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Abstract

This thesis introduces and analyses a numerical method for solving time-

dependent partial differential equations (PDEs) on surfaces. This method

is based on the closest point method, and solves the surface PDE by

solving a suitably chosen equation in a band surrounding the surface. As

it uses an implicit closest point representation of the surface, the method

has the advantages of being simple to implement for very general surfaces,

and amenable to discretization with a broad class of numerical schemes.

The method proposed in this work introduces a new equation in the em-

bedding space, which satisfies a key consistency property with the sur-

face PDE. Rather than alternating between explicit time-steps and re-

extensions of the surface function as in the original closest point method,

we investigate an alternative approach, in which a single equation can

be solved throughout the embedding space, without separate extension

steps. This is achieved by creating a modified embedding equation with

a penalty term, which enforces a constraint on the solution.

The resulting equation admits a method of lines discretization, and can

therefore be discretized with implicit or explicit time-stepping schemes,

and analysed with standard techniques. The method can be formulated

in a straightforward way for a large class of problems, including equations

featuring variable coefficients, higher-order terms or nonlinearities.

The effectiveness of the method is demonstrated with a range of examples,

drawing from applications involving curvature-dependent diffusion and

systems of reaction-diffusion equations, as well as equations arising in

PDE-based image processing on surfaces.
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Chapter 1

Introduction

Partial differential equations (PDEs) defined on curved surfaces appear in many di-

verse physical and biological systems and applications. Examples include fluid flow

on surfaces [MCC02], the diffusion of chemicals in cell growth and morphogenesis

[Mur03], and texture mapping in computer graphics [Tur91].

The numerical solution of these equations and treatment of surface differential

operators is an area of active research. Some methods work directly on the surface,

using either a parameterization (for a survey, see [FH05]), or a triangulation of the

surface [DE07b, DMS13, LXZ08]. An alternative approach is to use an embedding

(Eulerian) method, in which a related equation is solved in the space surrounding the

surface. The solution of this equation is then restricted to the surface to obtain a

solution of the original PDE. Eulerian methods which use a level set representation of

the surface include the framework of [BCOS01, Gre06] for variational problems, and

finite element methods on implicit surfaces [Bur09, DDEH10]. A different embedding

approach is the closest point method [RM08, MR09], which instead represents the

surface using a closest point map, making it more general with respect to surface

geometry and codimension.

1.1 Overview

This thesis is based on the closest point method, a simple embedding method for the

numerical solution of PDEs on surfaces. It is applicable to a large class of surface ge-

ometries, and is straightforward to implement using standard well-studied numerical

techniques on Cartesian grids [RM08]. It has been applied to a variety of problems,

including eigenvalue problems [MBR11], in-surface interface motion [MR08], and fluid

effects on surfaces [AMT+12, KTT13].

1



1.1. OVERVIEW 2

The closest point method uses an implicit representation of the surface, and is

based on formulating an embedding equation for a function in the ambient space sur-

rounding the surface. It is required that the embedding equation should be consistent

with the surface PDE, in the sense that a solution of this embedding equation, when

restricted to the surface, is a solution of the original surface PDE. In this work,

we propose a new embedding equation, for which we can show that this consistency

property is satisfied, with the additional property of admitting a method of lines

discretization, thus allowing the use of higher-order time-stepping schemes.

To specify the method, we first introduce a framework for mapping between func-

tions on the surface and in the embedding space, based on linear extension and

restriction operators. We then use these operators to derive the extended closest

point equation for a given time-dependent PDE, and show that there is a one-to-

one correspondence between solutions of the extended and original surface equations.

This consistency is enforced by a constraint on the solution of the embedding equa-

tion. The new equation is simple to discretize and solve numerically using a standard

method of lines approach. This approach generalizes the stabilized implicit closest

point method of [MR09], and has the advantage that it can be adapted to a very

general class of problems.

The closest point method has increasingly found applications in image processing

and graphics, such as fire simulation [HZQW10] and image segmentation [TMR09].

As an application of the method introduced in this work, we turn to problems in PDE-

based image processing. These PDE models generalize image processing methods for

planar images to the setting of images or textures defined on surfaces. We consider

standard examples from this field, such as image denoising and image inpainting, and

demonstrate the simplicity and effectiveness of the method.

1.1.1 The closest point method

Suppose we want to solve a time-dependent PDE defined on a curved surface. The

closest point method [RM08] uses the fact that the surface is embedded in Rn, and

represents the surface by a retraction based on Euclidean distance. For every point x

in this surrounding space Rn, the retraction returns a surface point which is closest

to x (see Figure 1.1). We call this retraction a closest point function, denoted by cp.

A function defined on the surface can be extended off the surface into the sur-

rounding space by assigning to each point x the value of the surface function at cp(x).

The key observation is that this function is now constant in the direction normal to

the surface. It will be shown that surface gradients and surface divergences of the
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Figure 1.1: Closest point functions for surfaces embedded in R2 and R3.

original function agree with the standard Cartesian operators of the extended function

at the surface [MM12]. We call these ideas the “gradient principle” and “divergence

principle” [RM08]. These principles are used to derive a simpler analogous PDE prob-

lem in the embedding space (for example, replacing surface intrinsic diffusion with

the bulk or Cartesian diffusion). More general closest point functions are introduced

in [MM12], using notions other than Euclidean distance to determine the mapping

between the surrounding space and the surface.

We introduce the method of [RM08] with a simple example. Let S be a smooth

compact surface without boundary embedded in Rn, and let u(t, y) be a C2 scalar

function on S. Consider the surface diffusion equation,

ut(t, y) = ∆Su(t, y), y ∈ S (1.1)

subject to an initial condition u(0, y) = u0(y).

For a suitably chosen neighbourhood of the surface B(S) in Rn (referred to as the

band, see Figure 1.2), we define a smooth closest point function cp : B(S)→ S, which

maps points in the band to points on the surface. Typically, this will be the point

closest in Euclidean distance on the surface, but this may be made more general in

certain cases [MM12], provided that the manifolds of constant cp intersect the surface

orthogonally. Thus if we assign to each point x in B(S) the value of the function u

at the surface point cp(x), then the gradient of the resulting function u(cp(x)) will

be tangent at the surface.

The surface differential operator (Laplace–Beltrami operator) may then be re-

placed at the surface by a standard (Cartesian) Laplacian, so that

ut(t, y) = ∆[u(t, cp(y))], y ∈ S. (1.2)
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We consider now a function ū, defined in the whole of B(S), and write down an

analogous PDE in the surrounding space:

ūt(t, x) = ∆[ū(t, x)], x ∈ B(S), (1.3)

where ū0(x) = u0(cp(x)) is obtained through an extension of the initial surface func-

tion u. This new equation involves no surface differential operators, and can be

approximated using existing numerical discretizations. Note however, that the clos-

est point principles hold only for points on the surface. If this analogous PDE (1.3)

is solved throughout the embedding space, the restriction of the solution to the sur-

face may no longer be a solution of the original equation. The approach of the

explicit closest point formulation of [RM08] is to compute the numerical solution at

the next time step using an explicit time-stepping scheme, before a re-extension of

the function ū is performed to correct the values away from the surface. The resulting

semi-discrete scheme can then be expressed as a two-step explicit method in the form

of [RM08, MR08]: for example, with forward Euler time-stepping, we compute the

intermediate step

˜̄un+1(x) = ūn(x) + ∆t∆ūn(x), x ∈ B(S), (1.4)

followed by a re-extension of the values on the surface,

ūn+1(x) = ˜̄un+1(cp(x)), x ∈ B(S), (1.5)

where ūn denotes the approximation to the solution at time step tn = n∆t for all

n ≥ 0. We note that this approach is not a method of lines, so the standard analysis

of time-stepping schemes does not apply.

An implicit version of the closest point method is described in [MR09], allowing

application to stiff problems, such as those involving biharmonic or higher-order op-

erators. To ensure stability, this formulation includes a stabilizing term, which can

be related to the approach of this thesis (see Section 3.4.1).

1.1.2 A constrained formulation

The requirement that the extended PDE should be consistent with the surface equa-

tion can be enforced by a constraint on the solution of the equation. In this work, we

propose a constrained formulation of the extended equation as follows.

The solution of a given time-dependent surface PDE is a function u, which is

defined only for points on the surface. We consider again a function v which is
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Figure 1.2: Calculations are performed in a narrow band surrounding the surface.
The figure shows a surface embedded in R2, and values of a function defined on a
Cartesian grid in the narrow band.

defined for all points in a band B(S) surrounding the surface, and require v|S to be a

solution of the surface PDE. Based on the extension operators defined in Chapter 2,

we formulate an equation for v which is now consistent with the original surface

equation in all of B(S),

vt(t, x) = E∆v(t, x), (1.6)

subject to the constraint

v(t, x) = Ev(t, x). (1.7)

Here, the extension operator E is defined by Ev := v(t, cp(x)) (see Section 2.3). The

constraint or side condition that v is a closest point extension is enforced by adding

a penalty term to the equation, resulting in a single equation

vt(t, x) = E∆v(t, x)− γ(v(t, x)− Ev(t, x)), x ∈ B(S), t ∈ (0, T ), (1.8)

where γ ∈ R is a penalty parameter. We will show that the restriction to the surface

of a solution of this equation is a solution of the original surface PDE.

If the resulting Cartesian differential operators and extension operators are dis-

cretized in space as in [MR09], we obtain an ordinary differential equation in the

computational band. We therefore have a method of lines formulation of the closest

point method, and thus can use higher-order time discretizations, such as Runge–

Kutta methods.

We demonstrate the effectiveness of the method with examples of evolutionary

PDEs on smooth surfaces such as the unit sphere in R3, as well as triangulated surfaces

without parameterizations. We begin by implementing surface diffusion equations
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based on the Laplace–Beltrami operator, and then generalize the method to higher-

order operators, such as the biharmonic operator. More general cases of surface

diffusion, in particular nonlinear and curvature-dependent diffusion, are shown to be

simple to handle with this formulation.

Finally, we turn to applications in PDE-based image processing. Common tech-

niques for enhancing images, such as denoising, deblurring, and inpainting (for a

review, see [CS05]) can be applied to images defined on manifolds [Kim97, SK05].

The algorithm uses standard PDE models in image processing as a starting point,

with small modifications to apply them to surface images. Applications such as sur-

face image denoising [BvGMM13] are demonstrated, and results are shown on various

triangulated and parameterized surfaces.

1.1.3 Contributions of this thesis

The main original contribution of this thesis is the penalty formulation of Chapter 3,

based on a proof that a solution of the penalized embedding equation, when restricted

to the surface, results in a solution of the surface PDE. The derivation of the mod-

ified embedding equation relies on the introduction of new extension and restriction

operators, along with certain properties of these operators (Section 2.3 and onwards).

The analysis of the resulting discrete scheme is presented in Chapter 4, along with

numerical convergence studies. Certain results and numerical studies also appear in

[vGMM14]. The thesis then contributes new applications of the closest point method,

in particular image inpainting and curvature-dependent reaction-diffusion equations

on surfaces. Some examples of Chapter 6 appear in [BvGMM13].

1.2 Numerical approaches to surface PDEs

In this section, we review methods for computing numerical solutions of surface partial

differential equations. These approaches can often be assigned to one of two types:

those intrinsic to the surface, and those which embed the surface into the surrounding

space.

1.2.1 Surface intrinsic methods

Intrinsic methods are those which use either a parameterization of the surface or

create an approximation to it, and then solve the PDE directly on the parameterized
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or approximated surface. Discrete versions of the differential operators are formulated

using, for example, finite difference or finite element discretizations.

A tutorial and survey of surface parameterization is found in [FH05]. For a simple

surface such as the sphere, a global parameterization can be constructed in terms of

polar coordinates. However, many surfaces of interest do not admit such parameteri-

zations, and indeed these polar coordinates result in singularities even on this smooth

surface. Due to their importance in models of geophysical flows (e.g. [LR01]), partial

differential equations on the sphere have been well-studied. Various alternative grids

which are more regular have been constructed over the sphere, for example by using

projections of inscribed polyhedra, or using mappings of Cartesian grids onto the

surface [CHL08].

For non-parameterized surfaces, a discrete approximation can be constructed, such

as a piecewise polygonal approximation of a surface embedded in R3. Partial differ-

ential equations on such surfaces are considered in [Dzi88], where a discrete version

of the Laplace–Beltrami operator for triangulated surfaces is introduced, and surface

finite element spaces constructed on the triangulation. The method is extended to

parabolic equations on stationary surfaces in [DE07b], and further to the evolving

surface finite element method for time-dependent surfaces [DE07a]. Applications in

biological models such as cell motility [ESV12] have been studied using this formula-

tion. A review of these and other methods is found in [DE13].

An alternative finite element method, using finite element spaces obtained by the

projection of an outer triangulation, is described in [ORG09, OR10]. A framework

for intrinsic image processing on surfaces is presented in [LC11], in which discrete

differential geometry operators are formulated directly on triangulated surfaces.

1.2.2 Embedding methods

In embedding methods, the surface is considered as a subspace of an ambient space,

and computations are carried out in this surrounding space. After an extended equa-

tion has been solved, the solution is restricted back to the surface. Note that the

embedding formulation for moving surfaces is also referred to as an Eulerian formu-

lation (e.g. [Gre06, DE08, XZ03] ).

Many such methods use a level set representation of the surface [OS88, OF03],

in which the surface is defined implicitly as the zero level set of a function in the

ambient space. Many surface quantities, such as surface normals, can be expressed

simply in terms of the level set function. These methods apply to hypersurfaces only,

i.e., surfaces with codimension one.
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An implicit framework for variational surface problems based on a level set for-

mulation is introduced in [BCOS01]. Gradients in the embedding space are expressed

in terms of projections onto the tangent spaces of the level sets, and finite difference

schemes are then used to compute the solution of the embedding equation. A mod-

ified version appears in [Gre06], which takes into account effects due to curvature

away from the surface. This is also adapted to fourth-order PDEs in [GBS06].

A finite element approximation for elliptic problems is introduced in [Bur09], in

which the level set formulation above is used to define and analyse extended finite

element spaces. An Eulerian finite element method is also used in [DE08] to treat

parabolic problems, and extended to implement transport and diffusion on evolv-

ing surfaces [DE10]. A related narrow band method [DDEH10] uses unfitted finite

element spaces in a narrow band surrounding the surface.

An alternative approach to surface problems, involving traits of both intrinsic

and embedding methods, uses radial basis functions (RBFs) [FW13, SWKF14]. The

surface is represented at scattered nodes, and surface derivatives are approximated by

differentiating the RBF interpolant. Another RBF-based approach is the orthogonal

gradients (OGr) method [Pir12], in which RBFs are used to reconstruct an implicit

level surface in the embedding space. The gradients in the normal direction to the

surface are forced to vanish, allowing a closest point approximation of the differential

operators in the embedding space.

Surfaces are increasingly being represented in the graphics community as sets of

sampled points, or point clouds, rather than triangulated meshes. The point clouds

are defined explicitly in a surrounding space, making an embedding method a natural

choice for solving equations on the surface (e.g. [LZ13, MMR13]). Differential opera-

tors can be represented in the surrounding space using convolution kernels [MMR13].

The surface could instead be stored implicity as a set of points which are the

‘footprints’ (closest points) of the grid points of an underlying Cartesian grid, as in

the grid based particle method [LZ09, LLZ11] for moving surfaces. The surface is

represented using meshless particles, which are moved at each time step according

to the interface motion. The surface is locally reconstructed, and the closest point

representation is resampled at each time step.

Embedding methods have also been used for solving eigenvalue problems using

both level set [Bra08] and closest point [MBR11] formulations.
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1.2.3 Discussion

The choice of an intrinsic or embedding method may depend on the problem consid-

ered. Intrinsic methods have an advantage in computational efficiency, since they do

not increase the dimension of the problem. However, embedding methods can often

be constructed in a narrow band surrounding the surface (e.g. [DDEH10, RM08]),

where the width of the band scales with the mesh size of the computational grid, so

that the number of degrees of freedom of the problem is only a small constant multi-

ple of the number of degrees of freedom on the surface. The closest point method, in

particular, does not require that the boundary of the computational band is a level

set, and artificial boundary conditions are not specified at the boundaries of the band.

When considering moving surfaces, embedding methods can handle topological

changes of the surface, such as droplets coalescing or splitting, which are difficult to

formulate using the parameterizations or triangulations of intrinsic methods. In ad-

dition, level set and closest point methods do not require remeshing at each timestep,

although local interpolation may be used to reconstruct the surface.

Level set-based embedding methods require that the surface is a closed hyper-

surface, while methods based on closest point [RM08, MR08] or grid based particle

representations [LZ09, LLZ11] may be more flexible with respect to the topology

and codimension of the surface. Problems involving surface to bulk coupling can be

handled simply with the closest point method [MMR13].

In practice, the choice of method may depend on the given representation of

the surface, for example an initial triangulation, point cloud, or implicit surface,

although fast methods exist to convert between explicit and implicit representations

(e.g. [Set96]).

1.3 Representations of surfaces

In the remainder of this chapter, we define notation used throughout the thesis, and

specify properties of the sets we refer to as surfaces (in this case, embedded subman-

ifolds of Rn). In later chapters, the introduction of a closest point representation will

encode the geometry of the surface into a closest point map. This will allow partial

differential equations on surfaces to be defined without charts and atlases.

We first review definitions of surfaces, implicit surfaces, and the associated tangent

and normal spaces. The embedding band, in which numerical computations will be

performed, is then introduced. This is followed by definitions required to perform

calculus on surfaces, such as functions on surfaces, as well as surface differential
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operators. Finally, some geometric properties of surfaces relating to curvature are

introduced. Most notation follows that of [MM12] or [DE13]. Further references for

calculus on smooth manifolds are [Lee09] and [Sim84].

1.3.1 Submanifolds of Rn

Define an embedding space to be Rn, with n ∈ N. We call a subset M ⊂ Rn a k-

dimensional submanifold of Rn if, for every point y ∈M, there is an open neighbour-

hood U ⊂ Rn of y and an open set W ⊂ Rn, such that there exists a homeomorphism

ϕ : U → W with

ϕ(U ∩M) = W ∩ Rk
0, (1.9)

where Rk
0 = {x ∈ Rn : x = (x1, ..., xk, 0, ..., 0)} [BG88]. Informally, we say the

submanifold looks locally like Rk.

In this work, we will call such a submanifold a surface, denoted by S. Note that we

use the term surface to mean a submanifold of any dimension k ≤ n in an embedding

space Rn, rather than using a common definition which is restricted to the case n = 3,

k = 2. Note also that we allow the definition of a surface to include the codimension-0

case, where k = n and S is an open set in Rn.

The smoothness of the surface is determined by the smoothness of the maps ϕ.

We say that S is a Cr surface if, for all points y ∈ S, there exists a function ϕ as

above which is a Cr diffeomorphism in U . If the surface is Cr for all r ≥ 0, then we

say S is a smooth or C∞ surface.

The surface S is said to be a closed surface if it is closed as a set in Rn, and it is

compact, if it is closed and bounded. Under the definition of the submanifold above,

a closed surface has no boundary.

1.3.2 Implicit surfaces and level set functions

Define the codimension of the surface to be codimS = n−k, the difference in dimen-

sions of the embedding space and the surface. We call a surface with codimension

one a hypersurface. A C1 hypersurface S can be represented locally as the zero level

set of a C1 function φ : U → R, satisfying ∇φ(x) 6= 0, ∀x ∈ S ∩ U . For example, we

can choose φ to be the nth component of the map ϕ : U → W . Locally, the surface

is given implicitly by the zero set

S ∩ U = {x ∈ U |φ(x) = 0}. (1.10)

Note that the choice of φ is not unique.
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A common choice is the signed distance (also called oriented distance) function.

If the surface is the boundary of a bounded open set Ω ⊂ Rn, so that S = ∂Ω ⊂ Rn,

then the signed distance to the boundary is defined as

sd(x) :=

{
infy∈S |x− y| x ∈ Ω̄,
− infy∈S |x− y| x ∈ Rn\Ω̄. (1.11)

The function sd is Lipschitz continuous on Rn. If S is a Cr hypersurface with r ≥ 2,

then sd is Cr in a neighbourhood of the surface [GT01], and satisfies the Eikonal

equation |∇sd| = 1. Note that the convention here is chosen with sd > 0 in the

interior of Ω and sd < 0 in the exterior of Ω.

We will use sd(x) to denote the signed distance function, and d(x) to denote the

Euclidean (unsigned) distance function

d(x) := dist(x,S), x ∈ B(S). (1.12)

1.3.3 Tangent and normal spaces

In the following section we restrict our attention to C1 surfaces. For a point y ∈ S,

we define a tangent vector at y to be a vector τ ∈ Rn, which is tangent to some

differentiable curve γ : (−ε, ε)→ Rn passing through y, with γ(0) = y, γ′(0) = τ , and

γ((−ε, ε)) ⊂ S. The tangent space TyS at y is a vector space of dimension k spanned

by all tangent vectors at y.

The normal space NyS at y consists of all vectors ν ∈ Rn perpendicular to the

tangent space TyS. We can choose a basis of orthonormal vectors spanning the normal

space at each point.

In the case of a hypersurface, a unit normal vector at y ∈ S is given by

ν(y) =
∇φ(y)

|∇φ(y)| , y ∈ S, (1.13)

where φ(x) is a level set function representing S (1.10). This has a natural extension

ν(x) = ∇φ(x)
|∇φ(x)| , defined in a neighbourhood U of the surface, where ν(x) is now the

normal to the particular level set which goes through the point x ∈ U . We require that

∇φ(x) 6= 0 in U . If the level set function is chosen to be the signed distance function

φ(x) = sd(x), then the unit normal vector simplifies further to ν(x) = ∇sd(x).

