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ABSTRACT 

In Chapter 1 it is shown that transversal matroids and strict 

gammoids are dual matroids, and hence that Hall's and Menger's Theorems 

are dual theorems. Corollaries are the results on minimal and maximal 

presentations of transversal matroids. It is suggested by the proofs 

that the correct context in which to study transversal matroids is 

by considering the dual pair of matroids. The maximal presentation 

of an infinite independence structure is Shown to be unique. Finally, 

Dilworth's Theorem is derived from Hall's Theorem by a similar method 

to the derivation of Menger's Theorem. 

Chapter 2 demonstrates that the properties of being binary or 

regular are of finite character. various operations on matroids are 

also shown to preserve renresentability, the principal one being 

induction through a directed graph. In Chapter 3 the same result is 

proved for algebraic representability. 

Chapter 4 is concerned with the automorphisms of independence 

structures. It is shown that all groups are possible, up to isomorphism, 

for the automorehism groups of a) graphic geometries, b) transversal 

geometries, c) partition geometries. The proof of b) relies heavily 

on the results of Chapter 1. The existence of cyclic matroids, and 

of certain cyclic transversal matroids and hence of certain cyclic 

strict gammoids, is demonstrated. 

Finally, Chapter 5 is concerned 1Tith enumerating the equivalence 

classes of matroids under isomorphism. Bounds are obtained for general 



matroids, rerresontable matroids and transversal matroids. 

Unloss s- ecifically stated otherwise, all theorems may be 

assumed to be original. It is also s-recifically stated -When a theorem 

is not original but the proof or derivation is. 
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0. TTITRODTICTION 

This work is concerned with the theory of abstract independence. 

The theory of finite independence structures, or matroids, was devel-

oped in 1935 by Whitney [42] and further developed by Minty r241 Tutte 

[36] and others. For the standard terminology, the reader is referred 

to these papers, or -to Harary and Welsh 14) or Crapo and Rota [8]. 

The cardinality of a set S is denoted by . If J C I and 

iJI < co then we write J C C I. We denote an indexed set by €xi: e 11, 

and i a family by (x. : e I), where in this case xi and x . may be 

equal when i j. 

An independence structure  on the set S is a collection of 

independent subsets of S with the following properties: 

(M 0) O e M. 

(M 1) A e M if and only if B e M for every BCC A. 

(M 2) If A, B e M, A, B CCS, and Bj = IA1 ÷ 1 then there exists 

some b eB- A such that A t.) e M. 

Property (M 1) states that independence is a property of finite character, 

and, when is finite, simply says that if A e M and BC A then B e M. 

A subset of S which is not independent is called dependent. Clearly 

every dependent subset contains a finite minimal dependent subset or circuit 

of M. By an easy application of Zorn's Lemma, every independent subset is 

contained in a maximal independent subset, or base of M. In the finite 

case, Whitney [42], and in the infinite case, Rado [32], showed that 
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bases of an independence structure have the same cardinality. In proving 

this result, Rado used the following strengthening of the axiom of choice 

for a family of finite sets, henceforth referred to as Radols Selection 

Principle. 

Leimnal Let Ar.: (Ai ,: i e I) be a family of finite subsets of a set S. 

9oreaclI JCCIllet aJ be a choice function for J i " 6 J. . 

Then there exists a choice function a for A such that for any 

K C C I there exists a J with K C J C C I with alK = 
where 1

K 
denotes the restriction of the function to K. 

N6 call an lndepndence structure on a finite se L a watroid. Whitney 

showed that we can define a dual matroid for any matroid on a finite set. 

We denote the dual of M by M. The bases of M are the complements 

of the bases of M. The circuits of M* are called cocircuits of M , 

and its bases are called cobases. 

A loop of an independence structure M on S is an element s e S 

such that €s! is dependent. A coloop is an s e 9 such that s is 

in every base of M. If is finite then s is a coloop of M if 

and only if s is a loop of M. Elements s1, s2 e S are said to be 

parallel if s and s are not loops, but Is , s is dependent. 
2 i 2 

An independence structure without loops or parallel elements is called 

a geometry.
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If M is an independence structure on 9, and X C 9, the rank 

r(X) is the cardinal of any maximal Y e M such that Y C X. The 

rank of M, r(M) is just r(9). The closure ± of X C S is the 

set 

R. €y eS :yeX or ye CCXUlyi for some circuit C of M}. 

If X = X then we say that X is closed, or that X is a flat of M. 

Let M be an independence structure on S and let C(M) denote 

the set of circuits of M. Let A, B C S be disjoint, and define 

C' = !XC9 :X=C-A for some CeC(M), Ccg-B, s p:n 

and let C" be the set of minimal members of Ct. Then C" is the 

set of circuits of an independence structure M.(9 - A)I(9 - A - B) 

which is the minor of M obtained by contracting A and deleting B. 

Lemma 2 M.(9 - A)I(9 - A - B) = M.(9 - U)I(9 - A - B) for any maximal 

U e M with U C A. 

Proof The finite case is well known, and the infinite case presents 

no additional problems. 

A minor of form M.91(9 - B) is called a restriction of M, and is a 

finite restriction if S - B is finite. Me denote it by M1(9 - B). 

Lemma 3 If M contains some matroid M t as a minor, then some finite 

restriction of M also contains M t as a (contraction) minor. 

Proof Let Mt = M.(9 - 101(9 - A - B), with A e M, and let CI, ..., Ct 
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be the circuits of Then there exist C , ..., C e C(M) such that 
i q 

iC. = C! U A. ( i = 1, ..., q), and Ai C C A. Put Al . 3 A.I , and 
I i=1 

Mi(S - A - B) U A' contains M 7 as a contraction minor. 

A set X C S is called co-dependent if it has non-emnty intersection 

with every base of M. A minimal co-dependent set is called a cocircuit.

A hyrerplane of M is a maximal subset of S which does not contain 

any base of M. Clearly a hyperplane is a flat of M, and for any base 

B of M and b e B, T=TTi is a hyperplane, and every hyperplane 

is of this form. 

Lemma 1+ Every do-dependent set of M contains a cocircuit of M. 

The cocircuits of M are the complements of hyperplanes of M. 

Proof supPose X is co-dependent. Let U be a maximal independent 

subset of q - X, and B a base of M with U C B (7 cannot be a 

base of M). Por any beBnX, the complement of B- €b} is a 

cocircuit of contained in X. 

If every two elements of S are contained in a circuit of M, we 

say that M is non-separable, otherwise N is separable.

If for any two bases Bi and B2 of M there exists a bijection 

a B1  B2 such that, for any x Bi,(Bi -ixi)Lla(x)iand(Bb-ia(x)Mixl 

are bases of M, then we say that M is base-orderable.
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special structures. 

'me list here, for reference, a few snecial structures which will be 

met later. 

A collection s of vectors over a division ring forms an independence 

structure, with independence defined as linear independence. 

The set of partial transversals M = M(A) of a family A = (Ais i e I) 

of subsets of a set S forms an independence structure on S if the 

family A is restricted, that is, no element of S is in infinitely many 

sets of A. M is called a transversal structure, and any family B such 

that i = M(B) is called a presentation of M. If M is coloop-free 

then M has only restricted presentations. 

If k is a non-negative integer, the set of all subsets of S of 

cardinal at most k forms an independence structure on S called the 

k-uniform structure on S. 

Let S be a set, k a positive integer, and H a set of subsets of 

S such that each subset in H has cardinal at least k and every k-subset 

of S is a subset of just one set of H, whilst some (k + 1)-subset of 

S is a subset of none of the sets of H. Then the collection M of 

(k + 1)-subsets of S which are subsets of no set of H forms an independence 

structure on S called a k-nartition.structure. If k > 1 the structure 

is a geometry. F is its set of hyperplanes. 

Let (7, be an undirected graph with edge set E. The collection 

M(G) of subsets of F which contain no finite cycle of G forms an 

independence structure on E. We call M(G) the cycle independence structure 
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of q, and say that M(G) is graphic.

It is shown in [28] that the properties of being transversal or 

of being graphic are of finite character, that is, they hold for M 

if and only if they hold for every finite restriction of M. A proof 

of the former result is incorporated in Theorem 1.23 below. 
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1 . TP, O1717P.A.T, N.A970IDS 

.ATT.D C-krT,TOIDS. 

It is well known [25] that we may take the partial transversals 

of a restricted family A = (Ai ; i e I) of subsets of a set S as 

the independent sets of an independence structure on S. Also, given 

any finite directed graph (7- with vertex set V and edge set E, 

and a distinguished set B C V, we may take the subsets of V which 

may be linked into B as the independent sets of a matroid on V 

[26, 31]. The former structure we call a transversal structure, the 

latter a strict gammoid. 

The main result of this chapter is that the dual of a transversal 

matroid is a strict gammoid and vice versa. As applications of this 

result, we redevelon work done by Mason [23] and Bondy and '7elsh [4] 

in this new light, and demonstrate the duality between Hall's Theorem 

on transversals and Menger7s Linkage Theorem. 

TTniess stated to the contrary, all sets in this chapter are finite. 

Preliminaries 

Let C be a directed graph with vertex set V and edge set E. 

A path in G is a sequence P = (vo, vi, vk) of distinct vertices 

of G such that k > 0 and (v. , v.) e E (i = 1, k). P has 
1-i i 

initial vertex vo and terminal vertex vk. Two paths are said to 

be disjoint if their vertex sets are disjoint. 777e say that there exists 

a linking of ACV onto B C V if, for some bijection a : A -B we 
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can find disjoint paths (Pa : a e A) in G such that Pa has 

initial vertex a and terminal vertex a(a). 

Given a graph G and a subset B C V, we put (G, B) equal 

to the collection of subsets of V which may be linked onto a subset 

of B, and call this collection a strict gammoid on V. Por any 

X C V, Ni. (G, B) X is called a gammoid.

Suppose that r is bipartite, with 

if we rut 

A
v 
= ivl U €w : (w, e El 

7e see that 

(v e VII) 

then M (G, Vfl) is the collection of partial transversals of 

A = (A
v 

: v e v"). This special type of transversal matroid is called 

fundamental by Bondy and ̀,elsh [4] because each A
v 

is the fundamental 

cocircuit of v with respect to the cobase V7. A general transversal 

matroid may be obtained as _'7 (G, Va)117'. 

75TO require a few lemmas about transversal matroids. Let G* be 

the graph obtained from by reversing the orientation of its edges. 

Lemma 1 Let G be a bipartite graph with 7 C V? x Then 

M (G*, V 7) is the dual matroid of M (G, 

Proof Obvious from the definitions. 

Lemma 2 A cotransversal matroid (that is, such that its dual is transversal) 

is a contraction of a fundarient7'.1 transversal matroid. 

Proof From the definition and Lemma 1. 
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Lemma 3 Let M be the collection of 77,artial transversals of the 

family A = (Ai, ..., An), written M = M (A). suppose that 

A. (i = 1, ..., n). 

Proof Brualdi [5]. 

Corollary 4 If M = M(A , 

for some , • 

Then if 

• • • 
A 

has no coloops, n = r(M). 

and r(M) < n then M = M(A. , 

r C i1, ni. 

Proof Application of Lemma 3 to MIT Where T is the coloop-free 

cart of rzives the result. 

•• • , A. 
r 

The fundamental duality theorem. 

Let r be a directed gran, with vertex set V and edge set E. 

For each v e v define 

A
v 
= [-cr iw e ZT : (v, e Ei. 

Put A = (Av : : v e V), and. for any X C V put A , (A
y 
: v e X). _x

Lemma 5 Let A, F be subsets of V. Then A can be linked onto B 

in q if and only if V - A is a transversal of _A_ 

Proof First suppose that A is linked onto B in G by disjoint 

-flaths (F : v e A). We define a function a:(V - A) B) by 

( V 

a(u) =

if (v, u) e Px for some x e A. 

u otherwise. 

a is well-defined, since the maths are disjoint, and is an injection. 

a(u) e B because this would imply either that some path had at least 

two vertices in B, or that some vertex of B . was on no path. Finally, 
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a is onto V - B since if veV-B then either v is on some 

path, and then cannot be the terminal vertex of this path, or v is 

on no nath and a(v) = v. Clearly u e Aa(u) (u e V - A), and 

V - A is a transversal of 
—T-B.

Conversely, suppose 7re have a bi:',ection 

a  
such that u e A 

(u) for all u e V - A. Take v e B - A. Then

(a(v), v) e E. Either a(v) e A or (a2(v), a(v)) e E. Either 

a:(V - V - B 

a
k
(v) e A for some A or we obtain an infinite sequence (ar(v)). 

, , 
But since G is finite we must then have ar (r) = as (v) for some 

r < s. Choosing r minimal, we then lave a(ar-i(v)) = a(asi(v)) . 

r-i s-t
But then, since a is bijective, we have a (v) = a (v), a 

contradiction of the minimality of r. Thus we obtain a path 

€ak(v), a(v), vi from A to B. Similarly we obtain paths for 

every v e B - A. These paths are disjoint since a is bijective. 

