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In Chapter 1 it is shown that transversal matroids and strict

gammoids are dual matroids, and hence that Hall's and Menger's Theorems

arc dual theorems. Corollaries are the results on minimal and maximal

presentations of transversal matroids. It is suggested by the nroofs

that the correct context in which to study transversal matroids is

by considering the dual psir of matroids. The maximal presentation

of an infinite independence structure is shovm to be unique. Finally,

. 1 . . . .
Milworth's Theorem is derived from Hall's Theorem by & similar method

to the derivation of Menger's Theorem.

Chanter 2 demonstrates that the properties of being binary or
regular are of finite character. Various operations on matroids are
also shown to nreserve revresentability, the principal one being
induction through a directed graph. In Chapter 3 the same result is
proved for algebraic representability.

Chapter 4 is concerned with the automorphisms of indepcndence
structures. It is shown that all groups are possible, up to isomorphism,
for the automor-hism groups cf a) graphic geometries, b) transversal

geonetries, c¢) partition geometries. The proof of b) relies heavily

on the results of Chapter 1. The existence of cyclic matroids, and
of certasin cyclic transversal matroids and hence of certain cyclic
strict gammoids, is demonstrated.

Pinally, Chapter 5 is concerned with cnumerating the equivalence

classes of matroids under isomorphism. Bounds are obtained for general



matroids, renrescntable matroids and transversal matroids.

Unlcses snccifically stated otherwise, all theorems may be
assumed to be original. It is also specifically stated when a theoren

is not original but the proof or derivation is.
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0. TITRODUCTION

This work is concerned with the theory of abstract independence.
The theory of finite independence structures, or matroids, was devel-
oned in 1935 by Vhitney [L42] and further develoned by Minty [24] Mutte
[36] and others. For the standard terminology, the reader is referred

to these papers, or to Harary and Welsh [ 14] or Grapo and Rota [8].

The cardinality of a set S is denoted by |s8|. If JCI and
7| < o then we write J CC I. We denote an indexed set by {xi: ie I},
and a family by (xi: i € I), where in this case x, and x; may be

equal when i £ j.

An independence structure on the set 8 is a collection of

independent subsets of S with the following properties:

(MO) # e M

(M1) AeM if and only if Be M for every B CC A.

(M2) If A, BeM, A, BCCS, and |B| = |4] + 1 then there exists

some b e B-A such that AU {b} e M.

Property (M 1) states that independence is a property of finite character,

and, when S is finite, simply says that if A e M and BC A then Be M.
A subset of S which is not independent is called dependent. Clearly
every dependent subset contains a finite minimal denendent subset or circuit
of M. By an easy application of Zorn's Lemma, every independent subset is
contained in a maximal independent subset, or base of M. In the finite

case, Whitney [42], and in the infinite case, Rado [ 32], showed that



bases of an independence structure have the same cardinality. In proving
this result, Rado used the following strengthening of the axiom of choice

for a family of finite sets, henceforth referred to as Rado's Selection

Principle.

Lemma 1 Iet A = (Ai :ieI) be a family of finite subsets of a set S.

Yor each JCC I, let a, be a choice function for AJ = (Ai s e J).

J
Then there exists a choice function a for A such that for any
KCC I there exists a J with KCJCC I with alK = aJ|K,

- vhere denotes the restriction of the function to XK.

Ik

de cals an indepcndence struciure on a rinite sel a watroid. Vhitaey
showed that we can define a dual matroid for any matroid on a finite set.
We denote the dual of M by E‘. The bases of M are the complements
of the bases of M. The circuits of M' are called cocircuits of M ,
and its bases are called cobases.

A loop of an independence structure M on S is an element s e S
such that {s} is dependent. A coloop is an s € S such that s is
in every base of M. If < is finite then s 1s a coloop of M if
and only if s dis a loop of M‘. Elements s , s, € S are seid to be
parallel if s, and s are not loops, but fsi, 52§ is dependent.

2

An independence structure without loops or varallel elements is called

a geometry.



If M 1is an independence structure on S, and X C S, the rank
r(X) is the cardinal of any maximal Y e M such that Y C X. The
rank of M, r(¥) is just r(S). The closure X of X C S is the
set

T=fyeS:iyeX or ye CCXU [yl for some circuit C of M.

If X =X then we say that X is closed, or that X is a flat of M.

Let M be an independence structure on S and let c(M) denote
the set of circuits of M. ILet A, BC S be disjoint, and define

o' = {XC St X=C-4A forsome Ce C(M), CCS - B, 3£
end let ©” be the set of minimel members of C'. Then €' is the

set of circuits of an independence structure M.(% - A)I(S - A - B)

which is the minor of M obtained by contracting A and deleting B.

Lemma 2 M.(S = A)|(S = A -B) = y.(s - 0)[(S - A -B) for any maximal

Ue M with UC A.

Proof The finite case is well known, and the infinite case prcsents

no additional problems.

A minor of form M.Si(q - B) is called a restriction of M, and is a

finite restriction if S - B is finite. We denote it by M|(S - B).

Lemma_3 If M contains some matroid M' as a minor, then some finite

restriction of M also contains M' as a (contraction) minor.

Proof Iet M' = 1.(S - A)[(S - A-3B), with A€ M, and let C], ..., C:;
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be the circuits of ﬁ'. Then there exist Ci, ey Cq € C(M) such that
At . , \ v !
C; =0y U A, (i= 1, vevy @), and A, CC A, Put A _i§1 A, end

M\(S - A -BYUA' contains M' as a contraction minor.

A set X €S 1is called co-dependent if it has non-emnty intersection
with every base of }. A minimal co-dependent set is calied a cocircuit.
A hyverplsne of M is a maximal subset of & which does not contain
any base of . Clearly a hypernlane is a flat of M, and for any base
B of M and b e B, B - b} is a hyperplane, and every hyverplane

is of this form.

Lemma 4 TEvery do-dependent set of M contains 2 cocircuit of M.

The cocircuits of M are the complements of hyperplanes of M.

Proof Sunnose X 1s co-dependent. Tet U be a maximal indenendent
subset of ® - X, and B a base of ¥ with UCB (U cannot be a
base of M). For any b e BN X, the complement of B - ol is a

cocircuit of M contained in X.

If every two elements of S are contained in a circult of M, we

say that M is non-separable, otherwise M is separable.

If for any two bases B1 and B of M there exists a bijection
2 bl

(B, B ()} cna (B, ~{a ()] Wi

a B, - 3B such that, for any x € B ,

are bases of M, then we say that M is base-orderable.
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Special structures.

We list here, for reference, o few snecial structures which will be
met later.

A collection S of vectors over a division ring forms an independence
structure, with independence defined as lincar indevnendence,

The set of partial transversals M = M(é) of a family A = (Aiz ieI)
of subsets of a set S forms an independence structure on S if the
family A 1is restricted, that is, no element of S is in infinitely many

sets of A. M 1s called a transversal structure, and any family B such

that ¥ = M(B) 1is called = presentation of M. If M is coloop-free

then M has only restricted presentations.

If k 1s a non-negative integer, the set of 2all subsets of S of
cardinial at most k forms an independence structure on S called the
k-uniform structure on S.

Let S be a set, k a positive integer, and H a set of subsets of
S such that each subset in H has cardinal at least k and every k-subset
of S is a subset of just one set of H, whilst some (k + 1)-subset of
S 1is a subset of nonc of the sets of H. Then thc collection M of
(k + 1)-subsets of S which are subsets of no set of H forms an independence
structure on S called a k-partition . structure. If k > 1 the structure
is a geometry. H is its set of hyperplanes.

Let G be an undirected gravh with edge sct B. The collection
M(G) of subsets of E vwhich contain no finite cycle of G forms an

independence structure on E. ¥e call M(G) the eycle independence structure
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of G, and say that M(G) is graphic.

It is shown in [ 28] that the properties of being transversal or
of being gravhic are of finite character, that is, they hold for M
if and only if they hold for every finite restriction of M. A proof

of the former result is incornorated in Theorem 1.23 below.
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1. TRANSVERSAT, MATROIDS

AND CAMMOIDS.

It is well known [25] that we may %take the partial transversals
of a restricted family A = (Ai : 1 € I) of subsets of a set S as
the independent sets of an inderendence structure on &. Also, given
any finite directed graph & with vertex set V and edge set E,
and a distinguished set B C V, we may take the subsets of V which
may be linked into B as the indevendent sets of a matroid on V

[26, 31]. The former structure we call a transversal structure, the

latter a strict gammoid.

Te main result of this chapter is that the dual of a transversal
matroid is a strict gammoid and vice versa. As applications of this
result, we redevelon work done by ¥ason [ 23] and Bondy and "elsh [L4]
in this new light, and demonstrate the duality between Hall's Theorem
on transversals and Menger's Tinkage Theorem,

"mtess stated to the contrary, all sets in this chapter are finite.

Preliminaries

Iet G be a directed graph with vertex set V and edge set E.
A path in G is a sequence P = (Vo, Vis vee, vk) of distinct vertices
of G such that k>0 and (v, ., v,) eE® (i=1, ...; k). P has
initial vertex v, and terminal vertex Vit Two paths are said to
be disjoint if their vertex sets are disjoint., 7e say that there exists

2 linking of ACV onto BCV if, for some bijection a 2 A+ B we



can find disjoint paths (Pa :ae A) in G such that PA has
initial vertex a and terminal vertex «fa).

Given a graph G and a subset BC V, we put M (G, B) equal
to the collection of subsets of V which may be linked onto a subset

of B, and call this collection a strict gammoid on V. Tor any

XCv, N (& B)X is called a gammoid.

Suppose that ¢ is bipartite, with EC V' x V'. 7e see that
if we put

A = f{vi Uiw: (w, v) ¢ B (v eV)

then M (G} V”) is the collection of nartial transversals of
A= (AV :ve V)., This spccial type of transversal matroid is called
fundamental by Bondy and “elsh [4] because each Av is the fundamental
cocircuit of v with respect to the cobase V'. A general transversal
ratroid may be obtsined as M (¢, V)|V’

s require a few lemmas about transversal matroids. TLet & be

the grarh obtained from & by reversing the orientation of its edges.

Lemma 1 Tet G be a bipartite granh with © C V' x V. Then

M (@, V') is the dual matroid of M (G, V').

Proof Obvious from the definitions.

Lemma 2 A cotransversal matroid (that iz, such that its dual is transversal)
is a contraction of o fundanentnl transversal matroid.

Proof From the definition and Iemma 1.
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Lemma 3 Tet M be the collectiocn of partial transversals of the

family A = (A, ..., An\., written
= 1

oot

1 = M (A). Suppose that

Ay +d (1=1, ..., n). Then if ¥ has no coloops, n = r(M).
Proof Brualdi [6].

Corollary & If H=M(A, «v.; 4) and v(¥) <n then M = M(A., ,..., A, )
— ~ 4 n -— - -~ 14 lr

for some {ir, cees ir} C §1, ..., n}.

Proof Application of Lemma 3 to }ﬂ?, where T 1is the coloop-free

part of 9, gives the result,

The fundamental duality theoren.

et & be a directed gra~h, with vertex set V and edge set E.

Tor each v € V  define
A, = fvli Ufwe Vi (v, w e El.

Pat A =(A_ A :tve V), and forany XCV put 4. =(A $tveX.
- v v - -y v
Lemma 5 Let A, B be subsets of V. Then A can be linked onto B

in & if and only if V - A is a transversal of Ay B

Proof First supnose that A 1is linked onto B in G by disjoint
naths (Pv : v e A). We define a function «i(V - A) » (V - B) by

(" v if (v, u) e P_ for some x e A.
a(u\ =

o« 1is well-defined, since the naths are disjoint, and is an injection.
a{u) ¢ B Dbecause this would imply either that some vath had at least

two vertices in B, or that some vertex of B .was on no path., Finally,
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« is onto ¥ -~ B since if v € V - B then either v 1s on some
path, and then cannot be the terminal vertex of this path, or v is
on no nath and a(v) = v. Clearly uce€ Aa(u) (weV-4A), and
V-5»A is a e £ .
S transversal of AV—B
Conversely, suppose we have a bijection ad(V - A) >V -B

such that u e Ab(u) for all ue V-4A, Take v ¢ 2 - A, Then
(a(v), v) ¢ B, Tither alv) e & or (®(v), alv)) € E. Fither

k . . s r 3

o {v) e A for some A or we obtain an infinite sequence (a (v),.

