from HL(X) @ LZ() to its image,
and that the image is a closed subspace of H!(.#1).
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Definition 3.3.10. The bounded linear operator
T HL(D) @ LE(B) — HY(IT)
that takes the initial data for (3.3.16) on X to the characteristic data on .# 7 is called the

future trace operator for the free Maxwell equations in the gauge (3.3.14).

To show that T+ is surjective (and hence an isomorphism between HA(X) @ L% (%)
and H!'(.#71)), it is enough to show that for every 6 € C°(# ) there exists a unique
@ € Hé(Z) @® L%(X) such that THa = 6. Indeed, then the inverse trace operator
can be extended to H!'(.#1) as follows. For any 6 € H!(.#*) we can find a sequence
{6}, C C°(FT) such that 6, — 6 in H'(FT). Then for each n there exists a unique
@, € HLY(Z) ® LE(2) such that 6, = THa,, and

HT“a,n — 6‘|7_l1(j+) — 0. (3.3.28)
The above estimates easily imply that the sequence {@,,}, is Cauchy, since
(R @mHHl@B S ||‘I+@n - z+a'mH7-tl(J+) < |[6n — ﬁmH?—ll(,ﬂﬂ-

Therefore there exists « € HA(Z) ® LZ(X) such that «,, — « in H' @ L?, and by (3.3.28)
Tt = 6. Proving that for every 6 € C°(.# ") there exists a unique @ € HA(X) ® LZ,(X)
such that T« = 6 amounts to solving the Goursat problem from .# .

The Goursat Problem

There are two key observations that allow us to solve the Goursat problem for (3.3.18).
The first is that the equation for the component Ay decouples from the other equations
near .# 1. The second is that our second order gauge reduction on .# provides the
characteristic data for A; given the characteristic data for As,. These are intimately tied to
the fact that the physical background is flat, and the form of the conformal factor near .# .

Proposition 3.3.11. Near . the equation for the component Ay in the system (3.3.18)
decouples from the other components and becomes

OA; + 2y 'AA; =0, (3.3.29)
where A = ﬁa@a.
Proof. We contract (3.3.18) with A’
APOA, — 208V (c A1) + PRy A® = 0,

and compute the terms arising in this contraction explicitly in terms of the components
Aop,1,2. First, one expands

AR A = A1 Replon? + AgRupi®i? — AsRupm®ab — AR gymoad. (3.3.30)

Using the conformal transformation rule (B.1.2) and recalling that  is radial and Jl
Ricci-flat, one sees that the last two terms in (3.3.30) vanish,

AR A = A1 Rpl*0b + AgRpn®nb = A1 (Q2dgy — 2011 + 6A).
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Now the conformal transformation rules (C.1.1) for the spin coefficients and the values of
the spin coefficients on physical Minkowski space (C.3.1) give the following values of the

relevant rescaled spin coefficients near .+,

(O
Il
(LN
Il

4 =0, v=0, =0, A=0,

N | 3

+

= =

and moreover & + 3 =0 and 1 = 0. Thus the only non-vanishing directional derivative of
A% is DA% = —26p%. To compute ﬁb@flb = ﬁfll — 2@(1211,@‘“17 — flbﬁﬁb, we calculate

VadyVoi = DAARY + AA,DRb — 54600 — §A,00° = —26AA,

and
Altogether we thus have

where

IAzl = QX/X71A + (R2X2(i)22 — QAC + 8[\ — 4@11).
We may compute the NP Ricci curvature scalars near .# T, which turn out to be

~ 1 _
,  ®11==x 2,

1)2 5

Doy 02,1220 = 0, A=0, ®oo=Rxx' X"\ +2x'x”
Noting that A% = —x~20g, L1 then manifestly simplifies to just
Iil = 2x'x_1A.
O

Since we wish to solve the system (3.3.18) from the characteristic data in H!(.#T)
(cf. (3.3.25)), we must find a way to recover the data for the component A; on .#+
from the component Ay on .#*. This is exactly the purpose of the identity (3.3.22);
given characteristic data Af € (%), we solve

Bu(2A}) ~ 2RedA (3.3.31)

on t for Af € C®(#T)NH"(#T)°. Then for this AT we choose a spacelike hypersurface
S which intersects .# 7 in the past of the support of /Al;r and in the future of i, and solve
the Goursat problem for (3.3.29) in the future of S, as depicted in fig. 3.7.

Note that generically the solution A; to (3.3.31) with Ay € C2°(.#*) will be smooth, but can only be
compactly supported in one direction (near i® or near it). If we choose Af to vanish near i, then it
follows that AT € H'(sT).
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support of /Al;“

Figure 3.7: We first solve the Goursat problem for A; in the shaded region J T(8S).

As AT € HY(71 N J*(S)), using Hormander’s result (theorem A.2.5), we obtain a
unique finite energy solution A; to (3.3.29) in J*(S), with data on .#* given by the
solution to (3.3.31). For a sufficiently regular foliation {S;}, of J*(S), where, say, Sy = S
and S = £ N JH(S), this solution has the regularity

Ay €CO([0,1]; H'(S:)) N CH([0, 1] L*(Sy, AV ).
We next solve the equation for the component Ay in Jt (S); a calculation shows that it is
04 +44 (34, —845) + (x 72 — 8a?) Ay = 2R0A, (3.3.32)
near .# . This is a forced linear wave equation, where the forcing term is
2R0A; € C([0,1]7; L*(S7)) C Lie([0, )75 L*(Sy)),
so we may apply Héormander’s theorem once more to get a unique finite energy solution
Ay € C0([0,1],; HY(S-)) N CH([0,1]75 L*(Sr, dv ).
Having solved for Ay and A,, we recover the remaining component using the temporal
gauge
1 44

Ay = —592A1. (3.3.17)

Clearly these components then define H!' & L? initial data on S, and so the solution A,
can be extended to the entire spacetime using standard existence theorems and energy
estimates (see appendix A.2.1). It remains to check that, with the definition (3.3.17) of
the remaining component flo, the Coulomb gauge condition V - A = 0 is propagated
from .#7T into the interior of the spacetime. We set

w=V-A and ¢ =R 2w,
where we recall that near .+
¥ =—-D(x*4A1) + %R2X4Az‘11 + V2 - Aga
= —2\'xA; — X290, A1 — R?2X?0RA| + Vg - Age.
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Acting on scalars the wave operator near .# 71 is
0 =x7*(-20u0r — 2 (R+X'x"") 0r — R20} — A2 ,
and, using the commutators
[0, 00 = 2¢x 'O+ 2x>("x " = ()’ )0k,
(O, Or] = 2x %(RO% + OR),
0, Ve2] = Xx"*Vez,

a lengthy direct calculation using (3.3.32) shows that
Ol — 2x'x LAy = —2Ry> (ﬁfll + 2X’X*1AA1) .
As a consequence of (3.3.29), the function v therefore satisfies the homogeneous wave equa-
tion
Oy — 2x'x LAy = 0.
The function 1 has zero characteristic data on T by virtue of our definition (3.3.31) of
the data for Ay, and hence by the uniqueness of Héormander’s construction we have

Yp=0 inJT(S).

Along with the temporal gauge, the fact that w = R?) = 0 then implies the usual
Coulomb gauge condition V - A = 0 in the physical spacetime, which is propagated
to the rest of the spacetime by standard results.

The Scattering Operator

By completing the function space C2°(.#*) in the norm || - [l31(s+) on .#* as outlined
in section 3.3.3, we have therefore constructed a linear isomorphism

T HL(D) @ LE(D) — HY(sT)
with inverse
(T HN(IT) — HE(E) @ LE(S).

An analogous construction can be performed to the past of the initial surface X to
construct the past trace operator

T HLE) @ LEA(R) — HY(I),

which is an isomorphism by the same token. We are now in a position to define the
scattering operator ..

Definition 3.3.12. The linear isomorphism of Hilbert spaces
S =TT o (T) L HY () — HY (I

taking finite energy characteristic data for the Maxwell potential on .#~ to finite energy
characteristic data on £ is called the conformal scattering operator of Mazwell potentials
in temporal-Coulomb gauge on partially compactified Minkowski space.
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Alternative Formulations

The preceding construction of the scattering operator .# is predicated on the usage
of the multiplier Killing vector field

K% = 0,,

which, via natural energy estimates (cf. section 3.3.1), defines the norms on .#*
K A2T0 CA2 21 4.2\ 33
e [ IRPE = [ (1bAaf + =3 Aaf) dvse,
5K,2/ FQQ(E\\/ 72/ AIAQQ+W2A22 aX\/',f.
S| IBPdve = | (DAL + =] Af) dvs

However, one has many alternative choices for K® on Minkowski space. Indeed, inspecting
the proof of theorem 3.3.2, one sees that any uniformly timelike conformally® Killing
vector field on Jl will do. One particular choice which is tied to the conformal structure
of Minkowski space is the Morawetz vector field

K§ = 0?0y + 2r(u+1)0,, (3.3.33)

discovered by Cathleen Morawetz in 1961 in her study of the decay of solutions to
the wave equation in the exterior of an obstacle [83]. The vector field K§ is confor-
mally Killing on (JL,n),

°£Ko77ab == 4(“’ + T)Uaba

and in fact exactly Killing with respect to R?ng,

£K0 (R277ab) =0.

If one uses K instead of K in the energy estimates, one arrives at the following
energies on ¥ and £

£ :/ﬁ (162 + P + [ Fof?) dvs
%
:/ﬁ (1B + BP) dvs (3.3.34)
%
= [ (PP 4 VA - 2AP) dvs,
%

and
e = [ (R4 xIRE) dv,
g+

which may be written”, after a residual conformal rescaling of .#%, as

Ko 210402 L8412\ 33
en = (u?[pAsf? + 3 Az ) dv (3.3.35)

5The multiplier vector field is allowed to be merely conformally Killing on Jl because the Maxwell
stress-energy tensor is traceless. This is not the case in a theory that involves a scalar field, see remark 2.2.1.

"There is a slight subtlety here in converting the energy on .#T into a norm on Ay, In writing the
field components Fo,l in terms of the potential, it turns out to be useful to conformally rescale .# " to set
X = 1 everywhere on .# 1, which in particular sets wi = 0 and puts ¢* at infinity. The energy estimates
work in the same way, but the residual rescaling allows us to use the reduced temporal-Coulomb gauge
(3.3.22) to obtain the formula (3.3.35).
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A similar expression exists on .#~. While the energies 55& on #* define weighted
Sobolev norms in terms of As, the energy Ego on ¥ no longer defines a (weighted)
Sobolev norm in terms of (A, A) due to the presence of the negative-definite term —2|A |2,
This means that the space of data on X has to be defined slightly differently in this
context. As before, we have the trace operators

T DE(B) — C2(I5),
(A,A) — AF
from smooth initial data to smooth characteristic data, but instead of completing D° (%)
in the norm H'! @& L2, we shall show that the pairs (A, A) are in 1-to-1 correspondence

with finite energy Maxwell fields on ¥ in the natural energy space (3.3.34). Indeed,
in Coulomb gauge on ¥ one has

E=AcCX(),

1
B =V xAeC(D)

The time derivative component is therefore recovered trivially, whereas to recover A
from B on X we take the curl,

VxB= 1 (V(V-A)—AA) = —%AA. (3.3.36)

N

For B € C°(X) there exists a unique solution A € C°(X) to (3.3.36), which we write
as A = A2V x B). If rE € L?(X), it is obvious that rA € L%*(X). Also,
rB e L?(Y) = VxBc¢ ngg(E), and so by standard elliptic regularity results
(theorem A.1.4) A € H (). We define

r HEE) M = {A € HL(S) 1 VA =0, (V x A) € LX(%)}

and
rL(R) = {A € L3(2) : V-A =0, rhA e ()}

Then the operator T}O extends as an isomorphism
Th, v T HEE) M @ r T L (S) — uT H (),

where u~1H1(#7) is the completion of C3°(.#*) in the norm (853)1/2, and similarly for
Tk,- We then define the scattering operator associated to Ky by

yKo = SJ’[;O ° (T;(o)_l : U_lHl(’]_) — u_lHl(j+)7

which is again an isomorphism of Hilbert spaces.

Remark 3.3.13. Notice that the space r " HE (X)) @ r~1L2(X) is a subspace of HL(X) ®
L% (X), and that u=1H}(#T) is a subspace of H!(#T). In other words, the vector field
K% defines a weaker—more general—scattering theory between .#~ and .# T than the
vector field K§. The construction for K§ shows that the faster-decaying characteristic
data on .~ scatters to the correspondingly faster-decaying characteristic data on .# .
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Indeed, the scattering operator . maps data that is ﬁ’{ = O(v~') on .#~, through data
that is Fy19 = O(r~2) on ¥, to data that is Fy” = O(u~") on I,

7 By =0 Eds Ry = 0(2) ~Ee B = O(u ).

Equivalently, in terms of the potential

N —\)—1 . ~
7 Ay = O@logv) Sdo A = 0 1), A = 0(r2) ~E AF = O(log ).

On the other hand,

T T
yKo By o= ('072) s Fyqo :O(ng) AN FO = (’)(ufZ),

3.4 Curved Spacetimes

We now turn to the case of Corvino—Schoen—Chrusciel-Delay spacetimes (JMl,g) as
described in section 3.2. By design, much of the work we have done in the case of
partially compactified Minkowski space will assist us here in extending the scattering
theory of Mason & Nicolas [78] to Maxwell potentials. As before, we shall choose the
conformal factor 2 so that Jl is partially compactified: iT is at a finite distance and .# T
is the backwards lightcone of i*, and Q = R in a Schwarzschildean neighbourhood of i°.

3.4.1 Structure of ¥

The topological structure of null infinity of all asymptotically flat asymptotically simple
spacetimes is the same, and essentially identical to the topology of null infinity of
Minkowski space [94, 96]. Indeed, one has the following theorem.

Theorem 3.4.1 (Penrose, 1965). In any asymptotically simple spacetime M for which
S is everywhere null, the topology of each of I+ is given by

It~ 77 ~RxS?,
and the rays generating #* can be taken to be the R factors.

For these spacetimes future (or past) null infinity #* is therefore a null 3-dimensional
manifold ruled by the integral curves of [* x VQ. The geometry of the interior of
the spacetime Ml provides the following structure on null infinity. The pullback g, to
4t of the metric g, gives a degenerate metric on . which has signature (0, —, —).
Furthermore, one has a residual conformal freedom: if the original metric g, was related
to the rescaled metric by oy = 9%gas, then for any w which is smooth and nowhere
vanishing on . the rescaling Q0 ~ wQ is still permissible; we have already employed
such a residual rescaling in section 3.3, to derive the identity (3.3.35). If one considers .#
as an abstract 3-manifold with topology R x S2, a pair of fields (§as, fa) satisfying a set
of conditions forms the universal structure on . of asymptotically flat asymptotically
simple spacetimes, alluded to in section 1.1 [5]. These conditions are that [* be complete,
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dap be of signature (0,—, —), G’ =0, £ iGav = 0, and furthermore that any two such
pairs (Gap, (%) and (gap, (%) be related® by

Jab = W2day  and  [* = wHO

The BMS groups B is then characterized intrinsically on .4 (as opposed to with reference
to the asymptotic behaviour of the symmetries of M) as the subgroup of diffeomorphisms
of #* which preserves this universal structure.

It turns out that further information concerning the structure of .#* is provided
by the fact that the physical spacetime Al is asymptotically vacuum. The trace-free
part ®,, of the Ricci tensor

1 1
(I)a =5 ab — 71gq
b B <R b 4Rg b)

transforms under a conformal transformation as
By = By + Ty~ G0V Vet Tl L30T T
=Dy 4+ Q7IV, VO — %Q*lgaﬁcmg.
One has, according to definition 3.2.1, that Q2R has a continuous limit on £+, so

multiplying the above by €2 and taking the limit 2 — 0 ensures that Q®,, ~ 0, and
gives the asymptotic Einstein condition

A a 1 An
VaVbQ ~ ZgabVCVCQ. (3.4.1)

The normal V’Q to £+ is proportional to [¢, V?Q ~ ffb for some non-vanishing scalar
function f, so the condition (3.4.1) reads

A A ~ A 1 A A~ ~
IValy + 1V af = L3 (FVL° + DY), (3.4.2)

Multiplying by I, and antisymmetrizing shows that (see [96], (7.1.58))

), (3.4.3)

=

i[a@bic] ~0 <= (l?: ~0, p=

where the conditions on the spin coefficients 4~ and j may be rapidly obtained from
the hypersurface orthogonal condition by contracting with [9mb and mlem?) respectively.
The vanishing of the spin coefficient 4 on £ tells us that .#T is generated by null
geodesics, whereas the condition p ~ p says that the vectors [* are twist-free on I 1.
Contracting (3.4.2) with m®m’, we also get

&0, (3.4.4)

which is the statement that the vectors (* are shear-free on .. We say the hypersurface
F T is geodetic, twist-free and shear-free. Since the vectors [* are geodetic on .# T, they are
parallely propagated, DI = V;I% ~ sl* for some function s, which vanishes identically if

8Here we have secretly chosen a conformal frame in which @al}, = 0, though we do not work in such a
frame in general.
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the geodesics are affinely parametrized. Contracting with 1%, one sees that the function s is
given by s = 79Dl,. This is in fact the real part of another spin coefficient, £+ ¢ = neDl,,
so the condition for the geodesics generated by [* on . to be affinely parametrized is

My

E+E~DO. (3.4.5)
It is always possible to reparametrize a geodesic affinely, and here we will assume that the
original parametrization has been made to that effect. The condition for the imaginary
part of & to vanish, & — & = 0, can be translated as the statement that the spinor field 64
has parallelly propagated flag planes, where [* = 644", If .77 is affinely parametrized
with parallelly propagated flag planes, then of course € =~ 0.

Another consequence of being asymptotically Einstein is that the Weyl tensor vanishes”

A

on null infinity, Cgpeq =~ 0 (96], (9.6.32)).

3.4.2 Scattering of Maxwell Fields

A conformal scattering theory for Maxwell fields has been constructed by Mason and
Nicolas [78]; we do not re-prove their results here. We will, however, make use of their
energy estimates and their resolution of the Goursat problem for Fi.

Energy Estimates

Theorem 3.4.2 (Appendix A of [78]). For smooth compactly supported Mazwell data on
3. one has the energy estimate

gﬂJr ~ / ‘F0|2(§..\\/j+ ~ / <’F0‘2 + ‘Fﬂz + ’FQ‘Q) dvy, ~ &y (346)
I+t by

Sketch proof. Estimate (3.4.6) is proved by considering the regions near i® and it sepa-
rately. Near i one uses the fact that the data is compactly supported, and employs the
exact Killing field K% = 0; in the Schwarzschild spacetime; it is conformally Killing in the
rescaled spacetime and the stress-energy tensor (2.2.6) is trace-free, which ensures that
the estimate near ¥ has no error terms, V?(K®T4;) = 0. Near iT one has to use special
features of .# and the multiplier vector field K = V(. One chooses a conformal scale
such that it is a finite point and such that Ry, = 0 at it, and "Ry, =0 =R on #.
One then works on a foliation of the level sets of € near £ to show that the Killing
form of V%Q decays sufficiently fast to close the estimate. O

Solving the Goursat Problem

Theorem 3.4.3 (Appendix C of [78]). For characteristic data Fy" € L*(F7) the full
solution
Fo, Fi, Py € C°(Ry; L (%))

on the physical spacetime MM is uniquely recoverable and satisfies the Maxwell constraint
equations on each spacelike hypersurface 3.

9A more general version of this statement is provided by the peeling theorem [67, 69], which states
that for suitably regular spacetimes the components of the Weyl tensor ¥, 0 < k < 4, satisfy the decay
conditions W), = O(r~°**) as r — 400 for an appropriately defined radial coordinate 7.



3. Conformal Scattering of Mazwell Potentials 59

Sketch proof. The proof is essentially a rephrasing of the ideas presented in appendix A.2.2,
the main tool being the energy estimates. Some care is required to ensure that the solution
satisfies the constraint equations, which is achieved by projecting a smooth extension of
the Taylor series of the solution to Maxwell’s equations onto a solution of the constraint

equations. 0

3.4.3 Extension to Potentials

In a generic curved spacetime of Corvino—Schoen—Chrusciel-Delay type, if one imposes
the Coulomb gauge V*A, = 0 on the slices (3¢, hqp), the component a = T%A, no
longer satisfies an unsourced elliptic equation as in the flat case. Instead, a satisfies

an equation of the form
Aa=k-f+(VEK)-g

for sources f and g. The presence of the extrinsic curvature x therefore generically
prevents a from being zero, making the Coulomb and temporal gauges incompatible.
What we can do in generic curved spacetimes is to impose the temporal gauge throughout
the physical spacetime M, and supplement it with the Coulomb gauge only on the initial
surface Y. This is clearly possible, as the time derivative of the gauge transformation
Vrx is fixed by imposing the temporal gauge, but one is free to choose x|y in such
a way as to ensure V,A%y = 0. The temporal gauge in the physical spacetime Jl

is @ = 0, and in terms of NP components reads
o 1 N O
0=T%A, =aAp+ —A1 =aAo+ — A
2a 2a

for some function a which is bounded with bounded reciprocal on .#*. For smooth

solutions A4, on Jﬁt, the temporal gauge therefore extends to null infinity as
Ay ~ 0. (3.4.7)

This condition is necessary for our treatment of the energy on .#*.

Remark 3.4.4. It turns out that the physical Lorenz gauge V,A% = 0 also reduces to
Ay ~ 0 on £, but it is prone to introducing conformal singularities. Indeed, under a

conformal transformation
VA% = Q% (VA — 27, A%),

where the singular quantity Yo A% ~ Q*I(GGQ)A“ appears in the rescaled field equations
(2.2.5). On the other hand, the temporal gauge is only tied to the foliation {¥;};, and is

in that sense conformally invariant.
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Energy on 4T

As in section 3.3.3, the condition (3.4.7) also implies dAg ~ 0, and by (3.4.3) and (3.4.4),
in the temporal gauge the expression (3.2.16) for Fjy reduces to Fyy ~ bAg — pAy. Choosing

an afﬁne parametrization of .# T and a spin frame (64,i4) such that [* = 646" and such
that 6 has parallely propagated flag planes, one can ensure that € ~ 0, and
Fy~ DAy — pA,. (3.4.8)

As before, for Ay € C°(F7T), squaring (3.4.8), integrating by parts and using the
Sachs equation (3.3.23) then gives

| BEG = [ (1DA + @ + Sl Aaf) dv.pe
g+ S+

Proposition 3.4.5. There exists a conformal scale on .#T in which doo ~ 0.

Proof. Suppose a conformal transformation bringing .#* and " to a finite distance has
been performed, giving the first rescaling of the metric g,, = 922g4. Consider a second
conformal rescaling given by

gab = Wanb = w2929ab-
We use the conformal transformation rule of the trace-free part of the Ricci tensor,

~

~ A A 1 ~
D =Py + w_lvavbw — Ew_lf]abmw.

Contracting this with jolb = [*[* and noting that £ ~ 0 ~ &, one obtains the second order
ODE on .4
Doy =~ Pgow + Dgw,
which contains only derivatives which are tangential to .# *. By solving
Dzw — (i)oow ~0
along .#*t (for data prescribed at i+, for example w(it) = 1 and (Dw)(it) = 0), one

A

obtains the values of a conformal factor w on .# 1 that sets ®gy9 ~ 0. There are various
ways of extending w into the interior of the spacetime. By considering the conformal
transformation of the scalar curvature,

R =w 2R+ 6w 'w),
one observes that an extension is provided by solving the characteristic Cauchy problem
from .1 for w satisfying the conformally invariant wave equation. In addition, this

sets the newly rescaled scalar curvature to zero, R = 0, at least where this extension is
adopted. O

Using proposition 3.4.5, one obtains the expression
-~ f2 9 A2 ~21 2 2\ 30 A2

v [ VREd = [ (DA 4 2 AR) dv e = el ey (349)
for the energy on £ in terms of the potential.
Definition 3.4.6. For the component Ay of the Maxwell potential we define the function
space H'(FT) on £ by requiring that the norm

L _ A2 ~2) 412\ 35
Aol ey = [, (1Dl + 20521 Aal2) dv o

be finite. The space H!(.# ) will be the space of characteristic data on . for the free
Maxwell’s equations.



