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Abstract

Rough analysis involves the study of systems governed by (partial) differential equations
driven by irregular ('rough’) signals. This thesis explores advancements in pathwise Itd
formula with arbitrary rough signal, singulars stochastic partial differential equations
(SPDEs) and its applications.

In the first part of the research, with Prof. Rama Cont,we extend the It6 calculus to
paths with finite p-variation, where p is any positive real number. This generalization
builds upon previous work that handled integer values of p, introducing a fractional It
calculus in a purely pathwise setting. The new framework includes the local Caputo
fractional derivative and provides a comprehensive Itd formula applicable to a broader
class of paths.

The second part of the research delves into singular SPDEs, focusing on applications
in superprocess and fluid dynamics. In collaboration with Prof. Nicolas Perkowski,
we investigate the compact support property of rough super Brownian motion and
extend the model to include branching random walks with infinite variance off-spring
distributions. Furthermore, we address fractional stochastic Landau-Lifshitz Navier-
Stokes equations, demonstrating existence and uniqueness of energy solutions, and

exploring the large-scale behavior of the systems in the super critical cases.
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Chapter 1

Overview

Rough analysis may be defined as the analysis of systems governed by (partial)
differential equations driven by irregular (‘rough’) signals. It originated from the
discovery of the Rough path theory by Terry Lyons |70, 69|, where he realized that, to
make sense of controlled differential equations, we need to lift the paths of the driving
process to certain graded objects.This approach was further developed in [46, 47]
using a local viewpoint by Massimiliano Gubinelli where he constructed integrals with
respect to reference rough path by introducing the idea of controlled path. This idea
was then generalized to the world of distributions to build solutions for certain sub-
critical singular Stochastic Partial Differential Equations(SPDEs) by Hairer [54] for his
regularity structure theory and Gubinelli-Imkeller-Perkowski [49] for paracontrolled
distributions.

These theories try to provide structures or building blocks to build desired integrals
or products. An early attempt in this direction was Hans Follmer’s [38] pathwise
approach to Itd calculus, where he used increments along partitions instead of sig-
natures. This was further developed and extended by Cont and Perkowski [24] to
rougher paths with finite p—th order variation when p is an integer. In the first part
of my doctoral research I extended these results to the case where p is not an integer
[23] and developed a ’fractional Ito calculus’ in a purely pathwise setting.

In the second part of my doctoral research, I have explored applications of rough
analysis to the study of singular SPDEs, in collaboration with Prof. Nicolas Perkowski,
with a focus on the application of Parabolic Anderson Model(PAM) to the Branching
Random Walk in Random Environment(BRWRE) as well as a probabilistic approach
to solving singular SPDEs related to fluid dynamics.



Pathwise Itd6 Calculus
The It6 formula states that for any C? function f and a semi-martingale S : [0, 7] — R,

one can obtain a decomposition

F80) = 15(0) = [ (st [ rswasio

Here in the formula, only the quadratic part [S] is determined in the stochastic sense
and Follmer pointed out that the path-wise definition of this term leads to a path-wise
It6 calculus, which has been used for model-free formulation in continuous-time finance.
It is also related to rough path theory and can be constructed using a canonical rough
path associated with S (see Remark 2.2.4 and [24]).

Comparing with the rough path theory where one can build theories on very general
path, the purpose of the research is trying to investigate the possibility of generalizing
the above formula to more general paths.

In collaboration with Rama Cont, we derive a general Itd formula for paths with
finite pth-variation, where p > 1 may be any real number, extending previous results
obtained in [24] in the integer case. The It6 remainder term is shown to be zero in
general when p is not an integer but sometimes can also have non-zero remainder

term. We use a local version of the Caputo fractional derivative.

Singular SPDEs
Singular SPDEs arise in many physical systems, for example in random surface growth

which is modeled via the Kardar-Parisi-Zhang (KPZ) equation:
Oih = Ah + |Vh|* — 0o + &, (1.0.1)
and the intermittency model for PAM

Ou = Au + nu — oou, (1.0.2)

)

where £ is the space time white noise and 7 is a spatial white noise. The ’singular
term before the SPDEs means in general, we need to do some renormalization for the
equation. For example the infinity term in equations (1.0.1) and (1.0.2).

The difficulty of solving the singular SPDEs lies in the difficulty in defining products
of distributions. It is well-known that in order to define a product of two distribution,
the sum of their Holder exponents should be positive. However, it is very common in
the singular SPDEs that the sum of their Hélder exponents is strictly smaller than 0.

So we have to specify the meaning of the products that appear in the equation. It



dBy
dt

B; is the Brownian motion. The integrand of the It integral can be viewed as time

dBi
dt

fact, the Itd6 integral actually simply gives a meaning of this product and it leads to

is the same in the SDE case since the Hélder regularity of is only —%—, where

integral of products of and some functional of B;, which is of %— regularity. In
the well-known It6 integral.

Four different approaches have been proposed to solve such singular SPDEs:

e The regularity structure theory introduced by Martin Hairer [54|, where he

builds the local approximation of solutions using tree-like objects.

e The paracontrolled distribution method introduced by Gubinelli, Imkeller and
Perkowski [49], where they used the bony product to decompose the products
and build the required data for the equation.

e Energy solution or the probability construction from (cylindrical) martingale
problem introduced by Gubinelli and Jara [50]. It is then further developed
in [51, 45] to a general situation. The main idea is to build the infinitesimal

generator of the singular SPDEs in the L? space using Malliavin Calculus.

e The renormalization method introduced by Kupiainen 62| and the flow equation
method introduced by Duch [28|, where they build the effective equations or
effective force on different scales. This method doesn’t need to define the
products of two distributions as the probabilistic one and the renormalization

term will occur automatically.

The above four methods have their own pros and cons and are all constrained in the
sub-critical case. My research investigates paracontrolled distribution method and the

energy solution method with different models.

Parabolic Anderson Model and Rough Super Brownian Motion

In the context of branching processes, the limit of empirical measures of some scaled
branching random walks or branching diffusion processes are called super processes.
The description of the super processes always goes to the Laplace functional, which

relates to the solution of PDEs in the sense
E[e—wm] — e—(uo,Ut(go»’ (1.0.3)

where Uy(¢p) is a solution to some PDEs. By introducing white noise as the random

environment for the branching processes, Perkowski and Rosati [78| generalized the



super Brownian Motion to the rough super Brownian Motion, where Uy () in equation
(1.0.3) is given by non-linear PAM.

The intuition of the relation of white noise environment and PAM comes from the
paper [40], where they relate the lattice Parabolic Anderson Model to the mass of the
branching random walk with a homogeneous branching random environment. Also
there is a further result in [2] which shows the relation between higher order moments
and the Anderson Hamiltonian H := A + £. The relation of the Laplace function and
the moments then suggests some hidden relation between PAM and the measure itself.

In collaboration with Nicolas Perkowski, we investigate the compact support
property of the rough super Brownian Motion and then I generalize the rough super
Brownian Motion to some branching random walk whose off-spring distribution has

infinite variance. The tool we used is the paracontrolled distributions.

Fractional stochastic Landau-Lifshitz Navier-Stokes equations

The fluctuating hydrodynamics equation of Landau and Lifshitz |5, 63| is given by
du = vAu — Vp — Adiviu @ u) + V - 7, V.u=0,

with noise term given by V - 7, where 7 is a Gaussian field with covariance

, 2vkgT 2 , )
Elr;(t, x)mia (', 2")] = pB (01 + 0adjn — §5ij(5kl)(5($ — 2ot —1t),

where kp is the Boltzmann constant, 7" is the temperature, and p is the density. By a
direct calculation, it can be seen that above equation is equivalent to the equation in

the distribution sense with § = 1,

2]
2

du = —(=A)ou — Vp — Mdiv(u @ u) + vV2(—A)2¢, V.-u=0,

Above equation is not well-posed in the classical case and requires techniques developed
in the study of singular SPDEs. In collaboration with Nicolas Perkowski, we use the
energy method to investigate the martingale formulation of above equation and also

the scaling limit at the critical exponent.

Outline
The thesis is structured into four chapters following this one.

Chapter 2 derives It6 -type change of variable formulas for smooth functionals of
irregular paths with non-zero p—th variation along a sequence of partitions, where

p > 1is arbitrary (in particular non-integer). Using fractional derivative operators,



we extend results obtained by Cont and Perkowski [24] in the case p € N to the
non-integer case. These results are then extended to functionals of paths with non-zero
¢—variation and multi-dimensional paths. An isometry property for the pathwise
Follmer integral in terms of ¢-variation is also proved. This chapter is based on the
paper [23].

Chapter 3 proves the compact support property of the rough super Brownian
motion constructed in [78| using some interior estimation methods from |73, 74|.

Chapter 4 then generalize the rough super Brownian motion to some branching
random walk whose off-spring distribution has infinite variance. The idea of proof
comes from [27, 26| and is quite different from the techniques in [78] since the resulting
super processes are not continuous and not in L2, which prevents the use of most
square-integrable martingale methods. We also show the compact support property of
the generalized rough super Brownian motion with the method in Chapter 3 and the
super exponentially persistence property.

Chapter 5 investigate fractional stochastic Navier-Stokes equations in d > 3, driven
by the random force (—A)%é’ . We obtain the existence and uniqueness of martingale
solutions on the torus T¢ for 6 > g. For 6 < 1 the equation is supercritical and we
regularize the problem by introducing a Galerkin approximation and we study the
large scale behavior of the truncated model on R?. We show that the nonlinear term
in the Galerkin approximation vanishes on large scales when 6 < 1 and the model
converges to the linearized equation. For # = 1 the nonlinear term gives a nontrivial
contribution to the large scale behaviour, and we conjecture that the large scale
behavior is given by a linear model with strictly larger effective diffusivity compared
to simply dropping the nonlinear term. The effective diffusivity is explicitly given in

terms of the model parameters.



Chapter 2

Fractional Ito-Follmer calculus

2.1 Introduction

Hans Follmer derived [38] a pathwise formulation of the It6 formula and laid the
grounds for the development of a pathwise approach to Ité calculus, which has been
developed in different directions [3, 6, 16, 17, 19, 24, 20, 25, 68, 84].

Follmer’s original approach focuses on functions of paths with finite quadratic
variation along a sequence of partitions. In a recent work Cont and Perkowski [24]
extended the Follmer-It6 formula [38] to function(al)s of paths with variation of order
p € 2N along a sequence of partitions and obtained functional change of variable
formulas, applicable to functionals of fractional Brownian motion and other fractional
processes with arbitrarily low regularity (i.e. any Hurst exponent H > 0). These
results involve pathwise integrals defined as limits of compensated left Riemann sums,
which are in turn related to rough integrals associated with a "reduced" rough path
[24].

As the notion of p-th order variation may be defined for any p > 0, an interesting
question is to investigate how the results in [24] extend to ’fractional’ case p ¢ N. In
particular one may ask whether the change of variable formula contains a fractional
remainder term in this case and whether the definition of the compensated integral
needs to be adjusted.

We investigate these questions using the tools of fractional calculus [83]. Given
that fractional derivative operators are (non-local) integral operators, one challenge
is to obtain non-anticipative, 'local’ formulas which have similar properties to those
obtained in the integer case [24]. We are able to do so using a ’local’ notion of
fractional derivative and exhibit conditions under which these change of variable

formulas contain (or not) a ’fractional It6 remainder term’. In most cases there is no



remainder term; we also discuss some cases where a non-zero remainder term appears
and give a representation for this term.

These results are first derived for smooth functions then extended to functionals,
using the concept of vertical derivative [22]. We extend these results to the case of
paths with finite ¢-variation [57] for a class of functions ¢ and we obtain an isometry
formula for the pathwise integral in terms of ¢-variation, extending the results of
[3, 24] to the fractional case. Finally, we extend these results to the multi-dimensional
case.

Our change of variable formulas are purely analytical and pathwise in nature, but
applicable to functionals of fractional Brownian motions and other fractional processes
with arbitrary Hurst exponent, leading in this case to non-anticipative 'It6 ’ formulas
for functionals of such processes. However, as probabilistic assumptions play no role
in the derivation of our results, we have limited the discussion of such examples.

Zahle [86] defined a pathwise integral using a Young-type condition based on
fractional regularity of the integrand and the integrator. In the case of Holder
continuous functiosn this corresponds to Holder exponents with sum strictly greater
than 1 i.e. a Young-type condition. Our approach extends beyond the domain of
validity of Young integration and we are able to treat borderline cases where the sum

of Hélder exponents is one.

Outline Section 2.2 recalls some results on pathwise calculus for functions of irregular
paths (Sec. 2.2.1) and fractional derivative operators and associated fractional Taylor
expansions (Sec. 2.2.2). Section 2.3 contains our main results on change of variable
formulas for function(al)s of paths with fractional regularity. We first give a change of
variable formula without remainder term for time-independent functions (Theorem
2.3.3), followed by a discussion of an example where a remainder term may appear
(Example 2.3.5). We then provide a formula for computing this fractional remainder
term using an auxiliary space(Theorem 2.3.7). Section 2.3.2 extends these results to
the case of path-dependent functionals using the Dupire derivative, to the case where
the p—th variation is replaced by the more general concept of ¢p—variation [57]|. In
Section 2.4 we derive a pathwise isometry formula extending a result of [3] to the case
of ¢p—variation. Finally, in Section 2.5 we discuss extensions to the multidimensional

case. These extensions are not immediate, as the space V,(7) is not a vector space.



2.2  Preliminaries

2.2.1 Pathwise calculus for paths with finite p-th variation

We define, following [24, 38|, the concept of p-th variation along a sequence of partitions
T = {15, - Uy} With 85 =0 < .. <1 < ... <ty =T Define the oscillation
of S € C([0,T],R) along 7, as
osc(S,m,) := max max |S(s) — S(r)|.
[t]',thrl]Eﬂ'n T,Se[tj,tj+1}

We write [t;,%,41] € m, to indicate that ¢; and ¢;;, are immediate successors in 7, (i.e.
tj < tj+1 and T M (tj,tj+1) = @)

Definition 2.2.1 (p-th variation along a sequence of partitions). Let p > 0. A
continuous path S € C([0,T],R) is said to have a p-th variation along a sequence of

partitions m = (7, )n>1 if 0sc(S, m,) — 0 and the sequence of measures
pr= Y 6= t)|S(ti) — Sty
[titi+1]€mn

converges weakly to a measure p without atoms. In that case we write S € V,(m) and
[S]P(t) := p([0,t]) fort € [0,T], and we call [S]? the p-th variation of S.

Remark 2.2.2. Functions in V,(7) do not necessarily have finite p-variation in the
usual sense. Recall that the p-variation of a function f € C([0,T],R) is defined as [29]

1/p

[Flvar = (sup > (f ) = FE)P)

O 4111

where the supremum is taken over the set II(]0,7]) of all partitions 7 of [0,7]. A
typical example is the Brownian motion B, which has quadratic variation [B]?(t) =t
along any refining sequence of partitions almost surely while at the same time having

infinite 2-variation almost surely [29, 85]:
P (|| Bl[2var = 00) = 1.
If S e Vy(r)and g > p, then S € V,(m) with [S]? = 0.

S € C([0,T],R) belongs to V,(m) if and only if there exists a continuous function
[S]? such that

vt e (0,71, > 1S(ta) = SIS0, (2.2.1)
[tj,tj+ﬂ€7rn:
t; <

If this property holds, then the convergence in (2.2.1) is uniform.

8



Example 2.2.3. If B is a fractional Brownian motion with Hurst index H € (0,1)
and m, = {kT/n : k € No} N [0,T), then B € Vy,u(7) and [B]YH(t) = tE[|B;|VH],
see [19, 82].

For p € 2N, the following change of variable formula for f € C?(R,R) was shown
in [24]:

VS eV(n),  F(S() — £(5(0) = / f’<s<s>>ds<s>+]§ / FP(S(s)d[S]P(s),

where the integral

/tf’(S(s))dS(s) = nlggo Z Zf(k (S(tj1 At) = S(t; A1) (2.2.2)

[tj,tj+1]€7Tn k=1

is defined as a (pointwise) limit of compensated Riemann sums.

Remark 2.2.4 (Relation with Young integration and rough integration). As p-
variation can be infinite for S € V,(7), the pathwise integral appearing in the formula
cannot be defined as a Young integral. Compensated Riemann sums such as (2.2.2)
also appear in the construction of ‘rough integrals’ [39, 46]. For X € C*([0,T],R)
with a € (0,1),q = |a™!] one can define the pathwise integral (2.2.2) as a rough

integral with respect to a 'reduced’ rough path (X}, X2, ..., X! )ocs<i<r, where
XE, = (X(1) — X(5))*/H.

2.2.2 Fractional derivatives and fractional Taylor expansions

Several different notions of fractional derivatives exist in the literature |65, 80, 83| and
it is not clear which ones are the right tools for a given context. Our goal here is to
shed some light on the advantages of different notions of fractional derivative. Much
of this material may be found in the literature [83]. We have provided proofs for some

useful properties whose proof we have not been able to find in the literature.

Definition 2.2.5 (Riemann-Liouville fractional integral). Let o« > 0. The left

Riemann-Liouville fractional integral of order « is defined by

@) = s [ @0 o

for real functions f for which the integral is well-defined for x > a € R. Similarly, the

right Riemann-Liouville fractional integral is given by

b
1@ = g [ (=

forx <beR.



Remark 2.2.6. The fractional integral is always well-defined for f € L'(a,b) with
I® f € L'(a,b). This allows for blow up at the boundaries a,b.

This may be used to define a (non-local) fractional derivative associated with some
base point |65, 80]:

Definition 2.2.7 (Riemann-Liouville fractional derivative). Let a < b. Let f €
L'([a,b]) and n < a < n+ 1 for some integer n € N. Then left Riemann-Liouville

fractional derivative of order o with base point a on [a,b] is defined by
sm (£ s
dz @

if n—th order derivative of I;Tl_o‘f exists and is absolutely continuous on [a,b].

Simalarly, the right Riemann-Liouville fractional derivative of order av with base point

Dy fi=(—) It
= ( dx) b

Remark 2.2.8. When « is an integer, the fractional derivative coincides with the

b on [a,b] is given by

classical derivative, i.e. D, f = o,

The Riemann-Liouville derivative has several shortcomings. One of them is that
the fractional derivative of a constant is not zero. To overcome this, one can consider
a modification of Riemann-Liouville fractional derivative which is called the Caputo

derivative.

Definition 2.2.9 (Caputo derivative). Suppose f is a real function and n+1 > a > n.
We define the left and right Caputo fractional derivatives of order a at x € (a,b) by

") (g
Co. f(x) = D2 [f(t)—zf o ><t—a>k] (@),

" (=1)k k)
Cq f(x) = Df [f(t) Sy G t>'f] (@)

k=0

if exists. Here f*) denotes the k-th derivative of f.

We provide some basic properties of fractional derivatives in the appendix for the

completeness. Associated with the Caputo derivative is a fractional Taylor expansion:

10



Proposition 2.2.10. Let f € C"([a,b]) and n+ 1 > a > n. If f admits a Caputo
derivative of order o on [a,b] and C% f € L*([a,b]), then we have

x—a)k 1 7 a1
Zf i | Ca a0

and

Z 7 ) &= b / Co f(£)(t — x)*Ldt.

As we were not able to find a proof of this expansion in the literature, we provide

a detailed proof in the appendix.

2.2.3 Local fractional derivative

The above derivative operators are non-local operators. We now introduce the concept

of local fractional derivative:

Definition 2.2.11 (Local fractional derivative). Suppose f is left fractional differen-
tiable of order o on |a,a+ 4] for some positive §, then the left local fractional derivative

of order a of function f at point a is given by

feP(@) = lim Cg(y),

y—a,y>a
when the limit exists. We can similarly define the right local fractional derivative of

order o of function f at a point a by

fe(a) = lim C% (y),

y—a,y<a

when the limit exists.

Example 2.2.12. We give a simple example of Caputo fractional derivative and local
derivative here. Consider f(x) = |z|* and 0 < § < a < 1. Then we have

2, f () o
- dcfr (ml—/a / |t<|x—l?| dt)
e ([

1 d
[ v — e -

—1 al®(z —a)™?
e )

['(1—p)dx

1 — 1
- F(l _ ﬁ) (|a|a(x - a>7ﬁa - : + (Oé - B8+ 1)|$‘aﬁ[; |t|a|1 — t|’3dt> )

11



So we can see directly that f%*)(a) = 0 for any a # 0 or 8 < a but @ (0) = [(a+1).
It can be seen further that for all a >0, C2, f is continuous on [a,o0] but for a <0,

C% f has singularity at point 0. In particular, for 8 = a, we have

«

t

Co f(x) = ;/Ilg(t) —g(a>dt with g(t) = ‘1—_,5

r(1—p) z

Remark 2.2.13. Using integration by parts formula, we actually have

< W (a)(z —a
S Yt
k=0

)k:—a—n

D(oc—n) (n) '
k+2—a) + Do W)

Hence C¢, f(x) = C’éi_n)f(")(x) so the existence of one side will imply the existence
of the other side. Taking limits yields {1 (z) = (f™) (=) (). This is important

in the proofs below.

Corollary 2.2.14 (Fractional Taylor formula). Let n+ 1>« > n and f € C"([a,b])
admitting a left (resp. right) local fractional derivative of order o at a. There for
x € |a, b

fla) =5 f®(a) ezl 4 s [ (@)@ — a)* +o(lx —a|?)  (2.23)
f@) =Xy OO 4 5 OO0 — ) oz — b)), (2.2.4)

The proof is given in Appendix A.2. A similar mean value theorem holds for the
non-local fractional derivative. The following result, which we state for completeness,

is a consequence of Proposition 2.2.10:

Corollary 2.2.15. Let f € C™([a,b]) and n + 1 > a > n. Suppose Caputo fractional
derivative of order o of f is continuous on [a,b]. Then for x € |a,b], there exists
€ € la, x] such that

1
(a+1)

~ Tr—a k
1) =3 19 o e e o)

A similar formula holds for the Caputo right derivative.

Proposition 2.2.16. Let o ¢ N and f € C%([a,b]). If f*) ewists everywhere on

[a,b] then 1) =0 almost everywhere on [a,b].

A rather complex proof of this proposition is given in [15, Corollary 3]. We here

give a simple proof of this property using only properties of monotone functions.

12



Proof. We first consider the case 0 < a < 1. By corollary 2.2.14, we actually have

1

= gled)
F(a—{—l)f o

fly) = f(z) +9(x)(y —2)* +oly —x")  with g=

Hence for any sequence y,, — =, vy, > x, we have

lim f(yn) B f(:L’)

n—»00 (yn — x)a

= g(m).

Now let ET = {z € R: g(z) > 0}. If L(ET) > 0, then there exists a compact set
K € E* with £L(K) > 0 where £ denotes the Lebesgue measure on the real line.

Consider the open set U,cx (2, + 0,) in R, where ¢, is the largest number so that
fly) > f(x),Vy € (x,x + 0,). We can then write Uye (2, z + 0,) = U2, I, for some
open interval Ij,. There exists I, such that £(K N 1,) > 0. In fact, for each point in
K, it is either in the set U3Z I or it is a boundary point of some interval I,. We may
augment I to an interval I, including zero or one of both of its boundary points so
that I, are disjoint and K C U,‘zozljzk, and such that the right boundary point is not in
I, if it belongs to K. Then we find I, such that £(K N1,) > 0. Hence £L(K N 1I,) > 0.
We may also assume that there are no points in K isolated from the right, since the
set of all such points is of measure zero.

For any 7 < § € K N I, there exists 19 € K N [Z,y] such that

xog = argmax{f(x)}.
zeKN[z,7]
If xy # y, then there exists yo € (20, To + 0z,) N K N [Z, Y] since we assume there are
no right-isolated points in K. Then we have f(yo) > f(x), which is a contradiction.
Hence zg = 4 and we have f(y) > f(z),VZ <y € KN I,.

Now define f : I, — R such that f = f on K N1, and f is linear outside of K N I,.
In fact, let 7 € I, if 7 ¢ K, then & € (2,21) with 29,2 € K. Thus f(z1) > f(z0),
and we can linearly interpolation to define f(Z) as an increasing function. Hence this
extension f is differentiable almost everywhere on I,.

Now we go back to the function f on set K. f is a.e differentiable on K and we
can simply suppose here f is differentiable and f = f on K whose Lebesgue measure
is positive. Now choose a point z; € K, either x; is right-isolated in K which is
eliminated from K before or it is a right-accumulation point in K. For the latter case,

we would have

m f(yn) - f(xl)

= O’
n—00 (yn — ;E)p n—00 (yn — gjl)p

13



for any sequence {y,} in K with y,, — x;. We then get ¢ = 0 a.e. on K, which is a
contradiction. Hence £(E™) = 0. Similarly, £(E~) = 0. Hence f*) =0 a.c. on R.
If m < o < m + 1 for some integer m > 0, since we have f+) = (fm)la=m+) e

may conclude again that f©@*)(z) =0 a.e. on R. O

Remark 2.2.17. For the above proposition we actually only need a weaker condition

on the function f, namely that

{7 = )

Yy—T,y>x |y — {L‘|5

exists for x € R with m = |«| and a = m + 3, which may be thought as classical

definition of a—th order deriwative. We call

@) = 1)

r—a,r>a |;L‘ —_ a|5

the ‘classical’ left fractional derivative of order o if it exists. However, when this limit

exists, it 1s not quaranteed that f admits a local fractional derivative.
We can actually state a stronger result:

Proposition 2.2.18. For f € C°, the Hausdorff dimension of the set

Ey = {x € R : liminf |f(m)(y) — f(m)(x)| > O}

Y—x,y>r ‘y — x‘ﬁ

is at most f =a — |af.

Proof. WLOG, we suppose m =0 and 0 < o < 1, then § = «. For each ¢, d, we define

the set E?, to be the subset of E such that for all z € E?

°,, we have

fly) > flx)+ely—2)" Vo <y <az+0.

We only need to show the Hausdorff dimension of the set E?, is at most . Furthermore,
we can restrict the set E2, on the interval [0, §]. Hence we will work on [0, ] with E?, .

First of all, suppose the Hausdorff dimension of set Ef+ is larger than «. In
,%, e ,(k_kl)é,é} for £ € N. In each interval
], we choose the leftmost and rightmost points of the set E?, and denote

this case, we consider partitions {0
[@ (i4+1)6

k) k
this interval as I} (if exists). Then U¥_}I{ covers the set E? . and by the definition

of Hausdorff measure, we know that Zf;ol [I}|* — oo as k — co. Now let al be the

left boundary point of I} and b be the right boundary point of I{. Now for any two
points a < b € {ai,bi,i=0--- k— 1}, we have

f(0) > fla) +e(b—a)”

14



since f is continuous and we can approximate a, b by points in E° +- Then we have

k—1
FB) =D f(b) = flai) + flah) = FOT) + FO) — Flai)
1
> € [I}]* — oo,
i=0
which gives a contradiction when k£ — oc. O]

2.3 Fractional It6 Calculus

We now consider non-integer p > 2 and derive I[t6-type change of variable formulas for
paths with non-zero p—th variation along a sequence of partitions {7, },en, first for
functions (Sections 2.3.1) then for path-dependent functionals (Section 2.3.2). In each
case the focus is the existence or not of a 'fractional’ It6 remainder term: we will see
that the existence of a non-zero It6 term depends on the fine structure of the function

and its fractional derivative.

2.3.1 Change of variable formula

We first derive an It6-type change of variable formula for functions of paths with p—th
variation along a sequence of partitions {7, },en.
Let S € V,(m) be a path which admits p—th order variation along some sequence

of partitions {7, }nen. We make the following assumptions:

Assumption 2.3.1. For any k € R, we have

T
/ Lo IS = 0.
0
Let m = |p].

Assumption 2.3.2. f € C™(R) and admits a left local fractional derivative of order

p everywhere.

Assumption 2.3.3. The complement of the set
I'y={x€R:3U >z open, (a,b) — (C¥, )(D)
is continuous on {(a,b) € U x U : a < b}}

is locally finite, i.e. for any compact set K € R, the set I'; N K has only finite number
of points.

15



We first give a simple lemma regarding the set I';:

Lemma 2.3.1. The left local fractional derivative of order p of f is equal to zero on
Ff.' Vo € Ff, f(p+)<l’) =0.

Proof. Let x € I'y. There exists © € U open such that (a,b) — C%, f(b) is continuous
on {(a,b) € U x U : a < b}. Hence f®) is continuous on U. Since f@*) is zero a.c.,
feH)(z) = 0. O

Assumption 2.3.1 will be satisfied if the weighted occupation measure g defined
by

Ys(A) = / Lisend(SI(2).

is atomless. Assumption 2.3.1 is satisfied in particular if 5 has a Lebesgue density [41],
which corresponds to a local time of order p [24]. However, as the following example
shows, Assumption 2.3.1 may fail to be satisfied even if the path has a non-zero p—th

order variation.

Example 2.3.2 (A counterexample). We now give an example of path failing to
satisfy Assumption 2.5.1, in the spirit of [25, Example 3.6.].!
Let p > 2 and define the intervals

12 1 2 78 - ;
= (55): 4= (55) B=(55) mamne 2 e

and let C' = [0, 1]\ U2, U2, I, which is the Cantor ternary set [13]. Let ¢ : [0,1] — R,

=1 "3
be the associated Cantor function, which is defined by
o(z) = { D1 5 r=> 2 ecC, a,c{01}
SUPy<z yeC C(y)7 LS [07 1] \ C.

We can see it is a non-decreasing function increasing only on the Cantor set C'.

Consider the function

S(t) = ‘210g3(2~minuecIt—U\)‘%.

We are going to construct a sequence of partitions such that the p—th variation of S

along this sequence will be the Cantor function c. In this case, we will see

/(; ﬂ{s(t)zo}d[S]p = /0 ﬂtecdc(t) = C(l) — C(O) =1,

125, Example 3.6 aims to construct a path which admits quadratic variation but does not possess
local time along some sequence of partitions. There seems to be an issue with the construction in
[25] but the underlying idea is still useful for our construction. In fact, the third equality of equation

(3.12) in [25] should be S°7"_ (e,)" = “=%— — 0 not 1.

1—epn
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which shows Assumption 2.3.1 is not satisfied.
We begin with the partition {ﬂ';n}, which denotes the n—th partition in the interval

I} and let m, = Ui, U; 75, Define t;% = inf I} and

. . 1
ik+1 . ik |
t, =inf {t >t S(t) € (— sup S(t)) Z} :

kn tel;l

then t;ik" =sup I}. k, is an integer to be determined. We then do the calculation

2kn—1 ‘ ' 2kn—1 1 P
Do IS =Sl = Y0 (2] =2
k=0 k=0 "

Then the sum over the n—th partition will be

n 2i—1

SO ot kL

i=1 j=1
Choosing k,, = [np%lj we obtain
nk: " >n- (nrll)l’p =1

and

]__
P <ne (T = 1)1 = (1—a) L

Hence we see

[S]2(1) = 1.

s
Furthermore, since

PRl e )

we see that [S|E will not change on the interval Ij and by symmetry, we finally can
show that [SP = ¢, the Cantor function.

The following theorem extends the result of [24]| to the case of functions with

fractional regularity:

Theorem 2.3.3. Let S € V() satisfy Assumption 2.3.1. If f is a continuous function
satisfying Assumptions 2.3.2 and 2.3.3 for m = |p|, then

welTl  Fs®) = f(s0)+ [ P (S(w)dS (w),

where the last term is a limit of compensated Riemann sums of order m = |p)|:

t m_or() . 4
| restnast = i 35T (0 n ) - s Aty

t,€mn j=1

17



Proof. Using Taylor’s formula with integral remainder of integer order m,

FISM) = f(SO) = > FSEAtisr)) = F(SEAL))

[titit1]E€Emn

= 30 (S A ) — FSEAL)) — -

[tistiv1]€Emn

S ))

m!

() . )
w3 Y A s n b - s Aty

!

(S(tAtip1) — S(EA ti))”>

[titit1]€mn J=1
1 S(tAtiy1)
T T / (S () = FS(E NS (E A tia) =)™ dr
[tistiv1]€Emn S(tAt;)
+L",

where L™ =7, o ST W(S(H\tiﬂ) —S(tAt;))?. Our aim is to estimate

the limit of the quantity

1 S(t/\tiJrl)

R = ) —/ (fU(r) = FU(S(E A ) (S(E Atier) — 7)™ Hdr,

(ti b L'(m) S(tAt;)
i5li41]CETTn

and show that this quantity converges to 0. In order to obtain an estimate, we divided
the partitions into three parts: C" = {[t;, tit1] € ™ 0 |S(EA L) — k| < € for some k €
F?c}, Cﬁe = {[tz‘,ti-i-l] € Wn\C? : S(t/\tz‘) < S(t/\tﬂ_l)} and Cge = {[ti,t“_l] c Wn\Cen :
S(t Atiy1) < S(tAt;)} for arbitrary e > 0.

1. On C7: Denote

1 S(t/\ti+1)
Rom S i Loy U0 SN S A i) =0
. n F(m) S(t/\ti)
[tutz+1]ECE
By Holder continuity of f and continuity of .S, there exists a constant M > 0
such that

R < ) MIS(EA L) = S(EAL)P
[ti,ti+1]€cg
<Y Mgd(SEAL)SEAti) = SEAL)P.

[titiv1]€mn

_ Llp—m+1)|If]|
For example M = Torl) —

on [k — €,k +¢] for each k € I'; and value 0 outside of Upers [k — 2¢, k + 2¢] with

. Here g, is a continuous function taking value 1

18



l|gelloo < 1. When € is small enough, we may assume [k — 2¢, k + 2¢| are disjoint.

Then by definition of the p—th order variation, we see that

n—oo

lim sup | R < / Mgl (S() IS (r).

Letting ¢ — 0, we obtain from assumption 2.3.1 that

11rr311msup|R | < Z/ M1 s(r)=ryd[S]P(r) = 0.

n—oo ]{JEFC

. Outside C”: since S € VP(7), there exists N, € N such that for all n > N, we

have for all [t;,t;11] € 7,

Thus for [t;,ti11] ¢ CF, we have (S(tiy1) — k)(S(t;) — k) > 0 for all k € T'¢ and

S(ti), S(tir1) is away from I'¢ with at least § distance, which means we have the

~~

following estimate

[C7. (1) = O f(B2)] < we(V/ (a1 — a2)? + (b1 — b2)?) (2.3.2)

for some modulus of continuity we, a1, az, by, by € [S(t;), S(ti11)] or [S(tiv1), S(t:)]
and a; < by, as < by by assumption 2.3.2 and 2.3.3.