. . e , T g
“ut since ¢ is finite we must then have o« (v) = a (v) for some
. A r-1 S5=1q
r < s. Choosing r minimal, we then lmve a(a (v)} = a(a (v)) .
. . . s . r-1i S—1

But then, since o is bijective, we have « (v) = (v), a
contradiction of the minimality of r. Thus we obtain a path

)

k . . s

fa(v), vou, alv), v} from A +to B. Similarly we obtain paths for
every v € B - A. These paths are disjoint since a 1is bijective.
Adjoining the trivial paths (v) for v e AN B, we obtain a linking

of A onto B,

Theorem 6  M(G, B) =-E*(AV—B)' Twus M(G, B) is a matroid on V.
The “ual of any transversal matroid is a strict gammoid and wice

VCI'Sa e

Proof The first rart of our statement is just Lemma 5. Te only need
to show that the dual of a transversal matroid is a strict pgammoid.
e can assume we are given ﬁ(Ai, ceny Ar) where <A1’ esey Ar>

possesses o transversal, by Corollary L. Iet B be the complement
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of such a transversal, and reindex (Ai, . ooy Ar> as A = (AV: v € V-B)
is such a way that v e Av for all v e V - B. PForm a directed gravh
G on V with edge set

>

E o= {(v, w) twe ARJ'

Then clearly M (8) = (e, B).

Theorem 6 is our fundamental duality theorem.

In the proof of Theorem 6 we are allowed to take any transversal
of A din constructing the directed grapvh. Thus
? . . - . ? ?
Sorollary 7 TLet B' be a base of M(%, B). Then l(c¢, B) = M(¢', BY)
for some directed gravh G' on V. The associated families
Ly B and é'v p! can be chosen to be identical apart from

re-indexing.

The first half of Corollary 7 is Kason's principal result ([231,
Theorem 4.1.1.). 7e shall usc the sccond half later, when we look

3t minimal and maximal oresentations.

Corollary 8 A strict geammoid is the contraction of a fundamental
transversal matroid,

Proof By Lemma 2 and Theorem 6,

Corollary 9 The class of gammoids is closed under the operations of
restriction and contraction, and consists of the class of minors

(in faét, contractions) of transversal matroids.
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Proof By Corollary 8, any minor M of a strict gammoid is a con-

traction of & transversal matroid, or a minor of a fundamental trans—

versal matroid, which isitself a strict gammoid. But then by Theorem 6
* . . . L.
I 1s a minor of a transversal matroid, or a contraction of a trans-

versal matroid. Agein by Theorem 5, 11 is a deletion of a strict

cammold, that 1s, M is a gammoid,

Corollarr 10 The Adusl of a gammoid is a gammoid.

Proof For the dual of a gammoid is the contraction of a transversal

motroid by Thoorem 5, and by Corollary 9 this is a gammoid,

* -.
SINce a

transversal matroid is a gammoid,

Sorollery 10 was originally »roved by Mason ([23] Th. 4. 2. 1.).

.t

¢ say that an inderendence structure M has the full exchange

property [6] if, given any two bascs B, and B, of

=

there exists
a bijection o«:B > B, such that for any X C B, both (Bi—X)U a(X)
and (B2 - a(X)) U X are bases of lI. It is well known that trans-
versel matroids have thoe full cxchange proverty, and that the proverty
is inherited under the operations of deletion, contraction and taking

dualz., Thus

Corollary 11

Gammoids have the full exchange nroncrty.

DProof By Theorenm 6.

This result was originally proved by Prualdi, and was »roved indencndently

bv Mason [21].
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Corollary 12 A gammoid is represcntable over every sufficiently

large ficld.

Proof By Theorem 6 and the result of Chapter 2 on transversal matroids.

Gorollary 12 was originally proved by Mason [23].

Extensions and Corollaries.

[
v

We now turn our attention to the relationship between Menger's
and Hall's "heorems, and look at some more general linkage thcorems.

let © be a directed graph, and supposc that A, B and C ave
subsuts of V. € is said to bleck A from R if every path from

A to B in G intersects C.

Thecorem 12 (Menger) Given subsets A, BC V, A can be linked into B

in ¢ if and only if there is no sct C C V blocking A from B

&l

i

with 16l <
Proof Py Hall's Theorem, A can be linked into B if and only if

V - L contains a transversal of éV-B’ thet is, for all XC V - B,

A -

12y
veX V

! A 2 'XE.

We show the equivalence of these conditions to ¥enger's conditions.

Pirst, suppose that for some C T V with IC' < ]Al, C blocks
£ from B. Put

Y ={veV:C blocks v from B}
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Then AU CC Ye Put X =Y -CCV - B, Then U, AL €Y so
- - vEX v —

i U, A= fs.l < !Y - /\Ll
vE v

=lc| + |x Al < %

Conversely, suppose that for some X C V - B

Since _f_LV_B posscsssa transversal, we must have, putting Y = vLer Av,

that Z =Y NA 1,: #, and our condition is that

[} - lzl < %]
Put D =Y - X, so that |D| < |2|. Then D blocks Y from B,
hence blocks Z from B. C =DU (i - Z) clearly blocks A from B
and lC! < l,,_h,] , which completes the proof.

Supnose now that we have a matroid M on V. Tut _M(G, _1}_/1)
equal to the collection of subsets of V which can be linked in G
onto an indcpendent subset of V. in M, If L = (Ai tieI) isa
family of subsets of V and M is a matroid on I then we denote
by ﬂ(;@, i) the collection of partial transversals of subfamilies

‘[}X such that X e M.

Theorem 13 M(@, M) = M (4, M) where A is the family associated

with G. Thus M(G, ¥) is a matroid on V.

Proof By Lemma 5 and the recsult on induced matroids through a binartite

graph .
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Corollary 14 The matroid M(G, M) may be cbtained by the following

4
23

sequence of oncrations on M (Qf. Corollary 8):
a) Addition of a disjoint sct of coloops to M,
b) Induction through a bipartite graph;

¢) I sequonce of contractions.

Proof Put N = M(G, M). Then N =N(A, ). Let V' be a disjoint
cony of V, with V' = fv'i ve v}, and definc a matroid L on
vVuvh by

L= {x"Cv s XeNi.
Thus L‘ is a coloop extension of M up to isomorphism. Let Gi be
the bipartite gravh on VU V' with edges (v', w) where v' e V',
weV and we L. Then clearly N = M(G,, L)|V. But then
¥=x(6, L) .V, andby Tcorem 13 M (G, L) is cbtained from

1* by induction through a bipartite graph.

Corollary 15 If }¥ has thce full exchange property, then so docs

e, ).

Proof TFor the vroperty is inherited undcr coloon extension, induction

through a bipartite graph and contraction [6] .

Corollary 14 will be used in Chapter 3.

Pinally, we supnose we are given two matroids M, and M, on V

i (M = \ = " . inici M i i i1s sai
ith r\Mi) T(Ma) r. A linking of 31 onto gg in G is said
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o

to exist if we can link some basc of _I\_/{1 onto some base of U in

2
G.
Let A = (.Ai tieI) be a family of subsets of V, and lct
M, Mz be matroids on I, V resnectively. For X C V define

I(X) =f{ieT:ve L, for some v e X3}
Then if r(¥,) = r(M ) = r we know that the condition that there
exist bases B1 and B2 of _Mi and M, such that B2 is a
tronsversal of ALBi is [5, 39] that for every X C V we should

have

/
r, (T + (V-2 > r
For a general granh G with X C V we define

X = U A = XUfvev:i(x,v)e?D, some xe X.

Theorem 13 The matroicds Mi and ¥~ on V with r(1 ) = r(hg) =1
Lgorem 1o o o <y :

»osscss o linking in G if and only if, for all X C V wc have

ri’. (3@ + r?(X) > lX

5

Proof M, eand M, possess a linking in ¢ if and only if there
exist bases B, and B ' of ¥ and ¥ " such that B' is a
i -3 -1 - 2

transversal of A

St i.e. if and only if, for all X CV

1

*® *
r, (XkeJXAX) + T, (v = %) > lV[ -r

or r, X + rz()O > !X

since r;(“\f -X) - lV - X[ + 1 = rQ(X).
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Note o give a direct mroof of the necessity of this condition.
Sunposc that for some X C V we have

ri* ) + rQ(X) < |xl.
Then

~
v
S5

ri(V -3 +

-1 + rQ‘\'X) < lz(l

and for any base B of M we have
1 =4

B, N (v -] +[X] - r+r, () < |x

or lBim?: >r?(xﬁ+li-xl.
For any base B/ of M we take the set
> 2

D:(B‘anmu(?{—x)

which separates B, NX from BQ, whilst ID‘ < lBi N '}VCI . Putting
C=DU (B1 - %) we see that € scparates B, from B, and

?C[ < r.

Minimal and maximal mrescntations.

Let M(G, B) be a strict gammoid, and suppose v € V - B. Then
Av contains a circuit of M(G, B). For if X is a base of
_ {vl in M(G, B), then {v} U X is a circuit of u(e, B), since
clearly v dis dependent upon AV - {vl, whilst any proper subset of

§v} U X isindependent. The following theorem tells us that we can find

. . H . . .
a 'minimal’ grarh inducing thc same independence structurec.
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Thecorem 14 ITet M be a strict gammoid on V. Then we can vrite

= MG, B) for some directed grevh G, on V and base B
of M, vwhere the associated famikyéb==(Ac vy VE V) is such
3
that A is a circult whenever v e V-B, and A = {v}
c, C,V

for v e B.

Y
1:_/

Proof Suppose = E(G, B) for some graph G and base B of M,
and supposc G 1s not of the desircd form. We can certainly assume
that A = fv}i for v e B. Supposc A is not a circuit of M

for some ue V -B. Let B' bc abase of ¥ having maximal inter-
scction with Au' Then N = M(G', B') for some directed graph ¢’
cnn V, such that the families éV—B and A'V;Bg arc identical apart
from indexing (Corollary 7). Sunpose Au = Aé for some w e V-B',
Then clearly any math from w to B' masses through (A%,- fwd) N B!,
and conscauently all cdges leaving w other than those to B' can
be dropped. Fe thus produce a nuw gravh with one more associated

set vhich is a circuit. The oprocess is reneated for all other sets

in the associated family vhich are not already singlctons or circuits.

Corcllary 15 Every transversal matroid M has a presentation M = ﬁ(é)

such that every sct of A 1s a cocircuit of M.

Proof The dual of Theorem kL.

Corollary 15 was originnally proved by Bondy and Welsh [4], and states
that the minimal nresentations of a transversal matroid are cocircuit

nresentations.
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Ve now look at the maximal presentations of a strict gammoid.
Theorem 16 Tet M = M(¢, R). Then I = M(G. B), vhere G is obtained
from @ Dbe adding all edges (u, v) such that v is in the

closure of Au in M vhen u e V -B, and all edges (u, v) when
u € B.
Proof As in Theorem 1k, we transform to a base B' with |B' N 4 |
maximal, so M = M(G', B'), and A= A";’ , say: It is trivial that
we may add all edges (w, x) such that x is in the closure o A%.
But we can then return to our original base B, and Au has become

closed.

It is clear that we can add no more edges to G without alter-
ing the induced matroid, and such a gravh we refer to as moximal. For

any maximal gravnh G, Au 1s closed for all u e V,

Theorem 17 Tet 1 = M(G, B) = u(a', '), where G, ¢ are maximal.
Then the associnted families A and A" arc identical up to
re-ind - xing.

Procf Clearly we only need to show that Ay o and Ay ¢ are identical

uv to re-indexing, since, for v e B or v e B' we have Av =V or

AV’ = V., 7e shrll construct the family AV—B intrinsically, and this

w11l prove its uniqueness.

We know that if € is maximal then the sots Av(v € V ~-R) are

closed. Thus we search amongst thc closed sets, or flats, of M. For
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XCV we write P(X) for the collcction of flats of M  properly
contained in X. e define the function B(X) on the collection

of flats of M inductively by

B(xX) = lx| - 2(x) - e(7).

26 (%)
T'e show by induction on r(X5 that B(X) is zero unless X

is the closure of a circuit of M, when B(X) counts the number of

times X eappears in the family AV—B' For let X be a flat and

suprosc that the result is truc for flats of rank less than r{X).

"¢ may assume that IX N Bf = r(¥) by Corollary 7. Then for

v e V-3B we have Av_g'X if and only if v ¢ X, and so, by induction,

x| - r(x) - Zegme(z)

Ix] - r(x) - HAVe MX): v e X - B}

g (x)

i}

i}

[{v e x - B: szxii,
x| - r(x) = |x - B

= |{vex-B: AVQXH.

For r(X) =0 we have B(X) = |X|, and clearly X is the collection
of loops of M, vhich apnears exactly IX! times in éV—B'

Pinally, if B(X) £ 0 then there exists some v e X - B such
that A =X. Put then {v} U (XN B) is a circuit of M whose

closure is X. Thus B(X) = 0 wunless X 1is a circuit closure.
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Corollary 18 TLet M be a coloop-frec transversal matroid. Then

M has a unique maximal presentation up to re-indexing.

