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Abstract

Rough analysis involves the study of systems governed by (partial) differential equations
driven by irregular (’rough’) signals. This thesis explores advancements in pathwise Itô
formula with arbitrary rough signal, singulars stochastic partial differential equations
(SPDEs) and its applications.

In the first part of the research, with Prof. Rama Cont,we extend the Itô calculus to
paths with finite p-variation, where p is any positive real number. This generalization
builds upon previous work that handled integer values of p, introducing a fractional Itô
calculus in a purely pathwise setting. The new framework includes the local Caputo
fractional derivative and provides a comprehensive Itô formula applicable to a broader
class of paths.

The second part of the research delves into singular SPDEs, focusing on applications
in superprocess and fluid dynamics. In collaboration with Prof. Nicolas Perkowski,
we investigate the compact support property of rough super Brownian motion and
extend the model to include branching random walks with infinite variance off-spring
distributions. Furthermore, we address fractional stochastic Landau-Lifshitz Navier-
Stokes equations, demonstrating existence and uniqueness of energy solutions, and
exploring the large-scale behavior of the systems in the super critical cases.
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Chapter 1

Overview

Rough analysis may be defined as the analysis of systems governed by (partial)
differential equations driven by irregular (’rough’) signals. It originated from the
discovery of the Rough path theory by Terry Lyons [70, 69], where he realized that, to
make sense of controlled differential equations, we need to lift the paths of the driving
process to certain graded objects.This approach was further developed in [46, 47]
using a local viewpoint by Massimiliano Gubinelli where he constructed integrals with
respect to reference rough path by introducing the idea of controlled path. This idea
was then generalized to the world of distributions to build solutions for certain sub-
critical singular Stochastic Partial Differential Equations(SPDEs) by Hairer [54] for his
regularity structure theory and Gubinelli-Imkeller-Perkowski [49] for paracontrolled
distributions.

These theories try to provide structures or building blocks to build desired integrals
or products. An early attempt in this direction was Hans Föllmer’s [38] pathwise
approach to Itô calculus, where he used increments along partitions instead of sig-
natures. This was further developed and extended by Cont and Perkowski [24] to
rougher paths with finite p−th order variation when p is an integer. In the first part
of my doctoral research I extended these results to the case where p is not an integer
[23] and developed a ’fractional Ito calculus’ in a purely pathwise setting.

In the second part of my doctoral research, I have explored applications of rough
analysis to the study of singular SPDEs, in collaboration with Prof. Nicolas Perkowski,
with a focus on the application of Parabolic Anderson Model(PAM) to the Branching
Random Walk in Random Environment(BRWRE) as well as a probabilistic approach
to solving singular SPDEs related to fluid dynamics.
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Pathwise Itô Calculus
The Itô formula states that for any C2 function f and a semi-martingale S : [0, T ] → R,
one can obtain a decomposition

f(S(t))− f(S(0)) =

ˆ t

0

f ′(S(u))du+
1

2

ˆ t

0

f ′′(S(u))d[S](u).

Here in the formula, only the quadratic part [S] is determined in the stochastic sense
and Föllmer pointed out that the path-wise definition of this term leads to a path-wise
Itô calculus, which has been used for model-free formulation in continuous-time finance.
It is also related to rough path theory and can be constructed using a canonical rough
path associated with S (see Remark 2.2.4 and [24]).

Comparing with the rough path theory where one can build theories on very general
path, the purpose of the research is trying to investigate the possibility of generalizing
the above formula to more general paths.

In collaboration with Rama Cont, we derive a general Itô formula for paths with
finite pth-variation, where p ≥ 1 may be any real number, extending previous results
obtained in [24] in the integer case. The Itô remainder term is shown to be zero in
general when p is not an integer but sometimes can also have non-zero remainder
term. We use a local version of the Caputo fractional derivative.

Singular SPDEs
Singular SPDEs arise in many physical systems, for example in random surface growth
which is modeled via the Kardar-Parisi-Zhang (KPZ) equation:

∂th = ∆h+ |∇h|2 −∞+ ξ, (1.0.1)

and the intermittency model for PAM

∂tu = ∆u+ ηu−∞u, (1.0.2)

where ξ is the space time white noise and η is a spatial white noise. The ’singular’
term before the SPDEs means in general, we need to do some renormalization for the
equation. For example the infinity term in equations (1.0.1) and (1.0.2).

The difficulty of solving the singular SPDEs lies in the difficulty in defining products
of distributions. It is well-known that in order to define a product of two distribution,
the sum of their Hölder exponents should be positive. However, it is very common in
the singular SPDEs that the sum of their Hölder exponents is strictly smaller than 0.
So we have to specify the meaning of the products that appear in the equation. It
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is the same in the SDE case since the Hölder regularity of dBt

dt
is only −1

2
−, where

Bt is the Brownian motion. The integrand of the Itô integral can be viewed as time
integral of products of dBt

dt
and some functional of Bt, which is of 1

2
− regularity. In

fact, the Itô integral actually simply gives a meaning of this product and it leads to
the well-known Itô integral.

Four different approaches have been proposed to solve such singular SPDEs:

• The regularity structure theory introduced by Martin Hairer [54], where he
builds the local approximation of solutions using tree-like objects.

• The paracontrolled distribution method introduced by Gubinelli, Imkeller and
Perkowski [49], where they used the bony product to decompose the products
and build the required data for the equation.

• Energy solution or the probability construction from (cylindrical) martingale
problem introduced by Gubinelli and Jara [50]. It is then further developed
in [51, 45] to a general situation. The main idea is to build the infinitesimal
generator of the singular SPDEs in the L2 space using Malliavin Calculus.

• The renormalization method introduced by Kupiainen [62] and the flow equation
method introduced by Duch [28], where they build the effective equations or
effective force on different scales. This method doesn’t need to define the
products of two distributions as the probabilistic one and the renormalization
term will occur automatically.

The above four methods have their own pros and cons and are all constrained in the
sub-critical case. My research investigates paracontrolled distribution method and the
energy solution method with different models.

Parabolic Anderson Model and Rough Super Brownian Motion
In the context of branching processes, the limit of empirical measures of some scaled
branching random walks or branching diffusion processes are called super processes.
The description of the super processes always goes to the Laplace functional, which
relates to the solution of PDEs in the sense

E[e−⟨µt,φ⟩] = e−⟨µ0,Ut(φ)⟩, (1.0.3)

where Ut(φ) is a solution to some PDEs. By introducing white noise as the random
environment for the branching processes, Perkowski and Rosati [78] generalized the
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super Brownian Motion to the rough super Brownian Motion, where Ut(φ) in equation
(1.0.3) is given by non-linear PAM.

The intuition of the relation of white noise environment and PAM comes from the
paper [40], where they relate the lattice Parabolic Anderson Model to the mass of the
branching random walk with a homogeneous branching random environment. Also
there is a further result in [2] which shows the relation between higher order moments
and the Anderson Hamiltonian H := ∆ + ξ. The relation of the Laplace function and
the moments then suggests some hidden relation between PAM and the measure itself.

In collaboration with Nicolas Perkowski, we investigate the compact support
property of the rough super Brownian Motion and then I generalize the rough super
Brownian Motion to some branching random walk whose off-spring distribution has
infinite variance. The tool we used is the paracontrolled distributions.

Fractional stochastic Landau-Lifshitz Navier-Stokes equations
The fluctuating hydrodynamics equation of Landau and Lifshitz [5, 63] is given by

∂tu = ν∆u−∇p− λ̂ div(u⊗ u) +∇ · τ, ∇ · u = 0,

with noise term given by ∇ · τ , where τ is a Gaussian field with covariance

E[τij(t, x)τkl(t′, x′)] =
2νkBT

ρ
(δikδjl + δilδjk −

2

3
δijδkl)δ(x− x′)δ(t− t′),

where kB is the Boltzmann constant, T is the temperature, and ρ is the density. By a
direct calculation, it can be seen that above equation is equivalent to the equation in
the distribution sense with θ = 1,

∂tu = −(−∆)θu−∇p− λ div(u⊗ u) +
√
2(−∆)

θ
2 ξ, ∇ · u = 0,

Above equation is not well-posed in the classical case and requires techniques developed
in the study of singular SPDEs. In collaboration with Nicolas Perkowski, we use the
energy method to investigate the martingale formulation of above equation and also
the scaling limit at the critical exponent.

Outline
The thesis is structured into four chapters following this one.

Chapter 2 derives Itô -type change of variable formulas for smooth functionals of
irregular paths with non-zero p−th variation along a sequence of partitions, where
p ≥ 1 is arbitrary (in particular non-integer). Using fractional derivative operators,
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we extend results obtained by Cont and Perkowski [24] in the case p ∈ N to the
non-integer case. These results are then extended to functionals of paths with non-zero
ϕ−variation and multi-dimensional paths. An isometry property for the pathwise
Föllmer integral in terms of ϕ-variation is also proved. This chapter is based on the
paper [23].

Chapter 3 proves the compact support property of the rough super Brownian
motion constructed in [78] using some interior estimation methods from [73, 74].

Chapter 4 then generalize the rough super Brownian motion to some branching
random walk whose off-spring distribution has infinite variance. The idea of proof
comes from [27, 26] and is quite different from the techniques in [78] since the resulting
super processes are not continuous and not in L2, which prevents the use of most
square-integrable martingale methods. We also show the compact support property of
the generalized rough super Brownian motion with the method in Chapter 3 and the
super exponentially persistence property.

Chapter 5 investigate fractional stochastic Navier-Stokes equations in d ≥ 3, driven
by the random force (−∆)

θ
2 ξ. We obtain the existence and uniqueness of martingale

solutions on the torus Td for θ > d
2
. For θ ≤ 1 the equation is supercritical and we

regularize the problem by introducing a Galerkin approximation and we study the
large scale behavior of the truncated model on Rd. We show that the nonlinear term
in the Galerkin approximation vanishes on large scales when θ < 1 and the model
converges to the linearized equation. For θ = 1 the nonlinear term gives a nontrivial
contribution to the large scale behaviour, and we conjecture that the large scale
behavior is given by a linear model with strictly larger effective diffusivity compared
to simply dropping the nonlinear term. The effective diffusivity is explicitly given in
terms of the model parameters.
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Chapter 2

Fractional Ito-Föllmer calculus

2.1 Introduction

Hans Föllmer derived [38] a pathwise formulation of the Itô formula and laid the
grounds for the development of a pathwise approach to Itô calculus, which has been
developed in different directions [3, 6, 16, 17, 19, 24, 20, 25, 68, 84].

Föllmer’s original approach focuses on functions of paths with finite quadratic
variation along a sequence of partitions. In a recent work Cont and Perkowski [24]
extended the Föllmer-Itô formula [38] to function(al)s of paths with variation of order
p ∈ 2N along a sequence of partitions and obtained functional change of variable
formulas, applicable to functionals of fractional Brownian motion and other fractional
processes with arbitrarily low regularity (i.e. any Hurst exponent H > 0). These
results involve pathwise integrals defined as limits of compensated left Riemann sums,
which are in turn related to rough integrals associated with a "reduced" rough path
[24].

As the notion of p-th order variation may be defined for any p > 0, an interesting
question is to investigate how the results in [24] extend to ’fractional’ case p /∈ N. In
particular one may ask whether the change of variable formula contains a fractional
remainder term in this case and whether the definition of the compensated integral
needs to be adjusted.

We investigate these questions using the tools of fractional calculus [83]. Given
that fractional derivative operators are (non-local) integral operators, one challenge
is to obtain non-anticipative, ’local’ formulas which have similar properties to those
obtained in the integer case [24]. We are able to do so using a ’local’ notion of
fractional derivative and exhibit conditions under which these change of variable
formulas contain (or not) a ’fractional Itô remainder term’. In most cases there is no
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remainder term; we also discuss some cases where a non-zero remainder term appears
and give a representation for this term.

These results are first derived for smooth functions then extended to functionals,
using the concept of vertical derivative [22]. We extend these results to the case of
paths with finite ϕ-variation [57] for a class of functions ϕ and we obtain an isometry
formula for the pathwise integral in terms of ϕ-variation, extending the results of
[3, 24] to the fractional case. Finally, we extend these results to the multi-dimensional
case.

Our change of variable formulas are purely analytical and pathwise in nature, but
applicable to functionals of fractional Brownian motions and other fractional processes
with arbitrary Hurst exponent, leading in this case to non-anticipative ’Itô ’ formulas
for functionals of such processes. However, as probabilistic assumptions play no role
in the derivation of our results, we have limited the discussion of such examples.

Zähle [86] defined a pathwise integral using a Young-type condition based on
fractional regularity of the integrand and the integrator. In the case of Hölder
continuous functiosn this corresponds to Hölder exponents with sum strictly greater
than 1 i.e. a Young-type condition. Our approach extends beyond the domain of
validity of Young integration and we are able to treat borderline cases where the sum
of Hölder exponents is one.

Outline Section 2.2 recalls some results on pathwise calculus for functions of irregular
paths (Sec. 2.2.1) and fractional derivative operators and associated fractional Taylor
expansions (Sec. 2.2.2). Section 2.3 contains our main results on change of variable
formulas for function(al)s of paths with fractional regularity. We first give a change of
variable formula without remainder term for time-independent functions (Theorem
2.3.3), followed by a discussion of an example where a remainder term may appear
(Example 2.3.5). We then provide a formula for computing this fractional remainder
term using an auxiliary space(Theorem 2.3.7). Section 2.3.2 extends these results to
the case of path-dependent functionals using the Dupire derivative, to the case where
the p−th variation is replaced by the more general concept of ϕ−variation [57]. In
Section 2.4 we derive a pathwise isometry formula extending a result of [3] to the case
of ϕ−variation. Finally, in Section 2.5 we discuss extensions to the multidimensional
case. These extensions are not immediate, as the space Vp(π) is not a vector space.
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2.2 Preliminaries

2.2.1 Pathwise calculus for paths with finite p-th variation

We define, following [24, 38], the concept of p-th variation along a sequence of partitions
πn = {tn0 , . . . , tnN(πn)

} with tn0 = 0 < ... < tnk < ... < tnN(πn)
= T . Define the oscillation

of S ∈ C([0, T ],R) along πn as

osc(S, πn) := max
[tj ,tj+1]∈πn

max
r,s∈[tj ,tj+1]

|S(s)− S(r)|.

We write [tj, tj+1] ∈ πn to indicate that tj and tj+1 are immediate successors in πn (i.e.
tj < tj+1 and πn ∩ (tj, tj+1) = ∅).

Definition 2.2.1 (p-th variation along a sequence of partitions). Let p > 0. A
continuous path S ∈ C([0, T ],R) is said to have a p-th variation along a sequence of
partitions π = (πn)n≥1 if osc(S, πn) → 0 and the sequence of measures

µn :=
∑

[tj ,tj+1]∈πn

δ(· − tj)|S(tj+1)− S(tj)|p

converges weakly to a measure µ without atoms. In that case we write S ∈ Vp(π) and
[S]p(t) := µ([0, t]) for t ∈ [0, T ], and we call [S]p the p-th variation of S.

Remark 2.2.2. Functions in Vp(π) do not necessarily have finite p-variation in the
usual sense. Recall that the p-variation of a function f ∈ C([0, T ],R) is defined as [29]

∥f∥p-var :=
(

sup
π∈Π([0,T ])

∑
[tj ,tj+1]∈π

|f(tj+1)− f(tj)|p
)1/p

,

where the supremum is taken over the set Π([0, T ]) of all partitions π of [0, T ]. A
typical example is the Brownian motion B, which has quadratic variation [B]2(t) = t

along any refining sequence of partitions almost surely while at the same time having
infinite 2-variation almost surely [29, 85]:

P (∥B∥2-var = ∞) = 1.

If S ∈ Vp(π) and q > p, then S ∈ Vq(π) with [S]q ≡ 0.

S ∈ C([0, T ],R) belongs to Vp(π) if and only if there exists a continuous function
[S]p such that

∀t ∈ [0, T ],
∑

[tj ,tj+1]∈πn:
tj≤t

|S(tj+1)− S(tj)|p
n→∞−→ [S]p(t). (2.2.1)

If this property holds, then the convergence in (2.2.1) is uniform.
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Example 2.2.3. If B is a fractional Brownian motion with Hurst index H ∈ (0, 1)

and πn = {kT/n : k ∈ N0} ∩ [0, T ], then B ∈ V1/H(π) and [B]1/H(t) = tE[|B1|1/H ],
see [79, 82].

For p ∈ 2N, the following change of variable formula for f ∈ Cp(R,R) was shown
in [24]:

∀S ∈ Vp(π), f(S(t))− f(S(0)) =

ˆ t

0

f ′(S(s))dS(s) +
1

p!

ˆ t

0

f (p)(S(s))d[S]p(s),

where the integral
ˆ t

0

f ′(S(s))dS(s) := lim
n→∞

∑
[tj ,tj+1]∈πn

p−1∑
k=1

f (k)(S(tj))

k!
(S(tj+1 ∧ t)− S(tj ∧ t))k (2.2.2)

is defined as a (pointwise) limit of compensated Riemann sums.

Remark 2.2.4 (Relation with Young integration and rough integration). As p-
variation can be infinite for S ∈ Vp(π), the pathwise integral appearing in the formula
cannot be defined as a Young integral. Compensated Riemann sums such as (2.2.2)
also appear in the construction of ‘rough integrals’ [39, 46]. For X ∈ Cα([0, T ],R)
with α ∈ (0, 1), q = ⌊α−1⌋ one can define the pathwise integral (2.2.2) as a rough
integral with respect to a ’reduced’ rough path (X1

s,t,X2
s,t, . . . ,X

q
s,t)0≤s≤t≤T , where

Xk
s,t := (X(t)−X(s))k/k!.

2.2.2 Fractional derivatives and fractional Taylor expansions

Several different notions of fractional derivatives exist in the literature [65, 80, 83] and
it is not clear which ones are the right tools for a given context. Our goal here is to
shed some light on the advantages of different notions of fractional derivative. Much
of this material may be found in the literature [83]. We have provided proofs for some
useful properties whose proof we have not been able to find in the literature.

Definition 2.2.5 (Riemann-Liouville fractional integral). Let α > 0. The left
Riemann-Liouville fractional integral of order α is defined by

Iαa+f(x) :=
1

Γ(α)

ˆ x

a

(x− t)α−1f(t)dt

for real functions f for which the integral is well-defined for x > a ∈ R. Similarly, the
right Riemann-Liouville fractional integral is given by

Iαb−f(x) :=
1

Γ(α)

ˆ b

x

(t− x)α−1f(t)dt

for x < b ∈ R.
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Remark 2.2.6. The fractional integral is always well-defined for f ∈ L1(a, b) with
Iαa+f ∈ L1(a, b). This allows for blow up at the boundaries a, b.

This may be used to define a (non-local) fractional derivative associated with some
base point [65, 80]:

Definition 2.2.7 (Riemann-Liouville fractional derivative). Let a < b. Let f ∈
L1([a, b]) and n ≤ α < n + 1 for some integer n ∈ N. Then left Riemann-Liouville
fractional derivative of order α with base point a on [a, b] is defined by

Dα
a+f :=

(
d

dx

)n+1

In+1−α
a+ f

if n−th order derivative of In+1−α
a+ f exists and is absolutely continuous on [a, b].

Similarly, the right Riemann-Liouville fractional derivative of order α with base point
b on [a, b] is given by

Dα
b−f :=

(
− d

dx

)n+1

In+1−α
b− f.

Remark 2.2.8. When α is an integer, the fractional derivative coincides with the
classical derivative, i.e. Dn

a+f = f (n).

The Riemann-Liouville derivative has several shortcomings. One of them is that
the fractional derivative of a constant is not zero. To overcome this, one can consider
a modification of Riemann-Liouville fractional derivative which is called the Caputo
derivative.

Definition 2.2.9 (Caputo derivative). Suppose f is a real function and n+1 ≥ α > n.
We define the left and right Caputo fractional derivatives of order α at x ∈ (a, b) by

Cα
a+f(x) = Dα

a+

[
f(t)−

n∑
k=0

f (k)(a)

k!
(t− a)k

]
(x),

Cα
b−f(x) = Dα

b−

[
f(t)−

n∑
k=0

(−1)kf (k)(b)

k!
(b− t)k

]
(x)

if exists. Here f (k) denotes the k-th derivative of f .

We provide some basic properties of fractional derivatives in the appendix for the
completeness. Associated with the Caputo derivative is a fractional Taylor expansion:
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Proposition 2.2.10. Let f ∈ Cn([a, b]) and n + 1 ≥ α > n. If f admits a Caputo
derivative of order α on [a, b] and Cα

a+f ∈ L1([a, b]), then we have

f(x) =
n∑
k=0

f (k)(a)
(x− a)k

k!
+

1

Γ(α)

ˆ x

a

Cα
a+f(t)(x− t)α−1dt

and

f(x) =
n∑
k=0

f (k)(b)
(x− b)k

k!
+

1

Γ(α)

ˆ b

x

Cα
b−f(t)(t− x)α−1dt.

As we were not able to find a proof of this expansion in the literature, we provide
a detailed proof in the appendix.

2.2.3 Local fractional derivative

The above derivative operators are non-local operators. We now introduce the concept
of local fractional derivative:

Definition 2.2.11 (Local fractional derivative). Suppose f is left fractional differen-
tiable of order α on [a, a+δ] for some positive δ, then the left local fractional derivative
of order α of function f at point a is given by

f (α+)(a) = lim
y→a,y≥a

Cα
a+(y),

when the limit exists. We can similarly define the right local fractional derivative of
order α of function f at a point a by

f (α−)(a) = lim
y→a,y≤a

Cα
a−(y),

when the limit exists.

Example 2.2.12. We give a simple example of Caputo fractional derivative and local
derivative here. Consider f(x) = |x|α and 0 < β ≤ α < 1. Then we have

Cβ
a+f(x)

=
d

dx

(
1

Γ(1− β)

ˆ x

a

|t|α − |a|α

(x− t)β
dt

)
=

1

Γ(1− β)

d

dx

(ˆ x

a

|t|α(x− t)−βdt− |a|α (x− a)1−β

1− β

)
=

1

Γ(1− β)

d

dx

∣∣∣∣∣
ˆ 1

a
x

|t|α|1− t|−βdt|x|α−β+1

∣∣∣∣∣− 1

Γ(1− β)
|a|α(x− a)−β

=
1

Γ(1− β)

(
|a|α(x− a)−β

a− x

x
+ (α− β + 1)|x|α−β

ˆ 1

a
x

|t|α|1− t|−βdt

)
.

11



So we can see directly that f (β+)(a) = 0 for any a ̸= 0 or β < α but f (α+)(0) = Γ(α+1).
It can be seen further that for all a ≥ 0, Cα

a+f is continuous on [a,∞] but for a < 0,
Cα
a+f has singularity at point 0. In particular, for β = α, we have

Cα
a+f(x) =

1

Γ(1− β)

ˆ 1

a
x

g(t)− g
(a
x

)
dt with g(t) =

∣∣∣∣ t

1− t

∣∣∣∣α .
Remark 2.2.13. Using integration by parts formula, we actually have

Dα
a+f(x) =

n−1∑
k=0

f (k)(a)(x− a)k−α−n

Γ(k + 2− α)
+D

(α−n)
a+ f (n)(x).

Hence Cα
a+f(x) = C

(α−n)
a+ f (n)(x) so the existence of one side will imply the existence

of the other side. Taking limits yields f (α+)(x) = (f (n))((n−α)+)(x). This is important
in the proofs below.

Corollary 2.2.14 (Fractional Taylor formula). Let n+ 1 ≥ α > n and f ∈ Cn([a, b])

admitting a left (resp. right) local fractional derivative of order α at a. There for
x ∈ [a, b]

f(x) =
∑n

k=0 f
(k)(a) (x−a)

k

k!
+ 1

Γ(α+1)
f (α+)(a)(x− a)α + o(|x− a|α) (2.2.3)

f(x) =
∑n

k=0 f
(k)(b) (x−b)

k

k!
+ 1

Γ(α+1)
f (α−)(b)(b− x)α + o(|x− b|α). (2.2.4)

The proof is given in Appendix A.2. A similar mean value theorem holds for the
non-local fractional derivative. The following result, which we state for completeness,
is a consequence of Proposition 2.2.10:

Corollary 2.2.15. Let f ∈ Cn([a, b]) and n+ 1 ≥ α > n. Suppose Caputo fractional
derivative of order α of f is continuous on [a, b]. Then for x ∈ [a, b], there exists
ξ ∈ [a, x] such that

f(x) =
n∑
k=0

f (k)(a)
(x− a)k

k!
+

1

Γ(α + 1)
Cα
a+f(ξ)(x− a)α.

A similar formula holds for the Caputo right derivative.

Proposition 2.2.16. Let α /∈ N and f ∈ Cα([a, b]). If f (α+) exists everywhere on
[a, b] then f (α+) = 0 almost everywhere on [a, b].

A rather complex proof of this proposition is given in [15, Corollary 3]. We here
give a simple proof of this property using only properties of monotone functions.
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Proof. We first consider the case 0 < α < 1. By corollary 2.2.14, we actually have

f(y) = f(x) + g(x)(y − x)α + o(|y − x|p) with g =
1

Γ(α + 1)
f (α+).

Hence for any sequence yn → x, yn > x, we have

lim
n→∞

f(yn)− f(x)

(yn − x)α
= g(x).

Now let E+ = {x ∈ R : g(x) > 0}. If L(E+) > 0, then there exists a compact set
K ∈ E+ with L(K) > 0 where L denotes the Lebesgue measure on the real line.

Consider the open set ∪x∈K(x, x+ δx) in R, where δx is the largest number so that
f(y) > f(x),∀y ∈ (x, x+ δx). We can then write ∪x∈K(x, x+ δx) = ∪∞

k=1Ik for some
open interval Ik. There exists Ir such that L(K ∩ Īr) > 0. In fact, for each point in
K, it is either in the set ∪∞

k=1Ik or it is a boundary point of some interval Ik. We may
augment Ik to an interval Ĩk including zero or one of both of its boundary points so
that Ĩk are disjoint and K ⊂ ∪∞

k=1Ĩk, and such that the right boundary point is not in
Ĩk if it belongs to K. Then we find Ir such that L(K ∩ Ĩr) > 0. Hence L(K ∩ Īr) > 0.
We may also assume that there are no points in K isolated from the right, since the
set of all such points is of measure zero.

For any x̄ < ȳ ∈ K ∩ Īr, there exists x0 ∈ K ∩ [x̄, ȳ] such that

x0 = argmax
x∈K∩[x̄,ȳ]

{f(x)}.

If x0 ̸= ȳ, then there exists y0 ∈ (x0, x0 + δx0) ∩K ∩ [x̄, ȳ] since we assume there are
no right-isolated points in K. Then we have f(y0) > f(x0), which is a contradiction.
Hence x0 = ȳ and we have f(ȳ) > f(x̄),∀x̄ < ȳ ∈ K ∩ Īr.

Now define f̄ : Īr → R such that f̄ = f on K ∩ Īr and f̄ is linear outside of K ∩ Īr.
In fact, let x̃ ∈ Īr, if x̃ /∈ K, then x̃ ∈ (z0, z1) with z0, z1 ∈ K. Thus f̄(z1) ≥ f̄(z0),
and we can linearly interpolation to define f̄(x̃) as an increasing function. Hence this
extension f̄ is differentiable almost everywhere on Īr.

Now we go back to the function f on set K. f̄ is a.e differentiable on K and we
can simply suppose here f̄ is differentiable and f = f̄ on K whose Lebesgue measure
is positive. Now choose a point x1 ∈ K, either x1 is right-isolated in K which is
eliminated from K before or it is a right-accumulation point in K. For the latter case,
we would have

g(x1) = lim
n→∞

f(yn)− f(x1)

(yn − x)p
= lim

n→∞

f̄(yn)− f̄(x1)

(yn − x1)p
= 0,
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for any sequence {yn} in K with yn → x1. We then get g = 0 a.e. on K, which is a
contradiction. Hence L(E+) = 0. Similarly, L(E−) = 0. Hence f (p+) = 0 a.e. on R.

If m < α < m+ 1 for some integer m > 0, since we have f (α+) = (f (m))(α−m+), we
may conclude again that f (α+)(x) = 0 a.e. on R.

Remark 2.2.17. For the above proposition we actually only need a weaker condition
on the function f , namely that

lim
y→x,y>x

f (m)(y)− f (m)(x)

|y − x|β

exists for x ∈ R with m = ⌊α⌋ and α = m + β, which may be thought as classical
definition of α−th order derivative. We call

lim
x→a,x>a

f (m)(x)− f (m)(a)

|x− a|β

the ’classical’ left fractional derivative of order α if it exists. However, when this limit
exists, it is not guaranteed that f admits a local fractional derivative.

We can actually state a stronger result:

Proposition 2.2.18. For f ∈ Cα, the Hausdorff dimension of the set

Ef =

{
x ∈ R : lim inf

y→x,y>x

|f (m)(y)− f (m)(x)|
|y − x|β

> 0

}
is at most β = α− ⌊α⌋.

Proof. WLOG, we suppose m = 0 and 0 < α < 1, then β = α. For each ϵ, δ, we define
the set Eδ

ϵ+ to be the subset of E such that for all x ∈ Eδ
ϵ+, we have

f(y) > f(x) + ϵ(y − x)α, ∀x < y < x+ δ.

We only need to show the Hausdorff dimension of the set Eδ
ϵ+ is at most α. Furthermore,

we can restrict the set Eδ
ϵ+ on the interval [0, δ]. Hence we will work on [0, δ] with Eδ

ϵ+.
First of all, suppose the Hausdorff dimension of set Eδ

ϵ+ is larger than α. In
this case, we consider partitions {0, δ

k
, · · · , (k−1)δ

k
, δ} for k ∈ N. In each interval

[ iδ
k
, (i+1)δ

k
], we choose the leftmost and rightmost points of the set Eδ

ϵ+ and denote
this interval as I ik(if exists). Then ∪k−1

i=0 I
i
k covers the set Eδ

ϵ+ and by the definition
of Hausdorff measure, we know that

∑k−1
i=0 |I ik|α → ∞ as k → ∞. Now let aik be the

left boundary point of I ik and bik be the right boundary point of I ik. Now for any two
points a < b ∈ {aik, bik, i = 0 · · · , k − 1}, we have

f(b) ≥ f(a) + ϵ(b− a)α

14



since f is continuous and we can approximate a, b by points in Eδ
ϵ+. Then we have

f(bk−1
k )− f(a0k) =

k−1∑
i=1

f(bik)− f(aik) + f(aik)− f(bi−1
k ) + f(b0k)− f(a0k)

≥ ϵ

k−1∑
i=0

|I ik|α → ∞,

which gives a contradiction when k → ∞.

2.3 Fractional Itô Calculus

We now consider non-integer p > 2 and derive Itô-type change of variable formulas for
paths with non-zero p−th variation along a sequence of partitions {πn}n∈N, first for
functions (Sections 2.3.1) then for path-dependent functionals (Section 2.3.2). In each
case the focus is the existence or not of a ’fractional’ Itô remainder term: we will see
that the existence of a non-zero Itô term depends on the fine structure of the function
and its fractional derivative.

2.3.1 Change of variable formula

We first derive an Itô-type change of variable formula for functions of paths with p−th
variation along a sequence of partitions {πn}n∈N.

Let S ∈ Vp(π) be a path which admits p−th order variation along some sequence
of partitions {πn}n∈N. We make the following assumptions:

Assumption 2.3.1. For any k ∈ R, we have
ˆ T

0

1{S(t)=k}d[S]
p
π = 0.

Let m = ⌊p⌋.

Assumption 2.3.2. f ∈ Cm(R) and admits a left local fractional derivative of order
p everywhere.

Assumption 2.3.3. The complement of the set

Γf = {x ∈ R :∃U ∋ x open, (a, b) 7→ (Cp
a+f)(b)

is continuous on {(ā, b̄) ∈ U × U : ā ≤ b̄}}

is locally finite, i.e. for any compact set K ∈ R, the set Γcf ∩K has only finite number
of points.
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We first give a simple lemma regarding the set Γf :

Lemma 2.3.1. The left local fractional derivative of order p of f is equal to zero on
Γf : ∀x ∈ Γf , f

(p+)(x) = 0.

Proof. Let x ∈ Γf . There exists x ∈ U open such that (a, b) 7→ Cp
a+f(b) is continuous

on {(a, b) ∈ U × U : a ≤ b}. Hence f (p+) is continuous on U . Since f (p+) is zero a.e.,
f (p+)(x) = 0.

Assumption 2.3.1 will be satisfied if the weighted occupation measure γS defined
by

γS(A) =

ˆ T

0

1{S(t)∈A}d[S]
p
π(t).

is atomless. Assumption 2.3.1 is satisfied in particular if γS has a Lebesgue density [41],
which corresponds to a local time of order p [24]. However, as the following example
shows, Assumption 2.3.1 may fail to be satisfied even if the path has a non-zero p−th
order variation.

Example 2.3.2 (A counterexample). We now give an example of path failing to
satisfy Assumption 2.3.1, in the spirit of [25, Example 3.6.].1

Let p > 2 and define the intervals

I11 =

(
1

3
,
2

3

)
, I12 =

(
1

9
,
2

9

)
, I22 =

(
7

9
,
8

9

)
, · · · , I ij, j = 1, · · · , 2i−1, (2.3.1)

and let C = [0, 1]\∪∞
i=1∪2i−1

j=1 I
i
j, which is the Cantor ternary set [13]. Let c : [0, 1] → R+

be the associated Cantor function, which is defined by

c(x) =

{ ∑∞
n=1

an
2n
, x =

∑∞
n=1

2an
3n

∈ C, an ∈ {0, 1}
supy≤x,y∈C c(y), x ∈ [0, 1] \ C.

We can see it is a non-decreasing function increasing only on the Cantor set C.
Consider the function

S(t) = |2log3(2·minu∈C |t−u|)|
1
p .

We are going to construct a sequence of partitions such that the p−th variation of S
along this sequence will be the Cantor function c. In this case, we will see

ˆ 1

0

1{S(t)=0}d[S]
p =

ˆ 1

0

1t∈Cdc(t) = c(1)− c(0) = 1,

1[25, Example 3.6] aims to construct a path which admits quadratic variation but does not possess
local time along some sequence of partitions. There seems to be an issue with the construction in
[25] but the underlying idea is still useful for our construction. In fact, the third equality of equation
(3.12) in [25] should be

∑n
i=1(ϵn)

i =
ϵn−ϵn+1

n

1−ϵn
→ 0 not 1.
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which shows Assumption 2.3.1 is not satisfied.
We begin with the partition {πij,n}, which denotes the n−th partition in the interval

I ij and let πn = ∪ni=1 ∪j πij,n. Define ti,0j,n = inf I ij and

ti,k+1
j,n = inf

{
t > ti,kj,n : S(t) ∈

(
1

kn
sup
t∈Iij

S(t)

)
Z

}
,

then ti,2knj,n = sup I ij. kn is an integer to be determined. We then do the calculation

2kn−1∑
k=0

|S(ti,k+1
j,n )− S(ti,kj,n)|p =

2kn−1∑
k=0

∣∣∣∣ 1kn2− i
p

∣∣∣∣p = 21−ik1−pn .

Then the sum over the n−th partition will be

n∑
i=1

2i−1∑
j=1

21−ik1−pn = n · k1−pn .

Choosing kn = ⌊n
1

p−1 ⌋ we obtain

nk1−pn ≥ n · (n
1

p−1 )1−p = 1

and
nk1−pn ≤ n · (n

1
p−1 − 1)1−p =

(
1− n

1
1−p

)1−p n→∞→ 1.

Hence we see
[S]pπ(1) = 1.

Furthermore, since
21−ik1−pn

n→∞→ 0,

we see that [S]pπ will not change on the interval I ij and by symmetry, we finally can
show that [S]p = c, the Cantor function.

The following theorem extends the result of [24] to the case of functions with
fractional regularity:

Theorem 2.3.3. Let S ∈ Vp(π) satisfy Assumption 2.3.1. If f is a continuous function
satisfying Assumptions 2.3.2 and 2.3.3 for m = ⌊p⌋, then

∀t ∈ [0, T ], f(S(t)) = f(S(0)) +

ˆ t

0

f ′(S(u))dS(u),

where the last term is a limit of compensated Riemann sums of order m = ⌊p⌋:
ˆ t

0

f ′(S(u))dS(u) = lim
n→∞

∑
ti∈πn

m∑
j=1

f (j)(S(t ∧ ti))
j!

(S(t ∧ ti+1)− S(t ∧ ti))j.
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Proof. Using Taylor’s formula with integral remainder of integer order m,

f(S(t))− f(S(0)) =
∑

[ti,ti+1]∈πn

f(S(t ∧ ti+1))− f(S(t ∧ ti))

=
∑

[ti,ti+1]∈πn

(f(S(t ∧ ti+1))− f(S(t ∧ ti))− · · ·

− f (m)(S(t ∧ ti))
m!

(S(t ∧ ti+1)− S(t ∧ ti))n
)

+
∑

[ti,ti+1]∈πn

m∑
j=1

f (j)(S(t ∧ ti))
j!

(S(t ∧ ti+1)− S(t ∧ ti))j

=
∑

[ti,ti+1]∈πn

1

Γ(m)

ˆ S(t∧ti+1)

S(t∧ti)
(f (m)(r)− f (m)(S(t ∧ ti)))(S(t ∧ ti+1)− r)m−1dr

+Ln,

where Ln =
∑

[ti,ti+1]∈πn
∑m

j=1
f (j)(S(t∧ti))

j!
(S(t∧ti+1)−S(t∧ti))j . Our aim is to estimate

the limit of the quantity

Rn :=
∑

[ti,ti+1]∈πn

1

Γ(m)

ˆ S(t∧ti+1)

S(t∧ti)
(f (m)(r)− f (m)(S(t ∧ ti)))(S(t ∧ ti+1)− r)m−1dr,

and show that this quantity converges to 0. In order to obtain an estimate, we divided
the partitions into three parts: Cn

ϵ = {[ti, ti+1] ∈ πn : |S(t ∧ ti)− k| ≤ ϵ for some k ∈
Γcf}, Cn

1,ϵ = {[ti, ti+1] ∈ πn\Cn
ϵ : S(t∧ti) ≤ S(t∧ti+1)} and Cn

2,ϵ = {[ti, ti+1] ∈ πn\Cn
ϵ :

S(t ∧ ti+1) < S(t ∧ ti)} for arbitrary ϵ > 0.

1. On Cn
ϵ : Denote

Rn
ϵ :=

∑
[ti,ti+1]∈Cn

ϵ

1

Γ(m)

ˆ S(t∧ti+1)

S(t∧ti)
(f (m)(r)− f (m)(S(t∧ ti)))(S(t∧ ti+1)− r)m−1dr.

By Hölder continuity of f and continuity of S, there exists a constant M > 0

such that

|Rn
ϵ | ≤

∑
[ti,ti+1]∈Cn

ϵ

M |S(t ∧ ti+1)− S(t ∧ ti)|p

≤
∑

[ti,ti+1]∈πn

Mgϵ(S(t ∧ ti))|S(t ∧ ti+1)− S(t ∧ ti)|p.

For example M = Γ(p−m+1)||f ||Cp

Γ(p+1)
. Here gϵ is a continuous function taking value 1

on [k− ϵ, k+ ϵ] for each k ∈ Γcf and value 0 outside of ∪k∈Γc
f
[k− 2ϵ, k+ 2ϵ] with
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||gϵ||∞ ≤ 1. When ϵ is small enough, we may assume [k− 2ϵ, k + 2ϵ] are disjoint.
Then by definition of the p−th order variation, we see that

lim sup
n→∞

|Rn
ϵ | ≤

ˆ t

0

Mgϵ(S(r))d[S]
p(r).

Letting ϵ→ 0, we obtain from assumption 2.3.1 that

lim
ϵ→0

lim sup
n→∞

|Rn
ϵ | ≤

∑
k∈Γc

f

ˆ t

0

M1{S(r)=k}d[S]
p(r) = 0.

2. Outside Cn
ϵ : since S ∈ V p(π), there exists Nϵ ∈ N such that for all n > Nϵ, we

have for all [ti, ti+1] ∈ πn

|S(ti+1)− S(ti)| ≤
ϵ

2
.

Thus for [ti, ti+1] /∈ Cn
ϵ , we have (S(ti+1)− k)(S(ti)− k) > 0 for all k ∈ Γcf and

S(ti), S(ti+1) is away from Γcf with at least ϵ
2

distance, which means we have the
following estimate

|Cp

a+1
f(b1)− Cp

a+2
f(b2)| ≤ ωϵ(

√
(a1 − a2)2 + (b1 − b2)2) (2.3.2)

for some modulus of continuity ωϵ, a1, a2, b1, b2 ∈ [S(ti), S(ti+1)] or [S(ti+1), S(ti)]

and a1 ≤ b1, a2 ≤ b2 by assumption 2.3.2 and 2.3.3.

3. We now consider the set Cn
1,ϵ. Let α = p−m and denote

Rn
1,ϵ :=

∑
[ti,ti+1]∈Cn

1,ϵ

1

Γ(m)

ˆ S(t∧ti+1)

S(t∧ti)
(f (m)(r)−f (m)(S(t∧ti)))(S(t∧ti+1)−r)m−1dr.

We have by proposition 2.2.10,

Rn
1,ϵ

=
∑

[ti,ti+1]∈Cn
1,ϵ

1

Γ(m)

ˆ S(t∧ti+1)

S(t∧ti)
(S(t ∧ ti+1)− r)m−1 1

Γ(α)

ˆ r

St∧ti

Cp
S(t∧ti)+f(s)

(r − s)1−α
dsdr

=
∑

[ti,ti+1]∈Cn
1,ϵ

1

Γ(m)Γ(α)

ˆ S(t∧ti+1)

S(t∧ti)

ˆ St∧ti+1

s

(S(t ∧ ti+1)− r)m−1
Cp
S(t∧ti)+f(s)

(r − s)1−α
drds

=
∑

[ti,ti+1]∈Cn
1,ϵ

1

Γ(p)

ˆ S(t∧ti+1)

S(t∧ti)
(S(t ∧ ti+1)− s)p−1Cp

S(t∧ti)+f(s)ds.
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As S(ti) ∈ Γf by Lemma 2.3.1 we have f (p+)(S(ti)) = Cp
S(ti)+

f(S(ti)) = 0. Then
by nequality (2.3.2) we have∣∣∣∣∣

ˆ S(t∧ti+1)

S(t∧ti)
(S(t ∧ ti+1)− s)p−1Cp

S(t∧ti)+f(s)ds

∣∣∣∣∣
≤

ˆ S(t∧ti+1)

S(t∧ti)
(S(t ∧ ti+1)− s)p−1ωϵ(s− S(t ∧ ti))ds

≤ 1

p
ωϵ(S(ti+1)− S(ti))|S(ti+1)− S(ti)|p.

Thus we obtain

|Rn
1,ϵ| ≤

∑
[ti,ti+1]∈πn

ωϵ(S(ti+1)− S(ti))

Γ(p+ 1)
|S(ti+1)− S(ti)|p.

Since osc(S, πn) → 0 as n→ ∞, we have limn→∞ |Rn
1,ϵ| = 0.

4. On the set Cn
2,ϵ. Denote

Rn
2,ϵ =

∑
[ti,ti+1]∈Cn

2,ϵ

1

Γ(m)

ˆ S(t∧ti+1)

S(t∧ti)
(f (m)(r)−f (m)(S(t∧ti)))(S(t∧ti+1)−r)m−1dr.

By proposition 2.2.10, Rn
2,ϵ can be expressed as

∑
[ti,ti+1]∈C2,ϵ

1

Γ(m)Γ(α)

ˆ S(t∧ti)

S(t∧ti+1)

ˆ s

S(t∧ti+1)

(S(t ∧ ti+1)− r)m−1 · Cp
r+f(s)

(S(t ∧ ti)− s)1−α
drds.

Again by the inequality (2.3.2), we will have

|Cp
r+f(s)| ≤ ωϵ(

√
(r − S(t ∧ ti+1))2 + (s− S(t ∧ ti+1))2)

≤ ωϵ(
√
2|S(t ∧ ti+1)− S(t ∧ ti)|).

Hence, we can obtain the estimate∣∣∣∣ˆ St∧ti

S(t∧ti+1)

ˆ s

S(t∧ti+1)

(S(t ∧ ti+1)− r)m−1 Cp
r+f(s)

(S(t ∧ ti)− s)1−α
drds

∣∣∣∣
≤

ˆ St∧ti

S(t∧ti+1)

ˆ s

S(t∧ti+1)

(S(t ∧ ti+1)− r)m−1ωϵ(
√
2|S(t ∧ ti+1)− S(t ∧ ti)|)
(S(t ∧ ti)− s)1−α

drds

≤ 1

mα
ωϵ(

√
2|S(t ∧ ti+1)− S(t ∧ ti)|)|S(ti+1)− S(ti)|p.

Thus we obtain that limn→∞ |Rn
2,ϵ| = 0.
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Thus, we have Rn = Rn
ϵ +Rn

1,ϵ +Rn
2,ϵ and

lim
n→∞

|Rn| ≤ lim
ϵ→0

lim sup
n→∞

|Rn
ϵ |+ |Rn

1,ϵ|+ |R2,ϵn | = 0.

Hence we see limn→∞ Ln exists and we denote it as
´ t
0
(f(S(u)))dS(u), which gives the

result.