Adjoining the trivial paths (v) for v e A n B, we obtain a linking 

of A onto B. 

Theorem 6 M(G, B) = M*(4). Thus M(G, B) is a matroid on V. 

The of any transversal matroid is a strict gammoid and vice 

versa. 

Proof The first part of our statement is just Lemma 5. 7 e only need 

to show that the dual of a transversal matroid is a strict 7ammoid. 

""e can assume we are given M(A, ..., A
r
) where (Ai, ..., Ar )

possesses a transversal, by Corollary Let B be the complement 
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of such a transversal, and reindex (A1, ..., A ) as A = (A v: v e V-B) 

is such a way that v e A
v 

for all v e V - B. Form a directed graph 

on V with edge set 

i(v, : w e Avi . 

Then clearly v*(A) = M(G, B). 

Theorem 6 is our fundamental duality theorem. 

In the proof of Theorem 6 we are allo7ed to take any transversal 

of A in constructing the directed graph. Thus 

Corollary 7 Let B' be a base of M(G, B). Then B) = M(G7, B?) 

for some directed grar)h G7 on V. The associated families 

and L'w.-BI can be chosen to be identical apart from 

re-indexing. 

The first half of Corollary 7 is Mason's principal result ([23], 

Theorem 4.1.1.). 770 shall use the second half later, when we look 

at minimal and maximal presentations. 

Corollary 8 A strict gammoid is the contraction of a fundamental 

transversal matroid. 

Proof By Lemma 2 and Theorem 6. 

Corollary 9 The class of gammoids is, closed under the operations of 

restriction and contraction, and consists of the class of minors 

(in fadt, contractions) of transversal matroids. 
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Proof By Corollary 8, any minor M of a strict gammoid is a con-

traction of a transversal matroid, or a minor of a fundamental trans-

versal matroid, which is itself a strict rr•':ammoid- But then by Theorem 6 

is a minor of a transversal matroid, or a contraction of a trans-

versal matroid. Again by Theorem 6, is a deletion of a strict 

fammoid, that is, is a gammoid. 

Corollar-.r 10 The dual of a gammoid is a gammoid. 

Proof For the dual of a gammoid is the contraction of a transversal 

matroid by Theorem 6, and by Corollary 9 this is a gammoid, since a 

transversal matroid is a gammoid. 

Corollary 10 was originally proved by Mason (r23] Th. L. 2. 1.). 

say that an inderendence structure M has the full exchane 

property [6] if, given any two bases Bi and B 2 of M there exists 

a bijection a:B such that for any X C B1 both (B1-X)U a(X) 

and (B - a(X)) U X are bases of N. It is well knomn that trans-

vers,q matroids have the full exchange property, and that the property 

is inherited under the onerations of deletion, contraction and taking 

duals. Thus 

Corollary 11 Gammoids have the full exchange pronerty. 

Proof By Theorem 6. 

This result was originally proved by Frualdi, and was 7roved independently 

by liTason F211. 
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Corollary 12 P. zammoid is representable over every sufficiently 

large field. 

Proof By Theorem 6 and the result of Chapter 2 on transversal matroids. 

Corollary 12 ,:ias originally proved by Mason [23]. 

Extensions and Corollaries. 

We now turn our attention to the relationship between Manger'.s 

and Hall's 'heorems, and look at some more general linkage theorems. 

Let C- be a directed graph, and suppose that A, B and C are 

subsets of 7 . C is said to block A. from B if every path from 

f. to B in C.- intersects C. 

Theorem 12 (Monger) 0-iven subsets A, B C V, A can be linked into B 

in a if and only if there is no set C C V blocking A from B 

with ICI < IA!. 

Proof Ty Hall's Theorem, A can be linked into B if and only if 

ZT - A contains a transversal of that is, for all X C V - B, 

u 
'veX 

Xi . 

We show the equivalence of these conditions to Menger's conditions. 

First, suppose that for some C C V with ICI < kr,4 , C blocks 

from B. That 

Y = iv e V: C blocks v from Bi 
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Then AU CC Y. Put X=Y-CCV- B. Then U, A CY so 
vedC v — 

veX v
- Al s Y- 

. 

= !Cl + IX! - IA! < IX!. 

Conversely, suppose that for some X C V - B 

U n.v- Al < Ix!. veX 

Since 1 possesaa transversal, we 
eXv 

must have, putting Y = U A 
-B v' 

that Z = Y A 0, and our condition is that 

IY1 - 1ZI < !Xi 

Put D = Y - X, so that ID! < IZI. Then D blocks Y from B, 

hence blocks Z from B. C = D U (A - Z) clearly blocks a from B 

and ICI < 111.1 , which completes the proof. 

Suprose now that we have a matroid M on V. Put M(G, M) 

equal to the collection of subsets of V which can be linked in C 

onto an independent subset of V in M. If A = (Ai : i e I) is a 

family of subsets of V and M is a matroid on I then we denote 

by M(A, M) the collection of partial transversals of subfamilies 

A such that X e M. 
—x 

Theorem 13 M(0-, M) = M* M* ) where = is the family associated 

with G. Thus M(G, M) is a matroid on V. 

Proof By Lemma 5 and the result on induced matroids through a bipartite 

graph . 
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Corollary 124.  The matroid M(c, M) 1,c., obtained by the following 

seouence of operations on M (Cf. Corollary 8): 

a) Addition of a disjoint set of coloops to N* 

b) Induction through a bipartite graph; 

c) /1 sequence of contractions. 

Proof Put N = M(G, M). Then N = M(1, M*). Let V 1 be a disjoint 

copy of V, with V? = 7 v e and define a matroid L on 

V U V ? by 

L= C : X e 

Thus L is a coloop extension of M up to isomorphism. Let G be 

the bipartite graph on V U V ? with edges (v7, w) where v t e V t, 

w e v and w e Then clearly N = M(G1, L)' V. But then 

N = M* (G1, L) V, and by Theorem 13 M" (G3, L) is obtained from 

L* by induction through a bipartite graph. 

Corollary 15 If i has the full exchange property, then so does 

M(q, L). 

Proof For the property is inherited. under coloop extension, induction 

through a bipartite graph and contraction [6] . 

Corollary 14 will be used in Chapter 3. 

Finally, we sup7)ose we are given two matroids M1 and 1]2 on V 

with r(M1) = r(M ) = r. A linking of M onto M in G is said 
—n 
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to exist if we can link some base of Pi onto some base of M in 
—1 

C-

Let e I) be a family of subsets of V, and let 

M be matroids on I, V res-ET)ectively. For X C V define 
- 2 

I(X) = i e I : v e for some v e 

Then if r(.11i ) = r(M ) = r knau that the condition that there 
—2 

exist bases B and B of M and 2 such that B is a 
2 -- 

transversal of is [5, 39] that for every X C V we should 

have 

r ± (T(X)) + r2 - Y) r 
- 

Fora general gra,-h with X C V we define 

= U A = Xli lveV: (x,v) e r, some x e . 
veX 

Theorem 13 The matroids M 
-1 

and. M on V with -1 ) = r(M ) = r 

'flosses's a linking in C- if and only if, for all X C V no have 

r1  (1) + r2 (X) ) IXI. 

Froof M and M iDossess a linking in if and only if there 

exist bases B * and B * of M * and M such that B * is a 
—n - 2 

transversal of 4 :  , i.e. if and only if, 

or 

for all XC 

r 1* U Ay) + r2 *(7. - X) IVY - r 
xeX 

ri *(1) + r2 (X) IX 

since r2 * (V - X) - IV - Xi r = r
2

(X) . 

V 
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Tote give e direct proof of the necessity of this condition. 

Suppose that for some X C V we have 

r1' (TO + r2 (X) < !XI . 

Then 

ri(V + r]fl - r + r (X) < IX) 

and for any base B of M we have 

IB n (v - + - r + r2(X) < lxi 

or IB n YI > r (X) + IY - XI. 
2 

For any base B2 of M we take the set 

D = (32 n X) ( st - X) 

which separates B
t 

from B , whilst < IB . 
2 

Putting 

C = D U (Bi - we see that C separates B1 from B21 and 

!CI < r-

Minimal and maximal presentations. 

Let M(G, B) be a strict gammoid, and suppose v e V - B. Then 

A
v 

contains a circuit of M(G, B). For if X is a base of 

A
v 

I- vi in M(G, B), then ivl U X is a circuit of M(G, B), since 

clearly v is dependent upon A
v 
- ivi, whilst any proper subset of 

ivi U X is independent. The following theorem tells us that we can find 

a lminimal7 graph inducing the same independence structure. 
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Theorem 14 Let M be a strict gammoid on V. Then we can write 

M = M(Gc' B) for some directed graph Gc on V and base B 
— — 

of M, where the associated family Ac =(Acv : v e 

v e V- B, and Acv = [vi that Acv is a circuit mhenever 

for v e B. 

is such 

Proof Suppose = M(G, B) for some graph G and base B of NI, 

and suppose G is not of the desired form. We can certainly assume 

that A
v 
= {vi for v e B. Suppose Au is not a circuit of M 

for some u e V - B. Let B' be a base of M having maximal inter-

section with A
u
. Then M = M(G7, B1) for some 

on V, such that the families and At 
V-B1

from indexing (Corollary 7). Supt ose A
u 
= A' for some 

Then clearly any math from 

directed graph G1

are identical apart 

w 6 IT-B 

to B' nasses through (A' - n B1, 
va 

and consequently all edges leaving vi other than those to B' can 

be dropped. ve thus produce a new E,ranh with one more associated 

set --,hich is a circuit. Tho process is repeated for all other sets 

in the associated family 7hich are not already singletons or circuits. 

Corollary 15 Every transversal matroid M has a presentation M = M(A) 

such that every set of A is a cocircuit of M. 

Proof The dual of Theorem 14. 

Corollary 15 was originally proved by Bondy and welsh [4], and states 

that the minimal presentations of a transversal matroid are cocircuit 

presentations. 
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we now look at the maximal presentations of a strict gammoid. 

Theorem 16 Let = M(G, B). Then M = M(G. B), where G is obtained 

from be adding all edges (u, v) such that v is in the 

closure of A
u 

in M 7hen u e V -B, and all edges (u, v) when 

u e B. 

Proof As in Theorem 1), we transform to a base B' with IB ? n Aul 

maximal, so M = M(G?, B'), and A
u 
= A' It is trivial that 

we may add all edges (w, x) such that x is in the closure 6)/'t A. 

But we can then return to our oriminal base B, and A
u 

has bed6me 

closed. 

It is clear that we can add no more edges to d without alter-

ing the induced matroid, and such a graph we refer to as maximal. For 

any maximal graph G, Au is closed for all u e V. 

Theorem 17 Let 11 = M(G, B) = M(G- B t), where G, Gt are maximal. 

Then the associated families A and A ? are identical up to 

re-inch xing. 

Proof Clearly we only need to show that 4. _B and 1,:r-B7 are identical 

up to re-indexing, since, for v e B or v e B1 we have A
v 
= V or 

A 7 = V. e shall construct the family Alr_B intrinsically, and this 

will prove its uniqueness. 

We know that if G is maximal then the sets A
v
(v e V - B) are 

closed. Thus we search amongst the closed sets, or flats, of M. For 
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X C V we .-*rite P(X) for the collection of flats of M properly 

contained in X. 7e define the function p(x) on the collection 

of flats of M inductively by 

P(X) = IXI - r(X) - E P(Z). 
ZeP(X) 

771e show by induction on r(X) that p(x) is zero unless X 

is the closure of a circuit of M, when p(x) counts the number of 

times X appears in the family Ay-B. For let X be a flat and 

sup-rose that the result is true for flats of rank less than r(X). 

e may assume that IX n BI = r(X) by Corollary 7. Then for 

v e V — B we have A C X if and only if v e X, and so, by induction, 
— 

ZeFOC) 
P(X) = IXI - r(X) - El \P(Z) 

= IXI - r(X) - e F(X): v e X - Bi l 

= l iv e X- B: A
v 
= Xi l, 

since 

Ix! - r(X) = IX - BI 

= liv e X — B: A C Xi ). 
v — 

For r(X) = 0 we have p(x) = Ixl, and clearly X is the collection 

of loops of M, which appears exactly IXI times in AV-B.

Finally, if P(X) 0 then there exists some v e X - B such 

that A = X. But then U (X B) is a circuit of M whose 

closure is X. Thus p(x) = 0 unless X is a circuit closure. 
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Corollary 18 Let M be a coloop-free transversal matroid. Then 

M has a unique maximal presentation up to re-indexing. 

Proof For if M is coloop-free then every presentation of M 

corresponds to at least one graph inducing M*, and the result 

follows from Theorem 17. 