Proof For if M 1is coloop-frec then every presentation of M
corresnonds to at least one granh inducing M’, and the result

follows from Theorem 17.

Corollary 18 was originally proved by Mason [ 21, 22].

The B~function above is simply Mason's a-function restricted
to the flats of the strict gammoid. An alternative development of
the aq-function criterion may be found in [17]. Te note here that
if M harrens to be a strict gammoid, then the calculation of 8
gives a method of constructing an inducing graph for M. We in fact

only necd consider circuit clesures in calculating B,

Pinally, a fairly easy corollary of the theory is a result of

Bondy [3].

Theorem 19 ILet M be a transversal matroid on V, and suppose that

X, y € V are in series in M , that is, that x znd y are

parallel in M . Then M (V - {y}) is transversal.

Proof “rite M = M(G, B) vhere xe B and G is maximal. Then

M (v - y) =M -y, B), since (v, x) ¢ B whenever (v, y) ¢ B,
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and all paths from y to B in G necessarily terminate in x.

Thus l\f | (v - y) is a strict gammoid, end the result follows from

Theorem 6.

Gammolds and strict gammoids.

A gammoid ¥ on 2~ set S is the restriction of some strict
gammoid to S. Tt is a valid question to =sk, how many elements

must we add to S Dbefore we can find a strict gnmmoid on the extended

set which restricts to M?

Theorem 20 Let M be a gammoid on a set S with

S| = m. Then
there exists a set T with [T < n + 2" and S CT, and a
directed graph G on T and subset B of § such that

M = M(e, B)|S.

Proof Tet M(G', B) be 2 strict gammoid on a set V with SCV
such that M = E(G', BHS. We may assume that B is 2 base of M,
that is, that 3B C S.

For each ciréuit C of M choose a blocking set XC Vv for

C with |X,| =]c| - 4. Put

su(u xc)
c

T

Tor each base B' of M there exists a linking in G' of B' onto

B, say (Pb :beB'. For each vath Pb=§b,~.-,xi,---,x,,,---,Xt,'--’b?i

where b, Xy peeesX ,b'  are the only elements of 'Pb in T we put the

edges (b, x), «vo, (%, ") in G, Thus B' is a base of M(G, B).
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el ~ - 3 . P “r . o .
7 €. is a circuit of o then X dis a bloeking sot for. € in =&

“C
My [ 9« -t" - s . ey o) . ' . m
SAUS 1s tne reoulred ~ranh, since TL € m + 2

Irfinite gencrrlizations.

If we toke o gravh G on an infinite set V  and form _}_@(G, B)
as tefore, it would annmear difficult to f£ind necessary and sufficient
conditions on & for E(G, B) to be an independence structurc.
Derfeet [ 26] gives only sufficient conditions. FHowever, we can use
the enmmoid methods as a tool to nrove the results on presentations
of transversal structurcs. Let M = M(A) be a coloop-free transversal
structure on 2 sct V. Then, by the infinite generalization of Lemma 3,
A is restricted, that is, every element of V is in only finitely
many scts of A, Tet V- B be a base of M, so that V - B is a
transversal of A, Then we may reindex A so that A = (Avt v eV -3RB)
vhere v o€ Av for all v e V - B. We construct a directed greph

t on V as in the finite case. G has the proncrty that it posscsses

no infinite path terminating in B, for if P = {..., v

L e V. v}

1’ o
vere such a path vith v, e B we could define the bijection
f: {vwt U (V-B)>7-B by

f'v if v=v € P
n+i
£(v) =%

v ifvéP

anl v e Ap(v) for all v e {v0§ U (V - B), 2 contradiction, since
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(V - B) is = base of M.

Lenma 21 With M = M(é), G and B as above, V - B; is a maximal

transversal of A if and only if 81 is a minimal set with

the property that it can be linked onto B in G.

Proof If B can be linked onto B then, as in Lemma 5, V - By
1

is a transversal of A. Conversely, if V - B, 1s a maxinal transversal
of L, then this desfines a linking of some subset X of B1 onto

E, the nroof of Lemmwa 5 working because there are no infinite paths
terninating in R. But then by the first part V - X is a transversal
of A, which forces X = B, because V - Bi was assunmed to be a maxi-

mal transversel and V - B1 cVv-X

Temna 21 gives us an analogue of Corollary 7 on switching from one
baszse to another. This allows us to prove
Theorcm 22 If M = y(é) is a coloop-free transversal structure,

then A may be reduced to a cocircuit presentation.

Proof Similar to Corollary 15. Suppose A = (Ai: ieI) and we

choose a fixed set Au’ u e I, We choosec a transversal V - B' of

4 such that (Vv -B") n (Vv - A) is meximal, that is, so that B' N A,
is maximal, and form a gra»h G’ from A. Deleting cdges as in

Corallnry 15, we reducc Au = AV, to a cocircuit. We form a collection

b
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H consisting of all presentations of M which are obtained from
A by revlacing some or all of its scts Av by cocircuits contained
in AV, and order H by putting A' < gf if A; - A; for all

ie I.B a trivial application of Zorn's Lemmza, H possesses a mini-

mal member, ~nd by the first part, this has to be a cocircuit prescnt-

ation.

Theorem 23 A coloop-free transversal indepcndence structure M on

T possesscs a unique maximal mresentation up to re-indexing.

Proof Let B be a base of M. For cach v e V put

wwhere CV is the fundsmental circuit of v with resmect to B.  Let

T be the collcetion of all subsets T CCV which are of the form

/ \
X U U B!
veX V

for some X C C ¥, and such that ﬂiﬁ is colcop-free. TFor each
Ue I, let }}T be the collection of presentations of ‘MIU which are
of the form

A= (Av t ve UNB, ve Av)
" is finite, since M!U is coloop free, and the indexing in terms
of TTNB

allows only a finite number of presentations.

For U;, +ee, U € I choose a maximal presentation
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* 3 b
2o, U iU u UL U U Clearly Ay ., uw, ©anbe

restricted in a natural way to give nresentations Ay € Py o Thus
i i

for Ui, ceey Un € I we define a choice function ay; on
T 1

yoentey U
P LK BN P -
-”1 2 b '{Tm
By Rado's Selection Principle there exists a choice function

a on (Pi ‘1€ I) such that for any 11, ees, i, € I there exist

ii, oy in’ seey, 1 € I such that

n
a(P. ) = a. . (p. 1 <r<n).
() =y, g (3 _,

For each v e B we form the union over all U e I with v e U
of the sets of a(E}Q indexed by v, and call the resulting set AV.
Then A = (Av ! v e B) will be shown to be a maximal presentation
of M.

We first show that A is a vresentation of M. Suppose
XCCV and X € M. Then we can cortainly find Ue I with XCU
by taking a suitable union ¥ of circuits of M which covers X,

then forming T=YU U_B_. Rut
veY V

a(PTT‘) = OCTT,TT? T‘{m (ET)

9 LR 'Y

for some Ug, teey Uh e I, and so X 1is a partial transversal of

a(PU), hence of A. Suppose on the other hand that XC CV and X
is a partial transversal of A. Choose Ui, ceey Un ¢ I such that
a(Ui), ceey a(Uh) cover all apnearances of X in A. Then putting

U=0U U ..ee VU , we know that
1 n
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alP =
( U) Tyl s wewy Ty eney U (PI*)

for some U s eees UE, and consequently, since

n+1 ML, e, n (B

LR N

is obtained by restricting a presentation of MI(U‘J see U Uﬁ) to
U, it follows that X must be independent in M. Thus the finite
independent sets of M arc the finite partial transversals of A.
However, A 1is restricted, since every v € V 1is in a circuit of
M and consequently is limited to a finite number of sets of A. Thus
i = M4,

We have shown, incidentally, that the property of an independence
structure of being transversal is of finite character (see [28]).

Now iet B = (Ei {ie I) be any other prescntation of M.
For each X CCV put

I, = fie I:Eimxwf}.

By

"

fveBia Nk,

Put J = {XCC V). Then for ecach X e J we know that (Av NX:ve BX)
is obtained by restricting a maximal presentation of, say, MIY to

X, vhere XCYCCV. But then (B;NY:ieI,) is another
nrescntation of EIY, and we know that the latter prescntation can

be embedded in the former, that is, there exists an injcction B': IY-+ BY
such that B C Aysy (ie IY). Put B = B'iX' . For cach X e J

let KX be the set of injections g IX > BX such that Ei C AB(i)

(ie IX). For Xi, cens Xm ¢ J let the choice function an, ooy X

on KX s ewes KX be chosen as the restrictions of an injection of
1 il
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I into B to X, ees, respectively.
Xi U LI 2N ] U X]n Xi U LI U &"ﬂ 1 Xl’n
By Rado's Selection Principle we form a choice function on
_ . 3 LN . . .
K (KX X e J). Nowif 1ie Ixi and i e IXn then

a(KX ) (i) = a(KXQ) (i), since the 4two injections are both restrictions
1

of some injection of I for some X , .., Xh' Thus

Xlu ...UXm
wve may define an injection B ¢ I > B by taking p(i) = a(KX)(i)
for any X with 1 e IX' It is trivial to verify that £ is such
‘I,] 'p K a s N
that By - AB<i> for all 1 eI

Suppose now that E = (Ei tieI) and F = (Fj P ie J) are
two presentations of M such that there exist injections al I - J
and P+ I+ I such that E. CF /. for all 1ie I and F.CE, /.

1= Ta(i) 3= "8

for all J e J. We shall show that both a and B must be bijections,
and that =&, = F .. for all ie¢ I, and F. = . for all Jje J.

’ 17 Ya(d) ’ 3= () J
This will prove the unlqueness of the maximal presentation.

Suppose k € I and consider km = (Ba)m(k) for m=0, 1, 2,ss.
Then E% - Ek for all m, and so, since E and I arc restricted,
therefore km = kn for some m > n. BHut then

8. a(Ba)™ (k) = 8. a(Ba)™ (k)

and since B 1s injective, we have

e ()™ (%) = alpa)THK)

Continuing, we have (8a) (k) = (pa)™ (k) = k, =k But then

B a(kp) =k, and so B 1is a surjection. Morecover, if we had

B T =G she a i vee T B =] c iction,
By C-I&(k) v¢ should have Ek_C B, - - hkn B @ contradiction

L
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s B = ired. > ¢ jective
Thu By Fc(k) as required. By symmetry o 1s surjective and

s = Bg () for any 3 e J.

A note on Dilworth's Theorem.

Te use a similar method to that used in Lemma 5 and Theorem 12
to deduce Dilworth's Theorem from Hall's Theorem.
TLet V be a poset under <. For each v e V put
B =fueV:v>u
v
Ve can consider there to be a graph G on V with (v, u) ¢ E if

ané¢ only if v > u. Then BV = Av - {vl. A chain in V is a sci

= LN ) 5 a . ) . ’:“ i
C {vi, , vnf C such that wv; > v, > > v, . Thus C is

a path in G,

Lemma 2L V is thc union of p disjoinht chains if and only if B

has a partial troasversal of defuct p.

Proof Supnose V = C:. U ves U Cp shere Ci, vees Cp are disjoint
chains of V, and let X be the p=-sct consisting of the maximal
elements of cach chain. e define «l (V - X) >V by nutting a(v)
equal to the unique nredecessor of v in vhichever chain v happens to be.
Clearly v e Bcc(v) for all ve V-X, and V - X 1s a partial
transversal of B of defect p.

Convirsely, supposc that V - ¥ is a partial transversal of B

of defect p, so that |¥| = p, and let the injection a2V = X) > V
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be such that v ¢ Ba(v) for all ve V=X, Forany ueV X

we can construct a chain consisting of u, a(u), voesy ap(u), where

p is the first nositive intcger such that of(u) € X. Clearly

Pu) > vee > a(u) > u. Iet Ci, +ee; Gy De the colleotion of
maximal chains vhich can be constructed in this way. Then these chains

arec disjoint since « is injective, and together cover V - X, We

cover the remainder of X with p - t single clement chains.

An antichain in V is a subset XC V no twoelements of which

arc comparable.

Theorem 25 (Dilvorth) V may be covered with p disjoint chains if

and only ir v contains no antichain of cardinal
Proof Supprose V can not be covercd with p disjoint chains. Then
ty Icmma 24 and the defcet version of Hall's Theorem, we have, for
some Z CV,

}vngV,<,i!Z'-Pg

Let X be the collection of maximal clements of Z, so that X is
an antichain. Then
U Bv = fueV)u<x forsom xeXl=2=-X

veZ

B

izl ~p> | gV =lz-x =g - |

that is, iX} > p as recquircd.
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Conversely, suppose that X is an antichain writh IX| = Q.