A hypersurface is called orientable if there exists a continuous vector field ν :

S → Rn such that ν(y) is a unit normal vector to S for all y ∈ S. For surfaces

of higher codimension, in which the normal space has dimension greater than 1, we
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define orientability as the existence of n − k continuous vector fields νi which span

the normal space.

We now introduce the orthogonal projection operator Py : Rn → TyS. For hyper-

surfaces, we can represent Py as

Py = I − ν(y)ν(y)T = I − (∇φ(y))(∇φ(y))T

|∇φ(y)|2 , y ∈ S. (1.14)

In general, for surfaces of higher codimension, we have

Py = I −
n−k∑
i=1

νi(y)νi(y)T , y ∈ S, (1.15)

where the n− k orthonormal vectors νi(y) span the normal space NyS.

The operator Py above is only defined for surface points y ∈ S. For hypersurfaces,

we define a natural generalization of the projection operator in a neighbourhood U

of the surface. Let Px : Rn → TxSφ, where TxSφ is the span of all vectors which are

tangent at x to the level set of φ passing through x ∈ U , and

Px := I − ν(x)ν(x)T = I − (∇φ(x))(∇φ(x))T

|∇φ(x)|2 , x ∈ U. (1.16)

Since ν(x) is normal to the level set of φ intersecting x, the operator Px projects

vectors v ∈ Rn onto the tangent space of the level set at the point x ∈ U .

1.3.4 Embedding band

We will perform computations in a neighbourhood B(S) ⊂ Rn of the surface S. We

refer to an open set B(S) with S ⊂ B(S) ⊂ Rn as a band or embedding band around

S. The existence of this neighbourhood is sufficient for the existence of retractions

to the surface (see Lemma 2.1.2), which will later be used in the definition of closest

point functions.

The boundary ∂B(S) of the embedding band is not required in general to be a

level set, however in certain cases we will use a band of fixed width. We write Bα(S)

for a band of width α about S, i.e.,

Bα(S) := {x ∈ Rn : dist(x,S) < α}. (1.17)
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1.4 Calculus on surfaces

Surface partial differential equations are formulated in terms of differential operators

that are intrinsic to the surface. We introduce some of these operators below.

1.4.1 Functions on surfaces

With the notation of Section 1.3.1, we will say that a function u : S → R is in C l(S)

if u ◦ ϕ−1 : W ∩ Rk
0 → R is l-times continuously differentiable for any pair (U , ϕ)

satisfying (1.9). This requires that the surface is smooth enough, i.e., that S is at

least C l. If u ∈ C l(S) for all l ≥ 0, then we say u is smooth, or C∞(S).

We say that a vector-valued surface function f : S → Rm is in C l(S;Rm) if each

component of f is C l(S). A surface vector field is a function g : S → Rn, with n the

dimension of the embedding space. If g(y) ∈ TyS for all points y ∈ S, then g is called

a tangential vector field.

We can introduce norms on functions over the surface. For a bounded continuous

function u, let the maximum and L2 norms be defined by

||u||∞,S := sup
y∈S
|u(y)|, (1.18)

||u||2,S :=

(∫
S
|u(y)|2ds(y)

) 1
2

, (1.19)

where ds(y) is the surface Lebesgue measure (the k-dimensional Hausdorff measure).

The function u above is defined only on the surface. In order to work in the

embedding space, we consider a related function in a neighbourhood of the surface.

We call a function ū : B(S)→ R a regular extension of u into B(S), if ū is as smooth

as u, and agrees with u on the surface, so that ū(y) = u(y) for y ∈ S. In Chapter 2,

we show that such regular extensions exist for sufficiently smooth surfaces.

1.4.2 Surface differential operators

Differential operators on surfaces can often be defined through projections. Let u be

in C1(S), and ū be a regular extension of u into B(S). The surface gradient of u can

be expressed as

∇Su(y) = Py∇ū(y), (1.20)

where Py is the projection operator onto the tangent space TyS. The gradient is

independent of the choice of extension ū of the surface function u (e.g. [DE13, Lemma

2.4]).
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For f ∈ C1(S;Rm), and g ∈ C1(S;Rn), we express the surface Jacobian and

divergence operators as

DSf(y) = Df̄(y)Py, (1.21)

divS g(y) = tr(Dḡ(y)Py). (1.22)

Many higher-order operators can be constructed as compositions of the above dif-

ferential operators. For example, the Laplace–Beltrami operator (surface Laplacian)

is defined by

∆Su := divS∇Su, u ∈ C2(S). (1.23)

1.4.3 Mean curvature

In this section, we use the signed distance function to define the curvature of the

surface. For a C2 hypersurface S, the Weingarten map or shape operator is given by

the Hessian of the signed distance map

H(x) = D2sd(x). (1.24)

The eigenvalues of this matrix, denoted κi, are called the principal curvatures of the

surface. The trace of the Weingarten map is called the mean curvature, denoted κ,

κ(x) := tr (H(x)) =
k∑
i=1

κi(x). (1.25)

The function κ(x) gives the mean curvature of the level set at the point x. If κ is

evaluated at a point y ∈ S, this is equal to the mean curvature of the surface S at

y. Note that there are different definitions of mean curvature; here, as is common in

the level set community, we have not divided by the dimension k.

Since the normal vector can be expressed in terms of the signed distance function

as ν(x) = ∇sd(x), we also have that

κ(x) = tr
(
D2sd(x)

)
= div ν(x). (1.26)

1.5 Outline of thesis

The thesis proceeds as follows. Chapter 2 begins with a review of calculus on surfaces

with closest point functions [MM12]. We then introduce new extension operators

based on these closest point functions, and describe their properties. These opera-

tors are used to derive the gradient and divergence principles of [RM08, MM12]. In



1.5. OUTLINE OF THESIS 15

Chapter 3, we formulate a new embedding equation, which is consistent with the

original surface PDE, and includes a constraint enforced through a penalty term.

The discretization of this equation, using a method of lines, is then described in

Chapter 4, and the consistency and stability properties of the numerical scheme are

investigated. Chapter 5 presents applications of the method to diffusion equations,

including reaction-diffusion and curvature-dependent diffusion. Finally, applications

in image processing on surfaces, such as image denoising and inpainting, are demon-

strated in Chapter 6.



Chapter 2

Closest Point Representations and
Extensions

The closest point method is formulated in terms of an implicit representation of the

surface, using a closest point map. For each point x in the surrounding space B(S),

a point on the surface cp(x) is defined, and the surface is then represented implicitly

as the set of fixed points S := {x ∈ B(S) | x = cp(x)}. This representation allows us

to compute gradients of functions on the surface, avoiding the manipulation of charts

and atlases. In addition, it is defined for surfaces of general codimension and is not

restrictive with respect to the topology of the surface.

In the closest point method introduced in [RM08], the point cp(x) was defined to

be the point on the surface closest in Euclidean distance to x. In this work, we use a

more general definition from [MM12] for a closest point function, as a retraction from

B(S) to S, with the additional property that the manifolds of constant cp intersect

the surface orthogonally. When composed with the map cp, a function u ◦ cp will

therefore be locally constant in the direction orthogonal to the surface.

This chapter begins with a discussion of regular extensions and retractions. We

show that, given a continuous function u on a sufficiently smooth surface S, we can

construct a regular extension ū in a band around the surface, which has the same

smoothness as u, and agrees with u when restricted to S. We then state the definition

of a closest point function as a retraction [MM12], and give an alternative proof that

such functions exist and are well-defined in a certain band.

The operators underlying the contributions of this thesis are then introduced in

Section 2.3. The closest point function cp is used to construct a new linear extension

operator ES, which maps a function u on the surface to a function v in the embedding

space, with v = ESu := u ◦ cp. We analyse properties of the continuous operator ES

16
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and the corresponding restriction operator, and give examples for various surfaces.

These operators are then used to rederive principles from [RM08, MM12], relating

the gradient and divergence operators of the function u on the surface to the corre-

sponding Cartesian differential operators of the function v. Finally, we show that the

explicit and implicit closest point methods of [RM08, MR09] can be expressed in a

simple way using this new formulation.

2.1 Surfaces and embedding bands

In the following, let S be a surface of dimension k, embedded in Rn, n ≥ k, with a

neighbourhood or embedding band B(S) ⊂ Rn containing the surface S.

2.1.1 Retractions and extensions

In order to solve a differential equation given on the surface, we formulate and solve

a related equation in the surrounding embedding band. We aim to construct an

equation which is consistent with the original problem on the surface, i.e., such that

the solution of the new embedding equation, when restricted to the surface, is a

solution of the original equation. We then wish to show that the solution of the new

equation will be more amenable to discretization with standard numerical schemes,

compared to previous formulations of the closest point method.

With a view to relating solutions of these equations, we review here some simple

concepts from differential geometry (e.g. [Hir76, Lee09]). In particular, we discuss

extensions of functions on the surface into the surrounding band, and retractions from

the embedding space onto the surface. Starting with a C l(S) function u, we define

an extended function v in B(S), where u and v agree on S. If we can choose the

function v to be in C l(B(S)), then we say that v is a regular extension of u. We will

show in later sections that this property is satisfied for smooth surfaces if we choose

an extension based on a closest point map. In this section, we first show that regular

extensions exist, constructed from general retractions onto the surface.

Definition 2.1.1. A retraction from a set U onto a subset V ⊂ U is a continuous

map ρ : U → V such that ρ|V is the identity map on V .

Lemma 2.1.2 ([MM12]). Let S be a Cr surface, with r ≥ 0. Then for each y ∈ S,

there exists a neighbourhood U of y and a Cr retraction ρ : U → S ∩ U .
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Proof. Recall that since S is an embedded submanifold of Rn, for each point y ∈ S
there exists a neighbourhood U ⊂ Rn of y and a Cr diffeomorphism ϕ : U → W ⊂ Rn,

such that ϕ(S ∩ U) = W ∩ Rk
0, where Rk

0 = {x ∈ Rn : x = (x1, ..., xk, 0, ..., 0)}. Let

π : Rn → Rk
0 be the orthogonal projector onto Rk

0. Then define ρ : U → S ∩ U by

ρ = ϕ−1 ◦π ◦ϕ, which is also a Cr map. Since ρ(y) = ϕ−1 ◦π ◦ϕ(y) = ϕ−1 ◦ϕ(y) = y

for y ∈ S ∩ U , it follows that ρ is a retraction.

Note that Lemma 2.1.2 gives the existence of local retractions, used in [MM12].

In this work we use a partition of unity to extend this proof to the existence of a

global regular extension.

Lemma 2.1.3. Let S be a compact Cr surface, with r ≥ 0. Then there exists a

neighbourhood U ⊂ Rn of S, such that for any function u ∈ C l(S) with l ≤ r, there

exists a regular extension ū ∈ C l(U) with ū|S = u.

Proof. For each y ∈ S, let (Uy, ρy) be as in Lemma 2.1.2. Then {Uy}y∈S is an

open cover of S. Since S is compact, there exists a finite subcover {Uk}Nk=1 of S
with corresponding retractions ρk. By [AF03, Theorem 3.15], there exists a partition

of unity for S subordinate to {Uk}Nk=1 given by {ψk}Nk=1, with ψk ∈ C∞0 (Uk), and∑N
k=1 ψk(y) = 1 for all y ∈ S.

Define the local extension ūk : Uk → R by ūk(x) = u(ρk(x)), with ρk(x) a local

retraction on Uk as in Lemma 2.1.2. Each ūk is in C l(Uk), since ρk is a Cr retraction,

u is a C l(S) function, and l ≤ r. Then for the neighbourhood U :=
⋃N
k=1 Uk of S, the

global extension ū : U → R can be defined as ū(x) :=
∑N

k=1 ψk(x)ūk(x). For y ∈ S,

we have

ψk(y)ūk(y) =

{
ψk(y)u(y) if y ∈ Uk,
0 if y /∈ Uk, (2.1)

so that

ū(y) =
N∑
k=1

ψk(y)ūk(y) =

(
N∑
k=1

ψk(y)

)
u(y) = u(y), (2.2)

as required.

2.2 Closest point functions

In the previous section, a regular extension ū of u was defined though the use of local

retractions. We now make use of a particular global retraction that has additional

useful properties. The following general class of retractions cp : B(S)→ S that map

points in a neighbourhood to the surface was introduced in [MM12].
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Definition 2.2.1 (Closest Point Function [MM12]). Let S be a surface, and B(S) a

neighbourhood of S. The map cp : B(S)→ S is called a closest point function, if cp

is a C1-retraction and Dcp(y) = Py for all y ∈ S.

Recall that Py is the projection operator that maps vectors in Rn onto the tangent

space TyS at a point y on the surface. A continuously differentiable retraction cp is

therefore a closest point function if the Jacobian matrix Dcp is a projection at the

surface. This key property is required for the proof of identities relating surface dif-

ferential operators to differential operators in the embedding space, and is equivalent

to a local characterization of the pre-image of the function cp at the boundary; we

state the following result from [MM12, Theorem 3.7] without proof.

Lemma 2.2.2 (Geometric characterization of closest point functions [MM12]). Let

cp be a closest point function, and y ∈ S. The pre-image cp−1(y) is locally a C1

manifold, and intersects the surface orthogonally at y.

Since the manifold of constant cp is locally orthogonal to the surface, the compo-

sition u ◦ cp : B(S) → R is constant in any direction in the normal space NyS. We

say that the map cp propagates data perpendicularly off the surface.

The name ‘closest point’ originally referred to the function introduced in [RM08],

which returns the point on the surface that is closest to x in Euclidean distance. How-

ever, Definition 2.2.1 is more general, and includes for example functions constructed

from steepest descent trajectories of non-Euclidean distance functions [MM12].

In the following section, we show the existence of cp functions using the example

of the original Euclidean closest point function, and relate the smoothness of these

functions to that of the surface. We will concentrate on the case of hypersurfaces, as

in e.g. [DE13, Gre06, ORG09].

2.2.1 Euclidean closest point function

A special case of a closest point function ecp : B(S) → S was first introduced in

[RM08], based on Euclidean distance to the surface.

Definition 2.2.3 (Euclidean Closest Point Function). Let S be a compact surface,

and B(S) a neighbourhood of S. Under certain assumptions on S, the Euclidean

closest point function ecp : B(S)→ S is defined by

ecp(x) := argminy∈S |x− y|, x ∈ B(S). (2.3)
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It is clear that ecp(y) = y for points y ∈ S, so this function is a retraction onto S,

provided that it is continuous. Additional assumptions on the smoothness of S are

required to ensure that this definition is well-defined. We now show that, at least for

a particular class of surfaces, the value of ecp(x) is unique inside a band surrounding

the surface, and the function ecp is one order less smooth than S.

Following [GT01], we define a local coordinate system in a neighbourhood of the

surface, which involves a closest point type representation (see Figure 2.1).

Lemma 2.2.4. Let S be a compact C2 hypersurface, such that S is the boundary of

a connected open set Ω. Then there exists α > 0 such that each point x in a band

Bα(S) of width α about S can be written uniquely as

x = a(x) + sd(x)ν(a(x)), (2.4)

for some a(x) ∈ S, where ν(a(x)) is the normal to the surface at this point, and sd(x)

is the signed distance function to the surface.

Proof. By hypothesis, the compact hypersurface S is the boundary of a region Ω ⊂
Rn, where S = ∂Ω is C2. Therefore, the boundary ∂Ω satifies a uniform interior

sphere condition [GT01], i.e., there exists δ1 > 0, such that for each point y ∈ S,

there exists z ∈ Ω such that the ball B = B(z, δ1) ⊂ Ω with |y− z| = δ1. The surface

also satisfies a uniform exterior sphere condition, with minimum radius δ2.

Now for any ε < δ1, if a point x satisfies dist(x,S) = ε, then the ball B(x, ε) lies

inside a ball B(z, δ1) ⊂ Ω. There exists therefore a unique y ∈ S, with B̄(x, ε) ∩ S =

{y}. The point y is the unique closest point on the surface to x, and x − y is

perpendicular to the tangent space at y, so that x− y = |x− y|ν(y), with a suitable

choice of the normal orientation.

Then we can write a(x) = y, so that x = a(x) + sd(x)ν(a(x)), where sd(x) =

infy∈S |x−y| inside Ω. Using the exterior sphere condition, we find that a similar result

holds outside of Ω, with an opposite choice of sign for the normal. This representation

is therefore unique in a band of width α := min(δ1, δ2) about the surface.

We now define ecp(x) := a(x) = argminy∈S |x − y|, as in Definition 2.2.3. From

Lemma 2.2.4, this closest point is unique inside Bα(S).

For a Cr hypersurface S, with r ≥ 2, the signed distance map sd is Cr in some

neighbourhood B(S) [GT01, Lemma 14.16]. From (2.4), ∇sd(x) = ν(a(x)), and

|∇sd(x)| = 1. It follows that the Euclidean closest point map can be expressed in

terms of the signed distance function as

ecp(x) = x− sd(x)∇sd(x). (2.5)
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Bα(S)

S
α

αcp(x)

sd
x

Figure 2.1: Each point x in the band Bα(S) of width α about S can be written
uniquely as x = cp(x) + sd(x)ν(cp(x)).

Since sd is in Cr(B(S)), we have that ecp is in Cr−1(B(S)).

The construction above can be extended to surfaces of higher codimension, using the

fact that the normal space can be spanned by a smooth vector field (ν1, ..., νn−k), and

writing the normal coordinate decomposition as [AS96]

x = a(x) +
n−k∑
i=1

di(x)νi(a(x)). (2.6)

Note that the properties of the Euclidean distance closest point function can also be

derived from the characteristics of the Eikonal equation.

Theorem 2.2.5. For a Cr hypersurface S with r ≥ 2, the Euclidean closest point

map ecp satisfies the definition of a closest point function (Definition 2.2.1).

Proof. [MM12] As above, the Euclidean closest point is given by

ecp(x) = x− sd(x)∇sd(x), (2.7)

where sd(x) is the signed distance function to the surface S, so that sd(y) = 0 at the

surface, and |∇sd| = 1. Since the map ecp(x) is Cr−1 in a neighbourhood B(S), and

r ≥ 2, we may take the derivative of this function to give

Decp(x) = I −∇sd(x)∇sd(x)T − sd(x)D2sd(x). (2.8)

The normal to the surface at y is ν(y) = ∇sd(y)
|∇sd(y)| = ∇sd(y), so that the projection is

given by

Py = I − ν(y)ν(y)T = I −∇sd(y)∇sd(y)T . (2.9)
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cp(x)

1
κ(cp(x))

x

S

(a)

x

S

(b)

Figure 2.2: For a smooth curve S, the Euclidean closest point is unique inside a band
of width 1

κ
(a). For C0 curves with corners, the closest point is non-unique along the

medial axis at the corner (b).

At the surface, since sd(y) = 0,

Decp(y) = I −∇sd(y)∇sd(y)T = Py, (2.10)

so the definition of a closest point function is satisfied.

In [MM12], this is extended to general codimension for smooth surfaces, using the

Euclidean distance map d(x) rather than the signed distance function.

2.2.2 Embedding band

For a C2 hypersurface S, the width of the band Bα(S) in which ecp is defined is

given by α, the lower bound for the radius in the uniform interior and exterior sphere

conditions in Lemma 2.2.4. Recall that for each y ∈ S, there exists a ball B(z, δ) ⊂ Ω,

and we choose 0 < α < δ(y) for all y ∈ S. We can bound α by

α ≤ µ :=

(
max
i=1,..,k

||κi||∞,S
)−1

, (2.11)

where κi are the principal curvatures of the surface (see Section 1.4.3). For example,

in the case of smooth curves in R2, the Euclidean closest point function ecp is well-

defined in an open band of width α < 1
κ(s)

, where κ(s) is the curvature of the surface

at a point s, or the inverse of the radius of the osculating circle (see Figure 2.2a).

If the surface is less smooth, ecp may not be uniquely defined in a band of any size

α > 0. For example, if S is a C0 curve in R2 with a corner (as in Figure 2.2b), then

for points on the medial axis at the corner, the global coordinates are not unique.
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Figure 2.3: The curve y = |x|4/3 is C1 at x = 0, and does not have a unique Euclidean
closest point in any neighbourhood of the surface.

Since the surface is only C0, the projection Py is discontinuous, so we cannot define

any C1 cp function satisfying the key property (Definition 2.2.1).

We now show an example of a C1 curve for which the Euclidean closest point map

is not unique in any neighbourhood. Consider the function y = |x|4/3, near x = 0.

Since y′′(x) = 4
9
|x|−2/3, the second derivative is infinite at x = 0, and the function is

only C1 here. Now

lim
x→0

y(x)

x2
= lim

x→0
|x|−2/3 =∞, (2.12)

so for any c > 0, there exists x0 such that y(x) ≥ cx2, ∀|x| < x0. Given a ball of radius

c touching the curve at x = 0, we can choose an interval about x = 0 small enough

so that the ball does not lie above the function in this interval. The surface therefore

does not satisfy a uniform interior sphere condition. No point on the positive y-axis

has a unique closest point on the surface, so we cannot choose a band surrounding

the surface in which the Euclidean closest point is unique.

Note that the bound µ on the bandwidth (2.11) due to the curvature of the surface

is a local condition. There may be an additional nonlocal bound on the width of the

band, if S is the boundary of a non-convex region Ω. In this case, two surface points

may be far in geodesic distance along S, but be close in the embedding space. In this

case, a closed ball B̄(z, δ) intersecting the surface ∂Ω at y1, with δ(y1) < µ, may still

intersect ∂Ω again at a geodesically distant point y2. A surface which is the boundary

of a convex region Ω will satisfy µ ≤ δ, where δ = miny∈S δ(y), however in general we

must use bandwidth α = min(µ, δ).
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2.2.3 Examples

We give some examples of Euclidean and non-Euclidean closest point functions for

various simple surfaces. Note that x ∈ B(S), y ∈ S refer to points in the band and

on the surface respectively, with components (x1, x2) and (y1, y2) when the surface is

embedded into R2.