Remark 2.3.4. We can not expect the Itô formula in the fractional case to have the
same form as in the integer case, i.e. there might be no Itô term in the fractional
case even if Assumption 2.3.1 does not hold. For Example 2.3.2, we can show that for
2 < p < 3 and f(x) = |x|p, the Itô term still vanishes even though we haveˆ 1

0

f (p+)(S(t))d[S]p(t) =
1

Γ(p+ 1)

ˆ 1

0

1{S(t)=0}dc(t) =
c(1)− c(0)

Γ(p+ 1)
=

1

Γ(p+ 1)
,

since {S(t) = 0} = C is the support of the function c. In this case, we will show that

0 = f(S(1))− f(S(0)) =

ˆ 1

0

f ′(S(u))dS(u).

In fact, we will need to calculate

lim
n→∞

∑
[ti,ti+1]∈πn

f ′(S(ti))(S(ti+1)− S(ti)) +
1

2
f ′′(S(ti))(S(ti+1)− S(ti))

2,

which is in fact the ’rough integral’ of f ′ along the reduced order-p Itô rough path
associated with S [24]. Splitting the terms across each I ij we have

kn−1∑
k=0

p(S(ti,kj,n))
p−1 1

kn
2−

i
p −

2kn−1∑
k=kn

p(S(ti,kj,n))
p−1 1

kn
2−

i
p

= −p(S(ti,knj,n ))p−1 1

kn
2−

i
p = −p · (2−

i
p )p−1 · 2

− i
p

kn
.

Thus ∑
[ti,ti+1]∈πn

f ′(S(ti))(S(ti+1)− S(ti)) =
n∑
i=1

2i−1∑
j=1

−p · 2
−i

kn
= − np

2kn
.

Now we consider the term involving the second derivative. On I ij, we have∑
[ti,kj,n,t

i,k+1
j,n ]∈πi

j,n

1

2
f ′′(S(ti,kj,n))(S(t

i,k+1
j,n )− S(ti,kj,n))

2

=
∑

[ti,kj,n,t
i,k+1
j,n ]∈πi

j,n

p(p− 1)

2
(S(ti,kj,n))

p−22
− 2i

p

k2n

=
1

2

(
kn−1∑
k=0

p(p− 1)kp−22
−i

kpn
+

kn∑
k=1

p(p− 1)kp−22
−i

kpn

)
.
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Summing the second order terms over πn we obtain:

np(p− 1)

4

2
∑kn

k=1 k
p−2 − kp−2

n

kpn
.

Adding together the first order term − np
2kn

, we need to calculate

lim
n→∞

np

4

(
(p− 1)

2
∑kn

k=1 k
p−2 − kp−2

n

kpn
− 2

kn

)
.

We thus observe that

lim
n→∞

np

4
(p− 1)

1

k2n
= lim

n→∞

np

4
(p− 1)

1

n
2

p−1

.

Since 2
p−1

> 1 this implies

lim
n→∞

np

4
(p− 1)

1

k2n
= 0.

Hence it remains to consider

lim
n→∞

np

2

(
(p− 1)

∑kn
k=1 k

p−2

kpn
− 1

kn

)
.

Using the inequality

kp−1
n

p− 1
=

ˆ kn

0

xp−2dx ≤
kn∑
k=1

kp−2 ≤
ˆ kn+1

1

xp−2dx =
(kn + 1)p−1 − 1

p− 1
,

we obtain

lim
n→∞

np

2

(
(p− 1)

∑kn
k=1 k

p−2

kpn
− 1

kn

)
≥ lim

n→∞

np

2

(
(p− 1)

kp−1
n

(p− 1)kpn
− 1

kn

)
= 0,

and also

lim
n→∞

np

2

(
(p− 1)

∑kn
k=1 k

p−2

kpn
− 1

kn

)
≤ lim

n→∞

np

2

(
(kn + 1)p−1 − 1− kp−1

n

kpn

)
. (2.3.3)

Notice that limn→∞ nk1−pn = 1 and kn → ∞, we see the right hand side of the inequality
(2.3.3) equals to

lim
kn→∞

p
kp−1
n

2

(
(kn + 1)p−1 − 1− kp−1

n

kpn

)
=
p

2
lim
x→∞

(x+ 1)p−1 − 1− xp−1

x
.

By l’Hopital’s rule, above limit equals to

lim
x→∞

p(p− 1)

2
((x+ 1)p−2 − xp−2)

=
p(p− 1)

2
lim
x→∞

xp−2

((
1 +

1

x

)p−2

− 1

)
=
p(p− 1)

2
lim
x→∞

xp−2p− 2

x
= 0
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since p− 2 < 1. Thus in this case we see the remainder term is zero, which is different
from the integer case. Hence we see that the pathwise change of variable formula
in Theorem 2.3.3 may hold even if Assumption 2.3.1 does not hold.

We now give an example of path with the same p−th variation as above but leading
to a non-zero remainder term in the change of variable formula.

Example 2.3.5. Define the intervals I ij as in (2.3.1). Then we define S|Iij by induction
on i. Let g(t) = 2min{t, 1 − t} on [0, 1] and 0 otherwise. For a < b, we define
g(t, [a, b]) = g

(
t−a
b−a

)
.

First for i = 1, we divide the interval I ij into ri smaller intervals I ij,k, k = 1, · · · , ri
such that |I ij,k| =

|Iij |
ri

and two of each are non-intersecting. On each interval I ij,k,
we define S(t) = 2−ig(t, I ij,k) for k = 1, · · · , ri, j = 1, · · · , 2i−1. In other words, S is
defined as the limit

S(t) =
∞∑
i=1

2i−1∑
j=1

ri∑
k=1

2−ig(t, I ij,k).

Let πn = (τnl ) be the dyadic Lebesgue partition associated with S:

τn0 = 0, τnl+1 = inf{t > τnl , |S(t)− S(τnl )| > 2−n}.

Hence, we have the calculation

[S]p(1) = lim
n→∞

∑
πn

|S(τnl+1)− S(τnl )|p = lim
n→∞

n∑
i=1

2i−1∑
j=1

ri∑
k=1

2× 2−np × 2n−i

= lim
n→∞

n∑
i=1

ri2
−np+n.

By choosing
ri = ⌊2(i−1)(p−1)(2p−1 − 1)⌋,

so that

1 = lim
n→∞

n∑
i=1

ri2
−np+n,

together with similar to what was discussed in the above remark, we have [S]p(t) =

c(t), the Cantor function. Let f(x) = |x|p, 2 < p < 5
2

and T = 1, we are going to
calculate the Itô remainder term for f(S(1))− f(S(0)). We calculate the limit

lim
n→∞

∑
[ti,ti+1]∈πn

p(S(ti))
p−1(S(ti+1)− S(ti)) +

p(p− 1)

2
(S(ti))

p−2(S(ti+1)− S(ti))
2

= lim
n→∞

n∑
i=1

2i−1∑
j=1

ri

(
−p2−n(2−i)p−1 +

p(p− 1)

2
2−2ncin

)
,
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where

cin = 2
2n−i−1∑
k=1

2−n(p−2)kp−2 + 2−n(p−2)(2n−i)p−2.

We see directly

cin < 21−n(p−2)

ˆ 2n−i

0

xp−2dx+ 2−n(p−2)(2n−i)p−2.

Thus,
p(p− 1)

2
2−2ncin < p2−n−ip+i +

p(p− 1)

2
2−np+(n−i)(p−2).

This leads to
n∑
i=1

2i−1∑
j=1

ri

(
−p2−n(2−i)p−1 +

p(p− 1)

2
2−2ncin

)

<
n−1∑
i=1

2i−1ri

(
p(p− 1)

2
2−2n−ip+2i

)
+ 2n−1rn

(
−p2−np + p(p− 1)

2
2−np

)

<
n−1∑
i=1

2−p(2p−1 − 1)

(
p(p− 1)

2
2−2n+2i

)
+ 2−p(2p−1 − 1)

(
−p+ p(p− 1)

2

)
= p2−p(2p−1 − 1)

(
p− 1

2

1− (1
4
)n−1

3
+−1 +

p− 1

2

)
.

Let n→ ∞, we have

lim
n→∞

n∑
i=1

2i−1∑
j=1

ri

(
−p2−n(2−i)p−1 +

p(p− 1)

2
2−2ncin

)
≤ p2−p(2p−1−1)

(
2(p− 1)

3
− 1

)
.

So if 2 < p < 5
2
, then 2(p−1)

3
− 1 < 0 and

ˆ 1

0

f ′(S(t))dS(t) < 0.

The equality f(S(1)) − f(S(0)) = 0 shows there should be a non-zero remainder.
However, in this case, we still have

ˆ 1

0

1{S(t)=0}d[S]
p
π(t) = 1.

So Assumption 2.3.1 is not satisfied.

In fact, we can provide a formula for the Itô remainder term for this path and
function f = |x|p. Take T = 1, m = ⌊p⌋ and α = p−m. Let

Gp
f (a, b) =

1

(m− 1)!|b− a|p

ˆ b

a

(f (m)(x)− f (m)(a))(b− x)m−1dx

24



for a ̸= b and take the limit value whenever it exists for a = b. For the function
f(x) = |x|p, we can see Gp

f is defined on R2/{(0, 0)} and for k > 0,

Gp
f (ka, kb) = Gp

f (a, b),

which suggests to consider Gp
f as a function on the unit circle S1. We define the

projection map P : R2/{(0, 0)} → S1 by p(x) = x
||x|| and define a sequences of measures

by

ν̃n :=
1

Nn

Nn−1∑
i=0

δP (S(ti),S(ti+1)),

where Nn is the number of intervals in the partition πn. Furthermore, we define

Ĝp
f (θ) = Gp

f (cos(θ), sin(θ))

for θ ∈ [0, 2π). Since the distance between two successive points in partition πn is
2−n, the remainder term

∑
[ti,ti+1]∈πn G

p
f(Sti+1

, Sti)|S(ti+1)− S(ti)|p for the partition
πn can be rewritten as

Nn · 2−np
ˆ
Ĝp
f (x)ν̃n(dx)

and we have Nn =
∑n

i=1

∑2i−1

j=1

∑ri
k=1 2

n−i+1 = 2n
∑n

i=1 ri. Hence the remainder term
is

2n−np
n∑
i=1

ri

ˆ
Ĝp
f (x)ν̃n(dx).

We have limn→∞ 2n−np
∑n

i=1 ri = 1. It is easy to see that if we have the weak
convergence of ν̃n, we can obtain the limit expression.

Let us now compute the limit of the sequence ν̃n. Since S(ti) = k2−n for some
positive number k and ti ∈ πn, the result tan (P (S(ti), S(ti+1))) will equal to either
k+1
k

, which means the limit ν̃ will be supported on these points. And

ν̃

(
arctan

(
k + 1

k

))
= lim

n→∞
ν̃n

(
arctan

(
k + 1

k

))
=

1

2⌈log2(k+1)⌉p
2p−1 − 1

2p − 1
.

By symmetry, we have

ν̃

(
arctan

(
k

k + 1

))
= ν̃

(
arctan

(
k + 1

k

))
=

1

2⌈log2(k+1)⌉p
2p−1 − 1

2p − 1
.

Hence we have a change variable formula for the path S defined in Example 2.3.5 and
f(x) = |x|p:

f(S(1))− f(S(0)) =

ˆ 1

0

f ′(S(u))dS(u) +

ˆ
S1

Ĝp
f (x)ν̃(dx). (2.3.4)
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The above calculations show that the remainder term may be non-
standard when assumption 2.3.1 is not satisfied.

We can give in fact a general method for calculating the remainder term for paths
satisfying certain assumptions.

For a function f and p = m + α, where m = ⌊p⌋, we consider the map Gp
f :

{(x, y) ∈ R2, x ̸= y} 7→ R defined by

Gp
f (a, b) =

1

(m− 1)!|b− a|p

ˆ b

a

(f (m)(x)− f (m)(a))(b− x)m−1dx. (2.3.5)

If f (m) is continuous, it is easy to see Gp
f is a continuous function on {(x, y) ∈ R2, x ̸=

y}.
In order to compute the remainder term in the fractional Itô formula, we ’stratify’

the increments across the partition by the values of Gp
f , to build an auxiliary quotient

space X which is required to have certain properties:

Assumption 2.3.4 (Auxiliary quotient space). There exists a space X and a map

P p
f : {(x, y) ∈ R2, x ̸= y} → X

such that

(i) For all x ∈ X, the map Gp
f defined by (2.3.5) is constant on (P p

f )
−1(x);

(ii) The sequence of measures on [0, T ]×X defined by

νn(dt, dx) :=
∑

[ti,ti+1]∈πn

|S(ti+1)− S(ti)|pδti(t)δP p
f (S(ti),S(ti+1))(x)

converges weakly to a measure ν on [0, T ]×X.

Remark 2.3.6. The measure ν̃ in Example 2.3.5 is actually the measure ν([0, 1], dx)
on X defined in Assumption 2.3.4. In fact, we have

ν̃n(dx) =
1

[S]pn(1)
νn([0, 1], dx).

were [S]pn(1) =
∑

[ti,ti+1]∈πn,ti≤1 |S(ti+1) − S(ti)|p. Letting n → ∞, weak convergence
implies

ν̃(dx) =
1

[S]p(1)
ν([0, 1], dx) = ν([0, 1], dx).

Hence Assumption 2.3.4 is a reasonable condition which covers Example 2.3.5.
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Furthermore, as S ∈ Vp(π) is equivalent to the weak convergence of

νn(dt,X) =
∑

[ti,ti+1]∈πn

|S(ti+1)− S(ti)|pδti(t),

Assumption 2.3.4 is in fact stronger than the existence of p−th variation along the
sequence {πn}.

One can always choose X = R but this choice may not be the most tractable for
the calculation of the remainder term.

Theorem 2.3.7. Let S ∈ Vp(π) such that there exists (X,P p
f ) satisfying Assumption

2.3.4. Then exists a unique map Ĝp
f : X → R such that Ĝp

f ◦ P
p
f = Gp

f and

f(S(t))− f(S(0)) =

ˆ t

0

f ′(S(u))dS(u) +

ˆ t

0

ˆ
X

Ĝp
f (x)ν(ds, dx),

where
´ t
0
f ′(S(u))dS(u) is defined as in theorem 2.3.3.

Proof. The existence of Ĝp
f is given by universality of the quotient map construction.

Using a Taylor expansion, we have actually

f(S(t))− f(S(0)) =
∑

[ti,ti+1]∈πn,ti≤t

m∑
j=1

f (j)(S(t ∧ ti))
j!

(S(t ∧ ti+1)− S(t ∧ ti))j

+
∑

[ti,ti+1]∈πn,ti≤t

Gp
f (S(t ∧ ti), S(t ∧ ti+1))|S(t ∧ ti+1)− S(t ∧ ti)|p

By definition of νn, we have

f(S(t))− f(S(0)) =
∑

[ti,ti+1]∈πn,ti≤t

m∑
j=1

f (j)(S(t ∧ ti))
j!

(S(t ∧ ti+1)− S(t ∧ ti))j

+

ˆ t

0

ˆ
X

Ĝp
f (x)ν̃n(dsdx).

Using the weak convergence of νn in the Assumption 2.3.4, yields the desired result.

We can see from Theorem 2.3.7 that when the Itô remainder term is non-zero, the
formula is not in the classical form. Hence we will need more information to describe
the Itô remainder term in the fractional case.

Let us go back to zero remainder term case. Consider the set (Ep)′ of all functions
satisfying Assumptions 2.3.2 and 2.3.3. Then (Ep)′ is a subset of Cp(R). Let Ep be
the closure of (Ep)′ in Cp(R) equipped with the semi-norms

sup
x∈K

{f (k)(x) : k = 0, · · · ,m}+ sup
x,y∈K

{
|f (m)(y)− f (m)(x)|

|y − x|α

}
,

where p = m+ α with m < p < m+ 1. Then we have the following theorem
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Theorem 2.3.8. Let S ∈ Vp(π) satisfying Assumption 2.3.1 and f ∈ Ep. Then for
any t ∈ [0, T ]

f(S(t)) = f(S(0)) +

ˆ
f ′(S(u))dS(u),

where the integral is a limit of compensated Riemann sums of order m = ⌊p⌋:
ˆ
f ′(S(u))dS(u) = lim

n→∞

∑
ti∈πn

m∑
j=1

f (j)(S(t ∧ ti))
j!

(S(t ∧ tj+1)− S(t ∧ tj))j.

Proof. We prove the result for t = T for convenience. The case t ̸= T can be obtained
by changing all ti to t ∧ ti. Suppose fk ∈ (Ep)′ and fk → f in Cp. We have

f(S(T ))−f(S(0)) = Ln+
∑
ti∈πn

1

Γ(m)

ˆ S(ti+1)

S(ti)

(f (m)(r)−f (m)(S(ti)))(S(ti+1)−r)m−1dr.

Let K be a compact set containing the path of S([0, T ]). Since fk → f in Cp, we have
for every ϵ > 0, there exists N > 0 and for all k > N ,

sup
x,y∈K

|(f (m) − f
(m)
k )(y)− (f (m) − f

(m)
k )(x)|

|y − x|α
≤ ϵ.

Hence∣∣∣∣∣∣
∑

[ti,ti+1]∈πn

1

Γ(m)

ˆ S(ti+1)

S(ti)

((f (m) − f
(m)
k )(r)− (f (m) − f

(m)
k )(S(ti)))(S(ti+1)− r)m−1dr

∣∣∣∣∣∣
≤ ϵ

∑
[ti,ti+1]∈πn

1

Γ(m)

ˆ S(ti+1)

S(ti)

|r − S(ti)|α|S(ti+1)− r|m−1dr

≤ ϵ
∑

[ti,ti+1]∈πn

1

m!
|S(ti+1)− S(ti)|p.

Hence we have

lim sup
n→∞

∣∣∣∣∣∣
∑

[ti,ti+1]∈πn

1

Γ(m)

ˆ S(ti+1)

S(ti)

(f (m)(r)− f (m)(S(ti)))(S(ti+1)− r)m−1dr

∣∣∣∣∣∣
≤ lim sup

n→∞

∣∣∣∣∣∣
∑

[ti,ti+1]∈πn

1

Γ(m)

ˆ S(ti+1)

S(ti)

(f
(m)
k (r)− f

(m)
k (S(ti)))(S(ti+1)− r)m−1dr

∣∣∣∣∣∣
+
ϵ

m!
[S]p(t)

for all k > N . Since fk ∈ E, we then have

lim sup
n→∞

∣∣∣∣∣∣
∑

[ti,ti+1]∈πn

1

Γ(m)

ˆ S(ti+1)

S(ti)

(f (m)(r)− f (m)(S(ti)))(S(ti+1)− r)m−1dr

∣∣∣∣∣∣
≤ ϵ

m!
[S]p(t).
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Finally letting ϵ tend to 0, we have

lim
n→∞

∣∣∣∣∣∣
∑

[ti,ti+1]∈πn

1

Γ(m)

ˆ S(ti+1)

S(ti)

(f (m)(r)− f (m)(S(ti)))(S(ti+1)− r)m−1dr

∣∣∣∣∣∣ = 0.

Hence Ln converges when n tends to infinity and we have the desired result.

Remark 2.3.9. It can be seen in the proof of the theorem 2.3.3 that we only need
ˆ T

0

1{S(t)=k}d[S]
p
π(t) = 0 (2.3.6)

for k ∈ Γcf . Denote Pf the set of paths satisfying (2.3.6) on Γcf .
Given a continuous path S ∈ Vp(π), by Fubini’s theorem, we actually have

ˆ
R

ˆ T

0

1{S(t)=k}d[S]
p
π(t)dk = 0,

which means (2.3.6) is satisfied by almost all k ∈ R. Hence we can consider the set
(Ep

S)
′ of all functions f such that Γf contains all points that do not satisfy condition

(2.3.6). We can then construct the closure Ep
S for a given path S.

Example 2.3.10 (Examples of functions belonging to Ep.).

1. All functions f ∈ Cm+1(R).

2. The function f(x) = |x − k|p for some k ∈ R. It can be seen in the example
2.2.12 that Cp

a+f(x) is continuous on {(ā, x̄) ∈ U × U : ā ≤ x̄} for any compact
set U contained in (k,∞) or (−∞, k), which means Γf = R \ {k} and hence is
a function in E ′

p ⊂ Ep.

3. The linear combinations of |x− k|p. For example f(x) =
∑∞

n=1
1
n2 |x− xn|p with

{xn} an ordered set of rationals in [0, 1].

Remark 2.3.11. Smooth functions belong to Ep. Denote by Cp+(R) ⊂ Ep the
completion of the smooth function under Hölder norm i.e. the set of functions f ∈ Cp

such that on every compact set K:

lim
δ→0

sup
x,y∈K
|x−y|≤δ

{
|f (m)(x)− f (m)(y)|

|x− y|α

}
= 0.

Then for any q /∈ N > p, we have Eq ⊂ Cq ⊂ Cp+ ⊂ ES for any path S ∈ Vp(π) ∩
C([0, T ],R).
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Example 2.3.12 (Example for Pf with f(x) = |x|p). Let BH be a fractional Brownian
motion with Hurst index H on some probability space (Ω,F,P). Let p = 1/H. Then

E
[ˆ T

0

1{BH(t)=0}dt

]
= 0 so P(BH ∈ P p

f ) = 1.

Remark 2.3.13 (Time-dependent case). Along the lines of the proofs of Theorems
2.3.3 and 2.3.8, we can generalize these formulas to the time-dependent case with a
modified definition of the set Γf . For f ∈ C1,p([0, T ]× R), define the open set

Γf = { (t, x) ∈ [0, T ]× R : ∃ open set U ∋ (t, x)

such that Cp
a+f(s, b) is continuous on U×̃U}

where U×̃U = {(s, a, b) : (s, a), (s, b) ∈ U, a ≤ b}. Then under the assumption
ˆ T

0

1{(t,S(t))/∈Γf}d[S]
p
π(t) = 0,

we have the change of variable formula

f(t, S(t))− f(0, S(0)) =

ˆ t

0

∂tf(u, S(u))du+

ˆ t

0

Dxf(u, S(u))dS(u),

where m = ⌊p⌋ and

ˆ t

0

Dxf(u, S(u))dS(u) = lim
n→∞

∑
ti∈πn

m∑
j=1

f (j)(t ∧ ti, S(t ∧ ti))
j!

(S(t ∧ ti+1)− S(t ∧ ti))j.

Remark 2.3.14. Our argument also applies to the integer case. For example, when
p = 2, we have m = ⌊p⌋ = 2. For any function f ∈ C2, Γf = R. Hence we have

ˆ T

0

1{S(t)∈Γc
f}d[S]

p
π = 0.

Thus we have the result

f(S(t))− f(S(0)) =

ˆ t

0

f ′(S(u))dS(u),

where ˆ t

0

f ′(S(u))dS(u) := lim
n→∞

∑
[ti,ti+1]∈πn

f ′(S(ti))(S(ti+1)− S(ti))

+
1

2
f ′′(S(ti))(S(ti+1)− S(ti))

2.
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However, by changing the definition of
´ t
0
f ′(S(u))dS(u) to

lim
n→∞

∑
[ti,ti+1]∈πn

f ′(S(ti))(S(ti+1)− S(ti)),

we recover the result in [38]. Similarly, for even integers p, a slight change of
definition of

´ t
0
f ′(S(u))dS(u) recovers the result in [24]. Additionally, we can also

explore the odd integer case using a similar argument. A similar change of definition
of

´ t
0
f ′(S(u))dS(u) gives the remainder term

lim
n→∞

∑
[ti,ti+1]∈πn

1

p!
f (p)(S(ti))(S(ti+1)− S(ti))

p.

The condition S ∈ Vp(π) means that this expression converges absolutely. However, as
indicated in the appendix in [24], the limit would be typically zero.

2.3.2 Extension to path-dependent functionals and ϕ-variation

The above results may be extended to path functionals using the Dupire derivative
[30] and the associated non-anticipative functional calculus [21, 17, 19, 22]. We recall
here some concepts from the non-anticipative functional calculus [17, 22, 19].

Denote by St(s) = S(s∧ t) the path stopped at t We consider the space D([0, T ],R)
of càdlàg paths from [0, T ] to R. Let

ΛT = {(t, ωt) : (t, ω) ∈ [0, T ]×D([0, T ],R)}

be the space of stopped paths. This is a complete metric space equipped with

d∞((t, ω), (t′, ω′)) := sup
s∈[0,T ]

|ω(s ∧ t)− ω′(s ∧ t′)|+ |t− t′|.

We will also need to stop paths ’right before’ a given time, and set for t > 0

ωt−(s) :=

{
ω(s), s < t,

limr↑t ω(r), s ≥ t,

while ω0− = ω0.

Definition 2.3.15. A non-anticipative functional is a map F : ΛT → R. Let F be a
non-anticipative functional.

• We write F ∈ C0,0
l if for all t ∈ [0, T ] the map F (t, ·) : D([0, T ],R) → R

is continuous and if for all (t, ω) ∈ ΛT and all ϵ > 0, there exists δ > 0

such that for all (t′, ω′) ∈ ΛT with t′ < t and d∞((t, ω), (t′, ω′)) < δ, we have
|F (t, ω)− F (t′, ω′)| < ϵ.

31



• We write F ∈ B(ΛT ) if for every t0 ∈ [0, T ) and every K > 0 there exists CK,t0 >
0 such that for all t ∈ [0, t0] and all ω ∈ D([0, T ],R) with sups∈[0,t] |ω(s)| ≤ K,
we have |F (t, ω)| ≤ CK,t0.

• F is horizontally differentiable at (t, ω) ∈ ΛT if its horizontal derivative

DF (t, ω) := lim
h↓0

F (t+ h, ωt)− F (t, ωt)

h

exists. If it exists for all (t, ω) ∈ ΛT , then DF is a non-anticipative functional.

• F is vertically differentiable at (t, ω) ∈ ΛT if its vertical derivative

∇ωF (t, ω) := lim
h→0

F (t, ωt + h1[t,T ])− F (t, ωt)

h

exists. If it exists for all (t, ω) ∈ ΛT , then ∇ωF is a non-anticipative functional.
In particular, we define recursively ∇k+1

ω F := ∇∇k
ωF whenever this is well

defined.

• For p ∈ N0, we say that F ∈ C1,p
b (ΛT ) if F is horizontally differentiable and

p times vertically differentiable in every (t, ω) ∈ ΛT , and if F,DF,∇k
ωF ∈

C0,0
l (ΛT ) ∩ B(ΛT ) for k = 1, · · · , p.

There is no straightforward extension of fractional Caputo derivative for non-
anticipative functionals. We choose an alternative approach to obtain an extension of
our change of variable formulas to the path-dependent case.

Definition 2.3.16 (Vertical Hölder continuity). Let 0 < α < 1.

• F is vertically α−Hölder continuous on E ⊂ ΛT if

L := lim
ϵ→0

sup
(t,ω)∈E

sup
|h|≤ϵ

|F (t, ωt + h1[t,T ])− F (t, ωt)|
|h|α

<∞.

We call L the vertical Hölder coefficient of F over E and we denote F ∈ C0,α(E).

• Let En = {(t, ω) ∈ Λ : d((t, ω), (0, 0)) < n}. F is locally vertically α−Hölder
continuous on E ⊂ ΛT if F is vertically α−Hölder continuous on En for each n.
We denote F ∈ C0,α

loc (E).

• For m < p < m + 1, we say F ∈ C0,p
loc if ∇m

ω F ∈ C0,p−m
loc . For E ⊂ ΛT , we say

F ∈ C0,p(E) if ∇m
ω F ∈ C0,p−m(E).
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We now give assumptions on the functional F ∈ C1,m
b ∩C0,p

loc , where m = ⌊p⌋. Given
a path S ∈ Vp(π), we make the following assumptions:

Assumption 2.3.5. There exists a sequence of continuous functions gk ∈ C(ΛT ,R)
with support Ek := supp(gk) such that

1. Ek+1 ⊂ Ek, gk|Ek+1
= 1, gk ≤ 1 and F ∈ C0,p

loc(ΛT \ Ek) for each k with vertical
Hölder coefficient L = 0.

2. There exists a bounded function g on ΛT such that gk → g pointwise and
ˆ T

0

g((t, St))d[S]
p
t = 0.

Define the piecewise-constant approximation Sn to S along the partition πn:

Sn(t) :=
∑

[ti,ti+1]∈πn

S(tj+1)1[tj ,tj+1)(t) + S(T )1{T}(t).

Then limn→∞ ||Sn − S||∞ = 0 whenever osc(S, πn) → 0.

Theorem 2.3.17. Let p /∈ N, m = ⌊p⌋ and S ∈ Vp(π). If F ∈ C1,m
b ∩ C0,p

loc satisfies
Assumption 2.3.5 then the limit
ˆ T

0

∇ωF (t, St−)d
πS(t) := lim

n→∞

∑
[tj ,tj+1]πn

m∑
k=1

1

k!
∇k
ωF (tj, S

n
tj−)(S(tj+1 ∧ t)− S(tj ∧ t))k

exists and we have

F (t, St) = F (0, S0) +

ˆ t

0

DF (s, Ss)ds+

ˆ t

0

∇ωF (s, Ss)dS(s).

Proof. We write

F (t, Snt )− F (0, Sn0 ) =
∑

[tj ,tj+1]∈πn

(F (tj+1 ∧ t, Sntj+1∧t−)− F (tj ∧ t, Sntj∧t−))

+F (t, Snt )− F (t, Snt−)

=
∑

[tj ,tj+1]∈πn

(F (tj+1 ∧ t, Sntj+1∧t−)− F (tj ∧ t, Sntj∧t−)) + o(1).

We only need to consider j with tj+1 ≤ t since the remainder is o(1) as n→ ∞ by left
continuity of F . We split the difference into two parts:

F (tj+1, S
n
tj+1−)−F (tj, S

n
tj−) = (F (tj+1, S

n
tj+1−)−F (tj, S

n
tj
))+(F (tj, S

n
tj
)−F (tj, Sntj−)).
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Now since Sntj = Sntj+1− on [0, tj+1], we have

F (tj+1, S
n
tj+1−)− F (tj, S

n
tj
) =

ˆ tj+1

tj

DF (u, Sntj)du =

ˆ tj+1

tj

DF (u, Sn)du,

since DF is non-anticipative functional. Hence we have

lim
n→∞

∑
[tj ,tj+1]∈πn

(F (tj+1, S
n
tj+1−)− F (tj, S

n
tj
)) =

ˆ t

0

DF (u, Su)du

by continuity. It remains to consider the term

F (tj, S
n
tj
)− F (tj, S

n
tj−) = F (tj, S

n,Stj ,tj+1

tj− )− F (tj, S
n
tj−),

where Stj ,tj+1
= S(tj+1)−S(tj) and Sn,xtj−(s) := Sntj−(s)+1[tj ,T ](s)x. Now from Taylor’s

formula and definition of vertical derivative, we obtain

F (tj, S
n,Stj ,tj+1

tj− )

= F (tj, S
n
tj−) +

m∑
k=1

∇k
ωF (tj, S

n
tj−)

k!
(S(tj+1)− S(tj))

k

+
1

(m− 1)!

ˆ Stj ,tj+1

0

(∇m
ω F (tj, S

n,u
tj−)−∇m

ω F (tj, S
n
tj−))(Stj ,tj+1

− u)m−1du.

From the definition of C0,p, we see that there exists M > 0 such that

|∇m
ω F (tj, S

n,u
tj−)−∇m

ω F (tj, S
n
tj−)| ≤M |u|p−m,

for each tj when n is large enough. This shows that∣∣∣∣ 1

(m− 1)!

ˆ Stj ,tj+1

0

(∇m
ω F (tj, S

n,u
tj−)−∇m

ω F (tj, S
n
tj−))(Stj ,tj+1

− u)m−1du

∣∣∣∣
≤ M̃ |S(tj+1)− S(tj)|p.

for some constant M̃ . Fix k ∈ N, we now divide the partitions into two parts. The first
part π1

n contains [tj, tj+1] such that (tj, S
n
tj−) ∈ Ek and the second part π2

n contains
[tj, tj+1] such that (tj, S

n
tj−) /∈ Ek. Then we have

∑
[tj ,tj+1]∈πn

∣∣∣∣ 1

(m− 1)!

ˆ Stj ,tj+1

0

(∇m
ω F (tj, S

n,u
tj−)−∇m

ω F (tj, S
n
tj−))(Stj ,tj+1

− u)m−1du

∣∣∣∣
≤

∑
[tj ,tj+1]∈π1

n

M̃ |S(tj+1)− S(tj)|p +
∑

[tj ,tj+1]∈π2
n

M̃L(Sntj−, osc(S, πn))|S(tj+1)− S(tj)|p,

where
K(ω, ϵ) := sup

|h|≤ϵ

|∇m
ω F (t, ωt + h1[t,T ])−∇m

ω F (t, ωt)|
|h|p−m

.
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From Assumption 2.3.5(1) we have limϵ→0 supω∈E\Ek
K(ω, ϵ) = 0 for each k with E a

bounded subset of ΛT containing all stopped paths alluded to in this proof. Hence

lim
n→∞

∑
[tj ,tj+1]∈π2

n

M̃ K(Sntj−, osc(S, πn))|S(tj+1)− S(tj)|p = 0.

As for the first part, we have

lim
n→∞

∑
[tj ,tj+1]∈π1

n

M̃ |S(tj+1)− S(tj)|p

≤ lim
n→∞

∑
[tj ,tj+1]∈πn

M̃gk((tj, S
n
tj−)|S(tj+1)− S(tj)|p

=

ˆ t

o

M̃gk((t, St))d[S]t,

by assumption 2.3.5. Letting k tend to infinity yields the result.

The notion of p-th order variation can be extended to the more general concept of
ϕ−variation [57] for more general functions ϕ : R 7→ R:

Definition 2.3.18 (ϕ-variation along a partition sequence). Let ϕ : R 7→ R be an
even function. A continuous path S ∈ C([0, T ],R) is said to have a ϕ−variation along
a sequence of partitions π = (πn)n≥1 if osc(S, πn) → 0 and the sequence of measures

µn :=
∑
ti∈πn

|ϕ(S(ti+1)− S(ti))|δ(· − ti)

converges weakly to a measure µ without atoms. In this case we write S ∈ Vϕ(π) and
[S]ϕ(t) = µ([0, t]) for t ∈ [0, T ], and we call [S]ϕ the ϕ−variation of S.

Remark 2.3.19. If we consider an expansion of f of the form

f(y) = f(x) +
m∑
k=1

f (k)

k!
(y − x)k + g(x)ϕ(y − x) + o(ϕ(y − x)).

then following the steps in the proof of Proposition 2.2.16, we can show that g = 0

almost everywhere. Hence a regular remainder should not appear in this case.

Under the following condition on the function f we can obtain an extension of
Theorem 2.3.17 to the case of paths with finite ϕ-variation.

Assumption 2.3.6. There exists a sequence of open sets Ui such that Ūi+1 ⊂ Ui

for i = 1, 2, · · · and limδ→0 sup|x−y|≤δ,x,y∈K
f (m)(y)−f (m)(x)

|ϕ(m)(y−x)| = 0 for all compact sets
K ∈ R \ Ui and, denoting C = ∩∞

i Ūi, we have
ˆ T

0

1{S(t)∈C}d[S]
ϕ
π(t) = 0.
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We state the following result without proof, the proof being similar to that of
Theorem 2.3.17:

Theorem 2.3.20. Let m ∈ N and ϕ ∈ Cm(R+,R+) such that

lim
x→0

ϕ(x)

xm
= 0, lim

x→0

ϕ(x)

xm+1
= ∞.

If f ∈ Cm(R) is such that Assumption 2.3.6 is satisfied, we have

f(S(t))− f(S(0)) =

ˆ t

0

f ′(S(u))dS(u),

where the integral is defined as a (pointwise) limit of compensated Riemann sums:

ˆ t

0

f ′(S(u))dS(u) = lim
n→∞

∑
[tj ,tj+1]∈πn

m∑
k=1

f (k)(S(tj))

k!
(S(tj+1 ∧ t)− S(tj ∧ t))k.

2.4 An isometry formula for the pathwise integral

Ananova and Cont [3] proved a pathwise analogue of the Itô isometry for the Föllmer
integral with respect to paths with finite quadratic variation. This relation was
extended to p ≥ 1 in [24]. In the same flavor we derive here an isometry relation
for the pathwise integral in terms of the ϕ−variation, where ϕ : R 7→ R is an even
function satisfying the following assumptions:

Assumption 2.4.1. 1. ϕ is strictly increasing, continuous and ϕ(0) = 0.

2. ϕ is convex on [0,∞) and u ∈ R 7→ log ϕ(exp(u) ) is convex.

3. For x > 0, the limit

φ(x) := lim
y→0

ϕ(xy)

ϕ(y)

exists and the convergence is uniform on bounded sets.

4. ∞ > p(ϕ) = sup
{
p : limx→0

ϕ(x)
|x|p = 0

}
> 0.

We first introduce a generalized version of Minkowski’s inequality here [75]:

Lemma 2.4.1. If ϕ satisfies first two conditions in Assumption 2.4.1, then for any
positive sequences {an} and {bn} we have

ϕ−1
(∑

ϕ(an + bn)
)
≤ ϕ−1

(∑
ϕ(an)

)
+ ϕ−1

(∑
ϕ(bn)

)
.
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Theorem 2.4.2. Let ϕ be an even function satisfying Assumption 2.4.1 and πn a
sequence of partitions of [0, T ] with vanishing mesh. Let S ∈ Vϕ(π) ∩ Cα([0, T ],R) for

some α >

√
1+ 4

p(ϕ)
−1

2
. Let F ∈ C1,2

b (ΛT ) be Lipschitz-continuous with respect to d∞

with ∇ωF ∈ C1,1
b (ΛT ). Then F (·, S) ∈ Vϕ(π) and

[F (·, S)]ϕπ(t) =
ˆ t

0

φ(|∇ωF (s, Ss)|)d[S]ϕπ(s).

Proof. We have the same

RF (s, t) := F (t, St)−F (s, St)−∇ωF (s, Ss)(S(t)−S(s)), |RF (s, t)| ≤ C|t−s|α+α2

Let γF (s, t) := ∇ωF (s, Ss)(S(t)− S(s)), we have from lemma 2.4.1 that

ϕ−1

 ∑
[tj ,tj+1]∈πn
tj+1≤t

ϕ(|F (tj+1, Stj+1
)− F (tj, Stj)|)



≤ϕ−1

 ∑
[tj ,tj+1]∈πn
tj+1≤t

ϕ(|RF (tj, tj+1)|)

+ ϕ−1

 ∑
[tj ,tj+1]∈πn
tj+1≤t

ϕ(|γF (tj, tj+1)|)



≤2ϕ−1

 ∑
[tj ,tj+1]∈πn
tj+1≤t

ϕ(|RF (tj, tj+1)|)



+ ϕ−1

 ∑
[tj ,tj+1]∈πn
tj+1≤t

ϕ(|F (tj+1, Stj+1
)− F (tj, Stj)|)



(2.4.1)

and since RF (s, t) ≤ C|t− s|α2+α, we have

ϕ−1

 ∑
[tj ,tj+1]∈πn
tj+1≤t

ϕ(|RF (tj, tj+1)|)

 ≤ ϕ−1

 ∑
[tj ,tj+1]∈πn
tj+1≤t

ϕ(C|tj+1 − tj|α+α
2

)

 .

Furthermore due to α >
√

1+ 4
p(ϕ)

−1

2
, we know α+ α2 > 1

p(ϕ)
. Hence there exists ϵ > 0

such that
ϕ(C|tj+1 − tj|α+α

2

) ≤ ϕ(C|tj+1 − tj|
1

p(ϕ)−ϵ ).

Then by the definition of p(ϕ), we see that

ϕ(C|tj+1 − tj|
1

p(ϕ)−ϵ ) ≤ ω(|tj+1 − tj|)Cp(ϕ)−ϵ/2|tj+1 − tj|
p(ϕ)−ϵ/2
p(ϕ)−ϵ ,
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where ω is continuous on R+ and ω(0) = 0. Combine all above, we get

lim
n→∞

ϕ−1

 ∑
[tj ,tj+1]∈πn
tj+1≤t

ϕ(|RF (tj, tj+1)|)

 = 0

and we also have

lim
n→∞

ϕ−1

 ∑
[tj ,tj+1]∈πn
tj+1≤t

ϕ(|γF (tj, tj+1)|)

 = ϕ−1

(ˆ t

0

φ(|∇ωF (s, Ss)|)d[S]ϕ(s)
)
.

In fact, since ∇ωF (t, St) ∈ B(ΛT ), there exist M > 0 such that |∇ωF (u, Su)| ≤ M .
For each ϵ > 0, there exists δ > 0 such that∣∣∣∣ϕ(xy)ϕ(y)

− φ(x)

∣∣∣∣ ≤ ϵ.

for all |x| ≤M, |y| ≤ δ. Then we have for n large enough(i.e. osc(S, πn) ≤ δ)∑
[tj ,tj+1]∈πn,tj+1≤t

ϕ(|∇ωF (tj, Stj)(S(tj+1)− S(tj))|)

≤
∑

[tj ,tj+1]∈πn,tj+1≤t

φ(|∇ωF (tj, Stj)|)ϕ(|S(tj+1)− S(tj)|) + ϵϕ(|S(tj+1)− S(tj)|).

Letting n tend to infinity and ϵ tend to 0, we obtain

lim
n→∞

∑
[tj ,tj+1]∈πn,tj+1≤t

ϕ(|∇ωF (tj, Stj)(S(tj+1)− S(tj))|) =
ˆ t

0

φ(|∇ωF (s, Ss)|)d[S]ϕ(s).

Then taking limit in (2.4.1), we obtain the result.

In particular, if we set ϕ(x) = |x|p for p > 0, we have φ(x) = limy→0
|xy|p
|y|p = |x|p.

Hence, we have the corollary

Corollary 2.4.3. Let p ∈ R+, and α > ((1 + 4
p
)
1
2 − 1)/2, πn be a sequence of

partitions with vanishing mesh, and S ∈ Vp(π) ∩ Cα([0, T ],R). If F ∈ C1,2
b (ΛT ) such

that ∇ωF ∈ C1,1
b (ΛT )) such that F is Lipschitz-continuous with respect to d∞, then

F (·, S) ∈ Vp(π) and

[F (·, S)]p(t) =
ˆ t

0

|∇ωF (s, Ss)|pd[S]p(s).
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Remark 2.4.4. Notice that there always exists α >

√
1+ 4

p(ϕ)
−1

2
such that Vϕ ∩

Cα([0, T ],R) is not empty.

Example 2.4.5. We can see ϕ(x) = x√
− log x

satisfies Assumption (2.4.1). In fact, it
is strictly increasing and continuous and ϕ(0) = 0. Furthermore,

ϕ′(x) =
1√

− log x
+

1

2(
√
− log x)3

> 0,

and
ϕ′′(x) =

1

2x(
√
− log x)3

+
3

4x(
√
− log x)5

> 0.

Hence ϕ is convex. And we have

log ϕ(x) = log x− log(− log x)

2
.

It is easy to check that x→ x− log(−x)
2

is convex. And

φ(x) = lim
y→0

ϕ(|x||y|)
ϕ(|y|)

= lim
y→0

|x|

√
− log y

− log x− log y
= |x|.

Hence we have

[F (·, S)]ϕ(t) =
ˆ t

0

|∇ωF (s, Ss)|d[S]ϕπ(s).

2.5 Multi-dimensional extensions

The extension of the above results to the multidimensional case is not entirely straight-
forward, as the space Vp(π) is not a vector space [84].

In the case of integer p, some definitions may be extended to the vector case by
considering symmetric tensor-valued measures as in [24] but this is not convenient for
the fractional case. Our definition below is equivalent to the definition in [24] when p
is an integer.

Definition 2.5.1. Let p ≥ 1 and S = (S1, · · · , Sd) ∈ C([0, T ],Rd) be a continuous
path. Let {πn} be a sequence of partition of [0, T ]. We say that S has a p−the
order variation along π = {πn} if osc(S, πn) → 0 and for any linear combination
Sa :=

∑d
i=1 aiS

i, we have Sa ∈ Vp(π). Furthermore, we denote µSa to be the weak
limit of measures

µnSa
:=

∑
[tj ,tj+1]∈πn

δ(· − tj)|Sa(tj+1)− Sa(tj)|p.

We denote S ∈ Vp(π) if S satisfies this property.
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Remark 2.5.2. It can be easily seen [29] that multi-dimensional fractional Brownian
motion satisfies this property along sequences of partitions with fine enough mesh.

Theorem 2.5.3. Let p = m+ α with m = ⌊p⌋ and S ∈ Vp(π). Assume f : Rd → R
satisfies

1. ∇mf(x) ∈ Cα
loc(Symm(Rd)) and there exists a sequence of open sets Uk such that

Ūk+1 ⊂ Uk and

lim
y→x

||∇mf(y)−∇mf(x)||
||y − x||α

= 0,

locally uniformly on U c
k.

2. Setting C = ∩kUk, for all a = (a1, · · · , ad) ∈ Rd we have
ˆ T

0

1{S(t)∈C}dµSa = 0,

where µSa is defined as in Definition 2.5.1.

Then we have

f(S(t))− f(S(0)) =

ˆ t

0

∇f(S(u))dS(u),

where
ˆ t

0

∇f(S(u))dS(u) := lim
n→∞

∑
[tj ,tj+1]∈πn

m∑
k=1

1

k!
< ∇kf(S(tj)), (S(tj+1)− S(tj)

⊗k > .