Then put Z = §ve Vi v<x for some x e ¥X}. We sce that

U B = Z-X%,
veZ V

| U B_| =1zl -4
veZ V

and so V dis not the union of p disjoint chains if p < g

Te scein obtain Hall-type conditions, and an alternative formul-

(=3

ation of a -wclli-knomm thcooren,

. . o : . ¢
The author has since discovered thot Tulkerson has derived Dilvorth's
Thearem from Menger's Theorem by a similar mothod to the above (sec:
£ A4
D. R. PFulkerson, ' Note on Dilvorth's Decomposition Theorem for

Partially Ordured scts%, Proc. Amcr. Vath. Soc. Vol. 7 (1956), 701 - 2).
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2. LINEAR REPRESFNTABILITY

An indenendence structure M on a sct S is said to be linear
i M Lncar,

reonresentable, or linearly representable over a field P if there

cxists somecmopping £ of & into some vector space V. over F  such

that UC S is indencndent in M if and only if f‘!v is a bijection

of U onto an indemendent sct f£(U) of wvectors of V. If M is
representable over CGF(2), we say that ¥ is binary (see [24]). A
structure which is renrcsentable over cvery field is called regular.
If there exists some ficld over which M 1s renrescntable, then e
simply say that M is represcntable.

Rado [33] showed that a watroid is representable over a fileld of
characteristic p 1if and only if it is representable over some
GF(pr), and that it is representable over a ficld of characteristic
zero if and only if it is represcntable over some algebraic extension
of the rationals. Tutte [ 36] characteriscd binary matroids as those
vhich do not contain the 2-uniform matroid on four clements as a minor,
and regular matroids as those which arc binary and do not contain the
Fanc matroid or its dual as a minor.

Bdmonds [ 9] showed that zny transversal matroid is revnresentable
over a transcendental extension of the ratiuwnals. Independently Mirsky
and Porfect [25] showed thot this result held true for general transversal
structures., Piff and Welsh [29] showed that a revrescntation of a

transversal matroid could be obtained over any sufficiently large field.



Inglcton [16]} reeently obiained neccssary conditions for a
natroid to be representeblc. Vamos [37] obtaincd nccessary and
sufficient conditions involving a certain polynomial ideal, and showed
that the property of being representable is of finite character. He
also showed thnt a matroid is renrcscntablc over a field of characteristic
zero if and only if it is revnresentable over an infinite number of fields

of different characteristics.

The chovecteristic sct C(M) of a matroid M is the set of

characteristics of ficlds over which M is representable. A point
srising from work of Ingleton [16] and Vamos [37] is the question of

“hat scts of numbers arc the characteristic sets of some matroid.

Vamos showed that 0 e o

—
=S

i

) if and only if C(i)is infinite. The

Pans ratroid with one line missing has characteristic set P - {21
where P = {0, 2, 3, 5, 7, 11, ... | . Ingleton also gives a matroid
ith charecteristic set P - {23}. Lazarson [20] produced, for any
prime p, a metroid with characteristic set not containing p (ana
not containing certain other »rimes as well).

Te discuss Lezarson's matroids in the context of fields, but the
argument remains the same for division rings. ILet F be a field of

cheracteristic » , and let fe , ..., En} be indenendent vectors
=, T

over F. Put €= & + ...+ e, and consider the linear matroid

! ~n’ = 1 = En§'



Lazarson restricted his attention to the case where p : 0

was such that pl(n - 1), and showed that if g + (n - 1), then

Qe G(I‘-f‘(n, p)). Te mrove a more gencral result, which shows the

exigtence of certain characteristic sets.

Theorem 1 e have

C(f_(n, »)) =
fo} Ufai g»n, q prime}, n> n or o
Proof Supnose E(n, p) is representable over a field H, with a
representation g ! S V(H). Put g (gl) = £, (i =1, .., n).

z
Sunnose gkg\, = f, where

f:af + «0. +af (a,...,& €H>o
- m-n i n

Then without lo

0

s of gencrality we can assume a = ... = a_ = 1, since
1

e can always alter & so that g(ei) = a,fi
4 T

necessery. Thus assume £ =f + ...+ £ . Now ie,,
£, & )

a circuit, and alsc E_(g =85 & 5 eeey en§ is a circuit. These two

~a

facts imply that

N cn_f_’_n

5

for some b , b, c, sses, c_ e H, andso b +b =0 and g(e—e)

1 2
= b, (_f'_ - _24). Again we can assume that 'b9 = 1 gince we can always

alter g 1if necessarvy. Thus we can assume that

(=]

Ye=f-f. (i=1, ..., n)

e (e - £

[SH
-1
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Tet I be the n xn identity matrix, J +the nxn
n Y > "n

matrix of 1's, and Y the n x 1 metrix of 1"s. Then Hu(n, p)
may be considered as the set of columns of the matrix

[ i3 -1 'K]

n: n n. n

over any ficld ¥ over which M(n, p) is representable. Ve work
out all sub-determinants of this matrix which are of size n x n.
Then the corresnonding set of n columns is derendent if and only
if the determinant is zero modulo g, where g 1s the characteristic
of H,

Pirst, i | = 1. If we toke the first (n - s) colums of T

ant some s columns of J -~ T

» 0 < s < n, then we need only work
n n :

out the lower right s x s determinont:

| et e

If two rows of RS consist entirely of 1's, then IRSI = 0. Other-
wise we have, to within a factor of - 1, onec of two other cases to

consider:
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]

a) R J -1
s 038

50
O =

IR

sl

1
1 0

Adding every other row to the first, we reduce it to a row of terms

(s - 1), Taking out the factor (s - 1), we are reduced to case b):

Y ‘ 1
b oy H
o st 0 Ygeq IS"‘i
ETR I .| Th s
s s=1 S—1 | T
i
t
SR _— e - Ia. ! Ks-i
1,1 = =

Subtracting the second column from the first and expanding by the

first column, we sce that

| ' - -
ELERREEN
19,
19
R = ! =
m = 2, |
‘! RS"i
’i
!
' i
1o
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Thus 1JS ~ Isl =F(s-1)

Finally, if the column Kn is included together with any column
of In or Jn - In’ then subtraction of the latter from the former

reduces us to a case alroady considered.

Thus the only values taken by determinants are

Thus if p<n and p % q then some determinsnt has value p ¥ 0
nod q and O mod p, sO0 ¢ % C(M (n, p)le If p, a2 n,or p=20
and 92 n, or =0 and p 32> n, then M(n, p) = ¥(n, q). The

rl

conclusion of the theorem now follows.

The problem of determining nossible characteristic sets is closely
connected with the problem of characterizing matroids which are repre-

sentable over a given ficld.

Binary and regular matroids.

The only conditions existing at pnresent for a matroid to be
represcntable over a given field arc those of Tutte. e give here
2 new, fairly short ad-hoc proof of his thcorem on binary matroids.
Theorem 2 The matroid ¥ is binary if and only if it does not contain

as = minor the Z2-uniform matroid on four elements.
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Proof %We first make a few trivial observations on the effect of
contracting an clement of a bincry matroid. e know that if 2z ¢ S
and G is a circuit of K.(s - {z}), then cither G, or C UV { 2}
is 2 circuit of M. Horeover, if € is a circuit of } and z € C,
then C - {2z} is a circuit of M.(2 - {z}). If 3z ¢ C then cither

C is a circuit of M.(S - {z]) or some UC ¢ is a circuit of

1.(S - {2}). Rut this imnlies that UU {z] 1is a circuit of M,

hence that (C = U) U {z} is a circuit of M, since M is binary
arnd  is o clrcuit. Therefore € is the disjoint union of two
circuits of j.(% - fz]).

g know that M is binary if and only if the symmetric difference
of any two circults of M is a disjoint union of circuits of M [24].
Te also know that the conditions of the theorem are nccessary, since
any ninor of a binary matroid is binary, whilst the 2-uniform matroid

on four clements is not binnry. Ve prove sufficiency by induction

[
b

on . The result is triviel for |S! < L.

Suppose i is a matroid on S satisfying the excluded minor
condition, and suppose the theorem is truc on all smaller sets. We
shall show that the symmetric diffcrence of any two circuits of M

is a disjoint union of circuits of M. Thus we may assume that

S = C1 U G, where C and Cg are circuits of M, and C N Cg # g.
2 1 - 1

Put X =C NC,Y =C -¢C,Y =C -C . %e have to show that
1 2 1 1 2 3 2 S

Y = Yi UY is a disjoint union of circuits.
)
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a) If

71 =Y ] =1 and either X =1 or Y UY isa

1 2 1 2

circuit, the result ig trivial.

b) Y1 = gyi}, T = fvy 1 and Y is independent. TFor some X, x ¢ X,

3 a 2}

YUY -1Ix,x} is a base of M. But then Meix , x, ¥y, yv.} is
17 o = ST T2 v 0 Y

2=uniform, a contradiction.

e) Y o= £ Zy eesle c, - {y! is a circuit of M.(S - {y}) and,

by induction, Cp is a disjoint union of at most two circuits of

ﬂ.(% - §{71). Thus the symmetric differencc of Ci - {y} and C2

is a disjoint union of circuits of M.(S - {y}). 7e may thus write

Y=SU.;.US UQOOLlS
1 T t

where Si (=1, «ov, t) is a circuit of I and

{‘ 3 13
iyl i, 5<r
i j p .
J { ﬁ otherwise .
Sumpose r were cven. Then by the induction hypothesis

Y: TU--.UTh U{Y})
1

where Ti, ses, Th are disjoint circuits of M, since symmetric

differences of Si, ceey Sr may be taken in pairs. But by the

induction hypothesis, EI(S - fy}) 4is binary and so for each

i=1, «se, h Ti - {yl is a disjoint union of at most two circuits of
yl(s = {yh)(s - ({y} v {=])),

hence of E.(S - {z}). Thus

f-fzl =R U...UR Uyl
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vhere Ri’ ey Rk are circults of ﬁ.(% - fz1). But Y - {z} is

the symmetric difference of C1 - {z] and Cg, and C is the
disjoint union of at most two circuits of M. (S - {z}), which is binary
Dy the induction hy»othesis. Thus O, - {21 is the symmetric dif-

ference of at most three circuits of y.(S - §z§3, and finally {y}

-

is a symrctric differcnce of circuits of M.(S - {2z}), a contradiction.

Thus r 1is odd, and we may »air S, +.., S take symmetric
: 1

r-1’

differences in mnairs, and use the induction hynothesis.

In eosy gencralization of this result to other prime ficlds does

not scem possible.

. -

e now show that the nropertics of heing representable over a

=

¢ ficld or of beins regulsr arc of finite character, thus

e ma e
cdven finit

. ] Y e .o .. ‘ . R
strongthening Vamos' result, which says that if cvery finite rustriction

s
A

of

l)-

is roprosentable over some ficld, then M 1s renresentable

—

over some (possibly other) 7Ticld.

Theoremn 3 Let M be an indencndence structurc on S, and F a

finitc field., Then M is represcntable over F if and only

if every finite restriction of I is represcntable over ¥,

Proof Suppose that cvery finite restriction of 1} 1s renrcscentable

over F. Iet B be a basc of M. For cach s e S - B, let CS be
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the fundamcntal circuit of s with respocct to B. Put
fCS-—§s}, s € 3-B

®s =<‘{s} , seB.

Let V Dbe a vector space over F generated by independent vectors
(’_\/_’b !beB). Foreach se S put

v, = fv ¢ Vi v is in the span of {Xb: b e BS}}.

Clearly, for any T CC § we may put

=Py U B

seT S
and choose a representation f! ™ >V for M|T' such that fT(b) = ¥
for all be T'N B. Since fT(s) € Vs forall s e T, f‘T induces

a choice function hT onn the family (VS tseT) by
hT(VS) = f‘T(s).
By Rado's Sclection Principle, there exists a choice function h
Vo X b : =
for (AS s € S) such that for any T CC S we have th hUlT
for some U with TC UCC S, Define f: S-»7 by f£(s) = h(vs)
for all s ¢ S. From the property of h above, we may take T to

be cither a circuit or a finite independent set, and clcarly f must

be a representation for M.

Corollary 4  The following conditions on an independence structure
M are cquivalent:
1) M is binary;
2) The symmetric diffcrence of any finitc collection of circuits

of M is a disjoint union of circuits of MN;
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3) M does net contain the 2-uniform matroid on four clements
as a ninor;

L) For any circuit C and cocircuit D, ‘C N Dl is even.