Corollary 18 a-.- .s originally proved by Mason [21, 22]. 

The 0-function above is simply Mason's a-function restricted 

to the flats of the strict gammoid. An alternative development of 

the a-function criterion may be found in [17]. we note heir that 

if M happens to be a strict gammoid, then the calculation of 13 

gives a method of constructing an inducing graph for M. We in fact 

only need consider circuit closures in calculating p. 

Finally, a fairly easy corollary of the theory is a result of 

Bondy [3]. 

Theorem 19 Let M be a transversal matroid on IT, and suppose that 

x, y e V are in series in M , that is, that x and y are 

parallel in M*. Then M ;Or - [yi) is transversal. 

Proof Trite M* = M(C, B) where x e B and G is maximal. Then 

M* I(V y) = M(G - y, B), since (v, x) e r whenever (v, y) e E, 
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and all paths from y to B in G necessarily terminate in x. 

Thus M* I(V - y) is a strict gammoid, and the result follows from 

Theorem 6. 

Gammoids and strict gammoids. 

A gammoid M on a set S is the restriction of some strict 

gammoid to S. It is a valid auestion to ask, how many elements 

must we add to S before we can find a strict gammoid on the extended 

set which restricts to M? 

Theorem 20 Let M be a gammoid on a set S with ISI = m. Then 

there exists a set T with ITI < m + 2m and S C T, and a 

directed graph G on T and subset B of S such that 

M = M(G, B) (S. 

Proof Let M(G', B) be a strict gammoid on a set V with S C V 

such that M = M(G', B)I9. 7b may assume that B is a base of M, 

that is, that B C S. 

For each circuit C of M choose a blocking set X C V for 

C with I X(11 = I CI - 1. Put 

T = SU(U X(-3) 

For each base Bt of M there exists a linking in G' of B y onto 

B, say (Pb : b E B I). For each path Pb=ib,...,xi,...,x2,...,xt,...,b'i 

where b, xii...,xt,b' are the only elements of Pb.  in T. we put the 

edges (b, xi), ..., (xi, b l) in G. Thus B' is a base of M(G, 
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7F-. C. is circuit of then is a bloe7:inc sot for. C. in —C 

Thus r is the recuired -raDh, since T < rr; + 
20. 

Infinite generalizations. 

If -se take a grarh G on an infinite set V and form M(G, B) 

as before, it -vould annear difficult to find necessary and sufficient 

conditions on C for M(G, B) to be an independence structure. 

Perfect [26] gives only sufficient conditions. Fowever, we can use 

the ca7lmoid methods as a tool to prove the results on presentations 

of transversal structures. Let M = M(A) be a coloop-free transversal 

structure on a set V. Then, by the infinite generalization of Lemma 3, 

A is restricted, that is, every element of V is in only finitely 

--any sets of 

transversal of 

7here v e A
v 

...C., • Let IT - B be a base of M, so that IT - B is a 

Then we may reindex A so that A = (AV: v e V - B) 

for all v e V - B. WC construct a directed graph 

C on V as in the finite case. G has the property that it possesses 

no infinite path terminating in B, for if P = I..., vr, v1, v o 

v-ere such a path ̀ -With vo e B we could define the bijection 

and 

f: vo - B) 

f(v) = 

AZT -B by 

r v 
n+i 

if v=v
n 

e P 

4". 

v if v P 

e A.r(v) for all v e Iv
ro 

U - B), a contradiction, since 
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(V - B) is a base of M. 

Lemma 21 With M = M(A), G and B as above, V - B1 is a maximal 

transversal of A if and only if B is a minimal set with 

the praperty that it can be linked onto B in G. 

Proof If B can be linked onto B then, as in Lemma 5, B1

is a transversal of A. Conversely, if V - B1 is a maximal transversal 

of A, then this defines a linking of some subset X of B onto 

the nrnof of Lemma 5 working because there are no infinite paths 

terminating in P. But then by the first part V - X is a transversal 

of A, 7hich forces X = T1 because V - B was assumed to be a maxi-. 

mal transvers,71 and. V - B1 C V - X. 

Lemma 21 gives us an analogue of Corollary 7 on switching from one 

base to another. This allows us to prove 

Theorem 22 If M = M(A) is a coloop-free transversal structure, 

then A may be reduced to a cocircuit presentation. 

Proof Similar to Corollary 15. Suppose A = (Ai: i e I) and we 

choose a fixed set A
u
, u e I. We choose a transversal V - B7 of 

A such that (V - B1) n (V - A)u  is maximal, that is, so that B1 n A
u 

is maximal, and. form a graph G. from A. Deleting edges as in 

Corollary 15, we reduce Au = Awl to a cocircuit. We form a collection 
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F. consisting of all presentations of M which are obtained from 

A by replacing some or all of its sets A
v 

by cocircuits contained 

in A
v
, and order H by putting A' < A!' if AV C A" for all 

— v 

e I.Ey a trivial application of Zorn's Lemma, H possesses a mini-

mal member, and by the first part, this has to be a cocircuit present-

ation. 

Theorem 23 A coloop-free transversal independence structure M on 

V possesses a unique maximal presentation up to re-indexing. 

Proof Let B be a base of M. For each v e V put 

vi v e B 

v 
Cv - v} v B 

whore C is the fundamental circuit of v with respect to B. Let 

I be the collection of all subsets T.T C C V which are of the form 

X V V B 
veX v

for some X C C V, and such that MITT is coloop-free. For each 

U e I, let PTT be the collection of presentations of MIU which are 

of the form 

A. (A
v
:veU(1B,veA

v
) 

P is finite, since MITT is coloop free, and the indexing in to TT

of TI( B allows only a finite number of presentations. 

For U=, ..., U
m 
e I choose a maximal presentation 

'111S 
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e p . Clearly .Aui u  um can be TTi  U TTi  ... TT m U

restricted in a natural way to give presentations A TT e PTT . Thus 

for TT±' ..., TTm e I we define a choice function ociTi 9 TTni on 

Prim . 

By Rados Selection Principle there exists a choice function 

a on (P. : i e I) such that for any ii, ..., i n e I there exist 

ii, •• • , i E 
m 

such that 

a(P. ) = a. (P. ) (1 < r < n). 
I r i m

For each v e B we form the union over all U e I with v e U 

of the sets of a(P ) indexed by v, and call the resulting set A. 

Then A = (Av : v e B) will be shorn to be a maximal presentation 

of M. 

We first show that A is a -presentation of M. Suppose 

X CC V and X e M. Then we can certainly find Ile I with X C U 

by taking a suitable union Y of circuits of M which covers X, 

then forming TT =YU U B . But 
veY 

a( PTT) = a TT i r
7:i 9 • • • 9 

TT (liT) M 

for some TT , ..., U
m e I, and so X is a partial transversal of 2 

a(PTT ), hence of A. Suppose on the other hand that X C c v and X ,._ 

is a partial transversal of A. Choose U11 ..., Un e I such that 

a(Ui ), a( n) cover all appearances of X in A. Then putting 

= U U
n

, we know that 
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a(T)) = a,
, • • • , TT

n
, • • • , TTM 

 
(7 ) 

for some U
n+a

, Um, and consequently, since aTT, . • . , TTm (PIT) 

is obtained by restricting a presentation of MI (U Um) to 

U, it follows that X must be independent in M. Thus the finite 

independent sets of M are the finite partial transversals of A. 

However, A is restricted, since every v e V is in a circuit of 

M and consequently is limited to a finite number of sets of A. Thus 

M(A). 

We have shown, incidentally, that the property of an independence 

structure of being transversal is of finite character (see [28]). 

Now let E = (Ei  : i e I) be any other presentation of M. 

For each XCCV put 

I x = ;e I : n x qfi . 

B
X 

= NT. EB:A
v 

(1 X 01 . 

Put J= iXCC V} . Then for each X e J we know that (A
v

("1 X : v e B
X
) 

is obtained by restricting a maximal presentation of, say, MI Y to 

X, where X C Y C C V. Nut then (Ei  n Y i e I-y) is another 

presentation of MI X, and we know that the latter presentation can 

be embedded in the former, that is, there exists an injection Q 4 : ly 3 By

such that Ni  C Agi)  (i e . Put f3 = IX . For each X e J 

let Kx  be the set of injections f3 : such that Ni  C A.13 ( i)

(i e I ). For X , X
m 

e J let the choice function cz, 
X - Xm

on Kx Kx  be chosen as the restrictions of an injection of 
a 
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I into B to X1, ..., Xm respectively. 
Xi U ... U Xm Xi U ... U Xm

By Radols Selection Principle we form a choice function on 

K. = (Kx : X e J). Now if i e I
X 

and i e I, then 
.A.si 

a(Kx ) (i) = a(I' ) (i), since the two injections are both restrictions 
j

of some injection of I for some Xs, ..., 
Xi.

 Thus 
X i U ...0 Xm 

may define an injection p : I -› B by taking 3(1) = a(Kx)(i) we 

for any X with i e I. It is trivial to verify that p is such 

that E C 3(i) for all i e I. 

Suppose now that E = (Ei : i e I) and F = (Fj : j e J) are 

two presentations of M such that there exist injections a: I J 

and 3: J I such that Ei C Fa(i) for all i e I and Fj C E (j)

for all j e J. We shall show that both a and p must be bijections, 

and that Ei = Fa(i) for all i e I, and Fj = E3(j) for all j e J. 

This will prove the uniqueness of the maximal presentation. 

Suppose k e I and consider = (Pa) M(k) for m = 0, 1, 2,... 

Then E.' K  C E, for all m, and so, since E and. F arc restricted, 
k 

m 

therefore k = k for some rn ) n. But then 
m n 

p. a(pa)m-i(k) = a(pa)n-i(k) 

and since p is injective, we have 

a(3a)m
-1(k) = 

a(3a)n-1(k) 

Continuing, we have (a):!7'(k) = (pa)m-n(k) = k = k. But then 

3. a(k ) = k, and so p is a surjection. Moreover, if we had 

Ek C Fa (k) we should have Ek C Eki r 7 = Ek, a contradiction. 
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Thus P = F as required. By symmetry a is surjective and 
a(k) 

F = EP(j) for any j e J. 
- 

A note on Dilworth's Theorem. 

7 c; use a similar method to that used in Lemma 5 and Theorem 12 

to deduce Dilworth's Theorem from Hall's Theorem. 

Let V be a roset under ‹. For each v e V put 

B = [u e 7 : v > 

7 0 can consider there to be a graph G on V with (v, u) e E if 

and only if v > u. Then B
y 
= A

v 
- ivl . A chain in V is a set 

C = v vn C IT such that vi > vP > > n. Thus C is 

a path in G. 

Lemma 24 V is the union of p disjoint chains if and only if B 

has a partial transversal of defect p. 

Proof Supnose V = C C %here C1, Cp are disjoint 

chains of V, and let X be the p-set consisting of the maximal 

elements of each chain. We define a: (V - X) V by putting a(v) 

equal to the unique predecessor of v in whichever chain v happens to be. 

Clearly v e 
Ba(v) 

for all v e V- X, and V- X is a partial 

transversal of B of defect p. 

Conversely, suppose that V - X is a partial transversal of B 

of defect p, so that i XI = p, and let the injection at(V X) V 
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be such that v e B ac( v) for all v e V - X. For any u e V - X 

we can construct a chain consisting of u, a(u), aP(u), 7here 

is the first positive integer such that aP(u) e X. Clearly 

aP(u) > > a(u) > u. Let C
' 
C
t 

be the collection of 

maximal chains which can be constructed in this Then these chains 

are disjoint since a is injective, and together cover V - X. We 

cover the remainder of X with p - t single element chains. 

An antichain in V is a subset X C V no two elements of which 

are comparable. 

Theorem 25 (Dilworth) V may be covered with p disjoint chains if 

end only if it contains no -7:tichain of cardinal Lreater than p. 

Proof Suppose V can not be covered with p disjoint chains. Then 

by Lemma 21+ and. the defect version of Hall's Theorem, we have, for 

some Z C V, 

B 
1 veZ I IZI - p . 

Let X be the collection of maximal elements of Z, so that X is 

an antichain. Then 

U 
veZ 

and so 

= e u< x for some x e 21 = Z- X 
-v 

ZI - P > I •v-eiz Bv! = I z- XI = I ZI - I XI 

that is, IXI > p as required. 
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Conversely, suppose that X is an antichain -Ath IX! = q. 

Then put Z = iv e V: v x for some x e Xi. 70 see that 

B = Z - X, 
veZ 

I 
veZ 

By I = IZI - q 

and so V is not the union of p disjoint chains if p < q. 

again obtain Hall-type conditions, and an alternative formul-

ation of a ,Tell-known theorem. 