. We now consider the set CT,. Let @ = p —m and denote

n 1 S(tntiv) (m) (m) m—1
Riom 5w [ U= SRS A~

[tisti+1]€CT F(m) (tAt;)

We have by proposition 2.2.10,

Ry,
- > / SWM(S@ Atipr) — )"l / " S,
[t t+1]€Cn F(m) S(t/\t F(C() St/\ti (7” - S)lia
(tAtiv1)  fSeat;yq ch o f(s)
= > F) / / (S(t Atisr) — T)m_l%drds
[tz tz+1]ecn S(tAt;) s
1 t/\tH_l )
= Z m/ (S(EAtit1) = 8)7 Cgnyr f(s)ds
[tisti+1)€CT . S(tnt:)
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As S(t;) € Ty by Lemma 2.3.1 we have fPH(S(t;)) = Cuy+J(S(ti)) = 0. Then
by nequality (2.3.2) we have

S(t/\ti+1)
/s (S(tAtir1) — s)p_ng(tAtiﬁf(s)ds

(tAts)

S(tAtiy1)
< / (S(EAtiar) — 8)7 \we(s — S(E A £:))ds
S(tAt;)

< ?uﬂmﬂ—S@Mﬂmﬂ—S%W-

Thus we obtain

s 3 SRS ) - SO

[tistiv1]€mn
Since osc(S, m,) — 0 as n — oo, we have lim,, . |R} .| = 0.
. On the set C'y,. Denote
1 S(tAti4+1)

e = Z —/S (FO ()= F(SEAL)))(SEAt i) —r)™ dr.

[tistit1]€CT . F(m) (tAt;)

By proposition 2.2.10, Ry, can be expressed as

1 S(tAt;) s (S(t A ti+1) _ 7n)m—l . Cf—&-f(S)
Z L(m)(«) /S )/S(t/\tH,l) (S(tA ) — s)i-a drds.

[tistit1]€C2 e (EAtit1

Again by the inequality (2.3.2), we will have

CPf(8)] S we(V/(r = St A1) + (s — S(t Atig1))?)
< we(V2[8(t Atigr) — S(EAL)]).
Hence, we can obtain the estimate

Stnt;

’ Crif(s)
S(t Atigr) — 7)™t ot drds
S(tAtiy1) /S(t/\ti+1)( ( ! (S(tAt) —s)t=

Stat; s (V2|S(t Nt — St ANt
< / / (S(tEANtipr) — T)m_lw (V215 +1) ( )|>d7"ds
S S(tAtiy1)
1

(tAtit1) (S(EAt;) —s)t—@
= %we(\/ﬂS(t Ativr) = SEAL) IS (i) — S|P

Thus we obtain that lim,, ., [R5 .| = 0.
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Thus, we have R" = R + R} + Ry, and

n—oo

lim |R"| < limlimsup|R?| + |RY .| + |Raen| = 0.
=0 nsoo ’

Hence we see lim,,_,», L™ exists and we denote it as fot (f(S(u)))dS(u), which gives the

result. O

Remark 2.3.4. We can not expect the Ito6 formula in the fractional case to have the
same form as in the integer case, i.e. there might be no It6 term in the fractional
case even if Assumption 2.3.1 does not hold. For Example 2.3.2, we can show that for

2 <p<3and f(z) = |z/P, the Itd term still vanishes even though we have

/0 f(p-l-)(S(t))d[S]p(t) — ﬁ/o Lis(=oyde(t) = C<1—‘1()p:_cl(§)) — F(p1+ 1)’

since {S(t) = 0} = C' is the support of the function c. In this case, we will show that

0= f(5(1)) = f(5(0)) = /0 F1(S(w))dS (u).

In fact, we will need to calculate

n—00
[tistit1)E€ETn

lim Y f(S())(S(ti) = S(t:)) + %f”(S(tz))(S(tz-H) - 8(t:))*,

which is in fact the 'rough integral’ of f’ along the reduced order-p It6 rough path

associated with S [24]. Splitting the terms across each [sz we have

kn—1 ' 1, sl ' L
> PSR 2 = > p(S() T 2
k=0 n k=k, n
ik -1 _i i 27£
= (S )T 2 = (27—
Thus
n 27171 2_1 np
Do SSENS (i) = SE) =D —p- =5
[tistiy1]€mn i=1 j=1 n n

Now we consider the term involving the second derivative. On I]’:, we have

S S PSEDSEET) - (k)

[ttt ent
21
p(p - 1) ikyyp22 P
= > (S5 "=
[tg,k ti‘,k+1]€ﬂ_i. 2 kn
J,m’7j,mn J,m
1 [ o=i  m i
=3 (Z plp— DR+ plp — D255 > :
k=0 " k=1 "



Summing the second order terms over 7, we obtain:

np(p — 1) 233 kP2 — kb2

4 K
Adding together the first order term _Wv we need to calculate
kn 2 -2
. np 2> kPTE— kP 2
S <<p Y i k)
We thus observe that
1 np 1
A S (=g = Jim e = 1)
Since —= > 1 this implies
np 1
0 g =0

Hence it remains to consider

lim%<(p )Zn K i)

n—oo

Using the inequality

p—1 kn kn kn+1 p—1
kn _ / xp—de < Z kp—2 < / xp—de _ (kn + 1) 17
p—1 Jo — 1 p—1

we obtain

kn 2 —1
np > iy kP 1 .np kP 1
lim — ) >lim = ((p—1)—n ) =
nioe 2 <(p D=5 n) 2 o (@ )(p— 0 k)

and also

lim "2 ((p )an L i) < lim 2 ((k" -1 kg_l) . (2.3.3)

n—00 kb k, kb
Notice that lim,, o, nk!™ = 1 and k,, — oo, we see the right hand side of the inequality
(2.3.3) equals to
ket <(k +1)P~ —1—k:£1> p .. (x+1)Pt—1—gr!

2 r—o00 T

By I'Hopital’s rule, above limit equals to

lim p—(pz— D (z+1)P72 —2P7?%)

T—00

1 1\ 1 —2
= p—(p2 ) lim 2?2 <(1 + —) - 1> = pp=1) lim 2#22—= =
x

T—00 2 T—00 T
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since p — 2 < 1. Thus in this case we see the remainder term is zero, which is different
from the integer case. Hence we see that the pathwise change of variable formula

in Theorem 2.3.3 may hold even if Assumption 2.3.1 does not hold.

We now give an example of path with the same p—th variation as above but leading

to a non-zero remainder term in the change of variable formula.

Example 2.3.5. Define the intervals I} as in (2.3.1). Then we define S
on i. Let g(t) = 2min{t,1 —t} on [0,1] and O otherwise. For a < b, we define

g(t,[a,b]) = g (52).

I by induction

First for i =1, we divide the interval ]]’: into r; smaller intervals Iy k=1,
such that |I},| = li—;‘ and two of each are non-intersecting. On each interval I},

we define S(t) = 27"g(t, I},) for k=1,--- ,r;,j =1,---,271. In other words, S is
defined as the limit

o 2071 gy

St =D 27t Iy).

i=1 j=1 k=1

Let 7, = (1]") be the dyadic Lebesgue partition associated with S:

Hence, we have the calculation

n 2t—1 .

V4 — 1i n _ n\|P — 13 —np n—i
SP(1) = lim 37 [S(r) — S = lim 3733 2 k2o

i=1 j=1 k=1
. o—np+n
= fm 3 r2
i=1
By choosing
;= Lz(i—l)(p—l)(gp—l — 1),
so that .
1= i s
fim 2,
together with similar to what was discussed in the above remark, we have [SJP(t) =

c(t), the Cantor function. Let f(x) = |z’,2 < p < 3 and T = 1, we are going to
calculate the Ité remainder term for f(S(1)) — f(S(0)). We calculate the limit
1

pp—1)

Tm 3 PSS ) — S() + P (S0 S tin) — S(8))
[tistiv1]E€Emn
_ JEEOZXZI:;"’@ (_an(Qi)pl + p(P2_ 1) 22%:‘1) ’
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where
Qn—i_]

=2 9—n(p=2)p=2 | 2—n(p—2)(2n—i)p—2‘
k=1
We see directly

2n7i
c;<2km@4{/ 2?2 4 27 (2n
0

Thus,
PP =Dy omy _ pon-ivti | PP =D ompin-ipo-2)
2 n 2 '
This leads to
n 21
) —1 .
Z Z r; (_p2—n(2—l)p—l + p(p2 )2_27107;1)
i=1 j=1

n—1
i—1 p(p—1) —2n—ip+2i n—1 —np p(p—1) —np
< ZQ T 5 2 + 2", | —p2 +T2
i=1

< 7?2;21”(21”1 - 1) (p(pT_l)22"+2l’) +27P(2P — 1) (_p n p(p2— 1))

—11—(3)"! —-1

Let n — oo, we have

n 9i—1

nlij&Z > (—pz—”(z—i)f’—l + @2‘%@) < p27P(2P7E 1) (@ — 1) .

i=1 j=1
Soif2<p<3, then@—1<0and

F1(S()dS(t) < .

0
The equality f(S(1)) — f(S(0)) = 0 shows there should be a non-zero remainder.

However, in this case, we still have

1
/ Lisw=0yd[STh (1) = 1.
0

So Assumption 2.3.1 is not satisfied.

In fact, we can provide a formula for the Itd6 remainder term for this path and

function f = |z|P. Take T'=1, m = [p] and a = p — m. Let

1
(m — D)o — alr

b
Ca.b) = | @) = @) - o s
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for a # b and take the limit value whenever it exists for a = b. For the function
f(z) = |z[P, we can see G is defined on R?/{(0,0)} and for k > 0,

" (ka, kb) = G%(a,b),

which suggests to consider ch as a function on the unit circle S'. We define the
projection map P : R?/{(0,0)} — S* by p(z) = ﬁ and define a sequences of measures
by

Np—1

N 1
Un »= N Z OP(S(t:),S (1))
" =0
where N,, is the number of intervals in the partition 7,. Furthermore, we define
G%(0) = G (cos(0),sin(0))

for 6 € [0,27). Since the distance between two successive points in partition =, is

27", the remainder term } G%(Stii1, SIS (tig1) — S(t:)[P for the partition

ti+1]e7'('n
T, can be rewritten as

N, -2 / G () d)

27571 . s .
and we have N, => " >~ ey 2nml = 2n 5™ ;. Hence the remainder term

7=1
is .
2y "y / G () (da).
i=1
We have lim,,_,, 2" "™ Z?Zl r; = 1. It is easy to see that if we have the weak

convergence of 77,, we can obtain the limit expression.
Let us now compute the limit of the sequence 7,. Since S(t;) = k27" for some

positive number k and t; € m,, the result tan (P(S(¢;), S(ti+1))) will equal to either

k1l which means the limit 7 will be supported on these points. And

&
oo (Y — i 5 o (FHIYy o 1 2t
U (| arctan % = vy | arctan k - QMogy(k+1)p 99 1 °

By symmetry, we have

7 (arctan (")) = 5 (arctan (FF2)) oo L 21
v | arctan k‘—+1 = v | arctan 2 " 9loga(k+1)1p 9p — 1

Hence we have a change variable formula for the path S defined in Example 2.3.5 and

f(x) = [P

f(S(l))—J"(S(O)):/O F(S(u)dS(u) + | Gi(a)p(de). (2.3.4)

Sl
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The above calculations show that the remainder term may be non-
standard when assumption 2.3.1 is not satisfied.

We can give in fact a general method for calculating the remainder term for paths
satisfying certain assumptions.

For a function f and p = m + «, where m = [p|, we consider the map GZJZ :
{(z,y) € R?, x # y} — R defined by

1
(m— D)o — alr

b
G (a,b) = / (f™(z) — F™ (a)) (b — z)™ 'd. (2.3.5)

If f0™ is continuous, it is easy to see G% is a continuous function on {(z,y) € R?, 2 #

y}.

In order to compute the remainder term in the fractional It6 formula, we ’stratify

)

the increments across the partition by the values of G’Ji, to build an auxiliary quotient

space X which is required to have certain properties:

Assumption 2.3.4 (Auxiliary quotient space). There erists a space X and a map
PL{(r,y) €R?, 24y} X
such that
(i) For all v € X, the map GY defined by (2.3.5) is constant on (P7)~'(x);

(ii) The sequence of measures on [0, T] x X defined by

Vp(dt, dz) = Z |S(tiv1) — S(t:)|P0y, (t)(SPJ{’(S(ti),S(t¢+1))(‘T)

[tistiv1]€mn

converges weakly to a measure v on [0,T] x X.

Remark 2.3.6. The measure U in Example 2.3.5 is actually the measure v([0, 1], dx)
on X defined in Assumption 2.3.4. In fact, we have

Up(dr) = v, ([0, 1], dzx).

[STn (1)

were [STh(1) = D 4, iiijemmuict [S(tir) = S()[P. Letting n — oo, weak convergence
implies

v(dr) = ,dx) = v([0,1], dz).

spm 0 Y

Hence Assumption 2.3.4 is a reasonable condition which covers Example 2.3.5.
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Furthermore, as S € V,(m) is equivalent to the weak convergence of
valdt, X) = > [S(tie1) = S(t:)[P81,(2),
[tistit1)€Emn
Assumption 2.3.4 is in fact stronger than the existence of p—th variation along the

sequence {m,}.

One can always choose X = R but this choice may not be the most tractable for

the calculation of the remainder term.

Theorem 2.3.7. Let S € V,(m) such that there exists (X, Pf) satisfying Assumption
2.8.4. Then exists a unique map ép X — R such that Gp o P{ =G and

mw<mm=[m%> //m v(ds, dz),

where fo f'(S(u))dS(u) is defined as in theorem 2.3.3.

Proof. The existence of @J’c is given by universality of the quotient map construction.

Using a Taylor expansion, we have actually

fs@) - fsoy = 5 S IO (g - s sy

[ti,tir1]Emn, i<t j=1
Y GUSEAL). S A t)S(E A i) = SEAL)P
[tistiv1]Emn,t: <t

By definition of v,,, we have

F(S@) — £(S(0)) = > }jf tAt”wwAmﬂ>—S@AmV

[titiv1]em t j=1

}6 n7ti§
t
/ / G (x) 0 (dsda).
0 X

Using the weak convergence of v, in the Assumption 2.3.4, yields the desired result. [

We can see from Theorem 2.3.7 that when the Itd remainder term is non-zero, the
formula is not in the classical form. Hence we will need more information to describe
the It6 remainder term in the fractional case.

Let us go back to zero remainder term case. Consider the set (EP)" of all functions
satisfying Assumptions 2.3.2 and 2.3.3. Then (E?) is a subset of C?(R). Let E? be
the closure of (E?) in C?(R) equipped with the semi-norms

sup{f® () : k=0,--- ,m} + sup { ™) — S ()] } )
zeK zyeK ly — x|

where p = m + a with m < p < m + 1. Then we have the following theorem
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Theorem 2.3.8. Let S € V,(7) satisfying Assumption 2.3.1 and f € EP. Then for
any t € (0,7

F(S5@)) =f(5(0))+/f’(S(U))dS(U)

where the integral is a limit of compensated Riemann sums of order m = |p|:

@) .
[ ristanasi = i 305 ECAD 5y 1, - stenn)y,

ti€mn j=1
Proof. We prove the result for t = T for convenience. The case t # T can be obtained
by changing all ¢; to t A t;. Suppose fr € (E?)" and fr, — f in C?. We have

S(tiv1)
FS(T)—£(5 L"+Z / (f(m)(r)_f(m)(S(ti)))(S(tz‘H)—r)mfldr.

t;Emn
Let K be a compact set containing the path of S([0,77]). Since fx, — f in C?, we have
for every € > 0, there exists N > 0 and for all £ > N,

ap [T = B = (0 = 1) @)

z,yeK ’?/ —z|®

i+1

Hence

S(tit1)
Z _1 /s(t ((fm — f,gm))(r) — (™ — ém))(s(ti)))(S(tiH) oy

[titit1]€mn F<m) i)
1 S(tit1)
<o Y o [ e S@RIS ) - ar
[tistig1]Emn F(m) S(t:)
1
<e Y, —S(tin) = S
[titiv1]€mn
Hence we have
. 1 Slti) (m) (m) m—1
limsup| Y —— (S (r) = S @) (S (tia) — )™ dr
n—oo [t' ts ]E F(m) S(tz)
i bi+1]CTn
. 1 Sltirs) (m) (m) m—1
< limsup| Y —— (fp () = £ " (S@))(S(tia) — 7)™ dr
n—oo [t' t; ]E F(m) S(tz)
iti+1]CTn
+- [P (1)

for all £ > N. Since f; € E, we then have

‘ 1 S(tiy1) .
msup| 3 = / (P () — F(SEN)(S (tisr) — 7)™ dr
n—00 [t' t: }G F<m) S(tl)
isLi+1]CETn
€

< —[STP().

m)!
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Finally letting € tend to 0, we have

im E N m(r) — fim tz tz — ™ drl = 0.
A [tistit1])Emn F(m) S(t;) +1

Hence L™ converges when n tends to infinity and we have the desired result. O]

Remark 2.3.9. It can be seen in the proof of the theorem 2.3.3 that we only need

| tswdisizo o (23.6)

for k € . Denote Py the set of paths satisfying (2.3.6) on I'.

Given a continuous path S € V,(m), by Fubini’s theorem, we actually have

T
// Lis@=ryd[S]E(t)dk = 0,
RJO

which means (2.3.6) is satisfied by almost all k € R. Hence we can consider the set
(E%) of all functions f such that T'y contains all points that do not satisfy condition
(2.3.6). We can then construct the closure E§ for a given path S.

Example 2.3.10 (Examples of functions belonging to EP.).
1. All functions f € C™T(R).

2. The function f(x) = |x — k[P for some k € R. It can be seen in the example
2.2.12 that C?. f(x) is continuous on {(a,z) € U x U : a < T} for any compact
set U contained in (k,00) or (—oo, k), which means I'y = R\ {k} and hence is

a function in E], C E,.

3. The linear combinations of |v — k|P. For example f(z) =>"" | S|z — x,[P with

{z,} an ordered set of rationals in [0, 1].

Remark 2.3.11. Smooth functions belong to EP. Denote by CP*(R) C EP the
completion of the smooth function under Holder norm i.e. the set of functions f € CP

such that on every compact set K :

(m) _ f(m)
lim sup {|f (x) = f (?J)|} _o
0=0 g yek |ZL' - y|a
lz—y|<é

Then for any g ¢ N > p, we have B¢ C C1 C CP* C Eg for any path S € V,(7) N
C([0, T, R).
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Example 2.3.12 (Example for P; with f(z) = |z|P). Let B¥ be a fractional Brownian
motion with Hurst index H on some probability space (0, F,P). Let p=1/H. Then

T
E |:/0 IL{BH(t)O}dt:| =0 SO IP)(BH € PJICJ) =1.

Remark 2.3.13 (Time-dependent case). Along the lines of the proofs of Theorems
2.3.83 and 2.3.8, we can generalize these formulas to the time-dependent case with a
modified definition of the set T'y. For f € CHP([0,T] x R), define the open set

Iry={ (t,x) €[0,T] xR :3 open set U > (t,x)
such that C¥, f(s,b) is continuous on UxU}

where UxU = {(s,a,b) : (s,a),(s,b) € U,a <b}. Then under the assumption

T
| tesepernaisi® =o,
we have the change of variable formula
F6.5(0) ~ £0,50) = [ 0uf(w S+ [ Dy fu, S@)dS(u),
0 0

where m = |p| and

/Ot D, f(u, S(u)dS(u) = lim 33" FOENE SEAL) G4 1) — S(t A L)Y,

|
ti€mn j=1 J:

Remark 2.3.14. Our argument also applies to the integer case. For example, when

p =2, we have m = |p| = 2. For any function f € C?, Ty = R. Hence we have

/0 Lis(ersyd[S]h = 0.
Thus we have the result
f(S(@) — f(S(0)) = /O f(S(u))dS(u),

where

n—o0
[tistiv1]€Emn

/0 PSS = tim S FSE)(S(ti) — S(t)

+ %f”(sunxsmo = S(t))*.

30



However, by changing the definition of fot f(S(u))dS(u) to

Tim 3" S (S (tin) — (),
[tistit1]Emn

we recover the result in [38]. Similarly, for even integers p, a slight change of
definition of f; f'(S(w))dS(u) recovers the result in [24]. Additionally, we can also
explore the odd integer case using a similar argument. A similar change of definition

of f(f f/(S(u))dS(u) gives the remainder term

i T O (Shen) — S(1))

n—oo
[tistiv1]€Emn

The condition S € V,(m) means that this expression converges absolutely. However, as

indicated in the appendiz in [24], the limit would be typically zero.

2.3.2 Extension to path-dependent functionals and ¢-variation

The above results may be extended to path functionals using the Dupire derivative
[30] and the associated non-anticipative functional calculus [21, 17, 19, 22]. We recall
here some concepts from the non-anticipative functional calculus [17, 22, 19].

Denote by S;(s) = S(sAt) the path stopped at ¢ We consider the space D([0, 7], R)
of cadlag paths from [0,7] to R. Let

Ar = {(t,w) : (t,w) € [0,T] x D([0, T], R)}
be the space of stopped paths. This is a complete metric space equipped with

doo((t,w), (', ') :== sup |w(sAt) =W (sAE)|+ |t =1
s€[0,T]

We will also need to stop paths 'right before’ a given time, and set for ¢ > 0

wi_(8) := { w(s), s <1,

limqw(r), s>t
while wg_ = wy.

Definition 2.3.15. A non-anticipative functional is a map F : A — R. Let F' be a

non-anticipative functional.

o We write F € C}° if for all t € [0,T] the map F(t,-) : D([0,T],R) — R
is continuous and if for all (t,w) € Ar and all € > 0, there exists § > 0
such that for all (t',w'") € A with t' <t and do((t,w), (t',w")) < 6, we have
|F(t,w) — F(t',w')| <.
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o We write F' € B(Ar) if for every ty € [0,T) and every K > 0 there exists Ck g, >
0 such that for all t € [0,to] and all w € D([0,T],R) with supye|w(s)] < K,
we have |F(t,w)| < Cky,-

e [ is horizontally differentiable at (t,w) € Ar if its horizontal derivative

F(t+h — F(t
DF(t,w) := lim (t+ A o) (t,we)
R0 h

exists. If it exists for all (t,w) € Ay, then DF is a non-anticipative functional.

o [ is vertically differentiable at (t,w) € Ar if its vertical derivative

V,F(t,w) ;== lim (t we + [tyT]) (t,wy)
’ h—0 h

exists. If it exists for all (t,w) € Ar, then V F is a non-anticipative functional.
In particular, we define recursively VFE := VVFF whenever this is well

defined.

e For p € Ny, we say that F € C,”(Ag) if F is horizontally differentiable and
p times wvertically differentiable in every (t,w) € A, and if F,DF,V*¥F €
(C?’O(AT) NB(Ar) fork=1,---p.

There is no straightforward extension of fractional Caputo derivative for non-
anticipative functionals. We choose an alternative approach to obtain an extension of

our change of variable formulas to the path-dependent case.
Definition 2.3.16 (Vertical Holder continuity). Let 0 < o < 1.

o F is vertically a— Hélder continuous on E C Ap if

L :=1im su |F(t’wt + hﬂ[t,T]) - F(t,wt)|
T b sup < 00.
e—0 (t,w)€EE |h|<e |h’a

We call L the vertical Holder coefficient of F' over E and we denote F € C**(E).

o Let B, = {(t,w) € A :d((t,w),(0,0)) < n}. F is locally vertically a— Holder
continuous on E C Ap if F is vertically a— Hélder continuous on E, for each n.
We denote F € Cy*(E).

loc

e Form<p<m+1, wesay F e CP if V'E € CoP™™. For E C Ap, we say

loc loc

F e C%(E) if V'F € CO"~™(E).
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We now give assumptions on the functional F' € C;’m C?OIZ , where m = [p|. Given

a path S € V,(7), we make the following assumptions:

Assumption 2.3.5. There exists a sequence of continuous functions g, € C(Ar,R)

with support Ey = supp(gr) such that

1. By C Bk, gl =1Lge <1and F € (C?Of;(AT \ Ey) for each k with vertical
Hélder coefficient L = 0.

2. There exists a bounded function g on Ar such that g, — g pointwise and
T
| ste.sasi =o.
0

Define the piecewise-constant approximation S™ to S along the partition 7,,:

S"t) = > St Ly, () + S(T) Ly (8).
[tith»l]Eﬂ'n
Then lim,,_, [|S™ — S||o = 0 whenever osc(S, 7,) — 0.

Theorem 2.3.17. Let p ¢ N, m = |p| and S € V(). If F € C," N C* satisfies
Assumption 2.3.5 then the limit

/ V(LS )d"S() = lim 30 Zk,vkm,Sg,)w(tjﬂm)—S(tjm))k

n—oo
[t tj+1}7rn k=1

exists and we have
t t
F(t,S;) = F(0,5)) —|—/ DF(s,Ss)ds+/ VF(s,Ss)dS(s).
0 0
Proof. We write

F(t, Stn) - F(O, Sg) = Z (F(tj+1 A, Strj-ﬂ/\t—) - F(tj A, SZEM_))

[t tj+1]€mn

+F(t, S0 - F(t,S")
= Y (Pl AL S) ) = F(ty At S 0)) + o).

[tj:tj+1]€mn

We only need to consider j with ;11 < ¢ since the remainder is o(1) as n — oo by left

continuity of F'. We split the difference into two parts:
F(tj+1,SZ+17)—F(tj,SZ_7) = (F(tj+1,SZ_H,)—F(tj,SZ,))—l—(F(tj,SZ)—F(Q,SZ?)).
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Now since St”j = 5"

7 - on [0,2;41], we have

Flt41, S,

tjr1—

ti+1 tjt1
) — F(t;,5) = / DF(u, S;))du = / DF(u, S™)du,
t t

J J

since DF is non-anticipative functional. Hence we have

t
Tim 3 (F(t, SE,,0) — P, S1) = /0 DF(u, S, )du

[tj,tj+1]€ﬂ‘n
by continuity. It remains to consider the term

n,St -t

F(ty, S¢) = F(t, Sp_) = F(ty, 8, -77"") = F(ty,S,_),

where Sy 1., = S(tj41) — S(t;) and Sy2(s) == S7_(s) + Ly 7y(s)z. Now from Taylor’s

formula and definition of vertical derivative, we obtain

Jj+1
n,St

F(tj, Stj,tj t1+1)

= VL]ZF(t.77SZ7)

= F(t;, 57 )+ o

(S(tjs1) — S(t))"

k=1

L Pt m n,u m n m—
- m /0 (Vw F(tj’ Stj’_) a vw F<tj7 Stj—))(stj,tj+1 - u) ldu.

From the definition of C%?, we see that there exists M > 0 such that
IV F(t;, S5%) = Vg F(ty, 57 )] < Mluf™™,

for each t; when n is large enough. This shows that
1 Stjitjta
‘m /0 (VIVF(t5, St"j’qf) — VI F(t5, SZ,?))(St].,th — )™ du
< M|S(tj1) = S(t;)IP.
for some constant M. Fix k € N, we now divide the partitions into two parts. The first

part m, contains [t;,¢;41] such that (¢;, Sf._) € Ej, and the second part 7, contains
[, tj+1] such that (¢, 57 _) ¢ Ej. Then we have

2.

1 Stj,tj+1 - . . -
/O (V7 (5, S2™) = V7 F(t, S7)) (St 0,1 — )™ du

Tor 1\ j+1
[tj,tj+1]€mn (m 1>.
< ) MIS(tin) = S+ D ML(S 0se(S,m0))|S (1) — S(t;)[7,
[ty tj1]ems [tjtjt1]en?
where
|VLnF(t, Wt + h:ﬂ_[t7T]) — VZ’}F(t,wtﬂ
K(w,€) := sup .
|h|<e | hfp=m
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From Assumption 2.3.5(1) we have lim o sup,cp g, K (w, €) = 0 for each k with E a
bounded subset of A7 containing all stopped paths alluded to in this proof. Hence
Tm 3T M K(S] 0se(S, m)|S (1) — S() =0
[t tj+1]€m?
As for the first part, we have
lim Y MIS(ta) = S(t)P

[ty tjr1]ems

< lim o Y0 M((ty, SEO)IS(t) — S(t)P
[tjtjr1]€mn

t
— [ gt s)als),
by assumption 2.3.5. Letting k tend to infinity yields the result. O]

The notion of p-th order variation can be extended to the more general concept of

¢—variation [57] for more general functions ¢ : R — R:

Definition 2.3.18 (¢-variation along a partition sequence). Let ¢ : R — R be an
even function. A continuous path S € C([0,T],R) is said to have a p—variation along
a sequence of partitions ™ = (7,),>, if 0sc(S,m,) — 0 and the sequence of measures
i = ST 10(S () — SENISC — 1)
t;€EmTn

converges weakly to a measure p without atoms. In this case we write S € V() and
[S19(t) = u([0,t]) fort € [0,T], and we call [S]® the ¢—variation of S.

Remark 2.3.19. If we consider an expansion of f of the form

mofk)
F) = £+ 30 L= 0 4 ooty — o) + ofoly — ).

k=1
then following the steps in the proof of Proposition 2.2.16, we can show that g = 0

almost everywhere. Hence a regular remainder should not appear in this case.

Under the following condition on the function f we can obtain an extension of

Theorem 2.3.17 to the case of paths with finite ¢-variation.

Assumption 2.3.6. There exists a sequence of open sets U; such that Uiy C U;

£ ()= ()

PECD s 0 for all compact sets

Jor i = 1,2+ and lims—0 SUP|,_y<s 2 yek
K € R\ U; and, denoting C = NU;, we have

T
/ ﬂ{g(t)ec}d[S]ﬁ(t) = 0.
0
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We state the following result without proof, the proof being similar to that of
Theorem 2.3.17:

Theorem 2.3.20. Let m € N and ¢ € C™(R*,R™) such that

i 90 o 9

z—0 ™ z—0 pmtl

If f € C™(R) is such that Assumption 2.3.6 is satisfied, we have

f(S() = f(5(0)) = /Ot f'(S(w)dS(u),

where the integral is defined as a (pointwise) limit of compensated Riemann sums:

t mf(k) ,

2.4 An isometry formula for the pathwise integral

Ananova and Cont [3] proved a pathwise analogue of the Itd isometry for the Follmer
integral with respect to paths with finite quadratic variation. This relation was
extended to p > 1 in [24]. In the same flavor we derive here an isometry relation
for the pathwise integral in terms of the ¢—variation, where ¢ : R — R is an even

function satisfying the following assumptions:
Assumption 2.4.1. 1. ¢ is strictly increasing, continuous and ¢(0) = 0.
2. ¢ is convex on [0,00) and u € R+ log ¢(exp(u) ) is conver.

3. For x > 0, the limit

i 2@Y)
plw) := limy o(y)

exists and the convergence is uniform on bounded sets.

4. 00 > p(¢) = sup {p : lim, T;lf,) = 0} > 0.
We first introduce a generalized version of Minkowski’s inequality here [75]:

Lemma 2.4.1. If ¢ satisfies first two conditions in Assumption 2.4.1, then for any

positive sequences {a,} and {b,} we have
o7 (Do dlan+)) <o (3 otan)) + 07 (3 olow)).
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Theorem 2.4.2. Let ¢ be an even function satisfying Assumption 2.4.1 and m, a
sequence of partitions of [0, T] with vanishing mesh. Let S € Vy(m) N C*([0, T],R) for

1A 1
some o > Y2 Let I € C,*(A7) be Lipschitz-continuous with respect to da,

with V,F € Cp'(Ar). Then F(-,S) € Vy(n) and
[F(wS)]ﬁ(t):/O P(IVLF (s, S5)d[SIZ(s).
Proof. We have the same
Rp(s,t) := F(t,S;)— F(s,5))—V,F(s,5)(S(t)—S(s)), |Rp(s,t)] < C|t—s|a+a2

Let yp(s,t) := V,F(s,5)(S(t) — S(s)), we have from lemma 2.4.1 that

¢_1 Z ¢(|F(tj+1a Stj+1) - F(tj> Stj)|)
[tjtj+1]€mn
tj41<t
<¢~! O(|Rr(ty tis)]) | +07 > bllyrts i)
[tj,tj+1]€mn [tj tj+1]€mn
tj+1<t tj41<t

(2.4.1)

<2¢7" Z O(|Rp(tj, tj41)])

[tjtj+1]€mn
tjy1<t

o D O(F (i S — (1, 5,))

[tjtj+1]€mn
tjp1<t

and since Rp(s,t) < Ot — s|**T®, we have

o DD d(Rrti ) | <ot DD G(Cltyen — )

[tjstjr1]€mn [tjtj+1]€mn
tipr1<t tip1<t
V1A
Furthermore due to a > Y¥—22— we know a + o? > @. Hence there exists € > 0
such that
2 1
O(Cltjr1 — 4|°7) < G(Cltja — 4[P@).
Then by the definition of p(¢), we see that

1 e p(d)—e/2
O(Cltjpr — t5|7@) < w([tjpr — t;])CPO Lty —ty] v,
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where w is continuous on R and w(0) = 0. Combine all above, we get

lim o™ | Y G(Re(ty ) | =0

[ty tj+1]€mn
tj+1<t

and we also have

i o |5 olhelt ) | =07 ([ e9aF G SIS

n—oo
[tjstj+1]€mn
tjp1<t

In fact, since V,F(t,S;) € B(Ar), there exist M > 0 such that |V, ,F(u,S,)| < M.
For each € > 0, there exists d > 0 such that

e

for all |x| < M, |y| < 0. Then we have for n large enough(i.e. osc(S,m,) <)

> (VL F (t5,5,)(S(t41) = S(5))])

[tj:tj+1]€mn,t 1<t

< > P(IVuF (5, Si)) 015t 1) = S(E)]) + €b(|S(Ej11) — S(E5)]),

[tjsti+1]€mn,tip1<t

Letting n tend to infinity and € tend to 0, we obtain

lim > ¢(!VWF(tj,5tj)(S(tj+1)—S(tj))!)Z/O P(IVLF (s, S5))d[S]%(s).

n—oo
[tj:tj+1]€mn,tj11<t

Then taking limit in (2.4.1), we obtain the result. O

In particular, if we set ¢(x) = |z|’ for p > 0, we have ¢(x) = lim,_,o ||$yy‘f = |z

Hence, we have the corollary

Corollary 2.4.3. Let p € RY, and a > ((1 + %)% —1)/2, m, be a sequence of
partitions with vanishing mesh, and S € V,(7) N C*([0,T],R). If F € C,*(Ar) such
that V,F € C,'(Ar)) such that F is Lipschitz-continuous with respect to du,, then
F(-,S) € V,(7) and

PSP - [ |V F(s, S PSP (s).
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V1A
Remark 2.4.4. Notice that there always exists o > % such that V, N
C*([0,T],R) is not empty.