3. Conformal Scattering of Mazwell Potentials 61

Energy on ¥ and Reconstruction of Data

As before, we construct the space of data on X by working with the physical potential
Aq. The energy estimates of theorem 3.4.2 are obtained by choosing the multiplier vector
field K® so that K¢ = kT* on ¥ for some smooth function k satisfying ¢! < k < ¢
for some ¢ > 0. In the Schwarzschild sector this function will be equal to k = \/F(r),

so that K* = 0;. The initial energy is then
k 1
Es = [ WT'T'Tuy dvs = [ S(BF+[BP) dvg = [ S(BP+[BP) dvs.
b % 2 » 2
In the temporal gauge a = 0 we can express the electric field E, in terms of the potential as
E, =T (VyA, — VoAp) = Ve Ag — AT, VT + K,),
which upon projection to ¥ maintains the same form,
E, = A, + AT, VT + kP Ay, (3.4.10)

where A, = —hSA, and Aa = VrA,. As for the magnetic part, we note that
hh)Fg, = Fy = VA, — V.Ay, and so

B, = ¢,“V,A,, (3.4.11)

where €4 is the volume form on . It turns out that it is not possible to easily convert
the energy £ to a norm in the potential, even in the Coulomb gauge, due to curvature
terms that arise when integrating by parts. Specifically, a term involving the Ricci
curvature —R,; of X appears, which is non-positive definite on Schwarzschild. Instead,
we adopt the method used in section 3.3.3.

Contracting (3.4.11) with the volume form on ¥ and differentiating, one obtains
VE(Bae%:) = Vi(V - A) —RapA" — AA,
which, after imposing the Coulomb gauge on ¥, becomes the elliptic equation
AA, + Ryph* A = —V(Bue?,). (3.4.12)

By standard elliptic regularity results (theorem A.1.4), for B € L?(%) there exists a unique
A € H] (%), which will define part of the potential initial data on ¥ given (E,B)|s.
The remaining part of the initial data is obtained from (3.4.10),

Aa|2 = (Ea — AbTaVTTb + IiabAb) ‘E R

which is L (¥) if E € L (2).
On £, the characteristic data fl; is easily reconstructed from FO+ using the ODE
(3.4.8). By construction, for i € L?(.#*) the characteristic data for the potential is

A € H' (1), where the space H'(#*) is as in definition 3.4.6.
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The Trace and Scattering Operators

We define the space of initial data by

HY()™ & L2(5) = { (A, A) € HL(X) © L3, (%) st. V- A =0, -
and ||El|2(s) + 1Bl z2(s) < o0},

where E and B are defined on ¥ by (3.4.10) and (3.4.11). The space (3.4.13) is a
normed vector space when endowed with the norm ||E||z2 + ||B||z2. It is straightforward
to check that whenever this vanishes, it follows that (A, A) = (0,0). Also, since the
relations (3.4.10) and (3.4.11) are linear in A and A, the above norm is subadditive and
1-homogeneous in (A, A). By theorem 3.4.2 and theorem 3.4.3, and the constructions
in [78], it then follows that there exist invertible bounded linear operators

T HY(D)™ @ LE(S) — H (),
(A A) — A7,
and the associated scattering operator

S HY I T) — HY(IT),

A; — A;r.

As before, . is an isomorphism.



The Maxwell-Scalar Field System
on de Sitter Space

4.1 Introduction

Although asymptotically flat spacetimes are well suited for studying scattering! around
isolated systems, astronomical observations have by now shown that the cosmological
constant A in our universe is positive [4], though its magnitude is estimated to be only
107122 [16, 98, 97, 99, 106]. However small, a positive cosmological constant nonetheless
pins de Sitter space as the primary model for the shape of the empty universe. From the
point of view of cosmology, and indeed quantum gravity, it is therefore natural to study
scattering on asymptotically de Sitter spacetimes [112]. From an analytic point of view, it
has been known since the work of Friedrich [47, 48] that de Sitter space is a stable solution
of Einstein’s equations with A > 0. Moreover, a recent and much celebrated result of
Hintz and Vasy has shown that Kerr—de Sitter black holes are stable [57]. The techniques
of Hintz and Vasy are novel and involve much microlocal machinery, but also employ a
conformal compactification (which is nonetheless of a different type to the one used here).

We have seen in section 2.3.2 that dS4 is conformal to the Einstein cylinder &,
the global time coordinate a being related to the conformal time 7 by a fairly simple
reparametrization. The vector field T% := 9/07 is a uniformly timelike Killing field in &
(and therefore conformally Killing in dS4), and provides a uniformly spacelike foliation of
€ given by F = {S2 := S x {7} : 7 € R}. In this chapter we prove explicit small data
energy estimates for the Maxwell-scalar field system (2.2.22) on the Einstein cylinder
with respect to the foliation F. We begin with the natural conserved energy, which
yields L? energy estimates for the Maxwell field and the gauge-covariant derivative of
the scalar field. Using the smallness of the data and a carefully chosen gauge, we show
that the natural energies may be controlled by Sobolev norms of the fields, and commute
derivatives into the equations to derive higher order estimates. We discover an estimate

IFor the Maxwell-scalar field system on Minkowski space, decay and stability results have been obtained
by Lindblad—Sterbenz [76], Yang—Yu [125], and Candy—Kauffman—Lindblad [20].

63
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algebra, which relies crucially on the nonlinearity in (2.2.22) being subcritical in four
dimensions (the Maxwell-scalar field system (2.2.22) is critical in five dimensions, and
supercritical in dimensions greater than five [53, 71]). We therefore show that small data
solutions to the Maxwell-scalar field system exhibit the peeling property in the sense of
definition 2.4.2, and that the optimal space of initial data for which the solution peels
at order m is the space of H™T! @ H™ initial data. Furthermore, the estimates allow
us to define, for each order of regularity m, bounded and invertible small data trace
operators T;tn and a small data scattering operator .%;,,. However, the trace and scattering
operators are nonlinear, and we do not prove them continuous.

Conformally transforming the solutions to (2.2.22) back to physical de Sitter space,
we deduce exponential decay rates along timelike curves approaching % (see fig. 2.6).
We describe this behaviour both in terms of the global timelike coordinate «, and also
in terms of the static coordinate ¢, defined in section 4.1.2. Using the static coordinate,
we furthermore discover a certain asymptotic dispersion property whereby the slowest
decaying mode—the part of the scalar field decaying like e H*—uncouples from the
Maxwell potential, and turns out to satisfy an uncharged wave equation.

This chapter is organized as follows. In the rest of this section we state our conventions
and define a set of static coordinates on de Sitter space. In section 4.2 we state our
results. In sections 4.3 and 4.4 we derive the required gauge fixing conditions, formulate
the Cauchy problem, and state a classical existence theorem. Sections 4.5-4.7 contain the
inductive energy estimates on which our results rest. Finally, in sections 4.8.1-4.8.3 we
finish the proofs of the main results and derive the decay rates mentioned above.

4.1.1 Conventions

Our main estimates will be performed on the Einstein cylinder (¢ = R x §3,¢). We will
use the Roman indices a,b,... to refer to tensors on & and contractions with respect
to the full spacetime metric ¢, and use the Greek indices pu, v, ... to refer to tensors on
S? and contractions with respect to the metric s3. At a certain point we will also use
the indices i, j and k to refer to a basis of vector fields on S?, but this will be made
explicit at the time. For ease of notation, we will depart slightly from the notation
in the rest of this thesis and denote by ¢ and A, (instead of ¢ and Aa) the scalar
field and Maxwell potential on the Einstein cylinder, and by ¢ and A, the conformally
related physical fields on de Sitter space,

(b = Qiléa Ay = Aa- (411)

More generally, unhatted quantities will refer to quantities on €, and tilded quantities
will refer to dSy. As ¢ = 1@ (—s3), we shall have V = VR ¢V = 9@ V. For a 1-form
A on & we will use A to denote the projection of A onto S?, Ay to denote the component
of A along 0,, and dot (as in A) to denote differentiation with respect to conformal
time 7. In this chapter LP, WP H™ and C"™° will denote the Lebesgue, Sobolev and
Holder spaces on S?, unless specifically stated otherwise.
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4.1.2 Static Coordinates

The spacetime dSy is static, however this is not apparent from the coordinates (5.5.1).
A more appropriate set of coordinates for an observer in de Sitter space is given by
the following construction (a priori only valid in region I of fig. 2.6). We define
new coordinates (t,7) by

sin sin 7

= Hooer € (0, 00), tanh(Ht) = o

€ (—o0,00)

for 7 € (—m/2,7/2) and ¢ € (0, 7). The metric on dSy in these coordinates then takes the
form
g =F(r)dt? — F(r)"tdr? — r%sq, (4.1.2)

where F(r) = (1 — H?r?). The cosmological horizons represented by the dashed lines in
fig. 2.6 are now given by {r = 1/H}, .# is given by {r = oo}, the North and South Poles
are at {r = 0}, and the four corners of the Penrose diagram are at {t = £oo}. The vector
field 9, is manifestly a timelike Killing vector in the region {r < 1/H}, but becomes null
on the cosmological horizon {r = 1/H}. We may extend these coordinates to regions
II, IIT and IV, however the vector field 0; starts to behave strangely in these regions.
In particular, it is future-pointing in the region I, past-pointing in the region III, and
spacelike in the regions IT and IV. The arrows in fig. 4.1 represent the flow along 9.

t=—00 r =00 t =400
\\ II //
AN /
AN 7/
AN 7/
AN 7/
r=0 |III o< I r=20
7/ AN
7/ AN
/ AN
7/ AN
v N

t =400 r=00 t = —o0

Figure 4.1: Static coordinates on dSy.

Since all timelike geodesics in region I end up in the top right corner of fig. 4.1, that
point plays the role of future timelike infinity i*. In this sense the coordinates (4.1.2)
single out a preferred point on .+ ~ S3.

4.2 Main Theorems

4.2.1 Geometric and Approximate Energies

In this chapter we use the stress-energy tensor (2.2.23) for the system (2.2.22) on €.
We will denote the Maxwell sector of the energy by

1
Tow[A] = —F..F,° + Zeachchd,
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and the charged scalar field sector of the energy by

Tap[¢] = D(a@Dpy — 9ach¢Dc¢ + *2ab|¢|
The full stress-energy tensor is then given by

Tab[¢a A] = Tab[A] + Tab[(ﬂ' (421)

By (2.2.24) and the fact that & has constant scalar curvature, T, is conserved. It is
therefore suitable for defining a conserved energy for the system (2.2.22),

£, A] = /S Toplo, A] dvs, = /S Tylo, AITT" dvs, (4.2.2)
Since T* = 0, is Killing on €, this satisfies

e 6, 41=0

if the field equations (2.2.22) are satisfied. We call (4.2.2) the geometric energy for the
system (2.2.22). We also define the geometric energies for the individual sectors by

= / TOO[M dV53, ET[A] = / TOD[A] dvﬁs :
53 s3

The sectorial geometric energies £;[¢] and &;[A] are not conserved individually and
can exchange energy throughout the evolution, but of course the total geometric energy

Erp, A] = E-[¢p]+E-[A] is. For m > 1 we also define the Sobolev-type approximate energies
Smlg] = ||<5.H§{m71 + |6l Sm[A] = Si[A] + Sp[Ao],
SmlA] = [|AlFm-1 + [ AllZm, Sm|d; Al == Sm[¢] + S [ J
Sm[Ao] = || AolFr, Sm[, A] = S0, A] + Sm[Ao],

where H = L2. Furthermore, for brevity we will often simply write S,, to mean S,,[¢, A].

4.2.2 Scaling of Initial Energies
By differentiating the relationship tan(r/2) = tanh(Ha/2) we find

H
dr=—— 4
T cosh(Ha) &

so raising indices with ¢™! = Q725! we find that 9, and d, are related by

cosh(Ha)

o = ——

O

Furthermore, the conformal factor 2 in the global coordinates (5.5.1) is given by

H

Q=H = —.
coST cosh(Ha)

Consider the rescaled approximate energies

Sml6, Al(7) = |8]1Frm—1(7) + [ @ll7rm (7) + [ Alzpm—s (7) + | Al 7 (7) + [ Ao||Zrm (7)
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and consider smooth initial data for (2.2.22) on the Cauchy surface ¥ = {7 =0} x S? =
{a =0} xS3. On ¥ the conformal factor (2 is a constant and has vanishing 7 derivative,
0-Q|s = 0, so the rescaled scalar field ¢ is related to the physical scalar field é by

- 1 -
— -1 _
¢‘Z‘ - (Q ¢)’2 - E¢‘Za
while their time derivatives are related by
il = (2710,6 — (0,2 %)|y. = —0ud
¢|E_( T¢7( T ) ¢)|E—m a@b’E'
The norms of the rescaled and physical scalar field are therefore equivalent initially,
1171 (T = 0) + |61 Fm (T = 0) = 00| Fm—1 (@ = 0) + [|]|7m (@ = 0).
One similarly checks that
A][F-1 (7 = 0) + | A[[Fm (7 = 0) = (|00 A Fm-r (@ = 0) + [|Al[Fm (@ = 0)

and
| Ao|[3rm (T = 0) = || Aq||3m (e = 0),

where A, = (8a)“fia. Thus
Sunl Al(r = 0) ~ S,u[, Al(a = 0), (12.3)
and also S,,[Ao](T = 0) ~ S,,[A.](a = 0).

Definition 4.2.1. Let & be a Cauchy surface in dS4 and ¥ the corresponding Cauchy
surface in dS4, and consider data for the Maxwell-scalar field system on . We say the
data

(¢0a A07 le, Ala CL()) = (¢a Aa Q.S, A7 A0)|E
is admissible if it satisfies the strong Coulomb gauge? and ag solves the elliptic equation
—Aao + |¢o*ap = —Im(¢o¢1)
on .

Theorem 4.2.2 (Energy Estimates). Let m € N. For sufficiently Sp,[¢,A]-small
admissible data on ¥ for the Mazwell-scalar field system on dSy ~ S* x [—7/2,7/2]
in strong Coulomb gauge one has

S|, AJ(0) = Sp[¢, Al(T)
forall T € [-n/2,7/2]. In particular,
Sml¢, A|(F7) = Smlg, A|(ST),

where % = {1 = £1/2} is the future (past) null infinity of de Sitter space dSy.

2See section 4.3.1.




4. The Maxwell-Scalar Field System on de Sitter Space 68

Theorem 4.2.3 (Scattering for Small Data). Form > 2 let SO, be the subset of H™(X)? x
H™Y()2 x H™(X) of distributions ug of admissible data on % and let S be the subset
of H™(F*)? x H™Y(F%)2 x H™(IF) of distributions u* of admissible data on I+,
all equipped with the natural norm +/S,,. Denote by B. the open ball of radius € in
(H™)? x (H™ )2 x H™, and write Sy, . = Sy, N Be and Si5, . = S, N Be. Then for every
m > 2 there exist €g,e1 > 0, 0 < 6 < 1 and sets 2= _ with an’a C @%761 C St

e el such
that

o there exist bounded invertible nonlinear future and past trace operators

TE.80 gt csE

m,eo m,el m,e1

such that u™ = TE (ug) is the future (past) Mazwell-scalar field development of ug
on @4 restricted to S+, and

e there exists a bounded invertible nonlinear scattering operator

Tt Doy e — Dot

m,el m,e1?

Fm = ‘Z;; 0 (‘Z;w)_l

such that ut™ = S, (u™) is the Mazwell-scalar field development of u™ on c/1§4
restricted to I T.

Theorem 4.2.4 (Small Data Decay Rates). Let b = Q¢ and A, = A, be the physical
fields related to the conformally rescaled fields ¢ and Aq by (5.3.1), and suppose Sa[p, A
is small initially. Then the Maxwell-scalar field development (g?),fl) of this initial data

satisfies the estimates
6] S el [Aa| S e Ml Al $1
as |a| — oo. Furthermore, in the static coordinates (4.1.2)
|($’ Sr eiHma ’At| Sr eiHlt‘a |AT| Sr e7H|t|7 %‘A|52 Sr el

as |t| — oo and r is fived. Moreover, if S3[¢, A] is small initially then there exists a

constant ¢ such that

qgwcél—f—(?(e*QHt) as t— +oo,

where &, = F(r)_l/Qe_Ht is the e Ht eigenmode of the linear uncharged conformally

invariant spherically symmetric wave operator on dSy.
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4.3 Field Equations and Gauge Fixing

The field equations (2.2.22) written in terms of the Maxwell potential A, take the form

OA, — Vo(VP4y) + Ry A® = —Im(¢Dy0),

. 1 | (4.3.1)
O¢ + 2tA V4 + (GR — A A% + N“Aa) ¢ =0.

We shall be commuting differential operators into these equations, so it will be convenient
to introduce the operators representing their left-hand sides. For any 1-form w and
any scalar field ¢ we set

1
SF[w]a = w, — Va(wab) + Rabwb and cﬂ/[d}] = DD + ERQZJ
The system (4.3.1) is then equivalent to
F[Ala = —Im(¢De¢) and W ([¢] = 0. (4.3.2)

4.3.1 Strong Coulomb Gauge

We will work in the Coulomb gauge adapted to the foliation F,
Y-A=0, (4.3.3)

but will also need to use the residual gauge freedom to fix the gauge fully. More
precisely, given a solution (A, ¢) to the Maxwell-scalar field system (4.3.1), a general
gauge transformation sends ¢ ~» e~X¢ and A, ~ A, + VX, and (4.3.3) is imposed
by solving the elliptic equation

Ax=-Y-A

on S2 for every fixed 7. This does not determine y uniquely: there is still the residual
gauge freedom of X ~ X+ Xres. where Xres. solves

AXres. =0

on each S3. Because S? is compact, the kernel of the Laplacian A is just the vector space
of constant functions, i.e. those Y es. Which satisfy ¥xres. = 0, but the 7 dependence in
the res. is still arbitrary. Thus in the Coulomb gauge we have the residual gauge freedom

¢~ e—inesA(T)qb’ Ag ~ Ao + Xres. (7-)7 A~ A,
which allows one to choose
: 1 -
e (7) =~y [, Ao v, = ~Ao(r)
and so impose the additional gauge condition

Ao(T) =0.
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This determines xes. up to the addition of a global constant, so there is very little
remaining gauge freedom. Indeed, constants are irrelevant for the gauge transformation
of A, and only impart a constant phase change for ¢, so we have now fixed the gauge
as completely as possible. We call this stronger gauge fixing condition

V-A=0, Ap=0 (4.3.4)

strong Coulomb gauge. For us, the most useful feature of the strong Coulomb gauge will
be the fact that in this gauge Ag will obey the Poincaré inequality on each leaf S? of F,

[ Aol 2 () < ClIV Aoll 2 (7).
In strong Coulomb gauge the field equations (4.3.1) are equivalent to the system

O¢ 4 2iAgp — 2iA -V + (1 — A2 + |A)? +idg)p =0,
OA + (2+[6]*)A = —Im(¢Y ) + ¥ Ao,

—AAg + |¢]*Ag = —Im($), (4.3.5)
Y-A=0,
/_10(7') = 0.

We do not prescribe initial data for Ag since it is non-dynamical: it is completely
determined by ¢ and ¢ via the elliptic equation on each slice of constant 7. It is
convenient to incorporate the constraint ¥ - A = 0 into the equations by projecting
the equation for A onto divergence free 1-forms on S3. Let P be this projection (see
appendix A.1.3); then since

V- OA=0(V-A)—-2Y-A=0

and
curl WAO =0,

applying P to the equation for A gives
DA +2A + P(|¢]*A) = —PIm(¢Y ).
Thus the system (4.3.5) is equivalent to

O¢ 4 2iAgp — 2iA -V + (1 — A2 + |A)? +idg)p =0,
OA +2A + P(|9|*A) = —PIm(¢V¢),

—AAg +|¢]*Ag = — Im(¢9),
Ap() =0,

(4.3.6)

provided one considers divergence-free initial data for A and A. Indeed, it is straightfor-
ward to show that v = ¥V - A satisfies v = 0, so v = 0 whenever v = 0 and © = 0 initially.

In addition to the restriction YV - Ag = 0 = ¥ - Ay on the initial data, the extra gauge
condition Ay = 0 restricts the set of initial data further. Suppose we prescribe initial
data @|s = ¢o and ¢|s; = ¢1. We must then solve for Ag|s; = ag by solving

— Aag + |¢oPap = — Im(o¢1), (4.3.7)
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so we must choose the initial data so that this solution has ayg = 0. Because Aj is
non-dynamical, it is not possible to write down an evolution equation for Ag, but the
gauge Ay = 0 is propagated nonetheless. While Ay need not be part of the initial data
(prescribing (¢, A, ¢, A) |5 = (¢o, Ao, ¢1, A1) is enough), we may consider Ay as part of the
initial data if it is equal to the ag obtained by solving the elliptic equation (4.3.7) initially.

We call data satisfying the above conditions admissible.

Remark 4.3.1. The condition ag = 0 is a condition on the initial data for ¢ and can be

seen explicitly as follows. Consider the operator

L= &+ |¢o|”

on S? and assume that ¢q is not identically zero (if it is, then the equation becomes
Aag = 0 and we can trivially choose the zero solution). We can classify the kernel of L if
the data (¢o, ¢1) is sufficiently regular, say (¢o, ¢1) € H?(S?) x H'(S3). Multiplying the

equation Lu = 0 by u and integrating we get

/‘ |Y7u\2dV53 +/ |q§0\2u2 dvg, =0,
S3 S3

so that Yu = 0. If u € H?(S?), then by Sobolev embedding u € C°(S?); then continuity
of u and ||¢oul| 2 = 0 imply that u = 0. Thus as an operator from H2(S?) to L?(S?)3,
L has trivial kernel. It follows from standard elliptic theory that the equation Lu = ¢
has a unique solution u € H%(S?) for 1 € L?(S?), which we write as u = L~1). Since
(6o, ¢1) € H*(S?) x H'(S?) ensures* that ¢po¢y € L*(S?), we have

ag = —L 7" Im(do¢1) = (A — |dol*) " Im(do¢b1).

The requirement ag = 0 may thus be written as the condition
[, (&= 160) Tin(dos) dve, = 0 (1.3

on the initial data (¢o, ¢1).

Remark 4.3.2. The system (4.3.6) in principle exhibits the null structure of Klainerman
and Machedon [66], which has been exploited to prove the finite energy well-posedness
of the Maxwell-scalar field system on flat space [65]. Although the requisite null form
estimates have also been established on certain spacetimes with compact spacelike slices
[51, 111], a corresponding finite energy well-posedness result has not been proven, even

on the Einstein cylinder.

3For ¢o,u € H*(S?) it is straightforward to check that |¢o|*u € L?(S?), so L does indeed map into
LA(S%).
“In fact, H*(S*) - H'(S*) ¢ H'(S?), by Sobolev embedding.
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4.4 Well-Posedness

To solve the Cauchy problem for (4.3.6) we make use of a classical theorem of Choquet-
Bruhat. Let I be an interval in R and let

Ep(I x S") == ﬁ cr(r; H™R(S))
k=0

be the standard finite m-energy space for hyperbolic systems. The following theorem
elucidates why first order (that is, H') energy estimates are insufficient to construct
a scattering theory for the Maxwell-scalar field system and why H? estimates are
good enough (2 > 3/2).