The author has since discovered ti-v7' L. Pplkerson has derived Dilworth9s 

"hLlrem from Mon&-r - Theorem by a similar method to the above (see: 

D. R. Fulkerson, " Vote on Dilv-orthls Decomposition Theorem for 

Partially Orared sets", Proc. Amer. Fath. Soc. Vol. 7 (1956), 701.- 2). 
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2. LINEAR REFIRES7NTABILITY 

An independence structure M on a set S is said to be linear, 

representable, or linearly representable over a field F if there 

exists some mapping f of S into some vector space V over F such 

that U C S is independent in M if and only if fl
TT 

is a bijection 

of U onto an independent sot f(U) of vectors of V. If M is 

representable over r-F(2), re say that M is binary (see [24]). A 

structure which is representable over every field is called remilar. 

If there exists some field over which M is representable, then we 

simply say that M is representable. 

Rado [33] showedthat a metroid is representable over a field of 

characteristic p if and. only if it is representable over some 

GF(pr), and that it is representable over a field of characteristic 

zero if and drily if it is representable over some algebraic 

of the rationals. Tutte [36] characterised binary matroids 

which do not contain the 2-uniform matroid on four elements 

extension 

as those 

as a minor, 

and rconar matroids as those which are binary and do not contain the 

Fano matroid or its dual as a minor. 

Ecionds [ 9] showed that any transversal matroid is representable 

over a transcendental extension of the ratL,,nals. Independently Mirsky 

and Perfect [25] showed that this result held true for general transversal 

structures. Tiff and Welsh [29] showed that a representation of a 

transversal matroid could be obtained over any sufficiently large fi&ld. 
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Ingleton [161 recently obtained necessary conditions for a 

matroid to be representable. Vamos [37] obtained necessary and 

sufficient conditions involving a certain polynomial ideal, and showed 

that the property of being rcDresentable is of finite character. He 

also showed that a matroid is representable over a field of characteristic 

zero if and only if it is re7resuntable over an infinite number of fields 

of different characteristics. 

The characteristic sot 

The characteristic set C(M) of a matroid M is the set of 

characteristics of fields over which M is representable. A point 

arising from work of Ingleton [16] and Vamos [37] is the question of 

what sets of numbers are the characteristic sets of some matroid. 

Vamos showed that 0 e 0(M) if and only if C(M)is infinite. The 

aetroid with one line missing has characteristic set P €21 

where P = [0, 2, 3, 5, 7, 11, ... Ingleton also gives a matroid 

with characteristic set P - [31 . Lazarson [2C] produced, for any 

prime p, a matroid with characteristic set not containing p (and 

not containing certain other 7-)rimes as well). 

Fe discuss Lazarson?s matroids in the context of fields, but the 

argument remains the same for division rings. Let F be a field of 

characteristic r , and let [e , 000 9 e be independent vectors 
—1 - 27 

over F. at e = e + + e and consider the linear matroid 
—n 

Vi(n, p) on 

S = ie1 ell, e, e - e 
— 

e - e 1. 
— —n 



Lazarson restricted his attention to the case -where p 1, 0 

was such that pl(n - 1), and showed that if q (n - 1), then 

C(M(n, p)). Pe prove a more general result, which shows the 

existence of certain characteristic sets. 

Theorem 1 7 e have 

C(M(n, p)) 

, 0 < p < n 

i0i U lq: q > n, q primei, p > n or p = 0. 

Proof Suppose M(n, p) is representable over a field H, with a 

representation g : S V(11). Pat g (ei) = fi (i = 1, ..., n). 

Suppose g(e) = f, where 

f = a f + + a f (a,i 
n

 ..., a e H). 
n—n 

Then without loss o generality we can assume a = ... = a
n 
= 1, since 

i 

7e can. always alter g so that g(e ) = a f. (i = 1, ..., n) if 
-i i-1 

necessary. Thus assume f = fi + ... + fn. Now i24, e, e - e i is 
- i

a circuit, and also Le - e1, 22, eni 

facts imply that 

g(e e ) = (b + b )f + b f 
1 - 1 2 — i 2 -M 

= c f + c f 
n-n 

is a circuit. These two 

+ • • • + b f 

for some , c , c e H, and so b + b = 0 and g(e - e ) 
2 2 n 1 

= b2(f - f). Again we can assume that b = 1 since we can always 

alter g if necessary. Thus we can assume that 

g (e - e. ) = f - f. -1 
(i = 1, ..., n). 
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Let I
n 

be the n x n identity matrix, J
n 

the n x n 

matrix of 1 7 s, and v- the n x 1 matrix of 1 7s. Then li(n, p) 
n 

may be considered as the set of columns of the matrix 

[I ; J - I ;K 1 
In n n n-

over any field H over which M(n, p) is representable. He work 

out all sub-determinants of this matrix which are of size n x n. 

Then the corresnondin,7 set of n columns is dewendent if and only 

if the determinant is zero modulo q, where q is the characteristic 

of H. 

First, 'Int = 1. If we take the first (n - s) columns of I
n 

and some s columns of J
n 
- I

n
, 0 < s < n, then we need only work 

out the lower right s x s determinant: 

P. 

I 
n-s 

0 

If two ro-:is of s consist entirely of 1 7s, then IRsI 0. Other-

wise we have, to within a factor of - 1, one of two other cases to 

consider: 
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a) R =J -I 
s s s 

= 

0 1 1 
1 0 1 
1 0
\ • 

N 

1 

Adding every other row to the first, we reduce it to a row of terms 

(s - 1). Taking; out the factor (s - 1), we are reduced to case b): 

A 

I J -  
s-t I s-i 

1 1 

J - I 
s-t s-t 

.s-i 

Subtracting the second column from the first and expanding by the 

first column, -we see that 

! 1 i 0 1 1 -
— — _ 

1 0 
0 

I 

I R
s-i 

0 

= IRS-1. 



42 

Thus ,Js -Is! = (s-1) 

Finally, if the column Y
n 

r is included togethe vith any column 

of I
n 

or J
n 
- I

n
, then subtraction of the latter from the former 

reduces us to a case already considered. 

Thus the only values taken by determinants are 

0, ±1, .b., (n — 1). 

Thus if p < n and p q then some determinant has value p 0 

mod q and 0 mod p, so q C(M (n, p)). If p, q > n, or p = 0 

and q > n, or q = O and p a n, then M(n, p) = M(n, q). The 

conclusion of the theorem now follows. 

The problem of determining possible characteristic sets is closely 

connected with the problem of characterizing matroids which are repre-

sentable over a given field. 

Binary and gular matroids. 

The only conditions existing at present for a matroid to be 

representable over a given field are those of Tutte. We give here 

a nerr, fairly short ad-hoc proof of his theorem on binary matroids. 

Theorem 2 The matroid M is binary if and only if it does not contain 

as a minor the 2-uniform matroid on four elements. 
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Proof first make a few trivial observations on the effect of 

contracting an clement of a binary matroid. we know that if z 6 S 

and C is a circuit of T:1. (S - !z), then either C or C U H 

is a circuit of M. Moreover, if C is a circuit of N and z e C, 

then C - izi is a circuit of 114(S - izi). Tf Z C then either.

C is a circuit of M. (S iz1) or some TIC C is a circuit of 

.(S - !zi). 711-"G this im7)lies that U U !zi is a circuit of N, 

hence that (C - U) U izi is a circuit of N, since N is binary 

and C is a circuit. Therefore C is the disjoint union of two 

circuits of M.(c', - €zi). 

we know that M is binary if and only if the symmetric difference 

of any two circuits of N is a disjoint union of circuits of M [24]. 

al  so know that the conditions of the theorem are necessary, since 

any minor of a binary matroid is binary, whilst the 2-uniform matroid 

on four elements is not binary. we prove sufficiency by induction 

on sl The result is trivial for ISI <L. 

Suppose is a matroid on S satisfying the excluded minor 

condition, and suppose the theorem is true on all smaller sets. We 

shall show that the symmetric difference of any two circuits of N 

is a disjoint union of circuits of M. Thus we may assume that 

S = C UC2 whore C and C are circuits of N, and C n C (Di2 
— 1 2 

Put X = C
i 

nc2 Y =C -C,Y =C -C . We have to show that 
2 9 2 I. 

Y .Yi U Y isadis.joint union of circuits. 
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If I I = IY I = 1 and either IXI = 1 or Y U Y is a 
1 2 1 2 

circuit, the result is trivial. 

bi Y = i -7 1, Y = iy and Y is independent. For some x , x c X, 
i , i 2

n 1

I U 7 - ix , x2 1 is a base of M. But then x2, y , y21 is 
1 _ i 

2-uniform, a contradiction. 

c) Y = Y,

by induction, 

M.(S 

z, • • • C - €y} is a circuit of M.(S — iy1) and, 

C is a disjoint union of at most two circuits of 

Thus the symmetric difference of C1 - iyi and C2

is a disjoint union of circuits of M.(S - €y}). 

Y= S U U Sr U St

where S. (i = 1, t) is a circuit of M and 

r 

S. n S. 

may thus write 

j 0 otherwise • 

Sunnose were even. Then by the induction hypothesis 

where 

Y= T Th u [37-} , -

T1, 004, ' T 
h 

are disjoint circuits of M, since symmetric 

differences of S1, S
r 

may be taken in pairs. But by the 

induction hypothesis, S Lyi) is binary and so for each 

i = 1, h Ti - iyi is a disjoint union of at most two circuits of 

MI(S - €y}).(S (bri U €z})), 

hence of M.(S - iz1). Thus 

Y - zi = 
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where R , are circuits of yi.(S - Izi). But Y - i z is 

the symmetric difference of C - €zi and C , and C is the 
2 2 

disjoint union of at most two circuits of - Izi), which is binary 

by the induction hy7othesis. Thus C zi is the sytmetric dif-

ference of at most three circuits of 11.(9 - and finally [yi 

is a symmetric difference of circults of M. (S - Izi), a contradiction. 

Thus r is odd, and we may pair S S , take symmetric 
r-t 

differences in pairs, and use the induction hypothesis. 

An easy generalization of this result to other prime fields does 

not seem possible. 

Pr now show that the properties of being representable over a 

given finite field or of being regular are of finite character, thus 

strengthenin llamas' result, which says that if every finite restriction 

of is representable over some field, then M is representable 

over some (possibly other) field. 

Theorem 3 Let M be an independence structure on S, and F a 

finite field. Then M is representable over F if and only 

if every finite restriction of ir, is representable over F. 

Proof Suppose that every finite restriction of M is representable 

over F. Let B be a base rf 4. For each s e 9 - B, lot C
s 

be 
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the fundamental circuit of s with respect to B. Put 

seS- B 
= <

fCs isi' 
Bs 

si , S E B . 

Let be a vector space over F gener=Aed by independent vectors 

b e B). For each s e S put 

V
s 
= Iv e V: v is in the span of b e Bs]] . 

Clearly, for any T C C S we may put 

T' =TU(u B) 
seT s 

and choose a representation fT: Tt -4. V for MI T 7 such that fT (b) = v 
b 

for all b e T t n B. Since fT(s) e V
s 

for all s e T, fT induces 

a choice function hT on the family (Vs s e T) by 

h
T
(17 ) = f

T
(s). 

By Radots Selection Principle, there exists a choice function h 

for (7
s
: s e S) such that for any TCCS we have 

11-1T = hUIT 

for some U with TCUCC S. Define f: S.9. 71 by f(s) = h(Vs) 

for all s e S. From the property of h above, we may take T to 

be either a circuit or a finite independent set, and clearly f must 

be a representation for M. 

Corollary 4 The following conditions on an independence structure 

M are equivalent: 

1) M is binary; 

2) The symmetric difference of any finite collection of circuits 

of M is a disjoint union of circuits of M 
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3) M does not contain the 2-uniform matroid on four elements 

as a minor; 

4) For any circuit C and cocircuit D, IC (1 DI is even. 

Proof The equivalence of 1), 2) and 3) and 1) =4> 24) follow from 

, 36] and Theorem 3 . It only remains to show that if IC DI 

is always even then M is binary. However, we write out the incidence 

matrix A of the fundamental cocircuits of some base B, the cc-

circuits indexing the rows and S indexing the columns. For any 

B, s is in only a finite number of fundamental cocircuits, 

namely, those associated 7ith elements of its fundamental circuit pith 

reanect to F. It is easily verified as in the finite case that the 

columns of A Five a rcmrosentation of t over C-F (2). 

Tutte 136] showed that a finite matroid. M on S is regular 

if and only if it has a unimodular representation over the rationals, 

that is, a representation f:S AT over the rationals such that if 

s , s ] is 

of €1, • • • , 

a circuit of H then for some permutation 

we have 

f(s. ) + + f(si ) - f(s.i ) - • - f(s. ) = 0 
r+i 

I , • • • , 1. 
m 

Theorem 5 An independence structure H is regular if and only if every 

finite restriction of H is regular. 