Example 2.4.5. We can see ¢(x) = \/% satisfies Assumption (2.4.1). In fact, it
is strictly increasing and continuous and ¢(0) = 0. Furthermore,
¢ (v) = ! + ! > 0
V=logz = 2(v/~logz)® =
and
¢"(x) = = + ; > 0.

2z(v/—logx)®  4x(y/—logz)d

Hence ¢ is conver. And we have

log(—log z)

log ¢(x) = logz — 5

It is easy to check that v — x — log( 2) is conver. And

y—0 ¢(|y| =l —logz —logy ‘

Hence we have

F(S)P(t) = / IV F (s, S2)|dISIE(s).

2.5 Multi-dimensional extensions

The extension of the above results to the multidimensional case is not entirely straight-
forward, as the space V,(7) is not a vector space [84].

In the case of integer p, some definitions may be extended to the vector case by
considering symmetric tensor-valued measures as in [24] but this is not convenient for
the fractional case. Our definition below is equivalent to the definition in [24] when p

is an integer.

Definition 2.5.1. Let p > 1 and S = (S',---, 5% € C([0,T],R?) be a continuous
path. Let {m,} be a sequence of partition of [0,T]. We say that S has a p—the
order variation along m = {m,} if osc(S,m,) — 0 and for any linear combination
Se 1= Z?Zl a;S*, we have S, € V,(w). Furthermore, we denote pg, to be the weak

limit of measures

pE, = > 0(—1;)[Sa(tjr1) — Salty)".

[tj,tj+1] €Ty

We denote S € V,,(m) if S satisfies this property.

39



Remark 2.5.2. [t can be easily seen [29] that multi-dimensional fractional Brownian

motion satisfies this property along sequences of partitions with fine enough mesh.

Theorem 2.5.3. Let p=m + a withm = |p| and S € Vj(x). Assume f: R4 — R

satisfies

1. V™ f(z) € C2.(Sym,,(RY)) and there exists a sequence of open sets Uy such that

Uk+1 Cc U, and
V) = V@)

yoe |y — =[]~

= 0’
locally uniformly on Uf.

2. Setting C' = MUy, for all a = (a1, - ,aq) € R? we have

T
/ 1iswecydus, =0,
0

where pg, is defined as in Definition 2.5.1.

Then we have .
f(S@) — f(S(0)) = /0 Vf(S(w)dS(u),

where

/OVf(S(u))dS(u) = lim ) Zl! S(t;)), (S(tj11) — S(t;)%* > .

n—oo
t tJ+1}€7rnk 1

Before we prove the theorem, we give a lemma here.

Lemma 2.5.4. Let oy, - - - , aq be positive numbers such that p = Z?Zl a; > 1. Suppose
S € V() in the sense of definition 2.5.1. Then the limit of

Qg

Y HLSU(t) - S'(t)

[tj:tj+1]€mn

is bounded by a sum of p—th variations of 2¢ different linear combinations of components

of S.

Proof. For any positive number a, - - - ag such that p = Zfil a; > 1, Young’s inequal-
ity implies

o d QL

v < jIS’(ml) — 5'(t;)],

i=1

IS (t41) — S'(t)
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which shows that

1D e ? (tjs1) — S'(t;))I"-

ez—:i:l i=1

T [S" (t41) — S'(¢;)

By taking sum over the partition m, and taking the limit of n we then obtain desired
result. ]

Proof of theorem 2.5.3. The technique for the proof is the same as the previous theo-
rems. We only consider the situation t = T, the case t < T is similar with an o(1)

additional term. Using a Taylor expansion,

FS(D) = f(SO0) = Y Zi, < V™F(S(t;), (S(tj) — S(#;)*" >

[tj,tjr1)€mn k=1
g | < TS0+ AS) = S(0:) - T S()
(S(tyaa) = S > (1= X",

We denote last integral by R(t;,t,41). By Holder continuity of V™ f, there exists
M > 0 such that

V7 F(S(t) + MS(t1) — S(E))) — V™ F(S(E)]
N l1S (1) — 56| =M

This leads to
|R(tj,tj41)]

M L N . .
< gy | NS ) = SUIPIIS ) = S0 = 3™

For k € N, we divide the partition 7, into two components 7, := {[t;, t;11] € T, :
S(t;) € Up} and 72 :=m, \7l. On 7} we have

Yo Rt < Y MIS(t) = SEIMIS te) = S(t:) ™|

[t):t5+1]€my, [tj:tj1]€ms,
with M = % fol A*(1—A)™"1d\ and on 72, for each ¢ > 0, when n is large enough,
Y IRt < ) ellS() = SEICIS ) — S(t)*" |-
[tj:tja]ems [t tj+a]emn

In order to give our result, we need to give a bound for

lim Y (1S(t) = SEIS (1) = S -

n—oo
[t tj+1]€mn
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First we have .
1S(tj1) = SN < CY |5 (1) — S'(ty)|°
=1

for some constant C'. By Lemma 2.5.4, we know that each component of

Tlim > IS(t) = SEI(S (i) = S(t))=™

[tjstj+1]€mn

can be bounded by the sum of 2¢ different p—th varaitions of linear combinations of
path S. Hence

m ST 1S(ta) — SIS () — ()]
[tjtj+1]€mn
is bounded by some constant C'(S, 7) related to path S. This measure is dominated

by a sum of measures p, with enough terms r =1,--- , R. Then we have

lim > IRt i)

[tj.tj+1]€mn

< dm Y NSNS ) — SEIS () — S| +eC(S, 7)
[tjtj+1]€mn

<> /0 G (S(O)dus + €C(S, 7).

Here g, <1 1is a positive smooth function with support in Uy_; and gx|y, = 1. Letting

k — oo and € — 0, from the assumption on f we obtain the result. O

Remark 2.5.5. This result may be extended to time-dependent functions as discussed

above.

Remark 2.5.6. One cannot expect to obtain a multi-variate Taylor-type expansion up
to order p ¢ N in general. The simplest function f(x) = ||z||* with 0 < a < 1 does

not admit a Taylor-type expansion up to order o at 0 since the limait

O [
1m
220 |21 |* 4 -+ - |z g|®

does not exist.
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Chapter 3

Compact Support property of Rough
Super Brownian Motion

3.1 Introduction

The aim of this chapter is to give an affirmative answer to the compact support
property of rough super Brownian motion introduced in the paper [78] when studying
a branching random walk in a random environment(BRWRE).

Very similar to the recent path-wise construction of solutions to singular SPDEs,
such as the regularity structure introduced by Hairer[54] and paracontrolled distribu-
tion introduced by Gubinelli, Imkeller and Perkowski [49], the rough super Brownian
motion can be viewed as a 'path-wise’ version of the limit process of a BRWRE with
potential V™ defined by

Vi z) =& (x) =&"(@) — ¢y {€(%)}rezziid ~ nd

for ¢, ~ log(n), a given random variable ® with mean 0 and variance 1 and Z?2 = %ZQ.
In the 'path-wise’ sense, with a deterministic environment £ which exhibits similar
property with the samples of spatial white noise, the rough super Brownian motion u

is characterized by the following log-Laplace equation
E[e—<u(t),soo>] — o~ (u(0),Utpo) (3.1.1)
for non-negative ¢y € C>°(R?) and U, defined in Section 3.3. It is also mentioned
in [78] that p is super-exponentially persistent, i.e.
P[lim e~ (1), ) = o0] > 0
—00

for all A > 0 and nonzero positive function ¢ € C2°(R?). This indicates that with

positive probability, the mass of the rough super Brownian motion should grow
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exponentially and eventually it will spread out to the whole space R2. This is partially
due to the growth of spatial white noise ¢ at infinity which accelerates the branching
speed. Thus it is not clear if the rough super Brownian motion will stay in some
compact set in finite time or not. This is the object that we consider in this chapter
and it turns out that the rough super Brownian motion possesses the compact support
property.

On the compact support property of the measure-valued process, there are several
classical results by Janos Englénder and Ross G. Pinsky [32, 33|. They consider

measure-valued processes satisfying the log-Laplace equation

Efe#0:5] = ¢=(0))

where u; is the minimal non-negative solution to the evolution equation

uy = Lu+ Bu — au®  in RY x (0, 00),
u(z,0) = f(x) in RY, (3.1.2)
u>0 in R? x [0, 00),

where L =1 Z?,j:1 ai,j%;xj +3¢ bia%i and d is the dimension of the space.

Under certain condition (5 is bounded from above with some smoothness property
of «, B), they relate the compact support property of measure-valued process u to the
uniqueness of the non-negative solution of equation (3.1.2). However, it is impossible
with rough super Brownian motion since the coefficient § = &, which is only a
distribution.

Our study then takes a detailed look at the proofs of the classical results. It is
found that the difficulty lies in the understanding of limit behaviour of solutions to
the equation of zero initial value

3,5(,0:5'C(p—g<p2—|—¢ R, xR, H:=A+¢

when ¢ stays 0 in some compact domain, tends to infinity around this compact domain
and when this compact domain becomes larger and larger. To control these solutions,
we utilize the method developed in [74, 73, 14] ,which obtains interior estimation with
parabolic shrinkage of distance for ®3 equation. By adapting the method to our case,
we are able to describe the limit solution in the mild solution formulation and give
the affirmative answer to the compact support property of the rough super Brownian

motion.
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3.2 Notations

We set P, := [—n, n|? throughout this chapter and we will use z = (¢, z) for space-time
points, while ¢ represents time and x or y represent spatial points only.

For any region D C R?, and 0 < Ty < Ty we set DT012 .= [T}, Ty]x D. When T} = 0,
we simply write DT = D%T. For r > 0, we define D, := {x € D : d(x,0D) > r},
where d means spatial distance:

d(x,z) = |z — | = Er%axdﬂxi — T} (3.2.1)

e

We also write d’ for the space-time distance with parabolic scaling,

d((t,2), (f, 7)) := max {\/|t |z — :z|} . (3.2.2)

Furthermore, for space-time points z € Ry x R? and R > 0, we define the ball
B'(z,R):={z€eR, xR?: d'(z,2) < R,t < t}. We also define B(z,R) := {z € R :
|z — z| < R} and B(z,R,T) = B'(z,R) :=[0,T] x B(z, R).

The Fourier transform of f € LY(R?) is defined as

Tf(k) = / e ),

and it is extended to (ultra-)distributions f by duality.

3.2.1 Notations on the regularity

The symbol & will always denote a “typical realization” (i.e. satisfying the regularity
requirements mentioned below) of a spatial white noise or a mollified spatial white

noise on R?. We also define J¢ by the equation

—AJE = x(D)¢ (3.2.3)
for a smooth function y which equals 1 outside of (—%, }l)d and equals 0 on (—é, %)d

And we consider the two-variable distributions (functions in the case of a mollified

white noise) formally defined as

(£X)(z,7) == &(2)(X(T) — X (), (3.2.4)

where X (z) = z, and

(&) (x, 7) := (9€(x) — I(2))E(x) = C, (3.2.5)
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where C' is a renormalization constant. We will discuss below that for a.e. realization
of the (mollified) space white noise in d = 2 these distributions are well-defined.

To measure the regularity of distributions, we follow the approach of [14, 73, 74|,
but we are more restrictive in the choice of ® below because this allows us to compare
the regularity defined here with classical notions of regularity, which is not so clear
in [14, 73, 74]. We fix a non-negative (and non-vanishing) smooth and symmetric

function ® on R? with support contained in B (0, %) Define

Then & is a non-negative symmetric smooth function with support contained in B(0, 1),
and F® is strictly positive on R%. In fact, F& = ((F®)?) % ((F®)?) and (F)? is
non-negative and real analytic due to the symmetry and compact support property of
®. Lojaciewicz’s structure theorem [60] tells us that the set of zeros of a d dimensional
real analytic function is of Hausdorff dimension d — 1, hence a null set. However, if
F® = 0 for some point x, it requires the zero set of F® to be of infinite Lebesgue
measure. This is a contradiction, which means F® is strictly positive. Multiplying
with a positive constant if necessary, we may assume that the integral of ® over R?
equals 1.
Next, for § > 0 we set ®°(z) = 6 ®(%) and define

Tom .= P02 P02 gL O and Vo = lim Wo",

n—o0

Then we have ¥® = &3 U3 and so the Fourier transform of W9 is still strictly positive.
Indeed, if FU(z) = 0, then from FU® = FP2FU: and FP3 > 0 we deduce that also
FUo(2/2) = FU/2(2) = 0. Iterating this, we get FU°(27"2) = 0 for all n € N and
therefore FU¥°(0) = 0 by continuity. But this is impossible because F¥°(0) = 1 by
construction.

With the function ¥, we define local norms of distributions of negative regularity.
We use (+); to denote the convolution with W, and (+);,, for the convolution with
Uon for n > 1. For example, f; = f * ¥°. On a set D C R? and for o < 0, the local

a—Holder seminorm of a distribution f is defined as

[ flla,p = sup 67| fs[|p, (3.2.6)
6€(0,1]
where || - || p is the supremum norm over D. Note that || f||..p depends on f on the

set B(D, 1), but this will not influence our result since we will only estimate functions

that are defined on the whole space. In particular, for the space white noise &, its
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multiplication with spatial variable £ X and for the related distribution (J¢)§ we have

a.s.
1€ln—1— == [I€]lp,—1-e = sup sup 6'*|&s(x)| < oo, (3.2.7)
2€Pp 5€(0,1]
IEX | = sup sup & / (€X) (2, 2) W (z — 7)dz| < oo, (3.2.8)
x€Pp 6€(0,1]
1(IE)E]|,—2¢ := sup sup 0 /((Jﬁ)f)(m,y_c)\lf‘s(x —Z)dz| < 00, (3.2.9)
2€Pp 5€(0,1]

for all n € N and all € > 0.
We will also work with functions U(z,z) of two variables, and we will write
Ut,z,z) == U((t,z),(t,z)). For a € (1,2), the a—Hdlder semi-norm for U(¢,-) on D
for points with distance less than r is defined as
tr.7)—v- (7 —
[U(t,)]a.psr:=sup inf sup Utz 7) — v (2 =)

2D VER ze D\ [z} |z — z|*
|Z—z|<r

Note that [U(t, )]a.p,» < 00 requires that U(t,z,z) =0 for all z € D. And if U(t, ) is
smooth in both its variables, then at the point x the optimal v is the spatial gradient
of U(t,x,-) at the point z. We also define U(z,%) = U(z, %) — v(x) - (Z — ) when the
spatial gradient of U(t, z, ) exists at point  and is denoted by v(z). As shorthand

(3.2.10)

notation we define:
[U(t; o, = [U(t )]a,p.00-
In addition, for a € (0,1), we use || - ||o.p (resp. []a.p) to denote the a—Holder
norm (resp. semi-norm) on D, and || - ||a,p, (resp. [-]a,ps) to denote the a—Hdélder
norm on D within spatial distance r. For space-time functions f on [0,T] x D, we

define the semi-norm

f t,[E - f ta'f
[f]CT(a,D,r) = Ssup [f(ta ')]a,D,r = Ssup sup | ( ) — i >| .
0<t<T 0<t<T Tc;ﬁa’ce‘D, |z — 7|
r—x|<r

To be consistent with the negative Holder-norm defined above, we write

[']a,D = Ha,D,l-
This also extends to norms and to the weighted (semi-)norms that we introduce below.
On the whole space R¢, we will simply write

I Mo := 11 llare:

Similarly, for functions of two variables we define
[U]C’T(a,D,r) = sup [U(t7')]o¢,D,r-
0<t<T

For simplicity, we will drop the o when we are valuing the supremum spatial norm.
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3.2.2 Notations on weights
We use the same weights as in [71].

Definition 3.2.1. We write

Wl (@) == log(1+ [2]),  wPP(z) = 2|7,

g

where v € R, 0 € (0,1). Forw € w := {wP'} U{w®P|o € (0,1)}, we denote by p(w)
the set of measurable, strictly positive 6 : R4 — (0, 00) such that for some A = A(6) > 0

we have
0(z) SO(y)e™ v, xyeR”

We also write p(w) = U, 0(w). The objects § € p(w) are called weights.
Remark 3.2.2. We will mainly consider weights

pla)(w) = (L+[a)®,  e(l)(x) =,
for non-negative a,l.

For any norm defined in the previous subsection, we may add a weight 6 € g(w)

and consider a corresponding weighted norms. For example, we define

w.Dro) i=Sup su
Jlerpen =3 S0 ke — gl
le—y|<r

for a € (0,1), and for a < 0

1 fllcra.p.) = sup sup 0=*||f(t, )50 .
t<T 0<5<1

This also applies to special norms that include noise £. For example, we have the

definition

H(jf)én—%,w,e :=sup sup 6%
z  §€(0,1]

01 () / (96)6) (2, 2) V(& — B)dz|,  (3.2.11)

In addition, we will consider weighted Besov spaces. Let p_1, pg € C.(R?) be two
non-negative and radial functions such that the support of p_; is contained in a ball
B C R%, the support of py is contained in an annulus {x € R?: 0 < a < |z| < b} and
such that with

pj=p(27),  jeN,

the following conditions are satisfied:
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L Y2 pi(x) =1 forall z € RY;
2. supp(p;) N supp(p;) = O whenever |i — j| > 1.

To deal with weights in p(wS®) we need to consider ultra-distributions, and in particular
we need to assume (which is possible) that the partition of unity is in 8 e, the space
of smooth functions f such that f, Ff and all their derivatives decrease faster than
e ™" at infinity, for any A > 0. The topological dual of 8,, is denoted by 8! and it
is called the space of ultra-distributions. Here we do not need to know much about
ultra-distributions and we refer to |71, Section 2.2| for a more detailed discussion.

Given w € w and a partition of unity with p_1,py € S, we define for any ultra-
distribution f € 8, the Littlewood-Paley blocks of f as

Aif =5 HpF(f),  G=-1

Definition 3.2.3. For « € R,p,q € [1,00] and 0 € o(w), we define the weighted Besov
space BS (R, 0) by

By, (RY,0) == {f € 8, : || fllng,map = (2107 A fllo)]les < 00}

Note that we consider ||07'A; f||r», while in [71] it would be ||0A;f]|z». In the
notation of [71] our weighted Besov space would be called By q(]Rd, 6-1).

Next, let us compare the different notions of regularity.

Lemma 3.2.4. Let o € (—00,1)\{0}, 8 € p(w), and let f € 8., be an ultra-distribution
on R? such that || f|lay < co. Then f € BS (R, 0) and

1f1Bg, o @r0) S 1S llaco-

Proof. We divide the proof into two parts. When a > 0 and k£ > —1, we have

Af(x) = (T pe) * (f = f(2))(2),
since [ F~tp(x)dr = p(0) = 0. Using the definition of || f||o0, we estimate
(T o) * (f = f(2)) ()0~ ()]

<

< gk (1 ; \ [ sl oy

/ |<ff-1pk><y>|-\y|ady'+ / |<ff-1pk><y>|<1+e*<9>w<y>>dy]) 1l
lyl<1 ly|>1

) Fllas < 275 Fla
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The last inequality holds because py € 8,. The estimate for k = —1 is similar and
therefore the result is true for a > 0.

Next, we consider the case a < 0. The k—th block of f is given by

Apf =F " (0T f)

-7 (:ﬁpé TIIV)

=5 (L) 5<1
where we used that FW° is strictly positive. With § = 27, we have for k > 0:
e < (£
— Po Aw
~ H? (ff\pl) ¢

where we used that e?(2 "2 < () Let us assume HS"_l (%) e’\“’HLl < oo for now,

| f50~ || £
Ll

—ka
27

Ll

which we will show at the end of this proof. Then

ke Ay f - 07! Hff ()| | <oc.
Sup 2| A -6l Fut) ¢ =
For k = —1, we choose § = 1 and obtain
1 Aw
1AKS 071 < H”f (Nl)e <

Thus, f € B . (R%6).

Now, let us prove that ||F~! () )\UJHLl < 00. The case w(z) = log(1 + |x|)

Ful
follows directly from the fact that p_;, py € C° have compact support. For the case

w(z) = |2|°, we only need to show that for any A > 0

() e,

and by Lemma 3.7 in [71] this follows if for all 6 > 0, there is C' > 0 such that for all
[ >0andi=1,2, we have
!
|2 )l

Now on the support of py, we have, by applying Leibniz’s rule to 1 = FU! .

i%( )D’c (FUH DL~ k(?fpl)

<5 o'CH(N)7.

\Ijl?
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By induction (make use of || DF(FU!)||p~ < C¥ for some constant Cy since ! is

compactly supported), we can show that on the support of py,

1
deoin
P (o),

for 6 < 1, and the constant in the inequality can be chosen proportional to es. Hence,

<5 OFCF (kD)7

again by applying Leibniz’s rule to D! (3%), it remains to bound

> () Dtms-rei (- ki

k=0

Ll

Now we use that py is compactly supported and that py € 8, (R?), which gives

k+d

g

7]
R el 1
IDEmllr 5 IDEmlo= el 5 [ lalfe e s (S54) 7 < ey
Thus, we obtain the result. O

Remark 3.2.5. The reverse inequality || flla,0 < || fllBa, . (ra9) also holds. But we do

not need this, so we do not include the proof of it.

We will also measure the time regularity, so we consider also the norm

[ flleo®aey = I fllor@rae) + 11 L5

CZ (R0,

where
1£] s —  sup 1£(t) — [(5)||rap,
CF ®40) " gcacter it — 5|2 '

and 6. is a time-dependent weight. If we do not specify the time-dependence, then we
choose 0; = 6 and just write £$(R?, 0).

3.3 Rough Super Brownian Motion

Here we recall and extend the definition of the rough super-Brownian motion from
[78]. From now on, we will work in dimension 2 and in what follows the letter d
will not represent the dimension. While our arguments are dimension independent
they do need regularity requirements that the white noise only satisfies in d = 2. In
higher dimensions we could consider a slightly mollified white noise and apply the
same arguments, or we could treat a 3d white noise with the same approach but at
the price of more technicalities. In d > 4 the parabolic Anderson model with white

noise is scaling (super-)critical and there does not exist any solution theory for it,
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and thus in particular there exists no rough super-Brownian motion with white noise
environment in d > 4.

We fix a parameter x > 0, which will describe the strength of branching in the
rough super-Brownian motion. Let ¢y € C%°(R?), ¢ > 0 and ¢ € C.(R?),¢ > 0. We
use Uf’ o to denote the solution to the equation

_ _ kK, 2 : 2
atgp - J-CSO 2%0 + ¢7 m R+ X2R 9 (331)
90(07 ) = ¥o; on R )
where H = A + £ is the so-called Anderson Hamiltonian; see the next section for the
solution theory, where it is also shown that Utd’cpg > 0 for all t > 0. Just to clarify the
terminology, note that for kK = 0 and ¢ = 0 this equation is the parabolic Anderson
model. We will discuss the solution theory of (3.3.1) in the next section. In particular,
we use Uy to denote the solution for ¢ = 0, i.e.
_ _ k2 : 2
atgo - J—("QO 290 ’ m R-F X2R ) (332)
©(0,+) = v, on R*.
The definition of the rough super Brownian motion only requires making sense of
equation (3.3.2), which can be solved as long as the resonant product I€¢ ® ¢ is provided.
Here we write
fog= Y Aifdyg,  fog= ) Ay,
i<j—1 li—jI<1
for the paraproduct and the resonant product; see [49] for the estimates on © and ®
that we will need.

We let € > 0 be small enough (e < 1/3 suffices) and write the regularities of the

(2d) white noise and related distributions as —1 — ¢, —2¢, etc. We make the following

assumption on the noise &.

Assumption 3.3.1. Let &, to be a sequence of smooth function, we assume there

exist distributions £,J6 ® £ and constants C,, such that, with some € < €, and
i (€0 = €l|1oompw =0, Hm [Ta © & — Co = I @ €]l ae gz iy = 0,
for all a > 0, where —AIJE, = x(D)E,.

Lemma 3.3.1. Suppose {&a}ac(o) @5 a sequence of smooth functions indexed by o

satisfying assumption 3.5.1, then we have that

HfaHflfG’,RQ,p(a) < o0, H(jéa)gaka’,R?,p(a) <00

uniformly over o for all a > 0. Conversely, it is also true. So these two conditions

are equivalent.
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Proof. Suppose the assumption 3.3.1 holds. It is obvious that ||{a||—1—e g2 p@) < 00
by the equivalence of two definitions of Besov norm. For the latter one, we have the

decomposition

(jga(f) - jga(x))ga(f) - Ca
= j&a © 504(53) + jfoz O] ga(j) + 504 © jfoz(-’i) - jfa(.’lj)fa(f) — C,.
From the theory of paracontrolled product [49], we know that £ © J¢ has the regularity

—2¢’, together with the equivalence of two definitions of Holder space, we know

sup sup 6% < .

z€R2 6€(0,1]

/(Jéa ©&a(®) = Co + &0 © 16.(2)) ¥ (z — 2)dz

uniformly over a € (0,1). It remains to check

sup sup 6% < o0 (3.3.3)

z€R? §€(0,1]

/ (96 © £(7) — Tea(2)a(@) W (z — 7)dz

We now consider a modelled distribution f™(z) = J¢(x)Z with regularity structure of
PAM such that II,Z = &, see [54] for more detail. Due to theorem 6.10 in [49], since
the regularity of the modelled distribution is small than 0, the reconstruction operator
can be taken by the bony product €. Thus, the inequality (3.3.3) holds. The converse

is basically the same, so we have the equivalence. O

This assumption is an alternative version of one of the assumption in the Assump-
tion 2.3 (“Deterministic Environment”) in [78|, which guarantees the well-posedness
of the PAM and hence the existence of the rough super-Brownian motion. The as-
sumption is satisfied for almost all sample paths of the space white noise on R2, see
[78].

Let M(R?) be the space of finite positive Borel measures on R?, equipped with the

topology of weak convergence.

Definition 3.3.2. Let £ satisfies Assumption 3.3.1. Let k > 0 and let p be a process
with values in the space C([0,00), M(R?)), such that u(0) is compact supported. Write
F = {TFihco,0) for the completed and right-continuous filtration generated by p. We
call v a rough super-Brownian motion (rSBM) with parameter k if it satisfies one of

the two following equivalent properties:

1. For any t >0 and py € C2(R?), o > 0 and for U.pq the solution to equation
(3.3.2) with initial condition po, the process

NY°(s) = e~ w8} Ui—swo) s € [0,t]

is a bounded continuous F — martingale with respect to s on [0,1].
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2. For any t > 0 and ¢y € C(R?) and f € C([0,t]; CS(R?,¢e(l))) for some ¢ > 0
and | < —t, and for ¢; solving

Ospr + Hepy = f, s € [0,1], 0i(t) = @o. (3.3.4)

it holds that

s = M7 (s) = (u(s), @ils)) — (u(0), 4(0)) — / dr(p(r), f(r)),

0
defined for s € [0,t], is a continuous square-integrable F—martingale with
quadratic variation

METY, = / dr (u(r), (o0)*(r)).

0

In order to discuss the compact support property of the rough super-Brownian

motion, we will need to generalize the first definition of the process.

Lemma 3.3.3. The definition of the rough super-Brownian motion is equivalent to
the following property: For anyt > 0 and ¢y € C°(R?), ¢ € C(R?), @, ¢ > 0 and
for U%pq the solution to equation (3.3.1) with initial condition ¢g, the process

NFo?(s) = e~ ) UL sp0)=Jg driu(r).4) s € 0,1

15 a bounded continuous F — martingale. In particular, the rough super-Brownian

motion satisfies
E [e—<u<t),¢o>—.fgw(r),@dr — e ((0).Uf%0) (3.3.5)

Proof. Clearly the condition is sufficient, because it is stronger than our first character-
ization of the rough super-Brownian motion. To see that it is also necessary, consider
©i(s) = U? ,po with time independent function ¢ € C°(R%). Then ¢, satisfies equa-
tion (3.3.4) with f = £(¢;)* — ¢. Hence, Ito’s formula applied to F = e € C*(RY)
yields

Vo) = (oo + [ artutr.o)

= NP0 = [ NP utr). G )

1 S S
g [ Ny - [N ),
0 0

Now since

gy, = [ " dr (u(r), (g0)*(r)),

0
the drift terms vanish and N¥° is a local martingale. As N¥°? is bounded it is a

true martingale. O]
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The compact support property of a measure-valued process is formulated in the

following definition.

Definition 3.3.4. Suppose p is a stochastic process with values in C(R,, M(R?)).
We say that p possesses the compact support property iof for all t > 0

P [( U suppu(s)) is bounded] =1

0<s<t

Now we are ready to state our main result.

Theorem 3.3.5. The rough super-Brownian motion on R? possesses the compact

support property.

The proof is given in Section 3.5. Let us formulate several necessary steps now,
following Engléinder and Pinsky [32, 33]. Recall that P, = [-n,n]? and consider
regions P = (—n — %,n + %)2 Let ¢, € C° be such that

0, re P, UP .,
o (z) = ¢ m, z € (PN P,
o (z) € [0,m], elsewhere.

Then consider ©™(t) := U™ 0, where 0 is the function with value 0 everywhere.
Define A} := {u(s)((P,)¢) = 0,s < t}. Since the rough super-Brownian motion has

continuous trajectories in M(IR?), it follows from (3.3.5) that

plar) = i e (— [ (a0 0ps)|
= lim exp (—(u(0), ¥3'(t))) -

m—r0o0

Hence

P [( U supp u(s)) is bounded]

0<s<t

= lim P[A}] = lim lim exp (—(u(0), ¢n'(t))).

n—oo n—o0 m—oo

Thus, our goal is to show that lim, lim,, " = 0. In [32] this is based on explicit
supersolutions, which works because they assume £ to be bounded. In our case we
do not know any explicit supersolutions, and instead we will derive nonlinear interior
estimates for (3.3.1) by adapting the methods of [73] for @3 to our setting. We leave
the discussion of the well-posedness of (3.3.1) to the section 3.5 and discuss the interior

estimates first.
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3.4 Interior estimates

Here we consider positive solutions to the equation

{atU:(A—i—f—C) — QU , IHRJFX:P”, (341)

u(0,-) =0, in {0} x P,

where £ is a typical realization of a mollified white noise on R?, C is a renormalization
constant, and we do not specify any boundary conditions on 9P,,. We will use the
nonlinearity ——u to derive uniform bounds for u on the interior of P,. Most ideas in
this section come from the works of Chandra, Moinat and Weber, |73, 14, 74|, with

some changes to enable estimations near time 0. We define the two-variable functions

U(z,2) := u(z) — u(z) — u(2)(%(7) — I()), (3.4.2)

and

U(z,2) :=U(z,2) —v(2)(z — ), (3.4.3)

where v(z) is the spatial derivative of U(z,-) at z. Note that we are working with
regularized noise, so all the functions we encounter are smooth and the derivative v(z)
exists. Of course, our goal is to derive estimates that are uniform in the mollification
parameter.

The main estimate in this section is:

Theorem 3.4.1. Letn € N, 0 < < n. If u solves equation (3.4.1) in [0,T] x P,

then we have: X .
||u||CTan_z 5 max {l_27 ||7—| 7?17('1\76) LT E (.T} (344)

for T ={&,(3)&,£X} and Py = [—n +1,n —1]>. Here |T| is the regularity of T and
n, is the number of nodes in the tree. The implicit constant in “<” only depends on

k, U and €.

The proof is inspired by the paper [74]. We divide the proof into several lemmas.

As a direct consequence, we get a bound for weighted norms of u.

Corollary 3.4.2. Let r > 0 and let 0 € p(w) be a weight such that 0 is a radial
function that is increasing in |x| and such that 6(0) > 1. Let u solve the equation
(3.4.1) in [0,T] X Pyry1. Then

lully g grtey S1H S TN, (3.4.5)
7=¢,(3§)¢
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Proof. We take n = r + 1 in the inequality (3.4.4), then we have

2
[ullerp, S max {1, [l SR ‘J‘}

Then we check the 07 weighted supremum of u between the radius r» and r + 1,
which should be controlled by

2
efeW)max{e(rH)l,e(H 1)~ mra ||| 709 Tei}

r+1,|7]
Since 6 is increasing, we obtain the result. O]

Remark 3.4.3. In the proof of Theorem 3.4.1 we will not only derive bounds on
norms of u, but also bounds on norms of related functions such as U,v (see for ezample
(3.4.21), which is true without assumption (3.4.31), and choose carefully the quantity

do to get an estimate on [U)cy(2—2¢,0,,4))- Moreover, we can also control the regularity

of u and we get for f—pre
lullopep.a S 1+ Z |7 \:fr(flTT@ (3.4.6)
T=¢,J€€
The same bound holds for ||1/||CT(1726’9,T76,~)7 HU”CT(fPT,é) and [U]CT(Z—ze,fPr,é)'

2

Proof. Let C' = max { 7] "0 7 = €X, Jff,f}, choose dy = ¢oC~2 and substitute

n,|7]

it into the inequality (3.4.21) with D = P.—1, we obtain that

(2)_260_1+6 [U] Cr(2—2¢,Dg,do) Sco ||u||CT(D)’

for ¢y < ¢1, where ¢; is defined in lemma 3.4.12 and does not depend on n. To estimate
the Holder norm of u, we combine equations (3.4.23),(3.4.26) and equation (3.4.25)
to get

[lera-epad S Ulere-2epiad ~ + [tllorp,In1—c + lullerp,d ™
for any d < dy. Now substitute dy = COC_%, we have
[uler(1-epagan) S (63 TCT +CF)
Thus, we have actually
[Wler-eng) S (g +1)C dy " lullor(p)
This then gives the result. O]
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The proof of Theorem 3.4.1 will be based on a series of lemmas whose proofs are
in Appendix B.1. To start with, we give an interior supremum norm estimate for a

simplified equation.