Theorem 4.4.1 (Y. Choquet-Bruhat, [22]). Consider the system (2.2.22) on R, x S".
Let T* = 9. be the timelike unit normal to ST := S"™ x {7}, set Ey, := T*Fy,, and suppose
that we are given data ¢o, a, € H™(SP) and ¢1, e, € H™Y(S) satisfying the constraint

Y e = —ag|¢o|* — Im(¢o¢r), (1)

where Y is the Levi-Civita connection on Sg and ag = T®ay,. Then there exists an interval
I, = (—0,0) C R and a solution (¢, Ag) in En(I, x S™) satisfying the system (2.2.22)
and the Lorenz gauge condition V,A* =0 such that

Aplsy = ap, Eylsn = ey, dlsy = ¢o, Plsp = 1
if m > n/2. The supremum of such numbers o > 0 depends continuously on

My = [|al[rm + [[dol[m + (|61 gm—r + €]l gm—r

and tends to infinity as My tends to zero. The solution (¢, Ag) is unique in Ep, (I, x S™)
up to gauge transformations preserving the Lorenz gauge.

Corollary 4.4.2. Consider the system (4.3.6) on € = R x S® and suppose that for
m > 2 we are given data ¢o, Ag € H™(SE) and ¢, A1 € H™L(S3) satisfying the strong
Coulomb gauge initially. Then there exists an interval I, = (—o,0) C R and a solution
(¢, Ao, A) in B, (I, x S?) satisfying the system (4.3.6) and the strong Coulomb gauge
conditions Ag =0, Y - A =0 such that

Algs = Ao, Algs = Ay, Blsz = do, Plsg = o1
The supremum of such numbers o > 0 depends continuously on
My = [laol|zm + | Aol m + [ Al gms + @0l rm—s + [ @1]l rm—1r = S, A)(0)'/?

and tends to infinity as My tends to zero, where agy is determined by ¢y and ¢1 via the
elliptic equation (4.3.7) on S3. The solution (¢, Ag, A) is unique in En, (I, x S?) up to
gauge transformations preserving the strong Coulomb gauge®.

5R_ecall that the gauge transformations preserving the strong Coulomb gauge are just the trivial ones
x = ¥ for global constants 6 € R.
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Proof. Given admissible ¢ € H™(S}) and ¢; € H™1(S}), the equation

—Rag + |¢o*ag = — Im(¢o1)

on S3 has a unique solution ag in H™ which by (4.3.8) satisfies a9 = 0. We define
E := A; — Yag, which by construction satisfies (). We may thus apply theorem 4.4.1.
Note that we do not prescribe Ay, but instead construct it so that the Lorenz gauge
condition is satisfied initially. The Lorenz gauge is then propagated by the equations
(2.2.22) in Lorenz gauge (but note that, of course, the strong Coulomb gauge is not). We
thus have a solution (¢, Ay) in E,, (I, x S?) of (2.2.22) satisfying V,A% = 0 throughout
I, x S3. Now perform a gauge transformation as in section 4.3.1 to convert this solution
to a solution (¢, Ag, A) in E,,(I, x S?) of (4.3.6) satisfying the strong Coulomb gauge. It
is easy to see that this gauge transformation preserves F,, regularity, while uniqueness
up to gauge transformations is also clear. As for the continuous dependence of o on the
data, we note that

My = [lallg= + ll¢ollg2 + |1l + [[E]
< llaoll g2 + [1Aoll 2 + ol 2 + o1l + IV aoll g + ([ ALl
S llaollgz + [ Aollgz + [[Axllmr + [ldoll g2 + 41l = Mo,

and similarly My < Mj. Thus M; ~ Ms and we are done. O

4.5 Energies

4.5.1 The Maxwell Sector

We treat the Maxwell and the scalar field sectors of the energy-momentum tensor
T, separately. The energy-momentum tensor for the Maxwell sector in terms of
the Maxwell field Fy, is

1
To|F] = —F,°Fy. + Ze“”FCdFCd’
and becomes

Top[A] = — VaAVyAe + VEAVL A + Vo AV Ay — VEALV Ay

+ %eab (chdchd — VCAdVdAC)

in terms of the potential A,. The Maxwell sector energy density with respect to the
foliation F is given by the component

Too[A] = Ty TT”
. . 1
= —AAc + 24V A0 — VoAV Ao + 5 (VCAdVCAd - chdvdAc) ,
where in the above we have denoted by Ay := T%A, and A, =TV, A,. Note that the

metric e splits as the direct sum ¢ = 1 & (—s3), so in particular the full connection V
also splits as V = VR @ V* = 9, @ ¥ (see appendix C.3.3). Furthermore, there is no
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curvature in the 7 direction, so 8, commutes with the 3-sphere derivatives, [0;, ¥] = 0.
Expanding the above, we therefore have

ToofA] = 5|AP + L[V A + SIVAP — A- VAo L(V,AT'AS).  (451)

In the Coulomb gauge ¥ -A =0 = YV - A the last two terms in (4.5.1) become non-
negative-definite upon integration by parts:

“A VA dve, = / AoY - A dvg, = 0,
S3 S3

and
1y7A Y’ A*) dv,, = 1A“Y7Y7A” 1R AFAY Y dve, = [ |A]*d
53_5( u V)( ) V53—S3 ) u¥v T Vss—Sg‘ ‘ Vsg -
Thus the Maxwell sector energy on 3-spheres of constant 7 is
E[A] = [|Al[ 7 (7) + [[A]172(7) + [V Aol 72 (7) = S1[A](7) + [V Aol[72 (7).
Using the additional gauge condition Ag(7) = 0, one has that HAOH%Q(S?,) < HWAOH%Q(SP,), SO
E-[A] ~ S1[A](7) (4.5.2)

for all 7 € R.

Higher Order Energies

More generally, for a 1-form o set
Tula] = =VaaVyae + Vea,Viyae + VaaVeay — Ve, Veay
1
+ ieab (Vcadvcad - Vcadvdac) .

When o, = A,, this is, of course, just the Maxwell energy-momentum tensor written
out in terms of the potential. As in (4.5.1), we have

Toola] = 1a[? + 5|Vl + 51Vl — V"0 — (7 a0 (V")

Integrating by parts as before we obtain
£ ]a] = /S Toola] dvs,
= [ 1P avey+5 [ [Faol v+ [ 1af av
2 S3 53 2 S3 0 53 2 3 53

: 1 2 2
+/S3 oY ot dv53—§/S3|Y7-a| dV53+/S3|a| dvg, .

For our second order estimates we will want to set a, = X/ WMAG = V,;A, and sum
over i for a basis of vector fields {X;}; on S? (e.g. a basis of left-invariant vector fields
on S* ~ SU(2)). The first term in the above is then clearly

16 = S ViA, A = VAR
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the second term becomes

Z [Vaol|* = ZWMWiAOWMWZ’AO = ]WQAOIQ + Lo.t.s,

the third term becomes

Vol = YV, VAV VA = VAP +lots

i
the fourth term, after commuting derivatives to impose the Coulomb gauge ¥ - A = 0, is

ZO&(]WM('IM = ZWZAOW},LWZA‘M = l.o.t.s,

and the fifth term similarly becomes

Z |Y7 : 0‘|2 = Z WMW’iAMWVViAV = l.o.t.s,

where in the above we have written Wj =X ]“ 4 1w and the lower order terms are at most
quadratic and of order zero and one in derivatives of A,. The sixth and final term is

Slaf = Y VAP =lots

The lower order terms can be controlled by &£;[A] ~ S;[A](7), so we can find a constant
C > 0 large enough such that

CEA]+ ) & ViA] = A7 (7) + [All7 (1) + IV Aol (7)
~ S5[A](7) + ||V Aol (7).
As before, the strong Coulomb gauge implies || Agl[z2 < [|[Y Aollz2, and so

£ 4] + &1V A] ~ Sa[A)(r). (4.5.3)

More generally, it is straightforward to see that in the strong Coulomb gauge one has

where ST[WkA] denotes >;, ;. & (Vi ... Vi Al

4.5.2 The Scalar Field Sector

The energy-momentum tensor for the scalar field sector is

N 1 — 1
Tab[¢] = D(ad)Db)Qb - Qeachngcqs + §eab|¢’27
and we calculate

1— 1
Tool¢] = Do¢|* — 5DedD + 5 |6

1 9 Iy 1
= 5/Do¢| +QJDM¢1D ¢+ 319l
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and therefore
1 1 1
£r19] = 5IDogl2:() + 5 IBl2:() + 519132 (7),

where D¢ = é + iAg¢p and Du = W“ +1A,. More generally, we set

_ 1 — 1
Tab[w] = D(a¢Db)w - §each¢Dcw + 5@11)’#"2

and 1 , 1 ) 1 )
£41) = 5 ID0 3 (7) + 5 1Bl () + S 1613 (r)

for any complex scalar field ) on €. As with the Maxwell sector, we will want to choose
1 = V,;¢ for our second order estimates.
Conversion Between Geometric and Approximate Energies

Proposition 4.5.1. For any fired T € R and any sufficiently smooth complex scalar field
Y on € there exists € > 0 such that if Si[A](T) < e, then

IVo[I72(7) < E-[W].
Proof. We suppress the 7 variable. Clearly
IV9ll72 S P97 + AY[I72 S E[] + [|Al7sll9]17s.
Now since S? is compact, ||1]|zs < ||¥||zs, and by Sobolev embedding
IAlIZs S VA7 + AlZ: < S1[A]

and
107e S IVENZ2 + 19172 S IVYIZ + E[].
This gives

IV9lz2 < C(1+ Si[ADEW] + CS1[A]|Vl[72 < Cel|[ V¥ lZ2 + C(1+e)E[Y],

SO
IVl < € (75 ) €14l 5 €0

for € > 0 small enough. O

Proposition 4.5.2. For any fired 7 € R and any sufficiently smooth complex scalar field
1 on € there exists € > 0 such that if S1[A](1) < &, then

[9]122(7) < (14 S1[Ao](7)) &[]
Proof. Working similarly to the previous proposition,
[9[172 S Do )12 + 1 Aotl72 S EW]+ [AollZsl¥lZs < EW + | AollFn [1]|e-
Also [[9[|7s S VY172 + [1]172, so
16172 S EW]+ S1[Ao (V91172 + 101172) S (1 + S1[Ao)) E[] + S1[Ao][| V]| 72-

Proposition 4.5.1 now gives the result for small S1[A]. O
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Proposition 4.5.3. For any fired 7 € R and any sufficiently smooth complex scalar field

1 on € one has

IBoIIZ2(r) < S1lw](7) (1 + S1[A](7)).

Proof. This is a simple consequence of the compactness of S and Sobolev embedding as
above,

Dol < NVelZe + 1Av]T2 S (VI + AL IYI1Zs < S1lv] + Si[A]Si[¥].
O

Proposition 4.5.4. For any fired 7 € R and any sufficiently smooth complex scalar field
¥ on € one has

Dot 72 (7) S (1 + S1[Ao)(7)) Sa[](7).
Proof. This follows from the same splitting and embedding as in the previous propositions,
IDov 172 S 11172 + 1 Aotbll72 S S1[] (L + | AollFp S (1 + S1[Ao]) Su[¢)]-
O

Theorem 4.5.5. For any fired T € R and any sufficiently smooth complex scalar field
on € there exists € > 0 such that if S1[A] < e, then

S1[l(r) = E[Y](r).

Proof. Suppose S;[A] is small. Then in particular both S1[A] and S;[Ao] are small, so by
proposition 4.5.1 [|[Y4|2, < £[¢]. By proposition 4.5.2, ||17ZJ||%2 < EY, so

SilY] < €Y.
Conversely, by propositions 4.5.3 and 4.5.4, ||Py||2. < S1[¢] and [[Dov[|22 < Si[¢)], so
E[Y] < Salyl.
O
In particular, £[¢] ~ S[¢] and E[V @] ~ S1[V¢]. Since S;[¢]+S1[¥¢] =~ Sa[¢], one then has
Er[@] + & [V ] ~ S2[o](7) (4.5.4)

if S1[A](7) is sufficiently small. Similarly,

if S1[A](7) is sufficiently small.
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4.5.3 Elliptic Estimates

As we have already seen, one useful feature of the Coulomb gauge is that the field
equation for Ag becomes elliptic,

— AAg +[¢[?Ag = —Im(¢¢). (4.5.5)

But even though the component Ay is non-dynamical, it still carries energy. This
energy is controlled by ¢ as follows.

Proposition 4.5.6. The non-dynamical component Agy satisfies the a priori estimates
IV Aol 72 (7) + |¢Ao||72(7) + [[AolI72(7) S I 9ll72(7)
for every fized T € R.

Proof. Multiplying equation (4.5.5) by Ay and integrating, we have

_. . 1 1 .
IV Aol + o Aol = = [ Im(éd) A0 dvs, < [0doll 2622 < 5ll0Aoli3 + 51913,

which gives the first two estimates. The third estimate follows from the Poincaré inequality
for Ayp. O

4.6 A Priori Energy Estimates

4.6.1 Conservation of Energy

For general sufficiently smooth «,, ¥ one computes
VT alal = Fla]* (Vaaw — Viaa) ,

3 1 1 - _ (4.6.1)
VT (0] = 50”/[1/1]131;1# + §°”/[¢]Db¢ + Fap Im(yyD).

When a, = A, and 1) = ¢, the field equations F[A], = — Im(¢Dy¢) and W [¢] = 0 imply
that

VaTab[¢7 A] = Va(Tab[A] + Tab[qs])
—F, (Im(ggpa(;s) — Im(q‘sD“qb)) =0.

We use the identities (4.6.1) to derive a priori energy estimates for ¢ and A, at all orders.

4.6.2 H!' Estimates

Consider admissible initial data for the system (4.3.6). We can make no a priori
assumptions about the smallness of the non-dynamical component Ag, but we will of course
be able to extract all the required information about Ay using the elliptic equation (4.5.5).

Theorem 4.6.1. There exists an € > 0 such that if Si[¢, A](0) < e, then

Si[¢, A](1) ~ S1[¢, A](0)

for all T € R.
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Proof. Since VT y[¢, A] = 0 and T = 9, is Killing on €, integrating e :== V(T’T [0, A]) =
0 over the region S? x [0, 7] for any 7 > 0 immediately gives

0= /SSX[O’T] epdv = /SS Too[¢, A] dvs, _/SS Too[¢, A] dvs,,
i.e.
Eo) + E[A] = &[0, A] = &0, A] = Eolg] + Al (4.6.2)

Now the smallness assumption Sq[¢, A](0) < e implies that S1[A](0) < € and S1[¢](0) < €,
so by proposition 4.5.6
IV 4ol[72(0) < 81[6)(0) <&,

and so S;[A](0) < e. Then by theorem 4.5.5, &[¢] ~ S1[¢](0). Now equation (4.5.2)
reads &;[A] ~ S1[A](7), which in particular holds at 7 = 0, so we have &y[¢] + Ey[A] ~
S1[9](0) + S1[A](0), and so by (4.6.2)

Erld) + E-[A] ~ 51[¢](0) + S1[A](0).

This means that & [¢] + £;[4] is small too, £ [¢, A] < e. In particular, & [A] ~ S;[A](T)
is small, so again by theorem 4.5.5, £-[¢] ~ S1[¢](T). We deduce that

S1[](7) + S1[A](7) ~ S1[¢](0) + S51[A4](0) (4.6.3)

for all 7 > 0. The same argument works for 7 < 0.

4.6.3 H? Estimates
Commutators

Proposition 4.6.2. One has the following bounds on the commutators of Y with the
field equation operators F and W :

IV, FlA|gs S |V°A|+ VA + [V Ao,
and

IV, We| S |6F Aol + |6¥ Ao| + |6 A0 Ao| + V20| + [0V A|
+ |AY¢| + |V o| + |9V A| + |A¢| + [V oV A| + |pAVA].

Proof. Note that in the following the index ¢ always refers to a contraction with a basis
vector field X;. The operator %, on A, is given by F[A], = OA, — WHAO —2A,, so for
any 1%
Vi, FlAlss = |V F[A], — F[V:AlLl
= |V: (DA, = ¥, do - 2A,) — D(ViAL) + ¥, Vido + 2V,A,|
= ViV VAL = VYL (VAL + Y, XYL A
<C[[Y’Al+ VAl + VA,
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where the constant C' depends only on the geometry of S3. To calculate the other
commutator we need a couple of preliminary formulae. Let ¢ be any sufficiently regular
complex scalar field. Then

[V, Dol = V(4 + iAoy)) — DoVt = i) ¥ Ao,
and similarly
[Wia D,u]w = _(WMXZV)Wuw + W%‘Am

SO

[V, DoDo]¢ = D[V, Dolé + [V, Do]Dog
= Dy (i¢V;Ao) + iDo¢¥; Ao
= iﬁf)ViAo + 22’9”7@'140 - 2¢A0Wz'A0~

Further, for any vector field V on S3
Vi, DIV = ViV, V" +iA V) = (Y, +iA) (Vi V)

=VY,V, V! -V, V. V! +i(V;A,)VH
< C|IYV|+|VI+|VYA]],

where, as before, C' depends only on the geometry of S3. Then

Vs, B¢ = B[V, Blo + Vi, BJD"6
<P (V. X/V.,¢+ioV;A,) + C [|[YDo| + [Do| + DoV A
< —AXIY,0— V. XV, 0 + iV 6V A, + iV, VA,
—iAMY, XY, 6 — 0APY A,
+ OV 0| + |V (AD)| + Vol + |Ad| + VOV A| + |A¢VA|]
S|Vl + V70| + VOV Al + |6V Al
+ [0V A| + |[AV¢| + [¢AVA| + [Ag).

Putting these together, we have
Vs, W = [Vi, DDy + 1]
= [V, DoDol¢ — [V, BB, ¢
S |6V Aol + [6Y Aol + [6A0Y Aol + [V 6| + V76| + VoV Al
+ [0V Al + [0V Al + AV | + [pAT A| + |Ag].
O

Most of the terms in the above estimates we can control by the energy directly, with
the exception of time derivatives of Ag. These terms we shall control using the elliptic
equation for Ag and the evolution equation for ¢.

Proposition 4.6.3. For any fized T € R there exists € > 0 such that if S1[p] < € and A,
satisfies the strong Coulomb gauge, then

1ol (7) < Sa@)(m)(1 + S1[A](7))%.
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Proof. First note that in the strong Coulomb gauge Ag(7) = 0 for all 7, and so ;10(7) =0
for all 7 as well. Thus ||Ag| 2 < ||V Ag||z2, and we only need to estimate ||V Ag| 2.
Differentiating (4.5.5) in 7, we have

—A Ay + 9P Ao = —Im(¢9) — dpAg — ppAo.
Multiplying through by Ay and integrating we have

IV AollZ2 + lloAolz2 < ldAollz2 N1l 2 + 2ll¢Aoll 12| dAol| 2,

which gives

IV Aoll72 + 01l Aoll72 < ISlI72 + [|$Ao]Z2 (4.6.4)

for some 0 < § < 1. We thus need to estimate ||¢||2, for which we shall use the field

equation for ¢,
D¢+ 2iAgp — 2iA - Yo+ (1 — A2 + |A]> +idg)p = 0.
We estimate
61> S 140 + [Aodl? + |AV S + 8] + |A5o|* + [A%8]* + |Aog. (4.6.5)

With the exception of the term |Ag$|?, the right-hand side of (4.6.5) will be easily
controlled as we will see shortly. To deal with the problematic term we will use smallness
of the data. Integrating (4.6.5) over the 3-sphere we have

9172 < IA¢lI72 + [ Aodl72 + AV SlT2 + 61172 + 145172 + [[A%6]172 + | Aol 72
Sl + I Aolzsllolze + I AlZs Yol
+ {1 Aol zsll @l Zs + Al zs 181176 + 1 Aol Zs 0] Zs
S el7e + 1Aollz ldl17n + A7 8117
+ [ Aol 8117 + 1Al 1617 + [ Aol Ml 611
< S2[0] + S1[A]S2[¢] + S1[A]Sa[¢] + S1[A]*S1[¢] + S1[A]*S1[¢] + || Ao|3:81¢]
< S2[0)(1+ S1[A])* + || Aol 71 S1[4)-

Putting this into (4.6.4) gives
IV AolZ2 < Sa[¢](1+ S1[A])* + [|Aol7:S1[¢],
so provided Si[¢] is small enough the Poincaré inequality gives

IV AollZ> < Sal@](1 + S1[A])*.
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Estimate Algebra

For ease of presentation we outline a schematic procedure to track how we bound the
various terms arising in our H? estimates. The idea is simply to track the number
of derivatives and their Sobolev exponents of the error terms and check that they do
not exceed certain critical values. Let f denote either A, or ¢, let d denote either the
S®-derivatives Y or the 7-derivative 0,, and let 9% denote either WQ or 0, Y (that is, not
02). Then all the error terms that we encounter will in fact be of the form

1107 F1™ |0 F1F 11| 11 g3y,

where m, k, and [ are non-negative integers and in particular m = 0, 1, or 2.
If m = 0, we have

HOLIFIF s < f e lOF 1k
Now since S? is compact, the Lebesgue spaces LP(S?) form a decreasing sequence in p,
LO(S3) o LP(S3) - LIY(S3) — .. — LY(S?),

p > ¢, where — denotes continuous inclusion. As S? has dimension 3, by Sobolev
embedding we also have

HY(S?) — L5(S?)  and  H2(S%) — €02 (S?) — Lo(SP),
so provided kK < 6 we have

Hos*LA ey S IAIRNFIS = 1F15™,

where
I fll2 = 1l 23y + 1 | sy

(notice that the norm || - |3 is the familiar Sobolev-type approximate energy Ss).
If m = 1, we perform the splitting

1210115 s = [ 102 IS PI < [ 10202+ [ 101 < I8+ 0S4

Now provided 2k < 6, the second term in the above may be dealt with as in the
case m = 0, so we have

HOPANOLFF e < IR + 1A

Finally, when m = 2 it will in fact turn out that k is necessarily zero, so we will have

l l l
O P e < IF T IF1 < IF 572

It will thus be sufficient to use the following prescription. For terms involving no |02 f|
(i.e. m = 0) we shall check whether k < 6, and if so, conclude that the term is bounded
by ||fI5T; for terms involving |82 f] (i.e. m = 1), we shall check whether k < 3, and if
so, conclude that the term is bounded by || f||3 + Hng(kH); finally, for terms with m = 2
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we shall check whether k = 0, and if so, conclude that these are bounded by || f||5™. In
the estimates that follow we will write down a term to be estimated,

o2 f ™ 0f1"If',
and underneath note down its ‘signature’ (m,k,[), as in

02 ™0 fIF| £

(m,k,l)

If the criteria outlined above are met (that is, k¥ < 6 for m = 0, £ < 3 for m = 1,
and k = 0 for m = 2), we shall tick the triplet,

0% ™0 f1F| £
(m,k,)v

Altogether this notation will thus mean that

10 A O 1*1 e s3y < QUIFII2)

for some polynomial () with positive coeflicients.