1. Consider a circle of radius R in R2, centred at the origin, represented with the

Euclidean closest point function cp = ecp. The surface is given by

S = {y ∈ R2 : |y| = R}. (2.13)

The closest point function is cp(x) = R x
|x| , with magnitude |cp(x)| = R. Note that

this is defined everywhere except at x = 0, so the embedding band should be an

annulus around the surface B(S) = {x ∈ R2 : a1 < |x| < a2} for some a1, a2 ∈ R
with 0 < a1 < 1 < a2. Unit normal vectors at the surface are ν(y) = y

|y| = y
R

, so the

extension of the normal vector field ν into the band is

ν(x) = ν(cp(x)) =
cp(x)

|cp(x)| =
cp(x)

R
=

x

|x| . (2.14)

The projection operator onto the surface at y in this case is

Py = I − ν(y)ν(y)T =
1

R2

(
R2 − y2

1 −y1y2

−y1y2 R2 − y2
2

)
=

1

R2

(
y2

2 −y1y2

−y1y2 y2
1

)
, (2.15)

with y = (y1, y2) and y2
1 + y2

2 = R. The Jacobian matrix of the closest point function

is given by

Dcp(x) =
R

|x|3
(

x2
2 −x1x2

−x1x2 x2
1

)
. (2.16)

Then evaluating this at a point y on the surface, we have

Dcp(y) =
1

R2

(
y2

2 −y1y2

−y1y2 y2
1

)
= Py. (2.17)

Thus the Jacobian Dcp at points y on the surface is equal to a projection onto

the surface: Dcp(y) = Py, as expected by Definition 2.2.1.

2. We extend the first example to a (n − 1)-sphere of radius R in Rn, centred at

the origin. The surface is S = {y ∈ Rn : |y| = R}, and the Euclidean closest point

function is again cp(x) = R x
|x| , in the region B(S) = {x ∈ Rn : a1 < |x| < a2}. The

Jacobian can then be expressed as

[Dcp(x)]ij =
R

|x|3
{
|x|2 − x2

i , i = j
−xixj, i 6= j

(2.18)
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(a) (b)

Figure 2.4: Lines of constant cp (shown in blue) for a unit circle, using (a) the
Euclidean closest point function and (b) a non-Euclidean function (2.20).

The projection operator is

[Py]ij =
1

R2

{
R2 − y2

i , i = j
−yiyj, i 6= j

(2.19)

so that again, evaluating the Jacobian Dcp at y on the surface with |y|2 = 1 results

in a projection onto the surface: Dcp(y) = Py.

3. We now construct a novel example of a non-Euclidean closest point function for a

circle of radius R in R2, and show that this also satisfies the key property. In polar

coordinates x1 = r cos θ, x2 = r sin θ, we can express a closest point function as

cp(x1, x2) = (cos θ0, sin θ0), (2.20a)

θ0 = θ − (r −R)3, (2.20b)

in an annulus with 0 < a1 < r < a2. In this case,

Dcp(x) = R

(
sin θ0

(
sin θ
r

+ 3(r −R)2 cos θ
)

sin θ0

(
− cos θ

r
+ 3(r −R)2 sin θ

)
cos θ0

(
− sin θ

r
− 3(r −R)2 cos θ

)
cos θ0

(
cos θ
r
− 3(r −R)2 sin θ

) )
At the surface, r = R, and θ0 = θ, so that

Dcp(y) =
1

R2

(
y2

2 −y1y2

−y1y2 y2
1

)
= Py. (2.21)

Note that this cp-function satisfies the property that lines of constant cp intersect

the surface orthogonally (see Figure 2.4) as in Lemma 2.2.2.
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2.2.4 Implicit closest point representation

Since the closest point function cp is a retraction, the restriction of cp to the surface

is the identity map, cp|S = idS , or equivalently cp(y) = y, for all y ∈ S.

Using the inverse of this property, a closest point function can be used to represent a

surface. This is an implicit representation, where the surface is defined as the set of

points x in the neighbourhood which satisfy x = cp(x). Given a map cp : B(S)→ U

from an open set B(S) ⊂ Rn to some subspace U ⊂ B(S), we can define

S := {x ∈ B(S) |x = cp(x)}. (2.22)

If cp is a retraction, this leads to S = U . Note that this will not necessarily result in

a pure manifold (the resulting surface may have non-constant dimension).

The closest point representation can also be used to visualize the surface, by searching

for the fixed points of this function [AMT+12]. In contrast to the representation using

level sets, the surface is not required to be closed. A fast GPU ray-caster described

in [AMT+12] is used to render some surfaces in later chapters.

2.2.5 Construction of closest point representations

In the remainder of the thesis, we usually assume that a closest point representation

for the surface is known. However, in applications we often have a surface given by a

parameterization (for example, in an interface problem), or a triangulated surface (in

computer graphics). For these surfaces, a closest point representation will first have

to be constructed. In fact, the value of the cp-function only needs to be computed at

a discrete set of points on the Cartesian grid. Once this function is computed, it can

be used to represent the surface, and need not be re-computed.

Much work has been done in the areas of computer graphics and computational

geometry on computing shortest paths and distance maps, based on solving an Eikonal

equation in the embedding space. A popular method for this is the fast marching

method [Set96], which propagates distance information as a front moving outwards

from the surface. Once the distance map d(xj) has been computed on the Cartesian

grid, the Euclidean closest point function can be constructed as

ecp(xj) := xj − d(xj)Dhd(xj), (2.23)

using a finite difference approximation Dhd(xj) to the gradient ∇d(x).
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The regions in which the cp or distance functions are smooth can also be used to

characterize the surface. In shape analysis, the medial axis is the set of points where

the distance map becomes non-unique. In image processing, this is also referred to

as the topological skeleton of the surface, and can be used to reconstruct the shape.

In general, the theory of viscosity solutions is required to represent solutions of

the Eikonal equation. Hovever, since we only compute in a tubular neighbourhood

of the surface, in which the distance map is smooth, we can consider smooth closest

point functions.

2.3 Extension operators

The penalty method of this thesis is based on the introduction of extension operators,

which map between function spaces on the surface and in the band. A contribution

of this thesis is to consider the composition with the function cp explicitly as a linear

operator. This simplifies notation, and in addition allows us to specify properties

such as boundedness of the operator in certain norms, idempotence, and smoothness

of the resulting functions, which are useful for the analysis of the embedding equation.

These new properties are stated and proven in the following sections. In particular,

Proposition 2.4.3 is a key statement underpinning the construction of the embedding

equation.

2.3.1 Surface extension operator

Given a closest point function, we define the extension operator ES which acts on

surface functions, and returns a function on the embedding band B(S).

Definition 2.3.1 (Surface Extension Operator). Let S be a C l surface, and let u ∈
C l(S) be a scalar-valued function defined on S. If cp is a closest point function as in

Definition 2.2.1, then the closest point extension v = ESu is a function v : B(S)→ R
defined as

v(x) = ESu(x) := u(cp(x)), x ∈ B(S).

Operation on a vector-valued function is defined componentwise.

Lemma 2.3.2. The surface extension operator ES : C l(S)→ C l(B(S)) is a bounded

linear operator in the max norm.
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Proof. For surface functions u1, u2 : S → R and α, β ∈ R, we have ES(αu1+βu2)(x) =

[αu1+βu2](cp(x)) = αu1(cp(x))+βu2(cp(x)) = αESu1(x)+βESu2(x), so ES is linear.

To show boundedness, we have

||ESu||∞,B(S) = max
x∈B(S)

ESu(x) = max
x∈B(S)

u(cp(x)) ≤ max
y∈S

u(y) = ||u||∞,S ,

so that

||ES||∞ := sup
{
||ESu||∞,B(S) : ||u||∞,S ≤ 1

}
≤ 1.

Lemma 2.3.3. Let S be a compact C2 hypersurface, and let Bα(S) be a band of width

α, with α < (maxi=1,..,k ||κi||∞,S)−1. Then there exist c1, c2 ∈ R, such that the surface

extension operator ES : C l(S)→ C l(B(S)) satisfies

c1

√
α||u||2,S ≤ ||ESu||2,Bα(S) ≤ c2

√
α||u||2,S .

Proof. Using the local coordinate representation of Lemma 2.2.4,

x = Φ(cp(x), sd(x)) := cp(x) + sd(x)ν(cp(x)), (2.24)

and a change of variables, we have

||ESu||22,Bα(S) =

∫
Bα(S)

|ESu|2dx

=

∫ α

−α

∫
S
|u ◦ cp(s)|2 det[DΦ]ds dsd.

From [GT01]

det[DΦ] =
n−1∏
i=1

(1− sd(x)κi(x)), (2.25)

so there exist c′1, c
′
2 ∈ R such that 0 < c′1 ≤ det[DΦ] ≤ c′2 < 1, provided that

α < (maxi=1,..,k ||κi||∞,S)−1, where α = maxx∈Bα(S) sd(x). Therefore∫ α

−α

∫
S
|u ◦ cp|2 det[DΦ]ds dsd ≤ 2c′2α

∫
S
|u ◦ cp(s)|2ds = 2c′2α

∫
S
|u(s)|2ds (2.26)

so that

||ESu||2,Bα(S) ≤ c2

√
α||u||2,S , (2.27)

and ES is bounded in the L2 norm. Similarly, we can use the lower bound on det[DΦ]

to show further that

c1

√
α||u||2,S ≤ ||ESu||2,Bα(S) ≤ c2

√
α||u||2,S (2.28)



2.3. EXTENSION OPERATORS 29

Remark. Although not considered further here, the extension operator could be

generalized to act on nonsmooth functions, such as functions in Sobolev spaces. For

a smooth compact k-dimensional surface S in Rn, there exists a bounded linear map

ES : Hτ−(n−k)/2(S) → Hτ (Rn), with τ > (n − k)/2, such that ESu|S = u for all

u ∈ Hτ−(n−k)/2(S) [FW12]. Note that the regularity of the resulting extended function

depends on the codimension n − k of the surface. We now show some properties of

functions composed with the map cp.

Lemma 2.3.4. For a smooth surface S and smooth closest point function cp, we have

u ∈ C l(S)⇒ v ∈ C l(B(S)), i.e., the extended function v = ESu is at least as smooth

as the original surface function u.

Proof. This follows since v is defined as the the composition of the smooth functions

u and cp.

A similar result holds, under conditions on S, if the surface is not infinitely smooth:

Lemma 2.3.5. For a Cr surface S, and Cr−1 closest point function cp, we have

u ∈ C l(S)⇒ v ∈ C l(B(S)) with r ≥ l + 1, i.e., the extended function v = ESu is at

least as smooth as the original surface function u.

Proof. Since the extended function v is the composition of a C l function u with a

Cr−1 function cp, the smoothness of v will be min(l, r− 1). Choosing r ≥ l+ 1 leads

to v ∈ C l(B(S)).

Note that this case includes the Euclidean closest point function ecp. We can

therefore always construct a closest point function that will allow the extended func-

tion to be as smooth as the original surface function, provided that the surface has

at least one additional order of smoothness.

The range of ES is range(ES) := {v ∈ C l(B(S)) : v = ESu for some u ∈ C l(S)}. We

will later restrict solutions of differential equations to lie in this linear subspace. The

null space of ES is the zero function on S. This follows since S is contained in B(S),

so if v = ESu is identically zero, then it is also zero on the surface, and therefore u is

also zero on S.
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2.3.2 Restriction operator

We now define an operator R which restricts band functions to the surface.

Definition 2.3.6 (Restriction Operator). If v : B(S) → R is a C l function defined

in the embedding space, then u = Rv = v|S is a function u : S → R which is equal to

v for points on the surface,

u(y) = Rv(y) := v(y), y ∈ S. (2.29)

Provided that the surface is at least C l, the restricted function u(y) is at least as

smooth as v(x), i.e. v ∈ C l(B(S))⇒ u ∈ C l(S).

Remark. We could again generalize this to a trace operator applying to functions in

Sobolev spaces. The trace operator maps Hτ (Rn) onto Hτ−(n−k)/2(S) [FW12]. Im-

portantly, we lose half an order of regularity, multiplied by the codimension, whenever

we take the restriction.

2.3.3 Band extension operator

The surface extension operator above (Definition 2.3.1) can then be generalized to

act on functions defined on all of B(S) by operating on the restriction of the function

to the surface S, i.e. E = ESR.

Definition 2.3.7 (Band Extension Operator). If v : B(S)→ R is a function defined

in the embedding space, then the closest point extension w = Ev is a function w :

B(S)→ R defined as

w(x) = Ev(x) := ESRv(x) = ES(v |S) = v(cp(x)), x ∈ B(S). (2.30)

Lemma 2.3.8. The band extension operator E : C l(B(S))→ C l(B(S)) is continuous

in the max norm.

Proof. Linearity again follows from the composition with cp. For boundedness, we

have

||Ev||∞,B(S) = max
x∈B(S)

Ev(x) = max
x∈B(S)

v(cp(x)) ≤ max
y∈S

v(y) ≤ max
x∈B(S)

v(x) = ||v||∞,B(S),

so that

||E||∞,B(S) := sup
{
||Ev||∞,B(S) : ||v||∞,B(S) ≤ 1

}
≤ 1.
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Lemma 2.3.9. For a smooth surface S, and smooth closest point function cp, we

have v ∈ C l(B(S)) ⇒ w ∈ C l(B(S)) i.e., the new band function w = Ev is at least

as smooth as the original band function v.

Proof. The extended band function w is the composition of the band function v with

the smooth function cp, resulting in a function which is as smooth as v.

As in the surface extension case for ES, a similar result holds for surfaces which

are not smooth.

Lemma 2.3.10. For a Cr surface S, and Cr−1 closest point function cp, we have

v ∈ C l(B(S))⇒ w ∈ C l(B(S)) with r ≥ l + 1, i.e., the extended function w = Ev is

at least as smooth as the original band function v.

Proof. The extended band function w is the composition of a C l function v with a

Cr−1 function cp, so the smoothness of w will be min(l, r − 1). Choosing r ≥ l + 1

leads to w ∈ C l(B(S)).

Again, this covers the important case of the Euclidean distance closest point func-

tion. This proof will be used in later chapters to ensure that, provided the surface is

smooth enough, we can always construct a cp function allowing the extended function

to be as smooth as the original band function.

2.4 Properties of extension operators

We examine some simple properties of the surface and band extension operators ES

and E, which will be used frequently in the remainder of the thesis.

Proposition 2.4.1. The restriction of a surface extension is the identity on the

surface, i.e., for a smooth surface S and surface function u ∈ C l(S),

RESu(y) = u(y), y ∈ S. (2.31)

Proof. For a point x ∈ B(S), we have ESu(x) = u(cp(x)). Restricting this to points

y ∈ S on the surface, RESu(y) = u(cp(y)) = u(y).

Proposition 2.4.2. The extension operator E is idempotent.
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Proof. Let x ∈ B(S). Since cp(x) ∈ S, and the retraction cp is equal to the identity

operator on the surface, we have cp(cp(x)) = cp(x). Hence, from the definition of the

operator E,

E2v(x) = v(cp(cp(x))) = v(cp(x)) = Ev(x). (2.32)

Since E is both linear and idempotent, it is a projection. Acting on the func-

tion space C l(B(S)), it is the projection onto the subspace {v ∈ C l(B(S)) : v =

Ew for some w ∈ C l(B(S))}.

Remark. From this, it follows that if a function v can be written as the band exten-

sion of another function (v = Ew) then v must be its own extension (v = Ev). This

property will be used frequently in the following chapters.

Proposition 2.4.3. If v is the extension of a surface function, then it is also the

extension of itself,

v = ESu⇒ v = Ev. (2.33)

Proof. Using the fact that RES = idS , and the associativity of the operators, we have

Ev = ESRv = ESRESu = ESu = v. (2.34)

Remark. We therefore refer to a function v in the band B(S) as a closest point

extension if Ev = v.

Proposition 2.4.4. The surface extension operator ES is one-to-one. If u,w : S →
R are smooth surface functions, then

ESu = ESw ⇒ u = w. (2.35)

Proof. Let ESu(x) = ESw(x) for all x ∈ B(S). Then for a surface point y ∈ S ⊂
B(S), we also have ESu(y) = ESw(y). Since cp(y) = y for points on the surface,

u(y) = u(cp(y)) = ESu(y) = ESw(y) = w(cp(y)) = w(y), ∀y ∈ S. (2.36)
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2.5 Closest point principles

The closest point method relies on principles relating differential operators on the

surface and in the embedding band. Although not originally stated in this way, the

closest point principles of [RM08, MM12] can be reformulated using the extension

and restriction operators. Note that the Closest Point Theorem (2.5.3) is stated in

[MM12] for a smooth surface S; here we generalize to surfaces which are only C2,

using the properties derived in Section 2.3.

Theorem 2.5.1 (Gradient Principle). Let S be a C2 surface, and let u ∈ C1(S) be

a scalar-valued surface function on S. If ES is a closest point extension operator ac-

cording to Definition 2.3.1, and R is a restriction to the surface as in Definition 2.3.6,

then

∇Su = R∇[ESu].

Equivalently, we can write ES∇Su = E∇[ESu].

Theorem 2.5.2 (Divergence Principle). Let S be a C2 surface, and let g ∈ C1(S,Rn)

be a vector field on S. Then

divSg = R div [ESg].

As above, this can be written equivalently as ESdivSg = E div [ESg].

The above principles follow as direct consequences of the Closest Point Theorem.

Theorem 2.5.3 (Closest Point Theorem [MM12]). Let S be a C2 surface, and let

f ∈ C1(S,Rm) be a vector-valued surface function on S. If ES is a closest point

extension operator according to Definition 2.3.1, and R is a restriction to the surface

as in Definition 2.3.6, then

DSf = RD[ESf ].

Proof. Recall that

DSf(y) := Df̄(y)Py,

where f̄ : B(S)→ Rm is a regular extension of f . Now

D[ESf ](x) = D[Ef̄ ](x) = Df̄
∣∣
cp(x)

Dcp(x). (2.37)
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Restricting to the surface,

D[ESf ](y) = Df̄
∣∣
cp(y)

Dcp(y) = Df̄(y)Py = DSf(y) (2.38)

using the fact that cp(y) = y for y ∈ S, and that Dcp(y) = Py at the surface.

This theorem can also be expressed in the band as ESDSf = ED[ESf ].

The closest point principles from [RM08, MM12] apply for any codimension of S, and

any choice of closest point function cp. However, they hold only when evaluated at a

point on the surface (due to the fact that Dcp(y) = Py only locally at y ∈ S).

We note here that these principles can be generalized to expressions for the surface

differential operators which apply throughout the band. These expressions involve

the curvature of the surface, and only apply in the case of surfaces of codimension 1

(hypersurfaces).

For example, let cp be the Euclidean closest point function. We have from (2.7)

and (2.9) that

Dcp(x) = I −∇sd(x)∇sd(x)T − sd(x)D2sd(x)

= Px − sd(x)H(x), (2.39)

where H(x) = D2sd(x) is the Weingarten map (defined in Section 1.4.3). Then we

obtain for the surface gradient (following [DE13])

∇[ESu](x) = ∇[EESu](x) = Dcp(x)E∇[ESu](x)

= (Px − sd(x)H(x))ES∇Su(x)

= (I − sd(x)H(x))ES∇Su(x), (2.40)

using Theorem 2.5.1 and the fact that ES∇Su = PxES∇Su, since the surface gradient

of a function lies in the tangent space of the surface. This formula (2.40) is now defined

throughout the embedding band, and is therefore more general than Theorem 2.5.1.

At the surface, sd(y) = 0, so applying a restriction operator, we again obtain

R∇[ESu] = RES∇Su = ∇Su, (2.41)

as in Theorem 2.5.1.
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2.5.1 More general differential operators

The gradient and divergence principles above can be combined to apply to a wider

class of operators [RM08, MM12]. In general, we assume that AS is any surface-

spatial differential operator such that the above principles can be applied to give a

corresponding operator A.

Definition 2.5.4 (Operators with a closest point principle). If A is a Cartesian

differential operator, and AS is the corresponding differential operator acting over the

surface, then we say this operator obeys a closest point principle, if

RA(t, x, ESu) = AS(t, y, u), y ∈ S, x ∈ B(S). (2.42)

That is, the operator A (acting on functions on B(S)) is an analogue of the

operator AS (acting on functions on S) where A has a standard differential operator

wherever AS has a surface differential operator. When restricted to the surface, the

operators coincide, provided that the Cartesian operator is applied to the extended

function ESu.

An important example of this class is the Laplace–Beltrami operator in the case

of the Euclidean closest point function.

Theorem 2.5.5 (Laplacian Principle). Let S be a C3 surface, and let u ∈ C2(S).

If ES is the particular extension operator corresponding to Euclidean distance to the

surface (Definition 2.2.3), then

∆Su = R∆[ESu].

The proof for general codimension is given in [MM12]. Here, we present an alter-

native proof for the case where S is a hypersurface.

Proof. Following [XZ03], we express the Laplace–Beltrami operator in terms of the

normal gradient and mean curvature. Recall that for hypersurface S, we have (see

Section 1.3.3),

∇S ū(x) = (I − ν(x)ν(x)T )∇ū(x), (2.43)

where the vector ν(x) is the unit normal vector to the level set at the point x ∈ B(S).