Lemma 3.4.4. Let T > 0 and let u € C* solve

(0 — Au=—u*+g nl[0,T]xP,,
u=20 in {0} x P, (3.4.7)
u > 0,

where g is a smooth and bounded function. Then the following point-wise bound on u
holds for all z = (t,z) € [0,T) x Py

u(t,x)gzs.max{ ! )271,:172},\/y\gy|om}. (3.4.8)

min{(n — z;)%, (n + z;

The proof is on p. 142 in the appendix. We then have a direct consequence of this

lemma for the equation (3.4.1).
Lemma 3.4.5. Let u be solution of the equation (3.4.1) with k = 2. Suppose R > R’
and r + R < n, we have for any 0 < 6 < 1,

1 _
||U||CTTPn_T_R < max {(R_—R,)27 s e[U]CT(ke,oﬁn_r_R,H,a),

1 1
3 oer 13 3.4.9
||u||éT(:Pn—r—R/+§) : [u}éT(l_e7?n—r—R’+676)’ ( )
i€ = Nl b
Proof. Let’s first convolute the equation (3.4.1) with ¥ to obtain
(8t - A)u(; = (uf)g — CU5 - (u2)5. (3410)

Rewrite the equation (3.4.10) to
(0 — Aus = —u3 +ui — (u?)s + (u€)s — Cus.

Then the Lemma 3.4.4 shows
lusllre, . w S max{(R—R)2 = ()51, 0

(€ = ONslléyo )

n—r—R’) ’

Since for any region D C R?,

|us — ullops) Sw 6 [uler-en.s),
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and

(u5 — (u?)5)(t,7)

- / Wz — ) (u3(t, 1) — u2(t, y))dy
= 2 [ W~ y)(uslta) ~ ult.) [ Oust.o) + (1= Ve, ) dAdy
S Nult sy [ W(a = p)us(tin)  ult.) + ut.o) — ult,)dy

S lut s /\I,a(x =)@ +d(@,y)" ) ult, Ve bes).sdy

S MullerBeand ™ ulera—eses).s,
we then have the result. O

In order to estimate the norms, we need to adjust two lemmas from [74] to our
setting. The first one is a variant of Hairer’s reconstruction theorem [54]|. Recall the
notation B (z, R) = [0,T] x B(x, R), where B(z, R) is the closed ball with radius R
and center z, and that W° is the function from Section 3.2.1 with which we measure

regularity.

Lemma 3.4.6 (|[74], Theorem 2.8). Let v > 0 and let A be a finite subset of (—o0,7].
Let T > 0,0 € [0,1) and x € R?. Let F : BT(x,8)> = R be continuous and such that
for all B € A there exist constants Cs > 0 and vz > v such that for all 6 € (0,6), for
all v, € B(x,6 — 6) and x5 € B(x1,0)

’/ U (g — y)(F(t, 21, y) — F(t, 2o, y))dy’ < Z Cpd(z1,29)9 P8P, (3.4.11)
BeA
uniformly in t € [0,T]. Then f(t,z) := F(t,z,x) satisfies for all t € [0, T
[ - ) - S| £ 3o, (3.4.12)
BeA

where the implicit constant in “S” only depends on A and .

To be precise, the formulation of this lemma is slightly different than in [74] because
the time variable appears differently. But the proof from [74] works verbatim in our

case, we just have to freeze t € [0,7]. As a consequence, we get the following estimate,
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where we recall that

‘u(ta iL‘) _ U(t, j)'
u(t, - a,Dr0 = SUp —
it Neboe = oy " =l
r—T|<r

I

. \U(t,z,z) —v-(z—z)|
U(t,-))gpre :==sup inf sup _ 7
el zeD veR? zeD\ (s} 0(x)|z — z|°
|z—z|<r

for a € (0,1) and for 5 € (1,2).
Lemma 3.4.7. Let u be the solution to the equation (3.4.1). The following bounds
holds for any weight 0 € p(w) and for z = (t,x) with x € P,:
|((w = u(2))8)s(2) — Cus(2)0* ()
S P OD(ult )]1- )09 n,-2e0
+ Ut )]2-2e.8(z.6)56l€lln-1-co (3.4.13)
o (2650050 16X e
+[u(2)|07 (@) [ 96€|ln,—2e.00 ¢ + |v(2)|07 (@) X [|n,—e00 ",
where, by a small abuse of notation, we write w(d) = w(x) for some (and thus all) x
with |x| = 0.
Proof of Lemma 3.4.7. Recall that U(z,-) = u—u(2) —u(z)(J¢ — I&(z)) and Uz, -) =
U(z,-) —v(z)(- — z) and therefore
(0~ u(=)8)s(=) ~ 2
= (U(2,)8)s(2) + Clul(z) — us(2)) + u(2) (9 = I§(2))§)s — C)
+v(z)((- = 2)§)s- (3.4.14)

For z = (t,z) with x € P,, we bound the last two terms on the right hand-side by

07*(2)|u(2)(((9€ = I&(2))€)s — C)(2)] < 07 (@) [u(2)[[|9E& [ln,—2e00 ™ (3.4.15)

and
072(2) v (2)((- = 2)€)s(2)] < 07 (@) [ ()|EX In, e 00" (3.4.16)

To control the remaining terms in (3.4.14) let
F(t,x,z) = U(z,2)&(7) + C(u(z) — u(z)),
where z = (¢,z). Then
F(t,xy,y) = F(t x2,y) = (u(z2) — u(z0))((0(y) — IE(22))E(y) — C)
+U(t 21, 2)€(y) + (v(22) — v(21)(y — 22)E(y)-
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Hence, for 6 € (0,6) and for 21 € B(x,6 — 6), x5 € B(x1,6), we have

[ ¥ =) (F ) - Pt )y
< 0(x9)* ([u(t, Mi—eB@.s) s0d(T1, 22) " IEE] 2000 >
+ [U(t, ))o—2e,Bz.6)50d(x1, 22)* 7 2|€ ]l n—1-c00 ¢
+ [v(t, )] 1-26,B(@,5),0,0d(21, I2)172E”€X”n,—e,9576>

Thus, using that f(t,z) = F(t,z,x) = 0, we obtain from Lemma 3.4.6 the bound

G‘Z(I)KU( )+ Clu(z) — us(2))]

’ /\115 F(t,x, y)dy}
S €2>\(6 w(5)51—3e ([u(t, ')]1—6,B(5L‘,5),5,9 ||j§£||n,—25,9
+ [U(t, .)]2726,3(175),5,9||€||n,—1—670
+ [t V1265050 1€ X In, 0 )

Plugging this back into (3.4.14), together with (3.4.15) and (3.4.16), we obtain the

claimed bound. O
As a direct consequence, we have
Corollary 3.4.8. Let u be the solution to the equation (3.4.1) and 0 € p(w), we have

|(u€ — Cu)sllcr(ps.02)
So o 0 ([Wler(-e0,60) 196 ln 260
+ [Ulor@-26,060) €lln-1-c0 + [V]cra-2¢050) 1§ X [[n,-0) (3.4.17)
+ [ullors.0) (19l In, 200~ + 1€ lln,—1-c06 )
+ [Vl oz s [|EX N1n,—e,00 ¢
Proof. We have
[(u€ — Cw)sllor(ps,02)
S ((w = w(2))€)s(2) — Cus(2)|lorps,02) + [[usllor(ps02)

then apply lemma 3.4.7, we obtain the result. O

We also need to adapt a Schauder estimate for functions of two variables from |74]

(a variant of Hairer’s Schauder estimates for modelled distributions [54]):
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Lemma 3.4.9. Let T > 0, k € (1,2) and let A C (—o0, k] be finite. Let U be a
bounded function of two variables defined on a domain DT x DT such that U(z,z) =0
for all z € DT and U(0,-,-) = 0. Let dy > 0 and assume that for any 0 < d < dy and
L < 4 there exists a constant MS;L such that for all base points x € Dy and length
scales 0 < L, it holds uniformly in t that

B0 — AUs(t, 2, |y < MY >~ 67 L5. (3.4.18)
BeEA

Assume furthermore, that for L1, Ly < % there exists a constant M gd) 1.1, Such that for
any x € Dy, for any v, € B(x, L) for any x5 € B(x1, Ly) the following 'three-point
continuity’ holds:
Ult ~U(t ~U(t <MY d bd "8 (3.4.19
| ( ,JJ,.I‘Q) ( ,ZL’,J,‘l) ( 7I17x2)| = ‘¥ Dg,L1,Lo ($1,ZE) (132,171) : ( -k )
BeEA

Additionally, define

MDY = sup d* MY M® .= sup d*M .
i e IR L den D

Then

sup d* U]y (r,00) S MY + MP + sup U7 - (3.4.20)
d<dp d<do

Here, " <' denotes a bound that holds up to a multiplicative constant that only depends
on k and A and T.

The proof is on p. 145. As a direct consequence we get an estimate for v, with the

same proof as in [74]:

Corollary 3.4.10. Fiz 0 < d < dy such that Dg # (). Assume that Dy satisfies an
interior cone condition with parameter d > rq > 0 and X € (0,1), i.e. for allr € [0,7,],

for all x € Dy, for any vector v € R?, there exists y € Dy such that d(z,y) =r and
v (y — )| = Alvld(z, y).
Then for the optimal function v in inequality (3.4.20), for all r € [0,714],
Mv(t Mpa < [UE N wpaar™ + U ) pgrr™
If inequality (3.4.19) holds for allt € [0,T],x,x1,x2 € Dy, we have for r <1y,
vt Voot S (U wpga+ Mgy g+ U0

Here ' <' denotes a bound that holds up to a multiplicative constant that only depends

on A\, k and A.
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Recall the definition (3.4.2) and the definition (3.4.3)

U(z,2) == u(z) — u(z) — u(2)(JE(7) — I(x)),

we apply lemma 3.4.9 and the corollary 3.4.10 to the function U and obtain the

estimation

Lemma 3.4.11. Let u be solution of the equation (3.4.1) with k = 2. For any region
D CP,, and dy > 0 such that D contains a ball of radius dy, we have

sup d**[Ulepo-26040) S sup{Allullcrp + BE*[Ulope-2enga},  (3.4.21)
dgdo deO

where

A=lulor + dIEX) + (X e+ BEae + €l
+d2_26([jg]n,1—5||€||n,—1—€ + [35]271_6 + ||€X||n7—e[j£]n71—e + ”j€£||n,—26)
+d* 2 ([0€]n1—e |1 TEE n,—2¢ + [IE]2 1_ N EX NIn—e) + 1,

and
B=  d7(|&lln-1-c + [B]ni-e + [€X In-)
+ A (|TEE I, -2e + 16X [ln.e[IE]n1-c)-
Proof. For any L > 0,0 <0 < 1,let x € Dy445,% € B(z, L) C Ds. We have
(0, — A)U(t,z,)s(T)
_ /\11‘5(92 _ )0, — AU (L, @, 7)di

= (u(€ = 0))s(2) — u(2)8(2) — (u*)s(2) + u(2)((1 = x(D))€)s(2)
= ((u—u(2)€ = Cu)s(2) — (u*)s(2) + (u(2) — u(2))& ()
+u(2)((1 = x(D))€)s(2)-

Since (1 — x) is compactly supported, (1 — x(D))¢ is smooth and the supremum norm

is bounded by a constant J(, x). For other terms, we have estimations

|(*)5(2)] < lJult, Mbs) < lullép,

and

|(u(2) = u(2))&(2)]

IN

d([lﬁ', j)l_g[u(ta ')]176,B(x,L),L ||$||n,_1_16(§_1_E
L [U(t, ')]1*6,B(I,L),L Hf”n,flfeé_l_g-

IN
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For x,L,d,d,st. v € Dg,0 < L < %,d < dy, we have

H (at - A)U<t’ z, ')JHB(J:,L)
§||U||QCTD + LI_E[U]CT(].—E,D(S,L)||€||n,—1—65_1_6
+ 6" ([Ul oy (1—e,B(a,L+6).6) 1 TEE I, —2e

+ [Uler2-2¢,Bz,046),0) 1€l n,—1—¢ + [V]or(-26,B(z,0+6).6)[|EX |In,—¢)

+ ltllorse.o 196 ln 207 + Wl ora.op 16X In-0~ + J(& ) lullorp-

For Ly, Ly < %,x € Dy, x1 € B(x, Ly),x9 € B(x1, Ls), we have

|U(t,x,x9) — U(t,z,x1) — U(t, 21, 29)|
=|(u(t, x1) — u(t, z))(I¢(22) — IE(21))|

<[ut, )Ni_e,p, 2 [0€]n1-cd(z1, 2) " d(@1, 22)' .

d»
2
With k = 2 — 2¢ in the Lemma 3.4.9, we obtain

sup d**[U I8tz (2—26,D4,d)
d<dy

Sggf{dQHUH%TD +d*J(E X ullerp + [Weopaep, ) l€ln-1-d*
>ao 2
+ dsfse([U]CTu—e,Di,g)ijénn,ﬂe + [U]CT(Q—QG,Di,g)||£Hn77176
2 2
,g)HfXHn,*E) + d2_EHVHCT(D%’%)HfXHn,fe

)1TEE |In,—2¢} + sup [|U]lcrpya-
d<dp

+ [V]epa—2ep

+d**fullc,

i,

D

—~

i,

By corollary 3.4.10, we have inequalities for d < d

1Wllcrs S [Ulere—2e000d >+ |Ullcrpaayd ™
and —242¢
V]era—2e,04,0) SIUcr(2-2¢,04,0) + d WU lcr(Da.a)

+ [u]CT(l—QDé ,%) [jg]n,l—e'
4

We have furthermore,

[Wler-epad S [Ulore—2e00ad" " + [ullcrp,[I€n1—c + IVl cpp,de,

and
||U||CT(Dd7d) 5 2||u||CTDd + ||u||CTDd [jﬂn,l—edl_e'

(3.4.22)

(3.4.23)

(3.4.24)

(3.4.25)

(3.4.26)

Now substitute the above four inequalities (3.4.23 - 3.4.26) for equation (3.4.22), and

we obtain the result.
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With the help of these lemmas, we are now ready to give the proof of Theorem
3.4.1. We start with a lemma

Lemma 3.4.12. Suppose for some r > 0 we have

2
colltlloai, .y > max{uﬂ O — g ex, Jgs} > ¢,

for some ¢y < ¢1 < 1, where ¢1 is a constant dependents on the equation itself( does

1
not depend on n). Then we have for any ||lullo’q <R <n-—r,

2 1
1 279
(= llcie,))

Proof. Let D = P,,_,.. Start with investigation of A, B in lemma 3.4.11, we first have
the

max

lullere, ., (3.4.27)

€ 3(1—¢) 1—e

1—
A§1+J(§7X)+CO2 +C(1]_E+CO2 §1+‘](§7X)+6027

and
1—e
B 5 002 )
1
by choosing dy = [|ul|’p < 1. There then exists a constant ¢; < 1 such that whenever

co < ¢1 we have the inequality

1l—¢
sup P U ep—2ep0m S (L+ J(E x) + ¢ )ulleqp (3.4.28)
>ao

where " <" does not depends on the value of ¢q as long as ¢y < ¢;. Then by inequalities
(3.4.23 — 3.4.26), we have the estimation

DU, " Tulerr-cus Al e & Wleri2enan} S lullern (3429)
>ao

Combine lemma 3.4.5, lemma 3.4.7 with § = 1 and equations (3.4.29),(3.4.28) with

Dy=P, g5, B =dy,d = %0, d= do% for some k > 2, we obtain

e—1
2

),

1—e e—1 1-e 14 1—c
llullcpe, . - {002 (k—1)2 k" +¢,* k T (k — 1)6_1 +¢y? k€ (3.4.30)

1 -
lullcrs, ., p S max {ma lullorp, (k= 1)+ (k= 1)

1—

€ € 1—e €
bt B ey (k- 1)—%k%}}

Now first choose k large enough and then ¢y small enough such that we finally have

for a constant Cy > 0
C? 1
[ullops, ,_n < max § ——"— S ullepe,
TIn—r—R (R_R/)22 T n—r
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Here ¢q, k, Cy only depends on €, J(&, x), U, T and the structure of PAM. In particular,
Cy does not depend on n,r, R. O]

Now we can finish the proof of the theorem 3.4.1.

Proof of Theorem 3./.1. Without loss of generality we take k = 2 in the equation
(3.4.1).

Suppose for some D C P,,, we have

2
clllenoy 2 max {71 757 7 = ¢ 6x,96¢ | (3.4.31)

for some ¢y < ¢; as mentioned in lemma 3.4.12 and this lemma gives us

c? 1

[ullero, n < max 5 llullero,

_1 279
(7~ i)

if D = P, satisfies (3.4.31). In particular, if Cy > 1+ ‘/75 and R = —2% _ then we

1l 5,

have
1
ullerr, r < Sllullers,
which is true for all n € R and D = P, satisfies (3.4.31). Now we begin with Ry =0
and choose R; recursively
1
Riyn — Ry = QCOHUHCTQTH,RZ,

stop when R; > n)(set R; = n in this case) or D = P,, does not satisfy (3.4.31).
Suppose we obtain the sequence 0 = Ry < R; < -+ < Ry. We have for all
k<i<N-—1,

1 i—k
lelcrs, s, < (3) Do,

Thus for : < N — 1, we have

i—1 i1 1
Ri = Z Ri+1 — Rl = 26(0 Z HuHCq%Tn_Rk
k=0 k=0

i—k

1—1
_1
< 200Y ullply, 27
k=0

1
< 2Collulicts, .
Thus we know [|ullore, » S 22 Now for R € (R;, Ri11), we have
1 1 1
R<Riy1=Rit1— R+ R < 2CO||U||CT22PH,RZ. + R S ||u||CT25Pn,Ri < ||u||CT22Pn,R

This ends the proof. n
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3.5 Proof of the main theorem

In this section, we will discuss the existence and uniqueness of the equation (3.3.1),
complete the logic above, and close the whole proof of Theorem 3.3.5. To achieve
both, we have to give a space-time regularity rather than the space regularity only,

which can be achieved by following Schauder estimation.

Lemma 3.5.1. Suppose u is a mild solution to the heat equation

{ (O —Du=f, n[0,T] xR (3.5.1)

u(0, ) = uo, on {0} x R2.

Let 0 € p(w) be a weight such that 6(z) > 1. Then we have estimation for a € (0,2):

llull corz,0) S N fllor@—2.r2,0) + |[wo]|a,r2,0- (3.5.2)

Proof. See proposition 3.6 and lemma 3.10 in [71] for a proof in the discrete case,
which leads to the continuous case directly via a limit. Also, see lemma 2.10 in [48]

for a slightly different equation. O

Apart from the lemma (3.5.1), another difficulty we meet in solving the singular
SPDE is the meaninglessness of the products of two distributions. For example, here
the product of ¢ and u, which are of regularities —1— and 1—, is undefinable. We
hereby need the concept of paracontrolled distribution to extract the singular part

and solve the equation on the singular part.

Definition 3.5.2. For a weight 6 € p(w), we say u is paracontrolled if u € C1~¢(R?, 0)

and
uw =u—u eI e CT(RY 0).

For such u we set
Hu=Au+EQu+udé+ut O&+ Cy(u, I, €) +u(JE ©€).

where C1(u,3€,€) = (w© &) ©® & —uw(I§ © ). From [78] we know that Hu is a
well-defined distribution in C~17¢(R? p(a)d) for all a > 0.

By analysing the equation of singular part u#, we could obtain the solution theory
of any regularized version of PAM. Here we will take constants C,, in the assumption

3.3.1 and consider the regularized equation

o __ oy, o : 2
{@u =Hwu+ f* inR, xR (3.5.3)

u®(0,+) = ug on {0} x R?
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where H* = A + £, — C,. We also denote T* to be the semi-group generated by the

operator H“, then solution u, to the above have a mild solution representation

t
Uy = / T fods + Tyug
0

We here give a simple version of the estimations of solutions of equation (3.5.3)

and their limit. See [71] for more detail.

Theorem 3.5.3. For e € (0, 4) taking the weight 0 to be e(l) for somel € R, if
f* e Cr(—1+26,R? e(l)),uy € C*2¢(R? e(l)) and

f— fin Cr(=1+2¢,R? e(1)), uy — ug in CP(R? e(l + )
then we have
u® = u = /t Ty o fsds + Tyug in L (R e(l + ),
0
where T is the limit operator of T* and

||U||51*6(R2,e(l+~)) S ||U0||1+2e,1R2,e(1) + ||f||OT(—1+2e,R2,e(l+~))~

The proof of existence and uniqueness of solutions to equation (3.3.1) uses similar

arguments as Proposition 4.5 in [78].

Theorem 3.5.4. Let T > 0 and € € (0, 411)7 and let lo < =T'. For a non-negative
function @y € C'2(R? e(ly)) and a non-negative function ¢ € C~1T24(R? e(ly)),
the solution of equation (3.3.1) exists and is unique in the space L1 (R? e(l)) with

l=1y+T. Moreover, the solution is non-negative.

Proof. We define the map K(¢)) = g, where g is the solution to

g =(H—5¥)g+¢ inR, xR?,
{ g(O) gpo in {0} x R% (3.5-4)
We have a similar estimate as in [78]:
1KYl e1e e eqto+ (3.5.5)

Cllll (g4
SUleolliv2erzeor) + 1@l op(—112em2 etory))e T E oo,
Indeed, starting with L°° norm estimation, we have

||g||CT(R2,e(lo+-)) SHSOOHIHEIR{? e(lo+-) +||¢”CT —1+2€6,R2 e(lp+-))

—1-5 sup {/ 1Tt s0s sl r2 e(1g+1)d }
t€[0,T]
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When [y < —T', we are able to estimate

[Te—st59s R eo+) S ¥ lIr2 610+ 119 1lR2 00+
Hence, the Grownall’s inequality gives

Hg”CT(RQ,e(l0+~))

C
S0l s2em2 ettor) + ]l on(112er2 eory eI ler @ etor,

Use again the estimation of 3.5.3, we now obtain

K
"g"L;_G(RQ,e(l0+~)) 5H900H1+26,R2,e(l0+~) + ”(b - 5ngCT(*lJrQE,RQ,e(lOﬁH))7

which gives equation (3.5.5). Furthermore, the maximum principle and the comparison
principle[77, 10] show that Tipg + fg Ti—spds > K(¢)(t) > 0. Thus, we start with
@ = Typo + fot T,_s¢ds and then let o™ = K™ 1. We have the bounds

't
||K¢||61’E(R2,e(lo+~)) 5 C(¢07¢>6C”Tt§00+]0 Tt*5¢d5HCT(]R2,e(lO+<))‘

To show the existence of the fixed points, we are going to use Schauder’s fixed point

theorem. To start with, we consider the convex set

& = {K(¥) 1 € £},
Then X(€) C € and K (&) is a pre-compact set in L1 . It remains shown & and K (&)
are closed. Taking 11,19 and consider g; = K (1), g2 = K(1)2), we have the equation

Oi(g1 — g2) = (iH - g) (1 — 92) — g(djl —12) g2

Then it is obvious that € and X (&) are closed. This then gives us the existence of the
fixed point. Hence the existence of the solution to equation (3.3.1).

The uniqueness follows the same methods in the proof of Proposition 4.5 in [78]. [

Remark 3.5.5. For equation (3.3.1), our existence proof only works for lo < —T. But
for proving uniqueness we have to consider the difference of two solutions g = @' — ¢?,
which solves equation (3.5.4) with initial condition 0 and ¢ = 0, and for 1 = o' + 2.
If ¢ € L37(R2, p(a)) for sufficiently small a > 0, then we can use the same arguments
as in [56, 71] to show that g = 0: By giving up a bit of reqularity or by introducing a
blow up at time 0 we are able to kill the polynomial weight by the Schauder estimates
for the heat equation. Thus we are able to prove the uniqueness to the equation (3.3.1)
in £37(R%,p(a)) if a > 0 is sufficiently small.
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Together with corollary 3.4.2 and above estimations, we can give a space-time
weighted norm estimation of solution of equation (3.4.1). For each r > 2, we define

the auxiliary function 7, by

]—, in :PT‘—Qa
Ny = 0, out side of :Pr—l, (356)
[0,1], elsewhere.

Lemma 3.5.6. Let r > 2 and a weight 6 € p(w) such that 0(x) = 6(|z|) > 1 and

increases with respect to radius. If u solves equation (3.4.1) in [0,T] x P, then we
have for 6 = gLt
< 1+ﬁ
lunllgiegegy S 1+ > [T (3.5.7)
T=¢,1€6¢

Proof. The equation of un, is given by

(0, — A)(un,) = (€ — C)un, — gnﬂf —2V(u-Vn,) + ulAn,.

By Lemma 3.4.7 and the step 2 in the proof of Theorem 3.4.1, we know the Holder
norm [[u(§ — O)llcp(—1-cp, , 5 is bounded by

1 ) 3.5.8
+ Z [T]nITIﬂ ) ( -J. )
7=£,J6¢

up to a constant. Since 7, is supported on P,_, we know (£ —C)un, € Cp(—1—e, R2,0)
and has the same bound (3.5.8) up to a constant. It is directly from remark 3.4.3 that

we have

ez iy 1V (- Vi)l ez ays 1687 g1z

4
SR N

T=¢,J€¢

Thus, from Lemma 3.5.1, we obtain the desired result.

]

By approximating the equation (3.3.1) by regularized equations, we are able to see

the function un, in the above theorem has a mild solution representation.

Lemma 3.5.7. Let Iy < —T and € € (0, 411) Suppose u s a solution of equation

(3.3.1) with non-negative function oo € C*24(R? e(ly)) and non-negative function
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¢ € C712(R? e(ly)). Let n € C(R?) be a compactly supported smooth function.
Then we have
! K
(n)(t.) = [ T (=m + on — 2V (- V) + ubdy) ()ds
0 S
+ Tipon) ().

(3.5.9)

Proof. Since u is a solution of equation 3.3.1, it is a limit of u, solving equation

(o) + 6%, in R, x R?,

Oyu® = Hu® —
{ 8 on {0} x R2. (3.5.10)

u®(0, )

as a — 0 where p§ converges to ¢y in C'T2(R? ¢(ly)) and ¢ converges to ¢ in
C12¢(R% ¢(ly)). Since the regularized equation can be solved in the classical sense,

the function u®*n actually solves the equation

D (un) = H*(un) — 5(u*)*n + ¢n — 2V (u* - Vn) + u*An, in Ry x R?,
u*(0,-)n = ¢gn, on {0} x R,
(3.5.11)

Thus, we have
t
wn= [ T f2ds + T
0

where f* = —£(u®)*n+ ¢n — 2V (u® - V) + u*An. By checking the regularity of u®,
we know f* is of regularity —1 + 2¢ with weight e(2(ly + -)) and g7 is of regularity
1 + 2¢ with weight e(ly). Thus we can let a« — 0 and obtain the result. O

Now let’s give the proof of the main result, Theorem 3.3.5.

Proof of Theorem 3.3.5. As in Section 3.3, we consider solutions ¢! of equation (3.3.1)

with ¢ defined in Section 3.3. Lemma 3.5.7 tells us that ¢]'n,, has the representation

t
S — / Ty (= ()20 — 2V (P - 1) + @ At ) ods. (35.12)
0

By the nature of space white noise, we actually have, by Lemma 3.5.6, that for
any a > 0,
lom Ml c1-c@2,pa)) S 1- (3.5.13)

Now since ¢, is bounded in £'~¢(R? p(a)), the compact embedding theorem shows
that ™, converges to p,n, in L17¢(R? p(a)) as m tends to infinity, passing to some

sub-sequence. The convergence indicates the representation of ¢, n,:
t
Onln = / Tt—s(—(wn)znn — 2V (o - V) + onAn,)sds. (3.5.14)
0
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The same argument applies to ¢,n, shows that ¢ := lim,,_, ¢,n, actually is a mild
solution of the equation (3.3.2) with 0 initial condition. Hence ¢ is identically 0 and

we have, for compact supported measure p(0), that

lim lim exp(—(u(0), ¢;'(£))) = lim lim exp(—(u(0), ©3'na(1))) = 1.

n—o0 m—oo n—oo m—oo

Thus, the compact support property of rough super Brownian motion holds. O

72



Chapter 4

A Generalized Rough Super Brownian
Motion

4.1 Introduction

The branching random walk in a random environment(BRWRM) is a random walk
with stochastic branching mechanism and branching rate. This work explores the
large-scale behaviour of some BRWRM whose branching mechanism and rate depend
on the random environment at each spatial points.

The scaling limit of branching random walk has been discussed thoroughly in [26].
The aim of this paper is to generalize the results in [26] to BRWRM by considering
rough environments.

Given a random potential

Vie) =&(@),  {&(@)}aeze 1id ~ @,

with E[®] = 0, E[®?] = 1 on lattice Z?, it is shown in 78| that certain scaled branching
random walks in this random environment with birth(one particle) rate £, and die rate
&_ will converge to a measure-valued Markov process whose Laplace transformation is
associated to the stochastic PDE.

e =(A+e—¢*,  ©(0) =gy, (4.1.1)

where ¢ is the white noise.

The off-spring distribution of The BRWRM considered in 78] has a finite variance
and a general question is what happens if the variance is infinite. It is discussed in
[26, 34| that the Laplace functionals of the limit super processes given by classical

branching random walks should satisfy the PDE
8tg0 = L(,O - b(l‘)g& - C(t7 I)(PZ + / (1 - 6794,0(15,:2) - 990<t7 a:))n(x, d9)7
0
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where A is a generator of a Feller semi-group, b is bounded and ¢ > 0 and n is some
sort of transition kernel.

Due to the result in [78], it is then natural to think that the super-process should
exist when b is only a distribution, for example, white noise £&. We do not try to
answer this general question in the paper since we are lacking knowledge of how to
deal with the part with transition kernel n. However, we start with a non-trivial but
simpler case when n(z,df) ~ 6°+2 for 0 < 8 < 1. In other words, we try to deduce
the existence and uniqueness of the super-process whose Laplace functional is given
by the SPDE

Oip = (A + &g — 7. (4.1.2)

To this goal, we consider the BRWRM whose branching mechanism is given by

2€e,+ (1 i )1+5 . ge 256,-‘1—

1+ Ak PR

where &, is the renormalized random potential defined below and then show the scaling

limit of this branching random walk gives us exactly the desired super process.

It is worth mentioning that there is actually no general existence and uniqueness
theory of equation (4.1.2) in the literature. The main difficulty of solving equation
(4.1.2) is the Anderson Hamiltonian H = A + £. Due to the lack of regularity, it
is not possible to define the product £p directly in dimension 2 or 3. The study of
equation (4.1.2) then requires recently built techniques such as regularity [54] or the
para-controlled distributions [49]. In dimension 2, all of the solution theories require a
renormalization, which means we need to remove a diverging constant in the Anderson
Hamiltonian H and consider actually the equation d;p = (H — co)p — p!*F. Tt is

understood as the limit of renormalized and discretized equation with

& =&" — e, e = log(n).

The second difficulty of solving equation (4.1.2) arises from the weight operation when
solving the corresponding linear equation 0, = Hp as in |71, 56|. The solution theory
of PAM uses heavily the logarithm growth of £ on the R%2. When we view (4.1.2) as

O = (H — o).

The growth of ¢ — ? will be exponential and thus we can not apply directly the
solution theory of PAM on R2?. However, we will see in section 4.4 that the minus sign

helps us build the existence and uniqueness results with positive initial condition.
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In recent work by Perkowski and Rosati [78], they only obtain a partial existence
and uniqueness result of equation (4.1.2) but this is enough for their application due to
the L? bounded property from the finite variance off-spring distribution. However, their
methods rely strongly on the L? martingale theory and can not be used directly for
the infinite variance case. We, therefore, search for an alternative way, combining the
idea of 78] and the classical approach via Laplace functional, to give the convergence
in the infinite variance case. Finally, although we work in dimension 2, all results(with
some change of parameters) are valid in dimension 1 with a much easier argument.

Structure of the work. We only consider a deterministic environment with
assumption 4.3.1 since the construction of random environment from the deterministic
environment is given in [78]. We introduce our model and the definition of f—rough
super Brownian motion in section 4.3 and state our main results, i.e. the convergence
results of the scaled branching random walk, a martingale problem formulation and
the compact support property of the f—super Brownian motion.

We study a variant of PAM (H — H — ¢ for some ¢) and the non-linear equation
like 4.1.2 in section 4.4 and show the existence and uniqueness of solution in the space

Uz|”

with weight e for any [ € R,0 < o < 1. The result allows us to implement freely
with the ¢ in the Laplace functional E[e~ )],

We then give the detailed proof of convergence of scaled branching random walk to
the f—rough super Brownian motion by estimating the moments of supy,<;{ts, ©)-
This estimation requires controlling branching random walks from a coupling method
and passing the estimations to a simpler branching random walk. Then we apply the
Aldous criterion to obtain the tightness.

Section 4.6 is devoted to giving a martingale problem formulation of f—rough
super Brownian motion. We finally then prove the compact support property and the

super-exponentially persistence that is proved in [59, 78| for the finite variance case.

4.2 Notation

4.2.1 Notation on regularity

We define the lattice Z2 = 17Z* and also denote Z% := R? for convenience. Similarly,
we define T2 := (R/nZ)? and T2 := n (-1, 1] ? We will consider weighted Besov space
on Z?2 introduced in [71].

To motivate the definition, let’s first introduce the definition of weight.
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Definition 4.2.1. We denote by

W () = log(L+|al),  w(x) = |al”

g

where x € R4, 0 € (0,1). Forw € w := {wP’'} U{weP|o € (0,1)}, we denote by p(w)
the set of measurable, strictly positive p : R — (0, 00)such that

p(z) < ply)e =),

for some A = X(p) > 0. We also introduce the notation o(w) = |J, ., 0(w). The
objects p € p(w) will be called weights.

The weight we considered in this paper is of the following form:

pla)(w) = (L+[a)?,  e(l)(z) =€V,

for non-negative a,l and 0 < ¢ < 1. We drop the index o since it does not influence
the proof.
For function ¢ : Z2 — R, we define its Fourier transformation as function on torus
T2 by
1 —omik
Fno(k) = — > plx)e™ e keTs,
z€Z2

and the inverse Fourier transformation for functions ¢ : Ti — R,
T, hp(a) = / p(k)e™ rdk,  xe 72
T2

Let w € w, it is defined in [71] the space 8, consisting of all functions such that all
derivatives of itself and its Fourier transformation decay like e=** for any A > 0. The
dual space of 8/, is called ultra-distribution which will be the space the Besov spaces
are built on.