Proof Similar to the proof of Theorem 3, but taking F as the 

nationals and 
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IT = €v e V:v = v
bd.
+ 17
 br 

1) - • 
r+1. 

- v
b 
, some bi, b

n 
e B

s 
• 

n 

We also choose f,j to be a unimodular representation. 

obtain a unimodular representation f:S 7.7. over the rationals, 

,J1Lich is also a representation over every prime field, hence over 

e,,,cry field. f satisfies condition (*). 

Corollary 6 The following conditions on an independence structure M 

are equivalent: 

1) is regular; 

2) M is binary and does not contain the Fano matroid or its 

dial as a minor; 

3) The circuit and cocircuit incidence matrices C and D may 

be oriented, that is, their non-zero entries may be replaced 

by 1 or - 1, in such a way that the dot product of any 

row of C with any row of D is zero. 

gonal). 

(c and D' are ortho-_ 

Proof The equivalence of 1) and 2) follows from [36] and Theorem 5. 

Suppose 07 and D7 may be obtained by orienting C and D, and 

C? and 
D?T

 are orthogonal. Then taking a base of M and just 

taking the rows of D7 which correspond to the fundamental cocircuits 

with respect to B, the columns then give a representation of M 

(as in Corollary 4.) over any field. Hence 3) .=>1). 

Finally, suppose M is regular, and thus has a representation f 
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by Theorem 5, uhich satisfies (*). Lot C = Is 

circuit of M, and suppose 

f(st) + + f(sr) - f(sr4.1) - ... - f(sn) = 0. 

• • • , s
n 

be a 

In C, We change the + l ts in positions (C, sr4.1), (C, sn) to 

- l ls. We do the same for all circuits and thus obtain an orientation 

C of C. Let D be a cocircuit of M and B any base of M 

su:h that IB DI = 1. Consider the representation f expressed in 

t'..:rms of the vectors (f(b):b e B), that is, such that, for each s 6 S, 

f(s) is expressed as a linear combination of these vectors. Suppose 

B D = and consider the set 

Is E S:b is in the fundamental circuit of s with respect to Bi. 

This set is precisely D, since it is certainly contained in D and 

necessarily meets every base of M. Now for each d. e D we take the 

coefficient of f(b ) in the expression of d in terms of (f(b):b e B) 

and put it in position (D, d) of D. Repeating for each cocircuit, 

we obtain an orientation D' of D. It is now readily verified that 

the rows of C v and DI are orthogonal, since the oriented row 

corresponding to D is orthogonal to the oriented fundamental circuits 

of its corresponding base B, and so is orthogonal to all of the oriented 

circuits, as in the finite case, since any circuit can be obtained by 

combining fundamental circuits. 

Operations on matroids 

In this section, various matroid operations will be shown to 



50 

preserve representability. Whitney showed in his original paper 

that if a matroid M is re7resentable over a field F then le is 

representable over F, a corollary of which is the fact that any minor 

of M is representable over F. 

If IS1 = n and M is a matroid on S and k < n, we call the 

matroid with independent sets 

IUCS:UeF < ki 

k-truncation of M. 

eorem 7 Let M be a matroid on the finite sot S which is 

representable over the finite field F. Then there exists an 

integer N such that the k-truncation of M is representable over 

any extension G of F with !GI > N. (or over any sufficiently 

large extension of 

Proof If r = r(M), it is sufficient to prove the result for the 

(r - 1) - truncation M 7 of M. Let f:S -› V be a representation of 

M over some finite extension G of F in a vector space V of rank 

r. Let Xi, ... Xq  be the independent (r - 1)-sets of M. Consider 

the planes of V spanned by f(Xi), f(Xq). Putting IG1 = t, each 

plane contains tr-i elements of V, thus together they contain at 

most q.tr-i elements. Thus provided t > q, they do not cover V. 

Choose v e V which does not lie in the union of the planes. 

Fat T = €sl U S, where s S, and let M 77 be the matroid on T 
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induced by the representation f:T ->77 given by putting f(s) = v. 

We see that Mt = Mr.S since any independent (r - 1)-set of M 

is independent in Mr..9 but the rank is rediaced to (r - 1) on 

contraction. Thus' M Y is representable. 

Theorem 8 Let M be a matroid on S which is representable over the 

finite field F, and let G be a bipartite graph with vertices 

S U T and edges E C T x S. Then M t = M(G, S) is representable 

over any sufficeintly large extension of F. 

Proof Let r(M) = r. We prove the result by induction on ITI. Take 

t e T and suppose we have a representation f:(SU T - iti) -› V in 

a vector space over an extension G of F, where V has dimension r. 

Suppose that t is linked only to isi, ..., sniC S in G. We shall 

show that we can put 

f(t) = aJ.f(s) + + a
n 
f(s

n
) 

for some t a - • . , an 
e G, provided G is large enough, to obtain a 

representation of Mt. If • s
n 

are all loops the conclusion 

is trivial. Suppose iti U U is a finite dependent set of M t. Then 

s
n 

are all in the span of U, so a
i
f(s) + + an f(s n) is 

in the span of f(U) for any al, ..., a
n 

e G. Suppose on the other 

hand that €t} U U is an independent set of M t. Then at least one 

of f(si), f(sn) is independent of f(U). Let V' be the 

subspace of V spanned by f(s), f( s
n
). Then for each independent 
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set iti U U of MY the set f(U) n V' will be contained within 

some hyperplane H
U 

of VI, otherwise V7 would be in the span of 

f(U). If G is sufficiently large, reasoning similar to that in the 

proof of Theorem 7 will show us tint these hyoerplanes do not together 

cover VI. 7e can find v e VI not in any of the hyperplanes, and 

put f(t) = v to obtain a representation of M 7. 

Corollary 9 Let M be a trnsversal matroid on a set T. Then M 

is representable over any large enough field. 

Proof For M is inddced through a bipartite graph from a matroid in 

which every subset is independent, and such a matroid is representable 

over every field. 

The union M M of matroids M on S , M on 
—1 —n n

S is the matroid on S = S S
n 

with independent sets 

X U U X
n 

where X e M1, ..., X e M . _ n —n 

Corollary 10 Let M1, Mn be representable over a field F. Then 

M M is representable over any sufficiently large extension 

of F. 

Proof For liv ...V Mn may be induced from matroids MI ..., M Y
n  n 

isomorphic to M1, Mn , which are on disjoint sets, and M1V(...VM 
— — 

is clearly representable over F. 
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Corollary 11 For any matroids Mi, Mn, 

c(m ) n c(Mn) c c(m ...v ). 

Proof For if M12 Mn are representable over fields of characteristic 

p, then there is some Galois field over which all are representable. 

Corollary 12 Let G be a directed graph with vertex set V, and M 

a matroid on V which is representable over a field F. Then 

M(G, M) is representable over any sufficiently large extension 

of P. 

Proof The dual of Theorem 8 with M1 restricted to T. 

Corollary 13 A gammoid M is representable over any sufficiently large 

field. 

Proof The dual of Corollary 9. 

It is known that no vector space over an infinite field is the 

union of a finite number of hyperplanes. Thus Theorem 7 - Corollary 13 

remain valid when F is infinite and the phrase 'any sufficiently 

large extension of is omitted in the statement of these theorems for 

infinite P. 
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3. ALGEBRAIC RIWAITFEYTABILITY 

An independence structure M on a set S is said to be 

algebraically representable (or algebraic) over a field F if there 

exists a mapping f of S into some extension field G of F such 

that U C S is independent in M if and only if f maps IT bijectively 

onto a set f(TT) of independent transcendentals over F. 

Ingleton [16] showed the existence of algebraic matroids which 

were not linear. Thus, the natural algebraic matroid on the set 

= ir, s, t, rst, rs, st, tr, r + s + t, r + s, s + t, t + rl, where 

r, s and t are independent transcendentals over GF(2), is readily 

shown not to be linear over any field. A natural generalization based 

on Theorem 2.1 leads to matroids which are algebraic over GF(p), 

but not linear over any field. 

In the case of fields of characteristic zero, we have 

Theorem 1 If M is algebraic over a field F of characteristic 

zero, then M is linear over some transcendental extension of F. 

Proof This is essentially [19], Ch. 10, Prop. 10. 

No one has yet produced a non-algebraic matroid. Defining the 

algebraic characteristic set in the obvious way, no one has yet 

determined the characteristic set of any matroid, other than when the 

matroid is linear over fields of all characteristics. No necessary 

and sufficient conditions are known for a matroid to be algebraic. 
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However, there are certain results which can be proved. 

Lemma 2 If M is algebraic over F(a) and a is algebraic over 

F, then M is algebraic over F. 

Proof Suppose f:S ---> G is an algebraic representation of M over 

F(a). Suppose Sri e M . Then if(si), f(s
r
)i are 

independent transcendentals over F(a), hence over F. Conversely, 

suppose that [s 1, sr M, so that if(st ' ) f(sr)1 are 

algebraically dependent over F(a), and thus, say, f(s) is algebraic 

over F(a, f(s ), f(s )). Then by an elementary result on 
2 r' 

algebraic dependence, it follows that f(si) is algebraic over 

F(f(s,), f(sr ). Thus f is an algebraic representation over F. 

Repeated application of this Lemma gives 

Theorem 3 If M is algebraic over the field F, where F is of 

characteristic p, then M is algebraic over GF(p)(ti, ..., tm) 

for some independent transcendentals ti, ..., tm over GF(p). 

Proof Let f:S C. be an algebraic representation of M over F. 

Let X be the set of coefficients in the set of polynomials expressing 

the dependence of circuits of M over F. Then = GF(p)(XU f(S)) 

is an algebraic renresentation of M, and H has finite transcendence 

degree m over GF(p). Let [ti, tmi be a transcendence base of 

H over GF(p), and apply Lemma 2. 
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I conjecture, but can not prove, that the reduction initiated in 

Theorem 3 can be continued down to the prime field. GF(p). 

We turn now to the effect of matroid operations on algebraic 

matroids. Clearly any restriction of an algebraic matroid is algebraic 

over the same field. It is not known whether the dual of an algebraic 

matroid is algebraic. 

Theorem 4 Let M be a matroid on S which is algebriac over F. 

Then for T C S, M.T is algebraic over some transcendental 

extension of F. 

Proof Let f :S T be an algebraic representation of M over F. 

Then G is an extension field of F(f(S - T)) = H. We shall Show that 

if £7 = flT' then f':T G is an algebriac representation of M.T 

over H. For U e M.T if and only if, for some base B of (S - T) 

in M, BlJ U e M, which is the case if and only if f(B U TT) is a set 

of independent transcendentals over F. But this is true if and only 

if f(TT) is a set of independent transcendentals over F(B), hence over 

F(f(S - T)) = H. 

Corollary 5 Every minor of an algebraic matroid is algebraic. 

Theorem 6 Let M be a matroid on S which is algebriac over F. 

Then any truncation of M is algebraic over some transcendental 

extension of F. 
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Proof We only need to prove the result for an (r - 1)-truncation M°

of M, where r r(M). Let f:S G be an algebraic representation 

of M over F. Let it , t
r 

be the image in Cr of some base 

a, "'r a 
of M under f. We look for an element of the form t t r

where a . ar are integers and t is independent of f(U) for _ , _ 

any (r - 1)-set U e M. Such an element t may be found as in the linear 

case (Theorem 2.7). For the set 

a. ar
V = is e G:s ti -x...xtr ; a , ..., ar integers1 

is a module over the integers, the sum in the module being taken as the 

product in Cr. Also, for any independent (r - 1)-set U e M, Tr5) (1 V 

has dimension at most (r 1), where the bar denotes algebraic closure, 

otherwise iti, trl would be in the span of f(U). The forbidden 

elements of 1r thus lie in the union of a finite collection of hyperplanes 

of V, and this union can not equal all of V. 

Thus we can find the required element t, and as in Theorem 2.7 

we extend M by one element and then contract this element, to obtain 

M I. 

Theorem 7 Let M be a matroid on S which is algebraic over F, and 

let G be a bipartite graph with vertex set S U T and edge set 

E C T x S. Then M(G, M) is algebraic over F. 

Proof The proof is similar to the proof of Theorem 2.8, but we make 

use of multiplication as in the proof of Theorem 6 instead of addition. 
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Corollary 8 A transversal matroid is algebraic over any field. 

Theorem 9 Let G  be a finite directed graph on V and. M a matroid 

on V which is algebraic over F. Then M(G, M) is algebraic 

over some transcendental extension of F. 

Proof We use Corollary 1.14, Theorem 7 and Theorem 4. The new trans-

cendentals are introduced to represent the coloops added in Corollary 

1.14 a). 
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4. AUTOMORPHISMS 

Let M be an independence structure on the set S. The auto-

morphism group P(M) of M is the set of permutations a of S 

such that U e M if and only if a(U) e M. 