Proof The eqguivalence of 1), 2) and 3) and 1) =>4) follow from
[ 24, 36] and Theorem 3 . It only remains to show that if |C N D)

is alwyrays ever then M is binary. However, we write out the incidence

A

matrix A of the fundemental cocircuits of some base B, the cc-
circuits indexing the rows and S indexing the columns. For any
s ¢ B, s 18 in only a finite numbcr of fundamental cocircuits,

namely, those associated -rith clements of its fundamental circuit with

1!

resnect to in the finite case that the

o)
n

o It is easily verificd

3 T

columns of A give a vrcoresentation of I over CGF (23,

-

Tutte [ 36] showed that a finite matroid M on S is rcgular

if and only if it has a unimodular represcntation over the rationals,

that is, a represcntation f£I1S > V over the rationals such that if

{8,y «eey s

n} is a circuit of M then for some permutation {i,, ..., i ]

m

of {1, ve., m} we have

Yy - f(s. ) - e - f(s. ) =0 (*).

s, ) + wve + £(
11 » Lyt n

S,
i
Theoren 5 An independence structurce M is regular if and only if every

finite restriction of M is rcgular.

Proof  Similar to the proof of Theorem 3, but taking F as the

retionals and



VvV = {X € Viv = vb1+ A = eee TV, sOWmE bi, cesy, D

n

n € BSL

923

We also choose £ to be a unimodular representation.

We cbtailn a unimcdular representation f£:8 - ¥V over the rationals,
wihich is also a representation over every prime field, hence over

cvery ficld. f satisfies condition (7).

jo
F

Ccroll 6 The following conditions on an independence structure U
are cquivalent:

1)

¥ is regular;
2) ¥ is binary and does not contain the Fano maircid or its
dual as a minor;
3) The circuit and cocircuit incidence matrices € and D mnay
be oriented, that is, their non-zerc entrics nay be replaced
2 b L
by + 1 or -1, in such a way that the dot product of any
i T
row of € with any row of D is zero. (0 and D arc ortho-

gonal).

Proof  The equivalence of 1) »nd 2) follows from [ 36] end Theorem 5.
Suppose G’ and D' way be cbtained by orienting C and D, and

¢' and D?T arc orthogoenal. Then taking a bLase of M and just
taking the rows of D' which corrcspond to the fundamental cocircuits
with respecet to B, the columns then give a representation of M

(as in Corollary L.) over any field. Hence 3} =»1).

Finally, suppose M 1is regular, and thus has a representation f,



by Theorem 5, which satisfies (7). Iet C = {55 «ne) sn} be a
circuit of H, and supnose
f(si) Foeee + f(sr - *(Sr+1) - e - I(sn) =0.

In ¢, we chenge the + 1's in positions (C, s_ ), ..., (G, sn) to

r+1’’
- 1's. We do the same for all circuits and thus obtain an oricntation
¢’ of C. ILet D be a cocircuit of M and B any base of H
such that QB N D| = 1. Consider the representation £ expressed in
tcrns of the vectors (f(b):b e B), that is, such that, for each s ¢ S,
£(s) is expressed as a lincar combination of these vectors. Suppose
BND= §b1§, and consider the set

{se Sb, is in the fundamental circuit of s with respect to B}.
This set is prcecisely D, since it is certainly contained in D and
necessarily mects every base of M. Now for cach d ¢ D we take the
cocfficicnt of f(b1) in the expression of d in terms of (f(b):b ¢ B)
and put it in position (D, d) of D. Repeating for ecach cocircuit,
we obtain an oricntation D' of D. It is now readily verificd that
the rows of C' and D' are orthogonal, since the oriented row
corresponding to D 1is orthogonal to the oriented fundamental circuits
of its corresponding baée B, and so is orthogonal to all of the oriented
circuits, as in the finite case, since any circuit can be obteined by

combining fundamental circuits.

Operations on matroids

In this section, various matroid operations will be shown to



50

prescrve representability. VWhitney showed in his originel paper

that if a matrold M is renresentable over n field F then M* is
representable over F, a corollary of which is the fact that any minor

of M 1is representable over F.

If ]SI =n and M is a matroid on S and k < n, we call ths

natroid with independent sets

fucs:vuel, |Ul <xl

t~e  k-truncation of M.

Thcorem 7 Let M be a2 matroid on the finite set S which is

representable over the finite field ¥F. Then there exists an

integer N such that the k~truncation of M is representable over

any extension G of F with ]G{ > N. (or over eny sufficiently

large extension of ).

Proof If r = r(M), it is sufficient to prove the result for the

(r - 1) - truncetion M' of M. Let f£!8S -+ V be a rcpresentation of

M over some finite extension G of F in a vector space V of rmnk

r. Le% Xl, cons Xq» be the independent (r ~ 1)~sets of M. Consider

the planes of V spanned by (X)), .., f(Xq). Putting |G| = t, each

plane contains 7% clements of V, thus together they contain at

most g.t° ' elements. Thus provided t > g, they do not cover V.

Choose v € V  which does not lie in the union of the planes.

Put T=§slUS, where s ¢ S, and let M" be the matroid on T
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induced by the representation fIT » V given by putting f£(s) = V.

Te see that M' = M".3 , since any independent (r - 1)-set of

=

is independent in HM7.S, but the rank is reduced to {r - 1) on

contraction. Thus M' is representable.

Theorem 8 TLet M De a matroid on S which is representable over the
finite field F, and let G be a bipartite graph with vertices
SUT end edges EC T x S. Then M' = M(G, S) is representablc

over any sufficeintly large extension of F.

Procf Let r(}:i_) = r. We prove the result by induction on !Tl . Take
t e T and suppose we have a reprcscntation i (sSUT - {t}) >V in

a vector spacc over an cxtension G of P, vhere V has dimension r.
Suppose that t is linked only to {s,, «.., sn} C S in G. Ve shall
show that we can put

Y -
£(t) = aif(si) Foeee A f(sn)

for some a vee; B € G, provided G is large cnough, to obtain a

L’
representation of M'. Ir S,s sy S, arve all loops the conclusion
is trivial. Suppose {t} U U is a finite dependent set of M'. Then
Sys vy S are all in the span of U, so aif(si) + ee. + anf‘(sn) is
in the span of f£(U) for any Bys svey B € G. BSuppose on the cther
hand that {t} Uuu is an independent set of gg". Then &t least one
of f‘(si), ceny f‘(sn) is independent of (). ILet V' be the

subspace of V spanned by f(s‘), vee, £( sn). Then for each independent
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set {t} UU of M the set £(U) N V' will be contained within
some hyperplane Hi] of V', otherwise V' would be in the span of
£{(U). If G 1is sufficiently large, reasoning similar to that in the
proof of Theorem 7 will show us that these hynerplanes do not together
cover V'. We can find v e V' not in any of the hyperplanes, and

put f(t) = v to obtain = representation of HM'.

Corollary § Iet M be a trnsversal matroid on a set T. Then M

is represcntable over any large enough field.

Proof For M 1is indiced through a bipartite graph from a matroid in
which every subset 1is independent, and such a matroid is representable

over every field.

The wnion M v/ eV M of matroids M on S, ..., M on
] -1 -1 1 n

Sn is the matroid on 8 = S1 U wee U Sn with independent scts

X UU.eeUX where X e M, ., X € M .
1 n 1 1 n -n

Corzlliasxy 10 ILet Mi, vee, Mn be representable over a field F. Then
Mi\/...\/ Mn is representable over any sufficiently large extension

of PF.

Proof For M\, ...V M may be induced from matroids M

1
42 sewy Mn

igomorphic to M , ..., M , which are on disjoint sets, and Ei\/...M/M;

is clearly representable over F.
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Corollary 11 For any matroids M ,

“ s M
-4 3 _n9

cu)Nn .o.ncv)C cM v oo B).
-1 n - -4 -

Proof Por if Ei, oeey Mn are reprcsentable over ficelds of characteristic

D, then there is some Galois field over which all arc representable.

Corcllary 12 ILet G be a directed graph with vertex set V, and M

a matroid on V which is representable over a field F. Then

M(G, g) is representable over any sufficicntly large extension

T“p.

Proof The dual of Thecrem 8 with M' restricted to T.

Corollary 13 A gamwold M is representable over any sufficiently large

field.

Proof  The dual of Corollary 9.

It is known that no vector space over an infinite field is the

unicn of a finite number of hyperplsnes. Thus Theorcm 7 - Corollary 13

remain valid when F  is infinite and the phrase 'any sufficiently

large extension of' is cmitted in the statement of these theorems for

infinite T.
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3. ALCGERRAIC REPRESENTABIT.ITY

An independence structure M on a set S dis said to be

algcbraically renrescentable (or algebraic) over a field T 1if there

exists 2 mapping £ of S into some extension field G of F such
that U C S is independent in M if and only if £ maps U bijectively
onto a set f{UI) of independent transcendentals over F.
Ingleton [16] showed the existence of algebraic matroids which
were not linear. Thus, the natural algebraic matroid on the set
s=f{r, s, t, rst, rs, st, tr, r+ s+ t, r+s, s+ t, t +r], where
r, s and t are independent transcendentals over GF(Z), is readily
shown not to be linear over any field., A natural generalization based
on Theorem 2.1 Lleads to matrolds which are algebraic over GF(p),
but not linear over any field.

In the case of fields of characteristic zero, we have

Theorem 1 If M is algebraic over a field F of characteristic

zero, then M 1is linear over some transcendental extension of F.
Procf This is essentially [19], Ch. 10, Prop. 10.

No one has yet produced a non-algebraic matroid. Defining the
algebraic characteristic set in the obvious way, no one has yet
determined the characteristic set of any matroid, other than when the
matroid is linear over fields of all characteristics. No necessary

and sufficient conditions are known for a matroid to be algebraic,
<



\n
(82

However, there are certain results which can be proved.

Lemma 2 If M is algebraic over F(a) and &« is algebraic over

F, then M 1is algebraic over F.

Proof  Suppose fiS - G 1is an algebraic representation of M over
F(a). Suppose {si, cee, sr} € ¥ . Then {f(si), cee, f(sr)} are
independent transcendentals over F(a), hence over F. Conversely,
suppose that {si, ceey sr} ¢ M, so that {£(s,)s «ve, f(sr)§ are
algebraically dependent over F(a), and thus, say, f(si) is algebraic
over F(a, f(sg), ey f(sr)). Then by an elementary result on
algebraic dependence, it follows that f(si) is algebraic over

F(f(sg), cens f(sr\>. Thus f is an algebraic representation over F.

Repeated application of this Lemma gives

Theorem 2 If M is algebraic over the field F, where F is of
characteristic p, then M is algebraic over GE(p)(ti, ceey tm)

for some independent transcendentals t1’ ceny tm over GF(p).

Proof Iet fiS » G be an algebraic rcpresentation of M over F.

Let X be the set of coefficients in the set of polynomials expressing

the dependence of circuits of M over P. Then f:S->H = CF{p)(XU £(8))
is an algebraic renresentation of M, and H has finite transcendence
degree m over GF(p). Let {ti, ceey tm} be a transcendence base of

H over GF(p), and apply Lemma 2.
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I conjecture, but can not prove, that the reducticn initiated in

Theorem 3% can be continued down to the prime ficld GF(p).

We turn now to the effect of matroid operations on algebraic
matroids. Clearly any restriction of an algebraic matroid is algebraic
over the same field. It is not known whether the dual of an algebraic

matroid is algebraic.

Theorem &4 Iet M be a matroid on S which is algebriac over F.
Then for T C S, M.T 1is algebraic over some transcendental

extension of P.

Proof ILet f :S - & be an algebraic representation of M over F.
Then G is an extension field of F(f(8 - 7)) = H. We shall show that

ir ' = 7| then f':T > G 1is an algebriac representation of M.T

T’
over H. For U € M.T if and only if, for some base B of (S - T)
in M, BU Ue M, which is the case if and only if f(BU 1) is a set
of independent transcendentals over F. But this is true if and only

if £(U) is a set of indepcndent transcendentals over F(B), hence over

F(f(s - T)) = H.
Gorcllary 5 Every minor of an algebraic matroid is algebraic.

Theorem 6 Let M be a matroid on S which is algebriac over F.

Then any truncation of M 1is algebraic over somc transcendental

extension of F.
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Proof We only need to prove the result for an (r - 1)-truncation M'
of M, where r = r(ii). Tet f£:8 - G be an algebraic representation

of M over F. Let {t, ..., tr} be the image in G of some base
1

a a
of M under f. Ve look for an clement of the form + = tt 1x...xtr T

where 85 e ar are integers and t 1s independent of ‘f(U) for
any (r - 1)-set U e M. Such an element t may be found as in the linear
case (Theorem 2.7). For the set
TV =1{se Gis = tiaix...xtrar; 2, eees 2p integers}

is a module over the integers, the sum in the module being taken as the
product in G. Also, for any independent (r - 1)-sct U e M, U nv
has dimension at most (r - 1), where the bar denotes algebraic closure,
otherwise {t,, «vo, t.} would be in the span of £{U). The forbidden
elements of V thus lie in the union of a finite collection of hyperplanes
of V, and this union can not equal 21l of V.