Suppose p_1, po € 8/, (R?) are two non-negative and radial functions such that the
support of p_; is contained in a ball B C R?, the support of py is contained in an
annulus {r € R?: 0 < a < |z| < b} and such that with

pi=po(27),
the following conditions are satisfied:
L > pi(x) =1,Vz € R?
2. supp(p;) N supp(p;) = O if |i —j| > 1
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For each w € w, such a partition of unity always exists in 8/ (R?). We define furthermore
an index j, to be the minimum index such that the support of ¢; intersects with ']NI?L
Update the partition of unity of fTi by defining periodic functions
Jn—1
pr=pi  J<in  pL=1-=> p;

j=—1

For a ultra-distribution f € 8/ (Z?), the Littlewood-Paley blocks of f as

ALf = F (T (f)).

for j =—-1,0,---, J,.
For @« € R,p,q € [1,00] and p € p(w), we define the weighted Besov space
a 2
By o(Zy, p) by

By (Zy p) = A €8, If sy, = 1207 A fllpe)lles < 00}

In particular, the discrete Holder space is defined by C*(Z2, p) := B% . (Z:, p) for
a not an integer. The extension operator £" defined in |71] will be helpful when we
consider the convergence from the discrete equation to the continuum equation.

We also consider the space concerning the regularity with respect to time. Fix a
time horizon T' > 0, we define the space C7C%(Z2, (1)) to be all continuous in time
function f : [0,7] — C*(Z2,e(l + T)) such that the norm

| fllerce@z . eqy == sup || f(E)llce@z eqse)
0<t<T

is finite. For 0 < 8 < 1, the space CoC*(Z2, (1)) is defined by
1/ (t) = f(s)llcozz e+

1fllesca@z ey = I1florce @z e + o t—s '

We also define the space MYC*(Z2, e(l)) to be all function f such that ¢7f(t) €
CrC*(Z2,e(l)). And the space £7*(Z2,e(l)) consists of all functions f such that

feMCZ2,e(l)), t'fecC:L™R?el)).

We simply write £ when v = 0.
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4.2.2 Notation on operators

We give the definition of some discrete operators here. We define the discrete Laplace

on lattice Z2 by

A"f(x):==n"Y (f(y) — f(x).

Yy~
We will use P/* to denote the discrete heat kernel, i.e. for any function ¢, we denote

P to be the mild solution of the equation

{ i = At (4.2.1)

wy = @.
We also use P, for the continuum equation. Also, for a deterministic environment
€"(which will be introduced in assumption 4.3.1), we define the Anderson Hamiltonian
H™ = A"+, where £ = " — ¢, with ¢,, a renormalization constant to be introduced
in the definition of deterministic environment. We then use the operator 7'y to

indicate the solution to the equation

{ Oy’ = H i, (4.2.2)

wy = @.
if the solution exists and is unique. All above definitions move to the continuous case
with symbols P, A and T;, H. There is another definition of H"™ which links to the

continuous equation by the para-product.

Definition 4.2.2. For any two distributions o, ¢ on Z2, the product can be decomposed
as Q- P=00d+®d+ ¢ ¢ such that

Jn
pOd=> AL pAT6, p@d= Y AlpATs,
j=-1 li—j|<1
—1<4,5<4n

where A, = Z;‘.:fl A}, When n = oo, it is exactly the same definition on R*. This

builds the relation between discrete and continuum cases.
The definition of para-product allows us to define the para-controlled distribution.

Definition 4.2.3. Suppose k > 0, £" and JE" satisfy the assumption 4.5.1. We say
©" is para-controlled if o™ € C'=F(Z2,e(l)) for somel € R and

P =" — e I € CTP(ZE e(l).
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We define the para-controlled space D(Z2,e(l)) for all paracontrolled functions ¢"
such that

™ Ip(z2 ey = €™ lcr-r(zz.cay + €™ lore2s(z2 ey < 00

We also define the domain Dy of the operator H on R2, which is given by
t
Dy := {/ Touds : t > 0,u € CS(R?e(1)),l € R, ( > 1} .
0
The property of this set is discussed in [78§].

4.2.3 Other notations

We denote Mp(R?) as the space of finite measure on R? equipped with weak topology
defined by family Cj,(R?). We also let M%(R?) be the signed finite measure on R2.

For any Polish space £, we consider the space of E—valued cadlag path D([0, c0), E)
endowed with Skorohod topology.

4.3 Model Formulation

From now on, fix a parameter 1 < § < 2. To simplify this paper, we only consider
the deterministic environment ¢", which is simply a function from Z?2 to R. We refer
readers to [78| for how to deal with the situation when the environment £" is random.

Let x be a smooth function taking value 1 outside of (—%, %1)2 and 0 in (—%, %)2.

Assumption 4.3.1. For a deterministic environment £", define JE™ to be the solution
to the equation —A"IE" = F; 1 (xFn&™). Consider a regularity parameter ' € (0,1).

We assume

1. There exists £ € NgsoC~ " (R?, p(a)) such that, for all a > 0,

sup [[€" | c-1-w 22 p(ay) < 00 £"¢" — & in C~' 7 (R?, p(a))

2. The quantities % s uniformly bounded over n. Furthermore, there exists v > 0

such that the following convergence holds

Y

et el
n n

in C~°(R2,p(a)) for any 6 > 0,a > 0.
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3. There exists {c,} C R with = — 0 and there exists I§ € Ny=oC' " (R?, p(a))
and J€ o € € NysoC 2 (R?,p(a)) such that for all a > 0,

sup 19" || c1-w (22 p(ay) T SUP [[(IE" © ") = callc-2v 22 pray) < ©

LEMIET — I in OV (R? p(a)) and EM(IE"OE™ —¢,) — IEoE in C2F (R2, p(a)).

We call a distribution & on R? a deterministic environment if there exists "
satisfying the assumption 4.3.1 and £ is the limit. Given a deterministic environment
with assumption 4.3.1, we establish the particle systems approximating desired super-
process.

For each n € N, we consider a branching random walk on the lattice Z2. In the
language of branching random walk, the underlying motion is given by random walk

X" with generator A™. The branching rate is given by

an(x7 dt) = |§g($)|dt, fg =" =y

for all z € Z2. The branching mechanism is given by the generating function

n _ 2£2+ N\ 1+8 gn n
70 = O Zp’ “@s, @31
where .
sz‘si = ﬁ(l —5)"F 4 5= g(s). (4.3.2)

One can verify that we have

1—pB)&r 1 " 26
( & 67+|2;|( 4 == € (1-8,1+5), gi(r) = |€€nJ|r

Since %g”(x,O) = 0 = p1, we can set ¢;(x) to be any number. For example, set

q(z) =1
A detailed description can be given by defining the infinitesimal generator of a

<2,1>2.

q(z) =

Markov process on the configuration space E™ = (N )Zi endowed with product topology.

For any configuration n € E™, we define

UJHy(Z) = 1{77(:):)>0}(77(Z) + ILz:y - ﬂz:x)> nx+k(2) =0V (77(2) + (k - l)ﬂz:x)

Furthermore, for any F' € C,(E"™), we define

ALF(n (Z F (") n)) , dyF(n) = F(n™**) — F(n).

y~zx
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Since any configuration on E™ can be viewed as a sigma finite point measure on R?
and we eventually prove the tightness in the measure space, we will freely change from
E™ to the point measure on R? in the following content.

To construct the approximation particle systems, we need furthermore the Poisson

random measure introduced in appendix C.1.

Definition 4.3.1. Fiz a compact supported measure uf on Z2 and an average param-
eter o < (. Let e = n"e. We define an E™—valued stochastic process Z™(t) started at

n
a Poisson random measure on Z2 with intensity #TO with infinitesimal generator

LR = 3 ne | ATF() + |a"(a |Zpqu F)|,  (433)

T€Z2
for any F € D(L™) which consists of all F € Cy(E™) such that the right-hand side of
(4.3.3) is finite. Finally, set p"(t) = eZ™(t) for all t € [0,00).

Our main results concern the limit behaviour of the measures " when p = 3, which
will be called f—rough super Brownian motion. Here is the definition of f—super

Brownian motion. We use | U;(¢) to denote the unique solution to the equation

{ o = T (4.3.4)

Wy = P.
In most situation, we will drop the prescript > and write U;(y) if there is no confusion.

Definition 4.3.2. Let & be a deterministic environment satisfying assumption 4.3.1.
Let 5z > 0 and pg be a compact support measure. Let p be a process with values
in the space D([0,00), Mp(R?)), such that (1(0) = po. Write F = {F; }rejo,0) for the
completed and right-continuous filtration generated by . We call v a f—rough super

Brownian motion with parameter s if it satisfies one of the three properties below:

1. For any t > 0 and non-negative function ¢ € C>(R?). The process

N7 (s) = e~ (s Ut—s(0))

15 a bounded martingale.

2. For any t >0, @y € C°(R?) and f € C,C*(R? e(l)) for any ¢ > 0,1 < —t. Let
©wi(s) solves

Osipi(s) + Hep(s) = [(s), € [0,1], e(t) = o,
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then
Mwmwwzz<u&wx$>—<um¢@—1é<umfw»dn

defined for s € [0,t], is a a L'*? bounded purely discontinuous martingale for
any 0 < 0 < B. In addition, the random point measure associated with Mf“’f

has the compensator

18y B(1+p)

W ]].x@t>0d5dflf

(s, |pr(s)
3. For all function ¢ € Dy,

Lﬁ—mww—wm@—/om%@w,
0

is a L'T% bounded purely discontinuous martingale for any 0 < 6 < 3. In

addition, the random point measure associated with Lf’ has the compensator

|1+5> B(1+5>

W ﬂ.x¢>0dtd$ .

<:ut7 %‘Qb
Remark 4.3.3. It will be seen in the proof of 4.5.4 that the second definition actually
holds for f with any weight e(l) if we goes from 2. to 1. and obtain the moment
estimation of {uy, e(l)) from definition 1. via similar argument as discrete case. This
moments estimation then ensure the limit procedure in the proof from 3. to 2. when

the weight of f is arbitrary.
Our main results are the following:

Theorem 4.3.4. The three definition in 4.5.2 are equivalent.
The proof is given in section 4.6

Theorem 4.3.5. For any » > 0, the 8—rough super Brownian motion exists and has

unique law. Furthermore, it can be realized as a limit of some particles systems.

The proof is given in section 4.5. For the case » < ﬁ, it is the limit of p,. And
for more general case, we do the mixing method as in the paper [78].

As a direct consequence of the method in [59] and a coupling method, we can show
the compact support property and the super-exponentially persistence of the f—super

Brownian motion.
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Definition 4.3.6. We say a stochastic process with value in Mp(R?) is super-
exponentially persistent if, for any non-zero positive function ¢ € C>°(R?) and for all
A >0, it holds that

P [lim e~ Mu(t), ) = oo] > 0.

t—00

Theorem 4.3.7. The B—rough super Brownian motion is super-exponentially persis-

tent.

Definition 4.3.8. We say a stochastic process with value in Mp(R?) possesses the

compact support property if

P [ U supp(pis) is compact] =1,

0<s<t

for any t > 0.

Theorem 4.3.9. The f—rough super Brownian motion possesses the compact support

property.

4.4 On variants of the Parabolic Anderson Model

In this section, we discuss the required knowledge of SPDEs to construct the S—rough
super Brownian motion. To start with, let’s give the solution theory of PAM on Z2
and R?. Details can be found in [71]. Let x € (0, zlx) be a regularity parameter and
T > 0 be the time horizon.

Theorem 4.4.1. Consider f" € CrC172%(Z2 ¢e(l)),o" € C*F(Z2,¢e(l)) and o™ €
C1+2:(Z2 e(l)). Then the equation

{ atT’LLUt :nj_c wt _I_f ) (441)
Wy = ¢,
admits a unique solution with the estimations

w1~ 22 ey S 1" lore-1+2x@2.e0) + 10" ID(z2 c0))- (4.4.2)

The constant in ' <' is uniform over n. Furthermore, if the functions E"o™ — ¢ and
EMf™ — f, then we have the convergence of solution w™ to the solution of continuum
PAM with the same estimation as (4.4.2).
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Remark 4.4.2. When the initial condition ¢ is not paracontrolled but smooth, we

could operate as follows. Consider w; = wy — @", then the function w; satisfies

{ 8twt = :H:n’lj[]t -+ fn + :H:nQOn

’JJO:O

(4.4.3)

Now if o™ € C'2%(Z2 ¢e(l)) for some l € R, then we see that H"¢™ is well-defined
and belongs to the space C~12%(Z2 e(l)p(a)) for any a > 0. Then theorem 4.4.1 can

be applied to equation (4.4.3) and obtain estimations:
Hwn"ﬁ%r_“(z%,e(lJrT)) N |’anCTC'—1+2"”~(Z%7e(l)) + ”SOnHC'1+2n(Z%7e(l)). (4.4.4)

4.4.1 Discrete case

In this section, we fix a positive integer n and consider equation on the discrete

space-time Ry x Z2. We now turn to the consideration of a non-linear discrete PAM.

Owr = Hwl — f(wl, EMw?, in (0,00] X Z2,
wh =" >0, on Z2, (4.4.5)
wi > 0, Vi >0,

where f is a non-negative function. We give assumptions on f here:

Assumption 4.4.1. There exists some o > 0,

[f (@, y)] S 1+ [a]?,
and the three-variables function

[, y)zr — f(22,¥) 22
1 — T2 7

is locally bounded on (Z2)3.
For (4.4.5), we have the following theorem.

Theorem 4.4.3. Suppose f satisfies assumption 4.4.1. Let o™ € CY2%(Z2 e(l)) for
some | € R. Then the equation (4.4.5) admits a unique solution w}' in the space

Uier oc)©' (22, e(1)) and we have the estimation
Wi | e1-r(z2 e+ rayy S @ lores @2 ) (1 + 19" |EGrr2x 22 e )
for any ' > (14 a)l.

To prove theorem 4.4.3, we first give a lemma on representing solutions of a larger

class of equations by Dynkin’s formula.
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Lemma 4.4.4. Suppose R : R® — R is continuous and has at most polynomial growth.
Let ¢ € CpL>(Z2,¢e(1)) and vy € CrL>=(Z2,e(l)) be the solution to the equation

{ Oy = (A" + E0)ve — R(v, €2, 1), in (0, 00] x Z7, (4.4.6)

_ 2
vy = @, on Z;,

for some 1 € R. Then we have for x € 72

vt<x>=E[so<X:>+ / (vrs - E)(XT) = R(vr o €8, 60 ) (X2)ds| Xo = x| . (44.7)

Proof. As said in [71], all the space C®(Z2,¢e(l)) are equivalent when n and [ are
fixed. The assumption on £" then tells us that the weighted supremum norm of &
is bounded. Together with the assumption on R, we see that d,v, € C*(Z2, e(l)) for
some [ and any o € R. In particular V8,0, € L>=(Z2, e(l)).

For each N > 0 and fixed ¢ > 0, consider truncated function fN(s,z) =
V(7)1 j3<y. We also define f(s,z) = v;—s(x). Since X' is a strong Markov process

with generator

Amp(x) =1 (p(y) — olx)),

Y~z
from Dynkin’s formula, we calculate

tit1
= Z]\}um E {/ Aan(tiH,X:) + ath<37Xt:l-)d8} (4.4.8)
- —00 4

-y ® U A ftn, XY £ 0uf (s, Xt’j)ds} |

t

The first and third equations hold because the bounds for v, d;v and Viy € R
E [elo SUPg<s<t \X?q < 00.

The error terms can be estimated as
S| }
i
tit1 tit1 o
S| [T [ duds] 50 St - 0,
i t; S

)

41

A" (f(tipr, X§) — f(s, X{)) ds

t
ti
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and, let M := supg<,<; | X7,
el |
< ZE U iy - Xg|efM?|”ds] (4.4.9)
< Z / TURXD - XOPE ds < 3 (e — 1)

Thus we obtain that

t1+1

(s, X7 — 6th(s,XZ_)ds

E[f(t,X}) — £(0,2)] [/'Affsxﬁy+@f@‘¥%d}
Insert the equation of v, we then obtain the result. O

Next, we need a lemma on a variant equation of PAM, namely

Opwy = (H" = ¢f)wy,  in (0, 00] x Z,
wi =" >0, on Z2, (4.4.10)
wr >0, Vit >0,

where ¢} is a positive function.

Lemma 4.4.5. Suppose non-negative functions ¢ € CpL>(Z2,e(ly + -)) and @™ €
C1*2r(Z2 e(l)) for some ly,l € R. Then the equation (4.4.10) admits a minimum

non-negative solution given by mild formulation

t
T + [ Tt
0
with estimation

Wi c1-x(z2 ert0+26)) S 10" lor+20 (22 ey (1 + |07 ]| 200 (22 et0+1)) )

and
||wf||L°°(Z$L,e(z+t)) S ||80n||cl+2~(zg,e(z)),
where ' <' is independent of n. Furthermore, the uniqueness of solution holds in the

space Uy CrL>(Z2, e(1)).

Proof. By similar argument in [40], we know the minimum solution of equation (4.4.10)

is given by the following Feynman-Kac formula
wh(z) = E | el € =0 DX gn( xny| xm = a:] , (4.4.11)
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if it is finite. By the positivity of ¢" and ¢", we see the integrand has the estimation
0 < elo (@01 )(XDds jn( x1y < lo & (X3)ds pn( xm),
Thus w} is finite due to the solvability of discrete PAM. Furthermore, we then have
the estimation
i | oo (22 ety S N7 Lo @2 e S 9" [lor+20z2 e -
By the regularity estimation of PAM, we have
[0 er-xz2 ct042) S N0 lorr2@2 e410)) + 110" W" lorLoe (22 e(i10+29)

S o™ lleres(zz ey (L4 164 | Lo 22 e0+1)))-
Now from the Feynman Kac formulation to mild formulation, the integration by parts
tells us that

r t
wi(z) = E, (1_ / dse.fs<fs—¢?-r><xv?>dr) w“(Xm}
L 0

r t
=E, [¢"(X]") + / efs €= ¢ )X idu (¢n —sbr_s)(X:)dsso”(Xf)}
L 0

r t
=B [0+ [ el o e —¢3:><Xf_s>ds}
L 0

~ B o0+ [ unOn e - s Jas|

t
i) 4 / P (€ — 61))ds

where we applied the Markov property of X™ at the fourth equality. Then basic

argument goes to the formulation with operator 7.

A

On the uniqueness, if the solution w” € CrL>(Z2, e(l)) for some [ € R, we know

by lemma 4.4.4 that the solution must be given by

wy(zr) =E |:90<th) + /Ot(w?_s HE(XY) — i (X (@) (XT)ds| Xo = x] ,

which is exactly the mild formulation. Now we do the reverse procedure. The

integration by parts formula gives us

t t
[ ettt - gr o) [ a6 - ) (X duds
0 s
¢ t t n_gn n
= [ [ witer = o)X dud (i)
0 Js
t
= [ el iy (e - g )Xy
0
t
- [t - o ()
0
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Thus we have by Markov property
wy(z) =K, |- /0 Pt TOEEIR(r — g (X {wi (XD) — (X))
= [t e = o O dukds + o)
£, [ure) - [ e - o )00

¢
n / o(XM)d (e f,}s(ss—¢>z)<xt’u>du)}
0
_E, [90”( XF)G.IS(EZ—W,S)(Xs)dS} ‘
Thus solution wy' is unique. O

Remark 4.4.6. Above lemma also holds when ¢™ € D by theorem 4.4.1 and the

estimation of wy will change to

Wi || 122 ertor26)) S €™ lo(z2 e)) (1 + |07 ]| oo (22 e(t0+4)) ) -

Furthermore, by the equivalence between the mild representation and the Feynamm-Kac
representation, we can see that the only solution to the equation (4.4.10) with initial 0

should be 0 even without the positivity conditions (for ¢™, w™).

Now we are able to give a proof of theorem 4.4.3

Proof of theorem j.4.3. We define the map X : ¢" — K(¢") to be the minimum
solution to the equation (4.4.10). Now consider a function w € Cp(Z2,e((I + +))), we
have
1CCS (W™, €Dl oo @2 ea40) S N0 ler+2x @2 e

This estimation shows that map X(f(-,£")) maps the whole space C7(Z2,e((1+-))) to
a bounded subspace of itself. We now equip the space with the weakx topology, then
the range of the map X is contained in a compact subspace of the Cr(Z2, e((I + -))).
From Schauder’s fixed point theorem, we know there exists a fixed point for this map
and the fixed point is exactly the mild solution to the equation (4.4.5). To show
wy' is indeed a solution of equation (4.4.5). We could write w}' in the Feynman Kac

formulation
wi(z) = E, [efé(fé”—f(wlisélf))(Xs)dSSOn( X)),

then by the lemma 4.4.5, we know wj' is the minimum solution to the equation

8tu?’ = (:H:n - f(w?afg))u?a
= o, (4.4.12)
uy > 0.
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Thus is it a solution to the equation (4.4.5). Now we turn to the uniqueness property.
Suppose we have two solutions to the equation (4.4.5), say w" and w™. Then the

differences

satisfies the equation

B wy' (4.4.13)
'lUO — O.
Above estimation shows that supremum norm of w" is bounded, and combining with

assumption 4.4.1, we know

f(w?,ﬁé"b)w?;nf (W & ¢ oy roo(22, e(0).

Then from remark 4.4.6, we know w"™ = 0 and hence the uniqueness holds. O

4.4.2 Continuous case

For the continuous case, all the existence problems of mild solutions can be solved by
sending n to infinity in the discrete since all the estimations in the discrete cases are
uniform over n. We are then interested in the uniqueness of solutions.

As we can see in the discrete case, the keys to the uniqueness are the equivalence
between Feynman-Kac formula and the mild formulation. It is not clear what elo €(Xs)ds
means in Feynman-Kac formula for the continuous case. However, we can hide this
quantity by considering the directed polymer measure directly.

The construction and convergence of polymer measure for spatial white noise by
mollified or discrete white noise on T? are given in |7, 18|. Following the arguments in
[18], the convergence of solutions to the corresponding Parabolic Anderson Models
and the application of |[71] on the whole R? will give the construction and convergence
of polymer measure on R2.

Intuitively, we only need the Markov property of X™ when we prove the uniqueness
of equation (4.4.10). And in [1], the authors show the polymer measure conditioned
on the environment is actually a Markov process, which implies that the uniqueness in
the continuous case should also hold. We start with the definition of polymer measure

@ on the space C10, 7.
Definition 4.4.7. Let X, be the canonical process of C[0,T], define the finite dimen-

sional distribution for 0 =to <t, <---<t, <T and xy =, 2, ER?> i =1,--- k=
k—1
Q[ Xy, € du;] = ;HZ (4, Tig1)Zr—t,, () )dr1d2s - do
T t; 7 Z,T(ZL') " tiyr1—t; iy Li+1 T—tg k 1 2 ks
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where Z(xz,y) is the solution to the equation

0 Zy(z,y) = HoZi(x,y), in (0,00] x R?
{ 20(x) = 5,(x), on R, (4.4.14)
and Z(z fRQ Zi(x,y)dy. The measure Q, generated by the above finite-dimensional

dzstmbutzon 15 called the directed polymer measure starting at point x.

Remark 4.4.8. The two-dimensional dirac function have the regularity of B;,Zél‘”p)

and applying conclusion in [71] with p = 1, we see that equation (4.4.14) admits a
unique solution in the paracontrolled space. The solution Z,(z,y) is actually a Green’s

function and we have the representation

Tiple) = [ 2w n)olohiy

Furthermore, the consistency of finite-dimensional distribution is guaranteed by

Zigs(1,y) = (Thes0y) () = (T12s(+, y)) (x) = /Rz Zi(, 2)2(2, y)dz.

In addition, the markov property of polymer measure can be seen from its finite-

dimensional distribution directly.

Apart from the Markov property, we need a result on the transition function of the
polymer measure, which can actually be viewed as a version of definition of polymer

measure.

Lemma 4.4.9. For 0 < s < t, we have the following representation for ¢ €&
C12 (R e(l)):
P (Xt)

~  ~r N Xs )
Zr (X))

Tiop(X,) = B2 [2r-.(X,)
for X, following the probability measure Q).

Proof. For any measurable function g, we calculate

0(Xy)
T (X)) Xt>g(Xs)]
)

5 L B R )RR g

1
:ZT(ZL‘) /R2 Zs(x, 1) 25 (21, 22) Lr_s(1)g(x1) p(22)dz1d2o

B 1
Zr ()
Thus the result follows. O]

E? [z“(Xs)

dﬂflde

/R Ty o) (00) 2 (2, 200) 2o (1)l = EQ[T,_oip(X,)g(X.)].
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Now consider equation

(9twt = (:H: — ¢t)wt, n (0, OO] X R2,
wo =@ >0, on R? (4.4.15)
wy > 0, vt > 0.

Lemma 4.4.10. Suppose ¢, € CrL>®(R? e(ly+ -)) and ¢ € C'25(R? e(l)) for some
lo,l € R. Then the equation (4.4.10) admits a solution given by mild formulation

t
w, = Ty () +/ Ti—s(psws)ds,
0
with estimation

HwtHLl—“(RQ,e(l—i-lo—ﬂt)) S HSOHCHQH(R?,C(Z))U + H¢tHL°°(]R2,e(lo+t)))a
and
Hwt||L°o(R2,e(l+t)) S ||90H01+2“(R276(l))'
Same result for o € D*(R? ¢e(l)). Furthermore, the uniqueness of solution holds in

the space UZeR,ae(o,UOTOO(RQv e(l)).

Proof. The existence is a direct consequence of discrete case and taking the limit. On

the uniqueness, the mild formulation is given by

wy(v) =Ty — /Ot Ti—s(¢sws)ds

_ ©(Xt) ! r—swi—s(Xs)
=E¢ {Zﬂx}m — Zp(x) X ds] .

Furthermore, let 0 < s < t, we have

W(Xt) ¢ ¢t—uwt—u(Xu)
Zr—4(Xy) ~ Zr-s(Xs) s Zru(Xu)

Thus, same calculation as in the lemma 4.4.5 gives

Wi—s (Xs>

EY [ZTS(XS) du|XS] :

wy(z) =K% [wt(@ + ZT(x)/O ehi-s ‘z’“(X““)d“_Zi:—s((;((j{wt_s(Xs)—

2 oK)y + B [ S

-89 [220) 20 (1= [t x)as )]

t X)
—E9 {Z e ¢tu(xu)du30(—t]
’ T( ) Z’T—t(Xt)

The continuity of w;, X; and the strict positivity of Z ensure all the above calculations

du}ds]

inside the expectation are valid. Thus we obtain the uniqueness of mild solution to
the equation (4.4.15). O
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It is then a direct consequence that the solution of equation

atwt = j{wt - f<wt)wt> in (Oa OO] X RZ)
wo = ¢ >0, on R?, (4.4.16)
wy > 0, vt >0,

is unique, where f is a non-negative function.

Corollary 4.4.11. Suppose |f(x)] < 1+ |z|* for some a > 0, zf(x) is locally
Lipschitz and p € C'2%(R? ¢e(l)), then there exists a unique mild solution to the

equation (4.4.16) and we have the estimation

Jwell gr-r@2c+ray)) S llellcr+esgze) (1 + l@llErren @z ey
for any and l" > (1 + a)l.

Proof. The existence comes from the approximation by discrete equation. Uniqueness

comes from the similar argument as in the proof of theorem 4.4.3. O]

Remark 4.4.12. All the results apply to the inhomogeneous equations:

owr = (H — ¢)we + g, in (0, 00] x R?,

wy=¢ >0, on R?, (4.4.17)
w, >0 vt >0,
and
Oywy = Hw; — f(wy)ws + g¢, in (0,00] x R?,
wo = ¢ >0, on R?, (4.4.18)
w, >0 vt >0,

with the additional condition g € CpL>(R?, e(l)) and non-negative. Since in these

case, the mild solution of (4.4.17) can be expressed as

— k¥ — [T o(Xy)
Em Z’ f() t 1L(Xu)du¥
wy () [ r(z)e X

t . ) X )
+ Zr(s / e I ¢t—u(Xu)dumd8
T( ) 0 Z’Tfs(Xs)

(4.4.19)

Thus the comparison principle with respect to ¢ still holds. The result is needed for

the compact support property.

Remark 4.4.13. All the above discussion is valid for the operator H replaced by A

with much simpler argument and better regqularity.
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4.5 Existence as limit of particle systems

4.5.1 For the case » < ﬁ

In this section, we will show that the family {y"} defined in definition 4.3.1 is tight in
D([0, 00), M(R?)) and its limit is the S— rough super Brownian motion with desired
Laplace functional.

We will need auxiliary branching random walks given by the same branching
rate a" with branching mechanism g(s) defined in (4.3.2). We denote the empirical
measures associated with auxiliary branching random walks as {i"}.

Notice this branching mechanism ¢ is independent with respect to the n and
position z and is well studied in classical books|27, 26] when the branching rate is

also independent of the position.

Theorem 4.5.1. Suppose g is supported on a compact set. Following the defi-
nition 4.3.1, the limit p, = lim, . py' exists as stochastic processes in the space
D([0, 00), M(R?)) and, when o = 3, for all non-negative function p € C1T*(R? ¢(1)),

[ € R, the laplace transformation is given by

E [e—<m790>] — €—<M07Ut(90)>’ (4.5.1)
where Uy () is the unique non-negative solution to the equation (4.3.4) with 3 = ﬁ—”ﬁ

In particular, this shows p; is markov and the first definition of definition 4.3.2 is
satisfied. Thus the B—rough super Brownian motion exists and is unique in law. In

addition, when o < (3, the limit u; satisfies the equation PAM.

Let’s first give a more detailed description of spatial dependent branching mecha-
nism and branching rate here. Since all particles in the system move independently, it
is sufficient to describe the motion of one particle. To describe the branching time
of one particle, let’s consider independent Poisson processes N with an arbitrary
intensity a(x) attached at each site x of Z2. Let X' be a simple random walk on Z2,

then the branching time 7 can be defined by
7:=inf{t > 0: X} triggers the clock of N;\'" at time ¢}.

By the strong Markov property of Poisson process, we know that each time X" changes
site, say time #( , there is a new Poisson process (N — N[ );>, which is independent of

all past event determining the branching time. Now let’s do a scaling: set Nf =N

~ (=)
then IV; are Poisson processes with intensity 1. If we paste all the pieces of scaled

T
t
al\x
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Poisson processes before X;* branches, we obtain a random variable following the law
of exponential distribution with parameter 1. Hence, by the scaling time, we can give

a new definition of branching time 7:

t
T::inf{tzO:/a(Xs)dSZ%},
0

where 7 is of exponential distribution with parameter 1. This also leads to the law of

branching time 7, which is given by
Plr > ] = e~ Joa(Xe)ds, (4.5.2)

As the consequence of Poisson Cluster Random Measure C.1.5, we are able to give

the Laplace functional of pf' and [}

n P n|e .
Lemma 4.5.2. Let A=H" or A", B = %or % correspondingly. For each o,

there exists UP(p) or UM (p) being the unique solution to the equation

ol = Av, — B(oM)'8, in (0, 00] x R2,
{ it_ 1_6—51;(1) ( t) ( ! ] (453)
vy = ———, on R*.
such that the Laplace functional of pi and ;" is given by
Ele~19)] = ¢~ .07 (9) Ele~#)] = ¢~ .07 (9)
Proof. We only show the proof for pf', the proof to i} is similar.
Define
wp(z) = E [e” 925 = 4,] . (4.5.4)

Then lemma C.3.2 and lemma C.3.1 tell us that

w (@) ::E[ewm [ e o (X - [ rf:rw?_xxr)dr].

(4.5.5)
The Poisson cluster formula C.1.5 then gives us that
Ele~#9)] = e‘<“3’1_ew§>, (4.5.6)
Now define .
v (x) = 1_+t(w)

The calculation shows that

v'(z) =E + v Zy) — ——(v" e’ )ar| . .0.
t € 0 t—rSe 1 B t—r e,+
Thus, v} is the unique solution to the equation (4.5.3) by lemma 4.4.5. ]
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Next goal is to prove the tightness of p™ in the space D(RT, M(RR?)). We need

following lemmas.

Lemma 4.5.3. For any 0 < 3 < 1, there ezists an integer N(3) such that there exists
a coupling of process py and N(B) sum of independent ﬁ?’i being copies of fif so that

we have
N(ﬁ)

(1t (1" 7%0
=1

for any non-negative p. Furthermore, (/1?”, 1) are martingales.

Proof. Consider random variables Z['(z) and Z" whose generators are given by g"(z, s)
and g(s). We show that there exists N(f) such that for any k € N, the inequality

holds
N(B)

PIZ)(x) > K| <P | > 2} > k| . (4.5.8)

i=1

By the definition of generator ¢”, we rewrite the generator into infinite series

s) = prgr(a)s’,
k=0

and .
s) = Z prst.

We know furthermore that go > 1+ 75 5 and g, < 2 for k > 1. Now consider L+ 23+ 23,

we have for all k € N,

1

P(Z} + Z) + Z§ > k] > 3P[Z} > kP[Z} < k).
Since limy_,o, P[Z] < k] = 1, we know there exists ko such that
PIZ} + Z3 + Z > ko] > 2P[Z] > ko) > P Z5 (x) > ko).

Now for the k < kg, due to pogo(z) > 0, the central limit theorem tells us the existence
of N(B) that (4.5.8) holds. Then the result follows since we can always produce more
particles at each site using inequality (4.5.8).

The martingale property of (ji”*,1) follows from the fact that ¢/(1) = 1, which
means that each time we branch, the expectation of number of off-spring is again 1.

So the total number of the particle system should form a martingale. n
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Lemma 4.5.4. Let [ be any real number. For o € C'72%(Z2 e(1)), the process

M (s) == (T gp) — eZg(T'p), M (s) = i (PLyp) — eZg(Pl'y), (4.5.9)
are martingales. Thus by the formula of Poisson random measure,

E[(ui's )] = (o, T'w)s B, 0)] = (g, Pi'e).

Proof. We consider only pf' here, the argument for 4y is similar. Since we do not
have the exponential extimation of the measure puy, we need to consider first time
dependent function ¢. € CIL*(Z2,e(—t +-)). Let function F}; : [0,¢] x (NZ) — R be

Fils,m) = éu(@)n,.

z€Z?

Apply Dynkin’s formula to Fqi and do similar things as in the proof of lemma 4.4.4,

we obtain that
M) i= i 6n) = e230n) = [ OLFYrou) + £ Fifr ),
is a martingale. The calculation gives
OrFy(r, piy) = i (0ry), LT Fy(r,py) = 17 (3" 9y).
Consider ¢, = T}" ., we have the equality
Dy + H" = 0.

When ¢ is compactly supported, the result follows since in this case, we have ¢. €
C}HL>(Z2,e(—t + -)). For more general ¢ € C*%(Z2 ¢(1)), we only need to consider
when ¢ is non-negative since the general ¢ can be controlled by some non-negative
function in the same space.