It is well known that for any group H there exists a graph G 

with point automorphism group isomorphic to H. In this chapter we 

show that for any group H there exists an independence structure M 

with automorphism group isomorphic to H. We show that M may be 

chosen to be a graphic, transversal or partition geometry. In addition, 

we show that there exist matroids M such that A(M) is a group of 

cyclic permutations of S, contrary to a conjecture of Ingleton. 

Automorphism groups of graphs. 

Most of the material of this section may be found in Harary [11]. 

Let G be a graph with vertex set V and edge set E. The point-auto-

morphism group A (G) of G is the group of permutations a of V 

which are such that (u, v) e E if and only if (a(u), a(v))e E. The 

cycle automorphism group A
c
(G) is the group of permutations a of E 

which are such that C is a cycle of G if and only if a(C) is a 

cycle of G. 

Frucht [10] proved that 

Theorem i For any finite group H there exists a graph G with A (G) 

isomorphic to H. 

Sa'oidussi [35] extended Theorem 1 to infinite groups. He also proved 
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the following theorem [34]. 

Theorem 2 For any group H and positive integer p there exists a 

p—connected graph g, with A (G) isomorphic to H. 

An extension of Theorem 2 to the case where p is any infinite cardinal 

is given in [13], but the above result is sufficient for our purposes. 

Graphic geometries. 

Let M(G) be the cycle independence structure of G. Then clearly 

A(M(G)) = Ab(G). 

Lemma 3 Let G be a 3-connected graph on V, with IV! > 3. Then 

Ac(G) = AD(G). 

Proof The finite case was proved by Whitney [41]. 

Suppose a e (G) and v e V. Put 

st(v) = le e E:e = (V, 1A7), e vi . 

st(v) is a cocircuit of M(G), since M(G) is non-separable. Since 

a maps bases to bases, it necessarily maps hyperplanes to hyperplanes, 

and consequently cocircuits to cocircuits. 

We wish to show that for some v' e V we have a(st(v)) = st(v'). 

Yrm if e, f e E- st(v) then, since G is 3-connected, G v is 

at least 2-connected and hence there exists a circuit C C E - st(v) 

such that e, f e C. But then a(e), a(f) e a(C), and so the removal 

of a(st(v)) from G results in a graph Gt in which any pair of 
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edges is contained in a circuit. But this is only possible if 

G - a(st(v)) has ono connected component consisting only of a single 

vertex v° say, and we must have a(st(v)) = st(vI). 

Thus a induces a map a l:V-> V by putting a°(v) = v' if 

a(st(v)) = st(v'). a° must be a bijection, by symmetry, and the 

correspondence a <-> a° is a bijoction of Ac(G) onto A (G) which 

preserves the group structure of Ac(G), that is, (W I = al01 for 

all a, 0 e A
c
(G). Thus the correspondence is a group isomorphism . 

Combining Lemma 3 with Theorem 2 with p a 3 we have 

Theorem 4 For any group H there exists a graphic, non-transversal, 

non-separable geometry M with A(M) 

Proof M = M(G) as constructed in Theorem 2 with P 3 is non-

separable and is also a geometry. we show that M is not base-orderable 

by showing that M contains the matroid M(K ) of the complete graph 
4 

K4 as a minor. However, every 3-connected graph contains a homeomorph 

of K if it has no parallel edges. For suppose v, w e V and 
4 

(v, w) e E. Then there exist at least two other paths from v to w 

in G.

V  

x 

-4 16"17 --
;,„fi 
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We take vertices x and y on these two paths. Then G - v - w 

must contain a path from x to y, and part of this path, plus the 

three paths from v to N7 give a homeomornh of K4. 

Corollary 5 For any group H, there exists a geometric lattice with 

automorphism group isomorphic to H. 

Proof Take the geometric lattice of flats of the geometry of Theorem 

4 (see, e.g., [8 ]). 

Transversal geometries 

Lemma 6 Let M(A) be a coloop-free transversal structure on 5, and 

suppose A = e I) is maximal. Then A(M(A)) is equal to 

the set of permutations a of S which permute A, that is, are 

such that there exists some permutation a t of I such that 

a(Ai) = Acc?(i) for all i e 

Proof Suppose a permutes A. Then there exists a' satisfying (*) 

SupposeX= ix. , ..., x. l eM(ALandx ir eA. (r = 1, n). 
In 

Then clearly a(x. ) e A 7/. (r = 1, ..., n), so a(X) e M(A). But 
ir a 

then, by symmetry, a-I (X) e M(A), and so a e A(M(A)). 

Conversely, suppose a e A(M(A)), and consider the family 

A7 = (a(A1): i e I). If X e M(A) then X e M(A), and conversely if 

X e M(A7) then X e M(A), so Al is a presentation for M(A). 

Suppose Al were not maximal, so that, say, M(A 77) = m(A ) where, for 

some j e I, 

(* 
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A." = A. 

A. " = A. 

s A.9

i 

Then B = e I) is a presentation of M(A), Where 

B. = A. U €a-1(s)1 

B. = A. 
1 

However, A is maximal, so it must be possible to embed B in A. 

But then by Theorem 1.23 B is maximal and for some 13:1 we 

have -R 
= AP(i).

number of times in 

However, clearlytheset B. 00curs a different 

B and A. (each number of repetitions being finite 

because B and A are restricted) giving a contradiction. Thus

7 is maximal and for some a l: I -> I we have (*). 

Theorem 7 For any group H there exists a non-binary transversal 

geometry f(A) with automorphism group isomorphic to H. 

Proof Let G be a graph without endpoints, that is, such that every 

vertex has degree at least two, and such that A (G) H. H. We define 
1. 

a fundamental transversal structure M(n) on E U V, where A = (Av:v e V), 

and 

A
v 
= U €(v, e 7i. 

We first observe that A is a maximal presentation. For if (v, e E 

then (v, w) can not be added to A
x 

for x v, w, since Iv, w, (v,w)1 

is a circuit. Similarly if v e V then there exist w, x e V such 

that 77 x and (v, w), (v, x) e E. But then it follows that v is 
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restricted to A
v
. Thus A is maximal. 

Consequently,  by Lemma 6, if a e A(M(A)) _ 

permutation a ? :V -> V such that 

a(V) 
= Act, (v)

then there exists a 

for all v e V. C 

Now for each v e V, v is an element of only one of the sets of A, 

namely A
V
, whilst for each e = (v, w) e E, e e Av and e e A v. 

Thus a(v) must be a vertex of G by (*), and we must have a l = al v, 

Also e e (v, w) e E is such that eeA nAN7. But 
v 

la(e)1 = a(1.77.) E1 c.%(A ) = 1'
a0 
/ ,r) Aa ) ( [(a(v), c(w))1 

and so c(c)=(a(v),a(-4).Thus ,/a l is an incidence-preserving permutation 

of V, that is, a point-automorphism of G. 

Thus the mapping A(M(1.)) Ap(G) given by a a' is readily 

seen to be a homomorphism, and to be onto Ac(G). Its kernel is trivially 

the identity, and so A(M(A)) ̀=-`= A (G). 

If we choose G to contain a circuit, say 
i(v"o 

v ),(v , v2), 

(vn
0 o  

, v_)1 then the set C = [v , (v , v 
i 
), (171,_ , v2), ..., (vn, 

v 
, )1 

0

is a circuit of M(A). Also is a cocircuit of M(A), and 
v0

1Nr 
11 CI . 3, shoving that M(A) is non-binary by Corollary 2.4. 

o 

The geometry constructed in Theorem 7 is non-graphic, since it 

is non-binary. 

Corollary 8 For any group H there exists a geometric strict gammoid 

.M with A(M) = H. 
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Proof The fundamental transversal structure in Theorem 7 is a strict 

gammoid which, in the infinite case, is clearly of finite character. 

An alternative construction is given in-

Theorem 9 For any group H there exists a nen-fundamental transversal 

geometry M(A) with A(M(A)) =.==. H. 

Proof Let G be a Li-connected graph with A (G) H. Define 

A = (Av: v e V) on E by putting Av = €(v,w) e Ei . NC show that 

A is a maximal presentation of M(A). Suppose e = (u, w) e G, and 

u, w, v arc distinct vertices of G, so that (u, w) A. Since 

G is 4-connected, there exist two vertex-disjoint paths from u to 

w in G - v - e. Let X be the union of the edge sets of these 

paths. Then X U fei is a circuit of M(A). However, if we add 

to A
v
, ):U €ei becomes independent. Thus A is a maximal present-

ation. Hence, by Lemma 6, for any a e A(M(A)) there exists a map 

a':V V such that a(14) = Aal m for all v e V. Also, if 

e = (v, w) e E then lei = Av n Aw so a(A) n a(A ) = la(e) . But 

then Aal(v) n Aal m = €a(e)1, showing that a(e) = (a'(v), a l(w)), 

and thus that a' is a point-automorphism of G. It is readily 

verified that the correspondence a <-> a' is a bijection of A(M(A)) 

onto A (G) and is a group isomorphism. 

This matroid is again non-binary. A is minimal, fo:, suppose 

e = (v, e E and let Y be the edge set of any circuit of G - v 
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through w. Then e can not be removed from A
V
, otherwise 

Y k.) lei becomes dependent. Consequently, by Theorem 1.22, each set 

A
v 

is a cocircuit and by taking a circuit C = X V €e] as in the 

first part of the proof we have IC 11 A
VI 

= 3. 

Corollary 10 For any group H, there exists a 2-partition geometry 

M with A(M) = H. 

Proof The 3-truncation M of the geometry constructed in Theorem 7 

is a 2-partition geometry. It has non-trivial hyperplanes 

U (u, v), v] where (u, v) e F., and is readily verified to have 

automorphism group isomorphic to H. 

Since a binary geometry of rank 3 can have at most seven elements, 

if we choose IIIU Ei > 7 then M will be non-binary and hence 

non-graphic. Also, since by a result of Mason [21, 22] a rank 3 trans-

versal geometry can have at most three 3-element circuits, M will 

also be non-transversal if IEI > 3. 

Transitive automorphism groups. 

We now examine some specific finite groups, and consider vhether 

or not they are the automorphism group of any matroid. We first prove 

the trivial 

Lemma 11 For any matroid M, A(M) = A(M*) 
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Proof For a c A(M) if and only if a maps bases onto bases. But 

if B is a base of M and a(B) is a base of M, then a(S - B) = S -a(B) 

is a cobase of M. Thus a maps cobases onto cobases, and a e A(M). 

Let T be an n-element set. The group of all permutations of 

T is called the symmetric group, and we denote it by S . The 

group of even permutations of T is called the alternating group, and 

is denoted by A. 

Theorem 12 Let M be a matroid on the n-element set T. Then A(M) = S
n 

if and only if M is r-uniform for some r. 

Proof Suppose AL) = Sn

Let A be any other subset 

and let B be a base of M with (Id = r. 

of T with IA! = r. Then we can find 

a permutation of T mapping B onto A. Thus A is a base of M 

and M is r-uniform. The converse is equally trivial. 

Theorem 13 An independence structure M on an infinite set T has 

the full permutation gram-) of T as its automorphism group if 

and only if (a) M is r-uniform for some finite r = r(M), or 

(b) M consists of all subsets of T. 

Proof For either r(M) 

independent. 

is finite or every finite subset of T is 

Theorem 1) Let T be an n-element set with n > 2. Then for no 

matroid M on T do we have A(M) = A
n
• 
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We. 

Proof Since n > 2 and A(M) = A(M*), either r(M) < n - 1 or 

r(M*) < n - 1 for any matroid M on T. 7e assume that r = r(M) < n - 1. 

Rut A
n 

is (n - 2)-transitive and, 

then A(M) = Sn. 

as in Theorem 12, if An C A(M) 

For a further dlscussion of transitive groups and matroids, see 

Welsh [40]. 

Cyclic matroids 

Let M be a matroid on the n-element set T = i1, 2, ..., nl. 

call M cyclic if A(M) is generated by the permutation 

GC = 
( 1 

2 3 .... 

2 3 L 

n-1 n \ 

n 1 / . 

Kagno [18] and Harary and Palmer [12] showed that there exists 

no graph G on an n-element set V with A (G) generated by a cyclic 

permutation of V. For n 3Q , This does not obviously imply 

that other than in the trivial cases it is impossible to-find a graph G 

with Y(G) cyclic, though this result must surely be true. However, 

it lead Ingleton to conjecture that cyclic matroids other than the trivial 

ones on one or two-clement sets did not .exist. In the remainder of this 

chapter we shall demonstrate- the existence of cyclic matroids for almost 

all values of n, and the existence of cyclic transversal, matroids for 

an infinite number of  of n. 
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Lemma 15 There is no cyclic matroid on a set T for 2 < ITI < 8. 

There is no cyclic matroid of rank 3 on a set T with IT! = 8. 