Note that when defined in the embedding space, the surface gradient is the component
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of the gradient which is tangent to the level set at x. Then the Laplace–Beltrami

operator is

∆S ū(x) = tr
(
(I − ννT )D(∇ū− (ν · ∇ū)ν)

)
,

= tr

(
D

(
∇ū− ∂ū

∂ν
ν

))
︸ ︷︷ ︸

(I)

− tr
(
νTD(∇ū− (ν · ∇ū)ν)ν

)︸ ︷︷ ︸
(II)

, (2.44)

where we have used that the gradient in the direction normal to the level set is given

by ∂ū
∂ν

= ν · ∇ū. Then

(I) = div

(
∇ū− ∂ū

∂ν
ν

)
= ∆ū− ∂ū

∂ν
(div ν)− ν · ∇

(
∂ū

∂ν

)
,

= ∆ū− κ∂ū
∂ν
− ∂2ū

∂ν2
, (2.45)

where the mean curvature is κ = div ν. The remaining term is

(II) = tr
(
νT (D2ū)ν − νTD((ν · ∇ū)ν)ν

)
,

= tr
(
νT (D2ū)ν + νT ((ν · ∇ū)Dν)ν − νT (D2ū)ν

)
,

= tr((ν · ∇ū)νT (Dν)ν),

= 0, (2.46)

since ν is a unit normal, so νTν = 1, and therefore (Dν)ν = ∇(νTν) = 0.

Then we have for the surface Laplacian,

∆S ū(x) = (I)− (II)

= ∆ū(x)− ∂2ū

∂ν2
(x)− κ∂ū

∂ν
(x), x ∈ B(S). (2.47)

Since the extended function ū = ESu is constant in the normal direction, we have

that
∂ū

∂ν
(y) = 0 and

∂2ū

∂ν2
(y) = 0, y ∈ S. (2.48)

After inserting (2.48) into (2.47), and evaluating the equation at a point y ∈ S,

the equivalence of the surface and Cartesian Laplacian operators at the surface is

established.

Note that the statement of Theorem 2.5.5 requires that the operator ES corre-

sponds to the Euclidean closest point function. For a general extension operator ES,
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we satisfy ∂ū
∂ν

(y) = 0, since the extended function ū = ESu is required by definition

to be constant in the normal direction at least locally at the surface. However, the

proof also requires that ∂2ū
∂ν2

(y) = 0 (2.48), and hence we need a property of higher

derivatives of the extended function. Since the Euclidean closest point function is con-

stant in the normal direction throughout the band, this is satisfied for any order of

derivative. This property would also be satisfied, for example, by the non-Euclidean

function of (2.20).

The Laplacian principle is extended in [MM12] to more general diffusion operators

AS, where the surface differential operator involves an n× n diffusion tensor a, with

AS = divS(a∇Su). (2.49)

A key feature of the Laplacian operator is that ∇Su(y) ∈ TyS, from the definition

of the surface gradient as a projection onto the tangent space at y. If the diffusion

tensor a is such that a∇Su ∈ TyS, then the differential operator AS also satisfies a

closest point principle, as in the case of the Laplacian. Diffusion operators involving

this property are studied further in Chapter 5.

More general equations

The principles above could be applied to more general equations involving combi-

nations of differential operators, as in [MR08]. For example, we could consider an

operator F such that

RF (t, x, ESu(x),∇[ESu(x)], div [ESg(x)], ...)

= F (t, y, u(y),∇Su(y), divSg(y), ...), y ∈ S, x ∈ B(S). (2.50)

For simplicity of notation, in this work we restrict the discussion to the case of a

single differential operator AS, however the theory extends to equations involving

combinations of differential operators. This includes, for example, the case of the

biharmonic operator considered in Section 4.7.

2.5.2 Examples

The closest point principles are easily demonstrated with the simple case of a circle

of radius R in R2. A function u : S → R can be parameterized as u = u(θ).

Using a Euclidean closest point map, the extended function v = ESu is described

by v(r, θ) = u(θ). The surface gradient can be written as ∇Su = 1
R
uθ. Taking the

Cartesian gradient of v,

∇v(r, θ) = vr +
1

r
vθ =

1

r
vθ, (2.51)
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so that restricting to the surface with r = R gives

∇v(R, θ) =
1

R
uθ(θ) = ∇Su(θ). (2.52)

Similarly, the Laplace–Beltrami operator is given by ∆Su = 1
R2uθθ. The Cartesian

Laplacian of v is

∆v(r, θ) =
1

r
vr + vrr +

1

r2
vθθ =

1

r2
vθθ, (2.53)

so that

∆v(R, θ) =
1

R2
uθθ(θ) = ∆Su(θ). (2.54)

2.6 The closest point method

The gradient and divergence principles above are used to convert surface PDEs to

equations with standard Cartesian differential operators. The explicit formulation of

the closest point method introduced by Ruuth and Merriman [RM08] is described

here with an example.

Suppose that the function u : S → R satisfies the surface diffusion equation

ut(y) = ∆Su(y) y ∈ S. (2.55)

On the surface, the principles allow us to replace the Laplace–Beltrami operator with

a Laplacian:

ut(y) = ∆ū(y), y ∈ S, (2.56)

provided that the particular extended function ū := ESu is used.

We now assume that this equation holds throughout the entire band, and construct

the embedding equation

vt(x) = ∆v(x), x ∈ B(S), (2.57)

for a function v : B(S) → R. If the initial condition is chosen to be v0 = ESu
0, the

equation (2.57) will initially be equivalent on the surface to (2.56). However, after

t = 0 this will no longer be the case, since v will not necessarily satisfy v = Ev. When

using an explicit time-stepping scheme, the equation is therefore re-initialized with a

closest point extension v = Ev after each time step.

To construct the numerical scheme, the computational band is discretized with

a uniform Cartesian grid. The matrix L represents a standard finite difference dis-

cretization of the linear operator ∆, and the operators E and R are discrete versions of

the extension and restriction operators E and R. The construction of these discrete

operators on the grid involves interpolation (for further details see Chapter 4).
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Algorithm 1: Explicit closest point method [RM08, Mac08]

Data: U0, initial condition on surface
extension matrix E, differentiation matrix L, restriction matrix R

Result: U , discrete solution on surface at time Tf
begin

/* Initial condition in band */

V ← EU0

for t = 1 to Tf/∆t do
/* Perform an explicit time step in the band */

V ← V + ∆tLV
/* Re-extend */

V ← EV
end
/* Restrict solution to discrete points on the surface */

U ← RV
end

2.6.1 The implicit closest point method

An implicit version of the closest point method was introduced in [MR09], in which

the equation (2.57) is discretized with an implicit time-stepping scheme. Applying

first a discretization in space would yield the semi-discrete form

Vt = M̃V = LEV. (2.58)

For stability, the diagonal terms of the matrix are not interpolated at the closest

points. Instead, in [MR09], a new matrix is formed,

M = stab(L,E) := diag L + (L− diag L)E, (2.59)

where diag L is the diagonal matrix containing the diagonal entries of L. An implicit

scheme is then used to solve Vt = MV .

This will be shown to be a special case of the general algorithm introduced in

Chapter 3.

2.6.2 Remark on boundaries

We have required above that the surface S is compact, and hence is a submanifold

without boundary. However, the computational band B(S) has a non-empty bound-

ary ∂B(S), so boundary conditions need to be defined for the numerical scheme. In

the case of the explicit closest point method, the extension step v = Ev lifts values

on the surface to the boundary ∂B(S) after each time step. Provided that the band
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Algorithm 2: Implicit closest point method [MR09]

Data: U0, initial condition on surface
extension matrix E, differentiation matrix L, restriction matrix R

Result: U , discrete solution on surface at time Tf
begin

/* Initial condition in band */

V ← EU0

/* Create diagonally-stabilized implicit matrix */

M← diag L + (L− diag L)E
for t = 1 to Tf/∆t do

/* Solve one implicit time step in the band */

V ← (I−∆tM)\V
end
/* Restrict solution to discrete points on the surface */

U ← RV
end

is sufficiently large (the differential operator stencil at the surface must not intersect

the boundary), the choice of boundary condition does not influence the result, since

any boundary values will be overwritten by this step. In the implicit case, a boundary

condition will be implied by the constraint that v = Ev everywhere, including at the

boundary. This is discussed further in Chapters 3 and 4.

The closest point method has also been applied in practice to the case where S
is a submanifold with non-empty boundary. It is shown in [RM08] that applying

the standard Euclidean cp representation leads to first-order homogeneous Neumann

conditions. In this case, grid points in the normal direction to the boundary all map

to the same surface boundary point, meaning that the function cp is constant in the

normal direction at the boundary.

The accuracy can be increased with an adaptation of the closest point function

near boundaries, using a new function c̄p, which reflects the cp function across the

boundary point. It is shown in [MBR11] that this can be used to impose homogeneous

Dirichlet or Neumann conditions, with at least second-order accuracy.

2.6.3 Discretization of extensions

The closest point method is based on the fact that the extension operator E is idem-

potent. However, the discrete matrix E is not idempotent, due to the introduction of

an interpolation step. Chapter 4 describes the discretization further, and investigates

the matrix properties of the discrete operators.



Chapter 3

A Constrained Embedding
Equation

In this chapter, we derive a modified formulation of the closest point embedding

equation for evolution PDEs, and show that there is a one-to-one correspondence be-

tween solutions of the embedding and surface equations. This formulation is simple

to discretize and solve numerically using a standard method of lines approach. This

generalizes the stabilized implicit method of [MR09], and has the advantage that it

can be adapted to a very general class of problems. An appropriate explicit or implicit

time-stepping scheme can be used, depending on the particular problem considered.

The new method retains the advantages of the original closest point method with

respect to simplicity of the numerical scheme and generality of dimension and codi-

mension of the surface.

The chapter begins with an overview of the new formulation using an example. We

then define a system of embedding equations, and show that this is consistent with the

original surface PDE. This system is reduced to a single equation involving a penalty

term, and a method of lines discretization is presented. Due to the introduction of

extension operators in the embedding equation, the equation solved in the band is

not a PDE, however we are able to apply standard discretizations for the differential

operators, while approximating the extension operators using interpolation. A full

discussion of the discretization appears in a later chapter.

3.1 Defining the embedding equation

Rather than alternating between time-steps and re-extensions as in the explicit closest

point method of [RM08] (see Section 2.6), we investigate an alternative approach, in
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which a single equation can be solved throughout the entire embedding space, for

all time, without separate extension steps. This is achieved by creating a modified

embedding equation with a constraint.

The solution of a given surface evolution PDE is a function u which is defined

only for points on the surface. We consider instead the function v = u ◦ cp, which is

defined for all points in a band surrounding the surface. Based on the gradient and

divergence principles described in Chapter 2, we formulate a new equation for v. The

constraint or side condition that v is a closest point extension is enforced by adding

a penalty term to the equation. We show that solving this new equation throughout

the embedding band to a given time t, and then restricting to the surface, results in

a solution of the original surface PDE at time t.

If the resulting Cartesian differential operators and extension operators are dis-

cretized in space as in [MR09], we obtain a system of ordinary differential equations

in the computational band. Thus we have a new method of lines formulation of

the closest point method, which can be implemented using either explicit or implicit

time-stepping.

3.1.1 Example - diffusion equation

We first illustrate the method with the example of Section 1.1.1, before giving a more

detailed derivation. Let S be a smooth compact surface embedded in Rn, and u a

scalar function on S. Consider again the surface diffusion equation

ut = ∆Su,

subject to an initial condition u0.

Let cp : B(S)→ S be the Euclidean closest point function as in Definition 2.2.3,

which maps points in the band to points on the surface. Recall that the surface

extension operator ES is then defined as ESu(x) = u ◦ cp(x).

The surface differential operator (Laplace–Beltrami operator) may be replaced by

a standard Laplacian using the principles in Section 2.5

ut = R∆[ESu] on S.

This equation is valid only for points y ∈ S, since the left-hand side ut is defined only

on the surface. In order to obtain an equation defined throughout the entire band

B(S), we perform an extension on both sides of the equation

ESut = ESR∆[ESu] = E∆[ESu] on B(S).
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We now define a function v = ESu in the embedding space. Since the operator ES is

independent of t, the previous equation can be rewritten as

vt = E∆v on B(S),

subject to the condition v = ESu. But if v is the extension of u then v must also be

its own extension (see also Proposition 2.4.3) and we obtain a system of two equations

in v:

vt = E∆v, (3.1a)

v = Ev. (3.1b)

We will show that the solutions v of this system, when restricted to the surface S,

agree with the solutions u of the original equation; i.e., u = v|S .

This system could then be approximated using the two-step method of [RM08],

where a single time step of the first equation is carried out, and then the side condition

imposed by extending the data v(·, tk) off the surface.

We propose an alternative method, in which a single equation is solved. The side

condition is added to the equation, with a constant multiplication factor γ,

vt = E∆v − γ(v − Ev). (3.2)

This equation forms the basis for the method of lines. We show that, although the

penalty would appear to only weakly enforce the constraint, in fact the solutions of

this single equation agree with the solutions of the system (3.1), for any non-zero

choice of the penalty parameter γ. In practice the choice of γ affects the resulting

numerical methods, as investigated in Section 3.3 and later chapters.

3.2 Equivalence of surface and embedding equa-

tions

Given a PDE defined on a surface, we will construct an equation defined in the em-

bedding band, and show that there is a one-to-one correspondence between solutions

of this and the original surface PDE. In contrast to previous formulations, the em-

bedding equation is satisfied for all time throughout the computational band, not

only on the surface. The embedding equation is defined through the application of

an extension operator to the original equation.

We now show that two problems, one defined only on the surface S, and one

defined in the band B(S), have the same solutions when restricted to the surface.
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Problem 3.2.1 (Surface Evolution PDE). Given a smooth closed surface S in Rn,

let u : S × (0, T )→ R, be a smooth solution of the PDE,

ut = AS(t, y, u) u(y, 0) = u0(y), y ∈ S, t ∈ (0, T )

where AS(t, y, u) is a linear or nonlinear surface differential operator of the class

defined in (2.42).

Problem 3.2.2 (Embedding Equation). Given a neighbourhood B(S) ⊂ Rn of S, let

v : B(S)× (0, T )→ R satisfy the system of equations

vt = EA(t, x, v) (3.3a)

v = Ev, x ∈ B(S), t ∈ (0, T ) (3.3b)

with initial condition v(x, 0) = v0(x). Here, A(t, x, v) is a spatial differential operator

on B(S) defined from AS as in (2.42).

Remark Note that no additional boundary conditions have been explicitly specified

for Problem 3.2.2. By (3.3b), the solution everywhere off the surface (including at

the boundary ∂B(S)) is determined by values on the surface, so we do not have the

freedom to choose a boundary condition. Imposing Dirichlet boundary conditions,

for example, could make the problem ill-posed. Indeed, since the embedding equation

(3.3a) is no longer a PDE due to the introduction of extension operators, boundary

conditions many not be required in order to guarantee existence and uniqueness of

solutions.

However, the constraint that v is a closest point extension can be seen as playing

the role of a boundary condition. The equation v = Ev specifies that the gradient of

the solution in the direction normal to the surface is zero, so we have

∇v · Eν = 0, on ∂B(S), (3.4)

where ν(y) is the normal to the surface, and Eν(x) = ν(cp(x)) is the extended normal

field. This is an oblique Neumann boundary condition on ∂B(S).

Theorem 3.2.3. Let S be a smooth compact surface embedded in Rn, and let B(S) ⊂
Rn be a neighbourhood of the surface, such that there exists a closest point function

cp : B(S)→ S.

If u : S×(0, T )→ R is a sufficiently smooth solution of the surface PDE (Problem

3.2.1), then the function v : B(S) × (0, T ) → R defined by v = ESu satisfies the

embedding equation (Problem 3.2.2). Conversely, if v is a solution of Problem 3.2.2,

then the restriction of v to S is a solution of Problem 3.2.1.
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Proof. Let v(x, t) = ESu(x, t), where u satisfies Problem 3.2.1. Then

vt = ∂t(ESu) = ES(ut) = ES(AS(t, y, u)),

from the surface PDE, and the fact that ES is time-independent. Now, using (2.42)

and the definition of E, we have that

ES(AS(t, y, u)) = ES(RA(t, x, ESu)) = EA(t, x, ESu) = EA(t, x, v), x ∈ B(S),

so the first equation (3.3a) is satisfied. The second (3.3b) follows from

Ev = EESu = ESu = v.

Uniqueness follows from the fact that v agrees with u on S, and that the off-surface

values are uniquely defined by v(x, t) = Ev(x, t). The smoothness of v is determined

by the smoothness of the surface and smoothness of u (see Section 2.3).

For the converse, suppose that v is a solution of Problem 3.2.2, and let u be the

restriction of v to the surface, u = v|S . Then

∂tu = ∂tv|S = EA(t, x, v)|S .

Since the extension operator leaves values on the surface unchanged, and using the

closest point principles on A,

∂tu = EA(t, x, v)|S = RA(t, x, v) = AS(t, y, v|S) = AS(t, y, u),

so u is a solution of Problem 3.2.1 as required.

Remark on smoothness. We have assumed above that the surface S is smooth,

or C∞, but this is not strictly necessary. If the differential operator is r-th order, then

the surface needs to be at least Cr for the function u to be defined. However, since

the cp-function is one order less smooth than the surface, the function v = ESu will

also be one order less smooth. We therefore require that the surface S has at least

one extra order of smoothness than the equation would appear to require.

3.2.1 A single constrained equation

We will show that the system of embedding equations (3.3) defined in the band B(S)

has the same set of solutions as a single equation on B(S).
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Problem 3.2.4. Given γ ∈ R, let v : B(S)× (0, T )→ R satisfy

vt = EA(t, x, v)− γ (v − Ev) , x ∈ B(S), t ∈ (0, T ) (3.5)

with initial condition v(x, 0) = v0(x).

Theorem 3.2.5. Suppose that v : B(S) × (0, T ) → R is a smooth solution of the

system of equations (Problem 3.2.2). Then v also satisfies the penalized equation

(Problem 3.2.4) for all γ ∈ R. Conversely, if v is a smooth solution of Problem 3.2.4

with initial condition v0 = Ev0, then v will satisfy the system of embedding equations

(Problem 3.2.2).

Proof. The first part follows directly, since v = Ev (3.3b) implies that the extra term

multiplied by γ is zero, and the single equation (Problem 3.2.4) becomes equivalent

to (3.3a).

For the converse, we operate on both sides of (3.5) with an extension operator E,

and use the fact that this operator is idempotent (Proposition 2.4.2):

Evt = EA(t, x, v)− γ (Ev − Ev) = EA(t, x, v).

Subtracting this from (3.5) gives

(v − Ev)t = −γ(v − Ev).

We now define a function z = v−Ev, to obtain an (infinite-dimensional) ODE for z:

zt = −γz,

with initial condition z0 = v0 − Ev0 = 0. This has unique solution z ≡ 0.

It follows that v = Ev, and so the second equation of the system (3.3b) holds.

Again, the extra term in (3.5) is zero, and so the single equation is equivalent to the

system of equations.

3.2.2 The Poisson problem

A similar approach can be used for time-independent problems. Here, we show the

Poisson equation as an example, but this can be generalized to equations of the form

AS(x, t, u) = f for the same class of operators as above.
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Theorem 3.2.6. Consider the system of embedding equations obtained as above from

the Poisson equation ∆Su = f on a surface S,

E∆v = ESf (3.6a)

v = Ev, x ∈ B(S). (3.6b)

The solutions of this system are the same as the solutions of the single equation

E∆v − γ(v − Ev) = ESf, x ∈ B(S), (3.7)

for any γ ∈ R\{0}.

Proof. If v is a solution of (3.6a) and (3.6b), then the additional term in (3.7) is zero,

so the single equation is satisfied. Conversely, if v satisfies (3.7), then we may extend

the equation to obtain

E2∆v − γ(Ev − E2v) = EESf,

and using the idempotence of E, this is

E∆v − γ(Ev − Ev) = ESf.

It follows that

E∆v = ESf,

and substituting back in (3.7), for any non-zero γ, we have that v = Ev.

This approach could easily be implemented for a more general differential operator

as defined in (2.42). Poisson problems are investigated in another work [CM14].

3.3 Penalty term

We study the effect of the additional term in the equation (3.5). The term −γ(v−Ev)

imposes the side condition v = Ev and can be viewed as a penalty term in the

equation. If v is not constant in the direction normal to the surface, then the term

v − Ev can be large, and dominate the term containing the differential operator.

We show that the penalized embedding problem (Problem 3.2.4) is Lyapunov

stable [HNW93] if γ is positive.

Theorem 3.3.1 (Stability of the penalized problem). Let γ > 0. For problem (3.5),

any perturbation in the normal direction (for example, in the initial conditions) will

decay to a closest point extension like zt = −γz.
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Proof. As in the proof of Theorem 3.2.5, we start from the embedding equation

vt = EA(t, x, v)− γ(v − Ev) (3.8)

and operate on both sides of the equation with an extension E. Using the idempotence

of the operator gives Evt = EA(t, x, v). We subtract this from (3.8), and define the

function z = v − Ev. We can then study this as an ODE system

zt = −γz, with z0 = v0 − Ev0, (3.9)

which has unique solution z(x, t) = z0(x)e−γt. If the initial condition is perturbed

slightly, so that it is no longer zero (i.e., v0 is not exactly a closest point extension),

then the function z will still decay to zero, provided that γ is positive.

3.3.1 Effect of the penalty parameter

It should be emphasized that the parameter γ is not a Lagrange multiplier; it is not

necessary to solve for a value of γ as part of the solution procedure. Rather, γ is a

numerical parameter that controls how strongly the constraint is imposed.

Any deviation in the normal direction will be penalized by a large right-hand side.

Positive values of γ will return the system to the stable equilibrium, while negative

values of γ may lead to instability.

The parameter γ may affect the consistency and stability of the method, as in-

vestigated further in Chapter 4. We show numerical tests which suggest that a wide

range of values result in convergent schemes.

3.4 A method of lines

After converting the system of two equations — the extended equation (3.3a) and the

constraint (3.3b) — into a single equation (3.5), we can now formulate a method of

lines scheme, using standard finite difference or finite element methods in space.