Thus we can fiad the required element t, and as in Theorem 2.7

we extend M by one element and then contract this element, to obtain

MY,

Theorem 7 ILet M be a matroid on S which is algebraic cver F, and
let G be a bipartite graph with vertex set SU T and edge set

ECTx S. Then M(G, M) is algcbraic over F.

Proof The proof is similar to the proof of Thceorem 2.8, but we make

use of multiplication as in the proof of Theoarem 6 instead of addition.
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Corollary 8 A transversal matroid is algebraic over any field.

Theorem 9 Let G De a finite directed graph on V and M a matroid
on V which is algebraic over F. Then M(G, M) is algebraic

over some transcendental extension of PF.

Proof We use Corollary 1.4, Theorem 7 and Theorem 4. The new trans-

cendentals are introduced to represent the colcops added in Corollary

1.1 a).



L. ATTTOMORTHISMS

Let ¥ be an independence structure on the set S. The auto-
morphism group A(M) of M  is the set of permutations a of S
such that U e M if and only if a(U) e M.

It is well known that for any group H there exists a graph G
with point automorphism group isomorphic to H. In this chapter we
show that for any group H there exists an independence structure M
with automorphism group isomorphic to H. We show that M may be
chosen to be a graphic, transversal or partition geometry. In addition,
we show that there cxist matroids M such that A(M) is a group of

cyclic permitations of #, contrary to a conjecture of Ingleton.

Automorphism groups of graphs.

Most of the material of this section may be found in Harary [11].
Let G be a graph with vertex set V and edge set E. The point-auto-

morphism group AD(G) of G is the group of permutations a of V

which are such that (u, v) ¢ E if and only if (alu), a(v))e E. The

cycle autnomorphism group AC(G) is the group of permatations a« of E

which arc such that C is a cycle of G if and only if afC) is a

cycle of G
Frucht [10] proved that

Theorem 1 PFor any finite group H there exists a graph G with AP(G)

isomorphic to H.

Sabidussi [ 35] extended Theorcm 1 to infinitc groups. He also proved



the following theorem [ 34].

Theorem 2 For any group H and positive integer p there exists a

p-connected graph G with AP(G) isomorphic to H.

An cxtension of Theorem 2 to thc case where p 1is any infinite cardinal

is given in [13], but thc above result is sufficient for our purposes.

Graphic geonctries.

Let M(G) be the cycle independence structure of G. Then clearly

AM(@)) = AC(G) .

Lemma Iet G be a 3-connected graph on V, with IVI > 5. Then

AC(G) E Ap(G).

Proof The finite casc was proved by Whitney [41].
Suppose a € AC(C—) and v e V. Put

st(v) = {e e Bie = (v, w), we Vi.

st(v) is a cocircuit of M(G), since 2@(@) is non-separable. Since
o maps bases to bases, it necessarily meps hyperplancs to hyperplanes,
and conscyucntly cocircuits to coecircuits.

We wish to show that for some v' ¢ V we have a(st(v)) = st(v").
Now if e, £ ¢ B - st(v) then, since G is 3-connected, G - v is
at least 2-comnected and hence there exists a circuit CC E - st(v)
such that e, £ ¢ C. But then afe), a(f) ¢ a(C), and so the removal

of a(st(v)) from G results in a graph @' in which any pair of
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edges is contained in a circuit. But this is only possible if
G - a(st(v)) has one connected component consisting only of a single
vertex v' say, and we must have a{st(v)) = st(+v').

Thus « induces a map «':V-> V by putting a'(v) = v' if
oc(s‘t(v)) = st(v'). a' must be a bijection, by symmetry, and the
correspondence a <-> a' is a bijcction of AC(G) onto Ap(G-) which
preserves the group structure of AC(G), that is, (aB)' = «'8' for

all o, B e AC(G). Thus the correspondence is a group isomorphism .

Combining Lemma 3 with Theorem 2 with p > 3 we have
Theorem L  For any group K there exists a graphic, non-transversal,

non-separable geometry M with A(M) T H.

Proof M = M(G) as constructed in Theorem 2 with p » 3 is non-
separable and is also a geometry. We show that M 1is not base-orderable
by showing that M contains the matroid M(K4) of the complete graph
K4 as a minor. However, every 3~comnected graph contains a homeomorph
of K4 if it has no parallel edges. For suppose v, we V and

(v, w) ¢ E. Then there exist at least two other paths from v to w

in G .
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We take vertices x and y on these two paths. Then G -v -w
must contain a path from x to ¥y, and part of this path, plus the

three paths from v to w give a homeomorph of Kﬁ.

Corollary 5 For any group H, there exists a geometric lattice with

automorphism group isomorphic to H.

Proof Take the geometric lattice of flats of the geometry of Theorem

L (see, e.g., [81).

Transversal geometries

Lemma 6 TLet M(A) be a coloop-free transversal structure on &, and
suppose A = (Ai:i e I) is maximal. Then A(M(A)) is equal to

the set of permutations a of S which permute A, that is, are
such that there exists some permutation a' of I such that
ally) = Ayr(yy forall ie I ™)
Proof Suppose « permutes A. Then thore oxists a satisfying "),

Suppose X = {xi y eees Xy }oe 1(a), and x, € Air (r=1, ..., n).

1 n r
Then clearly alx. ) e & 4/, ) (r=1, ..., n), so a(X) e M(4). But
then, by symmetry, a (%) ¢ §(4), and so a e A(M(A)).

Conversely, suppose o ¢ A(M(A)), and consider the family
AT = (cx(Ai)z ieI). If Xe () then X e M(A'), and conversely if
X e M(A") then X e M(A), so A' is a presentation for M(4).
Suppose A' were not maximal, so that, say, M(4™) =2(A) where, for

some J ¢ I,
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A" AU ALt
= U ] s ¢ A,

t

£ o=aA] ik
1 1

Then B = (Bi:i e I) is a presentation of M(A), where

1

B

5= AV fa " (s)}

B, = A it 3.

However, L, 1is maximal, so it must be possible to embed B in A.
But then by Theorem 1.23 B is maximal and for some BiI > I we

have Bi = L However, clearly the set B,j occurs a different

p(1)”
number of times in B and A. (each number of repetitions being finite

because B and A are restricted) giving a contradiction. Thus

« . N *
" is maximal and for some a«': I > T we have ().

A
=

Theorem 7 For any group H there exists a non-binary transversal

geometry y(ﬁ) with avtomorphism group isomorphic te H.

Proof Iet G be a graph without endpoints, that is, such that every

/ ~ :
vertex has dezree at least two, and such that I:LD\G ~ H. We define

k>

a fundamental transversal structure M(A) on EU V, where 4 = (AVZV e V),
and

A= fvi U {(v, w) e F}.

We first observe that A is a maximal presentation. For if (v, w) e B
then (v, w) can not be added to 4, for x Lt v, w, since {v, w, (v,w)}

is a circuit. Similarly if v e V then there exist w, ¥ ¢ V such

that w £ x and (v, w), (v, ) ¢ B. But thon it follows that v is
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restricted to Av. Thus A is meximal.
Consequently, by Lemma 6, if o ¢ A(M(4)) then there exists a
permutation «':V » V such that

a(AV) = Aa'(v) for all v e V. M

Now for each v € V, v is an element of only one of the sets of 4,
namely AV, vhilst for each e = (v, w) ¢ B, e ¢ AV and e ¢ AW.

Thus afv) must be a vertex of & by (), and we must have «’ = alv.
Mso e¢e (v, w) e B is such that e ¢ A N A But
fa(e)l = a(_AV) N a(AW) = Acc(v) N Aoc(w) 2 §{(alv), al)l}

and ‘so c(e)=2(a(v),a{w)).Thus .«" is an incidence-preserving permutation
of V, that is, a point-automorphism of G.

Thus the mapping A(M{Z)) - Ap((}) given by « » a' is readily
seen to be a homomorphism, and to be onto AC(G). Tts kerncl is trivially
the identity, and so A(M(2)) = AP(G).

If ve choose G to contain a circuit, say {(vo, V:L)’(V:l.’ vz), ceus
(vn, vou then the set € = {vo, (Vo’ vi), (Vi....’ vz), cee, (vn, VO)}
is a circuit of M(A). Also AVo is a cocircuit of M(A), and

|AV N ¢l = 3, showing that M(A) is non-binary by Corollary 2.lL.
0

The geometry constructed in Theorem 7 is non-graphic, since it
is non-binary.

Corollary 8 TFor any group H there exists a geometric strict gammoid

¥ with A(M) = H.
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Proof The fundamental transversal structure in Theorem 7 is a strict

gammoid which, in the infinite case, is clearly of finite character.
An alternative construction is given in-

Theorem 9 For any group H there cxists a non-fundamental transversal

geometry M(4) with A(M(4)) = H.

Proof Tet G be a L-connected graph with AP(G) = H. Define
A= (Av: veV) on E by putting L, = $(v,w) ¢ E}. We show that
4 is a maximal prescntation of M(4). Suppose e = (u, w) € G, and
u, w, v arc distinct vertices of G, so that (u, w) ¢ A . Since

G 1s L-connccted, there exist two vertex~disjoint paths from u to
w in G -v - c. Let X be the union of the edge sets of theae
paths. Then X VU f{e} is a circuit of _E_i(é) However, if we add e
to A, XU {e] Tbecomes independent. Thus 4 is a maximal prescnt-
ation. Hence, by Lemma 6, for any a e A(M(4)) therc exists a map
o'tV > V such that a(ﬁ.v) = Lyi(yy for all v e V. Klso, if

e = (v, w) e B then e} = A NA_ so a(Av) N a(AW) = {ale)}. But
then Aa’(v} N ‘A’a'(w) = {a(e)}, showing that afe) = (c'(v), «'(W),
and thus that «' is a point-automorphism of G. It is readily
verified that the correspondence a <-> a’ is a bijection of A(M(4))
onto AP(G\, and is a group isomorphism.

This matroid is again nman-binary. A is minimal, foir suppose

e = (v, w) € E and let Y be the edge set of any circuit of G - v
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through w. Then e can not be removed from Av, otherwise
YU fe! becomes dependent. Consequently, by Theorem 1.22, each set
A_ is a cocircuit and by taking a circuit C =X U fel as in the

first part of the nroof we have IC N AVI = 3.

Corcllary 10 For any group H, there exists a 2-partition geometry

M with A(M) = H.

Proof The 3-truncation M of the geometry constructed in Theorem 7
is a Z2-partition geometry. It has non-trivial hyperplanes

fu, (u, vy, v} where (u, v) € B, and is readily verified to have
automorphism graup isomorphic to H.

Since a binary geometry of rank 3 can have at most seven elements,
if we choose |V U E| > 7 then M will be non-binary and hence
non-gravhic. Also, since by a result of Mason [21, 22] a rank 3 +trans-
versal geometry can have at most three 3-element circuits, M will

alsc be non-transversal if iEf > 3.

Transitive automorphism groups.

We now examine some specific finite groups, and consider whether
or not they are the automorphism group of any matroid. We first prove
the trivial

Lemma 11 For any matroid M, AQM) = A(x")
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Proof For a € A(E) if and only if a maps bases onto bases, But
if B is a base of M and a(B) 1is a base of M, then a(s - B) =3 —aCB§

. *
is a cobase of M. Thus « maps cobases onto cobases, and « € A(M ).

Let T be an n-element set. The group of all permutations of

T is called the symmetric group, and we denote it by Sn. The

group of even permutations of T is called the alternating group, and

is denoted by An.

Theorem 12 ILet ¥ be a matroid on the n-element set T. Then A(M) = S,

if and only if M is r-uniform for some r.

"
o

Proof  Suppose A(M) = S and let B be a base of M with [B]
Let A be any other subset of T with iAl = r. ‘Then we can find
a permutation of T mapoing B onto A. Thus A is a base of M

and M is r-uniform. The converse is equally trivial.

Thecrem 13  An independence structure M on an infinite set T has
the full permutation groun of T as its automorphism group if
and only if (a) M is r-uniform for some finite r = r(l), or

(b) M consists of all subsets of T.

Proof For either r(M) is finite or every finite subset of T is

independent.

Theorem 14 Let T be an n-element set with n > 2. Then for no

matroid M on T do we have A(M) = A -
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Proof Since n > 2 and A(M)

H

A(), cither r(M) <n -1 or
r(M) < n-1 for any matroid M on T. We assume that v = r(M) < n - 1.
But An is (n - 2)-transitive and, as in Theorem 12, if An C aln)

then A(M) = 8 -

For a further discussion of transitive groups and matroids, see

welsh [40].