Proof Since A(M) = A(Ms) and no matroid of rank less than three 

on T when ITI > 2 can be cyclic, we know that if 2 < ITI < 6 

the result must be true. Also if M is of rank three on T and 

ITI = 6, it is easily seen that M does not admit a cyclic permutation 

of T unless M is 3-uniform, when A(M) = S6. This fact is seen 

by considering the effect of a cyclic permutation on a non-trivial 

hyperplane of M if such is assumed to exist. 

Suppose 

includes 

T = €1, 2, ..., 71, M is of rank 3 on T and A(M) 

1 2 3 4. 5 6 7 
a = 

( 

2 3 4 5 
) 

6 7 1 . 

No two non-trivial lines of M can intersect in more than a single 

element. However, if L = €k , ks1 is a non-trivial line of 

M then we must have the numbers k. - k. (i, j = 1, s, i j) 

distinct mod 7. The only possibility up to isomorphism is that M 

includes only the lines L = €1, 2, 41, a L, as L. But then 

e A(M), inhere 

( 1 2 

0= 1 3 

and M is not cyclic. 

3 14. 5 6 7\ 

2 7 5 6 4 1 
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Similarly if T = €1, 2, ..., 8i and M is cyclic and of rank 3 

on T then either M has non-trivial lines L = i1, 2, 41, a L,...,a
7L 

up to isomorphism, and p c A(M), where 

(1 2 3 4 5 6 7 8 .\

3 2 8 5 7 6 4/
11

or M contains only lines L such that L, a L, 

all distinct. But then P
t e 

13 ' 

A(M) where 

• • • , a 7L are not 

Theorem 16 Let T be a set with IT' 8. There exists a cyclic 

matroid on T. 

Proof a) T = 1, ..., 81 . Put 

a = 

( 1 2 3 4 5 6 7 8\ 

2 3 4 5 6 7 8 1

and let M be the rank 4 partition geometry with non-trivial 

hyperplanes H = i1, 2, 3, 5i, aH, a7H. We show that if p e A(M) 

and p(1) = 1 then p is the identity permutation. Call H, aH, ...a7H 

a, ..., h respectively. The only hyperplanes containing 1 are a,e,g 

and h, so 0 must permute these. Since 4 and 6 are in only one 

of these hyperplanes, whilst the other elements except 1 are in two of 

them, p must permute 4 and 6. 

Case (i) P(4) = 4, p(6) = 6. Since 0(e) = e, either P(5) = 5 or 13(5) = 7, 
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In the first case it is readily verified that p is the identity 

permutation. If 13(5) = 7 and 0(7) = 5 then 0(3) = 3 (c), 0(2)=8 (a,g), 

0(8) = 2. But then 0(b) = 18, 3, 4, 61, a contradiction. 

Case (ii) 0(6) = 4, O(4) = 6. Then 05, 71 = I2, 83 and 0I2, 81=45,71 

0 must permute a and g and thus 

(b) a contradiction. 

b) T = II, ..., ni, n > 8. Let M be the 2-partition zeometry on T with lines 

L = I1, 2, 41 al:, an
-4
(L), where 

since 0(e) = h. But then 

P(3) = 3. Hence 0(2) = 2 

a = ( 1

2 3 

2 • e • • n 

• • • • 1 . 

Suppose p e A(M) and 0(1) = 1. re shall show that (3 is the identity 

permutation. Since 

€n - 2, n - 1, li, In, 1, 33 , 1, 2, 41 

are the only lines of M containing 1, (3 must permute them. Putting 

S = In - 2, n - 1, n, 1, 2, 3, 41, it follows that (3 (S) = S. 

In the case n = 9 we have p(15, 61) = 15, 61 and hence p(8) = 8. 

However, for the same reason, 0(6) = 6, 0(4) = 4, etc, and it follows 

that (3 is the identity. 

If n > 9 then for any s e S put g(s) equal to the number of 

lines of M which contain s and exactly one other element of S. 

Since S is invariant under (3, therefore g must be invariant under 

However g only equals 2 for 3, so (3(3) = 3. But then (3(1) = 

implies 0(n) = n. The same argument gives (3(n - I) = n 1, ..., p(2) = 2. 

P• 
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The cyclic rnatroid on nine elements is shown in the diagram-

2 

8 

7 
I 

3 

5 

9 
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All of th matroids constructed in Theorem 16 have too many 

hyperplanes to be transversal. We show that 

Theorem 17 There exists no cyclic transversal matroid on a set T 

with ITI a prime power greater than 2. 

Proof For surmose = M(A) is a cyclic transversal matroid on the 

sot T 1, ni where n = p
m
. Clearly M has no coloops, since 

A(M) is transitive, and so 7'0 may take A to hc; the unique maximal 

presuntation of M. Suppose A = (Ai, and suppose a is the 

generating permutation of ,'„(M), where 

/ 1 2   n 
a = I 

2 3   1 / 

Consider the sets a(A ), a2 (A ), . Let s be the smallest 

integer greater than zero such that as (A ) = A . Since an (A ) = A 

we must have sin, so s = p
t 

for some t < m. If t = m then 

Ai, aAi, ..., an-iA are distinct sets of A, r(M) . n and we have 
t 

a contradiction. Thus t < m and 
an/P(Ai)

  ...  . I . Similarly an/P(A):=Aii
a.- i 

for n11 i = 1, . .., r. But then 1 e A. if and only if pm-1 +l e Al

m-t 
and A(M) admits a transposition of 1 and p 1, a contradiction. 

We now show. the existence of cyclic transversal matroids. 

Theorem 18 There exist cyclic transversal matroids on a set T for 

infinitely many values of ITI . 
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Proof 

whenever 

show that there exists a cyclic transversal matroid on T 

TI = m(m + 1), where m is an integer and m 9. Let 

T = 11, ..., m(m + 1) and define the families A = (A., ..., Ani) 

and B = (B1, ..., B ) by 
m+1. 

A. = Ir, :0 < p < m; s = 0, 1, 3;ai -_-7,. i + pm + s (mod m (m+1)) 
1 ',P's ,p,s

(i= 1, ..., m) 

B. 1bj,q,s :0 < q < m-1; s 0,1,3;bj.q,s j + q(m+1)+s (mod m(m+1))! 

Put C = A U B. Clearly a e A(M) where 

= 

since a(A.) = 

a(B ) = B
m+i 

( 1 2 .. O.o  m(m+1) 

2 3  

(1 = m-1), a(Am) = A1, a(B.) 

l3/ • 

= B. 
j+i 

...,m+1). 

= 1, 

ITTe no show that C is a maximal pres(mtation of Y = M(C). (It 

is trivial that 1,T has no coloons, so this statement makes sense.). 

Suppose t Al for some t e T 7e shall show that there exists a 

transversal X of (A
2 

0•00 , B1, 
' 

 .00. Bm+ ) 
• III

disjoint from 

Al U itl. But then t can not be added to nce X U itl is ' Al* A, 

not a transversal of C. There exist at most two values of p such 

that a. = t for any 1,s. `ithout loss of generality, we take 
1,P,s 

these to be p = 0, 1, because of the symmetry implied by a e A(M). 

Thus a. t for 2 < p < m + 1. But ve see that 
1,p,s 

X - a a....a 
2 "" 3 3' 

5 9 

') 
m - 3, 2, 3.9 3, - , a_±, 33 0, a 2, 3 

. [2m + 5, 2m + 6, ..., 3m, 4m - 2, - 1, 3m + 

m), 
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is a transversal of (A, ..., A
m
) disjoint from A U Iti. 7e 

t 

then observe that X1 U [fl j,q,s isdisjointfromtheset ib :(1 = 4, 5

For t can not have a value higher than 2m + 3, and the largest 

value of elements of Xi. is 4m - 1, ,:Thilst this set ranges from 

11-m + 5 to 6m + (3. Thus put 

X = [b, :j = 1, ..., m + 1;q = 4, s =0 if bi A, ,4,0 i
2 

other.7-iso q = 5, s = 

The elements above with a = 4 range from n + 5 to 5m + 5, rhilst 

those -,7ith a = 5 range from + 9 to 6m + 9. Thus all the 

elements are distinct and are disjoint from X U iti. Also if 

b. e I, then b. = b + m + 4 A , because b. + m 6 
1,4, 0 1 1,5, 3

1 94,0 1 1,4, 0 

and no two elements of A differ by 4. X = Xi 
U X2 is the desired 

A 

transversal, and Ai is maximal. By symmetry A 2, Am are maximal. 

A similar argument shows the maximality of B1. Suppose t B 

and, with analogous reasoning, put 

Y = €b 
3 3, 2, 2

= 12m + 7, 2m + 6, 

Y U {ti is 

•••• 

• • • • 

U-2,2, 3
bm-t,s,n' bm,s,o' bm+t,n,31 

3m + 3, 4m + 2, 2.:11 3, 3m + 61 

disjoint from the set €a. :p = 4, s = 3 or p = 6,s = 11 
I'P's 

and is disjoint from B . Put 
t 

7' = [a. :i = 1, ..., in; p = 4, s = 3 if i B1,2 1,p,s -1,4, 3 

othercise p = 6, s = 1 • 

The elements of Y2 are within the ranges 14m + 24_ to 5m + 3 and 

6m + 2 to 7m + 1, so the elements are all distinct. Also, if 4  2a.1 e B 
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then 

a. 
1,6, 

+ 6n + 1 

i ) + 3 + 2(n + 1) - LE

. a. 
4 

+ 2(m + 1) - 
1, , 3 (mod n(m + 1)) 

7hich is not in B2 . Thus as before B1 ...,B0+1 are maximal. 

Thus A(M) is the set of permutations of T which permute • 

hence permute - and B, since the sets of A and B have different 

cardinalities. Suppose (3 E A(M) and p(1) = 1. pair c T 

is a subset of at least three subsets of n if and only if v and IV 

are congruent modulo m. Since the property of pairs of being in a 

certain number of sets of A is preserved under (3, it follows that 

(3 permutes the conruence classes modulo m of T. The action on 

those congruence classes is exactly the same as in the proof of Theorem 16 

1-)art b), and the congruence classes are consequently left invariant by 

(3, hence 

Similarly 

p(im, 2m, ..., (m+1)mi) 2m, ..., (m+l)mi 

(3(((D1+1), 2(m+1),..., m -Th+1) ) i(m+1), 2(m+i),...,m(n+1)1 

implying that p(m(m+1)) = m(n+1) . ?Repetition of the argument gives 

p(m(m+1) - 1) = m(n+1) - 1, ..., P(2) = 2, and so (3 is the identity 

permutation. 

The essential requirement of this proof is that IT1 should have two large 

enough coprice factors. 

By taking the duals of Theorems 17 and 18, we get parallel results 

for strict gamnoids. 
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5. -F,T,ITTivNATioTr. 

The principal results cf this chapter are a new lower bound for 

the number of non-isomor-hic geometries on an n-element set, and a 

comparable upper bound. The lower bound improves upon previous bounds 

of Crapo [7], welsh [38], and a conjecture of Crapo and Rota [8] that 

the number of non-isomorphic geometries was of the order of 

k(5/2)n • 

The upper bound is the first non-trivial upper bound, so far as the 

author %-noi3s. 

Various other bounds for different classes of matroids are obtained, 

some of 7hich improve upon existing bcsunds and are obtained less 

laboriously. 

TI-)e number of matroids. 

Theorem 1 below is essentially the result proved in (30] . 

Theorem 1 The number f(n) of non-isomor7hic geometries on an 

n-set satisfies 

2n
n-sp, 

f(n) n' ( 74) / 11! (1 <n<co). 

Theorem 1 is a corollary of 

Theorem 2 The number p(n) of non-isomorphic partition geometries 

on an n-element set satisfies 

inn 
42 n 

h.  , 0 yl 
n p(n) > /n! (1 < n < co) 



78 

for some h > 0. Thus for n. sufficiently large 

h.2
n
n
-2/2 n -5/2 

p(n) a n
2 n 

Finally, our upper bound is given in 

Theorem 3. The number g(n) of non-isomorphic matroids on an n-set 

satisfies 
n 

g(n) < nk2 
n 

for some k > 0. 

(2 < n < co) 

Before proving Theorem 2 we need a Lemma on partition geometries, 

and also a Lemma of a technical nature. 

Lemma24- Let H=EH.:i e be a clutter of subsets of a set S such 

that for some k > 

k> max IH. n H.I j
ieI i,jeI 1

Then we may take H to be the set of non-trivial hyperplanes 

of a k--,artition geometry. 

Proof Under the given assumptions, any k-subset of S is a subset 

of at most one member of H. we augment H by adding to it all 

k-subsets of S which are sUbsets of no member of H, and then clearly 

the augmented collection forms the collection of hyperplanes of a 

k-partition geometry. 
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Lemma 5 If N and N/p are integers and N > p > 1 then 

Proof We have 

NCN/p 

< (4p)N/P. cY/P 

- N/p)!(N/p)! 