Before we prove the theorem, we give a lemma here.

Lemma 2.5.4. Let α1, · · · , αd be positive numbers such that p =
∑d

i=1 αi > 1. Suppose
S ∈ Vp(π) in the sense of definition 2.5.1. Then the limit of∑

[tj ,tj+1]∈πn

Πd
i=1|Si(tj+1)− Si(tj)|αi

is bounded by a sum of p−th variations of 2d different linear combinations of components
of S.

Proof. For any positive number α1, · · ·αd such that p =
∑d

i=1 αi > 1, Young’s inequal-
ity implies

Πd
i=1|Si(tj+1)− Si(tj)|

αi
p ≤

d∑
i=1

αi
p
|Si(tj+1)− Si(tj)|,
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which shows that

Πd
i=1|Si(tj+1)− Si(tj)|αi ≤

∑
ϵi=±1

|
d∑
i=1

ϵi
αi
p
(Si(tj+1)− Si(tj))|p.

By taking sum over the partition πn and taking the limit of n we then obtain desired
result.

Proof of theorem 2.5.3. The technique for the proof is the same as the previous theo-
rems. We only consider the situation t = T , the case t < T is similar with an o(1)

additional term. Using a Taylor expansion,

f(S(T ))− f(S(0)) =
∑

[tj ,tj+1]∈πn

m∑
k=1

1

k!
< ∇mf(S(tj)), (S(tj+1)− S(tj))

⊗k >

+
1

(m− 1)!

ˆ 1

0

< ∇mf(S(tj) + λ(S(tj+1)− S(tj)))−∇mf(S(tj))

, (S(tj+1)− S(tj))
⊗m > (1− λ)m−1dλ.

We denote last integral by R(tj, tj+1). By Hölder continuity of ∇mf , there exists
M > 0 such that

||∇mf(S(tj) + λ(S(tj+1)− S(tj)))−∇mf(S(tj))||
λα||S(tj+1)− S(tj)||α

≤M.

This leads to

|R(tj, tj+1)|

≤ M

(m− 1)!

ˆ 1

0

λα||S(tj+1)− S(tj)||α||(S(tj+1)− S(tj))
⊗m||(1− λ)m−1dλ.

For k ∈ N, we divide the partition πn into two components π1
n := {[tj, tj+1] ∈ πn :

S(tj) ∈ Uk} and π2
n := πn \ π1

n. On π1
n, we have∑

[tj ,tj+1]∈π1
n

|R(tj, tj+1)| ≤
∑

[tj ,tj+1]∈π1
n

M̃ ||S(tj+1)− S(tj)||α||(S(tj+1)− S(tj))
⊗m||

with M̃ = M
(m−1)!

´ 1

0
λα(1−λ)m−1dλ and on π2

n, for each ϵ > 0, when n is large enough,∑
[tj ,tj+1]∈π2

n

|R(tj, tj+1)| ≤
∑

[tj ,tj+1]∈π2
n

ϵ||S(tj+1)− S(tj)||α||(S(tj+1)− S(tj))
⊗m||.

In order to give our result, we need to give a bound for

lim
n→∞

∑
[tj ,tj+1]∈πn

||S(tj+1)− S(tj)||α||(S(tj+1)− S(tj))
⊗m||.
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First we have

||S(tj+1)− S(tj)||α ≤ C
d∑
i=1

|Si(tj+1)− Si(tj)|α

for some constant C. By Lemma 2.5.4, we know that each component of

lim
n→∞

∑
[tj ,tj+1]∈πn

||S(tj+1)− S(tj)||α(S(tj+1)− S(tj))
⊗m

can be bounded by the sum of 2d different p−th varaitions of linear combinations of
path S. Hence

lim
n→∞

∑
[tj ,tj+1]∈πn

||S(tj+1)− S(tj)||α||(S(tj+1)− S(tj))
⊗m||

is bounded by some constant C(S, π) related to path S. This measure is dominated
by a sum of measures µr with enough terms r = 1, · · · , R. Then we have

lim
n→∞

∑
[tj ,tj+1]∈πn

|R(tj, tj+1)|

≤ lim
n→∞

∑
[tj ,tj+1]∈πn

M̃gk(S(tj))||S(tj+1)− S(tj)||α||(S(tj+1)− S(tj))
⊗m||+ ϵC(S, π)

≤
R∑
r=1

ˆ T

0

gk(S(t))dµr + ϵC(S, π).

Here gk ≤ 1 is a positive smooth function with support in Uk−1 and gk|Uk
= 1. Letting

k → ∞ and ϵ→ 0, from the assumption on f we obtain the result.

Remark 2.5.5. This result may be extended to time-dependent functions as discussed
above.

Remark 2.5.6. One cannot expect to obtain a multi-variate Taylor-type expansion up
to order p /∈ N in general. The simplest function f(x) = ∥x∥α with 0 < α < 1 does
not admit a Taylor-type expansion up to order α at 0 since the limit

lim
x→0

∥x∥α

|x1|α + · · · |xd|α

does not exist.
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Chapter 3

Compact Support property of Rough
Super Brownian Motion

3.1 Introduction

The aim of this chapter is to give an affirmative answer to the compact support
property of rough super Brownian motion introduced in the paper [78] when studying
a branching random walk in a random environment(BRWRE).

Very similar to the recent path-wise construction of solutions to singular SPDEs,
such as the regularity structure introduced by Hairer[54] and paracontrolled distribu-
tion introduced by Gubinelli, Imkeller and Perkowski [49], the rough super Brownian
motion can be viewed as a ’path-wise’ version of the limit process of a BRWRE with
potential V n defined by

V n(x) = ξne (x) = ξn(x)− cn, {ξn(x)}x∈Z2
n
i.i.d ∼ nΦ

for cn ≃ log(n), a given random variable Φ with mean 0 and variance 1 and Z2
n = 1

n
Z2.

In the ’path-wise’ sense, with a deterministic environment ξ which exhibits similar
property with the samples of spatial white noise, the rough super Brownian motion µ
is characterized by the following log-Laplace equation

E[e−⟨µ(t),φ0⟩] = e−⟨µ(0),Utφ0⟩ (3.1.1)

for non-negative φ0 ∈ C∞
c (R2) and Utφ0 defined in Section 3.3. It is also mentioned

in [78] that µ is super-exponentially persistent, i.e.

P[ lim
t→∞

e−tλ⟨µ(t), φ⟩ = ∞] > 0

for all λ > 0 and nonzero positive function φ ∈ C∞
c (R2). This indicates that with

positive probability, the mass of the rough super Brownian motion should grow
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exponentially and eventually it will spread out to the whole space R2. This is partially
due to the growth of spatial white noise ξ at infinity which accelerates the branching
speed. Thus it is not clear if the rough super Brownian motion will stay in some
compact set in finite time or not. This is the object that we consider in this chapter
and it turns out that the rough super Brownian motion possesses the compact support
property.

On the compact support property of the measure-valued process, there are several
classical results by János Engländer and Ross G. Pinsky [32, 33]. They consider
measure-valued processes satisfying the log-Laplace equation

E[e−⟨µ(t),f⟩] = e−⟨µ(0),uf ⟩,

where uf is the minimal non-negative solution to the evolution equation
ut = Lu+ βu− αu2 in Rd × (0,∞),
u(x, 0) = f(x) in Rd,
u ≥ 0 in Rd × [0,∞),

(3.1.2)

where L = 1
2

∑d
i,j=1 ai,j

∂2

∂xi∂xj
+
∑d

i=1 bi
∂
∂xi

and d is the dimension of the space.
Under certain condition (β is bounded from above with some smoothness property

of α, β), they relate the compact support property of measure-valued process µ to the
uniqueness of the non-negative solution of equation (3.1.2). However, it is impossible
with rough super Brownian motion since the coefficient β = ξ, which is only a
distribution.

Our study then takes a detailed look at the proofs of the classical results. It is
found that the difficulty lies in the understanding of limit behaviour of solutions to
the equation of zero initial value

∂tφ = Hφ− κ

2
φ2 + ϕ in R+ × R2, H := ∆ + ξ

when ϕ stays 0 in some compact domain, tends to infinity around this compact domain
and when this compact domain becomes larger and larger. To control these solutions,
we utilize the method developed in [74, 73, 14] ,which obtains interior estimation with
parabolic shrinkage of distance for Φ4

3 equation. By adapting the method to our case,
we are able to describe the limit solution in the mild solution formulation and give
the affirmative answer to the compact support property of the rough super Brownian
motion.

44



3.2 Notations

We set Pn := [−n, n]d throughout this chapter and we will use z = (t, x) for space-time
points, while t represents time and x or y represent spatial points only.

For any regionD ⊂ Rd, and 0 < T1 < T2 we setDT1,T2 := [T1, T2]×D. When T1 = 0,
we simply write DT = D0,T . For r > 0, we define Dr := {x ∈ D : d(x, ∂D) ≥ r},
where d means spatial distance:

d(x, x̄) = |x− x̄| := max
i=1,...,d

{|xi − x̄i|} . (3.2.1)

We also write d′ for the space-time distance with parabolic scaling,

d′((t, x), (t̄, x̄)) := max
{√

|t− t̄|, |x− x̄|
}
. (3.2.2)

Furthermore, for space-time points z ∈ R+ × Rd and R > 0, we define the ball
B′(z,R) := {z̄ ∈ R+ × Rd : d′(z̄, z) ≤ R, t̄ ≤ t}. We also define B(x,R) := {x̄ ∈ Rd :

|x− x̄| ≤ R} and B(x,R, T ) = BT (x,R) := [0, T ]×B(x,R).
The Fourier transform of f ∈ L1(Rd) is defined as

Ff(k) =

ˆ
Rd

e−2πik·xf(x)dx,

and it is extended to (ultra-)distributions f by duality.

3.2.1 Notations on the regularity

The symbol ξ will always denote a “typical realization” (i.e. satisfying the regularity
requirements mentioned below) of a spatial white noise or a mollified spatial white
noise on Rd. We also define Iξ by the equation

−∆Iξ = χ(D)ξ (3.2.3)

for a smooth function χ which equals 1 outside of
(
−1

4
, 1
4

)d and equals 0 on
(
−1

8
, 1
8

)d.
And we consider the two-variable distributions (functions in the case of a mollified
white noise) formally defined as

(ξX)(x, x̄) := ξ(x̄)(X(x̄)−X(x)), (3.2.4)

where X(x) = x, and

((Iξ)ξ)(x, x̄) := (Iξ(x̄)− Iξ(x))ξ(x̄)− C, (3.2.5)
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where C is a renormalization constant. We will discuss below that for a.e. realization
of the (mollified) space white noise in d = 2 these distributions are well-defined.

To measure the regularity of distributions, we follow the approach of [14, 73, 74],
but we are more restrictive in the choice of Φ below because this allows us to compare
the regularity defined here with classical notions of regularity, which is not so clear
in [14, 73, 74]. We fix a non-negative (and non-vanishing) smooth and symmetric
function Φ̃ on Rd with support contained in B(0, 1

2
). Define

Φ := (Φ̃ ∗ Φ̃)2.

Then Φ is a non-negative symmetric smooth function with support contained in B(0, 1),
and FΦ is strictly positive on Rd. In fact, FΦ = ((FΦ̃)2) ∗ ((FΦ̃)2) and (FΦ̃)2 is
non-negative and real analytic due to the symmetry and compact support property of
Φ̃. Lojaciewicz’s structure theorem [60] tells us that the set of zeros of a d dimensional
real analytic function is of Hausdorff dimension d− 1, hence a null set. However, if
FΦ = 0 for some point x, it requires the zero set of FΦ̃ to be of infinite Lebesgue
measure. This is a contradiction, which means FΦ is strictly positive. Multiplying
with a positive constant if necessary, we may assume that the integral of Φ over Rd

equals 1.
Next, for δ > 0 we set Φδ(x) = δ−dΦ(x

δ
) and define

Ψδ,n := Φδ2−1 ∗ Φδ2−2 ∗ · · · ∗ Φδ2−n

and Ψδ = lim
n→∞

Ψδ,n.

Then we have Ψδ = Φ
δ
2 ∗Ψ δ

2 and so the Fourier transform of Ψδ is still strictly positive.
Indeed, if FΨδ(z) = 0, then from FΨδ = FΦ

δ
2FΨ

δ
2 and FΦ

δ
2 > 0 we deduce that also

FΨδ(z/2) = FΨδ/2(z) = 0. Iterating this, we get FΨδ(2−nz) = 0 for all n ∈ N and
therefore FΨδ(0) = 0 by continuity. But this is impossible because FΨδ(0) = 1 by
construction.

With the function Ψ, we define local norms of distributions of negative regularity.
We use (·)δ to denote the convolution with Ψδ, and (·)δ,n for the convolution with
Ψδ,n for n ≥ 1. For example, fδ = f ∗Ψδ. On a set D ⊂ Rd and for α < 0, the local
α−Hölder seminorm of a distribution f is defined as

∥f∥α,D := sup
δ∈(0,1]

δ−α∥fδ∥D, (3.2.6)

where ∥ · ∥D is the supremum norm over D. Note that ∥f∥α,D depends on f on the
set B(D, 1), but this will not influence our result since we will only estimate functions
that are defined on the whole space. In particular, for the space white noise ξ, its
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multiplication with spatial variable ξX and for the related distribution (Iξ)ξ we have
a.s.

∥ξ∥n,−1−ϵ := ∥ξ∥Pn,−1−ϵ = sup
x∈Pn

sup
δ∈(0,1]

δ1+ϵ|ξδ(x)| <∞, (3.2.7)

∥ξX∥n,−ϵ := sup
x∈Pn

sup
δ∈(0,1]

δϵ
∣∣∣∣ˆ (ξX)(x, x̄)Ψδ(x− x̄)dx̄

∣∣∣∣ <∞, (3.2.8)

∥(Iξ)ξ∥n,−2ϵ := sup
x∈Pn

sup
δ∈(0,1]

δ2ϵ
∣∣∣∣ˆ ((Iξ)ξ)(x, x̄)Ψδ(x− x̄)dx̄

∣∣∣∣ <∞, (3.2.9)

for all n ∈ N and all ϵ > 0.
We will also work with functions U(z, z̄) of two variables, and we will write

U(t, x, x̄) := U((t, x), (t, x̄)). For α ∈ (1, 2), the α−Hölder semi-norm for U(t, ·) on D
for points with distance less than r is defined as

[U(t, ·)]α,D,r := sup
x∈D

inf
ν∈Rd

sup
x̄∈D\{x}
|x̄−x|<r

|U(t, x, x̄)− ν · (x̄− x)|
|x− x̄|α

. (3.2.10)

Note that [U(t, ·)]α,D,r <∞ requires that U(t, x, x) = 0 for all x ∈ D. And if U(t, ·) is
smooth in both its variables, then at the point x the optimal ν is the spatial gradient
of U(t, x, ·) at the point x. We also define Ū(z, z̄) = U(z, z̄)− ν(x) · (x̄− x) when the
spatial gradient of U(t, x, ·) exists at point x and is denoted by ν(x). As shorthand
notation we define:

[U(t, ·)]α,D := [U(t, ·)]α,D,∞.

In addition, for α ∈ (0, 1), we use ∥ · ∥α,D (resp. [·]α,D) to denote the α−Hölder
norm (resp. semi-norm) on D, and ∥ · ∥α,D,r (resp. [·]α,D,r) to denote the α−Hölder
norm on D within spatial distance r. For space-time functions f on [0, T ] ×D, we
define the semi-norm

[f ]CT (α,D,r) := sup
0≤t≤T

[f(t, ·)]α,D,r = sup
0≤t≤T

sup
x ̸=x̄∈D,
|x−x̄|<r

|f(t, x)− f(t, x̄)|
|x− x̄|α

.

To be consistent with the negative Hölder-norm defined above, we write

[·]α,D := [·]α,D,1.

This also extends to norms and to the weighted (semi-)norms that we introduce below.
On the whole space Rd, we will simply write

∥ · ∥α := ∥ · ∥α,Rd .

Similarly, for functions of two variables we define

[U ]CT (α,D,r) := sup
0≤t≤T

[U(t, ·)]α,D,r.

For simplicity, we will drop the α when we are valuing the supremum spatial norm.
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3.2.2 Notations on weights

We use the same weights as in [71].

Definition 3.2.1. We write

ωpol(x) := log(1 + |x|), ωexp
σ (x) := |x|σ,

where x ∈ Rd, σ ∈ (0, 1). For ω ∈ ωωω := {ωpol} ∪ {ωexp
σ |σ ∈ (0, 1)}, we denote by ϱϱϱ(ω)

the set of measurable, strictly positive θ : Rd → (0,∞) such that for some λ = λ(θ) > 0

we have
θ(x) ≲ θ(y)eλω(x−y), x, y ∈ Rd.

We also write ϱϱϱ(ωωω) :=
⋃
ω∈ωωω ϱϱϱ(ω). The objects θ ∈ ϱϱϱ(ωωω) are called weights.

Remark 3.2.2. We will mainly consider weights

p(a)(x) := (1 + |x|)a, e(l)(x) := el|x|
σ

,

for non-negative a, l.

For any norm defined in the previous subsection, we may add a weight θ ∈ ϱϱϱ(ωωω)
and consider a corresponding weighted norms. For example, we define

[f ]CT (α,D,r,θ) := sup
t≤T

sup
x,y∈D,
|x−y|≤r

|f(t, x)− f(t, y)|
θ(x)|x− y|α

,

for α ∈ (0, 1), and for α < 0

∥f∥CT (α,D,θ) := sup
t≤T

sup
0≤δ≤1

δ−α∥f(t, ·)δθ−1∥D.

This also applies to special norms that include noise ξ. For example, we have the
definition

∥(Iξ)ξ∥−2ϵ,Rd,θ := sup
x

sup
δ∈(0,1]

δ2ϵ
∣∣∣∣θ−1(x)

ˆ
((Iξ)ξ)(x, x̄)Ψδ(x− x̄)dx̄

∣∣∣∣ , (3.2.11)

In addition, we will consider weighted Besov spaces. Let ρ−1, ρ0 ∈ Cc(Rd) be two
non-negative and radial functions such that the support of ρ−1 is contained in a ball
B ⊂ Rd, the support of ρ0 is contained in an annulus {x ∈ Rd : 0 < a ≤ |x| ≤ b} and
such that with

ρj = ρ0(2
−j·), j ∈ N0,

the following conditions are satisfied:
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1.
∑∞

j=−1 ρj(x) = 1 for all x ∈ Rd;

2. supp(ρi) ∩ supp(ρj) = ∅ whenever |i− j| > 1.

To deal with weights in ϱϱϱ(ωexp
σ ) we need to consider ultra-distributions, and in particular

we need to assume (which is possible) that the partition of unity is in Sωexp
σ

, the space
of smooth functions f such that f , Ff and all their derivatives decrease faster than
e−λω

exp
σ at infinity, for any λ > 0. The topological dual of Sω is denoted by S′

ω and it
is called the space of ultra-distributions. Here we do not need to know much about
ultra-distributions and we refer to [71, Section 2.2] for a more detailed discussion.

Given ω ∈ ωωω and a partition of unity with ρ−1, ρ0 ∈ Sω we define for any ultra-
distribution f ∈ S′

ω the Littlewood-Paley blocks of f as

∆jf = F−1(ρjF(f)), j ≥ −1.

Definition 3.2.3. For α ∈ R, p, q ∈ [1,∞] and θ ∈ ϱϱϱ(ωωω), we define the weighted Besov
space Bα

p,q(Rd, θ) by

Bα
p,q(Rd, θ) := {f ∈ S′

ω : ∥f∥Bα
p,q(Rd,θ) := ∥(2jα∥θ−1∆jf∥Lp)∥ℓq <∞}.

Note that we consider ∥θ−1∆jf∥Lp , while in [71] it would be ∥θ∆jf∥Lp . In the
notation of [71] our weighted Besov space would be called Bα

p,q(Rd, θ−1).
Next, let us compare the different notions of regularity.

Lemma 3.2.4. Let α ∈ (−∞, 1)\{0}, θ ∈ ϱϱϱ(ωωω), and let f ∈ S′
ω be an ultra-distribution

on Rd such that ∥f∥α,θ <∞. Then f ∈ Bα
∞,∞(Rd, θ) and

∥f∥Bα
∞,∞(Rd,θ) ≲ ∥f∥α,θ.

Proof. We divide the proof into two parts. When α > 0 and k > −1, we have

∆kf(x) = (F−1ρk) ∗ (f − f(x))(x),

since
´
F−1ρk(x)dx = ρk(0) = 0. Using the definition of ∥f∥α,θ, we estimate

|(F−1ρk) ∗ (f − f(x))(x)θ−1(x)|

=

∣∣∣∣ˆ (F−1ρk)(y)(f(x− y)− f(x))θ−1(x)dy

∣∣∣∣
≲

(∣∣∣∣ˆ
|y|≤1

|(F−1ρk)(y)| · |y|αdy
∣∣∣∣+ ∣∣∣∣ˆ

|y|≥1

|(F−1ρk)(y)|(1 + eλ(θ)ω(y))dy

∣∣∣∣) ∥f∥α,θ

≲ 2−kα
(
1 +

∣∣∣∣ˆ (F−1ρ0)(y)|y|αeλω(y)dy
∣∣∣∣) ∥f∥α,θ ≲ 2−kα∥f∥α,θ.
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The last inequality holds because ρ0 ∈ Sω. The estimate for k = −1 is similar and
therefore the result is true for α > 0.

Next, we consider the case α < 0. The k−th block of f is given by

∆kf = F−1 (ρkFf)

= F−1
( ρk
FΨδ

FfFΨδ
)

= F−1
( ρk
FΨδ

)
∗ fδ, ∀0 < δ ≤ 1,

where we used that FΨδ is strictly positive. With δ = 2−k, we have for k ≥ 0:

∥∆kf · θ−1∥L∞ ≤
∥∥∥F−1

( ρk
FΨδ

)
eλω
∥∥∥
L1

∥fδθ−1∥L∞

≲
∥∥∥F−1

( ρ0
FΨ1

)
eλω
∥∥∥
L1

2−kα,

where we used that eλω(2−kz) ≤ eλω(z). Let us assume
∥∥F−1

(
ρ0
FΨ1

)
eλω
∥∥
L1 <∞ for now,

which we will show at the end of this proof. Then

sup
k≥0

2kα∥∆kf · θ−1∥L∞ ≲
∥∥∥F−1

( ρ0
FΨ1

)
eλω
∥∥∥
L1
<∞.

For k = −1, we choose δ = 1 and obtain

∥∆kf · θ−1∥L∞ ≲
∥∥∥F−1

( ρ−1

FΨ1

)
eλω
∥∥∥
L1
<∞.

Thus, f ∈ Bα
∞,∞(Rd, θ).

Now, let us prove that
∥∥F−1

(
ρ0
FΨ1

)
eλω
∥∥
L1 < ∞. The case ω(x) = log(1 + |x|)

follows directly from the fact that ρ−1, ρ0 ∈ C∞
c have compact support. For the case

ω(x) = |x|σ, we only need to show that for any λ̂ > 0

F−1
( ρ0
FΨ1

)
≲λ̂ e

−λ̂|x|σ ,

and by Lemma 3.7 in [71] this follows if for all δ > 0, there is C > 0 such that for all
l ≥ 0 and i = 1, 2, we have ∥∥∥Dl

i

( ρ0
FΨ1

)∥∥∥
L1

≲δ δ
lC l(l!)

1
σ .

Now on the support of ρ0, we have, by applying Leibniz’s rule to 1 = FΨ1 · 1
FΨ1 ,

0 =
l∑

k=0

(
l

k

)
Dk
i (FΨ

1)Dl−k
i

(
1

FΨ1

)
.
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By induction (make use of ∥Dk
i (FΨ

1)∥L∞ ≤ Ck
0 for some constant C0 since Ψ1 is

compactly supported), we can show that on the support of ρ0,∥∥∥∥Dk
i

(
1

FΨ1

)∥∥∥∥
L∞

≲δ δ
kCk

1 (k!)
1
σ ,

for δ < 1, and the constant in the inequality can be chosen proportional to e
1
δ . Hence,

again by applying Leibniz’s rule to Dl
i

(
ρ0
FΨ1

)
, it remains to bound∥∥∥∥∥

l∑
k=0

(
l

k

)
(Dk

i ρ0)δ
l−kC l−k

1 ((l − k)!)
1
σB1

∥∥∥∥∥
L1

.

Now we use that ρ0 is compactly supported and that ρ0 ∈ Sω(Rd), which gives

∥Dk
i ρ0∥L1 ≲ ∥Dk

i ρ0∥L∞ ≲ ∥|x|kρ̂∥L1 ≲
ˆ

|x|ke−|x|σdx ≲

(
k + d

σ

)⌊ k
σ
⌋

≲ Ck
2 (k!)

1
σ .

Thus, we obtain the result.

Remark 3.2.5. The reverse inequality ∥f∥α,θ ≲ ∥f∥Bα
∞,∞(Rd,θ) also holds. But we do

not need this, so we do not include the proof of it.

We will also measure the time regularity, so we consider also the norm

∥f∥Lα
T (Rd,θ·) = ∥f∥CT (α,Rd,θ·) + ∥f∥

C
α
2
T (Rd,θ·)

,

where
∥f∥

C
α
2
T (Rd,θ·)

:= sup
0≤s<t≤T

∥f(t)− f(s)∥Rd,θt

|t− s|α2
.

and θ· is a time-dependent weight. If we do not specify the time-dependence, then we
choose θt ≡ θ and just write Lα

T (Rd, θ).

3.3 Rough Super Brownian Motion

Here we recall and extend the definition of the rough super-Brownian motion from
[78]. From now on, we will work in dimension 2 and in what follows the letter d
will not represent the dimension. While our arguments are dimension independent
they do need regularity requirements that the white noise only satisfies in d = 2. In
higher dimensions we could consider a slightly mollified white noise and apply the
same arguments, or we could treat a 3d white noise with the same approach but at
the price of more technicalities. In d ≥ 4 the parabolic Anderson model with white
noise is scaling (super-)critical and there does not exist any solution theory for it,
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and thus in particular there exists no rough super-Brownian motion with white noise
environment in d ≥ 4.

We fix a parameter κ > 0, which will describe the strength of branching in the
rough super-Brownian motion. Let φ0 ∈ C∞

c (R2), φ0 ≥ 0 and ϕ ∈ Cc(R2), ϕ ≥ 0. We
use Uϕ

t φ0 to denote the solution to the equation{
∂tφ = Hφ− κ

2
φ2 + ϕ, in R+ × R2,

φ(0, ·) = φ0, on R2,
(3.3.1)

where H = ∆+ ξ is the so-called Anderson Hamiltonian; see the next section for the
solution theory, where it is also shown that Uϕ

t φ0 ≥ 0 for all t ≥ 0. Just to clarify the
terminology, note that for κ = 0 and ϕ = 0 this equation is the parabolic Anderson
model. We will discuss the solution theory of (3.3.1) in the next section. In particular,
we use Utφ0 to denote the solution for ϕ = 0, i.e.{

∂tφ = Hφ− κ
2
φ2, in R+ × R2,

φ(0, ·) = φ0, on R2.
(3.3.2)

The definition of the rough super Brownian motion only requires making sense of
equation (3.3.2), which can be solved as long as the resonant product Iξ⊙ξ is provided.
Here we write

f < g =
∑
i<j−1

∆if∆jg, f ⊙ g =
∑

|i−j|≤1

∆i∆jg,

for the paraproduct and the resonant product; see [49] for the estimates on < and ⊙
that we will need.

We let ϵ > 0 be small enough (ϵ < 1/3 suffices) and write the regularities of the
(2d) white noise and related distributions as −1− ϵ, −2ϵ, etc. We make the following
assumption on the noise ξ.

Assumption 3.3.1. Let ξα to be a sequence of smooth function, we assume there
exist distributions ξ, Iξ ⊙ ξ and constants Cα such that, with some ϵ′ < ϵ, and

lim
α→0

∥ξα − ξ∥−1−ϵ′,R2,p(a) = 0, lim
α→0

∥Iξα ⊙ ξα − Cα − Iξ ⊙ ξ∥−2ϵ′,R2,p(a) = 0,

for all a > 0, where −∆Iξα = χ(D)ξα.

Lemma 3.3.1. Suppose {ξα}α∈(0,1) is a sequence of smooth functions indexed by α
satisfying assumption 3.3.1, then we have that

∥ξα∥−1−ϵ′,R2,p(a) <∞, ∥(Iξα)ξα∥−2ϵ′,R2,p(a) <∞

uniformly over α for all a > 0. Conversely, it is also true. So these two conditions
are equivalent.
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Proof. Suppose the assumption 3.3.1 holds. It is obvious that ∥ξα∥−1−ϵ′,R2,p(a) < ∞
by the equivalence of two definitions of Besov norm. For the latter one, we have the
decomposition

(Iξα(x̄)− Iξα(x))ξα(x̄)− Cα

= Iξα < ξα(x̄) + Iξα ⊙ ξα(x̄) + ξα < Iξα(x̄)− Iξα(x)ξα(x̄)− Cα.

From the theory of paracontrolled product [49], we know that ξ< Iξ has the regularity
−2ϵ′, together with the equivalence of two definitions of Hölder space, we know

sup
x∈R2

sup
δ∈(0,1]

∣∣∣∣ˆ (Iξα ⊙ ξα(x̄)− Cα + ξα < Iξα(x̄))Ψ
δ(x− x̄)dx̄

∣∣∣∣ δ2ϵ′ <∞.

uniformly over α ∈ (0, 1). It remains to check

sup
x∈R2

sup
δ∈(0,1]

∣∣∣∣ˆ (Iξ < ξ(x̄)− Iξα(x)ξα(x̄))Ψ
δ(x− x̄)dx̄

∣∣∣∣ δ2ϵ′ <∞ (3.3.3)

We now consider a modelled distribution fπ(x) = Iξ(x)Ξ with regularity structure of
PAM such that ΠxΞ = ξ, see [54] for more detail. Due to theorem 6.10 in [49], since
the regularity of the modelled distribution is small than 0, the reconstruction operator
can be taken by the bony product <. Thus, the inequality (3.3.3) holds. The converse
is basically the same, so we have the equivalence.

This assumption is an alternative version of one of the assumption in the Assump-
tion 2.3 (“Deterministic Environment”) in [78], which guarantees the well-posedness
of the PAM and hence the existence of the rough super-Brownian motion. The as-
sumption is satisfied for almost all sample paths of the space white noise on R2, see
[78].

Let M(R2) be the space of finite positive Borel measures on R2, equipped with the
topology of weak convergence.

Definition 3.3.2. Let ξ satisfies Assumption 3.3.1. Let κ > 0 and let µ be a process
with values in the space C([0,∞),M(R2)), such that µ(0) is compact supported. Write
F = {Ft}t∈[0,∞)] for the completed and right-continuous filtration generated by µ. We
call µ a rough super-Brownian motion (rSBM) with parameter κ if it satisfies one of
the two following equivalent properties:

1. For any t ≥ 0 and φ0 ∈ C∞
c (R2), φ0 ≥ 0 and for U.φ0 the solution to equation

(3.3.2) with initial condition φ0, the process

Nφ0
t (s) = e−⟨µ(s),Ut−sφ0⟩, s ∈ [0, t]

is a bounded continuous F −martingale with respect to s on [0, t].
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2. For any t ≥ 0 and φ0 ∈ C∞
c (R2) and f ∈ C([0, t];Cζ(R2, e(l))) for some ζ > 0

and l < −t, and for φt solving

∂sφt +Hφt = f, s ∈ [0, t], φt(t) = φ0. (3.3.4)

it holds that

s→Mφ0,f
t (s) := ⟨µ(s), φt(s)⟩ − ⟨µ(0), φt(0)⟩ −

ˆ s

0

dr⟨µ(r), f(r)⟩,

defined for s ∈ [0, t], is a continuous square-integrable F−martingale with
quadratic variation

⟨Mφ0,f
t ⟩s = κ

ˆ s

0

dr⟨µ(r), (φt)2(r)⟩.

In order to discuss the compact support property of the rough super-Brownian
motion, we will need to generalize the first definition of the process.

Lemma 3.3.3. The definition of the rough super-Brownian motion is equivalent to
the following property: For any t ≥ 0 and φ0 ∈ C∞

c (R2), ϕ ∈ C∞
c (R2), φ0, ϕ ≥ 0 and

for Uϕ
. φ0 the solution to equation (3.3.1) with initial condition φ0, the process

Nφ0,ϕ
t (s) = e−⟨µ(s),Uϕ

t−sφ0⟩−
´ s
0 dr⟨µ(r),ϕ⟩, s ∈ [0, t]

is a bounded continuous F −martingale. In particular, the rough super-Brownian
motion satisfies

E
[
e−⟨µ(t),φ0⟩−

´ t
0 ⟨µ(r),ϕ⟩dr

]
= e−⟨µ(0),Uϕ

t φ0⟩. (3.3.5)

Proof. Clearly the condition is sufficient, because it is stronger than our first character-
ization of the rough super-Brownian motion. To see that it is also necessary, consider
φt(s) = Uϕ

t−sφ0 with time independent function ϕ ∈ C∞
c (Rd). Then φt satisfies equa-

tion (3.3.4) with f = κ
2
(φt)

2 − ϕ. Hence, Itô’s formula applied to F = e−x ∈ C2(Rd)

yields

Nφ0,ϕ
t (s) = F

(
⟨µ(s), φt(s)⟩+

ˆ s

0

dr⟨µ(r), ϕ⟩
)

= Nφ0,ϕ
t (0)−

ˆ s

0

Nφ0,ϕ
t (r)⟨µ(r), κ

2
(φt)

2(r)⟩dr

+
1

2

ˆ s

0

Nφ0,ϕ
t (r)d⟨Mφ0,f

t ⟩(r)−
ˆ s

0

Nφ0,ϕ
t (r)dMφ0,f

t (r).

Now since
⟨Mφ0,f

t ⟩s = κ

ˆ s

0

dr⟨µ(r), (φt)2(r)⟩,

the drift terms vanish and Nφ0,ϕ is a local martingale. As Nφ0,ϕ is bounded it is a
true martingale.
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The compact support property of a measure-valued process is formulated in the
following definition.

Definition 3.3.4. Suppose µ is a stochastic process with values in C(R+,M(R2)).
We say that µ possesses the compact support property if for all t ≥ 0

P

[( ⋃
0≤s≤t

suppµ(s)

)
is bounded

]
= 1.

Now we are ready to state our main result.

Theorem 3.3.5. The rough super-Brownian motion on R2 possesses the compact
support property.

The proof is given in Section 3.5. Let us formulate several necessary steps now,
following Engländer and Pinsky [32, 33]. Recall that Pn = [−n, n]2 and consider
regions Pmn :=

(
−n− 1

m
, n+ 1

m

)2. Let ϕnm ∈ C∞
c be such that

ϕmn (x) =


0, x ∈ Pn ∪ Pcn+2,

m, x ∈ (Pmn )
c ∩ Pn+1,

ϕmn (x) ∈ [0,m], elsewhere.

Then consider φmn (t) := U
ϕmn
t 0, where 0 is the function with value 0 everywhere.

Define Ant := {µ(s)((Pn)c) = 0, s ≤ t}. Since the rough super-Brownian motion has
continuous trajectories in M(R2), it follows from (3.3.5) that

P [Ant ] = lim
m→∞

E
[
exp

(
−
ˆ t

0

⟨µ(s), ϕmn ⟩ds
)]

= lim
m→∞

exp (−⟨µ(0), φmn (t)⟩) .

Hence

P

[( ⋃
0≤s≤t

suppµ(s)

)
is bounded

]
= lim

n→∞
P[Ant ] = lim

n→∞
lim
m→∞

exp (−⟨µ(0), φmn (t)⟩) .

Thus, our goal is to show that limn limm φ
m
n = 0. In [32] this is based on explicit

supersolutions, which works because they assume ξ to be bounded. In our case we
do not know any explicit supersolutions, and instead we will derive nonlinear interior
estimates for (3.3.1) by adapting the methods of [73] for Φ4

3 to our setting. We leave
the discussion of the well-posedness of (3.3.1) to the section 3.5 and discuss the interior
estimates first.
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3.4 Interior estimates

Here we consider positive solutions to the equation{
∂tu = (∆ + ξ − C)u− κ

2
u2, in R+ × Pn,

u(0, ·) = 0, in {0} × Pn,
(3.4.1)

where ξ is a typical realization of a mollified white noise on R2, C is a renormalization
constant, and we do not specify any boundary conditions on ∂Pn. We will use the
nonlinearity −κ

2
u2 to derive uniform bounds for u on the interior of Pn. Most ideas in

this section come from the works of Chandra, Moinat and Weber, [73, 14, 74], with
some changes to enable estimations near time 0. We define the two-variable functions

U(z, z̄) := u(z̄)− u(z)− u(z)(Iξ(x̄)− Iξ(x)), (3.4.2)

and
Ū(z, z̄) := U(z, z̄)− ν(z)(x̄− x), (3.4.3)

where ν(z) is the spatial derivative of U(z, ·) at z. Note that we are working with
regularized noise, so all the functions we encounter are smooth and the derivative ν(z)
exists. Of course, our goal is to derive estimates that are uniform in the mollification
parameter.

The main estimate in this section is:

Theorem 3.4.1. Let n ∈ N, 0 < l < n. If u solves equation (3.4.1) in [0, T ] × Pn,
then we have:

∥u∥CTPn−l
≲ max

{
1

l2
, ∥τ∥

2
nτ (1−ϵ)

n,|τ | : τ ∈ T

}
(3.4.4)

for T = {ξ, (Iξ)ξ, ξX} and Pn−l = [−n+ l, n− l]2. Here |τ | is the regularity of τ and
nτ is the number of nodes in the tree. The implicit constant in “≲” only depends on
κ,Ψ and ϵ.

The proof is inspired by the paper [74]. We divide the proof into several lemmas.
As a direct consequence, we get a bound for weighted norms of u.

Corollary 3.4.2. Let r > 0 and let θ ∈ ϱϱϱ(ω) be a weight such that θ is a radial
function that is increasing in |x| and such that θ(0) ≥ 1. Let u solve the equation
(3.4.1) in [0, T ]× Pr+1. Then

∥u∥
CT (Pr,θ

2
1−ϵ )

≲ 1 +
∑

τ=ξ,(Iξ)ξ

∥τ∥
2

nτ (1−ϵ)

r+1,|τ |,θ (3.4.5)
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Proof. We take n = r + 1 in the inequality (3.4.4), then we have

∥u∥CTPr ≲ max

{
1, ∥τ∥

2
nτ (1−ϵ)

r+1,|τ | : τ ∈ T

}
Then we check the θ

2
1−ϵ weighted supremum of u between the radius r and r + 1,

which should be controlled by

e
2

1−ϵ
λω(1) max

{
θ(r + 1)−1, θ(r + 1)−

2
nτ (1−ϵ)∥τ∥

2
nτ (1−ϵ)

r+1,|τ | : τ ∈ T

}
Since θ is increasing, we obtain the result.

Remark 3.4.3. In the proof of Theorem 3.4.1 we will not only derive bounds on
norms of u, but also bounds on norms of related functions such as U, ν (see for example
(3.4.21), which is true without assumption (3.4.31), and choose carefully the quantity
d0 to get an estimate on [U ]CT (2−2ϵ,Dd,d)). Moreover, we can also control the regularity
of u and we get for θ̃ = θ

4
1−ϵ

∥u∥CT (1−ϵ,Pr,θ̃)
≲ 1 +

∑
τ=ξ,Iξξ

∥τ∥
4

nτ (1−ϵ)

r+1,|τ |,θ (3.4.6)

The same bound holds for ∥ν∥CT (1−2ϵ,Pr,θ̃)
, ∥U∥CT (Pr,θ̃)

and [U ]CT (2−2ϵ,Pr,θ̃)
.

Proof. Let C = max

{
∥τ∥

2
nτ (1−ϵ)

n,|τ | : τ = ξX, Iξξ, ξ

}
, choose d0 = c0C

− 1
2 and substitute

it into the inequality (3.4.21) with D = Pn− 1
2
, we obtain that

c2−2ϵ
0 C−1+ϵ[U ]CT (2−2ϵ,Dd0

,d0) ≲c0 ∥u∥CT (D),

for c0 < c1, where c1 is defined in lemma 3.4.12 and does not depend on n. To estimate
the Hölder norm of u, we combine equations (3.4.23),(3.4.26) and equation (3.4.25)
to get

[u]CT (1−ϵ,Dd,d) ≲ [U ]CT (2−2ϵ,Dd,d)d
1−ϵ + ∥u∥CTDd

[Iξ]n,1−ϵ + ∥u∥CTDd
d−1+ϵ

for any d ≤ d0. Now substitute d0 = c0C
− 1

2 , we have

[u]CT (1−ϵ,Dd0
,d0) ≲ (c−1+ϵ

0 C
1−ϵ
2 + C

1−ϵ
2 )∥u∥CT (D).

Thus, we have actually

[u]CT (1−ϵ,Dd0
) ≲ (c−1+ϵ

0 + 1)C
1−ϵ
2 ∥u∥CT (D) + d−1+ϵ

0 ∥u∥CT (D)

This then gives the result.
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The proof of Theorem 3.4.1 will be based on a series of lemmas whose proofs are
in Appendix B.1. To start with, we give an interior supremum norm estimate for a
simplified equation.

Lemma 3.4.4. Let T > 0 and let u ∈ C∞ solve
(∂t −∆)u = −u2 + g in [0, T ]× Pn,
u = 0 in {0} × Pn,
u ≥ 0,

(3.4.7)

where g is a smooth and bounded function. Then the following point-wise bound on u

holds for all z = (t, x) ∈ [0, T )× Pn:

u(t, x) ≤ 28 ·max

{
1

min{(n− xi)2, (n+ xi)2, i = 1, 2}
,
√

∥g∥CTPn

}
. (3.4.8)

The proof is on p. 142 in the appendix. We then have a direct consequence of this
lemma for the equation (3.4.1).

Lemma 3.4.5. Let u be solution of the equation (3.4.1) with κ = 2. Suppose R > R′

and r +R < n, we have for any 0 < δ < 1,

∥u∥CTPn−r−R
≲ max

{
1

(R−R′)2
, δ1−ϵ[u]CT (1−ϵ,Pn−r−R′+δ,δ)

,

∥u∥
1
2

CT (Pn−r−R′+δ)
δ

1−ϵ
2 [u]

1
2

CT (1−ϵ,Pn−r−R′+δ,δ)
,

∥(u(ξ − C))δ∥
1
2

CT (Pn−r−R′ )

}
.

(3.4.9)

Proof. Let’s first convolute the equation (3.4.1) with Ψδ to obtain

(∂t −∆)uδ = (uξ)δ − Cuδ − (u2)δ. (3.4.10)

Rewrite the equation (3.4.10) to

(∂t −∆)uδ = −u2δ + u2δ − (u2)δ + (uξ)δ − Cuδ.

Then the Lemma 3.4.4 shows

∥uδ∥CT (Pn−r−R) ≲ max
{
(R−R′)−2, ∥u2δ − (u2)δ∥

1
2

CT (Pn−r−R′ )
,

∥(u(ξ − C))δ∥
1
2

CT (Pn−r−R′ )

}
.

Since for any region D ⊂ R2,

∥uδ − u∥CT (Dδ) ≲Ψ δ
1−ϵ[u]CT (1−ϵ,D,δ),
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and

(u2δ − (u2)δ)(t, x)

=

ˆ
Ψδ(x− y)(u2δ(t, x)− u2(t, y))dy

= 2

ˆ
Ψδ(x− y)(uδ(t, x)− u(t, y))

ˆ
(λuδ(t, x) + (1− λ)u(t, y))dλdy

≲ ∥u(t, ·)∥B(x,δ)

ˆ
Ψδ(x− y)(uδ(t, x)− u(t, x) + u(t, x)− u(t, y))dy

≲ ∥u(t, ·)∥B(x,δ)

ˆ
Ψδ(x− y)(δ1−ϵ + d(x, y)1−ϵ)[u(t, ·)]1−ϵ,B(x,δ),δdy

≲ ∥u∥CT (B(x,δ))δ
1−ϵ[u]CT (1−ϵ,B(x,δ),δ),

we then have the result.

In order to estimate the norms, we need to adjust two lemmas from [74] to our
setting. The first one is a variant of Hairer’s reconstruction theorem [54]. Recall the
notation BT (x,R) = [0, T ]×B(x,R), where B(x,R) is the closed ball with radius R
and center x, and that Ψδ is the function from Section 3.2.1 with which we measure
regularity.

Lemma 3.4.6 ([74], Theorem 2.8). Let γ > 0 and let A be a finite subset of (−∞, γ].
Let T > 0, δ ∈ [0, 1) and x ∈ R2. Let F : BT (x, δ)2 → R be continuous and such that
for all β ∈ A there exist constants Cβ > 0 and γβ ≥ γ such that for all δ̄ ∈ (0, δ), for
all x1 ∈ B(x, δ − δ̄) and x2 ∈ B(x1, δ̄)∣∣∣∣ˆ Ψδ̄(x2 − y)(F (t, x1, y)− F (t, x2, y))dy

∣∣∣∣ ≤∑
β∈A

Cβd(x1, x2)
γβ−β δ̄β, (3.4.11)

uniformly in t ∈ [0, T ]. Then f(t, x) := F (t, x, x) satisfies for all t ∈ [0, T ]∣∣∣∣ˆ Ψδ(x− y)(F (t, x, y)− f(t, y))dy

∣∣∣∣ ≲∑
β∈A

Cβδ
γβ , (3.4.12)

where the implicit constant in “≲” only depends on A and γ.