For example, the computational band B(S) can be discretized as in [RM08] with

a uniform Cartesian grid in Rn, and finite difference schemes on this grid can then be

used to approximate the spatial differentiation operators.

As an illustration, let the matrix L be the standard 5-point discrete Laplacian in

2D, and let the vector V ∈ RJ denote the set of values of the function v at the grid

points, with J points in the embedding band.

Multiplication by the J × J matrix E [MR09] implements the discrete extension

of a surface function, approximating the extension E using interpolation on the grid
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points surrounding the closest point. We note that this matrix operator is no longer

idempotent.

The necessary size of the band B(S) to contain these differentiation and interpo-

lation stencils is discussed in Chapter 4 and is a small multiple of the mesh size ∆x

(also see [RM08, MR09]).

With the discrete operators inserted into the equation, we obtain a system of

ordinary differential equations for the vector V ,

∂tV = ELV − γ(I− E)V, (3.10)

or more generally,

∂tV = EAV − γ(I− E)V, (3.11)

where A is the discretization of the operator A in (2.42). In the linear case, A is a

matrix, however in general this can be a nonlinear operator A(V ).

This system of ODEs can then be solved using either implicit or explicit time-

stepping methods (or a combination). Note, however, that since the embedding

equation is no longer a PDE, the standard notions of consistency, convergence and

stability of numerical schemes are not defined. These properties of the method will

also depend on the interpolation, spatial discretization and time-stepping schemes

used. We discuss some of these issues, in particular how these relate to the choice of

the parameter γ, in Chapter 4.

3.4.1 Comparison to other semi-discrete formulations

In the formulation of [RM08], time steps of the discretized PDE are alternated with

an extension step:

1. complete one explicit time step of ∂tV = LV ;

2. perform a re-extension V = EV .

This approach is not a method of lines; it forces the solution to be constant in the

direction normal to the surface after each time step.

In contrast, in our method of lines approach, this requirement is imposed with a

penalty term in the equation itself, so that no explicit re-extension step is required.

The semi-discrete form of the penalty equation can then be solved with an implicit

time-stepping scheme, for example in the case of stiff problems.
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In order to derive an implicit formulation based on the method of [RM08], the conver-

sion of the alternating PDE and re-extension steps into a single semi-discrete equation

is studied in [MR09]. The scheme ∂tV = LEV is observed to be unstable in practice,

so a stabilized version ∂tV = MV is proposed for the particular case of the diffusion

equation. The matrix M is given by

M = diag L + (L− diag L)E.

with the diagonal matrix diag L containing the diagonal entries of the discrete Lapla-

cian L. Using a standard second-order centred difference stencil on a uniform Carte-

sian grid, M can be written as

M = LE− 2n

(∆x)2
(I− E), (3.12)

where n is the dimension of the embedding space, and ∆x is the discrete grid spacing.

At least for the diffusion equation, this is very similar to our (3.10) which also solves

∂tV = MV but with

M = EL− γ(I− E).

Note that the order of the matrices E and L is reversed, and the factor 2n
(∆x)2

is

generalized with the introduction of a new parameter γ. In [MR09], the discrete

operator M is derived based on a special treatment of the diagonal of the discretized

Laplace operator. The new formulation (3.11) is derived from a study of extended

solutions of the surface PDE, and applies to more general surface equations. In

Chapter 4 we study the application to semi-linear and higher-order operators.

3.4.2 Summary of the method of lines approach

The resulting algorithm can be summarized as:

1. Extend the surface PDE into the band by applying the extension operator E,

and then use Principles 2.5.1 and 2.5.2 to replace surface differential operators

with their Cartesian analogues.

2. Add the penalty term −γ(v − Ev) to the embedding equation.

3. Use standard discretizations in space for the differential and extension operators,

and an appropriate time-stepping scheme to solve the resulting system.

Note that the resulting embedding equation is not a PDE, since the term A(t, x, v)

involving a differential operator is evaluated at the surface (due to the extension

operator). Nevertheless, we treat the equation using standard PDE discretization

schemes, after approximating the extension operators using interpolation.
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Algorithm 3: Closest point penalty method [vGMM14]

Data: U0, initial condition on surface
extension matrix E, differentiation matrix L, restriction matrix R

Result: U , discrete solution on surface at time Tf
begin

/* Initial condition in band */

V ← EU0

/* Create matrix */

M← EL− γ(I− E )
for t = 1 to Tf/∆t do

/* Solve one explicit or implicit time step in the band */

/* e.g. using explicit Euler */

V ← V + ∆tMV
end
/* Restrict solution to discrete points on the surface */

U ← RV
end



Chapter 4

Discretization and the Penalty
Term

The discretization of the embedding equation (using a semi-discrete formulation, or

method of lines) is constructed in this chapter. We investigate the effect of discretiza-

tion on the extension operator E, and examine the properties of the penalty term

and parameter γ introduced in Chapter 3. Notions of consistency of the scheme

with the surface and band equations are defined, and a study of consistency of the

method is given for the surface diffusion equation. Numerical tests show stability

and convergence over a range of values of the parameter γ. Finally, the method is

applied to more general higher-order and nonlinear operators, using the examples of

the biharmonic equation and semi-linear systems of reaction-diffusion equations.

4.1 Discretization

The simplicity of the closest point method for surface differential operators comes

from the ability to use standard discretization schemes in the surrounding embedding

space. Here we study for example a simple finite difference scheme on a standard

Cartesian grid.

The penalty formulation of the previous chapter is now discretized on the Carte-

sian grid, using a method of lines approach. The differential and extension operators

are first discretized in space to give a semi-discrete scheme, and an explicit or implicit

time-stepping scheme is implemented.

An implicit version of the closest point method was described in [MR09], in which

the use of matrices to perform the discrete differentiation and extension operations

was introduced. The method described in this chapter also makes use of these ma-
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trices, however, motivated by the penalty formulation, the order of operations is

interchanged (we discuss this in Section 3.4.1).

4.1.1 Finite difference scheme

The n-dimensional embedding band B(S) ⊆ Rn is covered by a fixed mesh in Carte-

sian coordinates, of grid spacing ∆x1, . . . , ∆xn. We assume for simplicity that the

grid spacing in each dimension is equal, i.e., ∆x := ∆x1 = . . . = ∆xn (see Figure 4.1).

The grid is not necessarily aligned with either the surface or the boundary of the band.

We will also discretize in time; for this analysis, a uniform time step ∆t is chosen,

although adaptive time-stepping could be implemented in a standard way.

The Cartesian grid points are labelled xj, with j ∈ JB(S), where JB(S) denotes the

indices of grid points xj inside B(S). Let V m
j denote the value of the discrete solution

resulting from the finite difference scheme at grid point xj and time tm = m∆t. We

write V m :=
(
V m
j , j ∈ JB(S)

)
as the solution at the mth time step. With |JB(S)| = J

points lying inside the computational band, the vector V m ∈ RJ has length J . The

exact solution is denoted v(x, t), and we write vm(x) := v(x, tm) for the continuous

solution at time step m.

A sampling operator Rh is also defined, where Rhvm ∈ RJ is a vector with jth

entry (Rhvm)j := v(xj, tm), the continuous solution evaluated at the grid point xj

and time tm. The operator Rh is not to be confused with the continuous operator R

in Section 2.3.2 which restricts a function in B(S) to the surface S.

We use standard finite difference schemes for the differential operators. For ex-

ample, the Laplacian in R2 can be discretized with a standard 5-point second-order

finite difference stencil (now with two-dimensional indices for the grid points),

(LV )i,j =
1

∆x2
(Vi,j+1 + Vi,j−1 + Vi+1,j + Vi−1,j − 4Vi,j). (4.1)

We use q to denote the order of the truncation error of the discrete differential oper-

ator, with q = 2 in this case.

4.1.2 Discrete norms

The error of the scheme can be measured either on the surface or in the embedding

band. We use both the discrete maximum norm and the discrete L2 norm (see also

Section 1.4 for the continuous case).
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Figure 4.1: Cartesian grid in the embedding space, for a circle in R2.

In the embedding band, the discrete maximum and L2 norms are defined as

‖V m‖∞,B(S) := max{|V m
j |, j ∈ JB(S)}, (4.2)

‖V m‖2,B(S) :=

(∆x)n
∑

j∈JB(S)

|V m
j |2
 1

2

. (4.3)

We also measure the norms of a function projected back onto a discrete sampling

of the surface Sh, which is a set of points {yi ∈ S} with indices i ∈ JSh . The points

yi do not necessarily lie on the Cartesian grid. We assume that the sampling of the

surface is uniform, and finer than the Cartesian grid discretization.

Let Um
i denote the value obtained from interpolation of V m through the grid

points xj, followed by evaluation at a point yi ∈ Sh. We write Um to denote the

vector (Um
i )i∈JSh . In the case of triangulated surfaces, the yi may lie on the faces or

vertices of the triangulation.

The maximum and L2 norms on the approximated surface are then calculated as

‖Um‖∞,Sh := max{|Um
i |, i ∈ JSh}, (4.4)

‖Um‖2,Sh :=

hk ∑
i∈JSh

|Um
i |2
 1

2

, (4.5)

where k is the dimension of the surface.
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Figure 4.2: Interpolation stencil of width p∆x about the point cp(xj).

4.2 Discrete extension operators and interpolation

The continuous extension operator E is based on a closest point function cp that

is defined everywhere throughout the band. Applying the extension to a function

v : B(S)→ R requires evaluating v at the point cp(x) ∈ S. However, in the discrete

setting, we only have samples of the function v at grid points xj. Each xj on the

grid has a closest point cp(xj), but cp(xj) will not in general lie at a grid point. We

therefore use interpolation to find an approximation to the function value v(cp(xj)),

based on a subset of the values v(xi) surrounding the surface (see Figure 4.2).

As in [RM08], polynomial interpolation is used to approximate the extension op-

erator. In each dimension, local one-dimensional polynomial interpolants of degree

p are calculated through neighbouring points. The interpolation is continued in a

dimension-by-dimension fashion (as in Figure 4.3), and the result is evaluated at the

point cp(xj). The value of the function v at v(cp(xj)) is expressed as a weighted sum

of the neighbouring values v(xi), where the weights wi are calculated using Barycen-

tric Lagrange interpolation [BT04],

v(cp(xj)) ≈
∑

xi∈N (cp(xj))

wiv(xi). (4.6)

Since the interpolation step involves a linear combination of grid point values, this

extension can be expressed as a matrix Ep, introduced in the implicit formulation of

the closest point method [MR09],

[EpV ]j =
∑

xi∈N (cp(xj))

wiVi. (4.7)
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cp(xj)

Figure 4.3: Higher-order interpolation is carried out in a dimension-by-dimension
fashion, with local one-dimensional interpolants first evaluated at the points �. A
further interpolant is computed through these points, and evaluated at cp(xj).

Recall from Section 4.1.2 that we compute the discrete norm on the surface

through a vector Um, which has values at a set of sampled surface points {yi ∈ S},
with i ∈ JSh . The calculation of Um involves a discrete extension operator Eplot,

which interpolates between values in the band and evaluates at the surface points

yi, so that Um = EplotV
m. The matrix Eplot is computed in a similar manner to the

extension matrix E.

4.3 Bandwidth

The computations are carried out on a Cartesian grid in a band surrounding the sur-

face. For our theory to apply, the region of computation should be contained within

B(S), the neighbourhood of the surface in which the solution v is defined. We can

increase computational efficiency by computing only on a narrow band scaling with

the grid size ∆x, as the extension operators guarantee that only values of the function

near to the surface affect the solution. In [RM08], a bound for the necessary compu-

tational bandwidth was calculated for the two-step formulation with the second-order

centred difference Laplacian and polynomial interpolation of order p, in n dimensions.

4.3.1 Bounds on the bandwidth

We assume that the differential operator has a stencil which is a symmetric hypercross,

of width c∆x (see Figure 4.4). For example, the second-order centred difference

Laplacian in 2D (5-point stencil) has width c = 2, while a fourth-order Laplacian with

a 13-point stencil has width c = 4. Using polynomial interpolation of degree p in each

dimension, the interpolation stencil is an n-dimensional hypercube, with width p∆x in

each dimension. The computational region must contain all points in the differential
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Figure 4.4: Bandwidth bw required for a scheme with interpolation order p and a
differential operator stencil of width c in each dimension. Here, p = 3 and c = 2.

operator hypercross centred at each point in the interpolation hypercube. The width

of the band surrounding the surface containing all required points is therefore

bw :=

√
(n− 1)

(
p+ 1

2

)2

+

(
c

2
+
p+ 1

2

)2

∆x. (4.8)

In terminology common in image processing (e.g. [CS05]), the set of points in the

band is the dilation of the width-p interpolation stencil, under the width-c structuring

element Sc = L.

Note that the matrix EL depends only on points within the dilation of the inter-

polation stencil, and hence the value at any grid point xi outside of this does not

affect the computation (see Figure 4.4). If we construct the matrix EL for a larger

region containing points xi outside of this region, the corresponding columns of the

matrix will be zero.

Note that we require ∆x to be small enough so that the computational band above

is contained completely within B(S), the neighbourhood of the surface in which the

map cp is sufficiently smooth. The width of this band B(S) depends on the curvature

of the surface. For a smooth curve in R2, the Euclidean closest point function ecp

is well-defined in an open band of width 1/κ(s), where κ(s) is the curvature of the

surface at a point s. We must therefore choose the grid size ∆x, interpolation degree
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p, and difference stencil size c such that

bw <

(
max
y∈S

κ(y)

)−1

. (4.9)

The computational cost of the scheme will depend on the size of the computational

band used. The matrices E and L are sparse, so the matrix vector multiplications

require O(J) operations, where there are J points in the band. In the embedding

space Rn, the J × J matrix E will have (p+ 1)n non-zero entries in each row, while L

will have cn+1 non-zero entries per row. Since the bandwidth bw scales with the grid

spacing ∆x, the number of points in the band (and hence the number of operations)

scales with ∆x−k, where k is the dimension of the surface rather than the embedding

space. The computational cost of the embedding method is therefore of the same

order as that of a surface intrinsic method.

4.3.2 Boundary

As the neighbourhood or embedding band B(S) has a non-empty boundary ∂B(S),

the discretized system may require some boundary conditions. Unlike in the original

explicit closest point method, the solution is not re-extended after each time step.

The constraint v = Ev is consistent with a Neumann boundary condition,

∇v · Eν(x) = 0, x ∈ ∂B(S). (4.10)

If the band Bα(S) has constant width α, then ∂B(S) is a level set of the signed dis-

tance function sd(x). Then the normal ν(y) to the surface at y = cp(x) is orthogonal

to the tangent space of the boundary Tx∂B(S), so the boundary condition (4.10) is

a Neumann condition (see Figure 4.5). If the width of the band B(S) is allowed to

vary, the tangent to ∂B(S) at x ∈ ∂B(S) is no longer necessarily perpendicular to

the normal ν(y), so this is an oblique boundary condition.

In the discrete case, we apply zero Dirichlet boundary conditions in the differential

operator matrix L, which appears in the discrete equation only in the combination EL.

The application of the extension matrix E then selects only those grid points which

are within the interpolation stencil of the surface. Provided that the bandwidth is

sufficiently large (as in (4.8)), we have satisfied V n = EV n at the boundary. We thus

have a discrete form of the oblique boundary condition above.
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Figure 4.5: For a band Bα(S) of constant width α (a), the boundary condition
∇v · Eν(x) = 0 is a Neumann condition. If the width of the band is allowed to
vary (b), this becomes an oblique boundary condition.

4.4 Consistency

We now consider the consistency of the fully discrete problem, obtained from applying

a time-stepping scheme to the semi-discrete form (3.11) of the constrained embedding

equation (3.5). We give a definition of consistency for this scheme, and show that we

can choose discretizations of the extension operator resulting in a numerical solution

which approaches the solution of (3.5) as the discretization is refined. For the analysis

of the scheme, γ is assumed to be a constant independent of the grid spacing ∆x and

the time step ∆t, although in practice we choose to vary γ with the grid spacing.

We first write down a general form of the numerical scheme. Recall the constrained

embedding equation,

vt = EA(t, x, v)− γ (v − Ev) , x ∈ B(S), t ∈ (0, T ) (4.11)

with initial condition v(x, 0) = v0(x) satisfying v0(x) = Ev0(x), and where A is a

linear operator which obeys a closest point principle. Let L be a discretization of this

operator, and Ep be the p-th order polynomial interpolation matrix of the continuous

operator E. Then using explicit Euler time-stepping, the numerical scheme can be

written as

V n+1 = V n + ∆t (EpLV
n − γ(I− Ep)V

n) ,

= (I + ∆t(EpL− γ(I− Ep)))V
n, (4.12)

with initial condition V 0 = Rhv0. A similar form of the update scheme can be found

for more general higher-order time-stepping schemes such as Runge–Kutta methods.

We will consider consistency of the numerical scheme (4.12) with the band equa-

tion (4.11). In Chapter 3, we showed that the smooth solutions of this band equation
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can be mapped to solutions of the surface equation. We will now show that if the nu-

merical scheme is consistent with the band equation (i.e., if the truncation error tends

to zero when the scheme is applied to an exact solution v, while ∆x, ∆t tend to zero

along a given refinement path), then the same scheme applied to ESu is consistent

with solutions u of the original surface equation.

4.4.1 Truncation error

Two forms of trucation error are defined, one relating the discrete scheme to the

embedding equation, and the other to the original surface equation.

Writing the numerical scheme (4.12) as V n+1 = GhV n, we define the truncation

error in the embedding space, e.g. [MM05],

T n :=
1

∆t

(
Rhvn+1 −GhRhvn

)
=

1

∆t

(
Rhvn+1 − (I + ∆t(EpL− γ(I− Ep)))R

hvn
)
, (4.13)

recalling that vn is the exact solution of (4.11) evaluated at time tn, and defining

Gh := G(∆x,∆t, p) to be the amplification matrix of the scheme. Recall that Rh

restricts a continuous function to the grid (Section 4.1.1).

Definition 4.4.1 (Consistency with embedding equation). We say that the scheme

V n+1 = GhV n is consistent with the embedding equation if the truncation error (4.13)

satisfies maxj∈JB(S)
|T n| → 0, as ∆x,∆t→ 0 (possibly along some pre-defined refine-

ment path relating ∆x and ∆t).

We now define the truncation error on the surface to be

T nS :=
1

∆t

(
RhESu

n+1 −GhRhESu
n
)
, (4.14)

as in [MMC14], where un is the exact solution of the original surface equation (Prob-

lem 3.2.1) at time tn, and RhESu
n is the restriction to grid points of the continuous

extension of this function. Note that the function un is not dependent on the penalty

parameter γ.

Definition 4.4.2 (Consistency with surface PDE). We say that the scheme V n+1 =

GhV n is consistent with the surface PDE if the truncation error on the surface (4.14)

satisfies maxj∈JB(S)
|T nS | → 0, as ∆x,∆t→ 0 (possibly along some pre-defined refine-

ment path relating ∆x and ∆t).
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Theorem 4.4.3. If a scheme V n+1 = GhV h is consistent with the embedding equation

(3.5), so that maxj∈JB(S)
|T n| → 0 as ∆x,∆t→ 0, then we also have consistency with

the original surface problem (Problem 3.2.1), i.e., maxj∈JB(S)
|T nS | → 0 along the same

refinement path.

Proof. As in the previous chapter, if u(t, x) is a smooth solution of Problem 3.2.1,

then v(t, x) = ESu(t, x) satisfies (3.5). Then vn = ESu
n, so T n = T nS .

Note that the two notions of consistency differ in their treatment of the penalty

parameter γ. Since the solution u of the original surface PDE has no dependence on

γ, we are free to choose γ as a varying numerical parameter as ∆t,∆x tend to zero,

while still retaining consistency with the surface PDE, although consistency with the

embedding equation may no longer be defined in this case.

In the following sections, we consider consistency with the embedding equation,

as in Definition 4.4.1, and treat γ as a fixed parameter. Later, we will consider

consistency with the surface PDE (Definition 4.4.2) with non-constant γ.

4.4.2 Truncation error of the penalty term

Consider the zero equation on the surface,

ut = 0, y ∈ S, t ∈ (0, T ) (4.15)

with some initial condition u(y, 0) = u0(y), so that the exact solution is u = u0. The

corresponding embedding equation contains only the penalty term and is

vt = −γ(v − Ev), x ∈ B(S), t ∈ (0, T ), (4.16)

with v0 = ESu
0 = Ev0. Again, the exact solution is v = v0, and this is a stable

solution in time for each fixed x, provided that γ > 0. The numerical scheme is then

V n+1 = I− γ∆t(I− Ep)V
n (4.17)

using explicit Euler time-stepping. The truncation error resulting from the penalty

term is

T n =
1

∆t

(
Rhvn+1 − (I− γ∆t(I− Ep))R

hvn
)

(4.18)

= γ(I− Ep)V
0. (4.19)
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Figure 4.6: Maximum error on the surface resulting from the truncation error of the
penalty term, for the zero problem on the unit circle at time t = 0.5. The scheme
uses first-order explicit time-stepping with ∆t = 1

4
∆x and γ = 4.

If we start with an initial condition satisfying V 0 = EpV
0, then the method has

truncation error T n = 0 for this equation. However, this is not equivalent to requiring

that v0 = Ev0, since the interpolation matrix Ep is not idempotent. Instead, we have

EpV
0 = EpR

hv0 = RhEv0 +O(∆xp+1) = V 0 +O(∆xp+1), (4.20)

from the properties of polynomial interpolation, so that

T n = γO(∆xp+1). (4.21)

If γ is a constant independent of ∆x,∆t, then in principle we may use polynomial

interpolation of any degree p ≥ 0 for a consistent scheme.

Note that the truncation error depends only on the spatial step size, and not on

the time step, although the original surface problem involved only a time derivative.