By Stirling's Theorem, for all m > 0, 

e m+75 1/12 -m \r2T1 m 
-m 

< m! < m e 

thus 

N CN/p  

e1/ 12 -N 

e1/12 
=  

V2I1 

But we know that 

lim 

p s\ 2 

N 

2n (N/p)N/P e-N/-1)(N 

N/p 

- 
NmN-N/p+l-e-N+N/p 

(1 - i/p)N-Wp 

(1 -1/))p 

the sequence being monotonic. Thus 

and 

(1 - 1/13) P <

e, 

NCN/p < DN/P i(1 
1/p)-p1N/p - N/p2 

I/2p 

However, 

< (470116 4-N/P2 1/213

N/p2 + 1/2p = 4-(2N - p)/2p2 < 

and the result follous. 

(p > 1) 
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Proof of Theorem 2. We choose families of sets H = (Hi, 112 , ..., Hp), 

There p > 1 isencis yet unspecified integer, and, for some t > 1, 

and for all i, j with 1 < 1, j < p, 

I F- 1 = t, 1w.nH.I < t - 1. 
1 j 

The number of ways of choosing Hi is clearly nCt. Given H , the 

number of t-subsets of S intersecting H in more than t - 2 

elements is seen to be 

a= t(n - t) + 1. 

Thus, if 
n
C
t 
> a we may choose H2 in (n Ct - a) ways. Hi and H2 

together exclude at most 2a choices for H3, so if nCt > 2a we 

may choose H 3 in at least (
n
C
t 

2a) ways. Continuing, provided 

nCt 
> (p - 1)a may choose Hn in at least (nCt - - 1)a) ways. 

We imr)ose the condition that 

p < 
n
C
t 
/ a 

and then the number of permissible families is at least 

nCt. (nCt - a) (nCt - (p - 1)a). 

Now the ranges of tuo such distinct familes H and H' will 

be identical if and only if, for some permutation a of i1, 2, ni, 

Hi = 
Ha(i) 

(i = 1, n). Thus the number of differnet ranges is 

at least 

nCt. (nCt - a)

pa .(p - 1)a ... 

= a-. 

(nCt - (p - 1)a)/pt 

a/ p ! 
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Put unequal ranges give rise to different geometries, ,:!hich may 

possibly be isomorphic. Hov,ever, the equivalence classes of geometries 

under isomorphism have size at most n:, consequently p(n) ar/n: 

1770 choose t and p so as to maximize this expression. Put 

so that 

t = [n/2] [ IIC[ 2]/a] 

a = [n2/4] + 1. 

From Stirling's Theorem, we know that, if n is even, 

> -\/72t1 
• 

2I I 

n
Cyl,/

2 
n. 

(n/2):(n/2): 

-n 
n - e 

[(n/2)n/2+1/2i 2io-n/2i2[e1/6n12 

n
n+1/2

e
-1/3n 

(n/2)n+1

and if n is odd, 

nc ri/ 2] - 

In either case 

n 

(n - 1)5 • 

' 
N/21.1 

n+1 -1/2 -1/3(n - 1) 
2 • n • ° 

1 2 
n+1 n 

e 
-1/2 -1/ 3n 

n-1 C (1.-1)/2 

2n(n - 1)- . 
1/2e -1/3(n - 1) 

n+1 -1/2 -1/3(n-1) 
nCriv 2i > 1  2 . n . e 

\/7171. 
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and consequently 

1  n 2
n+1 -1/2 -1/3(n - 1) 

- 
P n2/ 2+ + 

8e -1/3(n - 1) . 2n -5/2 
- 1 

= \/7f(1 + 4/n2) 

n -5/2 
> 2 n ' 

if n > 2, say. But 

P(n) > aP/n ! > (n2/4)P / n 

and the lower bound follows by the above after checking the cases 

n = 1 and n = 2. 

The weaker lover bound is obtained readily from this bound, its 

only advantage being its neater form. 

To obtain the given upper bound, we observe that if tvI is a 

k-oartition matroid on S, then each non-trivial hyper lane of M 

has at least (k + 1) k-subsets. Since each k-subset of M occurs 

in at most one of the non-trivial hypernlanes, it follows that the 

number of the latter can be at most n
C
k
/(k + 1). Putting N = 

n
C
k' 

p = k + 1, we see that the number of ways of choosing the non-trivial 

hyDerplanes is ac most 

N/p 

N Cr < (N/p 1)NCN/P 
r=0 

/ n 
(N/p 1)(4p)N/ ' (by Lemma 5) 

-1 

< n
cl.n+1 Ck4.1. n / n 
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for some d > 0, since N/p = n+1 C
k+1 

/ n. The maximum of the 

last expression occurs when k + 1 = [(n + 1)/2] and, summing over 

k and using Stirling's Theorem we obtain an overall bound of 
-1 

h.2
n
n 
-3/2 

nd.n+1 C[(n + 1)/2]
.n 

< n 

for some h > 0. 

Before Droving Theorem 3 we need a further Lemma. 

Lemma 6 Let M be a matroid of rank r on an n-set S, Put 

K. = €C : C is a circuit of M, ICI = i + 1i 

(i = 0, 1, ..., r). 

Then M is determined uniquely by the family K = (Ki). 

Preof Suppose the aregivonK. If aeK. and X C C with 

IXI = i + 1) then X is dependent. It follows that we may recover the 

circuits of M from K by taking the minimal sets X such that 

IXI = i + 1 and R  for some i. 

Proof of Theorem 3. Let M be a matroid on the n-set c, and let 

, C. 
i,t 

i,r. 

IC. . n C. < 1,3 1,k 

bethedistinctmembersofK., We note that 

if j k. Since each C. . has (i + 1) i-subsets 
1,0 

for each j, we must have 

(i + 1)r. < 
n
C. 

r. < 
n+1 

C. /(n + 1). 
1+1 
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Thus our problem is first to find an upper bound for the number of 

different families T = (Ti: i = 0, 1, ..., bi/21), -where each Ti

is a set of subsets of S, with 

ITil < 
n+t 

I C. +tAn + 1) = 

Putting N = 211, the number of Amys of choosing Ti is 

qi 

1)N C • N'jj qi j=0 

< N. C . 
qi

Putting pi = N/qi and using Lemma 5 We have 

NCq 
< (4 .)(11- 

i 

so the number of different families T is at most 

[1-1/2] rn/2j 

T—F n2 7-1-
N. C < 2 . i 1 vpq.. 

1 
N qi i i H i qi 

i=0 1=0 

We split this product into two parts according as 

7—T 

cYo 
(2n)2n/n4 < 22n/r? 

r2n4 
Pi1.1

L,el 

N qi

p. <r4 
i 

(4n4) ql

pi<n4

4 

< (41-1 )Pi<n
qi 

< ()11 )2n/(n+i). 

pi < n
4 
. 
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Thus the whole product is less than 

2
n2

. 2
2n/n2 

• 
 

(+n4 
)2m4-i/(n + 1) 

k.2n/Y1 < 7 . n 

for large enough n and for k > 4. The result then follows by 

considering M or M* according as r(M) > [n/2] . 

Theorem 3 gives a better bound than may be obtained by simply 

using the fact that a matroid is determined by its bases. The latter 

gives an easy bound of 

n 
n 
-1/2 

(n + 1). 2nCr- n/2] 
2 < 2

The number of representable matroids 

Theorem 7 The number Rd (n) (n) of non-isomorphic matroids on an n-set 

S which are representable over a finite field F with IFI = d 

satisfies 

k . 2n.2/4 / n ! < Rd (n) < k . d
112/4 

2 

for some k , k > 0. 
a 2 

7e note that the lower bound is independent of d. The proof uses the 

following 

Lemma 8 If d > 1, and n is a positive integer, then 
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d
(n2 - 1)/4 < a r(n-r) .)an2/4.

°I/j- god)
r=0 

Proof The left hand inequality follows from putting 

or r = n/2 according as n is odd or even. 

For the other inequality, we have 

r (n - 1)/2 

E d- =d E d 
r(n-r) n2/4 n -(r-n/2)2

r=0 r=0 

n/ = d 2 4 B,

and we compare B with the area A =N/(11/loged) under the curve 

Y = a • 

If n is even then 

n/2 
B = d

-rn 

r=-n/2 

-1 n/2-1 
d

r2 
+ E d-(r+1)2 = 

r=-n/2 r=0 

< A+ 1 

and if n is odd_ we have, takinF the sums over integer steps, 

n/2 _rp -1/2 ._11_ n/2-1 
B= I d = E J  + I d

-(r+1)2 -1/4 
+d 

r=-n/2 r=-n/2 r=-1/2 

< A + 1. 

Proof of Theorem 7 We first obtain the upper bound. We restrict our 

attention first of all to matroids of a fixed rank r, and it is sufficient 

only to consider matroids which have a fixed common base [s , ...,sr C S 
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and representations f:S -> V 
r• 
(7) in a fixed vector space Vr(F) 

such that f(si) = e. (i = 1, ..., r), Iei , ..., er i being a fixed 

basis of V
r
(F). Suppose M and M are different matroids with 

—1. —2 

representations f and f . Clearly f ; f2 . However any represent-
1 2 i 

ation is determined by a choice of r(n - r) elements of F, namely 

the coordinates of f(s.) (i = r + 1, ..., n) with respect to 
i 

1, . . . r . Consequently, the number of non-isomorphic matroids 

cannot be greater than d
r(n - r)

. Summing over r and applying 

Lemma 8 we obtain a bound k . d
T12/4 

with k =-\/(11/loge2) + I. 
2 2 

Secondly, vie prove the lower bound. with V r 
' 

(F) and €e i, ...,erI 

as above, let U = (U U
n
) be a family of subsets of 

r+t 

I = II, 2, ..., r. For Uk C I put 
— - 

o = E e.. 
—k leu —a 

Ic 

Then any family IT determines a matroid on the set S = Is , s
n 

intrinsically through the representation s k ek (k = 1, n). 

Different families U give rise to non-equal matroids, since 

the set U
k 

determines the fundamental circuit of s
k 

with respect to 

Is , s W 
2r(n - r) 1. Thus We have non-equal representable 

r

matroids of rank r, which must contain at least 2
r(n r)

/n non-

isomorphic matroids. Summing over r and applying Lemma 8 we obtain 

a bound k . 2
n2/4 

/ n: with k = 2
1/4. 

We observe that our lower bound is better than that obtained by 

Bollobas, because of the insignificance of the n! term compared with 2
n2/4 
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Also, with d = 2, the two bounds are roughly comparable. A general 

lower bound of the order of d
n2/4 

would appear to be difficult to 

obtain. 

The number of transversal matroids. 

Theorem 9 The number w(n) of non-isomorphic fundamental transversal 

matroids on an n-set S satisfies 

k . 2r12/4 / n < w(n) < k . 2
112/4 

2 

for some k , k > 0. 
2 

Proof Let A = (Al: i = 1, r) be a family of subsets of 

S = Is ...s
n
I, where r < n, and Ai = Isii U Bi (i = 1, ..., r), 

with B. C S = s 
- r4.1 

• • • , s
n 

For fixed r, if A and A' are 
- 

different families, then M(A) M(A'). Thus, since the number of 

distinct families A for fixed r is 2
r(n - r)

, the number of distinct 

fundamental transversal matI)ids of rank r is at least 2
r(n - r)

/n 

Summing over r and applying Lemma 8, we obtain the desired lower 

bound. The uprer bound is obtained directly as an upper bound for the 

number of families A. 

Theorem 9 gives a lower bound for the number t(n) of non-isomorphic 

transversal matroids. A. P. Huron has obtained an upper bound 
22n9/3 for t(n). 

The bound in Theorem 9 is also a lower bound for the number of 

strict gammoids, by duality. 
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ERRATA 

8.9 ... X } 

9.10 co-dependent 

14.4 Frualdi and Stringer [ 6] or Heron [15]. 
11 .13 A= (Av:v e V) 

15.8 ... for some k 

The obvious generalization of Theorem 2 to GF(3), namely, 

that M is ternary if and only if it does not contain as 

a minor the smallest non-ternary matroid, is false. 

46.-1 ... disjoint (possibly vacuous) union ... 

50.12 We arc here defining the term t sufficiently large
t. 

have restricted it to mean 'but finite'. See, however, p.53. 

50.18 the subspaces of V ... 

51.8 sufficiently 

52.7 transversal 

52.8 sufficiently large field. 

56.7 algebraic 

65.E a transversal geometry which is not fundamental 

68.13 permutation of V for n ) 3. 

83.8 The bar denotes closure, of course: 

83.-4 IC. < i follows from the fact that otherwise C.
' 1,i 

Ci,ki 
IyO 

and Ci,k would have the same closure. 

87.-8 'Different' and 'non-equal' mean 'non-identical'. 
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