To be precise, the formulation of this lemma is slightly different than in [74] because
the time variable appears differently. But the proof from [74] works verbatim in our
case, we just have to freeze t ∈ [0, T ]. As a consequence, we get the following estimate,
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where we recall that

[u(t, ·)]α,D,r,θ = sup
x ̸=x̄∈D,
|x−x̄|<r

|u(t, x)− u(t, x̄)|
θ(x)|x− x̄|α

,

[U(t, ·)]β,D,r,θ := sup
x∈D

inf
ν∈Rd

sup
x̄∈D\{x}
|x̄−x|<r

|U(t, x, x̄)− ν · (x̄− x)|
θ(x)|x− x̄|β

,

for α ∈ (0, 1) and for β ∈ (1, 2).

Lemma 3.4.7. Let u be the solution to the equation (3.4.1). The following bounds
holds for any weight θ ∈ ϱϱϱ(ωωω) and for z = (t, x) with x ∈ Pn:

|((u− u(z))ξ)δ(z)− Cuδ(z)|θ−2(x)

≲ e2λ(θ)ω(δ)δ1−3ϵ
(
[u(t, ·)]1−ϵ,B(x,δ),δ,θ∥Iξξ∥n,−2ϵ,θ

+ [U(t, ·)]2−2ϵ,B(x,δ),δ,θ∥ξ∥n,−1−ϵ,θ

+ [ν(t, ·)]1−2ϵ,B(x,δ),δ,θ∥ξX∥n,−ϵ,θ
)

+ |u(z)|θ−1(x)∥Iξξ∥n,−2ϵ,θδ
−2ϵ + |ν(z)|θ−1(x)∥ξX∥n,−ϵ,θδ−ϵ,

(3.4.13)

where, by a small abuse of notation, we write ω(δ) = ω(x) for some (and thus all) x
with |x| = δ.

Proof of Lemma 3.4.7. Recall that U(z, ·) = u−u(z)−u(z)(Iξ− Iξ(x)) and Ū(z, ·) =
U(z, ·)− ν(z)(· − x) and therefore

((u− u(z))ξ)δ(z)− Cuδ(z)

= (Ū(z, ·)ξ)δ(z) + C(u(z)− uδ(z)) + u(z)(((Iξ − Iξ(z))ξ)δ − C)

+ ν(z)((· − x)ξ)δ. (3.4.14)

For z = (t, x) with x ∈ Pn we bound the last two terms on the right hand-side by

θ−2(x)|u(z)(((Iξ − Iξ(z))ξ)δ − C)(z)| ≤ θ−1(x)|u(z)|∥Iξξ∥n,−2ϵ,θδ
−2ϵ (3.4.15)

and
θ−2(x)|ν(z)((· − x)ξ)δ(z)| ≤ θ−1(x)|ν(z)|∥ξX∥n,−ϵ,θδ−ϵ. (3.4.16)

To control the remaining terms in (3.4.14) let

F (t, x, x̄) = Ū(z, z̄)ξ(x̄) + C(u(z)− u(z̄)),

where z̄ = (t, x̄). Then

F (t, x1, y)− F (t, x2, y) = (u(z2)− u(z1))((Iξ(y)− Iξ(x2))ξ(y)− C)

+ Ū(t, x1, x2)ξ(y) + (ν(z2)− ν(z1))(y − x2)ξ(y).
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Hence, for δ̄ ∈ (0, δ) and for x1 ∈ B(x, δ − δ̄), x2 ∈ B(x1, δ̄), we have
ˆ

Ψδ̄(x2 − y)(F (t, x1, y)− F (t, x2, y))dy

≤ θ(x2)
2
(
[u(t, ·)]1−ϵ,B(x,δ),δ,θd(x1, x2)

1−ϵ∥Iξξ∥n,−2ϵ,θδ̄
−2ϵ

+ [U(t, ·)]2−2ϵ,B(x,δ),δ,θd(x1, x2)
2−2ϵ∥ξ∥n,−1−ϵ,θδ̄

−1−ϵ

+ [ν(t, ·)]1−2ϵ,B(x,δ),δ,θd(x1, x2)
1−2ϵ∥ξX∥n,−ϵ,θδ̄−ϵ

)
Thus, using that f(t, x) = F (t, x, x) = 0, we obtain from Lemma 3.4.6 the bound

θ−2(x)|(Ū(z, ·)ξ)δ(z) + C(u(z)− uδ(z))|

= θ−2(x)
∣∣∣ ˆ Ψδ(x− y)F (t, x, y)dy

∣∣∣
≤ e2λ(θ)ω(δ)δ1−3ϵ

(
[u(t, ·)]1−ϵ,B(x,δ),δ,θ∥Iξξ∥n,−2ϵ,θ

+ [U(t, ·)]2−2ϵ,B(x,δ),δ,θ∥ξ∥n,−1−ϵ,θ

+ [ν(t, ·)]1−2ϵ,B(x,δ),δ,θ∥ξX∥n,−ϵ,θ
)
.

Plugging this back into (3.4.14), together with (3.4.15) and (3.4.16), we obtain the
claimed bound.

As a direct consequence, we have

Corollary 3.4.8. Let u be the solution to the equation (3.4.1) and θ ∈ ϱϱϱ(ωωω), we have

∥(uξ − Cu)δ∥CT (Dδ,θ2)

≲θ δ1−3ϵ([u]CT (1−ϵ,D,δ,θ)∥Iξξ∥n,−2ϵ,θ

+ [U ]CT (2−2ϵ,D,δ,θ)∥ξ∥n,−1−ϵ,θ + [ν]CT (1−2ϵ,D,δ,θ)∥ξX∥n,−ϵ,θ)

+ ∥u∥CT (Dδ,θ)(∥Iξξ∥n,−2ϵ,θδ
−2ϵ + ∥ξ∥n,−1−ϵ,θδ

−1−ϵ)

+ ∥ν∥CT (Dδ,θ)∥ξX∥n,−ϵ,θδ−ϵ.

(3.4.17)

Proof. We have

∥(uξ − Cu)δ∥CT (Dδ,θ2)

≲ ∥((u− u(z))ξ)δ(z)− Cuδ(z)∥CT (Dδ,θ2) + ∥uξδ∥CT (Dδ,θ2)

then apply lemma 3.4.7, we obtain the result.

We also need to adapt a Schauder estimate for functions of two variables from [74]
(a variant of Hairer’s Schauder estimates for modelled distributions [54]):
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Lemma 3.4.9. Let T > 0, κ ∈ (1, 2) and let A ⊂ (−∞, κ] be finite. Let U be a
bounded function of two variables defined on a domain DT ×DT such that U(z, z) = 0

for all z ∈ DT and U(0, ·, ·) = 0. Let d0 > 0 and assume that for any 0 < d ≤ d0 and
L ≤ d

4
there exists a constant M (1)

Dd,L
such that for all base points x ∈ Dd and length

scales δ ≤ L, it holds uniformly in t that

δ2∥(∂t −∆)Uδ(t, x, ·)∥B(x,L) ≤M
(1)
Dd,L

∑
β∈A

δβLκ−β. (3.4.18)

Assume furthermore, that for L1, L2 ≤ d
4

there exists a constant M (2)
Dd,L1,L2

such that for
any x ∈ Dd, for any x1 ∈ B(x, L1) for any x2 ∈ B(x1, L2) the following ’three-point
continuity’ holds:

|U(t, x, x2)−U(t, x, x1)−U(t, x1, x2)| ≤M
(2)
Dd,L1,L2

∑
β∈A

d(x1, x)
βd(x2, x1)

κ−β. (3.4.19)

Additionally, define

M (1) := sup
d≤d0

dκM
(1)

Dd,
d
4

, M (2) := sup
d≤d0

dκMDd,
d
4
, d
4
.

Then
sup
d≤d0

dκ[U ]CT (κ,Dd,d) ≲M (1) +M (2) + sup
d≤d0

∥U∥DT
d ,d
. (3.4.20)

Here, ′ ≲′ denotes a bound that holds up to a multiplicative constant that only depends
on κ and A and T .

The proof is on p. 145. As a direct consequence we get an estimate for ν, with the
same proof as in [74]:

Corollary 3.4.10. Fix 0 ≤ d ≤ d0 such that Dd ̸= ∅. Assume that Dd satisfies an
interior cone condition with parameter d ≥ rd > 0 and λ ∈ (0, 1), i.e. for all r ∈ [0, rd],
for all x ∈ Dd, for any vector ν ∈ R2, there exists y ∈ Dd such that d(x, y) = r and

|ν · (y − x)| ≥ λ|ν|d(x, y).

Then for the optimal function ν in inequality (3.4.20), for all r ∈ [0, rd],

λ∥ν(t, ·)∥Dd
≤ [U(t, ·)]κ,Dd,dr

κ−1 + ∥U(t, ·)∥Dd,rr
−1

If inequality (3.4.19) holds for all t ∈ [0, T ], x, x1, x2 ∈ Dd, we have for r ≤ rd,

[ν(t, ·)]κ−1 ≲ [U(t, ·)]κ,Dd,d +M
(2)

Dd,
d
4
, d
4

+ r−κ∥U(t, ·)∥Dd,r

Here ′ ≲′ denotes a bound that holds up to a multiplicative constant that only depends
on λ, κ and A.
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Recall the definition (3.4.2) and the definition (3.4.3)

U(z, z̄) := u(z̄)− u(z)− u(z)(Iξ(x̄)− Iξ(x)),

we apply lemma 3.4.9 and the corollary 3.4.10 to the function U and obtain the
estimation

Lemma 3.4.11. Let u be solution of the equation (3.4.1) with κ = 2. For any region
D ⊂ Pn, and d0 > 0 such that D contains a ball of radius d0, we have

sup
d≤d0

d2−2ϵ[U ]CT (2−2ϵ,Dd,d) ≲ sup
d≤d0

{A∥u∥CTD +Bd2−2ϵ[U ]CT (2−2ϵ,Dd,d)}, (3.4.21)

where

A =d2∥u∥CTD + d2J(ξ, χ) + d1−ϵ(∥ξX∥n,−ϵ + [Iξ]n,1−ϵ + ∥ξ∥n,−1−ϵ)

+d2−2ϵ([Iξ]n,1−ϵ∥ξ∥n,−1−ϵ + [Iξ]2n,1−ϵ + ∥ξX∥n,−ϵ[Iξ]n,1−ϵ + ∥Iξξ∥n,−2ϵ)

+d3−3ϵ([Iξ]n,1−ϵ∥Iξξ∥n,−2ϵ + [Iξ]2n,1−ϵ∥ξX∥n,−ϵ) + 1,

and

B = d1−ϵ(∥ξ∥n,−1−ϵ + [Iξ]n,1−ϵ + ∥ξX∥n,−ϵ)

+ d2−2ϵ(∥Iξξ∥n,−2ϵ + ∥ξX∥n,ϵ[Iξ]n,1−ϵ).

Proof. For any L > 0, 0 < δ < 1, let x ∈ DL+δ, x̄ ∈ B(x, L) ⊂ Dδ. We have

(∂t −∆)U(t, x, ·)δ(x̄)

=

ˆ
Ψδ(x̄− x̃)(∂t −∆x̃)U(t, x, x̃)dx̃

= (u(ξ − C))δ(z̄)− u(z)ξδ(z̄)− (u2)δ(z̄) + u(z)((1− χ(D))ξ)δ(z̄)

= ((u− u(z̄))ξ − Cu)δ(z̄)− (u2)δ(z̄) + (u(z̄)− u(z))ξδ(z̄)

+ u(z)((1− χ(D))ξ)δ(z̄).

Since (1− χ) is compactly supported, (1− χ(D))ξ is smooth and the supremum norm
is bounded by a constant J(ξ, χ). For other terms, we have estimations

|(u2)δ(z̄)| ≤ ∥u(t, ·)∥2B(x̄,δ) ≤ ∥u∥2CTD
,

and

|(u(z̄)− u(z))ξδ(z̄)| ≤ d(x, x̄)1−ϵ[u(t, ·)]1−ϵ,B(x,L),L∥ξ∥n,−1−1ϵδ
−1−ϵ

≤ L1−ϵ[u(t, ·)]1−ϵ,B(x,L),L∥ξ∥n,−1−ϵδ
−1−ϵ.
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For x, L, δ, d, s.t. x ∈ Dd, δ ≤ L ≤ d
4
, d ≤ d0, we have

∥(∂t −∆)U(t, x, ·)δ∥B(x,L)

≲∥u∥2CTD
+ L1−ϵ[u]CT (1−ϵ,Dδ,L)∥ξ∥n,−1−ϵδ

−1−ϵ

+ δ1−3ϵ([u]CT (1−ϵ,B(x,L+δ),δ)∥Iξξ∥n,−2ϵ

+ [U ]CT (2−2ϵ,B(x,L+δ),δ)∥ξ∥n,−1−ϵ + [ν]CT (1−2ϵ,B(x,L+δ),δ)∥ξX∥n,−ϵ)

+ ∥u∥CTB(x,L)∥Iξξ∥n,−2ϵδ
−2ϵ + ∥ν∥CT (B(x,L))∥ξX∥n,−ϵδ−ϵ + J(ξ, χ)∥u∥CTD.

For L1, L2 ≤ d
4
, x ∈ Dd, x1 ∈ B(x, L1), x2 ∈ B(x1, L2), we have

|U(t, x, x2)− U(t, x, x1)− U(t, x1, x2)|

=|(u(t, x1)− u(t, x))(Iξ(x2)− Iξ(x1))|

≤[u(t, ·)]1−ϵ,D d
2
, d
2
[Iξ]n,1−ϵd(x1, x)

1−ϵd(x1, x2)
1−ϵ.

With κ = 2− 2ϵ in the Lemma 3.4.9, we obtain

sup
d≤d0

d2−2ϵ[U ]MT (2−2ϵ,Dd,d)

≲ sup
d≤d0

{d2∥u∥2CTD
+ d2J(ξ, χ)∥u∥CTD + [u]CT (1−ϵ,D d

2
, d
2
)∥ξ∥n,−1−ϵd

2−2ϵ

+ d3−3ϵ([u]CT (1−ϵ,D d
2
, d
2
)∥Iξξ∥n,−2ϵ + [U ]CT (2−2ϵ,D d

2
, d
2
)∥ξ∥n,−1−ϵ

+ [ν]CT (1−2ϵ,D d
2
, d
2
)∥ξX∥n,−ϵ) + d2−ϵ∥ν∥CT (D d

2
, d
2
)∥ξX∥n,−ϵ

+ d2−2ϵ∥u∥CT (D d
2
)∥Iξξ∥n,−2ϵ}+ sup

d≤d0
∥U∥CTDd,d.

(3.4.22)

By corollary 3.4.10, we have inequalities for d ≤ d0

∥ν∥CTDd
≲ [U ]CT (2−2ϵ,Dd,d)d

1−2ϵ + ∥U∥CT (Dd,d)d
−1, (3.4.23)

and
[ν]CT (1−2ϵ,Dd,d) ≲[U ]CT (2−2ϵ,Dd,d) + d−2+2ϵ∥U∥CT (Dd,d)

+ [u]CT (1−ϵ,D d
4
, d
4
)[Iξ]n,1−ϵ.

(3.4.24)

We have furthermore,

[u]CT (1−ϵ,Dd,d) ≲ [U ]CT (2−2ϵ,Dd,d)d
1−ϵ + ∥u∥CTDd

[Iξ]n,1−ϵ + ∥ν∥CTDd
dϵ, (3.4.25)

and
∥U∥CT (Dd,d) ≲ 2∥u∥CTDd

+ ∥u∥CTDd
[Iξ]n,1−ϵd

1−ϵ. (3.4.26)

Now substitute the above four inequalities (3.4.23 - 3.4.26) for equation (3.4.22), and
we obtain the result.
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With the help of these lemmas, we are now ready to give the proof of Theorem
3.4.1. We start with a lemma

Lemma 3.4.12. Suppose for some r > 0 we have

c0∥u∥CT (Pn−r) ≥ max

{
∥τ∥

2
nτ (1−ϵ)

n,|τ | : τ = ξ, ξX, Iξξ

}
≥ c0

for some c0 < c1 < 1, where c1 is a constant dependents on the equation itself( does
not depend on n). Then we have for any ∥u∥−

1
2

CT (Pn−r)
< R < n− r,

max

 C2
0(

R− ∥u∥−
1
2

CT (Pn−r)

)2 , 12∥u∥CTPn−r

 (3.4.27)

Proof. Let D = Pn−r. Start with investigation of A,B in lemma 3.4.11, we first have
the

A ≲ 1 + J(ξ, χ) + c
1−ϵ
2

0 + c1−ϵ0 + c
3(1−ϵ)

2
0 ≲ 1 + J(ξ, χ) + c

1−ϵ
2

0 ,

and
B ≲ c

1−ϵ
2

0 ,

by choosing d0 = ∥u∥−
1
2

CTD
≤ 1. There then exists a constant c1 < 1 such that whenever

c0 ≤ c1 we have the inequality

sup
d≤d0

d2−2ϵ[U ]CT (2−2ϵ,Dd,d) ≲ (1 + J(ξ, χ) + c
1−ϵ
2

0 )∥u∥CTD (3.4.28)

where ′ ≲′ does not depends on the value of c0 as long as c0 ≤ c1. Then by inequalities
(3.4.23− 3.4.26), we have the estimation

sup
d≤d0

{∥U∥Dd,d, d
1−ϵ[u]CT (1−ϵ,Dd,d), d∥ν∥CTDd

, d2−2ϵ[ν]CT (1−2ϵ,Dd,d)} ≲ ∥u∥CTD (3.4.29)

Combine lemma 3.4.5, lemma 3.4.7 with θ = 1 and equations (3.4.29),(3.4.28) with
Dd = Pn−r−R′+δ, R

′ = d0, δ =
d0
k
, d = d0

k−1
k

for some k > 2, we obtain

∥u∥CTPn−r−R
≲max

{
1

(R−R′)2
, ∥u∥CTPn−r((k − 1)ϵ−1 + (k − 1)

ϵ−1
2 ),

∥u∥CTPn−r ·
{
c

1−ϵ
2

0 (k − 1)
ϵ−1
2 kϵ + c

1−ϵ
4

0 k
1+ϵ
4 (k − 1)ϵ−1 + c

1−ϵ
2

0 kϵ

+ c
1−ϵ
4

0 k
1+ϵ
2 + c

1−ϵ
4

0 (k − 1)−
1
2k

1+ϵ
2

}} (3.4.30)

Now first choose k large enough and then c0 small enough such that we finally have
for a constant C0 > 0

∥u∥CTPn−r−R
≤ max

{
C2

0

(R−R′)2
,
1

2
∥u∥CTPn−r

}
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Here c0, k, C0 only depends on ϵ, J(ξ, χ),Ψ, T and the structure of PAM. In particular,
C0 does not depend on n, r, R.

Now we can finish the proof of the theorem 3.4.1.

Proof of Theorem 3.4.1. Without loss of generality we take κ = 2 in the equation
(3.4.1).

Suppose for some D ⊂ Pn, we have

c0∥u∥CT (D) ≥ max

{
∥τ∥

2
nτ (1−ϵ)

n,|τ | : τ = ξ, ξX, Iξξ

}
(3.4.31)

for some c0 < c1 as mentioned in lemma 3.4.12 and this lemma gives us

∥u∥CTPn−R
≤ max

 C2
0(

R− ∥u∥−
1
2

CT (Pn)

)2 , 12∥u∥CTPn

 .

if D = Pn satisfies (3.4.31). In particular, if C0 > 1 +
√
2
2

and R = 2C0

∥u∥
1
2
CT Pn

, then we

have
∥u∥CTPn−R

≤ 1

2
∥u∥CTPn

which is true for all n ∈ R+ and D = Pn satisfies (3.4.31). Now we begin with R0 = 0

and choose Ri recursively

Ri+1 −Ri = 2C0∥u∥
− 1

2

CTPn−Ri

stop when Ri > n)(set Ri = n in this case) or D = Pn does not satisfy (3.4.31).
Suppose we obtain the sequence 0 = R0 < R1 < · · · < RN . We have for all
k ≤ i ≤ N − 1,

∥u∥CTPn−Ri
≤
(
1

2

)i−k
∥u∥CTPn−Rk

Thus for i ≤ N − 1, we have

Ri =
i−1∑
k=0

Ri+1 −Ri = 2C0

i−1∑
k=0

∥u∥−
1
2

CTPn−Rk

≤ 2C0

i−1∑
k=0

∥u∥−
1
2

CTPn−Ri
2−

i−k
2

≲ 2C0∥u∥
− 1

2

CTPn−Ri

Thus we know ∥u∥CTPn−Ri
≲ 1

R2
i
. Now for R ∈ (Ri, Ri+1), we have

R ≤ Ri+1 = Ri+1 −Ri +Ri ≤ 2C0∥u∥
− 1

2

CTPn−Ri
+Ri ≲ ∥u∥−

1
2

CTPn−Ri
≤ ∥u∥−

1
2

CTPn−R

This ends the proof.
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3.5 Proof of the main theorem

In this section, we will discuss the existence and uniqueness of the equation (3.3.1),
complete the logic above, and close the whole proof of Theorem 3.3.5. To achieve
both, we have to give a space-time regularity rather than the space regularity only,
which can be achieved by following Schauder estimation.

Lemma 3.5.1. Suppose u is a mild solution to the heat equation{
(∂t −∆)u = f, in [0, T ]× R2,
u(0, ·) = u0, on {0} × R2.

(3.5.1)

Let θ ∈ ϱϱϱ(ωωω) be a weight such that θ(x) ≥ 1. Then we have estimation for α ∈ (0, 2):

∥u∥Lα(R2,θ) ≲ ∥f∥CT (α−2,R2,θ) + ∥u0∥α,R2,θ. (3.5.2)

Proof. See proposition 3.6 and lemma 3.10 in [71] for a proof in the discrete case,
which leads to the continuous case directly via a limit. Also, see lemma 2.10 in [48]
for a slightly different equation.

Apart from the lemma (3.5.1), another difficulty we meet in solving the singular
SPDE is the meaninglessness of the products of two distributions. For example, here
the product of ξ and u, which are of regularities −1− and 1−, is undefinable. We
hereby need the concept of paracontrolled distribution to extract the singular part
and solve the equation on the singular part.

Definition 3.5.2. For a weight θ ∈ ϱϱϱ(ωωω), we say u is paracontrolled if u ∈ C1−ϵ(R2, θ)

and
u♯ = u− u< Iξ ∈ C1+2ϵ(R2, θ).

For such u we set

Hu = ∆u+ ξ < u+ u< ξ + u♯ ⊙ ξ + C1(u, Iξ, ξ) + u(Iξ ⊙ ξ).

where C1(u, Iξ, ξ) = (u < Iξ) ⊙ ξ − u(Iξ ⊙ ξ). From [78] we know that Hu is a
well-defined distribution in C−1−ϵ(R2, p(a)θ) for all a > 0.

By analysing the equation of singular part u♯, we could obtain the solution theory
of any regularized version of PAM. Here we will take constants Cα in the assumption
3.3.1 and consider the regularized equation{

∂tu
α = Hαuα + fα in R+ × R2

uα(0, ·) = uα0 on {0} × R2 (3.5.3)
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where Hα = ∆+ ξα − Cα. We also denote Tα to be the semi-group generated by the
operator Hα, then solution uα to the above have a mild solution representation

uα =

ˆ t

0

Tαt−sf
α
s ds+ Ttu

α
0

.
We here give a simple version of the estimations of solutions of equation (3.5.3)

and their limit. See [71] for more detail.

Theorem 3.5.3. For ϵ ∈
(
0, 1

4

)
, taking the weight θ to be e(l) for some l ∈ R, if

fα ∈ CT (−1 + 2ϵ,R2, e(l)), uα0 ∈ C1+2ϵ(R2, e(l)) and

fα → f in CT (−1 + 2ϵ,R2, e(l)), uα0 → u0 in C1+2ϵ(R2, e(l + ·))

then we have

uα → u =

ˆ t

0

Tt−sfsds+ Ttu0 in L1−ϵ(R2, e(l + ·)),

where T is the limit operator of Tα and

∥u∥L1−ϵ(R2,e(l+·)) ≲ ∥u0∥1+2ϵ,R2,e(l) + ∥f∥CT (−1+2ϵ,R2,e(l+·)).

The proof of existence and uniqueness of solutions to equation (3.3.1) uses similar
arguments as Proposition 4.5 in [78].

Theorem 3.5.4. Let T > 0 and ϵ ∈
(
0, 1

4

)
, and let l0 < −T . For a non-negative

function φ0 ∈ C1+2ϵ(R2, e(l0)) and a non-negative function ϕ ∈ C−1+2ϵ(R2, e(l0)),
the solution of equation (3.3.1) exists and is unique in the space L1−ϵ

T (R2, e(l)) with
l = l0 + T . Moreover, the solution is non-negative.

Proof. We define the map K(ψ) = g, where g is the solution to{
∂tg = (H − κ

2
ψ)g + ϕ in R+ × R2,

g(0) = φ0 in {0} × R2.
(3.5.4)

We have a similar estimate as in [78]:

∥Kψ∥L1−ϵ
T (R2,e(l0+·))

≲(∥φ0∥1+2ϵ,R2,e(l0+·) + ∥ϕ∥CT (−1+2ϵ,R2,e(l0+·)))e
C∥ψ∥CT (R2,e(l0+·)) .

(3.5.5)

Indeed, starting with L∞ norm estimation, we have

∥g∥CT (R2,e(l0+·)) ≲∥φ0∥1+2ϵ,R2,e(l0+·) + ∥ϕ∥CT (−1+2ϵ,R2,e(l0+·))

+
κ

2
sup
t∈[0,T ]

{ˆ t

0

∥Tt−sψsgs∥R2,e(l0+t)ds

}
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When l0 < −T , we are able to estimate

∥Tt−sψsgs∥R2,e(l0+t) ≲ ∥ψ∥R2,e(l0+·)∥g∥R2,e(l0+·).

Hence, the Grownall’s inequality gives

∥g∥CT (R2,e(l0+·))

≲(∥φ0∥1+2ϵ,R2,e(l0+·) + ∥ϕ∥CT (−1+2ϵ,R2,e(l0+·)))e
C∥ψ∥CT (R2,e(l0+·)) .

Use again the estimation of 3.5.3, we now obtain

∥g∥L1−ϵ
T (R2,e(l0+·)) ≲∥φ0∥1+2ϵ,R2,e(l0+·) + ∥ϕ− κ

2
ψg∥CT (−1+2ϵ,R2,e(l0+·)),

which gives equation (3.5.5). Furthermore, the maximum principle and the comparison
principle[77, 10] show that Ttφ0 +

´ t
0
Tt−sϕds ≥ K(ψ)(t) ≥ 0. Thus, we start with

φ0 = Ttφ0 +
´ t
0
Tt−sϕds and then let φm = Kφm−1. We have the bounds

∥Kψ∥L1−ϵ(R2,e(l0+·)) ≲ C(φ0, ϕ)e
C∥Ttφ0+

´ t
0 Tt−sϕds∥CT (R2,e(l0+·)) .

To show the existence of the fixed points, we are going to use Schauder’s fixed point
theorem. To start with, we consider the convex set

E := {K(ψ) : ψ ∈ L1−ϵ
T }.

Then K(E) ⊂ E and K(E) is a pre-compact set in L1−ϵ
T . It remains shown E and K(E)

are closed. Taking ψ1, ψ2 and consider g1 = K(ψ1), g2 = K(ψ2), we have the equation

∂t(g1 − g2) =
(
H − κ

2

)
(g1 − g2)−

κ

2
(ψ1 − ψ2)g2.

Then it is obvious that E and K(E) are closed. This then gives us the existence of the
fixed point. Hence the existence of the solution to equation (3.3.1).

The uniqueness follows the same methods in the proof of Proposition 4.5 in [78].

Remark 3.5.5. For equation (3.3.1), our existence proof only works for l0 < −T . But
for proving uniqueness we have to consider the difference of two solutions g = φ1 −φ2,
which solves equation (3.5.4) with initial condition 0 and ϕ = 0, and for ψ = φ1 + φ2.
If φi ∈ L1−ϵ

T (R2, p(a)) for sufficiently small a > 0, then we can use the same arguments
as in [56, 71] to show that g = 0: By giving up a bit of regularity or by introducing a
blow up at time 0 we are able to kill the polynomial weight by the Schauder estimates
for the heat equation. Thus we are able to prove the uniqueness to the equation (3.3.1)
in L1−ϵ

T (R2, p(a)) if a > 0 is sufficiently small.
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Together with corollary 3.4.2 and above estimations, we can give a space-time
weighted norm estimation of solution of equation (3.4.1). For each r > 2, we define
the auxiliary function ηr by

ηr =


1, in Pr−2,

0, out side of Pr−1,

[0, 1], elsewhere.

(3.5.6)

Lemma 3.5.6. Let r > 2 and a weight θ ∈ ϱϱϱ(ωωω) such that θ(x) = θ(|x|) ≥ 1 and
increases with respect to radius. If u solves equation (3.4.1) in [0, T ] × Pr, then we
have for θ̃ = θ1+

4
1−ϵ :

∥uηr∥L1−ϵ(R2,θ̃) ≲ 1 +
∑

τ=ξ,Iξξ

[τ ]
1+ 4

nτ (1−ϵ)

r,|τ |,θ . (3.5.7)

Proof. The equation of uηr is given by

(∂t −∆)(uηr) = (ξ − C)uηr −
κ

2
ηru

2 − 2∇(u · ∇ηr) + u∆ηr.

By Lemma 3.4.7 and the step 2 in the proof of Theorem 3.4.1, we know the Holder
norm ∥u(ξ − C)∥CT (−1−ϵ,Pr−1,θ̃)

is bounded by

1 +
∑

τ=ξ,Iξξ

[τ ]
1+ 4

nτ (1−ϵ)

r,|τ |,θ , (3.5.8)

up to a constant. Since ηr is supported on Pr−1, we know (ξ−C)uηr ∈ CT (−1−ϵ,R2, θ̃)

and has the same bound (3.5.8) up to a constant. It is directly from remark 3.4.3 that
we have

∥ηru2∥CT (R2,θ̃), ∥∇(u · ∇ηr)∥CT (−ϵ,R2,θ̃), ∥u∆ηr∥CT (1−ϵ,R2,θ̃)

≲ 1 +
∑

τ=ξ,Iξξ

[τ ]
4

nτ (1−ϵ)

r,|τ |,θ .

Thus, from Lemma 3.5.1, we obtain the desired result.

By approximating the equation (3.3.1) by regularized equations, we are able to see
the function uηr in the above theorem has a mild solution representation.

Lemma 3.5.7. Let l0 < −T and ϵ ∈
(
0, 1

4

)
. Suppose u is a solution of equation

(3.3.1) with non-negative function φ0 ∈ C1+2ϵ(R2, e(l0)) and non-negative function

70



ϕ ∈ C−1+2ϵ(R2, e(l0)). Let η ∈ C∞
c (R2) be a compactly supported smooth function.

Then we have

(uη)(t, x) =

ˆ t

0

Tt−s

(
−κ
2
ηu2 + ϕη − 2∇(u · ∇η) + u∆η

)
s
(x)ds

+ Tt(φ0η)(x).

(3.5.9)

Proof. Since u is a solution of equation 3.3.1, it is a limit of uα solving equation{
∂tu

α = Hαuα − κ
2
(uα)2 + ϕα, in R+ × R2,

uα(0, ·) = φα0 , on {0} × R2.
(3.5.10)

as α → 0 where φα0 converges to φ0 in C1+2ϵ(R2, e(l0)) and ϕα converges to ϕ in
C−1+2ϵ(R2, e(l0)). Since the regularized equation can be solved in the classical sense,
the function uαη actually solves the equation{

∂t(u
αη) = Hα(uαη)− κ

2
(uα)2η + ϕη − 2∇(uα · ∇η) + uα∆η, in R+ × R2,

uα(0, ·)η = φα0η, on {0} × R2.
(3.5.11)

Thus, we have

uαη =

ˆ t

0

Tαt−sf
α
s ds+ Tt(φ

α
0η),

where fα = −κ
2
(uα)2η + ϕη − 2∇(uα · ∇η) + uα∆η. By checking the regularity of uα,

we know fα is of regularity −1 + 2ϵ with weight e(2(l0 + ·)) and φα0η is of regularity
1 + 2ϵ with weight e(l0). Thus we can let α → 0 and obtain the result.

Now let’s give the proof of the main result, Theorem 3.3.5.

Proof of Theorem 3.3.5. As in Section 3.3, we consider solutions φmn of equation (3.3.1)

with ϕmn defined in Section 3.3. Lemma 3.5.7 tells us that φmn ηn has the representation

φmn ηn =

ˆ t

0

Tt−s(−(φmn )
2ηn − 2∇(φmn · ∇ηn) + φmn∆ηn)sds. (3.5.12)

By the nature of space white noise, we actually have, by Lemma 3.5.6, that for
any a > 0,

∥φmn ηn∥L1−ϵ(R2,p(a)) ≲ 1. (3.5.13)

Now since φmn ηn is bounded in L1−ϵ(R2, p(a)), the compact embedding theorem shows
that φmn ηn converges to φnηn in L1−ϵ(R2, p(a)) as m tends to infinity, passing to some
sub-sequence. The convergence indicates the representation of φnηn:

φnηn =

ˆ t

0

Tt−s(−(φn)
2ηn − 2∇(φn · ∇ηn) + φn∆ηn)sds. (3.5.14)
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The same argument applies to φnηn shows that φ := limn→ φnηn actually is a mild
solution of the equation (3.3.2) with 0 initial condition. Hence φ is identically 0 and
we have, for compact supported measure µ(0), that

lim
n→∞

lim
m→∞

exp(−⟨µ(0), φmn (t)⟩) = lim
n→∞

lim
m→∞

exp(−⟨µ(0), φmn ηn(t)⟩) = 1.

Thus, the compact support property of rough super Brownian motion holds.
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Chapter 4

A Generalized Rough Super Brownian
Motion

4.1 Introduction

The branching random walk in a random environment(BRWRM) is a random walk
with stochastic branching mechanism and branching rate. This work explores the
large-scale behaviour of some BRWRM whose branching mechanism and rate depend
on the random environment at each spatial points.

The scaling limit of branching random walk has been discussed thoroughly in [26].
The aim of this paper is to generalize the results in [26] to BRWRM by considering
rough environments.

Given a random potential

V (x) = ξ(x), {ξ(x)}x∈Z2 i.i.d ∼ Φ,

with E[Φ] = 0,E[Φ2] = 1 on lattice Z2, it is shown in [78] that certain scaled branching
random walks in this random environment with birth(one particle) rate ξ+ and die rate
ξ− will converge to a measure-valued Markov process whose Laplace transformation is
associated to the stochastic PDE.

∂tφ = (∆ + ξ)φ− φ2, φ(0) = φ0, (4.1.1)

where ξ is the white noise.
The off-spring distribution of The BRWRM considered in [78] has a finite variance

and a general question is what happens if the variance is infinite. It is discussed in
[26, 34] that the Laplace functionals of the limit super processes given by classical
branching random walks should satisfy the PDE

∂tφ = Lφ− b(x)φ− c(t, x)φ2 +

ˆ ∞

0

(1− e−θφ(t,x) − θφ(t, x))n(x, dθ),
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where A is a generator of a Feller semi-group, b is bounded and c > 0 and n is some
sort of transition kernel.

Due to the result in [78], it is then natural to think that the super-process should
exist when b is only a distribution, for example, white noise ξ. We do not try to
answer this general question in the paper since we are lacking knowledge of how to
deal with the part with transition kernel n. However, we start with a non-trivial but
simpler case when n(x, dθ) ∼ θβ+2 for 0 < β < 1. In other words, we try to deduce
the existence and uniqueness of the super-process whose Laplace functional is given
by the SPDE

∂tφ = (∆ + ξ)φ− φ1+β. (4.1.2)

To this goal, we consider the BRWRM whose branching mechanism is given by

2ξe,+
(1 + β)|ξe|

(1− s)1+β − ξe
|ξe|

+
2ξe,+
|ξe|

s,

where ξe is the renormalized random potential defined below and then show the scaling
limit of this branching random walk gives us exactly the desired super process.

It is worth mentioning that there is actually no general existence and uniqueness
theory of equation (4.1.2) in the literature. The main difficulty of solving equation
(4.1.2) is the Anderson Hamiltonian H = ∆ + ξ. Due to the lack of regularity, it
is not possible to define the product ξφ directly in dimension 2 or 3. The study of
equation (4.1.2) then requires recently built techniques such as regularity [54] or the
para-controlled distributions [49]. In dimension 2, all of the solution theories require a
renormalization, which means we need to remove a diverging constant in the Anderson
Hamiltonian H and consider actually the equation ∂tφ = (H − ∞)φ − φ1+β. It is
understood as the limit of renormalized and discretized equation with

ξne = ξn − cn, cn ≃ log(n).

The second difficulty of solving equation (4.1.2) arises from the weight operation when
solving the corresponding linear equation ∂tφ = Hφ as in [71, 56]. The solution theory
of PAM uses heavily the logarithm growth of ξ on the R2. When we view (4.1.2) as

∂tφ = (H − φβ)φ.

The growth of ξ − φβ will be exponential and thus we can not apply directly the
solution theory of PAM on R2. However, we will see in section 4.4 that the minus sign
helps us build the existence and uniqueness results with positive initial condition.
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In recent work by Perkowski and Rosati [78], they only obtain a partial existence
and uniqueness result of equation (4.1.2) but this is enough for their application due to
the L2 bounded property from the finite variance off-spring distribution. However, their
methods rely strongly on the L2 martingale theory and can not be used directly for
the infinite variance case. We, therefore, search for an alternative way, combining the
idea of [78] and the classical approach via Laplace functional, to give the convergence
in the infinite variance case. Finally, although we work in dimension 2, all results(with
some change of parameters) are valid in dimension 1 with a much easier argument.

Structure of the work. We only consider a deterministic environment with
assumption 4.3.1 since the construction of random environment from the deterministic
environment is given in [78]. We introduce our model and the definition of β−rough
super Brownian motion in section 4.3 and state our main results, i.e. the convergence
results of the scaled branching random walk, a martingale problem formulation and
the compact support property of the β−super Brownian motion.

We study a variant of PAM (H → H − ϕ for some ϕ) and the non-linear equation
like 4.1.2 in section 4.4 and show the existence and uniqueness of solution in the space
with weight el|x|σ for any l ∈ R, 0 ≤ σ < 1. The result allows us to implement freely
with the φ in the Laplace functional E[e−⟨µt,φ⟩].

We then give the detailed proof of convergence of scaled branching random walk to
the β−rough super Brownian motion by estimating the moments of sup0≤s≤t⟨µs, φ⟩.
This estimation requires controlling branching random walks from a coupling method
and passing the estimations to a simpler branching random walk. Then we apply the
Aldous criterion to obtain the tightness.

Section 4.6 is devoted to giving a martingale problem formulation of β−rough
super Brownian motion. We finally then prove the compact support property and the
super-exponentially persistence that is proved in [59, 78] for the finite variance case.

4.2 Notation

4.2.1 Notation on regularity

We define the lattice Z2
n = 1

n
Z2 and also denote Z2

∞ := R2 for convenience. Similarly,
we define T2

n := (R/nZ)2 and T̃2
n := n

(
−1

2
, 1
2

]2 .We will consider weighted Besov space
on Z2

n introduced in [71].
To motivate the definition, let’s first introduce the definition of weight.
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Definition 4.2.1. We denote by

ωpol(x) := log(1 + |x|), ωexpσ (x) := |x|σ,

where x ∈ Rd, σ ∈ (0, 1). For ω ∈ ωωω := {ωpol} ∪ {ωexpσ |σ ∈ (0, 1)}, we denote by ϱϱϱ(ω)
the set of measurable, strictly positive ρ : Rd → (0,∞)such that

ρ(x) ≲ ρ(y)eλω(x−y),

for some λ = λ(ρ) > 0. We also introduce the notation ϱϱϱ(ωωω) :=
⋃
ω∈ωωω ϱϱϱ(ω). The

objects ρ ∈ ϱϱϱ(ωωω) will be called weights.

The weight we considered in this paper is of the following form:

p(a)(x) := (1 + |x|)a, e(l)(x) := el|x|
σ

,

for non-negative a, l and 0 < σ < 1. We drop the index σ since it does not influence
the proof.

For function φ : Z2
n → R, we define its Fourier transformation as function on torus

T2
n by

Fnφ(k) :=
1

n2

∑
x∈Z2

n

φ(x)e−2πιk·x, k ∈ T2
n,

and the inverse Fourier transformation for functions φ : T2
n → R,

F−1
n φ(x) :=

ˆ
T2
n

φ(k)e2πιk·xdk, x ∈ Z2
n.

Let ω ∈ ωωω, it is defined in [71] the space Sω consisting of all functions such that all
derivatives of itself and its Fourier transformation decay like e−λω for any λ > 0. The
dual space of S′

ω is called ultra-distribution which will be the space the Besov spaces
are built on.

Suppose ρ−1, ρ0 ∈ S′
ω(R2) are two non-negative and radial functions such that the

support of ρ−1 is contained in a ball B ⊂ R2, the support of ρ0 is contained in an
annulus {x ∈ R2 : 0 < a ≤ |x| ≤ b} and such that with

ρj = ρ0(2
−j·),

the following conditions are satisfied:

1.
∑∞

i=−1 ρj(x) = 1, ∀x ∈ R2

2. supp(ρi) ∩ supp(ρj) = ∅ if |i− j| > 1
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For each ω ∈ ωωω, such a partition of unity always exists in S′
ω(R2). We define furthermore

an index jn to be the minimum index such that the support of ϕj intersects with T̃2
n.

Update the partition of unity of T̃2
n by defining periodic functions

ρnj = ρj, j < jn, ρnjn = 1−
jn−1∑
j=−1

ρj.

For a ultra-distribution f ∈ S′
ω(Z2

n), the Littlewood-Paley blocks of f as

∆n
j f = F−1(ρnjF(f)).

for j = −1, 0, · · · , jn.
For α ∈ R, p, q ∈ [1,∞] and ρ ∈ ϱϱϱ(ωωω), we define the weighted Besov space

Bα
p,q(Z2

n, ρ) by

Bα
p,q(Z2

n, ρ) := {f ∈ S′
ω : ∥f∥Bα

p,q(Z2
n,ρ)

:= ∥(2jα∥ρ−1∆jf∥Lp)∥ℓq <∞}.

In particular, the discrete Hölder space is defined by Cα(Z2
n, ρ) := Bα

∞,∞(Z2
n, ρ) for

α not an integer. The extension operator En defined in [71] will be helpful when we
consider the convergence from the discrete equation to the continuum equation.

We also consider the space concerning the regularity with respect to time. Fix a
time horizon T > 0, we define the space CTCα(Z2

n, e(l)) to be all continuous in time
function f : [0, T ] → Cα(Z2

n, e(l + T )) such that the norm

∥f∥CTCα(Z2
n,e(l))

:= sup
0≤t≤T

∥f(t)∥Cα(Z2
n,e(l+t))

,

is finite. For 0 < β < 1, the space Cβ
TC

α(Z2
n, e(l)) is defined by

∥f∥Cβ
TC

α(Z2
n,e(l))

:= ∥f∥CTCα(Z2
n,e(l))

+ sup
0≤s<t≤T

∥f(t)− f(s)∥Cα(Z2
n,e(l+t))

t− s
.

We also define the space MγCα(Z2
n, e(l)) to be all function f such that tγf(t) ∈

CTC
α(Z2

n, e(l)). And the space Lγ,α(Z2
n, e(l)) consists of all functions f such that

f ∈ MγCα(Z2
n, e(l)), tγf ∈ C

α
2L∞(R2, e(l)).

We simply write Lα when γ = 0.
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4.2.2 Notation on operators

We give the definition of some discrete operators here. We define the discrete Laplace
on lattice Z2

n by
∆nf(x) := n2

∑
y∼x

(f(y)− f(x)).

We will use P n
t to denote the discrete heat kernel, i.e. for any function φ, we denote

P n
t φ to be the mild solution of the equation{

∂tw
n
t = ∆nwnt ,

wn0 = φ.
(4.2.1)

We also use Pt for the continuum equation. Also, for a deterministic environment
ξn(which will be introduced in assumption 4.3.1), we define the Anderson Hamiltonian
Hn = ∆n+ξne , where ξne = ξn−cn with cn a renormalization constant to be introduced
in the definition of deterministic environment. We then use the operator T nt φ to
indicate the solution to the equation{

∂tw
n
t = Hnwnt ,

wn0 = φ.
(4.2.2)

if the solution exists and is unique. All above definitions move to the continuous case
with symbols Pt,∆ and Tt,H. There is another definition of Hn which links to the
continuous equation by the para-product.

Definition 4.2.2. For any two distributions φ, ϕ on Z2
n, the product can be decomposed

as φ · ϕ = φ< ϕ+ φ⊙ ϕ+ ϕ< φ such that

φ< ϕ =

jn∑
j=−1

∆n
<j−1φ∆

n
j ϕ, φ⊙ ϕ =

∑
|i−j|≤1

−1≤i,j≤jn

∆n
i φ∆

n
j ϕ,

where ∆n
<i =

∑i
j=−1∆

n
j . When n = ∞, it is exactly the same definition on R2. This

builds the relation between discrete and continuum cases.