We can then approximate ¢ by an increasing sequence of compactly supported
functions ¢, such that ¢,, — ¢ € C1**(Z2 e(l + 1)). This is visible since all
regularities are the same for the discrete spaces and increasing weight a little bit can
make ¢ to be 0 at the infinity under this weight. Then the solution theory of PAM or

heat equation gives us that
T o — T € CT (72, e(1 + 1)).
Then by monotone convergence theorem, we have
E[(uy, o)) = lim B[, om)] = lim (ug, Tiom) = (g, T ¢) < o0,

since 4 is compact supported. Thus M, is a martingale by the martingale convergence

theorem and the result follows. O]
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Our next goal is to obtain the moment estimation of quantity supg<,<;{(uf, @) for
some suitable ¢. The direct operation on the py suffers some technique issues on
applying H™ to the functions in the domain of operator H. It is non-trivial at all to
see if the resulting functions H"¢™ with ¢" — ¢ € Dy are uniformly bounded over n
at least in L>. Thus, we turn to the estimation of sums of i}’ which governs p} and
are much easier to manipulate. We will manipulate on p;' as much as possible and
only consider /i when there is some technical issue on pf that we can not solve. We

will follow the argument of lemma 5.5.4 in [27].

Lemma 4.5.5. Suppose 0 < 0 <  and ug is compactly supported. For any function
p € L=(Z2,e(l)) with some | € R, we have the moments estimation uniformly over n
n 0 0
E [<Mt790>1+ ] Sto o |’¢’|1Lto(zg,e(l))-

Furthermore, for any function ¢ € L>(Z2,e(l)) such that A™p € L>(Z2,¢(l)), we

have the uniform estimation of finite moments of supreme over n.

n n 1
B | sup (1 00| Spnse Il +Iolmapen + 18" iy (4510
S8

Proof. 1. Consider first a non-negative function ¢ € C**2%(Z2 ¢(l)) for some [ € R,

we have

E[(uy, ) "] S1+(1+0) / ri*o / [e~ 0wl — 1 4 B[(u?, ue)]]dudr, (4.5.11)

by lemma C.4.1. We calculate

Efe™ ¥ — 1+ E[(u7, up)]
<u1+ﬁ<ug’Tg(¢)>l+B+e—<u87U§l(w)> e~ o T3 (up))

Sut P g, TR () P+ (g, |U (wp) — T2 (ugp) ).

From the representation

1 — e t 25 €
U (up) t ( c > /0 t—s ( 1+ 8

we obtain

3
=

Ry
+
.
s
-
=
N—
QL
V)
A
IS
IS
S
5

U (up) — T (up)|
<

1 — e — eup t 267 € .
7 T, | === (U " )d
s () t_s(1+ﬁ< ug)*? ) ds

t 2€n 65
" e,+ " 1+ )
/0 t—s ( 1 4 B s (90) > dS
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Let
I7() = sup (g, T ()P + (ug, T (7))

0<s<t
° n 2§6+ n 1+
/OT <1+5T() )dr>.

+ <u6‘7
Then we have the estimation
o) 2 + 9
Bl o)) S 1+ (140) [ [T u ) dudr S 14 75 1)
1 0

The solution theory of PAM gives the bounds for any ¢ € C'72%(Z2 ¢(1)),

175 ()l cror—+z2.ea+)) S lollcrros @z ey,

and by lemma 3.10 in [71]

s 2

™ T T ()P ) dr
/0 (HB () >
260 €°
1+ 5

CrC1== (23 e(i+))

< |77 ()

C="(Z3,,p(b))

Hﬁ”c%n(zg,e(u-)) ’

where we choose [ = ((14 )I) V1. It then suggests the bounds

(o) S (g el + Ol )™ + (s el + 1)l '),

where [|¢| indicates ||¢||c1+2x(z2 cq))- Thus we have

El{u, )] S 1+ (s el + ) + g el + )l

for all non-negative ¢ € C1**(Z2 ¢(l)) or p € D'7*(Z2, e(l)). In particular, if we
choose ¢ = €#(®) where p(z) is a slight modification of |2|” so that ¢ € C'2%(Z2, (1)),

we know the quantity
E [{ui's ()]
is finite uniformly over n for all I € R. It is then easy to see that if ||¢||fooz2 cq)) is

finite, then we must have

E ([, o)) < 200l 78 g e EL kT e(D) ] < oo,

uniformly over n.
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2. Now on the moment estimation of supreme, we have to use branching random
walks ,112” Notice first that by the Laplace functional of jij', we have the same results

as the first step for uy'. Furthermore, by the proof of lemma 4.5.4, we know that

t
M, = (i ) — (20, o) — / (i, A" ) ds
0

is a martingale if A"p € L>(Z2, e(1)) for some [ € R. Thus by Doob’s inequality, we

can have the control

t
E [sup T so>1+9] < E[|M) + E [ [, A”@P”ds] T (110, 0) + (s 9.
0

0<s<t

Then by the coupling lemma 4.5.3, we know

N(B)
E {Sup (M?:@HG] Sve ) E {Sup <MZ’1790>1+9] :
0<s<t — lo<s<t
which gives the desired result. O]

Now we are able to show the convergence of the particle system to the super

process.

Proof of theorem 4.5.1. By the definition of D([0, 00), M(IR?)), we only need to show
the theorem for the path on [0, 7] for any 7' > 0. Suppose ¢ € C?*(R?, ¢(1)) for some
[ € R. Consider Y;* = (u}, ¢). To prove the tightness of (u}"),, we apply Jakubowski’s
criterion [26]. By lemma 4.5.5, we know

E | sup (', 1+]- %)
0<t<T

is uniformly bounded over n. Furthermore, since for any K, the set {u: (u, 1+]-|*) <
K} is compact, we know compact containment property is satisfied by uy.

Secondly, we apply Aldous’s criterion [26]. We have to prove

Yits, — Yo, =0

Tn

in distribution, where 7, are stopping times and ¢,, decreasing to 0. The moment
bound shows that {Y" s ¥} are tight. It then suffices to consider the difference of

Laplace transform
E [e_SYTT:L-l-(sn_tYTTTL’L] —E [6—(S+t)Yq—n] )

Taking the conditional expectation with respect to ! , we have to obtain the formula

of E[e_<“¢n+5n"p>\uﬁn]. By lemma C.3.1 and lemma C.3.2, we know
BleVisn 22 = 8,] = 1 — U2 (9)().
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We then obtain that

E[e%uﬁﬁgnwmn | = E[B%Zfﬁgn’w)wn] — {25, —log(1—eUg (#)))

Thus we have
]E [eisYT’,:L‘H;n 7tYT”;Li| — E [6_(S+t)YT’ﬂi|
- E _67<u¢nﬁélog(lergln(w))*mﬁn,tw)] — E [e~ (9]

(e )

1
< E | sup (ul, 1>} H_E log(1 — €Ug (sp)) — sp

l0<s<t

AN

1
— log(1 — €Ug (sp)) — s

L>(Z3)

+ [|U§. () — 50|l oo (z2),
Leo(Z2)

1
S |- os - om0

which goes to zero as n — oo by estimation of SPDEs and lemma C.4.1. This tells us
that we have the limit
(Vs Y0) = (Yoo, Yoo)

in distribution. Thus any linear combination of the above vectors also converges in

distribution. In particular we have

Y’n

n
Tnt+0n }/;n - O

in distribution. Thus we obtain the tightness of process Y;". Since the family C°(R?)
separates points in Mp(R?), the Jakubowski’s criterion gives the tightness of ™ in
D([0, 00), Mp(R?)). The discussion of SPDEs in section 4.4 and the tightness of Y;
tell us the limit process y; has the Laplace functional as stated in the theorem. For

the p < 3, the limit pu, satisfies the Laplace functional

E[e%mm] — (o, Ti(e) — e*<Ttuo,w>7
which implies that p; = T} uo. O

2

4.5.2 For the general s > T3

We do the mixing as in the paper [78].

Definition 4.5.6. Fiz a compact supported measure juy on Z2. Let ¢ = n"% and
¢ > 0. We define a E™—valued stochastic process Z™(t) started at a Poisson random

n
measure on Z2 with intensity “TO with infinitesimal generator

LF(n) =Y ne [AFF(0) + €01 ) pran(x)dF(n) + c|€2] > ppdiF(n)| (4.5.12)
k=0 k=0

x€Z2
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for any F € D(L™) which consists of all F € Cy(E™) such that the right-hand side of
(4.3.3) is finite. Finally, set p"(t) = eZ™(t) for all t € [0, 00).

It follows that the branching rate of the above branching random walk is

(1 + )€

and the branching mechanism is given by
9" t+cg
1+c

Then this is clear that we can still find some controlled branching mechanism and

2
[ECh
the f—rough super Brownian motion given by this mixture will be

perform the exact same procedure as for the case » < The final parameter of

% " 2ve
148 148
This finishes the proof of theorem 4.3.5.

»

4.6 Martingale problem

This section is devoted to proving the equivalence of three definitions of S—rough
super Brownian motion. The ¢ has no meaning from now on.

Let’s start the first direction: from the Laplace functional to the martingale
problem. We follow the method in book [26]. Let’s begin with a lemma in [35]
(corollary 3.3 in chapter 2)

Lemma 4.6.1. Let X, Y be real-valued, adapted right continuous processes. Suppose
that for each t, inf,<; X; > 0. Then

t
X — / Yids
0
is a local martingale if and only if
LY,
Xiexp (—/0 st)

Lemma 4.6.2. Suppose u satisfies the first definition in definition 4.3.2, then for all

non-negative ¢ € Dqc, the process

1 a local martingale.

Nt(¢) = €7<’u't’¢>+f(§<US>%¢*%¢1+ﬁ>dS

?

15 a local F— martingale.
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Proof. Taking B € F,, we check

t
E [(e%umﬁ) _ 6*(%@))13] —F [_/ {fty, Ho — %¢1+ﬁ>6*<l‘rv¢>dr13 _

It is sufficient to prove that for t > s,

d

th[ ut¢)ﬂB]:E[ (g, Hop — %¢1+B> m¢>13}

By the definition, we have

d —(pae
th[ maﬁ)ﬂB} _E%EE[( (heresd) _ o=(n ,¢>) HB}
1 (4.6.1)
—lim ~ [ 1pe 09 (o700 1))
e—0 €

Now, in order to apply the dominant convergence theorem, we have to verify

HUe(cb) —¢

€

Lo (R2,e(1))

is uniformly bounded for some [ € R. By definition of Dy, there exists ¢ €
C'2%(R?, e(ly)) such that ¢ = [ Tipds. Then

U(6) = Té) — / T, (Us(6)) s,

which implies that

00 =) = L (L0) -0 [ Tooso)™)

</tt+6 Tspds — /06 Tspds — %/06 Tes(Us(¢))1+BdS> .

1
(@) = bl ey S 1+ 19lloian g2 ey

(4.6.2)

A= =

Thus we have

for I > 1+ ((14 B)ly) VipV (lp + t) uniformly over e. In addition, we have by the
continuity of T, U.p that

lim S (U.(6) — ) = Top — p — 26" = 3 — 3™+,

e—0 €

Thus dominant convergence theorem applies and we know

t
e~ (ue.9) +/ <Hr>j{¢ _ %¢1+B>e_<"“¢>dr
0

is a local martingale. Lemma 4.6.1 then shows that NV, is a local martingale. [
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We are now ready to prove the theorem 4.3.4

Proof of theorem 4.3./. 1.= 3. We first notice that since the Laplace functional
uniquely determines the finite-dimensional law of the stochastic process, the 1 + 6
moments estimation of supy<,<,(ts, @) for any ¢ € L>°(R? e(l)),l e Rand 0 < 6 <
follows by the first definition. We therefore have the 1 + # boundedness of Lf for any
¢ € Dyg.

By repeating the argument in [26], we can obtain the martingale problem of
from definition 1. Since the argument is quite long, we give only a sketch here and
refer interested readers to chapter 6.1 in [26]. First we choose a non-negative function

¢ € Dyc. Let
Ni(¢) = 6_(Mt,¢>+fg(us,j{¢_%¢1+g>d8’

and
K<¢) = €7<Nt:¢>, Ht((b) =e fg<ﬂs,9{¢—%¢l+ﬁ>ds’

then Yi(¢) = Hi(¢)Ni(¢) is a strict positive semi-martingale. The It6’s formula gives

the representation

dYy(¢) = Hy(¢)dN(¢) + Ni—(¢)dH, ()

. (4.6.3)
= Hy(¢)dN:(¢) — Yi—(9) (e, Hop — %¢1+ﬂ>dt

Again by Itd’s formula, we know the process (s, ¢) = —log Yi(¢) is again a semi-
martingale. Now let N(ds, dv) be adapted random point measure on R, x Mp(R?)
given by > (s yo—pe_), N denotes its compensator and N the corresponding martingale
measure. See appendix C.1 for more detail on random point measure.

The unique canonical decomposition of semi-martingale (lemma C.2.1) gives that

(1, @) = (0, &) + BY() + M (8) + Nu(@) + Nu(9),

where Bj(¢) is predictable, continuous and locally of bounded variation, M (¢) is a

continuous local martingale with predictable increasing process Cy(¢) and

Ni(¢) == /0 /M m@)1|<u,¢>>s||¢||<7/,¢>if(ds,dl/),

Ni(9) ¢=/0 /M%(RQ)]1|<u,<z>>>||¢||<V7¢>N(ds,dV)~

The uniqueness of decomposition gives the relation
Bj(0¢) = 0Bi(¢), M{ (06) = 0M; (),  Ci(09) = 0°Cil(9),
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for any 6 > 0. Applying It6’s lemma C.2.2 to Y; and obtain the second representation

aYi(6) =Yi-(0) (—dBtw) #3900+ [ D )N du))

R2)

+ d(local martingale),
(4.6.4)

where

Bo) = BUO)+ [ 00N )

Now since Y; is a special semi-martingale, the unique decomposition lemma C.2.3 can
be used to identify the predictable locally bounded variation part of two representations
(4.6.3) and (4.6.4), we have

(j1g, Hp — 20" +PVdt = dBy(¢) — 1czct(qj) — / (e= ™9 — 1+ (v, ))N(dt, dv).
2 Mfﬁ(RQ)

Replacing ¢ with 8¢ and comparing coefficient before different power of 8, we obtain

Jy s, Ho)ds = Bi(@), Ci(9) = 0 and
/ (e~ — 1 + (v, 6))N(dt, dv)
ME(R?)
e Byt = [ ZBUED) e
<:ut7 %¢ >dt /Ov F(]_ _ B)u5+2 <Nt7 € 1+ u¢>du,
where I'(1 — ) is the Gamma function. This shows that

3 #p(1+ )

Now for the general ¢ € Dg¢, we can decompose ¢ = ¢, — ¢_ and approximate ¢, p_
by non-negative functions in Dy and see that (p, ¢) is again a semi-martingale. Then

by Itd’s formula, we have
2Bl + ) / t
I1-5) Jo

(s [ s o+ 00 = £ ) = £, 8D )
(4.6.5)

is a purely discontinuous local martingale for all ¢ € Dqy.. Now by comparing to the

O8] = (s ) — Fl{po6)) — | P ({p 6)) e, F0)ds —

formula given by the compensator of (i, ) on R, we obtain the result.
3.= 2. The proof is very similar to the proof in [78]. However, we have to be
careful with non-square-integrable martingale. To start with, fix an [ < 0, from lemma

(C.4.2, we know there exists a non-negative function ¢ € Dy such that j’;) is strict
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larger than a small positive number. We choose a stopping time 7;, according to this

(115, @) describing the n—th jump times with jump bigger than 1. Then the formula

T "
Z 1ur — = ) > [/ / Lusa( Mr7%¢1+'8> (6( ) dudr

B+2
0<r<T, 6)

gives that

Th
B [ ity <o

which implies that E [fon(,ur,e(l))} < oo by the assumption of ¢. Then by the

moments bounds of Lf and doob’s maximal inequality, we know that we actually have

E[ sup (pr,e(l))| < oc. (4.6.6)

0<r<T},

We will assume we have E [supo<,<, (-, €(1))] < co and derive the local martingale
property of 2. first.

Now consider a piecewise function f : [0,¢] — Dy with weight e(l — ¢ + -)and
o € Dg; with weight e(l —t). Let ¢, be the solution to the equation

8890?5(8) + g{@t(s) = f(S), s € [O’t]’ cpt<t> = o,

which is given by ¢.(s) = Ty—_spo + f; T,_sf(r)dr. By assumption we have ¢.(s) € Dy

for all s <t. For two time step ¢; < t5 and a partition 7 of [t1, 3], we have
E [(Mtzv th(t2> - <:U’t17 ()Ot(tl» |?t1]

=E |:/ 2<u5/,f(3) — Hepi(s)) + <u57j{§0t(3”)>d8‘3~t1 ,

t1

(4.6.7)

where s’ is the smallest partition point in 7 bigger than s and where s” is the largest
partition point in 7 s maller than s. The right continuous property of j; in Mp(R?)
shows that limy s g~s(ps, (f(s) — Hei(s))) = (us, (f(s) — Hee(s))), together with
(4.6.6), we can send the mesh of partition of [ty, %] go to zero to get the limit of the
first term of (4.6.7)

[ [ e £9) - Kl asi5,

t1

It remains to check

lim  B[(1s, Heor(s") — Hepu(s))[F0,] = 0.

s’ —s,8""<s

105



By the definition of ¢;(s), we have
|Hepe(s") — Hepr(s)]
t s
= T;S—S”HQDO - T;f—sg_CSOO + / Tr—s”f(fr) - Tr—sf(r)dr + / TT—S”f(r)dT

< (s— ") 2 e(l).

This gives the result and shows that M o/ is a local martingale. And the density of
Dy gives the result. We will see it is actually a martingale when we show the direction
2.— 1. and 1. implies the moments estimation of {y, ¢).

From the compensator of Lf , we can obtain the compensator of the random point
measure N defined in the first step. Now since the purely discontinuous martingale is
determined by its jump part and the jump of M7 is given by Y ocsct s — ps—, pi(8)).
Then from the compensator of N, we know the compensator of M_‘f(;f should be given

N (1+5)
pA+5
T e eodsde

2.= 1. We apply Ito’s formula to the semi-martingale (i, p:(s)) and obtain

<,Usa %§0t<3)

f((/lsa th

= f ({10, (0 /f fors (1)) (s S ( d"r’+// (b, 520 (8) 1P

rfg—;ﬁ;w (F(ptr—s 0e(r)) +10) = F (Ut 0(r))) = F'(ptrey 00(r)))u)dudr

+ local martingale.
Choose f() = e~ and f(r) = —s(Us_4(0))™*?, then gi(s) = Us_po and

€*<#S,Ut—s500> _ e*(#oﬂﬁpo)

is a bounded local martingale. Thus it is a martingale, which gives the result. n

4.7 Properties of rough Super Brownian Motion

In this section, we discuss the compact support property and the super exponentially
persistence of the f—super Brownian motion. The compact support property for the
rough super Brownian motion with 8 = 1 has been discussed in 3 and here we will
give a sketch of how the method in 3 can be applied for the 0 < 8 < 1.

Let Utd’(p be the solution to the equation

{ dw, = Hw, —w; P + ¢, in (0, 00] x R2,
¥

| o (4.7.1)

Then we have
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Lemma 4.7.1. For any function ¢ € C'72%(R? ¢(1)) and ¢ € C~1+2(R? e(l)) for

some | € R, the process
Ny(s) = e~ U= Jg (ur-d)dr

15 a F—martingale. In particular,

E [em ot ahdr] = ¢~ uf0)

Proof. Let f(x) = e and ¢,(s) = UY ,p in the It6’s formula of (p,, (s)) and then
apply lemma 4.6.1, we can get the result. O

As discussed in 3, let P, = [-n,n)? and P := (—n — L n+ %)2 Define ¢7, € C'°

such that
=0 on P,,

ony=m on (Pmye,
€ [0,m] elsewhere.

Since the limit
lim E [¢Jo or i1

m— 00

describes the probability that {is}o<s<: stays in the box P, and the limit over n
describes the probability the compact support property holds. The compact support
property holds if we show

lim lim (U7 0)n, =0,

n—0o0 Mm—0o0
uniformly over the support of pg for some cut-off function 7, =1 on P, _; and 0 on
P¢. We here give a uniform interior estimation lemma on thj () without proof. The

similar result is proved in 3. Also in |73, 74| for similar results of ®3 model.

Lemma 4.7.2. Let n,m € N and a > 0, we have

(T O)nn”c,};“(u@p(a)) S (4.7.2)

where ' <" depends on time horizon T, ||||c-1-xm@2 pp)) and ||IE © &||c—2x @2 pe)) for

b= %a. Here the weight for the norm does not increase along time but remain p(a).

Proof of theorem 4.3.9. As proved in 3, the bounds on ||(Uj; mO)nnHL;N(RQ’p(a)) tells us

that, up to some subsequence, we have
U, == lim lim (U7 0)n,
m—00 N—00
is the solution to the equation

U, =HU, —U?,  Uy=0.

Thus the uniqueness theorem tells us that U, = 0. And we get the result. [
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Remark 4.7.3. By using the coupling method, one may reduce the proof of compact
support property into a much easier problem, i.e. the problem for the branching random

walk with classical branching mechanism but stochastic branching rate.

We now turn to the super-exponentially persistence of the generalized rough super
Brownian motion. The super-exponentially persistence has been discussed in [78§]
using the approximation of super process in box of R?. We here will use the result in
[78], together with the coupling method, to show the theorem 4.3.7.

Proof of theorem 4.3.7. We need to consider mixed super processes for the proof. Let
A" be the mixed particle systems with branching rate (1 + ¢)|¢?| and branching

mechanism

h™ 4 ch r o 241
‘ , h(x,s) = :52— —, T
1+c el ez
For 0 < 8 < 1, we define a sequence of independent probability measures {1™"};<n(g)
corresponding to particle systems with branching rate (1 + ¢)[£”| and branching

mechanism
9" tcg
l+c
For any ¢ € C>(R?), we now need to compare the two quantities (1", ) and

ZN(B) <un7i, ) with some number N(ﬁ).

i=1

Let Z, be the random variable with generating function 2+<t and Z; be the

1+c
random variable with generating function g:j:zg for i = 1,---, we need to find a
number N (3) such that
N(B)

PZo>2] <P |) Zi>2|,

i
which is equivalent to showing that

N(B)
PZy=01>P | Z =0 =P[Z =0"?,

Since ¢ > 0, we know P[Z; = 0] > 0 and P[Z; = 0] < 1, the existence of N(f) is
guaranteed. Thus, there exists N () > 0 such that

N@)
" o) <y (™ ).

=1
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Now consider event Ay = {lim; ., e (", ¢) }, A; = {limy_o e (", ¢) },then

N(B)
Ao C | A

=1

We also have P[A;] = P[A] for any i = 1,--- , N(§). By the result in [78], we know
IED[AO] > 07

Hence we must have P[A;] > 0, which gives the result. O
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Chapter 5

Fractional stochastic Landau-Lifshitz
Navier-Stokes equations in dimension
d > 3: Existence and (non-)triviality

5.1 Introduction

The Navier-Stokes equation is a fundamental partial differential equation in fluid
dynamics:
Ou = vAu — Vp —div(u ® u) + f, V.u=0,

where v is the kinematic viscosity, f is an external force and p is the pressure. When
the force f is random, one speaks of the stochastic Navier-Stokes equation [36, 37, 87]
when the noise is not rougher than space-time white noise. Even rougher noise, say
the derivative of space-time white noise, is considered in the recent works [53, 12| for
the vorticity formulation of the two-dimensional fractional stochastic Navier-Stokes
equation.

Here we consider a fractional stochastic Navier-Stokes equation in dimension d > 3,

which is given by
O = —(—=A)u — Vp — Adiv(u @ u) + V2(~A)2¢,  V-u=0, (5.1.1)
where 6 > 0 is a positive number and ¢ is a white noise with covariance
ElG(t 2)(5,9)] = 0,0(t — $)0(z = y),  (La), (5,9) € Ry x T

For 6 = 1, we show that this equation is equivalent to the fluctuating hydrodynamics

equation of Landau and Lifshitz [5, 63],
du = vAu — Vp — Adiviu @ u) +V - 7, V.-u=0, (5.1.2)
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with noise term given by V - 7, where 7 is a Gaussian field with covariance

2V/{ZBT

1o 2 / /
E[Tij(t, .’L’)Tkl(t , L )] = (6ik§jl + 5@'16jk — géljékl)d(:c — X )(5<t —t ), (513)

where kg is the Boltzmann constant, 7" is the temperature, and p is the density.

Equations (5.1.1) and (5.1.2) are scaling supercritical in d > 3, and therefore they
are outside of the scope of regularity structures [55] or paracontrolled distributions [49],
and making rigorous sense of (5.1.2) is a long-standing problem, with [42] making
recent progress on physical interpretations of truncated versions of the equation.

We do not attempt to make sense of (5.1.2) directly, and we expect that there is
no meaningful solution theory for the non-truncated equation. Instead, we consider
two simplified problems. First, we study a hyper-viscous version of the equation, in
which the diffusion is replaced by —(—A)? with 6 > ¢ and simultaneously the noise is
replaced by Mf‘ to guarantee a fluctuation-dissipation relation that preserves
the “energy measure”. Our first result concerns the generator of equation (5.1.1) and

the corresponding martingale problem.

Theorem 5.1.1. Let 0 > g and M > 0 and consider an initial distribution v with

dv
duM

T4, = (RY/(MZ))?. There exists a unique-in-law energy solution to (5.1.1) on Ry x T4,

€ L*(n), where p™ is the divergence-free and mean-free space white noise on

with initial distribution v.

Energy solutions are defined in Section 5.4 below, where we also give the proof of
Theorem 5.1.1.

For our second result we focus on the case # < 1, so that in particular 6 < g and
we cannot apply the previous result. Therefore, we consider a truncated equation,

with the mollifier p! given by Fp' = 1p(1) for simplicity
O = —(—A)u — At xILdiv((p* * u) ® (p" * w)) + V2(—A)2IIE, (5.1.4)

now on R, x RY; here II is the Leray projection that will be introduced below. We
drop the condition Vu = 0 here but should remember that it holds throughout the
paper. This is essentially a Galerkin type projection of the equation for u, except that
we did not mollify the noise. As will become clear from the proof of Theorem 5.3.4
below, we could also mollify & with p! without affecting the results, but for simplicity
we do not do this. Our second main result concerns the large-scale behavior of u:
With the scaling
uN(t,x) = N%u(Nzat, Nzx)
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we obtain (with a new space-time white noise that we still denote by £ for simplicity)
O’ = —(=A)uN - ANP=% pN 4L div((p™ +u™) @ (pN +u)) +v2(—A)2TIE, (5.1.5)
where pV(z) = N4p*(Nz).

Theorem 5.1.2. Let 0 <1 and d > 3 and let u be a stationary solution to (5.1.4).
Then u™ has weakly convergent subsequences in C(R,,8 (R%)). For 6 < 1, the limit

o

u™ is unique and it solves

O™ = —(—A)"u>® + V2(~A)IIe,

1.e. the nonlinearity simply drops out. For 0 = 1, no limit solves this equation, i.e.

the nonlinearity gives rise to a nontrivial contribution in the limit.

This result is shown in Section 5.6, where we conjecture that for # = 1 the limit
solves a linear equation, with explicitly given effective diffusivity > 1. For the mollified

Landau-Lifshitz equation (5.1.2) we would obtain the following linear equation for the

du = G(A\)vAu + 4/ G(S‘)W / QV];BTH(—A)é§,

- 5\2/{3 Bde
GA) =1+ ——F—F——
) \/ i 412pm2(d — 2)’
with an explicit constant wy that depends on the specific mollifier, see Section 5.6 for

details.

Let us comment briefly on our methods. For Theorem 5.1.1 we use the energy

limit

where

solution approach introduced and developed in the works [43, 50, 52, 51]. This
approach is generalized in [44] to provide a general framework to make sense of the
infinitesimal generator of stochastic Burgers and other types of singular stochastic
partial differential equations. The crucial feature of the equation which makes this
approach works is that it contains a good symmetric part and the singularity is
contained in the anti-symmetric part, and this allows us to apply the results of [44]. In
fractional problems like the ones we study here it is expected that there is an “energy
critical exponent” # above which the energy solution approach works, but below which
the theory does not give any information. This parameter does not have to be equal
to the scaling critical parameter, and in fact here it is 6 = g, while the scaling critical
%

parameter is 6 = . For d > 3, the energy critical exponent is thus bigger than the
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scaling critical exponent, and it is not well understood what happens in between (or
in fact for 6 € (1, 9]).

For Theorem 5.1.2 we follow the approach of [8, 12]. In particular, the approach
and results are almost the same as the ones in [12| for the vorticity formulation of the
2d stochastic Navier-Stokes equation, and we employ their method for the stochastic
Navier-Stokes equation in all dimension d > 3.

While the mathematical methods for both our main results existed previously, we
believe that our main contribution is the observation that the stochastic Navier-Stokes
equation has an invariant energy measure in all dimensions, and that this allows to

study Landau-Lifshitz type dynamics with energy solution methods.

5.2 Notation and preliminaries

For M > 0 we will use M to denote the torus T¢, = (R/(MZ))? of length M. When
M = oo, we interpret M as the space R?. When M is clear from context, we will
drop the index M and simply write M. We write 8§(M,,) for C>*°(My,) if M < oo,
and for the Schwartz functions on R? if M = oo, and 8 (M) are the (Schwartz)
distributions on M,;. We will write $(M, R%) and 8'(M, R?) to denote vector-valued
test functions and distributions; if it is clear from context we may also omit R? and

simply write S(M) or 8'(M) even in the vector-valued case.

5.2.1 Fourier Analysis

For M > 0 and ¢ € §(M,,) we define the Fourier transform at k € Z4, = (iZ)d

M
(with Z2 = R9) with the normalization

F(p)(k) = p(k) = / o(@)e_(x)dz,

M

where ey, (z) = ™. The inverse Fourier transformation is
1 .
o) =7 3 plR)er(a),
kezd,
where the sum becomes an integral for M = oo, and Parseval’s identity is
1 . ~
(p, ) = W > @Ry (k).
kezd,

The convolution of two functions ¢, on the space M, is defined by

o 4ar (@) = / o) b(x — y)dy,

My
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and the convolution of two functions on Z4, is defined by
ur (k) : Md > e
kezg,
so that
@ = (k) = @(k)v(k), (k) = @ *m Y (k).

Derivatives and fractional Laplacian can be expressed as Fourier multipliers:

—

Oip(k) = 2mikip(k),  (=A)%(k) = 2n|k)*o(k),
and the Leray projection IT maps vectors ¢ € (M, R?) to divergence free vectors,

(), (k) = > Ty (k);(k),

where

1,

i =05 1<, <n, (5.2.1)

with the convention ﬁij(O) = 0ij.

5.2.2 Gaussian Analysis

We consider a mean-free and divergence-free white noise: For M < oo, u™ is an
§'(M, R%)-valued random variable such that p*(f) is centered Gaussian for all f €
§(M, R?), with covariance

B (] = (11 (- f fldI>7H(f2—][f2d$>>L2(M7Rd),

for all f, f» € 8§(M,R%), where fMM cdx = #fMAI ...dx. Tt can be seen that
the measure induced on &', which we again noted as u, is concentrated on the

divergence-free and mean-free fields. We can also consider the Hilbert space
Hy, := {(p c L*({1,...,d} x My) : div(p) = O,][ edr = 0} :
M

equipped with the norm [|h||f, = >"7 fMlM 7)|?dx, so that M is a white noise on
HM with
Elp™ (ha) ™ (ha)] = (ha, ho)ey,.

for hq,hy € Hys. For M = oo we also write p := p* for the divergence-free white

noise on R?, i.e. the covariance is

E[MM(fl)NM<f2)] = <Hf17Hf2>L2(M’Rd) .
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We write L2(8'(M), u*) (in short L?(u™)) for the space of all square-integrable random

variables with respect to measure ™. The n—th Wiener Chaos is defined via

Hun = span{ H,(uM(h)) : h € Hyy, ||h]| = 1},

where H,, are the Hermite polynomials such that Hy = 1, H, = nH,_; and E[H,(X)] =
0, n > 1, for a standard normal random variable X. When no confusion arises, we
drop the index M for simplicity.

For all non-negative integers n, let I'L? be the symmetric subspace of H®". The

Fock space I'L? = @~ ,I'L? consists of symmetric functions with finite norm defined
by

o0

lollfze =D nlllnllfen,

n=0

for ¢ = (¢n)n>0 with ||h®"||gen := ||h]|%. The space I'L? can be described as
TL? = {(¢n)n>0 : ©n € HE", @, symmetric and |||z < 0o}

For convenience, we also may say that a non-symmetric function is in the Fock space,
provided its symmetrization is in the Fock space. For any f € L?*(u), we have the

chaos decomposition

= Llen),  ¢=(pn)neTL?
n=0

where I, is the continuous linear map map from the symmetric subspace of H®" to
L*(p) with I,(h®") := H,(u(h)) for h € H and ||h||g = 1. Furthermore, the identity

1 fllz2) = llellrze

holds.
For future usage, we can also extend the definition to the symmetric subspace of
D, (L*(M,R%))®". For function ¢y, - - - , ¢, € L*(M,R?), we can define a generalized

Leray Projection on the tensor products by
(1@ ®@¢y) =l @ @y,

which is a linear operator and can be extended to the space (L*(M,R%))®". Now, for
any function ¢, € (L*(M,RR%))®" we define

L(pn) = 1,(Ilpy,).
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By the nature of the projection, For any ¢ = (¢,)%%, and ¢,, € Sym((L?(M, R%))®"),

we define
el o= Ml Fre =Y T |Pagmayen < D nllonlFremaen-
n=0 n=0

Thus, the upper bounds can be calculated as without existence of the Leray projection.

Another tool we need is the identity

Beied =5 m() () rasler B (5:22)

r=0

where * is the symmetrization operator and

©p @ Pq((i1,71), - -+, (Iprg—2rs Tprg—2r))

= <90p((i17 1’1), S (ip—r; Ip—?")7 ')a (Pq((ip—r—i-l; Ip—r—l—l)v Sy (ip+q—2r7 Ip+q—2r)7 ')>H®T-

We will also need “Sobolev-like” spaces 3 defined by
HG == (1+N)7(1 — L) °TL?

where the number operator N maps ¢ = (¢,), to Ny = (np,),, and where Ly
is defined in equation (5.3.7) below. For # = 1 and ¢ € I'L?, this is exactly the

inhomogeneous H* Sobolev norm.