H? Error Terms

We now take oy, = ¥, A, and ¢ = ¥,¢ in (4.6.1) and estimate the second order error terms

e = Z T (VT o[ ViA] + VT [Vi0)) -

Equation (4.6.1) gives

€ = Z —%[Wz‘A]u(Vqu‘AO - WzA/.L)
D> (3HIT0ID0(Vi0) + 5 [F:61Du(Ti6) — (V0o — Ay) (V60 Vi)

= e2 —+ e27

and we consider el and e3 separately. We have

ley| = Z ~F|VAMY ViAo — YiA,)
S |(VFAY = Vi FIAP) (V,Vido - ViA,)|

V(619)| [V Ao| + [V Ao| + [V Al

VAl + Y A]+ |V Aol| IV Aol + |V Aol + VAl

V01 + [V ollll Al + [V0ll6] + VA6 + [Foll¢l|Al] [V Aol + |V Ao| + VA
VA + [VA] + [V Aol | |V Ao] + Y Ao| + VA

¥ Aol Yo + 97 4o |[F 6] [6]|A| + ¥ z‘(10|W7 ollg] + ¥’ Acl| Allof

(1,2,0)v (1,1,2)v

N

N

N+

2/\+
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+ V2 40|V ]| A + WA0|W7¢\2 + [V Aol [V ollg||A| + [V <Z>\|Y7Ao\|¢!

(1,1,2)v (0,2,2)v
+ |V Aol|[YA|¢]* + |WA0||W¢|!¢||A| +|YA[|Vo|* + |Y7A||Y7¢H¢HA|
(0,2,2)v (0,2,2)v (1,2,0)v (1,1,2)v
+|VA[Y’ ¢||¢\ + |Y7A||Y7A||¢|2+ IVA[|Voll6]|A] + |V AoIIV Al
201 112 v 200
+ V40|V A| + |V A0|W7Ao| + VAV Ao| + |VA0\|Y7A| + |V Ao|| ¥ Ao
(1,1,0)v (2,0,0)v (1,1,0)v (0,2,0)v (1,1,0)v
+|v° AHWA! +|YA|VA|+ WAOHWA!
200 110 v 200
and
1= 3 (GHIT0ID0(Vi0) + 5 W (V:61Da(Fi6) — (V0o — Ay) (V6 BY, ¢>)'

<2 [ WV llIDo(Yi0)] + [V Ao — AllVi6]BY 10
SNV Wsl [19:9] + [AoVidl] + [V Aol + AI] V6] [[V76] + [AVS] + (V9]

S 16V Aol + [6Y Ao| + [640Y Ao| + V6| + [0V A| + |V Aol [V 6I* + |A| V6|
+ AV + Yol + [0V Al + [Ag| + [VoVA| + [6AV A [[V9] + |40V 9]

+ V26|V Aol [V 6| + |V Aol Y412 |A] + Y0V ¢l Al
+ VoAl A] + |V Aol [V o[> + |A[| V|
< |Vo||Y Aol 6] + IWAoHWchI + |wonr|¢|er| + IW anr + YAl V44|

(1,2,0)v (2,0,1)v
+ Y| VollA|l + |Y7¢|IY7¢\ + |Y7¢|IY7AH¢| + |Y7¢|IAII¢| + |Y7¢|W7¢|IY7AI

(1,1,1)v (1,1,0)v (1,1,1)v (1,0,2)v (1,2,0)v
+ |Y7¢HY7AIIAH¢| + \W¢|I¢|IWA0||A0| + !WAoHIYffIIJQSHAo\ + |Y7Ao|!Y7</5||<z5!|z4o!2
e ¢|IY7¢HA0\ +1y? AHW¢H¢>HA0| + |Y7¢>| IAoHA\ + Vol \Aol

(1,1,1)v (1,1,2)v 0,2,1)v
+ |Y7¢H(Z7;4II¢HA01 + |Y7¢||¢||Ao|IA\ + |Y7¢| |77A||A0| + |Y7¢HY7?2| IgquHAI
+1y° ¢|IY7¢HY7A0HW¢I WAoHAHIW ¢|IY7¢|IA|+|Y7¢| |A||A|+|Y7¢| IWAo\

(1,2,0)v (1,2,0)v (0,3,0)v
+|Vo[*|Al.
(0,3,0)v

Altogether this says that

leallzass) £ QY (II(4, A, Ao)|l2)

for some polynomial Q'Y with positive coefficients. An inspection of the triplets (m, k, 1)
above shows that in fact each error term contains at least one full power of || f||3, so in fact

leallzr < ll(e, A, A0)[3Q™ (I, A, Ao) ||2)
S (8ol AL+ [ Aol ) (Q (Sale, A1V2) + Q" (Aol ))
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for polynomials QWM. Now by proposition 4.6.3, || Ao||%,, < CSa[¢](1 + S1[4])2. At this
point we can either assume the first order estimates (theorem 4.6.1), or bound || Ao/,
by a polynomial in Si[¢, A] of degree higher than one; both methods are fine, but we

will need to assume the first order estimates to close the second order ones anyway, so
assuming Si[¢, A] < 1 we have [[Ag[|3;1 < S2[¢, A]. Hence for any fixed 7

lezllzi (7) < Salé, Al(r)P (Sale, Al(r)'?) (4.6.6)
for some polynomial P.

Theorem 4.6.4. Let I be a fixed compact interval in R containing zero. There exists
e > 0 such that if Sa[¢p, A](0) < e, then

SQ[d)v A] (T) = SZ[¢’ A](O)
forallTeI.
Proof. Integrating ey over the region S* x [0, 7], 7 > 0,

/ epdv = / / e2(0) dve, do
S8 x[0,7]

Z Vil + E-VA]) = > (&lVidl + EolVAl) -

%

(4.6.7)

From theorem 4.6.1 we know that Sq[¢, A](7) ~ S1[¢, A](0), and also that £;[A] ~ S;[A](T)
and &;[¢p] ~ S1[¢](7) for all 7. Furthermore, we have that S1[A](7) is small, so by (4.5.4)

Exl6] + 3 E:1¥i] =~ Sald] ().

By (4.5.3),
' A+ Y&V = SalAl(7),

SO adding Er [¢, A] = &g, A] to both sides of (4.6.7) we have
Z H[Vig] + E- Vi A]) = &olo, A +Z (&olYi9) + o[V A])

—I—/ / e2(0) dvs, do,
0 Js3

Sy, Al() ~ Salé, A](0) + /0 ’ /S es(0) v, do. (4.6.8)

or equivalently

Now (4.6.6) gives
(6. 4](r) S Sa[o A +/nwm$
S $ul0,A0) + [ Sa06,4 (SQ[¢,A]<0—>1/2) do,

and so by lemma A.2.12 we have

Sa[¢, AJ(7) < S2l0, AJ(0)
for 7 € I. Equation (4.6.8) similarly shows that Sa[¢, A](0) < Sa[¢, A](7), and so
Sa[, AJ(7) ~ S2[¢, AJ(0).
for all 7 € I. In particular, picking I large enough to contain [—7/2,7/2] gives
Sa[¢, AJ(S ) = Sale, AJ(IT).
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4.7 Higher Order Estimates

From here it is straightforward to play the same game for higher order estimates. It is
clear that if for a given 7 and m > 1 the (m + 1)-th Sobolev energy S,,+1[¢, A|(T)
is sufficiently small, then

N &V G = Spnaldl(r)  and > E[VEA] & Sy [A](7),
k=0 k=0

where as before &[quﬁ] = i ire{1,2,3} EYi, ... Vi, @), and similarly for A,. We
suppress sums over the basis vector fields {X;} from now on. It is clear that to prove that

Sm+1[0, A|(T) = Smy1[0, A (0) (4.7.1)

it is enough to prove the estimate

lem sl (7) S Smsalé, AUT)P (Sl A(7)'2) (472)

for a polynomial P, since then the proof of (4.7.1) then goes through exactly as in
the proof of theorem 4.6.4. Now because

H™HY(SP) s CmY(SP),

in our (m + 1)-th order estimates we need only track derivatives of order m and higher,
since all the others will be L*°-controlled by S,,41. More precisely, since the S,,+1 energies
control the L norms of Wm_ltﬁ, Wm_lA, Wm_ggﬁ and Wm_QA, we will only track terms
of order higher than these (and also Ag, which we will deal with separately as before). As
before, one can write down the bounds for the commutators of ¥, with the field equation
operators F and W', acting this time on a general 1-form o, and a general scalar field v,

IV, Flalss < [V al + Yol + Lots,

and
Y, Wp| < [0V Ao + [$F Aol + [V + [0V A] + Lo.t.s,

where the lower order terms are terms that are of order one or zero in derivatives of
aq, Ag, or 1. Now estimate the (m + 1)-th error term:

emi1="T1" (VaTab[WmA] + VaTame¢])
= T (FIV" A (Va(Y" A)y = Vo(V" A)a) + Re (WY 6Dy(V"9))
+ (VoA = VyAa) Im (V" 6DV "9 )

< |FIY APV, (V" Ao) = V" A,)| + |Re (WY ¢IDo(V"9))|

+ |(V,udo — Ay) Tm (V798" V"6

S|Fv™ Al 177 Aol + WAL + [WIY ]| [Vl + |40l V "6l
+ (17 Aol + [Al] [0V 6l + ¥ 6|l AlIF" ] +Lo.t.s
<197 Aol + (YA [[9FLAI, + |19, F1A




4. The Maxwell-Scalar Field System on de Sitter Space 87

+ [ [P il + 197, we| |90+ 1976l 6l [V Aol + |A]] +Lo.ts
S IV Aol + VAL [|[V"(6B0) | + V7TV, FA| + [V, FIVT A

+ V[V Wl + (19, WP 6] + 1P SITT 6l [ Aol + A
+ l.o.t.s

< [WmHAol + IW"”AH { jvm@sw + A¢2)‘ T ‘Wmfl(va L YA+ l.o.t.s)‘
F YA+ 1Y Al + l.o.t.s}
+ Y™ [ (Y™ (@Y Ao + 3P Ao + V6 + 0¥ A + Lots)| + Y6l ¥ Aol

Y™V Aol + (Y g + |Wm‘1¢|yy72A@
V"IV | 1Y Aol + A]] + Lo.ts

S IV Ao + YA [é V"IV o]+ [V (A6
+Y" AL+ \W’”AOI]

+17" 9] [1&_:: V" el Ao + T:z_j: V7Rl A
+1V" | + mf WW“’%W‘“”M]

k=0

+ V"IV ][IV Aol + |Al] + Lots

Sqn (1977 40l + 197 AL] [I97 611991 + 101701 + P17 A
HIGAIT" o]+ 7" AL+ 7o

+1Y"9] [|Won| + YTV Aol + [ Aol + (¥ gl + YA

+IY" OV ] + Lo.ts
fJS},f?H [|Y7m+1Ao! + |Y7mA|} {ngﬁ! Yl 4 YA+ YA+ Wm/l()@

+ V"9l [\W’“Aol FIY" TG+ Y Aol + Y g+ [P A
+ WmﬁﬁHWmH(b\ +1lo.t.s
Sgre, [V A+ VA [lvm“qﬂ YA P Ao@

#0197 Aol + 197701+ 197 Aol + 19751 + 97 A
+Y™| Y | + Lot.s
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Sqirz, IV AT 0]+ (9T A I AL T A Y Aol
YAV VAT A [YTAY T Aol + [V Aol
FYT YT+ YY" Aol + YY) + [V YTA
+ V"8V ] + Lots,

where by Ssiﬁ ) we mean bounded up to a polynomial in S:n/il. Note also that, like in the

estimate of section 4.6.3 where the triplets (m, k,l) sum to at least two, the lower order
terms in the above are at least quadratic in the fields so that one can control them by a
full power of S,,+1. Furthermore, inspecting the leading order terms in the above one

sees that, with the exception of Y™ Ay, they are all readily controlled by Smi:
1 . . . . .
lem+1llzy g2 Smer + 1Y AV ™ Aol + V" AV Ao + |V Y™ Ao 1
m+
§S1/2 Sm+1 + HAOH2Hm
m-+1

As in proposition 4.6.3, standard elliptic and wave equation estimates inductively show

that for sufficiently small S,,,
| Ao I Sgi/2 Smt1; (4.7.3)

so altogether we have

1/2
lemiillLr S Smi1P(SY2)

for some polynomial P.

4.8 Proofs of Main Theorems
4.8.1 Proof of Theorem 4.2.2

The m = 1 case is trivial, while for m = 2 we have already proved the estimates
Sm[®, A](T) ~ Si[¢, A](0) and ||A0H§{m_1(7') < Sm[¢, A](7) for small initial data. We

proceed by induction. Suppose the estimates
S0, AJ(7) = Si[6, AJ(0)  and [ Ao[|7m-1(T) S Smle, Al(7)

hold for some m € N provided S,,[¢, A](0) is small enough. The second of these is
immediate for m + 1 by (4.7.3), which then implies (4.7.2). Arguing as in the proof of
theorem 4.6.4 and applying lemma A.2.12 then gives (4.7.1). O
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4.8.2 Proof of Theorem 4.2.3

We restrict ourselves to the case of T the case of .#~ being analogous. Pick admissible

initial data up on ¥ such that S,,[¢p, A](X) is sufficiently small. Then S,,[¢, A](X) < o

for some small g > 0, so by corollary 4.4.2 there exists a solution (¢, 4,) in E,, =

Ny CE(I; H™=F) to the system (4.3.6) unique up to trivial gauge transformations such

that I contains [—7/2,7/2]. Since the solution (¢, A,) is at least C* in 7 for m > 2, u =

(0, A, b, A, Ap) has a well-defined restriction to .# *. This defines the future trace operator
Tt .8 St

m,eq

U — U+ = (¢)A7 Q‘S)A-a A0)|f+‘
By theorem 4.2.2, whenever ¢ is sufficiently small we have the estimate
Smlo, Al(F 1) < CSp [, A)(E) < Cep =: €1, (4.8.1)

so the operator €, is bounded. The data u™ on .#% has size at most 1 = Cey, so,
reducing e if necessary, we can evolve u* backwards in time to find data @y on . But
by uniqueness, ug = @p. Thus the map <! is injective for &g small enough. To be able
to invert T

&, we restrict the co-domain of T} to its image:

Th.s0 s xh(S0 )= gt

m,eQ m,eQ m,e1*

By definition, T} is now surjective and so bijective, and from the estimate (4.8.1) it is
clear that 2} . C S} The operator ;! is thus invertible and satisfies the bounds

m,eq m,e1"*
IThuollg, < luollg, and [I(TH) " at§, SIlu*,

for up € 8% _ . ut € 2+

o e, - Furthermore, the set 9, . contains a small ball around the

m,eq

origin in S;f,. Indeed, if v € S}, has small enough norm, say |[vo"[|§ < § < &, then
() ot)E < Cllot|lE < C6 < g, and so (T}) vt € S)

m,eo*

Figure 4.2: The image of a small ball under the future trace operator T .

Constructing the scattering operator is now simply a matter of composing the inverse
past trace operator and the future trace operator. We define

S Do o — Dt

m,e1 m,e1?

Im =T} 0 (T;n)il‘
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Then .7, is invertible with inverse .71 = T, o (T,})~!, and the estimates

m
2 -2
™5, ~ llu 15,
for u* € @fg’el follow from the estimates for T . [l

Remark 4.8.1. It is not immediately clear what the set .@;Eha , looks like, for two reasons.
Firstly, the sets S;-0 are not vector spaces since admissible initial data is not additive.
Secondly, the fact that ;! is a nonlinear operator precludes any straightforward application

of the open mapping theorem, so it is not even obvious that 2,

m.e, 18 open and connected.

Nonetheless, by symmetry it is clear that the set of past asymptotic data Z,, ., and
the set of future asymptotic data @%751 are of the same ‘size’ in the sense that they are

contained in balls of the same radius in S;,, and S;}. respectively.

Remark 4.8.2. The lack of vector space structure on the domains of definition of the
operators T and .7, makes it difficult to discuss their regularity beyond boundedness.
This lack of vector space structure stems, most importantly, from the constraint equations
in the system (4.3.6). It is fairly easy to see that any extension of e.g. %, off the constraint
surface that preserves boundedness will automatically be continuous at the zero solution,
but continuity at more general solutions will require a more careful analysis of (4.3.6)
linearized around a general solution, as well as a choice of extension. Differentiability will
pose further complications.

4.8.3 Proof of Theorem 4.2.4

Suppose Sy, [, A](a = 0) is small. We derive the asymptotics for .#*, the ones for %~
being analogous. By (4.2.3), S;,[¢, A](T7 = 0) is small too, and the elliptic estimates
for Ag imply that the full Sobolev energy S;,[¢, A](7 = 0) is small. Then according
to our estimates and Sobolev embedding, ¢, A and A are continuous on all of (/154
with a C™ 2 trace on £7.

Let m = 2. Then ¢ = Q'¢ has a continuous limit on .#*, so

,5\§Q<¥<67Ha

~ cosh(Ha) ™
as a — +o0o. The timelike component of A, is Ag = 0%A, = H ! cosh(Ha)ag;la =
H~' cosh(Ha)A, and has a continuous limit on £+, so similarly

‘Aa’ N e e

as @ — +o0o. Finally the S? components of A, are

H? L _
sh"A, A, =|ALZ,

A2 = —e®A A = —Q5AA =0
| 5 ¢ b 9 b coshQ(Ha) 3

so |Als, < 1.

Next let us work in the static coordinates (4.1.2). These coordinates are only
appropriate in region I of fig. 2.6 since they become singular on the horizons r = 1/H,
and J; becomes spacelike in regions IT and IV and past-pointing in region III. Following
the flow of the vector field 0; in region I, one is forced to the top right corner of fig. 4.1 as
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t — +00. A preferred point on .# T has therefore been singled out for an observer following
the flow of dy; this point is the timelike infinity it for observers living in region I of fig. 2.6.
In these coordinates the conformal factor €2 is given by

_H 1
~ cosh(Ht) \/F,(r)’

where Fy(r) = 1 — tanh?(Ht)H?*r?. Keeping r fixed, for the scalar field we then have

Hgg e

as t — 4o00. For the Maxwell potential, we find the relations

A; = H?sech?(Ht)Fy(r) ™" (—T’F(T’)l/2 sinh(Ht)A; + HYF(r)'/? cosh(Ht)AT) ,

Ay = H? sech®(Ht)Fy(r) ™" (H™ P(r)™"/2 cosh(Ht) Ac = rF(r) "/ sinh(H) A, )
Since A; and A; have continuous limits as t — 400 for fixed r, we have

|Ay| <, e B and |4, <, e HE
Expanding the 3-sphere norm |A|§3,
AfZ, = A2+

IS
m’fl\sz S,

we see that |Als, < sin¢, where one computes sin ¢ = sech(Ht)HrFy(r)~/2. Thus
1 -
7|A|52 ST e_Ht
r

as t — -4oo.
Now suppose m = 3. This in particular means that

Vo> = (9c0)* + V20

1
sin? ¢
has a continuous limit on £, and so 9;¢ and (sin()~!|Vs2¢| do too. Since ¢ scales
conformally as ¢ = Q ¢, one computes

Oc¢ = H™" cosh(H)Fy(r)"/? (rF(r) /2 sinh(H1)0,
] (4.8.2)
+ H™'F(r)!/? cosh(H1)3,4)

and

0r + (0,091 ¢ = H™" cosh(H)Fy(r)"/*(H F (1) ~'/2 cosh(Ht) 01
i (4.8.3)
+rF(r)'/? sinh(Ht)@Tgb).
Because Q¢ and Q0-¢ + (9-Q2)¢ have continuous limits on .#, one therefore sees that

‘at(m S e " and ’87’(5‘ S e Mt
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as t — +oo. For the S? derivatives, the fact that (sin¢)~!Vep| = Q 1(sin¢) ! |V 9|
has a continuous limit on .#T implies that

e 2t (4.8.4)

~T

1 -
]vsqu <
-

as t — 4o00. Let us study the e ' component of ¢,
@ = efltg.
Rewriting (4.8.2) and (4.8.3) in terms of ¢, one has
(@) (e_Ht> = rF(r)" Y2 sinh(Ht)e " (8,5 — HE) + H™"F(r)'/? cosh(Ht)e 10,¢
and

O (=) = F(r)/? sinh(Ht)e M@ = H™'F(r)"/? cosh(Ht)e ™" (¢ — H)
+rF(r)Y? sinh(Ht)e 710,

which, taking the limit ¢ — +o00, become

1>

0= Hrowp — H2rgb + F(r)o,p,
—HF(r)yp=0p— Hp+ HrF(r)o,¢,

where = denotes equality at t = +o0o. Solving these algebraically shows that 9% = 0 and
H%*rp 2 F(r)0,@.

Further, the bound (4.8.4) shows that at ¢t = +o0 the function ¢ is independent of the
S? coordinates, so the above equation is an ODE in r, with solution

We conclude that there exists a constant ¢ such that
¢~ cF(r) Y2t L O (e_QHt> as t — 4o00.

One can check by hand that @, (t,r) = F(r)~%/2e~H! is the eigenfunction of the uncharged
(A, = 0) spherically symmetric conformally invariant wave operator

~ - 1
O+ R:F@*&—;@@nwamnﬂﬂ

| =

with eigenvalue H2. O



Large Data Decay of Yang—Mills—Higgs Fields

5.1 Introduction

The analytical study of the full classical Yang—Mills—Higgs equations goes back to at
least the late 1970s, with Segal’s local existence proof [107, 108] on Minkowski space of
pure SU(2) Yang-Mills fields with initial data (A;, 9;A;) in H3 x H?. A short time after
Segal’s proof, in 1981, Ginibre and Velo [54], Choquet-Bruhat and Christodoulou [23],
and Eardley and Moncrief [36, 37] all published proofs of similarly major results, though
using profoundly different techniques. Ginibre and Velo’s work extended Segal’s work to
coupled Yang—Mills—Higgs equations in arbitrary dimension, in particular proving global
existence in two and three spacetime dimensions. In four dimensions, Choquet-Bruhat
and Christodoulou made use of the conformal invariance of the Yang—Mills—Higgs—Dirac
equations and a short-time existence theorem on the Einstein cylinder to prove the global
existence of solutions on Minkowski space for sufficiently small H? x H' initial data'
(cf. [21]). Eardley and Moncrief, on the other hand, instead developed a physical space
technique for extracting remarkable a priori estimates that allowed them to prove the
global existence of solutions for large H? x H' initial data. A short time later, Goganov
and Kapitanskii published a proof of global unique solvability [55] for only locally H? x H*
data on Minkowski space, in particular allowing arbitrary magnetic charge at spatial
infinity. Their proof shows that the equations are well-posed in local lightcones, with
solutions determined only by the data at the base of the lightcone. Further improvements
have been obtained by Klainerman and Machedon [64, 65, 66] and others [92, 109, 115].

The strategy of Eardley and Moncrief is to write down wave equations for the fields
F,, and D,¢, treat the nonlinear terms in these equations as sources, and express Fyy

Here and throughout the rest of the chapter, we refer to the regularity of the initial Yang—Mills
potential and its time derivative, (A;, 0 A;) € H**! x H*. For the coupled Yang-Mills—Higgs system we
shall also have the initial data for the scalar field, (A, d:A;, ¢,8:¢) € H*! x H* x H*' x H*, which
we will sometimes abbreviate as simply H*™! x H* data. For the Yang-Mills-Higgs-Dirac equations one
also has the initial Dirac field ¢, (A;, 8:Aq, ¢, e, b)) € HF T x H* x HF x HF x HFFL,
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and D,¢ at a point p as integrals over the backward lightcone of p. Their key observation
is that these lightcone integrals can be estimated by expressions of the form

Bo [ (IF()l + ID6(6)]1) s,

which implies, via Gronwall’s inequality, that the L°° norms cannot blow up in finite time.
Part of the trick is to define the L® norms in a gauge-independent manner, and use the
Cronstrom gauge in intermediate calculations. Equipped with this estimate, it is then
straightforward to show that the H? x H' norm of the solution does not blow up in finite
time. An incarnation of this method has been adapted, for pure Yang—Mills equations, to
arbitrary smooth globally hyperbolic four dimensional spacetimes by Chrusciel and Shatah
[28], by replacing the lightcone integrals with Friedlander’s representation formula [46] for
the covariant wave equation. However, Chrusciel and Shatah require effectively H? x H?
data to deal with a term that causes difficulties in curved space?. Though the system
has been well-studied, Eardley and Moncrief’s method with H? x H' data for coupled
Yang-Mills and Higgs equations does not seem to have been explicitly adapted to curved
space, even in the case of the Einstein cylinder. The scalar field part scales differently
under a conformal transformation, putting it on unequal footing with the Yang—Mills
potential. In particular, this upsets the conformal invariance of the system somewhat,
breaking the covariance of the canonical energy-momentum tensor. And although formally
the field equations remain conformally invariant, the scalar field introduces a boundary
term in the conformal variation of the action that has a non-trivial dependence on the
decay of the scalar field. This is expected to be of some importance in path integral
formulations of interacting quantum field theories.