The definition of para-product allows us to define the para-controlled distribution.

Definition 4.2.3. Suppose κ > 0, ξn and Iξn satisfy the assumption 4.3.1. We say
φn is para-controlled if φn ∈ C1−κ(Z2

n, e(l)) for some l ∈ R and

φn,# := φn − φn < Iξn ∈ C1+2κ(Z2
n, e(l)).
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We define the para-controlled space D(Z2
n, e(l)) for all paracontrolled functions φn

such that

∥φn∥D(Z2
n,e(l))

= ∥φn∥C1−κ(Z2
n,e(l))

+ ∥φn,#∥C1+2κ(Z2
n,e(l))

<∞.

We also define the domain DH of the operator H on R2, which is given by

DH :=

{ˆ t

0

Tsuds : t > 0, u ∈ Cζ(R2, e(l)), l ∈ R, ζ > 1

}
.

The property of this set is discussed in [78].

4.2.3 Other notations

We denote MF (R2) as the space of finite measure on R2 equipped with weak topology
defined by family Cb(R2). We also let M±

F (R2) be the signed finite measure on R2.
For any Polish space E, we consider the space of E−valued càdlàg path D([0,∞), E)

endowed with Skorohod topology.

4.3 Model Formulation

From now on, fix a parameter 1 < β < 2. To simplify this paper, we only consider
the deterministic environment ξn, which is simply a function from Z2

n to R. We refer
readers to [78] for how to deal with the situation when the environment ξn is random.
Let χ be a smooth function taking value 1 outside of

(
−1

4
, 1
4

)2 and 0 in
(
−1

8
, 1
8

)2.
Assumption 4.3.1. For a deterministic environment ξn, define Iξn to be the solution
to the equation −∆nIξn = F−1

n (χFnξ
n). Consider a regularity parameter κ′ ∈

(
0, 1

4

)
.

We assume

1. There exists ξ ∈ ∩a>0C
−1−κ′(R2, p(a)) such that, for all a > 0,

sup
n

∥ξn∥C−1−κ′ (Z2
n,p(a))

<∞, Enξn → ξ in C−1−κ′(R2, p(a))

2. The quantities |ξn|
n

is uniformly bounded over n. Furthermore, there exists ν ≥ 0

such that the following convergence holds

En
ξn+
n

→ ν, En
|ξn|
n

→ 2ν

in C−δ(R2, p(a)) for any δ > 0, a > 0.
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3. There exists {cn} ⊂ R with cn
n

→ 0 and there exists Iξ ∈ ∩a>0C
1−κ′(R2, p(a))

and Iξ ⋄ ξ ∈ ∩a>0C
−2κ′(R2, p(a)) such that for all a > 0,

sup
n

∥Iξn∥C1−κ′ (Z2
n,p(a))

+ sup
n

∥(Iξn ⊙ ξn)− cn∥C−2κ′ (Z2
n,p(a))

<∞

,EnIξn → Iξ in C1−κ′(R2, p(a)) and En(Iξn⊙ξn−cn) → Iξ⋄ξ in C−2κ′(R2, p(a)).

We call a distribution ξ on R2 a deterministic environment if there exists ξn

satisfying the assumption 4.3.1 and ξ is the limit. Given a deterministic environment
with assumption 4.3.1, we establish the particle systems approximating desired super-
process.

For each n ∈ N, we consider a branching random walk on the lattice Z2
n. In the

language of branching random walk, the underlying motion is given by random walk
Xn with generator ∆n. The branching rate is given by

an(x, dt) = |ξne (x)|dt, ξne := ξn − cn

for all x ∈ Z2
n. The branching mechanism is given by the generating function

gn(x, s) =
2ξne,+

(1 + β)|ξne |
(1− s)1+β − ξne

|ξne |
+

2ξne,+
|ξne |

s =
∞∑
i=0

pi · qi(x)si, (4.3.1)

where
∞∑
i=0

pis
i =

1

1 + β
(1− s)1+β + s := g(s). (4.3.2)

One can verify that we have

q0(x) =
(1− β)ξne,+ + (1 + β)ξne,−

|ξne |
∈ (1− β, 1 + β) , qi(x) =

2ξne,+
|ξne |

≤ 2, i ≥ 2.

Since ∂
∂s
gn(x, 0) = 0 = p1, we can set q1(x) to be any number. For example, set

q1(x) = 1.
A detailed description can be given by defining the infinitesimal generator of a

Markov process on the configuration space En = (N)Z2
n endowed with product topology.

For any configuration η ∈ En, we define

ηx→y(z) = 1{η(x)>0}(η(z) + 1z=y − 1z=x), ηx+k(z) = 0 ∨ (η(z) + (k − 1)1z=x).

Furthermore, for any F ∈ Cb(E
n), we define

∆n
xF (η) = n2

(∑
y∼x

F (ηx→y)− F (η)

)
, dkxF (η) = F (ηx+k)− F (η).
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Since any configuration on En can be viewed as a sigma finite point measure on R2

and we eventually prove the tightness in the measure space, we will freely change from
En to the point measure on R2 in the following content.

To construct the approximation particle systems, we need furthermore the Poisson
random measure introduced in appendix C.1.

Definition 4.3.1. Fix a compact supported measure µn0 on Z2
n and an average param-

eter ϱ ≤ β. Let ϵ = n− 1
ϱ . We define an En−valued stochastic process Zn(t) started at

a Poisson random measure on Z2
n with intensity µn0

ϵ
with infinitesimal generator

LnF (η) =
∑
x∈Z2

n

ηx

[
∆n
xF (η) + |an(x)|

∞∑
k=0

pkqk(x)d
k
xF (η)

]
, (4.3.3)

for any F ∈ D(Ln) which consists of all F ∈ Cb(E
n) such that the right-hand side of

(4.3.3) is finite. Finally, set µn(t) = ϵZn(t) for all t ∈ [0,∞).

Our main results concern the limit behaviour of the measures µn when ϱ = β, which
will be called β−rough super Brownian motion. Here is the definition of β−super
Brownian motion. We use κUt(φ) to denote the unique solution to the equation{

∂twt = Hwt − κw1+β
t ,

w0 = φ.
(4.3.4)

In most situation, we will drop the prescript κ and write Ut(φ) if there is no confusion.

Definition 4.3.2. Let ξ be a deterministic environment satisfying assumption 4.3.1.
Let κ > 0 and µ0 be a compact support measure. Let µ be a process with values
in the space D([0,∞),MF (R2)), such that µ(0) = µ0. Write F = {Ft}t∈[0,∞) for the
completed and right-continuous filtration generated by µ. We call µ a β−rough super
Brownian motion with parameter κ if it satisfies one of the three properties below:

1. For any t ≥ 0 and non-negative function φ ∈ C∞
c (R2). The process

Nφ
t (s) := e−⟨µs,Ut−s(φ)⟩,

is a bounded martingale.

2. For any t ≥ 0, φ0 ∈ C∞
c (R2) and f ∈ CtC

ζ(R2, e(l)) for any ζ > 0, l < −t. Let
φt(s) solves

∂sφt(s) +Hφ(s) = f(s), s ∈ [0, t], φt(t) = φ0,
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then
Mφ0,f

t (s) := ⟨µs, φt(s)⟩ − ⟨µ0, φ0⟩ −
ˆ s

0

⟨µr, f(r)⟩dr,

defined for s ∈ [0, t], is a a L1+θ bounded purely discontinuous martingale for
any 0 < θ < β. In addition, the random point measure associated with Mφ0,f

t

has the compensator

⟨µs,κ|φt(s)|1+β⟩
β(1 + β)

Γ(1− β)xβ+2
1xφt>0dsdx

3. For all function ϕ ∈ DH,

Lϕt := ⟨µt, ϕ⟩ − ⟨µ0, ϕ⟩ −
ˆ t

0

⟨µs,Hϕ⟩ds,

is a L1+θ bounded purely discontinuous martingale for any 0 < θ < β. In
addition, the random point measure associated with Lϕt has the compensator

⟨µt,κ|ϕ|1+β⟩
β(1 + β)

Γ(1− β)xβ+2
1xϕ>0dtdx.

Remark 4.3.3. It will be seen in the proof of 4.3.4 that the second definition actually
holds for f with any weight e(l) if we goes from 2. to 1. and obtain the moment
estimation of ⟨µt, e(l)⟩ from definition 1. via similar argument as discrete case. This
moments estimation then ensure the limit procedure in the proof from 3. to 2. when
the weight of f is arbitrary.

Our main results are the following:

Theorem 4.3.4. The three definition in 4.3.2 are equivalent.

The proof is given in section 4.6

Theorem 4.3.5. For any κ > 0, the β−rough super Brownian motion exists and has
unique law. Furthermore, it can be realized as a limit of some particles systems.

The proof is given in section 4.5. For the case κ < 2
1+β

, it is the limit of µn. And
for more general case, we do the mixing method as in the paper [78].

As a direct consequence of the method in [59] and a coupling method, we can show
the compact support property and the super-exponentially persistence of the β−super
Brownian motion.
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Definition 4.3.6. We say a stochastic process with value in MF (R2) is super-
exponentially persistent if, for any non-zero positive function φ ∈ C∞

c (R2) and for all
λ > 0, it holds that

P
[
lim
t→∞

e−tλ⟨µ(t), φ⟩ = ∞
]
> 0.

Theorem 4.3.7. The β−rough super Brownian motion is super-exponentially persis-
tent.

Definition 4.3.8. We say a stochastic process with value in MF (R2) possesses the
compact support property if

P

[ ⋃
0≤s≤t

supp(µs) is compact

]
= 1,

for any t ≥ 0.

Theorem 4.3.9. The β−rough super Brownian motion possesses the compact support
property.

4.4 On variants of the Parabolic Anderson Model

In this section, we discuss the required knowledge of SPDEs to construct the β−rough
super Brownian motion. To start with, let’s give the solution theory of PAM on Z2

n

and R2. Details can be found in [71]. Let κ ∈
(
0, 1

4

)
be a regularity parameter and

T > 0 be the time horizon.

Theorem 4.4.1. Consider fn ∈ CTC
−1+2κ(Z2

n, e(l)),φn ∈ C1−κ(Z2
n, e(l)) and φn,# ∈

C1+2κ(Z2
n, e(l)). Then the equation{

∂tw
n
t = Hnwnt + fn,

wn0 = φn,
(4.4.1)

admits a unique solution with the estimations

∥wn∥L1−κ
T (Z2

n,e(l+T ))
≲ ∥fn∥CTC−1+2κ(Z2

n,e(l))
+ ∥φn∥D(Z2

n,e(l))
. (4.4.2)

The constant in ′ ≲′ is uniform over n. Furthermore, if the functions Enφn → φ and
Enfn → f , then we have the convergence of solution wn to the solution of continuum
PAM with the same estimation as (4.4.2).
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Remark 4.4.2. When the initial condition φ is not paracontrolled but smooth, we
could operate as follows. Consider w̃t = wt − φn, then the function wt satisfies{

∂tw̃t = Hnw̃t + fn +Hnφn

w̃0 = 0
(4.4.3)

Now if φn ∈ C1+2κ(Z2
n, e(l)) for some l ∈ R, then we see that Hnφn is well-defined

and belongs to the space C−1+2κ(Z2
n, e(l)p(a)) for any a > 0. Then theorem 4.4.1 can

be applied to equation (4.4.3) and obtain estimations:

∥wn∥L1−κ
T (Z2

n,e(l+T ))
≲ ∥fn∥CTC−1+2κ(Z2

n,e(l))
+ ∥φn∥C1+2κ(Z2

n,e(l))
. (4.4.4)

4.4.1 Discrete case

In this section, we fix a positive integer n and consider equation on the discrete
space-time R+ × Z2

n. We now turn to the consideration of a non-linear discrete PAM.
∂tw

n
t = Hnwnt − f(wnt , ξ

n
e )w

n
t , in (0,∞]× Z2

n,
wn0 = φn ≥ 0, on Z2

n,
wnt ≥ 0, ∀t ≥ 0,

(4.4.5)

where f is a non-negative function. We give assumptions on f here:

Assumption 4.4.1. There exists some α > 0,

|f(x, y)| ≲ 1 + |x|α,

and the three-variables function

f(x1, y)x1 − f(x2, y)x2
x1 − x2

,

is locally bounded on (Z2
n)

3.

For (4.4.5), we have the following theorem.

Theorem 4.4.3. Suppose f satisfies assumption 4.4.1. Let φn ∈ C1+2κ(Z2
n, e(l)) for

some l ∈ R. Then the equation (4.4.5) admits a unique solution wnt in the space
∪l̂∈R,σ∈(0,1)L1−κ(Z2

n, e(l̂)) and we have the estimation

∥wnt ∥L1−κ(Z2
n,e(l

′+(1+α)t)) ≲ ∥φn∥C1+2κ(Z2
n,e(l))

(1 + ∥φn∥αC1+2κ(Z2
n,e(l))

),

for any l′ > (1 + α)l.

To prove theorem 4.4.3, we first give a lemma on representing solutions of a larger
class of equations by Dynkin’s formula.
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Lemma 4.4.4. Suppose R : R3 → R is continuous and has at most polynomial growth.
Let ϕ ∈ CTL

∞(Z2
n, e(l)) and vt ∈ CTL

∞(Z2
n, e(l)) be the solution to the equation{

∂tvt = (∆n + ξne )vt −R(vt, ξ
n
e , ϕt), in (0,∞]× Z2

n,
v0 = φ, on Z2

n,
(4.4.6)

for some l ∈ R. Then we have for x ∈ Z2
n

vt(x) = E
[
φ(Xn

t ) +

ˆ t

0

(vt−s · ξne )(Xn
s )−R(vt−s, ξ

n
e , ϕt−s)(X

n
s )ds|X0 = x

]
. (4.4.7)

Proof. As said in [71], all the space Cα(Z2
n, e(l)) are equivalent when n and l are

fixed. The assumption on ξn then tells us that the weighted supremum norm of ξne
is bounded. Together with the assumption on R, we see that ∂tvt ∈ Cα(Z2

n, e(l̂)) for
some l̂ and any α ∈ R. In particular ∇n∂tvt ∈ L∞(Z2

n, e(l̂)).
For each N > 0 and fixed t > 0, consider truncated function fN(s, x) =

vt−s(x)1|x|≤N . We also define f(s, x) = vt−s(x). Since Xn
s is a strong Markov process

with generator
∆nφ(x) = n2

∑
y∼x

(φ(y)− φ(x)),

from Dynkin’s formula, we calculate

E [f(t,Xn
t )− f(0, x)] =

∑
i

lim
N→∞

E
[
fN(ti+1, X

n
ti+1

)− fN(ti, X
n
ti
)
]

=
∑
i

lim
N→∞

E
[ˆ ti+1

ti

∆nfN(ti+1, X
n
s ) + ∂tf

N(s,Xn
ti
)ds

]
=
∑
i

E
[ˆ ti+1

ti

∆nf(ti+1, X
n
s ) + ∂tf(s,X

n
ti
)ds

]
.

(4.4.8)

The first and third equations hold because the bounds for v, ∂tv and ∀l0 ∈ R

E
[
el0 sup0≤s≤t |Xn

s |
]
<∞.

The error terms can be estimated as∑
i

E
[∣∣∣∣ˆ ti+1

ti

∆n (f(ti+1, X
n
s )− f(s,Xn

s )) ds

∣∣∣∣]
≲
∑
i

E
[ˆ ti+1

ti

ˆ ti+1

s

el|X
n
s |σduds

]
≲n

∑
i

(ti+1 − ti)
2,
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and, let Mn
t := sup0≤s≤t |Xn

s |,∑
i

E
[∣∣∣∣ˆ ti+1

ti

∂tf
N(s,Xn

s )− ∂tf
N(s,Xn

ti
)ds

∣∣∣∣]
≲
∑
i

E
[ˆ ti+1

ti

|Xn
ti
−Xn

s |el̂|M
n
t |σds

]
≲
∑
i

ˆ ti+1

ti

E[|Xn
ti
−Xn

s |2]E[e2l̂|M
n
t |σ ]ds ≲

∑
i

(ti+1 − ti)
3.

(4.4.9)

Thus we obtain that

E [f(t,Xn
t )− f(0, x)] = E

[ˆ t

0

∆nf(s,Xn
s ) + ∂tf(s,X

n
s )ds

]
.

Insert the equation of v, we then obtain the result.

Next, we need a lemma on a variant equation of PAM, namely
∂tw

n
t = (Hn − ϕnt )w

n
t , in (0,∞]× Z2

n,
wn0 = φn ≥ 0, on Z2

n,
wnt ≥ 0, ∀t ≥ 0,

(4.4.10)

where ϕnt is a positive function.

Lemma 4.4.5. Suppose non-negative functions ϕnt ∈ CTL
∞(Z2

n, e(l0 + ·)) and φn ∈
C1+2κ(Z2

n, e(l)) for some l0, l ∈ R. Then the equation (4.4.10) admits a minimum
non-negative solution given by mild formulation

wnt = T nt (φ
n) +

ˆ t

0

T nt−s(ϕ
n
sw

n
s )ds,

with estimation

∥wnt ∥L1−κ(Z2
n,e(l+l0+2t)) ≲ ∥φn∥C1+2κ(Z2

n,e(l))
(1 + ∥ϕnt ∥L∞(Z2

n,e(l0+t))
),

and
∥wnt ∥L∞(Z2

n,e(l+t))
≲ ∥φn∥C1+2κ(Z2

n,e(l))
,

where ′ ≲′ is independent of n. Furthermore, the uniqueness of solution holds in the
space ∪l̂∈RCTL∞(Z2

n, e(l̂)).

Proof. By similar argument in [40], we know the minimum solution of equation (4.4.10)
is given by the following Feynman-Kac formula

wnt (x) = E
[
e
´ t
0 (ξ

n
e −ϕnt−s)(X

n
s )dsφn(Xn

t )|Xn
0 = x

]
, (4.4.11)
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if it is finite. By the positivity of ϕn and φn, we see the integrand has the estimation

0 ≤ e
´ t
0 (ξ

n
e −ϕnt−s)(X

n
s )dsφn(Xn

t ) ≤ e
´ t
0 ξ

n
e (X

n
s )dsφn(Xn

t ).

Thus wnt is finite due to the solvability of discrete PAM. Furthermore, we then have
the estimation

∥wnt ∥L∞(Z2
n,e(l+t))

≲ ∥T nt φn∥L∞(Z2
n,e(l+t))

≲ ∥φn∥C1+2κ(Z2
n,e(l))

.

By the regularity estimation of PAM, we have

∥wn∥L1−κ(Z2
n,e(l+l0+2·)) ≲ ∥φn∥C1+2κ(Z2

n,e(l+l0))
+ ∥ϕnwn∥CTL∞(Z2

n,e(l+l0+2·))

≲ ∥φn∥C1+2κ(Z2
n,e(l))

(1 + ∥ϕnt ∥L∞(Z2
n,e(l0+t))

).

Now from the Feynman Kac formulation to mild formulation, the integration by parts
tells us that

wnt (x) = Ex
[(

1−
ˆ t

0

dse
´ t
s (ξ

n
e −ϕnt−r)(X

n
r )dr

)
φn(Xn

t )

]
= Ex

[
φn(Xn

t ) +

ˆ t

0

e
´ t
s (ξ

n
e −ϕnt−u)(X

n
u )du(ξne − ϕnt−s)(X

n
s )dsφ

n(Xn
t )

]
= Ex

[
φn(Xn

t ) +

ˆ t

0

e
´ t
t−s(ξ

n
e −ϕnt−u)(X

n
u )duφn(Xn

t )(ξ
n
e − ϕns )(X

n
t−s)ds

]
= Ex

[
φn(Xn

t ) +

ˆ t

0

wns (X
n
t−s)(ξ

n
e − ϕns )(X

n
t−s)ds

]
= P n

t (φ
n) +

ˆ t

0

P n
t−s(w

n
s (ξ

n
e − ϕns ))ds,

where we applied the Markov property of Xn at the fourth equality. Then basic
argument goes to the formulation with operator T n.

On the uniqueness, if the solution wn ∈ CTL
∞(Z2

n, e(l̂)) for some l̂ ∈ R, we know
by lemma 4.4.4 that the solution must be given by

wnt (x) = E
[
φ(Xn

t ) +

ˆ t

0

(wnt−s · ξne )(Xn
s )− wnt−s(X

n
r )(ϕ

n
t−s)(X

n
s )ds|X0 = x

]
,

which is exactly the mild formulation. Now we do the reverse procedure. The
integration by parts formula gives usˆ t

0

e
´ t
t−s(ξ

n
e −ϕnu)(Xn

t−u)du(ξne − ϕnt−s)(X
n
s )

ˆ t

s

wnt−u(ξ
n
e − ϕnt−u)(X

n
u )duds

=

ˆ t

0

ˆ t

s

wnt−u(ξ
n
e − ϕnt−u)(X

n
u )dud

(
e
´ t
t−s(ξ

n
e −ϕnu)(Xn

t−u)du
)

=

ˆ t

0

e
´ t
t−s(ξ

n
e −ϕnu)(Xn

t−u)duwnt−s(ξ
n
e − ϕnt−s)(X

n
s )ds

−
ˆ t

0

wnt−u(ξ
n
e − ϕnt−u)(X

n
u )du.

87



Thus we have by Markov property

wnt (x) =Ex
[
−
ˆ t

0

e
´ t
t−s(ξ

n
e −ϕnu)(Xn

t−u)du(ξne − ϕnt−s)(X
n
s )
{
wnt−s(X

n
s )− φn(Xn

t )

−
ˆ t

s

wnt−u(ξ
n
e − ϕnt−u)(X

n
u )du}ds+ wnt (x)

]
=Ex

[
wnt (x)−

ˆ t

0

wnt−s(ξ
n
e − ϕnt−s)(X

n
s )ds

+

ˆ t

0

φn(Xn
t )d

(
e
´ t
t−s(ξ

n
e −ϕnu)(Xn

t−u)du
)]

=Ex
[
φn(Xn

t )e
´ t
0 (ξ

n
e −ϕnt−s)(Xs)ds

]
.

Thus solution wnt is unique.

Remark 4.4.6. Above lemma also holds when φn ∈ D by theorem 4.4.1 and the
estimation of wnt will change to

∥wnt ∥L1−κ(Z2
n,e(l+l0+2t)) ≲ ∥φn∥D(Z2

n,e(l))
(1 + ∥ϕnt ∥L∞(Z2

n,e(l0+t))
).

Furthermore, by the equivalence between the mild representation and the Feynamm-Kac
representation, we can see that the only solution to the equation (4.4.10) with initial 0
should be 0 even without the positivity conditions (for ϕn, wn).

Now we are able to give a proof of theorem 4.4.3

Proof of theorem 4.4.3. We define the map K : ϕn → K(ϕn) to be the minimum
solution to the equation (4.4.10). Now consider a function w ∈ CT (Z2

n, e((l + ·))), we
have

∥K(f(wn, ξne ))t∥L∞(Z2
n,e(l+t))

≲ ∥φn∥C1+2κ(Z2
n,e(l))

,

This estimation shows that map K(f(·, ξne )) maps the whole space CT (Z2
n, e((l+ ·))) to

a bounded subspace of itself. We now equip the space with the weak∗ topology, then
the range of the map K is contained in a compact subspace of the CT (Z2

n, e((l + ·))).
From Schauder’s fixed point theorem, we know there exists a fixed point for this map
and the fixed point is exactly the mild solution to the equation (4.4.5). To show
wnt is indeed a solution of equation (4.4.5). We could write wnt in the Feynman Kac
formulation

wnt (x) = Ex
[
e
´ t
0 (ξ

n
e −f(wn

t−s,ξ
n
e ))(Xs)dsφn(Xt)

]
,

then by the lemma 4.4.5, we know wnt is the minimum solution to the equation
∂tu

n
t = (Hn − f(wnt , ξ

n
e ))u

n
t ,

un0 = φn,
unt ≥ 0.

(4.4.12)
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Thus is it a solution to the equation (4.4.5). Now we turn to the uniqueness property.
Suppose we have two solutions to the equation (4.4.5), say w̃n and wn. Then the
differences

w̄n := w̃n − wn,

satisfies the equation{
∂tw̄

n
t = Hnw̄nt −

f(w̃n
t ,ξ

n
e )w

n
t −f(wn

t ,ξ
n
e )w

n
t

w̄n
t

w̄nt ,

w̄n0 = 0.
(4.4.13)

Above estimation shows that supremum norm of w̃n is bounded, and combining with
assumption 4.4.1, we know

f(w̃nt , ξ
n
e )w

n
t − f(wnt , ξ

n
e )w

n
t

w̄nt
∈ CTL

∞(Z2
n, e(l̃).

Then from remark 4.4.6, we know w̄n = 0 and hence the uniqueness holds.

4.4.2 Continuous case

For the continuous case, all the existence problems of mild solutions can be solved by
sending n to infinity in the discrete since all the estimations in the discrete cases are
uniform over n. We are then interested in the uniqueness of solutions.

As we can see in the discrete case, the keys to the uniqueness are the equivalence
between Feynman-Kac formula and the mild formulation. It is not clear what e

´ t
0 ξ(Xs)ds

means in Feynman-Kac formula for the continuous case. However, we can hide this
quantity by considering the directed polymer measure directly.

The construction and convergence of polymer measure for spatial white noise by
mollified or discrete white noise on T2 are given in [7, 18]. Following the arguments in
[18], the convergence of solutions to the corresponding Parabolic Anderson Models
and the application of [71] on the whole R2 will give the construction and convergence
of polymer measure on R2.

Intuitively, we only need the Markov property of Xn when we prove the uniqueness
of equation (4.4.10). And in [1], the authors show the polymer measure conditioned
on the environment is actually a Markov process, which implies that the uniqueness in
the continuous case should also hold. We start with the definition of polymer measure
Q on the space C[0, T ].

Definition 4.4.7. Let Xt be the canonical process of C[0, T ], define the finite dimen-
sional distribution for 0 = t0 < t1 < · · · < tk ≤ T and x0 = x, xi ∈ R2, i = 1, · · · , k:

Qx [Xti ∈ dxi] =
1

ZT (x)

k−1∏
i=0

Zti+1−ti(xi, xi+1)ZT−tk(xk)dx1dx2 · dxk,
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where Zt(x, y) is the solution to the equation{
∂tZt(x, y) = HxZt(x, y), in (0,∞]× R2,
Z0(x) = δy(x), on R2.

(4.4.14)

and Zt(x) :=
´
R2 Zt(x, y)dy. The measure Qx generated by the above finite-dimensional

distribution is called the directed polymer measure starting at point x.

Remark 4.4.8. The two-dimensional dirac function have the regularity of B−2(1−1/p)
p,∞

and applying conclusion in [71] with p = 1, we see that equation (4.4.14) admits a
unique solution in the paracontrolled space. The solution Zt(x, y) is actually a Green’s
function and we have the representation

Ttφ(x) =

ˆ
R2

Zt(x, y)φ(y)dy.

Furthermore, the consistency of finite-dimensional distribution is guaranteed by

Zt+s(x, y) = (Tt+sδy)(x) = (TtZs(·, y))(x) =
ˆ
R2

Zt(x, z)Zs(z, y)dz.

In addition, the markov property of polymer measure can be seen from its finite-
dimensional distribution directly.

Apart from the Markov property, we need a result on the transition function of the
polymer measure, which can actually be viewed as a version of definition of polymer
measure.

Lemma 4.4.9. For 0 < s < t, we have the following representation for φ ∈
C1+2κ(R2, e(l)):

Tt−sφ(Xs) = EQx
[
ZT−s(Xs)

φ(Xt)

ZT−t(Xt)
|Xs

]
,

for Xs following the probability measure Qx.

Proof. For any measurable function g, we calculate

EQx
[
ZT−s(Xs)

φ(Xt)

ZT−t(Xt)
g(Xs)

]
=

1

ZT (x)

ˆ
R2

Zs(x, x1)Zt−s(x1, x2)ZT−t(x2)ZT−s(x1)g(x1)
φ(x2)

ZT−t(x2)
dx1dx2

=
1

ZT (x)

ˆ
R2

Zs(x, x1)Zt−s(x1, x2)ZT−s(x1)g(x1)φ(x2)dx1dx2

=
1

ZT (x)

ˆ
R
Tt−sφ(x1)g(x1)Zs(x, x1)ZT−s(x1)dx1 = EQx [Tt−sφ(Xs)g(Xs)].

Thus the result follows.
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Now consider equation
∂twt = (H − ϕt)wt, in (0,∞]× R2,
w0 = φ ≥ 0, on R2

wt ≥ 0, ∀t ≥ 0.
(4.4.15)

Lemma 4.4.10. Suppose ϕt ∈ CTL
∞(R2, e(l0 + ·)) and φ ∈ C1+2κ(R2, e(l)) for some

l0, l ∈ R. Then the equation (4.4.10) admits a solution given by mild formulation

wt = Tt(φ) +

ˆ t

0

Tt−s(ϕsws)ds,

with estimation

∥wt∥L1−κ(R2,e(l+l0+2t)) ≲ ∥φ∥C1+2κ(R2,e(l))(1 + ∥ϕt∥L∞(R2,e(l0+t))),

and
∥wt∥L∞(R2,e(l+t)) ≲ ∥φ∥C1+2κ(R2,e(l)).

Same result for φ ∈ D1−ϵ(R2, e(l)). Furthermore, the uniqueness of solution holds in
the space ∪l̂∈R,σ∈(0,1)CTC0(R2, e(l̂)).

Proof. The existence is a direct consequence of discrete case and taking the limit. On
the uniqueness, the mild formulation is given by

wt(x) =Ttφ−
ˆ t

0

Tt−s(ϕsws)ds

=EQx
[
ZT (x)

φ(Xt)

ZT−t(Xt)
− ZT (x)

ˆ t

0

ϕt−swt−s(Xs)

ZT−s(Xs)
ds

]
.

Furthermore, let 0 < s < t, we have

wt−s(Xs) = EQx
[
ZT−s(Xs)

φ(Xt)

ZT−t(Xt)
− ZT−s(Xs)

ˆ t

s

ϕt−uwt−u(Xu)

ZT−u(Xu)
du|Xs

]
.

Thus, same calculation as in the lemma 4.4.5 gives

wt(x) =EQx
[
wt(x) + ZT (x)

ˆ t

0

e
´ t
t−s −ϕu(Xt−u)du

−ϕt−s(Xs)

ZT−s(Xs)
{wt−s(Xs)−

ZT−s(Xs)
φ(Xt)

ZT−t(Xt)
+ ZT−s(Xs)

ˆ t

s

ϕt−u(Xu)wt−u(Xu)

ZT−u(Xu)
du}ds

]
=EQx

[
ZT (x)

φ(Xt)

ZT−t(Xt)

(
1−

ˆ t

0

e−
´ t
t−s ϕu(Xt−u)dyϕt−s(Xs)ds

)]
=EQx

[
ZT (x)e

−
´ t
0 ϕt−u(Xu)du

φ(Xt)

ZT−t(Xt)

]
.

The continuity of wt, Xt and the strict positivity of Z ensure all the above calculations
inside the expectation are valid. Thus we obtain the uniqueness of mild solution to
the equation (4.4.15).
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It is then a direct consequence that the solution of equation
∂twt = Hwt − f(wt)wt, in (0,∞]× R2,
w0 = φ ≥ 0, on R2,
wt ≥ 0, ∀t ≥ 0,

(4.4.16)

is unique, where f is a non-negative function.

Corollary 4.4.11. Suppose |f(x)| ≤ 1 + |x|α for some α > 0, xf(x) is locally
Lipschitz and φ ∈ C1+2κ(R2, e(l)), then there exists a unique mild solution to the
equation (4.4.16) and we have the estimation

∥wt∥L1−κ(R2,e(l′+(1+α)t)) ≲ ∥φ∥C1+2κ(R2,e(l))(1 + ∥φ∥αC1+2κ(R2,e(l))),

for any and l′ > (1 + α)l.

Proof. The existence comes from the approximation by discrete equation. Uniqueness
comes from the similar argument as in the proof of theorem 4.4.3.

Remark 4.4.12. All the results apply to the inhomogeneous equations:
∂twt = (H − ϕt)wt + gt, in (0,∞]× R2,
w0 = φ ≥ 0, on R2,
wt ≥ 0 ∀t ≥ 0,

(4.4.17)

and 
∂twt = Hwt − f(wt)wt + gt, in (0,∞]× R2,
w0 = φ ≥ 0, on R2,
wt ≥ 0 ∀t ≥ 0,

(4.4.18)

with the additional condition g ∈ CTL
∞(R2, e(l)) and non-negative. Since in these

case, the mild solution of (4.4.17) can be expressed as

wt(x) = EQx
[
ZT (x)e

−
´ t
0 ϕt−u(Xu)du

φ(Xt)

ZT−t(Xt)

+ ZT (s)

ˆ t

0

e−
´ s
0 ϕt−u(Xu)du

gt−s(Xs)

ZT−s(Xs)
ds

]
.

(4.4.19)

Thus the comparison principle with respect to ϕ still holds. The result is needed for
the compact support property.

Remark 4.4.13. All the above discussion is valid for the operator H replaced by ∆

with much simpler argument and better regularity.
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4.5 Existence as limit of particle systems

4.5.1 For the case κ < 2
1+β

In this section, we will show that the family {µn} defined in definition 4.3.1 is tight in
D([0,∞),M(R2)) and its limit is the β− rough super Brownian motion with desired
Laplace functional.

We will need auxiliary branching random walks given by the same branching
rate an with branching mechanism g(s) defined in (4.3.2). We denote the empirical
measures associated with auxiliary branching random walks as {µ̃n}.

Notice this branching mechanism g is independent with respect to the n and
position x and is well studied in classical books[27, 26] when the branching rate is
also independent of the position.

Theorem 4.5.1. Suppose µ0 is supported on a compact set. Following the defi-
nition 4.3.1, the limit µt := limn→∞ µnt exists as stochastic processes in the space
D([0,∞),M(R2)) and, when ϱ = β, for all non-negative function φ ∈ C1+2κ(R2, e(l)),
l ∈ R, the laplace transformation is given by

E
[
e−⟨µt,φ⟩

]
= e−⟨µ0,Ut(φ)⟩, (4.5.1)

where Ut(φ) is the unique non-negative solution to the equation (4.3.4) with κ = 2ν
1+β

.
In particular, this shows µt is markov and the first definition of definition 4.3.2 is
satisfied. Thus the β−rough super Brownian motion exists and is unique in law. In
addition, when ϱ < β, the limit µt satisfies the equation PAM.

Let’s first give a more detailed description of spatial dependent branching mecha-
nism and branching rate here. Since all particles in the system move independently, it
is sufficient to describe the motion of one particle. To describe the branching time
of one particle, let’s consider independent Poisson processes Nx

t with an arbitrary
intensity a(x) attached at each site x of Z2

n. Let Xn
t be a simple random walk on Z2

n,
then the branching time τ can be defined by

τ := inf{t ≥ 0 : Xn
t triggers the clock of NXn

t
t at time t}.

By the strong Markov property of Poisson process, we know that each time Xn changes
site, say time t0 , there is a new Poisson process (Nx

t −Nx
t0
)t≥t0 which is independent of

all past event determining the branching time. Now let’s do a scaling: set Ñx
t = Nx

t
a(x)

,

then Ñx
t are Poisson processes with intensity 1. If we paste all the pieces of scaled
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Poisson processes before Xn
t branches, we obtain a random variable following the law

of exponential distribution with parameter 1. Hence, by the scaling time, we can give
a new definition of branching time τ :

τ := inf

{
t ≥ 0 :

ˆ t

0

a(Xs)ds ≥ τ̃

}
,

where τ̃ is of exponential distribution with parameter 1. This also leads to the law of
branching time τ , which is given by

P[τ ≥ t] = e−
´ t
0 a(Xs)ds. (4.5.2)

As the consequence of Poisson Cluster Random Measure C.1.5, we are able to give
the Laplace functional of µnt and µ̃nt .

Lemma 4.5.2. Let A = Hn or ∆n, B =
2ξne,+ϵ

β

1+β
or |ξne |ϵβ

1+β
correspondingly. For each φ,

there exists Un
t (φ) or Ũn

t (φ) being the unique solution to the equation{
∂tv

n
t = Avt −B(vnt )

1+β, in (0,∞]× R2,

vn0 = 1−e−ϵφ(x)

ϵ
, on R2.

(4.5.3)

such that the Laplace functional of µnt and µ̃tn is given by

E[e−⟨µnt ,φ⟩] = e−⟨µn0 ,Un
t (φ)⟩, E[e−⟨µ̃nt ,φ⟩] = e−⟨µn0 ,Ũn

t (φ)⟩.

Proof. We only show the proof for µnt , the proof to µ̃nt is similar.
Define

wnt (x) := E
[
e−⟨µnt ,φ⟩|Zn

0 = δx
]
. (4.5.4)

Then lemma C.3.2 and lemma C.3.1 tell us that

wnt (x) := E
[
e−ϵφ(x) +

ˆ t

0

|ξne |(Xn
r )g

n(Xn
r , w

n
t−r(Xr))dr −

ˆ t

0

|ξne |wnt−r(Xr)dr

]
.

(4.5.5)
The Poisson cluster formula C.1.5 then gives us that

E[e−⟨µnt ,φ⟩] = e
−
〈
µn0 ,

1−wϵ
t

ϵ

〉
. (4.5.6)

Now define
vnt (x) =

1− wnt (x)

ϵ
.

The calculation shows that

vnt (x) = E
[
1− e−ϵφ(X

n
t )

ϵ
+

ˆ t

0

vnt−rξ
n
e (Zr)−

1

1 + β
(vnt−r)

1+β(2ξne,+ϵ
β)dr

]
. (4.5.7)

Thus, vnt is the unique solution to the equation (4.5.3) by lemma 4.4.5.
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Next goal is to prove the tightness of µn in the space D(R+,M(R2)). We need
following lemmas.

Lemma 4.5.3. For any 0 < β < 1, there exists an integer N(β) such that there exists
a coupling of process µnt and N(β) sum of independent µ̃n,it being copies of µ̃nt so that
we have

⟨µnt , φ⟩ ≤
N(β)∑
i=1

⟨µ̃n,it , φ⟩,

for any non-negative φ. Furthermore, ⟨µ̃n,it , 1⟩ are martingales.

Proof. Consider random variables Zn
0 (x) and Zn

i whose generators are given by gn(x, s)
and g(s). We show that there exists N(β) such that for any k ∈ N, the inequality
holds

P[Zn
0 (x) ≥ k] ≤ P

N(β)∑
i=1

Zn
i ≥ k

 . (4.5.8)

By the definition of generator gn, we rewrite the generator into infinite series

gn(x, s) =
∞∑
k=0

pkgk(x)s
k,

and

g(s) =
∞∑
k=0

pks
k.

We know furthermore that g0 ≥ 1−β
1+β

and gk ≤ 2 for k ≥ 1. Now consider Zn
1 +Z

n
2 +Z

n
3 ,

we have for all k ∈ N,

P[Zn
1 + Zn

2 + Zn
3 ≥ k] ≥ 3P[Zn

1 ≥ k]P[Zn
1 < k]2.

Since limk→∞ P[Zn
1 < k] = 1, we know there exists k0 such that

P[Zn
1 + Zn

2 + Zn
3 ≥ k0] ≥ 2P[Zn

1 ≥ k0] ≥ P[Zn
0 (x) ≥ k0].

Now for the k < k0, due to p0g0(x) > 0, the central limit theorem tells us the existence
of N(β) that (4.5.8) holds. Then the result follows since we can always produce more
particles at each site using inequality (4.5.8).

The martingale property of ⟨µ̃n,it , 1⟩ follows from the fact that g′(1) = 1, which
means that each time we branch, the expectation of number of off-spring is again 1.
So the total number of the particle system should form a martingale.
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Lemma 4.5.4. Let l be any real number. For φ ∈ C1+2κ(Z2
n, e(l)), the process

Mn,φ
t (s) := µns (T

n
t−sφ)− ϵZn

0 (T
n
t φ), M̃n,φ

t (s) := µ̃ns (P
n
t−sφ)− ϵZn

0 (P
n
t φ), (4.5.9)

are martingales. Thus by the formula of Poisson random measure,

E[⟨µnt , φ⟩] = ⟨µn0 , T nt φ⟩, E[⟨µ̃nt , φ⟩] = ⟨µn0 , P n
t φ⟩.

Proof. We consider only µnt here, the argument for µ̃nt is similar. Since we do not
have the exponential extimation of the measure µnt , we need to consider first time
dependent function ϕ· ∈ C1

t L
∞(Z2

n, e(−t+ ·)). Let function F t
ϕ : [0, t]× (NZ2

n) → R be

F t
ϕ(s, η) =

∑
x∈Z2

n

ϕs(x)ηx.

Apply Dynkin’s formula to F t
ϕ and do similar things as in the proof of lemma 4.4.4,

we obtain that

Mt(s) := µns (ϕs)− ϵZn
0 (ϕ0)−

ˆ s

0

∂rF
t
ϕ(r, µ

n
r ) + LnF t

ϕ(r, µ
n
r )dr,

is a martingale. The calculation gives

∂rF
t
ϕ(r, µ

n
r ) = µnr (∂rϕr), LnF t

ϕ(r, µ
n
r ) = µnr (H

nϕr).

Consider ϕs = T nt−sφ, we have the equality

∂rϕr +Hnϕr = 0.

When φ is compactly supported, the result follows since in this case, we have ϕ· ∈
C1
t L

∞(Z2
n, e(−t+ ·)). For more general φ ∈ C1+2κ(Z2

n, e(l)), we only need to consider
when φ is non-negative since the general φ can be controlled by some non-negative
function in the same space.

We can then approximate φ by an increasing sequence of compactly supported
functions φm such that φm → φ ∈ C1+2κ(Z2

n, e(l + 1)). This is visible since all
regularities are the same for the discrete spaces and increasing weight a little bit can
make φ to be 0 at the infinity under this weight. Then the solution theory of PAM or
heat equation gives us that

T nt φm → T nt φ ∈ C1−κ(Z2
n, e(l + 1)).

Then by monotone convergence theorem, we have

E[⟨µnt , φ⟩] = lim
m→∞

E[⟨µnt , φm⟩] = lim
m→∞

⟨µn0 , T nt φm⟩ = ⟨µn0 , T nt φ⟩ <∞,

since µn0 is compact supported. Thus Mt is a martingale by the martingale convergence
theorem and the result follows.
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Our next goal is to obtain the moment estimation of quantity sup0≤s≤t⟨µnt , φ⟩ for
some suitable φ. The direct operation on the µnt suffers some technique issues on
applying Hn to the functions in the domain of operator H. It is non-trivial at all to
see if the resulting functions Hnφn with φn → φ ∈ DH are uniformly bounded over n
at least in L∞. Thus, we turn to the estimation of sums of µ̃nt which governs µnt and
are much easier to manipulate. We will manipulate on µnt as much as possible and
only consider µ̃nt when there is some technical issue on µnt that we can not solve. We
will follow the argument of lemma 5.5.4 in [27].

Lemma 4.5.5. Suppose 0 < θ < β and µ0 is compactly supported. For any function
φ ∈ L∞(Z2

n, e(l)) with some l ∈ R, we have the moments estimation uniformly over n

E
[
⟨µnt , φ⟩1+θ

]
≲µ0,l,θ ∥φ∥1+θL∞(Z2

n,e(l))
.

Furthermore, for any function φ ∈ L∞(Z2
n, e(l)) such that ∆nφ ∈ L∞(Z2

n, e(l)), we
have the uniform estimation of finite moments of supreme over n.

E
[
sup
0≤s≤t

⟨µns , φ⟩1+θ
]
≲µ0,l,θ,β ∥φ∥L∞(Z2

n,e(l))
+∥φ∥2L∞(Z2

n,e(l))
+∥∆nφ∥1+βL∞(Z2

n,e(l))
. (4.5.10)

Proof. 1. Consider first a non-negative function φ ∈ C1+2κ(Z2
n, e(l)) for some l ∈ R,

we have

E[⟨µns , φ⟩1+θ] ≲ 1 + (1 + θ)

ˆ ∞

1

r1+θ
ˆ 2

r

0

[E[e−⟨µns ,uφ⟩]− 1 + E[⟨µns , uφ⟩]]dudr, (4.5.11)

by lemma C.4.1. We calculate

E[e−⟨µns ,uφ⟩]− 1 + E[⟨µns , uφ⟩]

≲u1+β⟨µn0 , T ns (φ)⟩1+β + e−⟨µn0 ,Un
s (uφ)⟩ − e−⟨µn0 ,Tn

s (uφ)⟩

≲u1+β⟨µn0 , T ns (φ)⟩1+β + ⟨µn0 , |Un
s (uφ)− T ns (uφ)|⟩.

From the representation

Un
t (uφ) = T nt

(
1− e−ϵuφ

ϵ

)
−
ˆ t

0

T nt−s

(
2ξne,+ϵ

β

1 + β
(Un

s (uφ))
1+β

)
ds ≤ uT nt φ,

we obtain

|Un
s (uφ)− T ns (uφ)|

≲

∣∣∣∣T nt (1− e−ϵuφ − ϵuφ

ϵ

)∣∣∣∣+
∣∣∣∣∣
ˆ t

0

T nt−s

(
2ξne,+ϵ

β

1 + β
(Un

s (uφ))
1+β

)
ds

∣∣∣∣∣
≲ϵβu1+β|T nt (φ1+β)|+ u1+β

∣∣∣∣∣
ˆ t

0

T nt−s

(
2ξne,+ϵ

β

1 + β
T ns (φ)

1+β

)
ds

∣∣∣∣∣ .
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Let
Int (φ) := sup

0≤s≤t
⟨µn0 , T ns (φ)⟩1+β + ⟨µn0 , ϵβT ns (φ1+β)⟩

+

〈
µn0 ,

∣∣∣∣∣
ˆ s

0

T ns−r

(
2ξne,+ϵ

β

1 + β
T nr (φ)

1+β

)
dr

∣∣∣∣∣
〉
.