Numerical results

Figure 4.6 shows the surface error at t = 0.5 for explicit Euler time-stepping applied

to the zero problem ut = 0 on the unit circle. Initial conditions and exact solution

are both u(θ) = cos θ + cos(3θ), and the time step is chosen to be ∆t = 1
4
∆x, with

parameter γ = 4. We see the expected convergence rate of O(∆xp+1) for polynomial

interpolation of order p.
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4.4.3 Diffusion equation

We now consider the consistency of the method applied to the case of the Laplace–

Beltrami operator. The penalty equation in B(S) is

vt = E∆v − γ(v − Ev), x ∈ B(S), t ∈ (0, T ), (4.22)

with initial condition v(x, 0) = v0(x) satisfying v0(x) = Ev0(x).

With first-order explicit time-stepping, the numerical scheme can be written

V n+1 = V n + ∆t (EpL− γ(I− Ep))V
n. (4.23)

Evaluating the penalty term as in the zero case gives

EpR
hvn = RhEvn +O(∆xp+1), (4.24)

so that the penalty term results in

(I− Ep)R
hvn = Rh(vn − Evn) +O(∆xp+1). (4.25)

With a second-order discretization of the Laplacian operator, provided that vn is

sufficiently smooth we have

LRhvn = Rh∆vn +O(∆x2), (4.26)

and including the discrete extension operator,

EpLR
hvn = RhE∆vn +O(∆x2) +O(∆xp+1), (4.27)

provided that ∆vn is sufficiently smooth for the error analysis of the interpolation

scheme. From the first-order time-stepping,

1

∆t
(Rhvn+1 −Rhvn) = Rhvt +O(∆t). (4.28)

Thus, combining terms and using the continuous equation (4.22),

T n =
1

∆t

(
Rhvn+1 −Rhvn + ∆t (EpL− γ(I− Ep))R

hvn
)

= Rh (vt − E∆vn + γ(vn − Evn)) +

+O(∆t) +O(∆x2) +O(∆xp+1) + γO(∆xp+1)

= O(∆t) +O(∆x2) +O(∆xp+1) + γO(∆xp+1). (4.29)

We therefore have consistency of the scheme: if the penalty parameter γ is inde-

pendent of ∆x and ∆t, then the scheme (4.23) with first-order explicit time-stepping

is consistent with the continuous equation (4.22) if p ≥ 0. If we choose ∆t = O(∆x2)

and p ≥ 1, then the scheme will be second-order. The analysis of higher-order explicit

time-stepping methods (such as Runge–Kutta methods) is similar.
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4.4.4 Penalty parameter

We now consider a discretization scheme of a more general PDE. Requiring the

method to be consistent and stable for a given value of the penalty parameter γ

may place certain restrictions on the spatial grid size ∆x, the time step ∆t, and

the interpolation order p of the extension operator. Since we are free to choose any

positive value of γ in the continuous case, we would like to choose γ in order to

minimize the restrictions on the numerical scheme.

Although we cannot define consistency with the continuous penalty equation

(4.22) if the value of γ varies, we can use the notion of consistency with the orig-

inal surface PDE (which contains no parameter γ).

Assume that the standard PDE with no extension operators admits a consistent

discretization, where the truncation error scales like O(∆tα) + O(∆xq). The surface

truncation error of the corresponding embedding discretization will then include a

term proportional to ∆xp+1 from the discrete extension operator.

Recall that the truncation error of the scheme also includes a term of order

γO(∆xp+1) from the penalty term. If γ is chosen to scale with ∆x−β for some con-

stant β ∈ R, then this term is a contribution of O(∆xp+1−β). Combining these results

gives an overall order of accuracy of the method of

T nS = O(∆tα) +O(∆xq) +O(∆xp+1) +O(∆xp+1−β).

For a scheme which is consistent with the surface PDE, it is necessary that p ≥ β.

If γ = O(∆x−2) (which may be required for stability, as discussed in Section 4.6.2),

then at least degree 2 interpolation in p is needed.

Note that if for some equations, a stable scheme using a constant value of γ can

be constructed, then using p = 1 should also give second-order convergence. This

would be computationally more efficient, since then only bilinear/trilinear interpola-

tion matrices could be used. The consistency of the closest point method applied to

various other problems, including advection and fourth-order diffusion, is investigated

in [MMC14].

4.5 Numerical experiments

We demonstrate the convergence of the method with examples in 2D and 3D, showing

the convergence rates expected based on the discussion in Section 4.4.4.
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4.5.1 Diffusion equation on the unit circle and unit sphere

The diffusion equation example of Section 3.1.1 is studied on the unit circle embedded

in R2, and the unit sphere embedded in R3. Starting from the surface equation

ut = ∆Su, the resulting embedding equation with the penalty term is

vt = E∆v − γ(v − Ev). (4.30)

We take the standard parameterization σ : [0, 2π) → S, σ(θ) = (cos(θ), sin(θ))T , for

the unit circle, and write ū(t, θ) = u(t, σ(θ)). The initial condition on the circle is

taken to be ū(0, θ) = cos θ+cos 3θ, giving exact solution ū(t, θ) = e−t cos θ+e−9t cos 3θ.

Similarly, the parameterization of the sphere is given by σ : (−π, π] × [−π
2
, π

2
] →

S, σ(θ, φ) = (cos θ cosφ, sin θ cosφ, sinφ). The initial condition is ū(0, θ, φ) = cos(φ+

1/2), so that ū(t, θ, φ) = e−2t cos(φ+ 1/2).

Standard second-order and fourth-order central differences (q = 2 and q = 4

respectively) are used to discretize the Laplacian, and the order p of the polynomial

interpolation is varied. Figure 4.7 shows convergence studies with explicit time-

stepping on the unit circle, using a forward Euler and fourth-order Runge–Kutta

scheme respectively. The parameter γ is taken to be 2n
∆x2

, where n is the dimension

of the embedding space, and the solution is run in time until t = 0.5, using ∆t =
1
4
∆x2. Figure 4.8 shows the case of a unit sphere in R3, with an implicit BDF2

scheme and again using ∆t = 1
4
∆x2. The figures demonstrate convergence rates of

order O(∆xp−1) + O(∆xq). We compute the error by restricting the solution of the

embedding equation to a discrete sampling Sh of the surface S, and computing the

max-norm error over Sh. This restriction is approximated via interpolation (using

the Eplot matrix of Section 4.2) to sufficient accuracy so as not to affect the observed

convergence.

4.5.2 Surface and band errors

The examples above were tested by measuring the maximum error on the sampled

surface Sh. Figure 4.9 shows the results of the diffusion equation on the unit circle as

above, where we now compute the L2 and max-norm errors on the surface and in the

band (see Section 4.1.2). With p = 3 and q = 2, we achieve second-order convergence

in the maximum norms on the surface and in the band, and in the surface L2 norm.

The convergence of the L2 norm in the band is half an order higher, which we expect

since the number of grid points in the band J scales approximately with ∆x−1, so

integrating over the band gives a factor of
√
J∆x2 = O(∆x1/2).
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Figure 4.7: Numerical convergence studies for the diffusion equation (4.30) on the
unit circle, using forward Euler (a) and 4th order Runge–Kutta (b) time-stepping,
with γ = 2n

∆x2
, and ∆t = 1

4
∆x2. The Laplacian is discretized with order q = 2 (a) and

q = 4 (b).
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Figure 4.8: Numerical convergence study for the diffusion equation (4.30) on the unit
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Figure 4.9: Maximum and L2 error on the surface S and in the band B(S), for
diffusion equation on the unit circle at time t = 0.5, using p = 3, q = 2, and first-
order explicit time-stepping with ∆t = 1
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.
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4.5.3 Bandwidth

We demonstrate that the bandwidth bw given by (4.8) is sufficient for the method,

and gives the same results as a computation in a larger band which does not scale with

∆x. Figure 4.10 shows the time taken to compute the solution to time t = 0.5 using

explicit Euler time-stepping for the diffusion equation on the unit circle, using either

the bandwidth bw calculated above (4.8) which scales with ∆x, or a fixed bandwidth.

The solutions Um computed in the two cases are identical when evaluated on the

surface.

We have used ∆t = 1
4
∆x2, so computation to a fixed time will take O(∆x−2)

time steps. The number of points J in the band is approximately O(∆x−1) if the

bandwidth scales with ∆x, and O(∆x−2) in the fixed bandwidth case. Multiplication

by the matrix E or L is an O(J) operation, so we expect the computation time to be

O(∆x−3) and O(∆x−4) respectively, as observed in practice.

4.6 Stability

The stability of the numerical scheme depends on the properties of the matrices E

and L, as well as on standard time step restrictions and the parameter γ. We first

consider the semi-discrete system: discrete in time while still continuous in space,

before turning to the fully discrete system.
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4.6.1 ODE stability

The absolute stability of the semi-discrete system (e.g. [LeV07]) is used to find a

relationship between the value of γ and the time step ∆t. The test equation ut = 0

on the surface will result in the embedding equation (4.16). Recall that this can be

written in the form of an infinite-dimensional ODE system as in Section 3.3,

zt = −γz, where z = v − Ev. (4.31)

We discretize this equation in time, leaving space continuous. As (4.31) is the

Dahlquist test equation [HNW93], the region of absolute stability is determined by

the time-stepping method used. For example, for the forward Euler method, the

region of absolute stability is |1 − γ∆t| ≤ 1. With positive γ, this implies a time

step restriction ∆t ≤ 2
γ
. Likewise, for the explicit four-stage Runge–Kutta scheme we

have a stability restriction of ∆t ≤ 2.79
γ

. For A-stable methods such as the implicit

Euler method, all positive values of γ and ∆t give stable solutions, at least for this

semi-discrete problem.

Thus returning to the method of lines formulation (3.11), we expect a stability

restriction (when using an explicit scheme) based on each of the two terms in the

equation and we will take ∆t based on the minimum of the two restrictions. One

reasonable strategy in choosing γ is to avoid increasing the stiffness of the system

(compared to that of the Cartesian discretization of the equivalent non-surface PDE

problem). We explore this further in the next section.

4.6.2 Time step restrictions

Consider the surface diffusion equation. If we discretize (4.22) using forward Euler in

time and the standard second-order scheme for the Laplacian, as in (4.23) above, we

might expect a time step restriction of

∆t ≤ min

(
∆x2

2n
,

2

γ

)
. (4.32)

For example, if γ satisfies γ ≤ 4n
∆x2

, then we expect the usual choice ∆t ≤ ∆x2

2n
to

result in a stable scheme. We are free to choose γ larger than this, provided that the

time step is correspondingly restricted.

Figure 4.11 illustrates that the above theory correctly predicts the practical sta-

bility properties. On the unit circle, we consider the equation ut = ∆Su − u with

semi-discrete form Vt = ELV − V − γ(I − E)V . We discretize with forward Euler
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Figure 4.11: Maximum value of ∆t giving stable solutions of ut = ∆Su − u on the
unit circle, using forward Euler time-stepping.

and estimate the largest possible stable time-step; the results are very close to (4.32).

Using a parameter value satisfying γ ≤ 4n
∆x2

allows the time step predicted by the

standard non-surface Cartesian finite difference scheme. In practice if a larger value

of γ is desirable, then the time step ∆t could be reduced for stability.

4.6.3 Stability of the fully discrete system

Here we give some observations on the stability of the fully discrete system. Further

details of the stability of both the penalty and the re-extension formulations are given

in [MMC14], although completely general stability results are still lacking.

The stability of the scheme will also depend on the choice of γ, for the equation and

discretization considered. In the case that γ is zero, the side condition is not enforced

at each time step. In practice, in this case small errors in the normal direction tend to

grow over time, eventually leading to instability. Figure 4.12 shows how the maximum

error in the solution depends on γ for the particular case of the diffusion equation

on the unit circle at time t = 0.5, using forward and backward Euler time-stepping

with ∆t = 1
4
∆x2 and ∆t = 1

4
∆x respectively. The vertical line in the first figure is at

γ∆x2 = 8, i.e., at ∆t = 2
γ
, where the solution becomes unstable due to the time step

restrictions described in Section 4.6. For implicit time-stepping, this instability does

not occur. As γ becomes small relative to 1
∆x2

, (or for fixed γ, as ∆x becomes small

relative to 1√
γ
), the solution may also become unstable. Intuitively, this is because
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Figure 4.12: Maximum error at time t = 0.5 as a function of γ∆x2, for the heat
equation on the unit circle, using (a) explicit and (b) implicit Euler time-stepping.

the penalty is not strong enough to impose the constraint. For the diffusion equation,

a suggested value is γ ≈ 4
∆x2

.

In [CM14], a case is considered where the two extension operators in the scheme

(3.11) have different degrees p of interpolation. For the Poisson equation on closed

curves in R2, the scheme with two extension operators with polynomial interpolations

of order 1 and 3, and γ = 4
∆x2

is proved to be second-order and stable, i.e., using the

matrix M = E1L− γ(I− E3).

Convergence

In the case of numerical schemes for standard Cartesian PDEs, convergence can be

deduced from the consistency and stability of the scheme. However, this analysis may

not apply to the embedding equations discussed in this work, in which the differential

operator terms appear only with extension operators. We have demonstrated con-

vergence numerically for the extended analogues of some standard PDEs, but a full

analysis of this type of equation remains to be carried out.

4.6.4 Properties of extension matrices

We investigate the eigenvalues of the extended Laplace operator EpL, as well as the

matrix with penalty term M = EpL−γ(I−Ep). For stability of the numerical scheme,

the eigenvalues of the matrix must lie in the stability region of the time-stepping

scheme chosen.
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Figure 4.13: Eigenvalues of the discrete matrix operator EpL (a) and the penalized
operator M = EpL − γ(I − Ep) (b) for a unit circle, with p = 3, ∆x = 0.05 and
γ = 1600.

Figure 4.13a shows the eigenvalues of the matrix EpL, for a unit circle, using

interpolation p = 3, and grid size ∆x = 0.05. Note that some eigenvalues lie in

the right half plane, consistent with our intuition that the solution may grow in an

unstable way in the normal direction if the penalty is omitted. In Figure 4.13b, the

eigenvalues of the matrix M = EpL− γ(I− Ep) are shown. All eigenvalues now lie in

the left half plane or at the origin.

Similar results are found for surfaces in R3. Figure 4.14 shows the eigenvalues of

EpL and M for the unit sphere and the genus 3 surface of Section 4.7.1.

4.6.5 Relationship to the explicit method of Ruuth & Mer-
riman

Note that if we choose γ = 1
∆t

, the resulting iteration for the surface heat equation

with explicit Euler time-stepping will be the same as the two-step method of [RM08].

The scheme (4.23) becomes

V n+1 = Ep(V
n + ∆tLV n), (4.33)

which corresponds to applying one step of first-order explicit time-stepping to the

non-extended PDE, followed by performing an extension:

Ṽ n+1 = V n + ∆tLV n, (4.34a)

V n+1 = EpṼ
n+1. (4.34b)
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Figure 4.14: Eigenvalues of the discrete matrix operator EpL (a) (c), and the penalized
operator M = EpL− γ(I− Ep) (b) (d), for the unit sphere with ∆x = 0.2 and a genus
3 surface in R3 [AIM04] with ∆x = 0.1. Interpolation of order p = 3 is used in each
case, with penalty values γ = 100 and γ = 400 respectively.
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This case is not a method of lines, and is therefore not covered by our analysis of the

discrete scheme.

4.6.6 Alternative discrete forms

Other methods of discretizing the extension operator may lead to better stability

properties of the scheme. We note that the discrete operators L and Ep, which are

both based on interpolating the function locally and evaluating at grid points, are

applied in sequence in the discrete form of the embedding equation.

We wish to evaluate the function E∆v = [∆v] ◦ cp at a point xj. Note that the

standard discrete differential operator L above (4.1) can be obtained by creating a

local interpolant to the function v through the grid points neighbouring xj, and then

differentiating and evaluating the interpolant at xj. Instead of first evaluating the

interpolant Lv at xj, and then applying a second interpolation to form the extension,

we could evaluate the interpolant Lv exactly at the known (non-grid) point cp(xj).

This avoids the repeated application of the matrix Ep on the differential operator,

although the matrix remains in the penalty term γ(I− Ep). Future work investigates

this possibility.

Different orders of interpolation

In [CM14], it was noted that the order of interpolation for the discrete extension

operator E does not have to be the same each time it appears in the scheme (3.10).

Recall that we write Ep to denote a matrix constructed with p-th order polynomial

interpolation. It could be computationally more efficient to use a lower order interpo-

lation for the differential operator term EpL, and a higher value of p for the discrete

penalty term γ(I − Ep). Especially for higher-order equations, where the operator

E appears once for each order of differentiation, using different values of p could be

advantageous.

4.7 Higher-order and nonlinear operators

Previous formulations of the stabilized operator, such as those in [MR09] and [MBR11],

were stated for the Laplace–Beltrami operator, and did not include a general princi-

ple for variable-coefficient or nonlinear equations. The penalty method can easily be

formulated to include such operators.

In this section, we demonstrate the method with examples of systems of reaction-

diffusion equations, and the surface biharmonic operator.
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4.7.1 Reaction-diffusion equations

We first show numerical results on semi-linear reaction-diffusion equations, which

involve a nonlinearity in the reaction term. The embedding equation is not affected

by extension operators applied to this term. For example, when extended to the

band, a term u2 would become

ESu
2 = (ESu)2 = v2, (4.35)

under the constraint that v = ESu.

The Gray–Scott reaction-diffusion equations are used as a model of pattern formation

[GS83, Pea93]. Formulated on a surface, the equations are given by

ut = νu∆Su− uw2 + F (1− u), (4.36a)

wt = νw∆Sw + uw2 − (F + k)w, (4.36b)

where u,w : S → R are surface functions which usually represent the concentration of

two interacting chemical species, the diffusion coefficients νu, νw ∈ R are taken to be

scalar constants, and F, k ∈ R are scalar parameters. The system has a steady state

at u = 1, v = 0. If the initial conditions are taken to be a small perturbation about

this steady state, diverse patterns may appear for various choices of the parameters

F and k.

This example involves nonlinear terms in u and w, which are simple to treat

with the method of lines. After extension and discretization in space, the system of

equations in the computational band becomes

Ut = νuELU − UW 2 + F (1− U)− γ(U − EU), (4.37a)

Wt = νwELW + UW 2 − (F + k)W − γ(W − EW ). (4.37b)

In this formulation, both U and W are discrete band functions. Diffusion constants

used are νu = (1/60)2, νw = νu/2, with parameters k = 0.063, F = 0.054 [Mun96].

For reference, the system (4.36) is first solved on the 2D planar domain [0, 1] ×
[0, 1] with standard Cartesian differential operators instead of surface operators, and

periodic boundary conditions. The initial condition is a random perturbation about

the zero diffusion steady state (u,w) = (1, 0). The grid size is ∆x = 0.0083, and the
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Figure 4.15: Gray–Scott reaction-diffusion (4.36) on a planar region with periodic
boundary conditions. Initial conditions for the function u (a) and at time t = 15000
(b) are shown.
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Figure 4.16: Gray–Scott reaction-diffusion (4.36) on a unit sphere: initial conditions
for u (a) and value of u at t = 15000 (b).
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Figure 4.17: Gray–Scott reaction-diffusion (4.36) on a closed genus 3 surface: the
function u at t = 15000.

time step is ∆t = 0.2/νu∆x using explicit Euler timestepping. The results for u at

t = 15000 are shown in Figure 4.15.

The equations are then formulated on a unit sphere, using an exact closest point

function with a Cartesian grid of size ∆x = 0.05. This system of equations is solved

with a implicit-explicit IMEX scheme treating the Laplace–Beltrami operators im-

plicitly, and the nonlinear terms explicitly [Ruu95]. The scheme is a second-order

semi-implicit backward difference formula (2-SBDF). Initial conditions for the func-

tion u and the steady state at t = 15000 are shown in Figure 4.16. Finally, a trian-

gulated genus 3 shape [AIM04] is used, from which a discrete closest point function

is calculated using a direct search [MR08]. Using the same set of parameters, similar

patterns are found to occur on the plane, sphere and triangulated shape (Figure 4.17).

These examples demonstrate the generality of the method with respect to surface

geometry and topology. We observe qualitatively correct results based both on the

form of the patterns over the surface, and on the width of the patterns in relation to

the space interval ∆x.

In Chapter 5, we show further numerical results on nonlinear curvature-dependent

diffusion and reaction-diffusion equations, where the nonlinearity appears in the dif-

fusion operator.
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4.7.2 Biharmonic operator

As an application of the method to higher-order differential operators, we consider

here the biharmonic operator ∆2
S (linear fourth order diffusion operator).

Note that a closest point principle (as in Definition 2.5.4) does not apply directly

to the surface biharmonic operator. However, with a repeated application of Theo-

rem 2.5.5, the time-dependent surface biharmonic equation ut = −∆2
Su can be con-

verted to the form ut = −∆E∆Eū on the surface. Now operating with an extension

on both sides of the equation, and substituting v = ESu, we have

vt = −E∆E∆v, subject to v = Ev.

As in Section 3.4, the resulting embedding equation is

vt = −E∆E∆v − γ(v − Ev). (4.38)

Discretizing as before in (3.10) gives the semi-discrete form

Vt = −ELELV − γ(I− E)V.

We see that in general, the penalty term γ(v − Ev) remains, and an additional ex-

tension operator E is included. Note that this differs from the procedure in [MR09],

which uses the square of the matrix for the Laplace–Beltrami operator in the bihar-

monic case.

Applying a first-order explicit time-stepping scheme results in the numerical scheme

V n+1 = V n −∆tEpLEpLV
n −∆tγ(V n − EpV

n). (4.39)

Note that fourth-order equations require two boundary conditions at ∂B(S). The

level set framework for fourth-order equations on surfaces is studied in [GBS06], in

which both ∇u ·ν and ∇∆u ·ν are fixed on the boundary. As in the Laplace–Beltrami

case, our formulation is consistent with oblique Neumann boundary conditions, since

the restriction v = Ev enforces that v and all higher derivatives of v are constant

along manifolds of constant cp.