In this chapter we extend the L* estimates of Eardley and Moncrief to the Einstein
cylinder. Our method is inspired by and combines the techniques of [23, 36, 55]: we first
work on Minkowski space and localize Eardley and Moncrief’s estimates, removing the
requirement of the global finiteness of the energy. Then, using a conformal transformation,
we glue a small conical patch of Minkowski space onto the Einstein cylinder, and show
that L™ estimates in the Minkowskian patch imply local L™ estimates on the cylinder.
By patching a finite number of such cones all the way around the Einstein cylinder,
we deduce L* bounds on any finite section of the cylinder. This allows us to show
that Choquet-Bruhat and Christodoulou’s small data result on the Einstein cylinder [23]
extends to large data, and consequently removes the small data restriction in the scattering
theory of chapter 4. Finally, by using an inverse conformal transformation, we deduce
large data decay rates for Yang—Mills—Higgs fields on Minkowski and de Sitter spacetimes.

The structure of this chapter is as follows. In the rest of this section we outline
the notation used in this chapter. In section 5.2 we sketch the method of Eardley and
Moncrief and show how their estimates can be localized. In sections 5.3 and 5.4 we glue
the Minkowskian L estimates onto the Einstein cylinder and use them deduce the global
existence of Yang-Mills-Higgs fields on R x S?. Finally, in section 5.5 we deduce decay
rates for the fields on Minkowski space and de Sitter space.

2Eardley and Moncrief’s result has been re-proven by Klainerman and Rodnianski by applying their
newly developed Kirchoff-Sobolev parametrix for the wave equation [70]. A similar method has since
been used by Ghanem [52] to give another proof of the a priori estimates, for H? x H' data, for pure
Yang—Mills on curved spacetimes.
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5.1.1 Notation

On any globally hyperbolic spacetime (AL, g) we can choose a global smooth time function
t such that V% is uniformly timelike on 4l and the metric g, takes the form

Gap = TuTy — hap, ie. g= N2dt* —h,

where T is a smooth future-oriented uniformly timelike vector field with lapse function
N(t), T* = N7, and hyp is a smooth Riemannian metric for each fixed t. The vector
field T* defines a foliation of M by hypersurfaces ¥; of constant ¢, and identifies Ml = Rx 3,
where each ¥ is diffeomorphic to 3. On the hypersurfaces ¥, we define Sobolev spaces
with respect to the Riemannian metric h(t). To be able to work with Sobolev spaces
in spacetime, we define the four dimensional Riemannian metric

Lop =21, Ty — gap = TuTp + hap,

and define Sobolev norms on general subsets of M with respect to I'. For example, for
a matrix-valued 2-form Fy, = F50, on Jl we set

|FIp = FaFaleT",
«
and define
| Fll oo () = sup | F|p
K

for any K C JM.

In this chapter we denote Minkowski space (R*,7) by M, and specifically work on
three conformally related spacetimes of the above form: Minkowski space, the Einstein
cylinder (€, ¢), and de Sitter space (dSy = R x S?, §), where § = da? — (cosh? a)s3. Unless
stated otherwise, we will denote the Levi—Civita connection on M by V,, the Levi-Civita
connection on & by @a, and the Levi—Civita connection on dS, by V.. We also denote the
Levi-Civita connection on R? by V and the Levi-Civita connection on S? by Y. In each of
the three spacetimes one has a standard uniformly timelike vector field: d; in M, 0, in &,
and 0, in dS4. We shall use these to define foliations of M, € and dSy4, as described above.
Given a solution (¢, A,) to the Yang-Mills-Higgs equations on Minkowski space, we will
denote the corresponding conformally related solution on the Einstein cylinder by ((ﬁ, fla),
and the corresponding solution on de Sitter space by (gg, fla). The timelike components
(corresponding to the time coordinate in each spacetime) of the Yang-Mills potential will
be denoted with the index 0, i.e. Ag = (0;)*Ay,, Ay = (87)%216“ and Ay = (aa)ajla. We
will denote by A (or A, or A) the projection of A, onto the spacelike slice ¥ (or X, or
Y, respectively), and define the electric and magnetic fields E and B on M by

1
E,=Fy, and B'= iamijk.
The electric and magnetic fields on & and dSy4, denoted E and ]:3), and E and B respectively,

are defined similarly. Here the Roman indices i, j,k run over {1,2,3} and denote
contractions with the spatial basis vectors 0; = 9/9z°, i = 1,2,3. We also define

™= D0¢7

where Dy¢p = Voo + Aqd, and define 7 and 7 analogously. In intermediate calculations
we shall want to manipulate the components of the Yang—Mills field Fy;, relative to a null
tetrad (I,n,e4), A € {6, ¢}, and will denote by Fj,, = [*Fyn®, Fi4 = 1*Fy(e4)?, and so on.
Finally, in the analysis we shall use the letter p(¢) to denote an arbitrary positive
‘generalized’ polynomial in ¢ perhaps containing positive fractional powers of t.
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5.2 Localized L>* Estimates on Minkowski Space
On Minkowski space the field equations (2.2.27) simplify to
DYFy = —((Dg9) - 000)fa and DDy + Ag|o|?¢ = 0. (5.2.1)
In the temporal gauge Ag = 0 they further split into
E; + V,Fjj + [Aj, Fij] = (Dig) - 0a)0a, 7 —DiDig+ Xo|¢|*¢ =0,  (5.2.2)
and the constraint equation
V- -E+[A,E] = (7-0,0)0, (5.2.3)

where D;¢ is D,¢ projected to ;. Of course, the constraint (5.2.3) is propagated in
the sense that it is satisfied for all time if it is satisfied initially. We will ultimately
consider the system (5.2.2)—(5.2.3), but shall use the Cronstréom gauge to derive the
intermediate a priori L*° estimates.

By differentiating the Bianchi identity (2.2.28) and using the field equations (5.2.1),
one derives a wave equation for the curvature F;, which turns out to be

DFab == ((Fab¢) : 9a<f>) 904 + ((Db¢) : ea(Da(b) - (Da(;s) : 00¢ (Db(z))) 90&

(5.2.4)
— 2V ([Ae, Fp]) + [VeAS, Fup] — [AS, [Ae, Fu)] — 2[F,°, Fadl.

By differentiating the wave equation for ¢ and using the field equation for Fy;, one also de-
rives

D*Da(Dy) = ((Dv®) - ) O — 2" Dad — AoDy(|6]*9),
which can be written as
ODpe) = —2V*(AuDyo) + (V@ Aa)Dpgp — A" AuDpgp
+ (Db9) - 0a¢) ad — 2F, “Dad — oDy (|6]"9).
Here U] denotes the standard wave operator on Minkowski space. It is worth observing

that temporal gauge initial data (A, E, ¢, ) for the equations (5.2.2) defines initial data
for the wave equations (5.2.4) and (5.2.5). Indeed, the data for Fy; is given by

(5.2.5)

Foilt=0 = E;,

OcFvilt=0 = =V Fij — [Aj, Fi] + (Did) - 069) Oa,
Fijli=0 = ViA; -V A; + [A;, Aj},

O Fijli=0o = V;E; — V,E; + [E;, Aj] + [Ai,Ej],

while data for D,¢ is given by

Dodlt=0 = T,

9:(Dod)|1=0 = DiDigp — Ao[|*¢,
D;¢li=0 = Vip + A9,
0t(Di@)|t=0 = Vim + E;p + Ay,

We will use the wave equations (5.2.4) and (5.2.5) to write down the crucial integral expres-
sions for F,; and D,¢. Before we do that, however, we need a couple of preliminary tools.
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5.2.1 Conservation of Energy

In standard spherical coordinates on Minkowski space, the vector field 9; is a global
uniformly timelike Killing field. Furthermore, the stress-energy tensor (2.2.30) is conserved,
and reads

1 1
Tab = _<Facanc> + Znab<FCdaFCd> + (Da¢) : (Db¢) - %nab(chb) : (DC¢) + 1)\0nab|¢’4-

Contracting Ty with the Killing field (9;)® defines a conserved current whose timelike com-

ponent is

1 1 1 1 1
Too = 5 (Ei Bi) + 5 (Bi, Bi) + 5 7+ 5 (Dig) - (Digh) + T hol|"

It follows that the energy
1 1
Bo(t) = 5 [, (IBF -+ [BP + [r + IDf + Shalol! ) o

is conserved, where |E|?> = (E;, E;), and so on. More generally, one may contract T,
with any timelike Killing field K to get a conserved current

Jo = T K",

and derive energy identities by integrating the identity V,J% = 0 over bounded regions
of spacetime. We will do so shortly to derive an energy identity on a lightcone. To do
this, we equip ourselves with the following basis of vector fields,

a a o 1 o 1
"= =0y + Oy, n® =0y + O, €p = ;00’ € = rsinﬁaqb'
The vector fields (I,n,eq), A € {60, ¢}, satisfy
ll* = 0 = ngn, lan® = =2, (ea)aleB)® = —dap,

and the Minkowski metric can be written in terms of the basis (I%,n%, e%) as

1
Nab = _i(lanb + lbna) + (eA)a(eA)ba

where the index A is summed over {6, ¢}. Similarly, the spacetime volume form can be writ-

ten as
AALr= P AR AN
T=3 n’Aeg A eg.

Putting K* = 0; and integrating V,J = 0 over the region bounded by the past lightcone
of the origin K = {t = —r} and the surface ¥ = {t = —to}, to > 0, we get

2 dr dvs,,
t=—r

1 1
5 o (IR +BE & ja? + P + gl Pz = [ (1)
B(ro) 2 K (to)
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where K (tg) is the past lightcone of the origin up to ¢t = —tp, and B(rg) is the solid ball

in ¥ of radius rg = to. Expressing K® = J(n® — 1), we have

1 1
3 o (IBR+BE & [x? + DoP + Sl ) d*
2 JB(ro) 2

r2dr dv, .

t=—r

1 1 1 1
= —/ (|Fm\2 + |Fial* 4+ < |Fag|* + Dig]* + |Dad)* + Ao!¢\4>
2 JK(to) \ 4 2 2

(5.2.6)

Let us denote the left-hand side of the energy identity (5.2.6), the energy in B(rg)
at time —tg, by Ep()(—to)-

Definition 5.2.1. We define the local energy Eioc(p) of a point p = (¢, z) by

1 1
Eioc(p) = sup - [ (|E|2+|B|2+|7r|2+|D¢|2+Ao|¢|4) d’(s)
sel0,] 2 /B(x,t—s) 2

= sup Ep(y,i-s(5),
s€[0,t]

where B(xz,) is the ball of radius 7 centred at = € R3.

Figure 5.1: The local energy Ejoc(p) is the supremum of the integrals of the energy density over
the leaves of a foliation of the backward lightcone of p.

5.2.2 The Cronstrom Gauge

If K(p) is the backward lightcone from p to the initial surface ¥ as above, we can choose
an open set S, containing the set bounded by K(p) and ¥ and impose the Cronstrém
gauge in S,. The Cronstréom gauge is defined by

(% —xp)A(z) =0 and  Au(zrp) =0 in Sy, (5.2.7)

and it can be shown [36] that on Minkowski space a given pair of fields (¢, A,) can
always be transformed to the Cronstrom gauge in any star-shaped region (within the
domain of existence of the solution). Furthermore, the associated gauge transformation
is trivial at p, U(z,) = 1. An extremely useful feature of the Cronstrém gauge is that
it allows one to express the Yang—Mills potential A, entirely in terms of the field Fy.
Translating the origin to the point p as before, one has

Ap(z) = /01 sz Fap(sx) ds. (5.2.8)
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From this one also derives
1
(Vo A" (2) = /0 (szxa[Fab(sm),Ab(sx)] — %2 (Daop)(sz) - Oup(s)) Ga) ds.  (5.2.9)

In the following estimates we will translate an arbitrary point p = (o, o) to the origin
for convenience, so that the initial data will sit at {t = —tp}. We will also write Fj,¢
to denote Fjoc(0), the local energy of the origin, where the lightcone considered will
be of height ¢ty to make contact with the initial data.

5.2.3 Integral Representations and Localization

We recall that on Minkowski space (R%,7), n = dt? — dr? — r2s,, the retarded Green’s
function G for the wave operator [ is given by

Gltr) = ——6(t — 1),

4rr

so that any solution u to Ou = f can be written as

u(to, z0) = u®(to, z0) + (G * f)(to, o),

where u(9) is the solution to the free wave equation Ju(®) = 0 determined by the data
for u. The convolution G * f can be expressed as an integral over the past lightcone
of p = (tg,x0): translating (tg, ) to the origin, we have

(G * £)(0) :/Rdt/R3 r2 dr dve, G(—t, —2) (¢, 7)
1
= /Rdt/]R3 2 dr dvs, m(S(t—i-r)f(t,a:)
1

= E/Krdrde f(=r,x),

where r = |z| and K is the past lightcone of the origin.

Suppose p is a point in the domain of local existence of some solution (¢, A,) in
temporal gauge. We now impose the Cronstrom gauge in an open set S, containing
the past lightcone K (p) from p to the initial surface X, as described above. Note that
the gauge transformation taking the temporal gauge solution (¢, A,) to the Cronstrém
gauge has U(p) = 1, so it follows that Fy(p), ¢(p), and (D,¢)(p) are invariant under
the gauge transformation. Using the above observation, we express the solutions to the
wave equations (5.2.4) and (5.2.5) at p as integrals of the nonlinearities (in Cronstréom
gauge) over the past lightcone K (p) of p up to the initial surface 3. As before, translating
the point p = (g, zp) to the origin for convenience, the initial surface ends up at
Y = {t = —ty} and we find

Fiu(0) = F)(0)

1 c y . N P c
+ . /K(to rdrdvs, { — 2V ([Ac, Flu)) + [VAS Fu) — [AS [Ac, Flu]

)
+ (D) - 0a(Dpd) = (Dy@) - 0a(Dud)) b — 2[F,© Fluc]

+ }‘tzfr

(5.2.10)
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and
(Dy)(0) = (Do) (0)
1 C/( / / (& (&
+ E /I((to) rdr d.V52 { — 2V (zl(fD,,()) + (V Ac)Dl,qb — A ACDV¢ (5211)

_9F, D, + - }]t?r,

where the indices pu,v indicate contraction with the basis vectors 9/dz*, 0/0x", so
that F),, transforms as a scalar.

Lemma 5.2.2. The L™ estimates of Fardley and Moncrief can be localized entirely to
the lightcone. Specifically, one has the estimate

N <p(0) +a(0) [ NGs)ds,

where
N(s) = [|F(5) 1700 (Br—s)) + IDO() [ Foo (B(r—s))s

and p(t) and q(t) are positive polynomials (perhaps containing positive fractional powers)
in t, with coefficients depending on the (H*(B(t)) x H'(B(t)))? norm of the temporal
gauge initial data, the local energy Eo in the lightcone from p to ¥, and the L? norm of
¢ on B(t)NX.

Proof. The terms on the right-hand sides of (5.2.10) and (5.2.11) are categorized by
colour according to the types of techniques, due to Eardley and Moncrief [36], required to
estimate them. The olive-coloured terms in each equation (the linear part of the solution
and the first term inside the integral) can be expressed explicitly in terms of the initial
data; the blue terms (the second and third terms in each integral) are dealt with by using
the Cronstrom gauge expressions (5.2.8) and (5.2.9); the purple terms (the fourth and
fifth terms in the integral for F,; and the fourth term in the integral for D,¢) may be
estimated by observing that they all contain exactly one factor encoding the flux across
the lightcone; finally, the orange terms (the last term in the integral for Fi; and the last
two terms in the integral for D,¢) are estimated by relatively simple applications of the
Hoélder inequality and the Sobolev embedding theorems. We briefly show how to localize
one term from each colour class. The following estimates follow the original techniques
of Eardley and Moncrief [36], while keeping track of the locality of spacetime quantities
wherever appropriate.
The olive terms

1

j(l)li\'e — F(O) (0) _ %

~ F© /K o Ve B rrdve,

may be expressed explicitly, using the method of spherical means for the first term and
by integrating by parts and using the condition z®A, = 0 for the second term, in terms
of the temporal gauge initial data on the 2-sphere defined by ¥ N K (ty). Likewise for the

t
erms 1

]i)xliw — (DV¢)(0)(O) _ 7/ VC(ACDV¢)) rdr dV52 .
21 JK (to)

The details are contained in equation (2.39) of [36].
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For the blue terms, let us consider

Ple = / (VEA.) (D, ) rdrdvs, .
K(to)

Using the Cronstrom gauge expression (5.2.9) and the fact that x%F,, = rl®F,, = rFy
for x € K, we find

0 1
blue :/0 dr . dV52’I“/O ds {52 [:E“Fab(sz),Ab(sx)]’K
— 5% (1°(Dad) (#) i * (98)(52)| k0a) }(Due) ()i
0 1
:/0 dr . dvs, 7’/0 ds s%r [Flb(sa:),Ab(sa:)]‘K (Duo)(z)|x
0 1
= [T ar [ ave,r [ dssr (Do) (s2) i - (0a6) (2] cba) (D) @)
0 S 0

blue blue
1 - I2 :

Consider the above summands separately. Using (5.2.8) and making the change of
variables (sr,ur) = (r/,7), for the first one we have

T 1 1
I'fl“e:/odr/ dvs, r3/ dssQ/ duu[Flb(sm),Flb(um)]‘ (Duo) ()| x
0 2 0 0 K
r 1 1
:/Odr/ dv52/ ds/ dur3s?u[Fia(—sr, sr,w), Fia(—ur, ur,w)](D,¢)(—r, 7, w)
_/ dr— /desz/ dr/ dr (r' ) F[Epa(=r", v w), Fa(=7,7,w)](Dyo) (=7, 7, w)
S
,Jwr/me/w PrlFA(—r 1 @)l [Fia(=F 7, ) [DO(=) 50
2
/\J/ dr— /dv52 </ dr’r |F1lA T',,T,,UJ”) ||D¢(_T)||L°°(B('r))

5/0 dr||-FZAHL2(K(T))‘|D¢(_T)HL°°(B(T))’

where |F| denotes the Frobenius norm of Fy,, K(r) is the subcone of K(ty) of height
r, and we have used the Cauchy—Schwarz inequality in the last line. Using the energy
identity (5.2.6), we thus have the estimate

to
I})lue < Eloc/o HD(b(—t)HLOO(B(t))dt_

To estimate /¥, we make the same change of variables sr = 7/ to get
[phe / dr/ dv52/ dr (Dig) (=1, 7" w) - (B0 @) (=1, 7", w)) (BaDy) (—r, 7, w)
/ dr [De(—r)| 1 (5 / dvgg/ A (2D (=, 1 )|l (—+, 1, w).

Using Holder’s inequality with exponents (3,2, 6), one has

Iphe </ dr [[Do(—=r) |l (B i (/Or(r/)2 dr') v
(/ dV52/ dr’ (r') D> (=, 7, w) )1/2 (/ dV52/ dr’ (r')?]¢[(— T’,r’,u}))l/G

< [ ar Dol onllélzoqcen D l2e)
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Now [Didll 2y S B 2

loc

d
dr’

is immediate by (5.2.6), and since

(¢(_7J7 T,7 UJ)) = (lav&gb)(_’r,? Tlv w):
by the gauge-invariant Sobolev estimate of Jaffe-Taubes (see §6 of [59]) one has
l6llzocery S (IP"llcakery + Il »

where DI = (D;, D). If we can show that the L? norm of ¢ on the cone can be controlled
by the local energy and the L? norm of ¢ at the base of the cone, we can conclude that

to
Iblue < E110/<:2 2t0E1/ —+ ”¢"L2(B(To)) HD(b(_t)HLm(B(t)) dt.
0

Lemma 5.2.3. The L? norm of ¢ on the cone K (tq) satisfies the bound

1/2
161l L2ty < 18]l 2B (—to) + 2Ent2to.

If moreover \g # 0, then
1/2,3/4 1/4
160200 < Buocto (1 +1").

Proof. Since the bound is gauge independent, it suffices to prove it in the temporal gauge.
Integrate V,(|¢[?K®), K% = 0y, over the region K(¢y) bounded by the past lightcone K
of the origin and the initial surface ¥ = {t = —tp}:

/ Va(|¢]2K“)dt/\d3x:/ |¢]2r2drdv52—/ |p)? d3.
K(to) K(to)

B(ro)NX

Now

/ Va(!quK“)thd%:/ (| dt A d3x
K(to) K(to)

0 —t
< 2/ / / |p - 7|(t, 7, w) r? dr dv, dt
—t9 JS2 JO

to
<2 [ 12 (Ol 2 () dt

<282 [ I0lizcmen ()

where we estimate the L? norm of ¢ on B(rg) by

d, o 3 1/2
il =2 [ 0w <20l Py

This implies

loc »

d 1/2
o112 (1) < Big

and so for —t;g <t <0

1/2
161 2250 (&) < I6ll 2250y (—t0) + Erl’to.
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Altogether then

161ty < 1613ty (—10) + 25002 [ 12 o0y (—t0) + Bito)
”¢HL2 (o)) (—t0) + 4E110/c 91l 22(B(ro)) (—t0)to + 4Bjoct]
< (18l 2oy (—t0) + 2E%t0)

which implies the first inequality. Now if \g # 0, since B(rg) is bounded we have

3/2
1612280y < 1613500 ff ',
so by (5.2.6)
1/2,3/4
191l 22(B(re)) (—t0) S Elo/ct "
Putting this into the first estimate completes the proof of the lemma. O

For the purple terms, we consider as an example the term
[PUrPle i / (F,°Degp) rdrdvs, .
K(to)

Expanding the product, we have

1
2

so the last two terms can be estimated by

o
| dr [ aves 1P () 1DVl (=)

1/2 1/2
(/ dr | F ()2 5 ))) (/ dr/ dvs, 2Dl g|2(— Trw))
1/2
S ([ 1P OB oy ar)

To estimate the first term, we introduce the basis consisting of eg = 9, e; = J,, and e4.
One then has

chDc¢ = - Van¢ Fl/nDl¢ + FVADAQsa

1 1
ey = Q(n—l) and e = §(n+l),

and that the Cartesian basis 9/927 for R3 is related to the basis {e1,e4} by an orthogonal
transformation O,

0 0
o JkCks €k = Ojk:@-

If v = t, using 9; = 3(n — 1) the first term then reads

1
F’tangZs = §Fnan¢-
One can thus estimate

To
[ rdrdve FuDasl S [ ar [ dve ISl rIFul(=r.7,)
K(to) 0 s

Sf Eloc </0 Hng(_t)HL‘”(B(t)) dt) .
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If, on the other hand, v = 7, then

le = OimFe

ml =

1
= OnFe 1+ OiaFa = OiliFnl + OiaFa,

so a similar estimate can be deduced.
Finally, for the orange terms let us consider as an example the term

= [ (D) 0u6) (Pad)r drdvs,.
K(to)
Applying Cauchy—Schwarz, we have

)
S [ [ v rIDO(=1) e ey 6 (1)

To ! 1/2 o 9 1/2
s (["ar [ v ol -rre)) ([ DS oy

0 ) 1/2
S 10l eon ([ DO

By Gagliardo—Nirenberg interpolation and the Jaffe-Taubes invariance argument, we have

91l Lok (t0)) S (HD”¢>H3 K(to)) H¢>HL2 k(o)) T 1220k (1) ))7

so it follows that |2 TA(K(t)) AN be estimated by a polynomial (perhaps containing

positive fractional powers) in Eloc, to, and the L? norm of ¢ on the base of the cone K (tg).
Returning to (5.2.4) and (5.2.5), altogether the above estimates imply the bounds

to
IEO)| 7 50y < Pilto) + Q1(t0)/0 (||D¢(—t)H%oo(B(t)) + HF(_t)”QLOO(B(t))) dt,

to
IDG(0) 7 (103 < P2(to) + as(to) / (IDS(—) 13 (ay) + I1F () 1F (s ) s

where p12(to), q1,2(to) are positive polynomials in ¢y, with coefficients depending only
on Ej,. and the temporal gauge initial data (including [|¢|| z2(p(ry))(—t0)) on X N K(to).
Translating the origin so that p has coordinates (¢,0), the lemma follows. O

Given the result of lemma 5.2.2, one now wishes to apply Gronwall’s lemma to
deduce that the uniform norm N does not blow up. Some care is required at this
point, since the function N(s) may not be continuous in s. Indeed, continuity may
fail in the second variable of the function

f(s1,82) = [ F'(s1)|| Loo (B(t—s2))

if one considers a function F'(s;) with multiple maxima in B(t). But to apply Gronwall’s
lemma one only needs to show that |N(s)|ds defines a locally finite measure,

/t\N(s)|ds < 0.
0

But [|F(s)|re(Bt—s) < I1F(8)|lzoe(B(t)), and [[F(s)||ze(p()) is a continuous function
in s for any fixed ¢, since

1E(s + )z — [F()llz] < [F(s +€) = F(s) |
< |[F(s+2) = F(s) 2 — 0.

e—0
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Applying the same argument to ||D¢(s)| e (B(t—s)), We see that N(s) is bounded by a
continuous function, and is therefore a locally finite measure. We thus obtain

N(t) < oo for all t > 0.