Then we have the estimation

E[⟨µns , φ⟩1+θ] ≲ 1 + (1 + θ)

ˆ ∞

1

r1+θ
ˆ 2

r

0

u1+βIns (φ)dudr ≲ 1 +
1 + θ

β − θ
Ins (φ).

The solution theory of PAM gives the bounds for any φ ∈ C1+2κ(Z2
n, e(l)),

∥T ns (φ)∥CTC1−κ(Z2
n,e(l+·)) ≲ ∥φ∥C1+2κ(Z2

n,e(l))
,

and by lemma 3.10 in [71]∥∥∥∥∥
ˆ s

0

T ns−r

(
2ξne,+ϵ

β

1 + β
T nr (φ)

1+β

)
dr

∥∥∥∥∥
CTC1−κ(Z2

n,e(l̂+·))

≲

∥∥∥∥∥2ξne,+ϵβ1 + β

∥∥∥∥∥
C−κ(Z2

n,p(b))

∥∥T nt (φ)1+β∥∥C1−κ(Z2
n,e(l̂+·)) ,

where we choose l̂ = ((1 + β)l) ∨ l. It then suggests the bounds

Int (φ) ≲ ⟨µn0 , e(l̂ + t)∥φ∥⟩1+β + ⟨µn0 , e(l̂ + t)ϵβ∥φ∥1+β⟩,

where ∥φ∥ indicates ∥φ∥C1+2κ(Z2
n,e(l))

. Thus we have

E[⟨µnt , φ⟩1+θ] ≲ 1 + (⟨µn0 , e(l̂ + t)⟩1+β + ⟨µn0 , e(l̂ + t)⟩)∥φ∥1+β,

for all non-negative φ ∈ C1+2κ(Z2
n, e(l)) or φ ∈ D1−κ(Z2

n, e(l)). In particular, if we
choose φ = elρ(x), where ρ(x) is a slight modification of |x|σ so that φ ∈ C1+2κ(Z2

n, e(l)),
we know the quantity

E
[
⟨µnt , e(l)⟩1+θ

]
is finite uniformly over n for all l ∈ R. It is then easy to see that if ∥φ∥L∞(Z2

n,e(l))
is

finite, then we must have

E
[
|⟨µnt , φ⟩|1+θ

]
≤ 2∥φ∥1+θL∞(Z2

n,e(l))
E[⟨µnt , e(l)⟩1+θ] <∞,

uniformly over n.
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2. Now on the moment estimation of supreme, we have to use branching random
walks µ̃n,it . Notice first that by the Laplace functional of µ̃nt , we have the same results
as the first step for µnt . Furthermore, by the proof of lemma 4.5.4, we know that

Mt := ⟨µ̃nt , φ⟩ − ⟨ϵZn
0 , φ⟩ −

ˆ t

0

⟨µ̃ns ,∆nφ⟩ds

is a martingale if ∆nφ ∈ L∞(Z2
n, e(l)) for some l ∈ R. Thus by Doob’s inequality, we

can have the control

E
[
sup
0≤s≤t

⟨µ̃ns , φ⟩1+θ
]
≲ E[|Mt|1+θ] + E

[ˆ t

0

|⟨µ̃ns ,∆nφ⟩|1+θds
]
+ ⟨µ0, φ⟩+ ⟨µ0, φ⟩2.

Then by the coupling lemma 4.5.3, we know

E
[
sup
0≤s≤t

⟨µns , φ⟩1+θ
]
≲N(β)

N(β)∑
i=1

E
[
sup
0≤s≤t

⟨µ̃n,is , φ⟩1+θ
]
,

which gives the desired result.

Now we are able to show the convergence of the particle system to the super
process.

Proof of theorem 4.5.1. By the definition of D([0,∞),M(R2)), we only need to show
the theorem for the path on [0, T ] for any T > 0. Suppose φ ∈ C2(R2, e(l)) for some
l ∈ R. Consider Y n

t = ⟨µnt , φ⟩. To prove the tightness of (µnt )n, we apply Jakubowski’s
criterion [26]. By lemma 4.5.5, we know

E
[
sup

0<t<T
⟨µnt , 1 + | · |2⟩

]
is uniformly bounded over n. Furthermore, since for any K, the set {µ : ⟨µ, 1+ | · |2⟩ <
K} is compact, we know compact containment property is satisfied by µnt .

Secondly, we apply Aldous’s criterion [26]. We have to prove

Y n
τn+δn − Y n

τn → 0

in distribution, where τn are stopping times and δn decreasing to 0. The moment
bound shows that {Y n

τn+δn
, Y n

τn} are tight. It then suffices to consider the difference of
Laplace transform

E
[
e−sY

n
τn+δn

−tY n
τn

]
− E

[
e−(s+t)Yτn

]
.

Taking the conditional expectation with respect to µnτn , we have to obtain the formula
of E[e−⟨µnτn+δn

,φ⟩|µnτn ]. By lemma C.3.1 and lemma C.3.2, we know

E[e−⟨µnτn+δn
,φ⟩|Zn

τn = δx] = 1− ϵUn
δn(φ)(x).
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We then obtain that

E[e−⟨µnτn+δn
,φ⟩|µnτn ] = E[e−⟨Zn

τn+δn
,ϵφ⟩|Zn

τn ] = e−⟨Zn
τn
,− log(1−ϵUn

δn
(φ))⟩.

Thus we have

E
[
e−sY

n
τn+δn

−tY n
τn

]
− E

[
e−(s+t)Yτn

]
= E

[
e−⟨µnτn ,−

1
ϵ
log(1−ϵUn

δn
(sφ))−⟨µnτn ,tφ⟩⟩

]
− E

[
e−⟨µnτn ,(t+s)φ⟩

]
≲ E

[〈
µnτn ,

∣∣∣∣−1

ϵ
log(1− ϵUn

δn(sφ))− sφ

∣∣∣∣〉]
≲ E

[
sup
0≤s≤t

⟨µns , 1⟩
] ∥∥∥∥−1

ϵ
log(1− ϵUn

δn(sφ))− sφ

∥∥∥∥
L∞(Z2

n)

≲

∥∥∥∥−1

ϵ
log(1− ϵUn

δn(sφ))− Un
δn(sφ)

∥∥∥∥
L∞(Z2

n)

+ ∥Un
δn(sφ)− sφ∥L∞(Z2

n)
,

which goes to zero as n→ ∞ by estimation of SPDEs and lemma C.4.1. This tells us
that we have the limit (

Y n
τn+δn , Y

n
τn

)
→ (Y∞, Y∞)

in distribution. Thus any linear combination of the above vectors also converges in
distribution. In particular we have

Y n
τn+δn − Y n

τn → 0

in distribution. Thus we obtain the tightness of process Y n
t . Since the family C∞

c (R2)

separates points in MF (R2), the Jakubowski’s criterion gives the tightness of µn in
D([0,∞),MF (R2)). The discussion of SPDEs in section 4.4 and the tightness of Yt
tell us the limit process µt has the Laplace functional as stated in the theorem. For
the ρ < β, the limit µt satisfies the Laplace functional

E[e−⟨µt,φ⟩] = e−⟨µ0,Tt(φ)⟩ = e−⟨Ttµ0,φ⟩,

which implies that µt = Ttµ0.

4.5.2 For the general κ > 2
1+β

We do the mixing as in the paper [78].

Definition 4.5.6. Fix a compact supported measure µn0 on Z2
n. Let ϵ = n− 1

β and
c > 0. We define a En−valued stochastic process Zn(t) started at a Poisson random
measure on Z2

n with intensity µn0
ϵ

with infinitesimal generator

LnF (η) =
∑
x∈Z2

n

ηx

[
∆n
xF (η) + |ξne |

∞∑
k=0

pkqk(x)d
k
xF (η) + c|ξne |

∞∑
k=0

pkd
k
xF (η)

]
(4.5.12)
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for any F ∈ D(Ln) which consists of all F ∈ Cb(E
n) such that the right-hand side of

(4.3.3) is finite. Finally, set µn(t) = ϵZn(t) for all t ∈ [0,∞).

It follows that the branching rate of the above branching random walk is

(1 + c)|ξne |

and the branching mechanism is given by

gn + cg

1 + c

Then this is clear that we can still find some controlled branching mechanism and
perform the exact same procedure as for the case κ < 2

1+β
. The final parameter of

the β−rough super Brownian motion given by this mixture will be

κ =
2ν

1 + β
+

2νc

1 + β
.

This finishes the proof of theorem 4.3.5.

4.6 Martingale problem

This section is devoted to proving the equivalence of three definitions of β−rough
super Brownian motion. The ϵ has no meaning from now on.

Let’s start the first direction: from the Laplace functional to the martingale
problem. We follow the method in book [26]. Let’s begin with a lemma in [35]
(corollary 3.3 in chapter 2)

Lemma 4.6.1. Let X, Y be real-valued, adapted right continuous processes. Suppose
that for each t, infs≤tXs > 0. Then

Xt −
ˆ t

0

Ysds

is a local martingale if and only if

Xtexp

(
−
ˆ t

0

Ys
Xs

ds

)
is a local martingale.

Lemma 4.6.2. Suppose µ satisfies the first definition in definition 4.3.2, then for all
non-negative ϕ ∈ DH, the process

Nt(ϕ) := e−⟨µt,ϕ⟩+
´ t
0 ⟨µs,Hϕ−κϕ1+β⟩ds,

is a local F− martingale.
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Proof. Taking B ∈ Fs, we check

E
[
(e−⟨µt,ϕ⟩ − e−⟨µs,ϕ⟩)1B

]
= E

[
−
ˆ t

s

⟨µr,Hϕ− κϕ1+β⟩e−⟨µr,ϕ⟩dr1B

]
.

It is sufficient to prove that for t ≥ s,

d

dt
E
[
e−⟨µt,ϕ⟩1B

]
= E

[
−⟨µt,Hϕ− κϕ1+β⟩e−⟨µt,ϕ⟩1B

]
.

By the definition, we have

d

dt
E
[
e−⟨µt,ϕ⟩1B

]
= lim

ϵ→0

1

ϵ
E
[(
e−⟨µt+ϵ,ϕ⟩ − e−⟨µt,ϕ⟩

)
1B

]
= lim

ϵ→0

1

ϵ
E
[
1Be

−⟨µt,ϕ⟩
(
e−⟨µt,ϵUϵ(ϕ)−ϕ

ϵ
⟩ − 1

)]
.

(4.6.1)

Now, in order to apply the dominant convergence theorem, we have to verify∥∥∥∥Uϵ(ϕ)− ϕ

ϵ

∥∥∥∥
L∞(R2,e(l))

is uniformly bounded for some l ∈ R. By definition of DH, there exists φ ∈
C1+2κ(R2, e(l0)) such that ϕ =

´ t
0
Tsφds. Then

Ut(ϕ) = Tt(ϕ)− κ
ˆ t

0

Tt−s(Us(ϕ))
1+βds,

which implies that

1

ϵ
(Uϵ(ϕ)− ϕ) =

1

ϵ

(
Tϵ(ϕ)− ϕ− κ

ˆ ϵ

0

Tϵ−s(vs(ϕ))
1+β

)
=

1

ϵ

(ˆ t+ϵ

t

Tsφds−
ˆ ϵ

0

Tsφds− κ
ˆ ϵ

0

Tϵ−s(Us(ϕ))
1+βds

)
.

(4.6.2)

Thus we have
1

ϵ
∥Uϵ(ϕ)− ϕ∥L∞(R2,e(l)) ≲ 1 + ∥φ∥1+βC1+2κ(R2,e(l0))

,

for l > 1 + ((1 + β)l0) ∨ l0 ∨ (l0 + t) uniformly over ϵ. In addition, we have by the
continuity of T·φ,U·φ that

lim
ϵ→0

1

ϵ
(Uϵ(ϕ)− ϕ) = Ttφ− φ− κϕ1+β = Hϕ− κϕ1+β.

Thus dominant convergence theorem applies and we know

e−⟨µt,ϕ⟩ +

ˆ t

0

⟨µr,Hϕ− κϕ1+β⟩e−⟨µr,ϕ⟩dr

is a local martingale. Lemma 4.6.1 then shows that Nt is a local martingale.
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We are now ready to prove the theorem 4.3.4

Proof of theorem 4.3.4. 1.⇒ 3. We first notice that since the Laplace functional
uniquely determines the finite-dimensional law of the stochastic process, the 1 + θ

moments estimation of sup0≤s≤t⟨µs, ϕ⟩ for any ϕ ∈ L∞(R2, e(l)), l ∈ R and 0 ≤ θ < β

follows by the first definition. We therefore have the 1 + θ boundedness of Lϕt for any
ϕ ∈ DH.

By repeating the argument in [26], we can obtain the martingale problem of µ
from definition 1. Since the argument is quite long, we give only a sketch here and
refer interested readers to chapter 6.1 in [26]. First we choose a non-negative function
ϕ ∈ DH. Let

Nt(ϕ) := e−⟨µt,ϕ⟩+
´ t
0 ⟨µs,Hϕ−κϕ1+β⟩ds,

and
Yt(ϕ) = e−⟨µt,ϕ⟩, Ht(ϕ) = e−

´ t
0 ⟨µs,Hϕ−κϕ1+β⟩ds,

then Yt(ϕ) = Ht(ϕ)Nt(ϕ) is a strict positive semi-martingale. The Itô’s formula gives
the representation

dYt(ϕ) = Ht(ϕ)dNt(ϕ) +Nt−(ϕ)dHt(ϕ)

= Ht(ϕ)dNt(ϕ)− Yt−(ϕ)⟨µt,Hϕ− κϕ1+β⟩dt
. (4.6.3)

Again by Itô’s formula, we know the process ⟨µt, ϕ⟩ = − log Yt(ϕ) is again a semi-
martingale. Now let N(ds, dν) be adapted random point measure on R+ ×MF (R2)

given by
∑
δ(s,µs−µs−), N̂ denotes its compensator and Ñ the corresponding martingale

measure. See appendix C.1 for more detail on random point measure.
The unique canonical decomposition of semi-martingale (lemma C.2.1) gives that

⟨µt, ϕ⟩ = ⟨µ0, ϕ⟩+B′
t(ϕ) +MC

t (ϕ) + Ñt(ϕ) +Nt(ϕ),

where B′
t(ϕ) is predictable, continuous and locally of bounded variation, MC

t (ϕ) is a
continuous local martingale with predictable increasing process Ct(ϕ) and

Ñt(ϕ) :=

ˆ t

0

ˆ
M±

F (R2)

1|⟨ν,ϕ⟩|≤∥ϕ∥⟨ν, ϕ⟩Ñ(ds, dν),

Nt(ϕ) :=

ˆ t

0

ˆ
M±

F (R2)

1|⟨ν,ϕ⟩|>∥ϕ∥⟨ν, ϕ⟩N(ds, dν).

The uniqueness of decomposition gives the relation

B′
t(θϕ) = θB′

t(ϕ), MC
t (θϕ) = θMC

t (ϕ), Ct(θϕ) = θ2Ct(ϕ),
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for any θ > 0. Applying Itô’s lemma C.2.2 to Yt and obtain the second representation

dYt(ϕ) =Yt−(ϕ)

(
−dBt(ϕ) +

1

2
dCt(ϕ) +

ˆ
M±

F (R2)

(e−⟨ν,ϕ⟩ − 1 + ⟨ν, ϕ⟩)N̂(dt, dν)

)
+ d(local martingale),

(4.6.4)
where

Bt(ϕ) = B′
t(ϕ) +

ˆ
M±

F (R2)

⟨ν, ϕ⟩1|⟨ν,ϕ⟩|>∥ϕ∥N̂(dt, dν).

Now since Yt is a special semi-martingale, the unique decomposition lemma C.2.3 can
be used to identify the predictable locally bounded variation part of two representations
(4.6.3) and (4.6.4), we have

⟨µt,Hϕ− κϕ1+β⟩dt = dBt(ϕ)−
1

2
dCt(ϕ)−

ˆ
M±

F (R2)

(e−⟨ν,ϕ⟩ − 1 + ⟨ν, ϕ⟩)N̂(dt, dν).

Replacing ϕ with θϕ and comparing coefficient before different power of θ, we obtain´ t
0
⟨µs,Hϕ⟩ds = Bt(ϕ), Ct(ϕ) = 0 and

ˆ
M±

F (R2)

(e−⟨ν,ϕ⟩ − 1 + ⟨ν, ϕ⟩)N̂(dt, dν)

=⟨µt,κϕ1+β⟩dt =
ˆ ∞

0

κβ(1 + β)

Γ(1− β)uβ+2
⟨µt, e−uϕ − 1 + uϕ⟩du,

where Γ(1− β) is the Gamma function. This shows that

N̂(dt, dν) =
κβ(1 + β)

Γ(1− β)uβ+2
dtduµt(dx)δuδx(dν).

Now for the general ϕ ∈ DH, we can decompose ϕ = ϕ+ −ϕ− and approximate ϕ+, ϕ−

by non-negative functions in DH and see that ⟨µt, ϕ⟩ is again a semi-martingale. Then
by Itô’s formula, we have

Mf
t :=f(⟨µt, ϕ⟩)− f(⟨µ0, ϕ⟩)−

ˆ t

0

f ′(⟨µs, ϕ⟩)⟨µs,Hϕ⟩ds−
κβ(1 + β)

Γ(1− β)

ˆ t

0〈
µt,

ˆ ∞

0

1

uβ+2
(f(⟨µt, ϕ⟩+ uϕ(·))− f(⟨µt, ϕ⟩)− f ′(⟨µt, ϕ⟩)uϕ(·))du

〉
dt

(4.6.5)
is a purely discontinuous local martingale for all ϕ ∈ DH. Now by comparing to the
formula given by the compensator of ⟨µt, ϕ⟩ on R, we obtain the result.

3.⇒ 2. The proof is very similar to the proof in [78]. However, we have to be
careful with non-square-integrable martingale. To start with, fix an l < 0, from lemma
C.4.2, we know there exists a non-negative function ϕ̃ ∈ DH such that ϕ̃

e(l)
is strict
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larger than a small positive number. We choose a stopping time Tn according to this
⟨µs, ϕ̃⟩ describing the n−th jump times with jump bigger than 1. Then the formula

E

[ ∑
0≤r≤Tn

1⟨µr−µr−,ϕ̃⟩>1

]
= E

[ˆ Tn

0

ˆ ∞

0

1u>1⟨µr,κϕ1+β⟩ β(1 + β)

Γ(1− β)uβ+2
dudr

]
gives that

E
[ˆ Tn

0

⟨µr,κϕ̃1+β⟩dr
]
<∞,

which implies that E
[´ Tn

0
⟨µr, e(l)⟩

]
< ∞ by the assumption of ϕ̃. Then by the

moments bounds of Lϕ̃t and doob’s maximal inequality, we know that we actually have

E
[

sup
0≤r≤Tn

⟨µr, e(l)⟩
]
<∞. (4.6.6)

We will assume we have E
[
sup0≤r≤s⟨µr, e(l)⟩

]
< ∞ and derive the local martingale

property of 2. first.
Now consider a piecewise function f : [0, t] → DH with weight e(l − t + ·)and

φ0 ∈ DH with weight e(l − t). Let φt be the solution to the equation

∂sφt(s) +Hφt(s) = f(s), s ∈ [0, t], φt(t) = φ0,

which is given by φt(s) = Tt−sφ0 +
´ t
s
Tr−sf(r)dr. By assumption we have φt(s) ∈ DH

for all s ≤ t. For two time step t1 < t2 and a partition π of [t1, t2], we have

E [⟨µt2 , φt(t2)− ⟨µt1 , φt(t1)⟩|Ft1 ]

=E
[ˆ t2

t1

⟨µs′ , f(s)−Hφt(s)⟩+ ⟨µs,Hφt(s′′)⟩ds|Ft1
]
,

(4.6.7)

where s′ is the smallest partition point in π bigger than s and where s′′ is the largest
partition point in π s maller than s. The right continuous property of µt in MF (R2)

shows that lims′→s,s′>s⟨µs′ , (f(s) −Hφt(s))⟩ = ⟨µs, (f(s) −Hφt(s))⟩, together with
(4.6.6), we can send the mesh of partition of [t1, t2] go to zero to get the limit of the
first term of (4.6.7)

E
[ˆ t2

t1

⟨µs, f(s)−Hφt(s)⟩ds|Ft1
]
.

It remains to check

lim
s′′→s,s′′<s

E[⟨µs,Hφt(s′′)−Hφt(s)⟩|Ft1 ] → 0.
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By the definition of φt(s), we have

|Hφt(s′′)−Hφt(s)|

=

∣∣∣∣Tt−s′′Hφ0 − Tt−sHφ0 +

ˆ t

s

Tr−s′′f(r)− Tr−sf(r)dr +

ˆ s

s′′
Tr−s′′f(r)dr

∣∣∣∣
≲ (s− s′′)

1−κ
2 e(l).

This gives the result and shows that Mφ0,f
t is a local martingale. And the density of

DH gives the result. We will see it is actually a martingale when we show the direction
2.→ 1. and 1. implies the moments estimation of ⟨µt, ϕ⟩.

From the compensator of Lϕt , we can obtain the compensator of the random point
measure N defined in the first step. Now since the purely discontinuous martingale is
determined by its jump part and the jump of Mφ0,f

t is given by
∑

0≤s≤t⟨µs−µs−, φt(s)⟩.
Then from the compensator of N, we know the compensator of Mφ0,f

t should be given
by

⟨µs,κφt(s)1+β⟩
β(1 + β)

Γ(1− β)xβ+2
1x>0dsdx

2.⇒ 1. We apply Itô’s formula to the semi-martingale ⟨µs, φt(s)⟩ and obtain

f(⟨µs, φt(s)⟩)

=f(⟨µ0, φt(0)) +

ˆ s

0

f ′(⟨µr, φt(r)⟩)⟨µr, f(r)⟩dr +
ˆ s

0

ˆ ∞

0

⟨µr,κφt(s)1+β⟩

β(1 + β)

Γ(1− β)uβ+2
(f(⟨µr−, φt(r)⟩+ u)− f(⟨µr−, φt(r)⟩)− f ′(⟨µr−, φt(r)⟩)u)dudr

+ local martingale.

Choose f(x) = e−x and f(r) = −κ(Ut−s(φ0))
1+β, then φt(s) = Ut−sφ0 and

e−⟨µs,Ut−sφ0⟩ − e−⟨µ0,Utφ0⟩

is a bounded local martingale. Thus it is a martingale, which gives the result.

4.7 Properties of rough Super Brownian Motion

In this section, we discuss the compact support property and the super exponentially
persistence of the β−super Brownian motion. The compact support property for the
rough super Brownian motion with β = 1 has been discussed in 3 and here we will
give a sketch of how the method in 3 can be applied for the 0 < β < 1.

Let Uϕ
t φ be the solution to the equation{

∂twt = Hwt − w1+β
t + ϕ, in (0,∞]× R2,

w0 = φ, on R2.
(4.7.1)

Then we have
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Lemma 4.7.1. For any function φ ∈ C1+2κ(R2, e(l)) and ϕ ∈ C−1+2κ(R2, e(l)) for
some l ∈ R, the process

Nt(s) = e−⟨µs,Uϕ
t−sφ⟩−

´ s
0 ⟨µr,ϕ⟩dr

is a F−martingale. In particular,

E
[
e−

´ t
0 ⟨µr,ϕ⟩dr

]
= e−⟨µ0,Uϕ

t 0⟩.

Proof. Let f(x) = e−x and φt(s) = Uϕ
t−sφ in the Itô’s formula of ⟨µs, φt(s)⟩ and then

apply lemma 4.6.1, we can get the result.

As discussed in 3, let Pn = [−n, n]2 and Pmn :=
(
−n− 1

m
, n+ 1

m

)2. Define ϕnm ∈ C∞
c

such that

ϕmn


= 0 on Pn,

= m on (Pmn )
c,

∈ [0,m] elsewhere.

Since the limit
lim
m→∞

E
[
e−

´ t
0 ⟨µr,ϕ

m
n ⟩dr

]
describes the probability that {µs}0≤s≤t stays in the box Pn and the limit over n
describes the probability the compact support property holds. The compact support
property holds if we show

lim
n→∞

lim
m→∞

(U
ϕmn
t 0)ηn = 0,

uniformly over the support of µ0 for some cut-off function ηn = 1 on Pn−1 and 0 on
Pcn. We here give a uniform interior estimation lemma on Uϕmn

t 0 without proof. The
similar result is proved in 3. Also in [73, 74] for similar results of Φ4

3 model.

Lemma 4.7.2. Let n,m ∈ N and a > 0, we have

∥(Uϕmn
t 0)ηn∥L1−κ

T (R2,p(a)) ≲ 1, (4.7.2)

where ′ ≲′ depends on time horizon T , ∥ξ∥C−1−κ(R2,p(b)) and ∥Iξ ⋄ ξ∥C−2κ(R2,p(b)) for
b = 4a

β
. Here the weight for the norm does not increase along time but remain p(a).

Proof of theorem 4.3.9. As proved in 3, the bounds on ∥(Uϕmn
t 0)ηn∥L1−κ

T (R2,p(a)) tells us
that, up to some subsequence, we have

Ut := lim
m→∞

lim
n→∞

(U
ϕmn
t 0)ηn

is the solution to the equation

∂tUt = HUt − U1+β
t , U0 = 0.

Thus the uniqueness theorem tells us that Ut = 0. And we get the result.
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Remark 4.7.3. By using the coupling method, one may reduce the proof of compact
support property into a much easier problem, i.e. the problem for the branching random
walk with classical branching mechanism but stochastic branching rate.

We now turn to the super-exponentially persistence of the generalized rough super
Brownian motion. The super-exponentially persistence has been discussed in [78]
using the approximation of super process in box of R2. We here will use the result in
[78], together with the coupling method, to show the theorem 4.3.7.

Proof of theorem 4.3.7. We need to consider mixed super processes for the proof. Let
µ̄n be the mixed particle systems with branching rate (1 + c)|ξne | and branching
mechanism

hn + ch

1 + c
, hn(x, s) =

ξne,+
|ξne |

s2 −
ξne,−
|ξne |

, h(s) =
s2 + 1

2
.

For 0 < β < 1, we define a sequence of independent probability measures {µn,i}i≤N(β)

corresponding to particle systems with branching rate (1 + c)|ξne | and branching
mechanism

gn + cg

1 + c
.

For any φ ∈ C∞
c (R2), we now need to compare the two quantities ⟨µ̄n, φ⟩ and∑Ñ(β)

i=1 ⟨µn,i, φ⟩ with some number Ñ(β).
Let Z0 be the random variable with generating function hn+ch

1+c
and Zi be the

random variable with generating function gn+cg
1+c

for i = 1, · · · , we need to find a
number Ñ(β) such that

P[Z0 ≥ 2] ≤ P

N(β)∑
i

Zi ≥ 2

 ,
which is equivalent to showing that

P[Z0 = 0] ≥ P

N(β)∑
i

Zi = 0

 = P [Z1 = 0]N(β) ,

Since c > 0, we know P[Z0 = 0] > 0 and P [Z1 = 0] < 1, the existence of N(β) is
guaranteed. Thus, there exists N(β) > 0 such that

⟨µ̄n, φ⟩ <
N(β)∑
i=1

⟨µn,i, φ⟩.
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Now consider event A0 = {limt→∞ e−tλ⟨µ̄n, φ⟩}, Ai = {limt→∞ e−tλ⟨µ̄n, φ⟩},then

A0 ⊂
N(β)⋃
i=1

Ai.

We also have P[Ai] = P[A1] for any i = 1, · · · , N(β). By the result in [78], we know

P[A0] > 0,

Hence we must have P[A1] > 0, which gives the result.

109



Chapter 5

Fractional stochastic Landau-Lifshitz
Navier-Stokes equations in dimension
d ≥ 3: Existence and (non-)triviality

5.1 Introduction

The Navier-Stokes equation is a fundamental partial differential equation in fluid
dynamics:

∂tu = ν∆u−∇p− div(u⊗ u) + f, ∇ · u = 0,

where ν is the kinematic viscosity, f is an external force and p is the pressure. When
the force f is random, one speaks of the stochastic Navier-Stokes equation [36, 37, 87]
when the noise is not rougher than space-time white noise. Even rougher noise, say
the derivative of space-time white noise, is considered in the recent works [53, 12] for
the vorticity formulation of the two-dimensional fractional stochastic Navier-Stokes
equation.

Here we consider a fractional stochastic Navier-Stokes equation in dimension d ≥ 3,
which is given by

∂tu = −(−∆)θu−∇p− λ div(u⊗ u) +
√
2(−∆)

θ
2 ξ, ∇ · u = 0, (5.1.1)

where θ > 0 is a positive number and ξ is a white noise with covariance

E[ξi(t, x)ξj(s, y)] = δi,jδ(t− s)δ(x− y), (t, x), (s, y) ∈ R+ × Td.

For θ = 1, we show that this equation is equivalent to the fluctuating hydrodynamics
equation of Landau and Lifshitz [5, 63],

∂tu = ν∆u−∇p− λ̂ div(u⊗ u) +∇ · τ, ∇ · u = 0, (5.1.2)
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with noise term given by ∇ · τ , where τ is a Gaussian field with covariance

E[τij(t, x)τkl(t′, x′)] =
2νkBT

ρ
(δikδjl + δilδjk −

2

3
δijδkl)δ(x− x′)δ(t− t′), (5.1.3)

where kB is the Boltzmann constant, T is the temperature, and ρ is the density.
Equations (5.1.1) and (5.1.2) are scaling supercritical in d ≥ 3, and therefore they

are outside of the scope of regularity structures [55] or paracontrolled distributions [49],
and making rigorous sense of (5.1.2) is a long-standing problem, with [42] making
recent progress on physical interpretations of truncated versions of the equation.

We do not attempt to make sense of (5.1.2) directly, and we expect that there is
no meaningful solution theory for the non-truncated equation. Instead, we consider
two simplified problems. First, we study a hyper-viscous version of the equation, in
which the diffusion is replaced by −(−∆)θ with θ > d

2
and simultaneously the noise is

replaced by
√

2(−∆)θξ to guarantee a fluctuation-dissipation relation that preserves
the “energy measure”. Our first result concerns the generator of equation (5.1.1) and
the corresponding martingale problem.

Theorem 5.1.1. Let θ > d
2

and M > 0 and consider an initial distribution ν with
dν
dµM

∈ L2(µ), where µM is the divergence-free and mean-free space white noise on
TdM = (Rd/(MZ))d. There exists a unique-in-law energy solution to (5.1.1) on R+×TdM
with initial distribution ν.

Energy solutions are defined in Section 5.4 below, where we also give the proof of
Theorem 5.1.1.

For our second result we focus on the case θ ≤ 1, so that in particular θ < d
2

and
we cannot apply the previous result. Therefore, we consider a truncated equation,
with the mollifier ρ1 given by Fρ1 = 1B(0,1) for simplicity

∂tu = −(−∆)θu− λρ1 ∗ΠΠΠdiv((ρ1 ∗ u)⊗ (ρ1 ∗ u)) +
√
2(−∆)

θ
2ΠΠΠξ, (5.1.4)

now on R+ × Rd; here ΠΠΠ is the Leray projection that will be introduced below. We
drop the condition ∇u = 0 here but should remember that it holds throughout the
paper. This is essentially a Galerkin type projection of the equation for u, except that
we did not mollify the noise. As will become clear from the proof of Theorem 5.3.4
below, we could also mollify ξ with ρ1 without affecting the results, but for simplicity
we do not do this. Our second main result concerns the large-scale behavior of u:
With the scaling

uN(t, x) = N
d
2u(N2θt, Nx)
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we obtain (with a new space-time white noise that we still denote by ξ for simplicity)

∂tu
N = −(−∆)θuN−λN2θ− d+2

2 ρN∗ΠΠΠdiv((ρN∗uN)⊗(ρN∗uN))+
√
2(−∆)

θ
2ΠΠΠξ, (5.1.5)

where ρN(x) = Ndρ1(Nx).

Theorem 5.1.2. Let θ ≤ 1 and d ≥ 3 and let u be a stationary solution to (5.1.4).
Then uN has weakly convergent subsequences in C(R+, S

′(Rd)). For θ < 1, the limit
u∞ is unique and it solves

∂tu
∞ = −(−∆)θu∞ +

√
2(−∆)

θ
2ΠΠΠξ,

i.e. the nonlinearity simply drops out. For θ = 1, no limit solves this equation, i.e.
the nonlinearity gives rise to a nontrivial contribution in the limit.

This result is shown in Section 5.6, where we conjecture that for θ = 1 the limit
solves a linear equation, with explicitly given effective diffusivity > 1. For the mollified
Landau-Lifshitz equation (5.1.2) we would obtain the following linear equation for the
limit

∂tu = G(λ̂)ν∆u+

√
G(λ̂)

√
2νkBT

ρ
ΠΠΠ(−∆)

1
2 ξ,

where

G(λ̂) =

√
1 +

λ̂2kBTωd
4ν2ρπ2(d− 2)

,

with an explicit constant ωd that depends on the specific mollifier, see Section 5.6 for
details.

Let us comment briefly on our methods. For Theorem 5.1.1 we use the energy
solution approach introduced and developed in the works [43, 50, 52, 51]. This
approach is generalized in [44] to provide a general framework to make sense of the
infinitesimal generator of stochastic Burgers and other types of singular stochastic
partial differential equations. The crucial feature of the equation which makes this
approach works is that it contains a good symmetric part and the singularity is
contained in the anti-symmetric part, and this allows us to apply the results of [44]. In
fractional problems like the ones we study here it is expected that there is an “energy
critical exponent” θ above which the energy solution approach works, but below which
the theory does not give any information. This parameter does not have to be equal
to the scaling critical parameter, and in fact here it is θ = d

2
, while the scaling critical

parameter is θ = d+2
4

. For d ≥ 3, the energy critical exponent is thus bigger than the
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scaling critical exponent, and it is not well understood what happens in between (or
in fact for θ ∈ (1, d

2
]).

For Theorem 5.1.2 we follow the approach of [8, 12]. In particular, the approach
and results are almost the same as the ones in [12] for the vorticity formulation of the
2d stochastic Navier-Stokes equation, and we employ their method for the stochastic
Navier-Stokes equation in all dimension d ≥ 3.

While the mathematical methods for both our main results existed previously, we
believe that our main contribution is the observation that the stochastic Navier-Stokes
equation has an invariant energy measure in all dimensions, and that this allows to
study Landau-Lifshitz type dynamics with energy solution methods.

5.2 Notation and preliminaries

For M > 0 we will use MM to denote the torus TdM = (R/(MZ))d of length M . When
M = ∞, we interpret M∞ as the space Rd. When M is clear from context, we will
drop the index M and simply write M. We write S(MM) for C∞(MM) if M < ∞,
and for the Schwartz functions on Rd if M = ∞, and S′(MM) are the (Schwartz)
distributions on MM . We will write S(M,Rd) and S′(M,Rd) to denote vector-valued
test functions and distributions; if it is clear from context we may also omit Rd and
simply write S(M) or S′(M) even in the vector-valued case.

5.2.1 Fourier Analysis

For M > 0 and φ ∈ S(MM) we define the Fourier transform at k ∈ ZdM =
(

1
M
Z
)d

(with Zd∞ = Rd) with the normalization

F(φ)(k) = φ̂(k) :=

ˆ
M
φ(x)e−k(x)dx,

where ek(x) = e2πιkx. The inverse Fourier transformation is

φ(x) =
1

Md

∑
k∈Zd

M

φ̂(k)ek(x),

where the sum becomes an integral for M = ∞, and Parseval’s identity is

⟨φ, ψ⟩ = 1

Md

∑
k∈Zd

M

φ̂(k)ψ̂(−k).

The convolution of two functions φ, ψ on the space MM is defined by

φ ∗M ψ(x) :=

ˆ
MM

φ(y)ψ(x− y)dy,

113



and the convolution of two functions on ZdM is defined by

φ̂ ∗M ψ̂(k) :=
1

Md

∑
k∈Zd

M

φ̂(l)ψ̂(k − l),

so that
φ̂ ∗M ψ(k) = φ̂(k)ψ̂(k), φ̂ψ(k) = φ̂ ∗M ψ̂(k).

Derivatives and fractional Laplacian can be expressed as Fourier multipliers:

∂̂iφ(k) = 2πιkiφ̂(k), ̂(−∆)θφ(k) = (2π|k|)2θφ̂(k),

and the Leray projection ΠΠΠ maps vectors φ ∈ S(M,Rd) to divergence free vectors,

Π̂ΠΠ(φ)i(k) =
∑
j

Π̂ΠΠij(k)φ̂j(k),

where
Π̂ΠΠij = δij −

kikj
|k|2

, 1 ≤ i, j ≤ n, (5.2.1)

with the convention Π̂ΠΠij(0) = δij.

5.2.2 Gaussian Analysis

We consider a mean-free and divergence-free white noise: For M < ∞, µM is an
S′(M,Rd)-valued random variable such that µM(f) is centered Gaussian for all f ∈
S(M,Rd), with covariance

E[µM(f1)µ
M(f2)] =

〈
ΠΠΠ

(
f1 −

 
f1dx

)
,ΠΠΠ

(
f2 −

 
f2dx

)〉
L2(M,Rd)

,

for all f1, f2 ∈ S(M,Rd), where
ffl
MM

. . . dx = 1
Md

´
MM

. . . dx. It can be seen that
the measure induced on S′, which we again noted as µM , is concentrated on the
divergence-free and mean-free fields. We can also consider the Hilbert space

HM :=

{
φ ∈ L2({1, . . . , d} ×MM) : div(φ) = 0,

 
M
φdx = 0

}
,

equipped with the norm ∥h∥2HM
=
∑d

i=1

´
MM

|h(x)|2dx, so that µM is a white noise on
HM with

E[µM(h1)µ
M(h2)] = ⟨h1, h2⟩HM

,

for h1, h2 ∈ HM . For M = ∞ we also write µ := µ∞ for the divergence-free white
noise on Rd, i.e. the covariance is

E[µM(f1)µ
M(f2)] = ⟨ΠΠΠf1,ΠΠΠf2⟩L2(M,Rd) .
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We write L2(S′(M), µM ) (in short L2(µM )) for the space of all square-integrable random
variables with respect to measure µM . The n−th Wiener Chaos is defined via

HM,n := span{Hn(µM(h)) : h ∈ HM , ∥h∥ = 1},

whereHn are the Hermite polynomials such thatH0 = 1, H ′
n = nHn−1 and E[Hn(X)] =

0, n ≥ 1, for a standard normal random variable X. When no confusion arises, we
drop the index M for simplicity.

For all non-negative integers n, let ΓL2
n be the symmetric subspace of H⊗n. The

Fock space ΓL2 =
⊕∞

n=0 ΓL
2
n consists of symmetric functions with finite norm defined

by

∥φ∥2ΓL2 :=
∞∑
n=0

n!∥φn∥2H⊗n ,

for φ = (φn)n≥0 with ∥h⊗n∥H⊗n := ∥h∥nH. The space ΓL2 can be described as

ΓL2 := {(φn)n≥0 : φn ∈ H⊗n, φn symmetric and ∥φ∥ΓL2 <∞}.

For convenience, we also may say that a non-symmetric function is in the Fock space,
provided its symmetrization is in the Fock space. For any f ∈ L2(µ), we have the
chaos decomposition

f =
∞∑
n=0

In(φn), φ = (φn)n ∈ ΓL2,

where In is the continuous linear map map from the symmetric subspace of H⊗n to
L2(µ) with In(h⊗n) := Hn(µ(h)) for h ∈ H and ∥h∥H = 1. Furthermore, the identity

∥f∥L2(µ) = ∥φ∥ΓL2

holds.
For future usage, we can also extend the definition to the symmetric subspace of⊕∞
n=0(L

2(M,Rd))⊗n. For function φ1, · · · , φn ∈ L2(M,Rd), we can define a generalized
Leray Projection on the tensor products by

ΠΠΠ(φ1 ⊗ · · · ⊗ φn) := ΠΠΠφ1 ⊗ · · · ⊗ΠΠΠφn,

which is a linear operator and can be extended to the space (L2(M,Rd))⊗n. Now, for
any function φn ∈ (L2(M,Rd))⊗n, we define

In(φn) := In(ΠΠΠφn).
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By the nature of the projection, For any φ = (φn)
∞
n=0 and φn ∈ Sym((L2(M,Rd))⊗n),

we define

∥φ∥2 := ∥ΠΠΠφ∥2ΓL2 =
∞∑
n=0

n!∥ΠΠΠφn∥2(L2(M,Rd))⊗n ≤
∞∑
n=0

n!∥φn∥2(L2(M,Rd))⊗n .

Thus, the upper bounds can be calculated as without existence of the Leray projection.
Another tool we need is the identity

Ip(φp)Iq(φq) =

p∧q∑
r=0

r!

(
p

r

)(
q

r

)
Ip+q−2r( ˜φp ⊗r φq), (5.2.2)

where ·̃ is the symmetrization operator and

φp ⊗r φq((i1, x1), . . . , (ip+q−2r, xp+q−2r))

= ⟨φp((i1, x1), . . . , (ip−r, xp−r), ·), φq((ip−r+1, xp−r+1), . . . , (ip+q−2r, xp+q−2r), ·)⟩H⊗r .

We will also need “Sobolev-like” spaces Hα
β defined by

Hα
β := (1 +N)−β(1− Lθ)

−αΓL2,

where the number operator N maps φ = (φn)n to Nφ = (nφn)n, and where Lθ

is defined in equation (5.3.7) below. For θ = 1 and φ ∈ ΓL2
1, this is exactly the

inhomogeneous Hα Sobolev norm.

5.3 Infinitesimal generator of the truncated equation

Our goal is to solve the following stochastic Navier-Stokes Equation on the space M:{
∂tu = −(−∆)θu− λΠΠΠ(div(u⊗ u)) +

√
2(−∆)

θ
2ΠΠΠξ, on R+ ×M,

div(u) = 0, on R+ ×M.
(5.3.1)

Here u : M → Rd is a divergence-free vector function, ξ = (ξ1, . . . , ξd) are independent
space-time white noises on {1, . . . , d}×M, and we recall that ΠΠΠ is the Leray projector.

We start by considering the following approximation: Let χ be a smooth, even
function on the whole space Rd with support on the ball B(0, 1) and consider the
kernel ρMN with Fourier transform ρ̂MN(k) = χ(k) for k ∈ ZdMN (where MN is the
product M ·N). Let uMN be the divergence-free solution to the equation

∂tu
MN = −AθuMN − λρMN ∗MN ΠΠΠ(div((ρMN ∗MN u)⊗ (ρMN ∗MN u))) +

√
2A

θ
2ΠΠΠξ,

(5.3.2)
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on R+ × MMN , for divergence-free initial condition uM0 . With the same scaling as
in (5.1.5) we see that uN,M := N

d
2uMN(N2θt, Nx) solves

∂tu
N,M = −AθuN,M − λN,θB

N,M(uN,M) +
√
2A

θ
2ΠΠΠξ, (5.3.3)

on R+ ×MM with divergence-free initial condition uN,M(0) = uN,M0 , where A = −∆,
λN,θ = λN2θ− d+2

2 and

BN,M(u) = ρN,M ∗M ΠΠΠ(div((ρN,M ∗M u)⊗ (ρN,M ∗M u))), (5.3.4)

where ρ̂N,M(k) = χ( k
N
) on ZdM . Next, let us define solutions to equation (5.3.3).

Definition 5.3.1. A divergence-free stochastic process uN,M ∈ C(R, S′(M,Rd)) is
called a strong solution to (5.3.3) with λN,θ replaced by λ̂ > 0, if for all test function
φ ∈ S(MM ,Rd), we have

uN,Mt (φ) = uN,M0 (φ)−
ˆ t

0

uN,Ms (Aθφ)ds− λ̂

ˆ t

0

BN,M(uN,Ms )(φ)ds+Mφ
t , (5.3.5)

where Mφ
t =

√
2ξ(1[0,t] ⊗ A

θ
2ΠΠΠφ) is a continuous martingale with quadratic variation

[Mφ]t = 2t∥A
θ
2ΠΠΠφ∥2HM

.

Remark 5.3.2. We may consider Schwartz functions as test functions. However,
since the solution uN,M is divergence-free, we actually have

uN,Mt (φ) = (ΠΠΠuN,Mt )(φ) = uN,Mt (ΠΠΠφ).

Thus we can restrict to divergence-free test functions. Furthermore, when M < ∞,
the 0−th Fourier coefficient does not change in time. Thus, for convenience, we will
also restrict the test function to have average 0 when M is finite. We will write Sf (M)

and S′
f (M) to indicate that we choose the divergence-free functions.

To start with, let us give an orthonormal basis of HM .

Proposition 5.3.3. Let d be the dimension and let M <∞. Then for each Fourier
mode k ∈ ZdM \{0}, there are exactly d−1 vectors (ẽik)1≤i≤d−1 such that {ẽik}k ̸=0,i=0,...,d−1

forms an orthogonal basis of HM .