Cyvelic matroids

Let ¥ be a matroid on the n-clement set T = {1, 2, ..., ni.
Ve call M cyclic if A(L@ is generated by the permutation
/1 2 3 «ves n-=1 n\

o = )
2 3 L ... n 1/.

Kagno [18] and Harary and Palmer [12] showed that there exists
no graph G on an n-clement set V with AD(G) generated by a cyclic
permutation of V. For n 2z 3, - This dous not obviousiy imply
that other than in the trivial cases it is impossible to find a graph G
with _((1) cyclic, though this result must surely be true. Fowever,
it lead Ingleton to conjecture that cyclic matroids other than the trivial
ones on onc or two-clement sets did not exist. In the remainder of this
chapter we shall demonstrate the existence of cyclic matroids for almost
all valucs of n, and the existence of cyclic transversal matroids for

an infinite number of values of n,
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Lemma 15 There is no cyclic matroid on a set T for 2 < |T] < 8.

There is no cyclic matroid of rank 3 on a set T with l7] = 8.

Proof Since A(g) = A(yf\ and no matroid of rank less than three
on T when |T| > 2 can be cyclic, we know that if 2 < |T| < 6
the result must be truc. Also if M is of rank three on T and
'T] = 6, it is easily seen that M does not admit a cyclic permutation
of T unless M 1is 3~uniform, when A(M) = SG. This fact is seen
by considering the effect of a cyclic permutation on a non~trivial
hypernlane of M 1if such is assumed to exist.
Suppose T = {1, 2, «vu, 7}, M dis of rank 3 on T and A(M)

includes
/ 12 3 4 5 6 7 \

2 34567 1/,

No two non-trivial lines of M can intersect in more than a single
element. However, if L = {ki, cees ks} is a non-trivial line of
M then we must have the numbers k. - kj (i, 5=1, «vey, s, i ¢ 3)
distinct mod 7. The only possibility up to isomorphism is that M
includes only the lines L = {1, 2, &}, « L, ..., &® L. But then

B e A(M), where

1 2 6 7
) ( 3 4 5 \
B= "1 35275 6 4/

and M is not cyclic.
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Similarly if T = {1, 2, ..., 8} and M is cyclic and of rank 3
on T then either M has non-trivial lines L= {1, 2, 4}, a L,...,a’L
up to isomorphism, and B ¢ A(M), wherc
1 3 2 8 5 7 6 L/

or M contains only lines L such that L, a L, ..., «’L are not

all distinct. But then B' e A(M) where
(15
5 1) .

Theorcm 16 TLet T be a set with |T] » 8. There exists a cyclic

B'

matroid on T.

:F)I‘Oof a) T={1, vo ey 8}- th

o =

/1231«-5678>
2 3 4L 5 6 7 8 1.,

and let M be the rank 4 partition geometry with non-trivial
hyperplanes H = {1, 2, 3, 5}, aH, .., a’H. We show that if B e A(M)
and (1) =1 +then B 1is the identity permutation. Call H, aH, ...a’H
a8, «++, b respcctively. The only hyperplanes containing 1 are a,e,g
and h, so B must permute these. Since L and & are in only one

of these hyperplanes, whilst the other elements except 1 arc in two of
them, B must pcrmute 4 and 6.

case (i) B(K) = &, B(6) = 6. Since ple) = e, cither B(5) =5 or B(5) = 7.
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In the first casec it is recadily verified that P 1s the identity
permutation. If B(5) =7 and B(7) =5 then B(3) =3 (c), p(2)=8(a,g),

8(8) = 2. But then g(d) = {8, 3, 4, 6}, a contradiction.

]

case (ii) B(6) = &4, B(1) = 6. Then Bl5, 7} = {2, 8} and p{2, 8}={5, 7}
since B(e) = h. But then B must permute 2 and g and thus

B(3)

]

3, Hence PB(2) = 2 (b) a contradiction.
bl T = {1, ..., n}, n:> 8. Let M be the 2-partition geometry on T with lines

L=1{1, 2, 4 oal, ... o™~ (1), where

203 ... 17
Suppose B e A(M) and B(1) = 1. We shall show that B 1is the identity
permitation. Since
fn-2,n-1,1}, {n, 1, 3, {1, 2, i
are the only lines of M containing 1, B must permute them. Putting
S=fn -2, n-1,mn,1, 2, 3, 4}, it follows that B(S) = S.

In the case n = 9 we have p({5, 6}) = {5, 6] and hence B(8) = 8.
However, for the same reason, g(6) = 6, g{4) = 4, etc, and it follows
that B dis the identity.

If n>9 then for any s e S put g(s) equal to the number of
lines of M which contain s and exactly one other element of S.

Since S is invariant under P, therefore g must be invariant under B.
Fowever £ only equals 2 for 3, so B(3) = 3. But then (1) =1

implies f(n) = n. The same argument gives B(n -1 =n-=-1, 4, 6(2) = 2,
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A11 of the matroids constructcd in Theorcm 16 have too many

hyperplanes to be transversal., %e show that

Theorcm 17  Therc exists no cyclic transversal matroid on a set T

with IT[ a prime power greater than 2.

Proof  For supmose N = j(é\ 1s a cyclic transversal matroid on the

m .
sect T = {1, v.., n} where n=p . Clearly M has no coloops, since

A(E) is trengitive, and so we may tazke A  to bo the unique maximal

presontation of M. Suppose A = (Ai, eeey, &) and suppose

A - a is the

generating permutation of A(M), where

1T 2 eeeeons
oo ! "\
/

Y203 iieeeee 1

Consider the sets AL, a(é ), o (A Y, «ve o Lot

s be the smallest
1 t

intcger greater than zero such that aS(Aa) = L . Since an(A ) = A.1
1 1

t
we must have sfn, so s=p forsome t<ms If t=m then

n-4
Ai, aAi, cee, Q

L arc distinct sets of A, r(M) = n and we have
1

a contradiction. Thus t < m and an/p(Ai) = Ai. Similarly an/p(ﬂiﬁzAi
for all i =1, ..., r. But then 1 ¢ A, if and only if p o+ te A

. ‘o m-1 s
and A(M) admits a transposition of 1 and p + 1, a contradiction.
We now show the existence of cyclic transversal matroids.

Theorem 18  There exist cyclic transversal matroids on a set T for

infinitely many values of !T!.
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Proof We show that there exists a cyclie transversal matroid on T
whenever ]Tl =mn{m + 1), vhere m is an integer and m > 9. et
T=11, «o., oln + 1)}  and define the families A= (.A.i, e Am)

and B = (B, ++., B . ) by

1 m+1
Ly = {ai’j’sio <ps<mys=0,1, B;ai,p,s =i+ pn+ s (mod m (m+1))}
L=1, «v., m)
Bj = ibj’q’S:O < qg< m-1) s =0,1,3; saq,e =t alm+1)+s (mod m{m+1))}

(d=1, ooymet),

Put G = £ UB. Clearly a e A(}) where

/ i - m(m+1)\

2 3 e 1/

since o:([;i) = A, (1 =1,.0., m=1), oc(Am) = A (5 =1,000,m),

1’ a(Bj> =Bj+1

e ne show that € iz 2 maximal presentation of I = ‘JI(Q_). (1t
is trivial that } has no coloops, so this statement makes sensc. ).
Suppoze T 3,: ly for some t € T. Ve shall show that there cxists a
transversal X of (&, v.e, A, B, ves, B ) disjoint from

2 m’ T4 Mg

A, U {tl. But then % ocan not be added to A, since XU {t} is
not a transversal of C. There exist at most two values of p such
that a, =1t for any i,s. “Tithout loss of generality, we take

o

O, 1, because of the symmetry implied by o € A(M).

1

these to be p

Thus a, 4: t for 2<p<m+ 1. But we sec that
1,08
X, = {a , a s see, a a 2, }
- 3 ~ 2 J "
1 2,2,2 3,7, 3 m=3, 2, 8 "m-2, 8 © m-1, 3, 0 m, 2, 8

1t

{2m + 5, 2n + 6, «.u, 3m, Lm - 2, bm - 1, 3m + 3}
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is a ftransversal of (Ab, aeus Am) disjoint from A& U {tl. e

then observe that X U [t} is disjoint from the set {bj 0,s'e = b, 5}.
3

or t can not have a value higher than 2n + 3, and the largest

r

velue of elements of X,1 is 4nm - 1, vmilst this scet ranges from
hom + 5 to fm + 9. Thus pub

=1, eeey m+ 1

we
4Q
1
~—
T
0
N
O

if b, A
154’0 é i,

otherwise q =5, s = 3.

The elenments above with q = 4 range from Lm + 5 to 5m + 5, whilst
those with aq = 5 range from 5 + 9 to 6m + 9. Thus all the
elements are distinct and are disjoint from Xﬁ U ft}. Also if

b. e then b. = b. + m + because b, + m g A
1’4,0 < 1 i 1’5’3 1’4,0 ' )-J- % [;. i 0 L £

H
1 343

and no two clements of A differ by L. X = X, U X, is the dasired

0

transversal, and A is maximal. 3By symnetry A veey, A are maximal.
bl 4 ? ? m

A similar argument shows the maximality of Bi. Suppose  t % B:L

and, with analogous reasoning, nut

, b s sees D , b , b , b §
1 2, 7, 3 3 2,2 W2, 2, 3 Ti=4, 3, 0 m,8, 0 m+1;,2,3

=fon+ 7, 2n+ 8, vou, 3m4+ 3, ko + 2, km + 3, Im + 6}

Fal
L

oint

[

it

v, U {t] is dis ror the set  {a. tp =L, s=3 or p=6,s

13
and 1is disjoint from Bi. Put

~r

J.azia

i,p,s:i =1, ceey, By p =L, s =3 if ai’4’3 é B,

othervise p = 6, s = 1}

The elements of Yp arec within the ranges L4m + 4 to DOn + 3 and

bm + 2 to Tm + 1, so the clements are all distinct. Also, if 2, o€ B1
Eht I
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then

i+ 6n+ 1

)
1

i+hin+ 3+ 200+ 1) = L

1)

1l

4
%5 4,5 © 2(m + 1) - 4 (mod m(m + 1))

vhich is not in Bi. Thus as before B , «..,B are maximal,

1 mn+1

Thus A(M) is the set of permutations of T which pernute G,
hence nermate L and B, since the sets of A and B have different
cardinalitiecs. Suppose B € A(ﬁ) and B(1) = 1. A pair fv,wl C T
is a subsct of at lenst thrce subsets of A if and only if v and w
are congruent nodulo m. Since the property of pairs of being in a
certain nurber of sets of A is preserved under B, it follows that
B permutes the congruence classcs modulo m of T. The action on
these congruence classes is exactly the same as in the proof of Theorem 16
nart b), and thc congrucnce classes are consequently lcft invariant by
B, hence

B(fm, 21, «uu, (meD)md) = fm, 21, ..., (;=1)n}

Similarly

B(E(m1), 2(m+1),vee, mloeD) = {{m1), 2(@+1), ..o u(m+1)]
implying that B(m(m+1)) = m(m+1)‘. Repetition of the argument gives
Blnl(m+1) = 1 = nlm+1) =1, .., 8(2) = 2, and so B 1is the identity

permutation.

The essential requirement of this proof is that ’T‘ should have two large

enough coprime factors.

By taking the duals of Theorems 17 and 18, we get parallel results

for strict gammoids.
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5. ENTMERATION

The principal results ¢f this chapter are a new lower bound for’
the number of non-isomor-hic geometrics on an n-element set, and a
comparable vpper bound. The lower bound imnroves upon vrevious bounds
of Crano [ 7], Welsh [38], and a conjccture of Crapo and Rota [8] that

the number of non-isomorphic geometrics was of the order of
< /o1
k(3/2> .

The upper bound is the first non-trivial upper bound, so far as the

auvther mows.
Verious other bounds for different classes of matroids are obtained,
some of which imnrove uvon exlsting bounds and are obtained less

laboriously.

Theorem 1 below is essentially the result proved in {307 .

Theorem 1 The number f(n\ of non-isomor~hic geometries on an
n-3et satigfies

f(n>

2nlr1—-5/2

W

(n?/1) /nt (1 €n<ow).

Theorcm 1 is a corollary of

Theorem 2 The number »n(n) of non-isomorphic partition geometrics

on an n-element set satisfies

nnp'ﬂ/2 oh =5/2
e > p(n) > (nq/A)L /n! (1 €10 <o)
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for some h > O, Thus for n sufficiently large

2nn—§/2

h.2n/?
n > p(n) > n .

Finally, our upper bound is given in

Theorem 3. The number g(n) of non-isomorvhic matroids on an n-set
satisfies

1<2nn_i

g(n) < n (2 <10 <o)

for some k > 0.

Before proving Theorem 2 we need a Lemma on vartition geometries,

and also a Lemma of a technical nature.