One might expect that if we penalize both the function v as well as the Laplacian

∆v, then we could drop the second extension operator inside the Laplacian, and

obtain

vt = −E∆∆v − γ1(v − Ev)− γ2(∆v − E∆v). (4.40)

This is the approach taken in [MR09] for biharmonic problems. However, we cannot

simultaneously satisfy both v = Ev and ∆v = E∆v, so the equation will not be

consistent with the original surface PDE.
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Figure 4.18: Convergence study for the time-dependent surface biharmonic equation
on the unit circle (4.39), using BDF2 implicit time stepping, with γ = 4

∆x2
, and
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4
∆x2.

Numerical experiments

The truncation error for the numerical scheme (4.39) in the embedding band can be

split into the error in the penalty term, and that in the discretization of the fourth

order diffusion term. As in Section 4.4, the penalty term gives a truncation error

γO((∆x)p+1), where p is the order of interpolation in Ep. For the biharmonic operator,

however, we have additional restrictions on the interpolation degree p based on the

order q of the discrete Laplacian L, since we now apply an outer discrete Laplacian

operator to the interpolated result EpLV
n.

This method is again demonstrated on the unit circle in 2D. The initial condition

u(θ, 0) = cos θ+ cos 3θ results in the exact solution u(θ, t) = e−t cos θ+ e−81t cos 3θ at

time t.

Explicit time step restrictions become prohibitive for the higher-order operators, so

only implicit schemes are considered. Figure 4.18 shows the error in a BDF2 implicit

time-stepping scheme. With γ = 4
∆x2

and ∆t = 1
4
∆x2, we observe convergence with

rate O(∆xp−3) +O(∆xq).



Chapter 5

Diffusion Equations on Surfaces

Surface diffusion and reaction-diffusion equations are common in mathematical mod-

els of biological and physical systems, such as pattern formation on animal coats

[Mur03], and models of cell motility [ESV12].

In this chapter, we recall the notion of surface intrinsic diffusion as given in

[MM12], and apply the closest point method to various cases of linear, nonlinear, and

inhomogeneous reaction-diffusion equations on surfaces. In particular, our method

can handle problems depending explicitly on the geometry of the surface, such as

PDEs where the diffusion coefficients depend on the curvature.

5.1 Surface diffusion operators

In previous chapters, the Laplace–Beltrami operator was used to define a surface dif-

fusion equation with a constant diffusion coefficient. We now include a non-constant

diffusion tensor, and study more general diffusion equations on surfaces, as in [MM12].

The surface diffusion equation considered is

∂tu = divS(A(y)∇Su), (5.1)

where u(y, t) is a smooth surface function u : S × (0, T )→ R, and A is the diffusion

tensor. If A(y) = I, the identity map, then (5.1) reduces to the standard Laplace–

Beltrami case. If A(y) does not depend on the function u, we call this linear diffusion.

In later sections, this will be generalized to include dependence on u and S, the surface

function and the surface itself. This can lead to different cases: linear inhomogeneous

diffusion (the scalar diffusion coefficient is a non-constant function of y in the domain),

nonlinear diffusion (the scalar diffusion coefficient depends on the value of u), and

fully anisotropic (the linear or nonlinear diffusion coefficient is a tensor).

80
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In many applications to physical and biological models, the diffusion equation is

derived from a continuity equation on the surface. This states that if some quantity

stays intrinsic to the surface, then the change in density over a surface region is equal

to the flux into or out of that region. If u is the density on the surface of some

quantity (for example, the density of a chemical species over the surface), and ~j is

the flux over the surface, then

∂tu+ divS~j = 0, (5.2)

where we have assumed no sources and sinks on the surface. If the flux is proportional

to the gradient of the density, we can write ~j = −A(y)∇Su, and obtain the surface

diffusion equation (5.1).

If the flux ~j = −A(y)∇Su is a tangential vector field, then we call this surface

intrinsic diffusion [MM12]. This corresponds to the statement that the quantity is

constrained to move only on the surface. This can happen in two different ways: the

matrix A(y) maps all vectors in Rn to vectors tangential to the surface (such as if

A(y) is a projection onto the tangent space), or if A(y) maps only tangent vectors to

the tangent space (such as a stretching matrix, which does not rotate.) A special case

of the latter is scalar diffusivity, where A(y) = a(y)I. If neither case is true then ~j

is not tangent; this case can still be treated with the closest point method, although

we do not pursue it here.

Applying the closest point principles directly to the gradient and divergence op-

erators in (5.1), we obtain the extended operator

divS(A∇Su) = R div (E[A∇[ESu]])

= R div (A(cp(x), ESu)E∇[ESu]). (5.3)

5.1.1 Fewer extension operators

In either case above where ~j is tangential, we can reduce the number of extension op-

erators required in the embedding equation, thus simplifying the numerical schemes.

The following result from [MM12] shows this, in the special case where the closest

point function is based on Euclidean distance.

Theorem 5.1.1 (Surface intrinsic diffusion [MM12]). Let S be a smooth compact

hypersurface, let u ∈ C2(S,R) and let A : S×R→ Rn×n be C1. Let ES correspond to

the Euclidean closest point extension operator ecp (Definition 2.2.3). If A(y, u)∇Su
lies in the tangent space TyS for all y ∈ S, then

divS (A(y, u)∇Su) = R div (A(cp(x), ESu)∇[ESu]).
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Proof. This follows directly from [MM12, Theorem 4.3 and Corollary 4.4].

Contrast this with the result (5.3) above; note that here the quantity ∇[ESu] is

not re-extended before computing the divergence.

As in the case of the divergence and gradient (Section 2.5), we can write Theo-

rem 5.1.1 in the embedding space as

ES divS (A(y, u)∇Su) = E div (A(cp(x), ESu)∇[ESu]). (5.4)

In this chapter, we chiefly consider the case where the diffusion coefficient is a

scalar multiple of the identity map A(y) = a(y)I. Since the vector a(y)∇Su is in the

direction of ∇Su, and hence lies in the tangent space, this is diffusion intrinsic to the

surface and we may apply Theorem 5.1.1.

5.2 Curvature-dependent diffusion

In certain applications to biological or physical models, the geometry of the surface it-

self may be explicitly included in the PDE model. Examples include interface motion,

or diffusion of chemicals over surfaces, where the diffusion coefficients may depend on

the curvature of the surface.

Note that, although the equations in this section are related to the case of mean

curvature flow — in which the surface evolves in the normal direction with a velocity

proportional to the mean curvature — we do not consider here moving surfaces. In-

stead, we consider the case where a function on the surface satisfies a PDE depending

explicitly on the geometry of the surface, for example through the mean curvature.

For a review of geometric PDEs, including mean curvature flow, see [DDE05].

5.2.1 Closest point representation of mean curvature

The implicit representation of the surface, in which points on the surface are defined

as the fixed points of the function cp, retains information about the geometry of

the surface, including the mean curvature. We can use the closest point function to

calculate the curvature directly. Recall the definition of mean curvature in terms of

the divergence of the normal vector ν(x) to a level set,

κ(x) = tr(D2sd(x)) = div ν(x). (5.5)

We will make use of an identity relating the mean curvature κ(y) at a point y ∈ S to

the closest point function cp.
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Lemma 5.2.1. Let S be a C2 surface, and let cp : B(S) → S be a closest point

function. Then the mean curvature κ of S can be expressed as

κ(y) = |[∆cp](y)|, y ∈ S. (5.6)

Here, the Laplacian acts row-wise on the vector function cp.

Proof. We first prove that the mean curvature vector κ(x)ν(x) can be expressed as

the Laplace–Beltrami operator applied row-wise to the vector identity function on

the surface,

κ(x)ν(x) = −∆SIdS(x). (5.7)

To show this, consider the i-th component [x]i of x ∈ B(S), so that

−∆S [x]i = −divS
(
(I − ννT )∇[x]i

)
= −divS (êi − νiν)

= tr
(
(I − ννT )D(νiν)

)
= (div ν)νi, (5.8)

and therefore

κ(x)ν(x) = (div ν(x))ν(x) = −∆SIdS(x). (5.9)

Applying the closest point principles at the surface to the Laplace–Beltrami op-

erator, we have

κ(y)ν(y) = −∆(E IdS)(y) = −[∆cp](y), (5.10)

since the closest point function is the extension of the identity on the surface. The

magnitude κ of the mean curvature is found by taking the norm of this vector.

For example, for a circle of radius R in R2, the cp function is cp(x) = R x
|x| , giving

−[∆cp](x) =
R

r3
x = −R

r2
ν(x). (5.11)

At the surface, r = R, so κ(y) = R
r2

= 1
R

.

Discretization

The mean curvature result (Lemma 5.2.1) is now discretized as in Chapter 4, with a

uniform Cartesian grid in the embedding band. Let L be a discrete Laplacian matrix

with truncation error of order q, and let Ep be the matrix evaluating an interpolant

through xj at the points cp(xj), using polynomial interpolation of degree p. Each
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Figure 5.1: Error in the discrete approximation κcp (5.12) of the mean curvature of
an ellipse, using polynomial interpolation of order p, and a qth order finite difference
stencil for the Laplacian.

grid point in the embedding space (Rn) is represented as a vector of n components.

For each of these n components, we calculate a value

[κ̃]i = LEp[Id]i, (5.12a)

where [Id]i ∈ RJ is a vector containing the ith component of each Cartesian grid

point. We then find the magnitude κcp of this vector

κcp =

(
n∑
i=1

[κ̃]2i

) 1
2

. (5.12b)

The exact curvature can be calculated directly from the parameterization, and

compared to the curvature computed from the discrete cp function. We demonstrate

an example of a surface of non-constant curvature in R2: an ellipse parameterized

by (x1, x2)(s) = (a cos s, b sin s), with a = 1.5, and b = 0.75. The closest point

on the surface cp(xj) to each Cartesian grid point xj is computed with Newton’s

method. Figure 5.1 shows the error in the resulting curvature on the surface. The

error depends on the order p of the polynomial interpolation and q of the discretization

of the Laplacian, as O(∆xp−1) +O(∆xq), which is optimal in the discretization.

5.2.2 Curvature-dependent diffusion on curves

Inhomogeneous surface diffusion is demonstrated with an example of a diffusion equa-

tion where the diffusivity depends on the curvature of the surface. Consider the
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equation

ut(y) = divS(a(y)∇Su(y)), (5.13)

where we choose the inhomogeneous diffusivity a(y) related to the mean curvature

κ(y) of the surface by

a(y) =
1

1 + |κ(y)| .

Note that although the scalar diffusion coefficient varies over the surface, this is

not a case of anisotropic diffusion (which involves a tensor diffusion coefficient).

We will first consider a one-dimensional surface (curve) embedded in R2. Following

the discretization of Section 3.4, we compute the discrete mean curvature based on

(5.12). Note that we also extend the diffusivity and curvature fields throughout the

embedding band using

ā := Ea =
1

1 + |Eκ| . (5.14)

From this we compute the vector a consisting of the values of ā at each grid point.

The PDE (5.13) is simple to solve numerically using the penalty approach detailed

in Chapter 3. Since the diffusion coefficient a(y) is a scalar, we have that the term

a(y)∇Su(y) lies in the tangent space of the surface. This is therefore a case of surface

intrinsic diffusion, and Theorem 5.1.1 applies. The embedded surface with penalty

term is

vt = E div (ā∇v)− γ(v − Ev). (5.15)

A standard scheme based on forward and backward differences is used to discretize

the variable-coefficient diffusion term as follows, yielding the semi-discrete form

Vt = E
[
Dx
b

(
Axf a Dx

f V
)

+ Dy
b

(
Ayf a Dy

f V
)]
− γ
(
I− E

)
V, (5.16)

where Db and Df are the backward and forward finite difference matrices in the di-

rection indicated by the superscripts. Similarly, the matrices Af refer to forward

two-point averages of the pointwise diffusivity values. That is, the half-point diffu-

sivities are approximated by the averages:

ai+ 1
2
,j =

ai+1,j + aij
2

, ai,j+ 1
2

=
ai,j+1 + aij

2
.

The discrete problem is then solved with an explicit time-stepping method, such as

forward Euler.

The method is implemented on the ellipse of Section 5.2.1. Figure 5.2a shows

the computational band around the ellipse in R2, and the computed curvature in the
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Figure 5.2: Curvature-dependent diffusion on an ellipse in R2. Computed curvature in
the computational band (a). Results of curvature-dependent diffusion (5.13) at time
t = 0.5, using our method and Chebfun [DHT14] (b). Surface maximum difference
between the two solutions as a function of ∆x (c).

band, with ∆x = 0.01. The equation is discretized using a second-order scheme in

space and explicit Euler in time, with ∆t = 1
4
∆x2, interpolation of order p = 3, and

γ = 4
∆x2

. Initial conditions are u(s, 0) = cos(3s), where s is used to parameterize the

ellipse as in Section 5.2.1. The resulting solution parameterized by s at time t = 0.5

is shown in Figure 5.2b. Solutions are also computed using Chebfun [DHT14] (based

on the parameterization) and used as a reference. The convergence of the difference

between the solutions is shown in Figure 5.2c.
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5.2.3 Reaction-diffusion equations with curvature-dependent
parameters

We now demonstrate the method on more complex curvature-dependent problems,

in particular systems of reaction-diffusion equations with curvature-dependent co-

efficients. Recall the Gray–Scott model of Section 4.7.1, where a diffusion-driven

instability leads to pattern formation [Pea93]. Patterns form when the difference in

diffusion coefficients of two chemical species leads to an instability; if the diffusivities

vary over the surface, patterns may form only in certain areas.

In Section 4.7.1, we expect the ratio of diffusion coefficients νw = νu
2

to form a

patterned steady state. We now consider a case where νw varies with curvature of

the surface.

The approach of the numerical method in this section extends that of Section 4.7.1.

The Gray–Scott scheme (4.37) is solved on a surface of non-constant curvature, with

νw related to νu by

νw = νu/
(
3− 2

c1−c2 (κ− c2)
)
,

where c1 and c2 are the maximum and minimum curvatures of the surface. At areas

of low curvature, the ratio will be close to 3, while areas of high curvature will have

equal coefficients.

Based on an understanding of the Grey-Scott model in planar regions, we expect

patterns to form preferentially in low-curvature areas, as demonstrated in Figure 5.3.

Initial conditions are taken to to be the steady state (u0, v0) = (1, 0), with random

Gaussian noise added. Figure 5.3a shows the ratio of the diffusivities calculated from

the mean curvature of an ellipsoid. Steady states for u demonstrating spot and stripe

formation on this surface are shown in Figures 5.3b and 5.3c. Parameters used are

F = 0.026, k = 0.061 for spots and F = 0.054, k = 0.063 for stripes, as expected on

flat domains [Mun96]. A similar system is solved on a parameterized surface with the

shape of a red blood cell (derived in [EF72] and used with reaction-diffusion models

in [FW12]), this time with unequal coefficients at areas of high curvature. Figure 5.4

shows spot and stripe formation on the high-curvature regions of the surface.

Discussion

The results of the numerical experiments reveal patterns of shape and size typical

in reaction-diffusion systems [Pea93], formed in the high- or low-curvature regions

expected from the analysis of the diffusion coefficients. These problems are therefore
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(a)

(b) (c)

Figure 5.3: Curvature-dependent reaction-diffusion on an ellipsoid. Ratio of diffusion
coefficients, inversely proportional to surface curvature (a). Stripe (b) and spot (c)
formation in regions of low curvature using the Gray–Scott model (4.37).

good indicators of the effectiveness of the method in handling curvature-dependent

problems on complex geometries.

5.3 Nonlinear diffusion

In the examples above, the coefficient a(y) depends only on the surface itself, so the

diffusion operator is linear. In the following chapter, we will turn to the nonlinear

case, where a(u) is a scalar function of the surface function u. Again, the treatment

with the closest point method — in particular the number of extension operators in

the embedding equation — depends on the fact that the scalar diffusion is always

tangential to the surface. A reduced formulation with fewer extensions can be used,

as in Section 5.1.

Note that some authors call these scalar diffusion operators anisotropic, e.g.

[PM90]. Since the diffusion is always tangential, we will refer to this as nonlinear

diffusion, and reserve the term anisotropic diffusion for the case when A(u) is a ten-

sor [Wei98].
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(a) (b) (c)

Figure 5.4: Curvature-dependent reaction-diffusion on a red blood cell shape. Ratio
of diffusion coefficients, proportional to surface curvature (a). Stripe (b) and spot (c)
formation in regions of high curvature using the Gray–Scott model (4.37).



Chapter 6

Applications in Image Processing
on Surfaces

Images defined on curved surfaces are common in fields such as computer vision,

graphics, and medical imaging, in part due to the growing popularity of 3D image

acquisition technologies. For example, point cloud scanners return a set of embedded

points sampling a surface, with colour data at each point. In medical imaging, volu-

metric scanners capture 3D data, from which image values lying on certain surfaces

can be obtained through segmentation. PDEs on surfaces can be used for feature

extraction, such as brain surface mapping [GWC+04].

During the scanning process, occlusions could create surfaces with image data

which is corrupt or missing. These data may also be subject to noise, as in the

case of standard planar or volumetric images. PDE-based techniques can be used to

post-process these images, for example, to fill in missing pieces of the surface itself

[VCBS03, GS03], or to edit the image by adding or removing features such as text.

As an application of the closest point method, we adapt some existing methods for

2D PDE-based image denoising and inpainting to surface images.

We begin with a review of surface images, which are defined here in the space of

functions of bounded variation on surfaces. We then describe some common denoising

and inpainting PDEs, and write down in each case an analogous equation for surface

images. The surface equation can be extended into the surrounding space to create a

closest point embedding equation, which is then discretized using standard schemes

from numerical image processing.

The first example is an application of nonlinear diffusion, using both the explicit

closest point method and the penalty formulation for surface diffusion operators. The

method of nonlinear diffusion filtering known as Perona–Malik denoising is illustrated

90
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with examples of noisy images on various triangulated and smooth surfaces. Some of

these numerical examples based on the explicit closest point method first appeared

in [BvGMM13], and are the work of the author.

Alternative approaches to denoising based on variational methods are then dis-

cussed, in particular the popular total variation (TV) denoising scheme [ROF92].

Results of TV denoising on surface colour images are presented.

We investigate parallels between the penalty method and the constrained opti-

mization problems arising from variational formulations in image processing. Finally,

variational methods are applied to image inpainting on surfaces, and we demonstrate

some examples of total variation surface inpainting.

6.1 Images on surfaces and BV functions

Many image processing methods are based on PDE models, where the PDE describes

the process such as diffusion which will enhance the image, or variational models, in

which some form of energy is minimized to obtain an optimal image in some norm.

A greyscale image is typically represented as a matrix of values, with values be-

tween 0 and 1 representing the shade between black (0) and white (1) of a particular

pixel. This matrix can be considered as a discretization of the continuous limit,

treating an image as a function of a continuous variable. In image processing, the

continuous domain is usually the rectangle Ω = (x1, x2) ∈ [a, b]× [c, d] ⊂ R2, and

the image is represented as a function u(x1, x2) : Ω → [0, 1]. The function u is not

required to be continuous, but rather lies in a function space chosen as the image

model.

A natural function space for images is functions of bounded variation BV (Ω)

[Giu84]. This space allows functions with sharp discontinuities or edges, but also

ensures some regularity of the functions, so is well suited to the mathematical de-

scription of natural images [CS03].

Given a function u ∈ L1(Ω), the total variation of u is written

|Du|(Ω) = sup

{∫
Ω

u(x)div g(x)dx : g ∈ C1
0(Ω), ‖g‖L∞(Ω) ≤ 1

}
. (6.1)

If u ∈ C1(Ω), then the total variation reduces to (using integration by parts)

|Du|(Ω) =

∫
Ω

|∇u(x)|dx. (6.2)
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A space BV of functions of bounded variation in Ω is then defined as

BV (Ω) = {u : u ∈ L1(Ω), |Du|(Ω) <∞}. (6.3)

These functions are roughly those discontinuous functions whose derivative exists

almost everywhere.

We now turn to surface images, and give a definition from [BAL07] of functions

of bounded variation on surfaces. We assume in this section that the surface S is

smooth, and represent the surface images as functions u : S → [0, 1].

Definition 6.1.1. Let S be a smooth compact surface, and let u ∈ L1(S). The total

variation of u is given by

|DSu|(S) = sup

{∫
S
u(s)divSg(s)ds : g ∈ Γ(T S), |g| ≤ 1

}
, (6.4)

where Γ(T S) is the set of C1 tangent vector fields on S.

An analogous space BV (S) is defined as the surface functions u such that the

total variation of u is bounded,

BV (S) = {u : u ∈ L1(S), |DSu|(S) <∞}. (6.5)

These functions are introduced in [BAL07]. In [LC11], the co-area formula and

boundary perimeter formula are extended to the case of BV functions on surfaces, so

that we can use the space BV (S) to derive variational image processing methods on

surfaces, analogous to those in R2.

6.2 Nonlinear diffusion in image processing

Nonlinear diffusion operators have been popular in image processing since their in-

troduction by Perona and Malik [PM90]. Denoising with linear Gaussian diffusion

results in blurry images, and does not maintain contrast at edges. Nonlinear diffu-

sion, however, can preserve edges if the diffusion at edges is small compared to that

in more homogeneous regions. A further generalization is anisotropic diffusion, such

as coherence-enhancing diffusion [Wei98], in which the direction of diffusion is non-

constant across the image.