The construction can be repeated for any point p € M, so we can package the above
work into the following theorem.

Theorem 5.2.4. Consider temporal gauge initial data (A, E, ¢, 7) € (HE .(R?)x HL (R?))?
for the system (5.2.1) satisfying the constraint (5.2.3). Then the fields F' and D¢ are

L2 (R x R3) in the domain of existence of the solution.

5.3 Gluing onto the Einstein Cylinder

In this section we explain how the local uniform estimates on Minkowski space can
be used to deduce global uniform estimates on the Einstein cylinder. It pays to state
clearly what we shall be doing: we will prescribe (H?(S?) x H'(S?))? initial data on the
Einstein cylinder €, and consider a copy of Minkowski space M conformally embedded
in € in such a way that the initial surface in & coincides with the initial surface in M,
as depicted in fig. 5.2 below. Initial data on € prescribed in this way will define locally
(H?(R3) x H'(R3))? initial data for the system on M, allowing us to deduce local L*
estimates in M as per the previous section. We shall then transport these local estimates
back to €, and patch them all the way around the 3-sphere.

We conformally embed Minkowski space (M, = dt? — dr? — r2s5) into the Einstein
cylinder (&, ¢ = dr? — s3) using the conformal factor

Q—QCOS<T+C)COS<T_C>— 2

R 2 2 ) I+ -2 /T4 (t+7r)?

as described in section 2.3.1. One has 9?1 = ¢, and M is the subset of & = R, x S? given by
M= {(r,¢) : |7|+{<m (>0} xS~

A picture of this embedding (for ¢ > 0) is shown below.

0 T
\—/v

-~ ~N
Figure 5.2: The embedding of M (for ¢ > 0) into €.
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Instead of considering the whole of M embedded into &, we only consider the domain
of dependence of a small ball in M glued onto €. Let B(rp) be the ball of radius 7
centred at the origin O € M, and consider the cone K = D" (B(rg)). We consider the
image K of K under the embedding M < €; as conformal transformations preserve
the causal structure, K is the domain of dependence of B/(E), where B/(r\o) is the
image of B(rp) under the embedding.

5.3.1 Conformal Transport of Estimates

The weights
Ay =A, and ¢=0Q¢ (5.3.1)

leave the system (2.2.27) invariant under the conformal transformation gup ~> Gap =
022ga. As a result, the fields F,, and D,¢ transform according to Fj, = Fo, and
D, = QO 1(Dyp — Yyp), where T, = 9,log Q. Consider a cone K with image K under
the embedding M <— €&, as described above. It is clear that 0 < C; < Q2] < (3 < 00 in
K, 50 |||l poe (k) = ||QAS||LOQ(K) is immediate. Indeed, for example

1 1
97 < 5 U+ -2 | < G,

and
|0 < 2.

To deduce the same type of equivalence for tensor fields, one needs to check that the
norms defined by the Riemannian metrics

% = 271" — 5, and [eb = oot _ gab
where T% = 8, and T = 9,, are equivalent, at least in K.

Proposition 5.3.1. For any 1-form X, one has | X|p ~ | X

T in K.
Proof. By a direct calculation using the chain rule, one finds
a 1 2 2 2\a 2 2\ Za
T :ZQ ((2—|—u + )T + (u” —v*)Z ),

where Z% = O¢cyu=t—r,and v =1t+r. A further calculation then shows that

1 N
QX[ = S0 (@+u? +0?)? = 1) (1°X,)?

1 . . .
+ 192(2 +u? +07) (1 — 0?)(T"X,)(29Xa) + (u? —0)?(2°X,) + | X3,

It is clear that | X |2 < |X

1%, while for the lower bound it is enough to observe that

R . 1 R .
2+ +v?)(u? — v?)(T"Xa)(Z2°Xa) 2 -2+ u® + 0?2 (T Xa)? — (u = v?)2(Z°X,)?,
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so that
—21 v 2 1,21 2 272 ~a 2
Q ‘X‘F>§Q 5(2+U +’U) -1 (TXa)
2 212 Q2 a 2 2
bl - (1= ) ) (Zexa 41X,
1 A
> SOATX,) + XL,
1
= §92’X’2’
as Q2/4 < 1. O

It follows that

VFll iy = 1B iy and D8 ) S DS zoe 0y + [Tl e -

Note that these are gauge-independent. This demonstrates that local L* estimates on
Minkowski space imply local L estimates on the Einstein cylinder. We show below
how initial data on the Einstein cylinder defines initial data on Minkowski space, and
use this to complete our construction.

Consider temporal gauge (with respect to 8;) initial data (A, E, ¢, %) € (H2(S?) x
H'(S?))? for the Yang Mills-Higgs equations on &,

A

X P A PN ~ A . ~F A A ~ Ao A
Ei+ Y/ Fij+ [A) Byl = (Bid) - 0a0)00, 7 - DD+ b+ M|d’d=0, (5.3.2)
satisfying the constraint
Y'E; + [A) Bj] = (% - 0a0)0a, (5.3.3)

where ]2),& is ]A)aqg projected to S3. Since T = 9, is not everywhere parallel to T% = &,
the temporal gauge on € is of course not the same as the temporal gauge on M. However,
T and T* are parallel on the initial surface ¥y = {r = 0} = {t = 0},

0

201 _ 0
t=0 or

"+ ot

9y
7=0

where r2 = (1472)/2. Thus on the initial surface Xy one has Ag = 0 a.e. < Ag=0a.e.
The data (A, E) € H2(S?) x H'(S?) then gives rise to temporal gauge initial data
(A E) € H2_(R?) x H._.(R?) on Minkowski space: one has

loc

A, = A,

- 2
and E =r‘E
7=0 @ +e

=0 =0 =0

For the scalar field part, one similarly has

and (since (0;Q))1=0 = 0),

(0-9)

= (@'ad)|_ = (@7a0)|_ =ri@9)| .

7=0
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i.e.

Thus (¢,7) € H2(S?) x H'(S?) similarly gives rise to temporal gauge initial data
(¢, m) € HE .(R3) x HL_ (R3). Furthermore, that the Minkowskian initial data satisfies
the constraint equation (5.2.3) as a consequence of the constraint equation (5.3.3) on the
Einstein cylinder follows from the conformal invariance of the field equations and the
fact that 9; and O, are parallel initially. In summary, (H? x H')? temporal gauge initial
data on € gives rise to (HZ. x HL_)? temporal gauge initial data on M.

Remark 5.3.2. The locality is necessary. Indeed, the measures on {t = 0} and {7 = 0}
are related by
dvg, = 7“16 dvps,

so the L2 norms of the initial data scale as

~ 1 ~ 1
/ \¢|2dv53:/ (]2 dvgs, / ]A]des3:/ — A2 dvgs,
S3 R3 T+ S3 R3 7‘4_

/S3 |72 dvgs = /R3 3|72 dvgs, /S3 |E|? dvgs = /]R3 73 |E[* dvgs,

where |A|2 and |E|? are computed with respect to the metric on S, while |A|? and |E|? are
computed with respect to the metric on R3 as appropriate. One sees that H*(S?) x L%(S?)
initial data on S* does not define H'(R?) x L?(R?) data on R3, particularly because the
finiteness of the weighted norm

1 2 2
Jos 7 (167 + 147) dves

does not imply [|¢[|z2ws) + [[All2(rs) < oo

Consider any local solution (¢, A,) on € with (H2(S?) x H'(S?))? initial data. Then
the conformally related fields (¢, A,) = (Q¢, A,) restricted to M are a solution to
the Yang—Mills—Higgs equations on M with (H120C X Hlloc)2 initial data, so by the local
L™ estimates of section 5.2 satisfy

| ]| Loo 5y + (D] oo (1) < 00
To show that this implies
VBN e iy + DB e ) < o0

it only remains to check that ||[Y¢[[L~ is bounded in K. We have [|[T¢| k) <
]| oo (ry 1] oo (1), and can estimate T, = 0, log 2 easily by, for example,

(t—r) (t+7)

<
Yl < L+ (t—r)2 1+ (t+r)?

< 2t < 2o,

for the Ty component, and similarly for the Y, component. To estimate ||¢| 1, we
make use of the temporal gauge condition on M,

o(0) = 6(0) + [ m(s)ds,
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so that

9l oo () < N B(O0)] oo (B(r)) + tlITl oo (k)
< [9(0) | 72 (B(ro)) + Toll7l Loo (k)
< 0.

Since the ||¢|| = norm is gauge-independent, this does not present any issues with respect
to gauge choice. Thus [|[Y¢| k) < 0o, and we have

”FHLoo(f() + H]A)QASHLoo(f() < o0.

Since the position of the cone K on the Einstein cylinder was arbitrary (inasmuch
as the position of the embedded copy of Minkowski space was arbitrary in &), we
have proven the following.

Theorem 5.3.3. For given temporal gauge initial data (A, E, $,7) € (H2(S?) x H(S?))2
for the system (5.3.2) satisfying the constraint (5.3.3), the fields F and D¢ are L2([0, o] x
S3) for some 1o independent of the size of the initial data.

5.4 Global Existence on the Einstein Cylinder

5.4.1 Local Existence a la Choquet-Bruhat and Christodoulou

Theorem 5.4.1 (Choquet-Bruhat and Christodoulou, 1981, [23]). Let (&, &, ¢o, d1) €
(H*(S?) x H*71(S?))? and ag € H*(S?), 5 > 2, be initial data for the Yang—Mills—Higgs
equations

A

f)bFab = _((ﬁai) : eaé)em f)aDa(g + é + )‘0‘(13‘2& =0 (5'4'1)
on € satisfying the constraint
Ve, + a7, 8] = (7 - fado)fa (5.4.2)
where T = dA>1 + doqgo. Then there exists € > 0 such that there exists a solution

A

b, Ay € Es((—e,¢) x $%) - ﬂCk —e,¢); H7F(S?))

A A

0 (5.4.1) in Lorenz gauge V,A* = 0, with

= ¢1.

Q>
h
o

o>
<

7=0 -
The largest such number € depends continuously on the size M of the data, where
M = |lgollzzs + llallzs + [|o1ll prs—1 + [|€]| rs—2 + [laol| zs,

and tends to infinity as M tends to zero. Furthermore, the solution is unique® up to gauge
transformations preserving the Lorenz gauge.

3Tt is worth recalling here that we work with a compact connected gauge group G.
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Remark 5.4.2. The component A is non-dynamical and the Gy component of the initial
data can in fact be chosen to be zero without restricting the class of solutions (cf. §4 of
[23]).

Corollary 5.4.3. Let (&, 8, do, ¢1) € (H2(S?) x H'(S?))2 be temporal gauge initial data
for the system (5.4.1) on €, satisfying the constraint (5.4.2). Then there exists € > 0 such
that there exists a solution (¢, Ay) in Ea((—e,e) x S3) to (5.4.1) in temporal gauge, with

A

A

=4, E

7=0

=&, ¢

= ¢o, T

=0 0o 28

T=

The largest such number € depends continuously on the size M' of the data, where
M’ = |[¢oll g2 + [lall g2 + o1l + €1l

and tends to infinity as M’ tends to zero. Furthermore, the solution is unique up to gauge

transformations preserving the temporal gauge.

Proof. This is immediate from theorem 5.4.1, if one can demonstrate that there exists
a gauge transformation from the Lorenz gauge to the temporal gauge preserving the

requisite regularity. A general gauge transformation U of the system (5.4.1) takes
Ay~ UAU+UB,UT,
so to set /Alo = 0 one needs to solve UAOU_1 +UO.U~! =0, or equivalently
Ay =U"19,U.

Since G is a compact connected matrix Lie group, there exists u € g such that U = €%, so

in terms of u the above equation becomes 0,u = flo. This has the solution

u(r) = u(0) + /OT Ay(0) do,

so choosing u(0) = 0 (and ap = 0) gives the required gauge transformation. O

Remark 5.4.4. 1t is implicit in theorem 5.4.1 that if the largest time of existence is finite,

Emax < 00, then

16(r) | 253y + IAT) | ar2(s9) + (T | ssy + 17(P) |1 s3) — 00

as T — Emax. We shall show that the time of existence is in fact infinite by showing that

the above norm does not blow up in finite time.
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5.4.2 Energy Estimates

On the Einstein cylinder € we use the alternative stress-energy tensor (2.2.30) for the sys-
tem (2.2.27),

~ ~ ~ 1 ~ ~

Tab = - <Faca Fbc> + Zeab<cha FCd>
R T T (5.4.3)

+ (Da ) ' (Db¢) - §eab(Dc¢) ' (Dc¢) + ieab‘¢’ + ZAOeab’¢’ .

This differs from the canonical stress-energy tensor (2.2.29) on € by a term proportional
to Rap|@|?, but satisfies the exact conservation law

VT, = 0.
It thus defines a conserved energy on €,

EO B s3 Tab(aT)a(aT)b dvsg,
L B2 4 (R T TI
= 2 [ (B 4 1B 4 7 4 1B + 1P + Dholdl) v,

satisfying
dE,
— =0
dr ’
where ]25(% is the projection onto S? of D,¢. We also define the approximate energies
. 1 N . . . . .
&)= [ (B + DAL+ AR + (7 + V9 +[6f) dv, (5.44)
and 1
A A 2 A ~ 2 A~
Ey(r) = 5/SS (IVEP + Y AL + (P4 + Y3 dva, (5.4.5)

It is clear that (£ + &£)'/2 is equivalent to the (H? x H')2 norm of the solution (in
temporal gauge) on {7} x S3. By differentiating & in 7, integrating by parts and using
the equations (5.3.2) and (5.3.3), one arrives at the estimate

&,

| S (L IE@ ]z + D6l ) €+ Aoll# (7] = 18]35

(5.4.6)
< (1+ 1B @) o~ + 108 Lz~ + MollDS) [z~ 1)l < ) €1

where the constants depend only on the structure group G and the geometry of S3.
One similarly finds that
dé,

21 S (LHIE@) e + D0l 2 + 161 +1ADIz=) (€ + &), (5:47)

Putting together (5.4.6) and (5.4.7), it follows that

< (L 1B + 1Dz + 18] + 1AM =) (€ + E2).
(5.4.8)

d - R
‘dT(gl + 52)
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To estimate ||@]| 1~ and ||A|ze, notice that 8,6 = # and ;A = E imply

(13(7) = d;(O) + /OT #(oc)do and A(T) = A(O) + /OT E(O‘) do,

which give the estimates

9l 5 Idolliz + | (@)= do and
) o (5.4.9)
IADI= S 8l + [ 18(o) 1 do.

We thus have the following.

Theorem 5.4.5. Let (4,é,¢g, 1) € (H2(S?) x HY(S®))? be temporal gauge initial data
for the system (5.4.1) on & satisfying the constraint (5.4.2). Then there exists a global
solution (¢, Ay) in Ea(R x S3) to (5.4.1) in temporal gauge with

A~

Al =a, E

=0

Furthermore, the solution is unique up to gauge transformations preserving the temporal

gauge.

Proof. Let emax > 0 be the maximal time of existence guaranteed by theorem 5.4.1. As
per remark 5.4.4, either ey, = 00 or the (H? x H')? norm of the solution blows up as
T — €max- We show that the former is true by assuming that e,,x < 0o and deriving a
contradiction. We work with 7 > 0; the following argument applies equally well in the
case 7 < 0. The local solution (A,, ¢) satisfies

AT 2 + IE@) |+ 1602 + 7)1 < o0

for all 7 < emax, and in particular at 7 = epax — 70/2, where 79 is as in theorem 5.3.3.
By considering the fields (A, E, qg,ﬁ') restricted to 7 = emax — 70/2 as initial data and
applying theorem 5.3.3, one has that

1E(7) 2o + |D(7)| 2= < 00
for 7 < emax + 70/2. But then the estimates (5.4.9) show that

()| + 1A (T)]| e < 00
for 7 < emax + 70/2, and so by (5.4.8) one deduces that (£ + &)(1) < oo up to
T = Emax + 70/2. Since (&) + &)/2 is equivalent to the (H? x H')? norm of (A, E, ¢, #),

this contradicts the assumption that e,.x was the maximal time of existence. Thus

Emax = OO. O
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5.5 Asymptotics
5.5.1 De Sitter Space
Recall that de Sitter space dS4 is the manifold R x S? equipped with the metric
§ = da? — (cosh? a)s3. (5.5.1)

The vector field T* = 9, is uniformly timelike and normal to surfaces of constant o;
we define the associated Riemannian metric I' on dS; by

f‘ozb = 2Tai_’b - galr

By making the change of variables tan(7/2) = tanh(a/2), one finds that the de Sitter

metric is conformal to the metric on the Einstein cylinder,

with the associated conformal factor w = cos7. Under this conformal transformation
dS4 is mapped to the section (—m/2,7/2) x S? of the Einstein cylinder, which puts
the past and future null infinities of dS, at

J—:{T:—g}xg?’ and f+:{7:g}xs3.

Let us denote by ¢ and A, the scalar field and the Yang-Mills potential on de Sit-
ter space. These are conformally related to the corresponding fields gg and A, on
the Einstein cylinder by

A

¢ = wil(gv Aa = Aa‘

It is clear that (H? x H')? initial data on the hypersurface {o = 0} in de Sitter space
defines (H? x H') initial data on {7 = 0} in the Einstein cylinder. This follows from the
fact that J, is everywhere parallel to 9;, and the form of the conformal factor w. By
theorem 5.4.5, we thus have a temporal gauge solution (¢, A,) in Ea(R x S®) on &, which

is uniformly continuous on I x S? for any compact interval I. Indeed, this follows from
the Sobolev embedding H?(S3) — CO’%(S?’), which implies the inclusion

Ey(I x §*) c (I x $%).

Fixing the residual gauge freedom if necessary, we thus deduce that there exists a
constant ¢ > 0 such that

1] < cw Selo,

and, since |A|2 = w?|A

% 1%, also that

Alp < ew el
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5.5.2 Minkowski Space

Here we denote by (¢, A,) the fields on Minkowski space M, with the corresponding
conformally related fields on the Einstein cylinder still denoted (¢, A,). Let (a, e, ¢o, ¢1)
be temporal gauge initial data for (5.2.2) satisfying the constraint (5.2.3), such that

(éaéaég(]aégl) = (aa T-Q',-e77q-2|—¢077qid)l) € H2(Sg) X H1(83) X HQ(S?)) X Hl(Sg)‘4

By construction, the data is such that it satisfies the hypotheses of theorem 5.4.5, giving
a global temporal gauge solution ((5, fla) on the Einstein cylinder. This solution is related
to the solution on Minkowski space by the usual scaling ¢ = Qé and A, = A,, where
Q=204+ @t-—r))"2Q+t+r>)""2 Setu=t—r,v=t+r u =V1+u2
and vz = V1402, On M we have the tetrad

1

1
" = =0y + 0p = =20, n® = 0y + 0r = 20y, ¢§ = b, % rsing

r

with the metric expressed as

1
Nap = =5 (lamy +1aly) + (€4)a(en ).
On ¢ we define the variables & = 7 — (, ¥ = 7 + (, and the tetrad
N 1 1
"= —0; =20y, n*=0: =205, € =———>0p, €4=—""70y,
Or + 0O¢ 0 n Or + 0¢ 0 €y SmC&; €4 sm(sm€a¢

in which the metric ¢ takes the form

1. o a . ~
Cab = —§(lanb + Raly) + (€4)a(éA)p-
The relation between the two tetrads is
2 2
¢ = uTlav n% = Fﬁ“, ey = Qeg, ég = Qeg, (5.5.2)
+ +

where the Minkowski conformal factor is
2

Q= .
U4+ V4

Using the conformal scaling of ¢, we then immediately deduce that

6] S uytoit

On the other hand, fixing the residual gauge freedom if necessary and using the relations
(5.5.2), for the Yang-Mills potential we deduce

<2

Al S |4y S ui?, |An| S vi?|4s
and
—1 -1
|Als, SQSuli v

The above decay rates reproduce the decay rates of Yang and Yu [125], requiring one fewer
order of differentiability in the data. However, as a consequence of the use of the conformal
method, our results do not apply to the case of arbitrary charge at spatial infinity.

“Note that a sufficient condition is that (a,e, ¢o, ¢1) € (H7(R?) x H3(R*))?, in the notation of [23].



Conclusions and Further Work

By finding a suitable gauge, in chapter 3 we constructed a conformal scattering theory for
Maxwell potentials. We discovered that an appropriate gauge choice was a modification of
the physical temporal gauge, and that it neatly reduced the natural energy on null infinity
to a norm in the component A,y. In specific highly symmetric cases such as flat space,
we found that additionally imposing the Coulomb gauge leads to a reduction on null
infinity in the form of an ODE. This ODE serves as a reduction of the Maxwell constraint
equation, and allows one to recover the component Ay from Ay on 7. Furthermore,
we found that using the Morawetz vector field' for the scattering theory results in
stronger decay conditions on the initial and characteristic data than using the standard
static Killing field 9.

In chapter 4 we proved that small data solutions of the Maxwell-scalar field system
obey the peeling property and decay exponentially on de Sitter space. By carefully
modifying the Coulomb gauge and using the Poincaré inequality, we were able to control
all components of the system and close the estimates between .#~ and .# . In addition,
we proved the existence of small data nonlinear scattering operators for each order of
differentiability of the data. If the solution was sufficiently smooth, we found that the
slowest-decaying component of the scalar field asymptotically decoupled from the charge.