TLemna 4 Let H = §Hi:i e I} be a clutter of subsets of a set S such
that for some k > 1

min [Hi‘ > k> max iHi N H.I
ielI i,5eT J

Then we may take H to be the set of non-trivial hyperplancs

of a k-nartition geometry.

Proof Under the given assumptions, any k-subset of S is a subset

of at most one member of H, We augment E by adding to it all
k~-subsets of S which arc subsets of no member of H, and then clearly
the augmented collection forms the collection of hyperplancs of a

k-nartition gecometry.
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Lemma 5 If N and N/p are integers and N > p > 1 then

N»
1Sy o < (bp) e,

Proof We have
Nt
¥ - N/p)t (/p)!

NCN/P = (
By Stirling's Theorem, for all m > O,

1 . 1 -
VI oo ™2™ o om < Von mm-4-§61/12 m

b

thus
1 -
h N T — T
on (N/p)\/P + 3 e N/P(N - N/b)N N/p+2€ B+N/p
1 N
- 61/12 . /—E—\e . p /p 7 .
VT N (1 - 1/p)Vp + 2

But we know that

lim (1 - 1/3))—}3 = e,

P> o

the sequence being monotonic. Thus

(1-1/7F <4 .
and
e < g2 LS 1)y - /5% 4 1/2p
< )V, VP /2
However,

NP V2 -(w - )20

and the result follows.



Proof of Theorem 2. We choose familics of sets H = (Hi, Hy, oee) HP),

vherce p > 1 isenns yet unspecified integer, and, for some 1t > 1,

and for all i, 7 with 1 < i, J< n,

{Hi] = t, {Himﬁj| <t - 1.

The number of weys of choosing H, is clearly nCt' Given Hi, the
number of t-subscts of S intersccting H1 in more than t - 2
elements 1s secn to be

a=tln~-1t) + 1.

Thus, if _C, > a we may choose H_ in ( C, - a) weys. H and H
n't 2 n t < 1 2
togethoer exclude at most 2a choices for Ha, so if nct > 2a Wwe

may choose I, 1in at least (nct ~ 2a) ways. Continuing, vprovided

nCt > (p - Va we may choose HP in at least (nCt - {p - Na) ways.

We now imrose the condition that
P < nCt / a
and then the number of vnermissible familics is at least

(84 -— — -
nC't. (nut a) ceos (nct (p 1):‘3.)-

Now the ranges of two such distinct familcs H and E' will
be identical if and only if, for some permutation a of {1, 24 seey n},
Hi = Hé(i) (i =1, vo., n)e Thus the number of differnet ranges is
at least
r} - Tes - hd !
nct' (n't a) (nct (p 1)&)/@.

> pa (p - Da ... a/jp!

©»
= 8 .
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Rut uncqual ranges give rise to different geometries, vhich may
possibly be isomorphic. Wowever, the equivalence classes of geometries
under isomorrhism have sizc at most n., conscquently p(n) > of/n!

Ve choose t and p so as to maximize this expression. Put

t =[n/2] , p= £nc[n/2]/a]

so that

a = [n?/4]) + 1.

Prom Stirling's Theorem, we know that, if n 1is even,

C = ni
S VAN TR

V21 iy oD
N .

o1l {(n/2)572+1/é§2§c—n/2}2{e1/€n}2

~ 4 nn+1/26*1/3n g o

NZil (r/g)n” NE

-1/ -1
n+?n {2 e /3n

and if n 1is odd,

¢ 0 c
nn/2] = (n - 1};5 *on-1 (n=1)/2
- - C Wy 1/2g =130 = D
n-1 " 21
- “1/3(n -
o 2n+3 N 1/; . 1/3(n 1}
Ve

In cither case

{n—
n+j n —1/? o -1/3{n-1)

SEIRg
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and consequently
’ 2n+1 N -1/2 o -1/3(n - 1)

. -1
L Ver n*/k + 1
1/3(q - -
e /30 -1 ong 5/2
TV« L/e®)
> 2% -5/2

if n > 2, say. But

p(n5 > ap/n to> (n2/4>P / nl
and the lower bound follows by the above after checking the cases
n=1 and n = 2.

The weaker lower bound is obtained readily from this bound, its
only advantage being its neatcr form.

To obtain the given upper bound, we obscrve that if N is a
k-nartition matroid on §, then ench non-trivial hyperplane of M
has at lcast (k + 1) k-subsets. Since ench k-subset of M occurs
in at most one of the non-trivial hypcrnlanes, it follows that the
nurber of the latter can be at most 0 /(k + 1). Putting N = Cp,
p =k + 1, we sce that the number of ways of choosing the non-trivial

hyverplanes is a2t most

N/p

r{@ N G < (N/p + 1)N0N/p

< (W/p + 1)(AP§N/P (by Lemma 5)

) 1
< 3o+t Ckede / n
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for some 4 > 0, since N/p = Ck+1 / n. The maximum of the

n+1
last expression occurs when k + 1 = [(n + 1)/2] and, summing over

k and using Stirling's Thcorem we obtain an overall bound of

-1 n_ -3/2
d.n+1 C[(n + 1)/2] o hes2 n
n <n

for some h > O.

Beforce proving Thecorem 3 we need a further Lemma.

Lemma 6 ILet M be a matroid of rank r on an n-set &, Put
K, = {C : C is a circuit of M, |c]| =1 + 1}
(i=0,1, «ev, D)
Then M is determined uniquely by the family X = (Ki).
Proof Suppose we are given K. If C e Ki anrd XC C with
|X| =i+ 1, then X 1is dependent. It follows that we may recover the
circuits of M from X by taking the minimal sets X such that

X =1+ 1 ana xgéeKi for some 1i.

Proof of Theorem 3. Iet M be a matroid on the n-set <, and let

C. 5 eesy C. be the distinct members of K,.. We note that
1t l,ri 1

l <i if ¥ k. Since cach C. . has (i + 1) i-subsets

C. .M C.
‘ 1,J i,k 1,4

for each J, we must have
(1 + 1)ri < Gy

T4 S i Ci+1 /(n +1).
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Thus our problem is first to find an upper bound for the number of
different families T = (7,11 =0, 1, ..., [n/21), where each T,
is a set of subszets of 8, with

ITi! < iy Ci+1/(n + 1) = q -

1

Putting N = 27, the number of vays of choosing Ti is
4
z c, < (g +1),C_.
o N 4 N “qs
< N. Nqu.

Putting p; = N/ a3 and using Iemma 5 v have

U
g, < (py)

so the number of different families T is at most
(/2] (/2]
Ty 0 <« .11 ¢

b N a3 L Moy

i=0 i=0

Te split this product into two parts according as Py 2.

T . N, a4 ol o
T ey, < 1] @
a1 4
p;>1 pen
T7T qs
(i .0 < (ln*) 32
Pl Ny ﬂ
pi<n4 pi<n4 '
.Z 4 qi
< (ot )PER
n
< (}+n4)2 /(n+1>,
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Thus the wholc product is less than

9 Nn, q m+1
21’1 . 22 /n . ()4_1’]_4)2 /(n -+ 1)
Tl
< % ) nk.2 /n

for large enough n and for k > 4. The result then follows by

considering M or j* according as r(M) § [n/2] .

Theorem 3 gives a better bound than may be obteined by simply
using the fact that a matroid is determined by its bases. The latter

gives an easy bound of

c n -1/2
(n+ 1), 2" [n/2] , ,2'n

The number of repreacntablc matroids

Thceoren 7 The number Rd(n) of non-isomornhic matroids on an n-sct
S which are renrcsentablc over a finite field F with IF{ = d
satisfies

2 2
k., 2n /A / n! <R (n) <k . a- /h
1 d F-3

for some k , k > O,
1’ 2

¥e note that the lower bound is independent of d. The proof uses the

following

Lemma 8 If d > 1, and n 1is a positive intecger, then
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2 _ n - 2
D <(/1og @) + 1)a" /%,
r=0 ¢
Proof  The left hand inequality follows from putting r = (n - 1)/2
or r =n/2 according as n 1is odd or even.

For the other inequality, we have

g dr(n—r5 _ dp?/a. g d—(r—n/2)2
r=0 r=0
2 7
- d.n / LF. B,

and ve compare R with the area A :*/(H/logod3 under the curve

y=d .

If n is even then

n/2 a2
B= % 4~
r:—n/ 2
-1 _2 n/2-1 _ 2
= 3 gty g (e) 1
r=-1/2 r=0
< A+ 1

and if n is odd we have, toking the sums over integer steps,

n/2 -1/2 +  n/2-1 2
T 5 47 o+ % a~(r+t) + 671/4

B = 5 =
r:—n/2 r:—n/2 r=—1/2

< A+ 1.

Proof of Theorem 7 Ve first obtain the uppcr bound. We restrict our

attention first of all to matroids of a fixed rank r, and it is sufficient

only to consider matroids which have a fixed common base {si, ...,sr} cs
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and represcntations 15 - V (F) in a fixed vector space Vr(F)

ot
such that f(si) =gy (L 21, eee, 1), §gi, ceey gr§ being a fixed

basis of Vr(F). Suppose M and E? are different matroids with
1

representations £ and fg. Clearly f1 $ f,. Howcver any represent-
1 2

ation 1s determined by a choice of r(n - r) clements of F, namely

the coordinntes of f(si) (i=r+1, .vo, n) vith respect to

Lgi, cees gr}. Conscquertly, the number of non-isomorphic matroids
. . o(n - 1) . .
cannot be greater than 4 Y« Summing over r and applying

2
Lemme 8 we obtain a bound k . d /e with k =\/(H/1og62) + 1.
2 2
Sccondly, we prove the lower bound. ™ith Vr(F) and e , ...,er}
1
as above, let U = (Ur+1’ ey Uh) be a family of/subsets of

I=191,2, .., r{. For U S I mut

e = Z €.
K ieU *
k

Then any family U dotermines 2 matrold on the set S =19{s, ..., sn§
1

intrinsically through the represcentation Sy ™ S (k =1, vee, 0
Different fomilics U give rise to non-equal matroids, since

the set U determincs the fundamental circuit of s

" with respect to

k
{s 5 «ony Srf. Thus we have Zr(n - )

non-equal reprcsentable
1

. . . rin - r
matroids of rank r, which must contain at least 2 ( )/n ! non-
isomorphic matroids. Summing over r and applying Lemma 8 we obtain

2
a bound k . 20 /b / n! with k = 2’1/4.
1 1

We obsserve that our lower bound is botter than that obtained by

2 /),

s i so . n
Bollobas, becsuse of ths insignificance of the n! term compared with 2 .
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Also, with 4 = 2, the two bounds are roughly comparable. A gencral

2
lower bound of the order of 4 I would appear to be difficult to

obtain,

The number of transversal matroids.

Theoren 9 The number w(n) of non-isomorphic fundamental transversal

matroids on an n-set S satisfics

2 2
k.zn/u/n, n? /L

. < W(n) <k .2
1 2

for some k , k¥ > O.
1 2

Proof Iet A = (Ai: i=1, ve., ) bc a fanily of subsects of
s =f{s, ...sn}, where r < .n, and Ai = {s.} U Bi (i=1, v, 1),

1 ER

with B, C S = {s,__H-, eee, s }. For fixed v, if A and A' are
4 - - -

n
different families, then g(é) + M(é'). Thus, since the nunmber of

I‘(I‘l - I’)

distinct families A for fixed r 1is 2 , thc number of distinct

. . r(n - r)
fundanental tronsversal matroids of rank r is at least 2 ( /n :
Summing over r and avplying Lemma 8, we obtain the desired lower
bound. The upner bound is obtained directly as an upper oound for the

nurber of familics A.

Theorem 9 gives a lower bound for the number t{n) of non—-isomorphic

5 ) : 2n” .
transversal matroids. A. P. Heron has cbtained an upper bound 2 n’/3 for t(n)

The bound in Theorem 9 is also o lower bound for the number of

strict gammoids, by duality.
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ERRATA

e X A G

co-denendent

Prualdi and Seringer [6] or Heron [15].
A=(AveV

= v

veo fOor some %k ...

The obvious generalization of Theorem 2 to GF(}), namely,

that M 1is ternary if and only if it does not contain as

a minor the smallest non-ternary matroid, is false.
... disjoint (possibly vacuous) union ...

We arc here defining thce term 'sufficicntly large'. We

have restricted it to mean 'but finite'. Sce, however, p.53.

the subspaces of V ...
sufficiently
transversal
veo sufficiently Jarge field.
algebraic
a transversal geomctry which is not fundamental
permutation of ¥V for n > 3.
The bar denotes closure, of course.
1,3 i’k} < i follows from the fact that otherwise
and Oi,k would have the same closure.

| o - . [
nifferent' and 'non-cqual' mean 'non-identical’.

Q
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