5.3 Infinitesimal generator of the truncated equation

Our goal is to solve the following stochastic Navier-Stokes Equation on the space M:

{ Au = —(=A)u — MI(div(u ® u)) + V2(=A)SIE,  on RT x M,

div(u) = 0, on RT x M. (5:3.1)

Here u : Ml — R? is a divergence-free vector function, & = (£y,...,&,) are independent
space-time white noises on {1,...,d} x M, and we recall that II is the Leray projector.

We start by considering the following approximation: Let y be a smooth, even
function on the whole space R? with support on the ball B(0,1) and consider the
kernel pMY with Fourier transform pM¥ (k) = x(k) for k € Z4,5 (where MN is the

product M - N). Let u™¥ be the divergence-free solution to the equation

uMN = — APUMN — XpMN ey T(div (0" sprn w) @ (PPN sprv w))) + V2ALTIE,
(5.3.2)
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on R x My, for divergence-free initial condition u)!. With the same scaling as

in (5.1.5) we see that u™M := N2uMN (N2t Nz) solves

BN M = — AOYNM _ \ o BYM (N M) 4 /2 ARTIE, (5.3.3)
on Rt x M, with divergence-free initial condition u™*(0) = u)"", where A = —A,

d+2

ANy = AN=73 and

BNM(y) = pNM sy T(div((p™M sp w) @ (pNM 50 1)), (5.3.4)

—_—

where pNM (k) = x(£) on Z},. Next, let us define solutions to equation (5.3.3).

Definition 5.3.1. A divergence-free stochastic process u™™ € C(R,8'(M,R?)) is
called a strong solution to (5.3.3) with Ay g replaced by A>0, iof for all test function
¢ € 8§(My, RY), we have

t t
u M () = ug ™M () — / uNM (A%p)ds — A / BNM (VMY (p)ds + MP,  (5.3.5)
0 0
where My = ﬁf(ﬂ[o,t] ® Agl'hp) s a continuous martingale with quadratic variation
[
[M#] = 2t]| A2TTg |,

Remark 5.3.2. We may consider Schwartz functions as test functions. However,

N,M

since the solution u s divergence-free, we actually have

ur M) = (Mu M) () = u"" ().

Thus we can restrict to divergence-free test functions. Furthermore, when M < oo,
the 0—th Fourier coefficient does not change in time. Thus, for convenience, we will
also restrict the test function to have average 0 when M s finite. We will write 8 (M)

and 8%(M) to indicate that we choose the divergence-free functions.
To start with, let us give an orthonormal basis of H,,.

Proposition 5.3.3. Let d be the dimension and let M < oo. Then for each Fourier
mode k € 74,\{0}, there are exactly d—1 vectors (€})1<i<a—1 such that {€i}x10.i=0.. a1

forms an orthogonal basis of Hy,.
Proof. We start with the L? Fourier basis:

i

ep(z) = {(ek(Z)5ij)]'Ilw--,d}O;AkeZﬁJ,izl,...,da
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with Fourier transformation

8k (k) := {(0k(Kk)8i5) j=1,...aYorrezd im1...d-

M>

The Fourier transform of the Leray projection of €} is given by

T < 7. = i k%‘ _
<H5k> (k) == (IL;;6p) j=1,...a(k) = (52']' - w) 3k (k)
j=1,d

This means that the Leray projections for different k € Z¢, are linearly independent.
We now go to check the case when k is the same but ¢ is different. We only need to

compute the rank of the matrix ﬁ(k) for any fixed non-zero k, where

K2 — k2 —kiky ... —kikg
_ Chks K= k2 ... —koky
(k) = ; _— : = [k Ly — (Kik;)s ;.
Chaky —kaks .. RE—R2

To show the rank is d — 1, we only need to show that (k;k;);; has a one-dimensional
eigenspace with respect to the eigenvalue |k|?. One eigenvector for |k|? is k. If (z;) is
another eigenvector for |k|?, then we can take the inner product with x in the equality
kiy i kjr; = |k[*x;, i =1,...,d, and we obtain

2
|k z]? = (Z%’%’) :
J
By the Cauchy-Schwarz inequality, we know that x is a multiple of k£ and therefore

the dimension of the eigenspace is exactly one. Thus we proved the proposition. [J

Now we can prove the existence and uniqueness of strong solutions to the truncated

equation:

Theorem 5.3.4. For M < oo, equation (5.3.3) admits a unique strong solution
d

_d_ _d_
ulNM e C(Ry,By3 ) for any divergence-free initial condition ug € By3 , where
_d_ N
2 J—
Bys; = ﬂ B3 -
a<—g

Furthermore, the solution is a strong Markov process and p™ is an invariant measure.

Proof. In this proof we drop the superscript -*. We can follow Section 4 of [50]
or Proposition 2.1 of [12]. As indicated by Proposition 5.3.3, instead of considering

Fourier series, we take the orthogonal basis of H as test functions, i.e. €, in Proposition
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5.3.3. We can then decompose u” = vV + ZV where vV and ZV are independent
with disjoint spectral support. Indeed, for the decomposition we take V¥~ := {0 # k €
74, % € supp(x)} and we let v be the orthogonal projection of u"¥ to the space
generated by {7 bev ico,..a 1

Furthermore, Z% is the Leray projection of the infinite-dimensional Ornstein-
Uhlenbeck process on the Fourier modes UY := {k € Z4, : F(p™M)(k) = 0}, which is
a strong Markov process in the space C'(Ry, B, 2%—) with invariant measure given by
the projection of ™ onto the Fourier modes in U™.

On the other hand, v" is spectrally supported on V¥ and can therefore be identified
with a finite-dimensional SDE with smooth coefficients. Thus, we only have to deal
with the non-linear part BY to rule out explosions. It suffices to show weak coercivity
(see [67, Chapter 3|), which follows from

(u, BN (u)) 2y = 0. (5.3.6)

This follows from the divergence-free property of u since

(u, BY(w)) = (p" * u, div((p" *u) @ (p" *u)))
_Z PN x g, 0;(pN * ug - pN % uy))

:_Z 0" x ;) - p" kg, p ok ug)

:—Z (N ui - pN k), pN k) = 0.

This proves the existence and pathwise uniqueness of strong solutions in C'(R., IB%;’ 2.

To prove invariance of u™, we can either directly use the divergence-free property
of BY when expressed in Fourier modes, or proceed as in [50, 12| to calculate the
generator of equation (5.3.3) and use the general result in [31]. We postpone the

argument until we introduced the generator of the equation (5.3.3). ]

To proceed, we introduce the generator of equation (5.3.3) acting on cylinder func-
tions. A cylinder function is a function with representation F'(u) = f(u(¢1), ..., u(pn))
for some n € N, ¢1,...,¢, € 8 and smooth f with at most polynomial growth at in-
finity. By Ito’s formula, the generator £V of equation (5.3.3) is given by LV = L, +GV.

Lok (u Zaf °01) +Zé’3jf<Agsoi,Ag%>, (5.3.7)
i?j
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and

GV F(u Za F(BY(w), @), G = AneGY. (5.3.8)

Using the approach of [52|, we calculate the action of the generator on the space
L*(u™).

Theorem 5.3.5. On the space L*(u™), the operator Ly is symmetric and the operator
SN is anti-symmetric. Furthermore, we have the decomposition GN = SN + GV such
that Sf :TL2 - TL? | and GN.IL2 - TL2 |

For sufficiently reqular ¢ = (pn)nen € T'L?, the operators have the following

expressions in Fourier modes for n > 0:
*rf(LGSO)n((liv ki)ltn) = _(27T)29 Z ‘ki’29¢n<<lia ki)l:n), (5-3-9)
i=1

and Qf(FLg) — 0, G¥(TL2) = 0, while for n > 1

g(gf’Mgo)n(ll:m kl:n) = 27”(” - 1>Ra71,kn<kn + kn—l)ln

) (5.3.10)
: @n—l((ln—ly kn + kn—l)a s )7
and
SN M 2mn (n + : .
9( _ @)n(ll:na kl:n) = Z Z |:pln90n+l((zap>7 (7/7 Q)a s )
i p+q= kn
- kn,i¢n+1((ln7p)7 (27 Q>7 s ):| )
(5.3.11)
where R, = p™ (p)p™ (@)™ (p + q).-

Proof. We divide the proof into three steps. The first two steps are used for the
calculation of Ly, é’ﬂl and é’;]f . The final step is to prove the anti-symmetry of éN . Due
to linearity, we only need to consider F(u) = H,(u(h)) = I,(h®") with h € 8;(M)
such that ||h/m, = 1.

Step 1. We have for Ly:

Lo Hy (1 (1)) = —nHy 1 (" (h) " (A°h) 4+ na(n = 1) Hy o (1 (1)) A% (

5.3.12)
= —nL,(h®" Y @ A%h),

and thus for any ¢ € I'L?
LGSO Z Aazl QOn,

which gives the desired result in Fourier modes.
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Step 2. Defining p;",(2) as a vector with value p"(z — y) at the i—th position and 0

at other positions, we have
GNME = —nH, 1 (u (h))<h PN (div(p™ * i) @ (0N x M)

-3 [ ostila)o @ = 1) 1o s (B D)y
(5.3.13)
=03 [ Ohle)e (2 = )alolly @ ) s (HE )y

The first equality holds because h is divergence-free and the Leray projection is a

Fourier multiplier, hence it commutes with the convolution. The third equality is

because I (p), ) 11 (p),) = L(p, @ p,) + (pl,. p},) and
Z/ajhi(x)p — y)(phy, P}y dady = Z/(‘?h = y)llpy [I72dzdy = 0.
1,J

Using the contraction rule for Wiener-1t6 integrals, see Proposition 1.1.3 of [76], ng

and GV are given by (we drop the operator I here)

n
9NMF(llin+17 I11n+1> = 5 /(aln+1hln (l’) + alnh’ln+1 (x>>h’®(n71) (llznfh xl:nfl)

oY (@)pl ()Y (y)dady,

and
GYME (L1, 21 1) = n(n — 1) / > (b, () + Oy ha(2)h ) (L, 1n)
~hi(2)py ()02 (y)py, _, (y)dadyd>
—n(n=1) [ Y0, hule)o, o)~ (@00, )

. h®(n_2) (ll:n—27 l'ln—Z)hZ(Z)pév(x)piv(y)dxdydz

The second equality holds because h is divergence-free and it is useful for the estimations

below. There is also a vanishing term:

gj—véMF(llzn—?nxl:n—?)) = Z/ajhi<x)pév(x)h®(n_3)(llzn—?nIl:n—3)<hiapév><hjapgj;v>dxdy

= - Z/ h®(n 3)(l :n737x1:n73)

<0y, ((hi, py ) (hy, py)))decely

— _9NMF(llznf3>x1:n73)7
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using that h is divergence-free in the last step.
A direct calculation shows that 9]_”4 =0 forn=0,1, and ng =0 for n =0.

Hence, we have for all ¢ € T'L?

5 50 =5 [10i2n((as2)s) 4 O on((las ), ) s
oy (@)oY ()Pl (y)dady,
and
GNM o, =n(n — Oy, (2, 2)(2, 2), ... iv_l
§Y g, —nfn 1) [ S 0n, a6 2 ) -

- (pn((ln—lv x)v (iv Z)? Tt )aipfz;\;,l (y)}pg(z)pf(y)dxdydz

This gives the desired result on the Fourier modes of éN M

Step 3. Finally, we prove the anti-symmetry of GN*: We have for h, g € 8

—_

(G e, 670 )

+

1)

— n{g, byt / S ) () @0 ()6l ()

ln:n+l

: aln+1 hln (x)dxdydzn:n—l—l

= —n(g, h)" / > 0. as)py @)y, (PN )N, ()

ln:n+1

(n

(5.3.16)

: hln (l’) dwdydzn:n-l-l

= —n(g,h)""" / > g, (2)g:(2) ) ()2 (1) p (y) u, () daedyd zd 2, + 0,
Inyi
where we applied integration by parts in the second and third equalities and the second
term in the third equality vanishes because g is divergence-free. For the remaining
part in the last line, we write ¢+ = [,,11,2 = 2,11 and exchange z, and x. For the

5N, M
operator G, we have

(VM (gBHD) BBy — (g, pyn! / S I (2)96(2)0 (@)oY ()0 (9)

In i

(01,9 + Oign,, ) (x)dxdydzdz,

=0 (@)

(n+1)!

(5.3.17)
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The first term after the second equality vanishes because

/ S by (g (2002 (@)% () (9)0, 94(x) ddyd -z,

Inyi
= [ St 500101, 01 ) )z, =0,
In,i

9N,M

because h is divergence-free. Thus the operator is anti-symmetric. O

Now we can complete the proof of the Theorem 5.3.4, namely show that p is an

invariant measure for u’\- .

Proof of the invariance of ™ in Theorem 5.3.4. Let g be the projection on the

space generated by {é};}o Lhezd JH < g Then IIx commutes with £V if K is sufficiently
M* N —

large, and the invariance of y o I1" for Ixu™ follows from Echeverria’s criterion [31]

because

E I[QNHKSD] = EM[LNHKSO] =0,

poll
for any cylinder function F', which follows from Theorem 5.3.5. O]

Next, we derive estimates for GN , along the lines of [52, 53]. We consider a function

w: N — (0,00), which we interpret as a weight.

Theorem 5.3.6. The operators §Y and GV satisfy for ¢ € [0,1] and A5 = 42 (Lol
lwN)(A = £0)7 95Vl S [N 0wV = YA = L)l (5.3.18)
of B> %, and

JwN)A = £6)7 58N ]| S [IN'FF0-aw(N + 1) (A = Lo)g, (5.3.19)

if B < )\g — 4%; the implicit constants in (5.3.18) and (5.3.19) depend on M if > 1,

but they are independent of M for @ < 1. Next, we also have for 0 < 3 < 2%,
100 = £0) 28Y0lP S Mg N INF0T (< Lo)l”, (5.3.20)
and for GY, we have the estimate
1A= £0) "2 SNl S [N(=Lo)' 20| (5.3.21)
Finally, we have a non-uniform estimate of the operator ég

s 3
1SVl Sn INZe]). (5.3.22)
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Proof. For G, we have, by the symmetry of ¢,

o) (A = L) 55N |2

¢ 1
S nlw(n)® >0 (L4 o) (| + -+ [Ea[*)) QA"W
TZZO ll:nyklt’n
2
n2(n + 1)2 Z Z plngbn—i-l((ivp)a <Z7 Q)v c ) - kn,i@n—l—l((ln;p)a (Z7 Q)J s )
i ptqg=kn
nn?(n + 1)%w(n)? _oxé
3 M TP g S
77/20 ll:nvkl:nai
2
: |kn|2 Z SOnJrl nap (Z q Z ¢n+1 [ p Z Q) )
pta=kn p+q=Fkn
By multiplying the RHS by the dimension d, we notice that
2

<dz

11:m,0

> Pan((lwp), (,9), )

p+q=kn

D

ll:nyi

> Gnnlisp), (s ),

p+q=Fkn

d
We have for any o > o5

1
ari 2 CHpP ™)~ [(CoH P+ 2dp S (CHIE)E, (5:3:23)

p+q=kn

and therefore
2
S Gt p) (1,0), )| < O[B4 R )20

p+q=kn

S A H R 4 et + [+ 1a))* @

We then obtain, choosing o = 25 > 29,
CN
loN)(A = Lg )[H Sl
u 1)2 2
<Znn n+ ( ) Z ()\+’k1’29+_”+|kn’29)72>\§+%‘kn|2

Md n+1
n>0 l1nt1,k1n
D o L AN () (A N
pt+q=kn
1 - R
s> an?)—c—%w(n — 1 Y Ik 4 (ka2
TL>0 (l7k)1:n

1

= [N (N = 1)(A = Lo) | |”
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In the second inequality, we use symmetry of ¢, and Y1 [ki|* < (X0, \k;i|29)%
for # < 1 while for § > 1, we use |k,| > % and therefore |k,|? < M?~2 to obtain
S Tl S (0 [Rl®) (2, ’ki|2e)% n(-00-%),

The estimate (5.3.19) for é’f now follows by a duality argument from (5.3.18)
because <~N<p V) = —(p, GNe) for all Cylinder functions ¢, 1.

For G (i.e. including Ayg) and 3 < 55 we have

nI\%
O e S D D . vl et A [ - (R

n>0 (1,k)1:m
(= 1)k + Kot [P a1 (Lo Ko + Kna), )
S MNP NE T (— L) B,
where the estimation in the second inequality follows from

17 Z |RYPP(C+ [p* + 1q*)” 5</ (C+ |p|**)Pdp < N©2° (5.3.24)

p+q= k |p|SN
Finally, for GV, we have
I\ = L)~ g™ o)
nin?(n + 1) 3 Aol 0 (k)P
(

ano M (n+2)d & )\—|—|k1|29—|—--~—|—|k5n|29)%

Z Z pln¢n+1((i7p)7(iaQ)7"')_kn,i@ﬂ-i—l((in—lap)’(ivq)v"')

i pra=kn (5.3.25)
[plla|<N
| ) ARl p™ (Ken) P * 32 pa= b |Pnt1(p; )7
Z n: n ) Ipl,lq|<
~ n+2)d 1
e e QIR k)3
(n+1)n3 1 R
NZ n+1 Z AN, Md Z [Pnir(p g, I
n>0 (LK) 1 p+q=kn
Ipl IQ\<N

We note furthermore that

1 "
W Z ‘§0n+1(p7% s )’2

p+q:kn
Ipl,lg|I<N
1 1 1.
S 2 (P 1aP) 2 > (b + )V enn (g, )P
p+q=kn p+q=kn
Ip|,|g|<N
_ 1.
SN2 (2 4 (g2 G (g, )P

p+q=kn
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which gives the result since since A%, = N4~4=2 For the non-uniform estimation, we

calculate as follows

1Yl
< N onl(n — 1) 2| 2 2
~ Z Z ‘:Rkn,kn,1| van + kn—l‘ |90n—1((ln—17 Kn + kn—l)v s )‘
n>0 (L,k)1:n
(5.3.26)
LD DD D e PRI A S
n>0 (L,k)1:n—1
v [IN2g||2.
And for the operator G_, we have
15 |2
nn?(n +1)? )
S e 2 PN E)P
’I’L>O (lyk’)lzn
2
. . . . . . (5.3.27)
' Z Z plngon-kl((lap)a (Z7 Q)u ] ) - kn,i¢n+l((2n—17p)7 <Z7 q)7 .. )
it ptq=kn
Ipl,lgl <N
n!n? n—i—l . 3 9
n>0 (LK) 1:m+1
L]

Remark 5.3.7. The dependence of the implicit constant in (5.3.18) and (5.3.19) for
6 > 1 should also appear in equation (11) of [53]. Replacing the estimate Y ,_, |k:il* Su
S ki? by Hélder’s inequality, we can get a uniform-in-M estimate with N2~ on
the right hand side, which therefore extends to M = oo. But to prove well-posedness we
need N7 with some v < 1, which requires 8 < 1. Therefore, the proof of well-posedness
of energy solutions to the 2d hyperviscous Navier-Stokes equation in the plane in [53]
seems mcorrect The more precise estimations in [11, Lemma 2.4] would give a bound
with N2~ 3 , thus 0 < 2 would work. For 0 > 2 we are currently lacking an argument

to prove well-posedness in RY.

5.4 Existence and uniqueness of energy solutions for
0> ¢
2

To introduce energy solutions, we first introduce the crucial energy estimate.
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Definition 5.4.1. We say that a process (u;)i>0 with trajectories in C(Ry, 8% (M))
satisfies an energy estimate if for all p > 1 there exists cop > 0 (with c; = 1) such that

for all cylinder functions F

¢
/ F(s,us)ds
0

Lemma 5.4.2. Let § > 0 and let v < p be a probability measure with n = dZ—’jw €

L*(p™). Let u™M be the solution to the equation (5.3.3) with initial condition v, then
N,M

p
} SJTg sup ||C;\;(1—Lg)_%F<S)Hp. (5.4.1)

0<s<T

E[sup

0<t<T

U satisfies an energy inequality with implicit constant that does not depend on N.

Proof. This follows by the It6 trick using the same arguments as in Section 4.1
of [52]. O

Remark 5.4.3. The energy estimate holds also for the case M = oo if we have the
existence of cylinder function martingale solutions of the stochastic Navier-Stokes

equation on the whole space.

As a simple consequence of the energy estimate we can make sense of additive

functionals with distributional coefficients:

Lemma 5.4.4. For any horizon T, assume that a process (u)i>o satisfies (5.4.1) and
let I,(F) = fot F(us)ds for all cylinder functions F' and t € [0,T]. Then the map I can

be uniquely extended as a bounded linear functional from 9{5% to LY(Q,F,P,C[0,T7).

Proof. We simply apply (5.4.1) with p = 1 and use that cylinder functions are dense
1
in H,*. O

If > % and ¢ = 1, then A = 4 +1 < 1inequations (5.3.18) and (5.3.19). Taking
Be (L 1) and w(n) = 5 and using that H? C 9{,‘;‘// for « > o' and v > v/, we
obtain

N

~ 1 _1 ~ 1 —

GV HE — K, 2, GY L HE — H, 2. (5.4.2)
with bounds on the operator norms that are uniform in N. With these two bounds,
we obtain the existence of the integral

t

t
/ZDF(uS)ds = lim [ (Lg+ GV)F(u,)ds,
0

N—oo 0

for all (us) satisfying the energy estimate (5.4.1) and for all cylinder functions F'.

We now introduce two different martingale problems for our equation.
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Definition 5.4.5. A process (u4)i>0 with trajectories in C(R,, 8(M)) is an energy
solution for L with initial distribution v if ug ~ v and if the following conditions are
satisfied:

o (ut)i>o is incompressible, i.e. for all T > 0 there exists C(T') > 0 with

sup E[F(u,)| < C(T)||F]],

0<t<T

for all cylinder functions F';
e u satisfies an energy estimate;

e for any cylinder function F, the process

t
M} = F(u) — F(ug) — / LF(ug)ds, t>0,
0
1S a continuous martingale with quadratic variation

¢ 0
(MF) = / E(F)(us)ds,  with E(F) =2 / A2 D, F|2dz,
0 M
where D, is the Malliavin derivative.

For cylinder functions F', we saw that LF € H, Y2 g only a distribution. But we
will discuss below that there is a domain D(£L) such that Ly € HY for all ¢ € D(L).

Definition 5.4.6. A process (u;)i>0 with trajectories in C(Ry,8%(M)) solves the
martingale problem for £ with initial distribution v if ug ~ v, law (us) < pM for all
t >0 and if for all ¢ € D(L) and t > 0 we have fg |Lo(uy)|ds < oo almost surely

and the process
t
plu) = pluo) ~ [ Liplu)ds,t 2 0.
0
is a martingale in the filtration generated by (us)i>o-

To construct the domain D(E), we follow the approach developed in Lukas Gréfner’s
Ph.D. thesis, which is presented in the lecture notes [44]. We need to show that G
is a bounded operator from 5{1/2 to 3{51/2 (which follows from (5.4.2)) and that
the commutator [N, 9] is a bounded operator from ﬂ{é/ ? to ij/ ?. The commutator
estimate follows in a similar way as (5.4.2), using w(z) = 1 this time as well as the
fact that §+ and G_ only increase/decrease the chaos by one. Thus, we can apply
Theorem 4.11 and Theorem 4.15 in [44] to obtain uniqueness for the two martingale
problems and the existence of the domain (D(L), £) on which £ generates a contraction

semigroup. Now we are ready to finish the proof of Theorem 5.1.1.
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Proof of Theorem 5.1.1. From Theorem 4.15 in [44], it remains to show the existence
of energy solutions to (5.3.3). The arguments are similar to Theorem 4.6 in [52| or

Theorem 1 in [53]. Thus, we give only a sketch of the proof here.

1. We start with the solution u" of the martingale problem of £V, with the
same initial distribution as for u. Given a cylinder function F' we consider the

martingale
t
M = Ful) - F(u)) - / (Lo + GMVF(u))ds, t >0,
0

with quadratic variation [ €(F)(ul). We furthermore obtain the equality

1 1
[lwN)(E(F))2]* = 2|jw(N = 1)(=Lo) 2 F|*.
2. From the decomposition

t
P() = () = [ (Lo ¥))dr + Mf =

S

we can obtain the estimation
E[|F(u"), — F(uM)] < (t - s)5]|E(1 — Lo) 2 F|IP.

Thus, we can apply the Kolomogorov and Mitoma’s criterion [72] to get the

tightness of the sequence (u")y in C(Ry,8%).

3. The incompressibility and energy inequality for u” follow directly from the
Cauchy-Schwarz inequality and Lemma 5.4.2, respectively. The implicit constants

are independent of N, and therefore any weak limit satisfies the same bounds.

4. Using the uniform estimates in (5.4.2), we obtain that the L' distance between
fg(Lg + GMYF(uN)ds and fOtEF(uéV)ds is o(1) with respect to N. Thus, and
limit point of (u")y as N — oo satisfies also the third point in the definition of

an energy solution.
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5.5 Solution on the whole space for § <1 and N < o

We consider here the truncated equation on the whole space R?, i.e. when M = oo,

for § < 1. To begin with, we derive the limit of the stationary distributions p™.

Proposition 5.5.1. The periodic extension ™ of the white noise y™ to the whole

space converges weakly to p as M — oo as Gaussian random variables on S}(Rd).

Proof. 1t is sufficient to prove that for each f € 8§;(R), the random variable i (f)
converges weakly to u(f). Since both are centered Gaussian, it suffices to consider

the variance:
1 2
~M (2] _ 2, L
BRI = [, il = 5 ([ i)
where fy(x) = > cpa f(x +EM). As M — oo, the second term vanishes and the

first term converges to || f||%, by the dominated convergence theorem. Thus we get
the result. O

To show the existence of weak solution to (5.3.3) when M = oo, we need some

estimations.

Lemma 5.5.2. Let § < 1 and consider a weak solution u™* to the equation (5.3.3).
The following bounds hold uniformly in M > 0: For all ¢ € 8(M)

t p
B[ sw | [ o] | s 78 (55.1)
0<t<T |JO
and . »
E{Sup / BN (u}"M)(p)ds ]gNd;e-stH%_ (5.5.2)
0<t<T |Jo

Proof. From Lemma 5.4.2, we have

t
/ u™N M (A%p)ds
0

Notice that for the functional BY, we have

P
P _1 P
E [ sup ]S,Tznca“,,u—z:w LAY P < THols.

0<t<T

BN (uNM)(p) = GYe. (5.5.3)

Then, we obtain from Theorem 5.3.6

[ B s

0

d—26

p
r _1.~ . Y
] S T2lley, (A = Lo) "2 (ST Q)P S N2 T2l

E{sup

0<t<T

]
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We are now able to show the existence of solutions.

Definition 5.5.3. Let v < p. We call a process u™ with trajectories in C(Ry., 8%(R?))
a weak solution of equation (5.3.3) with initial condition v if for all p € 8;(R?)

t t
up (p) = v(p) — / uY (A%p)ds + AN,e/ BN (u)(p)ds + MY,
0 0
where M¥ is a continuous martingale with quadratic covariation
RE[MF M) = 2(t A s){ATLp, A'TLg)y,

for all ¢, € 8;(RY). A weak solution is called an energy solution if it is also
incompressible and it satisfies an energy estimate, as in Definition 5.4.5 but with

respect to pu instead of p™M.

Theorem 5.5.4. Let 0 € (0,1] and let n € TL* with n > 0 and [ndu = 1. There
exists a unique in law energy solution to the equation (5.3.3) for M = oo with initial

condition dv = ndpu.

Proof. The existence proof is basically the same as the proof given in [12]| for the
vorticity formulation of the two-dimensional case and very similar to the proof of
Theorem 5.1.1. From the uniform-in-M estimates in Lemma 5.5.2 and the Burkholder-
Davis-Gundy inequality for the martingale, we deduce the tightness of u™* by

N:M-are energy solutions, we obtain the energy

Kolomorgov’s criterion. Because u
solution property of u" directly by taking the limit.

The operator £V = £ + GV on the whole space has the same expression in Fourier
modes as on the torus (see Theorem 5.3.5), if we now consider frequencies in R
Because # < 1, the operator GV satisfies the same bounds as in Theorem 5.3.6.

Uniqueness in law then follows again by Theorem 4.15 in [44]. ]

5.6 Large-scale behavior for 6 <1

5.6.1 Limiting behaviour

Now we consider M =1 or M = oo, representing the torus or the whole space, # < 1,
and N — oo. For 6 < 1, the limit is trivial:

Theorem 5.6.1. Forf < 1, let u”™ be an energy solution to equation (5.3.3) with initial
distribution v < pu and g—; € L*(n). As N — oo, uN' converges to the unique-in-law

weak solution of

Ou = —(=A)u+ (—A)IE, ug~ . (5.6.1)
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Proof. For any test function ¢ € 8;(R?), the non-linear term is bounded by

t P
E{S“p /)‘NﬁBN(Uﬁv)(SO)dS }5NP(9_1)T5||90H%1-
0

0<t<T

Since 6 < 1, this term will vanish when taking the limit N — oco. For the linear term,
notice that we have tightness of u" by similar arguments as above. Since the linear
part of the equation does not depend on N, any limit solves (5.6.1). Uniqueness in
law follows by similar arguments as for energy solutions but with G =0, or by testing

against the heat kernel generated by —(—A)?. O

We now turn to the case § = 1. In this case, we have the following upper bound

for the non-linear part:

E [ sup
0<t<T

from where we can prove tightness as before. Following [8], the aim is then to derive

t P
| waB ) eas ]5T’5||so||§,1,
0

a lower bound for the nonlinear part to show that its limit is non-zero. We fist give a

lemma.

Lemma 5.6.2. Suppose a,b are vectors in a Hilbert space E, then we have
2llal?ol* < fla®b+b@al* < 4f|al|*||b]]*.

Proof. The second inequality is a direct consequence of the triangle inequality. For
the first inequality, we define ey, = m and let P,, be the orthogonal projection on

the span of e4. Then we have
ea@b+b®es=ea® (b= Fe,y(b) + (b— Fe,y(b) ®ea+2[| P, (b)[[(ea ® ea).

Now let’s view ey, b=Pey ) 16 he part of the basis of the Hilber space E. Then we

eA b)
llo—Pe , D)l
know that

€A ® ey, (%) Kea,es® (%)

are orthogonal vectors of tensor space £%2. Thus,
la®b+b@all* = [lal|*(2[1b — P.,(b)|1* + 4l Pea (0)II*) = 2llall[[b]J*.
O

Proposition 5.6.3. Let 0 =1, ¢ € 8, and let u" be the stationary solution to the
equation (5.3.3), there exists a constant C' > 0 such that

C—l o0 3 t
Selelin < [ B [ aaB s

0

~ a2

2
C
] dt < el
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Proof. We already showed the upper bound. For the lower bound, we apply Lemma

5.1 in [8] to rewrite

A:/ e ME
0

where Ay,1 BN (¢) = G ¢ lives in the second Wiener chaos. Lemma 5.2 in the same

t
[ AaB o |t =

0

] dt = EE[)\N,lBN(SO)(/\_Liv)_l)\N,lBN(SO)]a

paper gives a variational representation of the right hand side:

A= %sgp{z@ﬂo,@ — (A= £1)G.G) = ($VG, (A - £1)7'6VG)} .

For the third term, we divide §% = G + G% and use the fact GV is anti-symmetric to

obtain

2 1 1 1
o {2(926.6) = 10— L0167 — 10— £ 19YGI - - £0) 716761}

From now on we restrict to G in the second chaos. Then we have by Theorem 5.3.6
I = £0)728YGI? + [|(A = £0)72GYGIP < C(A = £1):G,
and thus
Az s {2556.G) - L+ O (A - £1)5GF}
For
G =0(A—L1)"'5¥e,

for 6 > 0, we thus obtain the lower bound
o] t
||| B
0

0
and for sufficiently small 6 > 0 the prefactor on the right hand side becomes positive.

2
2 \
] dt > p(% —(1+ONIA=L1) 25 ¢|?, (5.6.2)

It remains to give a lower bound for ||[(A — £1)725% ¢||?. Define
Uk, o(k)) =k @ ¢(k) + ¢(k) @ k,
and its component by

Let II be the Leray projection in the Fourier mode. We have (note that for M = oo

we have to replace all sums by integrals)
2

. A
I = L0 2 8YelP 2300 30 Ot Ikl + [kal®) 7R

2d
l1,l2,k1,k2

Y T, (k)T 5 () Us j (R + o, @(Ry + k)

i?j
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For each k1 + ko # 0 and @(ky + k) # 0, we know ||U (k1 + ko, p(k1 + k2))|| # 0 and
define

S | S0 Ty o (o) (ko) Uy (et + o, Ky + ko)) 2
> Ul los ky + ko) |2

(k) @ (A (ko)) (U (ks + ko, (ks + ko))
1UTks + ks, (k1 + ko)) 2 |

n(ki, ko, o(ky + k2))2 =

The leray projection can ensure that 1 > n(ky, ko, ¢(k1 + k2)) > 0 in this case. Now
since

(k) = II(\k),

for any non-zero A € R and non zero vector k € R?, we know that
Nk, ko, G(kr + k2))® = n(Aky, Mo, (k1 + 2))?, (5.6.3)

for any non-zero A eR.
For all other ki, ko, we define n(ky, k2, ¢(k1 + k2)) = 1. Then equation (5.6.3) holds
for all ki, ks. We then obtain

2

, A
IO = £0)72SY ol 2755 D A+ [kal® + [ke) T IRY, P

NMQd
k1,k2
Z ‘Uz] | n(kla k?u (kl + kQ))Q.
l1,l2
> At (R, [P Koo, D1 + k2))?kr + ko[ 6Ky + o) |?
— M?2d P )\+|k1|2+|k’2|2 .

N2In(l,m, p(k))?
N
" = 2 R S

l+m=k

Then the lower bound can be expressed as

[, 7GRk

We define additionally

]lB(O,T)ﬂB(kN,T)n<Nx7 k— NLU, @(k))?

S 5 5 dx.
W+|37| + |ky — 2

O (k. olk)) = [
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Let us check the limit, by applying Lemma 5.6.2 and equation (5.6.3):

lim n(Nz,k — Nx,¢(k))?