Note that the term surface denoising could also refer to smoothing the values rep-

resenting the position of the surface itself (for example, in [CDR04]). In all cases

considered here, the surface itself is fixed, and the value of the texture or image

function u is smoothed.
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6.2.1 Denoising surface images with Perona–Malik diffusion

In this section, we consider surfaces of dimension k = 2, embedded in R3, although

the approach is general. We apply Perona–Malik nonlinear diffusion to surface im-

ages as in [BvGMM13, Bid12], now using the penalty approach for the closest point

embedding equation.

The Perona–Malik diffusion model on a planar image is [PM90]

ut = div (g(|∇u|)∇u), (6.6)

where the function g depends on the magnitude of the gradient of the image. Several

choices of this function have been proposed, including the popular choice [PM90]

g(s) =
1

1 + s2

λ2

. (6.7)

The parameter λ describes a threshold on the gradient, which determines the location

of edges. In regions where |∇u| is small, the value of g(|∇u|) is close to 1. The PDE

is diffusive in these regions, which have intensity which is constant or near constant.

The PDE therefore acts like standard diffusion, and smoothes out noise. However,

near edges, the magnitude of the gradient of u will be large compared to λ. In these

regions, the diffusion coefficient g(|∇u|) is small, so edges do not experience the same

amount of blurring.

We now consider a Perona–Malik equation for a surface image. Given an initial

image u0 on S, the equation for the function u : S → R becomes

ut = divS(g(|∇Su|)∇Su). (6.8)

Note that since the diffusion is tangential to the surface, no intensity is lost through

diffusion off the surface.

This in-surface formulation of denoising via nonlinear diffusion is applied to sur-

face images in [BvGMM13], using the explicit closest point method of [RM08] (Sec-

tion 2.6). The examples from [BvGMM13] which are reproduced in this section are

the work of the author. We now also investigate the use of the penalty formulation,

which results in a simple numerical implementation.

The embedding equation in B(S) is

vt = Ediv (g(|E∇v|)∇v), (6.9a)
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with side condition

v = Ev. (6.9b)

Again we have surface intrinsic diffusion with a scalar diffusion coefficient, so extension

operators are only required outside the divergence operator.

Discretization

The discretized scheme is similar to the case of curvature-dependent diffusion of Sec-

tion 5.2. Considering the standard Cartesian equation without extensions

vt = div (g(|∇v|)∇v), (6.10)

or in three dimensional form,

vt =
∂

∂x

[
g
(√

v2
x + v2

y + v2
z

)
vx

]
+

∂

∂y

[
g(. . .) vy

]
+

∂

∂z

[
g(. . .) vz

]
, (6.11)

we write down a standard finite difference scheme using forward Euler time-stepping,

Ṽ n+1
ijk = V n

ijk + ∆t

[gn
i+ 1

2
,j,k

Dx
fV

n
ijk − gni− 1

2
,j,k

Dx
bV

n
ijk

∆x
+

gn
i,j+ 1

2
,k
Dy
fV

n
ijk − gni,j− 1

2
,k
Dy
bV

n
ijk

∆y
+

gn
i,j,k+ 1

2

Dz
fV

n
ijk − gni,j,k− 1

2

Dz
bV

n
ijk

∆z

]
. (6.12a)

Here Dα
f and Dα

b indicate forward and backward finite differences, in the direction

indicated by the superscript α, on a grid spacing of ∆x.

The half-point diffusivities are approximated by averages

gn
i+ 1

2
,j,k

= 1
2
(gni+1,j,k + gnijk),

gn
i− 1

2
,j,k

= 1
2
(gni−1,j,k + gnijk),

(6.13)

where the nodal gnijk are computed using central finite differences

gnijk = g
(√

(Dx
c v

n
ijk)

2 + (Dy
cvnijk)

2 + (Dz
cv

n
ijk)

2
)
. (6.14)

Now including extensions and the penalty term, as in Section 5.2, we have

Vt = E
[
Dx
b

(
Axf Eg Dx

f V
)

+ Dy
b

(
Ayf Eg Dy

f V
)

+ Dz
b

(
Azf Eg Dz

f V
)]
− γ(I− E)V, (6.15)

where the Aαf matrics denote forward two-point averages in the direction indicated.

The scheme (6.9) can also be applied to the special case of Gaussian diffusion, in

which case the diffusion coefficient g is taken to be a constant.
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6.2.2 Examples

For all examples below, the Perona–Malik threshold parameter is chosen to be λ = 5.

Noise is added in the embedding space, normally distributed with mean 0, standard

deviation 1, and amplitude 0.3. The time step is chosen as ∆t = 0.15∆x2, and degree

p = 3 interpolation is used. The penalty parameter is γ = 6/∆x2.

Triangulated surface: Fish

Both Gaussian and nonlinear diffusion are applied on a triangulated surface represent-

ing a fish [AIM05]. A closest point function is calculated at discrete Cartesian grid

points, as in [MR08], and the triangulation is then discarded. The fish is 0.95 units

long, on a Cartesian grid of spacing ∆x = 0.002. With a time step of ∆t = 0.15∆x2,

the algorithm is run until t = 0.0015. Results are shown in Figure 6.1, visualized using

a ray-tracer described in [AMT+12]. Note that the ray-tracer uses the implicit closest

point representation of the surface to produce the visualizations directly, rather than

a triangulation of the surface.

The Gaussian diffusion produces blurring as expected (Figure 6.1b), while the

Perona-Malik model results in localized edges. Since the closest point method uses

polynomial interpolation, we expect that we may see some overshoot at sharp edges,

observed in Figure 6.1c.

World map

The method is then applied to a map of the world which has been texture-mapped

onto a sphere. The noise is created in the embedding space, as though the image

were acquired from a three-dimensional source. Figure 6.2 shows the noisy image,

and the results of denoising using linear Gaussian diffusion and Perona–Malik edge-

preserving diffusion. Using a unit sphere, the embedding grid spacing is ∆x = 0.01.

The stopping time is again t = 0.0015, with a time step of ∆t = 0.15∆x2.

Metric distortions on the sphere

For this simple surface, a global parameterization of the surface can be constructed.

It would therefore be possible to map the surface image to a plane using the surface

metric and perform standard Perona–Malik denoising on the planar image. However,

since the noise is produced in the embedding space, the scale space would also need

to be scaled by the metric, which complicates the PDE model considerably, in partic-

ular since some coefficients would be singular at the poles. A näıve version without
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(a) (b)

(c)

Figure 6.1: Denoising on a triangulated surface. Noisy surface image (a), Gaussian
diffusion showing blurring (b) and Perona–Malik nonlinear diffusion (c). Parameters
used are ∆x = 0.002, λ = 5, t = 0.0015. Fish geometry obtained as a triangulation
from [AIM05], and converted to a closest point representation as in [MR08].
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Figure 6.2: A noisy image on a sphere (a), and results of denoising at t = 0.0015
using surface Gaussian diffusion (b), and Perona–Malik nonlinear diffusion (c). The
parameters used are ∆x = 0.01, λ = 5, γ = 6/∆x2.
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(a) (b)

Figure 6.3: Perona–Malik diffusion on a sphere, using the closest point formulation
on a surface (a) and using a näıve map to a 2D version (b). Note the lack of denoising
near the pole in (b), a consequence of using the wrong metric.

including the metric terms would solve (6.6) on the plane, before mapping the figure

back to the surface. Figure 6.3 shows the difference between the diffusion applied in

the embedding space, and the version denoised on a plane. Distortion near the pole

can clearly be seen in the planar version.

Considering the simpler case of the Laplace–Beltrami operator, the PDE obtained

from corrections due to the surface metric would be

ut = divS(∇Su) =
k∑

i,j=1

1√
G

k∑
i=1

∂

∂xi

(
√
G

k∑
j=1

gij
∂u

∂xj

)
, (6.16)

where G = det(gi,j), and the metric can be induced from the local parameterization

X ∈ C2(V,Rn), θ ∈ V of the surface

gi,j(θ) =
∂X

∂θi
(θ) · ∂X

∂θj
(θ), i, j = 1, ..., n. (6.17)

A similar equation for the Perona–Malik scheme involves further corrections due to

the nonlinear diffusion coefficient. In contrast, the closest point method is simple to

formulate without knowledge of the surface metric, for a large class of surfaces which

do not necessarily admit a parameterization.



6.2. NONLINEAR DIFFUSION IN IMAGE PROCESSING 99

(a)

0 20 40

0

2

4

6

·10−3

time steps

ch
an

g
e
in

im
a
ge

in
te
n
si
ty

total Xinjiang

Melbourne Guam

(b)

Figure 6.4: Solution of Perona–Malik denoising, with regions of integration marked
(a) and change in average intensity

∫
Ω
u(s, t)ds−

∫
Ω
u0(s)ds in each region (b).

Conservation of intensity

We now examine the effect of the algorithm on the average intensity of the image.

Integrating (6.8) over the surface S, we have∫
S
ut =

∫
S

divS(g(|∇u|)∇u)ds = 0, (6.18)

since S has no boundary. The global average image intensity should therefore remain

constant over time. Figure 6.4 shows the world map example above, with the total

average image intensity over the sphere plotted over time. We see that the change

is of order 10−2 = ∆x. In addition, we plot the change in image intensity in smaller

subregions. One region each of high and low intensity (u0 = 1 and u0 = 0 respectively)

is chosen, as well as a region intersecting an edge. Since the image is close to piecewise

linear, we expect the average intensity to be approximately preserved in these regions,

as in the global case.

Surface with boundary: Fishbowl

In the derivation of the method, the surface S was defined for simplicity to be a sub-

manifold without boundary. The definition of the Euclidean closest point function can

easily be extended to surfaces with boundary (see Section 2.6.2 and [RM08, MBR11]).

We show results on a fishbowl surface, which has a boundary which is a circle in
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(a) (b)

Figure 6.5: Perona–Malik diffusion of a texture-mapped image on a surface with a
boundary. Original noisy surface image (a) and denoised image (b). Parameters used
are ∆x = 0.007, λ = 5, γ = 6/∆x2. Swan image used with permission from Harry
Biddle [BvGMM13].

R3. Using the standard matrix implementation of the closest point method will im-

pose a first-order homogeneous Neumann boundary condition at the surface boundary

[RM08], which is an appropriate boundary condition for many image processing tasks.

Figure 6.5 shows the results of Perona–Malik diffusion on a surface with boundary.

6.3 Variational methods in image processing

6.3.1 Overview

Variational methods for image processing determine an optimal image û, the function

which minimizes a certain energy based on a given observed image u0. We define an

energy functional

J(u) := R(u) +H(u), (6.19)

where the term R(u) is called the regularizing term, while H(u) is a fidelity term,

which keeps the solution sufficiently close to the original image u0.

Variational methods differ in their choice of the regularizing term, and the function

spaces chosen for the fidelity and minimization. A typical choice is to minimize over

BV (Ω), with an L2 or L1 fidelity term. This leads to minimization problems of the

form

û = argmin
u∈BV (Ω)

|J(u)|, (6.20)
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which can be solved, for example, by obtaining the associated Euler-Lagrange equa-

tions and using a gradient descent scheme.

6.3.2 Denoising with TV

A popular denoising method was introduced by Rudin, Osher and Fatemi [ROF92,

RO94], using the total variation |Du|(Ω) of the image as the regularizing term R(u).

This method is known as TV denoising or ROF denoising.

The L2 norm is used for the fidelity term,

H(u) =
λ

2
‖u− u0‖2

L2(Ω), (6.21)

where u0 is the observed image, and λ is a penalty parameter. The energy functional

is thus given by

J(u) = |Du|(Ω) +
λ

2
‖(u− u0)‖2

L2(Ω), (6.22)

and the resulting gradient descent scheme in Ω is

ut = div

( ∇u
|∇u|

)
+ λ(u− u0). (6.23)

As in Perona–Malik diffusion, the equation contains a nonlinear diffusion term,

where the diffusivity coefficient 1/|∇u| becomes small at sharp edges of u. The

minimizer of J(u) exists and is unique in BV(Ω) for λ > 0 [AV94, CL97].

We now consider a surface image u : S → R, and write the denoising equation as

ut = divS (a(|∇Su|)∇Su) + λ(u− u0), (6.24)

with scalar diffusivity a(|∇Su|) = 1
|∇Su| . This has a similar form to the surface nonlin-

ear diffusion equations studied in the previous chapter, with an additional regularizing

term.

In the formulation of Chapter 3, the continuous embedding equation associated

with (6.24) is

vt = Ediv (a(E|∇v|)∇v)− λ(v − v0)− γ(v − Ev), (6.25)

with initial condition v0 = Eu0. We have again used the fact that the second extension

of the gradient is unnecessary when using the Euclidean closest point ecp (Section 5.1

and [MM12]). Note that this equation involves two penalty terms, the first relating

the solution to the initial observed image v0, and a second term constraining the

solution to be a closest point extension.
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Since the diffusion coefficient 1/|∇v| is degenerate in regions of constant v, the

coefficient is modified to 1/|∇v|ε, with

|∇v|ε :=
√
ε2 + |∇v|2, (6.26)

for some positive ε.

The discretization is similar to the schemes above for curvature-based and non-

linear diffusion. Results are shown in Figure 6.6 for both total variation and Perona–

Malik denoising on the fishbowl surface, using a spatial grid size ∆x = 0.007, Perona–

Malik threshold λPM = 2, total variation fidelity parameter λTV = 10, and final time

t = 0.0008.

The colour surface image u in this case is given by a function u : S → R3, where

the 3 components represent RGB values. For both the total variation and Perona–

Malik models, we evolve the RGB channels separately at each time step, using an

average of the diffusion coefficient across the channels. This approach can also be

generalized to different colour spaces, such as LUV .

6.3.3 Penalty terms in variational image processing

The gradient descent scheme on the surface involves a penalty term (called the fidelity)

of the form

λ(u− u0), λ ∈ R. (6.27)

The fidelity term ensures that the solution is not too far from the observed image u0.

This can be derived from an unconstrained minimization problem, with the assump-

tion that the noise in the image has zero mean [CL97]. The value of the parameter

λ is often chosen by the user, for example chosen to be inversely proportional to the

variance σ2 of the noise [COS01].

Applying the extension operator to the surface PDE results in an extended fidelity

term of the form λ(v − Ev0) = λ(v − v0), where we have assumed that the initial

condition is given by v0 = Ev0 = Eu0.

We now compare this to the penalty term from the closest point method constraint,

γ(v − Ev) γ ∈ R, (6.28)

which forces the solution to be a closest point extension Ev. We have shown in Chap-

ter 3 that this constraint is enforced exactly, however note that the λ-fidelity term is

only weakly enforced (otherwise the result would be equal to the initial condition).
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(a) (b)

(c) (d)

Figure 6.6: Perona–Malik and total variation diffusion on a colour image. Original
surface image (a), image with noise in the embedding space (b), result of Perona–
Malik denoising (c), and result of total variation denoising (d). Parameters used are
∆x = 0.007, λPM = 2, λTV = 10. Photo courtesy of Toni Lankerd.
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The value of γ does not affect the solution in the continuous case, but is rather chosen

to ensure consistency and stability of the numerical scheme.

The methods may be extended by allowing the parameters to be spatially varying.

If the parameter λ is set to zero in some regions, this corresponds to total variation

inpainting [CS01], which we will demonstrate in the following section.

6.3.4 TV inpainting

Image inpainting is a term for repairing or editing an image by filling in missing or

damaged regions. It is a form of interpolation, since information in the surrounding

regions is used to reconstruct data in the missing area. This was traditionally done

by hand; now digital inpainting is an area of active research. It has been used in

removing scratches from old photographs, removing obstructions or superimposed

text, as well as image compression (for reviews see [BCHS06, CS05]). Many different

techniques have been proposed, based on PDEs, variational methods, or stochastic

approaches.

Suppose an image function is given with only partial data. This could be due to

an obstruction such as superimposed text, or where the underlying image data has

been lost. The goal is to reconstruct values for the image function in the entire region,

in a way that well approximates, in some sense, the original image.

Problem 6.3.1 (Inpainting). Let Ω be an image domain, and D ⊂ Ω be the inpainting

region. Given partial data u0(x) : Dc → Rm on Dc = Ω\D, reconstruct an image

function u(x) : Ω→ Rm on the entire domain Ω, such that u|Dc = u0.

Figure 6.7: Image domain Ω and inpainting domain D ⊂ Ω.

In 2D image inpainting, Ω is usually a rectangle, while D is a (typically user-

defined) region in the shape of the scratch or superimposed text, for example. For
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surface inpainting, Ω is a k-dimensional surface S embedded in Rn, typically with

k = 2 and n = 3.

Depending on the image model, we could relax the restriction that u|Dc = u0,

and allow this to hold only approximately, for example if the function u0 is assumed

to be noisy and we perform simultaneous inpainting and denoising. The choice of

regularizer for the function u determines the values in the region D.

Note that the term surface inpainting could also refer to reconstructing damaged

regions of the surface itself (as in e.g. [CDD+04, VCBS03]). Our applications are

restricted to the case of reconstructing a damaged image defined on a given fixed

surface.

Here we consider TV inpainting [CS01], closely related to the TV denoising used

above. To construct an energy functional J(u), the regularizing term R(u) is again

chosen to be the total variation of the energy, as for TV denoising.

The penalty parameter λ = λ(y) is now spatially varying over the surface, related

to the characteristic function of the nondamaged region,

λ(y) =

{
λ0 � 1, y ∈ Ω\D
0, y ∈ D. (6.29)

On the surface, the damaged region (where λ = 0) is also referred to as the inpainting

mask. After extending the equation as in the TV denoising case (6.25), the resulting

equation in B(S) is

vt = Ediv (a(E|∇v|)∇v)− Eλ(v − v0)− γ(v − Ev). (6.30)

Note that we now need to extend the function λ into the embedding space with an

extension operator, resulting in

λ̄(x) = Eλ =

{
λ0 � 1, cp(x) ∈ Ω\D
0, cp(x) ∈ D. (6.31)

Care must be taken to ensure that the interpolation involved in calculating the discrete

extension of the initial surface function u0 does not result in damaged values (see

Figure 6.8). A function u evaluated at cp(x) ∈ S\D near the boundary ∂D may still

involve some values u(y) with y ∈ D. We therefore expand the mask by an additional

p grid points in each dimension to avoid using values in D. Some advantages of

narrow inpainting regions may be lost due to this expansion.
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grid point
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Figure 6.8: Extension of the inpainting mask: although cp(xj) lies in S\D, the
interpolation stencil of cp(xj) contains a damaged value xi with cp(xi) in D, the
inpainting region.

Examples

The numerical discretization of the TV inpainting method is very similar to that

of TV denoising. We demonstrate the results of the scheme on a surface image

with superimposed text. Figure 6.9 shows the original image on a fishbowl surface,

followed by the damaged image, the dilated inpainting mask, and finally the result

of inpainting at time t = 0.03. The spatial resolution is ∆x = 0.007, with penalty

parameters λ0 = 104 and γ = 6
∆x2

. A further example is shown in Figure 6.10.

6.3.5 Minimization in the embedding space

Steepest descent methods can be very slow due to nonlinearity and poor conditioning

[GO09]. Fast solvers exist for energy minimization problems in image processing,

for example the split Bregman method [GO09], and Chambolle’s dual space method

[Cha04].

Starting from a minimization problem on the surface of the form

min
u∈BV (S)

J(u), (6.32)

we could convert this to a modified minimization problem in the embedding space,

min
v∈BV (B(S))

J̃(v), (6.33a)
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(a) (b)

(c) (d)

Figure 6.9: Total variation inpainting on a surface image. Original image texture-
mapped onto a fishbowl surface (a), image damaged with superimposed text (b),
inpainting mask (c), and results of TV inpainting (d). Parameters used are ∆x =
0.007, λ0 = 104.
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(a) (b) (c)

Figure 6.10: Total variation inpainting on the Stanford bunny. Damaged colour image
(a), and results of TV inpainting at time t = 0.01 (b) and t = 0.03 (c). Parameters
used are ∆x = 0.007, λ0 = 104.

subject to a constraint that

v = Ev. (6.33b)

Fast solvers could then be developed for (6.33) directly. The study of this, and the

effect on the extension operators on the minimization problem, is a subject of further

work.



Chapter 7

Conclusions

In this thesis, we have introduced a new formulation of a closest point method for

solving partial differential equations (PDEs) on surfaces. Given a surface PDE, we

construct an equation in a narrow band surrounding the surface, through a suitable

extension of the surface solution. A solution of the new embedding equation, when

restricted to the surface, is shown to correspond to a solution of the original surface

PDE. This is achieved through the introduction of a penalty term that ensures that

the solution in the embedding space remains a closest point extension. Similar to the

original closest point method of Ruuth and Merriman, the method is simple and very

general with respect to surface geometry, dimension and codimension.

Compared to previous approaches to constructing an implicit closest point method,

this method has an advantage in that the numerical scheme can be formulated for

more general PDEs, such as variable-coefficient, higher-order, and semi-linear PDEs.

Because the method allows a method of lines discretization, it can be used with ei-

ther implicit or explicit time-stepping (and, although not the focus here, for elliptic

problems).

Numerical studies established convergence for the Laplace–Beltrami operator, and

examples demonstrated the effectiveness of the method for diffusion and reaction-

diffusion equations on various parameterized and triangulated surfaces. We have

also investigated the use of the method in higher-order problems, for example, in

the treatment of surface biharmonic problems. Stability was demonstrated through

numerical examples and a study of the matrix operators.

The potential for application to models of biological and physical systems was

demonstrated with several nonstandard surface diffusion problems, including diffusion

based on the curvature of the surface. The closest point representation is related in

a straightforward way to the mean curvature of the surface, thus leading to simple

schemes for curvature-dependent problems. We have also applied the closest point

109
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penalty method to several common image processing problems, such as denoising with

nonlinear diffusion, as well as total variation inpainting.

The simplicity of the resulting numerical schemes, constructed using a straight-

forward closest point approach, makes the method well-suited to a broad range of

applications on surfaces with possibly complex geometries.
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