Proof. We start with the L2 Fourier basis:

eik(z) := {(ek(z)δij)j=1,...,d}0̸=k∈Zd
M ,i=1,...,d,
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with Fourier transformation

δik(k̄) := {(δk(k̄)δij)j=1,...,d}0̸=k∈Zd
M ,i=1,...,d.

The Fourier transform of the Leray projection of eik is given by(
Π̂ΠΠδik

)
(k̄) := (Π̂ΠΠijδ

i
k)j=1,...,d(k̄) =

(
δij −

k̄ik̄j
|k|2

)
j=1,...,d

δk(k̄)

This means that the Leray projections for different k ∈ ZdM are linearly independent.
We now go to check the case when k is the same but i is different. We only need to
compute the rank of the matrix Π̂ΠΠ(k) for any fixed non-zero k, where

Π̂ΠΠ(k) =


|k|2 − k21 −k1k2 . . . −k1kd
−k1k2 |k|2 − k22 . . . −k2kd

...
... . . . ...

−kdk1 −kdk2 . . . |k|2 − k2d

 = |k|2Id − (kikj)i,j.

To show the rank is d− 1, we only need to show that (kikj)i,j has a one-dimensional
eigenspace with respect to the eigenvalue |k|2. One eigenvector for |k|2 is k. If (xj) is
another eigenvector for |k|2, then we can take the inner product with x in the equality
ki
∑

j kjxj = |k|2xi, i = 1, . . . , d, and we obtain

|k|2|x|2 =

(∑
j

xjkj

)2

.

By the Cauchy-Schwarz inequality, we know that x is a multiple of k and therefore
the dimension of the eigenspace is exactly one. Thus we proved the proposition.

Now we can prove the existence and uniqueness of strong solutions to the truncated
equation:

Theorem 5.3.4. For M < ∞, equation (5.3.3) admits a unique strong solution
uN,M ∈ C(R+,B

− d
2
−

2,2 ) for any divergence-free initial condition u0 ∈ B− d
2
−

2,2 , where

B− d
2
−

2,2 =
⋂

α<− d
2

Bα2,2.

Furthermore, the solution is a strong Markov process and µM is an invariant measure.

Proof. In this proof we drop the superscript ·M . We can follow Section 4 of [50]
or Proposition 2.1 of [12]. As indicated by Proposition 5.3.3, instead of considering
Fourier series, we take the orthogonal basis of H as test functions, i.e. ẽik in Proposition
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5.3.3. We can then decompose uN = vN + ZN where vN and ZN are independent
with disjoint spectral support. Indeed, for the decomposition we take V N := {0 ̸= k ∈
ZdM : k

N
∈ supp(χ)} and we let vN be the orthogonal projection of uN to the space

generated by {ẽik}k∈V N ,i=0,...,d−1.
Furthermore, ZN is the Leray projection of the infinite-dimensional Ornstein-

Uhlenbeck process on the Fourier modes UN := {k ∈ ZdM : F(ρN,M)(k) = 0}, which is
a strong Markov process in the space C(R+,B

− d
2
−

2,2 ) with invariant measure given by
the projection of µM onto the Fourier modes in UN .

On the other hand, vN is spectrally supported on V N
k and can therefore be identified

with a finite-dimensional SDE with smooth coefficients. Thus, we only have to deal
with the non-linear part BN to rule out explosions. It suffices to show weak coercivity
(see [67, Chapter 3]), which follows from

⟨u,BN(u)⟩L2(M) = 0. (5.3.6)

This follows from the divergence-free property of u since

⟨u,BN(u)⟩ = ⟨ρN ∗ u, div((ρN ∗ u)⊗ (ρN ∗ u))⟩

=
∑
i,j

⟨ρN ∗ ui, ∂j(ρN ∗ ui · ρN ∗ uj)⟩

= −
∑
i,j

⟨(∂jρN ∗ ui) · ρN ∗ uj, ρN ∗ ui⟩

= −
∑
i,j

⟨∂j(ρN ∗ ui · ρN ∗ uj), ρN ∗ ui⟩ = 0.

This proves the existence and pathwise uniqueness of strong solutions in C(R+,B
− d

2
−

2,2 ).
To prove invariance of µM , we can either directly use the divergence-free property

of BN when expressed in Fourier modes, or proceed as in [50, 12] to calculate the
generator of equation (5.3.3) and use the general result in [31]. We postpone the
argument until we introduced the generator of the equation (5.3.3).

To proceed, we introduce the generator of equation (5.3.3) acting on cylinder func-
tions. A cylinder function is a function with representation F (u) = f(u(φ1), . . . , u(φn))

for some n ∈ N, φ1, . . . , φn ∈ Sf and smooth f with at most polynomial growth at in-
finity. By Itô’s formula, the generator LN of equation (5.3.3) is given by LN = Lθ+GN .

LθF (u) = −
∑
i

∂if · u(Aθφi) +
∑
i,j

∂2ijf⟨A
θ
2φi, A

θ
2φj⟩, (5.3.7)
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and
G̃NF (u) = −

∑
i

∂if⟨BN(u), φi⟩, GN = λN,θG̃
N . (5.3.8)

Using the approach of [52], we calculate the action of the generator on the space
L2(µM).

Theorem 5.3.5. On the space L2(µM ), the operator Lθ is symmetric and the operator
G̃N is anti-symmetric. Furthermore, we have the decomposition G̃N = G̃N+ + G̃N− such
that G̃N+ : ΓL2

n → ΓL2
n+1 and G̃N− : ΓL2

n → ΓL2
n−1.

For sufficiently regular φ = (φn)n∈N ∈ ΓL2, the operators have the following
expressions in Fourier modes for n ≥ 0:

F(Lθφ)n((li, ki)1:n) = −(2π)2θ
n∑
i=1

|ki|2θφ̂n((li, ki)1:n), (5.3.9)

and G̃N+ (ΓL
2
0) = 0, G̃N− (ΓL2

0) = 0, while for n ≥ 1

F(G̃N,M+ φ)n(l1:n, k1:n) = 2πι(n− 1)RN
kn−1,kn

(kn + kn−1)ln

· φ̂n−1((ln−1, kn + kn−1), . . . ),
(5.3.10)

and

F(G̃N,M− φ)n(l1:n, k1:n) =
2πιn(n+ 1)

Md

∑
i

∑
p+q=kn

RN
p,q

[
plnφ̂n+1((i, p), (i, q), . . . )

− kn,iφ̂n+1((ln, p), (i, q), . . . )
]
,

(5.3.11)
where RN

p,q = ρ̂N(p)ρ̂N(q)ρ̂N(p+ q).

Proof. We divide the proof into three steps. The first two steps are used for the
calculation of Lθ, G̃

N
+ and G̃N− . The final step is to prove the anti-symmetry of G̃N . Due

to linearity, we only need to consider F (u) = Hn(u(h)) = In(h
⊗n) with h ∈ Sf(M)

such that ∥h∥HM = 1.
Step 1. We have for Lθ:

LθHn(µ
M(h)) = −nHn−1(µ

M(h))µM(Aθh) + n(n− 1)Hn−2(µ
M(h))∥A

θ
2h∥2H

= −nIn(h⊗(n−1) ⊗ Aθh),
(5.3.12)

and thus for any φ ∈ ΓL2

(Lθφ)n = −
n∑
i=1

Aθxiφn,

which gives the desired result in Fourier modes.
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Step 2. Defining ρNi,y(x) as a vector with value ρN(x− y) at the i−th position and 0

at other positions, we have

G̃N,MF = −nHn−1(u(h))⟨h, ρN ∗ (div(ρN ∗ µM)⊗ (ρN ∗ µM))⟩

= n
∑
i,j

ˆ
∂jhi(x)ρ

N(x− y)I1(ρ
N
i,y)I1(ρ

N
j,y)In−1(h

⊗(n−1))dxdy

= n
∑
i,j

ˆ
∂jhi(x)ρ

N(x− y)I2(ρ
N
i,y ⊗ ρNj,y)In−1(h

⊗(n−1))dxdy

= G̃
N,M
+ + G̃

N,M
− .

(5.3.13)

The first equality holds because h is divergence-free and the Leray projection is a
Fourier multiplier, hence it commutes with the convolution. The third equality is
because I1(ρNi,y)I1(ρNj,y) = I2(ρ

N
i,y ⊗ ρNj,y) + ⟨ρNi,y, ρNj,y⟩ and∑

i,j

ˆ
∂jhi(x)ρ

N(x− y)⟨ρNi,y, ρNj,y⟩dxdy =
∑
i

ˆ
∂ihi(x)ρ

N(x− y)∥ρNy ∥2L2dxdy = 0.

Using the contraction rule for Wiener-Itô integrals, see Proposition 1.1.3 of [76], G̃N,M+

and G̃
N,M
− are given by (we drop the operator I here)

G̃
N,M
+ F (l1:n+1, x1:n+1) =

n

2

ˆ
(∂ln+1hln(x) + ∂lnhln+1(x))h

⊗(n−1)(l1:n−1, x1:n−1)

· ρNy (x)ρNxn(y)ρ
N
xn+1

(y)dxdy,

and

G̃
N,M
− F (l1:n−1, x1:n−1) = n(n− 1)

ˆ ∑
i

(∂ihln−1(x) + ∂ln−1hi(x))h
⊗(n−2)(l1:n−2, x1:n−2)

· hi(z)ρNy (x)ρNz (y)ρNxn−1
(y)dxdydz

= n(n− 1)

ˆ ∑
i

(∂ln−1hi(x)ρ
N
xn−1

(y)− hln−1(x)∂iρ
N
xn−1

(y))

· h⊗(n−2)(l1:n−2, x1:n−2)hi(z)ρ
N
y (x)ρ

N
z (y)dxdydz.

The second equality holds because h is divergence-free and it is useful for the estimations
below. There is also a vanishing term:

G̃
N,M
−3 F (l1:n−3, x1:n−3) =

∑
i,j

ˆ
∂jhi(x)ρ

N
y (x)h

⊗(n−3)(l1:n−3, x1:n−3)⟨hi, ρNy ⟩⟨hj, ρNy ⟩dxdy

= −
∑
i,j

ˆ
hi(x)ρ

N
y (x)h

⊗(n−3)(l1:n−3, x1:n−3)

· ∂yj(⟨hi, ρNy ⟩⟨hj, ρNy ⟩)dxdy

= −G̃
N,M
−3 F (l1:n−3, x1:n−3),

121



using that h is divergence-free in the last step.
A direct calculation shows that G̃

N,M
− = 0 for n = 0, 1, and G̃

N,M
+ = 0 for n = 0.

Hence, we have for all φ ∈ ΓL2

G̃
N,M
+ φn =

n

2

ˆ
[∂ln+1φn((ln, x), . . . ) + ∂lnφn((ln+1, x), . . . )]

· ρNy (x)ρNxn(y)ρ
N
xn+1

(y)dxdy,

(5.3.14)

and

G̃
N,M
− φn =n(n− 1)

ˆ ∑
i

[∂xln−1
φn((i, x)(i, z), . . . )ρ

N
xn−1

(y)

− φn((ln−1, x), (i, z), . . . )∂iρ
N
xn−1

(y)]ρNy (x)ρ
N
z (y)dxdydz.

(5.3.15)

This gives the desired result on the Fourier modes of G̃N,M .
Step 3. Finally, we prove the anti-symmetry of G̃N,M : We have for h, g ∈ Sf

1

(n+ 1)!
⟨G̃N,M+ (h⊗n), g⊗(n+1)⟩

= n⟨g, h⟩n−1

ˆ ∑
ln:n+1

gln(zn)gln+1(zn+1)ρ
N
y (x)ρ

N
zn(y)ρ

N
zn+1

(y)

· ∂ln+1hln(x)dxdydzn:n+1

= −n⟨g, h⟩n−1

ˆ ∑
ln:n+1

gln(zn)gln+1(zn+1)ρ
N
y (x)∂yln+1

(ρNzn(y)ρ
N
zn+1

(y))

· hln(x)dxdydzn:n+1

= −n⟨g, h⟩n−1

ˆ ∑
ln,i

∂igln(x)gi(z)ρ
N
y (x)ρ

N
zn(y)ρ

N
z (y)hln(x)dxdydzdzn + 0,

(5.3.16)

where we applied integration by parts in the second and third equalities and the second
term in the third equality vanishes because g is divergence-free. For the remaining
part in the last line, we write i = ln+1, z = zn+1 and exchange zn and x. For the
operator G̃

N,M
− , we have

1

(n+ 1)!
⟨G̃N,M− (g⊗(n+1)), h⊗n⟩ = n⟨g, h⟩n−1

ˆ ∑
ln,i

hln(zn)gi(z)ρ
N
y (x)ρ

N
z (y)ρ

N
zn(y)

· (∂lngi + ∂igln)(x)dxdydzdzn

= 0 +

(
− 1

(n+ 1)!
⟨G̃N,M+ (h⊗n), g⊗(n+1)⟩

)
.

(5.3.17)
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The first term after the second equality vanishes because
ˆ ∑

ln,i

hln(zn)gi(z)ρ
N
y (x)ρ

N
z (y)ρ

N
zn(y)∂lngi(x)dxdydzdzn

=

ˆ ∑
ln,i

(hln ∗ ρN)(y)∂ln(gi ∗ ρN)2(y)dydzn = 0,

because h is divergence-free. Thus the operator GN,M is anti-symmetric.

Now we can complete the proof of the Theorem 5.3.4, namely show that µM is an
invariant measure for uN,M .

Proof of the invariance of µM in Theorem 5.3.4. Let ΠK be the projection on the
space generated by {ẽik}0̸=k∈Zd

M :
|k|
N

≤K . Then ΠK commutes with LN if K is sufficiently
large, and the invariance of µ ◦ Π−1

K for ΠKu
N follows from Echeverria’s criterion [31]

because
Eµ◦Π−1

K
[LNΠKφ] = Eµ[LNΠKφ] = 0,

for any cylinder function F , which follows from Theorem 5.3.5.

Next, we derive estimates for G̃N , along the lines of [52, 53]. We consider a function
ω : N → (0,∞), which we interpret as a weight.

Theorem 5.3.6. The operators G̃N+ and G̃N− satisfy for ζ ∈ [0, 1] and λζθ =
d+2
4θ

+ζ 1∨θ−1
2θ

∥ω(N)(λ− Lθ)
β−λζθ G̃N−φ∥ ≲ ∥N1+ 1−ζ

2
(1− 1

θ∨1
)ω(N − 1)(λ− Lθ)

βφ∥, (5.3.18)

if β > d
4θ

, and

∥ω(N)(λ− Lθ)
β−λζθ G̃N+φ∥ ≲ ∥N1+ 1−ζ

2
(1− 1

θ∨1
)ω(N + 1)(λ− Lθ)

βφ∥, (5.3.19)

if β < λζθ − d
4θ

; the implicit constants in (5.3.18) and (5.3.19) depend on M if θ > 1,
but they are independent of M for θ ≤ 1. Next, we also have for 0 ≤ β < d

2θ
,

∥(λ− Lθ)
−β

2GN+φ∥2 ≲ λ2N,θN
d−2βθ∥N

3
2
− 1

2(θ∨1) (−Lθ)
1
2θφ∥2, (5.3.20)

and for GN− , we have the estimate

∥(λ− Lθ)
− 1

2θGN−φ∥2 ≲ ∥N(−Lθ)
1− 1

2θφ∥2. (5.3.21)

Finally, we have a non-uniform estimate of the operator G̃N± .

∥G̃Nφ∥ ≲N ∥N
3
2φ∥. (5.3.22)
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Proof. For G̃N− , we have, by the symmetry of φ̂,

∥ω(N)(λ− Lθ)
β−λζθ G̃N−φ∥2

≲
∑
n≥0

n!ω(n)2
∑

l1:n,k1:n

(1 + (2π)2θ(|k1|2θ + · · ·+ |kn|2θ))2β−2λζθ
1

Md(n+2)

· n2(n+ 1)2

∣∣∣∣∣∑
i

∑
p+q=kn

plnφ̂n+1((i, p), (i, q), . . . )− kn,iφ̂n+1((ln, p), (i, q), . . . )

∣∣∣∣∣
2

≲
∑
n≥0

n!n2(n+ 1)2ω(n)2

Md(n+2)

∑
l1:n,k1:n,i

(1 + |k1|2θ + · · ·+ |kn|2θ)2β−2λζθ

· |kn|2
∣∣∣∣∣ ∑

p+q=kn

φ̂n+1((ln, p), (i, q), . . . )

∣∣∣∣∣
2

+

∣∣∣∣∣ ∑
p+q=kn

φ̂n+1((i, p), (i, q), . . . )

∣∣∣∣∣
2
 .

By multiplying the RHS by the dimension d, we notice that

∑
l1:n,i

∣∣∣∣∣ ∑
p+q=kn

φ̂n+1((i, p), (i, q), . . . )

∣∣∣∣∣
2

≲ d ·
∑
l1:n,i

∣∣∣∣∣ ∑
p+q=kn

φ̂n+1((ln, p), (i, q), . . . )

∣∣∣∣∣
2

.

We have for any α > d
2θ

1

Md

∑
p+q=kn

(C+|p|2θ+|q|2θ)−α ≈
ˆ
(C+|kn|2θ+|p|2θ)−αdp ≲ (C+|kn|2θ)

d
2θ

−α, (5.3.23)

and therefore

1

Md

∣∣∣∣∣ ∑
p+q=kn

φ̂n+1((ln, p), (i, q), . . . )

∣∣∣∣∣
2

≤ (λ+ |k1|2θ + · · ·+ |kn|2θ)
d
2θ

−α

·
∑

p+q=kn

(λ+ |k1|2θ + · · ·+ |kn−1|2θ + |p|2θ + |q|2θ)α|φ̂n+1|2.

We then obtain, choosing α = 2β > d
2θ

,

∥ω(N)(λ− Lθ)
β−λζθ G̃N−φ∥2

≲
∑
n≥0

n!n2(n+ 1)2ω(n)2

Md(n+1)

∑
l1:n+1,k1:n

(λ+ |k1|2θ + · · ·+ |kn|2θ)−2λζθ+
d
2θ |kn|2

·
∑

p+q=kn

(λ+ |k1|2θ + · · ·+ |kn−1|2θ + |p|2θ + |q|2θ)2β|φ̂n+1((ln, p), (ln+1, q), . . . )|2

≲
∑
n≥0

1

Mdn
n!n3−ζ− 1−ζ

θ∨1ω(n− 1)2
∑

(l,k)1:n

(λ+ |k1|2θ + · · ·+ |kn|2θ)2β|φ̂n|2

= ∥N1+ 1−ζ
2

(1− 1
θ∨1

)ω(N − 1)(λ− Lθ)
βφ∥2.
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In the second inequality, we use symmetry of φ̂n and
∑n

i=1 |ki|2 ≤
(∑n

i=1 |ki|2θ
) 1

θ

for θ ≤ 1 while for θ > 1, we use |kn| ≥ 1
M

and therefore |kn|2 ≤ M2θ−2 to obtain∑n
i=1 |ki|2 ≲M

(∑n
i=1 |ki|2θ

)ζ (∑n
i=1 |ki|2θ

) 1−ζ
θ n(1−ζ)(1− 1

θ
).

The estimate (5.3.19) for G̃N+ now follows by a duality argument from (5.3.18)
because ⟨G̃N+φ, ψ⟩ = −⟨φ, G̃N−ψ⟩ for all cylinder functions φ, ψ.

For GN+ (i.e. including λN,θ) and β < d
2θ

we have

∥(λ− Lθ)
−β

2G
N,M
+ φ∥2 ≲

∑
n≥0

∑
(l,k)1:n

|RN
kn,kn−1

|2
n!λ2N,θ
Mnd

(λ+ |k1|2θ + · · ·+ |kn|2θ)−β

· (n− 1)2|kn + kn−1|2|φ̂n−1((ln−1, kn + kn−1), . . . )|2

≲ λ2N,θN
d−2βθ∥N

3
2
− 1

2(θ∨1) (−Lθ)
1
2θφ∥2,

where the estimation in the second inequality follows from

1

Md

∑
p+q=k

|RN
p,q|2(C + |p|2θ + |q|2θ)−β ≲

ˆ
|p|≤N

(C + |p|2θ)−βdp ≲ Nd−2βθ. (5.3.24)

Finally, for GN− , we have

∥(λ− Lθ)
− 1

2θG
N,M
− φ∥2

≲
∑
n≥0

n!n2(n+ 1)2

M (n+2)d

∑
(l,k)1:n

λ2N,θ|ρ̂N(kn)|2

(λ+ |k1|2θ + · · ·+ |kn|2θ)
1
θ

·

∣∣∣∣∣∣∣∣
∑
i

∑
p+q=kn
|p|,|q|≤N

plnφ̂n+1((i, p), (i, q), . . . )− kn,iφ̂n+1((in−1, p), (i, q), . . . )

∣∣∣∣∣∣∣∣
2

≲
∑
n≥0

n!n2(n+ 1)2

M (n+2)d

∑
(l,k)1:n,i

λ2N,θ|ρ̂N(kn)|2|kn|2
∑

p+q=kn
|p|,|q|≤N

|φ̂n+1(p, q)|2

(λ+ |k1|2θ + · · ·+ |kn|2θ)
1
θ

≲
∑
n≥0

(n+ 1)!n3

M (n+1)d

∑
(l,k)1:n

λ2N,θ|ρ̂N(kn)|2
1

Md

∑
p+q=kn
|p|,|q|≤N

|φ̂n+1(p, q, . . . )|2.

(5.3.25)

We note furthermore that
1

Md

∑
p+q=kn
|p|,|q|≤N

|φ̂n+1(p, q, . . . )|2

≲
1

Md

∑
p+q=kn
|p|,|q|≤N

(|p|2θ + |q|2θ)
1
θ
−2

∑
p+q=kn

(|p|2θ + |q|2θ)2−
1
θ |φ̂n+1(p, q, . . . )|2

≲ Nd+2−4θ
∑

p+q=kn

(|p|2θ + |q|2θ)2−
1
θ |φ̂n+1(p, q, . . . )|2,
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which gives the result since since λ2N,θ = N4θ−d−2. For the non-uniform estimation, we
calculate as follows

∥G̃N+φ∥2

≲
∑
n≥0

∑
(l,k)1:n

|RN
kn,kn−1

|2n!(n− 1)2

Mnd
|kn + kn−1|2|φ̂n−1((ln−1, kn + kn−1), . . . )|2

≲
∑
n≥0

∑
(l,k)1:n−1

n!(n− 1)2

M (n−1)d
Nd+2|φ̂n−1((ln−1, kn−1), . . . )|2

≲N ∥N
3
2φ∥2.

(5.3.26)

And for the operator G̃−, we have

∥G̃N−φ∥2

≲
∑
n≥0

n!n2(n+ 1)2

M (n+2)d

∑
(l,k)1:n

|ρ̂N(kn)|2

·

∣∣∣∣∣∣∣∣
∑
i

∑
p+q=kn
|p|,|q|≤N

plnφ̂n+1((i, p), (i, q), . . . )− kn,iφ̂n+1((in−1, p), (i, q), . . . )

∣∣∣∣∣∣∣∣
2

≲N

∑
n≥0

n!n2(n+ 1)2

M (n+1)d

∑
(l,k)1:n+1

|φ̂n+1|2 ≲ ∥N
3
2φ∥2.

(5.3.27)

Remark 5.3.7. The dependence of the implicit constant in (5.3.18) and (5.3.19) for
θ > 1 should also appear in equation (11) of [53]. Replacing the estimate

∑
i=1 |ki|2 ≲M∑n

i=1 |ki|2θ by Hölder’s inequality, we can get a uniform-in-M estimate with N
3
2
− 1

2θ on
the right hand side, which therefore extends to M = ∞. But to prove well-posedness we
need Nγ with some γ ≤ 1, which requires θ ≤ 1. Therefore, the proof of well-posedness
of energy solutions to the 2d hyperviscous Navier-Stokes equation in the plane in [53]
seems incorrect. The more precise estimations in [11, Lemma 2.4] would give a bound
with N

3
2
− 1

θ , thus θ ≤ 2 would work. For θ > 2 we are currently lacking an argument
to prove well-posedness in Rd.

5.4 Existence and uniqueness of energy solutions for
θ > d

2

To introduce energy solutions, we first introduce the crucial energy estimate.
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Definition 5.4.1. We say that a process (ut)t≥0 with trajectories in C(R+, S
′
f(M))

satisfies an energy estimate if for all p ≥ 1 there exists c2p > 0 (with c2 = 1) such that
for all cylinder functions F

E

[
sup

0≤t≤T

∣∣∣∣ˆ t

0

F (s, us)ds

∣∣∣∣p] ≲ T
p
2 sup
0≤s≤T

∥cN2p(1− Lθ)
− 1

2F (s)∥p. (5.4.1)

Lemma 5.4.2. Let θ > 0 and let ν ≪ µ be a probability measure with η = dν
dµM

∈
L2(µM ). Let uN,M be the solution to the equation (5.3.3) with initial condition ν, then
uN,M satisfies an energy inequality with implicit constant that does not depend on N .

Proof. This follows by the Itô trick using the same arguments as in Section 4.1
of [52].

Remark 5.4.3. The energy estimate holds also for the case M = ∞ if we have the
existence of cylinder function martingale solutions of the stochastic Navier-Stokes
equation on the whole space.

As a simple consequence of the energy estimate we can make sense of additive
functionals with distributional coefficients:

Lemma 5.4.4. For any horizon T , assume that a process (ut)t≥0 satisfies (5.4.1) and
let It(F ) =

´ t
0
F (us)ds for all cylinder functions F and t ∈ [0, T ]. Then the map I can

be uniquely extended as a bounded linear functional from H
− 1

2
0 to L1(Ω,F,P, C[0, T ]).

Proof. We simply apply (5.4.1) with p = 1 and use that cylinder functions are dense
in H

− 1
2

0 .

If θ > d
2

and ζ = 1, then λζθ =
d
4θ
+ 1

2
< 1 in equations (5.3.18) and (5.3.19). Taking

β ∈ ( d
4θ
, 1
2
) and ω(n) = 1

1+n
and using that Hα

γ ⊂ Hα′

γ′ for α ≥ α′ and γ ≥ γ′, we
obtain

G̃N− : H
1
2
1 → H

− 1
2

0 , G̃N+ : H
1
2
1 → H

− 1
2

0 . (5.4.2)

with bounds on the operator norms that are uniform in N . With these two bounds,
we obtain the existence of the integral

ˆ t

0

L̃F (us)ds := lim
N→∞

ˆ t

0

(Lθ + G̃N)F (us)ds,

for all (us) satisfying the energy estimate (5.4.1) and for all cylinder functions F .
We now introduce two different martingale problems for our equation.
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Definition 5.4.5. A process (ut)t≥0 with trajectories in C(R+, S
′
f(M)) is an energy

solution for L̃ with initial distribution ν if u0 ∼ ν and if the following conditions are
satisfied:

• (ut)t≥0 is incompressible, i.e. for all T > 0 there exists C(T ) > 0 with

sup
0≤t≤T

E|F (ut)| ≤ C(T )||F ||,

for all cylinder functions F ;

• u satisfies an energy estimate;

• for any cylinder function F , the process

MF
t := F (ut)− F (u0)−

ˆ t

0

L̃F (us)ds, t ≥ 0,

is a continuous martingale with quadratic variation

⟨MF
t ⟩ =

ˆ t

0

E(F )(us)ds, with E(F ) := 2

ˆ
M
|A

θ
2
xDxF |2dx,

where Dx is the Malliavin derivative.

For cylinder functions F , we saw that L̃F ∈ H
−1/2
0 is only a distribution. But we

will discuss below that there is a domain D(L̃) such that L̃φ ∈ H0
0 for all φ ∈ D(L̃).

Definition 5.4.6. A process (ut)t≥0 with trajectories in C(R+, S
′
f(M)) solves the

martingale problem for L̃ with initial distribution ν if u0 ∼ ν, law(ut) ≪ µM for all
t ≥ 0 and if for all φ ∈ D(L̃) and t ≥ 0 we have

´ t
0
|L̃φ(us)|ds < ∞ almost surely

and the process

φ(ut)− φ(u0)−
ˆ t

0

L̃φ(us)ds, t ≥ 0,

is a martingale in the filtration generated by (ut)t≥0.

To construct the domain D(L̃), we follow the approach developed in Lukas Gräfner’s
Ph.D. thesis, which is presented in the lecture notes [44]. We need to show that G

is a bounded operator from H
1/2
1 to H

−1/2
0 (which follows from (5.4.2)) and that

the commutator [N,G] is a bounded operator from H
1/2
0 to H

−1/2
−1 . The commutator

estimate follows in a similar way as (5.4.2), using ω(x) = 1 this time as well as the
fact that G̃+ and G̃− only increase/decrease the chaos by one. Thus, we can apply
Theorem 4.11 and Theorem 4.15 in [44] to obtain uniqueness for the two martingale
problems and the existence of the domain (D(L̃), L̃) on which L̃ generates a contraction
semigroup. Now we are ready to finish the proof of Theorem 5.1.1.
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Proof of Theorem 5.1.1. From Theorem 4.15 in [44], it remains to show the existence
of energy solutions to (5.3.3). The arguments are similar to Theorem 4.6 in [52] or
Theorem 1 in [53]. Thus, we give only a sketch of the proof here.

1. We start with the solution uN of the martingale problem of LN , with the
same initial distribution as for u. Given a cylinder function F we consider the
martingale

MF
t := F (uNt )− F (uN0 )−

ˆ t

0

(Lθ + G̃N)F (uNs )ds, t ≥ 0,

with quadratic variation
´ t
0
E(F )(uNs ). We furthermore obtain the equality

||ω(N)(E(F ))
1
2 ||2 = 2||ω(N − 1)(−Lθ)

1
2F ||2.

2. From the decomposition

F (uNt )− F (uNs ) =

ˆ t

s

(Lθ + G̃N)(uNr )dr +MF
t −MF

s ,

we can obtain the estimation

E[|F (uN)t − F (uNs )|p] ≤ (t− s)
p
2 ||cN4p(1− Lθ)

− 1
2F ||p.

Thus, we can apply the Kolomogorov and Mitoma’s criterion [72] to get the
tightness of the sequence (uN)N in C(R+, S

′
f ).

3. The incompressibility and energy inequality for uN follow directly from the
Cauchy-Schwarz inequality and Lemma 5.4.2, respectively. The implicit constants
are independent of N , and therefore any weak limit satisfies the same bounds.

4. Using the uniform estimates in (5.4.2), we obtain that the L1 distance between´ t
0
(Lθ + G̃N)F (uNs )ds and

´ t
0
L̃F (uNs )ds is o(1) with respect to N . Thus, and

limit point of (uN )N as N → ∞ satisfies also the third point in the definition of
an energy solution.
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5.5 Solution on the whole space for θ ≤ 1 and N <∞

We consider here the truncated equation on the whole space Rd, i.e. when M = ∞,
for θ ≤ 1. To begin with, we derive the limit of the stationary distributions µM .

Proposition 5.5.1. The periodic extension µ̃M of the white noise µM to the whole
space converges weakly to µ as M → ∞ as Gaussian random variables on S′

f (Rd).

Proof. It is sufficient to prove that for each f ∈ Sf(Rd), the random variable µ̃M(f)

converges weakly to µ(f). Since both are centered Gaussian, it suffices to consider
the variance:

E[µ̃M(f)2] =

ˆ
[−M

2
,M
2 ]

d
|fM |2dx− 1

Md

(ˆ
Rd

fdx

)2

,

where fM(x) =
∑

k∈Zd f(x + kM). As M → ∞, the second term vanishes and the
first term converges to ∥f∥2Rd by the dominated convergence theorem. Thus we get
the result.

To show the existence of weak solution to (5.3.3) when M = ∞, we need some
estimations.

Lemma 5.5.2. Let θ ≤ 1 and consider a weak solution uN,M to the equation (5.3.3).
The following bounds hold uniformly in M > 0: For all φ ∈ Sf (M)

E

[
sup

0≤t≤T

∣∣∣∣ˆ t

0

uN,M(Aθφ)ds

∣∣∣∣p] ≲ T
p
2∥φ∥p

Hθ , (5.5.1)

and

E

[
sup

0≤t≤T

∣∣∣∣ˆ t

0

BN(uN,Ms )(φ)ds

∣∣∣∣p] ≲ N
d−2θ

2
·pT

p
2∥φ∥pH1 . (5.5.2)

Proof. From Lemma 5.4.2, we have

E

[
sup

0≤t≤T

∣∣∣∣ˆ t

0

uN,M(Aθφ)ds

∣∣∣∣p] ≲ T
p
2∥cN2p(λ− Lθ)

− 1
2 (Aθφ)∥p ≲ T

p
2∥φ∥p

Hθ .

Notice that for the functional BN , we have

BN(uN,M)(φ) = G̃N+φ. (5.5.3)

Then, we obtain from Theorem 5.3.6

E

[
sup

0≤t≤T

∣∣∣∣ˆ t

0

BN(uN,Ms )(φ)ds

∣∣∣∣p] ≲ T
p
2∥cN2p(λ− Lθ)

− 1
2 (G̃N+φ)∥p ≲ N

d−2θ
2

·pT
p
2∥φ∥pH1 .
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We are now able to show the existence of solutions.

Definition 5.5.3. Let ν ≪ µ. We call a process uN with trajectories in C(R+, S
′
f (Rd))

a weak solution of equation (5.3.3) with initial condition ν if for all φ ∈ Sf (Rd)

uNt (φ) = ν(φ)−
ˆ t

0

uNs (A
θφ)ds+ λN,θ

ˆ t

0

BN(uNs )(φ)ds+Mφ
t ,

where Mφ is a continuous martingale with quadratic covariation

E[Mφ
t M

ϕ
s ] = 2(t ∧ s)⟨AθΠΠΠφ,AθΠΠΠϕ⟩H,

for all ϕ, φ ∈ Sf(Rd). A weak solution is called an energy solution if it is also
incompressible and it satisfies an energy estimate, as in Definition 5.4.5 but with
respect to µ instead of µM .

Theorem 5.5.4. Let θ ∈ (0, 1] and let η ∈ ΓL2 with η ≥ 0 and
´
ηdµ = 1. There

exists a unique in law energy solution to the equation (5.3.3) for M = ∞ with initial
condition dν = ηdµ.

Proof. The existence proof is basically the same as the proof given in [12] for the
vorticity formulation of the two-dimensional case and very similar to the proof of
Theorem 5.1.1. From the uniform-in-M estimates in Lemma 5.5.2 and the Burkholder-
Davis-Gundy inequality for the martingale, we deduce the tightness of uN,M by
Kolomorgov’s criterion. Because uN,M are energy solutions, we obtain the energy
solution property of uN directly by taking the limit.

The operator LN = L+ GN on the whole space has the same expression in Fourier
modes as on the torus (see Theorem 5.3.5), if we now consider frequencies in Rd.
Because θ ≤ 1, the operator GN satisfies the same bounds as in Theorem 5.3.6.
Uniqueness in law then follows again by Theorem 4.15 in [44].

5.6 Large-scale behavior for θ ≤ 1

5.6.1 Limiting behaviour

Now we consider M = 1 or M = ∞, representing the torus or the whole space, θ ≤ 1,
and N → ∞. For θ < 1, the limit is trivial:

Theorem 5.6.1. For θ < 1, let uN be an energy solution to equation (5.3.3) with initial
distribution ν ≪ µ and dν

dµ
∈ L2(µ). As N → ∞, uN converges to the unique-in-law

weak solution of
∂tu = −(−∆)θu+ (−∆)

θ
2ΠΠΠξ, u0 ∼ ν. (5.6.1)
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Proof. For any test function φ ∈ Sf (Rd), the non-linear term is bounded by

E

[
sup

0≤t≤T

∣∣∣∣ˆ t

0

λN,θB
N(uNs )(φ)ds

∣∣∣∣p] ≲ Np(θ−1)T
p
2∥φ∥pH1 .

Since θ < 1, this term will vanish when taking the limit N → ∞. For the linear term,
notice that we have tightness of uN by similar arguments as above. Since the linear
part of the equation does not depend on N , any limit solves (5.6.1). Uniqueness in
law follows by similar arguments as for energy solutions but with G̃ = 0, or by testing
against the heat kernel generated by −(−∆)θ.

We now turn to the case θ = 1. In this case, we have the following upper bound
for the non-linear part:

E

[
sup

0≤t≤T

∣∣∣∣ˆ t

0

λN,1B
N(uNs )(φ)ds

∣∣∣∣p] ≲ T
p
2∥φ∥pH1 ,

from where we can prove tightness as before. Following [8], the aim is then to derive
a lower bound for the nonlinear part to show that its limit is non-zero. We fist give a
lemma.

Lemma 5.6.2. Suppose a, b are vectors in a Hilbert space E, then we have

2∥a∥2∥b∥2 ≤ ∥a⊗ b+ b⊗ a∥2 ≤ 4∥a∥2∥b∥2.

Proof. The second inequality is a direct consequence of the triangle inequality. For
the first inequality, we define eA = a

∥a∥ and let PeA be the orthogonal projection on
the span of eA. Then we have

eA ⊗ b+ b⊗ eA = eA ⊗ (b− PeA(b)) + (b− PeA(b))⊗ eA + 2∥PeA(b)∥(eA ⊗ eA).

Now let’s view eA,
b−PeA

(b)

∥b−PeA
(b)∥ to be part of the basis of the Hilber space E. Then we

know that
eA ⊗ eA,

(
b− PeA(b)

∥b− PeA(b)∥

)
⊗ eA, eA ⊗

(
b− PeA(b)

∥b− PeA(b)∥

)
are orthogonal vectors of tensor space E⊗2. Thus,

∥a⊗ b+ b⊗ a∥2 = ∥a∥2(2∥b− PeA(b)∥2 + 4∥PeA(b)∥2) ≥ 2∥a∥2∥b∥2.

Proposition 5.6.3. Let θ = 1, φ ∈ Sf , and let uN be the stationary solution to the
equation (5.3.3), there exists a constant C > 0 such that

C−1

λ2
∥φ∥2H1 ≤

ˆ ∞

0

e−λtE

[∣∣∣∣ˆ t

0

λN,1B
N(uNs )(φ)ds

∣∣∣∣2
]
dt ≲

C

λ2
∥φ∥2H1 .
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Proof. We already showed the upper bound. For the lower bound, we apply Lemma
5.1 in [8] to rewrite

A =

ˆ ∞

0

e−λtE

[∣∣∣∣ˆ t

0

λN,1B
N(uNs )(φ)ds

∣∣∣∣2
]
dt =

2

λ2
E[λN,1BN(φ)(λ−LN

1 )
−1λN,1B

N(φ)],

where λN,1BN(φ) = GN+φ lives in the second Wiener chaos. Lemma 5.2 in the same
paper gives a variational representation of the right hand side:

A =
2

λ2
sup
G

{
2⟨GN+φ,G⟩ − ⟨(λ− L1)G,G⟩ − ⟨GNG, (λ− L1)

−1GNG⟩
}
.

For the third term, we divide GN = GN− + GN+ and use the fact GN is anti-symmetric to
obtain
2

λ2
sup
G

{
2⟨GN+φ,G⟩ − ∥(λ− L1)

1
2G∥2 − ∥(λ− L1)

− 1
2GN+G∥2 − ∥(λ− L1)

− 1
2GN−G∥2

}
.

From now on we restrict to G in the second chaos. Then we have by Theorem 5.3.6

∥(λ− L1)
− 1

2GN+G∥2 + ∥(λ− L1)
− 1

2GN−G∥2 ≤ C∥(λ− L1)
1
2G∥2,

and thus
A ≥ 2

λ2
sup
G

{
2⟨GN+φ,G⟩ − (1 + C)∥(λ− L1)

1
2G∥2

}
.

For
G = δ(λ− L1)

−1GN+φ,

for δ > 0, we thus obtain the lower bound
ˆ ∞

0

e−λtE

[∣∣∣∣ˆ t

0

BN(uNs )(φ)ds

∣∣∣∣2
]
dt ≥ 2

λ2
(2δ− δ2(1+C))∥(λ−L1)

− 1
2GN+φ∥2, (5.6.2)

and for sufficiently small δ > 0 the prefactor on the right hand side becomes positive.
It remains to give a lower bound for ∥(λ− L1)

− 1
2GN+φ∥2. Define

U(k, φ̂(k)) := k ⊗ φ̂(k) + φ̂(k)⊗ k,

and its component by

Ui,j(k, φ̂(k)) := kiφ̂(j, k) + φ̂(i, k)kj.

Let Π̂ΠΠ be the Leray projection in the Fourier mode. We have (note that for M = ∞
we have to replace all sums by integrals)

∥(λ− L1)
− 1

2GN+φ∥2 ≳
λ2N,1
M2d

∑
l1,l2,k1,k2

(λ+ |k1|2 + |k2|2)−1|RN
k1,k2

|2

· |
∑
i,j

Π̂ΠΠl1,i(k1)Π̂ΠΠl2,j(k2)Ui,j(k1 + k2, φ̂(k1 + k2))|2
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For each k1 + k2 ̸= 0 and φ̂(k1 + k2) ̸= 0, we know ∥U(k1 + k2, φ̂(k1 + k2))∥ ≠ 0 and
define

η(k1, k2, φ̂(k1 + k2))
2 =

∑
l1,l2

|
∑

i,j Π̂ΠΠl1,i(k1)Π̂ΠΠl2,j(k2)Ui,j(k1 + k2, φ̂(k1 + k2))|2∑
l1,l2

|U(l1, l2, k1 + k2)|2

=
∥(Π̂ΠΠ(k1))⊗ (Π̂ΠΠ(k2))(U(k1 + k2, φ̂(k1 + k2)))∥2

∥U(k1 + k2, φ̂(k1 + k2))∥2
.

The leray projection can ensure that 1 ≥ η(k1, k2, φ̂(k1 + k2)) ≥ 0 in this case. Now
since

Π̂ΠΠ(k) = Π̂ΠΠ(λ̃k),

for any non-zero λ̃ ∈ R and non zero vector k ∈ Rd, we know that

η(k1, k2, φ̂(k1 + k2))
2 = η(λ̃k1, λ̃k2, φ̂(k1 + k2))

2, (5.6.3)

for any non-zero λ̃ ∈ R.
For all other k1, k2, we define η(k1, k2, φ̂(k1+k2)) = 1. Then equation (5.6.3) holds

for all k1, k2. We then obtain

∥(λ− L1)
− 1

2GN+φ∥2 ≳
λ2N,1
M2d

∑
k1,k2

(λ+ |k1|2 + |k2|2)−1|RN
k1,k2

|2

·
∑
l1,l2

|Ui,j(k, φ̂(k))|2η(k1, k2, φ̂(k1 + k2))
2.

≥
λ2N,1
M2d

∑
k1,k2

|RN
k1,k2

|2η(k1, k2, φ̂(k1 + k2))
2|k1 + k2|2|φ̂(k1 + k2)|2

λ+ |k1|2 + |k2|2
.

For each N, k, define kN = k
N

and

ϑN(k, φ̂(k)) =
∑
l+m=k

|RN
l,m|

N2−dη(l,m, φ̂(k))2

λ+ |l|2 + |m|2
.

Then the lower bound can be expressed as
ˆ
Zd
M

ϑN(k, φ̂(k))|k|2|φ̂(k)|2dk.

We define additionally

ΘN
r (kN , φ̂(k)) =

ˆ
1B(0,r)∩B(kN ,r)η(Nx, k −Nx, φ̂(k))2

λ
N2 + |x|2 + |kN − x|2

dx.
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Let us check the limit, by applying Lemma 5.6.2 and equation (5.6.3):

lim
N→∞

η(Nx, k −Nx, φ̂(k))2

= lim
N→∞

η(x, kN − x, φ̂(k))2

= lim
N→∞

∥Π̂ΠΠ(x)⊗ Π̂ΠΠ(kN − x)(k ⊗ φ̂(k) + φ̂(k)⊗ k∥2

∥k ⊗ φ̂(k) + φ̂(k)⊗ k∥2

=
∥Π̂ΠΠ(x)⊗ Π̂ΠΠ(−x)(k ⊗ φ̂(k) + φ̂(k)⊗ k∥2

∥k ⊗ φ̂(k) + φ̂(k)⊗ k∥2

≥ ∥Π̂ΠΠ(x)(k)∥2∥Π̂ΠΠ(x)(φ̂(k)∥2

2∥k∥2∥φ̂(k)∥2

=
sin(θ1(x))

2 sin(θ2(x))
2

2
,

where θ1(x), θ2(x) are angles between x and k, φ̂(k) respectively. It is easy to check
that for large N , we have

ΘN
1 (kN , φ̂(k)) ≤ ϑN(k, φ̂(k)) ≤ ΘN

1+ 1
N
(kN , φ̂(k)),

which shows that

lim
N→∞

ϑN(k, φ̂(k)) ≥
ˆ
B(0,1)

(
1− ⟨k,x⟩2

∥k∥2∥x∥2

)(
1− ⟨φ̂(k),x⟩2

∥φ̂(k)∥2∥x∥2

)
4|x|2

dx

=

ˆ
B(0,1)

(
1− x21

∥x∥2

)(
1− x22

∥x∥2

)
4|x|2

dx.

Then the dominated convergence theorem gives the desired lower bound.

This proves the non-triviality of the non-linear term for the case θ = 1.