N—oo

= lim n(aj?kN - x7¢<k))
N—o0

I @ ik — )k © G) + (k) @ kP
N—r00 Ik @ ¢(k) + (k) ® k[]?
_ (z) @ (—2)(k @ $(k) + 4(k) ® k|
k@ (k) + o(k) @ k)®
o M) (k)2 ITL () ((R) ||
- 2[|k[I* [l (k)12
sin(6(x))? sin(fy(x))?
5 ;

where 01(x), 05(x) are angles between = and k, ¢(k) respectively. It is easy to check
that for large N, we have

O (k. ¢(k)) <9 (k. p(k)) < Oy, 1 (kn, $(k)),

which shows that

im , P = Xz
B(0,1)

N—oo 4’$|2
i 3
-/ (=) ()
B(0,1) 4z[?
Then the dominated convergence theorem gives the desired lower bound. O

This proves the non-triviality of the non-linear term for the case 6 = 1.

Theorem 5.6.4. Let § = 1 and let v’V be the stationary solution to the equation

(5.3.3), then uN' converges weakly to u satisfying

wi() = () + / u(Ag) + B(p) + MF, (5.6.4)

where B(p); is such that

1 >
2 lelia 5/ e ME[|Bi(p)[)dt S ﬁl|<ﬂllw
0

Although so far we restricted our attention to dimension d > 3, the approach also
works in dimension 2 and it yields the same conclusion as in [12|, where the vorticity

formulation of the same equation is studied, and triviality is shown for 6 < 1.
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Next, we discuss possible approaches to describe the limit B(y) in the case 6 = 1.
Using the same method in 9], we are able to determine the weak coupling limit for

the two-dimensional stochastic Navier-Stokes equation.

Theorem 5.6.5. Let d =2, 0 =1 and the support of the Fourier transformation of
mollifier p' is the indicator function of the unit ball. Let u¥ be the stationary solution

to the equation

~

A 1
O = M — g BY () + V2(=A)II, (5.6.5)

N converges weakly to the stationary solution u of

on the torus T?, then u

Ot = Veg At + /2o (—A)2TIE,

where Veg = /1 + %

This can be deduced directly form the method introduced in the paper [9]. We
only need to insert our formula for the operators G¥ into the replacement lemma
therein to obtain the effective coefficient.

To generalize this result to higher dimensions, the method in [9] can no longer
be applied due to the lack of control in the both off-diagonal part and diagonal part
used for the proof of replacement lemma. We expect that the methods of [11| can be

applied to prove the following result:

d
Conjecture 5.6.6. Letd >3,0=1, wy = r(d17fi) and assume that the support of the
2

Fourier transformation of the mollifier p is the indicator function of the unit ball. Let

uN' be the stationary solution to the equation (5.3.3) on T? or R%, then it converges

weakly to the stationary solution u of

Ot = Veg AU + +/ QVGH(—A)%HQ

S\Qw,j
4mr2(d—2) "

where veg = 1/ 1 +

5.6.2 Implication for fluctuating hydrodynamics

We revisit the fluctuating hydrodynamics equations introduced by Landau and Lifshitz
in [63], which are given by

du = vAu —Vp — Adiv(u®@u) + V - 7, V-u=0,
where the centered Gaussian noise 7 has covariance

QI/I{IBT

2
E[Tij(t, I‘)Tkl(t/, ZE’)] = (6z'k5jl + 5il5jk - géwékl)é(x - JI’)(S(t - t/>. (566)
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Let us compute the covariance of (V - 7); for i = 1,...,d. We have

E =E

Z(ajTil,ja ©1)(OkTiz &, P2)

j7

k

2vkgT 2

:/Z VpB (6i1i25jk + 51»1;45]-1-2 - 552'1]‘512]?) (9jg01(t, x)@kgog(t, ZE)dtdZE
i,k

> (T 01 (i s 3W2>]

j?k

So if i1 # iy, we have

E

Z<8j7—i1,ja ©1) (OkTia ke 902>]

gk

2vkgT 2
:/ VpB (8¢2(p18i1g02 — 58“@8@@) dtdl‘

2vkgT
:/ VB ail@laléipgdtdl'
3p

2vkgT > z
_ ”35 E[(01€, 1) (0:,€, ©2)],

where ¢ is a real-valued white noise on R, x R?. When i, = 45, we have

E

Z(@‘Tz‘lm ©1) (OkTiy ks 902>]

7,k
2Vk) T 1
:/ pB (Z 8j@16j901 + 582-13018“902) dtdx
J
_QI/k'BT
P

El{(-A)3 0, en)(—A) 3, 02} + 5 00 01) (00 ),

where ¢ is a d-dimensional white noise on R, x R? that is independent of é . Thus, we

conclude that

2vkgT vkgT _ =
Vord B (CAye 4 | BTy (5.6.7)
p 3p
Applying the Leray projection, we find that
2vkgT
mv.r 2 20T Ay
p

Thus, the solution to the equation of fluctuating hydrodynamics should have the same

distribution as the solution to the equation

2I/k’BT
P

N[

du = vAu — Vp — Adiv(u @ u) + (—A)z¢, V-u=0,
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but of course we have to truncate both equations to make sense of them. Before that,
we apply a scaling transformation to normalize the coefficients: Let a(t,x) = Au(rt, x)
with

A= |- r= L

The equation for @ becomes

~ [kgT 1
Oyt = Nt — Vp — My | pBy2 div(i ® @) + V2(=A)2¢,  V-a=0,

and we consider the same truncation as before with p! decribed in the Conjecture 5.6.6
(note that we did not rescale space yet and therefore the truncation appears in the

same form in the equation for u):

« |kgT )
Ot = At — Vp — My | —5pt x div(p * G ® p! x @) + V2(=A)2E,  V-a=0.
pv

Thus, Conjecture 5.6.6 says that by considering the scaling

d
2

N (t,z) = N2a(N*t, Nx),

the limit u of £a (%, z) will satisfy the equation

3 G\
o= OV ay VO
Ar2
= G(\vAu—+ /G QVkBTm—A)%&

where
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Appendix A

Appendix of Chapter 2

A.1 Properties of Fractional Derivatives

We recall here some basic properties of fractional derivatives used in our proofs. Proofs

may be found in [83].

Proposition A.1.1. Suppose f is a real function, a, 5 are two real numbers. We will
also use the convention that I3, = D, . They are well-defined since there is always

one non-negative superscript. Then we have

1. Fractional integration operators {13, o > 0} ({1, > 0}) form a semigroup
in LP(a,b) for every p > 1. It is continuous in uniform topology for a > 0 and

strongly continuous for a > 0.
2. In each of the following cases:
e 3>0,a+3>0,f € LYa,b]).
e 5<0,a20,f € LA(LY)I (LY.
e a<0,a+f<0,f el (L)L (1)
we have

oI f=1I2Pf I oIl f=I2"F.

8. Ifn<a<n+1and f € L' a,y) and D% [ exists on (a,y) for somey >z €

la,b] , then we have

n+1 o— j

@ D2, ZF —j—l (:E—&)a

—J
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Stmilarly,

n+1 _1\i ne—J A
1D 1) = fia) = 30 P TR p

j=1

Here D¥, f(a) = limy_,q,~q D% f(y) for any k € R and similar for the right

)afnfl

Riemann-Liouville fractional derivative. Blow up at (x—a 15 allowed since

it is integrable near a and I%, D%, f lives in the space L*([a,y]).
Next, we enumerate below some basic properties of the Caputo derivative:
Proposition A.1.2. Let f be a real function and o, 3 > 0.

1. If o =n € N and f is n times differentiable, then C2, f = ) and Cyof =
(=)

2. Let 0 < a < B and f € L'a,b], then we have C;ﬂ[f;f = If;af and Cf,ff,f =
L=f

3. CLCL = C’gf" and Cy . CyL = C’bo‘f" for alln € N.

We provide a proof of the proposition 2.2.10 here. Let us start with a simple but

useful lemma, which corresponds to Theorem 3.3 in [58] for the case p = 1:

Lemma A.1.3. Suppose f € C"([a,b]), then for any 0 < a < n and a ¢ N, we have
actually C, f(a) = Cg- f(b) = 0.

Proof of Proposition 2.2.10. Define

From proposition A.1.1, we have

n+1
o D2g(x) =g(x) = Y r(Dﬁ_—j(Jr)l)

j=1

(x — a)a_j )

Now we have by linearity of Riemann-Liouville fractional derivative operator and

definition of Caputo fractional derivative that

Diigla) = @ - > LW — o)

k=n—j+1
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Furthermore, for k >n —j+1 > a —j, D7 ((x — a)*)(a) = C*77((x — a)*)(a) by
definition. Hence we have

. . "))
D gy = g~ Y e (- )

k=n—j+1

Since f € C" and (- — a)* € C®, we see that actually D% 7g(a) = 0 for every
j=1,--- nbylemma A.1.3. For the case j =n+ 1 and @ < n + 1, we actually have
that

Digla)] = dim LT (y)]
1 ! ! p
y—>%1>af(n+1—a) /a ( _ta n ‘
< lim ; Y maxe[a, y]{lg(t)|}dt
y—=a,y>a F(n +1-— a) a (y _ t) —n
1

= lim ——MmM— —a)"e =0,
i s ma (la () } v~ )
When j =n+1 = a, then D*7" 'g(a) = g(a) = 0. So actually we have

g(x) = 15 DG g(x) = 13+ GGy f (),

hence the result. The derivation of the other formula is similar. O

A.2 Proof of Corollary 2.2.14

Proof. We only prove for the left Caputo derivative case. WLOG, we assume C¢, f

exists on the interval [a, | since o(|z — a|®) only concerns with the x close to a.

SRS (D O S i) 1 [T Ce () — fo ()
)/a< . )/a( gt + / ot

NG r —t)l-« INGe xr —t)l-« IN{)) (x —t)l—
_ [Y(a) o, 1 / Ca f(t) = fP(a)
= Tt (x —a)* + o) /. (v — 1) dt.
Furthermore,
1 / ce, f(t) — f@D(a) al < / maxte[a${\0a+f(t — [P (a)|} ot
@) )y~ @-o (e =1
_ maXtE[a,x]{|Ca+f( ) - f(a+)(a)|} (ZB . a)a
['(a+1) '
Hence
1 fac OSJr f(t)—f(o‘+)(a) dt
, [@)Ja = (e-t= - maxgee {|C% f(t) — [ (a)|}
lim < lim : - =0.
T—a,r>a (x — a)a T—a,r>a F(CY —+ 1)
O
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Appendix B

Appendix of Chapter 3

B.1 Proofs of technical lemmas on interior estimates

Here we give proofs of some technical lemmas. First recall the lemma 3.4.4.

Lemma. Let T > 0 and let u € C*° solve
(0 —Au=—-u*+g nl[0,T]x P,,
u=0 in {0} x P, (B.1.1)
u > 0,
where g is a smooth and bounded function. Then the following point-wise bound on u
holds for all z = (t,x) € [0,T) X Py,:
1
min{(n — z;)%, (n + x;)%,i = 1,2}’

u(t, ) < 28 - max {

¢||g||o;g;}. (B.12)

Proof. We consider a C? function n on P, such that n = 0 on 9P, and 7 is strictly
positive on the interior (—n,n)?. Then un is 0 on the parabolic boundary of R, x P,
and non-negative in R, x P,,.

Let P! = [0,t] x P, and let z; be a maximum point of un in the region P! . If
2 € 9,2, then un =0 on ; and u =0 in R, x (—n,n)?. Here d, means parabolic
boundary. The results holds in this case. Now suppose z; ¢ 9,7, and (un)(z) > 0.
Then we have V(un)(z) = 0, A(un)(z) < 0 and 0;(un)(z) > 0. Hence, we obtain

Vu(z) = — (z¢).

Moreover, we have at z:

0 < (3 — A)(un)(z)
= (n(0 — Ayu+u(d — Ay — 2Vu - Vi) (z)

= (n(—u2 +9)+u (—An +2 N:P)) (20);
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which yields

9z —&z |Vn|2z
u(z) < ~(2) T]<t)+2 e (2t)-

Denoting 7 := %, we obtain the inequality

A1)

u(z) < =(2) + 7(%)

SIS

Consider now 7 = Z?:1 <(n_1x,)2 + (n+1w_)2> + /9l %2, for which 1 = }] satisfies
the assumptions made above. Moreover, we have A7 < 672 and g < 72, and thus

~2

Z(z) < L(z)+6=

6.
b uf] () +

I
I~

The inequality x < % + 6 for x > 0 can only be satisfied if z < 7. Otherwise we would
get % < 7 and then z < % + 6 < 7, a contradiction. Therefore, using that z; is a

maximum point of £ on P! we get
i

1
ug.ﬁgzs.max{ | \/uchT?n},

min{(n — x;)?, (n + 2;)%,i = 1,2}’

as claimed. O

In order to give a proof of Lemma 3.4.9, we will need an interior gradient estimate

for the heat equation.

Lemma B.1.1. Suppose u satisfies the equation

{ (O —ANu=0 R, xB(z,L) (B.1.3)

u=>0 on {0} x B(z, L)
for some x € R, Let R < % and T' > 0. Then we have the interior gradient estimate
forT >0 for any f € C(B(x, L)),

1

IVullorer S Fllw = fllerse.n
uniformly in T and f.

We suspect that this is well-known, but were unable to find a reference.

Proof. We first take f = 0 and argue later how to treat general f. By scaling, it
suffices to consider the case L =1 and R = % Classical inner regularity theory for

the heat equation gives (for T > 1)

sup [|Vu(t, )| g

) N ||U||CTB(:c,1),
te[1,T]

1
2
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see for example Theorem 8.4.4 in [61] or Theorem IV.4.8 in [64]. These estimates are
independent of the initial condition, and we leverage the initial condition «(0) = 0 to
extend the estimate to ¢ € [0, 1].

In our argument we will consider two different spatial scales, and for that purpose
it is convenient to reintroduce R and L in the notation. Let n € COO(Rd) be such that
n=1on B(z,R), n = 0 outside of B(z, Z£) and |V]lw < 727, A7) < = R) :
Let w = un, so that

= -2V (uV + ul R
{ 1<UEO ) ) (uvn) " (B.1.4)
on R, x R?, and therefore

- /Ot Ky % (—2V (u(s)Vn) + u(s)An)ds,

where K is the heat kernel. Consider the difference operator Dy, f(z) = f(z+h)— f(x),
and note that by interpolation for @ = % (the following argument works for any
a € (3,1)):

HDhVKt SHLl (hHV2Kt s“Ll) (HvthsH[ﬂ)lia 5 ha(t — 3)70‘(15 _ S)*FTOA’

which yields

‘A(E%Kiﬁ*(—QV(()Vn

‘ / (DWVE, )+ (uVr)ds

|h|°‘t
< .

Similarly, we have

[y wan| £ Gl

and therefore

1 t2
D t 00 < hatT T '
| Drw ()l S 1A Mqum(L_R+(L_Ry)

Recalling that w = un and that n|g(, gz = 1, this means

N|=

1-a 1 t
[U(t, ')]a,B(m,R) 5 t? (L - R + (L _ R)2> HuHCtB(I’L)'

Since we had to take a < 1 to keep the singularity (¢ — s)_HTa integrable, this is

not yet sufficient. Therefore, we iterate the argument. Let now R; € (R, L) and let
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|h| € (0,L — Ry). Then 2

the previous argument

[—D’ff (. -)} <#7
|h| a,B(z,R) Ry — R

= also solves the heat equation (B.1.3) on B(z, R;), so by

)i

and R = %, and combine the above inequalities to obtain

Ihla

m\;_-

C¢B(z,R1)

Now we take L =1, Ry =
for any |h| < L — Ry = 1,

>~

Dyu a
| st VP lulaney,
‘h‘ o,B(z,3)
By Lemma 5.6 in [81], we have then (since a = 2 > 1)

IVult, M pe S 71+ Dllulle,se

2

Let T > 1 as an upper time horizon. Now when ¢ < %, we have

[Vu(t, ')HB(z,%) S ||u||C’TB(ac,1)) (B.1.5)

which is the desired result for f = 0 (recall that we only have to consider R = 1

L=1and ¢t <1).

For general continuous function f, we simply use that «(0) = 0 and that f does

[\

not depend on time to estimate

lullerBe,) < lu— fllerBe@r) + | fllBe.r)
= |lu— fllerB@,r) + |u(0,-) = fllBe.r)
< 2||u = fllerBa,L)-

Now we can give the proof of Lemma 3.4.9.

Proof of Lemma 3.4.9. The proof is very similar to that of Lemma 2.11 in the paper
[74]. The only change is that we replace the parabolically shrunk region by the
spatially shrunk cylinder. We include the proof for completeness.

Step 1. We claim that for all base points z and scales ¢, R and L with R < %
and such that B(z, L) C D, it holds that for 0 <t <T =kR?* k > 1

. k32
nf |Us(t, 2, ) = Uerpem Sz Ut 2, ) = Ulerse.n

+RLAMY > 0P
BEA

(B.1.6)
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where the infimum runs over all spatial affine functions l(y) = C' - (y — z) +¢. To

prove this, we define a decomposition Us = u~ + u. where u~ is the solution to

(O = A)us(t,y) = Lpr) (0 — Ay)Us(t, z,y),

with Dirichlet boundary conditions. By standard estimates for the heat equation [74|

and assumptions in this lemma,

lusllerpern < L0 = A)Us(t, 2,9)lyen.r)
27 r(1) B—2 1 k—B
< LPMy) Yy 6P
BeA
Now (0; — A)ur =0 on BT (z, L) and u-(0,-) = 0 on B(z,L). By Lemma B.1.1, we
know directly for 0 € {0,,0,0;} a differential operator of order 1 in time and 2 in
space,
10ucllcrBer) < L% lue = IsllerB.r),
for any affine function I with R < £. Let I (y) = u<(T,z) + Vu< (T, z)(y — x), the

Taylor’s formula show that

kR?
luc —l<llerBar) < kR | Duclcrper S 7||U< — 5|l erBa,n)-
Thus,

||U6(ta €, ) - l<||CTB(z,R)
< Nlue =lcllerB@r) + lusllerser)

kR?
S Utz ) = Lllorsen + klusllorsen
< M \ute - 1) +RLAM > 802
>~ 12 o\by Ly >||CrB(z,L) {z},L )

BeA

which implies equation (B.1.6).
Step 2. We claim that for all base point x and scales ¢ and L, it holds that

2 K— K
||U6(t7 xz, ) - U(t7 z, ')HCTB(J:,R) < fo)},R,é Z RP§P +0 [U]CT(H,B($7R),5)‘ (B.l.?)
BeA
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Indeed, by symmetry of ¥,
Us(t, z,y) = U(t, z,y)|

— ‘/\IJ‘5 y—y)(U(t,z,91) = U(t, z,y))dy

= inf
v(ty)

+ /\115@ — ) (U, y,1) —v(t,y)(yr — y))dy

M{%,Rﬁ Z d(z,y)” / Vo (y — y1)d(y, 1) dys
peA

+( sup inf  sup d(y,y) ULy, ) — vt y) (v — y)|)
yE€B(z,R) v(ty) 4 €B(y,9)

X /‘If‘g(y — y1)d(y, 1) dys.

/\w(y —y)(U(t,z,31) — Ult,z,9) — Ult,y, 1))

IN

Step 3. We prove for small enough €(7"), we have

sup 7" irllf U, ,-) = UlerBer

R<<
1 _ K 2 K— K—
ST,EZ(M{(xi,ge R g (R ﬁ)) (B.1.8)
BeA

— Hdiﬁ K K
+ U2 oy ae sy + €+ NNy ot 20y

Multiplying equation (B.1.6) by R™" and fixing the length ratios R = €L = ¢~ !¢ for
some € < % to be fixed below, we get for any point x € Dy and length L < g,
R Hllf HU5<t7 €, ) - lHCTB(%R)

S keTrLT" inf [|Us(t,2,-) = Ulerpe,n) + kM) | D et
BeA

Taking the supermum over L < %l while keeping the ratios R = eL = ¢! fixed, we

get
sup R™"inf ||Us(t, z,-) = l||crB(z,R)
R<< :
< ke "sup L™"inf |Us(t, z,-) — Ulep L) + ksup M,g)L E ¢ Ar2br
d l &
L<3 L<g peA
2—k —K: (1) —442B—k
< ke " sup L™"inf ||Us(t, z,-) — l||crBa,n) —|—k‘supMD L E €
L<<d ! r<g
=72 BeEA
+k€2_ﬁ sup L= Hllf ||U5(t7 T, ) - lHCTB(a:,L)-

ed d
T <L=3
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The last term is bounded by

A AN 9, 2°
e o T [ e

Hence we have

sup R "inf |Us(t,z,-) — lllorB(a.R)
R< < !

—K —K: 1 - —K
< ke " sup L lIllf |Us(t, z, ) = Ul cpBar) + ]4:.7\4](337g ZE 4428

d
L<if BEA

+ke®” on ||U<t Z, )HCTB(x,%(H-e?))'
Applying equation (B .1.7), we obtain

sup ™" irllf [U(t,2,) = lllcrBa.r)

R<«
4-2B—k K

S 2 (WMo gt 4 My g 0™ ) + WUl e 20

BeA

ke 2t )|

€ dr Ly Mlor Bz, 4 (14¢2))
+ke*™ " sup L™ " inf ||Us(t, x,-) — UlerB@n)
L<< !

< (1) —4428-r 2) w—p K—p
~T Z (M{x};‘ +M{x},2,'2 (L+€e77)

BeA

- K/d_ﬁ K K
+€2 ? FHU(t:x? ')HCTB(JJ,g(l—&—e?)) + (6 + 62+ >[U]C’T(/@,B(x,%),e27d)

+62—n

sup L™" iIllf U, x,) = l|lcrBa,L)-
The last term of the right-hand side can be absorbed in the left-hand side when ¢ is
small enough. Thus we obtain the inequality (B.1.8).

Step 4. We prove that

sup dn[U]CT(’iaD(Ld)
d<do
1 - K ok (B.1.9)
S 335) Z ( Dd»g e MDd,é,EQ—d6 ﬁ) +e jgp 1Ullcr(Dgsa)-
0 ﬁ A 0

we first argue that we can change the order of the supremum and the infimum in

SUD e e R™"inf; |U(t,z,) = ll|cyB(z,r). To begin with, since U(t,z,x) = 0, we have

”U(t’ Z, ) - (l - l(x))HCTB(%R) < ”U(t’ Z, ) - lHCTB(fCaR) + |l(l’)’
< 2HU(t7 xz, ) - l”CTB(ZHR)‘
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Hence

sup R™" inf [|U(t,z, ) = lllcpBa.r) S sup R™"inf ||U(t, z,-) — l||cyB(a,R)-
R<d U(z)=0 R<<d !
— 2 — 2

Furthermore, for € > R > 0, let Iz = Cr(y — x) such that
(U, z,) = lrllcrBar) < Zin |U(,) = lllorBa,R)-
Then we have

Cr = Ce|R™"Y S sup R inf |U(t,2,) = Uy pn.

R<ed

This shows that there exists a limit Cy := limp_,g Cr and we have the bound

|Cr — Co| R~ <, sup R™" inf [|U(t, ;) = llloy B.r-

d
R<<d

Now consider [ = Cy(y — ), we have

R7"|U(t,x,-) — l_||CTB(x7R) <« supd R™" irllf WUt 2,-) = l|lcrBa,Rr)-
R<<d

Thus for any 0 <t < T,

inf  sup  d(x,y) "|U(t, z,y) —vit,x)(y — )|
v(t:2) ptye B(z, <L)

< inf sup R U(t, ) — l||crB@nr)
Z(CL’ —0R<e

5 sup R~ "inf ”U(tv Z, ) - ZHCTB(%R)'
ed l
Therefore, using the inequality (B.1.8),if we take the supremum over ¢ € [0,7] and
then take supremum over x € Dy, multiply it by d” and take the supremum over d,
we will have

sup d” sup sup inf sup  d(z,y) "|U(t,x,y) — v(t,z)(y — )]
d<dy  2€Dq 0<t<T V() ytye B(s, <d

deO ﬁeA drg Dd,§
+€27%F sup NUllcr(Da,ay + € supd® sup  sup  sup

d<dy d<dy  @€DayeB(x, <) 0<IST

inf - sup d(y,y1) " 1U(y, 1) — vt y) (v — y)|
v(t:9) y#y1€B(y, )
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The last term can be absorbed into the left-hand side for € small enough since for
y € B(z, %), we have y € Dg—g)a with (1 — ) < do. And ez—d < 5(1 = §)d for small

enough €. Hence we have

sup d*[U w, < su (M(l) Ry Vs . 6”’ﬁ>
dgc%()) [ ]CT(H,Dd,jd ~Tk dsg’,@eZA Dd% Dd’%’ id

+e* sup [|U||cp(pg.a)-
d<dp

Then it is directly to extend [Ule,.(, p, <) to [Ulcs(s,n,) by considering < < and > ¢

2

parts. ]
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Appendix C

Appendix of Chapter 4

C.1 Integer-valued random measures

We review some basics on point processes, integer-valued random measures and purely
discontinuous martingales. We refer reader to [66] for more detail.

Let (2, F, F¢, P) be a probability space and (E, €) be a Polish space equipped with
the Borel o—algebra. Denote R, = [0,00). We give the definition of random measure

on the space R, x E here

Definition C.1.1. A family p = {pu(w,dt, dx),w € Q} of o finite non-negative measure
w(w, ) on (Ry x E,B(RL)® E), such that for each A € B(R,)® & the variable p(-, A)
1s F measurable and

pu(w, {0} x E) =0, Yw € Q,

1s called a random measure on R, x E. We call i predictable if for any predictable

random variable X (w, s, x), the process

/ot/EX(w’ s, ) pu(w, ds, dx)

1s predictable.
We then give the definition of the compensator of a random measure pu.

Definition C.1.2. A predictable random measure v is called the compensator of the

random measure juy if for any non-negative predictable random process X (w, s, x), we

E [/Ot/EX(s,x)u(dsd:v)] _E {/Ot/EX(s,x)y(dsd:v)}

have
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Example C.1.3. We will consider the random measure ux associated to jumps of

some process X; with value in E. The random point measure is defined via

tx = Z 55,XS—X5,

0<s<t

It’s compensator will play an important role in the Ité’s formula for a purely discon-

tinuous martingale.
Here is another example of random measure on the space E without time.

Example C.1.4. A Poisson random measure A on E with intensity u is an integer-

valued random measure with Laplace functional given by

Eple 9] = e [p(1—e=#@))pu(dz)

for any non-negative measurable function ¢ : £ — R.

The Poisson random measure is the most well-known example of integer-valued
random measure. We only need its Laplace characterization here which can also
determine the Poisson random measure uniquely.

We also need a lemma to the Poisson cluster random measure.

Lemma C.1.5. Suppose we have a family of independent random measures (Py).cp
on the space E and a Poisson random measure A on E with intensity pn. Then the

Laplace functional of the random measure Py := fE P,A(dx) is given by

Eple 9] = e~ Je(1-Eale™ O Dulde)

for any non-negative measurable function ¢ : E — R.

Proof. For a fixed realization of Poisson random measure A, the conditional Laplace

functional of Py is given by

H Ey [6_“@} = efE log Byfe™ 9] A(dw) _ e_<A,—10gEz[e*<uw)]>

TEA

Now take the expectation with respect to Poisson random measure A and use the

Laplace functional of Poisson random measure, we obtain the result. O]
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C.2 Canonical decomposition of a semi-martingale
and It6’s formula

In this section, we say a stochastic process A is of locally bounded variation if
almost surely, the total variation of A, denoted by Var(A), is finite on every finite
interval. We also say A is locally integrable if there exists a localization T,, such that
E[Var(A)r,] < oo for all n € N.

It is well-known that a cadlag stochastic process X; on R is semi-martingale if it

admits the decomposition

Xy = Xo+ My + Ay
where M, is a local martingale and A; is a locally bounded variation process. We
call a semi-martingale special if there exists stopping times {7}, }, such that T,, — oo
and E[Ar,] < co. The canonical decomposition (Chapter 4, section 1 in [66]) of X} is
given by

Theorem C.2.1. Suppose X, is a semi-martingale and a > 0. Then X, —fot f‘x|>a xdp

admits a unique decomposition

t t
Xt—// xdu:Xo+Af+Xf+// xd(p —v).
0 J|z[>a 0 J|z|<a

where X§ is the continuous martingale part of X;, A} is a continuous predictable
bounded variation process, u is the jump measure of X; given by
M((Ovt]v O) = Z :H'{Xs_XsfeC}W CcCR
0<s<t
and v is the compensator of . In the other words, when we subtracts the jumps
that bigger than some fixed a, the remaining part is uniquely determined by the above

decomposition.

Now consider a much more general case when the jump measure p is defined
on some Polish space F and v is again its compensator. Consider two predictable

functions g1, g on R, x E such that g; - go = 0,

t t
/ / |g2]dp < 00 aus., E {/ / |gl|2du] < o0,
0 E 0 E

We give an It6 ’s formula (section 6, chapter 3 in [66]) for the semi-martingale in the

form . .
Xi=Xo+ A+ X[+ / / gud(p —v) + / / godpt (C.2.1)
0o JE 0o JE

where A; is a continuous locally bounded variation process and X is a continuous

local martingale.
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Lemma C.2.2. Let f € CY?(R xR), then for semi-martingale X; with decomposition
(C.2.1), we have the Itd’s formula

f(t, Xy) — (0, Xo)

/@ster/astdAJr/ d(X°),

L . (C.2.2)
+/(07t]/E(f(s,XS_+gz(S,$)) f(s, Xs-))p(ds, dx)

[ [ X r.0) = S5 X0) = 0uf (5. X, g ) s, da)
04 JE
when the last term is of locally integrable.

We also need a unique decomposition of special semi-martingale.

Lemma C.2.3. Let X; be a special semi-martingale, then X; admits a unique decom-
position
Xt - XQ + At + Mt

where My is a local martingale and Ay is predictable and of locally bounded variation.

C.3 Lemmas for Branching random walk

We here give some useful lemma on branching random walk.

Lemma C.3.1. For any branching random walk Z; on Z? with branching mechanism
g(x,s) = 1. pe(z)s® and branching rate a(x,ds), if

Z kpr(x) < K
k=0

uniformly over t,x with some finite constant K, then the branching random walk
exists(no explosion, especially E[(Z;,1)] is finite) and we have the expression for the

Laplace functional of Z; for any test function ¢ such that

wi(z) = B [e”9] Zy = 5,]

t C.3.1
=g [emrtomon i [0y X, i (K atx anx =a] Y
0

where X; is the simple random walk on Z2 and

a(s,t) = /:a(Xr,dr)
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Proof. The non-explosion follows by the corollary 1, page 111 in [4]. Let 7 to be the
first branching time of Z in the time interval [s,¢] and M (x) are independent random
variables with the generator function g(z,s). We define filtrations F; = o(Z;, s < t)
and §; = 0(X;, s <t). Then the random time 7 is both stopping time of filtrations
F; and G,. Then we have

wt(x) =E, [6—<Zm0>17§t + 6—(Zt790>]1T>t]
=E, [E[w, (X,)ME|F )1, + e K91, (C.3.2)
= Ex [€7<Xt’(’p>7a(37t) + g(Ta XT) wth(XT)ﬁngt]

by (4.5.2) and the definition of moment generating function. Then by the law of 7,

we obtain the desired result. O

Here is a general lemma concerning the Feynman-Kac formula and the mild solution

to some equation.

Lemma C.3.2. For any measurable function g : [0, 00] x Z2 x [0, 1] — [0, 1], following

the notation in lemma C.3.1 ,the equation (C.3.1) is equivalent to
t t
w(z) =E {e_”(xi) +/ g(r, X, wy_(X,))a( X, dr) —/ wy—r (X, )a( X, dr)
0 0
(C.3.3)

Proof. See lemma 4.3.4 in [26], a simple version is given in the proof of lemma 4.4.5
when we try to show the equivalence of Feynman-Kac formulation and the mild

formulation. O

C.4 Auxiliary lemmas

Here is an auxiliary lemma for our calculation of moment estimation.
Lemma C.4.1. We have following inequalities:
1. 1—:15—1—“’”—;—6_9”20, x>0

2. ﬁgl—x—i-%—e_xforxzz

Co
o

<e @ —14+z2<22P forz>0,0<p<1.
4. 0< —2log(l — ex) —a < 2ea? for e > 0,2 > 0,ex < 5.

5. For non-negative random variable X, we have E[X'] < (1 + )69 + (1 +
0) [ r'P[X > r]dr, where § > 0,0 > —1.
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6. PIX > 1] <2r [ E[e=X — 1+ uX]du, if X > 0,E[X] < co.

Proof. The first three inequalities are obvious and we omit the proofs. For the fourth

inequality, we consider the expansion of log(1 — x) when 0 < x < 1, we have

71—

1 Ny o [1 = €’
—Zlog(l—ea:)—:rzz =z (5—1—22,_'_2)

1=2 =1

1
< ex? <§ —log(1 — ex)) < 2ex?

The fifth inequality is from the basic probability theory.
E [X1+] = / / (14 )t dePlda)
o Jo

= (1+6) /Ooo /tooteP[dx]dt

< (1+6) (51+9 + /600 t'P[X > t]dt)

The final inequality is given by

2 2
r/r Ele ™" — 1+ uX]du = r/r / (e — 1+ ux)Pldx]du
0 o Jo

[ L2 2r 1(22)?
—/0 E(l—e r—7~|—§ > >}P’[d:v}

o 1
> / L Pldz] > ~P[X > 1]
, 2r 2

We use the second inequality for the third inequality. O]

We also need to find a special function ¢y € D(H) such that we have some lower

bounds.

Lemma C.4.2. There exists positive function pg € Dy such that
wo(z) > Ce !l
for some constant C' and any | > 0.

Proof. Consider ug = 1 and A;ug for some horizon ¢. Then we have the representation

Thwg = Plug+ [ PL(T un)e)ds
0
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where P} is the discrete heat semi-group. Since vy = 1, we know Pluy = 1 for all

time s. Let

zzfﬂﬁﬂﬂ%xmw
0

we see by the solution theory of PAM that w” € C"z" L*(Z%, e(t)) uniformly over n.
Thus there exists C' > 0 such that

1—e¢

w'(z)] < Os 2 etll”
lwg (z)] <

-2 lel”
for each x, set s(z) = 6( 1) s—, then for any 0 < r < s(z), we have
20) I—¢

jwy ()] <

DO | —

Choosing C' large enough such that s(x) <t for all x € Z2. Then

¢ )
,mez/ﬂw@%2§/ m;%?
0 0

This gives the result. ]
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