In chapter 5 we proved uniform estimates for solutions of the full Yang-Mills—Higgs
equations in temporal gauge on the Einstein cylinder, and extended classical small data
existence theorems on Minkowski and de Sitter spacetimes to large data. By conformally
embedding Minkowski and de Sitter spacetimes in the Einstein cylinder, we deduced
polynomial and exponential large data decay rates.

We have therefore carried out a thorough analysis of the Yang—Mills—Higgs equations
on the Einstein cylinder and de Sitter space, proving new large data well-posedness and
decay results, as well as constructing conformal scattering operators. We note that working
with a positive cosmological constant ensured that solving the system from .# required
the resolution of a spacelike Cauchy problem. In the asymptotically flat case, our work

! An important feature of the Morawetz vector field which is responsible for the introduction of the
angular derivatives in the energy (3.3.35) is the fact that K§ is transverse to .# .

115
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suggests that the temporal gauge—perhaps with a strengthening on the initial surface—
might be an appropriate gauge condition for constructing a conformal scattering theory for
nonlinear gauge theories such as the Maxwell-scalar field system. There are currently two
obstructions to constructing a natural conformal scattering theory for the Maxwell-scalar
field system. The first is that solutions for finite energy initial data have not been proven
to remain finite on null infinity, even on flat space. One might hope to use techniques
that have proven successful in the flat case to extract finite energy well-posedness of the
Maxwell-scalar field system on the Einstein cylinder, and therefore deduce finiteness on .#.
An alternative, simpler, approach might be to use the conformal patching construction of
chapter 5. This is currently being addressed in [116]. The strategy is to glue two copies
of Minkowski space situated antipodally around the Einstein cylinder, as depicted below.

—

-~

Figure 6.1: We patch two copies of Minkowski space around the Einstein cylinder.

It is then possible to use local existence theorems for finite energy data on Minkowski
space [65, 109] to prove that a solution having finite energy data on the Einstein cylinder
exists. There are technical issues one needs to address, in particular the cutting-off
of data near the spatial infinities of the two copies M o of Minkowski space, and the
patching of the gauges of the respective solutions on the overlap My N Ms. This result
will further improve on chapters 4 and 5 and allow us to construct a conformal scattering
theory for large finite-energy data on de Sitter space.

On Minkowski space, there is the second obstruction of resolving the Goursat problem
for finite energy characteristic data for the nonlinear Maxwell-scalar field system. This
has to be done without loss of regularity, and existing results for symmetric hyperbolic
systems are insufficient [19, 25]. This is currently being investigated.

In summary, we have made good progress towards understanding the conformal
scattering of genuinely nonlinear gauge theories, with upcoming results likely to bring
the frontiers of QFT and mathematical relativity closer together. Eventually we hope
to shed light on aspects of the memory effect and the related infrared divergences
mentioned in section 1.1. It will also eventually be of interest to construct (conformal)
scattering theories for Einstein’s equations, however the situation is much more complex
there and will require more work.
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Some Standard Results in PDE Theory

A.1 Elliptic PDEs

A.1.1 The Divergence Theorem

Theorem A.1.1 (The Divergence Theorem). Let w be a smooth (n—1)-form on a smooth
compact n-dimensional orientable manifold M with boundary OJMM. Then

/dw:/ w.
J oJl

Remark A.1.2. If the manifold Jl is equipped with a metric g, we may rewrite theorem A.1.1
as follows. Let dv be the volume form on M and let X be a vector field on J. Put
w = X Jdv. Then by Cartan’s identity

dw = £x dv = (div X) dv,
where div X = V,X% and so the divergence theorem reads

/ (divX)dv= [ X _dv. (A1)
VA o

For our purposes (A.1.1) will be a useful intermediary between the fully differential form-
theoretic formulation of the divergence theorem as above, and the more basic description
of the divergence theorem in terms of normal vector fields, for we will frequently be
working with null hypersurfaces.

A.1.2 Elliptic Regularity
Definition A.1.3. Let

P= Z Ao ()0

lal<k

be a differential operator of order k with C*° coeflicients a,. We say P is elliptic at xg if

op(€) = Y aa(z0)é* #0

|al=k
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for all non-zero £ € R™. We say P is elliptic on a domain 2 C R" if op(§) # 0 for all
non-zero ¢ € R” for all x € Q.

Theorem A.1.4. Suppose Q) is an open set in R™ and P is an elliptic operator of order
k with C*° coefficients on . Let ¢ and f be distributions on Q) satisfying

Pé=f.

If f € H .(Q) for some s € R, then ¢ € H8+k(Q).

loc

A.1.3 Geometry of S3

The 3-sphere S? with its standard metric
53 = d¢? + sin? ¢(d6? + sin? 0 d¢?)

is a maximally symmetric Riemannian manifold. The Ricci and Riemann tensors of
s3 are expressible entirely in terms of the metric s3,

Ry = —2(83) v
and

Ryvpo = (83) o0 (83) po — (83)v0 (83) up-

The scalar curvature is therefore R = —6.
Let * denote the Hodge star operator on S® and d the exterior derivative on S3. Let
A be a 1-form and f a function on S?, and write

curl A := xdA,
divA :=xdx A,
grad f := df.

It is easy to check that the definitions of div A and grad f coincide with the notions of
div and grad in terms of the Levi-Civita connection ¥ on S, that is div A = W#A“
and (grad f), = W# f- With these definitions

curl(curl A) — grad(divA) = +d «dA — d+d * A = 6dA + dsA = — AV A,
where ¢ := (—1)% x dx is the codifferential acting on k-forms on S® and the operator

— AW D(A'S?) — T(AlS?),
— AW = 54 + do,

is the Hodge Laplacian on 1-forms on S?. The operator 4&(1) can be extended to act on
arbitrary k-forms in the obvious way (giving a sequence of operators A(k), if one wishes
to distinguish between their domains), but it is important to note that if k£ # 0 the action
of A(k) differs from the connection Laplacian A := W”WM in a way that depends on the
degree of the forms it is acting on. The difference is given by the Weitzenb6ck formula,
which in the case of 1-forms is known as Bochner’s theorem (see §2.2.2 of [101]).
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Theorem A.1.5 (Bochner’s Theorem). Let (M, g) be a Riemannian manifold with a
positive definite metric g and let V be the Levi—Civita connection of g. Considered as
operators T(A' ) — T(A' M), the Hodge Laplacian AW and the connection Laplacian
A =V ,V# are related by

AW = A 4R,

where R is the scalar curvature of g.
If Ml = S3, we thus have
~AY =K.
Now suppose that A € I'(A!S3) satisfies div A = 0. Then
curl(curl A) = —AWA = (A —6)A.
Given any A € T'(A'S?), the elliptic equation
(A —6)B = curl(curl A) (A.1.2)

on S? has a unique solution B € I'(A'S?). This allows us to define the projection onto
divergence free 1-forms P : T'(A'S?) — T(A!S?),

PA = (A —6)"Lcurl(curl A).

By construction, for any A satisfying divA = 0, PA = A, and divPB = 0 for any
B. This second identity follows by commuting the div operator into the equation
(A.1.2). Furthermore, for any function f

P(grad f) = (A — 6)"!(curl(curl(grad f))) = (A —6)"1(0) = 0.

A.2 Hyperbolic PDEs

A.2.1 The Cauchy Problem

In this section we present standard results in hyperbolic PDE theory that are used
throughout various parts of this thesis. The proofs are classical and can be found,
for example, in [15], [75], or [110].

Definition A.2.1. Let (ML, g) be a smooth Lorentzian manifold and let £ — Al be a real
or complex vector bundle. A linear second order differential operator P : C*(JM; E) —
C>®(JM; E) is said to be normally hyperbolic if its principal symbol is given by the metric,

op(§) = 9"l VEET M.
That is, in local coordinates on Al and a local trivialization of F the operator P is given
by
P = ¢®9,0, + A%0, + B,

where A% is a smooth E-valued vector field on Ml and B is a smooth E-valued function
on JL.
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Theorem A.2.2. Let Ml be a smooth globally hyperbolic Lorentzian manifold and let 3
be a spacelike Cauchy surface in M. Let T be the future-directed timelike unit normal
to X and let E — J be a vector bundle over M. Let P be a smooth linear normally
hyperbolic operator acting on sections of E. Then for each ¢o, ¢1 € C°(X; E) and each
f€CX(M; E) there exists a unique ¢ € C*°(M; E) satisfying

P¢:f7 (¢7VT¢)|E: (¢05¢1)'

Moreover, the data propagates at finite speed in the sense that supp(¢) C J(K), where

K = supp(¢o) U supp(¢1) U supp(f).
Furthermore, the map
Co (35 B) x C°(E; E) x C°(M; E) — C™(M; E);
(¢0, 1, f) — ¢
is linear and continuous.

Theorem A.2.3. Let the setup be as in theorem A.2.2 and let s € Ny. Let {X;}ier, be
a foliation of M by smooth spacelike hypersurfaces such that o = X. Then for each
(¢o, p1) € HVL(S; B) @ H¥(S; E) and f € LY([0,T); H*(3; E) there exists a unique

¢ € CO([0,T); H*Y (S, E)) nCY([0, T); H*(S4; E)) = Eo11((0,T) x S5 E)

satisfying
Py =fin(0,T) x X, (0, Vro)ls = (do, 1)
As before, the data propagates at finite speed, supp(¢) C J(K), and the map

HTY(S; E) x HS(S; E) x LY[0,T); H¥(Z; E)) — Ee1((0,T) x 343 E)
(G0, p1, f) — ¢

s linear and continuous.

A.2.2 The Goursat Problem

As resolving the Goursat problem is a key step in the construction of a conformal scattering
theory from .#~ to £ in the zero cosmological constant case (chapter 3), in this section
we give a brief overview of Hérmander’s resolution of the linear characteristic Cauchy
problem [58], including the proof. In fact, Hérmander resolves a much wider class of
initial value problems termed weakly spacelike Cauchy problems. We work on a smooth
globally hyperbolic Lorentzian manifold X of the form X = R x X, where X is smooth,
compact, and has dimension 3. We suppose that the metric on X is

g = dtQ — Gt
where g; is a Riemannian metric on X which in local coordinates is given by

gt = gjr(t, x) dz? dz*.
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We assume that the metrics g; are uniformly equivalent to go and that the manifolds (X, g;)
have a positive radius of injectivity (at least for ¢ belonging to any compact interval).
We will frequently drop the subscript ¢ and simply write g(¢,x) to denote g;(¢,z). Let
dv be the spacetime volume form associated to g, and let dv be the smooth volume
form on X induced by go. Since g¢; is uniformly equivalent to gg, the volume form dvy
associated to g; is uniformly equivalent to dv. We denote by O the wave operator on X,
0= V%V, = §®V,V,, where V is the Levi-Civita connection of §. We also denote by Y
the Levi-Civita connection of g, and by A the Laplace-Beltrami operator associated to g;.

Consider the hypersurface ¥ = {t = o(z)} in X. The co-normal to ¥ is n’ =
dt — (9jp)da?, so that the normal is

n =0 + (950)9’" (p(x), )0k
and has norm nn, = 1 — ¢'*(p(z), 2)0;p(z)0kp(z) = 1 — |Vp|*(p(z), 7).

Definition A.2.4. Let ¢ : X — R be a Lipschitz continuous function X. Then ¢ is
differentiable almost everywhere, and we say that the hypersurface ¥ = {(p(z),x) : = €
X} C X is weakly spacelike if

in (1-1¥¢P) >0, (A.2.1)

where |V|? = ¢ (o(x), 2)0;0(x)Okp(x). We say X is spacelike if 1 — |Yp|? > 0 almost
everywhere, uniformly spacelike if infy (1 —|Vp|?) > 0, and characterstic if [V|* =1
almost everywhere.

Consider the equation
O + Lig = f, (A.2.2)

where L1 is a linear first order differential operator with smooth coefficients and f is at
least L{ (R;L?(X)). By Theorem A.2.3, (A.2.2) has a unique solution

loc
¢ € CO'R; H'(X))NCY(R; L*(X)) = E1(R x X)

for finite energy Cauchy data (¢o, ¢1) given on X. For the sake of brevity, we consider
the homogeneous equation

O¢ + L1 = 0. (A.2.3)

Let € be the subspace of the Banach space E1(R x X) of solutions to (A.2.3). We show
that the finite energy Goursat problem can be resolved to get a unique solution ¢
in the finite energy space 6.

Theorem A.2.5 (Hérmander 1990, [58]). Let ¥ = {(p(z),x) : © € X} be a weakly
spacelike hypersurface in X and let dv = (1 — |V|?) dvs, where dvy, is the volume form
induced on ¥ by the spacetime volume form dv. Then there exists an isomorphism! of
Hilbert spaces

€ — HY(Z) x L(Z,dv);
¢ — (¢, 09).

Tsomorphism here means a continuous linear bijection whose inverse is also continuous.

(A.2.4)
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Remark A.2.6. Note that when ¥ is characteristic, dv = 0, so the space L*(X, dv%,) is of
dimension zero. Nothing is stated about 0;¢ in this case, and simply the values of ¢ on 3
are sufficient to recover the full solution ¢ € €. These values ¢|y. are the characteristic
data for the wave equation (A.2.3).

Proof. Consider the stress-energy tensor

T = VadVpd — gabV ¢V + gabcf)

for the equation (A.2.3). As a consequence of (A.2.3), it satisfies the approximate
conservation law

VT = (O¢ + ¢)Vyo
= LoV,

where L) = —L; + 1. Let T% = 8; be the unit normal to X in X and integrate V(T 4,T")
over the region B = {(t,z) : T <t < ¢(x)} for some T < min ¢(z):

/Va abT / TabTadeVt +/ TabTanb dvs .
We have Ty, 71" = %qg? +1¥¢12 + 142, and
a, b 1 12 " 1 9 1 9
TaT'n’ = 50"+ oVe - Yo+ 5|Vol" + 56
1. 1 . 1
= SO (1=|Ve’) + 516V + VoI + ¢,

where ¢ denotes V¢ and V¢ is the gradient of ¢ along directions tangent to X so
that |Vo|> = ¢/%(t,2)0;0(2)0kd(x) and V¢ - Vo = g% (t, 2)0jp(2) Ok (). Notice that
WHgb = YV (d(p(x), ) = p¥V¢ + Yo is the gradient of ¢ on %, so, denoting

1

£0 =5 [, (7 V0P + %) dv(a),

altogether we have
5 [#atey [(V6P+ ) avs =)+ [ v(rar) dv
Now V(T T?) = (VT ) T" + T,V = (L} qb)gb + TV @T? | so one has the bound
VT T?)| < C (62 + Vo + ),

where C' depends on the L norms of the coefficients of L} and v(@T?)  Consequently
1 910 , 1 2 2
5 [Fass [(1916P+ ) dvn Sswpe@® Solls,  (A25)
2 Js 2 )y tel

where I is an interval containing [T, max ¢|. Estimate (A.2.5) shows that the forward map
(A.2.4) is continuous. To show that the map (A.2.4) is an isomorphism it remains to prove
that an estimate opposite to (A.2.5) holds, and prove surjectivity. To prove the opposite
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estimate, integrate V(Ty,T?) over the region C; = {(s,z) : max{p(z), T} < s < t} for
some 1" > 0: this gives

VYT dv =E(t) — [ TuTn® dvy —E(T)C,
Ct 2T
where Y7 = XN {p(x) = T} and E(T)° is the integral of T, TT° over {x € X x {T} :
o(x) < T}. Choosing T' < min ¢ so that X7 = ¥ and £(T")¢ = 0, we have

—~ t
Et)= [ VYTHT"dv+ / T Tn’ dvy < C / E(s)ds + M.
Ct b T

=M

From Grénwall’s lemma it follows that £(t) < e€~T) M which gives

1 . 1
0l < 5 [P avs+g [ (19168 +6%) dvs, (A:2.6)

where the norm || - [|¢ is understood to be taken over a compact interval I in time which
contains [min ¢, max ¢|. Together, (A.2.5) and (A.2.6) say that

1611% = 1911725, ave) + 11171 (5)-

This implies that the map (A.2.4) is an isomorphism from € onto its image, which is
a closed subspace of H'(X) @ L?(X,dv%). To prove that the map (A.2.4) is a bijection
it remains to prove surjectivity. For a smooth spacelike surface ¥ this is classical
(theorem A.2.3). We extend this to arbitrary uniformly spacelike surfaces by approximation
with smooth ones, and then pass to arbitrary weakly spacelike surfaces by approximating
the equation (A.2.3) with equations for which they are uniformly spacelike. This original
method of Hérmander [58] is equivalent to a similar method used by Mason and Nicolas
[78], where they instead view this latter approximation as slowing down the speed of
propagation of the equation (A.2.3). We shall first need a lemma.

Lemma A.2.7 (Hormander 1990, [58]). Let ¢ : X — R be Lipschitz. If the graph of ¢ is
uniformly spacelike, then there is a sequence ¢, € C*°(X) converging uniformly to ¢ such
that for some A <1

9*(0(2), 2)050u(x) (@) < A
Furthermore, Y, — Y almost everywhere.

Since we are working with finite energy solutions of (A.2.3), they do not possess enough
derivatives to be interpreted classically. For this reason we need a weak formulation of
(A.2.3). For any x € C>°(X) and ¢ € C**(X) integration by parts gives

J[ xoodv=[[  omxdve [ xVapdvs - [ oVixdvs,
t<p(x) t<p(x) > >

where V,, = n%V, = 0; + Y¢ - Y. We thus have

om0
t<p(z) t<p(x)

+/ZX¢BdV%+/ZXW<P‘W(¢|E)dVE_/Z¢(X+WSO‘WX)dVE‘
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Similarly, if L} denotes the adjoint of L = c¢d; + b - ¥ + by with respect to El?/, then
J[ xmedv= [[ - orixt [ ox(e+bn)dvs.
t<p(z) t<p(z) by T

Definition A.2.8. We say ¢ € € is a weak solution of (A.2.3) with data (¢,¢)|s €
HY(X) @ L*(%,dv) on a weakly spacelike surface ¥ = {(¢(x), )} if for all x € C°(X)

I o@x+Liodv+ [ xdad
t<p(z) by

(A.2.7)
+/EXY790-Y7(¢IE)dVZ —/Z¢(>'<+Y7so - Vx) dVE+/EbX¢dVE =0.

Equipped with the weak formulation (A.2.7), we may now proceed to prove the surjectivity
of the map (A.2.4).
Surjectivity: the Uniformly Spacelike Case

Let ¢ be uniformly spacelike and Lipshitz, let ¢g, 1 € C*°(X) be given, and pick ¢,
smooth and uniformly spacelike as in lemma A.2.7. By theorem A.2.3, for each y there
exists a solution ¢, € C*>(X) satisfying (A.2.3) such that

buls, = do and %!z# = ¢1.
The estimate (A.2.6) shows that

l8ull S (l6olFn ) + o1 I32x) )

so the sequence ¢, is uniformly bounded in ‘€.

Lemma A.2.9. Up to a subsequence, one has that
$u — ¢ in C°(I; L*(X)),
where I is a compact interval containing [min ¢, max ¢|.

Proof. Since ¢, is uniformly bounded in €, we have in particular that ¢, is uniformly
bounded in C°(I; H' (X)) c C°(I; L?(X)). Moreover, it is also uniformly bounded in
CY(I; L?*(X)), which means that for any ¢,s € I

t
6u(0) = 9(9) = [
and so
19(8) = du(s)llz2x) < It = s sup bull z2x)

St = sllléulls
rg ’t - 8’7

so that ¢, is equicontinuous in ¢. By Arzela—Ascoli (see for example theorem 11.28 of
[102]), {¢u}, C CO(I; L?(X)) is compact in the compact-open topology on C°(I; L?(X));
since the interval I is compact, it follows that ¢, has a subsequence that converges in
C(I; L*(X)), whose limit we call ¢. O
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This implies that for all ¢ € I the sequence ¢,,(t,-) converges to ¢(t, ) strongly in L*(X),
so in particular has a subsequence that converges almost everywhere on X. That is,
taking a further subsequence if necessary, we also know that ¢, — ¢ almost everywhere
on I x X. Moreover, since ¢, is uniformly bounded in €, Fatou’s Lemma implies that
the limit ¢ has [|¢]|g < oo, i.e. ¢ € 6.

Now consider the sequence ¢, (p(x),z). By (A.2.5), one knows that smooth solutions
6 to (A.2.3) satisfy [|lsll () S l|6]e, so

16u(e(@), 2) [ x) = N ulsllis) S I9ulls < Cldo, d1)-

The sequence ¢, (¢(z),z) is therefore uniformly bounded in H'(X), and we can extract a
weakly convergent subsequence in H'(X), the limit of which as we have seen must be
P(p(2), 2),
Su(@();) = ¢le(), ) in H' (X).
(¢

By Rellich-Kondrachov, ¢,,(¢(-), ) converges to ¢(p(+), ) strongly in L*(X). But we have

o(x)

Sulpla). ) = du(@) = [ dulta)at

eu(z
pla) |
S ontet@),a) — o avi) = [ " b

@
</ Mx)_%w/w (L, 2)[2 dt dv(z)
S ullEle — eull e x —>0

and hence ¢|x(x) = ¢(p(x), z) = ¢o(x). Now apply (A.2.7) to ¢, and ¢,,. We have
//w# w(Ox + Lix dv=—/EuxéldV%u—/Eustou-V%dm
+ / do(x + Yeu - Yx)dvs —/ bx¢o dvs,
P X

SO

2
dv(x)

where we have noted that since n,, = ; + (Y¢,)’9;, we can choose the measures dvy, to
all be equal to dvy, for example by choosing the vector fields I, (1,)” (nu)a =1, defining
dvy, =1, 1 dv to be equal to 0 for all u. Note that the measure dVZ is then given by
(1- |Y7<pul ) dvy. Subtracting the above identity from (A.2.7), we get

//tsmx) GO+ Lix) dv - //t@(x) ¢(Ox + Lix) dv
+/Zu XW(,OM Vo dvs — /EXWSO Vo dvs;

+ /E o(x + Yo Vx)dvs — /EH do(X + Yeou - Vx)dvs (A28

+/ bx o dvz—/ bx¢dvy,
op s

/Z X¢ dvs; — /E X¢1dvs;
I
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We show that the pairs of terms arranged into separate lines in (A.2.8) go to zero as
u — oo, with the exception of the last pair. Denoting P*x = Ux + L, the first line in
(A.2.8) is

// ¢uP*x&6—/ qu*xE%:/ (¢u—¢)P*chv+// 6P x dv,
t<op t<p t<op Pus<t<p

where

o
QDugtg‘p

<[ erdy
S lew = @l (x) sup |oP x| L1 (x)(t)

S llen = @l x) 191l

an

d
| /I _ (Gum 9Py

Thus the first pair of terms tends to zero as y — oo by virtue of lemma A.2.9 and the

S sup op — Sl x)®) S llop — lleorr2x))-

fact that ¢, converges to ¢ uniformly. The second, third and fourth pairs of terms can
be dealt with using the dominated convergence theorem. Indeed, for example

'/ S0l + Vou- VX)dvs = [ o+ V- ¥x) dvs
2 D

<

/ d(X + Vo - Vx)dvs —/ (X + You - Vx)dvs
S, b

I

—I—‘/Ecb(fc—l—vcp“-Wx)dVg—/Egb(XjLW(p.WX)dVZ

and since ¢, — ¢ almost everywhere, ¢ € CO(I; H*(X)), and the sequence ¢,, is bounded
in W1°°(X) (since ¢ Lipschitz), the dominated convergence theorem shows that both
terms on the right got to zero as y — co. The other terms are similar, and so taking the
limit g — oo in (A.2.8) shows that

[xté=onavt =o.
%

In other words, qﬁ\g =@ dv%—almost everywhere. This completes the proof of surjectivity
in the uniformly spacelike case.