Theorem 5.6.4. Let θ = 1 and let uN be the stationary solution to the equation
(5.3.3), then uN converges weakly to u satisfying

ut(φ) = u0(φ) +

ˆ t

0

u(∆φ) +B(φ)t +Mφ
t , (5.6.4)

where B(φ)t is such that

1

λ2
∥φ∥2H1 ≲

ˆ ∞

0

e−λtE[|Bt(φ)|2]dt ≲
1

λ2
∥φ∥2H1 .

Although so far we restricted our attention to dimension d ≥ 3, the approach also
works in dimension 2 and it yields the same conclusion as in [12], where the vorticity
formulation of the same equation is studied, and triviality is shown for θ < 1.
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Next, we discuss possible approaches to describe the limit B(φ) in the case θ = 1.
Using the same method in [9], we are able to determine the weak coupling limit for
the two-dimensional stochastic Navier-Stokes equation.

Theorem 5.6.5. Let d = 2, θ = 1 and the support of the Fourier transformation of
mollifier ρ1 is the indicator function of the unit ball. Let uN be the stationary solution
to the equation

∂tu
N = ∆uN − λ̂

logN
BN(uN) +

√
2(−∆)

1
2ΠΠΠξ, (5.6.5)

on the torus T2, then uN converges weakly to the stationary solution u of

∂tu = νeff∆u+
√
2νeff(−∆)

1
2ΠΠΠξ,

where νeff =
√

1 + λ̂2

2π
.

This can be deduced directly form the method introduced in the paper [9]. We
only need to insert our formula for the operators GN± into the replacement lemma
therein to obtain the effective coefficient.

To generalize this result to higher dimensions, the method in [9] can no longer
be applied due to the lack of control in the both off-diagonal part and diagonal part
used for the proof of replacement lemma. We expect that the methods of [11] can be
applied to prove the following result:

Conjecture 5.6.6. Let d ≥ 3, θ = 1, ωd = dπ
d
2

Γ(1+ d
2
)

and assume that the support of the
Fourier transformation of the mollifier ρ1 is the indicator function of the unit ball. Let
uN be the stationary solution to the equation (5.3.3) on Td or Rd, then it converges
weakly to the stationary solution u of

∂tu = νeff∆u+
√
2νeff(−∆)

1
2ΠΠΠξ,

where νeff =
√

1 + λ̂2ωd

4π2(d−2)
.

5.6.2 Implication for fluctuating hydrodynamics

We revisit the fluctuating hydrodynamics equations introduced by Landau and Lifshitz
in [63], which are given by

∂tu = ν∆u−∇p− λ̂ div(u⊗ u) +∇ · τ, ∇ · u = 0,

where the centered Gaussian noise τ has covariance

E[τij(t, x)τkl(t′, x′)] =
2νkBT

ρ
(δikδjl + δilδjk −

2

3
δijδkl)δ(x− x′)δ(t− t′). (5.6.6)
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Let us compute the covariance of (∇ · τ)i for i = 1, . . . , d. We have

E

[∑
j,k

⟨∂jτi1,j, φ1⟩⟨∂kτi2,k, φ2⟩

]
= E

[∑
j,k

⟨τi1,j, ∂jφ1⟩⟨τi2,k, ∂kφ2⟩

]

=

ˆ ∑
j,k

2νkBT

ρ

(
δi1i2δjk + δi1kδji2 −

2

3
δi1jδi2k

)
∂jφ1(t, x)∂kφ2(t, x)dtdx.

So if i1 ̸= i2, we have

E

[∑
j,k

⟨∂jτi1,j, φ1⟩⟨∂kτi2,k, φ2⟩

]

=

ˆ
2νkBT

ρ

(
∂i2φ1∂i1φ2 −

2

3
∂i1φ∂i2φ

)
dtdx

=

ˆ
2νkBT

3ρ
∂i1φ1∂i2φ2dtdx

=
2νkBT

3ρ
E[⟨∂i1 ξ̃, φ1⟩⟨∂i2 ξ̃, φ2⟩],

where ξ̃ is a real-valued white noise on R+ × Rd. When i1 = i2, we have

E

[∑
j,k

⟨∂jτi1,j, φ1⟩⟨∂kτi1,k, φ2⟩

]

=

ˆ
2νkBT

ρ

(∑
j

∂jφ1∂jφ1 +
1

3
∂i1φ1∂i1φ2

)
dtdx

=
2νkBT

ρ
E[⟨(−∆)

1
2 ξi1 , φ1⟩⟨(−∆)

1
2 ξi1 , φ2⟩+

1

3
⟨∂i1 ξ̃, φ1⟩⟨∂i1 ξ̃, φ2⟩],

where ξ is a d-dimensional white noise on R+ ×Rd that is independent of ξ̃. Thus, we
conclude that

∇ · τ d
=

√
2νkBT

ρ
(−∆)

1
2 ξ +

√
2νkBT

3ρ
∇ · ξ̃. (5.6.7)

Applying the Leray projection, we find that

ΠΠΠ∇ · τ d
=

√
2νkBT

ρ
(−∆)

1
2ΠΠΠξ.

Thus, the solution to the equation of fluctuating hydrodynamics should have the same
distribution as the solution to the equation

∂tu = ν∆u−∇p− λ̂ div(u⊗ u) +

√
2νkBT

ρ
(−∆)

1
2 ξ, ∇ · u = 0,
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but of course we have to truncate both equations to make sense of them. Before that,
we apply a scaling transformation to normalize the coefficients: Let ũ(t, x) = Au(rt, x)

with
A =

√
ρ

kBT
, r =

1

ν
.

The equation for ũ becomes

∂tũ = ∆ũ−∇p̃− λ̂

√
kBT

ρν2
div(ũ⊗ ũ) +

√
2(−∆)

1
2 ξ, ∇ · ũ = 0,

and we consider the same truncation as before with ρ1 decribed in the Conjecture 5.6.6
(note that we did not rescale space yet and therefore the truncation appears in the
same form in the equation for u):

∂tũ = ∆ũ−∇p̃− λ̂

√
kBT

ρν2
ρ1 ∗ div(ρ1 ∗ ũ⊗ ρ1 ∗ ũ) +

√
2(−∆)

1
2 ξ, ∇ · ũ = 0.

Thus, Conjecture 5.6.6 says that by considering the scaling

ûN(t, x) = N
d
2 ũ(N2t, Nx),

the limit u of 1
A
ûN( t

r
, x) will satisfy the equation

∂tu =
G(λ̂)

r
∆u+

√
2G(λ̂)

Ar
1
2

ΠΠΠ(−∆)
1
2 ξ

= G(λ̂)ν∆u+

√
G(λ̂)

√
2νkBT

ρ
ΠΠΠ(−∆)

1
2 ξ,

where

G(λ̂) =

√
1 +

λ̂2kBTωd
4ν2ρπ2(d− 2)

.
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Appendix A

Appendix of Chapter 2

A.1 Properties of Fractional Derivatives

We recall here some basic properties of fractional derivatives used in our proofs. Proofs
may be found in [83].

Proposition A.1.1. Suppose f is a real function, α, β are two real numbers. We will
also use the convention that Iαa+ = D−α

a+ . They are well-defined since there is always
one non-negative superscript. Then we have

1. Fractional integration operators {Iαa+, α ≥ 0}({Iαb−, α ≥ 0}) form a semigroup
in Lp(a, b) for every p ≥ 1. It is continuous in uniform topology for α > 0 and
strongly continuous for α ≥ 0.

2. In each of the following cases:

• β ≥ 0, α+ β ≥ 0, f ∈ L1([a, b]).

• β ≤ 0, α ≥ 0, f ∈ I−βa+ (L1)(I−βb− (L1)).

• α ≤ 0, α+ β ≤ 0, f ∈ I−α−βa+ (L1)(I
−α−β
b− (L1)).

we have
Iαa+ ◦ Iβa+f = Iα+βa+ f, Iαb− ◦ Iβb−f = Iα+βb− f.

3. If n ≤ α < n+ 1 and f ∈ L1(a, y) and Dα
a+f exists on (a, y) for some y > x ∈

[a, b] , then we have

Iαa+D
α
a+f(x) = f(x)−

n+1∑
j=1

Dα−j
a+ f(a)

Γ(α− j − 1)
(x− a)α−j .
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Similarly,

Iαb−D
α
b−f(x) = f(x)−

n+1∑
j=1

(−1)jDα−j
b− f(b)

Γ(α− j − 1)
(b− x)α−j .

Here Dκ
a+f(a) = limy→a,y>aD

κ
a+f(y) for any κ ∈ R and similar for the right

Riemann-Liouville fractional derivative. Blow up at (x−a)α−n−1 is allowed since
it is integrable near a and Iαa+D

α
a+f lives in the space L1([a, y]).

Next, we enumerate below some basic properties of the Caputo derivative:

Proposition A.1.2. Let f be a real function and α, β > 0.

1. If α = n ∈ N and f is n times differentiable, then Cα
a+f = f (n) and Cα

b−f =

(−1)nf (n)

2. Let 0 < α ≤ β and f ∈ L1[a, b], then we have Cα
a+I

β
a+f = Iβ−αa+ f and Cα

b−I
β
b−f =

Iβ−αb− f

3. Cα
a+C

n
a+ = Cα+n

a+ and Cα
b−C

n
b− = Cα+n

b− for all n ∈ N.

We provide a proof of the proposition 2.2.10 here. Let us start with a simple but
useful lemma, which corresponds to Theorem 3.3 in [58] for the case ρ = 1:

Lemma A.1.3. Suppose f ∈ Cn([a, b]), then for any 0 < α < n and α /∈ N, we have
actually Cα

a+f(a) = Cα
b−f(b) = 0.

Proof of Proposition 2.2.10. Define

g(x) = f(x)−
n∑
k=0

f (k)(a)

k!
(x− a)k.

From proposition A.1.1, we have

Iαa+D
α
a+g(x) = g(x)−

n+1∑
j=1

Dα−j
a+ g(a)

Γ(α− j + 1)
(x− a)α−j .

Now we have by linearity of Riemann-Liouville fractional derivative operator and
definition of Caputo fractional derivative that

Dα−j
a+ g(a) = Cα−j

a+ f(a)−
n∑

k=n−j+1

f (k)(a)

k!
Dα−j
a+ ((x− a)k)(a).
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Furthermore, for k ≥ n− j + 1 > α − j, Dα−j
a+ ((x− a)k)(a) = Cα−j

a+ ((x− a)k)(a) by
definition. Hence we have

Dα−j
a+ g(a) = Cα−j

a+ f(a)−
n∑

k=n−j+1

f (k)(a)

k!
Cα−j
a+ ((x− a)k)(a).

Since f ∈ Cn and (· − a)k ∈ C∞, we see that actually Dα−j
a+ g(a) = 0 for every

j = 1, · · · , n by lemma A.1.3. For the case j = n+ 1 and α < n+ 1, we actually have
that ∣∣Dα−n−1

a+ g(a)
∣∣ = lim

y→a,y>a

∣∣In+1−α
a+ g(y)

∣∣
= lim

y→a,y>a

1

Γ(n+ 1− α)

∣∣∣∣ˆ y

a

g(t)

(y − t)α−n
dt

∣∣∣∣
≤ lim

y→a,y>a

1

Γ(n+ 1− α)

∣∣∣∣ˆ y

a

maxt∈[a,y]{|g(t)|}
(y − t)α−n

dt

∣∣∣∣
= lim

y→a,y>a

1

Γ(n+ 1− α)
max
t∈[a,y]

{|g(t)|}(y − a)n+1−α = 0.

When j = n+ 1 = α, then Dα−n−1
a+ g(a) = g(a) = 0. So actually we have

g(x) = Iαa+D
α
a+g(x) = Iαa+C

α
a+f(x),

hence the result. The derivation of the other formula is similar.

A.2 Proof of Corollary 2.2.14

Proof. We only prove for the left Caputo derivative case. WLOG, we assume Cα
a+f

exists on the interval [a, x] since o(|x− a|α) only concerns with the x close to a.

1

Γ(α)

ˆ x

a

Cα
a+f(t)

(x− t)1−α
dt =

1

Γ(α)

ˆ x

a

f (α+)(a)

(x− t)1−α
dt+

1

Γ(α)

ˆ x

a

Cα
a+f(t)− f (α+)(a)

(x− t)1−α
dt

=
f (α+)(a)

Γ(α + 1)
(x− a)α +

1

Γ(α)

ˆ x

a

Cα
a+f(t)− f (α+)(a)

(x− t)1−α
dt.

Furthermore,∣∣∣∣ 1

Γ(α)

ˆ x

a

Cα
a+f(t)− f (α+)(a)

(x− t)1−α
dt

∣∣∣∣ ≤ 1

Γ(α)

ˆ x

a

maxt∈[a,x]{|Cα
a+f(t)− f (α+)(a)|}

(x− t)1−α
dt

=
maxt∈[a,x]{|Cα

a+f(t)− f (α+)(a)|}
Γ(α + 1)

(x− a)α.

Hence

lim
x→a,x≥a

∣∣∣∣ 1
Γ(α)

´ x
a

Cα
a+
f(t)−f (α+)(a)

(x−t)1−α dt

∣∣∣∣
(x− a)α

≤ lim
x→a,x≥a

maxt∈[a,x]{|Cα
a+f(t)− f (α+)(a)|}

Γ(α + 1)
= 0.
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Appendix B

Appendix of Chapter 3

B.1 Proofs of technical lemmas on interior estimates

Here we give proofs of some technical lemmas. First recall the lemma 3.4.4.

Lemma. Let T > 0 and let u ∈ C∞ solve
(∂t −∆)u = −u2 + g in [0, T ]× Pn,
u = 0 in {0} × Pn,
u ≥ 0,

(B.1.1)

where g is a smooth and bounded function. Then the following point-wise bound on u

holds for all z = (t, x) ∈ [0, T )× Pn:

u(t, x) ≤ 28 ·max

{
1

min{(n− xi)2, (n+ xi)2, i = 1, 2}
,
√

∥g∥CTPn

}
. (B.1.2)

Proof. We consider a C2 function η on Pn such that η = 0 on ∂Pn and η is strictly
positive on the interior (−n, n)2. Then uη is 0 on the parabolic boundary of R+ × Pn

and non-negative in R+ × Pn.
Let Ptn = [0, t] × Pn and let zt be a maximum point of uη in the region Ptn. If

zt ∈ ∂pP
t
n, then uη = 0 on Ωt and u = 0 in R+ × (−n, n)2. Here ∂p means parabolic

boundary. The results holds in this case. Now suppose zt /∈ ∂pP
t
n and (uη)(zt) > 0.

Then we have ∇(uη)(zt) = 0,∆(uη)(zt) ≤ 0 and ∂t(uη)(zt) ≥ 0. Hence, we obtain

∇u(zt) = −u∇η
η

(zt).

Moreover, we have at zt:

0 ≤ (∂t −∆)(uη)(zt)

=
(
η(∂t −∆)u+ u(∂t −∆)η − 2∇u · ∇η

)
(zt)

=

(
η(−u2 + g) + u

(
−∆η + 2

|∇η|2

η

))
(zt),
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which yields

u(zt) ≤
g

u
(zt)−

∆η

η
(zt) + 2

|∇η|2

η2
(zt).

Denoting η̃ := 1
η
, we obtain the inequality

u(zt) ≤
g

u
(zt) +

∆η̃

η̃
(zt).

Consider now η̃ =
∑2

i=1

(
1

(n−xi)2 +
1

(n+xi)2

)
+
√

∥g∥[0,T ]×Pn , for which η = 1
η̃

satisfies
the assumptions made above. Moreover, we have ∆η̃ ≤ 6η̃2 and g ≤ η̃2, and thus

u

η̃
(zt) ≤

η̃2

uη̃
(zt) + 6 =

η̃

u
(zt) + 6.

The inequality x ≤ 1
x
+ 6 for x ≥ 0 can only be satisfied if x ≤ 7. Otherwise we would

get 1
x
< 7 and then x < 1

7
+ 6 < 7, a contradiction. Therefore, using that zt is a

maximum point of u
η̃

on Ptn, we get

u ≤ 7 · η̃ ≤ 28 ·max

{
1

min{(n− xi)2, (n+ xi)2, i = 1, 2}
,
√
∥g∥CTPn

}
,

as claimed.

In order to give a proof of Lemma 3.4.9, we will need an interior gradient estimate
for the heat equation.

Lemma B.1.1. Suppose u satisfies the equation{
(∂t −∆)u = 0 in R+ ×B(x, L)
u = 0 on {0} ×B(x, L)

(B.1.3)

for some x ∈ Rd. Let R < L
2

and T > 0. Then we have the interior gradient estimate
for T > 0 for any f ∈ C(B(x, L)),

∥∇u∥CTB(x,R) ≲
1

L
∥u− f∥CTB(x,L)

uniformly in T and f .

We suspect that this is well-known, but were unable to find a reference.

Proof. We first take f = 0 and argue later how to treat general f . By scaling, it
suffices to consider the case L = 1 and R = 1

2
. Classical inner regularity theory for

the heat equation gives (for T ≥ 1
4
)

sup
t∈[ 1

4
,T ]

∥∇u(t, ·)∥B(x, 1
2
) ≲ ∥u∥CTB(x,1),
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see for example Theorem 8.4.4 in [61] or Theorem IV.4.8 in [64]. These estimates are
independent of the initial condition, and we leverage the initial condition u(0) = 0 to
extend the estimate to t ∈ [0, 1

4
].

In our argument we will consider two different spatial scales, and for that purpose
it is convenient to reintroduce R and L in the notation. Let η ∈ C∞

c (Rd) be such that
η = 1 on B(x,R), η = 0 outside of B(x, R+L

2
) and ∥∇η∥∞ ≤ 4

L−R , ∥∆η∥∞ ≤ 8
(L−R)2

.
Let w = uη, so that {

(∂t −∆)w = −2∇(u∇η) + u∆η,
w(0, ·) = 0,

(B.1.4)

on R+ × Rd, and therefore

w(t) =

ˆ t

0

Kt−s ∗ (−2∇(u(s)∇η) + u(s)∆η)ds,

where K is the heat kernel. Consider the difference operator Dhf(x) = f(x+h)−f(x),
and note that by interpolation for α = 3

4
(the following argument works for any

α ∈ (1
2
, 1)):

∥Dh∇Kt−s∥L1 ≲ (h∥∇2Kt−s∥L1)α(∥∇Kt−s∥L1)1−α ≲ hα(t− s)−α(t− s)−
1−α
2 ,

which yields∣∣∣∣ˆ t

0

(DhKt−s) ∗ (−2∇(u(s)∇η))ds
∣∣∣∣ = ∣∣∣∣2ˆ t

0

(Dh∇Kt−s) ∗ (u∇η)ds
∣∣∣∣

≲
|h|αt 1−α

2

L−R
∥u∥CtB(x,L).

Similarly, we have∣∣∣∣ˆ t

0

(DhKt−s) ∗ (u(s)∆η)
∣∣∣∣ ≲ |h|αt1−α

2

(L−R)2
∥u∥CtB(x,L),

and therefore

∥Dhw(t)∥∞ ≲ |h|αt
1−α
2 ∥u∥CtB(x,L)

(
1

L−R
+

t
1
2

(L−R)2

)
.

Recalling that w = uη and that η|B(x,R) ≡ 1, this means

[u(t, ·)]α,B(x,R) ≲ t
1−α
2

(
1

L−R
+

t
1
2

(L−R)2

)
∥u∥CtB(x,L).

Since we had to take α < 1 to keep the singularity (t − s)−
1+α
2 integrable, this is

not yet sufficient. Therefore, we iterate the argument. Let now R1 ∈ (R,L) and let
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|h| ∈ (0, L−R1). Then Dhu
|h|α also solves the heat equation (B.1.3) on B(x,R1), so by

the previous argument[
Dhu

|h|α
(t, ·)

]
α,B(x,R)

≲ t
1−α
2

(
1

R1 −R
+

t
1
2

(R1 −R)2

)∥∥∥∥Dhu

|h|α

∥∥∥∥
CtB(x,R1)

.

Now we take L = 1, R1 =
3
4

and R = 1
2
, and combine the above inequalities to obtain

for any |h| < L−R1 =
1
4
,[

Dhu

|h|α
(t, ·)

]
α,B(x, 1

2
)

≲ t1−α(1 +
√
t)2∥u∥CtB(x,1).

By Lemma 5.6 in [81], we have then (since α = 3
4
> 1

2
)

∥∇u(t, ·)∥B(x, 1
2
) ≲ t1−α(1 + t)∥u∥CtB(x,1)

Let T > 1 as an upper time horizon. Now when t ≤ 1
4
, we have

∥∇u(t, ·)∥B(x, 1
2
) ≲ ∥u∥CTB(x,1), (B.1.5)

which is the desired result for f = 0 (recall that we only have to consider R = 1
2
,

L = 1, and t ≤ 1
4
).

For general continuous function f , we simply use that u(0) = 0 and that f does
not depend on time to estimate

∥u∥CTB(x,L) ≤ ∥u− f∥CTB(x,L) + ∥f∥B(x,L)

= ∥u− f∥CTB(x,L) + ∥u(0, ·)− f∥B(x,L)

≤ 2∥u− f∥CTB(x,L).

Now we can give the proof of Lemma 3.4.9.

Proof of Lemma 3.4.9. The proof is very similar to that of Lemma 2.11 in the paper
[74]. The only change is that we replace the parabolically shrunk region by the
spatially shrunk cylinder. We include the proof for completeness.

Step 1. We claim that for all base points x and scales δ, R and L with R ≤ L
2

and such that B(x, L) ⊂ D, it holds that for 0 ≤ t < T = kR2, k ≥ 1

inf
l
∥Uδ(t, x, ·)− l∥CTB(x,R) ≲

kR2

L2
inf
l
∥Uδ(t, x, ·)− l∥CTB(x,L)

+ kL2M
(1)
{x},L

∑
β∈A

δβ−2Lκ−β,
(B.1.6)
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where the infimum runs over all spatial affine functions l(y) = C · (y − x) + c. To
prove this, we define a decomposition Uδ = u> + u< where u> is the solution to

(∂t −∆)u>(t, y) = 1BT (x,L)(∂t −∆y)Uδ(t, x, y),

with Dirichlet boundary conditions. By standard estimates for the heat equation [74]
and assumptions in this lemma,

∥u>∥CTB(x,L) ≲ L2∥(∂t −∆y)Uδ(t, x, y))∥y∈B(x,L)

≤ L2M
(1)
{x},L

∑
β∈A

δβ−2Lκ−β.

Now (∂t −∆)u< = 0 on BT (x, L) and u<(0, ·) = 0 on B(x, L). By Lemma B.1.1, we
know directly for ∂ ∈ {∂t, ∂i∂j} a differential operator of order 1 in time and 2 in
space,

∥∂u<∥CTB(x,R) ≤ L−2∥u< − l>∥CTB(x,R),

for any affine function l> with R ≤ L
2
. Let l<(y) = u<(T, x) +∇u<(T, x)(y − x), the

Taylor’s formula show that

∥u< − l<∥CTB(x,R) ≤ kR2∥Du<∥CTB(x,R) ≲
kR2

L2
∥u< − l>∥CTB(x,L).

Thus,

∥Uδ(t, x, ·)− l<∥CTB(x,R)

≤ ∥u< − l<∥CTB(x,R) + ∥u>∥CTB(x,R)

≲
kR2

L2
∥Uδ(t, x, ·)− l>∥CTB(x,L) + k∥u>∥CTB(x,L)

≤ kR2

L2
∥Uδ(t, x, ·)− l>∥CTB(x,L) + kL2M

(1)
{x},L

∑
β∈A

δβ−2Lκ−β,

which implies equation (B.1.6).
Step 2. We claim that for all base point x and scales δ and L, it holds that

∥Uδ(t, x, ·)− U(t, x, ·)∥CTB(x,R) ≤M
(2)
{x},R,δ

∑
β∈A

Rβδκ−β + δκ[U ]CT (κ,B(x,R),δ). (B.1.7)
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Indeed, by symmetry of Ψ,

|Uδ(t, x, y)− U(t, x, y)|

=

∣∣∣∣ˆ Ψδ(y − y1)(U(t, x, y1)− U(t, x, y))dy1

∣∣∣∣
= inf

ν(t,y)

∣∣∣∣ˆ Ψδ(y − y1)(U(t, x, y1)− U(t, x, y)− U(t, y, y1))

+

ˆ
Ψδ(y − y1)(U(t, y, y1)− ν(t, y)(y1 − y))dy1

∣∣∣∣
≤ M

(2)
{x},R,δ

∑
β∈A

d(x, y)β
ˆ

Ψδ(y − y1)d(y, y1)
κ−βdy1

+( sup
y∈B(x,R)

inf
ν(t,y)

sup
y1∈B(y,δ)

d(y, y1)
−κ|U(t, y, y1)− ν(t, y)(y1 − y)|)

×
ˆ

Ψδ(y − y1)d(y, y1)
κdy1.

Step 3. We prove for small enough ϵ(T ), we have

sup
R≤ ϵd

2

R−κ inf
l
∥U(t, x, ·)− l∥CTB(x,R)

≲T,ϵ

∑
β∈A

(
M

(1)

{x}, d
2

ϵ−4+2β−κ +M
(2)

{x}, d
2
, ϵ

2d
2

ϵκ−β(1 + ϵκ−β)

)
+ ϵ2−2κd

−κ

2−κ
∥U(t, x, ·)∥CTB(x, d

2
(1+ϵ2)) + (ϵκ + ϵ2+κ)[U ]

CT (κ,B(x, ϵd
2
), ϵ

2d
2

)
.

(B.1.8)

Multiplying equation (B.1.6) by R−κ and fixing the length ratios R = ϵL = ϵ−1δ for
some ϵ ≤ 1

2
to be fixed below, we get for any point x ∈ Dd and length L ≤ d

2
,

R−κ inf
l
∥Uδ(t, x, ·)− l∥CTB(x,R)

≲ kϵ2−κL−κ inf
l
∥Uδ(t, x, ·)− l∥CTB(x,L) + kM

(1)
Dd,L

∑
β∈A

ϵ−4+2β−κ.

Taking the supermum over L ≤ d
2

while keeping the ratios R = ϵL = ϵ−1δ fixed, we
get

sup
R≤ ϵd

2

R−κ inf
l
∥Uδ(t, x, ·)− l∥CTB(x,R)

≲ kϵ2−κ sup
L≤ d

2

L−κ inf
l
∥Uδ(t, x, ·)− l∥CTB(x,L) + k sup

L≤ d
2

M
(1)
Dd,L

∑
β∈A

ϵ−4+2β−κ

≤ kϵ2−κ sup
L≤ ϵd

2

L−κ inf
l
∥Uδ(t, x, ·)− l∥CTB(x,L) + k sup

L≤ d
2

M
(1)
Dd,L

∑
β∈A

ϵ−4+2β−κ

+kϵ2−κ sup
ϵd
2
<L≤ d

2

L−κ inf
l
∥Uδ(t, x, ·)− l∥CTB(x,L).
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The last term is bounded by

kϵ2−κ
(
ϵd

2

)−κ

∥Uδ(t, x, ·)∥CTB(x, d
2
) ≤ kϵ2−2κ 2

κ

dκ
|U(t, x, ·)|CTB(x, d

2
(1+ϵ2)).

Hence we have

sup
R≤ ϵd

2

R−κ inf
l
∥Uδ(t, x, ·)− l∥CTB(x,R)

≲ kϵ2−κ sup
L≤ ϵd

2

L−κ inf
l
∥Uδ(t, x, ·)− l∥CTB(x,L) + kM

(1)

Dd,
d
2

∑
β∈A

ϵ−4+2β−κ

+kϵ2−2κ 2
κ

dκ
∥U(t, x, ·)∥CTB(x, d

2
(1+ϵ2)).

Applying equation (B.1.7), we obtain

sup
R≤ ϵd

2

R−κ inf
l
∥U(t, x, ·)− l∥CTB(x,R)

≲
∑
β∈A

(
kMDd,

d
2
ϵ4−2β−κ +M{x}, ϵd

2
, ϵ

2d
2

ϵκ−β
)
+ ϵκ[U ]

CT (κ,B(x, ϵd
2
), ϵ

2d
2

)

+kϵ2−2κ 2
κ

dκ
∥U(t, x, ·)∥CTB(x, d

2
(1+ϵ2))

+kϵ2−κ sup
L≤ ϵd

2

L−κ inf
l
∥Uδ(t, x, ·)− l∥CTB(x,L)

≲T

∑
β∈A

(
M

(1)

{x}, d
2

ϵ−4+2β−κ +M
(2)

{x}, d
2
, ϵ

2d
2

ϵκ−β(1 + ϵκ−β)

)
+ϵ2−2κd

−κ

2−κ
∥U(t, x, ·)∥CTB(x, d

2
(1+ϵ2)) + (ϵκ + ϵ2+κ)[U ]

CT (κ,B(x, ϵd
2
), ϵ

2d
2

)

+ϵ2−κ sup
L≤ ϵd

2

L−κ inf
l
∥U(t, x, ·)− l∥CTB(x,L).

The last term of the right-hand side can be absorbed in the left-hand side when ϵ is
small enough. Thus we obtain the inequality (B.1.8).

Step 4. We prove that

sup
d≤d0

dκ[U ]CT (κ,Dd,d)

≲ sup
d≤d0

∑
β∈A

(
M

(1)

Dd,
d
2

ϵ−4+2β−κ +M
Dd,

d
2
, ϵ

2d
2

ϵκ−β
)
+ ϵ2−2κ sup

d≤d0
∥U∥CT (Dd,d).

(B.1.9)

we first argue that we can change the order of the supremum and the infimum in
supR≤ ϵd

2
R−κ inf l ∥U(t, x, ·)− l∥CTB(x,R). To begin with, since U(t, x, x) = 0, we have

∥U(t, x, ·)− (l − l(x))∥CTB(x,R) ≤ ∥U(t, x, ·)− l∥CTB(x,R) + |l(x)|

≤ 2∥U(t, x, ·)− l∥CTB(x,R).
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Hence

sup
R≤ ϵd

2

R−κ inf
l(x)=0

∥U(t, x, ·)− l∥CTB(x,R) ≲ sup
R≤ ϵd

2

R−κ inf
l
∥U(t, x, ·)− l∥CTB(x,R).

Furthermore, for ϵd
2
> R > 0, let lR = CR(y − x) such that

∥U(t, x, ·)− lR∥CTB(x,R) ≤ 2 inf
l
∥U(x, ·)− l∥CTB(x,R).

Then we have

|CR − CR
2
|R−(κ−1) ≲ sup

R≤ ϵd
2

R−κ inf
l
∥U(t, x, ·)− l∥CTB(x,R).

This shows that there exists a limit C0 := limR→0CR and we have the bound

|CR − C0|R−(κ−1) ≲κ sup
R≤ ϵd

2

R−κ inf
l
∥U(t, x, ·)− l∥CTB(x,R).

Now consider l̄ = C0(y − x), we have

R−κ∥U(t, x, ·)− l̄∥CTB(x,R) ≲κ sup
R≤ ϵd

2

R−κ inf
l
∥U(t, x, ·)− l∥CTB(x,R).

Thus for any 0 ≤ t ≤ T ,

inf
ν(t,x)

sup
x ̸=y∈B(x, ϵd

2
)

d(x, y)−κ|U(t, x, y)− ν(t, x)(y − x)|

≤ inf
l(x)=0

sup
R≤ ϵd

2

R−κ∥U(t, x, ·)− l∥CTB(x,R)

≲ sup
R≤ ϵd

2

R−κ inf
l
∥U(t, x, ·)− l∥CTB(x,R).

Therefore, using the inequality (B.1.8),if we take the supremum over t ∈ [0, T ] and
then take supremum over x ∈ Dd, multiply it by dκ and take the supremum over d,
we will have

sup
d≤d0

dκ sup
x∈Dd

sup
0≤t≤T

inf
ν(t,x)

sup
x ̸=y∈B(x, ϵd

2
)

d(x, y)−κ|U(t, x, y)− ν(t, x)(y − x)|

≲ sup
d≤d0

dκ
∑
β∈A

(
M

(1)

Dd,
d
2

ϵ−4+2β−κ +M
(2)

Dd,
d
2
, ϵ

2d
2

ϵκ−β
)

+ϵ2−2κ sup
d≤d0

∥U∥CT (Dd,d) + ϵκ sup
d≤d0

dκ sup
x∈Dd

sup
y∈B(x, ϵd

2
)

sup
0≤t≤T inf

ν(t,y)
sup

y ̸=y1∈B(y, ϵ
2d
2

)

d(y, y1)
−κ|U(y, y1)− ν(t, y)(y1 − y)|

 .
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The last term can be absorbed into the left-hand side for ϵ small enough since for
y ∈ B(x, ϵd

2
), we have y ∈ D(1− ϵ

2
)d with (1− ϵ

2
) ≤ d0. And ϵ2d

2
≤ ϵ

2
(1− ϵ

2
)d for small

enough ϵ. Hence we have

sup
d≤d0

dκ[U ]CT (κ,Dd,
ϵd
2
) ≲T,κ sup

d≤d0

∑
β∈A

(
M

(1)

Dd,
d
2

ϵ−4+2β−κ +M
Dd,

d
2
, ϵ

2d
2

ϵκ−β
)

+ϵ2−2κ sup
d≤d0

∥U∥CT (Dd,d).

Then it is directly to extend [U ]CT (κ,Dd,
ϵd
2
) to [U ]CT (κ,Dd) by considering ≤ ϵd

2
and > ϵd

2

parts.
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Appendix C

Appendix of Chapter 4

C.1 Integer-valued random measures

We review some basics on point processes, integer-valued random measures and purely
discontinuous martingales. We refer reader to [66] for more detail.

Let (Ω,F,Ft,P) be a probability space and (E,E) be a Polish space equipped with
the Borel σ−algebra. Denote R+ = [0,∞). We give the definition of random measure
on the space R+ × E here

Definition C.1.1. A family µ = {µ(ω, dt, dx), ω ∈ Ω} of σ finite non-negative measure
µ(ω, ·) on (R+×E,B(R+)⊗E), such that for each A ∈ B(R+)⊗E the variable µ(·, A)
is F measurable and

µ(ω, {0} × E) = 0, ∀ω ∈ Ω,

is called a random measure on R+ × E. We call µ predictable if for any predictable
random variable X(ω, s, x), the process

ˆ t

0

ˆ
E

X(ω, s, x)µ(ω, ds, dx)

is predictable.

We then give the definition of the compensator of a random measure µ.

Definition C.1.2. A predictable random measure ν is called the compensator of the
random measure µX if for any non-negative predictable random process X(ω, s, x), we
have

E
[ˆ t

0

ˆ
E

X(s, x)µ(dsdx)

]
= E

[ˆ t

0

ˆ
E

X(s, x)ν(dsdx)

]
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Example C.1.3. We will consider the random measure µX associated to jumps of
some process Xt with value in E. The random point measure is defined via

µX =
∑
0≤s≤t

δs,Xs−Xs−

It’s compensator will play an important role in the Itô’s formula for a purely discon-
tinuous martingale.

Here is another example of random measure on the space E without time.

Example C.1.4. A Poisson random measure Λ on E with intensity µ is an integer-
valued random measure with Laplace functional given by

EΛ[e
−⟨·,φ⟩] = e−

´
E(1−e−φ(x))µ(dx)

for any non-negative measurable function φ : E → R.

The Poisson random measure is the most well-known example of integer-valued
random measure. We only need its Laplace characterization here which can also
determine the Poisson random measure uniquely.

We also need a lemma to the Poisson cluster random measure.

Lemma C.1.5. Suppose we have a family of independent random measures (Px)x∈E
on the space Ẽ and a Poisson random measure Λ on E with intensity µ. Then the
Laplace functional of the random measure PΛ :=

´
E
PxΛ(dx) is given by

EΛ[e
−⟨·,φ⟩] = e−

´
E(1−Ex[e−⟨·,φ⟩])µ(dx)

for any non-negative measurable function φ : Ẽ → R.

Proof. For a fixed realization of Poisson random measure Λ, the conditional Laplace
functional of PΛ is given by∏

x∈Λ

Ex
[
e−⟨·,φ⟩] = e

´
E logEx[e−⟨·,φ⟩]Λ(dx) = e−⟨Λ,− logEx[e−⟨·,φ⟩]⟩

Now take the expectation with respect to Poisson random measure Λ and use the
Laplace functional of Poisson random measure, we obtain the result.
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C.2 Canonical decomposition of a semi-martingale
and Itô’s formula

In this section, we say a stochastic process A is of locally bounded variation if
almost surely, the total variation of A, denoted by Var(A), is finite on every finite
interval. We also say A is locally integrable if there exists a localization Tn such that
E[V ar(A)Tn ] <∞ for all n ∈ N.

It is well-known that a càdlàg stochastic process Xt on R is semi-martingale if it
admits the decomposition

Xt = X0 +Mt + At

where Mt is a local martingale and At is a locally bounded variation process. We
call a semi-martingale special if there exists stopping times {Tn}n such that Tn → ∞
and E[ATn ] <∞. The canonical decomposition (Chapter 4, section 1 in [66]) of Xt is
given by

Theorem C.2.1. Suppose Xt is a semi-martingale and a > 0. Then Xt−
´ t
0

´
|x|>a xdµ

admits a unique decomposition

Xt −
ˆ t

0

ˆ
|x|>a

xdµ = X0 + Aat +Xc
t +

ˆ t

0

ˆ
|x|≤a

xd(µ− ν).

where Xc
t is the continuous martingale part of Xt, Aat is a continuous predictable

bounded variation process, µ is the jump measure of Xt given by

µ((0, t], C) =
∑
0≤s≤t

1{Xs−Xs−∈C}, C ⊂ R

and ν is the compensator of µ. In the other words, when we subtracts the jumps
that bigger than some fixed a, the remaining part is uniquely determined by the above
decomposition.

Now consider a much more general case when the jump measure µ is defined
on some Polish space E and ν is again its compensator. Consider two predictable
functions g1, g2 on R+ × E such that g1 · g2 = 0,ˆ t

0

ˆ
E

|g2|dµ <∞ a.s., E
[ˆ t

0

ˆ
E

|g1|2dν
]
<∞.

We give an Itô ’s formula (section 6, chapter 3 in [66]) for the semi-martingale in the
form

Xt = X0 + At +Xc
t +

ˆ t

0

ˆ
E

g1d(µ− ν) +

ˆ t

0

ˆ
E

g2dµ (C.2.1)

where At is a continuous locally bounded variation process and Xc
t is a continuous

local martingale.
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Lemma C.2.2. Let f ∈ C1,2(R+×R), then for semi-martingale Xt with decomposition
(C.2.1), we have the Itô’s formula

f(t,Xt)− f(0, X0)

=

ˆ t

0

∂tf(s,Xs)ds+

ˆ t

0

∂xf(s,Xs)dAs +
1

2

ˆ t

0

∂2xxf(s,Xs)d⟨Xc⟩s

+

ˆ
(0,t]

ˆ
E

(f(s,Xs− + g2(s, x))− f(s,Xs−))µ(ds, dx)

+

ˆ
(0,t]

ˆ
E

(f(s,Xs− + g1(s, x))− f(s,Xs−)− ∂xf(s,Xs−)g1(s, x))ν(ds, dx)

(C.2.2)

when the last term is of locally integrable.

We also need a unique decomposition of special semi-martingale.

Lemma C.2.3. Let Xt be a special semi-martingale, then Xt admits a unique decom-
position

Xt = X0 + At +Mt

where Mt is a local martingale and At is predictable and of locally bounded variation.

C.3 Lemmas for Branching random walk

We here give some useful lemma on branching random walk.

Lemma C.3.1. For any branching random walk Zt on Z2
n with branching mechanism

g(x, s) =
∑∞

k=0 pk(x)s
k and branching rate a(x, ds), if

∞∑
k=0

kpk(x) < K

uniformly over t, x with some finite constant K, then the branching random walk
exists(no explosion, especially E[⟨Zt, 1⟩] is finite) and we have the expression for the
Laplace functional of Zt for any test function φ such that

wt(x) := E
[
e−⟨Zt,φ⟩

∣∣Z0 = δx]

= E
[
e−φ(Xt)−a(0,t) +

ˆ t

0

e−a(0,r)g(r,Xr, wt−r(Xr))a(Xr, dr)|X0 = x

] (C.3.1)

where Xt is the simple random walk on Z2
n and

a(s, t) =

ˆ t

s

a(Xr, dr)
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Proof. The non-explosion follows by the corollary 1, page 111 in [4]. Let τ to be the
first branching time of Z in the time interval [s, t] and M(x) are independent random
variables with the generator function g(x, s). We define filtrations Ft = σ(Zs, s ≤ t)

and Gt = σ(Xs, s ≤ t). Then the random time τ is both stopping time of filtrations
Ft and Gt. Then we have

wt(x) = Ex
[
e−⟨Zt,φ⟩1τ≤t + e−⟨Zt,φ⟩1τ>t

]
= Ex

[
E[wt−τ (Xτ )

M(Xτ )|Fτ ]1τ≤t + e−⟨Xt,φ⟩1τ>t
]

= Ex
[
e−⟨Xt,φ⟩−a(s,t) + g(τ,Xτ , wt−τ (Xτ ))1τ≤t

] (C.3.2)

by (4.5.2) and the definition of moment generating function. Then by the law of τ ,
we obtain the desired result.

Here is a general lemma concerning the Feynman-Kac formula and the mild solution
to some equation.

Lemma C.3.2. For any measurable function g : [0,∞]×Z2
n× [0, 1] → [0, 1], following

the notation in lemma C.3.1 ,the equation (C.3.1) is equivalent to

wt(x) = E
[
e−φ(Xt) +

ˆ t

0

g(r,Xr, wt−r(Xr))a(Xr, dr)−
ˆ t

0

wt−r(Xr)a(Xr, dr)

]
(C.3.3)

Proof. See lemma 4.3.4 in [26], a simple version is given in the proof of lemma 4.4.5
when we try to show the equivalence of Feynman-Kac formulation and the mild
formulation.

C.4 Auxiliary lemmas

Here is an auxiliary lemma for our calculation of moment estimation.

Lemma C.4.1. We have following inequalities:

1. 1− x+ x2

2
− e−x ≥ 0, x ≥ 0

2. x
4
≤ 1− x+ x2

2
− e−x for x ≥ 2.

3. 0 ≤ e−x − 1 + x ≤ 2x1+β for x ≥ 0, 0 < β ≤ 1.

4. 0 ≤ −1
ϵ
log(1− ϵx)− x ≤ 2ϵx2 for ϵ > 0, x ≥ 0, ϵx ≤ 1

2
.

5. For non-negative random variable X, we have E[X1+θ] ≤ (1 + θ)δ1+θ + (1 +

θ)
´∞
δ
rθP[X ≥ r]dr, where δ > 0, θ ≥ −1.
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6. P[X ≥ r] ≤ 2r
´ 2

r

0
E
[
e−uX − 1 + uX

]
du, if X ≥ 0,E[X] <∞.

Proof. The first three inequalities are obvious and we omit the proofs. For the fourth
inequality, we consider the expansion of log(1− x) when 0 ≤ x < 1, we have

−1

ϵ
log(1− ϵx)− x =

∞∑
i=2

ϵi−1xi

i
= ϵx2

(
1

2
+

∞∑
i=1

ϵixi

i+ 2

)

≤ ϵx2
(
1

2
− log(1− ϵx)

)
≤ 2ϵx2

The fifth inequality is from the basic probability theory.

E
[
X1+θ

]
=

ˆ ∞

0

ˆ x

0

(1 + θ)tθdtP[dx]

= (1 + θ)

ˆ ∞

0

ˆ ∞

t

tθP[dx]dt

≤ (1 + θ)

(
δ1+θ +

ˆ ∞

δ

tθP[X ≥ t]dt

)
The final inequality is given by

r

ˆ 2
r

0

E[e−uX − 1 + uX]du = r

ˆ 2
r

0

ˆ ∞

0

(e−ux − 1 + ux)P[dx]du

=

ˆ ∞

0

r

x

(
1− e−

2x
r − 2x

r
+

1

2

(2x)2

r2

)
P[dx]

≥
ˆ ∞

r

x

2r
P[dx] ≥ 1

2
P[X ≥ r]

We use the second inequality for the third inequality.

We also need to find a special function φ0 ∈ D(H) such that we have some lower
bounds.

Lemma C.4.2. There exists positive function φ0 ∈ DH such that

φ0(x) ≥ Ce−l|x|
σ

for some constant C and any l > 0.

Proof. Consider u0 = 1 and Atu0 for some horizon t. Then we have the representation

T ns u0 = P n
s u0 +

ˆ s

0

P n
s−r((T

n
r u0)ξ

n)ds
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where P n
t is the discrete heat semi-group. Since u0 = 1, we know P n

s u0 = 1 for all
time s. Let

wns =

ˆ s

0

P n
s−r((T

n
r u0)ξ

n)ds

we see by the solution theory of PAM that wns ∈ C
1−ϵ
2 L∞(Zdn, e(t)) uniformly over n.

Thus there exists C > 0 such that

|wns (x)| ≤ Cs
1−ϵ
2 et|x|

σ

for each x, set s(x) = e
− 2t

1−ϵ |x|
σ

(2C)
2

1−ϵ
, then for any 0 ≤ r ≤ s(x), we have

|wnr (x)| ≤
1

2

Choosing C large enough such that s(x) ≤ t for all x ∈ Z2
n. Then

Atu0(x) =

ˆ t

0

Tsu0(x)ds ≥
1

2

ˆ s(x)

0

dr =
s(x)

2

This gives the result.
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