Surjectivity: the Weakly Spacelike Case

Now suppose ¥ = {(p(x),z) : x € X} is weakly spacelike. If ¢? < 1, then X is uniformly
spacelike with respect to the modified equation

Ueo+ L1p =0,

where [J,2 is the wave operator associated to g. = dt? — c2g;. Given ¢, ¢1 € C®(X), we
have proved that there is a unique solution ¢ of this equation with ¢|x, = ¢¢ and ¢|x; = ¢1.
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Furthermore, the energy of ¢ is uniformly bounded as ¢*> — 1, since the definition of

energy is independent of ¢ up to equivalence. Thus we can find sequences

2
c#—>1

and, as in Lemma A.2.9,

¢ — ¢ in C°(I; L*(X))

(and also weakly in L?(I; H'(X)) and almost everywhere on I x X), such that
Oe2dp + Lipy =0

with ¢,|s = ¢o and (;.SM\E = ¢1 (note that since ¢g, ¢ are smooth, so are the ¢, and
restriction to X is well-defined). The energy |¢,[|% of ¢, is uniformly bounded, so as

before

¢ € CO(I; H'(X)) N CH(I; L*(X)).

To see that ¢ satisfies the equation in the weak sense, we only need to take the limit as

W — 00 in

//t@(z) GuP v = - /2 X0y v~ /E XV V(¢uls) dvs
+ / (bll(x + WSO : WX) dVE —/ bX(z)M dVg .
z b

The same arguments as in the case of a uniformly spacelike 3 go through here to take
the limit, and we get that ¢ satisfies (A.2.3) weakly with data (¢, ¢)|s = (¢o, 1) on X,

where ¢ is defined almost everywhere with respect to dv. O

The above proof is a slightly modified version of the original proof by Hérmander,
in which the metric § and the coefficients of the first order operator L; are assumed to
be smooth. These regularity assumptions are far from sharp, as noted (but not proven)
by Hoérmander himself in his original paper [58]. Sharper versions of Theorem A.2.5

have been obtained by Nicolas.

Theorem A.2.10 (Nicolas 2007, [90]). The uniformly spacelike Cauchy problem for
(A.2.3) has a unique solution in € for (¢o, ¢1) € HY(X) @ L*(X) as long as § € C°(X) N
W/ﬁ)’coo(f() and the coefficients of Ly are in LY°.(X).

loc

For the fully characteristic Cauchy problem, Nicolas requires slightly more regularity.

Theorem A.2.11 (Nicolas 2007, [90]). The map (A.2.4) is a well-defined isomorphism as
long as § € LS. (R;C°(X)) N I/Vlicoo(]R, CY(X)), the coefficients of the first-order terms of

loc

Ly are in L, (R;CY(X)), and the coefficients of the zeroth-order terms in Ly are LS, (X).

loc
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A.2.3 A Nonlinear Gronwall Inequality

Lemma A.2.12. Let 7 € [0,1] and f:[0,1] = R be a continuous non-negative function.
Suppose f satisfies the inequality

—i—/ f(o (0)Y/?)do

for some polynomial P with positive coefficients. Then there exists € > 0 such that if
f(0) < ¢, then

f(T) <CF(0)
for some C > 1 and all T € [0, 1].

Proof. The case when P has order zero is trivial, so assume that P(z) = Y.¢_, Pyz* for
some d > 0 and some non-negative real numbers { Py },. We have

/f 1/2)d0'
k/2+L
o>+/0 kgopkf() “a

< f(0)+ ZPf e/ do + ZPf /24 4o
{0<0<T flo)<1} ;.= -0 {0<o<r: f(0)>1} ;= 0

+/0 ];Opkf(a) da+/OT];)Pkf(a)d/2+1 do
0 +/OT éf(a)da+/OTéf(a)d/2+1da,

where C' = (d + 1) maxy, Py. Now set
g(1) = f(0) + /T C'f(o) ot /T C’f(a)d/2+1 do.
0 0

Then f(7) < g(7), f(0) = g(0), and ¢'() < Cf(7) + Cf(r)Y* < Cy(r)(1 + g(r)"/?).
Defining

5 2 o/ ~2/(Cd)
G(7) = g(r)/CC2CD (14 g(7)"/?)

and differentiating, one obtains

A4~ ~ —-2/(Cd)—1
G/(T) _ g/(T)g(T)l/C—IC—Q/(Cd)—l (1 +g(7)d/2) /(Cd)

5 2 o(C —2/(Cd)
< g(r)/CCTHOD (14 g(r)"2) :

so that G'(7) < G(7). Since 7 is contained in a compact interval, this gives G(7) < G(0),
or equivalently

—2/(Cd)

~ —2/(Cd)
g(r) V(1 + g(7)%?) S

(0 (14 g(0)"7?)
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Rearranging gives
g(r)"? < g(0)2(1 + g(1)"?),

so if g(0) = £(0) is small enough one has g(7)%? < g(0)%2, and so

f(r) < g(r) < Cg(0) < Cf(0).

A.3 The Sobolev Embedding Theorem

Various forms of the Sobolev embedding theorem are used throughout this thesis. The
following definitions and theorems may be found in standard texts such as [6], [40], or [41].

Definition A.3.1. Let (M, g) be a smooth Riemannian manifold of dimension n and
V the Levi-Civita connection of g. For a real function ¢ belonging to C¥(l), k > 0 an
integer, we define

|VFp|? = (VY2 . V%) (Va,Viay - .. Va,b)

and denote by €% the vector space of C* functions ¢ such that |V'¢| € LP(AL) for all
0<!l<kandp=>1areal number.

Definition A.3.2. The Sobolev space W*P(Jl) is the completion of ¢*? with respect
to the norm

k
18llwes =5 V'] 0.

=0

It turns out that the space W*P(/l) does not depend on the Riemannian metric g
(theorem 2.20, [6]).

Theorem A.3.3. Let Ml be a smooth compact Riemannian manifold of dimension n, let
k, 1 be integers with k > 1> 0, and let p, q be real numbers with 1 < q < p satisfying

11 (k1)
P q n o

Then
Wk’q(ﬂ/t) - Wl’p(ﬂ),

and the identity operator is continuous (the embedding is compact).
Moreover, if

(k—r—a) 2}

)
n

LS

then
whkaa) c crea),

and the identity operator is continuous (the embedding is compact). Here r = 0 is an
integer, « is a real number satisfying 0 < a < 1, C™* is the space of C" functions the
r-th derivatives of which belong to C*, C" is the space of functions ¢ of finite ||@|cr =
maxo<i<, sup |Viu| norm, and C* is the space of functions of finite ||@|lce = sup |¢| +

sup s {[6(P) — §(Q)|d(P,Q)~} morm.
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Remark A.3.4. Theorem A.3.3 holds in the same form with 4l an open subset of R"™ with
a Lipschitz boundary /(. Most generally, 4l can be a complete Riemannian manifold
with bounded sectional curvature and a positive injectivity radius ¢ > 0.

The following theorem provides a sharp form of the embedding W14 C LP, which
is occasionally useful when working with precisely known constants.

Theorem A.3.5. Let M be a smooth compact Riemannian manifold of dimension n and
let the real numbers p, q satisfy

1

> 0.

1
p g n
Then for every € > 0 there exists a constant A,(e) such that every ¢ € WH(M) satisfies

[6llzr < (K(n, ) + &) [VollLa + Aq(e) |9l e,

where K(n, q) is the smallest constant having this property and is given by

K(n,q) = (Z - }]) <ng__q1)) E (p(n/q)ré(i ;L—l)n/Q)wn_l)

forl <q<mn and
1
1 n o \n
K(n,1) = — .
(n7 ) n(“nl)

3=




Conformal Transformations

This appendix collects some results concerning the transformation of various quantities
under the conformal rescaling of the metric §op = Q%gq. Should inverse identities be
needed, the roles of g, and g, in the below identities may be interchanged by employing
the changes gap <> Jap, 2 <> 071, and consequently T, <> —Y,. We recall that we use the

Penrose convention for curvature tensors, so that the Riemann tensor Rgpeq is defined by
[Va, Vo] X¢ = —R%,, X%
The Ricci tensor and the scalar curvature are then defined by
Rap = R%a, R =R,
the trace-free part of the Ricci tensor is defined by

1
cI)a =G ab — 71Gab |
b B (R b 4Rg b)

and the Einstein tensor Gy, is defined by
1
Gab = Rgp — igabR-
The Weyl tensor is given by

1
Cabed = Rabed + (Ra[dgc]b + Rb[cgd]a) + gRga[ng]bv

which also provides a decomposition of the Riemann tensor into its irreducible parts.

In the following « is a generic 1-form.
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B.1 Curvature and Other
Ceq = C%eq (B.1.1)
. 1
Rab = Rab + 2 (VaTb + 2gabVCTc> — Q(TaTb — gabngTch) (B.1.2)
R =Q 2R+ 6V, + 69T, 1) (B.1.3)
z 1 c 1 cd
q>ab = (I)ab - VaTb + ZgabV Tc + TaTb - Zgabg Tch (B14)
N 1
Gap = Gap +2(Vo Ty — g VY ) — 2 (TaTb + anbngTch> (B.1.5)
l?c = FIG)LC + Tc(sg + Tb(sg - ngadgbc (Blﬁ)

A

VaOéb = Vaab — Taab — Tbaa + gabQCchad

(B.1.7)



The Newman—Penrose Formalism

C.1 Spin Coefficient Formalism

In this thesis we employ the Newman—Penrose formalism, which is described in detail
in [95] and [96]. For a metric of signature (+,—, —, —) we pick a complex null tetrad

(I,n,m,m) of vectors such that [, n are real and m, m are complex null vectors,
1% = ngn® = mem® = mem® =0,

with the orthogonality properties
Ilem® =1,m* =nm*=n,m*=0

and

and such that the metric takes the form
Gab = lanp + naly — Mamp — MaMmyp.
The volume form is then given by
dv =1 An’ A (im° Am),

where 1?, n’, m” and m’ denote the 1-forms corresponding to the vector fields [, n, m

and m. We define the four directional derivatives

D =1V, A = nV,, § = mV,, § =MV,
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and the spin coefficients

k= m*Dly,

1
e := = (n*Dly + m*Dm,),

2
m:=—m*Dng,
p = magla)

1, .- s
o= 3 (n Ol +m 5ma),
X = —mng,
o= m%l,,

1 _

ﬂ = 5 (na(sla + ma5ma) y
wi= —m*dng,
7 :=m%Al,,

1
v i= 5 (naAla + maAﬁla) s
v = —m*An,.

With these definitions the vectors (I,n, m,m) satisfy the transport equations

DI = (e +&)l* — km" — km*, —(e +&)n* + 7m® + 7m?,
51 = (B + a)l® — pm® — om®, —(B+ @)n® + pm® + xm*,
8l = (v + B)I* — om® — pim®, 5n® = —(a+ B)n® + Am® + fim®,
Al = (v + )1 — Tm® — tm*, —(v +7)n% + vm® + vm*,
and
Dm® = (e — &)m* + wl* — kn?, Dm® = (€ —e)m® + wl* — kn
om® = (B —a)ym®+ N —on?, om® = (a — B)m" + ul® — pn
m® = (o — B)m® + l® — pn®, om® = (B — a)m® + N — an

The operators D, A, ¢ and § satisfy the commutation relations

=(B+a—7)D+ KA — a6 — (c— &+ p)s,
=D+ (T—a—B)A+N+ (¥ —7+ p)s,
8, 0] = (i =)D+ (p— p)A + (B — a@)d + (o — B)d.

Finally, defining the curvature components

1
A= —
24R,

A, D] =(y+3)D+ (e+&)A — (14 7)d — (7 + 74,
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Ug = Capeal®mllom?, Uy = Cupeal®mbln?,
Py = Cabcdl“mbmcnd, VERES Cabcdl“nbmcnd,

Uy, = Cabcdm“nbmcnd,

and

1 arb 1 a, b

Dqp = _iRabl 0, gy = —gRabl m-,
1 1

g = —iRabm“mb, Py = —iRablamba
1 1

(I)ll = —iRabl“nb + 3A, (1)12 = _§Rabmanbv
1 1

(1)20 = *§Rabmamb7 ¢21 = *§Rabmanbv

1
Doy = — iRabnanb,

the spin coefficients satisfy the curvature equations
Dp — 6k = p> + |o|* — BT — k(=7 + 3a + B) + ple + &) + Do,
Ap—dv=—p? = NP +om —v(T =38 — &) — uly +7) — Paa,
Do —dk=0(p+p—£E+3e) — k(T — 7+ a+3p) + ¥,
AN—0v=AN-p—jig+75-3y) —v(—7+7—B—3a) — Uy,
Dr—Ak=p(t+7)+o(T+m)+7(—E+¢) — r(7+37) + V1 + D1,
Ar—Dv=—pu(n+7) = N7a+71)+7(7—7) +v(E+3e) — U3 — Dy,
5p—00 =7(p—p)+ k(=i + ) + p(@ + B) — o(—f + 3a) — W1 + Dy,
Sp— A =m(—p+ i) +v(p—p) = p(B+a) = Ma —3p) + ¥z — &y,
6T — Ao = po +Ap+ 7% — kv + 7(B — @) — a(3y — ) + Po2,
6 — DX = —p\ — o — 1 + vk + 1(—a + B) — M(—3e + &) — Do,
Ap =01 = —pii— oA — 7[> + kv + p(y +7) = (a — B) — g — 24,
Dp— 61 = pp+ o+ |m|? — kv — ple + &) — (=B + @) + Uy + 24,
AB—6y=—Tp+vo+ve—al+B(—u—F+7) —y(—a—B+7)— Py,
Da—6ds=7p— kA —FRy+Bo+alp+é—¢)—e(B+a—m)+ O,
Dp —de=—k(p+7y)+o(r+a)+p(p—=&) —e(—7+a)+ ¥y,
Aa—dy=v(p+e) = A7+ ) +a(-p+7) — (T - B) — Vs,
Dy—Ae=—rv+rr+B(r+7)+a(m+7)—c(y+73) —y(E+8&)+ Vs + Py — A,
0B —da=—pu+oX—la> = |8 + 208+ 7(p — p) + e(—p + i) + Uy — B11 — A.
It will be useful to know how the spin coefficients {x, e, m, p,, \, o, B, i, 7,7y, v} behave
under the conformal change
jo — o, AT — O 2ne, M = O lme, Mo — O~ lma

of the associated tetrad. The transformation rules are

£ R 7 £+ Y lo Qk QY +m*Y,)

& poA QO la — Tl 02\

s r A= P . (C.1.1)
B & p 01p o Q7 2(p+ Tan?)

yoTD 02y Q71— Tum?) O3y
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C.2 Compacted Spin Coefficient Formalism

The spin coefficient formalism described in appendix C.1 has its advantages in the fact
that one operates entirely with scalar quantities, and that the spin coefficients are in
general complex quantities and thus encode twice the amount of information compared to
real quantities. The formalism is most useful when the physical or geometrical problem
in question possesses symmetries, for then many of the spin coefficients vanish or coincide
and the equations in appendix C.1 simplify considerably.

However, there may in general be significant freedom in choosing the frame (I, m,m,n).
In calculations this may introduce quantities that do not in themselves have direct
geometrical meaning—‘gauge quantities’—and detract from the intrinsic geometrical or
physical content of the problem. These issues are of course avoided entirely when using
a fully covariant approach, but in explicit problems this may not always be convenient.
The compacted spin coefficient formalism provides a sort of partially covariant approach,
which turns out to be ideally suited to studying problems in which two null directions
are singled out by the nature of the problem. The problem of studying field asymptotics
on .7 and £~ is of course one such example.

Suppose we have chosen a tetrad (I, m, m,n) satisfying the properties of appendix C.1.
Any transformation of the form

1% — A9, m® — A" Im?, m® — A" am?, n® i A\ Tn (C.2.1)

for a nowhere vanishing complex scalar field A leaves these properties unchanged; there is
a ‘gauge group’, which at each point is seen to be just the multiplicative group of complex
numbers A. The compacted spin coefficient formalism is concerned with dealing with
scalars (or tensors) n that under (C.2.1) transform according to

n = AP\,

We say such a scalar (tensor) has type (or weight) {p,q}, and call n a {p,q}-scalar
(tensor). The vectors I, m, m, n are of course themselves vectors of weight {1,1}, {1, —1},
{=1,1}, and {—1,—1} respectively.

Spin coefficients may be divided into two classes according to whether or not they
are weighted quantities. It turns out that the coefficients &, p, o, 7, v, u, A, ™ are such
quantities, whereas ¢, «, 3, v are not. Indeed, one can check that, for example,

o= Nl

but
B A8+ AL

The types of the weighted spin coefficients are summarised below.

K {3,1} v {-3,—-1}
o {3,-1} | A {-3,1}
p {171} H {_17_1}
T {1,-1} | » {-1,1}.
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For any tensor field there exists a set of weighted scalars defining the tensor field
obtained by contracting the tensor field with various combinations of the vector fields
1*, m® m* n® Clearly the product of a {p,q}-scalar and a {p,¢'}-scalar is a {p +
p',q + ¢ }-scalar. We next wish to introduce derivative operators in such a way that
acting on weighted scalars they produce (differently) weighted scalars. We define for
a {p,q}-scalar (or tensor) 7

bn = (D — pe — ¢&)n,
b'n = (A —py—aq¥)n,
on = (6 — pB — qa)n,
o'n = (6 — pa—qB)n.

One can check that these operators have the following types:

b {11}

5 {1,-1}
y {-1,1}
b/ {_L_l}a

in the sense that, for example, acting on a {p, g}-scalar, b produces a {p+ 1, ¢+ 1}-scalar.
Notice that it is precisely the unweighted spin coefficients e, «, 3, v that get incorporated
in the definitions of b, d, &, p’, and so they get withdrawn from our formalism, leaving
only weighted objects. It can be easily verified that the operators p, 8, &, b’ are additive
and satisfy the Leibniz rule. Since complex conjugation changes the type of a {p,q}
scalar to {q,p}, in order to have the relations

bn = bﬁa @ = 677’
we define
[) = b7 b = b/, 6 = 6/, 6 = 6

The transport equations of appendix C.1 now become

bl* = —km® — Kk, bn® = mm® 4+ 7m?,
ol* = —pm® — om?, o = um® 4+ xm?,
Nl = —om® — pm®, On® = Im® + pm?,
p'l* = - m® — rm?, p'n® = vm® + vm?,
and
pm® = 7l — kn®, pm® = wl* — kn®,
om® = N — on®, om® = ul® — pn?,
m® = ul® — pn?, Fm® = \N* —on

/ — - -
b'm® = vi* — ™, p'm® = vi* — .
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The operators b, d, &, p’ satisfy the commutation relations

Pl=GF+m)0+ (1 +m) —p(—kv + 710+ Uy + By — A) — q(—k + 77 + Uy + Oy — A),
b, 0] = p0 + 00 4+ 7b — kb’ — p(—pk + o + V1) — (=& + pr + Bgy),
0, = (= b+ (p— PP +p(—pp+ oA+ Wy — @11 — A) — g(—fip + A+ Uy — 11 — A),
L] = pd + 50+ 7b — kb — p(—pik + 75 + V1) — q(= Ak + 7p + Poy),
P, 0] = —pud — X' — b’ + b — p(—pv + TA + U3) — g(—ov + pur + $ay),
b, 0] = —pd — Ao — 7D 4+ vb — p(—pv + A + U3) — q(—o0 + a7 + o).

k=2

[b,
[
[
[
[
[

Finally, the curvature equations in terms of the compacted spin coefficient derivative opera-
tors are

bp — 0k = p? + |o|* — kT + wk + By,
bo — 3k = (p+ p)o — (7 — 7)x + o,
pr—br=(T+7T)p+ (T+ 7)o+ Uy + P,
op—a=(p—p)7T+(—fi+p)k— Vi + Qor,
Or —blo = po 4+ Ap+ 7% — ki + Do,
bp—871=—ppi—oX—|7]* + kv — Uy — 2A.

C.3 Specific Christoffel Symbols, Spin Coefficients,
and Curvature Quantities

C.3.1 The Physical Schwarzschild Metric

The non-zero Christoffel symbols associated to the physical Schwarzschild metric

Gap = F(r)dt? — F(r)~1dr? — r2sy,

where F(r) = 1 — 2mr~!, are
LY =Tk = 5P, Th=5F), I, = =5 P,
[ = —rF(r), Iy =T§, = %’ Fiﬁ = Fir = %7
L4y = —1F(r) sin? 4, F¢¢ = —sinf cosb, ng) = Fﬁe = cot 6.
In the coordinates (u,r,0,¢) the Schwarzschild metric takes the form
gap = F(r) du? + 2dudr — r?s,,
and has the associated Christoffel symbols
Ly = —g, 6o =T, iy = rsin? 6,
D= 5F(), T, =T, = g b= —rF(r), Ty =—rsin?0F(r),
1% =19, = % %, =—sinfcosh, TIf =TI = % Iy, =T%, = cot 6.
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The NP spin coefficients associated to the null tetrad

1

a ,a a = a\ __ _} L ! - !
(1%, n®, m®,m%) = (8u QF(T)aT’ O, V2r (89+ smGa ) Var <89 Sinead))

2

(C.3.1)
for the metric gy = F(r)du?® + 2dudr — r?sy are
m
~5,2 0 0
e K
2 1
o A —\4[ cot 0 Q—F(r) 0
= " " . (C.3.2)
o K 2 1
£Cott9 0 -
T v 4r r
0 0 0

With respect to this tetrad the NP curvature scalars for g, are given by

m

by =0, A =0, U, = —5 Vo134 =0.

C.3.2 The Rescaled Schwarzschild Metric
The non-zero Christoffel symbols associated to the rescaled Schwarzschild metric
Gap = R?F(R) du® — 2dudR — so,
where F(R) = 1 — 2mR, are
IY, = R(1—-3mR), T'E =RF(R)(1-3mR), TE =TE =_—R(1-3mR),
fz@ = —sinf cosb, f‘g¢ = f‘ie = cot 6.
The NP spin coefficients associated to the null tetrad

1

<89 + SmQa ) 7 (89 B siril96¢>)

. _ 1
(1%, A% m® m®) = (au + 5R2F(R)<9R, —9p,

7
(C.3.3)
for the metric §o = R?*F(R)du? — 2dudR — s9 are
1
§R(173mR) 00
& R 7
) V2
& ﬁ 2 —TcotG 0 0
R = . (C.3.4)
B & fp 2
o £cot@ 0 0
¥y 7 D 4
0 00

With respect to this tetrad the NP curvature scalars for g, are given by

A o 1 ~ 1 a A
®00,01,02,12,22 = 0, P11 = 5(1 —3mR), A= §mR, Uy =-—mR, Vo134 =0.
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C.3.3 The Einstein Cylinder

The non-zero Christoffel symbols associated to the metric on the Einstein cylinder

eap = A2 — d¢? — sin? ¢(d6? + sin? 0 d¢?)

are
I‘gez—singcosg, I’goz—sin29 sin ¢ cos (,
Fgg = Fg( = cot (, ngb = —sinf cosd,
F?qb = Fic = cot (, F?qb = Fi@ = cot f.

The non-zero components of the Riemann tensors of ¢, are

¢ (SRR ¢ ¢ 2 2
Rage—_R goc — — S G R¢>C¢__R¢¢C__Sm 0 sin” ¢,

9 9 0 9 . .
RCCGZ_R CO(:L R¢9¢:—R ¢¢9:—sm29 SIHZC,
R o= RO =1, Ry = —R%yp = sin” .

The non-zero components of the Ricci tensor of ey, are
Rec=-2,  Rgg=—2sin’(,  Ryp= —2sin’0sin’(,

and the scalar curvature is



A work of art is never finished;
it is simply abandoned.

— Thomas W. Korner
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